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“The price an artist pays for doing what he wants
is that he has to do it.”
— William S. Burroughs

English Summary
Heat. A topic that is so common in everyday life. From the refreshing
sorbet to enjoy on a warm summer night to the glow from a crackling fire
to bring back to life some fingers still frozen from a well-fought snow battle.
It is so common and yet, as common things usually are, not as trivial to
describe. It has fascinated physicists for centuries leading to the emergence
of its own dedicated field—thermodynamics. It started as an entity to tame
and control to transform it into something useful, convert it into work. To
be tamed it had to be understood and since its first description, intended
to optimize steam engines, it has become an essential question, far beyond
its original application. With the emergence of microscopic physics, heat
became a reflection of a system’s internal state as the temperature can be
described as a function of the system’s degree of excitation. And with the
development of experimental tools and techniques that allow a high degree
of control at a microscopic level—such as lasers and microscopic traps—it
has been nearly suppressed, allowing atoms to be as cold as 500 pK—a
trillion times colder than the aforementioned delightful sorbet.
In this PhD thesis, several aspects of microscopic heat are discussed.
First, from an ion trapper’s perspective, where heat goes along with motion,
rendering it undesirable. We developed a novel experimental technique
for ion cooling, by incorporating the heating effects from the micromotion,
inherent to Paul traps, into the cooling procedure. It allowed us to
form challenging ion crystal structures—pancakes. Then, coming back
to its original appreciation, we explored heat from a quantum machinist
perspective. By describing the heat dissipated by a two-qubit quantum
thermoelectric engine, we suggested a quantum optics description of heat as
it could be assimilated to a quantum photodetection process. Going even
further, we successfully replicated the effects of heat baths by operating
the two-qubit engine solely with projective measurements, offering a new
insight into how this fascinating entity can be defined.
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Dansk Resumé
(Danish Summary)
Varme. Et emne som vi alle kan relatere til i vores hverdag. Fra den forfriskende sorbetis nydt på en varm sommeraften, til skæret fra den knitrende
pejs hvor frosne fingre genvinder varmen fra den tidligere sneboldkamp.
Men selvom varmen er os så velkendt, så har den, som oftest med velkendte
ting, en mere kompliceret beskrivelse end man ville forvente. Varme har i
århundreder fascineret fysikere i en sådanne grad, at den har fået sit eget
studie—termodynamikken. Termodynamikken tjente først det formål at
tæmme og kontrollere varmen for at transformere denne til arbejde, men for
at tæmme varmen skal man først forstå denne. Siden den første beskrivelse,
formuleret med hensigt på at optimere dampmaskiner, er varmens studie
blevet en langt mere essentiel del af fysikken end oprindeligt tiltænkt. I
den mikroskopiske fysik bliver varme et mål for et fysiske systems interne
tilstand, da systemets temperatur kan relateres til dets excitationsniveau,
og i kraft af udviklingen af eksperimentelle værktøjer og teknikker, der fx
gennem lasere og mikroskopiske fælder tillader højpræcisionsmanipulation
på det mikroskopiske niveau, er det blevet muligt at næsten fuldstændigt
undertrykke systemers excitationsniveau, hvilket tillader atomer at køles
ned til 500 pK—en billion gange koldere end førnævnte sorbetis.
I denne PhD-afhandling gennemgås og diskuteres flere aspekter af
mikroskopisk varme. Først tages udgangspunkt i ionfældefysikerens synspunkt, hvor varme og bevægelse går hånd i hånd og varmen derfor bliver
uønsket. Vi udvikler en ny eksperimentel teknik til ionafkøling ved at
inkorporere varmeeffekter fra de mikroskopiske bevægelser, som naturligt
fremkommer i Paul-fælder—i afkølingsprocessen. Denne teknik tillader os
at skabe vanskelige ionkrystalstrukturer—pandekager. Herefter betragter
vi varme fra en kvantemekanikers synspunkt, hvor vi, ved at undersøge
varmedissipationen fra en to-qubit kvantetermoelektrisk maskine, præsenterer en kvanteoptisk beskrivelse af varme i hvilken denne kan identificeres
iii

iv
med en kvantefotodetektionsproces. Yderligere reproducerer vi varmebades
effekt ved udelukkende at drive to-qubit-maskinen med projektive målinger,
hvilket tilvejebringer en ny indsigt i varmens natur.
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Notation
~ = 1 throughout the thesis, unless stated otherwise. In certain locations,
where appropriate, explicit indication of dependencies in expressions is
omitted, for the sake of brevity.
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Part I:
Introduction

1

Introduction
hat is heat? A very hot topic, that has been the center of lively
debates for centuries. Going back to 400 B.C. and the atomic theory
formulated by Democritus, who stated that matter was composed of atoms,
constantly moving, colliding and rearranging in structures that can induce
the feeling of hot or cold. Heat was merely the consequence this special
arrangement had on the measuring body. Fascinatingly, from our extremely
knowledge biased perspective from which it is so easy to judge the past,
the scientific community preferred to wallow in the Aristotelian aether.
Since the void was unacceptable, so was a lack of material definition and
the phlogiston theory kept rising from its own ashes over the course of the
18th century. Until Lavoisier finally put it out in the late 1700’s with the
oxygen theory of combustion. Notwithstanding, the fluid description of
heat would not dissipate as Lavoisier himself defined in 1789 the concept
of the caloric—a subtile fluid, penetrating between the molecules of matter
causing its expansion, and which accumulation leads to the sensation of
heat [2]. The caloric spread into Carnot’s description of classical heat
engines in 1824 [3], considered to be the birth of thermodynamics, i.e.
the description of heat in terms the work that can be drawn from it. At
the same time, starting with Bernoulli’s revival of the millennium old
clinamen [4] in 1738, the kinetic theory of heat was gaining supporters.
This description of heat as a consequence of microscopic collisions of gas
particles sparked the genesis of statistical mechanics by Maxwell [5] and
Boltzmann [6, 7]. These two speculated origins of heat were reconciled by
Clausius in 1851 [8], who stated that what heat actually was was not of
significant importance, as what mattered was its effects on the system it
affects. However, with the increasing interest in the microscopic regime
and the development of experimental tools which allow us to access it,
this blinkered position on the question is unsatisfactory. In order to gain
control over a microscopic system, one must understand the microscopic
processes it is subject to, and the successful realization of Bose-Einstein
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condensation [9], would not have been possible without the description of
the system made by Bose [10] and Einstein [11]. However, by using this example, we make the common abusive assimilation of heat and temperature.
While the temperature is a state function, i.e. a characteristic property
of a given system, heat is a process quantity, depending on the path the
system took between two moments in time and describing its evolution.
Heat gives an integrated picture of the interaction between a system and
its environment. Moreover, contrary to work, it does not have palpable
effects. These properties of heat render it challenging to grasp.
For a microscopic system in contact with an environment, heat has been
defined as the dissipative part of the system evolution, the Hamiltonian
part of the evolution giving the work [12, 13]. These definitions however
leave room for debate. In fact, they do not address situations where the
equation describing the evolution of the system cannot easily be separated
into a dissipative and a hamiltonian term. This gives rise to a question:
can heat only be defined as the consequence of a dissipative process?
In the course of the PhD related in this thesis, I embraced my national
heritage and joined the exciting task of attempting to understand and
define heat. With the conviction that knowledge at the microscopic level
can be extended to macroscopic manifestations of the same phenomenon,
and thus allow a full understanding, I focused my interest to the microscopic
scale.
First, I took an ion trapper’s perspective. In this setting, heat is
assimilated with temperature. Following the statistical description of
thermodynamics, hotter systems present a larger energy distribution and
are consequently not located in a well-defined state. Therefore, this
statistical spread does not allow for precision experiments and is undesirable.
For trapped ions, several levels of state definition exist, which each can be
associated with a temperature. They can be divided into two categories:
the ions’ motion and their internal state. In the investigations I took part in
in the course of this PhD, the goal was to reduce the temperature associated
with the ions’ motion. Even though the Doppler cooling technique has
been widely used and optimized, this proves to be challenging in Paul
trapped three-dimensional ion crystals, as this specific type of trap gives
rise to a driven motion of the ions: the micromotion. I participated in
developing a new cooling technique, based on Doppler cooling, that takes
into account the presence of this additional motion of the ions—pulsed
cooling. This allowed me to see that heat could be tamed.

I.1 Thesis Outline
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Then, I came back to the original perception of heat, i.e. as a source
of work. My system became a quantum thermoelectric engine made of
two qubits connected via a Josephson junction and each coupled to a heat
bath. Analytically studying this simple engine, and thus precisely deriving
the equations describing its operation, allowed me to get a glimpse into
the heat generating processes and to how it can be described. The heat
exchanged between the qubit and its respective bath could be expressed in
terms of the qubit occupation number and evaluated by a photodetection
process. Moreover, I was able to observe the heat traveling through the
system which revealed strokes in the operation of the engine, similar to
the chuffing of a steam engine.
Finally, in the goal of getting a deeper understanding of heat by
gaining even more control over the heat generating processes, I considered
a modified design of the two-qubit thermoelectric engine, where one or
both baths were replaced by measurements applied to the respective qubits.
The engine being operational under these conditions suggested that the
measurements can successfully replicate heat baths. This allowed me to
describe the heat as the excitation added to the system by the measurement
operation, which both gives a definition of heat at the quantum level and
provides the cost of the measurement itself.
The three directions of heat investigation I was able to take part in
allowed me to form a definition of heat as the additional excitation trapped
in a system after the action of an external source.

I.1

Thesis Outline

In Part II, the experimental insight into heat from the perspective of ion
trapping is given. It was conducted on Paul trapped and Doppler cooled
Ca+ ions and more specifically three-dimensional Coulomb crystals formed
by a collection of ions. After an introduction to the field in Chapter II.1, the
theoretical description of ion trapping and cooling is given—Chapter II.2.
Then, in Chapter II.3, the experimental system and setup is described. In
particular, Section II.3.1 describes the pulsed cooling procedure that was
developed in the course of the study. In Chapter II.4 the optimization of
the pulsed cooling applied to calcium Coulomb crystals is presented. The
pulse cooled crystals are compared to the customarily continuously cooled
structures. The application of this cooling technique to the formation
of challenging structures—large Coulomb crystals and two-dimensional
structures in the radial plane (pancakes) are also shown. The tempera-

6
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ture of the crystals was assessed by comparison with Molecular Dynamics
simulations of ion trapping, which is presented in Chapter II.5. Finally,
in Chapter II.6 we focus on investigating the phase transition from the
three-dimensional crystal to the pancake structure. Finally, we conclude
on our investigations and give a quick outlook in Chapter II.7.
In Part III, the theoretical insight into heat is described.
In Part III.A, the operation of a quantum thermoelectric engine—made
of two qubits each coupled to a heat bath, and connected by a Josephson
junction—is presented. In Chapter III.A.1 the investigation is contextualized in the field of quantum thermodynamics. Then, in Chapter III.A.2, the
system is presented and characterized in terms of power and efficiency in
steady state. The electric work produced by the engine at the junction and
the heat it exchanges with the baths are defined in Chapter III.A.3. Where
both the mean values and fluctuations of these quantities are derived. In
Chapter III.A.4, we go beyond the steady state properties of the engine
and investigate the dynamics of the energy transfer by-way of multi-time
correlation functions. Finally, a conclusion as well as further application
of our study are given in Chapter III.A.5.
In Part III.B, we describe the operation of an engine based on the
model used in Part III.A, where one or both heat baths were replaced by
a measurement protocol. Chapter III.B.1 introduces the topic and Chapter III.B.2 gives a description of the new system and operation protocol
of the measured engine. In Chapter III.B.3, we describe the situation
where only one of the baths is substituted by measurements. Sec. III.B.3.2
focuses on the case where the hot bath is replaced, while the cold bath is
kept, and Sec. III.B.3.3, on the opposite situation (cold bath replaced, hot
bath conserved). Both baths are removed and replaced by measurements
in Chapter III.B.4. The periodic steady state for the bath-less measured
system is derived in Sec.III.B.4.1. It is used in the analysis of the engine’s
performance when it is unselectively measured (Sec. III.B.4.3). Based
on our observation of selective measurement trajectories, a more optimal
measurement scheme—adaptive measurements—is described and assessed
in Sec. III.B.4.4. Finally, a conclusion and outlook are given in Chapter III.B.5.
In Part IV the main conclusions of the thesis are presented, along with
possible directions for further research.
In accordance with GSST rules, Part II contains material that was also
used in the progress report for the qualifying examination.

Part II:
Experimental Perspective
– Pulsed Cooling of Trapped
Ca+ Coulomb Crystals
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Chapter II.1
Introduction
he understanding of energy transport at a microscopic level has many
applications, ranging from optimizing miniature devices [14] to having
a basis for describing more complex systems [15]. Trapped cold ions are
ideal candidates for such a study as they are spaced enough to allow for
single-site address (the average distance being approximatively 10µm—see
[16] and Fig. II.5.4) and can be pinned [17] and brought to a well-defined
quantum state [18]. They have already been used to study microscopic
friction [19] and phonon dynamics [20]. In order to achieve the desired
pinned initial state, the ions have to be trapped—in our case, in a linear
Paul trap—and placed in an optical cavity generating the pinning lattice,
which renders the customary cooling along the trap axis impossible [21].

T

Another option for the cooling has to be adopted: a cooling laser at
45◦ with respect to the axis (see Fig. II.3.1 for a schematic representation
of such a setup). This cooling configuration is challenging, as it excites
the radial micromotion of the ions inherent to this type of traps [22], thus
reducing the cooling efficiency, which can be dramatic for structures with
a large extension in the radial plane, such as large Coulomb crystals [23]
or pancakes [24]. We adopted a novel cooling strategy: by pulsing the
cooling beam at the frequency of the RF trapping signal responsible for the
micromotion, the cooling efficiency was increased and challenging structures could be formed. This technique was developed and optimized on
calcium ion Coulomb crystals in the Ion Trap Group and constitutes my
experimental insight into heat at the microscopic level.

11
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First, a theoretical introduction to ion trapping and cooling is given
(Chap. II.2). Then, after a description of the experimental setup (Chap.II.3),
the pulsed cooling optimization is described (Chap. II.4), followed by an
outline of the Molecular Dynamics simulation procedure used to assess the
efficiency of the cooling scheme (Chap. II.5). Finally, an application of
this technique to the formation of challenging structures—two-dimensional
radial crystals referred to as pancakes—is presented (Chap. II.6). I singlehandedly performed the simulations and theoretical analysis, and conducted the experimental investigations jointly with Thomas Lauprêtre
(post-doctoral fellow in the Ion Trap Group).
The laboratory frame axes are denoted by capital letters (X, Y, Z), and
the trap axes by (x, y, x).
The character や used to describe the trap frequency ratio in Chap. II.6
is a Japanese hiragana pronounced “ya”.
In accordance with GSST rules, parts of this section was also used in
the progress report for the qualifying examination.

Chapter II.2
Theory of ion trapping and
cooling
he experiments were performed using 40 Ca+ ions in a linear Paul trap
[25, 26]. This design allows a three-dimensional (3D) confinement
of the ions but also gives rise to micromotion induced by the oscillating
RF field. The confined ions were further cooled by Doppler cooling. We
focused our investigations on 3D structures: Coulomb crystals formed by
approximately 550 ions. This chapter gives an introduction to the theory of
ion trapping and Doppler cooling, the effects of the micromotion on these
methods of heat reduction, as well as presents the properties of Coulomb
crystals.

T

II.2.1

Ion trapping & cooling and micromotion

II.2.1.a

Ion trapping

II.2.1.a.i

Trapping potentials

For an electrostatic field taken in a region with no charge, Gauss’s law
reduces to Laplace’s equation [27]:
∆x φ(x, y, z) + ∆y φ(x, y, z) + ∆z φ(x, y, z) = 0

(II.2.1)

where ∆i = ∂ 2 /∂i2 is the Laplacian and φ(x, y, z) the potential from which
the field is derived. It was shown by Earnshaw that the consequence of this
equation is the impossibility to achieve a 3D confinement using static fields
15
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only—no global minimum achievable in the three directions [28]. Thus,
the ion trapping in a Paul trap is performed using a static field along one
direction (axial direction z) and a fast-oscillating radio-frequency (RF)
field along the two other directions (radial plane (x, y)). This creates a
time-averaged harmonic trapping potential φ(x, y, z) [29] (see Fig. II.2.1).

Figure II.2.1: Sketch of the two-dimensional potential in the radial
plane in a quadrupole Paul trap at t = 0 and at half of the RF
oscillation period t = TRF /2. The ions always remain confined in
one direction while the other direction is unstable. The RF potential
being switched relatively fast compared to the ion’s motion, they
remain effectively trapped.

The trap itself consists of four metallic rods each split into three electrodes (see Fig. II.2.2).
The axial confinement is obtained by applying a constant voltage
VDC to the eight end electrodes (1, 3, 4, 6, 7, 9, 10, 12). Thus, the electric
potential along the z-axis can be described as:
φax (z) = ηVDC

z2
z02

(II.2.2)

with η the trap geometry constant and z0 the half-length of the center
electrodes.
The radial confinement is obtained by applying time-varying voltages
URF and −URF (with URF = − 12 VRF cos(ΩRF t)) to the diagonally opposite
sets of electrodes. At t = 0, the set (1, 2, 3, 10, 11, 12) from Fig. II.2.2 is
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Figure II.2.2: Schematic linear Paul trap. The electrodes of the
quadrupole trap are numbered 1–12. r0 and z0 are characteristic
properties of the trap geometry—respectively the inter-electrode
inscribed radius and the half-length of the center electrodes. In
red, the trap axes. In green, the DC potential responsible for the
static trapping field in the z direction; in purple, the oscillating RF
potential trapping the ions in the radial (x, y) plane.

at the voltage − 12 VRF and the set (4, 5, 6, 7, 8, 9) at 12 VRF . The resulting
potential can be described by:
1
x2 − y 2
φRF (x, y, t) = − VRF cos(ΩRF t)
,
2
r02

(II.2.3)

with VRF the peak-to-peak amplitude of the RF signal, ΩRF its angular
frequency and r0 the inter-electrode inscribed radius.
The total radial confinement is a superposition of the effect of the static
and RF potentials and can be described by:
x2 + y 2
1
x2 − y 2 1
φrad (x, y, t) = − VRF cos(ΩRF t)
− ηVDC
.
2
2
2
r0
z02

(II.2.4)
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II.2.1.a.ii

Secular motion

The equations of motions in the z direction and (x, y) radial plane can be
derived in order to describe the motion of one ion in the trap [22].
In the axial direction, the motion is described by a harmonic oscillator
equation:
d2 z
2QηVDC
z
(II.2.5)
=−
2
dt
mz02
with Q the charge of the ion in Coulomb and m its mass in kg.
The frequency of this harmonic oscillation is thus given by:
s

ωz =

2QηVDC
,
mz02

(II.2.6)

and the axial potential can be rewritten as:
1
Φax (z) = ωz2 z 2 .
2

(II.2.7)

The motion in the radial plane is more challenging to derive. The
equations of motion are given by:
 2
d x


 dt2

Q
= −m



ηVDC
z02



 d2 y

Q
−m



ηVDC
z02

dt2

=

+

VRF cos(ΩRF t)
r02



−

VRF cos(ΩRF t)
r02



x,
(II.2.8)
y.

They can be rewritten and described in terms of the Mathieu equations [30]:
d2 u
+ [a − 2qu cos(2τ )]u = 0,
dτ 2

u = x, y

(II.2.9)

with:
τ=

ΩRF t
,
2

a = −4

ηQVDC
,
mz02 Ω2RF

qx = −qy = 2

ηQVRF
. (II.2.10)
mr02 Ω2RF

The a and q parameters determine the limits where the solutions to
the Mathieu equations represent a bound motion of the ion. They can be
used to draw up regions of stability for the trapping of ions. In the case
where |a|, |q|  1 (usual trap operation conditions), Eq. (II.2.9) can be
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expanded into a power series in qu , and its first order solutions are given
by [22, 29]:


u(t) = u0 1 −

qu
cos(ΩRF t) cos(ωr t)
2


(II.2.11)

where ωr describes the secular radial motion and is given by:
ΩRF
2

ωr =

s

=

s

q2
+a
2

2
Q2 VRF
ηQVDC
−
.
4
2
2
2m r0 ΩRF
M z02

(II.2.12)

This motion is of low frequency and high amplitude relative to the
motion in cos(ΩRF t)—called micromotion—as ωr  ΩRF and |q|  1.
The micromotion can therefore be averaged out and a radial harmonic
pseudo-potential of frequency ωr can be constructed:
1
Φrad (r) = ωr2 r2 .
2

II.2.1.b

(II.2.13)

Doppler cooling of trapped ions

Doppler cooling is a widely used technique for cooling atoms and ions
to mK-temperatures [31]. In order to describe the cooling of 40 Ca+ ions,
we derive the atom-light interaction using a two-level system (based on
Ref. [32–34] where a more detailed approach can be found). It draws an
appropriate picture of the process as Doppler cooling is performed using
preferably a closed transition between two levels, as it relies on many
absorption-emission cycles. In the case of the cooling of a single ion, the
derivation is similar to that of a neutral particle.
II.2.1.b.i

Atom-light interaction

A two level one-electron particle (atom or ion) is considered. Its ground
state |gi and its excited state |ei are eigenstates of the atomic Hamiltonian
Ĥat with Eg and Ee the respective eigenvalues. The transition from |ei to
E −E
|gi is of frequency ωeg = e ~ g and Γ is its natural decay rate. Ĥat can
be written as:
Ĥat = ~

ωeg
(|ei he| + |gi hg|),
2

(II.2.14)
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and the atomic state is described by the wavefunction:
Ψ(r, t) = cg (t) |gi + ce (t) |ei .

(II.2.15)

Free particle
At first, any spontaneous emission is neglected. The two-level atom
interacts with a monochromatic travelling-wave light-field described by:
E(r, t) = E0ˆ
 cos(k.r − ωL + φ),

(II.2.16)

with E0 the amplitude of the field, k its wave vector, φ its phase, ωL ≈ ωeg
its frequency and ˆ
 a unit vector describing its polarization.1
In the dipole approximation, the interaction Hamiltonian is given
by [35]:
H 0 (r, t) = E(r, t).D,

(II.2.17)

with D = −er the electric dipole moment operator (e being the elementary
charge).
The time-evolution of the system can be obtained solving the timedependent Schrödinger equation:
i~

∂Ψ
= (Ĥat + Ĥ 0 )Ψ.
∂t

(II.2.18)

Using the description of the wavefunction given in Eq. (II.2.15), and
passing to the interaction picture [36], Eq. (II.2.18) translates into the
coupled differential equations for the coefficients cg and ce given by:


 i~ċg

0 c
ee e−iωeg t ,
= Hge


 i~cė
e

0 c eiωeg t ,
= Heg
g

(II.2.19)

0 = hg| Ĥ 0 |ei = (H 0 )∗ and can be derived using Eq.
with cee = ce eiωeg t . Hge
eg
(II.2.17) to (II.2.19):
0
Hge
=
1

~Ω i(k.r−ωL t+φ)
(e
+ e−i(k.r−ωL t+φ) ).
2

(II.2.20)

The atom-light interaction is derived using a semi-classical description with a
quantum treatment of the atom interacting with a classical field. The light field in this
process can be treated as classical due to the properties of the laser light creating a field
of many photons.
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Ω is the Rabi frequency given by:
Ω=−

eE0 he| r |gi
,
~

(II.2.21)

with r = ˆ
.r.
Introducing the detuning δ = ωL − ωeg and assuming |δ|  ωeg (laser
frequency close to the transition frequency), Eq. (II.2.19) can be rewritten:


 i~ċg

 i~cė
e

=

~Ω∗ e i(k.r−δt−2ωeg t+φ)
2 ce [e

=

~Ω
−i(k.r−δt−2ωeg t+φ)
2 cg [e

+ e−i(k.r−δt+φ) ],
+

ei(k.r−δt+φ) ].

(II.2.22)

Under the Rotating Wave Approximation (RWA), i.e. neglecting the
fast oscillating terms, it becomes:


i~ċg








≈

~Ω∗ e −i(k.r−δt+φ)
,
2 ce e

(II.2.23)

i~cėe ≈

~Ω
i(k.r−δt+φ) .
2 cg e

Setting the initial populations to: cg (t = 0) = 1 and cee (t = 0) = 0, and
the position r = 0, the solutions to Eq. (II.2.23) can be expressed as:



 i~ċg (t) =


 i~cė
e

=

h

cos

χt
2



−

sin



χt
2



iδ
2

sin



χt
2

i

eiδt/2 ,
(II.2.24)

− iΩ
χ



e−i(δt/2−φ)

with χ = |Ω|2 + δ 2 the off-resonant Rabi frequency. The evolution of
the population in the ground and excited states can be monitored by
calculating |cg (t)|2 and |ce (t)|2 = 1 − |cg (t)|2 .
p

Free particle with spontaneous emission
Introducing spontaneous emission in the interaction process calls for a
density matrix treatment. The density matrix for the two-level system is
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given by [34]:

hg|
ρgg
ρeg

|gi
ρ̂ =
|ei

he| !
ρge
=
ρee

|cg |2 cg c∗e
ce c∗g |ce |2

!

.

(II.2.25)

The time evolution of the density matrix elements is given by the
Optical Bloch Equations (OBE) [37]:
 ∂ρgg


∂t






∂ρee



 ∂t

∂ρge



∂t







 ∂ρeg
∂t

= Γρee + 2i (Ω∗ e−iδt ρeg − Ω∗ eiδt ρge ),
= −Γρee − 2i (Ω∗ e−iδt ρeg − Ω∗ eiδt ρge ),
= −



Γ
2

+ iδ ρge + 2i Ω∗ e−iδt (ρee − ρgg ),



= −



Γ
2

− iδ ρeg − 2i Ω∗ eiδt (ρee − ρgg ).

(II.2.26)



In the steady state limit, reached for t  1/Γ, the coefficients do not
vary and Eq. (II.2.26) can be solved analytically. The population of the
excited state is thus given by:

ρee =

|Ω|2 /4
1 s
=
,
2
2
2
δ + |Ω| /2 + Γ /4
21+s

(II.2.27)

where s is the saturation parameter defined by:

s=

|Ω|2 /2
.
δ 2 + Γ2 /4

(II.2.28)

For s  1, the excited state population approaches its limit value of 1/2.
In addition, the excitation rate, γ, is then equal to the decay rate from
the excited state (γ = Γρee ) and can be expressed as:
γ=Γ

|Ω|2 /4
,
δ 2 + |Ω|2 /2 + Γ2 /4

(II.2.29)

and the natural linewidth Γ can be described as a function of various
parameters of this derivation [35]:
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Γ=

23

3 e2 | he| r |gi |2
ωeg
,
3πε0 ~c3

(II.2.30)

where ε0 is the vacuum permittivity and c the vacuum velocity of light.
It is useful to introduce some parameters, such as the saturation
intensity Isat and the on-resonance saturation parameter s0 , that we will
refer to in the following sections:

Isat =

3
~Γωeg
,
12πc2

s0 = s(δ = 0) = 2

(II.2.31)

I
|Ω|2
=
,
Γ2
Isat

(II.2.32)

where I = ε0 E0 /2 is the intensity of the light field.
Particle in a harmonic trap
As discussed in Sec. II.2.1.a.ii, the trapping potential can be approximated by a harmonic potential in each of the three directions (the micromotion being neglected). The atomic Hamiltonian Ĥ0 is therefore described
by [33, 38, 39]:
Ĥ0 = Ĥat + Ĥtrap .

(II.2.33)

Assuming that there is no anharmonicity, Ĥtrap reads:
Ĥtrap = ~ωz



a†z az

1
+
2



+ ~ωx



a†x ax

1
+
2



+ ~ωy



a†y ay

1
+
2



(II.2.34)

with a†i and ai (i = x, y, z) respectively the harmonic oscillator creation and
annihilation operators. The atomic eigenstates can therefore be described
by the combination |gi ⊗ |ni ≡ |g, ni and |ei ⊗ |ni ≡ |e, ni (with |ni denoting the motional eigenstate of the atom arising from the trapping potential).
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The interaction Hamiltonian with the above-mentioned light field couples the electronic and motion states of the ion [38]:
Ĥ 0 =

~Ω
(|gi he| + |ei hg|)(ei(k.r)−ωL t+φ) + e−i(k.r)−ωL t+φ) ). (II.2.35)
2

Expressing Ĥ 0 in the interaction picture (following Ref. [40] with Ĥ0
the free Hamiltonian and Ĥ 0 the interaction) allows us to see the possible
transitions more easily. The resulting expression, applying the RWA, is
given by:
Ĥ 0 I =

~Ω
|ei hg| ei(φ−δt) ei(k.x̂) ei(k.ŷ) ei(k.ẑ) + H.c.
2

(II.2.36)

where H.c. stands for Hermitian conjugate. x(t) = x0 (eiωx t âx +e−iωx t â†x ) is
the Heisenberg picture expression of the position operator (the
pion’s position
oscillating due to the harmonic trap) and x0 = x0 x̂, x0 = ~/(2mωx ), is
the one-dimensional extension of the ion’s ground state wavefunction in
the harmonic trapping potential.
Thus, the one-dimensional interaction operator Ĥ 0 I,x can be written as (a
similar expansion can be used for the other dimensions in order to obtain
the three dimensional description):
Ĥ 0 I,x =

~Ω
−iωx t â +eiωx t â† )
x
x
|ei hg| ei(φ−δt) eiηx,eg (e
+ H.c.
2

(II.2.37)

In this expression, ηx,eg = k.x0 is the Lamb-Dicke parameter that
determines the transition probability
q between the harmonic oscillator
eigenstates. In the limit where ηx,eg h(âx + â†x )2 i  1, it can be expanded
to:
Ĥ 0 I,x =

~Ω
|ei hg| (ei(φ−δt) + iηx,eg (e−i(ωx +δ)t âx + ei(ωx −δ)t â†x ) + H.c.
2
(II.2.38)

If we consider the transition between two motional states of the atom,
i.e. the states |g, nx i and |e, n0x i, the effective Rabi frequency is given by:
†

Ωn0x nx = Ω hn0x | eiηx,eg (âx +âx ) |nx i .

(II.2.39)
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We can see from Eqs. (II.2.38) and (II.2.39) that if the laser detuning is
δ = 0, the transition will not affect the motional states. However, if δ = ωx
[δ = −ωx ], the motional state of the ion will be changed to n0x = nx + 1
[resp. n0x = nx − 1]. The blue sideband (resp. red sideband) transition is
thus driven [18].
In order for the sideband transitions to be resolved, both the natural
linewidth Γ and the linewidth of the laser have to be much smaller than ωx .
This is not the regime in which this work has been performed (Γ ∼ 20 MHz
and ωx ∼ 100 kHz). Therefore, the ion-light interaction that describes the
system accurately is of a free particle (i.e. where the effects of the trapping
potential, described by Ĥtrap , can be ignored).
II.2.1.b.ii

Doppler cooling

Cooling of a two-level particle

Figure II.2.3: Representation of Doppler cooling of a particle by
two counter-propagating beams, from Ref. [41]. ωL is the frequency
of the laser with wave vector kL ; v0 is the velocity of the atom.
The top sketch represents the situation in the laboratory frame, the
bottom one in the atom frame.

Doppler cooling relies on the Doppler effect affecting the frequency
of a laser irradiating a moving particle [42]. When the particle moves

Chapter II.2 · Theory of ion trapping and cooling

26

towards the light source with a velocity v0 (counter-propagating scheme),
the frequency of the laser—set to ωL —appears higher in the particle frame
and equal to ωef f = ωL + kL .v0 (with kL the wave vector of the laser
light). In the co-propagating scheme, the light frequency is shifted towards
lower frequencies and ωef f = ωL − kL .v0 .
In addition to this effect, the absorption of a photon leads to the modification of the momentum p of the particle: pf inal = pinitial + ~kL . Given
those two effects and the fact that the absorption cross-section is at its
maximum when the light is on resonance with an atomic transition (of
frequency ωeg ) [43], the Doppler cooling strategy was developed: the laser
light is red-detuned with respect to the transition (ωL < ωeg ). Then, the
absorption is privileged when the particle and laser counter-propagate,
leading to a reduction in the momentum of the particle [31]. In the case of
a free particle, three sets of counter-propagating laser beams are necessary
in order to efficiently cool all three dimensions of the motion.

Cooling force
In order to better understand the cooling process, the cooling force
can be derived (see Ref. [41]). Starting from the Heisenberg equations
of motion of the two-level particle interacting with a traveling light field
and assuming a semi-classical regime where the particle wave-packet is
sufficiently localized in space and momentum, the optical Bloch equations
for the steady state internal particle density matrix can be solved (see
Sec. II.2.1.b.i). The mean dissipative force (or radiation pressure force)
can then be expressed in terms of the parameters defined in the previous
section by:
F = ~kL

Γ
Ω2 /2
2 δ 2 + (Γ2 /4) + (Ω2 /2)

(II.2.40)

This force is a consequence of the absorption-emission cycles in steady
state2 .
In the case of a moving particle, the force can be rewritten by taking
into account the Doppler shift: δ is replaced by δ − kL .v0 . Projecting
F onto the propagation axis z (v0 = v0 z) leads to two expressions: one
2

The influence on the particle’s momentum due to spontaneous emission has been
neglected in the derivation and is a good approximation since the emission process is
isotropic and therefore the change in momentum is zero on average.
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for the counter-propagating regime (F − ) and one for the co-propagating
regime (F + ):

+


 F


 F−

2

Ω /2
= ~kL Γ2 (δ+kL v0 )2 +(Γ
2 /4)+(Ω2 /2) ,

=

(II.2.41)

Ω2 /2
−~kL Γ2 (δ−kL v0 )2 +(Γ
2 /4)+(Ω2 /2)

For small velocities (v0 ≈ 0) F can be expanded around 0:
F (v0 ) ≈ F (v0 = 0) +

dF
dv0

v0 =0

F v0

= F0 − αv0

(II.2.42)

where α is the friction parameter and the expansion is truncated at the
first order. Thus, the expression for F + and F − to the first order is given
by:



F + (v0 ) =















 F − (v0 ) =

2 /2
~kL Γ2 (δ)2 +(ΓΩ
2 /4)+(Ω2 /2)



−

−~kL2

|

2

s
δΓ
v0 ,
2
2
(1 + s) δ + (Γ2 /4)


{z

}

α
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/2
s
δΓ
2
−~kL Γ2 (δ)2 +(ΓΩ
2 /4)+(Ω2 /2) − −~kL (1+s)2 δ 2 +(Γ2 /4) v0 .

We can see from this expression that the friction parameter α is the
same for both propagation regimes and α > 0 for δ < 0. In addition, for
a fixed value of the saturation parameter s, α is maximal for δ = −Γ/2,
leading to a better cooling. For a fixed detuning δ = −Γ/2, the optimal
value for s is s = 1 which corresponds to Ω = Γ.
Taking the detuning equal to half the natural linewidth of the transition,
δ = −Γ/2, and the saturation s = 1, the maximum value of α can be
reached:
αmax =

~kL2
.
4

(II.2.44)

The radiation pressure constant force F0 has to be compensated for
in order to ensure an optimal cooling. The compensation can be done by
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performing the cooling by two counter-propagating beams. In this case,
the resulting cooling force Fcp = F + +F − = −2αv0 is purely a friction force.

