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Summary

In recent years quantum simulations in cold-atom set-ups has attracted a lot
of interest both from experimental and theoretical research groups around the
world. Unprecedented level of control over physical systems allowed one to
investigate rather peculiar models, such as artificial gauge fields, Hubbard
model, etc., which are nevertheless used to describe physical phenomena in
various fields, such as condensed matter physics, nuclear physics, etc. This
dissertation discusses the effects of the external confinement on some con-
ventional spin problems. It consists of two parts: In the first part the effects of
spin-orbit coupling on particles trapped in a two-dimensional harmonic oscilla-
tor are considered. The influences of the deformation of the trap, interparticle
interaction and external magnetic field are analyzed. The statistical analysis
of the single-particle energy spectrum and its relation to the quantum signa-
tures of chaos are discussed. The second part of the dissertation is concerned
with quantum state transfer in one-dimensional spin chains. The properties
required to achieve conditional state transfer, i.e. “allowing” or “blocking” of
state transfer depending on the parameters of the spin chain, are discussed.
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Resumé

I de seneste år er kvante simuleringer i opstillinger med kolde atomer blevet et
felt som tiltrækker sig meget interesse både fra eksperimentelle og teoretiske
forskningsgrupper rundt om i verden. En hidtil uset grad af kontrol over så-
danne fysiske systemer gør det i dag muligt at undersøge yderst specielle mod-
eller, set i forhold til et konventionelt synspunkt, men på trods af dette er
disse modeller brugt til at beskrive fysiske fænomener i en række felter så som
faststof fysik, kerne fysik, osv. Denne afhandling diskuterer hvilke effekter
der opstår når man påfører en ekstern begrænsning på almindelige spin sys-
temer. Afhandlingen består af to dele; i den første del undersøges effekten af
spin-bane koblingen på partikler fanget i en to-dimensional harmonisk oscil-
lator. Det analyseres hvordan deformation af fælden, vekselvirkning mellem
de enkelte partikler og eksterne magnetfelter påvirker systemet. Den statis-
tiske analyse af enkelt-partikel energispektret og hvordan dette relaterer sig
i forhold til kvantemekanisk kaos diskuteres. Den anden del af afhandlingen
omhandler kvantetilstandes forandringer i en én-dimensional spinkæde. Egen-
skaberne som kræves for at opnå en betinget overgang af kvantetilstandene,
dvs. "tilladte" eller "forbudte" overgange som afhænger af spinkædens parame-
tre, diskuteres ligeledes.
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CHAPTER 1

Introduction and Thesis Outline

1.1 Introduction

Despite very rapid progress in physical sciences for the past hundred years or
so we still know very little of the world we live in. But it only encourages
us more and more to seek new answers. In our search we create better and
more sophisticated tools: models, state-of-the-art experiments, computational
methods, etc., in order to learn the truth about the Universe. And with every
new secret unveiled we are astonished by how vast and complex the world is,
but also how beautiful it is.

One of the most impressive tools in our toolbox is the systems of ultracold
atomic and molecular gases [Bloch 2008]. The achievement of Bose-Einstein
condensation (BEC) in dilute gases [Anderson 1995,Bradley 1995,Davis 1995]
was the first great success and after that the exploration of such systems was
increasing rapidly. Just few years after the achievement of BEC, atomic degen-
erate Fermi gases were achieved [DeMarco 1999,Schreck 2001,Truscott 2001].

This progress led to the understanding that Feynman’s idea of quantum
simulators can be realized in these systems [Bloch 2012, Lewenstein 2012].
Indeed, quite a few phenomena known from solid state or condensed matter
physics were observed in the cold atomic and molecular gases: the crossover
from weakly coupled Bardeen-Cooper-Schrieffer (BCS) pairs to BEC of tightly
bounds pairs [Chin 2004, Zwierlein 2005], quantum phase transitions from a
superfluid to a Mott insulator [Greiner 2002] and many others.

These systems provide unprecedented level of manipulation, control, purity
and detection [Lewenstein 2012]. For instance, by varying the parameters
of optical lattices an experimentalist can control the population, density and
purity of the gas cloud [Bloch 2008]. Also, the powerful tool of Feshbach
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CHAPTER 1. INTRODUCTION AND THESIS OUTLINE

resonances provides the control over the interparticle interaction between the
atoms [?].

The cold atomic gases trapped in external potentials become an exceptional
tool to mimic and explore the physics of low-dimensional systems [Bloch 2008,
Lewenstein 2012]. The strong optical lattices are able to block the atoms’ mo-
tional degrees of freedom in one or more directions, such that the motion of
atoms is confined either to a plane or even to just one direction. Thus, it is pos-
sible to simulate quasi-one-dimensional and quasi-two-dimensional systems in
the cold atomic set-ups. In the following we dismiss the prefix quasi and talk
about one-dimensional (1D) and two-dimensional (2D) systems.

This dissertation can be divided into two parts: spin-orbit coupling in 2D
traps and quantum state transfer in 1D spin chains. In chapters 2 and 6 we
introduce both systems in more details, discuss their properties and provide
the relevant references to available literature.

1.2 Thesis Outline

Chapter 2 we present the spin-orbit interaction, discuss some of the proper-
ties and briefly describe how the spin-orbit coupling is realized in cold-atom
systems.

In Chapter 3 we consider a particle trapped in a two-dimensional harmonic
potential with a spin-orbit coupling and an external Zeeman field. We solve
the corresponding Schrödiner equation and analyze the behavior of the single-
particle energy levels, which depends on the deformation of the trap and the
strengths of the spin-orbit coupling and the Zeeman field. The results are
presented in the paper [Marchukov 2013].

Chapter 4 considers the effects of the zero-range interparticle interaction for N
particles in the same set-up as in Chapter 3. We implement the Hartree-Fock
self-consistent method to include the effects of the interaction and investigate
their influence on the single-particle energy levels. These results are presented
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1.2. THESIS OUTLINE

in the paper [Marchukov 2014b,Marchukov 2015b].

In Chapter 5 we show that the single-particle spectra obtained in the previous
chapters may reveal the so-called quantum signatures of chaos after a statisti-
cal procedure named unfolding of the spectrum. This signifies that the discussed
systems might be used in the investigation of the quantum irregular dynamics.
The results are presented in the paper [Marchukov 2014a].

Chapter 6 serves as an introduction to the state transfer problem. We briefly
describe the realization of a spin chain in the strongly-interacting atom set-ups.

In Chapter 7 we consider quantum state transfer in spin chains consisting of
three, four and five particles. We show that if the edges of the spin chain are
interacting weakly comparing to the middle of the chain then the fidelity of
state transfer can be controlled and even “turned on” and “off” for specific
values of the external magnetic field.

Chapter 8 concludes the thesis with the summary of the results presented in
the previous chapters.
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CHAPTER 2

Spin-orbit coupling.
Introduction

As was said in Chapter 1 this thesis consists of two parts: the effects of spin-
orbit coupling for particles trapped in two-dimensional (2D) potentials and
state transfer in one-dimensional (1D) spin chains. In this Chapter we in-
troduce the former part, discuss some of its properties and briefly describe
the experimental realizations in cold atoms. For further details one should
address the comprehensive reviews by J. Dalibard et al. [Dalibard 2011], H.
Zhai [Zhai 2011], and V. Galitski and I. Spielman [Galitski 2013].

The name ’spin-orbit coupling’ refers to many phenomena from different
fields of physics: from the fine and hyperfine splitting in atomic and nuclear
physics [Landau 1981, Weinberg 2013, Siemens 1993], to topological insula-
tors and quantum spin Hall effect in condensed mater physics [Bernevig 2013,
Hasan 2010] or Rashba [Rashba 1960,Bychkov 1984] and Dresselhaus [Dres-
selhaus 1955] spin-orbit interactions in semiconductors. The general feature
of all these phenomena is the interplay between particle’s internal degree of
freedom and its motion in coordinate space.

Nowadays many experimental groups are aiming to create spin-orbit cou-
pled systems with ultracold atomic set-ups. The first step in that direction was
done by Spielman’s group [Lin 2011]. They engineered a spin-orbit coupling
in a neutral Bose-Einstein condensate by dressing two atomic hyperfine states
with a pair of propagating lasers. After that, in 2012, spin-orbit coupled Fermi
gases were produced
by two groups [Cheuk 2012, Wang 2012]. To the best of our knowledge only
a very specific kind of the spin-orbit interactions (the equal Rashba and Dres-
selhaus spin-orbit coupling) are realized so far. It is mainly due to techni-
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CHAPTER 2. SPIN-ORBIT COUPLING. INTRODUCTION

cal difficulties and there is little doubt that the other spin-orbit couplings will
be realized in the nearest future. Note several promising proposals [Gold-
man 2014, Liu 2014, Huang 2015] coming from theoretical and experimental
research groups.

2.1 Hamiltonian of a spin-orbit coupled particle

One usually first encounters the spin-orbit coupling terms in atomic physics,
when the relativistic corrections linear in spin are included in the Hamilto-
nian [Landau 1981, Weinberg 2013, Winkler 2003] of electrons in an atom.
The corresponding correction can be written as

ĤSO = −
~

4m2
e c2
σ̂ · p × (∇V0), (2.1)

where me is the mass of an electron, p is the three-dimensional momentum op-
erator, σ̂ = (σ̂x, σ̂y, σ̂z) is the vector of the Pauli matrices, and V0 is the Coulomb
potential of the atomic core. Here and in the following the hat over operators
indicates that they act as 2 × 2 matrices on two-component spinors. We see
that in Eq. (2.1) the spin degree of freedom is coupled to the momentum of
the particle giving the name to the interaction. However, the terms of this kind
are ubiquitous in different areas of physics and take different forms in accor-
dance to the underlying physical processes. Since in this work we focus on 2D,
we will consider the two most famous expressions for spin-orbit coupling: the
Rashba and Dresselhaus spin-orbit interaction terms.

Both terms originate in the realm of semiconductor physics and both are
due to the breaking of the inversion symmetry in crystals [Winkler 2003].
The Rashba spin-orbit interaction is due to the structure inversion asymme-
try [Rashba 1960] and can be expressed as

V̂R = αR(σ̂xpy − σ̂ypx), (2.2)

where αR is the strength of Rashba spin-orbit coupling. The Dresselhaus term is
due to the bulk inversion asymmetry [Dresselhaus 1955] in 2D semiconductor
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2.2. PROPERTIES OF SPIN-ORBIT INTERACTION

crystals and reads
V̂D = αD(σ̂xpy + σ̂ypx), (2.3)

where αD is the strength of Dresselhaus spin-orbit coupling.

These two terms play an important role in the fast-developing field of quan-
tum simulations in ultracold atoms. The combination of these terms with the
same strength i.e., V̂SOC = ασ̂xpy, where α = 2αR = 2αD, is the only form of
spin-orbit interaction realized today in ultracold atoms. Later on we describe
in a few words the scheme of this realization.

In this work we mostly focus on the Rashba spin-orbit coupling, although
we consider some systems of both the Rashba and Dresselhaus terms in Chap-
ter 3. We discuss some properties of the Rashba spin-orbit coupling in the next
Section.

2.2 Properties of spin-orbit interaction

Let us consider a particle moving freely in two dimensions with the spin-orbit
interaction in the Rashba form. The Hamiltonian of such a particle reads

Ĥ =
p2

2m
+ αR

(
σ̂xpy − σ̂ypx

)
, (2.4)

where p = (px, py) is the 2D momentum operator, m is the mass of the particle.
The energy dispersion law for this Hamiltonian is

E± =
p2

2m
± αRp, (2.5)

where p =
√

p2
x + p2

y is the length of p, i.e., |p| = p. The index ± corresponds
to different helicity states, i.e. the spin-projection being either parallel (+) or
antiparallel (−) to the direction of the momentum.

The energy dispersion can be seen in Fig. 2.1. This dispersion law was
observed experimentally by Zwierlein’s group [Cheuk 2012] in atomic Fermi
gases for the equal in magnitude Rashba and Dresselhaus spin-orbit couplings.

Clearly, the presence of a trapping potential makes the problem more com-
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0

0

E
±
(p
)

p

Figure 2.1: The energy dispersion of a free particle with the Rashba spin-orbit cou-
pling. The black curve shows the dispersion of a free particle without the spin-orbit
coupling, the blue curve corresponds to the E+ state and the red curve corresponds to
the E−, see text for details.

plicated. In this thesis we focus on spin-orbit coupled systems trapped in a 2D
harmonic potential. We consider non-equal transverse oscillator frequencies,
i.e. we work with deformed, non-cylindrical harmonic potentials. The inter-
play between the deformation of the trap and the spin-orbit coupling causes a
distinctive energy levels structure. We address this interplay in the next chap-
ters but now let us take a look at the symmetry properties of the Rashba and
Dresselhaus spin-orbit coupling terms.

2.2.1 Rotational symmetry and parity

Both the Rashba and Dresselhaus spin-orbit terms commute [Hu 2012b] with
the operator Π̂ ≡ σ̂zP, where P is the parity operator and σ̂z is the third Pauli
matrix. Indeed, due to the anticommutation relations of the Pauli matrices,

8



2.2. PROPERTIES OF SPIN-ORBIT INTERACTION

{σ̂i, σ̂ j} = 2δi jÎ, where I is the 2 × 2 identity matrix, the commutator reads

αSOC

[
σ̂zP, (σ̂xpy ± σ̂ypx)

]
= −αSOC

{
py(σ̂zσ̂x + σ̂xσ̂z) ∓ px(σ̂zσ̂y + σ̂yσ̂z)

}
= 0,

(2.6)
where αSOC is generic spin-orbit coupling strength.

Both the Rashba and Dresselhaus spin-orbit terms do not commute with
either σ̂z or the orbital angular momentum, Lz. However, they do commute
with the operators Lz + 1

2 σ̂z and −Lz + 1
2 σ̂z, respectively. Indeed,

[±Lz +
1
2
σ̂z, σ̂xpy] = i(σ̂ypy ∓ σ̂xpx) , (2.7)

[±Lz +
1
2
σ̂z, σ̂ypx] = i(±σ̂ypy − σ̂xpx) , (2.8)

and

[Lz +
1
2
σ̂z, αR(σ̂xpy − σ̂ypx)] = 0 , (2.9)

[−Lz +
1
2
σ̂z, αD(σ̂xpy + σ̂ypx)] = 0 . (2.10)

The “mixed” case with finite αR and αD does not have this symmetry.

2.2.2 Time-reversal symmetry. Kramers degeneracy

The spin-orbit coupling terms also commute with the time-reversal operator
which for a spin-1

2 particle can be written [Sakurai 1994] as T = iσ̂yK, where
K is the complex conjugation operator. Indeed,

α
[
iσ̂yK, (σ̂xpy ± σ̂ypx)

]
= α

{
−ipy(σ̂yσ̂x + σ̂xσ̂y) ± i ∓ i

}
= 0. (2.11)

The consequence of this commutation relation is the two-fold degeneracy of
the energy levels, due to the Kramers theorem [Landau 1981], which states
that the energy levels of a system with half-integer total spin must be two-fold
degenerate. Notice, that an external magnetic field lifts this degeneracy.

9
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|↓〉 = |F = 1,mF = −1〉

excited

|↑〉 = |F = 1,mF = 0〉

Figure 2.2: A level diagram of spin-orbit coupling experimental realization. The
pseudo-spin states |↑〉 and |↓〉 are coupled via a pair of counterpropagating Raman
lasers through an off-resonant state.

2.3 Realization of spin-orbit coupling in cold atoms

In this Section we briefly discuss how the spin-orbit coupling is realized with
cold atoms. For the first time in cold atoms the spin-orbit coupling was demon-
strated by Spielman’s group [Lin 2011] in a 87Rb Bose-Einstein condensate us-
ing Raman lasers which coupled some internal atomic states and momentum.
The internal states, dubbed pseudo-spin (or just spin for brevity) states, are
selected from the manifold of electron levels of the same total atomic angular
momentum, F. Due to the hyperfine splitting the degeneracy of the levels is
lifted and states with a different magnetic quantum number, mF = 0,±1 have
different energies. In the experiment with 87Rb the states spin-up and spin-
down were selected, as |↑〉 = |F = 1,mF = 0〉 and |↓〉 = |F = 1,mF = −1〉. The
counterpropagating Raman lasers couple these states with motion of the atom
along the direction of the propagation. In Fig. 2.2 we show a schematic level
diagram of the process.

The similar scheme was since realized by many groups in both Bose [Aidels-
burger 2011, Zhang 2012] and Fermi [Wang 2012, Cheuk 2012, Huang 2015]
gases. As was mentioned before this scheme allows one to realize a “one-
dimensional” spin-orbit coupling, i.e. the equal in magnitude Rashba and

10



2.3. REALIZATION OF SPIN-ORBIT COUPLING IN COLD ATOMS

Dresselhaus terms. However, creating different types of a spin-orbit coupling
should be possible by adding more lasers [Galitski 2013,Dalibard 2011,Lin 2011].

The aim of this Section is to give the general idea of the experimental real-
izations and provide the necessary references for a deeper understanding of the
topic. In the next chapters we do not refer to the details of these realizations,
keeping in mind, however, that contemporary state-of-the-art experiments are
able in principle to provide the data related to our theoretical findings.
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CHAPTER 3

A spin-orbit coupled particle in
a two-dimensional trap

In this chapter we solve the Schrödinger equation for a particle trapped in
a two-dimensional(2D) harmonic trap and subjected to a spin-orbit coupling
and the Zeeman field. We discuss the behavior of particle’s energy spectrum
depending on values of external parameters, such as transverse frequencies
of the trapping potential, value of the Zeeman magnetic field, and the spin-
orbit coupling strengths. We show that the resulting spectrum has a non-trivial
structure with multiple avoided crossings.
The Hamiltonian for the system reads

Ĥ =

px
2

2m
+

1
2

mω2
xx2 +

py
2

2m
+

1
2

mω2
yy2

 ⊗ Î+ (3.1)

+ (αR + αD)σ̂xpy − (αR − αD)σ̂ypx − hσ̂z,

where p = {px, py} is a 2D momentum operator, r = {x, y} is a 2D coordinate
operator, m is mass of the particle, ωx and ωy are the harmonic trap frequen-
cies, which generally are not equal; Î is the 2×2 identity matrix and σ̂x, σ̂y, and
σ̂z are the 2 × 2 Pauli matrices; h is the strength of the Zeeman magnetic field
which acts in the z-directions. It is common practice to consider spin-orbit cou-
pling in the cold atomic gases as a combination of two terms: Rashba spin-orbit
coupling [Rashba 1960] VR = αR(σ̂xpy − σ̂ypx) and Dresselhaus spin-orbit cou-
pling [Dresselhaus 1955] VD = αD(σ̂xpy + σ̂ypx), where parameters αR and αD

are the Rashba and Dresselhaus spin-orbit interaction strengths, correspond-
ingly. One notes that the parameters αR and αD possess the units of velocity.
Both of the spin-orbit coupling terms originate in the field of semiconductor

13



CHAPTER 3. A SPIN-ORBIT COUPLED PARTICLE IN A TWO-DIMENSIONAL
TRAP

physics. As mentioned in chapter 2 the spin-orbit coupling terms conserve the
time-reversal symmetry. However, the Zeeman term in Hamiltonian (3.1) does
not, hence, due to the Kramers theorem the eigenlevels of the Hamiltonian are
doubly degenerate in the absence of the external Zeeman field, h = 0.

To describe the wavefunctions of the particle we use the spinor notation,
Ψ =

(
ψ↑
ψ↓

)
, since the particle has both spatial and spin degrees of freedom. We

write the Schrödinger equation in the matrix form H0x + H0y − h αR(py + ipx) + αD(py − ipx)
αR(py − ipx) + αD(py + ipx) H0x + H0y + h

 ψ↑ψ↓
 = E

ψ↑ψ↓
 ,
(3.2)

where we introduce the shorthand H0x =
px

2

2m + 1
2 mω2

xx2 and H0y =
py

2

2m + 1
2 mω2

yy2.

To solve the equation numerically we expand the spatial components of the
wavefunction in the basis of the 2D harmonic oscillator:

ψ↑ =
∑
nx,ny

anx,ny

∣∣∣nx,ny
〉
,

ψ↓ =
∑
nx,ny

bnx,ny

∣∣∣nx,ny
〉
, (3.3)

where
∣∣∣nx,ny

〉
= |nx〉

∣∣∣ny
〉

are vectors in the Hilbert space of the 2D harmonic
oscillator solutions. In coordinate representation these solutions read

|nx〉 = Nxe−
mωxx2

2~ Hnx(

√
mωx

~
x), (3.4)

with Nx = 1
√

2nx nx!

