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Summary (English)
The research in this dissertation is devoted to few-body bound state physics
in experimentally relevant systems of trapped atoms and molecules. First, the
complexes of tubes containing dipoles are considered. The tubes are assumed
to have zero width such that one-dimensional treatment can be applied. For
this setup few-body bound structures are found for different polarization angles and dipole strengths by using stochastic variational methods. After that a
similar analysis is provided for two-dimensional planes filled with dipolar particles. At the end of the thesis, a system of particles in one-dimensional traps
is analyzed assuming that two-body interactions are of zero range. It is shown
that such a system is solvable in the limit of infinitely strong repulsion between
particles.
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Summary (Danish)
Forskningen i afhandlingen koncentrerer sig om at beskrive eksperimentelt interessante bundne tilstande for systemer af nogle få atomer og molekyler i
ydre fælder. Først undersøges serier af rør med partikler, der vekselvirker gennem deres elektriske dipolmomenter. Disse rør antages at være meget tynde,
således at de kan behandles som en-dimensionale strenge. For relativt få partikler findes kvantemekanisk bundne tilstande numerisk ved brug af stokastiske
variationsberegninger for forskellige retninger af partiklernes dipolmomenter.
Derpå undersøges lignende systemer af dipolvekselvirkende partikler, der nu
tillades bevægelse i to dimensioner. Til sidst i afhandlingen analyseres specielt
systemer af partikler i en dimension, når to-partikel vekselvirkningen har uendelig lille rækkevidde. Det vises at strukturen af sådanne systemer kan findes
analytisk i grænsen hvor frastødningen mellem partiklerne er uendelig stor.
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C HAPTER 1

Introduction and Thesis Outline

1.1 Introduction
To understand nature we often approximate real systems with simple mathematical models that can be analyzed numerically or analytically. This approach works only if one can guess what mechanism produces a particular
response of the real system. It forces physicists to look for controllable setups where one can learn about the importance of the underlying processes.
This search brought to us amazing systems with ultracold atomic and molecular gases [Bloch 2008, Quéméner 2012] where one can tune the internal and
external parameters to simulate complicated correlations that one needs to
understand. In this dissertation we provide a theoretical investigation for two
such experimental systems with a particular focus on few-body physics.
Dipolar Gas in Multi-tube or Multi-layer Geometries
Nowadays it is widely believed that ultracold molecular gases can realize the
idea of the quantum simulator [Bloch 2012] for systems with long-range and
anisotropic correlations [Gorshkov 2011]. In such a simulator the relative effect of the dipolar force might be tuned using Feshbach resonances and external electric fields. This makes it possible to work in the regime of a dominant
dipole-dipole interaction.
The first steps towards realization of such a simulator in low-dimensional
geometries were made with 40 K −87 Rb molecules [Ni 2010, Ospelkaus 2008,
de Miranda 2011] polarized by an external electric field, such that the particles
interact with the long-range 1/r3 interaction which appears due to the induced
dipole moments. In these experiments the chemical reaction KRb + KRb →
K2 + Rb2 was suppressed using an external lattice, which yielded polarized
dipolar particles in the multi-layer setups depicted in figure 1.1. While this
1
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Figure 1.1: Layers (tubes) filled with polar molecules that are oriented by the external
electric field. Such a setup allows one to study a chemically reactive ultracold molecular gas, since the system is mainly driven by the repulsive dipole-dipole interaction.

system does not provide the idealized stack of two-dimensional layers, it allows us to hope that this can be realized in the nearest future. In the meantime these experiments boost the theoretical investigation of one-dimensional
and two-dimensional dipolar systems [Lahaye 2009, Baranov 2012]. In the
present work we provide new knowledge about these systems by investigating
few-body bound states in stacks of layers or tubes filled with particles with
dominant dipole-dipole interactions. In particular for one-dimensional systems we argue analytically and present numerical evidence for the existence
of interlayer dimers; we also show that three (four)-body states in two (three)
tubes will never be bound when the dipoles are oriented perpendicularly to the
tubes. At the same time we argue that by reducing the intralayer repulsion or
by changing the polarization angle one can bind the system. We also show that
the similar conclusions can be made for the two-dimensional system of planes
filled with dipoles.
Strongly-Interacting Particles in One Dimension
Systems of cold atomic gases usually contain thousands or even millions of
particles and underlying few-body physics is not easily extracted from the ex2
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Figure 1.2: A quasi-one-dimensional system of atoms in a tight optical potential.
Different colors correspond to atoms in different hyperfine levels.

perimental observations. However, very recently setups with very small particle numbers have been realized [Serwane 2011a, Serwane 2011b], such that
the system has a few-body nature from the beginning. To date, such a system was realized in a quasi-one-dimensional setup with 6 Li atoms in different
hyperfine levels as depicted in figure 1.2. This system was used to investigate a strong zero-range interaction [Zürn 2012] and a driven formation of
molecules [Sala 2013]. To support the former experiment with theoretical insight one usually relies on an intensive numerical investigation [Lindgren 2013,
Gharashi 2013]. However, this dissertation shows that such a setup around the
limit of infinite repulsion between particles can be treated analytically. This
gives a description of the Tonks-Girardeau gas [Tonks 1936, Girardeau 1960,
Lieb 1963] in trapped systems of distinguishable particles. These results can
also be used as a reference point for numerical calculations.

1.2 Thesis Outline
Chapter 2 presents some general results for the one-dimensional setups that
are used in this thesis.
Chapter 3 derives an expansion for the energy of a weakly-bound state in twodimensional geometry for anisotropic potentials with non-positive net volume.
This expansion is then used in chapter 6 to describe the ground state of two
dipoles in two tubes [Volosniev 2011a, Volosniev 2011b].
Chapter 4 introduces the correlated Gaussian approach which is used to solve
3
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the few-body Schrödinger equation in chapters 5 and 6.
Chapter 5 finds bound configurations of polarized dipoles for the multi-tube
configurations. First, the interlayer two-body bound state is described numerically and analytically in the limits of strong and weak binding; then we argue
that the only bound configuration for three and four identical perpendicularly
polarized dipolar particles is the chain; after that we compute the reduction
in the intralayer repulsion that is necessary to bind a non-chain complex; finally we show that one can bind the three- and four-body non-chain complexes by tilting the polarization angle. These results are presented in the
paper [Volosniev 2013b].
Chapter 6 considers two-dimensional layers containing polar molecules. The
two-body ground state in this geometry is investigated for different values of
the polarization angle and dipole strength. Also the three- and four-body systems with more than one particle per layer are discussed. At the end we provide a comparison between 1D and 2D systems of polar molecules. These results are derived in papers [Volosniev 2011a,Volosniev 2011b,Volosniev 2012].
Chapter 7 examines a one-dimensional system of trapped particles that are
assumed to have a two-body interaction of zero range. We show that when
the repulsion between particles is infinitely large the system can be analyzed
analytically. We show this using different three- and four-body experimentally
relevant systems. The chapter overviews the paper [Volosniev 2013c].
Chapter 8 concludes the thesis with the summary of the results presented in
the previous chapters.

4
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Brief Introduction to
One-Dimensional Problems

This chapter overviews some features of few-body physics in one dimension. The
main focus is on the bound state problem.

2.1 Introduction
In 1971 Francesco Calogero outlined the reason to study one-dimensional
physics [Calogero 1971]: The motivation for a physicist to study one-dimensional
problems is best illustrated by the story of the man who, returning home late at
night after an alcoholic evening, was scanning the ground for his key under a
lamppost; he knew, to be sure, that he had dropped it somewhere else, but only
under the lamppost was there enough light to conduct a proper search. This motivation is still true in a sense that one can start studying a complicated realistic
system by simplifying it to an understandable one-dimensional model. However, nowadays one can actually create experimental setups that to a large extent can be treated as one-dimensional. This dissertation considers two of such
setups that have been already presented in figures 1.1 and 1.2. The quantitative description of those systems is usually obtained by solving numerically the
corresponding wave equations. However, analytical insight can still be gained
using simple solvable models, some of which we present in this chapter. With
the exception of the toy model from section 2.4 this chapter reproduces known
results for the convenience of the reader. These results include:
• the discrete spectrum of the one-body problem is non-degenerate (see
for example [Landau 1977]);
5
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• two particles with an infinitely strong repulsion in the form lim g→∞ gδ(x)
cannot exchange their relative position;
R
• if two particles interact with a potential1 gV(x) for which |gV(x)|(1 +
R
|x|)dx < ∞ and gV(x)dx < 0 then the ground state is necessarily bound.
Moreover, if g → 0, then only one bound state exists with the energy
ǫ ∼ g2 + o(g2 ) [Landau 1977, Simon 1976];
• three ordered2 particles that interact with a delta function interaction of
infinite strength have the wave function of three spinless fermions. In this
context it is often called ’fermionization’ of particles [Girardeau 1960,
Lindgren 2013].

2.2 One Particle in One Dimension
This section considers one particle with mass m in the external potential gV(x).
The wave function, ψ, that describes this system satisfies the time-independent
Schrödinger equation
−

~2 d2
ψ(x) + gV(x)ψ(x) = Eψ(x)
2m dx2

(2.1)

where E is the energy of the particle, x is the coordinate. This equation is an
ordinary differential equation and can be easily analyzed for a given potential
V(x). Let us assume that V is a bounded function (|V| < ∞) with a finite range
R: V(x) = 0 for |x| > R. For such a potential solutions with E < 0 and E > 0
have different physical meaning and must be considered separately.
• Solutions with E > 0.
Outside the range of the potential the two linearly independent solutions
p
e−ikx , eikx with k = 2mE/~2 are easily obtained. This allows one to define the outgoing and ingoing solutions ψ1 (x, k) and ψ2 (x, k) through the
1
This notation is widely used to define the geometry of the interaction through the dimensionless function V and then consider the strength g > 0 as a parameter.
2
For example, x1 < x2 < x3 , where xi is the coordinate of the ith particle.

6
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boundary conditions
lim ψ1 (x, k)e−ikx = 1, lim ψ2 (x, k)eikx = 1 .

x→∞

x→−∞

(2.2)

These waves, after the propagation on the real line, ought to take the
form
ψ1 (x → −∞, k) = a(k)e−ikx + b(k)eikx , ψ2 (x → ∞, k) = a1 (k)e−ikx + b1 (k)eikx .
Since eq. (2.1) has a special point only at infinity, it follows that for
any E > 0 both solutions are finite, |ψ1 (x, k)| < ∞, |ψ2 (x, k)| < ∞, for
any x, which means that the spectrum is continuous. This continuity of
the spectrum also follows from the physical intuition since a particle can
have any given positive energy at infinity and then be scattered on the
potential gV.
• Solutions with3 E0 ≤ E ≤ 0.
Outside the range of the potential two linearly independent solutions
p
e−κx , eκx with κ = −2mE/~2 can be derived. Following the previous
discussion two solutions ψ1 (x, k) and ψ2 (x, k) can be defined using the
boundary conditions

lim ψ1 (x, κ)eκx = 1, lim ψ2 (x, κ)e−κx = 1 .

x→∞

x→−∞

(2.3)

With this choice ψ1 (x, κ) = a(κ)e−κx + b(κ)eκx for x → −∞ and ψ2 (x, κ) =
a1 (κ)e−κx + b1 (κ)eκx for x → ∞. To satisfy the conditions |ψ1 (x, k)| < ∞ and
|ψ2 (x, k)| < ∞ the coefficients a(κ), b1 (κ) have to vanish which is possible
only for the countable set {κi }. This means that this part of the spectrum
is discrete. Moreover, this part is non-degenerate, which can be proven
in the following way: assume that there exist two different normalizable
3
Since the potential is assumed to be bounded the spectrum is necessarily bounded from
below by the ground state energy E0 .

7
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solutions
~2 d2
ψ1 + gV(x)ψ1 = Eψ1 ,
2m dx2
~2 d2
ψ2 + gV(x)ψ2 = Eψ2 .
−
2m dx2
−

(2.4)
(2.5)

Multiplying these equations with ψ2 and ψ1 respectively and then subtracting them gives
ψ1

d2
d2
ψ
−
ψ
ψ1 = 0 .
2
2
dx2
dx2

(2.6)

Now it is easy to see that the Wronskian W(x) = ψ1 ψ′2 − ψ2 ψ′1 has to be
constant. Additionally, this constant must be zero, since the solutions are
assumed to be normalizable (a(κ) = 0, b1 (κ) = 0). Next, one notices that if
ψ1 (x) = 0 then ψ2 (x) = 0 (ψ1 , ψ′1 cannot vanish at the same point) and by
considering the points where ψ1 (x) , 0, one concludes that ψ2 (x) ∼ ψ1 (x)
∂ψ2 /ψ1
since W = ψ1 (x)2 ∂x
= 0. It means that for E < 0 the spectrum of the
Hamiltonian, if it exists, is discrete and non-degenerate4 .
After this rather qualitative discussion we write the solutions of the wave equaR
tion (2.1) for potentials that satisfy the condition5 |gV(x)|(1 + |x|)dx < ∞. For
the dimensionless form of eq. (2.1)
−

d2
ψ(x) + gV(x)ψ(x) = k2 ψ(x) ,
dx2

(2.7)

one derives two solutions that satisfy the boundary conditions from eq. (2.2)
(see for example [Faddeev 1964, Newton 1986])
ψ1 (x, k) = eikx − g

R∞

ψ2 (x, k) = e−ikx + g

sin k(x−t)
V(t)ψ1 (t, k)dt,
k
sin k(x−t)
V(t)ψ2 (t, k)dt,
k
−∞

Rx x

(2.8)
(2.9)

4
If the potential V diverges at ±∞ then the spectrum of the Hamiltonian is also discrete and
non-degenerate since the discussion is applicable if E < V(∞), but with the asymptotic different
compared to eq. (2.3).
5
Potentials that satisfy this condition produce the eigenstates that have behavior at infinity
defined by eqs. (2.2) and (2.3), which means that they can be analyzed in the similar way as
above.
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with the position-independent Wronskian given as
Z
W = −2ik + g

∞

dtV(t)e−ikt ψ1 (t, k) .

(2.10)

−∞

These solutions are used to study the scattering problem in one dimension.
To do so one can use the boundary condition of an outgoing flux, ψ1 (x, k), to
define the reflection, R(k), and transmission, T(k), coefficients through ψ1 (x →
R(k)
−∞, k) = T(k)−1 eikx + T(k) e−ikx . This procedure yields the transmission coefficient
T(k) =

2ik
2ik − g

R∞

dtV(t)e−ikt ψ1 (t, k)
−∞

,

(2.11)

in a similar way one obtains the reflection coefficient.
Equation (2.8) can be continued onto the complex plane to get the bound
state solutions with k = iκ, κ > 0. There, a normalizable solution with
g
κ=−
2

∞

Z

eκt V(t)ψB (t, κ)dt,

(2.12)

sinh κ(x − t)
V(t)ψB (t, κ)dt.
κ

(2.13)

−∞

can be constructed such that
Z
ψB (x, κ) = e

−κx

−g

∞

x

This solution corresponds to the vanishing Wronskian6 (2.10) and to a pole of
the transmission coefficient T(x) (2.11), since ψ1 (x → −∞, k) should not have
any contribution from the incoming wave, eikx .
Equations (2.8) and (2.13) are most easily analyzed for a system with the
zero-range potential, V(x) = ±δ(x), where δ is the Dirac delta function. For
such a potential two solutions for any positive energy can be constructed as
ψ1 (x, k) = eikx − g
ψ2 (x, k) =

6

e−ikx

+

Since ψ1 and ψ2 become linearly dependent.

9

sin(kx)
k Θ(−x),
sin(kx)
g k Θ(x) ,

(2.14)
(2.15)
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where Θ(x) is the Heaviside step function. These wave functions are continuous functions with discontinuous first derivative at zero, due to the delta
function potential. For such an interaction the transmission coefficient is given
as
k
T(k) =
.
(2.16)
k + ig/2
We note that T(k) → 0 if g/k → ∞ which defines an impenetrable regime
in one dimension7 . Also the transmission coefficient has a unique pole for
−g
V(x) = −δ(x) which defines a unique bound state with the energy κ = 2 and
the wave function ψB = e−κ|x| .
It should be noted that the discussion above cannot be simply applied to
R
the potentials that do not satisfy the condition |gV(x)|(1 + |x|)dx < ∞ for
which other physical phenomena are possible (for example "fall to the center"
−~2
for potentials that diverge faster than 8mx
2 [Landau 1977]).

2.3 Existence of Two-Body Bound States
In subsequent chapters we consider 1D systems without an external confinement and with the pure dipole-dipole interparticle interaction pursuing the
particular aim to find parameters that produce bound states in such systems.
To start this study we search for a bound state in a two-body system without an
external confinement with a bounded interparticle potential gV(x1 − x2 ), g > 0
of finite range8 R. This situation is easily reduced to the one-body problem
with the mass equal to the two-body reduced mass. Consequently, this section
7
This regime is also achieved if the potential V diverges at some point x0 as 1/|x − x0 |n , n > 1.
Indeed, after integrating eq. (2.1) in the vicinity of x0 one obtains
Z x0 +ǫ


∂ψ
~2 ∂ψ
+
+
|x +0 −
|x −0 = g lim ψ(x0 )
V(x)dx ,
(2.17)
−
ǫ→0
2m ∂x 0
∂x 0
x0 −ǫ

where it is assumed that |ψ(x0 )| < ∞. Assuming also that the derivatives
of the wave function
R x0 +ǫ
are finite, one concludes that ψ(x) approaches zero as (x − x0 )n−1 since x −ǫ V(x)dx diverges. It
0
implies that this interaction divides space into pieces in which the particle is bound. It is worth
to note that for potentials that diverge slower than 1/(x − x0 ) the wave function need not be
zero at x0 .
8
Such a potential is chosen since it allows one to visualize importantR processes in the system;
moreover, obtained results can be extended for potentials that satisfy |gV(x)|(1 + |x|)dx < ∞.
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adopts corresponding units and the wave equations from the previous section.
In one-dimensional geometry bound state solutions exist for a given interaction gV(x) if and only if eq. (2.12) can be satisfied for such a potential. It
must be noted that this equation does not have a solution for purely positive
functions V(x). Indeed, positive V(x) corresponds to the negative9 right hand
side of equation (2.12) whereas κ is chosen to be positive. Therefore, the
potential gV(x) must have a region with V(x) < 0 to bind the system. This conclusion is an obvious consequence of the previous observation that only states
with E < 0 can be normalized and hence considered as bound state solutions.
If a bound state exists then the corresponding normalized wave function
must have the form ψ = AψB (x, κ), where ψB (x, κ) satisfies equation (2.13)
and A is a normalization constant,
2

A

Z

−R
−∞

Z
e

2κx

dx +

∞

e

−2κx

Z

2
dx + A

R

→ A2 =

R

−R

e−κR + κ

ψ2B (x, κ)dx = 1

κ
RR

ψ2 (x, κ)dx
−R B

.

(2.18)

This expression shows that the probability to find the system inside the potenRR
tial range, (A2 −R ψ2B dx), goes to zero for small energies, κ ≪ 1. This defines
the weakly-bound regime for which a particle spends most of the time in the
classically forbidden region |x| > R. This observation allows us to conclude
that the 1D system cannot have more than one weakly-bound state. Indeed,
assume that there exist two weakly-bound states with the energies defined by
κ1 , κ2 . These two states have to be orthogonal to each other, which suggests
R∞
that the the integral −∞ e−(κ1 +κ2 )x dx is zero, which is not true.
The negative energy solution requires the negative expectation value of
the potential, i.e., hψ|V|ψi < 0. Therefore if the Hamiltonian has bound state
solutions for some g0 > 0 then it also has negative energy solutions for all
g ≥ g0 . Indeed, using the Hellmann-Feynman theorem for bound states one
immediately concludes that the derivative of the energy with respect to g is
hψ|V|ψi
always negative ∂E
= hψ|ψi < 0. It follows that to establish if the system is
∂g
bound for some gV(x) it is enough to find the unique threshold value gc for
9

The ground state wave function is a non-negative function.
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which the ground state becomes unbound and then compare g and gc . The
parameter gc is determined by equation (2.12) with κ = 0,
gc
−
2

Z

g2c
V(t)dt +
2

Z

∞
−∞

Z
dt

∞

t

dtV(t)(t − x)V(x)ψB (x, 0)dx = 0 ,

(2.19)

where ψB is the ground state solution of the zero-energy wave equation
−

∂2
ψB (x, 0) + gc V(x)ψB (x, 0) = 0 .
∂x2

(2.20)

These equations can be solved iteratively to obtain the value gc , where two
situations can be distinguished:
R∞
• gc = 0 if −∞ V(x)dx ≤ 0;
R∞
R∞
Vdt
−∞
R∞
> 0 if −∞ V(x)dx > 0.
• gc = R ∞
dt t dtV(t)(t − x)V(x)ψB (x, 0)dx
−∞
Using equation (2.12) one also derives expansions of the ground state energy
near the threshold for binding, gc :
R
R
g ∞
• κ = − 2 −∞ V(t)dt + o(g) for V(t)dt < 0;
g2
2

R
2 ) for ∞ V(t)dt = 0;
dtV(t)(t
−
x)V(x)dx
+
o(g
−∞
t
R∞
• κ = β(g − gc ) + o(g − gc ) for −∞ V(t)dt > 0, where the parameter β can be
found using the Hellmann-Feynman theorem
• κ=

R∞

dt
−∞

R∞

2

A
1 ∂E
β = − lim
= − lim
κ→0 2κ ∂g
κ→0

RR
−R

ψ2B (x, 0)Vdx
2κ

1
=−
2

Z

R
−R

ψ2B (x, 0)Vdx .

2.4 Few-Body Physics in One Dimension
Unfortunately, few-body systems cannot be analyzed in a simple manner. The
mathematical apparatus for such systems is rather involved and usually cannot
give results without a large numerical effort. However, analytical insights can
still be gained if one uses some simple solvable models. To demonstrate this
we introduce a toy model that turns out to be important in our study.
12
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Consider a harmonically trapped system of two spinless fermions10 with
coordinates x1 , x2 and one other particle with a coordinate x3 . The 2-body
interaction is assumed to have a zero range which rules out the interaction
between fermions. To describe this system one has to establish the eigenstates
Ψ(x1 , x2 , x3 ) of the following dimensionless Hamiltonian
H=−

x21 x22 x23
1 ∂2
1 ∂2
1 ∂2
+
+
. (2.21)
−
+
gδ(x
−
x
)
+
gδ(x
−
x
)
+
−
2
3
3
1
2 ∂x2 2 ∂x22 2 ∂x23
2
2
2
1

After decoupling the center-of-mass motion11 the equation for the relative motion takes the form
r
r
r
r


1
3
1
3
1 ∂2
1 ∂2
x2 y2
−
+
gδ(
−
Ψ = EΨ.
x
+
y)
+
gδ(−
x
+
y)
+
+
2 ∂x2 2 ∂y2
2
2
2
2
2
2
(2.22)
This equation is symmetric under the transformations: x → −x and y → −y
which allows us to consider just one quadrant, e.g., x > 0, y > 0. The full
wave function later could be recovered by ψ(−x, y) = −ψ(x, y) and ψ(x, −y) =
±ψ(x, y). The former relies on the Pauli symmetry and the latter corresponds
to the odd (even) total parity. To proceed further we rewrite eq. (2.22) in polar
coordinates [Harshman 2012]

−

g
1 ∂ ∂
r2 
1 ∂2
F(r, φ) = EF(r, φ) ,
r − 2 2 + √ δ(φ − π/6) +
2r ∂r ∂r 2r ∂φ
2
2r

(2.23)

p
where r = x2 + y2 and φ = atan(y/x) with 0 ≤ φ ≤ π/2. This equation also
corresponds to one particle that moves in two dimensions with an impenetrable wall at φ = π/2, a barrier at φ = π/6 and a boundary condition at φ = 0,
which will be derived later. The barrier at φ = π/6 can be substituted with the

10
Spinless fermions is a concept used for the systems that are described with fully antisymmetric spatial wave functions.
√
√
11
To do so, we use the Jacobi set of coordinates x = (x1 − x2 )/ 2, y = 1/6(x1 + x2 − 2x3 )
introduced in the Supplementary material for chapter 4.

