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Chapter 1

Introduction to the thesis

This thesis deals mainly with aspects of Bose–Einstein condensates that lie beyond a mean field
treatment. Inspired by quantum optics, we1 have tried to seek out physical situations that cannot
be described by the standard Gross–Pitaevskii equation. The uniting themes are correlations
and counting statistics more than density distributions, thermodynamics, or superfluidity. Of
course, the distinction is never totally clear and we will repeatedly need the concepts of traditional
condensed matter physics. The attitude throughout the thesis is, however, that as Bose–Einstein
condensation grants us a system with many of the advantages of the unreachable zero temperature,
we should embrace this gift and try to make the most of it. For the majority of the work presented,
we have assumed a very pure condensate to be at hand and then tried to create more exotic states
from this resource.

1.1 Outline of the thesis

The backbone of the thesis is six more or less separate projects done during the authors years as a
Ph.D. student. Therefore the number of different subjects covered may seem high and the depth
of their treatment may at times be unimpressive. We hope, however, that some continuity of the
presentation have been achieved, and that the thesis will be useful beyond its formal purpose.

Not least with this last goal in mind, the introductory Chp. 2 has been included. It will
hopefully equip the typical reader with sufficient background knowledge to appreciate (at the
very least) why we found the studies worthwhile. For the introduction, a rather direct path to
the quantum optical aspects of Bose–Einstein condensates has been chosen: We will start by
introducing a many-body wavefunction formulation that should feel pretty familiar to everyone,
go on to introduce the second quantized formalism, and soon arrive at the intriguing questions
related to measurements on condensates. Although we shall not need it explicitly except in Chp. 6,
we include also a discussion of the Bogoliubov approach as it is fundamental for the description
of the almost-pure condensate regime that most of our work is carried out in: If one is to ask
for corrections to the simple models we sometimes apply, the Bogoliubov approach will usually
provide an answer.

Next, in Chp. 3 our numerical tool of choice, the positive P method, is introduced. During
the first two years of the thesis work we spend countless hours trying to “fight this dragon”,2 but
unfortunately these efforts were mainly fruitless. The presentation is therefore a quite standard
one, but intended to be self-contained and readable for the nonspecialist.

The first of the main chapters is Chp. 4 on spin squeezing in two-component condensates.
The chapter contains an introduction and four projects, all focussed on describing and utilizing

1Throughout the rest of the thesis, the plural “we” and “ours” are used. In the introductory sections this points
to “the reader and I”, while in the main sections it reflects that most work has be done in collaboration with,
primarily, my supervisor, Klaus Mølmer.

2A quote from Jean Dalibard.

1



2 CHAPTER 1. INTRODUCTION TO THE THESIS

the correlation between phase and number of atoms produced by the collisional interaction. We
first use the positive P method to test a simple model of the physics, and we then propose two
applications: A quantum beam splitter for atoms and a source of squeezed light. We also try to
estimate the influence of a finite temperature on the longterm behaviour of the system, i.e., on
the observation of phase revivals.

In Chp. 5 we take as our optimistic starting point a Bose–Einstein condensate consisting of
molecules (not experimentally available at the time of this writing). We then study the special state
created when each molecule is split into two atoms. A number of basic quantities are calculated
and a particular experiment to demonstrate the peculiar nature of the state is analyzed.

The last project included is perhaps also the simplest one: In Chp. 6 we determine the scattering
properties of a condensate when it is bombarded by atoms identical to the ones in the condensate
itself. Focusing on a particularly setup, we calculate transmission probabilities etc.

Finally, in Chp. 7 we conclude the thesis by summarizing the main results obtained and some
interesting directions for further research.



Chapter 2

Introduction to BEC physics

In this chapter, we give a general introduction which will hopefully make the rest of the thesis
accessible to a wider audience. The goal is not so much to be mathematically concise, as to convey
a intuitive understanding of the subject. Naturally, other authors may have a different view upon
some of the subjects covered, but, if nothing else, this chapter describes the mental framework
upon which our research has been build. For more thorough introductions to the many aspects
of Bose–Einstein condensation, the reader can consult review articles like Refs. [8, 9, 10] or the
recent book by Pethick and Smith [11].

2.1 Many–body wavefunction formulation

We are trying to describe N � 1 identical, bosonic particles moving in three dimensional space,
possibly under the influence of external forces, and in general interacting with each other. A
natural starting point is the many–body wavefunction, Φ(r1, . . . , rN , t). If we, for some reason,
know that the system is in a particular state, the subsequent time evolution is given by solving
the many–body Schrödinger equation,

i~
∂

∂t
Φ(r1, . . . , rN , t) = ĤΦ(r1, . . . , rN , t). (2.1)

The Hamiltonian, Ĥ, contains single particle terms and interaction terms. We assume the gas to
be dilute and therefore three–body and higher interaction terms are neglected:

Ĥ =

N∑

j=1

ĥ(rj) +

N∑

j,k=1
j<k

V (rj , rk) where ĥ(r) = − ~
2

2m
∇2

r
+ Uext(r). (2.2)

In the single–particle Hamiltonian, ĥ, m is the atomic mass and Uext is an external potential.
This external potential will (except for the gravitational contribution) depend on some internal
structure in the atoms, but we will in this introduction mainly treat the atoms as scalar point
particles (for the case of two internal levels, see Sec. 4.1).

2.1.1 The two–body potential

The two–body potential in Eq. (2.2) needs some special care. The real interaction potential
between two colliding alkali atoms is rather complicated: The core is strongly repulsive but at
intermediate distances the potential is attractive and deep enough to support many bound states.
These molecular states imply that the atomic condensate is not the true ground state. In fact,
alkali metals at µK temperatures are solids when in true thermal equilibrium and the atomic
condensate is only a meta–stable state. This state is long lived due to the relative unlikeliness of

3



4 CHAPTER 2. INTRODUCTION TO BEC PHYSICS

three–body collisions. In Chp. 5 we will have a closer look at the possibility to actually produce
molecules from an atomic BEC in a controlled manner, but for the moment we focus on elastic
collisions.

The complicated part of the of the inter-atomic potential is fortunately rather short–ranged
(∼ nm) compared to typical distances between atoms (∼ µm). It makes sense, therefore, to
assume that we can build a satisfactory theory by focusing on the asymptotic region only. In this
region, low energy collision properties are actually described by a single parameter, as, the s–wave
scattering length. This implies, that we can replace the real interaction potential by another one
with correct as. The standard choice is a simple contact interaction

Vcontact(r) = gδ(r) (2.3)

where the strength parameter g is given by

g =
4π~

2as
m

. (2.4)

Strictly speaking this potential needs to be regularized by inclusion of the operator ∂
∂r r· to remove

any irregular component in the wavefunction of the relative motion [12]. This is normally not a
concern, especially not when doing numerical calculations on a finite grid.

The sign of g, and thus the repulsive or attractive nature of the interaction, is decided by
the sign of as. A highly attractive feature of ultracold alkali gases as many–body systems is the
possibility to actually tune both magnitude and sign of g by external fields via so-called Feschbach

resonances [13, 14]. We will return to this subject when we discuss molecule production in Chp. 5.
Without special tuning positive values of g are more common than negative ones. Attractive
interactions leads to interesting physics, notably the collapse of the system above a certain number
of atoms [15, 16, 17]. We shall entirely be working with repulsive interactions, i.e., we will always
have g > 0 (or put equal to zero for convenience) in the following.

2.1.2 The Gross–Pitaevskii equation

The state of primary interest among all the infinitely many possible ones, is the ground state, i.e.,
the eigenstate of Ĥ with the lowest eigenvalue. This is because we can bring the system (at least
close to) this state by rather primitive means: we only need some dissipative mechanism, removing
energy from the system. In the alkali gas experiments, the dissipative mechanism is initially laser
cooling, while the last increase in phase space density is obtained by evaporative cooling. The
cooling processes themselves require a more general formalism than the one used here, and we
shall be contend with describing the system after the ground state has been produced. At that
point, we may apply some manipulation to reach other states: we may shake or deform the trap,
or we may apply strong laser or radio-frequency fields to coherently transfer the atoms to other
internal states.

The ground state

Let us then start by looking for the ground state. The first thing to try is to make the simple
Hartree ansatz

ΦGP (r1, r2, . . . , rN ) =
∏

j

φ0 (rj) , (2.5)

and then minimize 〈ΦGP|Ĥ|ΦGP〉. Assuming 〈φ0|φ0〉 = 1, we get

〈ΦGP|Ĥ|ΦGP〉 = EGP[φ0, N ] (2.6)

where the Gross–Pitaevskii energy functional is given by

EGP[φ0, N ] =

N

∫

d3r

{
~

2

2m
|∇φ0(r)|2 + Uext(r) |φ0(r)|2 +

g

2
(N − 1) |φ0(r)|4

}

. (2.7)



2.1. MANY–BODY WAVEFUNCTION FORMULATION 5

In EGP we clearly identify kinetic energy, potential energy, and interaction energy. The kinetic
and potential energy terms gets equal contributions from all particles and hence a factor N in
front, while the interaction term instead has a total factor of N(N − 1)/2 corresponding to the
number of pairs of particles. Introducing a Lagrange multiplier, µ, to take care of the normalization
constraint, we end up with the following equation for φ0:

µφ0(r) =

[

− ~
2

2m
∇2 + Uext(r) + g(N − 1) |φ0(r)|2

]

φ0(r). (2.8)

This nonlinear Schrödinger equations is the famous Gross–Pitaevskii equation (GPE) [18, 19, 20].
By finding the solution with the lowest possible µ we get very good predictions for the density
profile of condensates near their ground state [9]. Referring back to Eq. (2.7) we see that µ is in
fact the chemical potential, µ = ∂NEGP.

Time-dependence

Having obtained a good approximation to the ground state, we would like to be able to manipulate
it and to describe these manipulations theoretically. It is clear that if we e.g. move the trapping
potential “very slowly” the condensate will following adiabatically. But what happens if we, say,
displace the trap rapidly? To describe such a situation, we allow φ0 in Eq. (2.5) to be time-
dependent and we do a variational calculation similar to above. Extremalization of the action,

A[ΦGP] =

∫

dt

{
1

2
(〈ΦGP|i~∂t|ΦGP〉 + c.c) − 〈ΦGP|H|ΦGP〉

}

(2.9)

leads to an approximative solution of Eq. (2.1). We get the time-dependent GPE,

i~∂tφ0(r, t) =

[

− ~
2

2m
∇2 + Uext(r) + g(N − 1) |φ0(r, t)|2

]

φ0(r, t). (2.10)

This equation successfully describes the response of the condensate to changes in the external
trapping potential, e.g. the free expansion when the trap is removed completely [21].

Solutions of the Gross–Pitaevskii equation

As nonlinear differential equations, Eqs. (2.8) and (2.10) are not easy to solve analytically and
we have to resort to numerical or approximative methods. When interactions are dominant, the
main qualitative difference as compared to an ordinary linear Schrödinger equation is a reduced
sensitivity to boundary conditions: In a box, the condensate density, n0 = N |φ0|2, will simply be
flat except for a region close to the walls.1 The length scale over which the density attains its bulk
value is the healing length,

ξ =
~√

2gn0m
=

1√
8πn0as

, (2.11)

which can be found by balancing kinetic energy and interaction energy. In general, if the external
potential varies slowly on the scale of (the local) ξ, the kinetic energy term in Eq. (2.8) can be
neglected, and we get the Thomas–Fermi approximation:

n0(r) = N |φ0(r)|2 = max

(

0,
µ− Uext(r)

g

)

. (2.12)

Another common approximation is to make a Gaussian ansatz for φ0. This method is obviously
good for a harmonic trap and very weak interactions, but can also capture essential features of
the dynamics in the strongly interacting case [22]. For a thorough discussion of both the Thomas–
Fermi approximation and Gaussian solutions, see Ref. [11].

1This can be seen in Fig. 6.1 for the more realistic case of a finite potential depth.
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2.1.3 Single particle excitations

The simple Gross–Pitaevskii ansatz, (2.5), is of course not the whole truth. In the low temperature
limit, the by far most common next step is the Bogoliubov approach, which will improve on our
description of the ground state and encompass both collective and single-particle excitations. We
describe this approach in Sec. 2.7 below, after we have introduced some convenient notation. Let
us at this point just try one simple thing: Let us make an ansatz like Eq. (2.5) but with one
particle out of the condensate. A properly symmetrized expression is

ΦGP* (r1, r2, . . . , rN ) =

√

1

N

∑

j

φ∗(rj)
∏

k 6=j

φ0(rk), (2.13)

where 〈φ1|φ0〉 = 0. This ansatz should teach us something about what the world looks like to a
single atom out of the condensate. In addition to EGP[φ0, N − 1] we get a contribution due to the
“noncondensed” atom:

E∗[φ∗, φ0] =

∫

d3r

{
~

2

2m
|∇φ∗(r)|2 + Uext(r) |φ∗(r)|2 + 2g (N − 1) |φ∗(r)|4

}

. (2.14)

Again we recognize kinetic, potential, and interaction energy. Note, however, the factor of 2
appearing in the interaction term: This comes about because we now have both direct (Hartree)
and exchange (Fock) contributions to the scattering. In the resulting equation of motion,

i~∂tφ∗(r) =

[

− ~
2

2m
∇2 + Uext(r) + 2g(N − 1) |φ0(r)|2

]

φ∗(r), (2.15)

the noncondensed atom correspondingly sees twice the mean field of the condensate. As will be-
come apparent in Sec. 2.7, when we discuss the Bogoliubov approach, the Hartree–Fock ansatz,
(2.13), is usually only a good approximation at high energies. At low energies, the ansatz wave-
function (2.13) will mix strongly with the totally condensed form (2.5), and the excitations are in
fact of a collective nature. This will be dramatically demonstrated in Chp. 6, where an incident
atom travels through a condensate that according to Eq. (2.15) would constitute an impenetrable
mean field barrier.2

2.2 Second quantization

We did not show the details, but to do the variational calculation leading to Eq. (2.14) one has
succeed with a fair amount of bookkeeping. This comes about because of the symmetrization
of the ansatz wavefunction, (2.13). The task gets increasingly tiresome for more complicated
wavefunctions. In this section, we introduce a convenient tool to handle the symmetrization
problem, namely second quantization.

2.2.1 Productbasis

Quite general (i.e. not only when working with variational ansätze) it is natural to construct a basis
for the N–body wavefunctions by making simple products of one–body wavefunctions. Assuming

2 Strictly speaking, we should not write 2g|φ0|2 in Eq. (2.15), but rather g|φ0|2 + gQ̂|φ0|2Q̂, where Q̂ projects
on the space orthogonal to φ0. This is because φ∗ is defined to be orthogonal to φ0, and so the equation of motion
needs to conserve this property. Including the Q̂’s also makes φ0 itself a stationary solution of Eq. (2.15). In fact
we get a complete spectrum of “Hartree–Fock” single-particle states that we will find useful in Sec. 4.5 where we
consider the regime of very weak interactions. In the more conventional BEC situation where interactions strongly
perturb the trap levels, Eq. (2.15) is mostly useful at high energies and then Q̂ can safely be omitted.
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(φk)k∈N to be a basis for the one–body states, the symmetrized many–body basis takes the form

Φ(nk)(r1, . . . , rN )

=

√

1

N !
∏

k nk!

∑

σ∈SN

φ1(rσ(1)) . . . φ1(rσ(n1))
︸ ︷︷ ︸

n1 factors

φ2(rσ(n1+1)) . . . (2.16)

where the sum is over all permutations. The indistinguishability of the particles implies that only
the number of particles in a given φk matters. Hence, the many–body basis functions are simply
labeled by the set of occupation numbers, (nk)k∈N = (n1, n2, . . .).

2.2.2 Ladder operators

When working with the basis wavefunctions, Φ(nk), it is convenient to introduce ladder operators,

{âk} and {â†k}. If we make the identification

Φ(nk) → |n1, n2, . . .〉 (2.17)

they act in the following way:

âk|n1, . . . , nk, . . .〉 =
√
nk|n1, . . . , nk − 1, . . .〉

â†k|n1, . . . , nk, . . .〉 =
√
nk + 1|n1, . . . , nk + 1, . . .〉

(2.18)

and have the commutation relations

[âk, âl] = 0 , [âk, â
†
l ] = δkl. (2.19)

In fact, the action of âk takes us out of the N–body Hilbert space and into the (N − 1)–body

Hilbert space. Therefore only N conserving combinations like â†kâl have a direct representation
as operators on symmetric N–body wavefunctions.

A one–body operator respecting the indistinguishability of the particles will be of the form3

Ô(r1, . . . , rN ) =
∑

j

Ô(rj) (2.20)

and the corresponding matrix elements in the basis (2.16) will thus be

N∑

j=1

∫

d3r1 . . . d
3rNΦ∗

(nk)(r1, . . . , rN )Ô(rj)Φ(nl)(r1, . . . , rN )

=
∑

k,l

√
nknlOkl (2.21)

where Okl =
∫
φ∗kÔφld

3r. From (2.18) we see that

Ô =
∑

k,l

â†kOklâl. (2.22)

A similar expression holds for two–body operators:

T̂ =
∑

k,l,m,n

â†kâ
†
lTklmnâmân. (2.23)

3As written here, Ô(r) is a local operator, but it is straightforward to generalize the treatment to any one-body
operator.
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2.2.3 The field operator

It is often convenient to introduce the atomic field operator defined by

ψ̂(r) =
∑

k

âkφk(r). (2.24)

The commutation relation reflects the closure property of the (φk) basis:

[ψ̂(r1), ψ̂
†(r2)] =

∑

k

φ∗k(r1)φk(r2) = δ(r1 − r2). (2.25)

We can express particular states by acting with ψ̂† on the vacuum, i.e., the state with no atoms
present. For example, the one-mode Hartree ansatz, (2.5), reads

|ΦGP〉 = |φ0, N〉 =
1√
N !

[∫

d3r φ0(r)ψ̂
†(r)

]N

|vac〉, (2.26)

while Eq. (2.13) becomes

|ΦGP*〉 = |φ0, N − 1;φ∗, 1〉

=
1

√

(N − 1)!

[∫

d3r φ0(r)ψ̂
†(r)

]N−1 [∫

d3r φ∗(r)ψ̂
†(r)

]

|vac〉.
(2.27)

Operators in the many-body space have a natural representation in terms of field operators.
For one-body operators, we find from Eq. (2.22),

O =
∑

k,l

∫

d3râ†kψ
∗
k(r)Ô(r)ψl(r)âl =

∫

d3r ψ̂†(r)Ô(r)ψ̂(r). (2.28)

In second quantized form, the Hamiltonian Eq. (2.2) reads

Ĥ =

∫

d3r ψ̂†(r)ĥ(r)ψ̂(r) +
g

2

∫

d3r ψ̂†(r)ψ̂†(r)ψ̂(r)ψ̂(r), (2.29)

when we have put in the contact potential of Eq. (2.3).

2.3 Mixed states

In Sec. 2.1 we worked with the many-body wavefunction and argued that good approximations
to the ground state, and even to time-evolution, can be found by making a product ansatz. To
pave the road for more sophisticated methods, we introduced the second quantized formalism in
Sec. 2.2 as a means to handle the bosonic particle-exchange symmetry of the wavefunction. At
this point, we should consider the fact that even if we were able to find theoretically the exact
ground state (or the whole set of many-body eigenstates), a realistic experiment would always
include some uncertainty. We say that the system is in mixed state, i.e., we only have knowledge
of the probability, P (j), for the system to be in any one of a number of (many-body!) pure states,
{|j〉}. A general observable then has expectation value

〈Â〉 =
∑

j

P (j)〈j|Â|j〉, (2.30)

i.e., a classical average of quantum expectation values.



2.4. COHERENCE 9

2.3.1 The density operator

If we introduce the density operator,

ρ̂ =
∑

j

P (j)|j〉〈j|, (2.31)

Eq. (2.30) be written in a basis independent form,

〈Â〉 = Tr
[

ρ̂Â
]

. (2.32)

With the density matrix formalism, it is possible to handle very general situations where inter-
actions with an external environment are included, and we shall touch upon some of these issues
below. For a general discussion, see e.g. Ref. [23].

2.3.2 Finite temperature

Depending on the source of our ignorance regarding the precise state of the system, it may be more
or less difficult to write down an expression for ρ̂. An important model is to assume the system to
be in thermal equilibrium at a given temperature T . This usually means, that the system should
be able to exchange energy with a reservoir at this T . We then get the canonical ensemble density
operator,

ρ̂can =
1

Z
e−βĤ , (2.33)

where β = 1/kBT and Z ensures normalization. kB is the Boltzmann constant. We note, that
ρ̂can is diagonal in the basis of eigenstates of (2.29), each eigenstate being given a statistical weight
exp(−βE).

Our knowledge of the system will realistically not include the exact number of particles as
N � 1: It is hard to count that many atoms precisely and nondestructively (see, however,
Sec. 4.3). The sum in Eq. (2.31) should therefore contain states with different values of N . What
the actual distribution of particle numbers should be is a difficult question, depending critically
on the history of the system. For mathematical reasons, it proves convenient to embrace the
uncertainty by using the grand canonical ensemble, where the system can exchange atoms with a
particle reservoir. The energy required to extract a particle from the reservoir is assumed to be µ
and so (2.33) is replaced by the corresponding grand canonical expression,

ρ̂g.c. =
1

Ξ
e−β
(
Ĥ−µN̂

)

, (2.34)

where now Ξ ensures normalization. To model a given system, the chemical potential, µ, is adjusted
to yield the correct average number of particles. It should be stressed, that there are in general
no reason to believe, that the fluctuations in particle number in Bose-condensed systems are well
described by the grand canonical ensemble. For interacting particles and in the limit of N → ∞,
fluctuations are in fact suppressed in the grand canonical ensemble [12], as one would expect if a
system is created out of only moderately correlated particles, but in the more interesting case of
intermediate N , the fluctuations can be significant [24, 25].

2.4 Coherence

As soon as we go beyond the simple Gross–Pitaevskii ansatz, (2.26), we need to be a little more
precise about the meaning of BEC. In this section we shall formalize the definition “almost all
particles in one mode”.
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2.4.1 The one-body density operator

The one-body density operator, ρ̂1, is an operator in the single-particle state space. In position
representation, the definition is

〈r|ρ̂1|r′〉 = 〈ψ̂†(r′)ψ̂(r)〉. (2.35)

All one-body observables are determined by ρ̂1

〈O〉 =

∫

d3rd3r′ 〈r|O|r′〉〈r′|ρ̂1|r〉 = Tr
[

ρ̂1Ô
]

. (2.36)

With ρ̂1 we can give well-defined meaning to the number of particles in a given mode: We simply
diagonalize ρ̂1,

4

ρ̂1 =
∑

k

λk|φk〉〈φk|. (2.37)

The sum of the eigenvalues gives the average total number of particles, N = 〈N̂〉 =
∑

k λk. The
λk’s are not necessarily integer, but if we think of measuring one-body properties as first choosing
a random particle and then interrogating it, λk/N gives the probability that the particle is in
mode |φk〉. A system displays BEC if e.g. λ0 is of order O(N), while the rest are O(1). Then all
one-body properties will be dominated by |φ0〉.5

2.4.2 Correlation functions

The concept of mapping the state of the system on the single-particle space can of course be
generalized to define m-body density operators. For many purposes, it is sufficient to look at
the corresponding correlation functions, g(m), m ∈ N. Basically they measure the probability for
finding a particle at r and one at r′ etc. The definition of g(2) is

g(2)(r, r′) =
〈ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r)〉
〈ψ̂†(r)ψ̂(r)〉〈ψ̂†(r′)ψ̂(r′)〉

. (2.38)

If we calculate g(2) in the Gross–Pitaevskii state, (2.26), we find

g
(2)
GP(r, r′) =

|
√

N(N − 1)φ0(r)φ0(r
′)|2

|
√
Nφ0(r)|2|

√
Nφ0(r′)|2

= 1 − 1

N
. (2.39)

This result means that the knowledge that one particle is at r does not change the probability
to find another at r′ (except that there is one particle less to choose from). This should be

compared to the bunching effect of a noncondensed gas, g
(2)
th (r, r) = 2.6 The difference by a factor

of ∼ 2 is the same as we found in Sec. 2.1.3 when considering the interaction of a noncondensed
particle with the condensate; it is the sum of a direct and an exchange contribution. Looking at
the second quantized form of the Hamiltonian, (2.29), we realize that the interaction energy is
∝
∫
g(2)(r, r)[n(r)]2d3r. Thus the value of g(2)(r, r) can be inferred from a combination of density

measurements and a measurement of the released energy when the trap is turned off and the cloud
allowed to expand [26, 27].

