
MANIPULATING COLLECTIVE
QUANTUM STATES OF

ULTRACOLD ATOMS BY
PROBING

ANDREW CHRISTOPHER JAMES WADE

PHD DISSERTATION

OCTOBER 2015

DEPARTMENT OF PHYSICS AND ASTRONOMY

FACULTY OF SCIENCE AND TECHNOLOGY

AARHUS UNIVERSITY

DEPARTMENT OF PHYSICS AND ASTRONOMY 

AARHUS                                  
UNIVERSITY                              AU





"Today I looked up at the sky, and I realised it was surprisingly big."

Jens Søren Sieg Svensmark





i

English summary

The field of cold gases has grown dramatically over the past few decades. The

exquisite experimental control of their environment and properties has lead to

landmark achievements, and has motivated the pursuit of quantum technologies

with ultracold atoms. At the same time, the theory of measurements on quantum

systems has grown into a well established field. Experimental demonstrations

of nondestructive continuous measurements on individual quantum systems now

occur in many laboratories. Such experiments with ultracold atoms have shown

great progress, but the exploitation of the quantum nature of the measurement

interaction and backaction is yet to be realised.

This dissertation is concerned with ultracold atoms and their control via fully

quantum mechanical probes. Nonclassical, squeezed and entangled states of matter

and single photon sources are important for fundamental studies and quantum

technologies. By probing, the production of squeezed and entangled states of

collective variables in a Bose-Einstein condensate is investigated. Thereafter, an

atomic probe using the strong interactions between highly excited atomic states,

manipulates the light-matter dynamics of an ultracold gas, storing a single photon.

By manipulating the probe, the dynamics of the gas are also manipulated, causing

the single photon to be deterministically emitted.
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Dansk resumé

Forskningsfeltet, som beskæftiger sig med kolde gasser, er vokset betragteligt

hen over de seneste årtier. Evnen til med stor finesse at kunne kontrollere deres

omgivelser og egenskaber i laboratoriet har ført til epokegørende resultater og har

motiveret udviklingen af kvanteteknologier, der involverer ultrakolde atomer.

Samtidig har teorien om målinger på kvantesystemer udviklet sig til et vele-

tableret forskningsfelt. I mange laboratorier er man i dag i stand til at udføre eksper-

imentelle demonstrationer af ikke-destruktive kontinuerte målinger på individuelle

kvantesystemer. På trods af store fremskridt inden for sådanne eksperimenter med

ultrakolde atomer, har man endnu til gode at demonstrere i laboratoriet, at det er

muligt at udnytte de kvantemekaniske aspekter af målinger, såsom vekselvirkninger

og backaction.

Denne ph.d.-afhandling omhandler ultrakolde atomer og deres kontrol ved

hjælp af fuldt ud kvantemekaniske prober. Forståelsen af ikke-klassiske, såkaldte

"squeezed" og kvantemekanisk sammenfiltrede tilstande af stof samt enkelt-foton

kilder er vigtig både fra et grundforsknings synspunkt og med henblik på nye

kvanteteknologier.

Med hjælp af en probe bliver produktionen af "squeezed" og sammenfiltrede til-

stande af kollektive variable i en Bose-Einstein-kondensat undersøgt. Efterfølgende

bruges en atomar probe og de stærke vekselvirkninger mellem højt exciterede atom-

are tilstande til at manipulere lys-stof-dynamikken i en ultrakold gas. Denne proces

resulterer i lagringen af en enkel foton. Ved derefter at manipulere proben, bliver

gassens dynamiske processer også påvirket, hvilket forårsager en deterministisk

emission af fotonen.
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A general introduction and outline

We are constantly creating devices to see what we otherwise cannot – glasses to

bring the immediate world into focus, telescopes to see far into space, microscopes

to see small things, X-ray machines to see inside of things, torches or night-vision

goggles to see into the dark, and lasers to see straight, level lines. The world of

ultracold and ultrasmall systems (e.g., a collection of atoms in a cold gas) is a

world that our mind and senses can fail spectacularly at comprehending. Quantum

mechanics is a tool to help us see and understand this quantum world, albeit an

abstract tool that has caused people to question and ponder the notions of causality,

locality, and reality [4]. We also create devices within this quantum world called

"ancilla systems". These are quantum systems that can help other quantum systems

to interact, transmit information, or be manipulated.

The theory of quantum mechanics can be summarised by only a few laws.

These laws describe how the theory represents objects and their properties, how to

measure these properties, and how an object and its properties change over time.

On top of that, many physical systems are described by only a few building blocks

within the theory. Although quantum mechanics and many physical systems can

be boiled down to just a few core pieces, the possibilities and consequences are

almost endless. Physicists are constantly being surprised and confused by new

discoveries. Systems of many parts (atoms) can exhibit collective phenomena

where all the smaller parts become interwoven, behaving as if the system is a single

object. An example of this emergent phenomena is Bose-Einstein condensation,

which is discussed in this thesis.

Another oddity of quantum mechanics is entanglement. This is when two

parts become correlated (entangled) and are "inseparable" – meaning, to get the

1
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full picture, they must be considered together and not as individual parts. There

are mathematical inequalities that must be obeyed by the measurement results

of everyday systems (e.g., the positions of balls on a pool table). This quantum

entanglement breaks these inequalities, allowing possibilities beyond that of our

everyday world. Conversely, there are also mathematical inequalities for quantum

mechanics that limit how well you can know two "conjugate" properties at the

same time. You are allowed to know how fast a thing moves, but you are not

allowed to know where it is at the same time! Indeed, measurement in quantum

mechanics plays an important and unique role. The dynamics of a quantum system

are changed by measurements, whether performed by you or another person of

whom you may have no knowledge about. This measurement backaction can be

used to manipulate the dynamics of the system, either by choosing the type of

measurement, how long and if you repeatedly measure the system, and by applying

feedback depending on the measurement result.

In all of the earlier mentioned devices (e.g., the X-ray machine), light was

either emitted from or it interacted with matter (the bones in your arm). Then,

matter was used again to manipulate the light and turn the information (about

your bones) into something we can understand (a picture on photographic paper).

In this thesis, light-matter interactions, and some of the peculiarities of quantum

mechanics are common themes. In particular, I focus on collective phenomena,

entanglement, and the measurement backaction within quantum mechanics. I will

use all of these concepts to manipulate ultracold collections of atoms, creating

interesting collective quantum states with a mind towards the long-term goal of

developing technologies that make use of quantum nature.

Chapters 1 to 6 investigate the probing of a Bose-Einstein condensate, where

the atoms interact with a light field (the ancilla), imprinting information about

themselves onto the light field. By measuring the light field, a measurement of

the atomic system is made, and this measurement is used to create interesting

collective states in the atomic system.

Chapter 7 also investigates a collection of atoms interacting with a light field.

The difference in this case is another atomic system (the ancilla) also interacts with

the atoms at the same time. This manipulates the evolution of the atoms, causing a

single quantum of energy to be imprinted on the atoms. Afterwards, this quantum

of energy is extracted as a useful quantum of light – a photon.



CHAPTER 1

SPATIALLY IMAGING
BOSE-EINSTEIN CONDENSATES

In reducing the temperature of a Bose gas past some critical temperature TBEC,

macroscopic population accumulates in the lowest lying single particle mode

leading to the particles losing their individual character and they behave as single

matter-wave entity. This phenomenon, Bose-Einstein condensation (BEC), was first

predicted by Einstein in 1925 [5] by applying Bose’s work [6] of photon statistics to

atoms. Seventy years later in 1995 saw the first conclusive demonstration of BEC

by Cornell andWiemen at JILA with a gas of Rubidium atoms [7], earning them the

Nobel Prize in Physics in 2001 along with Ketterle "for the achievement of Bose-

Einstein condensation in dilute gases of alkali atoms, and for early fundamental

studies of the properties of the condensates." Since then, the field of cold gases

has grown dramatically and the experimental control of atomic dynamics has

demonstrated landmark achievements through laser and evaporative cooling [8],

engineering of trapping potentials [9], and tuning of atomic interactions [10].

Nonclassical, squeezed and entangled states of light are important ingredients

in quantum metrology and communication [11, 12]. Production of analogous states

of matter has been a long quest in physics with implementations demonstrated

in atomic ensembles, as well as in superconducting and nanomechanical devices.

Relying on nonlinearities due to atomic interactions, ultracold atoms have been pre-

pared in two-mode entangled states of split atomic clouds [13, 14] and internal state

components [15–20] and in states that witness fundamental quantum properties

through violation of inequalities obeyed by classical models [21–26].

3



4 CHAPTER 1. SPATIALLY IMAGING BOSE-EINSTEIN CONDENSATES

The precision control of cold gases has motivated the pursuit of quantum

technologies with ultracold atoms, such as, quantum computers [27], memo-

ries/repeaters, and simulators [28, 29], and, the realization of high precision metrol-

ogy [14, 30, 31]. As this precision quantum control blossoms, new diagnostic

and manipulative methods are required. Nondestructive methods using dispersive

light-matter interactions and measurement backaction have demonstrated squeezed

[32, 33] and entangled [34] states, quantum teleportation [35], and a quantum

memory for light [36] in room temperature vapour experiments. In contrast, typical

measurements of ultracold atomic systems, such as, imaging after time-of-flight

measurements, are destructive and prohibit further interrogation or use of the sys-

tem. Nondestructive experiments in ultracold atoms have shown great progress

[37–44], and while numerous proposals exist [1, 45–48] to manipulate collec-

tive quantum states, the exploitation of the quantum nature of the measurement

interaction and backaction is yet to be realised.

Individual quantum systems undergoing continuous monitoring via a dispersive

light-matter interaction with a light field (probe) that is subsequently measured,

obey stochastic master equations [49]. Their numerical solution for complex

many-body systems is, however, problematic. For the continuous monitoring of

a Bose-Einstein Condensate (BEC), stochastic mean field solutions have been

developed [50, 51], while full quantum mechanical simulations have been possible

for dynamics restricted to a few collective modes [52] and phase-space methods

have been employed for larger multimodal treatments [47, 48].

Provided the atomic system is not significantly perturbed, a Gaussian state

treatment of the atomic Bogoliubov excitation modes can be applied around the

atomic mean field, allowing a fully quantum, multimodal treatment. We analyse the

measurement backaction in detail, including the role of the finite spatial resolution

and geometry of the detector, illustrating how they, and feedback, can be optimised.

Additionally, we investigate stroboscopic probing in the selective preparation of

squeezed and entangled states of the multimodal excitations of the BEC, as well as,

the development of atomic spatial and momentum number correlations.

Chapter 2 presents the Bogoliubov description of the atomic system, while

the treatments of the light field and the light-matter interaction are in Chapter 3.

In Chapter 4, we derive the Gaussian description of the atomic dynamics under

probing that is analysed in Chapter 5. Chapter 6 concludes and present an outlook.



CHAPTER 2

BOGOLIUBOV THEORY

There exists a colossal body of theoretical material on BECs, the book of Pethick

and Smith [53] being an introductory reference. A significant portion of the body

can be attributed to Bogoliubov theory [54, 55] which is utilized here. This theory

enables us to identify the quantum fluctuations of the BEC with the elementary

excitations of the BEC, the collective center-of-mass, breathing, and higher order

modes. This description yields the atomic quantum state and the platform for the

quantum response of the system to the measurement of the density.

Our starting point is the Hamiltonian in second quantisation

Ĥ =

∫
drψ̂†(r)

[
− �

2

2m
∇2 + V (r) +

g3D
2
ψ̂†(r)ψ̂†(r)

]
ψ̂(r), (2.1)

where ψ̂(r) is the bosonic field operator and the coupling strength is

g3D =
4π�2asc
m

, (2.2)

with the s-wave scattering length asc. The 3D harmonic oscillator potential,

V (r) =
m

2

(
ω2
xx

2 + ω2
yy

2 + ω2
zz

2
)
, (2.3)

is taken to be cylindrically symmetric, ωy = ωz = ω0.
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6 CHAPTER 2. BOGOLIUBOV THEORY

2.1 1D Bose gas

We consider 1D Bose gases [56, 57], where the radial vibrational modes have been

frozen out, reducing the problem to that of solving the axial configuration and

dynamics.

2.1.1 Healing length

The freezing of the radial motion requires the radial trapping strength, ω0, to be

strong enough, such that, atoms can only occupy the radial harmonic ground state

mode. Without interactions, the ground state of the system would find all the atoms

in the single particle ground state of the 3D Harmonic oscillator. However, the

interactions mix in higher energy states. The healing length lh can indicate the

extent of the population in the higher states, as it captures the length scale of defects

that may exist within the system owing to the interactions. Roughly speaking, a

defect of length l has a kinetic energy of �2/2ml2, and an interaction energy of

g3Dn/2, associated with it. The healing length is where these two contributions

are equal

l2h =
�
2

g3Dmn
. (2.4)

In order for the single particle states in the radial direction to be unpopulated

above the ground state, the length scale of the defects must be larger than the

characteristic length scale of the quantum harmonic oscillator l0 =
√
�/mω0,

lh � l0. (2.5)

In terms of the 1D density of the BEC, n1D ∼ nl20,

1

4π
� n1Dasc. (2.6)

2.1.2 Effective scattering length

To continue with the 1D description we must establish the 1D interaction strength

g1D. If the length scale of the radial confinement is much larger than that of the
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length scale of the interactions

l0 � asc, (2.7)

then, the interaction between particles acquires 3D characteristics [58]. The result

can be obtained by averaging over ground state harmonic oscillator profile in the

radial directions

g1D =
g3D
2πl20

=
2�2

m

asc
l20
. (2.8)

2.1.3 1D mean field regime

A system is said to be highly interacting when defects are sustained at length scales

smaller than the interparticle spacing

l1Dh <
1

n1D
, (2.9)

where l1Dh = �/
√
g1Dmn1D. Thus, as the healing length scales as ∼ 1/

√
n1D,

the 1D Bose system becomes more interacting with decreasing density. For very

low densities, the 1D system enters the 1D Tonk-Girardeau regime, where the

bosons acquire fermionic properties as the wave function strongly decreases at

short interparticle distances. We wish to avoid this regime, remaining within the

1D mean field regime where Bogoliubov treatments are valid. Thus, we obtain our

second condition

l1Dh � 1

n1D
, (2.10)

or equivalently,

n1Dasc � 2

(
asc
l0

)2

. (2.11)
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2.2 U (1) symmetry breaking

Traditional Bogoliubov theory assumes that the macroscopic population of the

lowest lying single particle mode allows one to replace the annihilation and creation

operators of the mode with c-numbers,

â0 → a0, â†0 → a∗0, (2.12)

being akin to the parametric approximation of quantum optics. The resulting

Hamiltonian is linearized in the other modes, owing to the expectation that only

a small fraction of the population pertains to these modes. Indeed, great success

has been achieved with this approximation in predicting the excitation spectrum

and thermodynamic quantities [59]. However, the physical connotations of such a

replacement are significant, as it negates the possibility of a fixed total number of

atoms, implicitly assuming Poissonian number fluctuations and a definite phase.

The Bogoliubov replacement, Eq. (2.12), is an ansatz of broken symmetry. A

BEC is often associated with the spontaneous symmetry breaking of the global

U (1) gauge symmetry responsible for total particle-number conservation

[Ĥ, N̂ ] = 0, N̂ =
∑
i

â†i âi . (2.13)

The evolution equations display symmetry under the transformations

Û = e−iαN̂ , (2.14)

and there exists simultaneous eigenstates of the Hamiltonian and Number operator.

This symmetry is broken for states with 〈â0〉 	= 0. Spontaneous breaking of the

U (1) gauge symmetry occurs when the ground state of the system can be found in

states that are not eigenstates of the number operator. This cannot occur when the

ground state is nondegenerate.

For the case of free systems, a noninteracting finite extent system will always

have a nondegenerate ground state, and for the interacting case, this is generally

believed to be true (currently no proof). It has been shown that the symmetry

breaking occurs in the thermodynamic limit, owing to the fact that a single particle
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has negligible effect on the total energy. Additionally, it was seen that a BEC

defined as

lim
N → ∞
V → ∞

N−1〈â†0â0〉 = const., (2.15)

implies spontaneous symmetry breaking, and the Bogoliubov replacement [Eq. (2.12)]

is justified [60, 61]. The relationship between BEC and spontaneous symmetry

breaking in trapped systems is more intricate [62].

Experiments routinely demonstrate phase coherence associated with an indef-

inite number of particles, e.g., the observation of interference fringes [63], and

measurement of the relative phase [41], between independent BECs. Why does a

state of broken symmetry predict experiment so well when the symmetry is never

broken in finite free systems, and one believes the notion of a definite number of

particles? This issue led the cold gas community into a large debate between 1997

and the early 21st century. An answer is that the symmetry breaking is induced by

the backaction of measuring the system. Javanainen and Yoo [64] demonstrated

that two counterpropagating, phaseless BECs generate an interference pattern as

they are progressively measured. In a simple sense, as the atoms are identical, the

lack of knowledge of which BEC the atom triggering a detection event belongs to,

installs a phase relationship [65, 66].

Associated with spontaneous breaking of a continuous symmetry are the

Nambu-Goldstone modes. Goldstone’s theorem [67] asserts that when a continuous

symmetry is spontaneously broken, a massless mode exists. In the nonrelativistic

case, the Nambu-Goldstone mode corresponds to a quasiparticle with no energy

gap between itself and the ground state (gapless). Indeed, here one observes a

Nambu-Goldstone mode associated with a quantum phase diffusion [68], illustrat-

ing a state of definite quantum phase is not an eigenstate and an approximation

to the ground state of the system. Other examples of Nambu-Goldstone modes

in BECs are the breaking of translational symmetry of dark [69] and bright [70]

solitons, breaking of rotational symmetry of vortex positions [71–73], and in spinor

BEC systems [74].
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2.3 Bogoliubov approximation

Here, we consider the Bogoliubov approximation [75, 76], and obtain a bilinear

Hamiltonian that will be diagonalized. Ultimately, we will assume the global

gauge symmetry U (1) is broken as a variational ansatz for the ground state of the

Hamiltonian, i.e., the field operator coherent state

ψ̂(x)|ψ(x)〉 = ψ(x)|ψ(x)〉. (2.16)

In anticipation of this, we write the annihilation field operator as

ψ̂(x) = ψ(x) + δψ̂(x), (2.17)

with 〈δψ̂(x)〉 = 0, being a canonical transformation (Appendix A), δψ̂(x) =
Ŝψ̂(x)Ŝ†,

Ŝ = exp

{∫
dx

[
ψ(x)ψ̂†(x)− ψ∗(x)ψ̂(x)

]}
. (2.18)

The excitations (quasiparticles) of the system are about the new Bogoliubov vacuum

state, |vac〉, of δψ̂(x), corresponding to the coherent state |ψ(x)〉 of ψ̂(x), and in

general, are linear combinations of the single particle modes. We associate the

shift ψ(x) with the wavefunction of the lowest lying quasiparticle mode up to a

proportionality constant
√
N0 (taken to be real), â0 =

√
N0+δâ0. The Bogoliubov

approximation is to assume macroscopic population in this mode

〈â†0â0〉0 
 N0 
 N, (2.19)

being valid for very low temperatures T 
 0, and to replace the creation and

annihilation operator with

â0 →
√
N0, â†0 →

√
N0. (2.20)

As we are interested in the quantum nature of the mode, we do not make the

Bogoliubov replacement. However, we do assume macroscopic population [c.f.,

Eq. (2.19)], to which, the Hamiltonian is truncated to second-order in the quantum

fluctuations δψ̂(x).
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The approximated Hamiltonian no longer conserves total particle number, so

we introduce the grand canonical Hamiltonian

Ĥμ = Ĥ − μN̂ = H0 + Ĥ1 + Ĥ2, (2.21)

where the chemical potential μ is the Lagrange multiplier enforcing N 
 N0

particles on average. Thus, we have

H0 =

∫
dxψ∗(x)

[
H1D − μ+

g1D
2

|ψ(x)|2
]
ψ(x), (2.22a)

Ĥ1 =

∫
dx δψ̂†(x)

[
H1D − μ+ g1D |ψ(x)|2

]
ψ(x) + h.c., (2.22b)

Ĥ2 =

∫
dx δψ̂†(x)

[
H1D − μ+ 2g1D |ψ(x)|2

]
δψ̂(x)

+

∫
dx

g1D
2

[
ψ∗(x)2δψ̂(x)2 + h.c.

]
, (2.22c)

whereH1D is the 1D single atom Hamiltonian with the harmonic potential V (x) =
mω2

xx
2/2,

H1D = − �
2

2m

∂2

∂x2
+ V (x). (2.23)

Upon minimising the energy E0 = 〈Ĥμ〉 
 H0 with respect to the BEC wavefunc-

tion, one obtains the Gross-Pitaevskii equation (GPE)[
H1D − μ+ g1D |ψ(x)|2

]
ψ(x) = 0, (2.24)

and as a result, Ĥ1 = 0.

The above methodology works well for most of the population in the lowest

lying mode (T 
 0), but at higher temperatures (T < TBEC), a nonphysical gap

in the quasiparticle spectrum appears. This is in violation with the Hugenholtz-

Pines theorem [77], which asserts that a physically sound theory must be gapless.