13

CHAPTER 2. BRIEF INTRODUCTION TO ONE-DIMENSIONAL PROBLEMS

boundary condition
F1 (r, φ = π/6) = F2 (r, φ = π/6) , (2.24)
g
1 ∂
1 ∂
− 2
F2 (r, φ = π/6) + 2
F1 (r, φ = π/6) = − √ F1 (r, φ = π/6) , (2.25)
2r ∂φ
2r ∂φ
2r
where F1 and F2 are solutions for 0 ≤ φ < π/6 and π/6 < φ ≤ π/2 respectively.
This shows that if g does not depend on r then in eq. (2.25), and hence in
eq. (2.23) variables r and φ cannot be separated. However, replacing g with g/r
leads to the wave function Fi = R(r)Φi (φ) where i = 1, 2. The radial part solves
the one body problem with the harmonic oscillator plus the inverse quadratic
µ
µ
potential [Calogero 1969], such that12 R(r) = rµ Lν (r2 ) exp(−r2 /2), where Lν is
the generalized Laguerre polynomial defined by a non-negative integer ν and
a positive13 real number µ. This substitution of position-independent strength
with g/r defines a solvable model that can be used to visualize the behavior of
the physical system14 . Let us write the solutions for this model.
Odd parity solutions
The odd parity case demands even parity in y which defines the boundary
condition of the vanishing derivative of Φ1 at φ = 0. This condition together
with the conditions at φ = π/6 and φ = π/2 can be satisfied with the nonnormalized wave functions
Φ1 (φ) = sin(µπ/3) cos(µφ), 0 < φ < π/6 ,


Φ2 (φ) = sin µ(π/2 − φ) cos(µπ/6), π/6 < φ < π/2 ,

(2.26)
(2.27)

where the parameter µ fulfills the equation
√
µ cos(µπ/2) + g 2 cos(µπ/6) sin(µπ/3) = 0 .
12

(2.28)

This solution is general if the interaction is repulsive; for the attractive interaction other
solutions, that correspond to a formation of a two-body bound state, appear. This process is not
considered here.
13
This number can only be positive, since both the overlap and the expectation value of the
Hamiltonian should be finite.
14
It is worth to note, that this toy model can be solved also for three different particles without
imposing the Pauli symmetry.
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Even parity solutions
The even parity case requires zero wave function at φ = 0. This can be satisfied
with the unnormalized wave functions
Φ1 (φ) = sin(µπ/3) sin(µφ) 0 < φ < π/6 ,


Φ2 (φ) = sin µ(π/2 − φ) sin(µπ/6), π/6 < φ < π/2 ,

(2.29)
(2.30)

where the parameter µ is a solution of the equation
√
µ sin(µπ/2) + g 2 sin(µπ/6) sin(µπ/3) = 0

(2.31)

These solutions have energy E = 2ν + 1 + µ where ν = 0, 1, 2, ... and µ is
defined by eq. (2.28) or eq. (2.31). We present this spectrum in fig. (2.1). In
this figure one notices the existence of states with the energies that are independent of g. These states have fully antisymmetric wave functions and hence
define the same properties as in the system of three spinless non-interacting
fermions in the harmonic trap. Another features one observes is that three
states become degenerate at 1/g = 0. This corresponds to the already mentioned fact that for the zero-range potential of infinite strength two particles
cannot exchange their relative position. It means that if the wave function of
spinless fermions is unique15 then it defines the wave function of the ordered
system (e.g., x1 < x2 < x3 ) at 1/g = 0. This correspondence is often called
’fermionization’ in the literature. However, the total wave function still can be
built in three different ways (as follows from the number of possible orderings
in the system) which defines the degeneracy. Using the density of the third par15
It is worth to note that the system of spinless non-interacting fermions has a non-degenerate
energy spectrum if a given energy defines a unique way to place three particles on three different
one-body energy levels. Then the statement follows from the fact that the discrete spectrum of
the one-dimensional one-body Hamiltonian that diverges only at ±∞ is non-degenerate (see
the previous section for one particle, also if the potential at special points diverges slower than
1/(x − a) then the one-body spectrum is also non-degenerate). For the harmonically-trapped
system the spectrum of spinless fermions has degenerate states since the one-body spectrum is
equidistant. Indeed, from the previous discussion we write the energy of the relative motion of
three spinless fermions as E = 2ν + µ + 1 (ν = 0, 1, 2, ...; µ = 3, 6, 9, ...). It follows that for E ≥ 9
the three-fermion spectrum is degenerate.
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8
7

E

6
5
4
3
2

fermionization
odd
even
-4

-2

0
−1/g

2

4

Figure 2.1: The spectrum for the toy model for different values of the interaction
strength g. The term ’fermionization’ refers to an infinite strength g (see the text for
explanation). One notes that two lines can cross each other (second and third even
parity states for positive g). This crossing signifies about some internal symmetry in
the system, which in our case corresponds to different values of the radial quantum
number, ν, conserved along the lines.

R
ticle P(x3 ) = |Ψ(x1 , x2 , x3 )|2 dx1 dx2 we demonstrate in fig. 2.2 that the ground
state wave function (defined for any values of coordinates x1 , x2 , x3 ) has properties different from the one for the system of three spinless fermions.
We see that in the ground state the third particle tends to be in the middle
of the trap whereas in the lowest fully antisymmetric state (which does not
distinguish the third particle and the two fermions) the third particle is delocalized. This difference will be discussed in detail later along with the relevant
physical setup. There we will show that this toy model gives a valuable insight
into the strongly-interacting systems. Moreover, this model allows one to visualize the spectrum flow and the particle’s density in the system. Of course
the toy model cannot reproduce exactly the energy spectrum outside 1/g = 0,
16
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0.6
0.5

P

0.4
0.3
0.2
0.1
0

particle in the ground state g → ∞
particle in the fully antisymmetric state
-1.5

-1

-0.5

0
x3

0.5

1

1.5

Figure 2.2: The density of the third particle as a function of the coordinate x3 for the
ground state wave function and the lowest fully antisymmetric state.

for example, it does not give an easy access to the solution where two particles
form a dimer for positive g, see for example [Lindgren 2013].
We conclude this chapter by listing some other solvable models that might
be used to analyze obtained numerical results.
• N identical bosons with the zero-range two-body interaction. This model
is useful to describe the low-energy scattering and low-energy bound
states. For the latter it states [McGuire 1964] that for each weakly-bound
dimer with the energy E2 there exists a unique N-body bound state with
the energy EN = N(N2 − 1)E2 /6. For some special cases this model can
be solved analytically even with non-identical particles (see for example [McGuire 1966, Kiang 1976]).
• N particles that interact with the oscillator potential V ∼ x2 (see for
example [Armstrong 2011]). This model is useful if the real potentials
have a pronounced minimum and the particles are so heavy that they can
17
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be trapped in that minimum. With those assumptions this model is used
to describe deeply-bound states.
• N particles interacting either with the inverse oscillator V ∼ 1/x2 or the
oscillator potential V ∼ x2 [Calogero 1971]. This model, for instance,
can be used to gain insights about a system of ions and electrons on a
line. Another example is a system of dipolar particles in tubes.
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C HAPTER 3

Two-Body Weakly-Bound States
in Two Dimensions

This chapter investigates weakly-coupled systems in two dimensions.

3.1 Introduction
In the previous chapter we argued that in one-dimensional geometry bounded
potentials that decay faster than 1/x2 at infinity, and that have non-positive net
R
volume, gV(x)dx ≤ 0, always produce a bound state. It turns out that this
statement can be extended to 2D bounded potentials that decay faster than
R
1/(x2 + y2 ) at infinity and satisfy, gV(x, y)dxdy ≤ 0. It was first discussed
in ref. [Landau 1977] for isotropic potentials with negative net volume1 and
successively this result was derived also for anisotropic potentials with zero net
volume in ref. [Simon 1976]. The latter, however, does not have a description
of the wave function near the threshold, and also does not give an easy access
to the expansion of the ground state energy in the weakly-bound regime. This
expansion is desirable for our study of dipoles in layers, and in this chapter we
derive it2 following [Volosniev 2011a, Volosniev 2011b].
1
From this follows that also anisotropic potentials with negative net volume produce at
least one bound state. Indeed, let us assume that the interparticle potential W(s, φ), where s
and φ are polar coordinates, has negative net volume, then one can build an isotropic potenR 2π
tial W̄(s) = 0 dφW(s, φ) which also has negative net volume. The potential W̄, according
to [Landau 1977], produces a bound state described by the wave function f (s). Now using f (s)
as a variational wave function for the original system one gets the desired result.
2
Recently such expansions were also obtained using the Jost function formalism in
ref. [Rosenkranz 2011].
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3.2 Weakly-Bound States
In our study of dipoles in layers we work with the bounded anisotropic potential in the form V = V0 (s) + cos(φ)V1 (s) + cos(2φ)V2 (s) (see chapter 6). This
section prepares the ground for this investigation by considering a weaklybound ground state of the dimensionless wave equation in the dimensionless
polar coordinates s and φ,

−


1 ∂2
1 ∂ ∂
s − 2 2 + gV(s, φ) ψB = k2 ψB ,
s ∂s ∂s s ∂φ

(3.1)

P
with the potential V(s, φ) = nm=0 Vm (s) cos(mφ), n < ∞ of negative net volume
and with a small strength parameter, i.e., g → 0. The bound state solution
corresponds to the imaginary parameter k, such that k = i|k|. To describe this
state we expand the ground state wave function in the cos(mφ) basis3 :
∞
1 X
ψB (s, φ) = √
am Φm (s) cos(mφ) ,
s m=0
Z 2π
am Φm (s)
1
=
dφ cos(mφ)ψ(s, φ),
√
(1 + δm0 )π 0
s

(3.2)
(3.3)

where the coefficients am are assumed to be real, and where the 2D radial wave
functions, Φm (s), satisfy the system of coupled radial equations,
Φ′′
m+

X a
1 − 4m2
l
2
Φ
+
k
Φ
=
g
Φl Vml (s) ,
m
m
am
4s2

(3.4)

l

where the matrix elements, Vml , which carry all information about the geometry of the potential, are
1
Vml (s) =
(1 + δm0 )π

2π

Z

cos(mφ) cos(lφ)V(s, φ)dφ .

(3.5)

0

3
This expansion is valid, since the ground state wave function does not change under the
transformation φ = −φ since the potential has only cos(mφ) terms.
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We search for radial wave functions Φm that vanish at the origin, s = 0. One
possible set of such solutions can be written using the Green’s function formalism,
am Φm (k, s) = am Φm0 (k, s) − g

X

s

Z

Gm (k, s, s′ )Vml (s′ )Φl (k, s′ ) ds′ ,

al

(3.6)

0

l

where we inserted explicitly the dependence on the energy parameter, k, in
Φm , and where the boundary condition, as for bounded spherical potentials
[Newton 1986] lims→0 s−1/2−m Φm (k, s) = 1, is obeyed through the regular solution in free space:
 m
√
2
m! ,
(3.7)
Φm0 (k, s) = sJm (ks)
k
where Jm is the Bessel function of the first kind. The Green’s function in the
last term of equation (3.6) is expressed as
Gm (k, s, s′ ) =

i
iπ √ ′ h (1)
(2)
(1)
(2)
ss Hm (ks)Hm (ks′ ) − Hm (ks′ )Hm (ks) ,
4

(3.8)

1 and H 2 . It should be noted that the set
in terms of the Hankel functions Hm
m
of solutions from eq. (3.6) is not unique4 . Indeed, we can write also a regular
non-zero solution in the following form

am Φ̄m (k, s) = am δmn Φm0 (k, s) + g

X

s

Z
al

Gm (k, s, s′ )Vml (s′ )Φ̄l (k, s′ ) ds′ , (3.9)

0

l

where δmn is the Kronecker delta and n is an integer. However, we will be able
to build an expansion of a weakly-bound state solution5 using only the set from
eq. (3.6), since this set allows us to satisfy boundary conditions at zero and at
infinity.
To obtain physical (normalizable) solutions, equation (3.6) has to be supplemented with the boundary condition at large distances, where eq. (3.6),
4

This observation should be compared with a case of spherical potentials, i.e. Vml = 0
for m , l, which means that the different m-values decouple and the regular solution in zero
uniquely defines the physical solution on the real line.
5
Later in this section it will be argued that this solution is unique.
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with the Green’s function from eq. (3.8), yields the wave functions


 
X

am Φm m! 2 m  (1) X ∗
(2)
Hm
(cml + δml )al + Hm
(cml + δml )al  ,
√ =

2 k
s
l
l

(3.10)

with the coefficients cml defined as:
cml

k
≡g
2

!m

iπ
2m!

Z

∞√

0

(1)

s′ Hm (ks′ )Vml (s′ )Φl (k, s′ )ds′ .

(3.11)

(2)

Negative energy corresponds to imaginary k so Hm (ks) in equation (3.10)
diverges unless the coefficient vanishes, i.e.,
∞
X
l=0

(3.12)

cml al = −am .

This defines an eigenvalue equation, which only has non-trivial solutions for
discrete values of k. Now we apply the assumption about the very weak
strength, |g| ≪ 1, which corresponds to the solutions with |k| ≪ 1. These
two small parameters allows us to build an efficient iterative scheme by expanding both coefficients, am , and functions, Φm , in powers of the strength,
i.e.,
(1)

(2)

(3.13)

am = gam + g2 am + ... ,
Φm =

(0)
Φm

+

(1)
gΦm

+

(2)
g2 Φm

+ ... ,

(3.14)

where the coefficient a0 is left without expansion since it defines the normalization of the total wave function. To establish these expansions equations (3.6)
(i)
and (3.12) must be solved selfconsistently. The radial solutions, Φm , computed
from equation (3.6) are used to determine the cml -matrix, then the binding
energy is determined by equating the determinant of the cml + δml matrix to
(i)
zero, which in turn is used to produce coefficients am . This procedure can be
repeated to give higher order corrections of both energy and wave function.
Much care is necessary to include consistently all terms up to a given order
because the resulting expressions contain many terms.
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In total we then find the following expressions for the coefficients
(1)

am
1
=−
a0
2m
(2)

am
1
=−
a0
2m

∞

Z
0

∞

Z
0

(1)

1

(3.15)

s1−m Vm0 (s)ds ,

(1)

s 2 −m Vm0 (s)Φ0 (0, s)ds−

1 X ai
2m
a0
i>0

∞

Z
0

1

(0)

s 2 −m Vmi (s)Φi (0, s)ds ,

and for the wave functions at small distances, s ≪ 1/|k|,
√
(1)
Φ0 (0, s) = − s
(0)
Φm (0, s)

s

Z
(1)
Φm (0, s)

=s

Gm (0, s, s′ )

=
0

a0

V (s
(1) m0
am
s

Z
(2)
Φ0 (0, s)

=−

√
m

(3.16)

s′ V00 (s′ ) ln(s′ /s)ds′ ,
0

Rs
s+

(s′ )2k −(s)2k ′
′
′
(ss′ )m s Vm0 (s )ds
R∞
Vm0 (s′ )(s′ )1−m ds′
0

0

(3.17)

,

√
(2)
a0 a
s′ h mi2 Vm0 (s′ )−
(1)
am

(1)
)Φ0 (0, s′ )

−

X a(1)

(0)
i
V (s′ )Φi (0, s′ )
(1) mi
i>0 am


ds′ ,

(3.18)



X a(1)
(1)
(0)
i
′
′
′
′
ds G0 (0, s, s ) V00 (s )Φ0 (0, s ) +
V0i (s )Φi (0, s ) ,
a0
′

0

′

s

Z

′

i>0

where the zero energy Green’s functions have the form
√

s′
,
s
1 √ ′ s′2m − s2m
ss
.
Gm (0, s, s′ ) =
2m
(ss′ )m

G0 (0, s, s′ ) =

ss′ ln

(3.19)
(3.20)

This procedure establishes the solution with the behavior of the wave function at infinity which is given by the non-diverging piece in equation (3.6),
i.e.,
√ (1)
(3.21)
Φm (k, s → ∞) ∼ sHm (ks) ,
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and for weak binding one has
Φm (k, s → ∞) ∼

√

(1)

sHm (ks)δm0 + O(g) .

(3.22)

Such a form is a consequence of the attractive and repulsive centrifugal barriers for m = 0 and m > 0, respectively. This shows that independent of the
nature of the potential, the tail of the wave function in the leading in g order
√ (1)
always looks like sH0 (ks). It means that for a fixed small energy, properties
of the system become independent (to the leading order) on the form of the potential. Such behavior is called universal and it occurs not only for the weakly√ (1)
bound regime but also for the scattering at low energies. The tail, sH0 (ks),
also allows us to argue, in the same way as around eq. (2.18), that a weak
2D potential of non-positive net volume supports only one one bound state.
Indeed, let us assume that there exist two solutions with k1 = i|k1 |, k2 = i|k2 |,
√ (1)
√ (1)
then two wave functions sH0 (i|k1 |s), sH0 (i|k2 |s) should be orthogonal to
each other, which is not possible. The uniqueness of the bound state is also
seen, since eq. (3.12) can be satisfied for only one value of the binding energy.
As we said, this value was found at each step by equating the determinant of
the cml + δml matrix to zero, this procedure yields an expansion of the energy
in powers of g which can be written as
k

2

!
2(1 + gB1 + O(g2 ))
,
= −4 exp(−2γ) exp −
−gI + g2 (A0 + gA1 + O(g2 ))

(3.23)

where γ is the Euler-Mascheroni constant, i.e., γ = 0.57721... and the leading
order constant, I, is determined by the net volume of the 2-body interaction,
∞

Z
I=
0

1
sV00 ds =
2π

∞ Z 2π

Z
0

sV(s, φ)dsdφ .

(3.24)

0

When the net volume of the potential is negative, that is gI < 0, the weak
binding limit for this potential is given by the expression from6 [Landau 1977],
which also turns out to be valid for anisotropic potentials with the appropriate
6

According to [Landau 1977] !the energy of the weakly-bound state in the weak isotropic
2
.
potential is given by k2 ∼ exp
gI
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definition of the volume. When the potential has zero net volume, I = 0, the
leading order term for the binding energy is given by A0 , i.e.,
Z
A0 ≡ −

∞

√

(1)

sV00 (s)Φ0 (0, s)ds+
0
Z ∞
X Z ∞ s1−m
√
(0)
s′ V0m (s′ )Φm (0, s′ )ds′ ,
Vm0 (s)ds
2m
0
0

(3.25)

m,0

(1)

(0)

where the functions Φ0 (0, s), Φm (0, s) are defined in equations (3.16) and
(3.17). To establish the binding energy with higher precision, i.e., to find
A1 , B1 , ... , one uses an iteration procedure through eqs. (3.12), (3.13), (3.6)
and (3.14). The simplest is B1 which is found to be
∞

Z
B1 ≡ −

0

V00 (s) ln(s)sds +

XZ
m,0

0

∞

1

s 2 −m
(0)
Vmm (s)Φm (0, s)ds . (3.26)
2m

The remaining expressions, A1 , A2 , B2 , ... , are more complicated and we do not
show them here.

3.3 Summary
In this chapter we presented a scheme to obtain expansions for the ground
state energy and the corresponding wave function in the weakly-bound regime.
This derivation will be further used in chapter 6 to describe a weakly-bound interlayer dimer of dipoles. However, the presented approach is completely general for two-dimensional, anisotropic and reflection symmetric interactions7 .
The symmetry requirement is only a minor simplification, and omitted in the
derivation in [Volosniev 2011a]. The overall conclusion is that very weak potentials with negative or zero net volume support a unique bound state with
the energy given by equation (3.23) to first order in the potential strength.
The leading order term for the binding energy for the potentials of zero net
volume is given by equation (3.25). For spherical potentials, V0m ∝ δ0m , only
7
It is worth
R to note that this discussion can be also extended for the unbounded potentials
that satisfy gV(x, y)dxdy ≤ ∞. However, we refrain from showing it here.
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the first term contributes to the binding energy. For non-spherical potentials
even the leading order expression in equation (3.25) is rather complicated. We
also derived expressions for the wave function at small distances in eqs. (3.16)
- (3.19) and at large distances in eq. (3.22). The latter shows that the system
spends most of the time in the classically forbidden region with the spherically symmetric (to the leading order in g) density distribution, which defines
the universal regime, where only net features of the potential are needed to
describe the system with a relatively high precision.
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C HAPTER 4

Numerical Methods

This chapter introduces some features of the numerical method that was used to
study few-body bound states.

4.1 Introduction
In this thesis we investigate few-body bound states in different experimental
setups. To do so we choose an appropriate tool to solve the Schrödinger equation from a variety of existing numerical methods.
• Variational methods.
The Hamiltonian that describes a physical system is a Hermitian operator,
the eigenstates of which form a complete basis. It follows that solutions
to the Schrödinger equation can be found by searching for functions that
minimize the expectation values of the Hamiltonian.
• Diagonalization in a truncated space.
In this method the eigenspace of the Hamiltonian is truncated in a predetermined way. This yields a finite-dimensional Hermitian matrix that
can be diagonalized using modern computers. Truncation has to be supplemented with a routine to calculate convergence of the results as a
function of the matrix size. With an appropriate choice of a truncation
method this approach produces accurate results relatively fast.
• Hyperspherical expansion method.
In this method one first performs a transformation of n Cartesian coordinates to the hyperspherical system of coordinates with one radius and
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n − 1 angles. Then the idea is to solve the eigenproblem for the angular
part of the Schrödinger equation and expand the total wave function on
the complete set of those solutions. This method has been proven to be
particularly useful for weakly-bound states and low energy scattering.
• Faddeev equations.
One can write a system of equations for the N-body problem using a
specific decomposition of the wave function. For three particles these
equations are called the Faddeev equations and for larger systems they
are called the Faddeev-Yakubovsky equations. Unfortunately, these equations are almost intractable for more than four particles.
• All methods that have been proven to be useful in few-body physics
cannot be listed here, e.g., Multi-Configuration Time-Dependent Hartree
method (particularly useful to describe dynamics), Quantum Monte Carlo
simulations etc.
All of the outlined approaches are well-known, they can give essentially exact
results and can be combined to yield more efficient methods. On the other
hand, any numerical tool is usually only good for a certain class of problems
and is not easily adjusted for others. So before choosing a numerical method
the basic features of the physical problems have to be outlined. For us they are
• bound states of 1-5 structureless non-relativistic particles,
• spherical or anisotropic interaction between particles,
• one- or two-dimensional (1D, 2D) systems,
• particles can be placed in a trap, that can be spherical or anisotropic.
To address these features we use a variation-based solver of the Schrödinger
equation, since it will allows us to use almost the same procedure for all systems we are interested in. This chapter introduces the particular method that
was used in our calculations. The chapter is organised as follows: in the first
section the basic ideas of variational methods are described, then the minimization procedure is introduced, and later the schemes to truncate the basis
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and estimate the errors are shown. The reader can safely skip the chapter if one
is familiar with the explicitly correlated Gaussians approach which is described
in the book of Suzuki and Varga [Suzuki 1998]. For new developments of the
method one can use the recent review by Jim Mitroy et al. [Mitroy 2013].

