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note4 : November 18, 2014

Transformational properties of
fields

Group of coordinate transformations

The coordinate transformations between inertial
frames form a group where the group operation
is composition (performing one transformation af-
ter another). The identity element is the identical
transformation and the inverse element is the in-
verse transformation.

In special relativity the group of admissible coor-
dinate transformations is called the Poincaré group.
It includes velocity boosts, rotations, translations
and reflections.

We shall first consider the (restricted) Lorentz
group — a continuous subgroup of the Poincaré
group made of rotations and velocity boosts.

An n-component physical quantity ¢ under a co-
ordinate transformation from the Lorentz group,

(1)

should transforms via some n x n matrices ¢(A),
=P =t(A)). (2)

Since the group operations are preserved,

x—z =Ax,

t(A1A2) = t(A)H(A2) , t(ATH) = (AT, (3)

matrices {t(A)} form a group homomorphic to the
group {A}. The group {t(A)} is referred to as a
representation of the group of coordinate transfor-
mation.

Covariant physical quantities are transformed by
a representation of the Lorentz group.

Lie groups and Lie algebras

The transformation matrices from the Lorentz
group — rotations and velocity boosts — are dif-
ferentiable functions of the transformation param-
eters, correspondingly, rotation angle, and velocity.

A group {g} whose elements are differen-
tiable functions of some continuous parameters,
glaq, ..., ), is called a Lie group.

An element close to unity, assuming ¢(0) = 1,
can be expressed in terms of the generators Iy,

g(da) =141 Ipdoy .
k=1

(4)

The commutation relation for the generators is
called the Lie algebra,

Ly — Iy =) Ch.Ix, (5)
k=1

where Cj]fm are the structure constants.!

A representation of a group has the same Lie al-
gebra as the group itself. The Lie algebra largely
defines the properties of a Lie group and its repre-
sentations.

Lie algebra of rotation group

The transformation of the coordinates under a ro-
tation around z-axis over the angle 6 is given as

z’ cos@ sinf 0 x
y | = —sinf cosf 0 y (9)
z 0 0 1 z

For an infinitesimally small angle df the rotation
matrix can be written as

0 —i 0
1+il i 0 0 |do=1+iLdo,  (10)
0 0 0

where I, is the generator of an infinitesimal rota-
tion around z-axis. The corresponding generators
I, and I, are

0 0 =
1, = 0 0 O
;0 0

(11)
Direct calculation shows that these generators
have the Lie algebra

Il — L1y = izeklmfm ; (12)

where €, is the antisymmetric symbol? (also
called Levi-Civita symbol) of rank 3.
Rotation group is customarily denoted SO(3)3.

Lie algebra of the Lorentz group

The Lorentz group consists of rotations and velocity
boosts. The 4-dimensional rotation generators can

LConsider the equation

9(8) = g(@)g(B)g™ () . (6)

It defines a function /(8, a) with the property 3’(0,«) = 0.
Making infinitesimal expansion of the equation and collect-
ing the terms of the order af gives

> il e’ Bram =Y (IiTm — ImI}) Brex
kaﬁlaamlm— dm mdy)PIxm

klm lm

(7)

from which follows (5) where

028,
aﬁl Oam ’

kK _
C1l'm_

(8)

2¢;p1 is equal +1 (-1) if (4, k,1) is an even (odd) permu-
tation of (1,2,3), otherwise it is equal zero.
3Special (det = 1), Orthogonal, 3 x 3.



2

be written immediately from (10) and (11) as

00 0 0 00 00
00 —i 0 0 0 0 i
=10 i 00" o o0 0o
00 0 0 0 =i 0 0
000 0
000 0
=10 00 - (13)

00 i 0

The Lorentz boost matrix for an infinitesimally
small relative velocity dv along one of the axes is

1 —dv (0 1
(dv 1 >—1+Z(Z. O)dv (14)
Thus the three generators of velocity boosts are
0 0 0 1 0 0 ¢ O
K. — 0 0 0O 0 0 0O
710000 1 0 0 0
i 00 0 0 0 00
0 « 0 0
1 0 0 0
Ky = 0 0 0O ’ (15)
0 0 0O
Direct calculation gives the Lie algebra of the
Lorentz group,
Jle - Jle = ZZ Eklme (16)
JkKl —Kle = iszlmK (17)
KK — KK, = (18)

—1 § 6klfnJm
m

The infinitesimal group element corresponding to
a rotation around direction 7 with angle df, and a
velocity boost dv, is given as*
g=1+iJid0 +iKdv. (19)
The Lie algebra of the Lorentz group can be writ-
ten in a more symmetric way with the (complex)
parameterization

i = AdO + idv . (20)

The infinitesimal Lorentz transformation is then

g=1+iMdi@+ iNdw* (21)

where the (hermitian) generators M and N are lin-
ear combinations of generators J and K

— —

1. 1~
=S —iR), N=(J+iK).  (22)

dwhere @b = a1b1 + azby + asbs

The Lie algebra for the new generators is

MM, — MM, = ZZ €xtmMm ’ (23)
NkNl — NlNk = ZZ eklmNm , (24)
MyN,— N\M,, = 0. (25)

Thus the Lorentz Lie algebra is a combination of
two independent rotation Lie algebras.

Irreducible representations of the rotation
group

Instead of the generators I, I,, I, we shall use
another parameterization, Iy, I_, I, where

1
I = —(I, +il,), 26
with the commutation relations
Ll —I 0, =41y, 1,1 -1 1,=1,. (27)

Since I, is hermitian, it has a set of real eigenvalues
A with the corresponding eigenvectors |A),

LN = AN . (28)

From the commutation relations (27) it follows
that the states IL|\) are also eigenvectors of I,

L(I£|N) = (A £ D{I£[N). (29)

For a finite dimension representation there must
exist the largest eigenvalue, say j, such that

I.]5) =0.

Similarly, there should also exist the smallest
eigenvalue, such that

(1)) =0,

(30)

(31)

where N is some integer number.
Thus the eigenvalues of I, is the sequence

j—1,7—2,....5—N. (32)

The trace of the generator I, is equal zero®,

trace(I,) = j+(G-1)+..+(G—N)

- %(2j—N)(N+1):O.

(33)
Thus j = N/2 (either integer or half-integer) and
the eigenvalues of I, are j,7—1, ..., —j. The dimen-
sion of a representation with a given j is 25 + 1.

The quantities that transform under the irre-
ducible representations (j) of the rotation group are
the spherical tensors which are irreducible combi-
nations of normal Euclidean tensors. Half integer j
correspond to objects called spinors.

5taking trace of the commutation relation