Momentum diffusion and Doppler cooling limit
The derivation presented above gave an expression for the mean force
F. However the full force due to the interaction of the particle with the
light field Ftot is given by [41]:
Ftot = F + δF,

(II.2.45)

where δF is the Langevin force arising from the randomness of the absorption and emission processes. The presence of this fluctuation in the
force is responsible for heating of the particle as it gives rise to momentum
diffusion D. The momentum p of the particle absorbing and spontaneously
reemitting n photons can be expressed in terms of photon statistics [44]:

p = p0 + n~kL +

n
X

~kL cos(θi ),

(II.2.46)

i=1

where p0 is the initial momentum of the particle and θi the angle at which
the photon is emitted by spontaneous emission. Therefore, the average
momentum p = p0 + ~kL n and the emission process is isotropic. The
dispersion of momentum, which gives rise to the heating, is given by its
variance σp2 = p2 − p2 , which can be expressed by:
σp2 = σp20 + ~2 kL2 (σn2 + ξn),

(II.2.47)

with ξ a geometry factor for the emission process (ξ = 2/5 for an S–P
transition—see Ref [44] for the derivation).The term ξn represents the random walk in momentum space due to the process of spontaneous emission,
whereas the term σn2 represents the variation in the number of absorbed
photons.
The momentum diffusion 2is defined as the rate of increase of the
dσ
momentum variance: 2D = dtp [41] and can be calculated following Refs.
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[41, 45, 46]. In the limit of low intensity s0  1 and for δ = −Γ/2 it is
given by:
D = ~2 kL2 Γs0 .

(II.2.48)

The friction force induces a decrease in the kinetic energy of the
α 2
particle with the rate Rcool = m
p . The heating rate is Rheat = 2D =
2~2 kL2 Γs0 [37, 38]. If a steady state has been reached, Rcool = Rheat
and the equilibrium temperature TD (recalling 12 kB TD =
Boltzmann constant) is given by:
TD =

~Γ
.
2kB

p2
2m

with kB the

(II.2.49)

TD is called the Doppler cooling limit and is the minimum temperature
reachable by Doppler cooling.
More generally, the temperature limit of a Doppler cooled ion in a
harmonic potential due to the secular motion can be expressed as a function
of Γ, s and δ [38, 47] (see Fig. II.2.4):
T =

~Γ
Γ
2|δ|
(1 + ξ) (1 + s0 )
+
.
8kB
2|δ|
Γ




(II.2.50)
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Figure II.2.4: Temperature of a particle cooled by Doppler cooling
in a harmonic trap normalized by the Doppler cooling limit. It was
calculated using Eq. (II.2.50) with ξ = 2/5 and s0 = 1.5.

II.2.1.c
II.2.1.c.i

Micromotion
Origins of the micromotion

The micromotion (the term cos(ΩRF t) in Eq. (II.2.11)) is driven by the
RF field. Therefore, there is no micromotion excitation at the RF nodal
line—along the z axis. For a single ion, which equilibrium position is on the
axis, reducing the amplitude of the secular radial motion, of frequency ωr ,
by Doppler cooling the ion for instance, also reduces the micromotion (as
can be seen from Eq. (II.2.11)). However in the case of a two-dimensional
(2D) (zigzag), or three-dimensional (3D) (crystal) structures, some ions
will necessarily have their equilibrium positions outside of the RF nodal
zone. Its effect on the motion of the ions can be described by the case of
an ion displaced from the z-axis by a uniform static electric field EDC [22].
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2

0

-2

-2

0

2

Figure II.2.5: Micromotion direction and amplitude in a linear
Paul trap as a function of the ion’s position (blue arrows) taken at
the points in the RF period TRF corresponding to the minimum and
maximum of micromotion. The same shade of blue corresponds to
the same time in TRF . The electrodes are sketched in brown. In
red, the trap axes as defined above; in black, the lab frame axes.
At the same point in the RF period, the micromotion on opposite
sides of the nodal line (center of figure) has the same amplitude but
opposite directions.

If such a field is added to the existing trapping fields, Eq. (II.2.9)
becomes:
d2 u
QEDC .u
+ [a − 2qu cos(2τ )]u =
,
2
dτ
m

u = x, y

(II.2.51)

with EDC the static field vector and u the unit vector associated with the
x or y axis.
The solution to this equation to the lowest order in a and qu is given
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by:

qu
u(t) = 1 −
cos(ΩRF t) [u0 cos(ωr t) + u1 ],
2




(II.2.52)

DC .u
where u1 ≈ QEmω
is the average displacement of the ion along the direc2
r
tion u due to EDC .

At the position (x1 , y1 , z1 ), the RF field causes a micromotion of amplitude 12 u1 qu (u = x, y, there is no effect on z). This excess micromotion
driven by the RF field cannot be reduced by reducing the secular radial
motion via cooling as it depends on the offset in position of the ion with
respect to the z-axis of the trap. The amplitude and direction of this
micromotion as a function of the ion’s position in the trap is shown in
Fig. II.2.5. That is, at a given time in TRF , two ions at the same distance
from the RF nodal line but on opposites sides are subject to a micromotion
of identical amplitude but opposite directions.
II.2.1.c.ii

Micromotion and cooling

In order to efficiently cool down Coulomb crystals, the effects of the micromotion (neglected thus far) have to be accounted for as some ions are
necessarily outside of the nodal RF axis. Therefore, it is preferable to
apply axial cooling in order to avoid driving the micromotion. In the case
of 2D (zigzag structures) and 3D crystals, the radial and axial motions
being coupled, axial cooling is sufficient and is usually done by two counter
propagating beams. However, this is not always a possible experimental
realization and the design of the setup only allows for cooling with an angle
with respect to the Z axis, which unavoidably excites the micromotion
modes.
The effects of the micromotion on the cooling are described in Refs.
[38, 48, 49]. Some key-points of the derivation are presented below.
As in Sec. II.2.1.b.i, we restrict our derivations to one dimension (along
the direction x). The three-dimensional description can be recovered by
applying the same procedure to the other directions.
The time-dependent motion Hamiltonian including micromotion Ĥtrap,m
is given by:
Ĥtrap,m =

p̂2
m
+ W (t)x̂,
2m
2

(II.2.53)
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Ω2

where W (t) = RF
4 [ax + 2qx cos(ΩRF t)] can be seen as a time-varying
spring constant similar to ωx in the harmonic regime.
In order to solve the Heisenberg equations of motion, x(t) has to be
replaced by a function u(t). The solution is then given by:
u(t) = eβx ΩRF t/2

+∞
X

(II.2.54)

C2n einΩRF t ,

n=−∞

with βx a real function of ax and qx independent of the initial conditions.
The boundary conditions on u(t) are given by:


 u(0)

=


 −iu̇(0) =

P∞

= 1,

ωx

= ΩRF

n=−∞ C2n

(II.2.55)
C
(β
/2
+
n).
n=−∞ 2n x

P∞

The time-dependent ion position x(t) can then be re-expressed as:
s

x(t) =

~
(âx u∗ (t) + â†x u(t)).
2mωx


Assuming the Lamb-Dicke regime—ηx,eg,m =
teraction Hamiltonian
order in ηx,eg,m to:
Ĥ 0 I,x,m (t)

=

Ĥ 0

I,x

q

(II.2.56)
~
2mωx



 1—the in-

in Eq. (II.2.38) can be expanded to the first

i
~Ω h
|ei hg| ei(φ−δt) + H.c.
2
 ∞
~Ω X
+
iηx,eg,m C2n |ei hg| ei(φ−δt)
2 n=−∞


× aˆx e−i(ωx +nΩRF t) + â†x ei(ωx +nΩRF t)




+H.c.

(II.2.57)
The first term represents the carrier excitation with Rabi frequency Ω.
The second term represents pairs of combined secular and micromotion
sideband excitations at detunings ±(ωx + nΩRF ) with Rabi frequency
ηx,eg,m Ω|C2n | < Ω. This last term shows that the motional modes of the

34

Chapter II.2 · Theory of ion trapping and cooling

ion are modified due to micromotion and thus the conditions the laser
detuning needs to satisfy in order to achieve cooling. For δ = −ωr − nΩRF ,
cooling is achieved, and for δ = ωr ± nΩRF , heating is induced.
In the case where Γ  (ωr , ΩRF ) that is relevant in this study, the
sidebands are not resolved and all those in (ωr ± nΩRF ) will lead to heating
even with a red-detuned laser. The heating due to micromotion is therefore
hard to compensate in situations where the micromotion is inevitable.

Figure II.2.6: Mean kinetic energy over an RF period for a two level
atom in the purely harmonic treatment (dashed line) and including
micromotion (solid line). Taken from Ref. [48].

The mean kinetic energy of the ion averaged over an RF-period can be
derived and expressed as a function of the detuning. It has been plotted
by J. I. Cirac et al. in Ref. [48] for Ω = 2Γ, ax = 0, ωx = 1.5Γ, ΩRF = 10Γ
and m = 0.01 and compared to the kinetic energy in a harmonic trap
situation (see Eq. (II.2.50) and Fig. II.2.4). It is shown in Fig. II.2.6.
The kinetic energy, a smooth function of the detuning for a harmonic
trap, presents several sharp dips in the negative and positive detuning
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regions, which correspond to the optimal detunings. This corroborates the
unavoidable excitation of the ions in our setup, which does not allow for
this sharp resolution.

II.2.2

Trapping of Coulomb crystals

If several ions are trapped and cooled, they form Coulomb crystals due
to the repulsion from the Coulomb potential. A few parameters can be
derived in order to describe the properties of 3D crystals.
The Coulomb crystallization effect was first presented by Wigner [50]
in the case of a gas of free electrons in a metal. Ionic Coulomb crystals can
be described by the classical Strongly Correlated One-Component Plasmas
(SCOCP) 3 [23, 53]. SCOCPs are characterized by a coupling constant
Γcr —defined as the ratio of the mean Coulomb energy (ECoulomb ) to the
mean kinetic energy (Ekin )—greater than one.
The kinetic energy per particle for an ensemble of particles obeying
classical statistics at temperature T is given by Ekin = kB T . The Coulomb
2
energy per particle in an OCP can be estimated by ECoulomb = 4πεQ0 aws ,
where Q is the total charge of the ion species and aws the Wigner-Seitz
radius defined by [54]:
s

aws =

3

3V
,
4πN

(II.2.58)

with V the volume of the ensemble and N the number of particles it contains.
Thus, Γcr can be expressed for a plasma obeying classical statistics as:
Γcr =

Q2
.
4πε0 aws kB T

(II.2.59)

The transition from a liquid phase to a solid crystal phase in trapped
ion systems has been shown to happen at Γcr ≈ 170 [55–57], the stable
crystal structure being Basic Cubic Centered (BCC) [52].
3

In order for those structures to be formed, a neutralizing potential must be present.
In the case of ion crystals in traps, the neutralization is done by the trapping potentials
[51, 52].
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Some of the structural properties of 3D ion Coulomb crystals, as their
shape and density have been shown to be well described by a zero temperature Charged Liquid Model (CLM) [58, 59]. They are derived following
Refs. [51, 60].
A zero temperature charged liquid in a 3D trapping potential will be
shaped as a spheroid at equilibrium with length L and radius R (see Fig.
II.2.7). Its aspect ratio α is then defined by:
α = 2R/L,

(II.2.60)

4
V = πR2 L.
3

(II.2.61)

and its volume is given by:

Figure II.2.7: Shapes of the spheroid as a function of the aspect
ratio, from Ref. [29].

The aspect ratio α can be expressed as a function of the trapping
frequencies ωz and ωr (frequencies as defined in Sec. II.2.1.a.ii) by the
following procedure.
The potential inside the spheroid is the sum of the trap potential (Φtrap )
and the charge potential from the ion plasma (Φcharge ). The trap potential
is defined by: Φtrap = Φax + Φrad (see Eqs. II.2.7 and II.2.13), and the
charge potential from the ion plasma Φcharge can be expressed as:
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s

2
ρQ2 2 
L2
R L √
sin−1  1 − 2 
4ε0
R
R2 − L2

=

−

ρQ 2 2
ρQ 2 2
R Lr f (R, L) −
R Lz g(R, L)
4ε0
4ε0

(II.2.62)

with ρ the constant charge density and f (R, L) and g(R, L) given by:




q

−1
1
L
L2
α<1

f
(R, L) = − (R2 −L2 )3/2 sinh
− 1 − (L2 −R2 )R2 ,


R2









q



2
−1
2
2
L

α<1

g
(R, L) =
− 1 − (L2 −R2 )L ,
sinh

R2
(R2 −L2 )3/2
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q

1
L
L2
α>1 (R, L) =
−1

f
−
,
1
−
sin


R2
(L2 −R2 )R2
(R2 −L2 )3/2







q






2
2
L2
α>1
−1

g
(R, L) = − (R2 −L2 )3/2 sin
1 − R2 − (L2 −R2 )L .






Since the potential inside the spheroid is constant, and neither Φcharge
or Φtrap contain any cross-terms in z and r, the following relation can be
obtained for the frequency ratio4 by inserting Eqs. II.2.7 and II.2.13:



√
√
sinh−1√
( α−2 −1)−α √
α−2 −1


−2


sinh−1 ( α−2 −1)−α−1 α−2 −1


ωz2
g(R, L)
=
=
2
ωr
f (L, R) 




 −2




√
√
sin−1√
( 1−α−2 )−α √
1−α−2
sin−1 ( 1−α−2 )−α−1 1−α−2

, f or α < 1,
(II.2.64)
, f or α > 1.

The trap frequency ratio as a function of the aspect ratio is depicted in
Fig. II.2.8. It is a useful tool for experimental realization as it indicates
how to choose the trapping frequencies in order to obtain a specific crystal
shape. It can also be used to determine one of the trapping frequencies from
the crystal image, given that the second is known—which is a commonly
encountered situation, as ωz is usually easier to measure.
4

In the case of weakly interacting particle plasmas, α = ωz /ωr .
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Figure II.2.8: Trap frequency ratio as a function of the aspect
ratio of a prolate 3D Coulomb crystal (α < 1).

Another useful characteristic of the crystal, its density ρ, can be derived.
Taking the Laplacian of the equation Φtrap + Φcharge = constant:
∆Φtrap =

Qρ
,
ε0

(II.2.65)

and, recalling the expressions of ωz and ωr (Eqs. (II.2.6) and (II.2.12), ρ
can be expressed by the relation:

ρ=

2
ε0 VRF
.
mr04 Ω2RF

(II.2.66)

Chapter II.3
Experimental system and
setup
n the scope of the study of energy transport along strings of calcium ions,
the presence of cavity mirrors on both ends of the trap necessary to
generate the pinning lattice, prevents any axial cooling. Thus, the direction
of the cooling laser forms an angle with the axis of the trap—set to 45◦
for optimally cooling both the radial and axial motions. This property of
the cooling requires taking into account the effects of the micromotion, of
which the modes are being excited. In order to reduce its impact on the
cooling, we developed a cooling technique that follows the oscillations of
the RF field and thus of the micromotion: pulsed cooling. This chapter
gives a description of the system and experimental setup that were used
in the context of pulsed cooling optimization. The setup is sketched in
Fig. II.3.1.

I

II.3.1

System overview

II.3.1.a

Ca+ level structure

The calcium ion possesses one active electron and, as discussed in Sec. II.2.1.b.i,
its interaction with the cooling laser field can be treated as that of a freeparticle and the results presented in Sec. II.2.1.b.ii apply. However, it does
not present a closed two-level transition. Therefore, in order to ensure an
optimal cooling, additional lasers have to be used to repump the population
41
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Figure II.3.1: Schematic experimental setup for pulsed cooling. In
red: trap axes, in black: lab frame.

and reproduce a closed two-level system. The energy level structure of the
ion with the relevant transitions for Doppler cooling, including the
transition widths and state lifetimes, is shown in Fig. II.3.2.
The transition that is used for Doppler cooling is 2 S1/2 —2 P1/2 as it is
ideal due to its broadness (although 2 S1/2 —2 P3/2 can also be used). The
2P
2
2
1/2 — D3/2 transition being dipole-allowed, the D3/2 has to be repumped
2
2
which is achieved by driving the D3/2 — P3/2 and 2 P3/2 —2 D5/2 dipoleallowed transitions. The 2 D3/2 and 2 D5/2 states are quadrupole-coupled
to 2 S1/2 and are metastable. This cooling scheme allows for future efficient
detection of ion localization in an optical lattice based on the electron
shelving method (in the 2 D5/2 state) [70–74].
In the case of Doppler cooling of trapped ions, the presence of trapping
potentials compensates the effects of F0 , introduced in Sec. II.2.1.b.ii, since
the ions reverse their motion following the harmonic oscillation described
previously. It is therefore not necessary to have sets of counter-propagating
beams—a single beam is enough if kL has a component in each of the
40 Ca+
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[6.924(19) ns] 4 2P3/2
854 nm
(350.862927 THz)

[6.90(5) ns] 4 2P1/2

397 nm
(755.2227662(17) THz)

21.57(15) MHz

1.350(6) MHz

866 nm

(346.000710 THz)

1.481(15) MHz

3 2D5/2 [1168(9) ms]
850 nm
(352.684 THz)

0.152(1) MHz
3 2D3/2 [1176(11) ms]

4 2S1/2

Figure II.3.2: Energy level structure of 40 Ca+ [61–66], not to scale.
In blue, the cooling transition and in red, the repumping transitions.
In black, the natural de-excitation transition. In brackets, the
lifetime of the corresponding state [61–63]. In bold, the wavelength of
the transition in nm and underneath in parentheses the corresponding
frequency in THz [65, 67–69]. In italic, the natural linewidth of the
transition Γ/2π in MHz [61, 64].

three directions.

II.3.1.b
II.3.1.b.i

Experimental setup overview and pulsed cooling
Overview—45◦ cooling

The cooling beam coming with an angle of 45◦ with respect to the z
axis leads to kL = kL,x x + kL,y y + kL,z z (trap axes, different from the
lab axes and defined in Figs. II.2.5 and II.3.1). As mentioned in the
previous section, this single beam should suffice to cool down Coulomb
crystals. However, it is also exciting the micromotion modes in the radial
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plane (x, y). A cooling strategy has been developed in order to reduce the
micromotion excitation: pulsed cooling.
II.3.1.b.ii

Pulsed doppler cooling

The pulsed cooling strategy consists in pulsing the cooling beam at ΩRF so
that the ions can be addressed at specific moments of the RF period only.
A classical picture of the RF-induced motion can be drawn to understand
its concept.
From Eq. (II.2.8), we can see that the velocity of the ion due to
micromotion is described by:
!

vRF (x, y, t) ∝

−xΩRF sin(ΩRF t)
.
yΩRF sin(ΩRF t)

(II.3.1)

The component of the ion’s velocity due to micromotion oscillates at the
same frequency as the RF field with a phase of π2 . If the ion is addressed
by an infinitely short pulse at the moments when vRF (x, y, t) = 0 (noted
t0 ), then it interacts with the laser field only when it is virtually free
from micromotion effects and the cooling force can be described by the
free-particle situation described in Sec. II.2.1.b.ii. The micromotion should
therefore not be excited.
In the real setup, the pulse has a time extension τ (of minimum
τ = 9.1 ns, to compare with the RF-period TRF = 252.15 ns see Fig.
II.3.3) and the situation is more complex1 .
For a single ion displaced from the RF nodal line (introduced in
Sec. II.2.1.c.i), if the light pulse is centered around t0 , the cooling should be
similar to the effect of an ideal infinitely short pulse, since hvRF (x, y, t)iτ =
0. Indeed, if there is a heating effect due to the micromotion component
to the velocity for t < t0 , it will be compensated by a similar cooling effect
for t > t0 (given that the pulse intensity and frequency are symmetric with
respect to t0 ).
In the case where a crystal is to be cooled, the best pulsed cooling
scheme is not as straightforward and a few parameters, described in the
1

The experiments were performed using either one light pulse or two light pulses
separated by TRF /2—see Fig. II.4.1 in Sec. II.4.1.
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Figure II.3.3: Experimental light pulses (blue) and RF signal
(purple). Solid blue line: τ = 80 ns, dashed blue line: τ = 30 ns.

following paragraphs, should be optimized. They are at the center of our
experimental investigation.

Pulse duration τ
The optimal choice of the pulse duration is not obvious. Indeed, a longer
pulse maximizes the Doppler cooling time but also increases the impact
of the micromotion on the cooling. However, since the crystal structure
allows for sympathetic cooling, a duration offering an optimal tradeoff
between these two effects could be found.
Pulse intensity I
A higher laser intensity allows for a larger number of photons to be scattered
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and therefore maximizes the micromotion-free Doppler cooling. However,
due to the fact that the pulse has a temporal extension, the optimal
intensity is not necessarily Isat (maximum intensity that saturates the
transition) because of residual micromotion effects that could lead to a
dramatic heating if excited to an extent that the cooling phase cannot
compensate. From these arguments, the ideal pulse seems to be the one
that balances out duration and intensity.
Detuning δ
In free Doppler cooling, negative (red) detunings were shown to be favorable and the optimal detuning for the cooling laser was found to be
δ = −Γ/2 (in Sec. II.2.1.b.ii). For a system presenting a range of velocities
to be cooled at once, a far-red detuned beam would ensure that all the
particles would be cooled. However, we showed in Sec. II.2.1.c.ii that in
the case of the presence of micromotion, a far red-detuned cooling beam
does not necessarily imply cooling only as the total kinetic energy of the
system is not a smooth function of the detuning (see Fig. II.2.6). This
incited us to test the performance of our cooling scheme for a range of
detunings.

Pulse delay td
Finally, the pulse delay (td = tpulse − t0 where tpulse is the center of the
pulse) has to be considered. Since vRF (x, y, t) is proportional to the ion’s
position, the cooling/heating effects due to this oscillation will be more
pronounced for ions far from the z axis. If the crystal is not centered
around the RF nodal line, it is possible to imagine that the cooling will
be more efficient at t 6= t0 where the majority of the ions animated by the
micromotion counter-propagate with the cooling beam (and the heated
portion of the crystal being smaller and sympathetically cooled [51, 75])2 .
The optimization of those parameters was explored experimentally
and is presented in Chap. II.4. The study of the underlying theoretical
2

This effect should not be observed if two pulses symmetrical in time with respect
to the RF maximum are used. In this situation, the first pulse would be cooling the
ions on one side of the (X,Z) plane and heating the other, and the second, heating the
side previously cooled and cooling the other.
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processes that can explain the results was engaged but is not advanced
enough to reach full understanding and will only be outlined. It would be
a good candidate for the next stages of investigation of this topic.

II.3.2

Experimental setup—details

II.3.2.a

Trap

The ions are trapped in a linear Paul trap as described in Sec. II.2.1.a.
The trap parameters are given by Table II.3.1.
Parameter
r0 (mm)
z0 (mm)
η
ΩRF (Mrad s−1 )
ωz (krad s−1 )
ωr (krad s−1 )

Value
2.35
2.5
0.342
2π× 3.996
≈ 2π× 82.5
≈ 2π× 164.5

Table II.3.1: Trap parameters.
The trapping frequencies, ωz and ωr , were usually set to the values
in Table II.3.1 (frequencies for Coulomb crystal trapping). However, the
values of the frequencies calculated from the voltages applied to the trap
(using Eqs, II.2.6 and II.2.12) do not give their real experimental values
as the presence of electronic noise in the system leads to a difference
between the voltage applied to the trap and the voltage at the trap. Since
their values highly influence the properties of the crystal, as described in
Sec. II.2.2, they are measured for each experiment.
The measurement procedure of the axial [respectively radial] frequency
is done as follows: first, an ion is trapped with axial and radial cooling.
Then, the cooling in the axial [resp. radial] direction is highly reduced and
a sinusoidal modulation is applied to the endcap electrodes—(1-4-7-10) and
(3-6-9-12) [resp. (1-2-3-10-11-12) and (4-5-6-7-8-9)] on Fig. II.2.2—while
cooling in the radial [resp. axial] direction is maintained. As the frequency
of the modulation approaches the axial [resp. radial] frequency, the ion
displays an oscillatory motion in the trap of increasing amplitude axially
[resp. radially], its motional mode being excited in this direction. At the
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point of maximal motion amplitude, the trap axial [resp. radial] frequency
is reached. This allows a determination of the trapping frequency with a
reading precision of approximatively 0.5%
A magnetic field is produced by a set of coils and determines the
quantization axis (along the trap axis), taking into account the corrections
for the Earth’s magnetic field.

II.3.2.b

Lasers

Several lasers are used in order to achieve the cooling scheme described in
Sec. II.3.1.a.
First, an ionizing UV laser at 272 nm which consists of a fiber laser
successively doubled in frequency to 544 nm then 272 nm is used to produce
Ca+ ions by ionizing the atomic beam of Ca from the oven.
When the cooling is done continuously and along the axial and radial
directions, it relies on the 397 nm light of a doubled Ti:Sapphire ring oscillator pumped by a Verdi laser. The 794 nm light from the Ti:Sapphire is
frequency-stabilized by a cavity and doubled to 397 nm.
When the pulsed cooling scheme is chosen, the 397 nm light is produced
by the doubling of the 794 nm light of a Toptica TA Pro laser similarly
frequency stabilized. The production of the pulsed light is done by a
pigtailed Acousto-Optic Modulator (AOM) driven by a pulse generator
triggered on the RF signal at ΩRF .
Two diode lasers at 850 nm and 854 nm are used for the repumping of
the metastable 2 D3/2 and 2 D3/2 states.
Prior to taking data, the laser frequencies are scanned: the scattering
profile as a function of the laser detuning os recorded and fit to a Lorentzian
(397 nm light) or Gaussian profile (850 nm diode). The resonance is then
defined and the frequency of the lasers set to either the transition frequency
(for the 850 nm) or to a detuned frequency (in the case of the 397 nm cooling
lasers—which maximizes the cooling). The 854 nm diode is voluntarily
detuned by 30 MHz with respect to resonance in order to avoid any dark
resonances by interaction with the 850 nm laser [76].
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Imaging system

The imaging apparatus consists of an achromatic lens3 of focal length
f = 70 mm at the bottom of which a cardboard diaphragm with a 15 mm
wide opening is placed (in order to minimize possible optical aberrations [77]). It is connected to the couple imaging intensifier—CCD camera
detecting the 397 nm cooling light scattered by the ions4 .
We measure the magnification of the apparatus following the study of
equilibrium positions of ions in a trapped string conducted by James in
Ref. [16]. James shows that the equilibrium positions of the ions are well
defined in this configuration and the minimum distance between two ions
can be expressed analytically as a function of the axial trap frequency ωz .
The distance between two ions in a two-ion string is thus given by:

d=

Z 2 e2
2πε0 M ωz2

!1/3

,

(II.3.2)

where Z is the degree of ionization of the ions, e the elementary charge,
ε0 the vacuum permittivity, M the mass of the ions, and ωz the axial
frequency of the trap (in Hz).
In order to determine the magnification, two ions are trapped and the
distance between them is measured using an image processing software
(ImageJ ). Since the size of a pixel on the camera (9.9 µm in this case) is
known, by measuring the axial frequency ωz , we are able to calculate the
magnification: 10.70 ± 0.03.
The object–image size correspondence is then calculated to be ζ =
0.925 ± 0.003 µm/pixel. This parameter is used in the Molecular Dynamics
simulator in order to produce an image-like output from the real positions
of the ions (see Sec. II.5.3).
3

An achromatic lens is designed in a specific way to reduce chromatic and spherical
aberrations [77].
4
The role of the intensifier is to transform the low intensity radiation from the ions
into fluorescence on a phosphor screen that can be detected by the CCD camera. The
incident light induces the release of electrons from a photocathode by photoelectric effect.
Those electrons are then accelerated until they hit a micro-channel plate, at which point
they cause the release of a large number of electrons, thus amplifying the signal that will
be responsible for the emission of fluorescence when absorbed by phosphor screen [78].
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This imaging system is responsible for the presence of a diffraction
pattern on the images. This was experimentally investigated but could not
be suppressed as it seemed to originate between the chamber window and
the intensifier. The images are therefore post-processed in order to minimize this effect that can make the crystals look colder than they are—the
diffraction rings possibly overlapping with ion layers (see Fig. II.3.4). For
that purpose, each experiment is preceded by taking a background image
(no ions or light in chamber, intensifier off) giving the minimum level of
CCD counts and a reference image (continuous cooling of a crystal at the
maximum power) which are then used to correct the experimental data
taken with a crystal of the same size as the reference.
The axial and radial resolutions, σres,z and σres,r of the system were
determined prior to this work by trapping two ions and measuring their spot
size for increasing values of the axial and radial frequencies respectively.
They were found to be: σres,z = 2.23 ± 0.02 µm and σres,r = 2.09 ± 0.02 µm.
They are used in the construction of the Gaussian blur of the Matlab
post-processing of MD simulation outputs. The detection efficiency was
previously measured as well (1.663 ± 0.01.10−4 ) [79].

Figure II.3.4: Experimental image of Coulomb crystal before (a)
and after (b) post-processing. The presence of the diffraction rings
can lead to a misdetermination of the crystal’s temperature as they
may induce the ion layers to appear more defined (and thus, colder).

II.3.2.d

Ion trapping procedure

Our experiments are performed as follows.
The cooling and repumping lasers are sent to the trap and the axial
and radial frequencies are set to the usual crystal trapping values (see
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Table II.3.1), as they offered a good compromise in terms of trapping
power (a too tight trap hindering the loading). Then, the UV laser is
sent in the trap which allows us to form the Ca+ to trap (assuming that
the oven is open thus releasing calcium in the trap). It is left on until
the desired number of ions is loaded. After the formation of this initial
crystal, if another structure is desired, the axial and radial frequencies
are slowly changed, deforming it into the shape of interest (ωr  ωz for
strings, ωz  ωr for pancakes).
If all cooling and trapping conditions remain stable, the ions can be
durably kept in the trap. Typically, in our experiments, the Coulomb
crystals were kept over the course of a day.

Chapter II.4
Pulsed cooling of Coulomb
crystals
s discussed in Sec. II.3.1.b.ii, the key parameters for the best pulsed
cooling scheme are the pulse length τ , the pulse delay with respect
to the zero-micromotion reference td , the intensity I and the detuning δ of
the pulsed light. They were sequentially optimized for a Coulomb crystal
of approximately 550 ions. The performance of the cooling scheme was
assessed by comparing the resulting structures to a molecular dynamics
generated temperature catalog for crystals with the same size and using
the same trapping parameters (the simulation procedure is described in
Chap. II.5). The resulting coldest possible crystal was compared to the
optimally continuously cooled ensemble.

A

In the following sections, the frequencies (ωz , ωr , ΩRF ) are given either
in rad/s or Hz. In the former case, the general notation is: ωi = 2π × fi
with fi the frequency in Hz to which the unit is attached ([ωi ] = rad/s =
2π ×[fi ] = 2π ×Hz). In the latter case, even though they are not technically
angular frequencies, the same notation was kept and thus ωi ≡ fi . This
choice is made to avoid any confusion arising from an increasing number
of variables, as the numerical values can easily be converted.
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II.4.1

Definition and determination of the
parameters

II.4.1.a

Rising, Falling, Both

The pulsed cooling is performed with one or two pulses per RF period.
In the case of one pulse, two options are considered depending on the
phase of the RF on which the pulse is triggered. In the case of the Rising
[respectively Falling] pulse, the triggering is done on the rising [falling] part
of the RF signal. The two pulses case, referred to as Both, corresponds to
the combination of Rising and Falling taken for the same absolute value of
the delay—Fig. II.4.1 illustrates this description.

Figure II.4.1: Definition of the pulse delay with respect to the RF
signal. In lilac: RF signal—the zero of time (0 ns) is set to the zero
of micromotion (where vRF = 0). In red: Falling light pulse; in
green: Rising light pulse.

F
When set to the same absolute value of delay |tR
d | = |td |, the Rising
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and Falling pulses address the same class of RF phase and thus the same
class of ion velocities—motions of same amplitude but opposite direction
on the two sides of the RF reference (see Fig. II.2.5).
Since the ions are detected by recording the scattering from the pulsed
cooling laser, the images are shots of the ions’ positions integrated over the
length of the pulse. In the situation of one trapped ion displaced from the
RF nodal line and cooled by either a Rising or Falling pulse, as the delay
is increased, its position is centered increasingly further from its initial
position (in one direction for Rising and the other for Falling), as it moves
away from its equilibrium position under the influence of the micromotion
(see Fig. II.2.5 and Eq. (II.2.52) in Sec. II.2.1.c.i). It is illustrated in the
simulated experiment in Fig. II.5.5.

II.4.1.b

Pulse delay

The pulse delay is defined as the time difference between the center of
the pulse and the time of zero-micromotion reference t0 —i.e. the point
in the RF signal at which the ions’ velocities due to micromotion is zero,
which corresponds to an extremum of RF—(see Fig. II.4.1 where the time
reference (0 ns) is set at the point of zero-micromotion).
Even though the pulse generator is triggered on the RF, the light pulse
is delayed with respect to the RF signal due to its generation time. Therefore the actual value of the pulse delay on the generator that corresponds
to a zero delay for the light pulse has to be determined.
The t0 determination procedure consists of trapping one ion (ωr =
2π × 240 kHz, ωz = 2π × 75 kHz) and displacing it out of the RF nodal line
(by ≈ 44 µm), therefore adding excess micromotion (the amplitude of the
micromotion is estimated to 5.5 µm). Then, pulses (of length τ = 9.1 ns,
detuning δ = Γ and intensity I = 1.5Isat ) with different delays are sent and
the scattering of the ion recorded. Since the micromotion induces a shift
in the ion’s velocity as described in Sec. II.2.1.c and Sec. II.3.1.b.ii, the
effective detuning varies with it, which influences the scattering intensity.
This procedure is performed with Rising pulses followed by Falling pulses
which allows us to address the ion on both sides of the RF reference of
zero-micromotion. The scattering of the ion as a function of the pulse
delay is shown in Fig. II.4.2. The zero-micromotion reference is given by
the point where the two curves cross (where the micromotion does not
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influence the cooling).

Figure II.4.2: Scattering of a Ca+ ion above the RF nodal line as
a function of the pulse delay. In red: scattering from the Falling
pulse; in green: Rising pulse. Triangle: experimental data; full
line: Lorentzian fit to the experimental data; dashed line: Doppler
detuning due to micromotion; grey dotted line: shape of a light
pulse.