We also have experimental access to higher order correlation functions. The third order cor-
relation function, g(3), is defined in analogy with g(2). The value at zero separation, g(3)(r, r, r),
gives us information on the probability to find 3 atoms at the same point. This should be di-
rectly reflected in the rate of three-body recombinations and thus in the rate of trap loss [28].
Here the difference between the fully condensed Gross–Pitaevskii state and a thermal gas is even
larger: it is a factor of 3! = 6. This factor has also been measured with reasonable precision in
experiments [29].

4This is guaranteed to be possible as ρ̂1is hermitian.
5This is the definition of simple BEC. It may also be that more than one of the λk are O(N); this is refered to

as nonsimple or fragmented BEC [10].
6Strictly speaking, the zero separation (r = r

′) values of the correlation functions are beyond the contact
potential approximation. Therefore we don’t expect the Gross–Pitaevskii ansatz to give correct predictions in this
limit. Accordingly, r = r

′ is here simply shorthand for ,e.g. ,as � |r − r
′| � ξ.
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2.4.3 The classical matter wave

The simple form of g
(2)
GP is a particular example of an (approximate) factorization of correlation

functions. If to leading order in N we have

〈ψ̂†(rk) . . . ψ̂
†(r1)ψ̂(r′1) . . . ψ̂(r′k)〉 ∼ ψ∗(rk) . . . ψ

∗(r1)ψ(r′1) . . . ψ(r′k), (2.40)

for some c-number function ψ, we may speak of ψ as a classical matter wave describing the system.
In the case of |ΦGP〉, ψ =

√
Nφ0, but in general we do not need to assume that the system is in a

Gross–Pitaevskii state.
In time dependent situations, we can find the equation of motion for ψ by writing down the

Heisenberg equation of motion for the field operator,

i~
∂

∂t
ψ̂(r, t) =

[
ψ̂(r, t), Ĥ

]
(2.41)

= ĥ(r)ψ̂(r, t) + gψ̂†(r, t)ψ̂(r, t)ψ̂(r, t). (2.42)

The time-dependence of both sides of Eq. (2.40) is given by the productrule of differentiation and

therefore we get the equation of motion for ψ by putting ψ̂ → ψ in Eq. (2.41). As expected this
results in the Gross–Pitaevskii equation written in terms of ψ,

i~
∂

∂t
ψ(r, t) =

[

− ~
2

2m
∇2 + Uext(r) + g |ψ(r, t)|2

]

ψ(r, t). (2.43)

2.4.4 Symmetry breaking

It is definitely not necessary, but the replacement ψ̂ → ψ in normally ordered operator expressions
can be summarized as the assumption that the system is in a coherent state. A coherent state, |ψ〉,
is an eigenstate of the of field operator, ψ̂(r)|ψ〉 = ψ(r)|ψ〉, and we list some of its properties in
Appendix A. If the system is really in a coherent state, it has consequences beyond the factorization
of number conserving expectation values like (2.40); in fact we get 〈ψ̂(r)〉 = ψ(r) 6= 0. Assuming
a nonvanishing expectation value of the field operator is a so-called symmetry breaking point of
view. The broken symmetry is the U(1) gauge invariance of the Hamiltonian; ψ̂ → eiθψ̂ leaves

(2.29) unchanged. To have 〈ψ̂〉 6= 0 the system must be in a coherent superposition of states
with different N . The physical meaning of such superpositions can be questioned in the case of
an isolated gas [30, 10]. Nevertheless, coherent states are in many cases easier to work with and
except for maybe some conceptual confusion, no harm is usually done by using them. In practical
calculations one should of course always average the final result over a random overall phase of ψ.
As shown in Appendix A, this means that the corresponding density operator equally well allows
an interpretation as a mixture of number states with N ’s given by a Poissonian distribution.

2.5 Measurements

In principle, any theoretical description of a physical system should include a description of the
measurements we can do on the system. For BECs this is even more true as they have the potential
for spectacular macroscopic demonstrations of quantum phenomena. We already touched on this
subject above, where correlation functions were introduced. In general, measurement theory is
unfortunately a rather complicated field, at least if we want to be really careful about the physical
implementation and in determining exactly what is being measured [31]. We will therefore only
give a brief introduction of the most important concepts.

2.5.1 Simple counting experiments

In the subsequent chapters we shall deal primarily with simple counting experiments: The number
of atoms in a certain region of space or in a particular internal state is counted. This can be done
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by e.g. shining resonant light onto the sample and looking at the absorption or the fluorescence [32].
The condensation of atoms in meta-stable states also allows sensitive detection on micro-channel
plates [33]. If the detection process is very much faster than any dynamics transferring atoms
to other internal states or to other regions of space, such a scheme will yield a (destructive)

measurement of N̂d = â†dâd, where âd is the destruction operator for the mode (spatial or internal)

in question: The average over many experimental runs will be 〈N̂d〉, the variance will be 〈(N̂d −
〈N̂d〉)2〉, and so on.

2.5.2 Backaction of a measurement

The sudden and single mode approximation made above is often more crude than actual exper-
iments. For example, experiments can include a number of detectors, and these may have good
enough time-resolution that we can imagine to count the atoms one by one. It then becomes im-
portant to consider the backaction of the measurement. The appropriate theory is one of quantum

jumps, see e.g. Ref. [23]. For illustration, it is useful to imagine a perfect, atom absorbing detector,
able to absorb atoms in the mode corresponding to âd. The rate of atom absorptions and thus
detections is Γ〈â†dâd〉. If the detector clicks at time tk, the state vector of the system changes
according to:

|tk〉 → |tk + dt〉 ∝ âd|tk〉. (2.44)

Note that we should renormalize before calculating any averages, e.g., the new rate of detections. In
the time-intervals between clicks, the state vector also changes: The “nonclicking” of the detector
is also a result. This effect is included as a nonhermitian term in the Hamiltonian,

Ĥba = −i~Γ

2
n̂d. (2.45)

Again, the time evolution will not be norm-conserving and we should in principle renormalize
when calculating the instantaneous probability for a detection to occur.

Detection from a Gross–Pitaevskii state

As an example, let us consider atom counting starting from a BEC in a simple product state like
in Eq. (2.26). We assume the detector mode, φd, to be different from the condensate mode, φ0:

φ0 = ηdφd + η⊥φ⊥, (2.46)

where |ηd|2 + |η⊥|2 = 1. We ignore all dynamics except the one induced by the measurement. At
t = 0 the state is |φ0, N〉. While we wait for the first detection, the evolution is governed by Ĥba,

|t〉 = e−Γn̂dt/2|φ0, N〉 ∝ |φ̃0(t), N〉. (2.47)

The new wavefunction, φ̃0(t), is obtained from φ0 by an exponential decay of the component
parallel to φd:

φ̃0(t) ∝ e−Γt/2ηdφd + η⊥φ⊥. (2.48)

The decay of φd is expected, but it is somewhat counterintuitive that the decay is driven by the
nonclicking of the detector! At some point in time, t = t1, we will detect an atom. We can
calculate the effect of the resulting quantum jump:

|t1 + dt〉 ∝ âd|φ̃0(t1), N〉 ∝ |φ̃0(t1), N−1〉. (2.49)

The detection of an atom does not have any other effect on the state than the removal of the
atom. We still have N − 1 atoms in the mode φ̃0(t1). The jump is followed by a new period
of non-unitary evolution, another jump, etc. All the time, the rate of clicks go down, but we
will eventually have removed all atoms. If we stop the detection at time t = tf , the state will

be |φ̃0(tf ), N−k〉, where k is the number of detections up to tf . This number will vary from
experimental run to experimental run, but in this simple model, the new condensate wavefunction
is always the same, φ̃0(tf ).
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2.5.3 Loss as forgotten detections

What will happen if we forget to record the number of clicks in the detector? Well, as noted
above, we still know the system to be in a state of the form |φ̃0(T ), N − k〉, we just don’t know k.
This is of course one of the situations where the density matrix formalism comes into play. If we
as above start in the pure state |φ0, N〉 at t = 0, an appropriate description of the system after
the detector has been turned on for a time t is

ρ̂(t) =
∑

k

P (k, t)|φ̃0(t), N − k〉〈φ̃0, N − k|. (2.50)

When we forget about the detection record, it is as if the detected atoms were simply lost from the
condensate. In fact, it is often possible to model processes involving the environment as measure-
ments. In simplified terms, any system–environment interaction that allows us to get information
about a given observable of the system by making measurements on the environment will act as
measurement of the observable. If we do not actually make the measurement, information is lost
and a pure state is turned into a mixed state as in the example above.

2.6 The interference of two condensates

One of the conceptually most important experiments with alkali gas BECs is undoubtly the obser-
vation of interference between two independently prepared condensates [34]. In this experiment,
two clouds of Sodium atoms were made to condense in a double-well trap. Then the trap was
turned off, and the clouds allowed to expanded. At a time where they partly overlapped in space,
the density distribution was recorded by absorption imaging. The image showed clear interference
fringes. In this section, we analyze a toy model of the experiment, as this will illustrate nicely
some of the points made in the previous sections.

2.6.1 An apparent paradox

To model the experiment of Ref. [34], we assume the modes involved to be 1D plane waves moving
towards each other:

φa(x) =
1√
L
eik , φb(x) =

1√
L
e−ik. (2.51)

If we assume the two condensates to be in coherent states, the explanation of the fringes seems
simple: With an average of N/2 atoms in each condensate, the classical matter waves are ψa =
√

N/2eiθaφa and ψb =
√

N/2eiθbφb, and the state can be written (cf. Appendix A)

|ψa, ψb〉 = e
∫
d3r
(
ψaψ̂

†−ψ∗
aψ̂
)

e
∫
d3r
(
ψbψ̂

†−ψ∗
b ψ̂
)

|vac〉

= e
∫
d3r
(
[ψa+ψb]ψ̂

†−[ψa+ψb]
∗ψ̂
)

|vac〉
= |ψa + ψb〉.

(2.52)

The system is simply in a coherent state with 〈N̂〉 = N and wavefunction

1√
2

[φa + φb] =
1√
2L

[

ei(kx+θa) + e−i(kx−θb)
]

= e−i(θa−θb)2

√

L

2
cos(kx− kx0),

(2.53)

where kx0 = (θb − θa)/2. In particular, the expectation value of the density shows fringes:

〈ψa, ψb|ψ̂†(r)ψ̂(r)|ψa, ψb〉 =
N

L

[
cos(kx− kx0)

]2
. (2.54)

A measurement of the density distribution reveals this fringe pattern.
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Consider now what happens if the two condensates are assumed to be in number states. We
get

〈φa, N/2;φb, N/2|ψ̂†(r)ψ̂(r)|φa, N/2;φb, N/2〉

=
N

2
|φa(r)|2 +

N

2
|φb(r)|2 =

N

L

(2.55)

Now, there are no fringes! We simply add densities.

2.6.2 Including backaction

Before we jump to the conclusion that coherent states are actually the appropriate description of
condensates, we should examine the connection between the calculations of the previous section
and the experiment a little closer. We are not simply measuring ψ̂†(x)ψ̂(x) at a single x; we are
actually measuring the density at many positions. “Fringes” are the fact that these measurements
are correlated. Several authors have shown how this fringe pattern appears from an initial number
states (see, e.g., Refs. [35, 30, 36]), but as the result is so important we recapitulate a simple
version of the analysis here.

If we imagine to place identical detectors at each x, we can apply the quantum jump formalism
described in Sec. 2.5.2. The rate at which the detector at x will click is Γ〈ψ̂†(x)ψ̂(x)〉, and when

a it clicks we should apply ψ̂(x) to the state vector. In between clicks, the state evolves according

to Ĥba = −i
∫
ψ̂†ψ̂dxΓ/2 = −iN̂Γ/2.

Initial number states

We start the experiment, and wait for the first click. During this wait, the number state,
|φa, N/2;φb, N/2〉, being an eigenstate of N̂ doesn’t change. The expectation values, 〈ψ̂†(x)ψ̂(x)〉,
that we calculated in the previous sections simply gives the probability of finding the first de-
tected atom at x. Assuming the first atom to be detected at x = x1, the associated quantum
jump changes the number state to

ψ̂(x1)|N/2, N/2〉 ∝ eikx1 |(N/2) − 1, N/2〉 + e−ikx1 |(N/2), N/2 − 1〉. (2.56)

We now wait for the second atom to be detected. We must calculate the distribution of x2 from
the quantum jumped state, (2.56):

〈N/2, N/2|ψ̂(x1)ψ̂
†(x2)ψ̂(x2)ψ̂(x1)|N/2, N/2〉

∝ 1

2
+
[
cos(kx2 − kx1)

]2 − 1

N
. (2.57)

It is clear that the detection of the first atom has a strong influence on the detection of the second:
Most likely, it will be detected at position compatible with both x1 and x2 being maxima of the
same fringe pattern. As more atoms are detected, each detection will become less dependent on
the direct previous one and instead obey a fringed distribution picked out early in the process.
Once this distribution is established, the state of the system is similar to a number state with the
corresponding wavefunction, ∝ cos(kx− kx0) for some x0.

Initial coherent states

While we wait for the first detection, the coherent state, |ψa + ψb〉, evolves into

e−N̂Γt/2|ψa + ψb〉 ∝ |e−Γt/2(ψa + ψb)〉. (2.58)

There is an overall exponential decay of the classical matter wave. Note that this decay doesn’t
disturb the strong spatial modulation of the probability to detect the first atom at x = x1 as all
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detectors are assumed to be equally efficient. The quantum jump has no effect on the coherent
state,

ψ̂(x1)|e−Γt1/2(ψa + ψb)〉 ∝ |e−Γt1/2(ψa + ψb)〉, (2.59)

and therefore the detection of the first atom at x1 has no effect on where the second is found: The
probability law for detections is frozen from the outset.

2.6.3 Some lessons learned

This example teaches us to be careful when interpreting experiments. Fringes do in fact appear
from the number state, the flat distribution found in Eq. (2.55) only telling us about a single
detection, or about the average density found when the fringe pattern shifts from experiment to
experiment. On the other hand, the preexisting fringes of initial coherent states should also be
revisited: Before any measurements has been performed, the phases θa and θb are unknown to
us, and therefore the position of the first detection will seem just as random as for the number
state. In the end, the difference between the two ansätze is simply a matter interpretation: Are
we revealing an unknown relative phase, or are we establishing a relative phase by measurements.
That this should be so is almost clear from the remark at the end of Sec. 2.4.4: The density
operator of a mixture of coherent states with random phase is the same as a mixture of number
states with Poissonian number distribution.

Another important lesson learned from this example is that even if we are initially sure that
the system is in a number state (we have just counted atoms nondestructively), a phase can be
established by just a moderate number of detections (∼

√
N). This means that we can imagine

to use a particular condensate as a phase standard for other condensates [37], or to actually unite
two initially independent condensates [38].

2.7 The Bogoliubov approach

The Gross–Pitaevskii equation is extremely successful in describing experiments on BEC in dilute
alkali gases because the approximation of all atoms being in the same state is for many purposes
sufficiently close to the truth. On the other hand, it cannot be the whole truth for at least two
reasons: (i) The temperature is always finite and not only the exact groundstate is important for
the behaviour of the system. (ii) The exact ground state will not be an uncorrelated productstate
as repulsive interactions make it energetically profitable for atoms to “stay apart”, i.e., to be
slightly correlated.

We will here give a brief introduction to the so called Bogoliubov approach [39]. The idea is to
use the dominant role played by the condensate mode in the dynamics also of the noncondensed
atoms. Therefore collisions involving more than 2 noncondensate atoms in the ingoing or outgoing
channels can be ignored. We shall be using the U(1) symmetry conserving version developed by
Gardiner in [40] and by Castin and Dum in [41] (see also [22]). This version differs slightly from

the standard one as it doesn’t assume 〈ψ̂〉 6= 0.

2.7.1 Splitting the field

The starting point is the Hamiltonian in second quantized form, (2.29), and a splitting of the
atomic field operator,

ψ̂(r) = â0φ0(r) + δψ̂(r) where â0 =

∫

φ∗0(r)ψ̂(r) d3r. (2.60)

The first term is the condensate part, the second the noncondensate or fluctuation part. The two
parts commute,

[
δψ̂(r), â†0

]
= 0. (2.61)
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The choice of φ0 should ensure that â0 is “large” and δψ̂ is “small” in the sense that their matrix
elements in the actual state of the system are of different order of magnitude.

We now insert (2.60) in the Hamiltonian (2.29) and get:

Ĥ =

∫

â†0φ
∗
0ĥφ0â0 d

3r +

∫

δψ̂†ĥδψ̂ d3r +

∫ {

δψ̂†ĥφ0â0 + h.c.
}

d3r

+
g

2

∫

â†0â
†
0|φ0|4â0â0 d

3r

+ g

∫ {

δψ̂†â†0|φ0|2φ0â0â0 + h.c.
}

d3r

+ 2g

∫

δψ̂†â†0|φ0|2â0δψ̂ d
3r +

g

2

∫ {

δψ̂†δψ̂†φ2
0â0â0 + h.c.

}

d3r

+ g

∫ {

δψ̂†δψ̂†φ0â0δψ̂ + h.c.
}

d3r

+
g

2

∫ {

δψ̂†δψ̂†δψ̂δψ̂ + h.c.
}

d3r.

(2.62)

The terms in Eq. (2.62) all have a clear interpretation. The first line describes the single–particle
dynamics, the rest is due to the collisional interaction. As φ0 is supposed to be the only macroscop-
ically populated mode, collisions involving atoms in this mode are much more frequent than colli-
sions among atoms in other modes. Therefore we should work our way down through Eq. (2.62),
dealing first with the terms in the upper lines.

2.7.2 Identifying the condensate

So far we have not specified φ0. A natural choice would be as the dominant eigenvector of the
one-body density operator, corresponding to the definition of BEC introduced in Sec. 2.4.1. We
then have

〈â†0δψ̂〉 = 0, (2.63)

and the whole theory can be developed by demanding this equation to hold at all times and to
all orders in the small parameter

√

δN/N0, where δN = N −N0 is the number of noncondensed
particles [41]. Here we give a simplified presentation in the same spirit.

If we were to choose φ0 to be an eigenstate of ĥ, the last term in the first line would vanish, i.e.,
the single–particle Hamiltonian would not exchange particles between “condensate” and “noncon-
densate”. This nice picture is quickly ruined by the interactions. The second line describes rather
harmless collisions, where both incoming and outgoing atoms are in the φ0 state, but already the
terms on the third line will exchange atoms between φ0 and other modes. The solution is to choose
φ0, not as an eigenstate of ĥ, but as an approximative “dark” state for a combined action of the
last term in the first line and the terms in the third line. Not surprisingly, this condition leads
directly to the Gross–Pitaevskii equation: If φ0 solves Eq. (2.8) there will be no terms leading to

linear exchange of particles between condensate and noncondensate, i.e., no terms linear in δψ̂ or
δψ̂†.

2.7.3 Quadratic terms

At the next level of approximation, we need to deal with the terms quadratic in the noncondensate
operators. There are both terms conserving the number of noncondensed particles (δψ̂†δψ̂), and

terms creating (δψ̂†δψ̂†) or destroying (δψ̂δψ̂) pairs of noncondensed particles.
The full Hamiltonian, (2.62), naturally conserves the total number of atoms. We would like

this property to be carried over to our approximate description. This requires some care, but a
foolproof approach is to define

Λ̂ =
1

N̂1/2
â†0δψ̂ (2.64)
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and express everything in terms of Λ̂ and Λ̂†. In the limit of an almost pure condensate, these
operators obey the commutation relation

[
Λ̂(r), Λ̂†(r′)

] ∼= δ(r − r′) − φ0(r)φ
∗
0(r

′) (2.65)

as they are orthogonal to φ0. Expressing the Hamiltonian in terms of N̂ , Λ̂, and Λ̂†, and keeping
only terms quadratic in the Λ̂’s, we end up with

Ĥquad = f(N̂) +
1

2

∫

d3r
(
Λ̂†,−Λ̂

)
L̂
(

Λ̂

Λ̂†

)

. (2.66)

The term f(N̂) only depends on the total number of particles and contributes therefore only an
overall phase to a state of definite N . The operator L̂ is given by

L̂ =

(
ĤGP + gQ̂|φ0|2Q̂ gQ̂φ2

0Q̂
∗

−gQ̂∗φ∗20 Q̂ −ĤGP − gQ̂∗|φ0|2Q̂∗

)

(2.67)

with Q̂ = 1−|φ0〉〈φ0|, the projector onto the space orthogonal to φ0, and ĤGP = ĥ+gN |φ0|2−µ.7

From Ĥquad we get the equation of motion for Λ̂ and Λ̂†,

i
d

dt

(
Λ̂

Λ̂†

)

= L̂
(

Λ̂

Λ̂†

)

. (2.68)

It is clear, that L̂ should not have any eigenvalues with positive imaginary part, as these will lead
to an exponential divergence of Λ̂ and Λ̂†. In fact, it can be shown that Eq. (2.68) is also the
one obtained from a linear stability analysis of the Gross–Pitaevskii equation: (Λ̂, Λ̂†) is simply
replaced by (δφ⊥, δφ

∗
⊥), where δφ⊥ is a deviation perpendicular to φ0 [22].

2.7.4 Diagonalizing L̂
We want to diagonalize L̂, so we need to find eigenvectors and eigenvalues:

L̂
(
|uk〉
|vk〉

)

= εk

(
|uk〉
|vk〉

)

. (2.69)

These two coupled equations are the Bogoliubov–de Gennes equations. L̂ is not Hermitian, but it
is has some important symmetries. One of these ensures that Ĥquad is Hermitian:

L̂† =

(
1 0
0 −1

)

L̂
(

1 0
0 −1

)

. (2.70)

This symmetry also means that if (uk, vk) is an eigenvector of L̂ with eigenvalue εk then (uk,−vk)
is an eigenvector of L̂† also with eigenvalue εk. In fact, as quite generally the spectrum of the
hermitian conjugate operator is the complex conjugate of the original spectrum, we then find that
ε∗k must be in L̂’s spectrum. This refines the condition for dynamical stability; all eigenvalues of

L̂ should be real.
Another symmetry,8

L̂∗ = −
(

0 1
1 0

)

L̂
(

0 1
1 0

)

, (2.71)

implies that if (uk, vk) is an eigenvector with eigenvalue εk then (v∗k, u
∗
k) is an eigenvector with

eigenvalue −ε∗k. In the following, we assume dynamical stability, i.e., all eigenvalues are real.

