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English summary
The information technology of the future will contain a vast number of
quantum elements with the promise of faster computers and more secure
communication. The computer chips embedded into almost all technology
today are made of silicon transistors and similarly will the quantum technology of tomorrow rely on mass produced quantum circuits. Circuit QED
is one framework for building quantum circuits in which the information is
encoded in superconducting quantum bits and operations are performed
with the help of modern microwave technology. The aim of this thesis is
to propose and describe devices that can be integrated into these circuits
and, thus, enable new quantum technologies to emerge. A cornerstone
in these devices is the so-called Josephson junction, which works as a
non-linear electrical component. It is shown in this thesis, that by combining Josephson junctions and microwave resonators, novel quantum effects,
such as dynamics in the ultrastrong coupling regime and quantum-classical
dynamics, can be explored. Moreover, this thesis describes a proposal
for a microwave detector using current-biased Josephson junctions and a
recent experiment which confirms the abilities of the device. Josephson
junctions also play a key role in a proposed efficient approach to classical
control of quantum devices working within the cryogenic environment of
the quantum system. Finally, the thesis also considers the construction of
desirable controllable couplings in circuit QED. Combined, these proposed
designs offer a novel perspective on the quantum information technology
of the future using superconducting quantum circuits.
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Dansk resumé
(Danish summary)
Fremtidens informationsteknologi kommer til at indeholder mange kvanteelementer, hvilket vil medføre hurtigere computere og mere sikker kommunikation. De computerchips der er inde i stort set al teknologi idag er
bygget af silliciumtransistore, og på samme vis vil morgendagens kvanteteknologi bygge på masseproducerede kvantekredsløb. Circuit QED er
navnet på en en metode til at bygge disse kvantekredsløb, hvori kvanteinformation er gemt i superledende kvante-bits og hvor kvanteoperationer
bliver udført ved hjælp af moderne mikrobølgeteknologi. Formålet med
denne afhandling er at foreslå og beskrive enheder, der kan blive integreret i disse kredsløb og som dermed muliggør ny kvanteteknologi. En
grundsten i disse enheder er den såkaldte Josephson junction, der virker
som et ikke-liniært elektronisk element. Ved at kombinerer Josephson
junctions med mikrobølgeresonatorer vil denne afhandling vise at det er
muligt at udforske nye kvanteeffekter for eksempel ultrastærk kobling og
kvante-klassisk dynamik. Derudover foreslåes det at en Josephson junction
påtvunget en elektrisk strøm kan blive brugt som en mikrobølgedetektor og
et nyligt udførst eksperiment viser at denne ide virker. Josephson junctions
spiller også en afgørende rolle i en ny fremgangsmåde for klassisk kontrol
af kvanteenheder, der bliver forslået i denne afhandling og som virker
med samme teknologi som kvantesystemerne selv er implementeret med.
Tilsidst kigger denne afhandling på hvordan forskellige ønskede koblinger i
circuit QED kan kontrolleres. Tilsammen giver alle de forslåede design et
nyt perspektiv på fremtidens kvanteinformationsteknologi implementeret
med superledende kvantekredsløb.
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Preface
In this thesis you find a presentation of research completed during my
PhD studies performed at the Department of Physics and Astronomy at
Aarhus University. The studies was funded by the Faculty of Science
and Technology and further supported by the Danish Ministry of Higher
Education and Science. The research was carried out between August 2011
and July 2016 under the supervision of Klaus Mølmer. Additionally, 5
months was spent during 2015 in the group of Alexandre Blais at University
of Sherbrooke. The experimental data used for analysis in Secs. 3.2 and
4.3 was obtain by the groups of Michel Devoret at Yale and Evgeni Il’ichev
at IPHT Jena respectively.
On the next pages you will find a list of publications produced during
my studies. The articles [1] and [4] are less related to the main topic of
this thesis and, as such, will not be covered to any extend. The same goes
for [15] which is an outreach article written in Danish. The papers [11–13]
fits well within the scope of the thesis, but due to constrains of length
these publications will not be included even though some of the general
techniques used in these publications are presented in Chapter 2. The
rest of the publications will be covered during the thesis, however not all
details of all the papers will be presented and I encourage the reader to
consult the papers themselves for additional details. As of writing, the
papers [10–12, 14] are not published yet.
I would like to thank Klaus Mølmer for his supervision during my
studies. He has been a great supervisor; always ready with an impressive
intuition and ready to challenge my ideas, but most importantly he has
supported me greatly in developing and working out my own ideas. I
am also very grateful to Alexandre Blais for the hospitality and our
collaboration during my stay in Sherbrooke; his insight and expertise
as well as his keen eye for details have taught me a lot. A thanks also
goes to the all people I have worked with and discussed physics with over
the years. There are too many people with whom I have enjoyed good
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discussions about physics, but in particular I would like to mention Jerome
Bourassa, Samuel Boutin, Benjamin J. Chapman, Arne Grimsmo, The
Jenses, Archana Kamal, Joseph Kerckhoff, Konrad W. Lehnert, Gregor
Oelsner, Shruti Puri, Malte Tichy and Andrew C.J. Wade. Finally, a very
big thanks goes to Eliska Greplova for supporting me in writing this thesis,
for providing the drawing for the cover and for countless of valuable input
and feedback.
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Chapter

Introduction and outline
Quantum mechanics has gone a long way since its foundation in the early
1900’s. Initially, discussions in the field ware centered around the question
whether quantum theory is indeed a complete theory [16, 17], but nowadays
quantum mechanics is one of the best tested physical theories and it plays
a fundamental role in the our everyday technologies like computers, lasers
and in the medical industry.
However, since around 1990 it has been apparent that the way information is encoded in quantum mechanics is very different from the way
we normally deal with information [18–21]. This fact is the motivation in
the pursuit for quantum information technologies, that may revolutionize
the way we think about information in the future [22].
Many physical implementations for quantum information technologies
have been proposed, including NMR [23], ions [24, 25], neutral atoms [26,
27] and semiconductor quantum dots [28]. This thesis will focus on quantum
information processing with superconducting quantum circuits [29–32]. As
a consequence of the completeness of quantum theory, any physical degree
of freedom can be treated as quantum mechanical degree of freedom if we
can prepare the system in its quantum mechanical ground-state (or close
to it). Electrical microwave systems typically work with electromagnetic
signals with frequencies, ν, in the GHz regime, which means the energy
associated with a single quantum of electrical signal is around hν ∼ 10−24 J,
corresponding to a thermal energy at a temperature Tq = 0.1 K, so if
we can cool our microwave device to a temperature much lower than Tq ,
our system will relax to its quantum mechanical ground state. At these
low temperatures, many metals become superconducting (in particular
niobium and aluminum), which makes them ideal as information carriers
1

1
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since superconducting devices have zero Ohmic resistance of current and
thus a quantum state of current will not dissipate into heat over time.
Having low loss of quantum information is however not enough for
a quantum technology to perform well. Like classical digital technology
that relies on bits, that is a lot of 0s and 1s, quantum technology relies
on so-called qubits [33]. In quantum mechanics everything is described by
wave-functions, which is much different from the classical concept of either
0 or 1, as a wave can be in superpositions and interfere with itself and
other waves as well like ripples on a lake. While the general framework for
quantum mechanics is more elaborate than this, we can define the simplest
quantum wavefunction as
|ψi = a|0i + b|1i

(1.1)

where |0i and |1i are quantum states analogous to the classical bit values.
A system described by this wavefunction is referred to as a qubit. In
contrast to classical mechanics, the values a and b are not values that we
can directly measure, but instead they are probability amplitudes such that
|a|2 is the probability to measure 0 and |b|2 the probability to measure the
value 1. The curious thing about quantum mechanics is that the qubit can
be in both |0i and |1i. However, since we as observers are classical beings
we can only measure classical outcomes and, as such, once we observe a
qubit we can only measure it to be in either |0i or |1i.
Going back to classical bits, these are typically a high or low voltage
at an electronic chip and all the devices of modern information technology
are just machines that manipulate these 0s and 1s to generate a certain
output (like a cat on youtube or a weather forecast). A quantum computer
is a machine that can take one or more qubits and with sufficiently high
probability produce an output as a classical result and which answers a
specific problem for instance the prime factors of a very large number [21].
While the theoretical protocol for doing such a calculation is known, the
hardware to actually run the protocol is not available. In particular it is
challenging to maintain a quantum state without accidentally measuring it
while at the same time performing the necessarily operations on the qubits.
in that sense we have some quantum software ready, but the hardware is
not yet reliable. The theory necessary for building the hardware for such
quantum technologies using superconducting circuits is what this thesis
covers.
In Chapter 2 the framework of circuit quantum electrodynamics (QED),
which is a technical term for the circuits we will study in this thesis, will

Chapter 1 · Introduction and outline

3

be introduced and serve as a brief review of the field and will draw on
material from [2, 3, 5–8, 12, 13]. Chapter 3 will cover work [9, 10] on
arrays of Josephson junctions, a particular construction which is widely
used in circuit QED. A microwave detector and the theory to describe
it is presented in Chapter 4, covering [2, 3], including an overview of a
recent experimental realization of the detector [8]. Chapter 5 will present
ideas for classical control of a quantum computer [5, 7], while Chapter 6
will focus on ideas for engineering relevant couplings for different quantum
computing architectures [6, 14]. Finally, Chapter 7 will conclude the whole
thesis and discuss a brief outlook of this work and the field of circuit QED
in general.

Chapter

Circuit QED:
An introduction
Superconducting circuits of resonators and qubits, also referred to as circuit
QED [29, 30], meets in principle all the criteria needed [34] for quantum
computing [31, 32] as high quality qubit systems are routinely manufactured
using a specific superconducting element called a Josephson junction. The
low temperatures of cryogenic coolers automatically gives you a well-defined
initial state, while microwave radiation and magnetic fields allow one to
implement gates and measurements. The real implementation of quantum
technology is, however, occurring at different abstract levels [35, 36] as both
high-level algorithms need to be identified and low-level hardware needs
to be precisely manufactured. This thesis and, in particular, this chapter
focus on the hardware required before any hope of implementing high-level
quantum algorithms are possible. Any hardware aiming at implementing a
quantum computer needs to solve a list challenges that can be summarize
in the following prioritized list:
1. Engineering of the optimal quantum system.
2. Readout of the relevant degrees of freedom.
3. Control of single quantum degrees of freedom.
4. Interaction between two (or more) quantum system.
5. Minimize the complexity of scaling.
4
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𝜙,q
C

L

Figure 2.1: A LC-circuit with the charge, q, and phase, φ,
as the conjugate variables.

Notice the reference to single quantum degrees instead of qubits as various
quantum elements, such as continuous degrees of freedom or few-level
systems, may play a role in the final architecture for a quantum computer
or other quantum technologies. In this chapter, an overview of the field
with the focus on the challenges above will be presented, while the rest of
the thesis will present the authors contributions in (partly) solving these
challenges.

2.1

Resonators and linear circuits

The simplest electrical circuit is the co-called LC-oscillator [37], made of
an inductor and a capacitor as shown in Fig. 2.1. The classical equation
of motion for the current and the voltage is easily written using Kirchoff’s
rules [38]:
d V (t)
,
dt
d I(t)
V (t) = L
,
dt
I(t) =−C

(2.1)
(2.2)

which can be expressed solely as an equation for the current,
d2 I(t)
1
=−
I(t),
2
dt
LC

(2.3)

with the solution I(t) = A sin ω0 t + B cos √
ω0 t where the angular frequency
of current oscillations is given as ω0 = 1/ LC.
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Now for a capacitor, C, with a voltage V across, the stored electric
energy is given by 12 CV 2 and for an inductor, L, with a current I the
magnetic energy is given by 12 LI 2 . Expressing the energy by the charge,
the energy is simply given as [37]
H=

1 2 L 2
q + q̇ ,
2C
2

(2.4)

or if we identify the phase φ such that φ̇ = V ,
H=

1 2
1 2
q +
φ .
2C
2L

(2.5)

We notice q and φ are conjugate variable such that this Hamiltonian
is equivalent to the well-known Hamiltonian of a harmonic oscillator
(H = p2 /2m + kx2 /2) with m, k, x, p → C, 1/L, φ, q. Thus, completely
identically to the quantization of a harmonic oscillator, the bosonic ladderoperator a is introduced such that
[a, a† ] = 1,

(2.6)

and
s

φ=

s

~Z0 †
(a + a),
2

q=i

~
(a† − a),
2Z0

(2.7)

with Z0 = L/C being the impedance of the resonator. The resulting
quantum mechanical Hamiltonian now becomes
p

H = ~ω0 a† a +


1
2

(2.8)

as expected.
With the single LC-circuit a hand, more elaborate systems can be
considered and the general approach is to write the Kirchoff equations
in general way in order to extract the proper equation of motion from
which normal modes can be identified and quantized. The Lagrangian
formalism is indeed such a method and should be understood analogous
to the Lagrangian method for classical mechanics, but with the potential
energy set by the inductive elements and the kinetic energy set by the
capacitive energy [37],
L = Kcapacitive − Uinductive .

(2.9)
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A general way to express the energies is to identify the nodes of a circuit
with the phase variable φi , such that the node is connected to the rest of
the nodes φj by either capacitive or inductive elements. If two nodes are
connected by a capacitor, C, the energy is given as
LC =

C
(φ̇i − φ̇j )2
2

(2.10)

and if the the two nodes are connected by an inductor, L, the Lagrangian
term is
LL = −

(φi − φj )2
.
2L

(2.11)

Does the inductive elements form a loop with an external magnetic flux
through, the circuit topology must be considered in order to include the
energy of the external field correctly [13, 37], but for simplicity we disregard
such considerations here. Now, using the Euler-Lagrange equation,
∂L
d ∂L
−
= 0,
∂φi dt ∂ φ̇i

(2.12)

Kirchoffs law is regained as the equations of motion for the system.
As a quick example we consider a series of n LC-circuits, see Fig. 2.2 (a).
For the phase at each node, φi , defined here as the time integral of the
voltage over the i’th grounded capacitor, the equations of motion is easily
seen to be
C φ̈j =

2φj − φj+1 − φj−1
L

for 1 ≤ j ≤ n − 1.

(2.13)

which is also the Euler-Lagrange equation for the Lagrangian
L=

n 
X
C
j=1

2

(φ̇j − φ̇j−1 )2 +

(φj − φj−1 )2
.
2L


(2.14)

Knowing the boundary conditions for φ0 and φn , we obtain n − 1 solvable
coupled equations of motion with n − 1 normal modes as solution.
So far, we have only considered lumped element circuits, where all
spatial properties are ignored and a circuit element diagram fully describes
the system. However, we need to also consider distributed elements, where
we allow the voltage and current to differ across a single element. This
leads to a spatial mode structure and to discrete sets of eigenfrequencies.
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(a)
𝜙0

L

𝜙1

𝜙2

𝜙n-1

𝜙n

C

(b)

𝜙(x)

Figure 2.2: (a) A circuit of a series of n coupled LC-circuits.
(b) An illustration of a transmission line resonator with the
mode function, φ(x), for the fundamental mode is sketched
as the red dashed line.

Any distributed element can, however, be represented by (infinitely many)
lumped elements.
The most fundamental distributed element is the transmission line
resonator, typically consisting of a coplanar wave-guide with breaks in the
center-line working as capacitors and, thus, "mirrors" for microwave photons.
In the lumped element representation, the transmission line resonator is
described as an series of n LC circuits, which, in the limit n → ∞, will
give an appropriate description of the resonator [30]. This allows us to
write the equation of motion for each node of the resonator, except the
end nodes, as Eq. (2.13) with C = CT ∆x, L = LT ∆x, ∆x = d/n and, d

2.1 Resonators and linear circuits
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being the length of the resonator while CT and LT are the capacitance
and inductance per length of the resonator. Taking the continuum limit of
∆x → 0, our sequence of discretized flux variables become a function of x,
φj → φ(x), and the proper Lagrangian for the system becomes:
L=

Z d
0

2
CT
1
dx
∂t φ(x, t) −
∂x φ(x, t))2 .
2
2LT




(2.15)

With the field now containing two continuous variables, the Euler-Lagrange
equation then reads,
∂L
d
∂L
d
∂L
−
−
= 0,
∂φ(x, t) dt ∂(∂t φ(x, t)) dx ∂(∂x φ(x, t))

(2.16)

which for the transmission line resonator leads to the wave equation
v 2 ∂x2 φ(x, t) − ∂t2 φ(x, t) = 0,

(2.17)

√
with the wave velocity v = 1/ CT LT . It is natural to impose the open
boundary condition ∂x φ(0, t) = ∂x φ(d, t) = 0 such that the normal mode
expansion is written as,
φ(x, t) =

X

ϕj (t) cos kj x,

(2.18)

j

with the normal-modes wave-number given by
kj d = πj.

(2.19)

Other boundary conditions can also be set typically by capacitances at
the end nodes connecting the resonator to a transmission line. The EulerLagrange equation can now be solved for the transmission line resonator
Lagrangian, which yields ϕ̈j (t) = −ωj2 ϕj (t) with ωj = jω0 . The mode
operators aj can then be introduced, such that
ϕj = ϕj,0 (a†j + aj ),
∂L
qj =
= CT dϕ̇j = i qj,0 (a†j − aj ).
∂ ϕ̇j

(2.20)
(2.21)

In the quantum regime, the resonator operators qj and ϕj satisfy the canonical commutation relation [ϕj , qj ] = −i~, such that the ladder operators
aj (a†j ) annihilates (creates) a microwave photon in the normal mode of

Chapter 2 · Circuit QED: An introduction

10

the resonator. By performing a Legendre transformation, the Hamiltonian
yields (ignoring constant energy terms)
H=

X

~ωj a†j aj ,

(2.22)

j

which is equivalent to the Hamiltonian of, say, an optical Fabry-Perot
cavity. Also, the voltage operator at any point in the resonator
Ṽj (x) =

X

Ṽj,rms i(a†j − aj ) sin kj x,

(2.23)

j

with Ṽj,rms = ~ωj /2CT d and similarly for any other physical quantity.
The transmission line resonator works as an engineered harmonic
oscillator and it is straight forward to manipulate the state of this by
applying a microwave drive to the transmission line. The resonator is
capacitively connected to the applied drive, so we obtain the Lagrangian
q

Ld =

Cc
(φ̇(0, t) − Vd (t))2 .
2

(2.24)

which changes the frequency of the mode slightly and also leads to the
Hamiltonian
Hc =

X

−iCc Ṽj,rms Vd (t)(a†j − aj ).

(2.25)

j

The classical single-frequency microwave drive can be written as Vd (t) =
Vd,0 sin(ωd t) and if it is assume that ωd is close to only one ωj , only
one mode is necessary to consider and in a frame rotating with ωd the
interaction Hamiltonian can be written as
Hc = ~∆j a†j aj + ~d (a†j + aj )

(2.26)

with the drive ~d = Cc Ṽj,rms Vs,0 and the detuning ∆j = ωj − ωd . Starting
in the vacuum state |0i, the time evolution will put the resonator in a
coherent state a|αi = α|αi at all times. The capacitative coupling, Cc
not only couples an input drive, but also a continuum of modes, which
will introduce a finite linewidth of the resonator mode κ. Hence, the field
inside the resonator will leak out of the resonator. A measurement of the
field in the transmission line wavegude therefore measures the field leaking
out of the resonator.

2.2 Qubits

2.2

11

Qubits

Superconducting resonators, both lumped and distributed, constitute in
the quantum regime a quantum mechanical harmonic oscillator. However,
in order to perform quantum information processing we need also nonlinear elements. Without any non-linear elements, the quantum system
can be described by coherent states, as shown in Sec. 2.1, which allows for
an efficient classical description and any quantum advantageous disappears.
The simplest non-linear system is a qubit. Therefore for circuit QED to
be used for quantum information processing, we need to design a loss-less
circuit that in the quantum regime only supports two eigenstates.
The main ingredient in making superconducting qubits is the Josephson
junction, which can also be thought of as a non-linear inductor. The
Josephson junction (JJ) consist of two superconductors separated by a
thin insulation layer. It can be shown that the equation of motion for the
current through the JJ is given as (known as the Josephson effect)
I(t) = Ic sin(2πφ(t)/Φ0 ),

(2.27)

with Ic the critical current of the Josephson junction and Φ0 = h/(2e) the
magnetic flux quantum. This equation should be compared to that of an
inductor, I(t) = φ(t)/L, with the voltage given as V (t) = ∂φ(t)/∂t. The
energy of the electromagnetic field over the junction can then be calculated
as
U=

Z t

IV dt
0

Φ0 t
∂φ(t)
=
Ic sin(2πφ(t)/Φ0 )
dt
2π 0
∂t
Z
Φ0 φ(t)
Ic sin(2πφ/Φ0 )dφ
=
2π 0
Φ0 Ic
=
(1 − cos(2πφ(t)/Φ0 ).
(2.28)
2π
Therefore, the potential energy for a Josephson junction is written as
U = −EJ cos(2πφ/Φ0 ) with EJ referred to as the Josephson energy. With
U (φ) we have the tool to make a qubit
Finally, we note that one way to assess the qubit performance is the
relaxation time T1 , ie. time-scale of relaxation from the 1 state to the 0
state, and the dephasing time T2 defined as the relaxation of the cross terms
of the qubit density matrix ρ10 (t). Notice therefore that the dephasing time
is limited by the relaxation time, T2 ≤ 2T1 . These times will be referred
to as decoherence times throughout the thesis.
Z
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2.2.1

Charge qubits

The simplest and, firstly demonstrated, superconducting qubit is the
cooper-pair box [39, 40], which is just a single superconducting island
connected to a superconducting reservoir via a SQUID (two Josephson
junctions in parallel) and with a large charging energy set by a small gate
capacitance of the island. The large charging energy, EC , creates a big
energy splitting depending on the number of charges on the island and
due to SQUID coupling of the island, charges only appear in cooper pairs
of charge −2e.
While the cooper-pair box was demonstrated to function as a qubit,
its coherence time was very small in the initial design and even with the
introduction of the Quantronium [41] and the use of ’sweet-spots’ the
coherence time was limited by charge noise, which originates from charge
fluctuations on the gate capacitance. An approach to circumvent this fact
is by moving to the regime of phase qubits, where the Josephson energy EJ
is several orders of magnitude larger than EC , which completely eliminated
the charge noise, but the downside is that anharmonicity of the qubit
becomes very small such that we essentially are left with an harmonic
osciallator (however application of a control current can change this fact).
A breakthrough happened with the design of the transmon qubit [42–
44], which is a cooper-pair box shunted by a large capacitor, such that
EJ /EC ∼ 50 − 100 since EC = e2 /(2(CJ + Cs )) with CJ as the junction
capacitance and Cs the shunt capacitance. In Fig. 2.3 a schematic of the
transmon circuit is shown and it can quickly be shown that the Hamiltonian
of this circuit turns out to be
H = 4EC (n̂ − ng )2 − EJ cos(φ̂/ϕ0 )

(2.29)

with the reduced flux quantum, ϕ0 = Φ0 /2π. An example of the eigenenergies as a function of the gate charge ng is shown in Fig. 2.4 [42] and
we see that for sufficiently large EJ /EC , the eigenenergies becomes insensitive to the gate charge and therefore also to charge noise. Letthe
energy difference between the ground state and the first excited state be
denoted as E10 = E1 − E0 . It can then be shown [42] that the charge
dispersion given as the difference between the maximum and minimum
energy, ∆E10 = maxng (E10 ) − minng (E10 ) follows the proportionality
√
∆E10 ∝ e− 8EJ /EC , thus falling off very fast.
In the regime of EJ /EC  1, we can treat the Hamiltonian as an
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EJ, CJ

Cs

Figure 2.3: A transmon qubit consisting of a Josephson
junction with the Josephson energy, EJ and Josephson capactitance, CJ . The junction is shunted by a large capacitance, Cs .

(a) EJ/EC ≈ 1

(b) EJ/EC ≈ 50

~√8EJEC

~EJ
-2

-1

0

1

ng

2

-2

-1

0

ng

1

2

Figure 2.4: The three lowest energy levels of the charge
qubits for (a) EJ /EC ≈ 1 and (b) EJ /EC ≈ 50.
harmonic oscillator with a high-order term coming from the cosine, [42]
H≈

p

8EC EJ (b† b + 1/2) − EJ − EC (b + b† )4 .

(2.30)

To calculate the above we used that φ̂ = (8EC /EJ )−1/4 (b + b† ) and n̂ =
−2eq̂ similar to the way we introduced the bosonic operators for the
harmonic oscialltor in Sec 2.1. This Hamiltonian have the eigenenergies
[42]
En = −EJ +

8EC EJ (n + 1/2) − EC (6n2 + 6n + 3)/12

p

(2.31)

and we see that the anharmonicity is α = E21 −
pE10 = −EC , which leads
to a relative anharmonicity αr = α/E10 = −1/ 8EJ /EC , thus falling off
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(a)

(b)

(c)

Figure 2.5: Three kinds of qubits; (a) A flux qubit, (b) a
fluxonium qubit and (c) a phase qubit.
as a slow power law and hence much slower than the charge dispersion.
Therefore it is advantageous to increase EJ /EC as it will only slightly
reduce qubit anharmonicity but significantly increase the coherence time
of the qubit.
The transmon design has appeared in experiments in many different
variations. In early experiments, the transmon was embedded into a transmission line resonator [44]. The Xmon [45], uses an X-shaped transmission
line resonator as the shunt capacitor . The 3d-transmon [46] places the
transmon inside a 3d-cavity with large capacitor plates acting as both the
shunt capacitor and antennas for the microwave field in the cavities.

2.2.2

Other kind of qubits

There exist also different kind of superconducting qubits and here we
briefly mention a few of these:
A flux qubit [47–49] consist of a superconducting loop, interrupted by
three (or more) Josephson junctions, eg. as in Fig. 2.5. The Lagrangian
for the flux qubit can be written as [50]
Lf q =

3 
X
CJ,k
k=1

2

φ̇2k

+ EJ,k cos(φk /φ0 )



(2.32)

with k summing over the three junctions that constitute the qubit. The
junction 1 and 3 are identical with CJ,1 = CJ,3 = CJ and EJ,1 = EJ,3 = EJ ,
while the center junction 2, referred to as the α-junction, has EJ,2 = αEJ
and CJ,2 = αCJ with α < 1. Due to the loop geometry we have for the
fluxes,
φ1 + φ2 − φ3 = Φex

(2.33)
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where Φex is the externally applied flux through the loop. Now using Eq.
(2.33) we can eliminate the variable φ2 and we define the variables φ± =
(φ3 ± φ1 )/2. This way we can obtain the flux qubit Hamiltonian [50, 51],
Hf q =

2
2
q−
q+
+
2[(4 + 4α)CJ ] 2(4CJ )



− EJ 2 cos(ϕ+ ) cos(ϕ− ) + α cos



2πΦex
+ 2ϕ−
φ0



(2.34)

with qi being the conjugate variable to φi and ϕi = 2πφi /Φ0 . This
Hamiltonian can be diagonalized numerically and at the flux sweet-spot
Φex = Φ0 /2 the energy-splitting between the two lowest eigenstates are
much smaller than EJ , while the third state is far away in the energy
spectrum, i.e. we have a well-defined qubit in the ϕ− -mode. For flux
qubits we often have EJ much larger than the charge energy and in the
vicinity of the sweet-spot, the Hamiltonian is often written as
Hf q = ∆σz + ε(Φex ) σx

(2.35)

with the energy gap, ∆, and the flux dependent tunneling amplitude,
ε(Φex ), to emphasize a rotation of the qubit basis when tuning the qubit
by the external flux.
A qubit type similar to the flux qubit is the fluxonium [52, 53]. Here, a
flux-loop is made of of single small (and thus very anharmonic) Josephson
junction shunted with a capacitance and a superinductor [54, 55], that
is a very high impedance loss-less inductance typically constructed by a
large array of Josephson junctions, see Chapter 3 [9, 10] and Fig. 2.5. The
Hamiltonian for the fluxonium is given as
H = 4EC n̂2 + EL (φ̂/ϕ0 )2 − EJ cos((φ̂ − Φex )/ϕ0 ).

(2.36)

The fluxonium has the advantage of being charge insensitive as the transmon but with a very large anharmonicity. Furthermore, the very large
impedance suppresses so-called quasi-particle contributions to the relaxation yielding very large relaxation times, T1 [56].
The phase qubit [57, 58] is similar to the charge qubit but it has
EJ /EC ∼ 104 , which (as mentioned) makes it almost fully harmonics. To
compensate, a current, Ib , is applied to the junction and therefore the
phase qubit is also often referred to as a current-biased Josephson junction
(CBJJ). The potential is now given as
U (φ) = −EJ (cos(φ/ϕ0 ) + Iφ0 /ϕ0 )

(2.37)
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with I = Ib /Ic . Now for I close to 1, the potential becomes again very
anharmonic and thus the CBJJ works as a phase qubit, however noise in
the current limits the coherence time of the qubit.
The last interesting qubit mentioned in the chapter is qubits encoded
in the subspace of a resonator field of a high Q cavity [59–61]. The simplest
idea is to create
√ a way to create cat states of a harmonic oscillator, |C± i =
(|αi ± |−αi)/ 2, where the "cat" refers to the analogy to Schrödinger’s cat
being in the superposition of two very
√ classical states, namely being dead
and alive, |cati = (|deadi + |alivei)/ 2. The cat states of an oscillator is
less morbid, and is only a superposition of the classical-like coherent states,
|αi. In the limit of α  1, the two cat states can be used as a subspace for
encoding quantum information. Similarly, the coherent states themselves
can be used as a basis [12, 14] or one can define ’multi-legged’ cat states
as a basis [60].

2.3

Circuit QED – light-matter interaction

Having a linear circuit (resonator) and a qubit, the two can be coupled
together. This is in particular interesting as the qubit is acting as an
artificial atom, having only a discrete number of energy level and the
resonator is similarly considered to play the role of light interacting with
atoms [62]. For atoms and light, cavity quantum electrodynamics is the
study of light-matter interaction at the level of a single atom interacting
with a single photon both confined in a high-Q cavity and is often described
by the Jaynes-Cummings (JC) Hamiltonian,
HJC = ~ω a† a +

~ωa
σz + ~g(a† σ− + aσ+ ),
2

(2.38)

where ω is the cavity frequency, ωa the atomic frequency and g the electric
dipole coupling. In this expression, a (a† ) is the photon annihilation
(creation) operator and σi Pauli matrices for the atomic levels. Reducing
the atom to a single qubit, is often a very good approximation due to
the anharmonicity of the atomic transitions. The interaction between
the superconducting qubit and the resonator would now constitute a
manufactured system with a controllable quantum light-matter interaction,
one of the main points of interest in the field of quantum optics and
physics in general. The combination of a microwave resonator with a
superconducting qubit is referred to as circuit QED [29, 30]. In particular,
various experiments with superconducting circuits [30] have shown strong
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Cg
𝜙qb,qqb

𝜙,q
L

C

CJ

EJ,

Figure 2.6: A lumped element circiut of a LC-resonator and
a transmon qubit. The resonator is characterized by the
capacitor C and the inductor L and its dynamics is described
by the conjugate variables φ and q. The transmon is the
system of a Josephson junction with the energy EJ and the
capacitor CJ descriped by φqb and qqb . The transmon and
the resonator is coupled by the capacitor Cg .
coupling between a superconducting qubit and a microwave mode of a
coplanar wave guide resonator [29, 63]. Strong coupling (which is the
regime of g much bigger than the qubit decoherence rates, 1/T1 , 1/T2 ,
and the cavity linewidth, κ) with superconducting circuits has allowed
for experiments preparing and manipulating various quantum properties
and states of the resonator and qubit [59, 64–66]. While circuit QED
incorporates any kind of superconducting qubit, we will here only focus on
circuit QED with transmon qubits.
We consider the circuit in Fig. 2.6 and get the Lagrangian
L=

φqb Cg
C 2
1 2 CJ 2
φ̇ −
φ +
φ̇qb + EJ cos
+
(φ̇ − φ̇qb )2 ,
2
2L
2
ϕ0
2

(2.39)

where CJ here include the junction capacitance in the shunt capacitance.
Using this Lagrangian we can easily find the conjugate variables
∂L
= C φ̇ + Cg (φ̇ − φ̇qb ),
∂ φ̇
∂L
=
= CJ φ̇qb + Cg (φ̇ − φ̇qb ).
∂ φ̇qb

q=
qqb

(2.40)
(2.41)
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Using this equation we can express the time-derivative of φ and φqb by the
q’s and we arrive at this Hamiltonian for the system
C  Cg + CJ
Cg 2
1 2
q
+
qqb −
φ
2
2
2
2L
CΣ
CΣ
φqb
C + CJ 2
CJ  Cg
q
+
qqb − EJ cos
+
2 CΣ2
ϕ0
CΣ2


2
Cg CJ
C
q − 2 qqb
+
2
2 CΣ
CΣ
1
1 2 Cg
=
q2 +
φ + 2 qqqb
2Cef f
2L
CΣ
φqb
1
2
+
qqb
− EJ cos
2CJ,ef f
ϕ0

H=

(2.42)

(2.43)

with
CΣ2 = CCg + CCJ + Cg Cj ,
−1
Cef
f =
−1
CJ,ef
f =

C(Cg + CJ

)2

+ CJ Cg2
2CΣ4

(2.44)
+

Cg CJ2

(2.45)

,

CCg2 + CJ (C + CJ ) + Cg C 2
.
2CΣ4

(2.46)

We now go the the quantum regime and we introduce the bosonic
degree of freedom, a for the φ-q-variables and we replace q with −2en̂.
This yields the well-known transmon-circuit QED Hamiltonian [42]
H = ~ωa† a + 4Ec n̂2 − EJ cos

φqb
− 2eβ Ṽrms n̂(a† + a),
Φ0

(2.47)

where the new parameters are defined as
1
,
ω= p
Cef f L
Ṽrms =

s

~ω
,
2Cef f

EC =
β=

e2
,
2CJ,ef f

Cg
2
CΣ /Cef f

.

(2.48)
(2.49)

Now we can calculate the coupling strength between the resonator and the
two nearby levels, j and j + 1, of the transmon by
~ |gj,j+1 | ≡ 2eβ Ṽrms |hj + 1|n̂|ji|,

(2.50)
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Figure 2.7: A transmission line resonator with a transmon
qubit embedded into the line. This is equivalant to the circuit
in Fig. 2.6.
where the matrix elements of n̂ can be approximated in the limit EJ /EC 
1 by
s

|hj + 1|n̂|ji| =

j + 1 EJ
2
8EC


1/4

.

(2.51)

The matrix elements of n̂ between j and j + k (k > 1) all vanish in
the transmon limit, EJ /EC  1. Thus, a generalized Jaynes-Cummings
Hamiltonian can be written for the resonator and the transmon,
H = ~ωa† a +

X
j

Ej |jihj| + ~

X
j

∗
gj,j+1 |jihj + 1| a† + gj,j+1
|j + 1ihj| a ,



(2.52)

with the transmon energies given in Eq. (2.31). Truncating to j = 0, 1
simplifies the transmon to a qubit. This truncation does not influence the
physics if ω ∼ ω10 ≡ (E1 − E0 )/~ and ω is sufficiently different from ω21 .
In many physical realizations of circuit QED the resonator is however
not made by lumped elements but rather by transmission line resonators
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[42, 44], see Fig. 2.7. This does not change anything in the derivation
above as long as we assume that only a single mode of the resonator is close
in frequency to the qubit degree of freedom. We do however need to replace
for transmission line
Ṽrms with Ṽ (x) as given by Eq. (2.23). Furthermore,
p
resonators often have an impedance of Z0 = L/C ∼ 50 Ω and since ω
needs to in the GHz-regime, this puts C  Cg , Cj for typical parameters.
With this assumption Cef f ≈ C, such that the resonator frequency is more
or less unchanged by the qubit coupling and for the qubit CJ,ef f ≈ CJ + Cg
and β ≈ Cg /(CJ + Cg ).
A final implementation are superconducting 3d cavities with a transmon
coupling to the resonator field through a large antenna capacitor [46, 67, 68].
We will not talk about these in detail, but only note that these system are
typically operated in the dispersive regime.
In Chapter 3 we will come back to the question of light–matter interaction, as it will be investigated how the interaction can be engineered to
increase the strength of the light-matter interaction.

