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English summary
Great advances in modern laser technologies have made the generation
of intense femtosecond and attosecond light pulses a trivial task in
laboratory. The ultrashort pulses can induce electronic excitation and
ionization in atomic and molecular systems. In the molecular systems,
nuclear dynamics, such as dissociation into two fragments, can also
take place due to a change of the potential landscapes seen by the
nuclei. Thus, the theoretical study of the interaction of molecules
with ultrashort light pulses is challenging since both the electronic
and nuclear dynamics should be taken into consideration.
The Monte Carlo wave packet (MCWP) approach can be applied
to study the nuclear dynamics following electronic excitation and ionization in small molecules and weakly bounded clusters. This method
is equivalent to the master equation in the Lindblad form in quantum
optics. In the MCWP method, we treat the interaction between the
bound and continuum electronic states in a molecule as the interaction between an open system and its surroundings. This simplification greatly reduces the computational costs. In this thesis, we have
obtained the nuclear kinetic energy release (KER) spectra following
dissociative double ionization of H2 and triple ionization of Ne2 . An
analysis of these nuclear KER spectra helps to reveal the nuclear dynamics during these processes.
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Danish Resumé
Store fremskridt indenfor moderne laserteknologi har gjort det til en
triviel opgave at generere intense femtosekund og attosekund lyspulser
i laboratoriet. De ultrakorte pulser kan frembringe både elektroniske excitationer og ionisering af atomare- og molekylære systemer.
I molekylære systemer kan nuklear dynamik, såsom dissociation i to
fragmenter, også induceres på grund af ændringer i potentialelandskabet. Derfor er den teoretiske undersøgelse af interaktionen mellem
molekyler og ultrakorte lyspulser udfordrende, da både den elektroniske og nukleare dynamik skal tages i betragtning.
Monte Carlo-bølgepakken (MCWP) tilgangen kan anvendes til at
studere den nukleare dynamik efter elektronisk excitation og ionisering i små molekyler og svagt bundne klynger. Denne metode svarer til
masterligningen i Lindblad-form i kvanteoptik. I MCWP-metoden behandler vi samspillet mellem de bundne og kontinuerte elektroniske tilstande i et molekyle som interaktionen mellem et åbent system og dets
omgivelser. Denne forenkling reducerer i høj grad beregningsomkostningerne. I denne afhandling har vi fundet spektrene for udsendelse af
nuklear kinetisk energi (KER) efter dissociativ dobbelt ionisering af H2
og trippel ionisering af Ne2 . En analyse af disse nukleare KER-spektre
hjælper med at afsløre den nukleare dynamik under disse processer.
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Preface
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Notation
Atomic units 4π0 = ~ = me = e = 1 are used throughout this report
unless stated otherwise.
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Part I
Overview
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Chapter

Introduction
Molecules, which are composed by at least two atoms, are abounding
in the universe. They are stable because there are chemical bonds between the constituent atoms. Due to the very small spatial scale of
a molecule, quantum effects become important. Thus, in theory, to
correctly predict the behaviors of a molecule, one has to resort to the
quantum methods. Compared with atoms, the motion of molecules are
more complex. Apart from translation in space, they can rotate and
vibrate. It is known that the timescales for the dynamics in quantum
systems like atoms and molecules can be expected from the time-energy
uncertainty relation ∆t∆E ≈ 1. The energy uncertainty ∆E, related
to the discrete energy levels that are coherently populated, is dependent on the (reduced) mass of the considered object. Simply speaking,
∆E is inversely proportional to the (reduced) mass of an object. Thus,
the heavier the object is, the smaller ∆E is and the larger ∆t is. As
a result, the timescales for the vibrational and rotational dynamics
in a heavier molecule is larger than that in a lighter molecule. Even
though the timescales for the nuclear dynamics are more or less different for different molecules, the rotation of molecules usually takes place
on a timescale of picoseconds (10−12 s) and the vibration usually on
a timescale of femtoseconds (10−15 s). For the much lighter electrons,
their dynamics occur on a much smaller timescale of attoseconds (10−18
s). To image and control such fast nuclear and electronic dynamics in
molecules, one can resort to femtosecond and attosecond light pulses
to obtain time-resolved spectroscopy.
2
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Femtosecond pulses can be generated by femtosecond laser sources.
For example, the versatile femtosecond titanium sapphire laser (Ti:Al2 O2 )
can produce pulses within the visible and near-infrared spectrum [1–
3]. To produce laser pulses at shorter ultraviolet [4] or longer midinfrared wavelengths [5–7], one can utilize the nonlinear optical effects
in materials such as sum- and difference-frequency mixing. To generate femtosecond pulses at x-ray wavelength, one strategy is to apply
femtosecond laser pulses in the visible or infrared light spectrum to
modulate the energy of electrons in an electron storage ring in synchrotrons [8, 9]. Apart from that, femtoseocond and subfemtoseocond
x-ray pulses can be generated by tailoring of the bunch electron distribution in a self-amplified spontaneous-emission free-electron laser
(FEL) [10, 11].
The much shorter attosecond pulses can be produced via highharmonic generation (HHG) by irradiating femtosecond laser pulses
on a gas jet. One can obtain a train of attosecond pulses when the
driving laser pulse is multi-cycle [12–14]. An isolated attosecond pulse
would be obtained instead when the driving laser pulse is few-cycle [15–
18]. Isolated attosecond pulses can be also produced with multi-cycle
laser pulses by applying optical gating techniques such as polarization
gating and two-color gating [19].
There have been many theoretical and experimental works in studying the interaction of molecules with femtosecond and attosecond light
pulses. Various phenomena can be observed in molecules upon interacting with ultrashort pulses, i.e.,
• non-adiabatic molecular alignment induced by femtosecond
laser pulses [20–22], the dynamic alignment of a molecule corresponds to a revival of a rotational wave packet at a rotational
period. The rotational wave packet in a given vibronic band is
created by coherent excitation of an ensemble of rotational states.
• bond softening and bond hardening [23], a sufficiently strong
laser field can either weaken or strengthen the molecular bonds
and thus dissociation or association can be induced.
• above-threshold dissociation [24], more photons are absorbed
than required to overcome the bond energy and the access energy
3
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appears as an ensemble of peaks spaced by a photon energy in
the kinetic energy release spectrum.
• dissociative ionization [25, 26], it describes a process that dissociation of a molecule is accompanied with the occurrence of
ionization. The ionization can be described in different regimes,
e.g., tunneling ionization, over-the-barrier ionization and singleor multi-photoionization. One can employ dissociative ionization in molecules to achieve a coherent control of chemical reactions [27].
• electron localization in molecular dissociation [28–30] due to
a coherent superposition of electronic states in different symmetries,
• laser-induced electron diffraction to image ultrafast molecular dynamics [31–33] , the field-ionized coherent electron wave
packet is accelerated by the laser field and its rescattering from
its parent molecular ion mimics the conventional electron diffraction of an electron beam.
• electron charge migration in molecules via electron correlation [34, 35].
In addition to the above mentioned phenomena, anomalously high ionization at large internuclear separations resulting from charge-resonanceenhanced ionization (CREI) [36, 37] can be observed in some diatomic
molecular ion.
We are particularly interested in resolving and retrieving nuclear
dynamics in this thesis as control over nuclear dynamics is prerequisite
for realizing control of chemical reactions. Many techniques have been
developed to probe nuclear dynamics in molecules. For example, the
vibrational wave packet in D+
2 was observed from the nuclear KER
spectra of D+
by
exploiting
the
correlation between the electronic and
2
nuclear wave packets [38]. Apart from that, the pump-probe setup, by
which the nuclear KER spectra were obtained as a function of delay,
was widely used to image the ultrafast nuclear wave packet motion
in real time [39–41]. It was also demonstrated that using the chirp
in the HHG spectra allows information about nuclear dynamics on a
4

subfemtosecond timescale [42]. Moreover, the HHG spectra can be
used to image molecular orbitals [43]. Nuclear dynamics in molecules
can be also reflected by the photoelectron spectra [44] and by the
attosecond transient absorption spectra [45].
When we look back into the history, we can find that it was the
study of light-matter interaction that eventually resulted in the establishment of modern quantum mechanics. In the late 19th and early
20th century, classical physics failed in explaining the Rayleigh–Jeans
law in blackbody radiation and the photoelectric effect in metal. The
first problem, later known as ultraviolet catastrophe, was solved by
Max Planck through assuming that the absorption or emission of electromagnetic radiation by a blackbody can be only in the form of discrete packets called quanta. Soon after, the photoelectric effect was
successfully explained by Albert Einstein after introducing the hypothesis that light energy is carried in discrete packets called photon. The discrete or quantized description was later extended to material systems and sparked the birth of the old quantum theory in the
early 20th century. This theory brought about strong brainstorms to
the scientists at that time and numerous breakthroughs promoted the
emergence of quantum mechanics. Nowdays, quantum mechanics has
become a fundamental theory to describe microscopic systems.
The Hamiltonian is of fundamental importance in the formulation
of a quantum theory. The Hamiltonian for a molecule interacting with
an ultrashort pulse is time-dependent. Thus, one can perform a simulation of the quantum dynamics of the molecular system by solving the
time-dependent Schrödinger equation (TDSE). Many methods have
been developed to solve the TDSE for a molecular system, e.g.,
• the time-dependent Feshbach close coupling (TDFCC)
method, this is an ab initio method and the TDSE is solved using
the spectral method, where the total wave function is expanded
in the basis of electronic eigenstates by diagonalizing the fieldfree Hamiltonian. The Feshbash formalism introduces projection
operators to project the total wave function onto non-resonant
scattering and bound states, respectively. This method has been
used to study resonant dissociative photoionization of diatomic
molecules where singly or doubly excited states are involved [46–
49].
5
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• the multiconfigurational time-dependent Hartree-Fock (MCTDHF) method generalized to treat correlated electronic and
molecular dynamics in diatomic molecules [50], in this method,
the correlated state of a multi-electron system is expressed by a
superposition of determinant of time-dependent orbitals.
• the time-dependent generalized-active-space configurationinteraction (TDGASCI) approach to study correlated ionization dynamics of diatomic molecules [51], in this method, the
many-body wave function is expanded based on the configuration interaction and the determinantal space is restricted to a
reduced subspace.
• the Monte Carlo wave packet (MCWP) method applied in
this thesis, this method treats ionization as a decay process where
electrons are gradually lost to the surroundings. Lack of information related to the continuum electrons, the MCWP method is especially powerful in studying nuclear dynamics following double
or multiple ionization of small molecules. This method was initially developed for dissipative processes in quantum optics [52]
and was applied to study dissociative double ionization of H2 or
D2 [53–55] and O2 [56]. A good agreement between the results
obtained by this method and by the experiments [57, 58] has
been achieved.
In addition to solving the TDSE, laser-induced coupled electronnuclear dynamic can be obtained by solving quantum Liouville–von
Neumann equation with the semiclassical surface hopping method [59].

Outline of this thesis
This thesis presents theoretical studies on the nuclear dynamics following electronic excitation and ionization of small molecules and weakly
bounded clusters by the MCWP approach. It is divided into two parts:
Part One gives an overview of the discussed topics and Part Two
attaches our publications [60, 61]. We organize the remaining chapters
of Part One as follows:
6

• Started from the molecular Hamiltonian, Chapter 2 introduces
the TDSE for a molecular system exposed to external electromagnetic fields.
• Chapter 3 provides a detailed description of the MCWP approach including its equivalence with the master equation in
quantum optics, its implementation under the deterministic sampling method and the approximations and simplifications it has
made.
• Chapter 4 simulates single or double ionization of H2 when exposed to intense laser pulses by applying the MCWP approach.
The interaction of H2 with different laser pulses including single
infrared and XUV pulses and two pulses in a pump-probe setting are discussed. When the XUV pulses are applied, nuclear
dynamics in the singly or doubly excited states in H2 are induced.
• Chapter 5 extends the MCWP approach to simulate dissociative triple ionization of the neon dimmer. A comparison between
our simulation and a recent experiment in an XUV-pump-XUVprobe setup [62] is carried out.
• Chapter 6 gives a brief summary and conclusion of this thesis
as well as a short outlook on future research.

7

Chapter

TDSE for a molecular system
In this chapter, we will deduce the time-dependent Schrödinger equation (TDSE) for the interaction of a molecule with intense laser pulses
starting from the molecular Hamiltonian. Before that, we will first
have a brief discussion of different ionization regimes in the following.

2.1

Laser-induced ionization

When an atom or molecule interacts with an intense laser pulse, ionization may take place since the external field is comparable to the
internal field that binds the outer electron. The ionization is separated into two regimes by the Keldysh parameter γ, i.e.,
s

γ=

Ip
,
2Up

(2.1)

where Ip is the ionization potential and Up = is the pondermotive
energy and is determined as
Up =

F2
,
4ω 2

(2.2)

where F is the electric field strength and ω is the frequency of the
external field.
If γ . 1 is satisfied, the field-induced ionization can be described
as a tunneling process. When a strong electrostatic field is applied,
9
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the potential well felt by the electrons is suppressed to form a finite
barrier through which an electron can tunnel out. When the field
strength is sufficiently large (larger than a critical value), the finite
barrier is so suppressed that over-the-barrier ionization can take place,
i.e., the electron can escape the nuclear core over the barrier.
When a strong oscillating laser field at a very low frequency is
applied, the potential well would change adiabatically following the
instantaneous field in a quasi-static picture. An electron can tunnel
out through the barrier only if the tunneling time is smaller than half of
the laser period, i.e., tunneling of an electron should be finished before
the direction of electric field is reversed. Over-the-barrier ionization
can be similarly induced by a sufficiently strong laser field at a very
low frequency.
If γ  1 is satisfied, the ionization can be described as a multphoton process: when a laser field at a sufficiently high frequency is
applied, the electron may absorb a large amount of energy, i.e., several photons, from the external field before it succeeds in escaping the
nucleus due to the fast change of direction of the electric field. When
the frequency is extremely high, the ionization can be described as a
single- or double-photon process: absorption of one or two photons
from the external field is sufficient to support the energy for the electron escaping the nuclear core.

2.2

Molecular Hamiltonian

Hamiltonian is the starting point to perform a quantum-mechanical
description of a system. For a molecular system with Nn nuclei and
Ne electrons interacting with an external laser field, its time-dependent
Hamiltonian in the laboratory frame of reference is expressed as
Htotal (t) =

Nn
X
j

−

Ne 2
Nn
Ne
X
p~ej 1 X
p~2Nj
1 X
Zj Zk
1
+
+
+
~j − R
~ k | 2 j,k6=j |~rj − ~rk |
2mNj
2
2 j,k6=j |R
j

NX
n ,Ne
j,k

Zj
+ VI (t),
~
|Rj − ~rk |

(2.3)

where p~Nj = −i∇R~ j (~pej = −i∇~rj ) is the momentum operator of the
jth nucleus (electron), Zj and mNj denote the charge and mass of
10
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~ j (~rj ) is the position vector of the jth nucleus
the jth nucleus, and R
(electron). On the right hand of Eq. (2.3), from left to right, the
first term represents the kinetic energy operator of the Nn nuclei, the
second term the kinetic energy operator of the Ne electrons, the third
term the Coulomb interaction between the Nn nuclei, the fourth term
the Coulomb interaction between the Ne electrons, the fifth term the
Coulomb interaction between the Nn nuclei and Ne electrons and the
last term the laser-molecule interaction operator, which has different
forms in the length and velocity gauges, i.e.,



P n
P e
~
rj − N
F~ (t) · ( N
j Zj Rj )
j ~
VI (t) =  PN
n
e
~ +
~ + A~ 2 (t) ) + PN
~nj · A(t)
pej · A(t)
j (−Zj p
j (~
2

LG,
~ 2 (t)
Zj2 A
)
2

VG,
(2.4)
~ are the electric field and vector potential of the apwhere F~ (t) and A(t)
plied laser pulse, respectively. The laser-molecule interaction operator
in the above equation also implies the application of dipole approximation. In this thesis, we will use the Hamiltonian in the length gauge.
For many cases, it is more convenient to use the Hamiltonian in the
center of mass frame instead of the Hamiltonian in Eq. (2.3). This is
because the center of mass frame, which is independent of experimental
geometries, can provide initiative pictures of the considered processes.
The position vector of the center of mass in the laboratory frame is
~ CM =
R

e
~j + N
mNj R
rj
j ~
.
PNn
j mNj + Ne

PNn
j

P

(2.5)

The position vectors of the nuclei and electrons in the center of mass
frame are
~j = R
~j − R
~ CM ,
R
~ CM .
~r j = ~rj − R

(2.6)
(2.7)

Exploiting the fact that the position of the center of mass in the center of mass frame is the origin of this frame, we obtain the following
relation
PNn
e
~ j + PN
m
R
rj
Nj
j
j ~
~
RCM = 0 =
.
(2.8)
PNn
j mNj + Ne
11
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For a diatomic molecule, i.e., Nn = 2, the Coulomb interaction between
the two nuclei only depends on their relative position vector, i.e.,
~ =R
~1−R
~ 2.
R

(2.9)

Combining Eqs. (2.8-2.9) together, we can first express the position
~ 1 and R
~ 2,
vectors of the two nuclei in the center of mass frame, i.e., R
~ and the position
by the relative position vector of the two nuclei R
vectors of the electrons in the center of mass frame ~r j . By applying
the relation in Eq.( 2.6), we can then represent the position vectors of
the nuclei in the laboratory frame by the position vector of the center of
~ CM , the relative positive vector between
mass in the laboratory frame R
~ and the position vectors of the electrons in the center
the two nuclei R,
of mass frame ~r j , i.e,
~
~
~r j + mN2 R
~ CM ≈ mN2 R + R
~ CM (2.10)
+R
mN1 + mN2
mN1 + mN2
P e
~
~
r j − mN1 R
− N
j ~
~ CM ≈ −mN1 R + R
~ CM (2.11)
=
+R
mN1 + mN2
mN1 + mN2

~1 =
R
~2
R

−

PNe
j

The approximations on the right hands of the above two equations are
fairly reasonable due to the fact that the electron mass is much smaller
than that of the nuclei. Now we take the approximated position vectors
of the two nuclei in Eqs. (2.10-2.11) and the position vectors of the
electrons in Eq. (2.7) into Eq. (2.3), together with the relations
~
~ CM
X ∂~
∂R
rj
∂R
∇R
∇R~ CM +
∇
~ +
~1
~1
~ ~rj
∂R
∂R
j ∂ R1
X
mN1
=
∇R
(∇R~ CM −
∇~rj ),
~ +
mN1 + mN2 + Ne
j

∇R~ 1 =

~
~ CM
X ∂~
∂R
∂R
rj
∇R
∇R~ CM +
∇
~ +
~2
~2
~ ~rj
∂R
∂R
j ∂ R2
X
mN2
= −∇R
(∇R~ CM −
∇~rj ),
~ +
mN1 + mN2 + Ne
j

(2.12)

∇R~ 2 =

12

(2.13)

2.2. Molecular Hamiltonian
and
∇~rj

Ne
~ CM
X
∂~r k
∂R
∂~r j
∇~rj +
∇~rk +
∇R~ CM
=
∂~rj
rj
∂~rj
k6=j ∂~

= ∇~rj −

Ne
X
k

1
1
∇~rk +
∇~ ,
mN1 + mN2 + Ne
mN1 + mN2 + Ne RCM
(2.14)

we can rewrite the Hamiltonian for a diatomic molecule with Ne electrons as a combination of the Hamiltonian for the center of mass
HCM (t) and the Hamiltonian describing the relative motion H(t), i.e.,
Htotal (t) = HCM (t)+H(t) = HCM (t)+TN +Te +VN +Ve +VNe +Vmp +VL (t).
(2.15)
In the above equation, TN (Te ) is the kinetic energy operator of the
reduced nuclei (electrons), VN (Ve ) is the Coulomb interaction between
the nuclei (electrons), VNe is the Coulomb interaction between the nuclei and electrons, Vmp is the mass polarization term and VL (t) is the
laser-molecular interaction in the center of mass frame. The expressions for these operators in Eq. (2.15) can be found in the following,
HCM (t) = −

i∇2R~

CM

2(mN1 + mN2 + Ne )

+

Ne
X

~ CM
(Ne − Z1 − Z2 )F~ (t) · R

j

(2.16)
∇2R
~
,
2µ

TN = −i
VN = =
VNe =

Ne
X

−i

j

Z1 Z2
,
R

X

X

Ve =

j,k<j

Z1
~
mN2 R
| mN1
+mN2

+

VL (t) = F~ (t) · [

X
j

~r j (1 +

(2.17)

2me

1
|r~j − r~k |
X

− ~r j |
j
X
∇~rj · ∇~rk
=
j,k6=j 2(mN1 + mN2 + Ne )
j

Vmp

Te =

∇~2rj

Z2
~
mN1 R
| mN1
+mN2

(2.18)

+ ~r j |

(2.19)
(2.20)

Z1 + Z2
Z1 mN2 − Z2 mN1 ~
)−
R]
mN1 + mN2
mN1 + mN2
(2.21)
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with
µ=

mN1 mN2
,
mN1 + mN2

me =

mN1 + mN2 + Ne
.
mN1 + mN2 + Ne − 1

(2.22)

The mass polarization term Vmp , which is purely dependent on the
electronic coordinates, is usually neglected because its denominator
is much larger than that of the electronic kinetic energy operator Te .
Thus, it is reasonable to only include the other six terms of the Hamiltonian for the relative motion, i.e, H(t) = TN +Te +VN +Ve +VNe +VL (t).
The above equations altogether shows clearly to us that the Hamiltonian for the center of mass HCM is only dependent on the position
~ CM , while the Hamiltonian for the relative motion H(t) has
vector R
~ CM . Thus, the total wave function |Ψtotal (t)i can
noting to do with R
be written as a tensor product of the wave function for the center of
mass |ΨCM (t)i and the wave function for the relative motion |Ψ(t)i,
i.e.,
|Ψtotal (t)i = |ΨCM (t)i ⊗ |Ψ(t)i.
(2.23)
The center of mass mimics a particle with mass mN1 + mN2 + Ne and
charge Ne − Z1 − Z2 moving in the external field F (t). Its motion
does not affect the relative motion of the system. As a result, to study
the dynamics in a molecule, we can directly take the Hamiltonian
describing the relative motion H(t).

2.3

Time-independent Schrödinger
equation for the electronic
Hamiltonian

Now that we have obtained the molecular Hamiltonian H(t), the next
step is to solve the corresponding TDSE, i.e.,
i|Ψ̇(t)i = H(t)|Ψ(t)i.

(2.24)

Taking use of the fact that the electronic dynamics is usually much
faster than the nuclear dynamics, we can separate the nuclear and
electronic motion by applying the Born-Oppenheimer approximation
14

2.4. Time-dependent Schrödinger equation for the nuclear motion
via using the following ansatz
|Ψ(t)i =

X

el
|χm (t)i ⊗ |ψR,m
i=

m

XZ

~ (2.25)
~ m (R,
~ t)|ψ el i ⊗ |Ri,
dRχ
R,m

m

R
~ Rih
~ R|
~ is utilized and χm (R,
~ t) =
where the completeness relation 1̂ = dR|
~
hR|χm (t)i is the nuclear wave function when the electronic state is
el
|ψR,m
i. The electronic wave functions can be obtained by solving
the time-independent Schrödinger equation for the field-free electronic
Hamiltonian Hel , i.e.,
el
el
~
Hel |ψR,m
i = Em (R)|ψ
R,m i,

(2.26)

with Hel = Te +VN +Ve +VNe . We note that the electronic Hamiltonian
el
and its corresponding eigenfunctions |ψR,m
i and eigenvalues Em all
have a parametric dependence on the internuclear separation vectors
~ For a given m, different internuclear separation vectors would result
R.
~ values, which eventually form an energy surface.
in different Em (R)
We will show in the following section that the energy surfaces are
indeed the potential energy surfaces where the nuclei move on.

2.4

Time-dependent Schrödinger
equation for the nuclear motion

In this section, we will focus on obtaining the evolution of time-dependent
~ t). After first taking Eq. (2.25) into
nuclear wave functions χm (R,
the TDSE in Eq. (2.24) and then projecting both sides on the state
el
~ we obtain the TDSE for the nuclear motion, i.e.,
hψR,m
| ⊗ hR|,
∇2R
~
~
~
+ Em (R))χ
m (R, t)
2µ
X
el
el
~ t)
+
|VL (t)|ψR,j
iχj (R,
hψR,m

~ t) = (−
iχ̇m (R,

j6=m

−

el
hψR,m
|

X
j

∇2R
~
~ t)
|ψ el iχj (R,
2µ R,j

1 el
el
~
−
hψR,m |∇R
~ |ψR,j i∇R
~ χj (R, t).
µ
(2.27)
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Now it is time to implement the adiabatic approximation to simplify
the above equation by neglecting the last two vibronic coupling terms
on the right side of the equation, i.e.,
X
∇2R
~
el
el
~
~
~ t).
+ Em (R))χ
hψR,m
|VL (t)|ψR,j
iχj (R,
m (R, t) +
2µ
j6=m
(2.28)
The adiabatic approximation is adopted throughout this thesis because we do not pay attention to physics near avoided crossings, where
this approximation breaks down. We note that for a homonuclear diatomic molecule, the laser-molecular interaction operator is as simple
P
+Z2
.
as VL (t) = β F~ (t) · j r~k according to Eq. (2.21) with β = 1 + mNZ1 +m
N

~ t) = (−
iχ̇m (R,

1

2

~ t)
We can see from Eq (2.28) that the nuclear wave packet χm (R,
~ accompanied with
moves along its potential energy surfaces Em (R)
laser-induced couplings with the other electronic states. In principle,
one should include the electronic states as many as possible to obtain the nuclear dynamics as accurate as possible. This means that
one has to take many calculation resources to solve a huge number of
coupled equations according to Eq. (2.28). In this thesis, we take
the assumption that the molecules are rotationally frozen and the
laser polarization direction is parallel to the molecular axis. Thus,
the three-dimensional coupled equations in Eq. (2.28) will be reduced
~
to one-dimensional by replacing the internuclear separation vector R
by the scaler R. Besides, the potential energy surfaces are reduced to
potential energy curves.
In this thesis, we are concerning about nuclear dynamics following
electronic excitation and ionization in molecules. When the ionization
occurs, a large number of continuum electronic states with continuous
eigenenergies Em (R) +  would be populated. Here  is the energy
of the continuum electron and Em (R) is the energy of the mth electronic state in the remaining ion. Thus, the potential energy curves for
the continuum electronic states converging to the same mth electronic
state in the remaining ion are parallel to the potential energy curve for
the mth electronic state. It is an acceptable approximation to treat
the evolution of the nuclear wave packets along the potential energy
curves for the continuum states converging to a given ionic state as
an effective nuclear wave packet evolving along the potential energy
16
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curve for the ionic state. This simplification, as we shown in the next
chapter, is implemented by the MCWP approach where the nuclear
dynamics is main concern.
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Chapter

the Monte Carlo wave packet
approach
In this chapter, we will present a thorough discussion of the MCWP approach. This method is developed to study multiple ionization of small
molecules. It treats ionization as a decay process by phenomenologically introducing a non-Hermitian term into the system Hamiltonian.
We will start this chapter by presenting to readers the equivalence of
the MCWP method with the master equations.