7Note that Q̂∗ is not the hermitian conjugate of Q̂; rather, it is the projector orthogonal to φ∗

0: Q̂∗ = 1−|φ∗

0〉〈φ
∗

0|
8This notation is a little imprecise: the complex conjugation is understood to be done in the position represen-

tation.
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The eigenvectors come in pairs (uk, vk), (v
∗
k, u

∗
k) with eigenvalues εk,−εk. A special case is the

two eigenvectors corresponding to the eigenvalue 0: (φ0, 0), (0, φ
∗
0). As we assume the set of

eigenvectors to be complete, we can write

S−1L̂S = diag(0, 0, ε1,−ε1, . . . , εk,−εk, . . .), (2.72)

where the diagonalizing matrix is

S =

[(
|φ0〉
0

) (
0

|φ∗0〉

)

· · ·
(
|uk〉
|vk〉

) (
|v∗k〉
|u∗k〉

)

· · ·
]

. (2.73)

As L̂ is not hermitian, S is not a unitary matrix, i.e., S−1 6= S†. What we need in order to find
S−1 are the eigenvectors of L̂†: Eigenvectors of L̂† and L̂ are orthogonal unless the corresponding
eigenvalues are complex conjugate.9 As we assume real eigenvalues this boils down to eigenvectors
of L̂† and L̂ being orthogonal unless the corresponding eigenvalues are equal. The symmetry
expressed in Eq. (2.70) then makes it easy to find the adjoint partners of (uk, vk) and (v∗k, u

∗
k):

They are (uk,−vk) and (−v∗k, u∗k) and we have10

(
〈uk|,−〈vk|

)
(
|uk′〉
|vk′〉

)

= 〈uk|uk′〉 − 〈vk|vk′〉 = 0 , for k 6= k (2.74)

(
−〈v∗k|, 〈u∗k|

)
(
|uk′〉
|vk′〉

)

= 〈u∗k|vk′〉 − 〈v∗k|uk′〉 = 0 , for all k, k′, (2.75)

as well as 〈uk|φ0〉 = 〈v∗k|φ0〉 = 0, and similar expressions for φ∗
0. The final issue is one of normal-

ization: When we put

S−1 =









...
(
〈uk|,−〈vk|

)

(
−〈v∗k|, 〈u∗k|

)

...









, (2.76)

we must have
〈uk|uk〉 − 〈vk|vk〉 = +1. (2.77)

This can always be arranged by renormalization as we are free to rename uk, vk, εk → v∗k, u
∗
k,−εk,

should the sign be negative at first.

2.7.5 Diagonalizing the Hamiltonian

The quadratic Hamiltonian, (2.66), can be diagonalized by the similarity transformation, S. The

operators, corresponding to the eigenvalues εk and −εk are denoted b̂k, respectively b̂†k. We find
the Bogoliubov transformation

b̂k =
(
〈uk|,−〈vk|

)
(

Λ̂

Λ̂†

)

=

∫

d3r
[
u∗k(r)Λ̂(r) − v∗k(r)Λ̂

†(r)
]

(2.78)

By virtue of the normalization, Eqs. (2.74), (2.75), and (2.77), the b̂k’s and b̂†k’s obey the canonical
commutation relations,

[b̂k, b̂k′ ] = 0 , [b̂k, b̂
†
k′ ] = δkk′ . (2.79)

The final form of Ĥquad is simply

Ĥquad = E0(N̂) +
∑

k

εk b̂
†
k b̂k, (2.80)

9This is simply the generalization of the orthogonality of eigenvectors belonging to different eigenvalues of a
Hermitian operator.

10In case of degeneracy of eigenvalues some obvious extra selection of partners is necessary.
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where again the term E0(N̂) has trivial consequences for a state of definite total N . It is given
by:

E0(N̂) = N̂〈φ0, N |Ĥ +
1

2
g(N − 1)|φ0|2|φ0, N〉 −

∑

k

εk〈vk|〉. (2.81)

Note the resemblance of the first term with EGP of Eq. (2.7). We comment on the second term
below.

2.7.6 Quasi-particles

According to Eq. (2.80) the system can be described as a gas of non-interacting quasi-particles.

The quasi-particles in the k’th mode are created by b̂k and b̂†k. Expressed in terms of Λ̂ and

Λ̂† [Eq. (2.78)], the removal of a quasiparticle corresponds to a super-position of moving a (real)
particle into condensate (amplitude uk) and moving a particle out of the condensate (amplitude
v∗k). This mixed particle–hole character of the excitations reflects the special influence of the
condensate on the noncondensed particles which is not fully captured by a Hartree–Fock ansatz.

The Bogoliubov analysis is routinely applied to the case of a homogeneous situation (flat
potential) and the case of an infinite trapping potential [9]. In the first case, one obtains solutions
with well-defined momenta: phonons in the long wave–length limit, free particles for high momenta.
The spectrum is continuous and gap-less. In the second case, the excitations are again collective in
the low energy regime, approaching single-particle trap states for high energies [42]. The spectrum
is discrete. In Chp. 6 of this thesis we will concentrate on a third situation where the trapping
potential has finite width and depth. In this scenario, a finite number of trapped excitations exists
and above these a continuum of scattering states.

2.7.7 Ground state and depletion

An important observation is that Ĥquad is only bounded from below if all εk ≥ 0: If for some k
we have εk < 0, the energy can be lowered by creating quasi-particles in this mode. In particular,
the system will be thermodynamically unstable. Assuming that there is no negative eigenvalues
of L̂, the ground state will clearly be the state with no quasi-particles present, i.e., the vacuum of
all the destruction operators,

b̂k|vac〉bog = 0. (2.82)

We denote the Bogoliubov vacuum |vac〉bog to distinguish it from the ordinary vacuum with no
particles present, |vac〉.

We can calculate the depletion of the condensate, i.e., the number of particles not in φ0. We
find:

〈δN̂〉 =

∫

d3r 〈δψ̂†(r)δψ̂(r)〉

∼=
∫

d3r 〈Λ̂†(r)Λ̂(r)〉

=
∑

k

〈b̂†k b̂k〉
[
〈uk|uk〉 + 〈vk|vk〉

]
+
∑

k

〈vk|vk〉.

(2.83)

As expected, the connection between the number of quasi-particles and the depletion is not very
direct. The number of particles taken out of the condensate by the creation of each quasi-particle
is 〈uk|uk〉+ 〈vk|vk〉 = 1+2〈vk|vk〉. In addition, even in the Bogoliubov vacuum there is a quantum

depletion,
∑

k〈vk|vk〉. This sum quantifies how much the ground state deviates from the simple
Gross–Pitaevskii form. We found a similar sum in E0 [cf. Eq. (2.81)], and that sum analogously
describes the deviation of the ground state energy from the Gross–Pitaevskii result, EGP[φ0, N ].11

When the Bogoliubov mode functions have been found, one should check the consistency of
the approach, i.e., that the quantum depletion is small. Depending on the particular situation,

11In fact, a few infinities are hidden in these sums and they require the use of the regularized pseudo potential [41].
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it may also be possible to evaluate the number of quasi-particles present. An important example
is thermal equilibrium, where the canonical density operator, ρ̂can, of Eq. (2.33) gives us the
well-know Bose-distribution of quasi-particles,

〈b̂†k b̂k〉 =
1

eβεk − 1
. (2.84)

For some explicit evaluations of the sums in Eq. (2.83), see Ref. [22].
As the Bogoliubov modes are the fundamental excitations of the system, a (weak) perturbation

can selectively create quasi-particles. If the perturbation oscillates at frequency εk/~, the k’th
mode will be populated. In a homogeneous setting, quasi-particles of a specified momentum
can also be selected by the spatial periodicity of the perturbation.12 If we instead insist on the
promotion of a single, real particle from the condensate mode, we are creating a superposition of
different quasi-particles. For example, the state analogous to |ΦGP∗〉 of Eq. (2.27) is

∫

d3r φ∗(r)Λ̂
†(r)|vac〉bog =

∑

k

〈uk|φ∗〉|nk = 1〉bog. (2.85)

In Chp. 6, where we study particles sent in from regions outside the condensate, this is a natural
starting point.

2.7.8 Phase diffusion

The symmetry preserving Bogoliubov approach that we have presented here is not the one most
commonly found in the literature. Instead, one often assumes 〈ψ̂〉 = ψ and writes

ψ̂ = ψ + δψ̂. (2.86)

The analysis then follows essentially the same lines as above. The major difference is that the Q̂’s
and Q̂∗’s do not appear. This has a curious effect on L̂: without the projection operators, the
spectrum is the same, but we only find one eigenvector corresponding to the eigenvalue 0! The
missing eigenvector means that we cannot diagonalize the Hamiltonian. The “physical” expla-
nation is the excitation (Goldstone mode) we have introduced by breaking the U(1) symmetry:
The phase of the condensate wavefunction can be changed with no energy cost, and will therefore
spread out [45, 46].

In the symmetry preserving Bogoliubov theory, the overall phase of the condensate wavefunc-
tion is explicitly eliminated from the dynamics. In this language, the equivalent of the spreading of
phase is a decay of the two-time correlation function 〈ψ̂†(t′)ψ̂(t)〉 when averaged over an unknown
distribution of the total number of particles [41]. The correlation function decays because the
E0(N̂) term in Eq. (2.80) makes the phase evolution of the condensate operators depend nonlin-
early on N .13 In an experiment where time correlations are measured, perfect “fringes” will be
seen for each experimental run, but the period of oscillation is different in each realization. This
is just as in Sec. 2.6 where the position of spatial fringes shifted from experiment to experiment.

12This was recently used at MIT to experimentally measure the u and v contributions separately [43] following
a theoretical proposal by Brunello et al. [44]

13The noncondensed part is smaller and mostly averages to zero



Chapter 3

The positive P method

In this chapter we give an introduction to the positive P method that we shall be using in Chap-
ters 4 and 5. The presentation is will necessarily be somewhat brief and we shall focus mainly on
aspects directly relevant for describing BEC physics. For a thorough discussion, see Ref.[23] and
references therein.

We start in Sec. 3.1 by sketching a program for doing “exact” computer simulations of BEC
dynamics. In Sec. 3.2 a first attempt at following this plan comes to grinding halt as the naive
coherent state simulations (Glauber–Sudarshan P distribution) proves insufficient. Positive P
is presented as the intriguing answer to the problem in Sec. 3.3 and finally we discuss various
applications and related methods in Sec. 3.4.

3.1 A Monte Carlo technique for BEC dynamics

For even moderate numbers of particles it is completely out of the question to solve the time-
dependent N -body Schrödinger equation, (2.1), for interacting particles. Even storing the wave-
function would be a heavy task: N particles in M modes require NM coefficients to be kept in
memory. Luckily, we are rarely interested in anything but few-body observables and for these, ap-
proximation schemes exist, as described in the previous chapter. If the gas can be assume to be in
thermal equilibrium, it is even possible by Monte Carlo techniques to calculate expectation values
of observables exactly [47]. Such techniques are based on a prescription for producing an ensemble
of numbers which will have a mean value corresponding to the desired expectation value. To get
good precision, a large ensemble is needed and calculation can thus be time-consuming. The big
advantage, as compared to a direct solution, is that the calculation is split into manageable pieces.
In contrast to many approximation schemes, a very good estimate of the error on the result can
be obtained by simple statistical analysis of the ensemble.

Now, let us try to find a Monte Carlo technique that can be used in non-equilibrium, time-
dependent situations. It should have the same advantages as the equilibrium sampling techniques,
i.e., results should emerge as ensemble averages, and the calculation of each member of the ensem-
ble should be a manageable task. A strategy could be the following: write the density operator as
a time-dependent mixture of coherent states,

ρ̂(t) =

∫

d2ψ |ψ〉〈ψ|P [ψ,ψ∗, t], (3.1)

and try to sample the distribution, i.e., choose an ensemble of N time-dependent coherent states
such that ∫

d2ψ |ψ〉〈ψ|P [ψ,ψ∗, t] ∼= 1

N
∑

j

|ψ(j)(t)〉〈ψ(j)(t)|, (3.2)

holds at all times. The critical point is that each member of the ensemble, ψ(j)(t), should evolve
independently of the other members of the ensemble: Then we only need to keep one “realization”
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in the computer at a time. If coherent states were really consistent solutions of the many-body
dynamics, this would be trivially possible if we were just able to sample the initial P . Unfortu-
nately, coherent states do not stay coherent under the Hamiltonian (2.29) and thus the distribution
P doesn’t simply evolve according to a “phase-space density preserving” drift of the individual
coherent states. However, we should not give up all hope: A diffusion-like part of the evolution of
P can be included in the realizations as a noise term in the evolution of each ψ(j)(t). As it turns
out, the “diffusion” is in our case of a rather peculiar kind and it can be “negative”, i.e., it will
sometimes tend to sharpen, not soften, P . At a prize, this difficulty can be overcome and, as we
shall see below, the plan sketched here be realized.

3.2 The Glauber–Sudarshan P distribution

The distribution, P , appearing in the representation of ρ̂ in terms of coherent states, Eq. 3.1, is
know as the Glauber-Sudarshan P distribution. A large class of states can be represented by the
P distribution. However, some states, e.g. states with a very well-defined number of particles,
require very singular, generalized distributions.

When P exists, it gives direct translation of normally ordered operator expressions, i.e., ex-
pressions where all creation operators are to the left of all annihilation operators:

〈
ψ̂†(r1) . . . ψ̂

†(rs)ψ̂(r′1) . . . ψ̂(r′t)
〉

=

∫

d2ψ ψ∗(r1) . . . ψ
∗(rs)ψ(r′1) . . . ψ(r′t)P [ψ,ψ∗]. (3.3)

To calculate an arbitrary average we express it in normal ordered form, e.g.,

ψ̂†(r1)ψ̂(r2)ψ̂
†(r3)ψ̂(r4)

=ψ̂†(r1)

(

ψ̂†(r3)ψ̂(r2) +
[
ψ̂(r2), ψ̂

†(r3)
]
)

ψ̂(r4)

=ψ̂†(r1)ψ̂
†(r3)ψ̂(r2)ψ̂(r4) + ψ̂†(r1)ψ̂(r4)δ

(
r2 − r3

)
.

(3.4)

3.2.1 Operator correspondences

If we know a P -representation of ρ̂, we can deduce representations of related operators. Let us for
simplicity consider one mode only. From Eq. (3.1) we then have

âρ̂ =

∫

d2α â|α〉〈α| P [α, α∗]

=

∫

d2α |α〉〈α| αP [α, α∗],

(3.5)

that is, âρ̂ is represented by αP [α, α∗]. Such operator correspondences will be very useful below
when we deduce an equation of motion for P . An second obvious one is ρ̂â† ↔ α∗P . More tricky
examples are â†ρ̂ and ρ̂â, but it is not too hard to deduce the complete set of correspondences [23]:

âρ̂ ↔ αP [α, α∗] (3.6)

ρ̂â† ↔ α∗P [α, α∗] (3.7)

â†ρ̂ ↔
(
α∗ − ∂

∂α

)
P [α, α∗] (3.8)

ρ̂â ↔
(
α− ∂

∂α∗

)
P [α, α∗]. (3.9)



3.3. THE POSITIVE P DISTRIBUTION 23

3.2.2 Equation of motion

From the equation of motion for ρ̂, we can deduce an equation of motion for P . One way to do this
is to use the operator correspondences of Eq. (3.6). As an example, let us for simplicity specialize
to just a single mode and consider a Hamiltonian Ĥah = ~ωâ†â+ 1

2~χâ†â†ââ. The von Neumann
equation of motion for ρ̂ reads

∂

∂t
ρ̂ =

1

i~

[
Ĥah, ρ̂

]
= −iωâ†âρ̂− i

1

2
χâ†â†ââρ̂+ h.c. (3.10)

and therefore we get for ∂tP :

∂

∂t
P [α, α∗] =

{

−iω
(
α∗ − ∂

∂α

)
α− i

1

2
χ
(
α∗ − ∂

∂α

)2
α2

}

P [α, α∗] + c.c.

=

{
∂

∂α
iωα+

∂

∂α
iχ|α|2α− 1

2

∂2

∂α2
iχα2

}

P [α, α∗] + c.c.

(3.11)

This Fokker–Planck-like equation contains “drift” terms (∂α . . .) and “diffusion” terms (∂2
α . . .). In

principle, we could solve it (numerically) from given initial conditions, but remember that we set
out to describe the evolution in terms of an ensemble in which each member behaves independently.

3.2.3 Langevin equations

What we need is a translation from the Fokker–Planck equation for the distribution to a Langevin
equation for the individual realizations. Quite generally, a Fokker–Planck equation,

∂

∂t
P (q, t) =

{

− ∂

∂qν
Aν +

1

2

∂2

∂qµ∂qν
Dµν

}

P (q, t), (3.12)

corresponds to a Langevin equation,

dq = Adt+BdW. (3.13)

In Eq. 3.13, A is the drift vector, dW is a vector of independent Gaussian noise increments,

dWµ(t) = 0 , dWµ(t)dWν(t′) = dtδ(t− t′)δµν , (3.14)

and B is the “square root” of the diffusion matrix, D = BBT . The overbar denotes the stochastical
average. Now, in the case of Eq. (3.11) it turns out that the diffusion matrix is not positive definite.
This means that we cannot find a coefficient for the noise-term that will reproduce the correct
second order derivatives in the Fokker–Planck equation. The problem can be illustrated by looking
at the Langevin equations we naively deduce for α and α∗:1

dα = −i
(
ω + χ|α|2

)
αdt+

√

−iχαdW (3.15)

dα∗ = i
(
ω + χ|α|2

)
α∗dt+

√

iχα∗dW ∗. (3.16)

These equations would reproduce all the terms in Eq. (3.11), but also an additional, mixed second
order term, ∂α∂

∗
α . . ., unless dWdW ∗ = 0! This will require dW and dW ∗ to be independent noise

sources and, consequently, α and α∗ to be no longer complex conjugate.

3.3 The positive P distribution

To relax the demand that α and α∗, or in the many mode case, ψ and ψ∗, should be complex
conjugate, we replace Eq. (3.1) by

ρ̂(t) =

∫

d2ψ1d
2ψ2

|ψ1〉〈ψ∗
2 |

〈ψ∗
2 |ψ1〉

P+[ψ1, ψ2, t]. (3.17)

1This is not a strict argument as the translation is not unique.
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The doubling of the configuration space leads to the positive P distribution, P+. Everything from
above goes through with ψ replaced by ψ1 and ψ∗ replaced by ψ2. Expectation values of normally
ordered expressions, Eq. (3.3), are now calculated as

〈
ψ̂†(r1) . . . ψ̂

†(rs)ψ̂(r′1) . . . ψ̂(r′t)
〉

=

∫

d2ψ1d
2ψ2 ψ2(r1) . . . ψ2(rs)ψ1(r

′
1) . . . ψ1(r

′
t)P+[ψ1, ψ2], (3.18)

and the many mode operator correspondences are

ψ̂ρ̂ ↔ ψ1P+[ψ1, ψ2] (3.19)

ρ̂ψ̂† ↔ ψ2P+[ψ1, ψ2] (3.20)

ψ̂†ρ̂ ↔
(
ψ2 −

∂

∂ψ1

)
P+[ψ1, ψ2] (3.21)

ρ̂ψ̂ ↔
(
ψ1 −

∂

∂ψ2

)
P+[ψ1, ψ2]. (3.22)

3.3.1 Noisy Gross–Pitaevskii equations

From the basic trapped gas Hamiltonian, (2.29), with binary collisions described by the contact
potential, we get the following Langevin equations for ψ1 and ψ2:

i~dψ1 =
{

ĥ+ gψ2ψ1

}

ψ1dt+
√

−igψ1dW1 (3.23)

−i~dψ2 =
{

ĥ+ gψ1ψ2

}

ψ2dt+
√

igψ2dW2, (3.24)

where dWi for i = 1, 2 are Gaussian increments,

dWi(r, t) = 0 , dWi(r, t)dWj(r′, t′) = dtδ(t− t′)δ(r − r′)δi,j . (3.25)

Note that Eqs. (3.23) and (3.24) are noisy Gross–Pitaevskii equations, i.e., if we drop the noise
terms we recover Eq. (2.10). Eqs. (3.23) and (3.24) should be interpreted in the Ito sense, i.e.,
dψi(t) and dWi(t) are independent [48]

3.3.2 Initial state

We can now finally simulate BEC dynamics exactly according to the plan outlined in Sec. 3.1.
The first thing to do is to get a sampling of the initial P+. In fact, this is not a trivial task: To
do it, we in principle need to know the exact initial state of the system in the given experiment
and we need to express it in the form (3.17). The latter requirement is easier to meet than for the
Glauber–Sudarshan P distribution as singular distributions are never needed [49, 50]. The first
requirement is of course a difficult one. It has recently been addressed by Carussotto and Castin
for the case of a thermal equilibrium initial state [51]. Focusing on the dynamics, we have been
using a more primitive approach, namely,

P+[ψ1, ψ2, t = 0] =

∫
dθ

2π
δ
(
ψ1 − eiθψ0

)
δ
(
ψ2 − e−iθψ0

)
. (3.26)

Here ψ0 =
√
Nφ0 with N being the average number of atoms and φ0 the initial single particle

state, usually simply the solution of the GPE. As ψ2 = ψ∗
1 , the initial state is of the Glauber–

Sudarshan form, (3.1), and in fact equivalent to to a mixture of number states with a Poissonian
number distribution (see Appendix A). In praxis, it is not always necessary to actually sample θ
initially. Instead the integral in Eq. (3.26) is implemented analytically in the final result.
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3.3.3 Numerical simulation

The numerical simulation of the dynamics is now done by propagating each pair, (ψ1, ψ2), of the
ensemble according to Eqs. (3.23) and (3.24). This not much more demanding than solving the
time-dependent GPE. The choice of methods of solution is, however, somewhat limited by the
need to include the noise terms. Higher order algorithms grow rapidly in complexity [52, 53] and
after having tried some more sophisticated methods (see Ref. [54]) we have settled for a simple
explicit approach for the noise terms.2 Recently, the xmds package by Collecutt and Drummond
appeared and it definitely seems to be a viable alternative to writing new code from scratch [55].

The crucial drawback of the positive P method is the notorious divergence problem at large
non-linearities [56, 52, 57, 23]. The origin of the problem is the doubling of the phase-space in
connection with the non-linear term: as ψ1 and ψ2 are no longer forced to be complex conjugate
during the simulation, the local mean field energy, gψ2(r)ψ1(r), can attain complex values resulting
in e.g. |ψ1(r)| becoming very large and |ψ2(r)| becoming very small. The good news is that
divergencies only sets in after some time and that they can be easily recognized in the simulations.
As a rule of thumb, the simulations can be trusted at the level of their statistical error until the
time where the the first member of the ensemble takes off to infinity [57]. Positive P simulations
(without damping) are thus mostly useful for short-time dynamics, i.e., for studying phenomena
that takes place on a time-scale comparable to the one associated with the interaction energy.

3.4 Applications of positive P and

related methods to BEC

A number of applications of positive P and closely related methods to BEC appear in the literature.
In Chapters 4 and 5 we describe our work on spin squeezing and photodissociation, and there we
also give references to the most closely related work by other authors. In this section we point to
a broader selection of important references in the field.

