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Summary

This thesis is on the subject of the interaction of electrons and positrons
with the electromagnetic field. When an electron or positron interacts
with an electromagnetic field one can speak of “strong” versus “weak”
fields. If the electron motion due to the field becomes relativistic in its
average rest-frame, one can no longer call the field weak and this is what
is usually referred to as classical non-linearity or that the field is strong
in the classical sense. Another way of seeing the field as being “strong” is
in terms of the Schwinger critical field. This is a field strength obtained
by combining the fundamental constants of Plancks constant, the speed
of light, the electron charge and mass to obtain an electric field strength
of 1.3× 1018V/m or correspondingly the magnetic field strength of 4.4×
109T. This field strength cannot be reached in the laboratory, but with
ultra-relativistic particles such field strengths can be reached in the rest-
frame of the electron due to Lorentz boosting of the field. If this is the
case we refer to it as quantum non-linearity. This thesis deals with a
variety of electromagnetic processes where such non-linearities arise, both
theoretically and experimentally. The main outcome of this thesis are the
experimental results regarding the so-called quantum radiation reaction.
That is, the first experimental observation has been made, of multiple high
energy photon emissions from high energy positrons interacting with the
field of an axially aligned silicon crystal such that we are in both of these
non-linearity cases.
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Dansk resume

Denne afhandling omhandler elektroners og positroners vekselvirkning med
det elektromagnetiske felt. Når en elektron eller positron vekselvirker med
et elektromagnetisk felt kan man tale om “stærke” vs. “svage” felter.
Hvis elektronens bevægelse pga. feltets indvirkning bliver relativistisk
i dens middel hvile-system kan man ikke længere tale om et svagt felt,
og dette kaldes normalt klassisk ikke-linearitet, eller at feltet er stærkt
i klassisk betydning. En anden måde at se feltet som værende “stærkt”
er med henblik på det såkaldte Schwinger kritiske felt. Denne felt styrke
opnås ved at kombinere de fundamentale naturkonstanter, Plancks kon-
stant, lysets hastighed, elektronens ladning og masse for så at opnå en
feltstyrke på 1.3 × 1018V/m eller 4.4 × 109T for det tilsvarende kritiske
magnetfelt. Denne feltstyrke kan ikke opnås i laboratoriet, men med ultra-
relativistiske partikler kan sådanne feltstyrker nås i elektronens hvilesys-
tem pga. Lorentz sammentrykning af feltlinjerne. Hvis dette er tilfældet
taler man om kvante ikke-linearitet. Denne afhandling omhandler et bredt
udvalg af elektromagnetiske processer hvor en sådan ikke-linearitet finder
sted, både i eksperiment og teori. Hovedresultatet i denne afhandling er de
eksperimentelle resultater angående den såkaldte kvante strålingsreaktion.
Det vil sige den første eksperimentelle observation er foretaget af gentagne
højenergi foton udsendelser fra højenergi positroner som vekselvirker med
feltet fra en silicium krystal, rettet ind langs aksen, således at begge de
ovenfor nævnte krav til ikke-linearitet er opfyldte.
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Chapter 1

Introduction

The Ph.D project presented in this thesis is composed of several research
topics within the same main area of research, namely investigations of
radiation emission and/or particle production in “strong” electromagnetic
fields by incoming high energy electrons, positrons or photons. We often
speak of nonlinear processes in the strong field. A prime example of this
is nonlinear Thomson or Compton scattering where incoming photons are
scattered by e.g. an electron. When the density of incoming photons is
low, the outgoing (scattered) density of photons is proportional to the
incoming photon density and the field is “weak”. When the density of in-
coming photons increases this is no longer the case, and the non-linearity
of the process here refers to a nonlinear dependence on the incoming pho-
ton density. The overall subject of this thesis are such nonlinear electro-
magnetic processes. While the case of a laser providing a monochromatic
plane-wave field interacting with a beam of electrons is the quintessential
example of Thomson/Compton scattering, processes which are completely
analogous to these can be investigated via the phenomenon of ’channeling’
where an incoming electron or positron is trapped in an oscillatory motion
between atomic planes or a single atomic string in a single-crystal of e.g.
silicon. The reason for this is that it can be shown that the classical motion
entirely determines the characteristics of the emitted radiation, regardless
of the background field giving rise to this motion. For this reason one can
obtain the same radiation emission spectrum from a classical undulator
or by scattering in a laser field since in both cases the classical motion is
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14 CHAPTER 1. INTRODUCTION

approximately a sinusoidal transverse motion. Most physicists are famil-
iar with the Liénard-Wiechart potentials of classical electrodynamics and
therefore that the motion of the particle determines the radiation charac-
teristics, however from most modern courses in particle physics, it is not
obvious that the classical motion plays any central role when doing the
calculation in QED, using Feynman diagrams. Here the electromagnetic
field is quantized in terms of a traveling wave in vacuum, and by comput-
ing the Feynman diagram for Compton scattering one obtains a transition
rate proportional to the density of the photons in the incoming wave - the
classical motion never comes into play in any obvious way. Therefore in
this approach one may think of the incoming field, and not the electron
motion, as determining the radiation characteristics. This view is however
more connected to the treatment of the quantization of incoming field and
treating this as a perturbation, than to the fundamental physics. That the
electron motion is fundamental in determining the radiation characteris-
tics also beyond the classical regime, can be seen from the semi-classical
method of Baier, Katkov & Strakhovenko, which will be described and
used in several chapters of this thesis. This approach does not rely on
quantizing the incoming field nor does it treat this field as a perturbation
- it is exact in this respect. In chapter 6, chapter 7 and chapter 8 I investi-
gate radiation emission under new circumstances where the field is strong
using this method of calculation. In chapter 6 I investigate what happens
if an electron collides with not just a single strong laser wave, but two
superimposed monochromatic plane waves of different frequency, while in
chapter 7 I investigate when it is acceptable to approximate the incom-
ing field as constant, when it is not really constant and calculate how the
spectrum changes when this approximation begins to break down. I relate
this to the calculations of radiation emission currently in play in future
linear colliders such as the Compact LInear Collider (CLIC) at CERN.
In chapter 5 we investigate another kind of non-linearity which arises in
QED. It is well known that Maxwells equations satisfy the superposition
principle, i.e. that the total field is simply the sum of the fields from
each source. However due to quantum corrections one can obtain an effec-
tive lagrangian of electrodynamics where several nonlinear processes arise
such as the breakdown of the superposition principle. Other nonlinear
processes which arise from this lagrangian is vacuum breakdown, where a
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strong electric field will spontaneously decay due to electron/positron pair
production or vacuum birefringence where a weak probing field (e.g. laser
wave) travels through a strong external field and experiences an index of
refraction which depends on the polarization wrt. the strong external field.
In the mentioned chapter we look at vacuum birefringence and consider if
an experiment to measure this effect could be designed. In chapter 3 and
chapter 4 I describe experiments performed to investigate channeling in
modified crystals. In chapter 3 we ask if a specially manufactured silicon
crystal can add periodic kicks in the motion of the penetrating particle
such that the emitted radiation spectrum is modified because of this. This
is once again a nonlinear process since one cannot treat the channeling ra-
diation, and the radiation induced by the periodic kicks, separately - and
effects which can be seen as interference between these two arise, as will
be seen. This project could, once it has matured, have real-world applica-
tions as it is in essence a type of miniature undulator, producing gamma
rays. The study presented in chapter 4 does not deal with radiation emis-
sion, but looks in detail at the direction of the particles leaving a crystal
bent along a circular arc, yielding information on the motion undertaken
within the crystal. This study aims to increase the understanding of the
dynamics of electrons in such a crystal and potential applications such
as beam-extraction or collimation in particle accelerators have been sug-
gested. In chapter 8 theoretical and experimental studies of radiation
reaction of high energy electrons and positrons in single crystals as part
of the NA63 CERN collaboration are shown. In the classical regime, ra-
diation reaction is the continuous energy loss of a charged particle due to
emission of radiation emission. The force due to this radiative energy loss
is not present in the Lorentz force, and much controversy has surrounded
this problem, since what would seem as the immediate solution to the
problem yields problematic and unphysical results (not conserving energy
and non-causal behaviour). A solution is thought to have been found to
this problem, but it has never been experimentally tested. The central
question here is then if we could test this in an experiment. In this chap-
ter I show the design of an experiment to test this using channeling in a
silicon crystal and what the experimental and theoretical results are. That
such a fundamental problem in a fundamental branch of physics, classical
electrodynamics, may finally see experimental tests is exciting. It turned
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out, however, that we did not stay in the classical regime when the exper-
iment was carried out, and instead we made a measurement of radiation
reaction in the quantum regime which is equally interesting. Radiation
reaction in the quantum regime is characterized by the process becoming
dominated by the stochastic (as opposed to continuous) emission of pho-
tons with high energy, such that the recoil on the emitting particle can
not be neglected, and that such emissions happen several times. We plan
to redesign a new experiment which will stay within the classical regime
of radiation reaction. In chapter 9 I look towards what I think will be an
interesting path to follow in order to advance the field of QED in strong
fields.
In this thesis several chapters contain a short introduction written for this
thesis and then the afterwards the content is identical to various papers on
which I am first or single author. The paper in question will be mentioned
in the introduction to the chapter. In addition it should be mentioned that
chapter 2, chapter 3, a short preliminary version of chapter 4, chapter 5,
a preliminary version of chapter 6 and section §8.2 were also part of my
part A progress report [1].

1.1 Units

In this thesis natural units where ~ = c = 1 and e2 = α ' 1
137 are used

unless otherwise stated. For 4-vectors we employ the
(

+, −, −, −
)

metric and the dot product of two 4-vectors is defined as the contraction
i.e. a · b = aµbµ. We use the Feynman slash notation /a = aµγ

µ where γµ
are the Dirac gamma matrices.

1.2 Publications

I am the primary author of 5 peer reviewed scientific papers:

• Vacuum birefringence by Compton back scattering through a
strong field. Phys. Rev. D 88, 053009 – Published 17 September
2013. [2]
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• Experimental Realization of a New Type of Crystalline Undulator.
Phys. Rev. Lett. 112, 254801 – Published 24 June 2014. [3]

• Interference effect in nonlinear Compton scattering. Phys. Rev. D
90, 125008 – Published 12 December 2014. [4]

• Quantum synchrotron radiation in the case of a field with finite
extension. Phys. Rev. D 92, 045045 – Published 31 August 2015.
[5]

• Channeling, volume reflection, and volume capture study of
electrons in a bent silicon crystal. Phys. Rev. Accel. Beams 19,
071001 – Published 5 July 2016.[6]

In addition I am coauthor of 5 other peer reviewed scientific papers:

• Experimental investigation of the Landau-Pomeranchuk-Migdal
effect in low-Z targets. Phys. Rev. D 88, 072007 – Published 15
October 2013. [7]

• Measurements of the spectral location of the structured target
resonance for ultra relativistic electrons. Physics Letters B. 732, 1
May 2014, Pages 309–314. [8]

• Observation of Deflection of a Beam of Multi-GeV Electrons by a
Thin Crystal. Phys. Rev. Lett. 114, 074801 – Published 19
February 2015. [9]

• Intense and energetic radiation from crystalline undulators.
Nuclear Instruments and Methods in Physics Research Section B:
Beam Interactions with Materials and Atoms. 355, 15 July 2015,
Pages 35–38. [10]

• A method to measure vacuum birefringence at FCC-ee. arXiv
preprint arXiv:1605.02861. (To be published in a conference book)
[11]





Chapter 2

Crystalline Structure,
Channeling and radiation
emission

2.1 Crystal potentials and motion

Many of the subjects which I have investigated, and which are described
in this thesis, involve the phenomenon of channeling and the radiation
emitted during channeling. The experiments presented in chapter 3 and
chapter 8 involve radiation emission by an electron/positron interacting
with the crystal and therefore a short introduction of the phenomenon
of channeling in crystals and classical and quantum radiation emission is
appropriate. The aim of this chapter is to introduce concepts which are
well established in the field, but which are essential for the understanding
of the rest of the thesis which builds upon and extends what is introduced
here.
A crystal is a type of solid where the atoms are arranged in a specific
repeating pattern. This repeating pattern is described by the unit cell.
Of particular importance here, is the diamond cubic lattice which is the
crystal structure of Carbon but can also be attained by other elements in
the same group, such as silicon and germanium and an alloy containing
any proportion of Si-Ge. This structure is the same as two intertwined
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Figure 2.1.1: A figure of the diamond cubic structure for Carbon (left)
and a depiction of the channeling of an electron around a string of nuclei
(right). Figures borrowed from [12, 13]

FCC (face centered cubic) lattices where one is displaced
(

1
4 ,

1
4 ,

1
4

)
in units

of the lattice constant a0 with respect to the other.
In crystals there are axes and planes of high symmetry. The axes will
be denoted by pointy brackets, for instance the 〈100〉 and 〈010〉 axes. A
plane is denoted by round parentheses such that the plane orthogonal to
the 〈100〉 axis is denoted as the (100) plane. The motion of a high energy
particle in a crystalline medium is highly affected if the angle between the
initial particle momentum and either a crystalline plane or axis is below
some critical value, termed the critical angle and denoted θc. Lindhard
[14] gives this angle for planar channeling as

θc =
√

4
√

3Z1Z2αNdpaTF
pβ

, (2.1.1)

where Z1 and Z2 are the charge numbers of the target and projectile, dp is
the inter planar distance, p the projectile momentum, α the fine-structure
constant, N the number density of atoms and β the particle velocity com-
pared to the speed of light c. aTF = 0.8853a0(Z

2
3
1 + Z

2
3
2 )− 1

2 is a screening
length. Below this angle the particle motion in the direction transverse to
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the plane/axis can become bound (see figure 2.1.1). This is in principle
a tedious problem involving the interaction of the incident particle with
an incredible number of atoms. Fortunately, one can often employ the
continuum approximation in which the potential from the atoms along an
axis or a plane is averaged along the axis/plane. In this case the mo-
tion is governed by a relatively simple potential which depends only on
the coordinates transverse to the plane/axis. To gain an understanding
of this phenomenon, consider an electron or positron of charge q in an
electromagnetic field with energy

E =
√

(p− qA)2 +m2 + qϕ, (2.1.2)
where p is the relativistic momentum, A the vector potential, m the elec-
tron mass and ϕ the electric potential. A continuum potential only de-
pends on 1 or 2 of the 3 spatial coordinates, and one can exploit symmetry
to obtain the approximately conserved quantity

E⊥ = p2
⊥

2γm + U(x⊥). (2.1.3)

This quantity will be denoted the transverse mechanical energy. If the
potential is chosen to be 0 when far away one has the usual condition
that the sign of the mechanical energy determines whether the motion
is bound or free corresponding to the particle being “channeled” or not.
From equation (2.1.3) one sees that the largest angle a particle can have
with the z-axis while channeling, in the ultrarelativistic limit is given by

θc =
√

2U0
ε
. (2.1.4)

This is in essence the Lindhard critical angle of equation (2.1.1), where
the Lindhard critical angle is obtained using a specific model of the poten-
tial, and thus U0. Whether one can use a classical theory or if one should
use quantum theory when describing the particle motion turns out to be
determined by the particle energy. The decisive quantity in answering this
question is the quantum number. Bohrs correspondence principle states
that in the limit of large quantum numbers and energies, a quantum calcu-
lation should reproduce the classical result. If we consider the example of
an electron in a magnetic field, we can solve the Dirac equation to obtain
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the so-called Landau levels [15]. If the magnetic field B is along z then
the energy is given by

E2 = m2 + p2
z + |q|B(2n+ 1)− qBσ, (2.1.5)

where σ = ±1 the spin quantum number and n the principal quantum
number. For motion in a plane perpendicular to the magnetic field, and
for large energies we have that E2 ' 2neB such that the quantum number
n is

n = γ2 Bc
2B , (2.1.6)

where γ is the relativistic Lorentz factor and Bc = m2

e is the Schwinger
critical magnetic field strength or the “Schwinger limit”.
Bohrs correspondence principle then gives us the condition for the motion
to be considered classical as

γ2Bc
B
� 1. (2.1.7)

The same condition is found by Baier et. al. [16] but from a more general
approach. One can also consider a model closer to what happens in a
crystal. A crude model of e.g. the Si (110) planar potential for positrons
is that of the harmonic oscillator but with a finite depth, i.e. a cutoff
above some energy U0 ∼ 20eV.

U(x) = 1
2mω

2
px

2, (2.1.8)

where ωp ∼ 15eV. Considering the problem starting from the Dirac equa-
tion (and neglecting spin) one arrives at a Hamiltonian describing the
transverse motion very much alike equation (2.1.3)

Ĥ = − 1
2γm

d2

dx2 + U(x). (2.1.9)

One must then solve the eigenvalue problem Ĥψn = Enψn. Inserting
equation (2.1.8) and multiplying by γ on both sides reveals that the eigen
energies are given by

γEn = √γωp(n+ 1
2).
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This means the level spacing is ωp√
γ and the number of states is thus ap-

proximately √γ U0
ωp
∼ √γ. So to apply the classical theory one should have

√
γ � 1 in this case. Another important aspect of the channeling motion

is the phenomenon of dechanneling. In this simple picture of a continuum
potential, we have conservation of the transverse mechanical energy and
a particle initially channeled stays channeled. In reality, scattering events
increase the transverse mechanical energy as the particle moves through
the channel, until it is no longer bound - this is dechanneling. This scatter-
ing can often be modeled using a simple model which states that particles
will scatter in an amorphous material according to a Gaussian distribution
with standard deviation θMS given by [17]

θMS = 13.6MeV
ε

√
L

X0

(
1 + 0.038 ln L

X0

)
, (2.1.10)

whereX0 is the radiation length, the length over which a particles energy is
reduced to e−1 of its initial energy due to Bethe-Heitler bremsstrahlung.
The typical length over which dechanneling happens, the dechanneling
length, is found by equating the scattering angle due to multiple scattering
to the critical angle of equation (2.1.4) and the result is given by [16]

Ld = αU0E

π(mc2)2X0, (2.1.11)

which is quite accurate for negative particles, but which will be investi-
gated further in chapter 4. A simple model of dechanneling is obtained by
assuming a constant probability per unit length per particle to dechannel,
1
Ld

, giving an exponential decay of the number of particles in the channel
[18], [19],

N(z) = N0e
− z
Ld . (2.1.12)

While √γ U0
ωp
� 1 is the condition for the motion to be considered classical,

the process of radiation emission can still be of quantum character. At
large energies/strong fields, this turns out to be the case in channeling. In
[20] a treatment of an electron in a “strong” monochromatic plane wave
field is treated exactly, yielding the well-known Volkov states. Here it is
seen that quantum effects will become important when the parameter
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χ =
e
√
〈(Fµνpν)2〉
m3 , (2.1.13)

deviates significantly from zero. Fµν is the electromagnetic field tensor, pν
the electron four-momentum and m its mass. For a high energy electron
in an electric field this is χ ∼ γ E

Ec
, where Ec = Bc.

A different approach to the treatment of radiation emission in the quan-
tum regime is that of the semi-classical operator method [16]. This method
treats the motion classically, but the radiation emission quantum mechan-
ically making it an ideal approach to treating channeling radiation from
high energy electrons or positrons. In section §2.2 a numerical procedure
for the calculation of radiation using the purely classical theory is given -
but because of the similarity to the semi-classical operator method, this
approach can be extended, as will be seen in section §2.3 and then further
in chapter 6 where the similarity to the classical formula will be shown.

2.2 Classical emission of radiation
I have written a piece of computer code in C/C++ which can calculate the
radiation emission of relativistic particles in many different circumstances.
Here I will outline the theory on which this program is based when in the
classical regime. Classically the radiation emission is given by the integral
[21]

d2I

dωdΩ = e2

4π2

∣∣∣∣∣
ˆ ∞
−∞

f(t,n)eiω(t−n·x(t))dt

∣∣∣∣∣
2

, (2.2.1)

f(t,n) = n× [(n− v)× v̇]
(1− v · n)2 . (2.2.2)

Here dI is the emitted energy within the frequency and solid angle range
dω and dΩ. n is the direction of emission, x(t) is the trajectory i.e. the
solution of the Lorentz-force equation and v = ẋ. The Lorentz-force

F = q(E + v ×B), (2.2.3)
where E and B are the electric and magnetic fields and v the velocity,
along with γ̇ = e

mE · v gives the following coupled equations
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(
ẍ
γ̇

)
=
(

1
γmF (x,v)− γ̇

γv
e
mE · v

)
. (2.2.4)

When solving this numerically for an ultra relativistic particle in a con-
tinuum potential, one must take into consideration that one direction of
motion is considerably different in size than the others. As z was chosen
as the initial direction of the particle, we must solve for the deviation
from the motion of a free particle, meaning I write δz(t) = z(t) − β0t
and δvz(t) = vz(t) − β0 where β0 ' 1 − 1

2γ2 is the initial velocity of the
particle and γ = ε/m. Similar problems arise in the radiation integral
- one encounters relatively small differences between large numbers. I
perform a series expansion in the involved parameters in equation (2.2.2)
while keeping only the leading order in the “small” quantities, θ, 1

γ , v⊥(t),
δvz(t) where vectors with subscript ⊥, denote the vectors subtracted their
z-component. I have defined n⊥ = (θx, θy), θ2 = θ2

x + θ2
y and since these

are small quantities we have nz =
√

1− θ2 ' 1− θ2

2 . For the components
of f of equation (2.2.2) this yields

fx = g {θy [(θx − vx) v̇y − (θy − vy) v̇x]

−
(

1
2γ2 −

θ2

2 − δvz
)
v̇x + (θx − vx) δv̇z

}
(2.2.5)

fy = g

{
(θy − vy) δv̇z −

(
1

2γ2 −
θ2

2 − δvz
)
v̇y

−θx [(θx − vx) v̇y − (θy − vy) v̇x]} (2.2.6)

fz = g

{
θx

[( 1
2γ2 −

1
2θ

2 − δvz
)
v̇x − (θx − vx) δv̇z

]
,

−θy
[
(θy − vy) δv̇z −

( 1
2γ2 −

1
2θ

2 − δvz
)
v̇y

]}
(2.2.7)

where we have defined
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Figure 2.2.1: (Left) The angular distribution of radiation at ω/ε = 0.0075.
(Right) The radiation spectrum of a 10 GeV electron in a harmonic poten-
tial with ωp = 15eV with amplitude 0.6Å corresponding to an undulator
parameter of K ∼ 0.6. Enhancement is with respect to the Bethe-Heitler
bremsstrahlung formula.

g = ( 1
2γ2 + θ2

2 − δvz − n⊥ · v⊥)−2. (2.2.8)

Similarly, the exponential phase becomes

ω(t− n · x(t)) = ω

(
( 1
2γ2 + θ2

2 )t− δz(t)− n⊥ · x⊥(t)
)
. (2.2.9)

The procedure is then for each frequency ω to calculate an angular distri-
bution as seen in figure 2.2.1, and then integrate it. A C/C++ program
was written to do this. It uses the GSL library for solving the equations of
motion equation (2.2.4) and a piece of code which utilizes an Nvidia GPU
to calculate the radiation integral of equation (2.2.1) for each direction n
in parallel. It is natural to compare the channeling radiation to that of
the Bethe-Heitler bremsstrahlung formula which is given by [22]
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dI

dω
= 16

3 Z
2
2αr

2
eL(1− ω

ε
+ 3

4(ω
ε

)2) ln(183Z−
1
3

2 ), (2.2.10)

where re = α
m is the classical electron radius and L the target thickness.

’Enhancement’ will thus denote the ratio of a spectrum to the Bethe-
Heitler spectrum given by equation (2.2.10).

