Contravariant and covariant vectors
A set of four quantitie @, where a=0,1,2,3, is callectantravariant vector if under a transformation of coordinates
X - X'(x) it transforms as coordinate differentials?,

A= (0%, b)A D,

A set of four quantities  is called acovariant vector if under a transformation of coordinates x'(x) it transforms as
derivatives of a scaldf®/ ga,

b ,
Aa =(6x loxa)A' p.

Thecontraction A2B 4=) A 2B, is invariant under coordinate transformat®fiB, = A’ 2B’ 5

Covariant differentiation
Covariant differential®A 2 andDA 4 in a curved space contain Christoffel symbols,.

DA2 =dA2 +T 3, APdx¢, DA, =dA2-TbP_ A,dxC

Basically all physical laws in curved space are the same as in flat space, only one has to chande the small differential
into the covariant differential "D".

Christoffel symbols and the metric tensor

The metric tensag,, defines the invariant length element in curved coordinates

ds? =g pdx2dxP .

The metric tensor also connects contra- and covariant vectors
A% =gaPA, .
ConsideringDA ;=g,,DAP=Dg,,AP, the covariant derivative of the metric tensor is zero
Dgap=0,

from where one can then find

ra,bc=1/2( dgab/dxc 'dgbc/dxa +dga°/dxb)

Geodesic as the constant velocity trajectory.
A particle in a gravitation field moves in such a way that the covariant derivative of its vafogtyanishing

Dua/ds:o'

2 b
I ge + T2 X 195 /s = 0.

This line is calledyeodesic.
Exer cises
1. For the Rindler space with the mettis?=g2p2dn2-dp?
a) Findgap, g2° and calculate the Christoffel symbols.
b) Using these Christoffel symbols write down the geodesic equations and compare with the equations for the
motion of a free particle from note 2.
2. Consider the polar coordinates »sa®3, y=r sing in a two-dimentional flat space.
a) Assume that geodesics are the usual straight lines and find the geodesic equations (as in note 2).
b) From the line elemenis?=dr2+r2d@? find the metric tensay,p, g2° and the Christoffel symbols and write

down the geodesic equation.
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