In Ref. [58] Steel et al. applied both the positive P distribution and the Wigner distribution

to calculate two-time correlation functions of the field operator. The Wigner function is well-
known in physics as the closest thing to a simultaneous probability distribution of non-commuting
observables. Here it can be seen as a cousin of P , giving not normally, but symmetrically ordered
expectation values. The equation of motion for the Wigner distribution turns out to contain cubic
order derivatives. This prevents an exact translation to a Langevin equation. The usual resort is
the so-called truncated Wigner method where the third order terms are simply ignored. All that
is left is a drift term and therefore the Langevin equation is in fact just the GPE. All fluctuations
are contained in the initial distribution. In Ref. [58] these fluctuations were purely of quantum
nature as T=0, but Sinatra et al. has later shown how to sample a thermal equilibrium state in
the Bogoliubov approximation [59, 60].

When damping is included in P simulations, the problem of divergencies becomes less severe.
In realistic calculations on optical systems, the non-linearities are in fact most often dominated
by the damping [57] and positive P can cover much of the interesting physics. In the case of
BEC, where the life-time of the condensate can be very long, this is not so in general. A notable
exception is the phase of evaporative cooling leading to the very formation of the condensate.
Drummond and Corney were thus able to study this process with the positive P formalism [61].

Interesting attempts to tame the divergencies in situations without significant damping has
also appeared. Among others, Fleischhauer et al. [62] have worked on noise tuning, i.e., attempts
to utilize a freedom in choosing the exact form of the Langevin equations. These authors derive
the positive Langevin equations directly from a path-integral formulation of the problem [63], an
approach also used by Stoof Ref. [64]. An advantage of the path-integral formulation seems to
be the access to a large arsenal of powerful methods: It is for example rather straightforward to
produce a simulation scheme with linear equations [62]. The price to be paid is that the formular

2In Chp. 5 we will need noise terms that are more complicated than the ones of Eq. (3.25). How to overcome
this difficulty is discussed in Appendix D.
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for expectation values becomes more involved than Eq. (3.18) and in praxis very susceptible
to sampling errors. Recently, highly successful one-mode noise tuning have been presented by
Deuar and Drummond [65]. So far, it is fair to say that we are still awaiting major many-mode
breakthroughs along these lines.

Another recent development has come from Carusotto et al. [56, 51]. They considered the
expansion of ρ̂ on number state dyadics instead of the coherent state dyadics of Eq. (3.17), and
they showed how this leads to an alternative simulation scheme. As a by-product, their work gives a
nice alternative derivation of the traditional positive P equations. Using the number state scheme,
Carusotto and Castin have been able to calculate quantities which are pratically inaccesible in
the coherent state scheme, e.g., the probability distribution for the number of particles in the
condensate [66].

Finally, we would like to mention the work of Plimak et al. on deriving simulation schemes
in cases where there are cubic order derivatives in the equation of motion for the phase-space
distribution [63]. It turns out that although no appropiate noise terms exist in the continuum
limit, the discretized version of the problem can be treated. This enlarges the number of physical
systems that can be handled numerically [67]. As a future prospect, one could hope that these
methods will also allow a well-behaved version of the positive P distribution to be simulated.



Chapter 4

Spin squeezing in BEC

We ended the introduction to the Bogoliubov approach, Sec. 2.7, with a discussion of the so-
called phase collapse, which in the number conserving language was simply a consequence of the
phase evolution of the condensate operators depending on the number of particles in the system:
If each experiment is done with a different number of atoms in the trap, observables depending
on this phase evolution will average to zero. In this chapter we stop just short of doing the
average. We instead take the positive view that interactions create a correlation between phase
and number, and we try to utilize this correlation. This is most easily done if initially we have a
coherent superposition of states with different N or, more realistically, of states where N is divide
in different ways on, say, two modes. As the phase is a fast and sensitive variable, it will turn out
that significant number-phase correlations can be build before the spatial dynamics “discovers”
the variance in the occupation numbers of the modes.

We begin he chapter in Sec. 4.1, with a rather general introduction to the concept of spin
squeezing. This provides an elegant formalism to be used when we in Sec. 4.2 turn to the particular
case of two–component BECs. Positive P simulations are applied to confirm the results of a simple
model. Next, two applications of spin squeezed BECs are discussed: A matter wave beam splitter
with subbinominal distribution of atoms in the output ports (Sec. 4.3), and a source for squeezed
light (Sec. 4.4). Finally, in Sec. 4.5, we take a look beyond spin squeezing to Schrödinger cats and
phase revivals.

4.1 Introduction to spin squeezing

4.1.1 Coherent spin states

Consider an angular momentum algebra with operators Ŝx, Ŝy, and Ŝz. The operators obey the
commutation relation [

Ŝx, Ŝy

]

= iŜz, (4.1)

and its cyclic permutations. From all commutation relations follow a corresponding uncertainty
relation (see e.g. Ref. [68]). Here Eq. (4.1) leads to

〈∆Ŝ2
x〉〈∆Ŝ2

y〉 ≥
1

4

∣
∣
∣〈Ŝz〉

∣
∣
∣

2

, (4.2)

where ∆Ŝi = Ŝi − 〈Ŝi〉. Contrary to the familiar position–momentum uncertainty relation, where
the quantity on the right hand side of the inequality is a constant of nature, the limit is here
connected to the expectation value of Ŝz. In fact, in an eigenstate of either the Ŝx operator or of
the Ŝy operator, the left hand side (and thus 〈Ŝz〉) vanishes.

The relation (4.2) is much more interesting for states that are “pointing” in some direction, e.g.,
states which have 〈Ŝx〉 = 〈Ŝy〉 = 0 but where |〈Ŝz〉| is large. Then Eq. (4.2) becomes a statement
about the uncertainty in the direction of the angular momentum. For a given total angular
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momentum, S, the maximum value of |〈Ŝz〉| is obtained for the stretched states, |S,mz = ±S〉,
and in fact these states realizes “=” in Eq. (4.2). The uncertainties are equally distributed,
〈∆Ŝ2

x〉 = 〈∆Ŝ2
y〉 = S/2. It is natural to regard |S,mz=±S〉 as the most classical states representing

an angular momentum pointing up, respectively down. Similar states pointing in other directions
can be obtained by rotation, and in this way the set of coherent spin states (CSSs) is constructed.
The CSSs are the angular momentum analogy of the harmonic oscillator coherent states (see
Appendix A), and they share many useful properties with these [69].1 We shall denote by |S,m〉
the CSS with total angular momentum S, pointing in the direction given by the unit vector m:

Ŝ2|S,m〉 = S(S + 1)|S,m〉,
(
m · Ŝ

)
|S,m〉 = S|S,m〉.

(4.3)

One of the useful properties of the coherent spin states is (over–)completeness, i.e., we can
represent any state of total angular momentum S as a superposition of |S,m〉’s. Conceptually,
this allows us to think of a quantum mechanical spin state as containing a distribution of classical
spins pointing in different directions. Mathematically, this picture can be formalized by introducing
pseudo probability distributions as in Chp. 3, but we shall not be needing this here.

4.1.2 Squeezed spin states

In the previous section, we described a CSS as the state with the most well defined direction
possible. In fact, this statement is imprecise: An uncertainty relation like Eq. (4.2) only sets a
limit on the product of two uncertainties. In the case of spins, it is perfectly possible to have
〈∆Ŝ2

⊥〉 < |〈Ŝ〉|/2 for a component perpendicular to the mean spin. Such a state is refered to as a
squeezed spin state.

How do one go about producing a squeezed spin state starting from a coherent spin state? A
first observation is that there is no use in considering a Hamiltonian linear in Ŝx, Ŝy, and Ŝz: the

time evolution operator, exp[−i(αŜx+βŜy+γŜz)t], merely induces a rotation. One therefore needs
some higher order terms, and Kitagawa and Ueda [70] showed how Hamiltonians proportional to
Ŝ2
z or Ŝ2

z − Ŝ2
y will squeeze an initially coherent spin state aligned along the x direction. Let us

have a closer look at their prediction for the Hamiltonian

Ĥss = ~χŜ2
z . (4.4)

The effect of this Hamiltonian is a twisting: Ŝz leads to a rotation, but with Ŝ2
z the rotation

is in the positive sense on the northern hemisphere and in the negative sense on the southern
hemisphere. Fig. 4.1 illustrates how this effect leads to squeezing in a particular component of Ŝ.
The quantitative formulas describing the process will be given in Sec. 4.2.1.

4.1.3 Which systems are spin systems?

The discussion above was quite general, referring only to a general spin (angular momentum)
system. A large number of physical systems can be conveniently described via a spin formal-
ism. In fact, if the Hilbert space is n–dimensional, we can map it on the space spanned by
|S,−S〉, . . . , |S, S〉 with 2S+1 = n. This is useful if important operators like e.g. the Hamiltonian

can be expressed in a simple way in terms of the components of Ŝ.
A basic example is one particle with two possible states, |a〉 and |b〉. These could of course be

spin–up and spin–down for a spin–1/2 particle, in which case the mapping is obvious. They could
also be two internal states of, e.g., an atom, or they could even be two external modes, e.g., the
two arms of a Mach–Zender interferometer. All cases map onto a spin–1/2 system, and we get the

1Note, however, that the special property of â|α〉 = α|α〉 of the harmonic oscillator coherent states has no direct
translation. When S is large, the analogy between harmonic oscillator coherent states and CSSs becomes good
locally.
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Figure 4.1: Figure illustrating spin squeezing by the a Ŝ2
z Hamiltonian. (a) A coherent spin

state is illustrated by an arrow with a uncertainty disc at its tip. If we start with the |S,−S〉
state, i.e., the coherent state pointing down, a rotation by π/2 around the y–axis will produce
a coherent state aligned along x. The rotation is the result of a Hamiltonian proportional to Ŝy
acting on the system for a given time. (b) Starting from the coherent state aligned along x, we
apply a Hamiltonian proportional to Ŝ2

z . The resulting “rotation” is dependent on Ŝz itself; in
particular the sense of rotation is opposite on opposite sides of the xy–plane. The uncertainty disc
is deformed to an ellipse, and a squeezed direction appears. The magnitude of the squeezing and
the direction (quantified by θ) is given in Sec. 4.2.2.

angular momentum operators

ŝ− = |a〉〈b| , ŝ+ = |b〉〈a| , ŝz =
1

2
(|b〉〈b| − |a〉〈a|) . (4.5)

For this simple problem, all operators can be expressed as linear combinations of the three spin
components and the identity. For example, an energy difference of ε between mode a and b will
lead to a εŝz term in the Hamiltonian, while a coupling moving the particle from mode a to mode
b is represented by ŝ+. In the spin language, a unitary time evolution operator is just a rotation
and all (pure) states are coherent spin states. The translation for the states is

cos
θ

2
|b〉 + eiφ sin

θ

2
|a〉 = |1

2
,m(θ, φ)〉,

m(θ, φ) = sin θ cosφ ex + sin θ sinφ ey + cos θ ez.
(4.6)

We see that the polar angle of m describes the distribution of weight on a and b, while the
azimuthal angle is keeping track of the phase of the superposition.

An important generalization of the example above is N particles in two modes. We then define
a collective spin operator by

Ŝ =

N∑

i=1

ŝi. (4.7)

If the particles are identical bosons the second quantized formalism can be used,2

Ŝ− = â†b̂ , Ŝ+ = b̂†â , Ŝz =
1

2

(

b̂†b̂− â†â
)

. (4.8)

Putting all particles in the same one-particle state gives a CSS with S = N/2,

1√
N !

[

cos
θ

2
b̂† + eiφ sin

θ

2
â†
]N

|vac〉 = |N
2
,m(θ, φ)〉. (4.9)

2This is the Schwinger–bosons construction, see e.g. Ref. [68] page 217.
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From the one-particle discussion above, it is clear that this representation is convenient for the
one–particle dynamics: everything is just rotations. Looking at (4.8), we see that also two–body
interactions are relatively simply described, e.g., interactions between particles in mode a:

â†â†ââ = Ŝ2
z +

(
N̂ − 1

)
Ŝz +

1

4
N̂
(
N̂ − 2

)
. (4.10)

From Sec. 4.1.2, we know that the Ŝ2
z will lead to spin squeezing. The interpretation in this

many–particle situation is clear: If particles in mode a interact, the effective energy of mode a is
changed, hence the Ŝz–term. But the change is in fact non–linear in the number of particles in
a, and so a Ŝ2

z term also appears. This term induces correlations between population differences
and phase differences.

4.1.4 Spin squeezing in praxis

How do one detect spin squeezing? The simple answer is of course: by measuring the spin com-
ponents and looking for the reduced fluctuations. Often some of the components are more easily
accessible than others. In the case of N particles in two modes, it will usually be easy to count the
number of particles in each mode. Thus 〈Ŝz〉 and 〈∆Ŝ2

z 〉 can be found directly. To measure other
components, rotations can be applied before the counting. As is apparent from the discussion in
the previous section, rotations can be performed by changing the energy difference between the
modes and/or applying a coupling that can transfer particles between the modes. For our main
interest here, cold atoms, such manipulations are well established as ingredients of spectroscopy,
atomic clocks, and matter wave interferometers, see e.g. [71]. Much of the the interest in spin
squeezing in fact originates from the desire to improve the precision in these experiments: If the
intrinsic fluctuations of a measurement is reduced, it will naturally require fewer repetitions to
determine the mean value to a given precision. For spectroscopy Wineland et al. have explicitly
calculated how spin squeezing can reduce the signal–to–noise ratio [72].

In recent years, a number of practical ways to produce spin squeezing have become known:
absorption of squeezed light [73, 74, 75, 76], quantum non-demolition atomic detection [77, 78, 79],
controlled dynamics in quantum computers with ions or atoms [80, 81], and the dipole interaction
of virtual Rydberg states [82]. Pu and Meystre in [83] and Duan et al. in [84] proposed the use
of spin–exchange collisions to extract squeezed beams from a Bose–Einstein condensate. We shall
mostly be concerned with the idea of Sørensen et al. to utilize the collisional interaction to squeeze
the collective spin of a two-component condensate [85].

4.2 Spin squeezing and two–component BECs

From the introduction in Sec. 4.1, it almost clear how the proposal of Sørensen et al. will work:
In a pure one–component condensate, there is only one spatial mode populated. If we introduce
a coupling to a different internal state in the atoms, we have effectively a two–mode situation.
The N atoms are mapped on a spin of total angular momentum S = N/2 and the collisional
interaction introduces a Ŝ2

z term. A π/2 pulse will rotate the collective spin to the equator, and
spin squeezing will be produced by Ŝ2

z . Below we shall see that things are in fact almost that
simple. For very related work, where the rotation is kept on during the evolution, see Refs. [86]
and [87].

4.2.1 Two-mode model

We consider two-level atoms in a trap. To describe the dynamics of such a system we only need to
generalize the second quantized Hamiltonian of Eq. (2.29) a little. With creation and annihilation
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operators of atoms in the state i = a or b, ψ̂†
i , ψ̂i , we have:

Ĥ =

∫

d3r
{∑

i=a,b

[

ψ̂†
i (r)ĥiψ̂(r) +

gii
2
ψ̂†
i (r)ψ̂

†
i (r)ψ̂i(r)ψ̂i(r)

]

+ gabψ̂
†
a(r)ψ̂

†
b(r)ψ̂b(r)ψ̂a(r)

}

. (4.11)

Here, hi is the single particle Hamiltonian for atoms in internal state i and gij is the effective
two-body interaction strength between an atom in state i and one in state j. In terms of the
corresponding scattering lengths they are given by gij = 4π~

2aij/m. We have assumed that
collisions cannot transfer atoms between the two modes: All terms in (4.11) commute with both
N̂a and N̂b.

We now start with all atoms in internal state a. At temperatures sufficiently below the critical
temperature for Bose-Einstein condensation almost all atoms occupy the same single particle
wavefunction, φ0, which to a very good approximation can be obtained from the Gross-Pitaevskii
equation, (2.8). We then apply a laser to do a π/2-pulse on the a–b transition. In this way, all
atoms are coherently transfered to an equal superposition of a and b. Of course, for the atoms
to behave independently, the transfer should be relatively fast. The spatial mode is ideally not
affected by the transfer. At this point, it is very convenient to split the field operators as

ψ̂a(r) = âφa(r) + δψ̂a(r) , ψ̂b(r) = b̂φb(r) + δψ̂b(r), (4.12)

with φa = φb = φ0. The fluctuation operators, δψ̂a and δψ̂b, describe modes of the system that
are initially not populated and for most purposes they can be ignored. The state of the system
factorizes in a spatial part described by φ0, and an internal part described by â and b̂. The system
is in a coherent spin state with respect to the internal modes. As the superposition is assumed to
have equal weight on a and b, the CSS is somewhere on the equator. We now assume that δψ̂a and
δψ̂b can be ignored also at later times. Then the separation of internal and external dynamics also
holds. The wavefunctions φa(x) and φb(x) can evolve with time, and we describe this evolution
with two coupled Gross-Pitaevskii equations:

i~∂tφi =

(

ĥi + gii
N

2
|φi|2 + gii

N

2

∣
∣φi
∣
∣
2
)

φi (4.13)

where a ≡ b and vice versa.

The dynamics associated with distribution of atoms among the two modes is studied by re-
placing in a self-consistent way Eq.(4.11) by an effective Hamiltonian for the â and b̂ operators:

Ĥtwo-mode = gbb

(
1

2
b̂†b̂†b̂b̂− N

2
b̂†b̂

)∫

d3r |φb|4

+ gaa

(
1

2
â†â†ââ− N

2
â†â

)∫

d3r |φa|4

+ gab

(

b̂†â†âb̂− N

2
b̂†b̂− N

2
â†â

)∫

d3r |φb|2 |φa|2 . (4.14)

The time-dependence of the modes has explicitly been taken into account; In particular the
quadratic terms stem from the mean field terms of Eq. (4.13).
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4.2.2 Spin operators for the two–mode model

The spin operators describing the dynamics of the two modes are, in complete analogy with
Eq. (4.8),

Ŝx =
1

2

(

b̂†â+ â†b̂
)

(4.15)

Ŝy =
1

2i

(

b̂†â− â†b̂
)

(4.16)

Ŝz =
1

2

(

b̂†b̂− â†â
)

. (4.17)

With these spin operators, the two–mode Hamiltonian, (4.14), can be written

Ĥtwo-mode = e(t)N̂ + k(t)Ŝz + E(t)N̂2 + D(t)N̂ Ŝz + ~χ(t)Ŝ2
z , (4.18)

where the time dependent coefficients are given by integrals involving the time dependent mode
functions found from Eq.(4.13). All the terms in the Hamiltonian (4.18) commute which is an
important simplification as the coefficients are time-dependent. The term proportional to Ŝz will
result in a rotation of the spin around the z-axis and it can be removed by working in a rotating
frame. The N̂ and N̂2 terms give different dynamical overall phases to states with different total
numbers of atoms. Such phases are immaterial if we have no external phase-standard to compare
with and we neglect these terms for the purpose of the present work. The N̂ Ŝz-term adds to the
spin rotation with an angle linear in N . It cannot be neglected as the direction of the spin (the
phase between a- and b-components) can be probed by a second π/2 pulse phase locked to the
first π/2 pulse, but it is small for the particular cases studied below. Finally, the Ŝ2

z produces
spin-squeezing as described in Sec. 4.1.2. The strength parameter of the squeezing operator is
given by

~χ(t) =

∫

d3r
1

2

(

gbb |φb|4 + gaa |φa|4 − 2gab |φa|2 |φb|2
)

. (4.19)

Given the time integral µ = 2
∫
χ(t′)dt′ Kitagawa and Ueda [70] provide the analytical expressions

for the variance of the squeezed spin component

〈∆S2
θ 〉 =

S

2

{

1 − 2S − 1

4

[√

A2 +B2 −A
]}

(4.20)

where A = 1 − cos2S−1 µ and B = 4 sinµ/2 cos2S−2 µ/2. They also specify the direction of the
squeezed spin component Ŝθ = cos θŜz − sin θŜy (assuming the mean spin to be along x, see
Fig. 4.1):

θ =
1

2
arctan

B

A
. (4.21)

It is of some interest to use simple analytical approximations for χ(t) and we will do so in the
specific cases studied below.

4.2.3 Full multi-mode description

The two–mode model is based on a simplifying assumption. The actual observables of the system
are more complicated to deal with than Ŝ, but we can also define a set of operators obeying angular
momentum commutation relations by

Ĵx =
1

2

∫

d3r
(

ψ̂†
b ψ̂a + ψ̂†

aψ̂b

)

(4.22)

Ĵy =
1

2i

∫

d3r
(

ψ̂†
b ψ̂a − ψ̂†

aψ̂b

)

(4.23)

Ĵz =
1

2

∫

d3r
(

ψ̂†
b ψ̂b − ψ̂†

aψ̂a

)

. (4.24)
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The total number operator N̂ =
∫
d3r (ψ̂†

aψ̂a+ψ̂
†
b ψ̂b) commutes with these three operators and when

the two-mode approximation applies well, the two-mode and multi-mode operators are comparable
by the replacements

Ĵ+ = ρeiν Ŝ+ Ĵ− = ρe−iν Ŝ− Ĵz = Ŝz (4.25)

where ρeiν =
∫
d3r φ∗b(r)φa(r). The factor ρ takes into account that 〈Ĵx〉 and 〈Ĵy〉 vanish unless

the atoms in state a and b occupy the same region in phase space and ν is a dynamical phase from
the spatial dynamics.

4.2.4 Positive P simulations

The two-mode approximation provides an intuitive picture of the evolution of the system. It is
however not easy to justify the neglect of the fluctuations in Eq. (4.12) and we therefore need an
exact method to determine more precisely what happens to the mean values and the variances of
the components of Ĵ. The positive P function (P+) introduced in Chp. 3 is a possible answer.
With two internal states, one has instead of Eq. (3.18)

〈:f [ψ̂(t)] :〉 =

∫

d2[ψ]f [ψ]P+[ψ, t] (4.26)

where : · : denotes normal ordering. Instead of pairs of “wavefunctions” we now have quadruples,

ψ̂(t) =







ψ̂a(t)

ψ̂†
a(t)

ψ̂b(t)

ψ̂†
b(t)







and ψ =







ψa1
ψa2
ψb1
ψb2






. (4.27)

Likewise, the Langevin equations are for 4 c-number fields,

dψiµ = (−1)µ
idt

~

(

ĥi + giiψi2ψi1 + gabψi2ψi1

)

ψiµ + dWiµ (4.28)

where again a = b and vice versa. In order to treat the interactions exactly [within the approxi-
mation given by the form of Eq.(4.11)] the noise terms have to be Gaussian and to fulfill:

dWiµ(r, t) = 0 (4.29)

dWiµ(r, t)dWjν(r′, t′) = δ(r−r′)δ(t−t′)δµ,ν

× (−1)µ
idtgij

~
ψiµ(r, t)ψjµ(r, t).

(4.30)

On the computer we can simulate the Langevin equations to obtain an ensemble of realizations
of ψ. This ensemble is a finite sampling of P+ and can therefore be used to calculate expectation
values via the prescription (4.26) and with a precision limited only by the number of realizations
in the ensemble.

Although we have so far written all equations in 3D it would be computationally heavy to
simulate a sufficient number of realizations of Eq. (4.28). In what follows we will thus restrict
ourselves to 1D. It is reasonable to assume that this may alter the quantitative results significantly
but a 1D calculation can be used to investigate the validity of the two-mode model which may
hereafter be applied in 3D with more confidence.