4.2 Method
The Schrödinger equation which describes N (for us N = 1, ..., 5) particles of
equal mass m in D (D = 1, 2) spatial dimensions reads
HΨ = EΨ,

H=−

N
N
N
X
X
~2 X ∂2
+
V
(x
−
x
)
+
Vext (xi ) ,
ij i
j
2m
∂x2
i=1

i

i<j=2

(4.1)

i=1

where xi is the radius vector of the ith particle, E is the total energy, Vi j (xi − x j )
is a 2-body potential between the ith and jth particles and Vext is an external
potential. We want the procedure to be applicable for the bound state problem
in different setups, so the form of the potentials is not specified at this point.
However, to proceed further the following assumptions are made:
• Vi j and Vext are real analytic functions;
• lim|x|→∞ Vi j (x) = 0. The method can be used for any potential of this
kind, so the decay of the potential at infinity is not specified;
• Vext is bounded from below and we choose Vext > 0. Often Vext (x) can be
approximated with functions which are not zero at infinity, e.g Vext (x) ∼
x2 . This approximation is valid for many current experimental setups
and it is useful since it allows one to decouple relative and center-ofmass coordinates.
An approximation for the bound state solutions of eq. (4.1) can be found
using variational methods. These methods are based on the spectral theorem
for Hermitian operators, from which it follows that the functional
Etrial [ f ] =

h f |H| f i
,
hf|fi
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where f is a differentiable function such that h f | f i < ∞, |h f |H| f i| < ∞, gives
an upper bound for the ground state energy E0 of the Hamiltonian H. The
question now is how to construct f . One way is to pick a complete basis {φk }

n
o
and then choose from it a finite set of functions {φk } k ∈ 1, 2, ..., l such that

hφk |φk i < ∞, |hφk |H|φk i| < ∞ . Then a trial wave function f is built as a linear
combination of states from this finite set
f =

l
X

ck φk (x) ,

(4.3)

k=1

where the coefficients ck can be found through the linear minimization of the
functional Etrial [ f ]
δEtrial = 0 ⇒

l
X
i=1

δci

l 
X
j=1


hφi |H|φ j ih f | f i − hφi |φ j ih f |H| f i c j = 0

l 

X
⇒
hφi |H|φ j i − Etrial hφi |φ j i c j = 0, ∀i.

(4.4)

j=1

This is a generalized eigenvalue problem, that can be solved using the standard
methods of linear algebra. By the min-max theorem, the set of eigenvalues
n
o
{Ektrial }, k = 1, ..., l to eq. (4.4) are the upper bounds for the exact eigenvalues
Ek of the Hamiltonian. This fact opens a way to get an approximation for the
eigenvalues and the eigenfunctions of H.
The main step in the outlined procedure is the truncation of the complete
basis to determine the set {φk }. After that one obtains an approximate solution
n
o
on the span(φk ), k ∈ 1, 2, ..., l by solving eq. (4.4).

4.3 Choice of the Basis
The method described above needs a complete basis set {φk } as input. The
way one chooses this set and the truncation procedure for it determines how
efficiently the wave function, and hence the energy is calculated.
This set can be chosen in many ways, however some restraints have to
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be applied. For a bound state problem, the set {φk } has to be complete in
the space of square-integrable functions and, moreover, |hφ j |H|φi i| < ∞ ∀i, j.
From the numerical point of view a given precision has to be reached with
a computationally accessible number l (the upper element in the sum (4.3)).
Moreover, we also want to perform calculations for different dimensionality
(1D, 2D), for different number of particles (N = 1, ..., 5), for long-range and
anisotropic interparticle interactions, and for different external traps using the
same code. In practice all these requirements can be fulfilled using the basis in
the form of Gaussian functions
φk = e

−(x j −Skj )Akj f (x f −Skf )

(4.5)

,

where the set {x j } are the coordinates of the system, Skj and Akj f are numbers
that characterize the basis elements, and where we use the Einstein summation
P
notation a j b j = j a j b j . To insure square-integrability (hφk |φk i < ∞) of φk , the
matrix Akj f is chosen to be symmetric and positive-definite. The trial wave
function in this basis takes the form
f =

l
X

ci e

−(x j −Sij )Aijk (xk −Sik )

,

(4.6)

i=1

where ck are the linear variational parameters that have to be found from
eq. (4.4). For this basis, it is clear that h f | f i < ∞ and |h f |H| f i| < ∞ for the
potentials that we are interested in. Other desirable features of the chosen
basis include
R∞
2
2
• The Gaussian functions allow one to calculate −∞ xn e−a (x−b) dx (n =
0, 1, 2, ...; a, b ∈ R) analytically, which allows fast computation of the
kinetic energy, hφi |T|φk i, and overlap, hφi |φk i, matrix elements1 . Additionally, some special two-body potentials (e.g., harmonic oscillator,
Coulomb potential, etc) also have analytic expectation values.
• The Gaussian functions can be transformed fairly simply from one Jacobi
set to another. This is used i) to compute the interaction matrix element;
1

The corresponding expressions are presented in the Supplementary Material section.
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ii) to implement desirable symmetries in different channels (e.g., parity)
or iii) to exclude the center-of-mass motion (if Vext = 0 or Vext ∼ x2 ).
• A bound state wave function f (x) can be decomposed in this basis, since
R∞
f (x) = −∞ dy f (y) lima→0 a √1 π exp(−(x − y)2 /a2 ). Moreover, in practice,
many different setups can be accurately described using a finite (computationally accessible) subset of the set {φk }.
The wave function from eq. (4.6) can be adjusted for specific potentials
(e.g., central or weak). This possibility will be discussed later for a few particular physical problems.

4.4 Truncation of the Basis
The next step is to supplement the basis from eq. (4.5) with a truncation
scheme. In general one can choose a subset of l elements from a complete
basis in two qualitatively different ways:
• deterministic choice of l elements.
For instance, one orders the basis elements in some fashion and then
takes the first l elements. This method is very powerful if one knows the
scheme to sort the basis such that just a few first elements contribute
significantly. That is why this approach usually requires the basis that
solves some underlying problem using which it is possible to determine
the basis states that are important for the original system.
Another example is the direct minimization within subspaces of size l.
There one minimizes eq. (4.2) not only by changing l coefficients ck but
also by varying l-dimensional subset {φk }. This approach establishes the
l-dimensional subspace that describes the wave function in the best way.
However, this is a non-linear minimization problem, which is usually
computationally difficult.
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• random choice of l elements.
One can choose l random elements from an infinite basis in infinitely
many ways. This is the price for not putting in any preliminary knowledge about the system. To get a good description of the system one has
to pick randomly many sets of l elements and keep the one that gives the
smallest value of the functional (4.2).
One can also truncate the basis by mixing these two methods. For example,
to build a subset of size l one can start by random choice of a k-dimensional
subspace and then add to it elements one by one using the direct minimization
for only one element at each step. Another example is stochastic search for
one element supplemented with correlated growth of the basis: one starts with
one random element and then adds to it random elements one by one finding
a good continuation for the subset built on previous steps. We will describe
this method in detail since it is used in our numerical procedure. At the same
time we shall mention what parameters have to be provided in the input.
The truncation routine is divided into two parts
• Building the basis with l elements.
First, the basis element φ1 is found stochastically. To do so, quasi-random
numbers that determine A1jl and S1j are generated from the appropriate
distribution (e.g., exponential, Laplacian etc.); at this step the set of numbers2 {µk } from the input is used to parametrize the distribution.
Next the matrix elements for the Hamiltonian hφ1 |H|φ1 i and overlap
hφ1 |φ1 i are calculated, and eq. (4.4) is used to determine an upper bound
hφ |H|φ i
for the ground state energy3 Etrial = hφ1 1 |φ1 i1 .
If l > 1 the basis set has to be increased4 . To do so, n Gaussians
(ψ1 , ..., ψn ) are randomly chosen and n trial wave functions fi = c1 φ1 +

2

The set {µk } is initialized by guessing the physical properties of the system, e.g., root-mean
square radius, angular momentum, etc. An example of this choice will be discussed later along
with physical problems.
3
In this chapter we describe the procedure to approximate the ground state of the Hamiltonian, however, the routine can be also used to describe excited bound states (assuming that
transitions to the ground state are not possible) of the spectrum.
4
The element φ1 has to be refined as described below. However, it does not bring new
technical details, so this step is omitted here.
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c(i) ψi are constructed (n is another input parameter, which is related to
the complexity of the system). For each fi the expectation values Eitrial are
j
determined by use of eq. (4.4). Then the state ψ j with the lowest Etrial
becomes the second basis element.
If l > 2 one more Gaussian is added in the same way: array of n trial wave
functions (c1 φ1 +c2 φ2 +c(i) ψi ) is stochastically created and n corresponding
j
Eitrial are determined. Then the state with the lowest Etrial is used to
determine the third basis element φ3 .
This procedure is continued until l is reached as depicted in fig. 4.1
• Refinement of the basis
The previous routine yields the trial wave function in the form of equation (4.6). However, because the procedure is stochastic, the produced
set (φ1 , φ2 , ..., φl ) will not be an optimal for the size l and can be improved without changing its dimension.
To optimize the first element, φ1 , we stochastically create an array of
Gaussians (ψ1 , ψ2 , ψ3 , ..., ψn1 ) (n1 is another input parameter). This produces n1 basis sets {(ψi , φ2 , ..., φl ), i = 1, ..., n1 } that correspond to n1 new
trial energies. If the lowest of these trial energies is below than the energy of the initial set then the initial set is replaced with the new one.
Otherwise the initial set is not changed. In practice this procedure usually lowers the variational energy and optimizes the initial set.
The procedure is then repeated for the rest of the elements in the basis.
This routine for the element number i is shown in fig. 4.2
After this the trial wave function for the given input ({µk }, n, n1 ) is produced.
The accuracy of this wave function is discussed in the next section.
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Figure 4.1: Procedure to create stochastically a subset of size l.
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Figure 4.2: Procedure to refine the ith element.
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4.5 Convergence and Errors
The procedure described in the previous section produces the trial energy
Etrial (k) at each step as a function of the basis size k. The typical example5
for such a function is plotted in figure 4.3 for different input parameters. In
the present section we investigate this function and the accuracy of results.
In most situations a finite sum of Gaussians cannot reproduce the exact
wave function everywhere in coordinate space, and hence the exact value of
the energy cannot be reached. For example, a system without an external confinement is characterized with a wave function that at infinity decays much
slower than a finite sum of Gaussian functions. Another example is the delta
function potential in one dimension - this system is described by a wave function with discontinuous derivative, which, obviously, a finite sum of Gaussians
cannot reproduce.
It means that typically the rate of convergence ǫ(k) = Etrial (k) − Etrial (k + 1)
is positive for all finite numbers k. In such cases if ǫ(k)/Etrial (k) ≪ 1 and
ǫ(k) ≪ ǫ(k + 1), the function ǫ(k) is often considered as a measure of the
error. In practice, for smooth potentials these conditions can be reached for
numerically accessible k. For instance, in the example from figure 4.3 estimating Etrial (k) − Etrial (k + 1) at each step gives that for k ∼ 80 a rate of convergence with ǫ(80)/Etrial (80) ∼ 10−4 is achieved. In order to conclude that
(Eexact − Etrial (80))/Etrial (80) ∼ 10−4 we have to assume (this assumption is confirmed numerically by increasing k) exponentially fast convergence for k > 80.
This conclusion has to be independent of the input parameters {µk }, n, n1 and
the quasi-random distributions that are used, which must be checked by applying different input parameters as shown in figure 4.3.
This simple method estimates the exact value of the energy from the variational energy, and this is used to stop the procedure if ǫ(k)/Etrial (k) is small
enough. However, this estimate has to be used with precautions. For example, using a non-complete basis one can produce a convergence plot similar
to the one in figure 4.3 with a variational energy far from the exact result. In
this case after obtaining a converged result one has to complete the basis and
5
This convergence plot is taken for a weakly-bound chain configuration of five particles in
one-dimensional tubes from chapter 5.
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Figure 4.3: A typical convergence plot for Etrial (k). Different lines correspond to different initial guesses and different input parameters. Extrapolating to non-integer n
1 ∂Etrial
we see that Etrial
∂k ≪ 1 for k ∼ 80.

see whether it changes Etrial . Another crucial point is the assumption about the
rate of convergence of Etrial (k) for large k which is needed to consider ǫ(k) as the
error. For example, for a system of many variables and complicated interparticle interaction (e.g., potentials with different ranges or hard-core potentials)
ǫ(k) can be very small but almost constant for a large interval of k such that
accuracy of the energy is not easily estimated.
For those cases the calculation of the error is more involved and requires
additional computations. For example, it can be done by calculating the variance of the trial wave function f
σ2 = h f |(H − Etrial )2 | f i,

h f | f i = 1,

(4.7)

which determines how far Etrial is from an eigenstate of the Hamiltonian6 Ek .
However, from the variance alone one cannot predict whether Ek is the ground
state or an excited state. One can find other mathematical lower bounds which
6

Indeed, the trial wavePfunction f can
i}
P 2 be expanded in the basis of the eigenstates {Ψ
2
of
the
Hamiltonian:
f
=
a
Ψ
with
a
=
1
such
that
the
variance
takes
the
form
σ
=
i
i
i
i
P 2
2
2
2
i ai (Ei − Etrial ) . Obviously, there necessarily exists Ek such that (Ek − Etrial ) < (Ei − Etrial ) , ∀i , k,
which means that σ2 > (Ek −Etrial )2 , so in the region [Etrial −σ, Etrial +σ] lies at least one eigenvalue
of the Hamiltonian.
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can be more suitable for a particular problem. For instance, for N > 2 identical
bosons without an external potential and with interparticle interaction of the
form gV(x) (where g is a constant that defines the strength of the potential) one
gets a lower bound for the ground state energy EN (g) using the ground state


N
energy of N − 1 bosons: EN (g) > N−1
N−2 EN−1 N−1 g [Richard 1994]. This bound
is useful for the strongly-bound regime. Other bounds include: a minimum of


H f (x)
the local energy if f > 0 is a trial wave function, then E > infx f (x) , Temple’s
bound [Thirring 1981] etc. In practice, those bounds overestimate the error
so other approaches to check the quality of the solution are usually used. For
example, if φ is an eigenstate of the Hamiltonian then for any operator A the
expectation value of hφ|HA − AH|φi is zero. With an appropriate choice of A,
this could provide a good estimate of the quality of the solution.
In this study we usually calculate the variance or use parameters for which
analytical predictions are possible as a reference point for our numerical study.

4.6 Improvement of Efficiency
The previous sections introduced the basic computational algorithm which can
be used to solve the bound state problem. However, the efficient application
of this algorithm is only possible after some simple modifications that speed
up the routine drastically. Some of these rely on physical properties of the
system and will be discussed later along with the physical problems. On the
other hand, some improvements can be implemented for any problem. In this
section we demonstrate this for the "Truncation of the basis" step.
To truncate the basis as depicted in figures 4.1 and 4.2 one needs
• 1) to calculate the matrix elements, which requires C × l operations at
each step7 ;
• 2) to solve the generalized eigenvalue problem in eq. (4.4), which, for a
general case, requires C1 ×l3 operations8 ;
7

At this step one needs to compute ∼ l integrals for the overlap and the Hamiltonian matrix
elements, then the constant C is related to the time spent to perform one integration.
8
To solve the eigenvalue problem for the matrix of size l one needs ∼ l3 operations, the
constant C1 then determines the efficiency of the diagonalization routine which is used.
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where C and C1 are l-independent parameters9 .
During step 1) the overlap, kinetic energy and interaction matrix elements
are computed. The overlap and kinetic energy are calculated analytically so no
improvements can be made here (besides numerical tricks e.g., more efficient
matrix multiplication etc.). Calculation of the interaction matrix elements can
be sped up in various ways. One way to make parameter C smaller is to use
integration routines that take into account fast decay of the Gaussian function
at infinity e.g., the Gauss-Hermite routine. Among the other options we find
that for central potentials of finite range the decomposition of the potential in
P
the Gaussian basis V(|xi − x j |) = k ck exp(−ak (xi − x j )2 ) allows us to compute
matrix elements much faster than using the actual integration routine. This
transformation is also useful for any finite range potentials in one dimension
and for long-range central potentials. The latter, however, requires the decomposition that maintains long-range features of the potential. This is essential
for the weak binding where the tail properties are of high importance.
During step 2) one has to solve equation (4.4). This can be done using
standard linear algebra methods (for example using the GSL or Armadillo libraries for C/C++). However, this is not the optimal way. Indeed, since the
basis size increases gradually, the information obtained on previous steps can
be partially reused. For instance, at step number l we build matrices Hl and Nl


 H11 H12

 H
 21 H22
Hl = 
 ...
...


Hl1 Hl2

... H1l
... H2l
... ...
... Hll






 ;





 N11 N12

 N
 21 N22
Nl = 
 ...
...


Nl1 Nl2

... N1l
... N2l
... ...
... Nll






 .




Solving the generalized eigenvalue problem with these matrices is an expensive procedure that requires C1 × l3 operations. On the other hand, for Hl−1

9
It is worth to note that for typical problems C ≫ C1 so for small l step 1) takes more
operational time whereas for large l step 2) takes over.
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and Nl−1 from the previous step,

Hl−1






= 




H11
H12
H21
H22
...
...
H(l−1)1 H(l−1)2

...
H1(l−1)
...
H2(l−1)
...
...
... H(l−1)(l−1)






 ,




Nl−1






= 




N11
N12
N21
N22
...
...
N(l−1)1 N(l−1)2

...
N1(l−1)
...
N2(l−1)
...
...
... N(l−1)(l−1)






 ,




the set of eigenvalues {ǫi }, i = 1, ..., l − 1 and the corresponding orthonormal10
eigenvectors {cik }, k = 1, ..., l − 1 are already known. It follows that we can
transform eq. (4.4) into the following matrix equation

0
 ǫ1 − E


0
ǫ2 − E


 ...
...


hl1
hl2

...
h1l
...
h2l
...
...
... hll − E



  c1 

 
  c2 
 

  ...  = 0 ,
 

 

cl

where the matrix elements are given by
j
k=1 ck Hkl

Pl−1
h jl = q

Nll −

− ǫ ja j

Pl−1
i=1

,

(4.8)

(ai )2

Pl−1 i
where ai = k=1
ck Nkl . This new equation can be solved if the determinant of
the matrix is zero:
l−1
X
h21k
= 0.
(4.9)
hll − E −
ǫk − E
k=1

It shows that the information from the previous steps allows us to find the lowest eigenvalue of the Hl matrix using C2 × l2 operations, which is an important
improvement for large l.
10

j

In this case it means that cik Nkl cl = δij
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It should be also noted that for large l other approaches can increase the
efficiency of the procedure. Indeed, at this stage the ground state of the Hamiltonian should be relatively well described by the obtained trial wave function
f . One can use this function as the ground for different perturbation methods.
For instance, good results can be obtained by adding to f an element from the
α
orthogonal subspace Etrial
(H − Etrial [ f ]) f , where α is a constant. This constant
is defined by minimizing the functional (4.2)
E[ f +

α
Etrial

(H−Etrial ) f ] =

α
α 2
Etrial (1 − α)2 + 2 Etrial
hH f |H f i(1 − α) + ( Etrial
) hH f |H|H f i
α 2
) (hH f |H f i − E2trial )
1 + ( Etrial

where the normalization h f | f i = 1 is assumed, also this functional requires
computation of h f |H3 | f i and h f |H2 | f i that we discuss in the Supplementary
material. It is worth to note that the latter matrix element can be used to
compute the variance, so this method allows one to check convergence of the
variance. When α is established one can continue this procedure by adding
another orthogonal element.
We also mention one more example, where at step l + 1 one fixes l coefP
ficients ci from the previous step and looks for a solution lj=1 c j φ j + cl+1 φl+1
with just one variational parameter cl+1 , which is calculated by minimizing the
functional


P j=l
l
 Etrial [ f ] + 2cl+1 j=1 c j Hl j + c2l+1 H(l+1)(l+1)
X


c j φ j + cl+1 φl+1  =
,
E 
P j=l


1 + 2cl+1 j=1 c j Nl j + c2l+1 N(l+1)(l+1)
j=1

(4.10)

where all coefficients c j for j ≤ l are fixed. This method is easy to implement
and it allows one to proceed using O(l) operations at each step. Unfortunately,
the trial wave function f cannot be improved drastically since the method is
perturbative.
In our study in order to obtain fast convergence it was enough to apply
only the modifications described above. However, there exist numerous other
ways to improve the procedure: modification of the trial wave function from
eq. (4.6) (e.g., one can multiply Gaussians by polynomials which is advisable
for hard-core potentials or zero-range type models); implementation of the di42
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rect minimization for the functional in eq. (4.2) at some stages (e.g., when
the wave function is almost converged); usage of a simpler potential, that contains the main features of the real potential, at initial stages (this can produce
a quick first guess for the Gaussian basis that can describe the eigenstates of
the real Hamiltonian) etc.

4.7 Summary
In this chapter we presented basic features of the numerical method that has
been used to solve the physical problems outlined in chapter 1. The basis of
Gaussian functions was introduced and the procedure to truncate the basis was
presented. A brief discussion of the convergence for the truncation procedure
was also given. Later, while solving the physical problems, some other aspects
of this numerical approach will be highlighted.
We would like to stress again that the present chapter does not cover all
aspects of this approach. To get a deeper understanding of the method, the
book [Suzuki 1998] is recommended. For recent advances in this approach
one can use the review [Mitroy 2013] and references therein.

4.8 Supplementary Material
The fast calculation of the matrix elements for eq. (4.4) is one of the main
advantages of the usage of Gaussian functions. The Supplementary material
presents the analytical calculation for these matrix elements.
Overlap
Consider a system that has f degrees of freedom. Then the overlap matrix
element hφi |φ j i between functions φi and φ j from eq. (4.5) reads
Z
ij

N =

i

i

i

j

j

j

e−(xm −Sm )Amn (xn −Sn ) e−(xl −Sl )Alk (xk −Sk ) dx1 ...dx f .
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The integration can be performed analytically such that
Ni j = Ci j √

π
detBi j

exp

1
4


ij
ij
vl (Bi j )−1
v
lm m ,

(4.12)

where the coefficients Ci j , matrices Bi j and vectors vi j are
j

j

j

(4.13)

Ci j = exp(−Sil Ailm Sim − Sl Alm Sm ),
ij

j

ij

Blm = Ailm + Alm ,

j

j

(4.14)

vl = 2Sim Aiml + 2Sm Aml .

Eq. (4.12) is also used to calculate the interaction matrix element if the potential is represented as a sum of Gaussians.
Kinetic energy
The kinetic energy matrix element
Z

1
Ti j = −
2

e

−(xm −Sim )Aimn (xn −Sin )


 f
X ∂ ∂ 
 −(xl −Slj )Alkj (xk −Skj )

dx1 ...dx f , (4.15)
e


∂xh ∂xh 
h=1

also can be simplified
 

T = N tr Ai A j (Bi j )(−1) + 2(ui j )T Ai A j ui j
ij

ij

ij T

i

j j

i

j i

i T

i

j j



(4.16)

− 2(u ) (A A S + A A S ) + 2(S ) A A S .
j

ij

(−1) i j

where the matrix notation (Ai B j )l f = Ailm Bm f is used and um = 12 (Bi j )ml vl .
Variance
To calculate the variance one needs to calculate the following matrix element
hHφi |Hφ j i = hTφi |Tφ j i + 2hVφi |Tφ j i + hVφi |Vφ j i ,

(4.17)

among which hTφi |Tφ j i can be performed analytically. First note that
f



1X ∂ ∂
−
φn = φn Anlm Anml − 2(xl − Snl )Anlk Ankm (xm − Snm ) ,
2
∂xi ∂xi
i=1
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which allows us to rewrite (T2 )i j in the following way
Z
2 ij

(T ) = hTφi |Tφ j i =

 

T



dx1 ...dx f φi φ j tr A j A j − 2 x − S j A j A j x − S j ×
 





j
j T j j
j j
,
(4.19)
tr A A − 2 x − S A A x − S

where the matrix notation is adopted again. Integrals in eq. (4.19) have one
R
R
of the following forms dx1 ...dx f φi φ j (xT Dx), dx1 ...dx f φi φ j (xT Dx)(xT D1 x), or
R
dx1 ...dx f φi φ j , where D and D1 are some matrices. These integrals can be
performed analytically,
Z
dx1 ...dx f φi φ j = Ni j ,
Z


 T
1
dx1 ...dx f φi φ j (xT Dx) = Ni j ui j Dui j + trDBi j(−1) ,
2

(4.20)
(4.21)

R

dx1 ...dx f φi φ j (xT Dx)(xT D1 x) =
h
i
i
h
h
i
ih T
T
T
T
Ni j ui j Dui j ui j D1 ui j + 21 ui j D1 ui j tr DBi j(−1) + 12 ui j Dui j tr D1 Bi j(−1)
i
i h
i
h
h
T
+2ui j DBi j(−1) D1 ui j + 41 tr DBi j(−1) tr D1 Bi j(−1) + 21 tr DBi j D1 Bi j .
These expressions can be easily obtained from eq. (4.11). As an example we
show how to derive equation (4.21)
Z

Z

dx1 ...dx f e(−xl Bl f x f +vl xl ) xk xm =


(−1)


∂B
lf
∂
 1 ∂detB 1

− CDkm
Ni j = CDkm Ni j 
− vl
v f  ,
∂Bkm
4 ∂Bkm 
 2detB ∂Bkm
T

dx1 ...dx f φi φ j (x Dx) = CDkm

(4.22)

where the notation Bi j = B, vi j = v, Ci j = C is used. Equation (4.21) can now
be established using the following relations
∂detB
∂detB
(−1)
= ckm →
= Bkm detB ,
∂Bkm
∂Bkm
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where ckm is a cofactor to the element Bkm and
(−1)

(−1)
Bi j B jl

= δil →

∂Bi j

∂Bkm

B jl =

(−1)

(−1) ∂B jl
−Bi j
∂Bkm

→

∂Bi j

(−1) (−1)

= −Bik Bm j .

