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English summary
Electrons, with their tiny masses, zip around in atomic and molecular
systems at breakneck speeds. In order to follow this movement on the
natural timescale of the electrons, extremely short pulses of light must be
employed. The capability of producing these pulses was realized at the turn
of the millennium, marking the birth of attosecond science. Conceptualizing
the briefness of an attosecond can be challenging, as the attosecond is to a
millisecond what a hair’s breadth is to the distance between the Earth and
the Sun. The extreme temporal precision that can be accessed with these
pulses has truly opened up the realm of electronic processes for exploration.
In this PhD thesis, we apply the method of attosecond transientabsorption spectroscopy (ATAS) in the study of electrons in atoms and
molecules. In this modern technique, two pulses—coordinated with attosecond accuracy—propagate toward the system of interest, and the
subsequent response of the system is recorded. The results are displayed
in rich spectrograms, where each feature is a signature of a dynamical
electronic process having occurred in the system; the interpretation of
these features constitutes the main focus of this thesis. By implementing
standard numerical methods in conjunction with models based on an assumption of adiabaticity, we gain a new perspective on some of the most
ubiquitous features in ATAS. As we extend our study to polar molecules—
largely unexplored in the context of ATAS—we see both a new feature
in the spectrum, and well-known features appearing in unconventional
settings.
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Dansk resumé
(Danish summary)
Med deres små masser farer elektroner rundt i atomare og molekylære systemer med halsbrækkende hastigheder. For at kunne følge denne bevægelse
på elektronens naturlige tidsskala må man anvende ekstremt korte lyspulser.
Det blev muligt at realisere disse pulse i starten af det nye årtusinde, og
dette markerede fødslen af attosecond science. At konceptualisere hvor
kort et attosekund er, kan være udfordrende, da et attosekund er for et millisekund som en hårsbredde er for distancen mellem solen og jorden. Den
ekstreme tidspræcision man får adgang til med disse pulser, har virkelig
åbnet op for udforskningen af elektroniske processer.
I denne PhD-afhandling benytter vi metoden attosecond transientabsorption spectroscopy (ATAS) til studiet af elektroner i atomer og
molekyler. Denne moderne teknik benytter to pulser—koordineret med
attosekunds nøjagtighed—som sendes ind mod systemet af interesse, og
den efterfølgende respons bliver detekteret. Resultaterne bliver udforsket i indholdsrige spektrogrammer, hvor hvert element er en signatur af
en dynamisk process, der er foregået i systemet. Tolkningen af disse elementer udgør hovedfokuset i denne afhandling. Ved at implementere
gængse numeriske metoder sammen med modeller baseret på en antagelse
om adiabatisitet, får vi et nyt perspektiv på nogle af de mest velkendte
elementer i ATAS. Når vi udvider studiet til polære molekyler, som er stort
set uudforskede indenfor ATAS, ser vi både et nyt element og tidligere
studerede elementer i ukonventionelle sammenhænge.

ii

Preface
This dissertation encompasses the work I have done during my PhD studies
at the Department of Physics and Astronomy, Aarhus University, Denmark,
from December 2015 to November 2018. These studies were carried out
under the supervision of Professor Lars Bojer Madsen.

Notation
Atomic units (me = e = ~ = 4π0 = 1) are used throughout the thesis,
unless stated otherwise. log refers to the natural logarithm. In certain location, where appropriate, explicit indication of dependencies in expressions
is omitted, for the sake of brevity.
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Chapter

Introduction
ight has fascinated humans for millennia, with perhaps the oldest
recorded studies on the subject found in the writings of the luminaries
of ancient Greece. In more recent centuries, great strides were made in
our knowledge of light by contemporaries Isaac Newton and Christiaan
Huygens, who held seemingly contradictory views on the nature of light—
Newton claiming light consisted of particles and Huygens subscribing to
a wave theory of light. At the turn of the 18th century Thomas Young
entered the fray, and ostensibly settled the matter convincingly with his
double-slit experiment, where the wave nature of light was demonstrated
by the wave interference phenomenon.
Another major breakthrough followed in the 1860s, with the publication
of a seminal set of equations by James Clerk Maxwell; the equations
that lie at the heart of classical electromagnetism. As the 20th century
was approaching, in one of the first formal descriptions of light-matter
interaction, Johann Jakob Balmer devised a formula which predicted
the wavelengths of light emitted from a hydrogen gas. Why only light
corresponding to a discrete set of wavelengths is emitted from such a
gas was not fully understood until the concerted efforts of a number
brilliant physicists had lead to the quantum theory, in the 1920s. Major
developments that paved the way for this theory include the resolution of
the ultraviolet catastrophe by Max Planck, by assuming that light could
only be emitted or absorbed in discrete packets (now known as photons);
the photoelectric effect, discovered by Albert Einstein; the Bohr model of
the atom, proposed by Niels Bohr; and the development of the formalism of
quantum mechanics, by Heisenberg, Born, Schrödinger, Dirac, and others.
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1.1 Ultrafast Processes

1.1

2

Ultrafast Processes

One field which owes its current existence to our understanding and
command of light, is the study of ultrafast processes. In the observation
of any process, the time resolution with which we can resolve the process
is fundamentally limited by our ability to generate light pulses of lengths
on a similar scale to the process itself. In the macroscopic world, the
failure of meeting this condition is experienced by the photographer whose
picture is blurred, as her exposure time is slow compared to the movement
of her subject. This limitation has spurred the development of lightsources capable of producing ever-shorter pulses of light, with the goal of
understanding ultrafast processes such as molecular- and electronic motion,
which occur on timescales ranging from picoseconds (10−12 s) down to
attoseconds (10−18 s). With today’s technology these regimes of time are
accessible, owing to an awesome development in light generation that can
be traced back to the revolutionary invention of the laser in the 1960s [4, 5].
Attosecond science is the field at the frontier of ultrafast dynamics [6–9].
It is in large part dedicated to the study of electron dynamics, which can
take place over extremely short periods of time due to the small mass
of the electron. The birth of this relatively young field was marked by
the generation of the first attosecond-scale pulse in 2001 [10], which was
made possible by the maturing of high harmonic generation (HHG) [11–14]
technology. In HHG a nonlinear process takes place, in which intense light of
a certain frequency is fixed upon a target (e.g. a gas), whereupon the target
emits light with frequencies at multiples (harmonics) of the incoming laser
pulse—typically reaching frequencies in the extreme ultraviolet (XUV) or
soft X-ray [15] regimes. In the last 17 years the groundbreaking advances
made in attosecond science include attosecond streaking [16, 17], used
to characterize attosecond pulses; real time observation and control of
electron dynamics [18–21]; timing of photoemission processes in atoms
and molecules [22–26], which were shown to be—contrary to previous
assumptions—non-instantaneous; and the real time observation of the
emergence of a Fano resonance in He [27].
One of the more recent techniques to emerge within attosecond science
is attosecond transient-absorption spectroscopy (ATAS) [28–30], which is
based on a pump-probe technique. In the typical pump-probe type setup,
two pulses are incident upon a target; one is designated the pump pulse and
initiates dynamics in the target, whereas the other is designated the probe
pulse and its interaction with the target is recorded and yields information
about the dynamics of the system. In this scenario, time-resolution is
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obtained by varying the delayed incidence of one pulse with respect to the
other—this delay, denoted τ , can be precisely controlled, and a scan over
a range of delays can provide the basis for a comprehensive account of the
time-dependent dynamics of the interaction.

1.2

Attosecond Transient-absorption Spectroscopy

ATAS is a wholly optical method, in which an attosecond pulse acts in
conjunction with a femtosecond pulse to induce dynamics in a target
system. The resulting time-dependent dipole moment of the system gives
rise to a generated field, which in turn interferes with the original incoming
attosecond pulse. The interference signal which arises due to this interplay
carries the imprint of the ultrafast dynamics of the system, and is recorded
by a detector in a time-integrated manner. Repeating the process for
a number of time delays in a given range, enables the creation of rich
spectrograms, from which we can infer valuable insights into the electronic
and nuclear dynamics of the system. In Chapters 3 and 4, a number of
such spectra will form a considerable part of the basis for our analysis and
discussion.
What we refer to in the previous paragraph as an attosecond pulse,
is in ATAS typically an ultraviolet (UV) pulse with a broad spectral
bandwidth, which is capable of populating a number of excited states
via single-photon absorption. What we refer to as a femtosecond pulse
typically has frequencies in the infrared (IR) regime, and thus consists of
a narrower band of low-frequency components. The conceptual picture
we often use for the IR pulse is as a dressing field, which mixes adjacent
atomic or molecular states that have already been excited in the system
by the UV pulse. Typically, the two pulses pulses can be more precisely
categorized as lying in the XUV and near infrared (NIR) subregions of the
spectrum, and we will use the more specific designations where appropriate.
Unlike in the general pump-probe setup described previously, there is in
ATAS some ambiguity concerning the pump- and probe labels, which we
bypass by exclusively using UV/XUV or IR/NIR labels for the pulses.
Studies which involve ATAS have contributed significantly to our understanding of processes related to electronic and nuclear dynamics in
systems of varying complexity [31, 32]. In atoms, ATAS has been applied
in the investigation of autoionization processes and Rydberg states in
Ar [33, 34] and He [35–37]; in the generation and control of wave packets in
He [38, 39] and Kr [40]; in the observation of strong field driven dynamics
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and ionization in Xe [41, 42]; and in the investigation of Auger processes
in highly excited states of C [43] and Kr [44]. In addition to these, some
studies rely on model systems consisting of a subset of atomic states from
a given system, e.g., Rb [45–47].
In the last few years, molecules have also been scrutinized both experimentally and theoretically, with an emphasis on homonuclear diatomic
molecules such as H2 [48], N2 [49, 50], and O2 [51]; with studies conducted
on the effect of nuclear dynamics on bound electrons [52], autoionizing effects [53], and on the effect of the presence of a conical intersection between
the energy surfaces in diatomic system [54]. ATAS has also been applied
to polyatomic molecules [55], semiconductors [56–59], dielectrics [60, 61],
and to dense gases [62, 63], where in the latter propagation effects become
a significant factor.
The spectrograms briefly described in the start of the present section
are characterized by an assortment of spectral signatures which originate
in physical electronic processes. We refer to these signatures here and
throughout the thesis simply as features. These features comprise the basic
information on which all analysis in ATAS is based, and they are heavily
dependent on the nature and properties of the system and incoming
laser fields. Some of the more ubiquitous features include oscillating
fringes arising due to dressing of states by the IR pulse [64–66]; hyperbolic
sidebands enveloping the absorption lines of the spectra—associated with
perturbed free-induction decay [67–69]; light-induced structures (LIS)
capturing the presence of virtual states acting as intermediaries in multiphoton processes, where population is transferred to dark states from
the ground state [70, 71]; and modification, splitting, or distortion of
absorption line shapes [72–75], e.g. categorized as Stark shifts [76, 77]
or Autler-Townes splitting [78–80]. The varied and burgeoning collection
of systems and processes analyzed with ATAS underscores the general
versatility of the method.
These features, and their underlying processes, are the main focus of
this thesis. One of the motivating factors behind this was the recognition
that a more unambiguous description of the features could be a useful
addition to the existing literature. In Ref. [1], we took a new approach
in the study of the features, which was based on a three-level atomic
system expressed in adiabatic basis states. From this ansatz we derived
analytical expressions describing several of the most common features,
which were used to understand both the origins of the features and exactly
how the components of each feature depended on the properties of the
system and the ultrafast pulses. In Ref. [2], we extended our studies
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to polar molecules—a class of molecules largely unexplored by ATAS.
The calculated spectra of these molecules exhibit both a new, previously
unobserved, ladder structure, and LISs appearing at energies forbidden in
nonpolar systems; we showed how these findings were directly related to
the presence of a nonzero permanent dipole in the system.

1.3

Thesis Outline

In Chapter 2 an introduction to the theory behind ATAS is given. This
is followed by descriptions of the main components that are required to
generate an ATAS spectrum; in particular, the time-dependent dipole moment of atomic and molecular systems. The Hamiltonian of the respective
systems are then defined, followed by a review of the numerical methods
required to solve the time-dependent equations. We also consider the
complex absorbing potential, which protects against unphysical reflections
at the boundary of the simulation box, and show how to use imaginary
time propagation to obtain the ground state of the system. Finally, we
discuss the window function, which is used to manually induce dephasing
into the system.
In Chapter 3 we describe our work on atomic ATAS, and we start
by introducing some of the main features in the ATAS spectrogram, to
prepare the reader for the deeper analysis that follows. We use the
numerical methods of Chapter 2 to compare calculations where we have
used two different numbers of basis states of He, in order to validate the
use of three basis states in the adiabatic model that follows. This model
is then constructed, and we proceed to build upon it in order to derive
fully analytical expressions corresponding to each of the three features: the
LISs, SBs and fringes. We then compare the spectra, with a focus on each
individual feature, as they are calculated by each of our methods. At the
end of Chapter 3, we consider some other common features of the ATAS
spectrogram, which were not integrated into the adiabatic model.
Chapter 4 contains our work on molecular ATAS, and starts with comparing molecular to atomic ATAS, by outlining the new factors that must
be taken into account, such as nuclear motion and orientation with respect
to the field. Next, we present the system and field properties, where we
have used the polar molecule LiF to exemplify the theory. We numerically
calculate ATAS spectra with the methods of Chapter 2, compare spectra
with and without the permanent dipoles that are inherent in LiF, and
discuss the findings. We then go on to supplement the numerical calcu-
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lations with an adiabatic model, which is based on similar assumptions
to the model in Chapter 3, and derive expressions that allow us to better
understand the features. Finally, we consider how the arrangement of the
molecules with respect to the fields affect the ATAS spectra.
In Chapter 5 we present the main conclusions of the thesis, and suggest
possible directions for further research.

Chapter

Theory and Methodology
n this chapter we present the theory on which subsequent chapters are
based, along with various methods we have employed. The material
presented in the chapter is not, however, exhaustive with respect to what
could be classified as theory, as we reserve parts of that for Chapters 3 and
4. Presenting certain parts of the theory in the specific context in which it
is applied will be meaningful in terms of conveying our understanding of
the relevant ATAS features.
The chapter starts in Section 2.1 with an introduction to the response
function, which is the central equation in theoretical ATAS, expressing
the spectroscopic response of a system subject to ultrafast pulses, as
described in Chapter 1. A crucial component in the response function is
the time-dependent dipole moment, which is the subject of Section 2.2, with
subsections dedicated individually to atoms and molecules. In Section 2.3
we characterize the time-dependent Hamiltonians governing the atomic
and molecular systems, and describe the electric fields used throughout
the thesis. Then, in Section 2.4, we introduce several numerical concepts,
including the implementation of the time propagation scheme, which
involves the time-evolution operator and the split step method; the complex
absorbing potential, which alleviates potential problems stemming from
finite simulation boxes; and backwards imaginary time propagation, used
to determine ground states. The chapter concludes with the presentation
of the window function, in Section 2.5.

I

7

2

2.1 The Response Function

2.1

8

The Response Function

The essence of ATAS lies in the description of the interaction between an
extremely short pulse, and the field created by the induced dipole moment
in the target system upon which this pulse is incident. The present
section gives a summarized version of the derivation of an expression
referred to as the response function, which serves as a time-integrated
representation of this interaction. Rigorous and comprehensive derivations
of the response function can be found in Ref. [81], or in the thesis [82].
Given the availability of sources on this topic, we content ourselves with
relaying the most important aspects of the derivation.
In Chapter 1 we described the typical ATAS setup, where two pulses are
incident upon a target system. The arrival of these two pulses is separated
by a delay τ with respect to the two temporal pulse centers. As a matter
of convention, in the following—and throughout the thesis—the IR pulse
center will be fixed at time tc,IR = 0, with the UV pulse centered at time
tc,UV = τ .
We also note that all fields employed in this thesis can be characterized as being of low- to moderate intensity, ranging from the order of
I ∼ 107 W/cm2 to I ∼ 1012 W/cm2 . Despite this characterization, the
intensities put the fields well within the scope of the typical semiclassical
approximation, in which the fields are treated classically, and only the
target system is given a full quantum mechanical treatment.
As described in Chapter 1, the signal acquired by the detector corresponds to a combination of the frequency-resolved fields—one from the
incoming UV pulse and one generated by the system. We make the approximation that the fields are plane waves which propagate in the x-direction.
Evaluating the signal, S(ω, τ ), in the asymptotic limit where x tends to
infinity, we can express it as [83]
S(ω, τ ) = F̃in (ω, τ ) + F̃gen (ω, τ )
h

2

i

= |F̃in (ω, τ )|2 + 2 Re F̃in∗ (ω, τ )F̃gen (ω, τ ) + |F̃gen (ω, τ )|2 ,

(2.1)

where F̃in (ω, τ ) and F̃gen (ω, τ ) are the frequency-resolved incoming and
generated fields, respectively. As mentioned, the τ variable represents the
temporal delay between the centers of the incident UV and IR pulses, and ω
is the angular frequency. The tilde denotes Fourier transformed quantities.
In this thesis, we adhere to the following notation and convention for
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Fourier transforms
1
F [f (t)] (ω) = f˜(ω) = √
2π

Z∞

dt f (t)e−iωt .

(2.2)

−∞

Equation (2.1) can be simplified by recognizing that the |F̃in (ω, τ )|2
term cannot yield any information about the dynamics of the system, and
noting that the |F̃gen (ω, τ )|2 term will be comparatively small due to the
relatively low amplitude of the generated field; we neglect both, and are
left with
h
i
S(ω, τ ) = 2 Re F̃in∗ (ω, τ )F̃gen (ω, τ ) ,
(2.3)
which we refer to as the response function. Here and throughout the thesis
we will assume that F̃in is linearly polarized in the z-direction, and thus
only the z-components of F̃in and F̃gen need to be considered. Consequently,
we drop vector notation in the following, and scalar quantities should be
understood to refer to z-components.
The next step is to relate F̃gen to an observable of the system, namely
the dipole moment. We proceed by assuming that an approximate solution
can be obtained by considering only a single atom or molecule—depending
on the situation—as our target. This single-system assumptions allows
us to circumvent the formidable computational task of accounting for
propagation effects in a target medium [84], and has been shown to be
valid for sufficiently dilute gases [70]. In an atomic or molecular gas
the expectation value of the dipole moment, hd(t, τ )i, is related to the
polarization of the system, P (t, τ ), through
P (t, τ ) = ρ hd(t, τ )i ,

(2.4)

where ρ is the density of the gas, which we here arbitrarily set equal to unity.
Note that in this thesis we use a lowercase d when referring to the dipole
moment of an atomic system, and an uppercase D to refer to the dipole
moment of a molecular system. In general though, the theory presented in
this chapter applies to both systems, unless the context indicates otherwise.
Assuming that the target is a thin sheet of gas, which complies with our
single-system assumption, and in light of the other assumptions made, the
Maxwell wave equation for the generated field reads
∂2
1 ∂2
−
∂x2 c2 ∂t2

!

Fgen (x, t, τ ) =

4π ∂ 2
P (t, τ )δ(x),
c2 ∂t2

(2.5)
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with c ≈ 137 the speed of light and δ(x) the Dirac delta function. From
Eqs. (2.5) and (2.4) we can obtain an expression for the generated field Fgen
(see Refs. [81] and [82]), which in the frequency domain can be expressed
as
2πωρ ˜
F̃gen (ω, τ ) = −i
d(ω, τ ),
(2.6)
c
˜ τ ) = 1 R ∞ dt hd(t, τ )i exp (−iωt). Inserting
with [see Eq. (2.2)] d(ω,
2π

−∞

Eq. (2.6) into Eq. (2.3), we get the following expression for the response
function
i
4πωρ h ∗
˜ τ) .
S(ω, τ ) =
Im F̃in (ω, τ )d(ω,
(2.7)
c
Through the derivation of Eq. (2.7) we have effectively reduced the task
of determining the ATA spectrum of a given system under the influence
of an UV and IR pulse to the calculation of the expectation value of the
dipole moment of the system. The spectra obtained through this response
function constitute a central part of this thesis, and will be exhibited,
interpreted, and discussed in detail in the following chapters. We note that
in Eq. (2.7), positive values correspond to emission of light by the target
system, whereas negative values correspond to absorption of light. Several
equivalent forms of the response function exist in the literature, and for
an overview of these we refer the reader to Refs. [52] and [82].

