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English summary
The recruitment of quantum effects holds the potential to revolutionize
the precision and applicability range offered by state-of-the-art sensors and
measurement devices, and thereby to facilitate profound advancements
in all branches of science and in our technology-based society. Quantum
metrology is concerned with the theoretical and experimental aspects of this
development, and with the recent advances in our abilities to manipulate,
control and measure single quantum systems, its theoretical ideas are now
more relevant than ever.
This PhD thesis addresses several facets of quantum metrology with a
main focus on the very special role played by the measurement process in
quantum theory. When a quantum system is measured, its state collapses
to be consistent with the outcome. It is crucial to take this measurement
backaction into account if a quantum probe system is repeatedly measured
or if it is continuously monitored. We show how this may be achieved
in different settings and our quantification of the measurement precision
reveals that backaction can be either beneficial or detrimental to the
estimation sensitivity in different circumstances. The thesis then proceeds
to theorize how a measurement controlled feedback, designed to cancel
the backaction, allows a topological transition in a quantum system to
be observed, and how an adaptive scheme induces a Lévy flight which
quickly converges to identify a dark resonance in a quantum system.
Next, it presents a highly sensitive quantum thermometer which lets the
sensor system, directly interacting with the thermal reservoir of interest,
coherently transduce information to a second meter system, used in the
read-out process. The closing inquiry reports how, in experiment and
in theory, it is possible to enhance the sensitivity in magnetic resonance
detection by squeezing the uncertainty in the microwave environment of a
spin ensemble. I conclude by discussing some promising research directions
and ideas inspired by the results presented in this thesis.
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Dansk resumé
Rekrutteringen af kvanteeffekter har potentiale til at revolutionere præcisionen og de mulige anvendelser af vores mest avancerede sensorer og
måleapparater og derved til at bane vejen for betydningsfulde fremskridt
i alle videnskabelige grene og i vores teknologibaserede samfund. Feltet
kvantemetrologi undersøger teoretiske og eksperimentelle aspekter af denne
udvikling og med de nylige fremskridt i vores evne til at manipulere, kontrollere og måle enkelte kvantesystemer, er dets teoretiske idéer nu mere
relevante end nogensinde.
Denne PhD-afhandling adresserer en række facetter af kvantemetrologi
med et hovedfokus på måleprocessens helt specielle rolle i kvanteteori.
Når et kvantesystem måles, kollapser dets tilstand for at blive konsistent med resultatet, og hvis et kvanteprobesystem måles gentagne gange
eller observeres kontinuert, er det således afgørende at tage højde for
denne måleforstyrrelse. Vi viser her, hvordan dette kan gennemføres i
forskellige sammenhænge og vores kvantificering af målepræcisionen afslører, at måleforstyrrelsen kan være enten gavnlig eller ødelæggende for
estimeringssensitiviteten under forskellige omstændigheder. Afhandlingen
beskriver desuden, hvordan et målekontrolleret feedback kan designes til
at ophæve måleforstyrrelsen og derved gøre det muligt at observere en
topologisk overgang i et kvantesystem, og hvordan en adaptiv protokol
inducerer en Lévy afsøgning, der hurtigt konvergerer til at identificerer
en mørk resonans i et kvantesystem. Dernæst præsenteres et højsensitivt
kvantetermometer, som virker ved, at et sensorsystem i direkte kontakt
med det termiske bad, kohærent overfører information til et metersystem,
hvilket benyttes i udlæsningsprocessen. Den afsluttende undersøgelse rapporterer, hvordan det både i et eksperiment og teoretisk er muligt at øge
sensitiviteten i magnetisk resonans detektion ved at klemme usikkerheden
i et spinsystems mikrobølgeomgivelser. Jeg konkluderer med en diskussion
af en række lovende forskningsretninger og idéer inspireret af resultaterne
præsenteret i denne afhandling.
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Preface
This thesis presents the main scientific results that I have obtained during
my PhD studies at the Department of Physics and Astronomy at Aarhus
University, Denmark. My studies were funded by the Villum Foundation
and further backed by an Elite Research travel grant from the Danish
Ministry of Higher Education and Science. The research was conducted in
the period between August 2014 and September 2018 under the supervision
of Professor Klaus Mølmer. In addition, I stayed for three months during
the spring of 2018 with the group of Professor Vittorio Giovannetti at
Scuola Normale Superiore (SNS) in Pisa, Italy.
The next pages provide a list of my publications. A significant part of
this thesis is reproduced directly from these, and each chapter begins with
an explicit account of the replicated material. The results presented in
the articles [1] and [2] represent research started during my undergraduate
studies. As such they helped define my PhD project and will be presented
in detail. Publications [3–5, 9–11] refer to projects between myself and
my supervisor Klaus Mølmer, and these manuscripts will be incorporated
in this thesis with only a few modifications to fit into a coherent thesis
setup. During 2016 and 2017, I collaborated with a visiting PhD student,
Peng Xu from Nanjing University in China. I acted to some extend as his
co-supervisor during his stay, and our work resulted in the article [6] of
which I am a main contributor. This paper is likewise reproduced as a
chapter with only a few paragraphs rearranged.
The paper [7] stems from an experimental collaboration with the group
of Professor Kater Murch at Washington University in St. Louis, USA. I
have contributed with theoretical modelling and simulations but that study
is at perimeter of the topic of this thesis so due to constraints of length it
will not be covered in much detail. The same goes for the preprint [12] which
covers the results of a project with the group of Professor Jacob Sherson
at Aarhus University where I have been mainly involved in discussions and
a few calculations along the way. The readers are, however, encouraged
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to explore the two manuscript in the expectation that they shall find the
topics enthralling.
Since the early stages of my PhD studies, I have been interacting with
the experimental Quantronics group, headed by Professor Patrice Bertet
at Université Paris-Saclay in France. This has resulted in the paper [8],
reporting an experiment performed by the group on which I have been
involved in the formulation of a theoretical model. The ideas, results and
theoretical background of this experiment are incorporated in a chapter
while non-essential experimental details are omitted.
My final publication [13] represents the outcome of my research at SNS
with Vittorio Giovanttti and Antonella De Pasquale. I have been the main
engine in this project and the article will be reproduced in a chapter with
very minor modifications.
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Chapter

Introduction and outline
Physics is a science of high precision measurements. By offering an evermore detailed understand of the fundamental workings of nature, it has
throughout history facilitated the devising and engineering of highly accurate instruments which, also beyond the realms of pure physics, have been
crucial in the advancement of human knowledge; ranging from medicine
and archaeology to the disciplines of astronomy, geology and biology and
to chemistry and material sciences.
This development continues, and new scientific discoveries as well as
technologies are increasingly reliant on high-precision, sub-microscopic
sensing tools. Quantum mechanics offers a promising platform on which
to develop such tools, and within recent years, we have acquired the
technical capabilities to manipulate and observe single quantum systems
in many different settings. In fact, the 2012 Nobel Prize in Physics
was awarded for “ground-breaking experimental methods that enable
measuring and manipulation of individual quantum systems” [14]. Today,
an immense number of research groups around the world routinely perform
experiments with and on a wide variety of different physical systems in the
quantum regime. Some of the most common platforms are photonic modes,
mechanical oscillators, cold atoms, ions, superconducting circuits, vacancy
centres in diamond structures and local impurities in different solid-state
systems; each of them having their own strengths and weaknesses. This fastpaced development allows us to probe and take advantage of the strange and
prodigious mechanisms such as superpositions and entanglement offered
by the quantum nature on a fundamental level.
Some studies suggest that evolution has already long ago reached a
stage where quantum effects are utilized by biological organisms [15]. For
1
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instance, quantum coherences can benefit transfer of energy in photosynthesis [16–19], while an explanation for the extraordinary navigation skills
of migratory birds has been sought in quantum enhanced magnetometry,
utilizing entangled spin-pairs for magnetoreception [20]. Whether this shall
prove true or not is an open question but it seems certain that, standing
at the verge of an era of quantum technologies, our species shall be the
first on planet Earth to consciously and deliberately recruit the quantum
aspects of nature for our benefit.
In the near future, the maturing of quantum computers promises to
deliver, for certain tasks, computational powers on scales unavailable
today [21–24] and allow simulations of complicated physical and chemical
processes which are beyond the capacity of classical computation devices
[25–27]. Additionally, quantum mechanics allows secure cryptography [28]
and communication channels [29, 30] and even batteries based on quantum
mechanical systems are being investigated [31, 32]. At the same time, the
extraordinary sensitivity of single atoms and atom-like systems such as
mechanical oscillators and nano-scale superconducting circuits [33–35] to
minute variations in local fields and temperatures are being exploited in
quantum sensor devices with spatial resolution on the nanometre scale
[36–43]. The eminent emergence of such devices will expand the range of
possible inquiries and experiments in many different branches of science.
A few examples where they already emerge are in biological imaging and
sensing [44–46], in astronomy for gravitational wave detection [47–51] in
magnetometry [52–58], in spectroscopy [59, 60], in electrometry [61], in
accelerometers [62, 63] and in far-field imaging with super resolution [64–
66]. Beyond that, the devices and gadgets emerging in the technology
of today rely heavily on sensing capabilities. Some examples are robotic
and automated systems, and in general the so-called Internet of Things
where our items, houses and appliances are constantly reporting on their
surroundings and, disturbingly, on our behaviour. Whether one likes it or
not, this development is coming and it begs for smaller and more precise
sensors; something which could be supplied by quantum technologies as
they move out of the laboratory and into industry [67, 68].
The growing field concerned with the theoretical and experimental
development of quantum systems and quantum effects for precision sensing
and estimation is denoted quantum metrology [33, 69, 70]. Its core idea is to
encode unknown quantities or parameters in the states of quantum systems.
The problem of learning such parameters is then a matter of discriminating
states corresponding to their different possible values. A chief goal of
quantum-enhanced metrology is to go beyond the classical (shot-noise),

1.1 Measurement backaction

3

√
√
1/ N (1/ T ) scaling of the statistical estimation error with the number
of physical resources N or effective probing time T . For instance, injecting
an entangled state of N photons allows an error proportional to 1/N (the
so-called Heisenberg limit) in interferometric measurements [34], just like
the error in estimating a parameter, unitarily encoded during a time T
in a closed quantum probe, scales as 1/T [71]. The advantage in the
latter case can be ascribed to the existence of quantum coherences in the
probe system. Even so, it is complicated to prepare entangled states of
many particles by non-probabilistic means and real systems are prone to
decoherence due to environmental interactions; two problems which often
dismiss the advantages in scaling [72–74]. See [75] for a recent review
of metrology with open quantum systems. As a consequence, quantum
enhanced scaling has this far only been achieved in proof-of-principle
experiments with limited values of N (e.g, [76–78]) or T [79]. Instead, at
the present stage of quantum technologies, it seems that a more realistic,
albeit less stirring, goal for near-future applications is to seek quantum
enhancement of the front-factor in the scaling; see, e.g., [72, 80]. Notice,
however, that some success has been reported in restoring the advantageous
Heisenberg scaling in open systems by quantum error correction [81–84]
or dynamical decoupling pulses [85], and that circumstances exist where
it is possible to explicitly correct errors by observing quanta emitted into
the environment [86, 87]. What’s more, the Heisenberg limit in phase
estimation has been demonstrated by adaptive measurements strategies,
not relying on quantum entanglement [88].
During my PhD study, I have touched upon several different aspects of
the field of quantum metrology, and this thesis presents a collection of my
humble contributions to its advancement. Next, I shall give an outline of
my research results and their appearance in the chapters.

1.1

Measurement backaction

Measurements hold a defining role in quantum mechanics. The theory provides statistical predictions for the outcomes of measurements performed
on any quantum system, and the exclusion of simultaneous measurements
of non-commuting observables limits the extractable information. However, measurements play an even more intricate role. In the Copenhagen
interpretation, the quantum state represents our knowledge of a physical
system, and any observation of such a system entails an update of the
state consistent with the outcome. This measurement backaction influences

4
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Figure 1.1: A measurement on a quantum system yields an outcome D
with a probability P (D|θ), reflecting an unknown parameter θ. The specific
outcome causes a backaction on the system which affects the distribution
P (D0 |θ) of subsequent measurement outcomes D0 .

the statistics of subsequent measurements on the same system, and one
may say that, in this sense, quantum measurements both extract and
create information [see Fig. 1.1]. A detailed understanding of this essential
quantum effect and how it may be utilized is highly beneficial in quantum
metrology applications, and several of my contributions [1–6, 11] are indeed
focused on this topic.
In Chapter 2, I begin by providing an introduction to some core concepts
in estimation theory with a focus on measurements on quantum systems.
This Chapter does not represent an original formulation from my part,
but rather a brief review of my understand of these subjects, acquired
during my PhD study. It will serve as a reference in the following chapters,
containing my own contributions. The chapter introduces a Bayesian
formulation of quantum estimation theory and the Fisher information
which via the Cramér-Rao bound quantifies the ultimate precision limit.
It then combines this with the notion of measurement backaction with a
special focus on quantum systems subject to continuous monitoring by,
e.g., a photon counter or a homodyne demodulator and provides a couple
of illustrative examples.
The backaction quenches the state of a probe system subject to continuous or repeated measurements, resulting in a detection record which
is correlated in time. The correlations are often advantageous for sensing
or estimation [1, 2, 4, 5, 11, 89–93], but at they same time they make
the evaluation of the associated Fisher information a non-trivial task. In
Chapter 3 based on [1] and [2] and Chapter 4 based on [3], I show how
this evaluation may be accomplished for continuous counting-type and
diffusion-type measurements on a quantum probe system. The theory
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is exemplified by considering the estimation of parameters governing the
evolution of simple systems with two or three levels, and the effects of finite
detection efficiency on the estimation precision are discussed. A similar
advantage of measurement induced quenches on many-body systems for
spectroscopy was recently identified [94].
Another ramification of the backaction is the possibility to realize
Zeno’s arrow paradox in the quantum world: The evolution of a quantum
system may be frozen by the backaction of frequent, strong measurements
[95, 96]. In Chapter 5 based on [3], it investigated how this quantum Zeno
effect interferes with our ability to retrieve information about parameters,
governing the dynamical evolution, from frequent measurements. While
the quantum Zeno effect should be avoided at all costs in an isolated
quantum system, a trade-off situation is identified for an open system,
experiencing a dephasing with time: The quench of the state associated
with the backaction rephases the system, but at the same time too frequent
measurements freeze the dynamics and do not allow a dynamical encoding
of the unknown parameter. This is a consequence of the fundamental
relationship between distinction and disturbance of quantum systems by
measurements [97, 98]
Similarly, the backaction can be problematic if one is concerned with
recording the unitary evolution of a system in the absence of measurements.
In Chapter 6 based on [6], we consider an example of this where the purpose
is to track the state of a simple toy-model as it undergoes a topological
transition by continuously observing the system. The measurement backaction inevitably alters this dynamics and hence inhibits the observation
of the transition but we show that by a detailed analysis of the backaction,
it is possible to implement a measurement feedback which restores the
original evolution, thus allowing the transition to be observed.
The trajectories of quantum systems, evolving conditioned on the outcomes of measurements, have been observed experimentally [7, 99–101].
Studies of their statistical behaviour from a thermodynamic perspective
by means of large deviation theory for both jump-type [102] and diffusiontype stochastic dynamics [103] emphasize how single and statistically rare
trajectories may exhibit behaviour which is very different from the mean.
This is, for instance, evident in the experiments reported in Refs. [7, 100],
where a superconducting qubit, monitored by homodyne or heterodyne
detection of its emission signal while it decays, evolves in a strikingly
different manner than the unconditional, exponential decay. I have been
involved in the theoretical modeling and supplementary simulations of the
experiment reported in [7]. Just like a quantum state ρ(t) is conditioned
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on measurements outcome obtained at earlier times t0 < t, measurements
performed at later times t00 > t also teach us about the system at the
earlier time t. In general, the combined record of past and future measurements allow better predictions for the possible outcomes of a hypothetical
measurement performed at the time t. This is the idea in the Past Quantum State formalism [104], and the experiment reported in [7] studies this
mechanism for a decaying qubit, subject to continuous monitoring and
a final postselection measurement. The experiment verifies the theory
and simulations which show that while individual trajectories behave in a
stochastic manner, the system density matrix is at all times restricted to
the surface of a deterministic, time-evolving ellipsoid on the Bloch sphere,
and that the same applies to the information available from future measurement outcomes, including the postselection. The trajectory mean is
not contained on these surfaces which highlights the substantial deviation
of individual trajectories from the ensemble average. Since their topic is
one of fundamental interest rather than quantum metrology, these results
shall not be explained in further detail here, but the inspired reader should
examine the article [7].
As emphasized above, understanding the evolution of a quantum system
on a single trajectory level rather than by an ensemble average facilitates
profound advantages in sensing applications. At the same time, it allows
measurement backaction to be used as a tool in quantum control. One
example from my work is Ref. [12], where we show how a target state
in a many-body system may be efficiently reached by a combination of
unitary dynamics and tailored measurements. The protocol combines that
of Ref. [105] with intelligent employment of the quantum Zeno effect to
lock subsets of the Hilbert space where the populations correspond to the
right target state. Quantum control is beyond the theme of this thesis and
Ref. [12] will not be covered in any detail.
Another place, where the quantum trajectory picture may constitute
an enlightening guide, is in the devising of non-conventional estimation and
sensing protocols. An example of such a protocol is presented in Chapter 7
based on [5], where we consider the precise identification of a dark resonance
in a three-level system driven by two laser fields. Conventional methods
perform this task by recording the fluorescence during a systematic scan of
the laser frequency over the relevant range. We propose to instead perform
a random search in which the frequency of one of the lasers is shifted
randomly every time a fluorescence photon is detected. At resonance,
destructive interference causes the system to enter a dark state where
it ceases to absorb and re-emit photons. Our analysis shows that the
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Figure 1.2: Contrary to Brownian motion, a Lévy flight is dominated by
a few, very long steps.

trajectory of the system state and of the laser frequency describes a Lévy
flight [see Fig. 1.2] which brings the laser frequency close to the resonance
such that it composes a precise estimator. Due to the nonergodic evolution,
the scaling of the precision with time does not follow from the conventional
Cramér-Rao bound which relies on asymptotic normality, but a Lévy
statistical analysis shows that with efficient photo detectors our protocol
outperforms a systematic scan.

1.2

Hypothesis testing

Helstrom [106] formulated one of the founding question in the field of
quantum information as he considered the ultimate distinguishability
of distinct quantum states. This is among many places important for
quantum communication channels [29, 107] and in metrology, quantum
hypothesis testing is formally a problem of discriminating states evolved
under different candidate Hamiltonians. If the probe is an open system, the
ultimate discrimination capability is defined by full state of a system and
its environment. In Chapter 8 based on [10], we show how this capability
may be evaluated for any number of distinct Hamiltonian candidates by
numerically efficient means. The results are illustrated by three realistic
examples of multihypothesis testing with open quantum systems.
The optimal measurement observable, associated with the lower bound
on the probability in assigning a false hypothesis based on the outcome,
corresponds in general to a highly non-local measurement on a system and
its environment and is thus hard to implement in practice. Instead, one
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must rely on sub-optimal but experimentally feasible schemes. In Chapter 9
based on [11], we show how one may operate in the vicinity of the bound by
combining fluorescence detection with an optimal local measurement on the
probe system, designed according the conditional state of the probe which
takes the backaction of the fluorescence detection into account. Alternative
studies on the application of continuous measurements to hypothesis testing
and state discrimination are investigated in Refs. [91, 93, 107].

1.3

Quantum thermometry

One of the subfields of quantum metrology which may deliver the most
significant impact in other sciences and technology is, arguably, quantum
thermometry. Nano-scale quantum devices such as quantum-dots and
nitrogen vacancy centres in diamond [36–41], spin systems or mechanical
oscillators [42, 43] allow non-invasive temperature readings in the millikelvin
range, and experiments have been reported which apply such devices in,
e.g., living cells [37, 38]. As a consequence, the field is very active and in
recent years a substantial interest has been committed to analysing the
properties and design of quantum thermometer devices [108–116]. Still,
apart from a few exceptions (e.g. [113]) many of the proposed devices and
schemes rely on an incoherent coupling of a quantum probe to the thermal
reservoir of interest, see e.g., [108–112]. The unknown temperature is thus
encoded in the populations of the probe and not in its quantum coherences,
resulting in thermometer devices which are in this sense classical and fail
to deliver a quantum advantage. In Chapter 10 based on [13], we show
how coupling a quantum sensor to an external meter system via a suitable
Hamiltonian interaction allows the intrinsically incoherent information on
a bath temperature to be mapped from the sensor to coherences in the
meter. Apart from delivering an immense gain in sensitivity, this protocol
has the advantage that the read-out measurement is performed on the
meter which may be situated outside a delicate sample.

1.4

Squeezing

The contributions mentioned above and covered in Chapters 2-10 of this
thesis are predominantly concerned with the measurement process and the
encoding of an unknown quantity in the state of a quantum probe. They
focus on the possibility of taking into account and utilizing the quantum
nature of measurements, and they show how this nature may constitute an
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Figure 1.3: A squeezed vacuum state (red ellipse) with fluctuations in the
Y quadrature reduced below vacuum level (dashed circle) at the cost of
increased fluctuations in the X quadrature.

advantage or a downside in different scenarios. A main theme is the role
of continuous monitoring of a field interacting with the probe system, and
while optimized monitoring and efficient estimation methods allow a high
precision to be achieved, the sensitivity is ultimately limited by quantum
fluctuations in the field. In particular, two quadratures X and Y of a field
have uncertainties which are mutually lower bounded by the Heisenberg
uncertainty relation, ∆X∆Y ≥ 1/2.
A key idea in the toolbox of quantum metrology is to engineer a state
with a reduced or squeezed uncertainty in one physical observable, say Y , at
the cost of a corresponding increase in that of the complementary observable
X; see Fig. 1.3. By encoding the signal of interest in the Y quadrature,
one can hence attain lower uncertainty while the correspondingly larger
fluctuations in X are inconsequential. Squeezing is probably one of the
most versatile and promising quantum tools for sensing and metrology. It
has been successfully applied for phase measurements in interferometers
[117], for spectroscopy [118, 119] and even for biological particle tracking
[44]. Furthermore, squeezing is currently active in gravitational wave
detectors which rely on an unprecedented sensitivity [47–50].
In Chapter 11 based on [8] we study its use for improved electron
spin resonance (ESR) detection. The chapter reports on an experiment
performed by Audrey Bienfait et. al. at CEA Saclay in France of which
I have been involved in the theoretical modelling. A spin ensemble in
a microwave resonator undergoes a Hahn echo sequence [120], and a
microwave field with squeezed fluctuations shined on one input port allows
a 1.2 dB noise reduction in the output signal which contains the spin
echo. This allows the detection of as few as a few thousands of spins.
Even though the noise reduction is modest, the experiment represents a
proof-of-principle of the application of microwave-squeezing for magnetic
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resonance detection.
From a theoretical perspective, the success of the scheme depends
on two things: i) Injection of a squeezed input should lead to squeezed
uncertainties in the output after interacting with the spin ensemble inside
the resonator, and ii) The mean output echo signal must remain to a
large degree unaltered by the squeezing such that the signal-to-noise
ratio increases. We address these issues by performing an input-output
analysis of the experiment in the Heisenberg picture [121, 122]. This
analysis further allows the assessment of fundamental limitations to the
squeezing-induced gain in sensitivity posed by decoherence channels and
squeezing-enhanced collective behaviour of the spin-ensemble. The chapter
covers my contribution, the theoretical modelling, while only the main
points and results of the experiment are explained. The reader is referred
to the full manuscript [8] for extended experimental details.
Our theoretical model applies the Holstein-Primakoff approximation
[123] to describe the large ensemble of weakly excited spins by an oscillator
mode which allows an analytic treatment. Such an approximation is
valid for this experiment but it breaks down when considering only a
few spins. In the present context of a number of spins embedded in a
squeezed reservoir, this becomes apparent in their dynamical evolution.
Chapter 12 based on [9] derives a formalism which allows the effect of a
broadband squeezed reservoir, collectively coupled to any of number of
spins, to be studied. As pointed out by Gardiner [124], the relaxation of
the individual components of a single spin are different depending on the
degree of squeezing. A large ensemble (for which the Holstein-Primakoff
approximation is justified), on the other hand, experiences symmetric
transverse relaxation independent of the squeezing. Conversely, for a
large ensemble the squeezing of the reservoir is inherited by the second
moments and steady-state fluctuations in the transverse spin components
while a single spin fluctuates independently of the squeezing. Our theory
allows a formal study of the transition between these two regimes as more
spins are added, and identifies the difference to be rooted in the relative
contributions of vacuum fluctuations and radiation reaction in the effective
coupling of the spins to the squeezed environment.
The final Chapter 13 concludes the thesis and discusses a few further
directions which could be interesting to pursue from the research presented
here.

Chapter

Estimation theory and
quantum measurements
Apart from a few new paragraphs, Subsections 2.1.1 and
2.2.1 are reproduced from Ref. [11] with minor changes.
The second paragraph of Subsection 2.2.2 is composed of
formulations from [3] while the remaining paragraphs in
this subsection are new. Figures 2.2 and 2.4, including
their captions, are taken from Refs. [3] and [4],
respectively.

When analysing state of the art experiments or designing high precision
technologies such as field sensors and nanoprobes, an optimal statistical
treatment of the recorded measurement data is of the utmost importance.
Nevertheless, many applications rely on somewhat rudimentary methods,
focusing for instance on mean signals or spectral components, while ignoring
the information held by higher moments and temporal correlations. This
is detrimental to the precision, as emphasized by a number of enquiries
on their importance in quantum metrology and sensing [1, 2, 4, 5, 11, 89–
93, 125].
A proper treatment, taking all available information in a given signal
into account, is offered by the method of Bayesian inference which may be
applied to any signal. This chapter introduces the Bayesian method in the
context of quantum parameter and the Fisher information which quantifies
its asymptotic estimation precision. The focus will be on quantum probes
11
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Figure 2.1: (a) The radiation emitted by a probe system for a time T
is monitored by (a) a photon counter or (b) a homodyne demodulator,
and the most likely value of the unknown parameter θ is inferred from the
recorded signal.

subject to a sequence of measurements or continuous monitoring; see
Fig. 2.1.
In such settings, the backaction associated with quantum measurements
induces a (conditional) transient evolution, and a sophisticated analysis is
crucial to collect the information held by the corresponding correlations
in the signal recording. One example is photon counting where long time
averages over the number of fluorescence photons from an atom are identical
for two strong laser driving fields. Yet, the distribution of time-intervals
between subsequent emission events exhibits distinct oscillations for each
field intensity [126], thus allowing their discrimination.
Recent experiments with superconducting qubits [7, 99, 100, 127] and
optomechanical systems [128] have observed the conditioned evolution of
quantum systems subject to continuous monitoring. At the same time, several works have been devoted to the formulation of data-processing methods
which take quantum backaction into account in different measurement settings and with probe systems of various nature [1–4, 56, 89, 90, 92, 129, 130].

2.1

Bayes rule and Fisher information

Measurements on physical systems yield probabilistic outcomes, and the
estimation of physical parameters, describing a system or governing its
evolution, is a problem of statistical inference. The source of statistical
errors can be related to imperfections in the experiment or read-out measurements, or it can be more fundamental, dictated by, e.g., Heisenberg’s
uncertainty relations in a quantum setup. The value of an unknown parameter θ is thus assigned a probability distribution P (θ), which upon
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performing a measurement on the system and recording a result D is
updated according to Bayes rule,
P (θ|D) =

P (D|θ)P (θ)
,
P (D)

(2.1)

where P (D|θ) is the probability of obtaining the outcome
D conditioned
R
on the value of the unknown parameter, and P (D) = dθ P (D|θ)P (θ) is
a normalizing factor. From the updated probability density P (θ|D), an
estimator Sθ (D) for θ is constructed.
The efficiency of any measurement protocol hence depends on the
degree to which the distribution P (D|θ) of the outcome D is affected by
the unknown physical parameter θ. The sensitivity of this distribution
to infinitesimal variations in the value of θ is quantified by the (classical)
Fisher information [131],
"

I(θ) = E

∂ ln P (D|θ)
∂θ

2 #

,

(2.2)

where E [·] denotes the expectation value with respect to independent
realizations of the detection record D.
By the Cramér-Rao bound (CRB) [132], the Fisher information defines
a lower bound on the variance [∆Sθ (D)]2 on any unbiased estimator,
[∆Sθ (D)]2 ≥

1
,
KI(θ)

(2.3)

where K is the number of independent repetitions of the measurement.
The most probable value of θ, conditioned on the measurement outcome D,
constitutes an optimal estimator, Sθ (D) = maxθ [P (θ|D)] which saturates
the CRB if the prior probability density P (θ) is uniform [131]. Bayes
rule (2.1) thereby provides an optimal data analysis in any parameter
estimation problem.
In the general case, θ ≡ {θn }n may represent a set of several unknown
parameters hθn . The Fisher information
is then a matrix with elements
i
∂ ln P (D|θ) ∂ ln P (D|θ)
Inm (θ) = E
, and the CRB represents a lower bound
∂θn
∂θm
on the covariance in estimating pairs of parameters, cov[Sθn (D), Sθm (D)] ≥
1/[KInm (θ)]. For sake of lighter notation and simpler presentation, results
in Chapters 3, 4 and 5 of this thesis are formulated for cases with single
unknown parameters but note that the analyses are readily generalized to
the multi-parameter case.
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In quantum mechanics, a physical system is described by its quantum
state, represented in general by a density matrix ρ, and any measurement
on a quantum system is associated with a set of measurement operators {M̂D }D , which define a positive-operator valued measure (POVM)
such that the sum (integral) over all possible outcomes is the identity
P
†
D M̂D M̂D = I. In metrology applications, the probe system is allowed to
interact with, e.g., the field of interest such that the unknown parameters
θ are encoded in its state ρθ . Upon performing a read-out measurement,
the corresponding probability factors, assigned the different outcomes D
in Bayes rule (2.1), are given by the Born rule,




†
.
P (D|θ) = Tr M̂D ρθ M̂D

(2.4)

The POVM formalism encompasses projective measurements where the
M̂D denote projection operators as well as more general measurements
which can for example be realized by measuring an ancillary system that
has interacted with the main system. A very common example of the
latter case is monitoring of the quantized electromagnetic field emitted by
a quantum probe system [see Fig. 2.1]. The application of measurements
of this kind for quantum metrology is a main theme of this thesis and in
Sec. 2.2 it is presented in detail.
The probabilistic outcomes of quantum measurements reflect the intrinsic uncertainty which is at the essence of the quantum description of
our world. When a measurement is performed and an outcome recorded,
our characterization of the quantum system by its state ρθ is adjusted to
be consistent with the observation. This collapse or quantum jump of the
quantum state is formalised by the update rule:
ρθ →

†
M̂D ρθ M̂D
,
P (D|θ)

(2.5)

applied to the state upon obtaining a result D.

2.1.1

Bayesian analysis of a measurement record

If for metrology purposes a number of identical copies of a probe system
is to be measured once, the measurement backaction (2.5) is inconsequential. However, if each copy is not discarded but rather subject to
later measurements or continuous monitoring, it is crucial to take the
backaction into account as it influences the state and hence via Eq. (2.4)
the probability distribution of later outcomes. This section details how
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the Bayesian method applies to a continuously monitored or frequently
measured quantum probe. For concreteness, we imagine a setup where the
undetermined parameter θ parametrizes a Hamiltonian Ĥθ , governing the
(unitary) evolution of the quantum probe.
Consider a system which is being observed from an initial time t = 0
to a final time t = T . Throughout this period, a signal dDt is recorded
which, depending on the measurement setup, may take the form of a
continuous current as in e.g. homodyne detection or consist of a sequence
of outcomes obtained at discrete points in time. By Dt we denote the
full signal obtained between times 0 and t. Meanwhile, the state of the
(D )
system ρθ t (t) evolves under the influence of the encoding Hamiltonian
Ĥθ and conditioned on the specific realization of Dt by the update rule
(2.5). Assuming a specific value of the parameter θ, any given realization of
Dt has a probability P (Dt |θ) determined by Eq. (2.4) from the conditional
(D )
candidate quantum state ρθ t (t). Bayes rule (2.1) yields the corresponding
update of the likelihood P (θ|Dt ) assigned to each possible parameter value.
The methods apply equally to hypothesis testing scenarios where θ is
restricted to take one of a discrete set of known values, and to parameter
estimation where θ lies in a continuous range. For numerical purposes, in
the latter case the range is discretized on a fine θ-grid and Bayes rule (2.1)
applied to each point.
Figure 2.2 shows a simulated example of such a procedure, where
a resonantly driven two-level system is projectively measured at short
intervals with the purpose of discriminating three possible values Ω =
0, 1, 2Ω0 of the Rabi frequency in a Hamiltonian, which in a frame rotating
with the driving frequency can be written
ĤΩ =

Ω
σ̂x .
2

(2.6)

The upper panel depicts the conditional evolution of the quantum state, and
the lower panel shows how the Bayesian procedure, upon each measurement,
gradually filters the three possible Rabi frequency candidates to favour the
true value Ω = Ω0 at the final time t = 25Ω−1
0 . See Chapter 5 for details.
If the state is not renormalized after application of the POVM backaction operators, we retain the evolution of an unnormalized state ρ̃(Dt ) (t),
(Dt )

ρ̃θ

(Dt )

(t) → M̂ (dDt )ρ̃θ

(t)M̂ † (dDt ),

(2.7)

whose reduction in norm is just the probability to obtain the signal
dDt . This implies that at the final time T , the probability P (DT |θ) =
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Figure 2.2: The top panel shows the ground state population ρgg (Ω0 )
resulting from a quantum trajectory simulation with the true Rabi frequency Ω = Ω0 . The lower panel shows the evolution of the probabilities
P (Ω|D) for three candidate values of the Rabi frequency, conditioned on
the measurement record in the upper plot. Results are shown for projective
population measurements performed at intervals τ = Ω−1
0 .

P (dDT ) · · · P (dD2dt )P (dDdt )P (dD0 ) for the full signal DT is given by the
trace of the unnormalized state,
h

(Dt )

P (DT |θ) = Tr ρ̃θ

i

(T ) .

(2.8)

Hence, by evolving the unnormalized state under each of the possible values
of the unknown parameter conditioned on the signal actually recorded in
a given experiment, one may by Eq. (2.1) obtain the relative likelihoods of
(D )
each value as P (θ|Dt ) ∝ Tr[ρ̃θ t (t)]. Since any specific trajectory for Dt
(D )
is extremely unlikely, Tr[ρ̃θ t (T )] becomes very small even for the true
value of θ and for numerical purposes it is favourable to propagate instead
the log-likelihood log[P (θ|Dt )]. See [92] for a detailed account of Bayesian
inference with continuously monitored quantum systems.

2.2

Monitoring an open system

The state of a closed quantum system evolves in a unitary manner according to a Hamiltonian Ĥ. However, in realistic settings environmental
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couplings are unavoidable. Assuming that the interaction with a broadband
environment validates the Born-Markov approximation, the evolution of
the system density operator ρ is governed by a master equation [133, 134],
dρ
= Lρ,
dt

(2.9)

where the Liouvillian superoperator may be written in Lindblad form [134]
(~ = 1),
Lρ = −i[Ĥ, ρ] +

X

D[ĉm ]ρ.

(2.10)

m

n

o

Here we define D[ĉm ]ρ = ĉm ρĉ†m − ĉ†m ĉm , ρ /2 with {·, ·} the anticommutator. The operators ĉm represent different relaxation processes
associated with environmental interactions. Undetermined parameters
may be encoded by the Hamiltonian Ĥ or if they relate to interactions
of the probe with its environment by the ĉm . If the operators are time
independent, the solution to Eq. (2.9) is formally given by exponentiation,
ρ(t) = eLt ρ(0).

(2.11)

For metrology applications, an environmental coupling is not solely a
complication. In fact, opening a probe system is in many cases desirable
since it allows information to be extracted from an otherwise isolated
system by measuring its environment. For instance, the Purcell-enhanced
emission signal from atoms or atom-like systems placed in a near-resonant
cavity allows their read-out in a timely fashion [135, 136].
If the environment is unobserved, the evolution under Eq. (2.9) relaxes
the system to a stationary (steady state) ρ(ss) , defined as the kernel of the
Liovillian,
Lρ(ss) = 0.

(2.12)

When the environment is observed however, the master equation is unravelled to yield a stochastic evolution of the system conditioned on the
specific outcomes, and rather than reaching a steady state, the system
exhibits a transient evolution triggered by each detection result. On average these stochastic trajectories reproduce the master equation (2.9), and
mean properties of, e.g., an emitted signal are indeed determined from
the steady state (2.12). Nonetheless, each individual trajectory may be
radically different from the mean (see for example [7, 102, 137]), and higher
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moments and correlations in a signal contribute in many case a much larger
information than the mean alone [1, 2, 4, 11, 94]. An interesting, recent
experiment monitors the two main decoherence channels of a superconducting qubit, namely decay (ĉm ∝ σ̂− ) and dephasing (ĉm ∝ σ̂z ), and
contrary to the unconditional evolution given by Eq. (2.9), the observed
trajectories reflect the incompatibility of these quantum measurements
[127].

2.2.1

Photon counting and homodyne detection

For concreteness, we consider in this subsection the cases where the measurements are carried out continuously in time on a radiation field emitted
by a quantum system of interest. The two generic setups of counting-type
measurements with discrete detection events and diffusion-type measurements with continuous but infinitesimal backaction are discussed, and we
outline how the master equation (2.9) and the backaction (2.7) together
yield stochastic master equations, suitable for numerical propagation of
ρ̃(Dt ) (t). For simplicity we assume that there is only a single decay channel
but the expressions may readily be generalized to multi-channel cases and
alternative environmental couplings.
In Fig. 2.1(a), the fluorescence from the probe system is detected by a
photon counter with quantum efficiency 0 ≤ η ≤ 1 and the photon counting
signal Nt until time t constitutes the detection record Dt . During each
short time interval dt there are two possible detection outcomes: no photon
dNt = 0 or one photon dNt = 1, where P (dNt = 1) = ηTr[ĉ† ĉρ(Nt ) (t)]dt is
√
given by the (normalized) state ρ(Nt ) (t) of the system. Here ĉ = γ|gihe|
denotes the quantum jump operator from an excited |ei to a lower state
|gi at a rate γ. The conditional evolution of the unnormalized state, in
turn, obeys a linear stochastic master equation (SME) [134, 138],
dρ̃(Nt ) = (Kdt + BdNt ) ρ̃(Nt ) ,

(2.13)




where Kρ = −i[Ĥ, ρ] + (1 − η)ĉρĉ† − 12 {ĉ† ĉ, ρ} and Bρ = η ĉρĉ† − ρ .
Figure 2.3 shows a simulated photon counting record and the associated
conditional evolution given by Eq. (2.13) for our two-level example (2.6).
The five detection events each resets the atom in its ground state, and
we see that between these quantum jumps, the transient evolution is
indeed very different from the unconditional evolution of an equivalent
unmonitored system given by Eq. (2.9) which quickly approaches a steady
state (2.12) with mean excitation ρgg ' 0.5.

2.2 Monitoring an open system

Figure 2.3: The top panels show simulated photon counting (a) and homodyne detection (b) records from a monitored, driven two-level system (2.6).
Full lines in the lower panels track the ground state populations ρgg of
the corresponding conditioned states, evolved according to the normalized
versions of (a) Eq. (2.13) and (b) Eq. (2.16). For comparison, the evolution
of an equivalent unmonitored system, governed by a master equation (2.9)
is depicted as a dashed line. Results are shown for η = 1, Φ = π/2 and
Ω = 10γ, where γ is the emission rate.
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As depicted in Fig. 2.1(b), a homodyne detector mixes the fluorescence
with a strong local oscillator field on a beam splitter, and the signal
dYt is obtained as the intensity difference between the two output ports.
Homodyne detection is sensitive to the phase of the emitted radiation
which may be favourable when probing certain dynamics of the system.
The recorded signal dYt in each short time interval dt has a mean value
determined by the current state ρ(Yt ) (t) of the system,
dYt = Tr[XΦ ρ(Yt ) (t)]dt + dWt

(2.14)


√ 
with XΦ ρ = η ĉe−iΦ ρ + ρĉ† eiΦ where Φ is the phase of the local oscillator. Detector shot-noise is modelled by random, white-noise fluctuations
around the mean and represented by infinitesimal Wiener increments dWt
which are uncorrelated, normal distributed stochastic elements with zero
mean and variance dt [139],

E [dWt ] = 0 and

dWt dWt0 = δ(t − t0 )(dt)2 .

(2.15)

Since the signal depends only weakly on the state of the system, the backaction associated with homodyne detection is infinitesimal and Eq. (2.7)
is equivalent to a diffusion-type linear stochastic master equation for the
conditional evolution of the unnormalized state [134],
dρ̃(Yt ) = (Ldt + XΦ dYt ) ρ̃(Yt ) ,

(2.16)

where the average, deterministic evolution is supplied by the Liouvillian
Lρ = −i[Ĥ, ρ] + D[ĉ]ρ, and the latter term includes the stochastic measurement backaction.
Figure 2.3(b) shows a simulated homodyne detection signal (2.14).
Conditioned on this, our driven two-level system (2.6) evolves according
to Eq. (2.16) as shown in the lower panel. Contrary to the case of photon
counting in (a), the noisy homodyne signal imposes a continuous but weaker
backaction which leads to a diffusive dynamics of the system around the
underlying Rabi oscillations. Again, the measurement-quenched dynamics
is very different from that of an unmonitored system.
Upon acquiring a measurement signal, the relevant stochastic master
equation, (2.13) or (2.16), may be solved for each possible value of θ, all
conditioned on the signal actually recorded which stems from the true
(D )
value of θ. The corresponding candidate states ρ̃θ t (t) are all initialized
in the (known) initial state of the system, but normalized to the prior
(D )
probabilities assigned the particular candidate, Tr[ρ̃θ 0 (t = 0)] = P (θ).
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(a) Φ = π/2

(b) Φ = 0

Figure 2.4: The evolution of the quasi continuous probability distribution
P (Ω|Yt ) for the Rabi frequency of a resonantly driven two-level system,
conditioned on noisy homodyne measurement records Yt . The red lines
track the most likely parameter value SΩ (Yt ) = maxΩ [P (Ω|Yt )], and the
dashed, black lines show the FWHM of P (Ω|Yt ). Results are shown for
two choices of the local oscillator phase, (a) Φ = π/2 (σ̂y -probing) and (b)
Φ = 0, (σ̂x -probing). The true value Ω0 = 2γ where γ is the emission rate,
assumed for the Rabi frequency, is gradually identified in each simulation.

This way, the evolving likelihood distribution over the possible parameter
values is directly given by the traces of the corresponding conditioned
(D )
density matrices, ρ̃θ t (t).
Figure 2.4 illustrates this Bayesian inference protocol with continuous
quantum measurements by a driven two-level system monitored by homodyne detection with the purpose of estimating the value of the Rabi
driving frequency Ω in Eq. (2.6). In both cases, the true value is gradually
revealed, but it is evident that of the two local oscillator phases, Φ = π/2
delivers a much faster convergence of the probability density P (Ω|Dt ). See
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Chapter 4 for further details.