3.1

Equivalence with the master
equation

We can see from the previous chapter that the Hamiltonian H(t) for a
molecule is Hermitian, so is the electronic Hamiltonian Hel . Thus,
solving the TISE for the electronic Hamiltonian will result in real
~ for the eigenstates |φel i. Non-Hermitian Hamiltoeigenvalues Em (R)
R,m
nian, however, would lead to complex eigenvalues for the eigenstates,
where the real parts correspond to the eigenenergies for the eigenstates and the imaginary parts are related to the decay rates of the
eigenstates. Thus, the complex eigenenergy representation is usually
used to obtain the lifetimes or decay rates of unstable states. These
states have a finite lifetime due to spontaneous relaxation processes
such as spontaneous emission and autoionization. Now we generalize
19
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3. the Monte Carlo wave packet approach
the concept of instability to the states experiencing non-spontaneous
decay processes, e.g., ionization induced by laser. Thus, in this thesis, for the considered states which undergo laser-induced ionization,
their eigenenergies can be also constructed by complex numbers, i.e.,
0 ~
~ where Γm (R)
~ are the R~ and state~ − i Γm (R),
Em
(R) = Em (R)
2
dependent ionization rates. These complex eigenenergies indicate a
new electronic Hamiltonian, i.e.,
Hel0 = Hel −

i XZ ~
el
el
~
~ ~
dRΓm (R)|ψ
R,m ihψR,m | ⊗ |RihR|,
2 m

(3.1)

where the non-Hermitian term in Eq. (3.1) describes the laser-induced
el
ionization from the involved bound electronic states |ψR,m
i. We note
that the laser-induced ionization only accounts for the coupings between the bound and the continuum electronic states. To describe the
coherent couplings between the bound electronic states (coupings between continuum states are neglected), we remain the use of the lasermolecule interaction operator VL (t). The new electronic Hamiltonian
in Eq. (3.1), the nuclear kinetic operator TN and the laser-molecule
interaction operator VL (t) altogether constitute a new non-Hermitian
Hamiltonian H 0 (t), which is the starting point of the MCWP approach,
i.e.,
H 0 (t) = TN + Hel0 + VL (t)
i XZ ~
el
el
~
~ ~
= H(t) −
dRΓm (R)|ψ
R,m ihψR,m | ⊗ |RihR|
2 m
iX †
C Cm .
(3.2)
= H(t) −
2 m m
In the above equation, we rewrite the non-Hermitian term by introducing the quantum jump operators Cm , which specify the transitions
el
el
from the |ψR,m
i states in a given charge state to the |ψR,n
i states in
the charge state with an electron less. The jump operators may be different for different ionization mechanisms. In this chapter, the jump
operators for tunneling ionization are expressed as
Cm =

Z

q

~ Γm (R)
~
dR

X

el
el
~ R|.
~
cn |ψR,n
ihψR,m
| ⊗ |Rih

(3.3)

n

A sum over n in Eq. (3.3) means the final state following tunnel ionization by the strong external field is a coherent superposition of the
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electronic states in the charge state with one electron less. For many
cases, only including one electronic state in the charge state with one
electron less in Eq. (3.3) is a good approximation, i.e., n = 1 and
cn = 1. We note that the tunneling ionization rates of molecules are
not only dependent on the internuclear distances but also on the in~
stantaneous external field. Thus, the tunneling ionization rates Γm (R)
are time-dependent.
The explicit operations of the MCWP approach at each time step
by using the stochastic sampling method are as follows:
1. Propagate the state |Ψ(t)i described by Eq. (2.25) using the
small-time evolution operator U (t + ∆t, t) = exp(−H 0 (t)∆t), i.e,
|Ψ(t + ∆t)i = U (t + ∆t, t)|Ψ(t)i.

(3.4)

Here we choose a very small time step ∆t so that H 0 (t) can be
regarded as a constant within this small time interval.
2. Calculate the drop in the probability after a time step ∆t, i.e.,
dP = hΨ(t)|Ψ(t)i − hΨ(t + ∆t)|Ψ(t + ∆t)i
X
X
†
=
dPm ≈ hΨ(t)|Cm
Cm )|Ψ(t)i∆t,
m

(3.5)

m

where the above approximation is to the first order of ∆t.
3. Determine the quantum jump occurs or not by comparing dP
with a random number . If dP is smaller than , the jump can
not occur and the system remains in the following state
U (t + ∆t)|Ψ(t)i
|Ψ(t + ∆t)i
= q
.
|Ψ(t + ∆t)i = q
(1 − dP )
(1 − dP )

(3.6)

Otherwise, the jump occurs and the new state is
Cm |Ψ(t)i
,
Ψ(t + ∆t)i = q
dPm /∆t

(3.7)

where the choice of the mth channel above depends on a comparison of a new random number η with the branching ratio
dPm /dP . For example, for the case of two states, i.e., m = 1, 2,
el
if η is smaller than dP1 /dP , then the jump occurs from |ψR,1
i
el
state, otherwise, from the |ψR,2 i state.
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4. Continue to the next time step from point 1.
The propagation from the initial state at the beginning to the final
state at the end of the propagation time is called a realization. We
should include many realizations and average over them to obtain the
physical evolution of a system.
We will show in the following the equivalence of the MCWP approach with the master equation in the Lindblad form for a dissipative
process. The density operator at t+∆t is ρ(t+∆t) = |Ψ(t+∆t)ihΨ(t+
∆t)|. Statistically, the average value of this density operator can be
expressed as
|Ψ(t + ∆t)ihΨ(t + ∆t|)
1 − dP
†
X
Cm |Ψ(t)ihΨ(t)|Cm
+
dPm
,
dPm /∆t
m

ρ̄(t + ∆t) = (1 − dP )

(3.8)

with the knowledge that there is a probability of (1 − dP ) that the
√
system is in the |Ψ(t+∆t)i
state and there is a probability of dPm that
1−dP
the state is in the C√mdP|Ψ(t)i
state. By taking Eq. (3.6) into Eq. (3.8), we
m ∆t
can obtain the following equation after neglecting the (∆t)2 term, i.e.,
1X †
C Cm ∆t)ρ̄(t)
2 m m
1 †
†
× (1 + iH(t)∆t − Cm
Cm ∆t) + ∆tCm ρ̄(t)Cm
2
1
†
= ρ̄(t) − i[H(t), ρ̄(t)]∆t − {ρ̄(t), Cm
Cm }∆t
2
¯ †.
+ ∆tCm ρ(t)C
(3.9)
m

ρ̄(t + ∆t) = (1 − iH(t)∆t −

˙ = ρ̄(t+∆t)−ρ̄(t) into the above equation, we can obtain the
Taking ρ̄(t)
∆t
master equation in the Lindblad form
i
†
†
iρ̄˙ = [ρ̄, H(t)] − {ρ̄, Cm
Cm } + iCm ρ̄Cm
.
2
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(3.10)

3.2. Calculation strategy for the deterministic sampling method

3.2

Calculation strategy for the
deterministic sampling method

In the MCWP approach, the evolution equation for the nuclear wave
functions in each charge state can be similarly obtained by projecting
el
the TDSE of the non-Hermitian Hamiltonian H 0 (t) on the hψR,m
|⊗
~ state. After applying the adiabatic approximation, the obtained
hR|
equation for the nuclear motion is similar to Eq. (2.28) except that
~ in Eq. (2.28) is replaced by Em (R) − i Γm (R, t), i.e.,
Em (R)
2
i
∇2R
+ Em (R) − Γm (R, t))χm (R, t)
2µ
2
X
el
el
+
hψR,m |VL (t)|ψR,j iχj (R, t).

iχ̇m (R, t) = (−

(3.11)

j6=m

In the previous section, we have discussed the procedures for the implementation of the MCWP approach when the stochastic sampling
method is applied. An alternative is to apply a much more simplified deterministic method [63]. Here are the explicit procedures for
obtaining the nuclear KER spectrum following double ionization of a
diatomic molecule by using the deterministic sample strategy:
1. Propagate the nuclear wave packet along the potential energy
curves for the electronic states involved according to Eq. (3.11)
in the neutral molecule. The probability in the neutral charge
state Pn (t) is decreasing over time because of ionization. The
first jumps are assumed to occur at every time step. The probability for a jump occurring at a given time step is the ionization
probability within a small time interval ∆t, i.e.,
P1 (t) = Pn (t) − Pn (t + ∆t) =

XZ

dR|χnm (R, t)|2 −|χnm (R, t+∆t)|2 ,

m

(3.12)
where χnm (R, t) is the nuclear wave packet evolving along the
el,n
potential energy curve for the |ψR,m
i state.
2. When the first ionization occurs at t1 , the initial nuclear wave
el,s
packet along the potential energy curve for the |ψR,k
i state in
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the singly ionized molecule can be obtained by from Eq. (3.7)
q

χsk (R, t1 ) = N ck Γnm (R, t1 )χnm (R, t1 ),

(3.13)

where N is introduced to normalize
total wave function in the
P R
s
singly ionized system, i.e., k dR|χk (R, t1 )|2 = 1, and Γnm (R, t1 )
el,n
is the R-dependent ionization rates from the |ψR,m
i state in the
neutral molecule to the singly charged ion at t1 . The appearance of ck in Eq. (3.13) comes from the jump operator Cm in
Eq. (3.3). When several electronic states in the neutral molecule
are involved, there are several first ionization pathways since the
first ionization can take place from each state in the neutral
molecule. The relative probability or branch ratio for a given
el,n
i state is
pathway whose ionization takes place from the |ψR,m
dRΓn (R, t1 )|χnm (R, t1 )|2
.
P1m (t1 ) = P R m n
n
2
m dRΓm (R, t1 )|χm (R, t1 )|
R

(3.14)

Thus, the probability for the first jump occurring at t1 from the
el,n
i state is P1 (t1 ) × P1m (t1 ).
|ψR,m
3. After the first jump at t1 , the nuclear wave packet would evolve
along the potential energy curves for the electronic states in the
singly charged ion according to Eq. (3.11) by using the initial
nuclear wave packet in Eq. (3.13) as the initial condition. The
probability in the singly charged ion Ps (t) is decreasing over time
due to ionization. The probabilities for the second jumps occurring at t2 are similarly obtained by
P2 (t2 ) = Ps (t2 )−Ps (t2 +∆t) =

XZ

dR|χsk (R, t2 )|2 −|χsk (R, t2 +∆t)|2 .

k

(3.15)
The initial nuclear wave packet
along the potential enel,d
ergy curve for the |ψR,j i state at t2 in the doubly ionized molecule
is described by
χdj (R, t2 )

χdj (R, t2 )

q

= M cj Γsk (R, t2 )χsk (R, t2 ).

(3.16)

In the above equation, a similar constant M is introduced to
make the total wave function normalized and Γsk (R, t2 ) represents
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el,s
the ionization rates from the |ψR,k
i in the singly ionized molecule
to the doubly ionized system. Similarly, when there are several
second jump pathways, the relative probability or branch ratio
el,s
for the pathway whose ionization takes place from the |ψR,k
i state
is
R
dRΓs (R, t2 )|χsk (R, t2 )|2
.
(3.17)
P2j (t2 ) = P R k s
s
2
k dRΓk (R, t2 )|χk (R, t2 )|

Thus, the probability for the second jump occurring at t2 via
el,s
i state are P2 (t2 ) × P2m (t2 ).
from the |ψR,k
4. Once the second ionization takes place at t2 , the nuclear wave
packet would propagate along the potential energy curves for the
states in the doubly ionized system according to Eq. (3.11) by
using the nuclear wave packet in Eq. (3.16) as the initial condition. The nuclear wave packets in the doubly ionized molecule
at the end of laser pulse, i.e., χdj (R, te ) with j = 1, 2, ..., are projected on the eigenstates χE,j (R) of the potential energy curves
el,d
i states to obtain the nuclear KER spectrum for a
for the |ψR,j
deterministic realization, i.e.,
pE (m, t1 , k, t2 ) =

X Z

|

dRχE,j (R)χdj (R, te )|2 .

(3.18)

j

The final nuclear KER spectra can be obtained by summing over
the contributions from the realizations, also called trajectories,
at different first and second jump times, and from different first
and second jump pathways, i.e.,
PE =

X

P1 (t1 )P1m (t1 )P2 (t2 )P2k (t2 )pE (m, t1 , k, t2 ). (3.19)

m,t1 ,k,t2

3.3

Approximations and simplifications

We have adopted a series of approximations and simplifications in the
MCWP approach. We first summarize the approximations in the following:
1. the dipole approximation, we have applied the dipole approximation by using the laser-molecule interaction operator in
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Eq. (2.4). The dependence of the external field on the spatial
coordinates can be neglected when the scale of small molecules
is much smaller than the wavelength of the applied laser pulse.
2. the Born-Oppenheimer approximation, we have applied this
approximation to assume the total wave function as a product
of the nuclear wave function and electronic wave functions, see
Eq. (2.25). This is reasonable when the electronic dynamics is
much faster than the nuclear dynamics.
3. the adiabatic approximation, this means that we ignore the
change of the electronic states on the nuclear motion, see Eq. (2.28).
The electronic states remain the same order. For example, if the
system is initially in the ground electronic state at a given internuclear distance, when the nuclei move to another internuclear
distance, the electronic state is still the ground state of the new
electronic Hamiltonian.
4. the Born-Markov approximation, when the electron is removed from the molecule, it is immediately absorbed by the
(imaginary) detector so that rescattering of the electron by the
external field is not included in our simulation. The unidirectional loss of electrons to the surroundings is described by the
non-Herimitian term in the Hamiltonian in Eq. (3.2).
5. the quasi-static approximation in obtaining the tunneling
ionization rates, tunneling ionization rates in an slowly oscillating field is assumed to be dependent on the instantaneous field
strength.
The simplifications are summarized as follows:
1. neglecting the mass-polarization term in the Hamiltonian, this
term is much smaller than the electronic kinetic energy operator
and thus it can be neglected, see Eq. (2.15).
2. assuming the molecules are rotationally frozen, this assumption
is reasonable since the rotational motion of molecules are usually
much slower than the vibrational motion. It greatly simplify the
~ to the scalar R.
problem by reducing the three dimensional R
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3. assuming the laser polarization direction parallel to the molecular
axis throughout this thesis

3.4

Applications of the MCWP
approach

The MCWP approach was applied to to study dissociative double ionization of small diatomic molecules such as H2 interacting with laser
pulses at visible or near-infrared wavelengths [53–55] and O2 interacting with UV pulses [56]. We have extended this method to study dissociative double ionization of H2 interacting with intense mid-infrared
laser pulses [60]. In addition, we have applied this method to study
the nuclear dynamics in the singly excited states in H2 by using XUVpump-IR-probe spectroscopy [61]. This method can be further extended to study triple ionization of small molecules, which is beyond
the capacities of many quantum methods, as shown in Chapter 5. We
can easily apply this method to study multiple ionization in other
diatomic molecules when the potential energy curves, electronic ionization rates and dipole moment functions are available in literature.
The MCWP approach is appropriate to simulate multiple ionization
of small molecules in the cost of lack of information for the electrons
removed from the molecular system. It provides a unique possibility
to conduct a trajectory analysis of the features in the nuclear KER
spectrum to obtain the origins of the features.
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Chapter

Dissociative single or double
ionization of H2
In this chapter, we apply the MCWP approach to simulate dissociative
single or double ionization of H2 when exposed intense laser pulses.
Before we present the nuclear KER spectra following double ionization
of H2 at different laser parameters, we first explicitly describe how to
obtain the individual trajectories by the MCWP method.

4.1

Implementation of the MCWP
method to double ionization of H2

When we consider double ionization of H2 , three charge states are
++
involved, i.e., H2 , H+
2 and H2 : the first ionization takes the neutral
+
H2 to the singly charged H2 and the second ionization takes H+
2 to
++
the doubly charged H2 . We first obtain the evolution of the nuclear
packets in the neutral H2 by solving Eq. (3.11). The probability in H2
decreases over time due to laser-induced ionization. Different from the
deterministic method discussed in Chapter 3, where the ionization is
assumed to occur at every time step, we attempt to adopt a smarter
sampling method to reduce the computational cost: we take advantage
of the gradually decreased probability in H2 as a function time to pick
up the first jumps. Here are the methods for different cases:
29
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1. If the ionization probabilities within a time interval ∆t around
the field extrema are locally largest. The jumps are assumed to
occur at the instants of the field extrema. They jumps are evenly
separated in time by half a laser cycle and their probabilities are
represented by the ionization probabilities within a small time
interval ∆t according to Eq. (3.12). This sampling strategy to
gather the first jumps was applied in Ref. [53–55, 60].
2. If the locally largest ionization probabilities within a time interval
∆t do not appear at the instants for the field extrema. The jumps
are still assumed to occur at the instants with locally largest
ionization probabilities within a small time interval. Since these
jump times are not necessarily equally separated in time, it is
unfair to treat their probabilities as the ionization probabilities
within a time interval ∆t for all the jump. For a given jump
occurring at t1 , we can find the instants tL and tR for the two
adjacent locally smallest ionization probabilities within a time
interval ∆t. tL and tR are left and right to t1 , respectively. The
probability for the jump at t1 is taken by the sum of the ionization
probabilities within a time interval ∆t at the instants from tL to
P
tR , i.e., P1new (t1 ) = ttRL P1 (t). This sampling method to pick up
the first jumps was applied in Ref. [61].
3. If the ionization probabilities within a small time interval do
not dramatically change for a relatively long time, e.g., for an
autoionization process, the jumps are simply assumed to occur
at every several time steps. The probability for a given first jump
is the ionization probability within a small time interval at that
jump time.
Once the first ionization occurs, we continue to propagate the nuclear
wave packets in H+
2 until the second ionization takes place. The nuclear
dynamics in H+
is
induced thus we assume the second jumps taking
2
place at every several time steps. After the second ionization, the
nuclear wave packets would propagate to large internuclear distances
due to the repulsion energy of 1/R between two two protons. To
obtain the KER of the two protons, it is not necessary to project the
nuclear wave packet in H++
at very large internuclear distances on the
2
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H2
Coulomb waves χE (R) satisfying the following TISE, i.e.,
(TN +

1
)χE (R) = EχE (R).
R

(4.1)

Instead, we can project directly the normalized initial wave packet in
to the above Coulomb waves, since the probabilities of the individH++
2
ual Coulomb waves remain unchanged over time during the evolution
of the nuclear wave packet in H++
according to the TDSE for the
2
++
nuclear motion in H2
iχ̇c (R, t) = ((TN +

1
))χc (R, t).
R

(4.2)

Summing over the contributions from the trajectories at different first
and second jump times according to Eq. (3.19), we can obtain the
nuclear KER spectrum following double ionization H2 interacting with
intense laser pulse. In the following part, the influences of the laser
parameters such as peak intensity, pulse duration, central wavelength
as well as nuclear mass on the nuclear KER spectra, are investigated
following double ionization of H2 .
Numerically, within charge state, we solve Eq. (3.11) by applying
the split-operator method [64, 65] on the short-time propagator, i.e.,
∆t
∆t
)exp(−iV (R, t +
)∆t)
2
2
∆t
× exp(−iTN ),
2

U (t + ∆t, t) = exp(−iTN

(4.3)

2

1 d
with TN = − 2µ
and V (R, t) = M (R) + βD(R)F (t). The madR2
trix M (R) is diagonal with diagonal elements Mmm (R) = Em (R) −
i
Γ (R, t) and the matrix elements of D(R) are the electric dipole mo2 m
el
el
ment functions Dmj (R) = hψR,m
|r|ψR,j
i.
The size of our simulation box for dissociative ionization of H2
is 40.96. The time step ∆t is 1 and the spatial step ∆R is 0.02.
) is diagonal in the momentum representation.
The matrix exp(−iTN ∆t
2
Thus, the fast Fourier transformation from position to momentum and
vice versa is implemented to speed up solving Eq. (3.11).
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4.2

Nuclear KER spectra at near- and
mid-IR wavelengths
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Figure 4.1: Potential energy curves involved when we consider H2 interacts with laser pulses at IR wavelengths. They are the potential
energy curves for the ground state in H2 , for the ground 1sσg and first
excited 2pσu states in H+
2 and the 1/R curve for the two protons in
++
H2 , respectively.
Double ionization of the hydrogen molecule by femtosecond laser
pulses at the near-infrared wavelengths has been studied for over two
decades [57, 66–69]. Due to the limited accessibility of the mid-infrared
laser sources, the interaction of H2 with laser pulses at mid-infrared
wavelengths has barely been investigated [70]. Therefore, we apply the
MCWP method to study dissociative double ionization of H2 interacting with femtosecond mid-infrared laser pulses [60]. Laser-induced
ionization by infrared wavelengths works in the tunneling ionization
regime when the Keldysh parameter is smaller than 1. In H2 , the first
excited electronic state is well separated from the ground electronic
state: the energy separation between these two states is over 10 eV in
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the Franck-Condon region. Thus, laser-induced couplings between the
ground state and the excited states in H2 by the IR laser pulses can be
neglected. It is reasonable to only include the ground electronic state
in H2 in our simulation. After tunneling ionization from the ground
state in H2 , the ground and first excited states in H+
2 , i.e., the 1sσg and
2pσu states, can be coherently populated. Thus we can only include
the 1sσg and 2pσu states in H+
2 in our simulation. The applied laser
pulse can also induce couplings between these two states and simultaneously induce tunneling ionization from the two states leading to
Coulomb explosion. In H++
2 , the repulsion energy between two protons is 1/R. The potential energy curves for the states involved in the
simulation are plotted in Fig. 4.1. The data for the potential energy
curves for the electronic states in H2 and H+
2 are taken from Ref. [71].
The dipole moment functions between the 1sσg and 2pσu states are
taken from Ref. [72]. The tunneling ionization rates from the ground
state in H2 are obtained by using the weak field asymptotic theory
[73, 74]. The tunneling ionization rates from the two states in H+
2 are
obtained by interpolation and extrapolation of the rates available in
Ref. [75]. Charge-resonance enhanced ionization (CREI) in the 2pσu
state in H+
2 is observed in Ref. [75], e.g, enhanced ionization at around
R = 7 a.u. and R = 11 a.u. for a field strength of 0.04 a.u.. According
to Eq. (3.7), theqinitial states in H+
be expressed (without nor2 can q
malization) as cg Γh (R, t)χg (R, t1 )|gi + cg Γh (R, t)χu (R, t1 )|ui. Here
Γh (R, t) is the time-dependent ionization rate from the ground state
in H2 , and |gi and |ui denotes the 1sσg and 2pσu states. cg and cu are
take from Ref. [76]. The initial nuclear wave packet in H++
after the
2
second jump can be easily obtained according to Eq. (3.16) by taking
j = 1 since there is only one state in H++
2 .

Influences of laser parameters
In this section, we will investigate the influence of laser parameters on
the nuclear KER spectra following double ionization of H2 . The external laser field has a Gaussian envelope and its electric field component
is
!


2 ln 2(t − tc )2
F (t) = FIR0 exp −
×
cos
ω
(t
−
t
)
,
IR
c
2
TIR
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where FIR0 is the peak field strength, TIR is the pulse duration (FWHM)
and tc = 1.5TIR . We present the nuclear KER spectra for laser pulses
at four different wavelengths, i.e., 800, 1600, 3200 and 6400 nm, in
Fig. 4.2. The pulse duration TIR for the four laser pulses is fixed at
64 fs and the peak intensity of these pulses is 6 × 1013 W/cm2 (corresponding to a field strength of FIR0 = 0.0413). For all the wavelengths,
we observe signal peaks at similar KER positions, i.e., KER ≈ 10 and
4 eV. From the simple reflection principle, i.e., KER ≈ 1/R, we can
relate the formation of the peaks around these two KER values in the
nuclear KER spectra to nuclear motion as follows:
1. the signals peaks at around 10 eV are mainly from the nuclear
wave packets at around R = 27.2/10 = 2.72 a.u.. This position
is close to the outer turning point of the nuclear wave packets
evolving along the 1sσg curve in H+
2 when the initial nuclear wave
packet centers at around 1.4 a.u..
2. the signals peaks at around 4 eV are mainly from the nuclear
wave packets at around R = 27.2/4 = 6.8 a.u., which is close to
the first CREI position at around R = 7 a.u. in the 2pσu state
for the considered peak intensity.
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Figure 4.2: Nuclear KER spectra following double ionization of H2
interacting with laser pulses at four different wavelengths, i.e., 800,
1600, 3200 and 6400 nm. The pulse duration (FWHM) is fixed at 64
fs and the peak intensity is fixed at 6 × 1013 W/cm2 .
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We can also see from Fig. 4.2 that the relative intensities of the peaks
at around 10 eV slightly increases when the wavelength is increased
from 800 to 6400 nm. This feature can be understood by the fact that
a smaller part of the nuclear wave packet along the 2pσu curve in H+
2
can reach the first CREI position of R = 7 for a longer wavelength.
The one-photon resonance position between the 1sσg and 2pσu states
in H+
2 is larger for a longer wavelength. It is beyond the outer turning
point of the 1sσg curve at around R = 3 for the infrared wavelength. It
is more unlikely for the nuclear wave packet along 1sσg curve reaching
the one-photon resonance position for a longer wavelength. Thus, for a
longer wavelength, there is a smaller part of nuclear wave packet along
the 2pσu curve at around R = 7, which comes from couplings between
1sσg and 2pσu states in H+
2 at the one-photon resonance position.

