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Abstract
Asteroseismology is the study of stars through their pulsations, the frequencies of which
are determined by the structure and dynamics inside the star. By constructing stellar
models whose global and seismic properties match observations, we obtain information
about otherwise unobservable interiors of stars. For stars like the sun, energy transport
in the outer layers occurs mainly through turbulent convection. Here, pressure mode
oscillations are essentially propagating sound waves, whose properties can be altered by
interaction with the turbulent motion of the gas. This has always been a problem for
asteroseismology, because of the challenges inherent in modelling turbulent convection in
1D stellar models. As a result of oversimplifying the physics near the surface, theoretical calculations systematically overestimate the oscillation frequencies. This has become
known as the asteroseismic surface effect. Due to lacking better options, this frequency
difference is typically corrected for with ad-hoc formulae.
The topic of this thesis is the improvement of 1D stellar convection models and the
effects this has on asteroseismic properties. The source of improvements is 3D simulations
of radiation-coupled hydrodynamics in stellar atmospheres. Such models offer a realistic representation of stellar surface convection and perform well when confronted with
observations.
Convection simulations are used to improve stellar convection in two ways. First, I
present results using temporal and horizontal averages of 3D atmospheres to replace the
outer layers of stellar models. The additional turbulent pressure and asymmetrical opacity
effects in the atmosphere model, compared to convection in stellar evolution models, serve
to expand the atmosphere. The enlarged acoustic cavity lowers the pulsation frequencies
bringing them closer to observations. We call this the structural part of the surface effect.
I have explored this across the HR-diagram and found that the relative surface effect
actually increases with evolution and effective temperature. We test the applicability of
different surface effect corrections and find that an inertia-scaled, two-term correction best
describes the surface term. In another study, I focused on the impact of correction formulae
on the derived stellar parameters, when fitting models to high-quality observations.
The second use of convection simulations is for calibrating parameters of 1D convection
models. I present stellar evolution models with mixing-length parameters calibrated to
3D atmosphere models and T (τ ) relations calculated directly from these. The result is
models that are slightly hotter and more compact, which affects the internal structure, the
pace of evolution and the frequencies. However, the effects are barely prominent enough
to be distinguishable with today’s observational precision. But it does provide means of
determining the mixing-length and enables consistent patching.
The previously mentioned investigations are based on adiabatic frequency calculations,
which neglect energy exchange between convection and pulsations, i.e. the modal part of
the surface effect. Studying excitation and damping mechanisms requires a non-adiabatic
treatment. A major part of my research has been modelling damping rates of red giant
stars observed by Kepler . The basis for the non-adiabatic calculations is a nonlocal, timedependent convection model already proven successful for solar-like, main-sequence stars.
The model contains free parameters, some of which are determined from calibration to 3D
convection simulations. The results constitute the first proper matches between theoretical
frequency-dependent damping rates and observed linewidths and pave the way for a better
understanding of the physics and dynamics of giant star envelopes.

Resumé
Asteroseismologi er studiet af, hvordan stjerner pulserer, og hvorledes svingningsfrekvenserne afhænger af stjernernes indre struktur og dynamik. Ved at sammenligne teoretiske
stjernemodeller og deres svingninger med observationer kan vi undersøge stjernernes indre opbygning, som ellers ville være skjult for os. Nær overfladen i stjerner som solen
transporteres energi via turbulent konvektion. I disse områder propagerer svingningerne
som lydbølger og kan interagere med de turbulente bevægelser i gassen. Fordi vores teoretiske beskrivelser af fysikken i stjerners atmosfærer er groft forsimplede, opstår der en
systematisk forskel mellem beregnede og observerede frekvenser. Dette er kendt som den
asteroseismiske overfladeeffekt. Typisk har man korrigeret for dette via ad-hoc metoder.
Arbejdet i denne afhandling drejer sig om at forbedre 1D-konvektionsmodeller samt at
se på samspillet med stjernernes asteroseismiske egenskaber. Kilden til disse forbedringer
er 3D-simuleringer af hydrodynamik med strålingstransport i stjerneatmosfærer. Moderne
simuleringer kan give et forholdsvist realistisk billede af konvektion, hvilket bekræftes ved
sammenligning med observationer.
Jeg har anvendt konvektionssimuleringer på to forskellige måder. Den første går ud
på at erstatte de ydre dele af 1D-stjernemodeller med tidslige og horisontale midler af simuleringer. Grundet øget turbulent tryk samt asymmetriske opacitetseffekter, der varmer
gassen op, udvides atmosfæren, hvilket ikke ses i de konvektionsformalismer, man sædvanligvis bruger i udviklingsmodeller. Den udvidede atmosfærer svarer til en større akustisk
kavitet for svingningerne, hvorfor de beregnede frekvenser reduceres og bringes i bedre
overensstemmelse med observationer. Via de sammensatte modeller beskrevet ovenfor, har
jeg undersøgt denne effekt for talrige stjerner i forskellige områder af HR-diagrammet. Det
viser sig, at den strukturelle overfladeeffekt, relativt til de beregnede frekvenser, øges med
både udvikling samt effektiv temperatur. Derudover har vi undersøgt anvendeligheden af
forskellige korrektioner. Det lader til, at det bedste resultat opnås med en inertiskaleret
formel sammensat af to led i forskellig potens. I et andet studie har jeg undersøgt, hvilken
betydning to forskellige korrektionsmetoder har for parametre udvundet ved modellering
af observerede stjerner.
Den anden måde, hvorpå jeg har anvendt konvektionssimuleringer, angår udviklingsmodeller, hvor blandingsvejlængder kalibreres og T (τ )-relationer udregnes via 3D-atmosfærer.
Dette løser problemerne med at bestemme passende værdier for den ofte arbitrære blandingsvejlængde i 1D-konvektion. Resultatet er udviklingsmodeller, som er en smule varmere og mere kompakte, udvikler sig hurtigere og har lidt højere frekvenser. De fleste af
disse effekter er dog så små, at de ligger på grænsen af, hvad vi kan skelne observationelt.
De asteroseismiske undersøgelser ovenfor tager udgangspunkt i adiabatiske svingninger, hvor interaktionen mellem konvektion og svingninger negligéres. En stor del af min
forskning drejer sig om beregning af ikke-adiabatiske svingninger, hvorved vi kan lære
noget om de bagvedliggende dæmpnings- og eksitationsmekanismer. Udgangspunktet for
beregningerne er en ikke-lokal, tidsafhængig konvektionsmodel. Ved hjælp af konvektionssimuleringer kan vi kalibrere nogle af de frie parametre i modellen. Derudover anvendes
T (τ )-relationer fra simuleringerne konsistent i modelleringsprocessen. Hovedresultatet er
de første succesfulde modeller for frekvensafhængige dæmpningsrater, som matcher observerede liniebredder for et antal røde kæmper observeret med Kepler . Dette er et vigtigt
skridt på vejen mod en bedre forståelse af strukturen og dynamikken i kæmpestjernernes
ydre konvektionszoner.
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Chapter 1

Introduction
Analysis of stellar oscillation frequencies is an important tool for extracting information
from and interpreting observations of stars. Even though the light we observe is emitted
at the surface of stars, the oscillations are determined by the structure and physics inside.
Thus the analysis of stellar oscillation modes allows us to gain information about otherwise
unobservable regions within stars and provides constraints on their physical properties.
Such an analysis typically involves comparing, and trying to match, oscillation frequencies
from theoretical models to observations.
Common practice is to base calculations on one-dimensional stellar structure models
and treat the pulsations as adiabatic. This approach has some major shortcomings arising
from too simplistic modelling of convection and the atmospheric layers. One important
way that this shows is the so-called asteroseismic surface effect - a systematic difference
between model predictions and actual measurements of oscillation frequencies. It was
discovered over thirty years ago, and just as early it was theorized that turbulence in the
outer layers played a large role. About 20 years ago, 3D simulations of hydrodynamics in
the solar atmosphere was used to show that, for stars pulsating like the Sun, the surface
effect arose indeed from improper modelling of turbulent convection in the super-adiabatic
layers. Low-frequency modes are nearly unaffected, while the differences increase with
frequency, as high-order modes penetrate farther out towards the atmosphere of the star
and are thus much more strongly affected by surface properties.
The basis for calculating mode frequencies is typically a one-dimensional stellar model
and an adiabatic pulsation code. And the aforementioned problems aside, there are of
course significant advantages to this approach. It is fast and easy to automate. And
because the frequency differences between models and observations increase systematically,
it is possible to describe it rather well with ad-hoc correction formulae. But without more
comprehensive models, we will have a difficult time uncovering the physics behind the
problem. Luckily there is help to be found in the field of hydrodynamical simulations.
Technologically we have reached a point where realistic convection simulations are feasible
and are at the forefront of modern astrophysics.
The work presented in my thesis revolves around models of stellar convection utilizing
also state-of-the-art, three-dimensional stellar atmosphere models obtained from numerical
simulations. These are used for improving the convection treatment in one-dimensional
models with special focus on oscillation properties in solar-type stars on the main sequence
and in the red giant phase. A common feature of these stars is a convective envelope where
oscillation modes are excited stochastically through interactions with the turbulent motion
of the gas.

4

Before discussing specific methods and results, I will take the time to properly sketch
out the essentials of the theories and models, upon which my work is built. And since
the aim is to improve upon existing methodologies, special attention will be paid to the
approximations and simplifications behind current models. Chapter 2 concerns the equations of stellar structure and evolution. Obviously convection models play an important
role throughout my thesis. Instead of immediately introducing all the necessary details, I
have opted to present and explain the different models whenever they are relevant to the
work being discussed. As such, chapter 2 only contains a brief explanation of convective
energy transport and the general concept of mixing-length theories.
Chapter 3 is dedicated to the theory of stellar oscillations including some of today’s
applications as well as challenges.
In chapter 4 I present a paper written for the TASC2/KASC9 workshop (2016) and
based on a poster presented on that occasion. It concerns the comparison between using
two different surface effect corrections and the impact this has on accuracy as well as the
properties derived from stellar modelling to match high-quality data from main-sequence,
solar-like stars.
Chapter 5 offers a more in-depth view on convection in stellar envelopes with a discussion of why the commonly used mixing-length theory of convection fails. Following this, I
give a brief introduction to the simulations of radiation-coupled hydrodynamics in stellar
atmospheres, used in my research, and highlight some of the important properties that set
them apart from one-dimensional convection models.
Chapter 6 is divided into two major parts. In the first part, I discuss the concept
of patched models, which is essentially a way to improve the 1D stellar structure models
by replacing the outer layers with a temporal and horizontal average of a 3D atmosphere
model. I present a paper made in close collaboration with Regner Trampedach, investigating the frequency differences between patched and un-patched stellar models across
the HR-diagram. The second part of the chapter concerns the evolution, structure and
adiabatic frequencies of one-dimensional stellar models with convection properties and
temperature stratifications extracted from three-dimensional stellar atmosphere models.
I describe the analysis along with the considerations that went into it and present key
results. As it turns out, the effects are not as prominent as we had hoped for and do not
do much to mitigate the surface effect problem.
The pulsation calculations presented in both parts of chapter 6 are carried out in
the adiabatic approximation, which does not take into account the interaction between
convection and pulsations. In chapter 7 I present a paper on non-adiabatic calculations of
damping rates of radial p-mode oscillations in red giants. I consider this a major piece of
work, and the results represent the first successful matches between theoretical, frequencydependent damping rates and observed linewidths for several red giant branch stars in the
cluster NGC 6819. As preface to the paper, chapter 7 begins with an introduction to
the nonlocal, time-dependent convection model used to obtain the perturbations to the
convective heat flux and turbulent pressure necessary for a non-adiabatic treatment. Once
again, 3D convection simulations are used to improve the 1D convection model, in this case
by providing the means to calibrate the turbulent pressure profile in the super-adiabatic
region. The paper is followed by a short analysis of the work done by the pulsations in
models of the star KIC 5111718.
Finally, chapter 8 contains a summary of the results as well as ideas for taking the
research further.

5

Chapter 2

Stellar structure and evolution

6

Before discussing the results of my work, I will review the necessary theory behind
stellar structure calculations and stellar oscillations. Emphasis will be on the numerous
simplifications and approximations that we need to make as well as the validity thereof.
This is important in order to give the proper context of my studies and the long-standing
problems they seek to resolve or alleviate at least. The theory presented in this chapter is
largely built on the literary works by Kippenhahn et al. (2012) and Christensen-Dalsgaard
(2008c) to which I refer the reader for additional details.

2.1

Equations and approximations

The motivations for indulging in astrophysics can be many. But stellar physics lies at
the heart of any branch of space research. For some, it is just that - a prerequisite for
studying galaxies, interstellar media or planets. But in the present text, we are not overly
concerned with applications of stellar physics. Stars are fascinating objects in themselves,
and simply uncovering and understanding the interplay between the underlying physical
mechanisms that make up the stars, is a rewarding task in its own right. Of course, it is
not at all simple. We will have to make several assumptions, in order to actually build
a useful mathematical model that we can compare to observations and thus study the
internal structure and the evolution of stars.
The starting point of our stellar model is a spherically, symmetric, non-rotating cloud
of gas not subject to the influence of magnetic fields. The only forces acting on it are
therefore gravity and pressure.
Under the right circumstances the gas may undergo gravitational collapse. During
this process, gravitational potential energy is converted into radiation and heat. At some
point the temperature in the centre of the sphere may be high enough for nuclear fusion,
where hydrogen is converted to helium and excess binding energy is released, resulting
in an outwards directed pressure and balancing the tendency for the gas to collapse any
further. A star has been born.
Under the assumptions stated above, any function describing a property of the star will
be constant on concentric spheres, wherefore the star can be modelled as one-dimensional
(1D). Higher-dimensional models do exist and are often constructed with the purpose of
studying some of the effects that we neglect such as rotation in two-dimensional models.
However, 1D models are by far the most common, and successful, when it comes to reproducing the global properties of real, observed stars. Any stellar model consists of a number
of fundamental, differential equations describing, at each point in the star, the mass distribution, the relationship between pressure and gravity, the luminosity, the temperature,
and the chemical composition. In the following we will briefly outline the equations, discuss their constituents and the practicalities involved in treating the equations numerically
to achieve quantitative results.
In a 1D model the mass distribution inside a star is given by
∂m
= 4πr2 ρ,
∂r

(2.1)

where m is the mass contained within a sphere of radius r, and ρ is the density at r. At
the surface of the star r = R and the mass contained within is the total mass of the star
m = M . During the evolution of a star it may contract or expand, whereas the total mass
remains constant1 . As such it is more practical to describe the star by its mass coordinate.
1

Assuming no mass transfer such as is often seen in, for example, binary star systems.
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If we take our derivatives with respect to mass, we simply invert eq. (2.1) to get
∂r
1
=
,
∂m
4πr2 ρ

(2.2)

which is the first basic equation of stellar structure. The second equation comes from
conservation of momentum, which requires that the sum of forces arising from pressure and
gravity perfectly balance each other. This condition is known as hydrostatic equilibrium.
In the spherically symmetrical case it is given by
∂p
Gm
=−
.
∂m
4πr4

(2.3)

Here p is pressure and G is the gravitational constant. If one applies the virial theorem to
the above configuration, it can be shown that in order to maintain hydrostatic equilibrium,
a star that contracts radiates away half of the released gravitational energy, while the
remaining half goes into internal energy thus heating the star. This is assuming that the
star is an ideal gas - an approximation that holds remarkably well for most of the stellar
interior. The equation of state for an ideal gas can be written
p=

ρkB T
,
µmu

(2.4)

where T is temperature, kB is the Boltzmann constant, mu is the atomic mass unit and µ
is the mean molecular weight,
!−1
X Xi (1 + Zi )
,
(2.5)
µ=
µi
i

where Xi is the mass fraction of element i having atomic number Zi and molecular weight
µi , which is the particle mass divided by an atomic mass unit and thus dimensionless.
For many practical purposes, we often reduce the chemical composition of a star to three
components. The two major ones are hydrogen and helium, the mass fractions of which
are denoted X and Y . Everything else is in the so-called heavy elements component with
mass fraction Z. consequently X +Y +Z = 1. In this regime we can approximate eq. (2.5)
by taking the molecular weight of hydrogen and helium as µ1 ' 1 and µ2 ' 4, respectively,
and take (1 + Zi )/µi ' 1/2 for the rest to obtain
µ'

4
.
3 + 5X − Z

(2.6)

The third of our basic stellar equations concerns the luminosity l defined as the net
energy passing outwards through a spherical shell. We reserve L to denote the total surface
luminosity of a star. The differential equation for the luminosity can be written simply as
∂l
= n − ν + g ,
∂m

(2.7)

showing clearly how the net luminosity depends on the balance between three mechanisms.
The primary one n is the nuclear energy generation rate, which can be very complicated
and depends on temperature, density, and the abundances of different nuclei as well as the
different reaction chains that can take place. The nuclear fusion processes also produce
neutrinos, which travel to the surface and escape the star without interacting with the
stellar matter, at least not to any appreciable degree. We denote the energy carried away
8

per unit mass per second by neutrinos by ν . The last term g covers changes in internal
energy as well as energy exchanged via mechanical work. The subscript g is used to
emphasize that the term relates to changes in gravitational energy as the star contracts
(g > 0) or expands (g < 0). If we consider a spherical shell of thickness dr and mass
dm, then heating dq of the shell during the time interval dt may be written as


∂l
dq = n − ν −
dt.
(2.8)
∂m
By invoking the first law of thermodynamics dq = dE + pdV , where E and V are the
internal energy and specific volume respectively, and rewriting it as

we obtain

δ
dq = cp dT − dp,
ρ

(2.9)

∂l
∂T
δ ∂p
= n − ν − cp
+
.
∂m
∂t
ρ ∂t

(2.10)

Here cp is the specific heat at constant pressure and δ ≡ −(∂ ln ρ/∂ ln T )p . Eq. (2.10)
is the third fundamental equation of stellar structure. In practice the term ν is often
included in n .

2.1.1

Energy transport

We now move on to the description of energy transport in stars. This is a very comprehensive topic and its complexity is the source of many problems and bottlenecks in stellar
modelling. The research presented in this text revolves around the problems of modelling
energy transport by convection and the implications for asteroseismology. This section is
devoted to covering energy transport in slightly more detail.
Transport of energy by radiation
Energy is constantly radiated from the star at the surface. In order for the Sun or any
other star to keep shining, there must be a continuous supply of energy , which must be
transported all the way from the core. This requires a temperature gradient inside the
star, which facilitates an exchange of energy between hotter and cooler parts. Depending
on how steep this gradient is, different transportation mechanisms take place, the main
mechanisms being radiation, conduction and convection. If we first consider radiative
energy transport, this may reasonably be treated as a diffusion process. To justify this we
estimate the mean free path `ph of a photon at a point inside our local star, the Sun:
`ph =

1
,
κρ

(2.11)

where κ is the mean opacity (or mass absorption coefficient) measured as the cross section
for radiation per unit mass averaged over frequency. For stellar matter κ is typically of
order κ = 1cm2 g−1 , while the mean density in the Sun is ρ̄ = 1.4g cm−3 . This gives
a rough estimate of the mean free path in the Sun as `ph ≈ 2cm. Comparing this to the
surface radius of the Sun (R = 6.9599 × 1011 cm) yields `ph /R ≈ 3 × 10−11 . When the
characteristic length over which energy transport occurs is this much larger than the mean
free path of the transporting particles, we can approximate the process by diffusion, in
which case the flux j of particles is
j = −D∇n,
9

(2.12)

where n is a particle density and D is the diffusion coefficient D = (1/3)v̄p `p , while v̄p
and `p are the mean velocity and mean free path of the particles. In order to apply this to
our stellar model, we need to translate the expressions for j and D to deal with radiation.
To this end we replace v̄p by the speed of light c and `p by `ph . The radiative energy flux
Frad can then be obtained by substituting for n the energy density of radiation
U = aT 4 ,

(2.13)

where a is the radiation energy constant. Owing to the 1D geometry of our stellar model,
Frad has only one (radial) component, which simplifies the derivative ∇U :
∂U
∂T
= 4aT 3
.
∂r
∂r

(2.14)

Combining this with eq. (2.12), together with our ”photon translation” for the diffusion
coefficient and using Frad instead of j, yields
Frad = −

4ca T 3 ∂T
.
3 κρ ∂r

(2.15)

Lastly, we transform to mass coordinates via ∂r/∂m = (4πr2 ρ)−1 , utilize the fact the
flux can be expressed in terms of the local luminosity as F = l/(4πr2 ), and solve for the
temperature gradient to obtain
∂T
3
κl
=−
.
2
4
∂m
64π ac r T 3

(2.16)

The diffusion approximation breaks down when nearing the surface, where the density
decreases to a point where the mean free path of the photons becomes substantially larger,
and might even exceed, the distance left to the surface.
Transport of energy by conduction
Transport of energy by conduction occurs through particle collisions involving either electrons and nuclei or atoms and molecules, depending on the degree of ionization. The
result is a conversion of random thermal motion into a non-zero, net flux of energy. In
non-degenerate stellar matter, conduction can only play a very minor role as the density
and velocity of the particles are too low. However, in the core of highly evolved stars, we
expect a high degree of quantum degeneracy for the electrons. The electron velocities can
be very large, as their energies approach the Fermi energy. Likewise the mean free path
increases drastically, as the probability of momentum-transfer collisions becomes small,
since the quantum states are filled.
The energy flux from conduction can be written as
Fcd = −kcd ∇,

(2.17)

where kcd is the coefficient of conduction. If we go back a bit and interpret radiative
energy transport as conduction by photons, we can write eq. (2.15) as
Frad = −krad ∇T,

(2.18)

where we see that the coefficient of conduction in this case is
krad =

4ac T 3
.
3 κρ
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(2.19)

If we now write kcd in the same manner but with a different opacity, κcd , we can cover the
sum of radiative and conductive energy flux in one equation:


1
4ac T 3
1
∇T.
(2.20)
Frad + Fcd = − (krad + kcd ) ∇T = −
+
3 ρ κrad κcd
Since, in a given stellar region, one mechanism will dominate the energy transport, eq.
(2.15) can just as well describe the energy transport by radiation as conduction, assuming
that the opacity κ is chosen appropriately. Before proceeding to discuss convective energy
transport, we will rewrite slightly the expression for the temperature of radiative transport.
We take eq. (2.16) and divide the left-hand side by the left-hand side of eq. (2.3) (the
equation of hydrostatic equilibrium, which we are still assuming valid) and likewise with
the right-hand sides of both equations. This yields


∂T ∂m
κl
∂T
3
=
=−
,
(2.21)
∂m ∂p
∂p rad
16πGac mT 3
where we have appended the subscript ”rad,” to highlight that this is the change in
temperature with depth (p is monotonically increasing with stellar depth) in regions of
the star, where energy is being transported via radiation or conduction. However, the
latter is not relevant to the specific stellar types subject to the research presented here.
Still, the description is included above for the sake of completeness. We lastly define the
gradient as the logarithmic derivative


d ln T
3
κlp
∇rad ≡
=
.
(2.22)
d ln p rad 16πGac mT 4
The right-hand side of eq. (2.22) ∇rad contains no derivatives - only local quantities.
When discussing energy transport in general ∇rad is not to be understood only as the
temperature gradient in radiative regions, but rather as the temperature gradient needed
for the luminosity l to arise solely from radiative transport.
Transport of energy by convection
It is now time to loosen the strict requirement of spherical symmetry, which is obviously
not the case in real stars anyway. We allow for small perturbations on the concentric
spheres that make up our stellar model. On average the star is then still spherical, and we
will consider functions such as temperature and luminosity as averaged over the concentric
spheres, thus retaining our previous notation as well as the 1D picture.
Under certain conditions perturbations may grow to a point where they affect the
stellar structure on a macroscopic scale. Intuitively we can understand that gas sufficiently
hotter than its surroundings will rise (move radially outwards) and colder gas will sink
(move inwards) effectively moving energy from its initial to its final surroundings, which
we refer to as convective energy transport. Whether or not this takes place at a given
point in a star is a matter of stability. Before discussing how to treat energy transport by
convection, we will first work out the instability criteria for convection to set in.
Consider a small density perturbation brought about by a mass element having moved
the distance ∆r radially outwards. Initially it is identical to its surroundings. However,
at the new location its density will differ from the new surroundings by ∆ρ. The motion
of the element is governed by the buoyancy force
fbouy = −g∆ρ,
11

(2.23)

where the gravitational acceleration g at radius r depends on the enclosed mass within
a sphere of radius r. If fbouy > 0 the element is accelerated further outwards and the
situation is said to be unstable. In the case of fbouy < 0 the element is accelerated in the
opposite direction, returning to its initial position, and the situation is therefore stable,
even if the element is not brought to a complete rest but instead oscillates around the
initial point. Obviously, the situation is unstable for ∆ρ < 0. It is difficult to evaluate this
criterion without a useful expression for ∆ρ, which does not depend on specific densities
at different locations.
In the following we treat moving mass elements as dynamical instabilities, meaning
that we assume it happens on a time scale too short for any appreciable exchange of heat
with the surroundings, i.e. the process is adiabatic. Many adiabatic processes are easier
to treat with the so-called adiabatic exponents, defined as


∂ ln p
Γ1 ≡
,
(2.24)
∂ ln ρ s


Γ2
∂ ln p
≡
,
(2.25)
Γ2 − 1
∂ ln T s


∂ ln T
Γ3 − 1 ≡
,
(2.26)
∂ ln ρ s
where the subscript ”s” denotes a derivative at constant specific entropy. Inverting the
right hand side of eq. (2.25) gives a temperature gradient. We define the adiabatic
temperature gradient ∇ad as


∂ ln T
Γ2 − 1
∇ad ≡
=
.
(2.27)
∂ ln p ad
Γ2
For a fully ionized ideal gas, i.e. a perfect gas, ∇ad = 2/5. Of particular interest is also
Γ1 , which is related to the adiabatic sound speed cs (”s” now refers to ”sound”) in the gas
by
p
c2s ≡ Γ1 ,
(2.28)
ρ
which we will return to later when discussing asteroseismology. Now we look at stability
conditions. We use ρ and p to denote the density and pressure of the surroundings. For
the moving gas element we use ρ∗ and p∗ . In addition to the adiabatic approximation, we
also assume that motion is slow enough for pressure equilibrium to be maintained at all
times. Via (2.24) we then write the change in density dρ inside the element as
dρ∗
1 dp
=
.
∗
ρ
Γ1 p

(2.29)

Using subscripts 1 and 2 for the initial and final positions respectively, we have
∆ρ = ρ∗2 − ρ2 = ρ∗2 − ρ1 − (ρ2 − ρ1 ) ,
which, after a Taylor expansion and some algebra, reduces to
 

dρ
dρ
∆ρ =
−
∆r.
dr ad dr
The instability condition, ∆ρ < 0, is then equivalent to
 
dρ
dρ
<
,
dr ad
dr
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(2.30)

(2.31)

(2.32)

which means that if the density of the surroundings does not decrease rapidly enough
(going outwards), the perturbation will grow and consequently energy will be transported
by convective motion of the gas. The instability condition can also be expressed in terms
of temperature gradients by using the ideal gas equation. The end result is that convection
sets in whenever
∇ > ∇ad ,
(2.33)
where the actual temperature gradient ∇ expressed as the logarithmic derivative is
∇≡

d ln T
.
d ln p

(2.34)

The condition (2.33) is known as the Schwarzschild criterion and can also be stated as
∇ − ∇ad > 0, where the left-hand side ∇ − ∇ad is known as the super-adiabatic gradient.
The stars that we will be dealing with in this text all have convective envelopes,
meaning a convection zone that reaches from somewhere outside the energy generating
core and all the way up to the surface. In a convective envelope the stellar material is
assumed to be fully mixed so that the chemical composition is homogeneous. In cases
where it is not, for example in convective cores where fusion changes the composition,
then one should use the Ledoux criterion for instability
∇ > ∇ad +

φ
∇µ ,
δ

(2.35)

where δ is defined earlier, ϕ = (∂ ln ρ/∂ ln µ)p,T , and ∇µ is the chemical composition
gradient defined as
d ln µ
∇µ ≡
.
(2.36)
d ln p
The whole point of this stability analysis is to complete our equations for stellar structure
by working out a proper expression for the temperature gradient. For radiative energy
transport, we arrived at a practical expression for (∂T /∂m) via the flux. We can now see
that if ∇ < ∇ad then the entire flux of energy is carried by radiation and ∇ = ∇rad , which
is given by eq. (2.22). When ∇ > ∇ad energy is mainly transported by convection, and we
would like a useful expression for the convective flux Fcon in this case. However, a proper
theoretical treatment of convection that can be implemented in stellar models is one of
the biggest challenges in astrophysics and the prime motivation for this research project.
We will briefly outline the concepts of the mixing-length theory (MLT) of convection
commonly used in stellar models. However, a more detailed discussion of and comparison
between different approaches to stellar convection will be saved for chapters 5 and 7.
The basic idea in MLT is that macroscopic mass elements, not uncommonly referred
to as blobs, travel a certain distance before dissolving thereby mixing with and depositing
their excess energy in the new surroundings. The movement is brought about by acceleration due to buoyancy forces in regions that are unstable according to the Schwarzschild
criterion. The travel distance is one mixing length
` = αHp ,

(2.37)

where Hp is a pressure scale height and α is the dimensionless mixing-length parameter,
which is essentially free and therefore requires calibration. We shall later discuss different
approaches to calibrating α. Since the pressure scale height changes with depth, ` is not
the same for all convective elements. At any point of depth in the convection zone, several
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elements may be passing through with distances left to travel depending on their point of
origin. Regardless of the convection model, we write the convective flux as
Fcon = ρvcp ∆T,

(2.38)

where v is the velocity of a convective element and ∆T is the temperature excess that the
element has over its surroundings. In order for Fcon to represent the convective flux averaged over a concentric sphere, v∆T must represent a proper mean over the two quantities.
Defining exactly what that proper mean should be and how to calculate it is the source of
our difficulties. With some very crude assumptions it is possible to arrive at the following
equation for the convective heat flux
Fcon = ρcp T

p
`2
gδ √ Hp−2/3 (∇ − ∇e )3/2 .
4 2

(2.39)

The gradient ∇e indicates the variation in temperature experienced by a moving mass
element during its motion. Here we see the role of the mixing length ` in determining
the efficiency of convective energy transport. Sadly, there is no way to determine ` from
physical principles, which is not surprising as the mixing-length theory is a very simplified
approach to calculating the (turbulent) convective flux. Finding solutions to eq. 2.39,
i.e. obtaining a suitable solution for ∇, requires a number of additional equations and
algebra, which will not be treated here. Ultimately, the stellar structure equation for the
temperature gradient is
∂T
G mT
=−
∇.
(2.40)
∂m
4π r4 p
If energy transport is due solely to radiation, ∇ is replaced by ∇rad . In a convective
envelope, we do not need to venture far below the surface of the star, before convection
becomes almost adiabatic and ∇ ≈ ∇ad . This is seen in Fig. 2.1, which depicts the superadiabatic gradient near the surface of a star similar in mass and age to the Sun. Close to
r = R we see a spike in ∇−∇ad known as the super-adiabatic peak, the origin of which will
be discussed in chapter 5. The very shallow region centred around the super-adiabatic
peak is where the majority of our modelling troubles reside. At the leftmost point in
Fig. 2.1 ∇ − ∇ad has already decreased to 8.4 × 10−4 . In the bulk of the convective
envelope this value is closer to 10−6 and hence almost adiabatic.