∂Bkm

(4.24)

In the same way it is possible to calculate the matrix elements for higher order
polynomials.
Potential energy
If a pair potential Vkm cannot be easily decomposed in the Gaussian basis then
the matrix element hφi |Vkm |φ j i has to be computed numerically. In general this
matrix element requires numerical integration in N × D dimensions, which can
be reduced to D-dimensional integration by going to an appropriate Jacobi set.
This reduction relies on two properties of the Gaussian function:
• exp(−yT Ay) = exp(−xT AU x), where x and y are N × D-dimensional vectors such that y = Ux and AU = UT AU;
• exp(−x2 − y2 ) = exp(−x2 ) exp(−y2 ).
We show this reduction in one dimension using the Jacobi coordinates yl =
Ulm xm that are defined through the N × N matrix U
 q
1


 q 2

1

6
U = 
 ...
 q


1

N

q
−
q

1
2

1
6

...
q

0
q
−

...
q

1
N

1
N

where
• Ui j = √ 1

i(i+1)

q
• Ui j = −
• Ui j =

√1
N

i
i+1

2
3

for j ≤ i;
for i = j + 1;

if i = N;
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and zero otherwise. The matrix U is chosen to be a unitary matrix so one can
immediately write x = UT y. By swapping columns: U1 j with Uk j and U2 j with
Um j one gets a new unitary matrix Ukm which defines a new Jacobi set with11
√
y1 = (xk − xm )/ 2.
Performing the transformation with Ukm , one obtains the expression for the
interaction matrix element hφi |Vkm |φ j i
Z
ij

hφi |Vkm |φ j i = C

√
T
ij
exp(−yT B(km) y + vi j (km) y)Vkm ( 2y1 )dy1 ...dyN ,

(4.25)

where the integration in N − 1 coordinates can be performed. Indeed, first one
decouples the interaction coordinate y1 from all others, denoted as the (N − 1)ij
ij
dimensional vector Y, then one divides matrix B(km) and vector v(km) into two
parts such that
√
T
ij
exp(−y1 T B(y )(km) y1 + vi j (y1 )(km) y1 )Vkm ( 2y1 )dy1 ×
1
Z


 
ij
T ij
i jT
exp −Y B(Y)(km) Y + v (Y)(km) − 2B(y Y)(km) y1 Y dY,(4.26)
Z

ij

hφi |Vkm |φ j i = C

1

where the internal integral can be performed analytically using equation (4.11)
which yields the one-dimensional integral:
Z
i j km

hφi |Vkm |φ j i = C C̄



√
exp −yT1 A(km) y1 + S(km)T y1 Vkm ( 2y1 )dy1 ,

(4.27)

where
T

ij

A(km) = B(y

1 )(km)

T

ij

S(km) = v(y
C̄km = q

π

i j(−1)

1 )(km)

N−1
2

ij

ij

− Bi j (y1 Y)(km) B(Y)(km) B(y

det BY(km)

i j(−1)

1 Y)(km)

,

ij

− Bi j (y1 Y)(km) B(Y)(km) v(Y)(km) ,

exp


1 i jT
i j(−1) i j
v (Y)(km) B(Y)(km) v(Y)(km) .
4

11
This is not a unique way to introduce a Jacobi set with y1 ∼ xk − xm , however, to calculate
the interaction matrix element one can use any of those sets.
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C HAPTER 5

Dipoles in Tubes

This chapter considers a system of bosonic polar molecules in one-dimensional
tubes. The few-body bound structures in this geometry are found for different
polarization angles and dipole strengths.

5.1 Introduction
In chapter 1 we mentioned some physical setups that can be treated as onedimensional. This section considers one such system: tubes that are constructed by applying optical lattices (as in [de Miranda 2011]) to the gas of
polarized heteronuclear molecules1 as depicted in figure 5.1. The tubes that
are produced in this way have a width along the confined direction that is determined by the laser intensity. We suppose that this width, l, is much smaller
than the intertube distance, d, which will allow us to construct the potential
for particles in different tubes by assuming that the tubes have zero width as
in ref. [Zinner 2011]. For the intratube interaction the corrections of the finite
width have to be taken into account, since the dipoles in the same tube can
come close to each other in both head-to-head and head-to-tail configurations.
However, these corrections can be included such that the system still can be
treated as one-dimensional [Deuretzbacher 2010].
In the present chapter we look for the possible N-body bound states in this
setup [Volosniev 2013b]. We start by discussing the two-body ground state for
particles that have polarization angles2 : θ = 0, φ = π/2, such a polarization
1

Even though we call them molecules later we assume that they interact as pure mathematical dipoles without any internal structure.
2
In this dissertation we work exclusively with the case θ = 0. This parameter is kept only as a
reminder that the multi-tube configuration has an extra parameter compared to the multi-layer
setup from the next chapter.

49

CHAPTER 5. DIPOLES IN TUBES

z

y

l
!
x

d

Figure 5.1: Schematic of the setup for the case of three equidistant one-dimensional
tubes along the x-direction in the xy-plane with a distance between adjacent tubes of
~ points along the direction specified by the two angles φ
d. The dipolar moment, D,
and θ as defined on the figure. Dark filled circles indicate the dipolar atoms in the
tubes. The tubes have a thickness given by l. In typical experimental setups the tubes
also have an in-tube confinement. This is indicated on the figure by the shrinking of
the tubes at both ends. This in-tube confinement will, however, be neglected in this
work.

throughout this chapter is called ’perpendicular to the tubes’. For this system
first we reproduce the result that the system is always bound [Wunsch 2011,
Zinner 2011] and then provide the analytical expansions of the ground state
energy in the limits of strong and weak binding. After that we focus on the
systems of 3 − 5 perpendicularly polarized particles where we show that only
the chain configurations (containing one particle per tube) are bound. Finally,
we determine the reduction of the intralayer repulsion (by applying a field
gradient or by tilting the polarization angle) that can bind the ground state of
complexes with more than one particle per tube.
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5.2 Two Dipoles in Two Tubes
Let us start by considering the system of two dipoles polarized perpendicularly
to the tubes, (θ = 0, φ = π/2), as depicted schematically in figure 5.2.

D

x

M

d
D
M

Figure 5.2: Illustration of the system consisting of two dipolar particles of mass M
moving in parallel tubes separated by a distance d. Their dipole moments, D, are
assumed to be aligned by an external electric field that is perpendicular to the tubes.

Interaction in the System.
The interparticle interaction between two dipoles of dipole moment D is assumed to be the pure dipole-dipole interaction
V(x) = D2

x2 − 2d2

(x2 + d2 )5/2

,

(5.1)

where x is the relative distance of the two dipoles along the tubes and d is the
distance between the two tubes (see figure 5.2). This potential is shown in
figure 5.3. We see that the potential has a deep negative pocket at x = 0 and
a positive part for x2 > 2d2 . By summing up these contributions we obtain the
net volume for the potential
Z

∞
−∞

V(x)dx = −2
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0
Vd3 /D2

-0.5
-1
-1.5
-2
-3

-2

-1

0
x/d

1

2

3

Figure 5.3: The interparticle interaction 5.1 as a function of the relative distance
between particles. The big pocket at zero reassures negative net volume of the interaction, see eq. 5.2, such that the potential 5.1 provides a bound state even for D → 0.
2
2
The interaction reaches its maximum value Dd3 55/2
at x/d = ±2. At large distances the
potential has the usual D2 /x3 behavior.

The net volume is negative which means that the system has a bound state
for any value of the dipole moment, D, [Landau 1977,Wunsch 2011] (see also
chapter 2).
The Schrödinger Equation
The system of two polarized dipolar particles of equal mass M and dipole moment D, that are placed at the positions x1 and x2 obeys the Schrödinger equation


2 ∂2
 ~2 ∂2

~
−

(5.3)
 2M ∂x2 − 2M ∂x2 + V(x1 − x2 ) Ψ(x1 , x2 ) = EΨ(x1 , x2 ) ,
2
1
where E is the total energy of the system and Ψ is the corresponding wave
function. The usual transformation to the center-of-mass system with the co2
ordinates X = x1 +x
2 , x = x1 − x2 produces the equation for the relative motion
#
" 2 2
~ d
+ V(x) ψ(x) = (E − Ecm )ψ(x) ,
−
M dx2

(5.4)

where ψ(x) is the wave function of the relative motion and Ecm is the energy
of the center-of-mass motion which we can always put to zero. To analyze this
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equation we use the dimensionless form
!
d2
− 2 + UV̄(x) ψ(x) = ǫψ(x),
dx

(5.5)

where the variable x is now in units of d, ǫ is the eigenenergy in units of
2 −2
~2
, U = MD2 /(~2 d) is the dimensionless strength and V̄(x) = (x2x+1)
5/2 . This
Md2
equation can be easily analyzed in the limits of strong, ǫ/U ∼ 1, and weak,
ǫ/U ≪ 1 couplings.
Weak binding. As discussed in chapter 2, the weak binding regime for potentials of negative net volume can be achieved only with small U. It means
that one can use the general derivations from chapter 2 with two small parameters, which greatly simplifies the analysis. Indeed, let us write the bound state
solution of (5.5)
Z ∞
sinh(κ[x − t])
−κx
ψB (κ, x) = e
−
V̄(t)ψB (κ, t),
(5.6)
dt
κ
x
where the parameter κ > 0 fulfills the equation
1
κ=−
2

∞

Z

dteκt V̄(t)ψB (κ, t).

(5.7)

−∞

This parameter is related to the binding energy by ǫ = −κ2 . Equations (5.6)
and (5.7) can be analyzed with high precision using an iterative method with
small parameters κ and U, such that
1
κ=−
2

Z

∞

1
V̄(t)dt +
2
−∞

Z

∞

Z
dtV̄(t)
t

−∞

∞

dt′ (t − t′ )V(t′ ) + . . . .

(5.8)

Upon inserting the potential from (5.1) and carrying out the integrals we find
κ = U + U2

π
+ o(U2 ),
16

(5.9)

which implies that ǫ = −U2 to the leading order in U. This leading order term
~2
x
corresponds to the delta function potential −g Md
2 δ( d ) with g = 2U (explicit
units were reintroduced for clarity), which can be used to describe properties
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of a weakly-bound state.
Strong binding. The ground state wave function in this limit is strongly
localized near the origin, i.e., hx2 i/ǫ → 0, such that the probability for finding
the system in the classically forbidden region is small. Under this condition
one can use standard techniques to obtain the binding energy and the wave
function. First the potential is expanded near the origin
U

∞
X
x2 − 2
2
4
=
−2U
+
6Ux
−
45Ux
/4
+
U
αn x2n ,
(x2 + 1)5/2
n=3

(5.10)

where the first two terms produce the harmonic oscillator solution fosc whereas
the third term can be included via perturbation theory, which yields the following contribution to the energy
δǫ = −

45U h fosc |x4 | fosc i
.
4 h fosc | fosc i

(5.11)

!
1
6U − 45/32 + O √ .
U

(5.12)

√
This gives the ground state energy up to the terms proportional to 1/ U
ǫ = −2U +

√

Numerical study. We use the numerical procedure described in chapter 4
to obtain the solution of the wave equation (5.5) for any value of U. The
comparison of the numerical results to the weak and strong binding expansions
is shown in figure 5.4. Both the limit of weak and strong binding are well
reproduced by the approximation schemes presented above. Figure 5.4 also
shows that the delta function potential is a good approximation for the real
potential of strength U . 0.2. We also note that for this regime only one bound
state exists. Those are valuable conclusions for studies that describe manybody physics using a delta function representation of the dipolar interaction,
since in current experiments with 40 K −87 Rb molecules U . 0.4. On the other
limit, the strong binding model gives a fairly good description of the system
for U & 4 such that the difference between numerical and analytical results is
noticeable only at U ∼ 1. For the strong binding regime we find also excited
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states with negative energies which we do not discuss here.

0

exact
U≪1
U≫1

-2
EMd2 /~2

-4
-6
-8

0

-10 -0.25
-12
-14

-0.5
0

0

0.4 0.8
2

4

6

8

10

U
2

Figure 5.4: The two-body ground state energy, E, in units of Md
, as a function of the
~2
dimensionless dipolar strength, U. The inset is a magnification of the small U regime.
The regime of strong binding is well-reproduced by eq. 5.12 for values of U & 2. The
other limit of weak binding is achieved for U . 0.2.

Antialigned dipoles. At the end of this subsection we present the case with
U < 0 which in classical physics corresponds to the dipoles pointing in opposite
directions. In experimental setups negative values of U should be possible to
achieve using alternating current fields [Neyenhuis 2012]. In this case the net
R
volume from eq. (5.2) is positive, V = 2D2 /d2 , and it takes a finite strength
to bind the two-body system. Numerically we find that the system is bound
for U < −4.98. This value can be confirmed from eq. (5.7) by putting the
parameter κ to zero. This produces the equation for Ucritical that is needed
to bind the system. Unfortunately, this equation is not easily solved, since
it requires the zero energy wave function. Approximating this function with
a few first terms from eq.(5.6) we obtain the equation for Ucritical : Ucritical +
π
2
Ucritical
16 = 0, which has two solutions; one corresponds to the bound states
with U > 0 and another for the bound states with U < − 16
π ∼ −5.09. The latter
is within 2 percent of the numerical value.
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5.3 Few-Body Bound States
After considering a simple system of two particles in two tubes we turn our
attention to the setup depicted schematically in figure 5.1, i.e., an array of
equidistant one-dimensional tubes containing N aligned dipolar particles. The
particles are identical bosons with mass M, dipole moment D, and N is varied
from three to five. We find the possible bound complexes in this setup for
different polarization angles and dipole moments.

5.3.1 Formulation of the Problem
The Hamiltonian for the system has the form
H=

N
X
p2i
i=1

2M

X
+

(5.13)

V(xi j , ni j ),

i>j

where xi j is the relative distance between the ith and jth particles along the
tube direction and ni j is the integer that indicates the length between the tubes
that hold the ith and jth particles (ni j = 1 for adjacent tubes and so on).
Interaction in the system. The assumption that the tubes have zero width
allows us to approximate the potential between two dipoles with coordinates
(0, 0, 0) and (x, nd, 0) using the pure dipole-dipole potential
V(x, n) = D2

x2 + (nd)2 − 3 cos2 θ[x cos φ + nd sin φ]2
(x2 + (nd)2 )5/2

,

(5.14)

where n is an integer such that nd is the intertube distance (n = 1 for nearest
neighbor (adjacent) tubes, n = 2 for next-nearest neighbors and so on). The
potential in eq. (5.14) has the interesting property that for the case of n , 0
the net volume,
Z

∞
−∞

V(x, n)dx =

i
2D2 h 2
2
cos
(θ)
cos
(φ)
−
cos(2θ)
,
(nd)2

(5.15)

is a function of the angles, which means that one can obtain both positive
and negative values of the integrated interaction. This observation leads to
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a scheme [Zinner 2011, Wunsch 2011] to control the presence of a weaklybound dimer by changing φ and θ, since the criterion for the existence of a
two-body bound dimer in the limit of small D2 is a non-positive integral 5.15.
The interaction from eq. (5.14) turns out to give a good approximation
for the intertube interaction. However, for the interaction inside the tubes
the finite width of the tube has to be taken into account. This is done as
in [Deuretzbacher 2010,Zinner 2011] (see also the Supplementary material in
chapter 6 for two-dimensional setups). We assume a Gaussian wave packet in
the transverse direction that will be increasingly localized in space as the laser
intensity increases and build an effective interaction by integrating out this
Gaussian wave packet. This procedure yields the effective intratube interaction
Vrep (x) = D2 λ3 (1 − 3 cos2 θ cos2 φ) f (λx),

(5.16)

where λ = d/l and the function f (z) is
f (z) =

−2|z| +

√

√
2π(1 + z2 ) exp(z2 /2)erfc(|z|/ 2)
.
4

(5.17)

It follows that the intratube interaction is either purely attractive or purely
repulsive depending on the sign of (1 − 3 cos2 θ cos2 φ). For the attractive interaction one has to take into account the short-distance behavior of the potential.
This behavior can lead to a fast chemical reaction which destroys the experimental setup, as in 40 K −87 Rb systems. To rule this scenario out, we will work
only with the positive sign of (1 − 3 cos2 θ cos2 φ), i.e., the case for which two
dipoles in a single tube repel each other which is indicated by the subscript
’rep’ in equation (5.16). For θ = 0 it means that we work with angles from the
√
interval [φm , π/2] where φm  acos(1/ 3) ≃ 54.73o . Another feature one must
notice: the intratube potential has been regularized at zero by the finite width
of the transverse confinement3 and does not have the strict 1D form x−3 that
follows from eq. (5.14) with n = 0 or eq. (5.16) with λ → ∞.
To summarize: we work with the Hamiltonian from eq. (5.13) where the


√
2π − 4|z| /4 which is a
This conclusion follows from the expansion near the origin f (z) ≃
good approximation for |z| ≪ 1. One can also find the behavior of the function at large distances
f (z) ≃ 1/|z|3 for |z| ≫ 1, which corresponds to the pure dipole-dipole interaction.
3
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intertube potential is from eq. (5.14) and the intratube interaction is from
eq. (5.16). Unless explicitly stated, in the numerical investigation the value
λ = 5 is used everywhere (see reference [Zinner 2011] for the discussion of
the effects of changing λ).

5.3.2 N-body Chains
Here we consider a system of N perpendicularly polarized dipoles placed in
N different tubes with the potentials given by (5.14). In the two- and onedimensional cases, such structures have generated a lot of recent interest since
one expects highly non-trivial few- and many-body dynamics [Wang 2006,
Capogrosso-Sansone 2011,Armstrong 2012,Volosniev 2013a]. This subsection
addresses the regime of weak binding for which we have already argued that
two particles can be accurately described using the zero-range potential with
the strength proportional to the net volume (5.15) of the interaction. This universal behavior is also expected for more than two particles for potentials of
negative net volume.
Let us start by arguing that the N-body chain has at least one bound state.
Indeed, let us assume that any (N − 1)-body chain has a bound state with the
wave function of the relative motion f (x1 , ..., xN−1 ) and the corresponding energy EN−1 . Let us then define the trial wave function4 Φtr (x1 , ..., xN ) = F(xN ) f ,
where F is the ground state solution of the wave equation
#
"
~2 d2
+ v(xN ) F(xN ) = ǫtr F(xN ) ,
−
2M dxN 2

(5.18)

R
where v(xN ) = Vchain−particle f 2 dx1 ...xN−1 and Vchain−particle is the sum of the
interactions between (N − 1) particles in the (N − 1)-body chain and the Nth
P
particle, Vchain−particle = N−1
i=1 V(xN − xi , nN R− ni ). The function F then corresponds to the negative eigenvalue ǫtr , since v(xN )dxN < 0. It means that the
trial wave function Φtr has an expectation value EN−1 + ǫtr , which is less than
EN−1 . In this way one can prove that the N-body chain has the energy which is
less than the energy of any subsystem; then by starting with a bound two-body
4
xN is the Jacobi coordinate between the Nth particle and the center of mass of the (N − 1)chain.
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chain we conclude that the N-body chain also has a bound state. Therefore,
the ground state of the N-body chain is bound and we investigate it in this
subsection.
Weak binding. It was demonstrated (see fig. 5.4) that for U . 0.2 two
particles in two layers show universal behavior in a sense that the potential
Md2
V = −2Uδ(x/d) accurately describes this system. Now we want to estab~2
lish how well this zero-range approximation works on the few-body level with
N > 2. To do so, we first consider a toy model where all N particles interact with the same interaction corresponding to ni j = 1 in (5.14). For this
case, where the two-body potentials are of equal strength and zero-range,
the system was studied in the classic paper of Lieb and Liniger [Lieb 1963].
McGuire has shown that for the attractive delta function case, the ground
state energy of the N-body problem, EN , can be written very elegantly as
EN /E2 = N(N2 − 1)/6, where E2 is the ground state energy of the two-body
system with ni j = 1 [McGuire 1964].
For the realistic chain ni j is not always equal to one. This makes it impossible to write the zero-range approximation to the N-body ground state
energy as elegantly as for the toy model. On the other hand, systems with
the zero-range interaction were studied numerically for different values of the
parameters and one can learn from those investigations. For instance, for the
three-body problem with delta function interactions where two identical particles attract a third particle it was proven that a unique three-body bound state
exists for any interaction between the identical pair [Dodd 1972].
Strong binding. For consistency we also analyze the strong binding regimes
for the toy model and the realistic chain. In the strong coupling limit, the
N(N−1)
leading term for the toy model is EN /E2 =
which is simply the number
2
of pairs that all contribute an energy E2 . For the realistic chain, the expression
is instead
N N−k
X
X1
(3)
(2)
= NHN−1 − HN−1 ,
(5.19)
EN /E2 =
3
i
i=1
k=1

(k)

where Hm =

Pm

i=1 i

−k

is the harmonic number of order k.
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Figure 5.5: The numerically determined N-body binding energies relative to the twobody energy, E2 , as a function of the coupling strength, U, using both a toy model
where all interactions have n = 1 in (5.14) and the realistic case where n is different
for different pairs of particles in the chain. The toy model at weakly-bound regime
serves as a reference point for our calculations, since it has an exact solution.

Numerical results. The numerically calculated binding energies relative to
the two-body energy, EN /E2 , for both the toy model and the real dipolar chains
in 1D are presented in figure 5.5. The delta function behavior5 is observed in
all cases for U . 0.15 which indicates that for current experiments the zerorange models can give a valuable insight into such systems. One also notes
that the zero-range approximation is achieved faster for the real chains, since
particle pairs that are located several tubes apart in a chain have an effective
zero-range strength 1/n2i j times smaller as compared to the ni j = 1 case. For
the real chain of three particles small two-body binding energies, E2 → 0, yield
5

We say that the delta function behavior is reached for small E2 if EN ∼ E2 . Indeed, the
wave equation H(x1 , x2 , ..., xN )Ψ(x1 , x2 , ..., xN ) = EN Ψ(x1 , ..., xN ) with the delta function interaction gcij δ(xi − x j ), where cij are g-independent coefficients, allows one to rescale the problem
using new coordinates yi = gxi , from which follows that EN ∼ E2 , since EN ∼ g2 and E2 ∼ g2 .
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the universal ground state of a trimer with the energy E3 ≃ 2.44E2 . This value
should be compared with the zero-range result E3 ≃ 2.088E2 obtained with the
non-interacting outer particles [Dodd 1972]. This comparison shows that the
outer particles bring a valuable contribution which cannot be neglected. For
chains of four and five particles the zero-range limits were found to be E4 ≃
4.0(8)E2 and E5 ≃ 5.6E2 respectively. In the other limit, the strong coupling
behavior is slowly approached with increasing the interaction strength.