2.3 Semi-classical method of radiation emission

In this section I will show the derivation leading to the formula for the radi-
ated energy in the semi-classical method of Baier, Katkov & Strakhovenko.
This method is at the center of many of the calculations in the following
chapters and is included here for completeness, since then it is seen how
the results obtained in chapter 6 follow from first principles. The deriva-
tion shown here follows almost completely that found in [15] but with a
few details added to make it easier to follow.
The Dirac equation can be written as

i
∂ψ

∂t
= (α · p̂+ βm)ψ, (2.3.1)

where ψ is the 4-component wave-function and α and β are the Dirac
matrices. It is well known that the electron solution to this equation is
then

ψe− = 1√
2E

u(p)e−iEteip·x, (2.3.2)

where

u(p) =
( √

E +mw
σ·p√
E+mw

)
, (2.3.3)

and where w is a two-component spinor which can be chosen freely and σ
represents the 3 Pauli spin matrices. The semi-classical approach is then
to replace the quantum numbers E and p with their operator counterparts
and eip·x by a semi-classical wave-function of a spinless particle, denoted
φ(r) such that
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ψ = 1√
2Ĥ

u(p̂)e−iĤtφ(r), (2.3.4)

where

Ĥ =
√

(p̂− qA)2 +m2, (2.3.5)

and where A then describes the external field. The external field is there-
fore included in the wave-function of the electron as opposed to using the
free wave-functions and treating the external field using perturbation the-
ory. One then calculates the probability dP of emission using the first
order transition matrix element from time-dependent perturbation theory
such that the differential transition probability is given by

dP =
∑
f

∣∣∣∣ˆ Vfi(t)dt
∣∣∣∣2 d3k

(2π)3 , (2.3.6)

where the summation extends over all final states and d3k is the volume
element of the emitted photon momentum k and where the matrix element
Vfi(t) is given by

Vfi(t) = −e
√

2π
ω

ˆ
ψ†f (t, r)ei(ωt−k·r)(e∗ ·α)ψi(t, r)d3x, (2.3.7)

where e is the polarization vector of the emitted photon, ψi, ψf are the
initial and final electron states and ω the energy of the emitted photon.
This means the photon emission is treated to first order in perturbation
theory, while the incoming field or ’background’ field is included exactly
through the wave-functions ψ. This can be rewritten as

Vfi(t) = −e
√

2π
ω
〈f | Q̂(t) |i〉 eiωt, (2.3.8)

where |i〉 corresponds to the state with wave-function φi(r) and
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Q̂ = eiĤtei
u†f (p̂)√

2Ĥ
(e∗ ·α)e−ik·r̂ ui(p̂)√

2Ĥ
e−iĤt

=
u†f (p̂(t))√

2Ĥ(t)
(e∗ ·α)e−ik·r̂(t) ui(p̂(t))√

2Ĥ(t)
, (2.3.9)

where in the last equation the operators are now the Heisenberg time
dependent operators due to the sandwiching between the e±iĤt operators.
Using equation (2.3.6) we obtain

dP = e2d3k

4π2ω

∑
f

¨
dt1dt2e

iω(t1−t2) 〈i| Q̂†(t2) |f〉 〈f | Q̂(t1) |i〉

= e2d3k

4π2ω

¨
dt1dt2e

iω(t1−t2) 〈i| Q̂†(t2)Q̂(t1) |i〉

where we used the completeness of the states φ(r). The crux of the semi-
classical method is then to make use of the non-commutativity of the
operators in the product Q̂†(t2)Q̂(t1) and recognize that 〈i| ... |i〉 gives
the expectation value, such that when the non-commutativity has been
exploited, the operators can be replaced by their classical values as func-
tions of time. Multiplying by ω on both sides we obtain the differential
energy emitted dI = ωdP

dI = e2d3k

4π2

¨
dt1dt2e

−iω(t2−t1) 〈i| Q̂†(t2)Q̂(t1) |i〉 . (2.3.10)

Now we denote Q̂(t1) = Q̂1 and we would like to bring Q̂†2Q̂1 on the form

Q̂†2Q̂1 = R̂†2e
ik·r̂2e−ik·r̂1R̂1. (2.3.11)

By looking at equation (2.3.9) we see that we must consider how e−ik·r̂(t)

commutes with the preceding operator. We recall that this is the displace-
ment operator in momentum space such that

p̂e−ik·r̂ = e−ik·r̂(p̂− k), (2.3.12)
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Ĥ(p̂)e−ik·r̂ = e−ik·r̂Ĥ(p̂− k). (2.3.13)

Therefore we can write

Q̂(t) = e−ik·r̂R̂(t), (2.3.14)

where

R̂(t) =
u†f (p̂′)√

2Ĥ ′
(e∗ ·α)ui(p̂)√

2Ĥ
,

and p̂′ = p̂ − k̂, Ĥ ′ = Ĥ − ω. Now we must consider the commutativity
of the operator between R̂†2 and R̂1 in equation (2.3.11) and we therefore
define

L̂(τ) = e−iωτeik·r̂2e−ik·r̂1 , (2.3.15)

where τ = t2− t1. Since r̂2 is the r̂1 operator at a time τ later in time we
can use the time-shift operator eik·r̂2 = eiĤτeik·r̂1e−iĤτ and therefore

L̂(τ) = e−iωτeiĤτeik·r̂1e−iĤτe−ik·r̂1

= ei(Ĥ−ω)τe−iĤ(p̂1−k)τ (2.3.16)

then

dL̂

dτ
= ei(Ĥ−ω)τ i(Ĥ − ω − Ĥ(p̂1 − k))e−iĤ(p̂1−k)τ

= i(Ĥ − ω − Ĥ(p̂2 − k))ei(Ĥ−ω)τe−iĤ(p̂1−k)τ

= i(Ĥ − ω − Ĥ(p̂2 − k))L̂(τ). (2.3.17)

We are now in a position where we can replace the operators by their
classical values such that
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ε(p2 − k) =
√

(p2 − k)2 +m2

=
√
ε′2 + 2(ωε− k · p2)

= ε′

√
1 + 2(ωε− k · p2)

ε′2

' ε′
(

1 + (ωε− k · p2)
ε′2

)
= ε′ + (ωε− k · p2)

ε′

= ε′ + ωε

ε′
(1− n · v2). (2.3.18)

Where we defined ε′ = ε− ω, n = k/ω and therefore we can obtain

dL

dτ
= −iωε

ε′
(1− n · v2)L. (2.3.19)

This differential equation has the solution satisfying L(0) = 1, given by

L(τ) = exp
(ˆ τ

−iωε
ε′

(1− n · v2)dt
)

= exp
(
i
ωε

ε′
(n · (r2 − r1)− τ

)
. (2.3.20)

We can now replace

e−iωτ 〈i| Q̂†2Q̂1 |i〉 → R∗2R1 exp
(
i
ωε

ε′
(n · (r2 − r1)− τ

)
. (2.3.21)

We will now rewrite R(t) as
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R(t) = 1
2

1√
ε′ε
u†f (p′)(e∗ ·α)ui(p)

= 1
2
√
ε′ε

( √
ε′ +mw†f w†f

σ·p′√
ε′+m

)( 0 e∗ · σ
e∗ · σ 0

)( √
ε+mwi
σ·p√
ε+mwi

)

= 1
2
√
ε′ε

( √
ε′ +mw†f w†f

σ·p′√
ε′+m

)( (e∗·σ)(σ·p)√
ε+m wi

(e∗ · σ)
√
ε+mwi

)

= 1
2
√
ε′ε

√ε′ +m

ε+m
w†f (e∗ · σ) (σ · p)wi +

√
ε+m

ε′ +m
w†f
(
σ · p′

)
(e∗ · σ)wi

 .
(2.3.22)

Now we can use the identity (σ · a) (σ · b) = a · b · I + i(a× b) · σ where
I is the 2× 2 identity matrix, to obtain

R(t) = 1
2
√
ε′ε

√ε′ +m

ε+m
w†f (e∗ · p · I + i [e∗ × p] · σ)wi

+
√
ε+m

ε′ +m
w†f
(
e∗ · p′ · I + i

[
p′ × e∗

]
· σ
)
wi

)
= w†f (A(t) · I + iσ ·B(t))wi

where we defined

A(t) = e∗ · p(t)
2
√
ε′ε

√ε′ +m

ε+m
+
√
ε+m

ε′ +m

 , (2.3.23)

B(t) = 1
2
√
ε′ε

√ε′ +m

ε+m
[e∗ × p(t)]−

√
ε+m

ε′ +m
[e∗ × (p(t)− k)]

 .
(2.3.24)

Finally we will consider the combination R∗2R1
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R∗2R1 = w†i (A2 · I + iσ ·B2)wfw†f (A1 · I + iσ ·B1)wi
= Tr

[
w†i (A2 · I + iσ ·B2)wfw†f (A1 · I + iσ ·B1)wi

]
= Tr

[
wiw

†
i (A2 · I + iσ ·B2)wfw†f (A1 · I + iσ ·B1)

]
= Tr [ρi (A2 · I + iσ ·B2) ρf (A1 · I + iσ ·B1)] , (2.3.25)

where ρi and ρf are the density matrices of the initial and final electron
state respectively. Here we exploited some tricks involving the trace. In
the first line, it is obvious that the trace of a number is the number itself,
and in the second line we exploited the fact that the trace is invariant under
cyclic permutations of a product of matrices. By writing d3k = ω2dωdΩ
we can write the differential emitted energy as

d2I

dωdΩ = e2ω2

4π2

¨
dt1dt2R

∗
2R1e

ik′µ(xµ(t1)−xµ(t2)) (2.3.26)

where we changed to 4-vector notation such that k′µ = ε
ε′kµ and kµ is

the photon 4-momentum and xµ(t) = (t, r). This is the final result as
given in [16] before any specific field is considered and is general. No
spin or polarization has yet been chosen. It is important to notice that
equation (2.3.26) requires a double integration in time to evaluate while
equation (2.2.1) only requires a single time integration, making the semi-
classical method much heavier numerically if it was to be used in this form.
In chapter 6 I will show how equation (2.3.26) can be brought to a form
with only a single time integration as well, which makes it numerically
applicable.





Chapter 3

Crystalline undulator - The
Kostyuk undulator

This chapter is identical to the paper [3] except for the introduction.
I present here a measurement carried out on a new type of crystalline un-
dulator which shows promise as a source of high energy, sharp spectral dis-
tribution, tunable source of incoherent radiation. I present also different
theoretical models of varying complexity to describe the measurements,
and use these models to suggest improvements for future experiments.
The inspiration for doing this experiment was provided by the theoretical
proof of feasibility as shown in [23]. The usual schemes of making crys-
talline undulators involve some method of bending the planes or axes of
the crystal, altering the usual channeling motion. See [24] for a review of
channeling and related phenomena. One scheme, the Large Amplitude,
Large Period (LALP), bends the planes such that the bending amplitude
and period of the planes is significantly larger than the amplitude and pe-
riod of the channeling motion. The ’new scheme’ consists of having a Short
Amplitude, Short Period (SASP) configuration, meaning the predominant
motion is still channeling motion, in contrast to the LALP regime. In the
SASP regime, the bending of the planes only slightly perturbs the chan-
neling motion trajectory, leading to increased radiation emission at higher
photon energies than the usual channeling radiation. Here the bending of
the planes is achieved by adding a varying concentration of germanium to
a silicon crystal along its direction of growth.

35
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Figure 3.0.1: The experimental setup. The electron beam enters the crys-
talline target before being bent away by the first magnet. The emitted
radiation travels through the collimator and is detected by a NaI detector.

3.1 The crystal and experimental setup

The specially manufactured crystal was grown in the 〈001〉 direction by
the method of molecular beam epitaxy at Aarhus University. This method
makes it possible to grow a crystal with a varying concentration of differ-
ent elements as a function of time. This crystal was grown with a mixture
of Si and Ge with a concentration of Ge following a triangle function. The
crystal has a thickness of 3µm of which the last 0.1µm is pure Si. The
following relation [25] can be found between the amplitude of the bending
of the (110) plane au, the undulator wavelength λu and the average ger-
manium concentration χ̄. Here the concentration is the ratio of number
of Ge atoms per volume to the total number of atoms per volume.

χ̄ ' 170au
λu

(3.1.1)

The crystal was made with roughly 10 periods along the (110)-plane,
which results in λu = 0.41µm. This value was later measured using
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Figure 3.1.1: The photon number spectra for channeling along the (110)
plane and particle penetration in a random orientation, subtracted the
background for the 600MeV (left) and 855MeV (right) data.

a Rutherford back-scattering method on the sample giving a value of
λu = 0.43 ± 0.004µm. The minimum and maximum values of the Ge
concentration were (0.3 ± 0.1)% and (1.3 ± 0.1)% respectively. Equation
(3.1.1) is for the case when the lower concentration is 0%. In our case we
should use χ̄ = (0.50± 0.14)% giving an amplitude of au = 0.12± 0.034Å.

The experiment was conducted at the Mainzer Microtron (MAMI). Fig-
ure (3.0.1) shows the experimental setup. A well collimated electron beam
enters the crystalline target and is afterwards deflected by the first mag-
net. The emitted radiation travels through the collimation system and
is detected by a NaI detector. The beam entered the crystal along the
(110) plane but avoiding any direction of axial symmetry. An off-plane
measurement was made by turning the crystal to avoid any crystal sym-
metry directions, as well as a measurement of the background. A linear
energy calibration was made based on the known peaks in the background
from radioactive decays, and by using radioactive sources. Measurements
were performed at beam electron energies of 600MeV and 855MeV, as il-
lustrated in figure (3.1.1). The case of 600MeV electron energy consists
of a 3000s measurement, while the 855MeV electron energy is 1000s. At
600MeV, the largest r.m.s. beam spot size was measured to be 138µm, and
the largest r.m.s. divergence to be 176µrad. At this energy the Lindhard
critical angle is θc = 340µrad. The beam current was 3± 0.6pA.
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Figure 3.2.1: Comparison of theoretical and experimental radiation yield
for the 600MeV (left) and 855MeV (right) data.

3.2 Theoretical modeling, simulations and
experimental results

For theoretical comparison and predictions for future experiments, I have
developed theoretical models based on numerical solution of the classical
equations of motion and radiation emission as shown in section §2.2. I
performed the calculation for two potentials, one of which was a continuum
planar potential given by [16]

U(x) = V [cosh(δ(
√

1 + η2 −
√
y2 + η2))− 1], (3.2.1)

with V = 3.5 eV, δ = 2.9, η2 = 0.0045 and y = 2x
dpl

with dpl = 1.92 Å. The
other potential used was a sum over the potential from each individual
atom in the crystal lattice.

U(~r) =
∑
i

Ua(~r − ~ri), (3.2.2)

where the summation is over a diamond cubic lattice. The atomic potential
used is:

Ua(r) = Zα

r
ϕ

(
r

a

)
, (3.2.3)
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where ϕ( ra) is a Thomas-Fermi screening function and a = 0.8853a0Z
− 1

3 is
a screening length. The screening function is approximated by the Molière
formula [26]

ϕ

(
r

a

)
=

3∑
i=1

αie
−βir

a , (3.2.4)

with coefficients {αi} = {0.1, 0.55, 0.35} and {βi} = {6.0, 1.2, 0.3}. Fur-
thermore the atomic positions were displaced in a random direction by
sampling a 3d-gaussian distribution to simulate thermal vibrations with
r.m.s. amplitude u = 0.062Å [27]. The model used to describe the poten-
tial of the periodically bent plane due to the periodic addition of germa-
nium is given by

Ubent(x, y, z) = U(x, y − au sin(kuz + ϕ), z) (3.2.5)

The beam direction is chosen to be the z-direction and the direction of
channeling oscillation as the y-direction. I.e. the potential center follows
the path au sin(kuz + ϕ).
In order to get accurate values for comparison with the experiment, equa-
tion (2.2.1) must be integrated over the relevant angular region, depending
on the collimation setting in the experiment. Only calculating the emis-
sion in the exactly forward direction as is done in [25] does not suffice
for experimental comparison. The radiation was calculated on an angular
(Cartesian) grid of 20× 20 points as this was adequate to achieve conver-
gence.
The two potentials described both have their advantages and disadvan-
tages. The continuum potential model allows for a fast numerical calcu-
lation which gives good results in reasonable agreement with the experi-
ment, but it is well known that this does not account for the Bethe-Heitler
bremsstrahlung which is usually added to the radiation from the channel-
ing motion. The calculation using the ’full’ potential of equation (3.2.2) is
considerably slower because the step size when solving the system of differ-
ential equations for the trajectory cannot be larger than the typical scale
of the variation of the potential - which is less than the size of the atom.
It is non-trivial to determine the exact amount of Bethe-Heitler radiation
which should be added with this type of undulator crystal. Furthermore



40
CHAPTER 3. CRYSTALLINE UNDULATOR - THE KOSTYUK

UNDULATOR

the continuum potential does not take into account the dechanneling pro-
cess. The more elaborate potential was chosen to deal with these issues,
where both Bethe-Heitler bremsstrahlung and dechanneling are inherently
included. For the continuum potential, I have added the Bethe-Heitler
bremsstrahlung as measured in the ’random’ crystal orientation to the
calculated result.
A direct fit of the data in the ’random’ direction with the Bethe-Heitler for-
mula (see e.g. [24]) shows experimental values that are too low by factors
of 15.5 and 8.5 at 600MeV and 855MeV respectively. This is mainly due to
an angular collimation performed in the experiment where the opening an-
gle was 0.49mrad corresponding to angles less than 0.28

γ and 0.40
γ from the

central axis for 600MeV and 855MeV respectively. Classical works (such
as [21]) show that at relativistic electron energies and low photon ener-
gies ω � E, the angular distribution of the intensity of bremsstrahlung
is independent of the photon energy ω - barring small corrections. The
normalized angular distribution is given as

dP

dΩ = 3γ2

2π
1 + γ4θ4

(1 + γ2θ2)4 . (3.2.6)

Here dP is the differential probability of emission within the solid angle
dΩ. Integrating this up to the two angular regions stated gives an expected
reduction of 9.85 and 5.53 for 600MeV and 855MeV, respectively. In both
cases this means a factor of about ~1.5 is unaccounted for. This error
is reasonable considering the uncertainty on the beam current and the
fact that a slight misalignment of the collimator would further decrease
the solid angle of the detected radiation. Considering the size of the
multiple scattering angle of 0.134 mrad at 600MeV after traversing the
target suggests that this might also have a small effect. The normalization
procedure for the theoretical curves is to multiply with the same factor as
is necessary for the fit with the Bethe-Heitler formula. I also note that in
the simulations a value of au = 0.13 Å was used which is well within the
experimental uncertainty. It is seen in simulations (see figure (3.2.2)) that
the position of the channeling peak in energy moves with varying bending
amplitude.
This value of au was therefore chosen for good agreement of the channeling
peak position - although it makes only a minor difference in comparison
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Figure 3.2.2: Calculated radiation spectra for different values of the bend-
ing amplitude au at 600MeV electron energy using the screened Coulomb
potential (left) and using the continuum potential (right). For the contin-
uum potential, the bending amplitude goes from 0Å to 0.45Å in steps of
0.05Å .

to using au = 0.12 Å. See figure (3.2.1) for a comparison of theory to the
experiment. ’Enhancement’ is the ratio of the total radiation spectrum to
the Bethe-Heitler spectrum. The leftmost peaks stem from channeling and
the rightmost from the undulator motion. The position of the undulator
peak considering just forward emission of radiation should be at 2γ2ku,
with ku = 2π

λu
, which agrees well with the experiment. The size of the

peaks, however, does disagree significantly. Attributing the factor of ∼ 1.5
of deviation in the bremsstrahlung yield to a slight misalignment of the
collimator could explain the deviation of the radiation in the ’aligned’ case
as well. As the collimation angle becomes very narrow in units of 1

γ , the
spectral distribution can change significantly, and a misalignment will be
more pronounced. For 855MeV the collimation is not quite as narrow in
units of 1

γ , and therefore we have better agreement.
In conclusion we remark that the overall agreement between experiment
and theory, is good. There is a definite crystalline undulator effect caused
by the bending of the planes as can be seen by comparing with the regular
channeling spectrum as seen in figure (3.2.2).
Nevertheless this crystal has a relatively low value of au, compared with
those considered in [25]. This, along with the fact that the calculations
in [25] are for the exactly on-axis emission, means that the undulator
peak seen in the experiment is not as pronounced. The simulations I have
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performed for other values of the bending amplitude au as seen in figure
(3.2.2) are integrated over a collimation angle of 1

γ , but otherwise with the
same parameters as in the experiment. Here it is seen that it is unlikely
that the undulator peak will become larger in absolute size by increasing
the bending amplitude of the planes but a relative increase to the rest of
the spectrum can be achieved which would be desirable. It should also be
noted that for larger values of au the continuum potential exaggerates the
undulator effect in comparison to using the screened Coulomb potential
as can be seen by comparing figure (3.2.2). A surprising result is the effect
on the shape of the channeling peak. For electrons the channeling radi-
ation spectrum is usually very broad in contrast to the narrow spectral
distribution seen here in both the experiment and simulations. These ex-
periments and our simulations therefore show that if the goal is to achieve
a narrow spectral distribution it might also be worthwhile to investigate
small values of au, like 0.05 Å or 0.1 Å at 600MeV, such that these oscilla-
tions serve only to disturb the formation of channeling radiation, making
it spectrally more narrow as seen in figure (3.2.2).



Chapter 4

Channeling of electrons in
bent crystals - SLAC
experiment

This chapter is identical to the paper [6] except for the introduction which
has been modified and the simulations shown in [6] have been removed
since they are not my work and they are not of central importance in
what is mainly an experimental paper.
In this chapter I describe experiments, of which some were carried out
during my 6-month stay at SLAC, involving electrons channeling in a sil-
icon crystal bent along a circular arc. Unlike the last chapter, radiation
emission was not measured in this experiment where we instead measured
the angular distribution of the outgoing electrons. In chapter 3 the modifi-
cation of the electron motion could be inferred from the radiation emission
spectrum while not much information would be gained by looking at the
electrons leaving the crystal. Since the crystal in the experiment which
will be described here is bent along a circular arc, some electrons will fol-
low the bend to the end of the crystal while some will follow the bend for
some fraction of the full length of the crystal and yet some will not follow
the bend at all. For this reason much information can be gained by “just”
measuring the angular distribution of the outgoing electrons.
Channeling in bent crystals has been thoroughly studied for protons with
the purpose of e.g. proton extraction at accelerator facilities [28, 29, 30]

43
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and for collimation [31, 32, 33]. Much less is known about the efficiency
of channeling of electrons in bent crystals. Here I present a quantita-
tive investigation of channeling and related phenomena in a strongly bent
silicon crystal. The ordered structure of the crystal lattice gives unique
access to electromagnetic field strengths otherwise experimentally inacces-
sible [24] which can be manipulated by e.g. bending of the crystal, as in
this experiment, or otherwise inducing a strain in the crystal as exploited
in certain new types of crystalline undulators as studied in chapter 3 and
[3, 34, 35, 36, 37, 38]. Understanding the dynamics of the electron motion
in a bent crystal is important both for the application of bent crystals,
but also in order to obtain a better understanding of the dynamics in e.g.
crystalline undulators. This chapter deals with a more detailed analysis
of an experiment and data first published in [9], and examines data taken
after the publication of that letter at different beam-energies.

4.1 Theory

An often employed model of the planar (111) continuum potential is the
thermally averaged Doyle-Turner potential of the form [39]

U(x) = 2
√
πZ1

e2

a0
a2

0Ndp

4∑
i=1

ai√
Bi + ρ2 e

− x2
Bi+ρ2 , (4.1.1)

where Z1 is the charge number of the projectile, ρ = 0.062 Å is the r.m.s.
thermal vibrational amplitude at room temperature for Si, a0 = 0.53 Å
is the Bohr radius, Bi = bi/4π2 and x is the coordinate transverse to the
plane. See table 4.1 for the values of ai and bi. A plot of this potential
versus transverse position is shown in figure 4.1.1. For Si (111) there are
two planar distances given by d1 = a

4
√

3 and d2 = a
√

3
4 with a = 5.43 Å

being the lattice constant for Si and dp = d1+d2
2 .

