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Electrodynamics in gravitational fields

In this section we shall use the principle of stationary action to derive the Lorentz force equation'
and the Maxwell equations? in curvilinear coordinates. Due to the equivalence principle these
equations should also be valid in the genuinely curved spaces of gravitational fields.

Principle of stationary action

In classical physics the equations of motion of a physical system can be conveniently derived
using the principle of stationary action® (also called the variational principle, or the least-action
principle):

The path actually followed by a physical system is that for which the action, S, is
stationary, that is to say that its variation vanishes,

55 =0. (4)

Provided the action is written in a generally covariant form in curvilinear coordinates, the principle
is applicable to non-inertial frames and—by the equivalence principle—also to gravitational fields.

Lorentz force equation

In special relativity the action of a body with mass m and charge e, moving in a given electro-
magnetic field A%, is given (in the units ¢ = 1) as

S:—m/ds—e/dx“Aa, (5)

where the integrals are taken along the trajectory of the body. In this form the action is generally
covariant and can be directly used in general relativity. One only has to remember that the metric
tensor is generally not constant throughout the space.
We shall calculate the variation of this action under a small variation of the trajectory of the
body,
x® — x® + dz°. (6)

The variation of the first term in (5) has already been calculated in the section about geodesics,

-~ a dug 1 b e
0 (—m/ds) = /dséw m ( s ngcwau u ) . (7)

1The Lorentz force equation is the equation of motion of a charged particle in a given electromagnetic field. In
special relativity it is often written in 3D-notation as
dp . e -
P _ B+ oxB, (1)
dt c

where p'is the relativistic momentum of the body, t is the time-coordinate, e is the charge of the particle, E is the
electric field and B is the magnetic field, and the sign X denotes the vector-product.

2The Mazwell equations are the equation of motion of the electromagnetic field. In special relativity they are
often written in 3D-notation as

— —

L L QE _ L, QE 7
VB=0,VXE+— =0, VE=4mp, VX B—- — =4n% | (2)

cot cot c

-~ y0 98 0 Z .
where V = {5, oy 51> and j is the 3D-current.

3 Action is an attribute of the dynamics of a physical system: it is a functional that takes the trajectory of the
system (also called path or history) as its argument and returns a (covariant) real scalar as the result. If the action
is represented as an integral over time, taken along the path of the system between the initial time and the final

time of the development of the system,
S = / Ldt, 3)

the integrand L is called the Lagrangian.
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The variation of the term dz®A, is given as*

) (—e/dx“Aa> = —e/ds&va (—Aap + Apa)u’, (11)

where the expression in parentheses is called the electromagnetic tensor, Fgup,
Fab = _Aa,b + Ab,a . (12)

It is apparently antisymmetric, Fy, = —Fp,. Although it contains non-covariant derivatives it is
actually a tensor since in a torsion free space it can be also written through covariant derivatives,

Fab = _Aa;b + Ab;a . (13)

The variation of the action (5) then becomes

dug 1
05 = /dséx ( u —ngbc,aubuc—eFabub> . (14)

Since the variation dz® is arbitrary, S = 0 means the expression in parentheses has to vanish
identically on physical trajectories, giving the the equation of motion of a charged body in both
gravitational and electro-magnetic fields (the generalization of the Lorentz force equation),

dug 1
m ;; — mggbc,aubuc = eFub . (15)
It can also be written as p
mZe _ mIpequlu® = eFpu’ | (16)
ds
or as D
m dza =eFu’. (17)

Maxwell equations in curvilinear coordinates

In this section we shall derive the generally covariant equations for the electromagnetic field — the
Maxwell equations in curvilinear coordinates.