4.2.5 Results for favourable collision strengths

Let us first focus on a situation with simple spatial dynamics. If we set Va = Vb = mω2x2/2 and if
we assume that the values of the collision strengths can be controlled so that, gaa = gbb = 2gab = g,
the spatial dynamics is limited to a slight breathing. The spin-dynamics is almost a pure squeezing,
that is, the mean spin stays in the x-direction. To get an estimate of the strength parameter χ of
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Figure 4.2: Squeezing of the collective spin for favourable interaction parameters: N=2000 atoms
and (gaa, gab, gbb) = (1.0, 0.5, 1.0)×5×10−3

~ωa0 (1D model). + (with errorbars) show P+ results,
lines show results of the two-mode model.

Eq. (4.19) we find φa(t = 0) = φb(t = 0) as the Thomas-Fermi approximation to the stationary
solution of the GPE with all atoms in the a-state. We then have:

~χ =
1

5

1

N1/3

(
2

3

g

~ωa0

)2/3

~ω (4.31)

where a0 =
√

~/mω is the harmonic oscillator length in the trap and m is the atomic mass.
Choosing g = 0.005~ωa0 and N = 2000 we get χ = 6.1 × 10−4

~ω which should give a sizable
squeezing within a quarter of a trapping period.

In Fig. 4.2 we show results of both the two-mode approximation, (4.20), and of the P+ sim-
ulation for the parameters mentioned above. χ was assumed to be constant and of the value
determined by Eq. (4.31). Ĵθ = cos θĴz − sin θĴy refers to the squeezed component of the spin.
The direction θ in the yz-plane is determined in the two mode model, i.e., from Eq. (4.21) and it
is not independently optimized for the full P+ results. The agreement is seen to be surprisingly
good considering the crudeness of the estimate of the parameters in the two mode model. Within
the uncertainty of the positive P results (the 〈∆Ĵ2

θ 〉 data are presented with errorbars in Fig. 4.2)
the noise suppression is seen to be almost perfect.

4.2.6 Controlling mode functions overlaps

In the experiments on the |F = 1,mf = −1〉 and |F = 2,mf = 1〉 states in 87Rb [88] the scattering
lengths and thus the interaction strengths are actually in proportion gaa : gab : gbb = 1.03 : 1 : 0.97.
This is far from ideal conditions for squeezing as we can see from Eq. (4.19): χ = 0 when in addition
φa = φb as is the case initially. To produce a sizable squeezing effect, we can instead make the two
mode functions differ (see also Ref. [89]). In Sec. 4.3, this idea is taken to the extreme by working
with two motional modes and only one internal state. Here we just apply different potentials to
the two internal states. This has actually already been done for magnetically trapped Rb making
use of gravity and different magnetic moments of the two internal states [88]. If Vb is displaced
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Figure 4.3: Squeezing due to spatial separation of the two internal state potentials by x0 = 3a0.
The total number of atoms is 2000 and the interaction strengths are (gaa, gab, gbb) = (1.03, 1, 0.97)×
5 × 10−3

~ωa0 (1D model).

from Va, the b-component created by the initial π/2-pulse will move away from the a component

thereby reducing the overlap
∫
dx |φa|2 |φb|2 and increasing χ. It is remarkable that the squeezing

then takes place while the two components are away from each other.

To demonstrate the accomplishments of the scheme described above, we have chosen simply to
displace Vb by a certain amount x0 from Va. In this model both potentials are still harmonic and
of the same strength. The spatial dynamics is now more complicated, but it can be approximated
by the solutions to coupled Gross-Pitaevskii equations. To get a rough idea of the parameters we
can use the well known evolution of a displaced ground state wavefunction in a harmonic trap.
We then get

ρeiν = e−x
2
0(1−cos(ωt))/2eix

2
0 sin(ωt)/2 (4.32)

and
∫

|φb|2 |φa|2 dx =
1√
2π

e−x
2
0(1−cos(ωt))/4. (4.33)

If we choose (gaa, gab, gbb) = (1.03, 1, 0.97)× 5× 10−3
~ωa0 and x0 = 3a0 this model gives an order

of magnitude estimate for the integrated strength parameter of
∫ 2π/ω

0
χ(t)dt ∼= 10−2

~ω when the
two components are again overlapped. For 2000 atoms this corresponds to a reduction of the
uncertainty in the squeezed spin component by roughly a factor of 10 according to Eq. 4.20.

In Fig.4.3 we use these estimates to analyze the P+ simulations, i.e., we plot the expectation
value of the spin component predicted to be maximal, 〈Ĵν〉, and the variance of the perpendicular
component predicted to be squeezed, 〈∆Ĵ2

θ 〉. As can be seen, after a fast drop a large fraction of

the original mean spin is recovered in 〈Ĵν〉 when the two wave packets are again overlapped. This
confirms our prediction of ν and it implies that a sizable signal can be obtained in an experiment.
At the same time the variance in the predicted perpendicular component is strongly suppressed
confirming our prediction for θ and implying that the noise in the experiment can be significantly
reduced below the standard quantum limit.
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4.2.7 Discussion

From the result of the P+ simulations, we conclude that the predictions of the simple two-mode
model reproduce the full multimode result also quantitatively. This means that the spatio-temporal
dynamics and the population dynamics couple the way they should to produce spin squeezing, but
the resulting entanglement between spatial and internal degrees of freedom is small enough that
purely internal state observables show strong squeezing. In particular the calculations of Fig. 4.3
reveal that quite significant distortions of the distributions when the components separate and
merge do not prevent sizable spin squeezing.

Although we claim quantitative agreement, it should of course be realized that this is within the
1D model. In the original proposal by Sørensen et al. [85], the simple model was successfully tested
against a 3D calculation within an approximation developed by Sinatra and Castin in Ref. [90].
The aim of the positive P simulations was to check whether all the relevant quantum features
were captured. It is reasonable to assume that no big surprises would show up in a 3D positive P
simulation of the scenarios considered here.

Recently, Sørensen [91] applied a the two–component version of the number conserving Bo-
goliubov approach to the spin squeezing problem. He also found the two–mode model to be good
for a rather wide range of parameters when the squeezing was not too strong, but in addition
he identified conditions where Bogoliubov theory predicts a breakdown of the simple picture. It
would be interesting to do positive P simulations also for such cases. In the following sections on
applications of atomic spin squeezing, we comment more on these limitations to squeezing.
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Figure 4.4: Atom-interferometer realized via Bragg scattering of the condensate.

4.3 Quantum beam splitter

In this section we elaborate on the idea of Sec. 4.2.6, namely that squeezing can take place while the
two components are spatially separated. In fact, we abandon the second internal state and propose
a method to realize a beam-splitter for a one-internal-state condensate, causing a splitting of the
condensate in two spatially separated components with a better matching of occupancies than in
the binomial distribution resulting from a splitting of independent particles. Such subbinominal
splitting has indeed been proposed to occur if one adiabatically raises a potential barrier inside
a single condensate. This dynamics is governed by the time scale for which the system is able to
adiabatically follow the lowest energy state due to the collisional repulsion among atoms, and this
time scale may be very long, making an experimental implementation very difficult [92].

In contrast, we propose a fast method working in four steps: (i) apply a normal splitting
to create a binomial distribution of atoms separated in space, (ii) make use of the collisional
interaction in each spatial component to cause in few ms a non-linear phase evolution of the
different amplitudes, (iii) reflect the atoms so they again overlap in space, and (iv) remix them on
a second beam splitter, so that the resulting separate components are populated by a subbinomial
distribution. It will turn out below that the last beam splitter should only have very small
reflectivity.

4.3.1 Bragg interferometer

The principle of the proposal is sketched in Fig. 4.4., where the vertical arrows indicate Bragg
diffracting laser fields with appropriate detunings and phases. We suggest to use Bragg diffraction
to split and to recombine the atomic clouds because this method has already been successfully
demonstrated in experiments [93, 94, 95].

The atoms are initially in a single component BEC, i.e., all atoms populate the same one-
particle wavefunction φ0. Counterpropagating laser beams along the x-direction with a frequency
difference around 100 kHz are applied to the atomic cloud and cause diffraction of the atoms. In the
moving frame of the optical standing wave pattern, Bragg diffraction conserves kinetic energy and
the atoms coherently populate two components at the incident momentum −~k (corresponding
to zero momentum in the laboratory frame) and at ~k, differing by twice the photon momentum.
For suitably chosen parameters the diffraction process is fast and interactions can be ignored. The
diffraction is then a linear process and each atom is put in a superposition of remaining at rest,
and having received twice the photon momentum. Allowed to propagate freely the atoms will
coherently populate two spatially separated regions of space after less than 1 ms. This splitting
by a Bragg pulse is equivalent to the π/2 pulse on the internal transition in the previous section.

To compute the effect of collisions on the spatial dynamics we assume as in the previous section
that it is an adequate approximation to let half of the atoms, N/2, populate each component.
Once the two momentum components have separated, their evolution is therefore described by
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two identical, single–component Gross–Pitaevskii equations,

i~
∂

∂t
φi = (ĥi +

Ng

2
|φi|2)φi. (4.34)

The atoms may be free, in which case ĥi equals the kinetic energy operator, they may fall under
gravity, or they may be trapped in a weak trapping potential. For the component remaining at
rest, the initial condition is φ1(x, t = 0) ∼ φ0(x), for the Bragg diffracted component, φ2(x, t =
0) ∼ exp(2ikx)φ0(x).

Effectively, the wavefunctions φ1 and φ2 define two modes for the atoms, just as the two internal
states and their associated spatial wavefunctions in Sec. 4.2.1. The two modes have creation and
annihilation operators a†i and ai and the dynamics associated with the distribution of atoms among
the modes is accounted for by a two–mode Hamiltonian, analogous to (4.14):

H =
∑

i=1,2

gIi
(

1

2
(a†i )

2a2
i −

N

2
a†iai

)

. (4.35)

As we are working with only one internal state, a difference in the strength parameter for i = 1, 2
is caused only by differences in the self–interaction integrals, Ii =

∫
|φi|4d3r, not by differences in

s-wave scattering lengths.

4.3.2 Collective spin picture of interferometer operation

Having reduced the problem to two modes, the mapping to a collective spin applies. Let us walk
through the interferometer operation in the spin picture. Before the first Bragg pulse, all atoms
are at rest, and the collective spin, defined now by

Ŝx =
1

2

(

â†2â1 + â†1â2

)

Ŝy =
1

2i

(

â†2â1 − â†1â2

)

Ŝz =
1

2

(

â†2â2 − â†1â1

)

,

(4.36)

is in a CSS pointing down. The Bragg pulse puts all atoms a superposition of remaining at rest
and moving with momentum 2~k, i.e., it rotates the spin to the equatorial plane. By convention,
we take the spin to point in the x–direction; this is of course arbitrary to the extent that we can
choose a different phase for the mode functions. It is, however, important to realize that the Bragg
scattering is a coherent process, and given a definition of the modes, we can choose the relative
phase of the Bragg lasers to rotate the spin around any vector in the equatorial plane.3

After the Bragg pulse, the two components are allowed to propagate for a for a time interval of
duration T (typically some ms). We then apply a new Bragg diffraction pulse to induce a complete
transfer between states with momenta ±~k in the moving frame, i.e., 0 and 2~k in the laboratory
frame, so that the two components now approach each other. This operation is carried out on the
two spatially separated components, and it is accounted for by inclusion of the interaction with
the Bragg fields in ĥi in Eq. (4.34). Note that with the convention that the collective spin refers
to the spatially separated components, this Bragg pulse has no effect on the values of the spin
components; the solutions φi(r, t) constitute a ’rotating frame’ for our calculation of populations
and coherences. The spin picture is suggestive that spin measurements and rotations can be
carried out at any time, but with the paths–as–modes convention, it is only when the two spatial
components overlap that all the spin variables represent physically accessible quantities.

During the separated propagation of the two components along the interferometer paths, spin
squeezing takes place by the Ŝ2

z mechanism. The strength parameter, χ, of Eq. (4.4) can be found
from the two–mode Hamiltonian, (4.35):

~χ =
g

2
{I1 + I2} . (4.37)

3This relative phase corresponds to the position of standing wave pattern.
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In Sec. 4.3.3, we shall give realistic estimates for how much squeezing can be accumulated during
the propagation.

After the second Bragg pulse, the components are approaching each other. If the external
potential is turned off, they overlap again in space after a time T . As we saw in Sec. 2.6, it is at
this point possible to observe interference fringes in the spatial density profile. At the time of full
overlap we can apply a final beam splitter Bragg pulse to recombine the two components into two
new output components. As explained above, we can choose to rotate around any vector in the
equatorial plane:

ÛBragg = exp
[

iα
(

cosφ Ŝx + sinφ Ŝy

)]

=

[
cos α2 i sin α

2 e
−iφ

i sin α
2 e
iφ cos α2

] (4.38)

Here we have written the Bragg evolution operator in the spin picture and as a 2×2 matrix giving
the mode annihilation operators b̂1 and b̂2 after the pulse in terms of the operators â1 and â2 before
the pulse. We are interested in creating a state with two separate components with subbinomial
counting statistics, that is, we want to chose φ, the phase of the pulse, and α, controlled by the
duration, such that the counting statistics of b̂1 and b̂2 will benefit from the correlations in â1 and
â2. In the spin picture it is clear that this operation should be a rotation around the mean spin to
align the squeezed direction with the z-axis which represents population differences. If we denote
by Sα the spin component that the last Bragg pulse rotates into the z-direction, then from the
definition (4.36) we get the mean and variance of the populations of one of the output beams

〈n̂det〉 =
1

2
N + 〈Ŝα〉

Var(ndet) = Var(Sα). (4.39)

If φ = 0 we rotate around the x-axis and the angle α should ideally be chosen equal to θ of
Fig. 4.1b and Eq. (4.21). With no spin squeezing one finds Var(ndet) = N/4 in agreement with
the initial binomial distribution.

In the previous section, we learned from the positive P simulations that the rotation angle is
predicted with adequate precision in the simple model, so that application of Bragg pulses with
these variables should suffice to yield substantial reduction of the population fluctuations of the
two atomic outputs. It is also straightforward to optimize the parameters in experiments. The
phases of the diffracting lasers are adjusted so that the two output beams have the same mean
occupancy, independently of the duration of the last Bragg pulse. The solid curve in Fig. 4.5
shows the squeezing factor (N/4)/Var(ndet) (large for strong squeezing) as a function of α. With
a spin squeezed sample the variance of the populations show a strong dependence on the duration
of the last Bragg pulse, which should therefore be adjusted to identify the output with minimal
fluctuations.

4.3.3 Expected results

Let us turn to the discussion of the experimental feasibility of our proposal. Splitting and recom-
bination of one-component condensates have been done in several laboratories, and the coherence
properties have been verified and explicitly utilized in a number of imaging experiments: our pro-
posal follows closely the experiments at NIST, where the phase variation of the condensate gives
rise to a density variation in the recombined output [94]. These experiments have been done in the
limit of interacting condensates which is of course essential for our proposal: In Ref. [95] the mean
field repulsion was observed and it was shown not to prevent a nearly perfect overlap of the spatial
modes at the recombination, and in Ref. [94] a soliton was imprinted in one of the components to
be subsequently detected in the output. We note that also the phase variation around quantized
vortices has been studied by similar interference imaging, both in the case where a vortex was
prepared prior to the splitting and a dislocation appears in the interference fringes [96], and in
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the case where a condensate was split and a vortex was subsequently created by stirring only one
component [97].

One might wonder whether our proposal puts more strict demands on the beam splitting
Bragg pulses than the above mentioned experiments. Bragg pulses can be made highly selective in
momentum and can even be used for momentum spectroscopy, but a beam splitter should instead
have the same reflectivity for all momentum components of the condensate so that a good mode
match can be achieved. In this respect, our proposal is not more demanding than already realized
interferometers and we show this explicitly in Sec. 4.3.4.

To assess the strength of the squeezing interaction we need to evaluate the parameter χ of
Eq. (4.37). We assume I1 = I2 = I for simplicity, and in the Thomas-Fermi approximation, valid
for an interaction dominated condensate, one finds the simple result:4

I =

∫

|φ|4d3r =
10

7

1

VTF
(4.40)

where VTF ≡ (4π/3)RxRyRz with Ri the Thomas-Fermi radius of the condensate in the i-direction.
As typical numbers we can take parameters of the sodium experiment reported in [94]: Rx = 23µm,
Ry = 33µm, Rz = 47µm, and as(Na) = 2.8nm. We then get χ = 1.0 × 10−3s−1 and with
N = 1.8 × 106 Eq. (4.20) gives a factor of ∼ 5 reduction on the population fluctuations in the
output ports for 1ms separation of the components.

In reality, φ, and thus I, will be functions of time and χt is replaced by
∫
χ(t)dt. In Sec. 4.2.6

we used a simple non-interacting approximation to handle the case where one component finds
itself in a displaced harmonic trap. Here we are rather dealing with free expansion starting from a
Thomas–Fermi initial state, and the solution is given by a scaling of the initial wavefunction [21].
Therefore the form of Eq. (4.40) is preserved and VTF(t) can found by solving 3 coupled differential
equations for the 3 scaling parameters. (A note of caution: When the condensate is split in two,
N → N/2, and this must be taken explicitly into account when using the scaling equations derived
in, e.g., Ref. [21].)

If the components are separated for more than the 1 ms assumed above, the squeezing gets
stronger but the process is slowed down by the reduction of χ(t) as the clouds expand. The
expansion happens on a time-scale given by the trapping frequency before the release of the
condensate and the simple two-mode picture predicts that high squeezing factors can be reached
before the non-linearity becomes negligible. However, this is one of the regimes identified by
Sørensen [91] as not too well described by the two–mode model. Squeezing still takes place, but at
an reduced rate: A squeezing factor of 10 requires almost 7 ms of separation while the two-mode
model predicts 2 ms.

4.3.4 Effect of imperfect overlap

As a final issue for the operation of the quantum beam splitter, we wish to discuss the matching
of the spatial wave functions of the two components. After the physical interactions described
above, one will detect a number of atoms with momenta around zero, and a number of atoms
with momenta around 2~k, and the analysis shows that these numbers will fluctuate less than if
they were given by a binomial distribution. This reduction is due to the correlations between the
atoms following the lower and the upper paths in the interferometer, and it is hence important
that atoms from the lower path, being diffracted by the last Bragg pulse, occupy the same spatial
state as the undiffracted component of the upper path, cf. Fig. 4.4. In the extreme case where
these two contributions are orthogonal and distinguishable, there will be no squeezing effect at all,
and in the case where they overlap 100 %, the squeezing is given by the above simple analysis.

Atoms leaving the interferometer at zero momentum can in general be described by a super-
position of φ2, the undiffracted upper path wavefunction, and a state φ2⊥ orthogonal to φ2. This
gives rise to two orthogonal modes which both contribute to the detected number of atoms around
zero momentum. We can express the field operators, b̂2, b̂2⊥, for these two modes in terms of the

4This is the 3D version of Eq. (4.31)
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operators â1, â2 given above for the modes prior to the last Bragg pulse and operators for two
additional “vacuum” modes, â1⊥, â2⊥, which are necessary to ensure unitarity of the beam splitter
pulse. Letting c denote the overlap of the (normalized) diffracted lower path component with the
upper path undiffracted component and s the overlap with the orthogonal complement we have

e−2ikxφ1(r) = cφ2(r) + sφ2⊥(r), (4.41)

were |s|2 + |c|2 = 1. In terms of α and φ of the last Bragg pulse (4.38) we have:

b̂2 = cos
α

2
â2 + i sin

α

2
e−iφ (c â1 + s â1⊥) (4.42)

b̂2⊥ = cos
α

2
â2⊥ + i sin

α

2
e−iφ (s∗ â1 − c∗ â1⊥) . (4.43)

Focusing on b̂2 we see that for |c| < 1 we can still control the mixing and pick the squeezed
combination of â1 and â2. However, some contributions from the unoccupied modes have been
introduced, and the situation is similar to the detection of squeezed light: A non-unit overlap
ν between the squeezed mode of light and a detector mode as, e.g., modeled by a beam splitter
transmitting a fraction |ν|2 of the squeezed light to the detector, leads to admixture with a vacuum
field and the deterioration of the squeezing, Var(X)det = |ν|2Var(X)sq + (1 − |ν|2), where the X
is the scaled quadrature field component with unit variance in the vacuum state.

In a real experiment it is difficult to count the atoms in mode φ2 exclusively. It is more realistic
that one will only have access to the total number of atoms in φ2 and φ2⊥. We then have to include
b̂2⊥ in the analysis, and if the phase of the Bragg diffraction is chosen to compensate the phase of
the complex overlap c, we find:

〈n̂det〉 = 〈b̂†2b̂2 + b̂†2⊥b̂2⊥〉

= 〈cosα Ŝz − |c| sinα Ŝy〉 +
N

2

= λ〈Ŝα′〉 +
N

2
.

(4.44)

in terms of the spin component Ŝα′ prior to the last Bragg pulse. The angle α′ is related to α,
the rotation angle given by the duration of the last Bragg pulse, by tanα′ = |c| tanα, and we have

introduced the factor λ =
√

|c|2/(sin2 α′ + |c|2 cos2 α′).

The spin component Ŝα′ ≡ cosα′Ŝz− sinα′Ŝy is in a direction perpendicular to the mean spin.

We therefore have 〈Ŝα′〉 = 0 and 〈n̂det〉 = N/2 independently of α. The variance of ndet is given
by

Var(ndet) = 〈n̂2
det〉 − 〈n̂det〉2

= λ2Var(Ŝα′) + (1 − λ2)
N

4
.

(4.45)

If the overlap is complete, |c| = 1 = λ, we can pick out the maximally squeezed spin component
to yield the minimal variance of ndet. In case of a non-perfect overlap, we see that Eq. (4.45)
introduces a non-squeezed contribution, scaling as N/4, and it makes the number fluctuations
depend on the noise of the spin component Sα′ rather than of Sα. We therefore want α′ to be
close to the actual direction of squeezing θ in Fig. 4.1 and Eq. (4.21), which is obtained by choosing
a Bragg pulse with longer duration than what is optimal in the ideal case.

In Fig. 4.5 we show the variation of (N/4)/Var(ndet) with α for different values of the overlap c.
When |c| is reduced the squeezing factor drops, but the curves illustrate that the results improves
if one chooses a larger rotation angle α. Note that the mode function mismatch does not have
the same detrimental effect as in the detection of a single mode squeezed field: the admixture
of the vacuum modes, and hence the vacuum contribution N/4 to Var(ndet), does not scale with
|s|2 = 1 − |c|2 but rather with |s|2 sin2 α, and for small rotation angles this is a small number.
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Figure 4.5: The reduction of Var(ndet) is illustrated by plotting the reciprocal ratio
(N/4)/Var(ndet) as a function of the applied Bragg pulse rotation angle for parameters as in
Sec. 4.3.3 with 1 ms separation. The results are shown for different values of the overlap, c = 1
(solid line), c = 0.9 (dashed line), c = 0.8 (dash-dotted curve), and c = 0.6 (dotted curve). The
value of α at the maximum of the c = 1 curve displays the orientation of the squeezing ellipse, i.e.
θ of Fig. 4.1. As is apparent from the other curves, one may compensate for a non-perfect overlap
by applying a larger Bragg pulse rotation.
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For strong squeezing the uncertainty ellipse is almost horizontal and only rotation by a small α is
needed to observe squeezing in the number fluctuations. In this case even a significantly reduced
overlap does not prevent a sizable noise reduction for ndet. This is illustrated when we write the
maximal squeezing factor attainable for given c and given Var(Sθ):

5

Var(ndet) = Var(Sθ)

(

1 + (1 − |c|2)
N
4 − Var(Sθ)

|c|2N4 + Var(Sθ)

)

∼ Var(Sθ)

|c|2 (Var(Sθ) �
N

4
). (4.46)

4.3.5 Discussion

In this section we have described our proposal for a quantum beam splitter for matter waves, and
in fact, as is apparent from Sec. 4.3.3, spin squeezing is already taking place in experiments; it is
just not detected. It is experimentally feasible to do the rotations around the mean spin to reveal
the α dependence of Var(ndet), and detection is mainly limited by the inability to count atoms with
sufficient precision. High counting efficiency is attractive for many reasons, and we expect much
progress to be made in this area in the near future. The condensation of meta–stable Helium holds
great promise for single–atom detection, as meta–stable atoms are virtual bombs at the energy
scales otherwise relevant to BEC, and e.g. a micro channel plate can have a time-resolution at the
ns level [98, 99].