2.2

Stellar Evolution

In the previous section we established the four basic equations for describing stellar structure. These are the mass distribution (2.2), hydrostatic equilibrium (2.3), the luminosity
gradient (2.10), and the temperature stratification (2.40). In order to simulate the evolution of a star, we need yet another main equation describing the change in chemical
composition with time:


X
X
∂Xi
mi 
=
rij −
rik  , i = 1, ..., I.
(2.41)
∂t
ρ
j

k

In fact, this represents I equations
P each describing the change in the abundance, or mass
fraction, of element Xi , where i Xi = 1. The reaction rate of a process that creates
element i is rji , while rik is the reaction rate of a process in which element i is destroyed,
and mi is the nuclei mass. The mass fraction Xi in eq. (2.41) concerns the whole star.
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Figure 2.1: Super-adiabatic gradient straddling the surface of a solar mass star close to
the age of the Sun. The dashed horizontal line is solely for visualization.
Thus one would need to add to the equation, means of distributing the elements across the
star. This can be done by adding terms including derivatives of Xi with respect to mass
and coupled with diffusion and settling coefficients. In convection zones we can assume
uniform composition, due to the time scale difference between nuclear and convective
processes.
In order to model the evolution of a star, we evolve the equations of stellar structure in
time along with the chemical evolution equation (2.41). The computations are performed
numerically with a stellar evolution code. Solving the system of differential equations
require appropriate boundary conditions, i.e. we need to know r, p, l, and T in the centre
and at the surface. Let us start with the boundary conditions in the centre. Here, r = 0
which introduces a number of singularities in the stellar structure equations. This is fixed
by making a series expansion of r in the equations. The surface boundary conditions
require a bit more thought. First of all, we define the surface as the point where r = R
and T = Teff , where Teff is the effective temperature of the star, i.e. the temperature
satisfying the equation for the total luminosity L of the star
4
L = 4πσR2 Teff
,

(2.42)

where σ is the Stefan-Bolztmann constant. This implies that Teff is equivalent to the
temperature of a black body with the same total luminosity as the star. The surface can
be defined to coincide with the photosphere, which is where most of the radiation escaping
the star is emitted. The location of the photosphere then corresponds to a certain optical
depth,
Z
τ≡

∞

0
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κρdr.

(2.43)

Let us denote the optical depth of the photosphere as τsurf , which is determined by one’s
choice of model for the surface temperature stratification (see below). If we choose this
convention for the surface, R is said to be the photospheric radius. The star does not stop
here but is in reality surrounded by various layers such as the chromosphere, corona, and
finally a diffuse interstellar medium. Since the temperature at the photosphere is nonzero, so is the pressure, which only goes to zero farther out as τ → 0. The gravitational
acceleration at the surface, also just known as the surface gravity is
g=

GM
.
R2

(2.44)

Using this and rewriting eq. (2.43) as dr/dτ = 1/(κρ), the equation of hydrostatic equilibrium is
dp
g
= ,
(2.45)
dτ
κ
which is then integrated from τ = 0 to τ = τsurf to obtain the pressure at the boundary. The opacity depends on T , so we need to know the temperature structure in the
atmosphere. This is established via a relation between temperature and optical depth, a
so-called T (τ ) relation:


T 4 3
= [τ + q (τ )] ,
(2.46)
Teff
4
where the Hopf function q (τ ) needs to be determined beforehand. The significance of
q (τ ) is an essential part of the research presented here. Whether we say T (τ ) relation
or Hopf function, we refer to the same issue of describing T as function of τ near the
surface. The T (τ ) relation defines, along with eq. (2.45) the temperature gradient ∇ in
the atmosphere. This is extremely important as there must be a continuous transition
between interior and atmosphere, meaning that the atmospheric ∇ propagates deep into
the star. If there is a convective envelope, the mixing-length parameter α in (2.37), and
hence the efficiency of convection, is partly determined by the temperature structure in the
atmosphere. The simplest approach to eq. (2.46) is the Eddington approximation, where
q = 2/3 is constant, and we obtain what is known as the grey atmosphere in which case
τsurf = 2/3. This is not an uncommon choice for numerical calculations of stellar structure;
some other widely used T (τ ) relations are semi-empirical formulae such as that by Krishna
Swamy (1966) or VALc (Vernazza et al., 1981). The latter serves as the reference T (τ )
relation in the studies presented in the last part of chapter 6.
Now, the point of constructing a stellar model is of course to test our theories and
understanding of stars by comparing models with observations. In order to actually solve
our system of basic differential equations of stellar structure and produce numbers for
comparison we need to input additional information and ingredients. First of all, we need
an initial chemical composition, for which spectroscopic measurements are often used.
However, the stellar spectral lines of helium are so faint relative to noise that an estimate
of the initial helium abundance is usually obtained from big bang nucleosynthesis in the
form of ∆Y /Z, i.e. the change in helium abundance since the early universe relative to the
heavy element abundance. There is yet no definitive consensus of what this value should be;
it is typically in the range 1.0 . ∆Y /Z . 2.0, and many use the value 1.4. Next, we need
an equation of state (EOS) relating pressure, temperature, and density. Unfortunately,
the ideal gas picture is not sufficient for precision calculations of stellar structure and
evolution. For a comprehensive treatment, we also need to include contributions from
radiation pressure and ionization to the properties of stellar matter as well as effects such
as electron degeneracy, Coulomb interactions, and van der Waals forces. Early stellar
16

evolution models used analytical, approximate formulae accompanied by a few simple
tables of coefficients, for example Eggleton et al. (1973). However, equations of state used
today are far too comprehensive to include all necessary calculations in the stellar evolution
codes and are implemented with huge tables giving the different physical quantities under
various conditions. The most widely used are the MHD (Hummer and Mihalas, 1988;
Mihalas et al., 1988; Däppen et al., 1988) and OPAL (Rogers et al., 1996) equations of
state. We also need opacities for the stellar matter, as κ appears in the equation for ∇rad
(2.22). Luckily, opacities do not depend on the specific location of the gas within the star,
only the local conditions, wherefore it can be studied in laboratories on earth (although it
is not always possible to recreate the extreme conditions found in stellar interiors). Since
the atomic opacities depend on the frequency ν of the radiation, while the fluxes and
luminosities in the equations of stellar structure represent averages, the opacities must
also be condensed into a proper mean. For this we use the Rosseland mean opacity κross :
Z ∞
1
π
1 ∂B
=
dν,
(2.47)
3
κross
acT 0 κν ∂T
where B(ν, T ) is the Planck function for black-body radiation intensity. Values for κross
are obtained from tables such as the OPAL opacities (Rogers and Iglesias, 1992; Iglesias
and Rogers, 1996).

2.2.1

Evolution of a solar mass star

Besides all the physics, one of course also needs to decide on specific mathematical and
numerical techniques for solving the equations, as well as choosing mesh resolution, time
step precision, and interpolation techniques for opacity tables etc. We will not get into
such details here, as that would quickly turn into a run-away, off-topic discussion. We will
instead look at a practical result in the case of the evolution of a solar mass star computed
with ASTEC - the Aarhus STellar Evolution Code (Christensen-Dalsgaard, 2008b). This is
the code I have used for all full structure models presented in this work. It is developed by
Jørgen Christensen-Dalsgaard and excel at modelling solar-type stars, which, incidentally,
is also the subject of my research. Figure 2.2 shows the so-called Hertzsprung-Russell
(HR) diagram of a star with M = M , X = 0.737, and Z = 0.018. The figure shows 5000
models calculated along the evolution from the zero-age main sequence (ZAMS) at age
0Gyr to the top of the red giant branch (RGB) at 14Gyr.
The ZAMS marks the birth of the star and occurs when the core fusion reaction
chain converting hydrogen to helium is fully established, and the star has reached thermal
equilibrium. What follows is the main sequence on which stars spend the vast majority
of their life time converting all hydrogen in the core into helium. Initially this progresses
via the proton-proton chain of reactions. While part of the energy released travels out
through the star and is radiated away at the surface, some part of the energy also goes into
heating the star, thus increasing its temperature. The star then moves to the left in the
HR diagram on Fig. 2.2. As the temperature rises in the core, the conversion of hydrogen
to helium is catalysed by carbon, nitrogen and oxygen via the so-called CNO cycle. The
nuclear energy production rates are highly temperature dependent, the CNO cycle even
more than the proton-proton chain. To a lesser extent, the processes also depend on
density. As more massive stars are both hotter and denser, hydrogen is depleted much
faster in the core, and the time spent on the main sequence is therefore significantly
reduced. Due to the gradual increase in temperature on the main sequence, hydrogen
burning is at some point initiated in a thin shell around the core. When hydrogen is
depleted in the core, the temperature is still not high enough to ignite fusion of helium.
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The core therefore cannot stabilize against the pressure from the surrounding layers and
as a result contracts, thereby increasing the core temperature. When shell burning is
present, a contraction of the core is answered by an expansion of the star outside the shell.
The effective temperature of the star then rapidly drops causing a shift to the far right in
the HR diagram. Subsequently, the luminosity increases as the star swells up. Conversely,
the surface gravity g becomes smaller, wherefore log g is frequently used instead of L to
indicate the evolutionary state of the star. The star continues to cool and expand, while
the convective envelope deepens. The gradual drop in temperature does not affect the
luminosity very much compared to the increase in luminosity from the expansion. The
star then moves almost vertically up in the HR-diagram along the red giant branch.

Figure 2.2: Evolutionary track of a solar mass star, M = M . The models are computed
with the Aarhus STellar Evolution Code.
In my work, I have not dealt with stars beyond the RGB stage. But what happens
next depends greatly on the mass of the star. For solar mass stars at the tip of the RGB,
the helium core will be highly degenerate. This means that when the core conditions for
helium ignition are finally met, the temperature increases very rapidly, which increases
the reaction rate. Since the pressure is dominated by degeneracy, as opposed to thermal
pressure, the increase in temperature is not answered by an increase in pressure, which
could expand the core. The core therefore encounters a runaway process, where temperature and reaction rate reinforce each other in what is known as a helium flash. This may
last no longer than a few hours, after which the core has become hot enough for thermal
pressure to dominate once again, forcing a change in pressure facilitating an expansion
accompanied by cooling of the core, thus breaking the degeneracy. If the core cools so
much that steady helium fusion is still not viable, the whole process may repeat itself
leading to several helium flashes.
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After one or more helium flashes the star enters a stable helium-burning phase. The
cooling expansion of the core causes the envelope to shrink, and hence the luminosity decreases. This phase of evolution in the HR-diagram is known as the horizontal branch and
lasts for a relatively long time also referred to as the second main sequence, although all
phases are short compared to the hydrogen-burning main sequence. When helium is exhausted in the core, having been converted into carbon and oxygen, the star again ascends
in the HR-diagram on the so-called asymptotic giant branch (AGB). Meanwhile, both
helium and hydrogen fusion takes place in shell burning. Simultaneous with a shrinking
core, the radius and luminosity keep increasing to the point where it passes the top of the
RGB and continues upwards in the diagram. For stars with masses M . 10M , the core
temperature never becomes sufficient for carbon fusion to be ignited. During the AGB
phase, the star loses mass probably due to a combination of the decreasing surface gravity
and an instability between the hydrogen- and helium-burning shells. In the end, what is
left is the inert carbon-oxygen core, which is initially quite hot and keeps on radiating
through loss of internal thermal energy. The star is now a white dwarf and will continue
to be so for an extremely long time, seeing as the oldest white dwarfs are almost as old as
the universe itself. Other things can happen, and the star may go through several other
evolutionary stages, even explode as a supernova, provided it is sufficiently massive; but
we will not be concerned with that.
In the evolution of a star outlined above, I have ignored possibly important effects such
as rapid rotation, very strong magnetic fields, or binary companions, which can completely
change the picture. Accounting for any of these effects is a study in itself and not the
subject of my work.
I also want to mention the case of stellar envelope models. These are similar to
evolution models in that we compute a 1D stellar structure model. But, as the name
suggest, we ignore the core and focus more on the details of the outer parts. Especially
the results presented in chapter 7 utilize envelope models, some of which contain the
structure all the way down to ∼ 0.05R. However, the absence of the core simplifies the
numerical treatment, as we do not need to consider nuclear energy generation or changes
in chemical composition. Not having to evolve the model in time also makes room for a
more convoluted, and much better, treatment of turbulent convection, as will be discussed
thoroughly in later chapters.
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Chapter 3

Stellar oscillations and
asteroseismology
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3.1

Theory of stellar oscillations

After having established the fundamentals of stellar equilibrium structure and evolution,
it is time to shake things up, so to speak, and get acquainted with the theory of stellar
oscillations. We will look at the dynamics of the stellar gas and consider the solutions
to its perturbed state as well as means to apply it to observations and the information
that can be gained from doing so. The theory and derivations of stellar oscillations are
incredibly comprehensive; for further details, see Aerts et al. (2010).

3.1.1

Hydrodynamics

Equations of stellar oscillations are derived from perturbing the motion of the gas. The
starting point for studying the dynamics of the stellar material is the basic equations of
hydrodynamics - the equations of continuity, motion and energy. We will not go through
a detailed derivation of the oscillation equations. But we will be referring to the hydrodynamic equations in other chapters as well, so it makes sense to give an overview
here.
In the following we consider a blob of gas with volume V and internal energy E. It
is practical to operate with quantities implicitly given per unit mass, e.g. the density is
ρ = 1/V . The first equation is the continuity equation describing here the conservation of
mass:
∂ρ
+ ∇ · (ρv) = 0,
(3.1)
∂t
where v is the local instantaneous velocity of the gas. Next up are the equations of motion.
For now, we ignore the viscosity of the gas, which would give rise to internal friction forces.
This is a decent approximation for the bulk stellar material, but is too crude for treating
the surface layers properly. We will be getting back to this upon discussing 3D simulations
of hydrodynamics in stellar atmospheres in chapter 5. The forces we do account for in
the following are surface forces, such as arising from pressure applied to the surface of the
volume from the surroundings, as well as body forces. The equations of motion are
ρ

dv
= −∇p + ρf ,
dt

(3.2)

where f is the body force per unit mass. Note that d/dt is the time derivative following
the motion of the gas, while ∂/∂t is the time derivative at a fixed point. Just as in chapter
2 we neglect effects of magnetic fields and rotation, so that the only body force is the
gravitational acceleration g in the form of the gradient of the gravitational potential Φg ,
g = −∇Φg ,

(3.3)

∇2 Φg = 4πGρ.

(3.4)

which satisfies the Poisson equation

The energy equation is essentially a rewriting of the first law of thermodynamics. We
make use of the adiabatic exponents defined in equations (2.24), (2.25), and (2.26) and
replace the specific volume by the density using ρ = 1/V as well as substituting (∂ρ/∂t)
via the continuity equation:


dq
dE
p
1
dp Γ1 p dρ
=
+ ∇·v =
−
.
(3.5)
dt
dt
ρ
ρ (Γ3 − 1) dt
ρ dt
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We shall later discuss both adiabatic and non-adiabatic stellar oscillations. In the former
case, we exclude the heat term from eq. so that (3.5) reduces to
dp
Γ1 p dρ
=
.
dt
ρ dt

(3.6)

The four equations, (3.1), (3.2), (3.4), and (3.6) constitute the full hydrodynamic picture
of adiabatic motion inside the star. In fact, the adiabatic approximation is well justified,
because radiative heating occurs on a time scale on the order of the Kelvin-Helmholtz
time, whereas acoustic oscillations in the Sun have periods of minutes to hours. The
exception is of course, once again, close to the surface, where the lower density drastically
reduces the radiative time scale, thus prompting the use of the full energy equation (3.5).
Now, if we could just feed these equations to a super-computer along with a stellar (pun
intended) equation of state, nuclear reactions and radiative transport, we would be all
set. However, the technical requirement for such a simulation far exceeds what is possible
today not to mention the immense challenge of constructing the numerical scheme. The
size of the star is not the only problem. The vast difference in time scales relevant for
different processes sets the necessary number of time steps at a completely unrealistic
number. On top of that it would also take an enormous effort to filter out and analyse the
oscillations. Fortunately, the size of the star is also what makes a much simpler approach
feasible. Compared to the characteristic scales of the star, the amplitudes of oscillations
at the surface are small. We can then treat stellar oscillations as small perturbations to a
static equilibrium model.
Perturbing the hydrodynamics
When treating small perturbations to the equilibrium, we denote the equilibrium state by
the subscript ”0” and Eulerian perturbations by the superscript ” 0 ”. The actual value of
any perturbed quantity will be the sum of the two. For example, in Eulerian coordinates
the pressure at a given point in the star is
p(r, t) = p0 (r) + p0 (r, t),

(3.7)

where it is explicitly stated that the pressure depends on both position and time. Note
that the pressure of the equilibrium state depends only on the location in the star. In
the same manner we perturb the density, and gravitational potential, which also affects
the gravitational acceleration by g 0 = −∇Φ0g . Since equilibrium quantities are constant
in time, their time derivatives are zero. Due to the small perturbations, the gas will
exhibit motion deviating from the equilibrium state described as a displacement from r 0
to r 0 + δr. In lagrangian coordinates, i.e. in a reference frame following the motion, the
velocity is then
∂δr
v=
,
(3.8)
∂t
where δ denotes a Lagrangian perturbation. The perturbed equations of hydrodynamics
are obtained by replacing the perturbed quantities with their equivalent of eq. (3.7). We
stick to linear perturbations, i.e. discarding any terms including perturbations higher than
first order. The continuity equation then becomes
δρ + ρ0 ∇ · δr = 0.

(3.9)

The equations of motion are
ρ0

∂ 2 δr
= −∇p0 + ρ0 g 0 + ρ0 g 0 ,
∂t2
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(3.10)

and the perturbed Poisson equation
∇2 Φ0g = 4πGρ0 .

(3.11)

Lastly the perturbed energy equation is
∂δq
1
=
∂t
ρ0 (Γ3,0 − 1)



∂δp Γ1,0 p0 ∂δρ
−
∂t
ρ0 ∂t



,

(3.12)

which in the adiabatic approximation reduces to
p0 + δr · ∇p0 =


Γ1,0 p0 0
ρ + δr · ∇ρ0 .
ρ0

(3.13)

The perturbed equations above are given on the forms that explicitly contain δr. If
a star oscillates, it must depend on how the displacement δr of the gas by perturbations
behaves in time. We still disregard rotation and possible effects of magnetic fields, retaining
the assumption of spherical symmetry. On the relatively short time scale of oscillations,
the equilibrium structure can reasonably be considered static. There are of course cases,
where this is not true; but it holds true for solar-like oscillations, which is the subject of
this work. If we switch to spherical coordinates (r, θ, φ), where θ is colatitude and φ is
longitude, we can utilize the fact that the equilibrium model must be independent of θ and
φ because of the spherical symmetry. When we solve the equations for the displacement
δr, the solutions can then be separated into radial and horizontal components
δr = ξr ar + ξ h ,

(3.14)

where ar is a unit vector in the radial direction, and ξθ and ξφ are contained within
ξ h . Plugging this into the perturbed equations of hydrodynamics and working out the
solutions is cumbersome, so we will simply state, and discuss, the results. The solutions
for the displacements ξr , ξθ , and ξφ are
√
ξr (r, θ, φ, t) = 4π ξ˜r (r)Ylm (θ, φ) exp (−iωt),
(3.15)
m
√
∂Y (θ, φ)
exp (−iωt),
(3.16)
ξθ (r, θ, φ, t) = 4π ξ˜h (r) l
∂θ
√ ξ˜h (r) ∂Ylm (θ, φ)
ξφ (r, θ, φ, t) = 4π
exp (−iωt),
(3.17)
sin θ
∂φ
where ξ˜r (r) and ξ˜h (r) are amplitudes. The quantity that we are particularly interested in
here is the angular frequency ω. It is related to the cyclic frequency ν by ω = 2πν. The
functions Ylm (θ, φ) are spherical harmonics
s
2l + 1 (l − m)! m
m
m
P (cos θ) exp (imφ),
(3.18)
Yl (θ, φ) = (−1)
4π (l + m)! l
where Plm (cos θ) are the Legendre polynomials given by
Plm (cos θ) =

1
dl+m
(1 − cos2 θ)m/2
(cos2 θ − 1)l .
l
2 l!
d cosl+m θ

(3.19)

The quantities l and m are quantum numbers meaning that the solutions are discrete.
The degree l and azimuthal order m correspond to the number of nodes in the directions
of θ and φ. The degree of a mode gives the number of nodes on the surface, while |m|
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is the number of those nodes that are longitudinal. For m 6= 0 waves travel around the
equator, while for m = 0 the perturbation is a standing wave. An oscillating perturbation
has, in principle, a complex frequency ω = ωr + iωi , where both ωr and ωi are real. The
real part determines the period by Π = 2π/ωr , whereas ωi controls if the amplitude grows
(positive ωi ) or decays (negative ωi ) exponentially in time. For this reason ωi is called the
growth rate of the perturbation.
It is possible to write the hydrodynamics equations in terms of the amplitude functions
ξ˜r , ξ˜h and similar for the fluctuations in pressure, density and gravitational potential, p̃0 ,
ρ̃0 , and Φ̃0 . It turns out that these equations do depend on l but not on m because of
the assumption of spherical symmetry. One could say that there is a degeneracy in m,
which can often be seen in observations of rotating stars. Rotation breaks the symmetry
and splits a given mode into several adjacent modes; an example of this is shown later in
Fig. 3.2. Besides l and m stellar oscillation modes have yet another quantum number n
called the radial order. This gives the number of radial nodes as spherical shells inside the
star. For the remainder of this text we shall only be concerned with n and l.
Another important property of oscillations that we will need later is the mode inertia.
E = 4π

Z

0

R


|ξ˜r (r)|2 + l(l + 1)|ξ˜h |2 ρ0 r2 dr.

(3.20)

We often use the dimensionless inertia I , which is normalized to the displacement at the
surface:

RR
4π 0 |ξ˜r (r)|2 + l(l + 1)|ξ˜h (r)|2 ρ0 r2 dr
Mmode


I =
=
.
(3.21)
M
M |ξ˜r (R)|2 + l(l + 1)|ξ˜h (R)|2

This gives the ratio of the mode mass Mmode to the total mass of the star.

3.1.2

Driving mechanisms

In order for oscillations to be observable, there must be mechanisms responsible for exciting
and driving modes. We are interested in solar-like oscillations, which can be found in relatively cool stars with convective envelopes and are characterized by stochastic excitation.
Turbulent convection produces a spectrum of acoustic waves with random frequencies,
some of which will match the resonant frequencies of the star and be driven to observable
amplitudes. Excited modes may also be driven or damped by interaction with the convective motion of the gas. However, as I show in chapter 7, the net effect of this interaction is
damping of the oscillations. The main contribution to mode driving comes from stochastic excitation. Solar-like oscillations do not pertain only to main-sequence solar-like stars.
They are generally found in stars with substantial convective envelopes, and De Ridder
et al. (2009) confirmed the presence of solar-like oscillations in red giant stars. Antoci
et al. (2011) discovered p mode oscillations in the δ Scuti star HD 187547, which has an
extremely thin convective envelope. However, the oscillations turned out to be coherent
and thus not driven by stochastic excitation.
Another important case is the κ mechanism, which can take place in the stellar ionization regions. If we consider as mass shell being compressed, the temperature inside will
increase. In fully ionized regions, the temperature-dependent opacity decreases, and the
shall can lose energy by radiation. However, in ionization regions, the opacity react differently and may either not decrease enough or even increase, thereby blocking radiation and
preventing cooling of the gas. At some point, the gas will have to expand to decrease its
temperature. Subsequently the opacity drops, the gas can cool further through radiation
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and contraction occurs again to repeat the process (Hansen et al., 2004). For this reason,
the process is also referred to referred to as the heat-engine mechanism. It is also present
in solar-like stars but overall serves to dampen oscillations rather than excite them. A
quantitative description and a few case studies of red giant models are given in chapter 7.
The complex nature of the oscillations comes from the heating term in the perturbed
energy equation. In the adiabatic approximation the oscillation frequencies are purely
real, i.e. ω = ωr , and there is no damping of the oscillations. The absence of the heating
term also greatly simplifies the system of equations that needs to be solved in order to
obtain the oscillation frequencies and amplitudes of the perturbations. In fact, the case
of non-adiabatic oscillations is still a major challenge in modern asteroseismology. In the
scientific community, oscillation frequencies are almost always computed in the adiabatic
approximation. Probably, the most widely spread code for doing so is ADIPLS - the
Aarhus adiabatic oscillation package (Christensen-Dalsgaard, 2008a).

3.2

Applications of asteroseismology

Asteroseismology has proven a valuable tool for getting crucial information about stars.
Stellar oscillations can be observed both through photometry, where the received light flux
varies over time, or by radial velocity measurements, where spectral lines are blue and red
shifted as the surface moves. Common to both methods is that long observation times
yield far more accurate frequencies. Also, continuous observations are preferred, which
can be accomplished either via a network of ground telescopes or in space.
It should be clear from the previous section that the frequencies of oscillations depend
intricately on the physics of the interior. Extracting precise information about physical
properties from observed light curves or radial velocity measurements is in itself a complicated discipline that will not be discussed here. I just consider myself lucky and am
thankful that there are plenty of astronomers working on observing and making sense of
the data, so that we can focus on trying to model the physics behind it. In order to use
oscillation frequencies for probing stellar structure we turn to the asymptotic theory of
stellar oscillations. This analysis rests on the Cowling approximation, which is assuming
that we can neglect the perturbation to the gravitational field Φ0g , when either the degree
l or the radial order n is large. In this case the system of equations reduces from fourth
to second order and we can work out some very useful relations. First of all, we find two
types of oscillation modes: g modes and p modes, where the letters refer to the restoring
force being either gravity (g) or pressure (p). Gravity modes have lower frequencies and
are trapped between the centre and the location where the buoyancy frequency N is equal
to the angular frequency of oscillation with


1 dp 1 dρ
2
N =g
−
.
(3.22)
Γ1 p dr ρ dr
The buoyancy frequency N is also known as the Brunt-Väisälä frequency. When the
frequency of a gravity mode is such that |ω| > |N |, its amplitude decays exponentially
and the mode is said to be evanescent.
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Pressure modes are confined near the surface. The inner turning point occurs where
ω equals the characteristic acoustic frequency Sl ;
Sl2 =

l (l + 1) c2s
= kh2 cs ,
r2

(3.23)

p
where kh = l(l + 1)/r is the horizontal wave number. The outer turning is determined
by the the acoustic cut-off frequency ωc as determined by the stellar stratification in the
manner


dHρ
c2s
2
1−2
,
(3.24)
ωc =
4Hρ2
dr
with the density scale height Hρ defined as
Hρ−1 ≡

d ln ρ
.
dr

(3.25)

Generally ωc increases outwards, and suffice to say that, overall, higher frequency acoustic
modes travel further up into the atmosphere, before they are reflected back into the star.
For the Sun, p modes with approximately ν > 2000µHz reach the all the way up to the
photosphere, while lower frequency modes are reflected deeper in the convective envelope.
As the main focus of my research is on the interplay between stellar oscillations and
surface convection our interest is primarily on p modes as they are the ones reaching the
surface. As the acoustic waves travel from the surface layers and deeper into the star,
they are refracted due to an increase in sound speed with stellar depth, which serves to
”bend” the wave fronts (Gough, 1986). The wave then returns to the surface where it is
deflected to travel back into the star, as it cannot propagate vertically through a stratified
atmosphere, when the density scale height becomes sufficiently small that it is comparable
to the wave length (Lamb, 1909). We can now see how stellar oscillations can be used to
probe the stellar structure by considering the acoustic frequency of a mode at the inner
turning point rt , i.e. ω = Sl (rt ):
c2s (rt )
ω2
=
.
l(l + 1)
rt2

(3.26)

Because the sound speed increases with stellar depth, high degree modes (large l) must
have substantially larger rt , i.e. their inner turning points is closer to the surface than
for low degree modes. A visualization of wave propagation for modes of different degrees
are shown in Fig. 3.1 a) for p modes and 3.1 b) for g modes. In panel a) we see how low
degree modes penetrate deeper into the star. Modes of higher degree, are confined closer
to the surface and have smaller acoustic cavities within which to oscillate. The frequency
of a mode, which we observe through displacement of the gas at the surface, obviously
depends on the time it takes the wave to travel from the outer turning point to the inner
turning point and back again. This time is determined by the sound travel time and thus
the structure of the star. It should therefore be possible to map the internal structure
of a star, provided we can observe sufficiently many modes covering a large range in l.
For the sun, thousands of modes have been observed and used to describe the interior to
high accuracy, e.g. Kosovichev et al. (1997); Chaplin et al. (1999). But sadly all other
stars are so faint that we cannot resolve the surface and only have the integrated light
of the disc to work with. This only allows us to extract modes with l = 0, 1, 2, 3, and
possibly l = 4 in some limited cases (Lund et al., 2014). Luckily, for solar-like oscillations
there are ways of obtaining precise and valuable information without having the same
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Figure 3.1: Panel a) Propagation of acoustic waves in a cross section of a solar model
shown as rays paths. As the rays travel into the star, they are bent by the increase in
sound speed until they experience total internal refraction at their corresponding circle of
radius rt . The properties of the rays correspond to modes with frequency 3000µHz and
degrees l = 75, 25, 20, 2 in order of increasing penetration depth. The straight ray passing
through the core depicts a radial mode (l = 0). Panel b) Propagation of gravity waves
trapped around the core. The solar model is the same as in a), the mode frequency is
190µHz, and the degree is l = 5. Adopted from Cunha et al. (2007).
plethora of modes as seen in the Sun. Whether we measure light curves or radial velocities
of spectral lines, the method of extracting individual mode frequencies is by taking the
Fourier transform to obtain a frequency power spectrum. An example is shown in Fig. 3.2
for the main-sequence star 16 Cyg A as observed by Kepler. The top left panel shows the
power observed in a broad frequency range. The main figure shows a zoomed in view of
this, where the numbers above the peaks indicate the degrees l. We see that modes of the
same degree are evenly spaced in frequency. In fact, it is a result in the asymptotic theory
of stellar oscillations that the cyclic frequency of a mode is approximately


l
1
νnl ' n + + + α ∆ν,
(3.27)
2 4
where ∆ν is the large frequency separation (see below) and α = α(ω) is a phase function that depends on angular frequency and is determined by the stellar properties near
the surface. It can be computed by solving numerically only for ξ˜r and p0 the general
oscillation equations (still in the adiabatic approximation) and matching these with the
asymptotic results at a suitable matching point in the star (Christensen-Dalsgaard and
Perez Hernandez, 1992). The large frequency separation ∆ν is the frequency spacing between two modes of adjacent orders and same degree. In the asymptotic theory of stellar
oscillations ∆ν should be the same between all high order p modes. It is given analytically
by an integral over the sound speed cs ;
−1
 Z R
dr
.
(3.28)
∆ν = 2
0 cs (r)
However, observations show that there can be slight differences in ∆ν depending on where
27

we measure it in the power spectrum. For this reason it is often treated as the mean
frequency spacing between two consecutive radial modes and appended with the subscript
0, i.e. ∆ν0 = hνn+1 l − νnl inl . Here we use the latter quantity and drop the subscript.
From eq. (3.28), we can derive a powerful diagnostics relation. Recalling that the sound
speed is proportional to p/ρ and assuming an ideal gas, it can be shown that
∆ν ∝



M
R3

1/2

,

(3.29)

meaning that the mean density of the star can be inferred from ∆ν as has been demonstrated early on by Ulrich (1986). It follows from eq. (3.29) that ∆ν decreases drastically
as the star swells up upon leaving the main sequence and evolving up the red giant branch.
For stars of the same mass, ∆ν then serves as an indicator of evolution.