Homogeneous Maxwell equation

The generally covariant form of the homogeneous Maxwell equation can be deduced from its form
in Minkowski space,

Fab,c + Fbc,a + Fca,b = 0, (18)
where
Fab = _Aa,b + Ab,a (19)
is the electromagnetic tensor. Actually, due to the symmetry of Christoffel symbols, I'*, . = T'*,,
and antisymmetry of the electromagnetic tensor, Fy, = —F_;, both the electromagnetic tensor
4

8(dz®Ag) = §dz® Ag + udsA, o’ = §da® Ag + ubdsAp o027 . (8)

As usual the term ddz® A, is integrated by parts,
8dz®Aq = d(32%As) — §z%dAq = d(6a® Ay) — d2° A, pubds . (9)

Inserting this into (8) leads to
8(dz®Ag) = d(02%Ag) + (—Aap + Ap o )ubdsdz® . (10)

The full differential in (10) as usual does not contribute to the variation since §z® is zero at the end-points of the
trajectory.
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and the homogeneous Maxwell equation are already generally covariant and thus preserve their
form in curvilinear coordinates. Indeed,

Fab = _Aa,b + Ab,a = _Aa;b + Ab;a ) (20)

where the latter expression is generally covariant. Then
Fab,c + Fbc,a + Fca,b = Fab;c + Fbc;a + Fca;b ) (21)

which is also generally covariant.

Inhomogeneous Maxwell equation

For the inhomogeneous Maxwell equation we shall first deduce the generally covariant action of
the electromagnetic field, and then derive the equation from the stationary action principle.
In Minkowski space the action of the electromagnetic field is given as an integral over the whole

space-time,
1
S = /dQ (_WFabFab - Aaja) . (22)

Covariant volume element

The infinitesimal volume element,
dQ = d'z, (23)

in this action is not invariant under a general coordinate transformation and has to be substituted
with the generally covariant volume element,

dQ — /—gd<, (24)

where g is the determinant of the metric tensor g, (g < 0).
Indeed, the metric tensor transforms as

rc rd
oz’ ox'*

= =9 25
Jab = 5z b Jed (25)

Taking determinant of both sides gives g = J'2¢’, or

V=g=JV-¢, (26)

where J' = %9;,: is the Jacobian determinant of the transformation. The 4-volume transforms as
oz® 1
dQ) = ‘83:”7 Q) = jdﬂ’. (27)

Apparently the combination /—gdf) transforms as

V=gdQ = J’«/—g’%dQ’ = /—gdsY, (28)

and is thus generally invariant.
The generally covariant action of the electromagnetic field is thus given as

1
S = /,/fng (F“bFab - Aaj“> . (29)
167
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Variation of the action and the inhomogeneous Maxwell equation

The variation of the electromagnetic field, A, — A, + dA,, in the second term of the action
produces

5 / JGdQA, o = — / 40/=5j6A, (30)

The first term gives

1 1 1
——5/\/—ngF’1bFab = +—/dQ\/—gF“b(5Aa) p = ——/dQ (V—gF®) , 54, (31)
167 47 ’ 47 b
Combining the two terms gives the variation of the electromagnetic action,
1
0S8 = /dQ(SAa (—4 (\/—gF‘lb) b= \/—gja> ; (32)
’n’ )
from which directly follows the sought inhomogeneous Maxwell equation in curvilinear coordinates,
(w/ng“b)ﬂ = dm\/—gj°. (33)
It can also be written in an explicitly covariant form,
Fgd = 4mj’, (34)

using the identity
V=9V =K=9V")a- (35)

To prove that, we shall first need the formula for the variation dg of the determinant g of the
metric tensor (the Jacobi’s formula). Suppose we vary one element, say go3, of the metric tensor.
The contribution of this element to the determinant of the metric tensor, g, is given as

923C23 = 9239923 s (36)

where Cas is the cofactor of the element go3, and ¢22 is the element of the inverse metric tensor.
Then, apparently®,

89 = 909avg™ = —989" ga - (37)
Now let us consider the covariant divergence of the electromagnetic tensor,
Fil = Fg + T F™". (38)
The contraction I'*;, of the Christoffel symbol is given as

1 1
Fa' = — ab a = — .
da = 59" Jab.d 299,d (39)

The divergence then becomes

1 1
Fid = F3d + —gaF" = —— (V=9F") , . 40
3 3 29 ) \/jg ( ),a ( )

which concludes the proof.