Figure 4.3: Results obtained by conducting a trajectory analysis to
the peaks at around 10 and 4 eV for the 1600 nm case in Fig. 4.2.
Contributions from the individual trajectories at different first and
second jump times, i.e, t1 and t2 , to the peaks at around 10 eV (a) and
4 eV (c). Transformation of (a) and (c) to (b) and (d), respectively,
by replacing the t2 axis with a new t2 − t1 axis.
One unique possibility of the MCWP approach is to carry out a
trajectory analysis to obtain the origin of the features of interest in the
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nuclear KER spectra. A trajectory analysis to a given feature in the
nuclear KERR spectrum can tell us information about the dominant
trajectories including the first and second jump times, i.e., t1 and t2 ,
and the states where the second jump takes place. In the following,
we will conduct a trajectory analysis to the peaks at around 10 and
4 eV for the 1600 nm case in Fig. 4.2. We show the contributions
(probabilities) of the individual trajectories, whose second jumps take
place from the 2pσu state in H+
2 , to the two peaks in Figs. 4.3(a) and
(c), respectively. The much smaller contributions of the trajectories
whose second jumps take place from the 1sσg state in H+
2 are not
presented here. In Figs. 4.3(a) and (c), the probabilities from the
trajectories are distributed along titled parallel lines, each of which
corresponds to an identical evolution time in H+
2 , i.e., t2 − t1 .
+
The initial nuclear wave packets in H2 after the first jumps are
very similar in spite of different first jump times. This fact results in
that the nuclear dynamics in H+
2 is mainly determined by the evolution
+
time in H2 . Therefore, we make a transformation of Figs. 4.3(a) and
(c) to Figs. 4.3(b) and (d), respectively, by replacing the t2 axis with
t2 −t1 . From Figs. 4.3(a) and (c), we can see that for the trajectories at
a given t1 , their probabilities oscillate as a function of t2 with a period
of half a laser cycle. The large (small) probability for a given trajectory
originates from that its second jump taking place at instants when the
instantaneous field strength is large (small) due to large (small) laserinduced ionization rates. For the trajectories at a given t2 , we do not
observe a similar oscillatory behavior of the probabilities as a function
t1 since the first ionization is assumed to only take place at the instants
for the field extrema.
It is clearly shown in Figs. 4.3(b) and (d) that the evolution time
in H+
2 for the most dominant trajectories are around t2 − t1 = 300 and
1200 a.u. for the peak at 10 eV and around t2 − t1 = 1000 a.u. for
the peak at 4 eV. From the reflection principle, we aware that the two
peaks at 10 and 4 eV mainly comes from trajectories whose nuclear
wave packets evolving along the 2pσu curve in H+
2 are at around R = 3
and R = 7 when the second jumps occur. Thus, it takes the nuclear
wave packet in H+
2 about 300 a.u. to reach the internuclear positions
of the outer turning point at around R = 3 for the first time and about
1200 a.u. to reach the internuclear positions at around R = 3 for the
second time. The difference between them, i.e., 1200 − 300 = 900 a.u.,
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reflects that the vibrational period of the nuclear wave packet along
the 1sσg state in H+
2 is around 900 a.u. = 22 fs. For the peak at 4 eV,
it takes about 1000 a.u. for the nuclear wave packet to reach the first
CREI region at around R = 7.
We can read from Figs. 4.3(a) and (c) the information about the
most dominant trajectory for the peak at 4 eV: the first jump occurs at
t1 = 3806 a.u. and the second jump occurs at t2 = 4719 a.u.. For the
peak at 10 eV, the information about the most dominant trajectory
is that the first jump takes place at t1 = 3938 a.u. and the second
jump at t2 = 4231 a.u.. The difference of the first times for these two
trajectories is half a laser cycle. We present in Figs. 4.4(a) and (b) the
evolution of the nuclear wave packet along the 1sσg and 2pσu curves in
H+
2 when the first jump takes place at t1 = 3806 a.u.. In addition, we
show in Figs. 4.4(c) and (d) the initial nuclear wave packets (without
normalization) in H++
for the second jumps taking place from the σg
2
and 2pσu curves when the first jump occur at t1 = 3806 a.u.. We can
see that the probabilities of the initial nuclear wave packets for the
trajectories whose second jumps take place from the 2pσu state are
several order larger than that for the trajectories whose second jumps
take place from the 1sσg state.
We can clearly see from Fig. 4.4(a) that the vibrational period
of the nuclear wave packet evolving along the 1sσg curve is around
900 a.u. = 22 fs, which agrees very well to the result obtained from
the above trajectory analysis. We can also see from Fig. 4.4(b) the
nuclear wave packet evolving along the 2pσu curve can reach around
R = 7 at t2 = 4719 a.u.. Due to the CREI at around R = 7, the
large probabilities of the initial nuclear wave packet at around R = 7
in H++
can be observed at t2 = 4719 a.u. in Fig. 4.4(d). It is the
2
large signals at around R = 7 in Fig. 4.4(d) that eventually result in
the appearance of the peak at around 4 eV in the considered nuclear
KER spectrum. The signals at around R = 3 in Fig. 4.4(d) leads to
the peak at around 10 eV in the nuclear KER spectrum.
We will investigate the influence of the pulse duration of the applied laser pulse on the nuclear KER spectra. We show the results in
Fig. 4.5 for two wavelengths of 1600 nm and 6400 nm. A systematical
study of the dependence on the duration for several wavelengths has
been performed in a recent article [60]. From Fig. 4.5, we can observe
that the nuclear KER spectrum moves to smaller KER values when
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Figure 4.4: Evolution of the nuclear wave packets along the 1sσg (a)
and 2pσu (b) curves in H+
2 when the first jump occurs at t1 = 3806
a.u.. The initial nuclear wave packets in H++
for the second jumps
2
taking place from the 1sσg (c) and 2pσu (d) curves at varying second
jump times when the first jump occurs at t1 = 3806 a.u..

the pulse duration is increased. A larger pulse duration can induce the
ionization from H+
2 at larger internuclear distances when the nuclear
wave packet evolves along the 2pσu curve in H+
2 . The ionization from
+
H2 at larger internuclear distances would result in signals at smaller
KER values. We can also observe several peaks at similar KER positions in the nuclear KER spectra at the same wavelength in Fig. 4.5.
The KER of H++
is made up of two parts: the kinetic energy obtained
2
in H+
and
the
Coulomb
repulsion energy between the two protons. The
2
kinetic energy obtained along the 2pσu curve in H+
2 is determined by
the position for the one- or three- photon resonance between the two
states in H+
2 and the position where the second jump takes place. The
internuclear position for the one- or three-photon resonances between
the two states in H+
2 is only dependent on the wavelength. For H2
interacting with relatively long pulses, there is a large probability that
the second jumps take places at the CREI regions. The trajectories
whose second jumps take place from the CREI regions would result in
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Figure 4.5: Nuclear KER spectra following double ionization of H2
when exposed to laser pulses at (a) 1600 nm and (b) 6400 nm for
different pulse durations. The pulse duration (FWHM) is expressed
by the number of laser cycles. The peak intensity is fixed at 6 × 1013
W/cm2 .

signals at similar KER positions for the pulses at the same wavelength,
since both the kinetic energy obtained in H+
2 and the Coulomb repulsion energy between the two protons are similar. The peaks at very
low KER values, i.e., about 1.5 eV, in Fig. 4.5 results from the trajectories whose the evolution time in H+
2 is sufficient long so that large
ionization at internuclear distances beyond the CREI region of R = 11
can take place. A trajectory analysis of this peak has been conducted
in Ref. [60]. The peaks at around and 10 eV have similar origins as
we discussed before. For the 6400 nm case, the peaks at around 3
eV are from trajectories whose nuclear wave packets in H+
2 reach the
second CREI position at around R = 11 a.u. for the considered peak
intensity.
We turn to study the influences of the peak intensity on the nuclear
KER spectra. In a previous work [54], H2 interacting with 40-fs laser
pulses at 800 nm with increasing peak intensity from 0.4 to 0.7 ×1014
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Figure 4.6: Nuclear KER spectra following double ionization of H2
when exposed to laser pulses at (a) 800 nm and (b) 3200 nm with
the peak intensities ranging from 0.6 to 1.8×1014 W/cm2 . The pulse
durations (FWHM) are 40 fs for the 800 nm pulses and 53 fs for the
3200 nm pulses, respectively.

W/cm2 was studied by the MCWP approach. Now we extend the study
of H2 interacting with pulses at much larger peak intensities for the 800
nm wavelength and with pulses at a mid-IR wavelength of 3200 nm.
The pulse durations for the 800 nm case is 15 laser cycles (40 fs) and
for the 3200 nm case, it is 5 laser cycles (40 fs). In Ref. [54], the nuclear
KER spectra move to smaller KER values when the peak intensities
are increased from 0.4 to 0.7 ×1014 W/cm2 . The nuclear KER spectra,
however, moves oppositely, i.e., to larger KER values, when we increase
the peak intensities from 0.9 to 1.8 ×1014 W/cm2 in Fig. 4.6(a). This
also applies to the mid-IR wavelength in Fig. 4.6(b). The shift of the
nuclear KER spectra to smaller KER values in Ref. [54] is ascribed
to the fact that an increase of the peak intensity of a laser pulse is
equivalent to an increase of the pulse duration. This is true when the
applied laser field is relatively weak, i.e., the loss of the probability in
H+
2 continues gradually until the end of the laser pulse. However, when
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the peak intensity is sufficiently large, the most loss of the probability
in H+
2 takes place within a short time. Thus, for a larger peak intensity,
the nuclear wave packet in H+
2 reaches smaller internuclear distances
when the second ionization occurs, which results in signals at larger
KER values, see Fig. 4.6. A similar shift of the nuclear KER spectra
to slightly larger KER values was observed when the peak intensity
was increased from 1 to 5 ×1014 W/cm2 in an experiment where D2
interacting with 100-fs pulses at 600 nm was studied [77].

Influences of nuclear mass
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Figure 4.7: Nuclear KER spectra following double ionization of H2 and
D2 interacting with laser pulses at 3200 nm for three pulse durations,
i.e., 5, 10 and 21 cycles. The peak intensity is fixed at 0.6×1014 W/cm2 .
In addition to the laser parameters, the nuclear mass has an effect
on the nuclear dynamics. Generally speaking, the heavier the nuclei
are, the more slowly they can move, and the slower the nuclear dynamics is. We will study the isotope effect on the nuclear KER spectra.
The isotope effect has been studied at near-IR wavelengths [57] and we
will extend the study to mid-IR wavelengths. We present the nuclear
KER spectra following double ionization of H2 and D2 at a mid-IR
wavelength of 3200 nm in Fig. 4.7 for three different pulse durations,
i.e., 5, 10 and 21 cycles. At a given pules duration, the nuclear KER
spectrum for D2 moves to larger KER values compared to that for H2 .
The shifts are more apparent for shorter pulse durations. The signals
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at around 3 and 4 eV in Fig. 4.7 mainly come from trajectories whose
second jumps occur the two CREI regions at R = 7 and R = 11,
respectively.

4.3

Nuclear KER spectra in an
XUV-pump-IR-probe setup
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Figure 4.8: Potential energy curves for the electronic states as a func1 +
tion of R. They are the curves for the six lowest states of 1 Σ+
g and Σu
symmetries in H2 , the curves for the ground and first excited states in
++
H+
2 and the 1/R Coulomb in H2 , respectively.
In the former section, we studied the interaction of H2 with single
IR laser pulses. Double ionization of H2 (D2 ) by laser pulses in a pumpprobe setup has been studied by many works [60, 78, 79]. The pump
pulse is applied to initiate the dynamics in molecules and the probe
pulse is applied to take the snapshots of the dynamics in real time.
The XUV-pump-IR-probe setup has been applied to study nuclear
dynamics in the singly excited states in H2 by obtaining the nuclear
KER spectra following single ionization of H2 [80–82]. In this section,
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we will apply MCWP approach to study the nuclear dynamics in the
singly excited states in H2 following single and double ionization of H2
by using the XUV-pump-IR probe spectroscopy. The central frequency
of the XUV pulse is chosen to make the lowest singly excited state of
1 +
Σu symmetry resonantly excited in the Franck-Condon region, i.e.,
ωXUV = 0.46 a.u.. The IR pulse can induce couplings between the
singly excited states in H2 . It can also induce the first ionization from
the states in H2 to H+
2 and the second ionization from the states in
+
++
H2 to H2 . Couplings between the two states in H+
2 are also induced
by the IR laser pulse. The potential energy curves for the electronic
states involved in our simulation are plotted in Fig. 4.8. They are
the potential energy curves for the six lowest electronic states of 1 Σ+
g
+
symmetries,
for
the
1sσ
and
2pσ
states
in
H
,
and
the
1/R
and 1 Σ+
g
u
2
u
curve in H++
2 . The energies for the ground and excited states of H2 are
taken from ab initio calculations [83, 84]. The peak intensity of the
XUV (IR) laser pulses is 1 × 1012 W/cm2 (0.6 × 1012 W/cm2 ). The
central wavelength of the IR pulse is 2400 nm. The XUV pulse has
a sin-square envelope and the IR pulse has a Gaussian envelope. The
electric fields for the XUV and IR pulses are
FXUV (t) = FXUV0 sin
FIR (t) = FIR0 exp

2

πt
TXUV

!

sin(ωXUV t),

2 ln 2(t − τ − TXUV /2)2
−
2
TIR


!



× cos ωIR (t − τ − TXUV /2) ,

(4.4)

respectively. TIR (TXUV ) is the pulse duration (FWHM) of the IR
(XUV) pulse. The pulse duration of the IR pules is fixed at 3 laser cycles. The tunneling ionization ratesq
from the excited states H2 are approximated by Γm (R, t) = exp(−2[ Im (R)]3 /[3FIR (t)]), where Im (R)
are the R-dependent ionization potentials for the excited states. The
dipole moment functions between electronic states are been obtained
through a configuration-interaction calculation for H2 [85].
In the MCWP method, we obtain the nuclear dynamics by solving
Eq. (3.11) in each charge state, respectively. The initial nuclear wave
++
packets in H+
can be similarly obtained as described in the
2 and H2
previous section. To simulate single ionization of H2 , two charge states,
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Figure 4.9: Nuclear KER spectra following single ionization of H2 as
a function of delay when an XUV-pump-IR-probe setup is applied.
Contributions from the nuclear wave packets along the 1sσg (a) and
2pσu (b) curves. The pulse duration of the XUV pulse is 3 cycles.

i.e., H2 and H+
2 , are involved. Since there are 12 electronic states in H2
involved in our calculation, the matrix of M (R) and V (R) in the small
time propagator for H2 are 12 by 12. We will present the nuclear KER
spectra as a function a delay following single and double ionization
of H2 by applying the second sampling method in Sec. 4.1 to gather
the first jumps. The second jumps are assumed to take place at every
several time steps when we simulate double ionization of H2 .

Single ionization channel
For single ionization of H2 , a trajectory is specified by its first jump
time t1 and the state from which the first jump takes place. There
are 12 first jump pathways. By projecting the nuclear wave packets
χm (R, te ) (with m = g, u) at the end of the IR laser pulse along the
1sσg and 2pσu curves in H+
2 for a given trajectory on the corresponding
eigenstates χEm (R) for the two curves, one can obtain the nuclear KER
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spectrum of H+
2 for that trajectory, i.e.,
pEm = |

Z

dRχEm (R)χm (R, t2 )|2 .

(4.5)

with m = g, u. The total nuclear KER spectrum can be obtained by
summing over the nuclear KER spectra for all the individual trajectories in H+
2 , i.e.,
PE (k, t1 ) =

X
k,t1

P1 (t1 )P1k

X

pEm ,

(4.6)

m=g,u

where P1 (t1 ) is the total jump probability for the first jumps occurring at t1 and P1k are the relative probabilities for different ionization
pathways. We should note that the first jump probability P1 (t1 ) relies
on the sampling method.
We show in Fig. 4.9 the nuclear KER spectra following single ionization of H2 as a function of delay when an XUV-pump-IR-probe
setup is applied. The pulse duration of the applied XUV pulse is 3
cycles. After absorption of a photon from the XUV pulse, the nuclear
wave packets along the singly excited states of 1 Σ+
u symmetry in H2 are
created. The IR pulse couples the excited states together since they
are close with each other. The nuclear wave packets can move to large
internuclear distances along the potential energy curves for the excited
states in H2 . For the nuclear wave packets at large internuclear distances, the initial state in H+
2 following the first ionization would not
prefer to one of two states in H+
2 since they are almost degenerate at
large internuclear positions, i.e., |cg |2 ≈ |cu |2 . Different from the double ionization channel, for the single ionization channel, contributions
to the nuclear KER spectra from the nuclear wave packets along the
1sσg curve are comparable to that from the 2pσu curve [Figs. 4.9(a)
and (b)].
From Fig. 4.9, we can see a periodical enhancement of the signals
at KER values smaller than 0.5 eV. This period is around 30 fs, which
results from the vibrational motion of the nuclear wave packets along
the singly-excited states in H2 . There are several energy decreasing
branches at delays smaller than 40 fs at Figs. 4.9(a) and (b), showing
that the nuclear wave packets in the excited states move to larger
internuclear distances.
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Figure 4.10: Results taken from Ref. [61]: nuclear KER spectra following double ionization of H2 within the XUV-pump-IR-probe setup
when the XUV pulses are 1 (a), 3 (b) and 5 (c) cycles, respectively.
(d) Ratios between the signals on the energy decreasing branches and
the total yield for the three XUV durations as a function of delay.

The MCWP approach is particularly useful in simulating multiple ionization process. In this section, the nuclear KER spectra as a
function of delay following double ionization of H2 are presented in
Fig. 4.10. The results are for three XUV pulse durations, which are
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taken from our recent work [61]. We will summarize the main features
in Fig. 4.10 and their origins in the following:
1. enhancements of the signals at KER values around 4 eV appearing at delays around 40, 70 and 100 fs. A detailed analysis in
Ref. [61] shows us that this 30-fs period corresponds to the vibrational period of the nuclear wave packet evolving along the
potential energy curve for the B1 Σ+
u state in H2 .
2. periodical enhancements of the signals appearing at delays smaller
than 30 fs. This period is half an IR laser cycle. The structure
becomes clearer for larger XUV pulse durations and it originates
from the AC Stark effect. When the IR field is strong (weak) at
the overlap between the ultrashort XUV pulse and the IR pulse,
the Stark shift of the B+ Σ+
u state is large (small). Thus, the excitation from the ground state to the B+ Σ+
u state in H2 is small
(large) because the two states are off-resonant (resonant) with
the XUV pulse.
3. an energy decreasing branch moving from around 2 to 1 eV for
delays larger than 50 fs. The signals in this branch come from the
nuclear wave packet reaching internuclear distances larger than
R = 15 a.u.. The nuclear wave packets at such large internuclear
distances come from the dissociating part of the nuclear wave
packet along the potential energy curve for the B31 Σ+
u state. This
branch becomes relatively less important for a larger XUV pulse
duration, which results from that there is a relatively smaller
population transfer from the ground state to the B31 Σ+
u state
when the XUV pulse is larger.

4.4

Nuclear KER spectra when
autoionization from doubly excited
states is involved

In the previous section, we investigated the nuclear dynamics when the
singly excited states in H2 are involved. Now we will study the influences of the the doubly excited states in H2 on the nuclear dynamics.
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We still take the example of the simplest molecule of H2 . A doubly
excited state is a state where two electrons in the system are excited simultaneously. The doubly excited states in atoms stay beyond the first
ionization threshold. In molecules, however, the doubly excited states
may be below the first ionization threshold at certain internuclear distance regions. The singly excited states in atoms and molecules can
decay to the more stable states via the radiation or non-radiation relaxation processes. In addition, vibrational autoionization [86, 87] may
take place from the very highly excited states in molecules by converting the vibrational energy of the ion core to the kinetic energy of the
outgoing electron. The doubly excited states in atoms and molecules
can decay to more stable states by electron emission. This autoionization process may be a dominant relaxation process since it occurs
much faster than the radiation or non-radiation relaxation processes.
The evidences of doubly excited states in the hydrogen molecules
were provided by electron impact experiments [88, 89]. The doubly excited states can be also reached by absorption of one energetic photon
from the external field [90, 91]. The doubly excited states in molecules
can not only autoionize but also dissociate into two neutral nuclei. It
was the doubly excited states in H2 that resulted in the comparatively
large ratio between H+ and H+
2 at the 26 eV photon energy [92]. Ab
initio calculations have been conducted to obtain the potential energy
curves and the corresponding autoionization rates for the doubly excited states [93–96]. There are series of doubly excited states. For
example, the Q1 series are the doubly excited states lying between
the first single-ionization threshold and the second single-ionization
threshold and the Q2 series are made up of the doubly excited states beyond the second single-ionization threshold and below the third singleionization threshold.
In this thesis, we apply the MCWP approach to study the influence
of doubly excited states on the nuclear KER spectra of H+
2 following
photoionization of H2 interacting with intense XUV pulses. The initial
state is the ground state in H2 , i.e., X 1 Σ+
g (v = 0). Within the FrankCondon region, the ionization potentials for the ground state in H2
to the first and second single-ionization thresholds, i.e., the 1sσg and
2pσu states in H+
2 , are around 18 and 30 eV, respectively. We show the
potential energy curves for the above mentioned states in Fig. 4.11.
After absorbing one photon with an energy larger than 18 eV and
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Figure 4.11: Potential energy curves for the ground electronic state
in H2 , for the ground and first excited states in H+
2 and for selected
1 +
1 +
Q1 Σu [94] and Q2 Σu [95] doubly excited states in H2 .

smaller than 30 eV, photoionization to the 1sσg state in H+
2 is allowed.
In addition to this direct ionization channel, first excitation to the
the Q1 DESs and then autoionization to the 1sσg state in H+
2 is also
possible. Due to the fact that the laser polarization is assumed to be
parallel to the molecular axis throughout this thesis, excitation to the
Q11 Σ+
u doubly excited states by the one-photon absorption is allowed
according to the selection rule. We have also plotted the potential
energy curves for the Q11 Σ+
u DESs in Fig. 4.11. When the photon
energy is increased over 30 eV, a new direct ionization channel, i.e.,
photoionization to the 2pσu state in H+
2 , and excitation to the Q2 DESs
are allowed. The potential energy curves for the Q12 Σ+
u DESs are also
plotted in Fig. 4.11.
In this thesis, we will focus on the interaction of H2 with XUV
pulses at a central photon energy ranging from 25 to 28 eV. Thus,
direct ionization to the 1sσg state and excitation to the Q11 Σ+
u states
by absorption of one photon from the XUV pulse are allowed. As a
result, three channels are involved:
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−
• H2 +~ω → H+
2 (1sσg ) + e , direct ionization
+
−
• H2 +~ω → H∗∗
2 (Q1 ) → H2 (1sσg ) + e , autoionization
∗
• H2 +~ω → H∗∗
2 (Q1 ) → H(1s)+H , dissociation

We can see from Fig. 4.11 that the potential energy curves for the Q1
DESs are repulsive and they cross with the potential energy curve for
the 1sσg state in H2 at certain critical internuclear positions. The nuclear wave packets along the potential energy curves for the Q1 DESs
move very fast. Autoionization from the DESs takes place at internuclear distances left to the crossing points. If there are nuclear wave
packets evolving along the potential energy curves for the Q1 DESs beyond the crossing points, dissociation of H2 into two neutral H atoms,
i.e., one is in the ground state and the other is excited, is allowed.
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Figure 4.12: Nuclear KER spectra following single ionization of H2
when interacting with XUV pulses at different photon energies. The
signals at negative energies corresponds to the vibrational distribution
for H2 + and the signals at positive energies to the proton kinetic energy
distribution.
As we see in Fig. 4.11, the Q11 Σ+
u states are very close to each other,
the one-photon absorption would result in a coherent superposition of
these states. The more states we include in our simulation, the more
accurate results we would obtain. The following results, however, are
obtained by only including the Q11 Σ+
u (1) state. This simplification
would greatly reduce our computational costs and it is a reasonable
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approximation since these Q11 Σ+
u states are close to each other at the
Franck-Condon region; the dipole coupling strengths from the ground
state in H2 to the Q11 Σ+
u (1) state are several times larger than that for
1 +
the Q1 Σu (2) state [97]. It is also shown in Ref. [94] that the autoionization widths of the Q11 Σ+
u (1) state are several times larger than that
1 +
for the Q1 Σu (2) state. Thus, the influence of the Q11 Σ+
u (1) state on
the nuclear KER spectra would be dominant.
We show in Fig. 4.12 the nuclear KER spectra following single ionization of H2 interacting with a 10 fs XUV pulses at four central photon
energies, i.e., 25, 26, 27 and 28 eV. These spectra are obtained by summing the spectra for the individual trajectories. The spectrum for each
trajectory is calculated according to Eq. (4.5), i.e., by projecting the
nuclear wave packets along the 1sσg curve in H+
2 at the end of the
propagation time on the corresponding eigenstates for the 1sσg curve.
We obtain the knowledge that the direct ionization cross section is
about one order of magnitude larger than the absorption cross section
to the Q11 Σ+
u states for the considered photon energies [48]. The direct
ionization channel would mainly lead to bound H+
2 signals at negative
energies in Fig. 4.12 and the relatively weak channel, i.e, autoionization from the DESs to the 1sσg state, can result in relatively large H
+ p signals at relatively large KER values. This is because the nuclear
wave packets gain kinetic energies through moving along the potential
energy curves for the DESs. We will summarize the other required
calculation inputs in obtaining Fig. 4.12 in the following:
• The total photoionization cross section σp of H2 by photons at
the considered energies can be found in Ref. [48]. The photoionization rate thus can be obtained using the relation
Γp =

σp × IXUV
,
ωXUV

(4.7)

where IXUV is the intensity of the XUV pulse.
• assuming the first jumps occurring at every 40 a.u..
Now let us have a more careful look at Fig. 4.12. For better comparison, the amplitudes for the signals at -2.11 eV are rescaled to 1
for the four cases. The signals at negative energies corresponds to the
vibrational distribution for H2 + and the signals at positive energies
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corresponds to the proton kinetic energy distribution. When we increase the photon energy from 25 to 28 eV, the spectra at negative
energies look the same. This similarity implies that the signals at negative KER values are mainly from the direct ionization channel, where
the photon energy only influences the absolute ionization cross section from H2 to H+
2 and has nearly no effect on initial the nuclear wave
packets in H+
after
direct ionization. The spectra are quite different at
2
positive KER values. First, there are relatively more and more signals
when the photon energy is increased. Second, the spectra are extended
to larger and larger KER values when the photon energy is increased.
For example, when the XUV photon energy is 25 eV, a cutoff of 8 eV
of spectrum is observed and when the XUV photon energy is 26 eV,
we see a larger cutoff of 10 eV. The increase of the cutoff energy can
be understood by the fact that a higher photon energy means a larger
energy shared by the nuclei and autoionizing electron. The signals at
positive energies become relatively larger for larger photon energies
due to the fact that the direct ionization cross section is reduced for
a larger photon energy and the photon energy becomes closer to the
resonant photon energy within the Franck-Condon region. In addition,
there is a slight shift of the peak positions to larger energies when the
photon energy is increased: the peak for the 26 eV is at around 5 eV
and for the 27 eV case at around 5.8 eV and for the 28 eV case at
around 6.5 eV.
Next we will compare our simulation results with the experimental
results in Ref. [98] and with the simulation results in Ref. [99]. Similar
with the experimental results, there are relatively more dissociation
signals and the spectra tend to become broader for larger photon energies and there are more structures at positive kinetic energies. We
note, however, that our simulation results do not agree with the experiment [98] as well as the simulation in Ref. [99]. The discrepancies
mainly emerge at the positive kinetic energies. One discrepancy is that
we have a longer tail at relatively large energies. This is because part
of the the nuclear wave packets along the Q11 Σ+
u (1) curve would evolve
to internuclear distances larger than the cross point between this curve
and the 1sσg curve and thus autoionization taking place near the cross
point would result in a large KER value, which is indeed the cutoff
energy in our spectra. In fact, the cutoff energy can be obtained by
using the energy conservation, i.e., ωXUV = Ee + KER + IP + 1.5 eV,
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where Ee is the energy for the autoionizing electron and IP is the ionization potential to the 1sσg state in H+
2 within the Franck-Condon
region. For example, the cutoff energy for the 25 eV case is around
KER = 25 − 18.5 = 6.5 eV. While the experiment gave a smaller cutoff
of at around 4 eV at this photon energy. There are also differences
for the peak positions, e.g., we can not reproduce the peaks at around
1 eV by our spectra, which may come from a underestimate of the
contributions from the DES. Further efforts should be taken to resolve
the discrepancies.

Figure 4.13: Evolution of the nuclear wave packets along the potential
energy curve for the Q1 Σ+
u (1) state when interacting with laser pulses
at 25 eV (a) and 28 eV (c). The probability as a function of time
staying in H2 for 25 eV (b) and 28 eV (d). In both (b) and (d), the
solid (black) curve is for the probability in H2 and the dashed (red)
curve for that in the ground state in H2 .
In Fig. 4.13, we show the evolution of the nuclear wave packets
along the Q11 Σ+
u state for two cases, i.e., ωXUV = 25 and 28 eV. For
the both two cases, the nuclear wave packets move very quickly and
reach beyond the cross point at around R = 4 in 400 a.u. (10 fs).
The XUV pulse is as short as 10 fs, thus when t is larger than 400
a.u., no excitation from the ground state to the Q11 Σ+
u state and no
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autoionization to the 1sσg state in H+
2 . We also show in the left panel
the probability of staying in H2 and in the ground state of H2 as a
function of time for the two cases. For both two cases, the two curves
are very close to each other, which means that the direct ionization
dominants the ionization process. For the 28 eV case, there is visible
difference between the two probabilities and thus the autoionization
from the DES plays a more important role. This is consistent with
our findings in Fig. 4.12 that there are more signals at positive KER
values for larger photon energies.
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Figure 4.14: Autoionizing electron spectra following single ionization
of H2 interacting with XUV pulses at different photon energies.
Apart from the nuclear KER spectra, we can obtain the kinetic
energy spectra for the autoionizing electrons. We show the results for
the above mentioned four cases in Fig. 4.14. The spectra are obtained
by simply using the fact that autoionization at a specific R along the
Q11 Σ+
u curve would result in an electron whose kinetic energy is the
energy difference between the DES state and the 1sσg state at that
position, i.e., Ee = EDES (R) − Eg (R). The probability to produce an
electron at a given R is directly related to the initial nuclear wave
packets created along the 1sσg curve following autoionization at t1 ,
i.e., P (R) = ΓDES (R)|χDES (R, t1 )|2 . By summing the spectra for all
the trajectories, we can get the kinetic energy spectrum for the autoionizing electron. From Fig. 4.14, we can see that the autoionizing
electron kinetic energy spectra tend to move to larger kinetic energies
for larger photon energies. This feature is due to a larger energy is
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shared by the autoionizing electron and the nuclei for a larger photon
energy. Thus, as we discussed before, it actually is consistent with
a larger cutoff KER value of the nuclear KER spectra in Fig. 4.14.
The peak at a given KER position demonstrate that the nuclear wave
packets along the Q11 Σ+
u curve are largely decayed to the 1sσg state at
specific internuclear distances. For example, the peak at 11 eV for the
28 eV case corresponds to large autoionization at around R = 1.7 a.u.,
while for the 25 eV case peak at 9 eV corresponds to large autoionization at around R = 1.9 a.u..

