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Goal: 

ü  Method	 that	 permits	 to	 compute	 con$nuum	 three-body	 wave	 func$ons	
without	knowledge	of	the	asympto7c	form	of	the	wave	func7on.	
Ø  Therefore	suitable	for	systems	involving	the	Coulomb	interac7on.	

ü  The	method	 provides	 automa7cally	 the	 wave	 func7ons	 for	 all	 the	 possible	
incoming	channels.	

ü  In	 par7cular	 it	 can	 be	 used	 to	 obtain	 the	 regular	 three-body	 Coulomb	
func7ons.	

ü  From	 the	 regular	 Coulomb	 func7on	 the	 corresponding	 irregular	 partner	 can	
be	extracted.	

ü  The	regular	and	irregular	Coulomb	func7ons	permit	to	extract	the	S-matrix	of	
the	process.		

ü  The	three-alpha	system	is	taken	as	illustra7on	
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Three-body wave functions 

Typically	 three-body	 wave	 func7ons	
are	 expanded	 in	 terms	 of	 some	 basis	
containing	 the	 whole	 dependence	 on	
the	hyperangles	

HH	expansion		 Adiaba7c	expansion		

Bound	states	

The	exponen7ally	fall	off	asympto7c	determines	the	energy	of	the	bound	state	and	its	structure.	
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Three-body wave functions 

Typically	 three-body	 wave	 func7ons	
are	 expanded	 in	 terms	 of	 some	 basis	
containing	 the	 whole	 dependence	 on	
the	hyperangles	

HH	expansion		 Adiaba7c	expansion		

Con$nuum	states	

The	asympto7c	behaviour	of	the	con7nuum	wave	func7ons	is	not	unique.	
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Three-body wave functions 

Typically	 three-body	 wave	 func7ons	
are	 expanded	 in	 terms	 of	 some	 basis	
containing	 the	 whole	 dependence	 on	
the	hyperangles	

HH	expansion		 Adiaba7c	expansion		

Con$nuum	states	

The	three-body	problem	in	the	con7nuum	is	equivalent	to	a	mul7channel	problem	

N	=	number	of	channels	included	in	the	calcula7on	
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HH	expansion		 Adiaba7c	expansion		

Con$nuum	states	

The	three-body	problem	in	the	con7nuum	is	equivalent	to	a	mul7channel	problem	

N	=	number	of	channels	included	in	the	calcula7on	

Adiabatic expansion 

adiaba$c	poten$als	

E.G.,	C.	Romero-Redondo,	A.	Kievsky,	M.	Viviani	,	PRA	86	(2012)	052709			

For	 three-body	 con7nuum	 states	 convergence	 is	
typically	 reached	 aXer	 inclusion	 of	 about	 20-30	
adiaba7c	terms	in	the	expansion	
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Con$nuum	states	

Adiaba7c	expansion		

Adiabatic expansion 

Radial	 matrix	 for	 the	 0+	 state	 of	 three	
spinless	iden7cal	bosons	(Z=0)	
	
E=10	MeV	
	
Z=0	à	Short-range	interac$ons	
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Box boundary condition 

ü  For	 each	 discrete	 energy	 we	 get	 only	 one	
wave	func$on	associated	to	it.	

ü  What	 incoming	 channel	 does	 it	 correspond	
to?	

ü  Where	 are	 the	 other	 components	
corresponding	to	that	energy?	

ü  Are	we	missing	part	of	the	total	w.f.?	



E.	Garrido,	The	23rd	European	Conference	on	Few-Body	Problems	in	Physics,	Aarhus,	Denmark,	8-12	August	2016		

Box boundary condition 

ü  The	discrete	states	appear	in	bins	of	states.	
ü  Each	bin	contains	as	many	states	as	open	channels	in	the	calcula7on.	
ü  The	bigger	the	box	the	closer	to	degeneracy	the	states	in	the	bin.	
ü  The	energy	separa7on	between	the	bins	follows	the	ΔE rule.	

For	L	=	400	fm:	
ü  Ei	=	{79.17,79.23,79.27}	MeV	
ü  Ei+1	=	{79.81,79.87,79.89}	MeV	
ü  For	Ei=80	MeV	à ΔE=0.6	MeV	
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Box boundary condition 

For	L	=	400	fm:	
ü  Ei	=	{79.17,79.23,79.27}	MeV	
ü  Ei+1	=	{79.81,79.87,79.89}	MeV	
ü  For	Ei=80	MeV	à ΔE=0.6	MeV	

Therefore:		
ü  The	 discrete	 states	 belonging	 to	 each	 bin	 of	 energies	 do	 actually	 describe	 the	

con7nuum	state	for	all	the	possible	incoming	channels	for	the	energy	of	the	bin.		
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Box boundary condition 

Therefore:		
ü  The	 discrete	 states	 belonging	 to	 each	 bin	 of	 energies	 do	 actually	 describe	 the	

con7nuum	state	for	all	the	possible	incoming	channels	for	the	energy	of	the	bin.		