In our analysis, we have relied on the two–mode model. This was motivated by the successful
comparison of this simple picture with the full positive P method in Sec. 4.2. As mentioned
in Sec. 4.3.3, one should be more careful at long times. Bogoliubov theory shows [91] that free
expanding clouds are not an ideal setting for production of really strong spin squeezing. This is
because the mode functions in this case becomes sensitive to the number of atoms. Therefore
the separation of population and spatial dynamics breaks down, ruining our ability to adjust
fluctuations in a simple way. This problem is less pronounced if the atoms are trapped during the
experiment and strong squeezing may be possible in e.g. an atomic waveguide interferometer.

5In Eq. (4.46) we assume that the spin state described by Eqs. (4.21,4.20) is a minimum uncertainty state. This
not exactly true, but a good approximation for moderate squeezing as considered here [70].
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4.4 Squeezed light from spin squeezed atoms

In this section we describe how to generate squeezed light from a spin squeezed sample of atoms.
The motivation for such a proposal could be sought in the many uses of squeezed light. To
mention a few, squeezed light and entangled beams of light can be used to probe mechanical
motion with better resolution than classical light [100], for lithography with a resolution below the
optical wavelength [101, 102], and in the active field of quantum information [103, 104, 105].6 The
standard means to produce nonclassical light are nonlinear crystals in optical parametric oscillators
and laser diodes with suitable feed-back. As a figure of merit for the degree of nonclassicality of
these light sources, one may refer to the noise suppression observed in direct or homodyne photon
detection measurements. Compared to classical sources it has so far been possible to reduce the
noise (variance) by about one order of magnitude. In order to make a significant difference in
practical applications, further noise reduction is really necessary, and it will surely be worthwhile
to look for new approaches to squeezing of light. Among the promising candidates are resonant
Raman systems. These systems can display both large nonlinearity and low absorption leading to
ideal four-wave mixing and substantial squeezing [107, 108, 109]. We suggest instead to transfer
the squeezing of atomic spins to squeezing of a mode of the light field by applying stimulated
Raman scattering.

4.4.1 Stimulated Raman scattering

The theoretical treatment of the light emission will be a generalization of traditional Raman
scattering theory, see Refs. [110, 111, 112]. This part of our proposal can be analyzed without
specifying the model for spin squeezing, but in Sec. 4.4.3 we will specifically return to the case of
a spin squeezed BEC from Sec. 4.2.

Our ensemble of two-state atoms is assumed to be strongly elongated and it is treated in a
1D approximation. It is illuminated by a strong laser field Es propagating along the z-axis of the
system. This opens up a channel for an atom in the b state to go to the a state by absorbing a
photon of frequency ωs and emitting a photon of frequency ωq ∼ ωs + ωba. As a result, a field
at this frequency builds up and propagates through the sample. This process is described by the
following coupled set of equations for the atomic and field operators

∂

∂t

[

ψ̂†
a(z, t)ψ̂b(z, t)

]

= iκ∗1E
∗
s (z, t)×

×
(

ψ̂†
a(z, t)ψ̂a(z, t) − ψ̂†

b(z, t)ψ̂b(z, t)
)

Êq(z, t)
(4.47)

(
∂

∂z
+

1

c

∂

∂t

)

Êq(z, t) = −iκ2ψ̂
†
a(z, t)ψ̂b(z, t)Es(z, t), (4.48)

where κ1 =
∑

i µaiµbi/(~
2∆i) and κ2 = 2π~ωqκ1/c. µji are dipole moments of the atomic tran-

sitions and ∆i are the (large) detunings with respect to intermediate levels, see Fig. 4.6. In
Eq. (4.47) we have assumed that there is no dephasing of the a–b coherence, and in Eq. (4.48) we
have assumed the validity of the slowly varying envelope approximation for the emitted field.

4.4.2 Finding the output field

If we restrict our analysis to the case where the atoms are almost entirely in the a state when the
Es field is applied, we can replace the population difference appearing in Eq. (4.47) by the density
of atoms, n(z). This density we represent as a c-number throughout the duration of the output

coupling. This allows us to define a dipole operator ”per atom” by ψ̂†
a(z, t)ψ̂b(z, t) = n(z)Q̂(z, t)

6For a general review of squeezed light, see Ref. [106].
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Figure 4.6: The shape of the Es pulse and the mode function E of the emitted Êq pulse. The mode
function is found by diagonalizing the first-order correlation function of the field, but coincides
with the signal expected when the single atom operator Q̂ is uniform over the sample. The insert
shows the atomic level scheme of the proposal.

and we obtain the linear operator equations

∂

∂t
Q̂(z, t) = iκ∗1E

∗
s (z, t)Êq(z, t) (4.49)

(
∂

∂z
+

1

c

∂

t

)

Êq(z, t) = −iκ2n(z)Es(z, t)Q̂(z, t). (4.50)

To solve Eqs. (4.49) and (4.50), we need to generalize the analysis of stimulated Raman scat-
tering in Refs. [110, 111, 112] slightly: we do not want to assume a homogeneous media. A uniform
density of atoms is to be expected when dealing with room temperature atoms or molecules in a
gas cell, but we want also to be able to treat a BEC held in, e.g., a harmonic trap. Within the
approximations made, the alterations are minor, mainly consisting in the scaling of lengths by
density. We can thus solve Eqs. (4.49) and (4.50) analytically in terms of the input field Êq(0, t)
at the entrance face of the sample at z = 0, the initial position dependent atomic polarization
Q̂(z, 0), and the strong laser field Es(0, t) which is treated as classical and undepleted by the
interaction with the sample. In particular, for the field operator we get

Êq(z, τ) = Êq(0, τ) − iκ2Es(τ)

∫ z

0

ψ†
b(z

′, 0)ψa(z
′, 0)×

× J0

(

2

√

a(τ)

∫ z

z′
n(z′′)dz′′

)

dz′ (4.51)

where the new time coordinate is τ ≡ t − z/c, J0(·) is a Bessel function of the first kind, and

a(τ) = κ∗1κ2

∫ τ

0
|Es(τ ′)|2 dτ ′.

The expression (4.51) must be evaluated at the position z = L of a detector outside the atomic
sample. In the absence of atoms, the field equals the incident quantum vacuum field Êq(0, τ). The
atomic sample is able to replace the vacuum with an entirely different field. In order to analyze
the quantum properties of Êq it is convenient to imagine a time integrated homodyne detection
at the detector. By choosing the temporal form of the strong local oscillator field in this detection
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we select a certain spatio-temporal mode of the field represented by the field operator

â =

√
c

2π~ωq

∫ ∞

0

E∗(τ)Êq(L, τ)dτ (4.52)

where
∫
|E|2dτ = 1. In choosing E(τ) we should seek to ensure that â is a mapping of the precise

collective operator of the atomic sample that is known to be squeezed. Mathematically, it is easy
to show that in order to probe

∫
h(z′)Q̂(z′, 0)dz′ we should choose E(τ) as the normalized solution

of Eqs. (4.49) and (4.50) with the initial condition n(z′)Q̂(z′, 0) replaced by h(z′). Physically, this
reflects that the question of mode matching coincides with the problem of identifying the classical
field radiated by a classical dipole distribution. In particular, if the uniform integral of atomic
operators

∫
ψ†
a(z

′, 0)ψb(z
′, 0)dz′ is squeezed, mode matching is accomplished by taking E(τ) to

be the (normalized) solution to the classical Raman scattering problem. In that case we get the
mapping

â =
1√
N
J− (4.53)

where Ĵ− =
∫
ψ̂†
a(z, t)ψ̂b(z, t)dz, and N is the total number of atoms.

4.4.3 Light from a spin squeezed BEC

In the introduction to spin squeezing, Sec. 4.1, we mentioned a number of different schemes for
the generation of spin squeezing in atomic samples. The above analytical treatment is general and
independent of the method of spin squeezing, and as shown by Eq. (4.53) (valid only if the majority
of atoms occupy the state a), the atomic state is transfered perfectly to the light field. To see more
precisely how this works out in a specific case, we can return to the positive P treatment of spin
squeezing by collisional interactions in a two-component Bose Einstein condensate, Sec. 4.2. The
suggested procedure for squeezing was: Start in internal state a and apply a π/2 pulse to put the
atoms in an equal superposition of a and b. The collisional interaction now produces spin squeezing.
After a suitable time interval, we apply a second π/2 pulse to put the atoms back in state a, i.e., to
rotate the collective spin back to the south pole of the Bloch sphere. In fact, we do not necessarily
want to apply exactly a π/2 pulse; we only want to have ψ̂†

a(z, t)ψ̂a(z, t) − ψ̂†
b(z, t)ψ̂b(z, t) ∼ n(z)

to get from Eq. (4.47) to Eq. (4.49). Finally, we apply the Es field and generate the outcoupled
Êq field, carrying quantum correlations.

4.4.4 Using the positive P simulations as input

In the positive P description, the state of the system just before we apply the last π/2 pulse is
represented by an ensemble of pairs of two–component wavefunctions, ψ = (ψa1, ψa2, ψb1, ψb2).
From this ensemble, we can calculate expectation values of all operator expressions and make
plots like e.g. Figs. 4.2 and 4.3. We can also propagate the ensemble through a subsequent linear
evolution, that do not in itself demand the heavy machinery of positive P simulations. In this way,
no information is thrown away before it is necessary. For our spin squeezed condensate, we will
start by applying the final π/2 pulse “by hand”, i.e., we rotate the individual sets of wavefunction
realizations of the simulation (i = 1, 2):

(
ψai
ψbi

)

→
(
ψ′
ai

ψ′
bi

)

=

(
cos θ2 sin θ

2

− sin θ
2 cos θ2

)(
ψai
ψbi

)

(4.54)

with θ ∼= π/2. Now the Es pulse is send in, and the atom–field interaction in the coupled
equations (4.47) and (4.48) leads to a natural positive P representation of the field Êq(z, t): Replace

in Eq. (4.51) Êq(z, t) by a c-number field Eq1(z, t) and ψ̂†
a(z

′, 0)ψ̂b(z
′, 0) by ψa2(z

′, 0)ψb1(z
′, 0),

and make a similar replacement in the hermitian conjugate equation where ψ̂†
b(z

′, 0)ψ̂a(z
′, 0) is

replaced by ψb2(z
′, 0)ψa1(z

′, 0) to yield the c-number field Eq2(z, t). In both cases, the incident
vacuum field can be represented by a zero, since the positive P representation yields normally
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ordered expectation values as simple products. From our original ensemble of quadruples of
wavefunctions, ψ, describing the atoms just after the spin squeezing, we obtain in this way an
ensemble of pairs (Eq1(z, τ), Eq2(z, τ)) describing the generated light field Êq(z, τ). With this
ensemble any normally ordered field expectation value can be found.

4.4.5 An example

As an example, we have used the simulations of Sec. 4.2.4, i.e., the “favourable g’s” case. The pa-
rameters were 2000 atoms of massm and with 1D interaction strengths (gaa, gab, gbb = (1.0, 0.5, 1.0)×
5 × 10−3

~ωl0 where ω is the frequency of the harmonic trap and a0 =
√

~/mω is the associated
characteristic length. The atoms are spin squeezed by collisional interactions for a time t = 3.0ω−1.
They are subsequently driven towards the state a, and hereafter they are illuminated with the
Es light which builds up a maximum strength of Emax = 102

√

2π~ωq/l0 in a time of roughly
trise = 100a0/c. The matter-light coupling is chosen to be κ1 = 10−3c/2π~ωq.

As we know the atoms to be spin squeezed we also know one mode of the Êq field which will
be squeezed: The one corresponding to the simple uniform integral of

∫
ψ†
a(z

′, 0)ψb(z
′, 0)dz′ as

described in the discussion after Eq. (4.52). Even with the simplifications leading to Eqs. (4.49)
and (4.50) the atomic state could in principle radiate into many other modes and do so with varying
quantum statistics. To check whether such other modes are present in this case we calculate the
first order correlation function of the field 〈Ê†

q(L, τ
′)Êq(L, τ)〉 = Eq2(L, τ2)Eq1(L, τ1) . When it

is diagonalized we find that almost all population is in fact in the expected mode E(τ) which is
plotted in Fig. 4.6. In other scenarios it might be difficult to calculate beforehand exactly which
collective atomic operator is squeezed and then an analysis like this would be necessary in order
to pick the local oscillator field for the homodyne detection.

Having confirmed that only one mode is populated we now turn to the quantum character
of the field. It depends on how we choose θ in Eq. (4.54): For θ = π/2 it will approximate
squeezed vacuum, for θ slightly different from π/2 it will approximate a squeezed coherent state.
Remember, that the spin squeezing ellipse is at an angle to the coordinate axes (cf. Fig. 4.1).
This carries over to the light field which is squeezed in an appropriate quadrature component
Xφ = (âeiφ + â†e−iφ)/

√
2. With the above parameters, we find from the positive P simulations

that the minimum variance is 0.04 ± 0.01 corresponding to a reduction by a factor of more than
12 from the standard quantum limit. Eq. (4.53) predicts that this factor should coincide with the
squeezing of the atomic spin. From Fig. 4.2 we see that this is so.

To illustrate the positive P results we show in Fig. 4.7 both a histogram and a scatter plot
obtained from the positive P ensemble of pairs (a1, a2) representing (â, â†) for the mode of the
field. a1 and a2, on average, are complex conjugate quantities, so that the expectation values of
Hermitian field operators like 〈Xφ〉 = a1eiφ + a2e−iφ are real for all φ. To represent our simulated
results we have made a histogram for the values of x = X0 and p = Xπ/2, indicated by the

real part of (a1 + a2)/
√

2 and (ia1 − ia2)/
√

2. The histogram in Fig. 2 has been obtained from
105 independent realizations of the noisy Gross-Pitaevskii equation for the atomic spin squeezing,
while the scatter plot contains only 6800 points each representing a single realization.

4.4.6 Generalization to 3D

We have now seen how the spin squeezing of an atomic sample can be transfered to another
quantum system, a mode of the light field. The analytical results are encouraging, a mapping like
Eq. (4.53) being exactly what we could have hoped for. Naturally, we should at this point examine
the approximations carefully. One assumption that really stands out is the restriction to 1D. A
full 3D analysis is by no means guaranteed to preserve the possibility to couple to only a single
spatio-temporal field mode. This issue is also considered in the classical treatments of stimulated
Raman scattering. In Ref. [111] a diagonalization of the first order coherence function of the field
(Karhunen–Loeve transformation) is performed and it shows that a single mode dominates the
output, provided the Fresnel number of the (active part of the) atomic sample is not larger than
of order unity. Fresnel numbers smaller than unity could not be directly treated. By choosing the
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Figure 4.7: Histogram illustrating the prediction for the squeezing of light. The quadrature
components of the output field are represented by pairs of numbers Re(a1 + a2)/

√
2, Re(ia1 −

ia2)/
√

2, the distribution of which forms a squeezed ellipsoid shape in phase space. The actual
amount of squeezing cannot be directly determined from this plot; it requires a computation of
mean values and variances, making use of the fact that the distribution of the complex numbers a1

and a2 represent mean values of normally ordered field operators. 105 realizations contributed to
the histogram and in the insert is for illustration shown a scatter plot of 6800 of the representative
points.

experimental parameters carefully, we thus expect the 1D results also to apply for the quantum
field in three dimensions.

4.4.7 Discussion

Related to our proposal are the recent experiments on slowing, and even halting and subsequently
releasing, a light pulse propagating through an atomic sample [113, 114]. It has been theoretically
predicted that the quantum state of the light is preserved in this process [115], and by applying
e.g. a spin squeezing scheme to the atoms it could be possible to do powerful quantum state
manipulations. One may even imagine a CW source of squeezed light. As described here, however,
our proposal will only produce a pulse of squeezed light in a specific mode. The mode function
can be predicted, and it is entirely possible to do experiments with such pulses. Ideally, one would
however like to have some control over the shape of the pulse. Eq. (4.51) shows how the shape of
the strong laser pulse, Es, and the distribution of atoms, n(z), determine the output field. Based
on this equation, it should be possible to make educated guesses for optimal shapes Es when trying
to, e.g., eliminate the “ringing” of E evident in Fig. 4.6, but we have not pursued such an analysis
further.

One may argue that a squeezing factor of 12, in the specific example of outcoupling from a spin
squeezed BEC, is not so spectacular, comparable as it is to the performance of traditional sources
of squeezed light. For us, this limit is mainly set by the precision obtainable from the limited
ensemble of positive P simulations. In reality, the collisional interaction can produce stronger spin
squeezing under ideal conditions. The same comments as in the discussion of the quantum beam
splitter apply: The collisional interaction should have as limited influence on the spatial dynamics
as possible. For other mechanisms for spin squeezing, other limitations to the degree of squeezing
exist, but in general there is now reason to expect strong squeezing of atomic spins to be an easier
task than strong squeezing of light. If this turns out to be the case, spin squeezing will certain be
an interesting source of squeezed light.

On the more technical side, we would like to point out that the method of using a positive P
ensemble as input for further, but “simple”, evolution of the physical system is quite useful.7 Even

7The problem of feeding a quantum state to a new system is of course quite general, see e.g. Refs. [116] and [117]
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when the nonlinear dynamics is over and done with, we can still keep the whole ensemble with a
modest computational overhead, as the positive P Langevin equations are then noiseless. If the
final observables are complicated functions of the ones directly available just after the nonlinear
dynamics this approach provides a straightforward way to obtain expectation values. In the
example in this section, the outcoupled light field is connected to a complicated spatial integral of
the atomic operators. Had an analytical solution of Eqs. (4.49) and (4.50) not been available, we
could instead have solved these equations for each realization in the ensemble. Such an approach
would have to be taken in a 3D calculation, or when light production and spin squeezing are taking
place simultaneously.

and references therein.



50 CHAPTER 4. SPIN SQUEEZING IN BEC

4.5 Beyond spin squeezing

What lies beyond spin squeezing, i.e., what will happen if we let the two component system evolve
far beyond the regime describable as a deformed coherent spin state? Pictorially, very strong spin
squeezing corresponds to the uncertainty ellipse of Fig. 4.1 being bend all the way around the
Blochs sphere and therefore the spin picture is in fact not very useful anymore. To gain more
insight, we focus on CSSs on the equator and we make a change of notation to define the phase

states [compare with Eq. (4.9)]

|φ;N〉 =
1√
N !2N

[

eiφâ† + e−iφb̂†
]N

|vac〉. (4.55)

Being special cases of CSSs, phase states are not orthogonal for different φ’s unless the phase-
difference is exactly π/2,

〈φ′;N ′| φ,N〉 = δNN ′ [cos(φ− φ′)]
N
. (4.56)

4.5.1 Phase revivals

We want to study the longtime effect of the Ŝ2
z Hamiltonian, i.e., of the time-evolution operator

Ûnl(t) = exp
{

−iχ
( n̂b − n̂a

2

)2

t
}

= exp
{

−iχn̂2t/4
}

, (4.57)

where we have introduced n̂ = n̂b − n̂a. As Ûnl is nonlinear in n̂a and n̂b, phase states will not
evolve into phase states. For small t we get the spin squeezing effect, gradually deforming the
state. However, as the spectrum of n̂ consist of integers, we clearly have that Ûnl(8π/χ) = 1 and
at that time we recover the original state. In fact, the binomial expansion of Eq. (4.55),

|φ;N〉 =

N∑

na,nb=0
na+nb=N

√
(
N

na

)

e−inaφeinbφ|na, nb〉, (4.58)

contains either only even or only odd values of n. In addition, alternating signs on the terms of
Eq. (4.58) equals φ→ φ+ π/2. As a result, already at t = trev = π/χ we have

Ûnl(trev)| θ;N〉 =

{
| θ + π/2;N〉 , N even

e−iπ/4| θ;N〉 , N odd.
(4.59)

For a given N , we can conclude that phase revivals will take place at all t = qtrev for q = 1, 2, 3, . . . .

4.5.2 Schrödinger cats

Between revivals there is in general no well-defined phase between a and b. In an interference
experiment, a phase can be established as explained in Sec. 2.6.2, but the value will not be
predictable from the initial φ. A closer analysis [118], or numerical calculations [36, 119], reveals,
however, some structure in the phase distribution: At certain times, only a few phase states are
needed to represent the evolved state and consequently only a few phases are possible outcomes of
interference experiments. Most interesting is the case of a superposition of two orthogonal phase
states as it corresponds to a so-called Schrödingers cat, i.e., a superposition of two macroscopically
distinguishable states. The cat state is created at t = trev/2 = π/(2χ) at which time we have

Ûnl(tcat)| φ;N〉 =

1√
2

{
e−iπ/4| φ;N〉 + eiπ/4| φ+ π/2;N〉 , N even
e−iπ/8| φ+ π/4;N〉 + e−iπ/8| φ+ 3π/4;N〉 , N odd.

(4.60)

Remembering the phase revivals above, we conclude, that cat states will be produced at all t =
(q + 1/2)trev for q = 0, 1, 2, 3, . . . .
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4.5.3 Detection of cat and confirmation of coherence

Just as important as the ability to create the cat state is the ability to experimentally detect it.
The signature of the cat state will be that each measurement of the relative phase (interference
experiment) will yield either 2φ or 2φ+ π (for N even). This is not enough, however, to conclude
that the system was in a coherent superposition of the two phase states. A 50-50 incoherent
mixture of the two would yield exactly the same result so it is necessary to somehow confirm the
coherence of the system. This is not a trivial task: all M -body density matrices with M < N are
identical whether the system is in the superposition state or is a mixture, and no linear evolution
(single-particle Hamiltonian) can change this.

To check coherence, we can instead rely on the intrinsic nonlinearity that produced the cat
state in the first place: We simply wait for the phase revival. Only if the system is coherent, it is
possible for the phase distribution to evolve back to be single peaked and the revival is therefore
strong evidence of coherence.

To quantify the phase revival, we look to the interference contrast

C(t) =

∣
∣
∣〈â†b̂〉(t)

∣
∣
∣

N/2
(4.61)

which is the maximal visibility obtainable when averaging over many interference experiments.
(Again: in a single experiment we can obtain perfect fringes, but if these are at random positions
C will be zero.)

4.5.4 Calculating the contrast

The time-evolution of the contrast under Unl can be calculated. It is convenient to work in the
Heisenberg picture, i.e., to write

â†(t)b̂(t) = eiχn̂
2t/4â†b̂e−iχn̂

2t/4, (4.62)

the average of which should then be taken in the phase state, (4.55). This is done by using the
commutation relations in the form of “pull-through” tricks

â†n̂(a) =
(
n̂(a) − 1

)
â† and b̂n̂(b) =

(
n̂(b) + 1

)
b̂. (4.63)

We find

C(t) =
2

N

∣
∣
∣〈φ;N |e−iχ(n̂+1)tâ†b̂| φ;N〉

∣
∣
∣

=
2

N

∣
∣
∣e−iχt〈θ−χt,N |â†b̂| θ,N〉

∣
∣
∣

= |cos(χt)|N−1
.

