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The System
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Strongly-interacting spin-1/2 Fermi gas in 1D

H =
∑

i

(
p2i
2m

+ V (xi )

)
+ g

∑
i>j

δ (xi − xj ) (1)

Have periodic potential within trap V (x + d) = V (x), d is spacing
between wells. We set our system to between x = 0 and x = L = 1

V (x) = V0cos (2πLwx) (2)

Define Lw - number of wells, with a number of particles N and
length of the system L = Lwd . Setting d = 1.

Setting ~ = 1, m = 1 and V0 = 5. Will refer to filling, ν = N/Lw .
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Spin Chain Description
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Figure taken from Loft et al., arXiv:1603.02662 (2016)

Volosniev et al., Nat. Comm. 5, 5300 (2014)
Volosniev et al., PRA 91, 023620 (2015)
Deuretzbacher et al., PRA 90, 013611 (2014)
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Around the Tonks-Girardeau limit (1/g → 0), charge degrees of
freedom (DOF) are frozen, but the spin DOF are described to
O(1/g) by

H = E0 −
1

2

N−1∑
k=1

αk

2g

(
σk · σk+1 − I

)
(3)

E0 is the non–interacting system energy, that is for all spins
polarized in the same direction.

Volosniev et al., PRA 91, 023620 (2015)
Deuretzbacher et al., PRA 90, 013611 (2014)
Experiment: Murmann et al., PRL 115, 215301 (2015)
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Figure taken from Volosneiv et al., Nat. Comm. 5,
5300 (2014)

E = E0 −
K

g
, (K > 0) (4)

K is the energy spectrum of the
spin chain.

Volosniev et al., Nat. Comm. 5, 5300 (2014)
Volosniev et al., PRA 91, 023620 (2015)
Deuretzbacher et al., PRA 90, 013611 (2014)
Experiment: Murmann et al., PRL 115, 215301 (2015)
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We need to obtain the exchange
coefficients (αk ) for the spin chain with
our potential V (x) = V0cos

(
2π
d x
)
.

Can do this with an open source code,
CONAN, develeloped here in Aarhus by
Nikolaj Zinner’s group.
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The CONAN code can be summarised,

1 Takes a one dimensional potential in a mathematical form
that is defined in a hard wall trap from 0 to L, for a number
of particles N.

2 Using the single particle solutions for the trap and potential,
CONAN obtains the (N-1) exchange coefficients for the spin
chain.

From this have an eigenvalue problem for the spin chain, that can
be solved numerically.

Loft et al., arXiv:1603.02662 (2016)
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Spin Chain Exchange Coefficients, N = 20

Two clear regimes, 1) ν < 1, and 2) ν > 1
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Single Magnon
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Have a single magnon, e.g. for N = 4

|↓↑↑↑〉, |↑↓↑↑〉, |↑↑↓↑〉, |↑↑↑↓〉

We write this for general N as

| Ψ〉 =
N∑

j=1

ψ(j) |↑ · · · ↑ (↓)j ↑ · · · ↑〉 (5)

with the mangnon on the jth site. We will write our wavefunctions
in this section as a function of ψ(j), the coefficient at the jth site.
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K̂ =


α1 −α1 0 0
−α1 α1 + α2 −α2 0

0 −α2 α2 + α3 −α3

0 0 −α3 α3

 (6)
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Groundstates N = 20
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ν < 1
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−J [ψ(j + 1) + ψ(j − 1)] + Vψ(j) = Eψ(j), j 6= 1,N (7)
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Can analytically obtain the spectra

E = V − 2Jcos (k) (8)

and the wavefunctions,

ψm =
1√
2N

N−1∑
j=1

(
e ikmj + e−ikm(j−1)

)
(9)

where
km =

πm

N
m = 0, 1, · · · ,N − 1 (10)
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N = 20
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N = 30
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ν > 1
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Get well-like structure for the spin chain potential. Which scales as

ν = 1 + P/N (11)

P matches the number of ‘wells’ in the spin chain potential.

The P extra particles over the lattice interact with the rest of the
atoms in each lattice site, and the hard wall trap at the edges.
Results in well-like exchange coefficients.
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Can find analytical solution by approximating that

Vj = V 0 + V 1cos (αj)

Jj ,j+1 = J0 + J1cos (α(j + 1/2)) .
(12)
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We then expand around centre, to give a constant and a inverted
harmonic well

Jj ,j+1 ≈ J0 + J1 (13)

Vj ≈ V 0 + V 1 − 1

2
V 1α2j2 (14)

The spin chain Hamiltonian has the same form as for a single
particle on a lattice

H =

(N−1)/2∑
j=−(N−1)/2

[
Vj n̂j − Jj ,j+1

(
â†j âj+1 + â†j+1âj

)]
. (15)



The System Spin Chain Description Single Magnon Two Magnons Summary Disorder

With the approximation to the single well as a harmonic oscillator,
get expected solutions with modified mass and frequency,

ψn(x) ≈ N (2nn!)−
1
2Hn

(
4

√
V
J x

)
e
− 4
√

V
J

x2

2 cos(πx) (16)

En ≈ Eoff − 2
√
JV

(
n +

1

2

)
. (17)

with

V =
1

2
V 1α2 (18)

J = (J0 + J1) (19)

Valiente and Petrosyan, EPL, 83 (2008) 30007
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N = 20
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N = 30
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ν = 2
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Figure from Heeger, et al. Mod. Phys. 60, 3 (1988)

This is approximately the, Su-Schriefer-Heeger Model
(polyacetylene), have alternating values of the tunnelling t1 and t2

H = −
N/2∑
j=1

[
t1
(
â†j b̂j + h.c.