It can be noted that the amplitude of the scattering signal is different
for the two cases. This can be due to several effects.
First, if the pulse shape is not symmetrical around its maximum, the
Rising and Falling cases would be addressing the same classes of RF phase
(and thus velocity) with different intensities which would explain the scattering difference (as the detected scattered light is the one from the pulsed
laser1 ). However, the pulse is shown to be symmetrical.
1

The scattering is actually a convolution of the pulse shape and the linewidth of the
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Another possible source of asymmetry can be the difference in cooling
dynamics in the two cases—since the effective detuning increases in one
case and decreases in the other. If there is presence of dynamic cooling
effects, the cooling and consequently the scattering would be different for
Rising vs. Falling. However, the cooling dynamics is much slower than any
effects of the micromotion (Γ  1/τ ), and therefore the cooling should be
well described by a steady state. This argument is open to discussion and
can be verified by monitoring the cooling process under pulsed cooling by
explicitly implementing it the MD simulations (solving the optical Bloch
equations at each time step and calculating the scattering).
Finally, a non-uniform response from the imaging system due to the
position could also lead to a difference in the recorded scattering amplitude
(since the ion is above its central position in one case and below in the
other—see Fig. II.2.5 and Eq. (II.2.52) in Sec. II.2.1.c.i). This can be
resolved in future experiments by calibrating the response of the imaging
system as a function of the ion position by cooling it continuously and
displacing it in the imaging field.
The micromotion reference is verified and adjusted by loading a crystal
and pulse cooling it with a delay td,− = t − t0 and td,+ = t + t0 for several
phases in the RF period t. If t0 is correctly defined, td,+ and td,− give
similarly cold crystals. If that is not the case, t0 is adjusted and verified
in the same way.

II.4.1.c

Intensity

The pulse intensity is expressed in terms of the saturation parameter at
zero detuning, s0 = I/Isat (see Eqs. (II.2.31) and (II.2.32)). It represents
the maximum intensity of the pulse.

II.4.2

Optimization of the pulsed cooling

The above-mentioned parameters are optimized in order to find the best
pulsed cooling scheme. The optimization is done using the Rising, Falling
and Both schemes for one or two parameters at a time, even though they
are not independent, because scanning the full parameter space is not
laser. The latter was shown to be symmetrical.
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experimentally feasible. Even though this does not allow to present with
certainty the best pulsed cooling scheme, it allows us to show that the
temperatures observed with pulsed cooling are lower than their continuous
counterpart.
All the experiments are performed at ωz ≈ 2π × 82.2 kHz, ωr ≈
2π × 164.65 kHz, ΩRF = 2π × 3.966 MHz (set on the generator) which
corresponds to TRF = 252.15 ns (measured). The crystals are loaded to
be of the same size for each experiment with an estimated number of ions
(determined by MD simulation) Nion ≈ 555 ions. A crystal is loaded and
centered around the RF nodal line (although not perfectly for some of
the experiments as can be seen in Fig. II.4.6) and the beam alignment is
optimized on the crystal at each experiment. The dark species (molecular
ions that can form over time) are regularly flushed by sending the ionizing
UV beam on the crystal. In the case of a loss of the ions for an unexpected
reason, a crystal of the same size using the same trapping parameters is
reloaded. All images are recorded using the same imaging settings and
images of each crystal in a given set of optimization are recorded for the
same time, ensuring that the difference in aspect of the crystals can be
related to a difference in temperature2 .
In the experimental data figures that follow, the coldest crystals are
circled in red. The symbol “∼” indicates that the parameter is varied and
optimized.

II.4.2.a

Length

We start our investigation from the usual continuous cooling parameters
and by verifying whether reducing the length of the pulse from quasicontinuous to almost Dirac would lead to a better cooling in our given
configuration. The pulse is centered around the zero of micromotion per
our hypothesis on the optimal delay. The trapping and cooling parameters
are given in Table II.4.1
The results are combined in Fig. II.4.3. The numbers in red represent
the order in which the data is taken. This randomized order is done to
2
The image recording consists of integrating the photon count on the CCD over a
given time. Thus, the bigger the amplitude of the ion’s motion, the larger it will appear
on the image. Since mean velocity and average temperature are related, a larger spot
size indicates a higher temperature for the ion. The consequence of this effect on crystals
is a higher definition in the shells for lower temperatures.
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Parameter
ωz [kHz]
ωr [kHz]
Γ/2[MHz]

Value
82.2
154.5
16.3
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Parameter
δ[MHz]
τ [ns]
td [ns]
s0

Value
−34
∼
0
0.1

(a) Trap frequencies and cooling linewidth. (b) Pulsed cooling optimization parameters.

Table II.4.1: Experimental parameters—pulse length optimization.
avoid being biased by a possible loss of ions during the experiment3 . The
optimal pulse length appears to be τopt = 80 ns for a 2-pulse scheme
(Both). The comparison to the continuously cooled crystal with the same
parameters is shown in Fig. II.4.4.
The pulsed scheme produces a colder crystal than the continuous one.
Indeed, using the MD simulated temperature scale (see Fig. II.5.7), the
temperature of the pulse cooled crystal can be estimated to 9 mK vs. 15
mK. However, an optimal pulse length of 80 ns, which results in the crystal
being cooled during 160 ns (almost 2/3 of TRF ) goes against our original
hypothesis on the optimal length (better cooling for the shortest pulse) and
lead us to think that our detuning and/or intensity might not be optimal
for pulsed cooling.

3
Following the reflexion on Fig. II.5.3, a difference in the number of ions can make
the crystal appear warmer or colder. Several crystals at the same temperature but with
ion numbers ranging from 575 to 525 by steps of 15 ions were simulated and it was
observed while the ion number is being reduced, the crystal appears alternatively colder
then warmer.
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(a)

Figure II.4.3:
(b) Experimental pulsed cooled crystals at different
pulse lengths. The other parameters are given in Table II.4.1.
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(b)

Figure II.4.4: Comparison of the best pulse length image to the
continuously cooled crystal with the same parameters. The other
parameters are given in Table II.4.1.

II.4.2.b

Intensity and detuning

Based on our previous observations and our original hypothesis, we consider the shortest possible pulse centered around the RF reference and
attempt the optimization of its intensity and detuning. The experimental
parameters are summarized in Table II.4.2.
Parameter
ωz [kHz]
ωr [kHz]
Γ/2[MHz]

Value
82.5
164.05
17

Parameter
δ[MHz]
τ [ns]
td [ns]
s0

Value
∼
9.1
0
∼

(a) Trap frequencies and cooling linewidth. (b) Pulsed cooling optimization parameters.

Table II.4.2: Experimental parameters—pulse intensity and detuning optimization.
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The results are combined in Fig. II.4.5. The optimal cooling parameters appear to be s0,opt = 1.5, δopt = −20 MHz with a 2-pulse scheme
(Both). The coldest crystal in this case had a temperature of approximatively 8 mK which allows us to conclude that our original parameters
were indeed not adapted for an efficient cooling with a short pulse—the
temperature of the crystal cooled with a 10 ns pulse with the parameters
from Table II.4.1 is approximatively 15 mK.

II.4.2 Optimization of the pulsed cooling

Figure II.4.5: Experimental pulsed cooled crystals at different
intensities and detunings compared to continuously cooled crystals
with the same parameters. The coldest crystal is circled in red. The
other parameters are given in Table II.4.2.
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II.4.2.c

Delay

Using the short-pulse optimized detuning and intensity, we conduct the
investigation on the pulse delay, while keeping the length of the pulse to its
shortest value4 . The parameters are given in Table II.4.3 and the results
in Fig. II.4.6.
Parameter
ωz [kHz]
ωr [kHz]
Γ/2[MHz]

Value
82.2
155.65
17

Parameter
δ[MHz]
τ [ns]
td [ns]
s0

Value
−15
9.1
∼
1.5

(a) Trap frequencies and cooling linewidth. (b) Pulsed cooling optimization parameters.

Table II.4.3: Experimental parameters—pulse delay optimization.
If the reference delay is properly defined and if the crystal is positioned
at the center of the trap (same number of ions above and below the RF
nodal line), the crystals are expected to be cooled similarly for td = ±t in
the case of the Both scheme. At td = +t, half of the crystal would be cooled
down and the other heated up, then, when td = −t, the effect on both sides
would be symmetrically reversed. Similarly, the cooling with a Falling
[respectively Rising] pulse at td − t [td + t] should be similar to the Rising
[Falling] case at td + t [td − t]. The experimental images diverge from these
predictions. It is attributed to both an imprecise reference determination
and a poor crystal centering. These imprecisions are corrected in the
experiments that lead to the results presented in Fig. II.4.7.
The optimal cooling appears to be obtained with the Both scheme and
for td,opt,1 = 0 ns and td,opt,2 = ±10 ns—all three leading to a crystal
temperature Topt = 8 mK.
An optimal delay at ±10 ns is rather unexpected as it does not correspond
to a moment when the ions’ velocities are unaffected by the micromotion
(cf. discussion in Sec. II.3.1.b.ii). To verify this observation, another set
4

As mentioned previously, the parameter investigation had to be done on the different
parameters independently. In this case, the choice of setting the pulse length to the
shortest was made based on the desire to minimize heating effects and having a more
precise investigation of the effect of the position of the pulse in TRF as the velocity
distribution of the ions was therefore more resolved
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of data is taken using two pulses and varying the detuning as well. The
parameters are summarized in Table II.4.4 and the results in Fig. II.4.7
Parameter
ωz [kHz]
ωr [kHz]
Γ/2[MHz]

Value
82.6
155.28
17

Parameter
δ[MHz]
τ [ns]
td [ns]
s0

Value
∼
9.1
∼
1.5

(a) Trap frequencies and cooling linewidth. (b) Pulsed cooling optimization parameters

Table II.4.4: Experimental parameters—second pulse delay optimization.
This second investigation shows that indeed, the best pulse delay is
td,opt = ±10 ns with δopt = −24 MHz. The temperature of the crystal
is then around Topt = 7 mK. This observation is briefly discussed in
Sec. II.4.5 and asks for a deeper theoretical investigation of the processes
at play for a better understanding.
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Figure II.4.6: Experimental pulsed cooled crystal with different
pulse delays (I). The other parameters are given in Table II.4.3.

II.4.2 Optimization of the pulsed cooling

Figure II.4.7: Experimental pulsed cooled crystal with different
pulse delays and detunings (II). The other parameters are given in
Table II.4.4.
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II.4.3

Pulsed cooling vs. continuous cooling

In order to verify that in our setup with 45◦ cooling, a pulsed cooling
scheme is indeed more efficient than a continuous one, the continuous
cooling parameters are re-optimized. The experimental parameters are
given in Table II.4.5.
Parameter
ωz [kHz]
ωr [kHz]
Γ/2[MHz]

Value
82.2
164.65
16

(a) Trap frequencies and cooling linewidth.

Parameter
δ[MHz]
s0

Value
∼
∼

(b) Continuous cooling optimization
parameters

Table II.4.5: Experimental parameters—continuous cooling optimization.
The coldest crystals are shown in Fig. II.4.8. The best (detuning,
intensity) couples appear to be (−28 MHz, 0.11), (−32 MHz, 0.11), and
(−36 MHz, 0.11). These newly optimized parameters are similar to our
original (δ, s0 ) = (−34 MHz, 0.1) and lead to crystals of comparable temperature. Using the temperature catalog (Fig. II.5.7), the lowest temperature
(obtained for these optimal parameters) is estimated to 15 mK which is
around twice as high as the lowest temperature obtained by pulsing the
cooling laser, thus indicating that, as we originally suspected, in this trap
configuration constraining the cooling angle to 45◦ with respect to the trap
axis, a pulsed cooling is indeed more efficient.
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Figure II.4.8: Experimental continuously cooled crystal with various detunings and intensities. The other parameters are given in
Table II.4.5.

II.4.4

Summary

II.4.4.a

Coldest Coulomb crystals

A summarized version of the experimental investigations is shown in
Fig. II.4.9. These results confirm that, for an ion trapping setup presenting
a single cooling beam at an angle of 45◦ with respect to the radial plane, a
pulsed cooling scheme is a more efficient cooling option than a continuous
one as it allows us to reach lower temperatures for trapped calcium Coulomb
crystals. Using two symmetrically delayed pulses per RF period, i.e. the
Both scheme, seems to always be more efficient than only using one
(Rising/Falling)5 . However, a more thorough investigation of the different
parameters has to be done if the absolute best pulsed cooling scheme needs
to be found.
5

This effect is understandable as the ions are cooled for twice as long with the Both
scheme—if compared to Rising/Falling—at low-micromotion effect phases
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Figure II.4.9: Summary of the coldest crystals using optimized
pulsed cooling and continuous cooling parameters.

II.4.4.b

Formation of challenging structures

To further test the efficiency of the pulsed cooling, we attempt the formation of challenging structures which are impossible to obtain using a
continuous 45◦ cooling: large Coulomb crystals (formed by thousands of
ions) and pancakes. What we refer to as pancakes, are 2D crystals formed
in the radial (x, y) plane, rendering them highly subject to micromotion.
Using our optimized pulsed cooling parameters, we are able to effi-
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ciently trap and cool both a large crystal of approximatively 5350 ions
and a pancake of around 75 ions. These structures are reproduced by
Molecular Dynamics simulations (following the parameter determination
procedure described in Sec. II.5.4) which allows us to determine their
temperature. Table II.4.6 gives the experimental parameters used to form
the large Coulomb crystal in Fig. II.4.10(a) and Table II.4.7 those used
to simulate the structure in Fig. II.4.10(b).
Similarly, Fig. II.4.11(a) shows the experimental image of a pancake
trapped using the parameters in Table II.4.8—view in the (X, Z) plane,
and Fig. II.4.11(b) and Fig. II.4.11(c) show respectively the views in the
(X, Z) and (X, Y ) planes of the simulated pancake using the parameters
in Table II.4.96 .

Parameter
ωz [kHz]
ωr [kHz]
Γ/2[MHz]

Parameter
δ[MHz]
τ [ns]
td [ns]
s0

Value
236
482
16

(a) Trap frequencies and cooling linewidth.

(b)

Value
−15
9.1
0
1.5

Pulsed cooling parameters.

Table II.4.6: Experimental parameters—trapping of a large crystal
[Fig. II.4.10(a)].

Parameter
ωz [kHz]
ωr [kHz]
Nion
T [mK]
Table
II.4.7:
[Fig. II.4.10(b)].

Simulation

Value
240.72
472.549
5349
100
parameters—large

crystal

6
The size of the simulated pancake is not exactly similar to the experimental one,
further frequency adjustment could correct that effect.
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Figure II.4.10: Pulse cooled Coulomb crystal of ≈ 5350 ions.
(a) Experimental crystal obtained using the parameters given in
Table II.4.6. (b) Molecular Dynamics simulated crystal of 5349
ions using the parameters from Table II.4.7.

Parameter
ωz [kHz]
ωr [kHz]
Γ/2[MHz]

Parameter
δ[MHz]
τ [ns]
td [ns]
s0

Value
280
80
16

(a) Trap frequencies and cooling linewidth.

(b)

Value
−15
9.1
0
1.5

Pulsed cooling parameters.

Table II.4.8: Experimental parameters—trapping of a pancake
[Fig. II.4.11(a)].

Parameter
ωz [kHz]
ωr [kHz]
Nion
T [mK]

Value
310
90
75
4

Table II.4.9: Simulation parameters—pancake [Fig. II.4.11 (b)
and (c)].

II.4.5 Insight into some of the observed features

(a)

(b)
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(c)

Figure II.4.11: Pulse cooled pancake of ≈ 75 ions. (a) Experimental structure obtained using the parameters given in Table II.4.8—
the image is taken in the usual (X, Z) plane. (b) and (c) Molecular
Dynamics simulated pancake of 75 ions using the parameters from
Table II.4.9, viewed in the (X, Z) plane (b) and (X, Y ) plane (c).

II.4.5

Insight into some of the observed features

A few things can be noted from our optimization procedure. First, the
intensities of the cooling light are much higher in the best pulsed scheme
vs. the best continuous scheme. This can be explained by the fact that
in the case of the pulsed cooling, the micromotion being less excited, the
intensity (and thus the number of scattering events) can be higher before it
poses a problem whereas in the continuous case, the micromotion heating
becomes dramatic quite quickly.
Secondly, the optimal pulse delay apparently being td,opt = ±10 ns is an
unexpected result since it does not address the phase of zero-micromotion.
A first investigation of the cooling was performed by calculating the friction
force (as defined in Sec. II.2.1.b.ii) due to the 45◦ cooling beam. However
it was inconclusive and should be lead further by expanding the force to
higher orders, for instance.
This effect is found to be even more pronounced with a pulse length of
τ = 30 ns, suggesting that the cooling dynamics during the pulse might
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be responsible. A more complete investigation of the phenomenon would
be to solve the optical Bloch equations with the pulsed cooling scheme
introducing a detuning that varies following the RF oscillation.
Finally, for td = ±10 ns, the optimal detuning is different from the
usual |δopt | = Γ/2 as here: |δopt | = 24 MHz > Γ/2. This could be explained
by the fact that, the ions being addressed at a moment of non-zero micromotion, this value of the detuning could be more optimal as it would
limit the heating by allowing for the majority of the ions to remain on
the less steep side of the temperature–detuning curve. In addition, due to
the three-dimensional extension of the crystals, if they are addressed at a
point of non-zero micromotion with a pulse of well chosen detuning, half
of the crystal would be cooled down while the other half is heated up, and
vice-versa for a pulse with opposite delay. Since the Coulomb crystals are
subject to sympathetic cooling effects [75], the total cooling over one RF
period with a Both scheme could overall be efficient. This effect is also
present in the case of a continuous cooling, however, if addressed over the
entire RF period, the range of velocities that need to be compensated by
the detuning might be too high for efficiency. Solving the optical Bloch
equations for the pulsed cooling could give some insight to these observations as well.
Although the theory behind pulsed cooling was not fully understood,
classical Molecular Dynamics (MD) simulations of the trapped ions gave
us an insight to the phenomena observed experimentally. The next section
outlines how the simulations were constructed and performed.

Chapter II.5
Temperature
catalog—Molecular
Dynamics simulations
he efficiency of pulsed cooling and its comparison to the continuous
cooling scheme is determined by the final temperature of the crystals.
For that purpose, a temperature catalog to be used as a scale was simulated
by Molecular Dynamics1 . The simulations were conducted using the same
trapping parameters, size and ion number as that of the experimental
results—the aspect of the crystal, especially the size of the ions, being
directly related to its temperature. The cooling process was not simulated
in itself and the resulting simulated structure mimics an equilibrium crystal
once the cooling process has reached a steady state.

T

The MD simulator was developed by previous members of the Ion
Trap Group [80, 81]. It was adjusted in the course of this work to fit the
requirements of the pulsed cooling experiments.
In this chapter, sections II.5.1, II.5.2 and II.5.3 give a quick outline of
the main features of the simulator. A more detailed theoretical description
can be found in Ref. [81] and details on the operation of the simulator can
1

The catalog was used as a quick estimation tool of the crystals’ temperature during
our optimization procedure. For the final optimal crystals in Fig. II.4.9, the given
temperatures were simulated for more precision.
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be found in Refs. [82, 83]. Sections II.5.4 and II.5.5 describe the procedure
followed to generate the temperature catalog. Even though we focus our
discussion on the simulation of Coulomb crystals, the program can be used
for a wide range of one- or two-species structures.

II.5.1

Newton propagator

The crystals are simulated by solving the classical equations of motion
for the ions with the force FT ot . The forces at play are the trapping force
FT rap and the Coulomb force FCoul . For a given ion i they are given by:

FT rap,i =




VRF cos(ΩRF t)
Q ηVDC

−m
+
xi
2
2

z0
r0









−Q

ηVDC

m
z02







 − 2QηVDC z
i
mz02

−

VRF cos(ΩRF t)
r02

(II.5.1)

yi ,

and

FCoul,i =

N
ri − rn
q2 X
.
4πε0 n6=i |ri − rn |2

(II.5.2)

FT ot,i for the ion i can thus be expressed as:

FT ot,i =




VRF cos(ΩRF t)
Q ηVDC

xi
+
−
2
2

m
z0
r0









N
ri − rn
q2 X
Q
+ −m
4πε0 n6=i |ri − rn |2 



ηVDC
z02

−

VRF cos(ΩRF t)
r02

yi (II.5.3)





 − 2QηVDC z
i
mz02

with ri = (xi , yi , zi ) the position vector of the ion i of charge q, and N the
total number of ions.
At each time step t, FCoul,i is calculated for each ion interacting with
all the other ions on GPU cores and FT rap,i on CPU cores. The position
and velocity of the ion i at the next time step t + dt are thus given by:

II.5.2 Thermalizer



 ui (t + dt)



79

= ui (t) + dt2

FT ot,u,i
2m

+ dtvu,i (t)
,

vu,i (t + dt) = vu,i (t) + dt

u = x, y, z

FT ot,u,i
m

(II.5.4)
where dt is the time step size given by dt = 2π/(ΩRF τRF ) with τRF the
number of time steps per period2 .
It should be noted that given the definition of Ftot and the simulation
process, the effects of the micromotion on the ions’ velocities and crystal
temperature are visible in the simulation.

II.5.2

Thermalizer

In order to generate images at a given temperature Ttarget , the simulation is
started at a chosen starting temperature Tstart , higher than the desired final
temperature3 . The ions are then cooled following the procedure outlined
below—it was previously shown that choosing Tstart  Ttarget and thus
cooling down the ions was a more robust simulation procedure [81].
The temperature of the ion ensemble at each time step is calculated
2
p2
using T = 2mk
= m kvB with v 2 the averaged velocity of the system given
B
by:
v2 =

N
X
1 X
v2 .
3N i=1 u=x,y,z u,i

(II.5.5)

The temperature of the system can thus be expressed as:

T =

N
X
m X
v2 .
3N kB i=1 u=x,y,z u,i

(II.5.6)

In order to direct the simulation towards cooling, the calculated nexttime-step velocity vu,i (t + dt) is rescaled by the factor aT,u to vrescaled,u (t +
dt) = aT,u vu (t + dt). The scaling factor is given by:
2

τRF was optimized for optimal convergence prior to this study and set to 105 [81]
For a target temperature of a few mK, the simulation is usually started at Tstart =
100mK.
3
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s

aT,u =

Ttarget
,
Tu

(II.5.7)

where Tu is the average temperature along the direction u:

Tu =

N
m X
v2 .
N kB i=1 u,i

(II.5.8)

To prevent any brutal cooling, aT,u is limited to values between 0.98
and 1.02. If the calculated aT,u is lower than the lower bound, it is set to
aT,u = 0.996 and for values higher than the upper bound, to aT,u = 1.00002
(those were previously found to be optimal [81]).
Taking the rescaling procedure into account, the actual positions and
velocities at the next time step are calculated from:


 ui (t + dt)



= ui (t) + dt2

FT ot,u,i
2m

vu,i (t + dt) = vrescaled,u,i (t) +

+ dtvrescaled,u,i (t)
,

u = x, y, z.

F
dt T ot,u,i
m

(II.5.9)
The length of a time step (dt) is determined by the RF period as
the number of time steps per period is set to its previously optimized
value. Our simulations are all run using the experimental RF frequency
(TRF = 252.15 ns) resulting in time steps of approximatively 2.4 ns.
The temperature evolution during a simulation is monitored and can be
seen in Fig. II.5.1 and a magnified view of the first fifth of the simulation
is shown in Fig. II.5.2.
The average temperature along the z direction, Tz , has stabilized at the
target value after tth = 857 × TRF (≈ 90, 000 time steps). The simulation
phase for times before tth is referred to as the thermalization phase. During
this phase the equations of motion are solved, but the ions’ positions and
velocities are not recorded as the crystal has not yet reached a stable
configuration at the target temperature. It is followed by the recording
phase, in which the crystal has reached a stable configuration at the
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a)

b)

c)

d)

Figure II.5.1: Evolution of the temperature (given in K) as a
function of the simulation time (in timesteps) during a MD simulation
of a Coulomb crystal. This simulation was performed over tsim =
9524 × TRF with an ensemble of 40 ions, with Ttarget = 4 mK and
trap frequencies ωz = 2π × 248.0760 kHz, ωr = 2π× 41.346kHz. (a)
Total average temperature calculated from Eq. (II.5.6); (b), (c) and
(d) Average temperature along the x, y and z direction respectively,
calculated from Eq. (II.5.8).

desired average temperature. During this phase, the equations of motions
are solved and the ions’ positions and velocities are recorded in order
to generate an image resembling those obtained from the experimental
imaging system. The duration of the thermalization phase depends on the
chosen Ttarget , number of ions and trap parameters. In our simulations, we
customarily set the start of the recording phase to tth = 858 × TRF and the
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a)

b)

c)

d)

Figure II.5.2: Evolution of the temperature (given in K) as a
function of the simulation time (in timesteps) during the first 1428 ×
TRF (= 150, 000 time steps) of an MD simulation of a Coulomb
crystal. This simulation was performed with an ensemble of 40 ions,
with Ttarget = 4 mK and trap frequencies ωz = 2π × 248.0760 kHz,
ωr = 2π × 41.346 kHz. (a) Total average temperature calculated
from Eq. (II.5.6); (b), (c) and (d) Average temperature along the
x, y and z direction respectively, calculated from Eq. (II.5.8).

total simulation duration to tsim = 9524 × TRF (= 1, 000, 020 time steps).
Tx and Ty , although stabilized, do not converge at the target value of
the temperature. This is due to the presence of micromotion in those
directions.

II.5.3 Input/Output

II.5.3
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Input/Output

The simulation allows for several parameters to be chosen in an input
file4 . A few notable ones are the number of ions, the start and target
temperatures, the trapping secular axial and radial frequencies, the RF
frequency, the number of thermalization time steps and the total number
of time steps. The trap geometry (r0 , z0 and η as defined in Fig. II.2.2)
is also set in the input file.
The simulation starts at the given starting temperature. The initial ion
positions can either be read from an input file or set to a BCC structure
centered around the center of the trap (default), as it was shown to be
the equilibrium crystal structure (see Sec. II.2.2). An offset on the initial
position of the ions can be set from the input file as well, which reproduces
the situation where the single ion or crystal are displaced from the trap
axis by a static electric field (described in Sec. II.2.1.c).
After the thermalization phase, when the target temperature has been
reached, the ions’ positions are recorded in a file which mimics the pixel
histogram file obtained experimentally from the CCD camera images.
Its size (HX , HY , HZ ) is given in the input file5 . An ion positioned at
(Xi , Yi , Zi ), will be recorded in a given bin NU of the histogram given by:
NU =

Ui HU
+
ζ
2

,

U = (X, Y, Z)

(II.5.10)

where Ui is the position of the ion in terms of lab frame axes and ζ the
experimental pixel size.
The final histogram gives the number of occurrences of ions in each
bin NU over the recording phase. This allows for the construction of an
accurate image of the Coulomb crystal at a given temperature as it takes
into account the variations of ion positions due to temperature effects.
The position distribution due to the thermal and micromotion effects is
therefore described and as in the experimental images, a better definition
of the ions indicates a lower temperature.
4

The detail of program functions and the input/output files and parameter list can
be found in Refs. [82, 83].
5
The size of the histogram is given in terms of the lab frame (X, Y, Z) as it is most
relevant for a comparison to experimental images.
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In order to mimic the pulsed cooling scheme, the simulator was modified
to record the ion positions in the histogram file for a given time window
only (centered around the chosen pulse delay and of size equal to the size
of the pulse).
The histogram file is then analyzed by a Matlab routine that produces
a grayscale image. The resolution of the imaging system is taken into
account in this simulation post-processing in forms of a blur function.
We use this simulation tool to build a temperature catalog for the pulsed
Coulomb crystals. The procedure is described in the next sections.

II.5.4 Reproducing experimental data
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II.5.4

Reproducing experimental data

II.5.4.a

Influence of the number of ions and trap frequencies
on the aspect of a crystal

In order to obtain the most accurate reproduction of experimental data,
the simulations have to be performed with the same trapping parameters.
The experimental values for the trap geometry and RF frequency can be
directly used in the simulations as their experimental determination is
accurate.
The other key parameters are the trap secular frequencies and ion
number as they strongly influence the final aspect of the crystal (see
Fig. II.5.3). Indeed, as described in Sec. II.2.2, the frequency ratio
influences the aspect ratio of the crystal, and the radial frequency the ion
density (see Eqs. (II.2.64) and (II.2.66), respectively).

Figure II.5.3: Influence of the ion number and frequency ratio on
the aspect of simulated Coulomb crystals. All three simulations
were run at T = 10 mK and ωr = 2π × 162.72 kHz. (a) Nion = 555,
ωz = 2π × 83.16 kHz; (b) Nion = 560, ωz = 2π × 83.16 kHz; (c)
Nion = 560, ωz = 2π×82.5 kHz. (a)–(b) The ion number is changed,
(b)–(c) the axial frequency is changed.

From the ion spread and shell definition for the three crystals on
Fig. II.5.3, it could be inferred that T(a) < T(b) < T(c) . However, all three
crystals were simulated at the same target temperature. Indeed, even a
relatively small variation in ion number or frequency ratio (< 1%) impacts
the aspect of the crystal enough to lead to an erroneous determination of
the temperature. Thus, the determination of these experimental parameters is crucial if a precise evaluation of the temperature is desired.
If an estimation of the trap frequencies can be determined experi-
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mentally6 , the resulting values cannot be considered accurate, due to the
discrepancy between the frequency of the modulating signal (sent) and
the frequency of this signal at the trap (seen by the ions)—which is the
actual trap frequency to be used in the simulations7 . Therefore, for the
simulation, the experimentally measured values require to be adjusted to
match their values at the trap.

II.5.4.b

Parameter determination

The adjustment of the ion number and secular frequencies is conducted as
follows.

Experimental aspect ratio and volume determination
In order to calculate the aspect ratio and experimental volume of the
crystal (given by Eq. (II.2.60) and Eq. (II.2.61) respectively) needed for
the parameter adjustment, the charged liquid model length L and radius
R of the crystal need to be estimated.
For that purpose, the shell structure of the crystals is obtained by
plotting the radial and axial profiles of the images using ImageJ. Then,
following the procedure described in [29] (p. 169), from the length L0 and
radius R0 of the experimental crystal—defined as the distance between
the centers of the external shell on both sides—the charged liquid model
parameters are calculated: L = L0 + δR, R = R0 + δR—where δR is
the inter-shell spacing, known to be the same radially and axially (see
Fig. II.5.4).
The adjustment of the trap frequencies, crystal ion number and temperature is then performed.

6

We recall: the measurement of the axial and radial frequencies can be done by
trapping an ion and adding a sinusoidal modulation to the trap electrodes axially (or
radially) while cooling it in the other direction. When the frequency of the modulation is
equal to the trap frequency, the oscillation mode is excited and the ion starts oscillating
axially (resp. radially). This allows a determination of the trapping frequency with a
reading precision of ≈ 0.5%.
7
This difference between the sent signal frequency and seen signal frequency can be
attributed to electronic noise.
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Figure II.5.4: Radial profile of the crystal in Fig. II.5.3 (b) plotted
with ImageJ.

Temperature optimization
First, the ion number is estimated from the expression of the density ρ
(Eq. (II.2.66)) using the experimental volume Vexp given by Eq. (II.2.61)
and the experimental frequencies ωz,exp and ωr,exp . Then, simulations at
different target temperatures are run using these parameters until the
simulated crystals appear similar to the experimental ones8 .

Trap frequency optimization
Using the previously determined target temperature and ion number, the
trapping secular frequencies are adjusted until the simulations reproduce
8

The comparison between simulated and experimental images is done based on their
visual aspect at first and then, if the differences are not discernible, by analyzing the
axial and radial shell profiles with ImageJ.
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the same aspect ratio as the one experimentally observed (the relation
between these ratios is given in Eq. (II.2.64)).

Ion number determination
Then, a corrected number of ions (Ncorr ) is calculated from the simulation
density ρS (which is determined from the simulated crystal’s volume and
number of ions): Ncorr = ρS Vexp .

Further simulations
Finally, the simulations are restarted with the corrected frequencies and
number of ions (which at this point are considered to be similar to the
experimental parameters). In the case of a temperature catalog generation,
they are run for various values of target temperature as described in the
next section. If an estimate of the experimental crystal’s temperature is
desired, the target simulation temperature is further optimized to obtain
maximum similarity with the experimental images.

II.5.5

Temperature catalog

In order to be able to estimate the temperature of the experimental crystals, a temperature catalog is simulated and used as a scale. Although a
time-gated simulation mimicking the pulsed cooling would be the most
accurate replica of the experimental crystals, as it would give a picture of
the crystal with the ions being at the position they occupy at this specific
moment of the RF period (see Fig II.5.5), it is found to be similar to a
simulation integrated over the entire RF period for the crystals and range
of temperatures we consider (see Fig. II.5.6).
Indeed, we can see in Fig II.5.5 the influence of excess micromotion
on the positions of a calcium ion and a magnesium ion as they are artificially displaced by approximatively 30 µm from the RF nodal line (see
Sec. II.2.1.c.i). For each RF period, the images are either recorded at the
moment of zero displacement and maximum micromotion induced velocity
(t = TRF /4)—(a), at the moment of maximum displacement and zero
micromotion induced velocity (t = TRF /2)—(b), or over the entire RF
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Figure II.5.5: Simulated Ca+ (left) and M g + (right) ions at T = 1
mK, ωz = 2π × 115.644 kHz, ωr = 2π × 381.525 kHz, initially
displaced 30 µm from the trap axis along X. (a) Positions recorded
over 4.8 ns around t = TRF /4—ions at their central positions, point
of maximum micromotion induced velocity, no blur applied; (b)
Positions recorded over 4.8 ns around t = TRF /2—ions at their
position extremum, point of zero micromotion induced velocity, no
blur applied; (c) Positions recorded over the entire TRF , no blur
applied.

period—(c). Since the simulations are performed at a very low temperature (T = 1 mK), the ion’s spread is very small and the effects of the
micromotion are clearly visible: the ions oscillate around their equilibrium
position at the RF frequency.
For a crystal simulated at T = 8 mK reproducing our experimental
conditions, even when considered with perfect resolution (as not applying
the blur function produces images rendering exactly the ions’ positions),
the effects of the micromotion are hardly visible (one can notice the presence of additional shadow between the ions when integrated over the entire
RF period, Fig. II.5.6 (c), compared to the situation reproducing a Both
pulsed cooling scheme around the zero of micromotion, Fig. II.5.6 (d)).
Thus we can deduce that the contribution of the micromotion is not the
dominant effect on the temperature-induced dispersion of the position of
the ions in our crystals. When the blur is applied, taking into account the
resolution of our imaging system, the differences between a pulsed simulation, Fig. II.5.6 (a), and a continuous simulation Fig. II.5.6 (b), vanish.
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Figure II.5.6: Simulated crystals of Ca+ ions at T = 8 mK, ωz =
2π × 83.16 kHz, ωr = 2π × 162.72 kHz, Nion = 555. (a) Positions
recorded over the entire TRF , image blurred in post-processing;
(b) Positions recorded during 9.6 ns (shortest experimental pulse)
around t = TRF /4 and t = 3TRF /4—ions at their central positions,
point of maximum micromotion induced velocity, image blurred in
post-processing; (c) Positions recorded over the entire TRF , no blur
applied; (d) Positions recorded during 9.6 ns around t = TRF /4 and
t = 3TRF /4, no blur applied.