2.2

The Time-dependent Dipole Moment

Having shown, in the previous section, that the task of obtaining the
response function [Eq. (2.7)] for a given system amounts to obtaining the
frequency-resolved dipole moment of the system, we now consider this
observable in more detail. In the present thesis we consider both atoms [see
Chapter 3] and diatomic molecules of various kinds [see Chapter 4]. There
are considerable differences in terms of complexity between theoretical
derivations for the two classes of systems, with the molecular case being
significantly more complex. Here, as in the following chapters, we take the
practical approach of treating the two systems separately.

2.2.1

Atomic Dipole Moment

The expectation value of the time-dependent dipole moment for an atom is
ˆ
hdi ≡ hΨ(t)|d|Ψ(t)i
=

Z∞
−∞

dr Ψ∗ (t, r) dˆΨ(t, r)

(2.8)
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where Ψ(t, r) is the full atomic wave function, and dˆ is the dipole moment
operator—with operators denoted by hats—defined by [85]
dˆ = −

Ne
X

rj ,

(2.9)

j=1

with rj referring to the coordinates of the j’th electron with respect to
the nucleus, and with Ne electrons in the atom. In Eq. (2.8) we have used
h·|·i to denote integration over r.
We express the quantum state of the system, Ψ(t, r), as a linear combination of the stationary eigenstates ψk (r) (k = 1, 2, . . . , N ) of the unperturbed
atomic Hamiltonian H0 :
Ψ(t, r) =

N
X

ck (t)ψk (r)e−iEk t

(2.10)

k=1

with ck the complex amplitudes, and Ek the energies, of the eigenstates.
To put it in other terms, the eigenstates ψk (r) and -energies Ek satisfy the
time-independent Schrödinger equation,
H0 ψk (r) = Ek ψk (r).

(2.11)

For the purposes of this thesis, it is sufficient in Eq. (2.10) to include only
a finite number, N , of field-free bound states [65]. This is valid since the
atomic dynamics we consider in the following are rooted in the lowest-lying
states of the relevant atoms, which are located within a range of energies
relatively far from the continuum.
In light of Eqs. (2.8) and (2.10), we can express the atomic timedependent dipole moment as
hdi =

N
X

c∗k (t)cl (t)e−i(El −Ek )t dkl ,

(2.12)

k,l=1

where we have introduced the transition dipole moment (TDM)
ˆ li .
dkl = hψk |d|ψ

2.2.2

(2.13)

Molecular Dipole Moment

In the atomic system, we have chosen as the origin the center of the
nucleus—in molecules the choice is less obvious. One of the simplifying

2.2 The Time-dependent Dipole Moment

12

aspects of the molecular systems we consider, is that they are exclusively
diatomic. Starting out in the laboratory frame of reference, the total dipole
moment operator for diatomic molecules can be written as
D̂ = Z1 R1 + Z2 R2 −

Ne
X

r0j

(2.14)

j=1

where R1 and R2 are the coordinates of the two nuclei, with corresponding
nuclear charges Z1 and Z2 ; r0j is the coordinate of the j’th electron, and
Ne the number of electrons in the molecule.
In this thesis we are interested in the internal degrees of freedom
of our system, and in such cases using relative coordinates can simplify
calculations. We introduce the coordinates
R = R2 − R1

(2.15)

0
e
M1 R1 + M2 R2 + N
j=1 rj
=
M 1 + M 2 + Ne

P

rCM

rj = r0j −

(2.16)

M1 R1 + M2 R2
,
M1 + M2

(2.17)

where M1 and M2 are the nuclei masses, rCM the center of mass coordinates
of the system, and rj the electron coordinates relative to the center of
mass of the nuclei.
With the coordinates from Eqs. (2.15)-(2.17), it can be shown that the
dipole moment can be expressed as
D̂ = (Z1 + Z2 − Ne )rCM + αR − β

Ne
X

rj ,

(2.18)

j=1

where we have defined the constants
α=

M 1 Z2 − M 2 Z1
,
M1 + M2

β =1+

Z1 + Z2 − Ne
.
M 1 + M2

(2.19)
(2.20)

Another aspect of the specific molecular systems we consider here that
can lead to a simplification of calculations, is that their total charge is
zero—i.e. we don’t consider ionic systems such as H+
2 . In Eqs. (2.18) and
(2.20) the Z1 + Z2 − Ne factors can be recognized as the total charge, and
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thus set to zero. Finally then, the appropriate molecular dipole moment
operator for our purposes is
D̂ = αR −

Ne
X

rj .

(2.21)

j=1

In order to establish an expression for the expectation value of the
dipole moment, our next step is to obtain an expression for the quantum
state of the diatomic molecule. Similarly to the atomic case, we wish to
use a set of basis states in which we can expand the full wave function [85].
In the following we consider only the vibrational motion of the nuclei,
neglecting the much slower rotational motion. If we define an electronic
Hamiltonian as
He = Te + V,
(2.22)
where Te is the kinetic energy operator for the electrons, and V represents
the total potential energy of the system due to the coulomb interactions,
then electronic basis states, φk (r1 , r2 , . . . ; R), can be obtained as the
eigenfunctions of He at fixed R:
He φk (r1 , r2 , . . . ; R) = Ek (R)φk (r1 , r2 , . . . ; R),

(2.23)

where the energies Ek (R) depend only on the magnitude of the internuclear
separation, R. The neglecting of the nuclear kinetic energy operator
constitutes part of the Born–Oppenheimer (BO) approximation, and the
adiabatic curves traced out by Ek (R) (k = 1, 2, . . . , N ) as R is varied
incrementally in small steps, will be referred to as either BO curves or
simply as potential energy curves (PECs). We again consider only a finite
manifold of N electronic states, following the same reasoning as in the
atomic case (see Section 2.2.1).
The molecular wave function can now be expressed in terms the basis
functions φk , as
Φ(t, r1 , r2 , . . . ; R) =

N
X

χk (t, R)φk (r1 , r2 , . . . ; R)

(2.24)

k=1

where we have introduced the nuclear wave functions χk (t, R) as expansions
coefficients. We can now express the expectation value for the dipole
moment as
hDir,R ≡ hΦ|D̂|Φir,R =

N Z ∞
X
k,l=1 0

dR χ∗k (t, R) Dkl χl (t, R)

(2.25)
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where
Dkl = hφk |D̂|φl ir,R

(2.26)

are the molecular transition dipole moments. We note that in Eq. (2.25),
in contrast with the atomic case, integration over the continuum of internuclear distances, R, is necessary as well—we denote this explicitly by the
subscript h·|·ir,R where relevant.

2.3

Hamiltonians

In order to calculate the time-dependent atomic and molecular dipole
moments, given in Eqs. (2.12) and (2.25), we require the time-dependent
expansion coefficients ck and χk , in addition to the transition dipole moments dkl and Dkl . The transition dipole moments can be obtained through
quantum chemistry packages such as DALTON [86] or Gaussian [87], or
from sources in published literature. In this thesis we rely on the latter,
with the specific sources given at the relevant locations in Chapters 3 and
4. What remains then, is to calculate the expansion coefficients, which is
the subject of this section. We start by considering the field interaction,
after which we (as in Section 2.2) treat the atomic and molecular cases
separately.

2.3.1

Field Interaction

All fields used in this thesis are derived through the relation F (t) =
∂
A(t), where we have chosen to work in the Coulomb gauge and with no
− ∂t
sources present. We also apply the dipole approximation, in which the field
is constant over the spatial extent of the system under consideration; the
approximation is valid as long as the wavelengths of the incoming pulses
are large relative to the size of the system. A field F (t) with no subscript
label should be understood to represent the sum of the fields.
The vector potential used in this thesis is
"

#

(t − tc )2
A(t) = A0 exp −
cos [ω(t − tc ) + ϕ],
T 2 /4

(2.27)

where we have A0 = F0 /ω, with F0 the field amplitude, related to the
intensity through I = |F0 |2 ; tc is the temporal center of the pulse; ϕ is the
carrier-envelope phase (CEP); and T = Nc Tc = Nc 2π
ω is the period of the
pulse, with√Tc the period of a single cycle and Nc the number of cycles.
TFWHM = log 2 T connects the full width at half maximum (FWHM)
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with the period. Relevant field parameters are provided on a case-by-case
basis throughout the thesis.
In the following sections we will define the Hamiltonians governing
the dynamics of the two kinds of systems—atomic and molecular—under
consideration. The field interactions enters into the Hamiltonian through
the following term
VL (t) = −F (t)dˆ = F (t)

Ne
X

rj ,

(2.28)

j=1

for the atomic case, and the term


VL (t) = −F (t)D̂ = −F (t) αR −

Ne
X



rj  ,

(2.29)

j=1

for the molecular case. The Eqs. (2.28) and (2.29) can be obtained through
a unitary transformation of the Hamiltonian—introduced in the ensuing
sections—to the so-called length gauge, which leaves the time-independent
terms unaltered.
For background details on gauge fixing, various unitary transformation
of the Hamiltonian, and the dipole approximation beyond the cursory
description offered in this section, we direct the reader to Refs. [82, 88–92].

2.3.2

The Time-dependent Atomic Hamiltonian

The full Hamiltonian we are working with for the atomic system can be
expressed as
Ha (t) = H0 + H 0 (t)
(2.30)
= H0 − F (t)dˆ
where H0 is the time-independent part for which we defined eigenstates ψk ,
with corresponding energies Ek , in Section 2.2.1. After inserting the wave
function from Eq. (2.10) into the time-dependent Schrödinger equation
(TDSE),
∂
i Ψ(t, r) = HΨ(t, r),
(2.31)
∂t
with the Hamiltonian of Eq. (2.30), we can obtain
i

N
X
k=1

ċk (t)ψk (r)e−iEk t =

N
X
k=1

ck (t)H 0 (t)ψk (r)e−iEk t ,

(2.32)
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where the dot notation implies differentiation with respect to time. By
exploiting the orthogonality of the eigenstates, we can obtain a set of
coupled equations by taking the inner product of Eq. (2.32) with ψl , for
l = 1, 2, . . . , N . The l’th expansion coefficient can then be obtained by
solving
N
X

iċl (t) = −F (t)

ck (t)dkl ei(El −Ek )t .

(2.33)

k=1

2.3.3

The Time-dependent Molecular Hamiltonian

The terms entering into the molecular Hamiltonian include the following:
the term corresponding to the interaction between the field and the molecule
[see Eq. (2.29)]; the terms corresponding to the coulomb interaction between
the charged particles of the system and the electronic kinetic energy, which
added together constitute the electronic Hamiltonian [see Eq. (2.22)]; and
finally the term corresponding to the kinetic energy of the nuclei, Tnuc . If
we neglect a small term known as the mass polarization term, and separate
out the center of mass motion, the molecular Hamiltonian reads
Hm (t) = He + Tnuc + VL (t).

(2.34)

In the relative coordinates defined in Eqs. (2.15)-(2.17), the nuclear kinetic
energy term is
1 ∂2
.
(2.35)
Tnuc = −
2µ ∂R2
where we have defined the reduced mass µ = M1 M2 /(M1 + M 2).
To obtain the time-dependent nuclear wave functions χk , we insert the
molecular wave function as expressed in Eq. (2.24) into the TDSE, with
Hamiltonian (2.34), and by projecting onto χl (l = 1, 2, . . . , N )—similarly
to the atomic case in the previous section—we obtain a set of coupled
equations. The equation for the l’th nuclear wave function is
iχ̇l (R, t) =

1 ∂2
El (R) −
2µ ∂R2

!

χl (R, t) −

N
∂φk
1 X
−
2 φl
2µ k=1
∂R



N
X

Dkl F (t)χk (R, t)

k=1



*

∂
∂ 2 φk
+ φl
∂R
∂R2

(2.36)

+!

χk (R, t),

where the latter two terms, which contain derivatives of the electronic
states φk with respect to R, are known as non-adiabatic terms. In a
molecular system, the non-adiabatic terms can often be neglected, but are
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important to include when considering dynamics of nuclear wave packets
close to the avoided crossings between BO curves. In this thesis these
terms are neglected entirely, but their significance and the possibilities of
exploring systems where they cannot be neglected are briefly discussed in
Chapters 4 and 5.

2.4

Numerical Implementation

Solving the set of coupled equations for the expansion coefficients of the
atomic wave functions [see Eq. (2.33)] is—for the systems considered in this
thesis—not very computationally demanding, and is readily accomplished
using standard Runge–Kutta methods. The differential equations for
the nuclear wave functions [see Eq. (2.36)], on the other hand, can be
challenging to solve numerically. In this section we describe the methods
that we employ to manage this task.

2.4.1

Time-evolution Operator

We start by introducing the time-evolution operator (TEO) [93], U(t2 , t1 ),
whose defining characteristic can be understood by demonstrating its action
on the time-dependent state Ψ(t0 ):
Ψ(t) = U(t, t0 )Ψ(t0 ),

(2.37)

where we see that the action of the TEO on the state is to propagate it
from its initial state at time t0 to its state at time t.
For the valid application of the TEO in propagation of the state of our
system, we require that it fulfills several physically significant conditions.
In addition to satisfying the TDSE, we require the TEO to be unitary,
U † (t2 , t1 )U(t2 , t1 ) = 1

(2.38)

which ensures the conservation of probability. Furthermore, we require
continuity,
lim U(t2 , t1 ) = 1,
(2.39)
t2 →t1

and equivalence between the time evolution from t1 to t3 , and the same
time evolution via an intermediate time t2 , i.e., t1 to t2 to t3 :
U(t3 , t1 ) = U(t3 , t2 )U(t2 , t1 ).

(2.40)

2.4 Numerical Implementation

18

For small time steps ∆t, an approximate form of the TEO is
U(t + ∆t, t) ≈ e−iH(t)∆t .

(2.41)

In light of Eq. (2.40), the validity of the approximation can be guaranteed
by dividing the time propagation from some initial time t0 to a final time tf
into as many intermediate steps as necessary in order to fulfill the criterion
of having a sufficiently small step size. For the calculations within this
thesis, we have found that a value of ∆t = 0.02 is adequate to ensure
converged results.

2.4.2

The Split Operator Method

Calculating the matrix exponential in Eq. (2.41) is often computationally
expensive. The Split Operator method [94–96] offers a way to lower this
cost by shifting the main computational expense from calculating matrix
exponentials to performing a series of fast Fourier transforms (FFTs) [97].
If the time tf −t0 represents the full propagation time we want to realize,
we can divide it into N intervals of size ∆t, so that we have tf − t0 = N ∆t.
Assuming for descriptive purposes that we are considering a wave packet
moving in one dimension and interacting with an electric field, the TEO
can then be expressed as
U(tf , t0 ) = e−iH(x,p,tf −∆t)∆t e−iH(x,p,tf −2∆t)∆t · · ·
× e−iH(x,p,t0 +∆t)∆t e−iH(x,p,t0 )∆t ,

(2.42)

where the corresponding Hamiltonian can be separated into terms each
depending either on the position x and momentum p
H(x, p, t) = g(x, t) + h(p, t).

(2.43)

Take any one of the exponential factors from from Eq. (2.42), representing
a propagation over time ∆t, e.g. from t0 to t0 + ∆; this factor be written
as
e−iH(x,p,t0 )∆t = e−i[g(x,t0 )+h(p,t0 )]∆t
= e−ih(p,t0 )
≈e

∆t
2

−ih(p,t0 ) ∆t
2

e−ig(x,t0 )∆t e−ih(p,t0 )
e−ig(x,t0 )∆t e

∆t
2

−ih(p,t0 ) ∆t
2

+ O(∆t3 ),

(2.44)

,

where the error term O(∆t3 ) stems from the fact that g(x, t0 ) and h(p, t0 )
are non-commuting. The Split Operator method makes use of the fact
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that each of the factors in Eq. (2.44) are—or can be made to be—diagonal
on either a spatial grid or a momentum grid. In between the application
of each exponential then, a FFT is performed to transform the state to
the representation in which the operator will be diagonal—thus avoiding
the relatively taxing evaluation of matrix exponentials.
For general details about how to implement the method, such as how to
define the grids relative to each other, efficient representation of the wave
function for the FFT, numerical representation of operators, and the scaling
of various computational costs we direct the reader to Refs. [82, 98]. For a
specific implementation of Split Step operator for the system governed by
the Hamiltonian of Eq. (2.34), we recommend Ref. [91].

2.4.3

Complex Absorbing Potential

Numerical representation of physical systems typically entail discretization and truncation of continuous components, by using finite basis sets,
discrete grids, and finite box sizes. A pertinent example of the latter is
the internuclear distance, R, between diatomic molecules considered in
this thesis, which must be truncated at some maximum distance Rmax .
Unphysical effects, such as reflection, can arise as wave packets collide
with the box boundary at Rmax . To counteract this effect, we introduce a
complex absorbing potential (CAP) [99], which comes into effect as the
wave packet propagates into the region between some internuclear distance
RCAP , and the boundary Rmax . The role of the CAP is to extinguish the
components of the wave function that are approaching Rmax . Thus, any
components within the range of the CAP, i.e., at R > RCAP , must be negligible in terms of their impact on the observables we are considering—in
our case this can be achieved by selecting a sufficiently large RCAP .
The CAP is introduced as an addition to the Hamiltonian H(t), so
that
H(t) → H(t) − iVCAP ,
(2.45)
where we have chosen the specific form
η(R − Rcap )p , if R > RCAP ,

(

VCAP =

0,

otherwise.

(2.46)

The values for the parameters in Eq. (2.46) used in this thesis are η = 0.001,
RCAP = 20, and p = 2. The efficiency of the CAP is for our purposes not
very sensitive with respect to these parameters, and so their precise value
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is of limited importance. Note that there exist several forms of the CAP,
see for example Ref. [91].
The action of the CAP can be seen by making the substitution of
Eq. (2.45) in the equation for the form of the TEO, Eq. (2.41), upon which
we obtain
U(t + ∆t), t) ≈ e−i[H(t)−iVCAP ]∆t
(2.47)
= e−iH(t)∆t e−VCAP ∆t ,
where the effect of the factor e−VCAP ∆t clearly is suppressive where VCAP
is nonzero, i.e., for RCAP > R.

2.4.4

Imaginary Time Propagation

Common to all systems considered in this thesis is that they start out in the
ground state; obtaining the ground state wave function, however, is not a
trivial task. A numerical method known as imaginary time propagation can
be used for this purpose. Given a field-free time-independent Hamiltonian
H0 , and the substitution ∆t → −i∆t0 , the TEO can be written as [see
Eq. (2.41)]
0
U(−i∆t0 ) = e−H0 ∆t ,
(2.48)
where H0 corresponds to a system which can be expressed in terms of the
eigenstates of H0 , and where the ground state per definition has the lowest
energy. The TEO of Eq. (2.48) suppresses the components of the wave
function, but at rate depending on the energy of the component, with
lower energy resulting in a slower rate of decay.
The ground state then, can be obtained by initiating the system in some
state with population in each of the eigenstates, applying the propagator
from Eq. (2.48), renormalizing the wave function, and repeating until
the system has converged, i.e., when only one state has any appreciable
population remaining in it.