Nonselfconsistent introductions to the theory removed this gap, but lead to the

breaking of conservation laws. The situation was summarised by Hohenberg and

Martin [78] in the Hohenberg-Martin dilemma, where they showed that any theory
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in the framework of the grand canonical ensemble (2.21), is either nonconserving

or acquires a gap in the spectrum. This situation has been resolved by Yukalov [62],

where it is stressed that we must introduce the same number of Lagrange multipliers

as we have constraints in the system. One should introduce two chemical potentials

for the BEC and excitations, as well as, a Lagrange multiplier for the conservation

condition 〈δψ̂(x)〉 = 0. The last Lagrange multiplier amounts to removing linear

terms of the quantum fluctuation in the Hamiltonian.

2.4 Bogoliubov transformation

The approximated Hamiltonian, Ĥμ = H0 + Ĥ2, is diagonalized with the Bogoli-

ubov transformation [75, 76, 79]

δψ̂(x) = eiΘ
∑
j

[
f−j (x)x̂j + if+j (x)p̂j

]
, (2.25)

where the wavefunctions f±j (x) can be taken real, the quadratures obey [x̂j , p̂k] =

iδjk, and the BEC phase is Θ. I.e., ψ(x) = eiΘ
√
n0(x), and n0(x) = |ψ(x)|2 is

the BEC density.

In Appendix A, we discuss in detail the method following the book of Blaizot

and Ripka [79]. Here, we only cast the problem in terms of the matrix formalism

developed there, and that of the more commonly seen picture of wavefunctions.

We expand the field operator on a real complete basis ϕ,

δψ̂(x) = eiΘ
∑
j

ϕj(x)âj . (2.26)

We may write the Hamiltonian as

Ĥμ = H0 +
∑
ij

Aij â
†
i âj +

1

2

∑
ij

(
Bij âi âj +Bij â

†
i â

†
j

)
, (2.27)

where

Aij =

∫
dxϕi(x) [H1D − μ+ 2g1Dn0(x)]ϕj(x), (2.28)



2.4. BOGOLIUBOV TRANSFORMATION 13

and

Bij = g1D

∫
dxn0(x)ϕi(x)ϕj(x), (2.29)

are real. In the matrix formalism of Appendix A.3, we have

Ĥμ = H0 +
1

2

(
α†Mα− TrA

)
, (2.30a)

M =

[
A B
B A

]
. (2.30b)

To bring the Hamiltonian into diagonal form (a collection of noninteracting

harmonic oscillators), we have to solve the eigenvalue problem Eq. (A.29)

ηM

[
Uj

−Vj

]
= �ωj

[
Uj

−Vj

]
, (2.31)

equivalent to the Bogoliubov-de Gennes (BdG) equations [57][
0 L+

L− 0

] [
f+j (x)

f−j (x)

]
= �ωj

[
f+j (x)

f−j (x)

]
, (2.32)

with L± = H1D − μ+ (2± 1)g1Dn0(x). The wavefunctions are given by

f+j (x) =
1√
2

∑
i

[Uj +Vj ]i ϕi(x), f−j (x) =
1√
2

∑
i

[Uj −Vj ]i ϕi(x),

(2.33)

with
∫
dxf+j (x)f−k (x) =

∫
dxf−j (x)f+k (x), and, the normalization and orthogonal-

ity condition
∫
dxf+j (x)f−k (x) = δjk/2.

The Hamiltonian is diagonalized resulting in

Ĥ =
�ω0

2
x̂20 +

∑
j>0

�ωj

2

(
x̂2j + p̂2j

)
, (2.34)

neglecting energy constants. The quasiparticle annihilation operators are given by

b̂j =

∫
dx

[
uj(x)δψ̂(x)e

−iΘ + vj(x)δψ̂
†(x)eiΘ

]
, (2.35a)

b̂†j =
∫
dx

[
vj(x)δψ̂(x)e

−iΘ + uj(x)δψ̂
†(x)eiΘ

]
, (2.35b)

with uj(x) = [f+j (x) + f−j (x)]/
√
2 and vj(x) = [f+j (x)− f−j (x)]/

√
2.
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2.4.1 Zero eigenvalue

The BdG equations (2.32) have a zero energy (gapless) solution proportional to the

BEC

f+0 (x) ∝
√
n0(x), (2.36)

owing to the GPE (2.24). This is the Nambu-Goldstone mode associated with the

U (1) symmetry breaking (see Sec. 2.2), where the phase of the BEC is associated

with p̂0. As the mode behaves like a free particle, the system exhibits phase

diffusion [68]. The corresponding wavefunction f−0 (x) is missing owing to L+

being positive definite, i.e., L+f
−
0 (x) = 0 implies f−0 (x) = 0. Consequently, we

must introduce a generalized eigenvector to complete the canonical transformation

that diagonalizes the Hamiltonian and provides the completeness relation. The

details of this construction are in Appendix A.3.

The collective variables x̂0 and p̂0 represent the number and phase operators

of the BEC mode, respectively, and can be associated with improving the ground

state variational ansatz by allowing linear combinations of U (1) broken symmetry

states which reinstate the symmetry [79]. Here, we see that the ground state is

|0〉, b̂j |0〉 = 0 ∀ j > 0, x̂0|0〉 = 0, (2.37)

where the zero eigenstate of x̂0 implies no total number fluctuations and a com-

pletely illdefined phase.

Number conserving Bogoliubov theories can be formulated, being first put

forth in 1959 by Girardeau and Arnowitt [80] seemingly unbeknownst to both

Gardiner [81] and Castin and Dum [82] who put forward similar theories. Here,

one does not consider a coherent state ansatz [Eq. (2.16)], but consider instead

operators like

Λ̂(x) =
1√
N̂
â†0δψ̂(x), (2.38)

which are then expanded in the quasiparticle modes as above. Ultimately, one finds

the mode functions satisfy modified BdG equations [82] for which the solution

space is orthogonal to the BEC wavefunction |ψ(x)|. This has the important

consequence that we need no longer establish a generalized eigenvector Eq. (A.31)

that is the origin of the free particle mode appearing in the Hamiltonian Eq. (2.34).
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In other words, no symmetry was broken, and therefore, the Nambu-Goldstone

mode does not appear. In the work presented here, if we wish to model a state of a

definite number of particles, we may simply neglect the Nambu-Goldstone mode.

The linearization of the Hamiltonian breaks down if the quantum fluctuations

become large. Owing to the large fluctuations of the zeroth mode in the ground

state (2.37), the ground state will not be within the framework of our approximation.

If the phase diffusion becomes significant the linearization will also breakdown,

thus, we must restrict time evolution to times

t ∼ tc =
2π

ω0
. (2.39)

Later (stroboscopic probing in Chapter 5), we will require longer simulation times,

in that case, we must use number-conserving Bogoliubov theory to avoid these

requirements.

2.4.2 Fixing the free parameter: phase diffusion

As is discussed in Appendix A.3.2, we must introduce the generalized eigenfunc-

tion, to complete the canonical transformation, requiring

L+f
−
0 (x) = �ω0f

+
0 (x). (2.40)

Upon taking the partial derivative of the GPE with respect to N0, one finds

Eq. (2.40) with the identifications

f−0 (x) =
√
2N0

∂
√
n0(x)

∂N0
, f+0 (x) =

√
n0(x)

2N0
. (2.41)

and the phase diffusion parameter

�ω0 = 2N0
∂μ

∂N0
. (2.42)

However, a free parameter α remains in the theory and must be fixed by appealing

to the physics of the system. The free parameter amounts to a scale or squeezing

transformation,

F+
0 (x) =

1

α
f+0 (x), F−

0 (x) = αf−0 (x), ω′
0 = α2ω0, (2.43)



16 CHAPTER 2. BOGOLIUBOV THEORY

and the normalization,
∫
dxF+

0 (x)F−
0 (x) = 1/2, is preserved.

We now presume the equivalence of the vacuum state of the Nambu-Goldstone

mode to the initial coherent state of the lowest lying single particle mode, Eq. (2.16).

Later, it can be seen that

var[N̂0] 
 2αN0var[x̂0]. (2.44)

As the coherent state requires var[N̂0] = N0, for consistency, we must choose

α = 1. Conveniently, this well describes the physics. The phase diffusion of

the atomic field follows the profile of the BEC, f+0 (x), and f−0 (x) describes the
change to the BEC wavefunction by the addition and removal of condensed atoms,

while Eq. (2.42) is the expected phase diffusion time scale [66, 68]. Owing to the

interactions, the phase of the BEC becomes number dependent, exp[−iμ(N̂0)t/�].
Thus, we expect phase collapse to occur on the timescale tc ∼ �/Δμ ∼ 1,
where Δμ is the variation of the chemical potential over the particle distribution.

Assuming the particle distribution to be Poissonian ΔN0 =
√
N0, the variation is

given by Δμ = ΔN0∂μ/∂N0. Thus, we have

tc ∼ �√
N0∂μ/∂N0

∼ 1

ω0
. (2.45)

2.5 Nature of the quasiparticles and summary

The excitations of the BEC embody the quantum fluctuations of the density,

n̂(x, t) = n0(x) + n̂nc(x, t), about the BEC mean field

n0(x) = |ψ(x)|2 . (2.46)

The expansion of n̂nc(x, t) in terms of the excitation wavefunctions and quadratures

is

n̂nc(x, t) = 2
√
n0(x)

∑
j

f−j (x)x̂j −
∑
j

f−j (x)f+j (x)

+
∑
jk

[
f−j (x)f−k (x)x̂j x̂k + f+j (x)f+k (x)p̂j p̂k

]
. (2.47)
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The atomic density correlations are

covar[n̂(x1), n̂(x2)] = n0(x1)δ(x1 − x2) +N (x1, x2), (2.48)

and to second-order in quadratures,

N (x1, x2) = −2
√
n0(x1)n0(x2)

∑
j

f−j (x1)

{
f+j (x2)

− 2
∑
k

f−k (x2)covar[x̂j , x̂k]

}
. (2.49)

Poissonian fluctuations are represented by the delta-function term in Eq. (2.48),

while deviations, and correlations between spatially separated regions, are signalled

by nonzero values of N (x1, x2).
To relate to the quantum phase, we reinterpret the linearisation in terms of the

quantum phase-density representation of the field operator [57]

ψ̂(x) = eiφ̂
√
n̂(x, t). (2.50)

Linearizing about the BEC phaseΘ and density n0(x), one can identify the relation

φ̂nc(x, t) =
1√
n0(x)

∑
j

f+j (x)p̂j , (2.51)

Thus, the phase correlations are

covar[φ̂nc(x1), φ̂nc(x2)] =
1

4n0(x1)
δ(x1 − x2) + P(x1, x2), (2.52)

with

P(x1, x2) =
1√

n0(x1)n0(x2)

∑
j

f+j (x1)

{∑
k

f+k (x2)covar[p̂j , p̂k]−
f−j (x2)

2

}
.

(2.53)

Poissonian fluctuations are represented by the delta-function term in Eq. (2.52)

(associated with the uncertainty principle Δn̂Δφ̂ ≥ 1/2), while deviations, and
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correlations between spatially separated regions, are signalled by nonzero values

of P(x1, x2).

Examples of f±j (x) are shown in Fig. 2.1, while the frequency spectrum

and number of atoms associated with a single excitation of the jth mode Nj

are showcased in Fig. 2.2. For the noninteracting case g1D = 0 there is no

0.0
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Figure 2.1: The mode functions f+j (x) (blue) and f−j (x) (red) associated with the

zeroth mode (a) and 15th mode (b) for μ = 2�ωx. The collective mode (a) exhibits

different density [f−0 (x)] and phase [f+0 (x)] fluctuations, while more particle-like

high energy excitations (b) exhibits similar fluctuations [f−15(x) ∼ f+15(x)].

phase dispersion, ω0 = 0, and μ = �ωx/2. The system is simply described by

the single particle harmonic oscillator, where the wavefunctions become equal,

f+j (x) = f−j (x), and the frequency spectrum is linear ωj = jωx. Similarly, at

high energies where the kinetic energy dominates the interaction energy, we have

the single particle harmonic oscillator wavefunctions and the energies are given by

�ωj = �ωx

(
j +

1

2

)
− μ. (2.54)

Conversely, in the interaction dominated regime, the so called Thomas-Fermi (TF)
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Figure 2.2: (a) The energy spectrum of the quasiparticles for the cases μ = 2�ωx

(blue), 5�ωx (green), and 10�ωx (red). The transition between the (low-energy)

collective spectrum, Eq. (2.56) (gold), and the (high-energy) particle-like spectrum,

Eq. (2.54) with μ = 2�ωx (purple), is observed. The collective to particle-like

cross-over is also illustrated in (b), showing the number of particles associated with

a single excitation of the jth mode, Nj =
∫
dx[f+j (x)2 + f−j (x)2], [53]. The lines

are to guide the eye between discrete j values.

regime discussed in Appendix B, the wavefunctions are well described by

f±j (x) =

⎧⎪⎨
⎪⎩
(
2g1D
�ωj

)± 1
2
√

2j+1
4RTF

ψ(x)±1Pj (x/RTF) j > 0,

f+0 (x) =
√

n0(x)
2N0

, f−0 (x) = 1
4RTF

[
f+0 (x)

]−1
j = 0,

(2.55)

with the Legendre polynomials Pj . The phase dispersion is �ω0 = 4μ/3 and the

spectrum is irregular

ωj = ωx

√
j(j + 1)/2. (2.56)





CHAPTER 3

TREATMENT OF THE LIGHT AND
INTERACTION

The continuous nondestructive monitoring of a system can be performed by in-

teracting the system with an ancillary probe system which itself is subsequently

measured [83]. Such monitoring is considered here, and a schematic of the system

of interest is shown in Fig. 3.1. As the light interacts with the atomic system, the

atomic mean field imprints a classical phase shift across the optical wavefront and

through spatially resolved homodyne detection the mean atomic density profile

[Eq. (2.46)] can be inferred. The quantum phase fluctuations in the light field,

however, become entangled with multimodal quantum fluctuations of the atomic

density [Eq. (2.47)] due to their interaction. This causes decoherence of the atomic

quantum state, unless one detects the light field and keeps track of the measurement

backaction on the atomic system. To maintain a pure, or, purify an initially impure

atomic quantum state, the measurements should be sufficiently efficient, perfectly

resolving the field fluctuations. Any information of the atomic fluctuations im-

printed on the light field that remains unresolved will cause the atomic system to

progressively decohere under the continuous interaction and probing.

In this chapter, we establish the interaction between the light field and atomic

system (Sec. 3.1) and the treatment of the light field (Sec. 3.2). Through the

interaction, it is identified how the atomic density information is imprinted on

the light field, and consequently, the measurements required for full information

21
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recovery. Although our example (Fig. 3.1) concerns only phase measurements, we

establish the formalism to incorporate Faraday rotation experiments [84]. Later,

their formal equivalence will be established (Chapter 4).

lL

l⊥

lD

lx

x

z

Figure 3.1: The far-detuned light field dispersively interacts with the atomic system,

imprinting density-dependent phase shifts across the coherent planar light field

propagating along the z-axis. The spatial detection of the atomic density along the

BEC axis is achieved through the spatial detection of the imprinted phase shifts by

an encapsulating (lL > lx) array of homodyne detectors (pixels) of widths lD. The
simulated examples (unless stated otherwise) are performed for probing theD2 line

(σ+ polarised light) of 1000 87Rb atoms in the |F,mF 〉 = |2, 2〉 state with axial

ωx = 2π × 150Hz and radial ω⊥ = 100ωx trapping frequencies, and chemical

potential μ = 2�ωx.
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3.1 Light-matter interaction

The nondestructive continuous monitoring of the atomic density can be achieved

via the dispersive interaction with far-detuned light that is subsequently measured

[37–39], Fig. 3.1. For alkali atoms, and laser detuning ΔL much larger than the

hyperfine splittings of the far-detuned excited states, the interaction between the

light field and a single atom is ĤI = Ê−α Ê+ [84, 85] with the positive (negative)

component of the electric field Ê+(−). The polarisability tensor operator is

α = − d2JJ ′

�ΔL

[
α0 + α1F̂z

(
e1 ⊗ e∗1 − e−1 ⊗ e∗−1

)]
,

where dJJ ′ = |〈J ||d||J ′〉| is the reduced dipole matrix element, α0 and α1 are

constants depending on the specific atomic structure, F̂z is the z-component of the

ground state spin operator, and eq are the complex spherical unit vectors. The term

proportional to α0 (scalar polarizability) corresponds to an ac Stark shift,

Ĥac = −α0

d2J,J ′

�ΔL

∫
Ê−(x) · Ê+(x)n̂(x)dx, (3.1)

while the α1 term (vectorial polarizability) is an atomic spin-state dependent

Faraday rotation,

ĤFr = −α1

d2J,J ′

�ΔL

∫ [
Ê−

1 (x)Ê
+
1 (x)− Ê−

−1(x)Ê
+
−1(x)

]
F̂z(x)dx, (3.2)

where Ê±
(−)1 are the spherical components of the positive and negative electric

field.

Both the ac Stark shift [37, 38] and Faraday rotation [39, 43, 44] allow for

the spatially resolved imaging of the atomic density. The Faraday rotation alone

also allows for the probing [86–92] and quantum control [46] of spin correlations,

and characterisation of Bose-Hubbard models [93]. However, both the ac Stark

shift and Faraday rotation must be considered for the characterisation and quantum

control of the density. In typical experiments, we have α0 ∼ α1 [84, 85], therefore,

measurement of only one will lead to decoherence associated with the atomic

entanglement with the other.
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In following, we will present the formalism for standard Faraday rotation

experiments [84]. Later, Sec. 4.2.1, we will allow for measuring only the ac Stark

shift or Faraday rotation. The formalism will also allow for the case where the

atoms prepared in a particular hyperfine state |F,mF 〉 and the light is σ± polarised.

In this case, the single-atom interaction is

ĤI = − d2JJ ′

�ΔL
(α0 ± α1mF ) Ê

− · Ê+, (3.3)

requiring only phase shift measurements for complete information recovery.

3.2 Treatment of the light field

To describe the light-matter interaction and measurement, we develop upon the

methodologies of Ref. [94].

3.2.1 Modal decomposition

We model the planar coherent light field as discretized cuboidal mode functions

fjkl(x, y, z) with Δx, Δy, and cτ being the widths in the x, y, and z directions,

respectively, and c is the speed of light. The mode function is given as

fjkl(x, y, z) =
1√

ΔxΔycτ
Π

(
x− jΔx

Δx

)
Π

(
y − kΔx

Δx

)
Π

(
z − lcτ

cτ

)
,

(3.4)

where Π(x) is the top hat function

Π(x) =

{
1 if |x| < 1

2 ,

0 otherwise.
(3.5)

That is, the light is segmented into chunks, where each chunk moves with the

speed of light. Ultimately, these chunks will interact with the BEC, and after the

interaction, the chunks are later detected via homodyne detection.
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3.2.2 Stokes treatment

Set ups involving Faraday rotation use x-polarized coherent light [84]. The light

field is decomposed into Stokes operators and effective quadrature operators are

formulated (equivalent to a Holstein-Primakoff approximation) that describe the

quantum polarization fluctuations that couple to the quantum fluctuations of the

atomic spin state. The Stokes operators are

Ŝ0 = N̂ph = â†xâx + â†yây, (3.6a)

Ŝx =
1

2

(
â†xâx − â†yây

)
, (3.6b)

Ŝy =
1

2

(
â†+45â+45 − â†−45â−45

)
=

1

2

(
â†xây + â†yâx

)
, (3.6c)

Ŝz =
1

2

(
â†−â− − â†+â+

)
=

1

2i

(
â†xây − â†yâx

)
. (3.6d)

The annihilation, âi , and creation, â†i , operators for light left (+) and right (−)

circularly polarized, and linearly polarized in the +45◦ (+45) and −45◦ (−45)
directions, are described terms of linearly polarized light in the x-direction (x) and
y-direction (y)

â+ =
1√
2

(
âx + iây

)
, â− =

1√
2

(
âx − iây

)
, (3.7a)

â+45 =
1√
2

(
âx + ây

)
, â−45 =

1√
2

(
âx − ây

)
. (3.7b)

The Stokes operators, Ŝx, Ŝy, and Ŝz , have the cyclic angular momentum commu-

tation relations,

[Ŝy, Ŝz] = iŜx, (3.8)

while [Ŝ0, Ŝi] = 0.

The light in each segment is taken to be strong coherent field polarized in the

x direction and Ŝx ≈ Sx = Nph/2. The polarization of each photon is an equal

superposition of +45◦ and −45◦, or equivalently, an equal superposition of left

and right circular. Thus, these components are equally populated on average with
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a binomial distribution. Loosely speaking, the polarization state of the combined

photon system can be taken to be

|ψph〉 = 1√
2Nph

(|L〉1 + |R〉1)⊗ . . . ⊗ (|L〉Nph
+ |R〉Nph

)

=
1√
2Nph

Nph∑
k=0

(
Nph

k

)
|LkRNph−k〉, (3.9)

where we have the understanding that |LkRNph−k〉 represents any state with k
photons with |L〉 polarization, and Nph − k photons with |R〉 polarization (there

being "Nph choose k" such states). Thus, the probability of k photons with |L〉
polarization, and Nph − k photons with |R〉 polarization is given by

B (Nph, 1/2) =
1

2Nph

(
Nph

k

)
→

√
2

πNph
exp

[
− 2

Nph

(
k − Nph

2

)2
]
.

