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Summary
Nearly a hundred years ago, observations started to show that almost all the galaxies we can see
are moving away from us. This was interpreted as evidence that the universe is expanding, a
discovery supporting the theory that it had originated in what came to be known as a Big Bang.
The violent birth of the universe left a trace in the form of heat radiation, which is measured with
exquisite precision today, allowing for an extremely precise determination of the initial conditions
of the universe.
Meanwhile, ongoing observations of galaxies are improving our knowledge of the later stages
of the history of the universe. A specific kind of star explosions – type Ia supernovae – enables
precise measurements of the distances and velocities of distant galaxies. This makes it possible to
obtain precise constraints on the present day conditions of the universe.
Recently, the predictions for the expansion rate of the universe from the initial conditions have
begun to come into conflict with the actual rate measured in the local universe. This conflict is
one of the main subjects of this thesis. The gravitational attraction of small overdensities in the
early universe caused matter to fall towards them; this is the process responsible for forming all
the galaxies, clusters, and super clusters of galaxies we see in the universe, and it is still going
on today. The motion of matter generated by this proces is called peculiar motion, and it is a
source of uncertainty in local measurements of the expansion rate of the universe. How large
this uncertainty is is the subject of three studies presented in this thesis, in which we have used
computer simulations to imitate the formation of structure in the universe, and analyzed the
observations that could be carried out by imaginary observers spread out through the simulations.
Measurements of the peculiar velocities also carry the possibility for constraining cosmological
parameters, a crucial ingredient in identifying the best cosmological model for our universe. A
great candidate for measuring the peculiar velocities of galaxies are the type Ia supernovae, which
will be measured in large quantities in upcoming sky surveys. The second major topic for this thesis
is the determination of how well the peculiar velocity field of the local universe can be measured
in the imminent survey with the Large Synoptic Sky Telescope, in spite of large unobserved parts
of the sky and regions in which no supernovae happen to occur. Again the studies are based on
simulations of the structures in the universe, but this time we have used semi-analytical methods to
follow the processes of galaxy and star formation within the simulations, to get realistic predictions
for where in the cosmic web type Ia supernovae occur.
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Resumé
For nær ved hundrede år siden begyndte observationer at vise, at næsten alle de galakser vi kan
se bevæger sig væk fra os. Dette blev tolket som evidens for at universet udvider sig, en opdagelse
der støtter teorien om universets begyndelse i et såkaldt Big Bang. Universets voldsomme fødsel
efterlod et spor i form af varmestråling, som i dag måles med udsøgt præcision, hvilket tillader en
ekstremt præcis bestemmelse af universets begyndelsesbetingelser.
Sideløbende har observationer af galakser forbedret vores viden om de senere stadier af universets historie. En bestemt type stjerneeksplosioner – type Ia supernovaer – tillader præcise målinger
af fjerne galaksers afstande og hastigheder. Dette muliggør nøjagtige bestemmelser af universets
nuværende tilstand.
For nyligt er forudsigelser om universets udvidelseshastighed baseret på begyndelsesbetingelserne begyndt at komme i konflikt med den faktisk målte udvidelseshastighed i det lokale univers.
Denne konflikt er et af de centrale emner for denne afhandling. Den gravitationelle tiltrækning af
små overtætheder i det tidlige univers resulterede i at stof faldt imod disse; det er denne process,
som stadig foregår, der har givet anledning til skabelsen af alle de galakser, hobe og superhobe
af galakser vi ser i universet. Den bevægelsen der skabes i denne proces kaldes egenbevægelse, og
er en kilde til usikkerhed i de lokale målinger af universets udvidelseshastighed. Hvor stor denne
usikkerhed er, er emnet for tre studier præsenteret i denne afhandling, hvor vi har anvendt computersimuleringer til at imitere strukturdannelsen i universet, og analyseret de observationer der
kunne udføres af imaginære observatører spredt omkring i simuleringerne.
Målinger af egenhastigheder giver også mulighed for at bestemme kosmologiske parametre,
en afgørende ingrediens i at identificere den bedste kosmologiske model for vores univers. En
oplagt kandidat til målinger af galaksers egenhastigheder er type Ia supernovaer, som vil blive
observeret i massevis i nært forestående projekter, der har til formål at kortlægge universet. Det
andet centrale emne for denne afhandling er bestemmelsen af hvor godt egenhastighedsfeltet vil
kunne måles med snarlige observationer foretaget med Large Synoptic Sky Telescope (LSST), på
trods af store, uobserverede områder af himmelen og regioner hvor der tilfældigvis ikke optræder
nogen supernovaer. Igen er studierne baseret på simuleringer af strukturer i universet, men denne
gang har vi brugt semi-analytiske metoder til at følge galakse- og stjerne-dannelsesprocesser i
simuleringerne, for at opnå realistiske forudsigelser for hvor i det kosmiske væv type Ia supernovaer
forekommer.
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Chapter 1

Introduction
For many years, the heavens were seen as the place of the unchanging, eternal, and stable. The discoveries of Copernicus, Tycho Brahe, Galileo, Kepler, and Newton made it clear that the universe
was neither perfect, unchanging, nor unearthly. But the most devastating blow to the illusion of a
stable and eternal universe might have come with the theory of general relativity. When Einstein
applied the equations of this theory to the entire universe in 1917, he realized that due to the
gravity of matter, the universe would collapse. In order to restore a static universe, he famously
introduced the cosmological constant, which would counter-balance the gravity of matter. However, within a few years it became clear that this balance was highly unstable. The best way to
protect the universe against collapse was to have it rapidly expanding [5].
This hypothesis was confirmed by observations, when in the 1920s it was observed that the
redshifts of galaxies were proportional to their distance, implying that they were all moving away
from us. This suggested that several billion years ago, the universe had been in an extremely hot
and dense state. Based on this theory, it was conjectured in the 1940s that the conditions of the
early universe allowed nuclear synthesis of a few, light elements. Furthermore, the universe should
per permeated by a trace of the heat radiation from its early, hot stages, which today would have
cooled to a temperature of just a few degrees above the absolute zero [6, 7].
This background radiation was measured by Penzias and Wilson at Bell Labs in 1964 [8].
However, it was soon noted that this cosmic microwave background (CMB) looked suspiciously
uniform, when considering that photons from opposite patches of the CMB are just reaching us
now, and therefore have supposedly never been in contact with each other. A possible solution
was proposed by Alan Guth in 1981 [9]: If a short time after its creation, the universe underwent
a sudden, rapid expansion, regions which had previously been in contact with each other, and
obtained a homogeneous temperature, would subsequently be separated, thereby explaining the
homogeneity of the CMB. This early inflation would also, among other things, explain why the
universe seems to be flat.
In addition to solving these problems, inflation was also expected to magnify small quantum
fluctuations in the background, thereby creating inhomogeneities in the density of the early uni-
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verse. And even though the expansion of space prevented the entire universe from collapsing
under its gravity, the expansion was not sufficiently rapid to prevent the collapse of small, overdense regions. This was expected to account for the structures we see in the universe today such
as galaxies, clusters, and super clusters. In the beginning of the 1990s, such inhomogeneities were
observed by the COBE satellite [10] as small scale fluctuations in the temperature of the CMB.
The measured fluctuations were not large enough, though, to explain the rich structures we
observe today, if the universe only contains the matter – such as galaxies, stars, and dust – that is
visible to our telescopes. Luckily, another substance, which does not interact with light, had been
discovered in galaxies and galaxy clusters by Zwicky in the 1930s [11]. The large amounts of this
dark matter and its indifference to light allowed it to cluster in the early universe, in contrast to
the visible matter, which was being dragged along by the photons. Consequently, gravity wells to
fall into were available to the visible matter, as soon as the photons loosened their tight grip, when
the universe became cold enough for electrons and protons to form neutral atoms in the so-called
recombination about 400 000 years after the Big Bang. In the 1990s, everything looked great for
the cold dark matter (CDM) model of the universe.
Until 1998, when two different research groups measured the expansion rate of the distant
universe, and from these observations deduced that the rate with which the universe is expanding
accelerates [12–14]. Until then, the expansion had been assumed to be slowing down due to the
gravitational pull of matter. The acceleration was most easily explained if there was some constituent of the universe which was not thinned by the expansion. This was exactly the property of
the cosmological constant, Λ, that Einstein had introduced into the equations of general relativity
in order to explain why the universe did not collapse. And so, the CDM model of the universe was
replaced by our current best theory, ΛCDM.

1.1

This thesis

Despite its simplicity, the ΛCDM model continues to be impressively successful, even as more
and more precise observations of the universe over many different scales and ages are being made.
However, recently, a significant discrepancy has emerged between the local measurements of the
expansion rate, and predictions for this rate based on observations of the CMB.
As mentioned above, structures grow as regions more dense than the average attract matter.
This process gives rise to peculiar velocities, which make some places experience a smaller expansion
rate than average, while other regions experience a larger expansion rate, as matter flows out of
underdense regions. The imprint of the matter distribution on the velocities of galaxies can also
be used as a means to measure the density and clumpiness of the matter. The variations of the
expansion rate due to peculiar velocities, and the possibility for using the same velocities as a
probe of cosmological parameters, are the two main subjects of this thesis.
In part I, simple models for the evolution of the universe as well as numerical tools for following
this evolution are introduced: Chapter 2 introduces the background universe, and first order
perturbation theory is presented in chapter 3. In the following chapters, some of the tools that have

CHAPTER 1. INTRODUCTION

3

been used for the research presented in this thesis are introduced, specifically, N-body simulations
are introduced in chapter 4, and a code for identifying structures in these simulations in chapter
5.
In part II, the observational discrepancy between the Hubble constant determined in the local
universe and the value predicted by observations of the CMB is presented in chapter 6. This is
followed by the presentation of three studies we have carried out on this subject, in chapters 7, 8,
and 9.
Chapter 10 in part III introduces the subject of the local velocity field as a probe of the
matter distribution of the universe. We then introduce tools for creating realistic mock catalogs
of type Ia supernovae: In chapter 11 we explain the theory behind semi-analytical models for
galaxy formation and introduce a code based on these principles. In chapter 12, we present the
theory for type Ia supernovae, and explain how the current knowledge is used to estimate the type
Ia supernova rate in N-body simulations. Finally, in chapter 13 we present the results for the
supernova distribution, and mock observations of the velocity field based on these results; this is
a modified version of a recent paper we have written on this subject.
At last, chapter 14 in part IV briefly discusses our plans for carrying out a parameter forecast based on the angular velocity power spectrum measured from type Ia supernovae, before we
summarize and conclude.

Part I

Formation and identification of structures
in cosmology

4

Chapter 2

The expanding universe
The best description of how gravity works comes from the general theory of relativity, which
replaced Newton’s theory as the most complete description early in the 20th century. For most of
the subjects covered in this thesis, however, relativistic effects are negligible. The biggest exception
to this concerns the overall expansion of the universe, which is fundamentally relativistic in nature.
In this chapter, we will introduce the equations governing the expansion of space, and explain how
this affects the observables which are relevant for the studies presented in this thesis.

2.1

The Einstein equation

General relativity gives a geometric description of how the presence of energy produces curvature
of space and time, and how this curvature in turn determines the movement of mass and energy
moves [15]. The majority of the theory is contained in the Einstein equation, which expresses
how the curvature of space-time is related to the energy-momentum tensor, Tµν , which contains
information about the energy density, ρ, and pressure, P , in the universe. Space and time are
described by the metric-tensor, gµν , which dictates how to measure distances in a curved timespace, with µ and ν being indices that takes the values (t, x, y, z ), corresponding to the time
and the three spatial dimensions of the universe. The Einstein equation contains ten independent
components, one for each pair of the space-time coordinates. The strength of the coupling between
the metric and the energy-momentum tensor is determined by the gravitational constant, G =
6.67 × 10−11 N/kg2 /m2 , which is familiar from Newtonian gravity. All this is contained in the
Einstein equation,
1
Rµν − gµν R = 8πGTµν .
2

(2.1)

The left hand side of this equation describes the curvature of space-time, through the metric as
well as the Ricci tensor Rµν , which depends on the metric and its derivatives, and the Ricci scalar
R ≡ g µν Rµν . The right hand side describes the content of the universe through the energy5
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momentum tensor, Tµν , which contain the energy-density, ρ, and pressure, P , of all the different
types of mass and energy in the universe.

2.2

Time, space, and the cosmological principle

One of the fundamental differences between the theories of Newton and Einstein is that in Einstein’s
theory, gravity not only distorts the path of an object through space, but also the time measured
along that path. Therefore, time is treated on an equal footing with space in the general theory of
relativity. Thus, the metric that describes distances in general relativity includes a time component
as well as the usual three space components.
When we are only concerned with the overall evolution of the universe, we can (to a good
approximation) ignore the inhomogeneities arising from the clumping of matter, and a few fundamental assumptions allow us to write a very simple equation for the metric of space-time-distances.
These fundamental assumptions can be thought of as a generalization of the Copernican principle:
That there is nothing special about our place in the universe. In the context of cosmology, this is
know as the cosmological principle, and it states that the universe is homogeneous and isotropic,
i.e., all places and directions look the same. The metric for a universe obeying this principle is the
Friedmann-Lemaître-Robertson-Walker (FLRW) metric. As required by the cosmological principle, it does not vary as a function of spatial coordinates, only as a function of time. The time
dependence can be contained in a function a(t), which is called the scale factor of the universe,
and is set such that a(t0 ) = 1 with t0 being the present age of the universe. The space coordinates,

(r, θ, φ), are then so-called comoving coordinates, and they can be thought of as the coordinates
measured on a coordinate system which expands with the universe as dictated by the function
a(t). Expressed in these coordinates, infinitesimal space-time distances, ds, can be calculated
from infinitesimal distances in time, dt, and space, (dr, dθ, dφ), as,
h
i
ds2 = −c2 dt2 + a2 (t) dr2 + Sκ2 (r )(dθ2 + sin2 θdφ2 ) .
(2.2)
Sκ is a function which depends on the overall curvature of the universe. There are three possibilities
for this, which are labeled by the curvature parameter κ. κ can take on the values 0 or ±1,
corresponding to a flat, positively, or negatively curved space. For a spatially flat universe, we
have Sκ = r, and the metric can be written as

h
i
ds2 = −c2 dt2 + a2 (t) dr2 + r2 (dθ2 + sin2 θdφ2 ) .

(2.3)

This metric specifies the quantities on the left hand side of the Einstein equation, 2.1 in a homogeneous on isotropic universe. By also considering the energy and momentum associated with the
constituents of the universe, described by Tµν , a set of equations for how the homogeneous and
isotropic universe evolves as a function of time can be derived.

7
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2.3

The Friedmann equation and the fluid equation

The dominant substances in our universe are matter, radiation, and the cosmological constant,
with energy densities described by ρm , ρr , and ρΛ , respectively. As the universe expands, matter
gets diluted, radiation gets diluted and redshifted, and the density of the cosmological constant
stays constant. This implies that the energy densities depend on the scale factor introduced in the
last section as
ρm ∝ a−3

(2.4)

ρr ∝ a−4

(2.5)

ρΛ ∝ a = 1.

(2.6)

0

As a consequence of this, different substances dominate the overall energy density at different
times, dividing the history of the universe into different regimes. At very early times, until arm ∼
3 × 10−4 , the energy density of radiation dominated the total energy of the universe. At arm ,
matter came to dominate over radiation. And lately, around amΛ ∼ 0.7, the cosmological constant
began dominating.
By considering a universe containing substances with a total density of ρ =

P

i={m,r,Λ} ρi ,

Friedmann and Lemaître independently derived a set of equations describing how the evolution
of the Universe is determined by its overall curvature and the density of its contents, i.e. mass,
radiation, and dark energy [5]. By evaluating the time-time component of the Einstein equations,
the evolution of the scale factor as a function of the energy density can be found [15] as
ȧ
a

!2

=

8πG
κ
ρ− 2.
3
a

(2.7)

The critical density, ρc is defined as the density that corresponds to a universe with no overall
curvature (κ = 0). By defining the Hubble parameter H ≡ ȧa , which we will return to shortly, the
critical density can be seen from equation 2.7 to be ρc =

3H 2
8πG .

One usually expresses densities as

fractions of the critical density, using the density parameter, Ω =

ρ
ρc .

In order to give a full description of the evolution of a universe of known content, one more
equation is needed, namely a conservation law for the energy contained in the universe. In Newtonian mechanics, energy density and pressure evolves according to the fluid equations, i.e. the
continuity and Euler equation [15], which we will return to in chapter 3. In general relativity, this
is generalized to the statement that the covariant derivative of the energy-momentum tensor is
zero, covariant derivatives being the generalization of normal derivatives in a curved space-time.
Evaluating this statement reveals the conservation law
∂ρ
ȧ
+ 3 [ρ + P ] = 0.
∂t
a

(2.8)
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Equation (2.7) is known as the Friedmann equation and equation (2.8) as the fluid equation.
Together, they determine the evolution of the scale factor and density with time in a homogeneous
and isotropic universe.

2.4

Hubble’s law

From the perspective of an observer somewhere in the universe, the expansion of space means that
he will see objects move away from him. And the further away the objects are, i.e. the more
space there is between the observer and the observed object, the faster they will recede. In the
case of observers on Earth, this observation was first presented by Edwin Hubble in 1929 [16]. By
observing a class of pulsating stars, Cepheids, whose luminosity is proportional to their pulsation
period [17], astronomers were able to determine the distances to a small number of galaxies. By
comparing the spectra of the light received from these galaxies with known atomic spectra, the
amount by which the wavelength of the light had been stretched, the redshift, could be measured,
which allowed calculating the radial velocities of the galaxies. These observations showed a strong
tendency for galaxies to recede, and based on the observations, Hubble presented "Hubble’s law",
which states that the recession velocity, vr , of a given galaxy as a function of its distance, r, from
us can be described as [5, 16]
(2.9)

vr = H0 r.

As we will see later, this turns out to be an approximation to a more complete description of
the relationship between the recession velocities and redshifts of objects in an expanding universe.
From the full expression, it follows that Hubble’s "constant" actually varies with time, and that it
is related to the scale factor and its time derivative, ȧ =

da
dt ,

as H (t) = ȧa . By applying equations

2.4–2.6 to the Friedmann equation, 2.7, for a flat universe, it is found that
r
Ωr
Ωm
+ 3 + ΩΛ ,
H = H0
4
a
a

(2.10)

where H0 = H (t0 ) is Hubble’s constant. Since radiation only contributes a minute part of the
overall energy density in the universe today, this can safely be ignored, as will be done for most of
this thesis.

2.5

Distances in a homogeneous and isotropic expanding universe

Speaking about distances in an expanding universe can be rather ambiguous [18]. Maybe the
most intuitive distance measure is the proper distance, dp (t), which is the length of the spatial
geodesic between two objects when the scale factor is held fixed at a(t), i.e. the distance one would
measure by stopping the expansion of the universe and measuring the distance with a measuring
rod. The relation to the distance in comoving coordinates, the so-called comoving distance,
r, which appear in the metric, is found by setting dt = dθ = dφ = 0 in the metric. This gives
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ds = a(t)dr, and integrating this with respect to the radial comoving coordinate r one finds

(2.11)

dp (t) = a(t) · r.

Since a(t0 ) = 1, the comoving distance to an object today is the same as its proper distance,
r = dp ( t0 ) .
The proper distance cannot be determined directly, as we can only observe a given object when
the light the object emits have had time to reach us. Hence, each object in the universe is observed
as it was at some earlier time, te , when it emitted the light we are receiving today. The wavelength
of the light we receive from these objects carries information about when the light was emitted,
since the amount by which the light has been redshifted, z, is determined by how much the universe
has expanded while the light was traveling through the universe. If the light was emitted with
wavelength λe , and is observed with wavelength λ0 , the redshift is given by z = (λ0 − λe )/λe .
This is related to the scale factor at the time of emission, ae , and the scale factor now (when the
light is observed), a0 = 1, as z = (a0 − ae )/ae = 1/ae − 1.
The proper distance to an object, which emitted light at time te that is being received at time
t0 , can be obtained by integrating the path that the light has traveled. Since light moves at speed
c, the distance that it travels in a time interval dt is given by cdt. And since it is moving along a
straight line, dθ = dφ = 0, so the distance is given in the comoving coordinates as a(t)dr. This
means that along the path of the light, ds = 0 and c2 dt2 = a(t)2 dr2 , and hence the proper distance
can be calculated as
Z

t0

dp (t0 ) = a(t0 ) · r = c
te

dt
.
a(t)

(2.12)

By substitution, and using H = ȧ/a and a = 1/(1 + z ), this can be converted to an integral over
a or z instead:
Z

1

dp (t0 ) = c
ae

da
=c
a2 H ( a )

Z
0

z

dz
.
H (z )

(2.13)

Hence, if we can measure the redshift of an object in an entirely homogeneous and isotropic
universe, and we know exactly how much matter, radiation, and dark energy the universe contains
so that we know how H evolves via equation 2.10, we can determine the proper distances to
objects in the universe from this equation. However, it is difficult to learn about the contents
of the universe without being able to measure distances. Therefore, we need some measure of
distance that depends on something other than the redshift of light. In the next section, two such
measures will be introduced, which can be measured if we know the size or brightness of an object.
The luminosity distance and the angular diameter distance
From everyday experience, we have a sense of the distance to a familiar object from how bright it
is (see figure 2.1). This is measured by the flux, i.e. the number of photons we receive per unit
time and per unit area, multiplied by the energy of each photon. In a flat and stationary universe,
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L

l

δθ
d
Figure 2.1: If either the physical size, l, or the intrinsic luminosity, L, of a light source is known,
the angular diameter distance or the luminosity distance to the source can be determined.
the flux of an object which emits radiation with a luminosity L at a distance of d is given by the
inverse square law, f = L/(4πd2 ), as the light from the object is spread over a sphere of area
4πd2 . This inspires a definition of distance based on the apparent brightness of an object, the
luminosity distance, which only depends on the observed flux and the intrinsic luminosity of
the object,

dL ≡

L
4πf

1/2

.

(2.14)

When space is expanding, however, the luminosity is not only reduced according to the inverse
square law. The expansion causes both a redshift of the individual photons and lowers the frequency
with which they are received. Therefore, the object will appear further away than in a nonexpanding universe. Specifically, consider an object at a proper distance of dp (t0 ), which emitted
the light we are now receiving at time te , when the scale factor of the universe was ae . The radius
of the sphere over which the photons are spread today is dp (t0 ), the wavelengths of the individual
photons are stretched by a factor of 1/ae = (1 + z ), and the time interval between their reception
is increased by the same factor. Therefore, the received flux is given by f =

L
,
4πdp (t0 )2 (1+z )2

and

the relation between the luminosity distance and the proper distance in the expanding universe is
dL = dp (t0 )(1 + z ).

(2.15)

Another way of estimating the distance to a familiar object is from its apparent size. In a flat and
stationary space, the (small) angle δθ subtended by an object can be approximated as δθ ≈ l/d,
where l is the physical size of the object perpendicular to the line of sight, and d is again the
distance, as illustrated in figure 2.1. This inspires yet another measure of the distance to the
object, the angular diameter distance,
dA ≡

l
.
δθ

(2.16)
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In an expanding universe, however, the image of the object – and thereby its apparent size –
expands with the universe in the time that passes between the emission and reception of light,
even though the actual object does not change its size. That means that an object will appear
closer than in a non-expanding universe. Specifically, let l be the physical size of the object, which
is held together with forces (such as gravity) so that it does not expand with the universe. Since
the light from the edges of the object moves along a path which has dθ = dφ = 0, the angular
separation between the edges of the object at the time of emission is the same as today, δθ. Given
the measured angular size δθ, the physical separation between the edges of the object at the time
of emission must be δθ · dp (te ) = δθ · dp (t0 )/(1 + z ), and since this is equal to the physical size of
the object, l, it is found that the angular diameter distance is related to the proper distance via
dp (t0 )
.
(2.17)
1+z
Objects with a known luminosity or a known physical size are known as standard candles and
dA =

standard yardsticks, respectively. Such objects provide us with a way of measuring distances in
the universe, which can then be converted to proper distances by using the measured redshifts. If
the recession of an object due to the expansion of space is interpreted as a radial velocity, this can
also be calculated from the observed object. This is the topic of the next section.

2.6

Redshifts and velocities in a homogeneous and isotropic expanding
universe

We can calculate the radial velocity due to the expansion of an object with redshift, z, by differentiating the proper distance, dp (t) = a(t) · r, with respect to time, and evaluating the expression
at t0 [19]. By definition, the comoving distance, r, does not change due to the expansion, so only
the scale factor needs to be differentiated, and expressing this via H = ȧ/a and r = dp (t0 ) via
equation 2.13, the radial velocity of an object at redshift z is found to be
Z
vr (t0 ) = ȧ(t0 )r = H0 · r = c
0

z

dz
.
H (z )/H0

(2.18)

Hence, we see that Hubble’s law, equation 2.9, simply follows from the definition of the proper
distance and the interpretation of the increasing proper distance between the observer and the
observed object, which is actually caused by the expansion of space, as a radial velocity of the
p
observed object [18]. Note that, since H = H0 Ωm (1 + z )3 + ΩΛ , the last expression relating
this radial velocity to the measured redshift does not depend on H0 [19].

2.6.1

Low z approximations

If we ignore the dependence of the Hubble parameter on redshift, i.e. make the approximation
p
H = H0 Ωm (1 + z )3 + ΩΛ ≈ H0 , equation 2.18 reduce to
vr ≈ cz.

(2.19)
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Figure 2.2: The dependence of the proper distance, the luminosity distance and the angular
diameter distance on the cosmological redshift, for a model with Ωm = 0.3, ΩΛ = 0.7 and
H0 = 67.8 km/s/Mpc. We also show the approximation for the proper distance from equation
2.20.
This is a useful approximation at redshifts sufficiently low that the Hubble constant has not
changed appreciably in the time that has passed since the observed light was emitted. And since
vr = H0 · r, it can be used to estimate the Hubble constant from observations at low redshift, if
the distances have been measured. This was the approach used by Edwin Hubble.
But today, objects are being observed at much higher redshifts than at Hubble’s time. Furthermore, we have moved into an era of "precision cosmology", where cosmological parameters
are being estimated with an accuracy of a few percent. Therefore, a better approximation than
equation 2.19 is needed. The rate with which the Hubble parameter changes with
to first

 time,
äa
order in z, is typically quantified by the deceleration parameter, defined by q0 ≡ − ȧ2
. From
t=t0

the Friedmann equation it is found to be equal to q0 = 32 Ωm − 1. By expanding H (z )−1 to first
order around z = 0 before carrying out the integral in equation 2.18, it is found that


1 + q0
z .
H0 · r ≈ cz 1 −
2

(2.20)

Of course, the distance-redshift relationship can be expanded to higher order to obtain any required
precision. In figure 2.2, we plot the different types of distances we have discussed as a function
of redshift, as well as the approximation for the comoving distance, r = dp (t0 ), given in equation
2.20, to show when they start to deviate from each other, and when the approximation breaks
down.
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Figure 2.3: Left: Illustration of the galaxies A and B, relative to the observer. Right: The
perturbation of the redshift and the luminosity distance due to the peculiar velocity. Both galaxies
are placed at a proper distance of 500 Mpc, and galaxy B is given a (extreme large) peculiar velocity
of 10 000 km/s (inspired by a similar figure in [20]).