(
mωx
π~

) 1
4 and

∣∣∣ny
〉

= Nye−
mωy y2

2~ Hny(

√
mωy

~
y), (3.5)

with Ny = 1√
2ny ny!

(mωy

π~

) 1
4 . Here Hnx(ny) are the “physicists”’ Hermite polynomi-

als of degree nx(ny). We introduce the standard ladder operators ax(y) and a†x(y).
The coordinate and momentum operators can be expressed in terms of these

14



operators as

x =

√
~

2mωx
(a†x + ax), px = i

√
m~ωx

2
(a†x − ax),

y =

√
~

2mωy
(a†y + ay), py = i

√
m~ωy

2
(a†y − ay), (3.6)

we define the dimensionless entities in the Schrödinger equation in order to
simplify both the equation and our numerical procedures. From now on we
use ~ωy as the energy unit and we set ~ = 1 and m = 1. Also, we introduce the
frequencies ratio, γ = ωx/ωy and dimensionless Rashba and Dresselhaus spin-

orbit coupling strengths α′R ≡ αR

√
m

2~ωy
and α′D ≡ αD

√
m

2~ωy
. Then Schrödinger

equation (3.2) reads γ(a†xax + 1
2 ) + (a†yay + 1

2 ) − h (α′R + α′D)py + i
√
γ(α′R − α

′

D)px

(α′R + α′D)py − i
√
γ(α′R − α

′

D)px γ(a†xax + 1
2 ) + (a†yay + 1

2 ) + h

 ψ↑ψ↓


= E

ψ↑ψ↓
 . (3.7)

Now we use the 2D harmonic oscillator expansion from Eq. (3.3) to obtain
the system of linear equations for the coefficients an,m and bn,m, where n and m
are positive integers.(

Eosc(nx,ny) − h − E
)

anx,ny + (α′R + α′D)
[
i
√

nybnx,ny−1 − i
√

ny + 1bnx,ny+1

]
−

− (α′R − α
′

D)
[√
γnxbnx−1,ny +

√
γ(nx + 1)bnx+1,ny

]
= 0,(

Eosc(nx,ny) + h − E
)

bnx,ny + (α′R + α′D)
[
i
√

nyanx,ny−1 − i
√

ny + 1anx,ny+1

]
+

+ (α′R − α
′

D)
[√
γnxanx−1,ny −

√
γ(nx + 1)anx+1,ny

]
= 0, (3.8)

where Eosc(nx,ny) = γ(nx + 1
2 ) + (ny + 1

2 ). This set of equations cannot be solved
analytically and one has to resort to numerical methods. In the symmetric case
where γ = 1, one could also have used a basis based on the solutions of the
harmonic oscillator potential in cylindrical coordinates [Sinha 2011,Hu 2012a,
Hu 2012b]. However, we do not use these solutions since the cylindrical sym-
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TRAP

metry is broken in the plane for γ , 1 and the problem is therefore better
handled using the Cartesian basis expansion from Eqs. (3.3).

Let us take a closer look at the spin-orbit coupling terms. If we write them

down in the matrix form, the Rashba term VR = αR

(
0 (py+ipx)

(py−ipx) 0

)
and the

Dresselhaus term VD = αD

(
0 (py−ipx)

(py+ipx) 0

)
and choose the strengths of the

coupling to be equal, αR = αD, we see that the matrix representations are
mutually transposed, VT

D = VR. It means, that the Hamiltonian in the cases of
pure Rashba, αR , 0, αD = 0, and pure Dresselhaus, αR = 0, αD , 0, spin-orbit
couplings has the same eigenvalues. Hence, it is sufficient to investigate only
one of the two cases. Below we consider only the pure Rashba coupling case.
The equations (3.8) read(

Eosc(nx,ny) − h − E
)
anx,ny + α′R

[
i
√

nybnx,ny−1 − i
√

ny + 1bnx,ny+1−

−
√
γnxbnx−1,ny +

√
γ(nx + 1)bnx+1,ny

]
= 0,(

Eosc(nx,ny) + h − E
)
bnx,ny + α′R

[
i
√

nyanx,ny−1 − i
√

ny + 1anx,ny+1+

+
√
γnxanx−1,ny −

√
γ(nx + 1)anx+1,ny

]
= 0. (3.9)

3.1 Single-particle spectra

In this section we consider several specific values of γ = ωx/ωy and solve
Eqs. (3.9). Then we analyze the behavior of the energy levels and their depen-
dence on γ, α′R and B. To numerically diagonalize the corresponding matrix we
use subroutines from the GNU Scientific Library [Galassi 2009], which is dis-
tributed under the GNU General Public License. The results were obtained in
the regime 0 ≤ α′R ≤ 1.5 and using a basis with no less than 700 single-particle
states. As a basis cutoff we choose a value of the harmonic oscillator energy,
γ(nx + 1

2 ) + (ny + 1
2 ) ≤ Ecuto f f , for all nx and ny in the basis. This lets us include

the states properly for the deformed cases, since for γ > 1 more states should
be included in y-direction than in x-direction.
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Figure 3.1: Energy spectrum of (3.9) as function of the dimensionless spin-orbit cou-
pling parameter α′R for the case of equal frequencies ωx = ωy with no Zeeman shift
(left panel) and including a Zeeman shift of magnitude h = ~ωy (right panel).

3.1.1 Symmetric trapping potential, ωx = ωy

We start with the cylindrically symmetric trapping potential, i.e. the case γ = 1.
We solve Eqs. (3.8) and plot the eigenenergies (the lowest 140 of them) as
functions of the dimensionless spin-orbit coupling strength α′R ≡ αR

√
m

2~ωy
in

Fig. 3.1. In the left panel of Fig. 3.1 the Zeeman magnetic field is absent
(h = 0). It is clear that for α′R = 0 the eigenlevels are degenerate as energy
levels of 2D harmonic oscillator. However, the degeneracies are lifted as α′R
increases and the oscillator shells become more and more mixed. Also, since
magnetic field is absent each level is doubly degenerate due to the time reversal
symmetry mentioned above. The energies of the lowest levels decreases and
for sufficiently large strengths approaches a parabolic dependence on α′R which
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can be reproduced by a semi-classical treatment [Ghosh 2011].

The quadratic behavior of the lowest states in the limit of the large cou-
pling strength can be easily understood from a simple dimensional analysis
(for this discussion we of course step back from the dimensionless quanti-
ties). Indeed, in the limit of large αR we can disregard the harmonic os-
cillator part of the Hamiltonian which means that the energy of the particle

should be proportional to
mα2

R
2 , since |αR| is the only velocity available in this

limit [Vyasanakere 2012]. Interestingly enough the similar behavior can be
obtained in the one-dimensional limit for ωx

ωy
� 1 via perturbation theory in

the limit αR → 0. We discuss these limits in subsections 3.1.3 and 3.1.4, re-
spectively.

The majority of levels for not too strong values of the spin-orbit coupling
(α′R < 1.1) form a particular band structure.This can be clearly understood. In-
deed, the energy levels in a 2D harmonic oscillator appear as a ’shell’ structure
with energy levels degeneracy of 2N, where N = 1, 2, 3, . . . is the number of the
shell and the coefficient 2 is due to the Kramers degeneracy. The energy levels
distance between the shells always equals ~ωy. However, the spin-orbit coup-
ing lifts the oscillator degeneracies and so the gap between the shells tends to
be smaller than ~ωy, but still larger than the energy levels distance between the
levels inside the shell. The lowest level in every shell resembles approximately
parabolic behavior until it avoids crossing with levels below.

We note many avoided crossings that can be seen in the spectrum, which is
due to the fact that the Hamiltonian with the spin-orbit coupling term does not
preserve the cylindrical symmetry of the 2D oscillator, which means that one
cannot decouple sectors of given angular momentum or parity. Only the time-
reversal symmetry remains (in the absence of a Zeeman term). Other studies
have used cylindrical expansions [Hu 2012a, Hu 2012b] but at the expense
of coupling different angular momenta. We use the Cartesian basis since we
find this more convenient. In Chapter 5 we discuss how the symmetry of the
Hamiltonian and the avoided crossings of the single-particle eigenlevels are
related to the so-called signatures of quantum chaotic behavior.

We see that the spin-orbit coupling has an immense effect on the spac-
ing between the eigenlevels of the particle. For instance, the spacing of the
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3.1. SINGLE-PARTICLE SPECTRA

trap levels at α′R = 0 of one ~ωy is strongly reduced at α′R ∼ 0.2 for energies
above ∼ 5~ωy. These sorts of changes should be reflected on the properties
of a many-body system in a symmetric trap as discussed for the case of con-
densates in Refs. [Sinha 2011], [Hu 2012a] and [Hu 2012b]. The similar
spectra can be obtained in various physical problems, for instance from the
mapping of the similar set-up to a quantum Rabi model [Hu 2013] or from
the electronic shell structure of quasi-two-dimensional semiconductor quan-
tum dots [Reimann 2002].

On the right panel in Fig. 3.1 we show how the inclusion of the Zeeman
field changes the spectrum in the non-deformed trap. The magnitude of the
field is h = ~ωy, which is equal to the energy level difference in a harmonic
oscillator. For αR = 0 the Zeeman field shifts the oscillator levels depend-
ing on the spin component but does not influence the structure. Note that
the absolute ground state of the spectrum now starts at zero energy and then
decreases almost parabolically. Note that, since the Zeeman field breaks the
time-reversal symmetry, in general two-fold degeneracy of the enegy levels is
lifted. However, in the case shown in Fig. 3.1 all the levels, with the exception
of the ground state, are still two-fold degenerate at α′R = 0. It is due to the
fact that the magnitude of the field is equal to the harmonic oscillator energy
levels spacing, that is to say this degeneracy is accidental and occurs only for
the values h = k~ωy, where k is an integer. The conclusion is that both the
Rashba and Zeeman terms can be used as an experimental handle to change
the density of states in the single-particle spectrum.

3.1.2 Deformed trapping potential

Now we consider a harmonic oscillator trap with the unequal frequencies in x
and y directions, ωx , ωy. In this case the rotational symmetry of the trap is
broken and the degeneracies of the isotropic 2D harmonic oscillator are lifted.
However, for the integer frequency ratio, γ, the energy levels of the anisotropic
2D harmonic oscillator are still degenerate. In Fig. 3.2 we show the spectrum
for frequency ratios γ = 2 (left panel) and γ = 3 (right panel) as a function of
the Rashba coupling strength, α′R, with no Zeeman field. We see that for these
ratios the overall structure of the energy spectrum remains the same as for a
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Figure 3.2: The energy levels of a spin-orbit coupled particle in a deformed harmonic
trap as function of dimensionless spin-orbit coupling parameter α′R for the case where
the oscillator potential is deformed. The left panel has γ = ωx

ωy
= 2 and the right panel

has γ = 3.

non-deformed trap. The shell-like structure is preserved, but we see that for
integer γ there are several shells with the same degeneracies of the levels.

A different scenario is displayed for incommensurable γ, i.e. when γ is
not an integer number. In Fig. 3.3 we show the single-particle spectrum for
γ = 1.57 (left panel) and γ = 2.71 (right panel). For these ratios the states
are more evenly distributed and the spacing between levels tends to decrease,
especially for higher energies. For γ = 1.57 we see that the spectral density
is almost constant for energies of 5~ωy and above, while for γ = 2.71 this
is not seen until about 10~ωy and above. Comparing the panels in Fig. 3.3,
we see an overall tendency for larger γ to have a smaller overall density of
levels since this is closer to the one-dimensional limit that we will return to
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Figure 3.3: The energy levels of a spin-orbit coupled particle in a deformed harmonic
trap as function of dimensionless spin-orbit coupling parameter α′R for the case where
the oscillator potential is deformed. The deformation ratios are γ = 1.57 (left panel)
and γ = 2.71 (right panel).

momentarily. The overall quadratic decrease with α′R is still seen as in Figs. 3.1
and 3.2. Comparing the results presented in Fig. 3.2 for the ratios γ = 2
and γ = 3 to those of Fig. 3.3 with γ = 1.57 and γ = 2.71 we thus conclude
that the deformation of the trap is another experimental way to change the
spectral structure and density. However, for the latter ratios the influence of
the Rashba coupling is diminished somewhat as the density changes in a much
more smooth manner as compared to Figs. 3.1 and 3.2. This implies that the
choice of deformation is very important when studying the effects of spin-orbit
coupling on trapped systems. As we will show in Chapter 5, the lack of the
rotational symmetry in the anisotropic harmonic trap proves to be helpful in
order to find signatures of irregular dynamics of a spin-orbit coupled system.
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3.1.3 One-dimensional limit

Increasing the frequency ratio γ towards infinity separates the Hamiltonian
into two weakly coupled one-dimensional (1D) parts: the high-energy part in
the x-direction and the low-energy one in the y-direction. These decoupled
one-dimensional equations with the corresponding Rashba couplings can be
solved analytically. The Schrödinger equation for the motion in y-direction
reads  p2

y

2m
+

1
2

mω2
yy2

 ⊗ Î + αRpyσ̂x − E

Ψ(y) = 0. (3.10)

The wavefunction Ψ(y) can be factorized into the spin part 1
√

2

 1
±1

, which is

the eigenvector of the Pauli matrix σ̂x, and the spatial part, f±(y). The one-
dimensional Schrödinger equation then becomes p2

y

2m
+

1
2

mω2
yy2
± αRpy − E

  1
±1

 f±(y) = 0, (3.11)

We rewrite these equations as 1
2m

(py ±mαR)2 +
1
2

mω2
yy2
−

mα2
R

2
− E

  1
±1

 f±(y) = 0, (3.12)

from which the harmonic oscillator eigenenergies can be directly inferred to
be

Eny = −
1
2

mα2
R + ~ωy(ny +

1
2

), (3.13)

where ny is number of energy level of the harmonic oscillator in y-direction.
The first term is simply the quadratic decrease of the energy with αR that we
already noted above. It can be interpreted as a Galilean boost by the Rashba
velocity, αR.

In figure 3.4 we show the spectral structure as one approaches the one-
dimensional limit. In the left panel of Fig. 3.4 we have γ = 5 and in the
right panel γ = 10. The low-energy eigenvalues reduce to the equidistant
harmonic oscillator spectrum with the same frequency but shifted quadratically
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3.1. SINGLE-PARTICLE SPECTRA

with the spin-orbit coupling strength. The remarkably simple emerging feature
is that the lowest part of the spectrum for an even modest deformation already
resembles the equidistant one-dimensional limit. This can be clearly seen by
making a comparison of Fig. 3.4 to Figs. 3.2 and 3.3. As the deformation
increases an increasing part of the low-energy spectrum approaches the one-
dimensional limit. This feature can be understood from the weak coupling
of two oscillators with very different frequencies. The perturbation on the
lowest energy states in the spectrum from the lowest of the large frequency
(ωx) states is proportional to the square of the coupling strength divided by
the energy difference by second order perturbation theory. This tells us that
the one-dimensional limit is approached in the bottom of the spectrum with
increasing deformation. This low-energy spectrum is much simpler and much
less dense than that of the 2D cylindrical oscillator. Note that the spectrum
is still two-fold degenerate due to the time-reversal symmetry, but now it is
practically back to the standard equidistant scheme typical to the harmonic
confinement.

3.1.4 Perturbation theory for weak spin-orbit coupling

The weak coupling limit, α′R → 0, can be investigated in detail using pertur-
bation theory. In the absence of deformation and external magnetic field, the
system is highly degenerate (Kramers and oscillator degeneracies) and requires
degenerate perturbation theory to second order (first order vanishes, since the
momentum operator is not diagonal in the energy representation). The eas-
iest way to avoid the complicated expressions of the degenerate formalism is
to consider a deformed oscillator trap with an external magnetic field which
lifts all degeneracies. Taking the limit at the end of calculation we get the non-
deformed and zero external field expressions. The Hamiltonian is Ĥ = Ĥ0 +V̂R,
where

Ĥ0 =

 p2
x

2m
+

1
2

mω2
xx2 +

p2
y

2m
+

1
2

mω2
yy2

 ⊗ Î − hσ̂z (3.14)

is the unperturbed part of the Hamiltonian and the perturbation is

V̂R = αR(σ̂xpy − σ̂ypx). (3.15)
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Figure 3.4: The energy levels of a spin-orbit coupled particle in a deformed harmonic
trap as function of dimensionless spin-orbit coupling parameter α′R for the case where
the oscillator potential is deformed. The deformation ratios are γ = 5 (left panel)
and γ = 10 (right panel). These results approach the limit of an effectively one-
dimensional system.

Then the Schrödinger equation for the unperturbed Hamiltonian is

Ĥ0ψ
(0)(x, y, σ) = E(0)ψ(0)(x, y, σ), (3.16)

with the following solutions ψ(0)(x, y, ↑) = φnx,ny(x, y)
(

1
0

)
and ψ(0)(x, y, ↓) =

φnx,ny(x, y)
(

0
1

)
. The eigenenergies are E(0)

nx,ny,σ = ~ωx(nx + 1
2 ) + ~ωy(ny + 1

2 )− σh,
where σ = ±1 for spin up and down, respectively. The spatial parts φnx,ny(x, y)
are the 2D harmonic oscillator solutions.

Now we can directly find corrections to the energy. As we mentioned, the
diagonal matrix element for VR is zero, thus the first-order correction will be
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zero as well. The second-order correction reads [Landau 1981]

E(2)
nx,ny,σ =

∑
′

mx,my,σ′

|〈nx,ny, σ|VR|mx,my, σ′〉|2

E(0)
nx,ny,σ − E(0)

mx,my,σ′

, (3.17)

where the prime near the sum sign indicates that the summation does not in-
clude the term Emx,my,σ′ = Enx,ny,σ. It is important to note that we can explicitly
write down the matrix elements. Due to the structure of the Pauli matrices σ̂x

and σ̂y only the matrix elements with different spin projections will contribute
to the summations.

〈nx,ny, ↑ |V̂R|mx,my, ↓〉 = −αR

√
m~
2

[
√
ωx

(√
mx + 1δnx,mx+1−

−
√

mxδnx,mx−1

)
δny,my − i

√
ωy

(√
my + 1δny,my+1 −

√
myδny,my−1

)
δnx,mx

]
(3.18)

and

〈nx,ny, ↓ |V̂R|mx,my, ↑〉 = αR

√
m~
2

[
√
ωx

(√
mx + 1δnx,mx+1−

−
√

mxδnx,mx−1

)
δny,my + i

√
ωy

(√
my + 1δny,my+1 −

√
myδny,my−1

)
δnx,mx

]
. (3.19)

We also see that only the elements between the nearest states are non-zero.
It is straightforward now to write down the second-order corrections for the
ground state energy

E(2)
0,0,↑ = −

mα2
R

2

[
~ωx

~ωx + 2h
+

~ωy

~ωy + 2h

]
. (3.20)

For the case of h� ~ωy we get a simple term, which appears natural consider-
ing that the dimension of αR is the velocity

E(2)
0,0,↑ = −mα2

R. (3.21)

This equation is valid for coupling parameter values smaller than the oscillator

velocity, αR �

√
~ω
m . For a regime of larger αR the contribution of all states
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becomes crucial, therefore one has to consider the higher-order perturbation

corrections to the energy. However, for the case of αR &
√
~ω
m the behavior of

the ground state energy is still quadratic in αR [Hu 2012b].

3.1.5 Rashba and Dresselhaus spin-orbit coupling, αR , 0, αD , 0

In this subsection we discuss several cases of the “inhomogeneous” spin-orbit
coupling. By this we mean that both Rashba and Dresselhaus spin-orbit cou-
pling strengths are not zero, i.e. αR , 0 and αD , 0. For convenience, we
introduce notation α1 = αR + αD and α2 = αR − αD. Then the Hamiltonian in
Eq. (3.1) reads

H =

px
2

2m
+

1
2

mω2
xx2 +

py
2

2m
+

1
2

mω2
yy2

 ⊗ Î+ (3.22)

+ α1σ̂xpy − α2σ̂ypx − µ̂ · B.

The case α1 = α2 corresponds to αR , 0, αD = 0, which was considered in
the previous subsections. Below we consider several cases of different α1 and
α2. We plot the dependence of the energy levels of the particle as a function
of α1 for fixed α2. We consider only the isotropic harmonic trap since the
deformation of the trap was thoroughly discussed.