2.2.2

Precision and Fisher information

While different convergence speeds of the estimates in Fig. 2.4 (a) and (b)
suggest that one strategy is favourable, what eventually matters is the
precision of the final estimate SΩ (Yt ) = maxΩ [P (Ω|Yt )], tracked by the
red lines. It is paramount to realize that it is exactly this precision and
not the width of the distribution P (Ω|Yt ) [dashed black lines in Fig. 2.4]
which is quantified by the Fisher information (2.2) and the Cramér-Rao
bound (2.3). Hence, a rapid convergence of the Bayesian estimate does
not necessarily imply a high precision. The Fisher information has been
used to examine a variety of estimation setups with continuous or repeated
measurements; see e.g. [1, 2, 4, 129, 140–142].
The Fisher information (2.2) normally assumes a large number of repetitions K of the experiment. For the alternative case formulated here, where
a single system is interrogated a large number times N , a self-averaging
occurs due to the repetitive measurements, and the relevant dependence
is that of I(θ) on N (with K = 1) or equivalently, on the total time of
the probing T . Similarly, in experiments with continuous measurements,
precision is acquired by monitoring a single system over time rather than by
employing single measurements on many identical probe systems. For continuous probing, we may expect that the measurement precision improves
with the total measurement duration T , and if measurement outcomes
at different times (t, t0 ) are uncorrelated for |t − t0 | ≥ τ , the situation is
comparable to that of N ∼ T /τ independent measurements.
Hence, we
√
should anticipate an estimation error scaling as 1/ T [4, 143].
The role played by measurement backaction is a major theme of this
thesis. In Chapters 3 and 4, we shall see that the backaction associated with
counting photons or performing homodyne demodulation of a fluorescence
signal from a quantum probe can be highly beneficial. It quenches the
steady state (2.12), which would otherwise be reached, and triggers a
transient evolution, inducing out-of-time correlations in the signal. These
depend in many cases strongly on the unknown parameter(s) in question,
and thereby allows a higher sensitivity to be achieved. We quantify this by
evaluating the associated Fisher information. For the example of homodyne
detection considered in Fig. 2.4, our analysis reveals that Φ = π/2 is indeed
the optimal local oscillator phase.
On the other hand, if a system is probed too strongly or too frequently,
the dynamics controlled by the parameters in question may be suppressed by
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the measurement backaction. In Chapter 5 we investigate how this quantum
Zeno effect undeniably deteriorates our ability to accurately estimate
parameters governing the evolution of a frequently probed quantum system.
The experiment reported in Chapter 11 on squeezing enhanced magnetic
resonance detection performs homodyne detection of the probe signal. Also
in this case, as the limit of only a few spins is approached, the measurement
backaction becomes important, implying that appreciable advantages can
be achieved by a full Bayesian analysis of the measurement signal [93].
While this will hopefully become relevant in future experiments by the
group at CEA Saclay, the present experiment [8] is sensitive to a minimum
of ≈ 1.3 × 104 spins, and a mean signal analysis suffices. As a closely
related topic, Ref. [144] presents a blueprint for nanoscale NMR with
nitrogen vacancy centres in diamond which applies a Bayesian model in
the signal processing to achieve sub-micromolar sensitivity to the sample
concentration.

2.3

Quantum Fisher information

The classical Fisher information (2.2) defines a bound on the asymptotic
precision related to a specific measurement strategy. It is plain that
different strategies extract different amounts of information. One example
is seen in Fig. 2.4 where different phases of the local oscillator yield more or
less sensitivity to the Rabi frequency. In general, by employing a particular
measurement scheme which obtains information about a given property, the
possibility to measure complementary observables in the same experiment
is excluded. For a quantum mechanical system, the precision is, however,
ultimately limited by the encoding of the unknown parameter θ in the
state ρθ of the system. The variation of ρθ with infinitesimal changes in the
value of θ thus defines an upper, quantum bound on the Fisher information,
I(θ) ≤ IQ (θ), where the quantum Fisher information (QFI) is given by
[71, 106, 145, 146],




IQ (θ) = Tr L2θ ρθ .

(2.17)

Here the symmetric logarithmic derivative Lθ is a self-adjoint operator
which relates to the variation of the state ρθ with infinitesimal changes in
the value of the unknown parameter θ,
∂θ ρθ =

Lθ ρθ + ρθ Lθ
.
2

(2.18)
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This expression for the quantum Fisher information can be formally derived
by maximizing the classical Fisher information (2.2) over all possible
measurements [145, 147–149], and the corresponding (quantum) CRB,
[∆Sθ (D)]2 ≥

1
KIQ (θ)

(2.19)

can be asymptotically saturated for large K by measuring an optimal
observable corresponding to Lθ . It should be noted that by Eq. (2.18),
this observable depends on the expected state of the probe ρθ , which
in turn depends on the value of the unknown parameter θ. Hence, an
optimal protocol must be approximated by an adaptive scheme which uses
a small part J of the K measurements to deliver a rough prior estimate
Sθ ({Dj }Jj=1 ), defining the observable LSθ ({Dj }J ) , used in the remaining
j=1
measurements. As long as K is large enough, such a procedure is still able
to saturate the quantum CRB (2.19) [69, 150], and a recent study even
suggests that an intrinsic dependence of the measurement strategy on the
parameter may in some cases allow even more precise quantum-enhanced
estimation [151].
For different purposes, alternative forms of the QFI (2.17) are preferable.
It may be explicitly expressed in terms of the eigendecomposition of the
state ρθ [71] or defined in a geometric picture by the change in the state as
measured by Bures metric when the value of θ changes by an infinitesimal
amount [145]. For pure states ρθ = |ψθ i hψθ |, the latter approach yields
[152]
IQ (θ) = 4Re [∂θ1 ∂θ2 hψθ1 |ψθ2 i − ∂θ1 hψθ1 |ψθ2 i × ∂θ2 hψθ1 |ψθ2 i]θ1 =θ2 =θ
(2.20)
or equivalently
IQ (θ) = 4 [∂θ1 ∂θ2 ln (hψθ1 |ψθ2 i)]θ1 =θ2 =θ .

(2.21)

Finally, I would like to point out a recent form which relies on both the
standard representation of the density matrix ρ and its vectorized form #»
ρ
[153],
IQ [θ] = 2∂θ ρ#»θ † (ρ∗θ ⊗ I + I ⊗ ρθ )−1 ∂θ ρ#»θ ,

(2.22)

where ρ∗ denotes complex conjugation. While such a mixed representation
may seem a mess, this form is often convenient for numerical evaluation of
the QFI and we shall apply it to analyse the achievements of a quantum
thermometer device in Chapter 10.
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Figure 2.5: A general measurement is performed on the full state of a probe
system and its environment, and the most likely value of the unknown
parameter θ is inferred from the outcome.

2.3.1

QFI of an open system

The density matrix ρθ in the QFI (2.17) represents the full state on which
a hypothetical measurement may be performed. Hence, if as illustrated in
Fig. 2.1, the fluorescence from an probe system is monitored, the ultimate
precision limit is determined not by the state of the probe system alone
but rather by the full entangled state of the system and its un-measured,
quantized radiative environment. This idea is illustrated in Fig. 2.5 for a
general setup of a probe system coupled to an environment. The evolving
pure state of a probe system and its environment, |ψθSE i is in many cases
infinite-dimensional and hence impossible to evaluate exactly. Howbeit,
the QFI (2.20) requires only knowledge of the overlaps between states pertaining to infinitesimally different values of the unknown parameter which
may be evaluated by a simple master equation analysis of a system with
dimensionality of the probe alone [140, 154, 155]. In particular, assuming
validity of the Born-Markov approximation for the system-environment
coupling, the overlap may be calculated as hψθSE
|ψθSE
i = Tr (ρθ1 ,θ2 ), where
1
2
ρθ1 ,θ2 operates on the system Hilbert space and solves a master equation
of the form (2.9) with an effective, two-sided Liovillian superoperator,


Lθ1 ,θ2 ρ = − i Ĥθ1 ρ − ρĤθ2
−

X


h

i



ĉm,θ1 ρĉ†m,θ2 − ĉ†m,θ1 ĉm,θ1 ρ − ρĉ†m,θ2 ĉm,θ2 /2 .

(2.23)

m

See Sec. 8.2.1 in Chapter 8 for a derivation of this result. The ĉm,θ1(2)
represent relaxation induced by the system-environment coupling which
may depend on the parameter in question. Due to the action of different
Hamiltonians Ĥθ1(2) and jump-operators ĉm,θ1(2) from left and right, the
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master equation does not preserve norm, and leads indeed to a decrease in
time of Tr (ρθ1 ,θ2 ), signifying a growing distinguishability of the different
values of θ1 and θ2 . This way the theory directly lends itself to hypothesis
testing scenarios [10, 154], and in Chapter 8 it is applied to evaluate a
lower bound on the probability of assigning a false value from a discrete
set of possible values for an unknown parameter.
For our present purpose of parameter estimation, the derivatives needed
to evaluate the associated QFI (2.20) are readily obtained by this method
in a finite-difference approximation. Alternatively, the formal solution to
the master equation (2.11) may be inserted in Eq. (2.21). This is especially
advantageous when studying the long time limit where it allows the QFI
to be expressed in terms of the eigenvalue λθ1 ,θ2 of Lθ1 ,θ2 with the largest
(least negative) real part
IQ (θ) = 4t [∂θ1 ∂θ2 λθ1 ,θ2 ]θ1 =θ2 =θ ,

(2.24)

for large t. Reference [140] explains how the differentials in this equation
may be evaluated analytically by perturbation theory rather than by numerical means, thus allowing a deeper insight and a broader applicability
range.
√ Notice that by the quantum CRB (2.19), the QFI (2.24) implies a
1/ t scaling of the sensitivity with time t. In the vicinity of a dynamical
phase transition, the Liovillian Lθ1 ,θ2 has degenerate eigenvalues. Reference [155] investigates how this may allow a quadratic scaling of the QFI
with time.
Even though the QFI associated with the full state of a system and
its environment may be evaluated by the method explained above, it
is improbable that the measurement [see Fig. 2.5] of the corresponding
operator Lθ in (2.18), which saturates the quantum CRB (2.19), can be
directly implement in an experiment. Instead one has recourse to employ
conventional detection methods such as photon counting or homodyne
detection on the emitted field, possibly combined with a final measurement
on the probe system itself. For such applications, the QFI of the full
state defines an upper bound to the retrievable information (2.2), and
may thus serve as a guide to design near-optimal estimation strategies
within realistic settings. When possible, the achievements of specific measurement strategies presented in this thesis are compared to the quantum
bound (2.19).
For estimation of the Rabi frequency Ω in a driven two-level system
Eq. (2.6), decaying at a rate γ into an electromagnetic environment, the
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QFI is found to scale with the total duration of the experiment T as
IQ (Ω) =

4T
,
γ

(2.25)

√
implying by Eq. (2.19) a 1/ T scaling of the estimation error with time.
Interestingly, we shall see in Chapters 3 and 4 that for this specific example,
the Fisher information associated with either photon counting or homodyne
detection matches the upper bound (2.25), signifying that these protocols
are in fact optimal as long as perfect detectors are available.

2.4

Outlook

The present formulation of quantum estimation theory focuses on the
Bayesian approach while, of course, many alternatives exits. For instance,
one may perform a spectral analysis of a measurement signal. This is suboptimal since, contrary to Bayesian inference, the spectrum only accounts
for two-time correlations in the signal1 . It has the advantage though that
where a Bayesian estimate is often performed in post-processing since
it requires substantial computational resources, a spectral analysis can
be implemented in real-time during an experiment by the fast Fourier
transform (FFT) algorithm or by a spectrum analyser. This is important
for the estimation of rapidly drifting parameters or if the estimate is only
the first stage in an experiment [156].
Another approach, allowing a faster but sub-optimal estimate, is offered
by the Baum-Welch parameter reestimation method which was recently formulated for parameter estimation with continuous quantum measurements
[157]. Yet another very timely formulation applies (classical) artificial
neural networks trained on continuous measurements records from quantum probes to quickly estimate unknown parameters [158]. This machine
learning approach has the benefit that it requires a less comprehensive
modelling of the system and the detector, and with sufficient training data
it can come close to the optimality offered by the Bayesian method. Furthermore, one can imagine a commercial quantum sensor solution trained
in a laboratory by a large number of experimental runs to sense, e.g., a
magnetic field in field studies.
The Cramér-Rao bound as stated in Eq. (2.3) applies only to unbiased
estimators but it can be generalized to apply also to estimators with an
1

The power spectrum is the Fourier transform of the two-time correlation function
[134].
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explicit expression for their bias [159]. However, it was recently pointed
out that for some problems estimators with more general bias may exist
which allow superior precision [160]. Such cases can be analysed by means
of so-called Van Trees inequalities but we shall not pursue this topic here.
For sake of completeness, let us mention finally that while the standard
approach to quantum metrology taken here formulates the precision in
terms of root-mean-square errors (2.3) and (2.19) bounded by the associated
Fisher information (2.2) and (2.17), an interesting new approach formulates
estimation as a digital problem, asking instead how many bits of an
unknown parameter can be recovered in a quantum framework [161].

Chapter

Photon counting
This chapter is reproduced from [1] and [2] with only
minor changes. In particular Fig. 3.2 and Section 3.4.1
are taken from [1] while the remaining parts come from
[2] with a few paragraphs and sentences added in from
[1].

The expression for the Fisher information (2.2) makes reference to the
variation of the likelihood function over the set of possible measurement
records D. The weighted summation (integral) over all data records makes
the direct evaluation of Eq. (2.2) a formidable task. In [1] we present an
analysis based on a specific property of the quantum trajectories associated
with photon counting from a two-level emitter: The signal is a discrete
set of detection times, and after each detection the system is projected
in the ground state from which the evolution is reset. This implies that
the detection record is fully represented by the distribution of delay times
between detector clicks, and allows for a simple evaluation of the Fisher
information for photon counting records. In [2] we extend to analysis to
the case of multi-level systems with distinguishable emission processes and
branching of the decay towards different final states. This situation is
exemplified by the Λ-system depicted in Fig. 3.1, with an excited state
from which spontaneous decay occurs towards two different ground states.
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Figure 3.1: (a): A quantum Λ-system with laser driven |0i ↔ |2i and
|1i ↔ |2i transitions with Rabi frequencies Ω0 and Ω1 , detunings δ0 and
δ1 and excited state decay rates γ0 and γ1 .

3.1

Fisher information of counting signals

A photon counting detection record contains the discrete times of detection
events D = {tk } and, if the emitter always jumps to the same state when a
photon is detected, measurement intervals τk = tk+1 − tk between detector
clicks are independent and identically distributed stochastic variables. A
data record with N + 1 count events, thus yields N independent samples
of the waiting time probability distribution w(τ ). Each registered waiting
time τk falls within a short interval [τ [i] −∆τ /2, τ [i] +∆τ /2] with probability
wi = w(τ [i] )∆τ , and the data record D, fully represented by the set of
numbers ni of registered waiting times in all intervals, is statistically
P
Q
Q
governed by a multinomial distribution, ( i ni )! i wini / i ni !.
In Fig. 3.2 we show the distribution of 10 000 time intervals between
simulated quantum jumps in a driven two-level system Eq. (2.6) (blue
dots). The comparison with the theoretical waiting time distribution (red
curve) constitutes the basis of the parameter estimation since a higher or
smaller value of the Rabi frequency would change the oscillation period in
the distribution of waiting times.
For a given total probing time T , the total number of registered interP
vals, N = i ni is itself a stochastic variable, governed by a probability
distribution PN , and hence the probability for the data record D = {ni } is
P

P (D|θ) =

(

i ni )!

Q

ni
i wi

Q

i ni !

PN =P

i

ni .

(3.1)

The conditional dependence on the quantity θ stems from the θdependence of the wi ’s and PN in Eq. (3.1), and the Fisher information (2.2)
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Figure 3.2: The blue noisy dots show the distribution from a simulated
data record of 10 000 detection events. The red curve is the corresponding
theoretical waiting time distribution w(τ, θ) for time intervals between
detector clicks. Results are shown for Ω = 5γ.

can be evaluated directly,
I(θ) = N

X 1  ∂wi 2
i

wi

∂θ

+

X 1  ∂PN 2
N

PN

∂θ

,

(3.2)

where N denotes the mean value of N . It is convenient to rearrange the
terms in Eq. (3.2) in two different contributions,
I(θ) = IPoisson (θ) + IN (θ).

(3.3)

The first term
IPoisson (θ) ≡

X 1  ∂ni 2
i

ni

∂θ

Z

=

1
n(τ )



∂n(τ )
∂θ

2

dτ,

(3.4)

reflects the similarity between the multinomial distribution and the Poisson
distribution for each ni  N with ni (θ) = N (θ)wi (θ). In the last step,
we have transformed the sum over time intervals into an integral with
ni (θ) = n(τ, θ)∆τ . See, e.g., [162, 163] for similar arguments applied to
high-resolution spatial measurements by scattering of coherent light or to
probing of the motion of a Bose condensate.
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Equation (3.4) is, indeed, the Fisher information for uncorrelated PoisP
son distributed variables ni , resulting in a sum, N = i ni , which is also
Poisson distributed. The total number of photons emitted from quantum light sources may, however, show sub- or super-Poissonian counting
statistics [164], and the second term in (3.3),
IN (θ) ≡

X
N

1
PN (θ)



∂PN (θ)
∂θ

2

1
−
N (θ)

∂N (θ)
∂θ

!2

(3.5)

accounts for the deviation of the information held by the true statistics PN
from that of a Poisson distribution. The two expressions (3.2) and (3.3)
are easily proven to be identical (note that a term with mixed derivatives
vanishes because of the independence on θ of the integral of w(τ ) over
time).
The waiting times are identically distributed random variables, and the
stochastic counting process is a renewal process [165]. We are interested in
systems with no dark steady states, i.e., the fluorescence is persistent and
the waiting time distribution does not have long tails. In the asymptotic
limit of large T , where the CRB applies, a central limit theorem for such
renewal processes ensures that the distribution PN converges asymptotically
to a normal distribution with a mean value N and a variance V ≡ Var(N )
which are both proportional to T [166]. In this limit we can thus evaluate
Eq. (3.5),
IN (θ) =

1
1
−
V (θ) N (θ)

!

∂N (θ)
∂θ

!2

.

(3.6)

As easily understood, the correction (3.6) to the Fisher information is
positive(negative) if the total number N fluctuates less(more) than the
Poisson distribution.
Since N , V and n(τ, θ) are all proportional to the probing time T ,
also the Fisher information is proportional to T , and we conclude√from
Eq. (2.3) that the estimation error decreases asymptotically as ∼ 1/ T as
anticipated from the discussion in Sec. 2.2.2 of the previous chapter.
Let us now turn to the more general case of signals from quantum
emitters observed by photon counters that distinguish between different
decay channels, e.g., by making use of the polarization or frequency of
the emitted photons. For generality, we assume that there are M such
channels (for the Λ system in Fig. 3.1, M = 2). Our analysis is restricted
to the case for which detection of a photon in channel m accompanies a
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jump of the emitter into a definite state |φm i, which is the initial state for
the subsequent evolution of the system. This is not a requirement for the
Bayesian analysis, but our calculation of the Fisher information relies on
definite waiting time distributions after detection in each channel. These
waiting time distributions until the next detection event thus depend on
m, the channel of the most recently detected photon, and we can sort
the detection record into lists {τk }mm0 containing the duration of time
intervals between detection in channel m followed by subsequent detection
in channel m0 . These lists, in turn, sample the corresponding waiting
time distributions in an independent and uncorrelated manner, and, for
our parameter estimation, they retain all the information available in the
multi-channel detection record.
The combinations mm0 define M 2 interval types, and for each mm0 ,
the number nmm0 ,i denotes the number of waiting times τ registered in
intervals [τ [i] − ∆τ /2, τ [i] + ∆τ /2]. The likelihood function in Eq. (2.2)
now factorizes as a product of weighted multinomial distributions,
Y

P (D|θ) =

Pmm0 (D|θ),

(3.7)

mm0

where the likelihood for each type, Pmm0 (D|θ), is as given in Eq. (3.1), and
the single channel result (3.3) is readily generalized. In particular,
IPoisson (θ) =

1

XZ
mm0



nmm0 (τ )

∂nmm0 (τ )
∂θ

2

dτ,

(3.8)

where nmm0 (τ, θ) is the theoretically expected distribution of intervals of
type mm0 and duration τ . The correction due to the count statistics with
mean value N m but a non-Poissonian variance Vm in each channel, is in
the asymptotic limit given by
IN (θ) =

X 1
m

3.2

Vm

1
−
Nm



∂N m
∂θ

!2

.

(3.9)

Waiting time distributions

We obtain the distribution functions and nmm0 (τ ) by solving effective
master equations where the unknown quantity θ is one of the Hamiltonian
or damping parameters. With the understanding that our results may be
finally evaluated and varied with respect to the parameter of interest, we
suppress, in this section, the variable θ from the equations.

34

Chapter 3 · Photon counting

The average behaviour of an atomic quantum system decaying by
spontaneous emission of photons into broad-band photon reservoirs is
governed by a Liovillian of the form (2.10), where the operators ĉm represent
jump processes in the atom associated with decay and emission of different,
distinguishable kinds of radiation. While decay processes may preserve,
e.g., coherences between excited Zeeman states in the ground state after the
emission of light of linear or circular polarization, we emphasize that our
analysis of the Fisher information is restricted to the case in which a jump
ĉm puts the system in a definite final state |φm i, from which the dynamics
proceeds. This is for example the case for the three level atom, shown
√
√
in Fig. 3.1, where the two operators, ĉ0 = γ0 |0ih2| and ĉ1 = γ1 |1ih2|
describe decay into the ground states |0i and |1i with rates γ0 and γ1 ,
respectively.
The jumps into state |φm i are governed by the rate hĉ†m ĉm i where the
expectation value is calculated as function of time for a given evolving wave
function. On average, the stochastic trajectories of a system evolving conditioned on the outcomes of continuous probing of its emitted radiation, as
describe by Eq. (2.13), reproduce the corresponding master equation (2.9).
Therefore the average number of these jumps equals the value obtained
by the density matrix describing the unobserved quantum system. For
probing over long times T , we thus get the average number of jumps into
state |φm i, N m = Tr(ĉ†m ĉm ρ(ss) )T , where ρ(ss) is the steady state density
matrix solution (2.12) to the master equation (2.9).
For the distributions of intervals between detector clicks we have
nmm0 (τ ) = N m wmm0 (τ ), where wmm0 (τ )dτ is the probability that after
a jump into |φm i, the next emission event is detected in channel m0 in
[τ, τ + dτ ]. To determine the function wmm0 (τ ), we note that the terms
P
†
m ĉm ρĉm in Eq. (2.9) account for the feeding of the system ground states
associated with the emission process, i.e., they describe terms in the reduced system density matrix, correlated with single-photon excited states
of the modes of the radiation field. If the system has just been put into
the state |φm i due to detection of a photon in channel m, the probability
that no photon is detected until a certain later time τ is equal to the
population of the zero-photon component of the combined state of the
system and the environment at that time. This is, in turn, given by the
trace of the unnormalized density matrix, ρ̃, which evolves from the initial
state ρ̃|m (τ = 0) = |φm ihφm |, omitting the ground state feeding term of
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the master equation,
1X †
dρ̃
= −i[Ĥ0 , ρ̃] −
{ĉ ĉm , ρ̃}.
dt
2 m m

(3.10)

The resulting ρ̃|m (τ ) is equivalent to the so-called no-jump wave function
[138] evolving from the state |φm i by the non-hermitian Hamiltonian
P
Ĥeff = Ĥ0 − 2i m ĉ†m ĉm . The probability wmm0 (τ )dτ that after a detector
click at time t of type m, the next click is of type m0 and occurs in the
time interval [t + τ, t + τ + dτ ], is now given by
wmm0 (τ )dτ = Tr[ĉ†m0 ĉm0 ρ̃(τ )]dτ.

(3.11)

It follows from the master equation that these waiting time distributions
are normalized according to
XZ ∞
0

m0

wmm0 (τ )dτ = 1.

(3.12)

If photons are detected with only finite efficiency η, this is equivalent to
a fraction 1−η of the quantum jumps passing unnoticed. The corresponding
un-normalized state ρ̃ conditioned on no detection events is then found by
including a ground state feeding term, (1 − η)ĉρ̃ĉ† , in the no-jump master
equation to account for the unobserved emission [1]. In the multi-channel
case, if different channels are monitored with detector efficiencies ηm , we
obtain the no-detected-jump master equation
X
dρ̃
1
(1 − ηm )ĉm ρĉ†m − {ĉ†m ĉm , ρ̃} .
= −i[Ĥ0 , ρ] +
dt
2
m




(3.13)

The solutions of this equation for initial states ρ̃|m (τ = 0) = |φm ihφm |
yield the waiting time distributions between the detections,
h

i

wmm0 (τ )dτ = ηm0 Tr ĉ†m0 ĉm0 ρ̃|m (τ ) dτ,

(3.14)

which are normalized as in Eq. (3.12). The average number of detected
events in channel m during probing for time T is N m = ηm Tr(ĉ†m ĉm ρ(ss) )T ,
and with the resulting nmm0 (τ ) = N m wmm0 (τ )dτ , we can calculate the
Fisher information according to (3.8).
The Fisher information (3.3) also depends on the moments of the total
count statistics (3.9), and in [2] we derive
Vm =

Var(τ )m
N m,
τ 2m

(3.15)
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clearly identifying whether Nm follows sub- or super-Possonian statistics.
Here the k’th moment of τ pertaining to the channel m is given in terms
of the waiting time distribution functions as
(τ k )m

Z

=

τ k wmm (τ ) dτ,

(3.16)

where wmm (τ ) is the distribution function for waiting times between photo
detection events in the channel m, and is obtained by solving Eq. (3.13)
with efficiencies ηm and ηm0 6=m = 0.

3.3

Achieving the Cramér Rao bound

As proven by Fisher [131] and explained in Chapter 2, a Bayesian analysis
saturates the Cramér-Rao Bound and allows parameter estimation with
a precision given by the Fisher information. See Refs. [1, 92] for an
illustration of Bayesian parameter estimation in the case of photon counting
experiments. If asymptotically the parameter value has been identified to a
small vicinity δθ around a value θ0 , the CRB may, however, equivalently be
saturated by applying a linear filter to the data available for the estimation
process. As derived in [2], the linear estimator in terms of the expected and
the actually measured distribution of time intervals between the detector
clicks, reads
Sδθ (nmm0 (τ )) =
+

XZ
∂nmm0 (τ, θ)
1
I(θ) mm0
∂θ

X ∂N m (τ, θ)
m

∂θ


θ=0


θ=0



Nm − N m (θ)

nmm0 (τ )
−1
nmm0 (τ, θ)



dτ

1
1
−
Vm (θ) N m (θ)

!

.
(3.17)

This expression represents a first order correction to the initial estimate
θ0 according to the dissimilarity between the expected and the recorded
signal, and by normalizing the estimate by the Fisher information per time,
it ensures that larger uncertainties allow larger adjustments. The linear
filter is valid in the asymptotic limit where δθ is small; see also Ref. [150].
The Fisher information is given in Eq. (3.3), and Eq. (3.17) constitutes
a linear estimator that exhausts the information in the multi-channel
photon counting data record and, hence, achieves the Cramér-Rao Bound
asymptotically.
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Examples
Rabi frequency estimation

As a first example let us consider Rabi frequency estimation in a resonantly
driven driven two-level system, Eq. (2.6). For perfect photo detectors and
the system in the ground state at τ = 0, Eq. (3.10) yields for the no-jump
excited state amplitude:


ρ̃ee (τ ) =

Ω
2λ

2

sin2 (λτ )e−γτ /2 ,

(3.18)

p

where λ = Ω2 − (γ/2)2 /2. The delay function given by w(τ ) = γ ρ̃ee (τ )
is presented as the red curve in Fig. 3.2 together with the simulated series
of delay times with the same laser-atom parameters.
With a delay function on this form, the integral in Eq. (3.4) can be
performed analytically and it produces the following simple expression for
the Fisher information:


I(Ω) = N

4
8
+ 2
2
γ
Ω



=

4T
,
γ

(3.19)

where T is the data acquisition time, and we have used that, asymptotically,
2 /4
(ss)
N /T is given by the mean photon scattering rate, γρee = Ω2γΩ
(on
/2+γ 2 /4
resonance). It is remarkable that we obtain such a simple expression, which
readily confirms that while the mean scattering rate saturates for strong
driving, Ω  γ, the sensitivity per detected photon becomes constant,
and we can resolve large Rabi frequencies as accurately as intermediate
ones. The expression for the Fisher information per detected photon
diverges for small Rabi frequencies. The scattering rate, however, depends
quadratically on small values of Ω, so per time the accumulated Fisher
information is finite. Furthermore, the result (3.19) reveals that the Fisher
information of this concrete measurement protocol reaches the quantum
Fisher information (2.17) independently of the actual Rabi frequency when
the two-level system is driven on resonance and the detector is perfect.
To illustrate the achievements of the linear filter (3.17) and consistency
with the Cramér-Rao bound Eq. (2.3), we show in Fig. 3.3 a Rabi frequency
estimate (solid, blue curve) as a function of the number of detection events
with unit detector efficiency. The estimate fluctuates around the actual
value Ω0 = 5γ (dotted, red horizontal line). The dashed, red lines in
the figure represent Ω0 ± I(Ω)−1/2 and show that the deviations of the
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Figure 3.3: The solid, blue line shows the estimate of the Rabi frequency
as a function of the number of simulated photo detection events included
in the estimate. The dashed, red lines indicate the CRB sensitivity bound,
enclosing the actual value (dotted, red line). Results are shown for 100 <
N ≤ 10000. The true Rabi frequency in the simulation is Ω0 = 5γ.

estimate from the true value are, indeed, compatible with the CRB in the
asymptotic limit.
We turn now the case of finite detector efficiency η. Some characteristic
results for the waiting time distribution are summarized in Fig. 3.4. All
curves show probability densities and are normalized to unity, but the
time scale for the first detection increases when the detector efficiency
is reduced. Due to the possibility of missed earlier events, the exact
nodes in the waiting time distribution for perfect detection disappear, and
while a detection within the first few 1/γ is likely to report the first actual
emission event, a later detection is almost certainly preceded by unobserved
emission of photons by the atom. This explains why the modulation in
the waiting time distribution is maintained for short times and gradually
replaced by a smooth exponential curve for long times. In fact, in the limit
of infinitesimal detector efficiency (η  1) the no-detected-jump master
equation (3.13) approaches the unconditional master equation (2.9), and
at the first detector click the no-jump master equation has very likely
reached the steady state (2.12). This implies a distribution of waiting
(ss)

(ss)

times w(τ, Ω) ' ηγρee e−ηγρee τ , which through Eq. (3.3) leads to the
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Figure 3.4: The blue curves show the delay function (3.14) for the two-level
atom, and for different values, η = 1.0, 0.7, 0.4, and 0.1 of the detector
efficiency. The waiting time distributions approach exponential functions
for long times (dashed, red curves), when the detector is imperfect. Notice
that due to the missed detection events, the waiting time distribution
extends over longer time when η decreases. The Rabi frequency is Ω = 5γ.

Fisher information,

(ss)

I(Ω) = N

∂ρee /∂Ω
(ss)

!2

.

(3.20)

ρee

This is consistent with the uncertainty in estimates obtained from the total
count N alone, assuming Poissonian counting statistics.
In Fig. 3.5 we show the Fisher information per time Eq. (3.3) as a
function of the actual Rabi frequency for different values of the detector
efficiency. Notice that since even small but finite η yields a finite fraction
of the detection events at short times where the delay function is strongly
modulated in time by the Rabi frequency, the sensitivity to the value of
Ω is still significantly improved by considering the actual waiting times
rather than only the total count (dashed lines). For η < 1 the information
decreases with the value of Ω and saturates at large Rabi frequencies.
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Figure 3.5: The Fisher information (3.3) (full lines) for estimating a Rabi
frequency Ω of a driven two-level system from a photon counting record
of its emission signal is compared to the information from the total count
alone Eq. (3.20) (dashed lines). Results are shown for different values of
the detector efficiency η and as a function of Ω. The full (η = 1)-curve has
a constant value of γI(Ω)/T = 4, equal to the corresponding QFI (2.17).

3.4.2

Photon counting from a laser driven Λ-type atom

As an example of multichannel counting, we apply the formalism to a Λtype system coupled to two laser fields, as shown in Fig. 3.1. The couplings
are described by Rabi frequencies Ω0 and Ω1 and laser-atom detunings δ0
and δ1 as indicated in the figure. We assume no direct coupling between |0i
and |1i, and that the decay into these two ground states is distinguishable,
either by the polarization or by well-separated frequencies of the emitted
photons.
In the rotating wave approximation, the Hamiltonian of the system
can be written as (~ = 1),
Ĥ = δ0 |0i h0| + δ1 |1i h1| +

Ω0
Ω1
(|0i h2| + |2i h0|) +
(|1i h2| + |2i h1|) .
2
2
(3.21)

The decay from |2i to |0i with rate γ0 and from |2i to |1i with rate γ1
[Fig. 3.1] leads to a measurement record of photo detection events, and the
intervals between the associated quantum jumps can be sorted according
to the corresponding four different types (mm0 ):
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Figure 3.6: Delay functions for each of the relevant interval types in a
Λ-type system, calculated for Ω0 = 5γ0 , Ω1 = 3γ0 , δ0 = 0, γ1 = 0.5γ0 , and
a ground state dephasing rate γD = 0.1γ0 . The blue, solid lines are for the
resonant case δ1 = 0, and the red, dotted lines are for the detuned case,
δ 1 = γ0 .

(00): |2i → |0i after |2i → |0i

(01): |2i → |1i after |2i → |0i

(10): |2i → |0i after |2i → |1i

(11): |2i → |1i after |2i → |1i

Most physical systems are prone to dephasing, e.g., due to fluctuating
magnetic fields, and we model this by introducing a decoherence term in
the master equations (2.9), (3.10), and (3.13) corresponding to the operator
√
ĉD = γD (|0i h0| − |1i h1| + |2i h2|). The effect of this is to flip the sign of
the |1i amplitude relative to those of the two other states with a rate γD .
In Fig. 3.6, we show two examples of the four delay functions wmm0 (τ )
for the Λ-system, assuming perfect detection in both channels (physical
parameters are given in the figure caption).
For resonant coupling on both transitions (blue, solid lines) all four
waiting time distributions resemble those of a two level system in Fig. 3.2.
For finite detuning (red, dashed lines) of the |1i ↔ |2i transition, the
waiting time distribution functions after decay into |0i largely maintain
the same form, while after decay into |1i the distributions reflect the
off-resonant |1i → |2i excitation process.
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Figure 3.7: Upper panel: The Fisher information per unit time for
estimation of the laser-atom detuning δ1 by photon counting. Results are
shown for different values of the Rabi frequency, from weak Ω1 = 0.5γ0
to strong Ω1 = 6γ0 , and the other parameters are Ω0 = 5γ0 , δ0 = 0,
γ1 = 0.5γ0 , and γD = 0.1γ0 . For δ0 = 0, all statistical properties of the
counting signal, and hence the Fisher information, are even functions of
δ1 . Lower panel: The ratio τ 2m /Var(τ )m for the waiting times in the two
channels as function of δ1 . We assume Ω1 = 3γ0 , while the remaining
parameters are as in the upper panel.

In Fig. 3.7 we show in the upper panel the Fisher information divided
by the probing time for the estimation of the detuning θ = δ1 for different
values of the laser Rabi frequency Ω1 . For δ0 = 0, all statistical properties
of the counting signal are even functions of δ1 and, as witnessed by the
vanishing Fisher information, we are not able to distinguish values of δ1
close to δ1 = 0. At finite detuning, we obtain the highest Fisher information
for Ω1 ' γ0 . For weak driving (Ω1 = 0.5γ0 ), the |2i ↔ |1i laser is a small
perturbation in the Hamiltonian (3.21), and the absorption spectrum
is characterized by resonances at δ1 = ±Ω0 /2, AC-Stark shifted by the
strong |2i ↔ |0i coupling laser. At resonances, the gradient of nmm0 (τ, δ1 )
vanishes and, as seen from the distinct dip in the Fisher information, our
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ability to discern different values of the detuning here vanishes in the limit
Ω1 → 0.
In the lower panel of Fig. 3.7 we show the ratio τ 2m /Var(τ )m for the
two channels as function of δ1 and for Ω1 = 3γ0 . According to Eq. (3.15)
the distribution of Nm is sub-Possionian for values of this ratio larger than
unity which occur for counts in the |2i → |1i-channel for almost all values
of δ1 , and super-Possionian for values smaller than unity which occur in
the |2i → |0i-channel for all values of δ1 , given the remaining parameters
used in this example.
Let us also investigate the parameter estimation sensitivity for a system
with multiple decay channels of which only one is being observed. This
situation occurs, e.g., in solid state emitters, which may relax both optically
and by non-radiative coupling to the host material, and in the case of
atoms which decay by emission of light in very different wavelength regions.
To describe this situation, we introduce hypothetical observers, Alice and
Bob, holding only partial detection records. Alice has a perfect detector
that monitors only the |2i → |0i channel. Her record of waiting times must
then be matched to the distribution w00 (τ ) found from Eq. (3.13), solved
for the initial state |0i with η0 = 1 and with η1 = 0. Bob, on the other
hand, monitors the |2i → |1i channel only, and his record of waiting times
must be matched to the distribution w11 (τ ) found from Eq. (3.13) solved
for the initial state |1i with η0 = 0 and η1 = 1. The middle time-line in
Fig. 3.8(a) illustrates a full detection record while the upper (lower) line
shows the detection record of Alice (Bob).
In Fig. 3.8(b), we show the waiting time distributions for two values of
the detuning δ1 (the remaining physical parameters are given in the figure
caption). The achievements of optimal frequency estimation strategies
based on the individual records of Alice and Bob are given by the Fisher
information Eqs. (3.8) and (3.9), where the sum only has one term, (mm0 ) =
(00) for Alice and (mm0 ) = (11) for Bob. Combining their records of
waiting times, however, Alice and Bob may achieve a higher level of
sensitivity. The Fisher information is then the sum of the individual Fisher
informations according to Eqs. (3.8) and (3.9). We show in Fig. 3.9 the
Fisher information per time for estimation of δ1 by the separate records of
Alice and Bob and by combining their registered distribution of waiting
times. In Fig. 3.8(b), we observe that the delay function connected to
the channel |2i → |0i is less sensitive to changes in detuning than the one
pertaining to the |2i → |1i channel. This explains why Bob outperforms
Alice at estimating the value of δ1 .
The Fisher information for the full detection record (dash-dotted line
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Time

Full record:
Bob:
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δ1 = 1Γ0

δ1 = 2Γ0

Figure 3.8: (a) Schematic illustration of the detection records of Alice and
(0)
Bob (see text) and a full detection record. The blue dots at times ti are
emissions in the channel |2i → |0i monitored by Alice. The red diamonds
(1)
at times ti are emissions in the channel |2i → |1i monitored by Bob.
The observers do not see photons from the other channel. The full record
holds information on all emission events. (b) Waiting time distributions
for the measurement records obtained by Alice (upper panel), monitoring
only the channel |2i → |0i, and by Bob (lower panel), monitoring only the
channel |2i → |1i. These are calculated for the parameter values Ω0 = 5Γ0 ,
Ω1 = 2Γ0 , δ0 = 0, Γ1 = Γ0 , and γ = 0.1Γ0 and shown for δ1 = Γ0 (blue,
solid lines) and δ1 = 2Γ0 (red, dashed lines) respectively.
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Full record
Total counts

0.2

0
0

2.5

5

7.5

δ1 /Γ0
Figure 3.9: The Fisher information per time for estimation of the laseratom detuning δ1 in a Λ-type system by photon counting by Alice (green,
solid line) and Bob (blue, dotted line), and by use of their combined records
of waiting times (red, short-dashed line). The Fisher information from the
complete detection record of both channels is shown as the dashed-dotted
black curve, while the sensitivity obtained by only utilizing the total photon
count [Eq. (3.22)] is shown by the purple, dashed curve. The results are
calculated for the parameters Ω0 = 5Γ0 , Ω1 = 2Γ0 , δ0 = 0, Γ1 = 1, and
γ = 0.1Γ0 .

in Fig. 3.9) is higher than that of Alice and Bob, even when they combine
their waiting time records. This is because it makes use of all detection
events and for example recognizes the first interval in Alice’s record in
Fig. 3.8(a) as two subsequent (mm0 ) = (01) and (10) intervals rather than
a single (00) interval.
Consider, finally, an observer who has only access to the total, accumulated photon count. For a general multi-channel emitter the mean photo
P
current in the asymptotic limit is N√/T = m Tr(ĉ†m ĉm ρ(ss) ). For general
counting statistics, we have
√ ∆N = V . This implies an uncertainty on θ
−1
given by ∆θ = (∂N/∂θ)
V , i.e., for detuning estimation in our Λ-atom,
(ss)

(∆δ1 )−2
(γ0 + γ1 )2
(∂ρ22 /∂δ1 )2
= Var(τ )
,
)1
(ss)
T
γ0 τ 2 0 + γ1 Var(τ
ρ22
τ2
0

(3.22)

1

where we have used Eq. (3.15) and V = V0 + V1 . By Eq. (2.3) this can
be directly compared to the Fisher information per time, and the result
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of Eq. (3.22) is included as the purple, long-dashed curve in Fig. 3.9. As
expected, parameter estimates obtained from the full record and from the
combined waiting time records of Alice and Bob achieve higher sensitivity
on the whole detuning range.

3.5

Conclusion

The full photo detection record of a quantum emitter contains more
information about its dynamics than the mean signal. In this chapter, we
have formulated a theory that quantifies this by calculating the Cramér-Rao
sensitivity limit for multi-channel quantum light emitters: The information
in the full photo detection record may be represented as waiting time
distributions which may be readily calculated using the theory presented
here, and which, by Eq. (3.3), supply the fundamental sensitivity limit (2.3).
This optimal limit may be achieved via the linear estimator Eq. (3.17) or
by a maximum likelihood estimate [92, 131]. We exemplified the theory
by the estimation of a detuning parameter in a driven Λ-type system with
two distinct decay channels and discussed the effect of finite detection
efficiency in Rabi frequency estimation.
Our theory assumes an ergodic emitter, i.e., the system has a steady
state which does not depend on the initial state of the system and which is
not a dark state, such that the amount of accumulated data grows linearly
with time. We also assumed that the decay of the system always feeds the
same discrete set of final states, so that the data record can be analysed by
a finite number of waiting time functions. Both the ergodicity assumption
and the restriction to a finite number of final states are technical conditions
for our method to apply, while the underlying Bayesian description is
readily applied and several of the concepts introduced in this chapter can
be modified to account for the sensitivity limit in more general cases.

Chapter

Homodyne detection
This chapter is reproduced from Ref. [4] with only minor
modifications and a few paragraphs omitted due to their
overlap with Chapter 2.

The previous chapter shows how a full, time-resolved photon counting
record yields a larger sensitivity to unknown parameters than the mean
fluorescence signal. The reason is that, unlike the mean fluorescence
intensity, which is given by the steady state excitation of the atom and
saturates for strong driving, the transient evolution triggered by a photon
count and accompanying quantum jump shows oscillations at the Rabi
driving frequency which leads to a better resolution of large Rabi frequencies
and other interaction parameters
In this chapter, we investigate the alternative situation of continuous
homodyne detection of the field emitted by a quantum system; see Fig. 4.1.
It is theoretically interesting to study the achievements of homodyne
detection for precision measurements since, as illustrated in Fig. 2.3, the
character of the signal and the measurement backaction are very different
from those of photon counting. Such a study is further motivated by the
extensive use of homodyne detection in optics where it often offers high
efficiency and practical advantages over photon counting and in probing of
microwave fields; e.g., in circuit QED [167, 168], where photon counters
are not available.
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Figure 4.1: Schematic experimental setup for balanced homodyne detection.
The emission from the probed quantum system (here a two-level system in
a cavity) is mixed with a strong local oscillator field with relative phase
Φ in a 50/50 beamsplitter. The output ports are monitored by photo
detectors and the homodyne current J(t) is the difference between the two
signals.

4.1

Quantum trajectories for homodyne detection

Homodyne detection performs an amplitude measurement of the radiation
emitted from a quantum probe by mixing it with a strong local oscillator;
see Fig. 4.1. As outline in Sec. 2.2, the homodyne current varies according to
the current state ρ(J) (t) of the system and random, shot-noise, fluctuations,
h

i

J(t) = Tr XΦ ρ(J) (t) +

dWt
,
dt

(4.1)

√
where the measurement operator XΦ ρ = η(ĉe−iΦ ρ+ρĉ† eiΦ ) is given by the
atomic dipole lowering operator ĉ, Φ is the phase of the local oscillator, and
η is the efficiency of the photo detectors. Notice that compared to Sec. 2.2,
I have in this chapter chosen a different normalization of the homodyne
current, J(t) = dYt /dt with dYt given in Eq. (2.14). The evolution of the
system is, in turn, conditioned on the measurement results [134],
h



dρ(J) = Lρ(J) dt + dWt XΦ − Tr XΦ ρ(J)

i

ρ(J) ,

(4.2)

which is the normalized version of the stochastic master equation (2.16).
While our formalism and general analysis are valid for any quantum
system, we shall again exemplify the results and methods by considering

4.1 Quantum trajectories for homodyne detection

(a)

(b)

Figure 4.2: (a) An example of a homodyne current obtained by simulating
the monitoring of a two-level system according to Eqs. (4.1) and (4.2)
is shown as the noisy green curve. The mean signal is indicated by the
dashed purple line. The signal shows non-trivial temporal correlations,
e.g., between the different times connected with arrows in the figure.
(b) The two-time homodyne current correlations Eq. (4.9) averaged over
5000 independent realizations of J(t). The quantum regression theorem
Eq. (4.10) yields the theoretical results shown with purple and red, dashed
curves. The inset shows the power spectrum of the homodyne current
Eq. (4.11) for a Rabi frequency of Ω = 4γ for two choices of the local
oscillator phase, Φ = 0 (σ̂x -probing) and Φ = π/2 (σ̂y -probing).
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estimation of the Rabi frequency Ω of monochromatic laser driving of a
single atomic system for which the Hamiltonian is given in Eq. (2.6). If
the system decays from the excited to the ground state at a rate γ, we
√
have ĉ = γσ− . By adjusting the local oscillator phase Φ, one may choose
which spin component σ̂Φ = cos Φσ̂x − sin Φσ̂y is effectively probed. For
Φ = 0(π/2) in particular, the σ̂x (σ̂y )-component of the spin is measured.
It follows from Eq. (4.1) that the measurement backaction in Eq. (4.2),
corresponding to a particular phase Φ, causes a rotation of the spin towards
the axis defined by σ̂Φ .