2.7

Distances and redshifts in an inhomogeneous universe

Until now, distances and redshifts have been treated under the assumption of a perfectly homogeneous and isotropic universe. The actual universe, however, is not homogeneous and isotropic
– there are large regions of the universe where the density is much higher than the average density, such as galaxies and galaxy clusters, and other regions where the density is much lower than
average, such as voids. Inhomogeneities create an additional velocity component for galaxies, the
so-called peculiar velocity, caused by the differences in the gravitational pull from different directions. Inhomogeneities also affect light as it propagates from the galaxies to us, perturbing both
its redshift and its direction. To determine which consequences these effects have on the redshifts
and distances we observe, we will consider two galaxies at a present day proper distance dp (t0 ), as
illustrated in figure 2.3. One of the galaxies – galaxy A – simply moves with the Hubble flow (no
peculiar velocity), while the other galaxy – galaxy B – has an additional radial peculiar velocity
vp . The total radial velocity of galaxy B is found by differentiating the distance to the galaxy with
respect to time,
vr,B (t0 ) = d˙p,B (t0 ) = ȧ(t0 ) · r + a(t0 ) · ṙ = H0 · r + vp ,

(2.21)

that is, the total velocity is simply the sum of the two contributions.

2.7.1

Peculiar velocity and measured redshift

Let z̄ be the cosmological redshift, i.e. the redshift stemming from the expansion of space, which is
common for the two galaxies A and B. If we are only considering the effects of peculiar velocities,
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and ignore the additional effects on light caused by the inhomogeneities it passes through on its
way from the galaxies to us, z̄ is equal to the measured redshift of galaxy A1 . The redshift measured
for galaxy B, on the other hand, is different from z̄ due to the extra redshift caused by the peculiar
velocity – the measured redshift for this galaxy will be denoted by z. The redshift caused by the
radial component of the peculiar velocity can be calculated from the formula for the relativistic
Doppler effect,
s
1 + zp =

1 + vp /c
,
1 − vp /c

(2.22)

whereas the cosmological component is related to the radial velocity due to the expansion of space
as described in equation 2.18. Even though the total velocity of galaxy B is seen to be the sum
of the cosmological and peculiar components, this is not the case for the redshifts. Denoting the
wavelength of light emitted by galaxy B by λe , and the wavelength observed by us λ0 , the redshift
will be given as 1 + z = λ0 /λe . The redshift caused by the peculiar motion alone is 1 + zp = λp /λe ,
where λp is the wavelength that would be observed by galaxy A, and the additional redshift caused
by the expansion of space is 1 + z̄ = λ0 /λp . So, the total redshift must be given by [19]
1+z =

2.7.2

λ0
λ0 λp
=
= (1 + z̄ )(1 + zp ).
λe
λp λe

(2.23)

Peculiar velocity and measured distance

The peculiar velocity of galaxy B does not only affect the measured redshift. As seen in section
2.5, in a homogeneous and isotropic universe, different types of distances are related to each other
by factors of (1+z). Here, we will consider how this needs to be adjusted when the measured
redshifts are not purely cosmological. We only consider corrections to first order in vp /c (the
peculiar velocities are typically of order ∼ 300 km/s). If we assume that the observer has no
peculiar velocity, the angular diameter distance is unchanged [20] – that is, the angular diameter
distance is the same to galaxy A and B. The luminosity distance to galaxy B can then be found
from2 dL = dA (1 + z )2 by inserting the total expression for the redshift of galaxy B from equation
2.23 [20],
dL (z ) = dA [(1 + z̄ )(1 + zp )]2 = dA (1 + z̄ )2 (1 + zp )2 .

(2.24)

If we define d¯L (z̄ ) as the luminosity distance in a homogeneous universe corresponding to a redshift
z̄, which is equal to the luminosity distance to galaxy A, we finally obtain
dL (z ) = d¯L (z̄ )(1 + zp )2 ≈ d¯L (z̄ )(1 + 2zp ).

(2.25)

In the right panel of figure 2.3, the shift in luminosity distance and redshift due to a radial peculiar
velocity of 10 000 km/s at a proper distance of dp (t0 ) = 500 Mpc is shown3 .
1 We

are also assuming that the observer does not have any peculiar velocity.
relation, which follows from the expressions for dL and dA in a homogeneous and isotropic universe, also
holds in an inhomogeneous universe. See for example [21, chapter 14].
3 Such a large peculiar velocity is extremely unlikely, and some of the approximations made in order to derive
equation 2.25 are not very good when the peculiar velocity becomes relativistic. However, we are only showing the
figure as an illustration of the effect of the peculiar velocities on the observed quantities.
2 This

CHAPTER 2. THE EXPANDING UNIVERSE

15

In the next chapter, we will have a closer look at the inhomogeneities, and see how they evolve.

Chapter 3

Evolution of structure
In the previous chapter, we considered the overall evolution of the universe, governed by the theory
of general relativity. For the majority of this treatment, we considered a universe that exactly
obeyed the cosmological principle, i.e. a universe that was entirely homogeneous and isotropic. At
the end of the chapter, however, we introduced inhomogeneities into the universe, and discussed
some effects of these, most importantly peculiar velocities, and their effects on a few observables.
In this chapter, we will take a closer look at the inhomogeneities, and introduce a set of equations which can be used to predict how the perturbations in the density field evolve in a given
cosmological model. A lot of complicated physics is relevant for this purpose, and analytical
solutions to the equations governing these processes can only be found under constrained circumstances, where the density perturbations are very small. Fortunately, this is the case in the early
universe, which implies that at early times, the evolution of density perturbations can be described
accurately using linear perturbation theory.
In order to get a good description of the distribution of matter in the present day universe at
scales below a few 10s of Mpc, the methods introduced in this chapter are insufficient. At some
point, the density perturbations at these scales grow too large for the linear approximations to be
accurate. To follow structure formation in the non-linear regime, numerical N-body simulations
can be used. These will be discussed in the next chapter. But in order to initialize the simulations,
it is necessary to produce some initial conditions. This chapter introduces the necessary formalism
to understand how such initial conditions are created. Furthermore, the linear equations for the
evolution of density perturbations still holds at large scales today, and will be used for some of
the studies presented in this thesis. The derivations performed in this chapter are mostly based
on [22, chapter 9].

3.1

The two point correlation function and the power spectrum

In order to describe how the density at each point of the universe deviates from the mean density,
ρ0 , we consider a point of comoving position x and density ρ(x), and define the overdensity
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Figure 3.1: Illustration of the Fourier decomposition of the density field.
parameter as
δ (x) ≡

ρ ( x ) − ρ0
.
ρ0

(3.1)

It seems reasonable to require the density field, and hence δ, to be a continuous variable. In this
case, the values that δ takes at two nearby points must be correlated. This is quantified by the
correlation function,
ξ (x) ≡ hδ (x0 )δ (x0 + x)i,

(3.2)

where h i denotes the average over a volume sufficiently large that the universe can be taken to be
homogeneous and isotropic, which are usually assumed to be the case on scales larger than a few
100s of Mpc. Because of isotropy, the correlation function cannot depend on the direction of x,
only on its size, so ξ (x) = ξ (x). The correlation function expresses the tendency for fluctuations
in the density field to occur with a separation of x, that is, it is a measure of how "clumpy" the
universe is on this scale.
This can also be expressed in Fourier space, as a sum of density fluctuations with different
wavelengths λ, or wavenumbers k = 2π
λ , as illustrated in figure 3.1. Specifically, the Fourier
expansion of the overdensity field in an arbitrarily large box of volume V with periodic boundary
conditions can be written as
Z
1 X
ik·x
δ (x) =
δk e
, with δk =
d3 xδ (x)e−ik·x ,
V
V

(3.3)

k

where k =

2πn
V 1/3

and n is a triple of integers. Using this expansion, the two-point correlation

function can be written as

ξ (x) =

0
0
1 X
hδk δk0 iei(k+k )·x eik·x .
V2
0

(3.4)

k,k

Since the left hand side does not depend on x0 , the right hand side cannot do so either, so it follows
that hδk δk0 i = 0 if k 6= −k0 , that is

ξ (x) =

1 X
hδk δ−k ieik·x .
V2
k

(3.5)
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Furthermore, for δ (x) to be real, δ−k = δk∗ , so
1 X
h|δk |i2 eik·x
V2
k
1 X
≡
P (k)eik·x ,
V

(3.6)

ξ (x) =

(3.7)

k

where the last equation contains the definition of the power spectrum, P (k) =

1
V

h|δk |2 i. This

shows that the power spectrum is a measure of the amplitudes of density perturbations of each
wavelength, λ =

3.1.1

2π
k .

The variance of the density field and the amplitude of the power
spectrum

Later in this chapter, we are going to study the equations governing the evolution of density perturbations, which predict how clustering on each scale grows with time in linear theory. In addition
to this, some way to quantify the initial size of the density perturbations, i.e. a normalization of
the power spectrum, is needed. This cannot be predicted theoretically, and therefore has to be
determined by observations. Note that all of this only concerns the power spectrum that can be
predicted by linear theory, the so-called linear power spectrum.
The amplitude of the power spectrum is usually specified in terms of the root-mean-square
variance of the density field, σ 2 = hδ 2 (x)i − hδ (x)i2 . Since, per definition, hδ (x)i2 = 0, this can
be obtained from the correlation function as σ 2 = ξ (0), and hence from the power spectrum as
P
σ 2 = V1 k P (k ).
However, this variance depends on how small structures can be resolved, so the total variance
of the density field is not a very good choice for the normalization. To mitigate this problem,
the density field can be smoothed on some scale, to erase rapid fluctuations, before the variance
is measured. In general, this is done by convolving the overdensity field with a window function,
W (x), in order to obtain a smoothed overdensity, δL , where the density fluctuations on scales less
than the smoothing length, L, have been averaged out. The window function is chosen such that
R 3
d xW (x) = 1 and W (x) ≈ 0 for |x| & L, and the smoothed density field is given by
Z
δL ( x ) ≡

d3 x0 W (x − x0 )δ (x0 ).

(3.8)

Fourier transforming this expression, one finds that δL,k = W̃ (k)δk , where W̃ is the Fourier
transform of W , which is equal to one for k = 0, and goes to zero when k exceeds K ≡

2π
L.

The

variance of the overdensity field that has been smoothed with W is

2
σK
=

1 X 2
1 X
W̃K P (k ) =
P (k )
V
V
k

|k|<K

(3.9)
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Expressing the sum over power at scales |k| < K as a integral over the power spectrum that has
been smoothed as described above, gives us a simple expression for calculating the variance of the
smoothed power spectrum,
2
σK

1
=
(2π )3

Z
0

∞

1
d kW̃ (k )P (k ) =
2π 2
3

2

Z

K

dkk 2 P (k ).

(3.10)

0

The amplitude of the power spectrum is normally parameterized by σ8 , which is obtained by
setting K =

2π
8 Mpc/h ,

and integrating over the linear power spectrum. As the smoothing ensures

that density variations within spheres of 8 Mpc/h have been leveled out, σ8 can be interpreted as
the variance in density between spheres of radius 8 Mpc/h.

3.2

Inflation and the Harrison-Zel’dovich spectrum

Before studying how power on different scales evolve in the early universe, in this section we
describe the origin and the form of the initial power spectrum. The simplest initial power spectra
are of the form P (k ) ∝ k n , for which the power on scale k only depends on k, implying that power
on different scales are uncorrelated. By the central limit theorem, if δk are independent random
variables, then, according to equation (3.3), the overdensity field is a sum of a large number of
independent random variables, and therefore it follows a Gaussian distribution. So it is seen that
power spectra of this form give rise to a Gaussian density field. Since the variance of the density
field is determined by P (k ), and the Gaussian distribution for δ is fully described by its mean and
variance, a Gaussian density field is fully described by the power spectrum. By calculating the
root mean square of the mass fluctuations and the corresponding fluctuations in the gravitational
potential for a power spectrum of form P (k ) ∝ k n , it can be shown that this is independent of
scale if n = 1. Such a power spectrum is called a scale invariant or Harrison-Zel’dovich spectrum
[22].
A scale invariant power spectrum is what is predicted by the inflation theory. Inflation was
proposed as a combined solution to three major problem in cosmology in 1981 by Alan Guth [9]:
The flatness problem, the horizon problem, and the monopole problem. According to this theory,
the universe started out radiation dominated, but at some very early time, a scalar field (similar to
the dark energy that is dominating the universe today) became dominant, and caused the universe
to expand violently for a tiny fraction of a second. This smoothed out any curvature present at the
time, decreased the density of magnetic monopoles, and expanded the horizon. It also magnified
quantum fluctuations in the vacuum, giving rise to a Harrison-Zel’dovich power spectrum. The
vacuum state of the scalar field evolved during this expansion, eventually causing the inflation to
stop. At this point, the scalar field is supposed to have decayed into photons and other relativistic
particles, thereby reheating the background [18].
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Linear structure formation

In chapter 2, it was described how the energy density and the gravitational field are linked through
the Einstein equation, and it was mentioned that the conservation law for the energy-momentum
tensor is equivalent to the continuity and Euler equations describing the time evolution of a fluid.
In this section, we will take a closer look at these equations, mostly in the context of Newtonian
mechanics, and apply them to the perturbations in the density field in the early universe. At early
times, matter had not had time to cluster appreciably, and therefore the variations in the density
field were very small, |δ|  1. For this reason, linear perturbation theory provides a very good
description of the evolution of the density perturbations at these times.
Before recombination, the evolution of density perturbations was dominated by dark matter
and radiation. If dark matter was relativistic in the matter dominated period, i.e. if the dark
matter particles were moving with a speed comparable to the speed of light, it would have erased
structure on small scales (comparable to the horizon, the distance that light has been able to travel
during the lifetime of the universe). No suppression on these scales is observed, indicating that
dark matter consists of some heavy particle, which becomes non-relativistic at very early times.
Therefore, dark matter can be treated as a non-relativistic fluid, as will be described in the next
section. The radiation (photons and the known species of neutrinos) on the other hand is to be
treated as a relativistic fluid. Following [22, chapter 9], after we have considered the non-relativistic
case, we will explain which modifications are needed in order to generalize to a relativistic fluid,
such as the photon gas in the early universe. At last, a few remarks are made about how the
resulting equations are used to predict the power spectrum after recombination.

3.3.1

Evolution of density perturbations

Non-relativistic fluid
In this section, we describe the dynamics of a non-relativistic fluid, corresponding to e.g dark
matter, with a density field ρ(x) and a comoving velocity field1 v(x) = ẋ, where x as before is
a comoving coordinate. One of the fundamental equations determining the dynamics of such a
fluid is the continuity equation, which says that the density in a given volume must decrease as
fluid is flowing out of the volume as well as, in the case of the expanding universe, in response to
the expansion of the volume. Denoting by ∇ the gradient in comoving coordinates, the continuity
equation is
∂ρ
+ 3Hρ + ∇ · (ρv) = 0.
∂t

(3.11)

A second equation comes from applying Newton’s 2nd law to the elements of the fluid, thereby
relating the acceleration of the fluid elements to both the internal forces, i.e. pressure p, and
1 The physical velocities are obtained from the comoving velocities just as the physical distances are obtained
from the comoving distances, by multiplying with the scale factor.
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external forces. Expressing the gravitational force in terms of the gravitational potential, Φ, this
equation – known as the Euler equation – in the expanding universe is
i
∂v
ä
1 h1
+ (v · ∇)v + 2Hv + x = − 2 ∇p + ∇Φ .
∂t
a
a ρ

(3.12)

Lastly, the gravitational potential Φ, from which the gravitational field can be obtained as g(x) =
−∇Φ(x), can be shown from Newton’s law of gravity to be related to the density field as
a−2 ∇2 Φ − 4πGρ = 0.

(3.13)

In order to predict how the mass distribution evolves, the continuity and Euler equations are
expanded to first order around the mean density, ρ0 , pressure, p0 , velocity v0 = 0, and gravitational
potential Φ0 . The perturbations imposed on these values are ρ1 , p1 , v1 , and Φ1 . From the
linearized Euler equation, it is found that any vorticity, ∇ × v, decays with time. Therefore it is
assumed to be zero from the start. Since a vector field with vanishing curl can be written as the
gradient of a scalar field, this allows the definition of a scalar field ψ such that v = ∇ψ. In terms
of this scalar field, the first order Euler equation becomes
"

#

∂ψ
1  p1
∇
+ 2Hψ + 2
+ Φ1 = 0.
∂t
a ρ0

(3.14)

Since v is determined from the spatial dependence of ψ alone, one can add to ψ any function that
depends only on time. And since the expression in the square brackets depends only on t, this can
be used to ensure that

1  p1
∂ψ
+ 2Hψ + 2
+ Φ1 = 0.
∂t
a ρ0

(3.15)

In terms of ψ and the overdensity parameter δ = ρ1 /ρ0 , the linearized continuity equation becomes
∂δ
+ ∇2 ψ = 0.
∂t

(3.16)

By taking the Fourier transform of these two equations, one gets
∂δk
= k 2 ψk ,
∂t

∂ 2 δk
∂δ
k2  p
+ 2H k + 2 1k + Φ1k = 0.
2
∂t
∂t
a
ρ0

(3.17)
(3.18)

The first order part of the gravitational potential, Φ1k , can be eliminated from the equation using
the Poisson equation, which in Fourier space gives

Φ1k = −

a2
4πGρ0 δk .
k2

(3.19)
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And lastly, assuming an adiabatic evolution, the speed of sound is vs2 =

p1k
ρ0 δ1k

[22]. Using this, an

equation for the evolution of the overdensity as a function of scale k is found:
∂δ
∂ 2 δk
+ 2H k +
∂t2
∂t

!
k2 2
v − 4πGρ0 δk = 0.
a2 s

(3.20)

This equation for the evolution of overdensities, which has been derived assuming a non-relativistic
fluid, first became valid at the time when matter came to dominate over radiation in the universe
which, as we saw in chapter 2, happened around the time when the scale factor was a ∼ 3 × 10−4 .
Let us consider solutions to this equation, following [21, chapter 5]. If we only consider dark matter,
which is pressureless, the term involving sound waves disappears. In this case, the equation is found
to have a simple analytical solution in the matter dominated era. Ignoring the contributions from
everything but matter in the Friedmann equation from chapter 2, it can be shown that the scale
factor evolves as a(t) ∝ t2/3 , which can be used to calculate H = ȧ/a and ρ0 = ρc =

3H 2
8πG

(since

we are assuming the universe to be flat). Inserting the expressions for H and ρ0 into the equation
for the density perturbations, two independent solutions are found: δk ∝ t2/3 and δk ∝ t−1 . Only
the first of these solutions corresponds to structures that are growing larger with time, which is
the interesting case when we are concerned with the growth of structures.
More generally, the time dependence of the growing (and thereby dominant) solution to equation 3.20 is called D (t), such that to a good approximation, δ (x) = A(x)D (t), where A is just
some function containing the spatial dependence of δ. On this basis, the growth rate is defined as
the logarithmic derivative of the growing solution with respect to the scale factor, i.e.
f≡

a Ḋ
.
ȧ D

(3.21)

In terms of D and f , the continuity equation can be written as

∇ · v = −δ

Ḋ1
= −Hf δ.
D1

(3.22)

The growth rate, f , is a function of the matter and energy density of the Universe. It has been
found that it can be approximated by
f (Ωm , ΩΛ ) = Ω0.6
m +

ΩΛ
70




1
1 + Ωm ,
2

(3.23)

as shown in [23], generalizing a result presented in [24]. Due to the factor of 70 in the denominator
of the term involving ΩΛ , this shows that the growth rate is almost completely specified by the
matter density of the Universe.
Relativistic fluid
In this section we describe the evolution of a relativistic fluid, which is a suitable model for the
radiation dominating the very early universe. As in the previous section, the continuity equation,
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the Poisson equation, and the Euler equation describe the evolution of density perturbations.
However, each of these need to be modified for the relativistic case: The continuity equation does
not apply for the radiation density, because of the redshift caused by the expansion of space. But
it does hold for entropy, and using the relation between entropy and density for a black-body at a
given temperature, one gets a conservation law for density that does apply. According to general
relativity, the pressure of the fluid needs to be included in the Poisson equation. And because of
the high velocities of the particles, special relativity needs to be taken into account in the Euler
equation2 . Linearizing the equations and taking the Fourier transform, one gets an equation that
determines the evolution of overdensities as a function of scale and time, equivalent to equation
3.20 for a non-relativistic fluid,
h k 2 c2 32
i
∂ 2 δk
∂δ
+ 2H k +
− πGρ0 δk = 0.
2
2
∂t
∂t
3a
3

(3.27)

From the Friedmann equation, it can be found how the Hubble constant and background density
varies in the radiation dominated period. Using this and considering density perturbation with a
wavelength smaller than the horizon, it can be shown that such perturbations are oscillating with
respect to time. These short-wavelength fluctuations are in fact sound waves. Baryons, which
are interacting with the radiation, are dragged along with the radiation fluid, and prevented from
forming structures on scales smaller than the horizon. Dark matter, which only interacts with
photons through the very weak force of gravity, cannot cluster on sub-horizon scales in this era
either, as there are no growing solutions for modes within the horizon. On scales larger than the
horizon, however, density perturbations in both matter and radiation are found to grow as δk ∝ t.
After the universe became matter dominated, dark matter began clustering on all scales, as we
saw in the previous paragraph. However, the baryons were still being dragged along by the photons,
and thereby prevented from clustering until recombination. Therefore, the way structures form
is primarily determined by dark matter. Only after recombination, when electrons and protons
formed neutral atoms and the strong interaction between baryons and photons ended, were the
baryons free to cluster. At this point, potential wells already existed thanks to the clustering of
dark matter, and the baryons fell into these potential wells.
The transfer function
Numerical calculations based on considerations analogous to the ones from the previous paragraphs
can be performed for a realistic universe containing baryons, radiation, and dark matter, taking
2

For future reference, the equations governing the evolution of a relativistic fluid turn out to be [22, chapter 9]
∂ρ3/4
+ 3Hρ3/4 + ∇ · (ρ3/4 v) = 0,
∂t
∂ρ
1 − v 2 /c2
 = 0,
+ (v · ∇)v +
∂t
ρ + p/c2 ∇p + cv2 ∂p
∂t
∇2 Φ − 4πG(ρ + 3p/c2 ) = 0.

(3.24)
(3.25)
(3.26)
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into account their mutual couplings. The results of such calculations can be expressed via the
transfer function, T (k ), which describes how the primordial power spectrum, P0 (k ), i.e. the power
spectrum generated by inflation, evolves over time,
P (k, t) = P0 (k ) · T 2 (k, t).

(3.28)

For a particular model, this is calculated by following the linear evolution of the perturbations to
the density fields of the various species of particles along with their interactions with each other
[22].
Qualitatively, the value of the transfer function for perturbations of a given wavelength is
determined by whether it became smaller than the horizon before or after matter came to dominate
over radiation. As discussed above, modes within the horizon in the radiation dominated era were
prevented from clustering, which means that power only grew at large scales in this period. When
combined with the scale invariant initial power spectrum, P0 (k ) ∝ k, this creates a bend in
the power spectrum around perturbations with a comoving wavelength of λ ∼ 125 Mpc in the
concordance model [22]. After matter began to dominate over radiation, dark matter could cluster
on all scales. In this era, perturbations on all scales grow at the same rate, since equation 3.20
is independent of k for dark matter. This implies that the shape of the power spectrum does not
change after matter-radiation equality, it just scales [22, 25].
However, as mentioned in the introduction to this chapter, this description ceases to be a good
approximation for the density perturbations on a given scale when they become too large. As the
universe evolves and clustering grows, this happens for perturbations on larger and larger scales.
In order to follow the evolution of the density field into the non-linear regime, N-body simulations
are often employed. Such simulations are the topic for the next chapter.

Chapter 4

Non-linear structure formation: N-body
simulations
In the previous chapter, we saw how small perturbations grow as a response to the effects of gravity
and the expansion of space. When the perturbations have grown sufficiently, a small region might
become substantially denser than the mean density of the universe. At this point, the linear theory
from the last chapter breaks down, and the physics involved becomes much more complicated. The
subsequent structure formation can be obtained using numerical calculations. In the very early
universe, linear perturbation theory as described in the previous section is extremely accurate, and
this is used to construct initial conditions for numerical simulations. These are subsequently fed
to an N-body simulator, in this case GADGET-2 [26], which evolves the positions and velocities
of particles according to the laws of non-relativistic gravity. In this chapter, a short description is
given of the codes used to generate initial conditions, and the algorithm used by GADGET-2 is
outlined.

4.1

CAMB

CAMB (Code for Anisotropies in the Microwave Background) is a publicly available code, written
by Antony Lewis and Anthony Challinor, for calculating the CMB spectrum for various cosmological models [27]. It was originally based on CMBFAST, described in [28]. The basic method of
these codes is to use the Boltzmann equation, which describes the couplings between particles (see
for example [15]), the Einstein equation and the conservation of the energy-momentum tensor to
calculate the anisotropies in the CMB. In the previous chapter it was outlined how the Einstein
and conservation equations can be solved for the evolution of the overdensity parameter for a
single substance. The output of CAMB provides transfer functions, T (k, z ), which, as we saw in
the previous chapter, describe how the initial power spectrum set up by inflation has evolved up
to a given redshift, as a function of k,
P (k, z ) = T 2 (k, z )P0 (k ).
25
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Initial Conditions

To perform N-body simulations, one must start with a set of initial conditions, specifying the
background cosmological model and the perturbations imposed on this background. These are
created from the power spectrum predicted by inflation and the subsequent evolution of the density
fluctuations in the early universe in which the structure formation is well described by linear
perturbation theory, as discussed in the previous chapter.
By using the transfer functions supplied by CAMB, the initial condition generator, written into
GADGET-2 by Jacob Brandbyge [29], imposes position and velocity perturbations to particles
placed on a grid. The rate with which the density perturbations grow can be determined as the
change in the power spectrum. As can be seen from equation 4.1, this can be found by comparing
transfer functions at adjacent times.