5.3.3 Non-Chain Bound Complexes
Here we investigate cases with two particles in one tube: two tubes with three
particles in total and three tubes with four particles. We start by considering a three-body state, i.e., one particle with the coordinate x1 and the dipole
moment D1 in one tube and two particles with the coordinates x2 and x3 and
dipole moments D2 and D3 in the adjacent tube. For this setup we use the
Hamiltonian from eq. (5.13) with the interlayer interaction in the form of
eq. (5.14) and the intralayer interaction from eq. (5.16). The dipole orientation and the induced dipole moment are typically controlled by applying an
external electric field that is constant across the whole system. However, if one
applies also a field gradient then it should be possible to obtain a system where
the induced dipoles moment varies from tube to tube (or layer to layer in the
2D multilayer case). In this case a situation where D2 = D3 and D1 , D2 is
2
1 D2
possible. Thus, we introduce two dimensionless strengths Urep = ~ D
and
Md
~ 2 D2

U = Md1 to characterize the strength of the interactions in the system. This
defines three parameters Urep , U and φ, which can be tuned to bind the system. Now, to visualize the important processes in the system the discussion is
divided into two parts, such that only two parameters are varied at a time: i) φ
and U are varied with Urep = U, i.e., the case of current experimental interest
where the dipole strength is controlled by one external field that is constant
over the entire sample and ii) U and Urep are varied with φ = π/2. Those
configurations are presented in figure 5.6.
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D

D2

D2

ii)

Figure 5.6: Illustration of the two ways to bind the three-body system that are considered in the dissertation. i) by changing the angle φ for fixed dipole moments, D1 = D2 ;
ii) by changing the ratio D1 /D2 with a fixed angle, φ = π/2.

Case i).
Let us start with three particles tilted by angles θ = 0, φ ∈ [φm , π/2]. We assume
that Urep = U and look for values of φ and U for which a bound state exists. For
such a system we investigate the ground state energies of two- and three-body
systems numerically using the method from chapter 4. This investigation is
shown in figure 5.7. One notices that at U ≃ 2.3 two- and three-body energies
are equal to each other which corresponds to the three-body ground state wave
function of a bound dimer (one particle in each of two adjacent tubes) plus a
free particle. This allows us to introduce the notation Ucr (φ) which is the
critical value of the interaction strength at which the two-body dimer energy
is equal to the three-body energy which defines the threshold.
First we find a lower bound for angles for which Ucr (φ) = 0. To do so we
use the normalized three-body wave function Φtr (x, y) = Ψ(x)ϕ(y), where Ψ(x)
√
is the dimer wave function, and where the Jacobi coordinates 2x = x1 − x2
√
and 3/2y = x3 − (x1 + x2 )/2 are introduced in chapter 4. This trial wave
62

5.3. FEW-BODY BOUND STATES

-1.3

EMd2
~2

-1.5
-1.7
-1.9

E3

E2
-2.1
2.2

2.4

2.6
U

2.8

3

Figure 5.7: The ground state two-body (blue dashed) and three-body (red solid)
energies for θ = 0, φ = 1.01rad for different values of the strength U. The dots are
presented to visualize the approach of the trimer to the threshold.

function yields an upper bound for the three-body energy
~2 ∂2
Evar
=
hΦ
|H|Φ
i
=
E
+
hϕ|
−
|ϕi+
tr
tr
2
3
2M ∂y2
r
r
r
r
Z


1
3
1
3
2
hϕ| Φtr (x) V̄rep (
x+
y, φ) + V̄(
x−
y, φ) dx|ϕi.
2
2
2
2

(5.20)

Here V̄rep (z, φ) = λ3 (1 − 3 cos2 φ) f (λz) with the parameter λ = 5 and V̄(z, φ) =

z2 +1−3(x cos φ+sin φ)2
.
(z2 +1)5/2
var
E3 ≤ E2 holds.

In principle equation (5.7) allows us to estimate where
However, in general this equation is not easy to analyze
so the bound is obtained using the simpler condition for the effective potential
acting on ϕ in (5.20) which is that it must have non-positive net volume. The
net volume of this effective potential is
Z 


Vrep (y) + V(y) dy = 2U(cos2 φ − 1) + U(1 − 3 cos2 φ)λ2 .

Putting it to zero one obtains the angle cos−1

q

λ2 −2
3λ2 −2



below which a three-

body bound state exists for any value of U. The function
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(5.21)

λ2 −2
3λ2 −2

is decreasing
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with λ since the function in (5.16) is an increasing function of λ. It follows
that for λ = 5 one finds the three-body bound state for angles φ . 0.975rad
or 55.9o and in the strict 1D limit where λ → ∞, the three-body bound state
exists for any U if φ ≤ φm .
Now by investigating the three-body system for different angles in the same
way as in fig. 5.7 we produce Ucr for different values of the angle φ. The results
of this investigation are shown in figure 5.8. The points indicate the values at
which the dissociation has been obtained numerically (connecting lines are a
guide to the eye). The three-body bound states are present on the left-hand
side in the diagram since here the intratube repulsion is not strong enough to
break the bound state apart. We see that Ucr is an increasing function of φ.
Additionally, it should approach the classical situation for big U which can be
described by neglecting the kinetic energy term in the Schrödinger equation,
and studying just the potential landscape. This yields a bound of φclassical ≃
1.15rad or 66o such that Urep (φ → φclassical ) → ∞. For φ ∼ 1.1, a few degrees
before a classical calculation renders the system unbound, the Ucr (φ) shows
a very sharp increase such that the dipole moment should be very large to
make the system bound. It should be noted, that the results obtained here
are consistent with the results of reference [Zinner 2011] for U = 15 where
a comparison can be made. There one can also find a similar discussion for
λ = 10. Figure 5.8 also shows that three-body bound states in the case where
Urep = U do not exist. In summary, we have found that for φm < φ . 1.15
there exists a value of Ucr (φ) ∈ [0, ∞), such that for U > Ucr (φ) the three-body
ground state is bound in two tubes.
In order to address the question of additional tubes and their effect on the
bound states with more than one particle per tube, we also consider a fourbody state in three tubes (as in figure 5.1) with two dipoles in the middle
tube and one in each of the two outer tubes. The results are also presented
in figure 5.8. We again see a sharp increase for large φ before the classically
unbound value of φclassical ≃ 1.34rad or 76.5o . However, there is a significant
increase of the region where a four-body bound state exists. This is due to
the extra attraction from adding a particle in an adjacent tube on the other
side of the complex as compared to the three-body system with two and one
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Figure 5.8: The critical value, Ucr (φ), where the trimer in two tubes (one and two
particles) and tetramer in three tubes (one, two and one particles) dissociates as a
function of the tilting angle φ for θ = 0. The dissociation thresholds were calculated
at the dots and squares with connecting lines to guide the eye. The vertical lines
mark the angles beyond which a classical calculation (neglecting kinetic energy for
all particles) predicts that no bound states can occur because the system is overall
repulsive.

in two tubes. Other four-body states can occur in two tubes as discussed in
reference [Zinner 2011], but the parameter regime is severely suppressed due
to the extra repulsion in the three-plus-one and two-plus-two four-body states
in two tubes so we do not consider it here.
Case ii).
Having discussed that tilting of the angle, φ, can bind a three-body state, we
now consider an alternative route to bind this state which is by tuning the
intratube repulsion. We consider the case ii) from fig. 5.6 where all particles
are perpendicularly polarized, i.e., φ = π/2 and θ = 0. Observe that if Urep = 0
a trimer ground state energy is less than the dimer energy. Indeed, for this case
the introduced above trial wave function Φtr (x, y) = Ψ(x)ϕ(y) will necessarily
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have an expectation value less than the two-body ground state energy. Also
if Urep → ∞ the three-body system is not bound for any finite U. This is
obvious, since for this case the repulsive interaction from eq. (5.16) is infinite
for |x2 − x3 | < ∞. We now want to find the unique threshold parameter6
cr < ∞ at which the three-body system becomes unbound for a given
0 < Urep
cr /U can be found using the variational
value of U. The lower bound for Urep
principle with a normalized three-body wave function as in eq. (5.20). The
limit of zero net volume requires
Z Z

r
r
r
r


1
3
1
3
2
Φ (x) Vrep (|
x+
y|) + V(|
x−
y|) dxdy = 0,
2
2
2
2

(5.22)

which can be simplified to
Z 

Z

2
Vrep (y) + V(y) dy = −2U + Urep λ

∞
−∞

f (y)dy = −2U + λ2 Urep = 0. (5.23)

cr /U > 2/25. To establish the behavior of the critical strength
It follows that Urep
cr for different values of U we apply the numerical method similarly as to
Urep
the case i). Figure 5.9 demonstrates results of this computation as a function
cr /U approaches the clasof U for the case of 1D tubes. We again see that Urep
cr /U ≃ 0.41. Collecting our results,
sical limit, which is found to be limU→∞ Urep
cr /U > 2/25. This means that three-body
we have for λ = 5 that 0.41 > Urep
bound states in two tubes with perpendicular polarization can be created or
destroyed by changing the values of the intratube and intertube interactions
independently.

5.4 Scattering
While we are mainly concerned with the negative energy bound state structures in this work, we now present a short overview of some scattering results
that can be deduced from the formalism that was introduced in chapter 2.
6

It is worth to note that the existence of the threshold parameter is completely due to the
finite range of the intralayer potential, because for zero-range potentials any value Urep will
produce a three-body bound state [Dodd 1972] if the parameter U produces a two-body bound
state.
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Figure 5.9: The ratio Urep
/U as a function of U at which a three-body state with two
dipoles in one tube and one in the adjacent tube becomes possible in 1D. On the line
the three-body ground state energy is the same as the two-body ground state energy.
The three-body state exists below the line in the plot.

Consider the case of two dipoles oriented perpendicularly to the layers, i.e.,
φ = π/2 and θ = 0. In the limit of weak potential and low-energy scattering, U ≪ 1 and kd ≪ U, the transmission coefficient of two particles in two
different tubes takes the form
k
T=i ,
(5.24)
κ
where the parameter κ should be taken from eq. (5.9), and for the case of two
particles in the same tube the transmission coefficient is
T = −i

kd
.
Uλ2

(5.25)

These results are deceptively simple, yet they contain all the information about
the dipolar physics in one-dimensional tubes at low energy in the small U limit.
As expected they vanish with k as k → 0 which is a manifestation of the Wigner
threshold law. Also, as κ ∝ U, see eq. (5.9), in the weak-coupling limit, both
expressions increase by decreasing U. This makes sense since the potential
becomes very weak (and likewise the derivative of the potential). We also see
that in the strict 1D limit, λ → ∞, the transmission is completely suppressed
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and total reflection is expected. This is the emergence of the impenetrable
boson regime called the Tonks-Girardeau limit [Tonks 1936, Girardeau 1960].
This limit can be studied with dipolar bosons in a 1D setup with an (in-tube)
harmonic trap as discussed in reference [Deuretzbacher 2010].

5.5 Summary
This chapter has studied dipolar bosonic particles confined to a setup consisting
of a number of one-dimensional tubes (see figures 5.1, 5.2 and 5.6). First, the
ground state of the two-body system with perpendicularly polarized dipoles
(see fig. 5.2) was investigated analytically in the limits of weak and strong
binding, and numerically for U ∈ [0, 10] as depicted in figure 5.4. Second, we
have calculated the few-body bound state structures for up to five particles. For
the case of perpendicularly oriented dipoles, we have found that chains with
only one particle per layer are the most stable structures. More complicated
bound structures with multiple particles in a single tube (see fig. 5.6) can be
produced if one reduces the intralayer repulsion (see fig. 5.9) or tilts the dipole
orientation away from the perpendicular direction (see fig. 5.8).
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C HAPTER 6

Dipoles in Layers

This chapter considers two-dimensional layers containing polar molecules. The
few-body structures in this geometry are investigated for different polarization
angles and dipole strength.

6.1 Introduction
It was already mentioned in the introductory chapter 1 that recently experiments have reached the quasi-two-dimensional regime with dipolar gases by
applying an optical lattice potential to the three-dimensional sample (see references [de Miranda 2011, Baranov 2012, Quéméner 2012]). In this setup a
dipolar particle is not strictly confined to 2D, however, one can assume that
this particle can occupy just the lowest state of the trapping potential. By integrating out this confined direction, using a Gaussian wave function with a
characteristic width l, one arrives to the effective 2D problem [Baranov 2008,
Cremon 2010] (see also the Supplementary material). This modification turns
out to be only relevant for the intralayer interaction, since for two particles in
different layers the corrections to the strict 2D potential are of second-order in
the width and can be neglected for the experimentally achievable case l ≃ 0.2d,
where d is the distance between the layers. These approximations define the
two-dimensional few-body problem that currently attracts a lot of interest. For
instance, for two dipoles in two layers, the ground state and scattering properties are investigated in [Klawunn 2010, Armstrong 2010, Rosenkranz 2011,
Pikovski 2012]; chains of three and four dipoles with perpendicular polarization are discussed in [Armstrong 2012] in the harmonic approximation; the
Wigner states in the single layer were addressed in reference [Cremon 2010]
etc.
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This chapter investigates few-body bound states in the multi-layer configurations in the regime where the intralayer interactions are repulsive, so that the
binding can only be produced by the interlayer attraction. It is also assumed
that particles cannot reach short relative distances, such that the short-range
physics can be neglected1 . First we consider the simplest possible setup of two
dipoles in two layers as in [Volosniev 2011a,Volosniev 2011b]. For this system
we argue that the ground state is always bound, and we present the expansions for its energy in the limits of weak and strong binding. Those expansions
are compared with the results of the numerical analysis. After that we determine conditions that are necessary to bind three- and four-body systems as in
reference [Volosniev 2012].

6.2 Two Dipoles in Two layers

D

θ

M

d

r
D
y

x
M

Figure 6.1: Illustration of the system consisting of two dipolar particles of mass M
moving in parallel planes separated by a distance d. Their dipole moments, D, are
assumed to be aligned by an external field at angle θ with respect to the planes. It is
assumed that D is parallel to the (x, z) plane.

This section considers the setup from fig. 6.1, i.e., two layers that contain two
molecules of equal mass M and equal dipole moment D = (D cos θ, 0, D sin θ),
1
It means that particles are considered as the pure mathematical dipoles without any internal
structure.
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where θ defines the angle between D and the plane2 . The particles are distinguishable since they cannot tunnel from one layer to another. Additionally, the
layers are assumed to have zero width.

6.2.1 Interaction in the System
Two dipoles interact with the dipole-dipole potential V(r),
2
2
2
2
(D · D)|r|2 − 3(D · r)2
2 x + y + d − 3(x cos θ + d sin θ)
=D
,
V(r) =
|r|5/2
(x2 + y2 + d2 )5/2

(6.1)

where r = (x, y, d) is the relative coordinate shown in figure 6.1. The interaction also can be written in polar coordinates s and φ using the dimensionless
relative distance s  r/d = (s cos φ, s sin φ, 1):
V(r) =

D2
V̄(s, φ),
d3

V̄(s, φ) =

s2 + 1 − 3(s cos φ cos θ + sin θ)2
(s2 + 1)5/2

,

(6.2)

where the dimensionless function V̄(s, φ) describes the geometry of the inter

action, and the factor D2 /d3 has dimension of energy and determines the
strength. The potential (6.2) contains only terms proportional to cos(φ) and
cos2 (φ) which makes it anisotropic and invariant under reflection with respect
to the x-axis (transformation from φ to−φ). This reflection symmetry is noticeable also in figure 6.2, where the potential for a particular angle is presented.
For later purposes, it is convenient to write the decomposition of the potential


in the 1, cos(φ), cos(2φ) basis set:
V̄(s, φ) = V0 (s) + V1 (s) cos(φ) + V2 (s) cos(2φ) ,

(6.3)

where

2
It is obvious that one can always pick a Cartesian system of coordinates in the plane (x, y)
with the x-axis which is parallel to the projection of D onto this plane, as done in figure 6.1.
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 s2 /2 − 1
V0 (s) = 3 sin2 θ − 1 2
,
(s + 1)5/2
s
,
V1 (s) = −3 sin(2θ) 2
(s + 1)5/2
s2
3 cos2
V2 (s) = −θ
.
2 (s2 + 1)5/2

(6.4)
(6.5)
(6.6)

This decomposition yields three special polarization angles:
• θ = 0, where V1 goes to zero;
• θ = π/2, V1 = 0 and V2 = 0;
q 
1
o
• θ = θc  arcsin
3 ≃ 35.26 , for which V0 = 0.
We define one more angle, which was special in the 1D case: θ∗c  arccos
54.73o ; this angle is used to visualize the potential in figure 6.2.

q 
1
3

≃

Another important feature of the potential is its net volume. For the dipoledipole potential it is obtained by integrating the first term in (6.3),
∞
s2 − 2
sds =
V̄(s, φ)sdsdφ = 2π V̄0 (s)sds = π(3 sin θ − 1)
2
5/2
0 (s + 1)
#∞
"
Z
3 sin2 θ − 1 ∞ s2 − 2
3 sin2 θ − 1
s2
2
π
ds = π
= 0 . (6.7)
−2 2
2
5/2
2
2
(s + 1)3/2 0
0 (s + 1)

Z

Z

Z

2

It follows that the potential (6.1) has zero net volume for all polarizations. For
this case it was proven by Simon [Simon 1976] (see also chapter 3) that the
two-body Hamiltonian in 2D always provides at least one bound state. From
this it also follows that the system of N particles placed in N different layers
(N-body chain) always has at least one bound state. This can be proven in the
same way as for the one-dimensional case in subsection 5.3.2.
It is worth to note that zero net volume of the two-dimensional dipoledipole interaction follows from the vanishing net volume in three dimensions3 .
3

In 3D the net volume can be defined for the dipole-dipole interaction
which is regularized

ˆ dependence of the interaction.
at zero. The net volume then vanishes due to the 1 − 3 cos2 (rD)
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Figure 6.2: The interlayer potential V̄ 6.3 for θ = θ∗c as a function of dimensionless
coordinates (x/d, y/d).

Indeed, assuming that the particles are polarized along the z direction we write
the three-dimensional net volume in cylindrical coordinates
Z

∞

Z
V̄(s, φ, z)sdsdφdz = 2π

−∞

∞

Z
dz
0

s2 − 2z2
sds .
(s2 + z2 )5/2

This net volume is zero only if the two-dimensional net volume
is zero.
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6.2.2 The Schrödinger Equation
Using the dimensionless coordinate s we obtain the Schrödinger equation for
the relative motion suitable for numerical calculations,
"
#
1 ∂ ∂
1 ∂2
−
+ UV̄(s, φ) ψ = k2 ψ ,
s −
s ∂s ∂s s2 ∂ϕ2

(6.9)

2

where U = MD
is the dimensionless strength and k2 = Md2 E/~2 is the di~2 d
mensionless energy. The strength U is the parameter that defines the binding
energy for the given geometry of the potential. For the relevant experimental
setups4 of 40 K −87 Rb molecules [de Miranda 2011] the parameter U is less
than 0.4. It will be shown that such strength produces a weakly-bound twobody state, that can be described using the discussion from chapter3.

6.2.3 Numerical Approach
The potential (6.1) is anisotropic for all angles except θ , π/2. It means that
the wave equation (6.9) cannot be reduced to an ordinary differential equation
which can be easily solved by discretization or integration. We therefore turn to
the variational method using Gaussian wave functions as described in chapter
4. This section elucidates this method for a particular problem and discusses
possible modifications that speed up convergence of the energy.
The basis functions are chosen in the form of shifted Gaussians,
φi (x, y) = e−(q−si )

T A (q−s )
i
i

,

(6.10)


where the superscript T denotes transposition, q  x/d, y/d T is the columnvector of the dimensionless coordinates, and where the elements of the symmetric positive-definite matrices Ai and the shift vectors si are the non-linear
variational parameters. The elements of the matrices are generated as ±1/b2
and the elements of the shift vectors as ±1/b, where b is a stochastic variable
sampled from an exponential distribution with certain length parameter µ. To
4
The strength of the interaction, U, can be increased if one uses other heteronuclear
molecules, e.g., with 6 Li −133 Cs molecules one can hope to work in the strongly-bound regime
with U ∼ 7.
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ensure the positive definiteness of the matrix Ai the following procedure is
used: first a diagonal matrix with positive elements is generated, and then a
random orthogonal transformation is performed, the matrix for which in 2D
can be written as


 cos(ϑ) sin(ϑ) 


 − sin(ϑ) cos(ϑ) 
where ϑ is the transformation parameter, which is chosen randomly on the
[0, 2π] interval.
2

If the energy k2 of the system is of natural size, that is |kU | ∼ 1, sampling
with µ = L, where L defines the range of the potential, proves very effective.
2
However, for weakly-bound systems, where |kU | ≪ 1, two different length scales
are of importance: one is the interaction range L ∼ 1 and the other is the typical
size |k|−1 ≫ 1 of the tail of the wave function. We therefore subdivide the basis
into Nshort short-range, and Nlong long-range Gaussians, Nbasis = Nshort + Nlong ,
where the short-range Gaussians are sampled from the exponential distribution
with range L and the long-range Gaussians are sampled from the exponential
distribution with range |k|−1 . The latter is calculated from the current estimate
of the binding energy.
Since the long-range Gaussians are introduced specifically to better describe the asymptotic behavior of the wave function, they can be chosen in
a much simpler form,
2 2
G = e−s /b .
(6.11)
The discussion in chapter 3 allows us to argue that the tail of the wave function
1/3
for s ≫ kU2
is the spherically symmetric modified Bessel function K0 (|k|s).
The choice of the trial wave function in the form (6.11) allows us to build this
tail with a relatively small number of Gaussian functions. This is illustrated
in figure 6.3 through the convergence of the tail of the trial wave function to
the analytic asymptotic form K0 (|k|s). Clearly, the addition of the long-range
Gaussians significantly improves the quality of the wave function at very large
distances. In this example about 46 Gaussians, 30 short-ranged plus 16 longranged, can accurately describe the wave function up to the radius s ∼ 800.
This procedure also gives fairly fast convergence of the ground state energy.
The typical convergence plot of the ground state energy as a function of the
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A0 Φ0 (s)
√
s
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U = 0.9; θ = θ∗c
const × K0 (|k|s)
30 + 16
30 + 12
30 + 8
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0

200 400
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p
2
s=
x + y2 /d

1000

Figure 6.3: Illustration of the convergence of the radial wave function with respect
to
p the basis size: the radial function Φ0 (s) from equation (3.16) as a function of s =
x2 + y2 /d calculated with different Nbasis : Nshort = 30 and Nlong = 8, 12, 16. For
comparison the analytic form of the tail, K0 (|k|s), is also shown.

basis size is presented in figure 6.4. It shows that the energy is converged to
within four significant digits with the basis size of about 45 Gaussians.