In a bent crystal, channeling is easily described in a rotating coordinate
system such that the x-coordinate is the displacement from the bent chan-
nel in the radial direction of the bending arc. This choice of coordinate
system gives rise to a centrifugal force. For a relativistic particle this is
equivalent to a centrifugal barrier potential of the form
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i 1 2 3 4
ai[Å] 2.1293 2.533 0.8349 0.3216
bi[Å2] 57.7748 16.4756 2.8796 0.3860

Table 4.1: A table of parameters for the Doyle-Turner potential for the Si
potential of equation (4.1.1) found in [39].
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Figure 4.1.1: A plot of the effective potential of equation (4.1.3) for a flat
crystal and for the relevant electron energies with bending radius R =
0.15m.

UCF(x) = Ex

R
, (4.1.2)

where R is the bending radius of the crystal. The motion of the channeled
particle is therefore described by an effective potential

Ueff(x) = U(x) + Ex

R
. (4.1.3)
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See figure 4.1.1 for plots of the potential for the relevant energies. It is ev-
ident that the bending of the crystal reduces the potential depth and thus
the effective critical angle in equation (2.1.4). If the centrifugal potential
barrier of equation (4.1.2) changes by a significant amount compared to
the potential depth of the unbent crystal over an inter planar distance one
approaches criticality, and the bending of the crystal can not be treated
as a small perturbation to the unbent case. This is closely related to the
critical radius, defined as the radius of curvature where the largest value
of the field compensates the centrifugal force. In the case of the (111)
plane, there are 2 planar distances, and the critical radius of the largest
plane is then given by

Rc = Ed2
4U0

. (4.1.4)

Typically the critical radius is calculated based on the more precise Moliere
or Doyle-Turner potential see e.g. [40], but in analytical formulas for the
dependence of e.g. dechanneling length and surface acceptance on the
curvature R, the parabolic approximation is used and this is the critical
radius in this approximation. From equation (4.1.4) it is seen that the
critical radius for 14.0 GeV is 3.3 cm which is comparable in magnitude
to the 15 cm radius of curvature of the crystal in this experiment.

Dechanneling

equation (2.1.12) is for the dechanneling length in a straight crystal. This
simple model can easily be modified to the case of a bent crystal. From
equation (4.1.3) it is seen that the potential depth from the case of a
straight crystal is, to first order in 1

R , reduced by Ed2
2R = 2Rcrit

R U0 such that
the dechanneling length is instead given by

Ld,b = αU0E

πm2 X0

(
1− 2Rcrit

R

)
, (4.1.5)

which is applicable while R� 2Rcrit. By comparing this formula obtained
by using the parabolic approximation of the transverse potential, to the
exact result obtained numerically using the Doyle-Turner potential, there
is a discrepancy of at most 13% at the highest energy.
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Figure 4.1.2: A sketch of the experimental setup.

Volume capture and volume reflection

The phenomenon of volume capture in a bent crystal is the process where a
particle, initially unbound, scatters and loses transverse mechanical energy
to become bound - ’captured’ in the channel. As such it is closely related
to the dechanneling phenomenon [14, 41]. Volume capture occurs when
the particle is not aimed directly into the acceptance angle of the channel,
but at an angle less than the total bending of the crystal and such that
the beam at some point forms a tangent to the bent plane. A rudimentary
model of the volume capture efficiency can be obtained in the following
manner. An incoming particle is close to the barrier over a distance on
the order of θcR and since multiple scattering will randomly increase or
decrease the transverse mechanical energy, the probability per unit length
per particle to become captured is also 1

Ld
. Therefore the volume capture

efficiency should scale as θcR
Ld

which gives an energy dependence of E− 3
2 ,

assuming equation (2.1.11) to be correct [42, 40]. Particles not captured
in this manner will remain unbound, but will be deflected with respect
to the incoming beam in a direction opposite to the captured particles.
This effect is known as volume reflection [43, 44]. In equation (4.1.3)
there is an additional linear term in the potential as compared to the
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Figure 4.1.3: The probability density relative to the maximum probability
density of the deflected particles as a function of the crystal angle for the
case of 3.35 GeV electrons.

case of a straight crystal which means a volume reflected particle initially
starts with transverse mechanical energy far above the potential barrier
until reaching the turning point at which the crystal potential causes an
additional deflection of at most the critical angle. Therefore one expects
the angle of volume reflection to be similar to the critical angle i.e. with
an energy dependence of E− 1

2 .

Surface transmission

For a beam with no angular divergence, the surface transmission can be de-
termined analytically. The surface transmission is defined as the fraction
of particles that become transversely bound upon entry into the crystal to
the total number of incoming particles. Over a single channel the distri-
bution of incoming particles is uniform, therefore the surface transmission
is the ratio of the length over which the potential seen in figure 4.1.1 is
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Figure 4.1.4: The probability density relative to the maximum probability
density of the deflected particles as a function of the crystal angle for the
case of 4.2 GeV electrons.

negative, compared to the length over which the force is periodic which is
2dp. By approximating the potential in figure 4.1.1 by parabolas around
the point −dp and dp one can determine the surface transmission. I write

U(x) = −U0
d2
p

(x+ dp)2rect(x+ dp
2dp

)

− U0
d2
p

(x− dp)2rect(x− dp2dp
) + Ex

R
, (4.1.6)

where rect(x) is the rectangular function which is 1 of |x| < 1
2 and 0

otherwise. The leftmost limit of acceptance is determined by the leftmost
point a where U ′(a) = 0 and the rightmost limit b by the condition that
U(b) = U(a). The acceptance factor is then b−a

2dp = 1−
√

Rc
R . Including the

constant fraction that dechannel due to thermal vibration of the nuclei as
seen in [40] I obtain
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Figure 4.1.5: A figure comparing the surface transmission for electrons
using the exact Doyle-Turner potential and the parabolic approximation.
I have also plotted the parabolic approximation for positrons to show the
difference between positive and negative particles.

A =
(

1− 2u
dp

)1−
√
Rc
R

 , (4.1.7)

where u = 0.062Å is the thermal vibrational amplitude for Si at room
temperature. In figure 4.1.5 I show this formula compared with the exact
result obtained numerically using the Doyle-Turner potential.
In table 4.2 I have calculated the values of some of the important param-
eters for the energies of the experiment.

4.2 Experimental setup and procedure
The silicon (Si) crystal used in this experiment was fabricated [45] at the
Sensors and Semiconductor Laboratory at the University of Ferrara with
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E [GeV] 3.35 4.2 6.3 10.5 14.0
Ld,b [µm] 77 92 124 157 155
A [%] 68 65 59 49 42
θc 122 109 89.1 69.0 59.8

Rc [cm] 0.79 0.99 1.48 2.47 3.29

Table 4.2: A table of the theoretical values for the energies of the experi-
ment.
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Figure 4.1.6: The probability density relative to the maximum probability
density of the deflected particles as a function of the crystal angle for the
case of 6.3 GeV electrons.

crystallographic orientation chosen to produce quasi-mosaic bending of
the (111) plane [46]. Its thickness was measured interferometrically to
be 60 ± 1 µm. The (111) plane has a bending radius of 0.15 m giving a
total bending angle of the crystal of θb = 402 ± 9 µrad in the horizontal
direction. The crystal was mounted in a scattering chamber in the End
Station Test Beam A (ESTB A) at SLAC, see figure 4.1.2. A rotational
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Figure 4.2.1: The probability density relative to the maximum probability
density of the deflected particles as a function of the crystal angle for the
case of 10.5 GeV electrons.

stage allows rotation of the crystal with step sizes of approximately 5
µrad. A translational stage moves the crystal to its optimal position. The
rotation angle of the crystal is determined by reflecting a laser beam off a
flat mirror mounted on the side of the crystal holder. The reflected laser
beam hits a screen approximately 1m from the mirror. When the crystal
is rotated, the laser beam on the screen provides a read-out of the rotation
angle of the crystal with a resolution better than 5µrad. A Cerium doped
Yttrium Aluminum Garnet (YAG for short) screen of 500 µm thickness
with a CCD camera 13 m down stream of the crystal provides the means
of data acquisition in this experiment. Saturation of the YAG screen is
negligible at the bunch charge 108 particles per bunch that was provided
for this experiment [47]. The beam divergence was measured to be less
than 10 µrad rms by the wire scanners. The spot-size was less than 150
µm and the momentum spread reduced to about 0.15%.
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4.3 Data analysis and results
The experimental measurements were performed by rotating the crystal
in small angular steps and recording an image of the circular YAG screen.
The camera was mounted at an angle with respect to the screen which
distorted the image. An ellipse was fitted along the edge of the screen, for
this was known to be circular. This allows one to revert this image distor-
tion due to the positioning of the camera. A region of the screen is chosen
such that the edge of the screen is avoided. The crystal deflects particles
in the horizontal plane and we sum the intensity in the vertical plane and
normalize the probability distribution as seen in e.g. figure 4.3.1. For each
crystal angle several images were taken. Images with low or high (camera
saturated) light intensities were ignored. Plotting the distribution along
the y-axis with the crystal angle along the x-axis one obtains the so called
’triangle plots’, (figure 4.1.3 to figure 4.2.1 represent the raw data). A
crystal angle of 0 was chosen to be the orientation of closest direct entry
of the beam into the channel as could be experimentally realized. This
orientation, along with the halfway of the full bending of θb = 402 µrad,
(roughly θb

2 ) termed the volume reflection orientation, will be investigated
in detail. In the triangle plots of figure 4.1.3 to figure 4.2.1 some features
should be noted. When the beam has a tangent along the curved crystal
plane, volume reflection takes place giving rise to the downshifted hor-
izontal island in these figures. The skewed line shows the particles not
reflected at the tangent between the bent plane and beam, but captured
and following the curvature until the end of the crystal. The small island
at the end of the skewed line arises due to particles entering directly into
the crystal channel acceptance at the crystal face, and which travel along
the whole curvature of the crystal plane. The vertical line connecting this
island and the lower horizontal island are the particles that were captured
at the crystal face, but then dechannel along the way.
In figure 4.3.1 and figure 4.3.2 the probability density of the deflected par-
ticles is plotted for the two different cases described above. In figure 4.3.1,
some general tendencies can be identified. The width of the large leftmost
peak, becomes narrower as does the channeled peak due to the decreasing
critical angle. In figure 4.3.2 the large leftmost peak due to volume reflec-
tion moves closer to the undeflected position and the width decreases as
energy increases. To extract quantitative information from these distribu-
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tions I consider a fitting procedure consisting of two Gaussian probability
distributions for the two peaks and a function for the dechanneled particles
in between to be specified. For i = 1, 2 I have two Gaussian distributions

dP

dθ
(θ) = Pi

σi
√

2π
e
− (θ−µi)

2

2σ2
i , (4.3.1)

where Pi is the fraction of particles in this peak, σi the standard deviation
of the distribution and µi the center. The undeflected/volume reflected
particles are denoted by i = 1 and either the channeled or volume captured
particles are denoted by i = 2. The probability to dechannel per angle in
the exponential decay model of equation (2.1.12) is dP

dθ = e
− θ
θd /θd. There-

fore the probability distribution of the dechanneled particles becomes

dPd
dθ

(θ) =
ˆ µ2

µ1

1− P1

σ2
√

2π
e
− (θ−θ′)2

2σ2
2

1
θd
e
− θ′
θd dθ′, (4.3.2)

where θd = Ld
L θb. This formula can be understood as follows: The proba-

bility to find a particle at an angle θ is the probability weighted sum over
the possible ways this can happen. A fraction of the particles dechanneling
at angle θ′ can end up at the angle θ due to the distribution of particles
in the channel. The above can also be rewritten as

dPd
dθ

(θ) = 1− P1
2θd

e

σ2
2

2θ2
d

+µ1
θd
− θ
θd×(
erf
(
µ2 −∆θ√

2σ2

)
− erf

(
µ1 −∆θ√

2σ2

))
, (4.3.3)

where ∆θ = θ − σ2
2
θd
. The exponential dechanneling model means that P2

is given by P2 = (1− P1)e−
L
Ld . This model therefore contains six free pa-

rameters: P1, σ1, µ1, σ2, µ2, Ld. It turns out that the non-Gaussian tail
of the undeflected peak has a large influence on the fit between the two
peak functions which is important when trying to determine the dechan-
neling length. A sum of two Gaussians fits the peak in the ’amorphous’
orientation very well which I write in the form
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Figure 4.3.1: The probability density of the deflected particles when the
crystal is in the channeling orientation for the different energies in the
experiment.

E [GeV] 3.35 4.2 6.3 10.5 14.0
A 0.571 0.776 0.872 0.696 0.77
r 1.52 2.19 2.04 2.27 3.10

Table 4.3: A table of the fitting parameters used to describe the distribu-
tion in the ’amorphous’ orientation.

dP

dθ
(θ) = P1

 A

σ1
√

2π
e
− (θ−µ1)2

2σ2
1 + 1−A

rσ1
√

2π
e
− (θ−µ1)2

2r2σ2
1

 , (4.3.4)

where the standard deviation of the second Gaussian is rσ1. The values of
A and r were then found by performing a fit in the ’amorphous’ orientation
and the values obtained are shown in table 4.3.
In figure 4.3.3 and figure 4.3.4 the data in the ’channeling’ orientation for
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Figure 4.3.2: The probability density of the deflected particles when the
crystal is at half of the full bending angle. The large leftmost peaks are the
volume reflected portions and the small rightmost peaks are the volume
captured particles.

the lowest and a high energy are fitted according to the model described
here. The results are shown in table 4.4. The errors given here are only
statistical.
Similarly in figure 4.3.5 and figure 4.3.6, the same fit is applied to the case
where the crystal is roughly at the angle of θb

2 and the results are shown
in table 4.5.
It is important to note that the model presented here is different from
the one used for the analysis of the 3.35 and 6.3GeV data seen in [9].
Therefore different numbers for e.g. the dechanneling length are obtained.
In particular the approach using a double Gaussian for the amorphous/VR
peak and that I in the model used here have one less fitting parameter, are
differences. This model is thus more constrained. In [9] it was noted that
the dechanneling length could be determined in two ways. One based on
the shape of the distribution (e.g. figure 4.3.4) between the two peaks, and
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Figure 4.3.3: A fit to the 10.5GeV experimental data in the channeling
orientation.

E [GeV] 3.35 4.2 6.3 10.5 14.0
Ld [µm] 55.4± 1.8 45.2± 1.2 65.3± 1.9 57.5± 1.2 55.8± 1.2
P1 [%] 43± 1.3 33± 1.5 50± 0.8 41± 0.7 49± 0.7
µ1 [µrad] −49.9± 2.3 −62.4± 2.3 −33.8± 1.0 −28.4± 0.8 0.29± 0.5
µ2 [µrad] 428.8± 1.45 419.8± 1.5 439.2± 1.2 433.9± 0.8 470.3± 0.9
σ1 [µrad] 76.1± 0.92 53.9± 1.1 49.2± 0.8 29.0± 0.5 29.0± 0.5
σ2 [µrad] 67.0± 1.1 48.5± 1.0 42.6± 0.9 30.9± 0.6 34.1± 0.7

Table 4.4: A table of the fitting parameters for the crystal in ’channeling’
orientation using the described model.

another based on the relative sizes of the two peaks. In [9] this gave rise
to two different dechanneling lengths. The model used here is constrained
such that this is not a possibility. Using one less fitting parameter it is
expected that the fit could be worse. However, generally the fits are good,
but worse at higher energies than at low energies (the 10.5 and 14GeV
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Figure 4.3.4: A fit to the 3.5GeV experimental data in the channeling
orientation.

E [GeV] 3.35 4.2 6.3 10.5 14.0
Ld [µm] 35.5± 3.9 45.6± 3.1 36.4± 3.8 40.9± 3.4 25.6± 3.7
P1 [%] 67± 3.8 73± 1.3 84± 1.1 84± 0.9 80.7± 2.3
µ1 [µrad] −128.8± 4.1 −100.7± 1.2 −84.0± 0.9 −50.3± 0.6 −35.6± 1.4
µ2 [µrad] 242.1± 5.3 239.9± 3.6 243.3± 8.1 219.8± 3.7 258.0± 9.5
σ1 [µrad] 73.5± 1.2 58.1± 0.7 42.8± 0.7 28.5± 0.4 28.2± 0.9
σ2 [µrad] 57.9± 3.0 55.8± 2.3 55.0± 5.6 32.9± 2.6 27.0± 6.1

Table 4.5: A table of the fitting parameters for the crystal in ’volume
capture’ orientation using the described model.

cases are about equally good). Only in the case of the VR orientation at
14GeV is the fit worse than the example shown by figure 4.3.5 but this
also to a considerable degree.
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Figure 4.3.5: A fit to the 10.5 GeV experimental data at half the crystal
bending angle.

4.3.1 Multiple scattering of channeled particles parallel to
the plane

In figure 4.3.7 we have plotted the r.m.s. standard deviation, σ‖, of the
Gaussian function fitted to the distribution of channeled particles in the
direction parallel to the plane i.e. in the ’free’ direction in the continuum
potential approximation. It is therefore expected that multiple scattering
determines the width in this case. The multiple scattering width scales as
1/E and performing a fit I obtain the best fit to be given by

σMS = 520µrad×GeV
E

. (4.3.5)

The usual formula for multiple scattering equation (2.1.10) would predict
the factor to be 302µrad×GeV, thus an increased scattering is observed.
This is likely due to negative particles crossing the plane during channel-
ing oscillations and thus more often encounter hard scattering with the
nuclei [48], [18], [49]. We are not aware of a derived theoretical formula
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Figure 4.3.6: A fit to the 3.5 GeV experimental data at half the crystal
bending angle.

which predicts the size of this effect and it seems difficult to do so since
channeling is usually described by the continuum potential which neglects
incoherent scattering. This effect is an interplay between the incoherent
scattering and the channeling motion which are usually described sepa-
rately. Simulation of the effect should, however, be possible.

4.3.2 Angular distribution of channeled particle
orthogonal to the plane

In figure 4.3.8 we have plotted the r.m.s. standard deviations σ2 from
table 4.4 and a fit to a power function that yields

σ2 = 117µrad× E[GeV]−0.53. (4.3.6)

Since the critical angle scales as 1/
√
E we have also performed such a fit

to obtain
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σ2 = 111µrad× E[GeV]−0.5. (4.3.7)

The scatter of the points around these curves indicates a systematic error
which is likely due to the limited resolution of the rotational stage, i.e.
it is not guaranteed that the crystal is at exactly the same angle to the
beam for each energy.

4.3.3 Deflection angle of volume reflected particles

In figure 4.3.9 we have plotted the deflection angle in volume capture
orientation (−µ1 from table 4.5) versus the beam energy and fit the data
to two different functions. Fitting the data to a power function we obtain

|µ1| = 338µrad× E[GeV]−0.81. (4.3.8)

Again, we would expect there to be a 1/
√
E scaling. With such a fit we

obtain

|µ1| = 207µrad× E[GeV]−0.5. (4.3.9)

4.3.4 Efficiency of volume capture

In the case of ’volume reflection orientation’, P1 gives the fraction of re-
flected particles and the rest will have been captured, such that 1 − P1
is the fraction of particles captured. From section §4.1, we expect the
volume reflection to scale with energy as E−3/2 [41]. We have therefore
performed such a fit along with a fit to a power function, see figure 4.3.10,
and obtained

εVR = 2.3× E[GeV]−1.5, (4.3.10)

and

εVR = 0.57× E[GeV]−0.52. (4.3.11)

It is seen that the fitted power function is close to a 1/
√
E scaling. If one

assumes an energy independent dechanneling length LD as is indicated
experimentally, one would also expect the volume capture efficiency to
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Figure 4.3.7: The width of the channeling peak in the direction parallel
to the plane is fitted to obtain equation (4.3.5).

instead scale as 1/
√
E. Although this observation may be surprising,

the data set thus consistently shows a dechanneling length that is largely
independent on energy.

4.3.5 Discussion of the dechanneling length and surface
transmission

In figure 4.3.11, supported by the fit in figure 4.3.10, as discussed, it is
evident that the dechanneling lengths obtained from the experiment has
a dependence on energy which is not directly proportional as the simple
formula of equation (2.1.11) prescribes. The formula which has been cor-
rected for the crystal bending equation (4.1.5) however, has a qualitative
agreement. Based on this we performed a fit where we allowed for a con-
stant scaling front factor, and a variable scale factor on Rc, determined
by the fit. This yields
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Figure 4.3.8: The width of the channeling peak in the direction orthogonal
to the plane is fitted with a power function (Fit 1), see equation (4.3.6)
and to a function of the type a/

√
E (Fit 2), see equation (4.3.7).

LD = 15.3 µm
GeV · E

(
1− 1.762Rc

R

)
. (4.3.12)

In equation (4.1.5) the front factor is 20.3 µm
GeV . Keeping in mind the simple

derivation leading to equation (2.1.11), an accuracy higher than a factor
of 2 cannot be expected, but it should give the correct scaling and order
of magnitude. Equation (4.3.12) should thus be usable as a predictive
formula for other energies and bending radii of the Si (111) plane.
The measured and calculated (from equation (4.1.7)) values of the surface
transmission are in good agreement and are plotted in figure 4.3.12. In this
case the fluctuation of the data points around this curve we also attribute
to the uncertainty on the beam entry angle.
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Figure 4.3.9: The angle of volume reflection is fitted with a power function
(Fit 1) and to a function of the type a/

√
E (Fit 2).

4.4 Conclusion

We have shown that a fitting procedure based on 1) a simple exponential
decay model of channeled particles and 2) that these particles are dis-
tributed according to a Gaussian distribution within the channel, fit the
data with good agreement. Based on the parameters of the fitting func-
tions we have extracted important parameters describing the channeling
process, such as the dechanneling length, the angle of volume reflection,
the surface transmission and the widths of the distribution of channeled
particles parallel and orthogonal to the plane. The scattering parallel
to the plane fits well with the usual functional dependence of multiple
scattering on energy but is larger than amorphous/random by a factor of
1.7. For the distribution of channeled particles, the mean of the angle of
volume reflection and the efficiency of volume capture, were fit to power
functions with a free exponent and to a exponent fixed by that predicted
by ’simple’ theory. In these cases, a significant deviation is seen in the
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Figure 4.3.10: The volume capture efficiency as given by 1 − P1 from
table 4.5. ’Fit 1’ is a fit to a function of the type aE−3/2 and ’Fit 2’ is a
fit to a power function (aEb).

exponent which indicates that the ’simple’ theory may be too simple to
describe the results of this experiment. The ’simple’ formula for surface
transmission, however, works out well. The dechanneling lengths observed
in these experiments are significantly shorter than predicted by the ’sim-
ple’ theory and the dechanneling length in ’VR orientation’ is seen to be
consistently smaller than in ’channeling orientation indicating preferential
population of high-lying transverse energy states in VR mode.
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Figure 4.3.11: A plot of the ’simple’ dechanneling formulas of equa-
tion (2.1.11), equation (4.1.5), equation (4.3.12) and of the experimental
values.
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Chapter 5

The
Heisenberg-Euler-Schwinger
effective Lagrangian and
vacuum birefringence

This chapter is to a large extent identical to the paper[2]. In this chap-
ter I leave out some of the calculational details for which I refer to [2],
and focus on the interesting physics and the results obtained. We now,
momentarily, leave the topic of channeling and radiation emission behind.
We will here look at effects related to what is called polarization of the
vacuum. A material containing dipole moments, is said to have a po-
larization and while the material is electrically neutral, an external field
affects these dipoles which in turn affect the field. In a popular picture
of QED the vacuum is seen to be populated by electron/positron pairs
whizzing in and out of existence justified by the uncertainty principle.
When speaking of vacuum polarization, it is this ’material’ of the vacuum
with virtual pairs which can then be polarized by an external field. As
we will see in this chapter, the precise calculation yields a result where,
to leading order in the external fields, the vacuum will behave exactly
like a polarizable medium. This polarization of the vacuum is an effect
which has several consequences. One is the running of the QED coupling
constant α which is an experimentally well-established fact seen in the
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processes investigated in high-energy particle accelerators, but also in the
atomic spectra - an effect most noticeable in high-Z or muonic atoms. An-
other effect of vacuum polarization is the process of elastic scattering of
light by an external field, the so-called Delbrück scattering (see [50] for
instance). Another prediction is the decay of this vacuum, meaning an
electric field can induce spontaneous production of real electron/positrons
pairs, reducing the field strength [51][52][53]. In this chapter we argue
that it should be possible to directly measure the change of polarization
of highly energetic radiation as it passes through a long, high-field dipole
magnet, for instance an LHC dipole magnet. This is the so-called vacuum
birefringence [54][55][56][57][2]. There are several experiments currently
being conducted that attempt to measure the vacuum birefringence by
using optical, or near-optical photons. See, for instance, [58], [59] for the
latest status on the PVLAS and BMV experiments. Other suggested ex-
periments to measure this effect include using a high-powered free electron
laser to provide the strong background field, to be probed by another weak
laser field. See for instance [56].