4.3

GADGET-2

GADGET-2 (GAlaxies with Dark matter and Gas intEracT-2) is a publicly available N-body
simulator, written by Volker Springel [26]. Although GADGET-2 is capable of treating both
baryons and dark matter, here it will only be described how dark matter particles are treated, as
this is the only type of N-body simulations that have been used for the research presented in this
thesis.
The Friedmann and the fluid equation from chapter 2 are used to find the time evolution of
the scale factor. The matter distribution is traced by particles placed on a 3D grid, with initial
positions and velocities found by the code described in the previous section. The dynamics of the
particles are described by the Hamiltonian

H=

X
i

p2i
1 X mi mj ϕ(xi − xj )
+
,
2mi a(t)2
2
a(t)

(4.2)

ij

where xi represents the comoving coordinates of particle i, pi is the corresponding momentum and
mi is the particle mass. The gravitational interaction between particles is described by the discrete
peculiar potential, ϕ, which is described in the next section.

4.3.1

The gravitational field

When calculating the gravitational force between point masses, numerical problems arise if they
get too near each other. This problem is non-physical, since it is caused by neglecting the physical
extension of the masses. It is avoided by representing each particle in the simulation by δ̃, which is
the Dirac δ-function convolved with a normalized gravitational softening kernel of comoving scale
. This has the effect of smearing out the otherwise point-formed particles before the gravitational
potential is calculated [26]. The softening length, , sets a lower limit for the resolving power of
the given simulation.
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In cosmological simulations, space is assumed to be of infinite extension, which is realized using
periodic boundary conditions. This has the consequence that only the deviations from the mean
gravitational field, described by the peculiar gravitational potential, are needed in the calculations.
The peculiar gravitational potential stemming from a continous matter distribution with a
density ρ(x) and a mean density ρ̄ is given by the Poisson equation: ∇2 φ(x) = 4πG[ρ(x) − ρ̄].
The potential appearing in equation 4.2 does not include the particle masses; it is related to the
P
actual potential, φ, through a sum over all the particle masses: φ(x) = i mi ϕ(x − xi ). The
potential ϕ is found using a discrete version of the Poisson equation,
"
#
X
1
∇ ϕ(x) = 4πG
δ̃ (x − nL) − 3 .
L
n
2

(4.3)

The first term in the parentheses is a sum over all periodic images of a particle at a point x, each
image is represented by triplets of integers, n = (n1 , n2 , n3 ). The second term corresponds to the
subtraction of the mean density.
The potential, φ, is calculated using a combination of two techniques. It is split in a long
range and a short range part in Fourier space, φk = φlong
+ φshort
, and the Particle Mesh (PM)
k
k
technique is used for computing long range forces, and the Tree algorithm for short range forces.
The long range part is then calculated using the Particle Mesh method, and the short range part
using the Tree method, as described below.
Particle Mesh

The long range force can be computed efficiently in Fourier space. To do this,

at first a value of the mass density on the particle mesh is calculated, using the "cloud-in-cells"
assignment which weighs the contribution from each particle linearly as a function of its distance
from the mesh grid points. Then, a discrete Fourier transform is carried out, calculating the
potential in Fourier space. And finally, taking the inverse Fourier transform provides the potential
on the mesh. The forces are then interpolated onto the particle positions.
Tree method The short-range part of the potential can be solved in real space, and is computed by the Tree algorithm. In this method, the gravitation on a given particle is calculated by
grouping all other particles in cells encompassing more and more particles the more distant they
are. The force from each cell is then calculated by a multipole expansion. GADGET-2 only uses
the monopole contribution.

4.3.2

Time integration

The short range potential, found by use of the Tree method, varies much faster than the longrange. In order to allow individual time steps in different regions, the potential in the Hamiltonian
is separated into the long- and short-range terms discussed in the previous section,
H = Hkin + Hshort−range + Hlong−range .

(4.4)
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This enables taking shorter time steps in regions of high density, where structure formation is
happening much faster than in less dense regions. To be more specific, for each time step the
state of a given particle is updated by applying a succession of Kick- and Drift-operators, which
updates the momentum and position of a particle, respectively. This is the so-called leap-frog time
integration scheme. The kick-operator depends on the gravitational potential, the short-range part
of which varies much faster than the long-range part. By using the time-evolution operator

Ũ = Klr

∆t
2

!"
Ksr

!
!
!#m
!
∆t
∆t
∆t
∆t
D
Ksr
,
Klr
2m
m
2m
2

(4.5)

where lr and sr are short for "long-range" and "short-range", respectively, and m is an integer,
the long-range force only has to be evaluated once per time step. Through several uses of the
time-evolution operator, GADGET-2 evolves the particle positions and velocities from the small
density perturbation specified in the initial conditions to the final time of the simulation.

4.3.3

Output

At specified times during the simulation, the states of all particles are written to a file. Such a file
is known as a snapshot, and it contains information about all particle positions and velocities. In
the next chapter, it will be described how a halo finder can be used to identify bound structures
in such a snapshot.

Chapter 5

Characterisation of structure
The clumping of matter as a result of structure formation produces gravitationally bound objects
such as galaxies, clusters of galaxies, and super clusters. In one word, these are known as halos.
In this chapter, a simplified description of how bound structures form is provided. This helps
justifying the definition of a halo. It is then described how the halo finder ROCKSTAR identifies
halos in the output of N-body simulations.

5.1

Spherical collapse

The simplest model for the formation of bound structures is the case where a spherical overdensity
collapses under its self-gravity. In order to gain an understanding of the physical quantities characterizing a halo, such a collapse is considered in this section, following [22]. The collapse can be
described by considering a shell of material with a radius of r (t). Initially, at t = 0, the radius is
zero, corresponding to the Big Bang. The shell then expands with the universe, but if the matter
has too little energy to escape the gravity of the total interior mass, at some point the shell stops
expanding and starts to collapse. Assuming that there is no flow of material across r (t), the total
interior mass, M , is constant. So the acceleration of the shell of material is
GM
d2 r (t)
=− 2 .
2
dt
r (t)

(5.1)

Under the conditions specified above, the solution to this equation is

r=

rmax
(1 − cos η ),
2

where η is just introduced as a convenient parametrization of time, given by
r
3
rmax
t=
(η − sin η ),
8GM
29

(5.2)

(5.3)
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The quantity rmax in this solution is seen to be the maximal radius of the collapsing matter - it is
the so-called turn-around radius, at which the expansion halts and the collapse begins. The time
when this takes place is called tmax . If it is assumed that the density inside r (t) is homogeneous
at turn-around, the potential energy at this time can be found to be Wmax = − 35 GM 2 /rmax . If
it is furthermore assumed that all material turns around at the same time, the kinetic energy is
zero at this time, and therefore Wmax is the total energy of the collapsing mass.
When the collapsing object has reached equilibrium, its radius can be estimated from the virial
theorem, which states that the potential energy is equal to twice the total energy of the collapse
material, W = 2E. From this, the radius containing half of the total mass of the object, the halfmass radius, can be determined, it is found to be rh = 0.375rmax . Virialization of the halo happens
around the time t = 2tmax . From the Friedmann equation, the density of the universe in the matter
dominated period, in which structures form, is found to evolve according to ρm (t) =

1
,
6πGt2

from

which the mean density of the universe at the time of virialization can be determined. This allows
estimating the ratio of the mean density inside the half-mass radius, ρh , to the mean density of
the universe, ρm , at the time of virialization, which reveals [22]
ρh
≈ 200.
ρm (2tmax )

(5.4)

This relationship can be used to define the virial radius, rvir , as the radius at which the density
equals 200 times the mean density of the universe. The mass inside this virial radius is used as a
measure of the total mass of the halo. These definitions of the halo radius and halo mass are used
by the halo finder ROCKSTAR, which is described in the next section.

5.2

ROCKSTAR

The halo finder ROCKSTAR [30, 31] identifies halos in the snapshots of N-body simulations using
the algorithm sketched in figure 5.1. The first step is to divide the particles into smaller groups.
This is done using a variant of the Friends-of-Friends algorithm, in which particles are grouped
together if they are within a specified (spatial) distance of one another.
Within each FOF-group, a measure of the phase-space distance between two particles p1 and
p2 (with positions x1 , x2 and velocities v1 , v2 , respectively) is defined as
s
d(p1 , p2 ) =

|x1 − x2 |2
|v1 − v2 |2
+
,
2
σx
σv2

where σx2 and σv2 are the variances of the particle positions and velocities within the FOF-group.
This metric combines distance in position and velocity into a single measure, normalized by the
intrinsic scatter in positions and velocities to yield a dimensionless quantity. The phase-space
distances between all particles in a group are calculated, and a phase-space-linking length is chosen
such that 70% of the particles are linked together with at least one other particle. For each of the
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hereby constructed new particle-groups, the process is repeated. This continues until a minimum
of for example 10 particles remain at the deepest level of the hierarchy. The deepest level of each
branch of this hierarchy represents a maximum phase-space-density, and these maxima are now
considered seed halos. Each particle in the group is then assigned to the seed halo that is closest
in phase-space.
For each halo, the distances to all other halos containing a larger number of particles are
calculated. Each of the halos are then considered to be a satellite halo of the nearest, larger halo
within the same FOF group. When this is done, the mass of each halo is calculated, where particles
within a sub-halo are counted as part of the mass of the host. When all halo masses have been
calculated in this manner, sub-halo memberships are recalculated: sub-halos are within rvir of
more massive host halos. At last, unbound particles are removed.
For each halo, the position of the halo center is calculated as the mean of the positions of the
central particles, and the halo velocity is calculated as the mean of the velocities of the innermost
10% of the halo’s particles.
From ROCKSTAR, a catalog of all the halos identified in the output of an N-body simulation
is obtained. As mentioned in the beginning of this chapter, these represent galaxies, clusters,
and super clusters of galaxies. In the next chapter, measurements of the actual universe will be
considered. These are primarily based on observations of supernovae, which are expected to occur
in star formation regions. Although the simulations described in chapter 4 only contain dark
matter, and stars consists of baryonic matter, the probability of supernovae is still expected to be
strongly correlated with the dark matter mass distribution, since the baryonic matter is expected
to form structures by falling into the potential wells created by dark matter after recombination.
Therefore, the halos in the catalogs constructed by ROCKSTAR should give a reasonably accurate
idea about where supernovae are expected to occur1 .

1 These assumptions will be tested later in this thesis, when we use semi-analytical models of galaxy formation
to get more accurate distributions of supernovae.
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Divide the particles in
simulation into FOF groups.

the

Within each group, calculate the
spread in the positions and
velocities between the particles.

σv
σx

Calculate the phase-space distances
between particles within the group,
and choose a linking length such
that 70% of the particles are linked
together in groups. Repeat the
procedure for each subgroup, until a
minimum of for example 10
particles are left at the deepest
level.

The groups at the deepest level
represent phase-space maxima, and
are considered seed halos. Assign
each particle in the group to the seed
halo closest to it in phase-space.

Remove unbound particles, and
calculate the halo masses, positions
and velocities.

Figure 5.1: The ROCKSTAR halo finder algorithm, illustration from [30]. © The Astrophysical
Journal. Reproduced with permission from the journal and the authors. The explanations for
what happens at each step are my own.
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Local variations in the Hubble constant
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Chapter 6

The Hubble constant discrepancy
At the end of the first year of my PhD studies, the Planck collaboration revealed that measurements
of the cosmic microwave background (CMB) points to a present day value of the Hubble constant,
H0 = (67.80 ± 0.77) km/s/Mpc [32, table 5], much lower than the one observed in the local
universe, which was at that time H0 = (73.8 ± 2.4) km/s/Mpc [33]. This inspired three studies of
the local variations in the expansion rate of the universe, using different methods for estimating the
Hubble constant in N-body simulations in both standard ΛCDM and in alternative cosmological
models. In this chapter, the observations that motivated these studies are described. The three
papers in which our results were published are presented in the subsequent chapters in slightly
modified form.

6.1

Measurements of the CMB: Analysis and results from the Planck
collaboration

In 2010, the Planck satellite started collecting radiation from the CMB, resulting in a temperature
map with micro-Kelvin accuracy released in 2013 [32]. Anisotropies in the CMB temperature
measured by Planck can be used to put constraints on a number of cosmological parameters. The
anisotropies are treated as small fluctuations from a homogeneous and isotropic, flat FLRW universe. Given a set of initial conditions, the ionization history, and a specification of the constituents
of the universe, the evolution of the perturbations can be computed accurately using CAMB, which
was described in chapter 4. CAMB calculates the theoretical power spectrum of these fluctuations
from a set of parameters which specifies a given model, and the parameter-space is sampled with
CosmoMC, a Markov Chain Monte Carlo code, described in [34].
This allows determining the set of parameters characterizing our universe that best fit the
data collected by the Planck satellite. The values of a set of derived parameters can then be
calculated, assuming a specific cosmological model. One of these derived parameters is the Hubble
parameter, often specified by h ≡

H0
100 km/s/Mpc .

Assuming a standard ΛCDM universe, the Planck

collaboration has found that h = 0.678 ± 0.0077.
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Measuring the expansion rate of the local universe

As described in chapter 2, the first measurement of the Hubble constant was presented by Edwin
Hubble in 1929 [16], based on a graph – now known as the Hubble diagram – of the velocities of
galaxies against their distance. Since then, the Hubble diagram has been improved and the dataset expanded several times. At the time the first results from the Planck satellite were published
in 2013, the most accurate estimate was due to Riess et al. in 2011 [33], rendering a Hubble
parameter of h = 0.738 ± 0.0241 . This section provides a short description of how this value was
obtained.
The recessional velocity of a light source can easily be found using the redshift of its light, as
described in chapter 2. Finding the distances is much more difficult. The luminosity distance to a
light source, also described in chapter 2, can only be determined if the inherent brightness of the
source is known. This knowledge can be obtained by observing a potential standard light source
to which the distance is known by other means. As soon as such a calibration has been carried
out for one type of standard candles, this can in turn be used to determine the intrinsic brightness
of other types of standard candles. In this process, each new distance indicator adds a step to the
so-called distance ladder.
The most precise way to measure the distances to objects outside the solar system, is by using
geometrical methods. This includes the parallax of stars – the apparent shift in the positions
of stars as the Earth travels around the sun – which has been used to measure the distances
to Cepheids within the Milky Way. Other geometrical methods include measuring the orbits of
eclipsing binaries, which has been used to determine the distance to the nearby dwarf galaxy the
Large Magellanic Cloud, and at greater distances, the orbits of masers (the microwave-equivalent of
lasers) around the central black hole in the galaxy NGC 4258 (see for example [38] and references
therein). Together, these methods provide ways to measure the distances to Cepheids both in
the Milky Way and other galaxies, allowing a precise calibration of the relationship between the
oscillation period and luminosity of the Cepheids.
At distances above ∼ 10 Mpc, individual stars, such as Cepheids, cannot be resolved in galaxies.
The best standard candle at these distances is a particular type of supernova, type Ia. By measuring
the lightcurves, i.e. brightness against time after the explosion, of type Ia supernovae in galaxies
with a distance determined with other methods, it has been possible to obtain a precise calibration
of the luminosity of the supernovae against their lightcurves. As type Ia supernovae are extremely
luminous events, they can be observed over great distances, making them great candidates for
measuring the expansion rate of the universe.
To obtain the best possible calibration of the distance indicators, a simultaneous fit to all
Cepheid and supernova data is performed in [33]. This fit includes parameters that account for
1 Recently, an even more accurate estimate has been published by the same authors, revealing H
0 =
(73.24 ± 1.74) km/s/Mpc [35]. A recent update from the Planck Collaboration has H0 = (66.93 ± 0.62) km/s/Mpc
[36, table 8]. This increases the discrepancy to 3.4σ. However, according to another recent paper by the Planck
collaboration [37], preliminary analysis of the low multipoles (l ≤ 800) of the temperature fluctuations in the CMB
points to a significantly higher value of h than the full data set, in much better agreement with the value measured
in the local universe.
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the dependence on metallicity of the period-luminosity relationship for the Cepheids, and reddening
by dust of the light from the supernovae.
The next step is to fit the data to the theoretical distance-redshift relationship to obtain a
value for the Hubble constant. In terms of magnitudes2 , the approximation given in equation 2.20
for the distance-redshift relation can be written as3
!
h
i
1
log H0 − 0.2M − 5 = log cz 1 + [1 − q0 ]z
− 0.2m.
2

(6.4)

For the supernovae, this defines a constant, av ≡ log H0 − 0.2M − 5, which is found by fitting to
the data. At last, the Hubble constant can be determined from the definition of av as

log H0 =

M + 5av + 25
.
5

(6.5)

In [33], the Hubble constant is determined from this expression using the absolute magnitude and
distance to a supernovae in the galaxy NGC 4258, since the distance to this galaxy is known to
great precision from the orbits of masers around the central black hole.

6.3

Studies of the local variation in the Hubble constant

The discrepancy between the present day value of the Hubble constant determined using each of
the two methods described in the previous sections – fitting a multiple-parameter model to the
temperature fluctuations of the CMB, and fitting to the measured luminosities and velocities of
galaxies in the local universe – hints to some problem, either in the calibration of the supernova
data, the measurements or fitting procedure used by the Planck Collaboration, or in our model of
the Universe. However, another possibility is that the discrepancy is caused by the inhomogeneity
of the actual universe, which allows for the expansion rate to vary between different regions. If
we happen to live in a part of the Universe where the expansion rate is somewhat higher than the
2 The brightness of astronomical objects is often specified using the logarithmic magnitude scale. In this scale,
the absolute magnitude of an object is defined in terms of its luminosity, L, relative to a reference luminosity, Lref ,
as

M ≡ −2.5 log



L
Lref



,

(6.1)

where Lref depends on which photometric pass-band the luminosity is measured in. The apparent magnitude is
defined from the flux we receive from the object, relative to the flux of an object with luminosity Lref when observed
from a luminosity distance of 10 pc, that is


m ≡ −2.5 log

L/[4πd2L ]



Lref /[4π (10 pc)2 ]

.

(6.2)

Rearranging, it is found that the difference between the absolute and apparent magnitudes is
m − M = 5 log



dL
1 Mpc



+ 25.

This is a measure of the distance to the object, and is defined as the distance modulus, µ ≡ m − M [18].
3 In [33], an even more accurate approximation, including third orders of z, is used.

(6.3)
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average value, this could potentially explain the difference between the local and the global, i.e.
the CMB, value. This hypothesis is the starting point of the papers presented in the following
three chapters.

Chapter 7

On the local variation of the Hubble
constant
This chapter is dedicated to the description of the first study we carried out of the local variations
of the Hubble constant. Except for a few modifications, it is identical to [1].
[1] Io Odderskov, Steen Hannestad, and Troels Haugbølle, On the local variation of the Hubble
constant, JCAP 2014 10 028.

7.1

Introduction

As described in the previous chapter, the data released from the Planck satellite in 2013 seems to
point to a relatively low value of the Hubble constant, while direct measurements relying mainly on
Type Ia supernovae clearly favor a higher value, with the two being inconsistent at the 2.4σ level
[32, 33]. There are several possible explanations for the disagreement between the two estimates
of the expansion rate. It could be caused by a problem with the assumed cosmological model, or it
could be that one (or both) of the estimates is either inaccurate or biased. The second possibility
has been considered by Estathiou in [39] and by Clarkson et al. in [40]. Using an improved
distance calibration, Estathiou has re-analyzed the data from [33] and found a lower value for the
local Hubble parameter, which decreases the tension between the two estimates. Ref. [40] considers
relativistic corrections to the distance to the CMB, and show that second order lensing corrections
can possibly increase this distance by several percent, which in turn causes an increase in the best
fit value of the Hubble parameter from the Planck data. Yet another possibility - the one that is
tested in this paper - is that it is merely a result of the spatial variation in the expansion rate of
our universe.
For a given cosmological model, the expansion rates estimated by observers at different locations are expected to vary according to some underlying distribution. To gain knowledge of the
spread of this distribution, we perform N-body simulations of the model in question. Subsequently,
structures are identified using a halo finder that generates a catalog containing the masses, posi38
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tions, velocities, and substructures of all halos found in each simulation. From the halo catalogs,
lists of observers are selected, under the assumption that the standard observer reside in a halo
similar to the Local Group. Each observer is assumed to estimate the local Hubble parameter in
his neighborhood by measuring the distances and velocities of halos located in a sphere around
him, since this is where we would expect supernovae to be found. Finally, confidence intervals are
constructed from the local Hubble parameter calculated by each of these observers. This is done
in order to answer the question: Could the discrepancy between the inferred and the measured
Hubble constants be due to cosmic variance?
The same question has been addressed in [41] and [42]. In [41], Marra et al. calculate the
variation of local Hubble parameters based on the power spectrum, which expresses the variations
of the underlying density field, and this in turn affects the velocity field and hence the local Hubble
parameters. In [42], Wojtak et al. use the same approach as in this paper, i.e. N-body simulations,
to estimate the spread in the local Hubble parameters. In their paper, they focus primarily on
how the local Hubble parameters are affected by observer positions. While this is also discussed
in the present paper, we furthermore investigate how the apparent variation is affected by only
observing a fraction of the sky, and whether the cosmic evolution that takes place between the
time that light is emitted by a supernova and observed by us can have a significant effect.
We finally note that measurements of variations in the Hubble parameter using type Ia supernovae is equivalent to measurements of the local bulk velocity field using the same tracers (see e.g.
[43–48]).
The paper is organized as follows: In part 2, we describe the N-body-simulations that our
analysis is based upon and the halo finder used to identify structure. In part 3, the calculation of
the local Hubble parameters is outlined, and the selection of observers and of observed halos are
motivated and described. In part 4, we present the outcome of the analysis, and finally we discuss
the results in part 5.

7.2
7.2.1

Method
Simulations

The best fit cosmological parameters determined by the Planck collaboration [32] are used as
the basis for N-body simulations of the universe. The N-body simulations are performed using
a modified version of the GADGET-2 code [26], with initial conditions generated using a code
written by J. Brandbyge [29] based on transfer functions computed using CAMB [34]. Specifically,
the transfer functions are calculated with (Ωb , ΩCDM ) = (0.048, 0.26), whereas only cold dark
matter is used in the N-body simulation. A flat universe is assumed, and (h, σ8 ) = (0.68, 0.84).
The simulations are run from a redshift of z = 50 until z = 0.
The standard simulation is done in a box of sidelength 512Mpc/h with 5123 particles. We
perform two simulations of this size and resolution, but with different seeds for the random number
generator that is used to construct the initial conditions, in order to determine how much the results
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can be expected to vary between different occurrences of a universe with the same parameters. In
order to check for numerical effects due to the simulation resolution and the simulation volume,
we also perform two simulations with 10243 dark matter particles in boxes of 512Mpc/h and
1024Mpc/h, respectively. Still, all the simulations are of much smaller volume than the ones that
are the basis for the analysis performed by Wojtak et al. in [42], which are of several Gpc/h,
while the mass resolution is similar. The sample on which they base their analysis of the Hubble
flow is therefore substantially larger than the ones used in this paper, and as a result the analyzes
presented here will have a greater sample noise an a greater correlation between the observers.
The latter is to some extend mitigated by using several boxes with independent random seeds. We
identify 600 observers in each simulation, and use these to estimate of the mean and spread of the
Hubble constant.
The observers in the simulations are spread across the entire simulation volume. In order for
each of them to be able to observe in all directions, the box is taken to be periodic. To avoid an
observer considering the same halo twice in his calculation of the Hubble constant, the maximal
observed distance should be half a box length, that is 256Mpc/h, corresponding to a redshift of
z = 0.087. This corresponds approximately to the greatest observed distance of z ∼ 0.1 of the
supernova surveys used in [33]. As in [33], in order to reduce the effect of the local, coherent flow,
no halos closer than 30Mpc/h, corresponding to z = 0.01, are used.

7.2.2

Identifying halos

Halos are identified in the output of the N-body simulations using the halo finder ROCKSTAR,
which was described in chapter 5.

7.3

Analysis

As mentioned, it is assumed that each observer estimates the local Hubble parameter, Hloc , by
measuring velocities and positions of halos in his vicinity. The apparent velocities of observed
halos contain two components: one from the expansion of space, and one from peculiar motion.
When considering only halos in the z = 0-snapshot, the radial velocities stemming from the a pure
Hubble flow would be given by Hubble’s law,

vH = H0 r,

(7.1)

where r is the comoving distance to the halo and H0 is the global Hubble constant. Assuming that
the observers cannot determine how large the peculiar component of the radial velocity is, they
fit the distances and velocities of the halos around them to Hubble’s law, using a least squares
estimate, hereby getting a value for the local Hubble constant:
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r̄v̄
(7.2)
Hloc = ¯ ,
r2
where a bar denotes the mean and v is the total radial velocity of the observed halos, containing
both the cosmological and peculiar components. Each observer is assumed to have transformed
to the CMB rest frame, i.e. to correct the observed velocities for his own peculiar motion, before
estimating the Hubble constant based in equation 7.21 .
In actual observations, the position and velocity information of distant halos is primarily obtained from supernovae. In [33], 240 supernovae are used in estimating the local Hubble parameter,
and for this reason we choose 240 observed halos for each of the observers in our mock survey. This
is done by assuming that the probability of a supernova occurring in a given halo is proportional
to the halo mass, and therefore making a mass-weighted selection of observed halos (this is in
contrast to what is done in [42], where every halo within a given distance is used). The procedure
results in a redshift distribution of the observed halos which is peaked at a higher value than the
one used in [33], as shown in figure 7.1. In consequence we expect to slightly underestimate the
variance of the local Hubble parameter at large distances.
There are some indications [49, 50] that the rate of type Ia supernovae not only depends on
the stellar mass of a galaxy – or more precisely the star formation history – but there also exist
a prompt component in the type Ia distribution dependent on the SFR in the galaxy. Given the
current uncertainty in the fraction of prompt type Ia supernovae, this has not been taken into
account in the selection of halos2 . When the selection of observed halos has been performed, they
are binned according to distance, with the maximally observed distances (here from referred to by
rmax ) increasing from 67Mpc/h to 256Mpc/h. For each value of rmax , the estimates of the local
Hubble constants are obtained using every observed halo within this distance.