The temperature catalog is therefore generated by integrating the ions’
positions over the entire RF period.
The experiments being performed by always setting the trapping
frequencies to a similar value with a crystal of the same length (and
therefore number of ions), the temperature catalog can be used throughout the presented experimental work. It is obtained for parameters
determined following the procedure described in the previous section:
Nion = 555, ωz = 2π × 83.16 kHz (compared to ωz,exp = 2π × 82.2 kHz)
and ωr = 2π × 162.72 kHz (compared to ωr,exp = 2π × 164.65 kHz) and
ΩRF = ΩRF,exp = 2π × 3.966 MHz. It is shown in Fig. II.5.7.

II.5.5 Temperature catalog

Figure II.5.7: Simulated temperature catalog for Ca+ Coulomb
crystals. It was obtained using parameters determined as described
in Sec. II.5.4.b: Nion = 555, ωz = 2π × 83.16 kHz, ωr = 2π × 162.72
kHz, and ΩRF = ΩRF,exp = 2π × 3.966 MHz. The ion positions
were recorded over the entire TRF and the images were blurred in
post-processing.
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Applications—pancakes
n addition to the more efficient cooling of three-dimensional crystals,
pulsed cooling allows the formation of structures highly sensitive to
micromotion such as two-dimensional discs in the radial plane—pancakes—
with a unique 45◦ cooling beam (see Sec. II.4.4.b). Pancakes are especially
interesting candidates for two-dimensional quantum simulators [84]. Indeed, they allow for a larger number of gates than one-dimensional string
structures (as the number of ions in string ion trapping is limited) and
present more scalable simulator options [24]. They can be used for instance,
to study lattice spin models beyond the restrictions of one-dimensional
systems and shed light on areas of quantum many-body physics that
cannot be solved analytically [85]. Those structures have been formed,
for instance, in Penning traps [86], but the large ion separation and fast
rotation inherent to these setups limit the ability to obtain fast quantum
gates and an efficient individual addressing of ions. Thus, Paul trapped
pancakes seem to be good candidates despite the presence of micromotion.

I

II.6.1

Experimental formation of pancakes

Pancakes are 2D structures in the (x, y) plane that can be formed when the
trapping frequency ratio や = ωz /ωr 1 becomes larger than 1 [85]. Because
of their radial extension, they are subject to the RF driven micromotion
(see Sec. II.2.1.c) which makes their cooling challenging, especially with a
1

We recall: や is a Japanese hiragana pronouced “ya”.
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single laser beam.

As described in Sec. II.4.4.b, we are able to form and keep in the
trap pancakes of approximatively 75 ions (shown in Fig. II.4.11) using a
two-pulse scheme (Both). The formation procedure consists of first loading
a small crystal into the trap using usual frequencies (given in Table II.3.1
for instance) and the pulsed cooling scheme. Then, slowly compressing
it axially while releasing it radially by increasing the axial frequency and
decreasing the radial frequency until it forms the desired pancake structure
(which appears as a vertical string on the CCD image).

II.6.2

3D–2D phase transition investigation

The phase transition from a 3D crystal to a 2D pancake has previously been
investigated by Dubin [87], who derived a general analytical expression for
this phase transition frequency ratio excluding micromotion effects, and by
Richerme [85], who took into account the effects of the micromotion in his
analysis of the phase transition applied to Yb+ ions. For a crystal of 75
ions—the Nion of our experimentally formed pancakes—Dubin predicts the
transition to happen for や > (2.264Nion )1/4 ≈ 3.6, which is in agreement
with Richerme’s assessment of the phase transition without micromotion
(red curve in Fig. II.6.1). However, as we stated previously, pancakes are
highly subject to micromotion and in order to conduct a complete study of
the phase transition, its effects should be included. In this case, the phase
transition frequency ratio predicted in [85] for Yb+ is や ≈ 5. Nonetheless,
we were able to form stable pancakes at a frequency ratio やexp = 3.5.
This apparently contradictory observation motivated our study of the 3D
crystal–2D pancake phase transition using the MD simulator presented in
Chap. II.5, as it includes the effects of micromotion2 .

II.6.2.a

Simulation procedure

The simulations are performed using Ca+ ions. The initial Mathieu parameters q and a (see Eq. (II.2.10)) are set to be equal to q = 0.125
and a = −0.0073 (parameters used in Ref. [85]) in order to obtain comparable results (since we are not studying the same ion species). With
ΩRF = 2π × 3.996 MHz, the corresponding trapping frequencies are equal
2

The simulator was further modified to fit the requirements of those calculations.
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Figure II.6.1: Stability regions for a 2D planar crystal—pancake—
calculated for Yb+ ions. The data points represent the frequency
ratios ωz /ωr at which the phase transition is predicted to happen for a
given number of ions. The red curve represents the resulting stability
limit for a model excluding the effects of micromotion; the blue curve
shows the limit of stability for a model including micromotion. In
each model, frequency ratios higher than the stability limit allow for
a stable pancake formation. The micromotion is a destabilizing effect
as it requires a tighter relative radial confinement for the formation
of pancakes. The plot is taken from Ref. [85].

to: ωr = 2π × 41.346 kHz, ωz = 2π × 242.27 kHz and や = 5.85963 .
Starting from these frequencies, several values of the frequency ratio
や are considered by changing the axial frequency ωz 4 .
The determination of the phase transition is based on the fact that
for "magic number" Coulomb crystals, i.e. those with a single ion in the
3

The geometry of the trap is kept similar to the one of the experimental setup used
in this study, see Table II.3.1.
4
This way of adjusting the value of や was chosen because it mimics the experimental
realization of the pancake formation. From a 3D crystal, the DC voltage is increased,
creating an axial compression, then the RF voltage is decreased allowing a radial
relaxation.
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center [52], the lowest frequency mode is the mode of oscillation of the
central ion in opposition to the rest of the crystal. This mode is a soft mode
and collapses to zero frequency at a given limit5 . This limit for pancake
phase transitions was described in [87] in terms of the trap frequency ratio
や as a consequence of the limit on the spacing between charges (below a
certain spacing, the structure is not stable anymore due to the Coulomb
repulsion). Therefore, if a kick is given to the central ion—thus exciting
this soft mode—it should exhibit an oscillatory motion in the case where
the pancake structure is stable and a ballistic motion in the case where
the mode is of zero frequency.
Our procedure of construction of the stability limit of pancake structures
is as follows:
1. First, a few magic configurations are identified. The ones for Nion =
33, 80, 150 were selected as they offer a satisfying range for a first
investigation6 .
2. Then, those structures are cooled down from 100 mK to 4 mK
starting from the default BCC structure at や = 6 (where the
pancake structure is stable for all the considered Nion according to
Ref. [85])—see Fig. II.6.2.
3. Then a new simulation is run—the next steps are then taken for each
Nion and each や ∈ [2, 6]:
• Setting the frequency ratio to the value to investigate (や ∈ [2, 6])
and starting from the configuration obtained in the previous
step, the pancakes are further cooled down to Ttarget = 0.01
mK (mimicking a 0 K regime7 ) by freezing the z dimension
(zi = 0, vz,i = 0 for all ions i)—which ensures that the crystal
remains in its 2D radial planar shape.
5
See Refs. [16, 88] for the definition of the soft modes in the case of ion strings and
zigzag–string phase transitions.
6
Other magic configurations can be found at, e.g. Nion = 7, 17, 57, 114.
7
The same simulations at a higher temperature show a destabilization of the pancake
phase at higher frequency ratios, which is expected as the thermal energy would help
relax the structure.
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• Once the pancake has reached the target temperature8 , a kick
is given to the central ion in the z direction by changing its
velocity vz,c to the value corresponding to the kick temperature
Tkick = 0.1 mK.
• After the kick, the z direction is released and the evolution
of the pancake, especially the motion of the central ion, is
monitored for 80 × TRF . This monitoring time is chosen based
on the fact that the period of the soft mode is of the order of
1 µs = 4 × TRF in the region of stability for the pancakes [87]
and a slower motion is expected closer to the transition ratio
やtr (see Fig. II.6.3).

Figure II.6.2: Simulated pancakes at T = 4 mK and や = 6 for
(a) 33 ions, (b) 80 ions and (c) 150 ions. Upper line: (X, Y ) view,
lower line: (X, Z) view. The selected frequency ratio allows for a
stable formation of a pancake structure for the three considered
ion numbers. The pancakes all present an ion at the center of the
structure: the ion numbers considered here are “magic numbers”.

8
The length of the thermalization phase was reoptimized for each frequency ratio as
the one used previously for ∼ mK temperatures was too short.
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The amplitude of the z-kick is chosen to be small enough to allow for
the ion to be dragged back by the oscillatory force but large enough to
disrupt the system and induce the oscillation (Tkick > Ttarget is a necessary
condition for the kick not to be thermalized, the cooling still being present
after the disruption ).

Figure II.6.3: Oscillations of the central ion in a pancake after
a z-kick (green) and trapping RF signal (brown). The position of
the ion along the z-axis (zc ) is given relative to the position of the
pancake (set to 0 µm). It was simulated for a pancake of Nion = 33,
formed at the frequency ratio や = 6, cooled down to Ttarget = 0.01
mK, and kicked with Tkick = 0.1 mK. The amplitude of the RF
signal is VRF = 92.3771V and the total record time corresponds to
80 × TRF .
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Phase transition frequency
Characteristic motion of the central ion

a)

b)

Figure II.6.4: Oscillations of the central ion along the z direction in
a pancake after a z-kick for different frequency ratios. The position
of the ion along the z-axis (zc ) is given relative to the position of
the pancake (set to 0 µm). The simulations were conducted for a
pancake of Nion = 33, cooled down to Ttarget = 0.01 mK, and kicked
with Tkick = 0.1 mK. a) Pancake trapped at the moment of the kick
with a frequency ratio や = 6 (や > やtr ); b) や = 2.7 (や ≈ やtr ).
The total record time corresponds to 80 × TRF ..

As suspected, the oscillations of the central ion after the z-kick display
a characteristic behavior depending on whether the frequency ratio is
higher, equal or lower than the phase transition ratio やtr .
Indeed, for ratios higher than the phase transition ratio, the central
ion starts oscillating along z around its initial position after the kick (the
higher the ratio, the faster the oscillations) until it eventually gets back to
its original coordinates (see Fig. II.6.4 (a)). This is a consequence of the
excitation of the soft mode.
At や = やtr , the kicked central ion freely moves away from the pancake
along the z-axis (see Fig. II.6.4 (b)). The motion is ballistic as there
is no dragging force bringing the ion back to its initial position. This
corresponds to the soft mode going to zero frequency.
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When the frequency ratio is lower than やtr , the pancake structure
being unstable, a 3D crystal is formed after the kick and the central ion
moves in the three directions to a new equilibrium position.
II.6.2.b.ii

Determination of the phase transition frequency
ratio

In order to determine precisely the phase transition ratio for each Nion ,
the oscillation frequency of the central ion is recorded for each value of
や > やtr and extrapolated to zero frequency (at which point や = やtr )—
see Fig. II.6.5. For the three sizes of pancake we considered, simulations
at やtr support its determination as, for each of the cases, the central ion’s
motion is ballistic after the kick.

Figure II.6.5: Central ion oscillation frequency fosc after a z-kick
as a function of the trap frequency ratio や.The simulations were
conducted for pancakes cooled down to Ttarget = 0.01 mK, and
kicked with Tkick = 0.1 mK. In light green: 33 ion pancake; in green:
80 ion pancake; in dark green: 150 ion pancake. Circles: simulation
points; solid lines: polynomial fits. The fosc = f (や) curves were
fitted to a fourth order polynomial function as it provided the best
precision without showing signs of overfitting. The point at which
the curves each cross the x axis (dashed black line) corresponds to
the extrapolated phase transition frequency ratio.
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Stability region

Our investigation of the phase transition from 3D crystal to pancake seems
to contradict the predictions made in Ref. [85] as the trap frequencies at
which the transition takes place are closer to the micromotion-free model
from Ref. [87] (see Table II.6.1) instead9 . These observations suggest that
the possibly destabilizing effect of the micromotion has very little influence
on the phase transition in our case.
However additional points of comparison would be necessary in order to
confirm this trend—by theoretically determining the phase transition for a
broader ion number range of magic configuration pancakes, for instance.
Nion
33
80
150

やMD
2.7
3.4
4.0

やF
2.9
3.7
4.3

やD
3.9
5.0
6.0

Table II.6.1: MD Simulated phase transition frequency ratios やM D
compared to the micromotion-free ratios やF calculated with the
model described in Ref. [87], and micromotion-destabilized ratios
やD obtained in Ref. [85].
These results could not be tested experimentally in the course of this
work, which would be the next natural investigation step.

9

The transition frequency ratios are found to be well described by the micromotionfree model in Ref. [85] as well.

Chapter II.7
Conclusion
novel cooling technique for trapped ions minimizing the effects of micromotion, inherent to the design of linear Paul traps, was developed
and optimized using Coulomb crystals formed by 40 Ca+ ions. Micromotion
is a driven motion of the ions in the radial plane due to the oscillating
radio-frequency field essential for trapping, and if excited it reduces the
efficiency of the cooling. For that reason, an axial cooling along the trap
axis is often preferred. In the case where the experimental design only
allows for one cooling beam at 45◦ with respect to the axis, micromotion
excitation is unavoidable. Such a setup was considered. Pulsed cooling
was shown to cool down three dimensional Coulomb crystals to lower temperatures (≈ 7 mK for 555 ions) than the continuous cooling scheme (≈ 15
mK). It was also shown to allow the efficient cooling of structures highly
susceptible to micromotion such as large 3D crystals (several thousands of
ions) or 2D discs in the radial plane—pancakes, which could not be formed
with a continuous 45◦ cooling beam.

A

However, the properties of the pulsed cooling were not fully understood
and this calls for a theoretical description of the process, e.g. by studying
the cooling dynamics through the solutions to the optical Bloch equations.
Pulsed cooling will be a valuable tool for the experimental study of the
3D–2D pancake phase transition that was investigated theoretically in the
course of this work. Its range of application goes well beyond the scope of
investigations conducted in this study, as it can be used for cooling any
system presenting an oscillatory driven motion.
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III.A Powering a Quantum
Thermoelectric Engine by Heat
Baths
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Chapter III.A.1
Introduction
uantum thermodynamics is a hotbed of eager investigation as it both
addresses the issues arising from the constant miniaturization of
industrial devices, the development of the quantum computer—where heat
conduction is of great interest [89–91], and provides understanding to the
quantum contributions involved in thermodynamic processes [92–95] aiming to reconcile the microscopic and the macroscopic realms [91, 96–100].
These investigations have been supported by various theoretical realizations
of quantum thermal machines such as the three-level heat pump [101], the
noise-driven quantum absorption refrigerator [102], or thermal valves [103].
In the case of quantum engines, the information on the generated work
has been obtained through several designs of the working body, e.g. as
a harmonic oscillator [104] or an infinite ladder [105]. Experimental realizations of quantum thermal machines have been achieved using, for
instance, trapped ions [106, 107]. However, the possibilities for the design
of such machines are not limited to the listed options [108] and one exciting proposal is the thermoelectric engine where heat is converted into
an electric current. In such a setup, the work is directly measurable in
terms of current which allows for experimental verification of theoretical
predictions. Thermoelectric engines have been previously investigated on
the nanoscale [109, 110] as well as on the microscale [111] where in a circuit
QED thermoelectric engine an electric current is being driven by excitation
transfer between superconducting resonators in contact with separate heat
baths.

Q
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As in classical thermodynamics, work and heat are not state functions
but process quantities, defined by the exchange of energy between the engine
and its environment. For transient processes of finite duration, this has
led to definitions of work and heat that refer explicitly to the Hamiltonian
and dissipative parts of the system evolution [12, 13], while generalizations
to the quantum regime of classical fluctuation theorems [96, 112–117]
have employed measurement statistics [118, 119] and quantum trajectory
dynamics [120–122].
We constructed a simple autonomous thermoelectric engine operated
out of thermal equilibrium—due to its constant coupling to baths with
different temperatures—based on the models proposed in Refs. [105, 111]:
two qubits, each coupled to a thermal bath are connected via a Josephson
junction [123] (see Fig. III.A.2.1 for a schematic representation of the
system). In ideal conditions, the heat is transferred from the hot qubit
(acting as a heat source) to the cold qubit (heat sink), and work is produced
at the junction in the form of an electrical current. We study the dynamics
of the machine by solving the Gorini-Kossakowski-Lindblad-Sudarshan
(GKLS) master equation [124–126]. The bareness of the system allowed
us to derive analytical expressions for the Hamiltonian and steady-state
solution of the master equation. For this system, work and heat are
exchanged with the environment with mean rates that we can express by
steady state expectation values of suitable system observables. Fluctuations
in the integrated work and heat over finite time intervals are not simply
the variances of the same observables but employ more complex quantum
correlation functions. In particular, we showed that the transfer of heat
into the cold bath is equivalent to the process of spontaneous emission
from a quantum light source, and its temporal correlations thus follow from
Glauber’s photodetection theory [127] in quantum optics. Finally, we went
beyond the steady state properties of the engine and studied the conditional
dynamics of the excitation propagating through the system by way of twotime correlation functions [128, 129] and using the Quantum Regression
Theorem (QRT) [130]. They reveal a cyclical, dynamical transfer of energy
mimicking the chuffing of a classical steam engine.
This part is organized as follows. In Chapter III.A.2, the system is
presented and optimized in steady state. Specifically, in Sec. III.A.2.1,
the Hamiltonian of the system and the master equation are derived; in
Sec. III.A.2.2, it is characterized and optimized in steady state. In Chapter III.A.3, the work and heat of the engine are derived: Sec. III.A.3.1
describe their average values in steady state, Sec. III.A.3.2 investigates
their fluctuations and Sec. III.A.3.3 concludes with a comparison between
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work and heat. Chapter III.A.4 focuses on the dynamics of the energy
transfer. In Sec. III.A.4.1 the strokes of the engine are revealed by selected
two-time correlation functions and Sec. III.A.4.2 shows the more complex
dynamics features arising from higher-order correlations. Finally, a conclusion to the heat bath powered quantum thermoelectric engine is offered in
Chapter III.A.5.
Unless stated otherwise, ~ = 1 throughout. The relevant frequencies are either expressed in Hz or in rad/s and in the latter they are
denoted 2π × [Hz]. The notation α is used to indicate the unspecified
{c ≡ cold, h ≡ hot} case for the relevant properties. The subscript ss is
used to denote that the density matrix is taken in its steady state. In the
case of correlation functions, it indicates that the system is in steady state
at the earliest time.
Some of the material and discussions in this section were adapted from
Ref. [1].

Chapter III.A.2
System overview and
optimization
he system we conduct our investigations on is based on the minimal
quantum heat engine proposed by Popescu [105] where the work
obtained by excitation transfer between two qubits in contact with separate
heat baths is used to excite an ancillary ladder system. In our system
(see Fig. III.A.2.1 for a schematic representation), the ladder is replaced
by a voltage biased Josephson junction following the oscillator based
experimental proposal for a quantum thermoelectric engine presented
in [111]. The presence of the junction allows for the production of electrical
work that can be measured or used to charge a battery providing the
voltage bias V , for instance, and offers an interesting implementation
option. Although our work was based on this specific architecture for
concreteness, the analysis we conducted can be applied to other engine
designs.

T

III.A.2.1

System Hamiltonian and Master equation

III.A.2.1.a

Hamiltonian in the rotating wave approximation

Following the same procedure as Hofer et al. in Ref. [111], we obtain the
two qubit Hamiltonian [123, 131]:
Ĥ

=

~ωh σ̂h+ σ̂h− + ~ωc σ̂c+ σ̂c−
−EJ cos(2eV t +

2λh (σ̂h+
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(III.A.2.1)
+

σ̂h− )

+

2λc (σ̂c+

+

σ̂c− ))
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Figure III.A.2.1: Schematic representation of a two-qubit engine
powered by heat baths and performing work by resonant tunneling
of Cooper pairs against a bias voltage V . Excitation transfer between the qubits is mediated by a tunneling current with Josephson
oscillations tuned to the difference 2eV = ~(ωh − ωc ) between the
qubit excitation energies. The qubits are coupled to the Josephson
junction with constants λh,c and to bosonic heat baths with average
excitation numbers nB
h,c , with rates κh,c .

where σ̂h+ [σ̂c+ ] and σ̂h− [σ̂c− ] are the Pauli spin operators exciting and
de-exciting the hot [cold] qubit with oscillation frequency ωh [resp. ωc ],
EJ is the energy of the junction, V is the bias voltage across the junction,
and λh [λc ] is the coupling constant of the hot [cold] qubit to the junction.
Changing to a rotating frame at the Josephson oscillation frequency and
using the Baker-Campbell-Hausdorff formula, we employed the rotating
wave approximation and retained only terms representing resonant excitation transfer between the two qubits (see Appendix A for details of the
derivation):
ĤRW A =

EJ
sin(2λh ) sin(2λc )(σ̂h− σ̂c+ + σ̂h+ σ̂c− ).
2

(III.A.2.2)

The resonance condition, ~(ωh − ωc ) = 2eV , ensures that for each
quantum of excitation being transferred from the hot to the cold qubits a
Cooper pair of charge 2e passes across the junction, i.e. against the voltage
difference V [132]. Due to the coupling of the qubits to their respective
heat baths, the hot qubit is excited and energy from the cold qubit is
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dissipated sustainably. Thus, the qubit cycle is autonomous and the system
is described by a density matrix with a time independent master equation.

III.A.2.1.b

GKLS master equation

The density operator for the two qubit system can be expressed in the
joint basis |ih i ⊗ |kc i ∈ H ⊗ C—where H [resp. C] represents the ensemble
of hot [cold] qubit eigenvectors. It can be written as [133]:
ρ̂hc =

ρijkl (|ih i ⊗ |kc i)(hjh | ⊗ hlc |)

X
i,j,k,,l

=

X

ρijkl |ih i hjh | ⊗ |kc i hlc |

(III.A.2.3)

i,j,k,l

with ρijkl = hih kc | ρhc |jh lc i. In matrix form, it can be written as:
h00|
|00i ρ0000
|01i 
 ρ0010
=

|10i  ρ1000
|11i ρ1010


ρhc

h01|
ρ0001
ρ0011
ρ1001
ρ1011

h10|
ρ0100
ρ0110
ρ1100
ρ1110

h11|

ρ0101
ρ0111 

.
ρ1101 
ρ1111

(III.A.2.4)

The density operator possesses a few notable properties [133]:
1. ρ̂ is Hermitian: ρ̂† = ρ̂ and ρ∗ijkl = ρjilk .
2. ρ̂ is positive semidefinite: for any state |Oi, hO| ρ̂ |Oi ≥ 0—all
eigenvalues of ρ̂ are positive or zero.
3. Tr[ρ̂] = 1.
4. Tr[ρ̂2 ] ≤ 1 with equality for a pure state.
Expressing the spin operators in the joint basis: σ̂h± ≡ σ̂h± ⊗ 1C and
σ̂c± ≡ 1H ⊗ σ̂c± , we make the Born-Markov approximation—assuming the
baths to be memoryless, with timescales much shorter than system’s, and
for bath and system states to be initially separable [134]—-and obtain
the conventional Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) master
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equation with coupling to the thermal baths [124–126] (a detailed derivation
can be found in Refs. [135, 136]):
dρ̂(t)
= −i[ĤRW A , ρ̂(t)] + LB ρ̂(t),
dt

(III.A.2.5)

where the dissipative interaction with the heat baths is given by:
LB ρ̂(t) =

κα (nB
α + 1)

X
α=c,h

1
× σ̂α− ρ̂(t)σ̂α+ − (σ̂α+ σ̂α− ρ̂(t) + ρ̂(t)σ̂α+ σ̂α− )
2
B
+κα nα


1 − +
+
−
− +
× σ̂α ρ̂(t)σ̂α − (σ̂α σ̂α ρ̂(t) + ρ̂(t)σ̂α σ̂α ) .
2
(III.A.2.6)




with κα (with α = {h, c}) denoting the energy damping rate associated
with the bath α and nB
α the bath occupation number. The baths are
assumed to be thermal bosonic heat baths, thus the occupation number
ωα
k Tα
of bath α is given by: nB
− 1) (with kB the Boltzmann conα = 1/(e B
stant) [137]. The second term accounts for the existence of quanta that
the qubit can absorb from its respective bath and become excited and
the first term for the possibility for the qubit to, once excited, decay by a
spontaneous emission process stimulated by the bath.
In steady state Eq. (III.A.2.5) reduces to
analytical solution.

dρ̂(t)
dt

= 0 and we derive the

III.A.2.2

System characterization and optimization

III.A.2.2.a

Engine output power

III.A.2.2.a.i

Current operator

In order to analyze the performance of the engine, the electrical work
produced at the junction needs to be derived. The work generated during
a time T can be naturally defined as the product of the voltage and the
accumulated electrical charge transferred through the Josephson junction
Q(T ), given by the integral of the electrical current going through the
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junction over the given time. The production of current being due to
the deexcitation of the hot qubit inducing a charge transfer of 2e at the
junction and the concomitant excitation of the cold qubit, the current
through the junction is given by 2e multiplied with the rate of change of
the cold qubit excited state population due to the commutator with the
Hamiltonian (Eq. (III.A.2.2)). Thus, we define the current operator as:
2e + −
[σ̂ σ̂ , ĤRW A ]
i~ c c
= −ieEJ sin(2λh ) sin(2λc )(σ̂h− σ̂c+ − σ̂h+ σ̂c− ).

Iˆ =

(III.A.2.7)

In the case κh = κc = κ, we derive an analytical expression for the
steady state expectation value of the current (see Appendix B for details
of the derivation):
ˆ ss =
hIi

(nB
h
×h

e
+ nB
c + 1)
B
nB
h − nc

1
κ

+

κ
(2nB
c
(EJ0 )2

+ 1)(2nB
h + 1)

i

(III.A.2.8)
with EJ0 = EJ sin(2λh ) sin(2λc ).
III.A.2.2.a.ii

Power optimization

In the following, we restrict ourselves to the case κh = κc = κ for consistency1 .
The average output power of the engine can be readily evaluated from
Eq. (III.A.2.8):
ˆ ss V.
P = hIi

(III.A.2.9)

In watts, it reads:
P [W att] =

ˆ ss ~(ωh − ωc )
hIi
2π
2e

(III.A.2.10)

where we divide the current by 2π in order to express it in amperes.
1

If the couplings to the baths are different on both sides, the simulated current
cannot be compared to the analytically derived steady state value. Nonetheless this
asymmetric situation can be implemented.
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Using the operation parameters from Ref. [111] as a starting point, we
optimize the engine’s properties for maximal output power: Table III.A.2.1
shows the optimized parameters.

Optimal couplings to baths and to the Josephson junction
ˆ ss ∝ [sin(2λh ) sin(2λc )]2 . ThereFrom Eq. (III.A.2.8) we can see that hIi
fore the optimal values for the coupling parameters to the Josephson
junction would be λh = λc = π/4. This reflects the fact that the more
efficient the energy transfer from the qubits is, the more power can be
produced at the junction. However, the dependence on κ is not as straightforward, as the current is a function of the κ/ sin(2λ) ratio.

Figure III.A.2.2: Steady state output power of the engine as a
function of the bath coupling constant κ and qubit coupling to the
Josephson junction λ. The system parameters are based on Ref. [111]:
EJ = 2π × 0.3 GHz, ωh = 2π × 13.5 GHz, ωc = 2π × 3.0 GHz,
B
κ,λ
nB
h = 1.5, nc = 0. The maximum power, Pmax = 0.16 fW, is
reached for λ = π/4 and κ = 2π × 0.151 GHz.
The steady state power of the engine calculated for a range of κ and
λ (= λh = λc ) is shown in Fig. III.A.2.2. As a function of the coupling
strength κ, the output power reaches a maximum value and decreases for
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stronger couplings to the baths. This is due to the fact that a stronger
coupling to the baths suppresses the qubit coherence responsible for the
κ,λ = 0.16 fW, is reached for
excitation transfer. The maximum power, Pmax
κ = 2π × 0.151 GHz and, as previously shown, λ = π/4.
Optimal bath properties
In the case of a classical thermal engine, the critical factor is the temperature difference between the heat source and sink, resulting in a continuous
transfer of energy. In our situation, the temperatures of the baths have
to be normalized by the oscillation frequency of the corresponding qubits
as the excitation transfer is quantized. Therefore, the key factor for our
engine is the bath occupation number that encompasses those properties,
as it can be seen in Eqs. (III.A.2.8). We recall:
ωα

k Tα
nB
− 1)
α = 1/(e B

(III.A.2.11)

Setting κ and λ to their previously optimized values, the optimal bath
B
occupation numbers are found to be nB
h = 1.5 and nc = 0. The situation
where nB
c = 0 corresponds to Tc = 0 K, hence the cold bath is an ideal
heat sink.
Engine operation parameters
The optimal operation parameters are summarized in Table III.A.2.1.
They are used throughout our investigations, unless stated otherwise.
κ[GHz]
0.151

λ
π/4

EJ [GHz]
0.3

nB
h
1.5

Th [K]
1.26835

ωh [GHz]
13.5

Tc [K]
0

nB
c
0

ωc [GHz]
3.0

Table III.A.2.1: Optimized engine parameters.

III.A.2.2.a.iii

Engine efficiency

The evolution of the qubit occupation number is given by:
dhn̂α (t)i
dt

B
= −ih[n̂α , ĤRW A ]i + κα (nB
α − (2nα + 1)hnα i)

(III.A.2.12)
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The first term in Eq. (III.A.2.12) corresponds to the coupling to the rest
of the quantum system and the second term, to the excitation flux from
the heat bath. The qubit and respective bath can in our case exchange
one quantum of energy ωα . Therefore, the mean heat current provided by
the bath α is given by:




B
Jα = ωα κα nB
α − (2nα + 1)hnα i ,

(III.A.2.13)

and in steady state:
Jα
ωα

= ih[n̂α , ĤRW A ]i
= α

ˆ ss
hIi
2e

(III.A.2.14)

+1 if α ≡ h
.
−1 if α ≡ c
In order to be expressed in watts, the heat current should be calculated
from:
(

with: α =

Jα [W att] = α

ˆ ss
~ωα hIi
2π 2e

(III.A.2.15)

The efficiency eta of the engine converting heat from the hot qubit into
electrical work at the junction is given by:
η=

ωc
P
=1−
Jh
ωh

In order to probe the performance of our engine, we calculate its efficiency
η for a range of frequency ratios ωh /ωc and compare it to the classical
Carnot efficiency limit ηc = 1 − TThc [138]. The qubit engine works at the
Carnot maximal efficiency when ωh /ωc = Th /Tc (see Fig. III.A.2.3).
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Figure III.A.2.3: Engine efficiency as a function of the hot and
cold qubit frequency ratio ωh /ωc , in light green. In dark green, the
Carnot limit ηc = 1 − TThc . In dashed brown, the case ωh /ωc = Th /Tc .
The efficiency η was calculated from the analytical solution to the
steady state master equation with usual system parameters (see
Table III.A.2.1). The numerical integration converges to the same
values.

III.A.2.2.b

Engine directionality

As mentioned in Sec. III.A.2.2.a.ii, the key factor for our engine’s performance is the bath occupation number. Indeed, the presence of the
B
term (nB
h − nc ) in the expression of the steady state current given in
Eq. (III.A.2.8) indicates that the directionality of the engine is governed
by the bath occupation number difference. This property can be seen
in Fig. III.A.2.4 where the power output is symmetric with respect to
B
nB
c = nh . Our engine is therefore capable of producing negative current
B
in the case nB
h < nc .
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Figure III.A.2.4: Engine output power as a function of cold,
B
nB
c , and hot, nh , bath occupation numbers. It was calculated from
the analytical solution to the steady state master equation with
λ = π/4, κ = 2π × 0.151 GHz, and the other system parameters as
in Fig. III.A.2.2. The numerical integration converges to the same
nB ,nB
c

h
values. The maximum power, Pmax
B
nB
h = 1.5 and nc = 0.

= 0.16 fW, is obtained for

Chapter III.A.3
Work and heat—mean
values and fluctuations
well suited parameter to analyze the performance of a thermal machine
is the work it can produce, compared to the heat it was provided. In
the case of a classical engine, from the definition of the work as the difference in free energy for a quasistatic process [139], numerous developments
have been made in order to quantify its fluctuations in the case of a transformation out of equilibrium [96, 112, 140–142]. In the case of a quantum
mechanical system, the derivation of these fluctuations is more cumbersome, as the definition of work in this setting is in itself not straightforward.
A few options are available: to define a work operator and treat it as an
observable of the system [143] or to define work as the difference between
two outcomes of energy difference measurements [92, 144] and derive a work
distribution function [145] (see Ref. [13] for a comparison of these methods).

A

We focus our analysis on the mean values and fluctuations of the
integrated electrical work and heat exchanged with a cold bath of vanishing
temperature nB
c = 0. Work and heat are defined by the accumulated
effects of coherent and incoherent processes involving the engine quantum
system and its environment, respectively. While their average rates can be
expressed by steady state expectation values of chosen system observables,
the derivations of their fluctuations is more complex as it involves quantum
correlation functions. In addition, we show that the transfer of heat
into the cold bath was equivalent to the process of spontaneous emission
from a quantum light source and thus follows Glauber’s photodetection
theory [127].
125
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Steady state average values

The populations of the qubit states being constant in steady state, their
rate of change due to dissipation is the exact opposite of their rate of
change due to the Hamiltonian term in Eq. (III.A.2.12). The rate at which
the cold qubit loses excitation is therefore equal to both the rate of transfer
of Cooper pairs across the junction and the net rate of excitation of the
hot qubit made available to the rest of the system (i.e. excluding the
excitation–deexcitation processes through the coupling to the hot bath).
Thus, the total energy is conserved and the total heat transfer from the
hot bath equals the sum of the work and the heat delivered to the cold
bath.

III.A.3.1.a

Average work produced by the engine

For a system operating in steady state, the average work produced by the
engine during an operation time T can be directly derived from the output
power (Eq. (III.A.2.9)):
ˆ ss V T .
W (T ) = hIi

III.A.3.1.b

(III.A.3.1)

Average heat transferred to the cold bath

The heat transfer between the qubits and their respective baths is determined by the rate of change of the excited state populations due to the
dissipative terms in the master equation (III.A.2.5,III.A.2.6). In the case
of the cold bath of vanishing temperature considered here—where the cold
qubit cannot be re-excited by its bath—the mean rate of quanta dissipated
by the cold qubit equals κhσ̂c+ σ̂c− i and the corresponding power dissipated
as heat is given by ~ωc κhσ̂c+ σ̂c− i. Therefore, the average heat transferred
into the cold bath during a time T is given by:
Qc (T ) = ~ωc hσ̂c+ σ̂c− iκT .

(III.A.3.2)
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III.A.3.2

Fluctuations

III.A.3.2.a

Work fluctuations

In order to derive the fluctuations of the work done by the engine, we
introduce an operator expression for the work generated over a time
interval T :
Ŵ (T ) = V

Z T

ˆ
I(t)dt.