4.2

Fisher information and Bayesian inference

In a continuous homodyne measurement, the output data is the stochastic
measurement current, Dt = {J(t0 )|0 ≤ t0 ≤ t}, and the Bayesian procedure, presented in Chapter 2, allows a full analysis of such a continuous
measurement record which takes all the available information into account.
Figure 2.4 in Chapter 2 presents a simulation of this procedure where
the probability density for the unknown Rabi frequency Ω is updated
according to a homodyne current (4.1), simulated from the true value
Ω0 = 2γ. The red lines track the best estimate Sθ (Dt ) = maxθ [P (θ|Dt )],
while the dashed, black lines indicate the width of the probability distribution. For probing of σ̂y in Fig. 2.4(a), the distribution quickly becomes
normal as demanded by the central limit theorem, and we observe a smooth
convergence of the most likely value around the true Ω0 = 2γ used to
simulate the measurement record J(t). For probing of σ̂x , shown in panel
Fig. 2.4(b), the convergence is much slower, and as reflected by the broader
distribution at γt = 50, less information is gained per time. This is due to
the fact that the Hamiltonian Eq. (2.6) commutes with the σ̂x -operator,
and as we shall discuss below, the finite information stems from higher
order temporal correlations in the signal decaying with a Ω-dependent
rate.
The uncertainties in the estimates are provided by the CRB (2.3),
and by Eq. (2.8), the Fisher information (2.2) of the full signal may be
expressed as


I(θ) = E 


1
Tr ρ̃(J)


2 



∂Tr ρ̃(J)
∂θ

 2 
 
.

(4.3)

4.2 Fisher information and Bayesian inference
By defining ζ =

∂ ρ̃(J)
1
,
Tr(ρ̃(J) ) ∂θi
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the Fisher score is Tr (ζ) [169], and the

equation of evolution derived from Eq. (2.16),


dζ = Lζ +



∂L (J)
∂XΦ (J)
ρ
dt + dWt XΦ ζ +
ρ − Tr XΦ ρ(J) ζ ,
∂θ
∂θ
(4.4)






h

i

allows calculation of the classical Fisher information, I(θ) = E Tr (ζ)2
without numerical evaluation of derivatives of noisy quantities [92]. Note
that we must simultaneously solve Eq. (4.2) for the accompanying normalized state ρ(J) (t). Unlike operator expectation values for which the
average over trajectories is equivalent to results obtained by the unconditioned density matrix, we do not have ah deterministic
theory for the
i
2
average of a nonlinear expression such as E Tr (ζ) . Equation (4.4) may,
however, be simulated in a trajectory analysis and the Fisher information
Eq. (4.3) obtained by averaging over many trajectories. In Fig. 4.3(a), we
show an example of such a calculation with 100 000 trajectories for the
Fisher information IΦ (Ω) as a function of the local oscillator phase. We
find that asymptotically, the Fisher information grows linearly with time
T , and the figure shows the value of the scaled quantity γIΦ (Ω)/T . As
anticipated from the Bayesian studies in Fig. 2.4, the Fisher information
takes its largest values when Φ ' π/2. Our numerical simulations of the
two level system dynamics for Φ = π/2, show that, for all values of the
Rabi frequency Ω, homodyne detection indeed reaches a Fisher information
of Iπ/2 (Ω) = 4T /γ, and just as for photon counting, it is for this example
identical to the QFI (2.25)! This result is illustrated in Fig. 4.4.
To gain analytical insight in the results, we consider the case of weak
driving (Ω  γ), where we can use the Holstein-Primakoff approximation
[123] and replace the two-level system by a driven oscillator (σ̂− → â, with
σ̂x = σ̂− + σ̂+ in Eq. (2.6), where â is a bosonic annihilation operator).
Thanks to the simple algebra of oscillator observables, Eq. (2.16) may be
solved exactly [170],
1

2

Rt

ρ̃(J) (t) = e(L− 2 XΦ )t e
Ω

√
γ

× e δ2 +(γ/2)2


Rt
0

0

dt J(t0 )X̃Φ (t0 )

(4.5)

0

dt0 J(t)e−γ/2t [δ cos(δt0 +Φ)+ γ2 sin(δt0 +Φ)]



γ

ρ(t = 0),

where X̃Φ (t)ρ = e−i(δt+Φ) ĉρ + ρĉ† ei(δt+Φ) e− 2 t and we allow for a finite
laser-atom detuning δ. Picking the initial state ρ(t = 0) as the coherent
steady state |−i Ω
γ i, the Fisher information Eq. (4.3) is readily obtained
and it yields the result IΠ/2 (Ω) = 4T /γ, as expected.
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(b)

(a)

(c)

Figure 4.3: Contributions to the Fisher information IΦ (Ω) per time T
for Rabi frequency estimation in a resonantly driven two-level system.
The Fisher information is upper bounded by the value 4T /γ of the QFI,
which is independent of the Rabi frequency, and it is lower bounded by
(1)
(2)
the information retrieved by the integrated (mean) signal IΦ (Ω). IΦ (Ω)
describes the information provided by the two-time correlations in the
homodyne current. Results are shown in (a) as a function of the local
oscillator phase Φ for Ω = γ and in (b) as a function of the Rabi frequency
(1)
(2)
Ω for Φ = π/2. In (c), the value of IΦ (Ω)+IΦ (Ω) per time T is indicated
by the color scheme as a function of Φ and Ω, and the maximum value is
tracked by the black line.
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Properties of the homodyne signal

It is remarkable that at resonant driving the Bayesian analysis of the
homodyne detection signal has the same sensitivity for all values of the
Rabi frequency, and that it completely exhausts the information about
the Rabi frequency present in the quantized multi-mode radiation field.
This ability springs from the fact that we are not only using the integrated
signal but also the temporal correlations established by the measurement
backaction during the continuous probing of the system, see Fig. 4.2. We
refer the reader to Ref. [140] for an analysis of the case of finite laser-atom
detuning.
sThe instantaneous homodyne current (4.1) is dominated by noise, and
it provides useful information only when it is integrated over a finite time.
We define the average signal from the time t = 0 until time t = T ,
1
Y ≡ lim
T →∞ T

Z T

dt J(t),

(4.6)



(4.7)

0

with the mean value


I = E [Y ] = Tr XΦ ρ(ss) .

t
Note that due to Eq. (4.1), J(t) − E [J(t)] = dW
dt . Hence, the variance on
the integrated current stems from white noise, Eq. (2.15), and we find

var(Y ) =

1
.
T

(4.8)

The integrated signal thus allows extraction
√ of the average system properties
with a relative error decreasing as 1/ T , and the same temporal scaling
applies to the estimation error for any system parameter. Due to saturation,
however, the steady state properties of the signal may depend only very
weakly on the Rabi driving frequency. This is where correlations within
the signal may hold further important information due to the transients
triggered by the backaction of the continuous homodyne measurement.
We shall here specifically address the two-time correlation function of the
homodyne current to study the information gained by including two-time
correlations together with the integrated signal in the analysis. While
we choose to consider this restriction for matter of analysis, we note that
experimental hardware may provide a data record that has been reduced
to provide only the two-time correlation function, equivalent to the power
spectrum of the homodyne current which can be directly sampled by a
spectrum analyzer.
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4.3.1

Two-time correlations

Two-time correlations in the signal are extracted as the average value
1
T →∞ T − τ

C(τ ) ≡ lim

Z T −τ

dt J(t + τ )J(t),

(4.9)

0

where, in the limit of long probing times, the initial state may be taken as
the steady state, and C(τ ) depends only on the time-difference τ .
Repeating the experiment (or repeating the quantum trajectory simulation) yields N independent samples of the current J(t) and thereby N
independent realizations of the integrated signal Eq. (4.6) and the autocorrelation function Eq. (4.9). In Fig. 4.2(b), the two-time correlations
Eq. (4.9) are averaged over 5000 such simulated homodyne currents. Note
the oscillatory behavior for σ̂y -probing while σ̂x -probing merely triggers
an exponentially decaying transient.
The average over many independent samples of the homodyne current
J(t) can be calculated deterministically by the quantum regression theorem
(QRT),




F (1) (τ ) ≡ E [C(τ )] = Tr XΦ eLτ XΦ ρ(ss) + δ(τ ),

(4.10)

and it perfectly matches the simulated data in Fig. 4.2(b).
The Fourier transform of the two-time correlation function is the power
spectrum SΦ (ω) of the homodyne signal,
Z ∞

S(ω) =

dτ F (1) (τ )e−iωτ .

(4.11)

−∞

As seen in the inset of Fig. 4.2(b), σ̂x -probing yields a single frequency peak
at the atomic resonance frequency, while σ̂y -probing gives a signal with
frequency components at ±Ω and hence yields much more information
on the Rabi frequency. The widths of the peaks and equivalently the
decay rates of the two-time correlation functions in Fig. 4.2(b), however,
depend weakly on the Rabi frequency. This is what allows information
to be obtained also by σ̂x -probing and constitutes the basis for the slow
convergence of the Bayesian estimate in Fig. 2.4(b). Together the spectra
reflect the three peaks of the well-known Mollow triplet of fluorescence
from a driven two-level emitter [171].

4.3.2

Fisher information from two-time correlations

We shall now evaluate the Fisher information associated with the integrated
signal and the two-time correlations in the homodyne signal current, as if
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only those quantities are made available for the estimation of the unknown
parameter θ. Burgarth et. al. [143] considers parameter estimation by
discrete, sequential measurements on a quantum system, and shows that as
the number N of measurement data increases, the probability distribution
of functionals of the data (e.g., mean values and multi-time correlations)
become asymptotically normal.
Homodyne detection is a continuous measurement, and to apply the
results of Ref. [143] to our problem, we consider initially the current J(ti )
at N discrete times ti , where ti+1 − ti = ∆t = T /N . Then
Y =

N
1 X
J(ti ),
N i=1

(4.12)

−l
X
1 N
J(ti )J(ti + tl ),
Cl =
N − l i=1

approximate Eqs. (4.6) and (4.9), and Ref. [143] assures that X =
(I, C1 , ..., CL )T is a multivariate Gaussian random variable, i.e., the probability P (X) becomes asymptotically normal for large N ,
T

1

P (X) ∝ e 2 (X−E[X])

Σ−1 (X−E[X])

.

(4.13)

Here the covariance matrix Σ of X has elements
Σij = E [(Xi − E [Xi ]) (Xj − E [Xj ])] .

(4.14)

The first diagonal element of the covariance matrix is given simply
by Eq. (4.8), Σ00 = 1/T , while the evaluation of the covariances between
the sampled autocorrelations with different time delays τ involves up to
four-time correlations in the measurement signal,
1
Σ(τ, τ ) = lim
T →∞ (T − τ )2
0

h

E

Z T −τ

Z T −τ

dt
0

J(t + τ )J(t) −

dt0

0

(1)
FΦ (τ ) J(t0

(1)

i

+ τ 0 )J(t0 ) − FΦ (τ 0 )

.

(4.15)
The four-time correlations, and more general multi-time correlation functions, are quantified by products of the current readout at multiple times
with definite separation intervals, and when averaged over the time argument of the first readout and over many independent realizations, they
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read
(n/2)
FΦ ({τj })

≡h

n
Y

i=1

J(

X

τj )i = Tr

n 
Y



!

XΦ eLτi XΦ ρst

(4.16)

i=1

1≤j≤i

for τi > 0, where h·i denotes an average over the time τ1 . The covariance
matrix elements thus follow from time-ordered integration of four-time correlation functions given in Eq. (4.16). Notice, however, that this seemingly
complicated task becomes remarkably simple due to the noise properties
of the homodyne signal, see Fig. 4.2(a). In fact, the leading contribution
to the integrand stems from the noise terms in Eq. (4.1) when the time
arguments match two by two in Eq. (4.15), i.e., to leading order in 1/dt
we obtain,
T −τ
T −τ
dWt dWt+τ dWt0 dWt0 +τ 0
1
0
dt
E
dt
T →∞ (T − τ )2 0
dt
dt
dt
dt
0
Z T −τ Z T −τ
1
dt0 δ(t − t0 )δ(τ − τ 0 )
= lim
dt
T →∞ (T − τ )2 0
0
δ(τ − τ 0 )
=
,
(4.17)
T
where we applied Eq. (2.15) at the second step.
δij
Equation (4.17) implies Σij = T ∆t
for i, j > 0. Remarkably, the
covariance matrix is diagonal, and to leading order in 1/T there is no
covariance between the autocorrelations at different times. We have verified
this numerically by the covariances between the simulated data shown in
Fig. 4.2(b). The variance increases as the numerical Cl -grid is made finer,
leading to a convergence of the information as ∆t is decreased.
As seen in Fig. 4.2(b) the two-time correlation function Eq. (4.10)
approaches I 2 for large correlation times τ and suggests that the mean
current and the asymptotic correlation are correlated. To avoid the trivial covariance between Y and C(τ ) we therefore subtract the expected
integrated signal contribution from the correlations,

Σ(τ, τ 0 ) ' lim

C(τ ) → C(τ ) − I 2



Z

Z

and

(1)



(1)

FΦ (τ ) → FΦ (τ ) − I 2 .

(4.18)

Without omitting any contributions to the total information acquired from
the experiments, this ensures that Σ0l = Σl0 = 0.
The Fisher information matrix of a multivariate normal distribution is
well-known,
∂E [X]T −1 ∂E [X] 1
∂Σ −1 ∂Σ
Σ
+ Tr Σ−1
Σ
.
∂θ
∂θ
2
∂θ
∂θ


IMV (θ) =



(4.19)
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The inverted covariance matrix is proportional to the total time of probing,
and since the latter term in Eq. (4.19) does not scale with T and hence
becomes asymptotically negligible, we find IMV (θ) = I (1) (θ) + I (2) (θ),
where
I (1) (θ) = T
I

(2)

(θ) = T



∂I
∂θ

2

(4.20)

X  ∂F 2

∂θ

i

∆τ.

(4.21)

i

Equation (4.20) yields the contribution to the Fisher information from the
integrated signal, and we may finally take the continuum limit ∆τ → dτ
to find the contribution from two-time signal correlations,

I

(2)

Z τmax

(θ) = T

dτ
τmin

∂F (1) (τ )
∂θ

!2

.

(4.22)

By Eq. (4.11), a spectral analysis yields the same information as a direct
analysis of the two-time correlated time series. In fact, we may apply
Plancherels theorem (unitarity of the Fourier transform) in Eq. (4.22) to
obtain the expected Fisher information from the spectrum,
I

(2)

Z ∞

(θ) = T

dω
−∞

4.3.3



∂S(ω)
∂θ

2

.

(4.23)

Achieving the Cramér-Rao Bound with a linear filter

As proven by Fisher [131], a Bayesian analysis saturates the Cramér-Rao
bound and allows parameter estimation with a precision given by the
Fisher information. Like in the case if photon counting, the CRB may,
however, equivalently be saturated by applying a linear filter to the data
available for the estimation process.
The Fisher information associated with the integrated signal Y and
two-time correlations C(τ ) takes a simple form Eqs. (4.20) and (4.22),
and for a given experimental realization of Y and C(τ ), an unbiased
estimator Sθ (Dt ), for which the variance is minimized and the CRB reached,
exists. Suppose that asymptotically the parameter value has been identified
to a small vicinity δθ around a value θ0 . With the Fisher information
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I (1) (θ0 ) + I (2) (θ0 ) this estimator is given explicitly by the linear filter,
∂I(θ)
T
(1)
(2)
∂θ
I (θ0 ) + I (θ0 )


Sδθ (DT ) =

Z

+

dτ

F (1) (τ, θ)
∂θ



(Y − I(θ0 ))
θ=θ0

C(τ ) − F (1) (τ, θ0 )



(4.24)

.

θ=θ0

This expression represents a first order correction to the initial estimate
θ0 according to the dissimilarity between the expected and the recorded
signal, and by normalizing the estimate by the Fisher information per time,
it ensures that larger uncertainties allow larger adjustments. The linear
filter is valid in the asymptotic limit where δθ is small.

4.3.4

Rabi frequency estimation

We turn now to the example of Rabi frequency estimation in a resonantly
driven two-level system Eq. (2.6) where all calculations are straightforward.
We consider first perfect detection (η = 1).
The Fisher information from the mean signal Eq. (4.20) is
(1)

"

#

IΦ (Ω)
2Ω2 − γ 2
= 4γ 3
sin2 Φ.
T
(2Ω2 + γ 2 )

(4.25)

(1)

For Φ = 0, FΦ (τ ) may be evaluated analytically,
2Ω2 γe−γτ /2
,
2Ω2 + γ 2

(4.26)

I0 (Ω)
16Ω2 γ 6
=
.
T
(2Ω2 + γ 2 )4

(4.27)

(1)

F0 (τ ) =
leading to a Fisher information,
(2)

(1)

The general expression for Fπ/2 is more complicated. An example is shown
in Fig. 4.2(b).
(1)
(2)
In Fig. 4.3(a), we compare IΦ (Ω), IΦ (Ω) and the total contribution
(1)
(2)
for at most two-time correlations in the signal IΦ (Ω) + IΦ (Ω) to the QFI
and the Fisher information of the full signal Eq. (4.3). Results are shown
as a function of Φ for Ω = γ. Because the steady state solution in Eq. (4.7)
(1)
has no σ̂x -component, the information IΦ from the integrated signal is
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maximized for Φ = π/2, while it vanishes for Φ = 0. As discussed after
Eq. (4.11) two-time correlations, on the other hand, are able to extract
information from σ̂x -probing.
The information in the full signal IΦ (Ω) in Fig. 4.3(a) is much higher
(1)
than the contributions from the integrated signal IΦ (Ω) and two-time
(2)
correlations IΦ (Ω), reflecting that higher order correlations in the signal
are responsible for the bulk of the information extracted by the Bayesian
protocol. For Φ = 0, however, the main part of the information stems from
just two-time correlations.
In Fig. 4.3(c), we show in colors the dependence of the Fisher infor(1)
(2)
mation IΦ (Ω) + IΦ (Ω) on the phase Φ of the local oscillator and on the
applied Rabi frequency Ω. While the information from two-time correlations is maximal close to Ω ' 0.5γ for all Φ, the integrated signal favours
Ω = 0 and Φ = 0. This leads to a combined Fisher information with
three distinct maxima, and we track by the black line, the optimal local
oscillator phase for different values of the Rabi frequency. Surprisingly,
in the vicinity of Ω = 0.5γ, Φ = 0 is the optimal choice while in general
Φ = π/2 is optimal. There is no range, where an intermediate value of the
phase 0 < Φ < π/2 is favourable.
In Fig. 4.3(b) the comparison is performed as a function of the actual
value of the Rabi frequency for Φ = π/2. The information is upper
bounded by the QFI and, as evidenced by the large discrepancy between
(1)
(2)
the QFI (2.25) and Iπ/2 (Ω) + Iπ/2 (Ω), the main part of the full information
comes from higher order correlations.
(1)
(2)
Below saturation (Ω < γ/2) the main part of Iπ/2 (Ω) + Iπ/2 (Ω) comes
from the integrated signal. In fact, for Ω = 0 we find from Eq. (4.25)
(1)
that Iπ/2 (Ω)/T = 4/γ which even matches the QFI (2.25). Considering
(1)

two-time correlations we find for Ω  γ, Fπ/2 (τ ) ' −2Ω2 e−γt/2 /γ, so by
Eq. (4.22), the Fisher information is
(2)

Iπ/2 (Ω)
T

'

16Ω2
.
γ3

(4.28)

The Fisher information, Eq. (4.22) involves the square of the derivative
of the correlation functions with respect to the sought parameter, so
Eq. (4.28) hints, that the n-time correlation functions scale as Ωn , leading
to contributions to the total classical Fisher information scaling as Ω2n−2 .
To prove this relationship, we Taylor expand eLτ and ρ(ss) to lowest nonvanishing order in Ω/γ. Via Eq. (4.16) this reveals that for Ω/γ  1, we
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(n/2)

indeed have Fπ/2 ({τj }) ∝ Ωn . Hence, we obtain for small Ω a series
expansion,
Iπ/2 (Ω) = a0 + Ω2 a2 + Ω4 a4 + . . . ,

(4.29)

where the ai are Ω-independent. This emphasizes that higher order correlations are less important at weak driving, but they, indeed, account
for most of the information as the Rabi frequency is increased. This is
illustrated in the high Ω regime of Fig. 4.3(b), where the information in
(2)
Iπ/2 (Ω) far from exhausts the QFI.
(1)

We find for Ω  γ that Fπ/2 (τ ) ' γ cos(Ωτ )e−3γτ /4 , and by Eq. (2.2)
this leads to a Fisher information valid at strong driving,
(2)

Iπ/2 (Ω)
T

256Ω2 243γ 4 + 216γ 2 Ω2 + 128Ω4
=
,
27γ (9γ 2 + 16Ω2 )3


(4.30)

where taking the limit leads to
(2)

Iπ/2 (Ω)
T

=

8
27γ

for

Ω → ∞.

(4.31)

This is independent of Ω, showing that once the transition is fully saturated,
increasing the driving strength further does not alter the information
available from the two-time correlation function. This can be readily
understood since exactly the same information is available from the power
spectrum Eq. (4.23). Beyond saturation, the spectrum SΦ (ω) in Fig. 4.2(b)
consists of two side-peaks of unchanged shapes and separated by 2Ω. The
Rabi frequency Ω can hence be determined with the same precision for all
large values. Conversely, the integrated signal holds negligible information
beyond saturation, where the steady state does not depend on the actual
value of Ω.
(2)
(1)
Note at last that Iπ/2 (Ω) is maximized at Ω = 0.71γ, where Iπ/2 (Ω) is
zero, so here including at least two-time correlations in the data record is
essential.

4.3.5

Finite detector efficiency

Finally, we address the distribution of information when the detector is
imperfect (η < 1). While under perfect detection, the conditional system
state in Eq. (4.2), remains pure, this is not the case when η < 1. This
is a consequence of our inability to trace the state exactly when some
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Figure 4.4: The full classical Fisher information for homodyne detection
(markers) is shown for different values of the detector efficiency η and
compared to the combined information from the integrated signal and
(1)
(2)
two-time correlations Iπ/2 (Ω) + Iπ/2 (Ω) (lines in the same order). The
results are shown as functions of the actual Rabi frequency Ω for probing
with a local oscillator phase Φ = π/2.

photo emission events are missed by the detectors, and inevitably leads to
a decreased information in the signal.
√
The integrated current Eq. (4.6) scales as η which by Eq. (4.20) is
reflected as an η-scaling in the information from this part. In general, it
(n/2)
follows from Eq. (4.1) and Eq. (4.16) that FΦ ({τj }) ∝ η n/2 , so that
(n)

IΦ (θ) ∝ η n .

(4.32)

Hence, higher order correlations in the signal are less important as the
detection efficiency decreases and correspondingly by Eq. (4.32), the information in the signal is fully contained in the lowest order temporal
(1)
(2)
correlations, i.e., for low η we expect IΦ (θ) ' IΦ (θ) + IΦ (θ). As seen in
(1)
(2)
Fig. 4.4, where we compare Iπ/2 (θ) + Iπ/2 (θ) to the Fisher information of
the full homodyne current Eq. (4.3) for different values of η as a function
of the Rabi frequency, this is indeed the case. In particular, for realistic
detection efficiency η . 0.5 the full information is largely contained in
the lowest order time-correlations of the signal, and with low efficiency
detection η . 0.1 higher order correlations hold only negligible information
as seen by the light blue data in the figure.
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4.4

Conclusion and outlook

We have calculated the classical Fisher information for homodyne detection
of the radiative emission from a resonantly driven two-level system and
demonstrated that a Bayesian signal analysis reaches the corresponding
Cramér-Rao sensitivity bound on the applied Rabi drive strength. The
classical Fisher information of homodyne detection is upper bounded by
the quantum Fisher information associated with the quantum state of
the (unmeasured) field emitted by the system, and lower bounded by the
information retrieved by the mean value of the homodyne signal.
The emitter system is subject to measurement backaction due to
the noisy measurement data, and the signal thus acquires non-trivial
temporal correlations, which are at the heart of the performance of the
Bayesian analysis. In the case of photon counting, the waiting time
distribution between subsequent detection events, and hence the two-time
intensity-intensity correlation function accounts for the full data record,
and suffices to compute the Fisher information and explain its dependence
on the physical parameters. Here we have investigated the information
contained within the two-time correlation function or, equivalently, the
power spectrum of the homodyne detection current. Due to the weaker
measurement backaction, homodyne detection outcomes may be correlated
for a larger number of different measurement times and, in particular for
strong driving, we have observed that most of the information about the
Rabi frequency is hidden in multi-time correlations in the current and can
be retrieved efficiently only by the Bayesian analysis.
Our methods of analysis are general and apply to detection of signals
from any quantum system and for the estimation of any physical parameter governing the evolution of that system. There have been theories
suggesting that a sufficiently weak measurement backaction
might lead
√
to an asymptotic resolution scaling better than 1/ T [172], and that
more complex systems will offer similar improvement [155, 173]. Our
two-level example system does not offer long memory times and, despite
the weak homodyne probing, it is subject to the
√ ergodicity arguments
given in Sec. 2.2.2 of Chapter 2, implying a 1/ T scaling of sensitivity.
Our theory for the classical Fisher information related to diffusion-type
quantum measurements, however, constitute a good starting point for a
general investigation of the parameter resolution limit offered by quantum
systems subjected to such realistic monitoring.

Chapter

Quantum Zeno effect in
parameter estimation
This chapter is reproduced from Ref. [3] with only minor
modifications and a few paragraphs omitted due to their
overlap with Chapter 2.

In the two previous chapters we have seen how the backaction associated
with detection of fluorescence from single quantum systems is favourable
as it randomly quenches the system and thus triggers a transient evolution
with temporal signal correlations that depend more strongly than the
steady state on the desired physical properties [1, 2]. For too strong or too
frequent measurements, however, the backaction may completely dominate
the evolution. This is manifested in the quantum Zeno effect (QZE) [174],
named after Zeno’s arrow paradox, which inhibits population transfer
between discrete states in a quantum system due to frequent observations.
The effect was first demonstrated in ion trap experiments [95] and has
since been used to account for experiments on many other systems, e.g
[175, 176].
The intuition behind the quantum Zeno effect has stimulated proposals for application in quantum information processing [96], e.g. for
entanglement protection [177], preservation of systems in decoherence free
subspaces [175, 178], error suppression in quantum computing [179], and
quantum control [12]. In many of these studies the measurement backaction is actually not unambiguously identified as the crucial element, but
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experiments and calculations have clearly established the intuition behind
the quantum Zeno effect as a useful and inspirational source for new ideas
and proposals.
In this chapter, we focus on information retrieved directly by the measurements and, closer to the original Zeno paradox, we ask to what extent
frequent measurements on a quantum system prevent the observation,
through the same measurements, of its dynamical evolution. In order
to perform such an analysis we shall first derive theoretical expressions
for the Fisher information (2.2) associated with a sequence of projective
measurements on a single quantum system.
Once again, our main example concerns estimation of an unknown
Rabi frequency Ω in a two-level Hamiltonian (2.6), and we shall focus on
projective measurements of the excitation performed at regular intervals
spaced by τ . Looking at Fig. 5.1, it is intuitively clear that the Rabi
oscillation dynamics is prevented as the interval τ between measurements
decreases, and if we measure too often, the signal holds no information
about Ω. If, on the other hand, we measure too rarely we may obtain
very little data in any finite probing time T . So, what is the optimal
value of τ for the purpose of parameter estimation? Our expression for
the Fisher information provides the τ , maximizing the information in any
record obtained in a finite time, and by employing the Bayesian inference
protocol of Chapter 2 to the measurement outcomes we discuss further
the convergence of parameter estimation based on such optimal probing
intervals.

5.1

Fisher information of projective measurement
records

A realistic approach to continuous or frequent measurements performed
directly on a system should take the finite bandwidth and noise properties
of the measurement device into account (see, e.g., [180]), but we shall
restrict our attention to the ideal case of instantaneous, accurate measurements, repeated at regular intervals τ with N measurements occurring
during an experiment of total duration T = N τ . The continuous regime,
approximated by the limit τ → 0, thus assumes a corresponding high
bandwidth of detection.
While as outlined in Chapter 2, measurement theory can be formulated
more generally in the POVM formalism, for simplicity we restrict in the
present study our analysis to projective measurements. Each measurement
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Figure 5.1: Illustration showing the excited state population as a function
of time for a two-level system driven on resonance, and randomly projected
at regular intervals according to measurements in the eigenstate basis. The
measurement intervals are different in the different panels, (a): τ = 2.5Ω−1 ,
(b): τ = 1.75Ω−1 , (c): τ = 0.75Ω−1 and (d): τ = 0.25Ω−1 , and show the
quantum Zeno suppression of the coherent Rabi oscillations.

outcome is thus an eigenvalue λ of a given operator Λ̂, occurring with the
probability
P (λ) = Tr[Π̂λ ρ(t)] ≡ ρλλ (t),

(5.1)

where Π̂λ = |λi hλ| is a projector on the corresponding eigenstate. The projection postulate (2.5) states that the conditional state after a measurement
performed on the state ρ(t) at time t is,
ρλ (t) =

Π̂λ ρ(t)Πˆλ
,
P (λ)

(5.2)

Retaining our focus in this thesis on parameter estimation with open
quantum systems, we assume that in between measurements the evolution
is generated by a Liovillian-superoperator L of the form (2.10) which
encodes the parameter in the state of the probe system. Additionally, to
study the Zeno effect, we center our attention on cases where L is time
independent such that the state is propagated from a time t to a time t0
according to Eq. (2.11),
0

ρ(t0 ) = eL(t −t) ρ(t).

(5.3)
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A data record of N = T /τ projective measurement outcomes obtained at
times tj = jτ , D = {λj }N
j=1 , occurs then with the probability
P (D|θ) =

Y

=

Y



Tr |λj i hλj | eLτ ρ(tj−1 )



j





Tr |λj i hλj | eLτ [|λj−1 i hλj−1 |] ,

(5.4)

j

assuming that the initial state is one of the eigenstates, ρ(0) = |λ0 ihλ0 |.
To quantify the precision of the best possible estimate under this
specific measurement protocol, we turn to the Cramér-Rao bound (2.3).
As explained in Sec. 2.2.2, the interesting property is the dependence of
the Fisher information (2.2) on N or, equivalently, on the total time of
the probing T . Since by Eq. (5.2) the system is always projected (reset) in
one of the eigenstates upon detection, the probability for an entire data
record factors into a product of conditional probabilities




P (λj |λj−1 , θ) = Tr |λj i hλj | eLτ [|λj−1 i hλj−1 |] ,

(5.5)

where we recall that the Liouvillian (2.9) and hence the time evolution
operator (2.11) depends on θ. The data record is fully represented by the
set of numbers nlm , counting the occurrences of subsequent detections
in states (λj−1 , λj ) = (λm , λl ). The mean number of such events during
a total of N measurements is E[nlm ] = N P (λm |λl , θ)P (λl |θ), where the
probability that the average measurement will yield λl may be calculated
(ss)
as P (λl |θ) = ρλi λi with ρ(ss) the stationary (steady state) solution (2.12)
of the non-selective evolution in Eq. (2.9), where the average measurement
backaction is included as a dephasing of the atomic coherence at a rate
∝ τ −1 ; see Sec. 5.4.2 below.
The conditional probability for subsequent measurements, P (λj =
λm |λj−1 = λl , θ) does not depend on j, and with a total number of
P
measurements N = lm nlm , the probability in Eqs. (2.1) and (2.2) for
the data record D = {nlm } is a multinomial distribution,
P (D|θ) =

Y

P (λm |λl , θ)nlm .

(5.6)

lm

Utilizing m P (λm |λl , θ) = 1, we readily obtain the Fisher information for
a sequence of N projective measurements, which we can represent as
P

Iτ (θ) X (∂θ P (λm |λl , θ))2
=
P (λl |θ).
N
P (λm |λl , θ)
lm

(5.7)
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The result Eq. (5.7) applies to any parameter estimate from a record of
projective measurements performed at constant intervals τ .
The quantity of relevance in this article is the Fisher information
obtained for a given, long interrogation time, T = N τ , and to address the
asymptotic precision as well as the optimal value of τ , we shall consider
the Fisher information per time Iτ (θ)/T = Iτ (θ)/N τ .

5.2

Zeno inhibited evolution

Following Peres [181], we give now a simple account of the quantum Zeno
effect. Let ρ0 denote a pure state of a quantum system subject to evolution
by the master equation Eq. (2.9). The probability that the system will be
found in its initial state after a short time τ is
P0 ' 1 + aτ + bτ 2 ,

(5.8)

where a = Tr (ρ0 L[ρ0 ]) and b = 12 Tr ρ0 L2 [ρ0 ] . In cases where a 6= 0, the
dominating contribution to P0 is linear in τ , and the survival probability
in the initial state after N time steps and projective measurements is


P0linear (N )

T
' 1+a
N


N

,

(5.9)

yielding an exponential decay law P0linear (N → ∞) = exp (aT ) for large N .
In a number of cases, a = 0 (see Sec. 5.3 below). Then, if the measurement is performed N times at intervals τ = T /N , the probability that all
measurements yield the initial state reads
"

P0quadratic (N )

T
' 1+b
N


2 #N

,

(5.10)

In the limit N → ∞, P0quadratic (N ) tends to 1: The QZE freezes the system
dynamics.
At small but finite τ , it is instructive to set (T /N )2 = τ (T /N ) in
Eq. (5.10) and keep τ constant. Then, taking the limit P0quadratic (N →
∞) = exp (τ bT ). The probability to find the system in its initial state
thus decays on the Zeno time scale τZ , given by τZ−1 ≡ −τ b. For closed
system dynamics governed by a Hamiltonian Ĥ, a vanishes, but we obtain
2
τZ−1 = τ (hĤ 2 i − hĤi ) [181].
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QZE and Fisher information for a probed
two-level system

We shall now investigate how the Zeno effect affects precision probing by
considering a two-level system with ground |gi and excited state |ei driven
by a laser field. In a frame rotating with the frequency of the laser field,
the Hamiltonian reads
Ĥ = −δ |ei he| +

Ω
(|ei hg| + |gi he|) ,
2

(5.11)

where Ω is the laser-Rabi frequency and we include this time a possibility
for an atom-laser detuning δ.
Following the previous discussion, projective measurements in the
atomic eigenstate basis, Π̂g = |gi hg| and Π̂e = |ei he|, are performed at
intervals τ . The conditional, stochastic evolution is exemplified in Fig. 5.1
for different durations of the interval τ between measurement during which
the evolution given by Eq. (5.3) is unitary in the absence of environmental
couplings. Decreasing τ gradually inhibits the coherent dynamics, and
eventually leads to quantum jumps occurring at the rate τZ−1 = τ Ω2 /4.
To determine the Fisher information in Eq. (5.7), we note that the λj
take only two values corresponding to measuring the ground (λj = g) or
excited (λj = e) state, respectively. In this case,
Iτ (θ)
P (g|θ)(∂θ P (g|g, θ))2
P (e|θ)(∂θ P (e|e, θ))2
=
+
,
N
P (g|g, θ)(1 − P (g|g, θ)) P (e|e, θ)(1 − P (e|e, θ))

(5.12)

where P (g|θ) and P (e|θ) are the populations of the ground and excited
state, in the unconditional steady state of the system. Absent energy
relaxing processes these are both 1/2.
Due to the symmetry of the problem, the only relevant information
in the measurement record concerns how often consecutive measurements
yield identical or different results, and we have
Iτ (θ)
(∂θ P (g|g, θ))2
=
,
N
P (g|g, θ)(1 − P (g|g, θ))

(5.13)

which can be recognized as the Fisher information for binomially distributed
data.
For very short durations between measurements, P (g|g, θ) is on the form
of Eq. (5.8) with ρ0 = |gi hg|, and from Eq. (5.13) the Fisher information
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is
Iτ (θ)
(∂θ a)2 τ 2 + 2(∂θ a)(∂θ b)τ 3 + (∂θ b)2 τ 4
.
'
N
aτ + (a2 + b)τ 2

(5.14)

If a = 0 the QZE freezes out the system dynamics in the limit of τ → 0, and
Iτ (θ)/T ' τ (∂θ b)2 /b → 0, so despite the growing number of measurements,
N = T /τ → ∞ the data holds vanishing information on θ. If, on the other
hand, a 6= 0, we find a constant Fisher information per time in the limit of
τ → 0, Iτ (θ)/T ' (∂θ a)2 /a. Note, that if a is independent of θ the Fisher
information may still vanish even though the dynamics is not frozen out
for τ → 0.
For simplicity, we restricted this discussion to the case of a two-level
system, but the relation between a vanishing linear term in the survival
probability Eq. (5.8) and quantum Zeno inhibited parameter estimation
equally applies to the general case of Eq. (5.7).

5.4

Examples

In this section, we exemplify the Zeno inhibited Fisher information by
considering Rabi-frequency estimation. We first discuss the case of unitary
dynamics between measurements, and then turn to a model including
dephasing.

5.4.1

Driven system with no dephasing

For the two-level system with Hamiltonian Eq. (5.11) the time evolution
may be solved analytically,
"

#

1
δ 2 + Ω2 cos χτ
,
P (g|g, Ω) =
1+
2
χ2

(5.15)

where χ = (Ω2 + δ 2 )1/2 is the generalized Rabi-frequency. By Eq. (5.13)
the corresponding Fisher information per measurement for Rabi-frequency
estimation is
χτ
2
Ω2 χτ cos χτ
Iτ (Ω)
2 + 2δ sin 2
=
N
χ4 (δ 2 + Ω2 cos2 χτ
2 )

2

.

(5.16)

In the upper panel of Fig. 5.2, we show how the Fisher information
grows as a function of the total interrogation time T = N τ for different
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Figure 5.2:
(a) Fisher information Iτ (Ω) = τ T for Rabi frequency
estimation in a resonantly driven two-level system as a function of the total
probing time. Results are shown for different durations of the intervals
between measurements. (b)Fisher information Eq. (5.16) per time for Rabi
frequency estimation as a function of the duration of the intervals between
measurements assuming τ  T . Results are shown for different detunings.
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Figure 5.3: Upper panel: The probability of finding a two-level system driven on resonance in the ground state as a function of time for
Ω1 = Ω (blue curve) and Ω2 = 1.1Ω (dashed, red curve). Lower
panel: The dashed, green curve shows the squared difference quotient,
[P (g|g, Ω2 ) − P (g|g, Ω1 )] / [Ω2 − Ω1 ], between the probabilities in the upper panel while the orange curve shows the squared differential quotient,
∂Ω P (g|g, Ω), corresponding to the limit of infinitesimally close Rabi frequencies.

values of τ . Information is only obtained when measurement outcomes are
acquired, and the Fisher information therefore grows in steps. While the
frequency of the steps increases when the durations between measurements
are decreased, the figure clearly shows a reduction of both the height
of the individual steps and the effective slope of the Fisher information
as function of time T . In the lower panel of Fig. 5.2, the slope Iτ /T is
shown as a function of τ for different values of the laser detuning and
τ  T . On resonance (δ = 0) Eq. (5.16) reduces to the Fisher information
per measurement, Iτ (Ω)/N = τ 2 , independent of the actual value of
Ω (equivalent to a linear relationship between Iτ (Ω)/(T Ω−1 ) and Ωτ ).
For a fixed total time, the Rabi oscillation dynamics is frozen out and
as anticipated by the discussion following Eq. (5.14) any Ω-estimate is
inhibited by the QZE in the limit τ → 0.
To understand the behaviour for large τ , we consider the numerator
in Eq. (5.13). In the upper panel of Fig. 5.3, P (g|g, Ω) is shown for two
slightly different values of Ω. The two candidate values lead to solutions
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evolving at different frequencies acquiring the same phase after a certain
time. This effect contributes the envelope to the difference quotient seen
in the lower plot (dashed, orange curve). The smaller the difference
between the Rabi frequencies, the later the peak appears in the envelope
function, and in the limit of infinitesimally close Rabi frequencies, their
Rabi oscillations will only come back in phase after an infinitely long time.
As the Fisher information relates to infinitesimally different hypotheses, a
single measurement at time τ = T provides the optimal distinction, and
the limiting procedure of preparation of an initial state followed by a single
read out at the final time is favoured. Indeed, the quadratic dependence
on τ , causing the Zeno suppression for short measurement intervals, is
responsible for the advantageous Heisenberg scaling when τ = T [172].

5.4.2

Driven system with dephasing

Real physical systems experience dephasing due to, e.g., magnetic noise,
off-resonant light scattering and collisions with back ground gas [95, 175].
To study how such effects affect parameter estimation, we introduce a
transversal dephasing of the atomic coherence at a rate γ with the Lindblad
√
operator γ σ̂z in Eq. (2.10). The ground and excited states are eigenstates
of σ̂z , and Tr (ρ0 Lρ0 ) still vanishes so that by Eq. (5.10) the QZE is present
in the system.
The system evolution may be solved analytically, and on resonance one
finds
(

P (g|g, Ω) =

1
2
1
2

+
+

e−γτ
2
e−Ωτ
2

γ
ω

sin ωτ + cos ωτ
(Ωτ + 1)



Ω 6= γ
Ω = γ,

(5.17)

p

where ω = Ω2 − γ 2 .
Results are shown in Fig. 5.4 which depicts the time evolution of
P (g|g, Ω) for different values of γ. Due to the dephasing, the oscillations
are damped over time, and it is intuitively clear that it is no longer optimal
to wait as long as possible between measurements.
Using Eq. (5.13) we determine the Fisher information per measurement
2

Iτ (Ω)
−2Ω2 γωτ cos ωτ − (γ + ω 2 τ ) sin ωτ
= 4 2
,
N
ω (Ω − 2ω 2 e2γτ + (ω 2 − γ 2 ) cos 2ωτ + 2γω sin 2ωτ )

(5.18)

valid for Ω 6= γ as well as in the limit Ω → γ. In the six upper panels of
Fig. 5.5, the Fisher information per time for different dephasing rates is
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Figure 5.4: The time evolution of P (g|g, Ω) for a two-level system driven
on resonance. Results are show for values of γ ranging from no dephasing
(γ = 0) to critical damping of the Rabi oscillations (γ = Ω).

depicted. Note the oscillatory behaviour, and that it is indeed peaked for
finite measurement intervals.
From Eq. (5.18) one finds, in the strong driving regime,
sin2 ωτ
Iτ (θ)
= τ e−2γτ
T
1 − e−2γτ cos2 ωτ

for Ω  γ.