(4.64)

As expected, the phase revivals show up as peaks in the contrast and we shall use C(trev) at the
revival times as a measure of the coherence in the system.

4.5.5 Enemies of revivals

There are many decoherence effects that can prevent us from observing the perfect revivals pre-
dicted above.

Fluctuations from external sources

Any change in the relative energy of the modes will affect the phase between them (Sec. 4.1.3) and
hence the fringe pattern will be shifted. If we can predict the shift it is harmless, if not the result
will be a loss of contrast. As ultra-cold atomic gases can be very well isolated from the out-side
world it would seem that these effects are not intrinsic and could be made arbitrarily small.
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Losses

From the discussion in Sec. 2.5.3, it is intuitively clear that the phase revivals will be highly
sensitive to losses as the system passes through a cat state at tcat = trev/2: At this point, a clever
measurement on the escaping particle can in principle reveal from which of the orthogonal states
it came and will therefore collapse the whole system on the corresponding state.

In Ref. [120] Sinatra and Castin analyzed the effect of general m-body losses. Physically,
m = 1 corresponds to background gas collisions, m = 2 describes spin-flip collisions, and m = 3 is
the case of three-body collisions with molecule formation. The authors employed a Monte Carlo
wavefunction method like the one of Sec. 2.5.2 and they showed that the effect on the phase
revivals is an exponential damping of the signal:

C(tq) = e−λmtq (4.65)

where tq = qtrev is the qth revival time and λm is the mean number of m-body loss events per
unit time. Eq. (4.65) implies that we can only allow less than one loss event on average. Based on
a consideration of realistic loss rates, Sinatra and Castin concluded that condensates with small
numbers of atoms are the best candidates for observation of phase revivals.

Finite temperature

The two-mode picture above assumes that we can prepare the initial phase state starting from a
pure single-mode condensate. In reality, we learned already in Chp. 2 that the Gross–Pitaevskii
ansatz of all atoms in one mode is only an approximation: Even at T = 0 interactions will modify
the state and at T > 0, thermal fluctuations will also be present. As phase revivals take place on
a long time-scale they are particularly sensitive to such fluctuations. In the next section we shall
use a simple toy-model to investigate the influence of noncondensed particles on the phase revivals
of the condensate.

4.6 Toy-model for the effect of noncondensed

particles8

As condensates with small numbers of atoms are our candidates for producing phase-revivals,
we can at least dream of being in the very weakly interacting regime, where all excitations are
particle-like, i.e., can be described by a Hartree–Fock ansatz like Eq. (2.13). Thermal fluctuations
are then fluctuations of the populations in these excited single-particle states.

Inspired by the trick of Eq. (4.62) we write a Hamiltonian that we expect will allow us to
still calculate the contrast analytically. In Sec. 4.6.4 below we will argue that this Hamiltonian
describes the truly perturbative regime of ultra-cold, interacting gases, but for now, consider it
simply a toy-model we can solve. If we ignore the linear part of the dynamics,9 and if we for
simplicity assume that there are no interactions between atoms in mode a and in mode b, our
Hamiltonian reads

Ĥnn =Ĥ(a)
nn + Ĥ(b)

nn

=
1

2

∑

j

~K
(a)
jj n̂

(a)
j (n̂

(a)
j − 1) +

∑

j 6=k

~K
(a)
jk n̂

(a)
j n̂

(a)
k

+ a↔ b.

(4.66)

The n̂
(a)
j and n̂

(b)
j are number operators for the trap levels. As Ĥnn commutes with all of them, it

conserves the population in each trap level. The dynamics consists entirely of densities interacting

8The work in this section was mainly done in cooperation with Yvan Castin during my stay at Ecole Normal
Supérieure in Paris.

9The influence of linear terms on phase revivals is trivial, but will need to be included below when we seek to
determine actual thermal populations of the excited levels.
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with densities. The Kjk’s quantify the strength of the coupling and “typical” values are discussed
in Sec. 4.6.5.

4.6.1 Calculation of contrast under Ĥnn

Working in the Heisenberg picture we need to evaluate

â†j(t) = eiĤnnt/~â†je
−iĤnnt/~. (4.67)

We employ Eq. (4.62) to write

â†jĤ
(a)
nn = Ĥ(a)

nn

∣
∣
∣
n̂

(a)
j

→n̂
(a)
j

−1
â†j , (4.68)

and we find

â†j(t) = exp

{

i

[

K
(a)
jj (n̂

(a)
j − 1) + 2

∑

k 6=j

K
(a)
jk n̂

(a)
k

]

t

}

âj . (4.69)

In a completely analogous way b̂j(t) can be calculated, and we thus have

â†j(t)b̂j(t) = exp
{

−iK(a)
jj t
}

exp
{

−i
[

χ̃jN̂j +
∑

k 6=j

κ̃jkN̂k

]

t
}

× exp
{

−i
[

χj n̂j +
∑

k 6=j

κjkn̂k

]

t
}

â†j b̂j , (4.70)

where we have defined

χj ≡
1

2

(

K
(b)
jj +K

(a)
jj

)

χ̃j ≡
1

2

(

K
(b)
jj −K

(a)
jj

)

κjk ≡ K
(b)
jk +K

(a)
jk κ̃jk ≡ K

(b)
jk −K

(a)
jk ,

(4.71)

and
N̂j ≡ n̂

(b)
j + n̂

(a)
j n̂j ≡ n̂

(b)
j − n̂

(a)
j . (4.72)

In a perfectly symmetric situation, the quantities defined in the second column of Eq. (4.71) all
vanish, and thus the second exponential in Eq. (4.70) is simply equal to 1. In the following we
will for simplicity assume this to be the case, and we drop the (a) and (b) superscripts.

4.6.2 Arbitrary distribution on excited levels

With Eq. (4.70) we can easily calculate 〈â†j b̂j〉 directly from an initial state where all levels are
in phase states. This is not an unnatural starting point: The splitting of the condensate into a
superposition of mode a and b could very well have the same effect on the noncondensed particles.
To be specific, assume that we before the splitting have a given distribution, (Nj)j∈N, of particles
in the mode a levels. The splitting is now assumed to put each atom in a superposition of mode a
and mode b, but in such a way that the level index is retained, i.e., after the pulse Nj particles are
in a superposition of being in mode a level j and in mode b level j. The system is in a many-mode
phase state,

|φ; (Nj)〉 =
∏

j

1
√

2Nj Nj !

(

b†je
iθ + a†je

−iθ
)Nj

|vac〉. (4.73)

Proceeding exactly as in the one mode case (Sec. 4.5.3) we get

〈â†j b̂j〉 = e−2iθNj
2

[cos(χjt)]
Nj−1

∏

k 6=j

[cos(κjkt)]
Nk . (4.74)
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This is a somewhat discouraging formula for efforts to observe the phase-revivals: Even if we could
prepare almost all particles in, say, level 0, the contrast will be reduced due to interactions with
the remaining particles in other levels. Note that Eq. (4.74) is for a fixed distribution of particles.
The loss of coherence is thus caused directly by the entanglement of the different levels, no thermal
fluctuations of particle numbers are needed. Another interesting feature revealed by Eq. (4.74) is
the “separability revivals” between modes j and k at times where t = q2π/κjk, q = 1, 2, . . .. At
these times, the k’th mode has no influence on the contrast observable in the j’th mode.

4.6.3 Canonical ensemble in simple Bogoliubov approximation

It is of course not realistic that we should know exactly the distribution (Nj): we must average
Eq. (4.74) over some probability law, P (Nj). A reasonable choice would be to use the canonical
ensemble at some temperature T > 0, Eq. (2.33). As even a moderate number of excited particles
will kill phase revivals, we focus on situations where N0 ∼ N . Then a simple Bogoliubov-like
approach is justified: Write N̂0 = N −∑j N̂j and linearize the Hamiltonian in the number of
excited atoms. At this point we should put in some “bare” level energies, ~νj , in addition to the

nonlinear part of the evolution described by Ĥnn: These were left out above as they have a trivial
influence on the phase dynamics, but they are of course essential for the thermal distribution. All
in all we have10

Ĥlin = ~ν0N +
1

2
K00N(N − 1)

+
∑

j>0

(

~νj − ~ν0 + 2~NK0j − ~NK00

)

N̂j

= E(N) +
∑

j>0

ν̃jN̂j ,

(4.75)

where E(N) is an irrelevant constant for given N and the ν̃j serve as effective energies. We can
perform the average of Eq. (4.74) analytically if we make the further assumption that the Nj for
j > 0 can be treated as independent variables which can take on all integer values from 0 to ∞.
This is means that we are in effect doing a grand canonical calculation with the condensate acting
as a particle reservoir, an approximation which is only good when the probability of

∑

j>0Nj > N

is negligible. Close enough to the revival times so that e−βν̃j/| cos(χ0t)| < 1 for all j, we then
get:11

C(t) ∼= | cos(χ0t)|N−1
∏

j>0

1 − e−βν̃j

∣
∣
∣1 − e−βν̃j

cos(κ0jt)
cos(χ0t)

∣
∣
∣

. (4.76)

For low numbers of atoms where the grand canonical approximation cannot be used, the average
must instead be perform numerically, a quite manageable task if necessary. In Fig. 4.8 we show
C(t) for a number of temperatures using “typical” values of the parameters found in Sec. 4.6.5.

4.6.4 Physical relevance of toy-model

At first sight, Ĥnn of Eq. (4.66) seems a very strange approximation for describing a real situation
with atoms in a trap, much different than anything we encountered in the introductory Chp. 2.
Consider, however, the truly perturbative regime, i.e., the regime where the mean field energy is
much smaller than the typical trap level spacing,

gN

∆~νV
� 1. (4.77)

Here g is the interaction strength of Eq. (2.4), N is the number of particles, V is a measure of the
volume of the trap, and ∆~ν is the typical level spacing. In the regime of (4.77), the trap levels

10Remember, initially all atoms are in mode a and therefore only Ĥ
(a)
nn with n̂

(a)
j → N̂j is relevant.

11We also put the N0/2 appearing in Eq. (4.74) for j = 0 equal to N/2.
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Figure 4.8: Contrast as a function of scaled time, χ0t, for three different temperatures. The total
number of atoms is N = 80 and the bare trap level spacing ~ν = 1.6 × 104

~ω. We have used the
simple harmonic trap estimates of Sec. 4.6.5 for coupling strengths while the trap level energies
are adjusted according to Eq. (4.75) before calculating the populations. The three temperatures
corresponds to averages of approximately 0.8, 2.8, and 5.4 excited atoms.

are relevant also in a many-body situation as resonance criteria apply for the possible scattering
processes. For a harmonic trap, lots of processes changing the populations of the trap levels are
still possible because of the equidistant energies, but one could imagine a scenario where effectively,
the populations are frozen on a time-scale longer than the one given by V/g~. Then Ĥnn would
be a reasonable approximation for the nonlinear part of the Hamiltonian.

4.6.5 Typical parameter values

If we denote the j’th trap-level wavefunction by φj , the first approximation to the interaction

parameters of Ĥnn would be the generalization of the Ŝ2
z coefficient, χ, we have used in previous

sections [see Eqs. (4.19) and (4.37)],

~Kjk = g

∫
∣
∣φj(r)

∣
∣
2∣
∣φk(r)

∣
∣
2
d3r. (4.78)

Even though we assume to be in the very weakly interacting regime, we should take the φj ’s
as Hartree–Fock eigenstates, see Eq. (2.15) and the accompanying footnote 2. In particular,
the macroscopically populated φ0 should solve the GPE. Then, by the kinematic argument of
Sec. 2.7.2, we have eliminated processes involving 3 condensate particles. This is important as the
condition to neglect these processes is even stronger than Eq. (4.77).

In addition to using Hartree–Fock single-particle states in Eq. (4.78), we should expect some
corrections on the Kjk’s from the neglected, nonresonant scattering processes. To get an esti-
mate of the values we can, however, simply use bare eigenstates of a harmonic trap φh.o.

j . The
most important quantities are the couplings of involving the ground state. If we assume a 1D
configuration, the relevant integrals are:

∫
[
φh.o.
j (x)φh.o.

0 (x)
]2
dx =

1√
2πa0

Γ(j + 1
2 )√

πj!
. (4.79)
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From this we find the values used in Fig. 4.8,

κ0j

χ0
=

2Γ(j + 1/2)√
πj!

. (4.80)

4.6.6 Discussion

The main result of our study is that under the nonlinear many-mode Hamiltonian Ĥnn we can
still calculate the evolution of some important observables analytically. This can be used when
we expect Ĥnn to give a good description of the dynamics: here Eq. (4.74) gives in a transparent
manner the influence of the noncondensed particles on the contrast, but in general, Ĥnn can be
useful as a testing ground for various simulation schemes [121].

When applied to real physical systems, the justification for the toy-model Hamiltonian, Ĥnn,
offered in Sec. 4.6.4 and Sec. 4.6.5 should be made more precise. We have done some work towards
this end by using second order perturbation theory on the terms declared nonresonant. Keeping
track of all possible contributions is extremely tedious and probably not very illuminating so we
have chosen not to present the calculations here. In the work done so far, it has been possible to
include all nonnegligible contributions in small adjustments of the Kjk’s.

Another approach to checking the predictions of Ĥnn is to implement thermal fluctuations
in a propagation of GPE solutions in each Fock space of the expansion (4.58). The method of
treating each Fock state independently and with a Gross–Pitaevskii approximation was introduced
in Ref. [90] and as mentioned in Sec. 4.2, it was used by Sørensen et al. in their work on spin
squeezing in two-component BECs [85]. When thermal fluctuations were included in the initial
condensate wavefunction, we obtained good agreement with the results of Fig. 4.8, but more work
still remains to be done.

Finally, another unfinished aspect of our study is the “size” of the Schrödinger cat when a
noncondensed cloud is present. Just as the contrast of the phase revivals goes down, so must
every reasonable measure of the quality of the cat states. Exactly what the right measure should
be is an interesting subject for further study.



Chapter 5

Dissociation of a molecular BEC

The analogy between a BEC and the properties of a laser is often emphasized.1 Indeed, seeking
inspiration in quantum optics can prove fruitful. In Sec. 4.4, where we discussed the production
of squeezed light from a spin squeezed condensate, we briefly mentioned that one of the tradi-
tional ways of producing squeezed light and entangled light beams is downconversion in nonlinear
crystals. In this process, one photon is split in two with interesting correlations as a result. In
this chapter, we present our analysis [1, 2] of the corresponding process in BEC physics: The
dissociation of a molecular condensate.

We start with a brief introduction to molecules in connection with BEC (Sec. 5.1), before we
go into detail with dissociation: In Sec. 5.2 we introduce the simplified model we have used, in
Sec. 5.3 we derive the equations to be solved, and in Sec. 5.4 we show the numerical results. To
illustrate the special properties of the created state we devote Sec. 5.5 to a particular experiment.
In Sec. 5.6 we report on some extensions of our simplified model and in Sec. 5.7 we conclude.

5.1 Introduction to molecules in BEC

One of the areas of BEC physics that has been receiving much attention lately is the production of
a condensate of molecules. In principle, by cooling bosonic molecules to low enough temperatures
one could create a condensate just as for atoms. Unfortunately, the laser cooling techniques that
have so successfully been applied to atoms cannot be used with the same ease for molecules. This
is because molecules in general lack a closed transition on which to do the cooling; the molecules
would soon be distributed on a large number of rotational and vibrational levels and the cooling
would cease to be effective. A more promising road to cold molecules is to produce them in a
controlled manner from already cold atoms. Below we give brief introduction to photoassociation

and Feschbach resonances.

5.1.1 Photoassociation of cold atoms

Photoassociation has already for some time been used as a spectroscopic method. The basic idea is
to let the colliding atoms absorb a photon so that the collision complex is transfered to an excited
bound state of the molecule. If the kinetic energy of the colliding atoms is very well known,
the resonance frequency of the transition gives detailed information on the molecular potential
curves and thus the method is particularly interesting for ultracold atomic samples [122, 123].
Left alone, the excited state will decay spontaneously, but by applying a second laser, it can
be stimulated to emit at a particular frequency and thus end up in a particular bound state as
illustrated in Fig. 5.1. Ideally, one would like the population of the excited state to remain very
low to avoid any spontaneous emission. It has been proposed to use stimulated Raman adiabatic
photoassociation (STIRAP) to achieve this goal [125] and this proposal has been shown to survive

1Perhaps most often as a reply to the dreaded “what is it good for” question.
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Figure 5.1: Stimulated Raman photoassociation. As an example, the states used in the 87Rb
experiment of Ref.[124] are used (but the figure is purely schematic). The two potential curves
correspond to two different electronic states in the molecule. Each curve supports numerous bound
vibrational and rotational levels and each has an associated continuum of free atoms. Initially, all
atoms are free and in the 2S1/2 state. Collisions take place, but as the gas is dilute, they are mainly
binary and elastic: The waste majority is simply described by a scattering state belonging to the
lower potential curve. If lasers at frequencies ω1 and ω2 are turned on, the colliding atoms can
absorb an ω1 photon and then be stimulated into emitting an ω2 photon. In this way, the collision
complex is transfered to a bound level in the molecules electronic ground state. The efficiency
of the process depends on the detuning from the intermediate level on the excited curve and on
wavefunction overlaps (Franck–Condon factors). Photodissociation by the inverse mechanism is
of course equally possible. In fact, if laser are kept on for sufficiently long, one would expect to
see some kind of Rabi oscillations between free atoms and molecules.
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also in a multimode setting [126, 127]. Alternatively, at high one-photon detunings only the full
two–photon process is resonant and we effectively have a coupling between free atoms and rather
stable molecules [128]. In this way, Wynar et al. [124] were able to create extremely cold molecules
in a BEC of 87Rb atoms.

5.1.2 Feschbach resonances

Already in the introductory Chp. 2, we mentioned the possibility to tune the interaction strength
in a condensate via a so called Feschbach resonance. Such resonances are close relatives of pho-
toassociation and occur when a bound state is tuned into resonance with the colliding atoms. The
bound state has a different spin arrangement and so the tuning is done by varying the strength
of an applied homogeneous magnetic field. In a semiclassical picture, two atoms collide and while
they are close, the hyperfine interaction can flip the spins in one of them. The created molecular
state will decay by another spin flip and the two atoms move apart. From the atoms perspective,
the presence of the resonance will have a violent effect on the atom–atom interaction strength,
but if the intermediate molecular state is long–lived it should in fact be treated as a component
of the system in its own right [13, 129]. Just as for photoassociation we get a coupling turning
atoms into molecules and vice versa.

5.1.3 Atom–molecule oscillations

As both far–detuned photoassociation and longlived Feschbach resonances can be described as a
coupling between an atomic component and a molecular component, we simply introduce a new
term in the Hamiltonian [130, 131, 132, 129],

∫

d3r χam(r)ψ̂†
m(r)ψ̂a(r)ψ̂a(r) + h.c.. (5.1)

The strength parameter, χam, can in both cases be tuned: For photoassociation by varying laser
intensities and detunings, for Feschbach resonances by varying the applied magnetic field. χam

need not be spatially uniform.
A Hamiltonian like (5.1) is well known from nonlinear optics where it describes second–

harmonic generation and downconversion, i.e., the conversion of two photons at frequency ω to
one at 2ω and vice versa. Starting from a state with only atoms present, it will create a molecular
component. How large a fraction of the atoms that will be converted is a complicated question. In
the simplest approximation with only two modes and ignoring all other interactions, an analytical
solution shows a perfect conversion to molecules after which the populations freeze [133]. When
including many modes or fluctuations, an oscillatory behaviour is expected [133, 134, 129, 135].
Very recently, the first experimental evidence for such oscillations has appeared [136].

5.2 A model focussed on photodissociation

It is of course a matter of taste, but one could argue that the most interesting point of atom–
molecule oscillations is when (if ever) the system consist entirely of molecules. In a one mode
model, quantum effects (spontaneous dissociation) are needed to get the past this point. To focus
on these effects in a clearcut manner, we will assume that we have a molecular condensate at our
disposal. Whether it is obtained by perfect atom–molecule conversion, by removal of the atomic
component in a less ideal experiment, or by some purely molecular scheme is not important.

5.2.1 The Hamiltonian

To describe the atomic component, we use the by now familiar second quantized Hamiltonian
including atom–atom collisions, Eq. (2.29), and an equivalent of Eq. (5.1) to describe the dissoci-
ation. As we will focus on the initial stages of photo–dissociation, the molecules will be treated
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semiclassically and in the undepleted pump approximation, i.e., as a time–independent c–number
field. This approximation is good as long as the number of molecules is very much larger than the
number of atoms.2 We assume a harmonic trap of frequency ω for the atoms and we measure all
quantities in the corresponding set of units: Time in units of ω−1, lengths in units of a0 =

√

~/mω,
and energy in units of ~ω. In 1D we then have

Ĥ =

∫

dx
{

ψ̂†(x)ĥψ̂(x) +
g

2
ψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)

}

+ ĤPD, (5.2)

where

ĥ = −1

2

∂2

∂x2
+

1

2
x2, (5.3)

and g is an appropriate 1D interaction strength [137]. The coupling Hamiltonian is

ĤPD =
1

2

∫

dxdx′
{

b(x, x′, t)ψ̂†(x)ψ̂†(x′) + b∗(x, x′, t)ψ̂(x)ψ̂(x′)
}

. (5.4)

Besides the semiclassical treatment of the molecular field, Eq. (5.4) differs from Eq. (5.1) in the
use of a more general spatial dependence than the contact approximation. For the function b, we
use the ansatz

b(x, x′, t) =

B

2πσrσcm
exp (−2i∆t) exp

(

−1

2

(x− x′)2

σ2
r

)

exp

(

−1

2

( 1
2 (x+ x′))2

σ2
cm

)

, (5.5)

where B denote the strength the photodissociation while 2∆ is the effective energy of the molecular
level. Physically, the finite width, σr, describes the spatial separation of the products of a single
molecular photodissociation. The scattering wave function of two atoms has a node at r = as,
the scattering length, and for convenience we apply a simple Gaussian wavefunction for the atoms
which localizes the amplitude to within σr ∼= as. More formally, σr > 0 introduces a finite
momentum cut-off in spontaneous dissociation [129, 127]. The product of the spatial field envelope
and the molecular wavefunction is here taken to be a Gaussian of width σcm, corresponding to
a weakly interacting molecular condensate in a homogeneous field or a uniform condensate in a
Gaussian beam. The precise values applied in the model are not crucial, but realistically one
would assume σr ∼= as � σcm ∼= a0.

5.3 Equations of motion

5.3.1 Operator equations of motion

From the Hamiltonian (5.2) we can derive the Heisenberg equation of motion for the atomic field
operator. It reads:

i
∂ψ̂(x, t)

∂t
=

(

−1

2

∂

∂x
+

1

2
x2 + gψ̂†(x, t)ψ̂(x, t)

)

ψ̂(x, t)

+

∫

dx′ b(x, x′, t)ψ̂†(x′, t).

(5.6)

The last term in this equation is due to the exchange of atom pairs with the molecular condensate.
Our motivation for focusing on the dissociation process was its inherent quantum nature. We

would therefore not expect a semiclassical approximation like the Gross–Pitaevskii equation to be
useful here. To verify this, we try to derive a GPE as in Sec. 2.1.2, i.e., we simply take the average

2In Sec. 5.6 we will comment on work without this constraint.
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value of Eq. (5.6). Apart from the discomfort in using a mean field equation when initially no
atoms are present, we notice that a more serious problem arises: We start in the atomic vacuum,

ψ̂(x, 0)|vac〉 = 0, (5.7)

and so the incoupling term on the right hand side has vanishing average value. Therefore 〈ψ̂(x, t)〉
will stay zero also at all later times and no useful information can be extracted. Notice, that this
problem is peculiar to processes, where two (or more) atoms are created simultaneously.