2.5

The Window Function

In certain situations we require the time-dependent dipole moment to
dephase over a given time period, an effect which is not necessarily automatically included in our theoretical model. In this thesis we will encounter
two ways in which this can occur. The first is related to experimental
conditions, where colliding particles and spontaneous emission can lead to
dephasing, and the finite resolution of the detector can broaden emission or
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absorption lines. The second occurs as we apply a certain approximation to
our model, introducing weaknesses that we must artificially mitigate—we
elaborate on this in Chapter 4.
To include dephasing in our model, we introduce the window function,
W (t − tw ), [32, 52] which is a function that smoothly tends to zero over a
period of time, starting at some time tw . It is defined as

W (t − tw ) =



1



(t < tw )
"

(t − tw )


exp − T 2 /4
w

2

#

(tw ≤ t),

(2.49)

where the FWHM of the Gaussian corresponding to
√ the exponential function is connected to Tw via the relation TFWHM = log 2 Tw . The window
function can mimic the effects of experimental circumstances, or alleviate
effects of certain approximations, by multiplying it with the calculated
time-dependent dipole moment.
In this thesis we are focusing on certain features arising in ATAS. It
is important to point out that the effect of the window function on these
features is well understood, and the values of the parameters in Eq. (2.49)
are carefully chosen so as to minimize its effect on them—something we
discuss in more detail in the following chapters. In the most common
application of the window function, the parts of the time-dependent dipole
moment that are directly responsible for the ATAS features we consider
are mostly unaffected, and only subsequent oscillations—which otherwise
in principle could continue ad infinitum—are dampened, affecting mainly
the width of the ordinary absorption lines.

Chapter

Atoms
his chapter is devoted to the exploration of the features appearing in the
atomic ATAS spectrum. The contents of this chapter overlap with that
of Ref. [1], of which I am the first author. My contribution to this research
was major in all areas, i.e., deriving of expressions, numerical calculations
and interpretation of data, construction of figures, and preparation of
manuscript. Note that several of the figures in this chapter are reproduced
directly—with permissions—from Ref. [1].
The chapter starts out in Section 3.1 with an introduction to the
system with which we will exemplify our theory, the parameters of the
XUV and IR fields, and a brief description of the features that are the
main focus of the rest of the chapter. Then, in Section 3.2, we consider
the results obtained through the numerical calculations of Chapter 2,
and verify that a three-level model will yield correct results in a specific
energy range, by comparing it with a 20-level model. In Section 3.3 we
construct the adiabatic three-level model, which assumes that the system
adapts instantly to the influence of the IR pulse. Then, in Section 3.4
we derive analytical expressions which describe the three features we are
interested in, based on the adiabatic model. In Section 3.5, we compare
the ATAS spectra calculated by each of the models—numerical, adiabatic
model, analytical—and consider the three features individually. Finally, in
Section 3.6, we briefly introduce two other important features appearing
in ATAS spectra.
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Atomic ATAS Spectrograms

In this section we give a brief introduction to the main spectroscopic
features considered in this chapter, as a primer for the following in-depth
analytical work. Figure 3.1 shows an ATAS spectrogram of helium, where
the relevant features are highlighted. These features are some of the most
recognizable in ATAS, and can appear both in atomic and in molecular
spectra; they do not, however, constitute a complete list of ATAS features.
The model we use to examine these features is based on an adiabatic
approximation, and therefore it cannot represent certain features stemming
from resonant processes, such as Autler-Townes splitting [73, 78–80, 100]
and electromagnetically-induced transparency (EIT) [101, 102]. We give a
relatively concise description of Autler-Townes splitting at the end of the
chapter, in Section 3.6.

3.1.1

Field Parameters and System

The features can only be understood in the context of the atomic or
molecular system in which they arise, and the parameters of the incoming
fields. In most of this chapter we use three levels of the helium atom as our
model system. These states are the ground state |1s2 i, the dark state |1s2si,
and the bright state |1s2pi, where the bright state—as opposed to the dark
state—is accessible via a dipole allowed transition from the ground state.
The transition dipole moments [see Eq. (2.13)] are: d12 = 0.729 between
the ground state and the bright state, and d23 = −5.051 between the bright
state and dark state. The energies of the system are E1 = E(1s2 ) ≡ 0,
E2 = (1s2p) = 21.23 eV, and E3 = E(1s2s) = 20.62 eV. The parameters
for the field are: λIR = 3200 nm (corresponding to ωIR = 0.39 eV),
λXUV = 50 nm (corresponding to ωXUV = 24.80 eV), IIR = 6×1010 W/cm2 ,
IXUV = 5 × 107 W/cm2 , TIR = 32.02 fs (Nc,IR = 3), and TXUV = 330 as
(Nc,XUV = 2). The CEP ϕ is set to zero for both fields throughout the
chapter. The atom density is arbitrarily set to ρ = 1 [see Eq. (2.7)].
The FWHM of the Gaussian corresponding to our window function (see
Section 2.5) is chosen to be large enough that the features of interest are
unaffected, which amounts to TFWHM /2 = 100 fs. In this chapter the
starting point of the window function coincides with the incidence of the
XUV pulse, i.e., tw = τ .
The energies of the levels of the system, and the parameters of the
XUV and IR fields, have important implications for the dynamics of the
interaction. The low intensities enable the use of various approximations
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Figure 3.1:
Attosecond transient absorption spectrum S̃(ω, τ )
[Eq. (2.7)], as calculated by the model developed in Section 3.3,
exemplified by He. The three relevant features are accentuated
by colored boxes: oscillating fringes (green) centered around energies E(1s2p) + 2ωIR = 22.01 eV and E(1s2p) − 2ωIR = 20.45 eV;
light-induced structures (red) centered around energies E(1s2s) +
ωIR = 21.01 eV and E(1s2s) − ωIR = 20.23 eV; and hyperbolic
sidebands (blue) centered around main absorption line at energy
E(1s2p) = 21.22 eV. Relevant parameters are given in Section 3.1.1.
An illustration of the infrared pulse, centered at τ = 0 fs, is shown
in the top panel. The color scale to the right displays the signal
strength in arbitrary units. Reproduced with permissions from Phys.
Rev. A 96, 013430 (2017) [1]. Copyright 2017 American Physical
Society.
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in Sections 3.3 and 3.4. Furthermore, given the relatively large energy
gap between the ground state and excited states, only the XUV pulse can
populate the excited states via single-photon absorption. The IR photon
energy is significantly lower, and thus it can only populate the excited
states via multiphoton absorption, which is completely suppressed for the
present intensity. The conceptual role of the IR pulse here then, is to
dress the excited states—which will be discussed in detail in the following
sections.

3.1.2

Main Features

Oscillating Fringes
Oscillating fringes, which we refer to simply as fringes in the following,
can be seen enclosed by green boxes in Fig. 3.1—centered at energies
EF+ = E(1s2p) + 2ωIR = 22.01 eV and EF- = E(1s2p) − 2ωIR = 20.45 eV.
These fringes have been attributed to various form of interference [66, 103].
Hyperbolic Sidebands
In the blue box, we see hyperbolic sidebands (SBs) along the absorption
line corresponding to the |1s2pi state, at E(1s2p) = 21.23 eV. The SBs are
commonly considered a signature of perturbed free-induction decay [64, 67–
69, 104], appearing as a consequence of the decay of the time-dependent
dipole being interrupted with the incidence of the IR pulse.
Light-induced Structures
Finally, we have the light-induced structures (LISs) in red boxes, centered
at energies ELIS+ = E(1s2s)+ωIR = 21.01 eV and ELIS- = E(1s2s)−ωIR =
20.23 eV. The LISs are considered a signal of an intermediate state arising
due to a two-photon in which one XUV photon is absorbed and one IR
photon is either emitted or absorbed, resulting in a population transfer
from the ground state to the dark state at E(1s2s) = 20.62 eV [70, 71].

3.2

Numerical Calculations

In this section we use the numerical methods of Section 2.3.2 to obtain
helium ATAS spectra. The purpose of the numerical calculations is to
provide a reference to which we can compare the results of our subsequent
model calculations, and analytical expressions. The model we use to derive
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these expressions is based on a three-level system, and by comparing
numerically calculated spectra based on a set of either N = 3 or N = 20
basis states, we can show that there are no relevant differences between
the two in the relevant energy range.
The numerical results in this section are obtained by: solving the set
of coupled equations for the atomic expansions coefficients [Eq. (2.33)],
using couplings and energies corresponding to the N lowest state of the
helium atom, acquired from Ref. [105]; calculating the time-dependent
dipole moment using these coefficients [Eq. (2.12)]; Fourier transforming
according to Eq. (2.2) to obtain the frequency resolved dipole moment;
inserting into Eq. (2.7) to get the response function; and repeating the
process for a range of delays τ until the desired spectrogram is developed.

3.2.1

Basis Set Size Comparison

In order to serve as a valid reference for the model calculations, we require
the numerical calculations to be based on the same three levels as the model.
We do not include more than three levels in the model for two reasons: all
the features we are interested in can be generated in a system with three
levels, and including more levels drastically increase the complexity of the
model. In the numerical calculations, on the other hand, including more
levels is relatively straightforward. This enables us to test the validity
of calculations based on three levels by directly comparing them with
calculations based on a greater number of levels.
Figure 3.2 consists of calculations with N = 20 basis states, in panel (a),
and N = 3 basis states, in panel (b). In order to claim that the calculations
based on three levels are valid, we must have agreement between the two
spectra in the energy range extending from ∼ 20 eV to ∼ 22.4 eV—a range
encompassing all features corresponding to the |1s2si and |1s2pi states.
The only visible discrepancy lies at approximately 22.2 eV in panel (a),
where the fringes corresponding to the |1s2pi state at energy E(1s2p)+2ωIR
are obscured by the fringes corresponding to the |1s3pi state at energy
E(1s3p)−2ωIR . As the |1s3pi state is excluded from the calculations [panel
(b)], its corresponding fringes vanish, and the fringes related to the |1s2pi
state are uncovered. Consequently, the features of interest are accurately
represented in the numerical three-level calculation, and the numerical
spectra can be used as references for the analytical model in the ensuing
section. We note, however, that in an experiment it would not be possible
to achieve an unobscured view of the fringes at energy ∼ 22.01 eV, as the
|1s3pi state cannot be neglected. Other measures—such as increasing the
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Figure 3.2:
Attosecond transient absorption spectrum S̃(ω, τ )
[Eq. (2.7)], as calculated by the numerical methods developed in
Chapter 2. The results obtained using a basis set consisting of
the N = 20 lowest states of He are shown in panel (a), with the
results obtained using a basis set of the N = 3 lowest states shown in
panel (b). The three lowest levels consist of the ground state, fixed at
energy E(1s2 ) = 0, a bright state at energy E(1s2p) = 21.23 eV, and
a dark state at energy E(1s2s) = 20.62 eV. Relevant parameters are
given in Section 3.1.1. An illustration of the infrared pulse, centered
at τ = 0 fs, is shown in the top panel. The color scale to the right
displays the signal strength in arbitrary units. Reproduced with
permissions from Phys. Rev. A 96, 013430 (2017) [1]. Copyright
2017 American Physical Society.
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wavelength of the IR pulse—could instead be taken, in order to isolate the
relevant fringes.

3.3

Adiabatic Three-level Model

We now turn to developing the adiabatic three-level model, which forms
the basis of the derivation of analytical expression for each of the features
described in Section 3.1.2. One of the reasons for developing a model
from which we can obtain spectra—when we also have the capability of
calculating these spectra numerically—lies in the insights that can be
gathered directly from the expressions of the model. With an analytical
expression in hand, it is possible to explicitly link characteristics of the
system, and parameters of the fields used, to the features appearing in the
spectrograms.
In Chapter 2 we identified the dipole moment of the system as a
crucial component in ATAS. The process of obtaining an expression for
the dipole moment in the adiabatic model starts with expressing our threelevel system in terms of adiabatic states. We then apply perturbation
theory with respect to the brief XUV pulse, followed by a number of
approximations, all made with the purpose of acquiring an expression for
the time-dependent dipole moment which can be subjected to an analytic
Fourier transform. As we shall see, the dipole moment can be split into
several terms, each representing one of the features of interest. The fully
analytical response functions for the individual features are finally obtained
through Eq. (2.7).

3.3.1

Adiabatic System

As mentioned, a fundamental assumption of the model is that the system
responds adiabatically with respect to the relatively slowly varying IR field.
Under such an assumption, it is often desirable to express our system in
terms of adiabatic states |ψka (t)i, defined by
h

i

H0 − FIR (t)dˆ |ψka (t)i = Eka (t) |ψka (t)i .

(3.1)

The implication of Eq. (3.1) is that the adiabatic states |ψka (t)i are the
instantaneous eigenstates of the Hamiltonian—excluding the XUV field—of
our system, with the eigenenergies Eka (t). The wave function of our system

3.3 Adiabatic Three-level Model

30

can then be expressed as
|Ψa (t)i = a1 (t) |ψ1 i + a2 (t) |ψ2a i e

−i

Rt

dt0 E2a (t0 )

+ a3 (t) |ψ3a i e

−i

Rt

dt0 E3a (t0 )

,
(3.2)
where
 aRk (t) are the complex amplitudes of the adiabatic states, and
exp −i τt dt0 Eka are the phase-factors for the time-dependent adiabatic
energies. In Eq. (3.2) we have made the assumption that the ground
state—unlike the excited states—does not change appreciably under the
influence of the IR pulse. The excited states lie relatively adjacent to each
other, as compared with the ground state, and this proximity is of crucial
importance to the modification of the states, which will be shown in the
following. Note that in Eq. (3.1) we have suppressed certain dependencies
in the notation for brevity, and we will do so in the ensuing sections when
appropriate.

3.3.2

τ

τ

Adiabatic States and -Energies

The full Hamiltonian of the system, can be represented in matrix form in
a basis of the field free states |ψk i (k = 1, 2, 3), as




−d12 FXUV (t, τ )
0


E2
−d23 FIR (t) ,
H = −d12 FXUV (t, τ )
0
−d23 FIR (t)
E3
0

(3.3)

which shows the coupling between the ground state |ψ1 i and the bright
state |ψ2 i, due to the XUV pulse; and the coupling between the bright
state |ψ2 i and the dark state |ψ3 i due to the IR pulse.
We can reduce the matrix in Eq. (3.3), by noting that after the incidence
of the XUV pulse at time t = τ , we effectively have a two-level system
consisting of the two excited states (see Section 3.1.1). The reduced
Hamiltonian is then
"

#

E2
−d23 FIR (t)
,
H2 =
−d23 FIR (t)
E3

(3.4)

from which the states |ψka (t)i and the associated energies Eka (t) can be
obtained, as the instantaneous eigenstates and -energies. The energies are
E2a (t) ≈ E2 +

2 (t)
d223 FIR
,
E2 − E3

(3.5)

E3a (t) ≈ E3 −

2 (t)
d223 FIR
,
E2 − E3

(3.6)
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where we have carried out a Taylor expansion in the IR field about FIR (t) =
3 ), due to the low intensity of the IR
0, and neglected terms of order O(FIR
field. The normalized eigenstates of the matrix in Eq. (3.4) are
|ψ2a (t)i = q

d23 FIR (t)
2 (t)
d223 FIR

+q

+ [E2a (t) − E2 ]2

|ψ2 i
(3.7)

E2a (t) − E2

2 (t) + [E (t) − E ]2
d223 FIR
2a
2

and
|ψ3a (t)i = q

E3a (t) − E3
2 (t)
d223 FIR

+q

+ [E3a (t) − E3 ]2

|ψ3 i ,

|ψ2 i

d23 FIR (t)

2 (t) + [E (t) − E ]2
d223 FIR
3a
3

(3.8)
|ψ3 i ,

which reduce to their corresponding field-free states in the limit where
FIR (t) → 0.

3.3.3

Complex Adiabatic Amplitudes

To obtain the coefficients a2 (t) and a3 (t), we start by inserting |Ψa i from
Eq. (3.2), with the full Hamiltonian
ˆ
H = H0 − FIR (t)dˆ − FXUV (t, τ )d,

(3.9)

into the TDSE. By applying the relation of Eq. (3.1), and projecting onto
each of the adiabatic states |ψ2a i and |ψ3a i, we obtain expressions for
ȧ2 (t) and ȧ3 (t)—with dot notation implying differentiation with respect to
time. Note that we have hψja |ψka i = δkj , which follows from the matrix
of Eq. (3.4) being real, symmetric, and with distinct eigenvalues. The
next step is to treat the system perturbatively with respect to the XUV
pulse. An unperturbed system would be expected to remain in the ground
state indefinitely, and so we designate the zeroth order coefficients as
(0)
(0)
(0)
a1 (t) = 1, a2 (t) = 0, and a3 (t) = 0 (superscripts denoting the order of
approximation). To obtain the first order coefficients, we insert the zeroth
order coefficients into the equations for ȧ2 (t) and ȧ3 (t) [106], which yields
(1)
ˆ 1 i ei
ȧ2 (t) = iFXUV (t, τ ) hψ2a |d|ψ

Rt

(1)
ˆ 1 i ei
ȧ3 (t) = iFXUV (t, τ ) hψ3a |d|ψ

Rt

τ

τ

dt0 E2a (t0 )
dt0 E3a (t0 )

,

(3.10)

.

(3.11)
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The change in the ground state coefficient is negligible relative to its
magnitude throughout the interaction, and so we set a1 (t) = 1.

3.3.4

Dipole Moment

ˆ a i. Given the low
Finally, we calculate the dipole moment hdia = hΨa |d|Ψ
intensity of the XUV pulse, the magnitude of the complex amplitudes
[Eqs. (3.10) and (3.11)] will remain small at all times t—allowing us to
reasonably neglect any second order product of the amplitudes in the
expression for the dipole moment. To leading other in these coefficients
then, we have
ˆ 2a i e−i
hdia = a2 hψ1 |d|ψ
+

Rt
τ

ˆ 2a i ei
a∗2 hψ1 |d|ψ

dt0 E2a (t0 )

Rt
τ

ˆ 3a i e−i
+ a3 hψ1 |d|ψ

dt0 E2a (t0 )

+

ˆ 3a i ei
a∗3 hψ1 |d|ψ

Rt
τ

Rt
τ

dt0 E3a (t0 )
dt0 E3a (t0 )

(3.12)
.

Equation (3.12) can be simplified further by recalling that it will be subject
to a Fourier transform, in which exponentials e±ibt (with b a real positive
number) corresponds to either a shift to positive frequencies (+) or a shift
to negative frequencies (-), depending on the sign in the exponent [see
Eq. (A.4)]. Only the positive frequencies are relevant, and so we neglect
the terms corresponding to shifts to negative frequencies, which yields
hdia =

ˆ 2a i ei
a∗2 hψ1 |d|ψ

Rt
τ

dt0 E2a (t0 )

+

ˆ 3a i ei
a∗3 hψ1 |d|ψ

Rt
τ

dt0 E3a (t0 )

.

(3.13)

What remains is to determine the explicit forms of the coupling terms
ˆ 2a i and hψ1 |d|ψ
ˆ 3a i. Given that we have d13 = 0, we need only
hψ1 |d|ψ
consider the first term in each of the Equations (3.7) and (3.8). As
before, we perform a Taylor expansion of these terms in the IR field about
FIR (t) = 0 and neglect terms of third order or higher, resulting in the
following expressions
"

ˆ 2a i = d12
hψ1 |d|ψ
ˆ 3a i = −
hψ1 |d|ψ

#

d2 F 2 (t)
1 − 23 IR 2 ,
2(E2 − E3 )

d12 d23 FIR (t)
.
E2 − E3

(3.14)
(3.15)

At this point we have the complete model for the adiabatic three-level
system. Equations (3.10) and (3.11) are solved numerically [note that
ˆ ka i = hψka |d|ψ
ˆ 1 i (k = 2, 3)], and inserted into Eq. (3.13) to obtain
hψ1 |d|ψ
the time-dependent dipole moment of the system, which must be multiplied
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by the window function [see Section 2.49] to account for dephasing. The
Fourier transforms of FXUV (t, τ ) and the product W (t − τ ) hdia are then
carried out numerically, and the response function S(ω, τ ) is obtained
through Eq. (2.7). We refer to this as the full adiabatic model when
comparing spectra in Section 3.5.

