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ABSTRAKT

“Astronomi fremtvinger sjælen at se opad og fører os fra denne verden til en anden”
— Plato

Denne afhandling er indgivet til Fakultetet for Science and Technology
ved Aarhus Universitet, i delvis opfyldelse af kravene for ph.d. graden i Astronomi. Forskningen udført gennem min ph.d. er foretaget under tilsyn af
Prof. Hans Kjeldsen ved Stellar Astrophysics Centre, Aarhus Universitet.
Som antydet af emnet for min ph.d. — “Asteroseismologi: Rotation og Konvektion i stjerner” — har mit arbejde omhandlet studiet af rotation og konvektion ved brug af asteroseismologi, dvs., studiet af stjernesvingninger. Her har
jeg fokuseret på studiet af sol-lignende hovedseriestjerner, hvilket derfor også
vil være fokus for denne afhandling. Med hensyn til studiet af rotation har
jeg primært undersøgt, hvorledes især differentiel rotation manifesterer sig
i asteroseismiske data; dette studie har hovedsaligt været af teoretisk natur.
Studiet af konvektion er på lignende vis blevet gjort ved analyse af manifestationen af granulation i asteroseismiske data. Dette har inkluderet megen
dataanalyse, hvilket stadig er undervejs.
Under min ph.d. er jeg også blevet involveret i mange andre projekter, som
til dels afviger fra det primære emne. Disse inkluderer: (1) arbejde med datareduktion, korrektion, og udvikling af pipelines for data fra Kepler missionen,
hvilken har udgjort den primære datakilde for mine studier; (2) anvendelsen
af metoder til udvinding af information om stjernesvingninger fra frekvens
power spektre, for eksempel, Markov chain Monte Carlo (MCMC) metoder;
(3) studier af planetværtsstjerner, med slutninger om f.eks., geometrien af
stjerne-planet systemer. Mange af de planetstudier jeg har været involveret i,
har været i kraft af mit medlemsskab af den såkaldte KASOC gruppe, som
har til opgave at levere stjerneparametre for planetværter til Kepler Science
Teamet; (4) og detektionen af asteroseismisk signal i meget lav signal-til-støj
data.
Afhandlingen er struktureret således, at de første dele (Sektionerne 1-5) introducerer de basale teoretiske aspekter, der er nødvendinge for forståelsen
af mine studier. De senere dele (Sektionerne 6-10) introducerer elementer, der
mere direkte relaterer til arbejdet, jeg har udført under min ph.d. Disse inkluderer både generelle teoretiske overvejelser samt eksempler fra udførte studier.
Endeligt vil jeg i Sektion 11 se mod planlagte fremtidige projekter.
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ABSTRACT

“Astronomy compels the soul to look upwards and leads us from this world to
another”
— Plato

This dissertation has been submitted to the Faculty of Science and Technology at Aarhus University, in partial fulfilment of the requirements for the
degree of Doctor of Philosophy in Astronomy. The research performed during
my PhD has been conducted under the supervision of Prof. Hans Kjeldsen at
the Stellar Astrophysics Centre, Aarhus University.
As hinted by the topic of my PhD — “Asteroseismology: Rotation and Convection in stars” — my work has been concerned with the study of rotation
and convection with the use of asteroseismology, i. e., the study of stellar oscillations. Here I have focused on the study of main-sequence solar-like oscillators, and the focus of this dissertation will therefore also be this. Concerning
the studies of rotation I have primarily investigated how specifically differential rotation manifests itself in asteroseismic data; this study has mainly
been of a theoretical nature. The study of convection has similarly been done
by analysis of the manifestation of the granulation in the asteroseismic data
and has included much data analysis, which is still ongoing. During my PhD
I have, however, also become involved with many other projects, diverging
somewhat from the primary topic. These include: (1) work on data reduction, correction, and pipeline development for data from the Kepler mission,
which constituted the main source of data during my studies; (2) the application of methods for the extraction of information on stellar oscillations from
frequency power spectra, for instance, Markov chain Monte Carlo (MCMC)
methods; (3) studies of planet-hosting stars, with inference on, e. g., the geometry of star-planet systems — many of the planetary studies with which I have
been involved, have been related to my membership of the so-called KASOC
group, which is tasked with the delivery of stellar parameters for planet hosts
for the Kepler Science Team; (4) and the detection of asteroseismic signal in
very low signal-to-noise data.
The structure of the dissertation is such that the first parts (Sections 1-5) introduce the basic theoretical aspects needed for the appreciation of my studies. The later parts (Sections 6-10) introduce elements more directly related
to work I have done during my PhD, including both general theoretical considerations and examples from studies conducted. I will finally in Section 11
give an outlook on planned future projects.
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1

ASTEROSEISMOLOGY 101

In this chapter I will introduce some of the basic elements in the field of asteroseismology — derived from the Greek astero "star" and seismos(-logy) "shaking"
— that is, the study of stellar oscillations. This will form the basis for much of
the material in the following chapters.
“At first sight it would seem that the deep interior of the sun and stars is less
accessible to scientific investigation than any other region of the universe. Our
telescopes may probe farther and farther into the depths of space; but how can we
ever obtain certain knowledge of that which is hidden beneath substantial barriers?
What appliance can pierce through the outer layers of a star and test the conditions
within?”
— Sir Arthur Eddington (The Internal Constitution of
the Stars, 1926)

“Ordinary stars must be viewed respectfully like objects in glass cases in museums;
our fingers are itching to pinch them and test their resilience. Pulsating stars are like
those fascinating models in the Science Museum provided with a button which can
be pressed to set the machinery in motion. To be able to see the machinery of a star
throbbing with activity is most instructive for the development of our knowledge.”
— Sir Arthur Eddington (Stars and Atoms, 1928)

1.1

stellar oscillations

A star consists of gas in the form of plasma, and is as such a fluid, held together by gravity in hydrostatic equilibrium. If perturbed from its equilibrium
structure it will start to oscillate in much the same way as if one plucks the
string of a guitar (1D) or strikes the skin of a drumhead (2D), but the oscillations are in three dimensions. Because of friction in the gas any oscillation
will eventually be damped and die out from dissipation of its energy. So, if
an oscillation is to endure some mechanism needs to be in place to maintain
the excitation.
Modes of oscillations are characterised by the restoring force, which comes
principally in two variants: when pressure is the restoring force the mode is
known as a p-mode. A p-mode thus constitutes a standing sound wave in
the star, in the same manner as the oscillations set up in the air from a musical instrument. When buoyancy is the restoring force the mode is known as
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a g-mode, or gravity mode. For most stars these types of modes are easily
distinguishable, but can for some evolved stars start to couple and give rise
to so-called mixed-modes, which behaves as g-modes in the deep interior and
p-modes near the surface (see Section 1.4 below). Besides p- and g-modes
there are also so-called f-modes, which are given by surface gravity waves.
The modes of oscillation excited in the star depends on the structure of the
star, as certain cavities can host certain types of modes with certain frequencies, etc. As in a musical instrument, a large cavity results in low frequency
oscillations or sound and vice versa for a small cavity. The equivalent is found
in stars, where the giants oscillate in low frequency high amplitude modes,
while, for instance, more dense main-sequence stars host high frequency low
amplitude modes.
Across the Hertzsprung-Russell (HR) diagram different types of oscillations
can be found, with the type determined by the stellar structure and thereby
also which excitation mechanisms can drive the oscillations — g-modes can,
for instance, only propagate in radiative zones with a stable stratification. In
large parts of the HR diagram the excitation mechanism works in the same
manner as a heat engine, converting thermal energy into mechanical energy.
The specific mechanism at play is (besides the -mechanism) the so-called
kappa mechanism where opacity (κ) plays an important role in the driving: in
the kappa mechanism the opacity within an ionization zone (often the He II
ionisation zone) increases with increased temperature and pressure; this, in
turn, makes for a higher absorption of energy from the stellar interior, which
drives the layer outwards where it expands, causing a decrease in the opacity and a lower absorption of energy. The layer will then contract again, and
again increase the temperature and pressure — the cycle can start anew. The
modes from this type of mechanism, which can drive both p- and g-modes,
are intrinsically unstable because the amplitude of the oscillation will continue to rise until some limiting factor eventually sets in. This type of driving
is responsible for the “Classical” p-mode oscillations in many types of stars,
such as, δ-Scuti stars, RR Lyrae stars, β Cep stars, and Cephieds (see Figure 1).
A prominent region of the HR diagram is that which hosts, among others, the
Cephieds and is known as the classical instability strip. The other important
excitation mechanism is that giving rise to solar-like p-mode oscillations; so
named because this is the type of oscillation dominating the Solar oscillation
spectrum. These oscillations are intrinsically stable and stochastically excited
by turbulent near-surface convection. Solar-like oscillation are expected to be
excited in all stars with an outer convective envelope.
The oscillations in the star result in both velocity variation on the surface
and pressure/temperature variation, that in turn result in variations in the
wavelength and intensity of emitted light from different parts of the stellar
surface. It is these variations in intensity and radial velocity, that allows for
the study of the oscillation for inference on properties of the star.
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Figure 1 – Hertzsprung-Russell diagram showing different classes of pulsating stars. Patches
with a horizontal (≡) hatching denotes the solar-like oscillators; a backward diagonal hatching (\\\) denotes the driving of heat engine p-modes; a forward diagonal (///) hatching
denotes the driving of heat engine g-modes. Some of the acronyms used are: rapidly oscillating Ap (roAp); Slowly Pulsating B (SPB); subdwarf B variables (sdBV); the DBV and DAV
stars are variable DB (helium-rich), DA (hydrogen-rich) white dwarfs, red giants (RG), and
semiregular variables (SR). The parallel long-dashed lines indicate the Classical instability
strip. Courtesy of Jørgen Christensen-Dalsgaard.

1.2

describing the modes

Small-amplitude oscillations of a spherically symmetric star can be seen as
small perturbations around the equilibrium structure of the star. Such oscillations may be described using a basis of spherically harmonic functions
Ylm (θ, φ), and typically using polar coordinates (r, θ, φ), with θ denoting the

3
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co-latitude. As an example the following gives the radial component to the
displacement of gas from the solution to the equations of motion:
ξr (r, θ, φ; t) = < fnl (r)Ylm (θ, φ)e−i2πνnlm t

,

(1.1)

where fnl (r) is the amplitude, and νnlm is the mode frequency. The spheric
harmonic function is given as:
s
(2l + 1) (l − m)! m
(1.2)
Ylm (θ, φ) = (−1)m
P (cos θ)eimφ ,
4π (l + m)! l
normalised such that |Ylm (θ, φ)|2 integrates to 1 over the unit sphere, and with
Plm (cos θ) denoting the Associated Legendre polynomial. The characteristics
of the spherical harmonics, which give the surface (θ, φ) description of the
mode, are given by the “quantum numbers” l, and m. The degree l denotes
the number of nodal surface lines; the azimuthal order is given by m, where
|m| gives the number of the l nodal lines that are lines of longitude. A given
mode has 2l + 1 m-components ranging from −l to +l, and named as zonal
(m = 0); tesseral (0 < |m| < l); and sectoral (m ± l). From Equation 1.1 and
1.2 one obtains for modes with m 6= 0 a combined exponential factor of
exp(−i[2πνnlm t − mφ]), which constitutes a travelling wave moving in the
azimuth direction. In the case of a spherically symmetric star the choice of
a polar axis, and thus an azimuthal direction, is arbitrary and the travelling
nature of the modes have no effect on their frequency — they are frequencydegenerate. If the spherical symmetry is broken, for instance, by rotation the
symmetry axis defines the polar axis. For m > 0 the modes will travel in the
direction of the rotation, and are said to be prograde; m < 0 are correspondingly denoted as retrograde from travelling against the direction of the rotation.
The last parameter needed in the description of a 3D mode is the radial order
or overtone n, which enters in fnl (r), and which gives the number of nodal
surfaces through the star.
Figure 2 gives examples of the appearance of different modes on the surface of a star. A radial mode (not shown in Figure 2) is denoted by l = 0,
and is given by an expansion and contraction of the entire star. Non-radial
modes have l > 0, and have for the most commonly encountered modes
in asteroseismology names as: dipole (l = 1); quadrupole (l = 2); octupole
(l = 3); hexadecapole (l = 4); and dotriacontapole modes (l = 5). Higher degree modes are generally not observed in integrated light observations due to
partial cancellation (see Section 1.3 below), but would be observed in surface
resolved observations as done for helioseismic observations Sun.
1.3

mode visibility

spatial filtering The visibilities of different modes can be found by
integrating the intensity for a mode of a given degree over the stellar surface (Dziembowski 1977; Gizon and Solanki 2003). With the freedom of the

4
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Figure 2 – Illustration giving a snapshot of the stellar surface profile for various modes,
given by the real part of their spherical harmonics Ylm (θ, φ) representation (Equation 1.2).
Red areas with continuous contours can be seen as regions of expansion; blue areas with
broken contours then correspond to regions of contraction. The polar axis has been inclined
by 45◦ towards the viewer, and is indicated by the star; the equator is indicated by “++++”.
The following cases are illustrated: a) l = 1, m = 0; b) l = 1, m = 1; c) l = 2, m = 0; d) l = 2,
m = 1; e) l = 2, m = 2; f) l = 3, m = 0; g) l = 3, m = 1; h) l = 3, m = 2; i) l = 3, m = 3; j) l = 5,
m = 5; k) l = 10, m = 5; l) l = 10, m = 10. Modified from Christensen-Dalsgaard (2003).

choice of polar axis when the star is considered spherically symmetric, it is
convenient to chose the polar axis as pointing towards the observer. In this
configuration all m-components except for m = 0 will cancel completely in
the integration over the stellar surface. The observed signal from such a mode,
described as in Equation 1.1, and with an intensity amplitude I0 may be written as
Z
F(t) =
I(θ, φ; t) · n̂ dA
(1.3)
A
Z
=
I(θ, φ; t) cos θ dA , with dA = sin θdθdφ
(1.4)
=

A
(I)
Vl I0 cos(2πνnl0 t − δ0 ) ,

(1.5)
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(I)

with an initial phase δ0 and a surface normal n̂; Vl is the visibility factors
from the surface integration of the intensity:
Z 2π
Z π/2 r
(2l + 1) 0
(I)
Vl =
dφ
Pl (cos θ) cos θ sin θdθ
(1.6)
4π
0
r 0
Z
(2l + 1) π/2 0
= 2π
Pl (cos θ) cos θ sin θdθ
(1.7)
4π
0
Z1
p
= π(2l + 1) Pl0 (µ)µdµ ,
(1.8)
0

using
µ = cos θ,

dµ = sin θdθ, and

(l−m)!
(l+m)!

= 1 for m = 0.

(1.9)

Here Pl0 is the 0th order lth degree Associated Legendre polynomial, which
enters into the description of the modes as spherical harmonics in Equation 1.2. The parameter µ is measure of the projected distance of a surface
element to the stellar limb, with θ given by the angle between the line of sight
and the normal to the surface at the position of the element. Thereby µ has a
value going from 0 at the limb to 1 at the centre. The visibility factor is also
often denoted as the spectral response function, and is also often written as
(I)
(V)
Sl . For observations in velocity, the corresponding visibility factor (Vl / or
(V)

Sl ) includes an extra factor µ = cosθ in the integrand from the projection of
the velocity to the line of sight. From here on I will drop the superscript on
the visibility factor and assume observations in intensity.
An important notion in Equation 1.6 is, that the intensity is assumed constant across the stellar surface and monochromatic. If instead a µ-dependent
weighting function W(µ; λ) is included the visibility factor may be written as
(see, e. g., Ballot et al. 2011):
Z1
p
Vl = π(2l + 1) Pl0 (µ)W(µ; λ)µdµ .
(1.10)
0

W(µ; λ) is sometimes approximated by the limb-darkening (LD) function for
the star, given by the relative intensity at a specific wavelength, λ, to the centre,
gλ (µ) = Iλ (µ)/Iλ (1).
Observations are, however, in general performed over a detector dependent wavelength band ∆λ ∈ [λ0 : λ1 ], with a given transfer functions. In this
case W(µ; λ) may be approximated by the factor WK (µ) given by (see also,
Berthomieu and Provost 1990; Michel et al. 2009):
R
∂B
∆λ TK (λ)Teff ∂Teff (λ, Teff )Hλ gλ (µ)dλ
R
(1.11)
WK (µ) =
∆λ TK (λ)B(λ, Teff )Hλ Gλ dλ
where
Z1
Gλ =

Z1
µgλ (µ)dµ

0

and

Hλ =

!−1
gλ (µ)dµ

0

.

(1.12)
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Figure 3 – Left: Change in the LD profile for the green SPM band as a function of µ from
adding an exponent α to the solar LD law in Equation 1.14. Right: For each value of α, the
corresponding relative squared visibilities are given for degrees up to l = 5; calculated via
Equation 1.10. From Lund et al. (2014a).

In Equation 1.11 B is the Planck function; TK (λ) is the transfer function given
by:
TK (λ) = EK (λ)/Eν = EK (λ)λ/hc ,

(1.13)

where EK (λ) is the spectral response of the detector with which the observations are obtained, as a function of wavelength. In this approximation it
is assumed that the amplitudes of the oscillations are constant through the
stellar atmosphere, and thus with λ. Furthermore it is assumed that the star
radiates as a black body with temperature Teff . So, even if the LD law is assumed known, and with LD coefficients computed from stellar atmosphere
models (with typically assume adiabaticity), the approximation only provides
a very simplified description — one should thus not necessarily expect a very
good match to observations. It is convenient to express the visibility in power
(for use in the power spectrum) and relative to radial modes as these are unaffected by effects of rotation (see below), i. e., Ṽl2 = (Vl /V0 )2 . Generally it is
also assumed that the visibility has no frequency dependence, or that Ṽl2 is
constant through the power spectrum.
Figure 3 shows the relative squared visibility computed via Equation 1.10
as a function of degree l for observations of the Sun through the green band
of the VIRGO solar photometer (SPM). Here the dependence in the shape
of the LD function is depicted via the coefficient α, which was added to the
following 6-parameter LD function, i. e., gαλ (µ):
gλ (µ) = A0 + A1 µ + A2 µ2 + A2 µ3 + A4 µ4 + A5 µ5 ,

5
X

An = 1 ,

(1.14)

0

with wavelength-dependent parameters, An , as given in Neckel and Labs
(1994) for the Sun. For the integrations across the green VIRGO-SPM band
a linear interpolation was adopted between the values tabulated in Neckel
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and Labs (1994). The general trend in visibilities is decreasing with increasing
mode degree, because the many nodal lines splits the stellar surface into an
increasing number (l + 1) of equally sized segments, with neighbouring segments in anti-phase in intensity and thus cancelling each other. The highest
obtainable degree from disk integrated photometry is generally l 6 3 (see,
however, Section 7.3 and Lund et al. (2014a)).
geometric modulation factor E lm (i ? ) The choice above of having
the polar axis pointing towards the observer was one prompted by convenience only, any other direction would have resulted in the same value for the
integration over the stellar surface. The choice was further warranted due to
the lack of a preferred symmetry axis for a spherically symmetric star. Now,
if some mechanism exist, which breaks the spherical symmetry into an axial
symmetry, the symmetry axis is the natural choice for the pulsation axis and
thus the polar axis for the spherical harmonic representation of the oscillations. One such mechanism is rotation, where the axis of the rotation then
serve as the polar axis of our coordinate system. As mentioned above, and
elaborated in Section 8.3, rotation will split the m-components of a given
mode degree in frequency — prograde travelling modes obtain a higher frequency in the reference frame of the observer as they are advected (carried
around) by the rotation; retrograde modes, travelling against the rotation will
be seen as having a lower frequency — whereby the relative heights of the different components becomes a matter of interest. To find these relative heights
a transformation is needed connecting the spherical harmonics in the coordinate system with the polar axis pointing towards the observer, to the one
where the polar axis coincides with the axis of rotation. The transformation
can be described in terms of the inclination i ? , which denotes the angle between the two polar axis — i ? = 0 ◦ indicates a rotation axis pointing towards
the observer; i ? = 90 ◦ indicates rotation axis in the plane of the sky and
consequently an equatorial view of spherical harmonic representation of the
oscillations. Note that i ? actually traces out a cone centred on the line of sight,
with an opening angle of 2i ? ; no matter where on this cone the polar axis is
positioned, the effect from the coordinate system transformation will be the
same. In assuming equipartition of power between the modes in a rotationally split multiplet, that is, no preference for the excitation of prograde over
retrograde modes and vice versa, the relative visibility between the 2` + 1 mcomponents as a function of inclination is given by (see, Dziembowski 1977;
Gizon and Solanki 2003):
i2
(l − |m|)! h |m|
P l (cos i ? ) .
(1.15)
(l + |m|)!
P
Note here that m E lm (i ? ) = 1, meaning that the E lm (i ? ) factor represents
|m|
the relative power of modes within a multiplet. P l (x) again denotes the
associated Legendre polynomials.
E lm (i ? ) =

8
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Both of the visibilities described so far will enter in the height of a mode in
the power spectrum as follows:
S nlm = E lm (i ? ) Ṽ l2 α n,l=0 ,

(1.16)

where the factor αn,l=0 represents a modulation of the radial mode heights,
which mainly dependent on frequency; this factor is responsible for the overall envelope of the oscillations (often assumed to be Gaussian). The height of a
mode in the power spectrum compared to the integrated power of the mode,
will be determined by the width of the mode, and thus to what level the
mode power is spread in frequency (see Section 1.5.2 below). The property
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Figure 4 – Functional form of Elm (i? ) for l = 1 (top), l = 2 (middle), and l = 3 (bottom). The
m = 0 component (blue) goes to a value of 1 at i? = 0◦ , but the plot is here truncated for a
better view of the |m| > 0 components.

that different m-components have predictable relative visibilities as a function of inclination means, that from a fit to a rotationally split multiplet in
the power spectrum, it is possible to infer both the rotation rate and i? (see
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Section 8.4.1 and Section 10.1.1). For degrees in the range l ∈ [0, 3], the Elm (i? )
factors are given as:
E0,0 (i? ) = 1
E1,0 (i? ) = cos2 i?
E1,±1 (i? ) =
E2,0 (i? ) =
E2,±1 (i? ) =
E2,±2 (i? ) =
E3,0 (i? ) =
E3,±1 (i? ) =
E3,±2 (i? ) =
E3,±3 (i? ) =

2
1
2 sin i?
1
2
2
4 (3 cos i? − 1)
2
3
8 sin (2i? )
4
3
8 sin i?
1
2
64 (5 cos(3i? ) + 3 cos i? )
2
3
2
64 (5 cos(2i? ) + 3) sin i?
15
8
5
16

(1.17)

cos2 i? sin4 i?
sin6 i?

Figure 4 gives a representation of the above factors as a function of i? ; a different representation will be given in Figure 47 in Section 8.4.1 where the Elm (i? )
factors are used in the context of measuring rotational frequency splittings.
1.4

mode characteristics

A better understanding of mode characteristics, and especially the cavities
where the modes live, can be obtained from asymptotic analysis of the equations of oscillations. Such analysis typically adopt the Cowling approximation,
where derivatives of the equilibrium quantities are included except for the
time derivative of the gravitational potential. The use of a simplified asymptotic approach is justified for modes of high radial order (either p or g-modes),
which in most cases are the modes observed, and can thus be used to obtain
a reasonably accurate description for the overall mode properties (Aerts et al.
2010; Cunha et al. 2007). The following asymptotic approach was developed
by Gough (Deubner and Gough 1984; Gough 1986, 1993) based on analysis
by Lamb (1909); here the oscillation equation is written as the second-order
differential equation:
d2 X
+ K(r)X = 0
d2 r

(1.18)

X = c2 ρ1/2 divδr ,

(1.19)

with
where δr is the displacement vector for the gas, and c gives the local sound
speed; under the assumption of a fully ionised ideal gas c can be written as:
c2 '

5 kB T
5P
'
,
3 µmu
3ρ

(1.20)
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where kB is Boltzmann’s constant, µ is the mean molecular weight, mu is the
atomic mass unit, P is the pressure, and ρ is the density. The function K(r) in
Equation 1.18 is given as
"
#
2 
2
2
2
S
N
ω
ω
.
(1.21)
K(r) = 2 1 − c2 − l2 1 − 2
c
ω
ω
ω
Here ωc gives the acoustic cut-off frequency
ω2c

c2
=
4H2



dH
1−2
,
dr

(1.22)

where H = −(d ln ρ/dr)−1 is the density scale height. The quantity Sl in Equation 1.21 denotes the characteristic acoustic (or Lamb) frequency, given as:

S2l

l(l + 1)c2
.
=
r2

(1.23)

The quantity N gives the buoyancy (or Brunt-Väisälä) frequency, which in the
fully ionised ideal gas approximation can be given as
g2 ρ
N '
(5ad − 5 + 5µ ) ,
p
2

where g is the local gravitational acceleration, and


d ln T
∂ ln T
d ln µ
5=
, 5ad =
, 5µ =
d ln p
∂ ln p ad
d ln p

(1.24)

(1.25)

Figure 5 gives an example of the behaviour of Sl and N in a star similar to
the Sun. In convective regions the value of N2 is negative, and positive in
convectively stable regions. Towards regions of nuclear burning the value of
N will increase from the positive contribution from 5µ . Also, towards the
core of evolved stars N can attain relatively high values from the increase
in the local gravitational acceleration g from the contraction of the core. The
value of Sl tends towards infinity when r goes towards zero, and decreases
monotonically towards the surface from the decrease in c and increase in r.
Now, the value of the factor K(r) tells us where the oscillations live; when
K(r) > 0 the solution to Equation 1.18 is oscillatory, and the mode is said to
be propagating in this region of the star. In the case K(r) < 0, the behaviour of
the mode eigenfunction is exponential and the mode is said to be evanescent
in this region.
A given mode may fulfil K(r) > 0 in more than one region of the star. If
K(r) > 0 is fulfilled in two regions, these will generally be separated by an
evanescent region (K(r) < 0) where the solution decays exponentially when
moving away from the regions of propagation. Still, one of the regions where
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Figure 5 – Propagation diagram for a solar-like model (M = 1 M ; R ≈ 1.1 R ; age ≈ 7.2
Gyr). The three colored lines give the Lamb frequencies, Sl , for l = 1 (dashed), l = 2 (dashdotted), and l = 3 (dotted). The Brunt-Väisälä frequency, N, is given by the solid black line.
The two horizontal dashed lines indicate the region in frequency where oscillation modes are
calculated from the model; these are all pure p-modes. From Lund et al. (2014c).

K(r) > 0 (assuming here that such two regions exist) will dominate the solution and the mode is said to be trapped in this region. If the evanescent region
becomes small, for instance, from large values of N in evolved stars, the two
cavities — one having a p-mode character and one having a g-mode character
— can couple and give rise to so-called mixed-modes. The boundaries of the
entrapment region(s) are given by K(r) = 0, which denotes the turning-points
of the mode. For a p-mode, which typically has ω >> N, the trapping region
will be between the surface and the inner turning point given as the r where
Sl (rt ) = ω, or equivalently where
c2 (rt )
ω2
.
=
l(l + 1)
r2t

(1.26)

Concerning the boundary close to the surface, one has from Equation 1.23
that S2l goes to small values towards the surface, generally Sl << ω, whereby
Equation 1.21 is dominated by ωc ; specifically the condition ω < ωc is needed
for an exponential decay (K(R) < 0) of the mode in the stellar atmosphere, and
thus a trapping within the star. In the example given in Figure 5 horizontal
dashed lines denote a frequency range for modes of the given stellar model
used to calculate Sl and N; as seen, all modes in this region would be pure pmodes, and be trapped in the region between r where Sl (rt ) = ω and r where
ω = ωc . The propagation of a mode can be illustrated via a so-called ray plot
as in Figure 6, which shows the propagation of waves that by superposition
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Figure 6 – Ray depiction of the propagation of sound and gravity waves in a cross-section
of a star. Left: Acoustic ray paths; these are refracted by the increase in sound speed with
depth until they reach the inner turning point rt (Equation 1.26; dotted circles) where they
undergo total internal refraction. At the surface they are reflected by the rapid decrease in
density. Rays are shown corresponding to modes with frequency of 3000 µHz and degrees (in
order of increasing penetration depth) of l = 75, 25, 20 and 2. The behaviour of a raidal mode
is shown by the line passing through the centre. Right: The g-mode ray path corresponds to
a mode of frequency 190 µHz and degree l = 5; this mode is trapped in the interior and does
here not propagate in the convective outer part. From Cunha et al. (2007)

makes up the standing oscillation. When a sound wave, as shown in the left
panel of Figure 6, is excited near the stellar surface (by turbulent convection)
it can start its way deeper into the star. With increasing depth the sound speed
(c) will increase due to changes in the conditions of the gas (c2 = Γ1 P/ρ ∝ T ).
This results in the deeper parts of the wave front moving at higher speed
than the move shallow ones, whereby the wave gets refracted. After having
reached its inner turning point it will start moving towards the surface again.
At the surface it will then be reflected due to the sudden change in the density
of the gas, upon which it moves into deeper layers anew. In this way the
wave bounces between the inner turning point and the surface, all the while
progressing along the azimuth, whereby in the end standing waves can be set
up. From this and Equation 1.23 it is seen that the lower the degree “l” the
deeper the mode propagates.
In the case where ω << Sl , K(r) can be approximated as:
l(l + 1)
K(r) ≈
r2



N2
−1
ω2


.

(1.27)

Here ω < N approximately sets the condition for an oscillatory solution; this
constitutes a g-mode. The right panel of Figure 6 shows the ray plot for such
a mode, trapped between an inner turning point close to the core and the
bottom of the convection zone (as mentioned above N2 < 0 in a convection
zone).
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1.5

solar-like oscillations

As mentioned in Section 1.1 Solar-like oscillations are p-modes that are excited by the gas motions in the outer convection zone of these stars; the blobs
of hot gas rising to the surface from the bottom of the convection zone reach
speeds close to the sound speed, and thus act as an efficient acoustic noise
source, that can excite the eigenmodes of the star. This source for the excitation makes it stochastic in time. The oscillations are intrinsically stable due to
gas friction, and will therefore be exponentially damped after their excitation.
The stochastic nature of the process also has the effect that virtually all possible eigenfrequencies of the star are excited, and equipartition of the energy is
generally assumed between different degrees.
To see how such an excitation of the modes will translate the appearance of
the modes in the power spectrum, which is the primary tool for analysis in
asteroseismology, one may consider the oscillations as described by a stochastically driven damped harmonic oscillator (Batchelor 1953; Kumar et al. 1988):
d
d2
y(t) + 2η y(t) + ω20 y(t) = f(t) ,
2
dt
dt

(1.28)

where η denotes the linear damping rate, f(t) denotes the stochastic driving
force of the oscillation, and ω0 is the frequency of the undamped oscillator.
The power spectrum from a particular realization of the forcing is given by:
P(ω) '

|F(ω)|2
,
(ω20 − ω2 )2 + 4η2 ω2

(1.29)

where |F(ω)|2 gives the power spectrum of the forcing function. More interesting is the expectation value for the power spectrum of the forcing, known
as the limit spectrum. Using that the damping rate is generally very small
compared to the oscillation frequency, the following approximation may be
used for the expectation value near the resonance frequency, that is, where
|ω − ω0 | << ω0 :
hPf (ω)i
1
2
4ω0 (ω − ω0 )2 + η2
hPf (ω)i
1
=
(Γ ω0 )2 1 + 42 (ω − ω0 )2
Γ
H
=
,
1 + Γ42 (ω − ω0 )2

hP(ω)i =

(1.30)

here H denotes the maximum height of the mode (Chaplin et al. 2005), and
the relation η = Γ/2 between the linear damping rate η and the width Γ of
the resulting Lorentzian profile was used — assuming Pf (ω) varies slowly
with frequency. The life time of a given mode, given as the e-folding time
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for the amplitude, is given as τ = 1/(πΓ ) (with Γ in units of cyclic frequency;
note also, that Γ in cyclic units relate to η in angular units as Γ = ηπ−1 ). In
the description of the mode, an asymmetry may, and should, be included,
especially if one is working with long time series; neglecting an underlying
asymmetry will cause a bias in the determination of mode parameters. The
asymmetry is caused by a correlation between the mode excitation function
and the background noise from the convective cells — this is quite natural as it
is the granulation that excite the acoustic oscillations (Nigam and Kosovichev
1998; Chaplin et al. 2008b). Note, that the sign of the asymmetry will depend
on the type of observation, photometry or velocity (Nigam et al. 1998).
1.5.1

Mode Amplitudes

The integrated power of the mode, given as the squared mode amplitude A2 ,
2
or Vrms
in velocity, is found predominantly to be a function of frequency. In
terms of velocity Chaplin et al. (2005) found a theoretical expression for the
expected mode amplitude from a stochastic excitation as follows:
2
Vrms
=

1 Pf (ω)
.
ηI I

Here “I” denotes the normalised mode inertia given as:
R
2
Mmode
V ρ|δr| dV
I=
≡
,
M?
M? |δr|2ph

(1.31)

(1.32)

with the integration performed over the volume V of the star with mass M? ,
and with |δr|2ph giving the squared norm of the displacement vector at the
photosphere; Mmode denotes the quantity known as the mode mass. The larger
the mode inertia the more energy is needed to excite the mode to a given
amplitude, which can be seen from the relation to the kinetic energy of the
oscillation mode:
1
1
2
2
Ekin = Mmode Vrms
= M? IVrms
.
2
2

(1.33)

Now, it can be shown that ηI is predominantly a function of frequency,
which is also the case for the quantity Pf (ω) in Equation 1.31 describing the
forcing of the oscillation mode. Put together one can approximate the integrated mode power as
2
Vrms
'

F(ω)
,
I

(1.34)

where F(ω) is a function of frequency. From this it can be seen, that at a given
frequency the mode power largely scales as I−1 .
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Based on the work of Christensen-Dalsgaard and Frandsen (1983), Kjeldsen
and Bedding (1995) found a scaling for the velocity amplitude as
 s
L
,
(1.35)
Vrms ∝
M
with s = 1. The value of “s” has in later studies, both observational and
theoretical, been adjusted in the range s ∈ [0.7, 1.5] (see, e. g., Huber et al.
2011, and references therein). For converting between velocity and photometric observations at a wavelength λ, Kjeldsen and Bedding (1995) argued for a
correspondence as
Arms = (dL/L)λ ∝

Vrms
r ,
λTeff

(1.36)

with r = 1.5 for adiabatic oscillations. Observations are often (as in Kepler)
performed over a given spectral window, and here the amplitude may then
be approximated as
 s
L
1
sw
Arms ∝
,
(1.37)
r−1
M Cbol (Teff )Teff
where Cbol (Teff ) gives the bolometric correction appropriate for the specific
window; for observations from Kepler the bolometric correction is given by
Ballot et al. (2011) as
Cbol (Teff ) =

1.5.2



Teff
5935 K

0.8
.

(1.38)

Mode heights and widths

The height, or maximum power spectral density, “H” in Equation 1.30 of an
observed oscillation mode in the power spectrum is not given directly by A2
2 . Instead, the mode integrated power is given by A2 or V 2
or Vrms
rms and the
height is then given as
H=

2A2
.
πΓ

(1.39)

This relation is valid if the oscillation mode is well-resolved, specifically, if
Tobs >> 2τ = 2/πΓ . In the more general case one may use the modified
relation given as (Fletcher et al. 2006; Chaplin et al. 2008c) (in units of power
density):
2A2 /πΓ
H(T ) =
,
[1 + (2/πΓ Tobs )]

(1.40)
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which takes into account, that in the limit Tobs << 2τ the mode is unresolved
and the mode power will largely be contained in a single bin of the power
spectrum — here one will have H∼A2 .
It should be noted that the relations given so far have neglected the effects
from partial cancellations given via the visibility factor Ṽl2 and the geometric
modulation factor Elm (i? ) — in this way the height given by Equation 1.40
is valid only for radial oscillations. For nonradial oscillation modes the maximum power spectral density will be given as
Snlm = Elm (i? )Ṽl2 Hn,l=0 (T ) ,

(1.41)

and this should be used in the description of the Lorentzian profile of the
mode Ln`m (ν) as
"
Lnlm (ν) = Snlm 1 +



(ν − νnlm )
Γnl /2

2 #−1
.

(1.42)

Note here that the frequency νnlm depends also on the azimuthal order and
this includes any effect from, e. g., rotation (see Section 8.4.1).
The overall modulation of heights is generally well approximated by a Gaussian envelope centered on νmax (see, e. g., Libbrecht 1988; Arentoft et al. 2008),
and is given by the competition between mode excitation and mode damping
(cf. Equations 1.31 and 1.40). The mode damping can be attributed to many
different effects, but the total combined damping rate is overall increasing
with frequency (see Houdek et al. 1999, and references therein). Concerning
the excitation we known that the modes of solar-like oscillators are stochastically excited by turbulent convection in the outer envelope of these stars.
Also, modes with different frequencies will propagate to different depths in
the star, and the depth of the outer reflection-point of the mode will increase
with decreasing frequency. The properties responsible for the excitation of the
modes, such as, the energy, size, velocity etc. of the turbulent convective eddies, are dependent on their depth in the convection zone. This can be stated
as the outer reflection-point for modes of decreasing frequency moving increasingly further away from the depth at which efficient excitation by the
turbulent eddies can be achieved (Osaki 1990). This has the effect, that even
though the modes at low frequency experience relatively little damping the
lack of efficient excitation results in a decrease in the power of these modes. At
high frequencies the modes do propagate in the region where the eddies can
excite, but the eddies are small and of little energy; this, combined with the
increased damping, results in a decrease in power at high frequencies (Balmforth 1992; Goldreich et al. 1994). At the frequency of νmax a depression is
furthermore seen in the damping rate (and hence also in the mode linewidth
Γnl ) (see, e. g., Houdek et al. 1999), and the excitation energy from turbulent
eddies peaks. Both effects conspire to the increase in power at νmax . The depression in the damping rate at νmax seems to stem from a resonance between
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the frequency of modes close to νmax and the thermal time-scale of the gas
(see Belkacem et al. 2011, and references therein). The νmax frequency was
proposed by Brown et al. (1991) to scale with the acoustic cut-off frequency
νac (Equation 1.22), as νac also defines the typical dynamical time scale for the
atmosphere (in line with the above interpretation by Belkacem et al. (2011)).
Assuming ideal gas conditions it can thus be shown that νmax should scale as
(see, e. g., Kjeldsen and Bedding 1995)
νmax
M? /M
p
'
νmax
(R? /R )2 Teff /Teff,

M? /M (Teff /Teff, )3.5
'
.
L? /L

(1.43)

This proposed relationship has been well-established empirically (see, e. g.,
Stello et al. 2008, 2009; Huber et al. 2011, 2012; Silva Aguirre et al. 2012), but
the theoretical foundation is, however, still somewhat debated.
1.6

asymptotic p-mode frequency relation

The power spectrum of solar-like oscillations show a distinct periodic structure, which generally allows for a (l,n) tagging of individual oscillation modes.
For acoustic modes of high radial order n, and low angular degree l, the following asymptotic frequency relation (Tassoul 1980) is found to be a good
approximation:
νnl = ∆ν0 (n + l/2 + ) − l(l + 1)D0 .

