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Few-body universality

Efimov effect (1970) !IJ

e 3 bosons Infinite bound states

e 3 dimensions Ny with exponential scaling

* S-wave resonance En ~ 6_27m

Universal!
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Universal,!
nuclear atomic
physics physics
* nucleons * helium atoms

e halo nucleus e cold atoms



Few-body universality

Efimov effect (1970) !l l“)

e 3 bosons Infinite bound states
e 3 dimensions — with exponential scaling

e S-wave resonance En ~Y 6_27"1
Universal!

nuclear condensed atomic
physics matter physics

Efimov effect in solid states ?

x electrons (fermions with long-range repulsion)
* bosonic collective excitations !?



Efimov effect in
quantum magnets




Quantum magnet

Anisotropic Heisenberg model on a 3D lattice

H=-}% [Z(Jsjs;é J,S%8% ) + D(S%)? — BS"*

exchange anisotropy single-ion anisotropy
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Quantum magnet

Anisotropic Heisenberg model on a 3D lattice

H=-Y% lZ(Jsjs;é J 8782 34 DS Y- By
exchange anisotropy single-ion anisotropy

Spin-boson correspondence

—————— &

fully polarized state (B>0) No boson = vacuum

—_——— e ——

N spin-flips N bosons = magnons



Quantum magnet

Anisotropic Heisenberg model on a 3D lattice

H= % [Z(J,s:s;é (1.5%8%,,) H{D}S?)? — BS?

xy-exchange coupling single-ion anisotropy
& hopping & on-site attraction

z-exchange coupling
& neighbor attraction

N spin-flips N bosons = magnons



Quantum magnet

Anisotropic Heisenberg model on a 3D lattice

H= % [Z(Js:s;é (1.5%8%. ) H{D}S?)? — BS>

xy-exchange coupling single-ion anisotropy
& hopping & on-site attraction

z-exchange coupling
& neighbor attraction

Tune these couplings to induce
scattering resonance between two magnons

= Three magnons show the Efimov effect
. W,




Two-magnon resonance

Schrodinger equation for two magnons

EY(ry,ry) = [SJ 2(2 — Vie — Vi) hopping
‘I‘ . Z 5r1,r2V2é T Jz Z 5r1,r2+é oA 2D5r1,r2 \Il(rla TZ)

neighbor/on-site attraction

Scattering length between two magnons

: 1 1
lim Y(ry,rs) > + —
|71—72|—00 E=0 |1 — 75| ag
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Two-magnon resonance

Scattering length between two magnons

e . xs i 4
28 — 1+ = (l—m)*'lsz[l_ﬂ_%(l_%)]

— ~ Two-magnon resonance (as=>o)
e J;/J=2.94 (spin-1/2)
e J:/J=4.87 (spin-1, D=0)
e D/J=4.77 (spin-1, ferro J:=J>0)
e D/J=56.13 (spin-1, antiferro J-.=J<0)
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Three-magnon spectrum

At the resonance, three magnons form bound states

with binding energies En _+_+Tf_

. Spin-1/2 . Spin-1, D=0

0 -2.09x107! — 0 -5.16x107! —
1 —-4.15x107* 22.4 1 -1.02x1073 22.4
2 -8.08x 107/ 205 2 -2.00x107° Pt
e Spin-1, J-=J>0 e Spin-1, J=J<0

0 -5.50x1072 — 0 -436x107° —

1 -1.16x107* 21.8 1 -8.88x107° 222




Three-magnon spectrum

At the resonance, three magnons form bound states

with binding energies En _417_41_17_

e Spin-1/2  Spin-1, D=0

0 -2.09x107! — 0 -5.16x107! —
1 —-4.15x107* 22.4 1 -1.02x1073 22.4
2 -8.08x 107/ 205 2 -2.00x107° Pt

.~ Universal scaling law by ~ 22.7

confirms they are Efimov states'!



Three-magnon spectrum
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Toward experimental realization

1. Find a good compound

whose anisotropy is close to the critical value

E.g. Ni-based organic ferromagnet with D/J~3 (critical 4.8)
R. Koch et al., Phys. Rev. B 67, 094407 (2003) Cf. TDAE-Ces

2. Tune the exchange coupling
with pressure to induce
the two-magnon resonance

3. Observe the Efimov states
of three magnons with

e absorption spectroscopy
* inelastic neutron scattering

<
S

o 2 4 6 8
Pressure(kbar)

=
(L002) rSdr ‘Ie 1@ ojowemey |

 electron spin resonance
[see Y.N., PRB88, 224402 (2013)]



Toward experimental realization

1. Find a goo
whose ani

E.g. Ni-bas
R. Koch et al.,
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Find interested experimentalists!