5.1 The Heisenberg-Euler-Schwinger effective
Lagrangian

The Heisenberg-Euler-Schwinger effective Lagrangian describes the elec-
tromagnetic fields while keeping only the QED corrections to lowest order
in the fine structure constant, but including any (even) number of pho-
tons. The result was first derived by W. Heisenberg and H. Euler. [60].
We use the expression of J. Schwinger [51]

L = F − 1
8π2

ˆ ∞
0

dss−3 exp(−m2s)
[
(es)2GRe cosh esX

Im cosh esX − 1− 2
3(es)2F

]
,

(5.1.1)
with F = 1

2(E2 − B2), G = E · B, X =
√

2(F + iG) and m the electron
mass. Of interest to us is the asymptotic expansion of this Lagrangian:

L = F + α2

90πm4

[
4F2 + 7G2

]
+ ..., (5.1.2)
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If one considers the situation with two fields, a strong static “background”
field, and a weak perturbing radiation field, one can from the above La-
grangian derive the field equations for the radiation field. To the leading
order in the “background” fields this manifests itself, as if the radiation
was propagating in a dielectric medium, with the permittivity and perme-
ability depending on the strong background fields

εik = δik + α2

45πm4

[
2(E2 −B2)δik + 7BiBk

]
, (5.1.3)

µik = δik + α2

45πm4

[
2(B2 −E2)δik + 7EiEk

]
, (5.1.4)

as seen in [21] or [61] (there is a missing factor of π in the denominator
in [61]). The field quantities in these dielectric tensors are the ones from
the strong background field. Solutions are readily obtained which yield
a difference in the refractive index, depending on whether the polariza-
tion of the radiation is in the same direction as the magnetic field, or
perpendicular to it. The results are

n⊥ = 1 + 7α
90π

B2

B2
c

, (5.1.5)

n‖ = 1 + 2α
45π

B2

B2
c

, (5.1.6)

where Bc = m2

e is the Schwinger critical field (4.4 · 109T). The first to
analyze the QED vacuum birefringence as a consequence of the effective
Lagrangian of equation (5.1.1), although unpublished, was Toll in his the-
sis of 1951 [62]. He derived not just equation (5.1.5) and equation (5.1.6),
but the frequency dependence in the low-field limit |B| � Bc. See for in-
stance [63] for a modern calculation that confirms his findings. Formulas
equation (5.1.5) and equation (5.1.6) are the low frequency limit of the
general result, valid as long as [61],[63] ω � mBc

B , where B is the strength
of the static magnetic background field. We will be well below this limit.
This difference of refractive index induces a phase shift of the radiation
between the two polarization directions given by:



72
CHAPTER 5. THE HEISENBERG-EULER-SCHWINGER

EFFECTIVE LAGRANGIAN AND VACUUM BIREFRINGENCE

Accelerator e⁻-beam

Dipole magnet

e⁺

e⁻
Lens Single SI-crystal

Pair spectrometer

Dipole magnet

Rotating

QWP

QED Vacuum-

birefringence

ps pulsed linearly

polarized laser

Power-

meter

Polarizer

Crystal

Figure 5.1.1: Experimental setup. Linearly polarized laser light passes
through a rotating quarter wave-plate, the power is measured and then
undergoes Compton back scattering. The scattered photons pass through
the high field dipole magnet, and the resulting radiation is analyzed using
a single Si-crystal and a pair spectrometer.

∆ = ωLB
3α
90π

B2

B2
c

, (5.1.7)

With LB being the length of the dipole magnet and ω the photon energy.

5.2 The proposed experiment

The experimental setup proposed to measure this effect can be seen in
figure 5.1.1. To calculate the resulting pair creation rate at the tracking
detectors we use the formalism of Müller calculus [64] which facilitates
the calculation of the polarization and intensity of radiation through an
optical system. The radiation is described by a Stokes vector and the
optical elements with a Müller matrix. The Stokes vector has the form
I
(

1, ξ1, ξ2, ξ3
)T

where I is the intensity. The numbers ξi are be-
tween -1 and +1 and are the degree of linear polarization in the directions
0o, 45o with respect to some arbitrary, predetermined axis, and the last is
the degree of circular polarization. The final Stokes vector is determined
by acting on this initial Stokes vector by the Müller matrix of each com-
ponent of the setup. In our setup, I will have 4 Müller matrices. One for a
rotating quarter-wave-plate, one for the Compton back scattering process,
one for the QED process and one for the crystal polarizer.
The laser light is linearly polarized and the initial Stokes vector is then
Si = I(1, 1, 0, 0)T . To overcome drifting in the parameters of the setup, we
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wish to make the state of polarization time dependent, with a short period
relative to the period of such drifting. This is achieved by rotating the
quarter-wave-plate by an angle θ = ω0t, where ω0 is a constant angular
frequency of rotation. For the details of this calculation, see [2]. When
setting the degree of circular polarization of the electron beam to zero
λ = 0, the final result for the pair production rate is given by

d3Npairs
dtdzdy

= Leγ
dσnpc
dy

Ii
2ωi

[(
1 + 2r2

f1(y) cos2 θ − f3(y)
f1(y)∆ sin θ

)
1− q(y)
σ⊥(y)

dσ⊥(y)
dz

+

+
(

1− 2r2

f1(y) cos2 θ + f3(y)
f1(y)∆ sin θ

)
1− r(y)
σ‖(y)

dσ‖(y)
dz

]
(5.2.1)

with σ⊥(y), σ‖(y) being the total number of pairs created per distance,
which depend on the photon energy parametrized by y = ωf

E . Note that
σ⊥(y), σ‖(y) are not cross-sections in the traditional sense, but the cross-
section multiplied by the number density of the target material (σn) - they
are the inverse of the mean free path. To calculate the pair production
cross-sections we use the theory of coherent pair production as stated by
Ter-Mikaelian in [27]. The differential pair production cross section de-
pends on the asymmetry between the energies of the two particles: z = ε−

yE ,
with ε− being the energy of the pair-produced electron. A typical plot of
dσ⊥
dz and dσ‖

dz , for 31GeV incoming photons, can be seen in figure 5.2.1.
The angles were chosen to optimize the asymmetry dσ‖−dσ⊥

dσ‖+dσ⊥ over the in-
terval 0.3 < z < 0.7 at a photon energy of 31GeV. Additionally I have
q(y) = e−σ⊥(y)·L, r(y) = e−σ‖(y)·L, ωf and ωi are the photon energies after
and before the Compton scattering process, E is the total electron energy
and I have

f1(y) = 1
1− y + 1− y − 4r(1− r), (5.2.2)

f2(y) = 2λrx[1 + (1− y)(2r − 1)2], (5.2.3)

f3(y) = (1− 2r)( 1
1− y + 1− y), (5.2.4)

Leγ = 2Ne

¨
ργ(~x, t)ρe(~x, t)d3~xdt, (5.2.5)
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Figure 5.2.1: (Left) Differential pair production inverse mean free path
for Si at 31GeV photon energy. θ = 1.4mrad, α = 0.16. Where θ is the
angle between the momentum of the incoming particle p1 and the 〈110〉
axis, and α is the angle between the plane containing p1 and the 〈110〉
axis with the plane containing the axes 〈001〉 and

〈
11̄0

〉
, see [27]. (Right)

The Fourier transform of the relative signal subtracted its average. The
wave plate rotation frequency was here chosen as 0.25Hz. At the end of
the spectrum the large component at the double frequency can be seen.
This is for a 3 hour measurement.

where ρe(~x, t) and ργ(~x, t) are the unity normalized density profiles of the
electron bunch and laser pulse, Ne is the number of electrons in the bunch,
r = y

x(1−y) with x = 4Eωi
m2 , λ is the degree of circular polarization of the

electron beam while

dσnpc
dy

= 2πα2

xm2 f1(y), (5.2.6)

dσ1
dy

= 2πα2

xm2 rx(1− 2r)(2− y), (5.2.7)

as seen in [65].
If we now consider θ = ω0t and integrate over the whole energy interval
0 < y < ym and integrate over a suitably chosen interval for z we get a
pair-production rate. The Fourier transform of this rate has components
at frequencies ω = 0, ω = ω0 and ω = 2ω0. The component at ω = ω0
is the one of interest. It is only present when the magnet is turned on,
and thus signifies the effect of vacuum birefringence. The component at
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the double frequency is due to the fact that the polarization state of the
Compton back scattered radiation depends on the initial polarization, and
the polarizer crystal turns this into a difference in pair production rate.
In the setup seen in figure 5.1.1 the accelerator delivering the electron
bunches is the LHeC, as an example. Any sufficiently energetic and lu-
minous accelerator-laser setup can be considered [11]. We have used the
parameters from the conceptual design report (CDR) of the LHeC. That
means an electron energy of 60GeV, bunch spacing of 25ns, a bunch length
of 6mm and a r.m.s. beam spot size of σx = 30µm, σy = 16µm. The pulsed
laser is chosen with matching repetition rate of 40MHz and pulse duration
of 20ps to overlap with the length of the bunch. There exists commercial
systems of mode-locked lasers in this parameter range, with a wavelength
of 1064nm and average power of up to 10W, that can be locked to an ex-
ternal RF-signal. The magnet considered is an LHC dipole magnet with a
field strength of 9.5T and a length of 9.26m. I consider a silicon polarizer
crystal with a length of 10% of the amorphous radiation length, about 1
cm, to avoid cascade processes. The tracking detectors to be used in the
pair spectrometer must have a very high read-out rate. We propose using
the tracking detectors used in the LHC ATLAS and CMS detectors or
others with similar performance.
The expected relative variation of the signal at the frequency ω0 is thus
2.5 · 10−5 of the average pair production rate of 6.2 · 108s−1. A simulation
of a 3 hour measurement, with simulated count uncertainty and relative
measurement uncertainty of the intensity after the quarter wave-plate of
2 · 10−5 1√

Hz
can be seen in figure 5.2.1. Repeating the simulation gives us

an uncertainty of the peak of interest of 3%, scaling as 1√
t
, where t is the

measurement time.

5.3 Vacuum birefringence due to the interaction
with an axion

We finally consider the influence of a possible axion, i.e. a different inter-
action given by

L = 1
M
φG, (5.3.1)
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as given in [66]. M is here a measure of the coupling constant given by
g = 1

M and φ is the axion scalar field. This gives rise to a similar effect.
The equations of motion are derived from equation (5.3.1) while keeping
only linear terms in the radiation field A and scalar field φ. This gives
rise to a nontrivial dispersion relation. The phase difference between the
two components of polarization of the radiation, parallel and orthogonal
to the magnetic field are given by [66]

ϕ = B2ω2

M2m4
a

[
m2
aL

2ω − sin m
2
aL

2ω

]
, (5.3.2)

where ma is the mass of the axion. The experiment will be designed to
be able to detect a phase shift on the size of the one predicted by QED.
If the result of the experiment is just the phase shift predicted by QED,
we can thus rule out certain areas of the axion parameter space (mass
and coupling constant). However by using equation (5.3.1) we see that
this region is not within the ranges of what is predicted by grand unified
theories such as DFSZ or KSVZ, which serve as the typical benchmark of
such experiments. Here the coupling constant is given by [17]

g = α

2π

(
E

N
− 2

3
4 + z

1 + z

) 1 + z√
z

ma

mπfπ
, (5.3.3)

with z = mu
md
' 0.56 being the ratio of the masses of the up and down

quark, E
N a model dependent ratio - 8

3 for DFSZ and 0 for KSVZ, mπ ≈
135MeV the pion mass and fπ ≈ 92MeV the decay constant of the pion.
Should the experiment yield just the QED result, we see that we can
exclude g ≥ 8 · 10−4GeV−1 for axion masses around ma = 60eV, whereas
the above model predicts g ' 2.3 · 10−8GeV−1 for this mass. Of course, in
the case of an anomalous result, one should carry out a careful analysis,
considering the equations of motion resulting from the sum of lagrangians
equation (5.1.2) and equation (5.3.1). The figures obtained here serve only
to estimate the conditions where the existence of an axion would affect
the result of the experiment.
In summary, we have shown that it is possible to measure the vacuum
birefringence induced by a static magnetic field with good precision, within
a reasonable time frame, using a similar experimental setup as the one
proposed here. Any outcome of such an experiment would be interesting.
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Either we would measure the QED vacuum birefringence for the first time
or, in the case of an anomalous result, would point towards new physics,
for instance the existence of the axion.





Chapter 6

An interference
phenomenon in nonlinear
Compton scattering

The content of this chapter is identical to that of my paper [4] except for
the introduction and corrected according to the erratum [67]. In addition
a small change in equation (6.1.3) such that we adhere to the units and
conventions used in this thesis.
In this chapter we will return to the problem of radiation emission of rela-
tivistic electrons/positrons, but as opposed to chapter 3 we will now enter
the quantum regime. In the area of strong field QED, nonlinear Compton
scattering where a high energy electron collides nearly head-on with a laser
wave, absorbing several laser photons to emit a single high energy photon
is highly interesting. This is due to the fact that this effect is one of the
only effects that have been put to an experimental test while many of the
other effects predicted in this area of research have been difficult to put
to any experimental test due to the incredible field strengths required. In
[68] multiphoton Compton back scattering was thus observed for the first
time. See e.g. [69] for a useful review in preparation of this experiment.
It should be mentioned that several such similar effects had been observed
previously in crystals such as radiation emission in a strong field [70] and
pair production in the strong field [13, 71, 24]. There is interest in find-
ing out how Compton scattering is modified in more advanced laser fields

79
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than the monochromatic plane wave or constant field case and recently the
cases of pulsed laser fields have been investigated [72][73] and the influence
of finite laser beam-shape [74]. An investigation of the classical limit of
nonlinear Compton scattering, nonlinear Thomson scattering can be seen
in e.g. [75]. All of these mentioned papers of solutions in more advanced
fields employ the method of the Volkov solution [20] which enables analyt-
ical solution when the 4-potential only depends on ϕ = kµxµ, i.e. it can be
written Aµ(ϕ). A strength of the semi-classical operator method, however,
is that it allows for numerical solution in an arbitrary electromagnetic field,
which is not easily the case using the traditional approach of the Volkov
solution. Here I derive a formula suitable for numerical solution which is
based on the semi-classical operator method [16], i.e. the formula derived
in section §2.3. I show how this method is in agreement with the results
obtained by using the analytical Volkov solutions in the plane wave case,
and apply the procedure to investigate Compton scattering in the super-
position of two strong plane wave fields revealing a, perhaps unexpected,
interference effect. The problem of Compton scattering in a plane wave
of arbitrary field strength has been solved [20] treating the strong field
exactly using the Volkov states, and the appearance of an increased effec-
tive mass of the electron as predicted there has only recently been seen in
terms of perturbation theory, although only in scalar QED [76], an effect
however not yet experimentally verified (see [68] and also [77] for a recent
general discussion of this mass shift). This chapter therefore goes through
the essentials of the method and results using the Volkov solutions in sec-
tion §6.1. I then discuss the semi-classical operator method and derive
formulas based on this approach in section §6.2. In section §6.3 I discuss
the results from numerical calculations based on these formulas, including
the interference phenomenon. In section §6.4 I discuss some of the general
consequences of these formulas, how numerical calculations are performed
and how the mass shift arises in this approach.

6.1 Compton scattering as transitions between
Volkov states

We start our discussion by reminding the reader of the results obtained
using the traditional approach to nonlinear Compton scattering, see e.g.
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Figure 6.1.1: A comparison of the radiation power spectra of an electron
moving in a plane wave characterized by ω = 2.35eV , η = 0.5 and χ = 0.25
obtained by using the semi-classical operator method, Compton scattering
as prescribed by 2nd order perturbative QED (Klein-Nishina), nonlinear
Compton scattering by using transitions between Volkov states and finally
the classical result.

[20] or [78], [79] for more recent reviews of the subject. The Dirac equation
with an electromagnetic interaction reads

(/p+ e /A−m)ψ = 0, (6.1.1)

where Aµ is the vector potential of the electromagnetic field and m the
electron mass. This is split up into a “strong” external field /Aext, and an
interaction field /Aint which governs the radiation emission, meaning

/A = /Aext + /Aint. (6.1.2)

The Dirac equation containing only the external field can then be solved
analytically in the case where the external field depends only on the phase
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Figure 6.1.2: A figure similar to figure 6.1.1, but in a stronger field, char-
acterized by the parameters ω = 2.35eV , η = 1.0, χ = 1.0.

ϕ = k · x, with k being the 4-momentum of the photons of the external
field, yielding the celebrated Volkov states

ψ(x) =
[
1− e/k /Aext(ϕ)

2k · p

]
u(p)

× exp
[
i

ˆ ϕ

0

(
ep ·Aext(ϕ′)

k · p
+ e2Aext(ϕ′)2

2k · p

)
dϕ′ − ip · x

]
, (6.1.3)

The interaction leading to emission of radiation is then treated to first
order in perturbation theory which means we have a transition matrix
element

M = ie

ˆ
ψ̄p′r′/e

′∗ψpr
e−ik

′x√
2k′0

d4x, (6.1.4)
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where k′ is the 4-momentum of the emitted photon and e′ its polarization.
Looking at equation (6.1.1) it is seen that a transition takes place in the
cases when eAµ � m and eAµ � m or, introducing the parameter

η = eErms
mω

, (6.1.5)

where Erms is the r.m.s. value of the electric field of the plane wave given
by Aµ and ω the angular frequency, this translates to η � 1 and η � 1.
For η � 1 the interaction term is small compared to the rest, and the
traditional perturbation theory expansion in the coupling e e.g. using
Feynman diagrams is applicable. As η increases, higher orders of such
diagrams become important, e.g. multiphoton absorption is seen. This
parameter is, however, a classical quantity as it does not contain ~ and
describes the transition to relativistic motion of the electron in its ’average’
rest-frame. It is encountered in for instance undulator radiation where η is
in essence the undulator parameter. Using this formalism, the transition
rate of photon emission in a strong linearly polarized plane wave is given
by [20]

dW

du
(x, χ) =

∞
Σ
s=1

dWs

du
, (6.1.6)

where each term in the sum corresponds to absorption of s photons from
the strong field, and are given by

dWs

du
= e2m2n

2πq0

ˆ 2π

0
dϕ

1
(1 + u)2

×
{
−A2

0 + x2
[
1 + u2

2(1 + u)

]
(A2

1 −A0A2)
}
, (6.1.7)

where u = k·k′
k·p′ '

ω
ε−ω , ω being the energy of the emitted photon and

ε the electron energy. The last equality holds in the limit where the
two emitted particles are relativistic. x =

√
2η, n

q0
is the invariant ra-

tio of the density of the incoming electrons to their average quasi-energy
q0 = ε + x2m2

8ε , us = 2sχ
x(1+x2

2 )
, is the largest value the variable u can

take on, χ = e
√
〈(Fµνpν)2〉
m3 , An(s, α, β) = 1

2π
´ π
−π dϕ cosn ϕef(ϕ), f(ϕ) =
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i(α sinϕ−β sin 2ϕ− sϕ), α = z cosϕ, z = x2
√

1+x2/2
χ

√
u(us − u), β = x3u

8χ
and Fµν is the electromagnetic field tensor. The invariant parameter χ
describes the quantum non linearity of the process and does not emerge
classically. Thus once χ deviates substantially from 0, quantum effects
become apparent, and a classical treatment will fail. In [20] it is shown
that for small η the terms in equation (6.1.6) become proportional to η2s,
meaning proportional to the intensity to the power of s that is, the pro-
cess becomes nonlinear in the intensity of the strong field. In figure 6.1.1
and figure 6.1.2 plots of the power spectra (dP = ωdW ) are shown for
different parameters, and compared with the results of other methods of
calculation. From figure 6.1.1 the effects of for instance harmonic gener-
ation and electron recoil can be seen. The curve ’2nd order QED’ is the
regular result of Compton Scattering e.g. the Klein-Nishina formula and a
sharp cutoff is observed at the proverbial ’Compton edge’. The ’Classical’
curve shows the presence of higher harmonics but the position of these
peaks in energy are wrong due to the neglect of quantum effects such as
the photon recoil. Furthermore it is seen that the curves ’Volkov states’
and ’Semi-Classical’ also differ in the position of the first harmonic peak
compared to ’2nd order QED’. This is due to the Klein-Nishina formula
not including the increased effective mass of the electron in the strong
field. In figure 6.1.1 it is seen that already at χ = 0.25 it is clear that
a classical treatment is insufficient. The position of the kinematic edges
when using the Volkov states are given by

ωs = 4sωε2

m̄2 + 4sωε+ ε2θ2 , (6.1.8)

where s is the number of absorbed photons and m̄2 = m2(1 + η2) is the
increased effective mass, an effect absent in the perturbative treatment
(expansion in e) where m̄ = m.

6.2 The Semi-classical Operator Method
It is well known that some radiation phenomena are well described us-
ing classical electrodynamics such as synchrotron and undulator/wiggler
radiation, while others, such as radiation from atomic transitions, is not.
In chapter 2 we discussed the conditions under which the motion can
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be considered classical and when the radiation process becomes quantum
mechanical. Quantum effects become important in the radiation process
when the emitted photon energy can no longer be neglected in compari-
son to the particle energy, meaning a condition for a classical treatment
is ω � ε, or in other words that the particle recoil due to radiation emis-
sion is negligible. Analytical applications of the semi-classical operator
method show that this is equivalent with χ � 1. We refer to [16] for a
more thorough discussion of this subject. The essence of the semi-classical
operator method [16][80] is the neglect of quantum effects in the motion
of the energetic particle, while treating the radiation emission quantum
mechanically.
The basic result of the semi-classical operator method [16] was discussed
in section §2.3 and here we also noted that having to perform the double
integral in time of equation (2.3.26) is numerically unfeasible, which is
why we seek a form in line with the classical result of equation (2.2.1).
Performing the sum over the final states and carrying out the trace of

equation (2.3.25), i.e. ρi =
(
h 0
0 1− h

)
and ρf = I, 0 ≤ h ≤ 1, meaning

h is the probability of a particle in the ensemble to be in the state “spin-
up” with respect to the axis ζ, we obtain

∑
sf

R∗2R1 = A∗2A1 +B∗2 ·B1

+ i(A∗2B1 −A1B
∗
2 +B∗2 ×B1) · ζ, (6.2.1)

where ζ now has a magnitude of 2h − 1, meaning it is the degree of
polarization along this axis. We denote

ˆ
A1e

ik′µx
µ(t1)dt1 = A, (6.2.2)

ˆ
B1e

ik′µx
µ(t1)dt1 = B, (6.2.3)

and we can thus rewrite the relevant quantity from equation (2.3.26) as
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¨
dt1dt2

∑
sf

R∗2R1e
ik′µ(xµ(t1)−xµ(t2))

= |A|2 + |B|2 + i(A∗B −AB∗ +B∗ ×B) · ζ.