Let us consider the special case of α2 = 0, which corresponds to the equal
Rashba and Dresselhaus spin-orbit interaction strengths case, αR = αD. This
example is especially important since it is the only reported case of the spin-
orbit coupling in cold atom systems [Ketterle 2008, Lin 2011]. We see that
this case is in many ways similar to the one-dimensional limit we discussed in
3.1.3. Indeed, in the case of αR = αD ≡ α Hamiltonian (3.1) looks like

H =

px
2

2m
+

1
2

mω2
xx2 +

py
2

2m
+

1
2

mω2
yy2

 ⊗ I + ασ̂xpy, (3.23)

where we do not include the external magnetic field. Similar to the 1D case
the solution of the corresponding Schrödinger equation can be factorized into
spin and spatial parts. Evidently, the spin wavefunction,Φ±, is a eigenfunction
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Figure 3.5: Energy as a function of the dimensionless spin-orbit coupling strength, α′1,
for the fixed α′2 spin-orbit coupling strengths. The trap frequencies are equal, γ = 1.
The left panel shows the α′2 = 0 case and the right panel shows the α′2 = 0.5.

of the Pauli matrix σx,

Φ± =

 1
±1

 . (3.24)

Moreover, the x- and y-directions decouplepx
2

2m
+

1
2

mω2
xx2 +

py
2

2m
+

1
2

mω2
yy2
± αpy − E

Φ± f (x)g±(y) = 0, (3.25)

where f (x) is a 1D harmonic oscillator solution and g±(y) is the y-dependent
wavefunction. We rewrite these equations as[

1
2m

(py ±mα)2 +
1
2

mω2
yy2
−

mα2

2
−

(
E − ~ωx

(
nx +

1
2

))]
Φ± fnx(x)g±(y) = 0,

(3.26)
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with eigenenergies

Enx,ny = ~ωx

(
nx +

1
2

)
+ ~ωy

(
ny +

1
2

)
−

mα2

2
. (3.27)

The energy spectrum is similar to the one-dimensional case with the only
difference is the contribution from the harmonic oscillator energies in the x-
direction. This spectrum can be seen in Fig. 3.5 in the left panel. We see that
the spectral gap structure of pure Rashba (or Dresselhaus) spin-orbit coupling
does not appear here.
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Figure 3.6: Energy as a function of the dimensionless spin-orbit coupling strength, α′1,
for the fixed α′2 spin-orbit coupling strengths. The trap frequencies are equal, γ = 1.
The left panel shows the α′2 = 1.0 case and the right panel shows the α′2 = 1.5.

We also show several cases of both α1 and α2 being non-zero. In Figs. 3.5
(right panel) and 3.6 we show the energy levels as function of α1 for several
fixed values of α2. For the figure we employ the dimensionless spin-orbit cou-
pling strengths, α′1 = α1

√
m

2~ωy
and α′2 = α2

√
m

2~ωy
. The structure of the energy
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levels in these cases reminds the structure of the spectra for a particle in the de-
formed harmonic trap, especially for incommensurable values of the frequency
ratio γ, as shown in Fig. 3.3. For the small values of α′1, when α′2 dominates
the spin-orbit part of the Hamiltonian, the spectrum resembles the behavior of
the one-dimensional limit, which is consistent with the α2 = 0 case discussed
previously. For α′1 > α

′

2 the spectrum also tends to approach the 1D limit.
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CHAPTER 4

Interacting fermions in a 2D
harmonic trap with Rashba

spin-orbit coupling

In this Chapter we discuss a system of N fermions confined in a 2D harmonic
trap and subjected to Rashba spin-orbit coupling. The main difference with the
previous Chapter case is the inclusion of a two-body interaction between par-
ticles. We choose the interaction to be of short-range, and, since the particles
are fermions, the Pauli principle only allows the interacting particle to be in
a singlet spin state, i.e. to have different spin projections and zero total spin.
The Hamiltonian reads

Ĥ =

N∑
i=1

[pi
2

2m
+

1
2

m(ω2
xx2

i + ω2
yy2

i )
]
⊗ Î

+ αR

N∑
i=1

(σ̂xipyi − σ̂yipxi) + h
N∑

i=1

σ̂zi +
1
2

g
∑
i, j

V̂(ri − r j), (4.1)

where pi = (pxi, pyi) and ri = (xi, yi) are the 2D momentum and position vectors,
respectively. The values ωx and ωy are the frequencies of the 2D harmonic trap
in transverse directions and they are not necessarily equal, m is the mass of a
particle, Î is the identity matrix, αR is the strength of Rashba spin-orbit cou-
pling; σ̂i = (σ̂xi, σ̂yi, σ̂zi) is the Pauli matrices vector and h is the strength of the
external Zeeman field. The two-body interaction term, gV(ri − r j), is modeled
by the Dirac delta function, gV(ri−r j) = gδ(ri−r j)P̂S=0, where P̂S=0 = (Î−σ̂i·σ̂ j)/4
is the operator, which projects to singlet spin states. Here the strength g has
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the units ~2/m, such that V̂ maintains dimension of energy. Below we dismiss
the units ~2/m for simplicity. Applying such a (pseudo)-potential must be done
with considerable care to avoid inconsistencies [Olshanii 2001,Valiente 2012],
and we make sure that we do not work in the strongly-interacting regime of
large g. We choose the interaction strength, g, to be positive, g > 0, so that we
only consider repulsive interaction between particles.

In order to estimate the interaction effects in such system we apply a well-
known Hartree-Fock method and solve the obtained equations self-consistently
with proper numerical procedures. This Chapter is divided into several sec-
tions. First, we remind and discuss the Hartree-Fock approximation. Next we
take a look at the details of our numerical calculations. Finally, we present and
discuss the results.

4.1 Hartree-Fock equations

In this section we describe the Hartree-Fock method of approximation to calcu-
late the wavefunction and the energy of the many-body system in a stationary
state. It is a powerful tool, which is well-known in computational physics and
quantum chemistry. The description of the method can be found in most text-
books on quantum mechanics, however, we follow the spirit and notation of
Ref. [Landau 1981,Siemens 1993,Weinberg 2013]. The Hartree-Fock method
is a variational approach, based on the theorem that the ground state energy
is less or equal to the expectation value of the Hamiltonian in any state [Wein-
berg 2013]. To utilize this observation we construct the functional

E[Ψ] =
〈Ψ| Ĥ |Ψ〉
〈Ψ|Ψ〉

, (4.2)

where Ĥ is the Hamiltonian of the system and Ψ is the trial wave function.
The variational principle states that minimizing this functional on the whole
Hilbert space provides one with the ground state energy. However, for nu-
merical computations it might not be (and usually is not) accessible, so one
is required to choose the “good enough” approximation to the wavefunction.
“Good enough” usually means that the minimization is possible for a given set
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of functions and the approximation to the ground state energy converges in
a reasonable time. The choice of such wavefunctions is a cornerstone of the
variational methods implementation.

In particular, the Hartree-Fock method is based on the following recipe to
choose the trial wave function: the many-body wavefunction is picked as the
product of the single-particle wave functions. At this point it becomes impor-
tant whether the particles are fermions or bosons. As was said before, we will
discuss only the fermionic case, so that the wavefunction of the system must
be antisymmetric upon the exchange of any two particles. Provided that, the
Hartree-Fock wave functions are constructed as the antisymmetrized product
of the single-particle states, the Slater determinant

|ΨHF〉 =
1
√

N!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ψ1(r1) ψ2(r1) · · · ψN(r1)
ψ1(r2) ψ2(r2) · · · ψN(r2)
...

...
. . .

...

ψ1(rN) ψ2(rN) · · · ψN(rN)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (4.3)

where N is the number of particles and ψi(rα), for i, α = 1, . . . ,N, are the single-
particle wavefunctions, which we consider to be normalized and orthogonal
to one another. The single-particle wavefunctions can be written as a spinor

ψi(r) =

ψi↑(r)
ψi↓(r)

, since the particles in a trap are fermions with spin-1/2. We

consider the wavefunction |ΨHF〉 to be normalized, i.e. 〈ΨHF|ΨHF〉 = 1.

We will now formulate the Hartree-Fock equations. The expectation value
of Hamiltonian (4.1) in the state (4.3) is

〈ΨHF| Ĥ |ΨHF〉 =
1

N!

∫
. . .

∫
dr1 . . .drNΨ∗HFĤΨHF. (4.4)

This expression can be simplified if we use the fact that the one-particle eigen-
states are orthonormalized, i.e.

∫
drψ∗i (r)ψ j(r) = δi j. One notices that for the

two-particle interaction only two integrals are left in the expectation value ex-
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pression, namely

1
2

g 〈ΨHF|
∑
i, j

V̂(ri − rj) |ΨHF〉 = (4.5)

=
1
2

g
∑
i, j

∫ ∫
dr1dr2ψ

∗

i (r1)ψ∗j(r2)V̂(r1 − r2)
[
ψi(r1)ψ j(r2) − ψ j(r1)ψi(r2)

]
.

Note that the factor 1
N! is gone, because it is precisely the number of identical

terms in the expectation value. Similarly, in the first two terms of Hamilto-
nian (4.1) only one integral is left

〈ΨHF| Ĥ0i + V̂Ri + hσ̂zi |ΨHF〉 =

N∑
i=1

∫
dr1ψ

∗

i (r1)
(
Ĥ0i + V̂Ri + hσ̂zi

)
ψi(r1), (4.6)

where Ĥ0i =
[

pi
2

2m + 1
2 m(ω2

xx2
i + ω2

yy2
i )
]
⊗ Î is the oscillator part of the system

Hamiltonian and the V̂Ri = αR(σ̂xipyi−σ̂yipxi) is the spin-orbit one. They both act
only on the i-th particle state. Finally, the expectation value of the Hamiltonian
in Eq. (4.1) is

〈ΨHF| Ĥ |ΨHF〉 =
{ N∑

i=1

∫
dr1ψ

∗

i (r1)
(
Ĥ0i + V̂Ri + hσ̂zi

)
ψi(r1)+ (4.7)

+
1
2

g
∑
i, j

∫ ∫
dr1dr2ψ

∗

i (r1)ψ∗j(r2)V̂(r1 − r2)
[
ψi(r1)ψ j(r2) − ψ j(r1)ψi(r2)

]}
.

Next we minimize the expectation value (4.7) with respect to the single-particle
wave functions ψi and their complex conjugates ψ∗i . Thus, the variational equa-
tion is written as

δ

〈ΨHF| Ĥ |ΨHF〉 −

N∑
j=1

ε j

∫
dr1ψ

∗

jψ j

 = 0, (4.8)

where ε j are the Lagrangian multipliers, introduced due to the normalization
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constraints
∫

drψ∗iψ j = δi j. Performing the variation we obtain

∑
i

∫
dr1δψ

∗

i (r1)εiψi(r1) −
∑

i

∫
dr1δψ

∗

i (r1)
(
Ĥ0i + V̂Ri

)
ψi(r1)+ (4.9)

+ g
∑

i, j

∫ ∫
dr1dr2δψ

∗

i (r1)ψ∗j(r2)V̂(r1 − r2)
[
ψi(r1)ψ j(r2) − ψ j(r1)ψi(r2)

]
= 0.

This equality should be true for any δψ∗i and since the integral over r1 is zero
we obtain

εiψi(r1) −
(
Ĥ0i + V̂Ri + hσ̂zi

)
ψi(r1)+ (4.10)

+ g
∑

j

∫
dr2ψ

∗

j(r2)V̂(r1 − r2)
[
ψi(r1)ψ j(r2) − ψ j(r1)ψi(r2)

]
= 0,

which are the renowned Hartree-Fock equations. Until now we have not used
the explicit form of the interaction term. As was said earlier, we approximate
it with the two-body contact potential, with the restriction that the particles
interact only in the spin singlet channel. Then Eq. (4.10) reads

εiψi(r1) −
(
Ĥ0i + V̂Ri + hσ̂zi

)
ψi(r1)+ (4.11)

+ g
∑

j

∫
dr2ψ

∗

j(r2)δ(r1 − r2)P̂S=0

[
ψi(r1)ψ j(r2) − ψ j(r1)ψi(r2)

]
= 0.

The projection operator acts on the spinors ψiψ j in the following way

P̂S=0ψi(r)ψ j(r′) =
1
2

(
ψi↑(r)ψ j↓(r′) − ψi↓(r)ψ j↑(r′)

) (
|↑〉i |↓〉 j − |↓〉i |↑〉 j

)
, (4.12)

where |↑〉 =

1
0

 and |↓〉 =

0
1

. The integration in Eq. (4.11) is trivial and the
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resulting equations are

(Ĥ0i + V̂Ri + hσ̂zi)

ψi↑

ψi↓

 +
g
2

[
(n↓ψi↑ − n↓↑ψi↓)

1
0

+

+ (n↑ψi↓ − n↑↓ψi↑)

0
1

 ] = εi

ψi↑

ψi↓

 , (4.13)

where we have introduced the densities

n↑ =

N∑
j=1

|ψ j↑|
2 , n↓ =

N∑
j=1

|ψ j↓|
2 , (4.14)

n↑↓ =

N∑
j=1

ψ∗j↑ψ j↓ , n↓↑ =

N∑
j=1

ψ∗j↓ψ j↑ . (4.15)

Note that n↓↑ is actually the complex conjugate of n↑↓. The Hartree-Fock equa-
tions can be written in a matrix form Ĥ0i + h +

g
2 n↓ αR(p̂iy + ip̂ix) − g

2 n↓↑
αR(p̂iy − ip̂ix) − g

2 n↑↓ Ĥ0i − h +
g
2 n↑

 ψi↑

ψi↓

 = εi

ψi↑

ψi↓

 , (4.16)

i.e. the Hartree-Fock Hamiltonian can be written as

ĤHF =

 Ĥ0i + h +
g
2 n↓ αR(p̂iy + ip̂ix) − g

2 n↓↑
αR(p̂iy − ip̂ix) − g

2 n↑↓ Ĥ0i − h +
g
2 n↑

 . (4.17)

The Hartree-Fock equations are Schrödinger-like equations of a particle in a
trap with the additional potential due to interaction of the particle with the
averaged densities of the others. The values εi can be interpreted as the single-
particle energy levels of such system. Evidently, in the absence of the inter-
particle interactions (g = 0) the energies εi correspond to the single-particle
eigenlevels we discussed in the Chapter 3. For the small values of g = 0 the
energy spectrum is still dominated by the effects of the external potentials, i.e.
the harmonic oscillator trap and Rashba spin-orbit coupling. However, even
the small interaction strengths affects the spectrum, although maintaining the
general structure. We obtain the numerical solutions of the Hartree-Fock equa-
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tions and discuss them in more details in the Section 4.3.

The single-particle eigenenergies can be readily used to obtain the total
energy of the interacting system in the ground state. It can be written in one
of two forms

E[ΨHF] =

N∑
i=1

〈
ψi

∣∣∣ Ĥ0i + V̂Ri + hσ̂zi
∣∣∣ψi

〉
+

g
2

∫
dr(n↓n↑ − |n↓↑|2) =

=

N∑
i=1

εi −
g
2

∫
dr(n↓n↑ − |n↓↑|2). (4.18)

In the non-interacting case the total energy of the system is simply the sum
of the N single-particle eigenenergies of the particle in a trap. The difference
between the total energy of the interacting and non-interacting systems is also
shown in the Section 4.3.

4.2 Numerical calculations

In this section we discuss the details of the numerical calculations aimed to
solve the Hartree-Fock equations for different parameters of the system, such
as the deformation of the trap, the strength of Rashba spin-orbit coupling, the
strength of Zeeman magnetic field, and the interaction strength. First we will
discuss the time-reversal symmetry of the system since, as we will see further,
the presence of the symmetry affects the calculations. Next we indicate the
rather straightforward method employed in the iteration procedure. After that
we offer a perturbative treatment for small values of the interaction strength
g. In the next section the resulting Hartree-Fock spectra are compared with
the results of both non-interacting systems and a perturbative treatment of
the interparticle interaction. We also discuss the change in total energy of the
system due to repulsion.

4.2.1 Time-reversal symmetry

As was mentioned in the Chapter 2 the spin-orbit coupled particle in a har-
monic oscillator trap is symmetric under time reversal, which for spin-1/2 par-
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ticles leads to the two-fold degeneracy of the single-particle eigenenergies due
to the Kramers theorem. It means that the Hamiltonian of the system com-
mutes with the time-reversal operator

T̂ = iσ̂yK̂, (4.19)

where K̂ is the complex conjugation operator [Sakurai 1994]. For the non-
interacting system the symmetry is broken by applying external magnetic field.

The Hartree-Fock Hamiltonian does not necessarily possesses this kind of
symmetry, i.e. the symmetry can be spontaneously broken if it is energeti-
cally favorable. The commutation relation for the Hartree-Fock Hamiltonian in
Eq. (4.17) and the time-reversal operator in Eq. (4.19) is

[
Ĥ0i + V̂Ri, T̂

]
+

 g
2 n↓ + h −

g
2 n↓↑

−
g
2 n↑↓

g
2 n↑ − h

 ,  0 1
−1 0

 K̂

 (4.20)

=

 gn↓↑
g
2 (n↑ − n↓) + 2h

g
2 (n↑ − n↓) + 2h −gn∗

↓↑

 .
The commutator

[
Ĥ0i + V̂Ri, T̂

]
is zero since we know that the single-particle

Hamiltonian preserves the time-reversal symmetry (the magnetic field is in-
cluded in the second term). For h = 0 and g = 0 the commutator vanishes as
expected. However, h = 0 and g > 0 in general can preserve the time-reversal
symmetry for n↑ = n↓ and n↓↑ = 0. If these conditions are not satisfied then
the time-reversal symmetry is broken and the Kramers degeneracy is lifted. Ev-
idently, even for h > 0 the off-diagonal elements could be equal to zero and
with n↓↑ = 0 the commutator in Eq. (4.20) could also be equal to zero when
magnetic field is h =

g
4 (n↑−n↓). However, this condition requires quite peculiar

choice of the system’s parameters and we do not discuss it in this work.

Since the densities n↑,n↓,n↑↓ and n↓↑ are constructed from the eigenstates
of the non-interacting system, the interparticle interaction is not allowed to
break the time-reversal symmetry. This fact allows us to force the conditions
n↑ = n↓ and n↓↑ = 0 in our numerical calculations.

Thus, the Schrödinger-like equation for the system maintaining time-reversal
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symmetry reads  Ĥ0i +
g
2 n↑ αR(p̂iy + ip̂ix)

αR(p̂iy − ip̂ix) Ĥ0i +
g
2 n↑

 ψi↑

ψi↓

 = εi

ψi↑

ψi↓

 . (4.21)

We see that the two-body interaction amounts to an additive term proportional
to the density n↑, which is the only independent density functional for the
time-reversal symmetric system. This term is linear in the interaction strength
g and, since we do not discuss the large, comparing to the harmonic oscillator
energy scale, strengths of the interaction, it may be considered with the help of
the perturbation theory. We show the comparison of the single-particle energy
levels of the non-interacting and interacting systems for different values of g
in the Section 4.3.

4.2.2 Iteration procedure

In this subsection we discuss the details of our numerical calculations. We start
with the iteration procedure employed to solve the Hartree-Fock equations
and discuss the perturbative treatment of the problem. In the Section 4.3 we
will see that the results of the self-consistent calculation and the perturbation
theory agree very well, which in the hindsight is not surprising.

The Hartree-Fock equations are a set of Schrödinger-like equations with
wavefunction density dependent potentials. The density, n↑, depends on the
solution and the equations must be solved self-consistently. Thus, a given den-
sity produces a potential which in turn has single-particle solutions adding up
to the initial density used to produce the potential. For N identical fermions
the solution consists of N orthogonal single-particle states with corresponding
energies. Therefore it is advantageous to use a method where the lowest N
eigenstates are simultaneously obtained.

Since the external potentials in the Hamiltonian are of the same form as
for the single-particle Hamiltonian in Chapter 3, we adopt the same method
employed there for obtaining of the eigenstates of the interacting Hamilto-
nian. We expand ψi↑ and ψi↓ on 2D harmonic oscillator eigenfunctions diag-
onalize Hamiltonian in Eq. (4.17). The basis states are terminated by maxi-
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mum quantum numbers, nxmax and nymax in the x- and y-directions such that
~ωxnxmax = ~ωynymax, where the oscillator frequencies vary with deformation.
Since the iteration procedure is more numerically challenging than the regular
diagonalization for the single-particle problem, the total number of basis states
in our calculations is less than we used in Chapter 3. However, we consider
only relatively small number of occupied single-particle levels and use the basis
size larger than 250, which is more than sufficient. The absolute error is always
not larger than 10−4~ωy for all the single-particle energies we employed in the
calculations.