(5.19)

For small τ the envelope τ e−2γτ yields the same linear dependence as in
the undamped case caused by the quantum Zeno effect, while for larger τ
dephasing suppresses the information.
The lower panel of Fig. 5.5 shows in color the Fisher information as
a function of γ and τ , and the black curve indicates the values of τ that
maximize the information for any given γ. For high γ, phase information
is only significantly maintained during the first π/2 of the rotation and
quite frequent measurements are optimal. As γ decreases, additional π
rotations are favourable between measurements, and since the sensitivity
to Ω by population measurements is highest when both populations are
close to 12 , the optima occur around ωτ = π(n + 12 ) where n is an integer.
The optimal measurement intervals change in steps as the dephasing rate
becomes smaller and smaller.
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Figure 5.5: The Fisher information Eq. (5.13) per time for Rabi frequency
estimation in a two-level system driven on resonance. In the six upper
panels, results are shown as a function of the duration of the intervals
between measurements and values of γ ranging from no dephasing (γ = 0)
to critical damping of the Rabi oscillations (γ = Ω). The color plot pictures
the Fisher information as a function of both τ and γ. The color scale is in
units relative to the maximum value. The black curve in the plot tracks
the value of τ maximizing the Fisher information for any given value of γ.
For weak damping, the maxima occur close to ωτ = π(n + 12 ), where n is
an integer.
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Bayesian inference

In the sections above we investigated the theoretical optimal sensitivity
based on projective measurements. We shall now address the attainability
of this sensitivity by the explicit estimation strategy offered by Bayesian
inference as formulated in Chapter 2. Given the outcome at the time
tj =jτ , Bayes rule (2.1) yields an update for the probability P (θ) assigned
to different values of the unknown parameter θ prior to the time tj .
We illustrate this principle in the lower panel of Fig. 2.2 in Chapter 2
by propagating probabilities based on three candidate values of the Rabi
frequency used to generate the trajectory in the upper panel. The trajectory
is dominated by intervals of projections to the same state in consecutive
measurements (the QZE), consistent with a vanshing Rabi frequency and
hence causing an increase in the probability for the lowest value of Ω. Due
to the finite value of τ , however, the system performs quantum jump like
dynamics between the eigenstates at a rate ∼ τZ−1 , favoring the higher
values of Ω in the filtering process. Eventually, after a long sequence of
measurements, the full record is only consistent with the true value of Ω.
Figure 5.6 shows the results of applying the same procedure for a wider
range of candidate values of the Rabi frequency on a fine grid and for a
longer time. To distinguish infinitesimally different hypotheses (parameter
values) the probing intervals should be chosen to maximize the Fisher
information, and with a finite dephasing γ = 0.1Ω0 , this happens for
Ω0 τ = 4.83 [see Fig. 5.5]. However, as seen in (a), the procedure is not
able to filter away other candidate values Ω fulfilling
q

Ω2 + γ 2 τ = 2nπ ±

q

Ω20 + γ 2 τ,

(5.20)

with n an integer. If Ω  γ, these Rabi frequencies lead to the same
ground (excited) state populations at the time τ , and thus yield identical
probabilities for the measurement outcomes.
A solution to this problem is analyzed in Fig. 5.6(b), where shorter time
intervals with Ω0 τ = 0.3 are used to distinguish the discrete frequencies in
Eq. (5.20). As observed in the upper panel, however, we are here far in
the Zeno regime, and even though the distribution centers around the true
value in the lower panel, it is broader than the individual peaks in (a).
An optimized strategy applies a combination of q measurements with
sub-optimal evolution times to distinguish the discrete frequencies in
Eq. (5.20), i.e., to select the correct branch in Fig. 5.6(b), followed by
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(a)

(b)

(c)

Figure 5.6: The upper panels show the ground state population during
a simulation with Ω = Ω0 , δ = 0 and γ = 0.1Ω0 . The lower panels shows
the evolution of the quasi continuous probability distribution P (Ω|D) for
the Rabi frequency, conditioned on the measurement records in the upper
plots. Results are shown for (a) Ω0 τ = 4.83 and (b) Ω0 τ = 0.3. In
(c) the measurement is optimized (see text) with 12 measurements with
a separation given by Ω0 τ = 1.82 followed by 16 measurements with a
separation given by Ω0 τ = 4.83. The dashed, black lines represent values
of Ω fulfilling the condition in Eq. (5.20). Note, that Ω is assumed to lie
between 0 and 2.5Ω0 .
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N − q measurements with the optimal evolution intervals τoptimal , maximizing the Fisher information. From Eq. (5.20) all problematic
candidates
q
are ruled out by setting τs < (2π − η)/( Ω2max + γ 2 + Ω20 + γ 2 ), where
Ωmax is the maximal candidate and η is a small positive number.
This procedure is equivalent to one used in state estimation, where
an asymptotically insignificant fraction q = N 1− of the measurements is
applied to identify an estimate for the state within a neighbourhood of
size N −1/2+ around the true state ρ0 [150]. The state ρΩ (τ ) at time τ
corresponds to a particular value of Ω, and with a distance from the true
state given by
p

L ≡ kρΩ (τs ) − ρ0 (τs )k1 ,

(5.21)

p

where kµk1 = Tr( µ† µ), efficient distinction of Ω from Ω0 by the first q
measurements, dictates a lower bound for ,
≥

1
ln L
+
.
2 ln N

(5.22)

We pick L to be small enough to discern values of the Rabi frequency
that would lead to opposite measurement
q probabilities, i.e., for Ω  γ,
p
2
2
we set in Eq. (5.21) Ω + γ τs = π − Ω20 + γ 2 τs so that P (g|g, Ω) =
1 − P (g|g, Ω0 ). Note, that L can be rewritten as twice the difference
in ground state populations. Finally, we obtain the optimal parameters
for N, q and τs numerically subject to the total time constraint T =
qτs + (N − q)τoptimal .
This scheme is implemented in Fig. 5.6(c). The optimized measurement
parameters are given in the figure caption. The measurements in the first
t ∼ 22Ω−1 efficiently filter away the problematic candidates of Eq. (5.20),
and the subsequent optimal measurements provide a narrow peak around
the correct Rabi frequency. Hence, the hybrid method proves successful.
Note that while we presented the scheme as if the first measurements are
needed to initially identify the approximate range of Ω, it was recently
demonstrated how adaptive measurements relying on real time Bayesian
updating can be applied for optimized sensing with a single electron spin
[182].

5.6

Conclusion and outlook

In this chapter, we have presented an analysis of the Fisher information for
the determination of parameters that govern the dynamics of a quantum
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Figure 5.7: Illustration of the quantum Zeno effect for a two-level system
driven on resonance subject to continuous dispersive probing with strength
Γ of the eigenstate populations. (a): Γ = 0.05Ω, (b): Γ = 0.2Ω, (c): Γ = Ω
and (d): Γ = 3Ω. Note, the resemblance with the plots in Fig. 5.1.

system subject to projective measurements at a given frequency. We
identified and analyzed the inhibition of precise parameter estimation
caused by the quantum Zeno effect. Our results directly relate the Zeno
inhibited evolution of a quantum system to a vanishing information acquired
in any given time from the measurements causing the inhibition. Our
exemplification through the monitored Rabi oscillations of a two-level
system shows that, in the Zeno limit of frequent probing, the parameter
sensitivity approaches zero, and that the interval of propagation between
measurements should be made as large as possible. In the presence of
dephasing, finite intervals are favourable for optimal estimation purposes,
while the Zeno effect still excludes frequent probing.
We emphasize that in the absence of a Zeno effect, where the linear term
in the survival probability Eq. (5.8) is non-zero, the Fisher information
per time may still vanish in the limit τ → 0 if this term is independent
of θ. As an example, consider the inclusion of spontaneous decay at a
rate γspont in our two-level model. With an initial excited state this yields
Tr (ρ0 Lρ0 ) = γspont 6= 0, and the Fisher information for estimating Hamiltionian parameters indeed vanishes, while the information for estimating
γspont remains finite in the limit τ → 0.
The Fisher information and the Cramér Rao bound quantify the optimal
asymptotic sensitivity, but to reach unambiguous sensing at that limit,
we must employ a strategy that distinguishes among remote candidate
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parameter values. We discussed and demonstrated a Bayesian estimation
protocol, that spends a small fraction of the total probing time to establish
a rough estimate, from which the asymptotic results are valid. The
problem of parameter estimation from periodic probability distributions is
elaborated in [142].
For simplicity, and for the possibility to establish analytical results, our
model focused on projective (strong) measurements performed at discrete
times, and we introduced the Zeno effect as the limit of very frequent
measurements. We believe, however, that our results are also valid for
the interpretation of different measurement scenarios, such as continuous,
dispersive probing. In such experiments, a system is interrogated by a
laser or microwave field, which undergoes a phase shift that depends on
the state of the system, and by adjusting the intensity of the probe field,
both weak and strong (projective) measurements may be implemented on
the time scale of the system dynamics. The probe strength Γ thus plays
a role equivalent to the frequency 1/τ of projective measurements in the
present work [cf., the similarity of the conditional dynamics in Fig. 5.7 for
continuous probing, simulated according to [183,
√ 184] by a diffusion-type
master equation on the form (2.16) with ĉ = Γσ̂z , and Fig. 5.1 for the
frequent projective measurements].

Chapter

Continuous measurement of
a Berry curvature
This chapter is reproduced from Ref. [5] with minor
adjustments and rearrangements of the structure.

The research presented in the preceding chapters have been concerned
with the usage of quantum measurement to learn classical parameters
encoded in states of quantum probes. Another, complementary, aspect of
quantum metrology is the tracking of quantum states and their evolution.
This may have different purposes, often with the eventual objective of
mapping a complex classical property. In this chapter, we consider the
observation of a quantum system as it undergoes a topological transition
[185–187]. Apart from their fundamental interest, quantum systems with
topological invariants may be a key to achieve protection of quantum bits
from environmental noise [188].
The starting point of our investigations is the simplest toy-model of a
quantum system with distinct topological phases: A qubit system subjected
to a quasi-adiabatic quench of a field [189, 190]. The Bloch spheres inserted
in Fig. 6.1 show trajectories traced by the qubit Bloch vector for different
quench times and for different sweeps of the field parameters causing a
flip of the spin (left insert) and a return to the initial state (right insert),
respectively. As explained below, the time trace of the σy component
defines in this way a topological phase. By combining the outcomes of
repeated projective measurements of σy after different partial sweeps of
80
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Figure 6.1: The plotted curves show the dependence of the integral Eq. (6.3)
or Eq. (6.8) on ∆2 /∆1 for different quench times tq = 1µs (green, lower
curve), 2µs (blue, middle curve), and 15µs (red, upper curve). We assume
φ = 0, Ω1 /2π = 13 ∆1 /2π = 10 MHz. The Bloch sphere on the left (right)
shows the evolution of the quantum state during the quench for ∆2 = 13 ∆1
(∆2 = 1.1∆1 ).

the Hamiltonian parameters, the experiment in Ref. [190] indeed revealed
a transition between different topologies represented by the Chern number
in Fig. 6.1. Rather than performing a sequence of partial sweeps, it is an
attractive possibility to experimentally extract the topological properties by
continuously monitoring the system during a full quench of the Hamiltonian.
In this chapter, we shall analyze a protocol that allows such measurement.
As an alternative to projective measurements, we apply a weak dispersive probe which in the qubit example provides a signal with a mean value
proportional to the time-dependent expectation value of σy . Contrary to
parameter estimation where as seen in Chapters 3 and 4 it may provide
an advantage, the measurement backaction is problematic when we are
interested in observing the undisturbed evolution of a quantum system.
For sufficiently weak probing, we can disregard the backaction on the
system, but the signal will be dominated by detector shot noise. Stronger
probing offers a better signal-to-noise ratio, but backaction will then mod-
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ify the state and hence the future evolution of the system, reflecting the
well-known and fundamental relationship between distinguishability and
disturbance of quantum states by measurements [97, 98].
To cancel the backaction of the strong continuous measurement, we
propose to apply a simple continuous feedback on the qubit. As we are
not aiming to determine an unknown quantum state but rather to probe
a (classical) property of the Hamiltonian governing the system dynamics,
there is no fundamental impediment against such a strategy, and we shall
demonstrate its achievements with theoretical arguments and simulations.

6.1

Topology in quantum mechanics

Since the pioneering work on topological phases of matter by Kosterlitz,
Thouless and Haldane [185–187], quantum states with nontrivial topological properties have constituted a very active research field. Topological
invariants, such as the Chern number [191], characterize how the system
ground state (or an excited state) varies when the system Hamiltonian
explores a closed two-dimensional manifold of parameter values. States
with nontrivial topology in extended quantum systems are associated with,
e.g., the variation of Bloch wave functions over a two-dimensional Brillouin
zone [192], while the ground state of a single spin under variation of the
direction of an external magnetic field constitutes a simple example where
a topological transition may be witnessed by a discrete change in the Chern
number [189].
Topological properties are not derived from a single state but depend
on how the eigenstates of different, continuously varied Hamiltonians are
connected. This is quantified by the Berry phase [193], associated with the
evolution of a quantum system under adiabatic
variation of the Hamiltonian.
R
In addition to a dynamical phase, − dt0 En (t0 )/~, governed by the energy
eigenvalue,
the nth eigenstate of the system acquires a geometric (Berry)
R
phase, i hφn |∇R |φn i dR, along the curve explored by the Hamiltonian in
parameter space. By parametrizing R = (µ, ν), one can define the Berry
connection
Aµ = hφn | i∂µ |φn i ,
(6.1)
and the Berry curvature,
Fµν = ∂µ Aν − ∂ν Aµ ,

(6.2)

whose integral over any surface in parameter space by Stokes theorem
yields the Berry phase for the closed boundary curve. When the surface
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integral is extended to a closed manifold (no boundary), it must yield 2π
times an integer C, which in the classical Gauss-Bonnet theorem [194] is
identified with the genus of the manifold and which in the quantum case
defines the topological Chern number,
1
C=
2π

Z

dSµν Fµν ,

(6.3)

S

where dSµν is a surface element in the parameter space. The restriction of
Chern numbers to discrete values is associated with the topological properties of the system and explains the robustness of physical phenomena
such as the integer quantum Hall effect [195–197]. The inherent robustness
implies reduced sensitivity to small perturbations and decoherence, suggesting quantum systems with nontrivial topology as promising building
blocks in a quantum computer [188].
In this work, we focus on the Berry curvature and Chern number associated with a particular system eigenstate |φ0 i1 . Due to the dependence of
the eigenstates on a manifold of different Hamiltonians, the Chern number
is not directly related to an experimental observable. Recently, however,
Gritsev and Polkovnikov [189] have shown that the slowly quenched dynamics of a quantum system permits identification of the Berry curvature
as the expectation value of the gradient of the Hamiltonian: If the quantum
system is subject to a slow quench of the Hamiltonian parameter ν with a
rate of change v, the operator fµ ≡ −∂µ H has the expectation value
hfµ i = hφ0 | fµ |φ0 i + vFµν + O(v 2 ).

(6.4)

The Berry curvature and the Chern number can hence be inferred from
an experiment by measuring the physical observable fµ and extracting its
linear dependence on v.

6.1.1

A topological transition in a qubit system

The protocol suggested in Ref. [189] has recently been demonstrated by
the evolution of a superconducting qubit subject to a time-dependent
microwave field [190] whose detuning and Rabi frequency act in a manner
equivalent to z and x magnetic field components on a spin-1/2 particle.
Perfect adiabatic evolution accomplishes a Bloch vector rotation in the
xz plane. The gradient of the Hamiltonian along the azimuthal direction
1

We study the case of a spin-1/2 qubit in an effective magnetic field for which the
two eigenstate manifolds yield equivalent results.
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is then proportional to the spin component σy which, indeed, acquires a
finite expectation value proportional to v under a quasiadiabatic sweep.
The shorter quench times yield the larger nonadiabatic deviation of the
quantum states in Fig. 6.1 and the larger expectation values of σy .
We adopt the model of Ref. [190] as we consider a qubit with two levels
|gi, |ei and transition frequency ωq . In a frame rotating at the frequency
of the applied microwave drive ωd , the Hamiltonian can be expressed as
(~ = 1)
1
Ĥ = [∆σ̂z + Ωσ̂x cos φ + Ωσ̂y sin φ].
(6.5)
2
Here, σ̂x , σ̂y , and σ̂z are the Pauli operators, ∆ = ωq − ωd is the detuning,
Ω is the product of the microwave field amplitude and the qubit transition
dipole moment, and φ is the phase of the microwave field. We parametrize
the dynamical quench of the detuning and Rabi frequency by a timedependent polar angle variable θ(t) = vt,
∆ = ∆1 cos θ + ∆2 ,

Ω = Ω1 sin θ.

(6.6)

The quench speed v = π/tq , appearing in Eq. (6.4), is determined by the
quench time tq .
The Bloch vector components (x, y, z) of a two-level system are defined
by the expansion of the density matrix on Pauli spin matrices,
ρ=

1
(I + xσ̂x + yσ̂y + zσ̂z ) ,
2

(6.7)

i.e., uρ = Tr(σ̂u ρt ) for u = x, y, z. As shown by the left inset in Fig. 6.1,
if ∆2 /∆1 < 1 (assuming both are positive), the microwave frequency
performs a chirp across the √
qubit resonance and the adiabatic qubit Bloch
vector (Ω cos φ, Ω sin φ, ∆)/ Ω2 + ∆2 passes from the north to the south
pole, while if ∆2 /∆1 > 1, both the initial and final states of the adiabatic
evolution are represented by the north pole of the Bloch sphere (right
inset).
A rapid quench of the parameter θ, i.e., a small value of tq , causes
deviations from the adiabatically evolved state, as clearly illustrated in
Fig. 1. Equations (6.3) and (6.4) now yield the expression for the Chern
number,
Z π
Ω1
Cy = −
hσy i sin θdθ,
(6.8)
0 2v
where we have used the independence of the Berry connection and Berry
curvature on the azimuthal angle φ to reduce Eq. (6.3) to a one-dimensional
integral along the φ = 0 longitude.
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Continuous measurement of the Berry
curvature

A continuous measurement of the σ̂y observable is performed by injecting
a probe field which interacts dispersively with the qubit, and the reflected
signal is amplified and demodulated to yield an output voltage signal V (t)
[Fig. 6.2(a)]; see, e.g., Refs. [198–200]. In dimensionless units, V (t) has
the form
dWt
V (t) = Tr [σ̂y ρ(t)] + √
,
2 ηκdt

(6.9)

with a mean value given by the desired qubit expectation value and with
random, shot-noise fluctuations represented by Wiener increments dWt .
The noise term dominates the readout if the probe field strength κ is weak
or if the detector efficiency η is low.
The different normalization of V (t) compared to dYt in Eq. (2.14) has
the advantage that the Chern number CV is deduced from the probe signal
by performing the integral (6.8) with the signal V (t) directly in place of
the expectation value hσ̂y i. Due to the Gaussian fluctuations in the signal,
the estimated Chern number samples a normal distribution with mean Cy ,
while the white-noise component in the signal Eq. (6.9) yields a statistical
error in the estimation of Cy from a single quench experiment of magnitude
s
(1)
∆CV

= Ω1

tq
.
32ηκ

(6.10)

Upon N repetitions of the experimental sequence, this is reduced to
(N )
(1) √
∆CV = ∆CV / N . As we need the uncertainty√to be well below unity
to discern the integer values of Cy , we demand ηκvN ' Ω1 which for
small N brings us in conflict with either the near adiabaticity or the
assumption of negligible measurement backaction.

6.2.1

Measurement backaction

As discussed in Sec. 2.2, the measurement backaction related to continuous
monitoring of the σy observable, leads to a conditional evolution of the
density matrix ρ(t) of the probed qubit. The explicit, normalized version
of the stochastic master equation (2.16) is in this case[134, 201],
dρ = −i[Ĥ(t), ρ]dt + κD[σ̂y ]ρdt +

√

ηκH [σ̂y ] ρdWt .

(6.11)
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(b)

(a)

Figure 6.2: (a) A two-level system driven by a time-dependent Hamiltonian
is monitored by homodyne detection of a transmitted microwave field. The
stochastic homodyne current can be used to control a feedback microwave
field applied to the qubit. (b) The dynamical evolution of the quantum
state is calculated with Ω1 = ∆2 = 13 ∆1 = 10 MHz. Results are shown for
adiabatic evolution with tq = 15 µs (red, in xz plane) and for quasiadiabatic
evolution with tq = 1 µs (green, blue, and dotted magenta). The dotted
magenta curve depicts the evolution absent probing, the blue curve shows
the evolution with high measurement strength (κ/2π = 0.37 MHz), and the
green curve (matching the dotted magenta curve) indicates the evolution
under a strong measurement employing the feedback described in the text.

The first term represents the evolution absent probing as described by the
Schrödinger equation and depicted in the insets of Fig. 6.1. Because of
the interaction with the probe field, this evolution is supplemented by the
latter two terms, where we define the superoperators
o
1n †
a a, ρ ,
2
H[a]ρ = aρ + ρa† − Tr(aρ + ρa† )ρ,

D[a]ρ = aρa† −

(6.12)
(6.13)

responsible for deterministic decoherence and stochastic measurement
backaction, respectively.
Under perfect detection (η = 1), the conditional state remains pure
and the system lives on the surface of the sphere, while with imperfect
detection (0 ≤ η < 1) our inability to trace the state leads to a mixed
state inside the Bloch sphere. Henriet et al. [202] have investigated the
behavior of the mixed state Bloch vector components and the resulting
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value of the integral (6.8) in the case of a qubit coupled to a reservoir of
bath degrees of freedom. That study, for not too strong bath coupling,
justifies the determination of the Chern number by our procedure, and for
clarity we restrict our attention to the η = 1 case. See Appendix A.2 for a
discussion of the implications of finite detection efficiency.
In the case of a strong probing, the signal will be less noisy but
the system will be attracted to one of the eigenstates of the monitored
observable, σy . At this point, both of the last terms in Eq. (6.11) vanish; i.e.,
in the limit of very large κ, the theory describes a projective measurement.
In this case, as exemplified by the simulated blue curve in Fig. 6.2(b), the
evolution deviates strongly from the unprobed dynamics and integration
of the measurement signal will not yield the Chern number.
This fact can be addressed further by considering the estimate for
the Chern number obtained by averaging over a large number N  1 of
experimental runs. The ensemble average or unconditional evolution of
the system follows from the master equation (2.9), corresponding to (6.11),
but without the last term, which because of the white-noise increment
averages to zero. The second term describes the average measurementinduced decoherence, which introduces an error in the Chern number as
defined in Eq. (6.8). The dashed lower curves in Fig. 6.3(d) show the
Chern number calculated from the solution of the unconditional master
equation (2.9) during a single sweep of the parameter θ. Results are shown
for a range of detunings and we assume different values of the measurement
strength. The figure confirms our expectations: For (very) weak probing,
the procedure yields a result which is compatible with the correct value
of the Chern number, but by Eq. (6.10) distinguishing this value requires
a large number of experimental repetitions, N & Ω21 /ηκv. For stronger
probing, the noise is reduced, but the average measurement backaction
disturbs the evolution and we do not obtain a good candidate value for
the Chern number. This conclusion is supported by the blue upper curve
in Fig. 6.3(c), showing the error in the Chern number at ∆2 /∆1 = 0 as a
function of the probe strength κ. For small κ, the error is ∝ κ, reflecting
a system evolution which is maintained only when subject to very weak
probing. As seen from the inset at ∆2 /∆1 = 2 where the Chern number
should be 0, the effect of the probing is three orders of magnitude lower.
than at ∆2 = 0.
√
Since the statistical error bars are reduced by a factor 1/ N if the
quench protocol is repeated N times, we can obtain the Chern number by
repeated probing with a weak probing strength, but we shall now turn to
an alternative approach depicted schematically in Fig. 6.2(a).
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Figure 6.3: (a) The deviation in the Chern number (integral in Eq. (6.8)
calculated from the unconditional evolution) from the expected integer
value, introduced by measurement backaction. Curves are displayed as a
function of the probing strength κ for the cases of no probing (green, lower
line), probing (blue, upper line), and probing with feedback (magenta,
middle line). Results are shown for ∆2 = 0, where in the absence of probing,
Cy = 1, and the inset refers to ∆2 = 2∆1 , where we expect Cy = 0. (b)
The value of Cy for different detuning ratios ∆2 /∆1 and different values of
the probing strength. We use Ω1 = 13 ∆1 and the remaining parameters
are set to optimize the measurement proposal (see text); ∆1 /2π = 16.1
MHz and tq = 0.96 µs. Lower, dashed curves (cool colors) depict the case
of probing without feedback and the upper, full curves (warm colors) show
the case with feedback. The dotted black curve shows Cy without probing.
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Including a feedback

As the stochastic master equation (6.11) provides the evolution of the qubit
state, conditioned on the measurement signal, if the state remains pure
(which is the case if the measurement is performed with unit efficiency),
we can compensate for the measurement backaction by a unitary qubit
rotation.
Such an approach has been proposed [203, 204] and recently applied
in experiments to stabilize an arbitrary state [205] and to sustain Rabi
oscillations [206] of a superconducting qubit long after the system would
have decayed by spontaneous emission. These works apply feedback based
on quadrature detection of the resonance fluorescence from a two-level
system. Here we derive a similar capability for a dispersive readout of the
σy component, and we show that it can be used to measure an unknown
small deviation of the quantum state from the adiabatic evolution without
severely affecting the state.
Figure 6.2(a) illustrates how the probe signal is directly applied to
control the drive strength and detuning parameters of a feedback microwave
signal, acting on the qubit by the Hamiltonian,
ĤV (t) = κ(ασ̂x + β σ̂z )V (t).

(6.14)

As detailed in Appendix A.1, if we assume the values
α = 2z,

β = −2x,

(6.15)

all the stochastic terms, linear in dWt , cancel. There are, however, corrections which are linear in dt due to correlations between the dWt terms in
the master equation and in the feedback. Adding a second state-dependent
Hamiltonian term,
ĤD (t) = κ(aσ̂x + bσ̂z ),

(6.16)

a = −yz,

(6.17)

with
b = xy,

ensures that the system evolves according to the quench Hamiltonian only.
While this feedback may perfectly cancel the measurement backaction,
it assumes knowledge of the quantum state and hence of the very observable
that we want to measure. However, since our scheme assumes only a small
deviation of the quantum state from the analytically known eigenstate
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of the time-dependent Hamiltonian, we may approximate our feedback
operation with the one that we would have applied to restore the adiabatic
state if that had been subject to the measurement; i.e., we approximate
the values x, y, z in (6.15) and (6.17) by the analytically
known (time√
dependent) Bloch vector components (Ω, 0, ∆)/ Ω2 + ∆2 , and obtain a
recipe that may be applied in real time during an experiment.
In the case of a quasiadiabatic sweep, the state only deviates slightly
from the adiabatic eigenstate, and the feedback error is expected to be
small. To assess the effect of this discrepancy, we turn again to the average
evolution over many experimental runs, now with the feedback turned on.
The unconditional master equation for a system subject to the feedback,
Eqs. (6.14) and (6.16), is given in Appendix A.1, and from the solution
of this equation during a full sweep of θ, Eq. (6.8) yields a Chern number
candidate. The purple (middle) curve in Fig. 6.3(c) shows that the feedback
indeed effectively removes the effect of the backaction and that the slight
deviation from the adiabatic state used in the feedback parameters yields
an error in the Chern number scaling as ∝ κ2 . This allows much larger
values of the measurement strength to be used and hence a significant noise
reduction [cf. Eq. (6.10)] without severely affecting the estimate. However,
once the probing strength is increased beyond κ ' 0.03∆1 the evolution is
strongly affected by the feedback, which effectively pulls the state toward
the adiabatic eigenstate for which the σy component and hence Cy is zero.
In other words, the imperfect feedback sets an upper limit to the probing
strength and hence the achievable noise reduction.
In our choice of the experimental parameters Ω1 , tq , and κ, we are
hence presented with a tradeoff, leading to a simple optimization problem:
The noise Eq. (6.10) must be minimized under the constraint that the error
in the mean Chern number Cy calculated from Eq. (6.8) is small. As an
example, we here perform the optimization at a representative ratio of the
detuning parameters. We use ∆2 = 0 and require Cy > 0.98. The resulting
dependence of the integral (6.8) on the ratio of the detuning parameters
is compared to the unprobed results by the upper curves in Fig. 6.3(d)
and the optimal parameters are given in the figure caption. It is evident
that by employing the feedback, we can use much stronger probing and
still obtain the expected variation of the Chern number with the detuning
parameter.
The achievable noise reduction subject to the constraint imposed by the
error tolerance does not allow a full determination of the Chern number
from a single physical measurement and one has recourse to perform
a number of repetitions. If, for instance, one wishes to distinguish a
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Figure 6.4: The Chern number for different detuning ratios ∆2 /∆1 with the
optimized measurement strength κ/2π = 0.37 MHz (left panel) and with a
much larger strength κ/2π = 3.0 MHz (right panel). Shaded areas illustrate
error bars with N = 383 experimental repetitions. Noisy, magenta (upper)
and green (lower) curves, consistent with the error bars and ensemble
average signals Cy , illustrate the results for CV from simulations of the
measurement and feedback procedure.

Chern number of CV > 0.98 from CV = 0 to five-σ accuracy (that is,
a probability to assign a wrong Chern number of 0.00003%), one must
(N )
require ∆CV ≤ 0.196. This implies that N ' 383 repetitions are needed.
The corresponding error bars are illustrated along with the mean value
over a range of detuning parameters in the left panel of Fig. 6.4. For
comparison, we show in the right panel also the value of Cy for much
stronger probing κ/2π = 3 MHz with error bars corresponding to the same
N . Notice how the mean Chern number is reduced from > 0.98 to around
0.5, but that the same number of repetitions produces much smaller error
bars, according to Eq. (6.10).

6.3.1

Numerical verification

We have implemented the feedback scheme in numerical simulations of
the quench and measurement procedure by solving the feedback SME
given in Appendix A.1. In Fig. 6.2(b), the dotted magenta curve shows
how the evolution of the Bloch vector during a single quench is virtually
indistinguishable from the green curve representing the evolution in the
absence of measurements. This confirms that with these optimized parameters, the feedback succeeds in canceling the measurement backaction
while maintaining a quasi-adiabatic evolution, allowing a dynamical phase
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transition to be observed.
In Figs. 6.4, we plot results for the Chern number CV obtained from
the simulated measurement records. In the left panel, we use the optimized
sweep parameters and measurement strength and in the right panel we use
a much stronger measurement strength. The lines are guides to the eye and
their fluctuations are representative of the estimation error on the Chern
number from the signal recorded in N ' 383 sweeps. The simulations are
consistent with the mean value obtained from the unconditional evolution
and the shaded areas, illustrating the analytic noise estimate Eq. (6.10).

6.4

Conclusion

In summary, we have proposed to measure the topological Chern number
by continuously probing a physical observable during a full quench of the
system Hamiltonian. Our results show that relatively few experimental
repetitions are required to obtain an acceptable signal-to-noise ratio. While
it may also be possible to employ interference protocols to determine
geometric phases of a qubit degree of freedom [207, 208], the arguments
and more complicated examples offered in Ref. [189] encourage efforts
to experimentally extract the Berry curvature and Chern number by
direct measurement of a physical observable. Whether more complex
physical systems also permit an explicit feedback scheme and noninvasive
measurements depends on the specific system and on practical experimental
capabilities.
Let us finally comment that our continuous, non-invasive measurement
may be applied to evaluate the integrated effect of any weak perturbation
acting on a system, e.g., a small variation in a Hamiltonian strength
parameter. For many measurements, a longer
√ probing time T will yield an
improved scaling of the resolution with 1/ T . Such improvement does not
occur for the measurement of the Chern number where the mean signal,
hσy i, vanishes, while the integrated noise increases in the adiabatic limit
of long quench times.

Chapter

Random search for
a dark resonance
This chapter is reproduced from Ref. [5] with only minor
adjustments.

When quantum systems act as sensitive probes and field sensors, the
precision by which the value of a physical parameter can be determined follows from a statistical analysis, and as described in Chapter 2, conventional
problems, heeding normal statistics, produces an estimation error which
obeys the Cramér-Rao bound (2.3). This fact was utilized to analyses the
metrological achievements of quantum probes subject continuous fluorescence detection in Chapters 3 and 4 and to rapidly repeated projective
measurements in Chapter 5.
In this chapter, we propose and analyse an estimation protocol which
is beyond the validity of the CRB. We consider the special case where the
fluorescence rate of an atomic system vanishes when it is excited by a laser
field on exact resonance. Such dark resonances occur in connection with the
phenomenon of electromagnetically induced transparency [209, 210], and
due to their narrow linewidths, they are sensitive probes of perturbations
on the system; see, e.g., [211–213]. As an alternative to a systematic
scanning and accumulation of signal at different, discrete laser frequencies,
we investigate a random search protocol in which the probe laser frequency
may come arbitrarily close to the dark resonance. That event is witnessed
by the complete absence of signal and suggests application of the following
93
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(a)

(b)

Figure 7.1: (a) Λ-type system driven by laser fields with Rabi frequency
Ω. The |1i ↔ |2i coupling laser is kept on resonance while the |0i ↔ |1i
coupling laser is detuned by an amount δ = ω − ω20 , where ω20 is the
atomic resonance frequency. Both emission channels are monitored by
photo detectors, and upon detection in either channel δ is shifted randomly
on a uniform interval with δ ∈ [−δmax , δmax ]. (b) Quantum Monte Carlo
simulated trajectory for the detuning
√ δ as a function of time t. The
simulation is made with Ω = 0.1Γ/ 2 and δmax = 0.1Γ where Γ−1 is the
excited state lifetime.

adaptive protocol for the duration T of the experiment: The system is
excited at a frequency picked uniformly within a fixed interval, including the
resonance. Whenever a photon is detected, a new random laser frequency
is chosen and the system is excited until the next photodetection, where
the frequency is again shifted. The protocol is illustrated for a driven
Λ-type system in Fig. 7.1(a).
When driven far from the dark resonance, the high scattering rate
implies a high probability for an early photon detection and a shift to a
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different frequency, while for frequencies close to resonance, the photon
emission rate is very small, and these frequencies are hence maintained
for a long time before the next emission event. We thus expect that the
longer we probe the atom, the more likely are occurrences of long intervals
with laser frequencies close to the dark resonance. The instantaneous,
stochastically tuned laser frequency thus constitutes a good estimate of
the atomic transition frequency. Due to the distribution of short, long,
and very long time intervals, however, the dynamics is not ergodic, and
the Cramér-Rao bound which relies on asymptotic normality can neither
be used to assess the quantitative achievements of the protocol nor to
estimate how the error scales with the duration of the experiment.
We show here that the problem is tractable by methods of generalized
statistics [214, 215] that have been developed to analyze non-ergodic dynamics in, e.g., animal foraging behavior [216, 217], human travel patterns
[218], earthquake occurrences [219] and financial systems [220, 221]. In
quantum physics they have found applications in analysis of anomalous
transport properties of quantum arrays [222], and our approach is inspired
by and closely follows Bardou et. al. [223], who apply Lévy statistics to
subrecoil laser cooling mediated by a dark state mechanism. While we provide quantitative results and simulations for a specific model, the analysis
is general, and we shall return to wider consequences and applications of
our results in the final section of this chapter.

7.1

Atomic model and trajectory analysis

Figure 7.1(a) depicts the situation of a Λ-type three-level quantum system
interacting with two laser fields with equal coupling strengths. Assume
that one field is fixed on resonance, while the other is scanned with a
detuning δ = ω − ω20 from the exact resonance in the system. The upper
level is unstable and decays with equal probabilities into the two low-lying
√
states, which can both be expanded on the√dark state |ψ− i = (|0i−|1i)/ 2
and the bright state |ψ+ i = (|0i + |1i)/ 2. The bright state is coupled
to the excited state, and after a short time, the system starting in state
|0i or |1i has either undergone excitation and emitted a photon or been
effectively projected into the dark state [138]. The dark state has a
vanishing excitation rate but for a finite detuning, the phase difference
between the laser and the dark state atomic components evolves, and
leads to an effective photon emission rate R(δ). This rate is derived in
Appendix B.1 and shown as a function of the detuning δ in Fig. 7.2. If the
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Figure 7.2: Effective frequency dependent
√ photo emission rate from the
dark state |ψ− i shown for Ω/Γ = 0.1Γ/ 2. The full line shows the exact
rate and the dashed line our simplified model Eq. (7.1). Characteristic
detunings (see main text) are annotated. The rate is an even function of
δ. The red (left) shaded area is the trapping region and the blue (right)
shaded area marks the frequency range not included in the stochastic scan.

coupling laser is tuned slightly away from resonance, the effective photo
emission rate depends quadratically on the detuning δ, and for a range
|δ| < δPDS , the system will be trapped for a long time in a pseudo-dark
state (PDS). At higher detunings the excitation rate levels off and decreases
when the detuning exceeds δL ' Γ, the excited state linewidth.
A characteristic waiting time between subsequent emissions is τ (δ) =
1/R(δ). Ergodicity relies on the ability to average single trajectories over
long times compared to any intrinsic time scale, but since R(δ) → 0 we
have τ (δ) → ∞ for δ → 0, so even a very long time T may be dominated
by a single waiting time with |δ| < δT , where R(δT )T = 1.
We shall restrict the choice of frequencies to an interval |δ| < δmax ,
containing the resonance, but avoiding the wings of the absorption profile,
δmax < δL . To verify the intuition behind the scheme, we show in Fig. 7.1(b)
the evolution of the detuning as a function of time as obtained from a
Monte Carlo wave function simulation of the continuous measurements and
random frequency jumps [138]. The total duration T is, indeed, dominated
by a few long intervals with small detuning, interrupted by brief periods
with larger, fluctuating values of δ. The value of the laser frequency at any
random time is likely to be very close to the atomic resonance frequency.
To obtain analytic predictions for the generic behavior of our estimation
protocol, we shall focus in the following section on the most significant
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features and abandon less important details. The variation of the fluorescence rate R(δ) by an atom occupying the pseudo dark state |ψ− i will
thus be approximated by the function

R(δ) =


−1
2

 τ0 (δ/δQ ) ,

τ0−1 ,

 τ −1 (δ /δ)2 ,
L
0

|δ| < δQ
δQ < |δ| < δL
δL < |δ|.

(7.1)

This simple form of R(δ), illustrated by the dashed curve in Fig. 7.2, is
adequate to represent the very long and very short waiting times attained
for δ ' 0 and for larger δ, respectively. The parameters, yielding the best
agreement with the actual rate for the Λ-system illustrated by the solid
curve in Fig. 7.2, are derived in Appendix B.1.

7.2

Lévy statistical analysis

While the simulation illustrates the apparent success of such an estimation
strategy, a quantitative analysis of its precision and its scaling with T is
hampered by the fact that the probability distribution P (τ ) of dwell times
τ between detection events has a very long tail, and its mean and variance
formally diverge in the interesting regime where δ → 0. For such problems,
P
(i) does not obey the central
e.g., the sum of N waiting times TN = N
i=1 τ
limit theorem (CLT) and will not converge to a Gaussian distributed
variable with a mean value proportional to N . Instead, the increasing
probability that a single term attains a very large value and dominates the
sum may cause it to scale as a higher power of N . This is the characteristic
property of Lévy flights, and P (TN ) is a Lévy distribution [215].
In Fig. 7.1(b), we see how the evolution is comprised of two different
time scales: In a narrow interval |δ| ≤ δPDS ≤ δQ , the system occupies the
PDS for which the waiting times are of the order τ ∝ δ −2 . A single detector
click here will with overwhelming probability cause a jump to a detuning
|δ| ≥ δPDS where the waiting times are short and many jumps occur before
the system returns to the narrow PDS detuning interval. A trajectory thus
(1) (2)
consists of a number of trapping intervals τt , τt , . . . interspersed by
(1) (2)
recycling periods of duration τr , τr , . . . each containing many detection
events. The competition between trapping and recycling periods is at the
core of our statistical analysis, and the probability distributions Pt (τt ) of
trapping times τt and Pr (τr ) of recycling intervals τr will suffice to analyze
the asymptotic behavior of our estimation scheme as T → ∞.
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For Pt (τt ) we note that since each detuning in the PDS interval is
reached with equal probability, the density of trajectories just returned to
−1
the PDS is ρ(δ) = 12 δPDS
. Upon return with a given δ, the probability of
a trapping time τt is ascribed by the delay function w(τt |δ) which can be
calculated by a master equation analysis as described in Chapter 3, [1, 126].
In the limit of predominantly long waiting times, w(τt |δ) is well approximated by a single exponential function, w(τt |δ) = R(δ)−1 exp(−τt R(δ)),
where the frequency-dependent emission rate R(δ) vanishes at δ = 0; cf.
Eq. (7.1).
The distribution Pt (τt ) of trapping intervals is given by integrating
w(τt |δ) over the PDS region with weight ρ(δ), and for long τt we find

Pt (τt )

'

large τt

µτbµ
τt1+µ

,

(7.2)

where µ = 1/2, and τb = τ0 π (δQ /δPDS )2 /16. As anticipated by the
3/2
arguments above, Pt (τt ) decreases very slowly (as 1/τt ) for large values
of τ , and we are in the regime where standard Gaussian statistics must be
replaced by Lévy statistics.
For a distribution with power-law tails such as Eq. (7.2), all moments hτ n i for which n ≥ µ diverge. A well-known example is a Cauchy
distribution, which has µ = 1. The central limit theorem of Gaussian
statistics states that for µ > 1 the total time spent in the trapping region
P
(PDS)
(i)
TN
= N
i=1 τt is proportional to N , while for µ < 1 any sequence is
dominated by rare events and the generalized CLT dictates that asymptot(PDS)
ically TN
∝ N 1/µ . See Appendix B.2 for a brief introduction to broad
distributions and the generalized CLT.
The behavior of R(δ) for large δ determines Pr (τr ). When setting up the
protocol, we have a choice in the maximum and minimum values allowed
in the random selection of δ after each detection event. We assume that a
rough prior estimate restricts the search interval δ ∈ [−δmax , δmax ] around
ω = ω20 . The symmetry is not of importance since we assume δmax  δPDS .
The properties of Pr (τr ) depend on the value of δmax compared to the
characteristic detunings δQ and δL . If δQ  δmax < δL , the high-δ rate is
given by the plateau in Fig. 7.2, and as derived in Appendix B.3 we obtain a
P
(REC)
(i)
finite mean value hτr i = τ0 (δmax /δPDS ), implying that TN
= N
i=1 τr
grows linearly with N . For simplicity, we restrict our attention to this case
and defer discussion of the case with δmax > δL to Section 7.4.
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Trapped proportion

The results for the trapping times and recycling intervals already provide
qualitative insight regarding the asymptotic achievements of our estimation
(PDS)
scheme at large times T (large N ). For δmax < δL , TN
∝ N 2 dominates
(REC)
over TN
∝ N , and we expect trajectories to spend most of the time
occupying the PDS. In fact, the time averaged proportion of time in the
(PDS)
(PDS)
(REC)
PDS is given by fT (T ) = TN
/(TN
+ TN
), which by applying
the generalized CLT [see Appendix B.2] for long times T can be written
fT (T ) = 1 − ξ(hτr i /τb )T (µ−1)
√ . This reveals a time-averaged non-PDS
proportion decreasing as 1/ T , but contrary to ergodic processes with
Gaussian statistics it continues to fluctuate, via the Lévy increment ξ, even
in the high-T limit.
The ensemble averaged proportion of trajectories that will asymptotically be trapped in the PDS is derived in Appendix B.4,
fE (T ) ' 1 −

sin(πµ) hτr i
,
π
τbµ T 1−µ

(7.3)

where we see the same scaling with time T , but without fluctuations.
Equation (7.3) expresses the probability as a function of time that the
laser frequency is within δPDS of the true resonance frequency, while with a
probability 1 − fE (T ) the frequency resides, at the time T , in the recycling
region, and it will not be a good estimator of the resonance frequency. The
convergence of fE (T ) to unity for large T hence signifies that the random
search is a successful estimation scheme. In Fig. 7.3 we show how fE (T )
matches the ensemble average of trajectories such as the one in Fig. 7.1(b)
for large times, T & 106 Γ−1 .

7.2.2

Asymptotic frequency distribution and estimation
sensitivity

To address the sensitivity of the random search we consider the distribution P(δ, T ) of trajectories with |δ| < δPDS . The Lévy statistical analysis in Appendix B.5, reveals that P(δ, T ) can be factorized as
P(δ, T ) = h(T )G(q), where h(T ) is the time-dependent height of the
distribution, and G(q), where q = δ/δT , is a form factor. It is a signature of the broken ergodicity that P(δ, T ) depends explicitly on T and
does not approach a stationary form even for very long times. We find
h(T ) = (τP DS /τb )µ sin(πµ)/ (πµδT ) , where τP DS = 1/R(δPDS ). A general
expression for the form factor is given in Appendix B.5. It depends only
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Figure 7.3: Top: Proportion of trapped trajectories Eq. (7.3) (with
δPDS = 0.01Γ) as a function of time. The dashed line depicts a quantum
jump simulation of 20 000 trajectories with the same parameters as in
Fig. 7.1(b). It matches the statistical model (full line) for (very) large times.
Bottom: Distribution of the detuning δ after a long time T = 6 × 106 Γ−1 .
The dots show simulated data, the full line the theoretical result of our
statistical analysis and the shaded area marks the fraction with |δ| ≤ δT .
The inset shows how the characteristic width δT of the distribution scales
as T −1/2 and matches the model for times larger than ∼ 105 Γ−1 .
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on the value of µ, and for µ = 1/2 it may be expressed as G(q) = D(q)/q,
where D(q) is the Dawson function. The tails of G(q) are Lorentzian
∼ 1/2q 2 and much wider than those of a Gaussian while its maximum is
flat compared to a Lorentzian.
The important detuning scale is, as anticipated, given by δT = δQ (τ0 /T )µ .
This implies that h(T ) ∝ T µ , and the full width at half-maximum (FWHM)
of G(q) is qw δT ∝ T −µ , where for µ = 1/2 we find numerically qw ' 2.13.
Since the distribution has long tails, we define the fraction fpeak =
R δT
−δT dδ P(δ, T ) of occurrences of final detunings in the characteristic range
|δ| < δT , as a measure for the parameter estimation sensitivity and we
find fpeak ' 0.59 independently of T . This shows that asymptotically a
constant part of the trajectories are within δT ∝ T −µ of the true resonance
frequency. Note that the sensitivity does not depend on the values of δmax
and δPDS as long as
√ δPDS  δmax < δL . For the Λ-system with µ = 1/2
we hence find a 1/ T scaling of the sensitivity in our estimation protocol.
We note that 59% of the distribution within δT corresponds to an ' 0.82σ
confidence level if P(δ, T ) was a normal distribution.
In Fig. 7.3 we show how the ensemble obtained from simulations until
T = 6 × 106 Γ−1 is well represented by P(δ, T ). The inset shows the
consistency of the theoretical result for δT with numerical results obtained
directly from the sampled P(δ, T ) as a function of time.