(1L002) rSdr ‘|e 12 ojowemey |



Novel universality:
Super Efimov effect
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Few-body universality

Efimov effect (1970) !llj

e 3 bosons Infinite bound states
e 3 dimensions p with exponential scaling
e S-wave resonance E,, ~ e

Efimov effect in other systems ?

No, only in 3D with s-wave resonance

S-wave | p-wave d-wave
Y.N. & S.Tan,

3D O X X Few-Body Syst
51, 191 (2011
2D X X X ( )

Y.N, Phys Rev A
1D X X 86, 012710 (2012)




Few-body universality

Efimov effect (1970) !IIJ

e 3 bosons Infinite bound states
e 3 dimensions — with exponential scaling
e S-wave resonance E,, ~ e

Different universality in other systems ?

Yes, super Efimov effect in 2D with p-wave !

s-wave ‘ p-wave | d-wave
Y.N. & S.Tan,
3D O X X Few-Body Syst
51, 191 (2011)

2D X Ix! X

Y.N, Phys Rev A
1D X X 86, 012710 (2012)




Few-body universality

Efimov effect Super Efimov effect

e 3 bosons e 3 fermions \N \.
. . . : e
e 3 dimensions e 2dimensions

* S-wave resonance * p-wave resonance

l l
. 4

exponential scaling “doubly” exponential

_ _",3rn/4
EnNBZﬂ'n EnN€2€
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Super Efimov effect

Super Efimov effect

« 3 fermions Infinite bound states

e 2 dimensions — with doubly exponential
o _",3nn/4

* p-wave resonance scaling F_~ e 2¢

 Low-energy EFT for 2D p-wave scattering

* RG analysis for 3-body & 4-body couplings
= Exact spectrum in the low-energy limit !

Two tetramers attached to every trimer

with resonance energy [~ 2™



Super Efimov effect

Super Efimov effect

e 3 fermions Infinite bound states
e 2 dimensions — with doubly exponential
¢ p-wave resonance scaling E_~ e 2¢™"

* Low-energy EFT and RG analysis
(Nishida-Moroz-Son 2013)

« STM equation for model interaction
(Nishida-Moroz-Son 2013, Levinsen-Cooper-Gurarie 2008)

 Hyperspherical = Ve~ 1/[R log(R)]?
(Volosniev-Fedorov-densen-Zinner 2014, Gao-Wang-Yu 2015)

» Mathematical proof (Gridnev2014)



Super Efimov effect

Super Efimov effect

« 3 fermions Infinite bound states
e 2 dimensions y with doubly exponential
o _",3nn/4

* p-wave resonance scaling F_~ e 2
n=2

n=1 ®
n=0 » ®
® ®



Super Efimov effect

Super Efimov effect
e 3 fermions Infinite bound states

e 2 dimensions — with doubly exponential

o _",3tn/4
* p-wave resonance scaling F_~ e 2¢

difficult.to.observe.? n=2

10%°m 10%°m



Efimov vs super Efimov

Efimov effect

e 3 identical bosons

e 3 dimensions

* S-wave resonance

exponential scaling
En+1

L,

for 6Li-133Cs mixture
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Efimov vs super Efimov

Efimov effect Super Efimov effect
e 3 identical bosons 3 identical fermions
3 dimensions « 2 dimensions
e S-wave resonance * p-wave resonance
l i
~ ~
exponential scaling “doubly” exponential
E, InE,
M e % (22.7)72 2 S e¥ 2 10.55
E, In E,
I l
~ 7~
(4.88)7> ?27?7

for 6Li-133Cs mixture for 6Li-133Cs mixture



Mass imbalance mixtures

2 fermions +1 (M/Im>2.41) Mo
2 bosons + 1 @ p-wave
100+ (Mim>4.03) @ resonance
= Om
N 30t
E -
\: 10 ™4 ~10.55
a A for 3 identical
= 3 .
= _ - fermions
LR T, k. 0
In En+1

~1.34 ! for 6Li-133Cs mixture

In E,

e p-wave resonance observed but 2D confinement necessary
M. Repp et al, Phys. Rev. A 87, 010701(R) (2013)



Summary

Few-body universality: Efimov effect

nuclear condensed atomic

physics matter physics

prediction proposal realization
(1970) (2013) (2006)

v Novel playground = Quantum magnets
Y.N, Y.K, C.D.B, Nature Physics 9, 93-97 (2013)

v Novel universality = Super Efimov effect
Y.N, S.M, D.T.S, Phys Rev Lett 110, 235301 (2013)

S.M, Y.N, Phys Rev A 90, 063631 (2014)
(mass imbalance may help to observe)