2.3.1

The dispersive regime

In the off-resonant limit of the qubit and the resonator [42, 69] such that
detuning is much larger than the coupling, |∆10 |  g (with ∆ij = ωij − ω
and g = g0,1 ), the small parameter λ = g/∆10 makes it possible to simplify
the circuit QED Hamiltonian, Eq. (2.52). A unitary transformation can
be made on the Hamiltonian as [70, 71],
HD = e−λX HeλX = H + λ[H, X] + O(λ2 ),

(2.53)

and truncating to two levels of the transmon with choosing X = a† σ− −aσ+ ,
†
σ− = |0ih1| and σ+ = σ−
, we get
HD ≈ ~ωa† a + ~

ω10 + χ
σz + χ a† aσz
2

(2.54)

with χ = g 2 /∆10 . This Hamiltonian can be interpreted as a qubit-state
dependent frequency shift of the resonator (or equivalently, a photon
number dependent frequency shift of the qubit), which under unitary time
evolution leads to a qubit state conditional phase evolution of the resonator
state. This evolution can directly be used for state preparation of the
resonator state or as a gate between the resonator and the qubit. For
instance, in Sec. 5.1 the conditional photon number in a resonator is used
to make a conditional gate on the qubit. In Sec. 2.4 we will come back to
how the same mechanism can be used for readout.
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It is also important to note, that it is not only the coupling between
the resonator and the qubit changes under the transformation above, but
also any loss and dephasing channels. Before any transformation, the full
quantum dynamics is governed by the master equation [72]
ρ̇ =

γφ
−i
[H, ρ] + κD[a]ρ + γD[σ− ]ρ + D[σz ]ρ,
~
2

(2.55)

with D[X]ρ = XρX † − (X † Xρ + ρX † X)/2, κ the resonator relaxation rate,
γ the qubit relaxation rate and γφ the pure dephasing rate of the qubit.
Now, when the unitary transformation is performed and if the cavity is
assumed to be in the vacuum, the qubit density matrix reduces to [70, 71]
ρ̇ =

γ̃φ
−i
[H, ρ] + γ↓ D[σ− ]ρ + D[σz ]ρ,
~
2

(2.56)

with γ̃φ = γφ (1 − 2g 2 /∆210 ), γ↓ = γ(1 − g 2 /∆210 ) + γp and the Purcell decay
γp = κg 2 /∆210 . If the resonator is not empty both γ↓ and γ̃φ increases
linearly in photon number n̄, also known as dressed dephasing [71] which
also adds a spontaneous excitation term γ↑ D[σ+ ]ρ to the master equation.

2.4

Readout

Once a quantum system has been engineered, a readout is needed. In
optical systems, photon counters and cameras can measure light emitted
from a quantum system. As already mentioned, circuit QED systems
work with microwaves in the GHz regime, where a single photon contain
insufficient amount of energy to be measured using conventional approaches.
Instead, a so-called IQ-mixer can down-convert a classical microwave signal
to a frequency of ∼100 MHz using a large local oscillator fiel. The downconversion process happens at room temperature and therefore also mixes
the signal with a thermal field. The signal must therefore be stronger
than the thermal background at room-temperature, which means only
strong microwave signals can be measured. The down-converted signal
has two output ports, I and Q, which is the in-phase and out-of-phase
component of the signal as compared to the phase of the local oscillator.
These output can be analyzed using a standard analog to digital converters
[29, 73]. In the language of quantum optics, this measurement of I and Q
corresponds to a measurement of the microwave quadratures X ∝ (a† + a)
and Y ∝ i(a† −a) respectively, thus, constitutes a heterodyne measurements.
A homodyne measurement can also be obtained by mixing the signal with
a local oscillator at the same frequency [73–75].
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The challenge is now to have weak quantum signals amplified sufficiently
to be observable at room temperature. There exist off-the-shelf microwave
amplifiers, eg. the so-called HEMT amplifier working at a temperature
of 4 K, but such an amplifier also adds noise corresponding to a thermal
state of 4 K, which contains a much larger energy than a single microwave
photon [29, 74]. Therefore we need a quantum limited amplifier adding
only noise arising from Heisenbergs uncertainty relation [76]. It is straight
forward to see this quantum limit; for an amplifier that takes the mode a
as input and b as an amplified output [76–78],
√
b = Ga + N
(2.57)
with G being the power amplification factor and N being an operator that
must be added in order to have [b, b† ] = 1. This way we get
[N , N † ] = 1 − G.

(2.58)

From this we can calculate a bound on the noise in b by calculation its
variance,
1
(∆b)2 = G(∆a)2 + h{N , N † }i ≥ G(∆a)2 + |G − 1|/2.
2

(2.59)

which is the quantum limit of amplification (also know as the Caves
limit) [76–78].
Having only linear elements will never lead to amplifications, so in
order to create an amplifier in circuit QED, Josephson junctions need to
be embedded into a circuit [79, 80] which creates a so-called Josephson
parametric amplifier (JPA), for example, by shunting a λ/4-resonator with
a Josephson junction [81]. Expanding the cosine of the Josephson junction
potential energy gives a 4th order term, yielding the Hamiltonian (by only
keeping energy conserving terms) [81]
H = ωa† a +

K † †
a a aa.
2

(2.60)

The Heisenberg-Langevin equation for the operator a is
ȧ = −iωa − iKa† aa −

√
κ
a + κain (t)
2

(2.61)

with κ the linewidth set by the input coupling to the JPA and ain (t) being
the input field with [ain (t), a†in (t0 )] = δ(t0 − t). We can now make the
substitutions a → (a + α)e−iωp t and ain → (ain + αin )e−iωp t with α and
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αin complex numbers such that αin e−iωp t represents a classical pump field
with the frequency ωp . The equation of motion for the coherent state
amplitude, α, of the JPA is now [81]
α̇ = −i∆α −

√
κ
α − iK|α|2 α + καin ,
2

(2.62)

with ∆ = ω − ωp . Now we can find steady state by α̇ = 0 and taking the
norm squared of this equation yields terms of n = |α|2 :
κ|αin |2 = ∆2 n + 2∆Kn2 + K 2 n3 +

κ2
n,
4

(2.63)

which calculates the drive power needed for a given target photon number.
We may take the inverse to obtain n(αin ), however, we are not ensured
that this function will be single-valued. As a matter of fact, there will
always be a set of parameters, ∆, K and κ, where n(αin ) is multivalued
and we can write the highest and lowest n’s in this bistable regime as
nc,±

2∆
1∓
=
3K

s

3(∆2 + κ2 )/4)
1−
.
4∆2
!

(2.64)

This expression for nc,± can now be inserted into Eq. (2.63) to get the
critical drive power to be in the bistable regime, αc . However, if αin
is smaller but very close to αc , we have a photon number that depends
critically on the input amplitude – this fact is what can cause parametric
amplification.
The linear equation of motion for a is now given as [81]
ȧ = −i∆a − 2iK|α|2 a −

√
κ
a − iKα2 a† + κain
2

(2.65)

and sinceR this equation is linear, we can solve it in Fourier space, a(t) =
(2π)−1/2 dδe−iδt aδ , such that
0 = −i ∆ + 2K|α|2 + δ aδ −




√
κ
aδ − iKα2 a†−δ + κain,δ
2

(2.66)

Solving this equation we get (where γx and γy can be expressed from the
solution)
†

ain,−δ
ain,δ
aδ = γx √ + γy √
κ
κ

(2.67)
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and now we can use the boundary condition, aout =

√

κa − ain , to write

aout,δ = gs,δ ain,δ + gi,δ a†in,−δ

(2.68)

with the signal amplitude gain, gs,δ and the idler gain, gi,δ given from
Eq. (2.67). It can readily be checked that [81]
Gδ ≡ |gs,δ |2 = |gi,δ |2 + 1

(2.69)

such that the JPA saturates the bound for the quantum limited amplifier
given in (2.59). We also observe that the imaginary part of gs,δ vanish
by choosing the correct phase of α. Therefore, if we consider δ = 0
(degenerate case) where Gδ is maximized, we easily see that for the outof-phase quadrature, yout ∝ i(aout − a†out ), of the signal will vanish, thus
only a single quadrature is amplified, which is also referred to as phasesensitive or phase-non-preserving amplifier [77]. Therefore, when the strong
signal is detected by the classical detector at room-temperature, only one
quadrature is available and, thus, the detection is a homodyne detection
[73, 82–85].
The JPA above was designed by embedding a junction inside a resonator
and pumping with a strong microwave drive at the input port, see Fig. 2.8.
The same effect can also be achieved by other means, most importantly by
using a flux-modulated SQUID [86, 87]. When the SQUID is embedded
into an LC-resonator, the frequency is tunable by the flux through the
SQUID. Now, by applying a parametrically modulated flux trough the
SQUID, Φpump , as a frequency ωp = 2ω we obtain an equivalent equation
of motion for a as in Eq. (2.65) such that the degenerate amplification
appears in the same way. This setup has the advantage that the signal is
not mixed with the strong pump.
An alternative approach compared to the degenerate amplifier is the
non-degenerate amplifier, that treats both in-phase and out-of-phase
quadratures on equal footing. The Josephson parametric converter (JPC)
works as such an amplifier [88–90]. The JPC consist of a three mode Josephson device shown in Fig. 2.8 with two modes, a and b, as the longitudinal
and transverse mode, while a third mode, c, lives as an anti-symmetric
mode across all four junctions. Under the strong classical pumping of the
third mode the Hamiltonian reduces to
H = ωa a† a + ωb b† b + igab (ab ei(ωa +ωb )t+φ + h.c.).

(2.70)

Now having the signal coupling into a as the input and the field leaking of
of b as the output, this will generate a parametric amplification given that
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(a)

(b)

aout
ain

𝚽pump

(c)

(d)

a

b

Figure 2.8: (a) A JPA made by embedding a SQUID into a
λ/-resonator. The input and output is on the same port. (b)
A lumped element JPA pumped by an external flux Φpump .
(c) A JPC made of a Josephson ring inside two crossing
resonators. (d) A JTWPA with Josephson junctions in a
waveguide and embedded resonance circuits to phase match
the transmitted signal.

gab is sufficiently large. The same physical process can also be achieved
in so-called Josephson traveling wave amplifiers [91–93] (JTWPA), where
a Josephson junction embedded wave guide creates a broadband gain
medium for non-degenerate amplification. This technique can create a
very large gain by embedding the nonlinear wave-guide with capacitively
coupled LC-circuits as in Fig. 2.8 in order to resonantly phase match the
amplified signal [91].
Finally it should be mentioned that even though all of the above
measurement techniques work as a amplitude measurement and not as a
single-photon detector, there is progress towards single-photon detectors
for microwave photons, but due to the quantum-limit for amplifiers these
must rely on different physics than the Kerr effect. One approach is to
let a single photon be absorbed by artificial Λ system, which then can be
read out with high fidelity [94]. Another approach is to use a three level
system as a single photon transistor, such that a single photon phase-shifts
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a probe field, however, such a setup is limited to a signal to noise ratio
below 1 [95], but having directional elements that break the symmetry,
such that multiple phase shifters element-wise can increase the signal [96].
Furthermore, an option is to let the single photon be absorbed by a phase
qubit, which is characterized by a fast high fidelity readout mechanism
[97–100]. A variation of the latter is the topic of Chapter 4 [2, 3] and a
first experiment shows great promise [8].

2.4.1

Qubit readout

While having an approach to read microwave signals is important, a method
to encode a qubit state into a microwave signal is required if we want
to perform a measurement on a qubit. The standard approach is to
perform a dispersive readout [29, 73, 74] of a qubit by having the qubit
in an off-resonant resonator, such that the system is described by the
Hamiltonian
H = ωa† a +

ωq
σz + χσz a† a,
2

(2.71)

or written in a frame rotating according to the Hamiltonian H0 = ωa† a +
ωq
2 σz ,
HI = χσz a† a.

(2.72)

By applying a resonant coherent drive with amplitude r to the cavity,
HI → HI + r (a + a† ). The mean-field coherent state amplitude of the
cavity field now follows the equation
d
κ
α = −iχhσz iα − α − ir ,
dt
2

(2.73)

with κ being the linewidth of the resonator. The steady state solution
(dαss /dt = 0) yields (assuming the qubit to be in an eigenstate)
αss =

−i r κ − 2r χhσz i
κ2
2

+ 2χ2

.

(2.74)

For homodyne detection as presented above, we measure the quadrature
Xc = (a + a† )/2, such that hXc iβ = Re(β) and for the steady state we
obtain
−2r χhσz i
Re(αss ) = κ2
.
(2.75)
2
2 + 2χ
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Therefore, we see that a measurement of Xc is a measurement of σz . The
denominator of the expression above is strictly positive so that we can
conclude that the sign of hσz i determines the sign of the homodyne signal.
√
Therefore, if the signal, J(t) = κhXc it + dW (t)/dt [101] with dW being
the quantum noise with hdW i = 0, is integrated over time, we get the
integrated signal
M=

Z Tm
√
0

κJ(t) dt =

Z Tm
0

κhXc it dt + ∆WTm ,

(2.76)

with ∆WTm being the integrated Gaussian noise. The resulting sign
of this average determines the state of the qubit: negative sign of the
current implies excited state |1i, while positive corresponds to ground
state |0i. Also note that HI commutes with σz , such that the state of
the qubit does not change during the readout, ie. the qubit readout is
a quantum non-demolition measurement, so increasing Tm will always
increase the measurement fidelity as long as we disregard qubit decay. In a
real experiment, the qubit state will however spontaneously decay, hence,
as fast readout as possible is desirable. To obtain a fast readout, it can be
seen that a larger κ can optimize κ and find the maximal signal is achieved
√
if κ = 2χ. For this value, the average signal h κJi only depends on εr ,
which we can pick to fix a given photon number nr = |αss |2 and we find
√
r = κ nr /8. So in the end, we see that we need many photons in the
resonator and a large linewidth to have a fast readout. Unfortunately,
the dispersive regime breaks down if nr & ncrit = χ/(4∆) [70], with the
qubit-resonator detuning ∆ = ωq − ω, so in the end, κ is the only method
to make the readout even faster.
A very large κ also requires a very large χ, which may be hard to
obtain physically. Even more detrimental is the fact that a large κ leads
to a Purcell decay as discussed above. However, recently an active area of
research is the so-called Purcell filters [102–105]. In general [103], it holds
that the contribution to the relaxation for a qubit that sees an environment
with the admittance Y (inverse of the load impedance of the environment
[106]) goes as
T1Purcell ∝ 1/Re(Y (ωq ))

(2.77)

with ωq as the qubit frequency. Thus if Re(Y (ωq )) → ∞, the contribution
to T1 from the environment will vanish. In its simplest form the Purcell
filter is made by a transmission line stub connected to the output of
the resonator. This stub acts as a λ/4 impedance transducer, but only
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at a single frequency, ωf . Now, if ωf = ωq , the filter will short out the
environment of the transmission line and thus create an effectively vanishing
density of states in the environment at the qubit frequency, leading to
vanishing Purcell-decay of the qubit through the filtered channel.
There are also other means of readout. For instance, the qubit could
be coupled to a non-linear Kerr resonator instead of a linear one [107, 108].
As derived above, we find that for a driven dissipative Kerr resonator there
exist a critical photon number,

nc±

2∆K
=−
1∓
3K 2

3(∆2a + κ2 /4)
1−
.
4∆2a

s

!

(2.78)

We can then solve the input field, αin corresponding to the critical point and
for drives strong than that drive, there will be two steady state
psolutions
of the photon number for certain parameters. If ∆ = ∆a,c ≡ 3/4κ, we
obtain a point of inflection in the steady state value of photon number,
while if we increase ∆ beyond ∆c we obtain two unique solutions, nc± .
For driving strengths that between the two corresponding field values,
Eq. (2.78) has one unstable and two stable solutions. The resonator
bifurcated such that very weak initial perturbation is sufficient to make the
resonator field attain different stationary solutions that depends on this
initial perturbation. The perturbation can be be introduced as a dispersive
shift from the qubit and in this case, a high fidelity QND detection of the
qubit state results [107, 108]. Due to the bifurcating nature of the resonator,
this readout is referred to as a Josephson Bifurcation Amplifier (JBA).
Another protocol is the high power readout drives the resonator with a
very high power, such that r  ∆ [109, 110]. In this regime the resonator
act as if the qubit was not even present in the resonator, but the transition
from a dispersive shifted frequency to the bare frequency happens at
different drive strengths for the different qubit states, thus, a high fidelity
readout is possible. This readout is however not QND.
Finally, ideas to optimize the dispersive readout using a squeezed
microwave drive is possible, but requires either coupling the qubit longitudinally to the resonator, HI = χσz (a + a† ), [111] or to a two resonator
mode in the quantum mechanically free subspace HI = χσz (a†1 a1 − a†2 a2 )
[112].
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Gates
Single qubit gates

Once a qubit has been designed it is essential to find a method for control
of the qubit. In the language of quantum information, this is referred
to as quantum gates. Let us consider a transmon qubit, but we add a
capacitative coupling to an open microwave line with the time-dependent
voltage at the capacitor, VΩ (t). This adds the Lagrangian
LΩ =

2
Cc
φ̇qb − VΩ (t)
2

(2.79)

to the qubit Lagrangian, with Cc being the (small) capacitor that couples
to the input line. Going to the quantum Hamiltonian in the transmon
regime (EJ /EC  1), this added Lagrangian transforms into (we neglect
energy shift for the qubit and the self-energy of the input field, VΩ )
Cc EJ
HΩ = −i √
2 8EC


1/4

VΩ (t)(b − b† ),

(2.80)

with b being the bosonic operator for the transmon in the regime of
EJ /EC  1 as introduced in Sec. 2.2. Now, for simplicity the voltage
can be taken as VΩ (t) = VΩ0 sin(ωd t) = iVΩ0 (eiωd t − e−iωd t )/2. Now, we can
truncate the transmon to only two states and go to a frame rotation with
H0 = ωd σz /2 and the resulting Hamiltonian becomes
H=

∆
Ω
σz + σx
2
2

(2.81)

with ∆ = ωqb − ωd and
Cc V 0 EJ
Ω= √Ω
2 8EC


1/4

.

(2.82)

The result is that the coherent drive of VΩ (t) is transformed into a Rabi
drive on the qubit. The drive can also change phase, sin(ωd t) → sin(ωd t+φ)
and the Rabi drive can change into σx → α σx + β σy with α2 + β 2 = 1
and tan(φ) = β/α. This option of choosing the phase of the drive becomes
very important for gates in transmon qubits. As already presented, the
transmon is as a matter of fact a multi level system with an anharmonicity
to the third level given a α = −Ec and not a true two-level system.
Therefore, adding a Rabi drive as a above will cause leakage into the
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third level and the anharmonicity sets a limit for how fast a single qubit
gate can be [42, 113, 114]. However, by using the Derivative Removal by
Adiabatic Gate (DRAG) this leakage can be suppressed [115]. If we apply
a time-dependent pulse with two quadratures Ωx (t) and Ωy (t) being the
two out-of-phase components of the drive, it can be shown that choosing
Ωy =

Ω̇x (t)
,
α

∆=

−Ω2x
2α

(2.83)

we eliminate leakage into the third level by the order Ω3x /α3 , thus as
expected the anharmonicity sets an absolute limit on the Rabi drive
strength. The DRAG has experimentally been demonstrated to produce
single qubit gates with an error per gate of < 10−4 [116, 117].

2.5.2

Tunable frequency gates

To have a complete universal set of gates, a two-qubit gate is also needed
beside the single-qubit gate presented above. The simplest approach
[118, 119] to make such a two qubit gate is to capacitively couple two
transmons to a single resonator, such that the qubits, 1 and 2, couple with
i a† + σ i a). Now, in the dispersive regime, the
the Hamiltonian Hci = gi (σ−
+
effective Hamiltonian becomes
H=

ω1 1 ω2 2
1 2
1 2
σ− + σ−
σ+ ) (2.84)
σ + σz + (ωa + χ1 σz1 + χ2 σz2 )a† a + J(σ+
2 z
2

−1
with J = g1 g2 (∆−1
1 + ∆2 )/2 where the detuning is given as ∆i = ωi − ω.
Since the transmon can be tunable, the frequencies can be set such that
|ω1 − ω2 |  J, which will yield the exchange interaction between the qubits
off-resonant and nothing will happen. Then, changing the tuning
such that
√
ω1 = ω2 and waiting a time τ = π/(4J) will implement
an
iSWAP-gate,
√
which for instance will map |10i to (|10i + |01i)/ 2.
A more robust way of implementing a two-qubit gate using the tunability of the transmons are the Controlled-Phase gate [120, 121]. The
Hamiltonian are the same as for the resonant exchange gate, but instead
of tuning the two qubits into resonance, one of the qubits is adiabatically tuned towards the avoided crossing between the state |20i and |11i,
such that the state |11i will acquire an additional phase compared to the
states |00i, |10i and |01i which will only acquire a trivial phase from the
eigenenergies of the states. Thus, by picking the time spent at the avoided
crossing, the gate can map |11i to −|11i, while acting as identity on the
rest of the computational basis.
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Fixed frequency gates

The two-qubit gates presented above all rely on tunable qubits, but in
order to reduce the decoherence of the qubits and to simplify the control
microwaved controlled gates acting on fixed frequency qubits may be
advantageous. One approach for such a gate it the so-called Cross-resonance
gate [122, 123], which can be derived from considering the Hamiltonian
ω1 1 ω2 2
σ + σz + Jσx1 σx2 + Ω1 cos(ωd1 t + φ)σx1 .
2 z
2

(2.85)

Now, it can be shown, that if ωd1 = ω2 , the effective Hamiltonian in a
rotation frame becomes
H=


Ω1 J
cos(φ)σz1 σx2 + sin(φ)σz1 σy2
2(ω2 − ω1 )

(2.86)

such that this gate can be combined with a Z-rotation of qubit 1 and a X
rotation of qubit 2 to constitute a CNOT-gate.
The resonators so far have only played the role as a medium to mediate
the coupling between two qubits. However, the resonator can also play an
active role to drive a two-qubit gate. An example of such a gate is the
resonator induced phase gate [124, 125]. Consider the Hamiltonian
H=

ω1 1 ω2 2
σ + σz + (ωa + χσz1 + χσz2 )a† a + (r (t)a† + ∗r (t)a),
2 z
2

(2.87)

with r (t) = 0r (t)e−iωd t . Under a unitary transformation this can be
written as
H=


2χ2 |α|2 1 2
1
ω + 2χ(a† a + |α|2 ) (σz1 + σz2 ) −
σz σz ,
2
δr

(2.88)

with α as the solution to the differential equation α̇ = −iδr α − i0r (t) and
δr = ω −ωd . Now, by picking 0r (t) the evolution can be tailored to generate
a controlled phase gate.

2.5.4

Flux-driven gates

The last type of gates that are common in the field of circuit QED is gates
activated by an ac-driven flux [6, 126, 127]. This type of gates is also the
theme of Chapter 6, thus, here we will only mention the general idea.
For instance, we can imagine that we have two off-resonant qubits
coupled by the interaction Hamiltonian
1 2
1 2
HI = J(σ+
σ− + σ−
σ+ ).

(2.89)
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Since the qubits are off-resonant, this interaction Hamiltonian will not cause
any dynamics. However, if we change the coupling to be parametrically
modulated, J → J cos(ωp t), with eg. ωp = ω1 − ω2 , then the coupling
will suddenly be resonant. This can both be used directly between the
qubits [126, 127] or by using a resonator as a mediator of the coupling,
as in [6] and Chapter 6. Having a flux activated gate may offers some
advantages: (i) Using the flux to modulate the coupling, there is no need
for additional control lines to each individual qubits and we avoid the
dephasing associated with the conventional frequency tuning of qubits. (ii)
When our qubits are idle, they are far detuned with respect to each other
and to any bus resonator, and hence they are immune to cross talk and
Purcell-enhanced decay.

2.6

Control with superconducting microwave
devices

In circuit QED, coherent operations can be performed fast and with high
fidelities (see Sec. 2.5) and different strategies for state initialization [128–
131] and readout (see Sec. 2.4) have been demonstrated. For control, these
components can be combined into a measurement based feedback loop.
A generic setup of such a feedback loop is shown in Fig. 2.9 (a) with a
quantum system controlled by microwave sources and an amplifier chain
feeds the output into a classical controller at room temperature. This can
be used for both a digital feedback procedure or for an analog scheme. The
digital scheme could eg. be used to deterministically generate an entangle
state by performing a joint measurement of two qubits and then apply a
conditional pulse to prepared the desired state [132]. More complicated
ideas can easily be visualized and in the general idea is to have one or many
qubit state readouts control which of a descrete set of feedback operations
is to be applied. Feedback be by an analog signal can eg. be used stabilize
a Rabi-oscillation of a single qubit by monitoring the dephasing [84] and
relies on feeding back a (post-processed) continuous measurement record
onto the system.
However, the pursuit of large-scale quantum information processing is
necessarily accompanied by a massive, further increase in quantum and
classical system complexity for initialization, measurement, and control. As
complexity increases, the inefficiencies inherent in the standard approach
to measurement and control using external, room temperature apparatuses will become increasingly burdensome. Circuit QED components are
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(a)

~300 K

Classical
computer

20 mK
Q.S.
(b)
20 mK
JJ Device
Q.S.

Figure 2.9: (a) A measurement based feedback scheme of
a quantum system (Q.S.) where the signal processing happens at room temperatur (∼300 K) (b) Similar feedback
system, but here all feedback and control are performed by
a Josephson junction (JJ) device.

operated below 100 mK, and measurement signals used for readout and
conditional control are sent through an expensive and meter-scale amplification chain up to room temperature. Similarly, controlling the quantum
components requires transmitting signals from room temperature through
∼60 dB of cold attenuation to the <100 mK-stage [133]. Thus, the current
approach to inter-temperature communication between quantum and classical hardware involves significant inefficiencies in size and power. Hence,
controlling many qubits with feedback loops closed outside of the cryogenic
environment poses a significant challenge [134] since each qubit-readout
requires its own signal analyzer and a corresponding signal generator to
apply the desired feedback. Another possible approach that sidesteps these
inefficiencies would be to perform much of the measurement and signal
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processing at the same temperature and with the same technology as the
quantum hardware, as in in Fig. 2.9 (b). This approach may be used
for both autonomous initialization and manipulation of qubits and is of
particular interest for the implementation of quantum error correction
codes [135]. In general terms, a quantum error correction protocol performs
a measurement on a set of qubits to determine if an error occurred in
the encoded quantum information and then, through feedback, corrects
this error (or simply saves the error for later correction as in the so-called
surface code [136]). Ideally, such error corrections codes should work
autonomously in order to scale up quantum computing protocols.
Chapter 5 will cover two proposals for implementing Josephson junction
based control elements [5, 7]. Another Josephson based microwave device
is the JPC already mentioned in Sec. 2.4, which not only works as an
amplifier, but also as a frequency converter. Similarly, the JPC can be
operated as a loss-less circulator which can be used to redirect quantum
signal inside the cryostat [137]. In [138] another idea for a circulator is
presented using active flux modulation of Josephson elements. A similar
idea was used in [139] as a microwave switch, but only working as an either
fully reflective or transmissive element. In [140], on the other hand, a
fast switch was presented which works as two output switch, based in the
tunable frequency of Josephson junction embedded resonators.

Chapter

Arrays of
Josephson junctions
Nonlinearities are essential resources required for many non-classical effects
in quantum optics and for quantum information processes [33]. Without
any non-linearity, everything would consist of harmonic oscillators in coherent states, which poses very little interesting physics, see also Sec. 2.1.
A particular example of a nonlinear effect that appears in both the quantum and classical optics is the Kerr effect, which shift optical properties
proportionally to the field intensity, also known as a Kerr resonator, given
by the Hamiltonian
H=

X
k

~ωk a†k ak +

X

~Kk,j a†k ak a†j aj ,

(3.1)

k,j

with ak (a†k ) the annihilation (creation) operator for photons in mode k, ωk
is the bare resonator frequencies and Kj,k the Kerr coefficients responsible
for shifting the photon-energy of mode j proportionally to the intensity
of the field in mode k (and visa versa). This Hamiltonian is particularly
interesting as it naturally appears in superconducting resonators embedded
with Josephson junctions [10, 13, 80, 81, 141]. Engineered superconducting
circuits have shown a large range of non-linearities, which is typically
achieved by accurately manufacturing Josephson junctions with varying
ratio between the Josephson and charging energy, EJ and EC introduced
in Sec. 2.2, and by connecting several Josephson junctions in series [10,
55, 81, 142]. Therefore, experiments with Josephson junction arrays may
readily explore any regime of nonlinearity. This Chapter focuses on the
35
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usage of arrays of Josephson junctions as a non-linear element to study
particular effects in quantum optics and is built on [9, 10].
Consider an array of N Josephson junctions: We assume the junctions
forming the array to have a large Josephson energy such that, to a good
approximation, they behave as weakly nonlinear inductances. These junctions are then characterized by their Josephson inductance LJ and junction
capacitance CJ . Following Refs. [67, 141], the nonlinearity of the array
junctions will be perturbatively reintroduced at a later step. Moreover,
we take into account so-called parasitic capacitance to ground C0 of the
islands formed between the array junctions. This gives us the Lagrangian
for the array:
Larray =

1
C0 2
(φ̇n − φ̇n+1 ) +
φ̇n −
(φn − φn+1 )2 ,
2
2
2LJ

N 
X
CJ
n=1

2



(3.2)

where φn is the node flux of the nth island of the array. We also need to
include the capacitance of the end points of the array, which is done by
the Lagrangian term
Lend =

Cs 2 Ce 2
φ̇ +
φ̇
,
2 1
2 N +1

(3.3)

where we have Cs as the capacitance at the start of the array and Ce as
the capacitance to ground at the far end of the array. In total we obtain
the full Lagrangian
L = Larray + Lend
~˙ − φ
~ T L φ.
~
~˙ T C φ
=φ
2
2

(3.4)
(3.5)

In Eq. (3.5), the symmetric matrices C and L are defined along with the

T
vector φ = φ1 , φ2 , . . . , φN +1 , such that they generate the Lagrangian
in Eq. (3.4).
Standing waves across the array now constitute a set of normal modes
for the array. Formally we find these standing mode by diagonalizing the
matrix Ω2 = C −1 L. The matrix Ω2 express the Euler-Lagrange equation
for this linear system and diagonalizing this matrix results in equations of
motions for uncoupled normal modes. The eigenvalues of the matrix, Ω2
are the resonances in the system squared. We refer to these eigenvectors of
~ = P φk (t)~vk
Ω2 as ~vk , such that the flux across the array is given as φ(t)
k
with the time-dependence written explicitly. We can define the effective
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capacitances and inductances for these modes by
Ck = ~vkT C~vk ,

L−1
vkT L~vk .
k =~

(3.6)

√
The eigenfrequencies are now, by construction, given by ωk = 1/ Lk Ck .
Having found the normal modes we can apply a canonical quantization
scheme to find a quantum model for the arrays [37]. This is done by first
rewriting the Lagrangian into diagonal form, which is identical to that of
a N uncoupled LC-circuits,
L=

X Ck
k

2

φ̇k (t)2 −

1
φk (t)2 .
2Lk

(3.7)

This Lagrangian now yields the conjugate variables
qk = Ck φ̇2k ,

(3.8)

such that the quantum operators φ̂k and q̂k with the commutator relation
[φ̂k , q̂k ] = i~ can be introduced. The Hamiltonian for the system is then
readily obtained as
H=

X q̂ 2
φ̂2
k
+ k ,
k

2Ck

2Lk

(3.9)

which we can recast into the form
H=

X

ωk a†k ak

(3.10)

k

by the introduction of the ladder operators such that
s

φ̂k =
s

q̂k = i

~ωk Lk †
(a + a),
2

(3.11)

~ωk Ck †
(a − a).
2

(3.12)

The real physical phase variable of the array is now described by the vector,
P
φ̂ = k φ̂k~vk , with ~vk as the eigenvectors of the Euler-Lagrange equations
found above.
To finalize the derivation of the system Hamiltonian, we now include
the array junction nonlinearities following the approach of Refs. [67, 141].
Since the potential of a Josephson junction is actually equal to U (φ) =
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−EJ cos(φ/ϕ0 ) (with ϕ0 = ~/(2e)), we have implicitly assumed that φ 
ϕ0 such that we can approximate cos x ≈ 1 − x2 . Taking advantage of
the weak nonlinearity of the junctions, it is sufficient to include only the
fourth order expansion of the cosine potential, x4 /24, which gives rise a
non-linear potential, Unl , for the flux variable given by
N
X
4
1
.
=−
φ
−
φ
n
n+1
24LJ ϕ20 n=0

Unl

(3.13)

We will now introduce the variable
∆φk (n) = vk [n] − vk [n + 1],

(3.14)

with vk [n] denoting the nth entry in the vector ~vk , such that we can rewrite
the potential in terms of the quantum mode operators,
Unl = −

Q4
X
k1 ,k2 ,k3 ,k4

N Y
4
X
j=1 φ̂kj
∆φkj (n).
24LJ ϕ20 n=1 j=1

(3.15)

Generally such a term will lead to Kerr terms as in Eq. 3.1 as well as beamsplitter terms, a†k al + a†l ak . The beam-splitter terms are, however, only
important between modes of small frequency difference or if the system
is strongly pumped by some external field with certain frequencies that
brings the beam-splitter terms into resonance. We are mainly interested
in the few photon regime of the lowest modes, which are all well-separated
in frequency, so we will only consider the self-Kerr and the cross-Kerr
terms [141], which we can express with the Hamiltonian
Hnl =

X

Kkl a†k ak a†l al ,

(3.16)

kl

where the Kerr-coefficients are found by inserting Eq. (3.12) into Eq. (3.15)
and rearranging the terms such that we obtain Eq. (3.16) with
Kkl = −

N
2 − δkl ~ωk Lk ~ωl Ll X
∆φk (n)2 ∆φl (n)2 ,
2 n=1
4LJ ϕ20 2

(3.17)

with δkl being the Kronecker-delta. As a last important detail, we should
mention that the non-linear contribution, due to the commutator terms
when reordering all the operators, also drags the eigenfrequencies down
such that the actual mode frequencies become
ωk0 = ωk +

X
l

Kkl .

(3.18)
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This extra contribution is very important as it shifts the frequency of each
mode significantly for multi-mode structures with large non-linearities.
The Hamiltonian for the array is therefore expressed as
H=

X

~ωk0 a†k ak +

k

X

~Kkl a†k ak a†l al ,

(3.19)

kl

which is the exactly Eq. (3.1).

3.1

Quantum and classical dynamics

Kerr resonators can be described by the Hamiltonian Eq. (3.1) and
can exhibit both classical and quantum behaviour. It is fundamentally
interesting to study what happens in the cross over from a classically
well-described system to a quantum system and for practical applications
it is worth to systematically investigate when a device behaves classically
or quantum mechanically. Therefore, as a particular effect we study here
the switching dynamics in the bistable regime of the Kerr resonator [10],
which is very interesting eg. for the JBA readout protocols [107, 108] or
for quantum controllers [7, 143]. We will initially consider only a single
mode Kerr resonator (~ = 1 from now on and for convenience we change
the sign of K in this section)
H = ωr a† a − Ka† a a† a.

(3.20)

Assuming zero temperature, the system will relax to the vacuum state,
but to have dynamics in the system, we add a coherent drive. To account
for a Markovian relaxation, the time-evolution of the Kerr resonator with
an applied coherent drive, Hd = ε(t) a† + ε∗ (t) a, can be calculated using
the quantum master equation
ρ̇ = L[ρ]



1
= −i[H+Hd , ρ] + κ aρa† − (a† aρ + ρa† a) ,
2

(3.21)

where ρ is the density matrix for the oscillator and L[·] denotes the
Liouvillian super-operator. The resonator linewidth is set by κ which is
responsible for the fluctuations and dissipation in the system. The pure
relaxation time of the resonator is Tκ = 1/κ. The system is usually treated
in a frame rotating at the drive frequency, ωd , such that we make the
replacements ε(t) → ε and ωr → ∆ = ωr − ωd in the Hamiltonian, making
it time-independent.
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An approximate approach to solve the time-evolution is by using a
semi-classical trajectory approach [144]. To arrive at the semi-classical
equation of motion we start by writing the Heisenberg-Langevin equation
for the annihilation operator, a [72]:
ȧ = −i a , H + Hd −




√
κ
a + κain (t)
2

(3.22)

with the input field, ain (t), accounting for the quantum fluctuations satisfying the commutation relation [ain (t), a†in (t0 )] = δ(t − t0 ). In case system is linear (K = 0) the resonator state is always a coherent state,
ie. ha(t)i = α(t) and ha† ai = |α(t)|2 with α(t) being a complex number
characterizing the coherent state amplitude at time t. The semi-classical
approximation relies on the replacement of field operators with complex
numbers and was also used in Sec. 2.4 for the description of the readout processes. This semi-classical replacement reduces Eq. (3.22) to an
equation of motion for the phase-space variable α,
α̇ = −i∆α + 2i K|α|2 α − iε −

√
κ
α + κ ζ(t),
2

(3.23)

corresponding to an equation for the coherent state√amplitude of the system.
In Eq. (3.23) we have ζ(t) = (dW1 (t)+i dW2 (t))/ 2 as a stochastic Weiner
process with hdWi i = 0 and hdWi2 i = dt that on average corresponds to the
input field being the quantum vacuum state [72]. Notice that the quantum
noise from ζ(t) enters the equation of motion in the same way as thermal
noise enters for Brownian motion of a classical particle, hence κ acts as an
effective thermal energy. A particular realization of ζ(t) is referred to as
a semi-classical trajectory. Averaging over a large number of trajectories
perfectly reproduce the master equation for a linear quantum system,
while for increasing non-linearity quantum effects starts to play a larger
role [145]. Therefore, for sufficiently large non-linearities, the semi-classical
trajectories will fail to capture the system dynamics accurately.

