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: November 15, 2016

Exercises: free scalar field

1.

For a scalar field prove the orthogonality of
plane waves with periodic boundary condition.

For the Lagrangian
L= 0,600 — m6"

find the expressions for the energy-momentum
tensor, Ty, and the density of the conserved
current, 7°.

Calculate the 4-momentum,

Pe = / dvTYe,
1%
and the conserved current,
J* = / dvij®,
1%

for positive and negative frequency normal
modes. Interpret the results.

Prove that different normal modes contribute
to the total energy and the total charge of a
scalar field independently (that is, there are
no interference terms in the sums).

For the commutation relation,
aadt —ala =1 ,
and also for the anti-commutation relation,
aa’ +afa=1 ,
find the eigenvalues of the operator a'a.
Hint: consider the eigenstates of the afa oper-
ator,
atal\) = A\,
and investigate the states a|\) and af|\).

Does the charge operator @ commute with the
hamiltonian operator H?

Canonical commutation relation in quantum
mechanics is given as
[xapm] =1,

where h =1 and p, = 0L/0 is the canonical
momentum (conjugate momentum).

For a field ¢ the corresponding canonical mo-

mentum is py = 0L/9¢.

Assuming bosonic commutation relation
aka;r(/ — alT{ak/ = 5kk’

argue that for our scalar field ¢ the canonical
equal time commutation relation is given as

[(t, 1), pe(t, )] =id(r —1).



