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English Summary
Electronic processes deep within atoms and molecules take place on a time-scale
which requires extraordinarily high temporal resolution to resolve. In the field
of attosecond science such temporal resolution can be obtained using very short
pulses of laser light. These laser pulses are so short, that the ratio between one
second and the duration of such a pulse is comparable with the ratio between
the age of the universe and a single minute. Armed with these very short pulses,
the motion of electronic distributions have been successfully studied with very
high precision.
This PhD thesis considers a pump-probe scheme in which the absorption
spectra of short laser pulses are measured and used to obtain information about
dynamical processes within the atoms or molecules of a target gas. This scheme
is known as attosecond transient absorption spectroscopy (ATAS). Since 2010 ATAS
has been used to study atomic systems, and as a result new phenomena have
been discovered and explained. The main focus of the thesis will be on how
nuclear motion in diatomic molecules affect ATAS. To investigate this we carry
out numerical simulations on several molecular systems including the hydrogen
molecular ion, the hydrogen molecule, and the nitrogen molecule. Contrary to
what one might expect, the absorption spectra of very short laser pulses are
highly affected by the much slower vibrational motion of the molecules.
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Dansk resumé
For at kunne følge elektroniske processer, der foregår dybt inde i atomare og
molekylære systemer, kræves en helt utrolig høj tidslig opløsning. Indenfor det
naturvidenskabelige felt attosecond science kan en sådan tidslig opløsning opnås
ved brug af ekstremt korte laserpulser. Laserpulserne er så korte, at forholdet
mellem ét sekund og varigheden af en af disse pulser er sammenligneligt med
forholdet mellem universets alder og ét minut. Bevæbnet med disse meget korte
laserpulser er det lykkedes at følge elekroniske fordelingers bevægelse med
meget høj præcision.
Denne Ph.D. afhandling omhandler en speciel teknik, hvor absorptionen
af en kort laserpuls, indsendt på en atomar eller molekylær gas, måles. På
baggrund af sådane målinger kan dynamiske processer i atomer og molekylers
indre følges på deres naturlige tidsskala. Denne teknik kaldes for attosecond
transient absorption spectroscopy (ATAS). ATAS er de seneste år blevet anvendt
på atomare systemer med særdeles stor succes, hvorved nye processer er blevet
opdaget og forklaret teoretisk. Hovedfokus i denne afhandling vil være på at
undersøge kernebevægelser i diatomare molekyler og disses effekt på ATAS.
Vi udfører derfor numeriske simulationer på en række molekylære systemer,
deriblandt den molekylære hydrogen ion, hydrogen molekylet og nitrogen
molekylet. I modsætning til hvad man måske på forhånd ville forvente, viser
det sig, at absorptionsspektret for ultrakorte laser puler i høj grad afhænger af
molekylære vibrationer, selvom disse vibrationer foregår på en meget længere
tidsskala.
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Preface
This dissertation summarizes the main part of the work I have carried out
during my PhD studies at the Department of Physics and Astronomy, Aarhus
University, Denmark. These studies where carried out from August 2012 to July
2016 under the supervision of Professor Lars Bojer Madsen.

Notation
Atomic units (h̄ = e = me = a0 = 1) are used throughout the thesis, if not
explicitly stated otherwise.
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Chapter

Introduction
The absorption and emission of light has always been extremely important to
mankind, and how the energy of light is transformed into thermal energy in
objects left in the sun or even into chemical energy in plants, has always puzzled
us. In the 1880s Johann Balmer discovered that when light is emitted from
a gas of hydrogen not all colors were contained in the emitted light. Instead
the emitted light was confined to narrow energy windows arranged in a welldefined pattern. This strange and unfamiliar discretization of energy required
a fundamentally new theory for the interaction between light and matter. A
model of the hydrogen atom, capable of explaining Balmers discoveries, was
made by Niels Bohr in 1913, and in 1926 Erwin Schrödinger published a more
complete quantum theory; the theory we still use today.
Schrödingers equation of motion the Schrödinger equation, and Max Borns
interpretation of its solutions, suggest a nature governed by probability distributions and non-deterministic measurements, which in general makes it difficult
to use the intuition obtained in our everyday lives to predict the behavior of
quantum mechanical systems such as atoms and molecules. Since atoms and
molecules are fundamental for all human activities, we want to develop a quantum intuition to understand their structure and predict the dynamics initiated
when these systems are lifted out of their stable ground states. This quantum
intuition must be based on the Schrödinger equation, but in practice it will
almost always be guided by experiments.
To have any hope of following a dynamical process in a system, quantum
mechanical or not, in a time-resolved manner, we have to be able to make
measurements on the system on a time-scale shorter than the time-scale of the
dynamical process itself. If we try to measure a process using a measurement
scheme with a time-resolution lower than the time-scale of the process, we are
1
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likely to draw wrong conclusions. Examples of such wrong conclusions are
often encountered in our everyday life due the finite time-resolution of the
receptors in our eyes. One example is when a car drives on the highway, then it
sometimes appear to a passenger as if the wheels of the other cars are standing
still or even rotating in the direction opposite of what they actually do. To follow
dynamics in atomic and molecular systems we therefore need measurements
with a time-resolution faster than the typical time-scale on which the particle
distributions in these system changes, e.g., on the attosecond (1 as = 10−18 s)
time-scale for electronic motion and on the femtosecond (fs) (1 fs = 10−15 s)
time-scale for nuclear motion.
Since the first laser sources were constructed in the early 1960’s, the technological developments within the laser community have been incredible, opening
the research fields of picochemistry in the 1970’s and femtochemistry in the 1980’s
[7]. In femtochemistry a process initiated by a laser pulse1 is measured, in
one way or the other, by an additional pulse delayed in time with respect to
the first pulse. Carrying out consecutive experiments with varying time-delays
this scheme offers a method to follow the dynamics initiated in the system.
Nowadays laser sources producing laser pulses of fs durations and having
field strengths comparable to the Coulomb fields experienced by electrons deep
within atomic or molecular systems, are standard equipment.

1.1

Attosecond Science

In the 1990’s fs laser pulses reached intensities high enough to support high
harmonic generation (HHG) in gases [8, 9] resulting in emitted light with a
spectral profile broad enough to allow for generation of sub-femtosecond pulses.
The first isolated laser pulse of sub-femtosecond duration were obtained just
after the turn of this millennium [10]. The birth of laser pulses of attosecond
duration, paved the way for the research field of attosecond science and for the
first time ’humans’ became faster than even relatively strongly bound electron
distributions.
In the generation of attosecond pulses the original fs pulse can be split in two.
One part is used for the generation of the attosecond pulse that constitute the
first pulse in a pump-probe setup, while the other part of the fs pulse constitute
the second pulse. Such a setup allows for very precise control of the time-delay
between the two pulses, and ensures that the phases of the two pulses are locked
to each other [11]. In experiments using the pump-probe approach, the signal
measured can consist of photo-electron energies [12], other fragments of the
target [13] or absorption profiles of the attosecond pulses, which has frequency
components in the extreme ultraviolet (XUV) domain. Time-delay dependent
1 In

principle also pulsed electron beams can be used.
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Figure 1.1: A sketch of the two pulses used in an ATAS
experiment. The dashed black line shows the fs pulse, while
the full red line shows the XUV pulse.

absorption of XUV light in atomic and, in particular, in molecular systems will
be the main topics of this thesis.

1.2

Attosecond Transient-absorption Spectroscopy

In attosecond transient-absorption spectroscopy (ATAS) the spectrally resolved
absorption profile of an attosecond pulse in the XUV regime, delayed a time τ
with respect to a fs pulse in the near-infrared (NIR) or infrared (IR) regime, is
measured. Below we will refer to the attosecond XUV pulse as the XUV pulse
and the fs NIR/IR pulse as the fs pulse. As the temporal delay between the
two pulses in ATAS is varied, the variation in how the fs-field-dressed system
absorbs light, results in a delay-dependent absorption spectrum. In this way
temporal information about the evolution of the fs-field-dressed system can be
obtained. In Fig. 1.1 a schematic drawing shows the temporal profile of the
XUV and fs pulses. In an ATAS experiment the spectrally broad XUV pulse
populates a wave packet of excited states at time τ, establishing an oscillating
dipole moment in the target medium. This oscillating dipole moment then emits
light. For the pulse parameters used in this thesis, the fs pulse is not intense
enough to excite population out of the ground state without the XUV pulse,
and the effect of the fs pulse is therefore to modulate the oscillating dipole
moment already established by the XUV pulse. In atomic or molecular gases
the time-dependent dipole moment established by the XUV pulse, and possibly
modulated by the fs pulse, will exist long after the pulses are over. This has two
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clear advantages and one clear disadvantage:

+ Light emitted as a result of populated bound excited states will have
very well-defined frequencies resulting in high spectral resolution. ATAS
therefore offers high temporal and spectral resolution simultaneously.
+ A strong modulation of the XUV pulse can be obtained even in dilute
gases, making it possible to carry out ATAS using low intensity XUV
attosecond pulses available in many laboratories around the world.
- The measured modulation of the XUV pulse results from the light emitted
from the oscillating dipole integrated over all times. It is somehow counter
intuitive, that the absorption of a short light pulse is due to field components hitting the detector many pulse durations later. This also makes the
physical interpretation somewhat more difficult, and even spectra resulting
from simple atomic model systems can contain spectral features that are
still not fully understood.
+/- The time-dependent dipole moment exists long enough that nuclear dynamics play an essential role. Nuclear dynamics can therefore not be
neglected when considering molecular ATAS.
Despite the problem mentioned above, ATAS has since 2010 been used to
follow electronic processes in atoms on their natural time-scale. The observation
of valence electron motion in krypton ions [14], autoionization in argon [15],
the observation of AC Stark shifts of excited states in helium [16] and krypton
[17], and control of the dynamics in a two-electron wave packet of helium [18]
are among the most prominent examples of ATAS experiments carried out on
atomic systems. With the success of ATAS in atomic systems the attosecond
science community has now moved into the area of ATAS in solid state systems
[19, 20], and with a number of new articles where ATAS is used to study the
electronic, nuclear, or combined electronic and nuclear dynamics in molecules,
2016 seems to be the year where molecular ATAS enters the scene as a hot
topic in attosecond physics. Examples of ATAS experiments and calculations on
molecular systems are: Ref. [21] which contains the first experimental molecular
ATAS spectrum presented in a peer-reviewed journal, Refs. [1] and [2] where
numerical simulations for the first time showed which novel absorption features
one should expect in molecular ATAS spectra, and Ref. [22] where charge
migration in large molecules is investigated numerically using ATAS. Apart
from these already published results, a list of conference presentations [23–25]
indicate that many researchers will contribute to the field of molecular ATAS in
the years to come.
In addition to the growing interest in molecular ATAS, other novel features
and ideas within the ATAS framework are discovered and developed these years.

1.3 Structure of the Thesis

5

We have already mentioned the study of charge migration in large molecules
[22], but also control of virtual states and their absorption by changing the
mutual polarization angle between the linearly polarized XUV and fs pulses has
been suggested and shown experimentally [26]. Finally, we in Ref. [3] suggest a
scheme where the addition of an extra XUV pulse to the ATAS scheme, makes it
possible to extract the phase of individual contributions to the time-dependent
dipole moment in a very precise way.

1.3

Structure of the Thesis

The main goal of this thesis is to give the reader an introduction to ATAS in
molecular systems. With that in mind, chapter 5, 6, 7 and 8 form the backbone
of the thesis. In chapter 2 we give a more detailed and technical introduction
to what an ATAS spectrum is and how it can be calculated. Models of systems
considered in the calculations, fields, and time-propagation schemes for the
Schrödinger equation are also discussed in chapter 2. Chapter 3 is devoted to
fundamental concepts and absorption features of ATAS spectra in both atomic
and molecular systems. All calculations and conclusions in this section are
therefore based on few-level models or models that in some other way simplifies
the interpretation of ATAS. With the concepts established in chapter 3 we are
ready to discuss ATAS spectra resulting from more realistic systems. In chapter 4
we present the ATAS spectrum of the helium atom in an 800 nm pulsed field.
This chapter is included in the thesis to ensure that the reader is somewhat
familiar with atomic ATAS spectra, such that molecular phenomena can later
be compared to the atomic case. In chapter 5 we finally move on to molecular
systems, starting with the hydrogen molecular ion (H2+ ) and then progressing to
the hydrogen molecule (H2 ). As we will see, the H2+ and the H2 molecules result
in very different absorption spectra, and these systems therefore beautifully
illustrate the diversity of molecular ATAS. Chapter 5 primarily contains material
published in Ref. [1]. In chapter 6 ATAS spectra of the nitrogen molecule are
investigated, and spectral features unique to this molecule, such as nuclear
mass effects, are discussed. In chapter 7 the effect of nuclear motion on dressed
virtual states (light-induced states) are investigated. This chapter primarily
contains material published in Ref. [2]. In chapter 8 we investigate how it affects
a molecular ATAS spectrum, that the molecular target is aligned. In addition we
also allow general polarization directions of the two linearly polarized pulses
included in the ATAS scheme. Using the method suggested in chapter 8, the
complexity of molecular ATAS spectra can to some extent be controlled. Moving
away from molecular systems, we in chapter 9 present a new scheme, where
an additional XUV pulse allow for extraction of dipole-moment phases and
therefore also extraction of the energy shifts induced by the fs pulse. The

6
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usefulness of this scheme is illustrated in helium. Chapter 9 primarily contains
material published in Ref. [3]. Finally, chapter 10 concludes the thesis.

Chapter

Theory and Methods
In this chapter the theory needed to understand and calculate the absorption
spectra of ATAS is presented. We start in Sec. 2.1 with the analysis of how a
laser pulse propagates through a gas. During this analysis we find a quantity,
simple in calculation and interpretation, capable of describing the absorption
of XUV pulses in dilute gases. In Sec. 2.2 we introduce a set of coordinates,
allowing us to separate out parts of the Hamiltonian resulting from the center
of mass dynamics. This separation is important for an efficient numerical
implementation of laser-matter interactions. In Sec. 2.3 we write up the full
Hamiltonians of the systems we later use in the calculations of ATAS spectra. An
example of such a system is a diatomic molecule in an electric field. Since this
system is too complex to allow for full ab initio calculations, we in Sec. 2.4 give
the equations necessary to propagate diatomic molecules in time using a basis
containing N bound electronic states. In Sec. 2.5 we discuss a transformation
of coordinates from a laboratory fixed frame to a molecule fixed frame. The
concepts introduced in Sec. 2.5 is then used in Sec. 2.6 to discuss how the angular
distribution of molecules affects the ATAS spectrum. In Sec. 2.7 the electric
fields used in our calculations are given, and finally in Secs. 2.8 and 2.8.1 we
discuss how to numerically implement the temporal propagation of the systems,
defined in earlier sections.

2.1

Pulse Propagation and Absorption Spectra

To correctly describe how a laser pulse propagates though a gas a full quantummechanical description, including both the quantized nature of light and a
macroscopic number of gas particles, is necessary. However, all pulses consid7

2
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ered in this thesis are far too intense to show any nonclassical behavior, and are
therefore treated classically. Even in this semiclassical limit the full description
of ATAS requires that we solve the time-dependent Schrödinger equation (TDSE)
i

∂
Ψ(r, t) = H (r, t)Ψ(r, t),
∂t

and the Maxwell wave equation (MWE) for the propagating field F(r, t)

 2
4π ∂2
1 ∂2
∂
F
(
r,
t
)
=
−
P(r, t),
∂r2
c2 ∂t2
c2 ∂t2

(2.1)

(2.2)

simultaneously. In Eq. (2.2) c ' 137 is the speed of light in vacuum and P(r, t)
is the time-dependent polarization of the target, defined as the dipole moment
density in the target region.
We wish to use Eq. (2.2) to propagate the field in space, but this propagation
is made extremely difficult by the second order derivative in the propagation
direction1 y L . To circumvent this problem we change to a coordinate frame
moving at the speed of light in the propagation direction (t0 = t − y L /c) [27]. In
this frame, and in the slowly-evolving-wave approximation [28], the frequencydomain MWE is given by [29]
!
∂2
2iω ∂
4πω 2
∂2
+
+
F
(
r,
ω
)
=
−
P(r, ω ),
(2.3)
c ∂y L
c2
∂x2L
∂z2L

with F (r, ω ) and P(r, ω ) the Fourier transforms
Z

∞
1
F(r, ω ) = √
F(r, t) exp(−iωt)dt,
2π −∞
Z ∞
1
P(r, t) exp(−iωt)dt.
P(r, ω ) = √
2π −∞

(2.4)
(2.5)

Equation (2.3) only has a first order spatial derivative in the propagation direction, and is therefore significantly better suited for a numerical implementation.
Splitting space into planes perpendicular to the propagation direction of the
field, Eq. (2.3) allow us to propagate from plane to plane. In each plane the
polarization is then calculated by solving the TDSE using the updated field.
Even though Eq. (2.3) allows for a much coarser spatial grid in a numerical
implementation, than MWEs with a second order derivative in the y L coordinate,
the propagation of an XUV pulse trough a field-dressed macroscopic gas is still
an outstanding numerical challenge, that has only been preformed in simplified2
helium models [29–32]. Macroscopic propagation effects in ATAS has been
observed experimentally in dense gases of helium atoms [33].
1 The

subscript L indicates that this coordinate is given in a laboratory fixed frame.
models or in the single active electron approximation.

2 Few-level

2.1 Pulse Propagation and Absorption Spectra

2.1.1
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Single-system Response

In the single-system response approximation (SRA) the polarization of the target
is calculated to find the modulation of the initial field, but any back-action from
the generated field on the system is ignored. Propagation of a laser pulse within
the SRA is therefore numerically and conceptually much easier than the full
macroscopic propagation, since the TDSE has to be solved only once. For dilute
gases macroscopic propagation effects play only a minor role and the absorption
of XUV pulses in ATAS experiments is described accurately within the SRA
[29, 34]. In this thesis we will use the SRA throughout.
The intensity spectrum, evaluated in the asymptotic region (y L → ∞), of a
field F(y L , t, τ ) propagating in the y L -direction is given by
S̃(ω, τ ) ∝

Z ∞

−∞

dte−iωt F(y L , t, τ )

2
y L →∞

,

(2.6)

where τ is the time-delay between XUV and fs pulses introduced in chapter 1.
We let
F(y L , t, τ ) = Fin (t − y L /c, τ ) + Fgen (y L , t, τ ),

(2.7)

where Fin (t − y L /c, τ ) is the incoming, unmodified field and Fgen (y L , t, τ ) is the
field generated by the polarization of the system. Here and below we assume
that Fin (t − y L /c, τ ) is linearly polarized along the z L -direction, if not explicitly
specified otherwise3 . In dilute gases |Fin (t − y L /c, τ )|  |Fgen (y L , t, τ )| and only
the z L -component of the total field will contribute significantly to the intensity
spectrum
S̃(ω, τ ) ∝

Z ∞

−∞



dte−iωt Fin (t − y L /c, τ ) + Fgen (y L , t, τ )

2
y L →∞

,

(2.8)

with Fin and Fgen the z L -components of Fin and Fgen , respectively. In the SRA,
the light-matter interaction is limited to one plane in space (y L = 0), and Eq. (2.8)
can be evaluated at y L = 0+
 ∗

2
S̃(ω, τ ) ∝ | Fin (ω, τ )|2 + 2Re Fin
(ω, τ ) Fgen (ω, τ ) + Fgen (ω, τ ) ,

(2.9)

with Fin (ω, τ ) and Fgen (ω, τ ) the Fourier transforms of the two fields evaluated
at y L = 0+ . Due to the low field strength of the generated field, the third term
in Eq. (2.9) is negligible. The first term in Eq. (2.9) is the dominant term, but
3 This

will only be the case in chapter 8.
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it does not contain any information about the modification of the field. The
second term
 ∗

S(ω, τ ) = 2Re Fin
(ω, τ ) Fgen (ω, τ ) ,
(2.10)

on the other hand, contains information about the modification of the field.
Further, the contribution (2.10) is easy to separate from the dominant | Fin (ω, τ )|2
term in experiments by reporting, e.g., the optical density [35] [See Eq. (2.23)].
We therefore use Eq. (2.10) as the measure of XUV pulse absorption throughout
this thesis. To connect Eq. (2.10) to microscopic quantities of a single quantum
mechanical system, we return to the MWE (2.2).
Under the assumption of an incoming plane wave and thin sheet of gas4 the
MWE for Egen (y L , t, τ ) becomes
!
∂2
4π ∂2
1 ∂2
E
(
y
,
t,
τ
)
=
δ(y L ) P(t, τ ),
(2.11)
−
gen
L
c2 ∂t2
c2 ∂t2
∂y2L
which has the analytic solution


2π
∂ 
yL 
∂ 
yL 
Egen (y L , t, τ ) = −
θ (y L ) P t − , τ + θ (−y L ) P t + , τ ,
c
∂t
c
∂t
c
(2.12)
with θ (y L ) the Heaviside function. Remembering that Eq. (2.9) was evaluated at
y L = 0+ we only need the first term of Eq. (2.12)
Egen (t, τ ) = −

2π ∂
P (t, τ ) .
c ∂t

(2.13)

The polarization P(t, τ ) is given as the dipole moment density P(t, τ ) = nd(t, τ ),
with n the density of atoms or molecules in the target gas and
d(t, τ ) = −

Z

drΨ∗ (r, t, τ )z L Ψ(r, t, τ ),

(2.14)

the time-dependent expectation value of the z L -component5 of the dipole moment in a system characterized by the quantum state Ψ(r, t, τ ). From the
definition of the polarization P(t, τ ) and Eq. (2.13) we find that
Egen (ω, τ ) =

2πnω
d(ω, τ ),
ic

(2.15)

4 A delta function in the direction of propagation, and a homogeneous distribution in the two
remaining directions
5 Here we choose a (laboratory fixed) coordinate frame with origo at the molecular center of
mass, i.e., we do not consider the motion of this point.

2.1 Pulse Propagation and Absorption Spectra
with
1
d(ω, τ ) = √
2π

Z ∞

−∞

d(t, τ ) exp(−iωt)dt.

11

(2.16)

To obtain Eq. (2.15) we have assumed that lim|t|→∞ [ P(t, τ )] = 0. Inserting
Eq. (2.15) into Eq. (2.10) we obtain
4πnω
∗
Im [ Fin
(ω, τ )d(ω, τ )] .
(2.17)
c
It should be noted that the constant 4π in, and the overall sign of, Eq. (2.17)
depends on the definition of the Fourier transform (2.16). Equation (2.17) is the
main result of this section. This equation links the microscopic single-system
response to the propagation of light in a macroscopic medium. Using this
equation, the problem of propagating a light pulse is reduced to finding the
time-dependent dipole moment of a single system.
From Eq. (2.9) we find that a negative S(ω, τ ) corresponds to a lower field
intensity at the frequency ω for a time-delay τ, while a positive S(ω, τ ) corresponds to a higher field intensity. Negative S(ω, τ ) therefore corresponds to the
situation where the target absorbs XUV light, and positive S(ω, τ ) corresponds
to the situation where the target emits XUV light.
S(ω, τ ) =

S(ω, τ )’s connection to other quantities used in the literature
Here we briefly connect S(ω, τ ) of Eq. (2.17) to other quantities used to measure
the absorption of XUV pulses in ATAS experiments. In Ref. [29] the frequencydependent excitation probability
∗
SGaarde (ω, τ ) = −2Im [ Fin
(ω, τ )d(ω, τ )] ,

(2.18)

is derived based on the energy exchange between a single system and the laser
field, and is used to model ATAS experiments in, e.g., Ref. [35]. SGaarde (ω, τ ) is
the probability that a photon of frequency ω excites an electron of the system.
This explains the sign-difference between S(ω, τ ) of Eq. (2.17) and SGaarde (ω, τ )
of Eq. (2.18)
2πnω
S(ω, τ ).
(2.19)
c
Another widely used approach to model ATAS experiments is to use Beers
law [36–38]. In the slowly-evolving-envelope approximation [28], the authors of
Ref. [36] derives the following formula for the intensity of the field F (ω, τ, y L )
after propagating a distance L through a homogeneous target



4πωnL
d(ω, τ )
| F (ω, τ, L)|2 = | Fin (ω, τ )|2 exp
Im
.
(2.20)
c
Ein (ω, τ )
SGaarde (ω, τ ) = −
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In the limit of weak interactions between the field and the target, an expansion
of the exponential function in Eq. (2.20) to first order in the argument is accurate
and we obtain

| F (ω, τ, L)|2 ' | Fin (ω, τ )|2 +

L
S(ω, τ ),
2π

(2.21)

which confirms that S(ω, τ ) is a good measure of the modulation of the XUV
pulse as long as the target is dilute.
Finally, the frequency-dependent absorption cross section σ (ω, τ ) [29] is
sometimes used to monitor the light-matter interactions in ATAS [18]
σ (ω, τ ) = −

2S(ω, τ )
.
n| Ein (ω, τ )|2

(2.22)

To highlight the XUV absorption/emission features in ATAS experiments,
intensity spectra are often given in terms of the optical density [35]


S̃(ω, τ )
OD(ω, τ ) = − log
,
(2.23)
S̃0 (ω, τ )
where S̃0 (ω, τ ) = k | Ein (ω, τ )|2 and S̃(ω, τ ) = S̃0 (ω, τ ) + kS(ω, τ ) are the intensity profiles before and after propagation through the target area, respectively.
k is the constant of proportionality in Eq. (2.6). For small modulations of the
initial field the first order expansion


S(ω, τ )
OD(ω, τ ) = − log 1 +
| Ein (ω, τ )|2
S(ω, τ )
,
(2.24)
'−
| Ein (ω, τ )|2
is accurate. For the very short XUV pulses typically used in ATAS experiments
the variation of | Ein (ω, τ )|2 with frequency is small within the XUV regime, and
the optical density is proportional to S(ω, τ ).
We conclude that when the target used in ATAS experiments is dilute, the
quantities of Eqs. (2.18), (2.20) and (2.22) used to monitor absorption of the XUV
pulse all becomes similar to S(ω, τ ) of Eq. (2.17). The analysis of this section
therefore establish S(ω, τ ) as a good measure of the XUV pulse modulation, and
since its interpretation and calculation is straight forward, we will use S(ω, τ )
to describe absorption in ATAS throughout this thesis.
The remaining part of this chapter will not be devoted directly to ATAS,
but rather to how the TDSE can be solved, and thereby the ATAS spectrum
evaluated, for a number of different molecular systems. In chapter 3 we return
to ATAS to investigate spectral features in simplified systems.

2.2 The Time-dependent Hamiltonian

2.2
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The Time-dependent Hamiltonian

In this section we establish the framework necessary for an efficient numerical
implementation of time-propagation schemes for molecular systems in nonperturbative laser fields.
We consider Hamiltonians of the form
N

H (r, t) = − ∑
i

N
1 ∂2
+
∑ V (|ri − rj |, qi q j ) + VL (r, t),
2mi ∂r2i
j >i

(2.25)

where V (|ri − r j |, qi q j ) is the Coulomb interaction between the i’th and the j’th
particle and VL (r, t) is the interaction with an external laser field. In the lab fixed
coordinates r = (r1 , r2 , ..., r N ) the positions of particles with masses m1 , m2 , ..., m N
and charges q1 , q2 , ..., q N are given relative to a point fixed in space. Since we
only want to consider internal degrees of freedom we introduce the relative
coordinates x = (rcm , R, x3 , ..., x N ) given by

rcm =

∑iN mi ri
,
mtot

mtot =

R = r2 − r1 ,
m r + m2 r2
xi = ri − 1 1
m1 + m2

N

∑ mi ,

(2.26)

i

(2.27)

( i ≥ 3),

(2.28)

with rcm the center off mass coordinate, R the internuclear coordinate and
xi (i ≥ 3) the electron coordinates with respect to the center of mass of the nuclei.
In the relative coordinates (2.26)-(2.28) contributions to the Hamiltonian (2.25),
originating from the center of mass coordinate rcm , can be separated from
the contributions of all remaining coordinates, just as it is the case in Jacobi
coordinates [39]. Further, our choice of relative coordinates is inspired by the
fact that we will consider only di-atomic molecules. In the coordinate set x all
electrons (i ≥ 3) are treated on an equal footing, which often result in a simpler
Hamiltonian when compared to in, e.g, Jacobi coordinates.
To carry out the coordinate transformation
x = Ur,

(2.29)
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Figure 2.1: Laboratory fixed coordinates r (left) and relative coordinates x (right) for a diatomic molecule with N − 2
electrons.

we introduce the N × N transformation matrix


m1
mtot

 −1
 −m

1
 m1 + m2

−
m
1
U=
 m1 + m2
 ..
 .
− m1
m1 + m2

m2
mtot

1

− m2
m1 + m2
− m2
m1 + m2

..
.