(III.A.3.3)

0

The mean value in Eq. (III.A.3.1) can be recovered from this expression by
assuming the system to be in steady state throughout the integration time
T and evaluating it in the Schrödinger picture by transferring the time
dependence of the Heisenberg picture current operator to the constant
steady state density matrix.
We can then derive the variance of the work using the customary
definition:
Var[W (T )] = hŴ (T )2 i − hŴ (T )i2 .

(III.A.3.4)

The first term in this equation can be written explicitly as:
hŴ (T ) i = V
2

2

* Z
T
0

= V2

Z T Z T
0

0

! Z
T

ˆ
I(t)dt

0

ˆ 0 )dt0
I(t

ˆ I(t
ˆ 0 )idtdt0 .
hI(t)

!+

(III.A.3.5)

For t, t0 , and |t − t0 | larger than a few κ−1 , the correlations reach their
infinite time limit and, according to the Quantum Regression Theorem
ˆ I(t
ˆ 0 )i factorizes as hIi
ˆ2 .
(QRT) [130], the correlation function hI(t)
ss
−1
Assuming T  κ , we can rewrite the double integral as T multiplied
with the integral of the steady state correlation function over the time
difference τ = t0 − t, for which the upper limit can be taken to infinity (see
Appendix C for the detail of the derivation). The work variance is then
given by:
Var[W (T )]∞ = 2T V 2

Z

T

h



i
ˆ I(t
ˆ + τ)iss − hIi
ˆ 2 dτ.
Re hI(t)
ss

0

(III.A.3.6)

The two-time correlation function is evaluated with the quantum regression
theorem (see Sec. III.A.3.2.c) [130].
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III.A.3.2.b
III.A.3.2.b.i

Heat fluctuations
Derivation procedure

Since the emission of quanta into the cold bath is an incoherent process
governed by a rate, the number of quanta emitted into the cold bath during
a time T is a stochastic variable. We can simulate the continuous detection
of the arrival of quanta in the cold bath and assess the counting statistics
of such a hypothetical experiment by a quantum jump stochastic master
equation [146, 147]. The cold bath is thus acting as a photodetector for the
quanta emitted by deexcitation of the cold qubit. Therefore, the statistics
of the heat emission are subject to Glauber’s photodetection theory [127]
(see Appendix E for a brief introduction) and the heat fluctuations are
intimately related to the way that detection disturbs the steady state and
induces conditional transient dynamics (see Sec. III.A.3.2.c).
III.A.3.2.b.ii

Heat variance

In order to calculate the fluctuations of the heat dissipated into the cold
bath, based on our previously described assumption on the heat detection
process, we define Nc (T ), the integrated number of quanta arriving in the
cold bath during T :
Nc (T ) =

Z T
0

N̂c (t)dt

(III.A.3.7)

where N̂c (t) = (â†c âc )(t) is the field operator for the cold bath counting the
arriving quanta from the cold qubit. In the Heisenberg picture the field
annihilation operator can be expressed by the emitter lowering operator,
and the probability of detecting one quantum is proportional to [127, 148,
149]:
hN̂c i = κc hn̂c i

(III.A.3.8)

For a two-click detection event at times t and t0 (with t0 ≥ t), the
probability is given by the normal- and time-ordered expression [127]:
0 −
G2 (t, t0 ) = hâ†c (t)â†c (t0 )â−
c (t )âc (t)i

(III.A.3.9)

and is proportional to the two-event emission probability:
G2 (t, t0 ) = κ2 hσ̂c+ (t)σ̂c+ (t0 )σ̂c− (t0 )σ̂c− (t)i.

(III.A.3.10)
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The fluctuations of such a detection process are given by:
Var[Nc (T )] = hNc (T )2 i − hNc (T )i2 .

(III.A.3.11)

They were derived following Refs. [150, 151] (see Appendix D).
The variance of the heat dissipated into the cold bath during a time T
is proportional to the detection fluctuations, with the energy carried by
each quantum of heat ~ωc constant, hence, for long time intervals T , the
variance is given by:


Var[Qc (T )]∞ = (~ωc )2 2κ2 T

Z T h
0

hσ̂c+ (t)σ̂c+ (t + τ)σ̂c− (t + τ)σ̂c− (t)iss
i

−hσ̂c+ (t)σ̂c− (t)i2ss dτ
+κT

hσ̂c+ (t)σ̂c− (t)iss



.
(III.A.3.12)

where the system is taken in steady state at the earlier time t.
Similarly to the work variance, the steady state fluctuations of the heat
dissipated into the cold bath involve the two-time correlation function for
the detection of quanta arriving into the cold bath, which we evaluate
using the QRT [130], as described in the next section.

III.A.3.2.c
III.A.3.2.c.i

Calculation of two-time correlation functions
Quantum Regression Theorem

In order to calculate the work and heat variances, the two-time correlation
functions of the current and number of quanta emitted from the cold qubit
need to be evaluated. This is done using the QRT [129, 130] which states
that, for a system described by a density matrix and subject to the BornMarkov approximation, the two-time correlation function of an operator
in the Heisenberg picture can be evaluated by applying the operator at an
initial time t to the density matrix, then letting the system evolve using
the master equation, and finally applying the same operator at the later
time t + τ. The correlation function is then the expectation value of the
final operator obtained by this procedure. This procedure can be applied
to any number of operators and times, as long as t + τ ≥ t.
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In our derivation of the fluctuations and thus the two-time correlations we
assume the system to be in steady state at the earliest time t and described
by the steady state density matrix ρ̂ss .
III.A.3.2.c.ii

Two-time correlations of the emission into the
cold bath

In the case of heat fluctuations (Eq. (III.A.3.12)), the correlation function
to be evaluated is:
(2)
Fcc
(t, t + τ ) = hσ̂c+ (t)σ̂c+ (t + τ )σ̂c− (t + τ )σ̂c− (t)i.

(III.A.3.13)

Assuming that the system has reached steady state at the moment of first
detection, it can be expressed as:
(2)
Fcc
(tss , tss + τ ) = hσ̂c+ (t)σ̂c+ (t + τ )σ̂c− (t + τ )σ̂c− (t)iss

= hσ̂c+ (tss )σ̂c+ (tss + τ )σ̂c− (tss + τ )σ̂c− (tss )i
= Tr[ρss σ̂c+ (tss )σ̂c+ (tss + τ )σ̂c− (tss + τ )σ̂c− (tss )]
= Tr[σ̂c− (tss + τ )σ̂c− ρss σ̂c+ σ̂c+ (tss + τ )]
= Tr[σ̂c− ρ̃c (tss + τ )σ̂c+ ]
= ρ̃c0011 (tss + τ ) + ρ̃c1111 (tss + τ )
(III.A.3.14)
where ρ̃c (tss + τ ) satisfies the master equation Eq. (III.A.2.5) and has the
initial condition:
ρec (tss ) = σ̂c− ρss σ̂c+ .

(III.A.3.15)

The infinite time limit for the density matrix is given by the steady
state density matrix multiplied by the expectation value of the cold qubit
occupation number at the earliest time, which in our case is the steady
state:
lim ρ̃c (tss + τ ) = hσ̂c+ σ̂c− iss ρss ,

τ →∞

(III.A.3.16)

and, since the system is initially in steady state, the limit for the correlations
is given by the steady state expectation value of the cold qubit occupation
number multiplied by itself:
(2)
lim Fcc
(tss , tss + τ ) = hσ̂c+ σ̂c− iss hσ̂c+ σ̂c− iss .

τ →∞

(III.A.3.17)
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It can be noted from this derivation that the fluctuations of the heat
dissipated into the cold bath depend on the modification of the steady state
by the detection process and the detection-induced conditional dynamics.
III.A.3.2.c.iii

Two-time correlations of the current

The variance of the electrical work (Eq. (III.A.3.6)) requires the evaluation
of
(2)
ˆ I(t
ˆ + τ)i.
FII (t, t + τ ) = hI(t)

(III.A.3.18)

Assuming that the system has reached steady state at the earliest time, it
can be expressed as:
ˆ + τ )I(t)i
ˆ ss
FII (tss , tss + τ ) = hI(t
(2)

= −ieEJ sin(2λh )sin(2λc )
×(ρ̃I1001 (tss + τ ) − ρ̃I0110 (tss + τ ))
(III.A.3.19)
where ρ̃I (tss + τ ) satisfies the master equation Eq. (III.A.2.5) and has the
initial condition:
ˆ ss .
ρ̃I (tss ) = Iρ

(III.A.3.20)

The corresponding infinite time limits are given by:
ˆ ss ρss
lim ρ̃I (tss + τ ) = hIi

(III.A.3.21)

ˆ2 .
lim FII (tss , tss + τ ) = hIi
ss

(III.A.3.22)

τ →∞

and:
(2)

τ →∞
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III.A.3.3

Work and Heat—comparisons

III.A.3.3.a

Work vs. Heat

For a cold bath of vanishing temperature, i.e. with nB
c = 0, it is straightforward to see by combining Eqs. (III.A.2.12) and (III.A.2.8)—which lead
ˆ ss /(2eκ)1 —that the steady state mean
to the relation hσ̂c+ σ̂c− (t)iss = hI(t)i
values of the work produced by the engine W (T ) (Eq. (III.A.3.1)) and
heat released into the cold bath Qc (T ) (Eq. (III.A.3.2)) are equivalent up
to the ratio of the microscopic energies (see Fig. III.A.3.1a):
Qc (T ) = (~ωc /2eV ) W (T ).

(III.A.3.23)

Although not as straightforward to infer, their variances for infinitely long
time intervals (T  κ−1 ) are also proportional, with constant (~ωc /2eV )2 .
Thus, we can conclude that in the case of an engine with a cold bath
of vanishing temperature, the work produced by the machine and the heat
transferred to the cold bath have equivalent mean values and variances
for long operation times, despite their different origin in coherent and
dissipative processes, and their quantitative properties being associated
with direct operator integrals and measurement processes, respectively.
If the cold bath has a non-zero occupation number, the work and heat
mean values and fluctuations diverge. This effect is due to the excitationdeexcitation processes between the cold qubit and its bath leading to
cold quantum detection not stemming from the current generation process
only. If we were to subtract the rates associated with these processes from
the heat received by the cold bath, we would recover the long time limit
convergence.

1

For the relation given for a cold bath of non-vanishing temperature, see Eq. (B.6)
in Appendix B.
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ˆ
Figure III.A.3.1: Expectation values for the current, hI(t)i
(light
+
and dark green lines), and cold qubit occupation number, hσ̂c σ̂c− (t)i
(yellow and brown lines), as functions of engine operation time t
expressed in units of Josephson junction frequency [1/EJ ]. F̂ (t) is
ˆ σ̂ + σ̂ − (t)}. The solid lines are obtained
a generic notation for {I(t),
c c
by numerical integration of the master equation (Eq. (III.A.2.5)),
for long operation times they reach their analytical steady state
expectation values. The darker colored curves were obtained for
B
nB
c = 0.1, the lighter ones for nc = 0. The other parameters are the
usual working parameters from Table III.A.2.1. For nB
c = 0 the
steady state mean values of the current produced at the junction and
of the cold qubit occupation number (dark green and brown curves,
respectively) are proportional with constant (2eκ), and consequently
the mean values of the work produced by the engine and heat
transferred to the cold bath are proportional up to the ratio of the
microscopic excitation energies. For nB
c > 0, the steady state mean
values (light green and yellow curves) diverge due to excitationdeexcitation processes between the cold qubit and its bath.

III.A.3.3.b

Heat vs. Heat

We compare the mean value and variance of the integrated number of
quanta emitted into the cold bath, Nc (T ) = Qc (T )/(~ωc ), in the situation
where the cold bath occupation number is zero—see Fig. III.A.3.2.
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It is interesting to note that Nc (T ) exhibits the sub-Poissonian behavior
characteristic of photon counting from a two-level emitter [152].

Figure III.A.3.2: Mean value and fluctuations of the number of
quanta Nc (T ) = Qc (T )/(~ωc ), transferred to the cold bath during
a time interval, T = 100 × (1/EJ ), as function of κ with the usual
system parameters from Table III.A.2.1. The excitation transfer
count exhibits a sub-Poissonian behavior.

Chapter III.A.4
Dynamics of the energy
transfer
n addition to being convenient tools for the derivation of work and heat
fluctuations, multi-time correlation functions allow us to get an insight
into the dynamics of the energy transfer in our thermoelectric engine
and hence its properties beyond the steady state. Indeed, the multi-time
correlation function can be seen as a function of the conditional evolution
of our system, showing us how it evolves after we initiate its dynamics
(see Ref. [153] for another example of the use of correlation functions as
conditioned dynamics investigative tools). The two-time correlations of
the current through the junction in combination with the heat absorption
and emission events allow us to see the strokes of the machine, mimicking
the chuffing of a classical steam engine, hiding underneath the steady state.
Moreover, by investigating three-time correlations, we are able to peer
even closer into the dynamics of the engine and show that they go beyond
pure two-time contributions.

I

In the next sections we use a generic notation for the correlation
(n)
functions Fijk (t0 , τ1 , τ2 ), where n indicates the correlation order (2-time
correlations for n = 2, 3-time correlations for n = 3). The indices ijk
and t0 , τ1 , τ2 indicate the functions between which the correlations are
considered and the corresponding times of evaluation: for n = 2, the
correlations are considered between i at t0 and j at t0 + τ1 (k and τ2 being
void) and for n = 3, the correlations are considered between i at t0 , j at
t0 + τ1 and k at t0 + τ1 + τ2 . The indices i, j, and k can each represent
137
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c, I, or h where c stands for emission into the cold bath, I the current
generation, and h the emission from the hot bath.

III.A.4.1

Strokes of the engine from two-time
correlations

III.A.4.1.a

Derivation of the relevant correlations

In addition to the emission into the cold bath and current two-time
correlations presented in Sec. III.A.3.2.c, we derive the two-time correlations between the heat extraction from the hot bath and the cur(2)
ˆ + τ )σ̂ + (t)iss ), between
rent through the junction (FhI (t, τ ) = hσ̂h− (t)I(t
h
the current through the junction and the heat emission into the cold
(2)
+
−
ˆ
bath (FIc (t, τ ) = hI(t)σ̂
c (t + τ )σ̂c (t + τ )iss ), and between the heat
extraction from the hot bath and the heat emission into the cold bath
(2)
(Fhc (t, τ ) = hσ̂h− (t)σ̂c+ (t + τ )σ̂c− (t + τ )σ̂h+ (t)iss ). This allows us to assess
the properties of the excitation going through the system. The explicit
derivations can be found in Appendix F.

III.A.4.1.b

Damped oscillations in the energy transfer

We calculate the previously described correlation functions for a range of
bath coupling κ and junction coupling λ parameters.
We first focus our analysis on the two-time correlations of the emission
into the cold bath. The λ dependence shown in Fig. III.A.4.1 indicates an increasing correlation with sin(2λ). This is in agreement with
Eqs. (III.A.2.2) and (III.A.2.8) as the detection of a quantum in the cold
bath entails that a current was produced and therefore directly relies on
the coupling of the qubit to the junction. It can be noted that the other
correlation functions show the same trend in λ-dependence.
The two-time correlations of the emission into the cold bath taken for
a range of κ shown in Fig. III.A.4.2a reveal interesting features. First,
we note that each discrete detection of a quantum of energy released or
absorbed by the baths causes a measurement back action, i.e., a quench of
the state of the engine. After the detection of a quantum emitted from the
cold qubit the remaining excitation left in the hot qubit starts to oscillate,
with stronger oscillations for smaller couplings to the baths. The oscillation
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Figure III.A.4.1: Two-time correlations of the emission into the
cold bath calculated for different values of the coupling λ to the
Josephson junction. The system is taken in steady state at the early
time t, and τ is given in units of the junction oscillation frequency
inverse 1/EJ . The other parameters are the given in Table III.A.2.1.
The maximum is obtained for λ = π/4 (dashed black line). At long
times, the correlations reach their steady state expectation values.

eventually dissipates after a few κ−1 , thus allowing another emission into
the cold bath. The back action from monitoring the engine breaks time
symmetry and induces the appearance of strokes in the excitation transfer,
similar to the characteristic chuffing stemming from the periodic motion
of the piston in the classical steam engine.
(2)

The emission from the hot bath–current FhI (Fig. III.A.4.2b), current–
(2)
emission into the cold bath FIc (Fig. III.A.4.2c) and emission from the
(2)
hot bath–emission into the cold bath Fch (Fig. III.A.4.2d) two-time
correlations allow us to follow the excitation throughout the different parts
of the engine: the incoherent excitation of the hot qubit by absorption from
the hot bath is followed by a transient transfer of energy towards the cold
qubit and thus a positive work production. However, the oscillations in the
correlation functions indicate a return of the excitation and thus a negative
work production, and as κ decreases, the excitation remains trapped in
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the system longer, traveling back and forth between the two qubits and
alternately producing positive and negative work. This oscillatory process
nonetheless leads to a positive work on average in the long time limit.
a)

b)

c)

d)

Figure III.A.4.2: Two-time correlations calculated for different
values of the coupling κ to the baths—see legend in panel d). The
system is taken to be in its steady state at the early time t, and τ is
given in units of the junction oscillation frequency inverse 1/EJ . The
other parameters are the same as in Table III.A.2.1. a) Correlations
for the heat emission into the cold bath; b) Correlations between
the heat extraction from the hot bath and the current through the
junction; c) Correlations between the current through the junction
and the heat emission into the cold bath; d) Correlations between
the heat extraction from the hot bath and the heat emission into
the cold bath.
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Frequency of the oscillations

We showed in the previous section that the frequency at which the engine
can perform its operation cycles is governed by κ: the larger the coupling
to the baths is, the faster the engine is ready for a new cycle. As far as the
dynamics of the excitation transfer between the engine parts is concerned,
the frequency of its oscillations is equal to the Josephson junction frequency
EJ (see Fig. III.A.4.3).

Figure III.A.4.3: Two-time correlations for the emission into the
cold bath calculated with κ = 2π × 0.0151 GHz for EJ = 2π ×
0.9 GHz (brown) and EJ = 2π × 0.3 GHz (green). At long times,
the correlations converge to their respective analytical steady state
values. The system is taken in steady state at the starting time t. The
other operation parameters are set to the values in Table III.A.2.1.
The oscillations follow the junction frequency and are three times
faster for EJ = 2π × 0.9 GHz compared to EJ = 2π × 0.3 GHz.
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III.A.4.2

Three-time correlations

III.A.4.2.a

Derivation of the relevant correlations

The derivations for the three-time correlations for the emission into the
cold bath are shown in this section. The other relevant correlations are
derived in Appendix G.
III.A.4.2.a.i

Three-time correlations

The three-time correlation of emission into the cold bath in the system of
2 qubits is given by:
(3)
Fccc
(t, τ1 , τ2 ) = hσ̂c+ (t)σ̂c+ (t + τ1 )σ̂c+ (t + τ1 + τ2 )

×σ̂c− (t + τ1 + τ2 )σ̂c− (t + τ1 )σ̂c− (t)i
(III.A.4.1)
—ordered as described in the previous section. Assuming that the system has
reached steady state at the moment of first detection, it can be expressed
using the QRT [130] following the method described previously:
(3)
Fccc
(tss , τ1 , τ2 ) = hσ̂c+ (t)σ̂c+ (t + τ1 )

×σ̂c+ (t + τ1 + τ2 )σ̂c− (t + τ1 + τ2 )σ̂c− (t + τ1 )σ̂c− (t)iss
= Tr[ρss σ̂c+ (tss )σ̂c+ (tss + τ1 )σ̂c+ (tss + τ1 + τ2 )
×σ̂c− (tss + τ1 + τ2 )σ̂c− (tss + τ1 )σ̂c− (tss )]
= Tr[σ̂c− (tss + τ1 + τ2 )σ̂c− (tss + τ1 )σ̂c− ρss σ̂c+
×σ̂c+ (tss + τ1 )σ̂c+ (tss + τ1 + τ2 )]
+
= Tr[σ̂c− (tss + τ1 + τ2 )σ̂c− ρ̃ccc
1 (tss + τ1 )σ̂c

×σ̂c+ (tss + τ1 + τ2 )]
+
= Tr[σ̂c− ρ̃ccc
2 (t + τ1 + τ2 )σ̂c ]
ccc
= ρ̃ccc
2,0011 (tss + τ1 + τ2 ) + ρ̃2,1111 (tss + τ1 + τ2 )

(III.A.4.2)
where ρ̃ccc
1 (tss + τ1 ) satisfies the master equation Eq. (III.A.2.5) and has
the initial condition:
−
+
ρ̃ccc
1 (tss ) = σ̂c ρss σ̂c .

(III.A.4.3)
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Then:
+
− ccc
+
σ̂c− (tss + τ1 )ρ̃ccc
1 (tss + τ )σ̂c (tss + τ1 ) = σ̂c ρ̃1 (tss + τ1 )σ̂c

(III.A.4.4)
and ρ̃ccc
2 (tss + τ1 + τ2 ) satisfies the master equation Eq. (III.A.2.5) and has
the initial condition:
−
+
ρ̃ccc
2 (tss + τ1 ) = σ̂c ρ1 (tss + τ1 )σ̂c

(III.A.4.5)
Then:
+
σ̂c− (tss + τ1 + τ2 )ρ̃ccc
2 (tss + τ1 + τ2 )σ̂c (tss + τ1 + τ2 )
+
= σ̂c− ρ̃ccc
2 (tss + τ1 + τ2 )σ̂c

(III.A.4.6)
The infinite time limits are thus given by:
lim ρ̃ccc (tss
τ1 ,τ2 →∞ 2

+ τ1 + τ2 ) = hσ̂c+ σ̂c− i2ss ρss
= (ρ0011,ss + ρ1111,ss )2 ρss
(III.A.4.7)

and:
(3)
lim Fccc
(tss , τ1 , τ2 ) = hσ̂c+ (t)σ̂c+ (t + τ2 )σ̂c− (t + τ2 )σ̂c− (t)iss hσ̂c+ σ̂c− iss

τ1 →∞

(3)
lim Fccc
(tss , τ1 , τ2 ) = hσ̂c+ (t)σ̂c+ (t + τ1 )σ̂c− (t + τ1 )σ̂c− (t)iss hσ̂c+ σ̂c− iss

τ2 →∞

lim

τ1 ,τ2 →∞

(3)
Fccc
(tss , τ1 , τ2 ) = hσ̂c+ σ̂c− i3ss

= (ρ0011,ss + ρ1111,ss )3
(III.A.4.8)
(3)

The three time correlations for the emission into the hot bath—Fhhh (t, τ1 , τ2 ) =
hσ̂h− (t)σ̂h− (t + τ1 )σ̂h− (t + τ1 + τ2 )σ̂h+ (t + τ1 + τ2 )σ̂h+ (t + τ1 )σ̂h+ (t)i, and for
detection of emission from the hot bath then current and finally the de(3)
tection of emission into the cold bath—FhIc (t, τ1 , τ2 ) = hσ̂h− (t)σ̂c+ (t + τ1 +
ˆ + τ1 )σ̂ + (t)i can be derived in a similar way.
τ2 )σ̂c− (t + τ1 + τ2 )I(t
h
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III.A.4.2.a.ii

Pure three-body contributions

Following the procedure described in Ref. [154] based on the theory of
cumulants, a purely three-body contribution to the three-time correlations,
(3)
gc,p , can be derived.
(3)
gc,p
= 2 + gc(3) (t, t + τ1 , t + τ1 + τ2 ) − gc(2) (t, t + τ1 ) − gc(2) (t, t + τ1 + τ2 )

−gc(2) (t + τ1 , t + τ1 + τ2 )
(III.A.4.9)
(3)

where gc (t, t + τ1 , t + τ1 + τ2 ) is the normalized three-time correlation
function for the emission into the cold bath given by ([154, 155]):
(3)

gc(3) (t, t + τ1 , t + τ1 + τ2 ) =

Fccc (t, τ1 , τ2 )
−
+
hσ̂c (t)σ̂c (t)ihσ̂c+ (t + τ1 )σ̂c− (t + τ1 )i
1
× +
hσ̂c (t + τ1 + τ2 )σ̂c− (t + τ1 + τ2 )i
(III.A.4.10)

For t = tss , it becomes:
(3)

gc(3) (tss , tss + τ1 , tss + τ1 + τ2 ) =

Fccc (tss , τ1 , τ2 )
hσ̂c+ σ̂c− i3ss

(III.A.4.11)

(2)

Similarly, gc (ti , ti + τj ) is the normalized two-time correlation function
given by:
(2)

gc(2) (ti , ti + τj ) =

Fcc (ti , τj )
hσ̂c+ (ti )σ̂c− (ti )ihσ̂c+ (ti + τj )σ̂c− (ti + τj )i
(III.A.4.12)

For ti ≥ tss , it becomes:
(2)

gc(2) (ti , ti + τj ) =

Fcc (ti , τj )
hσ̂c+ σ̂c− i2ss
(III.A.4.13)
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(3)

It should be noted that gp reflects the purely three-body contributions
only in the case where the three functions are taken at different times.
Otherwise, it cannot be obtained from a trivial cumulant expansion (non
commutation of the creation and annihilation operators).
The pure three-body contributions to the correlations for the emission
(3)
(3)
from the hot bath—gh,p , and hot bath–current–cold bath—ghIc,p can be
derived similarly.

III.A.4.2.b

Interesting features
(3)

The three-time correlations for the emission into the cold bath gc (Fig. III.A.4.4 a))
contain the same periodicity as the respective two-time correlations. They
are symmetric with respect to the (τ1 = τ2 ) line. This is due to the commutation of the spin operators at two different times, [σ̂c± (t + τ1 ), σ̂c± (t +
τ1 + τ2 )] = 0. At long τ1 and τ2 , the three-body contributions to the corre(3)
lations, gc,p , vanish as per Eq. (III.A.4.8). The three-time correlations for
the hot bath give a similar profile.
(3)

The hot-current-cold correlations ghIc (Fig. III.A.4.4 b)) allow us to
get a closer look into the dynamics of the excitation transfer. Indeed, the
positive nodes (brown) indicate the times (τ1 , τ2 ) at which our engine is
operating favorably: heat is emitted from the hot bath at the initial time,
then current is generated at τ1 , followed by de-excitation of the cold qubit
into its bath at τ2 . The excitation, after inducing a current generation, is
detected by the cold bath after a delay τ2 = 1/4EJ , which is in accordance
with the two-time correlations shown in Fig. III.A.4.2. Another detection
can then occur after a delay equal to 1/EJ , accounting for the excitation
going back into the system. The negative nodes (green), indicate that
the engine had generated negative current at τ1 . These effects are clearly
(3)
described by the three-body contributions ghIc,p , both suggesting their
usefulness in the investigation of the dynamics of the excitation transfer,
and indicating that two-time correlations do not offer a complete picture
of the dynamics.
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a.1)

a.2)

b.1)

b.2)

Figure
III.A.4.4: Normalized three-time
correlations and correc.1)
c.2)
sponding pure three-body contributions. a) Normalized three-time
(3)

correlations for the emission into the cold bath gc (a.1) and pure three
(3)
body contributions to the correlations gc,p (a.2); b) for the emission from
(3)
the hot bath followed by the current and emission into the cold bath ghIc
(3)
(b.1)) and pure three body contributions ghIc,p (b.2). The system is taken
in steady state at the starting time t. In grey, the correlations in the
long time limit (τ1 , τ2 ) −→ +∞. The coupling to the baths is taken at
κ = 2π × 0.0151GHz and the other operation parameters are set to the
values in Table III.A.2.1.

Chapter III.A.5
Conclusion
e studied a simple autonomous two-qubit thermoeletric engine powered by heat baths. We derived and calculated its efficiency and
power as well as the mean values and fluctuations of work and heat. Using
methods from quantum optics and open quantum systems we showed
how the fluctuations of work and heat can be defined and evaluated for
autonomous systems with a constant steady state. Indeed, while work
could be directly derived from the current produced at the Josephson
junction, the heat involved a detection-like process by the cold bath. Even
though those variables are very different in nature, their mean values and
fluctuations were found to be equivalent: for every heat quantum ~ωc
transferred to the cold heat bath a work of 2eV was done by the engine.
Moreover, we were able reveal the strokes of the engine by calculating the
two-time correlation functions of these quantum processes and predicted a
regularity in the timing of quanta arriving into or leaving from the baths
and bursts of current around these detection events. Although applied
to a specific quantum machine, our analysis protocol can be used for a
range of engine designs and may inspire efforts to quantify the interplay
between, e.g., maximum power and maximum efficiency of heat engines
and thermodynamic uncertainty relations [156–160].
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III.B Powering a Quantum
Thermoelectric Engine by
Projective Measurements
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Chapter III.B.1
Introduction
n the previous section, we focused our analysis on a quantum thermoelectric engine powered by two heat baths. We showed that this design
allows us to produce positive usable electric work on average. Our analysis
also enabled us to look into the dynamics of the engine and reveal the
strokes in the energy transfer. The heat exchange with the baths proved
to be a complex process that could be described by a detection-like model.
This encouraged us to transform the design of our engine and replace one
or both baths with a process offering more control. While measurements
have been viewed as a source of decoherence—coherences that were recently experimentally measured in [161]—inducing a decrease in quantum
engine efficiency [162, 163], this same effect was suggested as a possible
source of work [164]. Numerous previous studies have considered quantum
engines involving measurements at various operation stages: in lieu of a
hot bath [165–167] or a cold bath [168], or acting on a two-qubit-two-bath
machine to enhance its operation [169]. Those studies showed that powering a quantum engine using a measurement protocol was indeed possible.
This insight then poses the question of the measurement itself: powering
a machine by measuring it seems to violate the fundamental laws of thermodynamics, as it appears to be generating work without a source instead
of merely transforming energy. This question is far from being novel [170].
It was first posed by Maxwell who described an experiment in which an
intelligent demon would sort out gas particles, thus decreasing the entropy
of the system and violating the Second law of thermodynamics [171]. The
validity of the Second law was later restored by taking into account the cost
of the measurement process—by Szilard [172] and Brillouin [173]—which
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lead to the development of Shannon’s information theory [174] as well as
Landauer’s erasure principle [98, 175, 176]. The nature and properties of
the measurement in the context of quantum thermodynamics was investigated in, e.g., Refs. [93, 177] where the cost of measurement and memory
erasure were derived, and in Ref. [178] which quantified the maximum
work that can be extracted by projectively measuring the density matrix.
Furthermore, theoretical [179] and experimental [180, 181] implementations
of the demon have supported the feasibility of work extraction from system
measurement.
In our study, we focus on an engine design based on Fig. III.A.2.1
where the baths are now replaced by a measurement protocol. Our modified engine allows us to both assess whether a fully quantum system can
produce positive work on average as well as quantify the energy cost of
projective measurements. By deriving and analyzing the periodic steady
state of our machine, we show that for such a design, while unselective
projective measurements cannot lead to a net work production on average,
an adaptive measurement scheme allows a positive work generation directly
related to the heat provided by the measurements.
Chapter III.B.2 describes the new system and its operational protocol
(Sec. III.B.2.1). Then, after an introduction to the theory of projective
measurements in the density matrix formalism, it provides the relevant
operators used in this study (Sec. III.B.2.2) and the transformed master
equations (Sec. III.B.2.3). In Chapter III.B.3 we briefly describe the situation where either the hot (Sec. III.B.3.2) or the cold bath (Sec. III.B.3.3)
is replaced by a selected measurement scheme. Finally, Chapter III.B.4
presents the case of a thermoelectric engine powered solely by measurements: we derive a periodic steady state for our system in Sec. III.B.4.1.
This allows us to assess the work production that can be obtained on
average when measurements are powering the engine (Sec. III.B.4.3) and
when our measurement protocol is selectively adapted (Sec. III.B.4.4).
We abusively designate frequencies by the period they correspond to
as it allows for a more intuitive discussion of the results. The quantities
designated by the letters T or τ stand for time periods and can easily be
converted into frequencies by taking their inverse.

Chapter III.B.2
Procedure overview and
relevant Master Equations
tarting from the two-qubit thermoelectric engine previously studied, we
modify the design and replace one or both baths by a measurement
protocol (see Fig. III.B.2.1). We restrict our investigation to projective
measurements. In this chapter, the operation schemes of the modified
engine are presented first. Then, the chosen measurement operators and
relevant master equations are given after a short introduction to the
theoretical framework. In the following sections, M̂h(c) is used as a generic
notation for a measurement on the hot (h) or cold (c) side.

S

III.B.2.1

System and operation protocol

III.B.2.1.a

Measurement powered systems

As depicted in Fig. III.B.2.1, the system is practically identical to the
thermoelectric engine studied in Part III—a hot (h) and a cold (c) qubit
of respective frequencies ωh and ωc , coupled to a Josephson junction with
respective coupling constants λh and λc , the only difference being the
replacement of one or both heat baths by a measurement device.
In this study we set λh = λc = λ = π/4 as it ensures the most efficient
energy transfer. The engine parameters are given in Table III.A.2.1.
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a)

b)

c)

Figure III.B.2.1: Schematic representation of a two-qubit engine
powered by measurements and performing work by resonant tunneling of Cooper pairs against a bias voltage V . Excitation transfer
between the qubits is mediated by a tunneling current with Josephson oscillations tuned to the difference 2eV = ~(ωh −ωc ) between the
qubit excitation energies. The qubits are coupled to the Josephson
junction with constants λh,c . a) The cold qubit (green) is coupled
with rate κc to a bosonic heat bath with average excitation numbers
nB
c ; the hot qubit (yellow) is projectively measured by a chosen
protocol M̂h which replaces the hot bath in Fig. III.A.2.1. b) The
hot qubit is coupled with rate κh to a bosonic heat bath with average
excitation numbers nB
h ; the cold qubit is projectively measured by a
chosen protocol M̂c which replaces the cold bath. c) Both the cold
and the hot baths are replaced by respective measurement protocols
M̂h and M̂c . The detail of the measurement protocols are given in
Secs. III.B.2.1.b and III.B.2.2.b.

III.B.2.1.b

Operation protocol

We restrict ourselves to the case where the cold and/or hot side are each
measured once at each cycle. Fig. III.B.2.2 shows the schematic procedure
for the situation where both baths are replaced; Fig. III.B.2.2 a) shows
the case where we start the process by measuring the hot side (HC) and
b) shows the situation where the cold side is measured first (CH). The
procedure is conducted as follows (described for the specific case HC for
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clarity):
1. The system is prepared in a given state ρ0 (e.g. the ground state
with ρ0000 = 1, a pure state evolved for a chosen time according to
Eq. (III.A.2.5) or the two-bath steady state).
2. At t = t0 , the system is measured on the hot side by M̂h (generic
notation for a chosen measurement scheme, see Sec. III.B.2.2.b for
details). The state of the system is then given by ρh (t) following the
procedure in Sec. III.B.2.2.a.
3. The system is left free to evolve during a chosen time t1 according
to the relevant master equation defined in Sec. III.B.2.3 (denoted by
L on Fig. III.B.2.2).
4. At t = t0 + t1 , the system is measured on the cold side by M̂c . The
state of the system is then given by ρhc (t).
5. The system is left free to evolve during a chosen time t2 according
to the relevant master equation.
6. Steps 2 to 5 are repeated for the number of cycles, Ncycles permitted
in the chosen duration of the simulation Tsimulation given by Ncycles =
b Tsimulation
c where Tcycle = t1 + t2 is the duration of a measurement
Tcycle
cycle. If the duration of the simulation is taken longer than a multiple
of the cycle length, the system is left free to evolve according to the
relevant master equation during the remaining time.
The measurements are instantaneous point measurements, applied at
t0 + t1 and t0 + t1 + t2 . If the CH procedure is chosen, the cold qubit is
measured in step 2 and the hot one in step 4 In the case of a measurement
on one side only, the steps 4 and 5 are ignored and the bath interaction on
the other side is included in the master equation.