To construct the matrix representation of the Hamiltonian in the 2D har-
monic oscillator basis we need to find the matrix elements of the interacting
terms. For the time-reversal symmetric system it is sufficient to calculate the
following

〈
mxmy

∣∣∣ n↑ ∣∣∣m′xm′y
〉

=

∫ +∞

−∞

∫ +∞

−∞

dxdyφmx(x)φmy(y)
N∑

i=1

|ψi|
2φm′x(x)φm′y(y),

(4.22)
where φm are the 2D harmonic oscillator eigenfunctions. The wavefunction
ψi can be expanded in the same basis, ψi(x, y) =

∑
j,k a(i)

jkφ j(x)φk(y), where a(i)
jk

are the expansion coefficients for the ith wavefunction ψi. We see that the
variables in the expression for the matrix element can be separated

〈
mxmy

∣∣∣ n↑ ∣∣∣m′xm′y
〉

=

N∑
i=1

∑
j,k, j′,k′

a(i)∗
jk a(i)

j′k′

∫ +∞

−∞

dxφmx(x)φ j(x)φk(x)φm′x(x)

∫ +∞

−∞

dyφmy(y)φ j′(y)φk′(y)φm′y(y). (4.23)

We calculate the integrals of four 2D harmonic oscillator eigenfunctions nu-
merically with the help of the Gauss-Hermite quadratures approximation
[Abramowitz 1965] which states∫ +∞

−∞

e−x2
f (x)dx ≈

n∑
i=1

wi f (xi), (4.24)

where xi are sample points, wi are the associated weights and n is the number
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of sample points. We store the results of the integration for use in the subse-
quent calculations, which accelerates the computations. The interaction ma-
trix elements are now obtained by summing over these basic matrix elements
weighted by the expansion coefficients of the single-particle wave functions.

All matrix elements are combined to give the full Hartree-Fock matrix,
which by diagonalization produces eigenenergies and eigenfunctions. These
eigenfunctions yield to a new set of densities which are used to construct a
new Hartree-Fock Hamiltonian where the solutions are either unchanged or
inserted in yet another step of the iterative procedure. Convergence to self-
consistency is usually achieved after relatively few iterations, obviously de-
pending on the set of initial wave functions. Since we vary at least one contin-
uous parameter, like the spin-orbit coupling strength, we choose the converged
solution as initial guess for a slightly different strength. This choice substan-
tially reduces the number of iterations, and thus speeds up the computations.
The results of the calculations are presented in the next Section.

4.2.3 Perturbation theory approximation

Now we discuss the perturbation treatment of the small values of the interac-
tion strength g. We follow the standard textbook procedure to obtain the first
order energy corrections. First, we compute the unperturbed (g = 0) solution,
ψ(0)

i , from (
Ĥ0i + V̂Ri

)
ψ(0)

i = ε(0)
i ψ

(0)
i . (4.25)

Now we find the solutions of the Schrödinger equation

ĤHFψi = εiψi (4.26)

with the perturbed Hamiltonian, i.e. we include the interparticle interaction
and treat it as a perturbation. For brevity we denote the interacting part of the
Hamiltonian as Û, with

Û =
g
2

 n↓ −n↓↑
−n↑↓ n↑.

 (4.27)
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We expand the wavefunction ψi into the basis of the unperturbed solutions
ψi =

∑
n c(i)

n ψ
(0)
n . Then the Schrödinger equation reads∑

n
c(i)

n

[
ε(0)

n + Û
]
ψ(0)

n =
∑

n
c(i)

n εiψ
(0)
n . (4.28)

If now we multiply both sides of the equation by ψ(0)∗
m and integrate over spatial

dependence we obtain

(
ε − ε(0)

m

)
c(i)

m =
∑

n
c(i)

n

∫
drψ(0)∗

m Ûψ(0)
n . (4.29)

To find the first order corrections we write the wavefunction as ψi = ψ(0)
i + δψi,

where δψi is assumed to be small compared to ψ(0)
i and the energy εi as εi =

ε(0)
i + δεi, where δεi is a small correction to the single-particle energy.
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Figure 4.1: The self-consistent single-particle energy levels, εi, divided by ~ωy are
compared for interacting g = 0.5 (black solid) and non-interacting g = 0.0 (blue
dashed) particles. The parameters are N = 20, ωx = ωy, h = 0.
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The linear perturbation correction to single-particle energy of the ith parti-
cle is given by

δεi =
g
2

(ψ(0)∗
i↑ , ψ

(0)∗
i↓ )

 n↓ −n↓↑
−n↑↓ n↑


ψ(0)

i↑

ψ(0)
i↓

 . (4.30)

For h = 0 the identities n↑ = n↓ and n↑↓ = 0 hold and are the densities indepen-
dent of the interaction strength, g. The energy correction is therefore simply
given by

δεi =
g
2

∫
(|ψ(0)

i↑ |
2 + |ψ(0)

i↓ |
2)n↑dr. (4.31)

We calculate the correction and compare it to the results obtained via the it-
eration procedure. We see that the perturbation theory reproduces the exact
results very well which is probably not too surprising considering the type of
the interaction and rather small values of the interaction strength.
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Figure 4.2: The self-consistent single-particle energy levels, εi, divided by ~ωy are
compared for interacting g = 0.5 (black solid) and non-interacting g = 0.0 (blue
dashed) particles. The parameters are N = 30, ωx = 1.57ωy, h = 0.
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4.3 Hartree-Fock single-particle spectra

In this Section we discuss the solutions obtained after solving the Hartree-Fock
equations. The most direct quantities to study are the single-particle states,
so we begin our discussion with them. They depend on both the external pa-
rameters, such as the deformation of the trapping potential, Rashba spin-orbit
coupling strength or Zeeman magnetic field, and the internal ones, such as
the number of particles and the interaction strength between the particles. To
maintain the logical consistency with Chapter 3 we use the dimensionless spin-
orbit coupling strength as the continuous parameter, with the single-particle
energies depending on it. Since the the spin-orbit coupling strength has the di-

mension of velocity, we define suitable “oscillator velocity”, vosc =

√
2~ωy

m . Then
the dimensionless spin-orbit coupling strength is α′R = αR

vosc
, as in Chapter 3. In

Figs. 4.1-4.3 we compare sets of εi for interacting and non-interacting parti-
cles. The single-particle eigenvalues of non-interacting particles are equivalent
to the eigenlevels of a single particle in a harmonic trap influenced by Rashba
spin-orbit coupling and Zeeman magnetic field, which were discussed in Chap-
ter 3. This comparison lets us emphasize the effects of two-body interaction
on energy spectrum of the N-particle system.

In Fig. 4.1 we start with a cylindrical harmonic trap (ωx = ωy) without
Zeeman field. We choose the number of particles N = 20 since it completely
fills the first four degenerate shells of 2D harmonic oscillator (recall that the
levels are two-fold degenerate due to time-reversal symmetry). We see that
the overall behavior of the single-particle eigenlevels of the interacting system
is very similar to the non-interacting ones but for a shift in energy which is
roughly independent of spin-orbit coupling. The other features of the spectrum
such as the breaking of cylindrical symmetry and the avoided crossings in the
spectrum are present, since they are due to the effects of spin-orbit coupling.

In Fig. 4.2 we show the eigenlevels for the deformed harmonic trap, with a
“almost irrational” frequency ratio ωx/ωy = 1.57 which we also used in Chap-
ter 3. The particle number is increased to N = 30 to see more occupied levels.
The deformation lifts the cylindrical degeneracy of the non-deformed 2D har-
monic oscillator and breaks the shell structure of the spectrum. The levels
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Figure 4.3: The self-consistent single-particle energy levels, εi, divided by ~ωy are
compared for interacting g = 0.5 (black solid) and non-interacting g = 0.0 (blue
dashed) particles. The parameters are N = 22, ωx = ωy, h = 0.1.

structure appears more regular since there are less avoided crossings in the
spectrum. We see that the interaction still provides an energy shift to the
single-particle energy levels compared to the non-interacting case. Note that
the shift is getting smaller for higher energy levels.

In Fig. 4.3 we include Zeeman magnetic field h = 0.1~ωy and break the
time-reversal symmetry but maintain the cylindrical symmetry. As a result the
two-fold degeneracy due to Kramers theorem is lifted but for αR = 0 some
of the levels with higher angular momentum are still degenerate due to the
degeneracies of the 2D harmonic oscillator. The total angular momentum Jz is
still a good quantum number and the energy levels from different total angular
momentum multiplets are allowed to cross for finite values of αR. The particle
number of N = 22 only partially fill the last oscillator shell for αR = 0. The
effect of the interaction does not change from the inclusion of magnetic field
and still can be seen as a shift of the single-particle energy levels εi.
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Figure 4.4: The difference between the single-particle energy levels divided by g of
interacting and non-interacting systems as function of the dimensionless interaction
strength g. The number of particles is N = 20, the harmonic trap is cylindrical (ωx =
ωy), the Zeeman strength is h = 0, the Rashba spin-orbit coupling strength is αR =
0.5vosc. The curves are numbered correspondingly to the numbers of the eigenlevels.

To assess more directly the effect of the two-body repulsion we show in
Fig. 4.4 the difference between non-interacting and self-consistent Hartree-
Fock single-particle energies as functions of the dimensionless interaction strength
g. We plot the differences divided by the strength g to underline the nearly
linear behavior. In Fig. 4.4 we plot the differences for the Rashba spin-orbit
strength αR = 0.5vosc but the dependence is similar for the different spin-orbit
strengths. The curves are numbered correspondingly to the numbers of the
eigenlevels. Since magnetic field is turned off the levels are doubly degen-
erate and we plot only even-numbered ones. The curves are denser in the
lowest parts of the figure where the largest single-particle energies appear, and
thereby demonstrating that the effect decreases with increasing energy. In any
case, we find that all these curves in Fig. 4.4 are almost precisely horizontal,
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Figure 4.5: The single-particle energy levels (divided by ~ωy) of interacting systems
as function of the dimensionless spin-orbit coupling strength αR/vosc. The number of
particles is N = 20, the harmonic trap is cylindrical (ωx = ωy), the Zeeman strength
is h = 0. The interaction strength is g = 1.0. The blue squares are the first order
perturbation results, and the black curves are from the Hartree-Fock solutions.

which means that the dependence on the strength of the interaction is almost
linear. This strongly suggests that perturbation theory would also be accurate
in the same parameter range.

We turn to compare the Hartree-Fock single-particle energy spectra with the
lowest order perturbation results (4.31). In Fig. 4.5 we show the comparison
for cylindrical trap with the interaction strength, g = 1, which is the largest
we use in our calculations throughout the Chapter. We see that the agreement
is remarkably good, with the deviations being hardly noticeable on the figure.
Evidently, for smaller interaction strengths the perturbation theory agrees with
the Hartree-Fock calculation even better. Thus, the full parameter range can
be concluded to be in the weakly repulsive regime. The perturbation theory
also provides a good approximation for deformed traps. This can be seen in
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Figure 4.6: The single-particle energy levels (divided by ~ωy) of interacting systems
as function of the dimensionless spin-orbit coupling strength αR/vosc in a deformed
trap. The number of particles is N = 20, the interaction strength is g = 0.5 and the
Zeeman strength is h = 0. The frequency ratio is ωx/ωy = 1.57. The black solid lines
are Hartree-Fock solutions, and the blue squares are the first order perturbation theory
approximation.

Figs. 4.6-4.7 for two non-integer frequency ratios, and still for time-reversal
symmetric systems. The interaction strength is moderate, g = 0.5, but the
agreement is very similar to the more degenerate cases in Fig. 4.5.

Finally, we investigate the influence of the remaining one-body parameter,
that is the Zeeman field, h, which lifts the time-reversal symmetry and the cor-
responding degeneracy. The interplay between deformation, spin-orbit terms
and Zeeman effect is seen in the self-consistent solution shown in Figs. 4.8-4.9.
Comparing to Fig. 4.5, we first notice that the main features are maintained,
except of course the lifting of the degeneracy. The comparison between inter-
acting and non-interacting cases shows an overall upwards shift of all levels in
the spectra by inclusion of the repulsion as in previous cases. There is also a
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Figure 4.7: The single-particle energy levels (divided by ~ωy) of interacting systems
as function of the dimensionless spin-orbit coupling strength αR/vosc in a deformed
trap. The number of particles is N = 20, the interaction strength is g = 0.5 and the
Zeeman strength is h = 0. The frequency ratio is ωx/ωy = 2.71. The black solid lines
are Hartree-Fock solutions, and the blue squares are the first order perturbation theory
approximation.

similar tendency of a decreasing shift with increasing εi.

The value of magnetic field is h = 0.6~ωy and we see in Figs. 4.8-4.9,
that the levels are substantially split compared to doubly degenerate levels in
Figs. 4.6-4.7. This is most clearly seen for the lowest level which is substantially
below its previous time-reversed partner for small αR. We also note that this
split decreases systematically for all levels with increasing αR. Finally, it is
remarkable that the more complicated perturbation treatment of the two-body
interaction still is fairly accurate even for relatively large h and moderate to
substantial g-values.
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Figure 4.8: The single-particle energy levels (divided by ~ωy) of interacting systems
as function of the dimensionless spin-orbit coupling strength αR/vosc. The number of
particles is N = 20, the interaction strength is g = 0.5 and the Zeeman strength is
h = 0.6. The frequency ratio is ωx/ωy = 1.57. The black solid lines are Hartree-Fock
solutions, and the blue squares are the first order perturbation theory approximation.

4.4 Total energy of the interacting N-particle system

In this Section we show the difference of total energies between interacting
and non-interacting systems per particle number to underline the effects of the
two-body repulsion

∆EN =
1
N

(EN −

N∑
j=1

ε0
j ), (4.32)

where ε0
j are the single-particle eigenenergies of the non-interacting Hamilto-

nian and EN is the total energy of the interacting N-body system (4.18).

In Fig. 4.10 we present the results for a cylindrical (ωx = ωy) system with
moderate repulsion strength and varying the Zeeman field. We notice that
the total energy difference depends weakly on the strength of the spin-orbit
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Figure 4.9: The single-particle energy levels (divided by ~ωy) of interacting systems
as function of the dimensionless spin-orbit coupling strength αR/vosc. The number of
particles is N = 20, the interaction strength is g = 0.5 and the Zeeman strength is
h = 0.6. The frequency ratio is ωx/ωy = 2.71. The black solid lines are Hartree-Fock
solutions, and the blue squares are the first order perturbation theory approximation.

coupling and increases with particle number. The rapid decrease of the energy
differences correspond to the points of spectra where many levels come close
to each other. The small Zeeman strength h = 0.1~ωy does not affect the total
energy difference much, except for the points where the Fermi energy is in the
vicinity of the avoided crossings. The level repulsion in a system with broken
time-reversal symmetry is weaker and the additional smaller fluctuations of
the total energy differences can be seen, especially for stronger Zeeman field,
e.g. h = 0.6~ωy.

The energy difference is obviously increasing with the strength of the re-
pulsion as seen by the larger numerical values on the vertical axis in Fig. 4.11.
The deformation dependence is in contrast very weak for all investigated par-
ticle numbers. In both Figs. 4.10 and 4.11 we see a few abrupt changes of the

51



CHAPTER 4. INTERACTING FERMIONS IN A 2D HARMONIC TRAP WITH
RASHBA SPIN-ORBIT COUPLING

 0.12

 0.14

 0.16

 0.18

 0.2

 0.22

 0.24

 0.26

 0  0.2  0.4  0.6  0.8  1

∆
E

N
 /

 − h
 ω

y
 

αR / vosc

N = 6

N = 12

N = 20

Figure 4.10: The total energy difference (divided by ~ωy) per particle as function
of the dimensionless spin-orbit coupling strength αR/vosc from non-interacting to self-
consistent Hartree-Fock solution. The system is cylindrical (ωx = ωy) and the repulsive
strength is g = 0.5. The number of particles are N = 6 (green, lower manifold), N = 12
(red, middle manifold), and N = 20 (blue, upper manifold). The Zeeman strength is
h = 0 (full), h = 0.1~ωy (dashed), and h = 0.6~ωy (dotted).

energy at different spin-orbit couplings depending on N. They arise when two
single-particle levels avoid crossing each other at the Fermi energy. The last
occupied single-particle wave function changes structure over a small range
of coupling strengths precisely in these regions. For a relatively weak interac-
tion this happens very quickly over a very small change of spin-orbit parameter.
Therefore the abrupt change would disappear only with a very much finer grid,
and this continuity would only be invisible on a much smaller scale than exhib-
ited on these figures. Other avoided crossings below the Fermi energy do not
change the total antisymmetrized product wave function in this abrupt manner
because the system populates those levels both before and after the crossings.
The same conclusion of no abrupt changes is even more obvious for crossings
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Figure 4.11: The total energy difference (divided by ~ωy) per particle as function
of the dimensionless spin-orbit coupling strength αR/vosc from non-interacting to self-
consistent Hartree-Fock solution. The Zeeman strength is h = 0 and the interaction
strength is g = 1. The deformations are cylindrical (ωx = ωy) (full), ωx = 1.57ωy
(dashed), and ωx = 2.71ωy (dotted).

above the Fermi level since none of them can influence the total wave function.
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CHAPTER 5

Statistical treatment

In this Chapter we discuss connections between the systems discussed in chap-
ters 3-4 to the complicated world of quantum chaos. Note that, classical chaos
is a well-defined problem which was investigated for more than a century now.
The definition of classical chaotic systems can be formulated in terms of Lya-
punov exponent: if we follow a bunch of trajectories originated very close to
each other in the phase space, then the distance between the trajectories for
the regular (non-chaotic) motion may increase but will not increase too fast, in
contrast to the irregular (chaotic) motion, for which the distance between the
trajectories grows exponentially. The rate of such increase is called the Lya-
punov exponent. With the development of quantum mechanics the question of
quantum chaotic systems arose.

However, in quantum systems such definition is meaningless, since the
phase-space trajectories are not well-defined in a proper quantum mechan-
ics formalism. On the other hand, one may argue that quantum systems may
also show the irregular behavior. Indeed, applying the limit ~ → 0 to a quan-
tum system it reduces to a classical system, which must be either regular or
chaotic. Moreover, even though the separation of phase-space trajectories is
not a valid method to determine the irregularity of quantum systems, there are
so-called signatures of quantum chaos [Fritz 2010] that provide evidence of
the irregular behavior. It is also important to bear in mind that the quantum
chaotic behavior shows up only if the “underlying” classical system is irregular.
In other words, if the system is classically integrable, i.e., the number of de-
grees of freedom equals to the number of integrals of motion, then its behavior
is not chaotic neither in classical nor quantum meaning.

One of signatures of quantum chaos is the spacing between neighboring
single-particle energy levels of a system, which is practically immediately avail-
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able for our spin-orbit coupled system from chapters 3-4. It was discovered
[Berry 1977], that the statistical behavior of the single-particle nearest neigh-
bor eigenlevels spacing distribution, P(S), can be used to characterize whether
the system is regular or chaotic. The variable, S > 0, is the energy differ-
ence between nearest neighbor levels in the energy spectrum. For classically
integrable systems the nearest neighbor spacing should not correlate and P(S)
should have a Poisson-like form, P(S) = e−S. On the other hand, for irregular
(chaotic) motion the eigenlevels repel each other, and correlations appear be-
tween level separations. The single-particle eigenlevels spectrum shows mul-
tiple avoided crossings. In this case the celebrated Bohigas-Giannoni-Schmit
conjecture [Bohigas 1984] states that the statistical behavior of the levels can
be described by random matrix theory.

In this Chapter we present the statistical treatment of the single-particle
energy levels of the systems discussed in Chapters 3 and 4. We do not set the
full-scale analysis of the possibility of the chaotic dynamics in these systems as
our goal we rather aim to show that spin-orbit coupled systems may show evi-
dence (or signatures) of such a behavior. We describe the statistical treatment
and obtained results below.