The structure of equation (2.3.23) and equation (2.3.24) allows us to write

A = Ce∗ · V ,

B = e∗ × (DV + EN)

where

C = 1
2

√
ε

ε′

√ε′ +m

ε+m
+
√
ε+m

ε′ +m

 , (6.2.4)

D = 1
2

√
ε

ε′

√ε′ +m

ε+m
−
√
ε+m

ε′ +m

 , (6.2.5)

E = 1
2

√
ε

ε′
ω

ε

√
ε+m

ε′ +m
, (6.2.6)

V =
ˆ
v(t)eik′µxµ(t)dt, (6.2.7)

N =
ˆ
neik

′
µx
µ(t)dt (6.2.8)

and v(t) is the particle velocity. We are currently interested in the ra-
diation summed over the polarizations of the emitted photons and we
therefore need the following identities:

∑
e

(e∗ · a)(e∗ · b) = a · b− (n · a)(n · b)

= [n× (n× a)] · [n× (n× b)], (6.2.9)
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∑
e

(e∗ × a) · (e× a∗) = a · a+ (n · a)(n · a∗)

= |n× (n× a)|2 + 2 |n · a|2 , (6.2.10)

∑
e

(e∗ × a) · ζ (e · b)

= [n× (n× [a× ζ])] · [n× (n× b)] , (6.2.11)

∑
e

ζ · (e× a∗)× (e∗ × a)

= [n× (n× ζ)] · [n× (n× (a∗ × a))] . (6.2.12)

We then obtain

¨
dt1dt2

∑
sf ,e

R∗2R1e
ik′µ(xµ(t1)−xµ(t2)) = (C2+D2) |n× (n× V )|2+2 |n · (DV + EN)|2

+ i {2iCIm ([n× (n× V ∗)] · [n× (n× ([DV + EN ]× ζ))])
+ [n× (n× ζ)] · [n× (n× ([DV + EN ]∗ × [DV + EN ])]} . (6.2.13)

One must then expand the values of the coefficients, C, D and E in orders
of 1

γ and insert these into equation (6.2.13) and keep only the leading order
in 1

γ . In addition we use

N − V =
ˆ

(n− v)eik′xdt

=
ˆ
n× (n× v)eik′xdt

= − 1
iω′

ˆ
f(t,n)eik′xdt = i

ω′
I, (6.2.14)
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Figure 6.2.1: A figure of the power spectra using the semi-classical opera-
tor method for the electron in each wave separately, ’Wave 1’ and ’Wave
2’, and in the superposition of the two waves ’Superimposed waves’. The
latter is noticeably different than ’Incoherent sum’ which is the sum of
the spectra of ’Wave 1’ and ’Wave 2’. The fields are characterized by
ω1 = 2.35eV η1 = 1

2 , χ1 = 1
4 and ω2 = 2ω1, η2 = 1

2
√

2 , χ2 = 1
2
√

2 .

and

ˆ
eik
′xdt =

ˆ
n · veik′xdt

=
ˆ

n · v
1− n · v

1
iω′

d

dt
(eik′x)dt

= − 1
iω′

ˆ
n · v̇

(1− n · v)2 e
ik′xdt = i

ω′
J, (6.2.15)

where we have defined

I =
ˆ
f(t,n)eik′xdt, (6.2.16)
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J =
ˆ

n · v̇
(1− n · v)2 e

ik′xdt. (6.2.17)

In this calculation we performed integration by parts and the fact that
n ·veik′x(t) =

(
1− 1

iω′
d
dt

)
eik
′x(t) where the second term will vanish. These

integration tricks can be seen used in [16]. The term DV + EN can be
written as

DV + EN = ω

2ε′ (N − V ) + m

4ε( ε
2

ε′2
− 1)V + ωm

4ε′ (
1
ε
− 1
ε′

)N . (6.2.18)

Using equation (6.2.14) we have V = N − i
ω′ I. Using this in equa-

tion (6.2.18) and the identity n× (n× (n× a)) = −n× a, one can write
the final expression as

d2I

dωdΩ = e2

4π2

(
ε′2 + ε2

2ε2 |I|2 + 1
2
ω2m2

ε4 |J |2

+ ωm

2ε3
{
(ε′ + ε)Im [I∗ · (n× ζ) J ]

−ω [n× (n× ζ)] Im [(n× I∗) J ]}

−(ε′ + ε)ω
2ε2 Im {I∗ · [n× (n× (I × ζ))]}

)
(6.2.19)

The quantities of equation (6.2.16) and equation (6.2.17) can be calculated
numerically, as will be described in section §6.4, and therefore the general
result of equation (6.2.19) allows one to numerically calculate the radiation
emitted from a polarized electron beam in any electromagnetic field. The
general result of equation (6.2.19) could for instance be used to perform
numerical calculations of strong field radiation emission during channeling
in crystals with polarized electron/positron beams, or the beamstrahlung
of polarized beams in future linear colliders. Setting |ζ| = 0 i.e. an
unpolarized electron beam, one obtains

d2I

dωdΩ = e2

4π2

(
ε′2 + ε2

2ε2 |I|2 + ω2m2

2ε4 |J |
2
)
. (6.2.20)
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This result can also be found in [81], but is stated without proof, and a
derivation can not be found in any of the cited papers. The more general
formula of equation (6.2.19) is a new result.
These formulas are valid as long as the semi-classical operator method is
valid. To reiterate we must have γ � 1.

6.3 Compton Interference
The procedure for finding the radiation spectrum is then in principle
straight forward: Find the motion of the particle xµ(t) by solving the
Lorentz force equation in the strong field and then for each photon en-
ergy ω, calculate an angular distribution from equation (6.2.20) over an
appropriately chosen region, which is then integrated over angles.
The main result of this chapter is shown in figure 6.2.1. Here we use the
semi-classical method to obtain a power spectrum when an electron moves
in the superposition of two plane waves and compare this spectrum with
that obtained if the electron moved in each wave individually. Additionally
we compare with the ’Incoherent sum’ which is the sum of the spectra
’Wave 1’ and ’Wave 2’ and would be the expected result in the linear
regime, η � 1, which is illustrated in figure 6.4.1. In figure 6.1.2 a direct
comparison of this approach for a single plane wave with that obtained
using the traditional method of Volkov states is seen. The plane wave
fields are characterized by ω1 = 2.35eV, ω2 = 2ω1, η1 = 1

2 , χ1 = 0.25,
η2 = 1

2
√

2 , χ2 = 0.36. These parameters correspond to an electron energy
ε = 20.0GeV and laser r.m.s. intensities of I1 = 2.46 × 1022 W

m2 and I2 =
4.91× 1022 W

m2 . The field describing the ’Superimposed waves’ is given by

Ex = E1e
i(ω0(t+z)) + E2e

i(2ω0(t+z)), (6.3.1)

By = −Ex, (6.3.2)

and the remaining components are 0. 10TW of peak power is available
with modern laser systems at this wavelength which limits the intensity
at the diffraction limit to about 1025 W

m2 . The agreement in figure 6.1.1
and figure 6.1.2 is very good. The numerical calculation uses a finite time
interval corresponding to N = 15 electron oscillations in the laser field
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for ω1 and N = 30 for ω2, while the analytical results are in the limit of
N →∞ and this is the cause of the slight disagreement near the peaks in
figure 6.1.1 and figure 6.1.2. It is seen in figure 6.2.1 that the radiation
emission in the superimposed waves, near the second harmonic peak, is
suppressed below the result from just having ’Wave 2’, and should be
understood as destructive interference between the two processes involved.

6.4 General considerations and numerical
implementation

While analytically solving equation (6.2.20) is difficult without making
considerable approximations even in the simple case of a plane wave, one
can in principle study Compton scattering in any field configuration using
numerical methods. This is unfeasible in the complete quantum treat-
ment i.e. finding numerical solutions of the Dirac equation including the
strong field, equation (6.1.1), beyond the cases where the Volkov solution
of equation (6.1.3) can be used. From equation (6.2.19) it is evident that
the motion of the electron completely determines the spectrum of emitted
radiation, as is the case classically. We can therefore immediately see that
some cases of radiation emission are equivalent, for instance the case con-
sidered here with two linearly polarized plane waves colliding head on with
the electron where ω2 = 2ω1 is equivalent with the case where two plane
waves of the same photon energy, but where one collides head-on, and
the other at a 90o angle (and parallel polarizations), or that the radiation
from a spatially modulated laser pulse due to e.g. focusing is equivalent
to the radiation from a similarly temporally modulated laser pulse, if the
pulse shape is otherwise the same. One can also show how the kinematic
relation equation (6.1.8) arises from the semi-classical approach. In order
to calculate the quantities of equation (6.2.16) and equation (6.2.17) we
rewrite the components of f of equation (2.2.2) as seen in equation (2.2.5)
to equation (2.2.7)
and

n · v̇ = g {θxv̇x + θyv̇y + δv̇z} , (6.4.1)

and the exponential phase now becomes
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Figure 6.4.1: A figure of the radiation power spectra in a weak field, η � 1.
The spectrum ’Superimposed waves’ is seen to overlap with ’Incoherent
sum’ as expected. In ’2nd order QED wave 1’ we compare the result of
’Wave 1’ to that of Compton scattering as obtained from the 2nd order of
perturbation in QED (Klein-Nishina).

k′x = ε

ε′
ω

(
( 1
2γ2 + θ2

2 )t− δz(t)− n⊥ · x⊥(t)
)
. (6.4.2)

fz is suppressed by 1
γ compared to fx and fy and can thus, in most cases, be

neglected. The relative sizes of the quantities in equation (6.4.2) determine
the nature of the radiation, dipole- or synchrotron-like, or in the language
of quantum mechanics, single-photon or multiphoton absorption from the
field of the plane wave. Consider the case when the phase-terms containing
the motion are negligible, then one is left with

k′x ' ε

ε′
ω

2γ2 t
(
1 + γ2θ2

)
, (6.4.3)
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meaning the relevant angular sizes are θ ∼ 1/γ. This approximation is
therefore no longer applicable when the particle oscillation angle is v⊥ ∼ 1

γ
or larger. By using the Lorentz force formula on a particle in a plane wave
field, this is seen to be equivalent with the condition that the transition
from single- to multiphoton absorption is η . 1 and η & 1, as expected
from the discussion in section §6.1.
Consider now the case of an electron colliding head-on with a linearly
polarized plane wave with frequency ω0 given by

Ex = E1e
i(ω0(t+z)) (6.4.4)

By = −Ex, (6.4.5)

and the remaining components being 0. The Lorentz force along with
mγ̇ = eE · v gives then the solution to leading order in 1

γ2 as

vx =
√

2η
γ

Re(e2iω0t), (6.4.6)

vz = −1
2v

2
x + β0, (6.4.7)

meaning δvz = −1
2v

2
x. It is then clear that we can write f as a Fourier

series in the frequency 2ω0, that is

f =
∑
s

cse
−2iω0st. (6.4.8)

The integrand from equation (6.2.20) then becomes

∑
s

cse
ε
ε′ ω

(
( 1

2γ2 + θ2
2 )t−δz(t)−n⊥·x⊥(t)

)
−2iω0st

. (6.4.9)

Time averaging over the oscillating terms in the phase yields

∑
s

cse
ε
ε′ ωt(

1
2γ2 + θ2

2 + η2
2γ2 )−2iω0st. (6.4.10)

The same can be done for the other term of equation (6.2.17). Using this
when performing the integration over time in equation (6.2.20) gives delta
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functions δ( εε′ω( 1
2γ2 + θ2

2 + η2

2γ2 )−2sω0) which gives the kinematic condition
of equation (6.1.8). Thus, in this picture the kinematic edge is shifted due
to the fact that δvz has a non-zero time-averaged value of 〈δvz〉 = − η2

2γ2 ,
i.e. the electron is effectively slowed down in the z-direction due to the
oscillation in the strong field. A mass shift is therefore expected in any os-
cillatory field which can be characterized as “strong” in the classical sense.
It is puzzling that an investigation of Compton scattering in an ultra-short
pulse reports results where this mass-shift is absent [72], although see [77]
for a recent discussion of the presence of the mass-shift. As mentioned
previously and seen in figure 6.4.1, the results for the superimposed waves
reduces to the ’incoherent sum’ in the dipole case, η � 1. This is seen most
easily from equation (6.2.14). To lowest order in the “small” quantities the
integrand n× (n× v) does not depend on δvz and is linear in v⊥. The or-
thogonal motion of an electron in the superimposed waves will, to leading
order in η2

γ2 , be the sum of the orthogonal motions had the electron moved
in each wave individually. This means in the dipole case, η � 1, where
the phase reduces to that of equation (6.4.3), the radiation spectrum is
proportional to the norm square of the Fourier transform of the orthogonal
motion. By the above arguments, this means that the differential spectrum
in the superimposed waves is proportional to |F1(ω,Ω) +F2(ω,Ω)|2 where
F are the Fourier integrals of equation (6.2.20) corresponding to ’Wave 1’
and ’Wave 2’. This gives the spectra from each wave individually along
with an interference term 2Re(F1(ω,Ω)F2(ω,Ω)) but from equation (6.4.6)
it is clear that the motion is harmonic, and therefore F1 and F2 do not
overlap and thus the interference term vanishes. Therefore in weak fields,
the radiation spectrum is simply the ’incoherent sum’ of the spectra cor-
responding to scattering with each field individually, i.e. we have linearity
and the notion of a cross-section is sensible. As η increases the terms ne-
glected in the dipole case will contribute, introducing anharmonic content
in the integrand of equation (6.2.20) and this interference term becomes
significant as seen in figure 6.2.1. The numerical calculations were carried
out by solving the system of ordinary differential equations resulting from
the Lorentz force equation for the small quantities x⊥(t), v⊥(t), δz(t)
and δvz(t). The angular spectrum of radiation was calculated numeri-
cally based on equation (6.2.20) and equation (2.2.5) to equation (2.2.7)
and equation (6.4.1) to equation (6.4.2) on a 160 × 160 grid of θx and
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θy over an appropriate angular range aided by the kinematic condition of
equation (6.1.8).





Chapter 7

Quantum synchrotron
radiation in the case of a
field with finite extension

The content of this chapter is identical to that of my paper [5], but without
the section introducing the theoretical formalism, as this has already been
shown in chapter 6.
In this chapter I will, as in chapter 6, investigate radiation emission by elec-
trons in a nontrivial field configuration. This study was carried out during
my stay in the Compact LInear Collider (CLIC) collaboration at CERN
which is a conceptual future particle accelerator of electrons and positrons.
My study was concerned with the radiation emitted during the collisions
of the electron and positron bunches in the interaction region. During
this crossing, radiation is emitted in abundance due to the strong electro-
magnetic field present due to the high charge density of the bunches. The
radiation emitted due to this collective field of all the charges much sur-
passes that emitted in the individual binary collisions, i.e. the traditional
bremsstrahlung. This type of radiation has been termed ’beamstrahlung’
but the calculation is in principle quite simple as it is based on the for-
mula for quantum synchrotron radiation, i.e. radiation emission by an
electron in a constant magnetic field. The field encountered by a particle
in one bunch colliding with the other bunch is, however, not constant -
but under certain circumstances the radiation emission in a varying field
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can be calculated by using the constant field formula if the field can be
said to vary ’slowly’. A central concept of what can be defined as a slow
variation of the field is that of the formation length of radiation which
will be discussed in this chapter. I investigate the concern of using the
constant field approximation by doing a detailed analysis of the radiation
emission process when the field extension becomes short as in e.g. a short
bunch in CLIC.
The result of quantum synchrotron radiation was first derived by N.P.
Klepikov [82] and has been studied by several notable physicists in the
field of QED [83], [84], [85]. The semi-classical operator method as already
discussed in chapter 2 and chapter 6 provides a powerful method for the
calculation of such processes. In section §7.1 I discuss the usual result of
quantum synchrotron radiation and when the field should be considered
’short’. In section §7.2 I discuss the results of the numerical solution in the
limit of ’short’ and ’long’ extensions of the field, as well as what happens
in the intermediate region. In section §7.3 I derive an analytical formula
for the radiation spectrum in the limit of a ’short’ extension of the field.
In section §7.4 I discuss the relevance of the obtained results in future
colliders and how one could study these phenomena experimentally.

7.1 Synchrotron radiation

Because of the similarity of equation (6.2.20) with the classical result, one
can follow a calculation completely analogous to the one found in [21] to
obtain the distribution of synchrotron radiation, but valid also in the quan-
tum case. Synchrotron radiation is obtained by using equation (6.2.20)
and the motion as described by

vx = vsin
(
vt

R

)
, (7.1.1)

vy = 0, (7.1.2)

vz = vcos
(
vt

R

)
, (7.1.3)
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where R = p
eB is the radius of curvature, v the velocity and t the time

coordinate. To obtain I we calculate
´

(n−v)eik′xdt, see equation (6.2.14).
Due to the symmetry of the motion it is known a priori that the radiation
spectrum must be independent of θx and thus we can choose our coordinate
system such that θx = 0 as done in [21]. This means θ = θy. Then we can
calculate the phase using equation (6.4.2)

k′x = ω′
(

( 1
2γ2 + θ2

2 )t+ t3

6R2

)
. (7.1.4)

We then find

ˆ ∞
−∞

(n− v)xeik
′xdt

=
ˆ ∞
−∞
−vsin

(
vt

R

)
eik
′xdt

= −v
2

R

ˆ
teik

′xdt

= − 1
R

ˆ ∞
−∞

te
iω
′t
2 (θ2+ 1

γ2 + v2t2
3R2 )

dt (7.1.5)

Changing variable to x = t

R
√

1
γ2 +θ2

and introducing ξ = ω′R
3

(
1
γ2 + θ2

) 3
2

this becomes

ˆ ∞
−∞

(n− v)xeik
′xdt

= −R
( 1
γ2 + θ2

)ˆ ∞
−∞

xexp(i32ξ(x+ x3

3 ))dx

= −R
( 1
γ2 + θ2

) 2i√
3
K2/3(ξ) (7.1.6)

where Kα denotes the modified Bessel function of the second kind of order
α. Similarly we calculate
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ˆ ∞
−∞

(n− v)yeik
′xdt

= θ

ˆ ∞
−∞

e
iω
′t
2 (θ2+ 1

γ2 + v2t2
3R2 )

dt

= Rθ

( 1
γ2 + θ2

) 1
2
ˆ ∞
−∞

exp(i32ξ(x+ x3

3 ))dx

= Rθ

( 1
γ2 + θ2

) 1
2 2√

3
K1/3(ξ) (7.1.7)

To calculate J we need to calculate (see equation (6.2.15)).

ˆ ∞
−∞

eik
′xdt =

ˆ ∞
−∞

e
iω
′t
2 (θ2+ 1

γ2 + v2t2
3R2 )

dt

= R

( 1
γ2 + θ2

) 1
2 2√

3
K1/3(ξ) (7.1.8)

We therefore obtain

|I|2 = ω′2
(
R2
( 1
γ2 + θ2

)2 4
3K

2
2/3(ξ)

+R2θ2
( 1
γ2 + θ2

) 4
3K

2
1/3(ξ)

)
= ε2

ε′2
(ωR)2 4

3

( 1
γ2 + θ2

)2
(
K2

2/3(ξ) + θ2

1
γ2 + θ2K

2
1/3(ξ)

)
(7.1.9)

And

|J |2 = ω′2
[
R

( 1
γ2 + θ2

) 1
2 2√

3
K1/3(ξ)

]2

= ε2

ε′2
(ωR)2

( 1
γ2 + θ2

) 4
3K

2
1/3(ξ) (7.1.10)
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By using equation (6.2.20) we obtain the energy spectrum of synchrotron
radiation as

d2I

dωdΩ = e2

3π2 (ωR)2
(
ε′2 + ε2

2ε′2
( 1
γ2 + θ2

)2

×
(
K2

2/3(ξ) + θ2

1
γ2 + θ2K

2
1/3(ξ)

)

+ ω2m2

2(εε′)2

( 1
γ2 + θ2

)
K2

1/3(ξ)
)

(7.1.11)

By writing dΩ = dθxdθy and integrating over θx from 0 to 2π and dividing
by the period 2πR the differential power spectrum is obtained as

dP

dωdθ
= e2

3π2R
(ωR)2

(
ε′2 + ε2

2ε′2
( 1
γ2 + θ2

)2

×
(
K2

2/3(ξ) + θ2

1
γ2 + θ2K

2
1/3(ξ)

)

+ ω2m2

2(εε′)2

( 1
γ2 + θ2

)
K2

1/3(ξ)
)

(7.1.12)

This formula is valid in the quantum regime as well. Integrating equa-
tion (7.1.12) over θ yields the usual result of quantum synchrotron radia-
tion given by [16]

dP

dω
= e2m2

π
√

3
u

(1 + u)3
du

dω
× u2

1 + u
K2/3( 2u

3χ) +
ˆ ∞

2u
3χ

K5/3(y)dy

 (7.1.13)

where u = ω
ε′ . The integral of this spectrum wrt. the photon energy gives

the total power which we denote P0.
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In this calculation a circular motion is assumed, lasting for times −∞ <
t < ∞, as seen in equation (7.1.1) to equation (7.1.3). In the case of
a field with finite extension the motion can be characterized by that of
equation (7.1.1) to equation (7.1.3) when −L

2 < t < L
2 and that the

acceleration is 0 otherwise. For this reason we employ the formulas for I
and J where the integrand is proportional to the acceleration such that
the only difference in the numerical calculation is changing the integration
limit. From equation (7.1.3) it can be shown that the condition −L

2 < t <
L
2 differs from the condition −L

2 < z < L
2 only with a relative correction

on the order of 1
γ2 + L2

R2 which means that whether the field has a finite
extension in time or in the z-direction is equivalent. The I term

I =
ˆ ∞
−∞

f(t,n)eik′xdt, (7.1.14)

becomes

I =
ˆ L

2

−L2
f(t,n)eik′xdt, (7.1.15)

and similarly for the J term. The angular distribution is then no longer
known to be independent of θx and the integration limits means an ana-
lytical expression is no longer easily obtained. We can argue how small L
should be for the difference between these two integrals to be significant.
The formation length is the length over which the contributions from dif-
ferent parts of the trajectory add coherently and by setting φ ∼ 1 from
equation (6.4.2). The corresponding length is given by

lf = 2γ2

ω′
= 2γ2(ε− ω)

ωε
. (7.1.16)

We can therefore recognize two cases. When L � lf we are in the usual
regime of synchrotron radiation, while if L� lf the extension of the field
can no longer be neglected. We therefore obtain the condition

ω

ε
� 1

1 + εL
2γ2

(7.1.17)
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Figure 7.1.1: A plot of the power spectra for the case χ = 0.1, ε =
1.5TeV and different values of η. QS formula’ is the formula of quantum
synchrotron radiation seen in equation (7.1.13). ’SF formula’ is the ’short
field’ formula of equation (7.3.11) for the case of η = 0.1.

If I define η = γ LR , meaning η is the deflection angle in units of 1/γ, we
can express the length as

L = ηγ

mχ
(7.1.18)

and so the condition becomes

ω

ε
� 1

1 + η
2χ

(7.1.19)

We can thus consider the four cases

Case 1: η ≤ 1 and η ≤ χ, the limit of short field extension

η ≤ 1 is also commonly referred to as the dipole case and from equa-
tion (7.1.19) we see that the spectrum is modified for all photon energies
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Figure 7.1.2: A plot of the power spectra for the case χ = 10, ε = 1.5TeV
and different values of η. QS formula’ is the formula of quantum syn-
chrotron radiation seen in equation (7.1.13). ’SF formula’ is the ’short
field’ formula of equation (7.3.11) for the case of η = 1/4.

up to the initial electron energy. In section §7.3 we will derive an analytical
result applicable in this case.