3.1.1

Numerical Analysis

To understand the quantum effects that arise in the dynamics of the
Kerr resonator, we perform numerical simulations of the driven system
and analyze the relaxation towards the steady state. The dynamics of
the semi-classical trajectories is such that a single trajectory initially
latches to a low photon-number state but after some time it jumps to,
and continues to fluctuate around, a high photon-number state. This
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−∆
κ

Figure 3.1: Steady state photon number as a function of
drive detuning (−∆). The red lines are steady state photon
number, indicated on the right axis. The bue curves are the
time scales obtained from an exponential fit displayed on the
left axis. The dashed curves are for K = 0.2κ and the solid
curves are for K = 2κ. The main figure displays the master
equation simulations and the inset shows the results of the
semi-classical simulations. In all simulations ε = 6κ were
used.

switching dynamics continues with a waiting time between such switches
being approximately Poisson distributed. Then, using an exponential fit
to the average over many trajectories we can extract the time scale to
reach steady state. From the master equation simulation, Eq. (3.21), we
observe an oscillatory behaviour that relaxes on a time scale Tκ followed
by an exponential relaxation towards steady state. We readily extract
the relaxation time scale, τ , for the master equation simulations from the
exponential behaviour. In Fig. 3.1, we present the results of quantum
master equation simulations obtained for two kinds of Kerr resonators
as well as the corresponding semi-classical results: (i) strongly nonlinear

Chapter 3 · Arrays of Josephson junctions

Steady state
photons

42

I
II
III
Detuning

Figure 3.2: Sketch of the steady state photon number as a
function of the drive detuning similar to the lighter lines of
Fig. 3.1. The solid lines are the steady state of the master
equation. The dashed lines shows the steady state solution
to the semi-classical equation of motion. In region I and
III the resonator relaxes directly to steady state in the time
scale Tκ = κ−1 , while region II corresponds to the switching
region where the dynamic is slowed down.

(K = 2κ) and (ii) weakly nonlinear (K = 0.2κ). The observed behaviour
can be broadly categorized into three regions, as sketched in Fig. 3.2.
In region I, the resonator relaxes to a state with a low photon number
on a time scale of Tκ . Region III is conceptually comparable to region I,
except that the system relaxes into a high photon number state. In region
II the time scale to reach steady state becomes larger and significantly
exceeds Tκ . In particular we notice a divergence in τ for K = 0.2κ around
the maximum photon number of the steady state. This divergence is
similarly observed for any smaller nonlinearity as long as the system is in
the bistable regime, that is, when the system poses a range of detuning
with two solution found in Sec. 2.4. The slow-down in region II can partly
be understood from a semi-classical point of view as indicated in Fig. 3.1
where quantum and the semi-classical simulations match for the small Kerr
coefficient. In the semi-classical trajectories we clearly see that switching
between the two stable classical solution is responsible for slowdown in the
average behaviour [145, 146]. However, for larger nonlinearity, K = 2κ,
we see a much richer structure of the time scale in the full quantum
simulations indicating that the semi-classical is not sufficient to describe
the nonlinear quantum dynamics. A hint that this is not surprising comes
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from the fact that the steady state for the large nonlinearity shows a Qparameter, Q = (h(∆a† a)2 i − ha† ai)/ha† ai, around −0.4, which indicates
a sub-Poissonian statistics. Similarly we observe the Wigner function to
have negative values. These indications emphasize the non-classical nature
of the state state of the system and as such, the state cannot be fully
described within a classical framework [72].

3.1.2

Quantum and semi-classical calculations

We now want to analytically calculate the switching rates found numerically
in the previous subsection. For a Hilbert-space of arbitrary size N , we
have N 2 eigenstates of the Liouvillian, but only the zero-eigenvalue state,
ρss , is a physical state (it is the only positive definite eigenstate) and
it corresponds to the steady state the system. Any density matrix can,
P
however, be constructed by linear combinations ρ = n cn ρn , where ρn
are the eigenstates of the Liouvillian (L[ρn ] = n ρn ). The steady state ρss
always appear in this superposition with a constant pre-factor of css = 1 in
order to preserve trace. Furthermore, all dynamics can be inferred from the
eigenstates and the eigenvalues of the Liouvillian [147]. For ρn 6= ρss we
have |Re(n)| =
6 0. Since the real part of n is non-zero, the trace of ρn will
vanish (or diverge) under the Liouvillian time-evolution and it acquires an
exponential on the diagonal given by exp(nt) but since the time evolution
is trace-preserving we see that Tr(ρn ) = 0.
We consider the eigenstate with the smallest real part, ρχ and use an
inner product for matrices given by hA, Bi = Tr(A† B), and it turns out
that hρss , ρχ i =
6 0. Using a Gram-Schmidt process ,
ρ̃χ = ρχ −

hρss , ρχ i
ρss ,
hρss , ρss i

(3.24)

this new matrix, ρ̃χ , is by construction orthogonal to the steady state,
hρ̃χ , ρss i = 0. The matrix ρ̃ = ρ̃χ /Tr(ρ̃χ ) is now normalized, Tr(ρ̃) = 1,
but it is still not positive definite. Nevertheless, we can now express any
density matrix as
ρ(t) = β0 (t)ρss + β1 (t)ρ̃ + σ(t),

(3.25)

with σ(t) only contributing to ensure the positive definiteness of the full
density matrix. We assume that β0 (t) = (1 − β̃0 e−λt ). To estimate the rate
at which we approach the steady state in the long time limit, we can now
calculate the time scale λ by inserting Eq. (3.25) into the master equation,
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Figure 3.3: The upper two panels displays with the solid
lines the relaxation time-scale calculated from a full quantum
model by Eq. (3.26), while the lower two panels shows
relative increase in the switching time-scale from an effective
potential calculated by Eq. (3.30). The dashed lines are
the time scales extracted from Fig. 3.1 with the upper
panels being the master equation simulations and for the
lower panels we show the time scale from the semi-classical
trajectories. We have used ε = 6κ. The inset of the lower
left panel displays an example of the quasi potential U (x)
for the parameters marked by the blue dot. The ticks in the
insets x-axis are at 0 and x0 with corrosponding ticks on the
y-axis.
Eq. (3.21),
β̇0 (t) = h ρss , L[ρ(t)] i.

(3.26)

The quantum induced switching rate can now be expressed as λ =
β̇0 (t)/(1 − β0 (t)). Omitting σ(t) makes this expression only account for the
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dynamics induced by the steady state and the smallest eigenvalue. These
are the two dominant contributions in the long time limit. Equation (3.26)
is now simple to evaluate and in the upper panels of Fig. 3.3 we show
how the this expression predicts the time scale τ = λ−1 and the dashed
lines shows τ from Fig. 3.1. The calculated time scales from Eq. (3.26)
matches the numerically found time scale shown in Fig. 3.1 (shown as
dashed lines in Fig. 3.3) very well, however, we see a numerically larger
value from Eq. (3.26). We can understand this from the fact that we
neglected σ(t) and in general σ(t) have contributions from all eigenvalues
of the Liouvillian which includes contributions with a larger negative real
part than χ. Therefore the dynamics associated with σ(t) must be faster
than λ. Thus, we have seen that we qualitatively can understand the
switching behavior from a quantum mechanical description.
On a different note, a semi-classical picture of bistability-switching can
be understood in terms of so-called quasi potentials. A quasi potential is an
effective potential that describes the same equation of motion as the semiclassical model. The quantum fluctuations associated with the quantum
noise ζ(t) in Eq. (3.23) is transformed into an effective temperature and the
thermal escape rate from the minima of quasi potential should correspond
to the switching rate [148, 149].
To estimate the semi-classical escape we consider the semi-classical
equation, Eq. (3.23) with ζ(t) = 0. The general approach is to rephrase the
complex equation into a real equation for a generalized position variable, x.
The equation of motion for a classical particle moving in a potential,
U (x), is given by ṗ = −∂U (x)/∂x. Integrating this equation results in
an effective potential and applying Kramers escape law [150, 151] with
an effective temperature set by the resonator linewidth, κ, yields the
quantum escape rate. We solve Eq. (3.23) with ζ(t) = 0 and denote
the low-amplitude solution α0 and the unstable solution αu . Now, we
define a rotation angle ϕ = tan−1 (−Im(αu − α0 )/Re(αu − α0 ) ) such that
the quantity x0 = eiϕ (αu − α0 ) is a real number and the axis on the line
from 0 to x0 constitutes our position variable. To obtain the quasi potential
we rephrase the equation of motion, Eq. (3.23), into
dU (x) =(−i∆ − κ/2)(x + eiϕ α0 ) − ieiϕ ε
− 2iK(x + e−iϕ α0∗ )(x + eiϕ α0 )2 ,

(3.27)

by rotating the equation and making the displacement of α by eiϕ α0 .
Because the two states α0 and αu are steady states it follows that dU (0) =
dU (x0 ) = 0. We note that x here constitutes the generalized position and,
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similarly, the imaginary part of the equation of motion accounts for the
dynamics of the momentum p. This yields
Im( dU (x) ) = ṗ = −

∂U (x)
.
∂x

(3.28)

Integrating this equation results in a one-dimensional quasi-potential,
U (x) =

Z

Im( −dU (x) ) dx,

(3.29)

with a minimum at 0 and maximum at x0 . The escape rate over the barrier
using the Kramers escape law [150, 151] can be written as [148, 149]
λe = λ0 exp −


∆U 
,
κ

(3.30)

with ∆U = U (x0 ) − U (0) denoting the activation energy. Note that effective temperature is set by the resonator linewidth, κ since it enters as a
pre-factor for ζ(t) in Eq. (3.23). The rate λ0 is the attempt frequency and
λ2
it is extracted from the quadratic term of the potential, 2κ0 x2 . We also
readily verify that for increasing drive, , the barrier height is decreased
leading to a faster escape rate. In the inset of Fig. 3.3 we display an
example of the quasi potential obtained by this calculation.
The lower panels of Fig. 3.3 show how larger drive detuning increases
the time scale of the relaxation towards steady state and we compare
directly with the semi-classical simulations (dashed lines) also shown in the
inset of Fig. 3.1. We observe that for the semi-classical simulations and
the escape rate from Eq. (3.30) match well for the smaller detuning, but
when approaching the bifurcation border between region I and II, we see a
larger discrepancy. This is understandable since we only calculate the rate
going from the low amplitude state to the high amplitude state, which will
not be the relevant rate close to the bifurcation point where back-and-forth
dynamics are dominating. Therefore, for the weakly nonlinear case, the
escape rate calculations matches in the region away from the bifurcation
point.
To summarize this section we have investigated the time scales relevant
for a Kerr-resonator to relax into steady state. The regions in Fig. 3.2 are
each characterized by different behaviour and, most significantly, we see in
region II that the time scale for relaxation towards steady state becomes
very large. The increase in the time scale is an effect highly relevant
when conducting experimental characterization of Kerr resonator as all
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experiments are inherently dynamical processes and, thus, assumptions
of being in steady state may be incorrect. We also found that while a
semi-classical calculation is predicting the dynamics of the weakly nonlinear
system, it fails to capture the rich structure of the time scale for relaxation,
τ , seen for large nonlinearities and near the bifurcation. Such a break-down
of the semi-classical description emphasize a transition into a quantum
regime, previously not observed. This is important to note since all
Josephson Bifurcation Amplifiers (JBA) also described in Sec. 2.4 have
only been described by this semi-classical picture [108]. Therefore it is
crucial to know when this description fails and even more interesting
is the fact that experiments (see next section) has made it possible to
systematically probe this regime where the semi-classical picture breaks
down.

3.2

Analysis of an experiment with Josephson
junction arrays

As we have seen in the previous section, the time scale for reaching the
steady state of a Kerr resonator might be very long compared to the decay
rate and can only be accounted for by a full quantum model. Therefore,
experiments set to probe the properties of a Kerr resonator might arrive
to false conclusions if they assume that the experiment only observe semiclassical properties of the steady state. In this section we go beyond the a
steady state analysis by comparing experimental data of a Kerr resonator
in the large nonlinearity regime to fully dynamical quantum simulations.
Figure 3.4 shows the experimental system which consist of an array
of 80 Josephson junctions capacitively coupled to a transmission line in
a hanger geometry [55]. The fundamental frequency of the resonator is
4.357 GHz with an internal quality factor of 37000 and external quality
factor of 5000. The experimental setup is limited by circulators and a
low-pass filter to measure signals with frequencies < 12 GHz. This means
that only the fundamental mode of the Kerr resonator can be read out
directly. A continuous drive applied to the higher modes of the array,
however, shifts the frequency of the fundamental mode due to the crossKerr coupling giving a mechanism to readout the dynamics of modes above
12 GHz. This technique is employed to map the full dispersion relation
of the distributed modes of the array in Ref. [55]. The first excited mode
was identified to be at 11.9 GHz. To probe the photon number in this first
excited mode as a function of the drive detuning, similar to the results
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Figure 3.4: An array of Josephson junctions is coupled to a
transmisson in a geometric shown in (a). The capacitance
Cs is the capicitance from the array’s end-capacitor to the
tranmission line and Cg is the caacitance to ground, while
Ce is the other end-capacitors capacitance to ground. In (b)
we see a (rotated) SEM image of the junction array, while
(c) show a lumped element describtion of the linear part of
the array. Here we are consider the array to be an array of
LC-circuits with the capacitance CJ and inductance LJ and
with an extra parasitic capacitance, C0 , to ground.

shown in the previous section, a continuous coherent drive is applied close
to the first mode’s frequency. Now, while keeping this drive always-on, a
readout drive is applied close to the fundamental frequency and scanned
the detuning of the readout to find the resultant frequency shift from the
minimum of the transmission spectra. Fig. 3.5 shows the experimental
data obtained for the different drive powers, that shows a line shape similar
to those predicted in the previous section.
To compare the experiments to numerical simulations we need to know
the Kerr coefficients for each mode, but this would be very hard to measure
without direct access to each mode. Instead we model the resonator from
first principles. The inductance of the array can be measured at roomtemperature, thus we can infer that we have an inductance per junction of
LJ = 1.9 nH. We can find the effective plasma frequency, ie. the frequency
to which the high order modes converges towards, to be 18.2 GHz. Using
the knowledge of the number of junctions, the fundamental mode frequency
and the effective plasma frequency we find C0 = 0.066 fF, CJ = 26.54 fF,
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Figure 3.5: The lines represent the numerical simulations
while the dots represent the experimental data. The legend
indicates the power, P , of the drive applied both in the
experiment and in the simulations, normalized to 0 dB for
the weakest drive display here. For the numerics we have used
power proportional to the experimentally applied power and
we give the normalized units in the legend such that εr ≡ ε/ε0
with ε0 /(2π) = 1.83 MHz. The solid lines are a full stochastic
two-mode simulation, while the dashed lines are the Kerr
shifts calculated from a steady state assumption using Eq.
(3.31). For the simulation we have used K = 2π × 5.7 MHz,
κ = 2π × 2.9 MHz and κ0 = 2π × 1.0 MHz.

Cg = 10.4 fF, Cs = 3 fF and Ce = 10.84 fF, all of which are close to the
design parameters found by simulations [55]. With these parameters we
calculate the first mode to have K = 2π × 5.7 MHz which is around a
factor of 2 bigger than the line-width of κ = 2π × 2.9 MHz.
Driving the Kerr-resonator increases the photon number, ha† ai, and
we aim to infer this photon number from the experimentally obtained
frequency shift of fundamental mode. A straight-forward way of connecting
the photon number and the frequency shift so would be to calculate the
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steady state photon number, ha† aiss = Tr(ρss a† a), and directly put this
into the cross-Kerr term of the Hamiltonian. This approach leads to a
shift of the readout given by
∆readout = Kcross ha† aiss .

(3.31)

From the bottom-up calculation of the array we find the Kerr coefficient of
the fundamental mode to be K0 √
= 2π ×0.5 MHz and thus we can calculated
the cross-Kerr as Kcross = −4 K0 K. The result of this calculation is
shown as the dashed line in Fig. 3.5. We see that only some features of the
experiment are predicted by the steady-state approach; for instance, the
detunings are approximately correctly predicted. The structure of the lineshape, on the other hand, is very poorly predicted and the plateaus to the
left of the maxima are completely missing from the experimental data. This
is not surprising given the knowledge we have from the previous section.
The shoulders appear in region II of Fig. 3.2 and represent a multiphoton
transition to a state with population in both a high photon number
state and a low photon number state. However, the measurement induced
dephasing project the system onto only a low-amplitude or a high-amplitude
state. Furthermore, we note that we are probing using the fundamental
mode, so we extract information in a time scale of Tκ0 = 1/κ0 ≈ 3/κ. This
is much faster than the prolonged time required to relax into the steady
state in this regime, so as a consequence the system always dephases to
the same state and no dual peaked transmission spectrum is observed.
Moreover, we notice that even in region III, where no switching is present,
the dephasing even changes the effective steady state of the system which
we understand as a measurement induced dephasing or, equivalently, a
cross-Kerr interaction between the probe and the field effectively increasing
κ compared to the detuning. Summarizing, it is clear that the steady state
depicted by the dashed line in Fig. 3.5 does not capture the dynamics of
the experiment and a more complete description is called upon.
We can describe the dynamics more accurately using a full two-mode
model, that includes the fundamental mode, a0 . We therefore consider the
following Hamiltonian in addition to Eq. (3.1),
H0 = ∆0 a†0 a0 + 0 (a†0 + a0 ) + Kcross a† a a†0 a0 − K0 a†0 a0 a†0 a0 .

(3.32)

We can now simulate the system dynamics by the two-mode stochastic
master equation for heterodyne measurement [101] of the transmitted
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signal:

1
ρ̇ = −i[H + H0 , ρ] + κ aρa† − (a† aρ + ρa† a)
2

1 †
†
+ κ0 a0 ρa0 − (a0 a0 ρ + ρa†0 a0 )
2

√ 
+ κp dZa0 ρ + dZ ∗ ρa†0 − Tr(dZa0 ρ + dZ ∗ ρa†0 ) ρ .

(3.33)

The stochastic variable is now given by dZ = dWa + idWb , where dWi
again are stochastic Weiner processes with hdWi i = 0 and hdWi2 i = dt.
The transmitted signal can be calculated as
JT (t) =

√

κ Tr(ρ(a0 + a†0 )) +

dWa 2 √
dWb 2
+
.
κ Tr(ρ(a0 − a†0 )i) +
dt
dt
(3.34)

Modelling the measurement process as a heterodyne is equivalent to an
IQ measurement, of the down-converted transmission signal, as discussed
in Sec. 2.4, where the X ∝ (a†0 + a0 ) and Y ∝ i(a†0 − a0 ) quadrature plus
the real and imaginary part of dZ respectively corresponds to I and Q
of the downconverted current and we can reconstruct the measurements
from the experiment. In Fig. 3.5 we see numerical simulations using the
parameters of experiment. We observe that we can accurately predict the
experiment using this fully dynamical stochastic quantum description.

3.3

Ultrastrong coupling to a qubit

We have seen how the array can play a role as a nonlinear element with
interesting quantum dynamics. This section will investigate how to couple
the array to a transmon qubit (see Sec. 2.2), to get even more interesting
dynamics [9]. Here, the array partly plays the role a mediator of the
dynamics and partly of an effective readout tool for this dynamics.
As discussed in 2.3, a superconducting qubit and a microwave resonator
can implement a controllable interaction between light and matter. In
general terms, understanding light-matter interaction is one of the primary
goals in quantum optics. The simplest case to consider is the coupling
of a single atom to a single mode of light [62] often described by the
Jaynes-Cummings (JC) Hamiltonian (~ = 1),
HJC = ωr a† a +

ωa
σz + g(a† σ− + aσ+ ),
2

(3.35)
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where ωc is the cavity frequency, ωa the atomic frequency and g the electricdipole coupling. In this expression, a (a† ) is the photon annihilation
(creation) operator and σi are the Pauli matrices for the atomic levels.
The JC Hamiltonian describes the exchange of a single quanta between
the field and the atom leading to Rabi oscillations with angular frequency
2g. The JC Hamiltonian is however only an approximation of the Rabi
Hamiltonian,
HRabi = ωr a† a +

ωa
σz + g(a† + a)σx .
2

(3.36)

The JC Hamiltonian can be derived from the Rabi Hamiltonian by imposing
the rotating wave approximation (RWA). The RWA is valid when the
period for exchanging a single excitation is much longer than the period
of self-oscillations for both the atom and the light, ie. g  ωa , ωr . To
arrive at the RWA, a unitary transformation, U = e−iH0 t/~ , is performed
ω
with the Hamiltonian H0 = ~ωr a† a + ~ 2qb σz . This transformation leads
to time-dependent operators, a → a e−iωr t and σ− → σ− e−iωa t . The
interaction terms of the Rabi Hamiltonian therefore rotate with ωr ± ωa
and in the RWA it is assumed that ΩΣ = ωr + ωa is much larger than
any other dynamics, such that terms with ΩΣ do not contribute to the
interaction when averaging over time. Therefore we can safely neglect the
term a† σ+ + aσ− and we arrive at the JC.
While more challenging to realize, there has recently been much attention to the situation where the RWA is no longer valid. This regime is
known as the ultrastrong coupling regime and it differs remarkably from
the JC regime [152–159]. Most significantly, while the ground state of HJC
is simply the product of the atomic ground state and vacuum of the field,
the ground state of the Rabi Hamiltonian is an entangled atom-field state
with a non-zero average photon number.
Superconducting quantum circuits form a promising platform to realize
and study this novel light-matter coupling regime. In particular, realization
of the ultrastrong coupling regime with flux qubits (see Sec. 2.2), acting
as the atom, coupled to a microwave resonator have been theoretically
studied [50] and experimentally implemented [160–163]. These experiments
have primarily probed the spectral properties of the ultrastrong regime,
since the fast coupling and short coherence times limits the possibilities
for probing the dynamics. A next step is to probe the dynamics of the
this regime. With the system starting in its ground state, an approach
is to non-adiabatically tune the coupling strength g from the ultrastrong
coupling regime to the strong coupling regime. The system will readjust

3.3 Ultrastrong coupling to a qubit

53

to this change by emitting photons as it relaxes back to its new ground
state. Observing these photons would constitute a clear signature of the
non-trivial nature of the ultrastrong coupling ground state. With system
frequencies around 10 GHz [50, 160, 161, 163], this however requires changes
in system parameters of the order of 10 pico-seconds. In practice, this
therefore appears to be extremely challenging.
Using an arrays of Josephson junctions [55] described in the this Chapter
as replacement of the standard coplanar waveguide resonator, see Sec. 2.3,
we will in this section show how we address the ultrastrong coupling regime
with a transmon qubit. Assuming that the resonators effective capacitance
is much √
larger than the capacitances of the transmon, it can be shown that
g/ωr ∝ Z0 with Z0 being the impedance of the resonator [42]. Therefore,
to obtain a large coupling and enter a regime with g ∼ ωr , ωa , we need
to increase the impedance of the resonator [50, 164]. The experiment of
previous section implements an inductance with a dissipationless impedance
around Z0 ∼ 4 kΩ [54, 55]. This impedance is much larger than typical
coplanar waveguides with Z0 = 50 Ω, and as such we expect thatcoupling
a transmon to such a superinductor may increase the coupling strength
significantly. Moreover, by using a low-frequency mode of the array, it
is possible to realize ultrastrong coupling with only a moderately large
coupling strength. In this situation, fast changes of system parameters
are possible and allow for the observation of signatures of the ultrastrong
coupling in the dynamics of the combined system. This dynamic can then
be probed by taking advantage of the presence of multiple modes of the
array and their cross-Kerr interaction [55], see also Secs. 3.1 and 3.2.
We consider the circuit of Fig. 3.6 which consists of a transmon
qubit [42] coupled to an array of N Josephson junctions [55]. The transmon
qubit is characterized by the Josephson energy EJ and the capacitance
Cs , which for simplicity we take to include both the shunt capacitance
and the junction capacitance. As for the introduction of the array in the
beginning of this Chapter, we assume the junctions forming the array
to have a large Josephson energy such that, to a good approximation,
they behave as weakly nonlinear inductances. These junctions are then
characterized by their Josephson inductance LJ , the junction capacitance
CJ and capacitance to ground C0 of the islands formed between the array
junctions. The capacitance Cq couples the qubit to the array and will
largely control their interaction strength. Finally, Ci is a capacitance to
an external control field which will be used to probe the system and Ce is
the capacitance to ground of the last array island. The Lagrangian of this
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Ci
ϕ0

Cq

Junction array
N LJ,CJ,C0 ϕ
N
Ce
ϕqb

Cs

EJ

Qubit

Figure 3.6: A circuit representation of the system. We
have an array of N Josphson junctions treated as a series of
inductors with the inductance LJ and a series of capticances,
CJ . For each junction we also have a parasitic capacitance to
ground, C0 . At the end-points we have the couplings Ci and
Ce . The array is coupled to a tranmon qubit, characterised
by the capacitance Cs and the Josephson energy EJ , through
the coupling capacitance Cq .

system reads [37],
L=

N
−1
X
n=0

1
C0 2
CJ
(φ̇n − φ̇n+1 )2 −
(φn − φn+1 )2 +
φ̇
2
2LJ
2 n

Ci 2 Ce 2
Cq
(φ̇0 − φ̇qb )2
φ̇0 +
φ̇N +
2
2
2

Cs
+
φ̇qb + EJ cos φqb /ϕ0
2

˙~ T ~˙ ~ T ~
= φ C φ − φ Lφ + EJ cos φqb /ϕ0 ,
+

(3.37)
(3.38)

~ = {φ0 , φ1 , . . . , φN , φqb }T and the
where we have defined the vector φ
matrices C and L such that Eq. (3.38) reproduces Eq. (3.37).
Following a derivation similar to the derivation of the array Hamiltonian
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(3.19), the Hamiltonian of the full system takes the form,
Ĥ = Hqb +

X

ω̃k a†k ak +

k

+

X

X

Kkl a†k ak a†l al

kl

gk (b −
†

b)(a†k

− ak ) +

k

X

Gkl (a†k − ak )(a†l − al ),

(3.39)

k6=l

with Hqb the transmon Hamiltonian which (for EJ /EC >> 1) is Hqb =
†
† †
ωa b† b − EC (6b
q b + 12b bb b). The mode frequencies are ω̃k = 1/(Zk C̃k )
where Zk = L̃k /C̃k is the characteristic impedance of mode k [141] (L̃k
and C̃k are renormalized array mode capacitances, see below). The ladder
operator b is here introduce as in Sec. 2.2. While the above form is useful
in simplifying analytical expressions, all numerical calculations in this
paper are based on the exact diagonalization of
Hqb = 4EC n̂2 − EJ cos φqb /ϕ0 ,


(3.40)

When EJ /EC  1, we write the Rabi-like coupling strengthsas [42],
gk =

8EJ
EC

! 41 s

1
−1
e C̃[k,qb]
.
2Zk

(3.41)

where C̃ is the matrix C reexpressed in the eigenbasis of the array [9]. This
basis is found from considering the N +2×N +2 matrix Ω2 = C −1 L and
then calculate the eigenvectors, ~vk , of the N +1×N +1 upper block matrix
~ qb . We will refer to these ~vk as the array
of Ω2 that does not relate to φ
~ qb = {0, 0, . . . , 0, φqb }T , they
modes and together with the qubit mode, φ
form a complete basis set which we use to reexpress the capacitance and
inductance matrices to obtain C̃ and L̃ respectively, see also [9]. We now
have C̃k on the diagonal of C̃ as the mode capacitance of the kth mode of
the array similar to Eq. (3.6). In addition to a qubit-mode coupling, Eq.
(3.39) also contains a mode-mode coupling
Gkl =

s

1
2Zk

s

1
−1
C̃[k,l]
/2,
2Zl

(3.42)

which we can neglect due to the large frequency difference between each
mode, Gkl . 0.01(ω̃l − ω̃k ). We could also get rid of this term by rediagonalizing the Hamiltonian which would renormalize gk and ω̃k . Finally,
the Kerr-coefficients are found from Eq. (3.17).
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Before moving on, let us note that the distinction between the resonator
and the transmon in the system Hamiltonian may seem artificial. After all,
the split into a transmon degree of freedom and array degrees of freedom
is unnecessary to calculate the eigenfrequencies of the combined system.
This distinction is, however, useful since one of the modes of the total
system, the qubit mode, inherits the most from the transmon’s small
junction nonlinearity. This can be made more apparent by replacing this
junction with a SQUID loop. For symmetric loop junctions, this leads to
the replacement EJ → EJ cos(Φx /2ϕ0 ), with Φx the external flux, in the
qubit Hamiltonian Hqb . In this situation, the qubit mode is widely flux
tunable while the array modes have, following our treatment, no explicit
dependence on flux. This also affects the qubit-array coupling which, in
the transmon regime, now takes the form
gk (Φx ) ≈ cos(Φx /2ϕ0 )1/4 gk (Φx = 0),

(3.43)

with gk (Φx = 0) given by Eq. (3.41). As a consequence the transmon is
now defined as the degree of freedom that we can tune by the external flux
and it is clearly distinct from the resonator.
To investigate how strongly we couple the transmon to the resonator,
the focus will be on the lowest mode of the resonator, k = 0, as this
mode is expected to have the largest zero-point fluctuations of the field
compared to its resonant frequency. This is captured in figure
√ of merit
g0 /ω0 , and as already mentioned it can be estimated that g0 ∝ Z0 (from
now on we write ωk , however, still referring to ω̃k ). In order to have
a high Z0 the array must have a large junction inductance, LJ , and a
small capacitance to ground per junction, C0 . Furthermore, the coupling
strength, g0 , is intuitively expected to depend directly on the coupling
capacitor, Cq . However, a change in both C0 and Cq does not only change
g0 , but in general also change EC , ωk and gk . By fixing EC and ωk with
capacitances, C0 with Cq as a variable, the rest of the array capacitances
and transmon parameters can, however, be identified numerically.
We perform a numerical search for the largest coupling strength, g0 ,
for a given set of C0 and Cq with a fixed ω0 and EC . This search does not
guarantee the globally maximal coupling strength, but it is sufficient to
identify parameters that yield a transmon in the ultrastrog coupling regime.
The resonator frequency is fixed at ω0 = 2π × 2 GHz in order to have
the coupling strength small enough that we can perform non-adiabatic
operations on the mode, which is of crucial importance for the observation
of ultrastrong dynamics. For the transmon, the charging energy, which also
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Figure 3.7: The coupling strength, g0 , in units of ω0 as a
function of the coupling capacitance Cq . Each value have
been found numerically in order to maximize g0 . From top
to bottom we increase the parasitic capacitance C0 with 0.1
fF at the top followed by C0 = 1 fF and finally C0 = 10 fF.
In every case we have LJ = 1.5 nH and we have solved Cs ,
Ci , Ce and N to keep ω0 = 2π × 2 GHz and EC = 2π × 300
MHz fixed. Furthermore we have used EJ /EC = 50.

set the anharmonicity, is fixed at EC = 2π × 300 MHz and the Josephson
energy is set to EJ /EC = 50. The resulting numerically optimized coupling
strength is displayed in Fig. 3.7. The coupling strength is indeed observed
to be larger when C0 is small and the general trend is that a larger Cq
leads to larger coupling.
The rest of this section uses a particular set of parameters chosen in
order to have both a large coupling strength far within the ultrastrong
coupling regime and with a significantly large cross-Kerr coupling between
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the resonator modes. With this in mind, we take as parameters:
N = 145,

LJ = 1.5 nH,

(3.44a)

C0 = 0.1 fF,

Cq = 85 fF,

(3.44b)

Ci = 26 fF,

CJ = 30 fF,

(3.44c)

Ce = 72 fF,

Cs = 63 fF,

(3.44d)

which lead to
ω0 /2π = 2 GHz,

g0 /ω0 = 0.61,

(3.45a)

ω1 /2π = 8.8 GHz,

g1 /ω1 = 0.11,

(3.45b)

ω2 /2π = 14.45 GHz,

g2 /ω2 = 0.04,

(3.45c)

K00 /2π = −0.03 MHz,

K22 /2π = −2.46 MHz

(3.45d)

K02 /2π = −0.54 MHz,

ωa /2π = 5.7 GHz,

(3.45e)

with ωa the transmon qubit frequency at Φx = 0. Furthermore we take
the resonator decay rate κ = 2π×50 kHz, corresponding to the losses
observed in Ref. [55]. The qubit decay rate and the pure dephasing rate are
taken as γ = γφ = 2π×50 kHz, values that are routinely observed for flux
tunable transmons [66]. With these choices, the 0th mode is well within
the ultrastrong coupling regime while the 1st mode is on the edge of that
regime. Moreover, the 2nd mode is both outside the ultrastrong coupling
regime and is far-detuned from the qubit. As a result, the dispersive
coupling of that mode to the qubit is vanishingly small. On the other
hand, as desired the 2nd mode has a significant cross-Kerr coupling to the
0th mode allowing for photon population readout, which we will discuss in
Sec. 3.3.2.

3.3.1

Ultrastrong dynamics

We now turn to an approach to probe the dynamics in the ultrastrong
coupling regime. Before going into detail with a protocol to probe this
dynamics, we fist introduce the numerical tool that will be required to
simulate the dynamics. Because of the open nature of the system, these
simulations are based on the master equation. However, since the rotating
wave approximation breaks down in the ultrastrong coupling regime, the
standard quantum optics master equation leads to unphysical results. For
this reason, we instead use the master equation derived in the dressed
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basis [165],
ρ̇ =

X jk 

−i
[H, ρ] +
Γφ D |jihk| ρ
~
j,k6=j

+

jk
Γjk
κ + Γγ D |jihk| ρ

X

 



j,k>j

+D

hX

Φj |jihj| ρ,
i

(3.46)

j

with D[O]ρ = OρO† − 12 (O† Oρ + ρO† O). In this expression, the dephasing rates are expressed in terms of the eigenstates of the instantaneous
Hamtiltonian, |ji, and they take the form
Φ =
j

r

γφ
|hj|b† b|ji|2 .
2

(3.47)

Similarly, the dephasing induced relaxation rates are given as
Γjk
φ =

γφ
|hj|b† b|ki|2 ,
2

(3.48)

and the rescaled relaxation rates as
†
2
Γjk
γ = γ |hj|b + b|ki| ,

(3.49)

†
2
Γjk
κ = κ |hj|a + a|ki| .

(3.50)

The master equation, Eq. (3.46), is constructed to ensure that the system
will relax into the ground state of the coupled system, which importantly
can be very different from the ground state of the Jaynes-Cummings
Hamiltonian.
As already mentioned, an important feature of the JC Hamiltonian
is that its ground state is that of the uncoupled system. As a result,
the nature of this ground state does not change with system parameters.
In other words, if prepared in its ground state, a system described by
the JC Hamiltonian will remain in the vacuum state under parametric
modulations.
In contrast, the ground state, |j = 0i, of the Rabi Hamiltonian can be
approximated as [165]
|j = 0i ≈

λ2
1−
2

!