6.2.4 Numerical Results
We stress that the numerical procedure described above, allows us to find the
ground state energy and the wave function for any value of U and for any
polarization. It should also be noted that for small values of U, one can show
[Simon 1976] (see also chapter 3) that the potential supports just one bound
state. For large U we find more bound states but here we restrict our discussion
only to the ground state.
Energy of the ground state. In figure 6.5 we present our results as a function of U > 0 for a selection of polarization angles. At small U the energy decreases very fast with decreasing U as noted already in [Simon 1976],
whereas at larger U we find a linear dependence on U in agreement with
[Armstrong 2010] for θ = π/2. The binding energies decrease dramatically
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0
U = 1.8; θ = π/4

EMd2
2~2
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0
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Nbasis

Figure 6.4: Illustration of the convergence of the energy with respect to the basis size:
the energy E of the ground state as a function of the size Nbasis of the basis.

as θ approaches zero. The U < 0 case, which classically corresponds to the
dipoles with opposite polarization, is also of great interest as that potential
can be generated by using microwave-dressed molecules. In [Cooper 2009]
an AC light field directed perpendicularly to the layers was used to create the
θ = π/2 potential with U < 0. For U < 0 we again find numerically that for
all values of the strength the two-body system has bound states. The results
for the binding energy at different angles are shown in figure 6.6 as function
of |U|. The first thing one notices is that for θ = π/2 the bound state energy
is smaller than that for U > 0. This can be understood as the potential has a
repulsive core at θ = 0, as shown in the inset in figure 6.5, forcing the state to
reside in the shallow attractive pocket at intermediate distance. In turn, this
gives a much smaller binding energy. This qualitative behavior of the potential
persists until θ decreases below θc where the monopole potential, V0 , changes
sign. Then the potential changes overall character to become more attractive
with an inner attractive pocket and outer repulsive tail. The U < 0 results thus
show maximum binding at θ = 0 which is, however, still about a factor of three
smaller than the U > 0 case at its most favorable angle of θ = π/2.
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Figure 6.5: The ground state energies for different angles as a function of U. Insets
show contour plots of the potentials, V̄, with negative values in blue and positive
values in red colors.

Wave function. The potential has completely different forms for different
polarization angles as illustrated in the inset of figure 6.5, as well as in figure 6.7 . For θ = π/2, the potential is isotropic while asymmetry appears for
decreasing θ-values, and eventually two minima emerge when θ approaches
zero. The wave functions for strongly bound states mimic the contours of the
potential. The tail of the wave function, K0 (|k|s), is not important, because the
wave function is strongly localized. As the strength, as well as the binding
energy, decreases the wave function spreads out to larger distances and approaches the spherically symmetric K0 (|k|s), as illustrated in figures 6.3 and 6.7.
However, inside the potential range the shape of the potential is maintained
even for vanishingly small strengths. This behavior is necessary to provide
binding which arises from the attractive potential at small distances.
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6.2.5 Analytic Approximations to the Ground State
Weakly-bound regime. The potential from eq. (6.2) always provides a bound
state since it has zero net volume [Simon 1976]. The analytical results of
chapter 3 allow us to to obtain an expansion of the binding energy for small
values of the strength parameter U. The only non-zero matrix elements for the
dipole potential in equation (3.5) are Vm,m , Vm,m±1 , Vm,m±2 . This implies that
the m = 0, 1, and 2 partial waves are sufficient to get the leading contribution
in the strength parameter U. For the dipole-dipole potential (6.7) the resulting
energy expression from equation (3.23) then becomes
!
2 1 + UB1 + O(U2 )
4~2
exp −2γ − 2
,
E=−
Md2
U A0 + UA1 + O(U2 )

(6.12)

where γ = 0.57721... is the Euler-Mascheroni constant and the coefficients,
A0 , A1 and B1 , are defined by
1
1
1
A0 = M2c + sin2 2θ +
cos4 θ ,
4
8
32
A1 = 0.0053 sin2 2θ cos2 θ − 0.0033 sin 2θ cos4 θ − 0.0019 cos6 θ−


Mc 0.0349 sin2 (2θ) + 0.0054 cos4 (θ) + 0.0156Mc cos2 θ + 0.0343M2c ,
B1 = −1.204Mc −

1
cos2 θ ,
16

(6.13)

(6.14)
(6.15)

where Mc = 23 sin2 θ − 21 . Using only the leading term, A0 , produces the same
behavior for different signs of the strength, U, whereas with the first order
terms, (A1 , B1 ), the systems with positive and negative U behave differently. It
should be noted, that partial waves beyond m = 2 only contribute to the wave
function for the dipole potential through orders of U that are higher than those
in equation 6.12.
The binding energy from eq. (6.12) introduces the relevant length parameter a through the equation
E = −4

~2
exp(−2γ) ,
Ma2
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such that

!
1 1 + UB1 + O(U2 )
a
.
= exp 2
d
U A0 + UA1 + O(U2 )

(6.17)

This length parameter is related to the extent of the wave function as discussed in reference [Nielsen 2001], and for π/2 polarization defines the twodimensional scattering length [Baranov 2010].
The expressions simplify substantially for θ = π/2 as shown in references
[Baranov 2010, Klawunn 2010], where the energy is calculated for θ = π/2 to
the order given in equation (6.12) in agreement with our result. In reference
[Baranov 2010] also the higher order terms (A2 , B2 ) are included.
Strongly-bound regime. For θ , 0 the dipole-dipole interaction has one
global minimum at the position (x/d = a0 , y = 0) near which the potential can
be approximated by the asymmetric oscillator potential
V̄(x/d, y/d) ≃ V̄(a0 , 0) + α0 (x/d − a0 )2 + β0 (y/d)2 ,

(6.18)

where the parameters a0 , α0 and β0 are presented in the Supplementary material. In the strongly-bound regime, U ≫ 1, probability to find the system
far from this minimum drops rapidly with distance. This behavior can be
described by the ground state solution to the wave equation (6.9) with the
potential (6.18)
√ y2
√
(x−a)2
(6.19)
Ψosc = Ae− Uα0 2 − Uβ0 2 ,
where A is a normalization factor, and the corresponding energy
k2 = UV̄(a, 0) +

p

Uα0 +

p

Uβ0 ,

(6.20)

which goes linearly for large values of the strength U, as we already mentioned
in section 6.2.4. This approximation can be improved using higher terms in
the Taylor expansion in eq. (6.18). A priori one does not know how the exact
energy relates5 to the energy from eq. (6.20). To improve this one can use the
wave function (6.19) as a variational function to calculate the functional in
equation (4.2) and the variance (4.7). It can be shown that the latter goes to
5
For instance it can be larger or smaller depending on the higher terms of the Taylor expansion (6.18).
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zero for large values of U.

6.2.6 Comparison Between Analytical and Numerical Results
To conclude our investigation we compare results obtained numerically in subsection 6.2.4 and analytically in subsection 6.2.5.
Weakly-bound regime. In figure 6.3 we have already shown numerically the
convergence of the wave function towards analytically predicted K0 . This convergence of the wave function towards K0 implies that that the mean square
radius in the weakly-bound limit is inversely proportional to the energy, hr2 i =
2~2 /(3M|E|), as shown in [Nielsen 2001] and illustrated in figure 6.14. This
limiting value is approached from above or below depending on the polarization angle. A barrier, (as for U > 0, θ = π/2), confines the wave function to
small distances even when the energy is relatively close to the threshold. However, eventually the wave function leaks out and the limit is approached from
below. For U < 0, θ ≈ π/2 the barrier is absent and the approach for E → 0
is from above. Approach to the universal limit for E → 0 proves that only
m = 0 waves remain in analogy to halo nuclei in three dimensions. For much
stronger binding Ehr2 i increases as E becomes large whereas hr2 i is confined by
the radius of the attractive potential. Another feature of weak binding is that
the deviation from cylindrical symmetry on average disappears when E → 0 as
shown in figure 6.14. The rate of disappearance varies strongly with the polarization angle. For θ = π/2 the potential itself is already cylindrical, whereas
the largest deformation of potential and wave function occurs for θ = 0. Increasing the angle results in less deformation for all energies.
Figure 6.9 presents the comparison between energies obtained numerically
and analytical predictions of equation (6.12). To get the most accurate comparison we show the exponent in equation (6.12) multiplied by the square of
the strength, U2 . The approach in the figure of analytical and numerical results
is reassuring in the limit of relatively weak potentials.

83

CHAPTER 6. DIPOLES IN LAYERS

|E|Mhr2 i
2~2

0.5

0.4

θ = π/2
θ = π/4
θ=0

0.3
0.7

hx2 i
hr2 i

θ=0
0.6 θ = π/4
0.5
0.4
0.3
10−5

10−3
10−2
10−4
|E|Md2 /(2~2 )

10−1

Figure 6.8: The upper part is energy times mean square radius, hr2 i. The lower part
is the ratio of the second moment in the x-direction and hr2 i for different polarization
angles θ. The energy on the x-axis is obtained by varying the strength U around zero,
shown for U < 0 and U > 0 as curves with and without points, respectively. The
horizontal line at 1/3 is the universal limit.

84

F(U)

6.2. TWO DIPOLES IN TWO LAYERS

90
60
30
0
-30

θ = π/2

90
60
30
0
-30

θ = θ∗c
(cos2 θ∗c ≡ 31 )

90
60
30
0
-30

θ = π/4

90
60
30
0
-30

θ = θc
(sin2 θc ≡ 31 )

90
60
30
0
-30

θ=0

-4

-3

-2

-1

0
U

1

2

3

4

h
i
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θ. The dashed red curves are calculated numerically and the solid blue curves are from
equation (6.12).
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Strongly-bound regime. Figure 6.10 compares numerical results with upper bounds for the energy obtained using the variational wave function6 from
equation (6.19). It shows that for θ = π/2 even for relatively small values of U
a good approximation of the full wave function can be obtained with just one
Gaussian function (6.19). At the same time this approximation cannot catch all
features of the interaction (e.g., two minima for small angles) of tilted dipoles
such that only qualitative behavior of the energy can be deduced for modest
values of U.
0
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Md2
E
2~2
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E[Ψosc ] θ = θ∗c
exact θ = θ∗c
E[Ψosc ] θ = π/2
-10 exact θ = π/2
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Figure 6.10: Comparison between numerical results and upper bounds obtained from
the harmonic approximation for different values of the polarization angle.

6.3 Three and Four Dipoles with Perpendicular Polarization
This section considers three and four body configurations that lead to binding.
6

For Ψosc we use for θ = π/2: α0 = β0 = 6, V̄(a0 , 0) = −2, a0 = 0 ; and for θ∗c : α0 ≃ 2.66, β0 ≃
√
4.11, V̄(a0 , 0) ≃ −1.47, a0 = (3 17 − 5)/29/2 .
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6.3.1 Formulation of the Problem
In this section we consider few-body complexes depicted in figure 6.11, where
it is assumed that all dipoles have the same polarization θ = π/2. Then it
follows from the previous section that the complexes a and d2 are bound for
any value of the dipole moment (see also [Armstrong 2012] for the discussion
about the chain structures), whereas other configurations must be thoroughly
investigated.

Figure 6.11: Dipolar molecules in a multi-layer structure with the dipoles oriented
perpendicularly to the planes. a illustrates the different chains that are the most stable
configurations. Three-body states are shown in b1 and b2 , and four-body states in c1 ,
c2 , and c3 . d1 shows a non-chain five layer configuration, while d2 is a picture of a
weakly bound dimer with double the layer separation.

First, this section considers three molecules in two layers where two pairs
can form bound subsystems whereas one pair is entirely repulsive (b1 in figure 6.11). The question is whether this trimer is bound with respect to the
threshold of the dimer and a free particle (b2 in figure 6.11). Then the fourbody tetramer system with a chain trimer and a fourth particle in the middle
layer (c1 in fig. 6.11) is investigated. The question here is if that structure has a
lower energy than a bound chain of three molecules and a free molecule (c2 in
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figure 6.11). Other non-chain tetramers are configurations of four molecules
in two layers, but these configurations are less bound due to the additional
repulsion.
Interaction in the System. Let us consider two particles: a particle i placed
at (xi , yi , ni d) and j at (x j , y j , n j d), with the dimensionless parameters ni and n j
(ni( j) = 0, 1, 2, ...) that indicate the layer in which a particle is placed. These
particles have dipole moments Di and D j which determines the interaction
Vi j (ri − rj ). Assuming, as it was done in eq. (6.1), that layers have zero width
one obtains the interaction between particles

Vi j (xi − x j , yi − y j , ni − n j ) =

Di D j
d3

2
 yi −y j 2

+
−
2
n
−
n
i
j
d
d



2 5/2 . (6.21)

2
yi −y j 2
xi −x j
+ d
+ ni − n j
d
 xi −x j 2

This interaction is isotropic since the dipoles are perpendicularly polarized.
For ni = n j equation (6.21) reduces to the intralayer two-body 1/r3 repulsion,
while |ni − n j | > 0 corresponds to the interlayer potentials from the previous
section for the separation |ni − n j |d. As we have mentioned already, experimental setups are not strictly two-dimensional and particles can also move in the
z direction. Let us assume that the trapping potential is approximated by the
harmonic oscillator potential with the characteristic length l. It turns out that
if d/l ∼ 5 one can use the approximation of zero-width layers to obtain very
good description of the interlayer potential (as for the multi-tube configurations from the previous chapter). However, an intralayer potential should be
modified as shown in the Supplementary material. This leads to the expression [Cremon 2010]
Vi j (xi − x j , yi − y j , ni − n j = 0) =

(xi − x j )2 + (yi − y j )2 
Di D j  3
, (6.22)
√ U , 1,
2l2
2 2l3 2

where U is the confluent hypergeometric Tricomi function. For our numerical
calculations we use l/d = 0.2, but we have checked that our conclusions are
insensitive to l in the interval 0.1 ≤ l/d ≤ 0.2.
In the same way as it was done for two particles we introduce dimension88
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less geometries for the interlayer potential
Vi j (xi − x j , yi − y j , ni − n j , 0) =

Di D j
d3

V̄i j (si j , ni − n j , 0) ,

(6.23)

s2i j − 2(ni − n j )2
V̄i j (si j , ni − n j , 0) = 
5/2 ,
(s2i j + (ni − n j )2
and for the intralayer potential
Di D j

V̄i j (si j , ni − n j = 0) ,


s2i j 
 3
d3
V̄i j (si j , ni − n j = 0) = √ U  , 1, 2  ,
2
2l
2 2l3

Vi j (xi − x j , yi − y j , ni − n j = 0) =

where s2i j =

(xi −x j )2 +(yi −y j )2
d2

d3

(6.24)

is the dimensionless relative distance.

The Schrödinger equation. The dimensionless Schrödinger equation for N
particles with mass M without the center-of-mass motion is


N
N 
X

 1 X
∂2 
∂2


2
−
T
+
U
V̄
(s
,
n
−
n
)
+
Ψ,
 Ψ = kN
−
CM
i
j
i
j
i
j
i
j
2
2

 2
∂(x
/d)
∂(y
/d)
i
i
i<j
i=1
where Ψ is the wave function,

2
kN

= EN

Md2 /~2

(6.25)
is the corresponding dimenDi D j

sionless energy, the dimensionless parameter Ui j = M ~2 d defines the strength
of the potential, and TCM is the kinetic energy that corresponds to the centerof-mass motion. The function Ψ should be properly symmetrized only for particles in the same plane, since there is no tunneling between the layers.
Thresholds. To investigate the stability of the N - particle system we have to
compare EN with the energies of all possible subsystems Ei : if EN < Ei , ∀i, then
the N-body system is bound. For configuration b1 in fig. 6.11 the only possible
bound subsystem is the dimer, that was described in the previous section. It
follows that the lowest three body threshold is always 2 + 1 (b2 in fig. 6.11).
For four particles (c1 in fig. 6.11) more than one bound subsystem can be
constructed, but 3 + 1 (c2 in fig. 6.11) has the lowest possible energy, as can be
seen from figure 6.12. This can be understood since it gains energy from the
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attractive interaction of configuration d2 in figure 6.11. The lowest threshold
for binding c1 is therefore a chain of three molecules and a free molecule, c2 ,
rather than c3 .

EMd2 /~2

0

-100

-200

b2
c3
c2
0

MD2 /(~2 d)

100

Figure 6.12: This plot compares the two-layer dimer (solid red) with the three-layer
trimer (dot-dashed blue) of identical particles as a function of MD2 /(~2 d). The dashed
green curve is twice the dimer energy, demonstrating that the three-layer trimer is
more stable than two free dimers.

6.3.2 Stability
Three particles.
Let us start by considering the three-body system with particles 1 and 2 in
the same plane and particle 3 in an adjacent plane (b1 in figure 6.11). We
aim to repeat the discussion from the previous chapter for three perpendicularly polarized particles in two tubes. To do so we assume that particles 1 and
2 are identical bosons or fermions7 such that D1 = D2 which may be different from D3 , this allows us to define the attractive and repulsive strengths by
7

Fermions can be easily taken into account in the numerical method from chapter 4. Indeed,
the method there can find not only the ground state solution but also excited states. So one can
build the full spectrum and then find the states that have the desired symmetry. We implemented
the Pauli symmetry from the beginning by changing a basis element from eq. (4.5) to a sum
of two Gaussians with the desired fermionic symmetry, i.e., φk → φk + Pφk , where P is the
symmetrization operator. This change of the basis element allows us to obtain the ground state
for the fermionic trimer relatively fast.

90

6.3. THREE AND FOUR DIPOLES WITH PERPENDICULAR POLARIZATION

U ≡ U13 = U23 and Ur ≡ U12 . Using the same arguments as in the previous
chapter we conclude that there exists a parameter Urcr for any U that renders
the three-body system unbound. We use the numerical method from chapter 4
to determine Urcr by finding values Ur for which the three-body binding energy
coincides with the two-body binding energy as shown in fig. 6.13 for U = 10.
-8

E3 Md2 /~2

-9
-10
-11
-12
-13
-14
0.05

U = 10, bosons
U = 10, fermions
2 body threshold
0.15
Ur /U

0.25

Figure 6.13: Numerical trimer energies as a function of Ur /U = D1 /D3 of the configuration b1 in fig. 6.11 calculated with U = 10 for bosons (solid green) and fermions
(dashed blue). A horizontal dashed line marks the two-body threshold.

Figure 6.13 shows the two- and three-body energies as functions of Ur /U
with fixed U = 10 for b1 configuration in figure 6.11. The trimer energies
increase with increasing repulsion, and become unstable at the dimer threshold. The fermion binding energies are lower than the boson binding energies due to the antisymmetry which itself costs energy compared to symmetric
systems. The reader also has to note that binding of the fermion complex
comes only due to the finite range of the interlayer interaction, since the contact interaction in 2D does not bind a system of two fermions and one boson [Brodsky 2006]. This also suggests that there exists such a value U below
which the system of two fermions and one particle8 is not bound even for
8

A system of two non-interacting bosons and one particle that attracts them is always bound.
Moreover, according to [Brodsky 2006] the energy of this system for U → 0 approaches the
universal value ∼ 2.3E2 , where E2 is the energy of bound dimer formed by one boson and a
third particle.
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Ur = 0 (we did not look specifically for this value, but our numerical results
suggest that this value is around U ∼ 1).

Ur /U

0.6
0.4
0.2
0

3 bosons
3 fermions
4 bosons
4 fermions
0

20

40

60

U
Figure 6.14: The critical strengths, Urcr /U, as functions of U, for configurations b1
(lower curves) and c1 (upper curves) of fig. 6.11 with fermionic (solid) and bosonic
(dashed) species. The asymptotic values, 0.373 and 0.75, for large U are slowly approached.

By making figures similar to fig. 6.13 for different values of U we find
as a function of U. The result of this investigation for trimers is presented by the two lower curves in figure 6.14. Below those curves the trimer
has the ground state energy which is lower than the ground state energy for
the dimer. First conclusion is that the bosonic trimer is not bound if U = Ur for
numerically accessible values of U & 1, the trend of the curves also strongly
suggests that the bosonic trimer is not bound in the weakly-bound regime. The
experimentally relevant fermionic trimer is not bound if U = Ur for any value
of U, since weakly-bound fermionic complexes are not bound for any Ur . We
also see that the ratio Urcr /U saturates at large values of the parameter U. This
saturation comes from the classical limit, i.e., when the kinetic energy is neglected. Therefore, the critical repulsive strength at infinity is found when the
total potential in all space becomes larger than the two-body energy. Thus, the
potential surface, V13 +V23 +V12 Urcr /U, depending on two relative coordinates,
should have a minimum less than the minimum of the two-body potential in
eq. (6.21). This geometrical condition yields limU→∞ Urcr /U ≃ 0.373. This anUrcr /U
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alytical result is slowly approached for both fermions and bosons, since the
particles are strongly localized in different positions such that their wave functions in the same layer do not overlap.
It should be noted that the fermionic system is always found to be less
stable than the bosonic one. For small values of U the difference between
bosons and fermions is very noticeable since the fermionic trimer state is not
bound for small U even with Ur = 0, whereas the bosonic trimer with Ur =
0 is always bound. For a bosonic trimer at small U only a small repulsive
perturbation is needed to break the exponentially weak bound system such
that limU→0 Urcr = 0.
Four particles.
Now the same procedure is explored for the four-body system in the configuration c1 in figure 6.11. To study the stability when changing the repulsion,
we consider two particles in a single layer with D2 = D3 and one particle
in each of the layers above and below it with D1 = D4 , keeping the product
D1 D3 fixed. This again defines two parameters for the interaction in the system
U  U13 = U12 = U24 = U34 and Ur  U23 . The interaction parameter between
the outer particles then reads U14 = U2 /Ur . It is obvious, that in this case for a
fixed U the threshold energy depends on Ur , since the interaction between the
dipoles in the outer layers is changing with Ur . After this observation, we fix
U = 10, 20 and find the ratio Urcr /U for these values, as depicted in figure 6.15.
Providing this investigation for every value of the parameter U we produce
the stability diagram which is shown in figure 6.14. This stability diagram is
similar to the one for three particles and allows the same analysis. Once again
we note that the system is unbound for U & 1 if Ur = U, which means that
the system of four identical particles is not bound in this region. For the large
values of the parameter U the system approaches classical limit, which is found
by matching the minima of potential surfaces at U → ∞. The geometries of
the potentials are such that limU→∞ Urcr /U ≃ 0.75, which is slowly approached
in figure 6.14.
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Figure 6.15: Tetramer energies as a function of Ur /U in the configuration c1 of
fig. 6.11 with U = 10 (upper) and U = 20 (lower) for fermions (dashed purple)
and bosons (dot-dashed blue). The solid red curve shows the threshold energy (c2 of
figure 6.11).