)
+ t2

(
b̂†j+1âj + h.c .

)]
, (20)

with energies

ε(n) = ±
(
t21 + t22 + 2t1t2cos(kn)

)1/2
. (21)

Su, Schriefer, Heeger, PRL 42, 25 (1979)
Heeger, Kivelson, Schrieffer, Su, Rev. Mod. Phys. 60, 3 (1988)
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N = 20
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SSH wavefunctions found in Shen, “Topological Insulators: Dirac
Equations in Condensed Matters”, Springer (2012), pp.74–79
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N = 30
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SSH wavefunctions found in Shen, “Topological Insulators: Dirac
Equations in Condensed Matters”, Springer (2012), pp.74–79
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SSH wavefunctions found in Shen, “Topological Insulators: Dirac
Equations in Condensed Matters”, Springer (2012), pp.74–79
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The Groundstates N = 20
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Two Magnons
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We want to investigate interactions, magnon–magnon effects.
Require 2 magnons, for N = 4 (balanced case) would have basis of,

|↓↓↑↑〉, |↓↑↓↑〉, |↑↓↓↑〉, |↓↑↑↓〉, |↑↓↑↓〉, |↑↑↓↓〉

For N particles we have the general basis

| Ψ〉 =
N∑

j1<j2

ψ(j1, j2) |↑ · · · ↑ (↓)j1
↑ · · · ↑ (↓)j2

↑ · · · ↑〉 (22)
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H =


α2 −α2 0 0 0 0
−α2 α1 + α2 + α3 −α1 −α3 0 0

0 −α1 α1 + α3 0 −α3 0
0 −α3 0 α1 + α3 −α1 0
0 0 −α3 −α1 α1 + α2 + α3 −α2

0 0 0 0 −α2 α2


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Quantify the interactions via the magnon–magnon interaction
energy shift,

Kinter = K I
0 − KNI

0 (23)

where K I
0 and KNI

0 are the interacting and non-interacting two
magnon groundstates.

Get effective attractive interactions in the spin chain (Kinter < 0).
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Preliminary results

Possibly a transition between the two regimes, 1) Homogeneous
ν < 1, dilute 2-body interactions 2) Single well, localized close
together, high energy shift. 3) Multiple wells can get 2 magnons
further apart.
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Summary

For the magnon confined in a trap with an optical lattice
potential have two main regimes dependent on reasonable
filling.

Approximately homogeneous system for ν < 1, with plane
wave solutions and standard spectra.

Well-like potentials for the spin chain for ν > 1, with low
energy states approximated by harmonic well wavefunctions.

Interesting Hamiltonian at ν = 2, SSH model and can
approximate low energy wavefunctions with particle in a box
solutions.

With 2 magnons, get attractive effective interactions in the
system that are dependent on the regime.
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Thank you for listening
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αk =2
N∑

i=1

N∑
j=1

N−1−k∑
l=0

(−1)i+j+N−k

l!

(
N − l − 2
k − 1

)
∫ b

a
dx

2m

~2
(V (x)− Ei )

dψj

dx

×
[
∂ l

∂λl
det
[
(B (x)− λI)(ij)

]]
λ=0

+
N∑

i=1

[
dψi

dx

]
.

(24)

Where Ei and ψi give the single particle energies and
wavefunctions, B (x) is the partial single particle wavefunction
overlap matrix,

[B (x)]m,n =

∫ x

a
dyψm (y)ψn (y) , (25)

Loft et al., arXiv:1603.02662 (2016)
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ν = 2, approximative method

We can use similar method as to single well, to approximate this
problem as that of a particle in a box with a augmented mass,
giving

ψn(j) = N (−1)jsin

(
πn

N + 1
j

)
, (26)

En ≈ V + 2 (J + δJ)− (J + δJ)
n2π2

(N + 1)2
. (27)
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ν = 0.5
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ν = 1 + 1/20
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MBL at ν = 0.5

Now have a quasi-random potential

V (x) = V1cos(τ1x) + V2cos(τ2x) (28)

with τ1 and τ2 incommensurate.

We set V1 and scale through disorder for strength of V2. Have 4
regimes dependent on V2.
1) The clean case (V2 = 0) already discussed.
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V2/V1 = 0.24
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V2/V1 = 0.46
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V2

V1
= 0.6
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