(1.44)

In this equation  is a dimensionless offset sensitive to the upper turning
point of the modes (see, e. g., Gough 1986; Perez Hernandez and ChristensenDalsgaard 1998), D0 is a quantity sensitive to the sound speed gradient near
the core of the star (see, e. g., Scherrer et al. 1983; Christensen-Dalsgaard 1993;
Bedding and Kjeldsen 2010) and thereby sensitive to the age of the star, and
finally ∆ν0 is the so-called large separation given by the inverse of the sound
crossing time through the star:
Z R !−1
dr
1
.
(1.45)
∆ν0 =
2
0 c
Here c is the sound speed and R is the stellar radius. According to Equation 7.10 the large separation gives the difference (in frequency) between consecutive orders of the same degree, that is, ∆νnl = νn+1l − νnl ≈ ∆ν0 , as
also shown in Figure 7. As the sound travel time relates to the dynamic time
scale of the star ∆ν can directly give a measure for the stellar mean density.
An estimate of ∆ν0 can be used directly in stellar modelling attempts, often
together with an estimate of νmax — this may especially be used for low S/N
targets, because an estimate of ∆ν0 can still generally be obtained even if individual frequencies can not be extracted. Another quantity characterising the
frequency pattern is the small separation, given as
δνl,l+2 (n) ≡ νnl − νn−1,l+2 ,

(1.46)
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Figure 7 – Close-up of a segment around νmax of the power spectrum for 16 Cyg B (box-car
smoothed by 1.8 µHz). Indicated are the degree of the different modes, with the exception
of l = 3 modes sitting just to the left of the l = 1 modes. The large separation between
consecutive l = 1 modes has further been indicated.

and which can be given in terms of D0 , for instance, δν02 ≡ νn`=0 − νn−1`=2 =
6D0 . The small separation depends on the evolution of the star due to its
sensitivity to the core region via D0 .
It should be noted, that Equation 7.10 is only an approximate description of
the frequency structure, as ∆ν0 , D0 , and  all have small dependencies on both
frequency and degree; this is supported by both theory and observations (see,
e. g., Mosser et al. 2011; Kallinger et al. 2012; Mosser et al. 2013). For instance,
the small separation δν02 (and in turn D0 ) is for the Sun found to decrease
almost linearly with frequency (Elsworth et al. 1990). In Section 7.3 I return
to these departures from regularity.
A treasured way to display the characteristic structure of solar-like oscillations, and any potential departures from a fully regular pattern, is via the
échelle diagram (Grec et al. 1983), see for example Bedding and Kjeldsen
(2010). Here the power spectrum is divided in segments corresponding ∆ν0 ,
that then are stacked one above the other. In practice one thus plot the frequency its modulo to the large separation. As a matter of convenience one
often plot on the ordinate the mid-frequency of the respective segments. It is
then clear that, if Equation 7.10 is strictly followed, modes of a given degree
will form a vertical ridge in the plot; any deviation from Equation 7.10 will
typically show up as curvatures in the ridges. For a better representation of
the ridges one can add an arbitrary value to the frequencies before taking the
modulo, thereby allowing a shift of the ridges on the abscissa (see, e. g., Bedding 2011). An example of an échelle diagram can be seen in Figure 8, which
gives the frequency structure for the Sun.
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Figure 8 – Échelle diagram for the power spectrum from the red VIRGO-SPM band
(smoothed by 1.8 µHz), using an estimate of ∆ν0 = 135.19 µHz. Frequencies from Model S
(Christensen-Dalsgaard et al. 1996) have been overlain, with degrees indicated. The grey scale
goes from white (low power) to black (high power) and is given on a logarithmic scale. From
Lund et al. (2014a).
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2

T I M E S E R I E S A N A LY S I S

In asteroseismology, and many other branches of astrophysics, we are first
and foremost faced with an analysis task pertaining to time series. We need
methods to transform the light from the stars, that allows us to infer properties of their oscillation, and from this the stars themselves. In this section
I describe some of the methods, and basic ideas, I have used in much of my
work and with which one has to be familiar to do time series analysis.
“Conducting data analysis is like drinking a fine wine. It is important to swirl and
sniff the wine, to unpack the complex bouquet and to appreciate the experience.
Gulping the wine doesn’t work”
— Daniel B. Wright

“An approximate answer to the right problem is worth a good deal more than an
exact answer to an approximate problem”
— John Tukey

2.1

the sampling theorem

The Nyquist-Shannon sampling theorem (Nyquist 1928; Shannon 1949) defines the minimum rate at which a continuous signal, with a non-zero Fourier
transform in a given bandwidth “B”, must be sampled in order to be able to
perfectly reconstruct the signal from the samples via interpolation, i. e., without loss of information. The needed sampling rate is called the Nyquist rate,
and is given by fsr > 2B (i. e., a interval of 6 1/(2B)) for the signal with frequencies no higher than B; a signal (of set bandwidth B) sampled at or above
the Nyquist rate is said to fulfil the sample-rate criterion. If the sampling fails
to meet the sample-rate criterion information will (under most circumstances)
be lost, and the signal can not be reconstructed.
Correspondingly, for a signal sampled at a constant rate fsr = 1/∆t one
can only compute the power spectrum without aliasing up to a frequency of
νNq = fsr /2 = 1/(2∆t), which is then called the Nyquist frequency. Due to the
finite sampling the power spectrum will fold around this frequency, mirroring
itself. Power at frequencies above νNq will thus be indistinguishable from
power at corresponding frequencies below νNq . One can still fall victim of the
so-called back-aliasing where signals in the power spectrum seen below νNq
are aliases of a “true”, but undersampled, oscillation signal above the νNq .

21

2.2 the power spectrum

Figure 9 – Example of the effect of aliasing from the finite sampling of a signal. The dotted
line shows the true sampled signal, given by dots; the full line gives an alias of the signal
above the Nyquist frequency, which is seen to also follow the sampled points. From Aerts
et al. (2010).

The existence of aliases can be easily understood from the example shown
in Figure 9: discrete samples are shown of a continuous sine-wave, sampled
at half the Nyquist rate, also shown is the alias signal above the Nyquist
frequency; as seen both signals perfectly follow the discrete samples. Another
good example of the aliasing, from undersampling, is given by the so-called
“wagon-wheel effect”, often seen in old westerns, where the wagon wheels
seems to be rotation in the opposite direction of the motion — this is an effect
of the undersampling of the movement of the spokes from the number of
frames per second.
If the data has a sampling that is different from constant, the Nyquist frequency is in principle inexistent, which has led to the development of superNyquist techniques to analyse the power spectrum above νNq (see, e. g., Murphy et al. 2013; Chaplin et al. 2014b, for applications in asteroseismology).
2.2

the power spectrum

In asteroseismology the frequency and amplitude of a given oscillation are
generally the parameters of interest. To obtain such information from a time
series, consisting of a set of observation times (ti ) with corresponding measured flux values (fi ), a Fourier spectrum is calculated to go from the time
domain to the frequency domain. Note that the power spectrum, the square
of the Fourier transform, can be calculated in many different ways and the
different types of power spectra are then linked by a normalisation factor — I
will return to the normalisation of the power spectrum below in Section 2.2.1.
The type of power spectrum I have generally used can be seen as a weighted
least squares (WLS) sine-wave fitting of the data (see, e.g., Ponman 1981; Kjeldsen 1992; Frandsen et al. 1995), where the signal, as the name suggests, is
decomposed into a sum of sine waves, each described for a given frequency
ν by an amplitude A and a phase δ as follows:
f(t; a) = Aν sin(2πνt + δν ) .

(2.1)
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This we can rewrite via the standard sine addition formulae as
Aν sin(2πνt + δν ) = Aν cos(δν ) sin(2πνt) + Aν sin(δν ) cos(2πνt)

(2.2)

= αν sin(2πνt) + βν cos(2πνt) ,

(2.3)

 
β
.
α

(2.4)

with the phase given as
Aν sin(δν )
β
=
= tan(δ)
α
Aν cos(δν )

⇒

δ = tan

−1

The task is then to compute α and β, which can be done analytically from
the data in a least-squares sense in the following manner:
2

χ =


N 
X
yi − f(xi ; a) 2
σi

i=1

,

(2.5)

where yi is the ith signal value; σi is an estimate for the standard deviation of
yi ; the prediction of the signal, f(xi ; a), is given by the model we wish to fit to
the signal as a function of the independent variable x, and having parameters
a. In the current case this can for a given frequency ν be written as
2

χ (ν) =

N
X

wi {yi − [α sin(2πνti ) + β cos(2πνti )]}2 ,

(2.6)

i=1

where wi is the statistical weight assigned to data point yi , computed as wi =
1/σ2i . The minimisation of χ2 (ν) with respect to α and β, which constitutes
the least squares estimate, is found by finding the solution to
dχ2
=0
da

or in our case

∂χ2
∂χ2
=
=0
∂α
∂β

(2.7)

Given the simple nature of our model the differentiations are very simple to
compute and I will skip to the solution which, with a bit of linear algebra, can
be found as
s · cc − c · sc
α(ν) =
,
(2.8)
ss · cc − sc2
c · ss − s · sc
β(ν) =
,
(2.9)
ss · cc − sc2
where I have used the following short-hand notations:
X
s≡
wi · xi · sin(2πνti )
Xi
c≡
wi · xi · cos(2πνti )
Xi
ss ≡
wi · sin2 (2πνti )
i
X
cc ≡
wi · cos2 (2πνti )
i
X
sc ≡
wi · sin(2πνti ) · cos(2πνti )
i

(2.10)
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The power (squared amplitude) spectrum is then given as:
PWLS (ν) = A2ν = A2ν (sin2 (δ) + cos2 (δ)) = α2 (ν) + β2 (ν),

(2.11)

whereby a sine wave of peak amplitude, A, will have a corresponding peak
in the power spectrum of A2 . The mean noise level of the power spectrum is
given as hPWLS i = 4σ2rms /N, where σrms is the root-mean-square scatter of the
time series, and N is the number of data points. This way of calculating the
power spectrum does not rely on equal sampling, and statistical weights can
be included to obtain a signal-to-noise optimised spectrum.
2.2.1

Normalisation of the power spectrum

Normalisation of the power spectrum is usually done such that it complies
with the Parseval-Plancherel relation (Parseval des Chênes 1806; Plancherel
1910), which states that the root-mean-squared (RMS) variability σ2 of a signal,
x, in the time domain equates the integrated power of its squared Fourier
Transform P(ν) = |X(ν)|2 (that is, the power spectrum) as:
Z∞
2
σ =
P(ν)dν .
(2.12)
−∞

Or the discrete version:
N−1
N−1
X
1 X
|xi |2 ,
|X(νk )|2 =
N

(2.13)

i=0

k=0

where X(νi ) is the Discrete Fourier Transform (DFT) of the real valued time
series x, with zero mean, whereby the right hand side also may be written as
PN−1 2
2
i=0 |xi | = Nσ . If we assume an oscillatory signal x as given in Equation 2.1,
with a frequency ν0 , one gets for the right-hand side1 :
N−1
X
i=0

|xi | =
2

N−1
X

|Aν0 |2 | sin(2πν0 ti + δν )|2

(2.14)

i=0

= |Aν0 |

2

N−1
X

| sin(2πν0 ti + δν )|2

(2.15)

i=0

N
= A2ν0
2

(2.16)

Now, given that the input time series signal x is real valued the DFT is
symmetric around the Nyquist frequency νNq (see Section 2.1), given by the
frequency bin at N/2, such that:
|X(ν2νNq −|ν0 | )|2 = |X(ν0 )|2

(2.17)

1 using the property that for a large N the mean of the squared sine approximately equals one
R
1 a+N
half: limN→∞ N
sin2 (x)dx = 12 .
a
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with ν0 is in the range of interest below the Nyquist frequency, viz., 0 < ν0 <
νNq . With this we can write the left-hand side of Equation 2.13 as
N−1
2
2
1 X
|X(νk )|2 = |X(νk = ν0 )|2 = P(νk = ν0 ) .
N
N
N

(2.18)

k=0

We finally have:
N 2
2
Aν0 = P(ν0 ) ⇔
2
N
N2 2
A
P(ν0 ) =
4 ν0

(2.19)
(2.20)

We thus have that the scaling between the standard Fourier transform and
the WLS from Equation 2.11 is:
PFT =

N2
4 PWLS .

(2.21)

So, the WLS does not adhere to the standard version of Parseval’s theorem,
but rather to the so-called discrete amplitude scaled version of Parseval’s theorem, which requires that P(ν0 ) = A2ν0 .
2.2.2

The spectral window

When observing a star, especially when done from earth, it is near impossible
to obtain a continuous set of measurements over a long period of time — gaps
will sneak in from bad weather, or the pesky Sun rising in the sky, when the
observations are ground based. Space based observations can experience safe
mode events or other technical errors that for a time stops the observations.
We may quantify the times of observation via the so-called window-function
WF — the “window” through which we observe the star — given as:

1 , for t when observing
WF(t) =
(2.22)
0 , otherwise
The effect of the (temporal) window function on the power spectrum is known
as the spectral window. This tells us how power from a given frequency leeks to
other surrounding frequencies due to the temporal gaps, and thus how different parts of the power spectrum are correlated. The observed power spectrum
is given by the underlying power spectrum convolved with the spectral window (see Section 2.4.1). Therefore, when performing peak-bagging to extract
parameters from the power spectrum one should include the spectral window of the observations. Because the data from Kepler is so close to being
continuous, and without many regular gaps, the increase in computing time
from doing the proper convolution with the spectral window, outweighs the
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Figure 10 – Examples of differently weighted window functions for observation of Procyon.
From Bedding et al. (2004).

potential gain in inference on the parameter extraction. This is different for
observations from ground based instruments, such as the SONG telescope,
where inclusion of the spectral window is a necessity.
Practically, we can use the spectral window to obtain an estimate of the
effective observing time, which is needed for defining the bin widths of the
critically sampled spectrum. We can calculate the spectral window function
by utilizing the weighted least squares spectrum (Equation 2.8) from above
as:

Pwin (ν; νw ) = 12 αsin (νw + ν)2 + βsin (νw + ν)2
(2.23)
+ αcos (νw + ν)2 + βcos (νw + ν)2 ,
where xi = sin(2πνw ti ) (for αsin and βsin ), xi = cos(2πνw ti ) (for αcos and βcos ),
and νw is a dummy frequency. The essential component here is that the times
ti are the same as the actual observations; in this manner the spectral window
tells us how a sine wave would look in the power spectrum given the times
of the observations. When using the spectral window, for instance, in peakbagging it is important to normalise to unit integral, as the spectral window
otherwise will add/remove power rather than just redistributing it. The use
of a clever weighting wi in Equation 2.23 can modify the spectral window in
various ways. A noise optimised weighting is given by wi = 1/σi , where σ
denotes the measurement uncertainties; one may also chose a weighting that
makes for an easier disentangling of the signal from stellar oscillation from
that of the spectral window, by a weighting that minimises the side-lobes
(Butler et al. 2004; Bedding et al. 2004; Arentoft et al. 2009). Figure 10 gives an
example of three spectral windows from the use of different weights.
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The effective observation length, ∆T , taking gaps in the time series into account, can be calculated as the inverse of the area under the spectral window
function:
Z ∞
−1
.
(2.24)
∆T =
Pwin (ν0 ; νw ) dν0
−∞

In this calculation an oversampling can be used of the spectral window to
yield a more precise estimate for the integral. Then, the critical sampling of
the power spectrum can be determined as δν = 1/(∆T ).
2.2.3

Power density

A common way of presenting the power spectrum is via the power density
spectrum (PDS). The only difference from the normal power spectrum in a
multiplication factor given by the effective observing length, ∆T , from Equation 2.24. This means, that instead of having a unit of ppm2 /bin (ppm =
parts − per − million), where the “per bin” is most often omitted, the unit will
be ppm2 /µHz, and an oscillation of amplitude A will have a value in the PDS
of A2 ∆T .
2.2.4

Statistics of the power spectrum

The noise statistics of the power spectrum can be found by considering the
time series of a random variable y, with y independent at different times,
which is further assumed to be stationary. The stationarity means that the
expectation value or mean, E[y], and the variance, var(y) = E[(y − E[y])2 ] = σ2 ,
of the signal are time invariant quantities (see Appourchaux 2014). The above
characteristics are the ones of a white noise source.
From the central limit theorem we know that the mean of a large number
of independent random variables with well-defined mean and variance will
tend to a normal distribution, no matter the underlying distribution of the
variables. From the expressions of α and β in Equation 2.8 it is seen that
in the limit of many data points y(ti ) their distributions will become equal,
normal, and independent with E[α] = E[β] = 0, and var(α) = var(β) = N2 σ2 .
Now, the sum of squares of k independent standard normally distributed
random variables is, per definitionem, a χ2 (“chi-square") distribution with k
degrees-of-freedom (d.o.f.). As the power spectrum is given by the sum of
squares of α and β, and that these, for a random variable y, are normally
distributed, the power spectrum of a white noise source will have statistics
given by a χ2 2-d.o.f. distribution. The signal observed from a star might well
be approximately stationary, but data point at different times are correlated
to an extend rather than being fully independent, because the underlying
processes generating the signal have an inherent memory. Even in this case,
however, it can be shown that the distributions of α and β are still equal,

27

2.2 the power spectrum

normal distributions (Peligrad and Wu 2010). Also, any applied weighting, or
gaps in the time series introducing a spectral window, will all induce some
correlations between bins in the power spectrum, which changes the statistics
slightly — these are usually ignored though.
The functional form of a χ2 k-d.o.f. pdf is given by
p(x) =

x
1
k/2−1 − 2
x
e
,
2k/2 Γ ( k2 )

(2.25)

where Γ (·) is the gamma function. For 2 d.o.f. this reduces to:
1 x
p(x) = e− 2 .
2

(2.26)

Concerning the mean and the variance the χ2 k-d.o.f. distribution has the
following properties:
E[x] = k

and

E[(x − E[x])2 ] = 2k .

(2.27)

The observed power spectrum P has a χ2 2-d.o.f. noise statistic around a
mean value Pj given by the underlying signal from the star. So, the distribution of the observed spectrum is a χ2 2-d.o.f. distribution scaled to an expectation value of Pj ; from Equation 2.27 this is done by re-scaling χ2 2-d.o.f.
distribution to a mean of one, and multiplying by Pj , i. e., p = 21 Pj . Now, for
a signal scaled by p
P = p · χ22

(2.28)

one obtains
E[P] = pk

and

E[(P − E[P])2 ] = p2 2k ,

(2.29)

which gives the mean of Pj for k = 2.
From Equation 2.28 we see that the χ2 2-d.o.f. distributed variable is P/p,
which we now change our variable x to:
x=

P
2P
2
=
⇒ dx = dP .
p
P
P

(2.30)

We are now interested in the probability density for the observed P, I shall
denote this g(P). This is related to p(x) as:
p(x)dx = g(P)dP ⇒
dx
2
g(P) = p(x)
= p(x) .
dP
P

(2.31)
(2.32)
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Putting now together Equations 5.7, 2.30, and 2.32 one obtains for g(P) at a
given frequency:
2
p(xj )
Pj
2 1 − xj
e 2 ,
=
Pj 2

g(Pj ) =

1 −
=
e
Pj

2Pj
P|

2

,

(2.33)
(2.34)

(2.35)

P

1 − Pjj
=
e
,
Pj

(2.36)

which is the result from Woodard (1984), Duvall and Harvey (1986), and
Gabriel (1994) (see also Appourchaux 2003a). In Section 3.2 this result will
be used to find the likelihood function for the power spectrum. Lastly, concerning the independence of individual frequency bins in the power spectrum,
the frequency sampling of the power spectrum needs to be considered. It can
be shown (see, e. g., Appourchaux 2014) that for the power spectrum of a time
series with a duration ∆T (see Equation 2.24), bins separated by a frequency
of 1/∆T are independent. The assumption of independent frequency bins are
needed for the construction of the joint likelihood function.
2.3

wavelet analysis

In the “normal” power spectrum, we obtain information about the spectral
content of a given time series signal. We are, however, unaware of the temporal behaviour of the signal at a given frequency — is the signal giving
rise to the power at a given frequency approximately time-constant (as we
generally assume), intermittent, or is it transient? If, for instance, a peak in
the power spectrum is given by a transient noise signal, and weights are not
used to account for this, we could end up interpreting the signal as something altogether different; in general the sine and cosine basis functions in the
Fourier transform are far from optimal for the representation of such a transient or diverging signal. To avoid this situation and answer the question on
the temporal characteristics we need a method to do time-frequency analysis;
here wavelet analysis comes to the rescue. A situation where the wavelet has
become popular is for the measurement of stellar rotation from activity tracers (see Section 8.4.3). This analysis was, for instance, adopted in Lund et al.
(2014b, Section 10.2.3) for the assessment of HAT-P-7’s rotation. For some excellent introductions to wavelet analysis I refer to Lau and Weng (1995) and
Torrence and Compo (1998), which have also been consulted for the following
description.
The word “wavelet” in itself hints to the characteristics of the function behind; it is a wave with an oscillatory behaviour (with zero average), and it has
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Figure 11 – Difference between the standard Fourier transform (left panel), the short-time
Fourier Transform (middle panel), and the wavelet transform (right panel). The top part
of each panel gives the coverage in the time-frequency plane at three different scales; the
lower part of each panel give time and frequency representation of signals at three different
frequencies. From Lau and Weng (1995).

a fast decay and is concentrated in both the time and frequency domain — a
let (Farge 1992).
A wavelet is described by a scaled/dilated and translated version of a basis
function, ψ0 (η), which is known as the mother wavelet:


1
t−τ
ψs,τ (t) = √ ψ0
,
(2.37)
s
s
where s is the scale, τ is the translation, and √1s provides a normalisation across
different scales. The scaled/translated wavelet ψs,τ (t) is often denoted as the
daughter or child wavelet.
The continuous wavelet transform WT of a discrete signal y(t) is given by
the convolution of set signal with a daughter wavelet:
WT(s, τ) =

N−1
X

ψ∗s,τ (ti )y(ti )dt ,

(2.38)

i=0

where (∗) denotes the complex conjugate, and N is the number of points in the
time series. The wavelet power spectrum is then found as |WT(s, τ)|2 . For each
scale s the wavelet is translated with τ along the span of the time series (or
whatever signal the transform is applied to). Note that the convolution may
also be applied (faster) in the Fourier domain (see Section 2.4 below). For a
range of different scales and translations this makes the WT a 2D decomposition of the 1D signal; one can then for a given scale, which corresponds to a
given frequency bandwidth of the signal, investigate the temporal behaviour
of the signal given by the translations, or vice versa for a given time. The
WT comes with a natural “uncertainty principle” trade off between time resolution and scale resolution — when one is high the other is low. For large
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scales (low frequency) the wavelet has a relatively broad support in the time
domain, and the frequency of the signal can be obtained with high precision,
but the translation estimate of the signal is less precisely determined under
the wide support. At small scales (high frequency) the wavelet has a compact
support, allowing for a precise pinpointing of the translation, but with a poor
resolution of the frequency (see Figure 11).
An alternative procedure to the wavelet transform is known as the shorttime Fourier Transform (STFT) (or windowed Fourier Transform as it is also
called). Here one computes the standard Fourier Transform of a windowed
(with a free choice of window function) part of the time series, and this window is then moved through the time series. Thereby one also obtains a timefrequency view of the analysed signal. In the STFT the resolution at a given
time step will be equal for all frequencies, but a trade off still exist — the
wider the window is, the higher the frequency resolution will be, but a wide
window will at the same time result in a poor time resolution. The fixed width
of the window means that a given window will contain a progressively lower
number of cycles of a signal the lower the frequency gets; this can lead to an
over-representation of the high-frequency signal (Lau and Weng 1995). The
fixed window width also means that low frequency signals suffer from the
difficulty of obtaining a sufficiently high frequency resolution in the transform. The trade off found between frequency and time resolution in the WT
is better optimised for the analysis of, a possible non-stationary, signal over a
range of scales (Vetterli 1992). The difference between the wavelet transform
and the STFT is depicted in Figure 11. Concerning the mother wavelets there
is a whole range of different functional forms to chose from. The simplest
(and historically first) is the Haar wavelet (Haar 1910), which is just a step
function going from −1 to +1. Another popular choice is the Morlet wavelet,
given by a plane wave modulated by a Gaussian:
2 /2

ψ0 (η) = π−1/4 eiω0 η e−η

.

(2.39)

Concerning the choice of mother wavelet for a given application, one can see
that, by its definition, the wavelet transform at scale “s” will attain the largest
value if the signal at y(t ≈ τ) has a frequency corresponding to “s” in addition to a shape mimicking the wavelet. Therefore, one should select a mother
wavelet based on the form of the signal searched for; one may therefore design a custom wavelet for a given purpose (Vetterli 1992). Besides the shape
itself, a mother wavelet is also often characterised by its e-folding time, which
gives information about the width of the wavelet and thus the inherent timefrequency resolution trade off. In plots of wavelet transforms or power spectra
one will often see a cross-hatched region, known as the cone-of-influence. This
region marks where inaccuracies may occur from the analysis of a finite length
time series, and is often given by the e-folding time for the autocorrelation of
the wavelet at a given scale — the wavelet power from any inaccuracy will
thus have decreased by a factor of e−2 beyond this cone.
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Quantitative analysis of the wavelet power spectrum, including tests of significance, can be performed in ways similar to that of the normal power spectrum; the wavelet power spectrum can be shown to also have a χ2 2-d.o.f. noise
distribution (see Torrence and Compo 1998, and references therein). From the
wavelet power spectrum one may also form the global wavelet spectrum (GWS)
by averaging along the translation scale:
GWS(s) =

N−1
1 X
|WT(s, τi )|2 ,
N

(2.40)

i=0

thus making a spectrum with a close to normally distributed noise; bins here
are, however, not independent and so extra care should be exercised when
quantitative analysis is performed.
2.4

temporal and spectral filtering

Filtering is an essential part of time series analysis in that it allows for the
separation and isolation of signals of occupying different domains — either
in time or in frequency.
Filters can generally be grouped in the categories of low pass, high pass, band
pass, and band stop. As the names suggests, a low pass filter allows signal of
low frequency to pass, while attenuation high-frequency components, and so
on for the other categories. A very simple way to obtain these types of filterings of a signal is via the components defining the WLS power spectrum
in Equation 2.8; using α, β (and thereby phase δ) from frequencies in a given
spectral range, one may reconstruct the time series corresponding to this spectral range using Equation 2.2.
A somewhat more sophisticated filtering comes with finite impulse response
(FIR) filters, which may also be called kernel smoothers. The simplest FIR filter
may be the boxcar filter, or moving-mean as it is also called — the act of smoothing a signal is simply an act of low pass filtering, for instance, by means of a
FIR filter. Now, the application of filters in the time domain can be written as
the convolution (∗) of the filter’s impulse response or kernel (gλ , which is a
unit integral function) with the time series signal (f):
Z∞
(f ∗ g)(t) ≡
f(τ)gλ (t − τ)dt .
(2.41)
−∞

The kernel gλ is given by a function


|x − x0|
,
gλ (x) = D
λ

(2.42)

where D then has some functional in the so-called support region centred on
|x−x |
x0 (often given by λ 0 6 1), and is zero otherwise. In the spirit of Dear child
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has many names, a discrete equivalent to the above in the context of smoothing is also known as the Nadaraya-Watson kernel-weighted average (see, e. g.,
Hastie et al. 2009). The moving-mean is a “boxcar” filtering, because at each
time step the filtered signal is given by the mean of points within a given window. This is equivalent to applying Equation 2.46 with gλ being a function
with non-zero values only in a finite range equal to the window width (the
support region), and with values (the response) given by one over the window
width, i. e., a box-like function. A whole range of kernels gλ may be used
depending on the desired output. An refinement on the boxcar could be the
triangular kernel, obtained from applying two boxcar filters, or the truncated
Gaussian (if not truncated it is not finite). The Gaussian kernel can, via the
Central Limit theorem, be seen as the application of any other filter a large
number of times (in principle infinite). See Section 3.3.3 for a brief discussion of another popular kernel, namely the Epanehenkov kernel (Epsnečnikov
1969).
The use of Equation 2.46 gives us a low pass filter. A high pass filtered
version of the signal fhp can then be created from the low pass filtered signal
flp as
fhp = f − f − flp = f − f ∗ gλ = f ∗ (1 − gλ ) .

(2.43)

Similarly, a band pass filter may be constructed from the combination of a
low pass and a high pass filter. If one, e. g., wants to pass signal between
the spectral regions ν1 and ν2 , one finds kernels gλ1 and gλ2 that effectively
attenuates signal below ν1 and ν2 , respectively. The band passed signal can
then be given as
fbp = f − flp − fhp = f − f ∗ gλ1 − f ∗ (1 − gλ2 ) .

(2.44)

2.4.1 Convolution
A means of evaluating the filter comes with the convolution theorem, which
states that the convolution between two functions f and g can be computed
as the product of the Fourier Transforms of the two functions; and the Fourier
Transform of the product of f and g is the same as the convolution of their
Fourier Transforms:
F[f ∗ g] = F[f] · F[g]

(2.45)

F[f · g] = F[f] ∗ F[g]

(2.46)

where F denotes the Fourier Transform operator. The Fourier Transform of
the filter response F[g] is then the filter’s frequency response. This allows one
to see the effect the application of the filter in the time domain will have in
the power spectrum. In addition it provides an often faster way to apply the
filter, rather than convolving in the time domain one simply multiplies the
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Figure 12 – Illustration of the convolution theorem, here for a time and frequency domain
representation of a planetary transit time series. Top: Time-domain representation, where
∆T gives the transit duration entering the function T describing the transit shape; Porb the
planetary orbital period entering the dirac comb-function C (the arrows signify dirac deltafunctions); T is the length of the observations defining the boxcar function B. The rightmost
panel then gives the “observed” transit time series. Bottom: Frequency-domain representation of the components from the top panel, in squared norm of the Fourier transform F[·]; in
the rightmost panel — giving the “observed” power spectrum — only the positive-frequency
part of the power spectrum is shown, but will be symmetric around zero frequency.

power spectrum with the filter frequency response. The effect of a filter may
be further characterised via the transfer function, given by the ratio between the
unfiltered and filtered signal — here one can then see directly which spectral
ranges gets attenuated and by how much.
2.4.2

Other use of convolution theorem

The convolution theorem is not only useful for signal filtering, but also allows
for a better understanding of the frequency response in general to phenomena
in the time domain.
An example could be the impact of planetary transits on the power spectrum: a transit light curve (TLC) in the time domain can be seen as a transit
shape T, here assumed rectangular and of duration ∆T , convolved with a
dirac comb-function C (or Shah function) with a spacing given by the orbital
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period Porb . This is then multiplied by a boxcar function B giving the length
T of the time series, that is:
TLC = (T ∗ C) · B .

(2.47)

Using Equation 2.46 this results in the power spectrum domain to:
|F[TLC]|2 = (|F[T]|2 · |F[C]|2 ) ∗ |F[B]|2 ,

(2.48)

which is a squared sinc-function (|F[T]|2 ), given as:
sin2 (x)
with x = πν∆t ,
(2.49)
x2
this has the first zero at the inverse of the rectangular function, ∆t, here given
by the transit duration. Multiplied on this is a dirac comb-function (|F[C]|2 ),
with a spacing given by the inverse orbital period. In the end this is convolved
with a squared sinc-function (|F[B]|2 ). The final convolution has the results
that a single sine-wave will stand out as a squared-sinc function rather than a
delta function as given by Equation 2.11, which will be obtained only for an
infinite series of observations. The amplitude modulation of the comb structure by a squared sinc-function from |F[T]|2 is only strictly valid if the transit
shape is given by a rectangular function. Figure 12 illustrates the example just
described for a planetary transit.
A second example could be the apodization of the power spectrum as a
function of frequency (see, e. g., Chaplin et al. 2011; Kallinger et al. 2014), due
to the discretization thus binning of the underlying signal via integration over
a given cadence. The discrete signal (DS) may be seen as the continuous signal
(CS) convolved with a boxcar function (B1 ) with a width equal to the integration time of the signal, and this then multiplied by a dirac comb-function (C)
with a spacing given by the inverse sampling rate. Finally, this is multiplied
with a boxcar (B2 ) defined over the range of the observations:
sinc2 (x) =

DS = (CS ∗ B1 ) · C · B2 .

(2.50)

In the power spectrum this amounts to:
|F[DS]|2 = (|F[CS]|2 · |F[B1 ]|2 ) ∗ |F[C]|2 ∗ |F[B2 ]|2 ,

(2.51)

where |F[B1 ]|2 is the squared sinc-function, with a first zero at the inverse
of the integration time. In Kepler the integration time also happens to be the
sampling time, and therefore x in Equation 2.49 is sometimes given as x =
π ν
2 νnq , where νnq is the Nyquist frequency (see Section 2.1). This is a bit of a
misnomer, because νnq relates to the sampling rate; the apodization should
more correctly be linked to the integration time.
Finally, one can better understand the use of the spectral window introduced in Section 2.2.2. Omitting the binning from the above example the observations (O) can be written as:
O = CS ∗ WF ,

(2.52)
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where CS is the underlying continuous signal, and WF is the window-function
from Equation 2.22. The power spectrum is then:
|F[O]|2 = |F[CS]|2 ∗ |F[WF]|2 ,

(2.53)

where |F[WF]|2 then is the spectral window.
2.4.3

Robust filters

The filters described above are good because they are easy to apply, and it
is easy to quantify their impact on, for instance, the power spectrum. They
can, however, run into some problems if the data to be filtered contains many
outliers. This problem is especially pronounced for the boxcar filter, which
weighs all points within the filter window equally. In some cases the use of
more robust filters — which often combine a kernel weighting of data with a
local regressing — may therefore be warranted. One such filter is the locally
weighted scatterplot smoothing or LOWESS filter (Cleveland 1979), which is
a non-parametric regression method. The LOWESS works by, for each data
point, making a weighted polynomial regression (of predefined order) to the
number of Nα nearest-neighbours around the point and then evaluating this
fit at the given point. The parameter α is the fraction of the total number
of points N used in the regression. The weighting of points is defined by a
weighting function, similar to the impulse response in the FIR filter, and typically given by a tri-cube function. In the weighting, the span of the Nα points
is scaled to one rather than changing the width or support of the weighting
function. A generalisation of the LOWESS filter may be seen as that of the
Nadaraya-Watson kernel regression (see, e. g., Hastie et al. 2009), which is also
a locally kernel weighted polynomial/linear regression, but with an unspecified choice of kernel type (typically though the Epanehenkov or tri-cube is
used) and kernel support parameters λ. In the LOWESS λ is variable in the
sense that it is given by a Nα-nearest-neighbour span. A less robust subclass
of local regression filters is known as Savitsky-Golay or least-squares filters
(Savitzky and Golay 1964; Press et al. 1992), where a regression is made to a
windowed (local) set of points weighted equally, that is, using a boxcar kernel.
The use of either a linear or low order polynomial regression in these methods also make them less prone to biases near the boundaries of the filtered
domain. Here, if the data are not mirrored, the filter windows will contain
progressively less points, and asymmetrically distributed around the point of
estimation. The bias from this in the normal kernel smoothing can be greatly
reduced by, for instance, fitting a linear trend.
The last important robust filter I will mention here is the median-filter. This
is a filter where a window is moved through the data, and the filtered signal is
then given by the median of the data point within each window. This is very
robust to outliers, because of the high breakdown point of 50% of the median.
Unfortunately, it is non-linear and the filtered signal can not be described as
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a linear function of the original signal. The means that it is less efficient to
apply (it can not be described by a convolution), and its effect on the data
will depend on the data itself and is not quantifiable a priori via a transfer
function.
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MODEL SELECTION

3

Parameter estimation is integral in most parts of science — asteroseismic analysis is no exception. Parametrised model fits are needed to estimate and assess properties of stellar oscillations from the power spectrum; in turn, these
are needed in computing and, ideally, improve stellar models and further our
understanding of the stars. In this section I discuss the basics of parameter
estimation, both in the frequentist and Bayesian framework.

“The subjectivist (i.e. Bayesian) states his judgements, whereas the objectivist
sweeps them under the carpet by calling assumptions knowledge, and he basks in the
glorious objectivity of science”
— I. J. Good

“Essentially, all models are wrong, but some are useful”
— Box & Draper

3.1

the model power spectrum

Using the descriptions of the characteristics of stochastically excited modes
in Section 1, one may construct the following model for the noise free limit
spectrum (expectation value):


n
lmax X
l
max X
2
X
Elm (i? )Ṽl Sn0
P(ν) = η2 (νj ) 
+ N(ν) + W . (3.1)
2
4
(ν
)
1
+
−
ν
−
mδν
s
nl
n=n0 l=l m=−l
Γ2
0

nl

This function corresponds to a series of Lorentzian functions, each with a
height Elm (i? )Vl2 Sn0 , a mode width Γnl , and a splitting δνs . N(ν) denotes the
adopted background function, to which I return in Section 9; W a white noise
component; η2 (νj ) describes the apodization of the signal amplitude (square
root of power) at frequency νj from the finite sampling, and in effect binning,
of the temporal signal (see Section 2). Finally, as also mentioned in Section 2,
the model should be convolved by the normalised spectral window.
I note here, that the above model is simplified in many respects, in that it
ignores mode asymmetries and differential rotation (see Section 8). Often the
relative visibilities Ṽl2 are also kept fixed in the fit.

38

3.2 maximum likelihood estimation

The observed power spectrum will be given by Equation 3.1 multiplied by
a random noise source that for a given frequency and a given realisation will
have a χ2 2-d.o.f. (degrees-of-freedom) distribution (see Anderson et al. 1990).
I note that a simulated realisation of the power spectrum can be constructed
as (see Anderson et al. 1990; Gizon and Solanki 2003):
P(νj ) = − ln(Uj ) P(νj ) ,

(3.2)

where Uj is a uniform distribution on [0, 1]. This approach ensures a χ2 2-d.o.f.
noise statistic for P (Woodard 1984).
In extracting mode parameters, one fits Equation 3.1 to the power spectrum.
Here, it is here desirable to make a global fit including all parameters, as this
gives a better handle on the parameter errors and their correlation. Furthermore, it can be ensured that a parameter such as the inclination is the same
for all parts of the power spectrum. Regarding the use of a constant rotational
splitting, it is for stars with mixed-modes advantageous to have a splitting
that can vary between modes, because the modes here probe very different
regions in the stellar interior (see, e. g., Beck et al. 2012; Deheuvels et al. 2012).
The approach of extracting the frequencies from the power spectrum is
known as Peak-bagging1 (Appourchaux 2003b). In the fitting of Equation 3.1
to the power spectrum, two approaches are in use: the frequentist approach,
where MLE is used to find the set of parameters in Equation 3.1 that maximise the likelihood function; the Bayesian approach where the posterior distributions are used to estimate parameters and associated uncertainties, and
sampling methods such as MCMC or Nested sampling are generally used as
a natural means of obtaining the marginalisation over parameter space. Below
I go through each of these methods in turn.
3.2

maximum likelihood estimation

In the MLE approach to the fitting of Equation 3.1 to the power spectrum
the objective is to find the set of parameters Θ in Equation 3.1 that maximise
the likelihood function. The likelihood function, or joint probability density
function (PDF) of the observations, is given as:
Y
L(Θ) =
Pj (Oj ; Θ) .
(3.3)
j

Assuming a χ2 2-d.o.f. statistic for the power spectrum around the limit spectrum, with independent bins from a critical sampling of the power spectrum
and uninterrupted observations (see Section 2.1), we found in Section 2.2.4

1 a term adopted from hill climbing by Jesper Schou, where it refers to a climbers list of reached
summit peaks.
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(see Duvall and Harvey 1986) that the probability density for a given observation, Pi (Oi ), relates to the limit spectrum, P(νj ; Θ), as:


Oj
1
exp −
.
(3.4)
Pj (Oj ; Θ) =
P(νj ; Θ)
P(νj ; Θ)
The maximisation of Equation 3.3 is not necessarily very numerically stable. Therefore, it is customary to instead minimize the negative log-likelihood
function, which, from combining Equations 3.3 and 3.4, gives (see, e.g., Anderson et al. 1990):
X
−lnL(Θ) = −
ln Pj (Oj ; Θ)
(3.5)
j

=−

X



−1
ln P(νj ; Θ) exp −

j

=−
=

X

X

− ln P(νj ; Θ) −

j

lnP(νj ; Θ) +

j

Oj
P(νj ; Θ)

Oj
P(νj ; Θ)

Oj
P(νj ; Θ)


(3.6)
(3.7)
(3.8)

In this equation j runs over the individual bins in the power spectrum. For
a spectrum made from averaging “s” realisations of the power spectrum Appourchaux (2003a) showed that the log-likelihood may be written as:
−lnL(Θ) =

X

s lnP(j ; Θ) +

j

s Oj
P(j ; Θ)

.