− m2
m1 + m2

··· ··· ···
0 ··· ···
1
0 ···
0
1
0
..
..
..
.
.
.
0
0
0

m N −1
mtot

···
···
···
..
.
···

mN 
mtot

0
0
0
..
.
1





.





(2.30)

In the following we sometimes use the notation rcm = x1 and R = x2 .

2.2.1

Kinetic Energy

Using the chain rule we have that
∂
=
∂ri

N

∂x j ∂

∑ ∂ri ∂xj
j

N

= ∑ Uji
j

∂
.
∂x j

(2.31)
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The kinetic energy expressed in relative coordinates is therefore given by
N

−∑
i

δ
1 ∂2
1 N N
T ∂ ∂
= − ∑ ∑ Uji il Ulk
2
2mi ∂ri
2 j,k i,l
mi
∂x j ∂xk

'−
where

N
1 ∂2
1
∂2
1 ∂2
−
−
,
∑
2
2
2mtot ∂rcm
2m N ∂R
2µi ∂x2i
i =3

m1 m2
,
m1 + m2
( m1 + m2 ) m i
.
µi =
m1 + m2 + m i

(2.32)

(2.33)

mN =

(2.34)

In the approximation of Eq. (2.32) we neglect non-diagonal terms of the form
1/(m1 + m2 )∂2 /(∂xi ∂x j ) coupling the i, j ≥ 3 coordinates. These terms are often
refereed to as mass-polarization terms. In a diatomic molecule where m1 and
m2 are much larger than m3 = m4 = ... = m N the approximation in Eq. (2.32) is
accurate.

2.2.2

Potential Energy

To find the potential energy V (|ri − r j |, qi q j ) we express the lab-fixed coordinates
(r) in relative coordinates (x) using the inverse transform
r = U −1 x,
where

U −1



1

1

1

=
1
.
.
.
1

− m2
m1 + m2
m1
m1 + m2

0
0
..
.
0

− m3
mtot
− m3
mtot
mtot −m3
mtot
− m3
mtot

..
.

− m3
mtot

− m4
mtot
− m4
mtot
− m4
mtot
mtot −m4
mtot

..
.

− m4
mtot

and we immediately find that
r2 − r1 = R,

m2
R,
m1 + m2
m1
ri − r2 = xi +
R,
m1 + m2
ri − r j = xi − x j .

ri − r1 = xi −

(2.35)

···
···
···
···
..
.
···

− m N −1
mtot
− m N −1
mtot
− m N −1
mtot
− m N −1
mtot

..

.

− m N −1
mtot

−m N
mtot
−m N
mtot
−m N
mtot
−m N
mtot

..
.

mtot −m N
mtot








,





(2.36)

( i ≥ 3)
( i ≥ 3)
(i, j ≥ 3)

(2.37)
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2.2.3

Field Interaction

The full time-dependent N-body Hamiltonian for a system in an electromagnetic
field can be expressed as [40]


N
N
1 ∂2
qi
∂
∂
H (r, t) = − ∑
+
i
A
(
r,
t
)
·
+
·
A
(
r,
t
)
∑ mi
2mi ∂r2i
∂ri
∂ri
i
i
N

+∑
i

N
N
q2i
A(r, t)2 + ∑ qi ϕ(r, t) + ∑ V (|ri − r j |, qi q j ),
2mi
i
j >i

(2.38)

where ϕ(r, t) and A(r, t) are the scalar and vector potentials from which the
electric and magnetic fields can be obtained
F(r, t) = −

∂
∂
ϕ(r, t) − A(r, t),
∂r
∂t

∂
× A(r, t).
∂r
Eqs. (2.39) and (2.40) has the gauge freedom
B(r, t) =

∂
h(r, t),
∂t
∂
A(r, t) y A(r, t) + h(r, t),
∂r

(2.39)
(2.40)

ϕ(r, t) y ϕ(r, t) −

(2.41)

where h(r, t) is an arbitrary real and differentiable function. The gauge freedom
of Eq. (2.41) can be used to adjust the divergence of the vector potential. We
∂
choose to work in the Coulomb gauge where ∂r
· A(r, t) = 0, and we assume
that ϕ(r, t) = 0 corresponding to the situation where no source terms are present
in the Maxwell equations. Further, we will assume that the vector potentials and
the electric fields are spatially constant over the systems considered. This approximation is known as the dipole approximation [40]. In the dipole approximation
the electric field is given by
∂
A( t ).
∂t
Comparing Eqs. (2.38) and (2.25) we find that in the Coulomb gauge
F( t ) = −

N

VL (r, t) = i ∑
i

N q2
qi
∂
A( t ) ·
+ ∑ i A ( t )2 .
mi
∂ri
2mi
i

(2.42)

(2.43)

The temporal evolution of a quantum mechanical state ψ(r, t) ’rotated’ by a
unitary transformation

(r, t) = U † (r, t)ψ(r, t),

(2.44)

ψ
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is given by
∂
(r, t) = HU (r, t) (r, t),
∂t

(2.45)

ψ

ψ

i
with

HU (r, t) = U † (r, t) H (r, t)U (r, t) − iU † (r, t)

∂
U (r, t).
∂t

(2.46)

As we will see shortly, some choices of U (r, t) leads to a simplified field interactions VL (r, t), while leaving the time-independent part of the Hamiltonian
H (r) = H (r, t) − VL (r, t) unchanged.
Velocity gauge
A unitary transformation [41]
"

q2
UVG (r, t) = exp i ∑ i
2mi
i =1
N

Z t

−∞

2

0

A (t )dt

0

#

,

(2.47)

of the Hamiltonian Eq. (2.25) leads to
HU (r, t) = H (r) + VLVG (r, t),

(2.48)

with
N

VLVG (r, t) = i ∑
i
N

= i∑
i,j

qi
∂
A( t ) ·
mi
∂ri
qi
∂
Uji A(t) ·
mi
∂x j

= iA(t) ·

N

∑
i

N
∂
∂
mi qi ∂
+ αVG
+ ∑ βVG
i
mtot ∂rcm
∂R i=3
∂xi

!

,

(2.49)

where
m1 q2 − m2 q1
,
m1 m2
( m1 + m2 ) q i − m i ( q1 + q2 )
=
.
m i ( m1 + m2 )

αVG =

(2.50)

βVG
i

(2.51)

Chapter 2 · Theory and Methods

18
Length gauge
Under a unitary transformation [41]
"

#

ULG (r, t) = exp iA(t) · ∑ qi ri ,
i

(2.52)

of the Hamiltonian (2.25), the two terms originating from the transformation of
Eq. (2.43) cancel out with terms from the transformed kinetic energy leaving us
with
HU (r, t) = H (r) + VLLG (r, t),

(2.53)

where
N

VLLG (r, t) = − ∑ qi F(t) · ri
i

= F( t ) ·

(

N

N

i =1

i =3

− ∑ qi rcm + αLG R + ∑ βLG
i xi

)

,

(2.54)

with
αLG =

m2 q1 − m1 q2
,
m1 + m2

βLG
= − qi +
i

2.3

mi
mtot

N

∑ qj.

(2.55)
(2.56)

j =1

Systems

In Sec. 2.2 we saw how the center of mass coordinate rcm can be separated from
the other coordinates in the equations of motion, leaving only internal degrees
of freedom to be accounted for. In this section we write up the Hamiltonians
corresponding to the internal degrees of freedom for systems used to calculate
ATAS spectra later in the thesis.

2.3 Systems

2.3.1
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The Di-atomic Molecule

The full Hamiltonian for a di-atomic molecule given in the relative x-coordinates:
N
1 ∂2
1 ∂2
q q
−∑
+ 1 2
2
2
2m N ∂R
2µ
|R|
∂x
i
i =3
i


N
q1
q2

−∑
+
m2
xi − m + m 2 R
xi + m m+1m2 R
i =3

H (x, t) = −

1

N N

+∑∑

i =3 j > i

1

1
+ VL (x, t),
xi − x j

(2.57)

with m N given in Eq. (2.33), µi given in Eq. (2.34), and the field interaction
VL (x, t) given in Eqs. (2.49) and (2.54) in the velocity gauge (VG) and the length
gauge (LG), respectively.

2.3.2

One Dimensional H2+

The only system simple enough to allow for a full treatment of the electron-nuclei
correlation is H2+ in one spatial dimension (1D). Despite the simplicity of this
system, simulations carried out on this system has shed light on many interesting
phenomena [42–44], guiding and explaining experiments and calculations on
naturally occurring systems.
We place the hydrogen molecule on the z-axis with the nuclei at z = ± R/2,
and assume the field-polarization vector to be parallel to this axis. In this case
the Hamiltonian of the system, here in velocity gauge, is given by
H ( x, R, t) = −

2m p + 1 ∂2
1 ∂2
1
−
+ −q
2
2
m p ∂R
4m p ∂z
R

−q

1

(z + R/2)2 + a( R)

−

1

(z − R/2)2 + a( R)

iA(t)(m p + 1) ∂
,
mp
∂z

(2.58)

where m p is the proton mass. a( R) in Eq. (2.58) is a softening parameter
removing the singularity of the Coulomb potential and reproducing the exact
three-dimensional 1sσg Born-Oppenheimer (BO) potential energy curve (PEC)
[45, 46].

2.3.3

The Di-atomic Molecule with Fixed-nuclei

To highlight the importance of nuclear dynamics in ATAS we wish to compare
spectra obtained from solving the TDSE using the full Hamiltonian (2.57) with
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spectra obtained from molecules where the nuclei are fixed in space. When
the two nuclei of a diatomic molecule are fixed in a specific geometry R, the
Hamiltonian (2.57) of the systems reduces to
H (x, t) = Hel (x) + VL (x, t),
with

(2.59)


N
2
1
∂
q
q
1
2
1

−
−
+∑
Hel (x) = ∑ −
2µi ∂x2i
xi − m m+2m2 R
xi + m m+1m2 R
j > i xi − x j
i =3
N



1

q q
+ 1 2,
|R|

1

(2.60)

where µi is the reduced mass given in Eq. (2.34).

2.4

N-surface Models

In this section we consider expansions of a general quantum state Ψ(x, t) in
N electronic field-free energy eigenstates. Such expansions are often accurate
for small N in atomic and molecular systems if the system is characterized by
bound electronic dynamics such that the electronic continuum can be neglected.

2.4.1

Di-atomic Molecules

We expand the total wavefunction Ψ(x, t), in a basis of N time-independent
functions ϕi (x3 , x4 , ...; R) depending only parametrically on the value of the
internuclear coordinate R. We neglect all motion perpendicular to the molecular
axis, including rotation of the molecule, so for any specified orientation of the
molecule we have that
Ψ(x, t) =

N

∑ Gi ( R, t) ϕi (x3 , x4 , ...; R).

(2.61)

i

We choose ϕi (x3 , x4 , ...; R) to be the adiabatic BO states defined as solutions
to the time-independent electronic Schrödinger equation
Hel (x) ϕi (x3 , x4 , ...; R) = Eiel ( R) ϕi (x3 , x4 , ...; R),

(2.62)

where Eiel ( R) is the PEC corresponding to the i’th electronic state and Hel (x) is
defined in Eq. (2.60). By inserting Eq. (2.61) into the TDSE (2.1) we obtain
i

∂
G ( R, t) =
∂t i

N

(0)

∑( Hi
j

δij + Vij ) Gj ( R, t),

(2.63)

2.4 N-surface Models

21

with
(0)

Hi

=−

1 ∂2
+ Eiel ( R) + αLG R · F(t),
m p ∂R2

(2.64)

and
Vij = − βLG del
ij ( R ) · F( t ).

(2.65)

It is natural to think of the electric field F(t) as given in the laboratory fixed
frame ( x L , y L , z L ) and the matrix elements of the electronic dipole operator
del
ij ( R ) =

Z

dxϕi∗ (x3 , x4 , ...; R)del ϕ j (x3 , x4 , ...; R)

,

N

del = − ∑ xi

(2.66)

i =3

as given in the molecule fixed frame ( x, y, z). How to evaluate the dot-product
in Eq. (2.65) between vectors in the two frames is the subject of Sec. 2.5. In
Eq. (2.66) x denotes all electronic coordinates. We refer to del
ij ( R ) as the dipole
transition moment (DTM) between the i’th and the j’th states. In Eq. (2.63) all
non-adiabatic terms have been neglected. Non-adiabatic terms are terms that
contain derivatives of the electronic states ϕi (x3 , x4 , ...; R) with respect to the
internuclear separation R. In chapter 6 we will look a little closer into when it
is a good approximation to neglect the non-adiabatic terms. Note that αLG = 0
LG
LG
LG for diatomic
for homonuclear molecules, and that βLG
3 = β 4 = ... = β N ≡ β
molecules.
An alternative to the N-surface expansion of Eq. (2.61) and subsequent
propagation of the nuclear wave packets is to further expand Eq. (2.61) in the
vibrational eigenstates of the system. The expansion in vibrational eigenstates,
however, is less suited for numerical implementation. The N-surface expansion
of Eq. (2.61) automatically include all nuclear bound states and continuum states
corresponding to an electronic state. This is not the case for an expansion in
vibrational eigenstates, and the number of states needed to ensure converged
results will depend on the system and the field parameters6 . We therefore
propagate the system using Eq. (2.63), and if we want to know the population or
phase-relations of the individual vibrational states we simply project the nuclear
wave packet onto the basis of vibrational eigenstates. For a specific PEC we
find the vibrational eigenstates by direct diagonalization using a sin-DVR basis
[47, 48].
6 In theory, the spatial representation has the same problem, but in actual calculations convergence problems can much easier be circumvented in the spatial representation.
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Fixed nuclei

When the R coordinate is frozen, the expansion (2.61) can be written as
Ψ(x, t; R) =

N

∑ ci (t, R) ϕi (x3 , x4 , ...; R).

(2.67)

i

Inserting Eq. (2.67) into the TDSE (2.1) we obtain
i

∂
c (t; R) =
∂t i

N

(el,0)

∑( Hi
j

δij + Vij )c j (t; R),

(2.68)

with Vij given in Eq. (2.65), and
(el,0)

Hi

= Eiel ( R) + αLG R · F(t).

(2.69)

Since the set of equations (2.68) does not depend explicitly on the internuclear
separation, Eq. (2.68) is sufficiently simple, that it can be solved directly using,
e.g, a Runge-Kutta solver [49].
We use an N state expansion in energy eigenstates similar to Eq. (2.67) in
calculations on the Helium atom presented in chapter 4.

2.5

Laboratory Fixed and Molecule Fixed Coordinate Frames

In this section we discuss how we can transform/rotate between the laboratory
fixed coordinate frame x L = ( x L , y L , z L ) and a molecular fixed coordinate frame
x = ( x, y, z) using the three Euler angles α, β and γ. The y L -axis is in the
propagation direction of the fields, the z L -axis is parallel to the field polarization7
and the z-axis is fixed to the internuclear axis of the molecule. For α = β = γ = 0
the two coordinate frames coincide. By a rotation R(α, β, γ) we can perform any
three-dimensional rotation. We can therefore also rotate the laboratory fixed
coordinate frame into the molecular fixed coordinate frame by the following
operation
  
 
x
R11 (α, β, γ) R12 (α, β, γ) R13 (α, β, γ)
xL
 y  =  R21 (α, β, γ) R22 (α, β, γ) R23 (α, β, γ)  y L  ,
(2.70)
z
R31 (α, β, γ) R32 (α, β, γ) R33 (α, β, γ)
zL
and back into the the laboratory fixed coordinate frame by the inverse operation
  
 
xL
R11 (α, β, γ) R21 (α, β, γ) R31 (α, β, γ)
x
 y L  =  R12 (α, β, γ) R22 (α, β, γ) R32 (α, β, γ)  y  .
(2.71)
zL
R13 (α, β, γ) R23 (α, β, γ) R33 (α, β, γ)
z

7 In chapter 8 we allow for the linearly polarized fs and XUV fields to be polarized along different
directions, but until then the two fields will be aligned along the same direction.
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where we use that R−1 = R T for rotations. Several conventions exist for the
choice of Euler angles and corresponding rotations. Here we will use the
convention used in Ref. [50] where a rotation Rz L (α) an angle α around the
z L -axis brings us from the coordinate frame x L to x0 = ( x 0 , y0 , z0 = z L ), a rotation
Ry0 ( β) an angle β around the y0 -axis brings us from the coordinate frame x0
to x00 = ( x 00 , y00 = y0 , z00 ), and finally a rotation Rz00 (γ) an angle γ around the
z00 -axis brings us from the coordinate frame x00 to x = ( x, y, z = z00 ). In total we
have that
R(α, β, γ) = Rz00 (γ) Ry0 ( β) Rz L (α).

(2.72)

Equation (2.72) can be rewritten into a product of three rotations all given in the
same coordinate frame [51], but for now this is not necessary. The individual
rotations have the matrix representations


cos(α)
Rz L (α) = − sin(α)
0


cos( β)
Ry0 ( β ) =  0
sin( β)


cos(γ)
Rz00 (γ) = − sin(γ)
0

Inserting these into Eq. (2.72) we obtain


0
0 ,
1

(2.73)


− sin( β)
,
0
cos( β)

(2.74)


0
0 .
1

(2.75)

sin(α)
cos(α)
0
0
1
0

sin(γ)
cos(γ)
0

R11 = cos(α) cos( β) cos(γ) − sin(α) sin(γ),

R12 = sin(α) cos( β) cos(γ) + cos(α) sin(γ),
R13 = − sin( β) cos(γ),

R21 = − cos(α) cos( β) sin(γ) − sin(α) cos(γ),
R22 = − sin(α) cos( β) sin(γ) + cos(α) cos(γ),
R23 = sin( β) sin(γ),

R31 = cos(α) sin( β),
R32 = sin(α) sin( β),
R33 = cos( β).

(2.76)
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For later use we note from Eq. (2.70) that
x̂ L · x̂ = R11 ,

x̂ L · ŷ = R21 ,

x̂ L · ẑ = R31 ,

ẑ L · x̂ = R13 ,

ẑ L · ŷ = R23 ,

ẑ L · ẑ = R33 .

(2.77)

The hatted quantities are units vectors of the laboratory fixed coordinate frame
and the molecule fixed coordinate frame, respectively.

2.6

Spherical Distributions of Molecules

Until now we have considered systems consisting of only a single molecule. For
molecules, however, the non-spherically symmetric structure in general makes it
necessary to consider distributions of molecular orientations, and since no ATAS
experiments have, to the best of our knowledge, been carried out on aligned
molecules we consider a spherically symmetric distribution (except in chapter 8).
In the SRA of Sec. 2.1.1 where macroscopic propagation effects are neglected,
the ATAS spectrum for a general distribution of molecular orientations can
be obtained by integration of spectra obtained for fixed orientations8 . We
therefore have to ingrate over all three Euler angles (α, β, γ). Numerically such
an integral is extremely heavy, and we have only been able to do carry out
calculations on spherically symmetric distributions of molecular orientations
for a few selected time-delays. To allow for ATAS spectra scanning over several
hundred time-delays, as the ones presented in later chapters, we want to identify
the fixed orientation resulting in the spectrum most similar to the spectrum of a
spherically symmetric distribution.
In length gauge we have that the interaction between the fields (polarized
along the laboratory fixed z L -axis) and a neutral homo-nuclear molecule is given
by [see Eq. (2.54) and Eq. (2.66)]
VLLG (r, t) = − F (t)ẑ L · del

(2.78)

The generalization to charged and hetero-nuclear molecules is straight forward.
We now split the electronic dipole operator in the components of the molecular
fixed frame del = del,x x̂ + del,y ŷ + del,z ẑ. Using the relations of Eqs. (2.76) and
8 As we will see in chapter 8, this corresponds to a coherent summation of time-dependent
dipole moments.
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(2.77) we obtain
h
i
VL (t) = − F (t) del,x (ẑ L · x̂) + del,y (ẑ L · ŷ) + del,z (ẑ L · ẑ)
h
i
= − F (t) del,x R13 + del,y R23 + del,z R33
h
i
= − F (t) del,x sin( β) sin(γ) + del,y sin( β) cos(γ) + del,z cos( β) .

(2.79)

To mimic the spherically symmetric distribution of molecular orientations, we
require that the contributions F (t)del,x , F (t)del,y and F (t)del,z are all treated on
an equal footing, i.e., we let R13 = R23 = R33 . This requirement is fulfilled by
the orientation


1
π
β = cos−1 √
,
γ= .
(2.80)
4
3
As we see above, there is no restrains on the α angle. This is due to the symmetry
of the system, consisting of molecule and field, when both pulses are polarized
in the z L -direction. It is clear that not even the ’optimal’ orientation defined by
Eq. (2.80) will capture all effects of a true spherically symmetric distribution,
but as we will see in Sec. 8.3 spectra obtained from this single orientation is in
suprisingly good agreement with spectra obtained from spherically symmetric
distributions. From the discussion in chapter 8 it will, however, be clear that the
functional form of the distribution of molecular orientations in general is crucial
for the type of spectral features found in ATAS spectra. All molecular spectra
presented in chapters 5, 6 and 7 will be calculated using the fixed orientation
defined by Eq. (2.80).

2.7

Electric Fields

The electric field components F(t) = −∂/(∂t)A(t), used in this thesis, are
constructed from the vector potential [1]


( t − t c )2
A(t) = A0 ε̂ exp − 2
cos [ω (t − tc )] ,
T /4
2π
T = Nc Tc = Nc
,
(2.81)
ω
with A0 = F0 /ω, unless explicitly specified otherwise. F0 relates to the intensity
as I = | F0 |2 , with one atomic unit of intensity equal to 3.51 × 1016 W/cm2 . In
Eq. (2.81) tc is the center of the pulse, ω is the carrier frequency, and ε̂ is the
polarization vector. Note that ε̂ = ẑ L for all pulses throughout the thesis, with
exception of in chapter 8. The full width at half maximum
(FWHM) duration
p
TFWHM is related to T used in Eq. (2.81) by TFWHM = ln(2) T.
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2.8

Time Propagation

In this section we briefly introduce the concept of a time-evolution operator. By
writing the solution Ψ(t) to the TDSE at time t as
Ψ(t) = U (t, t0 )Ψ(t0 ),

(2.82)

∂
U (t, t0 ) = H (t)U (t, t0 ).
∂t

(2.83)

we move the problem of temporal evolution, of the state Ψ(t) initially given by
Ψ(t0 ), from the state itself to the operator U (t, t0 ). The time-evolution operator
U (t, t0 ) must obey the Schrödinger equation
i

Additionally we require that the time-evolution operator is a unitary operator

U † (t, t0 )U (t, t0 ) = 1,

(2.84)

lim U (t, t0 ) = 1,

(2.85)

U (t, t1 )U (t1 , t0 ) = U (t, t0 ).

(2.86)

U (t + ∆t, t) ' exp [−iH (t)∆t]

(2.87)

such that the state Ψ(t) conserves norm during propagation. U (t, t0 ) must
reduce to identity operator if t − t0 goes to zero
t → t0

and finally we require that

The general solution to Eq. (2.83) is a Dyson series, which fulfills the requirements 2.84-2.86 [52]. Equation (2.86) is very important for the numerical implementation of time-evolution operator methods, since the true time-evolution
operator can be split into many operations, each propagating the system only a
short time ∆t. If ∆t is short enough, i.e., much shorter than the typical time-scale
of the problem, the time-dependent Hamiltonian is approximately constant from
the time t to the time t + ∆t, and in this case
is an accurate approximation to the time-evolution operator propagating the
system the short time ∆t. Propagation over longer times can be carried out using
Eq. (2.87) repeatedly. How this can be done in a numerically efficient way is the
subject of Sec. 2.8.1.
For the problems we consider in this thesis, the fastest time-scale considered
is the time-scale of the XUV pulses, which also is the time-scale of the electronic
dynamics defined by the energy difference between ground state and the electronic excited states considered. This time-scale is typically around 2π in atomic
units and we have found that ∆t = 0.05 is sufficient to obtain converged results
using the method described below.

2.8 Time Propagation

2.8.1

27

Fast-Fourier Transform Split-operator Method

In this section we discuss a method for numerical implementation of the timeevolution operator. We want to carry out the operation
Ψ(t + ∆t) = U (t + ∆t, t)Ψ(t)

' exp [−iH ( x, t)∆t] Ψ(t),

(2.88)

but the exponential of the Hamiltonian is generally very heavy to evaluate. The
Fast-Fourier transform split-operator method (FFT-SOM) [53] is constructed to
circumvent this problem, by using the fact that the evaluation of the exponential
of an operator is very easy when this object is evaluated in an eigenbasis of the
operator.
First we define a spatial grid x ∈ [ x L , x R ] with the k’th grid point given by
xk = x L + k∆x

(k = 0, ..., N − 1),

∆x =

xR − xL
,
N−1

(2.89)

where N is the number of grid points. For now we assume that the timedependent Hamiltonian depends on only one spatial dimension x
H ( x, t) = T ( x, t) + V ( x, t),

(2.90)

where V ( x, t) are the terms of the Hamiltonian diagonal when represented on
the grid (2.89) and T ( x, t) are the non-diagonal terms. For the cases considered
∂
in this thesis the non-diagonal terms are all of the form kpn with p = −i ∂x
. This
means that T ( x, t) is diagonal when represented on the p grid
p j = p L + j∆p

( j = 0, ..., N − 1),

pL = −

2π ( N − 1)
,
N (xR − xL )

∆p =

2π
. (2.91)
N∆x

We therefore write the Hamiltonian as
H ( p, x, t) = T ( p, t) + V ( x, t).

(2.92)

Note that we have chosen the p-grid (2.91) to be fixed by the x-grid (2.89) through
the relation ∆x∆p = 2π/N. We have done this to ensure that the transformation
between the wave function represented on the x-grid [Ψ( x, t)] and the wave
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function represented on the p-grid [Φ( p, t)]
∆p
Ψ( xk , t) = √
2π

N −1

∆p
=√
2π

N −1

∑

j =0

∑

j =0

Φ( p j , t) exp ip j xk



Φ( p j , t) exp (ip L k∆x )

× exp (ip L x L ) exp (ix L j∆p) exp(2πijk/N )

∆x
Φ( p j , t) = √
2π

N −1

∆x
=√
2π

N −1

∑

k =0

∑

k =0

Ψ( xk , t) exp −ip j xk

(2.93)



Ψ( xk , t) exp (−ix L j∆p)

× exp (−ip L x L ) exp (−ip L k∆x ) exp(−2πijk/N ),

(2.94)

can be re-formulated as the discrete Fourier transforms
∆p
Ψ̃( xk , t) = √
2π

N −1

∆x
Φ̃( p j , t) = √
2π

N −1

∑

Φ̃ exp(2πikj/N )

(2.95)

Ψ̃ exp(−2πikj/N ),

(2.96)

j =0

∑

j =0

with
Ψ̃( xk , t) = Ψ( xk , t) exp(−ip L k∆x ) exp(−ip L x L )
Φ̃( p j , t) = Φ( p j , t) exp(ix L j∆p).