3.4

Closed Analytical Forms

With the adiabatic model of the previous section as the foundation, we
now proceed with the derivation of analytical expressions representing
each of the features described in Section 3.1.2. A common assumption
in interactions with ultrashort pulses is that they can approximated by
a constant times the Dirac delta function [32, 40, 72, 107]. We carry out
this replacement for the XUV pulse, so that
FXUV (t, τ ) → γδ(t − τ ),

(3.16)

where the constant γ is determined by comparison with the maximum
intensity of the |1s2pi absorption line in a spectra from numerical calculations. For the present parameters, we have γ = 1.61 × 10−4 . With the
substitution from Eq. (3.16), solving Eqs. (3.10) and (3.11) is trivial, and
we get
(1)
a2 (t)

(1)

Z t

=

a3 (t) =

τ−

Z t
τ−

"
(1)
dt0 ȧ2 (t0 )

(1)

= iγθ(t − τ )d12

dt0 ȧ3 (t0 ) = −iγθ(t − τ )

#

d2 F 2 (τ )
1 − 23 IR 2 ,
2(E2 − E3 )

d12 d23 FIR (τ )
.
E2 − E3

(3.17)
(3.18)

where the Heaviside step function θ(t − τ ) appears as a consequence of the
integration over the delta function.
As will become clear shortly, the two terms of Eq. (3.13) give rise to
distinct features, with the first term corresponding to the hyperbolic SBs
and the fringes associated with the E(1s2p) energy level; and the second
term corresponding to the LISs, associated with the E(1s2s) energy level
(see Section 3.1.2 and Fig. 3.1). In the following derivation we treat the
terms individually.
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Sidebands and Fringes

Given Eqs. (3.14) and (3.17), the first term of Eq. (3.13) can be written as
"

d2 F 2 (τ )
1 − 23 IR 2
2(E2 − E3 )

hdia1 = − iγθ(t − τ )d212
i

×e

Rt
τ

dt0 E2a (t0 )

"

d2 F 2 (t)
1 − 23 IR 2
2(E2 − E3 )

≈ − iγθ(t − τ )d212 e

i

Rt
τ

dt0 E2a (t0 )

#

#

(3.19)

(

2 (t)
d2 F 2 (τ ) + FIR
1 − 23 IR
2(E2 − E3 )2



)

,

4 ) term. Focusing on the phase
where we have neglected a small O(FIR
factor in Eq. (3.19), we recognize from Eq. (3.5) that it can be separated
as

 Z t

exp i
τ

"

d223
dt E2a (t ) = exp [iE2 (t − τ )] exp i
E2 − E3
0

0



#

Z t

0

dt
τ

2
FIR
(t0 )

.

(3.20)
The second exponential factor in Eq. (3.20) can be expanded in orders of
the (small) exponent; to first order we have


exp i

d23
E2 − E3

Z t
τ



2
dt0 FIR
(t0 ) ≈ 1 + i

d223
E2 − E3

Z t
τ

2
dt0 FIR
(t0 ).

(3.21)

Again neglecting a fourth order term in the IR field, we get
hdia1 ≈ − iγθ(t − τ )d212 e−iE2 τ eiE2 t


× 1−

 2

2 (t)
d223 FIR
(τ ) + FIR

2(E2 − E3 )2

(3.22)
+i

d223
E2 − E3

Z t
τ



2
dt0 FIR
(t0 ) .

The changes in the time-dependent dipole moment that lead to the
features we are interested in all occur while the IR field is interacting
with the system; this important fact brings us to the next approximation.
Outside of the case where we have a large negative delay τ , the window
function W (t − τ ), due to its relatively long period, does not significantly
dampen the dipole moment while the IR pulse is active. Instead, it brings
the dipole moment to zero after this interaction, when the dipole is ringing
with a constant frequency E(1s2p); the main effect of cutting off this
oscillation is to change the linewidth of the absorption line at the energy
E(1s2p), with the speed with which the oscillation is cut off determining
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the width—faster dephasing leading to a broader line. Analyzing the
properties of this absorption line is not our objective, and therefore we can
neglect the window function in the following.
A related observation can be made about Eq. (3.22), where some of the
terms only carry time-dependence (not to be confused with τ -dependence)
in the factor eiE2 t . These terms contribute exclusively to the absorption
line feature, which—as mentioned above—is not our concern. Hence, we
drop any term whose sole time-dependence lie in this factor.
Finally, we consider the Heaviside function. The current presence of
θ(t − τ ) ensures that there is no population in the excited state before
the incidence of the XUV pulse. Now we set θ(t − τ ) → 1, which, when
coupled with the exclusion of the window function, ensures that there will
be a nonzero population in the excited states at all times. Before these
approximations, the IR field would be incapable of influencing the system
prior to the arrival of the XUV pulse, which is the reason why, in the
regime where the IR pulse precedes the XUV pulse, the ATAS spectrum
exhibits a simple absorption spectrum (see Fig. 3.1, where τ & 20 fs).
After these approximations, the ATAS spectrum is symmetric about τ = 0,
and the fringes will not be weaker at large negative τ .
Considering the various regimes of the delay τ , we can make several
additional observations about effects of the new approximations. The
change in the spectrum due to influence of the IR field at times t < τ , an
influence which in principle is made possible when we set θ(t−τ ) = 1, is not
significant at large negative delays, as the IR field would be zero regardless
of the approximation. In the region where the negative τ approaches τ = 0,
the trailing part of the dipole moment (where t > τ ) dominates, and the
change relative to when θ(t − τ ) was included is small. When τ = 0 the
leading part of the dipole moment (where t > τ ) equals the trailing part,
and the effects of the approximation increase in significance. As we reach
the regime of positive τ , the leading part of the dipole moment starts to
dominate, and the spectrum will increasingly diverge from numerically
calculated spectrum. The effects described here will be further elucidated
through the direct comparison of several spectra, in Section 3.5.
With the changes we have described, the dipole moment can now be
expressed as
hdia1

γd212 d223 −iE2 τ iE2 t
=
e
e
E2 − E3

"Z
t

#

dt
τ

0

2
FIR
(t0 )

2 (t)
FIR
+i
,
2(E2 − E3 )

(3.23)

from which it is possible to obtain the analytical Fourier transform d˜a1 (ω, τ );
this transformation is relegated to Appendix A.1. Given the delta function
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representation of the XUV field [Eq. (3.16)], obtaining its Fourier transform
is straightforward, and we have
F̃XUV (ω, τ ) = F[γδ(t − τ )](ω)
Z ∞
1
=√
dt γδ(t − τ )eiωt
2π −∞
γ
= √ eiωτ .
2π

(3.24)

From the expression for the Fourier transformed XUV pulse in Eq. (3.24);
the expressions for the dipole moment in Eq. (3.23); Eqs. (A.2), (A.1),
(A.16), and (A.10) from the Appendix; and the definition of the response
∗ (ω, τ ) = F ∗
function in Eq. (2.7), with Fin
XUV (ω, τ ), we obtain the following
closed analytical form representing the SBs and fringes:
√ 2 2 2 2


πγ ρd12 d23 F0,IR TIR
1
1
√
S̃a1 (ω, τ ) =
−
ω − E2 2(E2 − E3 )
4 2(E2 − E3 )c
(

"

2 (ω − E + 2ω )2
−TIR
2
IR
× ω cos [τ (E2 − ω)] exp
32

"

2 (ω − E − 2ω )2
−TIR
2
IR
+ exp
32

"

2 (ω − E )2
−TIR
2
− 2 exp
32

#

#

(3.25)

#)

,

where we note that the divergence at ω = E2 , due to the (ω − E2 )−1
factor, can be eliminated by the substitution E2 → E2 − iΓ/2, where Γ
corresponds to a finite radiative lifetime of the energy level E2 . Given the
fact that the SBs and fringes are described by Eq. (3.25), we can deduce
both the physical origins of each of the features within the framework
of the adiabatic model, and how they are directly characterized by the
properties of the system and the fields.
We start by considering the three exponential terms inside the curly
brackets. These exponentials determine the positions of the features, as
they cause Gaussian modulation as a function of frequency ω about ω = E2
(SBs) and ω = E2 ±2ωIR (fringes); we show in Appendix A.1 that the latter
arise directly as a result of the carrier factor sin (ωIR t) of the field, while
the former—single—exponential arises from the envelope factor. Given
a field defined solely with an envelope then, the SBs would remain, and
the fringes would disappear. We also note that the width of the features
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2 in the exponent, implying that
are strongly dependent on the factor TIR
a longer IR pulse translates to narrower features—as would be expected
from standard relations between lifetimes and line widths. Going further
2 (t)
back,R we see that expressions giving rise to the exponentials here, FIR
t 0 2
0
and h τ dt FIR (t ) [seei Eqs. (A.1) and (A.2)], originate in the phase factor
R
ˆ 2a i, respectively [see
exp −i τt dt0 E2a (t0 ) and the coupling term hψ1 |d|ψ
the first term in Eq. (3.13)]; whereas the complex amplitude a∗2 plays a
relatively minor role. Moreover, in light of the connection we have just
made, the phase factor gives rise to the term (ω − E2 )−1 , and the coupling
term gives rise to the term −[2(E2 − E3 )]−1 in Eq. (3.25); these two terms
interfere constructively for ω < E2 , and destructively for ω > E2 , which
is why the upper fringes in Fig. 3.1 appear dim relative to lower fringes.
We also note that for the SBs, which lie close to the energy E2 , the factor
−1
(ω − E2 )−1 will be significantly larger than thehfactor −[2(E2 −
i E3 )] ;
Rt 0
0
since the former stems from the phase factor exp −i τ dt E2a (t ) , we can
infer that the SBs are more attributable to the phase factor than to the
ˆ 2a i.
coupling term hψ1 |d|ψ
An important observation is that the SBs and fringes emerge from the
same term, which is associated with the adiabatic state originating in the
field free |1s2pi bright state. When interpreting these features through
Eq. (3.25), it is clear that they share all characteristics except their location
in the spectrum (in terms of frequency), which affects their appearance
due to factors depending on frequency. For example, the hyperbolic line
shapes [32] of both the SBs and fringes (see Fig. 3.1) are manifestations of
the same factor, cos [τ (E2 − ω)], which is an interference term emerging
from the combination of the factor e−iE2 τ stemming from the E2a phase
factor in Eq. (3.13) and the XUV field factor F̃XUV (ω, τ ) [see Eq. (3.24)].
The significant implication of this is that the present formalism leads to a
unified description of the two ATAS features, which previously have been
attributed to two distinct processes—the SBs considered as a signature
of perturbed free-induction decay [67, 68], and the fringes ascribed to the
dressing of the quantum state by an IR pulse [64–66].
Lastly, having dealt with all parts of the expression in Eq. (3.25)
responsible for qualitative aspects of the features, we can consider the
factors that determine the signal strength of the two features in the
2
spectrum. The factors γ 2 and F0,IR
demonstrate the relationship between
the intensities of the fields and the signal; TIR implies a proportional
increase in signal strength with increasing IR pulse length; the factor
(E2 − E3 )−1 signifies a stronger signal with smaller separation between the
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energies of excited states; and the factors d212 and d223 show the role of the
TDMs, and in particular that their signs do not make a difference in the
spectra. For a discussion on the role of the sign of the a TDM in ATAS,
see Ref. [82].

3.4.2

Light-induced Structures

Returning to Eq. (3.13), and now the second term, we seek to describe the
final feature highlighted in Fig. 3.1—the LISs. In view of Eqs. (3.18) and
(3.15), we have the dipole moment
hdia2 = −iθ(t − τ )

Rt 0
γd212 d223
i
dt E3a (t0 )
τ
F
(τ
)F
(t)e
.
IR
IR
2
(E2 − E3 )

(3.26)

In the previous section, we found that the adiabatic phases played an
important role in the generation of the SBs and fringes. For the LISs
the situation is different, as the field-dependent parts of phase factor in
Eq. (3.26) will be neglected due to the following argument: the equation
is already of second order in the IR field, and with the separation and
expansion of the phase factor to first order—equivalent to Eqs. (3.20) and
2 ) and O(F 4 ) remain, where the latter is
(3.21)—terms of order O(F0,IR
0,IR
small and we neglect it. Following the same reasoning as that given after
Eq. (3.22), we set θ(t − τ ) equal to unity and exclude the window function
W (t − τ ), yielding
hdia2 = −i

γd212 d223 −iE3 τ
e
FIR (τ )eiE3 t FIR (t),
(E2 − E3 )2

(3.27)

which can be analytically Fourier transformed (see Appendix A.2). By
combining the frequency resolved XUV pulse of Eq. (3.24) and the Fourier
transformed dipole moment d˜a2 (ω, τ ) from Eq. (A.18), the analytical response function [see Eq. (2.7)] representing the LISs is
√ 2 2 2 2
πγ ρd12 d23 F0,IR TIR
√
S̃a2 (ω, τ ) =
ω sin (ωIR τ ) sin [τ (E3 − ω)]
2 2(E2 − E3 )2 c
−4τ 2
× exp
2
TIR
"

!(

"

T 2 (ω − E3 − ωIR )2
exp − IR
16

T 2 (ω − E3 + ωIR )2
− exp − IR
16

#)

.

#

(3.28)
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Like we did for the SBs and fringes in the previous section, we now aim to
better understand and describe the LISs via their corresponding analytical
response function in Eq. (3.28).
Unlike the case for the other features, the locations of the LISs are
restricted in the variable τ in addition to in frequency ω. The exponentials
determining the extent of the LISs originate from two factors in the
last term of Eq. (3.13). The exponentials inside the curly brackets of
Eq. (3.28) stem from the FIR (t) term in Eq. (3.27), which in turn comes
ˆ 3a i [see Eq. (3.15)]. The exponential term
from the coupling term hψ1 |d|ψ
2
2
exp (−4τ /TIR ), on the other hand, is the envelope of the field FIR (τ ) in
Eq. (3.27), which originates in the complex amplitude a3 (t) [see Eq. (3.18)].
Comparing the cases of the features then, we see that for all three types
of features the couplings terms [Eqs. (3.14) and (3.15)] are important,
but the characteristics of the SBs and fringes rely on the adiabatic phase
corresponding to the energy E2a [Eq. (3.5)], and not on the adiabatic
amplitude a2 (t) [Eq. (3.17)]; whereas for the LISs it is opposite, with
the adiabatic amplitude a3 (t) [Eq. (3.18)] playing an important role, and
with the adiabatic phase associated with the energy E3a [Eq. (3.6)] wholly
neglected [see text after Eq. (3.26). This reflects the prevailing physical
understanding of the LISs [70], as a two-photon process in which one
XUV photon is absorbed, and one IR photon either absorbed or emitted—
simultaneously. This can only happen during temporal overlap of the two
fields, which is implied directly by the factor FIR (τ ) from Eq. (3.18). A
pertinent contrast can be made with respect to the fringes, which are
visible even at large negative delays τ , due to an initial excitation by the
XUV pulse, followed by a dressing of the persisting population in the |ψ2a i
state by the IR pulse.
The overall signal strength of the LISs depends on the same quantities as
the two other features [compare Eqs. (3.25) and (3.28)], with the exception
of a factor 1/2(E2 − E3 ), indicating that the LISs are more sensitive to
the energy difference between the two field free excited states than the
SBs and fringes. Moreover, the LISs also have a hyperbolic line shape,
with respect to the E3 energy, stemming from the combination of the XUV
∗
term F̃XUV
(ω, τ ) [Eq. (3.24)] and the phase factor exp (−iE3 τ ).
Finally, we note that the LISs are associated with the field free dark
state, which can be understood both from the arguments made in the
previous paragraphs, and from the fact that the term in Eq. (3.13) giving
rise to the LISs corresponds to the |1s2si state.
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Comparison of Spectra

In this section we compare the spectra calculated by the various method we
have described. First, the numerical calculations, described in Chapter 2.
Second, the full adiabatic model, which requires the numerical solving of
Eqs. (3.10) and (3.11), followed by insertion into Eq. (3.12) along with the
coupling from Eqs. (3.14) and (3.15); and finally the numerical Fourier
˜ τ ) and F̃XUV (ω, τ ), which are then inserted
transforms to obtain d(ω,
into (2.7). Third, and last, the analytical expressions from Eqs. (3.25) and
(3.28). We start by making a general comparison between the numerical
spectrum and the full adiabatic model, followed by a comparison between
all three methods for each individual feature: the SBs, the fringes, and the
LISs. So far the features have been described superficially in Section 3.1.2,
and more thoroughly through the lens of the analytical expressions in
Eqs. (3.25) and (3.28); in this section we will describe them in more detail,
based on their appearance in the various spectra.
We will exemplify our theory with helium, as explained in Section 3.1.1,
where the appropriate TDMs and energies are given, as well as all parameters for the fields. The theory we have developed will be valid for other
systems and parameters, as long as the approximations and assumptions
we have made can be realized. To summarize these conditions: The fields
must be weak, to justify the neglecting of certain higher order terms in the
IR field, and the use of perturbation theory with respect to the XUV field;
the XUV pulse must be short, to justify the delta-function approximation;
and finally, the adiabatic approximation requires restrictions on the IR
field, such as its frequency not being in resonance with the energy distance
between the two excited levels, but we also require that the frequency is
not high enough to induce significant population transfer to the excited
states higher in the manifold of bound states, as these have been neglected
in the three-level model.

3.5.1

Full Spectra

In Fig. 3.3 we compare the numerical calculations from Chapter 2, with
N = 3 [panel (a)], to the calculations from the full adiabatic three-level
model [panel (b)]. As in Fig. 3.1, we have highlighted the relevant features
in the model calculations, which will be considered individually shortly.
Generally, the adiabatic model yields a good reproduction of the numerical
results. Specifically, the SBs surrounding the main absorption line at
E(1s2p) = 21.23 eV, mainly for negative delays τ , are reproduced very
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well. The fringes centered at energies EF+ = 22.01 eV and EF− = 20.45 eV
have identical qualitative features in both calculations, but appear slightly
dimmer in the adiabatic model calculations. Finally, the LISs see some
alterations between the two calculations, with the oscillation pattern being
less pronounced for the upper LIS at ELIS+ = 21.01 eV in the numerical
calculations, but more pronounced—and with both positive and negative
values—in the numerical calculations for the lower LIS at ELIS− = 20.23 eV;
the oscillation frequencies, signal strength, and location of the features,
however, are well reproduced.