√
|00i − Λ|11i + ξ 2|02i

(3.51)
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Figure 3.8: Photon in the resonator as a function of time. We
have used a resonator with ω0 = 2π × 2 GHz and a transmon
with EC = 2π × 300 MHz and EJ /EC = 50. The coupling
strength was set to g0 (Φx = 0) = 0.61ω0 for the darker line
and g0 (Φx = 0) = 0.1ω0 for the lighter line. We modulate the
external flux Φx /(2ϕ0 ) = 0.35π cos(ωd t) with ωd = 2π × 1.5
GHz.

to second order in Λ = g/(ωa + ωr ) and with ξ = gΛ/2ωr . On the righthand-side of this expression, the first index in the states refers to the qubit
and the second to the photon number. Equation (3.51) makes it clear
that the ground state of HRabi depends on the system parameters and,
moreover, has a finite average photon number. Since the master equation
Eq. (3.46) relaxes the system back to |j = 0i, these photons do not decay
out of the cavity and are consequently difficult to observe.
Here we propose to take advantage of the dependence of |j = 0i on
the system parameters to observe a signature of these photons. Indeed, a
non-adiabatic change of the system parameters should lead to a change of
the average photon population under HRabi while it should have no effect
under HJC . As alluded to earlier, this photon population can then be
probed by taking advantage of the cross-Kerr coupling between array modes.
For the photon population to change under parametric modulations, this
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Figure 3.9: Time averaged mean value of the photon number
from time-evolutions similar to Fig. 3.8 with parameters the
same, but with different modulation frequencies and coupling
strengths. The lines from light to dark indicates stronger
coupling, g0 , as indicated by the legend.

modulation must, however, be non-adiabatic. This is possible in this system
and with the parameters used here because of the small mode frequency
ω0 and therefore the reasonably small g0 required to reach ultrastrong
coupling.
Our approach is now to apply an ac-flux through the transmon SQUID
as a method to change the qubit frequency and induce non-adiabatic
dynamics, with the flux given as
Φx (t) = ΦaX cos(ωd t).

(3.52)

For modulated SQUIDs it is often assumed that cos(Φx (t)) ≈ 1 − Φx (t)2 ,
however here the important contribution is not the parametric modulation of Φx (t) but the change in the ground state and as such we are not
restricted by any small-angle approximation and we can choose the modulation amplitude, ΦaX , to be very large, which has also been shown to be
experimentally possible [166]. Because of this change in system parameters,
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the overlap between the instantaneous ground state at a given time, |0(t)i,
and the nth excited state as later time t0 > t, |n(t0 )i is in general non-zero,
h0(t)|n(t0 )i =
6 0,

(3.53)

a result that holds only when the RWA is not valid. This implies that
we may indeed dynamically excite the system from the ground state by
a change of the system parameters. An analogy can be drawn to multipassage Landau-Zener transitions [167]. These transitions appear when
the parameters of a two-level system is changed in a non-adiabatic fashion
through an avoided crossing. A similar effect is observed here with a
non-adiabatic change in the ground state. The transmon-array system has,
however, a complex level structure where the Landau-Zener results cannot
be explicitly applied.
In Fig. 3.8 we see an example of this dynamics using the system
parameters of Eqs. (3.44) and (3.45) and a modulation frequency of
ωd = 2π × 1.5 GHz. The darker line shows the photon number as a
function of time within the ultrastrong regime and it can be observed
that the system is being excited with resonator photons over time. We
emphasize that the drive frequency, ωd , does not directly correspond to any
other system frequency, hence, the observed generation of photons can be
understood as the transfer of photons from non-zero photon number in the
ground state into real photons of in higher excited states. For comparison,
the lighter line in Fig. 3.8 shows the same simulation but for a weaker
coupling of g = 0.1ω0 and as expected almost no photon are generated in
this case.
To further investigate the ultrastrong dynamics, Fig. 3.9 displays the
time-averaged photon number as a function the modulation frequency, ωd ,
for different drive strengths. Again, we observe that for the small coupling
strengths very few photons are generated and only at specific frequencies.
In the ultrastrong coupling regime photons are generated for a large range
of frequencies. For the strongest coupling of g = 0.61ω0 we see photons
for any frequency, which supports the conjecture that the photons are not
generated by a simple resonant exchange interaction at a static system
frequency but due to the non-adiabatic change of the ground state.

3.3.2

Readout of the photon number

It turns out that the states generated by the ultrastrong coupling dynamics
are similar to thermal states, which means that ha + a† i ≈ 0 even when
we have a strictly non-zero photon number, ha† ai > 0. A direct homodyne
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Figure 3.10: Cross-Kerr readout schemes to probe the photons generated by the ultrastrong coupling dynamics. In
(a) we apply the modulation of the transmon continuously
while probing a higher mode of the Kerr resonator. In (b)
we only modulate for a time τ followed by a probing of a
higher mode.

detection would therefore not reveal any signal to first order. Still, higher
order correlation functions are possible to measure, using linear detectors
[73], which would allow for a full reconstruction of the resonator field. Such
a measurement will usually require the averaging of a very large number
of measurements.
A more convenient method is therefore to measure the photon population in the ultrastrongly coupled mode k = 0 by taking advantage of the
cross-Kerr coupling between modes k = 0 and 2. This coupling was already
used experimentally to characterize a junction array [55], as presented in
Sec. 3.2. Ignoring the other array modes, this coupling takes the form
HK = K02 a†0 a0 a†2 a2 ,

(3.54)

√
with K02 = −4 K00 K22 . Photon population in mode 0 will shift the
second mode frequency by K02 a†0 a0 , a shift that can be resolved by probing
mode 2.
The general approach is now to apply a coherent drive, Hp = εp (a2 +a†2 ),
on resonance with the probe mode via the input port Ci (see Fig. 2.6). The
signal reflected from this port is then continuously monitored. Similarly to
dispersive qubit readout [30], the photon number, ha†0 a0 i, can be determined
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by homodyne measurement of the field amplitude a2 . The integrated
homodyne signal can be expressed as
Mε p =

√

Z τ +Tm

κ2
τ

[aout (t) + a†out (t)] dt

(3.55)

with Tm the integration time and τ the initial time of the integration. In
√
this expression, aout (t) = κ2 a2 (t) + ain (t) is the output field [72], with
ain the input noise of the vacuum respecting [ain (t), a†in (t0 )] = δ(t0 − t),
and κ2 the decay rate of mode k = 2. The ability for such a measurement
to distinguish the state from the system with no flux modulation, ie.
no ultrastrong dynamics, is captured by the signal-to-noise ratio (SNR).
Following Ref. [77, 112], the SNR can be expressed as
|hMε i − hM0 i|
SNRTm = q p
,
hM̃ε2p i + hM̃02 i

(3.56)

with M̃εp = Mεp − hMεp i and M0 corresponds to the same measurement
without flux-modulation, Φx = 0.
As illustrated in Fig. 3.10, two approaches are considered. In the
first approach, depicted in panel (a), the probe field is monitored while
continuously modulating the qubit flux. For simplicity, the nonlinearity of
the probe mode is ignored and the photon number a†0 a0 is taken to be a
classical number. Then, the equation of motion for a2 reads
ȧ2 = −iK02 ha†0 a0 ia2 −

√
κ2
a2 − iεp + κ2 ain
2

which as the steady state solution
√
κ2 ain − iεp
s
a2 =
.
iK02 ha†0 a0 i + κ2 /2

(3.57)

(3.58)

To obtain a simple estimate for the SNR, we use the values of ha†0 a0 i
oscillating between 0.2 and 0.8 shown in Fig. 3.8 and integrate the signal
taking τ = 100 ns to go beyond the initial ring up dynamics. For the
parameters presented above, together with εp = 2π × 2 MHz and κ2 = 2π×
0.35 MHz, this yields a SNR larger than 1 for an integration time Tm ≈ κ−1
2 .
A larger SNR can be obtained by longer integration times, however, the
ultrastrong dynamics will eventually dephase due the dephasing rates Φj .
Using Eq. (3.58) the value of ha†0 a0 i is estimated and we recover, as desired,
the numerical time-averaged results shown in Fig. 3.9. In this analysis we

3.3 Ultrastrong coupling to a qubit

65

neglected the self-Kerr nonlinearity, K22 = 2π × −2.4 MHz, but in general
similar results for the cross-Kerr probing can be obtained by including the
nonlinearity in the analysis [10] (see Sec. 3.2).
An alternative method to map the dynamics shown in Fig. 3.8 is
sketched in Fig. 3.10(b). In this approach, the qubit flux is modulated
for a time τ around Φx = 0 with an amplitude of Φx = 0.35Φ0 . After
this initial period of ultrastrong dynamics, the flux is rapidly increased to
Φx = Φ0 /2 in a time span of one full period of oscillation, 2π/ωd ≈ 0.66
ns. At that point, the qubit has a vanishingly small transition frequency
and is uncoupled from the array, see Eq. (3.43). Now, with the coupling to
the qubit absent, the population of mode a0 simply decays to the vacuum
state at a rate κ0 . Again, it is worth emphasizing that due to the choice
of a small resonator frequency and, thus, low coupling, this change in flux
is fast enough to maintain the photon number in the a0 mode. Using the
same parameters as in Fig. 3.8, we numerically integrate Eq. (3.56) and
find, taking into account array damping, a maximal SNRTm ≈ 0.5 for a
measurement time Tm ≈ 6 µs. For larger measurement times, the signal will
be dominated by noise because the photon population of the a0 mode have
decayed. This estimate is obtained from numerical integration including
cross-Kerr coupling given by Eq. (3.54) and self-Kerr nonlinearities for
both modes. As above, from the measured signal, the detuning of the
probe mode a2 from its bare frequency ω2 can now be inferred. Using the
inferred probe detuning, the photon population in mode k = 0 can then
be estimated. Therefore, by treating the average photon number as an
unknown parameter, standard parameter estimation techniques [101] can
be used and the dynamics generated during the ultrastrong coupling is
observed. We expect that a measurement of the dynamics can be obtained
by only a few experimental runs for each value of τ .
In conclusion we have shown that using a high impedance resonator
constructed by an array of Josephson junctions we can bring a transmon
within the ultrastrong coupling regime. We performed a full Lagrangian
analysis of the array and transmon circuit and using experimentally realistic
parameters we identify a coupling up to 0.7 of the resonator frequency.
A very large coupling strength makes in general any dynamics hard to
observe, since a change in any parameter most be made faster than the
coupling strength or ideally even as a sudden change in order to observe any
non-adiabatic dynamics. Choosing a low-frequency resonator and by using
the tunability of the transmon qubit we identify dynamics specific to the
ultrastrong coupling regime. This dynamics appeared by modulating the
transmon frequency non-adiabatically, which resulted in photons appearing
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in the resonator mode. These photons would not have appeared within the
rotating wave approximation and as such it constitute a unique feature
of the ultrastrong coupling regime. Finally, we presented a method how
the cross-Kerr coupling of the array can be used to efficiently probe the
dynamics.

3.4

Conclusion

In this Chapter we have considered the use of Josephson junction arrays
in quantum optics scenarios. First we showed the due to the nonlinear
nature of the array, interesting non-classical dynamics appeared in the
bistable regime. This is surprising as switching dynamics so far were
considered well-described by the quasi-potential approach also presented
here. This conclusion may be very useful in characterization of state-of-theart Josephson devices as arrays of Josephson junctions play a major role in
experiments and theory proposals including various readout schemes [80,
83, 168], see Sec. 2.4, quantum controllers [7, 137, 138], as also presented
in Sec. 2.6, and even qubit architectures such as the fluxonium [53]. This
analysis was followed by an analysis of a recent experiment [55] probing
the properties of a Josephson junction array. From the experimental data
it is clear the the full quantum dynamics must be taken into account to
fully characterize nonlinear quantum elements.
Moreover, it was proposed to couple the array to a single transmon
qubit. The effectively large impedance of the array now enhances the
coupling to the qubit significantly and we enter the ultrastrong coupling
regime. Designing the array with a low frequency, this ultrastrong coupling
is obtained for moderate values of the coupling. This is an important
advantage of our proposal. Indeed, with this choice, it was shown that
realistic modulations of the qubit parameters are sufficient to results in
dynamics of the system that is distinctive of the ultrastrong coupling
regime. Moreover, we have shown how this dynamic and the corresponding
photon population can be probed by taking advantage of the multi-mode
structure of the array. These results show the possibility to probe the
complex dynamics of the ultrastrong coupling regime, opening a new
window on this unconventional regime of quantum optics.
Finally it may be speculated in which regard Josephson junction arrays
additionally can serve to improve experiments in the field of circuit QED.
An example could be for the use in hybrid systems [169], where the coupling
different charge based systems could be increased by using a Josephson
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junction array. For example in [170], a semiconductor charge qubit was
coupled to a superconducting waveguide resonator. The resulting coupling
strength was measured to be g0 = 2π × 11 MHz. Additional parameters
for the system was a qubit decay rate of γ1 ≈ 2π × 100 MHz, dephasing
of γφ = 2π × 250 MHz and a resonator decay rate of κ = 2π × 3.3 MHz.
With these parameters the qubit-resonator system has a cooperatively of
C = g 2 /(κγ1 ) = 0.36, which is just below 1 and, thus, the system is only
on the edge of the strong coupling regime. Using an array instead of a
coplanar waveguide as above, we find g ≈ 2π × 50 MHz, which will yield a
cooperatively C ≈ 7, which is far into the strong coupling regime.

Chapter

A detector for microwave
fields
Readout of superconducting devices is, as introduced, one of the dominating
challenges of circuit QED. Often, different readout schemes are developed
to solve a specific task, eg. reading the state of a superconducting qubit.
The dominating physical measurement is the amplitude measurement of a
downconverted microwave signal processed at room temperature. Such a
measurement is equivalent to a homodyne detection as explained in 2.4.
This is very different from the optical domain, where detectors react to the
presence of a single photon as the energy associated with only one photon
can be amplified to an observable effect.
With present technology, a general purpose detector for single microwave photons is not possible due to the low energy associated with
photons in the microwave regime. However, a few ideas for workarounds
exist. For this purpose, a qubit is a natural component to consider if you
are interested in single photon dynamics as qubits inherently work in the
single excitation regime. For instance one could imagine a photon detector
working by absorbing a photon by qubit and then reading out the qubit
state [94, 171]. The phase qubit is therefore of particular interest as the
qubit supports a built-in readout process [57, 58]. The phase qubit is, as
presented in Sec. 2.2, a current biased Josephson Junctions (CBJJ) operated in the regime of only two bound states. Recent works using a CBJJ
have made progress towards a single microwave-photon detector [97–100].
This chapter will expand on the progress with both novel theory [2, 3] and
a brief presentation of a recent experiment [8].
68
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Figure 4.1: The superconducting phase variable in a currentbiased Josephson junction behaves as a quantum particle
trapped in a tilted washboard potential. The dashed (green)
line is a sketch of the ground state wavefunction in one of
the trapping wells. The probability that the phase particle
tunnels out of the potential is increased if the barrier is modulated, e.g., by variation of the tilt due to a time dependent
microwave field.
A current biased Josephson Junctions (CBJJ) is a device of particular
interest since the phase variable associated with the junction acts as a
particle trapped in a washboard potential. The properties of the CBJJ
is, however, generally directly modified by even a weak probe field and
may therefore directly measure an incident microwave field. This idea is
presented in Fig. 4.1; the phase particle is trapped in a washboard potential
well and by modifying the barrier height, the particles motional states are
subject to tunneling into the continuum. A particle in the continuum will
accelerate corresponding to a voltage drop over the device. The switching
can occur due to thermal activation [172] and due to macroscopic quantum
tunneling [173]. However, when the CBJJ is at a temperature of 20 mK,
which is the case in the dilutions fridges of current quantum experiments,
contribution from thermal activation can safely be neglected. This implies
that the system can be described as an ordinary quantum particle and
general methods from quantum mechanics can be applied to qualitatively
and quantitatively study several features associated with its dynamics.
In this chapter we will work towards using the tunneling events in a
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Figure 4.2: A schematic (top) and a circuit diagram (bottom)
of the system. In the upper picture the fundamental normal
mode of the flux is sketched. In the circuit diagram, the
transmission waveguide resonator is described as a chain of
capacitors and inductors. The resonator is shunted by a
current biased Josephson junction. In the dashed (red) box,
we couple capacitively to fields outside of the device.

CBJJ as a photon detector in the few photon regime by coupling the CBJJ
to a λ/4-resonator (see Fig. 4.2). The general idea is to use the device
both as a collector of photons and as a detector, sensitive to a single or
a few quanta in the resonator through a classical measurable response
in the form of a voltage switch over the Josephson junction. The major
difference in the approach discussed in this Chapter compared to [99, 100]
is that the detection here is not due to the resonance interaction between
a single CBJJ (a phase qubit) and a photon. Instead the photon interacts
with the resonator and due to the strong interaction between the resonator
and the CBJJ, the tunneling properties of the CBJJ depend now directly
on the photon number inside the resonator. This difference makes the
appropriate theoretical treatment much different. A phase qubit requires
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only two states to be properly described, but for a CBJJ coupled (possibly
off-resonantly) to the field of a resonator, many levels may be relevant.
Furthermore, the switching dynamics can no longer be described as a
simple incoherent decay from the two qubit levels, but must be described
as resonator-field dependent process. Moreover, the current device may
result in several operational advantages: (i) Having the detector operating
as a qubit, it can inherently only measure one photon, but using the
current setup, a threshold for any number of photons in the field can be
set allowing for a wider spectrum of applications. (ii) The bandwidth
of the detector is more directly controlled since engineering a capacitive
coupling to a resonator is straight forward. (iii) For the CBJJ to work
well as a qubit, the bias current must be tuned to a specific value. For our
setup, the resonator frequency only depends weakly on the bias current.
(iv) A phase qubit is often dominated by a very large decoherence rate,
which limits its detector efficiency. (v) A resonator is more convenient to
incorporate in a modular fashion in larger circuits. For instance one can
imagine an additional qubit being dispersively coupled to the resonator
such that this device now also works as a qubit readout device.

4.1

Tunneling in current-biased Josephson junctions

We will now first focus on the junction Hamiltonian,
HJJ = −

~2 ∂ 2
− EJ (cos ϕ + Iϕ),
2M ∂ϕ2

(4.1)

and we develop a time-dependent phenomenological theory for the tunneling
dynamics of a CBJJ. In previous works [97–100], the CBJJ was treated
as a simple two-level system with an incoherent decay out of the exited
state. While this model works well in the regime where the CBJJ interacts
coherently with a single photon, it is not sufficient for what we are about
to consider. First of all we will incorporate a time-dependent bias current
and thus a time-dependent decay rate and secondly the switching to the
voltage state is caused by the modulation of the junction potential by
the rf-current in the coupled resonator and junction system and not just
by resonance between an applied microwave and a qubit. Following the
development of a tunneling theory in this section, the next section will
include a general treatment to derive the full Hamiltonian of the resonator
and CBJJ. This directly allows us to asses the performance of such a device
as a detector of weak incident microwave fields.
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The detection events of the detector can be described as the tunneling of
a phase particle out of the well in the washboard potential of the CBJJ. In
general, tunneling is a widely observed phenomenon in quantum mechanics
and for tunneling through stationary barriers, scattering theory and good
approximations based on the JWKB method are available [174], however
for the dynamical situation these methods are not always applicable. While
the Schrödinger equation is indeed uniquely defined in any time dependent
potential, the handling of the scattering continuum components of the wave
function outside the tunneling barrier is impeded by the demand for precise
calculations on a very large interval of the coordinate variable. This also
applies for the CBJJ. As a particular example consider, a weak field-induced
modulation, resonantly coupling the ground state of the well to discrete
excited states subject to stronger tunneling as the tunneling barrier height
is reduced for these state. This situation can be treated as a perturbation
and the CBJJ theory yields good agreement with experimental results
[57, 175]. However, the wave-function may be subject to a strongly modified
potential and is in this case not amenable to the perturbative description.
Instead, we shall formally describe the tunneling process by wave packet
propagation in a time dependent imaginary potential (TDIP), such that
tunneling, observed as switching of the CBJJ into the voltage state, is
treated as a dynamical loss process. In this way we both determine the
time dependent probability for the tunneling to occur and we appropriately
describe the evolution of the wave function conditioned on no tunneling
event being detected.

4.1.1

Tunneling of the Josephson junction phase

The Josephson junction phase φ behaves as the position of a particle and is
dynamically fully described by the time dependent Schrödinger equation,
i~

∂
ψ(φ, t) = HJJ (t)ψ(φ, t),
∂t

(4.2)

where the Hamiltonian operator HJJ (t) contains a, possibly time-dependent,
potential and an effective kinetic energy term. Following the early work by
Gamow, one can describe tunneling in static potentials by eigenfunctions
of a time-independent, but possibly unbound, Hamiltonian [174]. The
eigenfunctions may then be chosen with outgoing, radiating boundary
conditions and then used as a wave function basis. This process effectively
redefines the scalar product on the system Hilbert space, and the original
Hamiltonian is then not Hermitian. This in turn leads to the emergence of
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complex eigenvalues. The dynamically lost norm associated with the imaginary part of the energy eigenvalues represents the probability of tunnelling
[176, 177]. Effective non-Hermitian Hamiltonians also emerge in quantum
optics and quantum measurement theory, where they govern the evolution
of a quantum system conditioned on the absence of absorption or loss
events. In these theories, the decreasing norm of the state vector provides
the probability for the evolution to occur without these events happening,
while one may simulate the complete dynamics including random detection
events by suitable application of "quantum jump" operators [101, 178].
At any given time the tunneling probability is governed by the wave
function obtained by propagation our non-Hermitian Hamiltonian, i.e., the
state conditioned on the detection of no previous switching events. An
approach for finding the complex eigenvalues is by directly implementing
a non-Hermitian Hamiltonian with respect to the original Hilbert space
of square integrable wave functions, for example by the introduction of a
complex absorbing potential (CAP). A properly designed CAP may thus
describe the same physics as the Gamov vectors, i.e., the evolution of
the unnormalized states may yield identical or very similar wave function
behaviour in the spatial and temporal range of interest.
There is a rich literature (see [179] and references herein) on the
identification of suitable CAPs, but since we shall be dealing with the
further complexity of tunneling through a time dependent potential, we
shall merely propose a simple, physically motivated ansatz for our time
dependent imaginary potential (TDIP), Vim (φ, t), and solve the timedependent Schrödinger equation
i~

∂
ψ(φ, t) = HJJ (t)ψ(φ, t) − iVim (φ, t)ψ(φ, t).
∂t

(4.3)

For the CBJJ, we have the mass set by the capacitive charging energy,
h
M = C(Φ0 /2π)2 , where C is the capacitance of the junction and Φ0 = 2e
is the flux quantum. The CBJJ potential is
U0 (φ, t) = −EJ (I(t)φ + cos φ)

(4.4)

Φ0
where EJ = Ic2π
is the Josephson energy and I(t) = IbI(t)
, with Ib being
c
the bias current applied to the junction. When Ib exceeds the critical
current Ic , the potential tilt dominates the harmonic variation with φ, and
the phase becomes classically unbound. We further include the interaction
of the CBJJ with a time dependent microwave field via the potential term
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expressed for convenience as,

Umw (φ, t) = −EJ ηφ sin ωmw t




(4.5)

where η is proportional to the field amplitude. The CBJJ is thus described
by the time-dependent Schrödinger equation
i~



∂
~2 ∂ 2
ψ(φ, t) = −
+
U
(φ,
t)
ψ(φ, t)
∂t
2M ∂φ2

(4.6)

with U (φ, t) = U0 (φ, t) + Umw (φ, t). This time dependent potential is
sketched in Fig. 4.1, indicating also the tunneling process, responsible for
the switching of the Josephson junction.
An imaginary absorbing potential, extending beyond the outer turning
point of a potential barrier would seem a natural candidate to remove the
tail of the wave function as tunneling develops. Since we want the potential
to remove the projection of our wave function on the running states in
that region, it is useful to apply approximate solutions for their position
(phase) and time dependence in our ansatz for the TDIP. From [180] we
have an approximate expression for the running state of the Josephson
junction phase variable φ > φturn , initially at time τ in the ground state,
in the linear potential region beyond the outer classical turning point of
the potential barrier φturn ,
~ωp φ
i √
Γ
e 6 2EJ
ψout (φ, t, τ ) = √ 0
2φ Φ0 ωp (τ )

√
Γ
− i ωω + 2ω
((t−τ )ωp − 2φ0 )
p
p
×e

s

0 3/2

(4.7)

with φ0 = φ − φ0 , where φ0 is the initial equilibrium position (bottom
of the well) and ~ω is the energy difference between the bottom of the
well and the energy of the lowest quasi-bound
state. We have further
q
2πIc
introduced the frequency parameter ω0 = CΦ0 and the plasma frequency
√
ωp = ω0 (1 − I 2 )1/4 . The wavefunction (4.7) is defined for tωp > 2φ, and
we assume a bias current less than the critical current, I < 1. The rate
parameter Γ in (4.7) which attains a definite value in a static potential,
will be briefly discussed below.
Our aim is to remove the projection of our time dependent wave
function |ψ(t)i on a suitable set of running states of the form (4.7),
P
Pout |ψi =
ψout |ψout ihψout |ψi. We model this operation by a timedependent complex potential, obtained as an integral over different running
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states, emitted within the past interval of time ∆t,
Vim (φ, t) = β

Z t

|ψout (φ, t, t0 )|2 dt0 .

(4.8)

t−∆t

The parameter β serves both as an adjustable strength parameter and as
a convenient normalization for the temporal integration. We assume a
constant value of Γ and ∆t, with ∆t−1  Γ  ωp ,, and we evaluate the
integral (4.8) only for values φ larger than the outer turning point, φturn ,
of the potential. The dependence on Γ drops out, and we obtain

Vim (φ, t) =


√
0

β
2φ Φ0 ωp (t)

for φ > φturn (t)
for φ < φturn (t).

(4.9)

Here, we recall the time-dependence of the plasma frequency as the effective
bias-current is changing with time.
Unlike normal CAPs used in time-independent problems, this potential
is modeled to absorb the running state components (4.7) pertaining to the
time dependent Hamiltonian, and our ansatz imaginary potential indeed
attains finite values only beyond the time dependent outer classical turning
point of the real potential. We emphasize that (4.9) is only an ansatz,
but it ensures that the depletion of the wave function norm is properly
associated with the probability that the particle has tunneled through the
barrier.
As discussed in [2], zero temperature and Markovian noise effects of the
junction resistance, R, can be included by a non-linear imaginary potential
2

∞
1
term, −iζ φ − hφit , where ζ ∝ RC
and hφit = −∞
φ |ψ(φ, t)|2 dφ is the
mean value of φ at time t. When added to the Hamiltonian this term
penalizes large variations of φ around its mean and decoheres the spatial
wave function, which in turn leads to friction for the phase variable φ.
This effect is what set the T1 time for phase qubits. It also leads to a loss
of norm, albeit on a typically slower scale than the tunneling dynamics.
We shall include this term in our calculations on the CBJJ, but we shall
renormalize the wave function with respect to the loss it induce, so that we
unambiguously associate the wave function loss of norm with the tunneling
dynamics. To summarize, we treat the entire problem by solving the



R
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Figure 4.3: Blue (solid) bars show the switching current
distribution simulated with an absorbing potential. Red
(hollow) bars are calculated by Eq. (4.11). We have chosen
C and R such that ω0 = 0.0183 EJ /~ and ζ = 8.4 × 10−4 EJ .
The bias current is increased linearly from I = 0.2 at a slow
−7
rate dI/dt = 6×105~ EJ . Results are shown for I > 0.95.
non-linear Schrödinger equation
i~



∂
~2 ∂ 2
ψ(φ, t) = −
+
U
(φ,
t)
ψ(φ, t)
∂t
2M ∂φ2

− iVim (φ, t) ψ(φ, t)


− iζ φ − hφit

2

(4.10)

ψ(φ, t)

and renormalize with respect to the loss of norm caused by the last term.
In a time-independent potential, the tunneling rate of the Josephson
junction phase variable has been determined by Caldeira and Leggett
[181, 182],
γCL

ωp
=
2π

s

120π · 7.2∆U − 7.2∆U
e ~ωp
~ωp

1+ ω0.87
RC
p



(4.11)
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√

where ∆U = 2EJ 1 − I 2 − Iacos(I) is the barrier-height, and where
effects due to the friction are also taken explicitly into account. This
analytic expression available for CBJJs qualify them as ideal candidates
to test our general tunneling description.
The gradually decreasing norm, ||ψ(t)||2 of our numerically determined
wave packet is interpreted as the probability that the phase variable has
not tunneled until time t. The probability for a current switching event in
the next infinitesimal time interval dt, is thus simply given by the loss of
norm in that interval, and conditioned on no previous event, the switching
rate of the CBJJ reads
γt = −

d||ψ(t)||2
/||ψ(t)||2 .
dt

(4.12)

It is convenient in experiments to determine the switching current
distribution, i.e., the probability distribution P (I) for switching events to
occur at different values of the bias current I, while this is being ramped
up slowly, I(t) = I0 + dI
dt · t.
Our wave packet propagation yields the surviving (non-switching) population ||ψ(t)||2 as function of time, and we directly obtain the corresponding
switching current distribution, obeying
d||ψ(t)||2
∆t
dt
d||ψ(t)||2  dI −1
∆I,
=−
dt
dt

P (I)∆I = −

(4.13)

evaluated at the time t such that I = I(t) and ∆t being the infinitesimal
time interval in which I increases by ∆I.
Under the assumption of a slowly ramped bias current, the rate γCL
found by Caldeira and Leggett leads to a switching current density, expressed as a product of the current tunneling rate with the survival probability until the value I is reached during the ramp,
PCL (I) =

 dI −1

dt

−

γCL (I) e

RI
I0

dI
dt I=I 0

−1

γCL (I 0 )dI 0

.

(4.14)

In Fig. 4.3 we see, that our calculation, matches the result of the
quasi-static switching current distribution, (4.14), reasonably well as a
function of the bias current. Furthermore, we present in [2] a more general
study of TDIP applied to more complicated dynamics. The method
introduced here used a time dependent imaginary potentials to describe
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the switching behaviour of a current biased Josephson junction and it is
readily implemented with standard wave packet solvers and with realistic
parameters. We emphasize that our treatment builds on an ansatz for a
time dependent imaginary potential (TDIP), and a number of possibilities
may be explored for quantitative improvement of the potential chosen,
however, this potential is sufficient for generalizing the model to arbitrary
circuits involving a CBJJ.

4.2

Resonator and CBJJ as a detector

In the previous section we derived a method for treating the tunneling
dynamics of a CBJJ. To calculate the dynamics of the circuit displayed
in Fig. 4.2, we need to obtain the Hamiltonian for the system. Thus, we
consider the corresponding classical system for which we can directly write
up the Lagrangian. With the Lagrangian at hand we can identify the
canonical variables and perform a canonical quantization and a Legendre
transform to obtain the quantum mechanical Hamiltonian. The approach
followed here is similar to the approaches of [37, 81] and while some steps
are omitted here for simplicity, the full analysis can be found in [3].
In Fig. 4.2 (bottom panel), we show a lumped element representation
of our system. We will choose the bias line to be a closure branch of the
system, while the rest constructs the spanning tree. The resonator is here
depicted as a series of n LC circuits, which in the limit n → ∞ will give
an appropriate description of the resonator as detailed in Sec. 2.1. Thus,
the dynamics of the resonator is described by the wave equation
1
∂ 2 φ(x) − ∂t2 φ(x) = 0.
CT LT x

(4.15)

The end point of the circuit is shunted with a bias current, Ib , which
we model as a high inductance line, with the inductance LS , pre-charged
with a large flux, Φ̃S , such that Φ̃S /LS = Ib . The equation of motion is
then
CJ φ̈n

 2e  Φ̃ − φ
φn − φn−1 2e
n
S
− EJ sin
φn +
LT ∆x
~
~
Ls
 2e 
φn − φn−1 2e
=
− EJ sin
φn + Ib .
LS →∞ LT ∆x
~
~

=

(4.16)
(4.17)

We are now able to write the proper Lagrangian for the system, such
that the Euler-Lagrange equations give the above equations of motion:
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2
CT
1
dx
∂t φ(x) −
∂x φ(x))2
2
2LT


CJ ∂t φ(d)
+
2

2

+ EJ cos


 2e

~



φ(d) + I



2e
φ(d) ,
~

(4.18)

with I = Ib /Ic , where the critical current is defined as Ic = 2e
~ EJ .
The phase across the Josephson junction, φJ , is given as a function of
the bias current,
2e
φJ = sin−1 I,
(4.19)
~
which will also contribute with a predefined flux in the transmission
resonator. If we neglect contributions from the Josephson capacitance, CJ ,
the Euler-Lagrange equation at x = d yields

1
2e 
2e
∂x φ(d) = Ej sin φ(d) + I .
LT
~
~

(4.20)

Generally the flux bias will not be constant, but it leads us to the
ansatz for solutions of the equation of motion given by
φ(x) =

X

φj cos kj x + φ0 .

(4.21)

j

In writing Eq. (4.21), we have assumed that there is no incident field at
the capacitor, Cout , leading to the open boundary condition ∂x φ = 0 at
x = 0. The open boundary condition is equivalent to the assumption of
a vanishing current, while the time-derivative of φ(0) yields the voltage
at Cout , determined by the field inside the resonator. The values of k in
Eq. (4.21) must be chosen to match the boundary condition following from
the linearized Euler-Lagrange equation at x = d [Eq. (4.20)].
Using the steady state result for the junction phase φ0 = φJ , with
the approximation that the phase difference between the phase across the
P
junction and the steady state phase is small, that is φj cos kj d  1, we
can derive the following approximate identity


sin

2e
φ(d) + I
~



=

2e X
2e
φj cos kj d cos φ0 ,
~ j
~

(4.22)

and we obtain the linearised equation for each independent mode
kj d tan kj d =

LT d
2e
cos φJ ,
LJ
~

(4.23)
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with LJ = (~/2e)2 /EJ . This equation can be solved numerically or
approximated by
kj d =

π(1 + 2j)
,
J
2 1 + LT dLcos
φJ

(4.24)

valid for LJ  LT d cos 2e
~ φJ . We recall that our approximate solutions are
only valid when neglecting the Josephson capacitance, CJ . In the following
we shall reinstate a contribution from CJ and evaluate its influence on the
modes defined in (4.21).

4.2.1

Single-mode approximation

Having Eq. (4.21) as a solution for the normal modes we can choose to
look at a single-mode field
φ(x) = φ cos kx + φ0

(4.25)

and substitute this solution into the Lagrangian
L = φ̇

2

 Z d C cos2 kx
T

2
0
C
d
+
C
T
J
+ φ̇20
2
+ φ̇φ̇0

Z d

dx +

CJ cos2 kd 
2

CT cos kx dx + CJ cos kd



0

−φ

Z d 2
k sin2 kx
2

dx
2LT


2e
2e
+ EJ cos (φ cos kd + φ0 ) + I(φ cos kd + φ0 ) .
~
~
0

(4.26)

Next, we expand the cos-term of the potential as cos(A+B) = cos A cos B−
sin A sin B followed by an expansion to fourth order of ( 2e
~ φ cos kd) allowing
also for Kerr-effects in the device. We can reduce the expressions in the
Lagrangian significantly by introduction of the quantities
CT d 
sin 2kd 
1+
+ CJ cos2 kd
2
2kd
C0 = CT d + CJ
sin kd
Cc = CT d
+ CJ cos kd
kd
(kd)2 
sin 2kd 
L−1
=
1
−
.
E
2LT d
2kd
CE =

(4.27)
(4.28)
(4.29)
(4.30)
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This constitutes the Lagrangian
CE
1
+ φ̇φ̇0 Cc
− φ2
2
2LE


C0
2e
2e
+ φ̇20
+ EJ cos φ0 + Iφ0
2
~
~
 (2e)2 φ2 cos2 kd
(2e)4 φ4 cos4 kd 
2e
− EJ
−
cos φ0
2
4
2~
24~
~

2e
2e
2e
− EJ φ cos kd sin (φ0 − φJ ) cos φJ
~
~
~
2
2
2
2e 
(2e) φ cos kd
sin φ0 ,
−
2
6~
~

L = φ̇2

(4.31)

from which we will derive the Hamiltonian. We introduce the conjugate
variables to φ and φ0 ,
∂L
= CE φ̇ + Cc φ̇0
∂ φ̇
∂L
= C0 φ̇0 + Cc φ̇,
q0 =
∂ φ̇0
q=

(4.32)
(4.33)

and we perform a Legendre transformation to get the Hamiltonian
H=



q02
2e
2e
−
E
φ
+
Iφ
cos
0
0
J
2(C0 − Cc2 /CE )
~
~
q2
Cc
qq
+
−
0
C0 CE − Cc2
2(CE − Cc2 /C0 )
φ2
(2e)2 cos2 kd 2
2e
+
+ EJ
φ cos φ0
2LE
2~2
~
4
4
(2e) cos kd 4
2e
− EJ
φ cos φ0
4
24~
~

2e
2e
2e
− EJ φ cos kd sin (φ0 − φJ ) cos φJ
~
~
~
2
2
2
(2e) φ cos kd
2e 
−
sin φ0 .
2
6~
~

(4.34)

In the quantum regime the resonator operators q and φ satisfy the
canonical commutation relation [φ, q] = −i~, which allows us to introduce
the ladder operator a (a† ) that annihilates (creates) a photon in the normal
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mode of the resonator. For convenience we now define the operators as
s

φ=i
s

q=

~ωLE
(a − a† )
2
~
(a + a† )
2ωLE

(4.35)
(4.36)

with the angular frequency ω = 1/ LE (CE − Cc2 /C0 ). This definition
differs from the standard approach in Sec. 2.1, however, it simplifies the
Hamiltonian in this section.
Now, we introduce the variable ϕ = 2e
~ φ0 as well as its conjugate
variable qϕ satisfying [ϕ, qϕ ] = −i~. We define M = (C0 − Cc2 /CE )/(2e)2
and substitute Eq. (4.35) and (4.36) into the Hamiltonian, while keeping
only energy conserving terms for the cavity field mode and ignoring constant
energy shifts and get
p

H=

qϕ2
− EJ (cos ϕ + Iϕ)
2M
+ (~ω + ~ η cos ϕ) a† a
+ ~ κ cos ϕ a† a† aa + ~λ qϕ q
+ (~µ + ~χ a† a) sin(ϕ − ϕJ ) φ.