(2.97)

Since the Fourier transforms of the wave functions are now on the form of
discrete Fourier transforms we can use the fast Fourier transform algorithm in a
numerical implementation, reducing the scaling of the calculational cost from
O( N 2 ) to O[ N log( N )] [49].
In FFT-SOM the time-evolution operator is written as [53]
exp [−iH ( p, x, t)∆t] =




iT ( p, t)∆t
iT ( p, t)∆t
exp −
exp [−iV ( x, t)∆t] exp −
+ O(∆t3 ),
2
2

(2.98)

and the ’error term’ O(∆t3 ) is neglected. The parts of the time evolution
operator containing T ( p, t) are then only allowed to work on the momentum
wave function Φ( p, t) and the parts containing V ( x, t) are only allowed to work
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on Ψ( x, t). In this way it is always cheap to evaluate the exponentials of Eq. (2.98).
The downside of this approach is that we have to Fourier transform the wave
function twice in each time step. This, however, is numerically much more
attractive than to evaluate a dense matrix exponential in each time step.
Instead of its present form, Eq. (2.98) can also be written as a product of more
than three exponential functions (each diagonal in p or x), increasing the order
of the error term. Such a product will allow for larger time steps, but comes
with the price of more Fourier transforms in each step. The generalization of
the FFT-SOM to more dimensions is straight forward.

2.8.2

Non-unitary Time Propagation

We normally require the time evolution operator to be unitary [Eq. (2.84)] such
that the norm of Ψ(t) is conserved under time propagation. However, in special
cases a non-unitary time evolution operator can helpful. Below we look into two
examples of such non-unitary time evolution operators.
Imaginary time propagation
In all cases considered in this thesis the initial state Ψ(t0 ) will be the ground
state of the system, i.e., the stationary state of lowest energy. Introducing the
imaginary time t = −i t̃, with t̃ a real number, propagation of the field-free
Hamiltonian H0 in imaginary time will be governed by the time-evolution
operator

U (t̃, 0) = exp(− H0 t̃).

(2.99)

An initial state
f =

∑ ci ϕi ,

(2.100)

i =1

with ϕi the i’th energy eigenstate of the system, and c1 6= 0, propagated in t̃
under Eq. (2.99)

U (t̃, 0) f =

∑ ci exp(−Ei t̃) ϕi ,

(2.101)

i =1

will not conserve its norm. However, the excited states of the system lose norm
faster than the ground state, and if the propagated function is re-normalized in
each time step it will converge towards the ground state.
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The simulation box and complex absorbing potential
Since the time evolution is done in a finite box [see Eq. (2.89)], steps have to be
taken to prevent unphysical reflections from the box boundaries in situations
where the wavefunction Ψ( x ) has non-zero norm close to these boundaries.
For regions of the box that do not allow a particle (electron or nuclei) to be
driven back to the central regions of the box we add an imaginary potential that
smoothly grows towards the box boundaries. Just as in the case of imaginary
time propagation the norm of the wave function decreases, but only population
in spatial regions where the potential has an imaginary part is removed. In
molecular systems complex absorbing potentials are relevant when dissociation
and/or ionization occurs. For the nuclei the box size is determined by the
structure of the system, but for electrons the box size can be determined either
by the structure of the system or by the wavelength and intensity of the driving
field. In the latter case an estimate of the necessary electronic box size can be
made from the quiver radius α = F0 /ω 2 , with F0 the field amplitude and ω the
field frequency, but in practice the box size and the complex absorbing potential
should always be tested numerically.
For more information about complex absorbing potentials and actual potentials used in the numerical implementation please see the PhD dissertation of
Lun Yue [54].

Chapter

Generic Features of
Attosecond-transient Absorption
Spectra
To highlight generic features in atomic and molecular ATAS spectra, we devote
this chapter to studies of simple processes in simple systems. In Sec. 3.1 the
delay-independent structure of ATAS spectra, e.g., the spectra resulting from the
XUV pulses alone, is investigated for a simple two-level system. In Sec. 3.2 we
expand the model of Sec. 3.1 to allow for a study of delay-dependent features
induced by the fs pulse. Finally, in Sec. 3.3 we consider nuclear dynamics in
simplified molecular systems to investigate how nuclear motion affects first
the delay-independent structure of ATAS spectra and second delay-dependent
processes important to the absorption of XUV light.

3.1

Delay-independent Structure

In this section we describe how the simplest possible system, the two-level
system, absorbs light from a short XUV pulse in the perturbative regime. Additionally, a number of important concepts will be introduced.

3.1.1

The Absorption Spectra of a Delta-field

In ATAS experiments the XUV pulse is always very short. Theoretical models
therefore often treat the XUV pulse as a delta pulse [34]
31
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FXUV (t − τ ) = F0 δ(t − τ ),

(3.1)

where F0 is the time-integral of the electric field. The Fourier transform of the
pulse 3.1 is given by
FXUV (ω, τ ) = F0 exp(−iωτ ).

(3.2)

When no fs pulse is included in the ATAS scheme, the only effect of the timedelay τ on the time-dependent dipole moment is a temporal shift, and its Fourier
transform is given by
d(ω, τ ) = d(ω, τ = 0) exp(−iωτ ).

(3.3)

As a result, when no fs pulse is included in ATAS, the absorption spectrum is
independent of τ and given by [see Eq. (2.17)]
S(ω, τ ) =

4πF0 nω
Im [d(ω, τ = 0)] .
c

(3.4)

When a fs pulse is included, the phase relation between FXUV (ω, τ ) and d(ω, τ )
becomes non-trivial, which is the main reason why we will later see delaydependent structures in ATAS spectra. Including the fs pulse, the ATAS spetrum
resulting from the delta-XUV pulse is given by1
S(ω, τ ) =

4πF0 nω
Im [d(ω, τ ) exp(iωτ )] .
c

(3.5)

Equation (3.5) is most often an excellent approximation to Eq. (2.17), and it is
clear that the non-trivial part of calculating an ATAS spectrum is to evaluate the
time-dependent dipole moment and thereby d(ω, τ ).

3.1.2

A Two-level System in a Weak Delta-field

The simplest possible system capable of absorbing electromagnetic radiation
is the two-level system consisting of the energy eigenstates ψ1 and ψ2 . For
convenience we choose the ground state ψ1 to have the energy E1 = 0. A general
state Ψ(t) in this two-level system can be written as
Ψ(t) = c1 (t)ψ1 + c2 (t)ψ2 exp(−iω21 t),

(3.6)

1 The Fourier transform of the fs pulse is assumed not to have any frequency components in the
XUV domain.
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where ω21 = E2 − E1 = E2 . In ATAS experiments the interaction between XUV
pulse and target is in the perturbative regime. We therefore let c1 (t) = 1 and
evaluate c2 (t) using first order perturbation theory. We further assume that the
XUV pulse is a delta pulse centered at t = 0. Under these assumptions the
time-dependent dipole moment function (2.14) is given by
d(t) = −2d221 F0 sin(ω21 t),

(3.7)

with d21 the DTM between the two states. Inserting the Fourier transform of
Eq. (3.7) into Eq. (3.4) we obtain
√
2nπωd221 F02
S(ω, τ ) = −
δ(ω21 − ω ).
(3.8)
c
Not surprisingly, Eq. (3.8) shows that a two-level system interacting with a weak
and spectrally wide2 field absorbs light at a frequency ω corresponding to the
energy difference ω21 . As we will see later, when the fs pulse is present also
emission features are possible. Note that the very narrow absorption profile
of Eq. (3.8) resulting from a delta pulse, which is infinitely narrow in time, is
indeed one of the characteristics of ATAS in dilute gases. This property allows
for simultaneous and very precise extraction of information about time and
energy from ATAS spectra.

3.1.3

Dephasing

In real systems the time-dependent dipole moment of Eq. (2.17) [see Eq. (3.7)]
will dephase in a finite time due to collisions and spontaneous decay. In
experiments the finite spectrometer resolution will additionally ensure that any
absorption feature has a finite spectral width [34]. To reproduce spectra similar
to the experimentally obtained ones, we therefore replace Eq. (2.16) with
1
d(ω, τ ) = √
2π

Z ∞

−∞

W (t, τ )d(t, τ ) exp(−iωt)dt,

(3.9)

in all calculations of ATAS spectra presented in this thesis. In Eq. (3.9) W (t, τ )
is a window function, i.e., a function that smoothly brings the dipole moment
to zero for large times. In numerical implementations it is beneficial to have a
window function that goes to exact zero after a finite time T, and we therefore
use the following window function



1 n
h
io (t < τ )
W (t, τ ) =

2 In

this case flat.

1

2


0

1 + cos

π (t−τ )
T

(τ ≤ t ≤ τ + T )
( t > τ + T ).

(3.10)
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Delay-dependent Structure

In ATAS experiments a fs pulse, delayed a variable time3 −τ with respect
to the XUV pulse, introduces a large number of delay-dependent processes
resulting in new features in the absorption spectrum. The physical processes
resulting in these spectral features are many, but especially at relatively low fs
pulse intensities most of them can be understood as a consequence of fs-fieldinduced phases in the expansion coefficients of the individual energy eigenstates,
population transfer between different states or a combination of these two.

3.2.1

Bright and Dark States

Before we continue the discussion of delay-dependent structures it is helpful to
introduce the concept of bright and dark states. We define a bright states as a
state ψb with a non-zero DTM to the ground state ψ1

−

Z

dxψ1∗ z L ψb 6= 0,

Z

dxψ1∗ z L ψd = 0.

(3.11)

with x the electronic coordinates and −z L the component of the dipole operator
parallel to the XUV field polarization. Bright states are therefore populated
by the XUV pulse alone and contribute directly to the time-dependent dipole
moment (2.14), such as ψ2 did in Eq. (3.7). A dark state ψd , on the other hand,
has no DTM to the ground state

−

(3.12)

A dark state is therefore not populated by the XUV pulse alone, and will not
contribute directly to the time-dependent dipole moment (2.14). Even though
dark states do not contribute directly to the ATAS spectrum, couplings between
bright and dark states play an essential role for all delay-dependent processes
in ATAS. In chapter 8 we further introduce the concept of double dark states,
which are states that do not couple to the ground state nor to any bright states
of the system.

3.2.2

Field-induced Phases

For a moment we will neglect all population transfer resulting from the fs pulse,
and assume that the sole effect of the fs pulse is to introduce a phase
ϕn (t, τ ) = −

Z t
τ

∆ωn (t0 )dt0

(3.13)

3 Note that the time-delay τ is defined as the time the XUV pulse is delayed with respect to the
fs pulse, which explains the minus sign.
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in the expansion coefficients of the excited states already populated by the
XUV pulse, i.e., cn (t, τ ) = |cn |eiϕn (t,τ ) with expansion coefficients defined as
in Eq. (3.6). In Eq. (3.13) ∆ωn (t) is the AC Stark shift of the considered state,
and ϕn (t, τ ) is the corresponding phase accumulated from time τ. The approximation that the amplitude of expansion coefficients are not affected by the fs
pulse is refereed to as the laser-imposed phase (LIP) approximation [55]. The
LIP approximation is not of general use when describing ATAS spectra, since it
neglects fs-field-initiated population transfer between excited states, known to
be important for most ATAS spectra. However, as we will see the LIP approximation is a valuable tool to understand many spectral features, also in more
realistic ATAS spectra.
We now modify the two-level expansion (3.6) to allow for a LIP
Ψ(t, τ ) = ψ1 + cXUV
(t, τ )ψ2 exp(−iω21 t) exp[iϕ2 (t, τ )],
2

(3.14)

where cXUV
(t, τ ) is the expansion coefficient found from propagation of the
2
system including only the XUV pulse. Since the XUV field intensity is always
very low in ATAS this coefficient can be fund very accurately using first order
perturbation theory. Until this point we have only considered a two-level system,
but we now introduce additional (dark) states with the sole purpose of shifting
the energy of ψ2 . The energy shift ∆ωn can be evaluated using second order
perturbation theory and is given by [40]
∆ωn (t) = −iF (t)

∑

m6=n

dnm eiωnm t

Z t

−∞

0

F (t0 )dnm e−iωnm t dt0 ,

(3.15)

with En the energies of the states, ωnm = En − Em and dnm the DTM between the
n’th and m’th states. We now use Eq. (3.14) to find the time-dependent dipole
moment function (2.14) in the LIP approximation
n
o
d(t, τ ) = 2d221 Re cXUV
(t, τ ) exp [−i (ω21 t − ϕ2 (t, τ ))] ,
(3.16)
2

with ϕ2 (t, τ ) evaluated using Eqs. (3.13) and (3.15).
In Fig. 3.1 we compare ATAS spectra (2.17) of helium calculated using
either the time-dependent dipole moment (2.14) obtained by solving the TDSE
[Figs. 3.1(a) and (c)] in a basis of N = 20 energy eigenstates (see Sec. 2.4) or
using Eq. (3.16) [Figs. 3.1(b) and (d)]. Each of the four panels [(a),(b),(c) and
(d)] are split in two. The upper parts show S(ω, τ ) for photon energies in the
interval 22.8-23.3 eV, which contains the energy of the |1s3pi state in helium
at 23.09 eV. The lower parts show S(ω, τ ) for photon energies in the interval
20.9-21.4 eV, which contains the energy of the |1s2pi state in helium at 21.22
eV. In Figs. 3.1(a) and (b) the fs pulse intensity is Ifs = 1012 W/cm2 and we
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Figure 3.1: Figure caption is located on the following page.
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Figure 3.1: Normalized ATAS spectrum S(ω, τ ) of Eq. (2.17)
on helium calculated using the time-dependent dipole moment
found solving the TDSE [panels (a) and (c)] and calculated
using the time-dependent dipole moment of Eq. (3.16) [panels
(b) and (d)]. Field parameters: λfs = 800nm, λXUV = 50nm,
Ifs = 1012 W/cm2 [panels (a) and (b)] or 3 × Ifs = 1012 W/cm2
[panels (c) and (d)], IXUV = 5 × 107 W/cm2 , FWHM durations
of intensity envelopes: 190 as and 8 fs of the XUV and fs pulses,
respectively. Dephasing time: T = 120 fs [see Eq. (3.10)].

see a good overall agreement between the spectra originating from the TDSE
calculation [panel (a)] and the spectra calculated within the LIP approximation
[panel (b)]. The energy shifts of the absorption lines have the right sign, but
seams a little too small in Fig. 3.1(b). The emission features (darker blue areas)
agree very well. On a smaller timescale, however, the agreement between the
TDSE result and the result obtained considering only LIPs are not in agreement.
Figure 3.1(a) is modulated on a timescale of approximately half a fs field cycle
(∼ 1.3 fs), a modulation that seems to be absent in panel (b). In Figs. 3.1 (c) and
(d) the fs pulse intensity is increased to Ifs = 3 × 1012 W/cm2 . Near the energy
corresponding to the |1s3pi state (∼ 23.1 eV) the overall agreement between
the two methods [panels (c1) and (d1)] is still good, but near the energy of
the |1s2pi state [panel (c2) and (d2)] the agreement is not convincing. The
main contribution to the differences between Figs. 3.1 (c2) and (d2) is fs-pulseinitiated population transfer out of the |1s2pi state. This is accordance with
the observation that the |1s2pi state is almost in perfect one-photon resonance
with the |1s3si dark state for the field parameters considered. In addition the
|1s2pi state is in two-photon resonance with several bright states close to the
one-electron continuum. In Fig. 3.1(c2) wee see that the oscillations in the
absorption line with a period of half a NIR field cycle are not only present for
time-delays close to zero, but continues towards large negative delays. In the
next section we argue that this type of modulations of absorption lines is a result
of two-photon transitions between bright states.

3.2.3

Population Transfer

For the simplest possible description of the two-photon transitions mentioned
above we again consider the two-state expansion (3.6)
Ψ(t, τ ) = ψ1 + c2 (t, τ )ψ2 exp(−iω21 t).

(3.17)
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The remaining states of the system will only be considered through their effect
on the state (3.17). In a simplified picture we can think of the XUV pulse as
transferring population from the ground state to several bright states at the time
τ, and the fs pulse as transferring population between the bright states at a later
time t0 . After t0 we have that
c2 (t, τ ) = cd eiω21 τ + cid eiω21 t0 eiω31 (τ −t0 ) .

(3.18)

The first term in Eq. (3.18) results from the XUV pulse, that (directly) populates
the state ψ2 at the time τ. The second term involves another bright state ψ3 with
energy E3 . The state ψ3 will also be populated by the XUV pulse at the time τ,
but at a later time t0 some of this population is (indirectly) transferred to the ψ2
state by a two-NIR photon process. The squared amplitude of the coefficient cid
therefore gives the probability that an electron is excited to the ψ3 state by the
XUV pulse and later excited to the ψ2 state by the fs pulse, which explains the
phase of the second term in Eq. (3.18). We now rewrite Eq. (3.18) as


c2 (t, τ ) = cd + cid eiϕ(t0 ,τ ) eiω21 τ ,
(3.19)

where

ϕ(t0 , τ ) = ω32 (τ − t0 ).

(3.20)

The coefficients cd and cid are complex numbers, so below we will write them
as cd = |cd |eiχd and cid = |cid |eiχid . Inserting Eq. (3.19) into Eq. (3.17) we obtain


Ψ(t, τ ) = ψ1 + cd + cid eiϕ(t0 ,τ ) e−iω21 (t−τ ) ψ2 ,
(3.21)
from which we can obtain the time-dependent dipole moment (2.14)
d(t, τ ) =2d21 {|cd | cos [ω21 (t − τ ) + χd ]

+|cid | cos [ω21 (t − τ ) + χid + ϕ(t0 , τ )]} .

(3.22)

The two terms of the time-dependent dipole moment in Eq. (3.22) will interfere
constructively or destructively depending on τ since the phase ϕ(t0 , τ ) changes
[see Eq. (3.20)]. In ATAS experiments on systems where the bright states ψ2
and ψ3 are in approximate two-photon resonance, the two terms of Eq. (3.22)
will often be of similar magnitude, and the absorption line corresponding to
the ψ2 (and ψ3 ) state will be clearly modulated [56]. Equation (3.22) has gone
through a full interference cycle ∆τ, e.g., from full constructive interference to
full constructive interference, when
ϕ(t0 , τ + ∆τ ) − ϕ(t0 , τ ) = ω32 ∆τ = 2π,

(3.23)
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resulting in
∆τ =

2π
π
' ,
ω32
ω

(3.24)

with ω the carrier frequency of the fs pulse, since ω32 ' 2ω for two states in
two-photon resonance. From Eq. (3.24) we see that the considered interference
between direct (XUV pulse) and indirect (XUV pulse + fs pulse) population of
the state ψ2 does indeed lead to modulations with a period of half a fs field
cycle. In the literature this interference phenomena is refereed to as ’which way
interference’ [56]. We note that the presence of which way interference in a
spectrum does not require the XUV and fs pulses to overlap temporally, but it
does require that the fs pulse is not over at time τ. This is in accordance with
the modulation we saw in Fig. 3.1(c2).
In the above analysis we have completely ignored the population transfer
to dark states. It turns out, however, that population transfer to dark states
leads to the very interesting phenomena of light-induced structures (LISs). A
phenomena we will return to in Sec. 4.1.3 for atomic systems and in chapter 7
for molecular systems.
In Secs. 3.2.2 and 3.2.3 we have investigated the two limiting cases: a fieldinduced phase shift but no population transfer and no field-induced phase shift
but population transfer. In real ATAS spectra both processes are important.
Anyway, the analysis of Secs. 3.2.2 and 3.2.3 allows us to understand nonresonant spectral features based on LIPs and periodic modulations of absorption
lines based on population transfers between bright states in surprisingly complex
systems.

3.3

Molecular Structure and Dynamics

In this section we will first describe how nuclear dynamics is initiated in a
molecular system by the XUV pulse alone. Then in Sec. 3.3.2 we will see an
example of how the fs pulse can transfer population between different electronic
states, and how this process depend on the nuclear dynamics.

3.3.1

Nuclear Wave Packets and Vibrational States

In Sec. 2.4 we showed how the dynamics of a molecular system, well-described in
a finite electronic basis, can be determined by propagating nuclear wave-packets
Gi ( R, t, τ ) on the corresponding potential energy surfaces Eiel ( R) [see Eq. (2.63)].
When Eq. (2.63) has been solved, and the nuclear wave-packets Gi ( R, t, τ ) have
been found, we can evaluate the time-dependent dipole moment (2.14)
d(t, τ ) = −

Z

dR

Z

dxΨ∗ (x, R, t)z L Ψ(x, R, t)
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N Z

=∑
i,j

' 2Re

dRGi∗ ( R, t, τ ) Gj ( R, t, τ )del
ij ( R )
"

N Z

dRG1∗ ( R, t, τ ) Gj ( R, t, τ )del
1j ( R )

∑

j >1

#

,

(3.25)

with x the electronic degrees of freedom and del
ij the z L -component of the
DTM (2.66). In the last line of Eq. (3.25) we assume that only terms containing
G1 ( R, t, τ ) contribute to the time-dependent dipole moment. In ATAS, where
almost all population is left in the ground state this approximation is extremely
accurate. From Eq. (3.25) we see that the amplitude of the time-dependent
dipole moment is to a large extent determined by the spatial overlap between
Gj ( R, t, τ ) and the ground state. This overlap varies in time due to the motion
of Gj ( R, t, τ ), and Eq. (3.25) therefore leads to a time-based interpretation of
nuclear dynamics.
In some cases it is informative to expand the time-dependent nuclear wave
packets in vibrational eigenstates of the corresponding PECs. As we willl see,
such an expansion leads to an energy-based interpretation of the nuclear dynamics. Often the time-based interpretation of nuclear wave packets [Eq. (3.25)]
and the energy-based interpretation compliment each other, however, we warn
the reader not to confuse the two interpretations. We expand the nuclear wave
packet Gj ( R, t, τ ) in the corresponding vibrational states χ j,k ( R)
Gj ( R, t, τ ) =

Z

∑ dEj,k c j,k (t, τ )χ j,k ( R)e−iEj,k t ,

(3.26)

k

where Ej,k is the the eigenenergy of χ j,k ( R). The set of χ j,k ( R)s can, for a specific
j, be either all nuclear-continuum states (dissociative PEC) or a mix of continuum
and bound states (binding PEC). In Eq. (3.26) we therefore sum over discrete
states (with dEj,k = 1) and integrate over the continuum. Assuming that the
ground state is unchanged throughout the ATAS simulation, i.e., G1 ( R, t, τ ) =
χ1,0 ( R), the time-dependent dipole moment (3.25) can be re-written as


Z

N

1,0 −i ( Ej,k − E1,0 )t 
d(t, τ ) = 2Re  ∑ del
,
1j ( R0 ) ∑ dE j,k c j,k ( t, τ )K j,k e
j >1

with

(3.27)

k

K1,0
j,k =

Z

∗
dRχ1,0
( R)χ j,k ( R)

(3.28)

the Franck-Condon factor between the ground state and the k’th vibrational
state of the j’th electronic state. Note that we in Eq. (3.27) have neglected the

3.3 Molecular Structure and Dynamics

41

el
R-dependence of the DTMs by letting del
1j ( R ) = d1j ( R0 ), with R0 the expectation
value of R in the ground state. This is often (but not always) a good approximation for the dynamics important to ATAS spectra. In general the R-dependent
DTM should be included under the integral in Eq. (3.28).
As mentioned before, the Eqs. (3.25) and (3.27) give two different interpretations of nuclear dynamics. In Eq. (3.25) the time-dependent overlap between
Gj ( R, t, τ ) and the ground state suggest a time-based interpretation. The usefulness of this time-based interpretation is increased tremendously by the high
mass of the nuclei, since the Frank-Condon principle ensures that the nuclear
wave packets produced by the XUV pulse are almost exact copies of the ground
state (but with lower norm) at the time of excitation. Hereafter the nuclear wave
packets often remain well-localized for long times, following an almost classic
trajectory, making Eq. (3.25) a powerful tool since it often allows us to use our
classical intuition. Equation (3.27), on the other hand, supports an energy-based
interpretation, where the amplitude of the time-dependent dipole moment is
determined by interference between individual terms. This interpretation is
equivalent to the description of atomic systems expanded in a basis of energy
eigenstates. This can be helpful since many physical processes of ATAS in atoms
have already been described using a similar interpretation. To get more familiar
with the two interpretations based on Eqs. (3.25) and (3.27), respectively, we
now investigate simplified two-curve systems. At the same time, we use the
investigations of these systems to highlight differences between nuclear motion
in PECs supporting bound and dissociative dynamics.

Binding and Dissociative Curves
To model a binding PEC4 , we in this section use the Morse potential
V ( R ) = De





2π
1 − exp −
T

r

mN
( R − R̃0 )
2De

2

+ b,

(3.29)

where De is the depth of the potential, b is an energy offset, m N [Eq. (2.33)] is
the reduced mass of the nuclei, R̃0 is the position of the potential minimum
and T = 2π/ω, with ω the frequency of the potential at R̃0 , is the harmonic
approximation for the vibrational period. In Fig. 3.2 two Morse potentials (3.29)
are plotted, both of these curves are constructed from the following parameters
De = 5eV, m N = 7m p and T = 30fs. For the ground state curve (black line)
R̃0 = 2 and b = 0, while the excited state curve (gray line) has R0 = 2.5 and
b = 10 eV. In Fig. 3.2 we also plot a dissociative PEC5 (the dashed line). This
4 A binding PEC, also refereed to as a bound state curve, is a PEC supporting a partially discrete
spectrum of vibrational states.
5 A PEC supporting a fully continuous spectrum of vibrational states.
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Figure 3.2: Three PECs. The full curves are Morse potentials (3.29), and the dashed curve is a dissociative curve (3.30).
For the parameters used to construct these curves, please see
the main text. The thin dashed line indicates the value of R̃0
for the ground state curve.

curve is given by
V ( R) =

a
+ c,
R

(3.30)

where the constants a and c are chosen such that the dissociative curve and the
excited state Morse potential have the same value and same first derivative at
R̃0 of the ground state curve (R=2).
We now carry out two calculations each in a basis of two-electronic states,
just as we did in Sec. (3.1.2), but now in a molecular ( N = 2)-surface calculation
(see Sec. 2.4) using the PECs shown in Fig. 3.2. In both calculations the ground
state curve is the Morse potential plotted with a full black line in Fig. 3.2, while
the excited state curve will be the Morse potential plotted in gray for the first
calculation and the dissociative curve (dashed line) for the second calculation.
In both calculations only an XUV pulse is included, and the DTM between
the two electronic states is constant in R. In Fig. 3.3 the left column of the
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Figure 3.3: Figure caption is located on the following page.
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Figure 3.3: The left column shows the amplitude of the timedependent dipole moment as a function of time, for a bound
state PEC (upper panel) and for a dissociative curve (lower
panel). In the right column S(ω, τ ) of Eq. (2.17) is shown for
the two curvesa . XUV-field parameters: λXUV = 50nm, IXUV =
5 × 107 W/cm2 and a FWHM duration of the intensity envelope
of 190 as. Dephasing time used in the right panels: T=120 fs [see
Eq. (3.10)].
a Note that S ( ω, τ ) is actually not a function of τ here, since only the XUV
pulse is included.

figure shows the amplitudes of the time-dependent dipole moments, i.e., the
shown results are the envelope functions of much faster oscillating signals. The
upper panel corresponds to the calculation where the excited state curve is
binding, while the lower panel corresponds to the calculation where the excited
state curve is dissociative. At time t = 0 a nuclear wavepacket G2 ( R, t, τ ) is
created when the XUV pulse populates a broad spectrum of excited vibration
states. For small times hereafter (t . 25fs), the two panels of Fig. 3.3 are almost
identical. The time-dependent dipole moment peaks at t = 0 and hereafter
it rapidly decreases. In the time-based interpretation of Eq. (3.25) this is a
result of a large spatial overlap between G1 ( R, t, τ ) and G2 ( R, t, τ ) at t = 0,
which decreases for later times, since G2 ( R, t, τ ) drifts towards larger R. In the
energy-based interpretation of Eq. (3.27) this peak structure is a result of all the
frequency components having the same phase at t = 0, and we therefore see
absolute constructive interference. For larger times the phases shift away from
each other, and we begin to see the result of destructive interference. In the
binding potential we see a revival of the time-dependent dipole signal shortly
after t = 30 fs (the harmonic approximation for the vibrational period), while
the dissociative potential does not support such revivals. In the language of
Eq. (3.25) this revival is a result of G2 ( R, t, τ ) having completed a full oscillation,
and therefore it again has substantial weight in the Franck-Condon region close
to R0 . This explanation is backed up by Fig. 3.4, where | G2 ( R, t, τ )|2 is plotted
as a function of time, here it is also clearly seen why the dissociative curve
does not lead to revivals of the signal (see figure caption). In the language of
Eq. (3.27) full revivals happens, when the phases of the individual frequency
components are again all the same (as for t = 0). In practice full revivals only
happen when the energies of the different vibrational states are given in multipla
of a common energy fraction, as it is the case in the harmonic potential. Since
the Morse potential is not harmonic, the revivals will not be perfect. However,
the anharmonicity is modest in the R-region of interest and many frequency
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Figure 3.4: | G2 ( R, t, τ )|2 propagating on the excited state
Morse potential shown in gray in Fig. 3.2. The dashed line
shows the classical trajectory of the nuclei in the same potential,
while the full line shows the classical trajectory for the nuclei
in the dissociative potential of Fig. 3.2. XUV-field parameters
are as in Fig. 3.3.

components will have similar phases after a time roughly corresponding to a
classical oscillation period, and as a result we see additional peaks in Fig. 3.3.
For the dissociative potential, on the other hand, the populated states are nuclear
continuum states and there will be no revivals.
In the right column of Fig. 3.3 we show the ATAS spectrum (2.17) resulting
from the time-dependent dipole moments shown in the left column. For the
ATAS spectrum corresponding to the time-dependent dipole moment resulting
from the binding curve we see a series of clearly separated peaks, which are
located at the energies of populated vibrational states. Such a spectrum is
typical for binding PECs in molecular systems, when the dephasing time is
longer that the vibrational period. The ATAS spectrum corresponding to the
time-dependent dipole moment of the dissociative curve, on the other hand,
does not show any peaks corresponding to the individual vibrational states,
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simply because the contributions from individual frequency components cannot
be resolved in the Fourier transform of the short-lived signal d(t, τ ).
By now it is clear that nuclear vibrations play an essential role in determining
the delay-independent structure of a molecular ATAS spectrum, a conclusion
also drawn from traditional absorption spectroscopy [57]. The width of binding
PECs affects the energy separation between vibrational energy levels, and the
position of their minima ( R̃0 ) are important to how many and which vibrational
states are populated by the XUV pulse. If a bright state curve is parallel to the
ground state, only the vibrational ground state will be populated, and as we
will see later, such a curve will in many cases behave as if it was an atomic state.
For non-parallel curves, i.e., almost all naturally occurring PECs, the effect of
nuclear motion cannot be neglected, not even in the XUV-only spectrum.