7.3.1

Objectives

In order to determine how the variance of the local Hubble constants depend on various aspects of
the observations, the observed halos are selected and handled in different manners, as is the choice
of observer positions. Furthermore, effects of simulation seed, resolution, and volume are checked
for, and we additionally study how the number of observed halos affect the variance. Below we
describe each of these analyzes in more detail. In figure 7.2 a few of the analyzes are sketched for
visualization, and an overview is given in table 7.1.
Choice of observers: The standard observer is chosen from the halo catalogs as a subhalo of
mass 1012 − 1013 M /h in a host halo with mass 5 · 1014 − 5 · 1015 M /h, since this approximately
1 When using lightcone snapshots, as will be described in the next section, equations 7.1 and 7.2 need to be
modified to take the
h change in
i the Hubble parameter with time into account. This is done by fitting to equation

2.20: dp (t0 ) =

cz
H0

1−

1+q0
z
2

, where the redshift is approximated as z ≈ vr /c, and the deceleration parameter is

calculated from the simulation parameters as q0 = 12 Ωm − ΩΛ .
2 In part III of this thesis, the effects of the distribution of type Ia supernovae, as modeled after the star formation
histories of halos, on studies of the velocity field are investigated in much more detail.
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Figure 7.1: Left: Comparison between the redshift distribution measured by a typical observer
in the mock catalogues (blue) and the redshift distribution of supernovae from Hicken et al. [51]
(green), which closely resembles the one used by Riess et al. in [33]. Right: Hubble diagram
obtained by the same mock observer.

Name
A.0
A.1
A.2
A.3
A.4
A.5
B
C
D

Nsim
512
512
512
512
512
512
512
1024
1024

Box [Mpc/h]
512
512
512
512
512
512
512
512
1024

Survey geometry
Full sky
Full sky
Full sky
One cone
Two cones
Full sky
Full sky
Full sky
Full sky

Observers
Random in space
Random in halos
Local Group like
Local Group like
Local Group like
Local Group like
Local Group like
Local Group like
Local Group like

Past lightcones
No
No
No
No
No
Yes
No
No
No

Table 7.1: Four different simulations have been run, named A-D. The number of particles in each
simulation is Nsim3 . For the standard simulation (A), six different analyzes have been performed,
named A.0-A.5. Simulation B has the same characteristics as A, but with a different seed for the
random number generator. All simulations are performed with the best fit parameters from the
Planck satellite: (Ωb , ΩCDM , h, σ8 ) = (0.048, 0.26, 0.68, 0.84).
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Figure 7.2: Positions of halos in a slap of thickness 10Mpc/h, with illustrations of the observation
performed by each observer (green star), with values of rmax shown as green circles (or arcs). For
clarity, only every 5th value of rmax is shown.
corresponds to our position in the Local Group galaxy cluster that resides in the Virgo Super
Cluster. The significance of the observer positions is checked by using two alternative selections:
One in which the observer positions consists of positions chosen randomly in the simulation volume,
and one in which the observer positions are chosen randomly among all the halos in the simulation.
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The actual supernovae used in estimating the expansion rate of the local

universe are not distributed across the entire sky. In some directions, our sight is blocked, for
example in the plane of the Milky Way. One could expect this to give rise to a higher variance,
since the bulk flow in a particular direction is more likely to deviate from the Hubble expansion
than the mean of the whole sky. To account for this effect in the analysis, at first only a small
patch of the sky is observed. This patch is subsequently enlarged until it covers all of the sky. The
number of supernovae is the same no matter if the whole sky or only a fraction is observed. We
perform this analysis both with one cone, and with two cones pointing in opposite directions.
Cosmic evolution:

Observing out to a redshift of z ∼ 0.1, corresponds to observing 1.3 billion

years back in time. When doing the same "observation" in the output of our N-body simulations,
the time it takes light to travel from the distant halos is ignored, and therefore so are the changes
in the growth and structure of the halos. We investigate the significance of this effect by using a
locally developed plugin to GADGET-2 that during the course of the simulation reconstructs the
past light cone of any observer in the box, dumping it to a snapshot on disk. Such snapshots are
created for the positions of our chosen observers. Then the halo finder is applied to these past
lightcone snapshots, using a functionality in ROCKSTAR in which the change in cosmological
parameters as one looks backwards in time is taken into account in the analysis. Constructing
the mock observations using past light cones takes into account the evolution in the cosmological
model, and more accurately reproduces the actual observations.

7.4

Results

In Figures 7.3-7.6 we show how the mean of Hloc /H0 among the chosen observers depend on the
number of observed halos and the maximally observed distances for different choices of observers
and observed halos. Confidence intervals are shown as coloured bands around the mean (solid
line). The chosen confidence levels are 68.3, 95.4 and 99.7 per cent, all calculated symmetrically
so that equal fractions of the locally measured Hubble constants fall below and above the interval.
For comparison, the result from the standard analysis (on the right in figure 7.3) is indicated as
dotted lines in all other plots.
The first plot in figure 7.3 shows Hloc /H0 as a function of the number of observed halos. In
figure 7.4, the analysis is repeated for two simulations with 10243 particles, in boxes of sidelength
512Mpc/h and 1024Mpc/h, respectively. This is done order to check that the simulation resolution
and simulation volume have no significant effect on the results. The set of parameters used in the
N-body simulations are the ones published by the Planck collaboration: (Ωb , ΩCDM , h, σ8 ) =

(0.048, 0.26, 0.68, 0.84).
In figure 7.5 we show how the observer positions affect the measured values of Hloc (on the
left). On the right, the observers are chosen randomly among all the halos in the simulation. In
figure 7.6, the observations are performed using past lightcones of the Local Group like observers,
so that cosmic evolution from the time that light was emitted from an observed halo is taken
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Figure 7.3: Left: Mean and scatter of the local Hubble parameter as a function of number of
observed halos. The largest observed distance is held constant at 256Mpc/h, while the number of
observed halos is varied from 2 to 200. Right: Mean and scatter of the local Hubble parameter
as a function of the maximally observed distance. The chosen observers are Local Group like
halos, each estimating the local Hubble constant by measuring the distance and radial velocities
of 240 supernovae in nearby halos. The simulation consists of 5123 particles in a periodic box of
sidelength 512Mpc/h.
into account. In figure 7.7 we show how the width of the 68.3 per cent confidence interval varies
as a function of both the distance rmax and the covered percentage of the sky. The results are

1.100
1.075
1.050
1.025
1.000
0.975
0.950
0.925
0.900 80 100 120 140 160 180 200 220 240

rmax [Mpc/h]

Hloc/H0

Hloc/H0

summarized in table 7.2.
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Figure 7.4: Left: Mean and scatter of the local Hubble parameter as a function of the maximally
observed distance, calculated for a simulation with 10243 particles in box of 512Mpc/h. Right:
Calculated for a simulation with 10243 particles in a box of 1024Mpc/h. Dotted lines indicate the
result from the standard analysis.

CHAPTER 7. ON THE LOCAL VARIATION OF THE HUBBLE CONSTANT
46

1.100
1.075
1.050
1.025
1.000
0.975
0.950
0.925
0.900 80 100 120 140 160 180 200 220 240

rmax [Mpc/h]

Hloc/H0

Hloc/H0

BASED ON I. ODDERSKOV, T. HAUGBØLLE, S. HANNESTAD, JCAP 2014

1.100
1.075
1.050
1.025
1.000
0.975
0.950
0.925
0.900 80 100 120 140 160 180 200 220 240

rmax [Mpc/h]

Figure 7.5: Left: Mean and scatter of the local Hubble parameter as a function of the maximally
observed distance, when the chosen observers are distributed randomly in the simulation volume.
Right: Observers chosen randomly among all the halos in the simulation. Dotted lines indicate
the result from the standard analysis.

Name
A.0
A.1
A.2
A.3
A.4
A.5
B
C
D

Description
Observers
Random positions in space
Random positions in halos
Local Group-like halos
10% sky coverage
One cone
Two cones
Cosmic evolution
Lightcone
Simulation
Different seed
Box=512, Nsim=1024
Box=1024, Nsim=1024

µ67 [%]

µ150 [%]

µ256 [%]

σ67 [%]

σ150 [%]

σ256 [%]

0.1
0.1
-2.0

0.0
-0.1
-0.3

0.0
0.0
0.0

4.6
4.7
4.5

0.9
0.9
0.9

0.3
0.3
0.2

-2.6
-2.6

-0.2
-0.3

-0.0
-0.0

4.8
4.2

1.2
1.1

0.4
0.4

-2.5

-0.3

0.0

4.4

0.9

0.2

-1.7
-2.1
-1.7

-0.2
-0.4
-0.2

0.0
-0.1
0.0

4.6
4.6
5.0

0.9
1.0
1.1

0.4
0.3
0.4

Table 7.2: Mean (µ) and variance (σ) of Hloc /H0 at selected distances. The subscripts specify the
distance in Mpc/h. All results are given in per cent.
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Figure 7.6: Mean and scatter of the local Hubble parameter as a function of the maximally
observed distance calculated for Local Group like halos, with the effect of cosmic evolution taken
into account by using lightcones. Dotted lines indicate the result from the standard analysis.
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Figure 7.7: Width of 68.3% confidence interval for Hloc /H0 when observing only a fraction of the
sky. Left: One cone. Right: Two cones, pointing in opposite directions on the sky.
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7.5

Discussion
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Figure 7.8: The value of the local Hubble parameter found by Riess et al. (green line), is plotted
together with the value and spread of Hloc /H0 found in the standard analysis. The green band
indicates the 1σ uncertainty in the result from Riess et al.
Figure 7.8 shows the mean and variance of the standard simulation (as in figure 7.3) together with
the value of the Hubble parameter found by Riess et al. in [33] of 73.8 ± 2.4, plotted as a green
line, with the uncertainty of the measured value shown as a green band. Only for very small values
of rmax is there any overlap between the measured range of H0 and the confidence bands obtained
from a Planck like universe. At a distance of rmax = 256Mpc/h, significantly less than 0.3% of
the Local Group like observers would observe a value as high as the one we see. We therefore
conclude that the variance of the expansion field does not lift the discrepancy between the Hubble
constant determined from measurements of the CMB and that obtained by direct measurements
of recessional velocities in our local universe. This has also been concluded by Marra et al. in
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[41] and by Wojtak et al. in [42]. At an intermediate distance of 150Mpc/h, we find the width of
the 63.8% confidence interval for the local Hubble constant to be 0.9% − 1.1% (depending on the
simulation), which is in good agreement with the value of 0.9% found by Wojtak et al. We observe
a tendency for the local Hubble parameter as measured by observers in halos to be systematically
lower than the overall expansion rate, whereas observers distributed randomly in space tends to
overestimate H0 . This can be explained by noting that observers in halos are positioned in in-fall
regions as a consequence of ongoing structure formation, whereas observers positioned at random
will have a tendency to be located in regions less dense than average, because these take up a
greater fraction of the simulation volume than the overdense regions. Both effect are smoothed
out when observing halos at large distances. This is in good agreement with the result obtained
in [42]. Observers positioned randomly in halos will in mean observe a Hubble constant very close
the actual value.

Chapter 8

The local value of H0 in an
inhomogeneous universe
This chapter present a slightly modified version of the paper [3]. The idea for the paper and the
previous studies which it builds on are due to S. M. Koksbang, while the analysis was carried out
by me. The introduction has been largely altered from the introduction of the published paper, in
order to introduce the central concepts. Furthermore, a few results, which did not appear in the
published version of the paper, but were subsequently obtained upon request from Adam Riess,
have been included. Apart from this, only a few minor changes have been made.
[3] Io Odderskov, Sofie Koksbang, and Steen Hannestad, The local value of H0 in an inhomogeneous universe, JCAP 2016 02 001.

8.1

Introduction

In the paper presented in the previous chapter, the local variations of H0 were studied based
on mostly Newtonian considerations1 . Furthermore, the local values of H0 were found by fitting
Hubble’s law to the exact distances in the z = 0-snapshot and the redshifts found by adding the
velocity from the expansion and the peculiar velocity together. Such a treatment (equivalent to
the one presented in [42]) neglects a number of aspects that play a role in actual observations:
• We do not observe distances, but luminosities.
• We do not observe velocities, but redshifts.
• We do not observe properties of the sources as they are now, but rather as they were at the
time of emission (this was taken into account in the analysis based on lightcone snapshots
in our fist study).
1 "Mostly" refers to the fact that relativistic effects were incorporated to some degree in the lightcone-analysis,
by including the deceleration parameter in the analysis, which, according to [25], is a measure of relativistic effects
in the relation between observables.
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Figure 8.1: The two galaxies are observed to have the same redshift, but since galaxy B is closer
to the observer than galaxy A, it looks bigger, that is, it has a smaller angular diameter distance.
This is the effect described by the Doppler convergence.
• We do not estimate H0 based on Hubble’s law (as appropriate when observations are carried
out in the intuitive way in a z = 0-snapshot).
To asses the combined importance of these effect, an extension of the study presented in the
previous chapter was carried out in collaboration with S. M. Koksbang. Specifically, instead of
calculating the Hubble constant based on the proper distances to the sources, we took care to base
our estimates on quantities directly measurable by the observers – namely redshifts and luminosity
distances.
In the study presented in this chapter, the effect of peculiar velocities on measured redshifts and
luminosity distances were treated using the Doppler convergence. As mentioned in section 2.7, the
peculiar velocity of a light source affects the measured luminosity distance to the source, DL , but
not the angular diameter distance, DA . However, this is of course only true as long as we consider
objects at a given (proper) distance. Alternatively, one can consider object at a given redshift. To
illustrate this point, we can again consider two galaxies, A and B, but this with the same observed
redshift, rather than the same proper distances (see figure 8.1). We will again assume that galaxy
A follows the Hubble flow, and galaxy B has a peculiar velocity away from us. The fact that the
galaxies are observed to have the same redshift, although the redshift of galaxy B is comprised
of both a cosmological and a peculiar part, must mean that galaxy B has a smaller cosmological
redshift than galaxy A, i.e. galaxy B is at a smaller proper distance, and therefore looks bigger
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than galaxy A2 . The effect can be incorporated into studies of weak lensing, i.e. the magnification
and distortion of light sources due to the gravitational field. This is achieved by adding a term
describing the effects of the peculiar velocities to the lensing convergence (or just convergence),
κ, which is the part of the weak lensing that accounts for the magnification of light sources, so
that the total convergence is comprised of a gravitational term and a Doppler term [52]. At the
low distances considered in this study, the gravitational effects on light are negligible, and so the
Doppler convergence offers a way to incorporate the effects of peculiar velocities into the study,
thereby accounting for the effects of the inhomogeneities not only on the observed redshifts (which
are shiftet from their cosmological values due to the peculiar velocities), but also on the observed
distances.
Section 8.2 below describes how fluctuations in the luminosity distance due to peculiar velocities
are computed. After that, section 8.3 gives a description of the mock-observations constructed for
the study. Our findings are presented in section 8.4, which include a few results which were not
included in the published paper, as they were obtained upon request after the paper had been
published. And finally, we summarize and conclude in section 8.5.

8.2

Method for computing redshift-distance relations in N-body
simulations at low redshift

In order to study the effects of inhomogeneities on the local measurement of H0 , mock observations are constructed by computing redshift-distance data points using results from an N-body
simulation. The formalism for computing redshift-distance data points is introduced below while
practical aspects regarding the N-body simulation are described in section 8.3.
A recipe for going between Newtonian N-body simulations and a relativistic spacetime corresponding to the first order perturbed FLRW metric in the Newtonian gauge was given in [53].
By using N-body data based on exact, inhomogeneous solutions to Einstein’s equations, it was in
[54, 55] shown that the recipe leads to a very precise reproduction of redshift-distance relations
in an inhomogeneous universe as long as the anisotropy of the individual structures is low. The
particular procedure for computing redshift-distance relations studied in [55] will be used here.
The study in [55] only included mildly non-linear structures, but in relation to the study presented here, a similar precision of the method has been confirmed for density fractions in the range
0.05 . ρρbg . 10, where ρbg is the density of the assumed background. (The precision of the method

for inhomogeneities outside this range has not been studied.) The procedure is therefore expected
to yield fairly accurate estimates of redshift-distance relations including effects of inhomogeneities.
The procedure is only summarized below, and the reader is referred to e.g. [53, 55] or the other
references cited in this section for elaborations.

2 This is actually only true up to a given cosmological redshift, due to the factor of (1 + z )−1 in equation 2.17 for
the angular diameter distance. This ensures that the angular diameter distance does not increase indefinitely with
redshift, but reaches a maximum around z ∼ 1.5 [52]. However, we will not encounter any galaxies of a cosmological
redshift greater than z ∼ 0.15.
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The observed redshift of a light ray with tangent vector k α is computed following the definition
zobs + 1 =

(kα uα )e
.
(kα uα )0

The subscripts 0 and e indicate evaluation at the spacetime position of

observation and emission respectively such that e.g. (uα ) |0 is the observer velocity and (uα ) |e
is the velocity of the source. The velocity field is given by uµ = Vc (1, v i ), where v i are the
velocity
components obtained from the N-body simulation and the normalization factor V ≈
q
2
2
c − a (vr2 + vθ2 r2 + vφ2 r2 sin2 (θ )) is computed according to the findings of [55].
In a homogeneous FLRW universe, the angular diameter distance corresponding to an observed
redshift, zobs , can be calculated from equations 2.13 and 2.17. This will be referred to as the
background value of the angular diameters distance, DA,bg . The effects of inhomogeneities on the
angular diameter distance can be described by the convergence, κ, such that the angular diameter
distance along light rays in the N-body simulation is given by DA ≈ DA,bg (1 − κ). Once the
angular diameter distance is known, the corresponding luminosity distance can be computed using
the distance duality relation DL = (1 + zobs )2 DA .
At linear level, the convergence is divided into several different contributions including the
(integrated) Sachs-Wolfe contributions, a gravitational contribution and a Doppler contribution.
In general, the two dominant contributions are the gravitational convergence and the Doppler
convergence. As shown in [52, 55, 56], the gravitational contribution to the convergence is, however,
irrelevant at low redshifts. Hence, for the purpose of the current study, the angular diameter
distance can be computed as DA ≈ DA,bg (1 − κv ), where κv denotes the Doppler convergence.
The Doppler convergence can be computed by (see e.g. [57]):


1
κv c = 1 −
ni ui ,
(8.1)
a,t (η0 − η )
Rt 0
where η ≡ 0 adt
denotes conformal time and ui is the (spatial) velocity of the source. The
(t0 )
Einstein convention is used with i running over the spatial indices 1, 2, 3. The vector nµ is the
propagation direction unit 4-vector, i.e. nµ ∝ k µ +

kν uν µ
u .
c2

It is sufficient to use the background

version of nµ and in that case ni is the unit vector pointing in the direction from the source to the
observer.
In the expression for the Doppler convergence given above, a term due to the peculiar motion
of the observer has been omitted. This is justified by noting that the observer velocity can be
estimated by measuring the CMB dipole and hence has no consequences when interpreting real
observations. Note also that in equation (8.1), the scale factor etc. are evaluated at the spacetime
position corresponding to the observed redshift zobs , not a background redshift computed with the
background metric.
When mock redshift-distance data points have been obtained as described above, they are fitted
to the expression for the luminosity distance in an FLRW universe,
Z
dz 0
(1 + z )c z
q
DL (z ) =
H0
0
Ω (1 + z 0 )3 + Ω
m,0

.

(8.2)

Λ,0

When fitting, H0 is used as fitting parameter while Ωm,0 and ΩΛ,0 are fixed to the values used in
the N-body simulation.
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Before moving on, it should be noted that the Doppler convergence occurs because of the
difference between the observed redshift and the redshift obtained from background computations
(see e.g. [20, 52, 56–58]). The effects of inhomogeneities studied here are therefore effects of
peculiar velocities. The peculiar velocities are gravitationally induced by an inhomogeneous energy
density and the effects of the peculiar velocities are thus effects of having a spacetime that deviates
from the exactly spatially homogeneous and isotropic FLRW spacetimes. This fact will in the
following be emphasized by referring to an “inhomogeneous velocity field" instead of “peculiar
velocities".

8.3

Mock observations

This section serves to introduce the construction of the mock observations used for the study. The
(mock) observations are based on a Newtonian N-body simulation with cosmological parameters in
agreement with the 2013 results from the Planck collaboration [32], i.e. the cosmological parameters are set according to (Ωb , ΩCDM ) = (0.048, 0.26) and (h, σ8 ) = (0.68, 0.84). The simulation is
performed using a modified version of the GADGET-2 code [26], with initial conditions generated
using a code written by J. Brandbyge [29] based on transfer functions computed using CAMB3 [34].
The simulation is run in a box of side length 512 Mpc/h, containing 5123 dark matter particles.
The simulation is initiated at a redshift of z = 50 and run until the present time.
Box size, simulation resolution and source distribution on the sky will not be varied here as it
was in [1] shown that such variations have only small effects on the results.
Velocities and positions of sources as well as positions of observers are obtained by identifying
these with halos, which are found using the halo-finder ROCKSTAR [30].
As seen in equation (8.1), the velocity fields of the sources are highly important for computing
the Doppler convergence. It was demonstrated in [59] that the effects of inhomogeneities on
observations will depend on the smoothing scales used to obtain e.g. the velocity field from the
discrete N-body data. This issue is here overcome by estimating source velocities as the velocities
of bound structures, i.e. halos, in the simulation. Assuming that galaxies follow the motion of
their dark matter host halos, this procedure corresponds to probing the velocity field in the same
manner as is done in real observations.

8.3.1

Redshift distribution of sources

The redshift distribution of the sources affects the study; the further away the sources are, the
less impact the peculiar velocities have. To understand the significance of the sources’ redshift
distribution, two different redshift distribution schemes are used. In one of the schemes, the sources
are distributed according to the redshift distribution of the 155 supernovae of the CfA3+OLD
sample [51, 60]. The other scheme selects the 155 sources according to a mass weighted distribution,
in which each halo in the distance range 30 Mpc/h < r < 256 Mpc/h is selected with a probability
3 http://camb.info/
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Figure 8.2: Top: Distribution of observations as a function of distance. Left: ’Typical’ distribution
used in estimates of H0 in the local universe, chosen to correspond to the redshift distribution of the
155 SNe of the CfA3+OLD sample [51, 60]. Right: Mass weighted distribution. Bottom: Example
of fitting mock observations to equation (8.2) to obtain H0 , given in terms of the dimensionless
Hubble parameter h = H0 /(100 km/s/Mpc), for the two different redshift distributions.

proportional to its mass4 . This distribution has the advantage that it is growing as a function of
distance (due to the increasing volume of shells). Using this distribution scheme thereby provides
a check that the H0 estimates converge to the true value at large distances. Note also that it is
this second scheme that was used in [1].
The difference between the two types of distributions is illustrated in figure 8.2. The figure
also shows an example of the differences in H0 estimates based on observations following the two
schemes.
4 This distribution scheme builds on the assumption that the probability of a type Ia supernova occurring in a
given halo is proportional to the halo mass. However, as seen in figure 8.2, the scheme leads to a redshift distribution
which is significantly different than the distribution of the CfA3+OLD sample.
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8.3.2

Observers

In order to take cosmic variance into account5 , each set of mock observations are based on a group
of observers instead of a single observer. The observer positions are still important for the study
as the local environment may bias observations at low and intermediate redshifts. For instance,
placing the observers in massive halos amounts to placing them in infall regions and will thus lead
to a bias of peculiar source velocities, and hence redshifts, in the direction towards the observer
which will again lead to a smaller H0 estimate. This is predicted by gravitational instability theory
[21, Chapter 5], and can in principle be corrected for by subtracting the peculiar motion induced
by the local density field when analyzing real observational data (see e.g. [61]). Such a correction
was for instance made in [33].
In order to study the effects of the local environment of the observers, two different sets of
observers are used. The first set consists of observers residing in subhalos of mass 1012 − 1013 M /h
in a host halo in the mass range 5 · 1014 − 5 · 1015 M /h. This approximately corresponds to our
position in the Local Group galaxy cluster, a member of the Virgo Super Cluster. The second set of
observers are placed at random positions throughout the simulation volume. As underdense regions
take up the larger part of the volume, these observers will tend to be positioned in underdense
regions.
When observers are placed in halos, their peculiar velocities are taken to be those of the host
halos. When they are placed at random positions, they are assumed to be at rest with respect to
the background. The observer velocities enter into the computations of the observed redshift and
so using these two different methods for estimating observer velocities may affect the results. This
has been tested not to be the case though; setting the observer velocities to zero in the case where
the observers are placed in halos is insignificant for the results.

8.3.3

Lightcone snapshots

The velocity in equation (8.1) is the comoving velocity of the source at the time of emission. The
mock observations are carried out in the halo catalog at z = 0. However, comoving source positions
change over time due to the sources’ peculiar velocities (which also change over time). Since the
study made here is based on low-redshift observations with z . 0.1, this cosmic evolution should
not affect the results at a significant level. To test this assessment, two types of halo catalogs are
made. One is based on a regular GADGET-2 snapshot at z = 0, while the other type is based on
lightcone snapshots6 (one for each observer). ROCKSTAR’s lightcone functionality can be used for
identifying structures in such a snapshot. In the resulting halo catalog, the positions and velocities
are stored as they were at the time of emission.
5 The term “cosmic variance" is here used to mean the uncertainty in observations due to our ability to only
observe the Universe from a single spacetime position.
6 The lightcone snapshots are created by using a plug-in to GADGET-2 written by Troels Haugbølle. The same
plug-in was used in [1].
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Figure 8.3: Example of the observations carried out by one of the observers (indicated by the
green star). The observed halos are colored red, and their total physical velocities relative to the
observer are shown with red arrows. The division of redshift bins is illustrated with green circles
– only every 5th division is shown.

8.3.4

Summary

In figure 8.3, an example of the observations performed by a single observer is shown. As seen,
the observers view the full sky. See e.g. [1] for the effects of using smaller sky coverage.
Following the various schemes discussed above, a number of different analyzes have been performed. These are summarized in table 8.1.
Since the lightcone snapshots are very time consuming to use, only a single analysis is made
with these. That analysis is denoted Dlc and is the analysis which best resembles real observations.
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Figure
8.4

8.5

Analysis name
Dref
Href

Observer positions
Subhalos
Subhalos

SN-distribution
Typical
Typical

Fit
Full
Linear

Lightcone
No
No

Dlc
Dmw
Drp
Hrp
Hmw

Subhalos
Subhalos
Random Positions
Random Positions
Subhalos

Typical
Mass Weighted
Typical
Typical
Mass Weighted

Full
Full
Full
Linear
Linear

Yes
No
No
No
No

Table 8.1: Overview of analyzes included in the study. The analysis names are given such that
analyzes with H0 estimates based on Hubble’s law ("linear" fit) start with an "H" while those
with H0 estimates based on computing DL using the Doppler convergence and fitting to the
full DL,ΛCDM expression ("full" fit) start with a "D". The last part of the name denotes how
each analysis deviates from the reference ("ref") analysis, respectively by using lightcone snapshots
("lc"), using a mass weighted selection of SNe ("mw"), and placing the observers at random positions
instead of in halos ("rp").