4.5

Concluding remarks

In this chapter, we have applied the MCWP method to study the interaction of H2 with intense laser pulses including single IR femtosecond
pulses, combined pulses in the XUV-pump-IR-probe setting and single
XUV pulses. When we consider the interaction of H2 with intense IR
+
++
pulses, tunneling ionization from H2 to H+
can
2 and from H2 to H2
take place. Thus, we have obtained the nuclear KER spectra following the full break-up of H2 , since our method is especially powerful in
treating the double or multiple ionization processes. We have studied
the influences of the laser parameters as well as the nuclear mass on the
nuclear dynamics in H2 when exposed to laser pulses at IR wavelength.
When we consider the interaction of H2 with XUV pulses, relatively
large single-photon ionization or excitation would be induced from the
ground state in H2 when the XUV photon energy is larger than the
ionization potential or is comparable with the energy difference between the excited electronic states and the ground state in H2 . We
have obtained and analyzed the nuclear KER spectra following double
ionization of H2 to resolve the nuclear dynamics in the singly excited
states in H2 by using XUV-pump-IR-probe spectroscopy. By tuning
the photon energy, photoionization may be accompanied by the excitation of double excited states. Compared with the singly excited
states, (when the singly excited states are very close to the ionization
thresholds, vibrational autoionization [86, 87] may also take place in
molecules, but we will do not study this process in this thesis), there
are autoionization from DESs due to the electron correlation, i.e., the
energy of one electron is transfered to the other electron to remove the
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other electron from the molecule. We have studied the influences of
the exciation of the Q1 DESs and the autoionization from the DESs in
H2 to the nuclear KER spectra following single ionization of H2 . More
efforts should be put into the study of the influence of the DESs on
the nuclear dynamics in H2 to resolve the discrepancies between our
simulation and the experiment. Further studies can be conducted on
obtaining the lifetimes of the DESs by using the pump-probe spectroscopy.
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Chapter

Dissociative triple ionization of
Ne2
The previous chapter shows us the application of the MCWP approach
to study the nuclear dynamics following ionization and excitation of
molecules by intense laser pulses. In this chapter, we will turn to study
the ultrafast dynamics in a new system, i.e., weakly bounded clusters.
In the field of atomic and molecular physics, clusters refer to a bunch
of atoms or molecules which are loosely bounded by weak attraction
forces, i.e., Van der Waals forces or hydrogen bonds, between them.
The size of clusters ranges from 2 to millions of atoms or molecules.
The bonds in forming clusters are comparably weak compared with
ionic or covalent bonds in molecules. Thus, clusters are not as stable
as molecules and are prone to break up under external interferences.
The interactions between the constituent atoms and molecules in clusters are either repulsive or attractive, depending on the internuclear
distances and the electronic states. Thus, similar to molecules, following excitation or ionization by a strong external field, nuclear dynamics
are induced in weakly bounded clusters. Different from molecules, due
to the weak interactions between individual atoms or molecules in clusters, the double or higher ionization thresholds for clusters are lowered
than that for the constituent atoms or molecules. Thus, unique electronic decay channels are opened for weakly bounded clusters, e.g.,
the interatomic (intermolecular) Coulombic decay (ICD) and electron
transfer mediated decay (ETMD) [100].
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Before we go detailed to ICD or ETMD, we first give a short introduction of a multi-electron effect called the Auger decay, named after
P. V. Auger who independently discovered this effect after L. Meitner’s
first discovery. The Auger decay is a phenomenon that the filling of
a deep inner-shell vacancy, e.g., a core-shell vacancy, within an atom
is accompanied by the emission of another electron. The Auger effect has been widely investigated in atoms and molecules [101–103].
The core-shell vacancy in an atom can be created by the incidence
of very highly energetic photons or electrons to atomic or molecular
samples. After the emission of a core-shell electron, the remaining ion
is highly excited and unstable, and thus would relax to more stable
states through an emission of an energetic photon or electron. This
electronic decay is energetically allowed since the highly excited ionic
state is above the lowest double ionization thresholds for the atom or
molecule. The electronic and radiational decays are competitive and
the former one would be more favorable since it is much faster than
the latter case, typically on a timescale of femtoseconds.
However, if a inner-shell electron is kicked out from an atom, it
is energetically forbidden for the Auger decay to take place. This is
because even though the remaining ionic state is still excited, it is now
below the lowest double ionization thresholds for the atom or molecule.
It becomes fascinating when the atom has weakly bounded neighbors,
i.e., these atoms or molecules have formed clusters. The energy released from filling the inner-shell vacancy can not support to remove
an outer-valence electron from the same site but it can supply the emission of an outer-valence electron at the neighboring sites via a virtual
photon. This process is called interatomic (intermolecular) Coulombic
decay (ICD) due to the fact that it is an interatomic (intermolecular)
phenomenon and ICD is driven by the Coulombic interaction between
the two electrons. For the ICD processes, two resultant positively
charged particles would repel with each other via the Coulomb force
between them. This electronic decay mechanism was first theoretically
predicted by [104] and later experimental evidences were found in Van
der Waals clusters [105–107] and hydrogen bonded clusters [108–110].
The direct ICD process is shown in Fig. 5.1. The ICD occurs at a
timescale from a few to hundreds of femtoseconds, depending on the
size and type of clusters. Thus in some clusters where the ICD lifetimes are comparable to the timescales for the nuclear dynamics, it
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Figure 5.1: A direct ICD process in a dimer: 1, the inner-valence
electron is freed from one atom by the incident energetic photon; 2,
the inner-valence hole is refilled by an outer-valence electron; 3, the
released energy supports to kick out one outer-valence electron from
an atom in a neighbouring site of a cluster.

would be more accurate to take the nuclear dynamics of clusters into
consideration [111–113]. The nuclear KER spectra following ICD and
the ICD electron kinetic energy spectra have been studied. Similar to
Auger electron spectroscopy, ICD electron spectroscopy can be used
to study the cluster structures.
When we study ICD in clusters, the lifetimes of the excited states
where ICD occurs are of main interests. The ICD lifetimes can be
obtained from the ICD electron spectra [104, 105], i.e., the inverse
of the linewidth of the ICD electron spectrum τICD ∼ 1/ΓICD . The
ICD rates can be calculated by using the complex absorbing potential
method [114] and by the Wigner-Weisskopf expression [115]. Besides,
one can also extract the ICD lifetimes from the measured nuclear KER
spectra following ICD by using the knowledge that the signals resulting
from ICD would increase exponentially [62], i.e., a − b exp(−t/τICD ).
The experiment in Ref. [62] provides us the nuclear KER spectra following triple ionization of the neon dimmer. So far, there is no quan59
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tum theory applied to obtain the similar nuclear KER spectra as a
function of delays. Therefore, in this chapter, we will extend our
MCWP method to simulate this process, which is beyond the capacity
of many theories, to help us to better understand the involved ICD
processes in the neon dimmer. We will show in the following section
the implementation of the MCWP approach to treat triple ionization.

5.1

Implementation of the MCWP
method to triple ionization of Ne2

In Chapter 3, we have presented in detail how to apply the MCWP
approach to simulate the process of double ionization of a molecule
due to its interaction with intense laser pulses. Now we will extend
our method to simulate the process of triple ionization, i.e., two photoionizations and an autoionizaion via ICD, in Ne2 . An XUV-pumpXUV-probe setup is applied to resolve the involved ICD dynamics in
the neon dimer. Four charge states are involved during this process,
2+
i.e., Ne2 , Ne+
and Ne3+
2 , Ne2
2 . This triple ionization process is described in detail as follows: starting from the initial state, i.e., the
ground state of Ne2 , the system would evolve and stay in Ne2 until
1 an 2s inner-valence electron is removed from one of the atom in
Ne2 by the XUV pump pulse,
−1
2 nuclear dynamics is induced in the remaining ion, i.e., Ne+
2 (1s ).
At the same time, it can be further ionized by the XUV pump
−1
−1
or probe pulse to Ne2+
2 (1s 2p ) or can undergo an ICD to
2+
−2
Ne2 (2p ) because the cation is highly excited,
2+
−2
−1
−1
3 nuclear dynamics in Ne2+
2 (2p ) or Ne2 (1s 2p ) is also in−2
duced. Besides, Ne2+
2 (2p ) can be further ionized by absorption of an XUV photon from the XUV pump or probe pulse to
2+
3+
−3
−1
−1
−3
Ne3+
2 (2p ) and Ne2 (1s 2p ) would also decay to Ne2 (2p )
via ICD.

We assume that the neon dimmer is rotationally frozen since the rotational timescale is much larger than that for the vibrational motion of
Ne2 . Thus, the evolution of the nuclear dynamics in each charge state
60

5.1. Implementation of the MCWP method to triple ionization of
Ne2
can be obtained by solving the simplified one-dimensional equations,
i.e., Eq. (3.11) for each charge state. To solve the above-mentioned
equation(s) in the positive charge states, the initial conditions, i.e.,
the initial nuclear wave packets after ionization, are required. We
know that it is the quantum jumps, either in the manner of photoionization or autoionization, that connect different charge states together.
Thus, applying the jump operators to the electronic states in a given
charge state according to Eq. (3.7), the initial nuclear wave packet
in the charge state with one electron less at a given jump time can
be obtained. The potential energy curves for the electronic states involved in our simulation are plotted Fig. 5.2. They are extracted from
Ref. [62].
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Figure 5.2: Selected Born-Oppenheimer potential energy curves as a
function of the internuclear distance R for Ne2 . From bottom to top
at R = 5 a.u., they are the potential curves for the ground state in
+
2 +
Ne2 , the 22 Σ+
g and 2 Σu inner-valance hole states in Ne2 , the two-site
outer-valence hole state in Ne2+
2 , the inner- and outer-valance vacancy
state in Ne2+
and
the
two-site
triple outer-valence vacancy state of
2
3+
Ne2 , respectively.
As shown in Fig. 5.2, we only include the ground electronic state
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in Ne2 since the excited states in Ne2 are far away from resonance
with the XUV pulses. This curve is very shallow which reflects the
2 +
2 +
weak bounded feature of the neon dimer. In Ne+
2 , the 2 Σu and 2 Σg
states are involved. Due to the different symmetry of these two states,
the one-photon ionization would result in an incoherent superposition
of these two states. The couplings between the two states can be
neglected because of the relatively large photon energy compared with
the energy separation between the two states. There are several twosite outer-valence vacancy states in Ne2+
2 . As they are nearly parallel
and are close to each other, only considering one averaged state would
capture the important dynamics. It is also possible to open the channel
of populating the single-site inner- and outer-valence vacancy state
from the two inner-valence hole states in Ne+
2 by the XUV pulse. For
simplicity, only one state is included. This state can also undergo
an ICD to the triply ionized neon dimmer. There are several states
for the triply ionized states and since they are nearly parallel to each
other we only include one for simplicity. Compared with the double
ionization case, the implementation of the MCWP approach to the
triple ionization process is more complicated since we have to include
a third ionization channel into our simulation. Another aspect that
results in the increase of the computational costs is that we have to
evolve the nuclear wave packets long after the pulse until ICD removes
most of the population in the excited state.
The sampling strategy for the triple ionization process is summarized below. We have considered two pulses cases, the XUV pulse
is a coherent pulse or a chaotic pulse with random noises. The former case models the pulses from table-top lasers by high harmonic
generation processes. Similar to the XUV pulses applied in Chapter
4, the coherent pulses have a sin-square envelope and its field is expressed by Eq. (4.4). The latter case models the pulses free electron
lasers (FEL) in self-amplified spontaneous emission mode. For the first
jumps from Ne2 to Ne+
2 by photoionization, it is reasonable for both
cases to take the second sampling method in Chapter 4, i.e., assuming
the first jumps occurring at the instants whose ionization probabilities
2+
are locally largest. For the second jumps to Ne+
2 to Ne2 , however,
the photoinization is accompanied by the ICD which continues to take
place long after the pulse. During the ICD, the nuclear wave packets
experience a substantial change. Thus, the second sampling method
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in Chapter 4 is not appropriate to carry the information of the nuclear
dynamics. We instead choose the third sampling method in Chapter
4, which assumes the jumps occurs at every several time steps. The
third sampling method is similarly applied to pick up the trajectories
3+
for the third jumps from Ne2+
2 to Ne2 . The nuclear wave packet in
Ne2 nearly does not change due to the fact that the initial state is
the ground state. Even though the coherent pulses have smooth envelopes while the chaotic pulses do not, we can consider only one first
jump with its probability being the total ionization probability in Ne2
due to the interaction with the pulses. Under this circumstance, the
computational time for the chaotic pulses is not increased.
There have been plenty of works [116–118] which studied the field
statistics of the self-amplified spontaneous emission FEL sources. Due
to random noises, the coherence of the FEL pulses is broken and pulses
are different from shot to shot. Researchers show that the coherence
time of the FEL pulses is decreased and thus is equivalent to ultrashort
pulses which is powerful to capture ultrafast dynamics [119]. In the
following, we will present how to use the partial coherence method [120]
to model the chaotic pulses. First, the average frequency spectra for
the intensity of the pulses from many shots are obtained, i.e., I(ω).
The average electric field
q spectra is the square root of that for the
intensity, i.e., E(ω) = I(ω). Now it is time to introduce the random
noises by introducing random phases θn (ω), i.e.,
E1 (ω) = E(ω) exp(−iθn (ω)).

(5.1)

The temporal electric field E1 (t) is obtained after performing a Fourier
transform of E1 (ω). The obtained result E1 (t) is totally incoherent and
infinitely long in the time domain. To have a limited pulse duration τp
instead, one has to multiply a temporal filtering function f (t) to E1 (t).
For example, we can choose a temporal Gaussian filtering function if
the average temporal envelope has a Gaussian envelope. We assume a
Gaussian filtering function in our simulation and thus the electric field
E(t) is
2 ln 2(t − tc )2
E(t) = exp(−
)E1 (t).
(5.2)
τp2
with tc = 1.5τp . The constructed pulse after the above mentioned
procedures is partially coherent and this is the reason why this method
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is called the partial coherence method. In Fig. 5.3, as an example,
we show several chaotic pulses constructed by the partial coherence
method. The laser parameters are as follows: the central frequency is
2.14 a.u., the average pulse duration is 60 fs, the average bandwidth
is 0.1 a.u., and the peak intensity is 1 × 1012 W/cm2 . We can clearly
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Figure 5.3: Temporal electric fields for five chaotic FEL pulses (a)-(e).
The laser parameters of the FEL pulses are as follows: the central
photon energy is 2.14 a.u., the average pulse duration is τp = 60 fs,
the average bandwidth is 0.1 a.u., and the peak intensity is I0 = 1012
W/cm2 .
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observe the fast variation of the field envelope for the chaotic pulses.
That is the origin why we have to take more sampling points when
treating Ne2 interacting with the chaotic pulses.
The nuclear KER spectrum following triple ionization of Ne2 can be
obtained by summering over the contributions from all the trajectories.
Each trajectory is specified by its first, second and third jump times,
i.e., t1 , t2 and t3 , and the states from which the first, second and third
jumps takes. For the trajectories taking place at t1 , t2 and t3 , the
ionization probabilities for the first, second and third jumps are P1 (t1 ),
P2 (t2 ) and P3 (t3 ), respectively. When there are more than one jump
pathways from one charge state to another charge state, the actual
ionization probability for the jth pathway for the kth jump, i.e., P̄kj ,
should be a multiplication of the ionization probabilities Pk by the
relative probability for that pathway, i.e., P̄kj (tk ) = Pk (tk ) × Pkj (tk ).
Here the relative probability for the jth pathway is
†
Ckj |Ψ(tk )i
hΨ(tk )|Ckj

Pkj (tk ) = P

,
†
j hΨ(tk )|Ckj Ckj |Ψ(tk )i

(5.3)

Where |Ψi is expressed by Eq. (2.25) and Ckj is the jump operator
describing the jth jump pathway for the kth jump by Eq. (3.3). The
nuclear KER spectrum for each trajectory is obtained by projecting
the nuclear wave packets at the end of propagation, i.e., χ3 (R, te ), in
Ne3+
to its energy-normalized vibrational eigenstates χE (R) for the
2
final potential energy curve, i.e.,
pEjkm (t1 , t2 , t3 ) = |

Z

dRχ3 (R, te ; j, k, m, t1 , t2 , t3 )χE (R)|2

(5.4)

Thus, the total nuclear KER spectrum following triple ionization is
KER =

X

P̄1j P̄2k P̄3m pEjkm (t1 , t2 , t3 ).

(5.5)

j,k,m,t1 ,t2 ,t3

The input data in our calculation are as follows. The photoionization cross section of the 2s inner-valence electron in Ne2 was approximate by the photoionization cross section of the 2s electron in Ne [121],
i.e., σ2s/2p = 0.36 Mb. There have been no works in investigating the
3+
−2
−3
photoionization from Ne2+
2 (2p ) to Ne2 (2p ) and we approximate
this process by the photoionization of the neon atom [122]. Thus the
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3+
−2
−3
photoionization cross section from Ne2+
2 (2p ) to Ne2 (2p ) is ap3p
proximated by σ2p = 8.08 Mb. We can find the ICD rates from the
two excited states in Ne+
2 in Ref. [123] where they were calculated
by the complex absorbing potential method. Another ICD process
3+
−3
−1 −1
from Ne2+
2 (1s 2s ) to Ne2 (2p ) has been not investigated in literature and the ICD rates are simply assume to be same with the
−1
first ICD process. The photonionization cross section from Ne+
2 (1s )
−1 −1
to Ne2+
2 (1s 2s ) is unknown and we make an initial guess, i.e.,
2p
σ1s = 0.24 Mb and laser adjust it according to the comparison between our simulation results and the experimental results.
Similar to the H2 case, we adopt the split-operator fast Fourier
transform method to solve Eq. (3.11) in each charge state numerically.
We utilize a time step of ∆t = 4 a.u.. and a space step ∆R = 0.0215
a.u. in our simulation. The reason why we can choose a relatively large
∆t here is the photoionization involved in this triple ionization process
follows the relatively slow-varying temporal profile of the intensity of
the XUV pulse. To avoid reflection from the box boundaries, we adopt
a simulation box from Rmin = 3.32 a.u. to Rmax = 91.15 a.u.. For
both the coherent and chaotic pulse cases, the first jump occurs at the
intensity maximum and the second and third jumps are assumed to
occur at every 40 time steps.

5.2

Nuclear KER spectra following
triple ionization of Ne2 interacting
with coherent XUV pulse

In this section, we will present the results obtained by our method for
Ne2 interacting with coherent XUV pulses. According to the experiment, the pump and probe pulses are identical to each other except
the probe pulse is delayed by τ . The vector potential of the pump
pulse is expressed by
(

A(t) =

πt
) cos(ωXUV t) 0 ≤ t ≤ TXUV ,
A0 sin2 ( TXUV
0
elsewhere,

(5.6)

where TXUV is the pulse duration of the pump pulse and the electric
. The peak
field can be obtained by using the relation F (t) = − ∂A(t)
∂t
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Figure 5.4: (a) Calculated nuclear KER spectra for coincident Ne2+
and Ne+ fragments following triple ionization of Ne2 as a function of
delay τ when the applied XUV pump and probe pulses are coherent pulses. (b) The solid line shows yields of coincident Ne2+ and
+
Ne
pairs integrated over KER values between 3 and 7 eV in (a), i.e.,
R 7 eV
3 eV dE KER(E; τ ). The dashed line is an exponential fit of the solid
line to extract the lifetime of the ICD in Ne2 . (c) Sum of KER spectra
for delays between 300 and 420 fs in (a).

field strength is F0 = A0 ωXUV = 0.005338 a.u. corresponding to a peak
intensity of 1 × 1012 W/cm2 . The central frequency is ωXUV = 2.14
a.u. and the pulse duration is TXUV = 60 fs.
In Fig. 5.4, we show the nuclear KER spectra following triple ionization of Ne2 . Our spectra look quite similar to the spectra obtained
by the experiment in Ref. [62]. The two most important features are
reproduced by our simulation: the energy decreasing branch which is
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2+
−1
−2
directly related to the ICD process from Ne+
2 (1s ) to Ne2 (2p ) and
the delay-independent high energy branch centered at about 9 eV. By
conducting a trajectory and wave packet analysis (we do not show the
results here), we find the origins of the two branches. The signals at the
energy decreasing branch comes from the nuclear wave packets evolving along the repulsive potential energy curve for the Ne2+
2 following
3+
an ICD from Ne+
are
later
photoionized
to
Ne
by
the
probe
pulse.
2
2
Thus, if the pump probe delay is larger, then there is a longer time
for the nuclear wave packets moving to larger internuclear distances
+
in Ne2+
and Ne2+ signals at
2 . This finally results in coincident Ne
smaller KER values. The high energy branch is from the triple ionization taking place within a short time, to say, within either the pump
or probe pulse. Apart from that, we can also observe the similarity
that there are more signals at delay close to 0 due to the constructive
interference between the pump and probe pulse. We can also observe
discrepancies between our results and the experimental results:

• the ratio of the signals between the low and high energy peaks in
Fig. 5.4(c), which come from the energy decreasing branch and
the high energy branch in Fig. 5.4(a), respectively, is overestimated
• the extracted lifetime in Fig. 5.4(b), i.e., 372 fs, is over two times
larger than that extracted from the experimental spectra, i.e.,
150 ± 50 fs.
It is known to us that the ICD lifetime of an excited state can be
approximated by the inverse of the ICD rate of the excited state. Thus,
the discrepancy of the extracted ICD lifetimes between our simulation
and the experiment clearly shows that the ICD rates from the two
excited states in Ne+
2 , which is taken from Ref. [123] by the complex
absorbing potential method, is underestimated by a factor of around
3 for the internuclear distances where the nuclear wave packets evolve
along the potential energy curves for these two excited states. To confirm this, in Fig. 5.5, we show the the similar results as in Fig. 5.4(b) by
using new ICD rates which is 3 times larger than the rates in Ref. [123].
We can see that the new extracted lifetime, i.e., 167 fs, is much closer
to the counterpart extracted from the experiment.
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Figure 5.5: Yields of Ne2+ and Ne+ pairs similar as Fig. 5.4(b) when
the ICD rates are three times larger.

Now we have a closer look at the low energy peak at around 5
eV and the high energy peak at around 9 eV Fig. 5.4(c). Compared
with the ratio of the signals between the low and high energy peaks obtained in the experiment, our ratio indicates that the high (low) energy
branches in Fig. 5.4 are relatively underestimated (overestimated) in
our calculation. We can see that as the delay is increased, the signals
at the energy decreasing branch would be increased until at a certain
delay the signals saturate since the wave packets in the excited states
in Ne+
2 are entirely prompted to the two-site outer-valence vacancy
states in Ne2+
2 via ICD. While in the high energy branch, the signals
at around 9 eV remain almost the same for delays larger than 250 fs.
In fact, there are two channels that mainly result in the signals at the
high energy branches, i.e.,
• the first photoionization by the pump (probe) pulse, a following
fast ICD to Ne2+
2 , and the second photoionization by the pump
(probe) pulse
• the first photoionization by the pump (probe) pulse, the second
photoionization by the pump (probe) pulse and the following
ICD to Ne3+
2
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Figure 5.6: Nuclear KER spectra under different photoionization cross
2+
2 +
sections σ2s/2p from the 22 Σ+
g and 2 Σu states to Ne2 at τ = 400 fs
when the ICD rates are three times larger.

The intensities of the signals are directly related to the photoioniza2+
2+
−1
−2
−2
tion cross sections from Ne+
2 (1s ) to Ne2 (2p ) and from Ne2 (2p )
−3
+
2+
to Ne3+
KER
2 (2p ). In Fig. 5.6, we show the coincident Ne and Ne
+
spectra for five different photoionization cross sections from Ne2 (1s−1 )
−1
−1
to Ne2+
2 (1s 2p ) at a very large delay. We take an example of a delay
of 400 fs here and the obtained spectra would resemble the integrated
spectra for delays between 300 fs and 420 fs as it is shown in Fig. 5.4(a)
that the nuclear KER spectra nearly do not change at this delay region. The other laser parameters are same as that in Fig. 5.4. We can
clearly see that the larger the photoionization cross sections are, the
more important the second ICD channel is, and the more important
the high energy branches would be. When the photoionization cross
2+
−1
−1
−1
sections from Ne+
2 (1s ) to Ne2 (1s 2p ) are taken to be 6.06 Mb,
the ratio between the low and high energy peaks is around 2, which is
close to the ratio obtained in Ref. [62]. Apart from that, when we increase the photoionization cross sections, a new energy peak at around
10 eV becomes more and more important, which do not appear in the
experiment.
−2
As we mentioned before, the photoionization cross from Ne2+
2 (2p )
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Figure 5.7: Nuclear KER spectra following triple ionization of Ne2 at
a 400-fs delay when the photoionization cross sections are taken 8.08,
20, 30, 40 and 50 Mb, respectively.

−3
to Ne3+
2 (2p ) is approximated by the photoionization cross section
from Ne+ (2p−1 ) to Ne2+ (2p−2 ). Actually, as we will show in the following, the ratio of the signals between the low and high energy peak
is, to some extent, not relevant to the photoionization cross sections
3+
−2
−3
from Ne2+
2 (2p ) to Ne2 (2p ). For example, the nuclear KER spectra following triple ionization of Ne2 at the 400-fs delay for five different
3+
−2
−3
photoinization cross sections from Ne2+
2 (2p ) to Ne2 (2p ) are presented in Fig .5.7. To avoid the interferences from the second triple
ionization channel, the results in Fig. 5.7 are obtained by only including the first triple ionization channel, i.e., first photoionization,
then ICD and second photoionization. Thus, the almost identical five
curves clearly show us that the choice of the photoinization cross sec3+
tions from Ne2+
2 to Ne2 has nothing to do with the discrepancy of the
experimental and theoretical ratios of the signals between the low and
high energy peaks.