Figure 3.2: Power spectrum for the main-sequence star 16 Cyg A as observed by Kepler.
Top left: Smoothed power spectrum of broad frequency range centred at νmax .
Centre: Zoomed in view the top left panel showing mode degrees, large frequency separation and two small frequency separations of the same radial order but different degrees.
Upper right: Raw power spectrum (blue) along with the smoothed spectrum (solid
curve). The vertical dashed line show the rotational splitting of the the measured peak
in the power spectrum. Here the m = 0 mode is not visible due to the inclination of the
ration axis of the star. Adopted from Chaplin and Miglio (2013)
Taking another look at eq. (3.27), there is an apparent degeneracy between modes in
the sense that νnl ' νn−1 l+2 . Note the choice of equality '. That is because eq. (3.27) is
missing a few terms, which can be worked out via thorough asymptotic analysis, as shown
by Tassoul (1980, 1990); Gough (1986), and leads to yet another diagnostic quantity - the
small frequency separation δν defined as
Z R
∆ν
dcs dr
δνnl ≡ νnl − νn−1 l+2 ' − (4l + 6) 2
.
(3.30)
4π νnl 0 dr r
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This quantity is also indicated in Fig. 3.2. It is very sensitive to the gradient of the sound
speed, especially in the core due to the 1/r in the integrand. In turn, the sound speed
profile is highly affected by the composition profile, which in the core changes over time
due to nuclear reactions. Thus the small frequency separation can be useful for probing
the evolution of the star. Admittedly, it is quite fascinating that information about the
star’s core and evolutionary state can be inferred from such relatively tiny movements in
the atmosphere.
There is a little bit more to discuss in Fig. 3.2. In the upper left as well as the main
figure, the red power curves have been smoothed, whereas the blue spectrum in the upper
right corner shows the raw along with the smoothed spectrum (solid curve). Recall that in
a sperically summetric star there is a degeneracy in the azimuthal order m. Incidentally,
16 Cyg A is rotating, which breaks the spherical symmetry and hence the degeneracy in
m. This is seen as a splitting in three (vertical dashed lines) of the measured peak in the
power spectrum. Note that in this case, the m = 0 mode is actually not visible due to
the inclination of the ration axis of the star. Focusing again our attention on the top left
spectrum, we see that, to a certain extent, the power spectral density is symmetric about
ν ≈ 2200µHz. We call this frequency the frequency of maximum oscillation power νmax .
One final means of asteroseismic diagnostic that needs mentioning is the concept of
mixed modes. Depending on the structure of the star, gravity and pressure modes are
not always clearly separated. As a star evolves, the buoyancy frequency increases thereby
allowing for stable g modes with higher frequencies. When modes of different classification
(gravity or pressure) approach each other, they are mutually modified in a so-called avoided
crossing so as not to overlap. This gives rise to mixed modes, which behave as p modes in
the outer layers and as g modes in the deep interior. They offer indirect means of observing
the deepest interiors of stars and getting information about the gravity modes, which do
not reach the surface. Mixed modes do not adhere to the asymptotic theory for p modes.
Gaining quantitative information about the interior of stars through mixed modes is not
easily done. However, the field is still being explored extensively and holds great promise.
Mosser et al. (2012b) demonstrated methods for probing the physical conditions of the
g-mode cavity of red giants. Similarly, Bedding et al. (2011) used l = 1 mixed modes
to obtain period spacings for gravity modes, which were used to distinguish between red
giants only producing nuclear energy in a hydrogen-burning shell and red giants already
burning helium in the core as well. Analysis of mixed modes has also been very important
for the observational studies of core rotation in red giants (Beck et al., 2012; Mosser et al.,
2012a).
In this section we have described ways of using stellar oscillations frequencies to infer
stellar properties. Note that this list is not exhaustive but simply meant to cover the
fundamental aspects.

3.2.1

The asteroseismic surface effect

As mentioned above, we can typically only find l = 0, 1, 2, 3 modes for stars other than the
Sun. But we can do this for many radial orders thereby covering the relevant frequency
spectrum of a given star. It has thus become an important aspect of stellar modelling
to try and match computed adiabatic frequencies to observed frequencies. I would like
to stress that we for now restrict the discussion to adiabatic frequencies, even when not
explicitly stated (for the sake of convenience). It will be made clear when the discussion
is later expanded to include non-adiabatic calculations.
Any method for modelling properties of distant stars should, whenever possible, of
course first be verified by how well it reproduces said properties for the Sun. As first shown
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by Christensen-Dalsgaard and Gough (1984) there is a systematic discrepancy between
observed and modelled solar oscillation frequencies. Christensen-Dalsgaard et al. (1988)
subsequently made progress in eliminating the differences at low frequency by applying an
updated equation of state to the underlying stellar model. Recall from the description of
mode trapping that low frequency acoustic modes do not reach the upper surface layers.
Combined with the calculations of the super-adiabatic gradient shown in Fig. 2.1, where
convection becomes almost adiabatic just below the photosphere, it makes sense that
the adiabatic approximation suffices for low frequency modes. As stated earlier, proper
treatment of the near-surface layers is one of the major problems and source of uncertainty
in stellar modelling. Asteroseismology in particular makes this painfully visible.

Figure 3.3: Frequencies of Model S (Christensen-Dalsgaard et al., 1996) subtracted from
observational data combined from Scherrer et al. (1995), Chaplin et al. (2007), and Larson
and Schou (2008) to cover the relevant frequency spectrum. Panel a) Raw frequency
differences. Panel a) Frequency differences scaled by Qnl as given by eq. (3.31). In both
panels crosses show modes with l ≤ 200, diamonds are 200 < l ≤ 500 modes, and triangles
show l > 500 modes. Adopted from Aerts et al. (2010)
Considerable improvements have been made, and one of the stand-out modelling efforts on the current Sun known as Model S was presented by Christensen-Dalsgaard et al.
(1996). It reproduces very well the interior stellar structure in agreement with helioseismic inferences and is still after 20 years frequently used as a reference model for the sun.
However, the problems at the surface still persist. Christensen-Dalsgaard et al. (1996)
presented a comparison between model frequencies νnl,model and GONG observed frequencies νnl,obs (Harvey et al., 1996) in the sense δνnl = νnl,obs − νnl,model . Such frequency
differences are customarily denoted δν, which should not be confused with the small frequency separation. The latter is not relevant to the studies presented here, and δν will
therefore always refer to νnl,obs − νnl,model unless explicitly stated otherwise. It is evident
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from the differences between GONG observations and Model S that the frequency differences increase with mode frequency. At low frequencies model and observations agree,
while model frequencies are increasingly overestimated with increasing frequency. High
frequency modes are more strongly affected by the poorly modelled physics in the nearsurface region. This is known as the asteroseismic surface effect or the surface term.
An example can be seen in Fig. 3.3, where the model frequencies are from Model S and
the observed frequencies are combined from various sources (Scherrer et al., 1995; Chaplin
et al., 2007; Larson and Schou, 2008) in order to cover a broad range in frequency. Fig. 3.3
a) and b) shows the same frequency differences except that in b), they are multiplied by
the scaled inertia given by
Inl
Qnl = ¯
,
(3.31)
I0 (νnl )
where I¯0 (νnl ) is the radial mode inertias interpolated to mode frequencies νnl . Then the
product Qn lδνnl is, to a certain extent, independent of the degree l. In Fig. 3.3 a) it is
seen how the frequency differences increase with l - a feature almost suppressed by the
inertia scaling in panel b). Note that n = 0 represents the special f modes that can be
considered surface gravity waves with frequencies intermediate between p and g modes.
The physical reasons behind the surface effect are due to more than one deficiency in the
model physics. Although the issues are closely related, we will make a distinction between
the two major contributions - structural effects and modal effects. The first refers to the
stratification, upon which we can improve tremendously using state-of-the-art numerical
simulations of hydrodynamics in three-dimensional stellar atmospheres including radiative
energy transport. The second major item, the modal effects, has to do with the dynamics
of the modes and their interaction with the convective motion of the gas, i.e. problems
related to the adiabatic approximation, which we have already pointed out is invalid near
the surface. Christensen-Dalsgaard and Thompson (1997) investigated the effects that
model changes in the near-surface layers of a 1D stellar model have on the frequencies, for
example increasing the atmospheric opacity. They demonstrated that an artificial change
in the model can lead to substantially different oscillation frequencies. Likewise, Schmitt
and Basu (2015) presented, in their analysis of the surface effect across the HR-diagram,
frequency differences between two models constructed with different T (τ ) relations. The
result, shown in Fig. 3.4 is strikingly similar to Fig. 3.3 except for the smaller amplitude
in δν. These examples indicate that the structural part of the surface effect clearly is of
major importance.
Already early on, Brown (1984) pointed out that p mode frequencies in the sun should
decrease due to turbulent convection. Rosenthal et al. (1999) made a significant step towards correcting this by using 3D numerical simulations of a small sample of the solar
atmosphere. This was used to construct a so-called patched model of the sun, i.e. the simulation was averaged both horizontally and in time and used to replace the corresponding
outer layers in a 1D solar model. Fig. 3.5 shows the residual, inertia-scaled frequencies between this patched model and observations from Tomczyk et al. (1995); Bachmann et al.
(1995). There are still clearly visible discrepancies, but the differences are reduced to
±5µHz as opposed to the typical error of up to 25µHz at high frequency. The explanation
is found in the treatment of convective energy transport. Convection in stars is turbulent
and therefore inherently a three-dimensional phenomenon. The major point in the study
of Rosenthal et al. (1999) is the extra contribution from turbulent pressure to the total
pressure brought about in a realistic simulation of solar surface convection.
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Additional pressure expands the atmosphere, effectively increasing the size of the acoustic
cavity of the modes. This means that acoustic waves are reflected a bit higher up in the
atmosphere, hence the wave travel times increase thereby lowering the frequencies.

Figure 3.4: Frequency differences between l ≤ 3 modes of two solar models constructed
with either the Eddington (q(τ ) = 2/3) or Krishna Swamy (1966) T (τ ) relations. Adopted
from Schmitt and Basu (2015).
Besides turbulent pressure another effect contributing to the surface effect is convective backwarming first shown by Stein and Nordlund (1998) and further discussed by
Trampedach et al. (2013, 2017): In the photosphere, large temperature fluctuations combined with a very temperature-sensitive opacity of H− limits the radiative cooling of hot
gas compared to a corresponding 1D model. There is not a symmetrically opposite effect
in the cooler gas sinking down at the surface. The net result is warmer gas and thus a
larger gas-pressure scale height, which expands the atmosphere along with the expansion
by turbulent pressure. The remaining discrepancies between model and observations in
Fig. 3.5 are most likely due to modal effects. This seems to be true as recently shown by
Houdek et al. (2017), which we will also see later in section 6.2.
So what do we do, when we want to model a star to match not only global properties
like mass, Teff and ∆ν but also individual observed frequencies? It is not feasible to run a
proper convection simulation at every time step, not to mention the difficulty in patching
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together 3D atmosphere and 1D structure. The typical approach is to acknowledge that
there is a problem and then exploit the fact that the frequency differences appear to be
systematic. We circumvent working out the physics and instead apply one of several adhoc corrections. That is, we add to the model frequencies a function describing δνnl as a
function of frequency.

Figure 3.5: Residual, inertia-scaled frequencies between a solar model patched with an averaged 3D atmosphere simulation and observations from Tomczyk et al. (1995); Bachmann
et al. (1995). Adopted from Rosenthal et al. (1999).
Inspired by an early analysis by Christensen-Dalsgaard and Gough (1980) of the effects
of near-surface modifications, the most widely used surface term correction is a power law
proposed by Kjeldsen et al. (2008):
νn = rνn,ref + a



νn,obs
ν0

b

,

(3.32)

where a and partly b are fitting constants and ν0 is a suitable reference frequency. The
parameter r is to some extent also a fitting constant depending on how one sets up the
fitting routine. It is used to bring a set of calculated frequencies νn,ref as close to the
observed frequencies as possible to obtain a pre-correction best model νn,best = rνn,ref ,
ensuring that the surface term is the only deficiency of the model. The fitting parameter
b is typically calibrated to the solar surface term and can vary depending on choice of
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solar model or modes used to fit it. Originally, the correction was formulated for radial
modes (l = 0) only, simply because solar-like oscillations up until high frequencies are
independent of the degree as shown by Christensen-Dalsgaard and Gough (1982). This
can also be seen in Fig. 3.3 b), where the inertia-scaled frequency residuals for a given
radial order appears to be a function of frequency only. The correction (3.32) is then also
applicable to modes with l > 0. The correction works well for the Sun and similar stars.
But not all solar-like oscillators are associated with a surface term well-described by a
simple power law, for example very hot, main-sequence, solar-like stars, as I will show
later in chapter 6.
Christensen-Dalsgaard (2012) suggested, based on an asymptotic expression for the
frequency differences (Christensen-Dalsgaard et al., 1989), separating the surface-effects
from the effects of differences in the interior between the sun and a solar model. This
solar surface term can then be scaled to achieve the best possible fit when applied to
other stars. Obviously, this approach describes the surface term of the Sun spot on. But
Christensen-Dalsgaard (2012) also applied it to frequency differences between observations
of 16 Cyg A (Metcalfe et al., 2012), the power spectrum of which is shown in Fig. 3.2, and
a fitted model. In this case it works extremely well, perhaps even better than the power
law (3.32). However, 16 Cyg A is solar analog, i.e. it is very much comparable to the sun
albeit slightly more evolved - a future glimpse of the Sun, if we are feeling poetic. We refer
to this method as the scaled solar fit and shall see in chapter 4 that it fares rather well
for main-sequence stars of approximately solar mass (±0.1M ) but fails for more massive
and thus hotter stars.
The last surface term correction to be discussed now is a two-term correction proposed
by Ball and Gizon (2014):
 
 
c−1 ν −1 c3 ν 3
δν =
+
.
(3.33)
I
νc
I νc
In fact, they proposed two corrections using either only the cubic term in eq. (3.33) or
the whole of (3.33), which they call the combined term. The subscripts of the fitting
coefficients c−1 and c3 simply indicate the exponent on the corresponding frequency. In
this case the reference frequency is the acoustic cut-off frequency determined from scaling
relations (Brown et al., 1991)

−1/2
νc
g
Teff
.
(3.34)
=
νcM
gM
TeffM
The correction 3.33 has some physical motivation being based on arguments put forth
by Gough (1990) to explain the solar cycle frequency variations. He reasoned that the
presence of a magnetic field in the evanescent layers would modify the propagation speed
of acoustic waves without any appreciable effect on the density stratification. The mathematical consequence in his analysis is a frequency change δν ∝ ν 3 /I . If, on the other
hand, the convective efficacy is affected, it would modify the pressure scale height in the
super-adiabatic region and lead to a frequency change δν ∝ (νI )−1 . The combined term
of eq. (3.33) must then correspond to both these changes taking place.
The correction works very well and has the strength of being able to accommodate
the discrepancies between models and observations for both main-sequence solar like stars
as well as red giants. As I will show in chapter 4, another great advantage over other
corrections is the ability to successfully capture a characteristic ”bump” in the surface
term showing up in hot stars (Teff & 6000K or a bit lower for stars with low log g). Schmitt
and Basu (2015) compared the above mentioned methods of fitting and correcting for the
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surface term. They carried out tests across the HR-diagram for solar-like, main-sequence
stars and red giants. Their conclusion is that the two-term correction by Ball and Gizon
(2014) fares much better overall, although all three methods model the solar surface term
quite well.
I will discuss additional attempts at modelling the surface term later, when we get to
the topic of using 3D convection simulations to model or improve physics of the stellar
surface-layers. To ease the reading, the power-law correction (3.32) by Kjeldsen et al.
(2008) will henceforth be referred to as K08, while the two-term fit (3.33) by Ball and
Gizon (2014) will be referenced as BG14.
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Chapter 4

Dependence on the surface term
correction in stellar modelling
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Here, I present a paper published in the proceedings of the Seismology of the Sun and
the Distant Stars 2016: Joint TASC2 & KASC9 Workshop – SPACEINN & HELAS8
Conference and is based on a poster presented there. It concerns the modelling and determination of global properties of oscillating, main-sequence, solar-like stars and relates to
the discussion of surface effect corrections in the previous chapter. The paper highlights
the dependence on the modelling results on the choice of surface term. This exemplifies very well the problems that arise as a consequence of inadequacies in our physical
description of the stellar super-adiabatic region.
The Kepler mission
The observational data used in this paper as well as in chapter 7 are from the Kepler
mission (Borucki et al., 2010; Borucki, 2016). Launched in 2009, the main purpose of
Kepler was to survey regions of our galaxy in order to discover Earth-size planets in the
habitable zones of their stars. Huge photometric accuracy is required in order to detect
the minuscule reduction in light as planets orbit their host stars. Combined with the
long observation times needed, the data from the Kepler mission are of unprecedented
quality and have provided unique and exciting opportunities for asteroseismology. On
top of providing very precise measurements, the Kepler mission observed a vast number
of stars covering a broad range of stellar types, against which we can test our theoretical
models. Along with the CoRoT mission (Baglin et al., 2006; Auvergne et al., 2009), Kepler
has revolutionized the field of asteroseismology by providing high-quality data for tens of
thousands of stars. For different types of pulsators we now have observations of somewhere
between hundreds to tens of thousands individual objects as opposed to only being able
to study a few select cases. This has dramatically increased both our knowledge of the
stars as well as our confidence in that knowledge.
Here we consider the so-called LEGACY stars. These are the very best Kepler observations of main-sequence, solar-like oscillators identified and analysed by Lund et al.
(2017) and Silva Aguirre et al. (2017).
Modelling the stars
Modelling of all 66 LEGACY stars were done in a manner much like the ASTFIT procedure
described by Silva Aguirre et al. (2015). The main point of the paper is the comparison
between results obtained with two different surface term corrections - the scaled solar
fit, also used by Silva Aguirre et al. (2015), and the two-term correction by Ball and
Gizon (2014). The two methods are compared in terms of the combined χ2 -value of the
models. This is the sum χ2 = χ2ν + χ2spec of the χ2 -values obtained from fitting individual
model frequencies with a correction for surface errors (χ2ν ) and fitting the spectroscopically
determined effective temperature and metallicty (χ2spec ).
For this paper, Mikkel Lund and Vı́ctor Silva Aguirre had already prepared and analysed the observational data as described in the two LEGACY papers mentioned above. I
made the fitting routine for the two-term surface effect correction, while the model fitting
procedure was set up by Jørgen Christensen-Dalsgaard.
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Abstract. The LEGACY sample represents the best solar-like stars observed in the Kepler mission[5, 8]. The
66 stars in the sample are all on the main sequence or only slightly more evolved. They each have more than
one year’s observation data in short cadence, allowing for precise extraction of individual frequencies. Here we
present model fits using a modified ASTFIT procedure employing two different near-surface-effect corrections,
one by Christensen-Dalsgaard[4] and a newer correction proposed by Ball & Gizon[1]. We then compare the
results obtained using the different corrections. We find that using the latter correction yields lower masses and
significantly lower χ2 values for a large part of the sample.

1 Introduction
The use of helioseismology has been tremendously successful in mapping the solar interior and the general discipline of asteroseismology has revolutionized our understanding of the physics of stellar interiors. as well as enabled precise determination of crucial global stellar parameters such as the mean density directly inferable from
the large frequency separation. The space-based Kepler
mission has, through long, continuous time-series photometry, provided invaluable data for asteroseismic analysis.
Kepler has been a huge success in general expanding our
knowledge of many types of stars as well as the discovery
and characterization of exoplanets. The LEGACY sample
focuses on the very best observations of main-sequence
(and a few subgiant) solar-like oscillators observed by Kepler[5, 8]. It features 66 stars all observed for at least 12
months in short cadence making them some of the highest signal-to-noise solar-like targets in the Kepler mission.
None of the stars exhibit properties of mixed modes. The
details of their oscillation properties are presented in [5],
while radii, masses and ages are the topic of [8]. Here we
consider one aspect of fitting stellar models to these phenomenal observations, namely the choice of surface-effect
corrections.
One of the major challenges in stellar astrophysics has
always been the determination of stellar ages. They are
extremely relevant in many areas, for example in trying
to understand the formation of stellar systems or the evolution of our galaxy. But the age of a star cannot be measured or inferred from observations. Rather it is derived by
fitting models of stellar evolution to match asteroseismic
? e-mail: mja@phys.au.dk
?? e-mail: jcd@phys.au.dk

and spectroscopic data. However, stellar evolution models
are rather crude, neglecting or oversimplifying key physical processes, which makes the resulting ages somewhat
unreliable. Silva Aguirre et al.[7] determine stellar ages of
Kepler exoplanet host stars to within a median statistical
error of 14 per cent - an order of magnitude larger than
the corresponding errors on radius, density, mass and distance. Here we apply essentially the same model fitting
procedure using both the same surface-effect correction as
well as a more recent correction and compare the outcome
of the two.

2 Model Fitting
We use a model-fitting procedure, which combines the
Aarhus stellar evolution code[2] with the Aarhus adiabatic oscillation package[3] to fit individual model frequencies within a grid of stellar models. The grid was
computed as described for ASTFIT in[7] with the following exceptions: The heavy-element mixture was based on
Grevesse & Noels (1993), taking the solar surface ratio
between the abundances of heavy elements and hydrogen as Zs /Xs = 0.0245. Furthermore the grid extends in
mass from 0.7 to 1.7 M , in steps of 0.01 M . The heavyelement abundance ranged from Z = 0.0032 to 0.059, relating Y and Z by ∆Y/∆Z values varying between 1 and 2,
in steps of 0.2. Here ∆Y and ∆Z are the differences in helium and heavy element abundance between today and the
time of the big bang. Often this is assumed to be around
1.4. However, since the exact value is unknown, and subject to debate, it is allowed to vary here. Diffusion and settling were not taken into account. Two different surfaceeffect corrections were used to account for the fact that
model frequencies are systematically overestimated:

a: A correction based on a scaled solar fit (see [4]). This
works very well for other stars with masses close to 1M ,
but falls increasingly short for heavier, and consequently
hotter, stars as shown in Section 3.
b: A recent correction presented by Ball & Gizon (2014);
δν = (c−1 (ν/νac )−1 + c3 (ν/νac )3 )/I ,

(1)

where δν is the frequency difference νobs − νmodel for a
given mode, νac is the acoustic cut-off frequency, I is the
mode inertia, and c−1 and c3 are the fitting coefficients.
The formula is based on calculations originally carried out
to explain solar cycle frequency variations, and includes
two terms: one proportional to ν−1 , which represents a frequency shift due to the increase in pressure scale height
that would arise from better modelling of convection, and
another term proportional to ν3 correcting for a frequency
shift caused by local changes to the sound speed without
changing the density stratification[10]. The correction is
weighted by individual mode inertia, for which we use the
standard ASTEC calculation, which is normalized by the
displacement at the photosphere. This correction formula
seems to produce very reasonable fits for all the solar-like
stars in the mass and temperature range considered here.
When combined with the aforementioned correction
we produce frequency fits of unprecedented quality – even
for stars where the surface term differs significantly from
that of the Sun. The best fitting model is found by minimizing
χ2 = χ2spec + χ2ν ,
(2)
where χ2spec indicates the contribution from fitting spectroscopic data (T eff and [Fe/H]) and χ2ν is the contribution
from fitting the frequencies as defined in [7]. Our ability
to model observations in a precise manner helps constrain
the physical parameters of the observed stars as well as
pinpoint the aspects of stellar models that still need improvement.

Figure 1. Scaled ’solar fit’ (a) applied to models of KIC 8006161
and KIC 7940546. The fits pertain to the models with the lowest
combined χ2 . Top panel:. Surface effect correction for a 0.97M
model with T eff = 5465.9K. The contribution from the frequency
fit to χ2 is χ2ν = 2.64. Bottom panel: Surface effect correction
for a 1.47M model with T eff = 6275.8K and χ2ν = 12.60.

and

3 Results
Figures 1 and 2 show frequency fits for the best fitting
models of two LEGACY stars: KIC 8006161 (top) and
KIC 7940546 (bottom). Both a and b work well for the
0.97M star; in fact the scaled solar fit is slightly better
here. For the second star the two approaches yield slightly
different masses close to ∼1.5M and effective temperatures of 6275.8K (a) and 6313.7 (b). The surface effect of
this star is very different from the Sun and thus modelled
poorly by the scaled solar fit a, whereas the inertia-scaled
fit b captures the overall trends in the curve, which is evident from the much lower χ2ν value (see figure captions).
Figure 3 (top) shows the effect on obtained masses
of using either approach for the whole LEGACY sample.
This is shown as δM, the mean mass from approach b minus the mean mass from a divided by the combined standard deviation σ, i.e.
δM = hMib − hMia ,

(3)

q
σ (δM) = σ (Mb )2 + σ (Ma )2 .

(4)

The mean mass is obtained by averaging over many models within a suitable mass range in the grid, where each
model is weighted by exp −χ2 /2 . For M & 1.3M there
is a significant difference between the two, where b consistently yields lower-mass stellar models, and as a consequence they are older1 .
Figure 3 (bottom) shows the χ2 ratio between the two
approaches. Here χ2min (a) is the best fitting model using the
scaled solar fit, and (b) is using the Ball & Gizon (2014)
surface effect correction. Except for some cases around
∼1M , model fits using the Ball & Gizon (2014) correction have lower χ2 values. This is thus preferable to any
previous correction formulae – even for stars where the
surface term differ significantly from that of the Sun. It
is worth noting that the lower masses obtained using surface fit b are accompanied by lower χ2 values; not only are
1 This

here

has also been found explicitly in our analysis but is not shown

Figure 2. Inertia-scaled two-term fit (b) applied to models of
the same stars as in Figure 1. Again, the fits shown are from
the models with the lowest combined χ2 . Top panel:. Surface
effect correction for a 0.97M model with T eff = 5465.8K and
χ2ν = 2.90. Bottom panel: Surface effect correction for a 1.46M
model with T eff = 6313.7K and χ2ν = 6.73.

Figure 3. Top: Difference in mean mass obtained with either
surface effect correction for all stars in the LEGACY sample.
bottom: Ratio between χ2 of the best fitting models. Diamonds
highlight the stars in Figures 1 and 2.

the masses and ages different compared to the previous approach a, they are also determined with better precision.
3.1 Inertia scaling

We have established that the inertia-scaled two-term fit
is superior for the more massive, and consequently hotter, stars in the sample. We can gain some insight into
why this is by looking at the inverse mode inertia used
for scaling the fitting terms shown in Figure 4. As has also
been pointed out by Trampedach et al.[9], the peculiar features in the frequency differences between ∼ 1000µHz and
∼ 1500µHz coincide with an oscillatory contribution to the
inverse mode inertia. We have identified the issue as arising from effects of the second helium ionization zone on
the eigenfunctions. There is a good reason for this feature to only show up in the surface layers of hotter stars:
There is a significantly larger drop in Γ1 in the second helium ionization zone, possibly due to the gas density being
lower here than in a corresponding zone in a cooler star.
This will be elaborated on in an upcoming paper.

Figure 4. Surface-effect correction and inverse inertia of KIC
7940546. For the left y-axis we present the full line showing
the full two-term fit (b), while the dashed and dotted lines show
the contributions to the fit from the cubic and inverse frequency
terms respectively. On the right y-axis we present the inverse
mode inertia (dot-dashed line) used to scale the fitting terms

Table 1. Table of global parameters for the two stars presented in Figures 1 and 2 as well as the fit quality described by χ2 (see eq. (2))

Correction
a
b
a
b

KIC ID
8006161
8006161
7940546
7940546

M [M ]
0.967 ± 0.018
0.964 ± 0.018
1.480 ± 0.026
1.458 ± 0.025

R [R ]
0.923 ± 0.006
0.922 ± 0.006
1.990 ± 0.014
1.971 ± 0.015

4 Conclusions
We have presented a comparison between two surfaceeffect corrections employed in a grid model fitting scheme.
We find that there are significant differences in the obtained global stellar parameters for stellar masses &
1.1M , the largest differences occurring at & 1.4M . Here
we see that not only are the masses we find using correction b systematically lower, they are also determined more
accurately as reflected by their lower χ2 values.
Trampedach et al[9] investigate the appropriateness of
eq. (1) across the HR diagram using 1D envelope models
patched with averaged 3D atmospheres from hydrodynamical simulations. Their findings support our notion that the
fit is very versatile and can be used across the HR diagram for solar-type stars also including the pre-main sequence and red giant phase. The versatility is reflected by
the fact that the ratio c−1 /c3 changes, c−1 increasing relative to c3 , when going from cooler to hotter stars. Another
study modelling the surface term across the HR diagram
was performed by Schmitt & Basu[6]; they also found
that, while various correction formulas might suit different types of stars, the two-term fit by Ball & Gizon[1] performs well across the whole range in question (from the
main sequence to red giants of models ranging in mass
from 0.8 to 1.5M ). The results presented in this paper
agree with other recent studies, which suggests that overall the physically motivated correction b is the best available surface term to be used for general-purpose model
fitting. Of course it requires the structure of the model to
be close to that of the observed star in order to get the appropriate mode inertia necessary for eq. (1). However, we
do also show that for more specific cases, perhaps other
surface terms might also be reasonable and in some cases

T eff [K]
5465.9
5465.8
6275.8
6313.7



Age Gyr
5.008 ± 0.463
5.093 ± 0.460
2.325 ± 0.104
2.356 ± 0.106

χ2
3.640
3.892
24.670
16.340

even slightly better. As an example the surface term of
KIC 8006161 is so close to that of the Sun that it is better
described using the scaled solar fit yielding both lower χ2ν
and χ2 .
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Chapter 5

Convection

42

Energy transport by turbulent convection is the overall most important topic of my
research. It has always been one of the biggest challenges in stellar modelling and happens
to play a crucial role in asteroseismology of solar-like stars. Therefore I find it fitting to
devote a chapter to covering key aspects of stellar convection including a look into the
realistic, three-dimensional simulations used in most of my projects. I will start out by
discussing some limitations of local 1D models; at the end of section 5.1.1, I highlight
some major differences between MLT and the convection simulations.
Since we are interested in solar-like oscillations, it is natural to focus on surface convection. In chapter 2 we only stated the Schwarzschild criterion as the condition for convection
to occur. It is instructive to consider the physical conditions that may cause ∇rad , given
by eq. (2.22), to exceed ∇ad . This happens in the interior of massive stars, where the
ratio of luminosity to mass is large due to the sensitivity of energy production on the
temperature. Hence, stars more massive than M & 1.2M have convective cores. In the
outer parts of less massive stars, where the temperature is sufficiently low, and the opacity
κ is dominated by ionization of hydrogen and helium and H − especially, ∇rad can increase
due to the large increase in opacity. In Fig. 5.1 we see the logarithmic mean opacity as
function of stellar depth for the same model as in Fig. 2.1, which is not a solar-calibrated
model but still fairly close to the Sun. The opacity increases steadily throughout the star
with a gradient that gets significantly steeper throughout the convective envelope, except
for the rapid decrease at the very top (see also Fig. 5.2). The temperature gradient can
also become very large in the outer layers of cool stars due to the presence of T −3 in ∇rad ,
.

Figure 5.1: Logarithmic mean opacity as a function of stellar depth for the same model as
Fig. 2.1. The vertical dotted line indicates the inner boundary of the convective envelope.
Lastly, and this is extremely important, a Schwarzschild instability may also stem from
∇ad decreasing. The standard value ∇ad = 2/5 is for a fully ionized, ideal gas. This is
obviously not satisfied in the hydrogen or helium ionization zones, which are situated close
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to the surface in relatively cool stars. This can be seen in Fig. 5.2 showing the adiabatic
temperature gradient ∇ad as a function of depth for a horizontally and temporally averaged
3D simulation of the solar atmosphere. The photosphere is located at z = 0. In the region
depicted here, ∇ad is well below 2/5 except for at the top of the atmosphere. The dashed
line shows the opacity (in natural logarithm), which drops as we move up through the
atmosphere, and protons and electrons recombine. Above the photosphere, the log κ
drops further, also due to a drastic decrease in density. The above discussion shows that
even the conditions, under which turbulent convection takes over the energy transport,
are complicated and depend on the interplay between a number of physical mechanisms.
And that is just to determine whether or not convection occurs. Actually modelling it is
extremely difficult, at least if we restrict ourselves to one dimension. But that is what we
want to do for stellar evolution computations. Mixing-length theory makes this feasible,
although it comes at a price. My work is motivated by trying to improve upon our way
of treating convection in 1D through the use of 3D convection simulations. Before we
get to the simulations, it is instructive to review the major differences between 1D MLT
convection and real 3D convection.