3.3.2

Population Transferred by the fs Pulse

In this section we investigate how the nuclear dynamics described above can
lead to delay-dependent population transfers between excited PECs. To this
end we consider a (N = 3)-surface expansion (see Sec. 2.4) using PECs from the
nitrogen molecule (see chapter 6). Apart from the ground state nuclear wave
packet G1 ( R, t, τ ) propagating on the PEC6 X, the expansion includes a bright
(electronic) state with nuclear wave packet G2 ( R, t, τ ) propagating on the PEC
b0 and a dark (electronic) state with nuclear wave packet G3 ( R, t, τ ) propagating
on the PEC a00 . The aim of this section is to investigate the fs-pulse-initiated
transitions between the excited bright and dark state curves. Especially we focus
on how the time-delay τ between the XUV pulse and the fs pulse affects the
population transfers.
In Fig. 3.5(a) the two excited PECs are plotted (b0 with a full line and a00 with
a dashed line). The XUV pulse generate the wave packet G2 ( R, t, τ ) at time t = τ,
and as time goes by, this wave packet evolves on the b0 curve. The norm squared
of G2 ( R, t, τ ) is shown in Fig. 3.5(b) at t = 0, i.e., at the time where the fs pulse
hits the target, for three different time-delays7 τ. The oscillation period of the b0
curve is ∼ 48 fs, and the fs pulse duration (3 fs) is therefore a small fraction of
this oscillation period. Since the b0 and the a00 curves are far from parallel, we
expect the population transfer between the two excited states to depend critically
on the location of G2 ( R, 0, τ ) and thereby on the time-delay. From Fig. 3.5(b) we
see that G2 ( R, t, τ ) is located near the inner minimum (R0,inn ' 2.2) of the a00
curve8 for times just after the XUV pulse. After 12 fs (a quarter of an oscillation
6 The

names given to PECs here are names often used in the litterateur.
that negative time-delays correspond to the situation where the XUV pulse hits the target
before the center of the fs pulse.
8 Note that G ( R, t, τ ) propagate on the b0 curve, not on the a00 curve.
2
7 Note
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period) G2 ( R, t, τ ) is located near the outer minimum (R0,out ' 3.2) of the a00
curve.
For selected time-delays we in Fig. 3.6 show the overlap Oi (τ ) between
G2 ( R, 0, τ ) and the i’th vibration state of the dark state curve a00

Oi ( τ ) =

Z

2

∗
dRχi,3
( R) G ( R, t, τ ) .

(3.31)

Note that the seven vibrational a00 states of the lowest energy are plotted in
Fig. 3.5(a). Figure 3.6 shows that G2 ( R, 0, τ ) overlaps with the excited vibrational
states centered at R0,inn 9 for τ = 0 fs, with the low energy vibrational states
centered at R0,out for τ = −12 fs and the high energy vibrational states centered
at R0,out for τ = −24 fs.
Based on Figs. 3.5(b) and 3.6, we expect the inner well of the a00 potential
(dashed curve in Fig. 3.5) to be populated for time-delays close to zero, and
the outer well to be populated for time-delays close to −12 fs. To test this
expectation we in Fig. 3.7 plot the norm squared of G3 ( R, t, τ ) integrated over
all times well after the fs pulse. We integrate over time to remove the temporal
dependence of the result, and thereby highlighting the ’localization’ of the nuclei.
From Fig. 3.7 we clearly see that G3 ( R, t, τ ) ends up in the inner well of the a00
curve for time-delays close to zero, and in the outer well for time-delays close
to −12 fs. The relatively narrow bands of R-values allowing for population
transfer between the excited curves support a picture of a transfer process highly
dependent on the position of the nuclei and therefore on the time-delay. In
Sec. 6.3 we will see how the delay-dependent population transfer between the b0
and a00 curves leads to novel spectral features for the nitrogen molecule.
Armed with the knowledge obtained in this chapter about ATAS spectra in
simple atomic and molecular systems, and with two interpretations of nuclear
motion, we are now ready to investigate ATAS spectra of more realistic systems.

9 marked

by green coloring in Figs. 3.5 and 3.6
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Figure 3.5: (a) PECs of the two excited state curves b0 (full
line) and a00 (dashed line). The norm squared of the seven vibrational states of the a00 curve with lowest energy are plotted
as well. The green (purple) coloring indicates that the corresponding vibrational state is located around the inner (outer)
minimum of the a00 curve. (b) | G2 ( R, 0, τ )|2 for three selected
time delays. Field parameters: λfs = 760nm, λXUV = 78nm,
Ifs = 6 × 1012 W/cm2 , IXUV = 5 × 107 W/cm2 , FWHM durations of intensity envelopes: 300 as and 3 fs.
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Figure 3.6: Oi (τ )s of Eq. (3.31), for three values of τ. Vibrational states centered around R0,inn are marked by light-gray
coloring. The remaining vibrational states shown are located
around R0,out . Pulse parameters are as given in Fig. 3.5.
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Figure 3.7:
20fs | G3 ( R, t, τ )| dt as a function of time-delay
and inter-nuclear separation. Pulse parameters are as given in
Fig. 3.5.

Chapter

Helium
In this chapter we present ATAS spectra obtained from calculations on the helium
atom. In Sec. 4.1 we briefly discuss the characteristic features of the helium
spectrum, such that these atomic features can later be compared to spectral
features in molecular spectra. In Sec. 4.2 it is investigated what role the mutual
signs of DTMs have in ATAS spectra. The motivation for this investigation is
that these signs are difficult to obtain. Further, publications neglecting these
signs in calculations of ATAS spectra have already been published [58]1 without
considering the effect of this approximation.

4.1

Characteristics of an Atomic ATAS Spectrum

In Fig. 4.1 we present two ATAS spectra obtained from calculations on the helium
atom. The calculations are done in an N = 20 state model [see Sec. (2.4)], using
energies and DTMs from Ref. [59]. The DTMs found in Ref. [59], and many
other places in the literature are given as absolute values (oscillator strengths
etc.). However, it is by no means clear that the calculation of ATAS spectra,
where the phases of expansion coefficients are crucial, will not depend on the
mutual signs of DTMs. In Sec. 4.2 we therefore try to determined the correct
signs of the DTMs, and investigate the effect on the ATAS spectrum. Until then
we will use the absolute value of the DTMs. The resulting ATAS spectrum is
shown in Fig. 4.1(a).
1 Several publications do not list how they obtain the DTMs, and it is very likely that only the
absolute value of the DTMs are used.
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Figure 4.1: Normalized ATAS spectrum S(ω, τ ) of Eq. (2.17)
on helium calculated in a (N = 20)-level model using the
absolute value of the DTMs (a) or using the DTMs including
signs [(b), see Sec. 4.2]. Pulse parameters: λfs = 800nm,
λXUV = 50nm, Ifs = 2 × 1012 W/cm2 , IXUV = 1 × 1011 W/cm2 ,
FWHM durations of intensity envelopes: 190 as and 8 fs,
respectively. Dephasing time: T=120 fs [see Eq. (3.10)].
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Large Positive Delays

The fs pulse used in the calculation of the ATAS spectra presented in Fig. 4.1 is
not intense enough to transfer population from the ground state to excited states
without the XUV pulse. For large positive delays, the fs pulse hits the target well
before the XUV pulse, and since the fs pulse leaves the system unchanged, the
fs pulse will not affect the ATAS spectrum. In the region of large positive timedelays, we therefore expect pure absorption features without any modulation
with varying delays. Figure 4.12 confirms this expectation.

4.1.2

Large Negative Delays

For large negative time-delays the XUV and fs pulses are again well separated
in time, but now the XUV pulse creates a superposition of populated excited
states before the fs pulse hits the target. This superposition is then perturbed by
the fs pulse. The main effect of this perturbation, seen in Fig. 4.1, is hyperbolic
sidebands located near strong absorption lines corresponding to bright states
of the system. In Fig. 4.1 we see these sidebands most clearly just above the
absorption line at ∼ 21 eV. Such sidebands are almost always present in ATAS
spectra [18, 35, 37, 56, 58, 60, 61].
When the XUV and fs pulses do not overlap in time we can write the Fourier
transform of the time-dependent dipole moment as
d(ω, τ ) = dXUV (ω, τ ) + dfs (ω, τ ),

(4.1)

where dXUV (ω, τ ) = dXUV (ω, τ = 0) exp(−iωτ ) is the contribution to the timedependent dipole moment from the XUV pulse alone, and dfs (ω, τ ) is the perturbation induced by the fs pulse. The Fourier transform of the XUV pulse is given
by FXUV (ω, τ ) = FXUV (ω, τ = 0) exp(−iωτ ), and the ATAS spectrum (2.17)
resulting from Eq. (4.1) is given by3
∗
S(ω, τ ) ∝Im [ FXUV
(ω, τ = 0)dXUV (ω, τ = 0)]
∗
+ Im [ FXUV (ω, τ = 0) exp(iωτ )dfs (ω, τ )] .

(4.2)

The first term in Eq. (4.2) is independent of τ, and corresponds to the unmodified
(XUV alone) absorption line.
Numerical investigations show that the contribution to dfs (t, τ ) = d(t, τ ) −
dXUV (t, τ ) from the j’th state typically has the functional form
dfs (t, τ ) = d0,fs (t) cos(ω j1 [t − τ ] + ϕ j ),
2 All

(4.3)

spectral features referred to in Sec. 4.1 can be seen in Fig. 4.1(a) as well as in Fig. 4.1(b).
fs pulse does not have any frequency components in the XUV regime.
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where d0,fs (t) is a delay-independent function varying slowly in time compared
to cos(ω j1 [t − τ ]) and ω j1 is the energy difference between the state under consideration and the ground state. The phase ϕ j is in principle a time-dependent
function, but for the considered field parameters its variation with time is small,
and we neglect it here. The Fourier transform of Eq. (4.3) is given by
dfs (ω, τ ) ∝ d0,fs (ω ) exp(−iω j1 τ ) exp(iϕ j ),

(4.4)

where ∝ d0,fs (ω ) is the Fourier transform of d0,fs eiω j1 t /2. Inserting Eq. (4.4) into
Eq. (4.2) we obtain
∗
S(ω, τ ) ∝Im [ FXUV
(ω, τ = 0)dXUV (ω, τ = 0)]
 ∗


+ Im FXUV (ω, τ = 0) exp i (ω − ω j1 )τ d0,fs (ω ) exp(iϕ j ) .

(4.5)

If the duration of the fs pulse is only a few optical cycles (. 10) d0,fs (ω ) is

a slowly varying function of4 ω, and exp i [(ω − ω1j )τ ] is the only part of
Eq. (4.5) depending on τ and the only part of Eq. (4.5) depending on ω. As
a result S(ω, τ ) will be constant for paths in (ω, τ)-space where (ω − ω1j )τ is
constant. (ω − ω1j )τ = constant is exactly the shape of the hyperbola shaped
sidebands in Fig. 4.1 [34].
Equation (4.5), and the resulting analysis of hyperbola shaped sidebands,
depend critically on Eq. (4.3) and the functional form of d0,fs (t). To derive
Eq. (4.3) from first principles and determine the more specific shape of d0,fs (t) is
a subject of current research of Jørgen Johansen Rørstad (PhD fellow with Lars
Bojer Madsen).
In the region of large negative time-delays we also see fast oscillating features
located two NIR photon energies (∼ 3.2 eV) from strong absorption lines. In
Fig. 4.1 we see such a feature at ∼ 20 eV located two photon energies below
the absorption line just above 23 eV. These features are closely related to the
light-induced structures discussed in Sec. 4.1.3, and we will discuss both features
there.

4.1.3

The Temporal Overlap Region

In the region of time-delays where the XUV and fs pulses overlap in time, i.e.,
near τ = 0, we see by far the richest delay-dependent structure in Fig. 4.1: The
absorption lines changes shape, absorption features become emission features
and we see spectral features that only exist in this region.
From Fig. 3.1 we saw that ATAS spectra are often well described, at least
qualitatively, within the LIP approximation. This is also the case for large parts
4 For non-adiabatically evolving systems d
0,fs ( ω ) also contain a spectrally narrow component,
but we will neglect this in the current discussion.
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of the spectra shown in Fig. 4.1, however, in cases where a bright and a dark
state are in one-photon resonance the two states couple strongly resulting in
Autler-Townes splittings [60, 62, 63] of the absorption lines. In Figure 4.1 such a
splitting is seen in the strong absorption line just above 21 eV. In the absorption
line at ∼ 24 eV we see a periodic modulation starting in the overlap region and
stretching towards large negative delays. In Sec. 3.2.3 we saw that population
transfer between bright states lead to similar modulations. Calculations carried
out in a basis excluding the bright state at ∼ 21 eV show that the modulation of
the absorption line at ∼ 24 eV is due to population transfer between the bright
states at ∼ 21 eV and ∼ 24 eV.
Just above photon energies of 22 eV, we see an absorption feature existing
only in the interval τ ∈ [−10, 5] fs in Fig. 4.1. This feature is a so called lightinduced structure (LIS). LISs have been observed experimentally in helium
[35, 37] and were described theoretically in atomic systems for the first time
in 2012 [35]. In atomic ATAS spectra LISs are seen as absorption features with
droplet-like shapes, a periodic modulation with a period equal to half a period
of the fs field cycle, and a width inversely proportional to the duration of the fs
pulse. The simplest possible explanation for these features is that they result
from Raman-like two photon processes [34] where dark states of the system are
populated. The dark state with energy ωd1 can be populated by absorbing an
XUV photon and absorbing an NIR photon5 (ωd1 = ωXUV + ωNIR ) or emitting
a NIR photon (ωd1 = ωXUV − ωNIR ). In the absorption spectrum of the XUV
pulse, LISs are therefore located at energies ωd1 ± ωNIR , and resultingly they
are often seen in pairs [1] (see Fig. 7.2). Since the fs pulse used in Fig. 4.1 has a
relatively well defined frequency, the LISs are also relatively narrow in energy.
The LIS just above 22 eV in Fig. 4.1 results from the population of the |1s2si
state by absorption of an XUV photon and emission of an NIR photon. As it is
described in Ref. [34] the Raman-like picture of LISs breaks down when the dark
state under consideration is in resonance with one or several bright states of the
system. As an alternative the LISs can be understood as light absorbed by fsfield-dressed states resulting from the field-induced mixing of the dark state and
a nearby bright state(s). Assuming a monochromatic fs field, the field-dressed
states can be obtained by diagonalization of the Floquet Hamiltonian [64]. In the
case where the bright and the dark states of interest are non-resonant we obtain
two ladders of field-dressed state energies: ωb1 , ωb1 ± ωNIR , ωb1 ± 2ωNIR , ... and
ωd1 , ωd1 ± ωNIR , ωd1 ± 2ωNIR , ..., with ωb1 and ωd1 the energies of the field-free
bright and dark states, respectively. The LISs discussed above corresponds to
the field-dressed states of energy ωd1 ± ωNIR . The oscillating features starting
in the overlap region and continuing towards large negative delays (at ∼ 20
5 i.e., a photon from the fs pulse, which in this chapter has frequency components in the NIR
domain.
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eV in Fig. 4.1) corresponds to the field-dressed states with energy ωb1 ± 2ωNIR
and are consequentially placed two NIR photon energies from bright states.
These spectral features can therefore also be specified as LISs, and the fact that
they originate from dressed bright states (can be populated by the XUV pulse
alone) explains why they continue towards large negative delays while LISs
originating from dark states (need temporal overlap of XUV and NIT pulses)
does not. When the dark and bright states are resonant, the Floquet ladder is
shifted such that ωb1 and ωd1 are no longer steps on the ladder. In both the
resonant and the non-resonant case, the Floquet states form a good adiabatic
basis for the field parameters typically considered in ATAS [34]. It is therefore
expected that the adiabatic evolution of a system expanded in Floquet states
offers a new perspective on several spectral features in ATAS spectra.

4.2

The Signs of DTMs

We dedicate this section to the investigation of how well the true ATAS spectrum
of a system can be reproduced in a finite expansion, as the one used above,
using only information about the absolute value of the DTMs between states.
In Fig. 4.1(a) we presented an ATAS spectrum calculated based on the absolute
value of the DTMs since this was the only information available in the literature.
To investigate the importance of the mutual signs of DTMs, we carry out an
additional calculation imposing signs on the DTMs. Instead of choosing these
signs randomly, we do the following: We make the (crude) assumption that the
helium eigenstates can be written as a product of hydrogen eigenstates |nl i, i.e.,
as |nl n0 l 0 i = |nl i|n0 l 0 i. The states |nl i are constructed, and the DTMs for the
product states evaluated. The transition moments used in the actual calculation
of the ATAS spectrum obtain their signs from this calculation but their values
are from the literature [59]. In Fig. 4.1(b) the resulting spectrum is plotted.
Comparing the two panels of Fig. 4.1 we see small deviations between the
two spectra. For example the energy shift of the lower absorption line (at ∼
21 eV) is a little smaller in Fig. 4.1(a). In general, however, the two panels are
very similar. Using first order perturbation theory, it can be shown that the
part of the ATAS spectrum resulting from the XUV pulse alone is unaffected
by the signs of DTMs. It can also be shown that the AC Stark shifts calculated
using second order perturbation theory are unaffected. However, in situations
where several different transitions are important to the same spectral feature,
we expect the signs of DTMs to be important. We now look into two such cases:
the LISs discussed above and ’which way interference’ where population is
transferred between two bright states leading to interference between a direct
and an indirect path (see Sec. 3.2.3).
In Fig. 4.2 we zoom in on a region of the ATAS spectrum shown in Fig. 4.1
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Figure 4.2: Zoom in on a region of the ATAS spectrum shown
in Fig. 4.1 for (a) a calculation not considering the mutual signs
of DTMs and for (b) a calculation considering the mutual signs
of DTMs.

dominated by two LISs [most visible in Fig. 4.2(b)]. Comparing the two panels
of Fig. 4.2 we see that while the upper LIS at ∼ 22.2 eV only experience a small
vertical shift of ∼ 0.1 eV, the lower LIS at ∼ 21.6 eV is very different in the two
panels. First of all much more light is absorbed in the lower panel, but also the
modulation of the LIS with a period of ∼ 1.3 fs has been shifted.

In Fig. 4.3 we zoom in on a region of the ATAS spectrum shown in Fig. 4.1
with clear oscillations in the absorption lines resulting from the interference
phenomena discussed in Sec. 3.2.3. The two panels of Fig. 4.3 are similar in
structure, but a more careful examination shows that the modulation of the
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Figure 4.3: Zoom in on a region of the ATAS spectrum shown
in Fig. 4.1 for (a) a calculation not considering the mutual signs
of DTMs and for (b) a calculation considering the mutual signs
of DTMs. The dashed lines are to guide the eye.

middle absorption line (at ∼ 24.0 eV) experience what seems to be a π-shift in
the delay-dependent modulation when going from panel (a) to panel (b).
From this and other calculations focusing on the importance of the mutual
signs of DTMs we can conclude, that the overall structure of ATAS spectra are
captured by a calculation using only absolute values of the DTMs. A detailed
analysis of structures expected to depend on several transition moments, on the
other hand, should only be carried out based on calculations taking the signs of
the DTMs into account. When the intensity of the fs pulse gets higher, higherorder effects play a larger role, and the importance of correct sign information

4.2 The Signs of DTMs
in the DTMs becomes more important.
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Chapter

The Hydrogen Molecule
In this chapter we present the first molecular ATAS spectra of this thesis. To our
knowledge the spectra of this chapter are the first molecular ATAS spectra ever
published in a peer reviewed journal [1]. In Sec. 5.1 we consider the hydrogen
molecular ion in one spatial dimension. This system has the great advantage of
being simple enough to allow for a full numerical treatment. In Sec. 5.1 we are
therefore also able to validate the N-surface expansion described in Sec. 2.4. In
Sec. 5.2 we then use the N-surface expansion to calculate the ATAS spectrum for
the three dimensional hydrogen molecule. It turns out that the nuclear dynamics
of the two systems affect absorption of XUV light very differently, and a good
overall understanding of molecular ATAS can therefore be obtained from these
relatively simple systems.
Please note that parts of this chapter have substantial overlap with Ref. [1] of
which I am the first author.

5.1

The Hydrogen Molecular Ion in One Dimension

In this section we consider the hydrogen molecular ion in one spatial dimension
(1D H2+ ). To calculate the ATAS spectrum we solve the TDSE using a two
dimensional version of the FFT-SOM method described in Sec. 2.8.1, representing
the electron and nuclear coordinates on spatial grids [See Eq. (2.89)]. For the
field parameters considered in this section converged results where obtained
using the box x ∈ [−100, 100] with a grid spacing of ∆x = 0.39 for the electronic
coordinate and R ∈ [0, 20] with a grid spacing of ∆R = 7.8 × 10−2 for the nuclear
coordinate. The full Hamiltonian of 1D H2+ is given in Sec. 2.3.2. As it is the
case for the three dimensional (3D) hydrogen molecular ion, only the electronic
61
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Figure 5.1: Normalized ATAS spectrum S(ω, τ ) of Eq. (2.17)
calculated for (a) the fixed nuclei and for (b) the moving nuclei
model of 1D H2 + . For photon energies between 14.0 eV and
20.3 eV the ATAS spectrum of panel (a) has been multiplied
by a constant factor of 50 to highlight the LIS doublet in that
region. The ATAS spectrum of panel (b) is multiplied by a
constant factor of 20 compared to panel (a). The white lines
in the upper right parts of each panel indicate the intensity
profile of the XUV pulse. Pulse parameters: TXUV = 330 as,
Tfs = 14.0 fs, λXUV = 50 nm, λfs = 700 nm, IXUV = 5 × 107
W/cm2 , Ifs = 2 × 1012 W/cm2 . Dephasing time: T=48 fs [see
Eq. (3.10)].
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ground state of 1D H2+ supports bound electronic motion. The H2+ molecule is
therefore ideal to study ATAS spectra resulting from dissociative dynamics.
To highlight the importance of nuclear dynamics, in Fig. 5.1 we plot the
ATAS spectrum for H2+ with fixed nuclei [panel (a)] next to the ATAS spectrum
calculated including nuclear motion [panel (b)]. In the fixed nuclei calculation
we use an internuclear separation of R0 = 2.07, corresponding to the expectation
value of R in the ground state. We immediately see a huge difference between
the two panels of Fig. 5.1. Figure. 5.1(a) is qualitatively very similar to the
absorption spectrum of helium presented in chapter 4 and contains several
narrow absorption lines, Autler-Townes splittings of absorption lines, hyperbola
shaped sidebands, interferences between bright states and LISs. Figure. 5.1(b),
on the other hand, is dominated by two extremely broad absorption features
at ∼ 10 − 12 eV and ∼ 20 − 25 eV. Further, the absorption profile is almost
independent of the time-delay between the XUV and fs pulses, with only a
small-amplitude delay-dependent modulation of the upper absorption line near
τ = 0. This modulation is due to LISs. LISs in molecular systems will be
considered in detail in chapter 7. Since the ATAS spectrum of Fig. 5.1 is not very
dependent on the time-delay, we will not discuss the features of the spectrum in
detail, however, the broad absorption features in Fig. 5.1(b) establishes that the
vibrational degree of freedom in molecules is essential for ATAS on molecules
where the populated excited states lead to dissociation. Later we will see that this
conclusion also holds for molecules supporting bound dynamics in electronic
excited states.
The two spectra shown in Fig. 5.1 are calculated treating the electronic
degree of freedom directly (on a grid), but it turns out that a calculation using
an N-surface expansion (see Sec. 2.4) of only N = 6 electronic states result in
spectra indistinguishable from the ones shown in Fig. 5.1 for photon energies
below 26 eV. The fact that ATAS spectra can be precisely determined using an
N-surface expansion in few electronic states is of great importance for studies of
ATAS in larger systems which cannot be treated by direct propagation of the
full TDSE. Apart from this, the N-surface expansion allow detailed studies of
the individual electronic states’ contribution to the absorption spectrum. One
example is the study of the broad absorption feature at ∼ 20 − 25 eV in Fig. 5.1(b).
By strategically omitting specific electronic states in the N-surface expansion,
this absorption feature can be determind as being a merged absorption line
with contributions from not one, but two bright state curves. Such a treatment
seems to be of limited use when applied to simple systems such as 1D H2+ , but
in more complex system the ability to omit or modify specific electronic sates is
an extremely powerful tool in understanding the sometimes very complicated
dynamics behind molecular ATAS spectra.
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5.1.1

XUV Only Spectra

For a short notice we go back to investigate XUV-only absorption spectra. We
do this because the optical properties of the hydrogen molecular ion allow for a
particularly simple analytic description of absorption for particular XUV field
parameters.
In H2 + the DTM between the ground state and the first excited electronic
state is several orders of magnitude larger than the coupling from the ground
state to higher excited electronic states when evaluated near R = R0 . It is
therefore expected that pulses with broad frequency distributions primarily
populate the first excited electronic state. This leads to an interesting effect for
ultrashort pulses; the shape of the ATAS spectra shown in Fig. 5.2 for pulses
with Nc = 1 field cycles [see Eq. (2.81)] and carrier frequencies corresponding to
energies higher than 20 eV, turn out to be remarkably unchanged as the carrier
frequency is varied. As can be seen from Fig. 5.2, this is not the case for longer
pulses. The FWHM of the absorption spectra resulting from the three pulses
with Nc = 1 and central carrier frequencies corresponding to 20 eV, 30 eV and
50 eV are 2.67 eV, 2.67eV and 2.64 eV, respectively.
The results shown in Fig. 5.2 indicate that the ATAS spectra for ultrashort
pulses are determined only by the system, and that only the ground state
ϕ1 (z; R) and the lowest excited electronic state ϕ2 (z; R) are important for the
absorption of XUV light. In the case of an ultrashort pulse the time-dependent
dipole moment is therefore expected to be well approximated by1 [see Eq. (3.27)]

d(t, τ = 0) =

2del
21 ( R0 )Re

Z

dE2,k c2,k (t, τ =

1,0 −i ( E2,k − E1,0 )t
0)K2,k
e



,

(5.1)

1,0
with K2,k
given in Eq. (3.28). Due to the low intensity of the XUV pulse in ATAS
the expression

∗
1,0
c2,k (t, τ = 0) = −idel
(
R
)
K
U ( E2,k , t),
(5.2)
0
21
2,k

with

U ( E2,k , t) =

Z t

0

dt0 FXUV (t0 , τ = 0)ei(E2,k − E1,0 )t ,

(5.3)

obtained from first order perturbation theory is accurate, and we have

Z
i2 
h
2
1,0
el
−i ( E2,k − E1,0 )t
d(t, τ = 0) =2 d21 ( R0 ) Re − i dE2,k U ( E2,k , t) K2,k e
. (5.4)
1 Note

that the system does not support bound vibrational states.
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Figure 5.2: ATAS spectra S(ω, τ ) [Eq. (2.17)] of H2+ (solid,
black lines) and field intensity (dashed, red lines) as functions
of the photon energy. In the left column pulses with Nc = 1
field cycle [see Eq. (2.81)] have been used in the calculations,
while pulses with Nc = 3 have been used in the right column.
The central carrier frequencies of the pulses used in the calculations are 6 eV for (a) and (b), 10 eV for (c) and (d), 20 eV for
(e) and (f), 30 eV for (g) and (h), and 50 eV for (i) and (j).