Radial	 matrix	 for	 the	 0+	
state	 of	 three	 spinless	
iden7cal	bosons	(Z=0)	
	
E=10	MeV	
	
No	discreKzaKon	
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Box boundary condition 

Therefore:		
ü  The	 discrete	 states	 belonging	 to	 each	 bin	 of	 energies	 do	 actually	 describe	 the	

con7nuum	state	for	all	the	possible	incoming	channels	for	the	energy	of	the	bin.		

ü  Both	methods	are	fully	equivalent	

ü  When	discre7zing	the	spectrum	no	informa$on	is	lost	

ü  The	discre7za7on	method	can	be	safely	used	for	charged	par7cles	

Radial	 matrix	 for	 the	 0+	
state	 of	 three	 spinless	
iden7cal	bosons	(Z=0)	
	
E=10	MeV	
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The three-alpha system 

ü  First	two	rows	of	the	radial	matrix	for	the	three-alpha	system	

ü  8	adiaba7c	terms	
		
ü  E=3.5	MeV	

ü  Ali-Bodmer	alpha-alpha	poten7al	

ü  F	and	G	are	the	free	solu7ons	of	the	Hamiltonian	

ü  The	matrices	A	and	B	can	be	obtained	by	using	the	integral	
rela7ons:	E.G.,	C.	Romero-Redondo,	A.	Kievsky,	M.	Viviani	,	PRA	86	(2012)	052709			

ü  Determina7on	of	the	S-matrix	requires	knowledge	of	
the	Coulomb	matrices	F	and	G	
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The three-alpha system 

ü  F	and	G	are	the	free	solu7ons	of	the	Hamiltonian	

ü  The	matrices	A	and	B	can	be	obtained	by	using	the	integral	
rela7ons:	E.G.,	C.	Romero-Redondo,	A.	Kievsky,	M.	Viviani	,	PRA	86	(2012)	052709			

ü  Determina7on	of	the	S-matrix	requires	knowledge	of	
the	Coulomb	matrices	F	and	G	

ü  For	 short-range	 interac7ons	
Rreg	and	Rirr	are	diagonal,	and	
they	are	 given	by	 the	 regular	
and	irregular	Bessel	func7ons.	

ü  In	 the	Coulomb	 case	Rreg	 and	
Rirr	 have	 to	 be	 computed	
numerically	
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The three-alpha system 

ü  F	and	G	are	the	free	solu7ons	of	the	Hamiltonian	

ü  The	matrices	A	and	B	can	be	obtained	by	using	the	integral	
rela7ons:	E.G.,	C.	Romero-Redondo,	A.	Kievsky,	M.	Viviani	,	PRA	86	(2012)	052709			

ü  Determina7on	of	the	S-matrix	requires	knowledge	of	
the	Coulomb	matrices	F	and	G	

ü  The	F	matrix	is	computed	exactly	as	the	full	solu7on	
but	including	only	the	Coulomb	interac7on.		
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The three-alpha system 

ü  The	F	matrix	is	computed	exactly	as	the	full	solu7on	
but	including	only	the	Coulomb	interac7on.		

Wreg	is	diagonal		

The	func7ons	in	the	diagonal	are	regular	Coulomb	func7ons	
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The three-alpha system 

ü  The	F	matrix	is	computed	exactly	as	the	full	solu7on	
but	including	only	the	Coulomb	interac7on.		

Wreg	is	diagonal		

The	func7ons	in	the	diagonal	are	regular	Coulomb	func7ons	
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The three-alpha system 

Test	1:	Is	the	Rirr	matrix	solu7on	of	the	radial	equa7ons?	
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The three-alpha system 

Test	2:	
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The three-alpha system 

Test	3:	Wronskian	rela7on	
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The three-alpha system 

Test	4:	S-matrix	
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Summary: 

ü  Three-body	wave	 func7ons	 in	 the	 con7nuum	 require	 knowledge	 of	
the	wave	func7on	for	all	the	possible	incoming	channels.	

ü  This	can	be	done	by	 imposing	a	box	boundary	condi$on,	especially	
suitable	when	the	asympto7c	form	of	the	wave	func7on	is	not	known	
analy7cally.	

ü  This	 procedure	 can	 be	 used	 to	 obtain	 the	 regular	 three-body	
Coulomb	func$ons.	

ü  A	method	to	obtain	the	irregular	partner	has	been	described.	
ü  Different	 tests	 of	 the	 regular	 and	 irregular	 solu7ons	 have	 been	

shown.	
ü  They	can	be	used	to	extract	the	S-matrix	of	the	process.		


