1 ex-liealgs : November 16, 2016

Exercises 5. Argue that the canonical commutation relation

. . f di ional motion, for simplicity),
1. Prove that generators of a Lie group have a Lie (for one dimensional motion, for simplicity)

algebra 1
& Z[x7p} =1 ’
I L) = Tl = I Dy =0y CP I

k corresponds to the classical Poisson bracket,
where Cf are certain numbers (called struc- of
ture constants). {f(z),p} = 32
Hints: .
e Consider the equation, Hints: . . .

) e Prove by induction that for any analytic
9(8') = g9(@)g(B)g (a), function f(x) =), apa”™

which defines 8’ as function of o, (3. Argue 1 af
that in the limit § — 0 ;[f(gc),p] = e

B~ > fula)By,
I

where fi; () are some functions.
e Argue that in the limit « — 0

fri(a) = 6+ Y Cloom

where Clkm are some constants.
e Now consider the infinitesimal form of the
above equation.

2. Argue that a representation of a Lie group is
also a Lie group with the same Lie algebra, as
the original group.

3. Show that if the operators

U =exp (z Z Jk.ak)
k

are unitary, UTU = 1, and the parameters
ay are real, then the generators J, are her-
mitian: J = J,. Show that if det(U) = 1
then trace(Jy) = 0.

Hints:

e consider only infinitesimal operators;

e show that det(e?) = ef2¢(4) by diag-
onalizing matrix A.

4. Using the Lie algebra of the rotation group,
L, Ikl =) €uli,
l

where €1, is the Levi-Civita (absolutely an-
tisymmetric) symbol, find the 2x2 representa-
tion of the rotation generators T (assuming I3
is diagonal and I; is real).

Hints:

e recall that trace(I;) = 0 and I} = Ij;

e [’s must be half the Pauli’s o-matrices.