Case 2: η ≤ 1 and η ≥ χ, the intermediate classical case

In this case we are still in the dipole case and the spectrum is modified
when ω

ε . 2χ
η this means the spectrum is modified below frequencies of 1

η
times the critical synchrotron frequency ωc and is here given approximately
by the dipole formula as shown in section §7.3. Since η ≤ 1 this means the
spectrum will always be modified at the critical synchrotron frequency or
above. At photon energies above those corresponding to ω

ε '
2χ
η the spec-

trum will transition to that of synchrotron radiation, which is vanishing
above the critical frequency. This means that one has a dipole spectrum
up to this limit and then the spectrum will die out. An accurate spectrum
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Figure 7.1.3: A plot of the total power emitted in units of P0 as function
of 1/η. In this case χ = 0.1. The red curve is obtained by the numerical
procedure described in the text and the green dashed curve is a plot of
equation (7.3.12).

can in this case only be obtained numerically.

Case 3: η ≥ 1 and η ≤ χ, the intermediate quantum case

In this case the radiation spectrum is modified at roughly all photon en-
ergies and must also be calculated numerically.

Case 4: η ≥ 1 and η ≥ χ, the limit of large field extension

In this case the spectrum is modified when ω
ε . 2χ

η which means the
spectrum is modified below frequencies of 1

η times the critical synchrotron
frequency ωc. Since η ≥ 1 this means the spectrum will always be modi-
fied only below the critical frequency, and thus for higher frequencies the
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Figure 7.1.4: A plot of the total power emitted in units of P0 as function
of 1/η. In this case χ = 10. The red curve is obtained by the numerical
procedure described in the text and the green dashed curve is a plot of
equation (7.3.12).

spectrum is that of the usual synchrotron radiation. In the limit η � χ
one obtains the usual result of equation (7.1.13).

From these 4 cases it is seen that whether one is in the classical case,
χ . 1 or the quantum case χ & 1 makes an important difference. In the
classical case, as one transitions from larger to smaller values of η one
goes from case 4 to case 2 and then to case 1. In the quantum case one
goes from case 4 to case 3 and then to case 1. We can therefore define
two characteristic lengths which determine the extension of the field where
deviation from the usual synchrotron result is seen. In the classical case
the transition from the usual result happens when one transitions from
case 4 to case 2 i.e. η ∼ 1, using equation (7.1.18) we thus define the
characteristic classical length as
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lc = γ

mχ
. (7.1.20)

In conventional units this does not contain ~ and is indeed a classical
quantity. In the quantum case the transition takes place when between
case 4 and 3 i.e. when η ∼ χ and thus we define the characteristic quantum
length of this problem as

lq = γ

m
, (7.1.21)

which is a factor of γ times the reduced Compton wavelength - a quantum
length scale. This case thus corresponds to the extension of the field in
the rest frame of the electron being the reduced Compton wavelength.

7.2 Discussion of numerical results

We employed a numerical method like the one used in chapter 6. In essence
one performs a numerical calculation of the classical trajectory by solving
the classical equations of motion in the given field. Here the field is a con-
stant magnetic field in the region −L/2 ≤ z ≤ L/2 and no field otherwise.
Then the integrals of equation (6.2.16) and equation (6.2.17) are evaluated
numerically by using the formulas equation (2.2.5) to equation (2.2.7) and
equation (6.4.2). This allows one to calculate the intensity distribution
using equation (6.2.20) for a given photon energy ω and angle (θx, θy).
Therefore for each photon energy these integrals must be calculated on an
angular grid, and then integrated numerically over this grid to obtain the
intensity distribution in photon energy dI/dω. This grid should be chosen
large enough such that essentially all radiation falls within this grid. In
equation (7.1.12) the variable of the Bessel function is ξ = ω′R

3

(
1
γ2 + θ2

) 3
2 ,

and for large arguments the Bessel function decreases rapidly, thus the typ-
ical angle of the radiation is θ .

(
3
ω′R

) 1
3 . If the deflection is along x as

in equation (7.1.1) one can use the total deflection angle in x as a guide

for the grid size in the x-direction and θy .
(

3
ω′R

) 1
3 for the y-direction.

By plotting the angular distributions one can determine if a slightly larger
grid is necessary.
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In figure 7.1.1 and figure 7.1.2 plots of the power spectra calculated using
this numerical procedure are shown for χ = 0.1 and χ = 10 for various
values of η. In addition I have plotted the usual result of equation (7.1.13)
where the field has infinite extension. For large values of η it is seen that
the numerical result approaches this spectrum as is expected from the
discussion in section 7.1. As η becomes smaller i.e. the field extension L
becomes smaller, the power spectrum becomes modified at the low end of
the spectrum. Since the formation length becomes longer for low photon
energies this effect can be understood in the sense that these will be more
susceptible to the finite extension of the field. In the case of χ = 0.1
seen in figure 7.1.1, as η becomes close to and below 1 a transition is
observed where the spectrum is radically different. For η = 0.1 we are at
the border of transition from ’case 2’ to ’case 1’. For comparison I have
plotted equation (7.3.11), which is seen to be in good agreement for the
low end of the spectrum. For even smaller values of η this agreement
extends to the harder photons as well. In the case of χ = 10 as seen in
figure 7.1.2 the spectrum is seen to be modified for larger values of η than
the case of χ = 0.1. This is due to the fact that in the quantum regime the
first transition is instead from ’case 4’ to ’case 3’, meaning at η ∼ χ = 10.
Here I have also plotted the result of equation (7.3.11) for comparison,
which is seen to be in good agreement.

In these plots a remarkable overall decrease in the power spectrum is
seen when η . 1. In figure 7.1.3 and figure 7.1.4 I have plotted the
total power P as a function of 1/η for the case of χ = 0.1 and χ = 10,
respectively. P0 is the total power as obtained by equation (7.1.13). For
small values of 1/η the spectrum approaches that of equation (7.1.13),
and therefore the total power approaches P0. The difference between the
classical and quantum case is clear in these two figures. In the classical
case the intermediate regime of ’case 2’ for 0.1 ≤ η ≤ 1 shows a decrease in
the total power emitted while the case of the intermediate quantum regime
of ’case 3’ shows an increase in the total power emitted. This maximum in
the emitted power is found to be at η = 2

√
2 independently of χ for large

values of χ. In figure 7.2.1 I show how this maximum emitted power scales
with the value of χ. It is found that the numerical calculation agrees very
well with the expression
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case of η = 2

√
2 where the power is at a maximum as function of χ and a

plot of an analytical fit valid for large values of χ.

P

P0
= 0.58χ

2
3 (7.2.1)

for large values of χ.

7.3 The spectrum in the limit of a short
extension of the field

In section 7.1 and section 7.1 we found that for all photon energies where
there should be radiation, the formation length is much larger than the ex-
tension of the field, and thus the variation of the phase of equation (7.1.4)
was negligible. Thus we can approximate



110
CHAPTER 7. QUANTUM SYNCHROTRON RADIATION IN THE

CASE OF A FIELD WITH FINITE EXTENSION

I =
ˆ L

2

−L2
f(t,n)eik′xdt '

ˆ L
2

−L2
f(t,n)dt.

We take the force to act in the x direction and thus only keep terms
proportional to v̇x in equation (2.2.5) and equation (2.2.6). In these terms
only the y-component of the velocity enters which is 0 and so we obtain

Ix = −g0|∆v|
{
θ2
y +

(
1

2γ2 −
θ2

2

)}
, (7.3.1)

Iy = g0|∆v|θxθy, (7.3.2)

where we have only kept the first order in the transverse velocity change
|∆v| and

g0 = ( 1
2γ2 + θ2

2 )−2

For the J term we thus obtain

J =
ˆ

n · v̇
(1− n · v)2 e

ik′xdt ' g0θx|∆v|

Then we obtain

|I|2 = |∆v|2g2
0× (

θ4
y + 1

4γ4 + θ4

4 −
θ2

2γ2 + θ2
y

( 1
γ2 − θ

2
)

+ θ2
xθ

2
y

)

Performing the integration over ϕ we obtain
ˆ
|I|2dϕ = |∆v|2g2

0
π

2
1
γ4

(
1 + ν4

)
(7.3.3)

where ν = γθ. Inserting g0 this becomes
ˆ
|I|2dϕ = |∆v|2 8πγ4

(1 + ν2)4

(
1 + ν4

)
(7.3.4)
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carrying out the integration
´
θdθ = 1

γ2
´
νdν we obtain

ˆ
|I|2dΩ = 8π

3 γ2|∆v|2 (7.3.5)

for the J term we obtain

|J |2 = 16γ8

(1 + ν2)4 θ
2
x|∆v|2 (7.3.6)

integrating over ϕ we obtain
ˆ
|J |2dϕ = 16γ8

(1 + ν2)4πθ
2|∆v|2 (7.3.7)

and integrating over θdθ we obtain
ˆ
|J |2dΩ = 4

3πγ
4|∆v|2 (7.3.8)

we can therefore write the emitted energy differential in photon energy
and angle variable ν by using equation (6.2.20) as

d2I

dωdν
= 2α

π
γ2|∆v|2× (

ε′2 + ε2

2ε2
ν
(
1 + ν4)

(1 + ν2)4 + ω2

ε2
ν3

(1 + ν2)4

)
. (7.3.9)

Integrating over ν one obtains the emitted energy differential in photon
energy

dI

dω
= 2α

3π γ
2|∆v|2

(
1− ω

ε
+ 3

4
ω2

ε2

)
. (7.3.10)

Formulas equation (7.3.9) and equation (7.3.10) are general for the dipole
regime and reduce to the classical formulas as found in e.g. [21] in the
limit of ω � ε. Inserting ∆v = eBL

ε and dividing by the duration L one
obtains the power spectrum differential in photon energy in the case of
the ’short’ magnetic field as
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dP

dω
= 2α

3πγ2χ
2m2L

(
1− ω

ε
+ 3

4
ω2

ε2

)
. (7.3.11)

The shape of this spectrum is the same of that of Bethe-Heitler bremsstrahlung
in matter and thus in this limit synchrotron radiation becomes ’bremsstrahlung-
like’. In addition the power is now proportional to the length L in contrast
to the usual synchrotron radiation power which is independent of the du-
ration. Integrating this, one obtains the total power P as

P = α

2π
χ2m4L

ε
= α

2πχηm
2 (7.3.12)

7.4 Discussion of experimental investigation
and relevance in future colliders

From equation (7.1.20) it is seen that if γ is large while χ is small, the
length at which this effect becomes important can become long. Consider
as an example a 1GeV synchrotron producing visible light of photon energy
ω = 1eV, thus χ ∼ 10−9 and the characteristic classical length is lc ∼
75cm. Thus in the classical case this should be an easily measurable effect
under the right circumstances. In the quantum case when χ approaches
or becomes larger than 1 it becomes experimentally challenging. In this
case the characteristic length of equation (7.1.21) can only be made large
by increasing the particle energy. The highest experimentally accessible
electron energies are around 285GeV found in secondary beams at the SPS
North Area of CERN. At this energy the characteristic quantum length
is 0.2µm. Single crystals of Silicon can be purchased with lengths down
to 0.1µm, and by aligning the incoming beam along the < 110 > axis
one can obtain χ ∼ 1, meaning one is in the quantum regime. At large
energies the constant field approximation becomes applicable for the case
of channeling radiation in such a crystal, meaning the results presented
here are applicable in this case.
In future e+/e− colliders such as CLIC, designed for the maximum energy
per beam of ε = 1.5TeV one achieves a quantum non-linearity parameter
of χ ∼ 10 [86] and with the current design parameters one has a bunch
length of σz = 44µm. In this case lq = 1.1µm. Often bunch shapes are
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modeled by a Gaussian distribution and I have numerically calculated
spectra in the case when the electron is subject to a Gaussian shaped
field pulse of varying length to verify that the effects seen here are not an
artefact present only in the case of a constant field with a sharp cutoff.
Here the same effects are seen when the typical length scale of the bunch
σz becomes comparable to the formation length. See e.g. [87] for recent
experimental investigations of the significance of the formation length in
the case of bremsstrahlung. From figure 7.1.4 and figure 7.1.2 it is seen
that in the case of CLIC the effect is small - on the order of 1%. However
such design parameters could change during development and thus this
effect should be kept in mind.





Chapter 8

Classical and quantum
radiation reaction

The calculation of radiation reaction for electrons which will briefly be
shown in this chapter has been presented in our arxiv paper [88] and the
introductory remarks in this chapter are inspired by this as well.
The Lorentz force equation is central to the theory of classical electro-
dynamics, allowing to find the motion of a charged particle, given the
external electromagnetic field [89]. It is, however, an incomplete pic-
ture as it fails to take into account the fact that as a charged particle
is accelerated, it radiates which should alter the motion. One approach
to this problem is that of the Lorentz-Abraham-Dirac (LAD) equation
[90, 91, 92, 89, 93, 94, 95, 96], where an additional damping term propor-
tional to the time derivative of the acceleration is present. This means that
the equations of motion become non-Newtonian, i.e. no longer a second
order differential equation which leads to problems such as runaway solu-
tions where a charged particle can accelerate exponentially even if there
is no external field present [89, 93, 94, 95, 96, 97, 98, 99]. One solution to
this problem is a classical perturbation calculation. If the damping term
is considered small compared to the Lorentz force, the time derivative of
the acceleration is replaced by that of the Lorentz force. This leads to
the Landau & Lifshitz (LL) equation of radiation damping, which is once
again a second order differential equation. Landau and Lifshitz show that
as long as one is within the classical regime of radiation emission, the LL
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equation holds.
The rapid progress of laser technology has renewed the interest in the
problem of classical radiation reaction and a large number of setups and
schemes have been proposed recently to measure classical RR effects in
electron-laser interactions [100, 101, 102, 103, 104] (see [98] for previous
proposals). However with current technology, RR effects remain small in a
laser field and have not yet been experimentally detected. In this chapter
we investigate if this can be tested using crystal channeling as a source of
the strong field, instead of that from a laser and report on experiments
performed in the group NA63 at CERN which have been dedicated to
investigating this.

Classical radiation reaction

The description of classical radiation emission discussed in section §2.2
neglects the fact that the emitted radiation carries away energy, when
finding the trajectory. This is most easily seen in the case of a constant
magnetic field. In this case the trajectory obtained from equation (2.2.3)
is an indefinite circular motion where the particle energy is conserved,
and yet we know that using equation (2.2.1) for this motion leads to the
classical formula of synchrotron radiation. Currently the Landau Lifshitz
equation is seen as the solution to this problem. The Landau Lifshitz
equation introduces additional terms in the force on a charged particle
such that

dp

dt
= F + F LL. (8.0.1)

To get an idea of how F LAD (Lorentz-Abraham-Dirac force) and subse-
quently F LL is obtained let us consider the non-relativistic case. In [89]
Jackson starts from the Larmor formula for the instantaneously emitted
power

P (t) = 2
3e

2(v̇)2 (8.0.2)

and then considers a time integral over the power emitted
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Eemit =
ˆ t2

t1

F LAD ·vdt = −
ˆ t2

t1

2
3e

2(v̇)2dt =
ˆ t2

t1

2
3e

2v ·v̈dt− 2
3e

2(v̇ ·v)|t2t1 .

(8.0.3)
Since the last term does not seem to be proportional to the integration
interval length (as the emitted energy should be) it must be related to the
initial and final conditions and is neglected. One then obtains

ˆ t2

t1

(
F LAD −

2
3e

2v̈

)
· vdt = 0, (8.0.4)

and since this should hold for an arbitrary interval we must have

F LAD = 2
3e

2v̈. (8.0.5)

Suppose then the external forces vanish in equation (8.0.1) and we are left
with

mv̇ = 2
3e

2v̈, (8.0.6)

which has the solution v̇ = a · exp( 3m
2e2 t) where a is an arbitrary constant.

This is the problematic runaway solution. To obtain the LL equation as
shown in [93], one replaces v̈ with that obtained from using the Lorentz
force

mv̇ = q(E + v ×B), (8.0.7)

such that

v̈ = q

m

(
Ė + v̇ ×B

)
, (8.0.8)

where the term proportional to v has been neglected since we are in the
non-relativistic limit, and then by replacing v̇ = q

mE one obtains

F LL = 2q3

3m Ė + 2q4

3m2E ×B. (8.0.9)

This brings us back to a second order system of differential equations
and such runaway solutions are no longer present. The conditions for the
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damping force to be small is then found to be that the wavelength of the
radiation fulfills

λ� e2

m
, (8.0.10)

and that

|B| � Bc/α ' 137 ·Bc. (8.0.11)

The condition of equation (8.0.10) is seen to be a factor of α shorter
than the Compton wavelength λC = 1/m and therefore it is seen that the
approach would break down much sooner than this due to quantum effects
coming into play. The same is seen in equation (8.0.11). The LL equation
can therefore be accepted as the classical solution to the problem. The
fully relativistic equation can then be found to be [93]

F LL = 2q3

3mγ

{(
∂

∂t
+ v · ∇

)
E + v ×

(
∂

∂t
+ v · ∇

)
H

}
+ 2q4

3m2 {E ×H +H × (H × v) +E(v ·E)}

− 2q4

3m2γ
2v
{

(E + v ×H)2 − (E · v)2
}

(8.0.12)

In the case of a time-independent electric field as found in a crystal this
reduces to

F LL = 2q3

3mγ {(v · ∇)E}+ 2q4

3m2 {E(v ·E)}− 2q4

3m2γ
2v
{

(E)2 − (E · v)2
}
,

(8.0.13)
where q is the particle charge. The first term in this equation involving
the spatial derivative of the electric field is often called the “Schott” or
“derivative” term and is of special interest since it is addition to the damp-
ing expected from the synchrotron case (the last term). A model is used
for the potential, and therefore also for the electric field in a single crystal
and based on equation (8.0.13) the radiation spectrum can be calculated
numerically using equation (2.2.1), once the motion has been found. In
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the 2015 and 2016 experiment, electrons and positrons, respectively were
used and the model for the potential used in these cases are different and
will therefore be described in their respective sections.

8.0.1 2015 CERN NA63 experiment with 10GeV electrons

For the calculation of the radiation emission of electrons we used an ap-
proximation of the potential of a single atomic string in a crystal given
by

U(x) = V0

[
ln
(

1 + 1
x+ η

)
− ln

(
1 + 1

x0 + η

)]
, (8.0.14)

where x = ρ2/a2
s, ρ is the radial distance to the center of the string,

as = 0.326Å, x0 = 5.5, η = 0.025 and V0 = 29eV. This approximation is
found in [16].
In figure 8.0.1 such a calculation is shown using the traditional approach
of just the Lorentz force, and the result when including the reaction force.
Here the effects of multiple scattering and beam divergence are neglected.
Before the experiment was conducted the design was based on these re-
sults. We have since then made more refined calculations which show
that the effect is smaller than seen here, such that seeing the effect of
the derivative term would be difficult while the effect of radiation reaction
including all terms should be seen.
In May 2015 an experiment was conducted at the CERN SPS H4 beam line
to measure the effects seen in figure 8.0.1. The setup used can be seen in
figure 8.0.2. S1-S3 are used to generate the trigger signal. A signal should
be present in S1&S3 and not in S2 which is a hole scintillator. The electron
then passes through the MIMOSA pixel detectors M1 and M2 such that
the incoming particle angle can be measured. Afterwards, the electron
impinges upon the crystal target where several photons and secondary
charged particles are emitted. We are interested in the spectrum of the
photons and therefore a large magnet deflects the charged particles away.
Several photons then strike the converter foil of 200µm Ta (roughly 5%X0)
such that only a single photon converts to an electron-positron pair. This
pair undergoes multiple scattering within the converter foil, after which
their positions are measured in M3 and M4 before they encounter a smaller
magnet which deflects the electron and positron. Based on this deflection,
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Figure 8.0.1: The differential energy emitted from electrons hitting a 1mm
diamond aligned along the <111> axis. The red curve is the spectrum
when radiation reaction is included but the Schott term is neglected. The
blue curve includes all terms of the radiation reaction force. The green
curve is using just the Lorentz force. The purple curve is the coherent
bremsstrahlung emitted from the dechanneled electrons.

the momentum of the positron and electron can be determined, and their
sum is the energy of the original photon.
A tracking algorithm has been constructed for the 6 MIMOSA detectors.
The ideal event contains one particle trigger, however, if another trigger
is received within the time frame window, the window is extended and an
event can contain several triggers. The M3 and M4 will be denoted ’arm 1’
while M5 and M6 ’arm 2’ and the first 3 detectors ’arm 3’. Between arm 1
and arm 2 the small dipole magnet is placed, see figure 8.0.2. Hypothetical
tracks in each arm are constructed using all possible combinations of hits
in each of the two planes. The tracks in arm 2 must be matched with
those in arm 1 giving a full particle track. These are identified by the
conditions.
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Figure 8.0.2: A schematic of the 2016 experimental setup. The only dif-
ference between the setups in 2015 and 2016 is the distance between M1
and M2 which was shorter in 2015.

