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Maxwell equations in gravitational fields

In this section we shell derive the (generally covariant) equations for the electomagnetic field—the
Maxwell equations—in curved spaces.

The homogeneous Maxwell equation

The generally covariant form of the homogeneous Maxwell equation can be deduced from its form
in Minkowski space,
F[ab,c] = Fab,c + Fbc,a + Fca,b =0 5 (1)

where

Fopy = —Agapy = —Aap + Apa (2)

is the electromagnetic tensor. Actually, due to the symmetry of Christoffel symbols I'f, = I'?, (and
asymmetry of the electromagnetic tensor) both the electromagnetic tensor and the homogeneous
Maxwell equation are already generally covariant and thus preserve their form in curved spaces
since
—Agapy = —Agapy (3)
and
F[ab,c] = F[ab;c] . (4)

The inhomogeneous Maxwell equation

For the inhomogeneous Maxwell equation we shall first deduce the generally covariant action of
the electromagnetic field, and then derive the equation from the stationary action principle.
In Minkowski space the action of the electromagnetic field is given as an integral over the whole

space-time,
1
= [dQ| ———F%F,, — Aj* | .
5= [ a0 (g FFu - 4.°) )

Covariant volume element The infinitesimal volume element,
dQ = d*z, (6)

in this action is not invariant under a general coordinate transformation and has to be substituted
with the generally covariant volume element,

dQ — /—gdQ, (7)

where g is the determinant of the metric tensor g, (¢ < 0). Indeed, the metric tensor transforms

as a / a /d
z'¢ Ox
Jab = %@L‘Jéd- (8)

Taking determinant of both sides gives g = J'2¢’, or

V=g =JV-g, (9)

where J' = %’;l: is the Jacobian of the transformation. The 4-volume transforms as
ox® 1
dQ = ‘ax’b dQY = jdﬂ'. (10)

Apparently the combination \/—gdf) transforms as

1
V=gd = J'/—g dQ = /~gdY, (11)
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and is thus generally invariant.
The generally covariant action of the electromagnetic field is thus given as

S = /,/fng (1F“bFab - Aaj“> : (12)
167

Variation of the action and the inhomogeneous Maxwell equation The variation of the
electromagnetic field, A, — A, + dA,, in the second term of the action produces

—6/\ﬁ—ngAaja = —/dQ\ﬁ—gjaéAa. (13)

The first term gives

1

7i — ab _ i — ab _ — ab
16775/~/ gdQF Fabf+4ﬁ/d§2w/ GF™(5A,) p = 47T/d§2 (V=gF™) 64, (14)

Combining the two terms gives the variation of the electromagnetic action,

1
58 = /dQJAa (—47r (V=9F®), - \/ng“> ; (15)
from which directly follows the sought inhomogeneous Maxwell equation in a curved space,
(V=gF®) , =4n\/=gj". (16)
It can also be written in an explicitely covariant form,
F = drj®. (17)

To prove that, we shall first need the formula for the variation d¢g of the determinat g of the metric
tensor (the Jacobi’s formula). Suppose we vary one element, say gos, of the metric tensor. The
contribution of this element to the determinant of the metric tensor, g, is given as

923Ca3 = g2399°° (18)

where Coas is the cofactor of the element go3, and g22 is the element of the inverse metric tensor.
Then, apparently,

69 = 969avg™® = —ggar09”" . (19)

Now let us consider the covariant divergence of the electromagnetic tensor,
b b db
Fb = F 4 T, . (20)

The contraction I'§, of the Christoffel symbol is given as

1, 1
a _ = _a o _ . 21
da = 59" 9abd = 5 9.4 (21)
The divergence then becomes
P = P g pt = L (y=gr) (22)
’ ‘2 V=g “

which concludes the proof.
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Action in general relativity

In general relativity the gravitational field is the metric tensor g, as indeed the derivatives of this
tensor enter the equations of motion of bodies as apparent gravitational forces.

The equations that determine the gravitational field shall be obtained from the variational
principle with the action in the form

S =Sy+Sqa, (23)

where S is the action for the gravitational field, to be defined later, and Sj; is the action for
matter!.

Unlike electromagnetism, where there is an explicit coupling term between electromagnetic
fields and charges, in general relativity there is no explicit coupling terms between gravitation and
matter.

Indeed, in general relativity gravitation is the geometry of space-time rather than a matter field
like the electromagnetic field. The action of the matter has the same form as in special relativity,
although written in a generally covariant form.

The matter then couples to gravitation through the metric tensors in the matter action.