7.3

Comparison to a systematic scan

We have shown that under certain restrictions our estimation scheme is
successful, but it remains to be seen if it outperforms standard spectroscopy
methods in the same settings. A typical way to determine a resonance frequency is by observing fluorescence as the laser frequency is systematically
scanned over the relevant frequencies with equal time at each point. The
spectrum is reconstructed from the integrated fluorescence signal at each
frequency. Such a scheme lends it self to a standard analysis relying on
the Cramér-Rao bound (2.3) in a manner similar to the one performed
in Chapter 3 for a photon counting record or to the one in Ref. [163] for
position measurements of a dark matter-wave soliton. In this section, we
perform such an analysis and compare the performance of a systematic
scan to our stochastic protocol.
Assume first that a scan of total duration T consists in observing the
fluorescence for a time t = T /N at each of a set of N discrete, equally
spaced frequencies {δk }N
k=1 on the search interval [−δmax , δmax ]. A data
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record D = [n1 , n2 , . . . , nN ]T obtained in a time T then contains the total
photocount nk at each discrete frequency. These are independently sampled,
and we assume that for large T they are normally distributed with means
nk and variances vk . The full data record D then samples a multivariate
normal distribution P (D|θ) = N (µ, Σ) with mean value vector µ =
[n1 , n2 , . . . , nN ]T and a diagonal covariance matrix with elements Σkk = vk .
The Fisher information for estimating a parameter θ from such a
distribution is well-known,
∂µT −1 ∂µ 1
∂Σ −1 ∂Σ
I(θ) =
Σ
+ Tr Σ−1
Σ
,
∂θ
∂θ
2
∂θ
∂θ




(7.4)

yielding in this case
I(θ) =

X 1  ∂nk 2
k

vk

∂θ

1 X 1 ∂vk
+
2 k vk ∂θ


2

.

(7.5)

The mean and variance of the photocount at each discrete frequency follow
T
from the master equation (2.9). The mean fluorescence is nk = N
R̃(δ).
The photocount variance stems from temporal signal fluctuations, and it
can be expressed as
vk = nk + 2T

XZ ∞
0

i

(2)

dτ G̃i (τ ),

(7.6)
(2)

where the sum runs over the distinct emission channels, and G̃i (τ ) =


2

Gi (τ )−Tr ĉ†i ĉi ρ(ss) . The last term in Eq. (7.6) determines the deviation
from Possonian counting statistics.
From Eq. (7.6), we notice that the second term in Eq. (7.5) does not
scale with T and is hence negligible at large times. Taking the limit of
a continuum of frequencies, N → ∞, we transform the sum in Eq. (7.5)
to an integral and obtain our final expression for the Fisher information
of estimating a parameter θ by systematically scanning a laser frequency
across a resonance,
(2)

T
I(θ) =
2δmax

"

Z δmax

∂ R̃(δ)
1
dδ
V (δ)
∂θ
−δmax

#2

,

(7.7)

where
V (δ) = R̃(δ) + 2

XZ ∞
i

0

(2)

dτ G̃i (τ )

(7.8)
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(a)

(b)

Figure 7.4: (a) Dependence on the detuning δ of the photocount variance per
time V (δ) divided by the rate R̃(δ). The dashed line marks the Poissonian
case where V (δ) = R̃(δ). (b) Information measures for estimating ω20 in the
Λ-system by a systematic scan and the random search protocol, respectively.
In both cases the search is restricted to an interval [−δmax , δmax ] around
the dark resonance. The shaded area is the region where δmax < δQ and our
statistical model of the recycling
process requires modifications. Results
√
are shown for Ω = 0.1Γ/ 2.
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is the frequency dependent photocount variance per time. The Fisher
information (7.7) reveals via the Crámer Rao bound an uncertainty σ(θ) =
√
[I(θ)]−1/2 , scaling as 1/ T with time.
In Fig. 7.4(a) we show V (δ)/R̃(δ) as a function of the detuning δ for
the Λ-system considered in the main text. Notice how the photo current
exhibits photon bunching and super-Poissonian counting statistics close to
the dark resonance, while it is sub-Possonian for intermediate values and
again super-Poissonian away from the resonance.
To compare with the autonomous search protocol presented in the main
text, we show in Fig. 7.4(b) the Fisher information Eq. (7.7) for estimating
ω20 by a systematic scan along with the equivalent information measure
Iaut (ω20 ) = (δT /0.82)2 of our random search for different widths of the
search interval as determined by δmax . The comparison shows that for the
parameters used in Fig. 7.1(b), our random search proves superior to the
frequency scan if we search an interval [−δmax , δmax ] with δmax > 0.09Γ,
i.e., as long as the resonance is not a-priori known to very high precision.

7.4

Outlook

While we presented the scheme for a driven Λ-system and restricted our
attention to a rate R(δ) with a quadratic dip around δ = 0 and a flat
plateau for large δ ' δmax , the arguments are general, and the statistical
methods apply equally well to other systems. For example, different forms
of R(δ) ∝ δ α for δ ' 0 will lead to different values of µ = 1/α which, in
turn, imply different scaling with time of the sensitivity as quantified by
δT ∝ T −µ . For instance, a variant of the presented scheme may apply
Raman pulses rather than continuous illumination. It can be shown that,
e.g., a sequence of Blackman pulses [224] yields an excitation probability
characterized by µ = 1/4, while square pulses lead to µ = 1/2 [225].
Although these examples do not yield a faster convergence of the random
walk in frequency space towards the atomic resonance frequency than
the example studied here, they illustrate the usefulness
√ of the general
formalism. This formalism will allow better than 1/ T scaling of the
error in estimating a general unknown parameter θ if a process is found
for which the rate depends on θ as R(θ) ∝ θα with 0 < α < 2.
If ω20 is only known to a precision of . Γ, δmax must be chosen
bigger than δL . In this case, the rate decreases as 1/δ 2 in the recycling
region, leading to recycling times of order ∼ δ 2 , and there is a risk that
trajectories will be trapped far away from the resonance. The return times
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are then also described by anomalous statistics, and Pr (τr ) is of the form
Eq. (7.2) with µr < 1. The actual value of µr depends on the detailed
frequency-shifting protocol. If δ is restricted to jump to a vicinity of the
(REC)
current value, one finds µr = 1/4 [226] and TN
∝ N 4 . Our scheme
then fails asymptotically as fE (T ) → 0 for large T . If, instead, the laser
frequency is shifted uniformly on the search interval, the exact zero of R(δ)
at δ = 0 dominates the asymptotic zero as |δ| → ∞, and the trajectories
will converge (albeit more slowly) to the PDS.
In this work, we have proposed to locate the absorption zero of a dark
resonance by a random frequency search protocol. Due to the non-ergodic
behavior of the system, methods from Lévy statistics were employed to
assess the asymptotic spectroscopic sensitivity of the scheme. For the
example of a driven Λ-type system, our method compares favourably
with the Cramér-Rao bound of a conventional frequency scan. Metrology
protocols have been proposed that feature similar feedback
and
√
√ adaptive
elements, and which show convergence faster than 1/ T or 1/ N , where
N quantifies the amount of physical resources; see e.g. [33, 88, 173, 227].
Since adaptive schemes may generally induce non-ergodic dynamics, we
believe that elements of our theoretical analysis will be relevant in the
characterization of a number of such protocols where standard statistical
analyses are inadequate.

Chapter

Multihypothesis
discrimination
This chapter is reproduced from Ref. [10] with only a few
adjustments.

The first part of this thesis has been concerned chiefly with Hamiltonian
parameter estimation where a continuum of candidate parameter values
are filtered by their different action on the state of a quantum probe. I
shall now turn my attention to hypothesis testing, which considers complementary scenarios with a discrete set of hypotheses, m = 1, 2, . . . , N
for the Hamiltonian acting on the probe. In both cases, our ability to
determine the true candidate hypothesis or physical parameter is ultimately
limited by our ability to discern the corresponding signals obtained by
measurements on the probe system; Fig. 8.1(a).
Our focus shall remain on experiments with an open probe system
whose interaction with a broadband environment validates the Born-Markov
approximation. As emphasized in Chapter 2, if the environment is left
unmonitored, the interaction leads to decoherence of the system and to
a loss of distinguishability, while a combined measurement on the probe
system and its environment may yield much more information about the
Hamiltonian governing the dynamics; see Fig. 8.1(b). Assuming that such
a measurement is implementable, the ultimate precision is concerned not
with the discrimination of reduced density-matrix candidates {ρm }N
m=1
for the small system but rather with the discrimination of the, possibly,
106
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Figure 8.1: (a) In state discrimination, a measurement is performed to
distinguish between a set of N candidate states {ψm }N
m=1 . (b) In hypothesis
discrimination with an open quantum probe, a combined measurement
on the system and its environment is performed to determine the true
SE N
candidate from a set of N possible Hamiltonians {Ĥm
}m=1 of the system
or the combined system and environment.

SE i}N
pure quantum states of the system and its environment {|ψm
m=1 . For
parameter estimation, the associated precision is bounded by the quantum
Fisher information [Sec. 2.3]. In this chapter we show how discrimination
between an arbitrary number of (non-orthogonal) states of a quantum
system may be employed to determine an upper bound for our ability to
distinguish among a discrete set of different hypotheses concerning the
evolution of a Markovian open quantum system.
For two candidate states |ψ1 i and |ψ2 i prepared with prior probabilities
P1 and P2 , Helstrom derived in 1969 a general expression for the minimum
error probability in discriminating them by a single measurement [106],

Q(Helstrom)
e

q
1
=
1 − 1 − 4P1 P2 | hψ1 | ψ2 i|2 .
2




(8.1)

Recent works, e.g., Refs. [228, 229], have made progress towards deriving
a general framework for cases with multiple hypotheses, but no closed
form expression has been found except in cases where the candidate
density operators commute [230]. As pointed out by Helstrom [106] it is,
however, clear that even for multiple hypotheses, the error probability

Chapter 8 · Multihypothesis discrimination

108

Qe depends only on the pairwise overlaps between the candidate states
and their prior probabilities. In this chapter we outline how the error
probability in discriminating N arbitrary quantum states can be phrased
as a semidefinite-programming problem for which numerically efficient
algorithms exist.
The full states of a system and a Markovian environment occupy in
general a very large Hilbert space and the candidate states of the combined
SE i are at a first glance intractable. To
system and their overlaps hψnSE |ψm
solve this issue, we rederive the main results of Ref. [154] for evaluating
SE i by propagating a so-called two-sided master equation for an
hψnSE |ψm
effective density matrix which lives in the much smaller Hilbert space of the
system alone. We further show how the pairwise state overlaps among N
candidate states can be applied to embed these states in a reduced Hilbert
space of dimension N . Distinguishing N hypotheses for the evolution
of the open quantum system is equivalent to a multistate discrimination
problem on this Hilbert space. We illustrate our theory by three realistic
examples.

8.1

Optimal state discrimination

One may specify different goals and hence measures of the quality of a state
discrimination process, depending on the number of copies of the quantum
system available [231] and depending on the cost and reward for making
wrong and correct estimates [232]. In the limit where measurements on
asymptotically many copies M of the quantum probe system are available,
the probability of making an erroneous assignment decreases exponentially
with M . The exponent obeys the quantum Chernoff bound [233], which
was recently generalized to cases with multiple candidate states [234].
In the present study we are interested in the information obtainable by
performing a measurement on a single quantum system. We assume that
the system is prepared with probability Pm in one of N different, mixed
quantum states {ρm }N
m=1 , and that we can perform measurements on the
system with outcomes that we combine into our assignment λ = 1, 2, . . . , N
of the most likely state. We quantify a given measurement strategy by
the error probability of assigning a false state (hypothesis) based on the
outcome λ of a measurement performed on the system,
Qe =

N
X
m=1

Pm

N
X
n=1
n6=m

P (λ = n|ρm ).

(8.2)
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To be able to assign N possible states, the measurement must have N possible outcomes, so for a Hilbert space of dimension d < N , we have recourse
to generalized (non-projective) measurements with fundamentally ambiguous outcomes. Such measurements are defined by a positive-operator valued
measure (POVM) with effects {Êm }N
m=1 which are positive semidefinite
P
(Êm ≥ 0) and sum to identity Êm = I, [134]. The probability to obtain
an outcome n if the true state is ρm is then P (λ = n|ρm ) = Tr(Ên ρm ), so
P
P
by applying Êm = I and Pm = 1 we may rewrite Eq. (8.2),
Qe ({Êm }N
m=1 ) = 1 −

N
X

Pm Tr(Êm ρm ).

(8.3)

m=1

The task of obtaining the optimal POVM, which minimizes the error probability for a given set of candidate states {ρm }N
m=1 with (prior)
N
probabilities {Pm }m=1 defines a semidefinite programming problem [235]:
minimize Qe ({Êm }N
m=1 )
subject to
and

N
X

Êm ≥ 0

∀m ∈ {1, . . . , N }

(8.4)

Êm = I.

m=1

Recent studies provide analytic solutions for this problem in the case of
discriminating three qubit states (N = 3, d = 2) with arbitrary prior probabilities [228] or any number of a priori equally probable qubit states [236].
Furthermore, it was recently realized that any N-outcome measurement can
be decomposed into sequences of nested two-outcome measurements which
allow straightforward numerical optimization [229]. A detailed discussion
of the state discrimination problem as a convex optimization task and a
general solution by semidefinite programming was provided in Ref. [237].
In the present study we apply the CVX package for specifying and solving
convex programs in Matlab [238, 239].

8.2

Hypothesis testing with open quantum systems

Hypothesis testing is the task of discriminating the evolution of a probe
system subject to one of a discrete set of candidate Hamiltonians. To
distinguish different hypotheses, a system may be subject to continuous
monitoring by a probe beam or information may be obtained by, e.g.,
homodyne detection or photon counting of the radiation emitted by the
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system [7, 99, 107]. The achievements of such concrete procedures shall
be to the topic of the next chapter.
As argued in [129, 140, 154], the Markovian nature of the systemenvironment interaction implies that the discernibility of the (unmeasured)
quantum states of the system and environment provides a theoretical upper
bound for our practical ability to distinguish the different hypotheses by,
e.g., continuous monitoring of the environment degrees of freedom as in
Ref. [93] and in Chapter 9 of this thesis. Each individual hypothesis m thus
SE i of the system and
leads to a particular unmeasured quantum state |ψm
the environment at a given time t and hypothesis testing is equivalent to
SE (t)i}N
the problem of discriminating the states {|ψm
m=1 . Due to the large
Hilbert space dimension of the environment, these states are generally not
accessible. Nevertheless, following the idea of Ref. [154], we show in this
section that in situations where the Born-Markov approximation applies
to the system-environment interaction, the overlaps between any two
candidate states can be evaluated by solving a two-sided master equation
for an effective density operator on the small system Hilbert space alone.
We subsequently show how the overlaps between all pairs of states can
be used to construct a low-dimensional representation of the problem to
which the technique (8.4) of Sec. 8.1 applies.

8.2.1

A two-sided master equation for the state overlaps

The distinct hypotheses can be formally mapped to the states |mi of
an N -level ancillary system such that the evolution of the system and
environment is conditioned on the state of the ancilla via the Hamiltonian
Ĥ ASE =

N
X

SE
|mi hm| ⊗ Ĥm
,

(8.5)

m=1
SE (t) = Ĥ + V̂ SE for the system-environment
where the candidates, Ĥm
m
m
Hamiltonian in the interaction picture may be separated into candidates
for the part acting on the system alone Ĥm and candidates V̂mSE for the
system-environment interaction.
While the ancilla, system, and environment are initially prepared in a
P
SE
separable pure state |ψ(t = 0)i = √1N N
m=1 |mi ⊗ |ψ (t = 0)i , evolution
under the Hamiltonian (8.5) yields, after a time t, an entangled state,
N
1 X
SE
|ψ(t)i = √
|mi ⊗ |ψm
(t)i .
N m=1

(8.6)
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Instead of the explicit separation in ancilla (A) and system-environment
(SE) components in Eq. (8.6), we shall separate the complete system in
ancilla-system (AS) and environment degrees of freedom. Assuming a weak
coupling to a memoryless environment, the state ρAS of the ancilla-system
obeys a Born-Markov master equation in the interaction frame [133, 134]
(~ = 1),
AS

ρ̇

= −i[Ĥ

AS

AS

,ρ

]−

Z ∞





dt0 TrE [V̂ ASE (t), [V̂ ASE (t0 ), ρAS (t0 ) ⊗ ρE (0)]] .

0

(8.7)
In Eq. (8.7), the unitary part of the evolution is governed by a Hamiltonian
Ĥ AS =

N
X

|mi hm| ⊗ Ĥm ,

(8.8)

m=1

and the interaction with the environment described by
V̂ ASE (t) =

N
X

|mi hm| ⊗ V̂mSE (t).

(8.9)

m=1

The ancilla-system state can be put on the form of a block matrix,
ρAS (t) =

N
1 X
ρnm (t) |ni hm| ,
N n,m=1

(8.10)

where the operators ρnm (t) on the system Hilbert space are all equal to
the projection operator on the initial state of the system at time t = 0.
As seen from Eq. (8.6), the overlap between the nth and mth systemenvironment candidate states can be obtained as the expectation value of
|ni hm|,
SE
hψnSE |ψm
i = N hψ(t) |ni hm| ψ(t)i

h

i

= N TrAS |ni hm| ρAS (t)

(8.11)

= TrS [ρmn (t)] .
Inserting Eq. (8.10) as an Ansatz into Eq. (8.7) produces a set of equations,




ρ̇nm = − i Ĥn ρnm − ρnm Ĥm −
E

+ ρnm (t) ⊗ ρ

Z ∞



dt0 TrE V̂nSE (t)V̂nSE (t0 )ρnm (t) ⊗ ρE (0)

0
SE 0
SE
(0)V̂m (t )V̂m (t)

− V̂nSE (t)ρnm (t) ⊗ ρE (0)V̂mSE (t0 )



− V̂nSE (t0 )ρnm (t) ⊗ ρE (0)V̂mSE (t) .
(8.12)
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We refer to these as two-sided master equations because the matrix argument ρnm (t) is acted upon by the different candidate Hamiltonians from
the left and right hand sides.
Suppose now that in the rotating-wave approximation, the systemenvironment interaction can be written on a Jaynes-Cummings form,
V̂mSE =

X



(k)
† −iδk t
(k) ∗ †
gm
âk Ŝm
e
+ (gm
) âk Ŝm eiδk t ,

(8.13)

k

where the sum runs over the bosonic bath modes with annihilation (creation) operators âk (â†k ), detuned by δk from the system resonance. Hypotheses for the interaction with the environment are represented by the
(k)
(k)
(k)
system operators Ŝm and complex coupling coefficients gm = |gm |eiφm
to the individual modes.
If we assume the environment to be in the vacuum state ρE (0) =
P
k |0k i h0k |, performing the partial trace over the environment in Eq. (8.12)
yields a two-sided master equation,

1 †
ĉn ĉn ρnm − ρnm ĉ†m ĉm ,
2
(8.14)
√
where the candidate dissipation operators are defined as ĉm = γm Ŝm e−iφm .
Here the damping rates γm and phases φm are obtained from the integrated
correlation functions of the environment,




ρ̇nm = −i Ĥn ρnm − ρnm Ĥm + ĉn ρnm (t)ĉ†m −

Z ∞

Γab (t) =
0

dt0

(k)

0

(ga(k) )∗ gb e−iδk (t−t ) .

X

(8.15)

k

Consistent with Fermi’s golden rule, due to the time-integral, one obtains
(k )
(k )
(k )
Γab (t) = 2π(ga s )∗ gb s with δks = 0, such that γm = 2π|gm s |2 and
(k )
φm = φms . Note that, for simplicity, we included only a single environment
and a single transition operator. In the case of hypotheses concerning
multiple environmental couplings, a corresponding sum over dissipation
operators, ĉm → {ĉj,m }Jj=1 , is employed in the master equation (8.14).
The solution of the uncoupled equations (8.14) yields by Eq. (8.11) the
temporal dynamics of the overlap between any pair of the full states of
the system and environment pertaining to the different hypotheses for the
effective system Hamiltonians Ĥm and relaxation operators ĉm . Hence, the
numerically intractable problem of evolving the full states in the very large
system and environment Hilbert space is reduced to the much simpler task
of evolving (N 2 − N )/2 matrices with the dimension of the smaller probe
system.
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Low dimensional representation of states of the system
and its environment

Although the full state of a system and its environment lives in a formally
infinite-dimensional Hilbert space, the discrete nature of the hypothesis
testing problem implies that at any time we have at most N different
possible states to distinguish. These span a (time-dependent) subspace
of dimension N which is sufficient to fully characterize the discrimination
problem. To apply the semidefinite programming methods of Sec. 8.1, let
us define an orthogonal basis {|φin }N
n=1 for this subspace such that each
candidate state can be expressed as a linear combination,
SE
|ψm
i=

m
X

Cn(m) |φn i ,

n=1
(m)

where the Cn are complex expansion coefficients.
We shall now outline how one may in general define a basis and obtain
(m)
the Cn : let the first basis state be the first candidate state |φ1 i = |ψ1 i,
(1)
i.e., Cn = δn1 . The second state is then used to define the second basis
(2)
state, span(|ψ1SE i , |ψ2SE i) = span(|φ1 i , |φ2 i), such that Cn = 0 for n > 2.
Since any of the basis states may be multiplied by an arbitrary complex
(2)
phase factor, we may further use the convention that C2 is positive
which together with the overlap hψ1SE |ψ2SE i and the normalization criterion
completely determines |φ2 i. Similarly the third candidate defines the third
(3)
basis state and we set C3 ∈ R≥0 . By continuing in this manner, we
represent the states of the system and the environment as a sequence of
N -dimensional vectors
C (1)

=

=

C (N )

=

C (3) . . .

=

C (2)
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0
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 0 


 : 

(8.16)

(N )

CN

0

where all state amplitudes are given by a recursive procedure:
Cn(m)

=

1
(n)

Cn

hψn |ψm i −

n−1
X
k=1

!
(n)∗ (m)
Ck Ck

(8.17)
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for 1 ≤ n ≤ m − 1 and

v
u
m−1
X
u
(m)
(m)
Cm
= t1 −
|Ck |2 .

(8.18)

k=1

It may in a given hypothesis testing scenario occur that two or several
candidate states become identical. The number of POVM elements is then
reduced and for some outcomes of our protocol we have recourse to select
the one of the corresponding hypotheses with the largest prior probability.

8.3

Examples

The ideas and methods presented in Secs. 8.1 and 8.2 allow us to evaluate
the minimum error probability in the assignment of one of any number
of distinct hypotheses for the evolution of an open quantum system as a
function of the duration t of an experiment. Here we provide three examples
which illustrate different aspects of our theory and its application.

8.3.1

Phase of a Rabi drive

We first examine a two-level system driven resonantly with a known Rabi
frequency Ω but with an unknown complex phase φm . In a frame rotating
with the resonance frequency, the candidate Hamiltonians can be written
as,
Ĥm = Ω [cos(φm )σ̂x + sin(φm )σ̂y ] /2.

(8.19)

In this example we consider the phases φm = π(m − 1)/2 as illustrated in
the inset of Fig. 8.2, and we assume that the atomic excitation decays into
√
the environment at a known rate γ such that ĉ = γ σ̂− . The Rayleigh
component of the emitted radiation is in phase with the driving field and
homodyne detection should thus gradually reveal the value of φm . In
contrast, photon counting tracks the intensity of the emitted radiation and
hence maps the excitation of the system which is independent of φm .
The full curve in Fig. 8.2 shows the minimum error probability Qe (t)
calculated from our theory as a function of the duration t of the experiment.
Initially Qe (t = 0) = 75%, reflecting that each of the four hypotheses are
a priori equally probable (Pm = 1/4), while for large times they may
be unambiguously discriminated. Interestingly, however, Qe (t) is not a
monotonous function of t. For instance, it reaches a minimum around
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Figure 8.2: Phase of a Rabi drive on a two-level system Eq. (8.19) is
determined by performing a combined measurement on the atom and the
emitted field. Inset: the four hypotheses are Ĥ1 = Ωσ̂x /2, Ĥ2 = Ωσ̂y /2,
Ĥ3 = −Ωσ̂x /2, and Ĥ4 = −Ωσ̂y /2. Main figure: the probability of
assigning a wrong hypothesis is shown for Ω = 2γ and an atom initialized
in its ground state. The dotted curve shows the smallest error probability
reachable by any given time t.

γt ' 1.25 and if for some reason the experiment lasts a little longer, γt . 2,
the ability to discriminate the four cases deteriorates. The reason is that,
irrespective of the excitation phase, the atomic Bloch vector approaches the
vertical direction around Ωt ' π , and only the emitted radiation provides
any information until the Bloch vector candidates evolve further. It is
thus sometimes favorable to perform a measurement on the atom and the
field at an earlier time and keep the result rather than wait for more data
to accumulate. The dotted curves track the minimum error probability
obtainable by performing a measurement before any given time t and hence
represent the lowest error achievable in an experiment of duration t.

8.3.2

Number of atoms inside a cavity

Here we imagine a cavity field driven by a (classical) field of strength u
and interacting with an unknown but small number of atoms. Due to
an out-coupling at a rate κ from the cavity, the emitted radiation from
the spins can be monitored and we further assume that the experimental
setup allows direct measurements on the atomic ensemble. The atoms
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Figure 8.3: Inset: an unknown number of atoms are coupled to a driven
cavity. The number is estimated by performing a combined measurement
on the atomic spins and the field emitted from the cavity. The hypotheses
are m = 1, 2, 3 and 4 atoms and the system evolves according to the
Hamiltonian (8.20). Main figure: The probability of assigning a false
hypothesis is shown for weak driving αg = γp /2, for moderate driving
αg = γp and for strong driving αg = 3γp /2. The dotted curve shows the
smallest error probability reached before any given time t for the under
damped cases where local minima occur in Qe (t).

are modeled as N two-level systems of which m are coupled linearly with
strength g to a single cavity mode and N − m are uncoupled. Assuming
the bad cavity limit, the field may be adiabatically eliminated leading
to an effective Hamiltonian and relaxation of the atoms. The different
hypotheses concerning the number of spins inside the cavity are hence
characterized by N sets of Hamiltonians and relaxation operators,


(m)

(m)

Ĥm = g αŜ+ + α∗ Ŝ−
√
(m)
ĉm = γp Ŝ− ,
(m)

(i)



(8.20)

2
where Ŝ± = m
i=1 σ̂± , α = 2u/κ and γp = 4g /κ is the Purcell-enhanced
decay rate. We assume that the number of atoms coupled to the cavity is
Possion distributed with mean value µ = 1.5. The probabilities prior to
the experiment are hence Pm ∝ µm /m!.
Fig. 8.3 shows the evolution of the minimum error probability in
distinguishing the cases of m = 1, 2, 3 and 4 atoms inside the cavity.

P
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Results are shown for a weakly, a moderately, and a strongly driven cavity,
respectively. While it is never favorable to drive the cavity very weakly
since this does not lead to a fluorescence signal with much structure, it is
evident that the moderate driving case outperforms the strong driving case
for a brief period around γp t ' 2.5. However, the dotted curves, tracking
the minimum error probability obtainable by performing a measurement
at an optimal time before t, shows that the stronger driving is always
favorable.

8.3.3

Relative positions of a dopant ion

Our final example concerns testing of the relative positions between two
impurity dipoles in a lattice structure. Rare-earth-ion dopants in inorganic
crystals have permanent electric dipole moments which are different depending on whether each ion is excited or not and may hence be used for
controlled gates in a quantum computation [240, 241]. Such systems are
produced by low random doping during crystal growth and, for applications
in a quantum sensor or computer, one may want to assess the relative
positions of the individual ions (qubits) by probing their interactions. A
generic version of this kind of setup in a cubic lattice structure with lattice
constant a is illustrated in Fig. 8.4(a). We assume dilute doping such that
a read-out (sensor) ion couples only to a single qubit ion and we introduce a
simple model of each ion as a two-level system. We let the sensor ion relax
radiatively at a rate γ and assume the qubit ion states to be long lived. To
obtain a fluorescence signal, the sensor is driven by a laser field with Rabi
frequency Ωs and detuned by δs from the bare transition frequency. We
assume also the possibility to resonantly drive the qubit ion with a Rabi
frequency Ωq in order to optimize the sensing capabilities. The candidate
Hamiltonians may hence be written,
Ĥm =

Ωs (s) Ωq (q)
σ̂ +
σ̂ − δs |es i hes | + ∆m |eq i heq | ⊗ |es i hes | ,
2 x
2 x

(8.21)

where the latter term accounts for the state dependent shift in frequency
of the sensor ion due to the dipole-dipole interaction with the qubit ion
[242],


∆m =

+2
3

2

µ s µq
[µ̂s · µ̂q − 3(µ̂s · r̂m )(µ̂q · r̂m )] .
3
4π0 rm

(8.22)

Here µs(q) = µs(q) µ̂s(q) is the difference in permanent electric dipole moment between the excited and ground state of the sensor (qubit) ion and
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Figure 8.4: (a) Position of a qubit ion (green spin) in a cubic lattice
structure with lattice constant a affects the fluorescence signal emitted by a
sensor ion (orange spin) of a different species at a nearby lattice position and
the internal state of the two ions. In our example µs = µq = (0.5, 0.3, 0.8)T
such that each of the seven possible marked positions yield a distinct energy
shift of the sensor ion as given by Eq. (8.22). (b) The level structure of the
Hamiltonian (8.21) of the two ions. The qubit ion is resonantly driven with
a Rabi frequency Ωq and the sensor ion is driven with a Rabi frequency Ωs
and a detuning δs from resonance. The sensor excited state is shifted by
∆m due to the excited qubit ion. (c) Contour plot showing the probability
Qe of assigning a wrong lattice position to the qubit ion as a function of
time and the (constant) detuning δs of the sensor ion drive. The red line
tracks the constant value of δs which minimizes Qe (t) at any given time.
The white lines mark the energy shifts ∆m /γ associated with each of the
seven possible positions in (a). (d) Contour plot showing the probability
Qe of assigning a wrong lattice position as a function of time and the
(constant) strength of the qubit drive Ωq with δs = 0. The red line tracks
the constant value of Ωq which minimizes Qe (t) for any given probing time.
2 µs µq
3
Results in (c) and (d) are shown for Ωs = 3γ, +2
3
4π0 = 5γa , and
equal priors Pm = 1/7.
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rm = rm r̂m is the vector between the sensor and the qubit with which
the hypothesis testing is concerned. The prefactor, where  is the relative
permittivity at zero frequency, accounts for local field corrections due to
the crystal host material. One example is Eu3+ or Pr3+ ions doped in an
YAlO3 or an Y2 SiO5 crystal [243]. A suitable sensor ion could be Ce3+ ,
which has a large difference µs in static dipole moment [244]. A level
diagram for the Hamiltonian (8.21) is shown in Fig. 8.4(b) and the level
shift as well as the driven transitions are indicated.
Imagine first that we prepare the qubit ion in the excited state and
then turn off the qubit drive (Ωq = 0). As illustrated in Fig. 8.4(b)
the resonance frequency of the excited state is then shifted by ∆m in a
manner depending on the position of the qubit ion. It is intuitively clear
that a higher sensitivity can be obtained if the system is driven at the
actual resonance, i.e., by detuning the sensor ion driving laser such that
δs matches the true ∆m . In Fig. 8.4(c), the contour plot shows the error
probability as a function of time and the (constant) value of δs . The red
curve tracks the optimum which is seen to be located near the mean value
of the ∆m . Based on this understanding, one could imagine an optimized
scheme where δs is cycled though the different ∆m candidates with an
appropriate portion of the total experimental time allocated to each.
By preparing an excited qubit the last term in Eq. (8.21) remains fully
active at all times while driving the qubit yields a transient evolution of
the system which might depend more strongly on ∆m . To investigate this,
we show in Fig. 8.4(d) a contour plot of the error probability as a function
of time and the qubit drive strength. The red line tracks the (constant)
values of Ωq which minimizes Qe (t) at any given time. Interestingly, for
short times a relatively strong drive is favourable. This can be explained
by the same mechanisms as in the previous example: when the system is
strongly driven, it undergoes oscillations which are more pronounced at
short times and whose frequency is modulated by ∆m . For longer times it
becomes favorable to maintain the excited state for longer durations and
with the parameters used here the optimal value lies around Ωq ' 0.5γ.
We presented this example for dopant ions but the general idea may
be relevant in a number of similar setups. For example, the dipole-dipole
potential between neutral atoms similarly yields an energy shift of the form
Eq. (8.22) which is responsible for, e.g., the Rydberg Blockade mechanism
[245]. Hence, our formalism could be fitted to the determination of the
relative positions of Rydberg atoms in an optical lattice structure. Another
platform is the sensing of a remote nuclear spin Iˆ by an electron spin
Ŝ. Here the frequency shift is due to the hyperfine coupling [246–248].
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For instance, the electron spin of an NV center can be used to sense the
position of a 13 C impurity in a vapor deposited (CVD) diamond which has
a 13 C abundance of less than 0.01% [249].

8.4

Conclusion and outlook

This chapter has evoked how optimal discrimination between an arbitrary
number of quantum states may be phrased as a semidefinite programming
problem for which efficient numerical solutions are available. The theory
utilises that distinguishing a set of N hypotheses for the evolution of a
Markovian open quantum system is equivalent to the discrimination of a
set of time-dependent states of the full system and its environment. We
show how their overlaps may be calculated in a straightforward manner
and used to construct a lower-dimensional representation which is suitable
for numerical treatment. This allows us to evaluate a lower (quantum)
bound to the probability of assigning a false hypothesis, and the three
examples presented in this chapter serves to illustrate some insights that
may be obtained by such an analysis.
For the example in Sec. 8.3.3, it was shown how different but constant values of the qubit ion Rabi frequency and the detuning in the
driving frequency of the sensor ion lead to different error probabilities.
In optimal control, the bound could be further optimized by allowing
time-dependent parameters Ωq (t) and δs (t). More generally, by following
this line of thought our formalism is suitable for systematic optimization
of the sensing capabilities in a given quantum setup by, e.g., controlling
auxillary Hamiltonian parameters or environmental coupling strengths.
We would like to thank Frank Verstraete and Andreas Walther for
helpful discussions regarding the example in Sec. 8.3.3.

Chapter

Continuous monitoring in
hypothesis testing
This chapter is reproduced from Ref. [11] with only a few
adjustments. Notably, a large part of Sec. II of Ref. [11]
is not included since it is instead presented in Chapter 2.

The quantum bound to hypothesis discrimination with open quantum
systems, derived in the previous chapter, may pertain to a highly nonlocal
measurement performed on the full state of the system and its environment.
This kind of measurement is in general infeasible to implement and in real
experimental situations one has recourse to perform a more conventional
measurement of the environment. The ability to distinguish a discrete set
of models that describe a system observed by such measurement protocols
is the topic of this chapter.
While the theory presented in Chapter 8 allows multiple unknown hypotheses, we shall for clarity of presentation now restrict our investigations
to the discrimination of just two, h0 and h1 . When an experimentalist
assigns a hypothesis (m), the average error probability, i.e., the probability
that the assignment, m = 0 or 1 is wrong, is given by Eq. (8.2),
Qe = P (m = 1|h0 )P (h0 ) + P (m = 0|h1 )P (h1 ),

(9.1)

where P (m = 0 or 1|h = h0 or h1 ) denotes the conditional probability to
make the guess m = 0 or 1, when the data is obtained under the hypothesis
121
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Figure 9.1: (a) A projective measurement on a system and its environment
is performed after they have interacted for a time T . Based on the outcome,
one of two hypotheses h0 and h1 about their evolution is judged to be more
likely than the other. An experimentally more realistic approach monitors
the radiation emitted by the probe system for a time T by (b) photon
counting or (c) homodyne detection. The conditional state of the emitter
defines the optimal system projection to be performed at the final time T
and the most likely hypothesis is inferred from the combined monitoring
signal and projection outcome.

h = h0 or h1 , and P (h0 ) and P (h1 ) are the prior probabilities of the two
hypotheses.
As emphasized in the previous chapter, distinguishing two different
Hamiltonians Ĥ0 and Ĥ1 , governing the evolution of a closed quantum
system, is achieved by discriminating the two quantum states ρ0 (t) =
|ψ0 (t)i hψ0 (t)| (hypothesis h0 ) and ρ1 (t) = |ψ1 (t)i hψ1 (t)| (hypothesis h1 ),
resulting from time evolution under each candidate Hamiltonian from
a common initial state of the system. Only orthogonal states can be
discriminated unambiguously while, in general, the overlap between the
candidate states defines a minimum error probability for any measurement
(Helstrom)
(Helstrom)
protocol, Qe ≥ Qe
with Qe
given in Eq. (8.1).
As derived by Helstrom [106], this bound can be saturated by performing a projective measurement of the operator,
Â = P (h0 )ρ0 − P (h1 )ρ1 ,

(9.2)
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and assigning hypothesis h0 (h1 ) if the outcome is one of the positive(negative)
eigenvalues of Â. However, with an open quantum system, |ψi (t)i in
Eq. (9.2) denotes the combined states of the system and its environment.
For the main (and experimentally very common) example of this thesis
where a quantum system is coupled to a broadband radiation reservoir,
a driven system and the quantized radiation field evolves into entangled
states in an infinite dimensional Hilbert space. While these states may
differ significantly for different Hamiltonians the, potentially, highly nonlocal projective measurement (9.2) of combined system and environment
observables [see Fig. 9.1(a)] becomes difficult to achieve in practice. Instead, as illustrated in Fig. 9.1, one often has recourse to perform photon
counting (b) or field quadrature measurements [e.g., homodyne detection
(c)] on the environment.
In this study, we investigate to what extent supplementing continuous
monitoring of the emitted radiation from the initial time t = 0 to a final time
t = T by a final projective measurement on the emitter system, allows better
distinction between different hypotheses governing the system dynamics.
Due to the measurement backaction associated with continuous monitoring
of the environment, the state of the emitter evolves in a conditional manner
according to the stochastic measurement signal as described in Sec. 2.2.
In any particular realization of the measurement sequence, the optimal
final measurement on the system (9.2) is thus conditioned on the detection
record DT obtained up until the final time T ,

(DT )

ÂD
T = P (h0 |DT )ρ0

(DT )

(T ) − P (h0 |DT )ρ1

(T ).

(9.3)

Here the information extracted from the environment is incorporated in
(D )
the conditional candidate states ρi T (T ) and their probabilities updated
by Bayes rule (2.1), P (hi ) → P (hi |DT ).
The continuous monitoring and conditioned evolution of quantum
states have for instance been realized in experiments with superconducting
qubits [7, 99, 100] and optomechanical systems [128]. After homodyne
or heterodyne detection of the radiation signal has been performed until
time T on for example a superconducting qubit, a final system projection
can be achieved in these experiments by applying a strong, dispersively
coupled probe field [99, 137].

124

9.1

Chapter 9 · Continuous monitoring in hypothesis testing

Bayesian analysis for hypothesis testing

Just as for optimal parameter estimation, optimal hypothesis discrimination from a continuous measurement record is provided by the Bayesian
formalism presented in Chapter 2. To illustrate its application, we apply
the formalism of Sec. 2.1.1 to simulate perfect monitoring of a two-level
system with the purpose of discriminating two hypotheses for the resonant
driving with a Rabi frequency of either Ω0 or Ω1 . That is, we test the
two Hamiltonian hypotheses: Ĥ0 = ~Ω2 0 σ̂x and Ĥ1 = ~Ω2 1 σ̂x . The results
are shown in Fig. 9.2. The signals, dNt from photon counting and dYt
from homodyne detection, in the upper panels of (a) and (b) are sampled
from the true hypothesis which we assume to be h0 . Conditioned on these
(D )
signals, the (unnormalized) candidate states ρ̃i t (t) with Dt = Nt , Yt
evolve according to Eqs. (2.13) and (2.16), respectively. Their traces and
the condition P (h0 |Dt ) + P (h1 |Dt ) = 1 yield the time evolution of the
inferred probabilities for each hypothesis as shown in the lower panels of
Figs. 9.2(a) and 9.2(b). We assume equal priors P (h0 ) = P (h1 ) = 1/2.
For photon counting in Fig. 9.2(a) the probability updates are dominated by three photo detection events while periods with no detections
lead to a less pronounced, continuous update. The noisy homodyne signal
in Fig. 9.2(b), on the other hand, holds only very little information in each
individual time-bin and here the probabilities continuously converge to
reveal the true hypothesis. In both cases, at the final time t = 5γ −1 the
accumulated signals are seen to favor the true hypothesis (h0 ) with almost
unit probability. A figure of merit for a particular measurement strategy
is the speed at which we arrive at perfect distinction.

9.1.1

Supplementing continuous monitoring by a projective
measurement

If the hypotheses are not sufficiently discriminated at the end of the probing
at time T , it may be possible to extract further information by a direct
measurement on the emitter system. Due to the continuous monitoring,
(D )
the emitter is assigned the conditional candidate states ρi T (T ), while
the probabilities that we ascribe to these states, P (hi |DT ) are given by
the traces of the unnormalized density matrices.
The optimal projective measurement we can perform on the system
T
then concerns the system observable ÂD
defined in Eq. (9.3). For a twoT
level system, the projective measurement of any observable Â is equivalent
to the measurement of a Pauli spin component along a specific unit vector
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Figure 9.2: Simulated monitoring of a driven two-level system by (a)
photon counting and (b) homodyne detection with the purpose of discriminating two hypotheses h0 (Ω0 = 2γ) and h1 (Ω1 = 4γ) for the Rabi
frequency. The simulations are made assuming h0 to be the true hypothesis and with a detector efficiency η = 1 and in (b) a local oscillator
phase Φ = −π/2. The second and fourth panels show the evolution of
the probabilities P (hi |Dt ) for the two hypotheses conditioned on (a) the
photon counting signal and (b) the noisy homodyne current shown in
the first and third panels. The lower panel (c), shows the z-component
t
zÂDt ∝ Tr(σ̂z ÂD
t ) of the optimal Pauli measurement observable (clarified
t
in the main text) if monitoring is stopped at any given time. We observe
that this optimal system measurement differs for the three cases of counting,
homodyne detection and unobserved, dissipative emitter dynamics.
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(xA , yA , zA ) with uA ∝ Tr(σ̂u A). In Fig. 9.2(c) we visualize the optimum
T
observable ÂD
if the continuous monitoring, yielding the signals in the
T
upper panels of (a) and (b), is terminated at the corresponding point in
time. In this example the unit vector, designating the direction of the spin
measurement, is confined to the (y, z) plane and we show its z component
t
During each experimental realization, ÂD
t assumes a stochastic value,
which is different from the one that optimally discriminates the states of
an unobserved system governed by the corresponding Lindblad master
equation (2.9). With homodyne detection the measurement observable,
represented by the blue noisy trace in Fig. 9.2(c), is seen to fluctuate
around the full, yellow curve, pertaining to the unmonitored system, while
with photon counting, large deviations arise accompanying the quantum
jumps of the system state.
T
The possible eigenvalues λ of the measurement observable ÂD
occur
T
under hypothesis hi with probability P (λ|hi ) = Tr (Πλ ρi (t)), where Πλ is
T
the projector on the affiliated eigenstate of the operator ÂD
T . According
to Bayes rule (2.1) the combined information from the monitoring and
from the system projection hence leads to an update of the probabilities
assigned to each hypothesis
P (hi |DT , λ) =

P (λ|hi )P (hi |DT )
.
P (λ)

(9.4)

The hypothesis hm with the largest likelihood P (hm |DT , λ) is the preferred
one, and averaged over many independent realizations of the final projective
measurement, the fraction of erroneous assignments based on that choice
will be given by the generalization of Eq. (8.1) to mixed states,
i
1h
(D )
(D )
1 − P (h0 |DT )ρ0 T (T ) − P (h1 |DT )ρ1 T (T ) ,
(9.5)
2
√

where |O| ≡ Tr
O† O . To obtain the error probability of a given
measurement scheme, we however still need to numerically evaluate the
conditional states and probabilities and average Eq. (9.5) over the random
outcomes of the continuous monitoring.
Note that Eq. (9.5) can also be applied to the distinction of mixed
states or of the (unconditioned) candidate density matrices of a system
evolving under different Hamiltonian hypotheses and leaking into an unmonitored environment. A recent comparison of probing by measurements
on a system alone and on both a system and its environment shows the
ability of the latter to better exploit (initial) entanglement among its
sub-components [250].