(3.9)

The MLE estimates (see, e. g., Toutain and Appourchaux 1994), Θ̃, are then
found by minimising Equation 3.8 using some minimisation algorithm (such
as Nelder-Mead, Powell, or Levenberg-Marquardt):
Θ̃ = min(−lnL(Θ)) ,

(3.10)

that is, if a minimum exist, where
−∂lnL(Θ)
= 0,
∂θi

and

−∂2 lnL(Θ)
> 0.
∂θ2i

(3.11)

The MLE has some appealing asymptotic properties, namely, that in the
limit of an infinite sample size, the estimated parameters are unbiased (MLE
is a consistent estimator); the variance reaches the so-called Cramér-Rao minimum variance bound — the minimum variance possible for an estimator (it
is efficient); the distribution for the MLE is asymptotically normally distributed,
with a covariance matrix known as the Fisher Information Matrix (the negative
of the expectation value for the Hessian matrix).
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For a finite sample size there is no guarantee for any of the above properties.
Furthermore, there is always the very real chance that the estimate found via
a standard hill-climbing algorithm is a local extrema only, rather than the
sought for global extrema, because these are typically heavily dependent on
the initial guess on the parameters. One can, however, get a feel for potential
biases and parameter correlations using the method described in Toutain et al.
(2005). By this method a full set of Monte Carlo fits to simulated data with
realization noise is circumvented by maximizing the log-likelihood function
given by:


 X
P(νj , Θtrue )
ln P(νj , Θ̃) +
.
(3.12)
− ln L Θ̃ =
P(ν
,
Θ̃)
j
j
Here Θ̃ denotes estimated parameters for the fitted model, while Θtrue denotes the true input parameters of the underlying simulated model. Equation 3.12 is the log-likelihood function as in Equation 3.8, but averaged over
many independent noise realizations.
3.2.1

Uncertainty estimation

Uncertainties on ML parameters estimates are computed from inverting the
negative Hessian matrix. The Hessian (H) is given by the matrix of second
derivatives of the log-likelihood function with respect to the parameters Θ:
hij =

∂2 ln L(Θ)
∂θi ∂θj

.

(3.13)

Θ=Θ̃

Standard errors are then estimated by the diagonal elements of the variance√
covariance matrix (C), i. e., σi = cii , which in turn is given by the inverse
of −H. The differentiation of the log-likelihood surface for the construction
of H can be done numerically from the measured data using, for instance,
a first differences approach evaluated at the ML estimates. A caveat with the
ML estimation of parameter uncertainties via the inversion of the full Hessian
matrix is that H needs to be non-singular. For practical purposes the variance
for a given parameter may be computed as:
σ̂2θ̃

∂2 ln L(Θ)
= −
∂θ2


−1
.
θ=θ̃

(3.14)
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3.3

bayesian parameter estimation

In the Bayesian approach the fitting of Equation 3.1 to the power spectrum
is done by mapping the posterior probability of the parameters Θ given the
data D and any prior information I, which from Bayes’ theorem is given as:
p(Θ|D, I) =

p(Θ|I)p(D|Θ, I)
.
p(D|I)

(3.15)

Here p(Θ|I) is the prior probability assigned to the parameters Θ given I,
and p(D|Θ, I) is the likelihood of the observed data D given the parameters Θ. p(D|I), known as the evidence, is given by the integral of the numerator over the full parameter space, and thus acts as a normalisation, unneeded in the mapping of the relative posterior distribution. Therefore, only
p(Θ|I)p(D|Θ, I) is estimated in most methods, and as in the MLE one may
map the logarithm of the posterior for better numerical stability. Combining
the above we thus end up having to map:
ln p(Θ|D, I) = Constant + ln p(Θ|I) + ln L(Θ)

(3.16)

In order to get to the posterior pdf for a given parameter θ, or a subset
of the full set of parameters Θ, one needs to marginalise the posterior by
integrating out the reminder of the parameters ΘR (in this context called
nuisance parameters):
Z
p(θ|D, I) ∝ p(θ, ΘR |D, I)dΘR .
(3.17)
In practice the marginalisation can be done naturally from the chosen mapping method.
Having obtained the posterior distribution for a given parameter θ, the reported parameter estimate is typically given by: (1) the median of the distribution, or (2) the mode of the distribution, also denoted as the maximum a
posteori (MAP). Note, that if the estimate is given by the MAP, and if uniform
priors are used in Equation 3.17, the Bayesian estimate approximates the MLE.
3.3.1

Sampling

The mapping of the posterior and a simple way of performing the marginalisation comes with Markov chain Monte Carlo (MCMC) samplers. In MCMC the
target distribution is sampled by having one or more walkers make a pseudorandom walk in the parameter space of the model. The walk is made such
that each step only depends on the previous step (that is, a Markov chain);
the probability for taking some random step in parameter space will be evaluated by a transition kernel. In this manner the density of walkers visiting a
given part of parameter space will correspond to the posterior probability

42

3.3 bayesian parameter estimation

here. The marginalised posterior distribution for a given parameter is then
simply given by the normalised histogram of points for that parameter.
Many samplers now exist that can obtain the above; two of the currently
most popular are:
◦ Metropolis-Hastings (M-H) algorithm: In this algorithm (developed
by Metropolis et al. 1953; Hastings 1970) a walker at a given point in
parameter space Θi , proposes taking a step dΘ to the new position
Θj = Θi + dΘ in parameter space. This proposed step is obtained from
sampling randomly from a so-called proposal distribution Ψ(dΘ|Θi ),
which often is taken to be a multidimensional Gaussian with mean Θi
and covariance matrix Σ (which is diagonal if parameters are assumed
independent). The proposed step to Θj is then evaluated, and accepted
with a probability of


p(Θj |D, I) Ψ(dΘ|Θi )
α(Θj |Θi ) = min[1, r] with r =
. (3.18)
p(Θi |D, I) Ψ(Θi |dΘ)
Here α(Θj |Θi ) denotes the transition probability; r is known as the
Metropolis ratio. In the case Σ is diagonal Ψ(dΘ|Θi ) = Ψ(Θi |dΘ). The
step will thus be accepted if the posterior probability at Θj is equal to
or larger than at Θi , otherwise it will be accepted with a probability
of the ratio in posterior probabilities. If the step is rejected the walker
will stay put for that step in the chain, and in the next step propose
a new position. In this algorithm an adjustable set of so-called hyperparameters (to distinguish them from parameters of the model) comes
with the covariance matrix Σ, which is either adjusted by hand or in
an automated manner — typically until a desired acceptance fraction
for proposed steps are achieved. For a diagonal Σ this requires the adjustment of N hyperparameters, with N being the dimensionality of the
parameter space, and in worse case N(N + 1)/2 for a non-diagonal matrix. This sampling method has been used frequently when this type
of estimation found its way to asteroseismology, I refer specifically to
Benomar et al. (2009) and Handberg and Campante (2011) for further
details.
◦ Affine Invariant Ensemble (AIE) sampler: This type of sampler, proposed by Goodman and Weare (2010), has in recent years become exceedingly popular via the Python implementation emcee by ForemanMackey et al. (2013) (see also Hou et al. (2012) for another implementation). First it might be worth specifying what an affine transformation is:
formally an affine transformation (or affinity) is a mapping F : Rn 7→ Rn
of the form F(Θ) = AΘ + q, where A is a linear transformation on Rn
and q ∈ Rn , such that it: (1) preserves collinearity, that is, points lying on
a line before the transformation will also do so after; (2) preserves ratios
of distances (midpoints of a line segment will remain midpoints after
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transformation); (3) preserves parallelism between lines. Many common
transformations abide to these conditions, including: contraction, expansion, dilation, reflection, rotation, translation (i. e., similarity transformations), and shear. A sampler that is affine invariant is then indifferent to
any affine transformation that may be performed — it samples equally
well under any affine transformation. This is a great advantage over
a traditional sampler such as the M-H algorithm, where strong linear
correlations between parameters can cause a bad sampling. The reason
for this is that the proposal distribution needs to be adjusted via Σ to
account for the correlation, which is impossible if σ is defined as a diagonal multidimensional Gaussian — the response from any automated
adjustment of Σ would typically be to make the width of the proposal
distribution very small, which might increase the acceptance fraction,
but would at the same time make for a large autocorrelation time of
the chain; the sampling is thus inefficient and chain would have to be
very long to get a sufficient number of independent samples from the
posterior distribution.
The affine invariance is obtained by what is known as the “stretch move”.
The sampler employs an ensemble of U walkers (each of which will make
an independent chain), that are all evolved simultaneously at a given
step t. The proposal distribution for a given walker k is determined by
the positions in parameter space of the U − 1 complementary ensemble of
walkers, where the update of walker k’s position given as
Θk (t) 7−→ Θk (t + 1) = Θj (t) + β[Θk (t) − Θj (t)] ,

(3.19)

where walker j is chosen randomly from the complementary ensemble;
β is a random variable drawn from the distribution B(b). This new position lies on the line between the walkers, but stretched by a factor β.
The new move is then accepted with probability

 
(N−1) p(Θk (t + 1)|D, I)
α(Θk (t + 1)|Θk (t), Θj (t), β) = min 1, β
.
p(Θk (t)|D, I)
(3.20)
In order to have detailed balance, that is, reversibility in the moves, which
is needed if the underlying stationary posterior distribution is to be
sampled, B must satisfy (see Goodman and Weare 2010)
B(b−1 ) = bB(b) ,

(3.21)

and a shape for B as follows was proposed by Goodman and Weare
(2010):

1

√1
if
b
∈
:
a
a
a
B(b) ∝
(3.22)
0
otherwise
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The only set of adjustable parameters are then the number of walkers
N and a. Based on satisfactory performance in essentially all situations
the latter is normally fixed at a value of 2 (Foreman-Mackey et al. 2013).
The affine invariant property means that the burn-in, that is, the time needed
for the chains to settle on the stationary distribution, is shorter than for M-H
samplers; For parameter spaces with strong correlations the chains will likely
also be better mixed, having fewer and shorter stretches of rejected moves in
the chains and less correlation between points in the chain. See, e. g., Allison
and Dunkley (2014) for a comparison between sampling methods.
Both methods have the possibility of implementing parallelisation and further the strategy of parallel tempering. In parallel tempering one employs
for the M-H a set of M chains, and the AIE employs M ensembles (each
of N walkers). Each chain or ensemble will perceive the parameters space
slightly different, each having been assigned a tempering parameter γ (inverse
is known as temperature parameter) which scales the target distribution as:
p(Θ|D, I, γ) ∝ p(Θ|I)p(D|Θ, I)γ ,

(3.23)

with 0 < γ 6 1, for instance set as γi = 1.21−i with i = 1, . . . , M (Benomar et al.
2009). The number M thus gives the number of temperatures, going from cold
at γ = 1 to hot at lower values. The effect of this is that for increasingly hot
chains or ensembles the parameter space will look increasingly flatter, and it
will be easier to move around in parameter space without getting stuck in a
local extrema — hot chains explore parameter space. Cold chains on the other
hand can better map regions in detail. The neat trick now comes by allowing
chains of adjacent temperature to communicate, and switch/swap positions,
which, as the normal random walk, is accepted by a given probability. The
use of parallel tempering greatly reduce the risk of being confined to local
minima.
3.3.2

Priors

“The story data tells us is often the one we’d like to hear, and we usually make sure it
has a happy ending”
— Nate Silver

An important part of Bayesian statistics is the prior probability function,
as it allows for the integration of ones pre-existing knowledge of a given
problem. If one assumes independent priors on parameters, the joint prior
may be written as
Y
p(Θ|I) =
fk (Θk ) ,
(3.24)
k
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where k runs over the parameters of the model, and fk (Θk ) is the prior pdf
for that specific parameter. If a lot is known about a system or problem in
advance, for instance from previous works, the prior may be well informed;
as new measurements and knowledge are obtained the prior will change with
this. Often though we know very little about the sought for solution before
analysing the data, and the priors used here should therefore convey our
ignorance — we want to adopt non-informative or ignorance priors. It should be
noted that if the data is strong enough the prior will have little effect, unless of
course it is very informed or truncates the parameter space in an unfortunate
manner.
The simplest ignorance prior is probably that known as the uniform or flat
prior:

1

6 Θk 6 Θmax
, for Θmin
max −Θmin
k
k
Θ
k
k
(3.25)
fk (Θk ) =
 0
, otherwise
This type of prior is often used for location parameters (e. g., the central frequency of an oscillation mode), because it is location-invariant. For this prior
I prefer using the term Top-hat prior, because the uniformity is only found
with the bounded region between Θmin
and Θmax
— anyway, that is more a
k
k
matter of semantics. In the case where the boundaries are unknown, the prior
is un-normalised and denoted as improper; for the estimation of parameters
this is, however, not a problem as the contribution to Equation 3.17 is simply
a constant.
When dealing with scale parameters (e. g., mode heights), a popular choice of
prior is the Jeffreys’ prior:

1

, for Θmin
6 Θk 6 Θmax
max /Θmin ]
k
k
Θ
ln[Θ
k
k
k
fk (Θk ) =
(3.26)
 0
, otherwise
Here equal probability is assigned to each decade, which makes it a useful
prior for parameters spanning several orders of magnitude. As can be seen
from Equation 3.26 the Jeffreys’ prior diverges at zero. Therefore, if the lower
prior limit includes zero the Modified Jeffreys’ prior should be adopted:

1

, for 0 6 Θk 6 Θmax
uni ) ln[(Θuni +Θmax )/Θuni ]
k
(Θ
+Θ
k
k
k
k
k
(3.27)
fk (Θk ) =
 0
, otherwise
This prior has the property that for Θk << Θuni
k it behaves as a uniform prior;
uni
for Θk >> Θk it behaves like a normal Jeffreys’ prior.
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Concerning informed priors a standard choice could be the Gaussian or
rather truncated Gaussian prior given as



(Θk −µk )2
1
√

exp
−

2σ2
 σk 2π
k
6 Θk 6 Θmax
, for Θmin
max −µ
min −µ
k
k
Θ
Θ
k
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(3.28)
fk (Θk ) =
k
k
Φ(
)−Φ(
)
σk
σk



0
, otherwise
Where Φ(·) denotes the cumulative distribution function of the normal, with
the functional form



1
X
Φ(X) =
1 + erf √
,
(3.29)
2
2
here “erf” is the error function, going from −1 at X = −∞ to 1 at X = ∞. With
Θmin −µ

Θmax −µ

this it is seen that Φ( k σk k ) → 0 for Θmin
→ −∞ and Φ( k σk k ) → 1 for
k
Θmax
→ ∞; Equation 3.28 thus recovers to a standard normal distribution if
k
there is no truncation.
Sometimes one needs to sample from the prior distribution, for instance,
for the initiation of walkers for an AIE sampler. In practise, this is done by
drawing from a uniform distribution U[0; 1] and inputting in the inverse cumulative distribution function for the prior function.
3.3.3

Credible region

After the sampling has finished, and the marginalised posteriors have been
formed, one can compute descriptive statistic values to characterise the distribution. The reason for this is that most other works utilising results from, say,
peak-bagging do not allow for the full use of the distribution. As mentioned
earlier the point estimate for a given parameter is given by some measure of
central tendency, such as the median or the mode/MAP of the distribution.
The Bayesian measure for the parameter uncertainty is given by the credible
interval, which in multidimensional space generalises to a credible region. The
credible interval should not to be confused with the frequentist confidence
interval: the former is interpreted as the interval within which a given parameter is contained with a given probability; the latter gives the percentage for
repeated sampling, where the realized interval will cover the true parameter
value.
A credible interval of size 1 − α, typically equal to ∼0.6827 or ∼0.9545 as
this corresponds to the 1σ and 2σ’s of a standard normal distribution, and
bounded by θmin and θmax , is given as
Z θmax
P(θ|D, I)dθ = 1 − α
(3.30)
P(θmin < θ < θmax |D, I) =
θmin

Now, there are many different ways to set θmin and θmax that fulfils Equation 3.30:
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◦ Using the quantiles of the distribution, where the limits are found to
satisfy:
P(θ < θmin |D, I) = α/2

and P(θ > θmax |D, I) = α/2 .

(3.31)

◦ The interval set by the highest posterior density (HPD), that is, the shortest
interval containing 1 − α and including the distribution mode.
◦ The shortest symmetric interval around the adopted central tendency
measure which contains 1 − α; this type of interval is, to me, unappealing, because it does not reflect any asymmetries in the distribution. Unfortunately, this is the type of uncertainty that often ends up being used
(e. g., from the mean of asymmetric measured), because many of the applications using measures from parameter estimation does not allow for
asymmetric errors, but rather assume them to be normally distributed.
For a fully symmetric distribution all of these intervals are equal; this can
not be said for an asymmetric distribution, which, as it happens, is the type
usually encountered (to some extent) from real data. I prefer for the HPD
interval as it to me seems sensible to use a measure that adopts to the shape
of the distribution. Most importantly, however, is to clearly state whichever
approach is adopted when reporting uncertainties. In addition to stating the
adopted approach the fully marginalised posterior for each parameter should,
if at all possible, be displayed — this is the only way to truly convey the
information from the posterior.
Concerning the presentation of the posterior there are also a few things that
should be considered. The standard procedure is simply to give the histogram
of the parameter in question, using, ideally, some rule based on an optimum
bias-variance trade-off for the approximation of the assumed underlying distribution for setting the bin-width h; for a normal distribution the Scott’s rule
(Scott 1979) is often preferred:
hScott =

2IQR
,
n1/3

(3.32)

where IQR is the 25% and 75% interquantile range, and n is the sample size.
The use of a histogram for the posterior distribution does, however, still only
give a discrete view of the underlying continuous distribution. Also, even
when using a standardised rule for setting the binwidth, the choice of rule is
somewhat arbitrary, and a choice has to be made on where to place the first
bin edge. The last point will typically not cause a problem for large sample
sizes (as those from MCMC), but shifting bin positions can greatly change
the appearance of the histogram for small samples. A better approximation
to a underlying continuous distribution comes with Kernel density estimation
(KDE), which produces a smooth estimate of the distribution. Here every
point is represented by a unit normalised Kernel function, K(·) (Feigelson and
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Babu 2012). With this, one may form the KDE as in the Parzen (Parzen 1962)
density estimate :
1 X
f̂(x, h) =
Kh
Nh
N

i=1



|x − Xi |
h


,

(3.33)

which in practise in done by convolving the data with the kernel. Concerning
the choice of kernel there are many options; the optimum choice of kernel
and its parameters are, commonly, for a given data set chosen at those that
minimise the mean integrated squared error (MISE) between the kernel estimate
and the underlying pdf — a practical estimation of this can, for instance, be
achieved via cross-validation (see, e. g., Hastie et al. 2009). A popular kernel is the Gaussian, but this turn out not to be optimal for minimising the
MISE. Rather, something like the Epanechikov Kernel (Epsnečnikov 1969) has
proven to perform well. The Epanechikov kernel is given as
3
K(x) = (1 − x2 )1{|x|61} ,
4

(3.34)

where 1{...} is the indicator function; for this kernel h sets the width (or radius
in more dimensions) of the support region. In fact the Epanechikov Kernel is
know as the optimal kernel as under optimal conditions it is the kernel giving
the lowest possible asymptotic MISE (AMISE) (Gasser et al. 1985).
3.3.4

Quality controls

When making parameter estimation using MCMC one typically runs the
chains for an arbitrarily predefined number of steps. A natural question is
now how to evaluate if the chain has run long enough, that is, has enough
independent samples been drawn from the underlying stationary distribution. An approach to estimating the burn-in of the chain, i. e., the initial steps
where the chain has yet to converge onto the target distribution (and which
therefore should be considered discarded), is the Geweke diagnostic (Geweke
1992). Here one assumes the second half of the chain has converged, and then
computes the means of segments from the first half, with a fractional width of,
say, 0.1 together with the mean of the second half. For each of the segments
(i) one then computes the diagnostic value z given as:
Θ̄i − Θ̄2nd
zi = p
,
Var(Θi ) + Var(Θ2nd )

(3.35)

with the subscript 2nd denoting the second half to the chain. The z-scores
are normally distributed, and one may thus find the segment (if any) where
the difference in z-scores fall below a given number of standard deviations
— from here the chain can be considered converged. Of other popular diagnostics for convergence is the Gelman-Rubin (Gelman and Rubin 1992) and
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Raferty-Lewis (Raftery and Lewis 1995) diagnostics. The number of independent draws made from the target distribution may be estimated from a computation of the chain autocorrelation time; the longer the autocorrelation time
the longer the chain should be run, and one may thin the chain (discarding
all but every Nth step) to reduce the autocorrelation. Also, one should always
make a visual inspection of the chain trace plot (value vs. step number) to
identify potential problems, which can easily be missed by any of the imperfect diagnostics.
3.4

model selection

After the fit of a model as given by Equation 3.1 to the power spectrum,
one might want to try a different model or a similar model with a different
number of parameters. The selection of the best of two or more models can be
done in many different ways. Ideally, the global likelihood of the model, the
evidence, given by the denominator of Equation 3.15, is determined. This can,
for instance, be done from a parallel tempering MCMC in a procedure known
as thermodynamic integration (see, e. g., Goggans and Chi 2004); alternatively, a
sampling method as nested sampling, used, for instance, in MultiNest (Feroz
and Hobson 2008; Feroz et al. 2009) can be used for the peak-bagging; here
the model evidence is a natural bi-product of the estimation of the posterior
— I refer to Corsaro and De Ridder (2014) for a recent adaptation of nested
sampling for asteroseismic analysis.
A number of other, more easily applicable, methods exist for comparing
competing models — both in a Bayesian and Frequentist context. True for
most of these is that they compare likelihood values for the different models,
and include a penalisation for the number of parameters in the model (thus
discouraging overfitting). A popular such quantity is the Bayesian information
criterion (BIC; Schwarz 1978):
BIC = −2 ln(Lmax ) + k ln(n)

(3.36)

where Lmax is the maximised likelihood; k is the number of model parameters;
n is the number of fitted data points. The model with the lowest BIC is the
preferred one. Very similar to the BIC is the Akaike information criterion (AIC;
Akaike 1973). Both the BIC and AIC are in many ways similar to the so-called
likelihood-ratio, discussed in Section 7.1.1 in the context of hypothesis testing,
but contrary to the likelihood-ratio tested models the BIC and AIC do not
need to be nested.
Yet another quantity that may be used for model selection is that of the
deviance information criterion (DIC; Spiegelhalter et al. 2002). This can be seen as
a generalisation on the BIC and AIC, and is well suited for MCMC estimations
as the full chain can be used in the calculation, given as:
DIC = pD + D̄, with pD = D̄ − D(Θ̄)

(3.37)
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with barred quantities denoting the expectation values. The pD is considered
the effective number of parameters in the model; D denotes the deviance, defined as
D(Θ) = −2 log(L(Θ)) + C ,

(3.38)

where C is a constant that cancels when comparing DIC values for different
models. The more Bayesian approach of using odds-ratios or Bayes’ factors
for model selection is discussed in Section 7.1.2 in the very similar context of
hypothesis testing.
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O B S E R V I N G FA C I L I T I E S

In the last decade, photometric space based missions have been the primary
source of data for studies of exoplanets and asteroseismology — most prominently represented by the French-led CoRoT (Baglin et al. 2009) and NASA
Kepler (Borucki et al. 2010) missions. Radial velocity observations will become
increasingly important for a detailed characterisation of the nearest stars, with
the Stellar Observations Network Group (SONG; Grundahl et al. 2006, 2008,
2009, 2014) playing a key role in this aspect. The Kepler mission has provided
the bulk of the data for my studies so far; the SONG will provide much of
the data for my future studies (see Section 11), and both deserves a proper
introduction. In this section I will therefore describe some key aspects of the
Kepler mission and SONG network.

“We were put here as witnesses to the miracle of life. We see the stars, and we want
them. We are beholden to give back to the universe.... If we make landfall on another
star system, we become immortal”
— Ray Bradbury

“This plucky NASA telescope is able to find planets en masse. If you compare planet
hunting to prospecting for gold, then Kepler is equivalent to trading in your trusty
pan for a diesel-powered sluice box.”
— Seth Shostak

4.1

the kepler mission

The NASA Kepler mission was launched in March of 2009 (Borucki et al. 2010).
It was a mission dedicated to the search for extrasolar planets, i. e., exoplanets.
The primary objective of the mission was to find a true earth analogue, that
is, an earth size planet orbiting a Sun-like star in its habitable zone (earth size
orbit), with the definition of the habitable zone as the distance from the star
where liquid water can exist on the planetary surface. The secondary objective
was to get a better understanding of the statistics of the galactic distribution
of exoplanets. So far, the secondary goal has been most successfully achieved,
with the detection of 4178 planetary candidates and 1019 confirmed planets,
at the time of writing; numbers that are constantly changing as more and
more data are being processed by the Kepler team, as well as independent
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Figure 13 – The Kepler FOV, located in the sky near the constellations of then Swan and Lyra.
Credit: NASA.

groups (for instance the community based Planet Hunters1 ). The detection
of the planets is done in Kepler via the transit method, where a minute and
periodic decrease in the flux received from the star is detected as the planet
passes between us and the star, thereby blocking some of the light.
The high photometric quality, long duration, and high cadence observations
needed for detecting a true earth analogue, which would have a transit depth
of only ∼85 ppm, make the data well suited for asteroseismic analysis. This is
not only advantageous for asteroseismology, but also for the planetary community, because little can be known about a planet if knowledge about the
host star is absent. An example is the planetary radius, which cannot be determined absolutely without the stellar radius - this, however, can be obtained
from an asteroseismic modelling of the star. Another example could be the age
for a planetary system, which is needed for inference on dynamical evolution
of the system, and, eventually, for assessing the potential for life.
During its nominal mission the Kepler satellite stared continuously at the
same field-of-view, with a size of approximately 10◦ × 10◦ between the constellations of Cygnus (the "Swan") and Lyra (see Figure 13). The CCD focal
plane is divided into 42 individual CCDs, where data are collected for about
∼160000 targets at any given time. Photometric observations are made in two
modes, namely long-cadence (LC; ∆t ≈ 29.4 min) and short-cadence (SC;
∆t ≈ 58.89 sec.) — both of these are computed from the additions of ∼6.02
sec. exposures. Of these LC is the cadence used for the majority of targets,
with 512 target slots reserved for SC observations. Stars observed with Kepler
1 http://www.planethunters.org/#/
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are, first and foremost, designated by their 7 − 8 digit Kepler Input Catalogue
(KIC; Koch et al. 2010; Brown et al. 2011) number2 .
Kepler finds itself in a stable Earth-trailing orbit, where it slowly drifts further away from Earth, and always with its solar-panels pointing towards the
Sun. In order for the solar-panels to stay illuminated the spacecraft would by
use of its reaction wheels make a quarter rotation around its bore sight every
∼3 months, causing a given star to periodically shift position on four CCDs
— this resulted in the natural segmentation of the observations into so-called
"Quarters" (Q), and starting from Q2 with a division of data from each quarter into 1-month sub-quarters (Q5.2 would thus denote the second month of
quarter 5).
The Kepler Asteroseismic Investigation (KAI; Gilliland et al. 2010a) has primarily been organised from the Kepler Asteroseismic Science Operations Centre (KASOC), situated at Aarhus University, Denmark. From here data has
been distributed via the KASOC database3 to the Kepler Asteroseismic Science Consortium (KASC), which consists of 14 working-groups (WGs) covering the full range of stellar oscillations and comprising 519 members, at
the time of writing, from around the globe (R. Handberg, private communication). A special working group known commonly as the “KASOC-group”
deals with the asteroseismic analysis of Kepler Objects of Interest (KOIs), as
an agreed deliverable to the Kepler Science Team. A system is designated with
a KOI number if it is believed to harbour planets, but only receives an official Kepler number when it has been confirmed as a planet hosting system
— an example could be KIC 8866102, which in addition to the KIC has the
designations KOI-42 and Kepler-410.
At the end of its nominal mission duration of 3.5 years Kepler was extended
to a 10 year period. Sadly though, in May of 2013 and only shortly after the
mission extension, a second reaction wheel broke; this effectively put a stop
to the continuous fine-pointing capabilities of Kepler. In the end the nominal
Kepler mission provided data up to Q17.2, corresponding to 1470-some-odd
days of near continuous data of exquisite quality.
4.2

the k2 mission

With the loss of a second reaction wheel the Kepler mission could no longer
continue in the same mode of operation, because only 2-axis stability could be
maintained. After a call for white papers, and a truly applaudable effort by the
engineers at Ball Aerospace (the primary contractor for Kepler), a new mission

2 the difficulty associated with remembering such telephone-like-numbers has unavoidably
spurred the use of “pet-names” for certain targets, the best example being the so-called CATalouge from the KASC WG1 (Solar-like oscillators) giving cat names to the most treasured
targets.
3 http://kasoc.phys.au.dk/; developed and maintained by Dr. Rasmus Handberg.
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Figure 14 – Proposed fields for the K2 mission. Credit: http://keplerscience.arc.nasa.
gov/K2/Fields.shtml.

known as K2 (Howell et al. 2014) was concocted — observations should now
be of fields along the ecliptic.
The rather ingenious solution for the stability of the satellite is to balance it
in an unstable equilibrium against the Solar photon pressure. Given that the
spacecraft is somewhat asymmetric it will after some time build up momentum from the net torque from the Solar photons, resulting in a roll around the
bore sight. This roll is corrected rolls every ∼6 hours by thruster firings; the
pitch and yaw is then controlled by the two remaining reaction wheels. This
solution grants quasi-stable observations of a given fields along the ecliptic,
with a duration per field of 80-some-odd days. This duration for the observations of a given field is known as a “Campaign" (C), and in K2 targets are now
designated by a Ecliptic Plane Input Catalogue (EPIC) number rather than the
KIC. An appreciable difference in K2 is also the selection of targets, which is
now solely based on community based proposals.
The roll of the spacecraft, small as it may be, does, however, present some
difficulties for the optimum utilisation of the data. As the spacecraft rolls,
targets have an apparent movement on the CCD, and will thus as a function
of time affect different pixels, each with their own sensitivity — this induces
a time periodic position dependent systematic variation in the light curve of a
target. A second potential difficulty comes with the much increased crowding
found for some fields along the ecliptic, this especially when the field lies
close to the Galactic plane. Active measures are, however, being taken to try
and account/correct for these difficulties (see Section 6.2).
The K2 mission is very promising though, and because of all the new and
interesting objects that will be observed, one may even see the misfortune of
the nominal Kepler mission as a blessing in disguise. Examples of this are the
several stellar clusters that will be observed, e. g., M4, M67, and the Pleiades
(M45); the observations that will be conducted of Solar system planets, for
instance, Uranus in C8; the many more bright targets that will be observed,
targets that can more easily be characterised further from ground-based obser-
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vations. And while analysis of solar-like oscillations in main-sequence stars
will to an extent be impaired by the decreased precision and shorter observing duration, studies of Classical pulsators, such as δ-Scuti stars, will likely
thrive.
4.3

the song network

The SONG is an initiative led by Aarhus- and Copenhagen University to build
a network of fully robotic 1m-class telescopes. Focus will, first and foremost,
be on long-baseline time-domain radial velocity measurements, thus enabling
asteroseismic studies of the nearest and brightest stars on the sky where detailed characterisation is possible (chemical composition, magnetic activity,
etc.). A secondary focus will be on detection and characterisation of planetary
systems via the microlensing method.
Each telescope will be equipped with a high-resolution échelle spectrograph
covering the spectral range 4400 − 6900 Å, capable of reaching a resolution (∆λ
— smallest resolvable element in wavelength space) as given by a resolving
power of R ∼ 110000, and a dispersion giving a pixel scale of 0.02 Å (Grundahl
et al. 2014). A velocity precision per minute near ∼1 ms−1 is predicted for stars
down to magnitude V ≈ 4; asteroseismic studies should be possible down to
around V ≈ 6, where a precision better than ∼10 ms−1 is expected (Grundahl
et al. 2009). The radial velocity precision is achieved via the so-called iodine
cell method, where the light is passed through a glass cell with iodine gas
— the spectrum from the molecular iodine gas, with absorption line wavelengths known a priori from the laboratory, then serves as a reference for the
determination of relative radial velocities from the stellar spectral lines. The
prototype node of the network (Uytterhoeven et al. 2012; Grundahl et al. 2014)
— the first verse of the SONG so to speak — has recently been installed, and
inaugurated, at the Teide Observatory in Tenerife, Spain (see Figure 15). This
first node has officially been dubbed the Hertzprung SONG telescope; a second
node is currently under construction at the Delingha Observatory in China.
Eventually, the goal is to have a network of 8 observatories placed around the

Figure 15 – Picture of the Hertzprung SONG node at the Teide Observatory. From http:
//song.au.dk/.
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world. The advantages of having multiple observing sites are quantified in
Arentoft et al. (2014).
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STELLAR MODELLING

The “art” of modelling is an integral part of asteroseismology, in that it provides the means for a physical interpretation of our observations. In this section I will give a brief account of the most common approaches to stellar modelling in the context of asteroseismology. I note here, that I am by no means
a modeller, but have provided input for modelling efforts, e. g., in Van Eylen
et al. (2014) and Lund et al. (2014b) (see Section 10). Therefore, the following
description will focus on the practical use of estimates from observations in
finding a good model, rather than the physics that go into making a stellar
model.

“The sciences do not try to explain, they hardly even try to interpret, they mainly
make models. By a model is meant a mathematical construct which, with the addition
of certain verbal interpretations, describes observed phenomena. The justification of
such a mathematical construct is solely and precisely that it is expected to work”
— John Von Neumann

5.1

modelling from average seismic parameters

Often the quality of the power spectrum only allows for the extraction of
average seismic parameters, such as the large separation ∆ν and the frequency
of maximum oscillation power νmax . In this case, provided an estimate of Teff
exist, one may use the following scaling relations
s
M? /M
∆ν?
'
(5.1)
∆ν
(R? /R )3
νmax?
M? /M
'
,
p
νmax
(R? /R )2 Teff? /Teff

(5.2)
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(5.4)

5.2 modelling via individual frequencies

In this manner an estimate of the stellar radius and mass can be obtained
directly from the average seismic parameters — this approach is known as
the direct method.
A more detailed approach is that of grid-modelling. Here, the average seismic parameters, together with Teff and possibly [Fe/H], are matched against
a grid of model-computed equivalents. The optimum model is then typically
evaluated as the model with the lowest χ2 . An advantage of the grid-model
approach over the direct methods is, that it implicitly incorporates the constraints on Teff for a given combination of M? and R? , in addition to incorporation a parameter such [Fe/H] in the fit — this typically has the effect of
generating lower uncertainties than the direct method. It naturally also provides estimates for all other model parameters, for instance, the stellar age.
In grid-modelling there are two routes one may follow: (1) extracted average seismic parameters are compared to their model equivalences, computed
from the model M? , R? , Teff? via Equations 5.1 and 5.2; (2) Frequencies computed for each of the models in the grid are used to estimate ∆ν, which is
then compared to the extracted values; here any spectroscopic value can still
be included. An advantage with the latter approach is that the average seismic parameters from the model frequencies may be computed in a manner
similar to that used for the observations (White et al. 2011). The precision on
model parameters from using grid-modelling, combined with spectroscopic
constraints, are of the order ∼3.7% in mass, ∼1.3% in radius, and ∼12% in age
(see Chaplin et al. 2014a).
5.2

modelling via individual frequencies

If the data allows for the extraction of individual frequencies from the power
spectrum, these will typically by used to find the optimum stellar model — a
practise sometimes referred to as boutique modelling. The optimisation is then
done by minimising the difference between observed and model calculated
frequencies, that is, by minimising
" (model)
#
(obs) 2
N
X
ν
−
ν
1
i
i
χ2R =
,
N−1
σi

(5.5)

i=1

where σi denotes the uncertainty in the ith frequency. The division by N − 1 is
done to approximate the reduced χ2 (hence the R subscript), that is, the χ2 per
d.o.f. — because the χ2 distribution has a mean value given by the d.o.f., χ2R
should approach 1 for a “good” fit. Note that the use of the reduced χ2 makes
no difference to the optimisation, but only in evaluating the model goodnessof-fit and constructing errorbars on model parameters. In this method it is
assumed that the errors on extracted frequencies are normally distributed,
(obs)
and thus well characterised by σi , and that they are uncorrelated. The νi
are often determined from a peak-bagging routine, typically employing an
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(obs)

MCMC sampler, where the full posterior distributions are available for νi
.
Therefore, it is in fact a simple task to determine the correlations between
frequencies, and a more proper estimate can be obtained for χ2 as
χ2 = (xobs − xmodel )T C−1 (xobs − xmodel ) ,

(5.6)

where C is the covariance matrix and the vectors x (of length N) give the
observed and modelled values. From the correlations between frequencies
it may also be possible to obtain a better measure for the effective number
independent parameters, and thus the d.o.f. that should be used in goodnessof-fit measures and the estimation of errorbars (which will be underestimated
if significant correlations are unaccounted for).
If information other than the frequencies is available for the star, e. g., spectroscopic constraints (Teff , [Fe/H]1 , log g, L), a total χ2tot can be formed and
minimised:
χ2tot = χ2spec + χ2seis,fre + χ2seis,oth .

(5.7)

Here the χ2seis,oth can refer to other seismic observables such as the large separation, or specific frequency ratios. It is somewhat arbitrary if the different components in χ2tot should have equal weights w or if some should be
weighted higher (corresponding to an inflation of errors where σ in Equa√
tion 5.5 is replaced by σ/ w). Note, that rather than minimising the reduced
χ2 one may equally well maximise the likelihood
L = exp(−χ2 /2) .

(5.8)
(model)

The model frequencies, νi
, are calculated from a given model in an
evolutionary sequence using a pulsation code, for instance, the Aarhus adiabatic oscillation package (ADIPLS; Christensen-Dalsgaard 2008b). Before being used in Equation 5.5 the model frequencies need to be corrected for surface effects, which are poorly constrained in the theoretical computation. The
corrections generally follow the simple formalism of Kjeldsen et al. (2008),
where the frequency correction applied to the model frequencies is given by:
δν ≡

νobs
n

− rνmodel
n


=a

νobs
n
ν0

b

Q−1
nl ,

(5.9)

where ν0 is a reference frequency, which we set equal to the mean of the
observed radial modes; b is a constant calibrated to the Sun to a value of
4.823 (Mathur et al. 2012); r is a scaling factor, which, via an assumed homology scaling, is supposed to account for the difference between the considered
1 For the metallicity an ambiguity generally enters in the conversion of [Fe/H] to the relative
abundances of Hydrogen, X, and heavy elements, Z, used in the modelling, because the Solar
values for these are still a matter of some dispute (Grevesse and Noels 1993; Grevesse and
Sauval 1998; Asplund et al. 2009).
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model and the optimum model. In fixing b the values of a and r can then
be found from the observed frequencies. The factor Qnl gives the inertia of a
given mode relative to the radial mode at the same frequency, and was introduced by Brandão et al. (2011) to better account for the relative insensitivity
of mixed- and g-modes (which have larger inertias than pure p-modes) to
the surface layers. Note, that when using Eq. 5.9 to correct model frequencies
outside the range of observed modes, one should be aware that this parameterisation of the surface correction is not suitable at frequencies far from the
observed values due to a frequency-range dependence in the exponent b as
the frequency difference does not exactly follow a simple power law (Kjeldsen
et al. 2008).
A logical extension to the approach outlined above, and in general the
matching of model parameters to those estimated from peak-bagging of the
power spectrum, is to use the posteriors from this in full. One could compute
the actual model likelihood from the posteriors of the frequencies, without
the need to assume symmetric normally distributed errors on the frequencies.
Steps towards a more Bayesian modelling was taken in Bazot et al. (2012) and
Gruberbauer et al. (2013), but here a likelihood as in Equation 5.8 is still in use;
for a better exploitation of the outputs from peak-bagging, which often comes
at a significant computational expense, the full posterior distributions should
be utilised. This could be done by sampling from a parameterised version of
the marginalised posteriors and include linear correlations via the correlation
matrix. If parameters are correlated in a non-linear manner one could possibly
divide the parameter space and for each subspace adopt a linear correlation.
5.3

modelling via ratios

An alternative input to the boutique modelling can be made with the use of
specific frequency rations rather than the individual frequencies. These ratios
are defined as (Roxburgh and Vorontsov 2003):
d10 (n)
d01 (n)
, r10 (n) =
∆ν1 (n)
∆ν0 (n + 1)
νn,0 − νn−1,2
.
r02 (n) =
∆ν1 (n)

r01 (n) =

(5.10)
(5.11)

Here the d01 and d10 are given by smooth five-point small frequency separations:
d01 (n) =

1
8

(νn−1,0 − 4νn−1,1 + 6νn,0 − 4νn,1 + νn+1,0 )

d10 (n) = − 18 (νn−1,1 − 4νn,0 + 6νn,1 − 4νn+1,0 + νn+1,1 ) .