3.5.2

Oscillating Fringes

The oscillating fringes, in the spectra derived from all three methods
described at the start of this section, are shown in Fig. 3.4. Fringes above
the dashed lines correspond to energies E(1s2p) + 2ωIR = 22.01 eV, and
the fringes below the dashed lines correspond to energies E(1s2p) − 2ωIR =
20.45 eV—for each of the three panels. Other than their location in the
spectra, the defining characteristics of the fringes include an oscillation
with τ at twice the frequency of the IR pulse, the hyperbolic lineshape
asymptotically tending towards the line at E(1s2p) = 21.23 eV, and
the relative weakness of the EF+ fringes compared to the EF- fringes—
the latter due to the hinterference cause
by the interaction between the
i
R
ˆ 2a i.
adiabatic phases exp i τt dt0 E2a (t0 ) and the coupling term hψ1 |d|ψ
These characteristics are often shared by spectroscopic features attributed
to which-way interference [64, 108], where several distinct pathways sharing
one state as a final destination cause interference in the spectrum. This
can not be the case for the fringes here, which is demonstrated by their
presence even at large negative delays. The IR pulse arrives well after the
|1s2pi has been populated by the XUV pulse, at which point there are
no two distinct processes involving the energy levels EF± , only a single
process involving the dressing of the |1s2pi population by two IR-photons.
Comparing the three spectra in Fig. 3.4, we start by noting the presence
of a LIS in Fig. 3.4 (a), below the dotted line. Due to the nature of the
numerical calculations, it is not possible to isolate specific features in the
spectra, and so even if our focus here are the fringes, the LIS intrude. In
the adiabatic model, on the other hand, the same LIS directly corresponds
to the second term in Eq. (3.12), so by including only the first term an
isolated view of the fringes can be obtained. In Fig. 3.4 (b) the spectrum
as calculated by the full adiabatic model is shown, which corresponds
very well to the numerical calculations in panel (a). In Fig. 3.4 (c) the

3.5 Comparison of Spectra

Figure 3.3: Attosecond transient absorption spectrum S̃(ω, τ ) of He
[Eq. (2.7)], in panel (a) the dipole moment is calculated using the
numerical theory presented in Chapter 2, with a basis of N = 3 states,
as in Fig. 3.2 (b). In panel (b) the dipole moment is calculated using
the full adiabatic model [see Eq. (3.12)], and the features of interest
are highlighted: Oscillating fringes centered around E(1s2p) ± 2ωIR ,
i.e., at 22.00 and 20.45 eV; hyperbolic sidebands centered around
E(1s2p) = 21.22 eV; and light-induced structures centered around
E(1s2s) ± ωIR , i.e., at 21.01 and 20.23 eV. Relevant parameters are
given in Section 3.1.1. An illustration of the infrared pulse, centered
at τ = 0 fs, is shown in the top panel. The color scale to the right
displays the signal strength in arbitrary units. Reproduced with
permissions from Phys. Rev. A 96, 013430 (2017) [1]. Copyright
2017 American Physical Society.
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Figure 3.4: Attosecond transient absorption spectrum S̃(ω, τ ) of
He [Eq. (2.7)], focused on the oscillating fringes at energies EF+ =
22.01 eV (above dashed lines) and EF− = 20.45 eV (below dashed
lines). Panel (a) exhibits calculations from the numerical method
described in Chapter 2, using N = 3 field free basis states. In
panel (b) the spectrum as calculated by the full adiabatic model
of Section 3.3 is shown. Panel (c) is calculated from the analytical
expressions of Eq. (3.25). LISs centered at ELIS− = 20.23 eV and
between delays −25 fs < τ < 15 fs cannot be filtered out from the
numerical calculations, but are removed from the adiabatic model
and analytical expressions, in order to give an unobstructed view of
the fringes (see text for details). The vertical dotted line is meant
to serve as a guide for the eye. An illustration of the infrared pulse,
centered at τ = 0 fs, is shown in the top panel. The color scale to the
right displays the signal strength in arbitrary units. Reproduced with
permissions from Phys. Rev. A 96, 013430 (2017) [1]. Copyright
2017 American Physical Society.
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spectrum from the analytical expression in Eq. (3.25) is shown. A visual
comparison goes a long way towards confirming the validity of the analytical
expressions, as they reproduce nearly all relevant characteristics of the
complete calculations in panels (a) and (b). A conspicuous difference is
that the analytical fringes do not vanish at delays τ & 10 fs, and they
do not exhibit the gradual dimming at increasingly large negative delays.
This is, however, an expected consequence of the omission of the window
function and the substitution of the Heaviside function, which is thoroughly
described in the text following Eq. (3.22).

3.5.3

Sidebands

The sidebands, again as calculated by each of the three methods, are shown
in Fig. 3.5—located around the main absorption line corresponding to
the |1s2pi level. The SBs have a width of slightly less than 0.5 eV, and
extend from large negative delays to τ ≈ 10 fs. They have a hyperbolic
profile, which is more pronounced than for the fringes, due to the degree
of hyperbolic curvature being dependent on the proximity to the energy
E(1s2p) = 21.23 eV.
In Fig. 3.5 (a) the results from the numerical calculations are presented.
A LIS is again visible in the spectrum, centered at ELIS− = 20.23 eV and
between delays −25 fs < τ < 15 fs; as explained in Section 3.5.2, these
LISs cannot be removed from the numerically calculated spectrum. The
spectrum as calculated by the full adiabatic model are shown in Fig. 3.5 (b),
where the SBs are found to be in excellent agreement with the numerical
calculations in panel (a). The SBs as described by the analytical expression
2 (ω − E )2 /32] term—are given
of Eq. (3.25)—specifically the −2 exp [−TIR
2
in Fig. 3.5 (c). The analytical form is in agreement with the two other
methods, in panels (a) and (b), again accounting for the discrepancy due
to the neglecting of the Heaviside- and window function. Note also the
absence of main absorption line for the analytical expressions, which was
removed with the neglecting of terms with time-dependence only in factors
exp (iE2 t) [see text following Eq. (3.22)].

3.5.4

Light-induced Structures

In Fig. 3.6, the LISs as calculated by each of the three methods, are shown.
The LISs, unlike the two features described prior, are only present for
the range of delays τ in which the XUV- and IR-pulses overlap. More
specifically, the intensity of the LISs follow the IR-field, oscillating with

3.5 Comparison of Spectra

Figure 3.5: Attosecond transient absorption spectrum S̃(ω, τ ) of
He [Eq. (2.7)], focused on the SBs surrounding absorption line corresponding to single-photon absorption to the |1s2pi state. Panel (a)
exhibits calculations from the numerical method described in Chapter 2, using N = 3 field free basis states. In panel (b) the spectrum as calculated by the full adiabatic model of Section 3.3 is
shown. Panel (c) is calculated from the analytical expressions of
Eq. (3.25). LISs centered at ELIS+ = 21.01 eV and between delays
−25 fs < τ < 15 fs cannot be filtered out from the numerical calculations, but are removed from the adiabatic model and analytical
expressions, in order to give an unobstructed view of the SBs (see
text for details). An illustration of the infrared pulse, centered at
τ = 0 fs, is shown in the top panel. The color scale to the right
displays the signal strength in arbitrary units. Reproduced with
permissions from Phys. Rev. A 96, 013430 (2017) [1]. Copyright
2017 American Physical Society.
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τ at the frequency ωIR , and dropping to zero for those delays where the
instantaneous amplitude of the IR field is zero. A hyperbolic line shape is
still present, but less pronounced and obvious than for the other features.
Figure 3.6 (a) exhibits the LISs—along with the other features—from
the response function calculated by the numerical method of Chapter 2. As
explained previously, a given spectroscopic feature cannot be isolated in the
numerical calculations; for the LISs this can be particularly problematic
when seeking to glean their characteristics, as they overlap significantly
with other features. Here, the upper LIS overlaps with—and is largely
obscured by—the SBs, and the lower LIS overlaps with the lower fringes.
In Fig. 3.6 (b) the LISs calculated by the full adiabatic model of Section 3.3
are shown, where we again have isolated the relevant feature, this time
by keeping only the second term of Eq. (3.13). These isolated LISs differ
from their equivalents in the numerical calculations [panel (a)], with the
oscillations hard to recognize in the upper LIS, and the lower LIS exhibiting
both positive and negative values—unlike the LISs in panel (b). The degree
to which these differences are attributable to the removal of interfering
features is unclear, but the important characteristics of the location of
the LISs, and how they oscillate with τ , agree between the two methods.
Lastly, the LISs as described by the analytical expression in Eq. (3.28), are
shown in Fig. 3.5 (c). These LISs are in good agreement with the LISs in
panel (b), with the best agreement at the largest negative τ , and gradually
worse with increasing τ , and no agreement at τ & 10 fs, which again can
be explained by the neglecting of the Heaviside- and window function [see
text after Eq. (3.22)].

3.6

Other Features

In this section we briefly mention two features that are also common to
ATAS spectra, which did not appear in the other calculations in the present
chapter.

3.6.1

Autler-Townes Splitting

Autler-Townes splitting [78–80] typically occurs when a bright and a dark
state are strongly coupled, for example when an incoming field is in onephoton resonance with the two states. It is characterized by a splitting of
the absorption line corresponding to the bright state, as seen in Figure 3.7,
where resonance was achieved by changing the energy of the |1s2pi state
to E(1s2p) = 21.01 eV, and where the IR intensity was increased to
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Figure 3.6: Attosecond transient absorption spectrum S̃(ω, τ ) of
He [Eq. (2.7)], focused on the LISs at energies ELIS+ = 21.01 eV
(above dashed lines) and ELIS− = 20.23 eV (below dashed lines), corresponding to a two-photon transition to the |1s22i state. Panel (a)
exhibits calculations from the numerical method described in Chapter 2, using N = 3 field free basis states. In panel (b) the spectrum
as calculated by the full adiabatic model of Section 3.3 is shown.
Panel (c) is calculated from the analytical expressions of Eq. (3.25).
The vertical dotted line is meant to serve as a guide for the eye. An
illustration of the infrared pulse, centered at τ = 0 fs, is shown in the
top panel. The color scale to the right displays the signal strength
in arbitrary units. Reproduced with permissions from Phys. Rev. A
96, 013430 (2017) [1]. Copyright 2017 American Physical Society.
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Figure 3.7: Attosecond transient absorption spectrum S̃(ω, τ ) of
He [Eq. (2.7)], focused on the Autler-Townes splitting of the main
absorption line at energy 21.01 eV. The system- and pulse properties
are identical to the ones given in Section 3.1.1, with the following
exceptions: E(1s2p) = 21.01 eV, IIR = 3 × 1012 W/cm2 , d12 = 1,
d23 = −1. An illustration of the infrared pulse, centered at τ = 0 fs,
is shown in the top panel. The color scale to the right displays the
signal strength in arbitrary units.

IIR = 3 × 1012 W/cm2 . Given that Autler-Townes splitting ordinarily is
an indicator of a resonant process, we could not accommodate it in the
adiabatic model of Section 3.3.1 without violating the adiabatic condition.

3.6.2

Which-way Interference

Which-way interference [64, 108] can arise in ATAS spectra due to the coherent interaction between processes in the system that involve population
transfer to a final state via several distinct pathways. In Chapter 4, we
observe which-way interference when exploring the LiF system, and so
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we reserve further description and discussion of this phenomenon for that
chapter.

Chapter

Molecules
n this chapter we explore the features of the molecular ATAS spectrum,
and specifically how they are affected by the presence of a nonzero
permanent dipole. The contents of this chapter overlap with that of
Ref. [2], of which I am the first author. My contributions to the study were
major in all respects, i.e, derivations of expressions, numerical calculations
and interpretation of data, construction of figures, and preparation of the
manuscript. Note that several of the figures in this chapter are reproduced
directly or adapted—with permissions—from Ref. [2].
The chapter starts out with a primer on molecular ATAS, by way of
comparison with atomic ATAS, in Section 4.1. Here we point out the most
important effects of nuclear motion in the system under consideration,
discuss the impact of the orientation of the molecule with respect to the
field, and the presence of nonzero permanent dipoles—all matters which do
not appear in the context of atomic ATAS. In Section 4.2 we introduce the
specific system we will use to exemplify our theory, LiF, and provide details
on the properties of the fields, and window function. In Section 4.3 we
present the results from the numerical calculations described in Chapter 2;
we look at the difference between nonpolar and polar systems, and discuss
the features of the ATAS spectrum corresponding to the LiF molecule.
We present, in Section 4.4, the fixed-nuclei adiabatic model, through
which we can reproduce the spectra of the fully numerical calculations.
In Section 4.5 we analyze the features, specifically the LISs and ladder,
in more detail, as enabled by the adiabatic model, and we also derive a
fully analytical expressions which describes the adiabatic part of the ladder
feature. Finally, in Section 4.6, we investigate how the ATAS spectrum
depends on the arrangement of the molecules in the target, in particular
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considering molecules that are either oriented or aligned with respect to
the incoming fields.

4.1

Molecular Versus Atomic ATAS

In Chapter 3 we gave a broad description of atomic ATAS. Building on
this, we can introduce molecular ATAS by considering similarities and
differences between the two systems, with an emphasis on the implications
for the features of the ATAS spectrum. As mentioned previously, we
specifically consider diatomic molecules.

4.1.1

Nuclear Motion

Perhaps the most obvious complicating factor in the treatment of a molecular system, relative to an atomic one, is the inclusion of nuclear motion.
Unlike an atom, a molecule is subject to rotations, and internal vibrations
about the equilibrium positions of the nuclei. The nuclear masses are large
relative to the electron mass, which translates into significantly slower
dynamics. Of the two classes of nuclear motion, rotation is the slowest,
and on the time scales of the interactions and dynamics we consider here
the rotational motion can be neglected—as mentioned in Section 2.25. The
consequences of the relative motion of the nuclei, on the other hand, can
manifest themselves quite clearly in the ATAS spectrum, which we will
show with an example.
In the formalism of Chapter 2 (see Section 2.25), the quantum state of
the molecule, |Φi, is expressed as a linear combination of R-dependent electronic wave functions |φk i (k = 1, 2, . . . , N ), with nuclear wave functions
χk (t, R) as expansion coefficients. Consider now a system consisting of two
PECs (N = 2), between which we have some nonzero and constant TDM,
D12 , but no diagonal couplings. If we induce a population in the excited
state, for example with an XUV pulse, then the shape of the excited PEC
will determine the motion of the excited nuclear wave packet χ2 (t, R). In
a dissociative state the curvature of the PEC causes the wave packet to
move towards greater R, which corresponds to dissociation, i.e., molecular
breakup.
The situation is illustrated Fig. 4.1, where the ground state nuclear
wave function is shown in blue at all times, the XUV pulse is shown in
purple and is visible at times t = t0 and t = t1 , and with the excited nuclear
wave function shown in red at times t = t1 and t = t2 . The PECs were
designed for the purpose of demonstration, but closely resemble the two
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Figure 4.1: Pictorial representation of a dissociative process following
excitation by an XUV pulse, in a model system. Energy along vertical
axis, internuclear separation R along horizontal axis. Times follow
t0 < t1 < t2 . At time t = t0 the ground state nuclear wave function
χ1 (t, R) is shown in blue, along with the incoming XUV pulse in
violet. At time t = t1 a wave packet χ2 (t, R), shown in red, is
induced by the XUV pulse. At subsequent time t = t2 the excited
wave packet has propagated towards greater R due to the slope of
the PEC.

PECs of LiF that we will use as our example system later. To understand
how this process appears in an ATAS spectrum, we must first consider
how the dipole moment in a molecular system changes with time, which is
expressed by Eq. (2.25); in this specific system, it reduces to
hDir,R = 2D12

Z ∞
0

dR Re [χ∗1 (t, R)χ2 (t, R)] .

(4.1)

From Eq. (4.1) we can deduce the following: At time t = t0 , before the
incidence of the XUV pulse, there is no population in the excited PEC, i.e.,
χ2 (t0 , R) = 0 =⇒ hD(t0 )ir,R = 0. After population of the excited PEC
by the XUV pulse, at time t = t1 , we have two nuclear wave functions
χ1 (t1 , R) and χ2 (t1 , R) that are nonzero for the same values of R, and
hence a nonzero time-dependent dipole moment has been established. At
the time t = t3 the excited wave packet has propagated to larger R, which
means that χ1 (t3 , R) and χ2 (t3 , R) are not simultaneously nonzero for
any R, and the dipole has effectively been cut off. The important factor
here is how long it takes for the excited wave packet to propagate to a
region where it is no longer overlapping in R with the ground state wave
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packet. The longer the nuclear wave functions are overlapping, the longer
we will have an oscillating time-dependent dipole, which determines how
well defined the absorption line is. Furthermore, some features—like the
oscillating fringes described in Chapter 3—require a persisting population
in an excited state; either because they require time to build up, or because
the IR pulse arrives much later than the XUV pulse. If the excited nuclear
wave function departs relatively quickly, these features will not appear.
The time it takes for the wave functions χ1 (t, R) and χ2 (t, R) to no
longer overlap in R after excitation depends on the slope of the excited
PEC. For the first excited curves of LiF—given in Section 4.2, Fig. 4.3—the
slope is less steep than in Fig. 4.1, and the time it takes for the excited
wave packet to propagate out of the overlap region is on the order of a
few femtoseconds. We can compare this with the time it takes for the
window function to dephase the excited state in the He atom in Chapter 3,
which is on the order of a few hundred femtoseconds. Given a difference
of two orders of magnitude, we expect the molecular absorption line to
be significantly broader. This effect was directly investigated in Ref. [52],
where the authors compared the spectra from calculations using normal
nuclear motion, with spectra where the nuclear coordinate was fixed.
With free nuclear motion the spectra did indeed exhibit relatively broad
absorption features—a sign of less well-defined frequencies—due to the
relatively short lifetime of the oscillating dipole.

4.1.2

Orientation

Due to the spherical symmetry of the atomic ground states in Chapter 3,
it is meaningless to consider the orientation of the atom with respect to
the incoming fields. When dealing with molecules, however, it is crucial
to consider this orientation. For the majority of this chapter, we will
assume that all target molecules have a set orientation with respect to the
incoming fields; the exception being in Section 4.6, where we consider a
target of aligned molecules, where two opposite orientations are assumed—
in equal measure. Note that the latter only is relevant for heteronuclear
molecules, as two oppositely oriented homonuclear molecules would be
indistinguishable in terms of their ATAS signal.
As in the previous chapter, we assume that the fields are linearly
polarized in the z-direction. The molecule is oriented in such a way that its
axis of symmetry is aligned with the polarization direction of the fields. In
the following we will use the lithium fluoride (LiF) molecule to exemplify
our theory (see Section 4.2), and in Fig. 4.2 the molecule is shown relative
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Li

z

R
Figure 4.2: Illustration of the LiF molecule and the incoming
IR field. The molecular axis lies in parallel with the polarization
direction of the field, along the z-direction, and perpendicular to
the propagation direction of the field. R is the internuclear separation. Reproduced with permissions from Phys. Rev. A 98, 053401
(2018) [2]. Copyright 2018 American Physical Society.

to the incoming IR field. Other orientations than the ones we consider
in this thesis have been explored previously. In Ref. [109], the authors
considered several angles between the polarization direction of the fields
and the internuclear axis of a diatomic molecule, and found that the
coupling strengths of specific transitions were affected by this orientation.

4.1.3

Permanent Dipoles

Another distinguishing characteristics of certain molecules compared to
atoms is that they can have a nonzero permanent dipole, so that diagonal
elements Dkk are nonzero [see Eqs (2.21) and (2.26)]. This property is not
inherent in all molecules, and the majority of molecular ATAS research so
far has been focused on nonpolar homonuclear atoms [48–52, 71, 109], with
a recent exception where CO molecules were considered [110]. How the
presence of a nonzero permanent dipole affects the ATAS spectrum then,
is relatively uncharted territory, and is the main focus of this chapter.