First, we consider the system discussed in Chapter 3, i.e. a particle in a
deformed harmonic trap with coupled spin and motional degrees of freedom.
Recall, that the Hamiltonian for such a system reads

H =

px
2

2m
+

1
2

mω2
xx2 +

py
2

2m
+

1
2

mω2
yy2

 ⊗ Î+ (5.1)

+ αR(σ̂xpy − σ̂ypx) − hσ̂z,

where p = {px, py} is a 2D momentum operator, r̂ = {x, y} is a 2D coordinate
operator, ωx and ωy are the harmonic trap frequencies, which generally are
not equal; Î is a 2 × 2 identity matrix and σ̂x and σ̂y are 2 × 2 Pauli matrices, h
is Zeeman magnetic field and αR is the strength of Rashba spin-orbit coupling
(here we stick to only Rashba term, and do not include Dresselhaus spin-orbit
coupling).

The set of eigenvalues of the Hamiltonian in Eq. (5.1), {εi}, is the object of
our statistical analysis. In particular we focus on distributions of the nearest
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neighbor energy levels spacings for different values of parameters in Hamil-
tonian (5.1). These distributions are compared to the standard distributions
obtained from random matrix spectra with specified symmetries. It was Wigner
who first realized that the nearest neighbor single-particle eigenlevels spacing
in nuclei follow the specific statistical distribution, depending on the symme-
tries of the system. These standard distributions are named after Wigner and
Dyson. We shall compare the distributions obtained from the set {εi} with the
well known distributions named Poisson, PP, and Wigner-Dyson distributions
where the latter appears in three variations, PWD1, PWD2 and PWD4. For nu-
merical comparison we specify these normalized distributions, i.e.,

PP(S) = exp (−S) , (5.2)

PWD1(S) =
πS
2

exp
(
−
πS2

4

)
, (5.3)

PWD2(S) =
32S2

π2 exp
(
−

4S2

π

)
, (5.4)

PWD4(S) =
218S4

36π3 exp
(
−

64S2

9π

)
. (5.5)

The Poisson distribution is obtained for the nearest neighbor spacing for a
random matrix spectrum when the system would exhibit classically regular
motion or equivalently is integrable [Fritz 2010]. In quantum mechanics this
corresponds to sufficiently many quantum numbers. The energy levels are said
to be uncorrelated in the sense that one eigenvalue energy is unaffected by the
presence of its neighbors.

On the other hand, the three other distributions obtained from a random
matrix spectrum corresponds to irregular motion where the levels avoid cross-
ings. The main difference is the power, β = 1, 2, 4 of S in the distribution. The
value of β defines a degree of energy levels repulsion [Fritz 2010]. Clearly
an increasing β increases the size of the small S region as seen in Fig. 5.1.
The value of β depends on the symmetries of the system. By the symmetries
we mean the time-reversal symmetry and spatial rotational and/or reflection
symmetries. For different “combinations” of these symmetries the parameter β
gets different values. For instance, β = 1 corresponds to systems invariant un-
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Figure 5.1: The five standard distributions in Eqs. (5.2)-(5.6). Here PP is peaked
at small S, and the peaks for the three Wigner-Dyson distributions move to larger S-
values as the power of S increases. The Brody distribution is plotted for a value of the
Brody parameter of κ = 0.4

der the time-reversal and with spatial rotational and/or reflection symmetries.
Systems with the broken time-reversal symmetry correspond to β = 2, and sys-
tems with the time-reversal symmetry and the Kramers degeneracy (i.e. spin-1

2

particles) but without spatial symmetries correspond to β = 4 distribution.

It is worth to have in mind an “intermediate” Brody distribution [Brody 1981,
Santos 2010], which describes a transition between the linear Wigner-Dyson (5.3)
and Poisson distributions. The expression for the Brody distribution reads

PBr(S) = (κ + 1)bSκexp
(
−bSκ+1

)
, (5.6)

where κ (0 ≤ κ ≤ 1) is the Brody parameter and b =
[
Γ
(
κ+2
κ+1

)]κ+1
. It is shown

in Fig. 5.1 for κ = 0.4, and it is straightforward to see the two limits of Pois-
son (5.2) and Wigner (5.3) distributions obtained for κ = 0 and κ = 1, re-
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spectively. The physical meaning of κ can be determined only in particular
cases [Sakhr 2005].

5.0.1 Unfolding of the spectrum

In order to make the comparison between the nearest neighbor energy levels
spacing distribution and the standard distributions in Eqs. (5.2)-(5.5) one has
to “prepare” the set of the eigenlevels beforehand. First, we note that for
the analysis of nearest neighbor distributions systematic degeneracies can be
removed, since they only add points to zero spacing, S = 0. As we know
for zero magnetic field the system obeys the time-reversal symmetry, and the
energy levels are two-fold degenerate due to the Kramers theorem. Second,
the analysis in terms of dimensionless distributions requires removal of the
scale carrying the unit of energy. In addition, it is also necessary to even out
the average scales of the spacings between the nearest energy levels arising
from the different density of the energy spectrum.

We introduce the staircase function:

σ(ε) =
1
N

∫ ε

−∞

N∑
i=1

δ(ε′ − εi)dε′, (5.7)

where ε is an energy value, N is the number of levels included in the analy-
sis, and δ is the Dirac delta function. This function calculates the number of
available levels below a given energy.

To smooth out σ(ε) we substitute each delta function with a continuous nor-
malized distribution centered at the same energy. For calculational simplicity
we choose normalized Gaussians, hence obtaining

σ̄∆(ε) =
1

∆
√
π

1
N

∫ ε

−∞

dε′
N∑

i=1

e
−

(
ε′−εi

∆

)2

×

(
15
8
−

5
2

(
ε′ − εi

∆

)2
+

1
2

(
ε′ − εi

∆

)4)
, (5.8)

where the smearing parameter, ∆, appears as the width of the Gaussians. The
fourth order polynomial guarantees that any initial smooth behavior repro-
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ducible by such a polynomial correctly reappears after the smoothing [BRACK 1972].
Different polynomial orders can be chosen but fourth order is sufficient to pro-
vide a reasonable stability range in ∆, where σ̄∆(ε) in practice is essentially
independent of ∆.
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Figure 5.2: The nearest neighbor level spacing distribution for different values of the
spin-orbit coupling parameter, αR: a) αR = 0, b) αR = 0.3, c) αR = 0.5, d) αR = 0.7.
We use h = 0 and the harmonic trap frequencies ratio is ωx

ωy
= 2. The distributions are

compared to the Poisson (dashed line) and Wigner (5.5) (solid line) distributions. We

use 150 non-degenerate levels in our analysis. Note that αR is in units of
√

2~ωy

m .

Finally, to obtain a spectrum with an average level spacing normalized to
one, we map the spectrum {εi} onto a new spectrum, {ei}, defined by

ei = Nσ̄∆(εi), (5.9)

for i = 1, . . . ,N. This procedure is usually called unfolding of the spectrum [Fritz 2010,
Reichl 2004]. The statistical analysis is now applied on the new scale-independent
and dimensionless spectrum, {ei}.

It is not surprising that for a reasonable statistical analysis the number of
levels N should be “big enough”. The size of it is of course always specific to a
problem at hand. The rule of thumb is to make sure that the levels are more or
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Figure 5.3: The nearest neighbor level spacing distribution for different values of the
spin-orbit coupling parameter, αR: a) αR = 0, b) αR = 0.3, c) αR = 0.5, d) αR = 0.7.
We use h = 0 and the harmonic trap frequencies ratio ωx

ωy
= 10. The distributions are

compared to the the Poisson (dashed line) and Wigner (5.5) (solid line) distributions.

We use 150 non-degenerate levels in our analysis. Note that αR is in units of
√

2~ωy

m .

less evenly distributed even before the unfolding of the spectrum. In that case
the unfolding works the best and the statistical properties of spectra are the
most evident. For the systems without the Zeeman term we used 300 (doubly
degenerate) energy levels and in the presence of the Zeeman field we used 150
eigenlevels. We make sure that the increase of the number of levels does not
change the qualitative character of levels statistics.

5.0.2 Nearest neighbor distributions (non-interacting case)

Now we apply the statistical analysis described above to the single-particle
energy levels of Hamiltonian (5.1). We consider different values of frequency
ratios of the 2D harmonic trap and strengths of the Rashba spin-orbit coupling.
Finally, we introduce the Zeeman magnetic field to see how it affects the distri-
butions. We compare the histograms, obtained after unfolding of the spectra,
to the Poisson and Wigner-Dyson distributions from Eqs. (5.2) and (5.5). It is
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Figure 5.4: The nearest neighbor level spacing distribution for different values of the
spin-orbit coupling parameter, αR: a) αR = 0, b) αR = 0.3, c) αR = 0.5, d) αR = 0.7. The
harmonic trap frequencies ratio ωx

ωy
= 1.57. The distribution is compared to the Poisson

(dashed line) and Wigner (5.5) distributions. We use 150 non-degenerate levels in

our analysis. Note that αR is in units of
√

2~ωy

m .

important to notice that the magnetic field is absent and the trapping potential
is deformed we use the Wigner distribution from Eq. (5.5).

We avoid the most symmetric case of the cylindrically symmetric oscillator
(ωx = ωy) where the regular structure and large degeneracy initially prohibits
a meaningful statistical analysis. That is why we first consider the ωx/ωy = 2
case since the deformation breaks the spatial symmetry and lifts corresponding
degeneracies. Still, for αR = 0 case there are many degenerate energy levels
since the frequency ratio is an integer number. However, with αR > 0 these
degeneracies are also lifted and in Fig. 5.2 we see that the nearest neighbor
spacings distributed more evenly, although they do not resemble the Wigner
distribution in Eq. (5.5).

In Fig. 5.3 we show the distributions for larger deformation ωx/ωy = 10.
As we saw in Chapter 3 the Hamiltonian in Eq. (5.1) has the energy spectrum
reminiscent to the one of a spin-orbit coupled particle in 1D harmonic trap.
The energy levels are not only degenerate but also equidistant (at least for
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Figure 5.5: The nearest neighbor level spacing distribution for different values of
the spin-orbit coupling parameter, αR: a) αR = 0, b) αR = 0.21, c) αR = 0.3, d)
αR = 0.5. Note that the choice of spin-orbit strengths differs from the previous figures,
due to the faster transition to the Wigner-regime. The harmonic trap frequencies ratio
ωx
ωy

= 2.71. The distribution is compared to the Poisson (dashed line) and Wigner (5.5)
distributions. We use 150 non-degenerate levels in our analysis. Note that αR is in

units of
√
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the lowest part of the spectrum) which leads to not so well distributed near-
est neighbor spacings with a large peak at S → 0, due to the degeneracies
in the spectrum. For stronger Rashba spin-orbit coupling strengths the spac-
ings distributed more evenly but the peak remains and the histogram does not
resemble the Wigner distribution at all.

Thus, we see that for integer frequency ratios the spectrum of the particle is
still too regular and does not lead to the Wigner-Dyson distribution. However,
the case changes for non-integer frequency ratios. We consider two cases:
ωx/ωy = 1.57 and ωx/ωy = 2.71, to maintain consistency with the previous
chapters.

The interplay between the deformed harmonic oscillator and spin-orbit
coupling contributions leads to the spectrum with multiple avoided crossings,
since the spatial symmetries are broken and the actual crossings are prohibited.
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Figure 5.6: The nearest neighbor level spacing distribution for different values of
spin-orbit coupling parameter, αR: a) αR = 0, b) αR = 0.3, c) αR = 0.5, d) αR = 0.7.
The harmonic trap frequencies ratio ωx

ωy
= 1.57. The distributions are compared to

the Poisson (dashed line), Brody (solid blue line) (5.6), quadratic Wigner (solid green
line) (5.4) distributions, and quartic Wigner (solid black line) (5.5) distributions. The
energy of Zeeman magnetic field is ~ωy/2. The Brody parameter value is κ = 0.4. We

use 150 non-degenerate levels in our analysis. Note that αR is in units of
√

2~ωy

m .

In this case the spacing distribution is expected to follow quartic Wigner-Dyson
distribution in Eq. (5.5), since the two-fold Kramers degeneracy is present.

The lack of symmetries for non-integer frequency ratios leads to the dis-
tributions shown in Figs. 5.4 and 5.5. We can see that in both cases the his-
tograms resemble the Wigner-Dyson distribution, PWD4, very well for some val-

ues of the spin-orbit coupling strength, i.e., αR = 0.5
√

2~ωy

m for ωx/ωy = 1.57,

Fig. 5.4c, and αR = 0.21
√

2~ωy

m for ωx/ωy = 2.71, Fig. 5.5b. As we discussed
earlier, such a distribution of nearest neighbor spacings of the energy levels
signifies that the dynamics of the system is quantum chaotic.

The inclusion of the Zeeman magnetic field, h, breaks the time-reversal
symmetry and changes the distributions. In Figs. 5.6 and 5.7 we show them
for the same values of trap deformations, ωx/ωy = 1.57 and ωx/ωy = 2.71,
respectively, and several Rashba spin-orbit couplings. In Fig. 5.6 the value of
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Figure 5.7: The nearest neighbor level spacing distribution for different values of
spin-orbit coupling parameter, αR: a) αR = 0, b) αR = 0.3, c) αR = 0.5, d) αR = 0.7.
The harmonic trap frequencies ratio ωx

ωy
= 1.57. The distributions are compared to the

Poisson (dashed black line), Brody (dashed and dotted green line) (5.6), and quadratic
Wigner (solid black line) (5.4) distributions. The energy of Zeeman magnetic field is
~ωy. The Brody parameter value is κ = 0.4. We use 150 non-degenerate levels in our

analysis. Note that αR is in units of
√

2~ωy

m .

magnetic field is h = 0.5~ωy and in Fig. 5.7 the value is h = ~ωy. We compare
the obtained histograms with the Poisson (5.2), quadratic Wigner-Dyson (5.4)
and Brody (5.6) with κ = 0.4 distributions. We use the quadratic Wigner-
Dyson distribution instead of the quartic one since the magnetic field breaks
the time-reversal symmetry. Thus, it is expected that systems with irregular
dynamics have the nearest neighbor spacing distribution which resembles the
distribution from Eq. (5.4).

However, in Figs. 5.6-5.7 we see that in fact the histograms better resemble
the Brody distribution (5.6), especially for the strength of Rashba spin-orbit

coupling αR & 0.5 in the units of
√

2
~ωy

m . Moreover, we notice the tendency for
the histograms to shift towards Poisson distribution (5.2) with increasing αR.
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Figure 5.8: The nearest neighbor level spacing distribution of the Hartree-Fock single-
particle energy levels for frequency ratio ωx/ωy = 1.57 and spin-orbit coupling αR =
0.5. Every panel corresponds to different interaction strength g. The distributions
are compared to the Poisson (dashed line) and quartic Wigner (solid black line) (5.5)
distributions. We use 100 non-degenerate levels in our analysis. Note that αR is in

units of
√
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m .

5.0.3 Nearest neighbor distributions (interacting case)

Let us now perform the statistical analysis of the single-particle Hartree-Fock
energy levels obtained in Chapter 4. We follow the same procedure: we start
with the unfolding of the energy spectrum and then compare the histograms
depicting the distribution of the nearest neighbor levels spacing to the Pois-
son and Wigner-Dyson distributions. The comparison is made for the cases
that show Wigner-like distributions in a single-particle case, i.e. for deformed
harmonic traps with non-integer frequency ratios and values of Rashba spin-
orbit coupling strength used in the non-interacting case. The number of in-
teracting particles is N = 100 and in the analysis we use 100 non-degenerate
single-particle levels, which means that the lower half of the levels used in
the analysis is occupied. In Figs. 5.8-5.9 we present our findings for different
interaction strengths. We see that the interparticle interactions can affect the
distributions in different ways: In Fig. 5.8 we see that the Wigner-like distribu-
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tion in the non-interacting case is not affected too strongly by the interaction
and conserves the main features of the distribution even for stronger interac-
tion strengths. However, in Fig. 5.9 we see that the non-interacting distribution
is not too close to the quartic Wigner-Dyson distributions but the interaction
improves it a lot.
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Figure 5.9: The nearest neighbor level spacing distribution of the Hartree-Fock single-
particle energy levels for frequency ratio ωx/ωy = 2.71 and spin-orbit coupling αR =
0.5. Every panel corresponds to different interaction strength g. The distributions
are compared to the Poisson (dashed line) and quartic Wigner (solid black line) (5.5)
distributions. We use 100 non-degenerate levels in our analysis. Note that αR is in

units of
√
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In conclusion, it is important to say that the goal of this Chapter was to
show that systems of particles in a deformed harmonic trap show the so-called
signatures of quantum chaos. A more thorough investigation of such systems in
the context of irregular dynamics may be an interesting and informative task.
Unfortunately, such an investigation is beyond the scope of this work and here
we only tried to show the potentially interesting properties of the system. We
saw that several sets of parameters lead to the required signatures even in the
non-interacting system of particles. Moreover, the interaction between parti-
cles affects the spectrum of the system and may lead to better correspondence
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between the nearest neighbor energy level spacing distribution and Wigner-
Dyson distributions, i.e. the control over the strength of interaction proves
to be a valuable tool to change the dynamics of the system from regular to
irregular.
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CHAPTER 6

State transfer in strongly
interacting systems.

Introduction

In this Chapter we continue to the second part of this work. From systems with
spin-orbit coupling we switch to quantum state transfer in spin chains. First of
all, we introduce the system and set our goals.

The developments in quantum simulations, especially in cold atoms set-
ups, give us an opportunity to access the physics of lower dimensions with
an unprecedented level of control. We already discussed the two-dimensional
systems in the previous chapters and in the following we will focus on one-
dimensional set-ups. But first let us discuss our motivation in a few words.

It is a not a secret that despite the Moore’s law [Moore 1998] the physical
limit for the computation capacity of “conventional” computers is approach-
ing, which leads to the continuous search for alternatives. One of such new
approaches is the so-called quantum computations which aims to use the spe-
cific properties of quantum system to create new computational protocols. One
of the main inspirers of this idea (and also of the concept of quantum simula-
tions) was Richard Feynman [Feynman 1982].

The crucial part of any computation is data transfer and the whole field of
quantum communication is determined to find both media and protocols for
information transfer in quantum computing systems. The quantum analogy
of a bit, as a unit of information, is a qubit, which is a two-state quantum-
mechanical system. In contrast to a classical bit which takes only one of the two
states (conventionally denoted as “0” and “1”), the qubit exists in a superposi-
tion of the both states simultaneously and due to this property it is necessary to
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pick adequate physical systems to represent a qubit [Lambropoulos 2007]. In
the original proposal [Cirac 1997] a strong coupling between photons and op-
tical cavities was presented as a transmission protocol [Blinov 2004], however,
later the attention was shifted towards using the polarization degree of free-
dom of a single photon to encode a qubit [Duan 2001,Duan 2010,Stute 2013].
Today there is a lot of research ongoing to use spin-1

2 chains as a transfer device
on short distances with the spin- 1

2 particle playing role of a qubit [Bose 2008,
Christandl 2004,KAY 2010].

In order to realize state transfer in spin chains one requires a physical sys-
tem that can be described by a spin model and a potential candidate is a sys-
tem of strongly interacting atoms trapped in a 1D potential. Such systems
are realizable [Moritz 2003, Stöferle 2004, Kinoshita 2004, Paredes 2004, Ki-
noshita 2006] and allow one to study various phenomena, such as fermioniza-
tion for strong interaction [Zürn 2013a], pairing [Zürn 2013b], a two-site Hub-
bard model [Murmann 2015a], Heisenberg spin models [Murmann 2015b]
and others.

Let us briefly discuss the Hamiltonian of strongly-interacting atoms in a 1D
trapping potential and the mapping into Heisenberg XXZ spin model. Here we
follow the results obtained in Refs. [Volosniev 2015a, Volosniev 2015b, Volos-
niev 2015c, Zinner 2014] in which a new method to solve exactly the systems
of strongly-interacting atoms trapped in an arbitrary 1D potential. The re-
sults of the next Chapter are based on these solutions which are not a part
of this dissertation, so we try to give a short description of the method and
invite the reader to follow the original publications. The mapping of the
Hamiltonian of strongly-interacting atoms in 1D trap into Heisenberg XXZ spin
model is also discussed here but can be found in more details in Refs. [Volos-
niev 2015b,Levinsen 2015,Deuretzbacher 2014].