8.4

Results and discussion

Figures 8.4 and 8.5 show how the local estimates of H0 are distributed among the observers
in the different analyzes. Specifically, the deviation in the local Hubble constant from the true
value, (H0,loc − H0 )/H0 , is shown as a function of the distance rmax to the most distant bin
included in the estimate of H0,loc . The sources are distributed in bins according to their comoving
distances from the observer, which are related to the redshifts of the FLRW background via
Rz
dz 0
. The mean value of the deviation is shown with a solid line, and
r = Hc0 0 √
0 3
Ωm,0 (1+z ) +ΩΛ,0

the 68.3%, 95.4% and 99.7% confidence intervals are indicated with either shaded areas or dashed
lines.
The results are shown using different combinations of choices for the observer positions, redshift
distribution of supernovae, and fitting method. An overview of the different combinations that
have been studied is given in table 8.1 where a naming scheme for the analyzes is also introduced.
The analysis Dlc is the one which is closest to actual observations; it uses observers placed in
subhalos with a typical supernova distribution in a lightcone snapshot and obtains H0 by a fit
to the FLRW redshift-distance relation as explained in section 8.3. In figure 8.5, analysis Dlc is
compared to analysis Dref which differs from Dlc only in that it is based on a regular GADGET-2
snapshot. As seen, the difference between using the two types of snapshots is negligible.
Figure 8.4 compares analysis Dref to analysis Href. Analysis Href differs from analysis Dref in
that H0 has been obtained using Hubble’s law. The comparison shows that the mean H0 estimate
is smaller when Hubble’s law is used instead of the recipe based on the Doppler convergence as
described in section 8.2. The difference is quite small, ranging from 1.9% in the innermost bin
to 0.3% in the outermost bin. A similar result is seen in figure 8.5, i.e. the analyzes based on
Hubble’s law consistently yield a H0 estimate that is slightly smaller than the estimate of the
corresponding analysis based on the Doppler convergence computations described in section 8.2.
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Figure 8.4: Deviations between H0 of the N-body background and the local values H0,loc of H0
obtained using the analyzes Dref and Href described in table 8.1. Shadings and dashed lines
indicate 68.3%, 95.4% and 99.7% confidence intervals while solid lines indicate mean values. The
results are shown as a function of the maximum distance rmax between the observer and observed
objects included in the H0 estimates. The gray area indicates the observed value and uncertainty
of H0 found in [33].

Figure 8.5 illustrates the importance of using realistic source and observer distributions. In
particular, the figure shows that by changing the observer positions to be random, the H0 estimates
grow. This is because underdense regions take up more of the simulation volume and hence will
be favored when using random observer positions. The result can thus be considered a type of
Hubble-bubble effect (see e.g. [41, 60, 62]). This type of Hubble-bubble result is particularly
interesting since there in fact are some indications that we may be living in an underdense region
of the Universe [63].
The figure also shows that the distribution of sources has impact on especially the uncertainty
of the H0 estimates. Specifically, the spread in the results is much less when higher-redshift sources
are favored in the observations. This is consistent with peculiar motions being less important at
larger distances.
Lastly, it is noted that the results presented here yield mean H0 estimates that are lower than
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Figure 8.5: Deviations between H0 of the N-body background and the local values of H0 obtained
using the analyzes listed in table 8.1 as indicated in the figure legends. Shadings and dashed lines
indicate 68.3%, 95.4% and 99.7% confidence intervals while solid lines indicate mean values. The
results are shown as a function of the maximum distance rmax between the observer and observed
objects.
the H0 value of the N-body background. The only exception to this result is the analyzes with
random observer positions discussed above. Within the standard cosmological scheme studied
here, the effect of peculiar velocity fields thus seems to be to reduce the local value of H0 compared
to the global value. Hence, inhomogeneities cannot provide a solution to the tension of different
types of H0 estimates. In fact, the results show that inhomogeneities will in principle increase the
tension. As mentioned in section 8.3.2, to the extent that the shift in the mean estimate of H0
compared to the global value is a result of the local environment at the observer position, this can
be corrected for when interpreting real observations.
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8.4.1

The local value of H0 in an inhomogeneous universe based on
observations in the redshift range 0.0233 < z < 0.15

The analysis presented above has been repeated using a redshift distribution of type Ia supernovae
ranging from z = 0.0233 to z = 0.15. This was done upon request from Adam Riess, in order
to provide an estimate of the uncertainty in local measurements of H0 due to the effects of inhomogeneities based on observations similar to those used for the most recent determination of the
local Hubble constant, as presented in [35]. We have used the redshift distribution of supernovae
in the Union2.1 catalog in the range 0.0233 < z < 0.15.

H0,loc − H0
[%]
H0

5

0

Dref
Href
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Figure 8.6: Deviations between H0 of the N-body background and the local values H0,loc of H0
obtained using Hubble’s law (Href) and the Doppler convergence (Dref), based on the redshift
distribution of supernovae in the Union2.1 catalog. Shadings and dashed lines indicate 68.3%,
95.4% and 99.7% confidence intervals while solid lines indicate mean values. The results are shown
as a function of the maximum distance rmax between the observer and observed objects included
in the H0 estimates.
Again, the Hubble constants have been determined using respectively Hubble’s law (the analysis
marked with an H) and the Doppler convergence (marked with a D). At z = 0.15, the Hubble
constants obtained using the Doppler convergence are found to be 0.06% higher than those obtained
using Hubble’s law, when the observers are placed in Local Group like halos, as shown in figure
8.6, and 0.03% higher when the observers are placed at random positions. The width of the 68.3%
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confidence interval is found to be 0.27% at z = 0.15 – both for observers placed in Local Group like
halos, and for observers placed at random positions. When the redshift distribution that peaks at
high redshifts is used, the width is found to be 0.16%.

8.5

Summary

N-body simulations were used to study low-redshift determinations of H0 in an inhomogeneous
universe. In particular, it was studied whether or not an inhomogeneous velocity field leads to
a local H0 value different from the global value, the latter corresponding to that of the N-body
background and which is what one expects to measure using high-redshift observations such as
those based on the CMB. The H0 values were obtained by approximating light paths according to
the background model and computing the angular diameter distance of objects by using the Doppler
convergence to take effects of inhomogeneities into account. Inhomogeneities were also taken into
account when computing source redshifts. This procedure differs from that used in earlier work
of this kind, where H0 determinations have been estimated by using the linear relation known as
Hubble’s law. The results obtained with the method introduced here consistently lead to a mean
H0 value which is higher than that obtained by simply using Hubble’s law. The difference is,
however, very small.
The H0 estimates were found to be slightly lower than the background value except in a single
of the studied cases: When the observers are placed at random positions in the simulation box,
the resulting mean H0 estimate is slightly above that of the N-body background. This result is
similar to the Hubble-bubble effect.
As source distances and numbers are increased, all the H0 estimates converge towards the value
of H0 of the N-body background.
The results summarized above indicate that the tension between high- and low-redshift determinations of H0 cannot be alleviated by taking inhomogeneities into account – at least not without
straying from standard cosmology.

Chapter 9

The effect of interacting dark energy on
local measurements of the Hubble
constant
This chapter is based on the study presented in [2], which builds on simulations of interacting dark
energy carried out by Marco Baldi. It presents an investigation of the variations of the Hubble
constant in a set of alternative cosmological models, in which dark energy interacts with dark
matter. The study was undertaken as we realized that local fluctuations in the velocity field were
significantly larger in such scenarios. The chapter is practically identical to the published paper.
[2] Io Odderskov, Marco Baldi, and Luca Amendola, The effect of interacting dark energy on
local measurements of the Hubble constant, JCAP 2016 05 035.

9.1

Introduction

Today, cosmological parameters are being measured with an accuracy of a few percent. This
makes it possible to constrain cosmological models by comparing independent estimates with each
other under the assumption of some specific model. Recently, this led to questioning the standard
cosmological scenario, when the Planck Collaboration found that measurements from the CMB
under the assumption of the ΛCDM model led to a surprisingly low value of the Hubble constant,
more than two standard deviations from the one measured in the local universe [32, 33]. One
possible solution to this that did not challenge the ΛCDM model was that the discrepancy was
caused by local variations in the cosmic flow field. This was studied by [1, 41, 42], and found to
have an insignificant effect at the distance scales probed by type Ia supernovae. Another possible
resolution of the discrepancy, which has been suggested in [39], is that systematics in the calibration
of the distance-luminosity relation for type Ia supernovae may lead to an overestimate of the Hubble
constant. The calibration used by [33] is primarily based on Cepheids, and the precision of this
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calibration both limits the accuracy to which the Hubble constant can be determined and possibly
introduces systematics leading to an erroneous estimate.
One of the alternative ways to measure the Hubble constant is to use Cepheids in the Coma
Cluster. This would eliminate a step on the distance ladder and the possible error associated with
the calibration [64, 65]. But at this much smaller distance, the effect of the local variations is
much larger.
Here, we study the local variations associated with a determination of the Hubble constant using
Cepheids in the Coma Cluster. We further study the model dependence of this method. This is
done using a set of publicly available cosmological simulations and halo catalogs from the CoDECS
project1 , which include a coupling between a dark energy scalar field and dark matter particles [66,
67]. We show that the uncertainty associated with the local variations is model dependent, and
that the presence of a coupling between dark matter and dark energy would increase the variance
among the locally measured Hubble constants by about 1%. A substantially larger fraction of
the observers in cosmologies with a strong coupling would significantly over- or underestimate the
expansion rate. By performing the same analysis on a standard ΛCDM simulation featuring a
high value of σ8 , we find that most of the effect can be ascribed to the higher value of σ8 arising
in the coupled cosmologies as a consequence of the fifth-force mediated by the dark energy field,
in order for them to be consistent with constrains from the CMB. However, this does not account
for all of the added variance.
We also test the procedure of subtracting the component of peculiar velocities predicted by
gravitational instability theory, and discuss the validity of this approach in the coupled cosmologies.
We show that the correction reduces the variance in all the considered cosmologies, when the
velocities are smoothed over a sufficiently large radius.
The paper is organized as follows: In section 9.2, we provide a short description of coupled
dark energy cosmologies. The simulations and halo catalogs are described in section 9.3. In
section 9.4 we describe how the distributions of local Hubble constants are found by identifying
mock observers in the halo catalogs, who each carry out a mock observation in order to determine
the Hubble constant in their local universe. We also explain the subsequent correction procedure
carried out by each observer. In section 9.5 we present and discuss our results, and we conclude
in section 9.6.

9.2

Coupled dark energy cosmologies

If the dark energy component of the universe is coupled to some of the matter species, as first
proposed in [68], this would provide a possibility for gaining a deeper insight into this mysterious
component and to address some of the naturalness problems associated with the onset of the cosmic
acceleration. To be able to detect such a coupling, it is essential to understand what imprint it
would make on observables, for example the density field and the velocities of its tracers [69, 70].
1 “Coupled Dark Energy Cosmological Simulations”, the halo catalogs are available at
http://www.marcobaldi.it/CoDECS
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The cosmologies considered in this paper are based on an evolving scalar field, playing the role of
the dark energy, which couples to dark matter. See [66, 67, 69–74] for further details about the
motivation and evolution of such cosmologies. The interaction gives rise to a fifth force, acting
between dark matter particles, which is mediated by the dark energy scalar field. This modifies the
processes of both linear and non-linear structure formation, and it is therefore natural to consider
a possibly important modification of the local variations in the expansion rates found at different
positions in the universe.
The coupling modifies the evolution equations for dark matter and dark energy by adding a
source term in each of the respective dynamic equations (see [67]):
r

16πG
ρ˙c + 3Hρc = −
βc (φ)ρc φ̇,
3
r
dV
16πG
φ̈ + 3H φ̇ +
=
βc ( φ ) ρ c .
dφ
3

(9.1)

Here, ρc is the density of cold dark matter, H is the Hubble constant, G is Newtons gravitational
constant, φ is the scalar field, V (φ) is the potential in which it evolves, and the coupling of the
scalar field to cold dark matter is described by the coupling function βc (φ). Overdots denote
derivatives with respect to cosmic time. The models considered in this paper are a subset of the
ones included in the CoDECS project, corresponding to a set of flat cosmologies with different
assumptions about the potential V (φ) in which the scalar field evolves, and about the coupling
function βc (φ). We use the same naming convention as in the CoDECS project, where the first
part of the name of a model describes the form of V (φ), and the last part describes the strength
of the coupling function βc (φ). The models considered are:

ΛCDM:

V (φ) = A

;

βc (φ) = 0,
βc ( φ ) = β0 ,

EXP00[1,3]:

V (φ) = Ae−αφ

;

EXP008e3:

−αφ

;

βc ( φ ) = β0 e

;

βc ( φ ) = β0 ,

SUGRA003:

V (φ) = Ae

V (φ) = Aφ−α e

φ2 /2

(9.2)
(9.3)
β1 φ

,

(9.4)
(9.5)

with the values of α, β0 and β1 given in table 9.1. See [69] for more details about the models with
constant coupling (EXP001 and EXP003), [73] for details about the model with variable coupling
(EXP008e3) and [74] for details about the SUGRA model.
As shown in [71, 73], the relation from linear perturbation theory relating the density parameter
for matter, Ωm , and the growth rate, f (a): f (a) = Ωγm with γ = 0.55 [21], no longer holds in
coupled models. In [66] it was found that a good fit can be achieved with the formula

f (a) ≈

Ωγm



Ωc
2
c βc ,
1+γ
Ωm

(9.6)
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where Ωc is the density parameter for cold dark matter, with γ = 0.56 and c = 2.4. For the
models with an exponential potential, EXP001, EXP003, and EXP008e3, the normalization of the
scalar field is φ(z = 0) = 0. This means that βc (z = 0) = β0 for each of the coupled models.

9.3

Simulations and halo catalogs

The simulations in the CoDECS project have been created using a modified version of GADGET
[26]. The implementation of the modifications is described in [66]. The simulations which are
used in this study have been run in periodic boxes of 1 Gpc/h, containing 10243 CDM particles
and the same number of baryon particles, corresponding to particle masses at z = 0 of mc =
5.84 × 1010 M /h and mb = 1.17 × 1010 M /h, respectively. The only difference between the two
types of particles is that the baryons do not couple to the scalar field. The softening length in the
simulations is s = 20 kpc/h.
All the simulations share the same set of parameters at the present time, except for the amplitude of density perturbations, σ8 , which has been normalized to the value it had at the time of last
scattering (zCM B ≈ 1100), in order to be consistent with constraints from the CMB. Therefore,
the different growth rates result in different values of σ8 today.
Ideally, all of the simulations should be run in different versions with different cosmological
parameters, in order to check the importance of each of these on the results. However, this is
computationally expensive with simulations of these sizes, and beyond the scope of this work. The
most important parameter in this regard is σ8 , which differs much between the simulations and
can be expected to be responsible for a large part of the difference in their velocity fields, which
causes the local variations in H0 . For the purpose of distinguishing the effect of σ8 from separate
effects caused by the coupling, we include in the studied models a further realization of ΛCDM
in which σ8 has the same value as in the strongly coupled model, EXP003 (see table 9.1). This
model will be referred to as ΛCDM_HS8.
The initial conditions have been created by displacing particles from a homogeneous glass
distribution using the Zel’dovich approximation [75], in order to match a random-phase realization
of the linear matter power spectrum (assumed to be Gaussian, with a spectral index of ns = 0.966).
The simulations were started at an initial redshift of zi = 99. The phase of displacements were
chosen to be the same for each model, so that the large scale cosmic structures are the same in all
the simulations.
The simulation parameters correspond to the 7th year results of the Wilkinson Microwave
Anisotropy Probe [76]: The universe is assumed to be flat, and h = 0.703, Ωc = 0.226, ΩΛ =
0.729, Ωb = 0.0451. This results in particle masses of mc = 5.84 × 1010 M /h for the CDM
particles and mb = 1.17 × 1010 M /h for the baryons at z = 0 (the particle masses vary with
redshift in the coupled cosmologies). Only the halo catalogs at z = 0 have been used. The
parameters are summarized in table 9.1.
The halo catalogs have been generated using the SUBFIND algorithm [77]. First, particle
groups were identified by running a Friends-of-Friends algorithm over the CDM particles only,
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Model
ΛCDM
ΛCDM_HS8
EXP001
EXP003
EXP008e3
SUGRA003

A
0.0218
0.0218
0.0217
0.0202

α
0.08
0.08
0.08
2.15

β0
0.05
0.15
0.4
-0.15

β1
0
0
3
0

68

σ8
0.809
0.967
0.825
0.967
0.895
0.806

Table 9.1: Cosmological parameters for the simulations. The sidelength of the box is 1Gpc/h,
the number of particles is 2 · 10243 , and h = 0.703, Ωc = 0.226, ΩΛ = 0.729, Ωb = 0.0451. The
spectral index for the Gaussian initial conditions is ns = 0.966, and the normalization of scalar
perturbations is As = 2.42 × 10−9 .
with a linking length of 0.2 times the mean particle distance. Only groups with at least 32 CDM
particles have been retained, and baryonic particles having as nearest CDM neighbour a group
member where subsequently attached to the group. Next, gravitationally bound substructures
(halos) within the FOF-groups were identified by SUBFIND. In this second step, only halos with
at least 20 bound particles (CDM as well as baryons) were kept. The mass of a group or a halo
was calculated as the sum of the masses of all the particles it contains.

9.4

Method

Using the halo catalogs of the N-body simulations described above, we estimate the distribution
of Hubble constants that would be observed by observers who find themselves in a position in the
universe similar to ours. The spread of this distribution contributes to the uncertainty associated
with the method.

Mock observers and observations
We use the halo catalogs from the CoDECS project, described in the previous section, to mimic
the observations of the Coma Cluster. At first, in each simulation we choose 1000 observers
with a position which has the same characteristics as our position in the universe. This is done
by identifying the halos with a mass similar to that of the Local Group (in the mass range
1 × 1012 −1 × 1013 M /h) which are subhalos of a group with a mass similar to that of the Virgo
Supercluster (in the mass range 5 × 1014 −5 × 1015 M /h). Each observer makes an observation
of a halo at a distance of 65 − 75Mpc/h. Since h = 0.703, this corresponds to the distance to the
Coma Cluster (99Mpc = 70Mpc/h). The observer then estimates the Hubble constant from the
measured distance, r, and radial velocity, vr , of the halo as
vr
.
(9.7)
r
The velocity is the sum of the velocity due to the expansion, given by H0 r, and the radial part of
Hloc =

the peculiar velocity of the halo. This corresponds to the velocity that would be deduced from the
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measured redshift.
The peculiar velocities are generally assumed to be generated by the process of structure
formation. This can be described using linear perturbation theory, as will be further discussed
in the next section. However, this is only valid when the matter distribution is smoothed on
sufficiently large scales. The Cepheids at the center of the Coma Cluster are assumed to be at
rest with respect to the cluster, and therefore follow its overall motion,2 which can be found as the
center of mass motion of its constituents. In order to make the observations in the mock catalogs
fit the observation of the Coma Cluster as accurately as possible, we measure these velocities in the
following way: Each observer starts by identifying the most massive halo in the chosen distance
range, and subsequently finds all halos within a radius R of this halo. Then, the center of mass
velocity of this group of halos is calculated, which corresponds to smoothing the velocity field on
a scale given by R. We investigate how the results depend on the scale by using different radii for
the calculation of the center of mass motion, ranging from R = 0, equivalent to no smoothing, to
R = 15 Mpc/h, which is significantly larger than the radius of the Coma Cluster.
The observation carried out by each observer is illustrated in figure 9.1.

Correcting for local flows
In [79], the observed velocities are corrected by subtracting the predicted velocity as calculated from
a sum over the nearby attractors (The Virgo Supercluster, The Great Attractor and the Shapley
Concentration [79, 80]). Thanks to large galaxy surveys and improved computer resources, today
it is possible to integrate the entire density field in the nearby universe, at least to the degree that
it can be accurately probed by tracers such as galaxies. This approach is for example described in
[61] using the IRAS PSCz galaxy redshift survey.
The predictions for the local flows are found by applying linear perturbation theory to the
density field. As well known [21], the peculiar velocity at a position r is related to the gravitational
field through

v(r) =

2 f (Ω)
g(r),
3 Ωm H (z )

(9.8)

where Ωm is the density parameter for matter, H (z ) is the Hubble constant at redshift z, and
f (Ω) is the growth rate. The gravitational field g(r) can be found by integrating the overdensity
δm ( r ) ≡

ρm (r)−ρ̄m
,
ρ̄m

where ρm (r) is the matter density at position r, and ρ̄m is its mean value:
Z
g(r) = Gρ̄m

r0 − r
δm (r0 )d3 r0 .
|r0 − r|3

(9.9)

The overdensity field can be related to the halo overdensity field as δh = bh δm , where bh is the
halo bias. Using this, and combining the two equations above, it is found that the peculiar velocity
from linear perturbation theory at position r is given by
2 This assumption might be problematic, as results from large scale surveys indicate that central galaxies might
not be at rest at the halo centers. See for example [78].
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H (z )f ( Ω )
v(r) =
4π ρ̄m bh

Z

r0 − r
δh (r0 )d3 r0 ,
|r0 − r|3

where we have also used the Friedmann equation, H 2 (z ) =

8πG ρm
3 Ωm .

(9.10)
It is assumed that the

monopole term of the integral does not contribute, as will be the case if the integral is over all
of space or over a sphere around the halo at position r. The density field of the halos in the
simulation can be represented as a sum of delta functions at the halo positions, and thereby the
expression above turns into

v(r) =

H (z )f (Ω) X ri − r
mi ,
4π ρ̄m bh
|ri − r|3

(9.11)

i

where mi is the mass of the ith halo. In our analysis, we assume bh =1. We use the growth rates
given in equation 9.6.
Linear perturbation theory only gives an accurate description of the velocity field when it is
smoothed with a sufficiently large smoothing radius. When the smoothing scale R is small, a
massive halo just outside the observed sphere (the blue circle in figure 9.1) will lead to extreme
predictions for the velocity, due to the distance in the denominator of equation 9.11. Such velocities
will be only weakly correlated with the actual velocities, because they are determined by processes
that are not captured by linear perturbation theory, such as virialization. In these cases, the
correction procedure will lead to estimates of the Hubble constant very far from the true value.
Therefore, the correction procedure can be expected to give very bad results in the case of a small
smoothing scale.
Due to the intimate relation between the density field and the peculiar velocity field, the amount
of clustering, measured by σ8 , can be expected to significantly affect the results. This issue is also
discussed in [81], where the effect of interacting dark energy on redshift space distortions is studied,
and found to be strongly degenerate with the value of σ8 at scales larger than 5 − 10 Mpc/h. Since
the scale considered in this study is much larger than this (∼ 70 Mpc/h), we expect our results to
be strongly dependent on the values of σ8 featured in the different models.

Distribution of local Hubble constants
The difference in the measured Hubble constants at different locations in the universe is a consequence of the inhomogeneities in the matter distribution, which induces peculiar velocities. The
matter distribution, described in terms of the overdensity parameter, δm =

ρm (r)−ρ̄m
,
ρ̄m

is neces-

sarily characterized by a skewed distribution, since the allowed values of δm ranges from −1 to
∞. In agreement with this, it has been found that it is well described by a log-normal distribution [82]. As in [41], we assume that local Hubble constants follow the same distribution as the
inhomogeneities in the matter distribution, since this is the source of the variations in the Hubble
constants. Therefore, we fit the distribution of local Hubble constants in the simulations by a
log-normal distribution:
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Figure 9.1: An illustration of the observation performed by each observer. The observer is marked
with a green star. It chooses the most massive halo in the distance range 65 − 75 Mpc/h. The
peculiar component of the center of mass motion of all halos within R = 5 Mpc/h (in the case
displayed above) is then calculated (blue arrow), and the radial part is used for the estimation of
the Hubble constant. The black arrow is the velocity calculated with equation 9.11. The slice is
10 Mpc/h thick, and is centered on the observer.

#
−(ln x − µ)2
f (x) =
exp
,
2σ 2
xσ 2π
1
√

"

(9.12)

where in our case x = Hloc /H0 . The mean and spread of ln(x) are given by the fitting parameters
µ and σ. In table 9.2, we show the corresponding mean and spread of x, namely µx = eµ and
σx = µx · σ, where the last part follows from the law of propagation of errors.