4.2

System Properties and Field Parameters

Before delving into the numerical and adiabatic calculations, we introduce
here the system we have chosen to exemplify our theory with—LiF—and the
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parameters of the fields applied in this chapter. The system is chosen with
the purpose of producing the features of interest in ATAS, while keeping
the setup as simple as possible. In Section 3.2.1, we showed how including
only a subset of bound states in a basis set is a valid approximation, given
that the subset is properly isolated from the other states, which depends
both on the system and on the fields—the parameters are chosen with this
in mind.
The two lowest BO-curves of LiF, E1 (R) and E2 (R), and the corresponding dipole moments, D11 (R), D12 (R), and D22 (R), are shown in
Fig. 4.3. We start by noting the shaded area of the figure, which covers
the region where the curves exhibit an avoided crossing. In this region the
non-adiabatic terms appearing in Eq. (2.36) grow large, but due to their
location, at relatively large R, they would not have played any significant
role in our calculations—see Section 4.1.1. How the non-adiabatic terms
can affect the ATAS spectrum in other situations is an interesting research
topic, and will be discussed briefly in Chapter 5.
A pertinent comparison can be made between the LiF system, and the
He system used in Chapter 3; here we use only two curves of LiF, whereas
for He we used three levels. The important difference lies in the distance
between the LiF ground state with the first excited curve, which is small
enough to allow for a mixing of the two states—a necessary condition for
certain processes to take place. In the He atom, the excited states are
relatively far removed from the ground state, and so it was necessary to
included two excited states to allow for state mixing.
Given the relatively small distance between the ground state- and
excited curves in LiF, a single-photon absorption between the curves
requires a lower photon energy than for He, in Chapter 3. This brings
the ultraviolet photon energy out of the XUV regime, and henceforth we
refer to the pulse simply as the UV pulse. We note that in Chapter 3 the
bandwidth of the XUV pulse was broad enough that it could be considered
constant over the relevant range of interest. The magnitude of the UV pulse
used here varies significantly over the range of energies of interest, and will
directly influence the signal strength of the features of the spectrum. As for
the IR pulse, we use a lower wavelength, which brings it into the NIR regime.
The field parameters are (see Section 2.3.1): λNIR = 800 nm (corresponding
to ωNIR = 1.55 eV), λUV = 160 nm (corresponding to ωXUV = 7.75 eV),
INIR = 1012 W/cm2 , IXUV = 5 × 107 W/cm2 , TNIR = 40.01 fs (Nc,IR = 15),
and TXUV = 1.07 fs (Nc,XUV = 2). The CEP ϕ is set to zero for both fields,
except in Section 4.6. The target density is arbitrarily set to ρ = 1 [see
Eq. (2.7)]. As in Chapter 3 the FWHM of the Gaussian corresponding to
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Figure 4.3: Dipole moments (top panel) and Born-Oppenheimer
curves (bottom panel) of LiF, as functions of the internuclear spacing
R. The gray shaded area covers the region where the curves intersect;
the shading is meant to signify that this intersection is inconsequential in our calculations. The dotted line indicates the center of
the ground state nuclear wave function, at R0 = 3, where we have
D11 (R0 ) = 2.62, D12 (R0 ) = 0.22, D22 (R0 ) = −1.55, E1 (R0 ) ≡ 0,
E2 (R0 ) = 7.07 eV. Curves from interpolated data given in Ref. [111].
Adapted with permissions from Phys. Rev. A 98, 053401 (2018) [2].
Copyright 2018 American Physical Society.

our window function (see Section 2.5) is chosen to be large enough that the
features of interest are unaffected, which amounts to TFWHM /2 = 100 fs.
When applying the window function to the He system in Chapter 3, the
time at which the XUV pulse arrived, t = τ , served as a natural starting
point for the window function because no dynamics could take place before
that point in time, and so we set tw = τ . For the LiF system, however,
the proximity of the ground state PEC to the excited PEC enables the
NIR pulse to induce dynamics in the system even before the UV pulse
arrives. To ensure that we do not disrupt the dipole moment prematurely,
we now set the window function to start at the end of the last pulse. This
choice is in general less consequential than in Chapter 3, in part due to
the relatively rapid suppression of the dipole moment due to the diverging
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wave packets, as outlined in Section 4.1.1.

4.3

Numerical Calculations

We start the ATAS investigation of the polar LiF molecule by employing the
numerical methods for molecular dynamics that were described in Chapter 2.
First, we consider the new features of the spectrum, before exploring the
role that the nonzero permanent dipole plays in their conception. The
numerical calculations of this section are supplemented in the following
section by an adiabatic model based on similar assumptions as the one
derived in Chapter 3, which sheds further light on the nature of the features.
Specifically, the numerical routine starts with the calculation of the
ground state nuclear wave function through imaginary time propagation, as
described in Section 2.4.4. The propagation of the wave packets under the
influence of the incoming fields is expressed by the coupled Equations (2.36),
which are solving using the split operator method (see Section 2.4.2),
with time step ∆t = 0.05, box size Rmax = 25, and grid resolution
∆R = Rmax /NR , with NR = 1024 grid points. A complex absorbing
potential is active close to the box limit (see Section 2.4.3). The nuclear
wave functions χk (t) are then inserted into Eq. (2.25), and the integrals
solved numerically. Finally, we take the Fourier transform and insert into
Eq. (2.7) to obtain the ATAS spectra.

4.3.1

Nonpolar Equivalent

With the properties of the system and the field as given in Section 4.2,
and if we disregard the permanent dipoles for the moment, then—in the
language used previously—we would classify the excited curve as a bright
state, which can be accessed via a dipole allowed transition from the
ground state. Such a system, where we have D11 (R) = D22 (R) = 0, is
equivalent to LiF, with the exception of the neglected effect of the polarity
of the system on the dynamics of the interaction. The corresponding
numerically calculated ATAS spectrogram is shown in Fig. 4.4, where we
see only a broad delay-independent absorption line in the spectrum. The
broadening can be understood from the discussion of a system with a single
dissociative excited PEC in Section 4.1.1, as the LiF system we use closely
resembles the illustrative example of that section. The absence of any
delay-dependent features in the figure can be understood by comparison
with the atomic case in Chapter 3, where all delay-dependent features
required the presence of an additional dark state.
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Figure 4.4: Numerically calculated attosecond transient absorption
spectrum S̃(ω, τ ) [Eq. (2.7)], using properties of the LiF system, with
permanent dipoles set to zero, i.e., D11 (R) = D22 (R) = 0. Only the
main absorption line at E2 (R0 ) = 7.07 eV is visible, exhibiting no
τ -dependent features. Relevant parameters are given in Section 4.2.
An illustration of the infrared pulse, centered at τ = 0 fs, is shown
in the top panel. Towards the left of the figure, the frequency
bandwidth of the UV pulse is shown in gray. The color scale to the
right displays the signal strength in arbitrary units. Adapted with
permissions from Phys. Rev. A 98, 053401 (2018) [2]. Copyright
2018 American Physical Society.
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The LiF ATAS Spectrogram

The numerically calculated LiF spectrogram, now with nonzero permanent
dipoles D11 (R) and D22 (R) as given in Fig. 4.3, is shown in Fig. 4.5. The
contrast with Fig. 4.4 is remarkable, and it is immediately apparent that the
polarity of the molecule directly influences the dynamics of the interaction—
in turn impacting the ATAS spectrum. The features appearing can be
divided into three categories, and similarly to in Chapter 3 we start by
briefly discussing them, after which we interpret them in the context of an
adiabatic model.
Light-induced Structures
Three LISs appear in Fig. 4.5, highlighted by red ellipses. They are located
at energies ELIS− = E2 (R0 ) − ωNIR = 5.51 eV, ELIS+ = E2 (R0 ) + ωNIR =
8.61 eV, and ELIS+2 = E2 (R0 ) + 2ωNIR = 10.16 eV. The LIS at ELIS+2
has the weakest signal, which can be expected as it likely involves three
photons—one UV photon and two NIR photons. The difference in signal
strength between the LISs at ELIS− and ELIS+ is presumably attributable
to the relative magnitude of the UV pulse bandwidth at the energies—this
bandwidth is illustrated in gray in the figure. The ELIS± LISs oscillate in
τ at frequency ωNIR , and the ELIS+2 LIS oscillates at frequency 2ωNIR .
In the chapter on atomic ATAS, and in other previous work, e.g.,
[52, 70], the LISs have been observed surrounding dark states, but never
around a bright state. In fact, the concepts of bright and dark states are
not necessarily useful in a system with a nonzero permanent dipole; the
presence of the LISs in Fig. 4.5, for example, cannot be understood in
terms of transitions via states of opposite parity. In a system with a central
symmetry transitions between states of identical parity would be forbidden,
as encapsulated by the Laporte rule [112]; the LiF system, however, does
not possess such symmetry.
Which-way interference
Which-way interference, mentioned briefly in Chapter 3, is a type of interference arising as a result of several distinct processes involving population
transfer sharing a final destination [64, 108]. In the present situation,
which-way interference is observed, and marked with a blue ellipse, along
the middle of the absorption line at E2 (R0 ) = 7.07 eV in Fig. 4.5. Given
the presence of the LISs, we can identify four unique pathways from the
ground state PEC to the excited state PEC: Directly, via absorption of one
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Figure 4.5: Numerically calculated attosecond transient absorption
spectrum S̃(ω, τ ) [Eq. (2.7)], of LiF. Relevant features are highlighted:
which-way interference pattern (blue) in the main absorption line
at E2 (R0 ) = 7.07 eV; light-induced structures (red) centered at
energies E2 (R0 ) ± ωNIR and E2 (R0 ) + 2ωNIR , i.e., at 5.51 eV, 8.61 eV,
and 10.16 eV; and a ladder structure (green arrows) with rungs
centered at energies E1 (R0 ) + nωNIR , i.e., at n times 1.55 eV, with
n = {2, 3, 4, 5, 6}. Relevant parameters are given in Section 4.2. An
illustration of the infrared pulse, centered at τ = 0 fs, is shown in the
top panel. Towards the left of the figure, the frequency bandwidth of
the UV pulse is shown in gray. The color scale to the right displays
the signal strength in arbitrary units. Adapted with permissions
from Phys. Rev. A 98, 053401 (2018) [2]. Copyright 2018 American
Physical Society.
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UV photon; via absorption of one UV photon and simultaneous absorption
or emission of one NIR photon; or via absorption of one UV photon and
emission of two NIR photons.
Ladder
The last salient features in Fig. 4.5 are a number of equally spaced bands
that oscillate at various frequencies with the delay τ —the positions are
indicated by green arrows. On account of their appearance, we will refer
to these features collectively as a ladder, with specific lines referred to as
rungs. This ladder feature has not been observed or described previously
in ATAS; this is likely connected with the fact that polar molecules have
not been explored in ATAS, since the ladder appears to be a consequence
of the presence of a permanent dipole. Given the rapid oscillations with
respect to the delay, especially for the higher rungs, we will now consider
a spectrogram exhibiting a smaller range of delays, in Fig. 4.6.
The spectrogram in Fig. 4.6 (a) is identical to the one in Fig. 4.5, and
its purpose is to indicate the area of the spectrogram which is shown in
panel (b), marked by the gray box. By comparing the oscillations of each
rung with the NIR pulse shown in the top panel, we see that the rungs
oscillate as nωNIR , where n ∈ {2, 3, 4, 5, 6}, starting at the lowest rung with
n = 2. Since we have set E1 (R0 ) = 0, it means that these rungs are located
at n times the NIR photon energy relative to the ground state energy,
suggesting that they represent a dressing of the ground state reminiscent
of how the oscillating fringes dressed the He bright state in Chapter 3.
Extending the lower range of energies shown in Fig. 4.6 would reveal
the first rung of the ladder, at energy E1 (R0 ) + ωNIR = 1.55 eV; however,
we have avoided the lower end of the energy range, as it is not practically
possible to obtain a signal at these low energies in the experimental ATAS
setup. In ATAS we focus on the frequencies that lie within the bandwidth
of the UV pulse, whereas the frequencies of the relatively intense NIR pulse
are filtered out after the interaction with the target. These low frequencies
are typically well separated from the frequencies in the frequency resolved
UV pulse, but due to the specific properties of the LiF system we have
chosen a UV pulse with lower frequencies than what is normally used in
ATAS.
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Figure 4.6: Numerically calculated attosecond transient absorption
spectrum S̃(ω, τ ) [Eq. (2.7)], of LiF. See caption of Fig. 4.5 for
description of features in panel (a), which is the same spectrogram.
Shaded area in panel (a) indicates the contents of panel (b), which
exhibits a small range of the delays of panel (a). Illustrations of the
infrared pulse, centered at τ = 0 fs, are shown in the top panels.
Towards the left of each panel, the frequency bandwidth of the UV
pulse is shown in gray. The color scale to the right displays the
signal strength in arbitrary units. Adapted with permissions from
Phys. Rev. A 98, 053401 (2018) [2]. Copyright 2018 American
Physical Society.
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Absent Features
Compared with the features in atomic ATAS, two features are notably
absent from the molecular ATAS spectrum in Fig. 4.5: the sidebands
around the main absorption line, and the oscillating fringes. Their absence
are both related to the swift departure of the excited wave packet, which
cuts off the dipole (see Section 4.1.1); both the SBs and fringes require
an enduring overlap between the nuclear wave functions in the two PECs.
The fringes in particular, occur due to a dressing of the population in the
excited curve by the NIR, and for negative delays of moderate magnitude
the NIR arrives after this population—in the form of the nuclear wave
function—is gone from the relevant region of internuclear separation. For
delays close to zero, the fringes could conceivably be present, but will
be obscured by the LISs at the same location. We have confirmed this
by neglecting the nuclear kinetic energy term Tnuc [see Eq. (2.35)] in the
numerical calculations, and thus effectively freezing the motion of the
nuclear wave packet; in this artificial situation SBs appear at their usual
location, in addition to fringes at E2 (R0 ) ± ωNIR and E2 (R0 ) ± 2ωNIR .

4.4

Fixed-nuclei Adiabatic Model

In this section we use an adiabatic model to derive an alternative representation of the LISs and ladder discussed in Section 4.3. The ansatz of
the model is similar to the one in Section 3.3, but with several notable
differences due to the specifics of the molecular system. The adiabatic
model enables deeper analytical examinations of the features, as compared
to its numerical counterpart. Unlike for the atomic case, obtaining closed
analytical forms corresponding to each of the features does not constitute a tractable problem, with the exception of the part of the ladder
feature which can be attributed adiabatic dynamics. Nonetheless, the
semi-analytical expressions we can obtain, yield clear insights into the
nature of the full LISs and ladder in the ATAS of polar molecules.
To make any progress in this analytical derivation, it is necessary that
the internuclear distance is frozen, at the distance corresponding to the
center of the of the ground state nuclear wave function, R0 = 3, which is
marked by the dotted line in Fig. 4.3; thus, in the following, all quantities
with R-dependence are evaluated at R0 = 3. This amounts to neglecting
the nuclear kinetic energy term TN , as expressed in Eq. (2.35). Judging
from the discussion in Section 4.1.1, and the results mentioned in the end
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of Section 4.3.2, this will have significant consequences for the dynamics of
the system, which must be mitigated.
In the specific system we are considering, the main effect on the dipole
moment due to nuclear motion is its suppression within a few femtoseconds
of excitation, due to dissociation. By applying the window function factor
defined in Eq. (2.49), this time multiplied by the complex coefficient for
the excited state, we effectively reproduce this effect, as will be shown in
the upcoming results. The period of this window function, WN (t − tw ), is
set to Tw = TN = 3.6 fs, and it is initiated at the instant of excitation by
the UV pulse, i.e., tw = τ .
In Section 4.2 we explained that in the current system the NIR pulse
can induce dynamics in the system independently of the UV pulse (which
was not the case in Chapter 3); the choice of tw = τ for WN could therefore
be problematic for large negative delays, as subsequent dynamics induced
solely by the NIR pulse could be erroneously neglected. In what follows,
we circumvent this problem by treating features that depend exclusively
on the NIR pulse separately. In this case it is not necessary to multiply
the coefficient for the excited state by the window function WN , as the
NIR pulse on its own only induces a temporary population in the excited
curve, as opposed to the UV pulse, which creates a wave packet in the
excited curve that remains even after the pulse.

4.4.1

Molecular Adiabatic System

The derivation of the adiabatic model in this chapter, is similar to its
atomic analogue in Chapter 3, but with important differences due to
the molecular structure and the polarity of the system. The molecular
adiabatic states |φka (t)i are defined by
[He − FNIR (t)D̂] |φka (t)i = Eka (t) |φka (t)i ,

(4.2)

where He − FNIR (t)D̂ is the full Hamiltonian, excluding the interaction
due to the UV pulse. The full state of the system |Φa (t)i is expressed as
|Φa (t)i = b1 (t) |φ1a (t)i e

−i

Rt

dt0 E1a (t0 )

+ b2 (t) |φ2a (t)i e

−i

Rt

dt0 E2a (t0 )

,
(4.3)
where we have replaced the nuclear wave functions χk (t, R) from Section 2.3.3 by the coefficients bk (t) to reflect that we are working
 R within

a fixed-nuclei approximation. The exponential factors exp −i tt0 dt0 Eka
are the phase-factors for the time-dependent adiabatic energies, equivalent
to the phase factors used in Section 3.3.1.
t0

t0
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Our objective is to obtain hDia = hΦa (t)|D̂|Φa (t)i, and the first step is
to determine the coefficients, states, and phases, of Eq. (4.3). Note that
calculating hDia does not involve integration over R, as R = R0 is now a
fixed parameter of the calculations.

4.4.2

Adiabatic States and -Energies

The adiabatic states |φka (t)i, and corresponding energies Eka (t), can be
obtained as the eigenstates and -energies of the matrix representation of
the Hamiltonian,
#

"

E1 (R0 ) − FNIR (t)D11 (R0 )
−FNIR (t)D12 (R0 )
H=
,
−FNIR (t)D12 (R0 )
E2 (R0 ) − FNIR (t)D22 (R0 )

(4.4)

which is expressed in a basis of the field free states |φ1 i and |φ2 i. In
Eq. (4.4) we have used that He |φk i = Ek (R0 ) |φk i. The energies are
E1a (t) ≈ E1 (R0 ) − D11 (R0 )FNIR (t) −

2 (R )F 2 (t)
D12
0 NIR
,
E1 (R0 ) − E2 (R0 )

(4.5)

E2a (t) ≈ E2 (R0 ) − D22 (R0 )FNIR (t) +

2 (R )F 2 (t)
D12
0 NIR
,
E1 (R0 ) − E2 (R0 )

(4.6)

where the energies have been expanded about FNIR (t) = 0, and only terms
2 ), have been kept. The normalized eigenstates
up to second order, O(FNIR
of the matrix in Eq. (4.4) are
E1a − E2 − D22 FNIR
|φ1 i
|φ1a (t)i = − q
2 F2
2
D12
NIR + (E1a − E2 − FNIR D22 )
D12 FNIR

−q

2 F2
2
D12
NIR + (E1a − E2 − FNIR D22 )

(4.7)

|φ2 i ,

and
|φ2a (t)i = − q

D12 FNIR
2 F2
D12
NIR

+ (E2a − E1 − D11 FNIR )

|φ1 i

E2a − E1 − D11 FNIR
−q
|φ2 i .
2
2
D12 FNIR
+ (E2a − E1 − D11 FNIR )

(4.8)

4.4 Fixed-nuclei Adiabatic Model

4.4.3

67

Complex Adiabatic Amplitudes

In order to obtain the coefficients b1 (t) and b2 (t), we insert |Φa (t)i from
Eq. (4.3) into the TDSE, with the Hamiltonian
H = He − FNIR (t)D̂ − FUV (t, τ )D̂.

(4.9)

Employing Eq. (4.2), we can obtain equations for the time derivatives,
ḃ1 (t) and ḃ2 (t), by projecting the TDSE onto the adiabatic states, |φ1a i
and |φ2a i, respectively. The two coupled equations are
−i

ḃ1 = ib1 FUV hφ1a |D̂|φ1a i − b2 hφ1a |φ̇2a i e
−i

+ ib2 FUV hφ1a |D̂|φ2a i e

Rt
t0

Rt
t0

dt0 (E2a −E1a )

(4.10)

dt0 (E2a −E1a )

and
−i

ḃ2 = ib2 FUV hφ2a |D̂|φ2a i − b1 hφ2a |φ̇1a i e
−i

+ ib1 FUV hφ2a |D̂|φ1a i e

Rt
t0

Rt
t0

dt0 (E1a −E2a )

dt0 (E1a −E2a )

(4.11)
,

which can be solved numerically with initial values b1 (t0 ) = 1 and b2 (t0 ) = 0,
to obtain b1 (t) and b2 (t).
In Eqs. (4.10) and (4.11) terms containing factors on the form hφka |φ̇ka i
have been neglected, which requires justification. One way to justify this
is to first note that the normalized eigenstates from Eqs. (4.7) and (4.8)
can be written as |φka (t)i = αk1 (t) |φ1 i + αk2 (t) |φ2 i, with normalization
2 + α2 = 1. With this in mind, we see that
implying αk1
k2
hφka |φ̇ka i = αk1 α̇k1 + αk2 α̇k2 =

4.4.4


1d  2
2
αk1 + αk2
= 0.
2 dt

(4.12)

Dipole Moment

To calculate hΦa |D̂|Φa i, we start by noting that as a consequence of the
weak- and moderately intense fields, and given that we start out in the
ground state, b2 (t) can be considered to be relatively small throughout the
interaction, so that we can neglect |b2 (t)|2 in the expression for the dipole
moment; in this case the dipole moment can be written as
2

hDia = |b1 | hφ1a |D̂|φ1a i + 2Re



−i
b∗1 b2 hφ1a |D̂|φ2a i e

Rt
t0

dt0 (E2a −E1a )



.