(3.10)

We have taken the limit of a large number of photons, yielding a Gaussian distribu-

tion centred at Nph/2 with variance Nph/4.

We can define the canonical position and momentum operators for the light

field,

r̂− = − Ŝz√
Sx
, ŝ− =

Ŝy√
Sx
, (3.11)

where [r̂−, ŝ−] = i. Thus, we may write

â†±â± = Ŝx ∓ Ŝz + â†yây ≈ Nph

2
±
√
Nph

2
r̂−, (3.12)

and knowledge of the distribution (3.9) gives

〈â†±â±〉 =
Nph

2
⇒ 〈r̂−〉 = 0, (3.13a)

var[â†±â±] =
Nph

4
⇒ var[r̂−] =

1

2
. (3.13b)
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Similarly, from

â†±45â±45 = Ŝx ± Ŝy + â†yây ≈ Nph

2
±
√
Nph

2
ŝ−,

we also have

〈ŝ−〉 = 0, var[ŝ−] =
1

2
. (3.14)

Since the quantum mechanical uncertainty of the canonical light operators is

Heisenberg limited,

var[r̂−]var[ŝ−] =
1

4
, (3.15)

the initial state will be a Gaussian state.

We need also take into account the phase evolution of the light field through

the ac Stark shift interaction. Thus, we also make the standard approximation of

identifying quadratures to the Poissonian total number and phase fluctuations,

Ŝ0 = â†xâx + â†yây 
 Nph +
√
2Nphr̂

+, (3.16)

where [r̂+, ŝ+] = i with the initial vacuum state of r̂+ and ŝ+.

3.3 Quadrature light-matter interaction

Photonic quadratures can be identified for each cuboidal mode, where we rename

the index j as dl, indicating the lth light mode measured by the dth detector, c.f.,

Fig. 3.2,

N̂dl
ph = â†+â+ + â†−â− 
 √

2Nphr̂
+
dl +Nph,

â†+â+ − â†−â− 
 √
2Nphr̂

−
dl, (3.17)

with [r̂±dl, ŝ
±
d′l′ ] = iδdd′δll′ . The average photon number, 〈N̂dl

ph〉 = Nph, is the same

in all modes owing to the planar wavefront assumption.

Armed with the discrete description (3.17), the dispersive interaction (3.3)

with a set of light modes along the BEC axis interacting for time τ , ĤI = �(ĥI +
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Figure 3.2: The planar coherent light field is discretized into cuboidal mode

functions for the specific example of NL = 2. A set of light modes in the x
direction after interacting with the atomic system are immediately detected, and

the process repeats.

ĥmf)(Δx/τ)
1
2 , splits into a BEC mean field contribution,

ĥmf = κ

√
lL
2N0

∑
dl

n0(xdl)
α0r̂

+
dl + α1mF r̂

−
dl√

α2
0 + α2

1m
2
F

,

and a coupling of the quantum fluctuations,

ĥI =
√
2
∑
jdl

κj(xdl) x̂j
α0r̂

+
dl + α1mF r̂

−
dl√

α2
0 + α2

1m
2
F

, (3.18)

where

κj(x) = κ
√

2lLf
+
0 (x)f−j (x).

We have neglected constant contributions and the relatively smaller 2nd order terms

of the quadrature expansion of n̂nc(x, t), c.f., Eq. (2.47). The coupling constant

κ = −[(α2
0 + α2

1m
2
F )d0η]

1
2 [84] governs the overall measurement strength. The

light field with total photon fluxΦ and cross-sectional areaAL has the on-resonance

optical depth and cross-section, d0 = N0σ0/AL and σ0 = 3λ2/2π, respectively.
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Although the light field is far-detuned, heating of the atomic system by an atomic

absorption and spontaneous emission event occurs at the rate η = Φσ0Γ
2/4ALΔ

2
L.

This process is neglected in the current treatment, thus, restricted to times shorter

than 1/η. Decreasing η to allow longer interaction times requires increasing the

optical depth to maintain κ.
As remarked, the BEC mean field induces a classical phase shift of the light

(ĥmf ), ultimately having no affect on the quantum dynamics of the atomic system.

The quantum fluctuations of the atomic density (x̂j) and light field number (r̂+dl)

and polarization (r̂−dl) couple (ĥI). Atomic density information is imprinted of the

light field, and, by the detection of the photonic phase (ŝ+d ) and ±45◦ polarization

(ŝ−d ) fluctuations in a pixel, yields information of (and causes back action on) a

linear combination of many atomic modes.

We assume a temporal discretization such that only single light modes interact

with the atomic system at any instance and are, hereafter, detected and the next

light modes enter along the z direction. The propagation time of the mode through

the BEC and the temporal resolution bandwidth of optical detection are both orders

of magnitude faster than the msec-sec timescale of atomic evolution. Owing to

finite spatial resolution, the dth detector pixel measures a sum of light quadratures

r̂±d =
1√
NL

NL∑
l=1

r̂±dl, ŝ±d =
1√
NL

NL∑
l=1

ŝ±dl, (3.19)

where NL is the number of light modes measured by each pixel. Here, we have

implicitly assumed a dual-port detector where both the as Stark shift and Faraday

rotation are (separately) measured by the detector pixel. An example of a dual-port

detection scheme can be found in Ref. [43].

A physical description of the BEC dynamics should not depend on the arbitrary

choice of the modal decomposition of the light field, here, the coarse graining

mode parameters Δx, Δy, and τ [c.f., Eq. (3.17)]. Recalling the BEC dynamics

are frozen in the y and z directions, only the discretization in the x (spatial) and

z (temporal) directions is relevant. The dynamics will converge as the coarse

graining is reduced, thus, in the following section we consider the continuous

limits Δx→ 0 and τ → 0. In principle, the number and phase replacement (3.17)

loses validity as the coherent state amplitudes vanishes in the limits. However, it
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is the integrated effect of many light modes that is dynamically relevant, and the

solution of the ensuing continuous evolution represents the system well.

The interaction time was considered to be so small that the temporal evolution

of the mode function can be neglected. However, the dispersion of the light field

propagating across the BEC is important, which we include in Sec. 4.2.6. We have

also assumed that we may neglect the mode function evolution between the BEC

and the detector. This is valid for short distances between the BEC and detector, or,

a lens may be place in-between to refocus the mode functions giving a one-to-one

correspondence. We will see later (Sec. 4.2.3) how this intermediate evolution can

be directly incorporated into the theory.



CHAPTER 4

GAUSSIAN STATE FORMALISM

Only the first and second moments are required to fully characterize Gaussian

states, allowing the full quantum description to simplify significantly. Additionally,

Gaussian states are routinely produced and preserved by many experimental ma-

nipulations, thus, providing a strong motivation for their investigation. Indeed, in

recent years, many tools for the analysis of the properties of Gaussian states have

been established in the context of quantum information processing with continuous

variables [95, 96].

Here, we utilise the machinery developed for Gaussian states to form our

basis of the dynamical evolution of the BEC under measurement and subsequent

analysis.

4.1 Gaussian states

For a system described with n bosonic modes with the annihilation operators âj
and the creation operators â†j , the canonical coordinates, x̂j = (âj + â†j)/

√
2 and

p̂j = i(â†j−âj)/
√
2, are collected in R̂ = [x̂1, p̂1, . . . , x̂n, p̂n]

T . The commutation

relations are given by [
R̂j , R̂k

]
= iΩjk, (4.1)

31



32 CHAPTER 4. GAUSSIAN STATE FORMALISM

where Ωjk are the elements of the symplectic matrix

Ω =

n⊕
k=1

[
0 1
−1 0

]
. (4.2)

Gaussian states are characterised by only the first, [R]j = 〈R̂j〉, and second,

[σ]jk = cov(R̂j , R̂k), moments of the canonical variables, R̂. The characteristic

function χ[ρ̂](Λ) of a Gaussian state, ρ̂, is

χ[ρ̂](Λ) = exp

(
−1

2
ΛTΩσΩTΛ− iΛTΩR

)
, (4.3)

from which, the Weyl ordered averages can be obtained

〈(
x̂mj p̂

n
k

)
W

〉
= (−i)m−n ∂

m∂nχ[ρ̂](Λ)

∂bmj ∂a
n
k

∣∣∣∣∣
Λ=0

. (4.4)

The Wigner distribution is obtained by the Fourier transform of the characteristic

function,

W (X) =
1

2nπ2n

∫
d2nΛ exp

(
iΛTΩX

)
χ[ρ̂](Λ), (4.5)

where Λ = [a1, b1, . . . , an, bn] and X = [x1, p1, . . . , x1, p1]
T . Thus, the Wigner

function for the Gaussian state is given by

W (X) =
1

πn
√
det(σ)

exp

[
−1

2
(X−R)T σ−1 (X−R)

]
. (4.6)

It is useful to introduce the displacement operator of the system D̂(λ), from
which, the characteristic function can be calculated χ[ρ̂](Λ) = Tr[ρ̂D̂(λ)].

D̂(Λ) ≡ D̂(λ) =
n⊗

k=1

D̂k(λk) = exp
(
iRTΩΛ

)
, (4.7)

where

D̂k(λk) = exp(λkâ
†
k − λ∗kâk), (4.8)

with λk = (ak + ibk)/
√
2. The resolution of the 2n-dimensional δ-function is

Tr[D̂(λ)] = πnδ2n(λ) = (2π)n δ2n(Λ). (4.9)
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4.1.1 Bilinear Hamiltonians

Bilinear Hamiltonians lead to linear symplectic transformations of the canonical

variables, in particular, transformations of the form

R → FR+ d, σ → FσFT . (4.10)

Williamson’s theorem, Appendix C, guarantees that any covariance matrix (sym-

metric and positive definite) can be diagonalized via a symplectic transformation,

σ = STWS, (4.11)

where S is a symplectic transform, and W is in diagonal form with W =⊕n
k=1 dkI2, where ±dk are the eigenvalues of iΩσ. A thermal state is Gaus-

sian with zero first moments and the covariance matrix is diagonal,

σth =
n⊕

k=1

1

2
(1 + 2Nk) I2, (4.12)

where Nk = [exp (�ωk/kBT )− 1]−1 is the average number of thermal bosons in

the kth mode with angular frequency ωk and temperature, T . Thus, every Gaussian

state can be generated from thermal states, and Nk = dk − 1/2.

The symplectic transformations preserve the purity (determinant)

P = Tr(ρ̂2) =
1

2n
√
det(σ)

=
1∏n

k=1 2dk
, (4.13)

and the uncertainty principle,

σ +
i

2
Ω ≥ 0, equivalently, dk ≥ 1

2
. (4.14)

Thus, a Gaussian state is only pure if and only if Nk = 0 (dk = 1
2 , vacuum state),

and, only a pure Gaussian state minimizes the uncertainty relation.
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4.1.2 Transformation under homodyne measurement

We consider a total system of modes consisting of a system, s, and a probe system,

p. Here, we seek to describe the affect on the system by measuring and subsequently

tracing out the probe system. For ease of notation, we will allow first 2s canonical

coordinates to be that of the atomic system and the final 2p to be that of the probe

system.

If we measure the probe system and obtain the result μ, with the associated

measurement operator M̂μ, the system-probe density matrix ρ̂sp transforms as

ρ̂sp → �̂2s ⊗ M̂μ ρ̂sp �̂2s ⊗ M̂ †
μ

pμ
, (4.15)

where pμ is the probability of the measurement outcome μ. The measured probe

system is removed from the description by tracing it out, and we have the resulting

density matrix for the system alone

ρ̂ =
1

pμ
Trp

[
�̂2s ⊗ M̂μ ρ̂sp �̂2s ⊗ M̂ †

μ

]
=

1

pμ
Trp

[
ρ̂sp �̂2s ⊗ Π̂μ

]
, (4.16)

with Π̂μ = M̂ †
μM̂μ. An operator Ô can be expanded on the displacement operators

Ô =

∫
d2nΛ

(2π)n
χ[Ô](Λ)D̂(Λ)†. (4.17)

Thus, we may write

�̂2s ⊗ Π̂μ = �̂2s ⊗
∫
d2pΛp

(2π)p
χ[Π̂μ](Λp)D̂(Λp)

†, (4.18)

and

ρ̂sp =

∫
d2nΛ

(2π)n
χ[ρ̂sp](Λ)D̂(Λ)†. (4.19)

Using one additional identity

Tr(Ô1Ô2) =

∫
d2nΛ

(2π)n
χ[Ô1](Λ)χ[Ô2](−Λ), (4.20)
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we have for the resulting density matrix

ρ̂ =
1

pμ

∫
d2sΛs

(2π)s

{∫
d2pΛp

(2π)p
χ[ρ̂sp](Λs,Λp)χ[Π̂μ](−Λp)

}
D̂(Λs)

†. (4.21)

The term in the curly brackets is the new characteristic function of the system

χ[ρ̂](Λs) =
1

pμ

∫
d2pΛp

(2π)p
χ[ρ̂sp](Λs,Λp)χ[Π̂μ](−Λp). (4.22)

To proceed further, we must prescribe the form of the measurement operator.

Using double homodyne detection, a Gaussian measurement can be performed

with characteristic function

χ[Π̂μ](Λp) =
1

π
exp

(
−1

2
ΛT

pΩσμΩ
TΛp − iΛT

pΩRμ

)
, (4.23)

where σμ and Rμ are the covariant matrix and first moments vector for the mea-

surement outcome. To describe the measurement transformation, the modes are

separated into system and probe (to be measured) modes

σ =

[
A C
CT B

]
, R =

[
Rs

Rp

]
. (4.24)

A (B) is the covariance matrix for the system (probe) modes, and C is the covari-

ance matrix between the two sets of modes, while Rs (Rp) are the first moments

of the system (probe) modes. The probability of the measurement outcome Rμ is

pμ = Tr[ρ̂sp �̂2s ⊗ Π̂μ] =
exp

[
−1

2R
T
μ (B+ σμ)

−1Rμ

]
π
√
det(B+ σμ)

. (4.25)

Evaluating Eq. (4.22), one finds the system modes in a Gaussian state with the new

covariance matrix

A′ = A−C (B+ σμ)
−1CT , (4.26)

and new first moment vector

R′
s = Rs −C (B+ σμ)

−1Xμ, (4.27)
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where Xμ = Rp −Rμ.

We associate an ideal homodyne detection, projecting onto an eigenstate of the

measured quadrature, with an infinitely squeezed Gaussian measurement. In this

case [97],

A′ → A−C (πBπ)MP CT , (4.28a)

R′
s → Rs −C (πBπ)MP Xμ, (4.28b)

whereMP denotes the Moore-Penrose inverse. For p probes, and measuring the

canonical position (momentum), we have π = diag([λT
1 , . . . ,λ

T
p ]) with λj =

[1, 0]T (λj = [0, 1]T ). We need not specify the unmeasured first moment in Xμ,

as the corresponding entry is multiplied by zero in Eqs. (4.28).

4.1.3 Quantum nondemolition variables

Quantum nondemolition measurements, or variables, initially arose in the context

of gravity wave detection [98], where one wishes to perform beyond the standard

quantum limit. A quantum nondemolition measurement is one where the uncer-

tainty of the measured (QND) variable does not change during the subsequent

natural evolution of the system (including during a continuous measurement), or,

is invariant at specific times. Formally, this requires the measured observable x̂ to

fulfil [x̂(t1), x̂(t2)] = 0 in the Heisenberg picture. Here, the x quadrature of the

free-mode associated with the BEC number and phase fluctuations (Sec. 2.4) is a

continuous QND variable where the commutator is fulfilled for all times. The den-

sity oscillations being harmonic modes (Sec. 2.4) are stroboscopic QND variables,

where the commutator is fulfilled periodically at half the frequency of the mode.
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4.1.4 Continuous measurements: matrix Riccati differential
equation

For the continuous monitoring of a quadrature, a natural choice, Ĝ, of the Gaussian

measurement operator (4.23) is one where the measurement variance of the quadra-

ture decreases with the interrogation time, T , as ∝ 1/T , reflecting the gradual

increase of the knowledge of the quantum state. When it is not possible to directly

enact such a measurement on the system, as considered here, it can be performed

by constructing an interacting ancillary probe system. Entangling the two systems

via their interaction, a subsequent projective measurement of the probe will yield

information about the system and enact Ĝ.

A continuous QND measurement requires the measured operator to commute

with itself for all times, and in this case, the continuous measurement is equivalent

to applying Ĝ for the total interrogation time with a single measurement result.

In the non-QND case, the temporal limit T → 0 is required to correctly account

for the temporal evolution of the measured system. Under this temporal limit, the

choice of Ĝ yields a continuum limit and one obtains a differential matrix Riccati

equation for the covariance matrix [94, 99]

Ȧ = E−DA−ADT −AMMTA, (4.29)

being well known from classical optimal control [100]. Interestingly, a property of

Gaussian states is that the covariance matrix evolution, Eq. (4.29), is independent

of the specific outcomes of the measurement results. In contrast, the evolution of

the first moments is driven by the (stochastic) measurement results,

dR = −DRdt+AM dW, (4.30)

where the measurement result is now simulated with theWiener increments dWj(t),
and for the measured jth mode [dW]j = dWj(t)λj . The matrix E captures

the environment backaction, while the coherent evolution of the system enters

through D. The measurement backaction is represented by AM and AMMTA,

depending on the measurement scheme [M] and the correlations between modes

[A].

As the unmeasured evolution (M = 0) corresponds to averaging over all

measurement records [101], we have the intimate link Aun = A+Aens between
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the [un]measured covariance matrix [Aun] A and the covariance matrix Aens of

the stochastic trajectories R. Consistent with this, taking the ensemble average of

the solutions of Eq. (4.30) yields

Aens = 〈RRT 〉ens − 〈R〉ens〈RT 〉ens
= e−Dt

∫ t

0
dt′eDt′A(t′)MMTA(t′)eD

T t′e−DT t

= Aun −A. (4.31)

If a steady-state exists for the covariance matrix, the steady-state equation, the

so-called Algebraic Riccati equation, is

DA+ADT +AMMTA = E, (4.32)

and is solved by standard Schur decomposition methods [102].
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4.2 Evolution of a BEC under continuous measurement

Having established the atomic system (Chapter 2), light field and light-matter

interaction (Chapter 3), and Gaussian state methodologies (Sec. 4.1), we are now in

position to describe the evolution of a BEC under continuous measurement. Here,

the evolution equations for the second (Sec. 4.2.1) and first (Sec. 4.2.2) moments

are obtained. We discus the roles of intermediate evolution between the BEC and

detector (Sec. 4.2.3) and finite spatial resolution of the detector and unmeasured

modes (Sec. 4.2.4). After taking the continuous spatial limit (Sec. 4.2.5), the

dispersion of the light field as it propagates through the BEC is taken into account

(Sec. 4.2.6).

4.2.1 Covariance matrix

To obtain the evolution equation for the covariance matrix, we consider the differ-

ential limit in time,

Ȧ(t) = lim
τ→0

A′ (t+ τ)−A(t)

τ
. (4.33)

We assume all light modes are detected, while returning to finite resolution effects

in Sec. 4.2.4. At the beginning of each time step, the system interacts with an

uncorrelated set of light modes in their vacuum state

σ(t) =

[
A(t) 0

0
I2p
2

]
. (4.34)

After the interaction, we have to first-order in τ

σ(t+ τ) =

[
A(t) + [E−DA(t)−A(t)DT ]τ

√
τ
2 [A(t)M+N]√

τ
2 [M

TA(t) +NT ] 1
2{Ip + [MTA(t)M]τ}

]
,

(4.35)

where E = NNT . The rectangular matrices of 2 × 4 blocks accounting for the

interaction between the atomic system and light, M and N, are

[M]j,dl = −2κj(xdl)
√
Δx

[
mac mFr

]
, (4.36)

[N]j,dl = −κj(xdl)
√
Δx

[
mT

ac mT
Fr

]
, (4.37)
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where

mac =

[
0 α0√

α2
0+α2

1m
2
F

0 0

]
, mFr =

[
0 α1mF√

α2
0+α2

1m
2
F

0 0

]
. (4.38)

Thus,

[E]jk = [NNT ]jk =
∑
dl

κj(xdl)κk(xdl)Δx

[
0 0
0 1

]
. (4.39)

The block diagonal matrix D with 2× 2 blocks

[D]j =

[
0 −ωj

ωj 0

]
, [D]0 =

[
0 0
ω0 0

]
, (4.40)

accounts for the harmonic rotation at frequency ωj in all {x̂j , p̂j} phase spaces

with the exception of [D]0 accounting for the spreading of the BEC phase.