(4.37)

This Hamiltonian is the main result needed to calculate the dynamics of
our system and, thus, to assess if the system may function as a microwave
detector. We recognize the Hamiltonian for a single Josephson junction
and a single resonator mode coupled by linear and non-linear terms. The
constants in the Hamiltonian are given as
EJ (2e)2
cos2 kd LE ω
2 ~2
EJ (2e)4
cos4 kd L2E ω 2
κ=−
4 ~3
2e
Cc
λ=−
~ C0 CE − Cc2
EJ 2e
µ=−
cos kd cos ϕJ
~ ~
EJ (2e)3
χ=
cos3 kd LE ω cos ϕJ .
4~ ~2
η=

(4.38)
(4.39)
(4.40)
(4.41)
(4.42)

For a λ/4-resonator with no junction, cos kd would naturally be 0, but due
to the CBJJ the field has a non-zero value at x = d. However, cos kd is
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still expected to be small, due to the weak field in the resonator, so the
magnitude
of theqstrengths in frequencyqunits supposedly follow the order
q
~ωLE
~
E
> η > ~ωL
µ
2
2 χ > κ, while λ 2ωLE does not directly relate to
the other quantities. It should also be noted that weak terms which include
cos ϕ but no field coupling terms, a or a† , are neglected as they merely
change the Josephson energy, EJ , by a small amount.

4.2.2

Validity of the single-mode approximation

The Hamiltonian (4.37) assumes the near-resonant coupling to only one
active resonator mode. The single-mode approximation is valid when the
energy difference between modes isq
much larger than the coupling strengths,
E
but in superconducting circuits, µ ~ωL
may be comparable to the mode
2
frequencies, and a more careful analysis is needed.
To illuminate the discussion, we will write the Hamiltonian as
H = HJJ + Ha,JJ

(4.43)

with HJJ equal to the two first terms of Eq. (4.37) and Ha,JJ equal to the
rest of the terms involving the fundamental mode a of the resonator. Now,
we include a second resonator mode b, and we write the Hamiltonian
H = Ha,JJ + HJJ + Hb,JJ + Ha,b

(4.44)

with Hb,JJ similar to Ha,JJ and Ha,b representing the direct coupling terms
between the two modes caused by the spatially dependent terms in Eq.
(4.18).
We assume that the lowest state of the coupled system is approximately
a product state,
0
Ψ0 = ψa0 ψJJ
ψb0

(4.45)

while the first excited states for the Hamiltonian in Eq. (4.44) may be
expanded on,
1
Ψ1 = ψa,JJ
ψb0 ,

(4.46)

1
Ψ̃1 = ψa0 ψb,JJ
,

(4.47)

and

1
1
where ψa,JJ
and ψb,JJ
are the first excited eigenstates of HJJ + Ha,JJ and
HJJ + Hb,JJ , respectively.
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The validity of the single mode approximation is determined by the
coupling of the ground state Ψ0 and the excited state Ψ1 to Ψ̃1 ,
g1a,1b =

Z

Ψ̃∗1 (Hb,JJ + Ha,b )Ψ1

(4.48)

g0,1b =

Z

Ψ̃∗1 (Hb,JJ + Ha,b Ψ0 .

(4.49)

The system will be driven close to the resonance between Ψ0 and Ψ1 , and
if the conditions
|g1a,1b |  |∆1a,1b |

|g0,1b |  |∆0,1b |

(4.50)

are satisfied, where ∆x,y is the energy difference between states x and
y, the coupling can be neglected and the single-mode approximation is
justified.
In the calculations in Sec. 4.2.5 we find numerically the conditions
in Eq. (4.50) to be almost satisfied. With parameters used later in the
text we find |g1a,1b /∆1a,1b | . 0.1. This will lead to a pertubation of the
energy of Ψ1 by ∼ ~∆0,1a /100, and to a population in Ψ̃1 of 1%. The
calculations in Secs. 4.2.4 and 4.2.5 are performed using the single-mode
approximation, and they may hence slightly overestimate the efficiency of
the device at the level of 1%. For higher excited states and higher order
resonator modes, we find a decreasing ratio between the coupling strengths
and the energy differences, but further theoretical analyses into this matter
will be needed to clarify the influence of more modes and levels.
Note as well, the the validity of the single-mode approximation is based
on the parameters used for the numerics in Sec. 4.2.5 and, as such, is
not necessarily valid for all sets of parameters. Indeed, the experiment
presented in Sec. 4.3 uses parameters where the single-mode approximation
is less valid and we attribute parts of the derivation between experiment
and theory to this fact.

4.2.3

Off-resonance and multi-mode interaction

In the previous subsection, in order to simplify the problem, we ignored
multi-mode interaction from the term φ̇φ̇0 , which transforms into coupling
of all qj ’s. Another way to simplify the problem is to choose the parameters
of the resonator such that the energy splittings are much smaller than the
energy splittings in the Josephson junction. Then we safely ignore φ0 as a
dynamical variable and replace it with the static value φJ and from (4.36)
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we get qj = Cj φj with
Cj =

CT d 
sin 2kj d 
1+
.
2
2kj d

(4.51)

We can also use the Euler-Lagrange equation (4.23), and obtain the effective
inductance
L−1
j =

(kj d)2 
sin 2kj d 
1+
.
2LT d
2kj d

(4.52)

Defining ωj = 1/ Lj Cj and following the derivation of Eq. (4.37) we then
get the Hamiltonian
p

H=

X

~ωj a†j aj + ~κjj a†j a†j aj aj +


j

X

2~κij a†i ai a†j aj

(4.53)

i6=j

with
κij = −

EJ (2e)4
cos2 ki d cos2 ki d L2E ω 2 cos ϕJ .
4~ ~2

(4.54)

This Hamiltonian is formally equivalent to the JPA Hamiltonian with
κ00 being the fundamental JPA Kerr non-linearity [81, 141]. Unlike the
usual set-up for a JPA, however, we now have an easy way of tuning the
non-linearity since κij ∝ cos ϕJ can be controlled by the bias current.

4.2.4

Spectral Analysis

After having derived the single-mode Hamiltonian (4.37), we can choose
the realistic parameters [183–185]. We assume a Josephson Junction with
a zero-coupling critical current Ic = 2 µA and a Josephson capacitance
CJ = 1500 fF together with a 50 Ω-impedance resonator
with a bare
q
~LE ω
resonance at 7 GHz. For these parameters we get µ
2 /ω ≈ 3.5 for
I = 0.9, which means that we have ultra-strong coupling between the two
system, hence we cannot approximate the system by a Jaynes-Cummingstype Hamiltonian.
In Fig. 4.4 we have numerically diagonalized Eq. (4.37) for parameters
chosen as described above. In the diagonalization procedure, the junction
phase variable is described on a grid in a box of length 2.5π leaving only
one well in the potential of Eq. (4.1) and the states are now identified
as localized wave-packets quasi-bound in the well. We see a band-like
structure of highly dressed modes given by the number of photons in the
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I

Figure 4.4: Eigenenergies of the Hamiltonian (4.37) for different values of the dimensionless bias current I. The color
represents the meanvalue of a† a. The parameters are chosen
to represent a Josephson junction with a critical current of 2
µA and a capacitance of 1500 fF. The 50 Ω-impedance resonators bare frequency is chosen to be 7 GHz. Eigensolutions
with a mean occupation number in the resonator mode above
3 are not included. In the inset is a zoom of the lowest bands
near the end of the bands. Marked with lines in the inset are
the eigenenergies in the lowest band at I = 0.92, highlighting
the energy difference between the only two bound state of
the lowest band.
resonator and we observe that the higher bands gradually disappear when
the bias current is increased. In the end, only the empty cavity with the
junction in the ground state survives as a bound state. However, even this
state is not bound for I = 0.94, which implies that the coupling to the
resonator effectively changes the critical current of the junction, as one
would expect.
It is also interesting to look at the wave function, Ψ, for the eigenstates.
We expect the resonator field mode and junction phase to be highly
correlated due to the ultra strong coupling terms, however we can still
define the phase distribution,
P (ϕ) =

Z

dφ |Ψ(φ, ϕ)|2 ,

(4.55)

which we have depicted in Fig. 4.5 for the first two eigenstates at I =
0.92. Since the numerical calculations are done in a Fock basis for the
resonator degree of freedom, we use the partial trace, hϕ| Trres (|ΨihΨ|) |ϕi,
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Figure 4.5: Probability distribution for the Josephson junction phase variable, ϕ, calculated with the parameters as
in Fig. 4.4 and I = 0.92. This choice of physical parameters yields the following
for the parameters
q
q values q
~ωLE
~
E
in Eqs. (4.38)-(4.42), (η, κ, λ 2ωLE , µ ~ωL
,
χ
2
2 ) =
(5.78, 0.03, 0.90, 29.7, 0.08) × 2π GHz. The solid (red) line
is the calculated ground state, while the dashed (blue) line is
first excited state. The mean value of a† a for the two states
is also indicated in the figure.
to calculate the probability distribution. As an interesting feature we see
that, even though the ground state is nearly symmetric, the first excited
state is very asymmetric. The population in the one-photon state of the
resonator effectively lowers the barrier of the potential from Eq. (4.1) [see
also Eq. (4.65)], which in turn pushes the probability distribution for ϕ
towards the continuum.
Coupling of the eigenstates by an external field
We are now interested in driving transitions between the eigenstates of the
system. Such a coupling can be realized by coupling the system to the
field in an outside resonator through a capacitor with the capacitance Cout
at x = 0 (see dashed box in Fig. 4.2).
Adding the capacitor gives rise to a Lagrangian term
Lout =

2
Cout
φ̇out − φ̇(0)
2

(4.56)

which yields terms quadratic in both φ̇(0) and φ̇out , but typically Cout is
much smaller than any other capacitive element so we neglect these terms.
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In this approximation the canonical variables are not changed. We can
therefore write
φ̇(0) =

C0 − Cc
CE − Cc
q+
q0
2(Cc2 − CE C0 )
2(Cc2 − CE C0 )
s

φ̇out =

2 Z
~ ωout
out
(b + b† ),
2

(4.57)
(4.58)

with Zout being the impedance of the outside resonator and ωout its frequency. Now b (b† ) annihilates (creates) a photon in the the outside
resonator.
In order to estimate the coupling strength of the coupling between the
device and the outside field we look at the spectra from the Hamiltonian
and choose a value of I such that we only have two states in the lowest
band. We will now denote these as |0i and |1i. From this, we get a term
for the Hamiltonian
Hout = Ω|0ih1|(b + b† ) + H.c.

(4.59)

with the coupling strength
Ω = α β1 h0|qϕ |1i + β2 h0|a + a† |1i



(4.60)

and the quantities defined by
s

2 Z
~ ωout
out
2
CE − Cc
β1 = 2e
2(Cc2 − CE C0 )

α = Cout

s

β2 =

~
C0 − Cc
.
2LE ω 2(Cc2 − CE C0 )

(4.61)
(4.62)
(4.63)

In writing Eq. (4.59) we have neglected coupling to higher bands as well
as coupling to unbound states, but if we choose ωout to be resonant with
the splitting in the lowest band, this should be a good approximation.
Now, if we use the same parameters as before and we set Cout = 5 fF
at a bias current I = 0.92 with a frequency of the outside field resonant
with the energy-spltting, ~ωout = E1 − E0 , we get a coupling strength of
|Ω| = 2π × 29 MHz. This coupling will also mediate a decay from |1i
assuming no external field is applied with a time-scale set by the coupling
strength.
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Figure 4.6: Accumulated probability for a switching event and
the detector efficiency for I = 0.92. The switching probability
for β = 1 is shown as the solid (red) line, and for β = 0
as the dashed (green) line. The detector efficiency is shown
as the dashed-dotted (blue) line. The dotted vertical line
marks the maximal efficiency point. The parameters chosen
are those of a Josephson junction with a critical current at
2 µA, a capacitance at 1500 fF and a Josephson resistance
at 300 Ω, thus Eqs. (4.38)-(4.42) yield the same numerical
values as in Fig. 4.5. The 50 Ω-impedance resonator bare
frequency is 7 GHz, and we assume Cout = 5 fF.

4.2.5

Time-dependent analysis

With a time-independent description in place, we turn to the question of
time evolution of the system. If the system is prepared in an eigenstate
of the Hamiltonian the time evolution is at a first glance trivial, however
if the system is prepared with a bias current close to the critical current,
there is a finite chance of tunneling through the potential barrier causing
a voltage switch across the junction [2, 180, 186, 187], as was discussed in
Sec. 4.1 [185].
Following the description in last section, we treat the tunneling loss
process by propagating the wave function of the phase variable in a timedependent imaginary potential (TDIP),
i~

∂Ψ
= (H − iVim (t))Ψ,
∂t

(4.64)

and we also include a Markovian friction term to take the junction resistance
into account. In the simulations we have used a Josephson resistance at
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Figure 4.7: In (a) we show the maximal detector efficiency for
I = 0.92 as a function of β, while in we display the detection
time required to reach the maximal efficiency as a function of
I. In all figures ωout is equal to the energy splitting between
the two lowest bound states. The rest of the parameters are
the same as Fig. 4.6.
300 Ω.
We use here an ansatz for the TDIP evaluated at each time-step as
a function of the resonator field mode variable, φ. Taking the mean of
resonator operators in each time-step provides an effective potential for
the phase particle
~κ † † 
~η
n̄ +
ha a aai
EJ
EJ

~µ
~χ
+ϕ I+
hφi +
n̄hφi ,
EJ
EJ

Uef f (ϕ) = ~ωn̄ − EJ cos ϕ 1 +


(4.65)

with n̄ = ha† ai being the mean photon number in the resonator field
mode at a given time. By taking the mean values we neglect an amount of
correlations between the tunneled phase-particle and the resonator, however
the tunneling and detection time is much faster than the characteristic
time scale of these correlations. With this potential, we can determine the
time dependent classical turning point and,thus, a useful expression for
Vim (ϕ).
In the following we assume that our device is initialized in the ground
state and that the resonator is driven with a constant weak classical field,
so that
(b + b† )(t) → β sin ωout t

(4.66)
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with β a constant of order 1 [188]. We thus neglect the operator character
of the incident field and the decay from the resonator mode into field
modes outside the resonator. Equation (4.59) then yields
Hout (t) = αβ β1 qϕ + β2 (a + a† ) sin ωout t.




(4.67)

In Fig. 4.6 we present the calculated probability that a switching event
has happened, calculated as
P(t) = 1 − ||Ψ(t)||2

(4.68)

evaluated at the time t and we define the detector efficiency as in [100],
ξ(t) = Pβ=1 (t)−Pβ=0 (t). The norm ||Ψ(t)||2 is expected to decrease due to
the propagation in the TDIP and the tunneling rate can be calculated from
the derivative γ = −d||Ψ(t)||2 /dt. We see that for β = 1 we approach unit
probability within roughly 80 ns, which we may compare with the Rabi
time tr = π/|Ω| ≈ 21 ns, which implies that around 4 Rabi oscillations
are made before a tunneling event is certain. We recall, however, that the
Rabi oscillations are modified due to the non-linear nature of the detector.
Nevertheless, the first oscillation can be observed in Fig. 4.6 as a shoulder
on the probability graph around half the Rabi time.
We have also marked the most efficient point in Fig. 4.6, that is the
maximum of ξ(t). We will denote this efficiency ξmax and the time where
it occurs tmax . For the parameters in Fig. 4.6 we get ξmax = 0.991 with
tmax = 82 ns. Figure 4.7 now shows the maximal efficiency as a function
of both I and β. In each case the driving frequency, ωout , is equal to
the energy splitting of the two lowest bound states. This restricts these
simulations to I ≤ 0.92, as we do not have more than one bound state
above this bias-current. As expected, the maximal efficiency increases as
the field strength, β, increases as seen in Fig. 4.7 (a). However, once we
are above β = 0.5, ξmax saturates. Note that, in our description, a change
in β is equivalent to a change in Cout . We can change the current, I, to a
lower bias-current, which opens for the possibility of even higher quantum
efficiency, but in Fig. 4.7 (b) we see that it comes at a price of significantly
larger detection time. For the large detection times required for I < 0.91,
we might not be able to safely neglect resonator decay as we have done in
these calculations.

4.2.6

Summary of the theoretical treatment

We have derived the Hamiltonian for a λ/4-resonator shunted by a currentbiased Josephson junction (CBJJ). This device was expected to work as a
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very sensitive microwave detector near the quantum limit, as it combines
the techniques of a JPA to amplify the incoming signal, with the voltage
switch of a CBJJ to detect the signal. Numerical calculations show that
we indeed get a very high detector efficiency of the device.
Using the theory in Sec. 4.1 [2] to describe the switching of a CBJJ,
the calculations take into account both the complex tunneling dynamics of
a CBJJ as well as relaxation in the junction, however we have neglected
losses in the resonator. The method to describe the tunneling uses a
time-dependent imaginary potential (TDIP), which is shown to be a good
approximate method. We derived the Hamiltonian using a standard method
for quantization of electric circuits [37] and we obtained a coupled resonatorlike degree of freedom and CBJJ-like degree of freedom. Furthermore, to
make sure that resonator losses may be neglected, we seek short optimal
detection time, which we get by going to the highest bias current, I = 0.92,
where two bound states still remain in the full system. Here, we get a
quantum efficiency pf 0.991 at a detection time of 82 ns. Tuning the
bias current to a higher value will reduce the efficiency, as bound excited
states are lost. The calculations have been done based on a single-mode
approximation, thus an experimental implementation might suffer from a
small leakage into higher modes of the resonator and thus the efficiency
will be slightly reduced or a slightly longer detection time will be required.

4.3

Experimental realization

In the previous section we used a quantum trajectory treatment to analyze
the performance of such a system comprised of a λ/4 coplanar waveguide
(CPW) resonator shunted to ground via a Josephson junction. In [8], an
experiment was presented using a fabricated superconducting circuit that
consists of two λ/4 waveguides, both shunted to ground via a Josephson
junction. The chip layout together with an SEM-image of one of the
Josephson junctions is shown in Fig. 4.8.
The two resonators are coupled to a microwave waveguide with a coupling capacitance estimated to be Cc = 10 fF by a full electromagnetic finite
element simulation. The resonators are designed to have a fundamental
resonance at about 2.5 GHz. The sample is fabricated with Nb-AlOxNb junctions [189] with an aimed critical current density of 200 A/cm2 .
Thus, the output (gap) voltage of the Josephson junctions takes a value
of 2.6 mV and no additional amplifiers are necessary for the detection of
switching events. The sample is placed in a dilution refrigerator with a
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Figure 4.8: The 8 × 6 cm sized sample is displayed as a
coloured design picture consisting of a central conduction line
(blue), capacitively coupled to two λ/4 resonators (yellow).
The resonators are shunted in their current antinodes via
Josephson junctions as shown in the insert SEM image. Each
junctions has four DC-connections (green) for current bias
and voltage output. In the corners of the chip similar circuitry
(red) are introduced to test and pre-calibrate the Josephson
junctions.

base temperature of about 15 mK.
By measuring the transmission amplitude of the central waveguide at
different frequencies, the two resonances are found at ω1 /2π = 2.506 GHz
and ω2 /2π = 2.44 GHz with similar quality factors about 1000 and by
applying a dc-bias current to the connected Josephson junction we are able
to measure its resonance frequency ω1 shift to lower values as expected
for phase CBJJs. A microwave driving signal Vin sin ωp t in the waveguide
with Vin the input voltage amplitude at the coupling capacitance
p yields
a resonator driving amplitude of Ωd = Cc Vin Vr /2~ where Vr = ~ω1 /CE
the zero point voltage of the resonator. With this drive experiments can
be performed by ramping the bias current. The switching behaviour is
recorded with the switching current distributions as functions of the applied
microwave frequency and amplitude similar to the calculated distributions
of Sec. 4.1.
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To detect a given amplitude of the rf-signal, the bias current must
attain a specific value such that the additional rf-current suffices to switch
the junction to the finite voltage state. Due to the non-linear Josephson
inductance, this bias current shifts the resonator frequency, and hence the
optimal input coupling is achieved at the shifted resonance condition of
the resonator. When decreasing the frequency for the large amplitude
driving, we obtain a standard deviation with a minimum, that lies below
the one of the undisturbed junction. This is because the strong driving
allows excitation directly into continuum representing the voltage stage in
addition to the switching by tunnelling which is also discussed in [2, 3].
Finally, from the experimental data, we extract the dependence of the
maximal shifts of the mean switching currents as function of the driving
amplitude and corresponding photon number in the resonator, see Fig. 4.9.
It should be emphasized that for the device to work as a detector of single
photons, we need to tailor the design such that the maximal sensitivity
appears at the frequency of the photons.
The upper panel of Fig. 4.9 displays a linear dependence of the maximal
shift of the mean switching currents and the driving amplitude. This indicates that it is, indeed, not just resonance between the applied microwave
and the qubit but rather the modulation of the junction potential by
the rf-current in the coupled resonator and junction system that causes
the voltage switching and leads to the detection as discussed in previous
section.
The incident field leads to a reduction in the switching current, that
we can measure with the uncertainty σ, which motivates the assignment
of the sensitivity parameter, S = (I0 − I1 )/(σ + (I0 − I1 )) that we plot
as function of the mean photon number N = 4Ω2d /κ2 [190] in the lower
panel of Fig. 4.9. We find a reasonable value of 0.5 in the low photon limit.
While a sensitivity of 0.5 does not hold any particular meaning by it self,
we can understand a sensitivity of 0 as having no dependence of the input
field, while a sensitivity of 1 as two switching distributions with no overlap
and hence perfect distinction between field and no field. For clarification,
the insert in the lower plot of Fig. 4.9 shows the shifted histogram of
the switching currents at the lowest driving power in comparison to the
undisturbed one. The presence of a driving signal shifts the distribution
but due to the broad distribution we cannot distinguish the events in the
overlap region.
Similarly, we can use the theory of developed in Sec. 4.2 to calculate
the effective potential from which we can directly find a switching rate
[191] both when applying a weak field and without any drive. Using these
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Figure 4.9: (Upper plot) Maximal shift of the mean switching
current at different driving amplitudes. The insert shows a
zoom of the region close to zero driving. (Lower plot) Reconstructed sensitivity of our detector as extracted maximal
shift of the histograms divided by the shift plus the standard deviation of the switching current of the undisturbed
junction. The insert shows the histograms maximal shifted
histogram for the lowest applied driving power (black, dots)
compared to the undisturbed histogram (grey, crosses).

rates we can calculate results equivalent as to the inset of Fig. 4.9. These
theoretical calculations are shown in Fig. 4.10. While the theory produces
a narrower distribution (σ = 10 nA) we find a behaviour that qualitative
reproduces the experimental data and we calculate a sensitivity of 0.65 in
the single photon regime. The broader distribution of the experiment is
most likely due to the multi-mode structure of the resonator. In Sec. 4.2 we
explicitly neglected higher modes as both the resonator and the CBJJ were
far detuned from these. However, in the experiment, the CBJJ is also far
detuned from the probed mode and, thus, we expect the CBJJ to interact
equivalently with several modes. This effectively introduces another decaychannel of the resonator, not taken into account in the theory and leads to
a broader switching distribution. More notably, we find that the theory
directly reproduces a spiked structure of the switching current distribution
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Figure 4.10: Theoretically calculated histograms for an average field in the combined resonator+CBJJ of a single photon
coherent state (black, dots) compared to the undisturbed
histogram (grey, crosses).

for the driven detector also seen in the inset of Fig. 4.9, which confirms that
this structure indeed is related to the coupling between the resonator and
the current-biased Josephson junction. The theory also predicts that for
a device with smaller critical current we may achieve a higher sensitivity.
The detection works also for strong microwave signals nicely and after a
calibration at a fixed frequency detuning, we can conclude that the device
can be used to infer the intensity of the drive signal.

4.4

Conclusion – and is this detector useful?

In conclusion, we developed the theory for a device, that may be used for
the determination of classical field amplitudes in the microwave domain.
Furthermore, a first experiment achieves a sensitivity of 0.5 in the single
photon limit. This value is in agreement with the expected signal level
of single photons and optimizing the design may improve this sensitivity.
For example the width of the switching currents may be decreased as the
values achieved in [184], and with these values a sensitivity of the order of
unity can be expected at the single photon level, similar to the simulations
in Sec. 4.2. Also the input coupling of the cavity may be optimized and the
resonator can be matched to fit the impedance of standard transmission
lines and thus avoid reflections, similarly to the experiment performed in
[94]. In further experiments the usability of an optimized device as single
photon detector can be tested.
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Ib2

Figure 4.11: Measurement scheme using the current detector
in a Hanbury Brown and Twiss type experiment. We have
two detectors controlled by the bias currents Ib1 and Ib2 .
The detectors are probed by the signal leaking from a lowQ cavity (in gray) coupled to a single qubit. The qubit is
controlled by a coherent drive.

The current experiment do, however, have a few drawbacks compared
to an all-purpose single photon detector in the microwave regime. As
mentioned, the detector basically detects photons stored in the resonator
and as such it only measure photons within a linewidth of the resonator
frequency. As identified by the theory in Sec. 4.2, the resonators life time
must be larger than the tunneling time of the CBJJ, set by the effective
coupling of the resonator to the CBJJ. This imposes a Q-factor around
1000 to be minimal and thus the device will have a bandwidth of only a
few MHz. This is however not so different from the bandwidth of quantum
limited amplifier described in Sec. 2.4. A more detrimental drawback is
the initialization time and the related dead time of the detector. The
detector works by having the bias current slowly ramped up from 0. This
ramping takes seconds in order to avoid non-adiabatic excitations in the
CBJJ. Similarly, once the detector switches, it must be reset by setting
the current back to 0 and waiting ∼ms for the quasiparticles to leave the
CBJJ. This implies a very low repetition rate for experiments using this
detector.
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While the current experimental device is far from a perfect photon
detector we may, however, consider setups where the present detector may
be preferable to the homodyne or heterodyne detection schemes commonly
used in circuit QED. Such an experiment could be a microwave analogy of a
Hanbury Brown and Twiss (HBT) experiment [192]. In an HBT experiment,
a source of light is split on a beam splitter and correlations between
measurements of the two output fields reveals photon statistics of the
input field. With photon detectors at the outputs, the two-time correlation
function between the two signal is denoted G2 (τ ) = hI1 (t)I2 (t − τ )i, with
Ii (t) being the intensity at detector i. Now, if the input field is a single
photon field (as opposed to a coherent field) the correlation function
vanishes for simultaneous detection, ie G2 (0) = 0, which would not be true
for a coherent field. This effect for single photons is known as antibunching.
A microwave analogy of such an experiment was performed in [193] using
linear amplifiers and a heterodyne detection scheme. The linear signal does
obviously not directly contain the signatures of antibunching, but recording
many (∼ 105 ) time trajectories, statistics of the classical signals reveal
the G2 -function of the single photons [73]. A similar experiment could be
performed with this newly developed detector using a set-up presented
in Fig. 4.11. Here a single qubit is driven with a weak drive while being
coupled to a very lossy cavity. This leads to a fast Purcell decay of the
single photons, which approach the beam splitter and enter into only one of
the detectors. The circulators ensure that the single photons do not bounce
back into the qubiit. Meanwhile, the biased current of both detectors is
slowly ramped up as in the experiment presented in Sec. 3.2 and the joint
switching current distribution PQ (Ib1 , Ib2 ) can be recorded. This should be
compared PC (Ib1 , Ib2 ) recorded in an experiment with a coherent drive with
a single photon on average instead of the single photon source. Similarly
we have a joint distribution function P0 (Ib1 , Ib2 ) measured with no input
signal. Then we find the relation G2 (0) ∝ h(PQ − P0 )/(PC − P0 )iIb1 =Ib2
and thus we can directly observe the antibunching of microwave photons,
an effect that previously was only indirectly inferred [193]. However, due to
the long initialization and dead times of the detector this, the measurement
time to obtain sufficient data to calculate the G2 function would still be
comparable to the total time using linear detectors as in [193]. Therefore,
the detector does not allow a more efficient way of obtaining non-classical
photon statistic, but its merits lies in a more direct physical observation
of the non-classical effects.

Chapter

Cryogenic devices for
control in circuit QED
Recently, optical devices with in cavity QED have made a tremendous
progress towards ultra-low-power all-optical logical elements [145, 194–
200], all of which merits as impressive classical control elements and may
become crucial for the control of quantum technologies in the optical
domain. Similarly, implementations for quantum switches [201, 202] and
single-microwave-photon transistors [203, 204] have been proposed for
circuit QED, mimicking and even surpassing the progress realized with
optics. A photonic device with few-photon memory states would also be
able to temporarily store and process the classical read-out from quantum
information experiments [121, 133, 205] and possibly use this classical
information in feedback protocols. As discussed in Sec. 2.6, such cryogenic
memory devices could potentially alleviate part of the the complicated
stages of amplification to signal levels detectable outside the cryogenic
environment and benefit, e.g., the application of error correction schemes
such as the surface code [136]. In more developed quantum technologies
the combination of low-power parallelizable Josephson based elements and
classical microwave controllers and computers will naturally be employed
side-by-side. As of now, however, only few-qubit systems are implemented
and which technical difficulties will become most detrimental is not clear.
Therefore, every new approach that possible reduce technical overhead is
vital.
In this chapter we will investigate two ideas for a memory device
built entirely using superconducting resonators and Josephson junctions.
99

5

100

Chapter 5 · Cryogenic devices for control in circuit QED

First, we will focus on the use of a bifurcated Kerr-resonator as our
classical memory and we will show that this device allows for efficient
autonomous measurement based all-cryogenics feedback [7]. The second
part will present an all-microwave flip-flop memory device [5] working
using specially engineered qubit couplings.

5.1

Feedback control of a qubit with a Kerr
resonator

In this section, we present a proposal [7] in which a nonlinear, superconducting microwave resonator [80] effectively reads-out and feeds back to a
superconducting transmon qubit (here taken to be a 3d-transmon [46]). The
nonlinear resonator acts like a Josephson bifurcation amplifier (JBA) [107,
108, 168] in that the circuit’s Kerr-nonlinearity is driven and latches into
one of two bistable states, depending on the state of the qubit and, thus,
constitute a qubit measurement. However, the Kerr-resonator does not
play the standard JBA role, as communicating this state to the room
temperature equipment (and experimenters) is not critical. Rather, a state
stored in the Kerr-resonator is fed back directly to implement conditional
qubit operations. The bistable states of the Kerr resonator are now classical memory-states and may be maintained even if the qubit subsequently
decays.
The control of a single qubit is, hardware-wise, not particularly burdensome, and as such, it is anticipated that natural advantages of control
elements working within the cryogenic environment may be most practical
in multi-qubit systems. However, since no general approach exists even
for single qubit control within the cryogenic environment, two specific
demonstrative cases in single qubit-control will be presented in this section,
see also [7]. In the first case, the nonlinear controller is used to initialize
the qubit in a definite eigenstate. And in the second case, the qubit’s
state is read into the controller’s classical memory, where it is stored for
an indefinite period of time, and then used to reinstate the measured state
after the qubit has decayed.