Figure 5.2: Result of a 3D simulation by Regner Trampedach of the solar atmosphere.
Depth increase as we move to the right with the photosphere at z = 0. The full line
shows the adiabatic temperature gradient, which is much less than 2/5 in the hydrogen
ionization zone. The dashed line shows the log of the Rosseland mean opacity of the gas.

5.0.2

Problems with mixing-length theory

In chapter 2 I briefly outlined the principles of the mixing-length theory, which is actually
a broad term that comes in many flavours. The concept was conceived by Prandtl (1925),
and it is worth noting that he himself only considered it a rough approximation. A very
common mixing-length formulation used in stellar evolution codes, including ASTEC, is
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the one by Böhm-Vitense (1958). Different formulations all have the mixing-length parameter as a free parameter but typically differ in choices of geometry and fixed values of
other, essentially free, parameters. Common to all prescriptions of MLT used in stellar
evolution is that they are local formulations1 . This means that the properties of convection, such as the flux or velocity, is determined entirely by the local conditions, i.e. the
temperature, pressure etc. at the given location or ”mesh point” in the model. In practice, a 1D stellar model is made up of a discrete number of points. If we consider a gas
element at a point, its motion also depends on the velocities of gas flowing into or out from
adjacent points. An important case is at the formal border of the convection zone, where
∇ = ∇ad . In reality, convective gas elements moving towards this boundary (either at the
bottom or the top of the convective envelope) may have velocities large enough to continue
their motion well into the dynamically stable, radiation-dominated, region. However, in
local theories, the motion stops abruptly at the border, because only the local conditions
determine whether or not it should be moving. This phenomenon of convective motion
extending past the Schwarzschild boundary is known as convective overshoot or simply
overshooting. This means that mixing of stellar material occurs outside of the convection
zone, the size of which is then effectively increased, although probably complicated by a
non-zero chemical composition gradient in the overshooting region.
Overshooting from convective cores has been studied extensively due to its importance
for stellar evolution. Initially, Saslaw and Schwarzschild (1965) actually concluded that it
was negligible. But on the contrary, Maeder (1975) calculated the overshooting distance,
without the assumption of locality, and showed that it can reach a substantial fraction of
one mixing length. The mixing of elements in the overshooting domain is often referred
to as enhanced mixing. For convective cores this has important consequences for stellar
evolution. Overshooting is typically implemented in evolution calculations similarly to
MLT with a free overshoot parameter αov such that the overshooting distance is expressed
as `ov = αov Hp . Based on stellar models Schröder et al. (1997) showed that the main
sequence is prolonged due to enhanced mixing feeding additional hydrogen to the core.
Subsequently the immediate post main-sequence helium core is larger and more massive,
which strongly affects the star for the rest of its life compared to main-sequence evolution
without overshooting.
It was shown by Zahn (1991) that overshooting may happen not only from convective
cores but also from convective envelopes. An expression for evaluating the effective radius
of a convective core, including the overshoot region, was derived by Roxburgh (1978, 1989):
Z rc
1 dT
(Lrad − Lnuc ) 2
ddr = 0,
(5.1)
T dr
0

where rc is the radius of the enhanced core, Lrad is the radiative luminosity and Lnuc is the
luminosity from nuclear reactions. The integral expression (5.1) is known as the Roxburgh
criterion. Zahn (1991) discussed using it also for estimating the effective expansion by
overshooting of a convective envelope. However, the derivation of eq. (5.1) assumes
almost adiabatic convection, and would hence be rendered invalid by having to integrate
from the surface. This is a problem from before the availability of today’s sophisticated
stellar atmosphere simulations. Perhaps it will be worthwhile revisiting this issue, now
that we have proper 3D models of the surface physics and therefore do not necessarily
need to make the same simplifying assumptions. However, I have not yet found the time
to try it out.
1

I specifically mention stellar evolution, because more advanced, and better, models can be constructed,
but are not well suited for evolution calculations. An example of a 1D nonlocal convection model is
presented in detail in chapter 7.
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Now, in the context of modelling p mode oscillations, overshooting at the top of the
convective envelope may be crucial. As Rosenthal et al. (1999) showed, an expansion of the
atmosphere by turbulent pressure is a major part of the explanation for the asteroseismic
surface effect. The turbulent velocities contribute to the turbulent pressure given by
pt = ρw2 , where w is the radial component of the convective velocity field. Convective
overshooting at the top of the convective envelope thus provide additional contributions to
the turbulent pressure and the expansion of the atmosphere (Trampedach, 2010). This is
obviously missing in local 1D convection models. Another challenge for convection models
in stellar evolution calculations is the vastly different time scales of convective motion
versus chemical evolution. Stellar evolution is modelled on the latter time scale, meaning
that convection will have to be defined by the properties of the stellar structure such as
in local MLT formulations.
By now we have established that current, local 1D convection models used in today’s
stellar evolution calculations are unable to account for key aspects of surface convection
necessary to properly model and understand p mode oscillations. 3D convection simulations have the potential to solve many of those problems. It is not so straightforward
how to best utilize the 3D results. But before we proceed to that, we should first get
acquainted with the concept of simulations of stellar hydrodynamics.

5.1

Three-Dimensional Stellar Atmospheres

3D stellar atmosphere models are ideal for studying the physics in the outermost parts
of stars. The models are produced by simulations of three-dimensional, radiation-coupled
hydrodynamics in stellar atmospheres. One great advantage of this approach is that
no complicated theory of convection is needed; it emerges naturally when solving the
equations of mass, momentum and energy conservation coupled with radiative energy
transport. Furthermore it offers means of calibrating stellar convection theories as well
as direct calculation of the T (τ ) relation along with additional methods for improving
1D stellar models using 3D stellar atmosphere models. These methods will be discussed
thoroughly in chapter 6 and utilized to some degree in 7 as well.
A handful of grids of 3D stellar atmosphere models exist. My work revolves mainly
around the grid of simulations by Trampedach (2007) and Trampedach et al. (2013), and
I will introduce the concept through examples from these simulations. The core of the
simulations is the evolution of the fully compressible Navier Stoke’s equations for conservation of mass, momentum and energy (notice the similarities to the simpler equations
(3.1), (3.2), and (3.5)):
∂ ln ρ
= −v · ∇ ln ρ − ∇ · v,
∂t
pg
∂v
1
= −v · ∇v + g − ∇ ln pg + ∇ · σ,
∂t
ρ
ρ
pg
∂
= −v · ∇ − ∇ · v + Qrad + Qvisc ,
∂t
ρ

(5.2)
(5.3)
(5.4)

where pg is the gas pressure and  is the internal energy per unit mass. The viscous
stress tensor σ describes the stress associated with the strain rate, i.e. the rate of change
of deformation over time. It is responsible for the viscous dissipation of energy Qvisc =
Σij σij (∂ui /∂rj ) in eq. (5.4) (ui representing the three velocity components). Finally Qrad
is the radiative heating or cooling. Note that the gas pressure does not constitute the
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total pressure due to the presence of turbulent pressure; the total pressure is the sum of
the two, p = pg + pt .
The chemical composition is based on Anders and Grevesse (1989) and modified to
correspond to other recent mixtures; the full list of abundances is given in Trampedach
et al. (2013). The simulations reach approximately 3 Mm into the star and thus concern
only the top of the convective envelope. They are performed on a rectangular grid of
size 150 × 150 × 82 (x, y, z) straddling the photosphere in the vertical (z) direction. In
this context, the gravity g is assumed to be constant with depth, i.e. the plane-parallel
approximation is used, so that there are no curvature effects. The horizontal extent is large
enough to encompass several granulation cells in order to be statistically representative of
the surface with regards to turbulent convection. At the same time, they are small enough
so that larger-scale phenomena such as stellar winds can be excluded, as this would require
modelling of magnetic fields. Other codes do have the option to include magnetic fields,
in which case the scheme is known as magneto-hydrodynamics (MHD). There is no net
mass flux in the simulations.
Simulation output
The primary simulation outputs are data cubes with internal energy, velocity field and
density (the quantities we evolve through eq. (5.2), (5.3) and (5.4)) at each grid point
for each output time. Equation of state variables and opacities are extracted from tables
using ρ and .

5.1.1

Heat flux in a convective atmosphere

The convective heat flux is of special interest; it is essential in any description of energy
transport by convection but very difficult to incorporate properly in one-dimensional models such as stellar evolution models or envelope models, the latter being used for computing
non-adiabatic oscillation properties (see chapter 7).
The total heat flux is the sum of the convective and the radiative heat flux2 . The
convective flux is likewise a sum of the enthalpy and kinetic energy flux:
Ftot = Fcon + Frad = Fent + Fkin + Frad ,

(5.5)



(5.6)

where
Fent
Fkin

pg
= vρ  +
ρ
1
= ρ|v|2 v.
2



,

(5.7)

Since the quantities in eq. (5.6) and (5.7) are stored in each grid point at every time step,
we must take both the horizontal as well as temporal average of any quantity we wish
to plot in one dimension (for example the convective flux as a function of depth in the
atmosphere). Concerning the convective flux, we also need to account for the fact that the
bulk gas in the simulations is wobbling up and down in a plane-parallel box with periodic
horizontal boundaries. However this is not representative of the star as a whole - every
part of the surface will not be moving up and down in unison.
2

In order to ease the reading we may drop the term ”heat” and just refer to the convective flux, radiative
flux etc..
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In order to consider the stellar atmosphere in general, we make the following change:


pg 1 2
Fcon = [vρ − hvρiz ]  +
(5.8)
+ v ,
ρ
2
where h...iz denotes an ordinary total horizontal average at each z-coordinate. The subtraction of hvρiz filters out the centre-of-mass velocity of the gas, so we only consider
the convective component of the velocity (Stein and Nordlund, 2001). Eq. (5.8) then
concerns a local flux. In order to generalise it for stellar atmospheres I take the horizontal
and temporal average of eq. (5.8); it then applies to what we call the static case, where
changes in up and down flows cancel over time. The fluxes plotted in Fig. 5.3 and 5.4 all
follow this procedure. In the following we implicitly reverse the sign of the fluxes in the
simulations so that a positive flux is directed upwards, whereas the z-direction is positive
going deeper into the atmosphere.

Figure 5.3: Data from a simulation with solar effective temperature and log(g). Convective
(full line), radiative (dashed line), kinetic energy (dotted red line) and enthalpy flux (dotdashed cyan line). The horizontal axis shows the depth in the atmosphere going deeper
with increasing z. The simulation includes 60 snap shots evenly separated in time by 30
s, i.e. the simulation covers 30 minutes in total.
Fig. 5.3 shows the horizontally and temporally averaged convective, radiative, kinetic
energy, and enthalpy fluxes as fractions of the total flux against the depth in the solar
atmosphere simulation. The z-scale is set so that T (z = 0) = Teff . At the top of the
atmosphere, the radiative flux constitutes almost the entire heat flux. Deeper in the
atmosphere, where convection sets in, the radiative flux rapidly goes to zero so that the
convective flux equals the total flux. Consider the situation where we move up through
the convection zone towards the radiative zone. At z ≈ 0.2Mm the convective heat flux
drops due to rapid cooling reducing the internal energy of the gas thereby forcing it to
sink back down. This happens where the temperature is sufficiently low for electrons and
protons to recombine into hydrogen thus lowering the opacity, which is dominated by H + ,
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sufficiently for the gas to cool down via radiation. All this results in the convective heat
flux decreasing in favour of the radiative flux. The convective flux does not disappear but
becomes very small (not visible in Fig. 5.3) and negative up through the remainder of the
atmosphere; we recognise this phenomenon of negative convective flux in the dynamically
stable region as convective overshoot.

Figure 5.4: Fraction of kinetic energy flux to the total flux versus depth in the atmosphere.
The full black line shows the total kinetic energy flux. The dashed line shows the contribution from down drafts, while the dashed-dotted line shows the contribution from up flows.
The figure also includes these two quantities multiplied by the fraction of the surface area
they occupy at a given z-coordinate, which is plotted in blue and red respectively
In Fig. 5.3 we also see that the kinetic energy flux Fkin contributes negatively to
the convective heat flux. Fig. 5.4 shows the contributions to the kinetic energy from
elements moving up and down through the simulation volume respectively. Consider a
horizontal layer at fixed z near the top of the convective region. Elements hotter than the
surroundings will expand and ascend while cooler elements will contract and sink down;
thus the hot, rising elements will occupy a larger fraction of the surface area. The red
and blue lines in Fig. 5.4 shows the up- and downwards directed kinetic energy fluxes
multiplied by the fraction of the surface area they occupy (deep in the convection zone,
ascending gas occupies roughly 75% of the surface area). In order to have zero net mass
flux, the cool gas moving down must have larger velocities, which appears cubed in the
expression for the kinetic energy flux (eq. (5.7)). This is why the total kinetic energy flux
is negative. The filling factors for up and down flows plays a role in an ongoing project
regarding kinetic energy flux in one-dimensional, nonlocal envelope models (see chapter
7).
In light of what I have presented above, we can now add more to the discussion of
MLT problems. Trampedach (2010) provides a good, concise description of the differences
between 1D and 3D convection. I will outline a few important points here. First of all MLT
assumes symmetry between the up and the down flows. It follows then that the background
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medium is static and the net kinetic energy flux must be zero. But Fig. 5.4 clearly shows
the very prominent asymmetry and a non-zero kinetic energy flux. The asymmetry is
possible because the gas in the simulations is fully compressible. As mentioned above, the
simulations also show convective overshoot; because the convective flux is non-zero above
the super-adiabatic peak, this region will also have a turbulent pressure contribution to
the total pressure, which is not found in 1D models with turbulent pressure.
Although convective backwarming is rarely given the same emphasis as turbulent pressure, it plays an important role as well; according to Trampedach et al. (2017), the magnitude of the effect equals that of the turbulent pressure. These two mechanism are of
course correlated due to the effect of temperature on the convective velocity amplitudes. As
mentioned by Stein and Nordlund (1998), convective backwarming is a three-dimensional
phenomenon that simply cannot be reproduced in 1D models. Once again, the deciding
factor is an asymmetry between turbulent up and down flows.

5.1.2

Other 3D models, codes and grids

I have not had a hand in the current grid of simulations used in the work presented here;
these have been computed over a number of years prior to my research (Trampedach
et al., 2013). Regner Trampedach has worked on several improvements to the convection
code in terms of both the boundary conditions as well as the physics and plan to do a
recomputation of the grid. One major part of the recomputation is expanding the grid
to several metallicities both above and below the current solar [Fe/H], which will make
the grid especially well suited for advancing stellar modelling (more on this later). In the
meantime, we have worked on extending the current grid with 12 new solar metallicity
simulations with Teff between 3400K and 4100K and log(g) between 0.5 and 4.8, i.e.
atmospheres of cool dwarfs and giants. With the recent extensions this grid is by far the
densest available in the parameter space of Teff and log (g). However, the results of these
additional 12 simulations are, so far, unpublished.
Besides the simulations presented above, there are a number of hydrodynamics codes
and simulations being used and developed today by different groups. In the next chapter,
we will look at the structural surface effect through patching of 1D models with simulations results of some of the most prominent codes, which include the CO5 BOLD code
(Wedemeyer et al., 2004; Freytag and Steffen, 2004; Freytag et al., 2012), the MURaM
code (Beeck et al., 2013a,b), and the Stagger-code. The latter was initially created by
Nordlund and Galsgaard (1995) and has been further developed over the years by many
different researchers. This code was used in computation of the largest published grid the Stagger-grid consisting of more than 200 simulations (Magic et al., 2013).
Simulations of radiation hydrodynamics are of course not only interesting but also
useful, because they are fairly realistic, meaning that they are able to reproduce many
observed properties of stellar surface convection such as granule sizes and intensities as
well as properties of limb darkening. Freytag et al. (2002) used the CO5 BOLD code
for a ”star-in-a-box” model of global convection in supergiants. Although intended as
a proof of concept, the results confirm previous theoretical predictions that the surface
of supergiants are dominated by only a few gigantic granules. Ludwig et al. (2009b)
used a CO5 BOLD 3D hydrodynamical atmosphere to successfully reproduce photometric
fluctuations in surface convection, which causes a strong background signal (also known as
granulation noise) in the frequency region of solar p modes. With a different atmosphere
model they did the same for the F-dwarf HD49933 observed by CoRoT but found that
their model results highly overestimated the signal. Concerning limb darkening, Hayek
et al. (2012) used 3D stellar atmosphere models to obtain limb darkening laws fitting
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the light curves of specific exoplanet host stars much better than previously used 1D
models. In the aptly named paper How realistic are solar model atmospheres?, Pereira
et al. (2013) compared 1D and 3D models, both with and without magnetic fields, with
various properties observed in the Sun. This included continuum centre-to-limb variations,
continuum fluxes, bisectors and spectral lines. The 3D model without magnetic fields
tested overall well against observations. In the few cases, where it failed, it wass still
an improvement over the other models. Three-dimensional simulations of stellar surface
convection are indeed proven useful for many applications. However, a recent study by
Kervella et al. (2017), using extensive observations of the solar-like stars α Centauri A
and B, showed that limb darkening is significantly weaker than predicted by both 1D and
3D models, signifying that improvements are still needed.
But for the concept to be truly believable, simulations from different codes also have
to agree to a certain extent. Of course, different codes have been developed for different
purposes, and do not necessarily need to be completely realistic in matters unimportant to
their design criteria. However, the core physical concept, radiation-coupled hydrodynamics, is the same, which begs some common ground. The equations are the same (see section
5.1), but the numerical scheme for solving it may differ. The same goes for the treatment
of radiative transfer including opacity binning as well as choices of chemical mixtures and
equations of state. Another important aspect of creating a simulation is the initial relaxation of the atmosphere. For the simulations, in which I have been involved, the process is
a follows: Although each simulation is characterised by its log(g) and Teff , the parameters
actually set by the user are log(g) and the entropy at the bottom of the simulations. A
new simulation is made by changing these parameters of an existing simulation close to
the desired new one (If only log(g) is changed, the new simulation will lie along the same
adiabat). This ”kicks” the simulation into a non-equilibrium state where excess energy
goes into exciting p-modes. These need to be filtered out by applying a suitable damping
and adjusting it between simulation runs. Since the stratification also changes, it is sometimes necessary to adjust the z-scale; we want to have high resolution, i.e. small vertical
distance between grid points, at the depth where the fluxes change significantly as we see
around z ∼ 0 in Fig. 5.3. The relaxation process can also include recalculating the opacity binning and new equation of state tables. In the relaxation process we aim to reach
a statistical steady state where no physical quantity is drifting. It may be necessary to
iterate these steps several times, and it is not a given that everyone does it the same way.
Simply for these reasons, simulations from different projects may differ besides employing
different numerical schemes, chemical compositions and input physics.
Following the mentioning above of several stellar atmosphere simulation codes, it is
worthwhile to consider a comparison between CO5 BOLD, Stagger and MURaM simulations of solar convection carried out by Beeck et al. (2012). The simulations were compared
in terms of their structure in temperature, gas pressure, and turbulent pressure as well as
vertical and horizontal velocity profiles. Results from the different codes were in overall
agreement - especially Stagger and CO5 BOLD, which used the same opacities although
different equations of state. MURaM stood out a bit more, indicating that the choice of
opacities can be important. The simulations compared were not computed such as to be
comparable, i.e. not agreeing on common standards. They are just compared as taken
straight from the drawer, so to speak. The sources of their major differences are also well
understood and can be mitigated. With this in mind, the simulations can be said to be
fairly reliable. And with the purpose of improving the structure of convective regions in
1D stellar models, the need for improvement is so crucial that there is certainly a measure
of tolerance for imperfection.
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Chapter 6

Using 3D simulations to improve
upon 1D models
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6.1

Studying the surface effect through patched models

An interesting way of combining 1D stellar structure models with 3D atmosphere models
from simulations is through a so-called patched model already mentioned briefly in chapter
3. In the context of this text, a patched model is essentially made by replacing the
outer parts of a stellar model with the temporal and horizontally averaged structure of a
simulation. Thus we can obtain 1D stellar models with a realistic stratification including
turbulent pressure. In recent years, several groups have investigated the surface effect
using patched models. Most of these studies only regard the structural part of the surface
effect, which is a consequence of the adiabatic approximation used in calculating a given
model’s corresponding oscillation frequencies.
Sonoi et al. (2015) compared different surface-effect corrections applied to the frequency
differences between patched models (PM) and unpatched models (UPM) for 10 different
stellar models and corresponding hydrodynamical atmosphere simulations spread across
the HR-diagram although not with many representatives in the giant region (low log g).
Here, patched models are treated as the equivalent of observations, while the corresponding
unpatched models are still regarded as the model to be corrected. In both cases, adiabatic,
radial frequencies were calculated with ADIPLS. The simulations used were computed
with the CO5 BOLT code as part of the CIFIST grid of simulations (Ludwig et al., 2009a;
Tremblay et al., 2013). The unpatched stellar models were made with the CESTAM
stellar evolution code (Marques et al., 2013). Sonoi et al. (2015) attempted to quantify
the frequency differences δν = νPM − νUPM using the K08 correction along with a new
suggestion - a modified Lorentzian given by


δν

= α 1 −
νmax

1+



1

νpm
νmax


β  ,

(6.1)

where α and β are fitting coefficients determined by least-squares analysis. At low frequencies, this expression reduces to the K08 formula, which fits their model differences δν
very well in the range 0 < ν/νmax < 1.05 but performs poorly above this threshold. The
modified Lorentzian, on the other hand, fits the whole frequency range of their computations, except the frequency differences between PM and UPM for their model A, similar
to the Sun, exhibits a weird up-tick at the highest frequencies. This is not unique to their
procedure, as I will show later.
Another similar study was carried out by Ball et al. (2016) using the MURaM simulations patched onto stellar models computed with the MESA evolutionary code (Paxton
et al., 2011, 2013, 2016, 2017). Many stellar evolution codes are developed with a specialized area of interest in mind in which they excel. MESA, on the other hand, is built
on independent, stand-alone modules developed by users, which makes for wide applicability. Ball et al. applied and tested all the frequency corrections mentioned here so far
- K08, BG14 (both the one and two-term versions), the scaled solar fit and the modified
Lorentzian. They found that the BG14 correction generally performs better than the alternatives. It is worth noting that their model sample only represents four stars on the
main-sequence (4.3 . log g . 4.7) ranging in effective temperature roughly from 6890k to
4370K. The frequency differences for their hottest model exhibit the same ”bumpiness”
as those of KIC 7940546 discussed in the paper of chapter 4. Likewise for the model B
presented by Sonoi et al. (2015) with Teff = 6725K. Contrary to the conclusions of Sonoi
et al. (2015), I do not agree that the frequency differences for that model are reasonably
fitted by the modified Lorentzian. As already mentioned, the bump in δν is related to
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the mode inertia, which indeed seem to be needed in order to match the behaviour. I will
present a bit more detail in a collaborative paper by Trampedach et al. (2017) later in
this chapter.
Finally, a different approach was taken by Magic and Weiss (2016) using simulations
from the Stagger-grid patched onto 1D models made with the stellar evolution code
GARSTEC (Weiss and Schlattl, 2008). The Stagger-grid consists of about 220 simulation regularly spaced in Teff , log g and metallicity [Fe/H], whereas the simulations in the
grid by Trampedach et al. (2013) are all solar-metallicity and irregularly spaced in Teff
and log g. Magic and Weiss (2016) considered only the solar case, where, for reference,
the frequency differences between solar observations and their patched model is almost
identical to the corresponding results by Rosenthal et al. (1999) seen in Fig. 3.5. They
looked at the structural changes needed to bring the UPM into agreement with the PM.
They performed density and depth corrections to the UPM in an attempt to reproduce the
pressure-depth relation of the PM. In other words, the top of the UPM was ”stretched” to
obtain the expansion by turbulent pressure found in the PM. The density in the expanded
region was subsequently reduced in order to re-establish hydrostatic equilibrium. With
this approach, the frequency differences between their corrected UPM and observations
can actually be very close to the differences between observations and the PM.

6.2

Investigating the structural surface effect across the HRdiagram

In this section I will present a paper made primarily in collaboration with Regner Trampedach.
The motivation behind it is to utilize the very dense grid of simulations to get a fuller
picture of the structural surface effect across a larger part of the HR-diagram especially
in the sub-giant region. Additionally, another study from the same collaboration (Houdek
et al., 2017) had shed light on an issue, related to the patching procedure, that needed to
be addressed. This concerns the modification due to turbulent pressure of the adiabatic
index Γ1 = (∂ ln p/∂ ln ρ)s . We need to consider how the turbulent pressure relates to density fluctuations caused by modal physics. Additionally, the relation between gas pressure
and density has to change for hydrostatic equilibrium to be maintained in the presence of
turbulent pressure. In the adiabatic framework of stellar oscillations, the relative density
perturbation δρ/ρ is related to the relative gas-pressure perturbation δpg /p by
δρ
1 δpg
=
,
ρ
Γ1 pg

(6.2)

where δpg and δρ are Lagrangian perturbations to the gas pressure and density respectively.
Notice that we write the total pressure p as the sum of the gas pressure δpg and turbulent
pressure δpt , i.e. p = δpg + δpt . In eq. (6.2) we can then substitute δpg by δp − δpt :


δρ
1 p δp δpt
=
−
.
(6.3)
ρ
Γ1 pg p
p
In adiabatic calculations, we neglect the convection dynamics, meaning that perturbations
to the turbulent pressure do not affect the mode frequencies. This is equivalent to choosing
δpt = 0 so that
 
pg δρ
δp
δρ
' Γ1
= Γ̃1 ,
(6.4)
p
p
ρ
ρ
where I have introduced the so-called reduced Γ1 defined as Γ̃1 ≡ Γ1 (pg /p). This replaces
the usual Γ1 in the oscillation equations. Keep in mind that effects of the turbulent
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pressure is still present in the total pressure and contributes in the form of adjustments
to the mean stratification and hydrostatic support (eq. 2.3).
The above reasoning for modification of Γ1 was first brought up by Rosenthal et al.
(1995), investigating dynamical and non-adiabatic effects in the solar surface physics on
the frequencies of p mode oscillations. It can be justified by considering a full non-adiabatic
treatment of pulsations with a nonlocal description of convection. I will later introduce
this properly. For now, suffice to say when |δpt /p| is large, it is also so much out of phase
with δpg that it mostly contributes to the imaginary part of the eigenfrequency (Houdek
et al., 2017), which determines the damping or excitation of a mode but not the actual
frequency.
Along with the reduced Γ1 , Rosenthal et al. (1999) also considered another approach
referred to as gas Γ1 . In this case it is assumed that variations in turbulent pressure react
to modes in the same manner as the variations in gas pressure, i.e. δpt and δpg are both
in phase with δρ. Then the effective Γ1 is obtained by taking the average value hΓ1 i for
the gas. In this approach, there is some inconsistency in using the gas Γ1 , because one
first includes dynamical effects of the turbulent pressure variations, but then ignores it in
the adiabatic pulsation calculations.

Figure 6.1: Adiabadic indices Γ1 near the surface of three solar models, two of them being
patched models supplied by Regner Trampedach - the UPM (dotted line), the PM with
gas Γ1 (full line), and the PM with reduced Γ1 (dashed line).
Fig. 6.1 shows the effective Γ1 for three models of the solar super-adiabatic region - an
unpatched model and two patched models using either Γ̃1 or hΓ1 i. The curve of hΓ1 i looks
mostly like a displacement of Γ1 , while Γ̃1 differs significantly in both shape and magnitude.
Frequency differences in Fig. 6.2 shows frequency differences in the sense PM-UPM for the
models shown in Fig. 6.1. The two approaches agree in the range 0µHz . δνnl . 2000µHz.
At higher frequency, the frequency differences between the patched model using hΓ1 i and
the UPM are significantly smaller.
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All the studies discussed in section 6.1 swears by hΓ1 i based on the results by Rosenthal
et al. (1999), which show much smaller δν between this and a reference solar envelope
envelope model versus the same comparison using Γ̃1 . This has customarily been accepted
as the argument for using hΓ1 i over Γ˜1 , although it lacks physical justification. Meanwhile,
the incompleteness of the adiabatic pulsation treatment is well established. Without
knowing by how much a full non-adiabatic treatment would modify the frequencies in
comparison, is it not a very compelling argument.

Figure 6.2: Frequency differences as functions of frequency in the sense PM − UPM, where
the two PM models uses either Γ˜1 (diamonds) or hΓ1 i (plus symbols). The three models
are the same as in Fig. 6.1.
On the other hand, in a recent study of the solar surface physics, Houdek et al. (2017)
combined frequency differences, relative to observed solar frequencies, from both patched
model and non-adiabatic calculations. The result is shown in Fig. 6.3. The solid line
shows the inertia-scaled differences between solar observations and a model combining
both structural and modal effects, which is less than ∼ 3µHz everywhere. My involvement
in the study, besides discussions of the concept and ideas, was in calculating frequencies
between MDI observations (Scherrer et al., 1995) of the Sun and both PM as well as
UPM frequencies along with looking into some minor details of the model structures. The
remarkable aspect of the result is that although the procedure is somewhat convoluted,
it is build only on physical calculations without any use of ad-hoc frequency corrections
such as discussed at the end of chapter 3 and in the previous section. The patched model
used to account for the structural part of the surface effect utilizes the Γ̃1 modification due
to the phase-difference argument discussed above. That argument along with the result
in Fig. 6.3 and the fact that hΓ1 i is physically unjustified, is the reason we chose the Γ̃1
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approach for our study. This is also a way of making sure that we completely isolate the
structural part of the surface effect from the modal part.

Figure 6.3: Inertia-scaled frequency differences for two different cases. The dot-dashed
curve shows differences between solar observations and an envelope model reflecting a
standard solar computation. The solid curve shows differences between the same solar
observations and the corrections to the envelope model arising from including structural
effects through patching with a 3D atmosphere as well as modal effects via a non-adiabatic
calculation with a consistent inclusion of turbulent pressure and its perturbations. Figure
adopted from Houdek et al. (2017).
Now, another motivation for the paper was to expand our knowledge of the magnitude
of the surface effect across the HR-diagram. Sonoi et al. (2015) consider 10 models, while
the work by Ball et al. (2016) includes only four. Except for two models in the former
paper, both studies are restricted to high surface gravity stars, i.e. stars on the main
sequence. In our paper, we utilize the full grid of 37 simulations and cover the main
sequence as well as much of the RGB evolution for stars of various masses; the model
locations in the (Teff , log g) diagram can bee in Fig. 6.8. Due to page limitations, we only
present one explicit example of frequency differences in the paper. Here, I give a few
more, representative examples to show how the frequency differences appear at various
combinations of Teff and log g. The following four figures all show inertia-scaled frequency
differences between the patched and unpatched models (diamonds) along with two fits the BG14 correction (solid line) and the K08 correction (triple dot-dashed curve), which
is only fitted to the range 0 < νnl < 1.05νmax for the sake of comparison with similar
results from Sonoi et al. (2015). The BG14 correction is applied to the entire frequency
range and handles this very well. The plus-symbols show the scaled frequency differences
between the patched model and an unpatched model with the BG14 correction applied to
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it.
Fig. 6.4 depicts the results for models corresponding to a cold dwarf star with Teff =
4500K and log g = 4.7. Here, the K08 correction has no problem fitting the frequency
differences, and we can clearly see why this correction has been used extensively - even in
its simplicity, it works extremely well for specific stellar types. Fig. 6.5 shows the results
for a much hotter star with Teff = 6400K and a similar surface gravity log g = 4.3. We see
the characteristic bumpiness in the PM-UPM curve, which is captured fairly well by the
BG14 correction incorporating the mode inertias. But here the K08 correction comes up
short. Moving on to more evolved stars (low log g), we see in Fig. 6.6 a relatively cool star
with Teff = 4300K and log g = 3.0. With a relatively low νmax value, there is not much
to be gained using the K08 correction in the specified frequency range. Notice that the
magnitude of the frequency differences has decreased drastically in tandem with the much
lower mode frequencies (shown on the x-axis). In Fig. 6.7 we see another low-gravity star
with Teff = 5000K and log g = 2.9. The surface effect is now only a few µHz and still
reasonably well fitted by both corrections in their respective frequency ranges, although
the K08 method would fail to fit the whole range. The bumpy behaviour seen here as
well is a little bit surprising, considering the much lower Teff of these models compared to
those in Fig. 6.5.
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Figure 6.4: Inertia-scaled frequency differences as functions of frequency in the sense
PM − UPM (diamonds) for models with Teff = 4500K and log g = 4.7. The solid line
shows the BG14 fit to this with the residuals shown as +’s. The tripple dot-dashed line
shows the K08 fit to the frequency differences limited to νnl < νmax .