(4.13)
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With the expression in Eq. (4.13), the adiabatic model can be realized by
numerically solving Eqs. (4.10) and (4.11), inserting the resolved quantities
into Eq. (4.13), taking the Fourier transform to get the frequency resolved
dipole moment, and inserting it into Eq. (2.7) along with the frequency
resolved UV pulse.
The two features we seek to describe here are the LISs, which—as seen
in Fig. 4.5—are appearing in atypical settings in the spectra corresponding
to a polar molecule (as compared to the nonpolar case), and the ladder, a
feature that was first described in the context of ATAS in Ref. [2]. Similarly
to the case of the three features we described in Chapter 3, the LISs and
ladder here stem from distinct parts of Eq. (4.13), and thus it is convenient
to consider them independently.

4.5

Further Analysis of Features

In this section we analyze the LISs and ladder in detail, building on
the fixed-nuclei adiabatic model of the previous section. This allows us
to understand the features in greater detail, and even to derive a fully
analytical expression corresponding to parts of the ladder feature that arise
from adiabatic dynamics.

4.5.1

Light-induced Structures

The presence of LISs in the spectrum typically indicates—in systems with
no permanent dipole—that a process involving two photons, in a transition
from the ground state to a dark state, has taken place [52, 70]—something
we have seen in Chapter 3. In these cases there is no signal in the spectrum
at the location of the dark state, since—per definition—there exists no
dipole coupling between the dark state and ground state. What was
shown in Fig. 4.5 is that this is not the case when a nonzero permanent
dipole is inherent in the system, as LISs surrounds the bright state at
E2 (R0 ) = 7.07 eV.
To improve our understanding of these unusual LISs, we start with
the term responsible for the LISs in Eq. (4.13), and apply a number of
approximation, with the goal of simplifying the expression corresponding
to the LISs to the point where only essential components remain. We can
then expect that an examination of these components will yield a more
direct understanding of how the LISs arise.
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As will become clear, the second term of Eq. (4.13) corresponds to the
LISs, so that


hDia,LIS = 2Re b∗1 b2 hφ1a |D̂|φ2a i e

−i

Rt
t0

dt0 (E2a −E1a )



,

(4.14)

and we start by considering the coefficients b1 (t) and b2 (t). The first
assumption we make is that relative to its initial value b1 (t0 ) = 1, any
subsequent alteration of b1 (t) will be small, so that we can set b1 (t) ≈ 1.
Next, we consider the non-adiabatic term, hφ2a |φ̇1a i, from Eq. (4.11).
For the omission of this term to be a valid approximation, the adiabatic
condition must hold—the NIR field must evolve slowly in time relative
to the dynamics of system. From the previous chapter we learned that
Fourier transforms involving the field to the n’th order shifts the location
of a feature in the spectrogram by nωNIR , typically relative to an existing
energy level. This suggests that the terms responsible for the LISs here
involve the NIR field to first and second order. Increasing orders of the field
involve increasingly rapid oscillations, which in turn makes the adiabatic
condition less likely to hold. Since we here consider the NIR field up to
second order only, we assume that the adiabatic condition holds, allowing
us to neglect the hφ2a |φ̇1a i term. The validity of this assumption will be
confirmed in the ensuing analysis of the spectrogram calculated with the
assumption in place.
The coefficients are not yet sufficiently simplified; to make further
progress we posit that the NIR field dependent parts of Eq. (4.14) that
are hdirectly responsible ifor the LISs are present in the phase factor
R
exp −i tt0 dt0 (E2a − E1a ) , and so we neglect FNIR -dependent parts in
the other factors. This amounts to setting
hφ2a |D̂|φ1a i ≈ D12 ,
e

−

Rt
t0

dt0 (E1a −E2a )

≈ e−i(t−t0 )(E1 −E2 ) ,

(4.15)
(4.16)

in Eqs. (4.11) and (4.14).
The UV pulse intensity is weak, allowing us to treat the interaction
between the system and the pulse perturbatively. We have already set
b1 (t) = 1; in the zeroth order approximation we have no perturbation,
(0)
and we have b2 (t) = 0, with the superscript indicating the order of
(1)
approximation. To obtain the first order approximation, b2 , we insert
(0)
b1 (t) = 1 and b2 = 0 into the remaining terms of Eq. (4.11), and integrate
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from t0 , which yields
(1)

b2 (t) = iD12 WN (t − τ )

Z t

0

dt0 FUV e−i(t −t0 )(E1 −E2 ) .

(4.17)

t0

In Eq. (4.17) we have multiplied by the window function WN (t − τ ), reproducing the cutoff of the dipole moment due to the dissociating wave packet,
which is automatically included in the numerical model that contains
the nuclear kinetic term, TN , in the Hamiltonian. The dipole moment
corresponding to the LISs has then been reduced to
hDia,LIS =

2
2D12
WN



Re ie

−i

Rt
t0

dt0 (E2a −E1a )

Z t

0

−i(t0 −t0 )(E1 −E2 )



dt FUV e

.

t0

(4.18)
The eigenvalues E1a (t) and E2a (t) are given in Eqs. (4.5) and (4.6).
The next step of our derivation consists of factoring out the constant part
of the integrand (E2a − E1a ) in the exponent of the phase factor, and
2 ), in the remainder:
keeping only terms up to second order, O(FNIR
−i

Rt

−i

Rt

dt0 (E2a −E1a )

−i(t−t0 )(E2 −E1 ) −i

≈e

Rt

2
D12
F2
2 −E1 NIR

dt0 (D11 −D22 )FNIR + E

.
(4.19)
The Taylor series of the second exponential factor is approximately
e

e

t0

t0

e

2
D12
F2
2 −E1 NIR

dt0 (D11 −D22 )FNIR + E

t0

≈ 1 − i(D11 − D22 )

Z t

dt0 FNIR

t0

1
− (D11 − D22 )2
2

Z t

dt0 FNIR

2

,

t0

(4.20)
where we have neglected all terms of third order of higher in the NIR field,
2
Rt 0 2
D12
in addition to a second order term, −i E2 −E
dt FNIR , as it is sufficiently
1 t0
small relative to the other second order term.
Finally then, the simplified model for the LISs is obtained by inserting
Eq. (4.20) into Eq. (4.18), numerically obtaining the Fourier transform,
D̃a,LIS (ω, τ ), and inserting into Eq. (2.7). The resulting spectrogram is
shown in Fig. 4.7, and specifically in panel (b); the numerical results as
described in Section 4.3 are shown in panel (a), for comparison. From this
figure we can clearly see that the simplified model provides an accurate
reproduction of the LISs and the main absorption line, including the
which-way interference pattern. The ladder feature is not present in
Fig. 4.7 (b)—as expected—since the term corresponding to the ladder is
omitted from the present model.
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Figure 4.7: Numerically calculated attosecond transient absorption
spectrum S̃(ω, τ ) [Eq. (2.7)], of LiF. Panel (a) exhibits the LISs as
calculated by the full numerical method, described in Section 4.3.
Panel (b) exhibits the LISs corresponding to the time-dependent
dipole moment of Eq. (4.18), with phases from Eq. (4.20). Relevant
parameters are given in Section 4.2. An illustration of the infrared
pulse, centered at τ = 0 fs, is shown in the top panel. The color
scale to the right displays the signal strength in arbitrary units. Reproduced with permissions from Phys. Rev. A 98, 053401 (2018) [2].
Copyright 2018 American Physical Society.
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To better understand the properties and origin of the LISs here, we
consider Eqs. (4.18) and (4.20), from which they arise. The first thing we
note is that the simultaneous presence of a nonzero diagonal dipole matrix
element, D12 , and nonzero off-diagonal dipole matrix elements, D11 and
D22 , is required for the existence of the LISs. More specifically, D12 =
6 0
is required for the presence of any feature in the spectrogram at all, with
2 . The main
the overall signal strength depending on the magnitude D12
absorption line at E2 (R0 ) = 7.07 eV will still be present in the absence
of nonzero permanent dipoles, but the LISs will vanish; this corroborates
what we learned from comparing Figures 4.4 and 4.5. The overall signal
strength of the LISs is proportional to D11 − D22 and (D11 − D22 )2 for the
LISs located at energies E2 ± ωNIR and E2 + 2ωNIR , respectively.
The
dependent on both the adiabatic phases,
h RLISs here are mainly
i
t
0
exp −i t0 dt (E2a − E1a ) , and the adiabatic coefficient from Eq. (4.17).
In the atomic system of Chapter 3, on the other hand, the LISs were found
ˆ a3 i, and an
to originate in the term related to mixing of states, hψ1 |d|ψ
adiabatic coefficient, a3 (t) (see Section 3.4.2). An important takeaway then,
is that this difference in the origin of the LISs implies that it is incorrect to
invariably attribute the LISs to the same factors across different systems.

4.5.2

Ladder

We now turn to the ladder feature seen in Fig. 4.5. The individual rungs of
the ladder can be seen at energies E1 (R0 ) + nωNIR (n ∈ {1, 2, 3, 4, 5, 6}), as
indicated by the green arrows, with the n’th rung of the ladder oscillating
with the delay, τ , as nωNIR .
As we shall see in the following, we can derive a fully analytical expression that describes part of the ladder, and a simplified model corresponding
to the remainder. In Fig. 4.8 several isolated views of the ladder feature are
shown, with the results from the full adiabatic model defined in Section 4.4
in panel (a), results equivalent to the analytical expression in panel (b),
and the simplified model results exhibited in panel (c). These will be
discussed further later in this section.
The process of isolating the ladder feature from the other features
in the spectrum requires some clarification. In ATAS, the UV pulse
enters the calculations in two distinct ways. One, it is a constituent of the
Hamiltonian, which determines the evolution of the coefficients (field-free or
adiabatic) through the TDSE. And two, the frequency resolved pulse enters
the expression for the response function directly [Eq. (2.7)]. The latter is
indispensable, but the former can be neglected under certain circumstances,
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Figure 4.8: Numerically calculated attosecond transient absorption
spectrum S̃(ω, τ ) of LiF, with an isolated view of the ladder feature
realized by setting FUV = 0 everywhere except in the response
function, Eq (2.7). In panel (a) the results of the full adiabatic model
of Section 4.4 are shown. In panel (b) the results corresponding
to the first term in Eq. (4.13) are shown, which is identical to the
spectrum corresponding to the analytical expression in Eq. (4.24). In
panel (c) the non-adiatic contribution to the ladder, stemming from
the second term in Eq. (4.13) is shown. Relevant parameters are
given in Section 4.2. Towards the left of each panel, the frequency
bandwidth of the UV pulse is shown in gray. The color scale to the
right displays the signal strength in arbitrary units. Adapted with
permissions from Phys. Rev. A 98, 053401 (2018) [2]. Copyright
2018 American Physical Society.
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one of which is that the ground state curve must be sufficiently close to
the first excited curve. We note that in a practical setting, it is of course
problematic to omit the interaction between the UV pulse and the system,
as it would require an experimental setup where the NIR pulse could
interact with the system, and the subsequent radiation could interfere
with an UV pulse which had not directly interacted with the system; in a
theoretical setting, however, this is easily realized, and can be useful in
order to get an unobstructed view of a certain feature of interest.
An indicator that the UV pulse is needed for the response function, but
is not involved in the dynamics that create the ladder, is that even for very
large negative or positive delays the ladder is present. The implication is
that the ladder is not dependent on a persistent population induced by the
UV pulse, as for these large delays the wave packets dissociate either long
before, or is not yet present when the NIR pulse arrives. By leaving the
UV pulse out of the TDSE, and obtaining the results of Fig. 4.8 (a)—in
which the ladder appears to be an excellent reproduction of the numerically
calculated results of Fig. 4.6 (b)—we confirm that this approach is valid.
The next step in the analysis of the ladder feature starts with a return
to Eq. (4.13), where each of the two terms are partially responsible for the
ladder. As before, we set b1 (t) = 1, and since we now have FUV = 0, we
can write


−i

hDia,lad = hφ1a |D̂|φ1a i + 2Re b2 hφ1a |D̂|φ2a i e
with
b2 (t) = −

Z t

0

−i

dt hφ2a |φ̇1a i e

R t0
t0

Rt
t0

dt0 (E2a −E1a )

dt00 (E1a −E2a )



, (4.21)

(4.22)

t0

In the derivation of the LISs (see Section 4.5.1), we argued for the
neglecting of a term containing the non-adiabatic factor hφ2a |φ̇1a i, on the
grounds that the LISs only involved the NIR field up to second order, and
so any time-dependent dynamics would be sufficiently slow to justify the
discounting of non-adiabatic effects. The uppermost visible rung of the
ladder is located at energy E1 (R0 ) + 6ωNIR , and thus we would expect
factors of the NIR field up to sixth order to be involved; this in turn
suggests that it would be unreasonable to disregard all non-adiabatic
dynamics in their generation.
Of the two terms in Eq. (4.21) then, the first represents the adiabatic
dynamics involved in the generation of the ladder, and its corresponding
spectrogram is shown in Fig. 4.8 (b); the second term represents the nonadiabatic dynamics, and is shown in Fig. 4.8 (c). The figure clearly shows
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that the non-adiabatic contribution to the full feature [Fig. 4.8 (a)], is
greater than the adiabatic contribution.
In Section 4.5.1 we employed the strategy of isolating the most impactful
factors in the expressions, in order to try to gain a better understanding of
the LISs. In the generation of the parts of the ladder feature resulting from
non-adiabatic dynamics, on the other hand, all the factors in Eq. (4.22)
and in the second term of Eq. (4.21) play a role, and so none can be
neglected. The implication is that the non-adiabatic parts of the ladder
arise from a complicated interplay between the adiabatic coefficient b2 (t),
the adiabatic
coupling term
hφ1a |D̂|φ2a i, and the field-induced
h dipole
i
Rt 0
phases exp −i t0 dt (E2a − E1a ) —under these circumstances, discerning
the contribution from each individual factor is unrealistic.
We turn then, to the first term of Eq. (4.21), which represents the
contribution to the ladder due to adiabatic dynamics, and specifically
to the rungs at energies E1 (R0 ) + nωNIR (n ∈ {2, 3, 4}), as we see in
Fig. 4.8 (b). From this term, hφ1a |D̂|φ1a i, we can derive a fully analytical
response function. The first step in the derivation is the Taylor expansion of
4 ),
hφ1a |D̂|φ1a i about FNIR , where we keep terms up to fourth order, O(FNIR
in the NIR field—prompted by the location of the rungs in the spectrum,
as they go up to energy E1 (R0 ) + 4ωNIR . The coefficients in the Taylor
expansion of hφ1a |D̂|φ1a i consist in general of several terms, where the
magnitude of one term dominates in each coefficient. By keeping only the
dominant terms, the expansion can be shown to be
2
hφ1a |D̂|φ1a i ≈ D12

4
X

(n + 1)

n=2

(D22 − D11 )n−1 n
FNIR .
(E2 − E1 )n

(4.23)

To obtain the closed analytical form for the response function, we must
now obtain the analytical expressions for the frequency resolved UV pulse,
the derivation of which is relegated to Appendix B.1, and the expression
for the Fourier transform of the time-dependent part of Eq. (4.23), i.e., the
n (t) up to n = 4, which is derived in Appendix B.2.
Fourier transform of FNIR
By inserting Eqs. (B.6) and (B.9) into the response function in Eq. (2.7),
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we obtain the analytical expression
"

2 T
2
πρD12
T2
NIR TUV F0,UV ω
exp − UV (ω − ωUV )2
S̃lad (ω, τ ) =
4c
ωUV
16

#

n
2
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√
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Im in+1 exp (iτ ω) exp [i(n − 1)ϕ] .

(4.24)
The spectrum expressed in Eq. (4.24) exactly reproduces the spectrum
seen in Fig. 4.8 (b), with ϕ = 0 [see Eq. (2.27)].
Having a fully analytical expression for the response function gives us
direct access to the various dependencies of the relevant feature, and allows
us to deduce the origin of all its characteristic properties—as was shown in
Chapter 3. Encapsulated in Eq. (4.24) is the part of the spectrum which due
to the adiabatic dynamics of the system. Under the present circumstances,
the adiabatic dynamics contribute less to the ATAS spectrum than the nonadiabatic part, which can be seen by comparing Fig. 4.8 (b) with Fig. 4.8 (c).
Certain characteristics of the ladder, such as the oscillation frequency with
τ and the equidistant spacing of the rungs, seem to be preserved in the
transition between the adiabatic and non-adiabatic contributions, which
suggests that the analytical response function in Eq. (4.24) expresses some
general facts about the ladder feature—not just the adiabatic parts. We
also note that in a different system the balance between the contributions
of the adiabatic and non-adiabatic dynamics could be shifted, e.g., if the
NIR pulse has a lower frequency, giving the system more time to adapt to
its influence.
The time-dependent dipole function from which Slad (ω, τ ) is derived,
is entirely determined by the hφ1a |D̂|φ1a i term in Eq. (4.13), which corresponds to an NIR-field induced mixing of the field free states |φ1 i and
|φ2 i. All n-dependent terms—referring to the n’th rung of the ladder—in
Eq. (4.24) stem from this mixing term; here we accentuate the most relevant ones. The (E2 − E1 )−n factor in Eq. (4.24) exhibits the dependence
of the n’th rung signal strength on the energy difference between the
ground state and excited curves at R = R0 , specifically showing that a
smaller energy difference translates into a stronger signal, an effect that is
amplified with increasing n; one way to interpret this is that adjacency of
the states controls the degree of mixing. A similar effect is caused by the
(D22 − D11 )n−1 factor, where an increase in n or in the difference between
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the two permanent dipoles yields an increase in the signal strength. The
fact that the signal is dependent on the permanent dipoles is perhaps not
surprising, as the ladder feature itself only arises in the presence of nonzero
n
permanent dipoles in the first place. Furthermore, the F0,NIR
reflects the
interpretation where the n’th rung is a signature of the dressing of the
ground state by n NIR photons; for weak and moderate fields—which is
a requirement for the validity of the present model—this factor strongly
moderates
the intensity of the signal
with increasing n. The exponentials


2
2
exp −(TNIR /16n)(ω − nωNIR ) controls the location of the rungs in the
spectrum, modulating the intensity of the signal as Gaussians centered at
frequencies ω = nω
.
 NIR
n+1
The factor Im i
exp (iτ ω) exp [i(n − 1)ϕ] in Eq. (4.24) determines
oscillation as a function of τ , and comes directly from the F̃UV (ω, τ ) factor
in the definition of the response function, since the delay does not enter
directly into the dipole moment in this calculation; the factor also contains
the effects due to the phase ϕ of the incoming fields. The phase is set to
zero here, but in the following section we will use it to investigate how the
orientation or alignment of the target molecules
affects the ATAS spectrum.

2 (ω − ω
2
We note that the exponential term exp −TUV
UV ) /16 picks out
the frequencies that lie in the bandwidth of the UV pulse, which of course
is a reflection of one of the defining properties of ATAS.
Finally, it should be noted, that the ladder feature observed in our
spectra, and described by Eq. (4.24), is not equivalent to a type of ladder
climbing described in several other studies [113–115]. In a molecular system,
it is possible to express the nuclear wave functions as linear combinations
of the vibrational states of the PECs. In ladder climbing, the idea is to
’climb’ up the vibrational state manifold by populating consecutive states
by applying a field with a frequency which is comparable to the spacing
between the energies of the vibrational states, i.e., resonant transitions. In
our case the distance between each rung of the ladder is equivalent to a
number of vibrational state energies, and by resolving the nuclear wave
packets in vibrational states we could not see signs of ladder climbing in
the populations of the states. We do not explicitly describe the method
of expanding the wave function in vibrational states here, as it serves a
minor role in the work—for such a description we suggest Ref. [82].
Polar Versus Non-polar Molecules
The response function in Eq. (4.24) (corresponding to the ladder) and the
phases in Eq. (4.20) (corresponding to the LISs) reveal that the difference
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between the diagonal dipole elements corresponding to the two curves, D11
and D22 , is the essential component of the features that is related to the
polarity of the molecule. In a heteronuclear molecule, the nuclear mass
asymmetry results in a nonzero total permanent dipole. However, some
heteronuclear systems, e.g., HD+ and HD, have electronic states that are
parity eigenstates, so that we would have D11 = D22 , and in this case the
present analysis suggests that the features would not be present in the
spectrum. Having a heteronuclear molecule is therefore not a sufficient
condition for the ladder or LISs to arise; it is necessary to specifically
consider polar molecules.