5.1.1

Qualitative description of the scheme

The proposed setup is sketched in Fig. 5.1. The two critical components are
a two-port Kerr-resonator [80] and a 3d-cavity containing a superconducting
qubit [46]. These are interconnected via two transmission lines and a tee-

5.1 Feedback control of a qubit with a Kerr resonator

101

Figure 5.1: A qubit-cavity system is connected to a Kerrresonator through a tee-junction. The qubit with a transition
frequency Ωqb is embedded in the 3d-cavity with a resonance
at ωb and the coupling port for the 3d-cavity is placed a
distance dcav from the tee-junction. The Kerr-resonator,
which consists of an array of SQUIDs that allows for a tunable
frequency ωa , is placed a distance dK from the tee-junction.
The Kerr-resonator is driven by a strong drive αd , while both
the Kerr-resonator and the 3d-cavity are driven by the field
αin . Both drives are operated at the same frequency ωd .

junction. The microwave network has three connections to the external
environment. The two most important are the transmission lines emanating
from the bottom, weakly coupled port of the Kerr-resonator, and from
the tee-port. A less critical port from the 3d-cavity uses a Purcell filter
[102–105] to control the photon number in the 3d-cavity and helps optimize
performance. We will only discuss this port briefly as the essential scheme
can be understood without it. Dynamical control of the network is achieved
by two microwave drives, labelled by the incoming amplitudes αd and αin ,
and a flux control line that controls the center frequency of the Kerr-
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Figure 5.2: (a) A simplified schematic of Fig. 5.1. The
rectangle with a rectangular cut-out represents the 3d-cavity,
the circle the qubit (in state |ψi), and the rectangle with a
triangle cut-out the Kerr-resonator. Object colors are coarse
representations of the center frequency of each component.
(b) An empty 3d-cavity is driven by a resonant microwave
drive, microwave power is built up in the 3d-cavity, and
the drive is reflected. When the same cavity is driven by a
slightly-off- or far-off-resonant drive, less or no power is built
up inside the cavity. The reflected signal will now have a
phase that depends on the sign of the detuned incident field.
(c) When the total power incident on the Kerr-resonator
is sufficiently low the power built up is relatively low but
increases disproportionally when a certain pair of critical
powers, |αc± |2 , are exceeded. (d) The qubit inside the 3dcavity will shift the center frequency of the cavity by a small,
but significant amount. When the power is built up in the 3dcavity, the center frequency of the qubit shifts proportionally.

resonator.
The basic operations that the network exploits are depicted schematically in Fig. 5.2. When a resonant mode, like an empty 3d-cavity in
Fig. 5.2 (b), is driven by a slightly off-resonant microwave signal, microwave power builds up in the mode and the signal is reflected with a
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Figure 5.3: Protocol for measurement, classical memory
storage, and feedback to a qubit. a) With the qubit in an
initial state |ψi, the Kerr-resonator and drive are tuned to be
co-resonant with the 3d-cavity (all three are colored blue). (b)
Measurement operation as described in the text. (Note: the
signal emitted by the Kerr-resonator is typically phase shifted
as well, which we disregard in this section for simplicity.) (c)
Stabilizing the classical memory state by tuning the Kerrresonator and drive, and increasing drive power. (d) Using
the classical memory state to apply a conditional π-pulse to
the qubit, stabilizing it in the |1i state.
certain phase shift.
While the center frequency of the 3d-cavity is fixed, the Kerr-resonator’s
center frequency is highly dynamic. Firstly, applying an external flux bias
through the Kerr-resonator’s dc SQUIDs via the flux control line will shift
the center frequency [80]. Secondly, the amount of power circulating inside
the Kerr-resonator also decreases the center frequency. This power-induced
shift is a highly non-linear function of the externally-applied near-resonant
microwave drives (see also Sec. 2.4), and Fig. 5.2 (c) depicts the critical
function for the purpose of this scheme. If the total incident power of
red-detuned microwave drives is below a pair of detuning-dependent critical
drive powers, |αc± |2 , the frequency shift will be negligible and little power
is built up in the Kerr-resonator. If the incident power exceeds these
critical values, though, the center frequency decreases significantly and it
causes a stronger internal power to build up inside the resonator. If the
incident power lies between the two critical values, the Kerr-resonator’s
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Figure 5.4: The upper panel sketches the power of the input
drives, while the lower panel illustrates the detuning between
the Kerr-resonator and the 3d-cavity, ∆0a = ωa −ωb (solid blue
line) and between the drive and the 3d-cavity ∆0d = ωd − ωb
(dashed red line). During the first time-step, TM , we apply
a measurement driven by αd (solid red line) and an drive
at the 3d-cavity, αp (dashed gray line), which is followed
by a stabilization time Ts , where the drive is changed far
away from the critical input powers indicated by αc± (thinly
dotted light red line). Simultanously the Kerr-resonator and
the input-drive are tuned away from the 3d-cavity by ∆t .
After a waiting time Twait , we tune the Kerr-resonator back
into resonance with the 3d-cavity. During T∆ , αin (dashed
blue line) is applied to the upper port. Finally, a π-pulse
(dotted orange and green (optional) lines) of duration Tπ is
applied.

center frequency and internal power are bistable and hysteric.
In Fig. 5.2 (d) we depict the inclusion of a qubit, which changes the
behavior of the 3d-cavity. The qubit-cavity coupling is in the dispersive
regime, as introduced in Sec. 2.3, which implies that the qubit state, either
|0i or |1i, shifts the center frequency of the 3d-cavity. Conversely, the
center frequency of the qubit is shifted in proportion to the amount of
power built up in the 3d cavity.
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Figure 5.3 depicts a protocol that uses these functions to measure
the qubit, store the result in a classical memory, and apply conditional
feedback to stabilize the |1i state. In Fig. 5.3 (a), the qubit is initially in an
arbitrary state |ψi, the Kerr-resonator is tuned using the flux control line
to be near-resonant with the 3d-cavity, and the Kerr-resonator is driven
through its bottom, weakly-coupled port. Some amount of drive power
passes through the Kerr-resonator and drives the 3d-cavity, Fig. 5.3 (b).
The signal reflected by the 3d-cavity is partially lost in the remaining
tee-port (this loss is not depicted) and partially reflected back to the Kerrresonator. The phase of this reflected signal depends on the qubit state
and interferes with the Kerr-resonator drive. Specifically, a |1i (|0i) qubit
state will reflect a signal that interferes constructively (destructively) with
the Kerr-resonator drive and pushes the total incident power above (below)
the Kerr-resonators critical values. A disproportionally high (low) internal
power then builds up in the Kerr-resonator. Thus, the Kerr resonator
measures the qubit state and stores the result in its internal power level.
A high or low power level represents a 1 or 0 classical “memory” state,
respectively.
Figure 5.4 accompanies Fig. 5.3 and depicts the detunings and amplitudes of the external controls used in the protocol. The measurement
of the qubit state occurs over a time TM . During this interval, the Kerr
resonator/3d-cavity detuning ∆0a ≡ ωa − ωb is small, while the drive/3dcavity detuning ∆0d ≡ ωd − ωb is zero with ωa , ωb and ωd as the frequency of
the Kerr-resonator, the 3d-cavity and the drive respectively. Furthermore,
we depict in Fig. 5.4 a drive applied at the Purcell-protected port, αp ,
which adds additional signal of the qubit state to the Kerr-resonator but
does not change the qualitative scheme depicted in Fig. 5.3. Also shown
in Fig. 5.4 is the drive field of the Kerr-resonator, αd , which is slowly
increased to a value between the two critical values, αc , between which the
Kerr-resonator is bistable (see Sec. 2.4).
The memory state of the Kerr resonator can be protected against subsequent changes in the qubit state by increasing the drive power and detuning
the drive frequency and Kerr-resonator center frequency in tandem, as indicated by the changed color in Fig. 5.3 (c). Although the phase of the drive
reflected by the 3d-cavity is now almost independent of the qubit state, the
total power incident on the Kerr-resonator remains relatively high or low
depending on the most recent memory result. The classical memory state
has been effectively stored and may be retained indefinitely. The external
controls applied during stabilization is depicted in Fig. 5.4. First, during a
stabilization time, Ts , the detuning of the Kerr-resonator and the drive
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amplitude are increased, which further separates the two critical values.
This ensures that neither fluctuations in the field nor subsequent qubit
dynamics will induce changes in the classical memory state. To further
decouple the classical memory from the qubit, the Kerr-resonator and drive
are detuned from the 3d-cavity by a large amount, ∆t simultaneously with
the stabilization. At this point, the memory may be held for an extended
time Twait .
Finally, Fig. 5.3 (d) depicts how the qubit may be deterministically
prepared in the |1i state, regardless of the initial state |ψi. The Kerrresonator and drive are tuned back toward the 3d-cavity’s frequency,
resuming their values from the measurement step (Fig. 5.3 (b) ). This
is depicted in Fig. 5.4 in which the detunings are brought back to their
original values. If the Kerr-resonator memory state is 0, the power incident
on the 3d-cavity through the Kerr-resonator is weak and can be eliminated
by superimposing it with another weak and phase shifted drive through
the remaining tee-port, depicted in Fig. 5.3 (d) and by the dashed blue
line in Fig. 5.4. In this case, no power is built up in the 3d-cavity and the
qubit center frequency remains un-shifted. If the Kerr-resonator’s memory
state is 1, however, the drive incident on the 3d-cavity is relatively large
and some power will build up in the cavity (despite the phase-shifted drive
through the remaining tee-port) and shift the qubit center frequency. We
are therefore left with a qubit whose center frequency is either shifted
or not, depending on the classical memory state. If a third microwave
pulse tuned to apply a π-rotation at the original qubit frequency is now
applied at the tee-port (Fig. 5.3 (d) and the dotted orange line of duration
Tπ in Fig. 5.4), a |0i qubit will be rotated to |1i, but a |1i qubit will
be off-resonant and will remain in |1i. Thus, a qubit in the |1i state is
prepared deterministically.
The protocol closes an autonomous feedback loop at cryogenic temperatures but from the point of view of an operator at room temperature, it
constitutes an open loop protocol, as was sought in Sec. 2.6. This is conceptually similar to quantum reservoir engineering schemes [130, 206–208], in
the way that it changes the effective ground state and does not rely upon
any conditional room temperature operations common to conventional
feedback schemes [84, 131, 132]. The protocol, however, relies upon the
performance of a coupling to a dissipative meter system and, thus, it
falls conceptually in-between conventional feedback and quantum reservoir
engineering schemes.
We can further demonstrate that the classical memory may be usefully
retained for an arbitrary amount of time. For example, the setup proposed
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here can return the classical state stored in the memory to the qubit,
even after the qubit has undergone T1 decay to |0i (and assuming no
spontaneous excitation to |1i for demonstration purposes), i.e. Twait  T1 .
Just before we bring the Kerr-resonator back onto resonance, we apply a
π-pulse on the bare qubit frequency bringing the qubit into the excited
state, dotted green line in Fig. 5.4. After this pulse, we apply the same
input field and tuning sequence as above. A resonant π-pulse will now
prepare the qubit in the excited state if and only if that was the state
measured earlier.

5.1.2

Quantitative analysis of the full system

The Kerr resonator may be implemented as an array of SQUIDs in parallel
with a capacitance [80] (the description of such an array is similar to
Chapter 3). The SQUIDs provide the inductance for the equivalent LCcircuit and they permit tuning of the resonance of the Kerr resonator by a
magnetic flux. While a single SQUID provides a Kerr-nonlinear behavior,
an array will dilute the non-linearity and allow a much higher photon
number in the Kerr resonator [81]. The resonator loss rates associated
with the two coupling capacitors in Fig. 5.1 are κd and κa and we assume
√
a classical input field αd coupled with strength κd to the resonator
mode. In a frame rotating with the drive frequency, ωd , the classical field
amplitude in the resonator solves the non-linear equation,
α̇ = −i∆a α − iK|α|2 α −

√
κa + κd
α − κd αd ,
2

(5.1)

where K denotes the Kerr-nonlinearity, which originates from the nonlinear inductance of the SQUID-array. The equation’s steady state was
solved in Sec. 2.4 and yields the critical photon numbers nc± = |αc± |2 ,
nc±

2∆a K
=−
1∓
3K 2

3(∆2a + (κa + κd )2 /4)
1−
,
4∆2a

s

!

(5.2)

also shown in Eq. (2.64). In the bistable regime, the Kerr-resonator will
latch into one of the two stable solutions and a small perturbation in the
initial conditions can determine which one. The Kerr resonator will even
remain in this state when the perturbation is switched off. In our case, the
perturbation is introduced in the upper input port to the Kerr-resonator
from the 3d-cavity controlled by the qubit state in Fig. 5.1.
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The Kerr-resonator and the qubit in the 3d-cavity are described by the
Hamiltonians [67, 81]:
K † †
a aa a,
2
Ωqb
σz + ~χ b† b σz ,
= ~ωb b† b + ~
2

HK = ~ωa a† a + ~
Hcav

(5.3)
(5.4)

with resonator eigenfrequencies ωa,b , a qubit frequency Ωqb and a dispersive
interaction between the qubit and the 3d-cavity field with the strength
χ. Here σz denotes the qubit operator such that σz |1i = |1i and σz |0i =
−|0i. The operators a (a† ) and b (b† ) describes the annihilation (creation)
operators for the Kerr-resonator and the 3d-cavity respectively.
The Kerr-resonator and the qubit-cavity are connected by one-dimensional
waveguides. The position dependent phase operator, φ(x, t), (time integral
of the voltage) and charge density, q(x, t), along the waveguides obey
wave-equations and they can be expanded on left and right propagating
wave solutions [209, 210],
s



φ(x, t) =

~Z0
4π

Z ∞
dω 

√

0

s


q (x, t) = −i

~Z0
4π

ω

a ω e−i(ωt±kω x) + h.c.

(5.5)

√

(5.6)

Z ∞

dω



ω a ω e−i(ωt±kω x) + h.c.

0

such that
←

→

φ(x, t) = φ(x, t) + φ(x, t).

(5.7)

In the above equations we have assumed that the wave-guide impedance Z0
is constant and the same for all lines. We choose the origin of the position
variable to be at the tee-junction. The left (right) arrow denotes the field
moving towards (away from) the 3d-cavity and down (up) towards (away
from) the Kerr-resonator.
The waveguides are joined by a tee-junction, and Kirchoff’s equations
yield [106]
1
2→
2→
φout (t) = φin (t) + φ K (0, t) + φ cav (0, t)
3
3
3

(5.8)

for the reflected component, φout , in terms of the waves incident on the
junction, φin . Now φout (t) depends, in particular, on the fields from the
→

→

Kerr-resonator, φ K , and from the 3d-cavity, φ cav .
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Let qb denote the charge degree of freedom at the 3d-cavity and similarly
let qa denote the charge at the Kerr-resonator, such that we obtain the
boundary conditions [209]

→

←

(5.9)

←

(5.10)

φ K (dK , t) = φ K (dK , t) + Z0 βa qa (t),

→

φ cav (dcav , t) = φ cav (dcav , t) + Z0 βb qb (t),

where dK and dcav denote the lengths of the waveguides from the junction
to the Kerr-resonator and the 3D cavity respectively. The quantities
βa and βb are unit-less geometric constants that depend on the relation
between the effective coupling capacitance and the total capacitance of
each subsystem. The charge variables qa and qb , are given by the cavity
mode operators (a, a† ) and (b, b† ), respectively. Through the so-called
black-box quantization [67] we assume the Hamiltonian of the qubit-cavity
system to be of the form Eq. (5.4). Following this description, qb now
also includes a contribution from the qubit and this exactly leads to the
well-known Purcell-decay of the qubit. We will omit the qubit dynamics
for now, but it will be considered in Sec. 5.1.3.
An input-output relation similar to Eq. (5.10) can also be written for
the lower output port of the 3d-cavity shown in Fig 5.1. However, unlike
the upper port, we will attach a Purcell filter to the output port. The
sole purpose of this additional decay-channel for the 3d-cavity is to allow
a very strong interaction between the Kerr-resonator and the 3d-cavity
without exciting the 3d-cavity beyond the dispersive regime [211]. The
extra cavity decay does therefore not by itself improve the qubit readout,
but it allows for a much stronger coupling between the Kerr-resonator and
the 3d-cavity. So as long as the total decay rate of the 3d-cavity remains
in the same order of magnitude as the dispersive coupling to the qubit, we
can increase the coupling to the Kerr-resonator by increasing the decay
through the Purcell-fitered channel by the same amount.
We will assume a narrow frequency band of the travelling fields, kω ≈ k,
and we restrict the analysis to the situation of wave propagation times
much shorter than other dynamical time scales of the systems. This allows
elimination of the wave-guide observables, φ(x, t) and q(x, t), and we obtain
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the Heisenberg-Langevin equations for the a and b operators
κa + κd
a
ȧ = −iωa a − iKa† aa −
2
√
√
√
+ κa κb bei(φb −φa ) − κa ain e−iφa − κd ad ,
κb + κp
ḃ = −iωb b − iχσz b −
b
2
√
√
√
+ κa κb aei(φa −φb ) − κb ain e−iφb − κp ap .

(5.11)

(5.12)

where the 3d-cavity and the Kerr resonator are coupled with the strength
√
κa κb . In Eqs. (5.11) and (5.12), we have also included an extra input
and decay channel for the Kerr resonator corresponding to the lower input
port of Fig.1 and for the 3d-cavity through the upper port (κb ) and the
Purcell filtered lower port (κp ). The operators ain and ad are the input
field operators, while the phases φa = dK k and φb = dcav k come from the
propagation through the transmission lines to the Kerr-resonator and the
3d-cavity.
Having Eqs. (5.11) and (5.12) we can in principle solve the full dynamics
of the system, but since a and b are operators and the mean value of a
might be on the order of ∼10, we would need to expand the Hilbert space
on a large number of Fock states to solve the full quantum dynamics.
We, therefore, employ a stochastic mean-field description by making the
c-number substitutions:
a → αe−iωd t ,

b → βe−iωd t ,

ain → αin e−iωd t ,

ad → αd e−iωd t ,

ap → αp e−iωd t ,

σz → hσz i.

For convenience we have transformed our equations to a frame rotating
at the frequency of the external drive, ωd , which will make the detunings
∆a = ωa − ωd and ∆b = ωb − ωd appear in the equations of motion. We
can make the complex field variables represent random samplings of the
quantum Wigner quasiprobability distributions if we include stochastic
terms, representing the quantum noise associated with the dissipation
terms in (5.11) and (5.12), [72].
Following the prescription in [72], we obtain fluctuating complex noise
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contributions
ξa (t) =

r

1
1
(κa + κd )(N̄ + )dWa,1 + i
2
2

ξb (t) =

r

1
1
(κb + κp )(N̄ + )dWb,1 + i
2
2

r

r

1
1
(κa + κd )(N̄ + )dWa,2 ,
2
2
(5.13)

1
1
(κb + κp )(N̄ + )dWb,2 ,
2
2
(5.14)

where dWi,n denote independent Wiener processes with hdWi,n i = 0 and
2 i = dt and N̄ is the mean photon number in the thermal bath
hdWi,n
coupled to the resonators.
Adding these terms to the deterministic mean value equations, we
obtain the equations of motion for α and β,
√
κa + κd
α̇ = −i∆a α − iK|α|2 α −
α + κa κb βei(θb −θa )
2
√
√
− κa αin e−iθa − κd αd + ξa (t),
√
κb + κp
β̇ = −i∆b β − iχhσz iβ −
β + κa κb αei(θa −θb )
2
√
√
− κb αin e−iθb − κp αp + ξb (t),

(5.15)

(5.16)

The replacement of the full quantum operator equations by noisy mean
field equations has been succesfully applied in a wide range of quantum
optics problems, and due to the weak Kerr non-linearity we expect this
description to correctly describe the mean value of the resonator field as
long as the qubit is in one of the eigenstates of σz . We refer to [145] and
Sec. 3.1 for a recent comparison of full quantum and noisy mean field
calculations. Since we operate in the regime of K  κ, we find that the
mean field approach only fails very close to the bifurcation point.
As one sees from Eq. (5.16), the qubit state influences the driving of
the 3d-cavity, which in turn affects the driving of the Kerr-resonator. In the
regime where the qubit-dependent feedback drives the Kerr-resonator into
two different stable states, this will lead to a projective measurement of the
qubit, and storage of the outcome in the Kerr-resonator. The tunability
of both ∆a , αd and αin now enables the implementation of the schemes
described above.

5.1.3

Numerical simulations

So far we have treated the qubit as a semi-classical object with two states,
|0i and |1i, each of which shifts the frequency of the 3d-cavity. In reality
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the qubit is described by the quantum mechanical density matrix, ρqb =
P
i,j=0,1 ρi,j |iihj|, and its dynamics are described by a master equation.
However, we choose to describe the Kerr-resonator as well as the 3dcavity by stochastic complex fields, where a single trajectory is determined
by the particular instance of dW (t) restricting ourselves to classical-like
states. Similarly we can unravel the master equation for the qubit into a
non-Hermitian Schrödinger equation [101, 212]
∆qb + 2χ|β|2
γ
d
|ψi = −i
σz |ψi − |1ih1| |ψi
dt
2
2
+ (Ωd (t)σ+ + Ω∗d (t)σ− )|ψi,

(5.17)

where ∆qb = Ωqb − ωd and Ωd (t) describe a drive at the qubit frequency.
The non-Hermitian Schrödinger equation is designed such that the norm of
the wavefunction, |ψi decays, due to the excited state decay rate γ = 1/T1 .
When the norm becomes smaller than a random number R, drawn uniformly
between 0 and 1, we apply the jump operator σ− to the state and then
we renormalize |ψi. This procedure reproduces the average density matrix
evolution of the qubit.
A superposition state of the qubit generally yields expectation values
hσz i = hψ|σz |ψi that differ from the eigenvalues ±1, but after the bifurcation readout of the qubit, we expect the state of the coupled system to be
in a completely mixed state with different field states pertaining to the
excited and ground state qubit, ρ = P0 |0ih0| ⊗ ρa,0 + P1 |1ih1| ⊗ ρa,1 , with
ρa,0 (1) being the 0 (1) memory state of the Kerr-resonator. Here Pn denote
the probabilities for the qubit to be in state 0 and 1, and due to the QND
interaction, these probabilities do not change during the readout. Thus,
we can simulate the two classical qubit cases separately, and on average
generate the full master equation evolution.
Now, we can investigate the performance of the proposed scheme by
numerically solving Eqs. (5.15), (5.16) and (5.17), but with the qubit in an
eigenstate as described above leaving hσz i = ±1. For the numerical simulation we need realistic parameters, so we choose a detuning between the qubit
and the resonator at ∆qb = 2π × 1.2 GHz. Furthermore we assume that the
coupling between the two systems are at g = 2π × 122 MHz, which yields
a dispersive shift at χ = g 2 Ec /(~∆qb (∆qb − Ec /~)) = 2π × −2.5 MHz [42]
with the anharmonicity of the qubit given by Ec /~ = 2π × 300 MHz. We
set the decay-rate for the 3d-cavity to κb = 2π × 1 MHz and κp = 2π × 4
MHz. For the Kerr-resonator we assume K = 2π×(−0.4) MHz, κa = 2π×5
MHz and κd = 2π × 0.3 MHz with a detuning of the center frequency from
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the drive initially at ∆a = 3.5 × (κa + κd ). Finally, for the qubit we assume
the intrinsic decay-rate γqb = 2π × 5 kHz and from the cavity we get an
2
additional Purcell-rate of γp = κb ∆g2 , which yields γ = γqb + γp = 2π × 15.3
qb

kHz corresponding to a qubit lifetime of T1 = 10 µs.
For the bifurcation readout our goal is a large difference in the Kerrresonator photon number conditioned upon the qubit state. We find that
a measurement time of TM = 400 ns is sufficient to obtain a significant
difference between the signals for the different qubit states compared to the
noise of the input field. A shorter measurement time would be dominated
by noise and yield a poor readout fidelity. During the first 80 ns, we slowly
√
increase the drive towards αd = 33.02 κd , which is just below the larger
√
αc± . The Purcell protected port was driven by κp αp /(2πi) = 8 MHz,
with the i indicating a π/2-phase shift of the drive compared to the rest of
the drives. The next step is the stabilization where we linearly increase ∆a
by a factor of 1.7 and αd by a factor of 1.8. This increases the difference
in amplitude between the two critical drives of the Kerr resonator and
puts αd further away from both – as a consequence the probability of a
spontaneous jump between the two solutions vanishes. To ensure that we
remain on the right branch of the bifurcation curve Ts cannot be too small
and we choose Ts = 150 ns. The stabilization time Ts might be chosen
smaller if we apply a non-linear tuning scheme for ∆a and αd , but with the
linear increase we numerically find that smaller times introduce significant
errors.
The next step is the frequency tuning of the Kerr-resonator along
with the drive. To ensure that we are indeed very far-detuned from the
3d-cavity after the detuning, we choose ∆t = 2π × 30 MHz and to avoid
exciting the Kerr-resonator while tuning the frequency, we cannot exceed
d∆a /dt = κ/ κ1 , with κ = κa + κd . This limits the detuning time to
T∆ = 100 ns. This detuning between the Kerr-resonator and the 3dcavity is also occurring during Ts simultaneous with the increase in ∆a
(see Fig. 5.4). The waiting time Twait can be chosen according to our
applications. We then wait for a driving time Td = 15 ns before the π-pulse
with Rabi-frequency Ωd = 2π × 7 MHz and Tπ = π/(2Ωd ) = 35.7 ns.
State preparation and stabilization
For the state preparation scheme we want to have the waiting time, Twait ,
as small as possible in order to quickly initialize the state into the excited
state. Since 1/(κb + κp ) = 31 ns, the 3d-cavity is (almost) empty after the
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Figure 5.5: Numerical simulations of the state preparation
with parameters described in the text without qubit decay.
In (a) we start with the qubit in |0i and bring the state into
|1i with 95.7% fidelity while in (b) we start with the qubit
in the |1i-state, where it remains with 98.5% fidelity. The
upper panel of each figure displays the mean value of σz , the
middle panel displays the photon population in the 3d-cavity
and the lower panel the population in the Kerr-resonator. In
each panel we plot both the mean values for 50 trajectories
(thin lines) and the average over 200 trajectories (thick line).
The vertical dotted lines indicate the different time intervals
similar to Fig. 5.4 and explained in the text.

two tuning steps, so we can choose a very small waiting time Twait = 25
ns. After Twait we tune the resonator and drive frequency back again and
we also apply the input field αin , which is of equal amplitude but opposite
phase of the 0 state of the Kerr-resonator obtained when the qubit was
measured to be in its ground state. When we are back on resonance such
that ωd = ωb , we apply the π-pulse and we obtain numerically a pulse
fidelity of 98%. The imperfection arises from the field fluctuations in the
3d-cavity and due to the fluctuating field emitted from the Kerr-resonator.
These fluctuations are the same fluctuations that limit the readout fidelity.
We apply square π-pulses in our simulations, and a study of pulse-shaping
is beyond the scope of the present work, but we note that more elaborate
pulse shapes may prevent leakage of population into higher excited states
of the weakly anharmonic transmon qubits [115] and to mitigate some
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Figure 5.6: Stabilization of the qubit by running the same
scheme as in Fig. 5.5 but 20 times after each other. The
parameters are all listed in the text. The dashed (red) line
is the average of 400 trajectories, while the dotted (light red)
line is an exponential Purcell-enhanced decay with the decayrate of the qubit, 1/γ = 10 µs. The solid (blue) curve shows
the same but with a decay-rate of 1/γ = 30 µs acheived with
an additional Purcell-filter as explained in the text and the
densely dotted (light blue) curve shows the corresponding
exponential decay.

types of quantum fluctuations [213].
In Fig. 5.5 we show the evolution of |β|2 and from the numerical
simulation we achieve |β|2 ≈ 0.5ncrit during the readout, where ncrit =
∆2 /(4g 2 ) is the critical photon number at which the dispersive regime
breaks down [211]. The effective detuning of the qubit due to higher
order effects is reduced by around 10% at 0.5ncrit (included in numerical
calculations). We cannot improve the scheme by increasing the drive
power, as we are already close to the maximum photon number where the
dispersive coupling offers a valid description. We even notice that just
after the bifurcation, the photon number is momentarily increased beyond
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the dispersive regime. While this is not important for the readout since
we have already transferred the state to the resonator, we need to take
into account the so-called dressed dephasing [71] (see also Sec. 2.2), which
adds an additional decoherence channel for the qubit proportional to the
photon number in the 3d-cavity. This effect will effectively decrease the
lifetime of the qubit state and since the typical time where each trajectory
remains above ncrit is 25 ns, we expect a 1%-2% additional error from the
additional dephasing. In [71] it is also shown that above a saturation point
around 0.5ncrit , dispersive readout cannot be improved, however higher
power leads to a faster bifurcation and more stability of the bifurcated
states, so the optimal power of our scheme is expected to be much higher
than just the optimal power for pure dispersive readout. If there is still
a demand for lower photon number, around 0.1-0.2ncrit , our scheme will
still work, but with a fidelity of only around 85%-90%.
Figure 5.5 demonstrates the ability of our scheme to deterministically
prepare the qubit in the exited state from any unknown state. For simplicity
we have not included qubit decay in these simulations. Starting in the
excited state yields a succes probability of 98.1% and if the qubit starts
in the ground start we achieve a success probability of 96.1%. The error
originates partly from the imperfect π-pulse and partly from the fact that
the readout-fidelity is only around 98%.
Qubit decay is included with a finite qubit lifetimes of 10 µs (red line)
and 30 µs (blue line) in the simulations shown for 20 runs in Fig. 5.6 with
the same parameters as in Fig. 5.5. The time averaged state fidelity is
89.9% and it can be increased to 93.5% by averaging only at the instants
of the protocol, where the preparation scheme is completed and the fidelity
is known to be highest. The main limitation for the stabilization is the
assumed qubit lifetime. For example, installing an additional Purcellfilter on the upper output port (possibly between the 3d-cavity and the
tee-junction) increases the qubit lifetime to around 30 µs and leads to
an average fidelity with the excited state of 95.4% (and 96.8% by only
averaging after each protocol ends) in our calculations.
Qubit readout and memory
To demonstrate that the classical memory state can be stored and reused in
a feedback scheme at a later point in time, we will bring back the measured
qubit state after a very long time. This scheme relies upon qubit decay
into the ground state, but in practice qubits within a 3d-cavity tend to
have a residual thermal excited-state population beyond what is expected
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Figure 5.7: Demonstration of the memory recovery scheme
with parameters described in the text. The main figure shows
the mean value of the qubit operator σz averaged over 200
trajectories for each. The solid light blue line assumes |1i as
the initial state, while the dashed red line starts in |0i. The
π-pulse is applied after 78 µs, where we obtain a fidelity with
the original state of 98.6% for |1i and 96.0% for |0i. The
upper inset shows Kerr-resonator excitations for 20 randomly
chosen realizations and we see two clearly distinct stable
states. The lower inset displays a zoom of the region around
the recovery of the state.

from the cryogenic temperature [214]. This analysis is thus an idealisation
to demonstrate the memory properties of the Kerr-resonator. We now
apply a very long Twait , and just before applying the tuning sequence,
we apply a π-pulse to bring the qubit into the excited state. The final
steps are then the same as in the state-preparation scheme. We have
chosen Twait , such that we start the tuning after 78 µs. In Fig. 5.7 we
illustrate the performance of this memory scheme. From 400 trajectories,
we obtain a fidelity for reading out |1i and bringing the qubit back into
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Figure 5.8: Schematics to stabilize a Bell-state. The circuit
components are the same as in Fig. 5.1, but instead of
3d-cavities, we use waveguides on a 2d-chip. The state of
interest is encoded into the data qubits, Q1 and Q2, while
M1 and M2 are measurement qubits and they serve the same
purpose as the qubit in Fig. 5.1. To perform the stabilization
of Q1 and Q2, we apply quantum gates between these and
M1 and M2. This can be achieved through the two quantum
buses (in yellow). Control channels from the Kerr-resonators
to each quantum bus allow the feedback to correct errors in
the data qubits.

|1i of 98.6%, consistent with the state preparation scheme for the excited
state. Similarly for |0i we find a fidelity of 96.0%. The memory scheme is
limited by the imperfect π-pulses as discussed in the previous subsection,
thus we have a smaller fidelity for the |0i state. There is also a small
(<1%) remnant excitation from the qubit after Twait .

5.1.4

A short outlook: Multi qubit feedback

We have proposed a new type of feedback scheme that aims at closing the
feedback loop within the cryogenic environment of circuit QED experiments
using Kerr-resonator to a 3d-cavity connected with a qubit. The goal is
to control the qubit without having any knowledge of the qubit state
outside the cryostat. As an application of this type of feedback we have
simulated three applications with experimentally realistic parameters, but
all these results are only single qubit applications. It is natural to extend
the system to include more qubits or more resonators. For example, to
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mitigate the need for qubit dissipation for the reinitialization protocol
described in Sec 5.1.3 and to suppress residual qubit excitation, a second
Kerr-resonator can be used to prepare the qubit in the ground state, just
before the memory state, stored in the first Kerr-resonator, is fed back to
the qubit.
Moreover, controlling many qubits with closed feedback outside of the
cryogenic environment poses a significant challenge [134] as discussed in
Sec. 2.6. For systems with 1000 qubits or more, reading out all at once may
be infeasible even with state-of-the-art multi-channel analyzers. Therefore,
the initialization of all qubits may seem an overwhelming task. In contrast,
the all-cryogenic state-preparation presented in this work is inherently
parallel, as each qubit has it own memory that holds the measured qubit
state and autonomously controls the input state. The only additional
requirement to prepare any number of qubit in, e.g., the ground state is
that enough power is provided and appropriate power dividers are installed
to drive all qubits sytems.
A more elaborate extension allows stabilization of e.g. a Bell-state of
two qubits against phase-flip and bit-flip errors using a quantum error
correcting code. A possible setup for this employs two data qubits in
which the Bell-state is encoded and two additional measurement qubits
to detect the errors. Performing two-qubit gates between the data and
the measurement qubits, see Sec. 2.5, followed by a readout of the two
measurement qubits will detect any errors in the encoded state [133, 136].
A subsequent feedback on the data qubit will stabilize the state. In Fig. 5.8
we have sketched how such a scheme might be implemented using a 2d-chip
with multiple qubits [205]. Two units, each consisting of a Kerr-resonator,
a 2d-cavity and a measurement qubit, allow us to perform the desired
two-qubit gates and the additional coupling between the quantum buses
and the Kerr-resonators will be sufficient to effectively stabilize the desired
Bell-state in a completely autonomous manner. Extending this scheme to
a seven qubit code is in principle possible and would allow autonomous
stabilization of any logical qubit state with a limited amount of external
control lines.
This Bell-state stabilization represents a minimal implementation of the
so-called surface code [136]. In general, the surface code can be extended
to any number of qubits, and the outcome of the measurements identifies
whether an error occurred or not at a given point in the code. If an error
is found, it is not necessary to correct it immediately, but errors can be
tracked and corrected at the end of the full protocol [136].
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Figure 5.9: We schematically illustrate a system with coupled
qubits and microwave resonators implementing the Hamiltonians described in the text. Qubit-a and qubit-b are resonant
with microwave resonators a and b, respectively. The states
of the two ancialla qubits in the set-up adiabatically follow
the states of the resonators and qubits-a an -b, and mediate
the desired coupling between the systems. The classically
driven resonators are coupled to the e-f transitions of threelevel transmons. When Set- and Reset-signals are applied on
the g-e transitions, the transmons serve as transistors and
control the resonator field.

5.2

All-microwave flip flop memory in the single
photon regime

The previous section considered using a Kerr-resonator as a simple classical
memory. The Kerr-resonator does, however, not compose a logical memory
as such, since there is no direct way of switching the memory state. While
this could be circumvented by using a more elaborate setup [143], here we
will go beyond the use of bistable Kerr-resonators. The aim is to engineer a
classical Set-Reset flip-flop system, which is the simplest possible memory
system, using few Josephson junctions and linear resonators. The Set-Reset
flip-flop consists of two inputs and two outputs and the output logical
states depend on the history of input signals: When a signal pulse arrives
at Set the a-output is set to 0 and the b-output is set to 1, until a signal
pulse arrives at Reset, and the a-output is set to 1 and the b-output is set
to 0. The switching between the logical states of a qubit implements a
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microscopic flip-flop-device and Refs. [198, 204, 215] propose to extend
the qubit to a three-level system constituting a photonic transistor for the
field modes and thus implementing a few photon input and output device.
Superconducting qubits are, however, hampered by fast relaxation and
logical memories that rely on qubit-states coupled to microwave-field modes
are currently limited to memory times on the order of 10 µs. This suggests
to investigate the use of more complex systems of coupled superconducting
components. Therefore, we aim for a classical flip-flop memory device that
may be controlled by ultra-weak, few-photon microwave pulses, and to
this end we shall apply a combination of microwave resonators and qubits
and obtain memory lifetimes much longer than the ones of the individual
components.

5.2.1

Description of the device

Our goal is to create a flip-flop system, where the two logical memory
states are associated with the coherent excitation of one or the other
of two weakly driven microwave resonators. A damped cavity subject to
continuous driving assumes a coherent steady state excitation (see Sec. 2.1),
and using the framework and properties of existing components in circuit
QED, we propose in Fig. 5.9 a bistable device that switches between such
states when subject to few-photon Set and Reset pulses. The essential
mechanism controlling the coherent state amplitudes in the resonators
is the frequency shift or splitting of the resonator modes when they are
coupled to two- and three-level systems.
In Fig. 5.9, two three-level transmons, ta and tb, are shown in the
top and bottom of the figure. They are strongly coupled to microwave
resonators with resonance frequencies ωa , ωb via their first and second
excited (e, f ) states, while the transition between the ground (g) and first
excited states is reserved for control by external set- and reset field pulses.
The transistor coupling Hamiltonian is given by (~ = 1)
Ht = gta |f ita he| a + gtb |f itb he| b + H.c.,

(5.18)

where a and b are the annihilation operators for photons in resonator a
and resonator b. Both resonators are driven by classical external fields,
Hdrive = α(a + a† ) + β(b + b† ),

(5.19)

and we choose α (β) = hna (b) iκa (b) /2, where hna (b) i are the target steadystate photon numbers and κa (b) are the photon-loss rates of the resonators.
q
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Consider first the interaction between resonator a and transistor ta. If
ta is in the state g, Ht vanishes and the resonator mode is only subject to
Hdrive and cavity damping which results in a steady state coherent field in
the resonator. If a π-pulse on the g-e transition excites ta into state e, Ht
induces a vacuum Rabi-splitting of the resonator frequency of magnitude
gta , and if this is larger than other coupling strengths and decay rates
in the system, it will make Hdrive in (5.19) off-resonant. The resonator
field will then decay into the vacuum state. Decay of ta back to g will,
however, bring the resonator back on resonance with the driving field, and
the coherent state will reappear: although it is stored in the resonator
field, the memory of the π-pulse excitation is governed by the transistor
excited state lifetime.
The π-pulses need, in this scheme, to be injected by separate lines
connected to ta and tb. There are no requirements on how the pulses are
created as long as the pulse-areas correspond to a fast π-rotation on the
g-e transition. We note, however, that symmetrically shaped single-photon
wave packets [216–218] would meet the desire of having as few photon as
possible.
To extend the time over which the cavity field memory states recall
the excitation of both ta and tb, we propose the elaborate system design
in Fig. 5.9 where the resonators are coupled to each other via two qubits.
The two ancillary qubits shown are adiabatically eliminated but they are
crucial to mediate the desired effective interaction Hamiltonian,
Ha = χa a† a (b† σb,− + bσb,+ ),
Hb = χb b† b (a† σa,− + aσa,+ ),

(5.20)

where σa (b),− and σa (b),+ are the lowering and raising operators for qubit-a
and qubit-b in the figure.
With the Hamiltonian Ha we achieve that a non-vanishing field in
resonator a gives rise to a strong Jaynes-Cummings coupling between
resonator b and qubit-b. We already discussed how such a coupling causes
a splitting of the resonator frequency, so as a consequence of the excitation
in resonator a the driving of resonator b now becomes off-resonant and
inefficient. The set-up is symmetric, and a field in resonator b similarly
controls the strength of the coupling between resonator a and its qubit
and hereby prevents its resonant driving. The switching pulses still work
as described above: e.g., a switching π-pulse exciting transistor ta stops
the driving of resonator a. The field in resonator a decays on a time scale
of 1/κa , allowing the field to build up in resonator b, and now, even after
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ta has decayed (assuming a lifetime Tta,1 > 1/κa ), resonator a cannot be
excited because of Hb and the coherent state in resonator b. The coherent
state in resonator b is maintained until a Reset pulse on tb shifts this
resonator off resonance, the field decays, and now the coherent state builds
up in resonator a and prevents excitation of resonator b also after tb has
returned to its ground state.
Summing up, the memory states are a driven coherent state in one
resonator and the vacuum state in the other and vice versa. By a nonlinear cross-coupling between the resonators mediated by qubits, the field
in one resonator prevents the excitation of the other one and preserves the
memory states for times longer than both the resonator and qubit lifetimes.
The Set and Reset pulses applied to the transistor ta (tb) works by putting
resonator a (b) off resonance. This causes the field to decay and the other
field to grow and, thus, the system switches between the memory states.
The scheme is robust against decay and decoherence, since the switching
and the preservation of the memory states relies on the interaction induced
vacuum-Rabi splitting, and while dephasing or noise on the qubits may
change the coupling strengths and introduce damping effects in (5.20), the
precise interaction is not crucial, as their role is not to mediate but to
prevent excitation of the resonator fields.