Figure 6.5: Same as in Fig. 6.4 for models with Teff = 6400K and log g = 4.3.
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Figure 6.6: Same as in Fig. 6.4 for models with Teff = 4300K and log g = 3.0.

Figure 6.7: Same as in Fig. 6.4 for models with Teff = 5000K and log g = 2.9.
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The last major point of the paper regards the procedure for patching together 1D and
3D models. Generally, there is in the literature a tendency to not give fully, detailed
explanations on the patching of the full 1D and the averaged 3D structures; the process
is often only covered summarily. This is without doubt a challenging task, and it is far
from obvious how one is supposed to ”glue” these two models together so as to avoid
discontinuities in, for example, temperature, density and especially pressure, where the
turbulent pressure is added as an extra contribution. In the present paper, we have
sought to clear up some of the issues and questions that often arise when discussing
patching procedures. However, due to the very technical nature of the task along with the
small page limit for letters, it is still necessary to consult several papers in order to get a
comprehensive overview of the methodology.
From the collective results of all 37 models. we find that if we take the frequency
difference at νmax (obtained through interpolation) to be the amplitude of the surface
effect, δνamp = δν(νmax ), then this increases with both log g and Teff . Across our grid
of models, the increase with surface gravity is the strongest factor. At the highest log g
values, δν(νmax ) varies significantly with Teff , whereas for log g . 3.5 it is almost constant
with Teff .
However, if instead we consider the relative amplitude of the surface effect as δνamp,rel =
δν(νmax )/νmax , then the result changes dramatically. The relative amplitude still increases
with Teff , but the effect of the surface gravity is reversed, i.e. δνamp,rel increases with
decreasing log g. The behaviour of the relative amplitude with Teff and log g is very
similar to Fig. 5 of Trampedach et al. (2013) showing the total convective expansion of
the atmosphere, which makes sense, since the atmospheric expansion is the source of the
surface effect.
Not included in the paper is a quantitative measure of the quality of the surface term
fits. Whereas Figs. 6.4, 6.5, 6.6, and 6.7 show the K08 correction limited to δνnl < νmax , I
chose to include the whole frequency range when comparing it quantitatively to the BG14
correction. Figs. 6.8 and 6.9 show the root mean square (RMS) value of the frequency
differences between the patched model and the unpatched model after applying a surface
term correction (BG14 for Fig. 6.8 and K08 for Fig. 6.9). Notice the order of magnitude
difference in the colour bars. There is no doubt that the BG14 correction is the most
versatile.
This was a rather lengthy preface to the paper, which is very densely packed with
information in its five-page letter format. Regarding my contributions to the results, I
performed the analyses related to frequency differences, including all the surface term fits
and seismic model comparisons. Following the paper, chapter 6 continues with a study of
stellar evolution models utilizing results from the 3D convection simulations.
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Figure 6.8: Location of all 37 models in the HR-diagram along with the RMS value of the
frequency differences between a patched model and an unpatched with the BG14 surface
term correction.

Figure 6.9: Same as Fig. 6.8 but using the K08 correction for the unpacthed model.
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ABSTRACT

We analyse the effect on adiabatic stellar oscillation frequencies of replacing the near-surface
layers in 1D stellar structure models with averaged 3D stellar surface convection simulations.
The main difference is an expansion of the atmosphere by 3D convection, expected to explain a
major part of the asteroseismic surface effect, a systematic overestimation of p-mode frequencies due to inadequate surface physics. We employ pairs of 1D stellar envelope models and 3D
simulations from a previous calibration of the mixing-length parameter, α. That calibration
constitutes the hitherto most consistent matching of 1D models to 3D simulations, ensuring
that their differences are not spurious, but entirely due to the 3D nature of convection. The
resulting frequency shift is identified as the structural part of the surface effect. The important,
typically non-adiabatic, modal components of the surface effect are not included in this analysis, but relegated to future papers. Evaluating the structural surface effect at the frequency of
maximum mode amplitude, ν max , we find shifts from δν = −0.8 µHz for giants at log g = 2.2
to −35 µHz for a (Teff = 6901 K, log g = 4.29) dwarf. The fractional effect δν(ν max )/ν max ,
ranges from −0.1 per cent for a cool dwarf (4185 K, 4.74) to −6 per cent for a warm giant
(4962 K, 2.20).
Key words: asteroseismology – convection – stars: atmospheres – stars: evolution – stars: latetype.

1 I N T RO D U C T I O N
The asteroseismic surface effect is a systematic difference between
measured stellar p-mode frequencies and theoretical, adiabatic frequencies of stellar models, known to arise from differences in
the surface layers (Brown 1984; Christensen-Dalsgaard, Däppen &
Lebreton 1988).
Rosenthal et al. (1999) first analysed the helioseismic surface
effect in terms of frequency differences between 1D models and
averaged 3D surface simulations. They concluded that most of the
effect is due to a convective expansion of the atmosphere, compared
to 1D convective atmospheres. Similar analyses have now been
carried out by Piau et al. (2014) and Magic & Weiss (2016) for the
Sun, Sonoi et al. (2015) for a grid of 10 simulations, and by Ball
et al. (2016) for four simulations on the main sequence, all for solar
metallicity.
Houdek et al. (2017) recently presented an analysis of various
components of the surface effect for the solar case. We use the same


E-mail: RTrampedach@SpaceScience.org

3D solar simulation, but extend our analysis to the whole grid of
solar metallicity simulations (Trampedach et al. 2013), to explore
the behaviour with atmospheric parameters. On the other hand, we
limit our analysis to only include the stratification contributions to
the seismic surface effect (see Section 3), and defer the evaluation
of modal components to a future paper.

2 T H E 3 D C O N V E C T I V E AT M O S P H E R E
S I M U L AT I O N S
We use the grid of 37 fully compressible 3D radiationcoupled hydrodynamic simulations of stellar surface convection by
Trampedach et al. (2013). The grid covers effective temperatures,
Teff = 4200–6900 K on the main sequence, and Teff = 4300–5000 K
and log g = 2.2–2.4 for giants, all for solar metallicity. The simulations evolve the conservation equations of mass, momentum and
energy in a small box straddling the stellar photosphere extending up to a logarithmic, Rosseland optical depth of log τ = −4.5
and reaching more than six pressure scaleheights below the photosphere. This is deep enough that they can be safely merged with 1D
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Figure 1. Top panel: the pressures (black) of the 3D simulation (also shown
in Fig. 2) and the calibrated 1D model (magenta). The insert panel is a zoom
around the matching point (vertical, black dashed, shared with main panel).
The surface (where T = Teff ) is shown for the 3D simulation (vertical,
black dotted) and the 1D model (magenta dotted). The difference causes
the structural surface effect. Bottom panel: same as top panel but for the
logarithmic temperature.

models below, i.e. the convective fluctuations there are small, as is
the deviation from an adiabatic stratification.
The simulations employ a 15 element custom calculation of
the so-called Mihalas–Hummer–Däppen equation of state (EOS;
Hummer & Mihalas 1988) and realistic monochromatic opacities
(Trampedach et al. 2014a). An open bottom boundary mimics the
effect of the large entropy reservoir of the convection zone below
the simulation, ensuring a realistic entropy contrast inside the simulations.
2.1 Consistently patched 1D models and 3D simulations
The above simulations were previously used to calibrate the main
parameter, α, of the mixing-length formulation (MLT) of 1D convection (Trampedach et al. 2014b). This was carried out as a matching of temperature and density at the common total pressure of the
matching point. The matching point is chosen as deep in the simulation as possible (less than a pressure scaleheight from the bottom),
while still avoiding boundary effects (see Fig. 1). The 1D models
2
, with
include a turbulent pressure (see Section 3.1), pt1D = βvMLT
form-factor β. This pressure is smoothly suppressed towards the surface, as the MLT version would give an unphysically sharply peaked
pt1D . The approach is therefore to include it at the fitting point and below, to ensure a consistent match to the 3D simulations, as shown in
Fig. 1, but suppress it before it becomes important for the hydrostatic
equilibrium (see Trampedach et al. 2014b, for details). Formulating
a realistic turbulent pressure for 1D models is a separate project. We
iterated for α and β until both converged to within 10−6 resulting in
deviations of log T and log  at the matching point of less than 10−5
MNRASL 466, L43–L47 (2017)

and 10−3 , respectively. The 1D models employ the exact same EOS
and abundances as the simulations, and in the atmosphere use the
opacities of the simulations, and the temperature stratification, T(τ ),
extracted from the simulations (Trampedach et al. 2014a). This ensures that the 1D envelope model and the averaged 3D simulation
can be patched together for a continuous and smooth model across
the matching point. This is illustrated in Fig. 1 for the warmest dwarf
simulation, which deviates most strongly from its calibrated 1D
model.
The 3D simulations are slightly more extended than the (unpatched) 1D models (giving rise to the structural surface effect),
and hence have slightly lower Teff and log g, corresponding to their
common mass and luminosity. The simulations are carried out in
the plane-parallel approximation (constant surface gravity), and the
averages are therefore corrected for sphericity consistent with the
radius of the 1D model to avoid glitches at the matching point.
Of these steps, only the consistent EOS and abundances have been
implemented in previous work (Piau et al. 2014; Sonoi et al. 2015;
Ball et al. 2016; Magic & Weiss 2016).
The 1D models are computed with the stellar envelope code
by Christensen-Dalsgaard & Frandsen (1983), which is closely related to the ASTEC stellar structure and evolution code (ChristensenDalsgaard 2008a). Being envelope models, they ignore the innermost 5 per cent of the star, as well as nuclear reactions and
any other composition-altering processes. The limited extent constrains the modes available for our analysis to those with turning
points well inside the envelope model. Our results will, however,
not be affected, as the surface effect is indeed confined close to
the surface and fully contained even in the 3D, deep atmosphere
simulations.

3 T H E S T RU C T U R A L PA RT O F T H E
A S T E RO S E I S M I C S U R FAC E E F F E C T
We compare adiabatic mode frequencies from two cases:
UPM: (unpatched models) pure 1D models calibrated against the
3D simulations as detailed in Section 2.1, and
PM: (patched models) those same 1D models, but with the surface
layers substituted by the averaged 3D simulations.
The two models are by construction identical interior to the 3D
simulations. The frequency differences between PM and UPM will
be the asteroseismic surface effect due to convective effects on
the average stratification of the atmospheres. This is in contrast
to effects from the mode dynamics through direct interactions between 3D convection and modes. We refer to these two classes
of seismic surface effects as structure effects and modal effects,
respectively.
The modal effects include the response to the pulsations of turbulent pressure and non-adiabatic energetics, including the convective
flux. Houdek et al. (2017) computed modal components for the
solar case, based on a non-local, time-dependent mixing-length formulation of convection (Gough 1977), and found them to be of the
opposite sign and about 30 per cent of the structure effects, bringing the total into remarkable agreement with observations. Using
just the structural effects, as presented here, will therefore give
frequency shifts that are larger than the total seismic surface effect (assuming that modal effects are always positive). Computing
modal components directly from the 3D simulations is a significant
project and will be the subject of future papers. The structure effect
itself has two components, as detailed below.
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warm upflows will be shielded from cooling until (geometrically)
close to the photosphere, as the high opacity constitutes a geometric compression of the optical depth scale. This effectively causes
a warming below the photosphere, compared to a model based on
the opacity of the average stratification. The high power in T means
the opposing cooling effect in the downdrafts will be smaller. The
upflows also occupy a larger fractional area. Coupled with the nonlinear nature of radiative transfer, the cooler downdrafts do not
cancel the effect in the upflows, resulting in a net warming below
the photosphere. This, in turn, gives a larger pressure scaleheight
and hence an expansion of the atmosphere, denoted by κ . The
effect has a similar magnitude as that from the turbulent pressure.
The two effects are also correlated, as the amplitude of convective velocities and temperature fluctuations are correlated. The total
convective expansion by the two mechanisms is denoted by and
is shown in fig. 5 of Trampedach et al. (2013). We compute this
as the radial off-set of pressure stratifications between the PM and
UPM models, high in the atmosphere.

3.3 Excluding the modal response of pt
Figure 2. Ratios of turbulent to total pressures (solid lines, left-hand scale)
for four simulations, spanning the range of behaviours in the grid of simulations, with Teff and log g indicated in parenthesis. The right-hand axis shows
the atmospheric expansion due to the turbulent pressure only, t (dashed
lines), as fraction of stellar radius. The total t is indicated for each curve.

3.1 Turbulent pressure contribution
The horizontally and temporally averaged (denoted by . . . ) turbulent pressure
pt = u2z ,

with

p = pg  + pt ,

(1)

contributes about half of the total convective expansion, where  is
the density, uz is the vertical velocity, pg is the gas pressure and p the
total pressure. This expansion, t , by pt can be directly quantified
by integrating hydrostatic equilibrium over just that component of
the pressure

dpt
dp
= g ⇔
,
(2)
zt =
t ≡
dz
g
where z is the depth in the atmosphere. This t is exact in the
sense that , T and pg do not change with pt , only the location
where those values occur are shifted. The turbulent contribution to
the total pressure, pt /p, peaks at between 4 per cent for the coolest
dwarf in our grid and 30 per cent for our warmest giant (see Fig. 2),
just below the top of the convection zone.
The upturn in pt /p above the photosphere, is not convective but
rather the effect of travelling waves escaping the acoustic cavity
above the acoustic cut-off frequency. Note that in local MLT formulations of convection, the convective velocities would drop to
zero from the peak of the pt /p ratio in a small fraction of a pressure
scaleheight, missing about half of the atmospheric expansion from
turbulent pressure.
3.2 Convective backwarming
Another, less straightforward contribution to the convective expansion of the atmosphere is caused by convective fluctuations in the
opacity. Since the top of convective envelopes occurs at temperatures and densities where the opacity, κ, is extremely sensitive to
temperature (about κ ∝ T9 for the Sun) the convective temperature fluctuations will cause much larger fluctuations in opacity. The

Rosenthal et al. (1999) considered the effect of pt on modes using
two simple cases as illustrative examples:
(a) pt reacts exactly as pg , i.e. is in phase with the density fluctuations and proportional to them by γ 1 .
(b) pt has a completely incoherent response to modal density
fluctuations, and over time has no net effect on mode frequencies
or eigen-functions, i.e. exhibits no modal response.
Case (b) results in Lagrangian pressure fluctuations δln p =
(0 × pt /p + γ 1 pg /p) δln , where γ 1 is the adiabatic exponent of the
gas, and the parenthesis is referred to as the reduced γ 1 . This should
not be viewed as a reduction of the thermodynamic quantity, but
rather a statement about the turbulent pressure response to modes.
Previous calculations (e.g. Piau et al. 2014; Sonoi et al. 2015; Ball
et al. 2016; Magic & Weiss 2016) have all used case (a), which is
both an unjustified choice of the modal response to pt , as well as an
incomplete accounting of modal components.
To isolate the structural surface effect, we shall here use case
(b), as did Houdek et al. (2017), to assume that there is no modal
response to pt . This results in a structural part of the surface effect
that, for the solar case, is about 1.4 times larger than the total surface
effect at the acoustic cut-off frequency, and about three times larger
at ν max (see Houdek et al. 2017).

4 FREQUENCY SHIFTS AND DISCUSSION
We analyse the differences between adiabatic frequencies (computed with ADIPLS; Christensen-Dalsgaard 2008b) for the patched
and unpatched models, which we identify as the surface effect due
to differences in the average atmospheric structure of the two cases.
We do this for modes with degree l = 20–23 and all orders, n,
that have frequencies, ν nl , below the acoustic cut-off frequency,
ν ac . This l-range ensures the modes are confined well within the
envelope models.
As first suggested by Ball & Gizon (2014, hereafter BG14), we
fit the frequency differences, δν nl , to expressions of the form
Inl δνnl = c−1 (ν/νac )−1 + c3 (ν/νac )3 ,

(3)

where we evaluate the acoustic cut-off frequency as

νac = 5100 µHz (g/g ) Teff  /Teff ,

(4)
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Figure 3. Scaled frequency differences in the sense: patched minus unpatched models (Section 3) shown with , for Teff = 6569 K and log g = 4.45.
We show both the two-term BG14-fit (solid line) and the residual of that fit
(+).

scaled by the solar value (Jiménez 2006). Equation (3) was motivated by Gough (1990), exploring the origins of the solar-cycle
modulation of frequencies. He found that a change of scaleheight in
the superadiabatic layer would give rise to the first term, while the
ν 3 -term arises from a change to the sound speed that keeps the density unchanged. In terms of the convective expansion, these would
arise from the convective backwarming and the turbulent pressure,
respectively.
The frequency shifts in equation (3) are scaled by the mode inertia, Inl (e.g. Aerts, Christensen-Dalsgaard & Kurtz 2010). This
scaling renders the frequency shifts independent of l, and likewise
for the fit (to within 0.25 per cent). This confirms that the restrictions
on l, from using envelope models, do not limit the validity of our
results. Rather, it is an improvement, since a particular atmosphere
simulation can correspond to several interior models, in different
stages of evolution, potentially affecting the mode inertia. Our procedure effectively separates the surface part, c−1 and c3 , from the
interior part, Inl (supplied by the user), of δν nl .
In Figs 3–6, the frequency shifts are reduced to l = 20 by scaling
with Q∗nl = Inl /I20 (νnl ), where I20 is In20 interpolated to ν nl .
An example of our fit to equation (3) is shown in Fig. 3 for a
warm dwarf. A power-law fit (Kjeldsen, Bedding & ChristensenDalsgaard 2008) is obviously unable to fit the frequency differences
in Fig. 3 over the full frequency range, as discussed by Sonoi et al.
(2015).
How the two terms and the mode inertia contribute to the BG14fit is shown in Fig. 4. It is apparent that the various bumps in the
frequency shift are due to the mode inertia, and the main reason that
the BG14-fit is so successful.
The amplitude of the surface effect at the frequency of maxi0.6ν ac , is shown in Fig. 5. This
mum power, estimated as ν max
qualitatively agrees with analysis of Kepler observations (Metcalfe
et al. 2014) of 42 F–G dwarfs and sub-giants. We performed linear
regression of their surface effects at ν max , and of ours interpolated
to their targets, giving similar increases with log Teff and log g. Our
amplitudes are two-to-eight times larger, however, partly due to our
omission of modal effects, expected to result in a surface effect
larger than the total. Another important factor is how stellar fits to
seismic observations often exhibit coupled parameters. In particular
MNRASL 466, L43–L47 (2017)

Figure 4. The various contributions to the fit to equation (3), for the case
shown in Fig. 3. The ν −1 -term (solid) and the ν 3 -term (dashed), and the
total fit (dotted) is compared to the actual frequency shift ( ). The inverse
mode inertia (+) is also shown.

Figure 5. The amplitude of the frequency shift (patched minus unpatched)
at ν max , as function of Teff and log g. The colour-scale is logarithmic. The
location of the solar () and stellar () simulations are indicated in white.
MESA (Paxton et al. 2011) stellar evolution tracks are overplotted for masses
as indicated. The dashed part shows the pre-main-sequence contraction.

the surface effect, mixing length and helium content can be strongly
correlated, stressing the importance of constraining these quantities
independently.
Fig. 5 shows that the magnitude of the surface effect increases
roughly as g. To take out this variation and highlight the relative
importance of the effect, we show in Fig. 6 the fractional surface
effect, in units of ν max . This is seen to be predominantly, but not
exclusively, a function of the atmospheric expansion, based on the
near proportionality between Fig. 6 and fig. 5 of Trampedach et al.
(2013).
The ratio of the two terms in equation (3) at ν max is shown in
Fig. 7, and illustrates a general change of shape with atmospheric
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to recent studies, we isolate the structural part from the modal part
of the surface effect by ignoring the turbulent pressure response
to modes, through the use of the so-called reduced γ 1 . For the
solar case, this gives a frequency shift that is larger than the total,
as the modal part turns out to have the opposite sign. Our results
are well fit by BG14’s expression, which also eliminates first-order
dependences on l, so we can benefit from using envelope models
instead of full evolution models.
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6.3

Stellar Evolution with 3D information

In the work by Sonoi et al. (2015), Ball et al. (2016), Trampedach et al. (2017), and similar
studies, the combination of 1D stellar structures and 3D atmospheres concerns patching
performed at a certain evolutionary point, thus producing just a snapshot model of the
star. In this section we look at stellar evolution models calculated using 3D simulations to
determine the mixing-length parameter and the temperature structure in the atmosphere.
The formalism usually employed to model the effects of convective energy transport
is the mixing-length theory (MLT) by Böhm-Vitense (1958), where the mixing length is
given as a fraction of the pressure scale height;
` = αMLT Hp .

(6.5)

Here the mixing-length parameter, αMLT , cannot be inferred from first principles and
has to be calibrated. This is usually done from observations and in particular via the
most well-observed star - the Sun. It has often been the practice to use a value of αMLT
calibrated from the Sun to describe convection in other stars as well, assuming that the
mixing-length parameter would not differ much from one star to another. Alternatively
one can use simulations of convection in stellar atmospheres described in Chapter 5 for
calibration.
As should be clear by now, the stellar atmospheric layers pose significant computational
challenges. For the purpose of modelling stellar evolution within a reasonable time frame,
the physical treatment has to be kept simple. In order to define the temperature gradient
in the atmosphere we describe the temperature as a function of optical depth using the
formalism described in 2:


T 4 3
= (τ + q (τ )) ,
(6.6)
Teff
4
where the Hopf function, q (τ ), is unknown and must be fitted to the stellar atmosphere.
Alternatively, the Hopf function can be calculated directly from temporal and horizontal
averages of 3D stellar atmosphere models.
In this section I present stellar models computed with the Aarhus STellar Evolution
Code (ASTEC) (Christensen-Dalsgaard, 2008b) using αMLT calibrated as well as q (τ )
calculated from the grid of simulations by Trampedach et al. (2013) and compare this with
a reference model specified below. The details of implementation in 1D stellar evolution
codes are discussed in the two papers Trampedach et al. (2014b,a). The quantities q (τ )
and T (τ ) will be referenced interchangeably as two sides of the same coin; the former is
what we actually extract from the simulations and use to construct the latter.
Reference Model
In order to properly study the effects of using αMLT and q (τ ) from 3D simulations, we
compute a reference model with the same chemical composition as the simulations. All
models are calculated without diffusion and settling of heavy elements, because the grid
of atmosphere models used here is so far only computed for the solar metallicity used in
the simulations and given in Trampedach et al. (2014b) as X = 0.737 and Y = 0.245.
Computation of a new grid of simulations at several metallicities are in the works and
will allow us to combine properties of the 3D atmospheres with evolution models using
diffusion and settling. However, depending on the intended use of stellar evolution models,
it is not uncommon to forego the inclusion of diffusion and settling. The models presented
here could thus be of great relevance to the astrophysics community.
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The challenge in constructing a sensible reference model for the problem at hand is the
lack of adjustable parameters. For the sake of comparison the chemical composition should
be the same as the simulations. If αMLT is chosen so the model reproduces the solar radius
at the current solar age, then the effective temperature and hence the luminosity does not
fit that of the Sun. However the focus here is not on producing models matching specific
observations but having a point of reference with regards to the effects on stellar evolution.
The primary interest is studying the influence of different procedures for obtaining αMLT
and q (τ ).
In order to study the structural differences between using the traditional static mixinglength parameter and the new dynamic approach, we need to use a static mixing-length
value close to common practice. The grid of 3D atmospheres contains a model at the
solar log(g) and Teff . For my reference model I then use αMLT obtained from calibrating
a 1D envelope to this 3D solar atmosphere model. We refer to this value as solar αMLT =
1.76731. For the reference model this value is used along with the default (VALc) T (τ )
relation, which is based on the results by Vernazza et al. (1981); they construct a semiempirical model of the Sun used to fit the Hopf function1 . I want to emphasise consistency
between the 3D atmosphere models and the stellar evolution models, the latter of which
use opacity tables calculated in the simulations. The mixing-length parameters and T (τ )
relations are also fully consistent with each other when both are obtained from the same
grid of 3D atmosphere models as detailed in Trampedach et al. (2014a) and Trampedach
et al. (2014b) respectively. Here I will mostly show models with mass M = 1.0M ,
however I have computed models of various masses and will include them in the discussion
later. Models with different stellar masses of course require new reference models, which
I computed with αMLT and T (τ ) chosen as specified above.
Figure 6.10 shows the evolutionary track of four different solar mass models. The label
3D is used to denote that the values are extracted from the 3D simulations at each time
step in the evolution. Thus the full blue line in Figure 6.10 represents what should be
the most physically correct (in the sense of least arbitrary) model. The black dot-dashed
line shows the evolution of the reference model lying rather close to that with 3D αMLT
and T (τ ), the largest differences occurring near the end of the main sequence up to the
turn-off point. Figure 6.10 contains two additional models: When calculating evolutionary
models in ASTEC the implementations of αMLT and T (τ ) can be chosen separately. This
means that we can test the effect of extracting either αMLT or q (τ ) from 3D simulations.
In order to shorten the notation and ease the reading, models will hereafter be referred to
as [αMLT -label,T (τ )-label ], where αMLT -label can be either 3D for the variable option or
solar for αMLT = 1.76731 and T (τ )-label is either 3D, VALc, or solar (explained below).
With this notation the model with 3D αMLT and 3D T (τ ) (full blue line in Figure 6.10)
is referred to as [3D,3D]. The reference model is [solar,VALc].
Now let us consider the other two models mentioned above: It is reasonable to include
the case of [Solar,3D]. First it may highlight the effects of using a variable mixing length
parameter compared to a static one for stellar models with 3D T (τ ). Secondly we can
compare it to [solar,VALc] to see the impacts of the 3D T (τ ) as opposed to the traditional
VALc approach. When considering the [solar,3D] model it would seem obvious to include
the opposite case [3D,VALc]. However this is inconsistent, because αMLT is obtained by
matching 1D envelope models to the horizontal and temporal averages of 3D atmospheres
at common pressure points as described by Trampedach et al. (2014b). The averaged
3D atmospheres naturally have the temperature stratifications described by the 3D T (τ )
1

This procedure for mapping T (τ ) is commonly referred to as the VALc approach, after Vernazza,
Avrett and Loeser, and we will do so in this text as well.
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relations; for consistency 3D T (τ ) relations are used in the 1D envelope models before
calibrating the mixing-length parameter. 3D αMLT is therefore partly determined by the
3D T (τ ) relation and should not be included on its own.
The last case that we will consider is [Solar,Solar], where both αMLT and q (τ ) have
the values given by the 3D atmosphere model at the current solar Teff and log(g) but kept
constant throughout the evolution. The point of this model is to see whether the biggest
effect comes from a variable Hopf function or simply the shape of it when calculated from
realistic atmosphere models (see for example Figure 6 in Trampedach et al. (2014a) for
a comparison between different Hopf functions). To sum up, many of the subsequent
figures in this chapter compare four distinct models; [3D,3D], [Solar,Solar], [Solar,3D] and
[Solar,VALc]. Figure 6.10 shows an HR diagram of these four models. All models but
the reference model look almost identical on the main sequence and only differ slightly on
the red giant branch. It is striking that the reference model is the only one not using a
T (τ ) relation extracted from 3D atmospheres. This indicates that the T (τ ) plays a crucial
part, and, at least on the main sequence, the general shape of q(τ ) from 3D atmospheres
is more important than it being variable during evolution.

Figure 6.10: Evolutionary track for four M = M models. The blue model has αMLT and
T (τ ) extracted from 3D atmosphere models. The dashed red line line shows a model with
(constant) Solar αMLT and T (τ ), and the black dot-dashed line shows the reference model.
The light purple model uses solar αMLT and 3D T (τ ). Diamond shaped points show the
location of the snapshots used in an internal structure comparison in section 6.3.3.

6.3.1

Variable Mixing Length

Looking at the 1.0M models in Figure 6.10, the variable mixing length does not seem to
have much impact. Figure 6.11 shows how the mixing-length parameter varies during the
evolution of three models with [3D,3D] but different masses. The constant solar value is
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also shown for reference. The age on the horizontal axis is normalised to the age it takes the
models to exhaust hydrogen in the centre. We see here that the mixing-length parameter
in the 1.0M model is nearly constant and very close to the solar value for a large first part
of the main sequence. Seeing this, it is not surprising that the [3D,3D],[solar,solar], and
[solar,3D] models are almost identical on the main sequence. In Figure 6.11 we also notice
that the mixing-length parameter of the lighter M = 0.8M model is distinctly higher
than the solar value. However, Figure 6.12 shows the HR-diagram of four M = 0.8M
models corresponding to the four in Figure 6.10; the reference model is still the only
one that sticks out. At the same time, its difference in Teff compared to the other three
models is now greater than for the M = 1.0M models. At M = 0.7M (not shown here),
the difference between [3D,3D] and the reference model is ∼ 50K, which is comparable
to the uncertainty on the very best measurements of stellar effective temperatures; but
often uncertainties are at least in the ∼ 100K range. Even if we could make such precise
temperature measurements, the largest differences appear after the main sequence, which
for the M = 0.7M models lasts for ∼ 45Gyr - significantly longer than the current age
of the Universe which is ∼ 13.8Gyr (Planck Collaboration et al., 2014).
The effects of using 3D αMLT and T (τ ) seem to diminish with increasing stellar mass.
This agrees with the fact that the size of the convective envelope is smaller in more massive
stars, which develop convective cores instead. Figure 6.11 also shows that αMLT is lower
for the M = 1.2M mass star. Thus for stars more massive than M = 1.0M , the relative
difference between models decreases with increasing mass as the envelope becomes smaller.

Figure 6.11: αMLT during the evolution of a 0.8M , a 1.0M and a 1.2M star. For the
sake of showing different masses together, the ages are given in units of the time spent to
exhaust hydrogen in the centre.
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Figure 6.12: Evolutionary track for four M = 0.8M models. The combinations of αMLT
and T (τ ) are the same as in Figure 6.10.
In section 6.3.2 and 6.3.3 we will explore and compare the surface characteristics and
the internal structure of the models respectively. Models with solar T (τ ) or 3D T (τ ) seem
to evolve identically. But the HR-diagram does not reveal anything about the pace of the
evolution - the different phases might not last equally long. In section 6.3.4 we look at the
frequencies of adiabatic oscillations, for which high frequency modes are very sensitive to
the conditions in the outermost parts of stars.

6.3.2

Surface Characteristics

In the following we will take a short look at some surface properties of the four solar mass
models discussed in the previous section. Figure 6.13 shows the effective temperature as
a function of normalized stellar age. In order to facilitate a good comparison, we consider
differences ∆Teff with respect to the reference model. Thus, I first interpolate the effective
temperatures to the ages of the reference model to get the differences at the same stellar
ages.
In Figure 6.13 we see how the T (τ ) from the simulations raises the effective temperature compared to using the VALc solution in the reference model. We can also see that
the variable mixing length used in the [3D,3D] actually has a distinct albeit rather modest
effect; the two models [3D,3D] and [solar,3D] agree until the point where the variable (3D)
mixing-length parameter drops (see Figure 6.11).
As mentioned in section 6.3 HR-diagrams do not reveal anything about the duration
of different phases of the evolution. The reason the effective temperatures of [3D,3D],
[solar,solar] and [solar,3D] drop below that of the reference model is that their main
sequence is slightly shorter. After that the stars expand thus reducing their effective
temperatures. Because the reference model at that point is still on the main sequence,
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Figure 6.13: The figure shows how Teff differs from the reference for a given model as a
function of age for 1.0M . The models are the same as shown in Figure 6.10.