1) The tracks for individual electrons and positrons from each arm must
be within a certain distance in the center of the magnet, e.g. 800µm.
2) The size of the deflection angle in the y-direction must be smaller than
a certain value, e.g. 2mrad since the magnet deflects in the x-direction.
3) The closest approach of the two tracks must happen before a certain
z-position, roughly the center of the magnet. A track constructed from
one point from particle 1 and another point from particle 2 will have the
wrong z-position of closest approach. See figure 8.0.4.
In the ideal event only a single pair is produced from the converter foil.
More pairs produced could cause wrong track reconstruction and we there-
fore select events by
4) A single trigger in the event.
5) Pairs are identified by requiring that an electron and positron track
must originate from within a certain distance in x and y coordinates in
the first plane in arm 1, e.g. 20µm.
6) In each event all tracks are found in arm 3 and the track in this arm with
the closest approach to the pair origin in arm 1 is chosen. The particle
entry angle is then determined from the hits in M1 and M2 of this track.
In figure 8.0.3 a photograph of the diamond is seen and a 2d histogram of
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Figure 8.0.3: The 1mm diamond mounted in the experiment (left). The
diamond seen using the reconstructed tracks of produced pairs (right).
The scintillator hole ’S2’ is seen as the orange contour.
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Figure 8.0.4: A histogram of the z-coordinate of closest approach between
tracks from ’arm 1’ and ’arm 2’ (here the positrons). The magnet is
placed at 5.86m which is the location of the first peak. The second peak
is due to tracks being constructed using hits from different particles and
are excluded by a cut of e.g. zclosepos<5720e3.
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Figure 8.0.5: Measured data on 1mm diamond. With incoming electrons
of 10GeV (left) and 100GeV (right). The y-axis is the number of recon-
structed photons per event with 1 trigger. The true photon number spec-
trum is therefore 20 times this due to using a converter foil of thickness
5% X0.

where the pairs originate in the converter foil is seen when the diamond is
aligned for incoming 100GeV electrons. Since many high energy photons
are generated in the diamond as compared to the background the shape
of the diamond can be seen. The orange circular contour is due to the
scintillator hole ’S2’. That the diamond is visible outside of the scintillator
hole means that often another electron was present within the trigger time
window, generating radiation outside of the trigger hole as well.
In figure 8.0.5 we present the reconstructed photon spectra for the case of
a 1mm <100> axially aligned diamond in the cases of 10GeV (left) and
100GeV (right) incoming electrons. We were in principle only interested in
the 10GeV measurement, but since the crystal was aligned using 100GeV
electrons, a short measurement was carried out at this energy as well, as
this could prove helpful in understanding the setup, which turned out to
be the case.
In both figures a drop-off is seen below ~1.5GeV which we found were
due to the detection efficiency of the setup. As seen in figure 8.0.1 the
peak in the power spectrum is located at around 200MeV which is too
far below the 1.5GeV cutoff. For the case of 100GeV electrons a higher
electron rate was accessible and the radiation becomes harder which was
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a better match for this setup, giving us better statistics as seen on the
error bars in figure 8.0.5. Typically the ’Enhancement spectrum’ is the
interesting quantity which is defined as the aligned spectrum subtracted
the background spectrum divided by the amorphous spectrum subtracted
the background spectrum. For 100GeV electrons this can be seen in fig-
ure 8.0.6. The fitting function in this figure is of the type

f(ω) = a
ω

b

ˆ ∞
ω
b

K5/3(x)dx+ c (8.0.15)

where a, b, c are parameters determined by fitting. Performing a fit using
the inverse of the size of the error as weights one obtains the fit seen
in figure 8.0.6 with parameters a = 14.5 ± 2.0, b = 17.1GeV ± 3.5GeV
and c = 4.9 ± 1.0. When the critical angle θc =

√
2U0
ε where U0 ∼

100eV is the crystal continuum potential depth and ε the electron energy,
becomes larger or comparable to the characteristic radiation angle 1/γ
the constant field approximation becomes applicable i.e. the radiation
becomes synchrotron like. The functional form of the classical synchrotron
radiation power spectrum is that of equation (8.0.15) which is why this is
a good choice for a fitting function in this case. While this was a good
measurement it is not sufficient to definitively show the effect of radiation
reaction. To do this, a measurement using the same energy but a different
thickness crystal is necessary where radiation reaction is negligible and
measurements on a 0.5mm crystal was only done for the 10GeV case where
detector efficiency was lacking. The spectrum seen in figure 8.0.6 could
be compared with a theoretical calculation with and without radiation
reaction, but the calculated spectrum has a significant dependence on the
beam divergence and the dechanneling length. The measurement on the
’thin’ crystal is needed to confirm the used values of beam divergence and
dechanneling length in the theoretical calculation, such that the effect of
radiation reaction is not confused with e.g. a different beam divergence
than expected. The beam divergence is measured experimentally using
M1 and M2.
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Figure 8.0.6: The ’Enhancement’ for the 100GeV case (left). Enhancement
is defined as ’Data-Background’/’Amorf-Background’ and the shape of this
spectrum is not affected by detector efficiency, except for a smearing, and
can be compared with theory. A fit has been performed to a function
of the same shape as the power spectrum of synchrotron radiation. The
number spectrum in the amorphous case has been simulated (right) and
compared with experiment.

8.0.2 Simulation of the setup

To test the tracking code and for comparison of experimental data to the-
oretical calculations, a Monte-Carlo simulation of the experimental setup
has been developed. This code takes the theoretically calculated radiation
spectrum of a channeled particle as input which is then sampled when
an electron is sent through the setup. If a pair is produced in the con-
verter foil, the energy of the electron and positron is selected based on
the Bethe-Heitler cross section of pair production in amorphous media.
Multiple scattering of the produced particles in the detectors and air be-
tween the detectors is simulated using normal distributions and the PDG
formula equation (2.1.10). The output of this Monte-Carlo simulation are
simulated detector data files which are then sent through the tracking al-
gorithm which is also used for the experimental data. This way potential
problems with the tracking algorithm could also be identified. This al-
lows us to go from the theoretically calculated spectrum, see figure 8.0.1,
to the spectrum which would be seen in the experiment. In figure 8.0.6
(right) such a simulation has been carried out for the amorphous case of
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100GeV electrons and good agreement is observed. A similar agreement is
found in the case of 10GeV, although here the uncertainty on the measure-
ment is larger as seen in figure 8.0.5. In figure 8.0.4 (right) the measured
photon spectrum has been simulated in the case of a flat input number
spectrum from 0-14GeV as seen in the ’Perfect’ case. In the ’Alternate
setup’ the 4 last detectors have had their spacing reduced from 8cm to
2cm which means a better resolution at lower energies, but worse at high
energies. ’Old setup’ is that used during the 2015 run and which was
later also the distance used in the 2016 experiment. The lower drop-off in
efficiency is mainly due to multiple Coulomb scattering in the converter
foil, or the magnet deflecting particles outside of the acceptance, and the
upper drop-off due to the spatial resolution of the MIMOSA detector of
σ ' 4µm.

8.1 2016 CERN NA63 180 GeV positrons

Based on the lessons learned during the 2015 experiment, it was necessary
to redesign the experiment such that the interesting region in the radiation
emission spectrum moved up into the region of good efficiency of the setup.
Based on the simulation routine developed after the previous experiment,
it was found that it was not possible to move this detection threshold
significantly further down. This, along with the fact that positrons have
a longer dechanneling length, making this effect less important, meant
that the possibility of using high energy positrons was investigated. Since
the radiation spectrum from positrons is generally softer than that of
electrons, a higher energy of the incoming particle energy was possible
while the emitted radiation spectrum stays soft. Since positrons generally
radiate less power than electrons, longer crystals were necessary for the
radiation reaction effect to come into play which meant a transition from
Diamond crystals to Silicon crystals was made.

8.1.1 Theory

In figure 8.1.1 I show the theoretical calculations made for different thick-
nesses of axial channeling along the <100> axis in silicon based on equa-
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Figure 8.1.1: Theoretical calculations of the power spectra when including
the radiation reaction force of the Landau & Lifshitz equation for 180 GeV
positrons with no beam divergence entering along the <100> axis.

tion (8.0.13) and equation (2.2.1). To find the motion of the positrons,
the thermally averaged Doyle-Turner potential was used. This is given by

U(r⊥) = e2

a0

2a2
0
d

4∑
i=1

ai
Bi + ρ2 exp

(
− r2

⊥
Bi + ρ2

)
, (8.1.1)

where r⊥ is the distance to the string, ρ = 0.075Å is the thermal vibra-
tional amplitude of Si at 300K, Bi = bi

4π2 , d is the distance between the
atoms in the string, a0 is the Bohr radius and the parameters ai and bi
can be found in table 4.1, taken from [39]. The total potential is then
the sum of many such strings with different centers based on the crystal
in question. For the <100> orientation, the potential is periodic over the
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region where −aL
4 < x < aL

4 and −aL
4 < y < aL

4 . The potential is there-
fore always evaluated within this square and by summing over the nearest
41 strings within and surrounding this area. In chapter 6 and chapter 7
it was described how the radiation emission can be determined from the
classical trajectory, but which includes quantum effects. In the experiment
the beam divergence turned out to have an unexpectedly large effect on
the spectrum, making the radiation harder than what was expected from
figure 8.1.1. Therefore quantum effects, unintentionally, became impor-
tant. An approximative approach at calculating the radiation spectrum
when including quantum effects, and damping of the motion has been de-
veloped and is based on applying a reduction factor on the LL equation
of equation (8.0.13). This approach is also investigated in [105, 106]. The
time derivative of the energy of a charge is given by ε̇ = F · v and from
equation (8.0.13) it is seen that the last term is parallel to the velocity v
while the others are transverse. Therefore we get

ε̇ = − 2e4

3m2γ
2v2

{
(E)2 − (E · v)2

}
' − 2e4

3m2γ
2E2

which is the result you would obtain for the radiated power in a constant
field. In the quantum case, the constant field case can be studied analyti-
cally, and the power is therefore known in this case. We therefore modify
the LL equation by multiplying the force with PQED(χ)/Pclassical(χ) where
χ is evaluated locally. In [16] a useful approximation of PQED(χ) can be
found, accurate to within 2% for any value of χ, and gives us

PQED(χ)
Pclassical(χ) = 1

[1 + 4.8(1 + χ) ln (1 + 1.7χ) + 2.44χ2]2/3 (8.1.2)

In addition we must reconsider the formulas for radiation emission stated
in chapter 6 which can be written as

d2I

dωdΩ = e2

4π2

ε′2 + ε2

2ε2

∣∣∣∣∣
ˆ ∞
−∞

f(t,n)eik′xdt
∣∣∣∣∣
2

+ ω2m2

2ε4

∣∣∣∣∣
ˆ ∞
−∞

n · v̇
(1− n · v)2 e

ik′xdt

∣∣∣∣∣
2
 .

(8.1.3)
When damping is present, ε is no longer a constant but a time dependent
quantity, which raises the question of how equation (8.1.3) should be used.
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I posit that as long as ε(t) varies slowly over the formation length, ε̇lf/ε�
1 (see chapter 7) the factors involving the energy can be taken inside of
the integration and then be time dependent. This approach is denoted
’damping’ in figure 8.1.2. It should be emphasized that this approach is
not rigorously correct.
If χ is small, the radiation emission occurs by emission of many low energy
photons while in the quantum case, emission happens by fewer emissions
of larger energy. The latter case meaning that the stochastic nature of the
process becomes prominent. Quantum radiation reaction has been investi-
gated recently in [105, 107, 108] but there the constant field approximation
is employed, i.e. η � 1 where

η = p⊥,max√
2m

. (8.1.4)

For the case at hand, we will encounter values of 0.5 . η . 5. Therefore
only some particles are in the regime of η � 1 and using the constant field
approximation would not be accurate for the particles with low values of
η. I therefore employ a different and more general approach where the
length of the crystal is divided into a number of sections, 100 for the 1cm
case and 40 for the 3.8mm case. The radiation emission is then calculated
numerically using equation (6.2.20) in the first section from which the
total probability of emission above a certain cutoff can be calculated.
This lower cutoff must be chosen such that it is below where the power
spectrum starts to go towards 0, see figure 8.1.2, such that the emitted
energy below the cutoff is negligible. Based on this calculated probability
of emission, given by the integral over ω and Ω in equation (6.2.20), I
decide by using a Monte-Carlo approach if emission happens or not. If
emission does not happen, the trajectory in the next section is calculated
by using the final coordinates in the previous section as the initial condi-
tions. If emission does happen, a Monte-Carlo approach is used to sample
the angular integrated spectrum to find a photon energy ω of emission
and then another Monte-Carlo approach to sample the angular distribu-
tion of emission for this ω. The momentum of the emitted photon is then
known, and the initial conditions for the next sections is then found from
4-momentum conservation at the end of the previous section. This process
is then repeated in every section. The final radiation spectrum is then the
sum over that from each of these sections. One must consider carefully
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Figure 8.1.2: Here I show the theoretical power spectra in the case of no
kind of radiation reaction ’No RR’ and for the stochastic and damping
approaches described in the text.

what the length of each section should be. It should be so short that the
average energy emitted over this length is small compared to the parti-
cle energy i.e. the calculated probability of emission above the previously
mentioned cut-off should be smaller than 1. At the same time the length of
the section must be significantly longer than the formation length of the
radiation, otherwise the interference from radiation emitted at different
parts of the trajectory will not be taken into account properly.

In the case studied here we will encounter values of χ up to 1.44 such that
quantum effects are important. This is also clear from looking at the ’No
RR’ case in figure 8.1.2 which shows that the radiation without radiation
reaction is hard. In this figure the experimentally measured values of
σx = 44.4µrad and σy = 67.0µrad in the initial entry angle is included and
the difference compared to no beam divergence as seen in figure 8.1.1 is
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large. The dechanneling length for positive particles is given by

L+
D = 256

9π2
pv

ln (2mγ/I)− 1
aTFdp
rem

,

[40] where I ' 172eV is the ionization potential for Si and dp is the inter
planar distance. For the (110) plane and high energy positrons this is
approximately L(110)

D ' 0.63 mm
GeV · ε. This is the planar case, and a simple

estimate based on this can be made in the axial case. As dechanneling is
caused by multiple scattering heating the transverse motion, the dechan-
neling length is proportional to the potential energy depth, and therefore
we can estimate the dechanneling length in the axial case by multiply-
ing the above formula by the ratio of the potential depths in the axial
vs. planar case. Using the values of the potential depth as found in [16]
we estimate the axial dechanneling length along the <111> axis of Si as
L<111>
D ' 2.9 mm

GeV · ε, which in the case of 180GeV gives 52.2cm, meaning
dechanneling can be neglected when the thickest crystal is 1cm.
In figure 8.1.3 I have used the results of the calculations shown in fig-
ure 8.1.1 in the procedure to simulate the experimental setup. The results
in this figure should therefore resemble what will be seen in the exper-
iment. The calculations seen in figure 8.1.1 and figure 8.1.3 were done
before the experiment and the design and measurement times were based
on these. New calculations were needed to include the beam divergence
which will be shown in section 8.1.2.

8.1.2 Experiment

In this experiment we used an almost identical setup compared to the
year before, as seen in figure 8.0.2, the only change being the first two
MIMOSA detectors having an increased spacing to match the higher in-
coming energy.
When time came for the experiment, a delay on cutting the <100> crys-
tals for which the measurements were planned, meant that I could only
start with <111> crystals of thickness 3.8mm and 1cm. During the exper-
iment the <100> crystals started to arrive, but unfortunately after having
measured on the <111> crystals and the newly arrived 1cm <100> crys-
tal, accident struck and a fire in a power supply on the PS meant we lost
the remaining 5 days of planned beam time. We therefore intend to redo
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Figure 8.1.3: In this figure, the theoretical spectra have been used in a
simulation of the setup. Here the the difference made by the inclusion of
the RR force is seen between the cases of 3mm vs. 10mm crystal thickness.

the experiment in 2017 such that we have measurements for 4 (or more)
crystal thicknesses of the same orientation while in the classical regime of
radiation reaction such that the LL is fully applicable.
In figure 8.1.4 I show the experimentally obtained power spectrum for the
two <111> crystals along with some new simulations that were done after
the experiment as opposed to those in figure 8.1.3 which were done before
the experiment, and were the basis for the design of the experiment. These
new simulations were for the <111> axis instead, and now including the
experimentally measured beam divergence. The simulation results shown
in this figure are for the ’stochastic’ approach as described in section §4.1.
In figure 8.1.5 I show the experimentally obtained enhancement spectra
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Figure 8.1.4: (Left) The power spectra obtained from the experiment on
the <111> crystals with curves from simulation for comparison. (Right)
A zoom on the amorphous curves.

and compare to simulations using both the ’stochastic’ and ’damping’
approach. In the analysis after the experiment it was discovered that
the beam divergence had an unexpectedly large effect on the shape of the
spectrum which is shown in figure 8.1.7. The effect of the beam divergence
is to make the radiation harder, whereby a purely classical calculation is no
longer adequate which is the reason for the development of the procedure
described in equation (8.1.3). In figure 8.1.6 the number spectra are shown
for the two thicknesses of <111> crystals. In the absence of RR effects,
the counting spectrum of the 1cm crystal should be 1cm/3.8mm times
that of the 3.8mm crystal. During the experiment we were surprised that
the two counting spectra for large photon energies seem to approach each
other. This was not seen in the calculations done before the experiment
and the concern that a saturation effect in the experimental setup was
causing this prompted us to switch from the 200µm Ta foil to one of a
thickness of 42.5µm, meaning a reduction from a roughly 5%X0 foil to
roughly 1%X0. This was done when switching from the <111> crystals
to the <100> crystal. The results from the 1cm <100> crystal with the
’thin’ foil are seen in figure 8.1.8.
The results of the simulation are normalized by a constant factor such
that the result in the amorphous case matches as best as possible with the
experimental, see figure 8.1.4. This normalization factor is between 0.82
and 0.96 in the results presented here.
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Figure 8.1.5: The enhancement spectra compared to the two theoretical
approaches of ’damping’ and ’stochastic’.

Figure 8.1.6: (Left) A figure showing the number spectra for the two
<111> crystals and the <100> 1cm crystal (right).
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Figure 8.1.7: A figure showing the power spectrum for different factors
of the experimentally measured beam divergence using the the approach
described in connection to equation (8.1.3).

8.1.3 Deconvoluting the experimental data

In e.g. figure 8.1.4 and figure 8.1.8 I have shown the experimentally ob-
tained power spectra, but these are not directly comparable to the the-
oretical calculations which is easily seen in the amorphous case in fig-
ure 8.1.4 which from theory is expected to be roughly a constant, see
equation (2.2.10). This is the case since the detection efficiency is energy
dependent, and in addition there is an energy dependent broadening i.e.
if a monochromatic source of photons entered the detector, an approxi-
mately Gaussian distribution of photon energies around the actual value
would be observed - and the width of this Gaussian depends on the photon
energy of the monochromatic source. Because of this, one cannot simply
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Figure 8.1.8: In this figure I show the experimentally obtained power
spectra for the 1cm <100> crystal compared to simulations with and
without the damping of the LL equation. (Right) figure is a zoom of the
(left).

find the efficiency by comparing the experimental spectrum in the amor-
phous case, to the theoretical one and then apply this efficiency to the
aligned case. What must be done is to suggest a trial emission spectrum
from the crystal, send it through the routine that simulates the experi-
mental response to this, and compare this result with the experimental
results. For this I have employed a model which is a linear combination
of two of the functions describing the quantum synchrotron radiation as
seen in equation (7.1.13) which will now be denoted as f(ω, χ)

dP

dω
(ω) = a

χ1
· f(ω, χ1) + b

χ2
· f(ω, χ2). (8.1.5)

This results in 4 free parameters. To find these parameters, an initial
guess was made, then a simulation of the setup with such an emission
spectrum was carried out and an efficiency function given by simply the
ratio of the simulated result to the trial function was made. A function of
the type equation (8.1.5) multiplied by this efficiency was then fitted to
the experimental results to obtain new values of these 4 parameters. From
these new parameters a new simulation was carried out and the procedure
repeated. After a few iterations convergence is achieved.
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Figure 8.1.9: In this figure the experimental power spectrum for the
<100> 1cm crystal is seen again with the trial function producing the best
agreement when the experiment is simulated using this radiation emission
spectrum.

In figure 8.1.9 it is seen how this procedure can produce results which
agree very well with the experiment.
In table 8.1 I show the parameters obtained. This provides a simple way
for external groups to compare theoretical results with our experimental
results, without having to simulate the experimental setup as I have done.
For the <111> crystals a similar agreement as that seen in figure 8.1.9 is
seen.
In figure 8.1.10 it is seen that the theoretical calculations with and without
RR are almost identical for the <100> and <111> axis. It is also seen that
the experimentally obtained results for the 1cm case in <100> and <111>
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Case a b χ1 χ2

<111> 3.8mm 0.0335 0.0133 0.2710 0.0247
<111> 1.0cm 0.0165 0.0169 0.2371 0.0258
<100> 1.0cm 0.0171 0.0172 0.2134 0.0223

Table 8.1: A table of the parameters of the trial functions giving the best
agreement with experimental data.

Figure 8.1.10: A comparison of the reconstructed emission spectra from
the experimental data, compared to the theoretical results in the ’damp-
ing’ approach and without radiation reaction.
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are almost identical which is also expected from figure 8.1.10, but which
also suggests that even though it was a worry during the experiment, no
saturation effect due to a high rate is present.

8.2 MIMOSA detectors and data analysis
routines

The MIMOSA detectors are CMOS-based position sensitive detectors with
1152 columns of 576 pixels, ∼ 18.4µm pitch and represent about 50µm Si
of material in the beam (∼ 0.05% of the radiation length). Using a setup
as the one sketched in figure 8.0.2 the hit positions of the incoming and
produced electrons/positrons can be measured on an event-basis. The raw
data format consists of a series of events, and in each event is a series of hits
- the (x, y) pixel coordinates where a particle hit the detector and in which
of the detectors this hit was registered, also denoted the “plane number”
(see figure 8.2.1 for a histogram of hits). From these hits we wish to
build tracks, i.e. finding the trajectory of the particles causing these hits.
This way we can measure both the angular and momentum distribution
of the produced particles. The development of such a tracking algorithm
was eased by getting data with 2.5GeV electrons from a setup running 6
MIMOSA detectors at DESY in which I participated in June, 2013. The
setup here consisted of 2 sets of 3 detectors and the possibility of putting
a device in between where we placed a permanent dipole magnet, in order
to measure the momentum of the electron beam. This data-set allowed us
to develop functioning tracking algorithms which could subsequently be
used for our own MIMOSA detectors as shown at a test run at ASTRID,
November 2013 with an electron energy of 580MeV, using the 4 available
detectors without a magnet.
To obtain as high precision as possible, one must first do a data-taking
run with no magnet, in order to establish how the detectors are aligned
with each other. This is the so-called “alignment run”. Here we know that
the electrons follow straight trajectories, and we can therefore figure out
how the coordinates of the hits in each detector must be transformed. We
choose the coordinates in the first plane to be unchanged, and transform
the coordinates in the rest of the planes. This is an iterative process. For
each event and for each hit in the plane 1, one checks if a hit is present
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Figure 8.2.1: (Left) A histogram of the (x,y) hit positions of electrons for
which a track could be found for the detector test at ASTRID, November
2013. (Right) A histogram of the matching distance between the two sets
of 2 planes used in the ASTRID test run. The matching tolerance was set
to 200µm.

in plane j within some small circle, for instance r = 2mm, for the first
iteration, of the hit in plane 1. If this is the case the hit coordinate in
plane j are stored in a matrix X of the form

X =

 x1 y1 1
x2 y2 1
.. .. ..

 (8.2.1)

And the expected coordinates (the ones in plane 1) are stored in a matrix
of the form

X ′ =

 x′1 y′1 1
x′2 y′2 1
.. .. ..

 (8.2.2)

I then seek the matrix A which transforms according to x′

y′

1

 = A

 x
y
1

 (8.2.3)

This is an affine transformation between coordinates (x, y) and (x′, y′),
meaning a translation and a linear transformation. All the hits in the
matricesX andX ′ turns this into an overdetermined matrix system, which
is solved according to
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Figure 8.2.2: Histograms of the deflection angles (radians) in the x- and y-
directions for the DESY data. The magnet is oriented such that it deflects
in the x-direction.

A = X ′TX(XTX)−1 (8.2.4)

This transformation is applied to the coordinates of plane j, and the pro-
cedure can be run again with a decreased value of r and for all planes,
decreasing the number of false identifications of tracks due to noise. This
approach assumed that the tracks were orthogonal to the first detector-
plane which is not necessarily true. Therefore an alignment process where
one aligns a third plane according to the two previous planes is carried
out. For each hit in the first plane and for each hit in the second plane,
it is checked if there is a hit within some small circle of radius r in the
third plane, and as before the coordinates of the third plane are trans-
formed based on the actual coordinates vs. those expected from the first
two planes - this is how the tracks are found in 3 planes.





Chapter 9

Modification of particle
production cross sections in
strong fields

This chapter serves mostly as an outlook towards a new research project
which I plan to undertake after my Ph.D.
It is well known that the presence of the strong field present during bunch
collisions in ILC or CLIC should produce abundant radiation emission,
the so-called ’beamstrahlung’ as discussed in chapter 7, but the effect of
this field on the particle production cross section itself is (to the best of my
knowledge) unknown. This would be an interesting and potentially very
important effect. The main reason this has not yet been studied is due
to these processes requiring 2. order perturbation theory in the Volkov
states. The process of beamstrahlung or strong field pair production are
calculated from 1st order transitions between Volkov states or the Baier,
Katkov & Strakhovenko semi-classical operator method which is also based
on 1. order perturbation theory as seen in chapter 2. Now, however, 2nd
order transitions between Volkov states have been studied, such as double
Compton scattering [109, 110] and studies of electron/positron annihila-
tion s-channel processes in a monochromatic laser background field, allow-
ing to calculate e.g. the Higgs-strahlung cross section [111, 112]. I found
these papers very interesting and while the strong field in this paper is
that of a monochromatic plane wave as obtained from a laser, this calcu-

143
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lation serves as an educational introduction to solving this problem. The
’only’ difference is that the external field should be replaced by something
that can represent that from the electron/positron bunch. An important
question in these problems is if the results obtained from the quantum
calculation as presented in e.g. [112] are any different from the results
obtained using simple classical laser pre-acceleration and the usual pro-
duction cross-section. The paper [112] already addresses this issue and
finds that there is a significant difference. In this chapter I will try to
address this issue in a bit greater detail. One could imagine that when
many photon quanta from the external field are involved in the process,
the classical picture would hold. Therefore I found a scheme to replace
the discrete summation over number of quanta with an integration. This
makes it possible to avoid an otherwise very large and numerically heavy
summation. Besides this the calculation presented here is initially in many
respects the same as that in [112], but in the end I choose to express the
production cross section as a differential in the Higgs particle emission
angle θ instead of the energy P 0

H as in [112]. This allows me to find sim-
ple equations for the production thresholds for each harmonic of photon
emission/absorption and for the total production threshold (correspond-
ing to the highest contributing harmonic), which are not found in [112].
It is then found that the classical and quantum predictions for the cross
section differ, even in the value of the production threshold.