As a result, based on the above analysis, we know that the discrepancies between the simulation and the experiment comes from the
underestimated ICD rates and photoinization cross sections from Ne+
2
to Ne2+
.
We
show
in
Fig.
5.8
the
nuclear
KER
spectra
following
triple
2
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Figure 5.8: (Nuclear KER spectra as a function of delay (a) and sum
of the nuclear KER spectra for delays between 300 and 420 fs (b)
following triple ionization of Ne2 when interacting with coherent laser
pulses. The laser parameters are same as Fig. 5.4. While the ICD rates
are three times larger than that in Fig. 5.4 and the photoionization
2+
cross section from Ne+
2 to Ne2 are taken as 6.06 Mb.

ionization of Ne2 when we take the ICD rates three times larger and
2+
the photoionization cross sections from Ne+
2 to Ne2 are increased to
6.06 Mb. The laser parameters are identical to Fig. 5.4. We do not
show here the integrated signals from 3 to 7 eV as a function of delay,
which is similar to Fig. 5.4(c), since it is quite similar to Fig. 5.5 because of the same ICD rates are employed. Compared with Fig. 5.4,
even though we have a better ratio of the signals between the low
and high energy peaks, we have also obtained relatively much larger
signals at delays smaller than 70 fs due to the constructive coherence
between the pump and probe pulses. The intensities of the signals at
these small delays, as we show in the next section, would be not so
significant when chaotic pump and probe pulses are applied because
of the reduced coherence time of the pulses.
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5.3

Nuclear KER spectra following
triple ionization of Ne2 interacting
with chaotic XUV pulses

Figure 5.9: (a) Calculated nuclear KER spectra for coincident Ne2+
and Ne+ fragments following triple ionization of Ne2 as a function
of delay τ when the applied laser pulses are modeled by the partial
coherence method. (b) Ne2+ and Ne+ yields integrated over all KERs
for all the delays in (a). (c) Sum of nuclear KER spectra for delays
between 300 and 400 fs. The ICD rates and photoionization cross
sections are same as Fig. 5.4.
In this section, we present the results for Ne2 interacting with
chaotic XUV pulses modeled by the partial coherence method which
has been described in detail before. The laser parameters are same
as Fig. 5.3 and the pump and probe pulses are identical. The other
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parameters such as the ICD rates and the photoinization cross sections are taken originally, i.e., same as Fig. 5.4. In Fig. 5.9(a), we
show the similar nuclear KER spectra, i.e., following triple ionization
of Ne2 by applying the chaotic pulses. Due to the fact that the XUV
pules are different from shot to shot, the XUV pulse is modeled at
each delay. This is the reason the nuclear KER spectra in Fig. 5.9(a)
as a function of delay is not as smooth as the coherent case. Similarly,
we can observe the high energy branch centered around 9 eV and the
energy decreasing branch. Similar to Fig. 5.4(c), we have obtained a
similar ratio of the signals between the low and high energy peaks in
Fig. 5.9(c). Because of the variations of the signals originating from
the random noises in Fig. 5.9(b), it is different to extract the ICD
lifetime from Fig. 5.9(b). Extraction of the lifetime would be possible
only if we average the nuclear KER spectra for many realizations.
Finally, we run a simulation where we take the new ICD rates
which are three times larger than the original rates and assume new
photoionization cross sections of 6.06 Mb. The corresponding results
are shown in Fig. 5.10. Similar to Fig. 5.9(a), the energy decreasing
branch and the high energy branch are reproduced. Apart from that,
just as expected, we can clearly observe an enhancement of the high
energy branch in Fig. 5.10(a) compared with Fig. 5.9(a). Similar to
the coherent case in Fig. 5.8(c), a broadening of the high energy peak
is also observed.

5.4

Concluding remarks

In this chapter, we have taken the example of Ne2 to study the nuclear
dynamics in weakly bounded clusters. Due to the relatively weak interaction between the constituent atoms in clusters, new electronic decay
channels, such as the ICD process, become possible in weakly bounded
clusters. The ICD process is an electron decay process where after removing an inner-valence electron from one atom in the cluster, the
remaining cation is highly excited and thus can decay to more stable
states by emitting another electron. Impressed by a recent XUV-pumpXUV-probe experiment [62], we have investigated the ICD processes
in Ne2 by applying the MCWP approach to obtain the nuclear KER
spectra following triple ionization of Ne2 . The involved triple ioniza74
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Figure 5.10: Similar results as Fig. 5.9 where the R-dependent ICD
rates are three times larger and the photoionization cross sections from
2+
Ne+
2 to Ne2 are 6.06 Mb.

tion process is as follows: one 2s inner-valence electron is first removed
from Ne2 by absorbing one photon from the XUV pulse, then the sec2+
+
−1
ond ionization takes the remaining Ne+
2 to Ne2 either via Ne2 (1s )
2+
+
−1
−1
−1
to Ne2 (1s 2p ) by tje second photoionization or via Ne2 (1s ) to
2+
−2
−1
−1
Ne2+
2 (2p ) by ICD, and the third ionization takes Ne2 (1s 2p ) or
2+
3+
Ne2 (2p−2 ) to Ne2 (2p−3 ) by ICD or the second photoionization. We
have obtained the nuclear KER spectra following the above mentioned
triple ionization of Ne2 and reproduced the two important features,
i.e., the high energy branch and the energy decreasing branch in the
nuclear KER spectra obtained by that experiments. Apart from that,
an analysis of the discrepancies between our simulation and the experiment, i.e., the extracted ICD lifetime and the ratio of the signals
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between the low and high energy peaks in the nuclear KER spectra at
large delays, conveys us that the ICD rates obtained by the complex
absorbing method in Ref. [123] are underestimated by over two times
and we can make a more accurate estimate of the photoionization cross
2+
sections from Ne+
2 to Ne2 .
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Chapter

Summary and outlook
In this thesis, we have applied the MCWP approach to investigate the
nuclear dynamics following ionization and excitation in small molecules
and weakly bound clusters through interacting with intense laser pulses.
We have presented a detailed description of the implementation of the
MCWP approach and its equivalence to the master equation in the
Lindblad form in Chapter 3. In Chapter 4, we mainly studied the
dissociative double ionization of H2 . We first studied the influences
of parameters including the central wavelength, pulse duration, peak
intensity and nuclear mass on the nuclear KER spectrum following
full break-up of H2 interacting with single IR laser pulses. Besides, we
showed the unique possibility of the MCWP approach by conducting
a trajectory analysis to a given feature in a nuclear KER spectrum.
Then we investigated the nuclear dynamics in the singly excited states
in H2 by using the XUV-pump-IR-probe spectroscopy. After that, we
studied the nuclear dynamics following single ionization of H2 either
via photoionization or autoionization from the doubly excited states
when exposed to XUV pulses. In Chapter 5, we extended the MCWP
approach to investigate triple ionization of the neon dimmer to study
the ICD process in Ne2 by using XUV-pump-XUV-probe spectroscopy.
We have reproduced the nuclear KER spectra following triple ionization of Ne2 obtained by a recent experiment [62], which is beyond the
capability of the other quantum methods.
Throughout this thesis, we solve the simplified one-dimensional
coupled equations for the motion of the nuclei since we assume the
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molecule and cluster is rotational frozen. We can later take the rotational motion of the nuclei into consideration by solving the more
complicated three-dimensional equations for the nuclear motion. Besides, the laser polarization directions are assumed to be parallel to the
molecular axis and only the transition from the states of Σ symmetries
to the states of Σ symmetries are involved. When there are electric
field components at the directions perpendicular to the molecular axis,
for example, circularly or elliptically polarized laser pulses, other transitions from the states of a given symmetry to the states of different
symmetries should be considered.
The present study of the influence of the doubly excited states on
the nuclear KER spectra is not sufficient. On the one aspect, there are
some discrepancies between our simulation and the results obtained by
the experiment and another theoretical method. We should put more
efforts on figuring out the origins of the discrepancies. On the other
aspect, we have only studied the interaction of H2 with single XUV
pulses. An extended study of the interaction of H2 with laser pulses
in a pump-probe setup is worthy to carry out to map out the nuclear
dynamics from the nuclear KER spectra as a function of delay.
Apart from the ICD process studied in Chapter 5, we can apply the
MCWP method to investigate other electronic decay processes, such as
the ETMD process, in weakly bounded clusters. For the ETMD process, the inner valence hole in one atom is filled by one outer valence
electron in its neighboring atom and the energy released by this transition supports to remove another electron from the neighboring atom.
Different from ICD, after ETMD taking place, there is no hole in the
first atom and there are two outer-valence holes in the second atom.
Thus, there is no Coulomb explosion between the two atoms and the
remaining ion may remain weakly bounded. As a result, one can apply a similar XUV-pump-XUV-probe setup as applied in the ICD case
to study the nuclear dynamics within an ETMD process by obtaining
the nuclear KER spectra following triple ionization of a weakly bound
cluster.
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Laser-induced dissociative ionization of H2 from the near-infrared to the mid-infrared regime
Qingli Jing and Lars Bojer Madsen
Department of Physics and Astronomy, Aarhus University, 8000 Aarhus C, Denmark
(Received 6 October 2016; published 2 December 2016)
We apply the Monte Carlo wave packet (MCWP) approach to investigate the kinetic energy release (KER)
spectra of the protons following double ionization in H2 when interacting with laser pulses with central
wavelengths ranging from the near-infrared (IR) (800 nm) to the mid-IR (6400 nm) regions and with durations
of 3–21 laser cycles. We uncover the physical origins of the peaks in the nuclear KER spectra and ascribe them
to mechanisms such as ionization following a resonant dipole transition, charge-resonance-enhanced ionization,
and ionization in the dissociative limit of large internuclear distances. For relatively large pulse durations, i.e.,
for 15 or more laser cycles at 3200 nm and 10 or more at 6400 nm, it is possible for the nuclear wave packet
in H2 + to reach very large separations. Ionization of this part of the wave packet results in peaks in the KER
spectra with very low energies. These peaks give direct information about the dissociative energy in the 2pσu
potential energy curve of H2 + at the one- and three-photon resonances between the 2pσu and 1sσg curves in H2 + .
With the MCWP approach, we perform a trajectory analysis of the contributions to the KER peaks and identify
the dominant ionization pathways. Finally, we consider a pump-probe scheme by applying two delayed pulses
to track the nuclear dynamics in a time-resolved setting. Low-energy peaks appear for large delays and these
are used to obtain the 2pσu dissociative energy values at the one-photon resonance between the 2pσu and 1sσg
curves in H2 + for different wavelengths.
DOI: 10.1103/PhysRevA.94.063402

on H2 [22,23], and O2 [24], where the nuclear KER spectra
were of main concern, the simulations agreed very well with
the measurements. This approach, like many others, is devoted
to solving the time-dependent Schrödinger equation (TDSE),
but the problem is greatly simplified because the electronic
degrees of freedom are treated in an effective description. At
the same time, the Markov approximation [25] is applied,
which means that the flow of electrons from the molecular
systems to the surroundings is unidirectional and irreversible.
The loss of electrons is encoded in jump operators, which
are responsible for jumps among different Hilbert spaces
and constitute a non-Hermitian part of the total Hamiltonian.
The non-Hermitian Hamiltonian implies that the norm of the
system is decreasing over time. The drop of the norm over
time is controlled by the instantaneous ionization rates [26,27]
of the system. If the ionization rates depend on the nuclear
configuration, wave-packet motion is induced in the neutral
molecule. Inducing nuclear dynamics in this way is called
Lochfraß [28–30] and this phenomenon is an integrated part
of the MCWP simulations.
In the present MCWP approach to dissociative ionization,
the jumps between different charge states and associated
Hilbert spaces are described by ionization rates. While the
evolution of the system within a given charge state is coherent,
the rate treatment of the ionization step means that coherence
between the remaining cation and the ionized electron is lost.
Also we have no knowledge of the energy distribution of the
outgoing electron.
Recently there has been a shift in strong-field physics
toward the use of mid-infrared (IR) driving wavelengths [31],
e.g., to image molecular structures by light-induced electron
diffraction [32,33] and to greatly increase the photon energies
of high-harmonic generation [34]. The interaction between the
mid-IR laser pulses and molecules can be treated in the quasistatic regime. The systematic investigation of the behavior
of the nuclear KER spectra with increasing wavelength from

I. INTRODUCTION

The significant advances made in femtosecond laser technology have opened the possibility of controlling chemical
reactions with laser light [1–3]. When exposing molecules to
intense laser pulses, strong interaction between molecules and
the external electromagnetic field may give rise to electronic
excitation or even result in ionization. Nuclear dynamics is
hence often induced because of the interplay between the
nuclei and electrons. A good example is the process of
dissociative ionization [4,5], a process in which dissociation
is induced as a result of the removal of one or more electrons.
Laser-induced dissociative ionization has received considerable interest in the past two decades [6–8]. Thanks to the fast
developments in imaging techniques such as COLTRIMS [9]
and VMI spectrometers [10], it is now possible to measure the
kinetic energy of the ionic fragments or the liberated electrons
or both. By analyzing the kinetic energy release (KER)
spectra of the ionic fragments, information about the ionization
process can be obtained [11]. For example, the processes
of charge-resonance-enhanced ionization (CREI) [12,13] and
resonance-enhanced multiphoton ionization [14,15] both manifest themselves through the occurrence of characteristic
peaks in the nuclear KER spectra [16]. Different from the
mechanism of resonance-enhanced multiphoton ionization, for
one-electron system like H2 + , CREI results from lowering the
internal barrier between the double wells at certain critical
internuclear separations in the presence of a strong field, along
with the creation of a pair of field-dressed charge-resonant
states.
In parallel to the advances in experimental techniques,
many theoretical methods [17–19] have been developed and
proven to work very well in describing a range of phenomena
associated with the interaction of molecules and light. Among
these methods, the Monte Carlo wave packet (MCWP)
approach [20,21] performs well when describing the laserinduced dissipative dynamics. Especially in previous works
2469-9926/2016/94(6)/063402(11)
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The MCWP approach for dissociative ionization was
described in detail elsewhere [21–24,40], so the description
here is brief. The dissipative dynamics of a diatomic molecule
interacting with laser light can be described by the TDSE


i  +
i∂t |(t) = H (t)|(t) = Hs −
C Cm |(t),
2 m m
(1)
with the Hermitian Hamiltonian
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II. MCWP APPROACH FOR DISSOCIATIVE
IONIZATION OF H2

Hs = TN + VN + VeN + Te + Vee + VI (t),

1/R
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the near-IR region to the mid-IR region and the underlying
physics when going to longer wavelengths is the topic of the
present work. The large wavelengths of the intense IR laser
pulses make the ionization dynamics of molecules enter the
regime of tunneling ionization [35–38]. Studying the peaks
in the KER spectra at mid-IR wavelengths can help us obtain
detailed knowledge of the nuclear motion, as will be discussed
below. As a characteristic trend in the spectra, we see a shift
toward lower KER values with increasing wavelength.
The paper is organized as follows. In Sec. II, we review how
to apply the MCWP method to simulate dissociative ionization
in H2 . In Sec. III, we discuss the KER spectra obtained for
H2 exposed to laser pulses with different wavelengths and
pulse durations. In Sec. IV, the nuclear KER spectra of H2
interacting with pump-probe pulses with delays are analyzed.
Sec. V concludes. Atomic units ( = e = me = a0 = 1) are
used throughout unless stated otherwise.

T2

H+p

g
(1sσg)2

H+H

h

H2

2

4

6
8
R (a.u.)

10

12

FIG. 1. Sketch of four field-free Born-Oppenheimer electronic
potential energy curves [39]. These curves are the (1sσg )2 groundstate curve in H2 labeled by h, the 1sσg and 2pσu curves in H2 +
labeled by g and u, respectively, and the 1/R Coulombic curve
labeled by c. A particular realization of a quantum trajectory with
the MCWP approach is also shown: At some instant T1 , the first
ionization occurs and the neutral wave packet is promoted to the
singly ionized system where coherent evolution takes place. At some
j
later instant T2 (j = a,b), the second ionization occurs and then the
nuclei undergo Coulomb repulsion. The final energy of the protons
j
depends on the instants T1 , T2 .

(2)

where TN is the kinetic energy operator for the nuclei, Te
the kinetic energy for the electrons, VN the nuclear repulsion,
VeN the nuclei-electron interaction, Vee the electron-electron
interaction, and VI (t) the laser-matter interaction. Within the
Born-Oppenheimer approximation, the total state |(t) can
be expanded as

 el 

 φR,m
 m (R,t)
|(t) =
⊗ |R,
(3)
d RX

spaces of H2 , H2 + , and H2 ++ ,


 el  el 
 R|,

 φR,n
φR,m  ⊗ |R
Cm = d R m (R,t)

(5)

 is the ionization rate from the m (h, g, or u)
where m (R,t)
state to the n (g, u, or c) state and depends on the instantaneous
value of the field strength. In this work, the ionization rate
responsible for the ionization of H2 is calculated using the
weak-field asymptotic theory of Ref. [37]. The ionization rates
for the ionization of the cation are obtained by interpolating
the results published in Ref. [41].
By substituting Eqs. (3)–(5) into Eq. (1) and using the ansatz
 = 1 Km (R,t)Wm (θ,φ,t), the time evolution of the
Xm (R,t)
R
radial wave function Km (R,t) can be obtained. As the molecule
is assumed rotationally frozen during the interaction with
the femtosecond laser pulse, the angular parts of the nuclear
wave function Wm (θ,φ,t) can be expressed as Wm (θ,φ,t) =
√1 δ(θ − θ0 )δ(φ − φ0 ) with θ0 and φ0 specifying the internu4π
clear orientation. In the calculations below, we consider the
case where the molecule is aligned with the linear polarization
of the external field, i.e., θ0 = 0◦ and φ0 = 0◦ , where the latter
can be arbitrary because of symmetry.
The simulation procedure of the MCWP technique is
outlined in the following (see also Refs. [21–23]). The nuclear
wave function first evolves in the neutral system with its norm
square decreasing because of the non-Hermitian term in the

m

 is the nuclear wave packet and |R
 refers
in which Xm (R,t)
to the position eigenkets of the nuclear coordinate. The
el
electronic basis states |φR,m
 can be obtained by solving
the time-independent Schrödinger equation with parametric

dependence on the internuclear separation R:
 el 
 el 

,
(4)
(Te + Vee + VeN + VN ) φR,i = Eel,i (R)φR,i
where Eel,i (R) is the corresponding electronic potential energy
curve. The four electronic potential energy curves included in
our MCWP calculations are shown in Fig. 1. These are the
(1sσg )2 curve in H2 , the 1sσg and 2pσu curves in H2 + , and the
doubly ionized Coulombic curve in H2 ++ , for short denoted
h, g, u, and c, respectively. These curves were previously
shown to be sufficient to capture the dynamics responsible for
the KER spectra [21–23]. The jump operators Cm in Eq. (1)
constitute a non-Hermitian term in the total Hamiltonian. This
term is responsible for the jumps among the different Hilbert
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Hamiltonian. At each time step, the drop in the norm square
is compared with a random number (between 0 and 1), which
determines whether the jump from one Hilbert space to another
takes place or not. If the drop in the norm square is larger
than the random number, ionization occurs and thus the wave
function jumps, is renormalized, and then evolves in the new
Hilbert space, otherwise, ionization cannot occur and the
wave function needs to be renormalized in the neutral system.
The comparison between the drop in the norm square and a
random number continues until the first jump occurs. Similarly,
whether the second jump takes place or not is controlled by
comparing the drop in the norm square of the nuclear wave
function in H2 + with a new random number (between 0 and
1). The difference compared to the first jump is that there
are two pathways for the second jump to the doubly ionized
system, from the g state curve and from the u state curve,
which means that another random number (between 0 and 1)
should be introduced to decide which pathway to choose. As a
result, a nuclear wave function after emitting two electrons is
obtained stochastically, with the first jump occurring at some
instant of time T1 and the second jump at some instant of later
time T2 (Fig. 1). The nuclear wave packet after two jumps
Kc (R,T2 ) holds all the information of the nuclei. For example,
the nuclear kinetic energies can be obtained by projecting the
wave packet on Coulomb waves KE (R),

2


(6)
EmKER (T1 ,T2 ) =  KE (R)Kc (R,T2 )dR  ,

curve of H2 . The applied laser pulse with the polarization axis
parallel to the molecular axis first kicks out the first electron
and then induces nuclear motion in the two potential energy
curves of the H2 + system. Meanwhile, there is electronic
dipole coupling between the 1sσg and 2pσu states. Finally, the
nuclei experience Coulomb repulsion after emitting the second
electron. Thus the nuclei pick up energy from two terms, one
is the dissociative kinetic energy in the singly ionized system
and the other is the Coulomb repulsion energy in the doubly
ionized system. The time-dependent Hamiltonian, including
the non-Hermitian part representing the interaction between
states in different Hilbert spaces as well as the electronic
dipole coupling between states within a given Hilbert space,
originates from the external laser field. As a result and as shown
in the next section, the kinetic energy is closely related to the
parameters of the applied laser pulse, such as peak intensity,
wavelength, and pulse duration.
Numerically, within each Hilbert space, we solve the TDSE
by applying the split-operator method [42] on the short-time
propagator, i.e.,
U (t +

t
t
exp −iV R,t +
2
2

× exp −iTN

t

t
.
2

(8)

Obviously, it is the term V (R,t) that determines how the
wave packet evolves in each Hilbert space. For example, in
H2 + , the 2 × 2 matrix representation of V (R,t) is Vij (R,t) =
Eel,i (R)δij −ii (R,t)/2δij +βDij (R)F (t) (i,j = g,u), where
β = 1 + 1/(2mp + 1) with mp the proton mass, F (t) is the
electric field, and Dij (R) is the electronic dipole moment
function between i and j states along the direction ˆ of the
el
el
linear polarization, i.e., Dij (R) = −φR,i
|r · ˆ |φR,j
. We use
R
the explicit expression for Dgu (R) = √
−
2
−R 2

with m = g, u.
Equation (6) only gives the KER signal for one stochastic
event occurring at specific T1 and T2 . We refer to such a
specific realization of jump times and dynamics as a quantum
trajectory. The total nuclear KER spectra of the dissociative
ionization process can be obtained by averaging over all
the stochastic events. In the present case of dissociative
double ionization, the computational effort can, however,
be dramatically reduced through eliminating all the random
numbers by applying a completely deterministic approach. To
this end, the two jumps which are dressed with probabilities
are assumed to take place at every time step. Actually,
the probability for each jump is proportional to the drop
in the norm square at that jump time. This is reasonable because
the larger the drop in the norm square, the more likely it is for
a jump to occur. Summing over all the weighted events, the
nuclear KER spectra can be obtained from the formula,


KER
=
P1 P12
P (m|{T1 ,T2 })EmKER (T1 ,T2 ). (7)
Etot
T1 ,T2

t,t) = exp −iTN

2

1−[(1+R+R /3)e

]

1
(2+1.4R)

given in Ref. [43]. The size of our simulation box
is 40.96. The time step t is 0.1 and the spatial step R is
0.02. The operators exp(−iTN 2t ) and exp[−iV (R,t + 2t ) t]
are diagonal in the momentum and position representations,
respectively, thus a fast-Fourier-transform algorithm is applied
in the implementation.
III. WAVELENGTH AND PULSE DURATION
DEPENDENCE OF KER SPECTRA FOR H2
INTERACTING WITH A SINGLE LASER PULSE

m=g,u

In this section, we simulate the process of dissociative
double ionization of ground-state H2 interacting with single
laser pulses. The calculated proton KER spectra for different
wavelengths (ranging from 800 to 6400 nm) and pulse
durations (ranging from 3 to 21 laser cycles) are shown in
Fig. 2. In our calculation, the laser pulses are of Gaussian
shape, and the pulse durations are expressed in terms of the
number of laser cycles within the FWHM of the intensity
profile of the applied laser pulses. The laser intensity of
6 × 1013 W/cm2 is chosen to be similar to the one in the
experiment of Ref. [44]. If there are specific internuclear
positions from which a significant part of the second ionization
takes place, distinctive peaks occur in the nuclear KER spectra.

In the above equation, P1 = −d(Nh (t))/dt is the probability
density for the first jump with Nh (t) representing the norm
square of the nuclear wave function of the h state; P12 =
−d(Ng (t) + Nu (t))/dt is the conditional probability density
of the second jump for a given first jump with Ng (t) and
Nu (t) representing the norm square of the nuclear wave
function of the g state and the u state, respectively; and
P (m|{T1 ,T2 }) = |Cm+ Cm |/|Cg+ Cg + Cu+ Cu | is the
conditional probability density from the m (g or u) state for
given first and second jump times (see also Ref. [40]).
As shown in Fig. 1, the initial nuclear wave function is
assumed to be the ground state of the (1sσg )2 potential energy
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signal (arb. units)

1
0.8
0.6
0.4
0.2
1
0.8
0.6
0.4
0.2

1600 nm (b)

1
0.8
0.6
0.4
0.2

total yields

1
0.8
0.6
0.4
0.2
0

We will now identify the most prominent peaks in the
spectra in Fig. 2. The special KER peak around 9 eV visible
in Figs. 2(a)–2(d), is a signature of the outer turning point
of the nuclear wave packet evolving along the 1sσg BornOppenheimer (BO) potential energy curve in H2 + . The peak is
nearly independent of the laser pulse and is in nice agreement
with the classical estimate of the Coulomb repulsion energy
of 1/Rtp ∼ 1/3 (9.1 eV), with Rtp ∼ 3 the outer turning point
of the wave packet along the 1sσg potential energy curve,
when the initial nuclear wave packet is assumed to be that
of the ground state of the (1sσg )2 curve with an equilibrium
internuclear separation of 1.4.
For a fixed wavelength, several peaks in the KER spectra are
more or less at similar positions for different numbers of laser
cycles within the FWHM intensity duration. This behavior is a
signature of the fact that the positions of the resonant electronic
one- and three-photon dipole couplings are the same for these
laser pulses. Moreover, there are clear signatures of CREI [13]
in the spectra. CREI takes place at internuclear separations
around R = 7 and R = 11 [41] at this laser peak intensity, and
gives rise to Coulomb repulsive energies of 3.9 and 2.5 eV.
When the wavelength is larger, the distances between positions
for the one- or three-photon resonance and positions for CREI
are smaller, and thus the dissociative kinetic energy picked up
along the 2pσu curve before the CREI positions is becoming
smaller. The peaks around 3 eV (smaller than the Coulomb
repulsion at R = 7) in Figs. 2(b)–2(d) is a signature of CREI
around R = 11, while in Fig. 2(a) the pulse durations are too
short to allow a substantial portion of the nuclear wave packet
to reach R = 11 during the pulse.
When interacting with laser pulses with larger wavelengths,
see Figs. 2(c) and 2(d), some pronounced new energy peaks
appear around 1.5 eV when the number of laser cycles is
larger than 15 (10) for 3200 nm (6400 nm). These peaks occur
because the nuclear wave packet can move farther during
the longer pulse and be ionized at separations beyond the
positions of CREI. These low-energy peaks are of the same
origin as the <2 eV peak monitored in a previous pump-probe
experiment [45]. The low-energy peaks for 15 and 21 laser
cycles at 6400 nm are at about 1.5 eV and 1.2 eV, respectively.
We benefit from the stochastic sampling within the MCWP
approach and carry out a trajectory analysis of these two
peaks. The contributions from different trajectories are shown
in Fig. 3. The ionization rate from the 2pσu state to the doubly
ionized molecule is at least one order of magnitude larger than
that from the 1sσg state for R  3 [41]. Moreover, only a very
small part of the nuclear wave packet reaches distances R > 3
via evolution on the 1sσg curve. Thus the nuclear wave packet
evolving along the 2pσu curve contributes much more to the
low-energy KER peaks. As a result, only trajectories where
the second jump takes place from the 2pσu state are shown
in Fig. 3. A clear oscillatory dependence of the signal on the
second jump time T2 can be observed. This is because all the
first jumps take place at the field extrema and there are enhancements when the second jumps occur near field extrema.
The time differences between the second and first jumps are
the evolution times within the H2 + system. The evolution times
for the most prominent events (marked by red dots) for 21 and
15 laser cycles are about 6190 (150 fs) and 4420 (108 fs),
which correspond to 7 and 5 laser cycles, respectively.