Qe =

9.2 Numerical investigations

9.2
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Numerical investigations
Error probabilities under different detection models

To address the performance of the different monitoring schemes, we turn
to the associated error probability Qe . We consider both the case where
the probability update is based solely on the detection signal, and the case
where the signal is combined with a final optimized projective measurement
on the system, Eq. (9.4).
The probabilities pertain to the average over many independent experimental realizations. However, they are non-linear functionals of the
conditional states so there is no deterministic theory which allows their
evaluation. Instead we have recourse to perform a large number M of
simulations of the full measurement sequence and Bayesian inference. We
repeated the simulations assuming each of the two hypotheses h0 and h1
to be true. In testing based on the detection signal DT alone, hypothesis
hi is assigned if P (hi |DT ) > 1/2. The probability in Eq. (9.1) to discard a
(j)
(j)
true hypothesis hj is then estimated by P (m = i|hj ) = ni /M, where ni
is the number of samples assigning hi when hj is true. When a final system
projection with outcome λ is included in the procedure, the assignment is
dictated by P (hi |DT , λ) > 1/2 and the error probability is given directly
by Eq. (9.5).
The resulting error probabilities for our two-level example are compared
to the quantum bound derived in Chapter 8 and to that of a projective
measurement on the open system alone in Fig. 9.3. Curves are shown for
three pairs of Rabi frequency candidates. They are all separated by Ω1 −
Ω0 = 4γ, and therefore the error probabilities have the same quantum lower
bound [154], but their particular offsets make either counting or homodyne
detection more advantageous. All protocols yield larger error probabilities
than the quantum bound, implying that none of the measurement strategies
are optimal in the sense that they are able to extract all information from
the full state of the system and its environment.
A photon counting signal is sensitive to the intensity of the emitted
radiation and hence reflects the excitation of the two-level system. As
seen in Fig. 9.3(a) this makes it near ideal to distinguish Ω0 = 0, which
leads to no photon emissions, from a strong drive Ω1 = 4γ. The counting
signal alone generates a much smaller error probability than the homodyne
signal and approaches zero on a timescale similar to that of the quantum
bound. When combining the counting signal with a final system projection,
the error probability follows the quantum bound closely at short times
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Figure 9.3: Temporal evolution of the error probability in assigning one of
two hypotheses Ω0 and Ω1 for the Rabi driving frequency of a two-level
system. The three plots correspond to different pairs of Rabi frequency
candidates as annotated in the figure windows and the system is prepared
in the ground state at t = 0. Results are shown for each of the different
measurement schemes discussed in this paper. The error probabilities
pertaining to monitoring protocols with perfect detection η = 1 are sampled
from M = 100 000 simulations (see main text).
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and it shows that we may at specific finite probing times distinguish the
hypotheses with certainty. These are points in time where the non-zero
Rabi frequency Ω1 assures an atomic or a photonic excitation.
The photon count is, however, insensitive to the phase of the emitted
radiation and to the coherences in the two-level system. As a consequence,
the two candidates Ω0 = −2γ and Ω1 = 2γ in (b) can not be discriminated
by the photon counting signal alone; i.e., Qe (t) = 1/2 for all times. Homodyne detection is, on the other hand, highly sensitive to the phase of the
emitted radiation and when combined with a final system projection, the
associated error matches the quantum bound for γt . 1.5 after which it
remains close to the bound.
Since for the case studied in (b) the photon count alone holds no
discriminatory power, one might expect that supplementing a counting
signal with a final system projection yields an error probability identical
to that pertaining to a projective measurement on the mixed state of an
unmonitored system. Nevertheless, it is seen than for γt & 1.75, counting
the photo emissions reduces the final error probability by around 10%.
This illustrates an additional advantage of monitoring the environment.
Subject to backaction, the system state remains pure and experiences a
transient behavior which generally depends more strongly on the particular
hypothesis than the mixed state of the unmonitored system. This allows
more information to be extracted from the final system measurement.
Previous works identify similar mechanisms at play in parameter estimation
with monitored systems [1, 2, 4, 92, 250].
The candidate values Ω0 = 2γ, Ω1 = 6γ in Fig. 9.3(c) can be distinguished both by the excitation and the coherence of the system. It is
evident that while homodyne detection is slightly better than counting for
these particular values, they both perform well and reach within 5 − 10%
of the quantum bound.

9.2.2

Finite detector efficiency

While the simulations in Figs. 9.2 and 9.3 assume perfect monitoring,
any real experiment suffers from finite detection efficiency η < 1. If the
environment is monitored with perfect efficiency η = 1, the system state
remains pure but if, e.g., some photo emissions are missed by the detector
we are unable to perfectly track the state of the system and the conditional
state ρ(Dt ) (t) evolves to a statistical mixture. Consequently, in addition to
the direct decrease in information available from the monitoring signal, the
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Figure 9.4: Temporal evolution of the error probability in assigning one
of two hypotheses Ω0 and Ω1 for the Rabi driving frequency of a two-level
system. The candidate values are annotated in the figure windows and
the system is prepared in the ground state at t = 0. The full, blue curves,
concerning monitoring by photo detection (a) and by homodyne detection
(b) combined with a final system projection, are sampled from M = 100 000
simulations (see main text) with different values of the detection efficiency
η as indicated on the right hand side of each plot. For comparison, we show
also the quantum bound (dotted curve) and error probability associated
with a projective measurement on an open system (dashed, red curve).

final system measurement is performed on a mixed state with, in general,
less discriminatory power.
To probe these effects, we show in Fig. 9.4 the (sampled) error probability for different values of η. For Fig. 9.4(a) photon counting we focus on
the candidates Ω0 = 0, Ω1 = 4γ and for Fig. 9.4(b) homodyne detection
Ω0 = −2γ, Ω1 = 2γ where each of the two methods work particularly
well. As η decreases, the error probability Qe (t) undergoes a smooth
transition from the perfect detection case studied in Fig. 9.3 to the case
of a projection measurement performed on the mixed state of the system
alone in the limit η → 0. For the parameters used in this example, the
photon counting protocol in Fig. 9.4(a) is surprisingly robust to detector
imperfections. This is due to the fact, that as explained in Sec. 9.2.1,
even a single photo detection completely rules out the hypothesis Ω0 = 0.
While the homodyne example in Fig. 9.4(b) shows a more linear increase
in the error probability as the detector efficiency deteriorates, both plots
demonstrate that even with fairly large imperfections, monitoring the
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environment severely improves the hypothesis testing capabilities of an
open quantum system. This is due to the fact that the monitoring induces
transient evolution in the system which depends more strongly on the
system parameters than the steady state.

9.3

Conclusion and outlook

We have investigated how hypothesis testing with an open quantum system
may be improved by monitoring the radiative environment to which it
is coupled. We propose to supplement the information retrieved directly
from the monitoring signal with a final system measurement optimized
according to the conditional state.
It was found that, while monitoring by a photon counter or a homodyne
demodulator allows the extraction of much of the information leaked from
the open system into the field, the error probability in these schemes does
not reach the fundamental quantum bound derived in Chapter 8. This is
not surprising since generally the optimal measurement is highly non-local
on the full system and environment.
From the results presented in Fig. 9.3, it is clear that homodyne
detection and photon counting yield different reductions in the error
probability at different stages in the evolution. That is, at some points in
time either homodyne detection or photon counting is more efficient than
the other. Experiments have been performed that combine both detection
possibilities in a single run [251, 252] by the setup illustrated in Fig. 9.5(a),
which splits the radiation emitted by the system such that a fraction 1 − β
is monitored by a photon counter and the remaining β fraction is subject
to homodyne detection. The conditional, unnormalized state ρ̃(Nt ,Yt ) (t)
then evolves according to both monitoring signals,


dρ̃(Nt ,Yt ) = [(1 − β)K + βL] dt
+ (1 − β)BdNt +

p



βXΦ dYt ρ̃(Nt ,Yt ) .

(9.6)

A similar scheme applies the homodyne setup, Fig. 9.1(c), but with a local
oscillator of variable strength ξ [253]. Conventional homodyne detection is
realized in the limit of large ξ, while with a weak local oscillator the setup
effectively counts photons.
The significance of such hybrid schemes is more apparent in scenarios
with multiple distinct hypotheses, and in Fig. 9.5(b) this is illustrated
by considering the differentiation of three discrete values Ω = 0, ±2γ of
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Figure 9.5: (a) A fraction β of the radiation emitted by a probe system is
collected by a homodyne demodulator while the remaining fraction 1 − β is
directed to a photon counter. The system state, which defines the optimal
system projection to perform at the final time T , is conditioned on both
the photon count and the homodyne signal. (b) Temporal evolution of the
error probability in assigning one of three hypotheses Ω = 0, ±2γ for the
Rabi frequency of a driven two-level system based on the two monitoring
signals, Nt and Yt of the hybrid monitoring scheme in (a). The cases of
pure counting (β = 0) and pure homodyne detection (β = 1) are compared
to different hybrid schemes with 0 < β < 1. Pure homodyne detection is
only optimal for times γt . 2.3 (shaded area). The error probabilities are
sampled from M = 100 000 simulations.
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the Rabi frequency in our two-level model. For sake of argument, we
consider only monitoring without a final system projection. As discussed
in Sec. 9.2.1, pure photo detection (β = 0) is only sensitive to the absolute
value of Ω, and hence the error probability never reaches values lower
than Qe = 1/3, signifying perfect discrimination between Ω = 0 and the
values Ω = ±2γ which are, on the contrary, indistinguishable. When even
a small fraction β > 0 of the intensity of the emission signal is monitored
by a homodyne demodulator, however, the combined signal is able to
perfectly distinguish the three hypotheses if sufficient time is allotted.
Interestingly, while pure homodyne detection (β = 1) is optimal for times
γt ≤ 2.3 (shaded area), hybrid schemes with 0 < β < 0.9 converge faster
to perfect discrimination because a photon counting signal very efficiently
discriminates Ω = 0 from any non-zero values. Notice, finally, the large
reduction in the error probability from the β = 0 to the β = 0.01 case.
This is because just 1% of the intensity amounts to 10% of the amplitude,
which is the relevant observable in homodyne detection, and leaves the
counting signal virtually unaltered.
By using a beamsplitter with a tunable transmittance β(t) or by
adjusting the local oscillator strength ξ(t), the effective monitoring scheme
can be updated in a time-dependent manner in order to further optimize
the information extracted at each point in time. The expected performance
of such a sensitivity scheduling strategy may be optimized by dynamical
programming or by steepest descent gradient methods [254], while even
better performance should be expected from more advanced schemes, that
adaptively adjust ξ(t) as a function of the measurement record [255].

Chapter

Ancilla assisted
quantum thermometry
This chapter is reproduced from Ref. [13] with only very
minor adjustments.

The aim of thermometry is to estimate with high precision the temperature T of a thermal bath, and a thermometer consists of a probe system
which is put in contact with the bath of interest. By monitoring the state
of the probe one seeks to recover the value of T . If the probe is small,
this has the advantage of inducing a negligible disturbance to the thermal
equilibrium of the reservoir. The same principle applies in the quantum
regime and substantial interest has recently been devoted to the design
and properties of sensitive quantum thermometers [108–116].
By employing single or few-body quantum probes it has proven possible
to obtain very precise temperature readings at millikelvin temperatures
with spatial resolution at the nanometer scale. For instance, single quantum dots and NV-centers in nanodiamonds experience frequency shifts
which depend on the temperature of their surroundings, thus allowing
their implementation as sensitive fluorescent thermometers [36–41]. Other
designs utilize mechanical oscillators or spin systems [42, 43]. By supplying
such devices, the advancement of quantum technology and metrology paves
the way for profound developments in many different branches of science,
ranging from material sciences to biology and medicine [37, 38], which
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would otherwise be infeasible due to current less efficient and(or) invasive
measurement probes.
In a generic quantum thermometer, the temperature of the bath is
encoded in the evolving quantum state ρ(t) of the probe and may hence
be read out by measuring this state after a given t. If a large number K
of such independent measurements are performed, the variance (∆T )2 of
the derived temperature estimate around a rough prior estimate T obeys
the quantum Cramér-Rao bound (2.19),
(∆T )2 ≥

1
.
KIT [ρ(t)]

(10.1)

Here the quantum Fisher information IT [ρ(t)], defined in Eq. (2.17)1 ,
quantifies the information encoded in the state ρ(t) at time t about the
temperature T . There exist in general a (possibly adaptive) measurement
protocol which closes the bound (10.1) as K becomes large. A well-designed
thermometer should thus aim at maximizing the value of IT [ρ(t)]; a task
which corresponds to an optimal encoding of the temperature in the state
of the probe.
In conventional thermometer setups, the encoding is characterized by
incoherent exchanges of energy between the probe and the bath. The
temperature is thus effectively encoded in the excitation of the probe
system which quickly thermalizes with the bath to reach a steady state
ρ(ss) . At this point, the QFI saturates at the value IT [ρ(ss) ] and no
further information is encoded as time progresses. Hence, such a quantum
thermometer operates as a classical sensor, utilizing only populations,
while not including the advantages offered by quantum mechanics which
rely on quantum coherences and entanglement [33–35]. Previous studies
suggest that initial coherences in or simultaneous coherent driving of a
single (qubit) probe system do not improve its thermometric properties;
see e.g. [109]. To overcome this problem, it has been proposed to map
thermometry to a task of optimal phase estimation which allows quantum
advantages to be utilized [113].
In this chapter, we propose a thermometer consisting of two separate
quantum systems: a sensor S directly coupled to the thermal bath of
interest and a meter M which is not directly coupled to the bath but
instead serves as an information storage that can be read out at the final
1

In this chapter, we use a different notation for the QFI than in Eq. (2.17) in order
to make explicit the state ρ(t) to which it pertains. That is, IT [ρ(t)] ≡ IQ (T ) evaluated
with ρT = ρ(t).

Chapter 10 · Ancilla assisted quantum thermometry

136

Figure 10.1: The temperature T of a thermal bath is probed by a quantum
thermometer consisting of a sensor system S, directly coupled to the bath,
and a meter system M , uncoupled from the bath but interacting via a
Hamiltonian ĤI with S.

time t; see Fig. 10.1. While initial entanglement between the sensor and
a meter system has been found to provide thermometric advantages in
discriminating two distinct temperatures [112], we shall not rely on this
effect nor on the possibility of performing joint measurements on S and M .
On the contrary, in our approach we assume the sensor and the meter to
be initially uncorrelated but coupled through an interaction Hamiltonian
term ĤI which operates in parallel with the thermalising process affecting
S. The main purpose of this extra dynamical contribution is to transform
the sensor into an efficient information transducer between the bath and
the meter. The bath-induced excitations of the sensor affect the (local)
coherence terms of the meter system, creating an off-balance configuration
that effectively overcomes the before-mentioned saturation problem and
thereby results in considerably larger values of the associated quantum
Fisher information.

10.1

Model

For concreteness, we assume a bosonic bath and we consider a two-level
(qubit) sensor system S with ground state |giS and excited state |eiS
whose interaction at strength γ with the bath validates the Born-Markov
approximation such that its state ρS (t) evolves according to a master
equation of the Lindblad form (2.9)
ρ̇S = LT ρS ,

(10.2)
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where the Liovillian super-operator is of the form (2.10),
ω
LT = −i [σ̂z , ·] + γ− D[σˆ− ] + γ+ D[σˆ+ ].
2

(10.3)

Here ω is the characteristic frequency of S and the temperature is mapped
to the evolution of the probe via the average number of resonant thermal
excitations N , as given by the Bose distribution
N=

1
e~ω/kb T

−1

,

(10.4)

causing a decay at a rate γ− = (N + 1)γ and excitation at a rate γ+ = N γ.
It was shown by Correa et. al. [109] that an effective two-level system
exhibits maximal thermal sensitivity and the use of a small quantum sensor
is further motivated by the fact that often the bath is itself a nanoscale
system; e.g. a micromechanical oscillator [256]. Additionally, Ref. [109]
finds that temperature is encoded with highest accuracy in a qubit prepared
in its ground state. In this case, the solution to Eq. (10.2) is
ρS (t) = pe (t) |ei he| + (1 − pe (t)) |gi hg|

(10.5)

with pe (t) = 2NN+1 (1 − e−(2N +1)γt ) which quickly relaxes to the Gibbs
canonical ensemble at the temperature T of the bath; that is ρS (t) →
−~ω/kb T

|eihe|
= |gihg|+e
on a time scale set by the rate (2N + 1)γ.
1+e−~ω/kb T
The QFI for a measurement performed directly on the state of S can
be expressed as
(ss)

ρS

IT [ρS (t)] =

(dpe /dT )2
.
pe (1 − pe )

(10.6)

This function exhibits a non-monotonic behaviour [109, 110] which
from the zero value attained at t = 0 brings it to the asymptotic value
(ss)
IT [ρS ]



=

~ω
kb
(ss)

2

e~ω/kb T
(1 + e~ω/kb T )2 T 4

(10.7)

as the state ρS (t) approaches ρS . Although local maxima can typically
be identified at finite times t, the global maximum
of the

 function (10.6)
(ss)
corresponds to the maximum of (7); i.e., maxT IT [ρS ] ' 4.53(~ω/kb )2
at a temperature kb T ' 0.242~ω.
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Including a meter system
(ss)

While the time-independent value of the QFI, IT [ρS ] reflects a steady state
which depends only weakly on the temperature, it is well-known in quantum
metrology that the Fisher information associated with a parameter g
encoded in a closed quantum system by a unitary transformation U =
2
2
e−igĤt is given by Ig [ρ(t)] = 4(hĤi − hĤi )t2 [33, 71]; i.e., it exhibits a
persistent t2 -scaling with time and does not reach a constant value. This
difference is due to the role of coherences in the latter case, and it is enticing
to seek a protocol which maps the incoherent temperature encoding in
mixed state populations to coherences.
In order to circumvent the inevitable loss of coherence in the open
sensor system S due to the thermal coupling, we propose to achieve this
goal by introducing a second meter system M which is uncoupled from
the thermal bath. The temperature is encoded in M by introducing a
Hamiltonian coupling between S and M of the form,
ĤI = M̂ ⊗ |ei he| ,

(10.8)

where M̂ is an operator on the local space of M . If, for instance, M
is a qubit, one might let M̂ = Ωσ̂x /2. Beyond the simplicity of its
expression, what makes such choice for ĤI appealing is that it then
describes a Rabi drive of the meter qubit conditioned on S being in its
excited state. Such an interaction can be realized by utilizing the dipoledipole coupling between two spins which leads to an energy shift (see the
example studied in Sec. 8.3.3 for details). For instance, rare-earth-ion
dopants in inorganic crystals have permanent electric dipole moments which
are different depending on whether each ion is excited or not [240, 241]. A
continuous laser illumination of a meter ion can thus be resonant when
the sensor ion is in its excited state and completely off-resonant when it
is in the ground state. Another well-known example is the dipole-dipole
potential between neutral atoms responsible for the Rydberg Blockade
mechanism [245], and yet another is the hyperfine coupling between a
nuclear spin and an electron spin in, e.g., NV centers [246–248].
The state ρ(t) of the full system, consisting of S and M obeys a master
equation
ρ̇ = −i[ĤI , ρ] + LT ρ,

(10.9)

where LT , defined in Eq. (10.3), operates locally on the sensor system.
The spectrum of ĤI can be seen as a sequence of effective two-level
systems, uncoupled by the thermal interaction (LT ), with ground states
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|mi ⊗ |gi and excited states |mi ⊗ |ei where the |mi are eigenstates of the
operator M̂ with corresponding eigenvalues λm ,
M̂ |mi = λm |mi .

(10.10)

The total population difference between the upper {|mi ⊗ |ei}m and lower
manifolds {|mi ⊗ |gi}m hence represents the information available from S
alone, while the information encoded in M is represented by the coherences
amongst the individual two-level transitions.
Following this idea, we expand ρ(t) in the eigenbasis of M̂ ,
ρ(t) =

X

Amm0 |mi hm0 | ⊗ ρmm0 (t).

(10.11)

m,m0

Here the ρmm0 (t) operate on the sensor qubit space, and the Amm0 =
hm0 | ρM (t = 0) |mi are defined by the initial state ρM (t = 0) of M . From
the master equation (10.9), the equations of motion for the ρmm0 (t) are
seen to be,
ρ̇mm0 = − i

λm + λm0
Ωmm0
[|ei he| , ρmm0 ] − i
{|ei he| , ρmm0 } + Lρmm0 ,
2
2
(10.12)

where Ωmm0 = λm − λm0 . The commutator term does not have any effect
for the case of a sensor initialized in the ground state as assumed here.
The diagonal elements with Ωmm = 0 hence solve Eq. (10.2); i.e., one finds
ρmm (t) = ρS (t) as given in Eq. (10.5). The anti-commutator term is not
trace preserving, and the solutions for the coherences,
ρmm0 (t) =

e−[γ(N +1/2)+iΩmm0 /2]t 
γN [eαt/2 − e−αt/2 ] |ei he|
α

1
+ [(γ + iΩmm0 )(eαt/2 − e−αt/2 ) + α(eαt/2 + e−αt/2 )] |gi hg| ,
2
(10.13)
q

with α(N ) = (2N + 1)γ 2 − Ω2mm0 + 2iγΩmm0 , a complex parameter, are
not normalized but rather decay to zero at long times.

10.2

Quantum Fisher information

As detailed above, the simple form of the Hamiltonian Eq. (10.8) allows
the dynamical evolution of the full system to be solved analytically for a
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general meter operator M̂ , and it is clear that the solution and hence the
thermometric properties of our device depend only on the spectrum of the
operator M̂ .
Tracing out M , we recover the thermalizing state of S, TrM (ρ) =
P
P
m Amm ρmm (t) = ρS (t) where we used that
m Amm = 1. Note that in
the partial trace operation all coherence terms with m 6= m0 cancel. This
implies that the QFI associated with a measurement on the sensor S alone
is not influenced by the presence of the meter M and is indeed encoded in
the total population difference between the manifolds as argued above.
The reduced state of M is given by
ρM (t) =

X
m

Amm |mi hm| +

X

Amm0 TrS (ρmm0 ) |mi hm0 | ,

m6=m0

(10.14)

where we used that the ρmm (t) obey a trace preserving master equation.
Since the first sum depend only on the initial state of M , it is evident that
the temperature is indeed encoded purely in its coherences. Furthermore,
it is clear that the performance depends critically on the initial preparation
of M . If, for instance, it is prepared in an eigenstate |ni, we have Amm0 =
δm0 n δnm , and its state ρM (t) is temperature independent. The optimal
P
initial state |ψM (t = 0)i = m cm |mi, which due to the convexity on the
QFI is pure, depends in general on the spectrum of the operator M̂ , but
we note that since any phases correspond to a unitary transformation of
the meter state, to which the QFI is invariant [71], the cm can be taken as
real and positive.

10.2.1

Example: Two-level meter

Our main example concerns a meter system with two levels, |0i and |1i, and
for concreteness we shall let M̂ = Ωσ̂x /2, corresponding to a conditional
Rabi drive of M as explained above. To maximize the coherences in the
eigenbasis
of M̂ , the meter should be prepared in a state |0i = (|+i +
√
|−i)/ 2, where |±i are the eigenstates of σ̂x .
In Fig. 10.2, we compare the QFI associated with either of the reduced
states, ρS (t) or ρM (t), to that of the full sensor-meter state ρ(t). Results
are shown as a function of the temperature T and for different probing times
in each panel. At short times, γt = 1, the thermometric information is held
mainly by S (IT [ρS (t)] ' IT [ρ(t)]) but as time progresses, temperature
dependent coherences build up in M and while S reaches a steady state
with maximum information (10.7), the information in the meter M keeps
increasing. Hence, at γt ' 2.6 we have (IT [ρM (t)] ' IT [ρS (t)]), and
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Figure 10.2: Quantum Fisher information IT [·] associated with the full
state ρ(t), the sensor state ρS (t) or the meter state ρM (t). Results are
shown as a function of the temperature T and for Ω = 2γ. The panels
correspond to different probing times t as annotated in the figure window.

at larger times γt = 20 the information in the combined state is held
predominantly by M . Furthermore, at this point IT [ρ(t)] ' IT [ρM (t)] 
4.53(~ω/kB )2 ≥ IT [ρS (t)]. Evidently, the capability of the meter system
to accumulate information for a much longer time allows it to reach a
significantly larger thermometric sensitivity.
It is an attractive feature of our device that after some initial time,
a local measurement on the meter M is able to extract almost all the
information from the state. This makes the thermometer more feasible to
implement, and at the same time less invasive since M may, as depicted in
Fig. 10.1, be located outside, e.g., a biological sample. To characterize our
quantum thermometer, we shall thus focus on the long-time behavior of
the QFI, associated with the reduced state ρM (t) of the meter M alone.
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(a)

(b)

Figure 10.3: Quantum Fisher information IT [ρM (t)] associated with estimating the temperature T from a local measurement on a two-level
meter system M coupled to the sensor S via a Hamiltonian ĤI =
Ωσ̂x /2 ⊗ |ei he| with Ω = 2γ. (a) Color plot showing the dependence
of IT [ρM (t)] on the temperature T and the probing time t. (b) Curves
for IT [ρM (t)] as a function of T are shown for different probing times
γt = 100, 1 000, 10 000, 100 000, 1 000 000 as annotated with arrows in the
figure window.
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The QFI of a two-level density matrix may be expressed as [257],
"



IT [ρM ] = 4Tr ρM

∂ρM
∂T

2 #

1
∂ det(ρM )
det(ρM )
∂T


+

2

,

(10.15)

and the color plot in Fig. 10.3(a) shows an example of its evolution from
time γt = 0 to γt = 1.000 for a relevant range of temperatures. In 3(b) we
plot IT [ρM (t)] at specific times from t = 100γ −1 to t = 100 000γ −1 . The
sensitivity of M depends on the temperature T relative to the frequency ω
of S and reaches a maximum at a temperature Tmax (t) which, as seen in
Fig. 10.4, decreases with time (we will come back to this point). The QFI,
IT [ρM (t)] at and around this temperature reaches values which are much
larger than the sensitivity offered by a sensor qubit alone; IT [ρS (t)] ≤
4.53217(~ω/kb )2 . It should be noted that Fig. 10.3(b) shows how the
temperature-range, at which M is sensitive, decreases with time, and that
though it appears that the sensitivity at Tmax (t) increases without bounds,
our treatment of the thermal coupling in the Born-Markov approximation
breaks down for very low temperatures where strong correlations between
the sensor S and the bath may appear.
The strength Ω of the Hamiltonian (10.8) appears as a control parameter, and in Fig. 10.4, we show Tmax (t) and the corresponding QFI,
ITmax [ρM (t)] for different values of Ω. For small Ω . γ, the sensitivity of
M can be tuned within a relatively broad interval by adjusting Ω, while it
is near independent for stronger interactions; see Ω = 2, 4γ in the figure.
The value of ITmax [ρM (t)] is at short times larger for strong couplings while
at later times it is favorable to apply a weaker laser field to the meter M .
This can be understood by a competition between the two roles played by
ĤI : i) to transfer information about the temperature from S to M , and ii)
to mediate decoherence between the two systems. Hence, at short times it
is favorable to transfer a large amount of information quickly at the cost of
a faster dephasing of that information, while when longer time is available
a slower transfer is compensated by a longer coherence time of M .
From Figs. (10.2) and (10.3), it is clear that the interesting regime
concerns large times, and that the relevant temperature range is centered
around kb T /~ω ' 0.2 which corresponds to small values N ' 0.007 of the
thermal bath excitation [108, 109]. Assuming then Ω  γN and γt  1,
we obtain a simple approximation for the QFI,


IT [ρM (t)] '

dN
dT

2 2 2 −2ΓN t
γ t e

Ω2 + γ 2

!

(Ω2 − 2γ 2 N )2
Ω + 4γ N + 2
,
(Ω + γ 2 )(e2ΓN t − 1)
(10.16)
2

2

2
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Figure 10.4: The temperature Tmax (upper panel) at which the QFI
takes its maximum value ITmax [ρM (t)] (lower panel) as a function of the
probing time. Results are shown for a two-level meter system M and with
ĤI = Ωσ̂x /2 ⊗ |ei he| for different values of Ω.

where dN/dT is the differential of the Bose distribution (10.4) with respect
to temperature and we point out that the effective decay rate ΓN =
N γ(Ω2 − N γ 2 )/(Ω2 + γ 2 ) is very small. We thus see that the QFI scales as
∝ γ 2 t2 e−2ΓN t , and for any given temperature (N ) it reaches a maximum
value at the time, tmax (T ) = Γ−1
N after which it decreases to zero as the
coherences (10.13) decay. This time, however, appears later for smaller
values of N leading to the decrease in time of Tmax (t) seen in Fig. 10.4.
Still, we want to stress that for any temperature T , the QFI is upper
bounded by IT [ρM (tmax (T ))], and that at very large times t  tmax (T )
the coherences TrS (ρ±∓ ) in M vanish such that, according to Eq. (10.14),
it is left in a statistical mixture ρM (t) = I/2 with no information regarding
the temperature of the bath.
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Figure 10.5: Color plot depicting for a range of temperatures T and total
probing times t, the Bures distance, 2(1 − |hψop (t, T )|ψeq i|) from an equal
P
superposition |ψeq i = √1n
|mi of the eigenstates of the operator M̂ to the
initial state |ψop (t, T )i of M , which maximizes the value of IT [ρM (t)]. The
dotted, white line tracks the temperature where |ψop (t, T )i = |ψeq i. The
full, red line tracks the temperature Tmax (t) for which IT [ρM (t)], evaluated
with initial meter state |ψM i = |ψop (t, T )i, is maximal. Results are shown
for a meter system with n = 6 levels.

10.2.2

A multi-level meter system

For a meter system M of arbitrary dimension n, the quantum Fisher
information constitutes a complicated expression even when an analytic
expression is known for the mixed state density matrix of the system. Here
we treat these cases . For this purpose we apply Eq. (2.22) to evaluate
IT [ρM ], and generalize the two-level example studied in Sec. 10.2.1 we
focus on a meter operator M̂ = ΩŜx , where Ŝx is the x-component of the
spin in a spin-(n − 1)/2 system. If M is composed of several qubits, we
P (i)
(i)
have Ŝx = σ̂x where σ̂x operates on qubit i.
While identification of the optimal initial state as an equal super
P
position |ψeq i = √1n m |mi of the eigenstates of M̂ was straightforward
in the two-level case, the general case is more complicated. Rather than
just maximizing the initial coherences, the different values of the Ωmm0
must be taken into account, and in general we have recourse to numerical
maximization of the QFI over all possible initial configurations with positive
coefficients cm The optimal state |ψop (t, T )i depends on both the probing
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time t and the temperature T . In Fig. 10.5 we plot the Bures distance of
|ψop (t, T )i from |ψeq i as a function of t and T and for n = 6. It is seen
that while |ψop (t, T )i is in general different from |ψeq i, the discrepancy
is moderate and for a given time-dependent temperature (dotted, white
curve) it vanishes. This temperature is close but not equal to Tmax (t) as
tracked by the red line. We find that the distance from an equal super
position shows a similar functional dependence on t and T for other values
of n.
In any real thermometry task, the precise temperature is unknown so
rather than defining an initial state |ψM (t = 0)i which depends on the
specific value of T , one has recourse to select a specific state regardless
of the precise temperature. The results in Fig. 10.5 and the intuition
regarding the role of coherences suggest that in general one can expect
near optimal results by setting |ψM (t = 0)i = |ψeq i which we shall assume
in the remainder of this section.
We proceed to probe the advantage of adding more levels to the meter
system M . We find that IT [ρM (t)] is maximized around the same time
dependent value Tmax (t) (see Fig. 10.4(a)) independently of n, and in
Fig. 10.6 we show the QFI at this temperature as a function of time and
for different values of n. It is seen that for all times, ITmax [ρM (t)] increases
with n, signifying that a higher dimensional meter system allows a larger
sensitivity to small temperature variations. This result suggests that the
optimal meter system is a harmonic oscillator with an infinite dimensional
Hilbert space. Notice, however, that the gain saturates for larger n as the
curves are seen to lie closer and closer. In the inset we quantify this by
showing how the relative increase in the QFI as one more level is added to
M is (near) time-independent and approaches zero for n & 10.

10.3

Temperature dependence in the Liovillian
spectrum

By discussing the emergence of coherences, we have provided an intuitive
understanding of the advantage offered by coupling the sensor S to a meter
system M . In this section we explain how this advantage can be understood
from the structure of the Liovillian superoperator L = −i[ĤI , ·] + LT ,
governing, via. Eq. (10.9), the encoding of the temperature in the full
sensor-meter state.
In the long time limit, this super-operator will asymptotically bring the
joint sensor-meter state to the stationary eigenspace associated with its null
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Figure 10.6:
Time evolution of the quantum Fisher information
ITmax [ρM (t)] associated with estimating the temperature Tmax (t) which
maximizes its value from a local measurement on an n-level meter system
coupled to S via a Hamiltonian ĤI = ΩŜx ⊗ |ei he| with Ω = 2γ. Results are shown for n = 2, 3, ..., 30. The inset depicts the relative scaling,
(n+1)
(n)
(n)
(n)
r(n) = (ITmax − ITmax )/ITmax , of ITmax with n at short times γt = 10 and
at long times γt = 100 000.

eigenvalue. The convergence of this process is exponential and determined
by the inverse of the smallest modulus of the real parts of its non-zero
eigenvalues. (which by construction are all non-positive). Accordingly, in
this regime we can write
ρ(t) ' Π0 ρ(0) +

X

eλj t ∆j ,

(10.17)

j

where Π0 is the projector on the null eigenspace of L and the summation
involves those non-zero eigenvalues λj of L that have the smallest (in
modulus) real component with corresponding state components ∆j .
The quantum Fisher information (10.15) or (2.17) refers to the derivative of the state at time t with respect to the temperature, i.e., to
∂T ρ(t) = (∂T Π0 )ρ(0) +

X
j

eλj t (t∂T λj ∆j + ∂T ∆j ).

(10.18)
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Figure 10.7: Real (left panel) and imaginary (right panel) parts of the four
eigenvalues with the largest real parts of the superoperator L governing the
evolution of the full sensor-meter system. Results are shown as a function
of the strength of the interaction Hamiltonian Ω and for a temperature
kB T = 0.2~ω.

As t diverges only the first term survives and the related QFI derives from
∂T ρ(t) ' (∂T Π0 )ρ(0).

(10.19)

Hence no scaling with time remains, and the QFI is given by that of S
alone, Eq. (10.7).
If, however, some eigenvalues indexed by l have real parts very close to
zero, the contribution from their part of the spectrum in Eq. (10.18) persist
for very long and one may indeed see terms in the QFI (2.17) scaling as
∝ t2 until times t  Re(λl )−1 . In other words, allowing the temperature
to be encoded in the eigenvalues and not just the projectors may provide
a significant metrological advantage.
This is exactly the case for our thermometer device. For the twolevel example of Sec. 10.2.1, we show in Fig. 10.7 the real and imaginary
parts of the four eigenvalues with largest real parts as a function Ω for a
temperature kB T = 0.2~ω. Without a meter (Ω = 0), the four eigenvalues
are all zero. The effect of adding a meter (Ω > 0) is to lift the degeneracy
of two of the eigenvalues
1
[−(2N + 1)γ + iΩ − α∗ (N )]
2
(10.20)
1
λl=2 = [−(2N + 1)γ − iΩ + α(N )] ,
2
while the other two (s = 1, 2), corresponding to the steady state, remain
zero. The very small value of |Re(λl )| combined with non-zero, temperλl=1 =
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ature (N ) dependent values of Im(λl ) are crucial for the success of our
thermometer.

10.4

Conclusion

We have proposed a quantum thermometer which maps the incoherent
encoding of a temperature from a sensor system to coherences in a meter
system by a realistic Hamiltonian interaction. The coherent encoding
allows the meter state to exhibit a much larger temperature-sensitivity
than the sensor state alone. While an effective two-level system has
been identified as an optimal temperature sensor [109], we find that the
sensitivity increases with the dimensionality of the the meter system. For
simplicity we focused on a bosonic bath in our presentation but calculations
show that similar results are valid in the case of a fermionic reservoir.
From our examples, it is clear that the achievements and sensitivity
range of our thermometer device depends in a complicated manner on the
strength and the spectrum of the interaction Hamiltonian (10.8), on the
initial preparation of the meter system, and on the total time t available in
a given experiment. Hence, an appropriate meter should be designed for
the specific task at hand, e.g taking into account the expected temperature
and experimental constraints.

Chapter

Magnetic resonance with
squeezed microwaves
This chapter is based on Ref. [8]. In particular, Sections
11.2, 11.3.2 and 11.4.1 and the figure material, including
their captions, are reproduced with only minor adjustments. The first two paragraphs of the introduction are
taken from Ref. [9].

Quantum mechanics imposes uncertainty relations on non-commuting
observables and when quantum theory is applied to electromagnetic fields,
even the zero-photon vacuum state is equipped with electromagnetic amplitude fluctuations. While such fluctuations appear to pose a fundamental
limit to, e.g., optical measurements, the development of sources producing squeezed states of light (see, e.g., [258–261]) allows higher sensitivity
probing of the squeezed field quadrature [34].
Material quantum systems have quantum degrees of freedom such as position, momentum, angular moment, and spin components with well-known
uncertainty relations. Since such systems are routinely being employed in
precision tests and measurements, it is an attractive possibility to squeeze
the relevant degrees of freedom or to squeeze the light used to probe the
system in an experiment. Examples include optomechanical devices and
ensembles of atoms, molecules, and spin dopants in solids, studied for,
e.g., gravitational wave detection [51], atomic clocks [60], and fundamental
tests [262]. Furthermore, squeezed light has been demonstrated to provide
150
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Figure 11.1: Principle of squeezing-enhanced pulsed magnetic resonance. A
squeezed vacuum state is incident on an ESR cavity of frequency ω0 . The
cavity contains the spins to be detected, which are tuned into resonance
at ω0 by a dc magnetic field B0 . A Hahn echo microwave pulse sequence
(π/2 − τ − π − τ ) is applied to the spins, leading to the emission of an echo
in the detection waveguide on the X quadrature. This echo is noiselessly
amplified along X before its homodyne demodulation with a local oscillator
(L.O.) phase such that I(t) is proportional to X(t). The traces in the
bottom right grey box, which are not real data, depict schematically the
expected difference between SQZ off (blue) and SQZ on (red) output
quadrature signals when the squeezed quadrature is aligned along the echo
emission quadrature X. The signal-to-noise ratio is improved on the I
quadrature which contains the entire echo signal.

improved sensitivity in spectroscopy setups [118, 119] and in biological particle tracking [44]. Generally, squeezing in multi-particle and multimode
optical systems entails entanglement, allowing squeezed states of both
light and matter to find additional applications in quantum information
protocols such as teleportation [263–265].
This chapter describes the application of a squeezed probe field to
magnetic resonance detection in a proof-of-principle experiment performed
by Audrey et. al in the Quantronics group at CEA Saclay in France [8].
The experiment builds upon a recent demonstration by the group that it
is possible to apply a Hahn echo sequence [120] to detect an ensemble of
spins in a microwave resonator at the nanoscale [266]. The unprecedented
sensitivity reported in that experiment reaches the limit set by vacuum
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fluctuations in the microwave field used to probe the ensemble. In the
new experiment [8] it is shown that by squeezing fluctuations in the field
quadrature holding the echo signal, it is possible to further reduce the
signal to noise ratio by 1.2 dB.
The figure of merit for an experiment of this kind with an ensemble
of weakly coupled spins is the minimum number of spins which can be
detected with unit signal-to-noise ratio in a given measurement time.
The proposal and experiment presented here reduce this minimum or
equivalently the needed measurement time, and is thus highly relevant
for ensembles with very low spin concentrations. As the limit of only a
few spins is approached, the measurement backaction becomes important,
and appreciable advantages can be achieved by applying a full Bayesian
analysis of the measurement signal as described in Chapter 2 [93]. While
this will hopefully become relevant in future experiments by the group at
CEA, the present experiment requires at least ∼ 1.3 × 104 spins, and a
mean signal analysis suffices.
The experimental setup is shown and explained in the caption of
Fig. 11.1. Since my contribution has been to apply the conventional
methods of quantum optics in the theoretical modelling, I will only explain
the main points of the experimental procedure and results while encouraging
the reader to consult Ref. [8] for further details.

11.1

Magnetic resonance detection and
experimental setup

The purpose of the experiment is to show that squeezing improves our
ability to identify and characterize a small ensemble of electron spins by
electron spin resonance (ESR) detection. This goal will prove useful in,
e.g., chemistry, material sciences, and quantum information processing.
The experiment probes an ensemble of Bismuth atoms embedded in a
silicon substrate where the hyperfine levels are used as a spin-transition in
the microwave regime. The experimental setup is schematically depicted
in Fig. 11.1. The substrate, holding the spins, is placed in a single-port
lossless microwave resonator with frequency ω0 , and the ensemble is probed
by pulsed magnetic resonance detection of the microwave signal mode, b̂out
emitted by resonant spins to a measurement line coupled to the resonator
with a rate κC [267]. The spins can be tuned out of and into resonance by
a DC magnetic field B0 .
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The probe signal is injected via a mode b̂in , and the pulsed detection is
implemented by a Hahn echo sequence [120] which first brings the spins to
an equal superposition of the excited and ground state by a π/2 pulse at
time t = 0. Due to their inhomogeneous frequency distribution, the spins
dephase for a duration τ until a π pulse inverts their evolution and leads
to rephasing at the final time t = 2τ of spins with frequency ωs close to ω0 .
At this time, an echo is collective emitted in one of the field quadratures
(we call this X) of the output mode b̂out . The advantage of an echo scheme
is that the signal is not overlaid by the reflection on the resonator of a
strong excitation pulse.
The experiment then guides the signal through a quantum-limited
amplifier tuned to amplify the X quadrature and finally detects it by a
homodyne demodulator. The noise in the signal recording, which ultimately
limits the spectroscopic sensitivity in the experiment, stems then (in the
ideal case) solely from fluctuations in the cavity output mode b̂out . The
experiment operates at cryogenic temperatures, T  ~ωs /kB , so the
thermal contribution to these fluctuations is negligible. Hence, the noise
is inherited from the input mode b̂in . The core idea in this experiment
is to squeeze the uncertainty δX in the quadrature X, where the echo
is emitted, below vacuum level, δX0 = 1/21 , thus allowing a noise in
the output signal which is reduced below the conventional quantum limit
defined by a signal mode with vacuum fluctuations. Of course, according to
Heisenberg’s uncertainty relation δX 2 δY 2 ≥ 1/16, this implies an increased
noise δY in the complementary quadrature Y ; see Fig. 11.1. However,
this is inconsequential since the experiment is tuned to not emit any spin
signature in this quadrature.
As outlined in the introduction to this chapter, the production and
applications of squeezed states of optical light have been reported in many
experiments and settings. Yet, squeezing in experiments operating in
the microwave regime [268, 269] is largely unexplored and the present
experiment represents one of the first proof-of-principle demonstrations
of its application to high sensitivity metrology. In addition, squeezed
microwaves have in a number recent experiment proven advantageous in
the readout of qubit states [270–273]
The possibility to efficiently squeeze microwave fields is provided by the
recent development of state-of-the-art Josephson parametric amplifying
(JPA) devices [261, 274–276], sparked by the huge interest in superconducting circuits for quantum information purposes [277]. The present experi1

We define the field quadratures in dimensionless units.
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ment employs JPAs, operated with different settings, to both squeezed the
input field (SQZ) [269] and noiselessly amplify (AMP) the output signal.
Before describing the experimental results, we shall go through a
theoretical model which shows that the idea presented above should indeed
lead to an increased signal-to-noise ratio in the echo signal.