9.5

Results and discussion

In figure 9.2, we show the distributions of the Hubble constants measured by the different observers
in each of the considered models. For each model, we show both the original (blue) and the
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corrected (green) distribution, which is obtained by subtracting the peculiar velocity predicted by
linear theory, equation 9.11, before calculating the Hubble constant. Each model is compared to
the distributions in the standard ΛCDM model, which are indicated in magenta. We have chosen
a smoothing radius R = 5 Mpc/h, since this approximately corresponds to the size of the Coma
Cluster.
The dependence on the smoothing length is illustrated in figure 9.3, where the corrected and
uncorrected distributions are shown for smoothing radii of 0, 1 Mpc/h, 5 Mpc/h, and 10 Mpc/h,
respectively, for the EXP003 model.
The parameters for the fitted distributions are given in table 9.2. Before correcting for the
linear flows, the models with a strong coupling (EXP003 and EXP008e3) show a spread in the
locally measured Hubble constants between 0.6% and 0.8% larger than the spread found in the
ΛCDM model. It is perhaps even more interesting to consider the tails of the histograms. A
substantial fraction, 13.4%, of the observers in the ΛCDM model would over- or underestimate
the Hubble constant by more than 5%, and this number increases to respectively 24.4% and 22.9%
in the cosmologies with a strong coupling. The distributions in the weakly coupled cosmologies
are very close to the one found for ΛCDM.
For the case of the ΛCDM_HS8 model, featuring a high value of σ8 , the distributions are
very similar to those found for EXP003, which has the same value of σ8 . This is shown in figure
9.4, in which the fitted distributions for EXP003, ΛCDM, and ΛCDM_HS8 are compared. This
indicates that most of the difference between the coupled and uncoupled models can be attributed
to the different values of σ8 . There is, however, a small residual difference. This is most notable
when considering the tails of the histograms: The fraction of observers who over- or underestimate the Hubble constant by more than 5% is a few percent higher in the EXP003 model than in
the ΛCDM model with the same value of σ8 . Furthermore, the model with a variable coupling,
EXP008e3, also has a wider distribution than ΛCDM_HS8, despite having a lower value of σ8 .
This is similar to the results presented in [83], in which the pairwise infall velocity of clusters is
found to be greatest in the simulation which features a variable coupling. In [83], this result is
further investigated by considering the first order equations from [71] for the density and velocity
perturbations in coupled dark energy models. By solving these, it is shown that the biggest perturbations in the peculiar velocity field at z = 0 are found in the exponentially coupled model,
even though the corresponding enhancement of the density perturbations (as measured by σ8 ) is
significantly smaller than in the EXP003 model. Hence, this result is in agreement with what one
should expect from linear perturbation theory.
When varying the radius used for the CoM calculation, we see that increasing the radius generally leads to better results for the correction procudure. This is expected, as velocities on larger
scales will be better approximated by linear perturbation theory. However, when the CoM-scale
is increased to 15Mpc/h, the correction procedure becomes less effective. We attribute this to
the effect of the finite box size. It is seen that the correction slightly underestimates the peculiar
velocity caused by the presence of the halo in which the observer is situated, by the fact that also
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Figure 9.2: The distribution of the measured Hubble constants among the halos with characteristics
similar to that of the local group in each of the considered models. The CoM scale is R =
5 Mpc/h in all cases. The blue histograms corresponds to the uncorrected distributions, the green
histograms to the corrected distributions. The lines are the fitted log-normal distributions. The
fitted distributions for the ΛCDM model are shown in magenta for comparison.
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Figure 9.3: The distribution of the measured Hubble constants among the halos with characteristics
similar to that of the local group in the strongly coupled model (EXP003). The blue histograms
are the distributions before the correction procedure is applied, the green histograms corresponds
to the corrected distributions (not shown for the case without any smoothing, R = 0). The lines
corresponds to the fitted log-normal distributions. The fitted distributions for the ΛCDM model
are shown in magenta for comparison.
the corrected distribution has a mean value less than one. This might be caused by the choice to
set the halo bias bh equal to one. Apart from this, the correction procedure efficiently reduces the
spread of the distribution for both the standard and the coupled cosmologies. It is also seen that
linear theory only reduces the uncertainty at scales above a couple of Mpc. However, structures
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Figure 9.4: Comparison between fitted distributions for uncorrected (left), and corrected (right)
distributions of the locally measured Hubble constants. It is seen that most of the difference
between the distributions found in ΛCDM and in EXP003 can be attributed to the higher value
of σ8 in the coupled model.
of a size similar to that of the Coma Cluster (with a radius a little above 5Mpc/h) have a peculiar
motion which appears to be well described by this theory.
Future studies might include a more thorough exploration of the peculiar velocities in coupled
cosmologies. This subject is also treated in [84], where differences in the pairwise velocity distributions of the coupled cosmologies are explored. It is briefly discussed how the effects of the coupling
compares to the effects caused by the existence of massive neutrinos. The signature from massive
neutrinos points in the opposite direction of the change caused by the coupling [85]. Therefore,
if massive neutrinos were present, this could allow for a large coupling. And since the coupling
causes a larger variance, this could potentially explain a discrepancy between the Hubble constant
estimated from the CMB and the value measured in the local universe. In the most strongly
coupled model considered here, EXP003, 0.8% of the observers would measure a local Hubble
constant more than 8.8% higher than the true value, corresponding to the discrepancy between
the local and the CMB value. This is 4 times as many as in the ΛCDM case (0.2%). However,
the corresponding fraction in the ΛCDM_HS8 model is also 0.8%, which confirms that the higher
value of σ8 is responsible for most of the additional variance.
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Model
ΛCDM

σ8

0.809

R
0.0
1.0
5.0
10.0
15.0

µx
99.6
99.6
99.5
99.3
99.2

EXP003

0.967

0.0
1.0
5.0
10
15

ΛCDM_HS8
EXP001
EXP008e3
SUGRA003

0.967
0.825
0.895
0.806

5.0
5.0
5.0
5.0

(-)
(4.0)
(1.5)
(1.6)
(1.8)

< 0.95)
P ( HHloc
0
10.8 (-)
10.4 (17.3)
10.3 (1.6)
9.9 (1.2)
11.3 (1.5)

P ( HHloc
> 1.05)
0
5.3 (-)
4.7 (7.7)
3.1 (0.6)
4.7 (0.2)
4.4 (0.6)

4.0
4.1
4.0
3.9
4.0

(-)
(4.9)
(1.8)
(1.9)
(2.1)

17.7
18.0
17.0
18.0
14.7

(-)
(23.6)
(1.5)
(1.5)
(3.5)

7.3
8.0
7.4
5.8
6.0

(-)
(16.2)
(1.4)
(0.4)
(1.4)

3.9
3.4
4.0
3.0

(2.0)
(1.7)
(1.9)
(1.4)

15.3
10.1
15.8
9.8

(2.3)
(1.8)
(3.0)
(1.3)

6.3
3.1
7.1
3.8

(0.7)
(0.4)
(0.9)
(0.4)

(-)
(99.4)
(99.6)
(99.7)
(99.7)

σx
3.4
3.4
3.2
3.3
3.3

99.3
99.4
99.1
99.1
99.2

(-)
(99.5)
(99.6)
(99.6)
(99.7)

99.2
99.3
99.5
99.5

(99.6)
(99.6)
(99.8)
(99.7)

Table 9.2: Parameters for the fitted distributions (mean and spread of x = Hloc /H0 ), and the
probabilities of measuring a Hubble constant which deviates from the true value by 5% or more,
as calculated directly from the histograms. The numbers in the parentheses are the parameters
after correcting for the linear velocities induced by the matter distribution. These are omitted for
the case of no smoothing, R = 0, as non-linear velocities completely dominates in this case. All
the numbers are in percent, except for the CoM-scale, R, which is in Mpc/h, and σ8 .

9.6

Conclusions

We have investigated local variations in the Hubble constant as measured from Cepheids in the
Coma Cluster, using a set of simulations featuring a coupling between a dark energy scalar field and
dark matter, as well as two ΛCDM simulations with different values of σ8 . In the standard ΛCDM
model, a substantial fraction of the observers (more than 13%) would over- or underestimate the
Hubble constant by more than 5%. The variance is found to be much larger in the strongly
coupled models, such that almost twice as many observers measures a Hubble constant which
deviates substantially from the true value. Most of the added variance was found to be attributed
to the higher value of σ8 in the coupled models. However, especially in the model featuring a
variable coupling, there is a residual effect that cannot be explained by σ8 .
We have tested how the distributions of local Hubble constants are affected by correcting for
peculiar velocities induced by the matter distribution, as predicted by linear theory of structure
formation, also taking into account the modified relation between density and velocity arising
in interacting Dark Energy cosmologies. The correction procedure effectively reduces the spread
in the distributions in both standard and coupled cosmologies. And although the fraction of
observers who would significantly over- or underestimate the Hubble constant is still much larger
in the coupled cosmologies after the correction procedure, it is less than 4% in all the considered
cosmologies for a smoothing radius of 5 Mpc/h.

Part III

Realistic forecasts of SNe Ia observations
for measurements of the peculiar velocity
field
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Chapter 10

Imprints of the velocity field on type Ia
supernova observations
As discussed in chapter 6, type Ia supernova are some of the best probes of the expansion history
of the universe, thanks to their high intrinsic luminosity and the possibility of determining it from
the shape of the supernova light curve. However, as we have also discussed, the light from type
Ia SNe does not only carry information about the expansion history. For example, the light we
receive from distant supernovae is lensed and redshifted by the gravitational fields of structures
it has passed through [20, 58]. Such effects are negligible for supernovae at small distances, as
the light we receive from these has not passed through many structures. But in this regime the
peculiar velocities – typically a few 100 km/s – account for a significant fraction of the measured
redshift. In part II, it was examined how large an uncertainty these effects induce on the Hubble
constant measured in the local universe. As shown in for example [20, 47, 61, 86], the imprints
from inhomogeneities on measured redshifts and luminosity distances also lead to biased estimates
for other cosmological parameters, such as the dark energy equation of state, which determines
whether the density of dark energy is truly constant as the universe expands.
But the imprint from large scale structure on luminosity distances and redshifts can also be
used as a signal in itself. In [58, 87], it was explored how the correlations in the luminosity
distances of distant supernovae can be used to measure cosmological parameters. Our purpose
is to investigate the potential for using observations of type Ia supernovae at low redshift as a
cosmological probe. By assuming a specific expansion rate, the luminosity distances and redshifts
can be used to determine the peculiar velocities of the observed galaxies [19]. And since these
are created by the gravitational attraction of overdensities, they can be used to probe the matter
distribution in the local universe and its associated parameters [88–91].

10.1

The power spectrum of the peculiar velocity field

The theoretical predictions for the peculiar velocity field are provided by gravitational instability
theory, which describes how structures grow in response to small perturbations in the density
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field (see for example [24, chapter 14]). The comoving velocity field, v(x) = ẋ, describes the
peculiar velocity of a mass element at each position, and the density field is described using
the overdensity parameter, δ (x) =

ρ(x)−ρ0
,
ρ0

which was introduced in chapter 3. According to

gravitational instability theory, these fields are related via the continuity equation,

+ ∇ · v = 0.
Using peculiar velocities is a promising way to measure cosmological parameters associated
with the matter distribution, and offers an independent check of parameters determined from
other methods. Since the matter distribution is observed through its gravitational influence alone,
the method is unaffected by galaxy bias. Furthermore, selection effects play a much smaller role
than in galaxy surveys, since the velocity field is being measured directly instead of being summed
up by number counting of galaxies.
How the peculiar velocity field depends on cosmological parameters can be deduced from the
continuity equation. In chapter 3, it was found that this could be expressed in terms of the growth
rate, f , as ∇ · v = −Hf δ. By taking the Fourier transform of this, the component of the velocity
field stemming from density perturbations of wavelength 2π
k and direction k̂ is seen to be
vk (a) = −

∂δ
∂t

if Hδk (a)
k̂.
k

(10.1)

The occurrence of k in the denominator shows that the velocity field is more sensitive to clustering
on large scales than the density field. This means that analysis of the velocity field makes it
possible to study clustering on larger scales than can be reached using direct measurements of the
matter distribution.
In section 3.1, the power spectrum of density fluctuations was introduced as P (k) =

1
V

h|δk |2 i.

From equation 10.1, the power spectrum of the perturbations of the velocity field, Pv (k ) ≡
1
V

h|vk |2 i, is then found to be related to the matter power spectrum via
Pv (k ) = H 2 f 2 k −2 Pm (k ).

(10.2)

As we saw in section 3.3, the growth rate is a function of the matter density of the universe; hence
this is one of the parameters that can be obtained from studies of the velocity field. Likewise, the
close relation between Pv (k ) and Pm (k ) implies that parameters associated with matter power
spectrum, such as its shape and amplitude, can be determined from such studies.
Since equation 10.2 has been derived from linear theory, the peculiar velocity field and the
density field should both be smoothed over non-linear scales. The velocity deduced from the
redshift of a galaxy is already smoothed on the scale of the galaxy. And we will further smooth
the velocity field to remove the effect of the limited resolution, which is determined by the actual
distribution of supernovae.
If all three components of the peculiar velocities could be observed, the equation above relating
the 3D power spectra of the density field and the velocity field could be directly used for parameter
estimation. However, this is not the case: The velocities are measured from the redshift of the
observed galaxies, and therefore, only the radial component can be measured. For this reason, a
more suited observable than the 3D velocity power spectrum is the 2D power spectra of the radial
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peculiar velocities in shells at different redshifts. With the current sample of type Ia supernovae,
only the lowest multipoles can be reliably estimated [43, 48]. However, this will change in the
near future with the large sample of type Ia supernovae to be collected in the LSST sky survey.
To investigate how well the multipole expansion can be determined from the low-redshift type Ia
supernovae observed by the LSST, we have created realistic mock catalogs of the type Ia supernova
rates in galaxies in the present day universe. These have been created by running large dark matter
N-body simulations, and calculating the rate of type Ia supernovae based on the star formation
histories in halos, which we obtain by using a code for semi-analytical galaxy formation. The next
two chapters are dedicated to a description of the way we have modeled galaxy formation and type
Ia supernovae in order to create the mock catalogs. In the last chapter of this part of the thesis,
we present the results from the simulations and the reconstruction of the velocity field from the
mock supernova data.

Chapter 11

Semi-analytical galaxy formation
This chapter is dedicated to a presentation of semi-analytical methods for modeling galaxy formation (SAMs). Initially, a general introduction to the primary elements of the method is given.
In the following sections, the various components of semi-analytical modeling of galaxy formation
are described in more depth, as we introduce and describe the specific codes we have used.

11.1

The two stages of galaxy formation

In 1978, White and Rees proposed a two stage model for the formation of galaxies [92]. They
reasoned that the details of how baryonic material evolves due to non-gravitational forces do not
have any significant effect on the large scale clustering of matter, but only become important for
matter distribution on much smaller scales, deep within the dark matter halos where galaxies form.
Therefore, the formation of halos and the evolution of gas, stars, and galaxies within them can be
treated as two separate processes.
The first stage is the formation of dark matter halos: At high redshifts, dark matter formed
small halos, which subsequently clustered in a hierarchical way to form the distribution of dark
matter halos seen in the universe today. The history of how the individual halos formed through
mergers with other halos is called the halo merger tree.
The second stage follows the evolution of baryonic material, which fell into the dark matter
halos after recombination. This heated the gas, which became pressure supported and the collapse
stalled. But as the hot gas subsequently cooled, it contracted and fell to the center of the halos,
where galaxies were formed. As some of the gas fragmented into stars, stellar winds and supernovae
injected energy into the gas which had not yet formed stars, thereby ejecting much of this residual
gas.
Since much of the physics behind these baryonic processes is poorly understood (in contrast
to the formation and evolution of the dark matter halos), these processes are modeled by using
several different recipes for describing the various aspects of the formation of stars and galaxies.
The recipes used for handling each of these components contain parameters, which are set by
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demanding that some observables of the galaxy population are reproduced. We will see some
examples of how different processes are modeled later in this chapter.
The amount and distribution of hot and cold gas in the halos, which determines the rate
with which galaxies and stars are formed, depends both on the internal structure of the halos, as
described by their density profiles and angular momenta, as well as their merger history [93]. The
catalogs and merger histories of the halos can for example be constructed using a Monte-Carlo
approach, by sampling the distribution of progenitor masses predicted by the extended PressSchechter theory [93]. We will instead use a so-called “hybrid” SAM [94], in which the merger
trees are extracted from a dark matter N-body simulation.

11.2

Stage 1: Merger trees

The extraction of halo merger trees from N-body simulations is performed by first identifying
halos in snapshots created at several different times, and then determining the probable formation
history for the individual halos by comparing halo catalogs at adjacent times to each other. To
construct the halo catalogs, we use the halo finder ROCKSTAR [30], which, as described in chapter
5, identifies halos by grouping particles according to their distances in phase-space.
When the halo catalogs have been generated for all the simulations, they are fed to the Consistent Trees code [95]. This code solves a number of non-trivial problems associated with the
construction of merger trees. For example, a subhalo that passes close to the center of its host at
one time step can be identified as having merged with its host. But if it then reappears at the next
time step, it is identified as a new halo with no merger history. A failure to treat such situations
will lead to incorrect predictions for the galaxies residing in the halos. Halos close to the threshold
of identification pose problems as well: They may appear and disappear many times, which can
result in false mergers and halos with no merger history [95]. To handle such problems, each time
a halo is not found near its predicted location, the tidal field experienced by the halo is calculated.
If a nearby halo exerts strong tidal forces on the halo in question, there is a good chance that it
has been ripped apart and its particles have been engulfed by the other halo. A threshold tidal
field is therefore defined, which is used to determine whether the halo is most likely to have been
disrupted or fluctuated below the threshold of detection.
The algorithm used by Consistent Trees to determine the merger histories of the halos is
illustrated in figure 11.1. In order to track halos through all the snapshots of the simulation,
Consistent Trees starts at the last snapshot and works backward. This approach is inspired by
the general assumption in the ΛCDM-model, that halos are build up by gradual accretion and
mergers. Therefore, a halo found at one time step must have a progenitor at a previous time step,
unless it is small enough that it has only just crossed the detection threshold of the halo finder.
However, since halos can merge with each other or be disrupted by tidal forces, the presence of a
halo at some time step does not imply that it must also exist at the next time step. Therefore,
the most reliable predictions about halos can be made backwards in time. Based on backwards
predictions of the halo properties, such as position and velocity, the most likely progenitor of a
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For each halo at tn-1, identify the halo
at tn that contains the largest fraction
of the original halos' particles.
Calculate the characteristic errors in
the predicted positions, velocities, and
maximum circular velocities.

Based on positions and velocities at tn,
predict the properties of the halos at
tn-1.

Cut unlikely connections ...

... and create new connections between
halos for which the predictions have
provided a good match.

Create phantom halos at tn-1 for each
of the halos at tn that lack a
progenitor. Remove phantom halos for
which no real progenitor has been
found for several timesteps.

Assume that halos with no descendant
have either merged into the halo
exerting the strongest tidal forces, or
that they were not real halos but only
statistical fluctuations.

Figure 11.1: The Consistent Trees algorithm, illustration from [95]. © The Astrophysical Journal.
Reproduced with permission from the journal and the authors. The explanations for what happens
in each step of the algorithm are my own.
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given halo is identified, by requiring a consistent evolution of the structures in the simulation. If
a halo disappears for a few time steps, the predictions can be used to "fill the hole" in the merger
tree. Or, if no plausible progenitor is found, the halo can either be removed from the catalog or
acknowledged as a newly formed halo if it is small enough.
For the purpose of linking halos across time steps, a measure similar to the phase space distance
used by ROCKSTAR (described in chapter 5) is defined, which provides a metric for ranking the
candidate progenitors of a given halo, and defining a maximum distance for physical consistency.
The metric is based on three predicted properties for the potential progenitor: position, velocity,
p
and the maximum circular velocity, vmax = GM (r )/r, which is calculated from the maximum
of the centripetal force exerted by the halo, and contains information about its radius and mass
[30]. In order to calibrate the metric, Consistent Trees starts by making naive guesses for the
descendants of the halos at each but the last snapshot. For each halo, the guess is made by
considering which halo at the next snapshot receives the largest fraction of the original halos’
particles. The characteristic error in the predicted positions, τx , velocities, τv , and maximum
circular velocities, τvmax , can then be calculated, which provide the calibration for the metric used
to distinguish between potential halo links. The difference between the expected ("e") values of
the properties for the progenitor of a given halo, and the corresponding values for a candidate ("c")
progenitor is measured in units of the characteristic uncertainties for all halos of similar mass at
the given time in the catalog. The property-distance is defined as
v
h
i2
u
u
log
(
v
)
−
log
(
v
)
2
max,e
max,c
t |xe − xc |2
|ve − vc |
d(e, c) =
+
+
,
(11.1)
2
2τx2
2τv2
2τvmax
By computing the distance between halos and their potential progenitors, the most likely formation
history for each halo is identified. And halos for which no consistent history can be identified are
removed from the catalogs. In this way, reliable and consistent merger trees are obtained, which
can then be used to predict the formation and evolution of galaxies.

11.3

Stage 2: Galaxy formation

As previously mentioned, dark matter halos act as the formation sites for galaxies, with the details
of the processes involved being dictated by the merger histories for the halos. In this section, we
will give a rudimentary description of how galaxy formation is modeled in the Galacticus code,
with much of the physics described following [93]. The Galacticus code is written and developed
by Andrew Benson, who gives an overview of the code in [96]. In addition to this, he has also
written a very extensive manual, [97].

11.3.1

The basic scheme of Galacticus

In the previous section, it was described how the merger history of dark matter halos could be
extracted from an N-body simulation. This merger tree provides the starting point for Galacticus,
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A

Identify the earliest progenitor
of node 1, and evolve nodes 4
and 6 forwards in time until
they become node 2 and 5.

D

Merge halo 6 into halo 4, of
which it has reached the center,
in a 'satellite merger'.

Evolve node 7 forwards until it
becomes a subhalo of node 6 in
a 'node merger'.

E

Evolve nodes 4 and 7 forwards,
until node 4 becomes node 1.

C

Evolve nodes 6 and 7 forwards
until they both become subhalos
of node 4.

F

Evolve node 10 forwards until it
becomes a subhalo of node 1.

Figure 11.2: Illustration of the node promotion in Galacticus, reprinted from [96]. © Elsevier,
reproduced with permission from Elsevier and the author; the explanations for what happens at
each step are my own. Dashed lines represent different times, with time running upwards, and the
circles representing nodes in the tree, with bigger radii corresponding to larger masses.
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which treats the merger tree as a linked hierarchy of nodes, as illustrated in part A of figure 11.2.
In addition to the dark matter halo, each node can contain a number of different components
associated with the evolution of the baryonic material in the halo. For our purposes, the most
important of these are the hot gas halo and the cold gas and stars contained in the galaxies. The
galaxies are split into two components, a disk and a spheroid, each with their own reservoir of gas
and population of stars.
Figure 11.2 illustrates the order in which Galacticus treats the evolution of the baryonic processes within the nodes. A detailed explanation of what happens at each stage is given in the figure.
Galacticus begins with the "root node" of the tree, labeled "1" in the figure, which is present at the
latest time included in the illustration. In order to determine the future evolution of this node,
Galacticus first checks if there is any history of the node that should be taken into account. Since
the node has evolved from another halo, the one labeled "2", this must be treated first. But this
node has also descended from nodes at previous times, which therefore must be treated before
node "2", and so on. The figure illustrates how Galacticus moves back trough the node hierarchy
and identifies the original progenitors of each node. It also identifies when the halo contained in
one of the nodes becomes a subhalo of a larger halo. When the primary progenitor of a given node
has been found, the physical processes – such as the initial formation and subsequent cooling of
a hot gas halo, and the formation and evolution of a galaxy – can be evolved forwards in time
according to a set of differential equations. In addition to following the individual evolution of
nodes, Galacticus creates "pipes" which allow flow of heat or material between separate nodes.
When two nodes merge, what happens depends on the past evolution of the nodes involved in the
merger. After two nodes have merged, the resulting new node can be evolved forwards in time
until the next merger or the final time of the simulation is reached. In the next sections, we give a
few examples of how the baryonic processes taking place within the nodes are modeled, and specify
what happens when nodes merge with each other.

11.3.2

Evolution of hot and cold gas

As described in chapter 3, gas starts to fall into the potential wells of the dark matter halos after
recombination. In this process, it is assumed to be heated by shocks, which occur when the velocity
of the accreting gas exceeds the speed of sound [98]. This creates a pressure which supports it
against further collapse, forming a "hot gas halo", as illustrated in figure 11.3. The temperature
of this gas depends on the mass, M . of the halo, and on its size, which can be characterized by
the virial radius, rvir , defined in chapter 5. The mass and size can be used to define a (equivalent)
√
circular velocity of the halo at the virial radius, VH = GM /rvir . In Galacticus, the hot gas
halo is assumed to be isothermal, with a temperature determined by the equation of hydrostatic
equilibrium, giving the virial temperature of the halo as
1 µmH 2
Tvir =
VH ,
(11.2)
2 k
where µ = 1/1.71 is the mean molecular weight of the primordial gas, mH is the mass of a
hydrogen atom and k is Boltzmann’s constant. The circular velocities typically lie in the interval
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Figure 11.3: Illustration of the formation of hot gas halos in two dark matter halos, and the
subsequent cooling of gas to form a disk.
10 − 103 km/s, which results in temperatures between 103 − 107 K. The temperature determines
the density and ionization state of the gas, conditions which, together with the metallicity and the
state of the background universe, determines how fast the gas can cool. In the very early universe,
inverse Compton scattering of CMB photons by electrons in the hot gas halo was an important
cooling channel, whereas for relatively cold gas, rotational and vibrational excitations of molecular
hydrogen through collisions, followed by decay, plays an important role. Under more normal
circumstances, the most important cooling mechanisms relevant for galaxy formation are emission
of photons from excited atoms after a collision with an atom or an electron, and bremsstrahlung
radiation from electrons accelerated in an ionized plasma in massive clusters. How effective the
cooling due to collisions is depends on the energy levels of the atoms of the gas, and therefore on
its chemical composition. As a result of this, a higher metallicity results in more effective cooling
[93].
As the gas cools, the pressure drops, and the cold gas falls to the center of the dark matter
halo. Here it forms a disk, if it has sufficient angular momentum, as illustrated in the leftmost
picture in figure 11.3. The amount of gas that has cooled can be described by a cooling radius,
which propagates outwards until either all the gas has cooled, or the process is disrupted by a
merger with another galaxy [93].
If the angular momentum of the contracting gas is insufficient to support the galactic disk, a
bar instability forms, which transfers material from the disk to a spheroid component of the galaxy
[97, chapter 13.10]. As cold gas settles in the disk or spheroid in the center of the halos, it begins
to form stars, as will be discussed in the next section.
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Figure 11.4: (Continued from figure 11.3) Illustration of the formation of stars in galaxies at the
centers of halos, and feedback from stellar winds and supernovae.