III.B.2.2

Measuring the qubits

As described in the previous section, the operation of the engine relies
on two processes: the measurement operation and the evolution of the
resulting state according to the relevant master equation. In this section,
we describe the former process.
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a)

b)
Figure III.B.2.2: Operation protocol of a two-qubit engine powered only by measurements. M̂h and M̂c generically represent the
relevant measurement schemes given in Sec. III.B.2.2.b. After the
measurement, the density matrix is evolved according to the relevant
master equation (given in Sec. III.B.2.3) during t1 after the first
measurement and t2 after the second, denoted by L. The procedure
is repeated over Ncycles = bTsimulation /Tcycle c. a) Hot–Cold (HC)
scheme which starts with a measurement on the hot side on the
initially prepared density matrix; b) Cold–Hot (CH) scheme where
the initial density matrix is measured on the cold side first.

III.B.2.2.a

Theory of projective measurements on the density
matrix

The refinement of the description of measurements in quantum mechanics
has been on the way since Heisenberg’s introduction of the collapse of the
wavefunction [182], and eventually lead to Von Neumann’s formulation
of projective measurements [183–185]. This was extended and derived for
weak [186–188] and continuous measurements [189–191], leading to the
notion of quantum trajectories [146, 147, 192]. We restrict ourselves to
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projective measurements and in this section we briefly outline the main
effect that the application of a measurement has on the density matrix of a
quantum system based on the detailed derivations in Refs. [193] and [194].
General properties of measurements
One can define a set of measurement operators: {M̂i }ni=1 where the i
represent the n possible measurement outcomes. If, prior to the measurements, the system is in a state |Ψi, the measurement process possesses the
following notable properties:
1. The probability of obtaining the ith outcome is given by pi = p(i) =
hΨ| M̂i† M̂i |Ψi
2. The total probability over all the measurements has to sum to 1,
P
therefore: i Mi† Mi = 1. This is the completeness relation.
3. If the ith outcome is observed, the state becomes:
e i = p M̂i |Ψi
.
|Ψi → |Ψi|
†
hΨ|M̂i M̂i |Ψi

This is the collapse of the wavefunction, or the measurement back
action.
Effect on the density matrix
The transformation of a density matrix ρ upon obtaining an outcome i is
given by:

ρ → ρe|i =

M̂i ρM̂i†

(III.B.2.1)

Tr[M̂i† M̂i ρ]

This form can be motivated by the following derivation in the case of a
pure state.
We define ρ = |Ψi hΨ| with Ψ the wavefunction describing the system.
e i=
Upon a measurement, |Ψi transforms into |Ψi|

M̂i |Ψi
√
pi .

e hΨ|.
e
density matrix for the measured state is: ρe = |Ψi

Then, the new
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Using the properties of the Hermitian conjugate, we have:
e hΨ|
e
ρe|i = |Ψi

=

M̂i |Ψi hΨ| (M̂i )†
√ √
pi pi

=

M̂i ρM̂i†
pi
M̂i ρM̂i†

=

Tr[M̂i† M̂i ρ]

.

(III.B.2.2)

This relation also holds for mixed states. If the measurement is performed, but the result ignored, the density matrix transforms into
ρe =

X

M̂i ρM̂i† ,

(III.B.2.3)

i

which represents an average over all possible outcomes. We refer to this as
an unselective measurement scheme.
For notational simplicity, one can introduce the effects [195]:
Ei = M̂i† M̂i ,

(III.B.2.4)

and, following Kraus [196], the operation:
M[ρ] =

X

M̂i ρM̂i† .

(III.B.2.5)

i

The ensemble {Ei }ni=1 then represents a Positive Operator Valued Measure
(POVM), which does not require for the M̂i to be orthogonal and allows
for the outcomes to be continuous.
In the special case where {M̂i }ni=1 is a set of projection operators
{P̂i }ni=1 (i.e. linear Hermitian operators satisfying P̂i2 = P̂i [197, 198])
Eq. (III.B.2.1) becomes:

ρe|i =

P̂i ρP̂i
.
Tr[P̂i ρ]

(III.B.2.6)
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Choice of measurement operators

We define the rotated basis (|+i , |−i) with angles α and φ for a qubit of
eigenstates {|0i , |1i} and density matrix defined as in Eq. (A.10):
|+i = cos α |0i + eiφ sin α |1i ,
|−i = sin α |0i − eiφ cos α |1i ,

(III.B.2.7)

and the projective measurement operators {P̂ + (α, φ), P̂ − (α, φ)}:
P̂ + (α, φ) = |+i h+|
P̂ − (α, φ) = |−i h−| .
(III.B.2.8)
They verify:


(P̂ + )† = P̂ + ,








(P̂ − )† = P̂ − ,

(P̂ + )2 = P̂ +
(P̂ − )2 = P̂ −

(III.B.2.9)








 +
P̂ + P̂ − = 1

where the dependence on (α, φ) has been omitted for notational simplicity.
Then, for our two-qubit system, we define the measurement operators
for the hot side {P̂h+ , P̂h− }:
P̂h+ ≡ P̂ + ⊗ 1C
P̂h− ≡ P̂ − ⊗ 1C ,

(III.B.2.10)

and for the cold side {P̂c+ , P̂c− }:
P̂c+ ≡ 1H ⊗ P̂ +
P̂c− ≡ 1H ⊗ P̂ − ,

(III.B.2.11)

where {P̂h+ , P̂h− } and {P̂c+ , P̂c− } satisfy the properties in Eq. (III.B.2.9).
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III.B.2.3

Master equation evolution of the system

With the measuring procedure described, we shall now consider the second
process involved in the engine’s operation and define the master equations
for which the solutions govern the evolution of the system between measurements.
As the baths are removed on either one or both sides, the rest of the
system remains unchanged. In particular, the system is still described by
the Hamiltonian in Eq. (III.A.2.2), and the current operator as defined in
Eq. (III.A.2.8) remains an appropriate tool for analyzing the performance
of the engine. For a bath-less engine, only the evolution due to the
Hamiltonian remains. The master equation for the density operator, ρ̂hc ,
describing the system thus reads:
dρ̂hc (t)
dt

= −i[ĤRW A , ρ̂hc (t)]
EJ
sin(2λh ) sin(2λc )
2

× σ̂c+ σ̂h− ρ̂hc (t) − ρ̂hc (t)σ̂c+ σ̂h− + σ̂h+ σ̂c− ρ̂hc (t) − ρ̂hc (t)σ̂h+ σ̂c− .

= −i

(III.B.2.12)
In this regime, the time evolution of the expectation value of the current
is directly given by the expectation values of the qubit occupation numbers:
ˆ
dhI(t)i
= 2e(EJ sin(2λh ) sin(2λc ))2 (hn̂h (t)i − hn̂c (t)i)(III.B.2.13)
dt
The quantity hn̂h (t)i − hn̂c (t)i, which governs the current dynamics,
represents the amount of excitation available for current generation.
In the case where only one bath is replaced by a measurement device,
the master equation is the sum of the Hamiltonian interaction described
in Eq. III.B.2.12 and the dissipative term corresponding to the remaining
bath given in Eq. (III.A.2.6).

The engine’s operation protocol as well as the choice of measurement
operators give rise to four parameters that can be tested and optimized:
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the delays between measurements, t1 and t2 , and the orientation of the
projectors given by α and φ. We take this aspect into consideration in our
investigation of the maximum achievable work production from such engine
designs, presented in the following sections.

Chapter III.B.3
Measurement on the cold or
hot side
e start our investigation of the measurement powered engine by
testing whether our engine design allows for a conversion of measurement back action into work. For this purpose, we test its performance
by replacing one of the baths by an unselective projective measurement
scheme (see Ref. [164], Figure 2.a. for an example of an experimental realization of unselective measurements). We show that, by cleverly selecting
the projectors, it is indeed possible to reach a performance that equals and
even exceeds that of a two-bath setup.

W

III.B.3.1

Choice of operation parameters

III.B.3.1.a

Initial density matrix

We consider two initial configurations for our systems.
The first, ρss , is the previously obtained steady state for the two-baths
design. This choice corresponds to operating the engine until it has reached
steady state and then removing one or both of the baths at the time of the
first measurement t0 . It allows us to see whether the engine’s performance
can be maintained by the measurements.
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The second initial state, ρ1−0 = |0i h0|h ⊗ |0i h0|c , is a pure state with
both qubits in their ground state (ρ0000 = 1 and all remaining coefficients
equal to zero). This allows us to see whether the measurement protocol
can initiate the work production dynamics.

III.B.3.1.b

Measurement frequency

The internal dynamics of the energy transfer was shown to be governed
by the Josephson frequency EJ (see Sec. III.A.4.1.c) and Fig. III.A.4.2
seems to indicate that the excitation travels from one side of the engine to
the other in a time τE = TEJ /2—with TEJ the period associated with the
junction frequency. Therefore, one could assume that this characteristic
period τE would be the optimal measurement delay as it would allow the
system to complete its one-directional operation before it is re-initiated.
We test this hypothesis by calculating the electric work produced by the
engine for a range of different measurement frequencies.
Another regime of interest is that of high frequency measurement.
Indeed, one could expect to observe manifestations of the quantum Zeno
effect [199] in the limit of small delays between measurements.
The other engine parameters are the ones used throughout our investigation (see Table III.A.2.1).

III.B.3.2

Measurement on the hot side

Several realizations of a quantum heat engine in contact with a cold reservoir
and drawing work from a measuring process have been described [165–167].
Our design for such a system, in contact with a cold bath of vanishing
temperature and measured on the hot side, is schematically depicted
in Fig. III.B.2.1 a). The measurement back action of an unselective
measurement on its state (given by ρ̂h (t)) is described by:
M̂h ρ̂h (t) ≡ Ph [ρ̂h (t)]
= P̂h+ ρ̂h (t)P̂h+ + P̂h− ρ̂h (t)P̂h− ,

(III.B.3.1)

and the evolution of the system between two projections is given by the
relevant master equation (see Sec. III.B.2.3).
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Optimal projectors

Figure III.B.3.1: Work generated over one period τE by the
engine measured on the hot side for various projector orientations
(αh , φh ). It was calculated from the work performed over 10 cycles with a cycle duration Tcycle = τE = TEJ /2 starting in ρss .
h
The maximum achievable work Wmax,a
= 4.2 × 10−25 J is reached
for αh ∈ {π/4, 3π/4}. The other engine parameters are given in
Table III.A.2.1.
The projectors as defined in Eq. (III.B.2.10) can produce a range of
measurement operations as the projection angle αh and phase φh can be
freely selected. In order to verify whether it is possible to find a set of
projectors which will allow us to power the engine, we calculate the output
work of the engine measured on the hot side as a function of (αh , φh )
for the above-mentioned initial states, ρss and ρ1−0 , and measurement
frequency regimes. The angles leading to the maximum work production
are the same for these different situations. Figure III.B.3.1 shows the work
generated per cycle with Tcycle = τE for a system initially taken in ρss . The
h
maximum work Wmax,a
= 4.2 × 10−25 J—surpassing the work generated by
the two-baths setup over the same time interval: Wmax = 2.6 × 10−25 J—is
obtained for an orientation αh ∈ {π/4, 3π/4}, the phase φh having no
effect on the performance. These angles put the qubit in a mixture of the
ground and excited state with equal probability, which ensures that there
is always some excitation available for current generation.
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Operation regimes
a)

b)

c)

Figure III.B.3.2: Current generated by the engine measured on
the hot side for various operation regimes as a function of time
(normalized by τE ). In brown, the unselectively measured system;
in dashed dark brown, the current generated by the one bath (cold)
engine with no measurement applied to the hot side (i.e. where we
simulate the dynamics for the entire duration from the one bath
master equation); in grey, the current generated by a two-bath engine
using the same parameters (see common legend shown in c)). a)
Engine operated with a measurement frequency of Tcycle = τE and
taken initially in the two-baths steady state ρss ; b) with Tcycle = τE
and taken initially in ρ1−0 ; c) with Tcycle = 0.001 × τE and taken
initially in ρss . The current was calculated with (αh , φh ) = (π/4, 0).
The other engine parameters are given in Table III.A.2.1.
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ˆ
The expectation value of the current generated at the junction hI(t)i
allows us to get a deeper insight into the dynamics of the engine for the
different operation regimes. For an engine measured at the engine’s characteristic frequency, Tcycle = τE , each measurement injects excitation into
the system, allowing for a positive current to be produced. The resulting
current surpasses the two-bath values on average. This allows us to verify
that it is both possible to maintain an operational engine after removal of
the hot bath (see Fig. III.B.3.2 a)) and initiate work production dynamics
from an initial state with no excitation (see Fig. III.B.3.2 b)).
When measured with a high frequency, Tcycle = 0.001 × τE , both for an
engine initially in the two-bath steady state (see Fig. III.B.3.2 c)) and
the pure state ρ1−0 , after a few cycles, the density matrix exhibits small
oscillations around a constant value which transfer to the engine’s current
(not discernible on the graphs). This limit current reached after a few τE
is higher than the two-bath steady state current allowing for a sustained
generation of work.
These observations allow us to conclude that it is possible to find a
measurement scheme for the hot side which leads to sustained positive work
generation that surpasses the work output from a two-bath engine. We
can therefore conclude that this measurement protocol efficiently replaces
the hot bath.

III.B.3.3

Measurement on the cold side

In Ref. [168] Scully showed that it was possible to operate a quantum heat
engine with a hot source only and using a state selective maser as a cooling
apparatus. Our setup is shown in Fig. III.B.2.1 b). In this case, the back
action of the unselective measurements on the system, described by the
density matrix ρ̂c (t), is given by the operation:
M̂c ρ̂c (t) ≡ Pc [ρ̂c (t)]
= P̂c+ ρ̂c (t)P̂c+ + P̂c− ρ̂c (t)P̂c− ,

(III.B.3.2)

and the evolution of the system between two projections is given by the
relevant master equation (see Sec. III.B.2.3).
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Optimal projectors

Figure III.B.3.3: Work generated over one period τE by the engine
measured on the cold side for various projector orientations (αc , φc ).
It was calculated from the work performed over 100 cycles with a cycle
duration Tcycle = 0.1 × τE starting in ρss . The maximum achievable
c
work Wmax,a
= 1.2 × 10−26 J is reached for αc ∈ {0, π/2, π}. The
other engine parameters are given in Table III.A.2.1.
In order to verify whether removing the cold bath is a viable option, we
follow the same investigation procedure as for the hot-side measured engine.
The cold bath which leads to the highest work production has no thermal
excitations, so the optimal cold-side measurement protocol can be assumed
to be the one that replicates this situation. We investigate whether such
an engine can sustainably produce positive work by measuring the cold
side with periodicity Tcycle = 0.1 × τE .
It is possible to find a set of projector orientations (αc , φc ), leading to a
positive work output when the system is initiated both in ρ1−0 and in the
two-baths steady state ρss . Figure III.B.3.3 shows the work generated
per engine period τE for a system initially taken in ρss . The maximum
c
work Wmax,a
= 1.2 × 10−26 J—compared to the two-baths work generated
over the same time interval: Wmax = 2.6 × 10−25 J—is obtained for an
orientation αc ∈ {0, π/2, π} (the phase φc , as for the case where the hot
side is measured, has no effect on the performance). This operation consists
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in flipping the qubit state. However, the very low work output suggests
that the positive work output is not sustained over time, which incites us
to investigate the evolution of the current produced by the engine subject
to measurements on the cold side.
If the engine is measured with a set projectors different from the optimal
projectors (i.e., αc ∈
/ {0, π/2, π}), the work it generates is negative. This
indicates that the measurement protocol is actually heating the cold side
which results in an engine operating in reverse.

III.B.3.3.b

Operation regimes

The engine operated with the projector orientations leading to the generation of positive work (where αc ∈ {0, π/2, π}) exhibits different regimes
depending on the measurement frequency. Indeed, for an engine measured
at two-bath engine period τE , the output current follows very closely the
current that one would obtain for the same unmeasured setup. After the
first few cycles where we can see bursts, the current rapidly falls to zero
(see Fig. III.B.3.4 a)).
When we increase the measurement frequency to Tcycle = 0.1 × τE , the
current generation phase is more damped: the maximum value of current
that can be generated over a cycle is lower than in the previous case but the
operation time, over which the engine is operating favorably, is longer. The
current eventually falls to zero in this situation as well (see Fig. III.B.3.4
b)). Both of these measurement frequencies lead to an average work per
engine period τE of W c = 1.2 × 10−26 J if calculated over 20 two-bath
engine cycles.
If we measure the engine with a high frequency on the cold side
(Fig. III.B.3.4 c) shows the engine’s current for a measurement performed
every Tcycle = 0.01 × τE ), we observe that the average current drops to
a stable value around which it oscillates with small amplitude (the oscillations are not discernible on the graph). However, these oscillations
are damped as well and the engine is eventually not generating any current. The average work per engine period obtained for this situation is
W c = 0.5 × 10−26 J and the more frequent the measurements, the lower
the work.
These observations reveal the tradeoff between the maximum current,
and thus work, we can generate at each cycle and the duration of a favorable
operation (i.e., the duration where the engine generates positive work).
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a)

b)

c)

Figure III.B.3.4: Current generated by the engine measured
on the cold side for various measurement frequencies as a function
of time (normalized by τE ). In green, the unselectively measured
system; in dashed dark green, the current generated by the one
bath (hot) engine with no measurement applied to the cold side
(i.e. where we simulate the dynamics for the entire simulation from
the one-bath master equation); in grey, the current generated by
a two-bath engine using the same parameters (see common legend
shown in c)). a) Engine operated with a measurement periodicity
of τE ; b) with Tcycle = 0.1 × τE ; c) with Tcycle = 0.01 × τE . The
current was calculated with a system taken initially in ρss and
with (αc , φc ) = (π/2, 0). The other engine parameters are given in
Table III.A.2.1.
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If the measurement delay is taken large enough to allow for a smoother
decay, a shorter delay allows the generation of positive work over longer
operation times but with lower maximum amplitude. In all cases, the
current eventually drops to zero, which explains the low value of the work
output observed in the previous section.
This leads us to conclude that this setup cannot sustainably generate
positive work on average. However, if compared to the situation where the
cold bath is removed and the system is left free to evolve, adding a measurement device on the cold side allows to access the amplitude/duration
tradeoff and to partially maintain the generation of positive work after the
removal of the cold bath over longer times.
These investigations confirm that it is indeed possible to find a set
of projectors that allow us to power our engine by replacing one of the
baths by a measurement device. If the cold bath is replaced, the engine
can be powered only for a finite duration, but for an engine measured on
the hot side, the generation of average positive work is sustained. The
optimal operation parameters depend, however, on the initial state of the
system. In particular, the φ dependence does not necessarily vanish, and
the parameters should be tailored to the chosen system.

Chapter III.B.4
Measurement on both sides
n the previous chapter, we showed that it was possible to power a
microscopic engine by replacing one of the baths by measurements.
The question at this point is: can we produce positive work on average
from a machine that does not interact with any baths and is instead
measured? We consider the system depicted in Fig. III.B.2.1 c) which
is first subjected to an unselective measurement scheme by the operators
posed in Sec. III.B.2.2.b. In order to analyze the performance of the engine
as a function of the measurement parameters (t1 , t2 , α, φ) we derive the
periodic steady state of the system and compare our results to selective
measurement trajectories. We show that, in the long time limit, there is no
net work production on average. However, by adapting the measurement
protocol to the state of the system, we are able to durably generate positive
work on average.

I

III.B.4.1

Derivation of the periodic steady state

In this section, we describe the derivation of the periodic steady-state of
our system. The convergence of a measurement driven (closed or open)
system towards a steady state at infinitely long times was demonstrated
in Refs. [200–202]. It was formally derived in a general case by Yudin et
al. [203] who proved the existence of a periodic steady state for driven
quantum systems without using the Floquet formalism for the solutions to
linear periodic differential equations [204].
We explicitly derive the periodic steady-state for our measured system.
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The details of the derivation outlined in this section can be found in Appendix H.
After one operation cycle, the system has evolved according to:
hc
ρ̂hc
p (t + Tcycle ) = Û(τ2 , τ1 )M̂2 Û(τ1 , t)M̂1 ρ̂p (t)

(III.B.4.1)
with Tcycle = t1 + t2 , the period of our operation cycle, τ1 = t1 + t, and
τ2 = t2 + t1 + t for a given time t. The operator M̂1 denotes the first
measurement operation performed on the system, at the time t, and M̂2
the second one at t1 + t. The couple (M̂1 , M̂2 ) is given by (M̂h , M̂c ) for
the HC scheme and (M̂c , M̂h ) for the CH scheme. The explicit expressions
of the measurement operators are given in the following sections. Û(t0 , t)
is the time evolution super-operator given by [205]:
Û(t0 , t)ρ̂hc (t) = Û (t0 , t)ρ̂hc (t)Û † (t0 , t)

(III.B.4.2)

with Û (t0 , t) the evolution operator for our closed system described by the
Hamiltonian ĤRW A (Eq. (III.A.2.2)):
0

Û (t0 , t) = e−i(t −t)ĤRW A /~

(III.B.4.3)

If the system is in steady state at the time t, we require ρ̂hc (t + Tcycle ) =
ρ̂hc (t). By Eq. (III.B.4.1), this means that we should solve the equation:

|



1 − Û(τ2 , τ1 )M̂2 Û(τ1 , t)M̂1 ρ̂hc
p (t) = 0
{z

}

Ξ̂(τ1 ,τ2 ,t)

(III.B.4.4)
In order to solve Eq. (III.B.4.4), we rewrite the master equation given by
Eq. (III.B.2.12) in matrix form:
hc
ρ̂˙ hc
v (t) = Lρ̂v (t)

(III.B.4.5)

where ρ̂hc
v is the vector form of the density matrix defined in Eq. (III.A.2.4).
This first order linear differential equation can be solved analytically and
the solution ρ̂hc
v (t) can be rewritten as a decomposition over the eigenvectors of L.

III.B.4.2 Heat provided by the measurements

177

We start our derivation by applying the first measurement operation
on the density vector at t. Then, we decompose this new state over the
eigensystem of L, which allows us to calculate the evolution of the density
matrix until the moment of the second measurement as each eigenvector
li associated with the eigenvalue λi evolves, from the time t to t + t1
according to li (t1 ) = eλi (t1 ) li (t). After applying the second measurement
and evolving the density matrix for the remaining time in a similar fashion,
we obtain the matrix 1 − Ξ̂(τ1 , τ2 , t) which we use to find the kernel of
Ξ̂(τ1 , τ2 , t) and thus solve Eq. (III.B.4.4) and obtain the periodic steady
state density matrix ρ̂hc
p .

III.B.4.2

Heat provided by the measurements

Equation (III.B.2.13) allows us to see that the quantity hn̂h (t)i − hn̂c (t)i
represents the amount of excitation available for current generation. Thus,
by calculating the change in the qubit occupation numbers induced by the
measurement, we can quantify the additional excitation that it injects into
the system and thus the cost of measuring the system.
We define NαM (t), the change in occupation number of qubit α (hot or
cold) induced by the measurement at time t,
NαM (t) = hn̂α (t+ )i − hn̂α (t− )i,

(III.B.4.6)

where t+ refers to the moment right after the measurement is performed,
and t− right before. If NhM (t) − NcM (t) is positive, a positive current can
be generated at t+ . From these quantities, we can define:
QM
α (T

) = ~ωα

Z T
0

NαM (t)dt

(III.B.4.7)

The quantity QM
h (T ) can be seen as the heat provided by the measurement device, in a similar manner as a hot bath, to the system during
the operation time T , and QM
c (T ), the heat lost by the system due to
the process, which can be compared to a heat relaxation into a cold bath.
M
The amount QM (T ) = QM
h (T ) − Qc (T ) represents the net energy made
available to the system by the measurement over the operation time T .
If it is positive, a positive work is generated. The energy cost of the
M
measurements performed over T is given by QM
h (T ) + Qc (T ).
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III.B.4.3

Unselective measurements

We first analyze the performance of our engine by measuring it unselectively.
The explicit effect of the measurement operators M̂h and M̂c on the density
matrix in this case is given by:
Ph [ρ̂hc (t)] = P̂h+ ρ̂hc (t)P̂h+ + P̂h− ρ̂hc (t)P̂h− ,

(III.B.4.8)

Pc [ρ̂hc (t)] = P̂c+ ρ̂hc (t)P̂c+ + P̂c− ρ̂hc (t)P̂c− .

(III.B.4.9)

and

III.B.4.3.a

Optimal projectors

Similarly to in Secs. III.B.3.2.a and III.B.3.3.a, we search for a set of
projectors that allow us to power the engine by measurements alone.
Figure III.B.4.1 a) shows the work generated per engine period τE for different values of (αh , αc ) with Tcycle = τE = TEJ /2 and t1 = t2 = τE /2, for
hc
a system initially taken in ρss . The maximum work Wmax,a
= 3.9×10−26 J,
compared to work generated by the two-baths engine over the same time
interval: Wmax = 2.6 × 10−25 J, is obtained for the same angles as in the
one-side measurement optimization: αc ∈ {π/2, π} and αh ∈ {π/4, 3π/4}.
The phases (φh , φc ), have no effect on the performance.
As described in Sec. III.B.2.3, hn̂h (t)i − hn̂c (t)i govern the current and
thus the work production dynamics. This can be confirmed by comparing
the work generated per operation cycle depicted in Fig. III.B.4.1 a)
to the difference of the integrated qubit occupation numbers per cycle
Nh (T ) − Nc (T ) in Fig. III.B.4.1 b).
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a.1)

a.2)

b.1)

b.2)

Figure III.B.4.1: a) Work generated per engine period τE by the
engine measured on the hot and cold side for various projector orientations (αh , αc ). a.1) Hot–Cold scheme, according to Fig. III.B.2.2
a); a.2) Cold–Hot scheme, according to Fig. III.B.2.2 b). The
hc
maximum achievable work Wmax,a
= 3.9 × 10−26 J is reached for
αc ∈ {π/2, π} and αh ∈ {π/4, 3π/4} in both the HC and CH schemes.
b) Integrated qubit occupation number difference per period τE : b.1)
Hot–Cold scheme; b.2) Cold–Hot scheme. The calculations were
performed over 10 cycles with a cycle duration Tcycle = τE = TEJ /2 ,
t1 = t2 = τE /2, and the system initialized in ρss . The other engine
parameters are given in Table III.A.2.1.
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Long-time-limit work

The results presented in the previous section show that it is indeed possible
to operate the engine solely by measurements. However, the integrated
quantities we considered there do not allow us to see whether the work
production is sustained over long operation times. In fact, the low value
of maximum obtainable work suggests that it is not.
When we look into the time evolution of the density matrix and the
current expectation value for the system measured on both sides, we can see
that after the first few cycles, the system converges to a given state. This
is the periodic steady state, derived in Sec. III.B.4.1 (see Fig. III.B.4.2
a)). The dynamics of the system with respect to this state depend on the
angles of projection and the measurement timing.
III.B.4.3.b.i

Measurement at engine characteristic frequency

For measurements performed at t1 = t2 = τE , resulting in a cycle duration
of Tcycle = 2 × τE , the HC and CH schemes both produce two density
matrices satisfying the periodic condition. These states are reached for
any projection angles (αh , αc ).
For the HC scheme, the two periodic steady states are: one is ρ̂hc
p,1 (t) =
hc
hc
(1/2) (|0i h0| + |1i h1|)h ⊗ |0i h0|c (i.e., with ρ0000 = ρ1100 = 1/2 and
all other coefficients equal to zero), it represents a maximal mixing in
the hot qubit states while the cold qubit is deexcited; and the other
hc
hc
ρ̂hc
p,2 (t) = (1/2) (|0i h0| + |1i h1|)h ⊗ |1i h1|c (where ρ0011 = ρ1111 = 1/2, all
other coefficients equal to zero), represents a maximal mixing in the hot
qubit states, the cold qubit being excited.
For the CH scheme, the two periodic steady states are similar to
the HC states: one given by ρ̂ch
p,1 (t) = |0i h0|h ⊗ (1/2) (|0i h0| + |1i h1|)c
ch
ch
(i.e., with ρ0000 = ρ0011 = 1/2 and all other coefficients equal to zero)—
representing a maximal mixing in the cold qubit states while the hot
qubit is deexcited, and the other ρ̂ch
p,2 (t) = |1i h1|h ⊗ (1/2) (|0i h0| + |1i h1|)c
ch
ch
(with ρ1100 = ρ1111 = 1/2, all other coefficients equal to zero) represents a
maximal mixing in the cold qubit, the hot qubit being excited.
The system operated in these states is characterized by an excitation
going back and forth between the two qubits, leading to a shifting between
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positive and equally negative current generation, resulting in zero average
work (see Fig. III.B.4.2 a)). This is exactly similar to the dynamics of
the bath-less unmeasured system initiated in the above-mentioned states.
III.B.4.3.b.ii

Measurement not at engine frequency

When operated at Tcycle < 2 × τE , the periodic steady state for the
CH and HC schemes is the same. It is a state of no evolution and
no current which is reached for any projection angles and is given by:
ch
ρ̂hc
p (t) = ρ̂p (t) = (1/4) (|0i h0| + |1i h1|)h ⊗ (|0i h0| + |1i h1|)c
(i.e., ρ0000 = ρ0011 = ρ1100 = ρ1111 = 1/4 and all other coefficients equal to
zero). It represents a maximal mixing in the two-qubit states.
For Tcycle  2 × τE , the engine exhibits a similar behavior to the
hot-bath-only engine measured with high frequency. Indeed, after the
first measurement, the system remains in a stable state characterized by a
low current generation, with oscillations of small amplitude in the density
matrix coefficients and current (see Fig. III.B.4.2 b)). Unlike the engine
measured on the cold side, this state does not decay.
III.B.4.3.b.iii

Measurement with small angles

We have seen that the angles of the projectors do not affect the periodic
steady state. However, they do influence the engine dynamics and how
fast it reaches this state. Indeed, smaller angles represent less disruptive
projections and result in a slower convergence to the periodic steady state
(see Fig. III.B.4.2 c)).

c)
Chapter III.B.4 · Measurement on both sides

182

b)

a)

c)

Figure III.B.4.2: Current generated by the engine measured on
both sides at various frequencies and angles as a function of time (normalized by τE ). In green, the current obtained with the CH scheme;
in brown, the HC scheme; in dashed dark green, the current obtained
for the bath-less unmeasured system (i.e. where we simulate the
dynamics for the entire duration from the no-bath master equation
alone); in grey, the current for the two-bath engine. a) The engine
is operated with t1 = t2 = τE , with angles (αh , αc ) = (π/4, π/2) and
initialized in its periodic steady state. The unmeasured bath-less
case follows the HC curve. b) High frequency measurement with
t1 = t2 = 5 × 10−4 × τE , αh = αc = π/3 and the initial state
taken as ρ1−0 —the CH scheme is not shown but leads to the same
current after the first measurement. c) Small angle measurement
with t1 = t2 = 0.8 × τE , αh = αc = π/20 and initial state ρ1−0 —the
system slowly reaches its steady state of no current generation. The
other engine parameters are given in Table III.A.2.1.
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Trajectories and work distribution

The work that can be extracted from such a setup is zero on average.
Nonetheless, we can look beyond the average properties of the unselective measurements by simulating an ensemble of selective measurement
trajectories—where the outcomes are recorded. The physical reality of
quantum jumps and trajectories was widely debated [206, 207], being either
seen as a mathematical tool [146, 190] or as the experimental record one
would obtain in the context of, e.g., photodectection [208–211]. However,
a recent work by Minev et. al [212], who managed to predict a quantum
jump, suggests the experimental reality of such trajectories. We adopt
here the “subjective reality” interpretation, as described in Ref. [207]—i.e.
the selective measurement trajectories provide the evolution of the system
one will experimentally observe if the measurement results are read out.
We simulate the measurement trajectories by initiating the system in
the periodic steady state. For each side, at the moment of the measurement
t, the system is randomly measured with either P̂α+ or P̂α− according to their
respective probabilities given by p(P̂α± )(t) = Tr[P̂α± ρhc (t)]. The updated
density matrix is then given by
g
hc (t ) =
ρ̂
+

P̂α± ρhc (t− )P̂α±
.
p(P̂α± )(t− )

(III.B.4.10)

According to Borel’s law of large numbers [213], for an infinite number of
trajectories, we recover the probability distribution for each time step, and
thus the value of the work under the unselective measurement scheme. The
number of trajectories considered in our simulations satisfy this property,
up to a small deviation.
Figure III.B.4.3 a) shows the work generated for different operation
times T by 10 trajectories. By comparing the trajectories to the record
of measurement operators, we notice that P̂c+ induces a decrease in the
work output (corresponding to a negative current generation) while P̂c−
does not change the value of the work output, as it projects the system
on a state of zero current generation. The processes P̂h+ and P̂h− have the
same effect of work increase (i.e. positive current), by half the amplitude
of the decrease observed with P̂c+ . This is due to our choice of projector
angles, (αh , αc ) = (π/4, π/2), and measurement delays, t1 = t2 = τE , and
for different parameters, the relation between the projection at each time
and its effect on the work output is less distinct (as can be inferred from

184
a)

Chapter III.B.4 · Measurement on both sides
b)

Figure III.B.4.3: Work as a function of operation time T given
in units of engine period τE for selective measurement trajectories.
Dashed-dotted lines: HC scheme; full lines: CH scheme (the different
colors represent different trajectories). In red, the work output for
the unselective CH scheme; in blue, the work for the unselective HC
scheme. Dashed black line: work as a function of operation time
for the two-baths engine initiated in its steady state. a) Selective
measurement trajectories for the engine operated with t1 = t2 = τE ,
(αh , αc ) = (π/4, π/2) and initiated in the corresponding periodic
steady state; b) engine operated with t1 = t2 = 0.4τE , αh = αc =
π/3 and initiated in the corresponding periodic steady state. The
simulation was run over 10 trajectories. The other engine parameters
are given in Table III.A.2.1.