For the measurement update equation, Eq. (4.28a), where the light modes are

measured and traced out, we need only consider [πB (t+ τ)π]MP to zeroth order,

as C (τ) ∼ √
τ . To zeroth order,

[πB (t+ τ)π]MP →
(π
2

)MP
= 2π, (4.41)

being equivalent to neglecting the interaction evolution of the light for the covari-

ance matrix. Using Eq. (4.41), Mπ = M, and Nπ = MNT = 0, we have the

matrix Riccati differential equation, Eq. (4.29),

Ȧ = E−DA−ADT −AMMTA. (4.42)

Here, in the case where all the modes are measured, we have the relation

[MMT ]jk = 4

[
0 1
0 0

]
[E]jk

[
0 0
1 0

]
. (4.43)
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4.2.2 First moments

We now turn to the stochastic equation for the first moments. Before the interaction,

first moments are

R(t) =

[
Rs(t)

Rp(t) = 0

]
. (4.44)

After the interaction, we have to first order,

R(t+ τ) =

[
[I2s −Dτ ]Rs(t)[
MTRs(t) + d

]√
τ

]
, (4.45)

where

[d]dl = −κ
√

ΔxlL
2N0

n0(xdl)

[
0
1

]
. (4.46)

Using the measurement update equation, Eq. (4.28b), we have

R′
s(t+ τ) = [I2s −Dτ ]Rs(t)−A(t)M

√
2τXμ. (4.47)

The probability distribution of Xμ is ∝ exp{XT
μ [πB(t + τ)π]MPXμ/2}, thus,√

2τXμ will be distributed as ∝ exp{XT
μπXμ/2τ + O(τ0)}. Hence, as τ de-

creases, the individual measurement results
√
2τXμ are independently distributed

with the Gaussian distribution of standard deviation τ . In the infinitesimal limit,

τ → dt, andR′
s(t+τ)−Rs(t) → dR, we have the stochastic equation, Eq. (4.30),

dR = −DRdt+AM dW, (4.48)

where the measurement results
√
2τXμ are now simulated with the Wiener incre-

ments dWj(t), and for the measured jth mode [dW]j = dWj(t)λj .

4.2.3 Intermediate transformations

Here, we consider the effect of linear canonical transformations (Sec. A) of the

light field between the BEC and detector, e.g., free evolution or lenses. With the

transform matrix T, the effect on the update equations Eqs. (4.28) is

A′ = A−CTT
(
πTBTTπ

)MP
TCT , (4.49a)

R′
s = Rs −CTT

(
πTBTTπ

)MP
X′

μ, (4.49b)
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where X′
μ indicates the measurement results of the new quadratures. Again, the

Moore-Penrose inverse is taken to zeroth order, i.e.,

(
πTBTTπ

)MP →
(
π
TTT

2
π

)MP

. (4.50)

Restricting the transformations to not mixing the measured and the unmeasured

quadratures, then, πT = Tπ, πT−1 = T−1π, and,(
π
TTT

2
π

)MP

= 2π[TTT ]−1π. (4.51)

Consequently, the update equation for the covariance matrix is invariant to the

transformation

A′ = A−C(2π)CT , (4.52)

however, the update equation for the first moments depends on T

R′
s = Rs −CT−1(2π)X′

μ. (4.53)

This reflects that the individual pixels now receive different modes of light (in-

formation), however, the information of the atomic system is still fully recovered.

This is not the case if the transformation mixes the measured and unmeasured

quadratures, as it has the consequence of losing formation about the atomic system

(on the unmeasured quadrature). Thus, A′ depends on T, and the purity of the

atomic system is only partially restored by the measurement.

4.2.4 Finite spatial resolution and unmeasured modes

The above derivations of the atomic evolution assumes all of the light modes

are detected. In reality, a detector will have a finite resolution length scale, and

associated light modes, it can resolve. We model this here by assuming each

detector pixel only measures the homogenous mode of the light modes entering

the pixel [Eq. (3.19)]. By applying the measurement update equations (4.28) only

for this mode, the measurement backaction matrix M becomes

M → [M]jd = − 2√
lD

∑
l

κj(xdl)Δx
[
mac mFr

]
, (4.54)
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where NL = lD/Δx, and we have

[MMT ]jk =
4

lD

∑
dll′

κj(xdl)κk(xdl′)Δx
2

[
1 0
0 0

]
. (4.55)

Similarly, by not measuring the ac Stark shift, or, Faraday rotation, the associ-

ated modes are not included in the update equations (4.28), amounting to setting

mac = 0, or, mFr = 0, respectively. I.e.,

[
mac mFr

] → [
0 1
0 0

]
, (4.56)

and κ → −α0(d0η)
1
2 , and, κ → −α1mF (d0η)

1
2 , respectively. In all these cases,

the information of that atomic system imprinted on the unmeasured modes leads to

only partial purity restoration by measurement.

4.2.5 The continuous spatial limit

As discussed prior (Sec. 3.3), we take the continuous limit Δx→ 0 to avoid the

dynamics depending on the discretization parameter (Δx) of our modal decom-

position ansatz of the light field (Sec. 3.2.1). Taking the continuous spatial limit

Δx→ 0, we have for the environment backaction matrix

[E]jk =

[
0 0
0 κ2jk

]
, with κ2jk =

∫
dxκj(x)κk(x), (4.57a)

and the measurement backaction matrices

[M]jd = νjd
[
mac mFr

]
, [MMT ]jk =

[
K2

jk 0

0 0

]
, (4.57b)

with

νjd = − 2√
lD

∫
d
dxκj(x), K2

jk =
∑
d

νjdνkd. (4.57c)

Only for pixel sizes (lD) much smaller than the variations of κj(x) and κk(x
′) does

[MMT ]jk become equivalent to the ideal full information retrieval case (4.43), i.e.,

K2
jk = 4κ2jk.
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In case of Eq. (3.3), the atoms are prepared in a particular hyperfine state

|F,mF 〉 and the light field is σ± polarised. This requires only phase shift mea-

surements of the ac Stark shift for complete information recovery. The above

formalism, Eqs. (4.57), holds with the replacements,

[
mac mFr

] → [
0 1
0 0

]
, and κ→ − (α0 ± α1mF ) (d0η)

1
2 . (4.58)

4.2.6 Light dispersion: the measurement kernel

The treatments [50, 51] show that the natural dispersion of the light field while

propagating through the BEC leads to a resolution limit lR. This finite resolution,

and dependence of lR = (l⊥λ)
1
2 , can be understood in terms of the Raleigh length,

demonstrating that lR represents the smallest width of a light mode that has a

limited diffraction across the BEC. Crudely, smaller light modes will diffract

across the BEC and interact with a broad range of spatial regions. To account for

the dispersion, and obtain agreement with [50, 51], we include the measurement

kernel Kα(x), and for l⊥ > λ,

Kα(x) =
1

2π

∫
dke−

(αlRk)4

64π2 eikx. (4.59)

The environment backaction couplings become

κ2jk → κ̄2jk =

∫
dx

∫
dx′K 4√2(x− x′)κj(x)κk(x′), (4.60)

while the measurement backaction couplings become

νjd → ν̄jd = − 2√
lD

∫
d
dx

∫
dx′K1(x− x′)κj(x′). (4.61)

The measurement kernel (diffraction) smears out spatial features smaller than

lR, decoupling [
∫
dxκj(x) = 0 for j > 0] high lying atomic modes with shorter

spatial variations that as ∼ lx/j (Fig. 4.1). The effect of which was observed in

simulations of stochastic master equations investigating the probing and cooling

via feedback of a BEC [47, 51, 103]. Smaller lR caused an increased heating

and a reduction in the effectiveness of low-order feedback schemes owing to the

excitation of the otherwise decoupled higher-order modes.
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Figure 4.1: Shows the diagonal κ̄2jj (solid) and off-diagonal κ̄2
jj̄

(dashed) couplings

with j̄ = j + 2 for the ideal detector (blue) and for lR = (0.2977, 0.6306, 1.0658)
[λ = (780.24nm, 3.5μm, 10μm)] corresponding to (green, red, yellow). The lines

are to guide the eye between discrete j values.





CHAPTER 5

RESULTS AND ANALYSIS

Having specified the theoretical formalism, we now turn to the dynamics of the

probed atomic system. The covariance matrix contains the correlations of the

system (e.g., squeezing, purity, entanglement) and evolves independently (4.29) of

the stochastic measurement results. We first analyse this evolution Sec. 5.1, and

later in Sec. 5.2, we return to the stochastic evolution of the displacements (4.30)

and the application of feedback. Finally in Sec. 5.3, we discuss the production of

spatial and momentum number correlations by continuous probing with a spatially

inhomogeneous probe and homogeneous stroboscopic probing.

5.1 Evolution of atomic correlations

In this section we consider the evolution of atomic correlations (4.29) in detail,

characterising their relationship to physical parameters. First, we consider the evo-

lution under continuous measurement (Sec. 5.1.1), and then, discuss the application

of temporally modulated measurements. In particular, the production of selective

squeezing (Sec. 5.1.2) and entanglement (Sec. 5.1.3) of modes via stroboscopic

probing. The atomic interactions play an important role in the measurement scheme

and are discussed in Sec. 5.1.4. For finite spatial detector resolution, the geometry

of the detector establishes the subset of modes that are progressively decohered

during the measurement, Sec. 5.1.5.

47
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5.1.1 Evolution under the continuous measurement

The atomic system evolves dynamically following the frequency spectrum {ωj}, to
which, the measurement strengths κ̄2jj must be comparable to temporally resolve the

associated atomic density oscillations. This is reflected in Fig. 5.1 illustrating the

variances var [x̂j ] and var [p̂j ] and covariances covar [x̂j , p̂j ], assuming a perfectly

resolving detector (4.43). Figure 5.1 demonstrates that density oscillation modes

(j > 0) feature a transient minimum squeezing of the measured x̂j quadrature

before the anti-squeezed p̂j rotates into x̂j . Thereafter, a steady-state is reached

depending on the ratio of the measurement to rotation rates, κ̃ωj = κ̄2jj/ωj .

In describing the evolution of the covariance matrix of a particular mode j,
[A]jj , reasonable agreement is found by assuming the modes are independently

measured, i.e., κ̄2jk → 0 for j 	= k. We will assume this for the remainder of this

subsection. The unmeasured evolution of the zeroth mode is then

[Aun]00 =
1

2

[
1 −ω0t

−ω0t 1 + 2κ̄200t+ ω2
0t

2

]
. (5.1)

The natural evolution causes ballistic (∝ t2) expansion of p̂0 and establishes the

correlation between x̂0 and p̂0. The coupling to the probe system (light) to the

x̂0 quadrature leads to an additional diffusive (∝ t) expansion of p̂0. Under the

measurement, we have

[A]00 =
1

2

[ 1
1+2κ̄2

00t
− ω0t

1+2κ̄2
00t

− ω0t
1+2κ̄2

00t

(1+2κ̄2
00t)

2+ω2
0t

2

1+2κ̄2
00t

]
, (5.2)

and the backaction diffusion acts to preserve the uncertainty principle as the

uncertainty of the measured x̂0 reduces. The total atom number observable N̂0

pertaining to the zeroth mode is a QND variable and undergoes the expected

QND squeezing of x̂0 [104]. As the conjugate quadrature p̂0 depends on the

progressively squeezed x̂0, the ballistic expansion of the BEC phase spreading

(p̂0) is suppressed during probing, giving way to a solely diffusive expansion

for 2κ̄200t � 1. Similarly, covar [x̂0, p̂0] ∝ t → const. However, the ballistic

expansion associated with the natural evolution now features in the displacement
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Figure 5.1: Illustrates the temporal dynamics of var [x̂j ] (solid), var [p̂j ] (dashed),
and covar [x̂j , p̂j ] (dashed-dotted), of the zeroth (blue), first (green), and second

(red) modes, for κ̄211 = ωx. The uncertainty ellipse of the Gaussian Wigner

function of the first mode (green) is illustrated at times ωxt = (0, ωxtm, 2π) with

the corresponding steady-state prediction Eq. (5.5) (dashed blue). Initially a circle

(a), the distribution is squeezed along the x1-axis. However, the antisqueezed p1
quadrature rotates x1, yielding a transient minimum squeezing of x̂1 (b). Ultimately,

the dynamics average yielding a steady-state (c).
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of p̂0,

[Aens]00 =
κ̄200t

1 + 2κ̄200t

[
1 −ω0

−ω0 ω2
0t

2

]
. (5.3)

In the case of the density oscillations, the mode j has the unmeasured evolution

[Aun]jj =
1

8

[
4(1 + κ̄2jjt)− κ̃ωj sin 2ωjt κ̃ωj sin

2 ωjt

κ̃ωj sin
2 ωjt 4(1 + κ̄2jjt) + κ̃ωj sin 2ωjt

]
.

(5.4)

The harmonic evolution of the mode spreads the backaction diffusion (κ̄2jjt/2)
equally over the two quadratures, while interaction induced oscillations also feature.

The corresponding steady-state covariance matrix under measurement is

Ass
jj =

1

4κ̃ωj

[
[2(aj − 1)]

1
2 aj − 1

aj − 1 [2(aj − 1)a2j ]
1
2

]
, with aj = [1 + 4κ̃2ωj

]
1
2 .

(5.5)

The squeezing of x̂j becomes significant for κ̃ωj � 1, while for 1 � κ̃ωj ,

Ass
jj is only slightly perturbed from initial vacuum fluctuations. Also owing to

the competition between the harmonic rotation and the squeezing of x̂j by the

measurement backaction, maximal squeezing occurs along the quadrature q̂j =

x̂j cos θj − p̂j sin θj [Fig. 5.1(c)] where θj = 1/(4κ̃ωj )
1
2 and θj = π/4 − κ̃ωj/2

in the two regimes, respectively. The steady-state can allow for variable state

preparation, but any prior energy difference of the steady-state (5.5) and initial

state will be funnelled into to the first moments that additionally grow with κ̄2jjt
(Aens = Aun − A). This residual energy can be damped through the feedback

scheme introduced in Sec. 5.2.

In addition to the individual modal dynamics, intermodal correlations, and

potential entanglement, develop via the off-diagonal couplings κ̄2jk, before suc-

cumbing to a steady-state under continuous probing. Owing to the harmonic

evolution of the density oscillations, we have seen here that the generation of

squeezing and correlations is limited by a dynamical averaging. In the following

subsections we will bypass these limitations by stroboscopically probing, inves-

tigating the generation of squeezing (5.1.2) and entanglement (5.1.3) of specific

modes.
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5.1.2 Stroboscopic squeezing

For a given density, the rate of squeezing can be increased by increasing the atomic

depumping rate, η. Alternatively squeezing the x̂0j quadrature of the time dependent

x̂j(t) = x̂0j cosωjt + p̂0j sinωjt is possible by applying a temporally modulated

field. The production of a squeezed oscillator by nondemolition stroboscopic

probing was initially proposed in the context of gravity wave detection [98, 105,

106], and, has found application in mechanical oscillators [107, 108] and oscillator

spin states of atomic ensembles [33, 109], in which, it was recently demonstrated

[33]. Here, we implement stroboscopic probing with a sequence of constant

intensity pulses determined by one or more frequencies �i. The timings tl and
durationsΔtl of the pulses are determined by ensuring, for each frequency, that�it
is within Δϕ/2 from a multiple of 2π. Probing at the single frequency � = 2ωj

amounts to a train of n pulses centred on times ωjtl = [0, π, 2π, . . . , (n−1)π]with

identical durations,Δtl = Δt = Δϕ/�. Such a field squeezes the±x̂0j quadrature,
while avoiding its anti-squeezing at intermediate times. This enables squeezing

well beyond the continuous probing case for the same strength κ. For small Δϕ,
effective QND probing of x̂0j is expected, and hence, var[x̂0j ]QND = 1/2(1+2κ̄2jjT )
[104] with T = nΔt. This is observed (red line) in Fig. 5.2, where the first quarter

of the trace squeezes the 3rd mode.

The atomic multimodal system is far from the single-mode squeezing picture.

However, if no other mode nor coupled correlation has a rational frequency ratio to

ωj , the pulse train only addresses the jth mode. This modal selectivity is illustrated

in Fig. 5.2, where the variances of modes 1 and 5 are essentially unaffected

during probing of the 3rd mode. Here, the atomic interactions provide an irregular

spectrum of mode frequencies (Sections 2.5 and 5.1.4) allowing separate addressing

without crosstalk.

The simultaneous squeezing of two modes, j and k, is achieved with the two

frequencies, �1 = 2ωj and �2 = 2ωk, as featured in Fig. 5.2 for modes 1 and

5 after the time ωxt = 25π. The probing sequence is now out-of-phase with the

3rd mode, and hence, its prior squeezing is progressively lost returning to initial

vacuum values. The final 5% of the sequence demonstrates reinitialization of

all modes to vacuum fluctuations by switching to weak continuous probing. The

preservation of vacuum fluctuations of the nontargeted modes, the loss of squeezing
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Figure 5.2: The atomic modes can be selectively addressed and squeezed, illustrated

here, where first the 3rd mode, and subsequently, modes 1 and 5 are squeezed.

The 3rd mode is squeezed until ωxt = 25π by the stroboscopic probing with

κ2 = 100ωx/2π, � = 2ω3 and Δϕ/2π = 0.05. Thereafter, the dual squeezing is

performed with �1 = 2ω1, �2 = 2ω5, and Δϕ/2π = 0.1, until the final 5% of

the sequence that is continuously probed with κ2 = 50ωx/2π. The detector pixel

width is taken to be lD = lx/10.

of the 3rd mode, and the reinitialization of all modes to vacuum fluctuations,

featured in Fig. 5.2, are demonstrations of the interplay between atomic dynamics,

measurement strength, and stroboscopic probing, enacting a quantum eraser.

To further assess the performance of the operations, we study squeezing of the

3rd mode in Fig. 5.3 (similar results are found for other modes and for the joint

squeezing or entangling of pairs of modes). The rate of squeezing is determined

by Δφ, as the accumulated probing time T ∝ Δφ (inset). However, only for

smaller Δφ, the x-quadrature is probed in a QND fashion (red line), while the

squeezing for largerΔφ is suboptimal as a result of the inadvertent probing of the p-
component. The figure also addresses crosstalk between the j = 1, 3, 5 subsystem

and its complement through the purity P of its reduced density matrix ρ̂o. The
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Hellinger distanceDH = Tr[ρ̂
1
2
o − (ρ̂d)

1
2 ]2/2 [110] quantifies the selectivity within

the subsystem. The desired state ρ̂d assumes identical R to ρ̂o, but with all blocks

[A]jk, except j = k = 3, replaced by their initial vacuum values. Excellent

selectivity (DH 
 0) and little crosstalk (P 
 1) are observed for small Δφ. For
comparison (dotted lines), a noninteracting atomic system demonstrates similar

squeezing, however, the corresponding linear spectrum ωj = ωxj (Sections 2.5

and 5.1.4) results in significant crosstalk and poor mode selectivity.
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Figure 5.3: The squeezing of the 3rd mode after stroboscopically probing (κ2 =
100ωx/2π and lD = lx/10) for 100 trap periods is shown, while the temporal

evolution of the quadrature variance var[x̂03] is illustrated in the inset. Dotted lines

indicate the results of the noninteracting atomic system for comparison. For small

Δφ (pulse duration), var[x̂03] follows the QND result (red line, see text), while for

larger Δφ, the squeezing is faster but suboptimal. Excellent selectivity, Hellinger

distance DH 
 0, and little crosstalk, Purity P 
 1, are observed for small Δφ.
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5.1.3 Stroboscopic entanglement

A probe transmitted through two atomic media reveals information about their

collective rather than individual properties and may hence lead to their mutual en-

tanglement [104]. Similarly, we may entangle two modes, j and k, of a single BEC

by probing the density in a manner that does not discriminate contributions from the

individual modes. The modes’ respective spatial signatures, ∼ f+0 (x)f−j (x) and

∼ f+0 (x)f−k (x), must be indistinct (κ̄2jk 	= 0). Partial temporal distinguishability,

owing to different oscillation frequencies ωj and ωk, is avoided by stroboscopically

probing with a train of pulses at the single frequency � = ωj + ωk. Analogous to

the case of squeezing, entanglement is formed by squeezing collective variables of

the modes, also allowing selective addressing of modes as illustrated in Fig. 5.4.

The absolute value of the covariance matrix elements of the j = 1, 3, 5 subsystem

is shown for (a) the steady-state of continuous probing and (b) stroboscopic probing

for 100 trap periods. Although both cases reach the same level of entanglement

of modes 1 and 3, the continuous probing requires a larger strength κ, addresses a
swathe of modes, and causes significant squeezing.

The bipartite entanglement between modes j and k can be quantified by the

logarithmic negativity Ejk = log2

∣∣∣∣∣∣ρ̂Tp
jk

∣∣∣∣∣∣
Tr

[111] of the bipartite reduced density

matrix ρ̂jk, whereTp denotes the partial transpose and ||·||Tr the trace norm. Figure

5.5(a) shows the temporal buildup of entanglement between modes j = 1 and k =
3, and the comparison to an effective QND probing that converges for κ2T → ∞
to the asymptotic limit Ejk

QND → log4[
1+βjk

1−βjk
]. The spatial distinguishability of

the mode functions, Fig. 5.5(b), remains the limiting factor and is parameterised

by βjk = |κ̄2jk|/[κ̄2jj κ̄2kk]
1
2 . Deviations from E13

QND and a small loss of purity,

P ∼ 97%, are attributed to coupling to other modes with commensurate correlation

frequencies [here, ω1+ω3 
 (ω1+ω7)/2]. The selectivity within the subsystem is

excellent, DH 
 0, where ρ̂d is identical to ρ̂o, except initial vacuum covariances

of the 5th mode.