5.2.2

Contruction of the Hamiltonian

In Eq. (5.20), Ha and Hb describe a coupled system of two resonators and
two transmon qubits. We consider here the construction of
Ha = χ a† a (b† σb,− + bσb,+ ).

(5.21)

by the circuit illustrated in Fig. 5.10, where a and b are annihilation
operators for two driven resonators and σb,± are the ladder operators for
Qubit-b. As we shall show in the following, incorporation of a capacitively
coupled ancillary qubit component, Qubit-anc, leads to the highly nonlinear coupling terms in Eq. (5.21) (Hb is obtained in a similar manner).
We write the Lagrangian of the system and, at first, we neglect contributions from the resonators, such that we obtain
L=

2CJ,b φ̇2b
2CJ,anc φ̇2anc C12 (φ̇b − φ̇anc )2 Ca1 φ̇2b
+
+
+
2
2
2
2
2
2
Cb1 φ̇b
Cb2 φ̇anc
+
+
+ EJ,b cos φb + EJ,anc cos φanc ,
2
2

(5.22)
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where the shunted capacitors parallel to the junctions are absorbed into
2Cj,b . We can now find the conjugate variables,
qb =

∂L
∂ φ̇b

qanc =

∂L
,
∂ φ̇anc

(5.23)

and transform into the two-transmon Hamiltonian
H = 4EC,b n2b − EJ,b cos φb + 4EC,anc n2anc
− EJ,anc cos φanc + 4EI nb nanc

(5.24)

with qk = −2enk and
C12 + Cb2 + 2CJ,anc
2CΣ2
C12 + Ca1 + Cb1 + 2CJ,b
EC,anc = e2
2CΣ2
C12
EI = e2 2 ,
CΣ
EC,b = e2

(5.25)
(5.26)
(5.27)

where CΣ2 = C12 (Ca1 + Cb1 + 2CJ,b + Cb2 + 2CJ,anc ) + (Cb2 + 2CJ,anc )(Ca1 +
Cb1 + 2CJ,b ).
The coupling to the resonators is assume to happen at anti-nodes of
the voltage mode functions, and by including contributions to the gate
charge from second-order voltage fluctuations [201] we can replace the
charge number, nk by nk − ng,k , where the gate-charges are given by
Cb1 Vb,0
Ca1 Va,0
i(b − b† ) ±
i(a − a† )
2e
2e
Cb2 Vb,0
=
i(b − b† ),
2e

ng,b =
ng,anc

(5.28)
(5.29)

with the root mean
q square of the voltage fluctuations in each resonator
given by Vj,0 = ωj /(2Cj ), with Cj being the capacitance of resonator j.
In the limit of EJ  EC , the Hamiltonian Hk = 4EC,k n2k − EJ,k cos φk is
√
approximated by Hk = 8EC EJ a†k ak − EC (ak + a†k )4 /12, with ak being
a bosonic operator. With these√operators we can express the charge as
nk = −i(EJ /8EC )1/4 (ak − a†k )/ 2. If the anharmonicity of the transmon
is sufficient, we can restrict ourselves to the two lowest energy levels and
replace ak by a Pauli lowering operator σk,− . The ±-sign in Eq. (5.28)
is obtained if we assume that Cb1 and Cb2 connect to the resonator b
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Resonator a
Ca1

CJ,b
Qubit-b

C12
Cb1

Qubit-anc
Cb2

CJ,anc

Resonator b

Figure 5.10: Schematic figure of two resonators coupled via
two transmon qubits. Qubit-b is coupled to resonator a,
resonator b and Qubit-anc, while Qubit-anc is only coupled
to resonator b and Qubit-b. After ellimination of Qubit-anc,
we obtain Ha of the main article. Unlike the simplified Fig. 1
in the main article, we have here displayed all circuit elements
required to generate the qubits.

at integer (half-integer) wavelength separation with the same (opposite)
coupling amplitude. This is possible with meandering resonators and is
particular manageable using the arms of the Xmon design of the transmon
[45].
This now allows us to recast the Hamiltonian in the qubit basis of each
transmon and using the rotating wave approximation we end up with the
Hamiltonian

H=

Ωb
Ωanc
σz,b +
σz,anc + ωa a† a + ωb b† b
2
2
+ gab (a† b + b† a) + g12 (σb,+ σanc,− + σanc,+ σb,− )
+ ga1 (a† σb,− + σb,+ a) + gb1 (b† σb,− + σb,+ b)
+ ga2 (a† σanc,− + σanc,+ a) + gb2 (b† σanc,− + σanc,+ b),

(5.30)
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where Ωk ≈

8EC,k EJ,k and the coupling strength are given by

p

gab = ±(8EC,b + 4EI )

Cb1 Ca1
V0,a V0,b
4e2

(5.31)

g12 = 4EI βanc βb
(5.32)
Ca1 V0,a
ga1 = −8Ec,b βb
(5.33)
2e
Ca1 V0,a
(5.34)
ga2 = −4EI βanc
2e
Cb2 V0,b
Cb1 V0,b
gb1 = −4EI βb
∓ 8Ec,b βb
(5.35)
2e
2e
Cb2 V0,b
Cb1 V0,b
− 8Ec,anc βanc
.
(5.36)
gb2 = −4EI βanc
2e
2e
√
with the the overlap functions βk ≈ (EJk /8EC,k )1/4 / 2.
We now tune the frequencies of the qubits close to resonance, Ωanc ≈ ωa
and Ωb ≈ ωb and we transform to a rotating frame interaction picture with
†
†
respect to H0 = Ω2b σz,b + Ωanc
2 σz,anc + ωa a a + ωb b b. Here, second order
time-dependent perturbation theory yields the interaction Hamiltonian
1
HI = ∆
[Ξ† , Ξ] with Ξ = a(gab b† + ga1 σb,+ ) + σanc,− (gb2 b† + g12 σb,+ ) and
∆ = Ωa − Ωb . This gives us the Hamiltonian

ga1 gab g12 gb2
+
σanc,z (b† σb,− + σb,+ b)
∆
∆


gb2 gab g12 ga1
+ ga2 +
−
σb,z (a† σanc,− + σanc,+ a)
∆
∆
2
2
g
g
− a1 a† aσb,z + b2 b† bσanc,z .
∆
∆

H = gb1 −


(5.37)

At this point we want to saturate Qubit-anc at a value conditioned
upon the occupation in resonator a. To achieve this we implement a slight
detuning δ = ωa − Ωanc between resonator a and the ancillary qubit, which
allows for a adiabatic elimination, such that we only have one qubit degree
of freedom as in Ha .
We choose δ such that it is much larger than the effective coupling
between the resonator and the qubit given by gef f = ga2 + gb2∆gab + g12∆ga1 ,
and we assume a classical field amplitude α for resonator a. This gives
us an effective damped Rabi-model where the steady state ancillary qubit
inversion reads,
ρee − ρgg


ss

= −1 + ζ (1) |α|2 − ζ (2) |α|4 ,

(5.38)
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Table 5.1: Component parameters and the resulting effective
coupling strengths. We provide two different sets of parameters corresponding to the implementation of Ha and Hb
(with a ↔ b) in the main article, respectively. For both sets
of parameters we assume a mean photon number of 8 in the
resonantly driven resonator. Note that ∆ = ±2π × 1.5 GHz,
has opposite signs for the two parameters sets - this leads
to a reduction of the cross-Kerr coupling between the two
resonators. T1 for the adiabatically eliminated qubit-anc is
set to 50 ns.

CJ,1
CJ,2
Ca1
Cb1
Cb2
C12
δ
EJ,b /EC,b
EJ,anc /EC,anc
Ec,b
Ec,anc
gab
g12
ga1
ga2
gb1
gb2

ωa = 2π × 7 GHz
ωb = 2π × 5 GHz
45 fF
11 fF
0.90 fF
0.86 fF
9.18 fF
3.70 fF
2π × 31.4 MHz
83
24
2π × 202 MHz
2π × 545 MHz
2π × 0.05 MHz
2π × 199.3 MHz
2π × −13.1 MHz
2π × −1.0 MHz
2π × −18.3 MHz
2π × −188.9 MHz

ωa = 2π × 5 GHz
ωb = 2π × 7 GHz
32 fF
15 fF
3.31 fF
1.70 fF
8.84 fF
3.48 fF
2π × 27.5 MHz
93
18
2π × 266 MHz
2π × 456 MHz
2π × −0.464 MHz
2π × 197.6 MHz
2π × −46.6 MHz
2π × −2.53 MHz
2π × 19.3 MHz
2π × −195.5 MHz

χ(1)
χ(2)
χ(ab)

2π × 0.9799 MHz
2π × 0.0109 MHz
2π × 0.92 MHz

2π × 1.0043 MHz
2π × 0.0121 MHz
2π × −0.85 MHz
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2 /(γ 2 +2∆2 ) and ζ (2) = 2g 4 /(γ 2 +2∆2 )2 can be evaluated
where ζ (1) = gef
f
ef f
with γ equal to the relaxation rate of the ancillary qubit. This solution
is reached much faster than the timescale of the field evolution in the
resonators, and therefore we can safely utilize this steady state solution as
the state of the qubit.
The task is now to choose parameters such that the switching condition
is fulfilled [201],

gb1 ≈

ga1 gab 1 g12 gb2
+
,
∆
2 ∆

(5.39)

and at the same time to maximize the effective coupling,
χ=

g12 gb2 (1)
(ζ − ζ (2) a† a),
∆

(5.40)

where we have returned to describe the resonator occupation by its operator
expression. This is indeed possible, and we find χ(1) = g12∆gb2 ζ (1) and
χ(2) = g12∆gb2 ζ (2) large enough that (5.21) gives rise to a strong coupling
between resonator b and qubit-1 when resonator a is excited. The optimal
quantities and the resulting coupling strengths are found numerically and
displayed in Table 5.1. Controlling the capacitances precisely as specified
in Tabel 5.1 may be difficult; however, once fabricated, one can tune ∆,
until Eq. (5.39) is fulfilled [42, 219, 220]. Note as well that all effective
couplings gef f and χa† a are much smaller the qubit anharmonicities, while
the actual g’s are much smaller than ∆, justifying our approximations.
As a last remark, we notice that Eq. (5.37) includes two dispersive
terms. We ignore the term between Qubit-b and resonator a, since they
are rarely simultaneously excited and since ga1 is small. The last term in
(5.37) does, however, give rise to a cross-Kerr term,
Hcross = χ(ab) a† ab† b,
g2

(5.41)

with χ(ab) = ∆b2 ζ (1) . With the opposite choices for the detuning in the
implementation of Ha and Hb (see Table 1), this term is effectively reduced.
Using realistic numbers for the implementation the cross Kerr term
yields χ(ab) = 2π × 0.07 MHz, and we can achieve an effective coupling
strength between resonator b and its qubit of around g̃b = χa ha† ai = 2π×7.1
MHz, for ha† ai = 8, hb† bi = 0, while for resonator a we can achieve
g̃a = χb hb† bi = 2π × 7.6 MHz with hb† bi = 8, ha† ai = 0. In order
to have a strong coupling, g̃i2 /κγ  1, we use a lifetime of the qubits
Tqa (qb),1 = 1/γ = 12 µs and a decay-rate of the cavities of κ = 2π × 0.1
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Figure 5.11: Upper panel: A single quantum trajectory with
Set and Reset pulses applied at the times indicated. The
solid (blue) curve is ha† ai and the dashed (green) curve is
hb† bi. Lower left panel: Population of qubit-a (solid blue
curve) and qubit-b (dashed green curve). Lower right panel:
Expectation value of |f ita hf | − |gita hg| (solid blue curve)
and |f itb hf | − |gitb hg| (dashed green curve). The bar in the
top of both lower panels indicates that resonator a (blue)
or resonator b (green hatched) is excited. The parameters
used in the simulations are shown in Table 5.1. We use a
decay-rate of the cavities at κ = 2π × 0.1 MHz and a lifetime
of qubit-a and -b of 12 µs. For both transitors we assume
gta (tb) = 2π × 30 MHz and lifetimes of 20 µs.

MHz. With these parameters, the power needed to drive the resonators
is a mere 2 × 10−17 W, thus, this device constitute an ultra-low energy
microwave device. Also, with these resonator-parameters we must require
a transistor qubit lifetime, Tta,(tb),1 of around 20 µs.
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5.2.3

Quantum trajectory simulations

The average time-evolution of the system is governed by the quantum
master equation [72]
X
∂ρ
κk
= i[ρ, H] +
(2 kρk † − k † kρ − ρk † k)
∂t
2
k∈{a,b}


γt
(2 σtk,− ρσtk,+ − σtk,+ σtk,− ρ − ρσtk,+ σtk,− )
2

γ
+ (2 σk,− ρσk,+ − σk,+ σk,− ρ − ρσk,+ σk,− )
2
+

(5.42)

with κa , κb , γt and γ being the decay rate of the cavities, the exited states
of the transistor transmons and the qubits. We will assume κa = κb = κ.
Instead of directly solving Eq. (5.42), which will yield an average over
the bistable behaviour of the device, we apply Monte Carlo wave function
(MCWF) simulations similar to how
the qubit was 
treated in Sec. 5.1,
P
d
†
[101, 212], ie we evolve dt |ψ(t)i = −
µ cµ cµ /2 + iH |ψ(t)i, interrupted
by the application of quantum jumps |ψi → cµ |ψi, where cµ are the jump
operators for all decay channels. In Fig. 5.11 we present a quantum
trajectory simulation of the device. The upper panel of Fig. 5.11 shows
that the flip-flop operates as we expect.
In the lower left panel of Fig. 5.11 we see that while resonator a is
populated and Ha is ’active’, qubit-b remains in the ground state, while
when resonator b is populated qubit-b undergoes excitation dynamics
during the switching process. This excitation in qubit-b is not important
since the Hamiltonian, Hb , responsible for keeping resonator a empty
and resonator b excited does not contain qubit-b operators. The lower
right panel of Fig. 5.11 shows the corresponding transient evolution of
the transistor population of states |gi and |f i, triggering the filling and
emptying of the resonators.
The trajectory in the upper panel of Fig. 5.12 shows that in the absence
of Set- and Reset-pulses, the flip-flop undergoes spontaneous state changes,
and we estimate the rate of such erroneous switches to be about one every
600 µs. We have further quantified the behaviour over many realizations
in the lower panel of Fig. 5.12, where we have used N = 30 trajectories to
generate the ensemble averaged mean photon number in the a-resonator
when no Set- and Reset-pulses are applied. Fitting the relaxation of this
mean value, we find a memory time of 347.7 µs with an uncertainty around
50 µs, which is over 2 orders of magnitude longer than the bare cavity
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Figure 5.12: Upper figure: A single trajectory with no switching pulses applied. The solid (blue) curve is ha† ai and the
dashed (green) curve is hb† bi. Lower figure: An ensemble
averaged mean of ha† ai over 30 trajectories (thin light blue)
and an exponential fit (thick dark red) with the decay-time
347 µs. The parameters used are the same as in Fig. 5.11.

lifetime at 1.5 µs and also much longer than the qubit lifetime of 12 µs.
Note at this point, that if an error occurs, already after a subsequent Setand Reset-pulse the device returns to the desired memory state.
In Fig. 5.13 we supplement the trajectories in Fig. 5.11 to illustrate
further features of the device. In the upper left trajectory we see that after
the first Set-pulse empties resonator a, when the transistor has decayed,
resonator b is occupied by less than two photons, which implies that in
this trajectory we have a high probability for an unintended switch back
to resonator a, which indeed happens. The system however recovers only
after the next Reset-pulse. The upper right figure shows an unintended
switch of the device around t = 75 µs, and in the lower left figure we show
a trajectory where both kinds of error occur. The lower right figure shows
the ideal performance of the device, this time with a high frequency of
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Figure 5.13: (Color online) Single trajectories with Set and
Reset pulses applied at the times shown. Parameters are
identical to Fig. 5.11.
switching pulses indicating a wider range of robustness. Accumulating the
statistic of 30 simulations we find that the probability to have no error
during 200 µs of evolution with 4–10 Set- and Reset-pulses is around 54 %,
accounting both for the finite memory time (∼ 347 µs) and errors occurring
during switches. Longer memory times and better transistor qubits will
increase this probability significantly.

5.2.4

Estimates of performance

To supplement our numerical simulations of the functioning of the device,
we estimate the memory time of the flip flop in the resonator a state as
1
Tmem

=

X
n

e−hna i

hna in
(2β)2
κ
(2) 2 2
n! κ2 + (χ(1)
a n − χa n )

(5.43)

which is the feeding rate of photons in the off-resonant resonator b weighted
over Poisson distributed number states occupying resonator a. This yields
Tmem = 340 µs for the parameters used, which is in qualitative agreement
with our simulations. Using Eq. (5.43) we have calculated the memory
time for different values of the mean excitation of resonator a. When
varying hna i, we change κ in order to keep the ratio κ/hna i constant.
Estimates from (5.43) for different values of κTta,1 /hna i are shown as
curves in Fig. 5.14 (a). The numerically simulated memory times for
κTta,1 /hna i = 1.5 are calculated from exponential fits similar to that of
Fig. 5.12. We see that our rough estimate of Eq. (5.43) qualitatively
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Figure 5.14: Memory time simulated using parameters specified in Fig. 5.11 and calculated using Eq. (5.43) and in (d)
using the qubit excitation estimate as well. All simulated
results contain an uncertainty on the order of 10 µs. In (a) we
vary the target photon number in the resonators while keeping the fraction κTta,1 /hna i constant at the values specified.
In the simulations represented by the square symbols, we use
κTta,1 /hna i = 1.5. In (b) we show the analytical estimates
as in (a) with the same parameters except Tta,1 = 40 µs. In
(c) we vary κ while keeping hna i = 8 and Tta,1 = 20 µs and
in (d) we study the memory time for different values of the
qubit-a and -b lifetimes.

reproduce the simulated behaviour. The maximum memory time is fairly
well predicted, but the optimal photon number is slightly shifted compared
to the simulations. This may be due to an underestimation of the effect
of κ. To achieve a better Set-Reset-performance, κTta,1 /hna i must be
increased, but we see that this decreases the memory time. In 5.14 (b),
however, we see that with a better transistor qubit we can improve the
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memory time significantly, even with high values of κTta,1 /hna i. In Fig.
5.14 (c) we compare simulations with the estimate of (5.43) as a function
of κTta,1 /hna i by varying κ.
In Fig. 5.14 (d) we show how the use of worse qubits influence the
memory time. For a quantitative analysis of the qubit contribution, we
approximate the master equation, neglecting contributions from Hb , by
coupled equations for the steady-state qubit population in the excited
and ground state, P↑/↓ , and the accompanying field amplitude of each
resonator, α↑/↓ and β↑/↓ [221] (see full calculation of this in [5]),
P↑
=
P↓
1+

4χ2a
(|α↓ |4 + |α↓ |2 )|β↓ |2
γ2
4χ2a
(|α↑ |4 + |α↑ |2 )(|β↑ |2
γ2

+ 1)

.

(5.44)

We estimate the qubit contribution to the memory time by adding P↑ γ to
1/Tmem . Our simulations confirm the qubit effect and the sharp decrease
in the memory time when T1 becomes less than ∼ 1 µs. Since we are
approaching the edge of the strong coupling regime we cannot expect
the photon blockade to function well here. To summarize, the dominant
contribution to the erroneous flipping between the states originates from
the finite probability of having zero photons according to the Poisson
distributed population of the resonators. If qubit-a and qubit-b have very
short lifetimes, their relaxation will also contribute significantly to the
erroneous state changes.

5.2.5

Flip-flop outlook

This section has proposed a scheme for implementing a flip-flop system
operating in the few microwave photon regime of circuit QED. The development is inspired by optical cavity QED, but due to the absence of the
long-lived and phase stable states offered by atoms, we use a two-resonator
Hamiltonian, where the excitation of one resonator blocks the excitation
of the other one. Using realistic parameters we show that with single photon pulses we can switch between two stable states and that the systems
memory time far exceeds that of its intrinsic components. This type of
memory system is a significant step towards classical microwave logic in
circuit QED. In contrast to other strategies, this device exploits strong
vacuum Rabi-splitting and operates in the regime of few photons.
The primary limitations of our proposal are set by the life-time of
the qubits, but one can expect future superconducting qubits with much
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longer life-times, which translates directly into an improvement of the
performance of the present device.
As a possible extension, avoiding the difficulties of creating π-pulses, one
might imagine that resonator a (b) is not resonant with the e-f transition
of ta (tb). Then a cw-signal with driving amplitude Ωd detuned from the
g-e transition by ∆SR = ωd − ωge = ωef − ωa will generate a second order
coupling of g̃ta = gta Ωd /∆SR . If g̃ta is much larger than any other coupling
strength or decay rate resonator a will decay to the ground state during
the duration of the driving signal and we retrieve the same functionality as
before. This type of pulses, which typically will consist of ∼100 photons,
might originate from an elongated dispersive readout of a superconducting
qubit.

5.3

Conclusion

In this chapter we have presented two ideas for classical control with circuit
QED elements. The systems that we propose involves more components
than a typical circuit QED device, but the added complexity serves a
purpose and improves the system characteristics beyond what is currently
achievable with single components. It is worthwhile for a wide range of
possible applications to see the complexity not as a disadvantage but,
rather, as an opportunity to pursue circuit strategies along with the efforts
to improve the performance of individual components.
As already mentioned, room-temperature-based feedback control requires interfacing very different and remote technologies and gross energy
inefficiency is unavoidable between qubits operating at fW power scales
and W-scale room-temperature equipment. In contrast, the components
of our proposed scheme are proximate in a cold, low-noise environment.
A qubit and the controllers presented then feature only a factor of . 102
difference in operating power. There is, however, no single correct approach
to the design of these low-power qubit controllers. For comparison, we
can directly draw an analogy to popular autonomous approaches today in
superconducting microwave systems using continuous pumping schemes,
inspired by quantum optics techniques [206–208]. Here, microwave transitions in a single component (usually a circuit QED qubit or qubits) are
designed so that a continuous microwave pump drives the qubit(s) into a
desired state. These schemes are often understood in terms of an internal
feedback loop in which a cavity and the qubit states respond to each
other. These approaches are similar in power consumption and require
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not signal-processing at room temperature. However, it may be hard to
realize to scale these controllers as the component are inherently coupled –
for example remove the cavity from a circuit QED qubit and it becomes
a very different device. Also, a strong coupling of a quantum circuit to
a cavity leads to a highly perturbed energy spectrum and it is much less
clear how to design such systems for general continuous pumping schemes.
The controllers, that we presented in this Chapter is distinct from
these in that both the Kerr resonator and the flip-flop device is designed to
work in a modular fashion, such that they can be separated and optimized
independent from the qubits they are designed to control. It is also easy
to see how the prensented components may apply more generally [195] in
superconducting microwave systems.

Chapter

Implementing controllable
couplings
Although the field of circuit QED has shown great progress, all challenges
of circuit QED have not been solved. A few very successful approaches are
used to encode and manipulate quantum information (see Sec. 2.2) and
to apply quantum gates (see Sec. 2.5), but an open question still remains
on how to move forward in terms of scalable high-fidelity control. Do we
need to incrementally improve the current approaches or do we need to
step back and take a new path? In particular, a robust and scalable way
to couple multiple quantum systems is still highly desired. One of the
biggest obstacles towards multi-quantum operations is the fact that all
experientially built circuits will be sightly different. System frequencies
must therefore be tunable or approaches for circumventing the difficulties
of frequency differences must be applied.
Many approaches to improve current multi-qubit gates exist, and the
first part of this chapter will concentrate on a proposal to use a fluxmodulated resonator to apply controllable gates between transmon qubits.
While this gate does not suggest to replace the dominating strategy of using
resonator-coupled tranmons, the flux modulation of resonators adds a new
approach. The theory is presented in [6] but due to recent development
in high coherence transmons with fixed frequency [133], we present here
numerical simulations with more optimistic parameters than used in [6].
While transmons are natural components for encoded quantum information,
the second part will focus on an alternative encoding scheme and present
the engineering of a four-body interaction partly included in [14] relevant
for adiabatic quantum computing using Kerr resonators [222].
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(a)
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Figure 6.1: (a) A superconducting resonator, interupted by
a SQUID at x = 0. The SQUID is modulated by an external
magnetic flux Φ(t) yielding a time dependent Josephson
energy EJ (t). (b) Circuit diagram of a resonator interrupted
by an inline-SQUID. LT and CT denote the inductance and
capacitance per length of the waveguide, such that each
inductor (capacitor) has the inductance (capacitance) LT ∆x
(CT ∆x). The resonator is described in the limit of ∆x → 0.
The inline-SQUID is characterized by the time-dependent
Josephson energy, EJ (t), and its capacitance, C.

6.1

Bridging frequency gaps in off-resonant
couplings

To control the interaction between the resonator mode of circuit QED and
other physical systems such as qubits, one may use the ability to tune
the frequencies of the resonator mode using an in-line SQUID [220, 223–
225]. On a related, periodic modulation of SQUID parameters is used in
parametric amplifiers [86, 87], as presented in Sec. 2.4, and interactions
may appear between the modes of the resonator [141]. While changing the
frequency of a resonator allows tuning of the photon energies to match
energy differences in other systems, the quantized field does not necessarily
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adiabatically adjust to the change in frequency and the associated change
in mode function. Indeed, rapid motion of an optical mirror has been
predicted to lead to the creation of photons by the so-called dynamical
Casimir effect [226], and experiments in circuit QED have addressed the microwave equivalent by rapid modulation of a SQUID, altering the boundary
conditions of a waveguide with half open boundary conditions [166, 227].
In this section we study a periodically modulated SQUID (see Fig. 1 (a))
in a finite size waveguide with a discrete frequency spectrum. The goal
is to investigate how this driving leads to new, multi-frequency modes
and to characterize their frequency content. Then it is determined how
such modes can be used to bridge frequency gaps and coherently couple
different physical systems. In particular the new time-dependent modes
are used to couple two transmon qubits.

6.1.1

Multi-frequency resonance modes

To analyze the dynamics of a superconducting resonator modulated by an
inline-SQUID, a similar approach to Sec. 2.1 is following with the circuit
diagram in Fig. 6.1 (b). Here, we have represented the waveguide by a
series of LC-circuits. Each waveguide segment of length ∆x is associated
with an inductor with inductance LT ∆x and a capacitor with capacitance
of CT ∆x, with LT and CT are defined as the inductance and capacitance
per length of the waveguide. In the limit of ∆x → 0, the function φ(x, t)
describes the flux in the resonator. At the center of the waveguide we
introduce the inline-SQUID, which contributes a non-linear inductance set
by the Josephson energy, EJ (t), and a capacitance set by C.
The Lagrangian of the circuit is given by the expression,
2
1
∂x φ(x, t)
dx
L=
∂t φ(x, t) −
2
2LT
−d
C
2π∆φ(xJ , t)
+ (∂t ∆φ(xJ , t))2 + EJ (t) cos
,
2
Φ0
Z d 
CT

2



(6.1)

where ∆φ(xJ , t) = φ(xJ+ , t) − φ(xJ− , t) denotes the change in the flux
variable, φ(x, t), imposed by the discrete boundary conditions at the inlineSQUID [141]. In the following the cosine term is expanded to second order
in ∆φ and, as usual (see Chapter 3), the higher order terms can as usual
be reintroduced as a perturbation [141].
The Euler-Lagrange equation,
∂x

∂L
∂L
∂L
+ ∂t
−
= 0,
∂(∂x (φ(x, t))
∂(∂t (φ(x, t)) ∂φ(x, t)

(6.2)
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yields the wave-equation for the phase variable along the waveguide resonator
−v 2 ∂x2 φ(x, t) + ∂t2 φ(x, t) = 0,

(6.3)

√
where v = 1/ CT LT denotes the propagation speed of the wave. We
assume that our resonator obeys open boundary conditions at its ends
at x = ±d, while at xJ = 0 the SQUID defines boundary conditions,
parametrized by the time-dependent Josephson energy, EJ (t), and the
capacitance, C, of the SQUID,
∂φ(x, t)
=0
∂x
x=±d
∂ 2 ∆φ(0, t) (2π)2 EJ (t)
1 ∂φ(x, t)
=C
+
∆φ(0, t).
LT ∂x
∂t2
Φ20
x=0±

(6.4)
(6.5)

Equations (6.3)–(6.5) define the time-dependent mode functions of the
circuit that we shall first calculate and then use as basis for the quantum
interaction with additional circuit elements.
The magnetic flux, Φ(t), through the SQUID is here assumed to be
modulated periodically around a non-zero value, leading to a harmonically
varying Josephson energy,
EJ (t) = EJ,0 + δEJ cos ωd t.

(6.6)

For the linearized problem with the time-dependent boundary condition,
the periodicity of the driving is used when transforming the resonator
fields into frequency space,
1
φ(x, ω) = √
2π

Z ∞

φ(x, t) e−iωt dt.

−∞

(6.7)

We rewrite the wave-equation as
v 2 ∂x2 φ(x, ω) + ω 2 φ(x, ω) = 0.

(6.8)

while the boundary conditions in frequency space become:
∂φ(x, ω)
∂x

x=0±

= LT Cω 2 ∆φ(0, ω)
+ LT

∂φ(x, ω)
∂x

x=±d

= 0.

(2π)2 EJ (ω) ⊗ ∆φ(0, ω)
√
,
Φ20
2π

(6.9)
(6.10)
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In Eq. (6.9), EJ (ω) ⊗ ∆φ(0, ω) denotes the convolution product, which is
readily calculated since EJ (ω) = EJ,0 δ(ω) + δE2 J (δ(ω + ωd ) + δ(ω − ωd )),
EJ (ω) ⊗ ∆φ(0, ω) =
δEJ
(∆φ(0, ω + ωd ) + ∆φ(0, ω − ωd )).
EJ,0 ∆φ(0, ω) +
2

(6.11)

Since the coupling to the SQUID in Eq. (6.1) cancels for even modes
(∆φ(xJ , t) = 0), we consider only odd solutions to Eqs. (6.8) and (6.10),
i.e., solutions in the form
φ(x, ω) =

φ(ω) cos ω/v (d − x)

−φ(ω) cos ω/v (−d − x)

(



for x > 0,
for x < 0.

(6.12)

These functions display the discrete jump at x = xJ = 0 necessary to
fulfil the boundary condition (6.9), which leads to the equation
ω 
ω 
ω
LT d
cos
d sin
d φ(ω) = 2
d φ(ω)
v
v
LJ
v
ω + ω 
LT d
d
cos
d φ(ω + ωd )
+2
δLJ
v
ω − ω 
LT d
d
+2
cos
d φ(ω − ωd ),
(6.13)
δLJ
v
√
√
where we have defined LJ = 2πΦ20 /(4π 2 EJ ) and δLJ = 2 2πΦ20 /(4π 2 δEJ ).
We have neglected contributions from the Josephson capacitance, assuming
typical values obeying Cω 2  LT /LJ [227].
Equation (6.13) can be solved numerically for the allowed discrete values
of ω and the corresponding vector of amplitude strengths φ(ω + mωd ).
For our purpose it is sufficient to approximate the system and restrict
ourselves to a dominant frequency component, ω, and two sidebands, ω±ωd ,
and ignore coupling to further frequency components ω ± 2ωd , .... With
this approximation the carrier and sideband components of the system
eigenmodes have wave numbers that obey

2LT d cos kd
kd =
+
LJ sin kd
+

2LT d 2 cos kd
δLJ
sin kd cos k− d
2LT d
LJ cos k− d + k− d sin k− d

2LT d 2 cos kd
δLJ
sin kd cos k+ d
.
2LT d
LJ cos k+ d + k+ d sin k+ d

(6.14)
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Figure 6.2: The mode-functions when we modulate the
SQUID with a frequency ωd = 2π × 2.0 GHz and δEJ /EJ,0 =
0.4 for a mode with kd = 4.614 (ω = 2π × 7.343 GHz). The
green solid line shows the central frequency component uω (x)
while the orange dashed and the blue dash-dotted lines show
the sideband components u− (x) and u+ (x) respectively. The
parameters of the resonator are d = 1.2 cm, EJ,0 /~ = 2π×715
GHz, v =p1.2 × 108 m/s and LT = 416 nH/m (corresponding
to Z0 = LT /CT = 50 Ω).

where k = ω/v and k± = (ω ± ωd )/v. The amplitudes of the sidebands are
given by
φ(ω ± ωd ) =

2LT d
δLJ

2LT d
LJ

cos kd

cos k± d + k± d sin k± d

φ(ω) ≡ A± φ(ω).

(6.15)

We notice that to first order, the amplitude of the sidebands are inversely
proportional to δLJ and hence proportional to the driving amplitude δEJ .
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Now we transform our solution back into the time-domain where the
solution to the wave equation attains the form:
φ(x, t) = sign(x) cos k(sign(x)d − x) cos(ωt)φω


+ sign(x) cos k+ (sign(x)d − x) cos(ω+ t)φ+


+ sign(x) cos k− (sign(x)d − x) cos(ω− t)φ−

(6.16)

= uω (x)φω (t) + u+ (x)φ+ (t) + u− (x)φ− (t).

(6.17)



In the last line we have separated the terms into space-dependent uj (x)
with values exploring the range [−1, 1], while the amplitudes governed by
(6.15) are included in the time-dependent functions φj (t) = cos(ωj t)φj .
We show an example of the mode-structure in Fig. 6.2, where the
solid line shows the carrier function uω (x) and the dashed curves show the
two associated side band mode functions u± (x). The solutions have three
nodes and correspond to the 3rd mode of the resonator. Only odd modes
acquire sidebands due to the coupling to the SQUID, and in Fig. 6.3 we
show how the solution of Eq. (6.14) for the 1st, 3rd and 5th mode leads
to eigenfrequencies that vary with the modulation strength, δEJ /EJ,0 . In
Fig. 6.3 we notice a frequency shift of the order of 10 MHz, which is much
larger than typical bandwidths of superconducting resonators and cannot
be predicted without taking the full dynamics into account.
To reach the solution (6.17), we assumed that the sidebands at ω ±ωd in
(6.13) are present and that the coupling to further components at ω ± 2ωd
is negligible. This assumption is fulfilled for applications in this section,
where we deal with A± ∼ 10−2 , significantly limiting higher sideband
exitation. When the system is externally driven on resonance with the
values of ω shown, or at the sidebands ω ± ωd , the modulation of the
SQUID at ωd causes the effective excitation of the multi-frequency solution
(6.17). While (6.17) is derived under the assumption of periodic driving,
it also holds during transient excitation of the system or coupling to
other systems, as long as the resulting evolution is slow with respect to
the natural frequencies, i.e., ω± , ω  Gmax , where Gmax is the maximal
interaction strength and hence rate of change of the excitation amplitude.