We consider a two-component Bose system of strongly-interacting atoms in
one spatial dimension confined by a trapping potential. We denote the differ-
ent components of atoms as spin-up and spin-down, such that the number of
particles is N = N↑ + N↓. The interaction between the atoms is modeled by a
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Dirac delta function and the Hamiltonian can be written as (we set ~ = 1)

H =
∑
σ=↑,↓

Nσ∑
i=1

H0(xσ,i) +
gσσ
mL

Nσ∑
i′>i

δ(xσ,i − xσ,i′)

+

+
g↑↓
mL

N↑∑
i=1

N↓∑
i′=1

δ(x↑,i − x↓,i′) +

N∑
j=1

h jσ
j
z, (6.1)

where σ = {↑, ↓} denotes the component of atoms, H0(x) = − 1
2m

∂2

∂x2 + 1
mL V(x/L)

is a single-particle Hamiltonian of a particle in a one-dimensional trapping
potential V(x/L), xσ,i is the coordinate of the ith particle of the component σ,
m is the mass of a particle which is equal for all particles, L is characteristic
length of the confining potential, h j is a spatially inhomogeneous magnetic
field, which is non-zero only in the middle, i.e. h1 = hN = 0 and hi = h for
i = 2, 3, . . . ,N−1, and σ j = (σ j

x, σ
j
y, σ

j
z) are the Pauli matrices acting on a spin at

site j. The interaction strengths are related as g↑↓ = g↓↑ ≡ g > 0 and g↑↑ ≡ κg,
with κ > 0. The parameter κ defines the interspecies interaction for bosonic
atoms and in the limit of κ→∞, the Hamiltonian (6.1) can be used to describe
fermions. The most general N-particle eigenstate of the system can be written
as [Volosniev 2015c]

Ψ =
∑

k

akθ(xPk(1), . . . , xPk(N))Ψ0(x1, . . . , xN), (6.2)

where the summation goes over the N! permutations, Pk, of the coordinates,
ak are the expansion coefficients that depend on the ordering of the particle,
θ(x1, . . . , xi, . . . , x j, . . . , xN) = 1, if x1 < x2 < · · · < xi < · · · < x j < · · · < xN and
zero otherwise. The wavefunction Ψ0 is a fully antisymmetrized N-particle
wavefunction, a Slater determinant constructed from the single-particle so-
lutions of the Schrödinger equation of a particle in the potential V(x). It
describes the non-interacting N-particle system with energy E0. Note that
the energy E0 is M(N↑,N↓) = N!/(N↑!N↓!) times degenerate since the energy
of the non-interacting system does not depend on the particles ordering. It
was shown [Zinner 2014, Volosniev 2015b, Volosniev 2015c] that in the limit
1/g → 0 the N-particle energy of the interacting system can be written in the
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linear order in 1/g as

E = E0 −
1
g

∑N−1
j=1 (A j + 2

κC j + 2
κD j)α j∑M(N↑,N↓)

k=1 a2
k

, (6.3)

where A j =
∑M(N↓−1,N↑−1)

k=1 (a j|k−b j|k)2, C j =
∑M(N↓,N↑−2)

k=1 c2
j|k and D j =

∑M(N↓−2,N↑)
k=1 d2

j|k.
Here the notation a j|k denotes those coefficients ak in the expansion (6.2) with
x↑ at position j followed by x↓ at position j + 1. Similarly, the coefficients b j|k

are the coefficients with x↓ at position j followed by x↑ at position j + 1, the
coefficients c j|k are are the coefficients with x↑ at position j followed by x↑ at
position j + 1, and the coefficients d j|k are the coefficients with x↓ at position j
followed by x↓ at position j + 1. For fermions the coefficients C j and D j are set
to zero, due to the Pauli principle.

The coefficients α j are geometric factors which depend both on the total
number of particles and on the single-particle solutions of the Schrödinger
equation of a particle in the potential V(x). The explicit expression for α j is
given by

α j =
1

m2

∫ ∏N
i=1 dxiθ(x1, . . . , xN)δ(x1 − x j)(∂Ψ0)2

〈Ψ | Ψ〉
, (6.4)

where ∂Ψ0 =
(
∂Ψ0
∂x1

)
x1=xN

, i.e. one first takes a partial derivative of the non-
interacting N-particle wave function Ψ0 with the respect to x1 and then set
x1 = xN.

Calculating the coefficients α j is a complicated numerical task, since it in-
volves multidimensional integration, and so it is natural to use approximations
to obtain their values. A local density approximation (LDA) is often used to
calculate the values α j and proved to agree with the exact results very well
for harmonic potential [Deuretzbacher 2014, Levinsen 2015]. However, for
more complicated shapes of potential the LDA agreement with the exact re-
sults is much worse, which affects both static and dynamic properties of the
system [Marchukov 2015a]. There are other approximate methods available
that can be used to provide very accurate results for systems with up to N = 30
particles [Loft 2015].

As we mentioned before, for strong interactions (g → ∞) the Hamilto-
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nian in Eq. (6.1) can be mapped onto the Heisenberg XXZ spin model [Volos-
niev 2015a,Volosniev 2015b,Deuretzbacher 2014,Levinsen 2015]. The Hamil-
tonian of the spin model reads

Hs = −
1
2

N−1∑
j=1

[
J jσ̂

jσ̂ j+1
−

2J j

κ
σ̂

j
zσ̂

j+1
z

]
+

N∑
j=1

h jσ̂
j
z, (6.5)

Here the exchange interaction coefficients J j are related to the geometric fac-
tors α j as

J j ≡ −
α j

g
. (6.6)

This mapping confirms that the system of strongly-interacting atoms in 1D
can be used to simulate spin chains and explore quantum state transfer in
such systems. By manipulating the shape of the potential we can control the
values of the exchange constants J j. In the next Chapter we describe the idea
of conditional state transfer in spin chains with N = 3, 4 and 5 particles. An
important component of the idea is that the exchange coefficients follow the
ratio J1/J2 � 1. In the next Chapter we also present a specific shape of the
potential which allows one to obtain such a ratio.
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CHAPTER 7

Quantum state transfer in spin
chains

In this Chapter we discuss quantum state transfer in spin chains, which are
realized in systems of strongly-interacting atoms trapped in a 1D potential. We
define the Hamiltonian of the problem and discuss spin chains consisting from
three, four and five atoms. We present the idea of conditional state transfer,
which describes the conditions under which an initial state can and cannot
be transfered with high fidelities (close to or equal unity). In the last Section
we show an example of the trapping potential which could be use for such
purposes.

7.1 Effective spin chain Hamiltonian

We consider a two-component Bose system of strongly-interacting atoms in
one spatial dimension (1D) confined by a trapping potential. We denote the
different components of atoms as spin-up and spin-down, such that the number
of particles is N = N↑ + N↓. The interaction between the atoms is modeled by
a Dirac delta function and the Hamiltonian can be written as (we put ~ = 1)

H =
∑
σ=↑,↓

Nσ∑
i=1

H0(xσ,i) +
gσσ
mL

Nσ∑
i′>i

δ(xσ,i − xσ,i′)

+ g↑↓
mL

N↑∑
i=1

N↓∑
i′=1

δ(x↑,i−x↓,i′)+
N∑

j=1

h jσ
j
z,

(7.1)
where σ = {↑, ↓} denotes the component of atoms, H0(x) = − 1

2m
∂2

∂x2 + 1
mL V(x/L)

is a single-particle Hamiltonian of a particle in a one-dimensional trapping
potential V(x/L), xσ,i is a coordinate of the ith particle of the component σ,
m is the mass of a particle and is assumed equal for all particles, and L is
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characteristic length of the confining potential, h j is a spatially inhomogeneous
magnetic field, which is non-zero only in the middle, i.e. h1 = hN = 0 and hi = h
for i = 2, 3, . . . ,N − 1, and σj = (σ j

x, σ
j
y, σ

j
z) are the Pauli matrices acting on a

spin at site j. The interaction strengths are related as g↑↓ = g↓↑ ≡ g > 0 and
g↑↑ ≡ κg, with κ > 0. The parameter κ defines the interspecies interaction for
bosonic atoms and in the limit of κ → ∞, the Hamiltonian (7.1) can be used
to describe fermions.

For strong interactions, g→∞, the Hamiltonian in Eq. (7.1) can be mapped
onto the Heisenberg XXZ spin model [Volosniev 2015a,Volosniev 2015b,Deuret-
zbacher 2014,Levinsen 2015].

Hs = −
1
2

N−1∑
j=1

[
J jσ

jσj+1
−

2J j

κ
σ

j
zσ

j+1
z

]
+

N∑
j=1

h jσ
j
z, (7.2)

where J j are position-dependent interaction coefficients. Below we present the
static and dynamic properties of spin chains of different length. We consider
the spin chains with N = 3, 4 and 5 particles and cover all possible combina-
tions of the spin-up and spin-down internal states.

The Hamiltonian in Eq. (7.2) can be rewritten as

Hs = −
1
2

N−1∑
j=1

[
J j(σ

j
xσ

j+1
x + σ

j
yσ

j+1
y ) + J j

(
1 −

2
κ

)
σ

j
zσ

j+1
z

]
+ h

N∑
j=1

σ
j
z. (7.3)

We see that κ works as a control parameter for the σ j
zσ

j+1
z interaction. There

are several special cases for κ: If κ = 2 only the σ j
xσ

j+1
x and σ j

yσ
j+1
y terms are left

and the Hamiltonian describes the Heisenberg XX spin model. The κ = 1 and
κ→∞ cases are equivalent up to the sign in front of σ j

zσ
j+1
z term and describe

the XXX Hamiltonian. In the cold atoms realization the former case corre-
sponds to strongly interacting bosons with independent on spin interaction,
and the latter case describes fermions. Throughout these notes we postulate
the symmetry of the interaction coefficients: J j = JN− j, that is achieved by the
spatially symmetric trapping potentials in the cold atoms realization. Hence,
we only need one coefficient J1 in the 3-particle case, and two coefficients J1

and J2 for the 4- and 5-particles cases. Additionally, we only focus on the situ-
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ation when the ratio J1/J2 � 1.

7.2 Conditional state transfer

Our aim is to construct a scheme which would allow us to control state trans-
fer through a spin chain as follows: For given values of interaction coefficients
{Ji}, where i = 1, . . . , N−1

2 for the odd N and i = 1, . . . , N
2 for the even N, the

fidelity of state transfer through the spin chain with N↑ = 1 and N↓ = N − 1
particles approaches unity (perfect state transfer), and for the spin chain with
N↑ > 1 and N↓ = N −N↓ the transfer is “blocked”, i.e. the fidelity of the trans-
fer is much smaller than 1 (ideally, approaches zero). The control over spin
transfer is achieved by manipulating the external magnetic field and the num-
ber of spin-up and spin-down particles in the spin chain. In order to achieve
perfect state transfer in a N↑ = 1 and N↓ = N − 1 spin chain we build an
effective three-level system. This system consists of state |in〉, which corre-
sponds to the initial state of the system, state |out〉, which corresponds to the
state to be read out, and the intermediate

∣∣∣trans f er
〉

state. For the N↑ = 1 and
N↓ = N − 1 spin chain, the initial state of the system is |in〉 = |↑↓↓ . . . ↓〉, and
the final state of the chain is |out〉 = |↓↓↓ . . . ↑〉. Due to the strong interaction
between particles in the middle, J1/J2 � 1, we prediagonalize the block in
the Hamiltonian which corresponds to the states with a spin-up in the mid-
dle, {|↓↑↓ . . . ↓↓↓〉 , |↓↓↑ . . . ↓↓↓〉 , . . . , |↓↓↓ . . . ↑↓↓〉 , |↓↓↓ . . . ↓↑↓〉}. The obtained
eigenvalues of the prediagonalized block are strongly split with the difference
being proportional to J2. The state

∣∣∣trans f er
〉

is selected from the set of the
eigenstates of the prediagonalized block. The condition of perfect state trans-
fer is the “resonance” between the expectation values of the states |in〉, |out〉
and

∣∣∣trans f er
〉
. This resonance can be achieved via manipulation of magnetic

field. Fig. 7.1 depicts the approach schematically. If for the same values of
the parameters (interaction coefficients Ji and magnetic field h j) state trans-
fer is blocked for N↑ > 1 and N↓ = N − N↑ then the conditional transfer is
achieved, hence state transfer is perfect for one spin configuration and blocked
for others.

In order to achieve conditional spin transfer we build an effective three-
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|in〉=|↑↓ · · · ↓〉 |out〉=|↓ · · · ↓↑〉

∣∣∣trans f er
〉

J1 J1

J2

J2

Figure 7.1: Schematic representation of spin states of the N↑ = 1, N↓ > 1 spin chain.
Each level (horizontal line) depicts an expectation value of the Hamiltonian in one of
the spin states. The solid vertical lines show gaps between levels. The dashed lines
represent transitions between spin states.

level system. This system consists of state |in〉, which corresponds to the ini-
tial state of the system, state |out〉, which corresponds to the state to be read
out, and the intermediate

∣∣∣trans f er
〉

state. The control over the spin trans-
fer is achieved by manipulating magnetic field and the number of spin-up
and spin-down particles in the spin chain. The idea is to determine param-
eters, so that for the N↑ = 1 and N↓ = N − 1 spin chain the initial state
|in〉 = |↑↓ . . . ↓〉 is evolved into |out〉 = |↓ . . . ↓↑〉 with the fidelity, F1,N−1 =∣∣∣〈↓ . . . ↓↓↑| e−iHst |↑↓↓ . . . ↓〉

∣∣∣2, approaching unity. At the same time, for the spin
chain N↑ > 1 and N↓ > 1 transfer should be blocked, meaning that the initial
state does not change noticeably with time, i.e. FN↑,N↓ =

∣∣∣〈in| e−iHst |in〉
∣∣∣2 → 1.

The schematic drawing for the N↑ = 1, N↓ > 1 spin chain is presented in
Fig. 7.1. We utilize the fact that J1/J2 � 1, i.e. the particles at the edges of the
chain are weakly coupled to the rest of the chain. The state

∣∣∣trans f er
〉

belongs
to a set of the strongly coupled spin states. The off-diagonal matrix elements
of the Hamiltonian for these states are proportional to J2. Below we discuss
this approach in more details and present the results for the special cases of
N = 3, 4, and 5.
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|↑↓↓〉

|↓↑↓〉

|↓↓↑〉

J1 J1

Figure 7.2: Schematic representation of the spin states for the N↑ = 1, N↓ = 2 spin
chain. Each level (horizontal line) depicts to an expectation value of the Hamiltonian
in one of the spin states. The solid vertical lines show gaps between levels. The dashed
lines represent transitions between spin states.

7.3 N = 3 case

We start with the spin chain of one spin-up and two spin-down particles. Our
goal is to transfer the initial state, |↑↓↓〉, to the final state, |↓↓↑〉, through the
intermediate state, |↓↑↓〉. In Fig. 7.2 we see the schematic diagram of the spin
states. In the basis { |↑↓↓〉, |↓↑↓〉, |↓↓↑〉 } the Hamiltonian can be written as the
following matrix

Hs =


−h −J1 0
−J1 h + J1(1 − 2

κ ) −J1

0 −J1 −h

 . (7.4)

The eigenvalues of this Hamiltonian read

λ1 =
1
2

J1(1 −
2
κ

) −

√
2J2

1 +
(
h +

1
2

J1 (1 − 2/κ)
)2
, (7.5a)

λ2 = −h, (7.5b)

λ3 =
1
2

J1(1 −
2
κ

) +

√
2J2

1 +
(
h +

1
2

J1 (1 − 2/κ)
)2
, (7.5c)
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and the corresponding non-normalized eigenvectors are

|Ψ1〉 = {1,−
1

2J1

2h + J1(1 −
2
κ

) −

√
2J2

1 +
(
h +

1
2

J1(1 − 2/κ)
)2
 , 1}, (7.6a)

|Ψ2〉 = {1, 0,−1}, (7.6b)

|Ψ3〉 = {1,−
1

2J1

2h + J1(1 −
2
κ

) +

√
2J2

1 +
(
h +

1
2

J1(1 − 2/κ)
)2
 , 1}. (7.6c)

Let us start by looking at the conditions required to achieve perfect state
transfer. We can expand the initial and final states in the basis of the eigenvec-
tors from Eq. (7.6), i.e.,

|↑↓↓〉 =

N∑
k=1

a(1)
k |Ψk〉 , (7.7a)

|↓↓↑〉 =

N∑
k=1

a(3)
k |Ψk〉 , (7.7b)

where a(i)
k are the expansion coefficients, with index i = 1, 2, 3 denoting the

expanded spin state. Since the Hamiltonian is a bisymmetric matrix the co-
efficients a(1)

k and a(3)
k are related as a(1)

k = (−1)k+1a(3)
k [Tao 2002, Nield 1994].

Then, applying the evolution operator U(t) = e−iHst to the initial state |↓↓↑〉 =

e−iHstout |↑↓↓〉 and expanding the spin states we obtain

N∑
k=1

(
e−iλktout − (−1)k+1

)
a(1)

k |Ψk〉 = 0. (7.8)

To present our results we use the fidelity of transfer, F12, which should ap-
proach unity for perfect state transfer. Then the conditions for perfect state
transfer in this spin chain after the time interval tout are

(λ2 − λ1)tout = (2m1 + 1)π, (7.9a)

(λ3 − λ2)tout = (2m2 − 1)π. (7.9b)
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Figure 7.3: Fidelity of state transfer in the N↑ = 1, N↓ = 2 spin chain. The parameters
are: κ = 1, h = J1/2, J1 = 1. The red horizontal lines correspond to values 0.66 and
0.95.

Here m1 and m2 are non-negative integers and, moreover, m2 > 0, since we
assume that λ1 < λ2 < λ3. From these conditions we can find the value of
magnetic field h for transfer to occur at minimal time, tmin. In this case m1 = 0
and m2 = 1 and we obtain

λ2 − λ1

λ3 − λ2
= 1. (7.10)

From this we find the magnetic field

h = −
1
2

J1

(
1 −

2
κ

)
. (7.11)

For this value of h perfect transfer is achieved, as shown in Fig. 7.3 for κ = 1.
The minimal time interval for state transfer is tmin = π

λ2−λ1
= π
√

2J1
.

If we now look back at the schematic picture, we notice that for magnetic
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field h = − 1
2 J1(1 − 2

κ ) the Hamiltonian expectation values of the initial, |↑↓↓〉,
and final, |↓↓↑〉, states are equal to the expectation value of the intermediate
state, |↓↑↓〉. So perfect state transfer for the three-level system is achieved
when the expectation values of the Hamiltonian are the same for |in〉, |out〉 and∣∣∣trans f er

〉
states.

Now we consider the spin chain with N↑ = 2 and N↓ = 1. The idea is that,
for the same value of the magnetic field, the Hamiltonian expectation values
of the initial, |↑↑↓〉, and final, |↑↓↑〉, state will be out of resonance with the
intermediate state and the state transfer will be blocked. However, this is only
true if the transition matrix elements of the Hamiltonian are smaller than the
energy gap between states, which is not the case for N = 3. In the figure 7.4 we
show the “infidelity” of the initial state, I21 = 1 − F21 = 1 − | 〈↑↑↓| e−iHst |↑↑↓〉 |2.
This quantity shows how the initial state, |↑↑↓〉, changes with time. In the
case of blocked transfer, the infidelity should be close to zero during the time
interval tmin, however, we see that the infidelity reaches 0.5, which means that
the transfer is not blocked.

If we look again at the schematic picture we see that for the N↑ = 2 and
N↓ = 1 configuration the energy gap between the non-interacting states is
proportional to J1(1 − 2/κ) which is of the same order of magnitude as the
transition matrix element. However, for κ → 0 the energy gap approaches
infinity and spin transfer is blocked. In this limit the σ j

zσ
j+1
z term exceeds all

other terms in the Hamiltonian (7.3) and our Heisenberg model becomes the
Ising model. Notice that for the same values of κ → 0 and magnetic field
h = −

J1
2 (1−2/κ) the fidelity of state transfer in the previously considered N↑ = 1

and N↓ = 2 spin chain still approaches unity after time interval tmin. To sum up,
on the three-level system we see the main features of the conditional transfer
idea. However, due to the strong interaction of the initial and final states with
the intermediate state (which is of order J1), the transfer for N↑ = 2 and N↓ = 1
is not fully blocked and the conditional transfer scheme doesn’t work, except
for the Ising model limit.