(5.12)
(5.13)

The rationale for using frequency ratios rather than individual frequencies in
the model optimisation is, that the ratios are found to be largely unaffected by
the surface effects. One thus omits having to correct the model frequencies via
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Figure 16 – Hinton diagram for the correlation matrix of r010 ratios. Subscripts denote the type
of the ratio (01 or 10), and the radial order of the central frequency. White (black) squares
indicate positive (negative) covariances between the ratios; the size gives the relative size of
the correlation (one along the diagonal). From Lund et al. (2014b).

Equation 5.9. Here, it should be observed that the construction of the ratios introduces correlations as a function of frequency (see Figure 16 for an example)
that needs to be taken into account by using Equation 5.6 (Silva Aguirre et al.
2013; Lund et al. 2014b). Again, if frequencies are estimated from a posterior
distribution it is an easy task to construct the equivalent posteriors for the
ratios, and obtain a covariance matrix. Lebreton and Goupil (2014) recently
found that including the full treatment of correlations had little impact on
their modelling of a specific star, where correlations were computed assuming independent individual frequencies with normally distributed errors. This
is encouraging, but the assumption of independent individual frequencies is
never guaranteed, and the results should therefore, in my opinion, never be
used as an excuse to neglect a proper treatment of the correlations via Equation 5.6.
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In this section I describe the preparation of data for the nominal Kepler and
K2 missions (see Section 4). Section 6.1 pertains to data from the nominal Kepler mission, and describes the so-called KASOC filter; this description draws
on the paper “Automated preparation of Kepler time series of planet hosts for asteroseismic analysis” by Handberg and Lund (2014). Section 6.2 deals with the
analysis of data from K2, describing the “K2 Pixel Photometry” pipeline known
as K2P2 ; this description draws on the paper “K2P2 — a photometry pipeline for
the K2 mission” by Lund et al. (2015).

“In science, one man’s signal is another man’s noise”
— Edward Ng

6.1

the kasoc filter v2.0

The KASOC filter version 2.0, is an extension to, and complete rewrite, of the
original filter by Kjeldsen and Handberg (2011). The objective of the filter is to
ready data from Kepler for asteroseismic analysis by removing instrumental
features (see Section 6.1.1 below) in a robust manner. Moreover, it is intended
to remove signals from planetary transits, which from an asteroseismic point
of view is considered as a source of noise hindering analysis of the star —
see Section 2.4.2 for a explanation of the (noise) signal induced in the power
spectrum by planetary transits. The basic idea of the filter is to run median
filters with different window widths, and in the end combine these such that
the resulting filter takes out both slow long-term trends as well as more transient features. The filter is meant to be run on a large number of targets, and
via the KASOC database provide a processed light curve. This leads to the
following objectives for the filter, namely that it: is able to remove long-term
trends and instrumental effects; is able to remove planetary signals — both
known and unknown; preserves the duty cycle of the observations and prevents introducing a spectral window function; works on both SC and LC data;
is simple, robust, fast, and automated.
One may of course ask, why is there a need for a data product such as that
provided by the KASOC filter? The Kepler team does indeed provide fully
processed data products that can be used without any additional effort. These
products are, however, processed with the objective of optimising the ability
of finding true earth analogues — not performing asteroseismic analysis. This
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objective enters from the very beginning with the definition of pixel masks
(Bryson et al. 2010), to the processing of the light curves (Jenkins et al. 2010a;
Stumpe et al. 2012; Smith et al. 2012; Kinemuchi et al. 2012; Stumpe et al.
2014); it is far from obvious how the processing affects the frequency power
spectrum used in the asterseismic analysis (see, e. g., Murphy 2012; García
et al. 2013). For other Kepler data reduction pipelines I refer to García et al.
(2011) and Danielski et al. (2013).
6.1.1

Instrumental features in Kepler data

The Kepler data presents many instrumental features that ideally should be
corrected for before any analysis. Intermittent features, lasting typically only
a few cadences, have the effect of creating outliers in the light curve. The
sources of these features are, for instance, from cosmic rays hitting the detector; the phenomenon know as Argabrightening (named after its discoverer V.
Argabright; Van Cleve 2009), currently hypothesised to originate from dust
particles from Kepler attaining escape velocity after being hit by micrometeorites, and then reflecting sunlight into the telescope as they drift across the
FOV (see Jenkins et al. 2010b); momentum dumps, when the Kepler reaction
wheels are desaturated by the use of thruster firings. Longer lasting features
can originate from changes in focus from a change in the heating of the optics, happening, for instance, after safe mode events where the photometer is
shut off and cools, or from the yearly variation in the solar heating of the
spacecraft. Drifts in the spacecraft pointing can cause slow drifts in the light
curve, because the amount of flux collected by the fixed mask changes — such
drifts are followed by an attitude tweak causing a discontinuous recovery of
the original flux level. Sudden pixel sensitivity drops also induce discontinuous drops in the flux levels for a given star. A large systematic change in
the flux comes at the transition between quarters, where the spacecraft makes
a quarter roll causing the stars to shift position on the CCD focal plane. Because every CCD channel has individual sensitivities this results in a change
in flux levels. After a full Kepler year (after four rolls) the star is back close
to its original position and the flux level has largely recovered (see Figure 19)
Known artefacts, presenting themselves in the power spectra, are, among others, the harmonics for the 1/LC sampling; these and other very frequency
stable perturbations can likely be attributed to the electronics and readout
of Kepler (Gilliland et al. 2010b). For further details on the particularities of
Kepler data I refer to Jenkins et al. (2010b), García et al. (2011), and the Kepler
Data Characteristics Handbook (Christiansen et al. 2013).
6.1.2

Filtering procedure

Below I describe the different steps taken in the KASOC filter v2.0.
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◦ As a first step the raw light curve of a given target is extracted from its
target pixel data (TPD). Rather than using the standard aperture/mask,
which is aimed at an optimal signal-to-noise ratio (S/N) for the detection of an true earth analogue (see, e. g., Bryson et al. 2010; Gilliland
et al. 2011), we set a custom mask. We have found that modifying the
original masks can yield significant improvements to the quality of the
extracted light curves; an example is the effect on the light curve from
thermal events, where the temperature variation of the optics changes
the shape and size of the image of the star on the CCD. An increase in
the size of the mask often removes the perturbations that would have
otherwise entered the light curve. The pixel masks are redefined using
the procedure developed by S. Bloemen (2013, private communication,
see also Mathur et al. 2015, in prep.), which starts from the original Kepler mask and either adds or removes pixels to the mask based on the
amount of flux in each pixel — this generally results in a mask which is
bigger than the original. The extracted light curve consists of a series of
stellar brightness measurements, x = {x1 , x2 , . . . , xN }, taken at incremental timestamps, t = {t1 , t2 , . . . , tN }. In the extraction of the light curve
we also extract the “Quality” flags from the TPD FITS files (see Fraquelli and Thompson 2012), which, for a given datum, contains a bit value
indicating if the specific datum has been subject to one or more known
artefacts. Data points with specific bit values are removed from the light
curve; others are used in the jump-correction in the step below.
◦ Sudden discontinuities, or jumps, in the light curve are now corrected.
As mentioned above in Section 6.1.1 such jumps are primarily caused by
the quarterly roll of the spacecraft, where a given star shifts to another
CCD with its own sensitivity. Secondly, a jump-correction is attempted
at times with a flagged discontinuity or attitude tweak. The correction of
the jumps is needed, because the filter used in the next step (and filters
in general for that matter) handles discontinuities poorly if not tweaked
accordingly. Assuming that the primary cause of the jumps is the inter
CCD sensitivity variation, the change in flux levels in multiplicative (see,
e. g., Bányai et al. 2013; Van Eylen et al. 2013). Additive contributions are
indeed also a possibility, arising, for instance, from a varying pixel mask
between quarters, and thus a varying amount of collected flux — this
effect is, however, kept at a minimum from the generally larger custom
masks adopted from the initial step of the procedure. The jumps that
can be attributed to attitude tweaks are additive, because the effect here
is given by a small apparent drift of the star on the CCD relative to its
pixel mask; the repositioning of the star during the attitude tweak to its
original position restores the original flux level.
We adopted the following procedure for the correction of identified
jumps: for each of the jumps we compute constant levels, and linear
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Figure 17 – The method used for obtaining the linear trend for jump corrections (dashed red),
by first applying a LOWESS smoothing followed by the Theil-Sen median slope estimation
(here for a part of the light curve for HAT-P-7). The solid red line gives the corresponding
linear Least-Squares regression. The vertical dash-dotted line gives the time at which the
linear trends are compared, with the correction given by the difference between the trends at
this point. From Handberg and Lund (2014).

trends, of 3-day segments on either side of the jump. The correction,
given as the difference between the trends (linear or constant) at the
midpoint between the two sides of the jump, is then made to the whole
part of the light curve after the jump — this is done either additively or
multiplicatively. We decide on the model for the correction, that is, omitting the correction, using the constant offsets or using the linear trends,
and if the correction should be additive or multiplicative by comparing
the Bayesian Information Criterion (BIC; see Section 3.4) of the full 6day segment of the light curve around a given jump for each of the five
possible types of correction.
The constant levels are given by the median of the segments. Concerning
the linear trends for the 3-day segments we wanted these estimated in a
robust manner, which was unaffected by outliers or potential planetary
transits falling on one side of a jump — least-squares (LS) fits, which
are sometimes used for jump corrections (see, e. g., Bányai et al. 2013),
would generally perform poorly under such conditions. The robustness
was achieved by first running a LOWESS regression (see Cleveland 1979,
1981) on the segments, and then, on the low-pass filtered segments we
find the linear trend as the Theil-Sen median slope (also known as the
Kendall robust line-fit method (Theil 1950; Sen 1968), see also Feigelson and Babu (2012)). Briefly, the Theil-Sen method works by randomly
choosing (with replacement) a pair of points from the given segment, for
this one then compute the slope of the line connecting them; this is done

66

6.1 the kasoc filter v2.0

a large number of times (we typically made 106 draws), and the median
of the resulting distribution of slopes is taken as the robust slope estimate. Note that this method also allows for an estimate of confidence
limits on the slope from the distribution. An example of the resulting
slopes, and corresponding LS estimates, is given in Figure 17.
◦ With the time series now corrected for large jumps, we apply a moving
median filter with a wide window to take out any secular trends. The
choice of a moving median for the filtering, instead of, for instance, the
less time consuming moving mean (or any other FIR filter), is because
it is robust against outliers (a predefined objective) with a breakdown
of 50%. It is thus also generally unaffected by planetary transits and
will follow the overall trends of the time series much better. Prior to the
filtering we filled gaps in the time series with Not-a-Number (NaNs),
because we want the filtering to be regular in time. If this is omitted,
then applying the filtering to a time series with a large gap, say from a
missing quarter, would result in parts of the time series on either side of
the gap falling within the same moving window, thus connecting data
that is separated in time. The low-pass filtered version of the times series
is then:
xlong = movingmedian(x, τlong ) ,

(6.1)

where τlong is the width in time of the moving window. The notion of
what constitutes a secular instrumental trend varies for different types
of stars; this needs to be taken into account as the filtering will remove a
large part of the signals with time scales longer than τlong . An example
where a too aggressive filtering could be damaging is that of red giants,
which have low-frequency oscillations — therefore, for confirmed red
giants with a known νmax we scale τlong such that it preserves the stellar
oscillations.
The gain in robustness of the filter comes at the prize of a longer computation time than most other filters. In an attempt to remedy this we
build our own version of the median filter rather than using build-in
methods. Often a median filter is computed by, for a given data point,
calculating the median value of the block of points falling within the
predefined window of length n, and here using some build-in function;
the window is then moved one point to the right, and the median is calculated anew in the new block of points, and so forth. In this approach
every new block will be sorted, which in worst case is an O(n2 ) operation. The median will be given by the central value (if n is odd), or the
mean of the two most central points (if n is even). For the N (length of
time series) different blocks one therefore ends with an O(Nn2 ) computation for the moving median. In our implementation, which resembles
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that of Soumya D. Mohanty1 , we first of all make sure n is odd, whereby
the median is always given by the index n/2 when the block of points
is sorted. In the first step of the moving median, we sort the block of
points within the window. In the next step, when the window is moved
one point to the right, we keep the originally sorted list in recognising
that only a single new point has entered the window, and only a single
point has left the window. So, instead of resorting the block of points
we delete the point that now falls outside the window and find where
the new point should be in the sorted list. Usually this insertion of a
point in a sorted list would in worst case be an O(n) operation (using
a normal Python list), but using the Blist extension in Python (which
utilises a so-called B+ tree) this is reduced to O(log n) — the resulting
moving median is thus a O(N log n + n2 ) operation. For a SC time series
with an assumed length of 1700 days (approximate length of a Q0-Q17
light curve), and a τlong = 3 days, the number of operations is reduced
by a factor of 1.7 × 106 .
◦ The next step in the filtering constitutes the largest change in the new
filter compared to the original KASOC filter. Here we allow for the removal of planetary signals known a priori, using the routinely updated2
information about KOI planetary orbital periods found on the KASOC
data base. For a given known planetary period in a system, P, we compute the phase curve by folding by P after first having subtracted xlong .
The phase curve is then smoothed using again a moving median filter with a width of P/1000 and subsequently a moving average of the
same width, resulting in a robust triangular filter. We make sure that the
smoothing, or low-pass filtering, is done in a cyclic manner such that
phase 0 and 1 matches up as they should. The smoothed phase curve
is then unfolded from the phase to the time domain, yielding the transit light curve xtransit . The filtering in phase space will predominantly
correlate points that are separated in the time domain, and a short filter can be applied with little risk of introducing unwanted signals to
the light curve. For multi-planet systems we iteratively calculate phase
curves for each known period in a manner that should ensure that the
planets have little influence on each others’ phase curves (see Figure 18
for a flowchart of the full filtering procedure).
◦ Now the filter goes on the locating sharp features in the light curve that
are unaccounted for by xlong and xtransit , some of which are mentioned in
Section 6.1.1. In addition to removing instrumental effects this step can

1 https://dcc.ligo.org/public/0027/T030168/000/T030168-00.pdf
2 from the Kepler exoplanet team; http://archive.stsci.edu/kepler/koi/search.php
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Figure 18 – Flowchart showing the adopted strategy for the simultaneous “fitting” of phase
curves for Np periods. The algorithm begins at “Start” and iteratively builds up xtransit by
co-adding the phase curves for each period (upper loop), while each time taking previously
calculated phase curves into account (lower loop). The final xtransit light curve is reached
when all periods have been taken into account. From Handberg and Lund (2014).
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also remove unknown transit features. again we run a moving median
filter as follows:
xshort = movingmedian(x − xlong − xtransit , τshort ) + xlong + xtransit , (6.2)
where τshort is the new, narrower, window width (default value for SC
data is τshort = 1 hour). Sharp features are then identified via the follwing diagnostic:
w=

xlong + xtransit
−1,
xshort

(6.3)

which, by design, deviates from zero if xshort deviates significantly from
the secular trends given by xlong + xtransit , and vice versa.
◦ Using the diagnostic from Equation 6.3 we create a final filter as a
weighted sum of the individual filters:
filter = c · xshort + (1 − c) · (xlong + xtransit ) ,

(6.4)

with the weights, c, given by the so-called turn-over function, with values
between 0 and 1. When c = 0, the final filter is solely made from the
long term and periodic trends in xlong + xtransit . We construct the turnover function as follows:
c = Φ(σw /hσw i; µto , σ2to ) ,

(6.5)

where Φ denotes the cumulative normal distribution function, taken for
the signal σw /hσw i, which is the relative standard deviation of the diagnostic signal w (computed using the moving MAD, see Section 2.4.3).
When xshort deviates greatly from xlong + xtransit , σw /hσw i is large, and
c is thus closer to 1. The constants µto and σ2to , determine, respectively,
when c = 0.5, and the smoothness of the transition in c (for σ2to = 0 the
transition from c = 0 to 1 is abrupt at σw /hσw i = µto , and we use instead
of Equation 6.5 the Heaviside step function).
◦ As a final part of the filtering we allow for an iteration of the steps taken
up till now — here, the xlong is then computed taking into account the
xtransit and xshort from the first iteration, and so forth. This step in the
filtering was added after the publication of Handberg and Lund (2014).
◦ The filtered light curve is then finally made by dividing the original
light curve with the iterated filter, and the relative flux is put in units of
parts-per-million (ppm), making it ready for asteroseismic analysis. For
the subsequent computation of weighted power spectra (see Section 2.2)
we also estimate the standard deviation of the time series as the moving
standardised MAD; I denote k·MAD as the standardised MAD, where k is
the conversion factor from MAD to standard deviation and given as k ≡
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Figure 19 – Kepler time series for HAT-P-7. Top: Initial time series after removal of bad data
points. Indicated is the quarter designation with the vertical lines giving the start and end
times for the sub-quarters (see Section 4.1). The different colouring gives the position of HATP-7 with respect to the Kepler CCD module (mod) and channel (ch). Middle: Stitched light
curve, after correcting for jumps. Bottom: Final corrected light curve ready of asteroseismic
analysis.

1/Φ−1 ( 43 ) ≈ 1.4826 for normally distributed data, where Φ denotes the
cumulative distribution function. We also use this standard deviation
to sigma-clip the final light curve, removing data points with a flux
beyond 4.5 times the standardised MAD. I refer to Handberg and Lund
(2014) for details on the outputs from the filter, but note that we now
additionally save the full filter, the individual components, and the turnover function. The turn-over function, and perhaps the short time scale
filter component, could possibly be used to detect hitherto unknown
transits in the Kepler data.
We have performed several tests on the performance of the filter, and obtained good results — but, as always, no one routine can generally give
equally good results for all types of targets. It is furthermore nearly impossible to quantify the quality of the filter in a general sense via the spectral
response, because this will depend heavily on both the specific settings used
and the quality of the data (see Section 2.4.3). Given that xlong dominates in
the filter, the spectral response will likely be dominated by a sinc2 (ν)-like behaviour (see Section 2.4) and frequencies in the power spectrum below 1/τlong
should therefore be treated with extra care. The presence of planetary transits
and/or short-term features, which are accounted for by xtransit and xshort , may
influence the filter at higher frequencies, e. g., by removing harmonics of the
planetary period.
Figure 19 shows the example of the filtering of the light curve for HAT-P-7
(KOI-2; KIC 10666592; Kepler-2). For the phase-folding we adopted the period
of P = 2.20473540 days from Van Eylen et al. (2013). The top panel shows
the light curve as extracted from the pixel data, and after bad data points
have been removed — here the quarterly jumps in flux levels is very clear
(start and end times of quarters are indicated with vertical lines in addition
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Figure 20 – Kepler-65 phase curves. The panels show the phase curves from the iterative
scheme used for multiple-planet systems, one for each of the three planets identified in the
system with known periods from Chaplin et al. (2013).

to the specific modules (mod) and channels (ch) of the Kepler CCD panel
on which HAT-P-7 falls). The light curve is then stitched, or jump-corrected,
with the result given in the middle panel. The bottom panel shows the fully
reduced light curve, where the phase curve has been used to correct for the
strong (∼7000 ppm) transits from the close-in hot Jupiter planet HAT-P-7b (see
Section 10.2.3).
Figure 20 shows the example of the filtering of the multi-planet system
Kepler-65 (KOI-85; KIC 5866724), which has three confirmed planets. For the
iterative correction of the planets we used the periods from Chaplin et al.
(2013). As seen the extracted smoothed phase curves are very clean and do
not seem perturbed by the presence of the other planets as a consequence
of our iterative smoothing routine. I refer to Handberg and Lund (2014) for
more examples of the application of the filter.

6.2

k2 data and the K2P 2 pipeline

The K2P 2 (for K2-Pixel-Photometry) pipeline was created shortly after the
first data was received from the K2 mission (see Section 4). The need for a
dedicated pipeline for the extraction of light curves from pixel data, and their
correction, is prompted by the necessary change of observing strategy in K2.
As mentioned in Section 4.2 the stability solution for the K2 mission induces
a ∼6 hourly apparent motion of the stars on the CCD, from the roll of the
spacecraft. This apparent motion propagates directly into the flux time series,
because the star quasi-periodically moves across pixels with different sensi-
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tivities. Seen over time the motion smears the flux distribution on the CCD
for a given star, with a severity depending on the distance from the spacecraft bore sight. This calls for pixel masks that can encompass the apparent
stellar motion to properly capture the stellar flux; in the K2 mission, however,
standardised masks are no longer delivered by the Kepler team (at least not at
the time of writing). An additional difference in K2 from the nominal Kepler
mission is where the spacecraft is pointing, viz., along the ecliptic. This means
that the fields from different campaigns will have varying levels of crowding;
from very sparse fields to pointings towards the plane of the Milky way —
this will also affect the optimum setting on pixel masks. The K2P 2 pipeline
was thus developed to accommodate the definition of masks, extraction of
light curves, and their correction via an extended version of the KASOC filter
describe above. Below follow the different steps taken in the K2P 2 pipeline.
6.2.1

Constructing the light curve

estimating the background The first task to be done is an estimation
of the sky background flux as a function of time for the set of pixels defining
the frame for a given target. I will refer to a “frame” as the pixels contained
in the TPD (target pixel data) for a given target, rather than the pixels at a
given cadence. The pixel data in the nominal mission were corrected for this
flux contribution, but it is still to be found in the raw K2 data. At each time
step a computation is made of the flux distribution across all pixels in the
frame, using a kernel density estimate (KDE; see Section 3.3.3) — the mode of
the KDE serves as our maximum likelihood estimator for the sky background,
which we thus assume to be constant across the frame.
As seen in Figure 21, which shows a typical example from C0, the background level is far from constant. The gradual (additive) change in flux is
mainly caused by the increasing levels of stray flux from the Sun entering the
photometer in the backwards pointing mode. Other changes, as the ones mentioned in Section 6.1.1 above, will of course also still contribute to changes in
the flux. Given that the majority of campaigns will have a backwards pointing
— with a angle between the spacecraft bore sight and the Sun that gradually
decreases during the course of a campaign — one can expect to see this kind
of rising trend in the background flux. Campaign 9 will currently become the
exception to this, where a forward pointing will be used to observe towards
Baade’s window and thus the Milky Way bulge (see Figure 14). The example
in Figure 21 shows some extra features, namely an additional increase (over
many channels) due to the antipodal ghost image of Jupiter as it fell on one
of Kepler’s dead modules3 .
If the flux change from the background level is left unaccounted for, it will
enter the extracted light curve; it is preferential to correct for this additive
3 http://keplerscience.arc.nasa.gov/K2/C0drn.shtml.
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Figure 21 – Kernel flux distribution as a function of time during C0 (here for EPIC 202062417).
The color scale goes from light (low flux) to dark (high flux); the red line indicates the distribution mode. Times with bad quality flags have been excluded. The presence of a ghost
image of Jupiter elevates the background flux between 56728 − 56788 TBJD, with high fluxspikes at the beginning and end of this interval where Jupiter enters and exist the focal plane
and making specular reflections. From Lund et al. (2015).

component isolated from the trends caused by the apparent movement across
pixels from the degraded attitude, which is multiplicative.
the summed image There are several ways to define the pixel mask for
a given star in the setting of K2. One could, for instance, make a new mask
for each time step, or similarly, use a fixed size/shape mask that follows the
star in its apparent movement. Another option is to make a fixed mask that is
large enough to encompass the movement. The former option might reduce
noise added from the background, and would make for less contamination
between close targets. We did, however, opt for the latter option because it
seems to be more stable and faster than having to re-define or re-center the
mask for every time step (both generally nice qualities for a pipeline); a second reason, which in practise might be predominantly philosophical, is that
it seems statistically more rigorous to create a light curve from the same set
of pixels, rather than each flux measurement being associated with a different set of pixels — this should give a better chance for a light curve with an
independent and identically distributed (i.i.d.) noise statistic.
To accommodate the apparent movement of the star we create a summed
image, that will then be used to define the pixel mask. The summed image is
made from co-adding the flux from different times, after the respective background levels have been subtracted. Times with a bad quality flag (available
in the TPD FITS format; see Fraquelli and Thompson 2012) are neglected; including these can result in ghosts in the summed image from times of reaction
wheel momentum dumps. Such ghosts make the setting of masks consider-
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Figure 22 – A toy example of the DBSCAN clustering algorithm run on points on a regular
grid. Pixels with flux above a pre-set threshold (i. e. the “points”) that are used in the clustering are marked in grey. Two clusters are identified with constituent pixels marked by either
red circles or green squares; the cross marker gives the pixel identified as noise, and for each
pixel its neighbourhood radius, rc , is indicated. Filled markers indicate core cluster members;
empty markers give the edge members. The edge member that could belong to either cluster
(in this case associated with the green cluster) is indicated with a dashed neighbourhood
radius. From Lund et al. (2015).

ably more difficult, because they obscure the targeted average flux distribution on the CCD, and could potentially be confused with a nearby target.
defining pixel masks The selection of pixels that might enter a mask is
achieved by imposing a flux threshold. This is calculated as the MAD of the
flux distribution for the summed image that lies to the left-hand-side of the
mode of the distribution. We only use the left-hand side, because the righthand side is influenced more strongly by the stellar flux (Patat 2003).
Now, as a means of locating targets in a given frame from the pixel with
a summed-image-flux-level above the threshold, and for each of these define
pixel masks, we made use of an unsupervised clustering algorithm. By unsupervised is meant that it does not require supervision in the form of, for instance,
a training set.
Clustering The algorithm chosen was the density-based spatial clustering of
applications with noise (DBSCAN; Ester et al. 1996), using the implementation
in the Python-based library Scikit-learn4 (see Pedregosa et al. 2011). DBSCAN
only takes two input parameters: a neighbourhood radius rc , and a minimum
number of points needed to form a cluster Nmin . Given the regularity of the
pixel grid, and thus natural scale, rc and Nmin can be set “optimally” a priori
to yield a desired output. An advantage of the DBSCAN routine over many
4 http://scikit-learn.org/
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other clustering algorithms, e. g., the nearest-neighbour K-means and Gaussian
mixture models (see, e. g., James et al. 2014), is that it does not need a predefined
number of clusters. Also, the clusters can have very irregular shapes, allowing
the masks to encompass the spatial time and position dependent distribution
of flux from a star on the CCD in K2.
The DBSCAN is fairly simple and can be described, in large, by the following steps:
1. Select at random a point “pi ” that has not already been classified. By
“point” is meant the (X,Y)-coordinate pair for the pixels with flux above
the threshold.
2. Compute the
q euclidean distance between pi and all other N − 1 points,
i. e., di,j = (xi − xj )2 + (yi − yj )2 , for j = 1, . . . , N and j 6= i.
3. Find the number of points Nc that are within the neighbourhood radius
rc of the selected pi , that is, where di,j 6 rc .
4. If Nc > Nmin then pi is designated as a core point and the start of a
cluster, otherwise, if Nc < Nmin , pi is (at this step) designated as a noise
point.
5. For each of the points within rc of pi do steps 2 and 3, and so on for
their respective neighbourhood points. Points that lie within these rc
neighbourhoods are added to the first cluster until no more points are
density reachable — that is, can be connected by a chain of points falling
within rc of each other, to the initial point pi seeding the cluster.
6. If a point falls within rc of a cluster core point, and has Nc > Nmin in
its own neighbourhood it too is a core point. If instead it has Nc < Nmin
in its own neighbourhood, it is designated as an edge point to the cluster.
Note that such an edge point may initially have been flagged as a noise
point in step 4, but will change status later in the routine if found within
rc of a cluster core point.
7. When no more points can be added to the first cluster one goes back to
step 1. This loop continues until all points have a designation.
In Figure
22 I give an example of the clustering on a regular grid, using
√
rc = 2 pixels and Nc = 3, resulting in two clusters and a noise point.
We take each of the clusters returned as a separate target, with the core
and edge members of the individual clusters defining the outer boundary
of the masks of the targets. Note, edge members within reach of more than
one cluster could belong to either one of the clusters, and the membership of
such a point would be determined entirely by the random initialisation of the
routine. Core members, on the other hand, can be assigned clusters with full
determinism, and will always group in the same way.
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Figure 23 – Illustration of initial steps in setting of pixel masks (for C0 observations of EPIC
202127012). For pixels marked in black no flux is collected. Left: Summed image with the
background mode (Figure 21) subtracted from individual frames; the colour scale is on a
logarithmic scale going from light (low flux) to dark blue (high flux), and negative levels
are truncated to 0. Middle: Collection of pixels with flux levels above a predefined threshold.
Right: Clusters identified from running the DBSCAN clustering algorithm, each marked with
a distinct colour; filled pixels mark core members; circles indicate edge members, and crosses
give pixels identified as noise. In this run we used rc = 1 pixels and Nc = 3. From Lund et al.
(2015).
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Figure 24 – Illustration of final steps in setting pixel masks (as in Figure 23 for C0 observations
of EPIC 202127012). For pixels marked in black no flux is collected. Filled pixels mark core
members, circles indicate edge members, and crosses give pixels identified as noise. Left:
Application of the watershed segmentation algorithm on the identified clusters; the colour
scale indicate the relative negative flux level for each cluster individually (i. e., the level does
not translate between clusters) after application of a Gaussian 2D filter. Levels go from light
(low negative flux) to dark blue (high negative flux), rendered on a logarithmic scale. Red
circles show the local minima used as markers in the watershed. Red lines give the mask
borders after the watershed segmentation. Right: Masks of the, now ten, identified targets,
each rendered in a different colour. The three brightest targets have been designated with
numbers; the primary target is star no. 1 (see Figure 28). From Lund et al. (2015).
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strategy for saturated targets Targets with saturated flux levels
pose certain challenges in terms of using clustering to define pixel masks.
The reason is, that if flux spills (or bleeds) along a pixel column the resulting narrow and spatially extended flux distribution is far from a clustered
structure. If the ends of such spill trails should happen to fall outside the
mask, the variability in the flux (receding in the non-saturated pixels) will be
missed, and will result in a high-flux truncation of the light curve. Attempts
to include the spill trails in an optimum way is further inconvenienced if set
trails extend to other targets, or reach the detector edge; in such cases a tradeoff must be made between the amount of flux that can be included from the
main target and the contamination from neighbouring targets. For the Kepler
photometer it is at a Kepler magnitude5 of Kp ∼ 11.3 (Gilliland et al. 2010b).
41
200000

Sum-image conuts

21
150000

Y pixel

31

11
1 6 11 16 21 26

100000

1

X pixel

50000

0
11

21

Y pixel

31

41

Figure 25 – Addition of pixels for the saturated target EPIC 202062417. Different lines correspond to different X-pixel columns (see insert). Red circle (green square) markers indicate
pixels in (not in) the mask of the main target. Markers filled with black gives the pixels included in the mask after check for saturation spills; in the given case the whole of column 13
is added to the mask of the primary target. From Lund et al. (2015).

The strategy adopted in K2P2 is as follows (see Figure 25): For the pixels in
the cluster-defined mask for a given target, we compute for each column “i”
the ratio R between the absolute value of the median of the first differences in
the flux counts of the pixels and the maximum flux count of the pixels, that
is,
Ri =

|med({fi,j − fi,j+1 }; j = 1, . . . , N)|
,
max(fi )

(6.6)

where “j” runs over the N rows covered by the mask in column “i”. A low
Ri -value indicates a small relative variability in the flux counts of the column
considered, as would be the case for a near-constant flux level in a column
with many saturated pixels. If Ri < 1%, and the med(fi ) > max(f)/2 the
column is found to have saturated pixels. The restriction on the median of the
5 nearly equivalent to an R band magnitude (Koch et al. 2010).
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Figure 26 – Illustration of the principle behind the watershed method; two neighbouring
catchment basins are flooded with water, with the watershed line forming where the water
from the basins meet. From Rettmann et al. (2002).

flux counts ensures that columns containing many pixels with flux levels close
to the background, where the relative variability is also small, are recognised
as non-saturated. For columns with saturated pixels we add pixels to the mask
if these have counts above the flux threshold used initially to select pixels of
interest. Potentially, this could result in pixels belonging to both a saturated
target as well as a nearby secondary target.
The adopted strategy works well for mildly saturated targets, but for the
brightest and most heavily saturated targets with spills spanning many tens of
pixels the masks should be defined by hand — this strategy was, for instance,
followed for the 16 Cyg stars in the nominal Kepler mission.
separating close targets With clusters created from the pixels in the
frame of a given target there is no guarantee that a given cluster only contains
a single target — we therefore need a way to separate close targets. For this
task the so-called watershed segmentation algorithm (Beucher and Lantuejoul
1979; Beucher and Meyer 1993) was used via the implementation in the Python
repository Scikit-image6 (see Van Der Walt et al. 2014). As illustrated in Figure 26 the idea in a watershed algorithm is to find the line(s) between two
or more regions, that may be regarded as topographical surfaces; Figure 26
shows the idea by considering two neighbouring catchment basins that are
flooded with water, the watershed will be the line where water levels meet.
The transformation of a given pixel cluster to a topographical relief is achieved
by assigning to each point in the cluster a value given by one of two metrics:
(1) the negative of the euclidean distance to the nearest background point,
which is simply taken as any point outside the cluster; (2) the negative value
of the flux of a given point. The relief, or catchment basin, is thus formed (using metric (1)) as points at the edge of a cluster will have low negative values,
central points will have large negative values. Generally the central points of
the cluster will also have higher flux levels, and thus larger negative relief
6 http://scikit-image.org/.
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values (using metric (2)). As the default we use metric (2) when separating
targets.
In the watershed algorithm we first identify the local minima of the adopted
metric, and use these as so-called “markers” for the centres of the catchment
basins, which are then flooded as in Figure 26 to find the watershed lines.
We attempt to avoid noise peaks from being considered as markers by first
smoothing the metric surface with a 2D Gaussian filter. With the target separating, provided by the watershed, we have pixel masks for all (prominent)
targets in a given frame.
From the method described for defining pixel masks we obtain a fairly
smooth median relationship between the target magnitudes (see next paragraph) and the mask sizes (see Lund et al. 2015). In addition a slight gradient
is seen in the mask size as a function of angular distance to the space craft
bore sight for a given K̃p1 , which is to be expected because the arc traced
in apparent movement on the CCD from the roll of the spacecraft increases
linearly with distance from the bore sight.
target proxy magnitudes Information in the TPD FITS files, such as
the Kepler magnitude (Kp), is naturally restricted to the main target of the
frame. We would like this information also for other targets extracted with
K2P2 , because the magnitude is often used when investigating characteristics
of parameters such as mask sizes or noise. We found the following approximation to Kp, viz., the proxy Kepler magnitude K̃p1 :
K̃p1 ≡ 25.3 − 2.5 log10 (S) ,

(6.7)

where “S” denotes the median of the flux time series extracted from the pixel
mask of a given target (in units of e− /s). Here a disclaimer is in order for
the Kp values found in the EPIC for C0 data, namely, that these magnitudes
are the ones provided by the principal investigator proposing a given target,
rather than one computed by the Kepler team. Later campaigns should provide the needed information to trace the origin of the supplied magnitude
via the Kep_Flag entry in the EPIC. For the sample analysed in the given
study it turned out that the Kp was given by the J-band magnitude from the
Two Micron All Sky Survey (2MASS; Skrutskie et al. 2006). Before any other
analysis took place these magnitudes were transformed to more proper Kp
magnitudes via the relations in Howell et al. (2012).
The correspondence between Kp and K̃p1 is given in the left panel of Figure 27. The measure of “S” is blind to the possibility of multiple targets found
(see next paragraph) via the USNO-B1.07 catalogue (Monet et al. 2003) falling
within a given mask. We therefore form a second proxy magnitude using the
R- and B-band magnitudes from the USNO-B1.0 catalogue — this will allow
us to designate all identified targets with a Kepler magnitude, and further fa7 USNO is short for “U.S. Naval Observatory”.
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Figure 27 – Relation between proxy Kepler magnitudes K̃p1 (Equation 6.7) and K̃p2 (Equation 6.9) and the nominal Kepler magnitude, Kp. The dashed lines give the 1 : 1 relation. For
0.5 magnitude bins in Kp the median K̃p1 and K̃p2 values are given by a red marker. From
Lund et al. (2015).

cilitate an estimation of potential contaminations when multiple targets fall
within the same mask. We first compute the RB magnitude as:

0.1Bmag + 0.9Rmag ,
(Bmag − Rmag ) 6 0.8
RB =
(6.8)
0.2Bmag + 0.8Rmag ,
(Bmag − Rmag ) > 0.8
According to Brown et al. (2011) this corresponds to the way Kepler magnitudes, Kp, are calculated in the KIC if only R- and B-band magnitude are
available. The following relation is defined for the second proxy Kepler magnitude:
K̃p2 ≡ RB − 0.33 .

(6.9)

The correspondence between Kp and K̃p2 is shown in the right panel of Figure 27.
The offsets for both K̃p1 and K̃p2 were estimated in a Bayesian manner using
the affine invariant emcee sampler (Foreman-Mackey et al. 2013), and given by
the median of the marginalized posteriors; the uncertainties were obtained
from the 68% highest probability density of the marginalized posteriors (see
Sections 3.3.1 and 3.3.3).
locating main and secondary targets In the K2 data it is more
difficult to easily identify which of the possibly many targets in a given frame
is the main target; this is both because of the lack of standardised masks, the
larger pixel frames, and the often increased crowding compared to the nominal Kepler mission. In some cases it also happens that the main target is outshone by a secondary target. The main target will be approximately centred
in the frame, but in crowded fields an easy and unambiguous determination
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of the main target is still difficult. A great help comes with the world coordinate system (WCS; Greisen and Calabretta 2002; Calabretta and Greisen 2002;
Greisen et al. 2006) metric stored in the FITS format of the TPD, which allows
one to pinpoint targets down to a precision generally within 1 − 2 pixels. In
Figure 28 the positions of targets found in the USNO-B1.0 catalogue (Monet
et al. 2003) are given, here using the WCS transformation from sky to pixel
coordinates
In K2P2 the identification of targets is (so far) done using the Python module Astroquery8 (Ginsburg et al. 2013), together with the WCS module in the
Kaptayn package9 . The Astroquery allows one to load positions for targets
from the USNO-B1.0 catalogue, or basically any other catalogue that can be
found on VizieR10 (Ochsenbein et al. 2000). We first make a correction to the
delivered WCS transform to better locate targets in a given frame (see Figure 28). This is done by first loading and transforming the sky coordinates
of objects found in the USNO-B1.0 catalogue in the field of view covered by
the frame. Then maxima are located in the summed image after a 0.5 pixels
wide Gaussian smoothing has been applied, and all X- and Y-pixel differences
between the USNO-B1.0 targets and the maxima are then computed. A DBSCAN is run on the pixel differences within ±5 pixels in both the X- and
Y-direction using rc = 0.5 pixels and Nc 6 Nmaxia . Initially, Nc will equal
the number of identified maxima in the summed image and will iteratively
be decreased until a cluster is identified in the pixel differences (i. e., a “difference cluster”). The correction to the WCS is then taken as the magnitude
weighted average of the X- and Y-differences in the difference cluster. The correction only includes a translation; rotation is ignored, which is warranted by
the generally small offsets. The target from USNO-B1.0, with corrected pixel
coordinates closest to the median centroids of a given target cluster is used to
identify set cluster.
extracting flux and position At this step in the pipeline pixel masks
have been defined for all targets in a given frame. For these targets we now
extract flux and positions as a function of time; the positions will be used for
the correction of the induced flux variation from the spacecraft roll. Positions
are computed via the centroids (CEN) with (X,Y) components given as
P
P
pi wi Yi
pi wi Xi
i
,
CENY = Pi
,
(6.10)
CENX = P
i pi wi
i pi wi
where wi is the weight set on the ith pixel in a given mask; pi denotes the flux,
and Xi and Yi denote the coordinates of the pixel. Several different weighting
schemes were tested (see Lund et al. (2015; submitted)), especially to see how
8 https://astroquery.readthedocs.org/en/latest/
9 http://www.astro.rug.nl/software/kapteyn/
10 http://vizier.u-strasbg.fr/viz-bin/VizieR
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Figure 28 – Left: Circles indicate positions of the targets from the USNO-B1.0 catalogue (for
EPIC 202127012), transformed to pixel coordinates using the WCS metric from the K2 TPD.
These are plotted on top of the summed image from C0 data, with a flux scale going from
white (low flux) to dark blue (high flux) and rendered on a logarithmic scale. Arrows give the
estimated correction to the WCS pixel positions; red crosses indicate identified maxima in the
summed image used to estimate the correction. The primary target, i. e., EPIC 202127012, is
close to the center of the frame and emphasised with a white “+” at the corresponding target
position. Right: Position differences between USNO-B1.0 targets and maxima in the summed
image. Black crosses are differences tagged as noise in a DBSCAN run on the differences; red
circles give the differences of the identified cluster. The final magnitude weighted average of
the difference cluster is given by the black “+”. From Lund et al. (2015).