800 nm (a)

3200 nm (c)

3
7
10
21

0

×10-9
8 (e)
6
4
2
0
5

5

10
KER (eV)

5 6400 nm (d)
9
15

15

20

6400 nm
3200 nm
1600 nm
800 nm

10
15
number of laser cycles

20

FIG. 2. (a)–(d) Renormalized nuclear KER spectra after double
ionization of H2 interacting with laser pulses with different wavelengths ranging from 800 to 6400 nm and with different FWHM
pulse durations ranging from 3 to 21 laser cycles. All the pulses
have a peak intensity of 6 × 1013 W/cm2 . (e) Total yields of protons
in units of ionization probability per molecule as a function of the
number of laser cycles for several wavelengths.

These peaks mostly come from events in H2 + which occur at
internuclear separations with a resonant one- or three-photon
dipole coupling between the 1sσg and 2pσu curves, or at the
separations of CREI [12,13], or in the dissociative limit beyond
the CREI distances. When we look at Fig. 2 from the top to the
bottom, we see in general that the KER spectra move toward
lower kinetic energies with increasing duration of the laser
pulses. This behavior occurs because the larger the duration
of the pulse, the more likely it is for the nuclei to dissociate
to larger separations with correspondingly smaller repulsive
Coulomb energy. Moreover, when interacting with laser pulses
with the same duration, for example, 10 laser cycles at 800 nm
and 5 laser cycles at 1600 nm, even though the individual peaks
are shifted because of the different positions for the resonant
electronic dipole coupling in H2 + , the overall widths of the
KER spectra windows look quite similar.
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almost the same in spite of different numbers of laser cycles
and ionization from different internuclear separations larger
than 8. We can therefore estimate the dissociation energies in
the following way. We consider two equations Ed + 1/R21 =
1.2 eV and Ed + 1/R15 = 1.5 eV, with R21 and R15 denoting
the positions where the second ionization takes place when
interacting with laser pulses with 21 and 15 laser cycles,
respectively. In combination with the use of the relations
Ed = 12 mv 2 and vt = R21 − R15 , valid at R > 8, we obtain the
dissociative kinetic energies along the 2pσu potential energy
curve from both the positions of the one- and three-photon
resonances between the 2pσu and 1sσg curves. In these
equations, v is the velocity corresponding to Ed , m here is
the reduced mass of the nuclei, and t is the evolution time
difference for the 1.5 and 1.2 eV peaks. By substituting the
evolution time difference of 2 laser cycles into the above
equations, two physical solutions of the dissociative kinetic
energy are obtained. One is 0.12 eV corresponding to the
dissociative kinetic energy via the one-photon resonance. The
other is 0.47 eV which corresponds to the dissociative kinetic
energy after the three-photon resonance. Thus the potential
energies at the one- and three-photon resonances can be
expected as −13.6 + 0.12 = −13.48 eV and −13.6 + 0.47 =
−13.13 eV, where −13.6 eV is the energy of the dissociation
limit. Both the energies obtained are quite close to the energies
in the 2pσu curve of −13.46 and −13.24 eV at the one- and
three-photon resonances as listed in Table I. In a similar way,
we can obtain the potential energies of the 2pσu curve at the
one- and three-photon resonances between the 2pσu and 1sσg
curves for 3200 nm.
A detailed analysis of the KER spectra in Fig. 2 is conducted
in the following with reference to Table I. The four processes
shown in Fig. 4 are expected to play an important role for the
final nuclear KER spectra. They represent enhanced ionization
at the two CREI positions after the one- and three-photon
resonant dipole coupling between the 1sσg and the 2pσu
states in H2 + at smaller internuclear distances. In principle,
ionization at the one- and three-photon resonances should
also result in peaks close to their Coulomb repulsion energies
since the dissociative kinetic energy is much smaller for these
two cases. To better understand the origin of the peaks in
Fig. 2, the positions of the one-photon resonance, R1 , and the
three-photon resonance, R3 , are given in Table I for several
wavelengths. In addition, the potential energies in the 2pσu
potential energy curve (Eu1 and Eu3 ) and in the Coulomb
potential energy curve for H2 ++ at R1 and R3 are given.
When the wavelength is 800 nm, as expected from Table I,
there should be some enhancement in the proton yields at
around 8.3, 5.7, 6.6, 5.36, 4.63, and 3.4 eV. They result from
enhanced ionization at the three-photon resonance and the
one-photon resonance as well as from the four processes
pictured in Fig. 4. In Fig. 2(a), the peaks around 4.7 eV
mainly come from enhanced ionization at the CREI position
of R = 7 via the one-photon resonance, which can be verified
by the following process: The dissociative kinetic energy
is 13.43 − 12.69 = 0.74 eV, which is the difference in the
2pσu potential energy curve between R3 = 3.28 and R = 7.
Adding this kinetic energy to the Coulomb repulsion energy
1/7 (3.89 eV) at R = 7, the total kinetic energy of the proton is
4.63 eV. Similarly, the peaks around 5.3 eV in Fig. 2(a) can be

FIG. 3. Contributions from different trajectories to the lowenergy peak around (a) 1.2 eV in Fig. 2(d) when interacting with
a pulse with 21 laser cycles at 6400 nm, and (b) 1.5 eV in Fig. 2(d)
when interacting with a pulse with 15 laser cycles at 6400 nm. The
red dots mark the trajectories that give the largest contributions. The
laser pulses are indicted by the grey lines and the parameters are as
in Fig. 2(d).

In this manner, the MCWP approach allows us to find the
typical time spent in the H2 + system, i.e., the time needed to
ionize H2 + , for each particular feature in the KER spectra.
These times are long enough for the nuclear wave packets
to reach quite large internuclear separations (R > 20) along
the dissociative 2pσu potential energy curve. As we will now
show, the difference [2 laser cycles for the two peaks at 1.2 and
1.5 eV in Fig. 2(d)] between the two evolution times allows us
to obtain the dissociative kinetic energy Ed for the low-energy
peaks.
One can see from Fig. 1 that there is nearly no variation
in the 2pσu potential energy curve when R > 8. Thus the
dissociative kinetic energies of the low-energy protons are
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TABLE I. Data used for the analysis of the nuclear KER spectra following dissociative double ionization of H2 . The 750 nm case will be
considered in Sec. IV. Here ω denotes the laser angular frequency. R1 and R3 are the positions of the one- and three-photon resonances between
the 2pσu and 1sσg curves in H2 + , respectively. Eu1 and Eu3 are the corresponding potential energies in the 2pσu potential energy curve at R1
and R3 . a0 is the Bohr radius.
λ (nm)
800
1600
3200
6400
750

ω (eV)

R1 (a0 )

R3 (a0 )

Eu1 (eV)

Eu3 (eV)

1/R1 (eV)

1/R3 (eV)

1.55
0.775
0.388
0.194
1.653

4.74
5.64
6.5
7.32
4.67

3.28
4.22
5.12
6
3.19

−12.69
−13.14
−13.35
−13.46
−12.63

−10.7
−12.23
−12.91
−13.24
−10.47

5.7
4.8
4.2
3.7
5.82

8.3
6.4
5.3
4.5
8.53

related to enhanced ionization at the CREI position of R = 11
via the three-photon resonance, which are quite close to the
expected 2.89 + 2.47 = 5.36 eV. The peaks around 7.3 eV
are indeed from the combined contributions from at least two
processes. These are enhanced ionization at the three-photon
resonance (8.3 eV) and at the CREI position of R = 7 via
the three-photon resonance (6.6 eV). These two relative broad
peaks may give a peak at around (8.3 + 6.6) / 2 = 7.45 eV.
The peaks around 6.2 eV are mainly from the combination of
enhanced ionization at the one-photon resonance (5.7 eV) and
at the CREI position of R = 7 via the three-photon resonance
(6.6 eV).
When the wavelength is 1600 nm, Table I and reasoning as
in the 800 nm case above shows that enhancements around
6.4, 4.8, 4.2, 3.0, 5.1, and 3.9 eV are expected to appear
in the spectra shown in Fig. 2(b). As a result, the peaks
around 6.4 eV mainly come from enhanced ionization via the
three-photon resonance. The peaks around 5 eV are mainly
from enhanced ionization via the one-photon resonance and
enhanced ionization at R = 7 after the three-photon resonance.
The peaks around 4.3 eV are mainly from enhanced ionization

at the CREI position of R = 7 and enhanced ionization at R =
11 via the three-photon resonance. Besides, large ionization
at the CREI position of R = 11 through the one-photon
resonance leads to the peaks around 3 eV.
As the wavelength increases to 3200 nm, the expected
enhancements in the spectra are around 5.3, 4.2, 4.0, 2.8,
4.4, and 3.2 eV, respectively (Table I). The ionization at the
three-photon resonance can result in peaks around 5.3 eV.
The peaks around 4.0 eV mainly come from large ionization
at the one-photon resonance or at the CREI position of R = 7
via the one-photon resonance or even from enhanced ionization
at R = 7 after the three-photon resonance. The peaks around
2.6 eV come from large ionization at the CREI position
of R = 11 after the one-photon resonance, while the peaks
around 3 eV are from enhanced ionization at R = 11 after the
three-photon resonance. Further increasing the wavelength to
6400 nm, there should be enhancement in the proton yields
around five kinetic energies [4.5, 3.7, 2.6, 4.1, and 2.9 eV
(Table I)]. There would be no events at R = 7 after the
one-photon resonance, because the position of the one-photon
resonance R = 7.32 is larger than R = 7. The one-photon and
three-photon resonances give peaks around 3.6 and 4.9 eV.
Enhanced ionization at the CREI position of R = 11 from the
one- and three-photon resonances gives the respective peaks
around 2.6 and 2.9 eV.
All of the plots in Figs. 2(a)–2(d) are renormalized to better
observe the common features in the spectra. There are large
differences in the proton yields for the pulses. In Fig. 2(e),
the total yields of protons as a function of the number of
laser cycles under several wavelengths are shown in units of
ionization probability per molecule, which are also the units
for the nuclear KER spectra below. When the peak intensity of
the laser pulse is fixed, the duration of the pulse does influence
the total yields. The larger the duration, the larger the yield.
Besides, for the same durations, e.g., 10 laser cycles at 1600 nm
and 5 laser cycles at 3200, the yields are nearly identical.

(b)

(a)

R=11

R=7
(d)

(c)

R=7

IV. DELAY DEPENDENCE OF KER SPECTRA FOR H2
INTERACTING WITH TWO PULSES

R=11

When molecules interact with two or more laser pulses, dynamics of the nuclei as well as dynamics of the photoelectrons
can be studied as a function of the time delay between the
pulses. Usually, the first pulse is the pump which stimulates
electronic excitation and nuclear motion. The following pulse
acts as the probe and is used to detect the nuclear or electronic
wave packets. The pump-probe technique has been widely

FIG. 4. Sketch of four processes of enhanced ionization at the
two CREI positions of R = 7 and R = 11 (denoted by the outermost
right arrows in the figures) after one- and three-photon resonance
transitions. (a) and (b) CREI at R = 7 and R = 11 after the threephoton resonance. (c) and (d) CREI at R = 7 and R = 11 after the
one-photon resonance.
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and the energy-decreasing branch from 6 to 2 eV for increasing
time delay are reproduced.
In Fig. 5(a), the channel with KER around 10 eV mainly
comes from double ionization of H2 by the more intense pump
pulse. This channel shows no delay dependence when the delay
is larger than 20 fs. However, for delays smaller than 20 fs,
oscillation of the KER distributions with a period of one laser
cycle is observed. This oscillation is a signature of constructive
and destructive interference between the two pulses when the
two pulses overlap in time. The channel with KER in the
2–6 eV range has a strong delay dependence and is due to
the ionization of H2 + by the relatively weak probe pulse. The
main energy-decreasing branch from 6 to 2 eV for increasing
delay is a result of the nuclear wave packet moving along the
2pσu potential energy curve in H2 + .
In addition, there are two much weaker energy-decreasing
branches. A zoom of part of the branches is shown in the insert
to the right of Fig. 5(a). These branches can be shown to result
from the oscillatory movement of the nuclear wave packet
along the 1sσg potential energy curve in H2 + : The duration
between the first dominant decreasing branch starting at a
time delay around 15 fs and the second branch highlighted in
the insert is around 20–25 fs corresponding to a full oscillatory
motion in the 1sσg curve.
To extract properties of the 2pσu potential energy curve, we
resort to solving the equations of the dissociative kinetic energy
as discussed in Sec. III. We use the peak positions of 2.17 and
2.34 eV for the two low-energy peaks at time delays of 60 and
70 fs [Fig. 5(b)]. With this difference in evolution time of 10 fs,
we obtain the dissociative kinetic energy of about 0.93 eV. Thus
the 2pσu potential energy at the one-photon resonance position
for 750 nm is about −13.6 + 0.93 = −12.67 eV, which is very
close to the expectation of −12.63 eV from Table. I.
As the wavelength of the laser pulses becomes larger,
more structures in the KER spectra are expected, since the
larger laser duration can activate more ionization pathways.
In Fig. 6(a), we plot the KER distributions as a function of
delay, when the wavelengths of both pulses are 1600 nm while
the other parameters are as in Fig. 5. Processes similar to
the ones in Fig. 5(a) can be seen in Fig. 6(a), for example,
interference between the two pulses at time delays shorter
than 30 fs and movement of the nuclear wave packet along the
2pσu potential energy curve (branch decreasing from 5 eV).
Three peaks around 10 eV are observed. The origin of these
peaks is discussed below. As shown in Fig. 6(b), when the
delay is 140 fs, the low-energy peak of the KER spectra is
around 1.2 eV, and when the delay is 80 fs, the low-energy
peak of the KER spectra is around 1.75 eV. By solving similar
equations as in Sec. III, we obtain a dissociative kinetic energy
of 0.42 eV, which is used to obtain the potential energy
along the 2pσu curve at the one-photon resonance position for
1600 nm. The result of −13.6 + 0.42 = −13.18 eV is in very
good agreement with the energy of −13.14 eV from Table. I.
A trajectory analysis can help to clearly identify how the
peaks in Fig. 6(b) are formed. In Fig. 7, contributions from
different trajectories to the four peaks (8.5, 9.8, 13, and 1.4 eV)
in the KER spectra when the delay is 122 fs in Fig. 6(b) are
shown. As in Fig. 3, a periodical dependence of the signal
with the second jump time T2 is clearly seen. The three peaks
around 8.5, 9.8, and 13 eV are mainly from double ionization

(a)

(b)
0.16

delay-60 fs
delay-70 fs

0.14
0.12

signal

0.1
0.08
0.06
0.04
0.02
0

0

5

10

15

20

KER (eV)
FIG. 5. (a) Nuclear KER distributions as a function of time delay
between pump and probe pulses. The peak intensity of the pump
(probe) pulse is 4 × 1014 W/cm2 (6 × 1013 W/cm2 ). The two pulses
have the same wavelength (750 nm) and the same duration (3 laser
cycles). The data are plotted to the power of 0.2 in order to gain a
larger visibility of the structures and after that the signal in the insert
was multiplied by a factor of 3. (b) Cuts from (a) before multiplying
by a factor 3 at time delays of 60 and 70 fs.

used to study ultrafast dynamics of both electrons and nuclei
and we refer the readers to Refs. [11,29,44,46–48] for recent
examples in H2 . In Fig. 5(a), we plot the simulated KER
distributions as a function of time delay between pump and
probe laser pulses with their polarization axes parallel to the
molecular axis. To test the performance of our approach, the
parameters of the two laser pulses are chosen according to
Ref. [48]: The central wavelength and the FWHM duration of
the two pulses are 750 nm and 3 laser cycles, respectively. The
pump laser has a peak intensity of 4 × 1014 W/cm2 while the
probe has a peak intensity of 6 × 1013 W/cm2 . We find a good
agreement between Fig. 5(a) and the experimental results of
Ref. [48]. In particular, the high-energy branch around 10 eV
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(a)

(b)
0.15

FIG. 7. Contributions from different trajectories to the four peaks
(8.5, 9.8, 13, and 1.4 eV) in the KER spectra in Fig. 6(b) when the
delay is 122 fs. The distributions in the small T2 ∼ 1000 range result
in three high-energy peaks around 8.5, 9.8, and 13 eV while the
distributions in the large T2 ∼ 6000 range give the low-energy peak
around 1.4 eV. The two pulses are also shown by the grey line in the
top of the figure. To show the distributions clearly in a single figure,
signals for T2 ∼ 6000 have been multiplied by a factor of 5000.

delay-80 fs
delay-122 fs
delay-140 fs

signal

0.1

high-energy peaks. The pump field is so strong that nearly all
of the singly ionized molecules would be further ionized in
two laser cycles.
The evolution of the wave packet could be quite different
when the wavelengths of the two pulses are different. In Fig. 8,

0.05

0

0

5

10

15

20

KER (eV)
FIG. 6. (a) Nuclear KER distributions as a function of time
delay between pump and probe pulses. The peak intensity of the
pump (probe) pulse is 4 × 1014 W/cm2 (6 × 1013 W/cm2 ). Both the
wavelengths are 1600 nm and the duration of both pulses is 3 laser
cycles. The data are plotted to the power of 0.2 in order to gain a
larger visibility of the structures. (b) Cuts from (a) at time delays of
80, 122, and 140 fs.

induced by the pump pulse alone: The signals around 13 eV
mainly come from trajectories in which the evolution time in
H2 + (difference between the first and second jump times) is
about half a laser cycle; the signals around 9.8 eV are from
trajectories where the evolution time is around one laser cycle;
and the signals around 8.5 eV are from trajectories where
the evolution time is about one and a half laser cycles. The
low-energy peak around 1.4 eV is from trajectories where the
first ionization is induced by the pump pulse and the second by
the probe pulse. In this manner, as was the case in Sec. III, the
MCWP approach offers a very direct look into the time scale
of the ionization dynamics associated with a given feature in
the KER spectra. In Fig. 7, we also notice that the first jumps
mainly occur at the same time around 750 (18.3 fs) for the three

FIG. 8. Nuclear KER distributions as a function of time delay
between the pump and probe pulses. The peak intensity of the pump
(probe) pulse is 4 × 1014 W/cm2 (6 × 1013 W/cm2 ). The pump
(probe) wavelength is 800 nm (6400 nm). The duration of both pulses
is 3 laser cycles. The data are plotted to the power of 0.2 in order to
gain a larger visibility of the structures.
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a broader energy peak than that at around R = 11 because there
is a larger relative change in the Coulomb repulsion energy
at smaller internuclear distances than at larger internuclear
distances for a given R.
The above discussion shows how the wavelength, pulse
duration, as well as delay of the laser pulses determine the
nuclear KER spectra. The dynamics of the nuclear wave
packets can be extracted when these parameters are well
chosen. The ionization induced by the probe pulse after
the one-photon resonance resulting from the pump pulse
largely contributes to the energy-decreasing branch of the
KER spectra. This delay-dependent channel will be more
pronounced if the duration or the intensity of the probe pulse
is increased. Meanwhile, when increasing the duration of the
laser pulses, CREI would also show up more clearly on the
averaged spectra integrated over all delays.

×10-4
3
750 nm pump, 750 nm probe
800 nm pump, 6400 nm probe

2

total yields

2
2
1
0.5

V. SUMMARY AND CONCLUSION

0

0

1

2
3
KER (eV)

4

We calculated the nuclear KER spectra of H2 interacting
with laser pulses with central wavelengths ranging from
the near-IR regime to the mid-IR regime. With increasing
wavelength, we observe a shift in the nuclear kinetic energy
distribution toward lower energies. A detailed analysis of the
peaks in the KER spectra was carried out. Some of the peaks
are from ionization taking place at the one- or three-photon
resonance between the 1sσg and 2pσu curves in the H2 +
system. Others are from CREI after the one- and three-photon
resonances, or from a combination of these processes. Both
for the cases of a single laser pulse and for two time-delayed
pulses, characteristic low-energy peaks were observed when
the duration or the delay of the pulses is large, e.g., for a
single pulse with 21 laser cycles at 6400 nm and for two
pump-probe pulses at 1600 nm with delay of 122 fs. The main
physical origin of the low-energy peaks is ionization occurring
at instants of field extrema when the nuclear wave packet
has reached separations beyond the CREI position of R = 11.
For the single-pulse case, the low-energy peak is a result of
ionization after dissociation via the one- and three-photon
resonances between the 1sσg and 2pσu states. For the two
pulse case, it mainly originates from ionization following
dissociation via the one-photon resonance between the two
states. In the pump-probe simulation, by integrating the KER
spectra with all delays, the effect of CREI was shown in the
KER spectra. We also showed how to extract the dissociative
energies of the 2pσu curve in H2 + following excitation at
the one- or three- photon resonances at 750, 1600, and 6400
nm. Finally, we illustrated in a few selected cases how the
MCWP approach allows a trajectory analysis helping with
the identification of dominant breakup pathways including an
assessment of typical durations between the ionization events
forming the characteristic features in the KER spectra.

5

FIG. 9. Total KER spectra integrated over all delays and shown
as a function of KER energy. The red dashed line is for Fig. 5 and
and the black solid line for Fig. 8, respectively.

the nuclear KER spectra of H2 interacting with two pulses
with different wavelengths are shown. The central wavelength
of the pump pulse is 800 nm and that of the probe pulse is
6400 nm. They both contain three laser cycles. Because the
probe pulse is much longer, there are more structures and
more yields in the KER spectra mainly induced by the probe
pulse. Even when the delay reaches almost 70 fs, the overlap
between the two pulses still plays a role in the final KER
spectra, as is seen from the delay dependence of the 10 eV
channel. Moreover, there are more structures around the large
kinetic energy channel at small delays because the effective
duration of the pump pulse is becoming larger. Because of the
complicated structures in the energy-decreasing branch (from
5 to 2 eV) in Fig. 8, the low-energy peaks in this case are
not used to obtain the dissociative kinetic energy after the
one-photon resonance.
The pronounced energy-decreasing branch in Fig. 8 is,
however, useful for extracting information about CREI. The
total KER spectra integrated over all delays in Figs. 5 and 8 are
shown in Fig. 9, which shows a clear signature of the presence
of the enhanced ionization. For both cases, the peaks around
3.6 eV mainly come from ionization at the CREI position
of R = 11 after the one-photon resonance between the 2pσu
and 1sσg curves in H2 + , while the energy-decreasing branch
around 2.6 eV for delays larger than ∼40 fs represents nuclear
KER spectra resulting from ionization from R > 11. In theory,
there should be peaks around 4.6 eV because of large ionization
around the other CREI position at R = 7 after the one-photon
resonance between the 2pσu and 1sσg curves in H2 + . However,
they are not as clear as the peaks around 3.6 eV. A possible
cause is that the enhanced ionization at around R = 7 results in
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M. Käsz, J. Titze, C. Wimmer, K. Kreidi, R. E. Grisenti, A.
Staudte, O. Jagutzki, U. Hergenhahn, H. Schmidt-Böcking, and
R. Dörner, Experimental Observation of Interatomic Coulombic Decay in Neon Dimers, Phys. Rev. Lett. 93, 163401
(2004).
[10] L. Strüder, S. Epp, D. Rolles, R. Hartmann, P. Holl, G. Lutz,
H. Soltau, R. Eckart, C. Reich, K. Heinzinger et al., Largeformat, high-speed, X-ray pnCCDs combined with electron
and ion imaging spectrometers in a multipurpose chamber for
experiments at 4th generation light sources, Nucl. Instrum.
Methods Phys. Res. A 614, 483 (2010).
[11] U. Thumm, T. Niederhausen, and B. Feuerstein, Time-series
analysis of vibrational nuclear wave-packet dynamics in D2 + ,
Phys. Rev. A 77, 063401 (2008).
[12] A. D. Bandrauk and J. Ruel, Charge-resonance-enhanced ionization of molecular ions in intense laser pulses: Geometric and
orientation effects, Phys. Rev. A 59, 2153 (1999).
[13] T. Zuo and A. D. Bandrauk, Charge-resonance-enhanced ionization of diatomic molecular ions by intense lasers, Phys. Rev.
A 52, R2511 (1995).
[14] B. Yang, M. Saeed, L. F. DiMauro, A. Zavriyev, and P. H.
Bucksbaum, High-resolution multiphoton ionization and dissociation of H2 and D2 molecules in intense laser fields, Phys. Rev.
A 44, R1458 (1991).
[15] A. Apalategui and A. Saenz, Multiphoton ionization of the
hydrogen molecule H2 , J. Phys. B: At., Mol. Opt. Phys. 35,
1909 (2002).
[16] S. Chelkowski, A. D. Bandrauk, A. Staudte, and P. B. Corkum,
Dynamic nuclear interference structures in the Coulomb explosion spectra of a hydrogen molecule in intense laser fields:

Reexamination of molecular enhanced ionization, Phys. Rev. A
76, 013405 (2007).
J. Caillat, J. Zanghellini, M. Kitzler, O. Koch, W. Kreuzer, and A.
Scrinzi, Correlated multielectron systems in strong laser fields:
A multiconfiguration time-dependent Hartree-Fock approach,
Phys. Rev. A 71, 012712 (2005).
J. L. Sanz-Vicario, H. Bachau, and F. Martı́n, Time-dependent
theoretical description of molecular autoionization produced by
femtosecond XUV laser pulses, Phys. Rev. A 73, 033410 (2006).
F. Calegari, D. Ayuso, A. Trabattoni, L. Belshaw, S. De
Camillis, S. Anumula, F. Frassetto, L. Poletto, A. Palacios, P.
Decleva, J. B. Greenwood, F. Martı́n, and M. Nisoli, Ultrafast
electron dynamics in phenylalanine initiated by attosecond
pulses, Science 346, 336 (2014).
J. Dalibard, Y. Castin, and K. Mølmer, Wave-Function Approach
to Dissipative Processes in Quantum Optics, Phys. Rev. Lett. 68,
580 (1992).
H. A. Leth, L. B. Madsen, and K. Mølmer, Monte Carlo Wave
Packet Theory of Dissociative Double Ionization, Phys. Rev.
Lett. 103, 183601 (2009).
H. A. Leth, L. B. Madsen, and K. Mølmer, Monte Carlo wave
packet approach to dissociative multiple ionization in diatomic
molecules, Phys. Rev. A 81, 053409 (2010).
H. A. Leth, L. B. Madsen, and K. Mølmer, Dissociative double
ionization of H2 and D2 : Comparison between experiment and
Monte Carlo wave packet calculations, Phys. Rev. A 81, 053410
(2010).
H. A. Leth and L. B. Madsen, Dissociative multiple ionization
of diatomic molecules by extreme-ultraviolet free-electron-laser
pulses, Phys. Rev. A 83, 063415 (2011).
H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini, Colloquium:
Non-Markovian dynamics in open quantum systems, Rev. Mod.
Phys. 88, 021002 (2016).
M. Vafaee, H. Sabzyan, Z. Vafaee, and A. Katanforoush,
Detailed instantaneous ionization rate of H2 + in an intense laser
field, Phys. Rev. A 74, 043416 (2006).
G. L. Yudin and M. Y. Ivanov, Nonadiabatic tunnel ionization:
Looking inside a laser cycle, Phys. Rev. A 64, 013409 (2001).
E. Goll, G. Wunner, and A. Saenz, Formation of Ground-State
Vibrational Wave Packets in Intense Ultrashort Laser Pulses,
Phys. Rev. Lett. 97, 103003 (2006).
T. Ergler, B. Feuerstein, A. Rudenko, K. Zrost, C. D. Schröter, R.
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Recent research interests have been raised in uncovering and controlling ultrafast dynamics in excited neutral
molecules. In this work we generalize the Monte Carlo wave packet (MCWP) approach to XUV-pump–IR-probe
schemes to simulate the process of dissociative double ionization of H2 where singly excited states in H2 are
involved. The XUV pulse is chosen to resonantly excite the initial ground state of H2 to the lowest excited
electronic state of 1 u + symmetry in H2 within the Franck-Condon region. The delayed intense IR pulse couples
the excited states of 1 u + symmetry with the nearby excited states of 1 g + symmetry. It also induces the first
ionization from H2 to H2 + and the second ionization from H2 + to H+ + H+ . To reduce the computational costs in
the MCWP approach, a sampling method is proposed to determine in time the dominant ionization events from
H2 to H2 + . By conducting a trajectory analysis, which is a unique possibility within the MCWP approach, the
origins of the characteristic features in the nuclear kinetic energy release spectra are identified for delays ranging
from 0 to 140 fs and the nuclear dynamics in the singly excited states in H2 is mapped out.
DOI: 10.1103/PhysRevA.97.043426

wavelengths, intensities, or pulse durations [8–10], nuclear
dynamics in H2 + were resolved by studying the nuclear kinetic
energy release (KER) spectra following double ionization, i.e.,
full breakup of H2 after removal of two electrons.
Pump-probe spectroscopy is powerful in uncovering and
controlling ultrafast dynamics taking place in molecules, especially since the emergence of attosecond laser sources. In
general, the pump pulse is used to initiate molecular dynamics
and the probe pulse is used to take snapshots of the dynamics in
real time as a function of the controlled delay. Recently, there
has been a considerable amount of work devoted to revealing
and controlling ultrafast dynamics in molecules by using
XUV-pump–IR-probe spectroscopy. For instance, control over
electron localization in dissociation of H2 + was achieved by
changing the delay between an attosecond pulse train (APT)
and a many-cycle IR laser pulse [11,12]. Instead of applying
an APT, exploiting a single isolated attosecond pulse as the
pump pulse was also able to realize control over electron
localization in the same H2 system [13]. Apart from controlling
electron localization, this XUV-IR scenario is especially useful
in monitoring the nuclear dynamics in molecular excited states.
For example, this scenario was applied to characterize the
singly excited molecular dynamics by using the ionization
signal [14–16].
For most of the works in the XUV-IR scenario (e.g.,
Refs. [14–16]) only the single-ionization channel is open,
which limits the information about the ultrafast dynamics
obtained by the measurements. More information can be
obtained if double- or multiple-ionization channels are open.
For example, former studies of the double-ionization channel
of H2 due to interaction with intense IR laser pulses have