11.2

Theoretical model

Our physical system, illustrated in Fig. 11.1, consists of a cavity mode
coupled resonantly to Nspins spins and to input and output microwave
fields. As we are interested in both the mean amplitude and the quantum
fluctuations in the output signal, we describe the whole system quantum
mechanically. Inhomogeneous broadening and spatial variations of the
spins within the ESR cavity lead to different transition frequencies ωj and
coupling strengths gj of the individual spins to the cavity mode. We will
assume here that the spins are in resonance with the cavity, namely that
their mean frequency ωs is equal to the cavity frequency ω0 . In a frame
rotating at ω0 , the total Hamiltonian of the spins and the resonator mode
is
Ĥ = ~

X

gj



j

(j)
σ̂− â†

+



(j)
σ̂+ â

∆j (j)
σ̂
,
+
2 z


(11.1)

where ∆j = ωj − ω0 denotes the detuning of the jth spin from the cavity
resonance frequency, â and â† denote field annihilation and creation op(j)
(j)
erators, and σ̂z , σ̂± are Pauli operators describing the spin degrees of
freedom.
The quantum-optical input-output formalism [278] yields the following
Heisenberg equation for the cavity field operator:
â˙ = −i

X
j

(j)

gj σ̂− −

√
√
κ
â + κL b̂loss (t) + κC b̂in (t),
2

(11.2)

where κ = κC + κL is the total cavity damping rate with contributions
κC due to the out-coupling and κL due to internal cavity losses. The last
two terms in Eq. 11.2 describe inputs from bath modes: b̂loss (t) associated
with the internal cavity losses and b̂in (t) associated with the quantized
radiation field incident on the cavity.
Rather than solving the complete excitation dynamics of the spins, we
will assume that ideal π/2 and π control pulses have been applied to the
spins at times t = −τ and t = 0, respectively, preparing a state where
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the spin excited states have acquired phases exp(i∆j τ ) with respect to
the spin ground states in a frame rotating at ωs . As the spins precess at
different frequencies ∆j , they come back in phase at the later time t = τ ,
and we analyze their coupling to the quantized field during the rephasing
of the spins that leads to the emission of an echo of duration TE , set by the
spin spectral linewidth and the duration of the π/2 and π control pulses.
To this end we apply the Holstein-Primakoff approximation [123], which
(j)
(k)
assumes oscillator-like commutator relations [σ̂− , σ̂+ ] = δjk for the spin
(j)
lowering operators σ̂− , and we treat each spin as an oscillator prepared
in a coherent state of complex amplitude α exp(i∆j τ ) at t = 0. The
precession about the spin z-axis due to the inhomogeneous distribution of
spin excitation energies is equivalent to the rotation of the complex oscillator
amplitude, while the oscillator approximation assigns a constant damping
rate to the collective transverse spin components and a linear coupling of
the spin and field oscillator amplitudes rather than the nonlinear, excitationdependent one. Since the decay of the transverse spin components is very
limited during the timescale of our protocol, describing it by a constant
effective rate and assuming a linear oscillator-like coupling to the field is a
good approximation. We solve the coupled dynamics of the field mode and
the spin ensemble, and we hence need the Heisenberg equation of motion
for the spin lowering operator, which incorporates the coherent state initial
condition as a delta-function excitation pulse at t = 0:
(j)
σ̂˙ j = −(γ + i∆j )σ̂− − igj â + αei∆j τ δ(t) +

p

2γ F̂j (t).

(11.3)

The relaxation rate γ represents spin decoherence, and is accompanied by
quantum Langevin noise sources F̂j (t) with non-vanishing commutators
[F̂i (t), F̂j† (t0 )] = δ(t − t0 )δij .
An analysis of the beam-splitter like coupling of the incident, resonator
and outgoing fields [121] yields the input-output relation,
√
b̂out (t) = κC â(t) − b̂in (t).
(11.4)
Applying Fourier transforms, and solving the resulting algebraic set of
equations for the coupled spin and field operators leads to the compact
and general form of the output field operator,
iq(ω)
+ t(ω)f˜spin (ω) + l(ω)b̃loss (ω) + r(ω)b̃in (ω),
b̃out (ω) = − √
2π
where
√
2 κC A(ω)
q(ω) =
,
κ[1 + C(ω)] − 2iω

(11.5)

(11.6)
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p

2 κC κRe [C(ω)]
t(ω) =
,
κ[1 + C(ω)] − 2iω

(11.7)

p

and
r(ω) =

2 κL κRe [C(ω)]
l(ω) =
κ[1 + C(ω)] − 2iω

(11.8)

κC − κL − (κC + κL )C(ω) + 2iω
,
κ[1 + C(ω)] − 2iω

(11.9)

are frequency-dependent complex coefficients describing, respectively, the
mean field emitted by the spins and Langevin noise operator terms associated with the spins, the resonator internal loss and reflection of the
microwave field on the cavity.
In Eqs. (11.5)-(11.8), the distribution of spin detunings and coupling
strengths are incorporated in the frequency-dependent ensemble cooperativity,
X
2gj2
C(ω) =
,
(11.10)
κ(γ + i∆j − iω)
j
and the amplitude factor,
A(ω) =

X
j

gj αei∆j τ
.
γ + i∆j − iω

(11.11)

The noise operators f˜spin (ω) = F̃spin (ω)/ κRe [C(ω)], b̃loss (ω) and
†
b̃in (ω) obey standard commutator relations, e.g., [f˜spin (ω), f˜spin
(ω 0 )] =
δ(ω − ω 0 ), and the condition |r(ω)|2 + |t(ω)|2 + |l(ω)|2 = 1 ensures the same
commutator relation applies to the output field operators b̃out (ω). We
refer to the supplemental material of Ref. [8] for details of the derivation
of the general expressions and for explicit analytical results in the special
case of a Lorentzian detuning distribution uncorrelated with the coupling
strengths. For instance, it is interesting to note that in this case the
frequency dependent cooperativity (11.10) may be expressed explicitly as
p

CLorentzian (ω) =

2g 2 Nspins [Γ/2 + γ + iω]
,
κ[(γ + Γ/2)2 + ω 2 ]

(11.12)

where Γ ' 2TE−1 is the spectral width of the spin Larmor frequencies.
We turn now to the definition of the modes on which the echo is emitted
in order to define and estimate the measurement sensitivity. For the sake
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of simplicity we assume that the bandwidth TE−1 of the spin-echo signal is
narrower than the bandwidth of the squeezed radiation and of the resonator.
√
R τ +T /2
The output signal mode is defined as b̂mode = (1/ TE ) τ −TEE/2 b̂out (t0 ) dt0 ,
1
its X̂ quadrature operator being X̂ = 2i
(b̂mode − b̂†mode ). The normalization
is chosen such that b̂†mode b̂mode is the photon number (operator) in the
√
R τ +T /2
mode. We similarly introduce b̂in = (1/ TE ) τ −TEE/2 b̂in (t0 ) dt0 , fˆspin =
√
√
R τ +TE /2
R τ +TE /2
(1/ TE )
fˆspin (t0 ) dt0 and b̂loss = (1/ TE )
b̂loss (t0 ) dt0 , as
τ −TE /2

τ −TE /2

well as their respective X̂in , X̂bath and X̂loss quadrature operators. The
mean integrated amplitude of the spin-echo signal is given by the mean
value of the X̂ operator,
−iq(0)
hX̂i = √
.
(11.13)
TE
From Eq. (11.5), one finds that its fluctuations are
2
2
2
δX 2 = |r(0)|2 δXin
+ |l(0)|2 δXbath
+ |t(0)|2 δXspin
.

(11.14)

In a model where the spins are described as harmonic oscillators coupled
†
2
via the Fj to an effective zero temperature bath, δXspin
= 14 [h[f˜spin , f˜spin
]i +
†
2 hf˜spin f˜spin i] is equal to 1/4. A more realistic description of the spins, going
beyond the Holstein-Primakoff approximation and taking into account a
non-zero effective temperature, would yield a larger value but still of
order unity. Since |t(0)|2 = κκC (1 − |r(0)|2 ) ' 4 κκC C(0), the contribution
of the spin fluctuation to the total output noise scales as the ensemble
cooperativity C(0).
In the limit where the ensemble cooperativity and the cavity losses are
small (C(0)  1 and |l(0)|2  1), which is the case in our experiment as
explained in the next sections, the dominant contribution to the output
fluctuations therefore is the reflected input noise and Eq. (11.14) reduces
to δX ≈ δXin . This input field originates from a squeezing source [SQZ in
Fig. 11.1] that we assume to be ideal, generating a squeezed vacuum along
2 at its output. Due to transmission
the X quadrature with a variance δXsq
losses between SQZ and the ESR cavity, modelled by an effective loss
coefficient ηloss , the squeezing properties are deteriorated and the variance
in the input quadrature becomes
2
2
δXin
= (1 − ηloss )δXsq
+ ηloss /4,

(11.15)

characterized by the ratio of the squeezed quadrature variance to the
2 /(1/4) called the squeezing factor. The
vacuum fluctuations ηS = δXin
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signal-to-noise ratio of the spin-echo detection is given by hX̂i/δX, hX̂i
being independent of the input field fluctuations as seen from Eq. (11.13).
Our analysis therefore shows that in the limit where the spin ensemble is
weakly coupled to the cavity and the cavity losses are negligible, applying a
squeezed vacuum to the ESR resonator should improve the spin detection
√
sensitivity by approximately a factor ηS .

11.3

Experimental results

I shall now provide a overview of the experimental implementation of this
proposal while referring to the full manuscript [8] for extended details of
the procedure and apparatus.

11.3.1

Characterization of the squeezer

The first step was the characterization of the squeezed microwave field
produced by the squeezing JPA denoted SQZ in Fig. 11.1. This JPA
acts on a vacuum input and performs parametric amplification [122] to
produced a squeezed vacuum state with a variance of 1/(4G2 ) on its
squeezed quadrature. Here G is the amplitude gain factor. The average
photon number inpthis state is N = (G2 + G−2 − 2)/4 and the two-photon
coherence M = N (N + 1). By an appropriate choice of phase for the
pump tone to the JPA [261], this results in an output in Eq. (11.15) from
SQZ to the ESR resonator with a variance in its X quadrature squeezed
according to
2
δXsq

1
1
=
N −M +
.
2
2




(11.16)

The experimental characterization of the squeezing source verifies this
relation and by using the same experimental setup shown in Fig. 11.1
but with the spins tuned far from resonance by the bias magnetic field
B0 , it was able to also estimate the losses from the squeezer SQZ to
the resonator in Eq. (11.15) as well as those from the resonator to the
homodyne demodulator where a signal I(t) is recorded.
The histograms of the statistical distributions of I(t) in Fig. 11.2 shows
that the total noise in the measurement signal was reduced by 1.2 dB when
the squeezer was turned from on to off, corresponding to a reduction in
the variance by a factor of 0.75, i.e,
2
2
δIon
= 0.75δIoff
.

(11.17)
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Figure 11.2: Characterization of the prepared squeezed vacuum state.
Noise histograms for AMP and SQZ both off (green open squares), AMP
on and SQZ off (blue crosses), and AMP and SQZ both on (red open
symbols) in which case the fluctuations are reduced below the vacuum
level. Gaussian fits for each are also shown (full curves).

Notice that in order to record a spin-signal in the homodyne demodulator
it is crucial to turn the amplifier AMP on, so the green curve is not relevant
for the purpose at hand.
For the squeezing to be in quantum regime, the noise in the signal
recording I(t) must be reduced below the level of vacuum fluctuations δI0
which is only possible if the thermal occupation of the mode is negligible. A
calibration measurement, using a superconducting qubit, was used to show
that indeed only an average of n = 0.1 photons are present in the mode
when the squeezer is turned off. The fluctuations in a quadrature Xth of a
2 = (1 + 2n)/4, so in this experiment, the
thermal state are given by δXth
following set of inequalities were obeyed,
2
δI02 < δIoff
< 1.2δI02 .

(11.18)

Combined with Eq. (11.17) this shows that the measured noise with the
squeezer turned on was, indeed, reduced by at least 10% and at most 25%
below vacuum level. See [8] for further details on the calibration of the
squeezing JPA.
An ideal, lossless parametric amplifier is in principle able to produce an
infinitely squeezed state [122]. However, in all practical implementations
the achievable squeezing is limited by imperfections, often to a quite modest
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Figure 11.3: Output quadratures Xout and Yout of a small coherent
signal sent to the SQZ measured for input phases φS spanning the
whole interval between 0 and 2π for five different power gains, G2 =
0, 5.8, 9.2, 14.7, 20 dB. Note that these data were obtained in a separate
calibration run in which the ESR cavity was removed [279].

level. As described above and seen in Fig. 11.2, this proof-of-principle
experiment delivers also only a relatively small squeezing induced noise
reduction in the output signal. This is partly due to microwave losses
between SQZ and the homodyne detector in Fig. 11.1, stemming from
the insertion of circulators and cables and from internal losses in the
components. The experiment aims to reduce these losses but still finds an
effective loss coefficient in Eq. (11.15) of ηloss = 0.54.
Another, and more fundamental limitation to the squeezing is imposed
by the JPA device. The ideal parametric amplifier assumes linearity in the
Hamiltonian, while higher order terms in the expansion of the Josephson
junction potential energy become important as the gain G is increased in
order to actualize higher degrees of squeezing according to Eq. (11.16);
[280, 281]. This problem is apparent in Fig. 11.3, where for small gains
(G2 < 6 dB) a standard squeezing ellipse is observed in the quadrature
plane while from around 10 dB, the ellipse is deformed, taking instead a
banana shape. This distortion is detrimental to the reduced variance of
the squeezed quadrature, and the experiment was hence performed at the
saturation point of the squeezing JPA, G2 = 6 dB.
As explained in [8], the amplifier, AMP is also affected by the nonlinearities in the JPA device. It was thus necessary to limit the amplitude
of the spin-echo signal in order to avoid saturation effects. Section 11.3.2
explains how this was accomplished.
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Squeezing enhanced spin detection

The spins used in the experiment are provided by bismuth (209 Bi) donors
implanted in a silicon sample, which has been isotopically enriched in
the nuclear-spin-free 28 Si. At low magnetic fields, the strong hyperfine
interaction between the S = 1/2 electron and the I = 9/2 nuclear spins
yields multiple allowed ESR-like transitions around 7.37 GHz; this experiment works on the lowest frequency transition. More details on the
characterization of this sample can be found in [282, 283].
Figure 11.4(a) shows this spin resonance line, obtained by measuring the spin-echo intensity as a function of the magnetic field B0 (with
SQZ off). This shows the expected resonance around B0 = 2.8 mT [see
Fig. 11.4(a)], with the 0.1 mT linewidth primarily due to strain exerted
by the aluminium wire on the underlying silicon substrate [284]. The spin
linewidth is considerably broader (×30) than the resonator bandwidth. As
a consequence, only a narrow subset of spins is excited at each magnetic
field B0 and contributes to the echo signal. With a 5-µs π/2 excitation
pulse in this experiment, the excitation bandwidth is estimated to 100 kHz,
justifying the choice of a 300-kHz digitization bandwidth.
Rabi oscillations (obtained by sweeping the power of the 10 µs rectangular refocusing pulse in the Hahn echo sequence) were used to calibrate
the pulses for subsequent experiments [136]. To avoid saturation of the
AMP as explained in the previous section, the field was purposely set far
away from the maximum of the spin resonance line at B0 = 2.6 mT [see
Fig. 11.4(a)], and an echo sequence of the form (θ − τ − π − τ − echo)
with τ = 200 µs was used. Here the usual π/2 Rabi angle of the Hahn
echo sequence was replaced by a lower Rabi angle θ ' π/3, realized with a
3-µs-rectangular pulse .
An echo was then recorded in the two following conditions: SQZ off
and SQZ switched on for a time window of 200 µs centered around the
echo emission time (for reasons explained in the next section, pulsing the
squeezed state generation was found to be crucial for the success of the
experiment). The phases of the excitation and refocusing pulses were
set in such a way that the echo signal was produced entirely on the I
quadrature aligned with the squeezed vacuum. Time traces of the digitized
I(t) quadrature are shown in Fig. 11.4(b), with the echo barely visible
in single-shot traces. After averaging, the spin-echo amplitude appears
to be identical for SQZ on and off, confirming that the saturation effects
mentioned in in the previous subsection were avoided. The 20-µs echo
duration is due to the excitation bandwidth. Histograms of the noise
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Figure 11.4: Squeezing-enhanced spin-echo detection. (a) Hahn-echo
detected magnetic field sweep, showing the bismuth donor resonance line.
The blue arrow indicates the field chosen in the rest of the experiment and
the blue Lorentzian curve indicates the fraction of spins that are within
the cavity resonance. (b) Echo signals observed with SQZ off (blue) and
on (red) for a single shot (lines) and averaged over 2500 traces (symbols)
confirm that the signal intensity is identical. SQZ was switched on only
during a short ∆t = 200 µs window around the echo emission time (dashed
rectangle in the pulse sequence). The excitation pulse angle is chosen to be
≈ π/3 in order to avoid saturation effects (see main text). (c) Histograms
of the noise around the average signals of panel (b) measured with 2500
single-shot traces acquired on a 70 µs-time-window centered on the echo,
with SQZ off (blue) and on (red) (see Supp. Mat. of [8]), and corresponding
Gaussian fits (full curves). Standard deviations are 0.0858 ± 2 · 10−4 V for
SQZ off and 0.0748 ± 2 · 10−4 V for SQZ on, confirming a reduction in the
noise accompanying the spin-echo signal when SQZ is on.

during the echo emission [Fig. 11.4(c)] show that the data obtained with
SQZ on exhibit less noise than with SQZ off — indeed, the similarity
between these distributions and those obtained with no spin-echo signal
[Fig. 11.2] confirm that quantum fluctuations are the primary noise source
in the spin echo measurements. In both cases, the variance is reduced
by a factor of 0.75 when SQZ is on, in agreement with the theoretical
analysis presented in Sec. 11.2. As the noise reduction is obtained while
maintaining constant spin-echo signal amplitude, this demonstrates that
the sensitivity of magnetic resonance detection is enhanced using quantum
squeezing.

11.4 Discussion

11.4

163

Discussion

While the experiment was able to successfully demonstrate squeezingenhanced magnetic resonance detection, due the limited noise reduction
of only 1.2 dB, it must be considered a proof-of-principle experiment.
Some reasons for this were explored in Sec. 11.3. The first, saturation
effects imposed by non-linearity of the JPAs used for SQZ and AMP,
could in an optimized setup be reduced significantly by installing stateof-the-art JPAs which can operate with 30 dB higher saturation powers
[285, 286]. This would already provide an additional noise reduction
of ≈ 3 dB. Microwave losses along the path from SQZ to the detector
constitute another major source of noise. An optimization of this path
with better elements (shorter cables and fewer circulators) is estimated
to be able to deliver an additional noise reduction of ≈ 2 dB. Hence,
under realistic circumstances, an optimized setup could present a noise
reduction below vacuum level of roughly a factor 5 while leaving the signal
unchanged, thereby allowing a much smaller spin sample to be detected in
the same measurement time. This will clearly find practical applications.
See Ref. [8] for an extended discussion of the applicability of the scheme
optimized under realistic experimental settings.
The optimizations mentioned above concern technical limitations which
at this stage are issues of engineering. There are, however, still fundamental
limitations to the squeezing-enhanced sensitivity imposed by quantum
mechanics. These shall now be discussed.

11.4.1

Ultimate limits to the sensitivity and squeezing
affected spin dynamics

Supposing that an ideal squeezed state of arbitrary squeezing factor could
be sent onto the cavity so that the purely electromagnetic contribution
to the total noise would be completely suppressed, it is interesting to
investigate the other physical mechanisms that would ultimately limit
the sensitivity. Those can be deduced from the theoretical expression
for the noise (11.14), which shows that in the limit where δXin → 0, a
2
2 . In an
finite variance is maintained, δX 2 = |l(0)|2 δXbath
+ |t(0)|2 δXspin
ideal experiment, the cavity internal losses may be suppressed so that
the first term is negligible; however, the second term describes noise
emitted by the spins (as observed experimentally in [287]), and is thus
unavoidable. While negligible in the present experiment, this contribution
becomes relevant in the limit where the squeezing factor ηS becomes
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Figure 11.5: Influence of squeezing on the spin coherence times. (a)
Coherence time T2 measured with a Hahn echo sequence for SQZ off (blue
circles) and on (red squares). Contrary to the experiments in Fig. 5,
SQZ is now switched on or off for the entire experimental sequence. The
integrated echo signal is plotted as a function of the delay τ between the
π/2 and π pulses. Exponential fits (solid lines) yield T2,off = 2.5 ± 0.2 ms
and T2,on = 2.6 ± 0.4 ms. (b) Energy relaxation time T1 with SQZ on
(blue circles) and off (red circles). Exponential fits (solid lines) yield
T1 = 900 ± 50 ms with SQZ off and T1 = 450 ± 40 ms with SQZ off. Both
T1 (b) and T2 (a) curves have their amplitude reduced by ≈ 0.5 with SQZ
on, indicating reduced spin polarisation in the steady-state when the SQZ
is continuously switched on.

comparable to the ensemble cooperativity 4C(0) as seen in Sec. 11.2.
Additional measurements (reported in the Supplemental Material of [8])
yield C(0) = 0.002, which implies that spin noise would be a limitation
for 20-dB squeezing, corresponding to a maximum gain in sensitivity by a
factor ' 10.
Another fundamental effect disregarded so far concerns the influence
exerted by squeezed radiation on the spin dynamics, which may in certain
cases lead to a reduction of the echo signal. Indeed, in steady-state,
squeezed radiation incident on a two-level system modifies its relaxation
and coherence times as well as its average polarization, as predicted
in Ref. [124] and observed in recent experiments with superconducting
qubits [99, 288]. Note that since this effect do not apply for a harmonic
oscillator degree of freedom, it did not appear in the analysis of Sec. 11.2
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where the spins are modelled as a collection of oscillators. The topic of
the next chapter in this thesis is the emergence of this effects as the two
limiting cases of a single and of many spins are bridged [9].
These two fundamental limitations were experimentally investigated by
measuring spin coherence and relaxation times with SQZ turned off or on
during the entire experimental sequence. The effective coherence time T2 is
found to be unaffected by squeezing [see Fig. 11.5(a)], because decoherence
occurs by nonradiative processes such as dipolar interactions [289]. Energy
relaxation, on the other hand, has been shown to be caused by spontaneous
emission of microwave photons through the cavity (the Purcell-effect) with
a rate T1−1 = 4g 2 /κ [136], g being the coupling strength of a single spin
to the radiation field as defined in Sec. 11.2. The effective lifetime T1
should thus be affected by the squeezed microwave injection. Accordingly,
it was found to decrease from 0.9 to 0.45 s when squeezing is continuously
switched on [see Fig. 11.5(b)], with an overall echo amplitude diminished
by the same factor 2, revealing the expected reduction in spin polarisation.
The reduction factor on both T1 and polarization is predicted by Gardiner
to be 2N +1 [124], yielding N ≈ 0.5 in this experiment, compatible with the
chosen SQZ gain G2 = 6 dB as well as the squeezed state characterisation
by homodyne detection shown in Fig. 11.2.
Squeezing-induced spin depolarisation is avoided in the data shown
in Figs. 11.2 and 11.4(c) because the squeezer SQZ is switched on only
for a short time window ∆t = 200 µs around the echo, much smaller
than the depolarisation time which is of order ≈ T1 /(1 + 2N ) = 0.45 s in
this experiment. This strategy can be applied only if the depolarisation
time is longer than the echo duration TE , i.e., if the squeezing parameter
ηS ≈ 1/N > 8g 2 TE /κ.
By looking at, e.g., the expression (11.12) for the ensemble cooperativty in the Lorentzian case, it is interesting to note that 8g 2 TE /κ ≈
4C(0)/Nspins , which is the single-spin cooperativity and is therefore much
smaller than the ensemble cooperativity 4C(0) as long as the ensemble contains a large number of spins Nspins  1. Spin noise is therefore expected
to limit the achievable sensitivity gain much earlier than spin depolarization, provided the squeezed state generation is pulsed as in the present
experiment. For the present experimental parameters, T1 /TE ≈ 10−5 , so
that squeezing-induced spin depolarization would not be an issue before
50-dB squeezing is achieved which is much later than the 20-dB limit
imposed by spin noise.
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Conclusion

The experiment reported in [8] and described here has proven that it is
possible to increase the sensitivity in magnetic resonance detection of a
weakly coupled spin ensemble by injecting a squeezed probe field. The
experiment constitutes one of the first metrology applications of squeezing
in the microwave regime, and while the reported noise reduction is only
1.2 dB, it is realistic to optimize the experimental platform to achieve a
much larger squeezing-induced advantage. This would be highly beneficial
in practical applications and eventually in technologies such as commercial
ESR-spectroscopy devices.
This study opens the lid to the toolbox of quantum metrology for usage
in the microwave regime and in particular for magnetic resonance detection.
It would be interesting to extend the present results by considering the
advantages offered by employing alternative non-classical states such as
Schrödinger-cats [34, 61].

Chapter

Relaxation of
a spin ensemble in
a squeezed bath
This chapter is reproduced from Ref. [9] with only minor
modifications and two paragraphs from the introduction
moved to Chapter 11.

In the previous chapter, we saw an example of how squeezing the
uncertainty in a probe field allows a higher sensitivity to be achieved in a
cutting-edge sensing experiment. In that case, the advantages offered by
squeezing were limited by technical restrictions imposed by the components
of the experimental setup. Ideal settings would allow a much larger
sensitivity gain but it would eventually be limited by more fundamental
mechanisms, which are the topic of the discussion in Sec. 11.4.1 of that
chapter. One of these is the influence exercised by the squeezed probe field
on the internal dynamics of the spin ensemble. This did not play a role in
those particular experimental settings. In this chapter, we shall consider a
more general setup as we delve deeper into the physical processes, defining
the workings of this mechanism in different settings and regimes.
The topic was first approached by Gardiner [124] who showed that
when the fluctuations in electromagnetic field modes are altered, so are
the derived relaxation dynamics of the systems interacting with the field.
In particular, Gardiner’s seminal result on a single two-level system in a
167
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Figure 12.1: A bad cavity is coupled linearly to (a) a single spin-1/2 particle,
(b) an oscillator degree of freedom, or (c) a collection of n spin-1/2 particles.
(d) Quadrature representation of the squeezed vacuum input field
√ to the
cavity, Eq. (12.1) with squeezing parameters N = 1 and M = 2, shown
as the red ellipse. The fluctuations in the Yin quadrature are reduced below
those of a vacuum state (dashed circle) at the cost of increased fluctuations
in the Xin quadrature.

squeezed reservoir [124] shows how the decay of the excitation and the two
transverse Bloch vector components is modified by the coupling to that
reservoir. This effect has recently been observed in a superconducting qubit
coupled to a squeezed vacuum microwave field produced by a Josephson
parametric amplifier [288, 290], and it is equivalently witnessed in the
resonance fluorescence spectrum [291] and the steady-state inversion of
a driven system [292]. A single two-level system can be represented as
a spin-1/2 particle with a spin-up (excited) and a spin-down (ground)
state. As utilized in the modelling of the experiment in Chapter 11, in
the Holstein-Primakoff approximation (HPA) [123], an ensemble of weakly
excited spins is equivalent to an oscillator mode. An oscillator experiences
a squeezed reservoir as Langevin noise acting asymmetrically on its two
quadratures but unlike a spin-1/2 system, the relaxation of the quadratures
is not affected by the squeezing, which instead manifests itself directly in
their variances.
The interaction of an ensemble of atoms with a broadband squeezed
reservoir of field modes has been studied theoretically with the master
equation formalism (see, e.g., [293]) and it has been shown that the
collective interaction of two-level atoms with squeezed vacuum fields, which
have minimum-uncertainty product of the field quadratures, leads to a

12.1 Model

169

pure steady state for a pair [294] and for any even number of spins [295].
These steady states are spin squeezed with minimum uncertainty product
of their squeezed and anti-squeezed spin components [295].
In this chapter we study the dynamics of spin systems due to their
coupling to a squeezed bath. As our model system we consider a cavity
subject to a squeezed vacuum input and containing either an oscillator or
a system of spins to which it is linearly coupled [see Fig. 12.1]. Assuming
the bad cavity limit, we eliminate the cavity mode and derive equations
of motion for the first and second moments of the oscillator or collective
spin components. Note that in the present study, the systems only couple
collectively to the radiation field and experience no individual damping,
which would make the collective system explore mixed states beyond the
large spin Dicke states [296]. We reproduce the result of Gardiner for a
single spin, and we show how an oscillator description of the ensemble
becomes valid in the limit of many weakly excited spins. Our analysis
unveils how the two limiting cases differ by the relative contributions of
quantum (vacuum) fluctuation and of radiation reaction to the dynamics.

12.1

Model

We consider a generic model of a quantum system coupled resonantly with
strength g to a single cavity mode with field annihilation operator âc . The
cavity serves the purpose of mediating and enhancing the coupling of the
system to an input field b̂(t) incident on the cavity mirrors [135]. We focus
on the case where the input is a broadband squeezed vacuum field defined
by the properties
hb̂(t)i = 0
hb̂† (t)b̂(t0 )i = N δ(t − t0 )
0

(12.1)

0

hb̂(t)b̂(t )i = M δ(t − t ),
p

where |M | ≤ N (N + 1). Such a field can be produced by a parametric
amplifier driven in degenerate mode or by coupling of light to non-linear
materials [122]. In the following we assume, without loss of generality,
the phases to be aligned such that M is real and positive. As illustrated
in Fig. 12.1(d), the field quadrature X̂in = b̂ + b̂† has a higher variance,
2 i = 2N + 2M + 1, than the vacuum state obtained when N = M = 0,
hX̂in
while the variance hŶin2 i = 2N −2M +1 in the orthogonal quadrature, Ŷin =
i(b̂† − b̂) is reduced. The input field thereby fulfills Heisenberg’s uncertainty
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2 i hŶ 2 i ≥ 1 with equality for all N if M =
relation hX̂in
N (N + 1), which
in
1
we assume in the following . Squeezed states have been demonstrated with
N ' 4.2 corresponding to variances reduced by 12.7 dB below the vacuum
level [259].
Figure 12.1(a) shows a single two-level system, represented as a spin1/2 particle by the Pauli vector of operators #»
σ = (σ̂x , σ̂y , σ̂z ) and the
†
associated lowering and raising operators, σ̂− = σ̂x − iσ̂y and σ̂+ = σ̂−
,
respectively. Figure 12.1(b) shows a harmonic oscillator described by a
lowering operator â with commutator relations [â, â† ] = 1 and oscillator
quadratures X̂ = â + â† and Ŷ = i(â† − â). If the single spin is only
weakly excited, it behaves as an oscillator since the Bloch vector dynamics
described by (σ̂x , σ̂y ) is similar to the oscillator dynamics described by
(X̂, Ŷ ) as we heuristically set σ̂z = −1 (remember that [σ̂− , σ̂+ ] = −σ̂z ).
As quantified in the Holstein-Primakoff approximation introduced below,
this similarity is increased as more spins are considered. To investigate
the transition between the single spin and the oscillator results, we hence
examine an ensemble of n spins as shown in Fig. 12.1(c). The total
P
#»
σ (i) and the excitation lowering operator is
spin operator is S = ni=1 #»
Pn
(i)
†
Ŝ− = i=1 σ̂− , with [Ŝ− , Ŝ+ ] = −Ŝz , where Ŝ+ = Ŝ−
. Notice that, since
we omit the factor 1/2 on the Pauli operators, conventionally used when
#»
#»
defining the spin observables, S /2 ( S ) is (is not) an angular momentum.
Symmetric states of the spin ensemble can be represented by an extension
of the Bloch sphere picture of a single spin to a collective spin as shown in
Fig. 12.2.
The Holstein-Primakoff transformation maps spin operators to bosonic
creation and annihilation operators while conserving the commutation
relations [123],

p

Ŝz = 2â† â − n,
Ŝ− =

p

n − â† ââ,

(12.2)

p

Ŝ+ = â† n − â† â.
For a large ensemble n  1 and weak excitation, the second terms in the
√
√
square roots are negligible such that Ŝ− ' nâ and Ŝ+ ' nâ† . This
constitutes the HPA.
1

Notice that this chapter assumes a different normalization of the quadratures that
the previous.
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Figure 12.2: Bloch sphere representation of a collective spin with components (Sx , Sy , Sz ). The axes go from −n to n, the minimum and maximum
eigenvalues for an ensemble with n spins. A spin coherent state |θ, φi is
defined in terms of the Bloch angles θ and φ, [Eq. (12.22)].

12.1.1

Heisenberg equations of motion

The interaction between the system and the cavity field is described by a
Tavis-Cummings-type Hamiltonian [297] (~ = 1)




ˆ † − dˆ† âc ,
Ĥ = ig dâ
c

(12.3)

where for a single spin dˆ = σ̂− , for an ensemble of n spins dˆ = Ŝ− , and for
an oscillator dˆ = â. This yields the Heisenberg equation of motion for a
general system operator q̂,




ˆ † − [q̂, dˆ† ]âc .
q̂˙ = g [q̂, d]â
c

(12.4)

Likewise, if κ denotes the output coupling through the cavity mirrors, the
quantum Langevin equation for the cavity mode is,
√
κ
â˙ c = g dˆ − âc + κb̂.
(12.5)
2
In the bad cavity limit (g  κ), we may assume that the cavity relaxes to
a steady state faster than the other relevant time scales, i.e., â˙ c = 0, so
that
2g dˆ
2b̂
âc = √ +
.
κ
κ

(12.6)
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This shows how the cavity field is composed of the input field and a field
generated by the system inside the cavity.
Although âc commutes with any system operator, the individual terms
in Eq. (12.6) do not. Accordingly, the relative contributions to the evolution
(†)
of the system operator in Eq. (12.4) depend on the ordering of âc and
the commutators. For a Hermitian operator q̂, q̂˙ must also be Hermitian.
Dalibard et. al. [298] offer the insight that by requiring each part to
be separately Hermitian, q̂˙ can be decomposed unambiguously into two
terms with distinct physical meanings. Such splitting has been applied
to study the underlying mechanisms in radiative energy corrections and
spontaneous emission processes [298, 299]. Pursuing this line of reasoning,
we may apply Eq. (12.6) and rewrite Eq. (12.4) as
˙ ff + (q̂)
˙ sr ,
q̂˙ = (q̂)

(12.7)


2g  ˆ †
˙ ff = √
(q̂)
[q̂, d]b̂ − b̂[q̂, dˆ† ]
κ

(12.8)

where

describes interactions with fluctuations in the input field, and
˙ sr =
(q̂)

2g 2  ˆ ˆ† ˆ ˆ† 
[q̂, d]d − d[q̂, d ]
κ

(12.9)

describes electromagnetic self-reaction mediated by the cavity field.
Oscillator
We consider first the case where the system is described by an oscillator
degree of freedom, dˆ = â. Here Eqs. (12.8) and (12.9) yield for the
annihilation operator,
2g
˙ ff = − √
(â)
b̂,
κ
2
˙ sr = − 2g â.
(â)
κ

(12.10)

We thus obtain the equations of motion for the oscillator quadratures
γp
˙
X̂ = −λ(b̂ + b̂† ) − X̂
2
γp
˙
†
Ŷ = iλ(b̂ − b̂ ) − Ŷ ,
2

(12.11)
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where we have introduced the Purcell rate γp = 4g 2 /κ and an effective
√
coupling constant λ = 2g/ κ. The field fluctuations, represented by b̂,
drive the fluctuations of the oscillator quadratures while the self-reaction
causes their damping.
Collective spin ensemble
Consider now the case of an ensemble of n spin-1/2 particles inside the
cavity. The ensemble couples linearly to the cavity field via dˆ = Ŝ− . By
Eqs. (12.7)-(12.9), the equations of motion for Ŝ− and Ŝz have contributions
from both the field fluctuations and self reaction,
2g
˙
(Ŝ− )ff = √ bŜz ,
κ

4g 
˙
(Ŝz )ff = − √ Ŝ− b† + bŜ+ ,
κ

(12.12a)

2g 2
˙
(Ŝ− )sr =
Ŝ− Ŝz ,
κ

8g 2 
˙
Ŝ− Ŝ+ .
(Ŝz )sr = −
κ

(12.12b)

˙
˙
The operator terms in (Ŝ− )ff and (Ŝz )ff give rise to second order processes
˙
that contribute to the same order in g 2 /κ as the processes in (Ŝ− )sr and
˙
(Ŝz )sr . This follows by a formal integration of the equations over a small
time interval ∆t → dt,
2g t+∆t 0 0
Ŝ− (t + ∆t) − Ŝ− (t) = √
dt b(t )Ŝz (t0 ),
ff
κ t
Z
h
i
o
4g t+∆t 0 n
√
dt Ŝ− (t0 )b̂† (t0 ) + b̂(t0 )Ŝ+ (t0 ) ,
Ŝz (t + ∆t) − Ŝz (t) =
ff
κ t
(12.13)

h

i

Z

and substitution back in Eqs. (12.12a), keeping only terms to order g 2 /κ,
Z
o
2g
8g 2 t+∆t 0 n
˙
(Ŝ− )ff = √ bŜz −
dt b(t)Ŝ− (t0 )b̂† (t0 ) + b̂(t)b̂(t0 )Ŝ+ (t0 ) ,
κ t
κ

 8g 2 Z t+∆t
n
o
4g
˙
(Ŝz )ff = − √ Ŝ− b† + bŜ+ −
dt0 b̂(t0 )Ŝz (t0 )b̂† (t) + b̂(t)Ŝz (t0 )b̂† (t0 ) .
κ t
κ

(12.14)
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Then applying Eq. (12.1) yields
o
2g
4g 2 n
˙
(N + 1)Ŝ− + M Ŝ+ )
(Ŝ− )ff = √ bŜz −
κ
κ
 16g 2

4g
˙
(Ŝz )ff = − √ Ŝ− b† + bŜ+ −
(N + 1)Ŝz ,
κ
κ

(12.15)

where we note that contributions by δ functions evaluated at the lower
integral limit are reduced by a factor of 2.
Hence by Eq. (12.7), combining Eqs. (12.12b) and (12.15), we arrive at
n
o
γp
˙
Ŝ− = Ŝ− Ŝz + λbŜz − γp (N + 1)Ŝ− + M Ŝ+ ) .
2

(12.16)

The two transverse spin components are given in terms of Ŝ− by Ŝx =
Ŝ− + Ŝ+ and Ŝy = i(Ŝ− − Ŝ+ ). We thus obtain the operator equations of
motion for the three spin components,



γp 
˙
Ŝ− Ŝz + Ŝz Ŝ+ + λ b̂ + b̂† Ŝz − γp {N + M + 1} Sx ,
Ŝx =
2 



γp
˙
Ŝy = i
Ŝ− Ŝz − Ŝz Ŝ+ + iλ b̂ − b̂† Ŝz − γp {N − M + 1} Sy ,
2


˙
Ŝz = −2γp Ŝ− Ŝ+ − 2λ Ŝ− b† + bŜ+ − 2γp (N + 1)Ŝz .

(12.17)
The first term in all three equations is due to the radiation reaction terms
and is independent of the properties of the incident noise. The remaining
terms are due to the field fluctuations and depend explicitly on the input
field properties.

12.2

Results

In the foregoing section we derived operator equations of motion for the
quadratures of an oscillator and the components of a collective spin. Here
we will show how these lead to equations of motion for mean values and
variances and we will compare and discuss different limits of the theory.

12.2.1

Mean values and decay rates

The mean value equations discussed in this section yield the effective decay
rates of the oscillator quadratures and of the spin components. From
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Eq. (12.17) we find, for the three spin components,
γp
˙
hŜx i =
hŜ− Ŝz + Ŝz Ŝ+ i − γp (N + M + 1) hSx i
2
γp
˙
hŜy i = i hŜ− Ŝz − Ŝz Ŝ+ i − γp (N − M + 1) hSy i
2
˙
hŜz i = −2γp hŜ− Ŝ+ i − 2γp (N + 1) hŜz i .

(12.18)

For a single spin, σ̂− σ̂z = σ̂− , σ̂z σ̂+ = σ̂+ , and σ̂− σ̂+ = (I − σ̂z )/2
and Eq. (12.18) reduces to the equations for the relaxation of a spin-1/2
particle in a squeezed reservoir derived by Gardiner [124],
1
hσ̇x i = −γp N + M +
hσ̂x i
2


1
hσ̇y i = −γp N − M +
hσ̂x i
2
hσ̇z i = −γp (2N + 1) hσ̂z i − γp .




(12.19)

The relaxation rate of the spin is reduced along the squeezed axis (y),
while it is increased in the anti-squeezed direction (x).
In the case of an oscillator, we have, by Eqs. (12.1) and (12.11),
γp
˙
hX̂i = − hX̂i
2
γp
˙
hŶ i = − hŶ i .
2

(12.20)

The oscillator damping rates are independent of N and M and hence do
not depend on the statistics of the input field.
To see how, for a collection of spins where the HPA is valid, the
relaxation of the spin degrees of freedom is in agreement with the oscillator
damping, we consider the limit of very many spins n  N, M ' O(1) in
Eq. (12.18). Close to the south pole of the Bloch sphere, Ŝz ' −n and we
indeed obtain
nγp
˙
hSx i
hŜx i ' −
2
nγp
˙
hŜy i ' −
hSy i ,
2

(12.21)

equivalent to the mean value equations for oscillator quadratures (12.20)
with γp → nγp .
To illustrate the transition from the single spin results to the oscillator
behavior close to the poles of the Bloch sphere, we consider a spin coherent

176

Chapter 12 · Relaxation of a spin ensemble in a squeezed bath

Figure 12.3: The first three panels in (a) and (b) illustrate the decay of
a system with one, five and fifteen spins, respectively, in a squeezed bath
with (a) N = 0.5 and (b) N = 5. The plots show the lower half of the
Bloch sphere projected on a plane with values of the polar angle marked
by the dashed circles in (a). (a) Blue arrows indicate the magnitude and
direction of the decay of a spin coherent state at each point with the
red lines in the second quadrants showing how the collective spin decay
progresses from different initial states. The right panel shows a similar plot
for the quadrature plane of an oscillator, where the decay is symmetric. (b)
Closed blue circles depict spin coherent states represented by their center
coordinates (hŜx i , hŜy i) and error ellipses (see the main text). States are
shown for different φ and θ = 0.55, 0.75, 0.87π. For plotting purposes, the
error ellipses are scaled by factors 0.12 for n = 1 spin, 0.25 for n = 5 spins,
and 0.4 for n = 15 spins. The mean values and covariance matrix elements
are evolved for a short time ∆t = 0.008nγp−1 according to Eqs. (12.18)
and(12.28). The dashed, blue circle (red ellipse) connects the mean values
and the solid blue circles (open red ellipses) show the covariances of the
states before (after) the short time evolution. The right panel shows a
similar plot for the oscillator in an initial coherent state evolved for at time
∆T = 0.1γp−1 by Eqs. (12.20) and (12.27).
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state. Here all the spins point in the same direction determined by polar
angles (θ, φ) on the sphere in Fig. 12.2 such that hŜx i = n sin θ cos φ,
hŜy i = n sin θ sin φ, and hŜz i = n cos θ with 0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π
[300],
|θ, φi =

n 
O
j=1

θ
θ
|↑ij + sin eiφ |↓ij .
2
2


cos

(12.22)

In such a state, the expectation values in Eq. (12.18) may readily be
calculated, and the effective decay rates of the mean values of the total
spin components at each point on the Bloch sphere are determined from
our theory. It yields the evolution
˙
hθ, φ| Ŝx |θ, φi = −γx (n, θ) hθ, φ| Ŝx |θ, φi
˙
hθ, φ| Ŝy |θ, φi = −γy (n, θ) hθ, φ| Ŝy |θ, φi ,

(12.23)

where the n and θ-dependent decay rates are
1 (n − 1) cos θ
γx (n, θ) = γp N + M + −
2
2


1 (n − 1) cos θ
.
γy (n, θ) = γp N − M + −
2
2




(12.24)

In the first three panels of Fig. 12.3(a), we show the Bloch sphere from
below. The dashed circles mark different degrees of excitation, quantified
by the polar angle θ. The arrows indicates the magnitude and direction
of the decay of the spin coherent state at each point, and the red lines
in the second quadrants guide the eye along the spin decay. Results are
shown for a single spin, five spins and fifteen spins, respectively, and for a
moderate degree of squeezing (N = 0.2). In the last panel, we show the
quadrature plane of an oscillator degree of freedom. Here the arrows and
solid lines show the decay of the mean quadratures given by Eq. (12.20).
As predicted, a single spin exhibits a highly asymmetric decay where it
quickly relaxes to hσ̂y i ' 0, while the hσ̂x i component decays on a much
longer time scale. The oscillator, on the other hand, shows a completely
symmetric decay in the two quadratures. As the number of spins increases,
we see the expected transition between these two extremes, verifying, in
this sense, the Holstein-Primakoff approximation.
We show in Fig. 12.4(a) the relaxation rates of the transverse spin
components γx (n, θ) and γy (n, θ) as functions of n for different values of θ.
The results are shown for N = 0.05. As emphasized in Fig. 12.3, a single
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spin has highly asymmetric rates but as the number of spins increases, the
rates become similar and independent of N and M . Furthermore, the rates
approach those of equivalent oscillator quadratures in the cases where the
excitation is very low (θ ' π).
We can understand the fundamental difference between the single spin
and the oscillator cases in terms of contributions to the decay rates from
self-reaction and field fluctuations in Eq. (12.7). For both a weakly excited
collective spin and an oscillator, self-reaction processes yield equivalent
contributions, γp /2 for the oscillator and nγp /2 for the spins. Field fluctuations, on the other hand, do not contribute to the oscillator rate, whereas
for the spins they cause spontaneous emission that in a squeezed reservoir
is adjusted according to the squeezing parameters. The spin decay by
self-reaction is, however, collectively enhanced by the number of spins
n such that this contribution dominates the field fluctuations and the
Holstein-Primakoff approximation becomes valid when many spins are
present.