83

6.2 k2 data and the K2P2 pipeline

more smooth edges on the masks would affect the positions — in the end we
opted for the simplest “in/out” weighting, i. e., wi = 1.
When the flux is extracted we subtract the background level given as the
mode of the flux distribution, but use only pixels that are unassigned to a
target mask. Concerning the use of centroids for any subsequent correction,
it should be noted that an accurate estimate of the “true” position of the star
is unimportant, the only thing needed is a position proxy that correlates with
the variation in flux. Therefore, ill-defined centroids (in terms of accuracy)
of saturated targets, or targets close to the frame edge may still be used for
correcting the light curve.
6.2.2

Correcting the light curve

The correction part of the analysis is essentially done with an extended version of the KASOC v2.0 filter (Handberg and Lund 2014, see Section 6.1
above), that enables the addition of a filter component based on the apparent
movement on the CCD. We have implemented two possible methods, namely,
a 1D and a 2D correction; these are described below.
1d correction Our implementation of a 1D correction draws heavily on
the method presented by Vanderburg and Johnson (2014) — by these authors
called a self-flat-fielding correction — which in turn make some use of methods developed for correction of Spitzer data (Knutson et al. 2008; Ballard et al.
2010; Stevenson et al. 2012). Here the correlation between flux variation and
stellar position on the CCD is used to correct the time series from the systematic ∼6 hour variability.
The time series is broken into segments that are corrected individually. We
implemented this segmentation because even though the movements on the
CCD generally follow a well-defined pattern, there are secular uncorrected
drifts (see Figure 29 for an example of this in C0).
For each segment, we identify and flag times during which rapid positional
changes occur as the times when the time-derivative of the change in centroid
positions, i. e., the velocity, falls outside the range of five times the standardised MAD around the median velocity; these data points are then excluded
in the following corrections.
We then apply a principle component analysis (PCA) on the X and Y pixel
positions of each data segment. Before applying the PCA, we select which of
the X and Y pixel positions should be retained in the estimate of the correction; only positions with a nearest neighbour at a distance less than four times
the standardised MAD of all nearest neighbour distances are retained in the
analysis. This is needed as the PCA otherwise is very sensitive to outliers.
The PCA transformation of the retained positions to the coordinate system
given by the two first principal components helps to ensure that the relationship between the transformed pixel positions X 0 and Y 0 can be described as a
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Figure 29 – Illustration of the change in centroid position of star 1 in EPIC 202127012 on the
CCD during the second half (approximately) of C0; time is encoded in the colour scale. A
sigma clipping has been applied in the time domain to remove point far away from the mean
centroid position. From Lund et al. (2015).

single-valued function, which is needed for the following steps in the correction. It is, however, not always clear if the first or the second principal component should be used as the regressor. If, for instance, the relationship between
X and Y pixel positions could be described as Y = X2 (which is already a
single-valued relationship) and the range in Y values is larger than the range
in X values, then the first principal component would lie along the ordinate
and consequently a transformation making this the regressor, that is,√Y → X 0
and X → Y 0 , would result in the multi-valued relationship X 0 = ± Y 0 . We
decide which of the principal components is the best regressor, by running
a LOWESS (Cleveland 1981, 1979) filter on the transformed pixel positions,
using in turn the two principal components as regressors and computing the
summed squared difference (χ2 ) between the filtered and un-filtered data. The
principal component with the lowest χ2 is used as the regressor.
In the transformed coordinates we compute a smoothed version of the Y 0 vs.
X 0 positions by again applying a LOWESS filter. We then calculate the curve
length along this filtered relationship using finite differences as the derivative
of the curve and cumulatively integrate for the curve length using the composite trapezoidal rule. The curve length s serves as the new 1D representation
of the 2D stellar position on the CCD.
The correction to the light curve is then found from a spline or LOWESS
filtering of the relative flux as a function of curve length, thereby capturing
the average positional dependency of the flux level. In the correction step we
make sure to remove any long term trends in the light curve to obtain the
relative flux, as such changes will correlate poorly with the movement on
the CCD. Some of the long term variability could in principle be caused by
the slow drift of the target on the CCD (Figure 29), but could just as well
be a separate instrumental effect. We make the correction iteratively with a
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Figure 30 – Centroid positions for star 1 in EPIC 202127012, with the relative flux given by
the colour bar. The surface shows the interpolated relative flux from the medians of the 2D
histogram. Here 20 bins were used in both the X and Y-directions. The dashed line gives a
smooth version of the overall positional variation, that could be used to correct the positions
to a more one dimensional variability. From Lund et al. (2015).

better separation between long term and positional dependent variations as
the outcome.
2d correction The second approach uses a 2D histogram of the measured X and Y centroids of the star, where each bin gives the median of the
relative flux of points falling in that bin — this will robustly capture the positional variation in the relative flux. The reconstruction of the flux variability
in the time domain is achieved via a rectangular bivariate linear spline, which
interpolates between the bin centres. The reason for going to 2D is, that flux
variations also occur in the direction perpendicular to the overall roll motion
(see Figure 30). Such variations are unresolved in the 1D treatment because
the scatter in the relative flux versus curve length is reduced to a line; one
would therefore suspect that the 1D treatment will leave residuals in the corrected light curve that could be accounted for in a 2D treatment.
The most difficult aspect of the 2D binning is the choice of bin size. Bins that
are too small will result in a noisy reconstruction of the flux variation; one is
effectively overfitting. If bins are too large, the reconstructed variation will
be a smoothed version of the underlying variation, and significant residuals
may be left in the light curve. The sensitivity to the bin size is largest for
long-cadence observations due to the smaller number of data points, and
consequently larger variance on the median. The method is thus best suited
for SC observations, where the exact bin size has less of an impact on the
reconstructed variability.
Depending on the shape of the stellar movement in the X-Y plane it can
be advantageous to transform the movements to a (predominantly) horizon-
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Figure 31 – Example power spectra of red giant targets observed during C0, showing lowfrequency solar-like oscillations. From Lund et al. (2015).

tal variation before making the 2D histogram — this could, for instance, be
achieved by dividing the centroid Y-components with a smoothed fit to the
movement in order to reduce the span of the histogram, and thus the size, of
the histogram.
So far, in our testing of this method on SC data we have not found it to be
preferable to the 1D method. This is likely a result of the current value of the
attitude control bandwidth of 0.02 Hz (50 s), which is very close to the SC
integration time. Because of the allowed amount of movement within a SC
integration this will lead to a larger smear and variance in the bin medians.
We expect this to improve from C3 onwards when the bandwidth will be
increased to 0.05 Hz.
Another method that could be considered for the 2D correction is one similar to the procedure outlined in Kjeldsen et al. (2013b,a). This could, for instance, be done using a Nadaraya-Watson kernel regression (see Section 2.4.3).
This would also allow for an estimation of the kernel support region via crossvalidation.
conclusions K2P2 is our version of a K2 data analysis pipeline, with the
objective of being fully automatic in addition to being robust. A test of the
pipeline was made on a sample of 452 LC targets from C0 (see Lund et al.
(2015; submitted)). With the extraction of data from several targets in a given
frame, we ended with a total of 4691 light curves from the 452 proposed
targets — this corresponds to a gain in the amount of data by a factor of
∼10.4, and this even when adopting a limit on the minimum number of pixels
in a mask of 8 before a target would be considered. Naturally the amount of
crowding will vary in the different campaigns, and the increase in extracted
targets with it.
Figure 31 gives an example of three red giant targets, showing low-frequency
solar-like oscillations. The levels of power here suggest that for C0 it should
in general be possible to detect oscillations in red giants, and obtain average
asteroseismic measures such as ∆ν and νmax .
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The pipeline could potentially be used for dense fields including stellar
clusters, and could also be applied to super-stamps from K2 and the nominal
Kepler mission, as well as the upcoming TESS (Ricker et al. 2014) and PLATO
2.0 (Rauer et al. 2013) missions11 .

11 TESS: Transiting Exoplanet Survey Satellite; PLATO: PLAnetary Transits and Oscillation of
stars.
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7

HIGH NOISE, LOW SIGNAL

In this section I will, after an introduction to hypothesis testing in Section 7.1,
describe two specific works dealing with the detection of oscillation power
in data with low S/N conditions. The first pertains to the MWPS method,
short for Moving-Windowed-Power-Search, developed in Lund et al. (2012); the
second with the detection of modes with intrinsically low amplitudes as presented in Lund et al. (2014a).

“The signal is the truth. The noise is what distracts us from the truth”
— Nate Silver

7.1

hypothesis testing

In hypothesis testing, and statistical inference in general, there are two different schools of thought and ways to think of statistics and probability, viz., the
frequentest and the Bayesian school.
In the frequentist school, probabilities are interpreted as the frequency from
a repeated set of measurements from identically prepared experiments. A
parameter here has an unknown but fixed value rather than a random value
and probabilities can therefore not be associated with the parameter values.
Data constitute a repeatable random sample
In the Bayesian school data are fixed, and a given observation constitutes
a realized sample. Parameters are here unknown random variables and described probabilistically, and allow for an interpretation in the context of the
experimenters subjective belief and current state of knowledge that given parameter values are more likely than others.
7.1.1

Frequentist approach

The null hypothesis H0 , represents, for instance, the statement that the observed signal is described only by the assumed noise statistic. The alternate
hypothesis can then be denoted as H1 — naturally the formulation of the hypothesis depends on the problem at hand. An important notion is that a given
hypothesis can never be proven, one can only fail to reject it, or reject it. Let us
assume a signal x and a given test statistic for H0 , f(x; k|H0 ), with parameters
k. If we then measure a value of x0 we calculate, under the assumption that
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H0 is true, the probability, or pvalue (or detection significance), of obtaining a
value of x equal to or larger than x0 by chance as
Z∞
pvalue =
f(x 0 ; k|H0 )dx 0 ,
(7.1)
x0

The lower the pvalue the less likely it is that the observed value x0 can be
attributed to random fluctuations of the assumed test statistic. If the pvalue
falls below a pre-defined significance level (or false alarm probability), α, the null
hypothesis is said to be rejected at that level, and the observed x0 is then
assumed to be statistically significant. To find the threshold level s at which
H0 can be rejected one solves for
P(x > s|H0 ) = α ,

(7.2)

which corresponds to the x at which pvalue = α. A significance level of
α = 0.01 is custom, whereby a signal of x0 can be attributed to noise fluctuations in only one out of a hundred realisations. A low α (also known as
the size of the test) is no safeguard for errors, but it does lower the risk of (by
actually setting the maximum rate for) what is known as a Type-I error (or
error of the first kind), which is the incorrect rejection of a true H0 (a false
positive). Correspondingly, Type-II errors (errors of the second kind) are the
failure to reject a false H0 (a false negative); the probability for Type-II errors,
β, depends on the formulation of the H1 hypothesis, and sets the power of the
test as 1 − β, i. e., the probability of correctly rejecting a false H0 . There is a
clear trade-off between the size and power of a test, but it is generally preferential to aim for a low rate of false positives at the cost of an increase in false
negatives; in other words it is better to err on the side of caution and accept
the hypothesis of having only detected noise, even if other signal is present,
than to claim the detection of another signal when only noise is present. In order to get the test statistics which optimises the power of a given α, in testing
between two simple (nested) hypothesis, the Neyman-Pearson lemma, given as
∃ η : Λ(x) =

L(x|H0 )
6 η where P(Λ(x) 6 η|H0 ) = α ,
L(x|H1 )

(7.3)

tells us that the optimal test statistics f = Λ(x) is given by the likelihood-ratio
(L denoting the likelihood). Note that η is a threshold on the test statistic,
where we reject H0 in favour of H1 when Λ(X) 6 η; the corresponding threshold on x is found as in Equation 7.2. In the limit of large sample size Wilks’s
theorem (Wilks 1938) states that −2 log(Λ) (for a nested model) is distributed
as χ2 with degrees of freedom given by the difference in number of dimension
between the compared models — this may be used for comparing the models
via a p-value at a given significance level.
In principle, one should also test the alternate hypothesis H1 . However, H1
is often a composite hypothesis, where one or more of the parameters specifying the distribution for the test statistic are unknown, thus making it more
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difficult to formulate precisely. An example could be the test of whether a
given part of a power spectrum contains an oscillation more, or if only noise
is seen; the H1 would here be that a mode is present (see, e. g., Appourchaux
2004), but in order to evaluate the hypothesis of H1 we either need to know
the mode parameters, e. g., by parameter estimation, or integrate over the full
space for the mode parameters. H0 on the other hand is often a simple hypothesis, with all parameters known to specify, for instance, the distribution
f(x; k).
7.1.2

Bayesian approach

“In science, progress is possible. In fact, if one believes in Bayes’ theorem, scientific
progress is inevitable as predictions are made and as beliefs are tested and refined
— Nate Silver

An important notion in the above frequentist approach is that
P(x|H0 ) 6= P(H0 |x) ,

(7.4)

with the former obtained from Equation 7.2. What we are really interested in,
however, is the latter. If a given observation could be repeated infinitely, the
probability of the hypothesis given the data could be assessed. Unfortunately
though this is not possible. Fortunately, Bayesian theory enables an estimation
of the probability of interest via Bayes’ theorem:
P(H|D, I) =

P(D|H, I)P(H|I)
,
P(D|I)

(7.5)

that is, the posterior probability of the hypothesis H, given the data D and any
prior information I, P(H|D, I), is given by the product of the probability of D
given H and I (i. e., the likelihood), and the probability of H given I (i. e., the
prior probability), divided by the normalising probability of D given I (also
known as the evidence).
Using Equation 7.5 one can write the posteriors for the two hypothesis as
(Berger and Sellke 1987; Cowan 1998; Appourchaux et al. 2009)
P(D|H0 , I)π0
,
π0 P(D|H0 , I) + π1 P(D|H1 , I)
P(D|H1 , I)π1
P(H1 |D, I) =
,
π0 P(D|H0 , I) + π1 P(D|H1 , I)
P(H0 |D, I) =

(7.6)
(7.7)

where π0 and π1 denote the prior probabilities on the hypothesis with the
property π0 = 1 − π1 . The ratio O1,0 between these posterior probabilities is
given by
O1,0 =

π1 P(D|H1 , I)
π1
=
B1,0 ,
π0 P(D|H0 , I)
π0

(7.8)
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and is denoted the odds ratio; B0,1 is known as the Bayes’ factor and given by
the ratio of the global (integrated) likelihoods of the models (not the maximum likelihoods). Often, if little is known a priori about which hypothesis
should be favoured and one wants to avoid having any prejudice entering the
testing, the prior probabilities are set to π0 = π1 = 0.5, and thus a prior odds
of 1. Note, in this case and if the maximum likelihoods are used instead of
the global ones, the odds ratio gives the standard likelihood-ratio. With an
odds O1,0 > 1 the alternate hypothesis H1 is favoured over H0 . Typically the
Jeffreys (1961) scale is used to evaluate the odds ratio, according to which
3 < O1,0 < 13 is interpreted as “substantial” evidence in favour of H1 over H0 ;
13 < O1,0 < 150 is “strong to very strong” evidence; 150 < O1,0 gives “decisive” evidence. In interpreting the odds ratio one should, however, be aware
of whether the models or hypothesis being tested are nested, in which case
the favouring of one model over the other is less readily determined.
7.2

the mwps method for searching for power in low snr data

In order to use the tool of asteroseismology on a star, and with this make
estimates on mass, radius, age, etc., the premise for this investigation of the
stellar oscillations naturally relies on the ability to detect the signatures of
the oscillations in the first place. As described in Section 1 the signatures of
solar-like oscillations manifest as a pattern of near regularly spaced peaks,
and thereby also a power excess, in the Fourier spectrum of the stellar time
series.
The space-based photometric observations from, e. g., the NASA Kepler Mission (see Section 4) are received in large quantities for both planetary and
asteroseismic analysis, rendering detailed inspections of every star very difficult. Therefore, the initial step of asteroseismic analysis of solar-type stars
often involves the use of automated analysis pipelines to search for signatures of stellar oscillations. These signatures may then be analysed in detail if
a positive detection is obtained.
Most of the methods used in these pipelines exploit the near regularity (or
periodicity) in frequency of the oscillation modes, as described in Section 1.
This is for example done by computing the autocorrelation of the power spectrum. Deviations in the regular frequency pattern can, for instance, come from
mixed-modes, beating with the noise when the stellar oscillation signal is
buried in it, or the slow change in the regularity from, e. g., sharp transition
zones in the stellar sound speed profile (see Section 7.3). All of these aspects
will make positive detections with these methods very difficult.
The MWPS makes use of a moving window in frequency in which a statistical significance test is employed to see if any excess power flagged over the
expected sources of background noise could be caused solely by fluctuations
of the noise. With this construct, the method is not dependent on any regu-
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larity in the frequency spectrum and has been found to work very well under
low S/N conditions.
7.2.1

Method

The method works by sliding a series of windows through the power spectrum, each with a different pre-defined width in frequency. At each tested
mid-window frequency the power-to-background ratio, PBRtot , is estimated.
The ratio is defined according to
PBRtot =

Ptot
,
Btot

(7.9)

where Ptot is the total power across the frequencies covered by the window,
i. e., including both excess and background power, and Btot is the total power
in the background, that is, the area below the background curve which has
been fitted with a standard Harvey-like model (see Section 9). By this definition the value of PBRtot is normalised such that it will tend to PBRtot ∼ 1 in the
case of no excess power from oscillations. The motivation behind using a window instead of simply the entire power spectrum is that by using a frequency
range much larger than the one containing the excess power from oscillations,
the value of PBRtot would be much degraded, reducing the chances of making
a detection.
It is assumed that the individual bins of the power spectrum follow χ22
statistics (see Section 2.2.4). As the sum of two such independent distributions
χ2k + χ2m is yet another χ2n distribution with n = k + m d.o.f., the sum of power
from the N independent bins included in the window interval will then be
distributed according to a χ2 distribution with 2N-d.o.f. We may therefore
compare the value of PBRtot with a χ2 2N-d.o.f. statistic. With this, the pvalue
of a given measured PBRtot can be computed using Equation 7.1, with χ2
2N-d.o.f. as the test statistic. Note here, that it is actually the value of PBRtot
times 2N that should be used to compute the pvalue , because the χ2 2N-d.o.f.
distribution has a mean value of 2N, while the normalisation of PBRtot has
been scaled to a mean value of 1.
The "false-alarm" approach adopted means that every value with a pvalue
falling below α is flagged as marking the presence of significant excess power,
which could be attributable to stellar oscillations. The procedure thereby produces a probability curve across the frequency interval for each of the selected
windows.
7.2.2

Tested frequencies and window widths

As the range and position (approximate Gaussian around νmax ; see Section 1)
in frequency of any potential power excess from stellar oscillations is not
know a priori, no such assumption is made in the MWPS.
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Figure 32 – A typical result from an MWPS run, here for a realisation with σ = 280 ppm
noise added to the time series. Panel (a) shows SNR curves for a representative sample of the
40 window widths (with widths indicated on the legend). Panel (b) shows the corresponding
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The solid black line gives the estimated νmax , while the two dashed black lines represent
the confidence interval (equivalent 1σ interval). The dashed red and blue lines correspond,
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Use is, however, made of the observation that the FWHM in frequency of
the oscillation envelope is known to vary to a good approximation as νmax /2
(see, e.g., Stello et al. 2007; Chaplin et al. 2011). The central frequency of each
test window may be regarded as a proxy for νmax , and so in testing a given region in frequency of the power spectrum, the widths of the test windows can
be varied according to the relationship between νmax and the FWHM of the
potential power envelope. So, when the MWPS is applied at low frequencies
the width of the test window should be set fairly narrow, since any oscillation
signal present will also be confined over a narrow range of frequencies. A
very wide test window, that is, one much wider than the oscillation power
envelope would reduce the underlying PBR, and hence reduce the chances of
making a detection with the MWPS. The same logic dictates that the window
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width must be set much wider when the test is applied at higher frequencies
(too narrow a window will result in signal being missed).
If a Gaussian-like envelope is assumed for the power excess, we found in
testing the method an optimum window width that maximizes the underlying PBR, corresponding approximately to 1.17-times the FWHM of the power
envelope, which is 0.59 × νmax , i. e., 0.59-times the test frequency. At very
low values of S/N, beating with the background noise can become important
whereby the found optimum window width may not in practice yield the best
result. The search strategy adopted allows for this fact by using many different window widths (40 were chosen) with associated values of νmax spread in
the range from 1000 to 5000 µHz, which was adopted as the range for solarlike oscillations. Each window is then moved through the power spectrum in
steps set by a pre-defined lag frequency, and the MWPS test is applied at each
location. The check for excess power at each location follows the prescription
given above and involves first calculating the total power in the envelope interval set by the window width, and then comparing this to the total power
found below a fitted background.
Application of the MWPS as outlined yields a S/N (or equivalently PBR)
curve and a corresponding 1/pvalue curve, as a function of frequency for each
of the 40 windows. In Figure 32 an example of this is given, from a test on solar data where normally distributed noise by an amount of σ = 280 ppm was
added to the time series before the computation of the power spectrum. An
ensemble analysis of those curves which have values of 1/pvalue that exceed
the detection threshold then yields an estimate of νmax (see Figure 33 for an
example).
7.3

detection of "high-degree" modes from kepler photometry

The study on detection of higher-degree modes, here referring to l = 4, 5,
emerged from work related to detections of differential rotation from rotationally induced frequency splittings. During an investigation of the power
spectrum of the Sun from ∼12 years of VIRGO (Variability of solar IRradiance
and Gravity Oscillations) data it was noticed that excess power was present
at positions away from those of the l = 0 − 3 modes. This finding inspired
a search for these modes in two of the brightest Kepler targets (16 Cyg A &
B), and the development of a method to enhance the visual detection of the
high-degree modes.
7.3.1

Motivation

As mentioned in Section 1 we are in asteroseismology faced with cancellation
effects from the fact that the stars can not be resolved and so the flux values
obtained come from the integration of all light over the stellar surface. This
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makes detection of oscillation modes with degree l > 2 very difficult in solarlike oscillators. For solar-like stars observed with Kepler it has so far only been
possible to see l = 3 modes for two of the brightest and highest SNR stars,
namely 16 Cyg A & B.
The detection of more modes, and higher-degree modes, will be of great importance for stellar modelling (see Section 5). It will to a greater extent become
possible to perform stellar structure inversions (e.g., Basu et al. 1997), albeit
not with very high precision. In the ideal case where these higher-degree
modes could actually be resolved, a wealth of information could be extracted
on, e. g., the rotational properties of the star (e.g., Gizon and Solanki 2003).
7.3.2

The Sun

In the investigation of the Sun 12 year long data sets (from Fröhlich 2009)
were used. These stem from the three Sun photometers (SPMs) of the VIRGO
instrument, which is on-board the ESA/NASA SoHO spacecraft. The mid
wavelengths of these photometers are at 402 nm (blue), 500 nm (green), and
862 nm (red). In Figure 34 zoom-ins are shown around the frequency of maximum power (νmax, ≈ 3150 µHz) from the three time series (computed as
outlined in Section 2.2) after a 1.8 µHz binning has been applied.
In this figure, frequencies computed from the solar structure model Model S
(Christensen-Dalsgaard et al. 1996) are indicated. From a mere visual inspection of these spectra it is quite clear that the prominent peaks in the power
spectrum match up with the predicted frequencies from Model S. Most interestingly, the match also includes the positions of many of the expected l = 4
(hexadecapole) and l = 5 (dotriacontapole) modes. The strong peak at ∼2777 µHz,
which coincides with the frequency of an l = 5 mode, is not of stellar nature but is an artefact with half the frequency of the signal from the Data
Acquisition System. These modes have not been reported before in full-disk
photometry data.
7.3.3

Method for other stars

With the high-degree (here meaning l = 4, 5) modes found in the Sun from
full-disk photometry, a method has been devised to make the detection of
these modes in other stars easier. The overall idea is to collect all the power
from these high-degree modes in the power spectrum to increase their combined SNR, and thereby make a detection easier.
The first step is to parametrize the power spectrum in order to account for
the possible departures from the asymptotic description of the constituent
modes (see Section 1). We start from the version of the asymptotic frequency
relation (Tassoul 1980) also given in Section 1:
νnl = ∆ν(n + l/2 + ) − l(l + 1)D0 .

(7.10)
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Large scale departures manifest themselves as overall curvatures or tilts of the
ridges in the échelle diagram. A variation in the large separation d∆ν/dn can
be introduced in the asymptotic relation as a quadratic term in n, accounting
for a curvature of the ridges in the échelle diagram. Introduced to the modified asymptotic relation is also a term dD/dn, which is linear in n, describing
a linear variation in the small separation as a function of frequency. The final
modified version of the asymptotic relation (see also Mosser et al. 2011, 2013)
then reads:

ν̃nl =∆ν0 (n + l/2 + ) − l(l + 1)D0
dD0
(n − npivot )
− l(l + 1)
dn
d∆ν/dn
+ (n − npivot )2
.
2

(7.11)

This model frequency is denoted by ν̃n` to indicate that this is a predicted
value only. The "0" subscript on the large separation is set to indicate that
this is the value at n = npivot . The npivot can be seen as the pivot point for
the variations in both the large separation and D0 - the frequency at which
n ∼ npivot is generally coinciding with the frequency of maximum power of
the modes, νmax . In this description no physical meaning has been assigned to
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the frequency dependencies in ∆ν and D0 , they are solely used to parametrize
the mode frequencies in the échelle diagram.
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Figure 35 – Method of straightening applied to Model S frequencies, targeting modes with
l = 4. Fit of Eq. 7.11 is made to Model S frequencies (squares) with degrees l = 0 − 5. The
solid black lines following these frequencies illustrate the obtained fit. The dashed black lines
give the behaviour of the fit after the straightening procedure, with the straightened Model S
frequencies now given as circles. Note that the frequencies of the targeted l = 4 modes form
a vertical line. From Lund et al. (2014a).

7.3.3.1

Step 1: Straightening procedure

If frequency estimates have been obtained for a series of modes in the power
spectrum, e. g., via peak-bagging (see Section 3), the parametrization in Equation 7.11 is simply fitted to these with the free parameters being Ψ = {d∆ν/dn,
D0 , dD0 /dn, , npivot }. As npivot is a free parameter, a correct tagging of the radial order is not a requirement. From the fitted parameters one can now use
Equation 7.11 to estimate the frequencies of the (not detected) l = 4 and l = 5
modes. One should be aware that small errors in , and D0 can cause a big offset in the positions of the l = 4 and l = 5 modes. The biggest issue is D0 due
to the factor of l(l + 1) multiplied on this parameter. In contrast,  (and ∆ν0
for that matter) can be fairly well constrained by modes of the same degree.
If one has a stellar model with computed frequencies that, after applying a
surface correction (e.g. Kjeldsen et al. 2008), match the extracted frequencies
well, the fitting can be applied to these modelled frequencies — here it is then
possible also to include l = 4 and l = 5 modes in the fitting. In the description of Equation 7.11 it is assumed that the various parameters are frequency
dependent only, and any potential dependencies on angular degree are neglected. The fitting of the modes is best illustrated in the échelle diagram
as seen in Figure 35. The idea behind the fitting of Equation 7.11 to the frequencies is that it enables a correction for the frequency dependencies. This
allows for the construction of a power spectrum that, for modes of a given
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degree, follow Equation 7.10 more strictly, that is, with equidistance between
mode frequencies of the targeted degree (this is equivalent to a straight ridge
in the échelle diagram). This is achieved by changing the frequency scale in
the power spectrum using the obtained fit of Equation 7.11 to the modes.
First, the fitted parameters are used to compute mode frequencies (via Equation 7.11) for the specific degree desired equidistant in frequency. Note, that
since the parametrization includes the variation in D0 , the change in the frequency scale can only be made for a specific degree, not all degrees at once.
These computed frequencies are now interpolated against the modulus of the
frequencies with the large separation:
I = Interpolate(ν̃nl , mod(ν̃nl , ∆ν0 )).

(7.12)

With the interpolation function "I" following the observed ridge in the échelle
diagram, a new modified frequency (νnew ) can be found for every original
frequency (νori ) by adding the difference between the modulus of a suitable
reference frequency (ν0 ) and the modulus of the frequency in question (i. e.
νori ):
νnew = νori + δν,

with δν ≡ I(ν0 ) − I(νori ).

(7.13)

The chosen reference frequency (ν0 ) sets the position of the specific l-degree
ridge on the abscissa in the échelle diagram — ν0 is by choice set equal to the
value of νmax .
In Figure 35 the method of straightening has been applied to the l =
4frequencies of Model S (squares), where modes of degrees l = 0 − 5 are
used in fitting Equation 7.11. The solid black line following these modes illustrate the obtained fit of Equation 7.11. The dashed black lines gives the
behaviour of the fit after the straightening procedure, with the straightened
Model S frequencies now given as circles. The straightening is targeted at the
l = 4 modes, and so they now form a vertical line. As seen, the position on
the abscissa of this vertical line is given by the value of the fit (solid black line)
at the chosen reference frequency, ν0 . The reference frequency is given by the
horizontal dashed black line, here set equal to νmax, = 3150 µHz.
7.3.3.2

Step 2: Collapsing

With the frequency scale changed, so that the modes of a specific degree are
equidistant in frequency, power from these modes can readily be co-added
over many orders by summing along the vertical axis of the échelle diagram
- the power spectrum is "collapsed", resulting in the so-called SC-spectrum
(straightened collapsed). This co-adding increases the S/N of the modes and
thus enhances the possibility of a detection. In practice only about 8 orders
closest to νmax are co-added, as the regions of lowest and highest orders
would mainly add noise to the SC-spectrum.
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7.3.3.3

Step 3: Smoothing

The last step taken in the method is to smooth the SC-spectrum. The reason
for this is the rotational splitting of a mode into 2l + 1 components, see Section 8.1. In effect the power of a given mode is spread out in frequency, and, as
described in Section 1, the relative heights of the components in the multiplet
will be set by the inclination of the stellar rotation axis, whereby no power will
be seen in the central m = 0 mode for certain inclination values. The modification of the frequency scale outlined above depends on the frequencies of
this central m = 0 mode, as this is the resonance of the oscillation and thereby
also the one computed from stellar models. By applying a smoothing to the
power spectrum, power from the different m-components can be "collected"
at the central m = 0 value and any potential power excess will show up at the
expected position in the SC-spectrum.
7.3.4 Results on 16 Cyg A & B
The method was applied to the two solar-analogues 16 Cyg A1 (G1.5V) & B2
(G3V). These two very similar stars are in fact part of a hierarchal triple system
(16 Cygni), with the third component being a faint M dwarf. A difference
between the two stars is that measurements in radial velocity show 16 Cyg B
to host a Jupiter-mass planet in a highly elliptical orbit (Cochran et al. 1997).
The second major difference between the two stars is the Li-abundance which,
for some unknown reason, seems to be depleted in the A-component by a
factor of >4.5 relative to the B-component (see, e.g., Friel et al. 1993). Due
to its solar similarity and chemical peculiarities this system has been studied
by numerous groups (see, e. g., Schuler et al. 2011, and references therein for
examples of the chemical abundance analysis). Due to its position in the sky
(Cygnus), the system was fortuitously observed by the Kepler satellite during
the nominal mission. The Kepler magnitudes of these stars, 5.864 (16 Cyg A)
and 6.095 (16 Cyg B), make them some of the brightest stars in the Kepler
FOV, and they are ideal for asteroseismic studies. An asteroseismic study was
conducted by Metcalfe et al. (2012), where both stars were peak-bagged and
subsequently modelled - results and data from this study were used in the
analysis.
The reason for choosing these stars as a starting case for the search of l = 4
and l = 5 modes is, as mentioned above, that both of them have already
shown clearly detectable octupole l = 3 modes. The prospects of detecting
modes with l > 3 would yield additional constraints on the stellar models,
this in addition to the possible constraint on the allowed model differences in
age and chemical composition from the binarity of the system.

1 KIC 12069424, HD 186408.
2 KIC 12069449, HD 186427.
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Figure 36 – Zoom-in versions of the SC-spectra for 16 Cyg A (left) & B (right), with different
amounts of applied smoothing. The dashed cyan line shows the position of the straightened
l = 4 ridge, and hence the expected position of a possible excess from the l = 4 modes. The
horizontal lines give the median values of the SC-spectra in the minimum and maximum
smoothing cases. From Lund et al. (2014a).

In Figure 36 zoom-ins on the SC-spectra for both stars are shown, and rendered in a multitude of different amounts of applied smoothing. The dashed
cyan line shows the position of the straightened l = 4 ridge, and thereby give
the expected position of the possible excess from the l = 4 modes. The horizontal lines give the median value of the SC-spectrum in the minimum and
maximum smoothing cases, this is simply to establish a reference level in the
spectrum. For both stars a rise is seen in the collapsed power at the expected
position of the l = 4 ridge, while no clear excess power is seen directly in the
power spectra at predicted frequencies of the individual modes. The method
was also applied on the l = 5 ridge, but here no noticeable rise was seen in
the collapsed power. The l = 5 ridge is in any case more difficult to capture
due to its close proximity to the strong l = 0 modes.
The results from applying the devised method seem to indicate that modes
of l = 4 could become possible to use in stellar modelling with more data
from the Kepler satellite, something that was not imagined at the start of the
mission. For some stars the highest degree modes achievable will probably be
l = 3, and this still only for the best targets. In these cases the above method
can of course also be used.
7.3.5

Significance test

The significance of the presence of of power was assessed via simulations of
the power spectrum of 16 Cyg B using a limit spectrum model as given by
Equation 3.1. From these we are in a position to test if the l = 4 modes are
likely to be found in Kepler data; to address this we made a Monte Carlo
(MC) set of 2000 simulated power spectra for each of the inclinations i =
10◦ , 30◦ , 50◦ , 70◦ , 90◦ . Half of these included modes of degree l = 0 − 5; half
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only included modes of degree l = 0 − 3, and all had a frequency resolution
corresponding to an observing length of the actual observations.
For all of these simulated power spectra we computed the collapsed spectrum, and chose a single smoothing level of 2 µHz. This smoothing level encompasses all m-components of l = 4 assuming the modes are split by less
than 0.5 µHz. The maximum value was then found in each SC-spectrum in a
±2 µHz window around the expected position of the collapsed l = 4 power.
Two distributions for this maximum value were obtained for each of the inclinations used, that is, one for the spectra including only l = 0 − 3 modes and
one for the ones including l = 0 − 5. Before the maximum values were found
we divided the individual SC-spectra with the ratio of their median value
to the median of the SC-spectrum of 16 Cyg B. This is done such that the
maximum value found in the SC-spectrum of 16 Cyg B can be more readily
compared to the distributions of maximum values from the simulations.
The mean KDE 3 from the different inclination angles are given by the black
(l = 0 − 3) and red (l = 0 − 5) curves in the right panel of Figure 37. The grey
region around each mean curve gives the range for the KDEs of the different inclinations used. In the (frequentist) significance test our null hypothesis
(H0 ) is that only noise is present and thus that the black KDE holds for our
maximum value. The H0 will only be rejected in favour of the alternative H1
hypothesis (not only noise is present) if the p-value of a given observed maximum value falls below a given significance level α. The sparsely hatched
region below the black curve in Figure 37 indicates the region where H0 can
be rejected in favour of H1 at the 5% level. Assuming now that H1 is true and
that there is additional power present, we can find the probability of correctly
rejecting H0 in favour of H1 at the 5% level. This probability is given by the
combined area of the densely and sparsely hatched regions under the red
curve. From this we find that in the case where additional power (here from
l = 4 modes) is present, there is a ∼21% chance of correctly rejecting H0 in
favour of H1 at the 5% level. Correspondingly there is a ∼79% chance that
H0 will not be rejected even though H1 is true (i. e., a Type II error), and one
will not be able to claim a significant detection. The black vertical dashed line
gives the value obtained from 16 Cyg B when following the same procedure as
for the simulated spectra. Under the assumption that our simulations indeed
give an accurate description of the observations for 16 Cyg B, we can from the
maximum value of 16 Cyg B reject H0 at the 5% level. In fact the maximum
value comes, with a p-value of 0.01041, very close to the 1% significance level.
However, we note that such a direct comparison between observations and
simulations should be done very cautiously, as we indeed have a rather poor
handle on some of the important input parameters such as relative visibilities
and mode linewidths. Also, we note that the maximum value for 16 Cyg B
is in the high end of what would be expected from the simulations with a
3 using Silverman’s rule of thumb (Silverman 1986) for determining the kernel bandwidth.
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p-value of 0.14 with respect to the red curve. This could possibly indicate that
the value used for the relative visibility of l = 4 is underestimated.
The Bayesian complement to the above estimate of the significance of the detection (or rather the rejection of H0 ) comes with the use of Bayes’ theorem to
calculate the posterior probability for the hypothesis Hi given the measured
peak value of the SC-spectrum, x. For H0 , and equivalently for H1 , the posterior is given as in Equation 7.6. Assuming no prior preference for H0 over H1
or vice versa (i. e. π0 /π1 = 1), the posterior probabilities, that is, the probabilities in favor of a given hypothesis after actually making an observation, result
in P(H0 |x) ≈ 14% and P(H1 |x) ≈ 86%. We can quantify the meaning of these
values further by the posterior odds ratio in favor of H0 against H1 given the
measured value x as in Equation 7.8 Assuming again no prior preference for
H0 over H1 the posterior odds ratio is simply given by Bayes’ factor. From the
simulated distributions and the observed peak value xobs of the SC-spectrum
we obtain a posterior odds ratio in favour of H1 against H0 of O1,0 = 6.2. According to Jeffrey’s scale (see Section 7.1.2) such a value for O1,0 (between 3
and 10) can thus be interpreted as “substantial" evidence in favour of H1 over
H0 .
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Figure 37 – Distribution (kernel density) for the maximum value in a ±2 µHz window around
the expected position of l = 4 modes for 2 µHz smoothed collapsed simulated power spectra. The black curve gives the mean distribution from 5000 spectra with inclinations of
i = 10◦ , 30◦ , 50◦ , 70◦ , 90◦ (1000 spectra for each) when including modes of degree l = 0 − 3,
while modes of degree l = 0 − 5 were included for the red curve. The gray regions around
these mean curves give the range in the individual distributions from the different values of
the inclination. The sparsely hatched region gives the > 95% area under the black curve, and
thus the region where the null hypothesis (H0 ) can be rejected. The densely hatched region
gives the corresponding region under the red curve, and indicates how often one will be in a
position to correctly reject H0 . The dashed black line gives the value measured for 16 Cyg B.
From Lund et al. (2014a).
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S T E L L A R R O TAT I O N