Chapter 5 · The Hydrogen Molecule

66

The accuracy of Eq. (5.4) is validated by Fig. 5.3 where the approximation of
Eq. (5.4) is plotted together with the time-dependent dipole moment of the full
TDSE calculation.
After the XUV pulse is over U ( E2,k , t) of Eq. (5.3) does not vary with time.
1,0 2
Further, the distribution |K2,k
| (norm squared of the Franck-Condon overlap)
has a FWHM ∆E of ∼ 2.5 eV. As a result we can neglect the variation of U ( E2,k , t)
with respect to2 E2,k , and for times after the XUV pulse we have that
d(t, τ = 0) =2

R

1,0
dE2,k K2,k

2

h

del
2,1 ( R0 )

i2



Re − i U e

iE1,0 t

Z

1,0
dE2,k K2,k

2

e

−iE2,k t



.

(5.5)

e−iE2,k t is proportional to the Fourier transform of the distribution

1,0 2
1,0 2
|K2,k
| with respect to the Fourier variable E2,k . It turns out that |K2,k
| is
well approximated by a Gaussian distribution D [ E2,k − E2 ( R0 )] centered around
E2,k − E2 ( R0 ) = 0, where E2 ( R0 ) is the value of the first excited PEC, evaluated
at R0 = 2.07. Substitution with the variable Ẽ2,k = E2,k − E2 ( R0 ) in Eq. (5.5)
gives

Z
h
i2 
el
i [ E1,0 − E2 ( R0 )]t
−i Ẽ2,k t
d(t, τ = 0) = 2 d2,1 ( R0 ) Re − i U e
d Ẽ2,k D ( Ẽ2,k )e
. (5.6)

Since the Fourier transform of a Gaussian is also a Gaussian, we can conclude
that the time-dependent dipole moment of Eq. (5.6), after the pulse is over, is
oscillating with frequency E2 ( R0 ) − E1,0 and is damped by a Gaussian function.
The period of oscillation corresponding to the energy difference E2 ( R0 ) − E1,0 is
∼ 420 as. Figure 5.3 shows the time-dependent dipole moment from 1D H2 +
resulting from a 30 nm (∼ 41 eV) pulse with an intensity of 107 W/cm2 and
Nc = 1 [Eq. (2.81)]. The FWHM duration of this pulse is 83 as, and we therefore
expect the corresponding time-dependent dipole moment to be well estimated
by Eq. (5.6), when the pulse is over. A Gaussian fit to the peaks of the timedependent dipole moment, in the region where the pulse has died out (more
than 2 FWHM durations after the central time of the pulse) is shown in Fig. 5.3,
and we see that the damping of the time-dependent dipole moment is indeed
well described by a Gaussian function. We also see that the time-dependent
dipole moment is oscillating with a period close to the expected period of 420
as.
Assuming that the Fourier transform of the incoming field is constant in the
region where the ATAS spectrum is non-zero (see Fig. 5.2), the ATAS spectrum
2 The phases of different frequency components of U ( E , t ) will drift apart on a time-scale of
2,k
2π/∆E ' 1.6 fs, which is much longer than the XUV pulse duration.

5.1 The Hydrogen Molecular Ion in One Dimension

Dipole moment ×10−5 (a.u.)

1.5

67

Full calculation
Eq. (5.4)
Gaussian fit
690 as

1.0
0.5
0.0
-0.5

420 as

-1.0
-1.5

0.0

0.5

1.0

1.5

2.0

2.5

Time (fs)
Figure 5.3: Time-dependent dipole moment d(t, τ ) [Eq. (2.14)]
from full TDSE calculation (solid, black line) and from Eq. (5.4)
(dashed, red line) both calculated for 1D H2 + using a singlecycle 30-nm pulse. The intensity of the pulse is 107 W/cm2 .
The light blue dotted line shows a Gaussian fit of the damping
of the dipole in the region where the pulse has died out (more
than 2 FWHM durations after the central time of the XUV
pulse).

S(ω, τ ) is proportional to the Fourier transform of the time-dependent dipole
moment3 [see Eq. (2.14)]. For ultrashort pulses the ATAS spectrum of 1D H2 + is
therefore well-approximated by a Gaussian function, and the half-life t1/2 of the
envelope of d(t, τ = 0) is related to the FWHM ωFWHM of the ATAS spectrum
through the relation
t1/2 =

4 ln(2)
.
ωFWHM

(5.7)

From the three ultrashort pulses discussed earlier [Figs. 5.2(e), (g) and (i)] with
ωFWHM ' 2.65 eV we find that t1/2 ' 690 as, which is indicated on Fig. 5.3. The
half-life extracted from the Gaussian fit in Fig. 5.3 is 710 as.
3 Neglecting

the linear frequency dependence.

Chapter 5 · The Hydrogen Molecule

68

5.2

The Hydrogen Molecule in a 1600 nm Field

To investigate how bound nuclear dynamics in excited electronic states affect
the absorption of XUV light in ATAS experiments, we now investigate the three
dimensional hydrogen molecule (3D H2 ). Inspired by the good performance
of the N-surface model in 1D H2 + , we represent the total wave function of
3D H2 using the N-surface expansion [Eq. (2.61)]. The nuclear wave packets
Gi ( R, t, τ ) are propagated in accordance with Eq. (2.63) using the FFT-SOM with
the same R-grid as in Sec. 5.1.1. Potential energy surfaces and DTMs used in
the propagation have been found in the literature [65]4 . We must ensure that
the basis of N electronic states is large enough to contain all physics relevant to
the ATAS spectrum. To reduce the number of basis states needed, we choose
the intensity of the fs field low enough that processes involving more than
two photons from the fs pulse are suppressed. Calculations of S(ω, τ ) for 1D
H2+ with fixed nuclei do not show any signs of 3-NIR-photon or 4-NIR-photon
processes for the field parameters used in this chapter. To further reduce N,
we use a 1600 nm fs pulse. Under these criteria it is sufficient to use N = 10
states in the expansion 2.61, with these ten electronic states being the states
corresponding to the PECs with the lowest possible energy minima. Based on the
PEC minimum of the 10th excited electronic state, i.e., the state of lowest energy
not included in the (N = 10)-expansion, we expect the ATAS spectrum presented
in Fig. 5.4 to be accurate for photon energies below 12.95 eV. In Fig. 5.4 energies
higher than 12.95 eV are indicated by gray shading. To highlight the effect of
nuclear dynamics on ATAS spectra we also preform a fixed nuclei calculation on
3D H2 using the same ten electronic states. In the fixed nuclei calculation we use
an internuclear separation of R0 = 1.393, corresponding to the expectation value
of R in the ground state. The ATAS spectra presented in Figure 5.4 are obtained
using a window function which lets the time-dependent dipole moment remain
undamped for 73 fs and then smoothly damps it [Eq. (3.10)] over the next T =
48 fs.
From Fig. 5.4 we immediately see that the ATAS spectrum of H2 is highly
affected by the nuclear dynamics of the system. The effect of nuclear motion on
the ATAS spectrum of H2 is, however, very different from what we saw in H2 + .
In the fixed nuclei ATAS spectrum of Fig. 5.4(a) we only see a single absorption
line in the un-shaded region (below 12.95 eV). For H2 with a fixed internuclear
separation of R0 = 1.393, the excited states considered have energies higher
than the PEC minimum. It is therefore expected, that we can go to higher
energies in the ATAS spectrum without expanding the basis of the calculation.
For energies higher than 12.95 eV additional absorption lines are visible in the
fixed nuclei ATAS spectrum [one is included in the shaded area of Fig. 5.4(a)].
4 Mutual

signs of the DTMs are included.
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Figure 5.4: Normalized ATAS spectrum S(ω, τ ) [Eq. (2.17)]
calculated for 3D H2 . (a) for fixed nuclei, (b) for moving nuclei.
The shaded areas indicate photon-energy regions where the
spectra are expected to be influenced by the finite electronic
basis (see text). The white lines to the right in each panel
indicate the intensity profile of the XUV pulse. The dots and
triangles to the very right in panel (b) are located at the fieldfree energies of the vibrational states corresponding to the
bright state PECs Bu (black dots) and Cu (black triangles).
Pulse parameters: TXUV = 530 as, Tfs = 10.7 fs, λXUV = 80 nm,
λfs = 1600 nm, IXUV = 5 × 107 W/cm2 , Ifs = 1012 W/cm2 .

Chapter 5 · The Hydrogen Molecule

70

These absorption lines and the absorption line at ' 12.8 eV all behave very
much like the absorption lines in the fixed-nuclei spectrum of H2 + ; we observe
interference of the type discussed in Sec. 3.2.3 between bright states in two NIR
photon resonance, Autler- Townes splittings of absorption lines etc.
The moving nuclei ATAS spectrum of H2 shown in Fig. 5.4(b) is, on the
other hand, very different from both the fixed nuclei ATAS spectrum of H2 ,
and from the moving nuclei ATAS spectrum of H2 + [Fig. 5.1(b)]. Even though
only three singlet PECs [Bu (bright state curve), Cu (bright state curve) and EFg
(dark state curve)] are within the energy range considered in Fig. 5.4(b), we
see rich structures in the ATAS spectrum. For large positive delays [outermost
right in Fig. 5.4(b)] we see that these structures converge towards absorption
lines corresponding to the field-free vibrational states of the Bu and Cu PECs.
When the delay between the XUV pulse and the fs pulse is varied, we see that
oscillations occur in the spectrum on two different time scales. For all negative
delays there are oscillations in the spectrum on the time scale of half a fs field
cycle (∼ 2.7 fs), and in the absorption lines corresponding to vibrational states
of the Bu surface [indicated by black dots in Fig. 5.4(b)], we see additional
oscillations on a much longer time scale.
Introducing the Fourier transform of S(ω, τ ) with τ as time variable and ωτ
as the corresponding frequency variable
1
F [S(ω, τ )] = √
2π

Z ∞

−∞

S(ω, τ ) exp(−iωτ τ )dτ,

(5.8)

we are able to analyze the oscillations of Fig. 5.4(b) in greater detail. The
Fourier transform (5.8) of the delay-dependent ATAS spectrum of Fig. 5.4(b)
is shown in Fig. 5.5(a) for low frequencies ωτ and in Fig. 5.5(b) for higher
frequencies. The low frequency structure in the Fourier transform of the ATAS
spectrum is a consequence of the modulation of absorption lines on the time
scale of the molecular vibration induced by the fs pulse. The periodicity of the
modulation can be explained by the fact that the relatively well localized nuclear
wave packets experience a periodic coupling to neighboring curves when they
oscillate back and forth in the PECs. This periodic coupling originates from the
R-dependent DTMs del
ij ( R ), but also from the R-dependent energy difference
between PECs, i.e., Ei ( R) − Ej ( R). For non-parallel PECs the latter contribution
is often the dominant one.
In the N-surface expansion, we can think of the XUV pulse as generating
nuclear wave packets on PECs corresponding to different excited electronic
states. If the PECs were harmonic, the wave packets would oscillate periodically
with a period of 2π/ωh , where ωh is the frequency of the harmonic oscillator.
However, the PECs of H2 are not perfectly harmonic, and we must account for
their anharmonicity. We do this by defining a local vibrational period for the
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Figure 5.5: Absolute value of the Fourier transform (5.8). (a)
for relatively low frequencies and (b) for higher frequencies.
The dashed line in (a) indicates the local energy separation
between vibrational states in the Bu curve corresponding to
the local vibrational period of Eq. (5.9). The lines in (b) are
Ei − ωτ [see Eq. (5.10)] where Ei is either the energy of one of
the seven lowest vibrational states of the Cu surface (dashed
lines), one of the five lowest vibrational states of the B’u surface
(dash-dotted lines), or one of the three lowest vibrational states
of the Du surface (dotted lines). See Ref. [65] for information
on the energy levels.
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n’th vibrational state as
Tnloc =

1
2



2π
2π
+
∆ωn−1,n
∆ωn,n+1



( n > 1),

(5.9)

where ∆ωk,l is the energy difference between the k’th and the l’th vibrational
states of the same electronic state. The local energy separation 2π/Tnloc for the
n’th vibrational state is plotted with a dashed line in Fig. 5.5(a). In Fig. 5.5(a)
we can also vaguely see frequency components corresponding to the energy
separation of the vibrational states in the Cu curve around 0.3 eV for photon
energies above 12 eV.
In Fig. 5.5(b) we present the higher frequency components of the Fourier
transform of the delay-dependent ATAS spectrum. Note that the structures of
Fig. 5.5(b) are centered around the energy 1.55 eV of two 1600nm photons. Much
of the structure in Fig. 5.5(b) can be explained as interference between different
paths to the same final bright state, a phenomena we in Sec. 3.2.3 found to give
rise to modulations of absorption lines on the time-scale of half a fs field cycle
in atomic systems. We now focus on a single absorption line in Fig. 5.4(b) and
denote its energy by ω. If the field-free state corresponding to this absorption
line couples to a state with energy Ei , the absorption peak at energy ω contains
a term proportional to cos[(ω − Ei )τ ], neglecting a potential phase. We now
take the Fourier transform defined in Eq. (5.8), but now replacing S(ω, τ ) with
cos[(ω − Ei )τ ], and see that we only obtain a nonvanishing contribution when
Ei ± ωτ = ω.

(5.10)

In Fig. 5.5(b) we plot Ei − ωτ for a number of energies Ei corresponding to
vibrational states of different bright state PECs. In practice the signal cos[(ω −
Ei )τ ] does not exist for all τ, and the peaks in Fig. 5.5(b) are therefore not delta
functions, but rather peaks smeared out around sets of ωs and ωτ s obeying
the condition (5.10). If we focus on the absorption feature at ∼ 11.5 eV we
see from Fig. 5.5(b) that the corresponding field-free state couples to at least
three other vibrational states through the fs field. The fact that several states
of different energies contribute to the modulation of a single absorption line
explains why the short time-scale oscillations in Fig. 5.4(b) seem more smeared
out then in, e.g., Fig. 4.1 (zoom in Fig. 4.3). From this analysis we conclude that
the interference mechanism resulting in oscillations in the molecular absorption
lines on the time-scale of half a fs field cycle in Fig. 5.4 is very similar to the
mechanism discussed in Sec. 3.2.3 for atomic systems. Other processes such as
LIS and Autler-Townes splittings of the absorption lines have not been found in
the analysis of moving nuclei ATAS spectra of H2 .
We have calculated the ATAS spectra for the hydrogen molecule and the
hydrogen molecular ion, and seen that the absorption of XUV light changes
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dramatically depending on the type of nuclear dynamics of the target system.
In fixed nuclei calculations we have seen very atom-like behavior and narrow
absorption features, dissociative PECs gives rise to extremely broad and diffuse
absorption features and PECs supporting bound nuclear dynamics show families
of narrow absorption lines corresponding to vibrational states of a single PEC.
In the latter case we have also seen how the fs pulse leads to modulations on
two time-scales highlighting the combined electronic and nuclear degrees of
freedom in molecular systems.

Chapter

The Nitrogen Molecule
In this chapter we continue the study of molecular ATAS and how nuclear
motion affects the absorption of XUV light. Since both the hydrogen molecule
investigated in chapter 5 and the nitrogen molecule (N2 ) are treated in an Nsurface expansion [Eq. (2.61)], the main differences between the two systems
are found in the functional forms of the PECs and the DTMs, but also the
high nuclear mass of the nitrogen molecule results in novel absorption features.
The DTMs between excited electronic states are by no means trivial objects to
calculate, not even in the di-atomic N2 molecule, and we have not been able to
find these transition moments in the literature.
In Sec. 6.1 we brifely explain how the PECs and DTMs, used in our calculations, are obtained. In Sec. 6.2 we present ATAS spectra resulting from the
nitrogen molecule in a 760 nm pulsed field. During the analysis of these spectra
we find spectral features corresponding to modulations of the spectrum on a
time-scale corresponding to a fraction of the vibrational period of the corresponding bright state curve. These features are refereed to as spectral overtones.
Spectral overtones will be the subject of Sec. 6.3.

6.1

How to Calculate Transition Dipole Moments and
Potential Energy Curves

With assistance from associate Professor Frank Jensen, department of chemistry, Aarhus University, a multi-configurational self-consistent field (MCSCF)
calculation has been carried out to solve the electronic problem in N2 for a
large number of fixed R-values [see Sec. 2.3.3]. I am not an expert in quantum
chemistry methods, and I will therefore try to keep this section as short as
75
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possible. Potential energy surfaces and DTMs between the ground state and
excited states have been found using linear response theory. DTMs between
excited states have been found using second order response theory [66]. The
calculation have been carried out using the DALTON program [67].
For homo-nuclear di-atomic molecules the electronic problem is solved using
the symmetry operations of the D2h point group, and the resulting electronic
states therefore belong to one of the eight irreducible representations: A g , B1g ,
B2g , B3g , Au , B1u , B2u or B3u [68]. For an introduction to symmetry groups,
irreducible representations, and the use of group theory in computational
chemistry, see Ref. [69]. In Fig. 6.1 we show the lowest 40 excited A g PECs. Due
to the fact that PECs corresponding to electronic states of the same symmetry
cannot cross [70] the adiabatic PECs resulting from the MCSCF calculation
experience very abrupt changes in their slopes when two curves come close in
energy (avoided crossings). In the N-surface model of Sec. 2.4 we neglected
all non-adiabatic couplings and as a result the nuclear wave packets Gi ( R, t, τ )
cannot go from one PEC to another without a laser field. This, however, is
not a good approximation near an avoided crossings where the non-adiabatic
couplings are known to be strong. For most of the avoided crossing in Fig. 6.1
the non-adiabatic couplings are so strong that the electronic states corresponding
to two PECs preforming an avoided crossing switches character when going
through such a crossing. When two electronic states switches character it can be
seen in observables found using these states.
As an alternative to the set of adiabatic curves, one can make a unitary
transformation to a set of curves that minimizes the non-adiabatic couplings1 .
The latter set of PECs are know as the diabatic curves. In the case where the
non-adiabatic couplings are known, the exact transformation from the set of
adiabatic curves to the set of diabatic curves can be carried out [64]. However,
we do not have access to the non-adiabatic couplings and we have to make
an approximate transformation. This is done by hand, identifying kinks in
the PECs and transforming these away. In this process we are helped by the
DTMs since these will switch values during an avoided crossing, but are smooth
functions in a diabatic representation. Examples of diabatic curves, obtained in
the way described above, are shown in Fig. 6.1 for the A g point group. In some
cases avoided crossings can easily be found and transformed away, but in other
cases the non-adiabatic couplings are in a domain, where the two corresponding
electronic wave functions only partly switches character. In such cases we need
the non-adiabatic couplings to somehow enter our TDSE calculations. Luckily
these weak avoided crossings are most frequent for highly excited states, and
we neglect the effect of such weak crossings in the calculations presented in this
chapter.
1 For

a diatomic molecule these non-adiabatic couplings can be removed completely.
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Figure 6.1: The lowest 40 excited A g adiabatic PECs (thin gray
lines) and two diabatic PECs of the same symmetry group
(black dashed lines).

In Fig. 6.2 we show the excited state PECs most important to ATAS on the
nitrogen molecule for the field parameters used in this chapter. Note that we
in chapter 5 chose the PECs of lowest energy as our electronic basis functions,
while we in the case of nitrogen choose the PECs known to be important in
spectroscopic measurements [71]. Most of these curves and the corresponding
DTMs are obtained from the MCSCF calculations, but some PECs known to be
important [71], could not be uniquely identified. In such cases the specific PEC
has been replaced by a Morse potential [Eq. (3.29)] and the corresponding DTMs
have been fixed at a constant value (R-independent).
In Table 6.1, we list the N=12 PECs entering the calculations presented in
Sec. 6.2. The entries in the first column of Table 6.1 show the name we will use
to refer to a specific PEC, in the second column ’MCSCF’ indicates that the PEC
is obtained from the MCSCF calculation while ’Morse’ indicates that the curve
is obtained from Eq. (3.29) using parameters from Ref. [71], the third column
show whether the PEC obtained from the MCSCF has been shifted in energy
before it enters the TDSE calculations and finally the last column tells whether
the electronic state corresponding to that specific PEC is a bright or a dark state
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Figure 6.2: Some PECs important for ATAS in N2 . Bright
(dark) state curves are plotted using full (dashed) lines.

Curve name
X
a
a”
b
c
c’
b’
o
R1
R2
R3
R4

MCSCF/Morse
MCSCF
MCSCF
MCSCF
Morse
MCSCF
MCSCF
MCSCF
Morse
MCSCF
MCSCF
MCSCF
MCSCF

Energy shifted?
Yes
Yes
Yes
Yes

Bright/Dark curve
Ground state
Dark
Dark
Bright
Bright
Bright
Bright
Bright
Dark
Dark
Dark
Dark

Table 6.1: The PECs used in calculations of ATAS spectra in
N2 .
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(see Sec. 3.2.1). The PECs that has been shifted in energy are shifted such that
their energy minimum is in correspondence with the energy minimum listed in
Ref. [71]. In addition the c0 -curve has also been shifted a small distance in the
R-coordinate. Using the present MCSCF calculations only the absolute value
of the DTMs could be obtained, and the TDSE is propagated in time without
information about the mutual signs of DTMs (see Sec. 4.2). Finally, some DTMs
have been adjusted by hand2 .

6.2

The Nitrogen Molecule in a 760 nm Field

The results of this section is the theoretical contribution to a joint experimental
and theoretical cooperation [5]. The ATAS spectra presented in this section are all
calculated using the N-surface model of Sec. 2.4 with N = 12. An experimentally
obtained ATAS spectrum for the nitrogen molecule using field parameters similar
to the field parameters used in this section is given in Ref. [21].
In Fig. 6.3 the ATAS spectrum of N2 is shown in the interval τ ∈ [−60, 10] fs.
The very strong absorption line just below photon energies of 13 eV is a merged
absorption line containing contributions from the vibrational ground states of
the c and the c0 PECs (see Fig. 6.2) and from an excited vibrational state of the
b curve. Please note that selected field-free vibrational energies corresponding
to different bright state PECs are shown in the boxes in the left side of Fig. 6.3.
Below, the strong absorption line at ∼ 13 eV, the spectrum is dominated by
lower excited vibrational states of the b curve. The clear absorption features
between 13.0 eV and 14.0 eV with a separation of ∼ 0.25 eV correspond to excited
vibrational states of the c0 curve. Above 14 eV the spectrum is dominated by
spectral features originating from the b0 curve.
By far the most prominent delay-dependent feature in Fig. 6.3 is the splitting
and shift of the strong and broad absorption line at ∼ 13 eV for time-delays in
the interval τ ∈ [−30, 5] fs. TDSE calculations excluding selected PECs show,
that this splitting is primarily a consequence of the laser coupling between
the c0 curve and the three dark state curves R1, R2 and R3. Apart from the
splitting of the absorption line at ∼ 13 eV, we see hyperbola-like structures
at negative delays (most clearly visible for photon energies just above 13 eV)
similar to the structures described in Sec. 4.1.2. For stronger fs pulses these
hyperbola-like structures become very clear, and for shorter fs pulses they cover
a larger interval of photon energies. For a Tfs = 5.0 fs [see Eq. (2.81)] fs pulse
with an intensity of Ifs = 6.0 × 1012 W/cm2 these structures dominate the ATAS
spectrum in the entire interval of photon energies considered in Fig. 6.3, to an
extent where it is difficult to identify any other features of the spectrum. One
big difference between the ATAS spectrum of hydrogen shown in Fig. 5.4(b)
2 This

is done to reproduce experimental ATAS spectra more accurately (see Sec. 6.2).
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Figure 6.3: Normalized ATAS spectrum S(ω, τ ) [Eq. (2.17)]
calculated for the nitrogen molecule. The five narrow boxes in
the very left of the figure show selected field-free vibrational
energies corresponding to the PECs labeled by a letter in the
top or bottom of each box. Pulse parameters: TXUV = 520 as,
Tfs = 15.1 fs [see Eq. (2.81)], λXUV = 78 nm, λfs = 760 nm,
IXUV = 5 × 107 W/cm2 , Ifs = 2.2 × 1012 W/cm2 . Dephasing
time: T=120 fs [see Eq. (3.10)].
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and the spectrum of nitrogen shown in Fig. 6.3 is the lack of short time-scale
modulations in Fig. 6.3. The analysis of the hydrogen ATAS spectrum showed
that most of these modulations where a result of interference between bright
states (see Sec. 3.2.3). In the N = 12 surface expansion of nitrogen all five bright
state curves are relatively close in energy, and one could fear that the lack of
fast modulations of the spectrum in Fig. 6.3 is a result of the truncated basis.
However, spectral data from the nitrogen molecule [72] does not indicate that
any bright states in the energy region of interest (approximately two NIR photon
energies above the strong absorption lines in Fig. 6.3, i.e., ∼ 16 eV) are strongly
coupled to the ground state. Experimental results [21] only show modulations
on the time-scale of half a fs field cycle for energies higher than the ones shown
in Fig. 6.3, and we conclude that the lack of short time-scale oscillations is not a
result of the truncated basis.
Our numerical simulations show that the total ATAS spectrum presented
in Fig. 6.3 is reproduced quite accurately by summation of (five) spectra each
resulting from calculations only including a single bright state curve (but all
dark state curves). We can therefore conclude that the absorption of XUV light
corresponding to a specific bright state curve is almost independent of the other
bright state curves of the system, which opens up the possibility of models of
reduced dimensionality.
Apart from the spectral features described above, we see in Fig. 6.3 that
several absorption lines are modulated on a time-scale compatible with nuclear
dynamics. To investigate these features closer we expand the interval of timedelays to τ ∈ [−400, 10] fs and the dephasing time of the time-dependent dipole
moment to T = 1.2 ps [see Eq. (3.10)]. A time-dependent dipole moment
with this dephasing time results in absorption features with spectral widths
down to ∼ 3 meV. Such narrow absorption features are not in accordance
with the experiment [21], and we therefore convolute the calculated spectrum
with a Gaussian function of the desired width to obtain the ATAS spectrum
shown in Fig. 6.4. In Fig. 6.4 we see faint periodic modulations of many
of the absorption lines. Especially the absorption features corresponding to
the b and the b’ curves show some modulations on the time scale of ∼ 50
fs. To investigate the periodic modulations of the absorption lines, we take
the Fourier transform defined in Eq. (5.8) of S(ω, τ ) shown in Fig. 6.4. The
result is shown in Fig. 6.5. Throughout Fig. 6.5 blue bulbs are located at ωτ s
corresponding to the energy differences between vibrational states, and as it
was the case in Fig. 5.5(a) for the hydrogen molecule, the anharmonicity of
the respective PECs can be estimated from their positions [see discussion of
Fig. 5.5(a)]. Apart from spectral features originating from the modulation of
the ATAS spectrum with a period approximately corresponding to the period
of nuclear vibration in the corresponding PEC, Fig. 6.5 contains several other
spectral features. On a line with slope one from the photon energy corresponding
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Figure 6.4: Normalized ATAS spectrum S(ω, τ ) [Eq. (2.17)]
calculated for the nitrogen molecule. The five narrow boxes in
the very left of the figure show selected field-free vibrational
energies corresponding to the PECs labeled by a letter in the
top or bottom of each box. Pulse parameters are as in Fig. 6.3.
Dephasing time: T=1.2 ps [see Eq. (3.10)].
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Figure 6.5: Absolute value of the Fourier transform (5.8) using
S(ω, τ ) shown in Fig. 6.4. The colored boxes indicate specific
features important to the discussion in the main text.
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to the energy of the strong absorption line at ∼ 13 eV (see Figs. 6.3 and 6.4)
we see several peaks. These peaks, encircled by a red box in Fig. 6.5, are a
result of the hyperbola-like structures described above, and for shorter and more
intense fs pulses a very clear V-like (two lines with slopes plus/minus one)
shape centered around ∼ 13 eV becomes visible in the Fourier transform (5.8).
Finally, Fig. 6.5 contains several structures corresponding to delay-dependent
modulations of the ATAS spectrum with periodicities equal to fractions of the full
vibrational periods (higher frequencies) or to multiple vibrational periods (lower
frequencies). Examples of features in Fig. 6.5 corresponding to modulations
with periodicities equal to multiple vibrational periods are seen at ωτ ' 0.15 eV
for photon energies from ∼ 13.4 to ∼ 13.6 eV (encircled by a blue box in Fig. 6.5),
where three features corresponding to vibrational states in the o,c and c0 curves
are located at ωτ ’s corresponding to modulations with periods of approximately
two vibrational periods in the respective PECs. The origin of these features is a
subject of current investigation. Features in Fig. 6.5 corresponding to modulation
of the ATAS spectrum with periodicities equal to fractions of the full vibrational
period are seen very clearly for the vibrational b0 states dominating the Fourier
transformed spectrum for energies above ∼ 13.8 eV, where several features
(overtones) are seen at ωτ ’s corresponding to fractions of the vibrational period.
Spectral features with a period of approximately half the vibrational period of to
b0 curve are encircled by a green box in Fig. 6.5. The mathematical origin of these
overtones are periodic modulations of the ATAS spectrum by non-harmonic
functions3 . For the cases we have considered, this modulation is peak-like
[see Fig. 6.7 panel (b) and (c)], and the Fourier decomposition of such periodic
functions naturally contains overtones. In Sec. 6.3 we discuss the origin of the
peak-like modulation in the high energy (above 14 eV) part of the nitrogen ATAS
spectrum.

