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1. Consider the (“classical”) Lagrangian density

L = ∂aφ
†∂aφ−m2φ†φ

where the Lorentz scalar field φ is a dublet
(

φ1
φ2

)

.

Show that the Lagrangian is invariant under
a certain group of (global) continuous trans-
formations. Identify the group and find the
conserved (Noether’s) currents.

Hints:

(a) Consider an infinitesimal transformation

ϕ→ (1 + iIkαk)ϕ .

Show that (for the solutions of the corre-
sponding Euler-Lagrange equations) the
variation of the Lagrangian under this
transformation is given as

δL = −∂a(αkJ
a
k ) ,

with the currents

Ja
k = i

(

ϕ†Ik∂
aϕ− ∂aϕ†Ikϕ

)

.

Argue that for the global transformation,
αk = const, the symmetry, δL = 0, of
the Lagrangian leads to the conservation
of these currents,

∂aJ
a
k = 0 .

(b) Make the theory locally gauge invariant
using our usual trick,

∂a → Da = ∂a + igBk
aIk .

Now find out the interaction term of the
lowest order: it must have the form

−gJk
aB

a
k ,

where Jk
a must be the conserved currents.

Check that these are the same currents as
in the first hint.

2. Consider the (“classical”) Lagrangian density

L = iψ̄γa∂aψ −mψ̄ψ

where the Lorentz bispinor field ψ is an
(isospin) dublet

(

ψ1

ψ2

)

.

Show that the Lagrangian is invariant un-
der a certain group of continuous transforma-
tions. Identify the group and find the con-
served (Noether’s) currents.

3. (Extra) Argue that the non-abelian charges of
a Yang-Mills theory have the same commuta-
tion relation as the generators of the symmetry
group of the theory.

4. (Extra) Show that the Dirac Lagrangian is in-
variant under the chiral transformation,

ψ → eiθγ5ψ ,

if the mass of the Dirac field vanishes. Find the
corresponding current. For m > 0 evaluate the
current and its divergence.
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