I. INTRODUCTION

For molecular systems, due to interactions between nuclei
and electrons, the electronic dynamics directly induced by
the applied laser pulses is usually accompanied by nuclear
dynamics. For example, dissociation of molecules can be
induced by electronic excitation or ionization [1,2]. Many
pioneering works have exploited ultrashort laser pulses to
reveal and control the breakup dynamics including ionization
and dissociation dynamics in molecules, where the applied
laser pulses can be either single laser pulses or two laser pulses
in a pump-probe configuration. For instance, 40-fs laser pulses
with wavelengths tunable from 800 to 1850 nm were employed
to probe the nuclear dynamics in H2 + by recollision excitation
after tunneling ionization from H2 [3,4]. Under the same recollision excitation mechanism, carrier-envelope stabilized fewcycle near-IR laser pulses were exploited to achieve electron
localization, which is a crucial precondition in realizing control
of chemical reaction dynamics, in molecular dissociation of
H2 + [5]. More efficient control over electron localization in the
same system was later realized in several dissociation channels
involving recollision excitation and bond-softening mechanisms by using few-cycle [6] or 50-fs two-color [7] mid-IR
laser pulses. In addition, by using IR laser pulses with varying
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illustrated that the purely repulsive character of the Coulomb
potential can provide an unequivocal identification of the
different dissociative ionization pathways [17]. Up to now,
there have been few theoretical and experimental works applying the XUV-pump–IR-probe spectroscopy to study the
dynamics involved during the double-ionization processes in
molecules. For the theoretical part, the difficulty of treating
molecular double ionization lies in solving the time-dependent
Schrödinger equation (TDSE) to describe both nuclear and
electronic dynamics in the presence of two fields and nonperturbative dynamics. Even for the simplest molecules, this
task is beyond the capabilities of conventional computers due
to the involvement of a huge number of continuum states
in the process. As a result, it is very attractive to develop
a theory that simplifies the computations while still being
accurate. Moreover, ideally, such a theory should facilitate
an identification of the main physical mechanisms. To this
end, one can resort to the Monte Carlo wave packet (MCWP)
approach, which, in the context of strong-field physics, was
first presented by Leth et al. [10] for the description of nuclear
motion in the presence of dissipative electron dynamics. Since
then, this methodology has been validated in a number of cases.
For example, a detailed account of the theoretical foundation of
the MCWP approach and its limitations including its relation
to the master equation of the Lindblad form for open quantum
systems was presented in Ref. [18] (see also the original works
connected to quantum optics problems [19–21]). Later, a very
detailed comparison with experimental nuclear KER spectra
following interaction with near-infrared pulses was carried out
for different wavelengths including pump-probe schemes [22].
The agreement between experiment and theory was excellent.
Apart from reproducing experimental results for near infrared
wavelengths, this approach was also capable of performing
an accurate description of the dissociative multiple-ionization
process in the XUV regime [23].
In this work we resolve nuclear dynamics in the singly
excited states in H2 by generalizing the MCWP approach to
simulate double ionization of H2 within XUV-pump–IR-probe
schemes. The process of double ionization considered in this
work is as follows (Fig. 1). Starting from the ground state of H2 ,
i.e., from the X 1 g + (v = 0) state, the nuclear wave packets
in the excited electronic states of 1 u + symmetry are first efficiently launched via a one-photon absorption process caused
by the interaction with an ultrashort attosecond XUV pulse.
Then a delayed intense femtosecond IR laser pulse strongly
couples these excited states of 1 u + symmetry to the nearby
excited states of 1 g + symmetry. Thus, there are nuclear wave
packets evolving along the potential energy curves for the excited states of both 1 g + and 1 u + symmetries (Fig. 1). At the
same time, substantial ionization from H2 to H2 + , induced by
the intense IR laser pulse, occurs from these excited states due
to their small ionization potentials. After the first ionization,
the remaining part of the IR laser pulse couples the electronic
states in H2 + , e.g, the 1sσg and 2pσu states, and simultaneously
the second ionization from H2 + to H+ + H+ occurs. All these
dynamics, including the ionization processes, are modeled by
the present approach. Our theory treats the double ionization in
a consistent theoretical framework for this attosecond pumpprobe KER spectroscopy. By studying the nuclear KER spectra

FIG. 1. Born-Oppenheimer potential energy curves as a function
of the internuclear distance R. From the bottom to the top of the
figure, the six lowest solid (dashed) curves represent the electronic
potential energy curves for the six lowest electronic states of 1 g +
(1 u + ) symmetry in H2 below the 2 g + (1sσg ) curve in H2 + . The
two lowest potential energy curves in H2 + , i.e., the 1sσg and 2pσu
curves, and the 1/R Coulombic curve of H+ + H+ are also shown.
The thin (purple) vertical arrow indicates the interaction between the
XUV pump pulse and the ground-state molecule and the thick (red)
arrows represent ionization from H2 + to H+ + H+ induced by the IR
probe pulse. There is ionization from H2 to H2 + induced by the IR
field in spite of no arrow representing this process in the figure.

of the repulsive protons in the double-ionization channel
for different pump-probe delays, the nuclear dynamics in
the excited states of H2 can be mapped out. For example,
characteristic features in the nuclear KER distribution as a
function of the pump-probe delay are analyzed by conducting
a trajectory analysis, where the trajectories that contribute the
most to the observed features within our MCWP sampling are
identified.
This work presents the consideration of utilizing the nuclear
KER spectra following double ionization of the prototype H2
to recover the nuclear dynamics in the singly excited states
by using XUV-pump–IR-probe spectroscopy. We hope our
findings can stimulate the experimental studies in this scenario.
This paper is organized as follows. In Sec. II we describe the
application of the MCWP approach and its validation within
XUV-pump–IR-probe schemes. In Sec. III the nuclear KER
distributions following double ionization of H2 are obtained
for three different pump-pulse durations. Through analyzing
the characteristic features in the nuclear KER distributions,
the nuclear dynamics in the excited states of H2 is retrieved.
Section IV summarizes. A detailed description of the sampling
method is reported in Appendix A and a discussion of nuclear
wave packets in H2 + from B3 1 u + is given in Appendix B.
Atomic units are used unless otherwise stated.
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potential is described by a sin2 envelope, i.e.,

II. METHOD
A. The MCWP approach

AXUV (t) = AXUV0 sin2

The MCWP approach has been thoroughly described in
Refs. [10,18,22–26]. In this work we extend it to obtain the
nuclear KER spectrum of the protons following double ionization of H2 in the two-color XUV-pump–IR-probe scheme
where singly excited states in H2 are involved. When we use
the MCWP approach to describe double ionization of H2 , three
systems are involved, i.e., the neutral H2 , H2 + , and H2 2+ . For
a specific system containing electrons, due to its interaction
with the applied external field, ionization may occur which
takes the specific system to the system with one electron less.
Meanwhile, the electron removed from the system is now in the
continuum states. The MCWP approach regards the integrated
influence of the continuum states as the surroundings of a
given system. Thus, the unidirectional loss of electrons from
a given system to its surroundings can be treated by adding
a non-Hermitian term to the system Hamiltonian. For a given
system, the Hamiltonian is
i  †
H = Hs −
C Cm .
(1)
2 m m

πt
TXUV

sin(ωXUV t),

(3)

where TXUV is the XUV pulse duration and ωXUV is the central
frequency of the XUV pulse. The instantaneous field strength
of the XUV pulse is obtained from the relation FXUV (t) =
−dAXUV (t)/dt, where AXUV0 ωXUV is its peak field strength.
For the time-delayed femtosecond IR laser pulse, the electric
field profile is Gaussian, i.e.,
FIR (t) = FIR0 exp

−

2 ln 2(t − τ − TXUV /2)2
2
TIR

× cos[ωIR (t − τ − TXUV /2)],

(4)

where FIR0 is the peak field strength, τ the time delay between
the two pulses, ωIR the central frequency of the IR field, and
TIR the FWHM duration of the temporal intensity profile of the
IR laser pulse. In this work, both the first and second ionization
events of H2 are overwhelmingly induced by the IR laser pulse,
i.e., the XUV pulse is relatively weak with its central photon
energy well below the first ionization threshold of H2 . For
dissociative double ionization of H2 , the three involved charge
states correspond to H2 , H2 + , and H+ + H+ , respectively.
For a specific charge state, the total wave function | (t)
satisfies the TDSE i| ˙ (t) = H (t)| (t), with H (t) from
Eq. (1) and | (t) expressed using the ansatz

el


| (t) =
(5)
d R χm (R,t)|φ
R,m  ⊗ |R,

The equivalence of the constructed non-Hermitian Hamiltonian (1) to the Lindblad form master equation for an open
system is shown in Ref. [18]. In Eq. (1), Cm is a jump operator,
el
which specifies the transition from the electronic state |φR,m

el
in a given charge state to the electronic states |φR,n  in the
system with one electron less [10,18], i.e.,



 el 

 

  el
Cm =
d R m (R,t)M
n (R,t) φR,n φR,m ⊗ |RR|,

m

 is the nuclear wave function corresponding to
where χm (R,t)
el
. Similar to the jump operator in
the electronic state |φR,m
Eq. (2), the total wave function in Eq. (5) is also a coherent
superposition of bound electronic states. Substituting Eq. (5)
into the TDSE and projecting on the electronic eigenstate
el
φR,m
|, we obtain a system of coupled equations for the nuclear
wave functions

n

(2)
 is the position eigenket of the nuclear coordiwhere |R

nate and m (R,t)
is the ionization rate for the molecule
el
when the electron (electrons) is (are) in the |φR,m
 state.

el

The term n Mn (R,t)|φ

in
Eq.
(2)
represents
the
fieldR,n
dressed ground state in the new charge state, which is a
el
linear combination of the field-free electronic states |φR,n
.
For example, following a quantum jump from H2 , the ex in H2 + can be found in Ref. [27]. The
pression for Mn (R,t)
above-mentioned electronic states, which have a parametric
 can be obtained
dependence on the internuclear distance R,
by solving the time-independent Schrödinger equation of
el
 i.e., Hel |φR,m
the electronic Hamiltonian Hel at fixed R,
=
el
el 
Em (R)|φR,m . Since the influence of the continuum states is
integrated in the non-Hermitian term in Eq. (1), the electronic
states involved in the jump operator in Eq. (2) are bound
states. The electronic Hamiltonian Hel is related to the system
Hamiltonian Hs through Hs = TN + Hel + VL (t), where TN is
the nuclear kinetic energy operator and VL (t) = −μ
 · F (t) is
the light-molecule interaction operator. In this operator, μ
 is
dipole operator of the electrons and F (t) = FXUV (t) + FIR (t)
is the combination of the electric fields of the applied pump and
probe pulses. In this work, both pulses are linearly polarized
parallel to the molecular axis. For the XUV pulse, its vector

 = TN + Emel (R)
 − i m (R,t)


χm (R,t)
i χ̇m (R,t)
2



+
Vmk (R,t)χ
k (R,t),

(6)

k=m
el
el
el
el
 = φR,m
with Vmk (R,t)
|VL (t)|φR,k
 = −φR,m
|μ|φ
 R,k
 · F (t),
where we have neglected nonadiabatic couplings. The last term
in Eq. (6) describes the influence from the dipole couplings
el
 state and the other states within a given
between the |φR,m
system, e.g., in either H2 or H2 + . Equation (6) shows that
 evolves along its electronic
the nuclear wave packet χm (R,t)
 accompanied by coherent
potential energy surface Emel (R)
coupling with the other bound electronic states in the same
charge state and ionization loss to the adjacent charge state.
We assume that the molecule is aligned along the linear
polarization direction of F (t). This assumption reduces the
three-dimensional coupled equations to one-dimensional equations and the equations of motion within a given charge state
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can be written in matrix-vector form as
⎤ ⎡· · ·
⎡
···
···
⎢· · · − d 22 + E el (R) − i m (R,t)
χ
(R,t)
⎥
⎢
m
m
⎢
dR
2
∂⎢
⎥
···
···
i ⎢ ··· ⎥ = ⎢
∂t ⎣ χ (R,t) ⎦ ⎢
⎣· · ·
k
Vkm (R,t)
···
···
···

···
···
···
···
···

2

d
− dR
2

···
Vmk (R,t)
···
+ Ekel (R) − 2i k (R,t)
···

⎤
··· ⎡
···
· · ·⎥
χ (R,t)
⎥⎢
⎢ m
⎥
···
· · ·⎥⎢
⎣
· · ·⎦ χk (R,t)
···
···

⎤
⎥
⎥
⎥, (7)
⎦

to solve Eq. (7) for H2 and H2 + as specified by the quantum
jumps from H2 to H2 + and from H2 + to H+ + H+ (see below).
The practical application of the MCWP approach contains
the following three steps. (i) In H2 , starting from the ground
state of H2 (X 1 g + ,v = 0), we first evolve the initial nuclear
wave packet along the potential energy curves in H2 (we
include 12 curves in this case) under the influence of the pump
and probe pulses.
 The overall probability of staying in H2 ,
i.e., PH2 (t) = m dR|χm (R,t)|2 , decreases over time since
the IR pulse induces ionization. The first jumps from H2 to
H2 + are assumed to have a chance to occur at each time
step and the ionization probability P1 (t) within a small time
interval t around t during the presence of the IR field is
the drop in the probability PH2 (t) at adjacent time steps, i.e.,
P1 (t) = PH2 (t) − PH2 (t + t). For a given first jump time t1 ,
there are 12 individual pathways corresponding to jumps from
the 12 involved potential energy curves to H2 + and the relative
el
 state
probability from the potential energy curve for the |φR,m

is P1m (t1 ) =  (t1 )|Cm+ Cm | (t1 )/ m  (t1 )|Cm+ Cm | (t1 ).
+
(ii) After the first ionization, the initial state in H2 after
el
 state is Cm | (t1 ) =
the first jump at t1 from the |φR,m

√

el
k=g,u dR m (R,t1 )Mk (R)χm (R,t1 )|φR,k  ⊗ |R. Here g
and u denote the 1sσg and 2pσu states in H2 + , respectively,
and Mk (R) describes the field-dressed ground state in H2 +
and it is taken from Ref. [27]. Inserting this normalized
initial nuclear wave packet into Eq. (7), we obtain the evolution of the nuclear wave packets along the 1sσg and 2pσu
curves under the influence of the IR pulse. The ionization
probability within a time interval t around t for the second jump from H2 + to H+ + H+ is P
2 (t; t
1 ) = PH2 + (t; t1 ) −
g,u
dR|χk (R,t)|2 is
PH2 + (t + t; t1 ), where PH2 + (t; t1 ) = k
+
the overall probability of being in H2 at time t. For a
given second jump time t2 , the relative probabilities for the
second jumps taking place from the two pathways, i.e., from
the 1sσg and 2pσu 
curves to H+ + H+ , are P2k (t2 ; t1 ) =
 (t2 )|Ck+ Ck | (t2 )/ k  (t2 )|Ck+ Ck | (t2 ) with k = g or
u. (iii) After the second ionization, since there is only the
Coulombic curve in H+ + H+ , the term Mm in Eq. (2) for
the second jump operators is unity, thus the initial wave packet
in H+ + H+ , corresponding to the case where the second jump
takes place from the
is, before normal 1sσg (2pσu ) curve,
√
ization, χc (R,t) = g (R,t2 )χg (R,t2 ) [ u (R,t2 )χu (R,t2 )].
After removing two electrons from H2 , the IR pulse has no
influence on the evolution of the nuclear wave packets in H+ +
H+ and the nuclear KER spectra are obtained by projecting the
renormalized nuclear wave packets χc (R,t2 ) in H+ + H+ on
the energy-normalized Coulomb waves KE (R), i.e.,

where each χm (R,t) is expanded in a primitive basis for the R
degree of freedom. To obtain the complete nuclear dynamics
for double ionization of H2 , we solve Eq. (7) in three charge
states corresponding to H2 , H2 + , and H+ + H+ , respectively.
It is the quantum jump that transfers nuclear motion in a given
charge state to nuclear motion in the charge state with one
electron less. Thus, in our model, we have the first jump from
H2 to H2 + following the first ionization and the second jump
from H2 + to H+ + H+ following the second ionization. In
Fig. 1 the relevant Born-Oppenheimer potential energy curves
are plotted. The energies corresponding to the ground and
excited states of the neutral molecule are taken from accurate
correlated ab initio calculations [28,29]. The cation energies
are obtained from exact simulations using a one-electron
diatomic molecule code [30]. The figure shows the potential
energy curves for the six lowest electronic states of 1 g + and
1
u + symmetries in H2 , the potential energy curves for the
two lowest electronic states in H2 + , and the 1/R Coulombic
curve of H+ + H+ . The dipole moment functions between
electronic states entering the couplings Vmk (R,t) have been
obtained through a configuration-interaction calculation for H2
by using a procedure similar to that described in Ref. [31] and
taken from the literature for H2 + [32].
To make Eq. (7) solvable, it is necessary to have an estimate
of the state-resolved ionization rates m (R,t). In H2 , the
R-dependent ionization potentials Im (R) of the considered
singly excited states are much smaller than the ionization
potential of the ground state (Fig. 1). Thus, in order to ensure
ionization from the excited potential energy curves to work in
the tunneling regime, the central wavelength of the IR laser
pulse is chosen to be long enough to satisfy the corresponding
ionization conditions, i.e., the IR photon energy ωIR should
be smaller than the ionization potential for the highest-lying
excited state in H2 in Fig. 1 and the Keldysh parameter
γ for this state should be smaller than 1 [33]. Apart from
numerically solving the TDSE [34], methods such as the
molecular Ammosov-Delone-Krainov theory [35,36] and the
weak-field asymptotic theory [37–41] have been developed
to obtain analytical formulas for the tunneling ionization
rates for molecules. The tunneling ionization rates from the
two lowest electronic states in H2 + , i.e, the 1sσg and 2pσu
states, were ab initio values taken from Ref. [42]. Because
of the charge-resonance-enhanced ionization (CREI), for the
peak probe intensity used in this work, the R-dependent
ionization rates from the 2pσu state are relatively large at
internuclear distances around R = 7 and 11 a.u. Due to lack of
more accurate published results, the tunneling ionization rates
el
induced by the IR laser pulse from the excited states |φR,m
 in
H2 are approximated by the exponential
factor
in
the
tunneling
√
formulas, i.e, m (R,t) = exp{−2[ 2Im (R)]3 /[3FIR (t)]}. We
apply the split-operator method to the short-time propagator


2


PE,mk (t2 ; t1 ) =  dR KE (R)χc (R,t2 ) ,
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el
where m specifies that the first jump takes place from the |φR,m

state in H2 , k specifies that the second jump takes place from
+
the 1sσg or 2pσu state in H2 , and it is implied that χc (R,t2 )
carries the jump history, i.e., the first jump time t1 and the
el
el
states |φR,m
 and |φR,k
 from which the first and second jumps
take place. The total nuclear KER spectrum can be obtained
through summing over the KER spectra describing jumps from
different states in H2 and H2 + at different first and second jump
times, i.e.,

P1 (t1 )P1m (t1 )P2 (t2 ; t1 )P2k (t2 ; t1 )
PE =

MCWP
Castrillo Ref. [44] ab initio
Castrillo Ref. [44] model

probability

3

2

1

m,t1 ,k,t2

×PE,mk (t2 ; t1 ).

×10−7

4

(9)

In order to produce converged results, the time interval t
should be small enough, i.e., t < π/(3 E) [43], where
E can be approximated by the largest ionization potential
in Fig. 1. Thus, there are hundreds of time steps when the
simulation time is a few tens of femtoseconds. Accordingly,
there are hundreds of first and second jumps in Eq. (9), thus
without efficient sampling and simulation procedures, it would
be very resource and time demanding to obtain the KER
spectrum following double ionization of H2 . In Appendix A we
provide a detailed discussion and validation of our sampling
method. For the parameters considered in Sec. III, the number
of terms in Eq. (9) is reduced by a factor of 3.3 × 105
compared to the conventional sampling method, leading, of
course, to a significant speedup of the calculations.

0
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FIG. 2. Single-ionization probability of H2 as a function of delay
τ between the pump and probe pulses. The solid black curve is from
our calculation. The dot-dashed red and dotted blue curves are from
the model and ab initio calculations by González-Castrillo et al. [44],
respectively. Both the pump and probe pulses have sin2 envelops.
The laser parameters are as follows: The central photon energy of the
pump (probe) pulse is 10.885 (4.63) eV, the pump (probe) pulse has
a duration of 2 fs (4 fs), and the peak intensity of the pump (probe)
pulse is 109 W/cm2 (1012 W/cm2 ).

of 1 u + symmetry in H2 via a one-photon absorption process.
Strong coupling between the excited states of different
symmetries, 1 g + and 1 u + symmetries, and sequential
double ionization are then induced by a time-delayed intense
femtosecond IR laser pulse. For the results presented in this
section, the central frequency of the XUV pulse is chosen
+
to make the B 1 u state in H2 resonantly excited at the
equilibrium internuclear distance of the X 1 g + curve, i.e.,
ωXUV = 0.46 a.u. Excitation to higher-lying excited states
of 1 u + symmetry is unavoidable due to the bandwidth of
the XUV pulse. This is the reason why we include six singly
excited states of 1 u + symmetry and six of 1 g + symmetry
in H2 in our present model. The central wavelength of the IR
pulses is 2400 nm, i.e., the IR photon energy is ωIR = 0.019
a.u. This energy is smaller than the ionization potential from
H2 to H2 + for the highest-lying state in H2 , thus the IR field can
induce tunneling ionization (γ < 1) from excited states in H2
when its the peak field strength is FIR0 = 0.04 a.u. The peak
field strength of the XUV pulse is AXUV0 ωXUV = 0.005 338
a.u. To explore the influence of the XUV pulse duration on the
excited nuclear dynamics in H2 , we consider three different
cases where the XUV pulse durations TXUV are one, three, and
five optical cycles, corresponding to TXUV = 334, 1002, and
1671 as, while the pulse duration of the IR laser pulses is fixed
at three optical cycles (TIR = 24 fs). We have found that a time
step of t = 1 a.u. and a spatial step of R = 0.02 a.u. ensure
convergence of the results presented here (see Appendix A).