6.3

Spectral Overtones and Semi-classical Modelling

An analysis of population transfers between PECs of the N =12 surface model
used to calculate the spectra presented in Sec. 6.2 suggest that the structure of
absorption lines corresponding to the b0 vibrational states are almost uniquely
a consequence of fs-field-induced couplings between the b0 and a00 curves. In
an attempt to explain the overtones seen in Fig. 6.5 we therefore focus on these
two curves, which are plotted with black lines in Fig. 6.6. The vibrational period
of the bright b0 curve is approximately 50 fs, and this period is therefore much
longer than the fs pulse with an intensity-FWHM duration of less than 9 fs.
This combined with the fact that the nuclear wave packet propagating on the
b0 curve remains relatively well localized, i.e., has a small spread around the
3 Here

we refer to sine and cosine as harmonic functions.
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Figure 6.6: PECs b0 [bright (full line)] and a00 [dark (dashed
line)]. The colored areas show Eb0 ( R) − ωfs ± ∆ωfs /2 (see text).
Blue area corresponds to a 760 nm pulse and the red area to
1540 nm pulse.

time-dependent expectation value of R, suggest that the coupling between the
b0 and the a00 curves behaves semi-classically. By semi-classical behavior, we
refer to the situation where population transfer between the b0 and a00 curves
primarily happens when the expectation value of R in the b0 curve is in an
interval where the two curves are in resonance. The distribution of frequency
components in the fs pulse has a FWHM of ∆ωfs ' 0.5 eV. In Fig. 6.6 the colored
areas indicate energies between Eb0 ( R) − ωfs ± ∆ωfs /2, with Eb0 ( R) the PEC b0 ,
and ωfs the central fs pulse frequency. If the population transfer between the b0
and the a00 curves behave semi-classically, we expect that the transfer primarily
happens when the nuclear wave packet propagating on the b0 curve is located
at R-values contained in intervals where the a00 curve (dashed curve Fig. 6.6) is
embedded in the colored areas of Fig. 6.6 (blue area for a 760 nm fs pulse red
area for a 1540 nm fs pulse).
In the nitrogen molecule, the expectation value of R in the ground state is
R0 = 2.07. A classical particle (with zero velocity) put at the b0 curve at the
position R = R0 will oscillate between an outer turning point at R = 3.95 and
the inner turning point at R0 . The time-dependent position of such a classical
particle is shown in Fig. 6.7(a) (full dark gray line). For the 760 nm pulse used
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in Sec. 6.2 we see from Fig. 6.6 that the only position where the classical nuclei
are energetically allowed to ’jump’ from the b0 to the a00 curve is at R ' 2.2. We
therefore expect more population to be transferred between the two curves at
delays corresponding to this position than for delays corresponding to positions
far from R ' 2.2. When more population is transferred out of the bright state
b0 curve, less population will be left in the curve resulting in a smaller timedependent dipole moment, again resulting in a less absorption. We will later see
that this expectation is too simple, but for now it gives a good picture of what
is going on. From Fig. 6.7(b), with S(ω, τ ) is integrated over ω-values where
absorption features corresponding to the b0 curve dominates the spectrum, we
see that there is indeed less absorption [peak in S(ω, τ )] for time-delays where
the nuclei are located close to R ' 2.2. Note that the expectation value of R
obtained from the TDSE calculation is also given in Fig. 6.7(a). The disagreement
between the two curves in Fig. 6.7(a) is due to dissipation of the nuclear wave
packet.
To further validate the semi-classical behavior of the nuclei in the b0 PEC and
its coupling to the a00 curve we carry out an additional TDSE calculation, now
using a 1540 nm fs pulse instead of the 760 nm pulse. To be able to compare the
two TDSE calculations, the intensity Ifs of the 1540 nm pulse is a fourth of the
760 nm pulse4 , while all other field parameters, but the number of field cycles,
are the same as in the calculation presented in Sec. 6.2. From Fig. 6.6 we see,
that there are now three intervals of R, where transitions between the b0 and the
a00 curve are energetically allowed: R ' 2.3, R ' 3.0 and R ∈ [3.9, 4.7]. However,
if one of these regions is located near a classical turning point, it is expected
that it is more likely for a transition to happen here, simply because the nuclei
spend more time in such a region. This effect is enhanced for the outer turning
point of the b0 PEC due to the large anharmonicity of the curve. For the b0 curve
this means that we expect a transition to the a00 curve to be most likely when the
nuclear wave packet is located at large R-values. This expectation is beautifully
confirmed by Fig. 6.7(c) where the integrated spectrum peaks for time-delays
corresponding to large R-values. In Fig. 6.7(c) we observe a shift of the peak
structure away from the classically expected structure, and the peak-structure
therefore has a period somewhat longer than expected. This is again due to
the anharmonicity of the b0 curve. For the 1540 nm spectrum the high energy
components of the nuclear wave packet are most likely to contribute to the
population of the a00 curve, and due to the anharmonicity these high energy
components have a somewhat longer period of oscillation.
I mentioned earlier that, the lower absorption yield for time-delays corresponding to certain R-values cannot be explained simply by the lower population
in the b0 curve. This statement is based on a calculation on an artificial system,
4 To

2 ).
keep a constant ponderomotive potential UP = Ifs /(4ωfs
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Figure 6.7: (a) Position R of a classic nuclei (full dark gray line)
and the expectation value of R, both found in the b0 curve. (b)
Integrated 760 nm ATAS spectrum for all photon energies above
14 eV. (c) Integrated 1540 nm ATAS spectrum for all photon
energies above 14 eV.

including the coupling from the b0 curve to the a00 curve, but not the coupling
from the a00 curve to the b0 curve such that population can be transferred out
of the b0 curve, but not into it. The result of this calculation showed much
weaker modulations of the absorption features corresponding to the b0 curve.
The modulations must therefore have a major contribution from the coupling
back from the a00 curve, and two NIR/IR photon processes are important for
the investigated overtones due to interference between contributions from zero
and two NIR/IR photon processes. This is like the interference phenomena
described in Sec. 3.2.3, but now the population has to be transferred in and out
of the a00 states by the same pulse. In the present case the fs pulse is spectrally
broad enough to couple a certain b0 vibrational state to several different a00 states,
and the contributions are never expected to interfere 100 procent constructively,
and a larger transfer of population between the b0 and a00 curves is expected to
lead to less absorption.
The semi-classical explanation of spectral overtones used in this section
depends critically on the fact that the fs pulse is short compared to the vibrational
period of the system. For lighter nuclei we therefore expect the overtones to
disappear. Carrying out the TDSE calculations above reducing the nuclear mass
from 14 to 1, which makes the vibrational period almost four times shorter,
removes the overtones from the spectrum. We can therefore conclude that the
spectral overtones, at least for field parameters obtainable today, are true heavy
nuclei phenomena, which also explains why we did not see similar effects in the
ATAS spectrum of the the hydrogen molecule.

Chapter

Molecular Light-induced
Structures

In this chapter we focus on LISs in ATAS spectra of molecular systems. LISs
in atomic ATAS spectra has been a subject of much interest [34, 35, 73] since
they leave direct signatures of field-dressed states in the absorption spectrum,
and as we mentioned in Sec. 4.1.3 the theoretical description of LISs in atomic
systems is still an area of active research [34]. The main goal of this chapter is to
investigate how LISs are affected by nuclear dynamics in molecules. It turns out
that LISs are highly sensitive to the type of nuclear dynamic supported by the
PECs of the system, which allows for a categorization of molecular LISs with
each category characterized by unique spectral features.
The chapter is organized as follows. In Sec. 7.1 we introduce the theoretical
framework, which will be the backbone of the analysis of ATAS spectra in
Sec. 7.2. In Sec. 7.2 we calculate and investigate ATAS spectra for the H2+
molecule in one spatial dimension. As discussed in Sec. 5.1 the electronically
excited states of the H2+ molecule support only dissociative nuclear dynamics.
To investigate LISs in molecular systems supporting bound nuclear dynamics
we therefore construct a three-level system, which gives us the opportunity to
tune the parameters of the model to highlight the nature of LISs in different
types of molecular systems. Finally, Sec. 7.3 concludes the chapter.
Please note that parts of this chapter have substantial overlap with Ref. [2] of
which I am the first author.
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7.1

A Three-level Model

In this section we set up the simplest possible model, in which molecular LISs
can be understood. The model includes three PECs: The ground state ϕ1 (x; R),
the bright state ϕb (x; R), and the dark state ϕd (x; R). Within this model a general
state can be written as [see Eq. (2.61)]
Ψ(x, R, t, τ ) = G1 ( R, t, τ ) ϕ1 (x; R) + Gd ( R, t, τ ) ϕd (x; R)

+ Gb ( R, t, τ ) ϕb (x; R).

(7.1)

In the investigation of LISs in molecular systems, it turns out to be beneficial to
expand each nuclear wave packet Gi ( R, t, τ ) of Eq. (7.1) in a basis of vibrational
states of the corresponding PEC [see Eq. (3.26)]
Ψ(z, R, t, τ ) =χ1,0 ( R) ϕ1 (x; R)
Z

+ ∑ dEd,l cd,l (t, τ )χd,l ( R)e−iEd,l (t−τ ) ϕd (x; R)
Zl

+ ∑ dEb,k cb,k (t, τ )χb,k ( R)e−iEb,k (t−τ ) ϕb (x; R).

(7.2)

k

To obtain Eq. (7.2) it has been used that the ground state to a good approximation
remains unchanged during propagation due to the low XUV intensity and offresonant fs field. It turns out that the overall structure of LISs in molecular
systems can be understood from a model using perturbation theory to determine
the bright state expansion coefficients cb,k (t) of Eq. (7.2). Assuming that the
electric field is monochromatic [E(t) = E0 sin(ωc t)] the first order change in the
expansion coefficient cb,k (t, τ ) for the k’th vibrational bright state is given by
(1)

cb,k (t, τ ) =

 i(E − E +ωc )×(t−τ )
Z
E0 del
e b,k d,l
− 1 iωc τ
db ( R0 )
dE
e
∑
d,l
2i
Eb,k − Ed,l + ωc
l


ei(Eb,k − Ed,l −ωc )×(t−τ ) − 1 −iωc τ
−
e
hχb,k |χd,l icd,l (τ ),
Eb,k − Ed,l − ωc

(7.3)

where it has been assumed that the DTM of Eq. (2.66) between the ground
state and the bright state is a slowly varying function of R and it can therefore
be evaluated at R0 , the expectation value of the internuclear separation in the
ground state. On the same level of approximation, the expectation value of the
dipole moment is given by


Z
el
−iEb,k (t−τ )
d(t, τ ) '2Re d1b ( R0 ) ∑ dEb,k χ1,0 |χb,k cb,k (t, τ )e
.
(7.4)
k
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Inserting Eq. (7.3) into Eq. (7.4) we see that the energies Eb,k disappear in the
exponent of the final expression for the time-dependent dipole moment, leaving
terms oscillating with frequency Ed,l ± ωc . For short XUV pulses such frequency
components of the time-dependent dipole moment are seen directly in the ATAS
spectrum [see Eq. (3.5)] as LISs. The energies Ed,l ± ωc is in accordance with the
energies of LISs found in atomic ATAS spectra (with Ed,l the energy of the atomic
dark state) when the excited states contributing to the LISs are not in resonance
[35], which is also a requirement for perturbation theory to be accurate.
According to Eqs. (7.3) and (7.4) the distribution and population of vibrational states corresponding to the bright electronic state ϕb (z, R) does not affect the dephasing of the dipole moment responsible for LIS. The distribution
and population of vibrational states corresponding to the dark electronic state
ϕd (z, R) are, on the other hand, crucial for the existence of LIS as spectral structures at well-defined energies. The more dark vibrational states are populated,
the faster the resulting dipole moment will dephase. Even in the situation where
a finite number of discrete vibrational states are populated, and one would
expect a partial revival of the time-dependent dipole moment (see the ’Binding
curve’ panel of Fig. 3.3), the revival is often absent due to the finite duration of
the fs pulse. We therefore expect LIS with well-defined energies to be suppressed
in molecular ATAS spectra when more than a few vibrational dark states are
populated.

7.2

Results

In this section we present ATAS spectra calculated using Eq. (2.17). To find
the time-dependent dipole moment we propagate the nuclear wave packets of
Eq. (7.1) in accordance with Eq. (2.63). First we calculate the ATAS spectra for
the 1D H2 + system of Sec. 2.3.2, to highlight the importance of nuclear dynamics
we also present spectra calculated in the fixed nuclei approximation. Then in
Sec. 7.2.2 we investigate how LISs depend on the relative arrangement and
shapes of PECs in general.

7.2.1

1D H2 +

In Fig. 7.1 we show the lowest six PECs of our 1D model of H2 + . As we saw in
chapter 5 a nuclear wave packet located on any excited PEC in H2+ dissociates.
In Fig. 7.2 ATAS spectra for the atomic-like situation with the nuclei fixed at
R = R0 (left panel) and for the molecular case including nuclear motion (right
panel) are shown. We immediately see from Fig. 7.2 that including nuclear
motion in the model completely changes the ATAS spectra from atomic-like
spectra characterized by narrow absorption lines to spectra dominated by very
broad features.
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Figure 7.1: PECs of our H2 + model. The thick, full line shows
the ground state, while the narrower full lines are excited
bright states and the dashed lines are excited dark
R states. The
vertical gray line indicates the value of R0 = R | Gg ( R, t =
−∞)|2 dR = 2.07.
The ATAS spectra of Fig. 7.2(a) are calculated in an N-surface expansion
[Eq. (2.61)] including the ground state and the five lowest excited electronic
states1 . Values of the PECs evaluated at R0 = 2.07 are given in the middle
column of Fig. 7.2 for the four electronic states of highest energy, with bright and
dark states indicated by full or dashed lines, respectively. In Figs. 7.2(b)-(e) some
of these lines are shown in light-gray coloring, indicating that the electronic state
of that energy has been omitted in the calculations of the spectra. All energies
are given with respect to the ground state energy. The calculations carried out
in smaller bases of electronic states help us identify physical processes in which
the omitted states are important.
As we also saw in Sec. 5.1 the fixed nuclei spectrum [Fig. 7.2(a), left] shows
many similarities with atomic spectra. For large positive delays the spectrum is
characterized by narrow absorption features at the field-free energies of bright
excited states at 21.48 eV and 25.29 eV (full lines in the middle column). The
LISs in the fixed nuclei spectrum, located one NIR-photon energy above/below
the dark state of energy 17.65 eV, are encircled by black cigar shapes. We use
a Tfs =14 fs fs pulse [see Eq. (2.81)] and as a consequence the LISs have widths
1 The analysis of Sec. 5.1 showed that this expansion reproduced the ATAS spectrum of H+ , in
2
the energy range of interest, for the considered field parameters.
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in the sub-eV domain. In the moving-nuclei spectrum [Fig. 7.2(a), right] the
situation is very different. All narrow absorption features are gone, and the
two absorption lines corresponding to transitions to the bright states at 21.48
eV and 25.29 eV have merged into a single very broad feature. More important
for the current discussion is that the LISs at the relatively well-defined energies
of ∼ 16 and ∼ 19 eV appear to be absent in the moving-nuclei spectrum. The
only visible fs-field-induced feature in the moving-nuclei spectrum in the right
panel of Fig. 7.2(a) is a periodic modulation with a period of approximately
half a fs field cycle from −5 fs to 5 fs, extending over the entire energy range
of the figure. Since this modulation seems to be centered around the broad
absorption line at ∼ 21 − 24 eV it is natural to assume that this modulation
is a consequence of ’which-way interference’ [56] (see Sec. 3.2.3) between the
two bright states at 21.48 eV and 25.29 eV, indicated by full lines in the middle
column of Fig. 7.2(a). In Fig. 7.2(b) we calculate the ATAS spectrum again, but
this time without the highest excited bright state (now a gray line at 25.29 eV in
the middle column). Since only one bright state is left in the frequency domain
of interest, we expect all modulations caused by which-way interference to be
eliminated. From the moving-nuclei spectrum of Fig. 7.2(b), however, we see that
the spectrum is remarkably unaffected by the removal of the bright state. For
the fixed-nuclei spectrum of Fig. 7.2(b) we see that the LISs at ∼ 16 eV and ∼ 19
eV are also unaffected. Since the interference between bright states apparently
can not explain the modulation of the moving-nuclei ATAS spectrum we are led
to expect that this modulation is caused by LISs. To validate this expectation we
calculate the ATAS spectrum without the highest excited dark state [at 23.87 eV,
gray dashed line of Fig. 7.2(c)] and without the second highest excited dark state
[at 17.65 eV, gray dashed line of Fig. 7.2(d)]. Without the dark states there will
not be any LISs, and from the fixed-nuclei spectrum of Fig. 7.2(d) we see that the
LISs at ∼ 16 eV and ∼ 19 eV are indeed missing when the 17.65 eV dark state is
removed from the basis set of the calculation. In the moving-nuclei spectra we
see that removal of the highest excited dark state reduces the delay-dependent
modulation in the high energy part of the spectrum [Fig. 7.2(c)], and removal
of the lower excited dark state reduces the modulation in the low energy part
of the spectrum [Fig. 7.2(d)]. Finally in Fig. 7.2(e) we remove both dark states
from the calculation. In the corresponding fixed and moving-nuclei spectra the
effect of the fs pulse is almost gone. It is not surprising that Fig. 7.2(e) is almost
unaffected by the fs pulse since all dark states of the system have been removed.
When Fig. 7.2(e) is compared with Figs. 7.2(b)-(d) it is, however, clear that the
delay-dependent modulations in the moving nuclei spectrum of Fig. 7.2(a) are
primarily resulting from LISs.
Returning to the fixed nuclei spectrum of Fig. 7.2(c) we observe that the
removal of the highest excited dark state causes a drastic reduction of the
periodic modulations of the absorption lines at 21.48 eV and 25.29 eV. These
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Figure 7.2: Figure caption is located on the following page.
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Figure 7.2: ATAS spectra S(ω, τ ) [Eq. (2.17)] of H2 + with fixed
(left column) and moving (right column) nuclei. (a) includes
the six lowest electronic states in the calculation. The energies
evaluated at R0 of the four states in the energy range of interest
are shown in the middle column. In the middle column full
lines represent bright states and dashed lines represent dark
states. (b)-(e) excludes the electronic states indicated by lightgray coloring in the middle column. Note that there are separate
color bars for the left and right columns. The color bars are
designed to highlight the LISs which are also encircled by black
cigars in the fixed nuclei case. Pulse parameters: TXUV = 330
as, Tfs = 14.0 fs, λXUV = 50 nm, λfs = 700 nm, IXUV = 5 × 107
W/cm2 , Ifs = 2 × 1012 W/cm2 .

modulations are a result of which-way interference, and we therefore conclude
that the dark state is essential in the coupling of the two bright states which is
also anticipated from, e.g., second-order perturbation theory. Additionally it
is seen from Fig. 7.2(c) that the absorption feature at ∼ 23 eV stretching from
∼ −10 to ∼ 5 fs [in Figs. 7.2(a), (b) and (d)] disappears from the spectrum. This
absorption feature is therefore also a LIS.
We have argued that the periodic modulation of the moving-nuclei spectrum
of 1D H2 + [Fig. 7.2(a), right], stretching over a broad energy range, is in fact
several LISs. To explain why these LISs do not look anything like what we see
in atomic systems and as in H2 + with fixed R we return to Eqs. (7.3) and (7.4).
From these equations we were able to conclude that LISs would be broadened
if more dark vibrational states were populated since this leads to a dephasing
of the part of the time-dependent dipole moment responsible for LISs. Based
on the Frank-Condon principle we expect that the nuclear wave packet, excited
to a dark state BO curve, will initially be localized around R = R0 , but since
all dark states in H2 + are dissociative, all the corresponding vibrational states
are nuclear-continuum states. An expansion of the nuclear wave packet in
vibrational dark states will therefore in principle require an infinite number
of dark vibrational states. As a result we expect that the corresponding timedependent dipole moment to be damped on a very short time scale leading
to extremely broad spectral features. How broad the LISs are depends on the
distribution of vibrational dark states populated by the combined XUV and fs
pulses and therefore on the slope of the corresponding BO curve.
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Figure 7.3: Illustration of possible arrangements of excited
PECs in molecules. Full lines represent bright states while
dashed lines represent dark states.

7.2.2

Illustrative Examples using the Three-curve Model

In many situations LISs can be accurately described using a three-curve model
containing the electronic ground state, a single electronic dark state and a single
electronic bright state [Eq. (7.1)]. We take the ground state PEC to be binding.
For the excited curves, we consider different shapes. Our goal is to investigate
how the shapes of the two excited PECs in the three-curve model affect the LISs.
We divide the excited PECs into two categories: binding and dissociative. This
division gives us four different characteristic arrangements of PECs as shown
schematically in Fig. 7.3. The upper left set of PECs in Fig. 7.3 represents the case
where both excited PECs are dissociative. This case is similar to H2 + discussed
in the previous section. We have confirmed that the three-curve model is capable
of reproducing the LISs in the ATAS spectra of Fig. 7.2, corresponding to the
included dark state, for both fixed and moving-nuclei calculations. To obtain
the other arrangements of PECs shown in Fig. 7.3 we replace one or two of
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the excited PECs Ed ( R) (dashed, dark state curve) and Eb ( R) (full, bright state
curve) of H2 + with the binding curves
Ẽd/b ( R) = E1 ( R − Rd/b ) − E1 ( R0 ) + Ed/b ( R0 ),

(7.5)

where E1 ( R) is the H2+ ground state curve. For Rd/b = 0 the curve Ẽd/b ( R) is
parallel to the ground state curve and the energy difference to the ground state
curve is as for the original curve Ed/b ( R) evaluated at R0 . In the numerical
implementation of the model we have used the DTMs calculated for H2 + . We
have found that the main characteristics of LISs in the spectra of the three-curve
model are not largely affected by the specific choice of DTM values, when
reasonable values are chosen.
The upper right arrangement of PECs in Fig. 7.3 represent the case where
both excited curves are binding. In Fig. 7.4 we show the corresponding ATAS
spectra for different values of Rd and Rb , i.e., for different relative positions
of the bright and dark state PECs. In Fig. 7.4(a) (Rd = Rb = 0) we see a
narrow absorption line at ∼ 22 eV corresponding to the vibrational ground
state of the bright PEC and a narrow ’single-line’ LIS at ∼ 19 eV. This atomiclike behavior is expected since all three PECs are parallel. The vibrational
ground state is therefore the same in all three curves, and from the FranckCondon principle nuclear dynamics does not play any important role, since
excited vibrational states are never populated. In Fig. 7.4(b) the minimum of
the bright state PEC is at larger R [Eq. (7.5) with Rb = 0.3]. When the ground
state χ1,0 ( R) is expanded in the (discrete) vibrational states of the bright state
curve several of the expansion coefficients will be non-zero. In the spectrum
we therefore see several absorption lines corresponding to the energy of the
individual vibrational states just as we have seen in chapters 5 and 6. The LIS at
∼ 19 eV in Fig. 7.4(b), however, is remarkably unaffected by the displacement
of the bright state curve. This is in agreement with the conclusion in Sec. 7.1,
that the LISs are unaffected by the population and distribution of vibrational
bright states. In Figs. 7.4(c) and 7.4(d) the minimum of the dark state PEC is
moved to larger R in the calculations (Rd = 0.3). As a result several vibrational
dark states are populated and we observe a broadening of the LIS in the spectra.
A careful examination of Figs. 7.4(c) and 7.4(d) shows that the LIS at ∼ 19 eV
has a horizontal few-line structure (not clearly visible at the scale of the figure)
with each line corresponding to the energy of a populated vibrational dark state
plus the energy of a NIR photon. We therefore refer to this type of spectral
features as few-line molecular LISs. In Figs. 7.4(e) and 7.4(f) the spectra resulting
from calculations with Rd = 0.5 are shown, and we see even broader absorption
lines without horizontal line structure (diffuse LISs). In the latter case the slope
of the dark BO curve evaluated at R0 is steeper than for the Rd = 0.3 case
[Figs. 7.4(c) and 7.4(d)] and it is therefore expected that even more vibrational
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Figure 7.4: Figure caption is located on the following page.
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Figure 7.4: ATAS spectra S(ω, τ ) of a model including two binding
excited PECs [see upper right part of Fig. 7.3]. The spectra are
calculated for the different values of Rd and Rb [see Eq. (7.5)]
(a) Rd = Rb = 0.0, (b) Rd = 0.0 and Rb = 0.3, (c) Rd = 0.3
and Rb = 0.0, (d) Rd = 0.3 and Rb = 0.3, (e) Rd = 0.5 and
Rb = 0.0, and (f) Rd = 0.5 and Rb = 0.3. Special attention should
be given to the spectral feature in (a) and (b) at ∼ 19 eV. The
insets show illustrations of the two excited PECs included in the
calculations. In the insets, the vertical gray line indicate R = R0 .
Pulse parameters are as in Fig. 7.2.

states become populated by the combined action of the XUV and fs laser pulses.
The absorption features in Figs. 7.4(a)-(f) corresponding to the bright state curve
seem to be unaffected by the geometry of the dark state curve. However, we
know from the discussion of Fig. 7.2 that dark states play an important role in
the transitions between bright states. In general, the shapes of dark state PECs
therefore affect the absorption lines corresponding to bright state curves.
We now investigate the case of a bound bright PEC and a dissociative dark
PEC schematically drawn in the lower left part of Fig. 7.3. The corresponding
ATAS spectra in Fig. 7.5 show that absorption lines corresponding to the bright
state curve are again very similar to what we saw in Fig. 7.4. The LISs, however,
are very diffuse, stretching over a broad region of photon energies. This is
similar to what we saw in the moving-nuclei spectra of H2 + shown in the right
panel of Fig. 7.2(a). The fact that the LISs of Fig. 7.5 are similar to LISs in the
moving nuclei spectrum of H2 + is another example that the characteristics of
LISs do often not depend on the shape of the bright state curve.
In Fig. 7.6 we show the spectra of a molecule with a bound dark state curve
and a dissociative bright state curve as sketched in the lower right corner of
Fig. 7.3. In Fig. 7.6(a) we see that there are several absorption features above
the main LIS at ∼ 19 eV [also seen in, e.g., Fig. 7.4(a)]. Since the ground state
and dark state curves are parallel, this structure indicates that the LIS is in fact
affected by the bright state curve in this case. In the calculations carried out to
produce Fig. 7.6(a) the slope of the bright state BO curve evaluated at R0 is so
steep that the nuclear wave packet Gb ( R, t) slide down the curve on a timescale
comparable to the duration of the XUV pulse. As a result several vibrational
dark states are populated by the combined action of the XUV and fs fields even
though the ground state and dark state curves are parallel. In spectra for models
where a less steep dissociative bright state is used, the LISs are again unaffected
by the shape of the bright state curve. For the calculations producing Fig. 7.6(b)
the minimum of the dark state curve has been moved to larger R-values, but the
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Figure 7.5: ATAS spectra S(ω, τ ) of a model including a
single binding excited bright PEC and a single dissociative
dark PEC [see lower left part of Fig. 7.3]. In the calculations
Rb of Eq. (7.5) is chosen as (a) Rb = 0 or (b) Rb = 0.3. The
insets show illustrations of the two excited PECs included in
the calculations. In the insets, the vertical gray lines indicate
R = R0 . Pulse parameters are as in Fig. 7.2.

spectra of Figs. 7.6(a) and 7.6(b) are very similar. In contrast to earlier cases it is
difficult to say much about the position and shape of the dark BO curve from
LISs when the bright state curve is very steep around R0 . The effect described
above can be minimized by using a shorter XUV pulse.