6.4 Comparison Between 1D and 2D Systems of Dipoles
Having described quite similar systems in one- and two-dimensional geometries we compare the results.
Two particles.
Perpendicularly polarized dipoles, U>0. For two particles polarized perpendicularly to the layers (tubes) the analytical results from eqs. (5.9), (5.12), (6.12),
(6.20) and their regimes of validity are summarized in table 6.1 both for oneand two-dimensional geometries9 .
First we note that two dipoles have at least one bound state in both 1D and
2D. However, we note that a weakly-bound 1D dipolar two-body bound state
is generally more stable than a similar system in 2D, and any sort of external
perturbations would have a less severe effect in the 1D setup. This is especially
valuable since the current experimental setups can be considered as weakly
bound, which means exponentially weak binding in 2D. For completeness we
9
For two dipoles in 2D we also use (A2 , B2 ) for the weakly-bound regime from
ref. [Baranov 2010], and for the strongly-bound regime the third term in the expansion is obtained in reference [Yudson 1997].
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Md2
~2

1D
-2U
π 3
2
ǫ = −U − 8 U + O(U4 ), (U < 0.2)
√
ǫ = −2U + 6U − 45/32 + O √1 , (U > 4)

R

Vdr
small U > 0
large U > 0
Md2
~2

2D
0
128
+ 15U −

R

Vdr
small |U| > 0
large U > 0

U



2521
+
O(U)
, (U < 0.8)
ǫ = −4 exp −2γ − U82
450 

√
ǫ = −2U + 24U − 15/4 + O √1 , (U > 7)
U

Table 6.1: Comparison between 1D and 2D binding energies of two dipoles in two
different layers or tubes with perpendicularly oriented dipole moments. The regimes
of validity of the different analytical formulas are indicated in the parenthesis.

also present numerical results in figure (6.16).
0

exact (1D)
U ≪ 1 (1D)
U ≫ 1 (1D)
exact (2D)
U ≪ 1 (2D)
U ≫ 1 (2D)
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Figure 6.16: The two-body ground state energy, E, in units of Md
~2
dimensionless dipolar strength, U. Comparison between the exact numerical solution
of the Schrödinger equation (4.1) and the analytical predictions from table 6.1 for
1D and 2D. The inset is a magnification of the small U regime. Note that the huge
difference at small U between 1D and 2D due to the exponential decrease of the
binding energy at small coupling strength in 2D.
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Antialigned dipoles, U < 0. In this case the 2D setup with two adjacent
R
R
planes has a bound dimer because V = 0, whereas in 1D for this case V > 0
and it takes a finite strength to bind the two-body system. Numerically we find
that the system is bound for U < −4.98.
Three perpendicularly polarized bosonic particles.
Figure 6.17 demonstrates results from fig. 5.9 and 6.14 for both the case of 1D
tubes and the same study for a bilayer in 2D. Both of these calculations have
been done for bosonic systems with λ = 5. We see a clear difference between
the critical values for three-body bound state formation in the two cases with
the 1D situation allowing for larger repulsive interactions. This is connected to
the different effective intralayer repulsions in 1D and 2D; also the difference
in the kinetic energy term plays a significant role.
0.34

1D
0.32 2D
0.3

cr /U
Urep

0.28
0.26
0.24
0.22
0.2
0.18

0

10

20

30
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50

U
cr
Figure 6.17: The ratio Urep
/U as a function of U at which a three-body state with two
dipoles in one tube (layer) and one in the adjacent tube (layer) becomes possible in
1D (2D). The three-body state exists below the lines in the plot. The curves indicate
the values of the parameters for which the three-body ground state energy is the same
as the two-body ground state energy.
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6.5 Summary
This chapter considered few-body bound states in multi-layer configurations
c1 , b1 and d2 depicted in figure 6.11. We started with the two-body system
from fig. 6.1, for which we argued that the ground state is always bound. For
the experimentally relevant weakly-interacting system the binding energy very
close to the threshold is given in eq. (6.12), where the dependence on the polarization angle is hidden in the parameters (A0 , A1 , ...). In the weakly-bound
regime we observed that the system possesses a universal behavior described
with the spherically symmetric modified Bessel function, K0 . Next we considered three- and four-body systems, for which we predicted critical values of the
intralayer interaction for when bound states with more than two molecules are
stable in the setup.

6.6 Supplementary Material
Taylor expansion of the potential (6.1) near its global minimum
The dipole-dipole interaction, V̄, from eq. (6.2) has one global minimum for
non-zero polarization angle, θ. This minimum is found at the position x/d =
a0 , y = 0 as shown in fig. 6.18, where the parameter a0 increases with decreasing θ. This dependence is defined from the equation
∂V̄(x/d, 0)
∂(x/d)
a0 (a20

(x/d)=a0

+ 1) −

2(a20


2
= 0 ⇒ 5a0 a0 cos θ + sin θ −



+ 1) a0 cos θ + sin θ cos θ = 0 .

(6.26)

Around the global minimum this potential takes the form
V̄(x/d, y/d) ≃ V̄(a0 , 0) + α0 (x/d − a0 )2 + β0 (y/d)2 ,

(6.27)

where the value of the potential, V̄(a0 , 0), at the minimum a0 is
V̄(a0 , 0) =

a20 + 1 − 3(sin θ + a0 cos θ)2
(a2 + 1)5/2
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Figure 6.18: The interlayer potential for y = 0 and for different values of the polarization angle θ. We see that the global minimum moves to the right when the angle is
decreased.

The coefficients α0 and β0 define the derivatives at the minimum and are written as


 


2 1 − 3 cos2 θ a20 + 1 + 30a20 − 5 1 + a20 − 3 (sin θ + a0 cos θ)2
−
α0 =
(a2 + 1)7/2
2a0 − 6 cos θ (a0 cos θ + sin θ)
,
(6.29)
5a0

9/2
2
a0 + 1

β0 = −

3
2


2
1 + a20 − 5 a0 cos θ + sin θ
(a20 + 1)7/2

.

(6.30)

From which follows that if θ = π/2 then α0 = β0 = 6, otherwise α0 , β0 .
Derivation of the effective intralayer potential from eq. (6.22)
It was mentioned that the experimental setups are not strictly two-dimensional
but rather restrict the motion of a particle in the confined direction. Here we
show (following [Baranov 2008, Cremon 2010]) that for a sufficiently strong
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confinement this leads to the effective intralayer potential (6.22) that was used
in this chapter to investigate three- and four-body systems.

Let us consider a system of two dipoles that is confined in the z direction by
the harmonic oscillator trap. In order to describe such a system we minimize
the following functional
hΨ|H|Ψi
E[Ψ] =
,
(6.31)
hΨ|Ψi

where the variational wave function Ψ describes the system in 3D space. We
assume that the confinement in the z direction is so tight that particles approximately occupy only the lowest energy level in the trap, which leads to the
variational wave function written as
 2

 −z1 − z22 

 ,
Ψ = Ψ2D exp 
(6.32)
2l2 

where l is the characteristic length of the oscillator and Ψ2D is a function that
describes the system in the plane (x, y). Using this approximation we rewrite
equation (6.31)
hΨ2D |He f f |Ψ2D i
,
(6.33)
E[Ψ2D ] =
hΨ2D |Ψ2D i

where He f f is an effective two-dimensional Hamiltonian, yielded by the effective interaction
 2

Z ∞
Z ∞
 −z1 − z22 
r2 − 2(z1 − z2 )2
D2
 ,
(6.34)
exp 
Ve f f (r) = 2
dz1
dz2

πl −∞
l2
−∞
(r2 + (z1 − z2 )2 )5/2

where D is the dipole moment and r is the relative distance in cylindrical coordinates. Equation 6.34 can be rewritten using the unitary transformation to
√
√
new coordinates t = (z1 − z2 ) / 2, p = (z1 + z2 ) / 2,
Ve f f

D2
= 2
πl

Z

∞

∞

−p2 −t2
D2
r2 − 4t2
l2
=
e
dt
dp 2
√
(r + 2t2 )5/2
πl
−∞
−∞

Z

Ve f f = √

D2
2πr2 l

∞

Z
0
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Z

∞

dt

−∞

dk 1 − 2k −kr22
e 2l .
√
k (1 + k)5/2

−t2
r2 − 4t2
l2
→
e
(r2 + 2t2 )5/2

(6.35)
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q
k
√ 1−2k
Now by noticing that d (1+k)
we see that eq. (6.35) is the defini3 =
2 k(1+k)5/2
tion of the the Tricomi confluent hypergeometric function, U,
D2

Ve f f (r) = √

2πl3

Z
0

∞

s

!
−kr2
k
r2
D2
3
2
2l
e dk = √ U , 1, 2 .
2
(1 + k)3
2l
2 2l3

(6.36)

This expression determines the effective two-dimensional intralayer interaction. This interaction is positive, which means that two particles confined to
a single tube repel each other. The potential (6.36) diverges as ln(l/r) near
zero10 , which for numerical purposes is much better than the pure dipoledipole interaction11 , 1/r3 . For r ≫ 1 we use the asymptotic form of the conflu

ent function U: U(a, b, r) = r1a 1 + a(b − a − 1) 1r + ... , to rewrite the tail of the
effective interaction
!
9l2
r2 − 2l2
D2
,
(6.37)
Ve f f ≈ 3 1 − 2 ≈ D2
r
2r
(l2 + r2 )5/2
which corresponds to the usual 1/r3 behavior at large distances.

10

For small z the Tricomi confluent hypergeometric function behaves as U(a, 1, z) =
− log(xeψ(a)+2γ )/Γ(a) + O(z log(z)), where Γ is the gamma function, ψ is the digamma function
and γ = 0.57721... is the Euler-Mascheroni
constant.
R
11
For example, the integral Ve f f rdr is convergent.
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C HAPTER 7

Strongly-Interacting Particles in
One Dimension

This chapter discusses one-dimensional trapped systems with strong zero-range
interparticle repulsion.

7.1 Introduction
The delta function potential, V(x) = gδ(x), is widely used in one dimension to
describe systems that extent far beyond the range of the interparticle potential.
Indeed, if the state is much larger than the range of the interaction between
particles then the actual interaction can be substituted with a boundary condition which in turn leads to the delta function potential. This is the case in
the weakly-coupling regime as discussed in chapters 2 and 5. However the
strongly-coupled systems can also be described by the zero range approximation to the potential if one looks for the states that are defined by some other
range scale compared to the range of the interparticle potential.
In this section we consider one such setup: a system of trapped atoms,
where we look for the states that have the extent defined by the trapping
potential. In this case the interaction between particles can be substituted
with a boundary condition such that the zero range treatment of the 2-body
potential is valid. Such a system is under a careful theoretical investigation
[Zöllner 2008, Guan 2009, Ma 2009, Girardeau 2010, Brouzos 2013, Cui 2013,
Gharashi 2013, Sowiński 2013, Lindgren 2013] due to the recent experimental
progress in realizing such setups [Serwane 2011b, Serwane 2011a, Zürn 2012,
Sala 2013].
101

CHAPTER 7. STRONGLY-INTERACTING PARTICLES IN ONE DIMENSION

This chapter shows that for the system of trapped particles of different
classes (see the next section) with a strong interparticle repulsion of zero range
one can find the expansion of the energy and determine the spatial profile of
the wave function. These results can be used to describe modern experimental
setups and, moreover, they give a reference point for the advanced computational techniques.
In the first section the Hamiltonian for the system is introduced. The second
section finds the eigenstates for the simplest system of three particles. After
that a general algorithm for the N-body system is presented [Volosniev 2013c].
Using this algorithm we investigate a few models that are under intensive theoretical investigation.

7.2 Formulation of the Problem
This chapter considers a one-dimensional system of N trapped particles of
equal mass M. It is assumed that these particles can be divided into two
classes1 of spinless fermions. The classes will be referred to as ’spin up’ fermions
(denoted ↑) and ’spin down’ fermions - (↓). If the system consists of N↑
fermions with ’spin up’ and N↓ with ’spin down’ it will be denoted as (N↑ + N↓ ).
Such a system is described by the set of N coordinates {x1 , ..., xN } where the subset {x1 , x2 , ..., xN↑ } describes ’spin up’ particles and {xN↑ +1 , xN↑ +2 , ..., xN } is used
for ’spin down’ particles. The particles interact with the delta function potential which rules out interaction between identical fermions because of the
Pauli exclusion principle. Additionally, the system is assumed to be trapped in
an external potential, which in the next section will be the oscillator potential. However, it will be shown that the eigenstates of the system can also be
obtained in more general traps.

1
It will be shown later that the presented approach is applicable to any number of classes;
we consider only two classes since this is enough to introduce the important features of the
problem.
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Such a system is described with the dimensionless Schrödinger equation



N
 1 X
∂2
−
+g

2
 2
∂x
i
i=1


X
i=1,...,N↑
j=N↑ +1,...,N




N
X

δ(xi − x j ) +
V(xi ) Ψ(x1 , ..., xN ) = EΨ ,

i=1


(7.1)

where g is a parameter which characterizes the strength of the interparticle
interaction, E is the energy of the system and V(xi ) is the external (trapping)
potential, that acts in the same way on all particles. The wave function Ψ
should be antisymmetric for identical fermions, i.e., Ψ(xi , x j ) = −Ψ(x j , xi ) if
i, j ≤ N↑ or i, j > N↑ . The wave equation (7.1) can also be seen as the equation
for the N non-interacting particles


N
N
X

 1 X
∂2
 Ψ(x , ..., x ) = EΨ ,
−
+
V(x
)
N


1
i
2
2
∂x
i=1

i

(7.2)

i=1

supplemented with N↑ × N↓ boundary conditions2
∂Ψ ∂Ψ
−
∂xi ∂x j

!

∂Ψ ∂Ψ
−
−
∂xi ∂x j
xi −x j =+0

!
.

= 2gΨ
xi −x j =−0

(7.3)

xi =x j

For two particles in the harmonic trap, V(xi ) = x2i /2, equation (7.1) can be
reduced to the one-dimensional ordinary differential equation where the solutions can be found [Busch 1998]. For more than two particles in the harmonic
trap this equation can be analyzed numerically [Gharashi 2013,Lindgren 2013].
However, numerical routines face difficulties in the handling the limit of very
strong interactions3 in the vicinity g → ∞, where analytical insight would be
of a great help.
This chapter shows one way to obtain solutions of eq. (7.1) in the limit
g → ∞ without a large numerical effort. These solutions can be used to test
2
These boundary conditions are easily obtained in the Jacobi set of the coordinates, introduced in the Supplementary material
√ to chapter 4. First, one makes a transformation to a
coordinate system with y1 = (xi − x j )/ 2 and then integrates around y1 = 0.
3
In the literature this limit is often called ’fermionization’, since according to the boundary
conditions from eq. (7.3) the function Ψ(xi = x j ) vanishes for g → ∞ (like for identical spinless
fermions) to produce finite values of the derivatives.
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accuracy of numerical methods and, moreover, allows one to obtain analytical
insight for different setups of current experimental interest.

7.3 Three Particles
Let us first consider the simple harmonically-trapped system of three particles4 :
the (2+1) system. To start the discussion we outline the procedure to find a
ground state solution, however, it will be pointed out later that the routine is
more general.
Let us recall that we consider a situation when g → ∞. In this case (see
chapter 2) particles cannot exchange their relative position, which means that
particles, once ordered, behave as spinless fermions (the (3+0) system). This
conclusion also follows from boundary conditions (7.3). We may draw all
the orderings as shown in figure 7.1A. There we use x = x1 − x2 and y =
x3 − (x1 + x2 )/2 as the axes and have indicated the ordering of coordinates in
each of the 3!=6 sectors starting with x1 < x2 < x3 on the top left-hand side.
The system of three spinless fermions has a totally antisymmetric ground state
ΨF (x1 , x2 , x3 ) with the corresponding energy5 E0 that is uniquely determined by
the single-particle levels as shown in fig. 7.1B. Uniqueness of the solution for
three spinless particles implies that ΨF is a unique solution of the Hamiltonian
for the (2+1) system in each section (e.g., x1 < x2 < x3 ) since it satisfies
both the Pauli principle and the boundary conditions on the dashed lines in
figure 7.1A in the limit g → ∞. This means that the ground state energy6 E0
of three particles at ’fermionization’ coincides with the ground state energy of
three spinless fermions. The idea now is to write the total wave function in
4

This system has been already introduced in chapter 2 (see equation 2.21).
It follows that ΨF is also a solution for the (2+1) system for any g with the energy E0 , since
it vanishes when two particles overlap.
6
It has to be noted that at 1/g = 0 the ground state energy of the Hamiltonian for the (2+1)
system corresponds to three different states. We will show it later, however, it is obvious even at
this point, since there exist three different ways to reach the 1/g = 0 limit: ↑↑↓, ↑↓↑, ↓↑↑. Since
particles cannot exchange their relative position these three combinations define three different
wave functions. It follows that ΨF for 1/g = 0 becomes degenerate with other solutions (Ψ1 , Ψ2 )
which away from this limit have energies different from E0 . This behavior is depicted on the
left in fig. 7.1B where also the non-interacting limits of the states Ψ1 and Ψ2 are shown. The
non-interacting limits are obtained by the parity assignment, which will be discussed later.
5
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Figure 7.1: A three-body problem with two ’spin up’ particles and one ’spin down’
particle in a harmonic trap. A Definition of coordinates and regions, in which the
wave function has the form ai ΨF , in terms of the relative coordinates x and y. The
topological structure of each sector is indicated with arrows. B The configurations at
g = 0, to which the three levels that merge at 1/g = 0 are adiabatically connected,
are shown on the left. The state ΨF corresponds to ai = 1 for all i and its energy
is independent of g. The position of the ’spin down’ in the level scheme in ΨF is
arbitrary as ΨF has equal components with all permutations of three particles. C The
exact solutions around 1/g = 0 with the ground state (Ψ1 ), the first excited state
(Ψ2 ), and the non-interacting state ΨF as functions of the angle, φ, in the (x, y) plane.
The solutions for φ ∈ [π; 2π] are easily obtained using the Pauli exclusion principle,
Ψ(x1 , x2 ) = −Ψ(x2 , x1 ). D The state that comes from the Fermi-Bose duality is a linear
combination of the eigenstates around 1/g = 0.

each of the sectors in the form ai ΨF (we omit coordinates for simplicity) and
then construct a global solution Ψ by determining the (generally different) ai
coefficients on each of the sectors shown in figure 7.1A.
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This leads to the wave function
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a1 ΨF
a2 ΨF
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< x3
< x2

< x3
< x1
< x1
< x2
< x2
< x3

configuration :↑↑↓
configuration :↑↓↑
configuration :↓↑↑
configuration :↓↑↑
configuration :↑↓↑
configuration :↑↑↓

(7.4)

To determine the coefficients ai we assume that the energy is an analytic function in 1/g near g → ∞, i.e., in the first order E = E0 − K/g with the parameter
K given by the Hellmann-Feynman theorem:
R
K  lim g2
g→∞

∂E
= lim g2
∂g g→∞



|Ψ|2 δ(x1 − x3 ) + δ(x2 − x3 ) dx1 dx2 dx3
hΨ|Ψi

,

(7.5)

where the Dirac bracket hΨ|Ψi denotes the normalization integral. Next one
notes that the strength g can be eliminated from this equation by using the
boundary condition of the zero-range interaction from eq. (7.3). This trick
allows us to take the limit in equation (7.5), such that the parameter K now
depends only on the set of coefficients {ai }. The ground state energy produces
the largest slope which now can be obtained by minimizing K with respect to
the set {ai }. For the (2+1) system this computation is a simple exercise. Indeed,
R 
K=2

1 ∂
2 ( ∂x1

−

∂
)|
Ψ
∂x3 x1 −x3 =+0

− 21 ( ∂x∂1 −

2
∂
)|
Ψ
dx2 dx3
x
−x
=−0
3
1
∂x3

hΨ|Ψi

,

(7.6)

where the integration has to be performed on the two pieces x2 < x3 and
x2 > x3 which determines all orderings that are needed to insert the wave
function Ψ from eq. (7.4). The Pauli exclusion principle reduces the number
of coefficients from six to three, i.e., a1 = a6 , a2 = a5 and a3 = a4 . Equivalently,
only ↓↑↑, ↑↓↑ and ↑↑↓ are topologically distinct configurations. We now find
R
K=

dx2 dx3
( ∂ Ψ )2 |
x2 <x3 ∂x1 F x1 =x3
R

x1 <x2 <x3 Ψ2F dx1 dx2 dx3
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(a1 − a2 )2 + (a2 − a3 )2
,
a21 + a22 + a23

(7.7)
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from which follows
K=

27 (a1 − a2 )2 + (a2 − a3 )2
.
√
a21 + a22 + a23
8 2π

(7.8)

To obtain this equation we used the ground state wave function for three spinless fermions

 2
 x1 + x22 + x23 
ΨF (x1 , x2 , x3 ) = N exp −
(7.9)
 (x2 − x1 ) (x3 − x1 ) (x3 − x2 ) ,
2
where N is a normalization factor. Minimization of the parameter K with respect to the set of coefficients ai produces a system of linear equations












∂K
∂a1
∂K
∂a2
∂K
∂a3

= 0 → a1 − a2 = a1 K

= 0 → −a1 + 2a2 − a3 = a2 K

(7.10)

= 0 → a3 − a2 = a3 K

Now by minimizing K with the assumption that a2 , 0, we find two solutions:
a1 = a2 = a3 and a1 = a3 = −a2 /2 which correspond to K1 = 0 and K2 = √81
8 2π
respectively, another solution is obtained when a2 = 0 and a1 = −a3 which
corresponds to K3 = √27 . By transferring the set ai into the spatial form one
8 2π
can conclude that first two solutions have odd parity and the third one has
even parity.

This minimization procedure can be seen as an eigenvalue problem for the
symmetric matrix,


 1 −1 0 


 −1 2 −1  .




0 −1 1
It follows that the eigenvalues of this matrix produce the orthonormal set of
wave functions that have the smallest slopes around the ’fermionization’ point.
This means that those wave functions are eigenfunctions of the (2+1) system around 1/g = 0. The ground state solution has the largest slope, so it is
produced with the set of coefficients a1 = a3 = −a2 /2, where the single remain107
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ing parameter defines normalization of the wave function7 . These solutions
are shown in fig. 7.1C using polar coordinates for a fixed radius. These solutions were already obtained in chapter 2 using the toy model, however, the toy
model is not able to reproduce the energy slopes (parameters K) that are obtained here. Also plotted is the solution, ΨBF , that comes from the Fermi-Bose
duality8 (see for example reference [Girardeau 2010]) and has a1 = a3 = −a2 ,
see figure 7.1D. This solution is a valid solution only at 1/g = 0 where it is a
linear combination of ΨF and Ψ1 .

7.4 N Particles. Non-degenerate spectrum.
Now we summarize the main ingredients of the method that was presented for
three particles in order to extent it to the (N↑ + N↓ ) system.
• The energy spectrum of the (N↑ + N↓ ) system for 1/g = 0 is uniquely defined by the system of N spinless fermions which we denote as {E0 , E1 , ...}.
• If the spectrum of the system of N spinless fermions is non-degenerate
then each ordering9 of particles in the (N↑ + N↓ ) system is described with
the unique wave function that is written as ai ΨF (Ek ), where the index k
corresponds to the energy at which ’fermionization’ occurs.
• Even though each ordering is uniquely described by ai ΨF (Ek ), the spectrum of the (N↑ + N↓ ) system at 1/g = 0 is degenerate, since the system
(N +N )!
can ’fermionize’ in N↑↑ !N↓↓! different ways10 .
7

It is worth to note that in this case the system of linear equations (7.10) is independent
of the form of the wave function (if ΨF is unique), and of the form of the trapping potential
(if it conserves parity). With these conditions the ground state of the (2+1) system always has
a1 = a3 = −a2 /2 coefficients.
8
In this concept it is assumed that the probabilities for the system to ’fermionize’ into ↓↑↑
and ↑↓↑ configurations are same. This assumption is a consequence of the behavior of the
(1+1) system at 1/g = 0 where ↓↑ and ↑↓ structures are equally probable. By noticing this and
assuming that one ’spin up’ fermion in the (2+1) system acts as a spectator one arrives at the
Fermi-Bose duality concept for such systems.
9
For three particles we had six different orderings: x1 < x2 < x3 etc., that were depicted in
fig. 7.1A.
10
For example, it corresponds to ↑↓↑, ↑↑↓, ↓↑↑ configurations for three particles.
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• To find the spectrum (and the coefficients ai ) around 1/g = 0 we assume
that the energy is an analytic function in 1/g near g → ∞, i.e., in the first
order E = Ek −K/g with the parameter K given by the Hellmann-Feynman
theorem:
P R
Q
|Ψ|2 δ(xi − x j ) N
∂E
k=1 dxk
2 ij
2
= lim g
,
(7.11)
K = lim g
g→∞
∂g g→∞
hΨ|Ψi
where Ψ denotes the full wave function (consisting of the six pieces
ai ΨF (Ek ) for the (2+1) system, see fig. 7.1) which depends on x1 , . . . , xN .
P
The sum, i j , runs over all interacting pairs and can be substituted with
the prefactor N↑ × N↓ since all interactions contribute equally. The Dirac
bracket hΨ|Ψi denotes the normalization integral.
• By inserting the boundary conditions from eq. (7.3) one arrives at the
parameter K in the following form
R 
N↑ N↓
K=
4

∂Ψ
∂x1

−

∂Ψ
∂xN





x1 =xN +0

−

∂Ψ
∂x1

−

∂Ψ
∂xN

hΨ|Ψi

2



QN

x1 =xN −0

k=2 dxk

. (7.12)

(N−1)!

This integral has (N↑ −1)!(N↓ −1)! topologically different patches for integration11 where one can assign the wave function in the form ai ΨF . This
allows one to write the parameter K as
N↑ N↓
K=
4

P

(ai − a j )2 αi j
hΨ|Ψi

where
Z



αi j = 4
patch {i j}

∂Ψ
∂x1

2

(7.13)

,

N
Y
x1 =xN k=2

dxk .