5.1.4 The role of atomic interactions

The atomic interactions change the properties, and in particular the frequency

spectrum, of the density oscillations and, hence, the dynamical response of the
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Figure 5.4: The absolute value of the covariance matrix elements for the first three

odd modes. Continuous probing (i) squeezes and correlates a swathe of atomic

modes, while stroboscopic probing (ii) can generate correlations between only

selected modes. The same level of entanglement of modes 1 and 3 is achieved in

(i) and (ii), while the strong squeezing and the addressing of 5th in (i) is absent in

(ii). The measurement strength for the continuous probing is significantly higher

(κ2 = 1000ωx/2π) than the stroboscopic case (κ2 = 4ωx/2π andΔϕ/2π = 0.03),
and lD = lx/10.

system to the probing. From the noninteracting to the interaction dominated TF

regime, the excitations go from the single particle excitations with the harmonic

spectrum ωj = ωxj, to the collective excitations with the irregular spectrum

ωj = ωx

√
j(j + 1)/2, Sec. 2.5.

In the noninteracting case, we may calculate

κ2jk =

{
κ2lLi

j−k

π
√
2j!k!lx

Γ
(
j+k+1

2

)
if j + k is even,

0 otherwise,
(5.6)

with some integrals involving Hermite polynomials [112, 113]. For the TF regime,

the analytic solutions for f±j (x), Eqs. (2.55), yield (κ2j0 = κ20j)

κ2jk =

⎧⎨
⎩

κ2lL
2lx

√
2ωx
3ω0

if k = 0,

κ2lL�ωj

2N0g1D
δjk otherwise

(5.7)
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Figure 5.5: (a) Modes 1 and 3 are entangled by a pulse sequence of 100 trap

periods with �1 = ω1 + ω3, Δϕ/2π = 0.03, κ2 = 30ωx/2π, and lD = lx/10.
The logarithmic negativityE13 slightly out-performs the corresponding QND result

E13
QND. The selectivity within the j = 1, 3, 5 subsystem is excellent (DH 
 0) and

the subsystem’s purity is P ∼ 97%. (b) The mode functions (not to scale) of the

BEC f+0 (x), entangled modes f−1,3(x), and the overlap ∼ [f+0 (x)]2f−1 (x)f−3 (x).

illustrating that, in general, the measurement couplings κ̄2jk decrease with with

increasing interactions. The cross-over between these regimes is featured in Fig. 5.6.

The dominant density variation occurs as an interference between the BEC mean

field and the Bogoliubov mode, Eq. (2.47), yielding and enhancement of the signal

of the mode quadrature by
√
N0. With increasing interactions, however, the overlap

of these modes is reduced, as it is energetically unfavourable to overlap with BEC

mean field. The signal gradually becomes comparable to the small second-order

terms in the density [Eq. (2.47)] that where neglected in the light-matter interaction

(Sec. 3.2). As the stroboscopic probing, only works in the absence of degeneracies
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in the excitation spectra, we must, however, incorporate interactions. By choosing

parameters, Ng1D/�ωxlx = 4.953, leading to μ = 2�ωx, we obtain a suitable

compromise with a reasonable coupling and a sufficiently irregular spectrum for

low energy excitations.

10−2 10−1 100 101 102

Ng1D/h̄ωxlx

0.10

0.08

0.06

0.04

0.02

0.00

l x
|κ

2 1
3
|

2
κ
2
l L

l x
κ
2 1
1

2
κ
2
l L
,

Figure 5.6: Illustrating interactions reduce κ2jk, where κ211 (solid) and κ213 (dashed)

are featured. The analytical results for noninteracting Eq. (5.6) (upper lines) and

TF regimes Eq. (5.7) (bottom lines, with Ng1D/�ωxlx = 100) are illustrated by

the black lines.
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5.1.5 The role of detector resolution

Section 5.1 presented results for perfect spatial detection of the light field, while

Sections 5.1.2 and 5.1.3 assumed the finite resolution lD = lx/10. Accounting for

finite detector resolution amounts to tracing-out light field modes outside of the

associated spatial bandwidth, consequently, the measurement cannot restore full

coherence to the atomic system. This also accounts for features within individual

pixels (or any other system) that in-principle measures the unresolved spatial struc-

ture of the light field. For continuous probing, the associated decoherence is demon-

strated in Fig. 5.7, quantified by the purity, Pm = Tr(ρ̂2m) = 1/2mdet(Am)
1
2 , of

the subsystem up to themth mode [ρ̂m = Trn>m(ρ̂)] with the covariance matrix

Am. As m is increased, Pm becomes increasingly sensitive to lD owing to the

more rapid spatial variations (scale as lx/j) of the included higher-order modes.

We note that even in the case of the ideal detector, Pm ≤ 1, as correlations with

other modes are established by the probing.

The loss of information can also limit the amount of generable squeezing

or entanglement of the atomic modes. Indeed, a completely unresolved density

oscillation, j, pertains to a thermal state with thermal population κ̄2jjt/2 in the

long-time limit. In Fig. 5.8, we consider the affect on the entanglement generation

between modes 1 and 3 for the stroboscopic entanglement generation protocol of

Fig. 5.5. The growth of the entanglement is most rapid, and attains the maximal

value, for the ideal detector (lD = 0). However, similar entanglement is shown to

be generated over a broad range of pixel widths lD. Ideally, the pixel geometry

retrieves all the information imprinted on the light field about modes 1 and 3.
In general, there will be correlations (that must be retrieved) with the rest of

the atomic system, however, owing to the selective nature of the stroboscopic

probing, such correlations are negligible. Here, the effectiveness of the information

retrieval is represented by K2
jk =

∑
d νjdνkd, where the ideal case (4.43) is

K2
jk = 4κ̄2jk. For a given detector resolution, the pixel geometry can be used

itself, or, in unison with intervening optical elements, to optimiseK2
jk. Consider

the large pixel regime, lD ≥ lx. If the pixel d = 0 is centred with the BEC,

even modes are primarily measured. This is owed to this pixel receiving the

majority of the signal, however, the total field it detects is insensitive to the odd

modes, i.e., ν̄j0 ∼ ∫ lD/2
−lD/2f

+
0 (x)f−j (x)dx ∼ 0 for odd j. Conversely, if a pixel
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boundary is centred with the BEC, odd modes are primarily measured owing to

the orthogonality with the zeroth mode [
∫∞
0 f+0 (x)f−j (x)dx = 0 for even j]. The

latter is the geometry considered here, and, although the odd modes 1 and 3 feature

entanglement, the even modes are decohered for most of the pixel range in Fig. 5.8.

The second maxima of the entanglement along lD = 2lx is an interplay between

pixel geometry and modal structure, yielding a more optimal geometry.

024
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Figure 5.7: Illustrates the purity Pm of the subset of the first m + 1 modes as a

function of detector resolution lD at time ωxt = π for the simulation of Fig. 5.1

where the majority of the density oscillations have reached, or are close too, steady-

state covariances.
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Figure 5.8: The bipartite entanglement, E13, between modes 1 and 3, obtained by

stroboscopic probing scheme of Fig. 5.5 is shown as function of pixel resolution and

probing time. The degree of entanglement is represented by the colour brightness,

and the white contours are to guide the eye.
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5.2 Evolution of displacements and feedback

So far, we considered only the atomic covariance matrix, Eq. (4.29), while we

know that the measurement backaction also leads to stochastic displacements of the

Bogoliubov mode quadratures, cf., Eq. (4.30). When observed, these displacements

are coherent and correspond to a modification of the Gross-Pitaevskii wavefunction

about which the atomic system was linearized. We shall now address the stochastic

evolution and discuss how one may employ feedback to maintain the ground state

Gross-Pitaevskii wavefunction, Eq. (2.24).

The application of feedback to maintain a BEC ground state has been ex-

plored with phase-space methods [47], where it was found a steady-state close to

the ground state is achievable provided sufficient control of the shape of the

feedback potential. Here, the optimal feedback protocol of a mode is read-

ily identifiable. Damping of the deterministic evolution of the jth mode is

achieved through mode matching, and feedback of the measured 〈p̂j(t)〉, via
a single atom position dependent Hamiltonian Hf = �

∑
k hk(x)〈p̂k(t)〉, where

hk(x) = 2εωjf
+
j (x)δjk/

√
n0(x), i.e., an adjustable potential. In the dynamics,

this potential yields the replacement of the jth block of D in the evolution of the

displacements Eq. (4.30) by

[D]j =

[
0 −ωj

ωj 2εωj

]
. (5.8)

The first and second density oscillation modes can be addressed by varying the

trap position and strength, and the control of the higher-order modes [jth-order
(Hermite) Legendre polynomials in the (non)interacting case] may be provided

by adaptive lightshift potentials generated through a micro-mirror array [114], a

spatial light modulator [115], or, an acousto-optic deflector [116].

An example of an undamped trajectory is illustrated in Fig. 5.9(a, purple) with

constant measurement strength until ωxt = π, thereafter, ramped to zero as illus-

trated in Fig. 5.9(b, solid-gold). The random measurement results cause diffusive

harmonic motion, progressively giving way to deterministic oscillatory motion

while the measurement strength is ramped to zero. For the same measurement

realization, the damped trajectory (ε = 1) is shown Fig. 5.9(a, red), where the
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Figure 5.9: (a) The grey curves show individual trajectory results for 〈x̂3(t)〉. The
purple (red) curve illustrates a single, undamped (damped) trajectory with the same

particular measurement record. The measurement strength is ramped down after

ωxt = π as illustrated (solid-gold) by κ̄2jj(t) in (b) with j = 3. (b) also shows

the variances, σ2〈x̂j〉(t), of 10
4 trajectories for the (un)damped cases of j = 1-3 by

the (solid)dashed blue, green, and red lines, respectively. The undamped σ2〈x̂j〉(t)

oscillates around σ2(t) =
∫ t
0dt

′κ̄2jj(t
′)/2 (dashed-gold).
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excursion of the diffusion is reduced and is critically damped as the measurement

weakens.

The (un)damped variances of the trajectories are shown in Fig. 5.9(b) for j = 1-
3 by the (solid)dashed-lines. Without damping, each case oscillates around σ2(t) =∫ t
0dt

′κ̄2jj(t
′)/2 (dashed-gold), while with damping, a steady-state is approached

during the continuous measurement phase, 0 ≤ ωxt ≤ π. The differences between

these steady-states are due to the damping occurring at different rates ωj . Using

Eq. (5.5), the steady-stateAss
ens can be predicted, and upon minimising the ensemble

average of the energy �ωj(〈x̂j〉2 + 〈p̂j〉2)/2, w.r.t. ε, the minimised energy is 2κ̄2jj
with ε = 1, and,

Ass
ens = κ̃ωj

[
3 −1
−1 1

]
,

for weak probing, κ̃ωj � 1. In the case of strong probing, κ̃ωj � 1, the minimised

energy is 3κ̄2jj with ε = (1 + 4κ̃ωj )
1
2 /2, and,

Ass
ens = κ̃ωj

[
5 −κ̃−

1
2

ωj

−κ̃−
1
2

ωj 1

]
. (5.9)

For weak probing, the deterministic motion dominates, and hence, the regime of

critical damping (ε = 1) of the deterministic part of the evolution is more optimal.

While, for strong probing, the overdamped (ε > 1) regime is more efficient. The

imbalance of the standard deviations of the quadratures is owed to the energy being

damped from the p quadrature, c.f., Eq. (5.8). As κ̃ωj increases, the reduction of

the relative importance of the correlations between the quadratures decreases [c.f.,

Eq. (5.9)], as the (larger) random displacements due to the measurement backaction

work to dephase the individual trajectories.

As the measurement strength is reduced, the stochastic role of the measurement

backaction weakens, Figs. 5.9. When the probing is completely absent, the excita-

tion associated with the coherent displacements of the modes (first moments) can

be critically damped (ε = 1), without disruption of the covariance matrix (second

moments). In the case of stroboscopic probing, as the majority of the evolution

is unprobed, the ideal critical damping can be performed on the targeted mode

bringing the first moments close to zero for the entire course of the state preparation

Fig. 5.10.
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Figure 5.10: A stochastically evolving trajectory of 〈x̂3(t)〉 and 〈p̂3(t)〉, and the

standard deviations of 1000 trajectories σ〈x̂3〉(t) and σ〈p̂3〉(t), corresponding to the

simulation in Fig. 5.3 with Δφ/2π = 0.15 (chosen to emphasize the measurement

backaction). The grey regions indicate when the measurement occurs. (a) Without

feedback, the trajectories diffuse and oscillate, and approximately σ〈x̂3〉(t) =

σ〈p̂3〉(t) =
√
κ̄233T/2 (red line). (b) With feedback, the desired damping of

displacements is demonstrated.
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For the considered examples [Fig. 5.1 for ωxt ≤ π], the coherent displacements

correspond to up to 10% population outside of the BEC mode. This can be

reduced through different trapping geometries where the measurement kernel

[Eq. (4.59)] reduces the number of addressed modes or through more elaborate

feedback schemes. In the case of the damping presented here, the targeting of many

modes (10s-100s) can lead to the feedback playing a small (stochastic) role in the

dynamical evolution of the covariance matrix through the second-order terms in

the density (2.47).

5.3 Spatial and momentum number correlations

Spatial inhomogeneous probing of ultracold atomic systems has been used to

produce spatially structured density-density correlations [46], while the interplay

between atomic and measurement dynamics has been seen to enrich this further

[48, 117–119]. Similarly, the possibility of measurement induced momentum-

momentum correlations is of interest [22, 120–122]. In the following, we consider

(1) continuous local probing of the BEC with a spatially varying intensity profile

and we (2) investigate the creation of correlations by a planar-wavefront through

the stroboscopic probing introduced in Sec. 5.1.2.

Here, we quantify the atomic density correlations by the covariance, Eq. (2.48),

covar[n̂(x1), n̂(x2)] = ψ(x1)ψ(x2)δ(x1 − x2) +N (x1, x2), (5.10)

where N (x1, x2) is defined in terms of the atomic field quadratures, Eq. (2.49).

Poissonian fluctuations are represented by the delta-function, while deviations, and

correlations between spatially separated regions, are signalled by nonzero values

of N (x1, x2). Here, the initial Bogoliubov vacuum state already features sub-

Poissonian fluctuations [Fig. 5.11(b, dashed-blue)] owing to the atomic interactions

[57].

5.3.1 Inhomogeneous continuous probing

A spatially inhomogeneous intensity profile u(x) of the light modifies our treat-

ment of the light field through Eq. (3.17) and yields the replacement κj(x) →
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Figure 5.11: (a) The central region R2 of width lG is probed with a Gaussian beam

of finite width lG. (b) Due to interactions, the local density fluctuations along the

BEC axis are sub-Poissonian in the unprobed state (dashed-blue), and they are

further suppressed by the probing in the region R2 (solid-green). The solid-green

line corresponds to the simulation of Fig. 5.12 with lG = lR.

κj(x)
√
u(x)lL. The mean field potential of the light caused by the probe field no

longer yields an overall energy shift, but we assume for simplicity that the resultant

potential can canceled by an adding a compensating potential.

A Gaussian probe beam with width lG, Fig. 5.11(a), leads to a reduction of

the density fluctuations in the probed region, Fig. 5.11(b). To discuss the interplay

between the atomic dynamics, the measurement backaction, and, the value of lG,

we consider the three spatial regions indicated in Fig. 5.11(a). First, we consider

the fluctuations of total atom number N̂2 in the central region R2 of width lG. In

Fig. 5.12(a), the dashed, green curve recovers the mean field Poissonian fluctuations

when R2 is wide and contains the total atom number, while the atomic interactions

lead to sub-Poissonian fluctuations in any finite part of the BEC. Within very small

regions, the population statistics again tend towards the Poissonian. The solid,

green curve shows results after probing, which suppresses the Poissonian number

fluctuations of the whole BEC, and competes with the atomic exchange between the

regions when the width of R2 is decreased. Eventually, the detector and diffraction
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resolution also becomes relevant. For small R2, higher-order modes are required to

describe the number fluctuations and the role of the squeezed lower-order modes

decreases. Eventually, the results become sensitive to the discrete structure of the

modes, as seen by the discrete steps in Fig. 5.12 for lower lG values.

We now consider the spatially separated regions R1 and R3. If the system

has a fixed total number of atoms (var[N̂0] = 0), upon measuring R2, squeezing

N̂2, regions R1 and R3 can become anti-correlated (a squeezing of N̂1 + N̂3). In

the Bogoliubov vacuum state, the Poissonian fluctuations of N̂0 cause R1 and R3

to share correlated fluctuations, Fig. 5.12(a, dashed-blue). Upon probing R2, the

coupling to the zeroth mode is held constant (ωxκ̄
2
00 = 3/2), and consequently,

squeezing N̂0 and N̂2 leading to R1 and R3 becoming anticorrelated as shown by

the solid, blue curve. The anticorrelations are limited as N̂1 and N̂3 are individually

squeezed, i.e., N̂1−N̂3 is also squeezed. For smallR2, the anticorrelations are lost,

as the squeezing of N̂0 ∼ N̂1 + N̂3 is dynamically slowed by the strong coupling

of the zeroth mode to many other modes.

For small R2, the coupling of many modes induces a wave-packet in the

fluctuations propagating towards the outer regions of the BEC (higher-order modes)

and returning to the probed region with frequency 2ωx due to the linear spectrum

of the higher-order modes. This causes the peak around ωxt = π in the solid green

and blue curves in Fig. 5.12(b). As R2 increases, the feature is progressively lost

with the decreased coupling to higher-order modes.

5.3.2 Planar stroboscopic probing

The spatially inhomogeneous probing in the previous section required the introduc-

tion of a tailored intensity profile of the probe and a corresponding compensating

potential, while additionally competing with atomic dynamics. The created number

correlations exist only for the steady-state under the continuous probing and couple

many atomic modes when probing small subregions. Thus, upon suspension of

the probing, the correlations will rapidly dephase. Avoiding these complications,

uniform stroboscopic probing makes use of the natural evolution of the atomic

system awarding mode selective squeezing that is persistent after preparation. We

now examine the resulting correlations associated with the modal structure of

the targeted mode in position space for the first three density modes shown in
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Figure 5.12: (a) Shows the (blue) covariance covar[N̂1, N̂3] (normalized to N0)

between the number of atoms in the unprobed regions R1 and R3 and the variance

var[N̂2] (green) of the number of atoms in region R2 normalized by the BEC

population in R2, N
0
2 =

∫
R2
dxn0(x). The dashed curves show the results for the

unprobed BEC. The solid curves show that after probing for a time ωxt = 3π/2
with constant ωxκ̄

2
00 = 3/2 and lD = lx/20, var[N̂2] is reduced and the number

fluctuations between regionsR1 andR3 are reduced and can become anti-correlated.

(b) The temporal evolution of the number fluctuations for lG = lR (solid), 2lR
(dashed), 3lR (dashed-dotted), and 4lR (dotted). The sharp feature at ωxt ∼ π
occurs because the measurement excites a wave-packet in the fluctuations with

revival frequency 2ωx.
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Fig. 5.13(a-c). The upper(lower) panels show N (x1, x2) for times when max-

imal(minimal) squeezing occurs in the x̂ quadrature of the targeted mode. In

addition, to the long wavelength modal structure of the targeted low energy modes,

higher frequency spatial structure can be seen. In particular, in the cases of the

1st and 3rd modes. It turns out that the 1st(3rd) mode frequencies are almost

commensurate with the 20th(25th) mode (ω20/ω1 = 19.0005, ω25/ω3 = 8.9971)
and the mode is squeezed, leading to the small scale spatial correlations.

Figures 5.13(d) show that structures appears in the momentum density cor-

relations with deviations of covar[m̂(k1), m̂(k2)] from Poissonian statistics due

to the squeezing of the first mode, where m̂(k) = ψ̂†(k)ψ̂(k) with ψ̂(k) =∫
dxeikxψ̂(x)/

√
2π.
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CHAPTER 6

CONCLUSIONS AND OUTLOOK

We have demonstrated the quantum control of a matter-wave system via spatially

resolved optical probing and feedback. Our Gaussian method of analysis permits

the inclusion of the full quantum multimodal character of the problem. Within

the limitations of our expansion of the atomic field about the Gross-Pitaevskii

mean field, we are able to take into account the atomic motion, interactions, and

measurement backaction in the full spatio-temporal evolution of the system. Using

stroboscopic probing, we can address and correlate effective QND observables of

selected density modes of a BEC, while preserving the initial vacuum fluctuations

of nontargeted modes. Our method of spatially resolved imaging may hold similar

prospects for squeezing and entanglement in other quantum many-body systems

with harmonic excitation modes, such as, the center-of-mass Kohn mode [123],

breathing modes of the Tonks-Girardeau gas [124], full quantum 2D systems [125],

and the unitary 3D quantum gas [126]. In any of these cases the performance relies

on independent excitation modes, and it is ultimately limited by the residual atomic

depumping [127]. For small, 1D alkali condensates, we estimate that currently

available experimental parameters [128–130] permit significant squeezing and

entanglement of the selected modes.

The atomic interactions induce an irregular spectrum of density oscillations that

is important for the selectivity of stroboscopic probing. However, the measurable

signal is an interference between the atomic mean field and the Bogoliubov modes.