There is no way to get around rotation when studying stars — every star rotates to some extent. The rotation is an important driver for many dynamical
processes in stars, and will have an effect on their evolution from its role in
setting up transport and redistribution of angular momentum, energy, and
chemical species. A better understanding of rotation in stars is therefore vital
for a better understanding of stars in general. Asteroseismology provides a
means for such enlightenment by allowing the study of rotation not only at
the very surface, but also of the stellar interior as a whole.
The section will contain elements adopted from the publications that I have
participated in, and which dealt with the study of rotation in some aspect.
These publications include Davies et al. (2015), Bonanno et al. (2014), Lund
et al. (2014c), and Van Eylen et al. (2014).
“I shall now recall to mind that the motion of the heavenly bodies is circular, since
the motion appropriate to a sphere is rotation in a circle”
— Nicolaus Copernicus

8.1

stellar rotation in a nutshell

In a nutshell, rotation in stars is simply the manifestation of the conservation
of angular momentum; starting from tiny random motions in the initial cloud
of gas, amplified and cancelled when the gas contracted leaving in the end a
prevailing axis of motion in the newly formed star. Many of the dynamical
processes, such as dynamos — responsible for driving the solar 11 year cycle1
— are intimately linked to the differential rotation of the star, that is, the notion
that different parts of the star rotate at different rates (Miesch 2005; Miesch
and Toomre 2009; Kitchatinov 2013). When discussing rotation we can divide
the star into its different regions of energy transport, namely, convective and
radiative zones.
8.1.1

Internal Rotation of Stellar Convection Zones

Concerning dynamical processes from differential rotation an important ingredient is the presence of convection. In the envelopes of late-type mainsequence stars differential rotation is thought to arise from the interaction of
1 The 11-year cycle (a.k.a. the Schwabe cycle) is half of the 22-year cycle (a.k.a. the Hale cycle)
for the reversal of the solar magnetic field.
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turbulent convection and rotation. Coriolis-induced velocity correlations give
rise to a convective Reynolds stress that redistributes angular momentum,
thus establishing rotational shear (see, e. g., Rüdiger 1989; Miesch 2005). This
shear in turn feeds back on the convective structures and induces a meridional circulation that transports angular momentum and entropy, altering the
rotation profile and potentially influencing the convective driving. The differential rotation profile that ultimately results from this non-linear coupling
depends on the nature of the turbulent transport and potentially the dynamics in the upper and lower boundary layers that straddle the convection zone
(see, e. g., Rempel 2005; Miesch and Toomre 2009; Miesch and Hindman 2011;
Kitchatinov 2013).
Both mean-field models (Rüdiger 1989) and convection simulations attribute
the conical nature of the solar Ω profile (angular velocity nearly constant
with radius in the bulk of the convection zone) to thermal gradients (see, e. g.,
Kitchatinov and Ruediger 1995; Miesch and Toomre 2009; Kitchatinov 2013),
that drive an equatorward transport of angular momentum. The requisite
thermal perturbations are as small as a pole-equator temperature difference
of about 10 K (Miesch 2005). It is, however, still somewhat unclear how these
thermal perturbations are established. Possibilities include the influence of rotation on convective heat transport (see, e. g., Kitchatinov and Ruediger 1995;
Robinson and Chan 2001; Brun and Toomre 2002; Kitchatinov 2013) and/or
thermal coupling to the tachocline2 (see, e. g., Rempel 2005; Miesch et al. 2006).
What does this imply about the rotation profile for more rapidly rotating
stars? The influence of rotation is typically quantified by the Rossby number (inverse of Coriolis number) (see, e. g., Kitchatinov 2013; Kitchatinov and
Olemskoy 2012):
Ro ≡

1
,
2Ω0 τc

(8.1)

where Ω0 is the mean rotation rate and τc is a convection time scale; small Ro
implies strong rotational influence. Vigorous convection, where the turnover
time is small, will have a large Rossby number, and in turn, small differential
rotation because the convection cells have little time to interact with, and be
affected by, the rotation. Thus, the evolution of the differential rotation is also
affected by stellar mass due to differences in the turnover time of the convection and differences in the depth of the convection zone for different masses.
Convection simulations, mean-field models, and stellar observations all suggest that the surface differential rotation ∆Ω ≡ Ωeq. − Ωpole increases with
Ω0 , out to a rate of roughly 10 Ω after which it saturates. This is attributed
to an increase and eventual suppression of the Reynolds stress, as well as the
suppression of differential rotation by the Lorentz force in the most rapidlyrotating, magnetically-active stars. The observational studies mentioned in2 Shear layer formed at the boundary between the envelope convection zone and the interior
(Spiegel and Zahn 1992).
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deed reveal that ∆Ω depends on the star’s rotation rate Prot as well as its mass
and metallicity. The latter two dependencies can be jointly quantified by the
effective surface temperature Teff . From observations, solar-like differential rotation has also in general been observed, in the sense that the equator rotates
faster than the poles (see, e. g., Donati and Collier Cameron 1997; Reiners and
Schmitt 2003; Kovári et al. 2004; Ouazzani and Goupil 2012). Ensemble studies
encompassing many stars indicate a rather weak increase of the differential
rotation ∆Ω with the mean rotation rate Ω (or equivalently a decrease with
Prot ) that is often expressed as a power law; ∆Ω ∝ Ωκ .
With regard to the profiles for the differential rotation it is expected that
rapidly rotating stars (Ro  1) will exhibit cylindrical Ω profiles with a solarlike (positive) ∆Ω and a thin near-surface shear layer (NSSL; thinner than the
Sun). Meanwhile, slow rotators (Ro > 1) may exhibit anti-solar differential rotation with a cylindrically inward Ω gradient (toward the rotation axis). This
slowly-rotating regime is, however, not as well understood, with mixed results from mean-field models and convection simulations. The Sun is thought
to be near the transition for G-type stars (Ro ∼ 1), with conical Ω surfaces and
an equatorward Ω gradient.
8.1.2

Rotation of the radiative interior

This picture gets more complicated when moving to the radiative interior for
a star like the Sun, because nothing can be inferred from neither mean-field
nor convective-shell models. Helioseismic observations have provided information on the solar internal rotation down to a depth of R ∼ 0.2R, from which
there is general concensus that the radiative zone (at least down to this limit)
rotates as a solid body (see, e. g., Tomczyk et al. 1995; Thompson et al. 1996;
Schou et al. 1998; Chaplin et al. 1999). Probing the very core of the Sun is
still a great challenge as only low-degree p-modes or g-modes3 can be used.
Meanwhile, the information needed from these low-degree modes is difficult
to obtain at high and low radial orders due to effects like the frequency dependence of the mode linewidth, and the stellar noise background (especially
problematic in photometric observations).
The net angular momentum in the radiative zone of a sun-like star is determined by stellar spin-down and the coupling timescale τce (see Section 8.2).
The physical processes responsible for the angular-momentum transport and
hence defining τce are, however, still uncertain. The angular-momentum loss
through the torques from a magnetized wind at the surface establishes steep
gradients in the rotation rate giving rise to hydrodynamical instabilities, which
can cause re-distribution of angular momentum. The processes imagined so
far are apparently not sufficiently efficient to account for the slow rotation
3 a firm and unequivocal detection of which is still lacking in the Sun (see, e. g., García et al.
2007, 2010; Appourchaux et al. 2010)
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of the solar interior. One potentially important process is that of so-called
internal gravity waves (IGWs) which are excited mainly by overshoot at the
borders of convective zones. These waves can extract and transport angular
momentum which is then deposited in the damping region for the waves (see,
e. g., Schatzman 1993; Zahn et al. 1997; Kumar and Quataert 1997; Talon and
Charbonnel 2003, 2005, 2008; Mathis 2009; Rogers et al. 2013). Alternatively,
a magnetic field can cause strong coupling throughout the radiative interior
and hence the required angular-momentum transport; the field could either
be fossile (see, e. g., Charbonneau and MacGregor 1993; Gough and McIntyre
1998) or generated through a putative dynamo action in the radiative interior
(Tayler 1973; Spruit 1999, 2002; Maeder and Meynet 2004; Eggenberger et al.
2005).
From observation of Kepler red giants by, e. g., Beck et al. (2012); Mosser et al.
(2012b,a) and subgiants by Deheuvels et al. (2012, 2014) it is generally found
that the ratio of the core-to-envelope rotation rate is in the range from 5-20.
Comparisons of stellar evolutionary models including various mechanisms
for angular momentum re-distribution and the observations from Kepler made
by Eggenberger et al. (2012) and Marques et al. (2013) find that the core-toenvelope ratios from such models are too high to conform to the observations
(see also Sills and Pinsonneault 2000; Denissenkov et al. 2010). In these studies
the authors find core-to-envelope ratios of the order ∼1000, i. e., around two
orders of magnitude larger than inferred ratios from Kepler. Thus, additional
agents for core-envelope angular momentum coupling are still needed for a
successful description of the observations from Kepler red giants.
8.2

gyrochronology

Stars are normally born with rapid rotation (Barnes 2003). In the initial stages
of star formation and evolution the interaction of the stellar magnetic field
with the circumstellar accretion-disk is likely an important factor in establishing the initial angular velocity distribution (at least for late type stars, see,
e. g., Shu et al. 1994; Bouvier et al. 1997; van Saders and Pinsonneault 2013).
Late-type stars with a surface convection zone will subsequently be slowed
down in the outer layers by magnetic braking from the interaction between
the stellar magnetic field and the magnetized wind from the surface (Kawaler
1988; Reiners and Mohanty 2012). The interaction and transfer of angular momentum between the interior and the envelope, and hence the response of the
interior to the spin-down of the envelope, is commonly parametrized by the
core-envelope coupling time scale τce , given as the time needed for angular
momentum equalization of the two regions (Denissenkov et al. 2010). During
the main-sequence phase of a star like the Sun the evolutionary change of
the relative sizes of the core and envelope regions is sufficiently slow, compared to τce , to produce only a modest difference between the rotation of the
interior and envelope (the regions are relatively "well-coupled"). As the star
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evolves off the main-sequence the interior and envelope will to some extent
de-couple as the core contracts and spins up, and the envelope expands and
spins down. One thus expects a large difference between the mean rotation
of the core compared to the envelope in subgiants and even greater in red
giants.
This process of stellar spin-down yields a correlation between rotation period Prot (as measured at the stellar surface) and age t known as gyrochronology (see, e. g., Skumanich 1972; Meibom et al. 2009; Epstein and Pinsonneault
2014). The gyrochronic relation is often parameterised as by Barnes (2007):
Prot = ta b [(B − V)0 − c]d days ,

(8.2)

where t is the stellar age; the remainder of the parameters (a, b, c, d) are simply constants to be fitted upon comparison with observations. This means,
that if a measure can be obtained of the stellar rotation rate, or equivalently
of Prot , an estimate can be given for the stellar age. A relation such as given by
Equation 8.2 only has a limited range in (B − V)0 where it can be used. At low
(B − V)0 values, typically around ∼0.5, the relation is no longer valid, because
the so-called Kraft brake (Kraft 1967) has been reached. Below this limit the
stellar convection zone is too thin to establish a strong enough magnetised
wind to induce any braking; the rotation rate will here depend largely on
the initial conditions of the rotation (see, e. g., van Saders and Pinsonneault
2013). As evident from Equation 8.2, the gyrochronology relation inherently
assumes a solid-body rotation as only a single Prot enters, which from models
is known never to be strictly the case; this will cause some scatter in any observed set of rotation rates. Primarily, the gyrochronology relations have been
calibrated against measurements of stellar clusters (see, e. g., Barnes 2007; Mamajek and Hillenbrand 2008; Schlaufman 2010; Delorme et al. 2011; Meibom
et al. 2009, 2011b,a, 2015). The advantage of clusters is, that all stars have the
same age and metallicity, which can be determined reasonably well (unless
more than one episodes of star formation have taken place), whereby the dominant source of variation in rotation periods will be due to mass differences.
For a given “t” in Equation 8.2 one has a range in (B − V)0 , which serves as a
proxy for mass, and the relation can be calibrated. With data from Kepler the
determination of rotation periods has become somewhat of an industry, with
samples in the thousands (see, e. g. Nielsen et al. 2013; Reinhold et al. 2013;
McQuillan et al. 2014) — and while that is of course fine in its own right, and
age is needed if a calibration of Equation 8.2 is on the agenda. As I will return to in Section 8.4.3, these large-sample rotation measurements mainly use
the periodic signal induced by spots on the stellar surface. An excellent way
to obtain high-precision stellar ages is from asteroseismology. Here one can
then combine age measurements obtained for relatively large samples from
grid-modelling of average seismic parameters, and still use the signal induced
by spots for the rotation period García et al. (2014). A higher precision may
be obtained from a detailed modelling using individual frequencies extracted
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via peak-bagging (see, e. g., Silva Aguirre et al. 2013; Van Eylen et al. 2014;
Lund et al. 2014b; Davies et al. 2015). Here the peak-bagging also delivers
an estimate of the stellar rotation rate that is a better measure of the internal
rotation of the star, and one has a better handle on the potential effects of
differential rotation. Another good reason for resorting to asteroseismology is
that the calibration can include much older systems, with slow rotation rates,
than is generally possible from methods relying on a spot signal.
8.3

effect of rotation oscillation mode frequencies

In the following I will restrict myself to a discussion of the effect of rotation
on p-modes, and on the rotation of late type main-sequence stars.
When assessing the effects of rotation on oscillation mode frequencies the
rotation is most often taken to be slow, such that quadratic terms and centrifugal forces can be neglected. In this slow limit, occupied by most late-type stars
as they have been braked during their evolution, the effects can be found using a perturbation analysis where a slow velocity field from rotation is added
to the equilibrium state of the star. From such an analysis one can get the
following result for the first order (quadratic terms neglected) change in the
angular frequency, ω, due to the velocity field υ0 (Aerts et al. 2010):
R
ρ0 δr∗ · (υ0 · ∇) δr dV
.
(8.3)
δω = −i V R
2
V ρ0 |δr| dV
Here δr denotes the fluid displacement, ρ0 gives the equilibrium state density,
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Figure 38 – Contour plots of the rotational kernels from acoustic l = 2 pulsation modes of
a solar-like stellar model, both with radial order n = 20. The base of the convection zone
of the model, with rc = 0.72R is given by the dashed red line. The parameter θ denotes the
co-latitude. Only the first quadrant of the star has been shown and so the pattern here is
mirrored around the axes. From Lund et al. (2014c).

and the integral is taken over the volume sphere V. One can take the velocity
field as coming from pure rotation, with an angular velocity Ω = Ω(r, θ), and
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assume the entire star to rotate around a common positive axis for a spherical
polar coordinate system. After some arithmetics one arrives at the following
expression for the change in (cyclic) frequency:
δνnml

1
=
2π

Z RZ π
Knml (r, θ)Ω(r, θ)r drdθ .

(8.4)

0 0

Here the quantity Knml (r, θ) is the so-called rotational kernel of the (n, m, l)mode (Hansen et al. 1977; Gough 1981); this is a weighting function, that
describes where in the star the specific mode is sensitive to the effects of rotation. The kernel depends on the equilibrium structure of the star (mainly
through the density) and the displacement functions of the modes, and may
thereby be found analytically from a given computed stellar model. The kernel is symmetric around the equator, whereby only the north-south symmetric
parts of the rotation profile will contribute to the splittings. From Equation 8.4
it follows that the largest possible rotational splitting is obtained when the
maximum regions of the kernel coincide with the maximum regions of the
rotation profile. The frequency change is an odd function of the azimuthal
order m; the degeneracy of a non-radial mode, with the same radial order n
and degree l, but different azimuthal order m, is thus lifted into a multiplet
of (2l + 1) components. The frequencies of components in a given multiplet
can then be written as
νnlm = νnl0 + mδνnlm ,

(8.5)

where νnl0 is the unperturbed resonance frequency of the mode with azimuthal order m = 0. From Equation 8.4 it is clear that the full 2D profile
for the rotation rate should be considered when splittings are computed —
this allows for the inclusion of differential rotation. As different azimuthal
components are sensitive to different regions of the star, as evident from the
kernel, differential rotation will result in a frequency splitting that depends
on l, m, and n. To test the effect of different rotation profiles for a given star
one applies the forward problem, where it is assumed that the rotation profile
and structure of the star (and thus Knml (r, θ)) are known; from this a calculation of the mode splittings is done using Equation 8.4. This is opposite to
the inverse problem, where the structure of the star and the perturbed pulsation frequencies are assumed known, and from these the underlying rotation
profile is inferred.
For the forward calculation a good (numerical) evaluation of the 2D integral integral in Equation 8.4 is not an overly simple task, because the kernel
has many large variations in its value (see Figure 38). For rotation profiles exhibiting only a radial dependence the task of the forward calculation greatly
simplifies, because the latitudinal dependence of the kernel can be accounted
for before the calculation. Before going to the forward calculation much may
be learnt from the kernels themselves. First of all, the construction of the ro-
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tational kernels requires a bit of care, and is in its full form given as (using
m = |m|):
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m 2
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2  ρ(r)r sin(θ)
2
2  dΘl
l cos θ
− 2Θm
ξ (r) ξr (r) − 2ξh (r) Θm
l (cos θ) dθ sin θ + sin2 θ Θl (cos θ)
l (cos θ) + ξh
dθ
 r
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2
Θ
m
2
2
l
+
Θm (cos θ)2  ρ(r)r2 sin θdrdθ
|ξr (r)|2 Θm
l (cos θ) + |ξh (r)|
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sin2 θ l
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(8.6)
with
Θm
l (x)

(2` + 1)(l − |m|)!
=
2(l + |m|)!


1/2

Plm (x).

(8.7)

Here ξr and ξh represent the radial and horizontal displacement functions
from the stellar model, θ is the co-latitude (going from θ = 0◦ at the pole
to θ = 90◦ at the equator), r is the position in radius, ρ(r) is the density,
and Plm (x) is the associated Legendre polynomial. In Figure 38 examples are
given of contour plots of the rotational kernels for l = 2 modes. As seen, the
kernels differ in the regions where they have their highest sensitivity. In short,
the latitude dependence can be given as follows: sectoral mode components
(having m = ±l) are sensitive to the equatorial region; tesseral components
(0 < |m| < l) are (at least) sensitive to higher latitudes; the “at least” refers, for
instance, to octupole l = 3 modes, where the m = 1 component is sensitive to
both the equator and a co-latitude of ∼35.8◦ . Also, the latitudinal extent of the
kernels decreases with the degree of the mode. For all the kernels the minima
in the radial direction of the contour can, to some extent, be thought of as
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the n nodal shells through the stellar radius. This is, however, only a rough
approximation as the horizontal component of the fluid displacement (ξh )
also enters in the kernel — the minima will therefore generally not coincide
with the nodal shells.
The radial dependence of the kernels may be assessed by the cumulative, or
integrated, kernel, where an integration has been performed over co-latitude.
An example of this is given in Figure 39 for a range of n-values. Here the
factor βnl is a normalisation given by the full integral of the kernel:
ZR Zπ
βnl =
Knl (r, θ)r drdθ .
(8.8)
0

0

From this it is seen that p-modes are sensitive to both the inner and outer regions of the star, but most heavily weighted towards the surface. The division
line between the two regions can be given by the base of the convection zone
(dashed line in plot). This is a natural dividing line, because any differential
rotation is generally assumed to reside in the convection zone; the radiative
interior is then seen as having a constant rotation rate.
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Figure 40 – Frequency splittings as a function of radial order n when assuming a solid-body
rotation profile. The solid vertical reference bar at n = 20 shows the extent of a 0.01 µHz
frequency difference. The right-hand side shows the corresponding value of βnl from Equation 8.8. From Lund et al. (2014c).

Now, concerning the effects from different rotation profiles, the simplest
place to start is that of a constant rotation, i. e., Ω(r, θ) = Ω. For such a rotation
profile the splitting for a given m can be written as (Ledoux 1951):
mδνnlm = mβnl

Ω
Ω
= m (1 − Cnl ) ,
2π
2π

(8.9)

where the factor βnl is given as in Equation 8.8. The parameter Cnl being
a so-called Ledoux constant (Ledoux 1951) which measures the effect of the
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Coriolis force, acting against the rotation for a mode advected in the prograde
direction. The Ledoux constant is typically very small, which is illustrated in
Figure 40 where βnl is given as a function of (n, l, m). This means that the
mode splitting is almost exclusively dominated by advection. Another thing
to learn from this figure is that if there is no latitudinal dependence in the
rotation rate the different m components for a given (n, l) will have the same
splitting. The splittings in the figure are given by the following normalised
splitting
Sn`|m| =

νn`|m| − νn`−|m|
,
2|m|

(8.10)

which only includes symmetric splittings between a ±m pair.
An advance in complexity can be given by the following rotation profile
(Snodgrass 1983; Gizon and Solanki 2004), which is a good approximation to
the conical solar rotation profile

A + B cos2 θ + C cos4 θ
r > rbcz
Ω(r, θ) =
(8.11)
D
r < rbcz
with θ denoting the co-latitude. This description gives a profile with latitudinal differential rotation in the outer convection zone, while the inner radiative
zone rotates as a solid body. For each co-latitude the radial change in rotation
rate is given by a step function, i. e., there is no radial component of differential rotation in the envelope. This rotation profile, together with the corresponding splittings can be seen in Figure 41. The thing to notice from these
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Figure 41 – Left: Solar-like rotation profile. The small left panel gives the 2D rotation profile
of the star; the 1D rotation profiles are given in the small right panel for the subset of colatitudes indicated on the 2D rotation profile. Right: Frequency splittings as a function of
radial order n for the solar-like rotation profile. The solid vertical reference bar at n = 20
shows the extent of a 0.01 µHz frequency difference. From Lund et al. (2014c).

splittings is that there is now a clear difference in the splittings for different
azimuthal orders and angular degrees; this is further illustrated in Figure 42
for a given radial order. If these different splittings can be measured, one
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could possibly infer the rotation profile via inversion; in Section 8.4.1 I will
look more into why such an inversion will likely be problematic given the
current quality of data. For the behaviour of splittings for other profiles for

Figure 42 – Illustration of the effect of the m-dependence in frequency splitting. The top curve
shows the splitting for an l = 1 mode, the lower curve for an l = 2 mode (for an assumed
i? ≈ 45◦ ); the black curve signify an assumed constant (m-independent) splitting, while the
red curve on top includes the a differential rotation profile similar to that shown in Figure 41.
Note that the absolute values for the splitting, height, and mode width bare no meaning in
themselves — only relative heights and splittings between m-components are of importance.

the differential rotation I refer to Lund et al. (2014c).
8.3.1

Rapid rotation

For moderate to rapid rotation one can no longer ignore the centrifugal distortion of the star, and second order terms in Ω can will enter the prescription
for the splitting. This will lead to further and more complicated contributions
to the splittings by introducing an |m| dependence, that is, even in m. This
further means the the central m = 0 components of a split multiplet will
experience a shift, as will l = 0 modes. If the rotation is not too fast the analysis to second order can still be found by a pertubative analysis (see, e. g.,
Dziembowski and Goode 1992; Kjeldsen et al. 1998) as:


ν2s
νnl



(1)

(2)

νnml = νnl + mνs (1 − Cnl ) +
(∆nl + m2 ∆nl )
 2 3
(3)
2 νs R
+ 4π
νnl ∆nl Q2lm ,
GM

(8.12)
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Figure 43 – Illustration of the effect of second order splittings as a function of rotational
frequency for an l = 1 (left) and an l = 2 mode (right), both with a resonance frequency
of νnl = 2000 µHz. The dashed black lines for each of the m-components give the firstorder solid-body splitting (assumed directly proportional to the rotation rate); the solid lines
give the second-order splittings. The gray scale indicates the relative height of azimuthal
components when assuming an inclination of i = 82◦ .5. The dash-dotted horizontal line
indicates the frequency splitting that was obtained from peak-bagging of Kepler-410. The
adopted mode line width is Γnl = 1 µHz. The cross gives the mid-point between the mcomponents of ±l. From Van Eylen et al. (2014).
Ω
where νs = 2π
was used. The different quantities entering the equation are
given as (Kjeldsen et al. 1998):


(l + 1)(l + 2) l(l − 1)
2
(1)
+
(8.13)
∆nl ≈
2l + 1
2l + 3
2l − 1
4
(2)
∆nl ≈
(8.14)
(2l − 1)(2l + 3)

(3)
∆nl

Q2lm

RR
4 0 (r/R)3 dr/c
≈
RR
3
0 dr/c
R1 0
P (x)Plm (x)2 dx
l(l + 1) − 3m2
= −1R1 2
=
m
2
(2l − 1)(2l + 3)
−1 Pl (x) dx

(8.15)
(8.16)

(3)

where the value for ∆nl is found from a best fitting model, with c being the
(3)

sound speed. For a centrally condensed star ∆nl ≈ 23 is a good approximation
(Kjeldsen et al. 1998). An example of the change in frequencies as a function
of the rotation rate is given in Figure 43. For very rapidly rotating stars, the
pertubative approach often followed is no longer applicable and a 2D numerical approach can be needed (see, e. g., Lignières et al. 2006; Reese et al. 2006;
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Ouazzani et al. 2012). From Reese et al. (2006) it can be found, that at a rate of
0.2ΩK the pertubative estimate starts to deviate
q from full calculation, where
ΩK denotes the break-up rate given as ΩK = GM/R3pol .
8.4

on measuring the rotation rate

There are several different methods by which information can be obtained
about the rotation rate of the star. In this section I will go through some of
these methods, but with emphasis on the estimation from frequency splittings. I note that the estimates from different methods should be compared
with some care, because they generally have somewhat different region of sensitivity. Frequency splittings will, for instance, be affected by the entire star
(see Figure 39); most other methods are primarily sensitive to the very surface
layers of the star.
8.4.1

Frequency splittings

When measuring splittings from mode frequencies, it is customary to treat
them as being the same for all modes, and the obtained splitting is interpreted
as the rotation frequency of the star; this gives a splitting as in Equation 8.9
with the assumption of βnl = 1. This is of course somewhat of a misnomer,
because modes will be split differently (even for solid-body rotation). The
use of Equation 8.9 is, however, warranted by the relatively small effect that
differential rotation introduces — below I will touch upon some of the aspects
that should be considered if a measurement of differential rotation is to be
attempted. One may, however, estimate which parts of the star are sampled
by this measured average rotational splitting — this is especially useful if one
wants to compare a measure from frequency splitting to other measures of
rotation. This was done in Davies et al. (2015) for the radial and latitudinal
components individually. It is then assumed that the measured splitting can
be written as the weighted average of splittings from different (n, l) multiplets
as:
P P
n
i Wnl δνnl
P
,
(8.17)
hδνi = P
n
i Wnl
with a weighting given as Wnl = 1/σνnl , that is, the uncertainty on the measured resonance frequency. The left part of Figure 44 gives the average radial
kernel for the model of the star considered in Davies et al. (2015), namely 16
Cyg A. This is composed by the radial kernels from the different modes used
in the measurement of hδνi, and weighted by Wnl . As it can be seen this average kernel is heavily weighted towards the stellar surface. The same may be
done considering only the latitudinal component. In the construction of the
average latitudinal kernel, given in the right panel of Figure 44, the weighting
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Figure 44 – Left: Weighted radial kernels for the modes of the best fitting model for 16 Cyg
A. The mode degree for the kernels is indicated in the legend as Knl . Note, that the radius
axis is in logarithmic units for better resolution of the near-surface layers. Right: Weighted
latitudinal kernels, with an additional relative weighting between kernels of the same degree
given by the visibility factor Elm (i), using the inclination obtained for 16 Cyg A. The degree
and azimuthal order of the kernels are now given by the legend as Klm . From Davies et al.
(2015).

of kernels is done in the same manner as before, but with the addition of an inclination dependent term. Specifically, components from different azimuthal
orders are weighted by the geometrical factor Elm (i), and using here the inclination i obtained for the given star. This factor is used because it defines
the relative visibility between different m-components in a split multiplet; a
plot of Elm (i) against the inclination i is given in Figure 45. The average latitudinal kernel shows that mainly the near-equatorial regions are sampled. If a
simple latitudinal profile such as Ω(θ) = A + B cos2 (θ) is adopted the latitude
corresponding to the latitude-only splitting may be estimated by setting
Zπ
2
A + B cos (θ) = hK(θ 0 )iΩ(θ 0 )dθ 0 ⇒
(8.18)
0
Zπ
Zπ
2
0
0
A + B cos (θ) = A hK(θ )idθ + B hK(θ 0 )i cos2 (θ 0 )dθ 0 ⇒
(8.19)
0
0
Zπ
2
cos (θ) = hK(θ 0 )i cos2 (θ 0 )dθ 0 ,
(8.20)
0

a numerical evaluation of the last equality in Davies et al. (2015) gave a latitude of ∼30◦ , which interestingly is close to the latitudes where spots are
generally considered to reside.
8.4.1.1

On actually measuring the differential rotation

Now, why should it then be so difficult to actually measure the differential
rotation from the mode splittings? Lets go through some of the complicating
factors in turn.

117

8.4 on measuring the rotation rate
90
80
70

Inclination [ ◦ ]

60
50
40
30
20
10
0

−0.5

0.0

0.5

−0.5

0.0

Frequency [µHz]

0.5

−0.5

0.0

0.5

Figure 45 – Left: Visibility of the (2l + 1) azimuthal m-components for a split l = 1 dipole
multiplet as a function of inclination, as given by the visibility factor Elm (i). The grey scale
goes from white at low visibility, to black at high visibility. Middle: Visibility map for a split
l = 2 quadrupole multiplet. Right: Visibility map for a split l = 3 octupole multiplet. For
similar visibility maps for hexadecapole (l = 4) and dotricontapole (l = 5) modes, see Lund
et al. (2014a). Figure inspired by Gizon and Solanki (2003).

inclination In an actual measurement situation the inclination would
dictate which of the split mode components can be seen (see Figure 45); it
will therefore not be all points, in an example as given in Figure 41, from
which information can be gained. Initially it is interesting to figure out which
mode-pairs are actually of interest if differential rotation is to be measured. As
described in Section 8.3, different (n, l, m) components will have different sensitivities vis-á-vis the latitude. Now, information on differential rotation can
only be gained if the splitting can be obtained from mode components with
different latitudinal sensitivities. The information content of different component pairs may be assessed by looking at the difference in the latitudinal
dependence of the components; this is done in Figure 46. Here the lightness
of the background of each tile is proportional to the relative information content between the pairs. Neglecting splittings relying on l = 3, we see that
the most can be learned if splittings can be measured for both |m| = 1 and
|m| = 2 components of an l = 2 multiplet. After this pair the most promising
one is the pair from an l = 2 m = 1 and an l = 1 m = 1. Considering now
the inclination, it was shown in Figure 45 how the relative visibility of components vary with inclination. It is clear, that in order to actually measure the
splitting from a given mode pair, both components must be visible. To get an
idea of the inclination angle that, for each pair, makes for the best conditions
in a measurement situation one can look at the product curve for the respective Elm (i)-factors of the pair; this is done in Figure 47. Here as in Figure 46
the lightness of the background gives the relative information content. As it
can be seen, both pairs with most to say about differential rotation (when
neglecting l = 3), have an optimum inclination angle around i ≈ 60◦ .
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as a function of co-latitude. The legends indicate the (l, m) combination for the kernel; for
all kernels n = 20. The lightness of the background indicates the peak-to-peak difference
between the respective pairs of kernels, going from white (large difference) to dark gray
(small difference). From Lund et al. (2014c).

line width vs. rotation rate A second point one might worry about
when it comes to measuring differential rotation, or rotation in general, is
how well separated the mode components are with respect to the mode width
(Ballot et al. 2006). We can quantify this by a reduced splitting given as the
−1
ratio between the splitting, approximated by Prot
, and the half mode width
−1 −1
ηnl = Γnl /2. The higher the value of Prot
ηnl the more well separated components will be, and the higher precision may be achieved on any measure of
rotation. It should be noted that even for low reduced splittings an estimate
is possible, largely because the mode width can be anchored to neighbouring
l = 0 modes, but the precision will be affected. In Figure 48 an example is
−1 −1
given of a split multiplet for l = 1, 2, 3, for two values of Prot
ηnl , and for a set
of different inclination angles. For an l = 2 multiplet, at an inclination around
the optimum from above, it is difficult to discern the |m| = 1 and |m| = 2
−1 −1
−1 −1
components from each other at Prot
ηnl = 1; at Prot
ηnl = 2 this distinction is
appreciably easier. Thus, in order to make a measurement of the splittings of
different m-components we would hope at least to have a reduced splitting
above 1. Now, a rough estimate can be given of how this reduced splitting
might vary with age and effective temperature. To that end I have in Fig−1 −1
ure 49 computed the reduced splitting Prot
ηnl as a function of age and effective temperature from a grid of PARSEC4 isochrones (Bressan et al. 2012). The
4 PAdova and TRieste Stellar Evolution Code
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Figure 47 – Product of visibility factors Elm (i) for the different mode pair combinations (in
arbitrary units), as a function of the stellar inclination angle. As in Figure 46, the lightness of
the background indicates the available information content on latitudinal differential rotation
for the respective mode pairs, with more information the lighter the background. The product
curve is given in black (multiplied by a factor of three); the curves for the individual (l, m)
modes are given in either red or green (see the legends). The optimal inclinations, given by
the peak of the respective product curves, are indicated by a black dot and a vertical dashed
line. The scale on the ordinate goes from 0 to 1 in all tiles. From Lund et al. (2014c).

estimate of the rotation period comes from the gyrochronology relation by
Barnes (2007), and the line width comes from the Teff -dependent relation for
Γ (νmax ) by Appourchaux et al. (2012). The isochrones give all necessary input
parameters, including a measure of the (B − V)0 color for the gyrochronology relation (Bessell 1990; Maíz Apellániz 2006). Overplotted on Figure 49
are four stellar evolution tracks, calculated using the Aarhus stellar evolution
code (ASTEC; Christensen-Dalsgaard 2008a), with masses from 0.9M -1.2M .
As seen, for much of the parameter space the reduced splitting is indeed less
than 2, and any attempt to measure differential rotation (even for an optimum
inclination angle) will be difficult. One can, however, use such an estimate of
the reduced splittings to define regions of parameter space where it might be
worth to study the effect of differential rotation, viz., young and cool stars.
The result shown in Figure 49 is naturally highly dependent on the formulation for the mode linewidth, and should therefore only serve as an approximate description of the impact of the mode linewidth. There is in the field
a general consensus on a high temperature dependence, but the value of the
exponent is still an issue of much debate (see, e. g., Chaplin et al. 2009; Baudin
et al. 2011a,b; Belkacem et al. 2012; Houdek 2012; Belkacem et al. 2013).
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where to look? Even if a star has been found with a high reduced splitting according to Figure 49, recall that the linewidth used is only valid at νmax .
As mentioned in Section 1.5.2 the total combined damping rate is overall increasing with frequency, with the result that above νmax the reduced splitting
will drop from that given in Figure 49; below it will correspondingly increase
— it is the low-frequency modes that have the most potential. Fortuitously, it
is also at the low-frequency end the most information can be gained on the
change in splitting with radial order (see Figure 41). An obstacle now presents
itself from the way the S/N drops when going away from νmax ; at the lowfrequency end this is to a great extent set by the stellar noise background (see
Section 9), which rises towards low frequencies, and the inefficient excitation
of otherwise weakly damped modes. At high frequencies a higher damping
combined with low energy eddies for the mode excitation also gives a low
S/N. Overall, the modulation of heights is generally well approximated by
a Gaussian envelope centered on νmax (Section 1.5.2). I sum, at the low frequency end, where there might be information to gain from the relatively
large reduced splitting, both a decrease in heights from the damping/excitation of the modes and the rising noise background from the star conspire to
a low S/N. For the low frequency end the frequency resolution of the power
spectrum can also become an issue if the linewidths gets very small. This is
one of the reasons why a network like SONG (see Section 4.3) is needed; with
its observations being in velocity rather than photometry it will have a much
reduced impact from the stellar noise background.
measurement method In one were then to actually try and extract the
splittings how might this be done? A straightforward method would be to fit
the power spectrum by order, and then for each order extract splittings for
different l and m components. A danger in this approach is that a parameter
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age for a grid of PARSEC isochrones (Bressan et al. 2012). The hashed region gives the limit
of the isochrone grid. Overlain are four stellar evolution tracks with masses from 0.9M 1.2M . The red dot indicate the position of a 1 Gyr stellar model used later in the calculation
of frequency splittings.

as the inclination, which should have a common value across orders, will be
free to vary for each order. Also, the uncertainties of all parameters are not
properly propagated in the marginalisation of the splitting for a given order.
Instead one could fit a full model to the power spectrum and then have a free
set of splitting parameters for each order — this would, however, quickly give
a very large number of free parameters in the fit. It is unfortunately also difficult to include a smoothing regularisation, or some smooth parametrisation
of the splitting as a function of (n, l, m), because the variation need not be
smooth in any way; as shown in Lund et al. (2014c) the n-dependence can be
rather ragged depending on the smoothness in the rotation profile. Nielsen
et al. (2014) made an attempt to discern signs of differential rotation in six
solar-like stars by fitting a single “solid-body” splitting to different orders individually, but concluded that no significant difference could be seen in the
splittings across the orders. This finding can almost be understood directly
from Figure 41 (assuming for the sake of argument that this is the type of
rotation profile of relevance for the solar-like stars studied) where the fitted
splitting would be given by some weighted average of the l = 1 and l = 2,
m = 1, 2 splittings. As shown in Figure 41 the relative change in splitting with
n is very small, especially for the range of 7 − 8 orders centred on νmax (which
typically has n ∼ 20) fitted in Nielsen et al. (2014).
For a given measurement method one may estimate probable parameter
uncertainties, before the fact. This could be done as in Ballot et al. (2008) us-
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Figure 50 – Theoretical frequency errors as a function of the stellar inclination angle. The
computation are done using Equation 8.21 for modes of l = 1 (left), l = 2 (middle), and l = 3
(right). For each mode, the frequency errors are computed for a range of reduced splittings,
denoted by xs (see legend). Figure inspired by Ballot et al. (2008).

ing the hessian of the limit spectrum (see Section 3.2), whose elements can
be approximated from the likelihood function from a large number of realisations (see Equation 3.12; Libbrecht 1992; Toutain and Appourchaux 1994;
Ballot et al. 2008). When the observing time T is much larger than the mean
mode lifetime τ, equivalent to the frequency bin size of the power spectrum
being much smaller than the mode linewidth Γ , this can be approximated by
the integral:
Z +∞
∂P0 ∂P0
1
dν ,
(8.21)
hij ' −T
2
−∞ P0 (ν, Θ) ∂Θi ∂Θj
where P0 denotes the limit spectrum, and Θ the parameters for this. An example of an uncertainty calculation via this method is given in Figure 50,
which gives the uncertainty as a function of inclination on the determination
of the central mode frequency; the parameter xs denotes the reduced split−1 −1
ting Prot
ηnl . As can be seen from Figure 50 a low frequency uncertainty is
obtained at low inclinations when xs is low, and at high inclinations when xs
is high. For low xs the azimuthal components largely merge and it is advantageous to have a reduced spread of power in frequency, which is obtained
at low inclinations; for high xs the azimuthal components are well-separated
and it is then advantageous to have a large spread of power in frequency,
which is obtained at high inclinations (see Figure 45). The wiggles in the uncertainty corresponds to the change in visibility of tesseral components with
inclination. This plot is similar to that given in Ballot et al. (2008), but here
including l = 3. A similar calculation could be done for mode splittings, but
this would depend on how the splittings were parametrised.
“simplification biases” As a final point in the description of the measurement via frequency splittings, it is interesting to estimate what is actually
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measured when differential rotation is neglected — depending on ones philosophical bent this may be called a simplification or ignorance bias from adopting a simplified/wrong model. In essence this was also done for the latitude
in Section 8.4.1, but in a somewhat qualitative manner using radial-latitude
de-coupled average kernels. We can estimate the bias by first making a “data”
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Figure 51 – Fitted splitting (red line) for a data set including differential rotation, but fitted
with a simplified model only including an m-independent splitting. Horizontal lines give the
splittings for the different azimuthal components; the colour of these lines indicate the value
of the visibility factor Elm (i), going from white (low visibility) to blue (high visibility). The
lightness of the fitted splitting indicate the corresponding co-latitude for the given rotation
profile (see colour bar). The grey region gives the estimated uncertainty of the measured
splitting.

limit spectrum, that includes the effect of differential rotation via Equation 8.4.
This is then fitted with a model that includes only an m-independent splitting,
i. e., one as in Equation 8.9. The fitting is done following the prescription by
Toutain et al. (2005), where the likelihood function is given by Equation 3.12.
Figure 51 gives an example of this exercise. In this example a solar-like rotation profile as given by Equation 8.11 was used, and δnlm denotes the splitting
of the different components as in Equation 8.10. The rotation period used to
set these splittings is half the period (with a value Peq = 4.045 days) suggested
by the gyrochronology relation by Barnes (2007) for the 1 Gyr old star indicated by a red dot in Figure 49. This “fast” scenario could be one where it is
assumed that an efficient wind-based spin-down has not taken place, because
the star is rather close to the Kraft brake and thus dependent on initial conditions. So, if our star had an initial rotation period of Peq = 4.045 days it would
not have spun-down significantly over its 1 Gyr lifetime. The value of differ-
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ential rotation ∆Ω is estimated from the relation for the surface differential
rotation by Kitchatinov and Olemskoy (2012).
The colours of the corresponding horizontal lines give the relative visibility of the components, going from white (low) to blue (high). The red curve
gives to fitted splitting as a function of inclination angle, with the grey region showing the estimated uncertainty; these calculations were made from
MLE using the MINUIT (James and Roos 1975) algorithms through the Python
wrapper PyMinuit5 . The colatitude with a rotation rate corresponding to the
measured splitting is now given by the lightness of the red colour as shown
by the colour bar. As it can be seen, the measured splitting changes with inclination. At low inclinations the uncertainty is, as expected, very high, and will
in principle go to infinity at zero inclination. Still, the awareness of such a bias
from a simplified model could be important if one interprets/assumes the fitted splitting to be that of, say, the equator for use in other computation. For
the slow rotation rates of main-sequence solar-like oscillators the differences
are very subtle though, and likely within the measurement uncertainties. Fig(
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Figure 52 – Left: Rotational splitting as a function of differential rotation shear, α, using
the rotation profile given by Equation 8.22. Dashed lines indicate the fixed rotation rates of
the equator in the outer convection zone (Ωeq ), the inner radiative zone (Ωinner ), and the
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solar-like (anti solar-like) differential rotation. Right: Fitted splitting (as in Figure 51), using
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ure 52 shows a set of similar measured splitting curves, but for a range of
different strengths of differential rotation. The left panel shows the splittings
for l = 1 and l = 2 modes for different values of the shear α, using the slightly
simpler version of a conical solar rotation profile:

Ωeq (1 − α cos2 θ)
r > rbcz
Ω(r, θ) =
(8.22)
Ωinner
r < rbcz
5 http://code.google.com/p/pyminuit/
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For all α the inner and equatorial rotation rates are the same. Ωeq is as in Figure 51 determined from the gyrochronology Prot of the model marked with a
red dot in Figure 49, but here showing the “slow” scenario where the star have
had time to slow down. The rotation rate of the radiative zone, Ωinner , is set to
the surface rotation rate at a co-latitude of θ ≈ 67.6◦ which is the approximate
θ where Ωinner, = Ω(R, θ) . The differential rotation shear α is also estimated
from the relation for the surface differential rotation ∆Ω by Kitchatinov and
Olemskoy (2012). Negative values of α correspond to anti-solar differential
rotation, where the poles rotate faster than the equator. The right panel of the
figure shows curves as the red curve in Figure 51 for splittings as in the left
panel, again for the “fast” scenario, i. e., with splittings multiplied by a factor
of 2. This also makes for an easier fitting, with the higher reduced splitting
(the adopted linewidth is Γ = 1 µHZ). At i = 90◦ this span in scenarios for
the differential rotation gives the smallest span in the measured splitting of
∼0.4 µHz, which is approximately ∼14% actual equatorial rate in the given
system.
8.4.2

Spectroscopic V sin i?