7.3

Conclusion and Discussion of the Model Systems

We have investigated LISs in four different arrangements of excited state PECs
[see Fig. 7.3], and found that the characteristics of LISs are extremely dependent
on the shapes of dark state PECs. The LISs are, on the other hand, in many cases
independent of the shapes of nearby bright state PECs. LISs can therefore be
used as a measure of dark state PEC-shapes. A narrow single-line molecular LIS
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Figure 7.6: ATAS spectra S(ω, τ ) of a model including a
single dissociative excited bright PEC and a single binding
dark PEC [see lower right part of Fig. 7.3]. In the calculations
Rd of Eq. (7.5) is chosen as (a) Rd = 0 or (b) Rd = 0.3. The
insets show illustrations of the two excited PECs included in
the calculations. In the insets, the vertical gray lines indicate
R = R0 . Pulse parameters are as in Fig. 7.2.

is a signature of a dark PEC parallel or almost parallel to the ground state curve
[see Fig. 7.4(a)], while non-parallel curves and curves with shapes different
from the ground state curve give horizontal few-line or diffuse LISs. We see a
continuous change in the molecular LISs from narrow to diffuse features, when
more and more vibrational dark states are needed in the expansion of the ground
state. The impact of nuclear motion can therefore be divided into characteristic
categories including single-line molecular LISs when
R the expectation value of
the internuclear separation on the dark state curve R | Gd ( R, t)|2 dR is constant
in time and diffuse LISs when the nuclear wave packet dissociate.
In addition to the results shown in this chapter, we have performed calculations on the 3D H2 model also used in Sec. 5.2. It was, however, difficult to
unambiguously identify LISs in the resulting ATAS spectra. There are several
reasons for this. First, the only dark state curve (EF) in the energy range of
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interest is very different from the ground state curve (X) (For information about
the PECs in H2 see Ref. [65]). The ground state curve is a single-minimum curve
with minimum at R = 1.37 while the dark state EF curve has two minima at
R = 1.91 and R = 4.41, respectively. As a consequence the overlap between
the vibrational ground states of the two PECs is a lot smaller than one, and we
expect the corresponding LISs to be very diffuse. In contrast to the ATAS spectra
of this chapter, the spectra of H2 are very rich in structures [see Fig. Fig. 5.4(b)].
Two bright state PECs (Bu and Cu ) are located in the energy range where we
expect to see LISs and as a consequence it is nearly impossible to distinguish
LISs from, e.g., which-way interference phenomena. To see clear LISs the DTMs
between the ground state and a bright state and between this bright state and a
dark state should both be as large as possible [see Eqs. (7.3) and (7.4)] compared
to dipole matrix elements describing processes responsible for other spectral
features in the energy region of the LISs. In H2 unambiguous identification of
LISs is hindered by which-way interference between vibrational states of the
Bu and Cu curves since the dipole matrix elements are almost ideal for this
process. Tuning the coupling strengths of the system as outlined above, to
circumvent the difficulties of H2 , we observe LISs behaving very similarly to
what we saw in Sec. 7.2. We therefore expect that also in experiments LISs may
in many cases be observed and used to divide nuclear dynamics on dark PECs
into categories: stationary when single-line LISs are observed, small amplitude
oscillations when horizontal few-line LISs are observed and large amplitude
oscillations or dissociative behavior when diffuse LISs are observed.

7.4

LIS in Nitrogen

In this chapter we have, until now only considered LISs resulting from electronic
dark states dressed by a single fs field photon, but as I mention in Sec. 4.1.3 LISs
can also result from bright states dressed by two NIR photons. In atomic spectra
the latter type of LISs are seen as fast oscillating, but otherwise quite feature less
absorption structures, existing for all negative time-delays2 . In atomic systems
the extend of these features towards large negative time-delays is a consequence
of the fact that a bright state populated by a weak XUV pulse will result in
a time-dependent dipole moment, corresponding to a single electronic state,
oscillating with a constant amplitude, if left unaffected. As we have seen so far
in this thesis, the same is not the case in molecular systems, where the nuclear
dynamics modulate the time-dependent dipole moment.
In a time-window corresponding to the fs pulse length, the time-dependent
dipole moment is perturbed such that frequency components Eb ± 2ωfs occur.
2 Clearly visible examples of such features can be seen in Fig. 7.4(a) for photon energies of ∼ 18
eV and ∼ 25 eV.

7.4 LIS in Nitrogen

103

Photon energy (eV)

0.5
11.5
0
11.0
-0.5
10.5
-1
-400

-300

-200

-100

0

Delay (fs)
Figure 7.7: Zoom in on the ATAS spectra S(ω, τ ) shown
in Fig. 6.4 for nitrogen. The photon energies cover a region
corresponding to the region where LISs from the b0 curve are
expected to be. Field parameters are as given in Fig. 6.3.

However, these frequency components are only seen in the ATAS spectrum if
the time-window where this modulation happens is overlapping with times
where the contribution to the time-dependent dipole moment from the state
with energy Eb is not small (see Fig. 3.3). For the LISs at Eb ± 2ωfs this mean
that they behave as if they where resulting from a dipole moment convoluted
with a function with a width comparable to the fs pulse width. The Fourier
transform of such a function is refereed to as a Gabor transform, also know as a
short-time Fourier transform [74]. The Gabor transform can be used to trade
precision in the frequency domain for temporal information, with the temporal
precision determined by the width of the window function. Within the field of
strong-field physics, the Gabor transform has been used to analyze HHG spectra
[75–77].
In Fig. 7.7 we show a zoom on the ATAS spectrum partly shown in Fig. 6.4
in a region of photon energies approximately two NIR photon energies from
the most populated vibration states of the b0 curve. In this region no spectral
features, corresponding to bright state absorption lines, are present, and we
see the LISs corresponding to the b0 curve very clearly. As expected from the
argument above, the LISs of Fig. 7.7 are modulated on a timescale corresponding
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to the vibrational period (∼ 50 fs), and the LISs therefore allow us to follow the
molecular motion directly. In molecular ATAS spectra it is therefore possible not
only to follow electronic, nuclear and combined nuclear and electronic dynamics
in an indirect manner through a signal integrated over all times, but also to
follow nuclear dynamics directly.

Chapter

Alligned Molecule
Attosecond-transient Absorption
Spectroscopy
In this chapter we show how the strength of light-induced couplings in ATAS on
diatomic molecules can efficiently be controlled by alignment of the molecular
target and control of the polarization vectors of the linearly polarized XUV
and fs fields. We refer to this spectroscopy as aligned molecule attosecond
transient-absorption spectroscopy (AM-ATAS). Using AM-ATAS we show how
many-level systems can continuously be transformed into effective few-level
systems, allowing for a clearer physical interpretation of spectral features in
the resulting ATAS spectra. In the chapters 5, 6 and 7 we have seen how the
complexity of ATAS spectra in general increase dramatically when we go from
atomic to molecular systems. AM-ATAS offers a possibility to isolate physical
processes corresponding to specific light-induced transitions, and therefore a
possibility to simplify the spectra in a controlled fashion. Control of the angle
between the polarization vector of a linearly polarized laser pulse and an aligned
molecular sample has previously been used to steer, e.g, the branching ratio of
photodissociation in iodine molecules [78], and very recently the relative angle
between polarization vectors of two linearly polarized pulses has been used to
control virtual dressed states in helium [26]. For simplicity we consider only the
case of diatomic, homonuclear, and neutral molecules in this chapter, but the
generalization to more complex systems is straightforward. The chapter is organized as follows. In Sec. 8.1 we first establish the theoretical framework needed
to calculate ATAS spectra for a general distribution of molecular orientations.
We then investigate the case of perfect alignment, which is the distribution of
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interest in AM-ATAS. In Sec. 8.2 the potential of AM-ATAS is illustrated on a
model system, and in Sec. 8.3 we use the equations of Sec. 8.1 to investigate
how a spherically symmetric distribution of molecular orientations affect the
conclusions made in chapter 6 for ATAS on the nitrogen molecule. Finally,
Sec. 8.4 concludes the chapter.
Please note that parts of this chapter have substantial overlap with Ref. [4] of
which I am the first author.

8.1

Theory of AM-ATAS

To navigate between the laboratory fixed frame (x L , y L , z L ) and the molecular
fixed frame (x, y, z), with z along the inter-nuclear axis, we use the Euler angles
α, β, γ and the corresponding rotations introduced in Sec. 2.5. We consider the
case of linearly polarized XUV and fs fields. These fields may be polarized along
different directions, and we denote the angle between polarization vectors by θ L .
We choose the z L -axis to be parallel to the polarization of the XUV field.

8.1.1

Signal

In the single-system response approximation (see Sec. 2.1.1) the modulation of
the intensity spectrum of the attosecond XUV pulse is well estimated by the
quantity1
4πnω
∗
Im { FXUV
(ω, τ )dz L (ω, τ, θ L )} ,
(8.1)
c
√
R∞
with FXUV (ω, τ ) the Fourier transform of the XUV pulse −∞ FXUV (t, τ )e−iωt dt/ 2π,
and dz L (ω, τ, θ L ) the Fourier transform of the z L -component of the single-system
time-dependent dipole moment function [Eq. (2.14)] coherently averaged over
the distribution of molecular orientations, P(α, β)
S(ω, τ, θ L ) =

1
dz L (t, τ, θ L ) = 2
8π

×

Z 2π
0

Z 2π
0

dα

Z π
0

dβP(α, β) sin( β)

single

dγ dz L

(t, τ, α, β, γ, θ L ),

(8.2)

single

with dz L (t, τ, α, β, γ, θ L ) the z L -component of the single-system time-dependent
dipole moment function for a single orientation. Note that the distribution
P(α, β) does not depend on the γ angle for linear molecules due to the ∞-fold rotational symmetry around the principle axis. According to Eqs. (8.1) and (8.2) the
1 This quantity is similar to Eq. (2.17), but assume that the fs pulse does not have any frequency
components in the range of interest, and a dependence on θ L is introduced.

8.1 Theory of AM-ATAS

107

evaluation of an ATAS spectrum resulting from a distribution of molecular orisingle
entations P(α, β) is in practice reduced to calculations of dz
(t, τ, α, β, γ, θ L ).
If the rotational degrees of freedom are frozen, we can use the approach of
Eq. (2.61) and expand the general quantum state Ψ(x, R, t) in N electronic BO
states, ψj (x; R):
Ψ(x, R, t) =

N

∑ Gj ( R, t; α, β, γ, θ L )ψj (x; R),

(8.3)

j =0

The only difference between Eq. (8.3) and the N-surface expansion (2.61) is the
parametric dependence of α, β, γ and θ L of the nuclear wave packets Gj ( R, t; α, β, γ, θ L ).
This dependence is due to orientation-dependent light couplings between electronic states in the molecule. In the N-surface expansion of Eq. (8.3), the
time-dependent Schrödinger equation is expressed as [See Eqs. 2.63-2.65 for
neutral and homonuclear molecules]
i
N h
(0)
i∂t Gi ( R, t; α, β, γ, θ L ) = ∑ Hi δij + Vij ( R, t, α, β, γ, θ L )
j

× Gj ( R, t; α, β, γ, θ L ),
∂2

1
+ Eiel ( R)
M ∂R2
Vij ( R, t, α, β, γ, θ L ) = − F(t, θ L ) · del
ij ( R ),
(0)

Hi

=−

(8.4)
(8.5)
(8.6)

el
with del
ij ( R ) defined in Eq. (2.66). The DTMs can be written as dij ( R ) =
el,y

el,z
del,x
ij ( R )x̂ + dij ( R )ŷ + dij ( R )ẑ. We assume that the incoming field is on the
form Fin (t, θ L ) = FXUV (t)ẑ L + [cos(θ L )ẑ L + sin(θ L )x̂ L ] Ffs (t), and Eq. (8.6) becomes

Vij ( R, t, α, β, γ, θ L ) = − [ FXUV (t) + cos(θ L ) Ffs (t)]
el,y

el,z
× [del,x
ij ( R )ẑ L · x̂ + dij ( R )ẑ L · ŷ + dij ( R )ẑ L · ẑ]

+ sin(θ L ) Ffs (t)
h
i
el,y
el,z
(
R
)
x̂
·
x̂
+
d
(
R
)
x̂
·
ŷ
+
d
(
R
)
x̂
·
ẑ
. (8.7)
× del,x
L
L
L
ij
ij
ij

The dot-products between unit vectors of the two frames are given in terms of
the α, β and γ angles in Eqs. (2.76) and (2.77). Propagation of Eq. (8.4) gives the
nuclear wave packets Gi ( R, t; α, β, γ, θ L ), and the time-dependent dipole moment
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can be found as
1
dz L (t, τ, θ L ) = 2
8π

Z 2π
0

N Z

×∑
i,j

dα

Z π
0

dβP(α, β) sin( β)

Z 2π
0

dγ

dRGi∗ ( R, t; α, β, γ, θ L ) Gj ( R, t; α, β, γ, θ L )
el,y

el,z
× [del,x
ij ( R )ẑ L · x̂ + dij ( R )ẑ L · ŷ + dij ( R )ẑ L · ẑ].

8.1.2

(8.8)

Perfect Alignment

In the present study the focus is on generic aspects of AM-ATAS, and we
therefore consider the case of perfect alignment. For diatomic homo-nuclear
molecules the distribution of molecular orientations corresponding to perfect
alignment is P(α, β) = δ(α − α0 , β − β 0 )/[8π sin( β 0 )] + δ(α − α0 − π, β − π +
β 0 )/[8π sin(π − β 0 )]. Inserting this distribution into Eq. (8.8) we obtain
dz L (t, τ, α0 , β 0 , θ L ) =

Z 2π
0

N Z

dγ ∑
i,j

dRGi∗ ( R, t; α0 , β 0 , γ, θ L ) Gj ( R, t; α0 , β 0 , γ, θ L )
el,y

× [−del,x
ij ( R ) sin( β 0 ) cos( γ ) + dij ( R ) sin( β 0 ) sin( γ )

+ del,z
ij ( R ) cos( β 0 )] / (4π )
+

Z 2π
0

N Z

dγ ∑
i,j

dRGi∗ ( R, t; α0 + π, π − β 0 , γ, θ L )

× Gj ( R, t; α0 + π, π − β 0 , γ, θ L )

el,y

× [−del,x
ij ( R ) sin( β 0 ) cos( γ ) + dij ( R ) sin( β 0 ) sin( γ )

− del,z
ij ( R ) cos( β 0 )] / (4π ),

(8.9)

where we have written out the dot-products between unit vectors of the two
frames and introduced the dependence on angles α0 and β 0 specifying the
molecular alignment. An ATAS spectrum obtained from Eq. (8.9) will be denoted
by S(ω, τ, α0 , β 0 , γ).

8.2

Illustrative Examples of AM-ATAS

To find the PECs Eiel ( R) and the DTMs del
ij ( R ) between electronic states in a real
molecule, one would typically use an already implemented quantum chemistry
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Figure 8.1: PECs of the present model. The ground state curve
and bright state curves (dark state curves) are plotted using
full (dashed) black lines. The shaded areas show the shapes
of the norm squared vibrational ground-state wavefunction of
the respective curves. The short-dashed line shows the shape
of the vibrational ground state wavefunction of the electronic
ground-state. The curves are labeled by the electronic wave
functions ψi and their irreducible representations.

code as we did in Sec. 6.1. Calculations for diatomic homo-nuclear molecules
are done using the D2h point group which has eight irreducible representations:
A g , B1g , B2g , B3g , Au , B1u , B2u , B3u [68].
To illustrate the use of AM-ATAS, we consider a model molecule consisting
of five electronic states (see Sec. 2.4.1). The electronic states each have one of
the irreducible representations of the D2h group. Figure 8.1 shows the choice
of irreducible representations for each electronic state. The PECs Eiel ( R) are
chosen such that E1el ( R) is the ground state curve of the nitrogen molecule,
E2el ( R) = E1el ( R) + 15eV−2ωfs , ωfs = 1.63eV, E3el ( R) = E1el ( R) + 15eV, E4el ( R) =
E1el ( R) + 15eV+ωfs , and E5el ( R) = E1el ( R − 0.12) + 15eV+2ωfs . The fact that the
four curves of lowest energy are parallel means that the vibrational degree of
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freedom is effectively frozen in these curves, and consequentially they support
only atomic-like dynamics. In the E5el ( R) curve, however, we expect molecular
vibration to play an important role. The irreducible representations chosen for
the electronic states of our model (see Fig. 8.1) result in the following DTMs:
el,x
el,z
el,x
el,z
el
el
el
del
1,3 ( R ) = d1,3 ( R )x̂, d1,5 ( R ) = d1,5 ( R )ẑ, d2,3 ( R ) = d2,3 ( R )x̂, d2,5 ( R ) = d2,5 ( R )ẑ,
el,z
el,x
el
del
3,4 ( R ) = d3,4 ( R )ẑ and d4,5 ( R ) = d4,5 x̂( R ) all other DTMs are zero. We choose

el,z
el,x
el,z
el,z
el,x
del,x
1,3 ( R ) = d1,5 ( R ) = 1, d2,3 ( R ) = d2,5 ( R ) = d3,4 ( R ) = 5 and d4,5 ( R ) = 2.
The constant values of the DTMs corresponds to involving the Frank-Condon
principle in the evaluation of the laser-induced transitions in the molecule. This
approach is expected to be accurate for the curves chosen (see Fig. 8.1) having
minima at similar positions. The chosen values for the DTMs are of the same
order of magnitude as typical DTMs in real molecules. The nuclear mass is
M = 14m p , with m p the proton mass. Field parameters are given in the captions
of Fig. 8.2 and Fig. 8.3.
In the analysis of AM-ATAS, we will use the concepts of bright and dark
states introduced in Sec. 3.2.1. In the AM-ATAS setting, we refer to a bright
state as a state with a non-zero dipole coupling to the ground state, for the
component of the dipole operator parallel to the XUV field polarization axis.
Such a state will be populated by the XUV pulse alone, and can be coupled to
other excited (dark) states by single-NIR-photon processes. A dark state is a
state having a dipole coupling to the ground state being zero for any orientation
of the molecule. Finally, we label states that do not couple to the ground state
nor to any bright states through first-order processes as double-dark states.
The equations of Sec. 8.1 tell us that there are three angles we can control
in an AM-ATAS experiment: the two alignment angles α0 and β 0 and the angle
θ L between the polarization vectors. In all calculations we fix the molecular
axis in a plane perpendicular to the direction of field propagation (y L ), i.e.,
α0 = 0. In Fig. 8.2 we further fix the angle between the two polarization vectors
at θ L = 0, to investigate how varying the β 0 angle affects the absorption spectra.
In Fig. 8.2(a) the fields are polarized along the inter-molecular (z) axis, and as a
result hereof only two dipole couplings between excited states [see side-panel
in Fig. 8.2(a)] are non-zero, effectively reducing the system from a five-level
system to a three-level system2 . In Figs. 8.2(b) and 8.2(c) the molecule has been
rotated to orientations given by β 0 = π/4 and β 0 = π/2 as shown by the small
illustrations in the top of the figures. Note that the fs field intensity Ifs has been
scaled to keep the strengths of dipole-allowed couplings approximately constant
[see Eq. (8.7)] in the three panels of Fig. 8.2. In Fig. 8.2(b) all five states play a role
in the dynamics of the system, while again only three states contribute to the
2 Note that the coupling between ψ and ψ does not affect the spectrum since neither of the
3
4
states are coupled to the ground state nor other excited states of the system.
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Figure 8.2: Figure caption is located on the following page.
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Figure 8.2: The three colormaps show S(ω, τ, α0 = 0, β 0 , θ L = 0)
as functions of the photon energy ω and the time-delay τ for
(a) β 0 = 0, (b) β 0 = π/4, and (c) β 0 = π/2. In the narrow
boxes on the left of each colormap horizontal lines show the
energies of the excited states with respect to the ground state
energy. Full black lines correspond to bright states, dashed lines
corresponds to dark states, and full gray lines correspond to
double-dark states (see text). In the side-panels gray arrows
show which states are coupled by the fs field. Field parameters:
TXUV = 430as, Tfs = 10.5fs [see Eq. (2.81)], λXUV = 78nm,
λfs = 760nm, IXUV = 5 × 107 W/cm2 , (b) Ifs = 5 × 1012 W/cm2
or (a,c) Ifs = 2.5 × 1012 W/cm2 and (a) θ L = 0. Dephasing time:
T = 120 fs [see Eq. (3.10)].

spectrum shown in Fig. 8.2(c). As a result of only two non-zero dipole couplings
between excited states Fig. 8.2(a) shows only two clear delay-dependent features:
A shift of the bright state energy at ∼ 18 − 19 eV and a LIS just above 13 eV. In
Fig. 8.2(c) the characteristics of the delay-depended features are much the same
as in Fig. 8.2(a), but with another bright state initially populated by the XUV
pulse, which illustrates that different bright states can be activated by controlling
the molecular alignment. In Fig. 8.2(b) the true many-level nature of the system
is revealed. Apart from the features already seen in Figs. 8.2(a) and 8.2(c) we see
a clear Autler-Townes splitting of the lower bright state in Fig. 8.2(b) at 15 eV
and since the system now contains two bright states, new spectral features arise
as a consequence of two-photon coupling between these. The spectral features
resulting from the latter coupling are characterized by oscillations, with a period
of approximately half a fs field cycle ∼ 1.3 fs, modulating the absorption lines.
These modulations start in the region of time-delays where the XUV and fs
pulses overlap, and continue for all negative delays (see Sec. 3.2.3). Finally, we
see a very clear LIS in Fig. 8.2(b) at ∼ 13 eV.
Based on the analysis of Fig. 8.2 we conclude that the orientation of an
aligned molecular sample with respect to the XUV polarization axis can be
used to tune the ’brightness’ of a bright state, i.e., change the strength of the
dipole coupling between this state and the ground state. In this way a state
being a bright state in one orientation can become a double dark state in another
orientation. AM-ATAS using a variable orientation of the molecules can play
a vital role in the understanding of complex molecular spectra, especially in
cases where many-NIR-photon transitions are suppressed. For such systems
the complexity of the spectrum can be reduced or increased by rotation of the
aligned molecules, and experiments will to a greater extent be able to mimic the
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Figure 8.3: The three colormaps show S(ω, τ, α0 = 0, β 0 =
π/4, θ L ) as functions of the photon energy ω and the timedelay τ for (a) θ L = 0, (b) θ L = π/4, and (c) θ L = −π/4.
In the narrow boxes on the left of each colormap horizontal
lines show the energies of the excited states with respect to
the ground state energy. Full black lines correspond to bright
states, dashed lines corresponds to dark states, and full gray
lines correspond to double-dark states (see text). In the sidepanels gray arrows show which states are coupled by the fs field.
Field parameters: TXUV = 430as, Tfs = 10.5fs [see Eq. (2.81)],
λXUV = 78nm, λfs = 760nm, IXUV = 5 × 107 W/cm2 , and (a)
Ifs = 5 × 1012 W/cm2 or (b,c) Ifs = 2.5 × 1012 W/cm2 . Dephasing
time: T = 120 fs [see Eq. (3.10)].

simple few-level models used intensively in theoretical models [34]. In the next
example we exploit that the fs field coupling can be controlled independently of
the XUV coupling if we allow the polarization angle θ L to be non-zero.
In Fig. 8.3 the molecule is fixed in the orientation corresponding to β 0 = π/4.
As a consequence both bright states in the five-level model are initially populated
by the XUV pulse. Figure 8.3(a) is identical to Fig. 8.2(b). In Fig. 8.3(b) the fs
pulse is polarized along the z-axis resulting in the fs field couplings shown by
gray arrows in the side-panel of the figure. In the resulting ATAS spectrum we
again see the clear Autler-Townes splitting of the absorption line at ∼ 15 eV.
Finally, in Fig. 8.3(c) we are able to isolate the coupling between the ψ4 and ψ5
states (see Fig. 8.1) and conclude that this coupling is not very crucial to the
overall structure of spectrum shown in Fig. 8.3(a). The ability to isolate specific
fs-field-induced transitions is a powerful tool in the understanding of complex
spectral structures, especially in combination with the ability to change the
orientation of the aligned molecule (as in Fig. 8.2). For these reasons we expect
that AM-ATAS will play an important role in the understanding of molecular
dynamics on the sub-femtosecond timescale.

8.3

A Spherical Distribution

In this section we consider the case of a spherically symmetric distribution, i.e.,
P(α, β) = 1 in Eqs. (8.2) and (8.8). We assume that the polarization vectors of
the fs and XUV pulses are parallel (θ L = 0). In other words, we consider the case
we have tried to model, in previous chapters about molecular ATAS using only
a single orientation in the evaluations of absorption spectra (see Sec. 2.6). The
assumption that ATAS spectra, calculated based on a single selected orientation,
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are in good agreement with spectra, obtained from a spherically symmetric
distribution of molecular orientations, can therefore be tested.