Their spatial overlap becomes energetically unfavourable with increasing atomic

interactions, consequently, the signal decreases. A compromise is made to allow

for the irregular spectrum, while, retaining a significant signal. The other important

71
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physical components in the probing of the BEC, (i) the light-matter interaction,

(ii) the light field diffraction across the BEC, and (iii) the detection of the light

field, each lead to distinct types of resolution. (i) leads to a dynamical resolu-

tion associated with the measurement’s ability to temporally resolve the atomic

dynamics. In the extreme case where the atomic dynamics are much faster than

the light-matter interaction, the measurement is unable to resolve the motion and

the associated density oscillation mode is unperturbed from, or evolves towards,

(thermal)vacuum fluctuations for a (non)ideal detector. (ii) leads to a diffraction

resolution where atomic modes are decoupled from the light field owing to the

diffraction of the light field across the BEC during their interaction. Consequently,

these modes are not addressed and remain unaffected by the measurement scheme.

The spatial resolution of the detector (iii) leads to the decoherence of unresolved

modes, where, if the mode is partially resolved, an impure steady-state is reached.

To overcome decoherence, we identified how to optimise the detector geometry

and optical elements between the BEC and detector. In particular case of the

stroboscopic generation of bipartite entanglement, the spatial distinguishability

of the information about the modes imprinted on the light field limits generated

entanglement. This distinguishability could be reduced by a spatially varying light

intensity. Alternatively, one may consider the scattering into a Purcell coupled

optical cavity while measuring the cavity output [48]. The advantage is that the

coupling depends on the light and cavity mode functions opposed to the light field

intensity as it does here, allowing for more tailoring possibilities.

A spatially varying light field intensity also creates nontrivial atomic spatial

and momentum correlations which we investigated for a centred Gaussian probe

that suppresses density fluctuation in the probed region and anticorrelates the

unprobed outer regions. For the generation of interesting correlations, the spatial

tailoring of the light field can be avoided by the selective manipulation of specific

eigenmodes of the BEC through stroboscopic probing. The correlation structure

is associated with the structure of the eigenmode functions, and, are persistent

after their production, in contrast to the steady-state under probing correlations

generated in the former case that rapidly dephase after probing.

The measurement backaction causes a stochastic diffusion of the displacements

of the atomic modes. We have presented how to employ feedback via an adaptive

potential to damp the displacements of specific modes. The ideal feedback parame-
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ters are identified, in particular, it was found that the variances of the stochastic

displacements grow linearly with the measurement strength for the case of con-

tinuous probing. Without probing, the displacements can, in principle, be fully

damped. Ultimately, the level of control of the adaptive potential will limit which

modes can be damped, including how well they may be damped.

The 1D treatment presented here can be readily extending to a 2D pancake

BEC, where probing occurs through the smallest width of the BEC. In principle,

it is possible to include the light mode function diffraction across the BEC in our

treatment. This would allow the extension to 3D systems that are of interest as the

coupling to the atomic modes will be nontrivial. This may offer possibilities in

restricting the addressing to smaller subsets of modes in a similar fashion to the

diffraction resolution identified here.

The results obtained here offer prospects for several interesting applications.

Squeezing and entanglement are useful properties for precision sensing purposes,

and the atomic system here may find applications for the sensing of field or inertial

effects, if they couple to the atomic density. The ability to address particular

modes of motion also paves the way for multimode quantum memory and repeater

devices. The controlled generation of mode-squeezing makes this system a strong

candidate for high fidelity storage of quantum light systems. In the ideal case,

if several light fields can be stored in separate Bogoliubov modes sequentially

without perturbing the previously stored states, this would further our setup in high

capacity multimode quantum memory resources. In such a scenario one could

also imagine utilising the entanglement generation scheme to generate controlled

interaction between two stored light modes.

The study of the particle tunnelling and interference effects between two or

more atomic ensembles has been of long standing interest for many-body and

statistical physics, as it may reveal the character of ordered classical and quantum

phases, coherent dynamics in 1D and 2D systems, and transport phenomena. We

believe that continuous probing may not only yield detailed insight in many-body

quantum dynamics, but it also contributes in a most nontrivial manner to the

physical evolution of the system of interest. Analysis of the interplay between

interactions and measurements may well begin with systems for which our Gaussian

analysis applies.





CHAPTER 7

RYDBERG ENSEMBLES: EXCITATION
DYNAMICS AND PHOTONIC DECAY

Here, we focus on cold gas systems that make use of Rydberg atoms. Such atoms

are ordinary atoms, where an electron has been excited into a high-lying electronic

state with principle quantum number n� 1. These atoms are of interest, as their

properties become highly exaggerated. In particular, they can exhibit exceptionally

strong attractive or repulsive dipole-dipole interactions (scale as n4) and Van der

Waals interactions (scale as n11) between each other [131]. This can lead to the

so-called Rydberg blockade effect; an effect which will be exploited heavily within

this project.

When a classical light field (tuned to an atomic resonance) is incident on

a collection of weakly interacting atoms, the atoms undergo Rabi oscillations

between the resonant states giving way to dephasing and decay, and one may

seek to employ the well-known Beer-Lambert law to describe the attenuation of

the light beam. Rydberg blockade is an extreme case, where such traditional

descriptions break down. Upon excitation of an atom to a Rydberg state, the

strong Rydberg-Rydberg interactions energetically prohibit the excitation of an

additional atom [131]. Thus, only a single excitation is allowed within the atomic

system, and conversely, only a single photon is removed from the light field. This

effect can extend over several μm; a volume that may contain many atoms. The

possibility that any one of these atoms is excited must be taken into account,

75
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hence, gives rise to many-body entangled states. Such highly correlated many-body

situations are of focus here, as we seek interesting phenomena, and, the application

of the manipulation of light. Already, single photon extraction from light beams

is useful in the construction of exotic nonclassical light fields, but the many-body

correlations of these Rydberg systems also give rise to counter intuitive results (e.g.,

[132]), giant nonlinear effects many orders of magnitude greater than previous

records [133], and superradiance, where a single photon is emitted in a well defined

direction [134].

The first component of work presented here will consist of the analytic part of

our investigation of the efficient storage and retrieval of single photons. Owing to

the delocalization of the excitation across the ensemble ofN atoms, one observes a√
N speed up in the excitation dynamics. This collective enhancement is attractive,

but in the case of, say, quantum gates, knowledge (potentially impractical to obtain)

ofN is required to achieve high fidelities. As the excitation dynamics are dependent

on the distribution of N , deterministically imprinting a single Rydberg excitation

in the system implies a process independent of N . Such a process would find

application in performing deterministic quantum gates [135], loading of optical

lattices [136], and inducing nonlinear effects in light fields [137–139].

Various approaches showed that by using time-dependent fields, such as,

chirped pulses, STIRAP [135, 140], and random fluctuations of the excited level

[137], one could make either the excitation process independent of N, or, approach

a steady state where all the population is in the singly excited states. However,

the adiabatic passage methods that preserve the coherence of the system are slow,

while the steady-state methods destroy the coherence. Without coherences, the

emission of the absorbed photon will be equally distributed over all the solid angles

and rendered useless. Here, we investigate the deterministic excitation of a single

excitation, while preserving the collective enhancement and coherences.

Coupling quantum systems to ancillary systems is widely used to measure

and induce nonclassical effects in the original system by manipulating the ancilla

alone, an example being the BEC probing we considered earlier. As the ancillary

systems (probes) typically have lesser degrees of freedom in comparison to the

full system, their control and readout is believed to be simpler. Ancillary systems

have been widely used in characterising quantum processes, for quantum state

engineering, dissipative quantum computation, measuring the non-Markovianity
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of an open-quantum system, quantum error correction and quantum cooling. It

was shown [141, 142] that the strong dipolar interaction between Rydberg atoms

could enhance the imaging of individual (impurity) Rydberg atoms in dense gases.

One can also understand this effect from the point of view that the impurity atom

(ancilla/probe) is driving the large ensemble between the dark and bright states

conditioned on it being excited to the Rydberg state or not. Our approach is inspired

by the works of Refs. [141, 142], and Ref. [143], where it was demonstrated that

the inherent inhomogeneity of the Rydberg interactions can be used to dephase

multiply-excited states. Here, see Fig. 7.1, we use an ancilla to dephase the singly-

excited states of an ensemble, leading to steady-state-like dynamics where the

ensemble is singularly excited, while preserving the coherences. Thereafter, the

ensemble emits a photon in a well-defined direction.

We present primarily our analytical contributions, as greatest insight can be

found within. In addition to that we present some of the analytics (focusing

on timescales) of another emerging project, where we investigate the excitation

dynamics of multiple ensembles.

Ancilla Atom

Ṽj Ensemble of Atoms

Inhomogeneously 
Broadened

Figure 7.1: Cartoon of system: an ancilla atom inhomogeneously broadens a

blockaded ensemble of atoms via the interaction potential Ṽj on atom j, leading to

the deterministic absorption of a single excitation that later decays as a photon in a

well defined direction.
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7.1 Hamiltonian

The setup is depicted in Fig. 7.1, while the level scheme is featured in Fig. 7.2. In

general, we will treat both the system (S1) and ancilla system (S2) as ensembles of

NSi atoms. For the specific case of absorption and emission of a photon, the ancilla

system will consist of a single excited atom (Sec. 7.2). The transitions occur with

the effective Rabi frequencies ΩSi and detuning ΔSi between the collective ground

states |GSi〉 and the excited Rydberg states with the jth (and kth) atom excited,

|rSij 〉 (|rS1j , rS2k 〉) by a two-photon coupling with a far-detuned intermediate level.

The Rydberg state of each system need not be the same, however, we do assume

Rydberg blockade is fully active for the ground to Rydberg state transition in each

system. That is, the intra-ensemble Rydberg interactions energetically prohibit

more than one excitation in each ensemble, and we work within the strict single

excitation regime with (NS1 + 1)(NS2 + 1) basis states.
The Hamiltonian is

Ĥ = ĤS1 + Ĥint + ĤS2, (7.1)

and the system hamiltonians ĤSi are given by

ĤSi = �

√
NSiΩSi [|GSi〉〈0Si|+ h.c.]− �ΔSi

NSi∑
j=1

|rSij 〉〈rSij |, (7.2a)

where we have applied the rotating wave approximation (RWA) and work within

the rotating frame. Owing to the single excitation restriction, we can write the

laser coupling solely in terms of the (bright) fully symmetric excited state |0Si〉 =∑NSi
j=1 |rSij 〉/√NSi and |GSi〉. The remaining excited states are not coupled by

the laser field (dark-states). Consequently, the Hamiltonian (7.2a) describes an

effective two-level system, |GSi〉 and |0Si〉, where the ensemble of atoms behave

as a single (super) atom with the enhanced Rabi frequency
√
NSi. The interaction

hamiltonian Ĥint is

Ĥint =

NS1∑
j=1

NS2∑
k=1

�Ṽjk|rS1j , rS2k 〉〈rS1j , rS2k |. (7.2b)
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The inter-ensemble interactions Ṽjk can have the dipole-dipole (Ṽjk ∼ 1/|rjk|3)
or Van der Waals (Ṽjk ∼ 1/|rjk|6) dependence on the distance between atoms

|rjk| = |rS1j − rS2k |, where rS1j (rS2k ) is the position of the jth(kth) atom in system

1(2). These interactions are responsible for the coupling between dark states, and,

the bright state, leading to a leeching of the population from the bright state into the

dark-state manifold. We will seek to abuse the leeching in the following sections

to "trap" an excitation in the atomic system.

|GS1〉|rS21 〉
Γ

Ωaux

Excitation Emission

ΩS1

ΔS1 +ΔS2
|rS1j 〉|rS21 〉

|eS1j 〉|rS21 〉

Figure 7.2: Energy level scheme for ancilla assisted deterministic absorption of a

single excitation. Once excited, the excitation is then transferred to a decaying (at

rate Γ) auxiliary state by a light field with Rabi frequency Ωaux. The coherences

are preserved, and the system emits a photon into a well defined direction.
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7.2 Ancilla-assisted dynamics

We now specialise (c.f. Figs. 7.1 and 7.2) to the ancilla system containing a single

initially excited atom without driving (ΩS2 = 0). In this case, effective Hamiltonian

for system 1 is

ĤS1 = �

√
NS1ΩS1 [|GS1〉〈0S1|+ h.c.] +

NS1∑
j=1

�Vj |rS1j 〉〈rS1j |, (7.3)

where Vj = 〈rS21 |Ṽj1|rS21 〉 − ΔS1 − ΔS2 are inhomogeneous energy shifts ulti-

mately coupling the dark states. Such a system mimics spontaneous emission

(c.f., Sec. 7.2.4), however, an initially unexcited state "decays" into an excited

state. The energy quantum is lost into the manifold of singly excited states; unlike

spontaneous emission there is a finite set of such states, thus, we expect revivals.

We will investigate such dynamics (Secs. 7.2.1 and 7.2.3), and then, the spatial

profile of the emitted photon (Secs. 7.2.4 and 7.2.5).

7.2.1 Markovian approximation

In writing the general quantum state as

|ψ〉 = Cg(t)|GS1〉+
NS1∑
j=1

Cj(t)|rS1j 〉, (7.4)

the time-evolution of the ground state is readily decoupled

Ċg(t) = −Ω2
S1

NS1∑
j=1

e−iVjt

∫ t

0
dt′eiVjt

′
Cg(t

′). (7.5)

We employ the Markovian approximation Cg(t
′) → Cg(t), which is not strictly

accurate as the exponential of the integrand Eq. (7.5) need not be rapidly varying

in the following. However, significant insight can be gained from such an approxi-

mation and quantitative results are obtained in many relevant regimes. We have
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Cg(t) =

NS1∏
j=1

exp

[
−Ω2

S1

1− iVjt− e−iVjt

V 2
j

]
, (7.6)

giving the ground state population

Pg(t) = |Cg(t)|2 =
NS1∏
j=1

exp

[
−4Ω2

S1

V 2
j

sin2
Vjt

2

]
. (7.7)

The short-time evolution is governed by

Pg(t) = exp
[−NS1Ω

2
S1t

2
]
, (7.8)

consistent with the super-atom Rabi oscillations at the effective Rabi frequency

(c.f. Fig. 7.4),

τS11 =
1√

NS1ΩS1
. (7.9)

This is expected, as the excitation initially feeds into the fully symmetric state

(giving the enhancement), and is then redistributed into the dark-states.

7.2.2 Linear detuning

To obtain further analytical results, we now discus a special case that will serve as

our best-case-scenario benchmark for following studies. That is, Vj is distributed

linearly from −V to V

Vj =
2V

NS1 − 1
(j − 1)− V. (7.10)

Here, we have implicitly assumed NS1 ∈ 2Z, as the Markovian approximation

inadequately handles Vj = 0. Taking NS1 to be large, the ground state population
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amplitude [Eq. (7.6)] is given by

Cg(t) 
 exp

⎡
⎣−2N2

S1Ω
2
S1

V 2

NS1/2∑
k=1

⎧⎨
⎩ 1

(2k − 1)2
−

cos
[

V
NS1

(2k − 1)t
]

(2k − 1)2

⎫⎬
⎭
⎤
⎦

= exp

[
−
{
A

2
− 4A

π2

∞∑
k=1

cos [(2k − 1)ωt]

(2k − 1)2

}]
, (7.11)

where the final line approximates the sum as an infinite sum. The term in the

curly brackets is the Fourier series decomposition of the sharktooth function fst(t),
depicted in Fig. 7.3, with amplitude A = [πNS1ΩS1]

2 /2V 2, and period T =
2πNS1

V = 2π/ω. Immediately yielded from this Markov-Shark approximation, the

f s
t
(t
)

A

0
-2T -T 0 T 2T

t

Figure 7.3: Sharktooth function of amplitude A and period T .

revival time is

τS1rev = 2π
NS1

V
. (7.12)

As the summation realistically does not extend to infinity, we have the short-time

dynamics governed by Eq. (7.8). In addition, we will also see in Sec. 7.2.3, the

revival time is half that predicted here. After short-time dynamics, and before the
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first half period, we have the exponential decay

Cg(t) = exp

[
− t

2τS12

]
, (7.13)

with

τS12 =
V

πNS1Ω2
S1

. (7.14)

To summarise, the ground state dynamics are governed by three timescales τS11 ,

τS12 , τS1rev, given by Eqs. (7.9), (7.14), and (7.12), respectively. Initially, the system

is dominated by the collective Rabi frequency 1/τS11 . Then, it transitions into

exponential decay mimicking incoherent dynamics with the transfer rate 1/τS12 ,

also being the typical timescale for cases where rapidly oscillating modes have

been eliminated, (coupling frequency)2/detuning. This transition is illustrated

in Fig. 7.4. We expect the exponential decay not to exceed the super atom Rabi

frequency, as it is the fastest timescale governing the excitation dynamics. Finally,

we have the revival time, τS1rev, where the ground state is repopulated. Simple

rephasing arguments also give the revival time scaling as ∼ NS1/V .

After the ground state has entirely decayed into the excited states, the ex-

cited state populations become Lorentzian distributed around the atom with zero

detuning,

Pj(t) =
1

2π

γS1(
j − NS1+1

2

)2
+
(γS1

2

)2 , (7.15)

with width γS1 = τS1rev/4πτ
S1
2 = πN2

S1Ω
2
S1/2V

2. This is of course what one

expects from parallels to spontaneous emission, but instead of the excitation being

imparted on a spectrum of photons, the excitation is imparted onto atoms with the

equivalent spectrum Vj .
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ΩS1t
0 π

4
π
2

0

0.5

1

Ω

P
g
(t
)

 

 

cos
√
NS1ΩS1t

Simulation

exp
[−t/2τ S1

2

]
exp

[−NS1Ω
2
S1t

2
]

Figure 7.4: An illustrative example of the ground state decay with NS1 = 10 and

V/ΩS1 = 10. The gold curve illustrated the collectively enhanced Rabi oscillations

without the inhomogeneous broadening.
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7.2.3 Excited manifold dynamics

In characterising the ground state dynamics, we now turn to the excited manifold.

An instructive basis to work within is that of plane waves:

|k〉 = 1√
NS1

NS1/2∑
j=−NS1/2+1

exp

[
2πijk

NS1

]
|rS1j+NS1/2

〉, (7.16)

where k ∈ [−NS1/2 + 1, NS1/2]. After the ground state has decayed, we have

plane-wave amplitudes

Cpw
k (t) =

ΩS1√
NS1

NS1/2∑
j=−NS1/2+1

exp
[
−i

(
2πjk
NS1

+ tVj+NS1/2

)]
Vj+NS1/2 +

i
2τS12


 e
2πit

τS1rev

√
γS1

2πNS1

∞∑
j=−∞

exp
[
−2πi

(
k

NS1
+ 2t

τS1rev

)
j
]

j + iγS1−1
2

=
exp

[
−π(i+ γS1)mod

(
k

NS1
+ 2t

τS1rev
, 1
)
+ 2πit

τS1rev

]
i
√

NS1
2πγS1

. (7.17)

In the second line, we have considered NS1 � 1 and γS1 � 1, while the third line

uses the Fourier series closed solution

∞∑
j=−∞

exp [−2πiaj]

j + b
= −2πi

exp [2πibmod(a, 1)]

1− e2πib
. (7.18)

The populations are

P pw
k (t) =

2πγS1
NS1

exp

[
−2πγS1mod

(
k

NS1
+

2t

τS1rev
, 1

)]
. (7.19)

Here, we see the exponential profile of temporal evolution of the ground state

is imprinted on the excited states as 4πγS1/τ
S1
rev = 1/τS12 . This exponential wave

packet is dispersionless and moves with speed V/π, as depicted in Fig. 7.5, where
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we also see oscillatory effects neglected by the Markov-Shark approximation. Most

prominent is the affect of the ground state to |0S1〉 coupling, when the wave packet

passes through |0S1〉 at half the revival time. The Markov-Shark approximation

describes the dynamics well for 0 ≤ t ≤ τS1rev/2, thereafter, the coupling can

transfer population to the ground state. The dispersionless evolution is owed to the

linear distribution of detunings. This serves as our best-case-scenario, due to the

dispersionless nature protecting against premature transitions to the ground state.

7.2.4 Emission scheme

Here, we adapt and develop upon the works Refs. [144, 145]. For the the excitation

scheme discussed prior, the light field imprints a phase distribution over a spatially

distributed ensemble. To to include this, the effective Hamiltonian Eq. (7.3) should

read

ĤS1 = �ΩS1

⎡
⎣NS1∑
j=1

|GS1〉〈rS1j |e−ik1·rj + h.c.

⎤
⎦+

NS1∑
j=1

�Vj |rS1j 〉〈rS1j |, (7.20)

where rj is the position of the jth atom. We see that all the previous sections are

working within the phase shifted basis |rj〉 = eik1·rj |rS1j 〉.
We now introduce the transition from |rS1〉 to a decaying auxiliary state |eS1〉

at the Rabi frequency Ωaux and zero detuning. Within the RWA and rotating frame,

we have

Ĥaux = �Ωaux

⎡
⎣NS1∑
j=1

|rj〉〈ej |+ h.c.