An estimate of the surface rotation of a star may be obtained from spectroscopy, from the effect rotation has on spectral lines (see, e. g., Gray 1976,
2005). Rotation has the effect of introducing a broadening of spectral lines.
This broadening is the combination of co-adding the intrinsic spectral line,
Doppler shifted by different amounts by rotation when integrating the light
over the stellar disk. The limbs of the star with the highest radial velocities,
and hence Doppler shifts, will therefore contribute mostly to the wings of
the spectral line, while the center of the stellar disk contribute mostly to the
center of the spectral line.
The effect of rotation can be calculated explicitly if one assumes the star to
rotate as a solid body, and have a surface intensity governed by a linear limbdarkening (LD) law. With these assumptions the so-called rotational broadening kernel G(∆λ) can be calculated as a function of v sin i? and the linear
LD coefficient (LDC) ε (see, e. g., Carroll 1933; Gray 1977; Collins and Truax
1995; Gray 2005). The rotationally broadened line will then be given by the
convolution of the intrinsic line H(∆λ) with G(∆λ).
This picture is unfortunately a bit too simple, because besides the broadening from rotation the spectral lines will be broadened by other agents such
as the instrumental profile, microturbulence (see Nissen 1981), and macroturbulence. Of these the instrumental profile, and the microturbulence can be
estimated the easiest; the instrumental profile can, for instance, be well characterised a priori. The observed spectral line D(∆λ) is then computed as a
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convolution (denoted by ∗) of the intrinsic profile H(∆λ) with the different
broadening mechanisms:
D(∆λ) = H(∆λ) ∗ M(∆λ) ∗ J(∆λ) ,

(8.23)

where the instrumental and microturbulent broadening have been joined in
J(∆λ). The kernel M(∆λ) denotes the “macrobroadening”, that includes the
combined effects of rotation and macroturbulence. The macroturbulence is
often described using the radial-tangential formalism by Gray (2005) as
"


2
2 #
∆λ
∆λ
1
1
−
−
Θ(∆λ) ∝
e ξRT cos φ +
e ξRT sin φ
.
(8.24)
ξRT cos φ
ξRT sin φ
Here φ gives the angle between the line of sight and the surface normal. The
effects of macroturbulence and rotation then needs to be combined via diskintegration (Reiners and Schmitt 2002; Pribulla and Rucinski 2008). At each
point on the surface the macroturbulence is Doppler shifted by the radial
component of rotation at that point; M(∆λ) is then computed as
ZZ
M(∆λ) = ζ
I(cos φ) Θ(∆λ − ∆λrot (x, y)) dxdy ,
(8.25)
disk

where ∆λrot (x, y) denotes the Doppler shift from rotation at the (x, y) position
on the stellar disk, I(cos φ) gives the surface intensity, and ζ is a normalisation
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constant determined such that M(∆λ) integrates to 1. For the surface intensity
one can then use any LD law one finds appropriate, linear or non-linear (e. g.,
Claret 2000). It is important to note that the macrobroadening is not simply
given by the convolution of the rotational kernel and macroturbulent kernel
in turn (see Gray 2005), but should be calculated via disk-integration (see also
Takeda 1995; Hirano et al. 2011).
Now, in the more general case we know that the rotation will be differential
and vary over the stellar surface. This will cause the projected radial velocities to differ significantly from those of the solid-body case where lines of
constant velocity are vertical. In the general case the lines of constant velocity
will curve and depend both on the amount of differential rotation (via α; see
Equation 8.22) and the inclination of the stellar spin axis away from the line
of sight i? . Examples of RV maps for varying α and i? are given in Figure 53
(see Domiciano de Souza et al. 2004). Assuming a spherical star the projected
velocity from a given surface point is given as (with the z-coordinate pointing
towards the observer)6
h
i
2
◦
(8.26)
vproj = [Ω(`) × R]z = −y veq sin i? 1 − α cos (90 − `) ,
where the latitude, `, corresponding to a given (x, y)-coordinate on the stellar
disk is calculated as
p
sin ` = y sin i? + 1 − x2 − y2 cos i? .
(8.27)
It is then the projected RV from Equation 8.26 that should enter in the macrobroadening of the line via Equation 8.25.
In Figure 54 examples are given of the effect of varying α and i? . In summary, the spectral line will become narrower/wider (and consequently deeper/shallower) for increasing solar-like/anti solar-like differential rotation (see
also Reiners and Schmitt 2002).
As mentioned earlier the extraction of rotation only from the spectral line
is difficult, because the contributions from the different broadening mechanisms needs to be disentangled. Here, independent rotation measures from
asteroseismology can be used. This was done recently by Doyle et al. (2014),
where asteroseismic measures of the rotation and the inclination were used
to isolate the macroturbulent velocity as a function of Teff . Such a calibration
may then be used to extract the component from rotation for other targets.
The extraction is then typically done in one of two ways. The first and most
widely used is simply to fit a model spectral line to the spectroscopic data,
and then optimise for the broadening. This should be done cautiously, because the different broadening mechanisms are very difficult to distinguish in
the wavelength domain. Here, it is unfortunately also sometimes seen that the
treatment of rotation and macroturbulence is done in a decoupled way, rather
6 We define x and y as going from −1 to 1, with y along the projected stellar spin axis and x
perpendicular to this.
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Figure 54 – Left: Effect of differential rotation on the broadening of a spectral line for a
fixed inclination of i? = 90◦ and an equatorial rotation rate of veq sin i? . The size of the
rotational shear, α, is indicated by the legend. The dashed line indicate the solid-body rotation
profile. The line is broadened according to Equation 8.23 assuming a central wavelength of
λ0 = 5425.257 Å, corresponding to an Fe II line. Right: Effect of varying the stellar inclination,
and hence veq sin i? , for a fixed value of α = 0.2.

Figure 55 – Illustration of the idea behind the Fourier method. Left: The instrumental profile
p(λ), and rotational kernel b(λ) in wavelength space. Middel: Fourier transforms for the
two profiles; F[b(λ)] = B(ν), F[p(λ)] = P(ν). Right: Fourier transforms in logarithmic units,
here the zero-points of the rotation kernel stand out clearly. The “observed” in Fourier space
would be given by the product B(ν)(ν). From Royer (2005).

than via disk integration as in the macrobroadening kernel. One should be extra suspicious of very small estimated values of V sin i? , which could signify
that what has been fitted is actually the instrumental profile. Lastly, it should
be remembered that quoted errors on the fits reflect the internal errors on the
fit and have little to do with accuracy. The second method is known as the
Fourier method (see, e. g., Gray 1976, 2005), and relies on the lessons learned
in Section 2.4.1 from the convolution theorem. The general idea is illustrated
in Figure 55; in the Fourier domain the Fourier transforms of the different
broadening kernels are multiplied and one can now use that the different
shapes of the kernels will give rise to distinct zero-points in the Fourier domain product. For a solid-body rotation the positions of the zero-points can be
determined fully (Carroll 1933), assuming the LD is known (this can shift the
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Figure 56 – Effect on the Fourier transform of the rotational broadening kernel from introducing differential rotation. The different lines correspond to different values of the shear α
(see legend). From Reiners and Schmitt (2002).

zero-points Reiners and Schmitt 2002). The rotation measure, V sin i? , from
the Fourier method is typically estimated in this context from the first zeropoint in the Fourier transform of the spectral line (Dravins et al. 1990; Díaz
et al. 2011). One may, however, also get an idea of the differential rotation of
the star. Gray (1977) showed (see Figure 56) how the introduction of differential rotation would change the relative positions of the zero-point (Reiners
and Schmitt 2002), such that one could estimate α from the ratio of the two
first zero-points — this was, for instance, used in Reiners (2006), Reiners and
Schmitt (2003) for the spectroscopic determination of differential rotation in
field stars. The determination of rotation from spectral lines does come with
some disclaimers (Royer 2005), such as: a clever choice of lines, that are unblended, dominated by rotation (i. e., no Balmer lines or the like), and close
to the continuum for easy normalisation. The domination by rotation can be
difficult to achieve for late-type main-sequence stars, where the other broadenening mechanisms can make the identification of zero-points from rotation
difficult, and the slower the rotation the higher spectral resolution is needed
(especially if more than the first zero-point is to be determined).
8.4.3

Activity tracers

The last method I will mention here, and one that is widely popular, is the
use of activity tracers for determining the stellar rotation. Among such tracers
are dark surface spots, indicating high levels of surface magnetic activity, or
bright faculae, which induce a modulation of the light curve when the star rotates. It is from analysis of this modulation that the rotation rate is determined.
One should, however, be aware, that the estimated rotation rate will depend
on the properties of the tracer, e. g., the depth at which it is anchored (Foukal
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1972); for sunspots this manifests itself in a difference in measured rotation
rates depending on the size distribution of the spots (see, e. g., Howard et al.
1984). One could imagine that an anchoring below a potential near-surface
shear layer would result in higher rotation rates than those found from measurements of, say, spectral lines (see, e. g., Wilcox and Howard 1970; Brown
et al. 1989). This effect would likely be even more pronounced for a very deep
anchoring close to the tachocline. In assuming a migration of activity belts
over a stellar cycle, if such a cycle exists as in the Sun, the phase of the cycle
at the time of measurement will also have an impact on the measured rotation
rate. General for most of the methods using the light curve modulation is that
it is impossible to say anything about what latitude the measurement pertains
to.
Now, concerning the measurement techniques there is a whole range to pick
from. The simplest is probably the signal imparted at very low frequencies in
the power spectrum. A measurement of the frequency of this signal, either
via an iterative sine-wave fitting or simply from the highest peak, can give
an easy estimate of the rotation rate (see, e. g., Campante et al. 2011; Nielsen
et al. 2013). If distinct latitude belts are occupied by surface spots this method
may even be used to get a rough estimate of the differential rotation, as suggested by Reinhold and Reiners (2013) and Reinhold et al. (2013). One should,
however, be careful not to confuse a series of low frequency peaks that might
emerge from the decay of surface spots with a sign of differential rotation.
A somewhat similar method, which works in the time domain, is that of
using the autocorrelation function (ACF) of the time series — this was most
noticeably introduced to the analysis of Kepler observations by McQuillan et al.
(2013, 2014). One strength of the ACF method is that it is more stable against
picking up the signal from the half rotation period, which the power spectrum
method (PSM) is more prone to. If, for instance, a star has two spots on a given
latitude situated on either side of the star, the PSM would give the highest
signal to Prot /2; the ACF would more often correctly assign most signal to Prot .
Also, the ACF seems much more stable to noise and instrumental features in
the time series. In Figure 57 an example is given of the ACF and PSM applied
to data from the Kepler target KIC 8629244 where the PSM returns half the
period of the ACF.
An improvement to the PSM comes with the use of the wavelet transform
introduced in Section 2.3 (see, e. g., Mathur et al. 2010; García et al. 2013;
Mathur et al. 2014). Here one can use the signal in the global wavelet spectrum
(spectrum collapsed along the translation axis), for a more robust measure of
the rotation rate, and it can be checked whether the signal seen with the PSM
indeed originates from a periodic signal.
A more computationally heavy approach, but with the potential for a much
more information, is that of spot modelling (SML) (see, e. g., Henry et al. 1995;
Fröhlich et al. 2009, 2012; Bonomo and Lanza 2012; Lanza et al. 2014; Bonanno
et al. 2014). Here the approach is to fit the time series by introducing a number

131

8.4 on measuring the rotation rate

Figure 57 – Top: Segment of the time series for the Kepler target KIC 8629244, with vertical
dashed lines separated by the period determined from the ACF. Middle: The actocorrelation
function (ACF) of the time series (in red) and the so-called narrowed ACF (NACF; in black),
which here for a given period is given by the sum of the following six bins of integer periods
(Brown and Puckette 1989; Brown and Zhang 1991). The grey lines give the so-called large-lag
standard error (Anderson 1976), green and blue circles indicate local minima and maxima,
and the vertical dashed line gives the estimated periodicity. Bottom: Power spectrum of the
time series; the red marker indicate the highest peak in the spectrum, which would have
been picked up by the power spectrum method (PSM). The green marker indicate the peak
corresponding to the period from the ACF.

of surface spots and then simulating the light curve. One can then vary the
number of spots, their sizes, temperatures, phases, latitudes along with the
parameters describing the adopted differential rotation profile. Needless to
say, a solution will never be unique, but using standard Bayesian techniques
one can make model comparisons and evaluation — just as in any other fitting
problem. The method works the best when the spot signal is strong, and
only few spots seem to affect the light curve; in such situations the solutions
obtained can be rather convincing, and properties such as the differential
rotation can be discerned (see, e. g., the analysis of CoRoT-2a by Fröhlich et al.
2009).
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The study of stellar noise backgrounds, also referred to as granulation noise,
is one of great importance for several reasons. For one, a neglect of a proper
account of the noise background in peak-bagging exercises can lead to biases
in estimated mode parameters. Studies of the stellar noise can further help
to constrain dynamical models of stellar convection, and allow for determination of fundamental stellar parameters, even in the absence of a detectable
oscillation signal.
I have been involved in several studies dealing with the estimation of noise
backgrounds, for instance, Samadi et al. (2013b) and Campante et al. (2014);
also a study of the granulation properties for main-sequence solar-like Kepler
targets is currently under way (Lund et al., in prep.).

“Prediction is important because it connects subjective and objective reality”
— Nate Silver

9.1

granulation and stellar noise

The surface manifestation of convection for stars with an outer convection
zone is known as granulation; from the bottom of the convection zone blobs
of hot gas rise to the surface, where they disperse and deposit their energy,
and cool gas descend back towards the bottom of the convection zone. On the
surface this results in a grainy, granulated pattern, with bright regions where
the hot gas rises, which are surrounded by dark inter-granular lanes where
the cool gas descends.
The temporal evolution of these patterns results in a scatter in the integrated light from the star, and constitutes what is often denoted as the intrinsic stellar noise. In Section 9.2 below I introduce how this intrinsic noise may
present itself in the Fourier domain as a “noise background”. Here I note that
the granulation comes in several different variants with different characteristic time scales and granule sizes (see Nordlund et al. 2009; Hanasoge et al.
2015, and references therein). The largest scale flows give rise to phenomena
known as (in order of increasing evolution time- and horizontal scale) mesogranulation, super-granulation, and giant cells — these are, however, likely of
too low amplitude to be observed in the power spectrum. The smaller scale
structures seen on the surface (of the Sun) are simply denoted as granulation,
and this is the main contributor to the noise. A contender to a significant contribution to the noise on shorter time scales than the granulation (and thus
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higher frequency response in the power spectrum) is that of faculae (see, e. g.,
Karoff 2012; Karoff et al. 2013). The faculae are given by bright regions localised within granule structures, seen in the Sun towards the limbs. In very
simple terms these bright region are related to a decrease in opacity from a
localised concentration of magnetic fields; this provides a window to deeper,
hotter, and brighter parts of the photosphere (Berger et al. 1995; Keller et al.
2004; Carlsson et al. 2004; De Pontieu et al. 2006). As argued by Karoff (2012),
and supported by for instance simulations by De Pontieu et al. (2006), the
localised nature within granule structures suggest that the time scales for faculae and granulation are strongly correlated, but that faculae should have a
somewhat shorter time scale. It should be noted that the interpretation of the
signals seen in the power spectrum from the different noise components is
a matter of some debate (see, e. g., Karoff et al. 2013). A low-frequency component of the stellar noise is given by the signal from active regions, such as
spots, which have a frequency response corresponding to the stellar rotation
rate.
Finally, I note that the stellar noise has different strengths depending on the
type of observation. For photometric and velocity observations the take-home
message is that due to (solar-like) stars are more noisy in photometry than in
velocity, mainly the high dependence in intensity of temperature fluctuations
(see, e. g., Figure 4.1 in Aerts et al. 2010). The following description of the
manifestation of the stellar noise in the power spectrum is valid for both types
of observations, but the later discussions will generally assume photometric
observations.
9.2

modelling the stellar noise background

The original approach to the modelling of the stellar noise background was
made by Harvey (1985) for full-disk velocity observations of the Sun. The
background was here approximated as the sum of four independent components, viz., granulation, mesogranulation, supergranulation, and active regions. Moreover, it was assumed — as a very simple model, as also noted by
the author — that the autocovariance of the time evolution for the included
phenomena could by approximated by exponentially decaying functions, each
with individual values for characteristic times τ and rms signals σ. This is the
autocovariance that would be observed for a time series composed by the sum
of a given number of instances of a phenomenon, which has a sudden rise in
intensity (or velocity) and decays exponentially, and with these instances happening at random times.
The spectral response of such a signal can be found using the relation between the autocovariance1 and power spectral density of a (weakly) stationary
1 Note, that the terms autocorrelation and autocovaraince are sometimes used loosely and
interchangeably, which is a misnomer — the autocorrelation is the variance-normalised autocovaraince.
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signal xt ; this is given by the Wiener-Khintchine theorem (Wiener 1930; Khintchine 1934):
Z +∞
Px (ν) = Var(xt )
ACFx (h)ei2πντ dν ,
(9.1)
−∞

where h denotes the temporal lag of the autocorrelation function ACFx , and
Var(xt ) is the variance of xt . The “weakly” stationary property of xt means,
that its mean E(xt ) and variance Var(xt ) = E(x2t ) are independent of time,
and that its ACF only depends on the time difference, or lag, h and not “t”
itself.
Now, the spectral response for a signal xt with an exponentially decaying
autocovariance, that is, ACOV = σ2rms e−|h|/τ , is given by a Lorentzian function
4σ2rms τ
,
Px (ν) =
1 + (2πντ)2

(9.2)

which is normalised by the Parseval-Plancherel relation (see Section 2.2.1)
such that the integral of the positive part of Px (ν) equals the root-mean-square
(rms) scatter σ2rms . Since the original study by Harvey, the background model
given by Equation 9.2 has been in the vernacular of the field of astero- and
helioseismology commonly denoted as a Harvey (or Harvey-like) model/profile/component. The Harvey model will approach a close to constant level of
Px (ν) ' 4σ2rms τ for ν ≈ 0, and will drop by a factor of two at a frequency
of ν = (2πτ)−1 . The final model for the background is then made by adding
Harvey models from different phenomena — note here, that the different components are assumed independent, which is somewhat of a stretch given that
most, if not all, of the phenomena have the same source in the convection —
an exception might be the signal from active regions, such as stellar spots.
A noise source as that given by granulation, and here approximated via
Equation 9.2, can be denoted as an 1/f-like noise; this generally refers to a
noise with a spectral response depending on frequency “f” as 1/fα . As seen
from Equation 9.2 the noise has close to a 1/f2 dependence, especially at
high frequencies; this is technically denoted as red or brown noise. The noise
“colour” refers to the corresponding spectral component of light — a lowpassed signal as the Harvey model in principle represents would retain the
red part of the light spectrum. An actual 1/f component of the model, which
technically is known as pink or flicker noise, would be more well-approximated
by Equation 9.2 towards low frequencies, or more generally where several
1/f2 components with different characteristic time scales have been added
together (Ward and Greenwood 2010). In addition to the noise from granulation and related phenomenon, a white noise (no frequency dependence)
component would also be added to fully describe the noise background (see
Section 9.2.3).
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9.2.1

Autoregressive approach

Another approach to modelling the granulation signal from above is by an
autoregression model. Here the memory in the system can be more directly
understood, and one can adopt this approach for temporal simulations of
the granulation signal (see, e. g., Andersen et al. 1994; Chaplin et al. 2008a).
Specifically, use is made of a 1-lag or 1st order autoregression model, denoted
AR(1), which can be written as:
xt+1 = δ + φ1 xt + t+1 .

(9.3)

Here φ1 = rx (1) denotes, as we will see in Equation 9.7, the 1-lag autocorrelation between time steps, δ is an offset, and t+1 is a random Gaussian noise
N(0, σ2 ), i. e., having zero mean and constant variance σ2 . For the AR(1) to
be (weakly) stationery, which is assumed, a requirement is |φ| < 1 (see Equation 9.6). The model given by Equation 9.3 has the following properties: the
mean is given as
E(xt+1 ) = E(δ) + E(φ1 xt ) + E(t+1 ) = δ + φE(xt ) + 0 ⇒
δ
;
µ = E(xt+1 ) = E(xt ) =
1 − φ1

(9.4)
(9.5)

and the variance as
Var(xt+1 ) = Var(δ) + Var(φ1 xt ) + Var(t+1 )
= 0 + φ21 Var(xt ) + σ2 ⇒
Var(xt+1 ) = Var(xt ) =

σ2
.
1 − φ21

(9.6)

Now, the autocovariance ψ1 = E(xt xt+1 ) between neighbouring points (assuming for simplicity a mean of zero, i. e., δ = 0) is given by
ψ1 = E(xt xt+1 ) = E(xt (φ1 xt + t )) = E(x2t φ1 + xt t ) = φ1 Var(xt ) , (9.7)
and the 1-lag autocorrelation is thus given by φ1 . Similarly, it can be shown
|h|
that the autocovariance for points h steps apart (φh ) is given by φh = Var(xt )φ1 ,
|h|

and thus an autocorrelation of φ1 . Such an autocovariance can be written as
|h|

ACOV = Var(xt )φ1 = σ2x,rms e|h| ln φ1 = σ2x,rms e−|h|/τ with τ = −1/ ln φ1 . This
is the same result as for the autocovariance behind the Harvey model, and the
spectral response is again a Lorentzian function.
9.2.2

Moving beyond Harvey

One could now ask, why specifically a Lorentzian function should be used
for the description of the model, thereby assuming the temporal signal from
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a granulation cell to be given by a sudden pulse followed by an exponential
decay? As noted by Harvey himself the exponent could very well be different
from α = −2, and Equation 9.2 could be replaced by the more general model
(Harvey et al. 1993; Andersen et al. 1994):
Px (ν) =

ξσ2rms τ
,
1 + (2πντ)α

(9.8)

also characterising an exponentially decaying autocovariance, with a decay
rate power of time as −2/α; ξ is a normalisation constant (see Section 9.2.3). A
popular choice in recent years has been to use α = 4, which was motivated by
fits to the solar granulation background (Aigrain et al. 2004; Michel et al. 2009);
this model has been dubbed a “super-Lorentzian” (Kallinger et al. 2010a,b) to
emphasise that it indeed is different from a true Lorentzian where α = 2. The
super-Lorentzian may be seen as a simplification of a model given as
ξσ2rms τ
ξσ2rms τ
=
,
Px (ν) =
[1 + (2πντ)2 ]2
1 + 2(2πντ)2 + (2πντ)4

(9.9)

which describes a temporal evolution of the intensity given by a symmetrically
rising and decaying pulse. This latter profile is in fact better approximated by
the model proposed by Karoff (2008) (see also Huber et al. 2009)
√
4 3 σ2rms τ
Px (ν) =
.
(9.10)
1 + (2πντ)2 + (2πντ)4
This model was introduced to address the issue of why the background
should be assumed to have a “fixed” exponent as a function of frequency
(Karoff 2012). As mentioned in Section 9.2 the background will have a gradual change from a near-constant profile to a −α decay at high frequencies.
This is still true for the super-Lorentzian, but the un-simplified version given
by Equation 9.10 has a more gradual change from a constant level, to a 1/f2
and eventually 1/f4 dependence — an example of a fit of Equation 9.10 to
data is given in Figure 58. The model in Equation 9.10 was introduced based
on considerations on the differences between the properties of turbulence
and convection, as demonstrated, for instance, in Nordlund et al. (1997). Turbulence will have a slope in power spectral density close to α = −2, i. e., a
Harvey model; the evolution of granular structures, on the other hand, can
not be seen as turbulence and will have a lower limit in the time domain on
which the evolution can take place. This has the effect that at high frequencies,
corresponding to short time scales, the signal from convection is less than that
from turbulence, giving a larger negative slope. As noted above, observations
of the Sun have suggested α ≈ −4 at high frequencies; Equation 9.10 transitions smoothly between regimes with different frequency dependences, and
has a α ≈ −4 dependence at high frequencies.
Regarding the different phenomena responsible for the stellar noise background, there is no a priori reason to assume that the slope should be the
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Figure 58 – Example of a background fit using Equation 9.12, with the use of Equation 9.10
for the background; here for KIC 8524425 (a.k.a. Katrina). Grey shows the power spectrum,
with a 1.8 µHz box-car smoothed version in black. The full background fit is given by the
full line (both with and without the Gaussian envelope), while the dashed lines give the
individual background components — here components from activity, granulation, faculae,
and white noise were included. The frequency region from 5 µHz to νnq (∼8496 µHz) was
used in the fit.

same for different background components, or that it should take a specific
fixed value (neither −2 or −4). As an example, Karoff (2012) found significant
differences in the exponents for granulation (αg = −3.5 ± 0.3) and what was
interpreted as faculae (αf = −6.2 ± 0.7) for the Sun using the green channel
from the VIRGO instrument of SOHO (Karoff et al. 2013). Similarly, Michel
et al. (2009) found exponents between −3 and −4.6 when fitting two profiles
in a model as Equation 9.8 for different solar VIRGO data sets. The same
kind of slopes have been seen in many other studies of the Sun, see, e. g.,
Vázquez Ramió et al. (2002) and Lefebvre et al. (2008). Note, that neither of
these studies included an apodization term in their background model (see
Section 9.2.3). A more generalised model, including both a freedom in the
slope, and a physically motivated change in the slope (and time scale) with
frequency, could be something like the following:
Px (ν) =

ξ τσ2rms
,
1 + (2πντ1 )α1 + (2πντ2 )α2

(9.11)

which in fact was adopted in Ludwig et al. (2009).
It is clear though that in order to actually advance in the study of the stellar
noise background a large sample-set is needed, covering a range of fundamental stellar parameters — this has in part has been achieved with observations
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from CoRoT and Kepler, but much can still be learned from these data. More
information is, however, also needed from detailed simulations of the granulation in order to get a better handle on the actual shape of the granulation
and expected slopes (see, e. g., Nordlund et al. 1997; Trampedach et al. 1998;
Ludwig 2006; Ludwig et al. 2009; Samadi et al. 2013a,b).
9.2.3

Estimating the background in practise

In practice, when it comes to estimating the noise background this would
typically be done by fitting a model as
#
" n
X ξi τi σ2rms,i
+ P(νj ) + W .
(9.12)
P(νj ) = η2j
1 + (2πνj τi )αi
i=1

In a peak-bagging exercise P(νj ) would then represent the limit spectrum
for the oscillations, and the background model, here given as Equation 9.8
with n components, would then correspond to N(ν) in Equation 3.1. Here
τi give the characteristic time scale of the ith background component; σi the
corresponding rms variation of the component in the time domain. The respective normalisation constants ξi are such that the integral (for positive
frequencies) of the background component equals σ2i in accordance with the
Parseval-Plancherel theorem (see, e. g., Michel et al. 2009; Karoff et al. 2013;
Kallinger et al. 2014, and Section 2.2.1). Following Karoff et al. (2013), ξi can
be approximated as (see, e. g., Michel et al. 2009)
ξi = 2αi sin(πα−1
i ),

(9.13)

and thus needs to be estimated on a star by star basis if the exponent α is
kept free. A constant white noise level is included via W; a large part of this
component will be shot-noise, from the Poisson nature of “counting” photons
by a CCD, which will depend on the amount of collected flux from, and thus
the magnitude of, the observed star (see Jenkins et al. (2010b) and Gilliland
et al. (2010b) for magnitude-dependent shot-noise relations for Kepler). The
apodization of the signal amplitude at frequency νj , as introduced in Section 2.4.2, is given by η(νj ).
In a peak-bagging exercise it might be advantageous to only have to fit a
relatively narrow region in frequency around the oscillation modes; this is
mainly because the run-time of any fit increases both with the dimensionality
of the problem, and with the amount of data to which the fit is made. In
order to have good prior constraints on the background parameters one can
make an initial fit of Equation 9.12 with a greatly simplified description of
P(νj ). This approach is also generally followed if only an estimation of the
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background itself is desired. Here the power from oscillations is commonly
approximated by a Gaussian envelope as
!
(νj − νmax )2
P(νj ) ≈ Amax exp −
(9.14)
2σ2env
where Amax gives the height of the Gaussian envelope at the frequency of
maximum power density νmax , and σenv gives the spread of the Gaussian
envelope. As another approximation the power excess may be described by
one or more Lorentzian profiles (see, e. g., Harvey et al. 1993; Lefebvre et al.
2008), which for some stars, for instance Procyon (Arentoft et al. 2008), might
provide a better approximation.
Concerning the comparison of parameters entering the different background
models, the time scale τ will have especially different meanings due to the
difference in the shapes of the models. It has become customary to compute
instead an effective time scale τeff , given as the e-folding time for the ACF
of the background model, that is, the time lag where the autocorrelation has
dropped by a factor e (Mathur et al. 2011). Note, that for the Harvey model
in Equation 9.2 the time scale already gives τeff , because the ACF is an exponentially decaying function. Also, a proper computation of ξ, either by
Equation 9.13 or numerical integration of the model, is needed for the correct rms-interpretation of σ2 .
9.3

why care about the noise background?

Now one may ask why one should care about the stellar noise background.
As a first, knowing about the properties of the granulation and other components generating the background has its own merit. It is here also important
to notice the reciprocity with detailed dynamical simulations of convection;
from these we can learn more on, for instance, the likely shape and frequency
dependence of the background, and on the excitation of p-modes. On the
other hand, such simulations should be able to reproduce some of the results
obtained from estimating background parameters from actual data — these
may then serve as an anchor for the simulations.
9.3.1

Inferring fundamental stellar parameters

A second important reason to care about the stellar noise background is that
it allows for an estimation of fundamental stellar parameters such as the surface gravity g. To see how this comes about one can, following Kjeldsen and
Bedding (2011), approximate how the granulation time scale likely relate to
fundamental parameters of the star — see Samadi et al. (2013b) for somewhat
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extended versions of the following relations. First, one may assume that τ is
proportional to:
τ∝

Hp
,
cs

(9.15)

where Hp is the pressure scale height in the stellar atmosphere, representing
a characteristic distance scale; cs is the sound speed, representing a characteristic speed. Assuming a fully ionised ideal gas Equation 9.15 can be rewritten
as
√
HP
1 Teff
HP
Teff
τ∝
∝√
∝√
∝
.
(9.16)
cs
g
Teff
Teff g
In this way one should be able to estimate g from a background fit (providing τ), assuming information is available on the effective temperature. This
relation can be extended as follows
√
L
1
1
Teff
∝
∝
∝
,
(9.17)
τ∝
3.5
g
νac
νmax
MTeff
4 and the relation for ν
using L ∝ R2 Teff
max in Equation 1.43. This shows, that if
an estimate of νmax can be obtained, g can in principle also be obtained as


g≈g

νmax
νmax,



Teff
Teff,

1/2
.

(9.18)

A correlation between the granulation and a property of the oscillations as
νmax is not surprising as the oscillations in a solar-like star are excited by the
granulation in the outer convection zone.
Now, if one can determine νmax directly from the power spectrum the background fit is somewhat unnecessary. But what if no solar-like oscillations, and
by extension νmax , can be detected? Assuming we have no knowledge of the
parameters entering Equation 9.17 it is actually still possible from the nondetection alone to give a lower limit for the value of g. The maximum mode
amplitude of solar-like oscillations Amax scale with the value of νmax , with
main-sequence stars having high values of νmax and low amplitude oscillations and evolved red giants having low values of νmax , but high amplitudes.
For stars where the oscillations are visible it must be the case that the oscillation amplitude is larger than the amplitude where a marginal detection (see
Section 7) of the oscillations is possible Amax > Amax,md — due to the correlation between νmax and Amax this corresponds to νmax 6 νmax,md . For stars
where the oscillations are not visible we must therefore have Amax < Amax,md
and νmax > νmax,md ; in turn, this can be inserted into Equation 9.18 to give
a lower limit on the stellar surface gravity gmd . This approach was recently
adopted in Campante et al. (2014), where it was used to set upper limits on
the surface gravities of planet-candidate hosts from Kepler. We do, however,
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know about Equation 9.17 and can thus do a lot better on the determination
of g. As long as an estimate can be made of τ this can be use directly in Equation 9.16, or used to estimate νmax and hence g. In order to use τ for obtaining
νmax the relation in Equation 9.17 needs to be calibrated from observations.
This was for instance done from Kepler observations in Mathur et al. (2011)
and Kallinger et al. (2014), where very similar relations of τeff ∝ ν−0.89
max and
τeff ∝ ν−0.886
were
obtained.
It
should
be
noted
that
these
studies
mainly
fomax
cused on red giants; at the time of writing a study by Lund et al. (in prep) is
in the making, and the focus will here be on extending the relations to mainsequence solar-like oscillators. From the background fits many other relations
can be derived linking the parameters of the background to the surface gravity. One of particular interest is how the rms scatter in the σ, and by extension
the height Pgran of the background at ν = 0 given as Pgran = ξσ2rms τ, varies
with, say, νmax . A reason why especially Pgran is interesting is that it should
be less model dependent than parameters such as τ, because it essentially
represents the level of a flat plateau in the power spectrum and thus should
be more stably constrained by any fitting attempts. To obtain a relation one
first assumes that σrms is proportional to the number of surface granules n
(on half of the stellar surface) as
1
σrms ∝ √ ,
n

(9.19)

which corresponds to a Poisson noise from the averaging of the signal from
granules across the stellar surface (see, e. g., Ludwig 2006; Kjeldsen and Bedding 2011). The number of granules scale as
 2
R
,
(9.20)
n∝
d
where R is the stellar radius and d represents the characteristic horizontal
scale of a granulation cell, which in turn may be assumed proportional to Hp
(Schwarzschild 1975; Antia et al. 1984). With this one can write
3/4

σrms

T
Hp
1
T 1
T R
T
∝√ ∝
∝ eff ∝ eff ∝ √ eff ∝ √ eff
.
R
g R
M
n
Mg
Mνmax

(9.21)

which results in the following relation for Pgran :
3/2

Pgran ∝

σ2rms τ

Teff
.
∝
Mν2max

(9.22)
3/2

As noted by Samadi et al. (2013b) the term Teff /M vary slowly for main1.8 from Noyes et al. (1984).
sequence star when considering the relation M ∝ Teff
Adopting this one arrives at a dependence as
Pgran

0.7
0.35
Teff
Teff
1
p
∝ 0.3 2 ∝ 2 ⇒ g ∝
,
g
Pgran
Teff νmax

(9.23)

142

9.4 flicker — what is that now?

and an even smaller temperature dependence than for τ in Equation 9.16 is
therefore obtained.
Besides the estimation of g and νmax from the background one can take
a step further and estimate the large separation ∆ν0 . Here use is made of
the relation ∆ν/µHz = γ(νmax /µHz)β (see Huber et al. 2011, and references
therein), and this may then be used to make an estimate of the stellar density
√
(∆ν0 ∝ ρ) — achievable from the granulation background alone, without
the need for an actual detection of oscillations.
9.3.2

Predicting detection probabilities

The need for a good handle on the noise background is also found for studies
seeking to predict the detectability of oscillations (Chaplin et al. 2011). If for
a given νmax and magnitude one knows: (1) the values of τ and σrms for constructing the background; (2) the likely white noise level estimated from the
magnitude; (3) the total mode power estimated from the power spectrum —
this comes typically from the Gaussian-envelope approximation to the power
excess (Equation 9.14), where ones then estimates the Amax of the oscillation
modes (see Equation 1.5.1)
√ and uses FWHMenv ≈ νmax /2 (Stello et al. 2007),
and thus σenv ≈ νmax /4 2 ln 2. With this a “global” power-to-background
ratio can be formed and the prospects for detection of oscillations can be evaluated in a false-alarm probability sense as in Chaplin et al. (2011), and also as
presented in Section 7.
9.4

flicker — what is that now?