Figure 6.14: ∇ − ∇ad at the surface of a 1.0M star at the age t = 4.6Gyr. The models
are the same as shown in Figure 6.10.
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the other models seem comparatively cooler. As they expand, they also increase their
luminosities, and, even though I do not show luminosity plots here, the data do confirm
that the models with 3D or solar T (τ ) relation greatly increase their luminosity, relative
to the reference model, after core hydrogen exhaustion.
A usual subject of interest is also the super-adiabatic gradient ∇ − ∇ad near the
surface. Figure 6.14 shows the super-adiabatic gradient of the models computed at the
age t = 4.6Gyr. I could have chosen any point in time to compare the models; but
since they are all solar mass models, the current solar age is an obvious choice. The
height of the super-adiabatic peak tells us how much the model departs from adiabatic
conditions, which causes an entropy jump thereby affecting the efficiency of convection.
The higher the super-adiabatic peak the less efficient convection is. However, there is
no significant difference between any of the models. The slower evolutionary pace of the
reference model is therefore most likely a result of the initial conditions of the calculation.
We can actually see this in Figure 6.10; for the reference model the VALc temperature
structure in the atmosphere results in a slightly cooler starting Teff .
In Figure 6.14 we also see a bump in the curve on the far right occurring only for models
with the VALc Hopf function. It is not readily explained from physics considerations.
Fortunately, this feature is eliminated when using the Hopf functions from 3D simulations.

6.3.3

Internal Structure

Having discussed the surface characteristics in section 6.3.2 we will now consider the
internal structure of the four models in question; these are once again [3D,3D], [solar,solar],
[solar,3D] and [solar,VALc]. In this section the difference in structure is viewed from an
evolutionary standpoint. In asteroseismic fitting, with which we will concern ourselves in
section 6.3.4, the internal structure is dictated by matching the surface parameters, i.e.
effective temperature and ∆ν, to observations.
Figure 6.15 shows differences in central hydrogen content ∆Xc = Xc,i − Xc,ref over
time with respect to the reference model, where i can be any of the four models. The
differences in ∆Xc are caused by corresponding differences in core energy generation rates.
Granted ∆Xc only builds up to ∼ 0.2%. But since the core hydrogen content is a measure
of evolutionary state (until the end of the main sequence), it supports the suggestion that
the reference model evolves slower. For lower mass models, the [3D,3D] model sets itself
more apart from the other models due to the variable αMLT being larger than the static
solar value (see Figure 6.11). How fast the models progress is one thing. Do they actually
evolve differently or exactly the same just at a different pace?
To answer this question, we need to compare the models not at the same age but at the
same evolutionary stage. We will therefore compare snapshots of the models when they
have the same central hydrogen content. First I select an age for the reference model and
then read out the central hydrogen content at that specific time. For the other models I
then interpolate in Xc to find the exact time, when they have the same central hydrogen
content as the reference model at the chosen age. For the M = 1.0M models 8Gyr
constitutes a good choice for two reasons. First, even minuscule differences between the
models might accumulate to a significant level over sufficiently long time2 . However we
still need to stay on the main sequence when using Xc as an indicator of evolutionary state.
Second, for M = 1.0M the difference in the HR-diagram between the reference model
and the other three is greatest near the end of the main sequence. The locations of the
2

Because the physics of the interiors are the same, it is unlikely that the opposite effect will happen,
i.e. preliminary differences are evened out over time.
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snapshots are shown in Figure 6.10; once again we can hardly distinguish between models
with 3D or solar T (τ ). The ages of models in these snapshots are t[3D,3D] = 7.9833Gyr,
t[solar,solar] = 7.9841Gyr, t[solar,3D] = 7.9830Gyr and, by choice, t[solar,VALc] = 8.0000Gyr.
Their common value of Xc is 0.1726.
For these four model snapshot I have compared the temperature, pressure, density,
hydrogen content and energy generation rate. I should mention that I have performed the
same comparison at age 5Gyr, which confirms that the model differences increase as the
model progresses on the main sequence.
Let us first look at the temperature shown in Figure 6.16. In the bulk of the interior
the reference model differs from the others by ∼ 1 − 1.5%. This is actually a bit surprising,
considering that the T (τ ) relations are what set them apart and is derived from only the
outermost layers of stellar atmosphere models. The bumps in the curves at ∼ 0.71 (r/R)
occurs at the lower boundary of the convective envelope. This dissimilarity in the shape
of the temperature curves indicates that the surface structure of the 3D and solar T (τ )
relations carry over into the bulk of the convection zone. At the top of the envelope
convection is very turbulent. However, from just below the surface (still in the top 1‰)
and all the way through to the bottom of the envelope convection is nearly adiabatic. The
T (τ ) relation in the atmosphere defines the temperature gradient which determines the
adiabat of convection and the depth of the convection zone. This is a possible explanation
as to how the T (τ ) relation can affect the internal structure as much as we see here.
Figure 6.17 shows a plot of density relative to the reference as a function of radius
fraction for the same models as in Figure 6.16. In most parts of the convection zone
the density of the reference model is as much as 7% lower than the other models. The
same goes for the pressure in Figure 6.18, which behaves very similarly to the density as
expected from the ideal gas equation, p ∝ ρT . The numerical differences with respect to
the reference model are almost the same for p as for ρ. The pressure however exhibits a
smoother transition to the convection zone.
The relative differences I find in T , ρ and p can be made plausible by considering the
following: [3D,3D],[solar,solar] and [solar,3D] have very similar radii which all deviates
from the reference model by ∼ 1%. Since the pressure and density scale approximately as
p ∝ M 2 /R4 and ρ ∝ M/R3 , the relative differences in radius should amount to a 4% and
3% discrepancy in pressure and density respectively. From the equation of state for an
ideal gas we have T ∝ p/ρ ∝ M/R; the relative difference in temperature should be the
same as for the radius. In this way we can at least argue that the order of magnitude of the
relative differences is realistic. That the numbers from my models are somewhat higher
may be due to two things. The pressure, density and temperature probably do not scale
as described above everywhere in the star; the ideal gas is also only an approximation.
The other thing is that the differences in radii stem from the models evolving for 8Gyr
under different boundary conditions (T (τ ) relations). This could increase the structural
differences compared to two models having slightly different radii but otherwise being
identical. The relative differences in luminosity are too small to be important in this case;
(Lref − Li )/Lref ≈ 0.002 (the difference between the reference and any of the other models
is the same).
Comparing hydrogen content between the models when their central hydrogen contents
are zero, there are only minute differences outside the center where, by definition, ∆Xc = 0.
The differences in X extend out to r/R ≈ 0.25 and are of the order 10−3 .
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Figure 6.15: Differences in central hydrogen content with respect to the reference model
∆Xc = Xc,i − Xc,ref . The age on the x-axis is given in terms of the time it takes the
reference model to exhaust hydrogen in the center. The models all have M = 1.0M .

Figure 6.16: Temperature relative to the reference model as a function of radius fraction
at age 8Gyr. The models are the same as shown in Figure 6.10.
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Figure 6.17: Density relative to the reference model as a function of radius fraction at age
8Gyr. The models are the same as shown in Figure 6.10.

Figure 6.18: Pressure relative to the reference model as a function of radius fraction at
age 8Gyr. The models are the same as shown in Figure 6.10.
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6.3.4

Adiabatic Oscillation Frequencies

In this section we only consider the comparison between the reference model and what
should be considered the most physical of the models [3D,3D]. Adiabatic oscillation frequencies are calculated with the Aarhus adiabatic oscillation package (ADIPLS) (ChristensenDalsgaard, 2008a) at the current solar age; the first results can be seen in Figure 6.19
containing only l = 0 (radial) modes. ν3D denotes frequencies of the [3D,3D] model, while
νdefault denotes frequencies of the reference model. The frequency differences appear very
large and proportional to frequency (or radial order n). This is mainly due to the difference in radius between the models that I mentioned in the previous section. It follows
from the asymptotic theory of stellar oscillations that the frequencies
are approximately
p
proportional to the square root of the mean density so that ν ∝ M/R3 . Thus the more
compact star should have higher frequencies as we see in Figure 6.19. This is of course
also a way of expressing the physics behind the structural surface effect, which concerns
the size of the acoustic cavity. In order to investigate the effects of just changing the
temperature structure in the surface layers I use the following approach: The two models
should be compared at the same surface radius and effective temperature. The [3D,3D]
model is locked, because the usual free parameters, αMLT and helium abundance, are determined by the 3D atmosphere models. However since the frequency spectrum of the
Sun is well-known, I choose the [3D,3D] model at the point in its evolution, where it has
the solar surface radius; this fixes the other parameters. I then adjust the mixing-length
parameter of the reference model, so that it simultaneously produces the same Teff and
surface radius as the [3D,3D] model. Their ages will differ slightly; but since age is one
of the most difficult parameters to determine accurately from observations, it is no course
for alarm here. The effective temperature of the two models is Teff = 5694K, while the
ages t[3D,3D] = 6.269Gyr and t[solar,VALc] = 6.268Gyr do not actually differ significantly.
The adjusted mixing-length parameter of the reference model is αMLT = 1.85. The resulting frequency differences are shown in Figure 6.20 along with the corresponding échelle
diagram in Figure 6.21. An échelle diagram is constructed by plotting frequencies ν on
the y-axis against ν modulo ∆ν on the x-axis, where ∆ν is the large frequency separation
between two modes of adjacent orders and same degree. In the asymptotic theory of stellar oscillations ∆ν, as given by eq. (3.28), should be the same between all high order p
modes. If this was the case, the échelle diagram should contain just straight vertical lines.
In the asymptotic theory we make a number of approximations such as assuming adiabatic
conditions and neglecting perturbations to the gravitational field. When comparing model
frequencies to observations, an échelle diagram can then be used to gauge the importance
of these effects in a particular star. Of course, in the case of Figs. 6.21, the frequencies
are modelled identically except for the aforementioned structural changes; so we only see
very minor discrepancies between the highest frequency modes.
In Figs. 6.20 and 6.21 I included modes with l = 0, 1, 2, 3, and they clearly show that
the frequency differences are independent of degree l. Other than that we see that for
the majority of modes the [3D,3D] model produces slightly higher frequencies, with the
differences generally increasing with frequency. Now, this is not exactly what we were
hoping for. First of all, the frequency differences are an order of magnitude too small to
correct for the surface effect as shown in sections 3.2.1 and 6.2. To make matters even
worse, the frequencies of the [3D,3D] model should have been lower and not higher than
the traditional stellar model represented by the reference model.
As discussed in previous chapters, it is generally acknowledged that turbulent pressure
at the top of the convective envelope plays a major role in the surface effect. In order
to produce more accurate oscillation frequencies from stellar models, we need to either
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incorporate turbulent pressure properly in our 1D models, (possibly by means of convection
simulations) or at least work out a way of modelling the effects it has on the structure. In
section 6.3.5 I discuss some attempts from other groups and projects to improve the outer
layers of stellar evolution models and eliminate the surface effect by combining 1D models
with 3D convection simulations. An alternative 1D convection model is also described in
chapter 7, where it serves as a basis for non-adiabatic pulsation calculations. Although
successful in that context, it cannot readily be implemented in evolution calculations.

Figure 6.19: Frequency differences between [3D,3D] and [solar,VALc] solar mass models
at t = 4.6Gyr. The large differences are mainly due to differences in radii.

6.3.5

Other projects combining 1D and 3D convection models

Salaris and Cassisi (2015) have also calculated stellar models with αMLT and T (τ ) based
on the results by Trampedach et al. (2013, 2014b,a). They too find that varying αMLT
produces models that are often indistinguishable in terms of Teff from those with constant
αMLT, (in their studies the constant mixing-length parameter is similarly αMLT, = 1.76).
They find the T (τ ) relations tend to have a larger impact, where the differences in Teff
build up over time to ∼ 100K compared to a semi-empirical prescription by Krishna
Swamy (1966). Their comparison also includes VALc T (τ ), which only amounts to a
maximum difference of ∼ 50K. It should be noted that their implementation is faulty
due to using a fixed point τtr = 2/3 for the transition between the atmospheric T (τ ) and
the temperature structure from the equations of stellar evolution. This is consistent with
the Eddington approximation, where the effective temperature is at τ = 2/3. But Teff in
the simulations is determined by the average flux in the outer radiative layers in order
4 . The full evolutionary structure and the atmospheric stratification
to fulfil F = σTeff
should be matched at Teff , which typically happens to be at τ ≈ 1/2 in the 3D atmosphere
models from Trampedach et al. (2013). Salaris and Cassisi (2015) also mention that an
extension of the grid of simulations to other metallicities is necessary to test the effects of
variable αMLT and T (τ ) over a larger parameter space. Luckily this is already being worked
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Figure 6.20: Frequency differences between the models [3D,3D] and [solar,VALc] evolved
until they both have R = R and Teff = 5694K. The mixing-length parameter of [solar,VALc] has been adjusted to αMLT = 1.85 in order to match the temperature of [3D,3D].

Figure 6.21: Échelle diagram of the two models shown in Figure 6.20.
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on by others. However, the task is very comprehensive and time-consuming, wherefore
an expected time frame for completion is not yet known. Implementation of αMLT and
T (τ ) relations form 3D simulations has recently also been carried out for GARSTEC by
Mosumgaard et al. (2017), and is also well under way for the MESA code. However, no
extensive results from these codes have yet been published.
The differences between the models using 3D αMLT and T (τ ) relations are not as significant, as I had hoped for. Regarding the adiabatic oscillation frequencies, one could
argue that it is hardly an improvement. It is difficult to see how stellar evolution models can be made to produce appropriate atmospheric structures using the current, local
mixing-length theory. An alternative 1D convection model was proposed by Canuto and
Mazzitelli (1991). In calculating the convective flux, MLT only accounts for one large
eddy at a given height. The size of the eddy is given by the mixing length. Canuto and
Mazzitelli introduced a turbulent energy spectrum function accounting for contributions
to the convective flux from eddies of all sizes. However, the model does not improve significantly upon the physics of the surface layers. As it is also far more complicated than
the simple Böhm-Vitense MLT, it has mostly been disregarded as a better alternative.
But perhaps a better atmospheric structure can be achieved by artificial means, e.g.
in the manner investigated by Magic and Weiss (2016), where the depth and density were
adjusted to reproduce the pressure stratification of the corresponding patched model.
What might be especially interesting about this idea is that it could potentially be easier
to automate for stellar evolution codes as opposed to patching together 3D and 1D results.
However, there is also the possibility of making automated patching of 1D stellar
structures and averaged 3D atmospheres during evolution calculations. This does require
two things: The first is making an automated algorithm for patching consistently. The
second is having available an appropriate atmosphere model at each point in the evolution.
Patching at every time step might be a bit of an over achievement, as it might very well
be sufficient to wait until the model has evolved to the desired evolutionary state and
then patch it with a proper atmosphere. Regardless, what this approach ultimately relies
on is the means to reliably construct realistic atmospheric models by interpolating all
relevant quantities (as functions of depth, pressure or optical depth) in a grid of averaged
3D atmosphere models. Jørgensen et al. (2017) have delivered a very promising proof of
concept using both the irregular grid of models by Trampedach et al. (2013) as well as the
Stagger-grid models by Magic et al. (2013). So far, the procedure works very well for mainsequence stars, but is less accurate for red giant stars in part due to the lower population of
models at low log g. The Stagger-grid models offer the possibility of interpolating models
to non-solar metallicities. However, the authors stick to the pre-computed metallicities
and interpolate only in the (Teff , log g) plane. I do not know the exact reasons behind this;
but earlier, I had been looking into the Stagger-grid models to see whether the quantities
of interest are well-behaved for the purpose of interpolation. Looking at the differences
in models with various metallicities but same Teff and log g, several physical quantities,
for example Γ1 , show curves crossing each other, which could make interpolation rather
unreliable.
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Chapter 7

Non-adiabatic pulsations
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Calculations of asteroseismic properties are typically carried out under the assumption
that the pulsations are adiabatic as was the case in previous chapters. However, as I have
already indicated, there are of course non-adiabatic effects that are quite interesting and
important. Apart from contributions to the surface effect, one of the ways it shows observationally is in the linewidth of frequency peaks in the power spectrum of observations.
Oscillation modes and their frequencies are identified by fitting a Lorentzian to a peak in
the power spectrum. The resulting full width at half maximum (FWHM) is known as the
linewidth Γ and is measured in units of cyclic frequency Hz. As briefly mentioned in chapter 3, the frequency of a stellar oscillation mode is complex, and adiabatic calculations
neglect the imaginary part, where the information about damping or excitation of the
mode is contained. The amplitudes of stochastically excited modes decay over a characteristic time scale τ = η −1 , where η is the damping rate in units of angular frequency s−1 .
The damping rate of a mode is frequency-dependant and related to the observed linewidth
by Γ = η/π. Thus non-adiabatic effects are more or less always present in asteroseismic
observations.
Mode linewidths have been studied extensively in the Sun both observationally (Chaplin et al., 1997; Komm et al., 2000) and theoretically (Balmforth, 1992a,b,c). For red giants,
Samadi et al. (2012) used CoRoT data to show that non-adiabatic effects are present in
observations and prominent enough that they cannot be neglected. Non-adiabatic effects
in red giants have been modelled theoretically (Houdek and Gough, 2002; Dupret et al.,
2009; Grosjean et al., 2014), but so far, no one has produced a successful match between
calculations of frequency-dependent damping rates and observed linewidths. However, in
a recently submitted paper (Aarslev et al., 2017, submitted) we have managed to do just
that for a number of red giant stars in the open cluster NGC 6819. The paper is presented later in this text. For calculating damping rates of non-adiabatic, radial pulsations
I used two numerical codes that have been developed over several years by Balmforth,
Gough and Houdek. One code is for producing stellar envelope models with a nonlocal,
time-dependent treatment of convection. One of the major selling points of this model is
the ability to produce an appropriate representation of the turbulent pressure, the perturbations of which can then be treated consistently in the stability analysis. The second
code is a non-adiabatic pulsation code using consistently the same convection model and
parameter values as in the envelope code. The same code package was used to compute non-adiabatic properties of main-sequence, solar-like stars in other recent studies by
Houdek et al. (2017); Houdek (2017). But before presenting the paper, I will review some
essentials of the models used in the computations.

7.1

Nonlocal convection model

The convection model used in the envelope and pulsation codes is a nonlocal, timedependent version of mixing-length theory and is build on many years of development
by different authors. The model is briefly outlined in the paper presented in section 7.3,
but I would like to take the time to introduce the model in a bit more detail also highlighting both the motivations as well as approximations behind it. One key point in the
development of the present formulation was a nonlocal generalization of mixing-length
theory put forth by Spiegel (1963) trying to tackle the problem of MLT only being valid
for small values of the mixing length. What is meant by ”small” is that ` is small compared to the distance over which mean quantities in the equilibrium model vary. This
requirement conflicts with common practical values of ` = αMLT Hp . Recall, for example,
the mixing-length parameter calibrated via the solar simulation, discussed in section 6.3,
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which yielded `/Hp = 1.76731 and clearly violates the principle of small `. The requirement of small ` goes back to Prandtl, who came up with the mixing length formulation
by using an approximation to the temperature fluctuation in the general equation (2.38)
for the convective heat flux, Fcon = ρwcp ∆T . The total temperature can be written as
T = T̄ + ∆T,

(7.1)

where T and ∆T depend implicitly on both x, y, and z, while T̄ is a horizontal average
and only depends on the vertical coordinate z. If we make the assumption that the excess
temperature ∆T is due solely to a convective element travelling from z0 to z, and that
said element at z0 had the temperature T̄ (z0 ), the total temperature can be expressed as
a Taylor series expanded only to first order:
T = T̄ (z0 ) +

dT
(z − z0),
dz

(7.2)

where dT /dz is the temperature gradient experienced by the moving element. We can do
the same for T̄ (z), which in combination with eq. (7.2) can be used to write ∆T as


dT
dT̄
∆T =
(z − z0 ).
(7.3)
−
dz
dz
Substituting this expression into the equation for the convective flux, associating 2(z − z0 )
with a characteristic mixing length `, gives


1
dT
dT̄
Fcon = ρcp w`
−
.
(7.4)
2
dz
dz
Due to the Taylor expansions of the temperature, eq. (7.4) is obviously only valid, when
(z − z0 ), and thus `, is small relative to the temperature gradients. This is yet another
problem in modelling the near-surface layers of stars with convective envelopes; the temperature gradients become much larger when we approach the stellar photosphere.
In order to obtain an expression for the convective flux, which holds its validity for
large `, Spiegel (1963) considered the following: We still operate within the framework
of convective elements, the movement of which is associated with a mean-free path ` to
be understood as a mixing length. The large ensemble of convective elements, or eddies,
are described by a distribution function ϕ(xi , vi , t), where xi and vi are the vectors of
position and velocity respectively. The value of the function ϕ is a number density in the
six-dimensional phase space determined by xi and vi . Spiegel argues for a conservation
equation for the distribution of eddies given by
∂ϕ
∂
∂
vϕ
+
(vj ϕ) +
(v̇j ϕ) = q −
,
∂t
∂xj
∂vj
`

(7.5)

where q is a source term describing the creation of convective elements by either statistical
fluctuations in the background state or through non-linear effects, and the term vϕ/`
describes the destruction of the elements after having traversed the distance `. The speed
of elements with velocity vi is v, and v̇ = dv/dt. The term ∂(v̇j ϕ)/∂vj is a driving term
describing how the properties of a convective element changes when subject to varying
pressure and buoyancy forces during its travel.
For the theory to be applicable to stellar structure models, we need only consider the
static case of eq. (7.5) in the plane-parallel approximation. We then write it on a simpler
form
dψ
µ
= ψ − S,
(7.6)
dξ
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where µ = cos θ, θ being the angle between the z-axis and the fluid element trajectories.
The speed v along with the distribution function ϕ has been absorbed into ψ = vϕ, and
ξ is defined by dξ = −dz/`. The non-linear driving term in eq. (7.5) is combined with q
into an overall source function


∂
S=` q−
(v̇j ϕ) .
(7.7)
∂vj
Now, the advantage of writing eq. (7.6) in the current way is that it is now on a form
similar to the equation of radiative transfer in a grey atmosphere for which a formal
solution exists (Chandrasekhar, 1950).
The resulting expression for the convective flux in this formulation is
Z ∞
Q(s)E2 (|ξ0 − ξ|) dξ0 .
(7.8)
Fcon = 2π
0

Here, E2 is the second exponential integral, the general form of which is
Z ∞ −xt
e
En (x) =
dt.
tn
1

(7.9)

The quantity Q is
Q = e+ S,

(7.10)

where e+ is the energy excess of a convective element moving outwards from a given
point, whereas e− is that of an element moving inwards. Just like in traditional mixinglength theory, we require symmetry between up and down flows, i.e. e+ = −e− . In
order to complete the theory, we just need a useful expression for Q. Spiegel (1963)
argues that deep in the convection zone, where ` is relatively small and hence ξ is large,
the generalized theory must be equivalent to usual MLT formulations. Based on this he
derives the following relation valid for large ξ:
Q=

1
Fcon ,
2π

(7.11)

where Fcon is the standard expression for the convective heat flux in the Böhm-Vitense
formulation. This depends on the eddy growth rate, which in turn depends on the superadiabatic temperature gradient B (this differs from ∇−∇ad in that it is not dimensionless).
This is determined by local conditions, and its value represents the conditions at the centre
of a convective eddy extending over the distance `. So when ` is not small, B should be
able to represent the conditions over the entire eddy. Spiegel therefore suggests replacing
B in the local formulation by an appropriate average β calculated as

β(z) =

Z

z+`/2

w2 (z 0 )B(z 0 )dz 0

z−`/2
Z z+`/2

.
2

0

w (z )dz

(7.12)

0

z−`/2

Thus the nonlocal temperature gradient is obtained by integrating over local solutions
over the extent of a convective eddy and is now no longer restricted to small `, thereby
completing Spiegels nonlocal generalization.
In the theory outlined above the differential equations of stellar structure turns into
integro-differential equations. This is highly impractical and complicates the numerical
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treatment to the point where it becomes infeasible. Based on this, Gough (1977a) developed a more practically useful model. By further exploiting the resemblance between eq.
(7.6) and radiative transfer equations, using the Eddington approximation to establish
a relation between the first and third moments of the transfer equation, he obtained a
differential equation for the convective heat flux
1 d2 Fcon
= Fcon − Fcon ,
a2 dξ 2
where a =

√

3. The solution to this is
Z ∞
Fcon =
Fcon (ξ0 )K (ξ, ξ0 )ds,

(7.13)

(7.14)

−∞

which is identical to eq. (7.8), using eq. (7.11) as source function, but with the second
exponential integral replaced by the kernel
1
K (ξ, ξ0 ) ' ae−a|ξ−ξ0 | .
2

(7.15)

Note that the limits of integration have been changed to ±∞ assuming that contributions
outside of the
√eddy trajectory vanish. After the replacement of E2 by K , the parameter a
is no longer 3. Although theoretical values have been derived for laboratory convection,
their applicability to the description of stellar interiors are questionable. The parameter
a is therefore essentially free and controls the degree of nonlocality of the convective flux.
I will elaborate on this momentarily after presenting similar equations for β and pt .
From considerations of the shape of convective eddies and their velocity, Gough rewrote
eq. (7.12) as
Z
π

2 z+`/2
β=
β(z 0 ) cos2
(z 0 − z) dz 0 .
(7.16)
` z−`/2
`

If we replace 2 cos2 (π(ξ0 − ξ)/`) by K (omitting a factor of `−1 , which is accounted for in
changing the variable of integration from z 0 to ξ0 ) the integral satisfies an equation similar
to eq. (7.13):
1 d2 β
= β − B.
(7.17)
b2 dξ 2

Since the turbulent pressure can also be viewed as a flux of momentum within the
ensemble of eddies, it can be treated similar to the convective heat flux, leading to the
equation
1 d2 pt
= pt − Pt ,
(7.18)
c2 dξ 2
where Pt is the local turbulent pressure.
The interpretation of the integrals and differential equations for Fcon , pt , and β is that
the local solutions serve as source functions for the nonlocal solutions, which are integrated
around the centre of a convective eddy, taking into account all other eddies, whose centre
lies within ±`/2. The degrees of nonlocality, i.e. the weightings of adjacent eddies, of each
of the three properties are determined by a, b, and, c respectively. If, for example, we
consider a, then a large value of a means a fairly local solution, while a low value gives a
more nonlocal solution. We can see in eq. (7.13) that Fcon → Fcon for a2 → ∞. This is
also reflected in the kernel K (7.15), which determines the weighting of contributions to
the flux from neighbouring points.
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In order to consistently make mixing-length models applicable to pulsating stars,
Gough (1977b) developed a time-dependent formulation, describing mixing-length theory in a temporally varying background medium. The basic picture is that convective
eddies are created, grow, and subsequently annihilated. This is also the case in regular
MLT with a static background. But when the atmosphere is pulsating, the local conditions
vary temporally, and therefore the eddies experience deformations. The growth rate of a
convective eddy can be characterized by its wave number k, shape parameter Φ (explained
properly later) and the mixing length. These parameters must vary in time. Additionally,
the phase of pulsation at the moment an eddy is created must be taken into account as
well. Although we use the formulation developed by Gough, credit should also be given
to Wasaburo Unno for significant contributions to the topic (Unno, 1967, 1977). The way
the equilibrium envelope model is constructed is by first integrating the structure with the
local, time-dependent mixing-length model of convection. Thereafter, it is reintegrated
with the equations pertaining to the nonlocal convection model outlined above, where the
local solutions then serve as source functions for the nonlocal convective flux, temperature
gradient and turbulent pressure. Note that this procedure precludes convective overshoot
as there is no convective flux in the convectively stable regions in the local model.
The convection model does contain one additional parameter, the value of which is not
given by the theory. It concerns the shape parameter Φ describing the anisotropy of the
convective velocity field. It is defined as
Φ=

hu2 + v 2 + w2 i
,
hw2 i

(7.19)

where angular brackets denote mean values, u and v are horizontal velocities, and w is
the vertical component of the turbulent velocity field. Completely isotropic turbulence
corresponds to Φ = 3. The anisotropy parameter is included in Gough’s convection model
as a virtual increase of inertia of the fluid elements, thereby accounting for the pressure
gradient in the momentum equation of the convective fluctuations.
In section 7.3 I use a constant value for Φ, although it is in principle depth-dependent.
In section 6.3.5 I mentioned the work by Jørgensen et al. (2017) constructing atmosphere
models by interpolating the relevant quantities in a grid of simulations. Naturally, the
convection simulations contain all the information required to compute the anisotropy of
the velocity field, Φ, given by eq. (7.19). Andreas Jørgensen tried to produce Φ(log p)
interpolated between averaged 3D convection simulations (private communication). The
results for the solar simulation are good as seen in Fig. 7.1. However, it is significantly
more difficult for atmospheres of RGB stars due in large part to the lower model density
in the grid. Fig. 7.2 shows a similar attempt at interpolation for an atmosphere with
Teff = 5000K and log g = 2.9. This is very similar to one of the key models in section 7.3,
KIC 5111718, where Teff = 4932K and log g = 3.03. Houdek (2017) has already worked on
incorporating Φ(log p) described by a hyperbolic tangent function, where the region above
the peak then has a constant value. As this is the region, where most of the uncertainty
in the interpolated Φ(log p) lies, this interpolation might suffice.
It should be noted that the convection model has at least one major deficiency in the
respect that it does not include a kinetic energy flux discussed in chapter 5. It is very
difficult to implement consistently in a formulation, where flows are symmetric along the
vertical axis. Gough (2012) derived an expression for kinetic energy flux, which can in
principle be incorporated given an appropriate value of the filling factor. Houdek has
been working on an implementation for the solar case using filling factors extracted from
3D simulations of convective atmospheres. However, this is still an ongoing task and no
results are yet published.
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Figure 7.1: Velocity anisotropy Φ(log p) as a function of logarithmic pressure depth for
two solar models. Top panel: The black, dashed curve shows Φ(log p) in the averaged
simulation model. The green curve shows the same quantity by interpolation. Bottom
panel: The percentage-wise residuals between the two curves. Figure courtesy of Andreas
Christ Sølvsten Jørgensen.
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Figure 7.2: Velocity anisotropy Φ(log p) as a function of logarithmic pressure depth for
two RGB models with Teff = 5000K and log g = 2.9. Curves and colours represent the
same as in Fig. 7.1. Figure courtesy of Andreas Christ Sølvsten Jørgensen.
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7.2

Non-adiabatic radial pulsations

For non-adiabatic calculations we obviously cannot disregard the heating that was cut in
the adiabatic approximation. This complicates immensely the task of calculating oscillation frequencies. However, restricting the analysis to radial oscillations (l = 0), makes it
manageable. We do not need to account for all possible directions and can take advantage
of the stellar structure equation in chapter 2 being written as derivatives with respect
to mass, which is equivalent to radial derivatives. The procedure is then to linearize the
equations in their Lagrangian fluctuations.
An additional equation arises for each of the nonlocal quantities due to the pulsating
environment. For the convective flux, it is given by


1 ∂ ∂
∂(δp/p)
∂(δp/p) ∂
δFcon −
Fcon = δFcon − δFcon +
(Fcon − Fcon ). (7.20)
2
a ∂ξ ∂ξ
∂ ln p ∂ξ
∂ ln p
As usual, δ denotes Lagrangian perturbations, Fcon is the nonlocal convective flux, and
Fcon is its source function in the form of the local solution from time-dependent MLT.
There are similar equations for pt and β. The values of the nonlocal convection parameters
a, b, and c are consistently carried over from the equilibrium envelope. The full set of
equations for non-adiabatic linear pulsations are given in Balmforth (1992a).
There are already many studies of non-adiabatic effects built on the convection and
pulsation models outlined above, one of the most prominent being the extensive stability
analysis of oscillations in the sun by Balmforth (1992a). This is the first model successful
at reproducing frequency-dependent damping rates that match those of the Sun. Investigating the mode dynamics, he found that it is mainly the turbulent pressure fluctuations
that serve to stabilise the mode, whereas non-adiabatic effects are responsible for the driving. The former dominates so that the net effect is damped oscillations as predicted by
Gough (1980). Besides just modelling the Sun, Balmforth thoroughly tested the underlying model in terms of the sensitivity of both structural and modal results to changes in
convection model parameters - an analysis that have inspired similar tests in our paper
presented in section 7.3.
Houdek et al. (1999) used the model to compute velocity amplitudes of main-sequence
solar-like pulsators. They found that the amplitudes increase with stellar mass (and hence
luminosity). Additionally, they also concluded that oscillations in these types of stars are
intrinsically damped and stochastically excited by convection, just as Balmforth showed
for the Sun. Houdek (2000) and Antoci et al. (2014) investigated the effects of convection
dynamics on p mode oscillations in δ Scuti stars, for the latter star finding that, contrary
to p modes in solar-like stars, turbulent pressure fluctuations drive the oscillations in HD
187547. For rapidly oscillating A peculiar (roAp) stars, Balmforth et al. (2001) found
that the opacity mechanism (heat engine) drives the oscillations, although roAp stars are
similar to δ Scuti in the sense that both have very shallow convective envelopes. In both
studies, the values of the nonlocal convection parameters a, b, and c were almost the
same, indicating that the excitation and driving mechanisms of the pulsation model are
not dictated by these parameters.