11.3.3

Star formation and feedback

As a continuation of figure 11.3 from the previous section, figure 11.4 illustrates the formation of
stars in the disk and spheroid of the galaxies. Denoting the timescale for star formation1 by τ∗ , the
M

.
stellar mass formed per time interval is obtained from the mass of cold gas, Mgas , as Ψ = τgas
∗
Galacticus follows the evolution of mass and stars in each component of the nodes. Consider,
as an example, the total rate with which the stellar mass contained in the disk of a given node
changes with time. In addition to the rate with which cold mass is turned into stars in the disk,
Ψdisk , one also needs to take into account the rate with which stellar winds and supernovae expel
mass from the stellar population, Ṙ, and the rate with which stars in the disk are transferred to
the spheroid via a potential bar instability. Taking each of these processes into account, the total
stellar mass of the disk evolves according to
Ṁdisk,stars = Ψdisk − Ṙ −

Mdisk,stars
,
τbar

(11.3)

where τbar is the timescale for the bar instability, which specifies how fast gas and stars are
transferred from the disk to the spheroid due to insufficient angular momentum.
From similar considerations, equations for the differential evolution of the mass in stars in the
spheroid as well as the mass in gas in both components can be deduced. Likewise, the abundances
of metals in the gas and stars of each component can be followed, using the yield of the different
1 The timescale for star formation is calculated according to different prescriptions in the disk and spheroid, as
described in [97, chapter 13.44].
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Figure 11.5: The Chabrier initial mass function.
metals, which specifies how much of each element is created as a function of time for a given stellar
population [96]. By also adding equations for how the hot gas halo evolves due to accretion and
subsequent cooling of gas, and further equation for any other potential component contained in
the node, a set of coupled differential equations is obtained, which dictate how the node evolves
with time.
The rate with which mass and metals are recycled from a stellar population evolves over time –
for example, stellar winds are much stronger in stars evolving off the main sequence, and the release
of mass and metals from supernovae only occur as the stars end their lives. However, following the
detailed evolution of each stellar population is extremely computationally time consuming, and
the time scales involved are much smaller than those with which we are concerned. Therefore,
we use the "instantaneous recycling approximation" in Galacticus [97, chapter 13.45], in which the
metals and mass recycled from stars are released instantaneously.
Initial mass function of stars
To predict, for example, how large a fraction of the mass in a stellar population is recycled, one
needs to know how many stars of different masses are formed, because massive stars have stronger
stellar winds, and only stars above a certain mass end their lives in a supernova [93]. The fraction
of stars formed as a function of their mass is determined by the initial mass function (IMF) of
a stellar population. As is the default in Galacticus, we use the same IMF, the Chabrier [99],
independent of the physical conditions. The Chabrier IMF has a log-normal distribution for small
stars, with a mass, M , smaller than Mt = M , and a power law for stars more massive than this.
No stars smaller than Ml = 0.1M

or larger than Mu = 125M

are formed. The IMF is shown
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in figure 11.5, and has the form:



[log(M /Mc )/σc ]2
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M
exp −
Ml < M < M t
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α
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0
otherwise,

90

(11.4)

where the parameters of the log-normal distribution are Mc = 0.08 and σc = 0.69, and the slope
of the power law is α = −2.3 [97, chapter 13.26].
In addition to the recycled fraction, the distribution of stars of different masses is also necessary
for predicting the luminosity from a mass of formed stars. As this is one of the primary observables
of galaxies, we will briefly explain how they are obtained below.
Star formation histories and luminosities of galaxies
The luminosity of a given galaxy can be calculated based on its history of star formation, by
combining it with a so-called "stellar population synthesis model". Based on the amount of stars
formed of a given mass and metallicity, the stellar population synthesis model predict the spectrum
of light as a function of time since the stars were formed. Hereby, the entire luminosity of the
galaxy can be calculated [93]. The population synthesis model used to calculate the spectra in
Galacticus (described in [97, chapter 13.46]) comes from [100].
If requested to do so, Galacticus also saves the star formation histories for each galaxy, with
time steps of 0.1 Gyr [97, Chapter 7.5]. As we will see in the next chapter, this will be useful for
predicting the type Ia supernova rates.

11.3.4

Mergers

The last mode of node evolution that we will consider involves some of the most violent events in
the histories of galaxies, which therefore play an essential part in predicting their evolution. The
halo merger tree, which in Galacticus is translated into a hierarchy of nodes, describes how the
individual halos are build up by merging with other halos. Such merging events have significant
implications for the galaxies residing at the center of the halos.
A merging event consists of two parts: In the first part, which is called a "node merger", a halo
enters another, larger halo, as illustrated figure 11.6. At this point, the particles that make up
the small halo are still gravitationally bound to each other, and the galaxy at the center of the
halo is unaffected; the small halo has simply become a subhalo, or a satellite, of the larger halo.
When the node has become a satellite, it spirals inwards toward to the center of its host due to
dynamical friction, i.e. the process in which the satellite is slowed down by gravitationally dragging
along the surrounding material in the halo [93]. When the satellite eventually reaches the center, a
"satellite merger" occur. In a satellite merger, the galaxy at the center of the satellite merge with
the central galaxy of its host. The destiny of the merging galaxies depends on the ratio between
their baryonic masses. If the satellite galaxy has a mass of more than 25% of the central galaxy in
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Figure 11.6: (Continued from figure 11.4) Illustration of a halo merger and a satellite merger.

the host halo, the merger is considered to be a major merger, which means that all the baryonic
mass from both galaxies moves to the spheroid component of the central galaxy. Otherwise, the
merger is a minor merger, and in this case, only the baryonic material of the satellite moves to
the spheroid of the central galaxy [96]. In the case illustrated in figure 11.6, the event turned out
to be a minor merger, which can be seen from the last panel as the disk of the central galaxy is
intact.

11.4

Summary

In this chapter, we have traced the formation of galaxies through the merger tree of dark matter
halos, and simple models for the baryonic processes of gas that fell into the halos after recombination. Simulating these models enables the creation of galaxy catalogs and star formation histories
for the galaxies. In the next chapter, we will show how this can be used to predict their present
day rate of type Ia supernovae.

Chapter 12

Type Ia supernovae
The rate of occurrence of type Ia supernovae (SNe Ia) are of great interest, as they allow probing
the universe on much larger scale than any other standard candle. They are also important for the
theory of galaxy formation, as they are needed to accurately predict the metallicity of different
environments, and to model the feedback from a stellar population.
Type Ia supernovae are believed to have an entirely different origin than other types of supernovae. Most supernovae result from massive stars, which fail to expel a sufficiently large fraction
of their mass towards the end of their lives for them to end up as a white dwarf. As a result,
the core of the star undergoes a gravitational collapse as its nuclear fuel is depleted, releasing
great amounts of energy, gas, and metals. Historically, supernovae have been characterized by
the absorption lines of different elements in their spectra. According to this classification, type II
supernovae are those showing the presence of hydrogen in their spectra, while type I supernovae
do not. However, as it turned out, the supernovae resulting from the gravitational collapse of a
star ending its life can either show hydrogen lines in its spectrum or not, depending on the exact
circumstances. Such supernovae are nowadays referred to as core-collapse supernovae [101]. A
certain subset of the type I supernovae, namely type Ia, is believed to have an entirely different
origin, as we will discuss in this chapter.
In the context of galaxy formation, core collapse supernovae and type Ia supernovae play different roles, partly because they produce different metals, but also because they occur on different
timescales. Core collapse supernovae are usually assumed to occur instantaneously following the
formation of a population of stars, whereas type Ia supernovae have been found to occur in galaxies
in which star formation ceased a long time ago.
In this chapter we present the problem concerning the unknown progenitors of the type Ia
supernovae, and explain how the supernovae are implemented in the semi-analytical galaxy formation code Galacticus. We then introduce the delay time formalism for describing the rate of these
supernovae as a function of the star formation history of galaxies, and explain how we use this to
generate SN Ia rate catalogs for our analyzes.
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The progenitor problem

Even though type Ia supernovae are of great interest and importance for cosmology, their origin is
still very uncertain. The two main competing models for the progenitors of type Ia supernovae are
the single degenerate (SD) model [102], where a white dwarf accretes mass from a companion star
near the end of its life, and the double degenerate (DD) model [103, 104], where two white dwarfs
merge after losing energy and angular momentum to gravitational waves. Since a progenitor to a
type Ia supernova has never been observed pre-explosion, there is no strong observational evidence
for either of these. Below, we give a short description of each of the two potential scenarios,
following the review [105].

12.1.1

Single Degenerate ("SD") model

This scenario was first suggested in [102], inspired by the problem that supernovae occur in elliptical
galaxies, even though only stars which are not massive enough to go supernova are still consuming
nuclear fuel. They propose that a type I supernova could occur in a system consisting of a massive
star that has become a carbon-oxygen white dwarf, and a relatively light companion star which
has just reached the asymptotic giant branch, and is now transferring mass to the white dwarf.
At some point, the white dwarf becomes too massive to by supported by the degeneracy pressure
of its electrons. This point is the known as the Chandrasekhar limit, and when it is exceeded, the
white dwarf is assumed to explode in a supernova.
This scenario, as recognized in [102], is quite sensitive to the rate of accretion. If the accretion
is too slow, the accreted hydrogen will ignite and explode on the surface, blowing away material.
On the other hand, if the accretion rate is too high, the outer layers of the white dwarf will expand.
Therefore, self-regulating mechanisms – such as winds created by the matter accreting on the white
dwarf blowing away material from the common envelope [106] – is necessary for this scenario to
be able to explain a significant number of supernovae.
In addition to these problems, it is hard to match the observed number of type Ia supernovae
with the predicted rate based on this scenario, which comes from population synthesis models. A
possible solution could be if a binary system could explode in a supernova even in if its total mass
was less than the Chandrasekhar mass, in a so-called "sub-Chandra" explosion [105].

12.1.2

Double Degenerate ("DD") model

In the double degenerate model, which was proposed in [103, 104], it is assumed that the progenitor systems of type Ia supernovae consist of two white dwarfs. Depending on their chemical
compositions and masses, the merging plays out in different ways, but the least massive of the
white dwarfs is typically predicted to be disrupted into a disk around its companion. At some
point, enough material has been accreted from the disk that the primary white dwarf is pushed
over the Chandrasekhar limit, causing the supernova explosion.
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As the SD model, the DD model also has a hard time reproducing the rate of type Ia supernovae
actually observed, as the number of binary white dwarf systems with a total mass greater than the
Chandrasekhar mass predicted by stellar models is too low. However, it turns out that the total
merger rate of white dwarfs is consistent with the observed type Ia supernova rate. Simulations
have shown that it is possible to ignite a supernova in a merger between two white dwarfs whose
total mass is sub-Chandra, for example through compression of helium accreted on the surface of
the primary white dwarf [107], or a merger remnant consisting of a carbon core which is compressed
to the point of ignition by a very dense accretion disk [108].

12.2

Type Ia supernovae in Galacticus

The implementation of type Ia supernovae in Galacticus builds on the method described in [109].
In this paper, the progenitors for type Ia supernovae are assumed to be the single degenerate (SD)
systems described above in section 12.1.1. Using this model allows a calculation of the type Ia
supernova rate on the basis of the star formation history and initial mass function (IMF) of the
galaxies. However, as we saw, this model cannot produce the actual number of type Ia supernovae
observed in the universe.
Therefore, rather than using the rates implemented in Galacticus, we use the stellar formation
history of the galaxies to predict the rate of type Ia supernovae, to avoid assuming a specific model
for their progenitors. According to [105], many different types of observations agree on the shape
and the approximate rate of type Ia supernovae as a function of the time that has passed since a
mass of stars were formed, as we will describe in the next section.
This might not be the most consistent way of getting the SN Ia rates in the galaxies – after all,
these events are already implemented in Galacticus, and used for predicting metallicities and expel
and heat gas. But we believe that we will get a more truthful distribution of supernovae by using
the observed dependence on the star formation history than by using the theoretical prediction
based on an uncertain assumption about the progenitor systems.

12.3

Star formation and the type Ia supernova rate

In 2005, Scannapieco and Bildsten suggested that the rate of type Ia supernovae could be described as a sum of two separate components, possibly stemming from two different types of
progenitors [110]. One of the components was proposed to be proportional to the stellar mass
of the galaxies, and the other component to be proportional to the current star formation rate.
This two-component model was able to explain the occurrence of type Ia supernovae in galaxies
that had long since ceased forming stars. Furthermore, it did a fairly good job at predicting the
oxygen to iron abundance in the gas in galaxy clusters, which depends on the number of type
Ia supernovae – the primary source of iron – relative to the number of core collapse supernovae,
which primarily produce α-elements such as oxygen.
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According to [105], the two-component model can alternatively be interpreted as a coarse time
binning of a smooth function, which describes the distribution of time delays occurring between
the time a mass of stars was formed and when these stars explode in a type Ia supernova. This is
the model that we choose to use for our study.
Exactly how this distribution of delay times look depends on the progenitor systems for the
type Ia supernovae. Therefore, observations of the SN Ia rate coupled with observations of the
star formation history of a galaxy is a possible way of learning about the progenitors of type Ia
supernovae. Our primary interest is in the empirical observations of where and when type Ia
supernovae occur, which will allow us to accurately model their occurrences based on the semianalytical modeling described in the previous chapter. But in order to get an understanding of the
origin of the delay time distribution (DTD), we will briefly discuss the predictions for the DTD
due to the SD and DD models.

12.3.1

Predictions about the DTD

A detailed derivation of the DTD predicted by each of the two scenarios is given in [111]. Here, a
few simple arguments will instead be given for the expected form in each case, following [105]. One
of the features that will be ignored here and throughout, is the initial delay before any supernovae
occur, since at least one of the stars in the binary system must have evolved through its main
sequence and become a white dwarf. This is not relevant for our purposes, since the lifetime of
the most massive stars that end their lives as white dwarfs is only about 40 Myr.
In the SD model, the DTD is expected to drop off after a few Gyr, when the donor stars evolving
off the main sequence is no longer massive enough to feed the (likewise less and less massive) white
dwarfs enough to push them over the Chandrasekhar mass. This drop has not been observed.
In DD models, the primary timescale is set by the time it takes for the two white dwarfs
to reduce their separation, a, so that they can merge. This is done by getting rid of rotational
energy by gravitational wave emission, and the time required for this scales as t ∝ a4 (ignoring the
dependence on the white dwarf masses). The initial distribution of separation distances in binaries
is well described by dN /da ∝ a−1 , and so, the merger rate can be estimated as
dN
dN da
=
∝ t−1 .
dt
da dt

(12.1)

As we will see, this turns out to be in good agreement with observations of the DTD.

12.3.2

From star formation histories to supernova rates

The delay time distribution1 , ΨDTD (τ ), predicts the number of type Ia supernovae that will result
from a unit mass of stars, which was formed a time τ ago. Therefore, the rate of type Ia supernovae
1 In [105], Ψ is used for the delay time distribution. However, as we have seen in the previous chapter, in the
Galacticus documentation, [96, 97], Ψ is used for the star formation rate. In the thesis, we have chosen to keep the
notation from Galacticus for the star formation rate, and hence uses ΨDTD for the delay time distribution.
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Figure 12.1: Top: Example of a star formation history; the stellar mass formed at each time
is shown on the left axis (full blue line) as a function of time t. This is plotted together with
the delay time distribution (red line and right axis). The black, dashed line marks t = t0 , the
present age of the universe. Bottom: Contribution to the present day type Ia supernova rate
from the stars formed at each time, obtained by multiplying the star formation history and delay
time distribution shown above. By integrating this function, the total present day supernova rate
for the galaxy is found, as described in equation 12.2.
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in a given galaxy at time t, rIa (t), can be obtained by convolving the star formation history (SFH),
Ψ, by the DTD, i.e,
Z
rIa (t) =

t

Ψ(t − τ )ΨDTD (τ )dτ .

(12.2)

0

This is illustrated in figure 12.1. In the top panel, an example star formation history is shown,
along with the delay time distribution. In the bottom panel of the figure, it is shown how many
supernovae per year is predicted to result at z = 0 from that specific star formation history,
equivalent to the integrand of equation 12.2. The total rate of type Ia supernovae z = 0 is
obtained by integrating this function.

12.3.3

The observed DTD

In order to measure the delay time distribution from observations, one possibility is to take advantage of the fact that massive clusters have a very simple star formation history, with most
of their stars having been formed within a short time ∼ 100 Myr around z ∼ 3. Writing the
star formation history for a specific cluster as a delta-function around the time of star formation,
Ψ(t) = Mformed (tf )δ (t − tf ), where Mformed (tf ) denotes the entire stellar mass formed at tf , the
present day rate of type Ia supernovae in the cluster is found from equation 12.2 as
Z t
rIa (t) =
Mformed (tf )δ (t − τ − tf )ΨDTD (τ )dτ

(12.3)

0

= Mformed (tf )ΨDTD (t − tf ).

(12.4)

By using the surviving mass fraction after a time t, m(t), this can be expressed via the observed
stellar mass, since Mformed (tf ) · m(t − tf ) = Mobserved (t). Using this, we get an expression for the
delay time distribution in terms of observable quantities2

ΨDTD (t − tf ) =

rIa (t) · m(t − tf )
.
Mobserved (t)

(12.5)

Observing massive clusters at different redshifts, which is equivalent to observing them at different
delay times after their peak of star formation around z = 3, thus provides a way to directly measure
the DTD [105].
Another way to measure the DTD, is by comparing the total observed type Ia supernova rate
in the local universe to the best predictions for the total star formation history in the same region.
This was first tried in [112] and later in [113], finding a good fit with a DTD of the form predicted
by the DD model. There are several other methods as well, such as comparing the SN Ia rates
in different types of galaxies with different characteristic ages, or actually reconstructing the SFH
2 Actually, neither the stellar mass nor the surviving mass fraction are directly observable, but both can be
obtained from stellar population synthesis models.
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Figure 12.2: We find that the logarithm of the type Ia supernova rates, as modeled after the star
formation histories using the delay time distribution, is proportional to the absolute magnitude
of the galaxies. This is the same trend as deduced from the analysis of host galaxies of type Ia
supernovae in the SDSS survey, as shown in figure 12 of [114].
of individual galaxies and finding the DTD that best predicts their current SN Ia rates. These
different methods predict DTDs that all agree with each other in both form and normalization.
At delay times above 1 Gyr, a good fit is obtained with [105]

−13
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ΨDTD (t) = 4 × 10
SNe yr M

t
1 Gyr

−1

.

(12.6)

At delay times below 1 Gyr, the results are still quite uncertain.
By using this result, we are now able to predict type Ia supernova rates in the galaxy catalogs
produced by Galacticus.

12.4

Construction of SNe Ia catalogs

As mentioned in the previous chapter, Galacticus allows us to save the history of star formation
in each of the galaxies it follows. An example of such a star formation history was shown in figure
12.1. Using these star formation histories, we calculate the present day rate of type Ia supernovae
for each galaxy in the z = 0 catalog produced by Galacticus. In figure 12.2, the resulting rates are
shown as a function of the absolute magnitude of the galaxies in the bJ -band, showing that the
logarithm of the present day rate of type Ia in the galaxies grows proportionally to the absolute
magnitude of the galaxies. This is in agreement with the result presented in [114], where the
characteristics of host galaxies of type Ia supernovae in the SDSS survey are examined, and it is
found that the type Ia supernovae do not tend to occur in galaxies of a specific type or color, but
with a frequency mainly determined by the luminosities of the galaxies.
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The total, volumetric supernova rate obtained for the main simulation that will be used for our
analysis, as will be described in the next chapter, turns out to be 1.1 × 10−4 SNe yr−1 h3 Mpc−3 .
This is roughly a factor of 4 higher than the rate obtained in [115], but in very good agreement
with the (somewhat more uncertain) rates obtained in [61, 116]. In the next chapter, we will use
type Ia rate catalogs obtained using the methods described in this chapter to investigate whether
their distribution allows for precise determination of the local velocity field. If this is the case, this
could become a useful probe of cosmological parameters in the near future, with the large number
of type Ia supernovae that will be observed in the upcoming LSST sky survey.

Chapter 13

Measuring the velocity field from type Ia
supernovae in an LSST-like sky survey
In this chapter, we present analyzes of the velocity field based on the type Ia supernova rate
catalogs generated as described in the previous chapters. The chapter is an adapted version of the
paper [4]1 .
[4] Io Odderskov and Steen Hannestad, Measuring the velocity field from type Ia supernovae in
an LSST-like sky survey, e-print arXiv:1608.04446.
Submitted to JCAP.

13.1

Introduction

In the near future, the Large Synoptic Survey Telescope (LSST) will carry out observations of
millions of type Ia supernovae [117]. As the best standard candles at cosmological distances,
the lightcurves of these supernovae will provide precise luminosity distances to millions of galaxies
throughout the universe. For some sub-sample of these, the spectroscopic redshift will be measured
for the host galaxy. Together, the supernova luminosity distances and spectroscopic redshifts of
their host galaxies will lead to an unprecedented opportunity for describing the velocity structure
of the universe. Such observations can for example be used to measure the expansion history, and
provide precise measurements of the Hubble constant, greatly improving the already extremely
successful measurements that have been done in the past [12–14, 35].
We investigate the potential for a sky survey with the geometry of the LSST main survey for
measuring the angular power spectrum of the radial peculiar velocity field from type Ia supernovae.
The basic idea is the same as presented in [89], but we use a more realistic distribution of supernovae
for our mock surveys, as well as the actual geometry of the LSST sky survey. This allows us to
1 The results for the supernova rates, and consequently for the measured velocity fields, deviate slightly from
those found in [4]. This is due to a small mistake in the calculation of the supernova rates used in the paper, which
has been corrected for the results presented here. However, the changes are insignificant, and do not alter any of
the conclusions.
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study the problems that arise due to incomplete sky coverage and the non-uniform distribution
of supernovae in the sky. We use methods developed for analysis of the CMB to correct for the
mixing of different multipoles with each other, which is caused by large, unobserved areas in the
survey geometry. And we smooth the velocity field to remove features on scales comparable to
the size of the largest holes in the distribution of supernovae within the survey. In order to get
a realistic prediction for where type Ia supernovae occur, we run a large N-body simulation and
populate it with type Ia supernovae based on the star formation history in the individual halos
which we obtain with the code Galacticus code, as described in chapter 11.
The chapter is structured as follows: The simulations and mock supernova catalogs are described in section 13.2, and the selection of observers and mock observations are described in
section 13.3. In section 13.4, we describe how the angular power spectrum is measured, and how
it is affected by the smoothing process and by the correction for the coupling of multipoles caused
by the missing sky coverage. We present our results in section 13.5 and conclude in section 13.6.

13.2

Mock supernova catalogs

In this section, we describe the simulations used for the study. We show the results for the galaxy
populations and supernova rates in a set of small test simulation, which have been used to test
the galaxy catalogs against observations, and to choose the resolution for the large simulation on
which we base our analysis of the velocity field.

13.2.1

Simulations

The large scale structure of the universe is best captured by N-body simulations, which therefore
form the basis for our analysis. The simulations are based on cosmological parameters in agreement
with those determined from the CMB by the Planck collaboration [32]. We use a modified version
of the GADGET-2 code [26, 77], with initial conditions generated using a code written by J.
Brandbyge [29] based on transfer functions computed using CAMB2 [34]. Specifically, the transfer
functions are calculated with (Ωb , ΩCDM ) = (0.048, 0.26), whereas only cold dark matter is used
in the N-body simulations. A flat universe is assumed, and (h, σ8 ) = (0.68, 0.84). The simulations
are run from a redshift of z = 50 until z = 0.
The main simulation is run in a periodic box of side length 512 Mpc/h. In order to determine
the necessary resolution to resolve the galaxies in which type Ia supernovae occur, we also run
a set of smaller simulations in boxes of side length 64 Mpc/h with varying mass resolutions, as
summarized in table 13.1. As will be discussed in section 13.2.2, we find that a sufficient resolution
for our main simulation is obtained with 16003 particles in the box. The temporal resolution is
found not to make any significant difference for the galaxy catalogs. We choose to write snapshots
at 45 different times, linearly separated in scale factor from the beginning of the simulation to the
present age of the universe.
2 http://camb.info/
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Main

Npart

Box size [Mpc/h]

Mmin [1010 M /h]

Nsnaps

1283

1743

64
64

21
8

45
45

2003
2003
2003

64
64
64

6
6
6

30
45
60

2243
3123

64
64

4
1

45
45

16003

512

6

45

Table 13.1: Table over the spatial and temporal resolutions of the simulations. According to the
ROCKSTAR user manual [31], the halo finder can be trusted down to halos comprised of 20 DM
particles. We show which mass this corresponds to in each of the simulations.