5In matrix calculus this formula is called the Jacobi’s formula.
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Exercises

1. Argue that

du, 1 du
dsa B §gbc’aubuc =— - ’

2. Consider the following action of a body,

S = /dsﬁ(gc“,ua) ,

where ds is the invariant interval, u® = dxz®/ds, and where the intergal is taken along the
path of the body (and where the function £ is called the Lagrangian). Argue that the
corresponding Euler-Lagrange equation is given as

aor_oc
ds ue ~ dzc’

Using this equation, derive the Lorentz force equation in general relativity from the action
S = fm/ds - e/dm“Aa = /ds (fm\/gabu“ub — eu“Aa) .
3. Consider the following action of a scalar field ¢,

S— / 4L (6, 6.0) |

where ¢ , = 0¢/0z®. Argue that the corresponding Euler-Lagrange equation is given as

o oL oL
o 0p,. Op

4. Consider the following action of a vector field A4,,
S = /dQE (Ag, Aap) -

Argue that the corresponding Euler-Lagrange equation is given as

0 oL oL

dxc dAq. 0Ag "

Using this equation, derive the Maxwell equations (with sources) in general relativity from
the action

1
S = /dQ (—m\/i—gF“bFab — ,ﬁ—gAaja> )
T
5. (Extra) In the Minkowski space of special relativity,
(a) Derive the Lorentz force equation,

du,
m— = eFabub ,
ds

S:—m/ds—e/da:aAa.

from the action
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(b) Show that the Lorentz force equation can be written in 3D-notation as
dp

L e .
=eE+ -Ux B
ar~ ° +Cv ’

where p'is the relativistic momentum and where

94 .
— , B= A.
ot’ VX

A" ={¢, A}, E=—-V¢—
6. (Extra) In the Minkowski space of special relativity,
(a) from the action
1
e p— / d*r A, A% — / d*r A%,
8
derive® the Maxwell equations with sources,
AL = 4mjt .
(b) Show that with the Lorenz condition,

A% =0,

)

they are equivalent to
F% = Arjt.

(¢) Rewrite the latter using 3D-notation.

7. Argue that the electromagnetic tensor Fy;, is a generally covariant tensor by proving that

Fab = _Aa,b + Ab,a = _Aa;b + Ab;a . (42)

8. (a) Argue that in Minkowski space the electromagnetic tensor Fy satisfies the homogeneous
Maxwell equation,
Fab,c+Fbc,a+Fca,b =0.

(b) Rewrite the latter in 3D-notation.

(¢) Argue that in curvilinear coordinates the electromagnetic tensor satisfies the generally
covariant form of this equation,

Fab;c+Fbc;a+Fca;b =0.
9. (a) Derive (by direct variation) the (inhomogeneous) Maxwell equation in curvilinear co-

ordinates,
(V=gF®) , =4ny/=gj",
from the action
S = / (-@FﬂbFab — Aaj“) V—gdQ).
6For fields the usual “integration by parts” is done using the Gauss theorem in Minkowski space,

oBe
/ diz — = B%dS, ,
Q Ox® o0

where dS, is an infinitesimal element of the hyper-surface 9 of the 4-volume . In Euclidean 3D space it has a

more familiar form,
/VdV(V~B> :/st(B-ﬁ).
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(b) Show that the equation can also be written as
b b
Fy = 4mj”.

Hints:
i. show that I'% , = ﬁgﬁ =(nv—9)p
ii. show that F2* = ﬁ(w/ngab),a
(¢) Show that from this equation it follows, that

(V_gja),a:():j?a;l'



