note7

Action for matter and gravitation
Covariant volume element

In a curved space the volume element d2 = d*x has to
be substituted with a covariant expression, 1/—gdf2,
where g is the determinant of the metric tensor g
(9 < 0). Indeed the metric tensor transforms as
_ 0x'° 02,
Gab = %Wgcd'

1)

Taking determinant of both sides gives g = J'2¢’, or

V=g=TVg )
where J' = |%§I: is the Jacobian of the transforma-
tion. The 4-volume transforms as

ox® 1

Apparently the combination /—gd? transforms as

V/—gd2 = J'\/—g’%dﬂ' =+/—g'dQ, (4)

and is thus a covariant volume element.

Action for matter

The action for matter in general relativity is the good
old action from special relativity, only rewritten, if
needed, in a generally covariant way. Particularly,
dQ — /—gdQ, 8% — g*yp, and §,A® — D, A°.
For example,

/ (—A4,3%) dO2 — / (—4,§%) v —gd2,  (5)
- —1
/ 713“908a<pdﬂ—> / 79“b3a¢6bwv—gd9 (6)
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/ ——F%F,,dQ — / ——FPF,\/—gdQ  (7)
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Energy-momentum tensor of matter

The variation of the matter action, S, = [ £1/=gdfQ,
due to variation §g? can be written in terms of a
symmetric tensor Typ,

55 = & / Tudg™y/ g0 = — / T 5 gap/=5dY,
(®)

where ) 6( L)
5\/ —9Tar = Taf- 9)

This tensor satisfies the equation Tf{)b = 0 which in a
flat space turns into the energy-momentum conserva-
tion equation T,‘,‘,b = 0 and we thus assume that it is
the energy-momentum tensor (see also the exercises
next week).

1
Hilbert’s action and Einstein’s equation
The Hilbert action for the gravitation,
1
Sy = o /R\/—gdﬂ, (10)

where « is a (coupling) constant, is the one which
leads to Einsteins field equations. Its variation with
respect to 6g2° is

5 / R/—gdQ =4 / 9 Rop/—gdQ =

= / (Rabv _gégab + Rabgabd\/ -9+
+9*°/=gdRqp) dSQ. (11)

The last term can be proved (see t’Hooft) to not con-
tribute; in the second term we have!

1
5v/—g = gg“b5gab=—§\/—ggabég“b- (12)
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2y/-g

Thus the variation of the Hilbert action is

1 1
(R = 30w ) 59'v/=ga0. 13)
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Combining (8) and (13) into 6(S,, + Sg) = 0 gives
the famous Einstein’s equation,

58, =

1
Rab - §Rgab = K?Tab . (14)

Exercises?

1. In a curved space the electromagnetic field
strength tensor Fy; is defined as Fpp = Ap,q —
Agp and the first Maxwell equation is Fiyp,e +
Fyeq + Feqp = 0. Show that in the torsion free
space of general relativity, I'f, = I'%,, these equa-
tions can still be written as in Minkowski space,
Fop = Ab,a - Aa,b and Fab,c + Fbc,a + Fca,b =0.

2. Derive the second Maxwell equation in a curved

space,
(V=9F™) , = 4nv/=gj"

from the action

/ —iFabFa,,—Aaja /—gdQ.
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Show that the equation can also be written as
F2b = 47 j®, Hints:
(a) show that I'¢ = %g,b = (n/=9)

(b) show that F2? = ﬁ(\/—gF“b),a

Ldg = gg%%dgap = —gg45dg®®.

2 notation: o = Do = # and 4, =0, = )

dx®