Fig. III.B.4.3 b)). Based on these considerations, one could wonder if
unselectively measuring on the hot side only would not be the best strategy.
This, however, does not allow for a durable work output as the system
quickly reaches a state of either zero current generation or zero-centered
oscillating current, reflecting the fact that the excitation is trapped in the
system.
The work distribution obtained from the trajectories (see Fig. III.B.4.4)
is discrete due to the properties of the chosen measurement scheme and it
follows a gaussian distribution, at both short and longer operation times,
suggesting that there is no correlation between measurement occurrences.
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The extreme values correspond to an unikely succession of P̂c+ (negative
values) or P̂c− (positive values) measurements on the cold side. The deviation from the unselective probabilities, which tends to favor the P̂c+
projection, is responsible for the shift to negative values in the center of
the CH distribution.
These observations offer new possible strategies for powering a quantum
thermoelectric engine by measurements. Indeed, the amplitude of work
decrease induced by P̂c+ being twice the increase allowed by the hot side
measurement, they suggest that if a selective measurement operation protocol is considered, a CHH scheme might be more efficient for positive work
generation. Based on these considerations, we design a new measurement
protocol described in the next section.
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Figure III.B.4.4: Work distribution histograms for selective measurement trajectories compared to the corresponding gaussian distributions (dashed lines). pi denotes the probability of occurrence of
the work value Wi . In light green, the work distribution and gaussian
fit obtained for an engine operated with the CH scheme over 10
measurement cycles (T = 20 × τE )—the mean of the distribution is
calculated to be µ = 4.3×10−26 J and the deviation σ = 1.7×10−24 J;
in yellow, with the HC scheme over 10 cycles—µ = −3.1 × 10−26 J,
σ = 1.8 × 10−24 J; in dark green, with the CH scheme over 30
cycles (T = 60 × τE )—µ = −5.3 × 10−26 J, σ = 3.2 × 10−24 J;
in brown, with the HC scheme over 30 cycles—µ = 7.8 × 10−26 J,
σ = 3.1 × 10−24 J. The engine is operated with t1 = t2 = τE and
(αh , αc ) = (π/4, π/2) and initiated in the corresponding periodic
steady state. The simulation was run over 1000 trajectories. The
other engine parameters are given in Table III.A.2.1.
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Adaptive measurements

We showed that the unselectively measured system eventually reaches a
state where no work is produced on average. This leads us to consider
another measurement strategy where we perform two successive measurements: the first, a selective measurement in the qubit basis of which
the outcome determines whether or not the second one, an unselective
measurement similar to the one previously described, is applied. As the
result of the first measurement is decisive for the rest of the operation,
the measurement scheme is adaptive—see Ref. [214] for another example
of the implementation of an adaptive measurement scheme in a quantum
engine.
In this section, we chose to restrict ourselves to the case φh = φc = 0.

III.B.4.4.a

Measurement protocol

The adaptive measurement protocol is applied to either one of the qubits,
or both. The optimal system state for positive current generation is
(|0ic , |1ih ). We take this into account to construct our new measurement
scheme . For the cold side, this is done as follows:
1. The qubit is measured in the (|0ic , |1ic ) basis.
2. If the measurement outcome is |1ic , then it is unselectively measured
in the (|+ic , |−ic ) basis. If the outcome is |0ic , the state is left
unmeasured as this state is optimal for positive current generation.
3. The system is evolved according to the master equation for the chosen
time.
If the hot side is adaptively measured, step 2 consists of measuring the qubit
in the (|+ih , |−ih ) basis when the outcome of the first measurement in the
qubit basis is |0ih , as this is unfavorable for positive current production. If
the outcome of the first measurement is |1ih , the state is left unmeasured.
We define:
Ĝh = (|0i h0|)H ⊗ 1C ,

Êh = (|1i h1|)H ⊗ 1C ,

Ĝc = 1H ⊗ (|0i h0|)C ,

Êc = 1H ⊗ (|1i h1|)C .
(III.B.4.11)
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The new sets of measurement operators are then given by:
 (1)


M̂h = Êh
(2)

M̂h = P̂h+ (α)Ĝh





(3)
M̂h

=

(III.B.4.12)

P̂h− (α)Ĝh

and:
 (1)


M̂c = Ĝc




M̂c

(2)

= P̂c+ (α)Êc

(3)
M̂c

= P̂c− (α)Êc

(III.B.4.13)

where {M̂h1 , M̂h2 , M̂h3 } and {M̂c1 , M̂c2 , M̂c3 } each form a complete set. The
effect of such measurements on the density matrix, if the outcome is ignored,
reads:
Mh [ρ̂hc (t)] = Êh ρ̂hc (t)Êh
+P̂h+ Ĝh ρ̂hc (t)Ĝh P̂h+ + P̂h− Ĝh ρ̂hc (t)Ĝh P̂h− ,
(III.B.4.14)
and
Mc [ρ̂hc (t)] = Ĝc ρ̂hc (t)Ĝc +
P̂c+ Êc ρ̂hc (t)Êc P̂c+ + P̂c− Êc ρ̂hc (t)Êc P̂c− .
(III.B.4.15)
If a given side is not adaptively measured, the operations described in
Eqs. (III.B.4.14) and (III.B.4.15) are applied.

III.B.4.4.b

Maximum obtainable work

The adaptive measurement scheme allows for a sustained positive work
production (see Fig. III.B.4.5 a)). Indeed, it is possible to find a set of
projector angles and measurement delays that engender a periodic steady
state of positive current. The angles, αh and αc , determine the degree
of state mixing and thus the emergence of non-zero coefficients in the
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density matrix, while the delays, t1 and t2 , determine the amplitude of
these coefficients. As we can see in Figure III.B.4.5 b), this measurement
scheme deposits an increasingly positive amount of heat, QM (T ), into the
system over the operation time T to be converted into work by the system.
Employing an adaptive measurement protocol on either side is enough to
surpass the two-bath engine work output by a comparable amount and
when both sides are measured in this way, the work output is doubled.
a)

b)

Figure III.B.4.5: Work produced by the engine adaptively measured on both sides and heat provided by the measurements. In
green, the CH scheme; in brown, the HC scheme; in dark green, the
bath-less unmeasured system (i.e. where we simulate the dynamics
for the entire operation from the no bath master equation alone); in
grey, the current for the two-bath engine. a)Work produced by the
engine adaptively measured on both sides as a function of the operation time T —the HC scheme curve is not depicted as it is identical to
the CH curve. b) Total net excitation QM (T ) made available to the
system over the operation time T by the measurements as defined in
Sec. III.B.4.2. The engine is operated with t1 = t2 = 0.4 × TEJ and
αh = αc = π/3, and initialized in the corresponding periodic steady
state. The other engine parameters are given in Table III.A.2.1.

Chapter III.B.5
Conclusion
e demonstrated that, while operating a two-qubit thermoelectric
engine with a measurement device substituting one of the heat baths
is possible, an unselectively projected engine on both sides does not lead
to a sustained work production. This illustrates Feynman’s considerations
on the ratchet and pawl [215]: our measured system eventually reaches a
state where it is equally probable for both qubits to be excited—similar
to the ratchet and pawl being at the same temperature—and the energy
quantum oscillates back and forth between the two sides. However, by
adaptively measuring the system, we are able to sustainably generate work,
as the periodic steady state of the system in this case allows for positive
current production.
Our analysis offers helpful theoretical tools for analyzing the performance of such an engine, which can be used to find an optimal operation
protocol using any set of positive operator valued measures (POVMs), for
instance.
The quantum thermoelectric engine driven solely by measurements
can be an interesting basis for experimental realization, especially in cases
where the size of the device does not permit an efficient separation between
the heat baths.

W
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Summary and Outlook
ollowing in the footsteps of giants, I attempted to grasp the concept
of heat and form a definition of its nature by investigating it from
different perspectives at the microscopic level.

F

First, from an ion trapper’s perspective, presented in Part II, where
I took part in developing a cooling technique for calcium ion Coulomb
crystals in a Paul trap. In this perspective heat is assimilated with temperature, and as high temperature is synonymous with a poor state definition,
it is an undesirable. The driven micromotion, inherent to this type of traps,
when excited by the cooling laser, leads to an increase in the temperature of
the trapped ions. By pulsing the laser at the frequency of the micromotion,
instead of applying continuous cooling, we were able to form colder crystals.
We were thus able to avoid transferring heat to our system.
In Chapter II.1, an introduction to the field of ion trapping is given.
Then, the theoretical grounds of ion trapping and Doppler cooling are
set (Chapter II.2). In particular we showed that, by design, Paul traps
were responsible for an emergence of a driven motion of the ions—the
micromotion. Under the effects of the micromotion, the ions were shown to
oscillate at the same frequency as the radio-frequency alternating field trapping them in the radial direction, and with an increasing amplitude with
increasing distance from their equilibrium position. The modification of the
optimal laser detuning for Doppler due to the presence of micromotion was
presented. In (Chapter II.3), we described our system and experimental
setup. In particular, we motivated the necessity of a new cooling strategy
as our setup, where the cooling laser beam forms a 45◦ angle with the trap
axis, which renders the excitation of micromotion unavoidable. The new
strategy consisted in pulsing the laser at the RF frequency. The pulsed
cooling optimization was presented in Chapter II.4. We showed that by
carefully choosing the detuning and intensity of the cooling laser, as well
197
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as the length and timing of the pulse, we were able to obtain Coulomb
crystals at half the temperature of continuously cooled crystals. We also
showed that this cooling procedure allowed us to form structures that
would be unstable if continuously cooled, as they possess a large radial
extension: large crystals of thousands of ions and radial discs—pancakes.
In Chapter II.5 we presented the Molecular Dynamics simulation tool that
allowed us to assess the temperature of our experimental crystals. We
used this tool in Chapter II.6 to investigate the phase transition between
the three-dimensional Coulomb crystal and the two-dimensional pancake
including the effects of micromotion. The presence of micromotion did
not seem to influence the ratio of axial to radial frequencies at which the
transition occurred. A natural further step would be to test our predictions
experimentally. The pulsed cooling scheme that we developed can be used
to enhance the cooling efficiency of various systems, if they are subject to
periodic driven motion.
Then, in Part III, I took the perspective of a quantum machinist.
Part III.A focuses on a two-qubit thermoelectric engine in which the
two qubits are connected by a Josephson junction and each coupled to a
heat bath. If operating favorably, the engine generates positive current at
the junction by transfer of excitation from the hot qubit to the cold qubit.
The bareness of the system allowed us to derive analytical expressions for
its operation (Chapter III.A.2). In particular, we were able to describe the
mean values and fluctuations of the electric work and heat transferred into
the cold bath (Chapter III.A.3). We showed that for long operation times,
the mean values and variances of work and heat are proportional: for each
heat quantum ~ωc transferred to the cold bath, work of 2 eV was generated
by the engine. The derivation of the heat fluctuations lead us to describe
the emission of heat into the cold bath by a photodetection process made
by the bath, acting as a detector, on the cold qubit. In addition, we were
able to follow the excitation traveling through the engine by calculating a
selected set of two- and three-time correlation functions (Chapter III.A.4).
We showed that for low values of the coupling to the baths, the excitation
stays trapped in the system and travels back and forth between the hot
and cold side, thus producing positive and negative current. The analytical
tools that we developed, although applied to a specific system, can be used
to examine the steady state and dynamical properties of a range of engine
designs.
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In Part III.B, the design of the engine was modified. Instead of being connected to a bath, one or both qubits were projectively measured.
This new operation protocol was described in Chapter III.B.2. We first
focused on an engine where the bath is substituted on only one side (Chapter III.B.3). We showed that, for an engine measured on the hot side,
it was possible to find a measurement frequency and set of projection
operators that allowed us to surpass the work output of the two-bath
engine. The measurement on the cold side did not allow us to operate the
machine durably, as the current eventually fell down to zero, the measurements heating up the cold qubit. It allowed us, however, to sustain the
operation of a two-bath engine in steady state after the removal of the
cold bath, offering a tradeoff between the duration of favorable operation
and maximum amplitude of the current. We then turned our attention
to an engine powered solely by measurements (Chapter III.B.4). In order
to assess its performance, we derived the periodic steady state of the
system—Sec.III.B.4.1. We showed that, for an unselectively measured
engine, this state generated no current on average. However, the projection
angles and the frequency of the measurements determined how fast the
system would reach the periodic steady state—Sec. III.B.4.3. This incited
us to modify our measurement strategy and, based on our observation of
selective measurement trajectories, we designed an adaptive measurement
scheme—Sec. III.B.4.4. We showed that in this situation, we could double
the work output compared with the two-bath engine. The measurements
were successfully replicating heat baths.
These investigations allowed me to see several aspects of heat at the
microscopic level. If combined, a few common properties of heat arise.
First, heat is provided by an external source acting on the system. Second,
it induces excitation in the system. Finally, this excitation can have several
manifestations—a faster motion, the generation of electric work, ... These
properties lead me to form the following definition:
Heat is the additional excitation trapped in a system after the action
of an external source.
A few questions then arise. If heat could be defined, what about work?
While the separation between work and heat is intuitive macroscopically—
work is what the system does, heat is the amount of energy it gains or
loses that can allow it to do work—in the microscopic regime it is not
as straightforward. Coming back to the example of the two-qubit engine
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connected to an ancillary ladder investigated in Ref. [105], the excitation
of the ladder is described as the work the system produces. However, this
process could also be seen as heat transferred from the qubits to the ladder.
Is it then really possible to give a general definition of work or should it
remain specific to each situation? One could consider applying the same
protocol and, operating the two-qubit engine with different working bodies.
Another question concerns the measuring process in itself. We claimed,
in Sec. III.B.4.2, that we could use our setup to quantify the cost of the
measurements and thus measuring a system was not free. Which measurement scheme would then be the best in terms of cost vs. work production,
i.e. efficiency? One could also consider replacing the measurements by
another process and use the system to assess its cost.
In a broader scope, the measured engine offers a possible alternative for
the experimental realization of microscopic engines, where the separability
of heat baths could be challenging to achieve.

To conclude this, not quite short, thesis, I would like to thank you,
whomever you might be, for reading it, partially or in totality.
May you have any questions, you are welcome to contact me:
katerina.verteletsky@gmail.com.
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Appendix A
Quantum thermoelectric
engine
—rotating wave Hamiltonian
derivation
In this Appendix, we derive the rotating wave Hamiltonian for the two-heat
bath powered quantum thermoelectric engine described in Section III.A.2.1.

A.1

Pauli spin matrices

We recall the definitions of the Pauli spin matrices [216, 217]:
!

σx =

0 1
,
1 0

!

σy =

0 −i
,
i 0

σz =

1 0
0 −1

!

(A.1)

And ladder matrices [217] :
1
σ = (σx + iσy ) =
2

0 1
,
0 0

1
σ = (σx − iσy ) =
2

0 0
1 0

+

−
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!

(A.2)

!

(A.3)
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These matrices are defined assuming that the states are posed as:
!

|+i = |1i =

1
,
0

(A.4)
(A.5)

!

|−i = |0i =

0
1

and thus the two-state density matrix would be:

|1i
|0i

h1|
ρ11
ρ01

h0| !
ρ10
.
ρ00

(A.6)

From our definition of the density matrix, we can see that our states
are defined as:
!

|+i = |1i =

0
,
1

(A.7)
(A.8)

!

|−i = |0i =

1
.
0

(A.9)

The two-state density matrix would be:

|0i
|1i

h0|
ρ00
ρ10

h1| !
ρ01
.
ρ11

(A.10)

Therefore, we should use the transpose of the σ ± matrices defined
previously to account for the substitution. We also use the property:
(A ⊗ B)T = AT ⊗ B T (reminder: (AB)T = B T AT ). The σx,y,z operators
in our case would thus be:
!

− T

σx = [σ ] + [σ ] =
+ T

0 1
,
1 0

(A.11)

!

− T

σy = −i([σ ] − [σ ] ) =
+ T

0 i
,
−i 0

(A.12)

A.2 Derivation of the rotating wave hamiltonian

σz = [σ + ]T [σ − ]T − [σ − ]T [σ + ]T =

−1 0
0 1
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!

6= (σzT ).

(A.13)

The last line is due to the product of ladder operators in σz giving
rise to the non-linearity. The operators defined in this way preserve their
properties applied to the vector form of our states.
Throughout our derivations, we make use of some helpful relations:
• σ + |+i = 0 ; σ + |−i = |+i ; σ − |+i = |−i ; σ − |−i = 0
• (σ + )2 = 0 ; (σ − )2 = 0
• σ + + σ − = σx ; σ + − σ − = iσy
• σ + σ − = 12 (1 + σz ) ; σ − σ + = 21 (1 − σz )
• [σ − , σ + ] = −[σ + , σ − ] = −σz
• {σ + , σ − } = {σ − , σ + } = 1

A.2

Derivation of the rotating wave hamiltonian

~ = 1 in the following equations.
Starting from the Hamiltonian in Eq. (III.A.2.2):
Ĥ

=
=

~ωh σ̂h+ σ̂h− + ~ωc σ̂c+ σ̂c−

(A.14)

+ 2λh (σ̂h+
ωc

σ̂h− )

σ̂c− ))

−EJ cos(2eV t
+
+
+
ωh
(1 + σz,h ) + (1 + σz,c ) − EJ cos(2eV t + 2λh σx,h + 2λc σx,c )
2
2
2λc (σ̂c+

and using the unitary evolution operator:
U

+ −

+ −

= eiωh σh σh +iωc σc σc

ω t
i 2h (1+σz,h )+i ω2c t (1+σz,c )
ω t
i 2h σz,h +i ω2c t σz,c

= e
≡ e

(A.15)

where the last line is valid in the context of the rotating frame transformation. One can verify that U U † = U † U = 1.
The rotating picture Hamiltonian can be derived [36]:

Appendix A · Quantum thermoelectric engine
—rotating wave Hamiltonian derivation

206

ĤR = Û Ĥ Û † − iÛ
= −

∂ Û †
∂t

(A.16)

EJ  2ieV t 2iλh (σ+ eiωh t +σ− e−iωh t ) 2iλc (σc+ eiωc t +σc− e−iωc t )
h
h
e
e
e
2

+ iω t
+ iωc t
− −iω t
− −iωc t
)
.
+e−2ieV t e−2iλh (σh e h +σh e h ) e−2iλc (σc e +σc e

Then, using the properties of the Pauli spin matrices as well as the
Baker-Campbell-Hausdorff formula1 [218] the Hamiltonian can be rewritten [219]:

ĤR = −

EJ 2ieV t
e
2

+∞
X

X (2iλc )2l
(2iλh )2k +∞
(2k)! l=0 (2l)!
k=0



+

(A.17)

X (2iλc )2l+1
(2iλh )2k +∞
(σc+ eiωc t + σc− e−iωc t )
(2k)!
(2l
+
1)!
l=0
k=0
+∞
X

+∞
X

+

X (2iλc )2l
(2iλh )2k+1 +∞
(σh+ eiωh t + σh− e−iωh t )
(2k
+
1)!
(2l)!
k=0
l=0

+

X (2iλc )2l+1
(2iλh )2k+1 +∞
(2k + 1)! l=0 (2l + 1)!
k=0
+∞
X

×(σh+ eiωh t

+

σh− e−iωh t )(σc+ eiωc t

+

σc− e−iωc t )



+H.c.
where H.c. is the Hermitian conjugate.
Assuming the resonant case: ωh − ωc = 2eV , and keeping only the
resonant time-independent term (i.e. making the Rotating Wave Approximation), the Hamiltonian can be expressed as:
ĤRW A =

EJ
sin(2λh ) sin(2λc )(σh− σc+ + σh+ σc− )
2

(A.18)
−1

Writing eX eY = (eX eY e−X )eX and using the equality CeA C −1 = eCAC , one can
X
−X
rewrite : (eX eY e−X )eX = ee Y e eX . Then, using the Hadamard’s lemma to the BCH
1
1
formula : eX Y e−X = Y +[X, Y ]+ 2!
[X, [X, Y ]]+ 3!
[X, [X, [X, Y ]]]+... (that can be proven
by Taylor expanding f (t) = etX Y e−tX around 0 and then setting t = 1), the original
1
1
operator product can be rewritten : eX eY = eY +[X,Y ]+ 2! [X,[X,Y ]]+ 3! [X,[X,[X,Y ]]]+... eX
1

Appendix B
Quantum thermoelectric
engine
—derivation of the steady
state expectation value of
the current
In this Appendix, we derive the steady state expectation value of the
current for the two-heat bath powered quantum thermoelectric engine
described in Part III.A.
We start from the current definition in Eq. (III.A.2.8):
2e + −
[σ̂ σ̂ , ĤRW A ]
i~ c c
= −ieEJ sin(2λh ) sin(2λc )(σ̂h− σ̂c+ − σ̂h+ σ̂c− ).

Iˆ =

(B.1)

It is an operator in the Heisenberg picture. Its expectation value can be
evaluated in the Schrödinger picture by transferring the time dependence
ˆ
ˆ [220]. Using the
to the density matrix given by: hI(t)i
= Tr[ρ̂(t)I]
properties of the trace, it can be explicitly expressed as [221]:
ˆ
hI(t)i
= −ieEJ sin(2λh ) sin(2λc )(ρ1001 (t) − ρ0110 (t))
(B.2)
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The steady state expectation value of the current satisfies
which explicitely reads:
ˆ
dhI(t)i
dt

ˆ
dhI(t)i
dt

= 0,

ˆ
dTr[ρ̂(t)I]
dt


dρ̂(t) ˆ
I
= Tr
dt
=

dρ̂(t) − + dρ̂(t) + −
= −ieEJ sin(2λh ) sin(2λc )T r
σ̂ σ̂ −
σ̂ σ̂
dt h c
dt h c
= 0.
(B.3)




where dρ̂(t)
dt satisfies the master equation (III.A.2.5).
The time derivative of the current expectation value can be rewritten
as a function of the spin number operators of the two qubits (n̂h = σ̂h+ σ̂h−
and n̂c = σ̂c+ σ̂c− ):
ˆ
dhI(t)i
=
dt

−

 



1
1
B
ˆ
κh nB
+
κ
hI(t)i
+
n
+
c
h
c
2
2

+

2e(EJ0 )2 (hn̂h (t)i − hn̂c (t)i)

(B.4)

with
= EJ sin(2λh ) sin(2λc ).
For the qubit coupled to the bath α, hn̂α (t)i = Tr[ρ̂(t)σα+ σα− ] and its
steady state expression can be found using :
EJ0

dhn̂α (t)i
dt

B
B
= −ih[n̂α , ĤRW A ]i + κα (nB
α − (2nα + 1)hnα i)

(B.5)

which leads to:

ˆ
nB
Ii
1
h


hn̂h iss = − h2e
B +1) + 2nB +1

κ
(2n

h
h
h

(B.6)

.



B
ˆ

1
hn̂ i = hIi
+ 2nnBc+1
c ss
2e κc (2nB
+1)
c
c

Assuming κh = κc = κ, Eq. (B.4) and (B.6) can be combined to give the
analytical expression for the steady state expectation value of the current
given in Eq. (III.A.2.8):
e
ˆ ss =
hIi
B
(nh + nB
c + 1)
×h

B
nB
h − nc
1
κ

+

κ
(2nB
c
(EJ0 )2

+ 1)(2nB
h + 1)

i.

(B.7)

Appendix C
Quantum thermoelectric
engine
—derivation of the work
fluctuations
In this Appendix, we derive the variance of the work produced by the
engine described Sec. III.A.3.2.a.
We recall Eq. (III.A.3.4):
V ar[W (T )] = hŴ (T )2 i − hŴ (T )i2

(C.1)

where hŴ (T )2 i can be calculated from the two-time correlation function
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of the current :
hŴ (T ) i = V
2

= V

2

2

0

*Z Z
T
T

= V2

Z T Z T
0

0

2

= 2V 2

Z T
0

Z T Z T
0

0

+
0

ˆ I(t
ˆ 0 )idt0
hI(t)

!

Z T

+

0

t0 ≥t

ˆ I(t
ˆ 0 )idt0 dt
hI(t)

ˆ I(t
ˆ 0 )idt0
hI(t)

!

+V

0

ˆ I(t
ˆ 0 )i dt0 dt
Re hI(t)




!


 dt

t0 <t

Z T Z T

2

0

t0 ≥t

Z T Z T
0

!+

ˆ I(t
ˆ 0 )idtdt0
hI(t)



0

ˆ I(t
ˆ )dtdt
I(t)
0

0

0

Z T

ˆ 0 )dt0
I(t

ˆ
I(t)dt

0

= V2

= V

! Z
T

* Z
T

0

!

ˆ I(t
ˆ 0 )idt0 dt
hI(t)

t0 <t

!

(C.2)
t0 ≥t

where we used the commutability of the expectation value and time
integral operations, the time-dependence being held by the operators in
the Heisenberg picture. The last line was calculating using, for t0 > t1 :
ˆ I(t
ˆ 0 )i =
hI(t)



∗

ˆ 0 )I(t)i
ˆ
hI(t

(C.3)

.

Then, using the substitution t0 = t + τ, τ ≥ 0:
hŴ (T ) i = 2V
2

2

= 2V 2

Z T Z T
0

0

0

−



0

ˆ I(t
ˆ + τ)i dτdt
Re hI(t)


Z T Z t
0

1

0

t0 ≥t

Z T Z T
0

!

ˆ I(t
ˆ )i dt dt
Re hI(t)


0

See end of section for a brief explanation



!

ˆ I(T
ˆ + τ)i dτdt . (C.4)
Re hI(t)
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If the integration time T is large enough, Eq. (C.4) becomes:
hŴ (T ) i∞ =
2

lim 2V

Z T Z T

2

T →+∞

0

0

ˆ I(t
ˆ + τ)i dτdt
Re hI(t)


Z T Z t

−

0

0

≈

Z T Z T

lim 2V 2

T →+∞

0

0





ˆ ss )I(t
ˆ ss + τ)i dτdt
Re hI(t




ˆ ss
−Re hIi


Z T Z t
0

=
=
=
=
=

lim 2V

2

lim 2V

2

Z T Z T

T →+∞

Z T Z T

T →+∞

lim 2V

0

0

0

0

Z T

2

T →+∞

lim 2V T
2

T →+∞

0

Z T

lim 2V 2 T

T →+∞

0

dτdt

ˆ ss )I(t
ˆ ss + τ)i dτdt − hIi
ˆ ss
Re hI(t






Z T
0

!

tdt
0

!

2

ˆ ss T
dt − hIi
2

!

!

ˆ ss )I(t
ˆ ss + τ)i dτ − hIi
ˆ ss T
Re hI(t
2
# !
"


ˆ
ˆ ss )I(t
ˆ ss + τ)i − hIiss dτ
Re hI(t
2


!

Z T

2
ˆ ss )I(t
ˆ ss + τ)i dτdt − hIi
ˆ ss T
Re hI(t
2



ˆ ss )I(t
ˆ ss + τ)i dτ
Re hI(t

Z T

!

0





0

!

ˆ I(T
ˆ + τ)i dτdt
Re hI(t)




(C.5)

The variance at large T is then given by (where the limits were dropped
for notation simplicity):
V ar[W (T )]∞ = hŴ (T )2 i∞ − hŴ (T )i2∞
= V

2T

2

0

"

= V

2

= 2V 2 T


ˆ
ˆ ss )I(t
ˆ ss + τ)i − hIiss dτ − V 2 T 2 hIi
ˆ 2ss
Re hI(t
2
"
# !
#

 hIi
ˆ ss
2
2
ˆ ss )I(t
ˆ ss + τ)i −
ˆ
Re hI(t
dτ − T hIi
ss
2

Z T "

2T

Z T
0

Z T h
0

#



!

ˆ ss + τ)i − hIi
ˆ 2 dτ
ˆ ss )I(t
Re hI(t
ss




i

(C.6)

Complex conjugate of the current correlations
We recall Eq. (C.3):
ˆ I(t
ˆ 0 )i =
hI(t)



∗

ˆ 0 )I(t)i
ˆ
hI(t

.

(C.7)
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This expression can be proven as follows:
∗

ˆ 0 )I(t)i
ˆ
hI(t



ˆ 0 )I(t)]
ˆ †i
= h[I(t
ˆ † [I(t
ˆ 0 )]† i
= h[I(t)]
= h[−ieEJ0 (σ̂h− σ̂c+ − σ̂h+ σ̂c− )(t)]† [−ieEJ0 (σ̂h− σ̂c+ − σ̂h+ σ̂c− )(t0 )]† i
= h[ieEJ0 (σ̂c− σ̂h+ − σ̂c+ σ̂h− )(t)][ieEJ0 (σ̂c− σ̂h+ − σ̂c+ σ̂h− )(t0 )]i
= h[ieEJ0 (σ̂c− σ̂h+ − σ̂c+ σ̂h− )(t)][ieEJ0 (σ̂c− σ̂h+ − σ̂c+ σ̂h− )(t0 )]i
= h[ieEJ0 (σ̂h+ σ̂c− − σ̂h− σ̂c+ )(t)][ieEJ0 (σ̂h+ σ̂c− − σ̂h− σ̂c+ )(t0 )])i
ˆ
ˆ 0 )]i
= h[−I(t)][−
I(t
ˆ I(t
ˆ 0 )i
= hI(t)

with EJ0 = EJ sin(2λh ) sin(2λc ).

(C.8)

Appendix D
Quantum thermoelectric
engine
—derivation of the heat
fluctuations
In this Appendix, we derive the variance of the heat emitted into the cold
bath described Sec. III.A.3.2.b
Following the definition of the integrated number of quanta detected
in the cold bath in Eq. (III.A.3.7), its variance is given by:
V ar[Nc (T )] = hNc (T )2 i − hNc (T )i2

(D.1)

Where hNc (T )2 i can be calculated from the two-time correlation function
of the cold bath field operator:
hNc (T ) i =
2

=
=
=

* Z
T

! Z
T

N̂c (t)dt

0

*Z

T

Z T

0

0

Z T Z T
0

0

Z T Z T
0

0

0

!+
0

N̂c (t )dt

0

+
0

N̂c (t)N̂c (t )dtdt

0

hN̂c (t)N̂c (t0 )idtdt0
hâ†c (t)âc (t)â†c (t0 )âc (t0 )idtdt0
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The two-time correlation function in this equation, hâ†c (t)âc (t)â†c (t0 )âc (t0 )i,
is not normal nor time ordered. However, the cold bath acts as a detector
for the cold qubit and the statistics of the total number of quanta entering
it should follow Glauber’s photo-detection principles (see Refs. [222] and
[223] for an example of the derivation of the recorded photon intensity).
Indeed, the probabilities of detection and emission, can be related to each
other and are expressed as function of the time- and normal- ordered
correlation functions (see Eqs. (III.A.3.9) and (III.A.3.10)).
The time ordered h: â†c (t)âc (t)â†c (t0 )âc (t0 ) :i can be calculated using (derived
from [149, 224])1 :

† 0
0

[â(t), â (t )] = δ(t − t )


(D.3)



[â(t), â(t0 )] = [â† (t), â† (t0 )] = 0

If t0 ≥ t, h: â†c (t)âc (t)â†c (t0 )âc (t0 ) :i = hâ†c (t)â†c (t0 )âc (t0 )âc (t)i and:
hâ†c (t)âc (t)â†c (t0 )âc (t0 )i = hâ†c (t)â†c (t0 )âc (t0 )âc (t)i + δ(t − t0 )hâ†c (t)âc (t0 )i.
(D.4)
If t0 < t, h: â†c (t)âc (t)â†c (t0 )âc (t0 ) :i = hâ†c (t0 )â†c (t)âc (t)âc (t0 )i and:
hâ†c (t)âc (t)â†c (t0 )âc (t0 )i = hâ†c (t0 )â†c (t)âc (t)âc (t0 )i + δ(t − t0 )hâ†c (t)âc (t0 )i.
(D.5)
Combining Eq. (D.4) and (D.5):
hâ†c (t)âc (t)â†c (t0 )âc (t0 )i = h: â†c (t)âc (t)â†c (t0 )âc (t0 ) :i + δ(t − t0 )hâ†c (t) âc (t0 )i.
(D.6)
Coming back to Eq. (D.2):
1

See end of section for a brief explanation
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hNc (T )2 i

=
=

Z T Z T
0

0

Z T Z T
0

0

+

=

Z
0

0

+
=
=

Z T
0

Z T Z T
0

hâ†c (t)âc (t)â†c (t0 )âc (t0 )idtdt0
h: â†c (t)âc (t)â†c (t0 )âc (t0 ) :idtdt0

Z T Z T

0
T Z T

0

0

δ(t − t0 )hâ†c (t0 )âc (t)idtdt0

h: â†c (t)âc (t)â†c (t0 )âc (t0 ) :idtdt0
hâ†c (t)âc (t)idt
+ 0 − 0 −
0
hâ+
c (t)âc (t )âc (t )âc (t)idtdt

Z T " Z T
0

0

=

2
+

Z T
0

0

0

0

−
hâ+
c (t)âc (t)idt

!
t0 ≥t

Z T
0

!

#

+ 0 − 0 −
0
hâ+
c (t)âc (t )âc (t )âc (t)idt

dt
t0 <t

−
hâ+
c (t)âc (t)idt

Z T Z T

Z T

+

Z T

+ 0 − 0 −
0
hâ+
c (t)âc (t )âc (t )âc (t)idt

+
+
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0

!
+ 0 − 0 −
0
hâ+
c (t)âc (t )âc (t )âc (t)idt dt
t0 ≥t

−
hâ+
c (t)âc (t)idt

(D.7)

where the last line was derived using Eq. (D.3). Taking into account the
fact that the field annihilation operator can be expressed by the emitter
lowering operator:
hNc (T ) i
2

=

2κ2c
+κc

Z T Z T
0

Z T
0

0

!

hσ̂c+ (t)σ̂c+ (t0 )σ̂c− (t0 )σ̂c− (t)idt0 dt

hσ̂c+ (t)σ̂c− (t)idt.

t0 ≥t

(D.8)
(D.9)
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Substituting t0 = t + τ:
hNc (T ) i
2

=

2κ2c

Z T Z T
0

0

−

Z T Z t
0

+κc

Z T
0

hσ̂c+ (t)σ̂c+ (t + τ)σ̂c− (t + τ)σ̂c− (t)idτdt

0

!

hσ̂c+ (t)σ̂c+ (T

hσ̂c+ (t)σ̂c− (t)idt

+

τ)σ̂c− (T

+

τ)σ̂c− (t)idτdt
(D.10)

If the integration time T is large enough, Eq. (D.10) becomes (following

Appendix D · Quantum thermoelectric engine
—derivation of the heat fluctuations

217

the derivation of Eq. (C.5)):
hNc (T ) i∞ =
2

lim

T →+∞

2κ2c

Z T Z T
0

0

−

hσ̂c+ (t)σ̂c+ (t + τ)σ̂c− (t + τ)σ̂c− (t)idτdt

Z T Z t
0

0

+κc
≈

lim 2κ2c

Z T
0

τ)σ̂c− (T

+

+

τ)σ̂c− (t)idτdt

hσ̂c+ (t)σ̂c− (t)idt

Z T Z T

T →+∞

!

hσ̂c+ (t)σ̂c+ (T

0

0

hσ̂c+ (tss )σ̂c+ (tss + τ)σ̂c− (tss + τ)σ̂c− (tss )idτdt
T2
−hn̂c iss
2

+κc
=

lim

T →+∞

2κ2c

Z T
0

Z T
0

hσ̂c+ (tss )σ̂c− (tss )idt

hσ̂c+ (tss )σ̂c+ (tss

+

τ)σ̂c− (tss

+

τ)σ̂c− (tss )idτ

!

