1 ex-liealgs : November 18, 2014

Exercises

1. Prove that generators of a Lie group have a Lie
algebra

(1, L) = IiL = LoDy = iC I
where CF are certain numbers (called struc-
ture constants).
Hints:

Consider the equation

9(8") = 9()g(B)g™* ()
in the limit # — 0 and @ — 0 and argue that

éig%ﬂ,; = fu(a)f ,

where fi;(«) are some functions.

Argue that

Oléiil%) fri(@) =0, + Z Olkmam )

where Clkm are some constants.

Now consider the infinitesimal form of the
equation.

2. Argue that a representation of a Lie group is
also a Lie group with the same Lie algebra, as
the original group.

3. Show that if the operators

U =exp (—i Z Jkak>

k

are unitary, UTU = 1, and the parameters
«y are real, then the generators J are her-
mitian: J = J,. Show that if det(U) = 1
then trace(Jy) = 0.

Hints:

— consider only infinitesimal operators;

— show that det(e?) = eta¢(4) by diagonaliz-
ing matrix A.

4. Using the Lie algebra of the rotation group!
[Ij, I}c} = ZZ EjklIl
l

find the 2x2 representation of the rotation gen-
erators I (assuming I3 is diagonal and I is
real).

Hints: recall that trace(I;) = 0 and I;” = I;
I’s must be half the Pauli’s o-matrices.

Le;p is the Levi-Civita (absolutely antisymmetric) sym-
bol.