9.1 Theory

The wave function of an electron in an electromagnetic field characterized
by a vector potential Aµ(ϕ) with ϕ = kx, kµ = (ω,k) and x = (t,x) is
given by [111, 112]

ψe− = Np

(
1− e/k /A

2kp−

)
ueiS− (9.1.1)

where p− is the electron 4-momentum, u the free Dirac electron bispinor,
Np is a normalization constant to be determined, and

S− = −p−x+ e

kp−

ˆ ϕ

dϕ′
[
p−A(ϕ′) + e

2A
2(ϕ′)

]
. (9.1.2)
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This is the so-called Volkov state. The positron state is obtained by re-
placing p− → −p+ and u→ v where v is the free Dirac positron bispinor.
We therefore consider a monochromatic plane wave and define

Aµ = aµ cosϕ (9.1.3)

To find the normalization constant Np we consider the current [112]

jµ = ψ̄e−γ
µψe−

= 2|Np|2
(
pµ + eAµ − e

[
pA

kp
+ e

2
A2

kp

]
kµ
)
. (9.1.4)

The time averaged current in the case of equation (9.1.3) then becomes

jµ = 2|Np|2
(
pµ − e2a2

4kp k
µ

)
= 2|Np|2qµ. (9.1.5)

We then normalize according to j0 = 1
V and therefore obtain Np =

1/
√

2V q0 where we have defined

qµ = pµ − e2a2

4kp k
µ (9.1.6)

Using equation (9.1.3) in equation (9.1.2) we obtain

S− = −q−x+ e

kp−

[
p−a sinϕ− ea2

8 sin 2ϕ
]

(9.1.7)

when the field is present. The S matrix element is given by [111], [112]

S = − ig

2 cos θW

¨
d4xd4yψ̄e+(x)γµ(gV − gAγ5)

× ψe−(x)Dµν(x− y) igMZ

cos θW
1√

2EHV · 2EZV
ε∗νZ e

i(PZ+PH)y (9.1.8)

where ψe− and ψe+ are the electron and positron wave functions respec-
tively, θW is the Weinberg angle, g = e/ sin θW , gV and gA are the leptonic
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p−

p+ PZ

PH

Z

Figure 9.1.1: A Feynman diagram depicting the process corresponding to
equation (9.1.8). The incoming electron and positron of momentum p−
and p+ in the background field fuse to a virtual Z-boson which decays to
a real Z-boson and a Higgs-boson.

weak neutral coupling constants, MZ the mass of the Z-boson, PH and PZ
the 4-momentum of the Higgs- and Z-boson respectively, ενZ is the Z-boson
polarization vector and Dµν is the Z-boson propagator given by

Dµν(x− y) = −4πi
ˆ

d4q

(2π)4 e
iq(x−y)

gµν − qµqν
M2
Z

q2 −M2
Z

. (9.1.9)

See figure 9.1.1 for a Feynman diagram depicting this process. The goal
of the calculation is to obtain the interaction cross section given by

d6σ = 1
4
∑
spins

|S|2

τ |j|
V d3PH
(2π)3

V d3PZ
(2π)3 , (9.1.10)

where τ is an interaction time and |j| is the particle flux given by vrel/V
where vrel is the relative velocity of the colliding particle beams. The
summation is to be performed over the electron/positron spins and the
Z-boson polarization.
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We will first consider the parts of equation (9.1.8) involving the x-coordinate:

ˆ
d4xv̄+

(
1 + e/a/k cosϕ

2kp+

)
e
−i
(
q+x+ e

kp+

[
p+a sinϕ+ ea2

8 sin 2ϕ
])

× γµ(gV − gAγ5)eiqx

×
(

1− e/k/a cosϕ
2kp−

)
u−e

i

(
−q−x+ e

kp−

[
p−a sinϕ− ea

2
8 sin 2ϕ

])
, (9.1.11)

which can be rewritten

Jµx =
ˆ
d4xv̄

(
γµ(gV − gAγ5) +Bµ cosϕ+ Cµ cos2 ϕ

)
u

× ei(x(q−q+−q−)+α sinϕ+β sin 2ϕ), (9.1.12)

where we have defined

α = e

[
p−a

kp−
− p+a

kp+

]
, (9.1.13)

and

β = −e
2a2

8

[ 1
kp+

+ 1
kp−

]
, (9.1.14)

and the vectors

Bµ =
[
e/a/k

2kp+
γµ(gV − gAγ5)− γµ(gV − gAγ5) e

/k/a

2kp−

]
, (9.1.15)

Cµ = − e/a/k

2kp+
γµ(gV − gAγ5) e

/k/a

2kp−
= e2a2kµ/k

2(kp+)(kp−)(gV − gAγ5). (9.1.16)

We can then write

cosn ϕei(α sinϕ+β sin 2ϕ) =
∞∑

s=−∞
An(s, α, β)eisϕ, (9.1.17)
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for n = 0, 1, 2 where

An(s, α, β) = 1
2π

ˆ π

−π
dϕ cosn ϕeif(ϕ), (9.1.18)

and

f(ϕ) = α sinϕ+ β sin 2ϕ− sϕ. (9.1.19)

The An functions encode how the cross-section depends on the external
field and will be discussed in detail later in section §9.2.
Inserting equation (9.1.17) into equation (9.1.12) and carrying out the
integration over d4x one obtains

Jµx =
∞∑

s=−∞
v̄
(
A0γ

µ(gV − gAγ5) +A1B
µ +A2C

µ
)
u

× (2π)4δ(sk + q − q+ − q−). (9.1.20)

Here the interpretation of the delta function is that of conservation of
momentum at the vertex which now includes a momentum sk from the
field. The momentum provided by the field is discrete as seen by the
summation over s. I now look at the part of equation (9.1.8) containing
the y-coordinate:

Jνy =
ˆ
d4ye−iqyε∗νZ e

i(PZ+PH)y = (2π)4ε∗νZ δ(PZ + PH − q). (9.1.21)

Next we carry out the integration over the propagator momentum from
equation (9.1.8) by considering

ˆ
d4qJµx J

ν
y

=
∞∑

s=−∞
v̄
(
A0γ

µ(gV − gAγ5) +A1B
µ +A2C

µ
)
uε∗νZ

× (2π)8δ(sk + PZ + PH − p+ − p−) (9.1.22)
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where we have now fixed q = PZ + PH = p+ + p− − sk
Now we can consider

∑
spins

∣∣∣∣∣
ˆ
d4qJµx J

ν
y

(
gµν −

qµqν
M2
Z

)∣∣∣∣∣
2

=
∑
spins

∞∑
s,s′=−∞

[
v̄
(
A0γ

µ(gV − gAγ5) +A1B
µ +A2C

µ
)

(s)u
]

×
[
v̄
(
A0γ

α(gV − gAγ5) +A1B
α +A2C

α
)

(s′)u
]∗

×
(
gµν −

qµqν
M2
Z

)
ε∗νZ

(
gαβ −

qαqβ
M2
Z

)
εβZ

× (2π)16δ(sk + q − p+ − p−)δ(s′k + q − p+ − p−) (9.1.23)

Due to the delta functions there is only a contribution when s = s′ and
therefore we have a the delta function squared.
We now define

Oµα =
∑
pol

(
gµν −

qµqν
M2
Z

)
ε∗νZ

(
gαβ −

qαqβ
M2
Z

)
εβZ

=
(
gµν −

qµqν
M2
Z

)(
gαβ −

qαqβ
M2
Z

)(
−gνβ + P νZP

β
Z

M2
Z

)

= −gµα + PZ,µPZ,α
M2
Z

+ qαqµ
M2
Z

− qαPZ,µ(q · PZ)
M4
Z

+ qµqα
M2
Z

− (q · PZ)qµPZ,α
M4
Z

− qαqµq
2

M4
Z

+ qαqµ(q · PZ)2

M6
Z

(9.1.24)

Using then the identity
[v̄Oαu] [v̄Oβu]∗ = Tr

[
vv̄OαuūŌβ

]
, equation (9.1.23) reduces to
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∑
spins

∣∣∣∣∣
ˆ
d4qJµx J

ν
y

(
gµν −

qµqν
M2
Z

)∣∣∣∣∣
2

=
∑
spins

∞∑
s=−∞

Oµα

× Tr
[
vv̄
(
A0γ

µ(gV − gAγ5) +A1B
µ +A2C

µ
)

(s)

× uū
(
A0γα(gV − gAγ5) +A1Bα +A2Cα

)
(s)
]

× (2π)16δ(sk + q − p+ − p−) V T

(2π)4 (9.1.25)

where we employed the usual trick when dealing with a delta function
squared, δ(sk+q−p+−p−)δ(sk+q−p+−p−) = δ(sk+q−p+−p−) V T

(2π)4 .
We can then replace ∑spins vv̄ ' /p+ (we neglect the positron mass) and
likewise for the electron to obtain

∑
spins

∣∣∣∣∣
ˆ
d4qJµx J

ν
y

(
gµν −

qµqν
M2
Z

)∣∣∣∣∣
2

=
∑
spins

∞∑
s=−∞

Oµα

× Tr
[
/p+

(
A0γ

µ(gV − gAγ5) +A1B
µ +A2C

µ
)

(s)

× /p−

(
A0γα(gV − gAγ5) +A1Bα +A2Cα

)
(s)
]

× (2π)16δ(sk + q − p+ − p−) V T

(2π)4 (9.1.26)

We will evaluate the contraction of the Oµα with the tensor inside the
trace numerically using a basis of the Dirac gamma matrices, thus the
integration of the delta function in equation (9.1.26) remains. We integrate
over the final state Z-boson momentum and obtain

ˆ
δ(PZ + PH − qs)d3PZ = δ(P 0

H + P 0
Z − q0

s) (9.1.27)
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where qs = q+ + q− − sk and then we have fixed ~PZ = ~qs − ~PH . We then
rewrite d3PH = |~PH |P 0

HdP
0
H sin θdθdϕ and carry out the integration over

P 0
H , meaning I consider

ˆ
δ(P 0

H + P 0
Z − q0

s)
√(

P 0
H

)2 −M2
HP

0
HdP

0
H sin θdθdϕ (9.1.28)

the delta function fixes P 0
H = −P 0

Z + q0
s = q0

s −
√

(~qs − ~PH)2 +M2
Z . The

argument of the delta-function is a function of P 0
H given by

f(P 0
H) = P 0

H − q0
s +

√
(~qs − ~PH)2 +M2

Z

= P 0
H − q0

s +
√
~q2
s + (P 0

H)2 +M2
Z −M2

H − 2~qs · ~PH (9.1.29)

Therefore we will use the identity δ(f(x)) = δ(x−x0)
|f ′(x0)| where x0 is the zero of

f(x). Thus we must solve f(P 0
H) = 0 which after a lengthy but straight-

forward calculation yields

P 0
H = q0

s

∣∣q2
s −M2

Z +M2
H

∣∣
2
(
(q0
s)

2 − ~q2
s cos2 θ

) (sign(q2
s −M2

Z +M2
H)

±

√√√√1−
(

1− ~q2
s

(q0
s)2 cos2 θ

)(
1 + 4M2

H~q
2
s cos2 θ(

q2
s −M2

Z +M2
H

)2
) (9.1.30)

where cos θ = ~qs·~PH
|~qs||~PH |

. The + solution is chosen when 0 ≤ θ ≤ π
2 and the

− solution when π
2 < θ ≤ π. We need to find the derivative of f(P 0

H) as
well for which we obtain

f ′(P 0
H) = 1 +

P 0
H

(
1− ~qs·~PH
|~PH |2

)
√
M2
Z + (~qs − ~PH)2

(9.1.31)

Reality condition on equation (9.1.30) gives us that

1−
(

1− ~q2
s

(q0
s)2 cos2 θ

)(
1 + 4M2

H~q
2
s cos2 θ(

q2
s −M2

Z +M2
H

)2
)
> 0 (9.1.32)
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which reduces to

cos2 θ >
(q0
s)2

~q2
s

−
(
q2
s −M2

Z +M2
H

)2
4M2

H~q
2
s

(9.1.33)

In principle equation (9.1.33) gives us three different regimes. If we define

a = (q0
s)2

~q2
s
− (q2

s−M2
Z+M2

H)2

4M2
H~q

2
s

these three regimes are a < 0, 0 ≤ a ≤ 1 and
a > 1. The last regime is clearly forbidden since then equation (9.1.33)
has no solution, while the first regime a < 0 means there is no restriction
on the values of θ - there is always a solution. In the intermediate regime
there would be certain angles in which emission would be forbidden while
allowed in others. The case a = 1 corresponds to the production threshold
and gives us that

(q0
s)2

~q2
s

−
(
q2
s −M2

Z +M2
H

)2
4M2

H~q
2
s

= 1 (9.1.34)

this can be rewritten as

q2
s −

(
q2
s −M2

Z +M2
H

)2
4M2

H

= 0 (9.1.35)

which can be solved for

q2
s = (MH +MZ)2 (9.1.36)

corresponding to 4-momentum conservation in the case when the pro-
duced particles have no momentum. This can then be solved to find the
production threshold corresponding to the s’th harmonic which is then

εth,s =
sω +

√
s2ω2 +

(
1 + η2

2

)
(MH +MZ)2

2
(
1 + η2

2

) (9.1.37)

Combining all of these results we can now obtain the cross section differ-
ential in the angles θ and ϕ of emission of the Higgs-boson.
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d2σ =
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)2 1
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1
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× 1(
(PH + PZ)2 −M2

Z

)2 ∞∑
s=−∞

Oµα

× Tr
[
/p+

(
A0γ

µ(gV − gAγ5) +A1B
µ +A2C

µ
)

(s)

× /p−

(
A0γα(gV − gAγ5) +A1Bα +A2Cα

)
(s)
]
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|f ′(P 0
H)|

√(
P 0
H

)2 −M2
H sin θdθdϕ, (9.1.38)

where P 0
H is now the solution found in equation (9.1.30).

9.2 Considerations on the An functions
The function

A0(s, α, β) = 1
2π

ˆ π

−π
dϕei(α sinϕ+β sin 2ϕ−sϕ) (9.2.1)

is the integral representation of the generalized Bessel function J̃ [113],
that is

A0(s, α, β) = J̃s(α, β) (9.2.2)

which has the series representation

J̃s(α, β) =
∞∑

k=−∞
Js−2k(α)Jk(β) (9.2.3)

where J is the Bessel function. It is therefore known that J̃ for real
arguments α and β. We then have that

J̃s−1(α, β) = 1
2π

ˆ π

−π
dϕeiϕei(α sinϕ+β sin 2ϕ−sϕ) (9.2.4)

and
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Figure 9.2.1: A plot of |A0(s, α, β)|2 when using the exact formula equa-
tion (9.2.8) named ’True’ in this figure, a plot of the same function but sent
through the smoothing routine of Matlab, and a plot of the continuous
approximation of equation (9.2.10).

J̃s+1(α, β) = 1
2π

ˆ π

−π
dϕe−iϕei(α sinϕ+β sin 2ϕ−sϕ) (9.2.5)

and so

1
2
(
J̃s−1(α, β) + J̃s+1(α, β)

)
= 1

2π

ˆ π

−π
dϕ
eiϕ + e−iϕ

2 ei(α sinϕ+β sin 2ϕ−sϕ)

= 1
2π

ˆ π

−π
dϕ cosϕei(α sinϕ+β sin 2ϕ−sϕ)

= A1(s, α, β) (9.2.6)
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And similarly

A2(s, α, β) = 1
2π

ˆ π

−π
dϕ

(
eiϕ + e−iϕ

2

)2

ei(α sinϕ+β sin 2ϕ−sϕ)

= 1
2π

ˆ π

−π
dϕ

(
1
2 + ei2ϕ + e−i2ϕ

4

)
ei(α sinϕ+β sin 2ϕ−sϕ)

= 1
2 J̃s(α, β) + 1

4
(
J̃s−2(α, β) + J̃s+2(α, β)

)
(9.2.7)

Case: α = 0

In the perfectly head-on collision where k and p+ are parallel, we have
α = 0 in which case we only have a contribution in equation (9.2.3) when
s = 2k, since the Bessel function of 0 is only non-zero if the order of the
Bessel function is 0, meaning s must be even and in which case

J̃s(0, β) = J s
2
(β). (9.2.8)

From equation (9.1.38) it is seen that we are interested in the products
AmA

∗
n but due to the conditions written above we must have that m+ n

is even. In an application β will typically be large as can be seen by

β ' −e
2a2

8
1
kp+

= η2m2

8
2γ2

ωε
= η2

4
ε

ω
, (9.2.9)

where we have defined η = eE0/mω where E0 is the peak electric field
strength. In the interesting regime η must be on the order of unity or
larger, and thus β ∼ 1010. Therefore approximations which can be ap-
plied when β � 1 will be useful. As stated earlier, there will be contribu-
tions from terms where s is comparable in size to the very large parameter
β. Therefore, since β is large, many photon quanta will take part in the
process, and therefore the quantization in integer s is only of minor impor-
tance. A property of the Bessel function is that in our case, a sharp drop
off is seen when |s| > 2β. We therefore seek continuous approximations
of the functions AmA∗n over the interval −2β < s < 2β and found the
functions below based on fits to the smoothed values of the discrete An
functions. The normalization constant was then found by requiring the
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integral to equal the sum, e.g.
´ 2β
−2β |Ã0(s, 0, β)|2ds = ∑

s |A0(s, 0, β)|2.
Here Ãn denotes the continuous version of An

|Ã0(s, 0, β)|2 = 1
(4β)1− 1√

3 (3 +
√

3)

(
1

(2β − s)1/
√

3
+ 1

(s+ 2β)1/
√

3

)
(9.2.10)

Ã0(s, 0, β)Ã2(s, 0, β)∗ = |Ã1(s, 0, β)|2

= (4β)1/
√

3−2 (s+ 2β)
(3 +

√
3)

(
1

(2β − s)1/
√

3
+ 1

(s+ 2β)1/
√

3

)
(9.2.11)

|Ã2(s, 0, β)|2 = 3
8(2β)1/

√
3−3 143(s+ 2β)2

22−1/
√

3(315 + 113
√

3)

×
(

1
(2β − s)1/

√
3

+ 1
(s+ 2β)1/

√
3

)
(9.2.12)

If we use equation (9.2.9) and equation (9.1.37) and that for large β values
the production threshold corresponds to s = −2β. We then obtain the
equation

εth =
−η2

2 εth +
√(

η2

2 εth
)2

+
(
1 + η2

2

)
(MH +MZ)2

2
(
1 + η2

2

)
which can be solved to obtain

εth = (MH +MZ)
2

1√
1 + η2 (9.2.13)

9.3 Classical approach
The classical approach consists of calculating the classical motion of the
charge in the laser field and based on this, find the probability distribution
of the energies that the charge possesses. The external field is given by
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Figure 9.2.2: A comparison of the obtained approximations seen in equa-
tion (9.2.10), equation (9.2.11) and equation (9.2.12) for the case of
β = 100.

E = x̂E0 cos(ω(t− z) + φ0) (9.3.1)

B = ŷE0 cos(ω(t− z) + φ0) (9.3.2)
Where E0 is the electric field amplitude and φ0 is an initial phase which
can be between 0 and 2π. We then have

d

dt
(γmv) = eE0 cos(ω(t− z) + φ0) (x̂+ v × ŷ) (9.3.3)

γ̇mv + γmv̇ = eE0 cos(ω(t− z) + φ0) (x̂(1− vz) + ẑvx) (9.3.4)
We then use that γ̇m = eE · v = eE0 cos(ω(t− z))vx so that

γmv̇ = eE0 cos(ω(t− z) + φ0)
(
x̂(1− v2

x − vz) + ẑvx(1− vz)
)

(9.3.5)
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Figure 9.3.1: Here I show the results for the case of η = 3 using the
exact solution (red curve), the continuous approximation (green curve),
the classical approach (blue curve) and the field free case (magenta curve).

In this problem we have a precise dependence on the difference between
two large quantities t − z and 1 − vz which can become problematic nu-
merically. For this reason we once again change variable to

z = v0t+ δz (9.3.6)

and thus

vz = v0 + δvz (9.3.7)

where v0 ' 1 − 1
2γ2

0
where γ0 is the initial value of the Lorentz gamma

factor. Then v̇x = δv̇z. Therefore we obtain the three coupled equations

v̇x = eE0
γm

cos(ω( t

2γ2
0
− δz) + φ0)( 1

2γ2
0
− δvz − v2

x) (9.3.8)
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δv̇z = eE0
γm

cos(ω( t

2γ2
0
− δz) + φ0)vx

( 1
2γ2

0
− δvz

)
(9.3.9)

γ̇ = eE0
γm

cos(ω( t

2γ2
0
− δz) + φ0)vx. (9.3.10)

These can be solved numerically. By solving these equations over one
period of oscillation of the charge T , we can obtain the probability distri-
bution of energies by evaluating mγ(t) over an equidistant grid of times
from 0 to T and produce a histogram over these energies. This is the rele-
vant distribution since each time is weighted equally, meaning we assume
particle production to happen at a random time. This procedure is then
averaged over the initial phase φ0. In [78] it is seen in eq. (1) that the
energy of the charge in our case is given by

ε(φ) = ε0 + e2

2
(A(φ)−A(φ0))2

ε0 − p0

It is therefore seen that the maximum energy possible classically occurs
when φ0 = 0 and φ = π and is ε = ε0 + 4e2a2

2ε0
2γ2

0 = ε0(1 + 4η2). Since
only the electron which co-propagates with the field experiences this large
acceleration, the center of mass energy is

Ecm =
√
s '

√
(ε1 + ε0)2 − (ε1 − ε0)2 =

√
4ε1ε0 =

√
4ε2

0(1 + 4η2)

The condition that Ecm = MH + MZ therefore gives us the production
threshold

εth = MH +MZ

2
1√

1 + 4η2 .

In figure 9.3.1 I have shown the results of these calculations for the case of
η = 3 and ω = 25GeV. This is not a realistically achievable photon energy
and it is only chosen since fewer harmonics are necessary in the sum over s
in equation (9.1.38) making comparison possible with the continuous ap-
proximation. In this case I have summed from s = −450 to s = 450 which
from equation (9.1.37) can be determined to be adequate since s = −450
has a production threshold above the end of the interval in this figure.
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From the continuous approximation it is seen that the direct dependence
on ω disappears, and the only important parameter in the problem is η
when β � 1 and α = 0. Only when β is small, is it important that the field
delivers the energy in quanta of ω. A deviation from the field free result
is seen when η approaches or is larger than 1. It is interesting that such
a disagreement is seen with the classical approach, which also hints that
the problem stated in the beginning of this chapter could show interesting
results. In the case of crossing bunches, there is not any appreciable extra
energy available from the external field, as is the case with the laser, but
the field could still have an influence to change the cross section beyond
that which would be expected from a ’classical approach’ as outlined here.
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