B. Validation of the MCWP approach in the XUV-IR scenario

In this section we validate the MCWP approach in the
XUV-IR scenario. A complete test of the performance of the
MCWP approach in simulating the double-ionization process
in the XUV-IR scenario is impossible due to two facts. First, the
process considered is not readily accessible by other theoretical
approaches. Second, there are no experiments available for
this process. This method can, however, be partially validated
by comparing with available experimental or ab initio results
for the single-ionization channel in the XUV-IR scenario.
For instance, we have run a simulation under the same pulse
parameters as in Ref. [44]: The two pulses have sin2 envelops,
the central photon energy of the pump (probe) pulse is 10.885
(4.63) eV, the pump (probe) pulse has a duration of 2 fs (4 fs),
and the peak intensity of the pump (probe) pulse is 109 W/cm2
(1012 W/cm2 ). The ionization probability following single
ionization of H2 is presented in Fig. 2 as a function of delay between the pump and probe pulses together with the ab initio and
model calculations from Ref. [44]. Good agreement between
the results for the three cases is observed, thus validating the
application of the MCWP approach to the XUV-IR scenario.
In our MCWP calculation, the ionization rates from the excited
states induced by the probe pulse are calculated using the
formula developed for the photoelectric effect [45].
III. RESULTS AND DISCUSSION

In this section, the nuclear KER spectra after double
ionization of H2 in an XUV-pump–IR-probe setup are
obtained and analyzed. An isolated ultrashort XUV pulse is
first applied to pump the ground state of H2 to the excited states

A. Kinetic energy release spectra

We first show the nuclear KER distribution after double
ionization of H2 when the pulse duration of the XUV pulse is
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nuclear wave packets in H2 + after the first ionization have time
to reach internuclear distances around the CREI [46] position
of R ≈ 11 a.u. where ionization takes place with a large probability [42]. The enhancements of the proton yields for KER
values increasing from 3 to 5 and then decreasing back to 3 eV
within the (40–60)-fs delay range is related to the nuclear wave
packets moving from larger internuclear distances to smaller
internuclear distances and then back to larger internuclear distances. When the delay is larger than 60 fs, the enhancements
of the proton yields at KER values around 3 eV, i.e., in the
(70–80)-fs range and in the (90–110)-fs range, have a similar
origin as the above-mentioned enhancements of the signal at
KER values around 3 eV within the (30–40)-fs delay range.
This periodic occurrence implies that the vibrational period of
the contributing nuclear wave packets is around 30 fs. Due to
the spread of the nuclear wave packets in H2 , the structures
of the enhancements of the signal at KER values around 5 eV
for delays larger than 60 fs are, however, not easy to observe.
The energy decreasing branch with KER values starting from
around 2 to around 1 eV for delays larger than 50 fs comes from
the nuclear wave packets reaching internuclear distances larger
than R ≈ 6 a.u. in H2 , which, as we will see, are originating
from the dissociating part of the nuclear wave packets evolving
along the B 1 u + curve [Fig. 5(e)].
To illustrate the influence of the XUV pulse duration on the
excited nuclear dynamics in H2 , we show in Figs. 3(b) and 3(c)
the nuclear KER distributions after double ionization of H2
when the XUV pulse duration are three and five optical cycles,
respectively. The main structures of these two figures are
similar to the ones in Fig. 3(a). This similarity is due to the fact
that the XUV pulse is extremely short for the three cases and
a very short XUV pulse creates nuclear wave packets in the
excited states that resemble the initial ground vibrational state
in the Franck-Condon approximation. When the XUV pulse
duration is increased, this approximation breaks down and the
nuclear KER spectra dramatically differ from Fig. 3. For the
three panels in Fig. 3, there are small differences appearing at
small delays (τ < 30 fs). For example, the periodic enhancements and suppressions of the proton yield every half of an
IR laser cycle for τ < 30 fs become much easier to recognize
when increasing the duration of the XUV pulse. Similar to
those in Ref. [47], the periodic enhancements and suppressions
of the proton yields originate from the population transfer
between the ground state and the dominant excited state, i.e.,
+
the B 1 u state, by the XUV pulse and its dependence on the
IR field strengths around the instants of the short XUV pulse.
If the IR field is weak (strong) around the instant of time when
the XUV pulse is on, the Stark shift of the excited state by
the IR field is small (large), thus the population transfer is
large (small) due to resonant (off-resonant) coupling between
the two states. When the population transfer from the ground
state to the excited states in H2 is large, the proton yields
following double ionization are enhanced; otherwise they are
suppressed. The reason why the periodic enhancements and
suppressions become clearer for larger XUV durations is that
the smaller bandwidth of the longer XUV pulse makes the
population transfer more difficult for the same Stark shift. The
main difference, appearing at large delays in Figs. 3(a)–3(c), is
that the low-energy decreasing branch becomes less apparent
when increasing the duration of the XUV pulse, which is
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FIG. 3. Nuclear KER distributions as a function of the pumpprobe delay τ following double ionization of H2 in the XUV-pump–
IR-probe setup when the pulse durations of the XUV pulses are (a)
one, (b) three, and (c) five optical cycles, i.e., 334, 1002, and 1670 as,
respectively. The central frequency of the XUV (IR) pulse is 0.46 a.u.
(0.019 a.u.). The pulse duration of the IR laser pulse is three optical
cycles, i.e., TIR = 24 fs. The XUV (IR) pulse has a peak electric field
strength of 0.005 338 a.u. (0.04 a.u.). The proton yields in the three
panels are plotted to the power of 0.6 in order to gain a larger visibility
of the structures. The pulse shapes are given in Eqs. (3) and (4). (d)
Ratios between the signals on the energy decreasing branches, which
are apparent for delays larger than 50 fs with KER values decreasing
from around 2 to around 1 eV, and the total yield for the three XUV
durations as a function of delay.

one optical cycle, i.e., TXUV = 13.7 a.u. = 334 as, in Fig. 3(a).
When the delay is increased from 0 to around 10 fs, there are
several branches with KER values decreasing from around 10
to around 5 eV. This behavior results from the nuclear wavepacket motion along the two potential energy curves in H2 + ,
i.e., the 1sσg and 2pσu curves, moving from smaller to larger
internuclear distances. Such a manifestation is also consistent
with the fact that the proton yields are much smaller for smaller
delays due to smaller ionization rates out of the 1sσg and 2pσu
curves at smaller internuclear distances. For this small delay
range (τ < 10 fs), the XUV pulse is within the FWHM region
of the IR pulse where the IR field is strong, thus there is nearly
no time for the nuclear wave packets in H2 to move since they
are ionized to H2 + very quickly. For delays larger than 10 fs, the
nuclear wave packets in H2 have time to move along the excited
potential energy curves in H2 before substantial ionization from
H2 to H2 + takes place. For the (10–30)-fs delay range, the
KER values of the protons decrease from around 5 to around
4 eV, due to the spread of the nuclear wave packets in H2 .
Further increasing the delay from 30 to around 40 fs, there are
significant enhancements of the proton yields for KER values
around 3 eV. These enhancements result from the fact that the
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E (a.u.)

because the smaller bandwidth makes direct excitation from
the ground state to the B 1 u + state (responsible for this
branch) less likely. We plot in Fig. 3(d) the ratios between the
signals in the energy decreasing branches and the total proton
yields for the three XUV pulse durations, which clearly show
that the energy decreasing branch is relatively less important
for a larger XUV pulse duration.
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Now we concentrate on identifying the origin of the aboveoutlined characteristic structures in Fig. 3. We first conduct
a trajectory analysis for a specific characteristic feature in
Fig. 3(a) as an example to show the strength of the MCWP
approach in obtaining physical insights, including the stateand time-resolved information, of a given feature in the nuclear
KER spectrum. Conducting a trajectory analysis is a unique
possibility in the MCWP approach and it can tell us the
individual contributions from all the involved trajectories to
the signal for a specific KER value at a specific delay in
the nuclear KER distribution. Here a trajectory means the
complete dynamics leading to the final nuclear wave packet
along the Coulombic curve. A trajectory is specified by four
parameters: the first and second jump times t1 and t2 and the
states from which the first and second jumps take place. Thus,
by performing the trajectory analysis, we can, for any given
feature in the KER spectra, identify the propagation in the
neutral H2 , the first jump time from the H2 to the H2 + system,
the propagation in H2 + , and the final second jump from H2 +
to the Coulomb explosion channel. It is interesting to analyze
the nuclear KER spectra for τ ≈ 71.5 fs in Fig. 3(a) since at
least two important structures are apparent for this value of the
time delay τ , e.g., the enhancements of the proton yields at
KER values around 3 eV and low-energy decreasing branch
starting from τ ≈ 50 fs. When we carry out an analysis of the
contributions to the signal at a given KER value in a nuclear
KER spectrum, it is possible to obtain the origin of the signals
at other KER values at the same time. This is because the
signals for all the KER values in the same nuclear spectrum
are formed from the same collection of trajectories with each
trajectory giving its individual contribution to a particular
feature. Thus, we present in Figs. 4(b)–4(d) the results obtained
after a trajectory analysis to the signal for a KER equal to 3 eV
at τ = 71.5 fs in Fig. 3(a). Figure 4(b) shows the respective
probabilities for the first jump taking place from the states in
H2 for the considered energy (3.0 eV). We can see that the
first jumps from the H H̄ 1 g + and B3 1 u + states make
the largest contributions to the signal. In Figs. 4(c) and 4(d),
the contributions from the trajectories for the first jump taking
place from the H H̄ 1 g + and B3 1 u + states and the second
jumps from the 2pσu state are presented as a function of t1
and t2 , respectively. Contributions from the trajectories for
the second jumps taking place from the 1sσg state are not
presented since they give much smaller contributions because
the ionization rates from the 1sσg curve are about two orders
of magnitude smaller than those from the 2pσu curve.
For a fixed first jump time, a clear periodic dependence
of the dominant trajectories on the second jump time t2 is
observed in Figs. 4(c) and 4(d). These dominant trajectories
correspond to ionization events taking place at instants around
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B. Trajectory and wave-packet analysis
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FIG. 4. Trajectory analysis for the enhancement of the proton
yields at a specific point in Fig. 3(a): with the KER equal to 3 eV
and τ = 71.5 fs. (a) For better visibility, the potential energy curves
for the 12 states of 1 g + and 1 u + symmetries in H2 are plotted within
the energy region between −0.5 and −0.8 eV. (b) Contributions from
different states in H2 to the signal of the considered energy. Also
shown are the trajectories making contributions to the signal from
the (c) H H̄ 1 g + and (d) B3 1 u + states. The other laser parameters
are as follows: ωXUV = 0.46 a.u., ωIR = 0.019 a.u., TXUV = 13.7 a.u.
(334 as), and TIR = 992 a.u. (24 fs). The peak electric field strengths
are 0.005 338 and 0.04 a.u. for the XUV and the IR fields, respectively.
The pulse shapes are given in Eqs. (3) and (4).

the field extrema with large second ionization rates from the
2pσu curve in H2 + . For the H H 1 g + state, the most important
trajectory corresponds to the first jump occurring at 2193 a.u.
(53 fs) and the second jump at around 3039 a.u. (74 fs). For the
B3 1 u + state, the most important trajectory is the first jump
occurring at 2193 a.u. (53 fs) and the second jump at around
2889 a.u. (70 fs). The time difference between the first and second jump times for the two cases (21 and 17 fs) is the evolution
time of the nuclear wave packets in H2 + . The enhancements at
around 3.0 eV in Fig. 3(a) are mainly from ionization events
occurring at the CREI position of R ≈ 11 a.u. from the 2pσu
curve in H2 + . These evolution times in H2 + imply that the
contributing nuclear wave packets move slowly along the 2pσu
curve. This can be verified by the relatively small kinetic
energies for these two trajectories before the second ionization
taking place, which is the difference between the final kinetic
energy and the Coulomb repulsion energy at around R ≈
11 a.u., i.e., 3 eV − (1/11) a.u. × 27.21 eV/a.u. = 0.53 eV.
Thus, the kinetic energies of the contributing nuclear wave
packets at t1 = 2193 a.u. (53 fs) obtained by moving along
the H H̄ 1 g + and B3 1 u + curves are very small and the
internuclear distances of the contributing nuclear wave packets
along these two curves at t1 = 2193 a.u. (53 fs) are quite large.
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FIG. 5. Evolution of the nuclear wave packets |χm (R,t)|2 along
the (a) 1sσg and (b) 2pσu curves in H2 + from the H H̄ 1 g + state when
the first jump occurs at t1 = 2193 a.u. (53 fs), which corresponds to
the first jump time t1 of the most important trajectory in Fig. 4(c).
Also shown is the evolution of the nuclear wave packets along the
+
+
(c) B 1 u , (d) EF 1 g , (e) B 1 u + , and (f) H H̄ 1 g + curves in
H2 . The laser parameters are identical to those in Fig. 4.

To confirm this speculation, we show in Figs. 5(a) and
5(b) the evolution of the nuclear wave packets along the 1sσg
and 2pσu curves in H2 + when the first jump takes place at
t1 = 2193 a.u. (53 fs) from the H H̄ 1 g + state. As seen from
Fig. 4(b), the B3 1 u + state is as important as the H H̄ 1 g +
state. The nuclear wave packets motion along the two H2 +
curves for the first jumps occurring from the B31 u + state
at t1 = 2193 a.u. can be obtained and analyzed in the same
way as the wave packets from the H H̄ 1 g + state. We have
found that the main features of the evolution of the nuclear
wave packets in H2 + are very similar irrespective of whether
the intermediate H H̄ 1 g + and B3 1 u + states are used and
therefore here we only show the results associated with the
H H̄ 1 g + state in Figs. 5(a) and 5(b) (see Appendix B for the
results associated with the B3 1 u + state). Now let us return
to Fig. 5(b), where we can clearly see that the nuclear wave
packet moving along the 2pσu curve, starting from around R ≈
6.2 a.u., reaches internuclear distances around the CREI
position of R ≈ 11 a.u. at around t2 = 3039 a.u. (74 fs).
We can also see from Fig. 5(b) that the nuclear wave
packet at t2 = 3039 a.u. is distributed over a very broad range
of internuclear distances, i.e., from R = 5 to 15 a.u. Thus,
apart from the above-mentioned nuclear wave packet at around
R = 11 a.u., the other part of the nuclear wave packet would
result in different structures in the nuclear KER spectrum. This
means that a detailed analysis of this trajectory is worthwhile.
Because of the R-dependent ionization rates out of the 2pσu
curve in H2 + , nuclear wave packets along the 2pσu curve
located at internuclear distances with larger ionization rates are
more likely to be ionized to H2 2+ . Thus, for a given trajectory,
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FIG. 6. Initial nuclear wave packets in H2 2+ at different second
jump times for the second jumps occurring from the 2pσu state in
H2 + , i.e., |χc (R,t2 )|2 , when the first jump occurs from the H H̄ 1 g +
state at t1 = 2193 a.u.

the initial nuclear wave packet in H2 2+ is dependent not only on
the nuclear wave packet in H2 + at its second jump time t2 but
also on the instantaneous ionization rates from H2 + to H2 2+ at
t2 , as discussed in Sec. II. In Fig. 6 we show the initial nuclear
wave packets in H2 2+ at different second jump times for the
second jumps occurring from the 2pσu state in H2 + , when
the first jump occurs from the H H̄ 1 g + state in H2 at t1 =
2193 a.u. We can see that for the most dominant trajectory
discussed above, i.e., for the trajectory where the first jump
takes place from the H H̄ 1 g + state at t1 = 2193 a.u. and
the second jump from the 2pσu state at t2 = 3039 a.u., there
are enhancements of the nuclear wave packet densities at
around R = 5, 10, and 15 a.u. By applying the reflection
approximation, i.e., KER ≈ R1 , such enhancements would
result in KER signals peaking at around 5.5, 3, and 2 eV for
this considered delay, respectively, which are consistent with
the features in the nuclear KER spectrum for the 71.5-fs delay
in Fig. 3(a).
To obtain knowledge of the initial wave packets in H2 + we
plot the evolution of the nuclear wave packets in H2 along
the H H̄ 1 g + state in Fig. 5(f). The two regions with large
probabilities at around t ≈ 1500 a.u. (37 fs) and t ≈ 2000 a.u.
(49 fs) are from large dipole couplings between this state and
the adjacent B 1 u + state. The evolution of the nuclear wave
packets in the B 1 u + state is plotted in Fig. 5(e). We can
see that the population of the nuclear wave packets in the
H H̄ 1 g + state is out of phase with that in the B 1 u + state
for these two regions, i.e., t ≈ 1500 and 2000 a.u., directly
showing a time-dependent population transfer between these
two states. That is, at certain instants of time when there is a
maximum of population in the B 1 u + state [Fig. 5(e)], there
is a minimum of population in the H H̄ 1 g + state [Fig. 5(f)]
and vice versa. To find the origin of the regions with large
probabilities in Figs. 5(e) and 5(f), time evolution behaviors
+
+
of the nuclear wave packets along the B 1 u and EF 1 g
curves are also presented in Figs. 5(c) and 5(d). By examining
the out-of-phase behavior of the nuclear wave packets in
Figs. 5(c) and 5(d), it is clear that the large probabilities
at internuclear distances R ≈ 6 a.u. originate from the large
+
dipole coupling from the dominant B 1 u state to the adjacent
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+

EF 1 g state due to a one-photon resonance occurring. A
similar out-of-phase behavior of the nuclear wave packets in
+
the EF 1 g and B 1 u + states for time larger than t =
2000 a.u. can be observed by comparing Figs. 4(d) and 4(e).
Thus, the enhancements of the proton yields at KER values
around 3.0 eV for the 71.5-fs delay in Fig. 3(a) are mainly from
the first jumps taking place at around 2193 a.u. (53 fs) from
the H H̄ 1 g + state through a population transfer process, i.e.,
+
+
B 1 u → EF 1 g → B 1 u + → H H̄ 1 g + at internuclear distances around R ≈ 6 a.u. Moreover, the enhancements
at KER values around 3.0 eV for the three delay ranges in
Fig. 3(a) are consistent with the moving nuclear wave packets
+
along the B 1 u curve periodically reaching its outer turning
point around every 30 fs.
Applying the reflection principle, the nuclear wave packets
at around R = 5.5 a.u. along the 2pσu curve in H2 + [Fig. 5(b)]
at around t2 = 3000 a.u. (73 fs) result in the enhancements of
the proton yields at KER values around 5 eV for the 71.5-fs
1
delay in Fig. 3(a), i.e., 5.5
× 27.2 ≈ 5 eV. In fact, for delays
larger than 30 fs in Fig. 3(a), it is also the nuclear wave packets
at around R = 5.5 a.u. that result in the enhancements of the
proton yields at KER values around 5 eV. Moreover, the structure for KER increasing from 3 eV to 5 eV and then decreasing
back to 3 eV in the (40–60)-fs delay range in Fig. 3(a) manifests
the motion of the nuclear wave packet along the B 1 u + curve
+
in H2 when the nuclear wave packets along the B 1 u curve
are away from the outer turning points. The 20-fs delay range is
consistent with the vibrational period of the nuclear wave
packets along the B 1 u + curve [Fig. 5(e)]. Apart from that,
the fast moving nuclear wave packets starting at around R =
8 a.u. in Fig. 5(b), which originate from the dissociating part
of the nuclear wave packets in the B 1 u + curve [Fig. 5(e)],
later reach distances around R = 15 a.u. at instants of time
when the instantaneous field strength becomes maximal. From
the reflection principle, the nuclear wave packet located at
around R = 15 a.u. results in the appearance of the signals
1
at KER values around 15
× 27.2 eV = 1.8 eV for the 71.5-fs
delay. This KER value is decreased (increased) for a (smaller)
larger delay because the dissociation nuclear wave packet in
the B 1 u + state would reach larger (smaller) internuclear
distances. Thus, energy decreasing branches show up in Fig. 3.
As a result, one can benefit greatly from conducting a trajectory
analysis to a given feature in the nuclear KER spectrum in
uncovering its origin and the origins of other features in the
considered nuclear KER spectrum. By conducting an analysis
similar to that for the other characteristic structures in the
nuclear KER distribution in Fig. 3, a thorough understanding
of the formation of the structures can be achieved.
IV. CONCLUSION

We have extended the MCWP approach to simulate the
fragmentation upon double ionization of H2 in an XUV-pump–
IR-probe setup where the ultrafast dynamics of singly excited
states is involved. We have applied the MCWP approach to this
XUV-IR scenario after providing a validation of this method in
this scenario. This theoretical study accounts for the ionization
induced by the intense IR pulse from the excited states in H2 ,

reached from the ground state of H2 by an XUV pulse, and
again the ionization from H2 + to H+ + H+ . We have obtained
the nuclear KER distributions for three different pump-probe
schemes using XUV pulses of durations of one, three, and five
optical cycles, respectively, to excite H2 for the pump-probe
delays ranging from 0 to 140 fs. The nuclear dynamics in
molecular excited states is reflected in the characteristic
features in the nuclear KER distributions and, for instance,
+
the periodic nuclear motion in the B 1 u state is mapped out
by trajectory and wave-packet analysis. Apart from that, the
Stark effect can play a role in determining the efficiency of
population transfer from the ground state to the excited states in
H2 for time delays τ < 30 fs. The present MCWP approach can
be applied to XUV-pump–IR-probe attosecond spectroscopy
of any molecule to resolve and control ultrafast dynamics in excited states through laser-induced double-ionization processes,
provided the Born-Oppenheimer potential energy curves in
different charge states, the dipole moment functions between
different states, and the state-resolved ionization rates are
available.
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APPENDIX A: SAMPLING METHOD

In this appendix we give a detailed description and validation of the MCWP sampling method for XUV-pump–IRprobe spectroscopy. Within the MCWP approach, in order to
reproduce experimental results, the time step t and the space
step R should be chosen small enough. We have found that
t = 1 a.u. and R = 0.02 a.u. give converged results for the
processes studied in this work. Apart from that, in order to
capture the features of the nuclear motion at large internuclear
distances, such as the CREI [46] regions for the 2pσu state,
and also to reduce the reflection from the boundaries, the
simulation box should be large enough, e.g., Rbox  40 a.u.
For the approach in this work, the first jumps from H2 to H2 +
take place at every time step and the second jumps take place
from H2 + to H+ + H+ at every time step after the first jumps.
In addition, the first jumps have 12 pathways and the second
jumps have two pathways, corresponding to the number of
states included in H2 and H2 + , respectively. Thus, for an IR
pulse with a duration of 24 fs (992 a.u.), there are at least
12 × 2 × 9923 /3 terms in Eq. (9). The reduction of the huge
number of terms in Eq. (9) to a computationally more feasible
level is the task of our sampling method.
In fact, the sampling method in our previous works involving only IR fields [10,18,22,24–26] is very resource and time
saving, since it assumes that the first jumps occur at the field
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extrema of the IR laser pulse and the second jumps take place at
every tenth time step after the first jumps. In those works, laserinduced coupling between the ground and excited states in H2
was neglected, since more than eight photons were required to
resonantly excite the ground state to the lowest excited state
in H2 for the 800-nm wavelength. Such coupling became even
more unlikely for mid-IR wavelengths. Thus it was acceptable
to only include the ground-state potential energy curve, i.e.,
the X 1 g + curve, in H2 in the calculations. The assumption
for the second jumps works well since its sampling points are
dense enough to capture the dynamics due to the relatively low
velocities of the nuclear motion. The assumption for the first
jumps is reasonable due to two facts. First, the nuclear wave
packet along the X 1 g + potential energy curve in H2 does not
change significantly during the evolution. Such a stability of the
nuclear wave packet results from the initial wave packet in H2
being centered around the equilibrium internuclear distance,
i.e., R ≈ 1.4 a.u., of the X 1 g + curve. Second, the very
small ionization rates from the X 1 g + curve increase when
increasing the field strength from zero to the peak field strength
of the applied laser pulses. Thus, within half an optical cycle
where the field strength increases from zero to an extremum
and then decreases back again, the first jump occurring at the
field extremum describes the events with the largest first ionization probability. Thus, under these assumptions, the number of
terms in Eq. (9) is reduced to around 2 × 6 (first jump times) ×
99 (second jump times) from 2 × 9923 /3 for a 2400-nm IR
laser pulse with a duration of 24 fs.
The above assumption for the first jumps, however, no
longer works in the present XUV-pump–IR-probe case, because of the spread of the nuclear wave packets in the excited
states of H2 . Now the ionization probability P1 (t) within a
time interval t depends not only on the instantaneous field
strength at time t but also on the spatial distribution of the
nuclear wave packets in H2 at t, due to the relatively rapid
variations of the large ionization rates out of the excited
potential energy curves in H2 with respect to R. Thus, the
first jump at a given field extremum does not necessarily
have the largest probability among the jumps occurring within
the same half of the optical cycle, as shown in Fig. 7. In
Fig. 7(a), the population in H2 and the ionization probability
within a time interval t during the presence of the IR field,
i.e., PH2 (t) and P1 (t), are plotted as a function of t for an
illustrative case: The central frequency of the XUV (IR) pulse
is ωXUV = 0.46 a.u. (ωIR = 0.019 a.u.), the duration of the
XUV (IR) pulse is TXUV = 1 × (2π/ωXUV ) = 13.7 a.u. = 334
as [TIR = 3 × (2π/ωIR ) = 992 a.u. = 24 fs], the peak field
strength of the XUV (IR) pulse is AXUV ωXUV = 0.005 338 a.u.
(FIR0 = 0.04 a.u.), and the pump-probe delay is τ = 33.5 fs.
For better observation of the dependence of PH2 (t) and P1 (t)
on the instantaneous external field strength, the electric field
of the IR pulse FIR (t) is plotted in Fig. 7(b). The t axis in
Fig. 7(a) is confined from 0 to 1000 a.u., since the population
in H2 , PH2 (t), starts to converge to 0.999 55 for t larger than
1000 a.u. in spite of the presence of the IR pulse. This means
that nearly all the excited molecules are ionized by the IR
field before t ≈ 1000 a.u. In our sampling method, we first
determine the instants when the ionization probability P1 (t)
is locally maximized or minimized, which correspond to the
instants for the local maxima and minima of the black line
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FIG. 7. (a) Probability in H2 (dot-dashed red curve), PH2 (t), and
ionization probability P1 (t) within a time interval of t = 1 (solid
black curve) from H2 as a function of time during the presence of
the IR field. (b) Electric field of the IR pulse in the same time
range as (a); for reference the inset shows the electric field of the
IR pulse until the turnoff of the IR pulse. The laser parameters are
as follows: ωXUV = 0.46 a.u., ωIR = 0.019 a.u. (λIR = 2400 nm),
TXUV = 1 × (2π/ωXUV ) = 13.7 a.u. (334 as), TIR = 3 × (2π/ωIR ) =
992 a.u. (24 fs), and time delay τ = 33.5 fs. The peak electric field
strengths are 0.005 338 and 0.04 a.u. for the XUV and the IR fields,
respectively. The expressions for the two pulses are given in Eqs. (3)
and (4).

in Fig. 7(a). The first jumps are assumed to take place at the
instants for the local maxima of the black line in Fig. 7(a). For
a given first jump taking place at the instant for a given local
maximum, the instants for the adjacent left and right local
minima t1L and t1R are used to define its ionization probability
under our sampling method. The new ionization probability
P1new (t1 ) at a given first jump time t1 now becomes the sum over
the ionization probabilities within a time interval
 t 1Rat each
time step between t1L and t1R , i.e., P1new (t1 ) = t=t
t=t1L P1 (t).
Sampling of the second jump times is the same as in our
previous works, i.e., assuming them to occur at every tenth
time step. Instead of summing over the ionization probabilities

t
within t for the ten time steps around t, i.e., t+10
P2 (t; t1 ),
t
the new ionization probability for the second jump occurring
at t is chosen the same as before, i.e., P2new (t; t1 ) = P2 (t; t1 ).
This assumption is reasonable since the ratio between P2 (t2 ; t1 )
and P2 (t2 + 10 t; t1 ) is nearly the same as the ratio between
t2 +10 t

P2 (t2 ; t1 ) and tt22 +10 t P2 (t2 + 10 t; t1 ), since the
t2
positions of the nuclear wave packets in H2 + almost remain the
same and the external field does not change significantly in ten
time steps. Thus, compared with summing over the ionization
probabilities within t for ten time steps as the ionization
probabilities for the second jumps, our choice of the second
ionization probabilities only influences the absolute values of
the nuclear KER yields but keeps the shape of the nuclear KER
spectra unchanged.
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FIG. 8. Nuclear KER spectra obtained through applying the original sampling method (solid black curve) and the sampling method
presented in this work (dashed red curve). The PE on the vertical
axis labels the probability to produce a signal at a given energy. The
laser parameters are identical to those for Fig. 7(a) except that a 0.5-fs
pump-probe delay is used.
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FIG. 9. Evolution of the nuclear wave packets along the (a) 1sσg
and (b) 2pσu curves in H2 + when the first jump occurs from the
B3 1 u + state in H2 at t1 = 2193 a.u.

APPENDIX B: NUCLEAR WAVE PACKETS
IN H2 + FROM B3 1 u +

In order to validate our sampling method, we have conducted comparisons between results obtained from this and
the original sampling method. As an example, the nuclear
KER spectra obtained by these two sampling methods are
presented in Fig. 8. The laser parameters are identical to those
in Fig. 7(a) except that the pump-probe delay is τ = 0.5 fs.
The excellent agreement between the two curves in Fig. 8
clearly shows that the sampling method presented herein works
very well. Our method can reduce the number of terms in
Eq. (9) from about 12 × 2 × 9923 /3 to about 12 × 2 × 10 ×
99. Thus, we apply the MCWP approach with this much more
efficient sampling method to obtain the results presented in
Sec. III.

In this appendix we show in Fig. 9 the nuclear wave packets
along the 1sσg and 2pσu states in H2 + when the first jump
occurs at t1 = 2193 a.u. from the B3 1 u + state in H2 . We
can clearly see that the evolution of the nuclear wave packets
for the first jump occurring from the B3 1 u + state (Fig. 9)
is very similar to that for the first jump occurring from the
H H̄ 1 g + state [Figs. 5(a) and 5(b)]. This means that at a
given second jump time t2 , the trajectory whose first jump
takes place at t1 = 2193 a.u. from the B3 1 u + state would
result in a nuclear KER spectrum similar to that associated
with the trajectory whose first jump takes place at t1 =
2193 a.u. from the H H̄ 1 g + state.
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