⎤
⎦ , (7.21)

where |ej〉 = eiΔk·rj |eS1j 〉,Δk = k1−k2, and k2 is the wavevector of the auxiliary

light field. By applying a π pulse at time t0, we enact

|ψ〉 =
NS1∑
j=1

Cj(t0)|rj〉 →
NS1∑
j=1

Cj(t0)|ej〉. (7.22)
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Figure 7.5: P pw
0 (t) for V/ΩS1 = 10, and, Na = 10 (blue), Nb = 50 (red), and

Eq. (7.19) (green). For comparison, the case of Nb has been scaled by Nb/Na = 5
[cf. Eq. (7.19)]. The case of Na demonstrates oscillations in the first peak, which

are reduced by increasing the number of atoms, giving better agreement with

the Markov-Shark approximation. The second peak exhibits strong oscillatory

structure, which is attributed to the excitation passing through the symmetric state

(neglected in the Markov-Shark approximation).
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The state |eS1〉 decays into the electromagnetic vacuum, thus, we introduce the

quantum field within the RWA and rotating frame

Ĥqtm = �gk,λ

⎡
⎣NS1∑
j=1

|ej〉〈GS1|âk,λei[k−Δk]·rj−i(ωk−ω0)t + h.c.

⎤
⎦ , (7.23)

where k and λ, are the wavevector and polarization of the emitted light, respectively.

The annihilation operator for a photon with k and λ is âk,λ, while the quantum

Rabi frequency is given by �gk,λ = −√�ωk/2ε0L3dk,λeg , where ωk is the photon

frequency, dk,λeg is the dipole matrix element for the transition for a photon with k
and λ, and L3 is the volume of the mode function to be taken to ∞ at the end of

calculations.

Our wavefunction is now written as

|ψ〉 =
∑
k

2∑
λ=1

dk,λ(t)|GS1〉|1k,λ〉+
NS1∑
j=1

dj(t)|ej〉|0ph〉, (7.24)

where |0ph〉 indicates the field vacuum state, |1k,λ〉 the single photon state with k
and λ, and dj(t0) = Cj(t0). Formally solving for dk,λ(t), we have

ḋj(t) = −
∑
k

2∑
λ=1

NS1∑
l=1

|gk,λ|2 ei(k−Δk)·rjl
∫ t

t0

dt′dl(t′)ei(ωk−ω0)(t′−t), (7.25)

where rjl = rj−rl. We take the large box limit, where
∑

k → L3

(2π)3

∫∞
−∞ d3k, and

sum over the polarisations
∑2

λ=1 |gk,λ|2 = ωkd
2
eg[1−(d̂ · k̂)2]/2�ε0L3, where deg

is the dipole matrix element, d̂ is the quantisation axis, and ωk = ck. Performing

the angular integrals, one obtains

ḋj(t) = − 3Γ

4πω3
0

NS1∑
l=1

e−iΔk·rjl

×
∫ ∞

0

∫ t

t0

dt′dωkω
3
k τ1(d̂ · r̂jl, ωkrjl/c)dl(t

′)ei(ωk−ω0)(t′−t),

(7.26)
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where Γ = ω3
0d

2
eg/3πε0�c

3 is the single atom decay rate, and

τ1(x, y) = (1− x2)
sin y

y
+ (1− 3x2)

(
cos y

y2
− sin y

y3

)
, (7.27)

where limy→0 τ1(x, y) = 2/3.

To proceed further, we make the Markovian approximation dl(t
′) → dl(t), and

in the limit t− t0 → ∞,∫ t

t0

dt′ei(ωk−ω0)(t′−t) = πδ(ωk − ω0)− iP
1

ωk − ω0
. (7.28)

This leads to integrals like

P

∫ ∞

0
dωk

ω3
k

ωk − ω0
, (7.29)

which are formally divergent, arising due to the point particle approximation. These

integrals lead to the single atom Lamb shift and the collective Lamb shifts. Fol-

lowing the Weisskopf-Wigner approximation, physically, one should only consider

frequencies around the resonance frequency ω0. Setting the powers of ωk to ω0 in

the numerator, setting the lower integration limit to −∞, and absorbing the Lamb

shift into the definition of the transition frequency, we have

ḋj(t) = −Γ

2
dj(t)− 3Γ

4

∑
l �=j

Fjl(k0, rjk,Δk, d̂) dl(t), (7.30)

where the second term describes the collective Lamb shifts,

Fjl(ω0, rjk,Δk, d̂) = e−iΔk·rjl
[
τ1(d̂ · r̂jl, k0rjl)− iτ2(d̂ · r̂jl, k0rjl)

]
,

(7.31)

where

τ2(x, y) = (1− x2)
cos y

y
− (1− 3x2)

(
sin y

y2
+

cos y

y3

)
. (7.32)
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7.2.5 Emission profile

Here, we derive the angular profile of the emitted photon. We are concerned with

the average number of photons with wavevector k

Nph (k, t) =
2∑

λ=1

〈â†k,λâk,λ〉 =
2∑

λ=1

|dk,λ(t)|2 , (7.33)

which is given by formally integrating dk,λ(t)

Nph (k, t) =
2∑

λ=1

|gk,λ|2
NS1∑
j,l=1

ei(k−Δk)·(rj−rl)

×
∫ t

t0

∫ t

t0

dt′dt′′dl(t′)d∗j (t
′′)ei(ωk−ω0)(t′−t′′). (7.34)

Upon making the large box limit, we obtain the number of photons in the solid

angle dΩ

dNph(Ω, t)

dΩ
=

3Γ[1− (d̂ · k̂)2]
16π2ω3

0

NS1∑
j,l=1

×
∫ t

t0

∫ t

t0

∫ ∞

0
dωkdt

′dt′′dl(t′)d∗j (t
′′)ω3

ke
i(ωk/ck̂−Δk)·rjlei(ωk−ω0)(t′−t′′).

(7.35)

In the collectively radiating case, where the collective Lamb shifts in Eq. (7.30)

are nonnegligible, we have

dl(t) =

NS1∑
m=1

dem(t0)e
−λm(t−t0)[vm]l, t ≥ t0, (7.36)

where the collective eigenvectors vm are nonorthogonal with (decaying) complex

eigenvalues λm, and del (t0) are the expansion coefficients of the eigenbasis. By

choosing decaying eigenvalues, we are implicitly not considering the subradiant
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regime where atomic spacings are smaller than the wavelength of the emitted

light field. This requires a nonrotating-wave analysis [144, 145], and one can find

nondecaying solutions.

Applying the Weisskopf-Wigner approximation, we have the solution

dNph

dΩ
=

3[1− (d̂ · k̂)2]
8π

NS1∑
j,l,m,n=1

Γ

λm + λ∗n
dem(t0)[d

e
n(t0)]

∗[vm]l[vn]
∗
je

i(k0k̂−Δk)·rjl ,

(7.37)

In the case of independently radiating atoms, being the solution of Eq. (7.25) for

atomic separations much larger than the light wavelength,

dj(t) = Cj(t0)e
−Γ

2
(t−t0), t ≥ t0, (7.38)

the differential cross section is

dNph

dΩ
=

3[1− (d̂ · k̂)2]
8π

NS1∑
j,l=1

Cl(t0)C
∗
j (t0)e

i(k0k̂−Δk)·rjl . (7.39)

In both cases, we see the single-atom dipole emission pattern,

3[1− (d̂ · k̂)2]
8π

, (7.40)

factors out from the collective contribution. The independently radiating case does

not conserve the number of excitations (single photon) in general (improves with

greater atomic separation), as it is not the general solution to Eq. (7.25). The full

collective solutions of Eq. (7.30) conserve the number of excitations excellently.
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1D emission profile: examples

To proceed further, we must select the geometry being the simplest case of a 1D

chain (illustrated in Fig. 7.6), where we have rj = δx(j −NS1/2)x̂.

δx
Figure 7.6: 1D chain of spacing δx, where we have assumed all dipoles are aligned

(in some unspecified direction).

General plane-wave excitations

Assuming, we begin with a particular plane wave state |k〉 [cf. Eq. (7.16)], we have

Cj+NS1/2(t0) =
1√
NS1

exp

[
2πijk

NS1

]
. (7.41)

This yields

dNph

dΩ
=

3[1− (d̂ · k̂)2]
8πNS1

sin2
[
NS1δxx̂ · (k0k̂−Δk′)/2

]
sin2

[
δxx̂ · (k0k̂−Δk′)/2

] , (7.42)

where Δk′ = Δk + 2πk/NS1δxx̂. We see, intuitively, that the plane-wave

excitation of the atoms acts to give a boost to the effective wavevector. The angular

distribution (7.42) pertains to either a peak or a series of peaks positioned at

δxx̂ · (k0k̂−Δk′) = 2πn, and is attenuated by the single dipole emission profile

[1− (d̂ · k̂)2]. As, NS1 → ∞, Eq. (7.42) becomes

dNph

dΩ
∝ [1− (d̂ · k̂)2]δ

[
δxx̂ · (k0k̂−Δk′)− 2πn

]
, (7.43)

where δ (x) is the Dirac-delta function, and n ∈ Z. This is a simple example of

Bragg scattering, and can be obtained by simple geometric arguments.
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Markov-Shark approximation

Now, we consider the Markov-Shark approximation in Sec. 7.2.2, and proceed

with the amplitudes in the atomic basis,

Cj (t) =
ΩS1

Vj +
i

2τS12

[exp(−iVjt)− Cg (t)]. (7.44)

As before, the ground state is taken to have completely decayed. Here, we have

dNph

dΩ
=

3[1− (d̂ · k̂)2]
8π

NS1∑
j,l=1

TjT
∗
l , (7.45)

where

Tj = ΩS1
ei[(k0k̂−Δk)·rj+t0Vj]

Vj − i
2τS12

. (7.46)

We can evaluate this expression with the tools already utilized above.

NS1∑
j=1

Tj = ΩS1

NS1∑
j=1

ei[(k0k̂−Δk)·rj+t0Vj]

Vj − i
2τS12


 i
√
2πγS1 exp

[
π (i− γS1) mod(x, 1) + i

V t0
NS1

]
, (7.47)

where x =
[
δxx̂ · (k0k̂−Δk)/2π + V t0

πNS1

]
. Thus, we have

dNph

dΩ
=

3γS1[1− (d̂ · k̂)2]
4

exp [−2πγS1mod(x, 1)] . (7.48)

Again the angular distribution (7.48) is similar to that of (7.42), in that it pertains

to a peak or a series of peaks attenuated by the single dipole emission pattern.

However, the peaks are broadened by an exponential profile.
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7.3 Ensemble - ensemble dynamics

In light of the conditioned dynamics we observed in Sec. 7.2, a glaring question

to ask: what about the driving of multiple ensembles? Indeed, the driving of two

ensembles we discuss here, leads to the deterministic excitation of both ensembles

only in the presence of each other. Paralleling to [132, 146], the presence of

another ensemble enables a two photon transition to the doubly-excited state, while

alone excitation is prohibited by detuning. Owing to the inhomogeneity, this

doubly-excited state remains excited squeezing the excitation statistics.

Ultimately, we wish to consider three ensembles where only two excitations

may exist, such that, the double excitation will oscillate between the three. Addition-

ally, the excitation avalanche dynamics where all ensembles are deterministically

excited. Investigation into the characteristics of the emitted photons from such

systems is curious, as the highly correlated characteristics of the system will be

imprinted on the light field.

We present some analytical considerations for the timescales of the excitation

dynamics of two ensembles, and find that they are readily understood in terms of

the ancilla assisted dynamics discussed in Sec. 7.2.

7.3.1 Single atom

As Sec. 7.2, we first consider the case where system 2 contains only a single atom,

however, we now include driving for this system ΩS1 > 0 and it is initial in the

ground state. Taking the general quantum state to be

|ψ〉 = cg(t)|GS1〉|GS2〉+ cS2(t)|GS1〉|rS21 〉

+

NS1∑
j=1

cS1j (t)|rS1j 〉|GS2〉+
NS1∑
j=1

dj(t)|rS1j 〉|rS21 〉, (7.49)

and making the Markovian approximation Sec. 7.2.1, we have

dj(t) =
[
ΩS2c

S1
j (t) + ΩS1cS2(t)

] e−iVjt − 1

Vj
. (7.50)

To a very good approximation (see Fig. 7.7), we need only consider the the sym-

metric state evolution, as the population is primarily shuffled between |GS1〉|GS2〉
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and |0S1〉 (|0S2〉), while decaying into the doubly excited states. Denoting the prob-

ability amplitude for |0S1〉 as cS1(t), we have the approximate evolution equations

of the effective three level system

iċg(t) =
√
NS1ΩS1cS1(t) + ΩS2cS1(t), (7.51a)

iċS1(t) =
√
NS1ΩS1cg(t) +

ΩS1ΩS2√
NS1

NS1∑
j=1

e−iVjt − 1

Vj
cS2(t)

+

⎡
⎣Ω2

S2

NS1

NS1∑
j=1

e−iVjt − 1

Vj
−ΔS1

⎤
⎦ cS1(t), (7.51b)

iċS2(t) = ΩS2cg(t) +
ΩS1ΩS2√
NS1

NS1∑
j=1

e−iVjt − 1

Vj
cS1(t)

+

⎡
⎣Ω2

S1

NS1∑
j=1

e−iVjt − 1

Vj
−ΔS2

⎤
⎦ cS2(t). (7.51c)

Linear detuning

Considering again linear detunings, Sec. 7.2.2, and taking NS1 to be large, the

equations of motion (7.51) are given by

iċg(t) =
√
NS1ΩS1cS1(t) + ΩS2cS2(t), (7.52a)

iċS1(t) =
√
NS1ΩS1cg(t)− i

2
√
τS12 τS22

cS2(t)−
[

i

2τS22
+ΔS1

]
cS1(t),

(7.52b)

iċS2(t) = ΩS2cg(t)− i

2
√
τS12 τS22

cS1(t)−
[

i

2τS12
+ΔS2

]
cS2(t). (7.52c)

Now, we have a system of equations very similar to that found in Fano Resonance

physics, and, indeed, this system does exhibit resonance structure owing to the two
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Figure 7.7: An example of the agreement between the full Markovian equations,

and the effective three level system (3L) Eqs. (7.51). Subscripts indicate the ground

(g), singly-excited (r), and doubly-excited (rr) populations. Simulations were

performed with NS1 = 100, and the randomly distributed positions for a gaussian

distribution with a standard deviation σ. The ancilla is positioned 6σ away from

cloud centre, ΔS1/ΩS1 = 6, and C6/ΩS1σ
6 = 7× 105.

possible pathways in system can "decay" into the bath. The timescales are illus-

trated in Fig. 7.8, and are readily understood. The decay from |GS1〉|rS21 〉 is owing

to the many atom ensemble being excited, which features a NS1 enhancement,

and the decay time is that derived in Sec. 7.2.2. The other pathway is attributed

to the excitation of a single atom, thus decays without the enhancement. Finally,

incoherent transfer of population [1/(τS12 τS22 )
1
2 ] is inherent to Fano physics.

We see that the fastest decay process is associated with the many atom system,

thus for the fastest decay, we must keep this pathway open. That is, ΔS2 ≤ ΔS1

and ΩS2 ≥ ΩS1. The eigenvalue with the smallest real part (longest timescale) in

magnitude will set the timescale for the decay dynamics. Owing to the system

featuring resonance phenomenon, we must maximise this for the relevant cases

ΔS1 = ΔS2 = 0, ΔS1 = ΔS2 = V/2, and ΔS1 = 0, ΔS2 = V . To a good approx-
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|GS1〉|rS21 〉

...

...

|GS1〉|GS2〉

|rS1j 〉|GS2〉

ΩS1 ΩS2

1√
τS12 τS22

1

τS12

1

τS22

ΩS2 ΩS1

|rS1j 〉|rS21 〉

Figure 7.8: Energy level scheme, where the faded couplings and levels represent

the full scheme before the Markovian Approximation.

imation, we find in each case the ideal detuning tends to Vmax = π
√
NS1ΩS1/2

for increasing NS1, and the decay timescale is

τd =

√
2

π

NS1Ω
2
S1

VmaxΩ2
S2

=

(
2

π

) 3
2
√
NS1ΩS1

Ω2
S2

. (7.53)

As explained, the limiting element of the speed is indeed the single atom. We

remove this constraint in the following section.
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7.3.2 Many atoms

We now the general case of system 2 having NS2, i.e., the replacements

cS2(t)|GS1〉|rS11 〉 →
NS2∑
j=1

cS2j (t)|GS1〉|rS2j 〉, (7.54a)

NS1∑
j=1

dj(t)|rS1j 〉|rS21 〉 →
NS1∑
j=1

NS2∑
k=1

dj,k(t)|rS1j 〉|rS2k 〉, (7.54b)

in Eq. (7.49). With the Markovian approximation, we have

iċg(t) = ΩS1

NS1∑
j=1

cS1j (t) + ΩS2

NS2∑
j=1

cS2j (t) (7.55a)

iċS1j (t) = ΩS1cg(t) +

(
Ω2
S2

NS2∑
k=1

e−iVjkt − 1

Vjk
−ΔS1

)
cS1j (t)

+ ΩS1ΩS2

NS2∑
k=1

e−iVjkt − 1

Vjk
cS2k (t) (7.55b)

iċS2k (t) = ΩS2cg(t) +

⎛
⎝Ω2

S1

NS1∑
j=1

e−iVjkt − 1

Vjk
−ΔS2

⎞
⎠ cS2k (t)

+ ΩS1ΩS2

NS1∑
j=1

e−iVjkt − 1

Vjk
cS1j (t), (7.55c)

where Vjk = Ṽjk − ΔS1 − ΔS2. Now, we presume ΔS1 = ΔS1 = Δ, ΩS1 =
ΩS2 = Ω, NS1 = NS2 = N , each atom experiences the same linear detuning, and

N is large. We also make the symmetric approximation to obtain the effective
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three level system

iċg(t) =
√
NΩcS1(t) +

√
NΩcS2(t), (7.56a)

iċS1(t) =
√
NΩcg(t)− i

2τ2
cS2(t)−

(
i

2τ2
+Δ

)
cS1(t), (7.56b)

iċS2(t) =
√
NΩcg(t)− i

2τ2
cS1(t)−

(
i

2τ2
+Δ

)
cS2(t), (7.56c)

where
1

τ2
=
πNΩ2

V
. (7.57)

Here, the fastest decay timescale is simply τ2, where this reduction of the decay

time scale compared to the single-atom case, Eq. (7.53), again reflects that the

limiting speed will be the decay time through the singly-excited manifold.
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7.4 Summary, concluding remarks, and outlook

The ancilla assisted dynamics presented in Sec. 7.2 exhibit deterministic absorption

of a single photon owed to Rydberg blockade and the ancilla acting to inhomoge-

neously broaden the excited states of the atomic system. The excitation dynam-

ics are readily understood via a Markovian approximation and linear examples

(Sec. 7.2.1). The ground state is coupled to the bright symmetric state with the full

collective enhancement, then, the excited state populations are redistributed by the

inhomogeneous broadening from the uniform atomic population to a Lorentzian

distribution about the atom with zero detuning. Realistically, the detuning will not

be linear, affecting the excitation timescales and the dynamics in the excitation

manifold. The dynamics in the excitation manifold will no longer be dispersionless,

potentially leading to premature deexcitation as population disperses into the bright

mode. However, our studies give us insight that for optimal performance we must

chose the geometry, interaction, and detuning, such that we maximise the linear

character of the detunings around the atom with zero detuning.

The excitation manifold dynamics (Sec. 7.2.3) correspond to a lighthouse-like

sweeping of the emitted photon’s direction (Sec. 7.2.5). To avoid this, one could

wait the revival time of the system for mode matched emission. However, this

depends on the number of atoms N , and an analysis will have to be performed on

the emitted photons sensitivity to the Poissonian fluctuations of N . An alternative

is to freeze the manifold dynamics by deexciting the ancilla as the dynamics are

conditioned on the ancilla being excited. Then, with additional ancilla(s), one could

fully or partially reverse the temporal manifold dynamics, giving a deterministic

mode matched single photon source. In addition, the dynamics can be reversed via

Rydberg states of the ancilla where the interaction between the ancilla and system

are of identical strength, but opposite sign. This could be performed with Rydberg

Stark states in an electric field, where the linear Stark splitting yields states with

opposite polarity giving the desired opposite interaction.

The systems considered here lend themselves to system-reservoir dynamical

studies for structured baths and (non)Markovian dynamics, and quantum mea-

surements (decoherence). The multi-ensemble examples exhibit highly correlated

dynamics that may lead to interesting emission characteristics, while the condi-

tional dynamics could be used to perform quantum gates.



APPENDIX A

CANONICAL TRANSFORMATIONS

In classical mechanics, canonical transformations are transformations of the phase-

space variable that preserves the Poisson brackets

{r,p} = 1. (A.1)

The quantum mechanical equivalent is the transformation of the noncommuting

phase-space variables that preserves the commutator relations

[r̂, p̂] = i�, (A.2)

or equivalently, [
â, â†

]
±
= 1, (A.3)

where the (anti)commutator, indicated by (+)−, is used for (fermions)bosons.

Canonical transformations are utilised for evolution, to prove physical equivalence

(isometric transformations), and solve theory. As they are defined algebraically,

they in general need not be unitary, nor, linear transformations.