Below we show, that for the N = 4 and N = 5 cases it is possible to realize
a quantum transistor scheme for any value of κ, except the very special κ = 2
case.
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Figure 7.4: Infidelity, 1 − F, of state transfer in the N↑ = 2, N↓ = 1 spin chain. The
values of parameters are: κ = 1, h = 1/2J1, J1 = 1. The red horizontal lines correspond
to values 0.66 and 0.95.

7.4 N = 4 case

We start our analysis with the N↑ = 1 and N↓ = 3 situation. The spin states
basis is {|↑↓↓↓〉 , |↓↑↓↓〉 , |↓↓↑↓〉 , |↓↓↓↑〉}. Our goal is to find such a value of the
magnetic field that the fidelity of spin transfer will reach unity, i.e. F13 → 1.
In this system we have two different interaction coefficients, J1 and J2. The
coefficient, J1, defines the exchange interaction between sites 1 and 2 (or 3 and
4, by assumption) and the coefficient J2 defines the interaction in the middle,
between sites 2 and 3. The schematic figure of spin states is shown in Fig. 7.5.
As was mentioned, we assume that J1/J2 � 1. The Hamiltonian for this system
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is

Hs =


−2h − 1

2 J2(1 − 2
κ ) −J1 0 0

−J1
1
2 J2(1 − 2

κ ) −J2 0
0 −J2

1
2 J2(1 − 2

κ ) −J1

0 0 −J1 −2h − 1
2 J2(1 − 2

κ )

 . (7.12)

The interaction between states |↓↑↓↓〉 and |↓↓↑↓〉 is the strongest in the
system. To utilize this fact we pre-diagonalize the Hamiltonian. We find the

eigenvalues and eigenvectors of the inner block

1
2 J2(1 − 2

κ ) −J2

−J2
1
2 J2(1 − 2

κ )

. The

eigenvalues of this matrix are λ+ = 1
2 J2(1− 2

κ )−J2 and λ− = 1
2 J2(1− 2

κ )+J2, and the
eigenvectors are |+〉 = 1

√
2
(|↑↓〉+ |↓↑〉) and |−〉 = 1

√
2
(|↑↓〉−|↓↑〉). Next, we choose

a new basis to work with,
{
|↑↓↓↓〉 , 1

√
2

(|↓↑↓↓〉 + |↓↓↑↓〉) , 1
√

2
(|↓↑↓↓〉 − |↓↓↑↓〉) , |↓↓↓↑〉

}
.

We introduce a unitary transformation

O =


1 0 0 0
0 1

√
2

1
√

2
0

0 1
√

2
−

1
√

2
0

0 0 0 1

 , (7.13)

which we apply to the Hamiltonian from Eq. 7.12 and obtain

H̃ =


−2h − 1

2 J2(1 − 2
κ ) − 1

√
2

J1 −
1
√

2
J1 0

−
1
√

2
J1 λ+ 0 −

1
√

2
J1

−
1
√

2
J1 0 λ− 1

√
2

J1

0 −
1
√

2
J1

1
√

2
J1 −2h − 1

2 J2(1 − 2
κ )


. (7.14)

Now we can find the magnetic field needed to achieve perfect state transfer.
We see that for small J1 the Hamiltonian is almost diagonal. The eigenlevels of
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|↑↓↓↓〉

1
√

2
|↓〉 (|↑↓〉 − |↓↑〉) |↓〉

1
√

2
|↓〉 (|↑↓〉 + |↓↑〉) |↓〉

|↓↓↓↑〉

J1 J1

2J2

J1 J1

Figure 7.5: The schematic diagram of the spin states of the N↑ = 1, N↓ = 3 spin chain.
The dashed lines represent transitions between states. The vertical solid line shows
the width of the energy gap. Approximation J1/J2 � 1 is used. The value of magnetic
field is arbitrary but such that the spin states are out of resonance. The condition for
perfect state transfer is the resonance of the states |↑↓↓↓〉 and |↓↓↓↑〉 with the states

1
√

2
|↓〉 (|↑↓〉 + |↓↑〉) |↓〉 or 1

√
2
|↓〉 (|↑↓〉 − |↓↑〉) |↓〉

.

the Hamiltonian for J1 = 0 are

λ̃1 = −
1
2

J2 (1 + 2/k) , (7.15a)

λ̃2 = −
1
2

J2 (1 − 2/k) − 2h, (7.15b)

λ̃3 = −
1
2

J2 (1 − 2/k) − 2h, (7.15c)

λ̃4 =
1
2

J2 (3 − 2/k) . (7.15d)

As we saw for the three-particle spin chain, perfect state transfer can be ob-
tained if there are three levels in resonance to each other, i.e. either λ̃1 = λ̃2 =

λ̃3 or λ̃2 = λ̃3 = λ̃4. There are two values of magnetic field to satisfy one of
these conditions: h+ = 1

κ J2 and h− = −J2(1 − 1
κ ). We see that for any value of κ

it is possible to achieve perfect state transfer for this spin chain.
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To show that perfect state transfer is indeed achieved we can use the same
approach as we used in the three-spin case. The eigenvalues of the Hamilto-
nian are

λ1 = −
1
2

J2 − h −

√
J2
1 +

(
h −

J2

κ

)2
, (7.16a)

λ2 =
1
2

J2 − h −

√
J2
1 +

(
h + J2

(
1 −

1
κ

))2
, (7.16b)

λ3 = −
1
2

J2 − h +

√
J2
1 +

(
h −

J2

κ

)2
, (7.16c)

λ4 =
1
2

J2 − h +

√
J2
1 +

(
h + J2

(
1 −

1
κ

))2
, (7.16d)

and the corresponding non-normalized eigenvectors in the basis
{
|↑↓↓↓〉 , |↓↑↓↓〉 ,

|↓↓↑↓〉 , |↓↓↓↑〉
}

are
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|Ψ1〉 =

1,
J2 − h +

√
J2
1 +

(
h − J2

κ

)2

J1
,

J2 − h +

√
J2
1 +

(
h − J2

κ

)2

J1
, 1

 , (7.17a)

|Ψ2〉 =

{
1,

J2
1 + J2

(
h + J2(1 − 1

κ ) −
√

J2
1 +

(
h + J2(1 − 1

κ )
)2
)

J1

(
h − J2

κ +

√
J2
1 +

(
h + J2(1 − 1

κ )
)2
) ,

h + J2(1 − 1
κ ) −

√
J2
1 +

(
h + J2(1 − 1

κ )
)2

J1
,−1

}
, (7.17b)

|Ψ3〉 =

1,
J2 − h −

√
J2
1 +

(
h − J2

κ

)2

J1
,

J2 − h −
√

J2
1 +

(
h − J2

κ

)2

J1
, 1

 , (7.17c)

|Ψ4〉 =

{
1,

J2
1 + J2

(
h + J2(1 − 1

κ ) +

√
J2
1 +

(
h + J2(1 − 1

κ )
)2
)

J1

(
h − J2

κ −

√
J2
1 +

(
h + J2(1 − 1

κ )
)2
) ,

h + J2(1 − 1
κ ) +

√
J2
1 +

(
h + J2(1 − 1

κ )
)2

J1
,−1

}
. (7.17d)

As before, we expand the initial and final states in the basis of eigenvectors of
Hamiltonian (7.12):

|↑↓↓↓〉 =

N∑
k=1

a(1)
k |Ψk〉, (7.18a)

|↓↓↓↑〉 =

N∑
k=1

a(4)
k |Ψk〉. (7.18b)

Since the Hamiltonian is a bisymmetric matrix, the expansion coefficients a(i)
k

are related as a(1)
1 = a(4)

1 , a(1)
2 = −a(4)

2 , a(1)
3 = a(4)

3 , a(1)
4 = −a(4)

4 Hence, the necessary
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and sufficient conditions for state |↑↓↓↓〉 to evolve into state |↓↓↓↑〉 are

(λk+1 − λk)tout = π(2mk + 1), (7.19)

where mk is a positive integer and tout is time necessary for transfer to com-
plete. We can use the values of magnetic field found previously to determine
the fastest transfer time, tmin = π

∆λ , where ∆λ is the difference between the
equidistant levels. For h+ =

J2
κ we obtain

λ2 − λ1 = J1 + J2 −

√
J2
1 + J2

2 ≈ J1, (7.20a)

λ3 − λ2 = J1 − J2 +
√

J2
1 + J2

2 ≈ J1, (7.20b)

λ4 − λ3 = −J1 + J2 +
√

J2
1 + J2

2 ≈ 2J2 − J1. (7.20c)

We see that if J1/J2 � 1 the lowest three eigenlevels of the system are dis-
tributed equidistantly, with the energy difference ∆λ = J1, and the highest
level lies far away from the others. That’s why we can expect the perfect trans-
fer to be achieved after time tmin = π

J1
. Now, for h− = −J2(1 − 1

κ ), the eigenlevel
differences are

λ2 − λ1 = J1 + J2 +
√

J2
1 + J2

2 ≈ 2J2 − J1 (7.21a)

λ3 − λ2 = J1 − J2 +
√

J2
1 + J2

2 ≈ J1 (7.21b)

λ4 − λ3 = J1 + J2 −

√
J2
1 + J2

2 ≈ J1 (7.21c)

and we see that this case is similar to the previous one. The highest three levels
are equidistantly distributed and the lowest level is located much lower than
the other three.
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Let us consider an example with particular values κ = 1 and h− = −J2(1− 1
κ ) = 0.

In this case the normalized eigenstates obtained from Eqs. (7.17) are

|Ψ1〉 =
1

2

√
J2
1 + J2

2 + J2

√
J2
1 + J2

2

{
J1, J2 +

√
J2
1 + J2

2, J2 +
√

J2
1 + J2

2, J1

}
, (7.22a)

|Ψ2〉 =
1
2
{1, 1,−1,−1} , (7.22b)

|Ψ3〉 =
1

2

√
J2
1 + J2

2 − J2

√
J2
1 + J2

2

{
J1, J2 −

√
J2
1 + J2

2, J2 −

√
J2
1 + J2

2, J1

}
, (7.22c)

|Ψ4〉 =
1
2
{1,−1, 1,−1} , (7.22d)

and the spin states expanded in this basis are

|↑↓↓↓〉 =
1
2


J1√

J2
1 + J2

2 + J2

√
J2
1 + J2

2

, 1,
J1√

J2
1 + J2

2 − J2

√
J2
1 + J2

2

, 1


Ψ

, (7.23a)

|↓↑↓↓〉 =
1
2


J2 +

√
J2
1 + J2

2√
J2
1 + J2

2 + J2

√
J2
1 + J2

2

, 1,
J2 −

√
J2
1 + J2

2√
J2
1 + J2

2 − J2

√
J2
1 + J2

2

,−1


Ψ

,

(7.23b)

|↓↓↑↓〉 =
1
2


J2 +

√
J2
1 + J2

2√
J2
1 + J2

2 + J2

√
J2
1 + J2

2

,−1,
J2 −

√
J2
1 + J2

2√
J2
1 + J2

2 − J2

√
J2
1 + J2

2

, 1


Ψ

, (7.23c)

|↓↓↓↑〉 =
1
2


J1√

J2
1 + J2

2 + J2

√
J2
1 + J2

2

,−1,
J1√

J2
1 + J2

2 − J2

√
J2
1 + J2

2

,−1


Ψ

.

(7.23d)
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In the limit J1/J2 � 1 the expressions are simply

|↑↓↓↓〉 '
1
2

{
J1
√

2J2
, 1,
√

2, 1
}

Ψ

, (7.24a)

|↓↑↓↓〉 '
1
2

{
√

2, 1,−
J1
√

2J2
,−1

}
Ψ

, (7.24b)

|↓↓↑↓〉 '
1
2

{
√

2,−1,−
J1
√

2J2
, 1

}
Ψ

, (7.24c)

|↓↓↓↑〉 '
1
2

{
J1
√

2J2
,−1,

√

2,−1
}

Ψ

. (7.24d)

We see that for all spin states one of the coefficients of the expansion in the
basis of eigenlevels is much smaller than all the others. Hence, it is fair to say
that our system is effectively a three-level system.

In figure 7.6 we show the fidelity of state transfer for the both cases, since
the results are completely identical. As for the N↑ = 1, N↓ = 2 spin chain
we use κ = 1 for the figures. However, we had just proven that the values
of magnetic field, obtained from the schematic picture, allow for perfect state
transfer in the four-spin chain for any value of κ.

Now we continue to the N↑ = 2, N↓ = 2 case. The schematic diagram
showing the spin states of the spin chain can be seen in Fig. 7.7. As we said
before the spin in the middle works as a control parameter for state transfer.
We start with initializing the spin chain with a spin-up in the middle (on the
sites 2 and 3). By assumption, the exchange interaction between those two
sites is the strongest in the system. The spin-up can be in one of the two
states, 1

√
2

(|↑↓〉 + |↓↑〉) or 1
√

2
(|↑↓〉 − |↓↑〉). Then, to show that state transfer is

blocked we set a spin-up on the site 1, so that the spin chain can be initialized
in one of the two states, |in+〉 = 1

√
2
|↑〉 (|↑↓〉 + |↓↑〉) |↓〉 or |in−〉 = 1

√
2
|↑〉 (|↑↓〉 −

|↓↑〉) |↓〉. We assume that for state state transfer to be successful the final states
should be |out+〉 = 1

√
2
|↓〉 (|↑↓〉 + |↓↑〉) |↑〉 and |out−〉 = 1

√
2
|↓〉 (|↑↓〉 − |↓↑〉) |↑〉.

These are the states with a spin-up on the site 4 and with the spin-up still
located in the middle. The two intermediate states are: |mid1〉 = |↑↓↓↑〉 and
|mid2〉 = |↓↑↑↓〉. In order for conditional transfer to work we need for the
intermediate states to be out of the resonance with the initial and final states
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Figure 7.6: Fidelity of state transfer in the N↑ = 1, N↓ = 3 spin chain. The values of
parameters are: κ = 1, J1 = 1, J2 = 20, h = 0 and h = J2. Two curves for different
values of h coincide (see the text). The red horizontal lines correspond to values 0.66
and 0.95.

1
√

2
|↑〉 (|↑↓〉 + |↓↑〉) |↓〉

1
√

2
|↑〉 (|↑↓〉 − |↓↑〉) |↓〉

|↓↑↑↓〉

|↑↓↓↑〉 1
√

2
|↓〉 (|↑↓〉 + |↓↑〉) |↑〉

1
√

2
|↓〉 (|↑↓〉 − |↓↑〉) |↑〉

Figure 7.7: Schematic representation of diagonal elements of the prediagonalized
Hamiltonian of the N↑ = 2 and N↓ = 2 spin chain. The left-hand side two levels
represent the initial states, the right-hand side states represent the final states and the
state in the middle correspond to state through which state transfer is realized.

91



CHAPTER 7. QUANTUM STATE TRANSFER IN SPIN CHAINS

for the values of the magnetic field for which perfect transfer is obtained in the
N↑ = 1, N↓ = 3 spin chain. The Hamiltonian for the N↑ = 2, N↓ = 2 in the
{|↑↑↓↓〉 , |↑↓↑↓〉 , |↑↓↓↑〉 , |↓↑↑↓〉 , |↓↑↓↑〉 , |↓↓↑↑〉} basis is

Hs =



(−J′1 + 1
2 J′2) −J2 0 0 0 0

−J2 (J′1 + 1
2 J′2) −J1 −J1 0 0

0 −J1 (J′1 −
1
2 J′2) − 2h 0 −J1 0

0 −J1 0 (J′1 −
1
2 J′2) + 2h −J1 0

0 0 −J1 −J1 (J′1 + 1
2 J′2) −J2

0 0 0 0 −J2 (−J′1 + 1
2 J′2)


,

(7.25)
where we use shorthand J′1 = J1(1− 2

κ ) and J′2 = J2(1− 2
κ ). We now again predi-

agonalize the Hamiltonian and change the basis from
{
|↑↑↓↓〉 , |↑↓↑↓〉 , |↑↓↓↑〉 ,

|↓↑↑↓〉 , |↓↑↓↑〉 , |↓↓↑↑〉
}

to {|in+〉 , |in−〉 , |mid1〉 , |mid2〉 , |out+〉 , |out−〉}. It can be
achieved with the unitary transformation

O =



1
√

2
1
√

2
0 0 0 0

1
√

2
−

1
√

2
0 0 0 0

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1

√
2

1
√

2

0 0 0 0 1
√

2
−

1
√

2


. (7.26)

Then the Hamiltonian transforms into

H =



−
1
2 J2(1 + 2

κ ) −J1(1 − 2
κ ) −

1
√

2
J1 −

1
√

2
J1 0 0

−J1(1 − 2
κ ) 1

2 J2(3 − 2
κ ) 1

√
2

J1
1
√

2
J1 0 0

−
1
√

2
J1

1
√

2
J1 (J1 −

1
2 J2)(1 − 2

κ ) − 2h 0 −J1 0

−
1
√

2
J1

1
√

2
J1 0 (J1 −

1
2 J2)(1 − 2

κ ) + 2h −J1 0

0 0 −
1
√

2
J1 −

1
√

2
J1

1
2 J2(1 + 2

κ ) J1(1 − 2
κ )

0 0 −
1
√

2
J1 −

1
√

2
J1 J1(1 − 2

κ ) 1
2 J2(3 − 2

κ )


.

(7.27)

As in the N↑ = 1, N↓ = 3 case, for zero J1 the Hamiltonian is diagonal.
The eigenvalues of the Hamiltonian in this case are shown in Tab. 7.1. We see
that the values λin+ = λout+ and λin− = λout−. For perfect state transfer to be
blocked we need our initial state not to be in resonance with the states |mid1〉
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|in+〉 λin+ = −
J2
2 (1 + 2

κ )
|in−〉 λin− =

J2
2 (3 − 2

κ )
|out+〉 λout+ = −

J2
2 (1 + 2

κ )
|out−〉 λout− =

J2
2 (3 − 2

κ )
|mid1〉 λmid1 = −2h − J2

2 (1 − 2
κ )

|mid2〉 λmid2 = 2h − J2
2 (1 − 2

κ )

Table 7.1: The diagonal elements of the Hamiltonian in Eq. (7.27).

and |mid2〉. Now let us see if it is possible for the values of magnetic field h+ =
J2
κ

and h− = −J2(1 − 1
κ ), for which perfect state transfer is achieved in the N↑ = 1,

N↓ = 3 case. We see that for h+ =
J2
κ the expectation value λmid1 = −

J2
2 (1 + 2

κ )
and is equal to the energies λin+ = λout+. That means that for this value of the
magnetic field if we initialize the system in the state |in+〉 the transfer cannot
be blocked, i.e. state |in+〉 leaks. However, if we initialize the system in the
state |in−〉 then λin− = λout− , λmid1 and λin− = λout− , λmid2 , so state transfer
is blocked. In Fig. 7.8 we plot the “infidelities” of the initial states |in+〉 and
|in−〉, i.e. the values 1 − F+/−

22 = 1 − 1
2 〈↓| (〈↑↓| ± 〈↓↑|) 〈↑| e

−iHt
|↓〉 (|↑↓〉 ± |↓↑〉) |↑〉,

which show how the state evolves with time. We see that indeed to block state
transfer the N↑ = 2, N↓ = 2 system with magnetic field h+ =

J2
κ should be

initialized in the state |in+〉. For the value of the magnetic field h− = −J2(1− 1
κ )

the situation is in a way reversed. Here λmid2 =
J2
2 (3 − 2

κ ) is equal to λin−

and λout−. So if we initialize the spin chain in the state |in−〉 the spin transfer is
blocked and the conditional transfer is achieved. We present the corresponding
result in Fig. 7.9 for κ = 1 and interaction coefficients J1/J2 = 1

20 .

