note8 [October 30, 2023]

Newtonian limit

In the Newtonian limit (the limit of weak fields, ¢ < 2, and slow motions, v < c)
General Relativity reduces to Newtonian gravitation. That is: i) the Einstein’s field
equation reduces to Poisson equation for Newtonian gravitational potential ¢; and ii)
the geodesic equation reduces to Newton’s equation of motion.

Newtonian gravitation
Newton’s law of universal gravitation

The Newton’s law of universal gravitation (published in 1687) states that two particles with masses
m and M, located at a relative distance r, attract each other with the force
mM
F= G?’ (1)

where G ~ 6.674 x 10~ 1IN - m2kg~? is the gravitational constant. The latter was first measured
by Henry Cavendish in 1798.

Potential field formulation of Newtonian gravitation

The force (1) is conservative and allows potential formulation: the body M creates a gravitational

potential ¢, G
M
() = 0 (2)

in which the particle m acquires a potential energy me¢ with the corresponding force

F=-mV¢. (3)
The potential (2) satisfies the Poisson equation!
V24(7) = ArGMS(7) . (4)

If instead of a single point-mass with mass density MJ(7) there is a distribution of masses
with density u(7), the gravitational potential created by this distribution of masses satisfies the
Poisson equation

V2¢ = 4nGp. (5)
It is this equation that the Einstein’s equation must reduce to in the slow-motion weak-field limit.

Metric in Newtonian limit

Equation (3) can be cast into a variational form with the action

/dt (;va —mao — m62>
= —mc/dt(c—;i—i—i). (6)

Comparing with S = —mc [ ds we get (squaring and dropping terms negligible in the limit ¢ — o)

ds®* = (1 + if) cAdt? — di* . (7)

S

Thus in the Newtonian limit the metric tensor can be approximated by gq, = 1ap + hab, Where
Nap 1S the Minkowski metric tensor and hgp, is a small correction with the goo component given as

2
900=1+£7 (8)

where ¢ satisfies the Poisson equation (5).

Vw2l = —arns(7).
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Newtonian limit of general relativity

For a distribution of (otherwise non-interacting) masses with mass density u(7) the stress-energy-
momentum tensor is
Top = pcuqup . 9)

In the Newtonian limit, where all fields are weak and all velocities are small, u, = {1,0,0,0},
only the g9 component of the stress-energy-momentum tensor is non-vanishing,

TOO = /,602 (10)

Therefore we shall only consider the oo component of the Einstein’s equation,

1 1
Roo = k(Too — ggooT) = §HN02~ (11)

In the slow-weak limit all second order terms and temporal derivatives must be neglected
altogether. The oy component of the Ricci tensor then reduces to

Roo = RSaO = FcYoo,oz (12)

where the Greek symbols run over 1,2, 3.
Assuming goo = 1 + 2¢/c?, where ¢/c? is a small correction, and dropping the temporal
derivatives, the Christoffel symbols become

1

I‘0400 = _C*Q(b,a ) (13)
The Ricci tensor in the same limit is given as
1, 1
Roo = —6777 ’6¢,aﬁ = 87V2¢7 (14)

The Einstein equation thus turns into the Poisson’s equation

1
Vg = grclp, (15)

which is equivalent to the Newtonian theory if we put

_ 8nG
KR = CT .

Gravitational waves

The Einstein equation predicts gravitational waves — the vacuum solutions in the form
f(ct —x) — which propagate with the speed of light and carry energy and momentum.

Weak gravitational waves in vacuum

In a weak gravitational field the space-time is almost flat and the metric tensor g, equals the flat
metric 74, plus a small correction hgp < 1,

Jab = MNab + hab . (17)

The Riemann tensor to the lowest order in hgy is

Rabcd = (had7bc + hbqad - haqbd - hbd,ac) . (18)

N |
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The Ricci tensor to the lowest order,

(Eg,ad + Bg,ab - hgz,a) ) (19)

DN | =

Ryq = 1"“Raped =

where
_ 1
hab = hab - ihnabv (20)

and h = h%.
If we choose our coordinates such that (see the exercise)

hi.=0, (21)

(which is simetimes called the Lorentz gauge) the Ricci tensor becomes

Ry = he (22)

1
_5 ab,c?

and the vacuum Einstein’s equation, R,, = 0, turns into the ordinary wave equation,

82
(-5 s -

Detection of gravitational waves

The intensity of gravitational radiation by a system of slowly moving bodies is determined by its

quadrupole moment D,g,

dE G ...
— = = = (Dus)?. 2
i~ 15 Pes) (23)

This is a rather weak intensity, and even the waves from the most potent sources—mergers of black
holes or neutron stars—have a very small amplitude (1072!) when they reach Earth. Nevertheless
the interferometer-type detector LIGO managed in 2015 to detect a gravitational wave from a
merger of two black holes about a billion light-years away.