Here, we discuss linear canonical transformations of creation and annihilation

operators. Such transformations are also commonly referred to as Bogoliubov

transformations. We only concern ourselves with boson, however, the book for

Blaizot and Ripka [79] treats both the bosonic and fermionic cases. The bosonic

case is also studied in [147]. Our treatment largely follows [79, 147], while we

adapt and expand where it suits our needs.
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A.1 Matrix notation

We collect the creation and annihilation operators into the column vector

α =

[
â
â∗

]
, α† = αTγ =

[
[â∗]T âT

]
, (A.4)

where

â =
[
â1 · · · âN

]T
, â∗ =

[
â†1 · · · â†N

]T
, (A.5)

and the symplectic matrix ΩA and absolute value, γ, are

ΩA =

[
0 I
−I 0

]
, γ = |ΩA| =

[
0 I
I 0

]
. (A.6)

We denote the commutator relations by[
α,αT

]
= ΩA =⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎡
⎢⎢⎢⎣

[
â1, â1

]
· · ·

[
â1, âN

]
...

. . .
...[

âN , â1

]
· · ·

[
âN , âN

]
⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

[
â1, â

†
1

]
· · ·

[
â†1, âN

]
...

. . .
...[

â†N , â1
]

· · ·
[
â†N , âN

]
⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

[
â†1, â1

]
· · ·

[
â†1, âN

]
...

. . .
...[

â†N , â1
]

· · ·
[
â†N , âN

]
⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

[
â†1, â

†
1

]
· · ·

[
â†1, â

†
N

]
...

. . .
...[

â†N , â
†
1

]
· · ·

[
â†N , â

†
N

]
⎤
⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(A.7)

The Bogoliubov transformation is given by

β =
[
b̂1 · · · b̂N b̂†1 · · · b̂†N

]T
= Tα+ δ =

[
U V
W Z

]
α+

[
c
d

]
. (A.8)

In general, the new creation operators b̂†j are not the hermitian conjugates of their

corresponding annihilation operators b̂j . This only occurs when the canonical

transformation is unitary. We will return to this in the following section.
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The transformation is canonical when it preserves the commutation relations[
β,βT

]
= ΩA, (A.9)

which places the symplectic condition on T

TΩAT
T = ΩA. (A.10)

Matrices satisfying this equation form the symplectic group Sp (2n,C).
We may write the Bogoliubov transformation (A.8) in terms of the operator Ŝ

acting in Fock space

b̂j = ŜâjŜ
−1, b̂†j = Ŝâ†jŜ

−1. (A.11)

Using the Campbell-Baker-Hausdorff expansion, the operator Ŝ can be shown to

have the form

Ŝ = exp

(
1

2
αTKα+ lTα

)
, (A.12)

whereK is symmetric, i.e., K = KT , and

T = exp (−ΩAK) , δ = −ΩAl. (A.13)

The symmetric condition ensures that the symplectic condition (A.10) is satisfied,

i.e.,

T−1 = −ΩAT
TΩA = exp (ΩAK) . (A.14)

It can also be shown that

Ŝ =: exp

{
1

2
âTWU−1â − 1

2
[â∗]T U−1Vâ∗ − [â∗]T

(
U−1 + 1

)
â

− âTWU−1c+ dT â − [â∗]T U−1c
}
:, (A.15)

where : • : indicates normal ordering.

The vacuum states

âj |0〉a = 0, b̂j |0〉b = 0, etc., (A.16)
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are related by

|0〉b = Ŝ|0〉a = exp{−1

2
[â†]TU−1Vâ† + [â†]TU−1c}|0〉a, b〈0| = a〈0|Ŝ−1.

(A.17)

Also, note that the number states are related by

|n〉b = 1√
n1!n2! · · ·nN !

[
b̂†1
]n1

[
b̂†2
]n2 · · ·

[
b̂†N
]nN |0〉b = Ŝ|n〉a (A.18)

where n = n1 + · · ·+ nN .

A.2 Unitary canonical transformations

Here, unitary canonical transform means Ŝ−1 = Ŝ†. Not T−1 = T†. Now the

transformed creation and annihilation operators are hermitian conjugate operators

b̂j = ŜâjŜ
†, b̂†j = Ŝâ†jŜ

†. (A.19)

From Eq. (A.8), we have

U = Z∗, V = W∗, d = c∗. (A.20)

That is

β =

[
U V
V∗ U∗

]
α+

[
c
c∗

]
, (A.21)

with the relations

T† = γTTγ, T−1 = ηT†η, δ∗ = γδ, (A.22a)

η = ΩAγ = −γΩA =

[
I 0
0 −I

]
. (A.22b)
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We modify the form of the operator Ŝ (A.12) to

Ŝ = exp

(
i

2
α†Kα+ il†α

)
, (A.23a)

K† = K, l∗ = γl, KT = γKγ, (A.23b)

T = exp (−iηK) , δ = −iηl. (A.23c)

A.3 Diagonalization of quadratic hamiltonians

Quadratic Hamiltonians can be solved exactly by unitary canonical transformations.

The general form of a quadratic bosonic Hamiltonian is

Ĥ =
∑
ij

Aij â
†
i âj +

1

2

∑
ij

(
Bij âi âj +B∗

ij â
†
i â

†
j

)
+H0, (A.24a)

A = A†, B = BT , H0 = const. (A.24b)

This can be re-expressed as

Ĥ =
1

2

(
α†Mα− TrA

)
+H0, (A.25a)

M =

[
A B
B∗ A∗

]
. (A.25b)

To diagonalize the system, we must transform the system into a collection of

noninteraction harmonic oscillators, i.e.,

Ĥ =
∑
j

Ej ĉ
†
j ĉj + const. (A.26)

The new creation and annihilation operators, in general, do not create and annihilate

particles, but linear combinations of them. These are called quasiparticles, and for

the bosonic case, are often called the normal modes of the system. To diagonalize

the system, we make the unitary canonical transform β = Tα,

Ĥ =
1

2

(
β†ηTηMT−1β − TrA

)
+H0, (A.27)
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and we see that ηM must be diagonalized to bring the system into diagonal form.

I.e.,

TηMT−1 = D, (A.28)

where D is a diagonal matrix.

We have the eigenvalue problem

ηM

[
Uj

−V∗
j

]
= Ej

[
Uj

−V∗
j

]
, (A.29)

where Uj (Vj) is the j
th row of the matrix U (V). Unfortunately, ηM is nonher-

mitian, thus, we cannot use our standard diagonalization methods for hermitian

matrices.

A.3.1 Properties of the eigenvectors and values

Now, we take M to consist of real elements. The significant differences between

the real case and the complex case in the following is that the transpose operation

becomes the hermitian conjugate, and the treatment of the zero eigenvalue modes

changes (see [79] for details).

Since, M is real and positive semi-definite, the right eigenvectors

Xj =

(
Uj

−Vj

)
, (A.30)

can be chosen to be real with real eigenvalues. The corresponding left eigenvectors

with the same eigenvalues are XT
j η. For every eigenvector Xj with eigenvalue Ej ,

there is a corresponding right eigenvector Yj = γXj with eigenvalue −Ej .

Right eigenvectors with Ej = 0 are a special case. We focus on the case for

only one zero eigenvalue right eigenvector P. Here, the eigenspace is incomplete.

For a complete basis, and to obtain a canonical transformation, we need to establish

the corresponding generalized eigenvector X , which is given by

ηMX = −i�ω0P, (A.31)

where ω0 is some positive constant. We may have the normalization

X †MX = �ω0, X †ηP = i, PTηP = X †ηX = 0. (A.32)
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and write

P =

(
p
−p

)
, X = −i

(
x
x

)
, {pj , xj} ∈ R, (A.33)

which gives

2xTp = 1. (A.34)

With this generalized eigenvector, we have a complete set, and we can formulate

the correct canonical transformation with

X0 =
1√
2
[P+ iX ] , Y0 =

1√
2
[iX −P] ,

{
xj0, y

j
0

}
∈ R. (A.35)

The eigenvectors are orthonormal with the metric η

XT
j ηXk = −YT

j ηYk = UT
j Uk −VT

j Vk = δjk, XT
j ηYk = 0, (A.36)

and we obtain the closure relation∑
j≥0

(Xj X
T
j −Yj Y

T
j )η =

∑
j>0

(Xj X
T
j −Yj Y

T
j )η + i[XPT −PX †]η = I.

(A.37)

The new creation and annihilation operators are given by

b̂j = XT
j ηα = −α†ηYj , (A.38a)

b̂†j = −YT
j ηα = α†ηXj . (A.38b)

The orthonormality (A.36) yields the correct commutation relations[
b̂j , b̂k

]
=
[
b̂†j , b̂

†
k

]
= 0,

[
b̂j , b̂

†
k

]
= δjk. (A.39)

A.3.2 Diagonal form

We can obtain diagonal form by multiplying M by the closure relation (A.37)

M = ηηM
∑
j≥0

(
XjX

†
j −YjY

†
j

)
η (A.40)

= η

⎡
⎣∑
j>0

Ej

(
Xj X

T
j +Yj Y

T
j

)
η + �ω0PPT

⎤
⎦η. (A.41)
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Thus, the Hamiltonian (A.25) becomes

Ĥ =
∑
j>0

Ej b̂
†
j b̂j +

�ω0

2
P̂2 +

1

2

⎛
⎝∑

j>0

Ej − TrA

⎞
⎠+H0

=
∑
j>0

Ej b̂
†
j b̂j +

�ω0

2
P̂2 −

∑
j>0

EjY
T
j Yj − �ω0

2
PTP+H0, (A.42)

where the operator P̂ is interpreted as a "momentum" operator given by

P̂ = α†ηP = PTηα =
1√
2

(
b̂0 + b̂†0

)
, (A.43)

while the correspond "position" operator is given by

X̂ = α†ηX = X †ηα =
−i√
2

(
b̂†0 − b̂0

)
, (A.44)

for which the canonical commutator relation holds[
X̂ , P̂

]
= i. (A.45)

We see that a canonical transformation cannot bring the Hamiltonian into

diagonal form. What can be achieved, however, is a description where all modes

are noninteracting. The zero energy normal mode behaves as a free quasiparticle,

while the other modes are simple harmonic oscillators. Thus, we may easily write

down the ground state of the system

|0〉, b̂j |0〉 = 0 ∀ j > 0, P̂|0〉 = 0. (A.46)

A "free parameter"

The existence of a zero mode is generally the result of an approximation or an

ansatz of a U(1) broken symmetry, Sec. 2.2. It introduces a free parameter in the

transformation, which must be fixed by appealing to the physics of the problem

considered.
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Consider the normalisation conditions for the zeroth mode. We may consis-

tently introduce the factor α

P = αP′ X =
1

α
X ′ ω′

0 = α2ω0. (A.47)

With this, the normalisation conditions (A.32) are invariant

X ′†MX ′ = �ω′
0, X ′†ηP′ = i, P′TηP′ = X ′†ηX ′ = 0. (A.48)

as well as the Hamiltonian

�ω0

2
P̂2 =

�ω′
0

2
P̂ ′2. (A.49)

As it stands, the theory does not prescribe a fixed value for α.
The transformation (A.47) is a scale transformation, or equivalently, a squeez-

ing transformation. Of course, averages taken with a prescribed initial state are

invariant to these unitary canonical transformations. However, the applicability

of approximations performed in Chapter 2 are dependent upon the diffusion rate

of the zero mode. Thus, the importance of appropriately fixing the parameter is

evident.





APPENDIX B

1D THOMAS-FERMI SOLUTIONS

Here, we review the TF solutions used in [56, 66, 148] to solve the Bogoliubov

modes in the 1D mean field regime.

B.1 Thomas-Fermi BEC

The TF approximation is to neglect the kinetic energy when the interaction energy

is dominant. In the trapped gas case, the approximation will yield good results in

the bulk, while failing to describe the edges of the BEC owing to the faster spatial

variation. Neglecting the kinetic energy in the 1D GPE (2.24) yields the solution

ψ(x) =

⎧⎨
⎩
√

μ
g1D

√
1− (x/RTF)

2 if x < RTF,

0 otherwise,
(B.1)

where the TF radius is

RTF =

√
2μ

mω2
x

. (B.2)

The chemical potential is determined by the total number of particles in the BEC

μ =

[
3N0g1D

4

√
mω2

x

2

] 2
3

. (B.3)
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Integrating the 1D GPE (2.24) gives N0μ = H0 + Eint, where H0 is given in

Eq. (2.22a) and the interaction energy is given by

Eint =
g1D
2

∫
dx |ψ(x)|4 . (B.4)

Noting that μ = ∂H0/∂N0, one obtains the thermodynamic relation

∂μ

∂N0
=

1

N0

∂Eint

∂N0
. (B.5)

We also have the relations

Etot

N0
=

3

5
μ,

Eint

N0
=

2

5
μ,

Epot

N0
=

1

5
μ, (B.6)

where Etot = Eint + Epot is the total energy excluding the kinetic contribution

and Epot is the potential energy contribution. Using Eq. (B.5) and Eq. (B.6), one

has
∂μ

∂N0
=

2

3

μ

N0
. (B.7)

To be in the TF regime, we require the interaction energy to be much greater

than that of the kinetic energy

g1Dn1D
2

� �
2

2mR2
TF

, (B.8)

or equivalently,

n1Dasc � 1

2
3
2

(
l0
lx

)2

, (B.9)

where n1D = μ/g1D is taken to be the maximum density of the TF profile Eq. (B.1).
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B.2 Thomas-Fermi excitations

The Bogoliubov-de Gennes equations (2.32) can be decoupled

L+L−f+j (x) = (�ωj)
2f+j (x), (B.10a)

L−L+f
−
j (x) = (�ωj)

2f−j (x). (B.10b)

The kinetic energy term is neglected where it is less significant. That is, the TF

solution for the BEC wavefunction Eq. (B.1) is taken along with the approximation

L+ =

[
− �

2

2m

∂2

∂x2
+ V (x)− μ+ g1Dn0(x)

]
+ 2g1Dn0(x)


 2g1Dn0(x) = 2[μ− V (x)]. (B.11)

Such an approximation is equivalent to neglecting terms second order in �ωx/μ
[148]. Equations (B.10) become

2g1Dn0(x)L−f+j (x) = (�ωj)
2f+j (x), (B.12a)

2g1DL−n0(x)f−j (x) = (�ωj)
2f−j (x), (B.12b)

Taking f±j (x) = C±
j ψ(x)

±1φ±j (x) and noting that

∂ψ(x)

∂x
= − ψ(x)

2g1Dn0(x)

∂V (x)

∂x
, (B.13)

one obtains

−�
2

m

[
g1Dn0(x)

∂2

∂x2
− ∂V (x)

∂x

∂

∂x

]
φ±j (x) = (�ωj)

2φ±j (x). (B.14)

The derivation of this equation relies on the exact expression for the BEC wave-

function, not the TF approximation of it. The following argument is given in

Ref. [148]. In deriving the TF wavefunction, the kinetic energy of the wavefunc-

tion is neglected, however, for the excitations with energies comparable to the

trap frequency, this would lead to an incorrect result. The wavefunctions of these
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excitations vary over the entire BEC, hence, the kinetic energy of the BEC, and

excitations are equally important.

Now, explicitly using the harmonic oscillator potential

V (x) =
mω2

x

2
x2, (B.15)

and

�ωj = �ωx

√
j (j + 1) /2, (B.16)

one arrives at [(
R2

TF − x2
) ∂2

∂x2
− 2x

∂

∂x
+ j (j + 1)

]
φ±j (x) = 0. (B.17)

The solutions are the Legendre polynomials Pj (x/RTF). As defined in Arfken

and Weber [149], they have the orthogonality condition

1

RTF

∫ RTF

−RTF

Pj

(
x

RTF

)
Pk

(
x

RTF

)
dx =

2δjk
2j + 1

. (B.18)

B.2.1 Normalization

All that remains is the normalisation of

f±j (x) = C±
j ψ(x)

±1Pj

(
x

RTF

)
, (B.19)

and a discussion of the zero mode. The solutions are normalised according too∫
dx

[
f+j (x)f−k (x) + f+k (x)f−j (x)

]
= δjk, (B.20)

yielding

C+
j =

1

C−
j

2j + 1

4RTF
. (B.21)
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Finally, one substitutes into the coupled BdG equations Eqs. (2.32), and using the

GPE and Legendre differential equation,

C±
j =

(
2g1D
�ωj

)± 1
2
√

2j + 1

4RTF
. (B.22)

Clearly, the zero mode does not satisfy the normalisation (B.22). However, the

obtained solutions correspond to the redefinition of the zero mode, Eq. (A.35), but

are normalised according to

L+Φ0(x) 
 2g1Dn0(x)Φ0(x) = �ω0

√
n0(x)

2N0
, (B.23)

2

∫ RTF

−RTF

dxΦ0(x)

√
n0(x)

2N0
= 1, (B.24)

and �ω0 = 4μ/3. Thus, the solutions are

f±j (x) =

⎧⎪⎨
⎪⎩
(
2g1D
�ωj

)± 1
2
√

2j+1
4RTF

ψ(x)±1Pj (x/RTF) j > 0,

f+0 (x) =
√

n0(x)
2N0

, f−0 (x) = 1
4RTF

[
f+0 (x)

]−1
j = 0.

(B.25)

Note that the other orthogonality conditions∫
dx

[
f−j (x)f+k (x)− f+j (x)f−k (x)

]
= 0, (B.26)

are also satisfied.





APPENDIX C

WILLIAMSON’S THEOREM

Here, we provide an adaption of the proof presented in Ref. [150] of Williamson’s

theorem [151] which illuminates how to construct the diagonalizing sympletic

matrix. Williamson’s theorem guarantees that any 2n×2n covariance matrix (sym-

metric and positive definite) can be diagonalized via a symplectic transformation,

A = STWS, (C.1)

where S is a symplectic transform, W is in diagonal form with W =
⊕n

k=1 dkI2,
and, ±dk are the eigenvalues of iΩA.

Since the scalar product 〈z, z′〉A = 〈Az, z′〉 = (z′)TAz and standard sym-

pletic form, σ(z, z′) = 〈Ωz, z′〉 with

Ω =

n⊕
k=1

[
0 1
−1 0

]
, (C.2)

are nondegenerate, there exist an unique invertible matrix K, for which,〈
z,Kz′

〉
A
= σ(z, z′). (C.3)

Using, KTA = Ω = −ΩT = −AK, the transpose w.r.t. the scalar product

〈z, z′〉A is

KA = A−1KTA = −K. (C.4)
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Thus, K = −A−1Ω (K−1 = ΩA) is an invertible real skew-symmetric matrix

with purely imaginary eigenvalues that occur is pairs, ±iλj (∓i/λj) and λj > 0,
with the corresponding 〈., .〉A orthonormal eigenvectors e′j ± if ′j , where e′j and f ′j
are real. As 2

1
2 e′j and 2

1
2 f ′j also form a 〈., .〉A orthonormal basis, ej = (2/λj)

1
2 e′j

and fj = (2/λj)
1
2 f ′j form a sympletic basis, i.e.,

σ(ei, ej) = 〈ei,Kej〉A = λj 〈ei, fj〉A = 0,

σ(fi, fj) = 〈fi,Kfj〉A = λj 〈fi, ej〉A = 0,

σ(ei, fj) = 〈ei,Kfj〉A = λj 〈ei, ej〉A = δij ,

σ(fi, ej) = 〈fi,Kej〉A = −λj 〈fi, fj〉A = −δij . (C.5)

A sympletic transform preserves PTΩP = Ω, and consequently, σ(., .). Con-

structing S−1 = [e1, f1, e2, f2, . . . , en, fn], then,

[S−1]TΩS−1 = Ω =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ(e1, e1) σ(e1, f1) σ(e1, e2) σ(e1, f2) . . . σ(e1, en) σ(e1, fn)
σ(f1, e1) σ(f1, f1) σ(f1, e2) σ(f1, f2) . . . σ(f1, en) σ(f1, fn)
σ(e2, e1) σ(e2, f1) σ(e2, e2) σ(e2, f2) . . . σ(e2, en) σ(e2, fn)
σ(f2, e1) σ(f2, f1) σ(f2, e2) σ(f2, f2) . . . σ(f2, en) σ(f2, fn)

...
...

...
...

. . .
...

...

σ(en, e1) σ(en, f1) σ(en, e2) σ(en, f2) . . . σ(en, en) σ(en, fn)
σ(fn, e1) σ(fn, f1) σ(fn, e2) σ(fn, f2) . . . σ(fn, en) σ(fn, fn)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(C.6)
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Thus, we have the desired result

[S−1]TAS−1 = diag([1/λ1, 1/λ1, 1/λ2, 1/λ2, . . . , 1/λn, 1/λn]) = W =⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

〈e1, e1〉A 〈e1, f1〉A 〈e1, e2〉A 〈e1, f2〉A . . . 〈e1, en〉A 〈e1, fn〉A
〈f1, e1〉A 〈f1, f1〉A 〈f1, e2〉A 〈f1, f2〉A . . . 〈f1, en〉A 〈f1, fn〉A
〈e2, e1〉A 〈e2, f1〉A 〈e2, e2〉A 〈e2, f2〉A . . . 〈e2, en〉A 〈e2, fn〉A
〈f2, e1〉A 〈f2, f1〉A 〈f2, e2〉A 〈f2, f2〉A . . . 〈f2, en〉A 〈f2, fn〉A

...
...

...
...

. . .
...

...

〈en, e1〉A 〈en, f1〉A 〈en, e2〉A 〈en, f2〉A . . . 〈en, en〉A 〈en, fn〉A
〈fn, e1〉A 〈fn, f1〉A 〈fn, e2〉A 〈fn, f2〉A . . . 〈fn, en〉A 〈fn, fn〉A

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(C.7)

and S = W−1[S−1]TA.
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