(7.14)

• Minimization of K from eq. (7.13) produces N↑N!
!N↓ ! orthogonal vectors
that define eigenstates of the system near ’fermionization’.
11

For three particles it was x2 > x3 , x2 < x3 .
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For this procedure only one assumption is required, namely, existence of
the unique wave function ΨF . It means that the method can be applied in the
present form not only for the oscillator potential, but for any trapping potential
that provides the unique wave function for the system of spinless fermions. We
provide an example for the double-well potential in the subsequent sections.
Also systems with more than two underlying classes can be easily taken into
the consideration.
Our scheme circumvents spin classification of states [Ma 2009] which can
become very complicated for general systems. On the contrary, we obtain this
basically for free since all symmetries are respected. Thus, slightly away from
1/g = 0, we can use the Lieb-Mattis theorem [Lieb 1962] to assign total spin.
However, our method goes much beyond that and gives the full spatial correlations of the states as shown in fig. 7.1 and 7.2 by finding the ai coefficients
in a simple manner.

7.5 N Particles. Degenerate spectrum.
We have already mentioned (see chapter 2) that in one dimension the energy
spectrum for the system of spinless fermions is usually non-degenerate, however, one can provide a few examples where this is not true. For instance, the
already mentioned system of the harmonically trapped particles has a degenerate spectrum for states with high enough energy.
For the sake of simplicity we consider the (2+1) system in the harmonic
trap in a state where the spectrum of three spinless fermions has two eigenstates ΨF and Ψ′F corresponding to the same energy. In this case the wave
function for the (2+1) system can be written in the following way














Ψ=













a1 ΨF + b1 Ψ′F
a2 ΨF + b2 Ψ′F
a3 ΨF + b3 Ψ′F
a4 ΨF + b4 Ψ′F
a5 ΨF + b5 Ψ′F
a6 ΨF + b6 Ψ′F

for x2
for x2
for x3
for x3
for x1
for x1

< x1
< x3
< x2
< x1
< x3
< x2
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< x3
< x1
< x1
< x2
< x2
< x3

configuration :↑↑↓
configuration :↑↓↑
configuration :↓↑↑
configuration :↓↑↑
configuration :↑↓↑
configuration :↑↑↓

7.6. FOUR PARTICLES IN THE HARMONIC TRAP

The Pauli exclusion principle allows us to observe that a1 = a6 , b1 = b6 , a2 =
a5 , b2 = b5 , a3 = a4 , b3 = b4 . With this observation the coefficient K takes the
form
2

2


∂Ψ′F
∂Ψ′F
∂ΨF
∂ΨF
+
(a
−
a
)
+
(b
−
b
)
+
(b
−
b
)
(a
−
a
)
dx
dx
3
2 ∂x1
2 ∂x1
3
2 ∂x1
2 ∂x1
2
3
1
1
x2 <x3
x1 =x3
x1 =x3
R
R
K=
.
2
2
2
2
2
2
2
′2
(a1 + a2 + a3 ) x <x <x ΨF dx1 dx2 dx3 + (b1 + b2 + b3 ) x <x <x ΨF dx1 dx2 dx3
R

1

2

3

1

2

3

Minimization of the parameter K defines six eigenstates at 1/g = 0. These
eigenstates are defined by the coefficients ai , bi that depend on the energy at
which the ’fermionization’ occurs.

7.6 Four Particles in the Harmonic Trap
Having established the general algorithm we apply it for a few experimentally relevant setups. This subsection finds the ground state for the (2+2)
harmonically-trapped system around 1/g = 0. We start with constructing the
wave function Ψ, which has to be defined for 4! = 24 different orderings. The
indistinguishability of particles allows us to write six topologically different
configurations: ↑↑↓↓, ↑↓↑↓, ↑↓↓↑, ↓↓↑↑, ↓↑↓↑, ↓↑↑↓. The system is parity invariant and, moreover, has an additional quantum number a ’spin flip’12 . It
means that any eigenstate of the Hamiltonian preserves these two quantities.
Parity (or spin flip) transforms ↑↑↓↓ into ↓↓↑↑, and ↑↓↑↓ into ↓↑↓↑. Spin flip
also transforms ↑↓↓↑ into ↓↑↑↓. This means that we need only to worry about
three independent configurations and can obtain the remaining coefficients
from the parity or spin flip arguments. We take the three to be ↑↑↓↓, ↑↓↑↓,
and ↑↓↓↑. Notice that the non-interacting state Ψ = ΨF has positive parity and
positive spin flip, which defines the total wave function as


a1 ΨF for x1 < x2 < x3 < x4 configuration :↑↑↓↓




Ψ=
a2 ΨF for x1 < x3 < x2 < x4 configuration :↑↓↑↓



 a3 ΨF for x < x3 < x < x2 configuration :↑↓↓↑
1
4
12
This symmetry comes from the observation that the Hamiltonian is invariant under the
x1 ↔ x3 , x2 ↔ x4 transformation.
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All the other regions can be obtained from the symmetry arguments. For example, for even parity and even spin flip, we have


a1 ΨF for x3 < x4 < x1 < x2 configuration :↓↓↑↑




Ψ=
a2 ΨF for x3 < x1 < x4 < x2 configuration :↓↑↓↑



 a3 ΨF for x3 < x < x2 < x configuration :↓↑↑↓
1
4
To obtain the behavior of the energy around ’fermionization’ we will do the
calculation in a similar way as compared to above. We have
R 
K=4

1
4

( ∂x∂1 −

∂
+
)
∂x4 x4 −x1 =0

− ( ∂x∂1 −

∂
−
)
∂x4 x4 −x1 =0



2

Ψ dx1 dx2 dx3
,

hΨ|Ψi

(7.15)

where we have integrated over δ(x1 − x4 )dx4 . The factor of 4 in front comes
about since x1 with ↑ can interact with either x3 or x4 ↓ and likewise for x2 ↑.
A renaming of coordinates in all four terms generates the same contribution.
So we have to evaluate the integral
Z 

∂
∂
−
∂x1 ∂x4

!
x4 −x1 =0+

∂
∂
−
−
∂x1 ∂x4

!


2
Ψ dx1 dx2 dx3 .

(7.16)

x4 −x1 =0−

This is done by dividing the region of integration into six regions according to
the ordering of the variables x1 , x2 , and x3
Z

Z
=

Z

Z

+
x1 <x2 <x3

Z

+
x1 <x3 <x2

Z

+
x2 <x3 <x1

Z

+

.

+

x3 <x2 <x1

x2 <x1 <x3

x3 <x1 <x2

The first two integrals are the same since we have (arbitrarily) chosen x1 and
x4 as the coordinates of the interacting pair, and the wave function, ΨF , is
antisymmetric under exchange of x2 and x3 . The first integral is also equal to
the third and fourth integral since under parity and spin flip we pick up at most
R
R
R
R
a minus sign. Ergo, x <x <x = x <x <x = x <x <x = x <x <x . For the fifth and
2
3
3
2
2
3
3
2
1
1
1
1
sixth integrals, the interacting pair sits in the middle but we may still exchange
R
R
x2 and x3 and get the same contribution, i.e., x <x <x = x <x <x . So we are
2
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left with

Z

Z

Z

=4

(7.17)

.

+2
x1 <x2 <x3

x2 <x1 <x3

Physically, we can interpret these two integrals as two different ways of interaction: (↑↓) ↑↓ (outside pair interacts) and ↑ (↑↓) ↓ (inside pair interacts).
The equality among the integrals is then merely the statement that the particles that do not interact (spectators) can be rearranged at will due to the
antisymmetry of ΨF upon which Ψ is built.
For the (2+2) system we finally obtain the following formula for K

K=

4(a2 − a3 )2

R
x1 <x2 <x3

2

 ∂Ψ 
F

∂x1 x1 =x4
8(a21

+ 2(a2 − a1 )2

+ a22 + a23 )

R
x2 <x1 <x3

 ∂Ψ 
F

∂x1 x1 =x4

2

.

To reduce this further, we fix the normalization by putting a1 = 1 and we exploit
that we are looking for states that are orthogonal to the non-interacting state
(Ψ = ΨF in all sections) which implies a3 = −a1 − a2 . This reduces our equation
to


 ∂Ψ 
R
R
2 + 2(a − 1)2
F
F
4(2a2 + 1)2 x <x <x | ∂Ψ
|
|2
|
2
∂x1 x1 =x4
∂x1 x1 =x4
x2 <x1 <x3
2
3
1
K=
,
8(1 + a22 + (1 + a2 )2 )
which determines a2 through extremization of K. We find numerically the
following solutions
K++ = 3.208,
K−− = 2.506,
K++ = 0.982,
K+− = 0.633,
K−− = 0.419,
K++ = 0,

where the subscript on Kps indicates the parity, p = ±, and spin flip, s = ±, symmetries. Of particular interest is the distribution of the wave function among
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the nonequivalent configurations which is shown in fig. 7.2C (on the left where
the parameter b is zero) for the ground, Ψ1 , and the excited state, Ψ3 , with
the same parity and spin flip assignment. Remarkably, we find that the ground
state is dominantly ’antiferromagnetic’, while in contrast the excited state is
’ferromagnetic’.
Again we may consider how the states we find here are related to the state
that comes from the Fermi-Bose duality. In a harmonic oscillator we find
ΨBF = 0.929Ψ1 + 0.162Ψ3 + 0.333ΨF ,

(7.18)

where the states are shown in figure 7.2.

7.7 Three and Four Particles in the Double-Well Trap
The procedure applies to any confining potential, including periodic potentials such as a ring or triangular confinement. We demonstrate this using the
double-well 21 (|x| − b)2 in fig. 7.3. We have chosen this form since it has an
exact solution for the single-particle problem [Merzbacher 1998] (see also the
Supplementary material).
Three particles. For the (2+1) system the coefficients a1 , a2 and a3 of the
three nonequivalent configurations, ↑↑↓, ↑↓↑ and ↓↑↑ are independent of b.
This can be understood by noting that the ground state is the unique odd parity
state that is defined by two coefficients. These coefficients have to be such that
the ground state is orthogonal to ΨF , which is only possible for a1 = a3 = −a2 /2.
Let us investigate the number density13 , n(x), for the particles in the ground
state for different b. The results of this investigation are shown in figure 7.4.
We see that the density of the particles separates into two wells. However the
’spin down’ particle follow the trend slower compared with ’spin up’ particles.
Four particles. For four particles the coefficients ai depend on the position
of the minimum of the potential, b. This can be seen in fig. 7.2C for the (2+2)
case, where the probabilities to be in the different configurations are presented.
13

For ’spin down’ particles n(x) =
R
n(x) = 2 Ψ(x, x2 , x3 )dx2 dx2 .

R

Ψ(x1 , x2 , x)dx1 dx2 if hΨ|Ψi = 1, and for ’spin up’ particles
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A

x1 x2 x3 x4

C
F
AF
M
(-,-)

(+,+)

B
Symmetries
(parity,spin flip)

E
5

(+,+)

(-,-)

F

(+,+)

(+,-)
F

E0

5
3,

+_

4
2
1

1

2

!3,4

-g-1

!3,4

Figure 7.2: The (2+2) system. A The topologically nonequivalent configurations of
the system when the Pauli exclusion principle is taken into account. On the right we
show the classification into ’ferromagnetic’ (F), ’antiferromagnetic’ (AF), and ’mixed’
(M). B Schematics of the six configurations at g = 0 that merge when g → ∞. The
symmetries under the parity and spin flip transformations are indicated. Ψ3 and Ψ4
are degenerate at g = 0. They are evolved into even and odd spin flip combinations at
1/g = 0. On the right-side we display the energy spectrum based on the exact slopes at
1/g = 0 and with a phenomenological extension of the curves to the non-interacting
limit (dotted lines). C Probabilities to find the three nonequivalent configurations
from A in a double-well of the form (|x| − b)2 (see fig. 7.3) for states Ψ1 and Ψ3 as
function of the barrier parameter, b.
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3

b=0
b=1
b=2

2.5
V

2
1.5
1
0.5
0
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-2

-1

0
x

1

Figure 7.3: A double-well potential of the form

2
(|x|−b)2
2

3

with b = 0, 1, 2.

We see that for the ground state the system separates into the two (one for each
well) interacting14 (1+1) systems for b → ∞, whereas the excited state goes
into two non-interacting (1+1) systems with the probability 1/3 and into the
(2+0) and (0+2) systems with the probability 2/3.

7.8 Tunneling
The systems that were presented here can be experimentally probed by studying the tunneling features of the system [Serwane 2011a]. This section shows
the simplest way to estimate tunneling probabilities using the wave functions
that were obtained above.
Let us discuss tunneling probabilities for the (2+1) system. The setup we
have in mind is similar to the one described in ref. [Zürn 2012] but with more
particles in the trap as schematically depicted in fig. 7.5. At 1/g = 0, the particles are neatly ordered and we can assign probabilities to different spatial
configurations as discussed above. The different configuration and the corresponding probabilities in the ground state are shown in fig. 7.5. Since particles
also cannot cross each other at 1/g = 0, it is reasonable to assume that from
a configuration like ↓↑↑ only the ↑ particle can tunnel and so on for the other
configurations.
14

Interacting means that the energy has a non-zero slope around the ’fermionization’ point.
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Up (b = 0)
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0
x

1

2

3

Figure 7.4: The spatial density distributions, n(x), of the (2+1) system for different
values of b.

We now make the simplifying assumption that the decay widths of ↓↑↑→
(↓↑)+ ↑ and ↑↑↓→ (↑↑)+ ↓ are the same15 . Again the pair in parenthesis is the
one left behind after the tunneling event. This assumption is reasonable if the
potential is spin-independent during the entire process. With these assumptions we can now predict the probability to eject the ’spin down’ based solely
on the spatial configurations.
For the (2+1) case in the ground state, we have
P↓
1/6
1
=
= .
P↑ 1/6 + 4/6 5
15

(7.19)

One has to note that this is a non-trivial assumption. For example, if a ’spin up’ particle
tunnels, by using only the energy conservation one concludes that the (1 + 1) system is produced
in the interacting or non-interacting states (2 channels), whereas if a ’spin down’ particle tunnels
then (2 + 0) system is left behind in the non-interacting state (1 channel). Now to conclude that
the decay widths are the same one has to prove that the sum of the contributions from the two
channels for ’spin up’ is the same as from one channel for ’spin down’. Peculiarly enough it
seems that it is almost the case. However, we do not discuss it here.
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P=2/3

P=1/6

P=1/6

Figure 7.5: Schematic of a tunneling experiment similar to the one described in
ref. [Zürn 2012] but for the case with two ’spin up’ and one ’spin down’ particles.
The numbers on the left are the probabilities for finding the different spatial configurations around 1/g = 0 in the ground state before the trap is lowered and particles
are allowed to tunnel out of the potential. On the right-hand side we show the most
likely tunnel event, i.e., that the particle located on the far right will tunnel out and
be detected.

In the first excited (even parity) state, we have a1 = a3 and a2 = 0. This means
that the probabilities to tunnel either ’spin up’ or ’spin down’ particles are the
same, P↓ /P↑ = 0.5.

7.9 Summary
This chapter demonstrates that one-dimensional strongly-interacting systems
of fermions with two or more internal spin states in any confining geometry
are exactly solvable in the hard-core limit with infinite zero-range repulsions.
The problem can be transformed into a simple variational calculation and subsequent diagonalization that is guaranteed to yield the correct eigenstates and
energies for strong zero-range interactions. Symmetries such as total spin or
parity are automatically respected. This approach provides an exact bench118
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mark for any numerical method pushed into the strongly-interacting regime.
Furthermore, the solution by topologically nonequivalent configurations presented here uses a minimal basis size, since any smaller basis size would not
be able to capture the degeneracy at 1/g = 0. At the end of the chapter we
provide examples of three- and four-body systems in external traps that are
under current experimental study.

7.10 Supplementary Material
Double-Well Potential
In order to study a single-particle potential with more structure, we consider a
double-well potential of the form
1
V(x) = (|x| − b)2 ,
2

(7.20)

where b is the parameter that controls the height of the central barrier, see
fig. 7.3. This type of potential is chosen because it has an analytical solution
[Merzbacher 1998]. The eigenfunctions are given by

√




2(x
−
b)
,x>0
D

 ν 

,
ψ=
√



 ±Dν − 2(x + b) , x ≤ 0

(7.21)

where Dν is a parabolic cylinder function16
2 /4

Dν (z) = 2ν/2 e−z







zΓ(−1/2)
Γ(1/2)
ν 1 z2
1 − ν 3 z2
+ √
; ;
1 F1 − ; ;
1 F1
Γ[(1 − ν)/2]
2 2 2
2 2 2
2Γ(−ν/2)

and ± corresponds to solutions of even and odd parity respectively. Here
1 F1 (x, y, z) is the confluent hypergeometric function and Γ(z) is the gamma
function. The energies, E = (ν + 21 ), are determined for even parity through
 √ 
D′ν − 2b = 0 ,
16

This function is also called Whittaker’s Dn (x), see [Abramowitz 1965] chapter 19.
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where the prime denotes a derivative, and
 √ 
Dν − 2b = 0 ,

(7.23)

for odd parity solutions. The energies of the four lowest single-particle states
are shown in fig. 7.6 as a function of b. Notice that they become degenerate
when b → ∞ as the potential becomes simply two independent harmonic wells.
This automatically forces us to worry about the region where the assumption
that the energy behaves as E − K/g is applicable.
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Figure 7.6: The energy eigenvalues of the lowest four states as a function of b. The
states become doubly degenerate in the limit b → ∞ as the potential forms two separated wells.

Region of Applicability
For this we consider therefore the region near 1/g = 0 for the double-well
potential with the (2+1) system and consider the ground state. If 1/g = 0
and b is finite, we have a unique ground state that is built out of three particles in the lowest three single-particle states with energies shown in fig. 7.6.
However, since the difference between the ground state energy for the system of three spinless fermions and the first excited state is small the points of
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’fermionization’ are close to each other as shown in fig. 7.7. This means that
the coupling between levels that belong to the different ’fermionization’ points
should play a crucial role around 1/g = 0. Let us investigate this. We will

E

1

Figure 7.7: For the system of three spinless fermions the energy difference between
the ground state energy E1 and the first excited state energy E2 for big b is proportional
to 1/b2 . It follows that the ’fermionization’ points for the (2+1) system are close, which
narrows down the region where the first order perturbation theory in 1/g works.

work in a simple model where we only couple the two states that are closest in
(1)
(2)
energy at 1/g = 0, i.e., states ΨF and ΨF with the ’fermionization’ energies
E1 and E2 from fig. 7.7. These states are produced by the totally antisymmetric wave functions of three spinless fermions, and both have one particle in
each of the two lowest single-particle states but then differ by having the third
(1)
(2)
(1)
particle either in the third, ΨF , or fourth states, ΨF . The function ΨF has
odd parity and produces three eigenstates for the (2 + 1) system at 1/g = 0.
It produces the ground state (coefficients a1 = a2 = −a3 /2) with odd parity,
first excited state (coefficients a1 = −a3 , a2 = 0) with even parity and sec(2)
ond excited state (a1 = a2 = a3 ) with odd parity. The function ΨF has even
parity and also produces three wave functions: the third excited state (coefficients a1 = a2 = −a3 /2) with even parity, the fourth excited state (coefficients
a1 = −a3 , a2 = 0) with odd parity and the fifth excited state with (a1 = a2 = a3 )
with even parity.
To describe the mixing we use the standard Landau-Zener approach (see for
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example [Landau 1977]) where the coupling is possible only between states of
the same parity, since it is a good quantum number. In our case, it means that
only the second and the fourth excited states can couple to the ground state.
Moreover, the second excited state is exact for any value of the parameter g,
so it should not be taken into the consideration. It follows that around the
’fermionization’ only two states, that were exact for 1/g = 0, can couple: the
ground state with the wave function Ψ1 and the fourth excited state, Ψ2 . We
write the Hamiltonian as H = H0 + gδ(x2 − x3 ) + gδ(x1 − x3 ), where H0 is the
Hamiltonian produced by the single-particle double-well potential. The total
wave function is assumed to have the form Ψ = aΨ1 + bΨ2 , which leads to the
secular equation
E1 + V11 V12
=0.
(7.24)
V21
E2 + V22
According to our general procedure, we have V11 = −K1 /g and V22 = −K2 /g,
where the slopes K1 and K2 are generally different for finite b. The off-diagonal
matrix element is V12 = V21 = hΨ1 |V|Ψ2 i and can be estimated in the same
way as we calculated K, i.e., by using the exact single-particle wave functions
at 1/g = 0. However, for the present purposes we are only interested in the
overall dependence on b and g. We therefore use that the boundary condition
in eq. 7.3 implies that the wave function at zero relative distance goes like g−1 .
This means that V12 = α/g when g ≫ 1. Here α is independent of g near the
’fermionization’ point. Solving the secular equation we arrive at
! s 

1
1
K1 + K2
K1 − K2 2 α2
+ 2.
E1 + E2 −
±
E1 − E2 −
E=
2
g
4
g
g

(7.25)

From this expression we see that the states couple due to the α2 /g2 term. If we
define gc = (2α + K1 − K2 )/(E1 − E2 ), then for g ≫ gc the states are decoupled.
This implies that there is always a regime where the states decouple even if b
is large and thus E1 − E2 ∝ b−2 is small. Of course, gc grows with b2 so this
regime happens close to the limit 1/g → 0 for increasing b. Note that in the
strict limit 1/g = 0, the states are decoupled for any finite b and our general
procedure with non-degenerate states applies here.
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Summary

This dissertation studied few-body bound states in two different systems: 1)
dipoles in the multi-tube and multi-layer configurations, 2) one-dimensional
setups of trapped particles that interact with a strong repulsive potential of
zero-range. The first setup was analyzed in chapters 3, 5 and 6, and the second
system was investigated in chapter 7.
First System
In chapter 3 we presented a general scheme to obtain expansions for the
ground state energy and the wave function in the weakly-bound regime for
two-dimensional, anisotropic and reflection symmetric bounded potentials that
decay faster than 1/r2 at infinity. These expansions were later used in chapter 6
to describe the ground state of two dipoles in two planes in the weakly-coupled
regime.
In chapter 5 we studied dipolar bosonic particles in the multi-tube configuration. First, we inspected the two-body system where two dipoles are placed
in two tubes. For such a system the ground state energy for the perpendicularly polarized dipoles was determined for small and large values of the dipole
moment. Second, we analyzed few-body bound state structures for up to five
particles. For the case of perpendicularly oriented dipoles, we concluded that
chains with one particle in each of a number of adjacent tubes are the most
stable structures, since more complicated configurations with multiple particles in a single tube are not bound unless one reduces the intralayer repulsion
or tilts the dipole orientation away from the perpendicular direction.
In chapter 6 we investigated few-body bound states in multi-layer configurations. For the system of two dipoles in two layers the expansion for the ground
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state energy was derived in the limits of weak and strong binding as a function
of the polarization angle. In the weakly-bound regime we observed that the
system spends most of the time in the classically forbidden region, and can be
described with the spherically symmetric modified Bessel function, K0 . Next
we considered perpendicularly polarized three- and four-body systems where
we determined the intralayer repulsion for which the systems with more than
one particle per layer become stable.
Second System
In chapter 7 one-dimensional strongly-interacting systems of particles were explored. We showed that such systems with zero-range interactions of infinite
strength are exactly solvable. To illustrate the approach we analyzed different
setups of three and four particles with two different ’spin’ states. For three
particles we found the ground state wave function in the harmonic trap and
the double-well trap. For the system of two spinless fermions and a third particle we argued that the third particle has larger density in the middle of the
trap, which reduces the probability to see the tunneling of this particle. For
the balanced four-body system in the harmonic trap we found and described 6
degenerate states at the lowest energy. We also showed that the ’antiferromagnetic’ ordering dominates in the ground state.
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