The variational principle to determine the gravitational field, created by a given distribution
of matter, states that the actual gravitational field, g,s, is that where a small variation of the field,
Jab + 0gqp leads to vanishing variation of the action,
=0. (24)

|gab%gab+5gab

Action for matter

The action for matter in general relativity has the same form as in special relativity, only rewritten,
if needed, in a generally covariant way. Particularly, one has to substitute

dQ — /—gdQ, (25)
e — g™, (26)
0,A°  — DyA". (27)

For example, the action for the electromagnetic field becomes

1

——— | F®Fu/=gdQ, (28)
167

the coupling between the electromagnetic field and currents,

—/AJ%CWQ, (29)

the action for a hypothetical scalar field ¢,
- [ g ouetuov=gac. (30)

Energy-momentum tensor of matter

The action for matter is typically written in terms of the Lagrangian of the matter, L,

Sar = / L£/=gdq. (31)

1 Matter in general relativity is everything else but the gravitational field.
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The variation of this action under a variation g% — ¢%° + §¢? of the metric tensor can be written
in terms of a symmetric tensor Ty,

1 1
0Swm =5 / Tapdg*'v/=gd2 = =5 / T8 gap/—gdS2,

where? 1
VI Tadg™ = 5(V5L). (32

The tensor Ty, is actually the energy-momentum tensor, since in a flat space it satisfies a
conservation law. Indeed, consider an infinitesimal coordinate transformation,

¢ 3 =2 (33)

The variation of the metric tensor under this transformation can be written as®

(59ab = B 4 ha 0Gab = —€ab — €bsa - (38)

The variation of the action then takes the form
58 = / Tope®/—gdS2. (39)

Integrating by parts?,
68 = — / T? e /—gdSY. (40)

The variation of the action under coordinate transformation is zero. Thus the tensor T} satisfies
the equation
T3 =0, (41)

which in a flat space turns into the energy-momentum conservation equation Tf,‘]b = 0. One can
thus assume that the tensor is proportional to the canonical energy-momentum tensor. Direct
calculations show that the proportionality factor is equal unity.

Exercises

D

- - 0
d?andva—

Remember the notation: ,, = D, = W = 2oz

1. Argue that in Minkowski space the electromagnetic field satisfies the homogeneous Maxwell
equation,
F[ab,c] =0,

where
Fop = _A{a,b} .

?From Japg?t = 05 follows 9ab09¢ = —8gapgP¢ and therefore Typdg2l = —T%6g,;, .
3Differentiating 2'® = % + €® gives

a3 = 80+ e (34)
Substituting this into the transformation rule for the metric tensor,
gab(z) = 252" {gea(a’) (35)
gives
gab(@) = (85 + Q)8 + %) (9ea(@) + geaec® + O((6)?)) (36)
= g;b + gadefib + gbdefia + gab,eee + o ((6)2) = g;b + €a;b + €bsa + o ((5)2) . (37)
4using

V=9AL = (V=9A%).c

the total covariant didifferential does not contribute to variation.
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2. Argue that in a curved space the electromagneric field satisfies the generally covariant form
of this equation,
F[ab;c] =0,

where

Fop = _A{a;b} .
3. Derive the second Maxwell equation in a curved space,
by  _ b
(V=gF") , = 4mvV=gj" |
from the action

167

S = / <—1F“bFab — Aaja> V/—gdS).

Show that the equation can also be written as
F% = dArj®.
Hints:
(a) show that I'y, = 2—1gg,b =(nv—-9)p
(b) show that Fa’ = ﬁ(\/ng“b),a
Show that from this equation it follows, that

(V=97") o = 0=Jiu-

4. The Lagrangian density for the electromagnetic field is

1
L=——"F,,F®,
167 ab

Calculate the corresponding energy-momentum tensor using the usual definition,
1
4 (\/ _gﬁ)gab%gab_j’_(sgu.b = 5V —gTab5g“b .

Answer: )
cd c
Tab = 167 (chF Gab — 4Fach ) .

5. In the Minkowski space consider a scalar field ¢ with action

— 1,a _1 2 2
S—/dﬂ<2<ﬂ P,a 2m<p)

and calculate its “translation-invariance” energy-momentum tensor,

oL
0¢.q

ng = (p,b - £5g .

Rewrite the action in a generally covariant form and calculate its “metric” energy-momentum
tensor,

1 ab
0 (\/ _gﬁ)gab_)gab_;’_(sgab = 5 \% _gTabag

Discuss the results.
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6. Show that for infinitesimally small coordinate transformation
=zt + e
the variation of the metric tensor is given as
859" = ¥ [ 8gap = —€fan) -
7. Derive the energy-momentum tensor of a particle with mass m.

8. Argue that in the flat space the equation j¢, represents a conservation law.