In the very recent years a new quantity, know as the 8-hr flicker (F8 ), has
been introduced for the determination of surface gravities. The flicker statistic strived to indicate the flux variability in the time domain of phenomena
with characteristic time scales shorter than 8 hours (see Bastien et al. 2013,
2014). In practise, it is computed as the rms of the time series where a 8-hour
box-car smoothed (low-passed) version has been subtracted. It was reported
by Bastien et al. (2013) that a strong correlation existed between the F8 estimates and log g. The flicker has somewhat of an advantage over the use of
background fitting in terms of its simplicity and ease of computation — I
would, however, from the following consideration like to strike a blow for the
use of background fits as a more sophisticated method.
One can understand the relationship between the flicker and log g by inspecting its correspondence in the frequency power spectrum. If the power
spectrum is normalised correctly according to the Parseval-Plancherel relation (see Section 2.2.1), the integral of the power spectrum will equal the rms
(σ2 ) scatter in the time domain. Similarly, if the individual components making up the full background are normalised correctly via ξi , their respective
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integrals will give their contribution to the overall rms scatter. Assuming first
that the power spectrum can be parametrised as a combination of signal from:
(1) granulation, faculae, and other phenomena related to the convective properties of the star; (2) power from oscillations; (3) a white shot-noise; (4) power
from activity related processes, for instance, spot-modulation. Both components (1) and (2) will correlate with log g, but unfortunately not with the same
functional rms-to-log g relation. The combined rms scatter from both of these
will therefore not relate to log g as tightly as either component individually.
Component (3) is fully unrelated to the properties of the star, but correlate
strongly with the magnitude in the observation bandpass (see Jenkins et al.
2010b; Gilliland et al. 2010b). Component (4) is overall unrelated to log g, but
will still have some relation to the evolutionary state of the star as the signal
from stellar spots depend on the depth of the convection zone and rotation
rate, which in turn depend on mass and age.
In the flicker the subtraction of a low-pass filter via the box-car smoothed
signal is in effect a high-pass filter (see Equation 2.43) that removes power at
time scales longer than 8-hours. Correspondingly, power will be attenuated at
frequencies below about ∼35 µHz in the frequency power spectrum. The effect
of this is to reduce the impact of power from activity related phenomena (4)
in the measure of rms scatter; the rms measure is now more directly related to
log g. However, depending on the star some signal from activity will still remain after the high-pass filtering, which will add some scatter to the log g-rms
relation. Also, it should be remembered that while a box-car filter is optimal
for reducing random noise and retaining sharp step-like features in the time
domain, it is probably the worst filter for separating signal in the frequency
domain and therefore a suboptimal high-pass filter in this application (Smith
1997): as described in Section 2.4, the response function for a box-car filter is
a sinc-function and it will also attenuate signal from time scales shorter than
8-hours. This could add some scatter the to log g-rms relation, as the relative
effect of the attenuation at shorter time scales will depend on the star from
the change in characteristic granulation time scales (which again correlates
with log g).
The component from the magnitude dependent shot-noise is removed from
the flicker for Kepler targets via a relation fitted to the lower envelope of flicker
against Kepler magnitude. This is similar to the description of the shot-noise
vs. Kepler magnitude in Jenkins et al. (2010b) and Gilliland et al. (2010b). Here
it should be noted that the relation between Kepler magnitude and shot noise
is only a lower limit. Therefore the correction based on magnitude likely only
gives a minimal shot-noise correction, and thus the flicker will probably be
slightly overestimated. Another effect that can add scatter to the flicker log g
relation is the attenuation η2 (νj ) of frequency dependent signal from the finite
sampling of Kepler, which in effect low-pass filters the signal slightly (see
Section 2.4.2). The relative effect of this attenuation on the measured rms will,
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as with the box-car filtering in the flicker, depend on the star via the change
in characteristic granulation time scale.
In summary, flicker will mainly have contributions to the rms from phenomena directly related to convection, but will also have some contributions from
activity, pulsations, and shot-noise which may depend on the properties of the
star. On the contrary, it is possible with a fit to the stellar noise background
so separate the different contributions and better isolate the components that
have a tight correlation to log g.
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The relationship between asteroseismic and planetary studies is one with a
certain advantageous reciprocity: the data needed for high-precision detections and analysis of planetary systems, is ideally suited for asteroseismic
studies; in turn, the stellar parameters from asteroseismology are needed for
determining absolute parameters for the planets. In addition, the asteroseismic results are important for dynamical studies of planetary systems and their
geometry. In this chapter I will describe this relationship with emphasis on
the determination of the geometry of the star-planet system via the obliquity.
This description will be put into context with examples of studies in which I
have actively participated.

“In space there are countless constellations, suns and planets; we see only the suns
because they give light; the planets remain invisible, for they are small and dark.
There are also numberless earths circling around their suns, no worse and no less
than this globe of ours. For no reasonable mind can assume that heavenly bodies that
may be far more magnificent than ours would not bear upon them creatures similar
or even superior to those upon our human earth.”
— Giordano Bruno (1584)

“ I believe alien life is quite common in the universe, although intelligent life is less
so. Some say it has yet to appear on planet Earth.”
— Stephen Hawking

10.1

obliquity

The obliquity of a planetary system gives information on the geometry of the
system, that is important for better understanding how these systems form
and evolve (see, e. g., Nagasawa et al. 2008; Winn et al. 2010; Triaud et al.
2010; Morton and Johnson 2011; Rogers et al. 2012). The obliquity angle, ψ,
also sometimes know as the true obliquity or spin-orbit angle, is given by the
angle between the angular momentum vectors for the stellar rotation and the
planetary orbit; if the system is aligned, with ψ = 0◦ , the planet will orbit in
its star’s equatorial plane, and in a prograde direction, i. e., in the direction
of the stellar rotation. I will denote the angular momentum vectors for the
stellar rotation as the stellar spin axis.
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Figure 59 – Illustration of some of the important angles in a star-planet system. The specific
configuration show corresponds to that of HAT-P-7 (see Section 10.2.3). Top left: the observer’s view of the system from Earth, with the angular momentum vectors of the planetary
orbit, n̄p (normal to the orbital plane), and stellar spin, n̄? , given as red arrows. The projected
angle, λ, is indicated by the shaded magenta region and is found as the angle between n̄p
and n̄? when these are projected onto the plane of the sky (dashed lines). This angle may be
obtained from RM measurements, and in this panel we have used λ = 155 ± 37◦ following Albrecht et al. (2012) (the uncertainty on λ is not included in the figure). The stellar inclination,
i? , which can be measured using asteroseismology, is set to 15◦ , and is given by the direct
angle between the line of sight (midpoint of star) and n̄? . The inclination of the planetary
orbit, ip , is set to 83◦ following Van Eylen et al. (2013). The true angle, ψ, is the direct angle
between n̄p and n̄? . Top right: side view of the system, with the observer’s view-point from
the right, indicated by “line of sight”. To properly show i? (shaded green) and ip (shaded
red), and not their projected values, we have set λ = 180◦ such that both n̄p and n̄? lie on
the same plane as the line of sight. For illustrative purposes we have in addition decreased
ip to 63◦ . When adopting this configuration ψ (shaded blue) is given by the sum of i? and ip .
Bottom: Top view of the system, with the observer’s view-point from the bottom, indicated
by “line of sight”. From Lund et al. (2014b).

The true obliquity of any given system can only be determined unequivocally if knowledge of three other system angles is available, and is unobtainable by direct measurement. These comprise (1) the inclination angle of the
star, i? , given as the angle between the stellar spin axis and the observer’s
line of sight (going from i? = 0◦ for a pole-on view of the star to i? = 90◦
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for an equator-on view); (2) the sky-projected obliquity, λ1 , given by the angle between the angular momentum vectors for the stellar rotation and the
planetary orbit when these are projected onto the sky; (3) the inclination of
the planetary orbital plane, ip , given as the angle between the angular momentum vector of the planetary orbit and the line of sight. Figure 59 gives an
illustration of the different angles in a system.
The angles just mentioned can be related to each other, and importantly the
system obliquity, ψ, via the relations (Winn et al. 2005)
cos ψ = sin i? cos λ sin ip + cos i? cos ip ,
sin i? sin λ = sin ψ sin ω
sin ψ cos ω = sin i? cos λ cos ip − cos i? sin ip .

(10.1)
(10.2)
(10.3)

Here ω denotes the azimuthal angle between the line of sight and the stellar
spin axis in the orbital plane of the planet.
Note, that any of the input angles i? , ip , and λ have an equally valid symmetry counterpart at an additional angle of π; if, for instance, one determines
ip = 80◦ the solution ψ = 260◦ is mathematically equally valid.
10.1.1

Obtaining i? , ip , and λ

orbital inclination ip The orbital inclination can be estimated with
relative ease from a fit to the observed planetary transit light curve (Charbonneau et al. 2000; Mandel and Agol 2002; Winn 2010). High precision may
be obtained on this parameter, but in any case the observation of a transit
suggest that the orbit is seen nearly edge-on, i. e., ip ≈ 90◦ .
projected obliquity λ The perhaps most well known method for obtaining a measure of λ is that from studying the Rossiter-McLaughlin (RM)
effect (Rossiter 1924; McLaughlin 1924, see Ohta et al. (2005) and Fabrycky
and Winn (2009) for an overview). This method make use of the break in
spatial degeneracy that occurs when parts of the stellar surface are covered
during a planetary transit (Albrecht et al. 2012). Without a transit no spatial
information could be obtained, because the stellar surfaces are unresolved
by the telescopes of today (ignoring whatever spatial information from interferometric studies). The partial blockage of stellar light from the rotating star
during a planetary transit gives rise the anomalous effect in the radial velocity
(RV) curve known as the RM effect; when the planet blocks light from parts
of the star that is blue/red shifted due to the rotation of the star, there will be
an extra red/blue component in the RV curve — when/if the planet traverses
the stellar axis of rotation the effect will change sign, as it is now light from
1 Sometimes one will find λ referred to a simply the obliquity, which of course is a misnomer,
likely because many of the studies carried out on the characteristics of planetary obliquities
only had access to the projected angle
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Figure 60 – Example of the change in the RM anomaly with λ, for the same value of the
impact parameter b. The effect of LD, that needs to be included in a fit to the anomaly, is
indicated by the dotted line for which no LD is used ( = 0); the solid line includes LD
( = 0.6). From Gaudi and Winn (2007).

the red/blue part of the stellar disk that is blocked. The deviation from the
“normal” RV curve from the planet and star around their common center of
mass is what makes the effect anomalous. The order of the red/blue shifted
anomaly in the RV curve gives information on the planets direction of movement in its orbit with respect to the star, i. e., if it is prograde or retrograde.
One can also get an idea about the stellar V sin i? from the amplitude of the
anomaly, and provides a point of comparison with other methods; the larger
the projected rotation, the larger the anomaly. As desired, the RM effect also
conveys information on λ from the shape of the anomaly. This is illustrated in
Figure 60, which shows the changes in the RV curve for three different values
of λ — see Albrecht et al. (2012) for some of the many other effects that needs
to be accounted for when using the RM effect.
Other methods also exist for obtaining λ, although not as widely used as
the RM effect. These include spot-crossing anomalies that are observed during
planetary transits (see, e. g., Sanchis-Ojeda et al. 2011, 2013; Désert et al. 2011),
Doppler tomography (see, e. g., Gandolfi et al. 2012), and the effects of gravity
darkening on the planetary transit light curve (see, e. g., Barnes et al. 2011;
Ahlers et al. 2014).
stellar inclination i? An estimate for the stellar inclination angle may
be obtained from asteroseismology, and is in general a bi-product of any peakbagging exercise. As shown in Figures 45 and 48 in Section 8.4.1, the relative
heights of azimuthal components in a rotationally split multiplt varies with
the inclination angle — this is what allows for an estimation of i? . The heights
of the azimuthal components vary with the geometric visibility factor Elm (i? );
this is simply the manifestation of the change in the integrated light from the

149

10.1 obliquity

0.08

68% credible region
95% credible region

PDF

0.06
0.04
0.02
0.00

Splitting [µHz]

2.6
2.4
2.2
2.0
1.8

65

70

75

80

Inclination [ ◦ ]

85

0

1

2

3

PDF

4

5

6

7

Figure 61 – Measured rotational splitting and inclination angle for Kepler-410. The bottom
left panel shows the correlation map between the inclination and the rotational splitting; the
panels above (inclination) and to the right (splitting) give the marginalized probability density
(PDF) functions for these two parameters (see Section 3.3). Parameters estimated are given
by the median values of their respective PDFs (solid lines). The 68% HPD credible regions
(see Section 3.3.3) are indicated by the dark gray part of the PDFs (bounded by dash-dotted
lines); the light gray indicates the additional part of the PDFs covered in a 95% HPD credible
regions (bounded by dashed lines). Indicated in the correlation map are the values (dark
gray), with associated uncertainty (light gray), corresponding to the V sin i? estimates from
Molenda-Żakowicz et al. (2013, bottom lines) and Huber et al. (2013b, top lines). From Van
Eylen et al. (2014).

standing wave mode patterns on the stellar surface, when viewed from different directions. Figure 61 gives an example of the correlation map between
the splitting and the inclination from a peak-bagging run (here for Kepler-410;
Van Eylen et al. 2014, see Section 10.2.1 below). As may be guessed from
Figure 48, the splitting and inclination are somewhat correlated, especially
when the reduced splitting is low and the different m-components merge together. Here, the splitting and inclination will conspire to a constant value for
V sin i? , which results in a distinctive “banana-shape” in the correlation map
(see, e. g., Ballot et al. 2006, 2008). This is not very pronounced in the example in Figure 61, because the splitting is relative large, and the inclination is
close to i? ≈ 90◦ whereby the l = 1, m ± 1 components have their “cleanest”
separation with no signal from the m = 0 component (see Figure 45). The codependence between the splitting and inclination is also clear from the point
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that, in the case of zero splitting, the m-components are degenerate and no
information can be obtained on the inclination; similarly, in the case i? ≈ 0◦ ,
only the m = 0 component has a non-zero visibility and nothing can thus be
learned about the rotation.
Another way to estimate i? is from combining V sin i? from, e. g., spectroscopy with some measure of the stellar rotation period, e. g., from modulations of the light curve from stellar spots (see Hirano et al. 2012, 2014, for
recent uses of this method for planetary systems). Note, however, that these
estimates can be rather uncertain, because of the difficulty of obtaining a well
calibrated v sin i? — from spectroscopic measures this includes the separation of the effect from rotational from those of other broadening effects (see
Section 8.4.2) — and one further needs an estimate of the stellar radius R? .
10.1.2

Obliquity and system evolution

What is then the link between a systems obliquity and its evolution? Observations, primarily of λ in hot Jupiter systems, suggest that there is a correlation
between the obliquity of a system, and the effective temperature of the host
star: a broad distribution is seen in λ for Teff > 6250 K; below this temperature
λ predominately take on low values (Winn et al. 2010; Albrecht et al. 2012).
The idea put forth by Winn et al. (2010) to explain this observed relationship
is that hot Jupiters can be born with a wide range of obliquities. This initial
range of obliquities could, for example, be caused by Planet-planet scatterings
(Chatterjee et al. 2008) or the effect of Kozai cycles and tidal friction (Fabrycky
and Tremaine 2007). Now, in stars with deep convection zones such as cool
dwarfs, tidal dissipation would operate efficiently and result in aligned systems. Hot stars on the other hand would fail to align, because they lack such
a deep convection zone for most of their life on the main-sequence, if not
altogether.
The studies born out to date on the relationship between the obliquity and
other system parameters, have focused on hot Jupiters and have mostly relied
on λ as a measure of the obliquity. In such studies an isotropic distribution
is assumed for the stellar inclination, corresponding to a flat distribution in
cos i? . From this distribution it is a priori much more likely to observe a random star in an equator-on configuration; this is fine in a statistical sense, if
only the sample size is large enough to assume a properly sampled distribution of the stellar inclination. The reason why predominately hot Jupiter
systems have been analysed is that the signal from the RM effect scales as
the square of the planet-to-star radius ratio, which is relatively high for hot
Jupiters.
Asteroseismology allows for analysis of a new part of the parameter space,
namely, systems with small planets possibly in long period orbits and possibly in multiplanet systems (which have been found to not generally harbour
hot Jupiters; see, e. g., Latham et al. 2011). So far only a handful of systems
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have been analysed using asteroseismology, viz., the systems Kepler-50 and 65
by Chaplin et al. (2013), Kepler-56 by Huber et al. (2013a), Kepler-410 by Van
Eylen et al. (2014) (see Section 10.2.1), 16 Cygni by Davies et al. (2015) (see
Section 10.2.2), Kepler-25 by Benomar et al. (2014), and HAT-P-7 by Benomar
et al. (2014) and Lund et al. (2014b) (see Section 10.2.3). With the exception
of HAT-P-7 and Kepler-25 the projected obliquity λ needed to be assessed in
a statistical manner in these studies. An important additional output from asteroseismology is an estimate of stellar parameters such as the mass, radius,
and age, which are all parameters of interest to studies of planetary system
formation and evolution. The asteroseismic sample is still sparse, but a new
study is under way, which will add considerably to the current sample size
(Campante et al., in prep.; see Section 10.2.4).
10.2

example studies

As mentioned above only a handful of exoplanet systems have to date been
studied using a detailed asteroseismic analysis; it is the high photometric
quality from the Kepler mission (see Borucki et al. 2010; Koch et al. 2010)
that allows for both the detection of transits of extrasolar planets, and thus
an estimate of ip , and an asteroseismic analysis from individual frequencies
(Gilliland et al. 2010a). Here follows a brief description of some of the exoplanet studies I have taken active part in, and which all allowed for an estimation of i? .
10.2.1

The case of Kepler-410

The study of Kepler-410, or KOI-42 as it was known before the study was published in Van Eylen et al. (2014), was one mainly concerned with the confirmation of the planetary status of the system. The Kepler time series show regular
transit-like features with detected transit timing variations (TTVs). The star
is, however, know to be blended and it thus needed to be ascertained if the
transits features were in fact planetary in nature, and, crucially, that they are
associated with the main star Kepler-410A. This was done using a combination
of the Kepler data itself, additional ground-based observations, and data from
Spitzer. From the shape of the transit it could be determined that the transits
could not occur on a star that was more than 3.5 mag fainter than Kepler410A. Adoptive optics (A.O.) observations by Adams et al. (2012) and speckle
images by Howell et al. (2011) showed a blended object, Kepler-410B, at a distance of 1.600 from the main target, well within the Kepler pixel size. These
observations ruled out other objects in a large part of the magnitude/angular distance plane. The magnitude estimate on Kepler-410B of ∆m = 2.7 from
Kepler-410A by Adams et al. (2012) places it just above the magnitude limit
from the transit shape, and it is the only potential other candidate for host-
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ing the transit signal. From the 2MASS colours of Kepler-410B a temperature
of 4850 K was found, indicating a small dwarf star, and consistent with the
lack of any other signal of solar-like oscillations in the power spectrum. This,
together with the known stellar character of Kepler-410A ensures that the observed transits are of planetary nature. It is finally ruled out that the transits
are associated with Kepler-410B from transit observations taken with Spitzer.
From these observations a transit depth is observed that is inconsistent with
Kepler-410B as host — had Kepler-410B been the host the dilution in the Spitzer
band would be less than half that in Kepler observations, and the transit would
thus have had to be deeper than that observed.
From the power spectrum of Kepler-410A we were able to extract individual frequencies via an MCMC peak-bagging; these were subsequently used
in an asterosesimic modelling, which allowed for the determination of stellar
parameters. From these an absolute value could also be determined for the
planetary radius. The peak-bagging allowed, as already shown in Figure 61,
for an estimate of both the stellar rotation rate and the inclination — with the
obtained inclination of i? ≈ 82.5◦ the system is consistent with being aligned,
i. e., ψ ≈ 0◦ . A comparison between the stellar density obtained from asteroseismology, with that estimated from the planetary transit further allowed for
an estimate of the planetary eccentricity, giving a value of e ≈ 0.17.
10.2.2

The case of 16 Cyg A& B

The 16 Cygni system was studied in Davies et al. (2015) with the objective of
assessing the rotational characteristics, and geometry of the system. 16 Cygni
is a hierarchal triple system, consisting of the two solar analogues 16 Cyg A
(G1.5V) and 16 Cyg B (G3V), with a faint (red) M dwarf in an orbit around
component A, and with a Jupiter-mass planet (Bb) in a highly elliptical, long
period (Porb ≈ 800 days) orbit around component B (Cochran et al. 1997). The
system is not transiting, and the planet Bb has been found from radial velocity
measurements.
The Kepler data for the 16 Cygni system is of the highest quality, and the
stars having Kepler magnitudes of 5.864 (16 Cyg A) and 6.095 (16 Cyg B) are
the brightest observed by Kepler, with the exception of θ Cyg. The high flux
levels from the stars renders them highly saturated, and custom masks have
been designed in order to capture the full flux from the stars. Unfortunately,
the stars were not observed until Q6, and custom masks were first in place
from Q7. Still, the high quality of the data allowed for a detailed asteroseismic
analysis by Metcalfe et al. (2012) after only three months of data, and has even
allowed for the detection of power from hexadecapole l = 4 modes by Lund
et al. (2014a).
The rotation rates of the stars are difficult to measure with any other means
than asteroseismology. The stars are relatively old main-sequence stars —
ages of around ∼6.8 Gyr were estimated by Metcalfe et al. (2012) — and thus
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slowly rotating, which further results in low degrees of surface magnetism;
this largely inhibits the measurement of rotation via activity tracers, and the
slow rotation makes measurements from spectroscopy very difficult. The rotation was analysed via the splittings of p-modes, with the fitting performed
individually by several groups; the rotation periods and inclination angles for
+6 ◦
the two stars were estimated to be Prot = 23.8+1.5
−1.8 days and i? = 56−5 (16 Cyg
+17 ◦
A) and Prot = 23.2+11.5
−3.2 days and i? = 36−7 . An analysis of the measured
splittings was performed using weighted average rotation kernels as outlined
in Section 8.4.1 (see Figure 52), with the objective to ascertain if the measured
splitting could be adopted as a measure of the surface rotation.
As mentioned in Section 8.2 asteroseismology of field stars provides important constraints on gyrochronology relation. The stars in the 16 Cygni system
are of particular interest, because of their similarity to our own Sun. They may
thus help to put our knowledge of our own Sun into perspective. The measured rotation rates were, together with the age from Metcalfe et al. (2012),
used to test the gyrochronology relations by Barnes (2007) and Schlaufman
(2010). Comparing the Bayes’ factors from the two models (see Section 7.1.2)
decisive evidence was found in favour of the Schlaufman (2010) model from
the 16 Cyg A results; the results from 16 Cyg B also favours Schlaufman (2010),
but at a level “barely worth mentioning” (i. e., B < 3).
Concerning the 16 Cyg B-Bb system the estimation of an inclination of 16
Cyg B allows for an estimation of the system obliquity. The inclination of
the orbit of Bb has been estimated to ip = 45/135◦ ± 1◦ by Plávalová and
Solovaya (2013) as part of a three body problem, which is consistent with a
low obliquity (mode for ψ of 16◦ when assuming co-rotation). It is unclear
what caused this configuration of the highly elliptical, mildly oblique, orbit
of 16 Cyg Bb; if planet-planet scattering is responsible, then the other planet
has likely been ejected from the system, which is consistent with only one
planet being found. Another possibility is tidal interactions from 16 Cyg A
via the Kozai mechanism (Hauser and Marcy 1999).
10.2.3

The case of HAT-P-7 (Kepler-2)

Because of its intriguing nature the HAT-P-7 system has been studied by several groups after the discovery by Pál et al. (2008). HAT-P-7 is a late F-type
star, which is notoriously difficult to analyse using asteroseismology because
of the short mode life times and consequently very wide (in frequency) modes.
This results in a low reduced splitting (see Section 8.4.1), which highly masquerades the possibly small effects imposed by rotation. The planet of the
HAT-P-7 system, HAT-P-7b, is a close-in transiting hot Jupiter.
In the study by Lund et al. (2014b) the objective was to update the asteroseismic modelling of the star, and to estimate the angle of inclination of HAT-P-7
for assessing the obliquity of the system. HAT-P-7 is particularly interesting
with regard to its obliquity, because it has a measure for its projected obliquity
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Figure 62 – Échelle diagram for HAT-P-7 using ∆ν = 59.22 µHz. The grey scale ranges
from white (low power) to black (high power). Circles give the extracted frequencies with
corresponding uncertainties; triangles connected by red lines give model frequencies from
GARSTEC; squares connected by green lines give model frequencies from MESA. The degree
of each ridge is indicated in the top part of the plot. The radial order of the l = 0 modes is
indicated by the numbers on the right-hand side of the plot. From Lund et al. (2014b).

λ from studies of the RM effect (Winn et al. 2009; Narita et al. 2009; Albrecht
et al. 2012). The λ from these studies suggests that HAT-P-7b is in a retrograde
orbit around its host star. A measure of i? would allow for a measure of the
true obliquity ψ, and thus a full 3D geometrical solution for the system. A
value for the true obliquity is further interesting, because a third (an M5.5V
dwarf known as HAT-P-7B, see, Narita et al. 2010, 2012; Bergfors et al. 2013;
Faedi et al. 2013) and possibly a fourth (Winn et al. 2009; Narita et al. 2012)
body are found to be associated with the system; this might support scenarios
of few-body dynamical interaction early in the life of the system. The system
is thus a prime candidate for obliquity studies and theories concerned with
planetary system formation and evolution, because they must be able to account for such a configuration (see, e. g., Chatterjee et al. 2008; Ford and Rasio
2008; Matsumura et al. 2010; Lai et al. 2011; Albrecht et al. 2012).
The asteroseismic analysis was done via a peak-bagging of the power spectrum using the affine invariant MCMC sampler emcee (see Section 3.3.1). Data
from the full set of possible Kepler, spanning Q0-Q17 (see Figure 19), was
used and prepared according to Handberg and Lund (2014) (see Section 6.1).
The asteroseismic modelling was performed using the individual mode frequencies from the peak-bagging. In the modelling two different codes were
used, viz., the Modules for experiments in stellar astrophysics (MESA; Paxton et al. 2011) code, using the Aarhus adiabatic oscillation package (ADIPLS;
Christensen-Dalsgaard 2008b) for the computation of mode frequencies; and
the Garching stellar evolution code (GARSTEC; Weiss and Schlattl 2008). The
former modelling approach used the individual frequencies directly (see Sec-
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tion 5.2); the latter used instead frequency ratios, which makes the modelling
largely insensitive to the problematic effects from the surface layers (see Section 5.3). In the end values from the GARSTEC model were adopted, both due
to the robustness against surface effects and the better treatment of parameter uncertainties via the Bayesian approach adopted for parameter estimation.
The stellar model fits can be seen in Figure 62.
The estimation of i? is very difficult for a star like HAT-P-7, because of
its F-like character with wide modes. The marginalised distributions from
the MCMC samples for the splitting and inclination indicated a low inclination and a slow rotation. Because of the shape of the distributions, which
are far from symmtric and Gaussian, we refrained from supplying any measurements of central tendency (mode, median, mean), but rather reported the
limits on the 68% HPD credible intervals. The final estimate for the inclination is i? < 36◦ . Indications of a rotation signal from activity tracers were also
sought for using both the ACF, the power spectrum directly, and the wavelet
transform — in neither case was a clear unequivocal signature observed. In
giving a measurement for the true obliquity the full marginalised distribution
for i? was used together with simulated distributions for ip and λ using the
results from Van Eylen et al. (2013) and Albrecht et al. (2012) respectively. The
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Figure 63 – Distribution of the true angle obliquity ψ using the distribution for i? from
the peak-bagging, together with a simulated distributions for ip and λ. The dark- and lightgrey regions of the distribution correspond to the 68% and 95% HPD credible intervals. The
dashed curve gives the distribution assuming instead an isotropic distribution for i? . Indicate
is also which values of ψ correspond to a retrograde or prograde orbit of HAT-P-7b. From
Lund et al. (2014b).

final distribution for ψ (see Equation 10.1) is given in Figure 63; we obtained
83◦ < ψ < 111◦ from the 68% HPD credible interval — consistent with a polar
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orbit. Also shown in Figure 63 is the distribution obtained when assuming
an isotropic distribution for i? , i. e., flat in cos i? . As seen, the use of such a
distribution, which was used in the studies estimating λ (Winn et al. 2009;
Narita et al. 2009), favours an equatorial retrograde orbit. Together with the
asteroseismic estimate a near-polar orbit is the most likely configuration for
the system.
I note, that simultaneously with our study the system was being analysed
by O. Benomar and collaborators; their results, which are in agreement with
ours, can be found in Benomar et al. (2014).
10.2.4

Ensemble Obliquity study

Finally, I will briefly mention a project that is currently ongoing and led by T.
Campante. In this study we have analysed a cohort of 30-some-odd KOI systems, all of which show p mode oscillations in their power spectra. We have
used the full set of available data for each systems, and light curves and power
spectra have been prepared according to Handberg and Lund (2014) (see Section 6.1). For each system an MCMC peak-bagging has been performed using
three different codes (fits done by T. Campante, G. R. Davies, and myself) in
order to assess the robustness of the results. With i? estimated from this analysis, together with literature values for ip and a statistical treatment of λ, we are
in a position to describe the behaviour of the distribution of ψ in an ensemble
manner. Furthermore, it will be possible to investigate the characteristics of ψ
for multi-planet systems (of which there are several in the sample).
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In this thesis I have described the aspects of asteroseismology, time series
analysis, and statistical analysis of importance for the studies conducted during my PhD, and presented results from these. In this section I will briefly
recap on the main conclusion and will describe a project that I will take on in
the near future during a two year post-doc at the University of Birmingham,
UK — this is a project supported by the Det Frie Forskningsråd | Natur og
Univers (FNU).
“ Look up at the stars and not down at your feet. Try to make sense of what you see,
and wonder about what makes the universe exist. Be curious.”
— Stephen Hawking

“ No one is dumb who is curious. The people who don’t ask questions remain
clueless throughout their lives.”
— Neil deGrasse Tyson

11.1

summary and conclusions

One may argue that my studies have been somewhat disconnected, and I
would not disagree. Fundamentally, they are to an extent connected, as the
convection both excite solar-like oscillations, interact with rotation to form
differential rotation, and manifests itself on the surface as granulation. My
studies have, however, not directly dealt with these connections. The relatively large span in subjects, from the very practical to the more theoretical, is
in my opinion a clear strength — it gives a better appreciation of the full process in an end-to-end analysis, which typically starts with the collection and
preparation of data, and ends with statistical analysis and modelling of the
data. The opening sections (1 to 5) of the thesis gave a general introduction
to some of the basics of asteroseismology, time series analysis, parameter estimation, observing facilities for asteroseismic studies, and stellar modelling.
These introductions serve as a basis for the following more project-oriented
sections.
Section 6 dealt with the description of the KASOC and K2P2 pipelines for
the correction and preparation for asteroseismic analysis of Kepler and K2
data. This work has provided a good insight into the importance and difficulties in general of a proper treatment of data before any analysis can take
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place. Especially, this pertains to data from the Kepler satellite, but will equally
become important for data from future missions such as TESS and PLATO.
In Section 7 I gave an account of the challenges in dealing with the analysis
of low S/N data, where my work has been on the development of a method
for the detection of seismic signals in such data, and on the detection of modes
with intrinsically low visibility. There is no doubt that such techniques will
become increasingly important with some of the future missions suited for
asteroseismology — here the time span for the observations will generally be
much inferior to that obtained with Kepler, and marginal detections with the
possibility for average seismic parameter may be the only quantities achievable for a large number of stars.
The studies I have conducted and more general considerations of rotation
were presented in Section 8. My own studies have mainly been concerned
with the impact of differential rotation on asteroseismic data, and analysed
via forward calculations of mode splitting for rotational kernels. The more
quantitative part of the rotational studies have been conducted through peakbagging of the power spectra of solar-like oscillators. Such analysis has, for
instance, been done for the 16 Cyg stars, HAT-P-7, Kepler-410, and a large
sample of KOIs. Currently, I am analysing a sample of 60-some-odd of the
highest quality (in terms of their power spectra) sun-like and F-type stars,
where my focus will be on the information obtainable on rotation, visibilities,
mode widths etc., while the mode frequencies will form the basis for an indepth modelling exercise.
Measures of mode frequencies and rotational splitting are not the only output from a peak-bagging run, one also obtains a measurement of the inclination of the stellar rotation axis. In Section 10 the importance of this measure,
for the inference of obliquity in star-planet systems, was presented. Together
with knowledge of the star, and thus the planetary system as a whole, from
asteroseismic modelling, the obliquity holds clues to the dynamical history of
the system. The combination of these two pieces of information is needed to
constrain planetary system evolution and formation theories.
Finally, the impact and description of granulation in asteroseismic data was
presented in Section 9. From a practical perspective such studies are needed as
a proper characterisation of the granulation background is a necessity for the
extraction of mode frequencies — if unaccounted for the estimated frequencies, and by extension the models derived from these frequencies, will likely
be biased. All the lessons learned from the subjects studied during my PhD
will become of use in a future study I will be conducting at the University of
Birmingham, which is described in the following.
11.2

a current challenge in asteroseismology

Since the advent of space based missions such as CoRoT and Kepler the field
of asteroseismology has entered a golden age, and we have indeed learned

159

11.2 a current challenge in asteroseismology

a great deal from these missions. Our ability to further improve our understanding of the properties and dynamics of Sun-like stars is, however, facing
a bottleneck, because we cannot properly assess the impact that turbulence in
the outer layers of the stars has on the oscillation frequencies. Understanding
and calibrating this impact is crucial, since it is the frequencies that are used
to infer the properties of the stars (see Section 5), and to probe their internal
structure and dynamics.
To address this issue I will in a coming project seek to develop and apply
the novel approach of “depth-dependent asteroseismology” to spectroscopic
observations of a carefully selected “calibration set” of stars.
This approach will allow for the detection of oscillations of unprecedented
low frequency in these stars. The measured frequencies of these oscillations
will be used to construct an accurate model of the effects of the turbulence,
which will then be applied to give accurate properties of a large cohort of
stars observed by Kepler. I will also use the low-frequency data to perform
detailed studies of the internal rotation profiles of the stars.

Figure 64 – Solar power spectrum from velocity (GOLF) and photometry (VIRGO). At low
frequency where the convective noise dominates the power is significantly lower in velocity.
The power around ∼3 mHz is from the stellar oscillations. From Aerts et al. (2010).

The near-surface turbulence in stars is very hard to model, and systematically shifts the frequencies of the oscillations; we know from solar data that
these shifts are stronger in high-frequency modes. It is far from clear if the
commonly adopted empirical corrections to these shifts (e. g., Kjeldsen et al.
2008; Ball and Gizon 2014) are accurate or even appropriate for the range
of stars in which we detect solar-like oscillations. If we do not properly account for these effects, the inferences we draw will be in error. But, there is
another approach to resolving the problem: data on the Sun have shown that
very-low frequency modes are hardly affected by the turbulence. By detecting
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these modes in other stars, we may use them as “anchors” across the HRdiagram to properly calibrate the effects, since they will provide diagnostics
of the stars, free from the impact of the turbulence. The low-frequency modes
are also very important because they provide exquisite information on the
internal rotational properties of stars. This information is vital for improving
our understanding of the dynamical processes driven by the rotation, such as
stellar activity cycles, and the transport of energy, angular momentum, and
chemical species in stars — ingredients that currently are poorly integrated
in stellar evolution models.
State-of-the-art spectroscopic observations provide the key to detecting these
very low-frequency modes; as noted in Section 9 the intrinsic stellar noise
(from convection) is much lower in velocity as compared to photometry (see
Figure 64). This yields many more low-frequency oscillation modes to constrain the stellar modelling, and these can be measured with higher precision than high-frequency modes. Additionally, we can obtain estimates of the
chemical composition, magnetic activity, etc. directly from the spectra.
The data for the project will come from spectroscopic observations made
by the telescopes of the SONG network (see Section 4.3). I will furthermore
use spectroscopic observations of the Sun, made by the “Birmingham Solar
Oscillations Network” (BiSON; Chaplin et al. 1996b) to help test and validate
this novel approach. From the deployment of the Tenerife node, daily observations have been conducted of the Sun, allowing for asteroseismology of the
Sun as-a-star (meaning that the surface is unresolved in the observations, as
is also the case when observing other stars). These data will also play a key
role in testing of the method.
The detailed analysis of a small number of stars observed by SONG, combined with solar data from both SONG and BiSON, will yield new science on
the dynamics of stellar interiors and be a milestone towards resolving important issues for the accurate exploitation of photometric data on thousands of
stars.
11.3

depth-dependent asteroseismology

High-precision average radial velocities from spectroscopic observations add
significantly to what we can hope to learn about a star. This project focuses
on the possibility to obtain yet more information from the absorption lines.
In fact, different parts of a line are sensitive to different depths in the photosphere: the central parts of the line are sensitive closer to the surface than the
line wings Gray (2005). Also, different lines will in general have contribution
functions with different depth dependencies. From independent analysis of
the different line parts, or simply the signal from different lines, and this for a
great number of lines, we may probe how the oscillations behave through the
stellar photosphere — something that is virtually impossible with photometry.
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The depth dependence of the oscillations has been demonstrated with solar data (but even for the Sun it has not been exploited in detail) (Underhill
and Speake 1996; Lefebvre et al. 2008), but never in stars. The immediate gain
from my proposed approach is that we can beat down the noise in our velocity power spectrum by decreasing the impact of the low frequency noise from
convection; at different photospheric depths the oscillations will be largely
coherent, but the turbulent convection is largely incoherent. Combining measurements from different depths — either in the time domain or via a coherence spectrum (Elsworth et al. 1994) — will strengthen the coherent signal
while averaging out the non-coherent convective component (Davies et al.
2014).
The impact of this has been tested on simulated time series with a common
(coherent) and an uncommon (incoherent) noise component. Comparing the
power spectrum of the co-added time series with those of the individual time
series, a gain in the signal-to-noise ratio (S/N) by a factor of 1.5 to 2 was
achieved when the corresponding fraction of the total noise from the coherent component was between 50% and zero respectively. A decrease in noise of
this scale will enable the detection of more low-frequency, anchoring, modes
for accurate stellar modelling. For the Sun and certain types of stars the improved S/N may even allow us to detect gravity modes. These modes, which
have eluded detection so far in main-sequence stars, are of particular interest
as they are sensitive to the very core regions of the Sun and stars. From observing at different depths we will also obtain information on, for instance, the
variation of the strength of the convection through the surface layers; this will
be an important anchor for simulations attempting to model the convective
dynamics.
The spectroscopic networks SONG (Section 4.3) and BiSON will provide the
data that will facilitate this kind of inference. BiSON is a network consisting of
6 dedicated solar observatories spread across the globe, making near continuous high-precision observations of the Sun as-a-star. The network has been
run successfully by the Birmingham group since the commissioning of the
first node in 1976; this makes the BiSON time series the longest helioseismic
data set available in the world.
A secondary driver for the study is the synergy with the newly proposed
solar network “BiSON-Mini” (P.I.: Guy R. Davies). The idea is to deploy as
many as 40 compact and affordable versions of the BiSON instrument around
the globe. The high number of nodes will ensure monitoring of the Sun asa-star with a coverage of close to 100%, which is important as gaps in the
time series will introduce noise and artefacts in the power spectrum; BiSON
generally achieves a coverage just over 80%. The synergies with the analysis
of SONG and BiSON observations are the contemporaneousness of the observations, and, crucially, the fact that the BiSON-Mini nodes, from their slightly
different line-of-sight velocity to the Sun, will probe different depths in the solar photosphere; depth-dependent Sun-as-a-star helioseismology with SONG
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and the existing BiSON instruments (which have some depth dependent capabilities), would serve as proof-of-concept for this aspect of BiSON-Mini.
The extraction of information on the frequencies of the modes from the
power spectrum via peak-bagging (Section 3) is a challenging exercise. From
Kepler, we have come a long way towards optimising this procedure. In velocity this is even more challenging and the procedures from Kepler should
be applied cautiously (Christensen-Dalsgaard and Gough 1989; Chaplin et al.
1996a); some of the assumptions that may be reasonable in photometry do not
translate easily to velocity data — this will, for instance, affect the calculation
of mode visibilities (Ṽl2 ) and the geometric factor (Elm (i? )) determining the
relative heights among azimuthal components (see Schou 2014, for a recent
discussion on some of these issues).
As the second leg of the project I will work on a methodology to extract
mode parameters from SONG velocity power spectra. Here the lessons from
Kepler and BiSON observations of the Sun as-a-star will be adopted via methods from Machine Learning, and the information that can be extracted directly from the high resolution spectroscopy will be incorporated in a joint
analysis.
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