Z T

dt
0

T2
−hn̂c iss
2
+κc hσ̂c+ (tss )σ̂c− (tss )i
=

lim

T →+∞

2κ2c T

Z T
0

!

Z T

!

!

dt
0

hσ̂c+ (tss )σ̂c+ (tss + τ)σ̂c− (tss + τ)σ̂c− (tss )idτ
!

T
−hn̂c iss
2
+κc T hn̂c iss
=

lim

T →+∞

2κ2c T

Z T "
0

hσ̂c+ (tss )σ̂c+ (tss + τ)σ̂c− (tss + τ)σ̂c− (tss )i
#

!

hn̂c iss
−
dτ
2
+κc T hn̂c iss
The variance at large T is then given by (where the limits were dropped

(D.11)
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for notation simplicity, see Eq. (6) in Ref. [151] for comparison):
V ar[Nc (T ])∞ = hNc (T )2 i∞ − hNc (T )i2∞
= 2κ2c T

Z T 

!

hn̂c iss
hσ̂c+ (tss )σ̂c+ (tss + τ)σ̂c− (tss + τ)σ̂c− (tss )i −
dτ
2

0



+κc T hn̂c iss − κ2c T 2 hn̂c i2ss
=

2κ2c T



hσ̂c+ (tss )σ̂c+ (tss

+

τ)σ̂c− (tss

+

τ)σ̂c− (tss )i

hn̂c iss
−
2



hn̂c i2ss
−T
2

!

+κc T hn̂c iss
=

2κ2c T

Z T h
0

hσ̂c+ (tss )σ̂c+ (tss

+

τ)σ̂c− (tss

+

τ)σ̂c− (tss )i

−

hn̂c i2ss

+κc T hn̂c iss



!

dτ

(D.12)

Multiplying by the energy carried by each quantum of heat, ~ωc , we
recover the variance of the heat dissipated into the cold bath for long time
intervals T :
V ar[Qc (T )]∞ = (~ωc )2 2κ2 T

i

Z T h
0

hσ̂c+ (t)σ̂c+ (t + τ)σ̂c− (t + τ)σ̂c− (t)iss
i

−hσ̂c+ (t)σ̂c− (t)i2ss dτ
+κT

hσ̂c+ (t)σ̂c− (t)iss



.
(D.13)

Commutation relations for the field operators
The common field commutation relations used in the derivation of the
heat fluctuations are derived in Refs. [150, 224, 225]:

† 0
0


[â(t), â (t )] = δ(t − t )

(D.14)



[â(t), â(t0 )] = [â† (t), â† (t0 )] = 0

To summarize the derivation procedure, we shall consider the creation
operator of an excitation in the field decomposed over the wave vectors k:
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X
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Kk,l a†k,l e−(ik.r−ωk t)

(D.15)

k,l

where Kk,l is a proportionality constant, k is the wave vector associated
to the mode of frequency ωk and l the polarization. r and t indicate the
point in space-time at which the field is evaluated. The term in e±(iωk t )
arises from the time evolution of the given oscillator mode which reads:
a†k,l (t) = a†k,l (0)e−(iωk t) and ak,l (t) = ak,l (0)eωk t .
The commutator of the field operators thus satisfies:
[A+ (r, t), A− (r, t0 )] =

XX

=

XX

0 0

0

Kk,l Kk0 ,l0 [ak,l ei(k.r−ωk t) , a†k0 ,l0 e−i(k .r−ωk t ) ]

k,l k0 ,l0
0

0 0

Kk,l Kk0 ,l0 [ak,l , a†k0 ,l0 ]ei(k.r−ωk t) e−i(k .r−ωk t )

k,l k0 ,l0

(D.16)
where a†k0 ,l0 and ak,l are the usual bosonic creation and annihilation operators satisfying [ak,l , a†k0 ,l0 ] = δ(k, k0 ).
Assuming a fine k grid, the sum may be rewritten as an integral and, for r =
r0 , we recognize the Dirac delta function and recover [â(t), â† (t0 )] = δ(t−t0 ).
The same procedure can be followed to derive the second commutation
relation in Eq. (D.14).

Appendix E
Quantum thermoelectric
engine
—note on Glauber’s
photodetection theory
In this Appendix, we provide a quick introduction to Glauber’s photodetection theory [127] introduced in Sec. III.A.3.2.b.i.
The emission to/from one of the photon baths is a detection process.
As defined by Glauber [127] and described in Ref. [226], photon detectors
mostly rely on a photo-absorption process (a photon is absorbed and an
electron, which will be detected, is ejected by photo-electric effect for instance). Therefore, the detection process is a photon annihilation process.
This argument is foundation for Glauber’s theory of time and normal
ordering of photon creation and annihilation operators in the subsequent
detection of two photons at two different times.
If the field can be described by E(r, t) = E + (r, t) + E − (r, t) where
= (E − (r, t))† and E + (r, t) |0i = 0 is the photon annihilation
operator and the detector is ideal (negligible size, photo-absorption probability independent on the frequency), then the rate at which photons are
detected (i.e. the probability per time at which a photon of polarization µ
is absorbed at a point r and time t) is proportional to:
E + (r, t)
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X

| hf | Eµ+ (r, t) |ii |2 =

X

=

X

f

(hf | Eµ+ (r, t) |ii)† hf | Eµ+ (r, t) |ii

f

hi| Eµ− (r, t) |f i hf | Eµ+ (r, t) |ii

f

= hi| Eµ− (r, t)Eµ+ (r, t) |ii

(E.1)

where |ii is the initial state and |f i a final state where one photon has been
absorbed and hf | Eµ+ (r, t) |ii is the field matrix element for the transition.
Therefore, the detector measures hEµ− (r, t)Eµ+ (r, t)i.
If two detectors situated at r and r0 record photons are the respective
times t and t0 (t0 > t), then the detection rate is proportional to:
X

| hf | Eµ+ (r0 , t0 )Eµ+ (r, t) |ii |2 = hi| Eµ− (r, t)Eµ− (r0 , t0 )Eµ+ (r, t)Eµ+ (r0 , t0 ) |ii

f

(E.2)
The field can be described as a function of a and a† operators: Eµ+ (r, t) =
(Γa)(r, t) (see Ref. [225] for a proof of the proportionality between the field
vector and the ladder operators1 ). Thus, the detection rate is measured
by a† a and is proportional to, in the case of two photons being detected at
2 times t0 and t by the same detector:
hI(r, t0 )I(r, t)i =

X

| hf | (Γa)(r, t0 )(Γa)(r, t) |ii |2

f

= hi| (Γ† a† )(r, t)(Γ† a† )(r, t0 )(Γa)(r, t0 )(Γa)(r, t) |ii
= hi| (Γ† a† )(t)(Γ† a† )(t0 )(Γa)(t0 )(Γa)(t) |ii

(E.3)

ˆ t) = (Γa)(r, t0 )(Γa)† (r, t), the field intensity operator. One can
where I(r,
R
ˆ t)d3 r—with V a finite volume, the configuration
define n̂(V, t) = V I(r,
space photon number operator and show that [â†k,s âk0 ,s0 , n̂] = 0 (with k the
wave number and s the polarization) [224].
p

It is shown in Ref. [225] that: 4π 2 Ak,l,t = c hsk /νk ηk,l,t with Ak,l,t = Ak,l e2πiνk t
the dynamical component of the vector potential for wave vector k and polarization l ;
ηk,l,t the Heisenberg dynamical variable of the harmonic oscillator and sk the density of
discrete k values.
1

Appendix E · Quantum thermoelectric engine
—note on Glauber’s photodetection theory

223

If the state is described by a density matrix ρ, then Eq. E.3 becomes:
hI(t0 )I(t)i = T r[ρ(Γ† a† )(t)(Γ† a† )(t0 )(Γa)(t0 )(Γa)(t)].

(E.4)

Thus, the ordering of the operators that is relevant to a detection rate
is: all creation operators on the left and all annihilation operators on the
right with creation operators ordered by increasing time and annihilation
operators by decreasing time.
In our case, we consider an ideal detector able to count the excitations
and de-excitations from the corresponding qubits—with infinite detection area and adjoined to the qubit (see Refs. [225], [149] and [224] for
the derivation of the relation between the field vector and ladder operators).

Appendix F
Quantum thermoelectric
engine
—derivation of the two-time
correlations
In this Appendix, we derive the two-time correlation functions introduced
in Sec III.A.4.1

F.1

Hot bath–current correlations

The two-time correlations between the heat extraction from the hot bath
and the current through the junction is given by:
(2)
ˆ + τ )σ̂ + (t)i.
FhI (t, τ ) = hσ̂h− (t)I(t
h

(F.1)

Assuming that the system has reached steady state at the earliest time
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t, it can be expressed as:
(2)

FhI (t = tss , τ )

=
=
=
=

ˆ + τ )σ̂ + (t)iss
hσ̂h− (t)I(t
h
ˆ ss + τ )σ̂ + (tss )]
Tr[ρss σ̂ − (tss )I(t
h

h

ˆ ss + τ )σ̂ + ρss σ̂ − ]
Tr[I(t
h
h
hI
ˆ
Tr[I ρ̃ (tss + τ )]

= −ieEJ sin(2λh ) sin(2λc )
hI
×(ρ̃hI
1001 (tss + τ ) − ρ̃0110 (tss + τ ))

(F.2)

where ρ̃hI (tss + τ ) satisfies the master equation Eq. (III.A.2.5) and has the
initial condition:
ρ̃hI (tss ) = σ̂h+ ρss σ̂h− .

(F.3)

The infinite time limits are given by:
lim ρ̃hI (tss + τ ) = hσ̂h− σ̂h+ iss ρss

τ →∞

= (ρ0000,ss + ρ0011,ss )ρss

(F.4)

and:
(2)

lim FhI (tss , τ )

τ →∞

=

ˆ ss hσ̂ − σ̂ + iss
hIi
h h

=

−ieEJ sin(2λh ) sin(2λc )
×(ρ1001,ss − ρ0110,ss )(ρ0000,ss + ρ0011,ss ).
(F.5)

F.2

Current–cold bath correlations

The two-time correlation between the current through the junction and
the heat emission into the cold bath is given by:
(2)
+
−
ˆ
FIc (t, τ ) = hI(t)σ̂
c (t + τ )σ̂c (t + τ )i.

(F.6)

Assuming that the system has reached steady state at the earliest time,
it can be expressed as:
(2)

FIc (tss , τ )

=

+
−
ˆ
hI(t)σ̂
c (t + τ )σ̂c (t + τ )iss

=
=

ˆ ss )]
Tr[ρss σ̂c+ (tss + τ )σ̂c− (tss + τ )I(t
−
+
ˆ ss σ̂c (tss + τ )]]
Tr[σ̂c (tss + τ )Iρ

=

Tr[σ̂c− ρ̃Ic (tss + τ )σ̂c+ (tss + τ )]

=

Ic
ρ̃Ic
0011 (tss + τ ) + ρ̃1111 (tss + τ )

(F.7)
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where ρ̃Ic (tss + τ ) satisfies the master equation Eq. (III.A.2.5) and has the
initial condition:
ˆ ss .
ρ̃Ic (tss ) = Iρ

(F.8)

The infinite time limits are given by:
ˆ ss ρss
lim ρ̃Ic (tss + τ ) = hIi

τ →∞

= −ieEJ sin(2λh ) sin(2λc )(ρ1001,ss − ρ0110,ss )ρss
(F.9)
and:
lim FIc (tss , τ ) = hIˆ iss hσ̂c+ σ̂c− iss
(2)

τ →∞

= −ieEJ sin(2λh ) sin(2λc )
×(ρ1001,ss − ρ0110,ss )(ρ0011,ss + ρ1111,ss ).
(F.10)

F.3

Hot bath–cold bath correlations

The two-time correlation between the heat extraction from the hot bath
and the heat emission into the cold bath is given by:
(2)

Fhc (t, τ ) = hσ̂h− (t)σ̂c+ (t + τ )σ̂c− (t + τ )σ̂h+ (t)i.

(F.11)

Assuming that the system has reached steady state at the earliest time, it
can be expressed as:
(2)

Fhc (tss , τ ) = hσ̂h− (t)σ̂c+ (t + τ )σ̂c− (t + τ )σ̂h+ (t)iss
= hσ̂h− (tss )σ̂c+ (tss + τ )σ̂c− (tss + τ )σ̂h+ (tss )i
= Tr[σ̂c− (tss + τ )σ̂h+ ρss σ̂h− σ̂c+ (tss + τ )]
= Tr[σ̂c− ρ̃hc (tss + τ )σ̂c+ ]
hc
= ρ̃hc
0011 (tss + τ ) + ρ̃1111 (tss + τ )

(F.12)
where ρ̃hc (tss + τ ) satisfies the master equation Eq. (III.A.2.5) and has the
initial condition:
ρ̃hc (tss ) = σ̂h+ ρss σ̂h− .

(F.13)
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The infinite time limits are thus given by:
lim ρ̃hc (tss + τ ) = hσ̂h− σ̂h+ iss ρss

τ →∞

= (ρ0000,ss + ρ0011,ss )ρss

(F.14)

and:
(2)

lim Fhc (tss , τ ) = hσ̂h− σ̂h+ iss hσ̂c+ σ̂c− iss

τ →∞

= (ρ0000,ss + ρ0011,ss )(ρ0011,ss + ρ1111,ss ).
(F.15)

Appendix G
Quantum thermoelectric
engine
—derivation of the
three-time correlations
In this Appendix, we derive the three-time correlation functions described
in Sec III.A.4.2

G.1

Hot bath three-time correlations

G.1.a

Derivation

The three-time correlation of the emission from the hot bath in the system
of 2 qubits can be derived in a similar manner. It is given by:
(3)

Fhhh (t, τ1 , τ2 ) = hσ̂h− (t)σ̂h− (t + τ1 )σ̂h− (t + τ1 + τ2 )
×σ̂h+ (t + τ1 + τ2 )σ̂h+ (t + τ1 )σ̂h+ (t)i
(G.1)
Assuming that the system has reached steady state at the moment of
detection and following the method described previously:
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(3)

Fhhh (tss , τ1 , τ2 ) = hσ̂h− (t)σ̂h− (t + τ1 )
×σ̂h− (t + τ1 + τ2 )σ̂h+ (t + τ1 + τ2 )σ̂h+ (t + τ1 )σ̂h+ (t)iss
= Tr[ρss σ̂h− (tss )σ̂h− (tss + τ1 )σ̂h− (tss + τ1 + τ2 )
×σ̂h+ (tss + τ1 + τ2 )σ̂h+ (tss + τ1 )σ̂h+ (tss )]
= Tr[σ̂h + (tss + τ1 + τ2 )σ̂h + (tss + τ1 )σ̂h+ ρss σ̂h−
×σ̂h− (tss + τ1 )σ̂h− (tss + τ1 + τ2 )]
−
= Tr[σ̂h + (tss + τ1 + τ2 )σ̂h + ρ̃hhh
1 (tss + τ1 )σ̂h

×σ̂h− (tss + τ1 + τ2 )]
−
= Tr[σ̂h + ρ̃hhh
2 (tss + τ1 + τ2 )σ̂h ]
hhh
= ρ̃hhh
2,0000 (tss + τ1 + τ2 ) + ρ̃2,0011 (tss + τ1 + τ2 )

(G.2)
Where ρ̃hhh
1 (tss + τ1 ) satisfies the master equation Eq. (III.A.2.5) and
has the initial condition:
−
+
ρ̃hhh
1 (tss ) = σ̂h ρss σ̂h

(G.3)
Then :
−
−
+ hhh
σ̂h+ (tss + τ1 )ρ̃hhh
1 (tss + τ1 )σ̂h (tss + τ1 ) = σ̂h ρ̃1 (tss + τ1 )σ̂h

(G.4)
And ρ̃hhh
2 (tss + τ1 + τ2 ) satisfies the master equation and has for initial
condition:
−
+ hhh
ρ̃hhh
2 (tss + τ1 ) = σ̂h ρ̃1 (tss + τ1 )σ̂h

(G.5)
Then :
−
σ̂h+ (tss + τ1 + τ2 )ρ̃hhh
2 (tss + τ1 + τ2 )σ̂h (tss + τ1 + τ2 )
−
= σ̂h+ ρ̃hhh
2 (tss + τ1 + τ2 )σ̂h

(G.6)
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The infinite time limits are thus given by :
lim ρ̃hhh (tss
τ1 ,τ2 →∞ 2

+ τ1 + τ2 ) = hσ̂h− σ̂h+ i2ss ρss
= (ρ0000,ss + ρ0011,ss )2 ρss

And :
(3)

lim Fhhh (tss , τ1 , τ2 ) = hσ̂h− (t)σ̂h− (t + τ2 )σ̂h+ (t + τ2 )σ̂h+ (t)iss hσ̂h− σ̂h+ iss

τ1 →∞

(3)

lim Fhhh (tss , τ1 , τ2 ) = hσ̂h− (t)σ̂h− (t + τ1 )σ̂h+ (t + τ1 )σ̂h+ (t)iss hσ̂h− σ̂h+ iss

τ2 →∞

lim

(3)

τ1 ,τ2 →∞

Fhhh (tss , τ1 , τ2 ) = hσ̂h− σ̂h+ i3ss
= (ρ0000,ss + ρ0011,ss )3
(G.7)

G.1.b

Pure three-body contributions

(3)

Similarly to the derivation of gc,p , the pure three body contribution,
(3)
gh,p , can be derived for the emission from the hot bath correlations:
(3)

(3)

(2)

(2)

gh,p = 2 + gh (t, t + τ1 , t + τ1 + τ2 ) − gh (t, t + τ1 ) − gh (t, t + τ1 + τ2 )
(2)

−gh (t + τ1 , t + τ1 + τ2 )
(G.8)
Where, for t = tss :
(3)

(3)

gh (tss , tss + τ1 , tss + τ1 + τ2 ) =

Fhhh (tss , τ1 , τ2 )
hσ̂h− σ̂h+ i3ss

(G.9)

And, for ti ≥ tss :
(2)

gh (ti , ti + τj ) =

hσ̂h− (ti )σ̂h− (ti + τj )σ̂h+ σ̂h− (ti + τj )σ̂h+ (ti )i
hσ̂h− σ̂h+ i2ss
(G.10)
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G.2

Hot bath–current–cold bath three-time
correlations

G.2.a

Derivation

The three time correlations of the detection of emission from the
hot bath (at t = tss ) then current (at t + τ1 ) and finally the detection of
emission into the cold bath (at t + τ1 + τ2 ) are given by:
(3)

FhIc (tss , τ1 , τ2 ) = hσ̂h− (t)σ̂c+ (t + τ1 + τ2 )
ˆ + τ1 )σ̂ + (t)iss
×σ̂c− (t + τ1 + τ2 )I(t
h

= Tr[ρss σ̂h− (tss )σ̂c+ (tss + τ1 + τ2 )σ̂c− (tss t + τ1 + τ2 )
ˆ ss + τ1 )σ̂ + (tss )]
×I(t
=
=
=
=

h
−
ˆ ss + τ1 )σ̂ + ρss σ̂ −
Tr[σ̂c (tss + τ1 + τ2 )I(t
h
h
×σ̂c+ (tss + τ1 + τ2 )]
ˆ ss + τ1 )ρ̃hIc
Tr[σ̂c− (tss + τ1 + τ2 )I(t
1 (tss + τ1 )
+
×σ̂c (tss + τ1 + τ2 )]
Tr[σ̂c− (tss + τ1 + τ2 )ρ̃hIc
2 (tss + τ1 + τ2 )
+
×σ̂c (tss + τ1 + τ2 )]
hIc
ρ̃2,0011 (tss + τ1 + τ2 ) + ρ̃hIc
2,1111 (tss + τ1 + τ2 )

(G.11)
Where ρ̃hIc
1 (t + τ1 ) satisfies the master equation Eq. (III.A.2.5) and
has the initial condition :
−
+
ρ̃hIc
1 (tss ) = σ̂h ρss σ̂h

(G.12)
Then :
ˆ ss + τ1 )ρ̃hIc (tss + τ1 ) = Iˆρ̃hIc (tss + τ1 )
I(t
1
1
(G.13)
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And ρ̃hIc
2 (tss + τ1 + τ2 ) satisfies the master equation Eq. (III.A.2.5) and
has the initial condition :
ˆ hIc
ρ̃hIc
2 (tss + τ1 ) = I ρ̃1 (tss + τ1 )
(G.14)
Then :
+
σ̂c− (tss + τ1 + τ2 )ρ̃hIc
2 (tss + τ1 + τ2 )σ̂c (tss + τ1 + τ2 )
+
= σ̂c− ρ̃hIc
2 (tss + τ1 + τ2 )σ̂c

(G.15)
The infinite time limits are given by :
lim ρ̃hIc (tss
τ1 ,τ2 →∞ 2

ˆ ss ρss
+ τ1 + τ2 ) = hσ̂h− σ̂h+ iss hIi
= [ρ0000,ss + ρ0011,ss ][−ieEJ sin(2λh ) sin(2λc )
×(ρ1001,ss − ρ0110,ss )]ρss
(G.16)

And :
(3)
ˆ ss hσ̂ − σ̂ + iss
lim FhIc (tss , τ1 , τ2 ) = hσ̂c+ (t + τ2 )σ̂c− (t + τ2 )I(t)i
h h

τ1 →∞

(3)
ˆ + τ1 )σ̂ + (t)iss hσ̂ + σ̂ − iss
lim FhIc (tss , τ1 , τ2 ) = hσ̂h− (t)I(t
c c
h

τ2 →∞

lim

τ1 ,τ2 →∞

ˆ ss hσ̂ + σ̂ − iss
FhIc (tss , τ1 , τ2 ) = hσ̂h− σ̂h+ iss hIi
c c
(3)

= [ρ0000,ss + ρ0011,ss ]
×[−ieEJ sin(2λh ) sin(2λc )(ρ1001,ss − ρ0110,ss )]
×[ρ0011,ss + ρ1111,ss ]
(G.17)

G.2.b

Pure three-body contributions
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(3)

(3)

Similarly to the derivation of gc,p , ghIc,p can be derived for the hotcurrent-cold correlations:
(3)

(3)

(2)

(2)

ghIc,p = 2 + ghIc (t, t + τ1 , t + τ1 + τ2 ) − ghI (t, t + τ1 ) − ghc (t, t + τ1 + τ2 )
(2)

−gIc (t + τ1 , t + τ1 + τ2 )

(G.18)

Where, for t = tss :
(3)

(3)

ghIc (tss , tss + τ1 , tss + τ1 + τ2 ) =

FhIc (tss , τ1 , τ2 )
− +
ˆ ss hσ̂c+ σ̂c− iss
hσ̂ σ̂ iss hIi
h

h

(G.19)
And, for ti ≥ tss :

(2)

ghI (ti , ti + τj ) =

ˆ i + τj )σ̂ + (ti )i
hσ̂h− (ti )I(t
h
ˆ ss hσ̂ − σ̂ + iss
hIi
h

h

(G.20)

(2)

ghc (ti , ti + τj ) =

hσ̂h− (ti )σ̂c+ (ti + τj )σ̂c− (ti + τj )σ̂h+ (ti )i
hσ̂c+ σ̂c− iss hσ̂h− σ̂h+ iss
(G.21)

(2)

gIc (ti , ti + τj ) =

ˆ i )i
hσ̂c+ (ti + τj )σ̂c− (ti + τj )I(t
ˆ ss hσ̂c+ σ̂c− iss
hIi
(G.22)

Appendix H
Quantum thermoelectric
engine
—derivation of the time
evolution of the measured
engine
In this Appendix, we derive the analytical solution to the time evolution
of the both-side measured system described in Sec III.B.4.1

H.1

Derivation of the time evolution

We recall the matrix form of the master equation (Eq. (III.B.2.12)) for the
bath-free engine, measured both on the cold and hot sides:
hc
ρ̂˙ hc
v (t) = Lρ̂v (t)

(H.1)

where ρ̂hc
v is given by:
ρ̂hc
= (ρ0000
v

ρ0001

ρ0100

ρ0101

ρ0010

ρ0011

ρ0110

ρ0111

···

···

ρ1000

ρ1001

ρ1100

ρ1101

ρ1010

ρ1011

ρ1110

ρ1111 )T
(H.2)
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Setting X = −i E2J sin(2λh ) sin(2λc ), L is given by:
0

0

0

0



0
0


0 −X

0
0

0
0

0
0


0
0

0
0
L=
0
0


0
0

0
0

0
0

0
0


0
0

0
0

0
−X
0
0
0
0
0
0
0
0
0
0
0
0
0
0

0 0
0
0
0 0
0
0 0
0
0
0 0
0
0 0
0
0
0 0
0
0 0
0
0
0 0
0
0 0
0
0
0 X
0
0 0
0
−X 0 0
X
0 0 −X
0
0 0
0
0 0
0
0
0 0
0
···
0 X
0
0
0 0
0
0 0
X
0
0 0
0
0 0
0
X
0 0 −X
0 0
0
0
X 0
0
0 0
0
0
0 0
0
0 0
0
0
0 0
0
0 0
0
0
0 0
0
0 0
0
0
0 0
0
0
0 0
0
0
0
0
0 0
0
0
0


0
0 0
0
0
0

0
0 0
0
0
0

0
0 0
0
0
0

0
0 0
0
0
0


X
0 0
0
0
0

···
0
X 0
0
0
0

0
0 0
0
0
0

−X 0 0
0
0
0


0
0 0
0
0
0

0
0 0
0
0
0

0
0 0
0
0
0


0
0 0
0
−X 0

0
0 0 −X
0
0
0
0 0
0
0
0
(H.3)


L is a time independent matrix, and the general form of the solution
to this equation is given by:
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Lt hc
ρ̂hc
v (t) = e ρ̂v (0).

(H.4)

Since L is a normal (i.e. satisfying LL† = L† L) 16 × 16 matrix, it
is diagonalizable per application of the spectral theorem [227] and can
therefore be written as:
L = P ΛP † ,

(H.5)

where P is a unitary matrix with its columns being the orthonormal
eigenvectors li (li,1 , ..., li,16 ) of L, and Λ the diagonal matrix of corresponding eigenvalues λi (with i ∈ J1, 16K).
Then, Eq. (H.4) becomes:
†

P ΛP t hc
ρ̂hc
ρ̂v (0).
v (t) = e

(H.6)

Using the the property P P † = P † P = 1:

eP ΛP

†t

=
=
=

+∞
X

(P ΛP † t)n
n!
n=0
+∞
X

(P ΛtP † )n
n!
n=0
+∞
X

P (Λt)n P †
n!
n=0

= P eΛt P †

(H.7)

Using the same explicit expansion of the exponential function, we can
recover the property:
 λ t
e 1

 0

 .
Λt
e =
 ..
 .
 .
 .

0

0 ··· ···
..
. 0 ···
.
· · · .. · · ·
.
· · · · · · ..
··· ···

0

0











0 

0
..
.

eλ16 t

(H.8)
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Eq. (H.6) explicitly reads:


l1,1
 .
 ..

 .
hc
ρ̂v (t) = 
 ..
 .
 .
 .
l16,1

e λ1 t 0
l16,1


..  
..
.
.  0

.. 
  ..
···
.  .

.. 
  ..
···
.  .
· · · · · · · · · l16,16
0 ···


··· ··· ···
..
. ··· ···
.
· · · .. · · ·
.
· · · · · · ..

 ∗
l1,1
 .
 ..

 .
×
 ..
 .
 .
 .

··· ··· ···
..
. ··· ···
.
· · · .. · · ·
.
· · · · · · ..

··· ···

0

0 ···
..
. ···
.
· · · ..

0
..
.

···

0











0 

eλ16 t

  hc 
∗
l16,1
ρ1 (0)
 . 
.. 
 . 
. 
 . 


..  
 . 
.   ..  ,


.. 
  .. 
.  . 

∗
∗
l16,1
· · · · · · · · · l16,16

ρhc
16 (0)

(H.9)
and, after a few matrix multiplications, it simplifies to:
λ1 t
ρ̂hc
l1
v (t) = e

16
X

∗ hc
l1,i
ρi (0) + · · · + eλ16 t l16

16
X

∗
l16,i
ρhc
i (0)

i=1

i=1

(H.10)
From this we obtain the decomposition:
ρ̂hc
v (t) =

16
X

ri eλi t li

(H.11)

i=1

H.2

Derivation of the periodic steady state

We recall the equation satisfied by the periodic steady state (Eq. III.B.4.4):
hc
ρ̂hc
p (t + Tcycle ) = Û(τ2 , τ1 )M̂2 Û(τ1 , t)M̂1 ρ̂p (t)

= ρ̂hc
p (t)

|



1 − Û(τ2 , τ1 )M̂2 Û(τ1 , t)M̂1 ρ̂hc
p (t) = 0
{z

}

Ξ̂(τ1 ,τ2 ,t)

(H.12)

H.2 Derivation of the periodic steady state

239

We set t = 0 at the moment right before the first measurement. After
the measurement is performed, the state of the system is given by ρ̂hc
v,1 (0) =
hc
M̂1 ρ̂v (0). It is decomposed on the basis of eigenvectors of L in order to
evaluate it at the time right before the second measurement:

ρ̂hc
v,1 (t1 ) =

16
X

ri,1 eλi t li

(H.13)

i=1

with:
ri,1 = li ∗ · ρ̂hc
v,1 (0).

(H.14)

Then, after the application of the second measurement, the density
hc
matrix becomes: ρ̂hc
v,2 (t1 ) = M̂2 ρ̂v,1 (t1 ) and after the evolution time t2 it is
given by:

ρ̂hc
v,2 (t1 + t2 ) =

16
X

ri,2 eλi t li

(H.15)

i=1

with:
ri,2 = li ∗ · ρ̂hc
v,2 (t1 ).

(H.16)

This succession of operations (Eqs. (H.13) to (H.16)) gives the explicit
effect of the periodic operator 1− Ξ̂(t, τ1 , τ2 ) = Û(τ2 , τ1 )M̂2 Û(τ1 , t)M̂1 from
Eq. (H.12).
hc
hc
A periodic solution, satisfying ρ̂hc
p (t) = ρ̂v,2 (t1 + t2 ) = ρ̂v (0), is then
analytically calculated1 by finding the eigenvectors of Ξ̂(t, τ1 , τ2 ). As the
operations described are not trace preserving, we normalize the solution
by its trace. The normalized solution verifies Eq. (H.12) as well.
1

Ξ̂ was calculated with help from the Mathemetica software and its kernel was
calculated using Matlab.
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Inverse of a matrix of orthogonal eigenvectors

One can note that if the eigenvectors are orthogonal but not orthonormal,
the following relation is satisfied instead of Eq. (H.5):
L = P ΛP −1

(H.17)

P −1 can be recovered from P † by dividing the coefficients relative to
each eigenvector by their respective norm.
Let us consider a 3 × 3 matrix K of complex orthogonal vectors
a(a1 , a2 , a3 ), b(b1 , b2 , b3 ) and c(c1 , c2 , c3 ):




a1 b1 c1


K = a2 b2 c2 
a3 b3 c3

(H.18)

We call Ni the norm of the vector i ∈ {a, b, c}. It is given by: Ni =
f then reads:
i1 i∗1 + i2 i∗2 + i3 i∗3 . The orthonormal matrix K

p

a

1
Na



a
2
f
K=
 Na


a3
Na

b1
Nb

c1
Nc

b2
Nb



c2 

Nc 



b3
Nb



(H.19)

c3
Nc

f−1 satisfies K
f−1 = K
f† and K
fK
f† = K
f† K
f = 1. Explicitly we
Then, K
have:

H.3 Inverse of a matrix of orthogonal eigenvectors

a

1

Na

fK
f† =
K



a
 2
 Na


a3
Na

  a∗

b1
Nb

c1
Nc

b2
Nb



 ∗
c2 
  b1
Nc   Nb



b3
Nb

1

Na

c∗1
Nc

c3
Nc

a∗2
Na

a∗3 
Na

b∗2
Nb

b∗3 

Nb 

c∗2
Nc

c∗3
Nc
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(H.20)

=

 a a∗
b1 b∗1
c1 c∗1
1 1
2 + N2 + N2
N
c
 a
b


∗
∗
 a2 a∗1
 2 + b2 b21 + c2 c21
 Na
Nc
Nb


 a a∗
b b∗
c c∗
3 1

Na2

+

3 1
Nb2

+

3 1

Nc2

a1 a∗2
Na2

+

b1 b∗2
Nb2

+

c1 c∗2
Nc2

a1 a∗3
Na2

a2 a∗2
Na2

+

b2 b∗2
Nb2

+

c2 c∗2
Nc2

a2 a∗3
Na2

a3 a∗2
Na2

+

b3 b∗2
Nb2

+

c3 c∗2
Nc2

Na2

+

b1 b∗3
Nb2

+

c1 c∗3
Nc2 







+
+




∗
∗
∗
b3 b3
c3 c3
a3 a3
c2 c∗3
Nc2

b2 b∗3
Nb2

+

Nb2

+

Nc2

(H.21)
Which allows us to see that the inverse of K is given by:
 a∗

1
Na2



 ∗
b
K −1 =  N12
 b

 ∗
c1
Nc2

a∗2
Na2

a∗3 
Na2

b∗2
Nb2

b∗3
Nb2

c∗2
Nc2

c∗3
Nc2










(H.22)

Appendix I
Quantum thermoelectric
engine
—Measurement matrices for
the no-bath system
In this Appendix, we provide the matrix form of the measurement operators for the both-side measured system described in Sec III.B.2.2.b
The measurement operators for the hot side {P̂h+ , P̂h− } are given by:
P̂h+

≡
=

P̂ + ⊗ 1C

cos2 α

 iφ 0
e cos α sin α
0

0
cos2 α
0
eiφ cos α sin α

e−iφ cos α sin α
0
sin2 α
0


0
e−iφ cos α sin α
,

0
2
sin α
(I.1)

P̂h−

≡ P̂ − ⊗ 1C

sin2 α

0
= 
−eiφ cos α sin α
0

0
sin2 α
0
−eiφ cos α sin α

−e−iφ cos α sin α
0
cos2 α
0


0
−e−iφ cos α sin α
.

0
2
cos α
(I.2)
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And for the cold side {P̂c+ , P̂c− } are given by:
P̂c+

≡
=

1H ⊗ P̂ +

cos2 α
eiφ cos α sin α


0
0

e−iφ cos α sin α
sin2 α
0
0

0
0
cos2 α
eiφ cos α sin α


0

0
,
−iφ
e
cos α sin α
sin2 α
(I.3)

P̂c−

≡ 1H ⊗ P̂ −

sin2 α
−eiφ cos α sin α
= 

0
0

−e−iφ cos α sin α
cos2 α
0
0

0
0
sin2 α
−eiφ cos α sin α


0

0
.
−iφ
−e
cos α sin α
cos2 α
(I.4)

Wahrscheinlichkeitsrechnung, respective den Sätzen über das Wärmegleichgewicht (Kk Hof-und Staatsdruckerei, 1877).
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