12.2.2

Second moments and Langevin noise

In the preceding section we showed that while the statistics of a squeezed
reservoir directly influence the decay of a single spin, this effect gradually
disappears as more spins are added to the cavity. With many weakly
excited spins, the decay resembles that of an oscillator and the mean
relaxation is independent of the field statistics. As shown in Eq. (12.11),
however, the input field does enter in the equations of motion for the
oscillator quadratures as Langevin noise terms. Hence, where a squeezed
bath influences the decay rates of a single spin, it will influence the noise
properties of an oscillator degree of freedom.
In this section, we probe these expectations by deriving and investigating equations of motion for the covariance matrix elements of the transverse
spin components and study the limits of a single spin and of an oscillator
in the case of low excitation. The non-linearity of a spin system induces
non-zero higher moments and we do not expect the covariance matrix to
fully characterize the evolution of collective spin states. Nevertheless, we
take the (co)variances as indicators for the dynamical evolution of their
dominating fluctuations.
The symmetrized covariance between two (noncommuting) observables
A and B is defined as
CAB ≡

1
hÂB̂ + B̂ Âi − hÂi hB̂i .
2

(12.25)
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If Â = B̂, this is the variance, VA ≡ CAA .
The evolution of the (co)variances of the spin components and of the
oscillator quadratures can be derived from the equations of motion of the
observables in Sec. (12.1). Since the input field (12.1) is δ correlated, when
taking the time derivative of products of observables, we must employ Itô’s
formula [139] to obtain
 · 

˙
˙
˙ ˙
ÂB̂ = ÂB̂ + ÂB̂ + ÂB̂.

(12.26)

With this convention, the evolution of the oscillator quadrature covariance
matrix follows from the equations of motion (12.11),
V̇X = −γp {VX − (2N + 2M + 1)}
V̇Y = −γp {VY − (2N − 2M + 1)}

(12.27)

ĊXY = −γp CXY ,
where we applied Eq. (12.1). These expressions clearly show how the
oscillator equilibrates with the squeezed input field to a steady state with
VX = 2N + 2M + 1 and VY = 2N − 2M + 1. Notice that for a coherent
state the +1 terms in Eqs. (12.27) ensure that when N = M = 0, the
variances do not change from VX = VY = 1.
We may similarly derive equations of motion for the covariance matrix
elements of the x and y components of a collective spin. From Eq. (12.17)
we find after applying commutator relations,
n





n





V̇Sx = −γp (2N + 2M + 1) VSx − hŜz2 i + hŜz i − CSx ,Sx
V̇Sy = −γp (2N − 2M + 1) VSy − hŜz2 i + hŜz i − CSy ,Sy


ĊSx ,Sy = −γp (2N + 1)CSx ,Sy −

1
CSx ,Sy
2

Sz

+ CSy ,Sx

Sz



o

,

o

,

Sz
Sz



,
(12.28)





where CA,B C ≡ 21 hÂ(B̂ Ĉ) + (Ĉ B̂)Âi − hÂi hB̂ Ĉ + Ĉ B̂i . Note that
the evolution in general depends on higher moments of the spin observables,
signifying how the inherent non-linearity of spin systems does not preserve
Gaussianity.
For a single spin, σ̂i σ̂j = iijk σ̂k , where ijk is the Levi-Civitá symbol
and i, j, k ∈ {x, y, z}, implying that all higher moments are determined
by the first moments. In particular, Vσ̂x = 1 − hσ̂x i2 and Vσ̂y = 1 − hσ̂y i2 ,
such that, since by Eq. (12.19) the transverse spin components relax to
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zero in the steady state, their variances equilibrate to unity, independent
of the squeezed environment. As discussed above, this is opposite to an
oscillator degree of freedom.
To investigate how this discrepancy is bridged in the limit of many
spins n  N, M , we consider a spin coherent state for which we note that,
e.g., VSx is proportional to n, while hŜz2 i and CSx ,Sx Sz are proportional
to n2 . Hence, to leading order in n we find
n

V̇Sx = γp (2N + 2M + 1) hŜz2 i + CSx ,Sx

o
Sz

n

V̇Sy = γp (2N − 2M + 1) hŜz2 i + CSy ,Sy

γp
ĊSx ,Sy =
CSx ,Sy Sz + CSy ,Sx Sz .
n1 2

o
Sz

(12.29)

Close to the south pole (Ŝz ' −n), where we expect the HPA to be valid,
the equations simplify further,
V̇Sx = −nγp {VSx − n(2N + 2M + 1)} ,


V̇Sy = −nγp VSy − n(2N − 2M + 1) ,

(12.30)

ĊSx ,Sy = −nγp CSx ,Sy .
θ'π

That is, in these limits the noise properties of the collective spin comply
with the oscillator results given in Eq. (12.27).
The transition from the single spin to an ensemble of many weakly
excited spins, is illustrated in Fig. 12.3(b). Here we represent spin coherent
states (12.22) as blue ellipses centered
at
(hŜ i , hŜy i) with radii along the
p
p x
major and minor axes given by ( VSa , VSb ), where VSa and VSb are the
eigenvalues of the covariance matrix. Upon time evolving the mean values
and the (co)variances for a short time ∆t  γp−1 by the expressions given
in Eqs. (12.18) and (12.28), the states transform into those shown as open,
red ellipses. The rightmost panel shows a similar plot for an oscillator
prepared in a coherent state and evolved under Eqs. (12.20) and (12.27).
Dashed lines connecting the (hŜx i , hŜy i) values before and after the time
evolution, respectively, show how the states move from a circular to an
elliptic configuration, emphasizing the asymmetric rates of the decay. The
uncertainty of a single spin evolves symmetrically in the two transverse
spin components while that of an oscillator is squeezed according to the
input field. As more spins are added, we see a clear transition between
these two limiting cases. The resemblance of the large spin ensemble to
the oscillator is more pronounced closer to the center corresponding to low
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Figure 12.4: (a) Decay rates Eq. (12.24) of the Sx (solid lines) and Sy
components (dashed lines) of a spin coherent state in a squeezed reservoir
with N = 0.05 shown as a function of the the number of spins n and
for different mean excitations quantified by the Bloch angle θ (values of
θ/π are assigned at the right-hand side of the figure). The dotted line
shows the symmetric and squeezing independent decay rate γp /2 of either
quadrature of an oscillator. (b) Time derivatives Eqs. (12.28) of variances
of the Sx (solid lines) and Sy (dashed lines) components of a spin coherent
state in a squeezed reservoir with N = 0.05 shown as a function of the
the number of spins n and for different θ with φ = 0 (values of θ/π are
assigned by the vertical arrows). The dotted and dash-dotted lines show
the time derivatives of oscillator quadrature variances in similar settings,
[Eqs. (12.27)].
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excitation (cos θ ' −1). These results are further quantified in Fig. 12.4(b),
where we compare the time derivatives Eqs. (12.28) of the variances of the
two transverse spin components as a function of the number of spins and
for different mean excitations θ to those of oscillator quadratures (12.27).
We note, finally, that our results confirm the findings of Ref. [301]
which derives how the squeezing properties of an incoming field can be
transferred to a spin ensemble and how this effect increases with the ensemble cooperativity (here equivalent to the number of spins). Reference [301]
relies on a linearized model valid only for weak squeezing and considers the
steady-state properties of the ensemble, whereas our treatment includes an
analysis of the transient behavior and is valid for any amount of squeezing.

12.3

Discussion

In this chapter we have derived equations of motion for the first and second
moments of the collective components of a spin ensemble coupled to a
broadband squeezed radiation environment. We showed how the effect of
the squeezing on the spin dynamics is transferred from the mean values
of the components to their fluctuations as more spins are added to the
ensemble. The results thereby link the limiting cases of a single spin,
considered by Gardiner [124], and of a large ensemble described well in the
Holstein-Primakoff approximation [123].
While we formulated our derivations in the Heisenberg picture, the
model described in Sec. 12.1 can equivalently be treated in the Schrödinger
picture by a master equation of the form (2.9) [278],
ρ̇ =

o
γp n
ˆ + N D[d,
ˆ dˆ† ] − M D[dˆ† , dˆ† ] − M ∗ D[d,
ˆ d]
ˆ ρ.
(N + 1)D[dˆ† , d]
2
(12.31)

In the case of a single spin (dˆ = σ̂− ), the master equation yields (N, M )dependent decay rates of the spin components as given in Eq. (12.19).
From the structure of Eq. (12.31) it is not apparent that this dependence
is lifted once more spins are added. Explicit calculations, properly taking
commutator relations into account, show, however, that the master equation
reproduces our results (12.18) for the mean components of a collective
spin (dˆ = Ŝ− ), and that in the limit of many weakly excited spins (dˆ = â)
the squeezing dependent damping terms cancel to realize Eq. (12.20).
While the master equation formalism is useful for numerical calculations,
it does not offer much insight into the physical mechanisms behind this
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transition. Our formalism emphasizes how it occurs as collective radiation
reaction processes dominate vacuum fluctuations in the coupling of a large
spin system to a squeezed reservoir. Furthermore, the Heisenberg picture
treatment allows us to consider second moments for which equations of
motion are not easily derived from a master equation. The results obtained
here suggest that the results and interpretations of fluorescence spectra
and correlation functions of a spin system in a squeezed bath obtained by a
master equation treatment in earlier studies should be revisited [302–304].
Ensembles of few and many effective spins have been the topic of
numerous experimental studies and proposals. To mention a few, their
implementations range from storage facilities for microwave excitations
[305–307] and optical memories [308–310] to quantum information resources
[311, 312], gain media in lasers and masers [313, 314], and to highly sensitive
probes [8, 266, 313, 315]. In many of such applications and with the growing
ability to engineer squeezing devices in the optical and microwave regimes
[258–261], the employment of squeezed fields has the potential to enhance
readout and performance. For instance, the signal-to-noise ratio in qubit
readout can be exponentially increased by utilizing single-mode squeezing
[271]. We believe that our simple model and main results, Eqs. (12.18) and
(12.28), will be useful in the devising and evaluation of such protocols. As
one example, our results quantify the circumstances under which squeezing
of collective spin degrees of freedom [316] can be achieved by coupling to
a squeezed radiation environment, [cf. Eq. (12.28) and Fig. 12.3(b)].
There is currently a high interest in superradiance effects and their
possible applications [317–320]. Superradiance is associated with the
enhanced collective radiative rates attained when a significant fraction
of the emitters are excited [321]. This is outside the applicability of the
Holstein-Primakoff oscillator approximation but tractable by our analysis.
Besides the insights into the interplay between damping and coherent
dynamics in various applications, our study emphasizes a fundamental
difference of the role of field fluctuation and radiation reaction between
quantum systems with infinite (the oscillator) and low dimensional (single
spin-1/2) Hilbert spaces. This difference becomes evident in the interaction
with a squeezed environment, and observing the transition between these
two extremes as more spins are put into resonance with a cavity may pose
an interesting topic for experimental investigation in its own right.

Chapter

Conclusion and
future directions
“Now this is not the end. It is not even the beginning of the
end. But it is, perhaps, the end of the beginning.”
— Winston Churchill
Quantum mechanics promises intriguing new possibilities for the design
of sensor devices with yet unseen precision and sensitivity, and with the
rapid advancement of experimental and technological capabilities, the
theoretical proposals and ideas in the field of quantum metrology are now
more relevant than ever. Accordingly, it stands to reason that the high
precision sensors and probes of tomorrow will employ and benefit from
quantum effects.
During my PhD study, I have touched upon different aspects of quantum metrology with a special focus on the role of continuous quantum
measurements, and this thesis presented the results of my research. I shall
now conclude by summarising the main results, and, in the recognition
that my inquiries as well as any research represent a beginning and not an
end to questions worth asking, I would like to confabulate on a few future
directions, inspired by the different projects.
Chapters 3, 4 and 5 investigated the implications of continuously
monitoring or frequently measuring a quantum system with the purpose
of estimating an unknown parameter (dynamically) encoded in its state.
Our theory for the classical Fisher information reveals that, in general,
efficient parameter inference from a system, which is interrogated for a
184
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duration rather than just once, requires a full statistical analysis, offered
by the Bayesian method. While the general results apply in a wide range
of settings, the examples aimed to highlight generic features by focusing
on small quantum systems. It would be interesting to adopt and apply
the formalism to more complex and larger systems with a richer dynamics.
Such studies could further reveal the role of many-body effects like phase
transitions in quantum metrology [155, 322], and could, for instance, be
accomplished in the matrix-product-state formalism [323] for which efficient
methods for simulating continuous measurements exist [324].
We explained how the advantages of a full Bayesian analysis in the case
of an interrogated quantum probe may be attributed to the role played
by measurement backaction which quenches the state and thereby induces
multi-time correlations in the signal recording with a strong dependence on
the parameter in question. While the backaction is beneficial for a quantum
probe whose fluorescence is monitored by photon counting or homodyne
detection, the quantum Zeno effect becomes detrimental to the precision
when a system is probed too strongly or too frequently. The difference
between these two situations is that the fluorescence signal is the result
of an intrinsic decoherence channel in the system, which left unmonitored
would anyway be destructive to its the sensing capabilities. Deliberate
probing of an otherwise closed system, on the other hand, introduces on
average an otherwise non-existing dephasing of the system state.
In either case, it is an attractive goal to harvest the benefits from
continuous or frequent measurements while omitting the backaction. In
Chapter 6 we showed how this is possible by employing a measurement
controlled feedback, designed to exactly cancel the backaction while still
obtaining a measurement record, thus allowing a topological transition in
the system to be observed. There is one problem in applying the same
procedure to parameter estimation scenarios: The correcting feedback
depends explicitly on the state of the system prior to the measurement
and this state depends on the exact value of the unknown parameter. In a
preliminary study, I tried an adaptive strategy with a feedback designed
at each instant according to the most likely parameter value as given
by Bayes rule. The results suggest that such an approach is not able to
provide a metrological advantage. One reason for this may be that the
protocol is merely feeding information, which has already been extracted
on the parameter, back into the system. Still, the idea of a continuous
measurement controlled feedback for parameter estimation deserves further
investigations, and it has indeed proven successful in a number of cases. For
instance, the backaction of photon detection can be beneficially reversed if
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the probe system is entangled with a second, perfect system which can be
used to control the feedback [86].
There is also the possibility of designing a feedback with a more clever
purpose than just cancelling backaction. One option is an adaptive scheme
which, following a measurement or detection, rotates the system to the state
most sensitive (as quantified by the Fisher information) to the unknown
parameter around the, at that point in time, most likely value. Such a
scheme has been proposed for phase measurements of optical modes [255]
and it would be interesting to investigate if similar benefits can be identified
in other settings. For example, in photon counting two ideas are to follow
each detection by a rotation to the state which (a) is most sensitive to the
unknown parameter or (b) would be most likely to rapidly emit the next
photon. Interestingly, my initial calculations show that both strategies
yield exactly the same Fisher information per time for estimating the Rabi
frequency in the Hamiltonian (2.6). The reason is that (a) generates a
higher information per photon but on average fewer photons in a given
time and vice versa for (b).
Another option is to update auxiliary Hamiltonian parameters according to measurement outcomes; e.g., in order to adaptively bring a system
close to criticality where it exhibits ultra-enhanced sensitivity to an unknown parameter [173]. This is also the intuitive behind the proposal
presented in Chapter 7 where the idea is to exploit the sharp dip in the
fluorescence spectrum around a dark resonance in a quantum system. We
showed how an adaptive strategy, which randomly shifts the frequency of a
probe laser every time a fluorescence photon is detected, produces a Lévy
flight of that frequency. As a consequence, the frequency is exceedingly
likely to be locked to the dark resonance in the spectrum, for the location
of which it hence constitutes a very precise estimator. Despite an enhanced
front factor in the scaling of the estimation sensitivity with the duration
of the experiment T compared to conventional schemes, our√example of a
doubly-driven three-level system is still restricted to a 1/ T functional
dependency. However, this is not an intrinsic feature of our proposal
but rather a consequence of the quadratic vanishing of the fluorescence
signal around the dark resonance. One can easily imagine systems with
a different spectral profile, allowing a better scaling, 1/T x with x > 1/2,
and due to the non-ergodic dynamics there is non impediment against
values of x > 1 (super-Heisenberg scaling). As such, our proposal begs
for further investigations and applications in different settings such as
quantum many-body systems with non-trivial criticalities and spectral
gaps; e.g., the Dirac cone in the electronic band structures of graphene
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and topological insulators [325].
Chapters 8 and 9 change the focus from parameter estimation to
hypothesis testing where the purpose is to discriminate a discrete set
of possible Hamiltonians. A bound to our ability to perform this task
by a hypothetical measurement on an open system and its environment
was derived. The derivation is constructive in the sense that it explicitly
evaluates (numerically) the positive-operator valued measure, needed to
saturate the bound. Still, it is an open question how one can, in general,
optimally approximate this highly non-local measurement in an experiment.
While we approach this problem in Chapter 9 by considering continuous
fluorescence detection combined with a final read-out of the state of the
probe system, it would be a captivating and very relevant goal for future
research to extend the intuition behind these examples to the formulation
of a more general theory.
Where the first chapters of this thesis were concerned with efficient
read-out of a parameter encoded in a quantum system, the proposed
thermometer design in Chapter 10 takes a different angle on quantum
metrology. It rather seeks and succeeds to reinforce the encoding of an
unknown temperature in a quantum probe system, assuming that a perfect
read-out measurement is available. In that specific example, the encoding
is promoted by letting the sensor system, directly interacting with the
thermal reservoir of interest, coherently transduce information to a second
meter system, used in the read-out process. On a more general note, the
idea of advantageously intervening with the way an unknown parameter
is written to the state of a quantum systems holds interesting prospects
which has this far not been devoted a proper attention in the quantum
metrology community. True, results exist which show that it is not possible
to improve the quantum Fisher information for estimating a parameter
θ, encoded by a unitary interaction U = e−iĤθ by the addition of a
second control Hamiltonian, not depending on θ [326]. Be that as it may,
our thermometer shows that this is not the end of such inquiries. That
device exhibits increased sensitivity to a parameter (temperature) which
is encoded by an incoherent interaction with an environment, and this is
achieved by the addition of a proper Hamiltonian interaction. A future
study should seek to derive results which highlight in which settings and
how it is possible to obtain a similar advantage in a more general framework
of a parameter encoded by an incoherent interaction; e.g., via a Liovillian
superoperator of the form (2.10). Section 10.3 takes the firsts steps in this
direction by seeking an understanding of the increased sensitivity from the
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spectrum of the encoding Liovillian.
The last two chapters 11 and 12 investigated implications and advantages of squeezing the uncertainty in the field used to probe a quantum
system. The experiment and theory reported in Chapter 11 proves that it
is possible to enhance the sensitivity in magnetic resonance detection by
squeezing the uncertainty in the environment of a spin ensemble. At the
same time, the theoretical study of that experiment sparked the investigation in Chapter 12 on the influence exercised by a squeezed environment on
the dynamics of an ensemble of emitters with a focus on the very different
reactions of a small and of a large ensemble. From a fundamental point of
view, it would be rewarding to conduct an experiment with the purpose of
probing the theoretical predictions of that theory.
The studies on continuous measurements in Chapters 3-7 and 9, seek
to perform optimal data treatment and optimal measurement strategies,
while accepting the limit imposed by quantum vacuum fluctuations in the
signal. In light of the two final Chapters 11 and 12, a quest for further
improvements by squeezing these uncertainties is a worthy undertaking. I
have performed a preliminary study where the radiative environment in
a homodyne detection setup (see Chapter 4), which aims to estimate a
Rabi frequency in a two-level system (2.6), is squeezed. Unfortunately, the
results suggest that squeezing actually diminishes the estimation precision!
This can be understood since squeezing the relevant quadrature of the
field effectively amounts to a stronger measurement, introducing a more
pronounced Zeno effect of the measurement as studied in Chapter 5.
Evidently, the decreased noise in the signal does not make up for the
backaction dominated dynamics of the system as the squeezing is increased.
A calculation of the associated quantum Fisher information shows, in
fact, that it should be possible to increase the precision by instead antisqueezing the quadrature holding the signal! The usage of squeezing in
continuous measurements, taking into account the backaction in a Bayesian
formulation, is thus clearly a topic which deserves further studies and may
lead to valuable results.
With these final remarks, I conclude my PhD thesis in the opinion,
hopefully shared by the reader, that the research presented here tackles
some interesting and relevant problems in quantum metrology. I trust
that my results and ideas may serve as an inspiration and a beginning to
fantastic research directions in future projects.

Appendix

Supplemental material for
Chapter 6
This appendix pertains to the study presented in
Chapter 6 and is reproduced from the supplemental
material of Ref. [6].

A.1

Feedback master equation and optimal
parameters

To describe the evolution of the density matrix of the system subject
to measurement and feedback, we must apply Itô-calculus to treat the
noise component of V (t) in the feedback ĤV as it is correlated with the
noise in the SME (10) of the main text and yields a dWt2 = dt first order
contribution in dt. Assuming no delay in the feedback channel and perfect
detection (η = 1), the stochastic master equation for a monitored system
subject to continuous feedback has been derived by Wiseman and Milburn
[134],
dρ = −i[Ĥ(t), ρ]dt − i[ĤD (t), ρ]dt − i[H̃V (t), σ̂y ρ + ρσ̂y ]dt
+ κD[σ̂y ]ρdt + (κη)−1 D[H̃V (t)]ρdt
√
+ ηκH[σ̂y − iH̃V (t)/(ηκ)]ρdWt ,
where H̃V (t) = ĤV (t)/V (t).
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To derive the feedback parameters α, β, a and b given in Eqs. (6.15)and
(6.17) in Chapter 6, it is convenient to represent the density matrix in
terms of the Bloch vector components as in Eq. (6.7). For η = 1, the
stochastic feedback master equation Eq. (A.1) is equivalent to a set of
stochastic Bloch equations,
dx = dxunitary + dxba + dxfb
dy = dxunitary + dyba + dyfb

(A.2)

dz = dxunitary + dyba + dyfb ,
where the first terms describe unitary evolution governed by the Hamiltonian,
√
dxba = −2κxdt − 2 κxydWt
√
(A.3)
dyba = 2 κ(1 − y 2 )dWt
√
dzba = −2κzdt − 2 κyzdWt
give the measurement backaction in the original stochastic master equation (6.11), and
!

√
αβ
β2
z dt − κβydWt
dxfb = κ −by − 2β − x +
2
2
!

√
(α2 + β 2 )
dyfb = κ −az + bx −
y dt + κ(βx − αz)dWt
2

(A.4)

!

√
αβ
α2
z+
x dt + καydWt
dzfb = κ ay + 2α −
2
2
incorporate the extra terms associated with the feedback. The purpose of
the feedback is to cancel both the deterministic and the stochastic effects
of the probing. This requirement (0 = duba + dufb for u = x, y, z) can be
met only for a pure state, obeying 1 = x2 + y 2 + z 2 , and we readily identify
how the feedback parameters should depend on the Bloch vector of the
current state of the system,
α = 2z,
β = −2x,
a = −yz,
b = xy.
These are the control parameters given in Eqs. (6.15) and (6.15).

(A.5)
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Figure A.1: Dynamical evolution of the three Bloch components of a
two-level system subject to coherent Rabi oscillations (red curves). Monitoring of the state by continuous probing of the σy observable disturbs
the evolution (noisy, green curve), but the system can be stabilized by
feedback using the parameters Eq. (A.5) calculated from the expected
Bloch components of the unmonitored system (dashed, blue curve). The
Rabi frequency is Ω = 2κ and the laser-atom detuning δ = κ. For unit
detection efficiency (η = 1) in (a), the feedback completely eliminates the
stochastic backaction while with imperfect detection (η = 0.8) in (b) this
is not possible.

To illustrate the accomplishments of the feedback protocol, we show
in Fig. A.1 how the procedure can be used to stabilize monitored Rabi
oscillations against measurement backaction. For unit detector efficiency
in (a), we see perfect restoration of the Rabi oscillations, while a reduced
detector efficiency η = 0.8 in (b) prevents full recovery of the coherent
dynamics.
The average evolution of a system subject to continuous probing and
the compensating feedback obeys an unconditional master equation,
dρ = −i[Ĥ(t), ρ]dt − i[ĤD (t), ρ]dt − i[H̃V (t), σ̂y ρ + ρσ̂y ]dt
+ κD[σ̂y ]ρdt + (κη)−1 D[H̃V (t)]ρdt.

(A.6)
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With the feedback parameters given in Eqs. (A.5) designed according
to the Bloch components of the adiabatic eigenstate, the second term
vanishes, but due to the slightly imperfect feedback, the latter three terms
describe an effective attraction of the quasi-adiabatic state towards the
instantaneous adiabatic eigenstate. The resulting modifications to the
Chern number estimate from the measurement current are investigated in
Chapter 6.

A.2

Finite detector efficiency and a simple
correction

Figure A.2: The mean value of the Chern number for different values of
∆2 /∆1 and for different values of the detection efficiency η. Curves are
shown for the standard expression for the Chern number, Eq. (6.8) of
the main text (dashed, red) and for the corrected expression, Eq. (A.7)
(full, blue), taking into account the reduced purity of the quantum state
when subject to imperfect detection. The black, dotted curve shows, as
a reference, the results in the absence of probing. The insets depict the
length of the Bloch vector as a function of the sweep parameter θ = vt.
Results are shown for Ω1 = ∆1 /3 and the optimized parameters (see main
text); ∆1 /2π = 16.1 M Hz, tq = 0.96 µs and κ/2π = 0.37 M Hz.

As the cancellation of the measurement backaction is crucial to achieve
the detection of the Chern number by probing the qubit during a few
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quenches, we shall briefly explore the effect of imperfect detection for our
protocol. A finite detector efficiency η imparts an effective non-monitored
dissipation process with rate κ(1 − η). As shown in Ref. [202], this is
accompanied by a shortening of the Bloch vector over the duration of
the Hamiltonian sweep and a corresponding reduction of the value of the
estimated Chern number from the integral (6.8).
We illustrate this effect in Fig. A.2 for a system subject to our feedback
by solving Eq. (A.6) for different values of the detector efficiency. The
smaller values of η yield a larger reduction in the measurement results
for the Chern number. It is evident that the ability of the feedback to
(partially) restore the undisturbed evolution of the qubit is reduced under
substantial imperfections in the detection.
The state dependent control parameters of the feedback Eqs. (A.5) were
derived to stabilize the instantaneous state assuming perfect detection. In
the case of imperfect detection, it must be noted that the same parameters
do not maximize the purity and hence the length of the Bloch vector.
An optimal scheme in the case of finite efficiency heterodyne detection is
derived in the Supplemental Material of Ref. [205], and it stands to reason
that a similar approach could be used to optimize the feedback parameters
in the present measurement setup.
We choose not to pursue this further at this point. Instead we note
that since the main contribution to the reduction in Cy stems from the
shortened σy component of the Bloch vector, we may apply a simple postprocessing procedure and replace the estimator, Eq. (6.8) of Chapter 6,
by
Z π
Ω1 hσ̂y i
Cy = −
sin θdθ,
(A.7)
0 2v |R(t)|
p

where |R(t)| = x2 + y 2 + x2 is found by solving the unconditional master
equation (A.6). We find that |R(t)| is only very weakly dependent on
the detuning parameters, and we display in insets of Fig. A.2 |R(t)| as a
function of the sweep parameter θ = vt for ∆2 = 2∆1 . It quickly drops to a
constant value which is maintained during the remaining quench sequence.
The blue curves in the main plots show how Eq. (A.7) yields fairly good
estimates of the Chern number as long as η & 0.3. Notice, however, that
by Eq. (6.10) of Chapter 6, under finite detection efficiency, the noise is
√
increased by a factor 1/ η which must be remedied by a correspondingly
larger number of repetitions N .

Appendix

Supplemental material for
Chapter 7
This appendix pertains to the study presented in
Chapter 7 and is reproduced from the supplemental
material of Ref. [5].

B.1

Effective emission rate for a laser driven
Λ-system

The laser driven Λ-system in Fig. 8.1 of Chapter 7 is described by the
Hamiltonian
Ĥ = δ |0i h0| +

Ω
Ω
(|2i h0| + |0i h2|) + (|2i h1| + |1i h2|) ,
2
2

(B.1)

with laser atom detuning δ and Rabi frequency Ω.
The evolution of the density matrix ρ of the unobserved system is given
by the master equation (2.9). Here the excited state spontaneous
decay
p
with rate p
Γ is represented by the relaxation operators ĉ0 = Γ/2 |0i h2|
and ĉ1 = Γ/2 |1i h2|. The unobserved system relaxes to a steady state
ρ(ss) (see Eq. (2.12)) from which follows the average properties of the
emitted radiation. In particular,
the average fluorescence rate is given

P
by R̃(δ) = i Tr ĉ†i ĉi ρ(ss) where i = 0, 1, and the quantum regression
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theorem yields Glauber’s correlation function [327] for two photo emissions
in channel i separated by a time τ ,


h

Gi (τ ) = Tr ĉ†i ĉi eLτ ĉi ρ(ss) ĉ†i
(2)

i

.

(B.2)

The master equation can be unravelled into stochastic evolution corresponding to the random measurement backaction on the system due
to detection of the emitted radiation by photon detectors, see Eq. (2.13).
Whenever a photon is detected,
the system jumps to the corresponding
q
ground state, |ψi → ĉi |ψi/ hψ|ĉ†i ĉi |ψi, while between photo detections
the evolution of the (unnormalized) state |ψ̃i is governed by an effective
Hamiltonian,
Ĥeff = Ĥ −

iX †
ĉ ĉi ,
2 i i

(B.3)

where the imaginary term represents the decay of the excited state. The
eigenstates of Ĥeff , |ψj i with eigenvalues λj represent decaying modes
with decay rates Γj = −2Im(λj ). For weak driving, the largest of these
rates is almost equal to Γ and the corresponding eigenstate is close to
the bare atomic excited state, i.e., it has negligible statistical weight
(n)
wj = |hn |ψj i |2 on the atomic ground states (n = 0, 1). The two smallest
rates Γ− and Γ+ , on the other hand, are associated with the ground
states, and hence they constitute the effective fluorescence rate right after
a detector click. Their dependence on the detuning δ is shown in Fig. B.1.
Close to resonance Γ− (δ) tends quadratically to zero, while Γ+ (δ) increases
equivalently. This is because Γ− (δ '√0) ' 0 corresponds to the dark
state superposition |ψ− i = (|0i − |1i) / 2 while Γ+ (δ ' 0) ' 2Ω2 /Γ is the
rate of excitation and
√ emission from the bright state linear combination
|ψ+ i = (|0i + |1i) / 2.
(0,1)
Upon photo detection, the atom may, with probability w+ ' 1/2,
continue to fluoresce at a rate Γ+ (δ), and hence quickly remit, but it may
(0,1)
also, with a probability w− ' 1/2, continue to fluoresce at a rate Γ− (δ)
corresponding to the pseudo dark state. The frequency dependent emission
rate leading to non-ergodic dynamics close to resonance is thus given by
R(δ) = Γ− (δ).
Our Lévy statistical analysis relies on the overall rather than the
detailed shape of the emission rate from the ground states. In this spirit
we note that the fluorescence rate Γ− (δ) as a function of the detuning is
characterized by a dip with quadratic variation around δ = 0 due to the
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Figure B.1: Frequency dependent effective emission rates from the bright
|ψ+ i and dark |ψ− i state superpositions of the two ground states of a
Λ-type system.
√ The rates are even functions of δ and results are shown for
Ω = 0.1Γ/ 2.

dark state, a plateau where the rate is constant, and a tail where the decay
follows a Lorentzian line shape due to off-resonant scattering. We hence
approximate the rate by

R(δ) =


−1
2

 τ0 (δ/δQ ) ,

τ0−1 ,

 τ −1 (δ /δ)2 ,
L
0

|δ| < δQ
δQ < |δ| < δL
δL < |δ|.

(B.4)

where the characteristic parameters are identified by matching the plateau
to the maximum of Γ(−) (δ), and requiring that R(δ) represents the exact
form in the limits δ ' 0 and δ  0. Though not a necessity for our analysis,
we assume for simplicity that the coupling is weak (Ω  Γ). We then find
by applying second order perturbation theory that
Γ
,
Ω2
√ Ω2
δQ = 2 ,
Γ
Γ
δL = .
2
τ0 =

(B.5)

The approximation (B.4) is compared to the exact rate in Fig. 7.2 of the
main text.

B.2 Broad distributions and Lévy statistics

B.2

197

Broad distributions and Lévy statistics

In this section we give a brief introduction to ’broad distributions’ decaying
slowly at large deviations. We will focus on the typical cases of power-law
decays. Let τ be a positive random variable distributed for large values
according to
µτbµ
P (τ ) '
,
(B.6)
large τ τ 1+µ
where the exponent µ determines the decay of the tail towards zero.
Normalizability requires µ > 0 and all moments hτ n i for which n ≥ µ
diverge.
The central limit theorem (CLT) concerns the asymptotic behavior of
the sum TN of N independent realizations of the probability distribution
P (τ ),
TN =

N
X

τi ,

(B.7)

i=1

independent of the detailed shape of P (τ ).
For µ > 2 both the mean hτ i and variance σ 2 of τ are finite, and
defining a random variable  such that
√
TN = hτ i N + σ N ,
(B.8)
the normal CLT ensures that for large N ,  is a Gaussian random variable
with zero mean and unit variance. That is, TN is normally distributed and
TN → hτ i N for large N .
For µ < 2 the variance of τ is formally infinite, and the normal CLT
does not apply. Instead a generalized CLT has been proven by Lévy and
Gnedenko [214, 215]. If 1 < µ < 2 the mean value of τ is finite, and by
defining the Lévy increment ξ such that
TN = hτ i N + ξτb N 1/µ ,

(B.9)

the generalized CLT states that ξ is a random variable of order 1, distributed
according to the completely asymmetric Lévy distribution Lµ (ξ) which only
depends on the value of µ. Notice, however, that we still have TN → hτ i N
for large N .
The most interesting case in the present work is µ < 1, where even the
mean of τ is undefined. Then Eq. (B.9) becomes
TN = ξτb N 1/µ ,

(B.10)
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where ξ is distributed as above, and we note that the sum Eq. (B.7)
no longer scales proportionally with the number of terms, but rather is
dominated by a few single terms; see Fig. 1.2.

B.3

Recycling time distribution

Here we address the temporal dynamics and derive the probability distribution Pr (τr ) of the recycling time intervals τr .
We introduce first the probability P1 (k) that the detuning returns to
the PDS (defined in Chapter 5) for the first time at exactly k photon
detection events after leaving the PDS. Notice that P1 (k) relates to the
number of jumps and not to the duration τr of the time spent outside the
PDS. The probability Ptrap (n) that the system occupies the PDS after the
nth detection event can be written as a sum over probabilities of already
being trapped after n0 events with probability Ptrap (n0 ), leaving the PDS
at n0 + 1 (which occurs with unit probability since δPDS  δmax ) and
returning after an additional n − n0 steps with a probability P1 (n − n0 ),
n
X

Ptrap (n) = P1 (n) +

Ptrap (n0 )P1 (n − n0 ),

(B.11)

n0 =0

where the first term accounts for a first return at n without any prior
returns. We assume an initial detuning in the recycling region, and we
have extended the summation limits to n0 = 0 and n0 = n which is justified
since Ptrap (0) = 0 and P1 (0) = 0.
The sum constitutes a convolution product, and we introduce the
discrete Laplace transform (moment-generating function),
Ld P (s) =

∞
X

e−sn P (n)

(B.12)

n=0

realizing the relation between P1 (n) and Ptrap (n),
Ld P1 (s) =

Ld Ptrap (s)
.
1 + Ld Ptrap (s)

(B.13)

This result is independent of any specific frequency-shifting protocol.
The main text investigates the case where after each detection event
the detuning explores the interval δ ∈ [−δmax , δmax ] in a uniform manner.
In such settings, Ptrap (n) has a constant value
Ptrap (n) =

δPDS
,
δmax

(B.14)
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and Eq. (B.13) yields
Ld P1 (s) = 1 −

δmax
s.
δPDS

(B.15)

Since Ld P1 (s) is a moment-generating function this implies that the average
number of steps before the first return is finite and given by
hni =

δmax
.
δPDS

(B.16)

The temporal duration of each step depends on the emission rate in the
recycling region. In the main text we focus on the case δQ  δmax < δL ,
where the recycling region is characterized by a frequency independent
rate, R(δ) = 1/τ0 , and the average time τ0 between two jumps is finite.
The average first return time is then simply
hτr i = hni τ0 .

(B.17)

The finite mean value implies that the recycling times τr follow normal
statistics. In fact, it can be shown that the tail of Pr (τr ) follows an
exponential law [328].
If the frequency-shifting is performed as an unconfined standard random
walk Eq. (B.13) still applies and leads to a first return distribution with a
power law tail
P1 (n)

'

large n

1
∆δ 1
√
,
2 2π δPDS n3/2

(B.18)

with ∆δ the average step size [226]. In this case hni diverges. The
corresponding statistical behavior of the recycling times τr is dominated by
trapping in effective dark states at high δ where, by Eq. (B.4), R(δ) ∝ 1/δ 2 .
One finds [226] that Pr (τr ) then follows Eq. (B.6) with µr = 1/4 and
4
τr,b = τ0 (∆δ)6 /(δPDS
δL2 ), and that the recycling process is dominated by
very long time intervals.

B.4

Proportion of trapped trajectories

Here we derive the proportion of trajectories that will asymptotically for
long times be trapped in the PDS with |δ| < δPDS . Due to the non-ergodic
dynamics, the time average, unlike the ensemble average results, retains a
stochastic contribution even in the long time limit.
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The alternation between trapping and recycling periods defines a renewal process [329], and we introduce first the probability density functions
SR (t) of returning to the PDS region at time t independent of the number
of previous return points and SD (t) for departing at time t independent of
previous departure points. That is, SR (t)dt (SD (t)dt) is the probability
of entering (departing) the PDS region in [t, t + dt]. The densities can be
expressed in terms of each each other and the trapping and recycling time
distributions. For an initially un-trapped trajectory, we have
Z t

SR (t) = Pr (t) +

dt0 SD (t0 )Pr (t − t0 ),

(B.19)

0

where the first term accounts for the probability of being trapped exactly
at t and the second the case of escaping at t0 ∈ [0, t] and returning at t.
Similarly
Z t

SD (t) =

dt0 SR (t0 )Pt (t − t0 ).

(B.20)

0

The integrals in the expressions (B.19 and (B.20)
form convolution products,
R∞
so performing Laplace transforms, Lg(s) = 0 dt g(t)e−st , and eliminating
LSD (s), we find
LSR (s) =

LPr (s)
.
1 − LP (s)LPr (s)

(B.21)

The ensemble average trapped proportion at time T can be written as
an integral over time t0 of the probability that the system entered the trap
at time t0 multiplied by the probability ψ(T − t0 ) that the system remained
in the trap until times later than T ,
Z T

fE =

dt0 SR (t0 )ψ(T − t0 ).

(B.22)

0

Note that ψ(T − t0 ) is itself an integral over the distribution Pt (T − t0 ) of
trapping times,
Z ∞

ψ(τ ) =

dτ 0 Pt (τ 0 ).

τ

The Laplace transform of the convolution Eq. (B.22) is
LfE (s) = LSR (s)Lψ(s),

(B.23)
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with Lψ(s) = (1 − LP (s))/s. Inserting Eq. (B.21) we thus reach our final
expression for the Laplace transform of the trapped proportion,
LfE (s) =

LPr (s)
1 − LPt (s)
,
1 − LPt (s)LPr (s)
s

(B.24)

revealing
Z T

fE (T ) =

dt [SR (t) − SE (t)] ,

(B.25)

0

which is very sensible.
With LfE (s) expressed in terms of the trapping and recycling time
distributions we may apply our statistical model. A small s expansion
(high τt ) of the Laplace transform of Pt (τt ) as given in Eq. (7.2) yields to
first order [226]
LPt (s) ' 1 − Γ(1 − µ)(sτb )µ ,

(B.26)

where Γ(x) is the Gamma-function. For the recycling distribution we focus
on the case δmax < δL , where the mean recycling time is finite so that
LPr (s) = 1 − s hτr i

(B.27)

for small s. Then by Eq. (B.24)
LfE (s) =

hτr i
1
−
,
s Γ(1 − µ)(sτb )µ

(B.28)

and one can finally show that asymptotically as T → ∞, the inverse
transform gives
fE (T ) ' 1 −

sin(πµ) hτr i
.
π
τbµ T 1−µ

(B.29)

For a discussion of cases in which δmax > δL , the reader is referred to
Ref. [226].

B.5

Asymptotic frequency distribution

The asymptotic proportion of trajectories with |δ| < δPDS is given by
fE (T ). The asymptotic distribution P(δ, T ) of this proportion is found by
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integrating the probability of entering the trap at a time t0 with a given δ
and not leaving before the final time T ,
P(δ, T ) = ρ(δ)

Z T

dt0 SR (t0 )φ(T − t0 |δ),

(B.30)

0
δPDS
where ρ(δ) = 1/2δPDS is normalized, so fE (T ) = −δ
dδ P(δ, T ), and we
PDS
define the probability to leave the trap after a time τ conditioned on the
value of δ,

R

Z ∞

φ(τ |δ) =

dτ 0 Pt (τ 0 |δ).

(B.31)

τ

As it turns out, the time-dependent distribution of frequencies δ ≤ δPDS
within the trap is self-similar for different times and can in general be
factorized as
P(δ, T ) = h(T )G(q).

(B.32)

We restrict our attention to the case δmax < δL with infinite average
trapping time and finite recycling times, and we refer to [226] for derivations
when the recycling is also non-ergodic. From Eq. (B.21) and Eq. (B.26) it
follows that the small s expansion of the Laplace transform of the renewal
density function is LSR (s) = (sτb )−µ /Γ(1 − µ), so that for large times
SR (t) ' sin(πµ)τb−µ tµ−1 /π. One finds then the height of the distribution,


h(T ) =

τP DS
τb

µ

sin(πµ)
.
πµδT

(B.33)

The form factor is defined as a function of q = δ/δT as
Z 1

G(q) = µ

du uµ−1 e−(1−µ)q

1/µ

,

(B.34)

0

which for µ = 1/2 can be expressed as G(q) = D(q)/q, where D(q) is the
Dawson function. The tails of G(q) are like a Lorentzian ∼ 1/2q 2 and the
area is π 3/2 /2. G(q) is compared to a Lorentzian with the same tails and
a Gaussian with the same FWHM and normalization in Fig. B.2. Notice
that the distribution is not as narrow as the Lorentzian close to the central
frequencies.
The resulting properties of P(δ, T ) are discussed in Sec. 7.2.2.
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Figure B.2: The form factor G(q) Eq. (B.34) of P(δ, T ) is compared to a
Lorentzian with the same tails (∝ 1/2q 2 ), and a Gaussian with the same
FWHM (2.13). All distributions are normalized to an area π 3/2 /2.
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