7.2.1

Work and damping of oscillations

Damping or excitation of modes is of course a question of whether energy is lost or gained
by the mode. If the net rate of heat gain is positive, the mode is excited, while a negative
rate corresponds to damping. This can only be evaluated in a full non-adiabatic treatment,
since the adiabatic approximation is essentially a neglect of the heat term in the equations.
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To quantify this, we consider the total change of energy of a mode during one whole
pulsation period Π and assume that the system returns to its original state after time Π.
This defines qualitatively what is known as the work integral. To calculate it, we must
integrate the differential energy equation (2.10),
cp

∂T
δ̃ ∂p
∂l
−
= n −
,
∂t
ρ ∂t
∂m

(7.21)

over exactly one period of oscillation. Notice that I have put a tilde over the quantity
δ̃ = −(∂ ln p/∂ ln T )p so as not to confuse it with a Lagrangian perturbation. There is
however one problem with the work integral. In the linear approximation, which we utilize,
it is always zero as a consequence of assuming a return to the initial state. However, to
second order the integral can be non-zero;
I
dq
dt.
(7.22)
dW = dm
Π dt
Here, dW is the energy change in a layer of mass dm during one whole pulsation period
Π. Note that the derivation of the above relation assumes zero pressure at the surface.
If dW > 0, then energy is transferred from the incident heat flux into the pulsation
converting thermal energy into mechanical energy. This corresponds to local excitation
of the mode (local because it concerns only a thin shell dm) or, conversely, a negative
damping rate η < 0. When dW < 0 we of course have the opposite case with a positive
damping rate η > 0.
If we neglect non-adiabatic contributions to a mode from the stellar surface layers,
then the imaginary part of the mode oscillation frequency can be shown to be (Hekker
and Christensen-Dalsgaard, 2017)
Z
δρ∗
(Γ3 − 1)δ(ρ − ∇ · F )dV
1 V ρ
R
ωi =
,
(7.23)
2
2ωr2
V ρ|δr |dV

where δr is the physical displacement vector as in chapter 3, F being the flux of energy,
and the heat gain is written as (ρ − ∇ · F ) = ρ(dq/dt), the perturbation to which then
represents the heat change caused by oscillation. The imaginary part of the frequency is
related to the damping rate simply by ωi = −η. Thus if the perturbation to the heat rate
has the same sign as ρ∗ (∗ denoting the complex conjugate), i.e. the two fluctuations are in
phase with each other, then ωi > 0 and the mode is being driven. It is heated while being
compressed, which is why this form of driving is known as the heat-engine mechanism.
The integral in eq. (7.23) is over the entire volume of the star and is generally valid for
nonradial modes but does not take the convection dynamics into account.
The appropriate work integrals for radial pulsations, including also perturbations to
the turbulent pressure as well as the convective part of the heat flux, were derived by
Baker and Gough (1979):
η = ηg + ηt =

ωr
[F + Wg (M ) + Wt (M )] ,
4πEk

(7.24)

where Wg (m) and Wt (m) represent the work done by the pulsation at a mass point m separated into contributions from gas pressure fluctuations and turbulent pressure fluctuations
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respectively. They are given by
Z m
dm
Wg (m) = π
Im(δp∗g δρ) 2 ,
ρ
m
Z mb
dm
Im(δp∗t δρ) 2
Wt (m) = π
ρ
m



Z mb 
pt
dm
∗
∗
∗
(3 − Φ) Im(δr δpt ) − Im(δr δρ) − pt Im(δr δΦ)
+π
,
ρ
ρr
mb

(7.25)

(7.26)

where mb is the mass enclosed within a sphere of radius rBCZ - the radius at the base of
the convective envelope. The quantity Ek is an additional integral. The additional factors
F and Ek in eq. (7.24) are given by

M
F = 4π 2 r2 Im(δp∗ δr) m ,
b
Z m
1
2
Ek = ωr
|δr| dm.
2
mb

(7.27)
(7.28)

The second term in Wt (m) accounts for anisotropic contributions which typically only
have minor influence on the damping of radial acoustic modes (Balmforth, 1992a).
The work integrals are excellent tools for diagnostics of non-adiabatic effects. They can
be used to measure the degree of damping or excitation as a function of mass coordinate.
As we can see from eq. (7.25) and (7.26), the work depends primarily on the phase
difference between pressure and density fluctuations. I will present and discuss a few
practical cases following the paper in section 7.3.

7.3

Damping rate calculations for red giants in NGC 6819

The paper that I will present here concerns the modelling of mode linewidths observed in
RGB stars in the open stellar cluster NGC 6819. In principle, what we model is damping
rates, which we then compare to observed linewidths. Granted, we do not account for all
possible contributions to the damping rates but do cover those believed to matter the most
(see, for example, Houdek et al. (1999) or Houdek and Dupret (2015) for a comprehensive
discussion). The damping rates are calculated using the models and methods described
in sections 7.1 and 7.2. The envelope model takes as input mass, luminosity, effective
temperature, surface hydrogen and helium abundance, as well as the radius at the bottom
of the convective envelope rBCZ determined by the mixing-length parameter. Due to the
latter requirement, one needs a stellar structure model, from which rBCZ can be extracted.
This is obtained by evolving a stellar structure model with specified mass and metallicity
to match the observed Teff and ∆ν at a given age for the star in question.
My first attempt at reproducing red giant linewidths was based on results presented
by Corsaro et al. (2015), who had obtained linewidths for l = 0, 1, 2, and 3 modes in
RGB stars using Bayesian peak bagging methods on low-mass low-luminosity RGB stars
observed in long cadence by Kepler. These selection criteria amounted to 19 stars out
of the original sample of red giants observed in long cadence. Their analysis did not
require precise measurements of either effective temperatures nor metallicities, which are
therefore not listed in the paper but are nonetheless needed for model fitting as mentioned
above. All relevant stellar parameters can be found in the Q1-Q16 catalogue (Huber et al.,
2014) of the Kepler mission. Sadly, many parameters in this catalogue are determined by
automated analysis and are highly inaccurate, especially the effective temperatures, which
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in 18 of the 19 cases are estimated from photometry. It is a problem that the necessary
parameters are not available form one coherent study, ensuring that the methods used
to obtain them are consistent. The star for which my initial damping rate calculations
best matches observed linewidths is KIC 12008916, the results of which are shown in
Fig. 7.3. The first thing to notice is that the general shape of the linewidth curve is
decently matched, although the magnitudes of the damping rates are overestimated by
roughly a factor of 2. However there is also reason to be weary of the observed values, as
the error bars are suspiciously small. This is very clear when compared with the errors on
the observed linewidths shown in the following paper. The damping rates are computed
from a model with convection parameter values a2 = b2 = c2 = 900. As the later successful
models show, this might not be the right parameter space for an RGB star. Although a
and b might be appropriate, c should probably be much lower.

Figure 7.3: Observed linewidths with error bars plotted with computed damping (diamonds connected by a solid curve) rates for a model of KIC 12008916 using a2 = b2 =
c2 = 900.
As I have just discussed, the modelling of the structure and pulsations would gain a lot
by having available a coherent analysis of observations yielding all necessary parameters.
These are the large frequency separation ∆ν, effective temperature Teff , mass M , and
metallicity [Fe/H]. Luckily, this did become available through the works of Handberg
et al. (2017), which is a follow-up of the first results presented by Handberg et al. (2016).
They carefully analysed Kepler light curves of red giant stars in the open cluster NGC
6819 to obtain both individual frequencies and linewidths as well as the aforementioned
global properties. It is a major advantage of cluster studies that the RGB mass is well
determined and all member stars can be assumed to have the same chemical composition.
NGC 6819 is particularly interesting due to having solar metallicity (Slumstrup et al.,
2017). This enables the use of 3D T (τ ) relations, as explained in section 6.3, in both the
stellar evolution model and the envelope model.
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The masses and radii have both been derived from observations by means of scaling
relations. As the relations are based on asymptotic theory, and therefore built on a number
of simplifications, they do need to be scaled by a correction factor, which is basically the
ratio between the observed and the asymptotic ∆ν. It is uncertain whether one correction
factor fits all stars, or if it depends on stellar parameters; it is suspected to some degree
to be sensitive to evolutionary state. Handberg et al. (2017) have employed the same
correction factor to all the RGB stars of their sample. I have tried to shed some light on
the issue by utilizing the patched models based on simulations by Trampedach et al. (2013)
and used in the paper in chapter 6. For all PMs and UPMs ∆ν is calculated by fitting a first
order polynomial to the adiabatically computed radial modes. We assume that the large
frequency separation adhering to a patched model, ∆νPM , represents that of a star with the
corresponding atmosphere. This is likely reasonable, as ∆ν is very sensitive to the radius,
which should be modelled correctly, considering that the structural part of the surface
effect is accounted for in the PM. For each point in the (log g, Teff ) grid, I calculate the
scaling correction factor as ∆νPM /∆νUPM , where ∆νUPM is the large frequency separation
of the unpatched models.

Figure 7.4: Corrections to the large frequency separation, given by the ratio
∆νPM /∆νUPM , as a function of ∆νUPM . The calculations are based on the patched and
unpatched models discussed in chapter 6.
In Fig. 7.4 we see this ratio plotted versus evolution indicated by ∆νUPM . From this,
we can justify using a constant correction factor. It is not that a few percent do not
matter - they do. But it is difficult to discern any systematics in the distribution of
points in Fig. 7.4. Scaling relations do play a major role in deriving stellar parameters
from observations. It would certainly be worthwhile looking into the models behind the
∆νPM /∆νUPM -values, especially for those that lie above 0.995. If they were somehow to
be disregarded, we could easily find a suitable algebraic function to describe the rest; the
conclusion would then be that the magnitude of the correction increases with evolution
(decreasing ∆ν), when going far up the RGB. Note that Handberg et al. (2017) find it
necessary to use a 2.54% correction for RGB stars, while no correction is applied to the red
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clump (RC) stars, which have evolved even further to the phase of core helium burning.
These values were determined by requiring that the mean distance moduli to RGB and
RC stars in the cluster be the same. This also agrees with results from Miglio et al. (2012),
who found different ∆ν for RGB and RC stars with identical mean densities.
I have modelled the structure and frequency-dependent damping rates of nine RGB
stars, whose evolutionary state and membership of NGC 6819 was determined by Handberg
et al. (2017). Besides utilizing 3D stellar atmosphere models for T (τ ) relations, they are
also used for calibration of the nonlocal convection parameter c. The impact of c is
mainly on the peak atmospheric value of pt /p (see Fig. 2 in the paper The asteroseismic
surface effect from a grid of 3D convection simulations in section 6.2). The other free
parameters are calibrated by matching the damping rates as good as possible to the
observed linewidths. For seven of the nine stars, my frequency-dependent damping rates
nicely match the observed linewidths. Houdek and Gough (2002) calculated non-adiabatic
effects in the red giant ξ Hydrae and successfully reproduced observed velocity amplitudes
but without comparing individual mode damping rates to linewidths. Thus our study
is the first example of reproducing frequency-dependent linewidths. Additionally, I have
tested the effects of the nonlocal convection parameters a, b, and c, as well as Φ, M , and
Teff , on the structure and damping rates of the model.
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ABSTRACT

We present a comparison between theoretical, frequency-dependent damping rates
and linewidths of radial-mode oscillations in red-giant stars located in the open cluster NGC 6819. The calculations adopt a time-dependent non-local convection model,
with the turbulent pressure profile being calibrated to results of 3D hydrodynamical
simulations of stellar atmospheres. The linewidths are obtained from extensive peakbagging of Kepler lightcurves. These observational results are of unprecedented quality
owing to the long continuous observations by Kepler . The uniqueness of the Kepler
mission also means that, for asteroseismic properties, this is the best data that will be
available for a long time to come. We therefore take great care in modelling nine RGB
stars in NGC 6819 using information from 3D simulations to obtain realistic temperature stratifications and calibrated turbulent pressure profiles. Our modelled damping
rates reproduce well the Kepler observations, including the characteristic depression
in the linewidths around the frequency of maximum oscillation power. Furthermore,
we thoroughly test the sensitivity of the calculated damping rates to changes in the
parameters of the nonlocal convection model.
Key words: stars: oscillations – stars: solar-type – convection – hydrodynamics

1

INTRODUCTION

Solar-like oscillations are characterized by stochastic excitation of modes, when sound waves resonate with convective
motion of the gas, e.g. Houdek et al. (1999). The amplitude of a stochastically driven mode decays with a lifetime
τ = η −1 , with η being the damping rate in units of angular frequency s−1 . The damping rate is frequency dependent
and is related to the observed linewidth, Γ, by the relation
Γ = η/π. Here the linewidth, measured in units of cyclic frequency Hz, is the full width at half maximum (FWHM) of
a Lorentzian obtained from fitting a peak in the frequency
power spectrum of an observed light curve. For computational purposes stellar oscillations are most often assumed
to be adiabatic. Even though this is in some cases sufficient, e.g. fitting observed frequencies, when complemented
by frequency corrections, it is inadequate for studying and
understanding the complete physical picture including mode
damping. Furthermore, the stratification in the surface layers cannot be adequately modelled in a local formulation of
convection customarily used in 1D stellar models.
The complexity of non-adiabatic pulsations has posed
many problems since the field’s inception and still does. The
main problem lies in our, so far, limited understanding of

?
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the interaction between convection and pulsations. However,
several important steps forward have already been taken,
and several recent reviews on the topic exist (see for example Houdek & Dupret 2015; Samadi et al. 2015). The case
of solar pulsational stability has been studied in detail both
theoretically (Balmforth 1992) and observationally (Chaplin et al. 1997; Komm et al. 2000), while the space missions
CoRoT (Baglin et al. 2006) and Kepler (Borucki et al. 2010;
Borucki 2016) have provided high-quality seismic data for
stars of different flavours against which we can test models and further our understanding of stellar pulsations. Appourchaux et al. (2014) analysed oscillation mode linewidths
for a number of Kepler main-sequence solar-like stars and
found interesting relationships between linewidths, frequencies and effective temperatures. Using CoRoT observations
Samadi et al. (2012) showed that non-adiabatic effects are
present and non-negligible in red-giant stars. Houdek &
Gough (2002) modelled the velocity amplitudes of the red
giant ξ Hydrae, while Dupret et al. (2009) computed theoretical amplitudes, lifetimes and heights in the frequency power
spectrum of oscillation modes at different stages of red giant evolution, including the phase of core helium burning,
and Grosjean et al. (2014) computed synthetic power spectra for mixed modes in red giants. Belkacem et al. (2012)
were able to reproduce observed Γ vs Teff across the HRdiagram including both main-sequence as well as red-giant
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stars. However, calculations of frequency-dependent damping rates for red-giant stars have so far not been able to survive comparisons with observations. Handberg et al. (2017),
hereafter referred to as H17, obtained precise frequencies
and linewidths for a sample of red giants in NGC 6819 by
means of extensive, careful peak bagging. Here, we compute
frequency-dependent damping rates for a selection of redgiant-branch (RGB) stars in the H17 sample. This is done
via a non-adiabatic stability calculation (Houdek et al. 1999)
for which we obtain the convective fluxes from a non-local,
time-dependent convection model (Gough 1977b,a) partly
calibrated through 3D convection simulations (Trampedach
et al. 2013).

2

THE STELLAR SAMPLE NGC 6819

NGC 6819 is a solar-metallicity open star cluster located
in the Kepler field. H17 presented the first extensive peakbagging effort on Kepler light curves of evolved red giants
(RGB as well as clump stars) in NGC 6819. Preliminary results were presented in Handberg et al. (2016). The results
include not only precise individual frequencies but also their
corresponding linewidths Γ as well as masses, effective temperatures and large frequency separations needed to model
the stars. Here we present a successful attempt at reproducing observed linewidths Γ of radial pressure-mode (p) oscillations by means of theoretical calculations for nine red giants
in NGC 6819. This has previously been done successfully for
main-sequence solar-like stars, (e.g. Houdek 2017). Applying
the same technique to obtain frequency-dependent damping
rates for red giants has so far been uncharted territory.
The mean RGB mass in NGC 6819 is 1.61 ± 0.02M
and the metallicity is practically solar. Recent analysis of
high resolution, high signal-to-noise spectroscopic data of
KIC5024327 yielded [Fe/H] = −0.02 ± 0.10 (Slumstrup et al.
2017), and in addition gave a surface gravity value of log g =
2.52 in agreement with the asteroseismic value of 2.546 (Corsaro et al. 2012). This is part of what makes NGC 6819 particularly interesting, especially from a modelling viewpoint,
because it enables the consistent use of realistic T (τ) relations calculated from a solar-metallicity grid of 3D stellar
atmosphere models (see Section 3). The age of the cluster is
2.25 Gyr according to several studies including those by H17
and Bedin et al. (2015). All stars considered here have been
labelled as single members of NGC 6819. Note that H17 used
the same scaling factor to the mean large frequency separation ∆ν for all RGB stars (see footnote of table A2 in H17),
even though the scaling factor might change with evolution
along the RGB.
The peak bagging of Kepler lightcurves by H17 resulted
in 5-6 oscillation modes for each of the spherical degrees
l = 0, 1, 2. We restrict the present calculation of frequencydependent damping rates to radial modes. The radial orders
n with which we compare are typically between 5 and 15. For
the Sun the energetics of low-degree (l . 100) p-mode oscillations are almost independent of l (Christensen-Dalsgaard
& Gough 1982). Unfortunately this does not apply to our
analysis. As stated above we do have independent observed
linewidths for oscillations modes other than l = 0 modes.
But most likely these are not pure p modes but have a mixed

character, behaving as gravity (g) modes in the deep interior. Our results are therefore only valid for l = 0 modes.

3

NUMERICAL PROCEDURES

We calculate frequency-dependent damping rates using a
non-adiabatic pulsation code, which includes perturbations
to the convective heat flux and turbulent pressure. These
are obtained from a 1D envelope model based on a nonlocal, time-dependent convection model incorporating turbulent pressure, initially developed by Gough (1977a,b). The
same convection formulation is used consistently in the pulsation code and contains parameters controlling the degree
of nonlocality, discussed in Section 3.1, as well as a nonlocal
mixing-length parameter αNL . The mixing length is typically
calibrated so that the model yields a desired depth of the
convective envelope (matching either a model or a value extracted from observations). However, for the red giants considered here, the radius at the bottom of the convective zone
r BCZ , as given by evolutionary models, is very small, ranging
approximately from 0.05R to 0.1R, where R is the radius of
the star. In principle r BCZ could be determined from observations via acoustic glitch signatures from the base of the
convective envelope. This can be difficult but has been done
for main-sequence stars, e.g., by Verma et al. (2017). For
red giants the amplitudes of these glitch signatures are tiny,
which complicates such a determination of r BCZ . Because
r BCZ is then not reliably known we instead adjust αNL so
that the the sound speed profile, calculated as cs2 = γ1 (p/ρ),
agrees with that of a full structure model in the deep interiors, where p is pressure, ρ is density, and γ1 = (∂ ln p/∂ ln ρ) ad
with ”ad” denoting an adiabatic derivative. The reason we
do not readily adjust αNL to adopt r BCZ from a full structure model is the presence of hydrogen-burning shells very
close to the bottom of the convective envelope. This affects
slightly the structure in those deep layers in a manner that
is not reproduced if the same r BCZ location is retained in
the envelope model, which by construction does not contain
energy production. Being interested in the seismic properties of the model, we allow for small deviations from r BCZ in
order to have matching sound speed profiles.
The appropriate stellar structures are obtained by
evolving models with the Aarhus STellar Evolution Code
(ASTEC) (Christensen-Dalsgaard 2008a). Adiabatic oscillation frequencies are calculated with the Aarhus adiabatic oscillation package (ADIPLS) (Christensen-Dalsgaard 2008b)
in order to match the mass, large frequency separation ∆ν
(the mean frequency spacing between two consecutive radial
modes), and effective temperature Teff . The only free parameter that we adjust is the local mixing-length parameter
αMLT (Böhm-Vitense 1958). The values of αMLT are calibrated such as to match models with the observed stars’
locations in the HR-diagram.
At the surface boundary of the models we construct
the temperature structure with realistic T (τ) relations, between temperature T and optical depth τ, calculated from
a grid of 3D simulations of radiation-coupled hydrodynamics in stellar atmospheres by Trampedach et al. (2013).
The calculation and implementation details are described in
Trampedach et al. (2014a). The simulation grid consists of
37 atmospheres irregularly spaced in log g and Teff and covMNRAS 000, 1–12 (2016)
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Figure 1. Evolutionary tracks for the stars that have been modelled. The diamond-shaped points show where in the HR-diagram
the observed stars are located.

ers the full main-sequence and RGB evolution for log g & 2.5
of stars approximately in the mass range 0.7-1.4M . The
appropriate T (τ) relation can then be interpolated and extracted at every time step in the evolutionary calculation.
However, since the RGB stars in NGC 6819 are more massive than 1.4 M , their Teff can exceed that of the T (τ) tables
provided by the grid of simulations. Consequently, T (τ) relations cannot be interpolated reliably during that phase.
For this reason we use just the T (τ) relation calculated from
the solar simulation. Aarslev et al. (2017 in prep.) show that
there is almost no difference between this approach and continuously updating the T (τ) relation during evolution. Both
approaches differ from, and should be an improvement to,
traditional semi-empirical T (τ) relations. For the 1D nonlocal envelope model and stability computations the stars
are well within the tables of T (τ) relations, in which we interpolate to get the best possible boundary conditions. The
metallicity is is the same as for the evolution models.
Figure 1 shows the evolutionary tracks for the modelled
red giants. The diamond-shaped points show where the observed stars are located. Figure 2 shows an example of the
αNL calibration. The dashed line shows the ratio of turbulent pressure to total pressure, the peak of which occurs
near the maximum of the super-adiabatic temperature gradient. This is where the ASTEC evolutionary models differ
the most from the nonlocal envelope models, as they should.
Deep below the surface the models are almost identical. The
horizontal axis on Figure 2 shows the total pressure p of the
nonlocal envelope model. The difference between the models
in the deep interior is due to hydrogen shell burning in the
ASTEC evolutionary model.
3.1

Details of nonlocal convection model

Here we give a short summary of the main equations of the
convection formulation used in the nonlocal envelope and
pulsation models but refer the reader to Gough (1977a),
Gough (1977b), Balmforth (1992) and Houdek (1996) for
MNRAS 000, 1–12 (2016)
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Figure 2. The solid curve shows the difference in sound speed
profile between the ASTEC evolutionary model (c A ) and the nonlocal envelope model (c EM ) of KIC 5111718. The dashed curve
shows the ratio of turbulent pressure to total pressure p t /p.

the full explanation as well as the review by Houdek &
Dupret (2015). The theory is based on a generalized mixinglength formulation proposed by Spiegel (1963), where one
considers for the turbulent convective elements a distribution function in six-dimensional phase space, which gives
rise to a transfer equation describing the conservation of
eddies. Gough (1977b) applied this formulation to his timedependent mixing-length model to obtain a nonlocal generalization which we adopt here. In this generalization the
nonlocal convective heat flux Fc is obtained by considering its local solutions Fc as source functions weighted by a
smoothing kernel K , leading to
Z ∞
Fc =
Fc (ξ0 )K (ξ, ξ0 )dξ0 ,
(1)
−∞

where the exact kernel K is the second exponential integral.
Gough (1977b) approximates this kernel as

1
(2)
K (ξ, ξ0 , a) ' ae−a |ξ−ξ 0 | ,
2
with a controlling the degree of nonlocality of the convective
flux, and ξ is the dimensionless vertical displacement, dξ =
−dz/`, of an element from its initial position ξ0 (` is the
local mixing length). With the approximated kernel K in
Eq. (2), the nonlocal heat flux in Eq. (1) is the solution of
the second-order differential equation
1 d2 Fc
= Fc − Fc .
a2 dξ 2

(3)

Low values of a provide strongly nonlocal solutions, while
large values result in localized solutions.
A similar expression is obtained for the momentum flux,
or turbulent pressure pt
1 d2 pt
= pt − Pt ,
c2 dξ 2

(4)

where Pt is the local turbulent pressure. Furthermore, in
order to account for the comparatively short trajectories of
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the convective elements described by the local source function, Spiegel (1963) suggested to replace the super-adiabatic
gradient β in the local formulation,
β := −

dT
δ dpg
T
+
=−
(∇ − ∇ad ) ,
dr
ρc p dr
Hp

(5)

by the nonlocal quantity B obtained from the solution of
1 d2 B
= B − β.
b2 dξ 2

(6)

In expression (5) r is radius, pg is the gas pressure, δ =
−(∂ ln ρ/∂ ln T ) p g is the isobaric expansion coefficient, ρ is
the density, c p the specific heat at constant gas pressure,
and H p is the pressure scale height. The last quantity is the
superadiabatic gradient ∇ − ∇ad , where ∇ = (d ln T/d ln p) is
the temperature gradient and ∇ad is the adiabatic temperature gradient.
The dimensionless parameters a, b, and c are in principle free parameters, although theoretical values were suggested (e.g., Gough 1977a, and references therein). However,
c can be fairly tightly constrained; the main impact of c on
the model is the maximum value of pt /p in the superadiabatic boundary layer, which can be inferred from 3D convection simulations (Figure 6 in Trampedach et al. (2013)
shows this maximum value across the HR-diagram). We use
this to calibrate c, which is typically in the order of c2 ≈ 150,
whereas a and b, as determined from our fits to the observations, attain a much broader range of values, b varying
the most between different stars. It speaks to the strength
of the model that the stellar depth at which the pt /p peaks
matches that of 3D convection simulations (Houdek et al.
2017). Because a and b are not easily determined, it is of
special interest to study how they affect both the physical
structure of the model as well as the resulting damping rates.
This is discussed in detail in Section 4 along with the effect
of the shape parameter Φ, describing the anisotropy of the
convective velocity field, defined as
Φ=

hu2 + v 2 + w 2 i
,
hw 2 i

opacities obtained from Kurucz (1991). We use an equation
of state (EOS) including a detailed treatment of the ionization of C, N, and O, as well as the first ionization of the
next seven most abundant elements (Eggleton et al. 1973).
In order to be consistent with the 3D convection simulations, we adopt in all three aforementioned codes the same
hydrogen and heavy metal abundances, which are X = 0.737
and Z = 0.018 respectively (Trampedach et al. 2014b).

(7)

where angular brackets denote mean values, u and v are horizontal velocities, while w is the vertical component of the
turbulent velocity field so that isotropic turbulence corresponds to Φ = 3. The parameter enters into the equations
of motion in Gough’s convection model as a virtual increase
of inertia of the fluid elements. It will be described in more
detail in Section 4.1.
In Section 1 we introduced the relation between damping rates and linewidths, Γ = η/π. It should be noted that
this relation assumes that η includes all possible contributions to mode damping. However, we limit ourselves to the
three primary contributions, namely the modulation by the
pulsations of the convective heat flux Fc and momentum flux
pt , respectively, as well as radiative damping. Consequently,
we omit contributions to η from incoherent scattering at
the super-adiabatic boundary layer as well as energy lost by
waves being transmitted into the atmosphere (e.g. Houdek
et al. (1999) and references therein).
In both the nonlocal envelope and pulsation code, we
treat radiative transfer in the generalized Eddington approximation (Unno & Spiegel 1966). We use the OPAL opacities
(Iglesias & Rogers 1996) with additional low-temperature

4

TESTS OF CONVECTION-MODEL
PARAMETERS

We calibrate the nonlocal convection parameter c via 3D
convection simulations, while the nonlocal mixing-length parameter αNL is calibrated to obtain the deep structure of
the corresponding evolutionary models. We use the observed
linewidths to calibrate a, b, and Φ, although the values we
use for Φ are similar to what is found in 3D simulations just
below the superadiabatic peak, where Φ is almost constant
with increasing stellar depth. We emphasize that the values
of the parameters a, b, c, and Φ are the same in the nonlocal
envelope as well as in the pulsation computations. As such it
is interesting to see how these parameters separately affect
both the structure and the damping rates of the models. As
we show in Section 5, our model computations are in most
cases able to closely reproduce observed linewidths.
Balmforth (1992) studied the effect of varying the nonlocal convection parameters on the stability solutions of solar
models. Here, we basically follow Balmforth’s approach and
investigate the sensitivity of the model solutions to changes
in convection parameters by vaying a and b independently
while keeping αNL and Φ constant. Besides concerning RGB
stars, our test is in some aspects a little different: First of all
our model includes an additional parameter c, which is subject to sensitivity tests as well, but is calibrated to 3D simulation results. Furthermore, we also test for effects of varying
Φ. Regarding the mixing-length parameter αNL , if it is kept
constant the size of the convective envelope changes upon
varying the other convection parameters. Therefore we opt
for recalibrating αNL to retain the depth of the convective
envelope, which is then constant throughout all the tests.
One might argue that it will be difficult to disentangle the
effects of changing either αNL or, say, a. However, we did do
the same tests with constant αNL , thereby letting r BCZ vary.
The effect on the resulting linewidths compared to recalibrating αNL to keep r BCZ constant is extremely small, often
indistinguishable.
Lastly, we test the impact of convection-parameter
changes on both the structure and dynamics of the envelope model as well as the resulting, frequency-dependent
linewidths. It should be noted that the values of the convection model parameters are not directly comparable to
Balmforth (1992), due to improvements in the code both in
the numerics as well as the use of updated opacities, EOS
and atmospheric models (T (τ)) from 3D simulations.
As a reference for the sensitivity tests we use our model
of KIC 5111718 presented in Fig. 3 with convection parameters a2 = 900, b2 = 800, c2 = 120 and Φ = 1.8. This star
is chosen due to the robustness of the models across the
relevant parameter spectrum. The particular choice of convection parameters yields the best overall match between
MNRAS 000, 1–12 (2016)
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Figure 3. Linewidths of KIC 5111718. Diamonds connected by
a full line show model computations as Γ = ηπ −1 while the points
with error bars are observed linewidths. The dotted vertical line
is drawn at the observed ν max .

computed and observed linewidths. When one convection
parameter is varied, the remaining parameters are kept constant at the values given above. The radius at the bottom of
the convection zone in the reference model is kept constant
during all tests at r BCZ = 0.105R.
A note about the velocity anisotropy: 3D stellar atmosphere models show a dependence of Φ on the depth z. Work
is ongoing to interpolate the Φ (z) structure between 3D atmosphere models (Andreas Jørgensen, personal communication), but so far the sparse population of 3D models in the
grid at the RGB stage makes it difficult to do so accurately.
It is, however, already feasible for main-sequence solar-like
stars; Houdek (2017) presented the first results of using those
3D simulations to guide the functional form of Φ(z) in the
1D stability computations for stars in the LEGACY sample
(Lund et al. 2017; Silva Aguirre et al. 2017).
4.1

Results of model tests

In this section we discuss the effects of the convection-model
parameters on both the linewidths as well as the structure
of the models for a test case of KIC 5111718. Note that for
too small values for a2 and b2 (below 450) we find, similarly
to previous studies (Houdek et al. 1999; Houdek & Gough
2002), unstable modes, i.e. η < 0, wherefore these models
are excluded in the following. This is no detriment to the
analysis as a and b typically need to take on much larger
values (see Table 1). In all figures the black dashed line shows
the reference model, which was found to best reproduce the
observed linewidths. The parameter values for this model
are given in Table 1.
As described in Section 3, we can constrain c much better than the other parameters via the use of 3D hydrodynamics simulations. In order to obtain for pt /p the peak values
found in simulations, c2 ranges between 110 and 300 in our
models. Fig. 4 shows pt /p for a range of c-values. Convection simulation results by Trampedach et al. (2013) suggest
MNRAS 000, 1–12 (2016)
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Figure 4. Ratio of turbulent pressure to total pressure from models of KIC 5111718 with different values of the nonlocal convection
parameter c.

peak values of pt /p approximately between 0.19 and 0.22 for
the stars in our sample, thus favouring low c values as per
Fig. 4. The impact of c on the linewidth profile for KIC
5111718 is shown in Fig. 5. With increasing c the trough in
the linewidths deepens and shifts towards lower frequencies
away from the frequency of maximum power νmax . However,
a depression of the linewidths around νmax seems to be a
common feature for RGB stars and is also found, but typically not as strongly pronounced, for main-sequence stars
(Appourchaux et al. 2014). The fact that our chosen values
of c do not only reproduce the pt /p peak derived from 3D
simulations but also the trough in the damping rates at νmax
indicates that models with low c adequately represent the
physical conditions of the stars with regards to describing
the turbulent-pressure profile in the surface layers. The influence of c on the temperature gradient and convective flux
is quite small. But, not surprisingly, the sound-speed profile
cs near the surface is sensitive to c as seen in Fig. 6. The
sound speed is also affected by a but to a lesser extent and
even less for b.
In Fig. 7 we see that a has a rather large impact on the
linewidths. The main effect is on the depth of the trough
at νmax , the depth of which inceases for decreasing a-values
while being almost evened out for large a. The values listed
in Table 1 suggest that a must, in order for the damping
rates to match the observations, increase with evolution to
the point where the solutions are practically local. But any
conclusion in this regard is prohibited by our limited number of models. We can, however, qualitatively understand
this behavior of the parameter a: As the star evolves up
the sub-giant branch the convective envelope expands significantly to the point where it constitutes most of the star
in terms of volume. In most of the convection zone the pressure scale height, and consequently the mixing length in our
description, is so large that it does not make sense to account for contributions from adjacent convective cells when
calculating the convective heat flux at a given point. Fc is
therefore adequately described by a near-local solution.
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Figure 5. Linewidths of KIC 5111718 models with different values of c. The dashed line shows the linewidths of the reference
model. Points with error bars are observed linewidths. The dotted
vertical line is drawn at the observed ν max .