6.1.2

Quantization of the multi-frequency modes

To treat the time dependent modes derived above quantum mechanically, we
observe that the central frequency amplitude φω (t) oscillates at frequency
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Figure 6.3: Classical resonances for the odd modes of a
resonator calculated by Eq. (6.14) with the same parameters
as in Fig. 6.2. We modulate the SQUID with varying
strengths at a frequency ωd = 2π × 2.0 GHz . In (a) we show
the variation of the central frequency of the 1st mode, in (b)
the 3rd mode and in (c) the 5th mode. The even modes are
not considered, since they do not experience the modulation
of the SQUID.
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ω, consistent with the quadratic Lagrangian,
L=

Cω
1
φω (t)2
φ̇ω (t)2 −
2
2Lω

(6.18)

where Cω is conveniently represented by the parts of (6.1) that depend on
φ̇ω (t)
Cω = 2

Z d

CT cos2 k(d−x) dx + C cos2 kd

0

= CT d 1 +


sin 2kd 
+ C cos2 kd.
2kd

(6.19)

The full Lagrangian, indeed, depends on φ̇ω (t) also via the sideband
components, but by setting Lω = 1/(Cω ω 2 ) in (6.18), we ensure the right
evolution frequency of the amplitude variable. The error that we make
by assigning the approximate values of Cω and Lω will only cause relative
changes of order A± or A2± in the coupling strengths used later in the
article.
Introducing the canonical conjugate pair of variables, φ = φω (t),
q = ∂L/∂ φ̇ω (t) = Cω φ̇ω (t), we obtain the effective harmonic oscillator
Hamiltonian for the mode
1 2
1 2
q +
φ .
2Cω
2Lω

H=

(6.20)

Applying usual canonical quantization, we impose [φ, q] = i~, and define
annihilation and creation operators as in Sec. 2.1,
s

q=i
s

φ=

~Cω ω †
(a − a),
2

(6.21)

~
(a† + a),
2Cω ω

(6.22)

which obey [a, a† ] = 1 and allow rewriting of the quantum mechanical
Hamiltonian in the well known form
1
H = ~ω a a +
.
2


†



(6.23)

By construction, this Hamiltonian yields the dynamics of the amplitude of
the central frequency component of the driven ω-mode, and Eqs. (6.15,6.17)
account for the physical circuit observables that oscillate at ω and ω± .

Chapter 6 · Implementing controllable couplings

146

Coupling physical systems across frequency gaps
Our quantization of the multi-frequency mode suggests the operator form
of the positive and negative frequency parts,
1
φ̂(x, t) =
2

s


~
a(t) uω (x) + A+ e−iωd t u+ (x)
2Cω ω

+A− eiωd t u− (x) + h.c.,


(6.24)

where a(t) is given in the Heisenberg picture, and therefore φ̂(x, t), due
to (6.23), acquires oscillations at the frequencies ω and ω ± ωd . From
φ̂(x, t) we can express all other variable of interest like the voltage, charge
distribution etc. As an example we can consider the voltage operator
∂ φ̂(x, t)
∂t
s

~
i
a(t) ωuω (x) + ω+ A+ e−iωd t u+ (x)
=−
2 2Cω ω

V̂ (x, t) =

+ ω− A− eiωd t u− (x) + h.c..


(6.25)

(6.26)

Electric charges and dipoles couple to the voltage along the waveguide,
and the expression (6.26) implies that the driving of the in-line SQUID
allows to bridge the frequency gap between the quantized circuit degrees of
freedom and auxiliary quantum systems if they have transition frequencies
equal to any one of the frequencies ω and ω ± ωd - in the same way as
a pump laser field may assist a quantized optical probe in the driving of
atomic Raman transitions and optomechanical motion.
The coupling may have different forms, but if a quantum system S
is detuned by a small amount δ, from one of the multimode frequency
components, the joint system dynamics is given by a Hamiltonian, which
in the interaction picture takes the form,
H = ~δ a† a + ~G(a† b + b† a),

(6.27)

where the coupling strength G depends on the physical coupling mechanism
and b (b† ) is the lowering (raising) operator of excitations in S. This
Hamiltonian is known as a beam-splitter interaction, which adiabatically
transfers the quantum state of S to the resonator. For the application of the
resonator as a quantum bus this is the desired interaction. For a physical
component with excitation frequency ωS ∼ ω ± ωd , situated at x = xt and

6.1 Bridging frequency gaps in off-resonant couplings

147

G/2π (MHz)

8

4

0
0

0.1

0.2

δEJ
EJ,0

0.3

0.4

Figure 6.4: (Color Online) Coupling strength of the two
lowest states of a transmon to the resonator mode. The
frequencies are such that ω10 = ω− = ω − ωd , where ω is the
frequency of the 1st mode in a resonator with d = 0.25 cm
and ω = 2π × 10.82 GHz in the absence of modulation. The
transmon is located at xt = 0.1d and it has EJ /EC = 80 and
β = 2/3. The thick (green) line is calculated by Eq. (6.28)
for the modulation frequency set to ωd = 2π × 6 GHz while
the thin (blue) line shows Eq. (6.28) for ωd = 2π × 0.5 GHz.
The dashed (orange) line shows the result of a quasi-static
aspproximation independent of the modulation frequency [6].

coupled to the local value of V̂ (x, t), we obtain G± ∝ (ω ± ωd )A± u± (xt ),
while the value Gω ∝ ωuω (xt ) is obtained when ωS ∼ ω. We will write
this coupling for the former case as
g ω ± A±
G± = √
u± (xt ),
4 ~Cω ω
where g is determined by the auxiliary system observables.

(6.28)
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As a simple example we consider a transmon capacitively coupled to
the resonator [42] at position xt . The transmon has quantized charge and
phase variables n̂ and ψ̂, such that its Hamiltonian is given by the standard
transmon Hamiltonian Ht = 4EC (n̂ − ng )2 − EJ,t cos ψ̂ (see Sec. 2.2), while
it couples to the resonator with
HI = 2eβ n̂ V̂ (xt )

(6.29)

where β = Cc /CΣ denotes the ratio between the coupling capacitor and the
total capacitance of the transmon. In the limit of EJ,t  EC , the transmon
can be approximated as a two-level system with the charge operator given
by Pauli transition operators between its eigenstates
E

n̂ = i

J,t

8EC

1/4 1

√ (σ † − σ).
2

(6.30)

The coupling constant g between the system states in (6.28) thus becomes [42] (see also Sec. 2.3)
g = 2eβh1|n̂|0i =

√

2eβ

E

J,t

8EC

1/4

.

(6.31)

For realistic transmon and resonator parameters, the coupling strength
G− to the lower sideband of the first mode of a short resonator is shown
in Fig. 6.4 for different values of ωd . Characteristic resonant coupling
strengths of transmon qubits to coplanar waveguides are a few hundred
MHz [43], and we expect, within the validity of our approximations, to
obtain few MHz coupling strengths between transmons and waveguides
when a GHz of frequency separation is bridged by the modulated SQUID.
We, indeed, observe such values in the figure, and we also observe the
expected increase of the coupling strength with the modulation amplitude
δEJ . Due to the factor of ω− in the expression for G we obtain a lower
value when we modulate with a higher frequency. In the figure we have
also included a simplified calculation using a quasi-static approximation [6].
This quasi-static approach yields a coupling that is independent of the
modulation frequency and in the regime of small modulation frequency
and amplitude it matches well to our more accurate calculation.
We have chosen parameters to ensure a large free spectral range for the
transmon qubits, since close to a resonance a dispersive coupling between
the transmon and the resonator mode of strength (see also Sec. 2.2)
χ = G2ω

α
,
~∆(~∆ + α)

(6.32)
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may alter the dynamics. In Eq.(6.32), ∆ = ω10 − ω, Gω is the coupling
strength to the center frequency and α = −EC is the anharmonicity of the
transmon [42]. For the parameters used for the thick green line in Fig. 6.4
the small value χ ≈ 2π × 0.2 MHz is obtained, and it is independent of
the modulation frequency amplitude.
The multi-frequency modes were calculated using a linearized Lagrangian. Treating the non-linearity of the Josephson Hamiltonian as
a perturbation on the single mode Hamiltonian, we obtain the Kerrnonlinearity [81, 141],
EJ,0 2π ~/2Cω ω
=−
4
Φ0
p

HN L

!

cos4 kd a† a† aa.

(6.33)

This term is small for the parameters used in this paper, but in combination with the ability to couple systems at very different frequencies, its
application, e.g., for the generation of non-classical states of the oscillator
mode may be useful.

6.1.3

Multi-frequency modulation and Multi-Qubit gates

A drive at the inline-SQUID may not only couple systems resonantly, but
it may also be at off-resonant frequencies and thus establish sidebands,
which can interact selectively with different systems. The multi-frequency
mode can therefore couple to two different transmon qubits and obtain
a bichromatic two-qubit entangling gate, similar to gates applied in ion
traps. Trapped ions, in contrast to superconducting qubits, can be excited
by laser fields at a frequency sideband that excites their collective vibrational motion, and a bichromatic scheme, using laser frequencies detuned
symmetrically around the internal state transition frequency, can be used
to entangle the internal state of two or more ions [228–230]. An analogous
scheme for circuit QED uses the multi-frequency resonator modes to accomplish a similar entangling operation among transmon qubits. If the central
frequency component of the quantized field has frequency ω, and the qubits
have frequency Ωi , driving the SQUID at ωt,i = ω − Ωi makes the transfer
of excitation between the qubit i and the lower multi-frequency sideband
almost resonant. If, at the same time, the SQUID is driven at ωp,i = ω +Ωi ,
a parametric interaction, leading to the joint excitation (and deexcitation)
of the resonator mode and the transmon, becomes resonant. Detuning of
these two driving terms by a small amount δ and having two transmons,
leads in the interaction picture with respect to the transmons and single
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Figure 6.5: (a) Setup with two transmon qubits placed at
xI = 0.1d and xI = −0.1d. (b) Time evolution of twoqubit density matrix elements obtained by a simulation of
the master-equation with the Hamiltonian in Eq. (6.34),
a resonator decay-rate of κ = 2π × 50 kHz, and transmon
decay and dephasing lifetimes T1 = 55 µs (Q-factor of 2M)
and a puse dephasing time, Tφ = 55 µs. The transmon
qubits have different excitation frequencies Ω1 = 2π × 6.0
GHz and Ω2 = 2π × 6.5 GHz and the resonator frequency
is 2π × 10.82GHz. For parameters described in the text we
obtain the Hamiltonian (6.34) with G = 2π × 2.5 MHz and
δ = 2π × 10 MHz. In the simulation we have also included a
kerr-term with magnitude given in Eq. (6.32).
mode Hamiltonian to the near resonant coupling of the transmons and
resonator field operators,
HI = ~G

X

(ae−iδt + a† eiδt )(σ+,n + σ−,n ).

n=1,2

(6.34)
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Unlike the ion trap implementation, where laser frequencies differing by a
relatively small amount are applied to the ion qubits, our driving fields
are applied to the resonator system and their frequencies differ strongly
(by twice the qubit transition frequency, ωp − ωt ∼ 2Ω). The interaction
Hamiltonian, however, is the same, and the analysis in [230] applies for
both the trapped ions and for the superconducting qubit system. We can
hence use the scheme to accomplish a two-qubit entangling gate as part of
a universal gate set and with more transmon qubits, we may also prepare
multi-qubit entangled states.

For two transmons well separated in frequency, we merely have to
modulate the in-line SQUID by separate pairs of modulation frequencies,
ωt,n = ω − δ − Ωn , ωp,n = ω − δ + Ωn and strengths, to recover Eq.
(6.34). In Fig. 5 we illustrate a coplanar waveguide resonator coupled to
two transmon qubits with different transition frequencies, Ω1 = 2π × 6.0
GHz and Ω2 = 2π × 6.5 GHz. We modulate the SQUID at frequencies
{ωt,1 , ωp,1 , ωt,2 , ωp,2 } = 2π × {4.366, 17.366, 4.866, 16.866} GHz and with
the amplitudes {δEJ,t1 , δEJ,p1 , δEJ,t2 , δEJ,p2 }/EJ,0 = {0.1581, −0.1584,
0.1682, −0.1687}, leading to the Hamiltonian (6.34), with G = 2π × 2.5
MHz and δ = 2π × 10 MHz. With these parameters, an entangling gate
has the duration τ = 2π/δ = 100 ns [230], as indicated in Fig. 5 (b) by
the time evolution of the two-qubit density matrix elements. The three
matrix elements shown in Fig. 6.5 are, in the ideal case, the only non-zero
matrix elements of the two-qubit density matrix and thus the concurrence
can be expressed as 2 Im(ρee,gg ). In the calculation, we have taken the
finite coherence and excitation lifetimes of the qubit and of the resonator
into account, and we obtain a maximally entangled state with a fidelity
F = 98.9%, which is completely limited by decoherence.

Since the rapid modification of SQUID parameters is already routinely
accomplished for rapid tuning in laboratories and the harmonic driving
is used in parametric amplifiers [86, 87], the current proposal can be
implemented with devices that can be readily constructed. The analysis
presented here also readily generalizes to multi-qubit systems, where the
frequency control of the SQUID modulation may be used to control one
and two-qubit gates as well as multi-qubit entanglement operations on any
qubits in the resonator.
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Implementing a four-body interaction term

An alternative approach to quantum computing is the technique of adiabatic
quantum computing (AQC), which was formulated with the hopes of
achieving quantum speedups in finding the solution to, among other things,
the Ising problem [231]. In AQC, the "quantum computer" is slowly evolved
from the ground state of a trivial initial Ising Hamiltonian to that of the
final Ising Hamiltonian encoding an optimization problem. Since the state
of the system will then always be close to ground state of the instantaneous
Hamiltonian, the system will not decohere and therefore the quality of
the individual qubits are not detrimental as long as precise control is
available [232].
To successfully perform AQC, several conditions must be met: (i) The
Ising spins must be implemented in an appropriate physical system, where
control and readout of each individual spin is possible. Typically a qubit,
such as superconducting qubits [233–236], is used to represent the Ising
spin. (ii) The evolution must be sufficiently slow to avoid non-adiabatic
evolution. (iii) The system must have full connectivity to be able to
encode any problem. This challenge has in particular been addressed by
embedding long-range interactions in system with only local connectivity.
Recently, a new embedding scheme was proposed by Lechner, Hauke
and Zoller (LHZ) [237] in which N logical Ising spins are encoded in
M = N (N − 1)/2 physical spins along with M − N + 1 constraint couplings.
The physical spins represent the relative configuration of two logical spins.
An all-to-all connected Ising problem in the logical spins is realized by
mapping the logical couplings onto the local fields of the physical spins
and a problem independent four-body coupling to enforce the constraints.
Despite great efforts in solving these challenges, there is still a long
way before a general purpose AQC algorithm can be implemented and
it is imperative to search for novel ideas for implementation of AQC
that promise great controllability, connectivity and, as a result, improved
computational abilities. In [14] we propose to encode the Ising problem
in a network of two-photon driven Kerr nonlinear resonators (KNR). In
this scheme, a single Ising spin is mapped onto the phase of a coherent
state, |±αi, which constitutes a two-fold degenerate steady state of the
two-photon-driven KNR in the rotating frame of the drive [222]. While
the primary concern of [14] is the evaluation of the performance of AQC
algorithms, this section will focus on the physical implementation of a
four-body interaction necessary to implement the LHZ scheme, when Ising
spins are encoded as coherent states of a KNR. For this purpose we need
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Figure 6.6: A four-body interaction is created using a single
SQUID. The coupling can be either static or it can be driven
by an external flux.
a four-body interaction of the form
Hc = −F(α1 α2 α3 α4 + h.c),

(6.35)

where αi = âi or â†i and âi is the mode operator for resonator i. Because
we choose the coherent phase α to be real, the hermitian conjugate can be
applied to any number of the resonator operators. To implement this fourbody interaction, some amount of non-linearity is needed as otherwise only
several two-body interactions between pairs of resonators will be present.
One problem that may occur is, however, that a given implementation
often comes along with lower order coupling as well, which will often be
of a much larger magnitude. Therefore, it is necessary to engineer the
coupling such that only the four-body term is resonant.
The non-linearity of a SQUID (or just a single Josephson junction) is
one possibility to implement this four-body interaction, see a sketch in
Fig. 6.6. The potential for a SQUID with a phase-difference, Φ,
U (Φ) = −EJ cos(Φx ) cos(Φ/φ0 )


≈ −EJ cos(Φx ) 1 −

(6.36)

1 2
1
Φ +
Φ4 ,
24φ0
2φ20


(6.37)

with φ0 = ~/(2e) being the reduced flux quantum and Φx being the external
flux through the SQUID loop that can be used to tune the effective coupling.
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We see from the expansion that we indeed get a fourth order term, which
is exactly what we intend to use to implement the desired coupling.
The challenge is now to design an appropriate circuit such that we
obtain a phase difference on the form
Φ = Φ̂1 + Φ̂2 + Φ̂3 + Φ̂4

(6.38)

Φ̂i = Φ0i (âi + â†i ).

(6.39)

where we have

Going to a frame rotating at each resonator frequency, ωi , for each resonator,
we have
âi → âi e−iωi t

(6.40)

Applying this transformation directly yields all terms off-resonant unless
the rotation frequency of each term cancels. Furthermore, we can drive
the external field with a time-dependent flux of frequency ωd . Therefore
we get the condition for the four-body interaction to be resonant
ω1 ± ω2 ± ω3 ± ω4 − ωd = 0.

(6.41)

Here the sign ± in front of ωi decides whether αi in Eq. (6.35) is âi or
â†i such that the term is resonant with drive. Therefore, the simplest
implementation can be achieved by choosing ωd = 0 and ω1 + ω2 = ω3 + ω4 ,
which will create the static SQUID interaction
Hc = −F(â1 â2 â†3 â†4 + h.c).

6.2.1

(6.42)

Calculating the coupling

We consider the general coupling Lagrangian given by
Lc =

4
X
C
j=1

2

(φ̇j − φ̇c,j )2 + Lc

(6.43)

with the four resonator phases, φj , which map onto the operators âj + â†j
in the quantum regime. Similarly we have φc,j as the phase variables of
the inner coupling circuit that each couple to φj . Notice that φc,j may be
identical depending on the specific implementation. Finally we have the
coupling Lagrangian, Lc , that includes the SQUIDs of the coupling circuit.
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The coupling circuit will typically consist of several normal modes,
each of which may couple to the resonators. We will focus on only one
mode, âc of the coupling circuit, in other words, we require that only one
mode is relevant (near resonant) with the four resonators. Therefore we
can write the Hamiltonian for the combined system as
H = ωc â†c âc +

4 
X

ωj â†j âj + gj (âj â†c + â†j âc ) + Hnl ,


(6.44)

j=1

where Hnl include all non-linear terms.
Our goal is to obtain a non-linear coupling between all aj , but Hnl
contains only terms including âc . Moreover, the coupling mode, âc , is
expected to be only weakly perturbed by the resonator fields, âj . Therefore,
we express the âc -mode in terms of the dressed modes of the system by
writing the bilinear Hamiltonian part of the Hamiltonian as
0 g1 g2 g3 g4
g ∆
0
0
0
1
 1


0
†
0  ~a = ~a† G~a
H = ~a g2 0 ∆2 0


g3 0
0 ∆3 0 
g4 0
0
0 ∆4




(6.45)

with ∆j = ωj − ωc and ~a = (ac , a1 , a2 , a3 , a4 )T . The matrix G can be
diagonalized such that the Hamiltonian is given as H 0 = ã† Dã. In order to
obtain a new Hamiltonian that contains the four-body interaction, we first
express the linear Hamiltonian in the dressed modes ãi . The bare mode,
âc , can then be expressed in terms of the diagonal modes ãi such that
âc =

4
X

pi ãi ,

(6.46)

i=0

with ãj being the renomalized resonator modes, âj , (with 0 ≡ c) and
P
|pi |2 = 1 in order to preserve the commutator relations. Similarly, a
0 can be
transformation of the non-linear part of the Hamiltonian, Hnl
expressed in the dressed modes and will then couple then couple each
of the modes, ãj . The mode ãc is then far off-resonant and we neglect
0 as the Hamiltonian,
contributions for this such that we have H = H 0 + Hnl
which ideally should contain resonant terms of the type in Eq. (6.35) but
for the dressed modes.
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Figure 6.7: Four resonators coupled via a SQUID. The
SQUID may be driven by an AC-flux, Φ(t).

6.2.2

Static SQUID coupling

The simplest implementation of the desired four-body interaction is by a
single static SQUID. Lets draw a circuit of such a system, see Fig. 6.7
with Φ(t) = 0. We can write the Lagrangian for the SQUID as,
L=

Ch
(φ̇l − φ̇1 )2 + (φ̇l − φ̇2 )2
2
i

+ (ϕ̇r − φ̇3 )2 + (φ̇r − φ̇4 )2
+

CJ
(φ̇l − φ̇r )2 + EJ cos((φl − φr )/φ0 ).
2

(6.47)

with φr and φl being the phase variable on the right and left side of the
SQUID respectively. We now consider the two variables φc = φl − φr and
φΣ = φl + φr and notice that φΣ does not have any potential energy, so
we will ignore this mode. Now the Lagrangian reads
L=

Ch
(φ̇c /2 − φ̇1 )2 + (φ̇c /2 − φ̇2 )2
2
i

+ (φ̇c /2 + φ̇3 )2 + (φ̇c /2 + φ̇4 )2
+

CJ
(φ̇c )2 + EJ cos(φc /φ0 ),
2

(6.48)

and from the Euler-Lagrange equation we directly identify the normal
frequency of the coupling mode using a small angle approximation for the
cos-term
ωc =

s

EJ
,
+ CJ )

φ20 (C

(6.49)
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and similarly we find the coupling strengths
gj = (−1)f (j)

C
ωj ωc φ0j φ0c
2

(6.50)

with φ0j being the phase variable zero-point fluctuation of the âj -mode
p
φ0j = ~Z0 /2 with Z0 the impedance of the mode. We also have φ0c as the
coupling mode’s zero-point fluctuations given by
φ0c

=

s

~
.
2(C + CJ )ωc

(6.51)

The function f (j) sets the sign of the coupling by f (1, 2) = 1 and f (3, 4) = 0.
Now, we can obtain each modes contribution to the coupling mode, pj , as
in Eq. (6.46) such that we have
φ̂c =

4
X

φ0c pj (â†j + âj ).

(6.52)

j=1

Choosing the frequencies ω1 + ω2 = ω3 + ω4 yields the term â1 â2 â†3 â†4 (and
its Hermitian conjugate) resonant and we obtain the coupling strength
EJ p1 p2 p3 p4 φ0c
=
4
φ0


Fss

4

.

(6.53)

Now taking realistic number as C = 10 fF, CJ = 20 fF, EJ = 2π × 15
GHz which yield ωc = 2π × 8.76 GHz, and using (ω1 , ω2 , ω3 , ω4 ) = 2π ×
(7.8, 8.0, 8.2, 8.4) GHz the coupling becomes Fss ≈ 2π × 1 MHz.

6.2.3

Flux-driven SQUID coupling

The downside of the static coupling is that is will be on at all times, which
may not always be optimal, although in simple AQC problems it does not
seem to be a big issue [14]. Nevertheless, a time-dependent flux can be
applied to the SQUID leading to the replacement EJ → EJ (t), which makes
the coupling tunable. While this already allows for tunability, the change
in EJ will also change the couplings and detunings gi and ∆i . It turns
out to be advantageous instead to choose Φ(t) = Φ0 + Φd cos(ωd t), which
leads to EJ (t) = EJ,0 + δEJ cos(ωd t) as in Sec. 6.1. The Euler-Lagrange
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equation for the coupling mode in frequency space therefore reads
!

EJ,0
− (C + CJ )ω 2 φ̃c (ω)
φ20
4
 CX
δEJ 
= − 2 φ̃c (ω + ωd ) + φ̃c (ω − ωd ) −
ω 2 φ̃j (ω).
2 j=1
2φ0

(6.54)

This lead to flux dependent coupling mode frequency
ωc =

s

EJ,0
+ ∆ω(δEJ )
+ CJ )

(6.55)

φ20 (C

with ∆ω(x)/ωc  1 for typical parameters. We can now directly repeat
the calculations in Sec. 6.1. We set ωd = ω1 + ω2 − ω3 − ω4 and from Eq.
(6.54), we observe the âc -mode has sidebands from the modulation, thus,
the phase-operator should be written as
ϕ̂c = ϕ0c âc 1 + A+ e−iωd t + A− eiωd t + h.c.


(6.56)

with
A± =

δEJ /2
EJ0

−

φ0  2
2π (C

+ CJ )(ωδ ± ωD )

,

(6.57)

which we get from evaluating Eq. (6.54) in ωδ ± ωd . Collecting all the
relevant terms we arrive at the the interaction Hamiltonian
Hc,f d = −Ff d (a† b† cd + abc† d† )

(6.58)

and we find
F̃ =

p1 p2 p3 p4 φ0c
4
φ0


4 


δEJ
+ 4EJ,0 A−
2

(6.59)

to first order in A± .
To find the value of δEJ we notice that the potential of a SQUID given
as
−EJ cos(Φ(t)) cos(ϕδ /φ0 )

(6.60)

so to bring it on the form used above we have
Φ(t) = −Φ0 + Φd cos(ωd t).

(6.61)

6.2 Implementing a four-body interaction term

159

Figure 6.8: Circuit for implementing a microwave driven
four-body interaction using a Josephson ring modulator.
Ideally we would like ΦX to be as close to π/2 as possible, but this will
lower ωc . Inspired by recent experiments [166] we choose ΦX = 0.42π and
Φd = 0.06π. This can put EJ,0 in the same order of magnitude as in the
static case using a large SQUID and we directly evaluate δEJ = 0.7EJ,0 .
We can with this method control the coupling by changing Φd as a function
of time.

6.2.4

Josephson ring modulator coupling

Another problem in the above description is the fact that the coupling
mode was treated as an harmonic oscillator. This is not entirely true as
the anharmonicity for the parameters used in the example becomes around
2π × 50 MHz. A means to circumvent this is to replace the single SQUID
by a series of M SQUIDs. This will decrease the anharmonicity by M 2 , but
this is also true for the coupling strength. Again, this is not a major issue,
since the population of the coupling mode is still very small due to the
adiabatic condition [14, 222]. However, when increasing the amplitude of
the coherent states, α, the non-linearity will become an increasing problem.
Therefore we seek an alternative where we can decrease the anharmonicity but increase the coupling, for instance by microwave pumping.
For this purpose, we focus on the imbalanced shunted Josephson Ring
Modulator (JRM) as displayed in Fig. 6.8 [60, 238], which is the main
component also used for the JPC discussed in Sec. 2.4. This way of cou-
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pling has the advantage that the coupling internal mode frequencies is
set by the capacitances Cx and Cy and the inductance L, which allows
us to boost the coupling significantly by using a large Josephson junction
with EJ & 2π × 1000 GHz without affecting the coupling mode inductance.
Furthermore, with such a large junction, we have a large critical current,
which allows a a very strong classical pump field. The JRM consists of 4
orthogonal modes
φx = φ1 − φ3

(6.62)

φy = φ2 − φ4

(6.63)

φz = φ1 + φ2 − φ3 − φ4

(6.64)

φw = φ1 + φ2 + φ3 + φ4 ,

(6.65)

where the mode φw is a free mode and only couples to the rest by the
capacitances, so we neglect this mode, and we have the Hamiltonian for
the 3 coupled modes as
qy2
qx2
4qz2
H=
+
+
2(C + C2x ) 2(C 0 + C2y ) 2(C + C 0 + C2x +
1 
1 2
φx + φ2y + φ2z + UJ (φx , φy , φz )
+
2L
2

Cy
2 )

(6.66)

with UJ being the potential from the four Josephson junctions, which will
include the external fluxes. We write this potential as
UJ = −EJ cos(ϕ2 − ϕ1 + 3Φ) + cos(ϕ3 − ϕ2 + Φ)


+ cos(ϕ4 − ϕ3 + 3Φ) + cos(ϕ1 − ϕ4 + Φ)


1
= −EJ cos (ϕx − ϕy + ϕz ) + 3Φ
2

1
+ cos (ϕx + ϕy − ϕz ) + Φ
2
1

+ cos (−ϕx + ϕy + ϕz ) + 3Φ
2
1

+ cos (−ϕx − ϕy − ϕz ) + Φ
2

= −EJ 2 cos (ϕx − ϕy )/2 cos ϕz + 3Φ












(6.67)

(6.68)



+ 2 cos (ϕx + ϕy )/2 cos − ϕz + Φ ,




(6.69)
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with ϕi = φi /φ0 and Φ being the unit-less phases. We now choose Φ = π/2,
so we get
UJ = −EJ 2 cos (ϕx − ϕy )/2 sin ϕz






+ 2 cos (ϕx + ϕy )/2 sin ϕz
ϕx
ϕy
= −4EJ cos
cos
sin ϕz .
2
2












(6.70)
(6.71)

The x-mode will now couple to the four resonators as can be seen from
Fig. 6.8, while the z-mode is far detuned and only used for pumping the
four-body term. This leaves the y-mode neglectable. We then write the
Hamiltonian as
H=

ωi a†i ai +

X
i=1,2,3,4,x,z

+

4
X

4
X

Ka†i ai a†i ai

i=1

gix (a†i ax + a†x ai ) + giz (a†i az + a†z ai )

i=1

+ 2EJ

(2π)3 φ2x
(2π)5 φ4x
φz − EJ
φz + αp (t) qz ,
3
φ0
6φ50

(6.72)

where αp is the drive applied to directly couple the z-mode as indicated in
Fig. 6.8. We assume that the applied field can be written as
αp (t) = αd sin(ωd t)

(6.73)

so we can perform the rotating wave approximation and write the Heisenberg equation for az in frame rotating at ωz
ȧz = d ei∆d t −

4
X
κ
az − i
gjz aj ei(ωj −ωz )t + f (t)
2
j=1

(6.74)

with ∆d = ωd − ωz , d ∝ αd and f (t) containing the noise operators for
the decay channels with combined decay rate κ. If we assume that d is
sufficiently large and that gjz /(ωj − ωz ) is small, we will approximate the
mode with a c-number
az → αz =

d e−iωd t
,
∆i + iκ/2

(6.75)

where d is directly proportional to the amplitude α applied in Fig. 6.8.
The x-mode is not driven by any external fields and is, thus, only weakly
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perturbed by the non-linear resonators, a, b, c and d. Therefore, we can
adiabatically eliminate the x-mode as
ax =

j
X

pi ãi ,

(6.76)

i=1

Now if ωd = ωa + ωb + ωc − ωd , we obtain the interaction Hamiltonian as
the only resonant term.
H = −F̃ abcd† − F̃ ∗ a† b† c† d

(6.77)

with
F̃ = EJ

(2π)5 φ4x φz
d
.
p1 p2 p3 p4
5
∆d + iκ/2
φ0

(6.78)

Now
p by choosing a moderately large impedance for the JRM modes (Z =
L/(C + Cx ) ∼ 100 Ω), which can easily be realized with Josephson
junction arrays (see Chapter 3), we can obtain a very large tunable coupling
Fjrm ∼ 2π × 2 MHz. This was obtained with parameters (C = 15 fF,
Cx = 160 fF, Cy = 20 fF, C 0 = 18 fF) such that ωx = 2π × 9 GHz and ωz
resonant with ωd . Notice also that for the JRM, both the coupling mode,
x, and the drive mode, z, is purely harmonic and as such, we can increase
the coupling by increasing the drive, d .

Chapter

Conclusion, outlook and
some final thoughts
The field of circuit QED is actively being developed with the aim of
building the quantum technology of the future. Several milestones have
been reached in the pursuit of solving the challenges listed in Chapter 2.
Some of these are the transmon qubit [42], which defines a high coherence
qubit, the coupling of the transmon to a transmission line resonator
enables high fidelity readout of the qubit states and microwave signals
can control the state of the qubit. A number of methods also exist for
performing multi-qubit gates and scaling up chips to many qubits are
currently being realized [121, 133]. However, more efficient approaches for
multi-qubit gates and for scaling are still required before a fully operational
quantum computer is developed. Moreover, it is not clear if the fidelity
of present readout protocols are sufficient. While scaling of circuit QED
may, to some extent, be solved by improved microwave engineering, this
thesis argues that the solution should rely on the continuous development
of physically motived devices implemented in a modular approach and
optimized separately [32].
This final part of the thesis aims at giving a perspective on the challenges
in circuit QED that are to come in the near future on the basis of the
chapters of the thesis. This perspective will be given in four parts; the
first part will consider the challenge of engineering devices that can be
integrated in large scale devices, the second part will shed light on the
challenge of readout and will also draw on publications not covered in the
thesis, part three will discuss control and scalability and part four will
163
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take one step back compared to standard approaches for multi-qubit gates
and consider the couplings presented in Chapter 6.
(i) Chapter 3 discusses the use of Josephson arrays as a probe of
quantum optics effects and shows how a semi-classical description of the
quantum dynamics was insufficient. This is important knowledge for future
designs and motivates devices that actively use non-classical effects for
control or readout of quantum systems [53, 83, 137, 138, 168]. It was also
shown in Chapter 3, how the array can be used to implement ultrastrong
coupling dynamics in a manner that allows for efficient readout of this
dynamics. Since quantum computers ideally should be as fast as possible,
it is imperative to investigate the ultrastrong coupling regime and how it
can be used for quantum information processing [239–241]. In conclusion,
we argue that arrays of Josephson junction are versatile devices and focus
should be put on how to integrate them in current technology and take
advantageous of their properties.
(ii) A module already implemented in many current circuit QED
experiments is the readout resonator associated with each qubit and
possibly also with a Purcell filter. This enables, as mentioned (see Sec. 2.4),
high fidelity qubit readout [102]. The full readout process is however still
much slower than the time needed for qubit gates, which limits quantum
protocols requiring subsequent measurements and gates such as the surface
code implementation of quantum error correction [136].
In Chapter 4 we proposed new device for detection of microwave
photons. While current technology does not allow for this new device to
perform a faster qubit readout, the strategy presented here may prove
better in measuring higher order correlation functions, which can be used
for certain quantum simulation protocols [242, 243].
Another downside of the current dispersive readout method is the down
time after a measurement due to the photons in the readout resonator.
This disables the possibility for a new readout and it also complicates
subsequent gates, since the photons dispersively change the qubit frequency.
In [11] (see also [244, 245]) it is proposed to employ optimal control theory
to reset the readout resonator as fast as possible.
Finally, some quantum protocols may be improved by carefully considering the readout signal in a more complete analysis. Such an example is
presented in [12], where a quantum teleportation scheme is simplified but
requires a full Bayesian analysis [246, 247] of the readout for high fidelity
operations. As such, we conclude that while readout of quantum systems
is possible with high fidelity there are still challenges that needs attention
and the pursuit for future development should be inspired by approaches
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in Chapter 4 and in [11, 12].
(iii) The scaling to many qubit systems is the motivation for Chapter 5,
as many qubits requires a proportionally large overhead of classical operations. For example, the surface code [136] requires classical operations that
scales as the number of physical qubits squared (although the operations
are parallizable) [248]. This creates a huge overhead of classical operations
and strategies for how to performed these operation in an optimal way is
needed. The approach taken in Chapter 5 is that many classical operations can be performed in parallel within the cryogenic environment and
a few possible control elements are proposed. Together with optimized
classical microwave control [134], the classical overhead may be performed
more efficiently. As already alluded to, parts of the surface code may be
implemented in this way in a completely autonomous manner.
(iv) The challenge of high fidelity multi-qubit operation is also touched
upon in Chapter 6. Many other approach exist and aims either at improving already known gates [125, 249, 250] or by implementing new
approaches [126, 127]. In Chapter 6, an alternative approach to couple
different quantum systems with large differences in transition frequencies
is proposed. The idea of this gate is to couple the qubit via a parametrically pumped resonator. The approach is very similar to the gate already
experimentally implemented in [127], however the gate in Chapter 6 does
not add phase noise to the same extent as [127]. The physical implementation in [127] encourages a similar experimental realization of the gate
proposed Chapter 6 and in particular it encourages more effort to be put
into flux-driven gates.
While most this thesis is considering quantum information encoded
in transmon qubits, there is also a growing awareness of using the large
Hilbert spaces of resonator fields as quantum memories [61]. Chapter 6 also
considered this new path by encoding quantum states into the degenerate
steady states of a two-photon driven Kerr-resonator [222] and performing
adiabatic quantum computing with these [14]. In contrast to [61], the approach in [14] does not rely on dynamically corrected quantum states [60].
We extend the model of [222] using the LHZ scheme [237] which allows for
the encoding of general Ising problems. The main prerequisite for this approach to solve large scale optimization problems in the implementation of
a controllable four-body interaction, which we propose the implementation
of in Chapter 6.
With these final remarks, it is argued that the research presented in
this thesis contributes to solving the challenges listed in Chapter 2. While
these challenges will persist long into the future, quantum technologies
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may already emerge in a near future and the results in this thesis open new
avenues in making this possible. In conclusion this thesis presents a number
of quantum devices that can be implemented with current technology and
serve to open further research in the field of circuit QED.
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