8.3.1

The Nitrogen Molecule

In the case of θ L = 0 the integration over α in Eq. (8.2) can be omitted, which
reduces the problem to an extent where the ATAS spectrum can be calculated
for selected time-delays. However, the absorption spectra shown in Fig. 8.4 still
takes ∼ 2 × 104 CPU hours to calculate for a single time-delay in the ( N = 12)surface model of nitrogen (see chapter 6). We construct a grid in the β and
γ angles, with 10 degrees separating each grid point. We therefore have 19
grid points in the β angle and 37 in the γ angle, giving a total of 703 grid
points. For each of these grid points we calculate the z L -component of the
time-dependent dipole moment. The integration of Eq. (8.2) is then carried out
to find the total time-dependent dipole moment, which is used to evaluate the
ATAS spectrum. Note that this is equivalent to determining the ATAS spectrum
for each orientation, and then integrating these over the β and γ angles, to
obtain the total ATAS spectrum for the distribution.
Figure 8.4 compares ATAS spectra obtained from single-orientation calculations and calculations integrating over the angular grid specified above. All
spectra are obtained using the ( N = 12)-surface model of the nitrogen molecule,
with field parameters and a dephasing time equal to those used to calculate
the spectrum shown in Fig. 6.3. For both time-delays considered in Fig. 8.4
the ATAS spectra resulting from the two distributions of molecular orientations are in good agreement. The good agreement in Fig. 8.4 confirms that the
single-orientation ATAS spectrum reproduces the true spectrum of a spherically symmetric distribution accurately. We are not stating that this is always
the case, but the fact that the single-orientation ATAS spectrum gives accurate
results for the presented set of field parameters, which are typical for ATAS
experiments, is very encouraging. Was this not the case, it would probably not
be numerically feasible to carry out accurate ATAS calculations on non-aligned
diatomic molecules, and a generalization to larger molecules would be out of
the question.

8.4

Conclusion

We have provided the equations necessary to model ATAS experiments on
general distributions of molecular orientations. Most of the chapter has been
devoted to the case of perfect alignment. Through examples we have shown how
the alignment of the target molecule and the angle between XUV and fs field
polarization vectors can be used to tune coupling strengths of specific transitions
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Figure 8.4: Normalized ATAS spectra S(ω, τ, θ L = 0) of the nitrogen molecule obtained for a spherically symmetric distribution of molecular orientations (red dashed lines)√
and obtained
from a single orientation given by β = cos−1 (1/ 3), γ = π/4
[full black lines, (see Sec. 2.6)] for a time-delays of (a) 0 fs and
(b) 20 fs. The gray shading indicates S(ω, τ, θ L = 0) = 0. Field
parameters are as given in Fig. 6.3.

and illustrated the impact on AM-ATAS spectra. With the ability to control the
light-induced transitions in the molecule, complex molecular phenomena can
be isolated and examined in greater detail. One limitation on the control in the
case of diatomic molecules is the ∞-fold symmetry axis along the inter-nuclear
axis since this symmetry mixes dipole couplings along x and y. Apart from
putting a limitation on our control, this mixing can also result in spectral features
canceling out due to the integration over the γ angle. It will therefore be of
great interest to consider AM-ATAS on small molecules without this ∞-fold
symmetry, such as H2 O.
In Sec. 8.3.1 we investigated how a spherically symmetric distribution of
molecular orientations affect the ATAS spectrum of nitrogen. We found that
the difference between the ATAS spectra obtained from the full spherically
symmetric distribution and the spectra obtained from a single orientation were
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small. This result is very important since it simplifies the calculation of ATAS
spectra on non-aligned molecular targets substantially.

Chapter

Two Attosecond Pulse Absorption
Spectroscopy
In this chapter we abandon molecular systems and go back to atomic Helium.
We do this to investigate the field-induced energy shift of the target system on a
sub-laser-cycle time-scale. Please note that parts of this chapter have substantial
overlap with Ref. [3] of which I am the first author.
The instantaneous AC Stark shift [40] has previously been investigated using
ATAS [16, 55]. In Ref. [16] it was illustrated how spectral features of the ATAS
spectrum are without doubt affected by the instantaneous AC Stark shift induced
by the fs pulse. However, the results of both articles ([16, 55]) show that the
instantaneous AC Stark shift of individual states cannot be extracted directly
from an ATAS spectrum. The reason for this is that ATAS spectra are obtained
by integration over all times, and in this process information about the sub-cycle
energy shift is lost1 . To regain information about the fs sub-cycle dynamics,
we must rethink the pump-probe setup of ATAS. In ATAS we have one very
well-defined instance of time (on the time-scale of the fs pulse) when the XUV
pulse hits the target region, and the time-dependent dynamics start. Adding
an additional attosecond, XUV pulse to the ATAS scheme will gives us a welldefined ’end time’ for the time-dependent dynamics, and thereby accesses to the
fs sub-cycle dynamics of the target system. Unfortunately, the attosecond, XUV
pulses available today are not nearly intense enough to allow for an attosecond
pump attosecond probe experiment, where the pump(probe) pulse populates
some excited state(s) and the probe(pump) pulse excite the system further at a
later time [79]. To allow for a possible experimental realization, within the near
1 Note

that not even the cycle averaged shift is directly accessible in an ATAS spectrum.
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Figure 9.1: A sketch of the field envelopes of the three pulses
used in TAPAS: two attosecond XUV pulses (full, red lines)
and an infrared fs pulse (dashed, black line).

feature, we therefore suggest a scheme where two identical XUV pulses result
in interference between two wave packets of excited states. From the resulting
interference patterns we are able to extract the phases induced in the expansion
coefficients of the system by the fs pulse (note that there are now three laser
pulses), and we are thereby able to reproduce the instantaneous AC Stark shift.
We refer to this new three-pulse scheme as two attosecond pulse absorption
spectroscopy (TAPAS). Other examples of extraction of dipole-phase information
(not sub-cycle) from ATAS are given Refs. [18, 80].
To extract the dipole phase corresponding to a specific state, we assume that
the only effect of the fs pulse is to induce a phase in the expansion coefficient of
that state (the LIP approximation). This assumption was found in Sec. 3.2.2 to be
accurate in the limit of weak, non-resonant fields (see also Ref. [55]). The XUV
pulses are in the perturbative regime, and the spectrum, from which the dipole
phases can be extracted, results from interference between first-order processes.
We therefore expect an experimental yield similar to that seen in existing ATAS
setups. TAPAS therefore represents an attosecond pump attosecond probe
scheme that can presumably be implemented experimentally using current laser
technology.
Here I will like to point the readers attention to the fact, that we in this
chapter have chosen a different zero-point in time, such that the center of the
fs pulse no longer is at t = 0 as in the rest of the thesis. Figure 9.1 illustrates
the field envelopes of the three pulses included in the TAPAS scheme. For times
t < 0 we assume the target to be in its ground state |ψ1 i. At time t = 0 the first
attosecond pulse hits the target and produces a wave packet of excited states,
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and at a later time t = τXUV the second attosecond pulse hits the target. Since
the intensity of the XUV pulses is in the perturbative regime, the effect of the
second pulse is essentially the same as that of the first. In the LIP approximation
a general state of the system, at times when all pulses have died out, is given by
 R

Rt
t
−i τ
ωn1 (t0 )dt0
−i 0 ωn1 (t0 )dt0
XUV
|Ψ(t)i = |ψ1 i + ∑ cn e
+e
|ψn i,
(9.1)
n 6 =1

where cn is the expansion coefficient for the n’th field-free state |ψn i, and
ωn1 (t) = ωn1 + ∆ωn (t) is the sum of the field-free energy ωn1 of the n’th state
with respect to the ground state and the field-induced energy shift ∆ωn (t) of
the same state. Note that we keep τNIR fixed and that the resulting ATAS
spectrum S(ω, τXUV ) is therefore only a function the time-delay τXUV . We refer
to S(ω, τXUV ) obtained from an experiment or a calculation using two attosecond
pulses as a TAPAS spectrum. If we neglect the effect of the fs pulse in Eq. (9.1),
i.e., let ωn1 (t) = ωn1 , the resulting TAPAS spectrum (2.17) evaluated at the
resonance energy ωn1 varies as

ω τ
n1 XUV
.
(9.2)
S(ωn1 , τXUV ) ∝ cos2
2

The origin of the oscillation in Eq. (9.2) is interference between the two contributions to the spectrum from the two attosecond pulses. Such interference is
similar to ’which way interference’ often seen in ATAS spectra [56], where two
paths to the same excited state lead to oscillations with a period equal to half
the fs pulse period (see Sec. 3.2.3). The oscillation in Eq. (9.2) is, however, much
faster than such oscillations since ωn1 is in the XUV regime. We will see, that
the fast modulation of the absorption spectrum (9.2) is key to the high temporal
resolution of TAPAS.
We now turn to helium, where we solve the time-dependent Schrödinger
equation (TDSE), in a finite basis of bound states [see Sec. 2.4], to obtain the
TAPAS spectrum S(ω, τXUV ). We refer to S(ω, τXUV ) obtained from the solution
to the TDSE as the reference TAPAS spectrum. For the considered set of laser
parameters (see Fig. 9.2) converged results were obtained in a basis of the
ground state |1s1si ≡ |ψ1 i, and the four singly excited states |1s2si ≡ |ψ2 i,
|1s2pi ≡ |ψ3 i, |1s3si ≡ |ψ4 i and |1s3pi ≡ |ψ5 i. We have checked that a
calculation using a basis of 20 bound states gives identical results in the spectral
range of interest. The energy differences ω21 = 20.62 eV, ω31 = 21.22 eV,
ω41 = 22.92 eV and ω51 = 23.09 eV and the absolute values of the DTMs of
the five states are given in Ref. [59]. In second-order perturbation theory the
instantaneous AC Stark shift of the state |ψn i is given by Eq. (3.15). It should be
noted that the signs of the DTMs in general are important for the absorption
processes in ATAS and TAPAS [see 4.2], but that the Stark shifts (3.15) are
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independent of these signs. We now solve the TDSE in our helium model to
obtain the time-dependent dipole moment (2.14), and from this we calculate the
reference TAPAS spectrum using Eq. (2.17). The reference TAPAS spectrum will
later be compared to the TAPAS spectrum obtained using the approximation (9.1)
to calculate d(t). For this comparison to be reasonable the fs pulse should not
transfer much population between excited states but rather only shift the energies
[Eq. (9.1)]. To ensure this we consider the XUV pulse modulation at energies
close to the lowest excited |1s2pi = |ψ3 i bright state induced by a 3200 nm
pulsed field. The full list of field parameters are given in the caption of Fig. 9.2.
The long wave length of the fs pulse ensures that the |1s2pi state is not in
resonance with any other excited state of the system, and it therefore suppresses
population transfer.
Figure 9.2(a1-a3) shows the reference TAPAS spectrum. The full (black) lines
on top of the color maps show the result of Eq. (9.2) evaluated at ωn1 = ω31 ,
indicating the oscillation period expected from Eq. (9.1) when no fs field is
present and no energy shifts are induced [ω31 (t) = ω31 ]. The dashed (black)
lines show the reference TAPAS spectrum, evaluated at ω31 . The amplitudes of
the oscillations are normalized to each other. Figure 9.2(a1-a3) shows that the
analytic result of Eq. (9.2), obtained without the fs field, is shifted compared to
the reference spectrum during the fs pulse. This shift, shown as a function of
time in Fig. 2(b), contains information about the phase induced by the fs field in
the time-dependent dipole, and as we will see, the instantaneous AC Stark shift
can be extracted from exactly this phase. In ATAS spectra, the time-dependent
dipole is integrated over long time intervals after both pulses have died out,
making the extraction of field-induced energy shifts difficult [55]. In TAPAS
we also integrate over long time intervals, but the amplitude of the integrated
dipole depends on the phase relation between the two contributions of Eq. (9.1),
and this phase relation is established at the unique instant t = τXUV . Based on
this observation we expect that TAPAS can give access to additional information
about the instantaneous AC Stark shift.
To extract the instantaneous phases/shifts of the TAPAS spectrum we take
the short-time Fourier transform of S(ω, τXUV ) with τXUV as time variable

S(ω, ωτ , T ) =

Z ∞

−∞

W (τXUV − T )S(ω, τXUV )eiωτ τXUV dτXUV ,

(9.3)

where ωτ is the frequency corresponding to the time variable τXUV and W (τXUV −
T ) is a window function centered at a specific delay T. The window function
W (τXUV − T ) plays a central role in Eq. (9.3), since its duration determines the
time resolution. In this perspective we wish the window function to be as
narrow as possible, but at the same time include a sufficient number of oscillation periods of S(ω, τXUV ) such that a local frequency is a meaningful concept.
Since S(ω, τXUV ) oscillates with frequencies in the XUV regime [Eq. (9.2)] the
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Figure 9.2: Figure caption is located on the following page.
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Figure 9.2: (a) TAPAS reference spectrum S(ω, τXUV ) for selected
times corresponding to: (a1) the second XUV pulse hits the target
before the fs pulse, (a2) the second XUV pulse hits during the
fs pulse, (a3) the second XUV pulse hits after the fs pulse. The
lines plotted on top of the color maps show the oscillation of the
TAPAS spectrum evaluated at ω31 in the case where no fs pulse
is included [9.2](full lines), and in the case where a fs pulse
is included (dashed lines). (b) temporal shift between TAPAS
spectra evaluated at ω = ω31 with and without the fs pulse.
This temporal shift is the same as between the full and dashed
lines of panels a1-a3. (c) The real part of S(ω31 , ωτ , T ) [Eq. (9.3)]
obtained using the reference spectra (shown in panels a1-a3
at a representative selection of time-intervals) evaluated at ω31
and a window function with width w = 2.4 fs corresponding
to approximately 13 oscillation cycles of S(ω31 , τXUV ). (d) the
real part of S(ω31 , ωτ , T )e−iT (ωn1 −ωτ ) (see text). The vertical
lines on the white comb indicate times of intensity maxima
during the fs pulse. The longer line at '62 fs marks the center
of the fs pulse. The gray line shows the shape of the real
part of S(ω31 , ωτ , T )e−iT (ωn1 −ωτ ) evaluated at ωτ = ω31 . Field
parameters are as follows: λfs = 3200 nm, λXUV = 60 nm,
Ifs = 6 × 1010 W/cm2 , IXUV = 5 × 107 W/cm2 , FWHM durations
of intensity envelopes: 230 as and 38 fs of the attosecond and fs
pulses, respectively.

duration of the window function can be very short [the oscillation period of
S(ω31 , τ ) in helium isjust below 200as].
We use a Gaussian window function

W (τXUV − T ) = exp − 4ln(2)/w2 (τXUV − T )2 . This window function is
completely defined by its center T and its FWHM w.
When Eq. (9.1) is used to calculate S(ω, τXUV ), Eq. (9.3) can be evaluated
analytically and for ω = ωn1 and we find that
h
i
S(ωn1 , ωτ , T ) = An (1 + e−iϕn ) − iBn (1 − e−iϕn )

×e

−

(ωn1 −ωτ )2 w2
16ln(2)

eiT (ωn1 −ωτ ) .

(9.4)

This result requires that only the state with energy ωn1 contributes to the
absorption feature at ω = ωn1 . In the low-energy part of atomic spectra this
is often a very good approximation, since the density of states is low and the
states are usually long-lived resulting in narrow spectral features. In Eq. (9.4)
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An and Bn are real functions independent of ωτ , and
ϕn '

Z T
0

∆ωn (t0 )dt0 .

(9.5)

The approximation in Eq. (9.5) is accurate when the variation in ϕn is small
on the timescale of the window function used in Eq. (9.3). Since the window
functions used in our calculations most often have widths w equal to relatively
few oscillations of S(ω, τXUV ) and we have that ωn1  ∆ωn , the approximation
of Eq. (9.5) is accurate.
In Fig. 9.2(c) we show the short-time (w = 2.4fs) Fourier transform [Eq. (9.3)]
of the reference TAPAS spectrum shown at representative time-intervals in
Fig. 2(a). For the 3200 nm fs pulse we expect the approximations leading to
Eq. (9.4) to be accurate. We therefore expect the predictions of Eq. (9.4) to
hold for the short-time
Fourier transform of the reference TAPAS spectrum.

The function exp −(ωn1 − ωτ )2 w2 / [16ln(2)] in Eq. (9.4) has a FWHM of
' 1.5eV, which is in good agreement with what we see in Fig. 9.2(c). To further
substantiate that Eq. (9.4) is a good approximation to S(ωn1 , ωτ , T ) obtained
from the reference spectrum, we multiply the Fourier transformed reference
spectrum by e−iT (ωn1 −ωτ ) . The result is shown in Fig. 9.2(d). Note that Fig. 9.2(d)
shows a small-amplitude oscillation in T. The period of this oscillation is the
same as the period of the intensity profile of the fs field indicated by the white
comb in Fig. 9.2(d). Since the function shown in Fig. 9.2(d) does not oscillate with
varying ωτ we also on this ground expect Eq. (9.4) to be a good approximation
to Eq. (9.3) using the TDSE reference spectrum as S(ω, τXUV ). Equation (9.4) is
therefore also expected to be a good approximation for experimentally obtained
spectra using similar field parameters.
For S(ωn1 , ωτ , T ) of Eq. (9.4) evaluated at ωτ = ωn1 we have that
Im [S(ωn1 , ωn1 , T )]
− An sin( ϕn ) + Bn [cos( ϕn ) − 1]
=
Re [S(ωn1 , ωn1 , T )]
An [1 + cos( ϕn )] + Bn sin( ϕn )
ϕ 
n
= − tan
.
2

The phase ϕn can therefore easily be obtained


Im [S(ωn1 , ωn1 , T )]
−1
ϕn = 2 tan
−
,
Re [S(ωn1 , ωn1 , T )]

(9.6)

(9.7)

and from this phase we find the instantaneous energy shift [see Eq. (9.5)]
∆ωn ( T ) =

dϕn
.
dT

(9.8)
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Equations (9.7) and (9.8) give the recipe for how to extract the time-dependent
dipole phase and energy shift from an experimental TAPAS spectrum, and we
now illustrate their use.
We consider the instantaneous AC Stark shift of the |1s2pi = |ψ3 i state
in helium induced by a 3200 nm pulsed field. For this system and the field
parameters used (see Fig. 9.3) we expect the approximations leading to Eqs. (9.7)
and (9.8) to be accurate. The energy shift extracted using a window function of
width w = 600as, corresponding to three oscillation periods of S(ω31 , τXUV ), is
shown in Fig. 9.3. Under the LIP approximation, the instantaneous AC Stark
shift of the state ψn can be extracted directly from TDSE calculations where a
single XUV pulse is fired at the time τXUV , i.e., the same setup as in Fig. 9.1 but
without the XUV pulse centered at t = 0. For the state |ψ3 i, at a later time t0
(t0 > τXUV ), we have that
c3 (t0 , τXUV ) = |c3 |e−iω31 (t0 −τXUV ) e

−i

Rt

0
τXUV

∆ω3 (t0 )dt0

,

(9.9)

allowing us to extract the instantaneous AC Stark shift directly when c3 (t0 ) is
known from a TDSE calculation
n h
io
d
Im ln c3 (t0 , τXUV )eiω31 (t0 −τXUV ) .
(9.10)
∆ω3 (τXUV ) =
dτXUV

In Fig. 9.3 black dashed lines show the Stark shift calculated using Eq. (3.15)
(panel a) and the Stark shift extracted from the TDSE [Eq. (9.10)] (panel b).
The TAPAS result shown in Fig. 9.3 (full red lines) is obtained assuming a
dephasing time of the time-dependent dipole moment of T=530 fs [see Eq. (3.10)]
corresponding to approximately 28 times the fs pulse duration. In the approximate state (9.1) we assumed that the excited state populated by the XUV pulses
remained undistorted through the fs pulse, and that the only effect of the fs
pulse was to induce a phase. As a result several effects known from ATAS, such
as energy shifts and broadening of absorption features and LISs, were neglected.
For a successful extraction of the dipole phase we require that these effects
contribute as little as possible to the TAPAS spectrum. The dephasing time of
the dipole moment therefore has to be long compared to the fs pulse duration.
Even for the dephasing time of 530 fs used to produce Fig. 9.3 the results are
not quite converged with respect to the dephasing time. We choose this dephasing time since it seems experimentally obtainable [21]. For longer dephasing
times the extracted energy shift (full red lines in Fig. 9.3) approaches the result
extracted from the TDSE [dashed black line in Fig. 9.3(b)]. However, even in the
limit of infinite dephasing times perfect agreement cannot be expected, mainly
because it is impossible to completely prevent the fs pulse from transferring
population between the excited states. Despite these issues, the results shown
in Fig. 9.3 confirms that TAPAS can be used to extract both the shape and the
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Figure 9.3: (a) Instantaneous AC Stark shift of the |ψ3 i =
|1s2pi state in helium found using Eq. (3.15) [dashed (black)
line] and extracted using Eqs. (9.7) and (9.8) [full (red) line]. (b)
The full red line is identical to the full red line in panel a, and
the dashed black line shows the instantaneous AC Stark shift
extracted directly from the TDSE calculation (see text). Field
parameters are as follows: λfs = 3200nm, λXUV = 60nm, Ifs =
4 × 1010 W/cm2 , IXUV = 5 × 107 W/cm2 , FWHM durations of
intensity envelopes: 230 as and 19 fs of the attosecond and fs
pulses, respectively.
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amplitude of the instantaneous AC Stark shift in a very precise way. In helium
we have found that the AC stark shift of the |ψ3 i = |1s2pi state can successfully
be extracted from TAPAS spectra for 3200 nm as well as 1600 nm fields. As the
field intensity increases, the agreement between the AC Stark shift extracted
from the TAPAS spectrum (red lines in Fig. 9.3) and the Stark shift found from
second order perturbation theory [Eq. (4), dashed black line in Fig. 3(a)] or
extracted from the TDSE [dashed black line in Fig. 9.3(b)] will be worse. In
the 3200 nm field, second order processes transferring population between the
|ψ3 i and the |ψ5 i states (see Sec. 3.2.3) become important for intensities around
Ifs = 2 × 1011 W/cm2 , and the extraction method breaks down for intensities
higher than this. The energy shifts extracted from TAPAS should be compared
to the results of the instantaneous AC Stark shift obtained directly from the
energy shift of the absorption lines in ATAS spectra [16, 55], where neither
the amplitude nor the shape of the instantaneous AC Stark shift are extracted
accurately (see, e.g, Fig. 2 in Ref. [55]).
The application of the TAPAS method to extract field-induced energy shifts
is often limited to relatively low field strengths and frequencies of the fs pulses
to avoid population transfer between excited states. The field parameters of the
attosecond pulses are not critical to the TAPAS method as long as the intensity
is in the perturbative regime. For the results presented in Fig. 9.3 the timescale
of the energy shift is ∼5fs, but the time resolution of the TAPAS method is by no
means limited to fs dynamics. As long as population transfer between excited
states can be avoided the TAPAS method can easily capture sub-fs dynamics.
We have found that adding an additional attosecond XUV pulse to the
existing ATAS scheme, allows for time-resolved quantum-phase information to
be extracted from the resulting absorption spectrum. Since the method relies on
interference phenomena between two transitions that are both first order in the
XUV field, the experimental yield in TAPAS experiments is expected to be on
the same scale as in normal ATAS experiments. This allows for low intensity
XUV pulses to be used in an experimental realization.

Chapter

Summary and Outlook
The main goal of this thesis was to give an introduction to ATAS in molecular
systems. In pursuit of this goal, ATAS spectra calculated for the hydrogen and
the nitrogen molecules (chapters 5 and 6) have been presented and analyzed.
Also the hydrogen molecular ion and several few-level systems have been
investigated, and the main conclusion is clear: Nuclear dynamics play an
important role for the absorption of XUV light in all kinds of diatomic molecules.
The only situation we have encountered where the nuclear dynamics does not
play an essential role is in absorption originating from transitions between
parallel PECs. In this case the vibrational degree of freedom is frozen, and
the molecule absorbs light as if it was an atom. However, even for nearly
parallel curves (see chapter 7) the nuclear dynamics again play a role, and for all
molecules occurring in nature we expect their optical properties to be affected
by the vibrational degree of freedom.
In chapter 4 we saw how spectral features in the ATAS spectrum of helium
depended on the mutual signs of DTMs between electronic states. The conclusions made in chapter 4 are important for ATAS on any system, but for
molecular systems it naturally leads to considerations of how distributions of
non-spherically symmetric molecules and the resulting orientation-dependent
coupling strengths affect the ATAS spectrum. In chapter 8 we investigated this
effect in nitrogen for a spherically symmetric distribution of molecular distributions. For the field parameters considered, the ATAS spectrum resulting from a
spherically symmetric distribution of nitrogens molecules was very similar to the
spectrum obtained by considering only a single orientation. We therefore do not
expect the conclusions of chapter 6 to be affected by effects resulting from the
distribution of molecular orientations. This is important since a full calculation,
including the integration over the angular distribution of molecular orientations,
129
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for a dense scan of time-delays, is numerically infeasible, and for future studies
including numerically obtained molecular ATAS spectra it is crucial that this
integration can be avoided.
In chapters 5, 6 and 7 we investigated several physical processes resulting
from nuclear vibration. In the spectra of the hydrogen molecule (chapter 5), we
saw how the nuclear motion resulted in modulations of the absorption spectrum
on two different time-scales corresponding to the electronic and nuclear degrees
of freedom. In nitrogen (chapter 6), we saw how new nuclear-motion effects
arise as a result of the heavier nuclei. Finally, in chapter 7 LISs in molecular
systems were investigated. The analysis of these spectral features showed how
the combined electronic and nuclear degrees of freedom lead to novel absorption
features, and we expect that the interest atomic LISs has enjoyed the last few
years will soon also include LISs in molecular systems. The combined results
of chapter 5, 6, and 7 show a large diversity in absorption phenomena and
highlight molecular ATAS as an interesting field of research for many years to
come.
In chapter 9 we showed how the addition of an attosecond, XUV pulse in
the ATAS scheme allowed for the extraction of the instantaneous AC Stark shift
in helium. Even though this at first glance is completely unrelated to molecular
ATAS, we hope that the method presented in chapter 9 can be used to follow the
energy shift of individual vibrational states in molecules. We expect that detailed
information, and possibly control of the light-induced phases in vibrational states
can be used to design experiments where the time-dependent molecular wave
function can be extracted directly, leading to a better understanding of the nature
of molecular motion on fs and sub-fs time-scales.
During my work with ATAS, I have unfortunately not had the time to
pursue all the projects that came to my mind. Below I will briefly mention
a few of the many projects I would have liked to spend time on. As briefly
mentioned in chapter 8, it would be interesting to do ATAS calculations on
poly-atomic molecules (more than two nuclei). To the best of my knowledge a
generalization of the N-surface model, used extensively in this thesis, to include
an additional nuclear coordinate coordinate would be numerically feasible as
long as the number of electronic basis states is low (maybe 3 or 4) and the
included potential energy surfaces support nuclear dynamics, that allow for
relatively few spatial grid points. Since a molecule consisting of three atoms has
at least three vibrational degrees of freedom, treating two of these will not give
a complete description of the vibrational dynamics, but it might still allow for
a better understanding of ultrafast absorption phenomena in systems showing
multi-dimensional vibrational dynamics. It is not difficult to imagine, that a
two-dimensional (2D) potential energy surface would support new kinds of
nuclear dynamics. One important property of a 2D potential energy surface
(PES) is that nuclear wave packets in single-well PESs can oscillate without ever
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meeting each other. Another property of a 2D surface is that the structure of
one surface can affect the trajectory a wave packet later takes on another surface,
resulting in fundamentally different structures in the absorption spectrum for
different time-delays.
Another project that I would have liked to investigate is ATAS using chirped
pulses. Especially the limit of long fs pulses, with a slowly varying chirp seems
interesting. In this limit we expect Floquet theory to give an accurate picture
of the field-dressed states, and it would be interesting to see if the frequencydependent Floquet energies could be determined directly from, e.g., LISs in
ATAS spectra.
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