Figure 6. Sound speed from models of KIC 5111718 with different values of the nonlocal convection parameter c.

The fact that the model computations show a clear reduction of the damping-rate depression near νmax with increasing a, indicates that the dynamical effect of varying a is
predominantly controlling the degree of the coupling of the
(nonlocal) heat flux Fc with the pulsating environment. The
net effect is the way how the phases between the perturbed
heat and radiative fluxes, relative to the density perturbations, are controlled. Increasing a, i.e. making Fc more local, seems to increase the stabilizing effect of the convective
heat-flux perturbation relative to the destabilizing effect of
the radiative-flux perturbation on the overall mode stability.
The structural effects of a is shown in Figs 8 and 9. The
effects on the super-adiabatic temperature gradient, ∇ − ∇ad ,
and on Fc are similar to Balmforth’s analysis for the Sun.

Figure 7. As Fig. 5 for different values of a.

The turbulent pressure profile is practically unaffected by
a (and therefore not shown), as it is, in our models, controlled by c and therefore differs from Balmforth (1992).
The convective heat flux Fc should, according to 3D simulations, be negative, albeit very small, above the superadiabatic peak. Contrary to this Fig. 9 shows Fc to be still
positive and falling off to zero in this region (approximately
for log p < 4.55). Since we construct the nonlocal flux by
integrating local values, it will by design always be positive and confined to the convection zone as determined by
the Schwarzschild criterion. It is unlikely that this has a
significant effect on the oscillation properties. However, the
convection model adopted here includes only the enthalpy
flux contribution to Fc . In reality it consists of both enthalpy
as well as kinetic energy flux. It is unknown how the latter
affects the damping of the acoustic oscillations, but work is
ongoing to incorporate it in the convection model.
For ∇−∇ad and Fc /F the shifts between models with different values for a, seen in Figs 8 and 9, are also present at
the base of the convection zone. However, at this depth convection does not contribute to the overall stability of acoustic
pulsations; we therefore ignore it in the present discussion.
We find only slight differences in log(T ) in the superadiabatic
layers between models with different a, whereas the sensitivity tests of b and c show no effect on the temperature
stratification.
If we now consider varying b, the main effect on the
damping rates η of increasing the value is to smooth out η
around νmax as seen in Fig. 10. Overall the effects on η(ν)
seem less drastic compared to varying a or c, as depicted
in Figs. 5 or 7. Figs. 11 and 12 show the structural effects
of varying b, which controls the degree to which turbulent
fluxes are coupled to the local stratification. The more local
the solution the more tightly coupled they are, which suppresses drastic changes in the structure, therefore resulting
in lower, and broader, peaks in the super-adiabatic gradient.
Smaller b-values allow for sharp changes in the structure,
which can be brought about by the ionization of hydrogen
and result in a small bump in the super-adiabatic gradient just at the bottom of the super-adiabatic layer as seen
MNRAS 000, 1–12 (2016)
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Figure 8. Super-adiabatic gradient from models of KIC 5111718
with different values of the nonlocal convection parameter a.

Figure 9. Ratio of convective flux to total flux from models of
KIC 5111718 with different values of the nonlocal convection parameter a

in Fig. 11. As mentioned by Balmforth (1992), extremely
low values of b should decrease the temperature gradient
enough to bring about a temperature inversion just below
the super-adiabatic layer. This feature is seen in laboratory
convection; but it is unknown whether or not it can occur
in stars. So far, our most realistic representation of convection in stellar atmospheres is provided by 3D simulation, in
which no temperature inversions are found. Increasingly local solutions (larger b) smooth out this bumpy behaviour as
evident in Fig. 11. Compared to Balmforth (1992), b has a
less significant effect on the convective flux than found for
solar models. The height of the pt /p peak (not shown) is
affected only to a minor extent marginally leading to a difference of a little less than 0.01pt /p between the two models
furthest apart (highest and lowest b).
MNRAS 000, 1–12 (2016)
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Figure 10. As Fig. 5 for different values of b.

Figure 11. Super-adiabatic gradient from models of KIC 5111718
with different values of the nonlocal convection parameter b.

Fig. 13 shows the effect on the linewidths of changing
the eddy-shape parameter Φ (eq. 7). The parameter Φ, which
describes the anisotropy of the turbulent velocity field, enters as a multiplicative factor of the inertia term in the fluctuating momentum equation, thereby effectively increasing
the inertia of the vertically moving convective eddies as a result of the coupling between vertical and horizontal motion.
For a solenoidal turbulent velocity field, it can be related to
the shape of the convective eddies in the sense that Φ → 1
represents thin, needle-like eddies. Larger Φ values increase
the eddie’s inertia, thereby describing the diversion of the
vertical motion into horizontal flows as a reduction of the
convective efficacy. Moreover, larger Φ values increase the
characteristic timescale of the convection and consequently
reduce the frequency at which energy is exchanged most effectively between convection and pulsation. This is demonstrated in Fig. 13 by the decrease of frequency with increas-
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Figure 12. Ratio of convective flux to total flux from models
of KIC 5111718 with different values of the nonlocal convection
parameter b

Figure 14. Linewidths from models of KIC 5111718 with different effective temperatures varying Teff in the range Teff,ref ±
25, 50, 100K.

Figure 13. As Fig. 5 for different values of Φ. For the reference
model (dashed black line) we use Φ = 1.8.

Figure 15. Linewidths from models of KIC 5111718 with different stellar masses.

ing Φ at which the minimum in the depression of the damping rates is observed.
For both a, b, and c we find no variations in ∇ad . Finally
we investigate the effect on modelled linewidths of varying either the mass or effective temperature. The results of
the Teff test are shown in Fig. 14; higher effective temperature systematically increases the linewidths, while lower Teff
broadens the trough towards lower frequencies. The relative
magnitude of the depression in the damping rates increases
with decreasing Teff . This is consistent with Kepler observations of main-sequence stars (Appourchaux et al. 2014;
Lund et al. 2017).
The effects of varying the mass within the uncertainties
given by H17, from 1.55M to 1.65M , are minor as can be
seen in Fig. 15.

5

RESULTS

Using the methods described in Section 3 we calculate
frequency-dependent damping rates for nine stars in NGC
6819. The stars span a large part of the RGB evolutionary
stage with the most evolved having a large frequency separation of ∆ν = 3.08µHz and the least evolved ∆ν = 10.50µHz.
For most of the stars there is a trough in the damping
rates around the frequency of maximum power νmax 1 - a
feature which we are able to reproduce in our models. This
is also seen for main-sequence solar-like stars; for the Sun,
the trough is less deep and runs over five radial orders, (e.g.,
Houdek 2017), whereas for the red giants considered here,
1

We use the observed values of ν max given by H17
MNRAS 000, 1–12 (2016)

Modelling Linewiths of RGB stars in NGC6819
the interval covers only two or three orders. When calibrating the convection parameters to obtain the best match between theoretical damping rates and observed linewidths,
we first determine c as described earlier. The turbulent
anisotropy parameter Φ is then calibrated in order for the
depression in the damping rates to occur approximately at
the same frequency as for the observations. As Fig. 13 shows,
changing Φ can shift the damping rate pattern to lower or
higher frequencies. Of the remaining two parameters, a predominantly affects only the depth of the depression in the
damping rates around νmax (see Fig. 7), while b lowers or
raises the damping rates almost uniformly in the frequency
range of the observed linewidths (see Fig. 10). With this in
mind, b is first calibrated by matching, as well as possible,
the damping rates above and below the depression. Lastly
a is calibrated via the magnitude of the depression in the
observed linewidths.
It should be noted that, in the following figures, we
also plot the errors on the observed frequencies, although
they are not visible in the plots, due to their values being
of order ∼ 10−2 µHz. All stars are single members of NGC
6819 and none are categorized as having experienced nonstandard evolution as per H17.
We find a clear tendency for stars with lower ∆ν, i.e.
more evolved, to require an increasingly local solution specifically a increases drastically with decreasing ∆ν. Notice also that the five most evolved stars have the highest
Φ ≥ 1.8.
Generally we obtain very good agreement between observed linewidths and modelled damping rates with typically
only a single outlying mode for any given star. When calibrating the convection model parameters to obtain a matching model, we focus first and foremost on the modes closest
to νmax . In the present section we highlight only a few cases;
the results for the remaining cases are shown in Appendix
A.
5.1

KIC 5111718

Fig. 3 shows the theoretical damping rates (curves) and observed linewidths (symbols with error bars) as functions of
frequency for KIC 5111718. This is the least evolved of the
stars considered here with ∆ν = 10.50µHz; also here we find
very good agreement between theoretical model damping
rates and observations. We highlight this case as it is the
model of choice for the tests described in Sections 4 and 4.1
due to the models being very well behaved with regards to
numerical convergence for a wide range of adjustable parameter values.
5.2

KIC 5111940

Fig. 16 shows the frequency-dependent linewidths for KIC
5111940. This is the only case where all the observed
linewidths are matched by model damping rates within the
observational uncertainties; however the model frequencies
are systematically a few µHz too low. This happens to be
the case for most of the stars seen in Fig. 1. It is tempting to
attribute this shift to surface effects. However, at least for
adiabatic frequency calculations, the surface effect for such
an evolved star is too small to be able to account for the
shift seen in Fig. 16 (Trampedach et al. 2017).
MNRAS 000, 1–12 (2016)
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Figure 16. Linewidths of KIC 5111940. Diamonds show model
computations as Γ = ηπ −1 while the points with error bars are
observed linewidths. The dotted vertical line is drawn at the observed ν max .

5.3

KIC 5112734 and 5024583

It is interesting to compare KIC 5112734 and 5024583. The
observed stars are very similar in terms of ∆ν and Teff (see
Table 1) but very different in terms of linewidths as evident
in Figs 17 and 18. The former exhibits only a weak depression in the linewidth profile while the latter dips deep at
νmax . This is reflected in the convection parameters, where
we use b2 = 1200 for KIC 5024583, which is relatively low
for such an evolved star. For the KIC 5112734 model we
had to increase both a2 and b2 to very high values in order to reproduce theoretically the depression in the damping rates at νmax . The depths of the convection zones of the
models are r BCZ = 0.054R and 0.053R, respectively. If the
linewidths of these two stars depend on effective temperature and mass in the same manner as does KIC 5111718
(Figs 14 and 15), then a difference of 20K and 0.04M does
not seem sufficient in explaining the difference in observed
linewidth profile between the two. It speaks to the strength
of the method that we are able to reproduce linewidths for a
wide range of RGB stars. At the same time, the comparison
between KIC 5112734 and 5024583 shows that the physical
conditions and dynamics can differ significantly between two
stars which appear very similar in their global properties.

5.4

KIC 5023732 and 5023845

For the two stars KIC 5023732 and 5023845 we were not
able to reproduce successfully the observed linewidths (figures are shown in A). This could very likely be due to problems with the observed values; for neither of the stars the
linewidths exhibit the characteristic depression around νmax .
Meanwhile there is no indication that this pair represents a
specific stellar type, for which our model is inadequate. Of
the stars considered here, KIC 5023732 is the most evolved
with ∆ν = 3.08µHz, while KIC 5023845 is one of the least
evolved stars analysed by H17 with ∆ν = 8.87µHz. The pa-
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Table 1. Key properties and parameter values for stars and their
corresponding models. The large frequency separation ∆ν is included as an indicator of evolution. The cases are listed from least
to most evolved. a, b, c and Φ are the convection model parameters appearing in equations (3), (6), (4), and (7). For uncertainties
on observables, see H17.

Figure 17. Linewidths of KIC 5112734. Diamonds show model
computations as Γ = ηπ −1 while the points with error bars are
observed linewidths. The dotted vertical line is drawn at the observed ν max .

Figure 18. Linewidths of KIC 5024583. Diamonds show model
computations as Γ = ηπ −1 while the points with error bars are
observed linewidths. The dotted vertical line is drawn at the observed ν max .

rameters of the theoretical models are very different as well
– KIC 5023732 having an extremely deep convective envelope, r BCZ = 0.0445R, while for KIC 5023845 r BCZ = 0.0940R.
Their respective values of a, b, and c also differ quite significantly, although none of them result in a good model with
damping rates able to match the observed linewidths. We
therefore find it reasonable in these two case to question the
reliability of the observations.
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KIC

∆ν
[µHz]

Mass
[M ]

Teff
[K]

a2

b2

c2

Φ

5111718
5023845
5024405
5024312
5024512
5111940
5112734
5024583
5023732

10.50
8.87
8.25
8.01
6.65
5.14
4.14
3.89
3.08

1.60
1.61
1.43
1.60
1.57
1.62
1.64
1.68
1.60

4932
4845
4775
4816
4826
4741
4607
4627
4588

900
800
800
900
1200
1200
6000
3000
3000

800
500
3000
900
5500
5500
6000
1200
6000

120
200
110
200
150
150
300
200
120

1.8
1.8
1.7
1.8
2.05
2.0
2.0
1.9
2.0

DISCUSSION AND CONCLUSIONS

We successfully model frequency-dependent damping rates
for RGB stars in the open cluster NGC 6819, using a nonadiabatic stability calculation based on a nonlocal, timedependent convection model. This convection model has already proven successful for solar-like main-sequence stars
with a wide range of Teff , including examples where the
linewidths as a function of frequency are almost constant
as shown by Houdek (2017), modelling damping rates to
match observed linewidths from the Kepler LEGACY sample (Lund et al. 2017).
In Section 4 we perform a thorough test of the model’s
sensitivity to the convection parameters - some of which can
be calibrated via 3D convection simulations. The results fall
nicely in line with Balmforth (1992), who made a similar
test for the solar case. We find that the convection parameter c, which controls the non-locality of the momentum flux,
is well constrained. As testament to this, we emphasize that
the values inferred from convection simulations not only reproduce the maximum value of pt /p. The characteristic depression in the damping rates around νmax coincides as well
with that of the observations as shown in Section 4.1. This
should also increase confidence in 3D convection simulations
as a calibration source with regards to 1D convection models.
Across the different best fitting models b varies a lot
(see Table 1), in accordance with the fact that its effect
on the damping rates is rather weak as per Fig. 10. Note
that in Section 4.1 b is only varied with reference to one
specific value of a. Also, when going to very high b-values
(b > 3000), we obtain the local formulation and the effect
diminishes with further increases in b. The values given in
Table 1 are those that provide the best match between theoretical damping rates and observed linewidths, although one
could also obtain fairly good results with an upper limit of,
say, 3000, on a and b. As is the case for b, the values given
in Table 1 suggest a trend of Φ increasing with decreasing
∆ν, yet conclusive statements cannot be made based on the
sample size presented here.
One application of our models is the potential for improving the stellar structure in the surface layers of 1D stellar models. Because the mixing-length parameter of the enMNRAS 000, 1–12 (2016)
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velope model is calibrated to match the full structure evolution model in the deep interiors (see Fig. 2), the two models can be patched together for an improved stellar model,
where the structure in the outer parts better resembles that
of a given real star.
Appourchaux et al. (2014) found that for main-sequence
solar-like stars the amplitude of the linewidth dip around
νmax decreases with increasing effective temperature. The
same conclusion was reached by Lund et al. (2017) for the
LEGACY stars. The damping rates obtained from varying
Teff in our model of KIC 5111718 (Fig. 14) are consistent
with these results. However, if we compare the observed
linewidths of all stars modelled here, shown in Section 5
and Appendix A, there does not seem to be a clear trend
between linewidths and effective temperature. Assuming the
relation also holds for RGB stars, it is not surprising that we
cannot reproduce the dependence on Teff , given the narrow
range of Teff for our stars and the strong variations in log g
which might be expected to dominate the variation in the
properties of the damping rates.
Regarding the relatively high values of the nonlocal
convection parameters a and b, we gave in Section 4.1 a
qualitative explanations as to why the value of the convection parameter a appears to increase with evolution. Antoci
et al. (2014) applied very similar methods, including using
the same nonlocal convection model, to the chemically peculiar δ Scuti star HD 187547 (using model mass and effective temperature M = 1.85M and Teff = 7575K respectively). For the nonlocal convection parameters they adopt
the values a2 = b2 = c2 = 950, noting that these values are
rather high, tending towards a more local description2 . Very
similar values were used earlier by Balmforth et al. (2001)
(a2 = b2 = c2 = 1000), applying the model to roAp stars. The
argument for not using a more nonlocal solution (smaller a)
for the convective heat flux pertains to the shallowness of
the surface convection zone of hotter stars. Because the radial extent of the convective envelope is rather small there
is less physical reasoning for averaging over several convective eddies. It is peculiar that the same convection model,
in order to reproduce observed linewidths, requires similar
values for stars with either very deep or very shallow convective envelopes but for different reasons. In both cases the
arguments are reasonable, which highlights the incompleteness of our current understanding of the interaction between
pulsations and turbulent convection. However, it is important to note that the need for predominantly local solutions
to the convective heat flux is not a feature of the model.
For main-sequence solar-like stars, much smaller a-values
are needed. Houdek et al. (in preparation) have calculated
theoretical damping rates to match the observed linewidths
of the Kepler LEGACY stars. For the cooler main sequence
stars, values in the order of a2 ∼ 100 are needed to properly
reproduce observations, while for the hottest stars a2 go up
to ∼ 3000. For b2 they use values similar to ours, ranging
from 2000 to 6000 and increasing with Teff , and likewise for
c2 although it has to be increased to ∼ 600 for the hottest
LEGACY stars.

2

In Antoci et al. (2014) c 2 is not calibrated to 3D convection
simulations. Its value should be lower and consequently the turbulent pressure higher as they also state in the discussion.
MNRAS 000, 1–12 (2016)
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The results presented here are the first examples of theoretical, frequency-dependent damping rates in RGB stars
able to match high-quality Kepler observations. This is an
important step towards a better understanding of the dynamics of convection and pulsations in the turbulent envelope regions of these stars. Future improvements to the
convection model should concern ways to constrain the nonlocal convection parameters a and b as well as incorporating the depth-dependence of the shape factor Φ, most likely
through even more extensive use of 3D simulations. Likewise, the inclusion of the kinetic energy flux is currently in
the works, its effect on the damping rates being so far unknown.

ACKNOWLEDGEMENTS
Funding for the Stellar Astrophysics Centre is provided
by The Danish National Research Foundation (Grant
DNRF106).

REFERENCES
Antoci V., et al., 2014, ApJ, 796, 118
Appourchaux T., et al., 2014, A&A, 566, A20
Baglin A., Auvergne M., Barge P., Deleuil M., Catala C., Michel
E., Weiss W., COROT Team 2006, in Fridlund M., Baglin
A., Lochard J., Conroy L., eds, ESA Special Publication Vol.
1306, The CoRoT Mission Pre-Launch Status - Stellar Seismology and Planet Finding. p. 33
Balmforth N. J., 1992, MNRAS, 255, 603
Balmforth N. J., Cunha M. S., Dolez N., Gough D. O., Vauclair
S., 2001, MNRAS, 323, 362
Bedin L. R., Salaris M., Anderson J., Cassisi S., Milone A. P.,
Piotto G., King I. R., Bergeron P., 2015, MNRAS, 448, 1779
Belkacem K., Dupret M. A., Baudin F., Appourchaux T., Marques J. P., Samadi R., 2012, A&A, 540, L7
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Figure A2. Linewidths of KIC 5023845. Diamonds connected
by a full line show model computations as ηπ −1 while the points
with error bars are observed linewidths. The dotted vertical line
is drawn at the observed ν max .

Figure A3. Linewidths of KIC 5024312. Diamonds connected
by a full line show model computations as ηπ −1 while the points
with error bars are observed linewidths. The dotted vertical line
is drawn at the observed ν max .

APPENDIX A: ADDITIONAL FIGURES
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure A4. Linewidths of KIC 5024405. Diamonds connected
by a full line show model computations as ηπ −1 while the points
with error bars are observed linewidths. The dotted vertical line
is drawn at the observed ν max .

Figure A5. Linewidths of KIC 5024512. Diamonds connected
by a full line show model computations as ηπ −1 while the points
with error bars are observed linewidths. The dotted vertical line
is drawn at the observed ν max .
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We can gain additional physical insight into the damping rate results by considering the
work integrals behind it. Figs. 7.5 and 7.6 show the accumulated work for the KIC 5111718
model split into contributions from gas pressure and turbulent pressure perturbations
respectively and calculated according to eqs. (7.25) and (7.26). Shown are the work of the
six model modes that correspond to the observed modes. For low order modes (not shown
here), neither Wg nor Wt varies much with depth in the convection zone. As the order,
and hence the frequencies, increase, the contributions to the work integrals increase and
become concentrated near the surface (model extends down to log p ∼ 14.). Recall from
the discussion of work in section 7.2.1 that the mode is being driven wherever dW > 0 and
damped when dW < 0. Almost all the driving comes from the gas pressure perturbations,
whereas the turbulent pressure perturbations help stabilise the oscillations by almost only
contributing to the damping. Note that at the top of the envelope, the convective heat
flux is dominated by radiation, and hence dWt = 0. If we look at the individual modes in
Fig. 7.5, we can understand where the depression in the linewidth curve comes from (Fig.
3 in the paper). The mode of order n = 11 is the one with frequency closest to νmax , where
the depression occurs. Its work done by gas pressure fluctuations are shown as the dashed
line, which lies at the bottom of the plot in the range 2 . log p . 4.5. Hence the differential
work dWg in the range 2 . log p . 4.5, where dWg > 0, contributes much more to the
driving than for the other modes, showing why the damping rate drops at the particular
frequency of this mode. In Figs. 7.7 and 7.8 I present the accumulated work for just this
mode (n = 11) from the models with different values of the nonlocal convection parameter
a. For the gas pressure fluctuations, the work in the range 2 . log p . 5.5 seems to simply
be scaled, decreasing with a2 , whereas below this region, the work obtained from the more
local solutions (large a2 ) oscillates more wildly. For the turbulent pressure fluctuations,
the accumulated work is much more similar. This is not surprising, since a has practically
no influence on the momentum flux as can be seen in Fig. 7.9 (not shown in the paper).
We can thus see that an increase in a decreases the linewidth depression at νmax mainly
by reducing the driving by gas pressure fluctuations as opposed to increasing the damping
by turbulent pressure perturbations.
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Figure 7.5: Accumulated work by gas pressure perturbations of six computed modes of
different radial order corresponding to the observed, radial modes.

Figure 7.6: Accumulated work by turbulent pressure perturbations of the same modes as
shown in Fig. 7.5.
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Figure 7.7: Accumulated work by gas pressure perturbations of the n = 11 mode from
computations with different values for the nonlocal convection parameter a.

Figure 7.8: Accumulated work by turbulent pressure perturbations of the n = 11 mode
from computations with different values for the nonlocal convection parameter a.
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Figure 7.9: Ratio of turbulent pressure to total pressure form models of KIC 5111718 with
different values of the nonlocal convection prarameter a.
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Chapter 8

Conclusions and outlook
In this thesis I have presented my research on the connection between stellar convection
models and asteroseismic properties. In this context, I have mainly dealt with two major
problems in modern asteroseismology. One is the frequency errors stemming from oversimplification of stellar convection in 1D stellar evolution codes. And the other is the
information lost in utilizing the adiabatic approximation in calculating stellar oscillation
frequencies. Both of these issues contribute to the astereoseismic surface effect.
Modelling convection in only one dimension is inherently problematic due to the threedimensional nature of turbulence. Doing so in a detailed fashion is hindered even further
by the large time scales covered in stellar evolution calculations. Luckily, stellar convection
can be studied thoroughly via simulations of radiation-coupled hydrodynamics in stellar
atmospheres. My work has to a large extent been to investigate what we gain by studying 3D atmosphere models, identifying the aspects important to current asteroseismic
challenges and trying to reproduce this in 1D models.
In sections 6.1 and 6.2 I discussed the results of improving 1D models via patching with
averaged 3D atmospheres and comparing adiabatic frequencies. It is important to keep in
mind this method only reveals the structural part of the surface effect. The large number
of models analysed provides a good representation of the structural surface effect under
various surface conditions. Although the absolute frequency difference at νmax decreases
with log g, the difference relative to νmax turns out to be increasing with surface gravity.
Regardless of whether we consider absolute or relative frequency differences, the tendency
is in both cases an increase with effective temperature. Based on both my own results as
well as the other studies discussed here, I recommend using the two-term surface effect
correction by Ball and Gizon (2014). This is strongly motivated by its ability to also fit
the ”bumpy” δν curves found for the hotter stars in the sample. We have identified the
cause as oscillations in the mode inertias brought about in the helium ionization zone.
This is also seen when comparing models with observations as discussed in chapter 4. In
chapter 7, I also used the patched models to investigate the possible dependence of scaling
relation corrections on evolution. This could be rather important, as scaling relations
are often utilized to determine masses and radii of observed stars. In order to find any
potential systematics, the first thing would be to test if different ways of calculating ∆ν
change what we see in Fig. 7.4.
In section 6.3, I presented my studies of stellar evolution models with mixing-length
parameters calibrated to 3D atmosphere models as well as T (τ ) relations calculated directly from these. In the range of stellar masses 0.7M ≤ M ≤ 1.4M being investigated
here, the T (τ ) relations had the most prominent impact on a stellar evolution model relative to the reference case. However, the important aspect was not that the T (τ ) relation
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could be updated progressively during the evolution; simply using the constant relation
from the solar simulation yielded almost exactly the same results. Speaking of which,
the maximum difference of 50K in effective temperature is in many cases similar to, or
smaller than, the errors on observational values. Looking at the asteroseismic impact, the
adiabatic oscillation frequencies of the ”improved” models were actually a few µHz higher,
which is the opposite of what we have hoped for, seeing as the surface term comes from
overestimating frequencies. However, regardless that the αMLT and T (τ ) relations from
3D atmospheres do not seem to make a big difference for the resulting stellar models, there
are some very positive aspects of this method. First of all, the mixing-length parameter
for stars other than the Sun is no longer arbitrary. The same goes for the Hopf function
q(τ ) replacing either the Eddington atmosphere (constant q(τ ) = 2/3) or semi-empirical
formulae constructed to match the solar atmosphere. The way forward is likely through
averaged 3D atmospheres interpolated and patched on the fly during stellar evolution as
mentioned at the end of 6.3. In order to do the patching consistently, 3D αMLT and T (τ )
relations should be used consistently with the simulations. So far, this is only available
for the grid of simulations by Trampedach et al. (2013). However, from this we cannot
test the effects of changing the metallicity on especially the temperature stratification.
There are plans to recompute the grid with different chemical compositions. This would
be a huge improvement and ensure that atmospheric simulations constitute a toolbox that
will be useful and relevant to countless astrophysical applications for many years to come.
The Stagger-grid models are actually distributed in both Teff , log g, and [Fe/H]. But T (τ )
relations have not been calculated for the models.
In chapter 7 I presented models of frequency-dependent damping rates able to match
high-quality observational results of linewidths in RGB stars. The structure for the stability analyses were obtained with a nonlocal, time-dependent convection model. Although
the convection model dates back to the 70’s, it is still remarkably relevant, and perhaps
under-utilized. It is certainly a challenge that the model includes as many free parameters as it does. However, because the parameters a, b, c, and Φ are so closely tied to
the physics as they are, there is reasonable hope that it is possible to determine, or at
least tightly constrain, these parameters through other means such as c being fixed by
3D atmosphere models. The same goes for the eddy-shape parameter Φ as discussed in
section 7.1. As previously mentioned, Φ actually varies with stellar depth, although we
have considered it a constant. Houdek (2017) has used data from 3D atmosphere models
to guide the functional form of Φ(z) in calculating damping rates of Kepler LEGACY
stars. It is admittedly more difficult to constrain the parameters a and b as they are to
some degree interdependent. Perhaps they could be constrained by mapping their values
as functions of global stellar properties for a much larger number of models than the seven
successful models presented in the paper. However, if the two unsuccessful models fail for
reasons that do not pertain to the light curve analyses, then we should try to understand
this first. We should also recall that the model is still under development with Φ(z) and
the kinetic energy flux being the current topics of implementation. First and foremost,
my results validate the model and show that we are moving in the right direction.
Considering this work along with that by Rosenthal et al. (1999) (who might have been
ahead of their time), Sonoi et al. (2015), Ball et al. (2016), Magic and Weiss (2016), Houdek
et al. (2017), and Sonoi et al. (2017), it is clear that we are just beginning to harness the
potential of 3D convection simulations. Their usefulness is not at all limited to convection
models. Other examples include spectroscopic analysis, typically including magnetic fields
in the simulations, and studies of limb darkening. This is just the beginning, and it is
already going very well.
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Stein, R. F. and Nordlund, Å. 1998: ‘Convection and p-modes’, in S. Korzennik, editor,
‘Structure and Dynamics of the Interior of the Sun and Sun-like Stars’, volume 418 of
ESA Special Publication, page 693
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