7.4.1 The Heisenberg XX spin model, κ = 2

Let us consider the special case of κ = 2 in the four-spin chain. In the N↑ = 1,
N↓ = 3 case the values of magnetic field to achieve the perfect spin transfer are
h+ =

J2
2 and h− = −

J2
2 . So, for this set-up the κ = 2 case does not differ much

from the arbitrary κ case. However, if we look at the N↑ = 2, N↓ = 2 spin chain
we notice that there always are energy levels in resonance which means that
the spin transfer cannot be blocked. Let us look at the energies from table 7.1
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Figure 7.8: Infidelity of state transfer in the N↑ = 2, N↓ = 2 spin chain. The values
of parameters are: κ = 1, J1 = 1, J2 = 20, h = h+ = J2/κ = J2. The bold red curve
corresponds to the transfer of the state |in+〉 and the blue curve corresponds to the
transfer of the state |in−〉. The black curve shows the fidelity of state transfer in the
N↑ = 1, N↓ = 3 spin chain for comparison. The red horizontal lines correspond to
values 0.66 and 0.95.

for the case of κ = 2. Indeed the states |mid1〉 and |mid2〉 have the same energy
with the in and out states for both values of the magnetic field. This means
that whichever state we initialize our system in, we will always see the leakage
of the initial state. In Fig. 7.10 we see that infidelities in the N↑ = 2, N↓ = 2
spin chain coincide, which proves that state transfer cannot be blocked in this
case.
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Figure 7.9: Infidelity of state transfer in the N↑ = 2, N↓ = 2 spin chain. The values
of parameters are: κ = 1, J1 = 1, J2 = 20, h = h− = −J2(1 − 1/κ) = 0. The bold red
curve corresponds to the transfer of the state |in+〉 and the blue curve corresponds to
the transfer of the state |in−〉. The black curve shows the fidelity of state transfer in
the N↑ = 1, N↓ = 3 spin chain for comparison. The red horizontal lines correspond to
values 0.66 and 0.95.

|in+〉 λin+ = −J2

|in−〉 λin− = J2

|out+〉 λout+ = −J2

|out−〉 λout− = J2

|mid1〉 λmid1 = −2h
|mid2〉 λmid2 = 2h.

Table 7.2: The diagonal elements of the Hamiltonian in Eq. (7.27) with κ = 2.
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Figure 7.10: Infidelity of state transfer in the N↑ = 2, N↓ = 2 spin chain. The values of
parameters are: κ = 2, J1 = 1, J2 = 20, h+ = J2/2. The value h− = −J2/2 gives identical
results. The bold red curve corresponds to the transfer of the state |in+〉 and the blue
curve corresponds to the transfer of the state |in−〉. As we see both curves coincide.
The black curve shows the fidelity of state transfer in the N↑ = 1, N↓ = 3 spin chain
for comparison. The red horizontal lines correspond to values 0.66 and 0.95.

7.5 N = 5 case

The five-spin chain does not differ much in principle from four-spin chain. So
in the spirit of previous sections we start with looking for values of magnetic
field, such that perfect state transfer is achieved in a N↑ = 1, N↓ = 4 spin chain.
The spin states basis is {|↑↓↓↓↓〉 , |↓↑↓↓↓〉 , |↓↓↑↓↓〉 , |↓↓↓↑↓〉 , |↓↓↓↓↑〉}. Our goal
is to find such a value of the magnetic field in the middle that the fidelity of
the spin transfer will reach unity, i.e. F14 = 〈↓↓↓↓↑| e−iHst |↑↓↓↓↓〉 |2 → 1. Since
we postulate the symmetry of the confining potential, we have only two values
of interaction coefficients: J1 and J2, with the same condition J1/J2 � 1. The
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major difference between previous cases and five-spin chain is that magnetic
field in the middle of the chain might not be the same on the different sites. In
this section we use the following assumption for the value of magnetic field on
site, hi, where i = 1, . . . , 5: h1 = h5 = 0, h2 = h4 = h′, and h3 = h.

The Hamiltonian for this system is

H =



−2h′ − h − J2(1 − 2
κ ) −J1 0 0 0

−J1 −h −J2 0 0
0 −J2 h − 2h′ + J2(1 − 2

κ ) − J1(1 − 2
κ ) −J2 0

0 0 −J2 −h −J1

0 0 0 −J1 −2h′ − h − J2(1 − 2
κ )


.

(7.28)
We see that the states |↓↑↓↓↓〉 , |↓↓↑↓↓〉 , |↓↓↓↑↓〉 interact the strongest in the
system and so we once again prediagonalize the Hamiltonian and switch to a
new basis. To find the new basis we diagonalize the matrix

−h −J2 0
−J2 h − 2h′ + (J2 − J1)(1 − 2

κ ) −J2

0 −J2 −h


and find its eigenvalues and eigenvectors. Introducing notation ∆ = h′ − 1

2 (J2 −

J1)
(
1 − 2

κ

)
we write eigenvalues as

λ+ = −∆ +

√
2J2

2 + (h − ∆)2, (7.29a)

λ0 = −h, (7.29b)

λ− = −∆ −

√
2J2

2 + (h − ∆)2, (7.29c)

and the corresponding non-normalized eigenvectors in the basis {|↑↓↓〉 , |↓↑↓〉 , |↓↓↑〉}
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are

|Ψ+〉 =
1√

2J2
2 + (h + λ+)2

{J2,−(h + λ+), J2}, (7.30a)

|Ψ0〉 =
1
√

2
{1, 0,−1}, (7.30b)

|Ψ−〉 =
1√

2J2
2 + (h + λ−)2

{J2,−(h + λ−), J2}. (7.30c)

Then we introduce a new basis {|↑↓↓↓↓〉 , |↓〉 |Ψ+〉 |↓〉 , |↓〉 |Ψ0〉 |↓〉 , |↓〉 |Ψ−〉 |↓〉 , |↓↓↓↓↑〉}

and a uniform transformation

U =



1 0 0 0 0
0 J2√

2J2
2+(h+λ+)2

−
h+λ+√

2J2
2+(h+λ+)2

J2√
2J2

2+2(h+λ+)2
0

0 1
√

2
0 −

1
√

2
0

0 J2√
2J2

2+(h+λ−)2
−

h+λ−√
2J2

2+(h+λ−)2

J2√
2J2

2+2(h+λ−)2
0

0 0 0 0 1


. (7.31)

As in previous cases the transformed Hamiltonian is diagonal in the ap-
proximation J1/J2 � 1

H̃ =



−2h′ − h − J2(1 − 2
κ ) 0 0 0 0

0 λ+ 0 0 0
0 0 λ0 0 0
0 0 0 λ− 0
0 0 0 0 −2h′ − h − J2(1 − 2

κ )


. (7.32)

To achieve perfect state transfer we find the values of magnetic field so that
one of the values λ+, λ− or λ0 is equal to −2h′ − h − J2(1 − 2

κ ). From condition
−2h′ − h− J2(1− 2

κ ) = λ0 we find that fidelity of state transfer approaches unity
for h′ = −1

2 J2(1 − 2
κ ) and any value of magnetic field in the middle of the spin

chain, h. In this case quantum state transfer goes via the state with energy λ0.
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The conditions −2h′ − h − J2(1 − 2
κ ) = λ± give the following expression

h′ =
J2
2

2(h + J2(1 − 2
κ ))
−

1
2

J2(1 −
2
κ

). (7.33)

We see that the value h cannot be equal to −J2(1 − 2
κ ) for the denominator

goes to zero in this case. For this relation between the values of magnetic
field quantum state transfer occurs through the states λ±, depending on the
value of the parameter κ. In Fig. 7.11 we plot fidelities of state transfer
in the N↑ = 1, N↓ = 4 for different values of magnetic field, with κ = 1,
J1 = 1, and J2 = 20. Here the green curve corresponds to the values h =

−J2(1 − 2
κ ) and h′ = − 1

2 J2(1 − 2
κ ), the blue curve corresponds to the values

h = 0 and h′ = − 1
2 J2(1 − 2

κ ), and the black curve corresponds to to the val-

ues h = −2J2(1 − 2
κ ) and h′ = −J2

(κ−1)2+1
κ−2 . We see that the black curve does

not reach the fidelity F > 0.9, when the green and blue ones do, with the
green curve approaching unity. This is due to the interference between levels
λ± and λ0. In any case, we show that it is possible to achieve perfect state
transfer with the initial state |↑↓↓↓↓〉 propagating through the state |↓〉|Ψ0〉|↓〉.
In order to block quantum state transfer we apply the same idea as in the
four-spin chain. However, in the five-spin case we have two spins as controls
of the transfer. Let us begin with the N↑ = 2, N↓ = 3 spin chain. The spin
states basis for this spin chain is:

{
|↑↑↓↓↓〉 , |↑↓↑↓↓〉 , |↑↓↓↑↓〉 , |↑↓↓↓↑〉 , |↓↑↑↓↓〉 ,

|↓↑↓↑↓〉 , |↓↑↓↓↑〉 , |↓↓↑↑↓〉 , |↓↓↑↓↑〉 , |↓↓↓↑↑〉
}
. The Hamiltonian in this basis reads

(we denote J′1 ≡ J1(1 − 2/κ) and J′2 ≡ J2(1 − 2/κ) for brevity)
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Figure 7.11: Fidelity of state transfer in the N↑ = 1, N↓ = 4 spin chain. The green
curve corresponds to the values h = −J2(1 − 2

κ ) and h′ = − 1
2 J2(1 − 2

κ ), the blue curve
corresponds to the values h = 0 and h′ = − 1

2 J2(1 − 2
κ ), and the black curve corresponds

to to the values h = −2J2(1 − 2
κ ) and h′ = −J2

(κ−1)2+1
κ−2 . For all curves J1 = 1, J2 = 20 and

κ = 1. The red horizontal lines correspond to values 0.66 and 0.95.

H =



−J′1 −J2 0 0 0 0 0 0 0 0
−J2 2h − 2h′ − J′2 −J2 0 −J1 0 0 0 0 0
0 −J2 J′1 −J1 0 −J1 0 0 0 0
0 0 −J1 −2h′ + J′1 − J′2 0 0 −J1 0 0 0
0 −J1 0 0 2h −J2 0 0 0 0
0 0 −J1 0 −J2 2h′ + J′1 + J′2 −J1 −J2 0 0
0 0 0 −J1 0 −J1 J′1 0 −J2 0
0 0 0 0 0 −J2 0 2h −J1 0
0 0 0 0 0 0 −J2 −J1 2h − 2h′ + J′2 −J1

0 0 0 0 0 0 0 0 −J1 −J′1



,

(7.34)
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where we subtracted h from the diagonal. As in previous cases we use exercise
the ratio J1/J2 � 1 and introduce new basis:

|l+〉 =
1√

2J2
2 + (h + λ+)2

|↑〉 [J2 |↑↓↓〉 − (h + λ+) |↓↑↓〉 + J2 |↓↓↑〉] |↓〉 , (7.35a)

|l0〉 =
1
√

2
|↑〉 [|↑↓↓〉 − |↓↓↑〉] |↓〉 , (7.35b)

|l−〉 =
1√

2J2
2 + (h + λ−)2

|↑〉 [J2 |↑↓↓〉 − (h + λ−) |↓↑↓〉 + J2 |↓↓↑〉] |↓〉 , (7.35c)

|r+〉 =
1√

2J2
2 + (h + λ+)2

|↓〉 [J2 |↑↓↓〉 − (h + λ+) |↓↑↓〉 + J2 |↓↓↑〉] |↑〉 , (7.35d)

|r0〉 =
1
√

2
|↓〉 [|↑↓↓〉 − |↓↓↑〉] |↑〉 , (7.35e)

|r−〉 =
1√

2J2
2 + (h + λ−)2

|↓〉 [J2 |↑↓↓〉 − (h + λ−) |↓↑↓〉 + J2 |↓↓↑〉] |↑〉 , (7.35f)

|m+〉 =
1√

2J2
2 + (h + λ′+)2

|↓〉
[
J2 |↑↑↓〉 − (h + λ′+) |↑↓↑〉 + J2 |↓↑↑〉

]
|↓〉 , (7.35g)

|m0〉 =
1
√

2
|↓〉 [|↑↑↓〉 − |↓↑↑〉] |↓〉 , (7.35h)

|m−〉 =
1√

2J2
2 + (h + λ′

−
)2
|↓〉

[
J2 |↑↑↓〉 − (h + λ′−) |↑↓↑〉 + J2 |↓↑↑〉

]
|↓〉 , (7.35i)
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where

λ+ = −h′ +
1
2

J′2 +

√
2J2

2 +
(
h − h′ +

1
2

J′2

)2
, (7.36a)

λ− = −h′ +
1
2

J′2 −

√
2J2

2 +
(
h − h′ +

1
2

J′2

)2
, (7.36b)

λ′+ = h′ +
1
2

J′2 +

√
2J2

2 +
(
h′ − h −

1
2

J′2

)2
, (7.36c)

λ′− = h′ +
1
2

J′2 −

√
2J2

2 +
(
h − h′ −

1
2

J′2

)2
. (7.36d)

As in the N↑ = 2, N↓ = 2 case there are several states we can initialize the
spin chain in. They are the new basis states with one spin-up located in the
middle (sites 2 − 3) and the other spin-up located at the site 1 in accordance
with our spin transistor idea. In Fig. (7.12) we show the infidelities of state
transfer in the N↑ = 2, N↓ = 3 spin chain for all the initial states, |l0〉 and |l±〉
for the inhomogeneous magnetic field which allows perfect state transfer to be
achieved in the N↑ = 1, N↓ = 3 spin chain. We choose the values h = −J2(1− 2

κ )
and h′ = −1

2 J2(1− 2
κ ) since as we saw the state transfer achieves the best fidelity

values. We can clearly see that if the spin chain is initialized in the state |l0〉 it
is not being preserved with time. It signifies that state transfer is not blocked
in this case and, hence, we cannot use the state |l0〉 as an initial state of the
N↑ = 2, N↓ = 3 spin chain for the quantum transistor idea to work. However,
the two other states |l±〉 are suitable for this goal. Fig. 7.12 shows that the
infidelities of these states do not exceed 10% which means that if the spin chain
is initialize in one of these two states then state transfer would be blocked. The
small oscillations of the infidelities in Fig. 7.12 are due to interference between
the states.

To summarize, from the N↑ = 2, N↓ = 3 spin chain we see that the quantum
transistor concept can be also realized in a five-spin chain and in contrast with
the N↑ = 2, N↓ = 2 spin chain we have two initial states to initialize our system
in to block state transfer.

Let us consider now the N↑ = 3, N↓ = 2 spin chain, with two spin-up lo-
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Figure 7.12: Fidelity of state transfer in the N↑ = 2, N↓ = 3 spin chain. The curves
correspond to different initial states in the middle block (see the text): the blue solid
curve corresponds to the state Ψ0, the red dashed curve corresponds to the state Ψ+

and the green dashed and dotted curve corresponds to to the state Ψ−. For all curves
J1 = 1, J2 = 20 and κ = 1.The values of magnetic field are h = −J2(1 − 2

κ ) = 20 and
h′ = − 1

2 J2(1 − 2
κ ) = 10. The red horizontal lines correspond to values 0.66 and 0.95.

cated in the middle. The spin states basis for this system is
{
|↑↑↑↓↓〉 , |↑↑↓↑↓〉 ,

|↑↑↓↓↑〉 , |↑↓↑↑↓〉 , |↑↓↑↓↑〉 , |↑↓↓↑↑〉 , |↓↑↑↑↓〉 , |↓↑↑↓↑〉 , |↓↑↓↑↑〉 , |↓↓↑↑↑〉
}
. Then the

Hamiltonian for this system differs from the Hamiltonian in Eq. (7.34) for the
N↑ = 2, N↓ = 3 only by the opposite sign for the magnetic field values. We
utilize the same approach as before and choose a new basis such that for J1 = 0
the Hamiltonian is diagonal. As for the N↑ = 2, N↓ = 3 there are three states
the system can be initialized in. In Fig. 7.13 we show the infidelities for all
three states for h = −J2(1 − 2

κ ) and h′ = −1
2 J2(1 − 2

κ ) don’t exceed 15%, i.e. all
three initial states can be used to block state transfer in a N↑ = 3, N↓ = 2 spin
chain. In general, the N↑ = 3, N↓ = 2 case is very similar to the N↑ = 2, N↓ one.
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Figure 7.13: Fidelity of state transfer in the N↑ = 3, N↓ = 2 spin chain. The curves
correspond to different initial states in the middle block (see the text): the blue solid
curve corresponds to the state Ψ0, the red dashed curve corresponds to the state Ψ+

and the green dashed and dotted curve corresponds to to the state Ψ−. For all curves
J1 = 1, J2 = 20 and κ = 1.The values of magnetic field are h = −J2(1 − 2

κ ) = 20 and
h′ = − 1

2 J2(1 − 2
κ ) = 10. The red horizontal lines correspond to values 0.66 and 0.95.

However, it provides one more state to initialize the spin chain in and so can
be used to control state transfer in a five-spin chain more easily, since there is
no need to choose a specific state to initialize the system.

7.6 Realization in cold atoms set-ups

In this Section we present a confining 1D potential of a specific shape that
allows one to obtain the exchange interaction coefficients J j such that the ratio
J1/J2 � 1 is fulfilled. As was mentioned in Chapter 6 the strongly-interacting
two-component atoms in one-dimensional confinement can be mapped into
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Figure 7.14: The shape of the potential V(x) in Eq. (7.37). The values of parameters
are V0 = 500 and U = 200 in the units of energy.

the Heisenberg XXZ spin model. The exchange coefficients Ji are defined by
the shape of the 1D potential which means that one can search for such a
potential that the ratio J1/J2 � 1 is obtained.

In our calculations we used an external confinement – a box – in which the
potential is located. Thus, the length of the box L is the natural unit in our
calculations. We find that the exchange coefficients ratio J1/J2 can be realized
via the potential V(x) which reads

V(x) = −V0 exp
(
−A (x − x0)2

)
−U exp

(
−B (x − x1)2

)
− V0 exp

(
−A (x − x2)2

)
,

(7.37)
where V0 and U are measured in the units of energy of the box, ε = ~2

mL2 ; the
shifts in the Gaussians are x0 = L

16 , x1 = L
2 , x2 = 15L

16 ; and the constants A = 384
L2

and B = 64
5L2 .

The shape of the potential for values V0 = 500 and U = 200 is shown in the
figure 7.14. The potential is a three-well potential with the wells on the edges
being very deep compared to the well in the middle. In Fig. 7.15 we show
the ratio of coefficients J2/J1 as function of the parameter U in the potential
in Eq. (7.37). We see that the ratio reaches rather large values, for example
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Figure 7.15: The interaction coefficients ratio J2/J1 as a function of the parameter U
in the potential in Eq. (7.37).

J2/J1 > 10 for the values of U from 150 to 550. It means that the potential
in Eq. (7.37) with these values of U can be used to realize conditional state
transfer.
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CHAPTER 8

Summary

This dissertation studied spin-1/2 particles in two different systems: 1) spin-
orbit coupled particles in the harmonic trapping potential, 2) one-dimensional
spin chains and state transfer therein. The first setup was analyzed in chap-
ters 3, 4 and 5, and the second system was investigated in chapter 7.

First System

In chapter 3 we studied the single-particle energy levels of a spin-orbit coupled
particle moving in a deformed harmonic potential. We saw that the resulting
spectrum strongly depends on the interplay between the deformation of the
trap, the strength of the spin-orbit coupling and the strength of the external
magnetic field.

In chapter 4 we investigated the effects of the zero-range interparticle interac-
tion for N-body systems trapped in a harmonic potential with spin-orbit cou-
pling and external magnetic field. We implemented the Hartree-Fock method
to include the interaction and witnessed that the Hartree-Fock single-particle
energy levels are shifted compared to the energy levels in Chapter 3, but oth-
erwise their behavior is very similar. We also showed that for not too large
values of the interaction strength, the energy spectrum can be approximated
very well with the help of perturbation theory.

In chapter 5 we implemented the so-called unfolding of the spectrum in or-
der to investigate the quantum signatures of chaos. It is known that these
signatures, in particular the nearest neighbor energy levels spacing following
Wigner-Brody distribution, can emerge in spectra with avoided crossings and
certain symmetries. The single-particle energy spectra we obtained in chap-
ters 3-4 meet these conditions. Indeed, we showed that for specific values of
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parameters the quantum signatures of chaos can be seen in both systems.

Second System

In chapter 7 investigated spin chains of 3, 4 and 5 particles and showed that for
specific values of magnetic field applied to the middle of the chain perfect state
transfer can be achieved. Moreover, we saw that in the N↑ = 2, N↓ = 2 spin
chains state transfer can be blocked for the same values of magnetic field. The
similar blocking cannot be realized in the three-spin chain, except for the Ising
model limit, but can be implemented in the five-spin chain for both N↑ = 2,
N↓ = 3 and N↑ = 3, N↓ = 2 configurations. All these results were obtained in
the assumption that the values of the exchange coefficients Ji in the middle are
much larger than on the edges, i.e. for the four-spin chain J1/J2 � 1, where
we assume that J1 = J3.
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