4.6

Orientation and Alignment

In the calculations up until this point, we have assumed that the molecular
targets have a specific orientation with respect to the incoming field,
as shown in the illustration in Fig. 4.2. Another common target setup
is one in which the molecules are aligned with respect to the incoming
field; in this case each molecule in the target has one out of two opposite
orientations. For our system, this would imply that half the molecules are
in the orientation shown in Fig. 4.2, and the other half with interchanged
nuclei. Orientation and alignment both constitute experimentally feasible
setups of the target, with alignment [116] typically being more simple to
attain than orientation [117–120]. In this section we investigate how the
setup of the target affects the ATAS spectrum.
Having already considered spectra corresponding to oriented molecular
targets, we now consider alignment. We start by recognizing that if we
impose a phase ϕ = π on the incoming fields, it will be equivalent to
flipping the orientation of the system. By simply adding the contributions
from two calculations, one with ϕ = 0 and one with ϕ = π, i.e.,
Saligned (ω, τ ) =

1
[S(ω, τ ; ϕ = 0) + S(ω, τ ; ϕ = π)] ,
2

(4.25)

we get the ATAS spectrum we would expect from a target consisting of
aligned molecules. This coherent addition is justified by the fact that the
dipole moment represents the response of the system, and it appears as a
linear factor in Eq. (2.7).
The comparison of spectra corresponding to oriented and aligned targets
is shown in Fig. 4.9, in panels (a) and (b), respectively. The spectra were
calculated using the numerical approach described in Chapter 2. All the
major features of the spectrum, highlighted in Fig. 4.5, exhibit changes
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when going from an oriented to an aligned target. Specifically, the LISs
are notably suppressed, the which-way interference on the absorption line
vanishes, and all rungs in the ladder feature whose location in the spectrum
correspond to an even number of photon energies relative to the ground
state energy disappear.
That which-way interference—arising due to several pathways sharing
a final destination—disappears with the LISs, is at first glance unsurprising, as the LISs are signatures of processes where several photons
are absorbed/emitted in order to reach the excited curve. When these
channels close, only the absorption of a single UV photon remains as a
path to the excited curve, and interference between distinct paths is no
longer possible. This implied causality is, however, misleading. There
is no conspicuous argument here for why the processes taking place in
each individual molecule in the target would change as a function of the
collective arrangement of the molecules, especially considering that the
single-system assumption means that macroscopic propagation effects are
disregarded (see Section 2.1). Instead, the LISs and which-way interference
are likely extinguished due to contributions carrying opposite signs in the
two terms in Eq. (4.25), i.e., destructive interference.
The analytical expression in Eq. (4.24) allows us to make the preceding
argument explicit for the ladder feature—under the presumption that
our reasoning can be extended to the non-adiabatic part. Considering
the exponential factor in Eq. (4.24) that contains the CEP, we see that
for ϕ = 0 we have exp [i(n − 1)ϕ] = 1, whereas for ϕ = π we have
exp [i(n − 1)ϕ] = (−1)n−1 , which means that for even n, the two terms in
Eq. (4.25) will have opposite signs, and cancel each other out.
The way the molecules in the target are arranged then, have a significant
impact on the ATAS response signal. The results here suggests that an
arrangement of oriented molecules is favorable, as alignment leads to the
obscuring of certain features in the spectrum, and not due to a change in the
processes taking place in the individual molecules. With oriented molecules,
all relevant processes taking place leave signatures in the spectrum.
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Figure 4.9: Numerically calculated attosecond transient absorption
spectrum S̃(ω, τ ) [Eq. (2.7)], of LiF. In the calculation of the results
in panel (a), the carrier-envelope phase ϕ of the incoming fields was
set to zero, corresponding to a target of molecules oriented with
respect to the field. In panel (b) the spectrum from Eq. (4.25) is
shown, corresponding to a target of molecules aligned with respesct
to the field. Towards the left of each panel, the frequency bandwidth
of the UV pulse is shown in gray. The color scale to the right displays
the signal strength in arbitrary units. Reproduced with permissions
from Phys. Rev. A 98, 053401 (2018) [2]. Copyright 2018 American
Physical Society.
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Chapter

Summary and Outlook
he main goal of this thesis has been to provide a comprehensive
description of the spectroscopic features that appear in atomic and
molecular ATAS spectra. In the method of ATAS, any information must
come directly from the spectrogram, and it is precisely the collection of
these features that constitute the spectrogram. Therefore, the features
have been the subject of several studies, both directly and indirectly,
and various interpretations exist for each of them—see Chapter 1 for an
overview. In this thesis we have tried to take the analysis of the features
further, starting with relatively simple systems (based on He and LiF) that
contain the necessary ingredients to produce the relevant spectroscopic
signatures. Under assumptions of adiabatic behavior in the system with
respect to the incoming infrared pulse, we have been able to obtain analytic
expressions that give direct access to characteristics of certain features, and
an understanding of their origin within the context of the models we used.
Furthermore, as we were exploring the uncharted territory of dynamics
in polar molecules with ATAS, we found familiar features showing up in
unfamiliar settings, and a new, unexplored feature which—in light of its
appearance—was dubbed a ’ladder’.
After a general introduction to the field of light-matter interaction,
and specifically to ATAS, in Chapter 1, we started in Chapter 2 with a
description of the theoretical underpinning of our investigations. Excellent
and elaborate sources exist on many of the topics covered in the chapter,
and we sought to avoid unnecessary repetition. After the general derivation
of the most important equations in ATAS, we covered the components that
must be calculated to obtain the ATAS spectrogram for a given system.
This included the description of dynamics and dipole moments in atomic
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and molecular systems. Finally, we looked at implementation of numerical
methods, such as propagation schemes and absorption potentials.
Chapter 3 was dedicated to the description of the most common features
in the ATAS of atomic systems, many of which extend to molecular systems.
After starting off with briefly introducing some of these features, we started
laying the groundwork for our model, by using fully numerical methods
to ensure the validity of including only three atomic levels in a model.
This was achieved by comparing a range of energies in the spectrogram
calculated using either the three or twenty lowest levels of He, and verifying
that including more levels beyond three would not affect the spectrum
in a meaningful way. Having confirmed this, we went on to establish an
adiabatic model, from which we could derive fully analytical expressions
corresponding to three features that are ubiquitous in ATAS: light-induced
structures, hyperbolic sidebands, and oscillating fringes. Not only did
these expressions allow us to understand exactly how the properties of the
system and fields affect the characteristics of the features, but we were
also able to show that in the context of our model, the sidebands and
fringes shared common origins—a unification not pointed out previously,
as the features were understood to stem from distinct processes. Finally,
we considered some of the important features in ATAS that could not be
accommodated in our model, due to the condition of adiabaticity.
In Chapter 4 we turned our attention to molecules, and in particular to
a certain class of molecules that so far has received little attention—polar
molecules. We considered what to expect in molecular ATAS as compared
to atomic ATAS, as nuclear dynamics comes into play, and orientation
with respect to the field and permanent dipoles must be considered. As we
investigated the polar LiF molecule, specifically considering the two lowest
energy curves, the numerically obtained ATAS spectra exhibited several
interesting features; in particular LISs appearing around a bright state
and a number of equally spaced features reminiscent of a ladder—both of
which were unanticipated and intriguing. In similar fashion to what we
did in Chapter 3, we then pursued a model based on field-mixed adiabatic
states, to complement the numerical results. From this model we were able
to extract expressions that elucidated exactly the role of the permanent
dipoles in the creation of the LISs and ladder, and allowed us derive a fully
analytical expression corresponding to the part of the ladder arising due
to adiabatic dynamics. In the end of Chapter 4, we also looked at how the
arrangement of the molecules in the target would affect the spectroscopic
outcome, and found that a setup where each molecule is oriented in a
specific direction with respect to the field yields the most comprehensive
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spectra.
There exists several promising and compelling directions for further
ATAS research, and the contents of this thesis are not exhaustive in terms
of ideas that I think would have been interesting to consider in greater
detail. In the shaded area of Fig. 4.3 the two PECs nearly intersect; this
is known as an avoided crossing, and here the non-adiabatic terms of
Eq. (2.36) cannot be neglected. In the specific LiF system we considered
the location of this avoided crossing meant that it could not influence
the ATAS results. In other systems, however, it can be important, in
which case ATAS is a great candidate for a tool with which we explore
the non-adiabatic dynamics. This is an area of active research of my
colleague, PhD student Nikolaj S. W. Ravn, who is considering model
systems involving avoided crossing. Non-adiabatic couplings can pose a
problem to the numerical algorithms, due to their sharply varying shape;
one promising way to tackle this challenge is to change the basis of the
wave packets to the so-called diabatic basis, where the problematic terms
are more amenable.
Another promising avenue of ATAS research is the study of more
complicated system, such as molecules with more than two nuclei or solid
state systems. As mentioned in Chapter 1, certain studies have been
conducted using ATAS on molecules with more than two nuclei [55], on
dielectrics [60, 61], and on semiconductors [56–59]; however, given the
complexity of these systems, there are many situations that are open to
exploration, and the dynamics due to, e.g., more complicated nuclear
motion could make these systems interesting subjects for ATAS.

Appendix

Fourier Transforms – Atoms
In this Appendix, we show how to derive certain Fourier transforms that are
required to obtain the analytical expressions in Chapter 3. This Appendix
is adapted from Ref. [1].

A.1

Sidebands and Fringes

In this section, we carry out the Fourier transform of the time-dependent
parts of the dipole moment Eq. (3.23), which correspond to the SBs and
fringes in the ATAS spectrum. We split the mentioned time-dependents
parts into two new function g(t) and h(t), and keep only the time-dependent
parts of each of these functions:
2
g(t) = FIR
(t),

Z t

h(t) =
τ

2
dt0 FIR
(t0 )

(A.1)
(A.2)

Our task then, is to obtain the Fourier transform of each of the functions
in Eqs. (A.1) and (A.2), under the following convention for the Fourier
transform
Z ∞
1
F[f (t)](ω) = √
dt f (t)e−iωt .
(A.3)
2π −∞
A factor eiE2 t has been omitted in both functions g(t) and h(t). This
factor implies a shift in frequency when taking the Fourier transform, as
expressed by the relation
F[eibt f (t)](ω) = f˜(ω − b),
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which can be taken into consideration later.
The expression for the field FIR (t) is obtained via the vector potential
∂
in Eq (2.27), according to FIR = ∂t
AIR (t), so that
A0,IR 8t
4t2
exp − 2
FIR (t) =
2
TIR
TIR

!

4t2
cos (ωIR t) + F0,IR exp − 2
TIR

!

sin (ωIR t),

(A.5)
where we have used tc = 0, as the IR field center is always fixed at time
zero. Given the relatively long period TIR , the term in Eq. (A.5) containing
−2
the factor TIR
can be neglected, so that
4t2
FIR (t) ≈ F0,IR exp − 2
TIR

!

sin (ωIR t),

(A.6)

where the exponential is the envelope factor and the sine the carrier factor
of the pulse.
Starting with Eq. (A.1), we have
!
Z ∞
2
F0,IR
8t2
= g̃(ω) = √
dt exp − 2 sin2 (ωIR t)e−iωt ,
TIR
2π −∞
(A.7)
where the sine can be expressed as exponentials, so that
2
F[FIR
(t)](ω)

F0,IR
g̃(ω) = − √
4 2π
Z ∞

+

Z ∞

−2 2
+iωt+2iω

dt e−8TIR t

IR t

(A.8)

−∞
−2 2
+iωt−2iωIR t

dt e−8TIR t

−2

Z ∞

−2 2
+iωt

dt e−8TIR t



.

−∞

−∞

The integrals in Eq. (A.8) can be solved by completing the square in the
exponents, substituting variables, and taking the Gaussian integral
Z ∞
√
2
dy e−y = π.
(A.9)
−∞

By incorporating the frequency shift due to the factor eiE2 t [see Eq. (A.4)],
we finally obtain
2 T
F0,IR
T 2 (ω − E2 − 2ωIR )2
IR
g(t)](ω) = −
exp − IR
16
32

"

F[e

iE2 t

T 2 (ω − E2 + 2ωIR )2
+ exp − IR
32
T 2 (ω − E2 )2
− 2 exp − IR
32

!#

.

!

!

(A.10)
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Turning to Eq. (A.2), the integral can be split up as
Z t
τ

2
dt0 FIR
(t0 ) =

Z t
0

2
dt0 FIR
(t0 ) +

Z 0
τ

2
dt0 FIR
(t0 ),

(A.11)

where the second integral on the right-hand side will be constant in t
when evaluated. In the text following Eq. (3.19) we noted that such terms
would only be relevant for a the standard absorption line feature, which we
are not considering here, and thus we drop this term. We note that this
splitting of the integral could in principle have been carried out before the
expansion in Eq. (3.21), but that would impede the analytical derivation,
as we would be retaining an untractable integral.
With an even integrand in the remaining integral (first term) of
Eq. (A.11), we can further alter the expression as
Z t

1 t 0 2 0
dt
=
dt FIR (t )
2 −t
0

Z −t
Z ∞
Z t
1
2
2
2
dt0 FIR
(t0 )
dt0 FIR
(t0 ) −
dt0 FIR
(t0 ) +
=
2 −∞
t
−t
Z
1 ∞ 0
2
=
dt sgn(t − t0 )FIR
(t0 ),
2 −∞
(A.12)
with sgn(t) the sign function. A convolution of two functions u(t) and v(t)
is defined as
Z ∞
(u ∗ v)(t) ≡
dt0 u(t − t0 )v(t0 ).
(A.13)
0

2
FIR
(t0 )

Z

−∞

The last term on the right-hand side of Eq. (A.12) satisfies the definition
2 (t). The convolution
of a convolution, with u(t) = sgn(t) and v(t) = FIR
theorem [121] states that
√
F[(u ∗ v)(t)](ω) = 2πF[u(t)](ω)F[v(t)](ω),
(A.14)
which reduces the problem to obtaining the individual Fourier transforms
2 (t). The latter was obtained previously, and is given in
of sgn(t) and FIR
Eq. (A.10), with the phase factor eiE2 t incorporated. The former is given
by [122]
r
2 i
F[sgn(t)](ω) = −
,
(A.15)
πω
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and we can obtain
2 T
F0,IR
T 2 (ω − E2 − 2ωIR )2
IR
exp − IR
h(t)](ω) =i
16(ω − E2 )
32

"

iE2 t

F[e

T 2 (ω − E2 + 2ωIR )2
+ exp − IR
32
T 2 (ω − E2 )2
− 2 exp − IR
32

A.2

!

!

(A.16)

!#

.

Light-induced Structures

In this section we perform the Fourier transform [see Eq. (A.3) for convention] of the time-dependent parts of Eq. (3.27), corresponding to the LISs
in the ATAS spectrum. We have then
p(t) = eiE3 t FIR (t)
≈e

iE3 t

4t2
F0,IR exp − 2
TIR

!

(A.17)

sin (ωIR t),

where the approximation is identical to the one made in Eq. (A.6). The
frequency shift due to the factor exp (iE3 t) [see Eq. (A.4)] can be taken
into account in the end. As in the prior section, we express the sine in
Eq. (A.17) in terms of exponentials, complete the square in the exponents,
and evaluate the integrals, yielding
F0,IR TIR
F[p(t)](ω) = − i √
4 2π
"

(

"

T 2 (ω − E3 − ωIR )2
exp − IR
16

T 2 (ω − E3 + ωIR )2
+ exp − IR
16

#)

.

#

(A.18)

Appendix

Fourier Transforms –
Molecules
In this Appendix, we show how to derive certain Fourier transforms that
are required to obtain the analytical expressions for the adiabatic part of
the ladder feature in Chapter 4. This Appendix is adapted from Ref. [2].

B.1

UV Pulse

In this section, we derive the Fourier transform of the time-dependent
UV pulse, FUV (t, τ ), in order to obtain the frequency resolved UV pulse,
F̃UV (ω, τ ). This is a necessary component in the derivation of the fully analytical form describing the ladder feature in Section 4.5.2—see Eq. (4.24).
Starting with the vector potential in Eq. (2.27), we define t0 = t − tc ,
and obtain
02

FUV (t0 ) =

02

− 4t2
8F0,UV 0 − T4t2
T
0
0
UV cos (ωUV t + ϕ) + F0,UV e
UV sin (ωUV t + ϕ)
t
e
2
ωUV TUV
02

02

4F0,UV 0 − T4t2 iωUV t0 iϕ F0,UV − T4t2 iωUV t0 iϕ
UV e
=
e +
e UV e
e ,
2 te
2i
ωUV TUV

(B.1)

where terms containing factors exp (−iωUV t0 ) have been neglected, as they
correspond to shifts to negative frequencies, and we consider only positive
frequencies.
In order to proceed with the Fourier transform of Eq. (B.1), we first
list a number of pertinent relations [122]. Adhering to the convention in
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Eq. (A.3), we have
1 − ω2
2
F[e−βt ] = √ e 4β
2β
df˜(ω)
F[tf (t)] = i
dω
F[eibt f (t)] = f˜(ω − b)
F[f (t − τ )] = e−iτ ω fˆ(ω).

(B.2)
(B.3)
(B.4)
(B.5)

Each of the relations of Eqs. (B.2)–(B.5) are then applied in the Fourier
transform of Eq. (B.1), yielding the final expression for the frequency
resolved UV pulse:
F̃UV (ω, τ ) = −i

B.2

2
F0,UV TU V ω −iτ ω iϕ − TUV
2
√
e
e e 16 (ω−ωUV ) .
4 2 ωUV

(B.6)

NIR Pulse – n’th Order

In this section, we derive analytical expressions for the Fourier transform
of the NIR field to the n’th power, with n ∈ {2, 3, 4}, which is used in
the derivation of the analytical response function in Eq. (4.24). Note that
Appendix A.1 contains a special case of this derivation, where n = 2. We
overlook this redundancy, however, as we find the current structure to be
better in terms of the readability of the thesis.
Starting from the vector potential in Eq. (2.27), and pointing out that
the NIR pulse is centered at tc = 0, we note that the NIR pulse period,
TNIR , is relatively long, and so we neglect the term containing the factor
−2
TNIR
. The n’th power of the NIR field can then be expressed as
2

n
FNIR

=

− 4nt
2
n
e TNIR
F0,NIR

n
= F0,NIR
e

2
− 4nt
T2
NIR

sinn (ωNIR t + ϕ)

(B.7)

n
1  iωNIR t iϕ
−iωNIR t −iϕ
e
e
−
e
e
.
(2i)n

Relying on the relations given in Eqs. (B.2)-(B.5), we can obtain the
Fourier transform of the exponential term corresponding to the envelope of
2 ). When calculating the expansion of the factor
the pulse, exp (−4nt2 /TNIR
[exp (iωNIR t) − exp (−iωNIR t)]n , we keep in mind that factors on the form
exp (ibt) cause shifts in frequency [see Eq. (B.4)], with b > 0 implying
shifts to positive frequencies; since only positive frequencies are relevant,
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we neglect terms where b < 0. In light of this, and given the constraint
that n ∈ {2, 3, 4}, the following general expression holds
n
n
FNIR
= F0,NIR
e

−

4nt2
T2
NIR

1 inωNIR t inϕ
e
e ,
(2i)n

(B.8)

where, when n = 4, the expression omits a term of second order in the
field, on the grounds that its coefficient is relatively small compared to the
second order term from Eq. (B.8) with n = 2, which will dominate in the
sum from Eq. (4.23).
Finally then, Fourier transforming Eq. (B.8) yields


n
F [FNIR
]= −

i
2

n

2
TNIR inϕ − TNIR
2
n
√ e e 16n (ω−nωNIR ) .
F0,NIR
2 2n

(B.9)
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