13.2.2

Mock galaxy and supernova catalogs

Galaxies are identified in the N-body simulations using the methods described in chapter 11. Halos
and halo merger trees are created with the ROCKSTAR [30] and Consistent Trees [95] codes.
Based on the merger trees, the Galacticus code [96] uses semi-analytical methods for modeling the
processes of galaxy and star formation.
In order to test the galaxy catalogs produced with Galacticus, we compare them with observations of the galaxy luminosity function, ΦLF , and stellar mass function, ΦSMF . The luminosity
function, i.e. the number of galaxies per volume per luminosity interval or, equivalently, the number density of galaxies per unit absolute magnitude, is one of the most fundamental observables
in the context of galaxy populations. It has been found that the Schechter function gives a good
fit to the galaxy luminosity function [118].3
We compare the luminosity function of galaxies in the z = 0-catalogs produced by Galacticus
to the luminosity function of galaxies in the 2dF galaxy survey. Specifically, we compare to the fit
to the luminosity function in the bJ -band, as determined in [119, table 2],
h −0.4(M −M ∗ ) iα+1
h
i
−0.4(MbJ −Mb∗ )
bJ
bJ
J
ΦLF (MbJ ) = 0.4 ln(10)Φ∗LF 10
exp −10
,
3

(13.2)

The luminosity function of galaxies looks simplest expressed in luminosities:
ΦLF (L)dL = Φ∗LF /L∗ (L/L∗ )α exp(−L/L∗ )dL,
L∗

(13.1)

where
is a characteristic galaxy luminosity, which determines where the power-law cuts off, and the exponential
takes over, and Φ∗LF gives the normalization of the function. However, it is usually expressed in magnitudes rather
than luminosities. As described in chapter 6, the absolute magnitude corresponding to a given luminosity can be
found as M = −2.5 log (L/Lref ). If ΦLF (L)dL denotes the number density of galaxies in the luminosity range
[L, L + dL], we can equate this with the number density of galaxies in the magnitude range [M , M − dM ], and
define the luminosity function in terms of magnitudes, ΦLF (M ), such that ΦLF (L)dL = ΦLF (M )d(−M ). Isolating
∗
ΦLF (M ), carrying out the differentiation, and inserting LL∗ = 10−0.4(M −M ) and 13.1, one finds the expression
given in equation 13.2.
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where MbJ denotes the absolute magnitude of the galaxies in the bJ band, and Φ∗LF =
0.0161 h3 Mpc−3 , Mb∗J = −19.66, and α = −1.21. This luminosity function has been corrected

for the redshifting of light with the expansion, as well as for the galaxy evolution, and in these
respects is therefore directly comparable to the luminosity function at z = 0 from Galacticus.
Note, however, that the luminosities we obtain from Galacticus have not been corrected for the
extinction of light by gas in the galaxies.
Another property of a galaxy population, which is especially important in the context of type
Ia supernovae, is the stellar mass contained in the galaxies. We use the estimate of the stellar
mass function, i.e. the number density of galaxies as a function of their stellar mass M? , obtained
in [120], in which a Schechter-function was fit to the stellar masses obtained from galaxies in the
Sloan Digital Sky Survey. In the paper, the stellar masses of the galaxies are measured by using
the templates from [121]. These templates are created using stellar population synthesis models,
with the primary purpose of allowing observed spectra to be shifted between different bands, but
as they need to make a physical interpretation of the data in terms of the stellar mass and star
formation history of the galaxy, these are also provided by the templates. The fit to the stellar
mass function obtained in [120] is



M?
M? α M ?
ΦSMF (M? ) = Φ∗SMF M?∗ exp − ∗
,
M?
M?∗
h2

(13.3)

with Φ∗SMF = 0.0083 h3 /Mpc3 , M?∗ = 1010.525 M /h2 , and α = −1.155.
In the top of figure 13.1, the luminosity functions and stellar mass functions of the galaxies
identified by Galacticus in the five small test simulations of different spatial resolutions are shown.
We examine in which galaxies most of the supernovae occur, by calculating the present day type
Ia supernova rate in each galaxy using the method described in chapter 12. This is shown for one
of the simulations in figure 13.2, which shows histograms over the absolute magnitudes and stellar
masses of the galaxies, each weighted by its present day type Ia supernova rate. We find that type
Ia supernovae tend to occur in galaxies with MbJ − 5 log h < −16 and a stellar mass greater than
108 M . As can be seen in figure 13.1, such galaxies are well resolved in the simulation which has a
minimal halo mass of 6 × 1010 M /h, corresponding to a mass resolution of 16003 particles in the
box of side length 512 Mpc/h. In the bottom of figure 13.1, the comparison of simulations with
different temporal resolutions is shown, revealing that this does not have any significant effect. We
choose a temporal resolution of 45 snapshots, linearly spaced in scale factor from the beginning of
the simulation at z = 50 to z = 0 for the simulation for the main analysis.
There appear to be too many galaxies with a high luminosity and a large stellar mass. The
luminosity function has not been corrected for extinction of light by gas in the galaxies, which could
partly explain the discrepancy between the measured and the predicted number of very luminous
galaxies. As can be seen from figure 13.2, we find that the majority of type Ia supernovae comes
from galaxies with an absolute magnitude in the bJ -band given by MbJ − 5 log h > −21 and a stellar
mass below 1011 M . Therefore, we do not expect the over-representation of massive, luminous
galaxies to have a significant effect on our results. .
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Figure 13.1: In order to determine the necessary resolution in mass and time for the N-body
simulation, we compare the luminosity function and stellar mass function in the test simulations
to observations. Specifically, we compare to the luminosity function of 2dF galaxies [119], and to
the stellar mass function of SDSS galaxies [120]. The luminosity functions are shown on the left
panel, and the stellar mass functions on the right panel. In the top panel, the simulations
of different mass resolutions are compared. The resolutions are shown in the legend of the figure
to the left, as the approximate mass of the least massive halo that can be identified in the given
simulation (consisting of 20 particles). It is evident that increasing the resolution of the simulation
affects the formation of small galaxies. In the bottom panel, the simulations of different temporal
resolution are compared. This is found to make a negligible difference.
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Figure 13.2: The frequency of supernovae as a function of galactic magnitude (left) and stellar
mass (right), in a simulation of box size 64 Mpc/h. It is seen that most of the supernovae occur
in galaxies with MbJ − 5 log h > −21, and a stellar mass less than 1011 M . The total type Ia
supernova rate in the box is 9.5 × 10−5 SNe yr−1 h3 Mpc−3 .

13.3

Mock observers and observations

For the purpose of testing the effect of the observer environment on the observed velocity field,
we use two different sets of observers. One is selected as galaxies similar to the Milky Way, i.e.
galaxies in which the majority of the stellar mass is found in the disk, and which are located in
a dark matter halo with a mass in the range 1014 − 5 × 1015 M , which is similar to the mass of
the Virgo Super Cluster. The other set of observers consists of positions distributed randomly
throughout the simulation volume.
The box is taken to be periodic, and each of the observers identify supernovae out to a maximal
distance equal to half the box size, that is 256 Mpc/h, corresponding to a redshift of z = 0.087.
In addition to the analysis based on the type Ia supernova rates produced from the star formation histories, we also perform an analysis based on the halo catalog at z = 0, where we choose
the observed halos with a probability proportional to their mass. In the reference analysis, we bin
the observations in redshift, but we also carry out an analysis where we bin in comoving distance.
For all these analyzes, we use a survey geometry corresponding to that of the LSST main survey.
In order to check the effects of the reconstruction of the full power spectrum from the partially
observed sky, we also carry out an analysis where the full sky is observed. The different analyzes
are summarized in table 13.2, where a naming scheme is also introduced. The distributions of
observers and observed objects are illustrated in figure 13.3.
The separation of the surveyed volume into separate distance bins is illustrated in figure 13.4. The
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Name
Ref
Full
RndPos
Hmw
Binr

Observers
MW like galaxies
MW like galaxies
Random positions
MW like galaxies
MW like galaxies

Observations
SN Ia rates
SN Ia rates
SN Ia rates
Halo masses
SN Ia rates

Binning
z
z
z
z
r

Geometry
LSST
Full
LSST
LSST
LSST

Table 13.2: Choices for the observers and the observed objects, also introducing a naming scheme
for the different analyzes.

Figure 13.3: Left: An illustration of the dark matter halos (transparent black circles), the elliptical
galaxies (red circles) and the disk galaxies (blue disks), along with two different sets of observers:
The yellow stars mark observers in disk galaxies, located in halos of a mass similar to that of
the Virgo Super Cluster, and the green star marks the same number of observers, distributed
randomly in the box. The sizes of the halos and galaxies are proportional to the cubic root of their
masses, with the disks plotted 5 times greater than the elliptical galaxies and 10 times greater
than the dark matter halos. Right: An illustration of the observations (black dots) performed by
the observer located at the green star, distributed in bins separated by the green circles.
observations are distributed in the bins according to their measured redshift, which is converted
to a comoving distance assuming that it is purely cosmological, i.e. stemming from the expansion
of the universe. This introduces an error in the binning of observed objects. The significance of
this error is studied by including an analysis in which the observed objects are distributed in bins
according to their true comoving distance rather than their measured redshifts.
When the shells in which we want to measure the velocity field has been selected, a pixelation
scheme needs to be specified for each shell. We use the HEALPix pixelation scheme [122], in which
the number of pixels on the sphere is Npix = 12 · n2side , and the parameter nside has to be chosen
as an integer power of 2. An example of the pixelation is shown in figure 13.5, which shows the
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average number of supernovae per year in each pixel in a shell at 140 − 160 Mpc/h, for one of the
observers. This also serves to show the geometry of the survey.
The number of supernovae observed by each observer is calculated from the total rate of
type Ia supernovae in the region he observes, assuming he observes every supernova within
a period of 10 years.

As the average rate of type Ia supernovae in the main simulation is

1.1 × 10−4 SNe yr−1 h3 Mpc−3 ,

as mentioned in chapter 12, this corresponds to approximately

35 000 supernovae within the survey volume and in the distance range 40 − 256 Mpc/h.
The surveyed volume is separated in to shells at different redshifts. Since the volumes of shells
increase with redshift for a given bin width, different resolutions can be obtained in different shells.
We find that with a mean of approximately 5 observations per pixel, there are relatively few empty
pixels in the survey. To reach as high a pixel-resolution as possible, we divide the survey into three
regimes with nside equal to 4, 8, and 16 respectively, as illustrated in figure 13.4, allowing us to
resolve significantly higher multipoles in the outermost than in the innermost bins.

13.4

The angular velocity power spectrum

In each shell, the radial peculiar velocities define a function on the sphere, which can be expanded
in spherical harmonics:
vr (r̂) =

∞ X
l
X

alm Ylm (r̂),

(13.4)

l=0 m=−l

where r̂ is a unit vector identifying a point on the sphere. There are 2l + 1 modes for each l, and
the average power corresponding to a given value of l is therefore
Cl =

1 X
|alm |2 .
2l + 1 m

(13.5)

To obtain this power spectrum, we use the Healpy version of the HEALPix package, developed
to carry out harmonic analyzes of the CMB4 . This uses the assumption that there is insignificant
power in modes with l > lmax , as will be the case for the smoothed velocity fields, so that the first
sum in e.g. 13.4 can be terminated at l = lmax :
vr (r̂) =

lX
max

l
X

alm Ylm (r̂).

l=0 m=−l

The pixelation scheme is then used to define Npix locations in which the field is sampled, and the
sampled values are used to estimate the coefficients of the expansion as
âlm =

Npix −1
4π X
∗
Ylm
(r̂p )vr (r̂p ),
Npix
p=0

4 See

http://healpix.sourceforge.net for a discussion of the HEALPix conventions.

CHAPTER 13. MEASURING THE VELOCITY FIELD FROM TYPE IA SUPERNOVAE IN
AN LSST-LIKE SKY SURVEY
BASED ON I. ODDERSKOV, S. HANNESTAD, 2016, SUBMITTED TO JCAP
108

50

Mean number of SNe per pixel

40

nside = 4

nside = 8

nside = 16

dpix = 0.26 rad

dpix = 0.13 rad

dpix = 0.06 rad

R = 0.3 rad

R = 0.15 rad

R = 0.08 rad

lmax = 10

lmax = 24

lmax = 49

30

20

10

0

100

200
Distance to bin [Mpc/h]

Figure 13.4: The average number of supernovae per pixel in each of the three resolution-regimes.
The inset shows an example of a velocity field in a bin from each regime, as an illustration of the
pixelation. In each regime, the velocity field is described by its values in 12 · n2side pixels, with
each pixel having a size of dpix . It is smoothed with a Gaussian of FWHM given by R, which
determines the highest multipole moments that can be determined in each regime, lmax .
where r̂p is the direction to the pixel denoted by p. From these estimated coefficients, the power
spectrum can be obtained from equation 13.5.
Since we are interested in the fluctuations in the peculiar velocity field, and since the dipole
cannot be reliably estimated due to the survey geometry, we use the option in HEALPix to remove
the best-fit monopole and dipole before calculating the rest of the power spectrum.
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Figure 13.5: The type Ia supernova rate in each pixel in a shell at 140 Mpc/h − 160 Mpc/h, using
the HEALPix pixelation scheme with nside = 8. Only the part of the sky that will be covered with
the LSST main survey is shown – the white stripe at the right is the galactic plane.

13.4.1

Smoothing of the velocity field

Due to the survey geometry, the first multipoles of the expansion cannot be reliably estimated
in the survey. At the other end of the spectrum, the resolution, determined by the largest hole
in the sky cover or the pixel size, sets an upper limit to the multipoles that can be determined.
In order to reduce noise from sub-resolution variations, we use the Healpix smoothing-function
to smooth the field with a Gaussian beam of FWHM as specified in figure 13.4. To illustrate
the effect of smoothing, we show in figure 13.6 the power spectrum for one of the central bins
(140 − 160 Mpc/h), after it has been smoothed with four different smoothing scales of respectively
0.1 rad, 0.15 rad, 0.2 rad, and 0.3 rad. The figure also shows the map of radial velocities for an
example observer before and after smoothing.

13.4.2

Correcting for mode-coupling due to incomplete sky coverage

We use the MASTER correction procedure, described in [123], to correct for the missing sky coverage in the LSST survey geometry. Here, we describe the general idea, and sketch the mathematics
behind the method. For a full derivation, see the paper.
Given a function defined on the entire sphere, such as the radial velocity field vr , and a window
function W which describes where the function has been sampled (in this case the survey geometry
of the LSST main survey), we can expand the part of the function that has been observed in
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Figure 13.6: Top: Velocity field at 140 − 160 Mpc/h before (left) and after (right) smoothing with
a Gaussian of FWHM R = 0.15 rad. Bottom: The mean power spectrum among the observers
from a velocity field smoothed at the four different scales shown in the legend.
spherical harmonics, Ylm , as
Z

∗
dr̂vr (r̂)W (r̂)Ylm
(r̂)
Z
X
∗
=
al0 m0 dr̂Yl0 m0 (r̂)W (r̂)Ylm
(r̂).

ãlm =

(13.6)
(13.7)

l 0 m0

In the second line, the expansion of the full function in spherical harmonics as given in equation 13.4
has been inserted. The integral in the second line describes how the different spherical harmonics
couple to each other through the window function. By also expanding the window function in
P
spherical harmonics, W (r̂) = lm wlm Ylm (r̂), this can be expressed as
Z
Z
X
∗
dr̂Yl0 m0 (r̂)W (r̂)Ylm
(r̂) =
wl3 m3 dr̂Yl1 m1 (r̂)Yl3 m3 (r̂)Yl∗2 m2 (r̂).
(13.8)
l3 m 3

The integral in the last expression describes the coupling between a set of spherical harmonics,
and this can be expressed in terms of Clebsch-Gordan coefficients.
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Figure 13.7: The angular power spectrum for a specific observer, based on four different survey
geometries: observation of the full sky (top left), excluding a cap around the north pole so that
only 70% of the sky is observed (top right), excluding the entire northern hemisphere (bottom
left), and using the survey geometry of the LSST survey (bottom right). As the unobserved
part of the sky grows, the correction procedure starts to fail at a number of l-values, resulting in
negative (and unphysical) values for Cl . These are not plotted.

The coefficients of the multipole expansion of the observed part of the function, as given in
equation 13.7, define the so-called pseudo power spectrum:
C̃l ≡

l
X
1
|ãlm |2 .
2l + 1

(13.9)

m=−l

Ideally, we would like to be able to reproduce the power spectrum of the full sky, the Cl ’s defined
in equation 13.5, from the pseudo power spectrum and the coupling of modes introduced by the
window function. However, this is not possible, since the available information tells us nothing

CHAPTER 13. MEASURING THE VELOCITY FIELD FROM TYPE IA SUPERNOVAE IN
AN LSST-LIKE SKY SURVEY
BASED ON I. ODDERSKOV, S. HANNESTAD, 2016, SUBMITTED TO JCAP
112
about the unobserved part of the sky. But by assuming that the fluctuations of the field we
are describing follows a Gaussian distribution, we can learn something about this underlying
distribution. If the fluctuations of the field are pulled from a Gaussian, the alm ’s must be so as
well, and since the monopole is zero, halm i = 0, the variance and covariance of the coefficients can
be calculated as halm al0 m0 i = δll0 δmm0 hCl i. Here, hCl i is the true variance of alm , or equivalently,
the ensemble average of Cl for all the fluctuation fields corresponding to a given cosmological
model. By taking the ensemble average of equation 13.9, inserting the expressions from equations
13.7 and 13.8, and using the orthogonality relations of the Clebsh-Gordan coefficients and the
diagonality of hCl i, one can show that the ensemble averages of the true and pseudo power spectra
are related by
hC̃l1 i =

X

(13.10)

Ml1 l2 hCl2 i.

l2

Here, Ml1 l2 is the so-called MASTER matrix, given as a sum over Clebsh-Gordan coefficients and
the power spectrum for of window function, Wl , as
M l 1 l2

2l2 + 1 X
=
(2l3 + 1)Wl3
4π
l3

l1

l2

l3

0

0

0

!2
,

(13.11)

where the matrix is the Wigner-symbol for the Clebsh-Gordan coefficients.
In figure 13.7, we show how well the MASTER correction procedure works. The figure shows
the measured angular velocity power spectrum in a shell at 140 − 160 Mpc/h for an example
observer. The power spectrum has been determined using four different survey geometries: the
first one covering the full sky (in which case no correction procedure is necessary), the second
and third covering respectively 70% and 50% of the sky, and the last one corresponding to the
geometry of the LSST main survey. For the three partial surveys, the MASTER method has been
used to correct for the missing sky coverage. It is seen that the larger the unobserved part of
the sky, the less reliable the multipole expansion becomes. And for a number of multipoles, the
recovered power is found to be negative (and unphysical), a result of the MASTER matrix being
close to singular when a large portion of the sky is unobserved. However, as we will see in the next
section, the mean of the recovered power spectra among all the observers is found to agree well
with the spectra measured from the full sky, as the derivation of the MASTER method predicts.

13.5

Results and discussion

In figure 13.8 we display the results of the multipole analysis of the radial velocity field for the
reference analysis, i.e. the analysis that most closely corresponds to the observations carried out
by observers in Milky Way-like galaxies, and for the survey with full sky coverage. The mean of
the power spectrum among the observers for all bins and all l-values in each of the two cases is
displayed as a contour plot. The peak of the power spectrum moves to higher l for increasing
redshift. This is as expected, as a given length scale corresponds to increasing values of l, as
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the distance to the shells increase5 . It is apparent that there is some artifact around l = 3,
corresponding to the octopole of the expansion, for the reference analysis. This is caused by the
correction procedure, and is therefore a result of the survey geometry, as can be seen by comparing
with the power spectrum obtained from the full sky analysis, where this does not occur.
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Figure 13.8: Contour plots showing the mean angular power as a function of both z and l in
the reference scenario (left) and in the case of full sky coverage (right). Note that the l-axis
is logarithmic. The peak at l = 3 in the reference scenario is an artifact caused by the survey
geometry, which prevents reliable estimates to be made of the lowest multipoles. This can be seen
by comparison with the full sky power spectrum, for which the peak does not appear.
In the previous section, we described the MASTER correction procedure, and used it to recover
the power spectrum from a single observer. In figure 13.9, the correction procedure is tested on the
total set of 1000 reference observers. This is done by comparing the mean and spread in the power
spectra measured with full sky coverage for all the observers, with the mean and spread among the
power spectra measured by the same observers when the LSST survey geometry is used, and the
MASTER method is used to correct for missing sky coverage. Good agreement is found between
the mean of the angular power spectra among the observers for the two cases, as predicted in the
derivation sketched in section 13.4.2. There is a large increase in the spread in the recovered power
spectra, as compared to that measured from the full sky. This is expected, since the recovered
power spectra are constructed from a much smaller amount of information.
In figure 13.10, we compare the mean and spread of the power spectrum from the reference
analysis to those obtained by varying three different aspects of the analysis, as explained in section
13.3 and summarized in table 13.2. The differences in the mean for each of the studied cases
5 The physical scale corresponding to a given value of l can be estimated by remembering that each spherical
harmonic oscillates l times over the sphere, so the wavelength of an oscillation at a shell at distance r can be
obtained as λ = 2πr/l.
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from the reference power spectrum are shown in figure 13.11. This shows how different aspects
of the analysis affect the measurements of the power spectra. The biggest difference occurs for
the analysis based on the halo catalogs, where the supernovae are chosen among the halos with a
probability proportional the the halo masses (Hmw). In this analysis, the power is underestimated
for large scales (small values of l), and overestimated for small scales (large values of l), with
the transition happening around fluctuations of a wavelength of λ ∼ 95 Mpc/h. The positions of
the observers do not make any significant difference, implying that the velocity power spectrum
is insensitive to effects from the environment. The error associated with the binning procedure
is largest at small l-values and large scales, and tends to zero around l-values corresponding to
fluctuations with a wavelength of about λ ∼ 50 Mpc/h.
We have not considered the error stemming from the uncertainty in the measurements of type
Ia supernova luminosities and redshifts of galaxies, only the uncertainty from the distribution of
supernovae and the survey geometry, which is referred to as the "geometric error" in [89], and
cosmic variance. According to figure 2 in [89], geometric errors dominate for multipoles with
l . 10. By comparing our results for the uncertainty in the measured power spectrum to figure 3
in [89] for l . 10, we conclude that our results confirm their finding of the precision with which the
angular velocity power spectrum can be determined, and therefore, their conclusions are backed by
this study. This implies that their result from the likelihood analysis applies for the distribution
of supernovae and survey geometry considered in this study as well. As they find that the angular
velocity power spectrum can be used to determine σ8 with 3-5% accuracy at 95% confidence, we
expect the velocity field from type Ia supernovae to become an independent probe of this and
other parameters associated with the matter distribution in the near future. We will explore this
further in a future paper.
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Figure 13.9: In this figure, the correction procedure is tested on the total set of 1000 reference
observers. This is done by comparing the mean and spread of the velocity power spectrum determined from a survey with full sky coverage (blue) with that obtained using the LSST survey
geometry, and using the correction matrix to recover the power spectrum (red). The full lines
show the mean among all the observers, while the 68% and 95% confidence areas are shown in
blue shading and dashed lines. The spectra are shown for a bin at 40 − 60 Mpc/h (top), a bin
at 140 − 160 Mpc/h (middle) and a bin at 220 − 240 Mpc/h (bottom). In mean, the correction
procedure does a pretty good job. However, it results in a big increase in the spread in the power
spectra among the observers.
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Figure 13.10: The angular power spectra in a bin at 140 − 160 Mpc/h, showing how the measured
velocity power spectrum depends on three different aspects of the analysis. In each case, the
mean, 68%, and 95% confidence intervals among the observers are shown with a blue line and
blue shadings, respectively, and the result for the reference analysis is shown with red lines for
comparison. Top: Analysis based on a mass weighted selection of supernovae from a halo catalog.
Middle: Analysis based on observers distributed randomly throughout the simulation volume.
Bottom: Analysis in which the observations are binned in distance rather than redshift.
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Figure 13.11: The mean deviation from the reference analysis, in bins at respectively 40 − 60 Mpc/h
(top), 140 − 160 Mpc/h (middle), and 220 − 240 Mpc/h (bottom). The observations based on
the halo catalog underpredicts the power at large scales, and overpredicts the power at small scales,
whereas binning in distance rather than redshift results in an increased power on large scales. The
position of the observer does not seem to affect the power spectrum in any significant way.
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13.6

Conclusions

We have studied the potential for measuring the power spectrum of radial peculiar velocities from
type Ia supernovae in an LSST-like sky survey. The analysis shows that we can reasonably correct
for the effects of missing sky cover due to the survey geometry, though with a penalty in the form
of a large increase in the uncertainty of the measured spectrum. By carrying out the analysis for
observers in different environments, we have found that the observer position does not cause any
significant bias in the measured velocity power spectrum. On the other hand, we have seen that
the procedure used for selecting the supernovae from which the velocity field is measured has a
relatively large effect, implying that analyzes based on inaccurate distributions of supernovae will
produce somewhat biased results. Likewise, the choice for how the measurements are binned can
have a significant effect on the results.
As discussed in chapter 10, the method studied here can be used to measure parameters associated with the matter distribution. By comparing our results with those obtained in [89], we
conclude that the velocity field from type Ia supernovae will be able to provide estimates of σ8 with
a precision comparable to what can be obtained from measurements of the galaxy power spectrum
or weak lensing (see for example [124, 125]). As the most recent value determined from the CMB
points to a much higher value of this parameter than analysis of weak lensing alignment of galaxies
[126, 127], this might become valuable as a complimentary way to measure this parameter in the
near future.
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Chapter 14

Outlook and conclusions
14.1

Parameter forecast with the angular power spectrum of radial
peculiar velocities

Building on the catalogs and methods described in the previous chapters, we plan to carry out
a forecast, predicting how well the angular power spectrum of peculiar velocities can be used to
measure cosmological parameters. As we have seen in chapter 10, the 3D power spectrum of
peculiar velocities is related to the matter power spectrum through the Hubble parameter and the
growth rate, i.e.
Pv (k ) = H 2 f 2 k −2 Pm (k ).

(14.1)

Equation 10.1 for the Fourier components of the velocity field can be used to calculate the correlation function between radial peculiar velocities of galaxies at some distance x. After some
manipulation, this reveals that the coefficients of the angular peculiar velocity field are related to
the 3D velocity power spectrum as [15, 128]
4π
(lBl−1 + (l + 1)Bl+1 ),
Cl =
2l + 1

where Bl = 4π

Z

k 2 dk
Pv (k )jl (kx)2 ,
(2π )3

(14.2)

with jl being the lth spherical Bessel function. Equations 14.1 and 14.2 show how the coefficients of
the angular power spectrum of radial peculiar velocities are related to the matter power spectrum
and the growth rate in linear theory. And since the growth rate is a function of Ωm , and the
amplitude of the matter power spectrum is determined by σ8 , a measurement of the angular
velocity power spectrum will allow estimation of these two parameters.
To obtain accurate predictions for the uncertainty in the measured parameters, and to avoid
bias, it is important to take account of the correlations of the power measured in different redshift
bins and for different multipoles. As we saw in the last chapter, the missing sky coverage induces
a coupling between the different l-modes of the measured velocity field. The coupling is strongest
for adjacent l-values, which will therefore be most correlated. This effect can be somewhat reduced
by binning the power spectrum in l.
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The noise in the measured power spectra stems primarily from the luminosity scatter of the
type Ia supernovae, which is many times greater than the uncertainty in the spectroscopically
measured redshifts and the angular positions of the galaxies. This can be modeled as in [89], by
adding a normally distributed noise to the magnitudes of the observed supernovae. By generating
many realizations of this noise, and calculating the power spectra on the cut sky just as was
done for the peculiar velocities in the previous chapter, the average noise power spectrum can
be obtained. According to [123], by subtracting this from the pseudo power spectra measured
by the individual observers, and subsequently applying the binning operator as well as correcting
for missing sky coverage and smoothing effects, unbiased estimates for the noise-corrected and
binned full-sky power spectra are obtained. These estimates for the power in different l-bins and
in different redshift shells will constitute the data that our parameters will be estimated from.
The covariance matrix needs to be estimated from a different simulation than the one our
parameter forecast is based on, to mimic the situation from actual observations. It can be measured
by acquiring several realizations of the noise-corrected and binned full-sky power spectra, and
measuring the covariances among them [123, 129]. In our case, these realizations are obtained from
differently located observers in the extra N-body simulation, thereby including the contributions
to the covariance matrix from cosmic variance, binning in redshift, and the finite thickness of the
shells, as well as the coupling between the different multipoles induced by the missing sky cover.

14.2

Summary and conclusions

This thesis has considered effects of cosmic structure formation and the resulting peculiar velocities
of galaxies. We started out describing the basic model for the evolution of the universe and
structures within it, and then saw how this can be used for a numerical treatment of the physical
processes involved. These tools were then applied to the problem of the discrepancy between local
and global estimates of the Hubble constant, which lead to the conclusion that it is extremely
unlikely for the local value to deviate from the global value as much as required to reconcile recent
estimates of the expansion rate with each other.
We then considered how well peculiar velocities measured from type Ia supernovae in upcoming
surveys can be used for measurements of the angular power spectrum of radial, peculiar velocities.
For this purpose, we populated a large N-body simulation with type Ia supernovae based on the
star formation rates obtained from a code for semi-analytical modeling of galaxy formation. Based
on this study, we concluded that the angular velocity power spectrum can be recovered to an
accuracy that likely permits fairly accurate estimates of Ωm and σ8 . This subject will be further
investigated in the near future.
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