The interferometer-type detectors work like this: consider a gravitational wave moving in the
x-direction and having the h,,-form (see the exercise),

hab#yz,zy =0, hyz = f(t - 117) y (24)

and consider an interferometer in the yz-plane with its legs stretching from the origin to the
points (—dy, dz) and (dy,dz). The lengths of its legs, dI? and dI%, will be modified? by a passing
gravitational wave as
di} = dy? + d2* + 2h,.dydz (25)
di3 = dy® + dz* — 2h,.dydz . (26)

If the legs are long enough and the interferometer is sensitive enough (and the merging black holes
are big enough) these minuscule changes can be (and have been) detected.

Exercises

1. Argue that V?1 = —476(7).
Hints:

(a) argue that V2% = 0 everywhere except for the origin;

2We tacitly assume that the effect of the gravitational wave on the wavelengt of the laser beam in the interfer-
ometer is of the second order.
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(b) using the divergence theorem,

establish the factor 4.

2. Consider the metric in newtonian limit,
2
ds® = (1 + f) cdt* —di” .
c
Show that the geodesic equation, Du® = 0, is equivalent to the Newton’s equation of motion,

d/dt = —Vé.

3. Assume that the graviational field is weak and that the metric tensor g,;, equals the Minkowski
metric tensor 7, plus a small correction h,p, where |hqp| < 1,

Gab = Nab + hab .

(a) Calculate the Riemann tensor and the Ricci tensor in the lowest order in hgp.

(b) Write down the Einstein equation in vacuum in the same order (the linearized Einstein
equation in vacuum).

4. Show that in the weak field limit, g.p = 7ap + hap, it is always possible to find an infinitesimal
coordinate transformation
2 =2 =2+ €
such that )
(hy — ih’@‘;),a =0.

You might need to show first that under this infinitesimal transformation

5gab = —€a;b — €bsa -

5. In the (second) Nordstrém’s theory of gravitation the metric tensor is given as g, = €2¢/ < Nab
where the function ¢ is determined by the field equation R = T (where R = g**R,; and
T = gupT).

(a) Argue that in the Newtonian limit this theory reproduces Newtonian gravitation (with
the appropriate choice of the constant k).

(b) Argue that this theory predicts gravitational waves.

6. In the weak field limit show that the metric tensor in the form g, = 74 + hap, Where
habtysz,zy = 0, hy, = f(t—x), and f is an arbitrary function, satisfies the linearized Einstein
equation in vacuum.

7. In the weak field limit show that the metric tensor in the form g., = 7ap + hap, Where
hy, = Asinw(t — ), hy = 2f(t — ), hyy = —f(t — x), all other hy, = 0, f is an arbitrary
function, satisfies the linearized Einstein equation in vacuum.

8. (Not for exam?) Consider the metric in newtonian limit in the gravitational potential at
the surface of the Earth in the Earth’s frame. Make a coordinate transformation to the
frame where the Christoffel symbols are zero. Argue that it is a free falling frame. Hint: the
general transformation to a locally-inertial frame at the origin is given as

1
2 =2 + ifabc(O)xbxc .
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9. (Not for exam?) Consider dust (non-interacting incoherent matter) — a good approximation
for our universe just at the moment. Argue, that its stress-energy-momentum tensor is given

as

Tab _ uuaub7

where p is the mass density of the dust measured by a co-moving observer, and u® = dx®/ds.
Use the following strategy:

(a) Argue, that it is a generally covariant tensor.

(b) Argue that in special relativity 7% is the energy density.

¢ rgue that in special relativity this tensor satisties the equations,
Argue that i ial relativity this t tisfies th i
b
Ta7b - 0,
by arguing that the 0-component, TOljb = 0, represents the energy conservation law,

de =

— + V. (et)) =0,

5 (ev)

and that the spatial components, T"‘f’b = 0, where a = 1,2,3 represent the Navier-
Stokes equation for the free dust motion (no stress),

ov

a%—(v-V)v:O.