As no mean field will be created, we proceed to study expressions quadratic in the field oper-
ators. To shorten notation we define

R̂(x, y, t) ≡ ψ̂†(x, t)ψ̂(y, t) (5.8)

Ŝ(x, y, t) ≡ ψ̂(x, t)ψ̂(y, t). (5.9)

For these operators we get the following Heisenberg equations of motion:

i
∂R̂(x, y, t)

∂t
=

(
1

2

∂2

∂x2
− 1

2
x2 − 1

2

∂2

∂y2
+

1

2
y2

)

R̂(x, y, t)

+ g
(

R̂(y, y, t)R̂(x, y, t) − R̂(x, y, t)R̂(x, x, t)
)

+

∫

dz
{

b(z, y, t)Ŝ†(x, z, t) − b∗(x, z, t)Ŝ(z, y, t)
}

(5.10)

and

i
∂Ŝ(x, y, t)

∂t
=

(

−1

2

∂2

∂x2
+

1

2
x2 − 1

2

∂2

∂y2
+

1

2
y2

)

Ŝ(x, y, t)

+ g
(

δ(x− y) + R̂(x, x, t) + R̂(y, y, t)
)

Ŝ(x, y, t)

+

∫

dz
{

b(z, y, t)R̂(z, x) + b(x, z, t)R̂(z, y)
}

+ b(x, y, t).

(5.11)

Note that b(x, y, t) now appears as an inhomogeneous source term in the Ŝ equation. This term
can be interpreted as spontaneous dissociation, and is what will get the process started.

5.3.2 c-number equations

The evolution of R̂ and Ŝ cannot be found analytically. To make numerical progress, we need
c–number equations. The simplest thing to do is to consider average values. We first ignore direct
interactions among atoms.

Exact equations for g = 0

When g = 0, Eq. (5.10) and Eq. (5.11) are in fact linear. By taking averages, we immediately get
two coupled, but closed, linear equations for the moments

R(x, y, t) ≡ 〈R̂(x, y, t)〉 , S(x, y, t) ≡ 〈Ŝ(x, y, t)〉. (5.12)

The equations read:

i
∂R(x, y, t)

∂t
=

(
1

2

∂2

∂x2
− 1

2
x2 − 1

2

∂2

∂y2
+

1

2
y2

)

R(x, y, t)

+

∫

dz {b(z, y, t)S∗(x, z, t) − b∗(x, z, t)S(z, y, t)}
(5.13)

i
∂S(x, y, t)

∂t
=

(

−1

2

∂2

∂x2
+

1

2
x2 − 1

2

∂2

∂y2
+

1

2
y2

)

S(x, y, t)

+

∫

dz {b(z, y, t)R(z, x) + b(x, z, t)R(z, y)}

+ b(x, y, t).

(5.14)
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A nice observation is that R and S in fact uniquely determine all higher order expectation
values: they are simply calculated according to the vacuum version of Wicks theorem [138]. This
can be seen in a number of ways. One is to note that the Wigner distribution is a multi-dimensional
Gaussian distribution fully characterized by its second order moments [139, 23]. Another follows
from the Heisenberg equation of motion (5.6) and is given in Appendix C.

Approximate equations for g 6= 0

When g 6= 0, we have to include the interaction term of Eqs. (5.10) and (5.11) in Eqs. (5.13)
and (5.14). Unfortunately, in this case the Wick decomposition is no longer exact, and there is
no simple way to reduce the mean values of four-operator products to products of R and S. If
the state created by photodissociation was anything like a coherent state, a natural replacement
would be, e.g., R̂(y, y)R̂(x, y) → S∗(x, y)S(y, y) + δ(x− y)R(y, y), but this is probably not a good
approximation here. We instead choose to apply the Wick prescription as this is correct to lowest
order. We then get

g
〈

R̂(y, y, t)R̂(x, y, t) − R̂(x, y, t)R̂(x, x, t)
〉

→
g (S∗(x, y, t)S(y, y, t) − S(x, y, t)S∗(x, x, t))

+ 2g (R(y, y, t) −R(x, x, t))R(x, y, t)
(5.15)

and

g
〈(

R̂(x, x, t) + R̂(y, y, t) + δ(x− y)
)

Ŝ(x, y, t)
〉

→
2g (R(y, y, t) +R(x, x, t))S(x, y, t)

+ g (R(x, y, t)S(x, x, t) +R∗(x, y, t)S(y, y, t))

+ gδ(x− y)S(x, y, t).

(5.16)

These expressions are inserted into Eqs. (5.13) and (5.14), and we have arrived at the equations
we want to solve numerically. We use a split-step approach where the kinetic energy is treated by
a Fourier method. The remaining terms are dealt with by a fourth order Runge-Kutta scheme. In
this one-dimensional problem the equations are quite manageable.

5.3.3 Positive P Langevin equations

To overcome the difficulties of including the interactions, we can resort to the positive P method.
The new feature as compared to Chp. 3 is the photodissociation. The Langevin equations now
read

idψ1(x) =

{

ĥψ1(x) + gψ2(x)ψ1(x)ψ1(x)

}

dt

+

{∫

b(x, x′)ψ2(x
′)dx′

}

dt+ dW1(x) (5.17)

−idψ2(x) =

{

ĥψ2(x) + gψ1(x)ψ2(x)ψ2(x)

}

dt

+

{∫

b∗(x, x′)ψ1(x
′)dx′

}

dt+ dW2(x) (5.18)

where ĥ is still defined in Eq. (5.3) and the noise terms are Gaussian and given by

dW1,2(x, t) = 0, (5.19)

dW1(x, t)dW2(x′, t′) = 0, (5.20)

dW1(x, t)dW1(x′, t′) = idt [b(x, x′, t) + gψ1(x, t)δ(x− x′)] δ(t− t′), (5.21)

dW2(x, t)dW2(x′, t′) = −idt [b∗(x, x′, t) + gψ1(x, t)δ(x− x′)] δ(t− t′). (5.22)
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Figure 5.2: The density profile at time ωt = 2.4 for interaction strength g = 0.01~ωa0 and
incoupling parameters B = 3.0~ωa0, ∆ = ω, σcm = a0 and σr = 0.2a0. The solid curve shows the
results of the coupled R&S equations, the crosses are obtained with the positive P simulations.

In Appendix D we describe our procedure to synthesize these more complicated noise terms.

5.4 Results

In this section we show results for some of the quantities of interest that we are able to calculate
in our model. Although the main new feature lies in the quantum correlations we first show a very
classical quantity, namely the density profile. We then proceed to look at the eigenvalues of the
one-particle density matrix. As described in Sec. 2.4.1, the largest of these eigenvalues defines the
condensate fraction and the corresponding eigenvector is the condensate wavefunction. Finally we
turn to a two-body quantity, the second order correlation function.

5.4.1 The density profile and the number of atoms

The atomic density is given by the diagonal elements of the one-body density operator in the
position representation, that is

ρ1(x, x) = 〈ψ̂†(x)ψ̂(x)〉 = R(x, x) = ψ2(x)ψ1(x). (5.23)

In Fig. 5.2 is shown a typical plot of this profile at ωt = 2.4. It has the characteristic Gaussian
shape of the harmonic oscillator ground state and as we shall see in Sec. 5.4.2, a large fraction of
the atoms indeed occupy a common wavefunction close to this state. The R&S equations (5.13)
and (5.14) with the interaction terms (5.15) and (5.16) give results in excellent agreement with
the positive P simulations.

The total number of photo-dissociated atoms is obtained as the trace of the one-body density-
operator or, according to Eq. (5.23), simply as

N =

∫

dx ρ1(x, x). (5.24)

In Fig. 5.3 this number is shown as a function of time for g = 0 and for g = 0.01~ωa0. The
agreement between the R&S equations and the positive P method is seen to be quite good.
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Figure 5.3: The number of photo-dissociated atoms as a function of time. The solid and dashed
curves show the results of the R&S equations for g = 0.00 and g = 0.01~ωa0 while the symbols +
and × indicate the corresponding results of the positive P Langevin equations. Incoupling as in
Fig.5.2.

5.4.2 The condensate fraction and wavefunction

In Fig. 5.4 we show the condensate fraction, i.e., the ratio of the largest eigenvalue of the one-
body density matrix to the sum of the eigenvalues for different values of the interaction strength
g. It is seen that as expected the condensate fraction is in general an increasing function of time.
The effects of interactions are rather small at these low atom numbers. Note that unlike studies
of stationary condensates at T = 0, where interactions are responsible for the breakdown of a
simple product state ansatz for the system and the existence of atoms outside the condensate (see
Sec. 2.7), the photodissociation by itself produces atoms both in the condensate and outside the
condensate. This production of noncondensed atoms has been dubbed rogue photodissociation by
Javanainen and Mackie [140] (see also Holland et al. [129]) In our calculations, the second-largest
eigenvalue accounts for most of the atoms which are not in the condensate.

As for the condensate wavefunction we see an interesting phenomenon: Although the density
profile associated with the condensed part of the one-body density matrix is close to that of
the trap ground state, the condensate wavefunction is in fact not stationary. The atoms have
condensed into a state more resembling a squeezed state3 and if the incoupling is stopped the
wavefunction widths show an oscillating behaviour. In Fig. 5.5 we show 〈x̂2〉 and 〈p̂2〉 of the
condensate wavefunction as a function of time. We see that at ωt = 2.4 when the incoupling is
stopped, the wavefunction is too wide in momentum space as compared to the ground state of the
trap (〈p̂2〉 > 1/2).

One way to avoid this oscillation is to apply δ-kick cooling [141, 142] to the system. This
procedure is efficient if there is a linear correlation between position and momentum. In the original
suggestion the correlation between position and momentum is brought about by free expansion,
but an examination of the condensate wavefunction shows that we have a similar correlation here.
The idea is to apply a tight, harmonic trapping potential for a short time interval. If this interval
is so short that any changes in position can be ignored, the effect is simply a momentum kick also
varying linearly with position. Ideally, this kick brings all the particles to rest. In Fig. 5.5 we
demonstrate that the procedure is effective in our problem. The results are shown for g = 0, but
a similar reduction is achieved for nonvanishing g, except of course that a harmonic wavefunction
will then not be stationary.

3This position-momentum squeezing should not be confused with the the atom-field squeezing discussed later.
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Figure 5.4: The condensate fraction, i.e., the ratio of the largest eigenvalue of the one-body density
matrix to the total number of atoms (trace of the one-body density matrix). Solid and dashed
curves shown the results of the R&S equations for g = 0.01~ωa0 and for g = 0.02~ωa0. The
corresponding results of the positive P simulations are indicated by the symbols + and ×. The
lower sets of data with the same symbols show the results when the incoupling is stopped at
ωt = 2.4.

5.4.3 The second order correlation function g(2)(x, y)

More detailed information about the quantum state of the system is desired and available, and a
natural quantity to consider is the second order correlation function g(2), introduced in Sec. 2.4.2.
As g(2) involves the expectation value of a product of four field operators we are faced with similar
factorization problem as when we derived the R&S equations. Again we will resort to the Wick
prescription although it should be realized that this is only exact for states obtained with g = 0.
The enumerator of Eq. (2.38) is evaluated in terms of R and S in Appendix C. We end up with

g(2)(x, y) = 1 +
|R(x, y)|2 + |S(x, y)|2

R(x, x)R(y, y)
. (5.25)

In contrast with the R&S equations, the positive P method has no problems handling 4–
operator expectation values and g(2) can be determined exactly up to sampling errors. At relatively
short times and low atom numbers we have therefore an excellent tool to obtain exact results even
for g 6= 0.

In Fig. 5.6 we show a plot of g(2)(0, 0) as a function of time for various values of g. The central
value slightly above 3 indicates a strong bunching effect where two atoms are more likely to be
found close together than in a coherent or a thermal state. This result can be compared with the

analytical expression for a single mode squeezed state, generated by the Hamiltonian β
(

â2 + â†
2
)

:

g(2) =
〈â†â†ââ〉
〈â†â〉2 = 3 +

1

〈â†â〉 (5.26)

In the figure we plot both results of the R&S equations using Eq. (5.25) and the exact positive
P results. Good agreement is found between the two approaches until ωt ∼= 2.5 and hereafter the
R&S equations fail to capture a decrease in the value of g(2). This decrease indicates a threshold
effect that we will discus in the next section.
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Figure 5.5: The freely evolving expectation values of 〈x2〉 (solid curve) and 〈p2〉 (dashed curve)
are compared to the results obtained after application of a δ-kick to match the wavefunction with
the ground state in the trap. If we apply a properly chosen kick just as we stop the incoupling
at ωt = 2.4 the oscillations can be almost completely removed. The dash-dotted curves show the
product 〈x2〉〈p2〉 in the two cases.

5.4.4 Threshold effect

In the semiclassical treatments of the laser and of the parametric oscillator, one identifies a thresh-
old in the stationary balance between gain and loss; the fields shift from fluctuations around zero to
fluctuations around finite intensities [143, 144]. Above threshold these optical systems have smaller
relative fluctuations of the intensity, and it is natural to expect a similar threshold behaviour in
our model. There is a seemingly important difference between our model and the optical systems
in the fact that we do not have an explicit dissipative mechanism. It has been known for a long
time, and it has been demonstrated explicitly for a large number of physical systems, however,
that quite generically, the interactions in many-body systems lead to ergodicity of eigenstates and
a dynamical relaxation without coupling to an external bath. For a recent review, see [145].

The R&S equations with their underlying assumption of a Gaussian Wigner distribution, cen-
tered around vanishing atomic field, are clearly unable to describe correctly the system around
and above threshold, but the positive P simulations are exact, and the discrepancy between the
two methods is thus most likely explained by a threshold effect. To investigate more closely the
threshold hypothesis, we show in Fig. 5.7 scatter plots of ψ2(0)ψ1(0) at ωt = 2.4, 3.0 and 3.6 for a
situation with g = 0.02~ωa0. From photodetection theory we can deduce the following expression
for the atom number distribution

Pn(t) =
[
∫
ψ2(x, t)ψ1(x, t)dx]n

n!
exp

(

−
∫

ψ2(x, t)ψ1(x, t)dx

)

. (5.27)

This expression, however, exhausts the statistical precision of the positive P method, since it
involves higher moments of the simulated amplitudes, which yield larger and larger fluctuations.
Instead, we heuristically present histograms in the figures of how the real parts, Re(ψ2(0)ψ1(0))
are distributed, and these histograms are in good qualitative agreement with our picture of a
bifurcation of the solution when we reach threshold in the process. It is seen how the distribution
at ωt = 2.4 is strongly peaked at zero with an exponential tail along the the real axis. At ωt = 3.0
this tail extends to larger values, and a shoulder around 120 atoms/a0 starts to appear, and at
ωt = 3.6 a second maximum has developed. This explains the lowering of g(2) seen in Fig. 5.6.
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Figure 5.6: The second order correlation function g(2)(x, y) evaluated at y = x = 0 as a function
of time. The solid and dashed lines show the results of the R&S equations for g = 0 (exact)
and g = 0.02~ωa0. The symbols + and × show the results of the positive P simulations with
g = 0.00 and g = 0.02~ωa0. The photo-dissociation stops at ωt = 2.4. For g 6= 0, here is a strong
discrepancy between the results of the R&S equations and the positive P simulations at times
beyond ωt = 2.5. The effect is clearly dependent on the interaction. The symbol � show positive
P results obtained when g = 0.02~ωa0, and when the photodissociation is not interrupted.

5.5 Application of a squeezed condensate

In Sec. 4.3 we presented a realistic quantum beam splitter, capable of splitting a condensate in two
parts with almost perfectly matched numbers of atoms. In this section, we use the state created
in the photodissociation model to achieve the same goal. Whereas the spin squeezing proposal is
in principle close to experimental implementation, splitting atomic condensates will hardly have
high priority when initially studying molecular condensates. Nevertheless, to detect the squeezing
produced by photodissociation, this technique could be useful. By going through the calculation,
we also get a spectacular demonstration of what can be done with even a very small sample of
atoms produced by photodissociation.

The proposal is in direct analogy with homodyne detection of a squeezed vacuum in quantum
optics. In such experiments, a weak quantum field is mixed with a strong field on a beam splitter
and by varying the phase of the strong field, we obtain information on the fluctuations by simple
photoncounting. A more constructive view on the same experiment is as a special splitting of
the strong beam [146]: A beam is never just split, by unitarity it is always mixed with another
mode of the light field, and by replacing the ordinary vacuum in the “empty” input mode with a
squeezed state we may control the statistical properties of the daughter beams.

5.5.1 Matter wave beam-splitter with squeezed input

In the Bragg interferometer (Sec. 4.3.1), we already saw how the application of two suitably chosen
laser beams can constitute a matter wave beam splitter. The input and output arms were different
momentum states. We can, however, just as well use two different internal states as in Sec. 4.2.
The beam splitter will then be a laser or RF pulse. Without referring to the concrete physical
realization, we the denote the coupled states a and b, and a 50/50 beam splitter (π/2–pulse) will
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Figure 5.7: Scatter plots of ψ2(0)ψ1(0) from the positive P realizations for ωt = 2.4 (a), ωt = 3.0

(b), and ωt = 3.6 (c). The average of this quantity is 〈ψ̂†(0)ψ̂(0)〉, the central density in the

trap and higher order, normally ordered, moments 〈ψ̂†nψ̂n〉 are similar averages (ψ2(0)ψ1(0))
n
.

For clarity, we show in the bottom of the plots histograms of Re(ψ2(0)ψ1(0)). It is seen how the
character of the state changes with time as a second maximum in the distribution develops at a
value different from zero.
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in the Heisenberg picture imply

ψ̂a → ψ̂′
a =

1√
2

(

ψ̂a + ψ̂b

)

(5.28)

ψ̂b → ψ̂′
b =

1√
2

(

ψ̂a − ψ̂b

)

. (5.29)

The total number operators of atoms in state a and state b after the splitting are thus given by

N̂ ′
a =

∫

dxψ̂′
†

a(x)ψ̂
′
a(x)

=
1

2
N̂a +

1

2
N̂b +

1

2

∫

dx
{

ψ̂†
a(x)ψ̂b(x) + ψ̂†

b(x)ψ̂a(x)
} (5.30)

N̂ ′
b =

∫

dxψ̂′
†

b(x)ψ̂
′
b(x)

=
1

2
N̂a +

1

2
N̂b −

1

2

∫

dx
{

ψ̂†
a(x)ψ̂b(x) + ψ̂†

b(x)ψ̂a(x)
}

.

(5.31)

We will now concentrate on the difference in the number of atoms in the two states,

N̂ ′
a − N̂ ′

b =

∫

dx
{

ψ̂†
a(x)ψ̂b(x) + ψ̂†

b(x)ψ̂a(x)
}

. (5.32)

We will also let ψ̂a initially describe a large condensate while ψ̂b describes our photodissociated
state. That is, we assume that the photodissociation is to the internal state b, while at the time
of the π/2-pulse these atoms are overlapped with a large normal condensate in the internal state
a. The large condensate is assumed to be in a coherent state with a definite phase, |eiθψa〉, with
ψa real. The mean number of atoms in the large condensate is given by

Na = 〈N̂a〉 =

∫

dx ψ2
a(x). (5.33)

Using Eq. (5.32) we find
〈

N̂ ′
a − N̂ ′

b

〉

= 0 (5.34)

and
〈(

N̂ ′
a − N̂ ′

b

)2
〉

= Na +Nb +

∫ ∫

dxdy ψa(x)ψa(y)Re
[
Rb(x, y, ) + e−2iθSb(x, y, )

]
. (5.35)

Ordinary vacuum in the b-state is the special case with Sb = Rb = Nb = 0 and we note that
the typical imbalance of populations is

√
Var(N ′

a −N ′
b) =

√
Na. Now we use the nontrivial state

created by photodissociation as squeezed vacuum. We imagine to have experimental control over θ
and choose this phase optimally in order to reduce Var(N ′

a−N ′
b). In Fig. 5.8 we plot this minimum

value of Var(N ′
a −N ′

b)/Na as a function of the time of production of the squeezed condensate. It
is clearly seen how the noise is rather quickly suppressed almost perfectly. In the particular case
shown Na was taken to be 103 and ψa was of Gaussian shape. The time-dependent number of
atoms in the b-condensate can be approximately read out of Fig. 5.3. The width of ψa was chosen
to be the same as the equilibrium width of the b-state atoms. It is amazing, but of course already
well–known in quantum optics, that this suppression can take place even though the number of
atoms initially in the b-state is very small compared to the average number of atoms in the large
condensate in the a-state.

5.5.2 Limits to the squeezing

At times beyond ωt ∼= 2 the noise suppression is lost in the exact positive P simulations. We
recall that for g = 0, the R&S equations are also exact, and it is thus natural to ascribe the
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Figure 5.8: The minimum value of Var(N ′
a − N ′

b)/Na as a function of the time of application of
the π/2-pulse. All data are for a situation where incoupling is stopped at ωt = 2.4. Calculations
were done with three different interaction strengths (g = 0.005, 0.01 and 0.02~ωa0) and the almost
overlapping lines (solid, dashed and dotted) show the results of R&S equations while the symbols
(+, × and �) show the results of the positive P simulations.

discrepancy between the two methods to the interactions, which, by analogy with the Kerr-effect
in optics, cause a deformation of the Gaussian state [147]. In Fig. 5.9 we show a scatter plot of
the amplitudes of the projections, ψ1a, of 3000 positive P realizations of ψ1 on ψa at ωt = 2.4
for g = 0 and for g = 0.02~ωa0. Such plots should be interpreted with care, as in general the
pair (ψ1, ψ2) is needed to calculate all normal-ordered expectations. The Kerr-effect, however,

influences the S-function, and to calculate 〈ψ̂2〉 we only need to average ψ2
1 . In our case the

relevant contributions to this average can thus be depicted by a scatter plot of ψ1a alone.

We see in Fig. 5.9a a Gaussian state represented by points which form an ellipse-like structure.
If the distribution had no preferred direction in phase-space 〈ψ̂2〉 = ψ2

1 would vanish, but this is
clearly not the case for our squeezed state. In Fig. 5.9b the the interaction modifies the phase
accumulation of points with large values of |ψ1| and deforms the distribution to an S-like shape,
and the mean value of ψ2

1 is reduced. If the state is centered around a finite field amplitude, the
intensity dependent phase shift transforms a circular distribution into a bean-shaped one, and in
that case the Kerr effect actually produces squeezing [148].

5.6 Atom–molecule oscillations

The pure photodissociation process cannot be treated with a mean field approximation. This
signals strong quantum effects and interesting physics, and it was the our motivation for focusing
our analysis in Ref. [1] on these effects and not so much on the prospects for atom–molecule
oscillations. In the bright light of hindsight, we should probably have done the analysis without
the undepleted pump assumption and added simulations starting from an atomic condensate. In
fact, after completing the work presented in the sections above, we did run such simulations. The
main difference in the procedure is the explicit inclusion of the molecular field. The positive P
Langevin equations are for 4 c-number fields: ψ1, ψ2, ψm1, and ψm2. The molecular fields, ψm1

and ψm2, obey equations that are very similar to the ones encountered for atomic fields. The
deterministic part contains kinetic energy, possibly an external potential, molecule–molecule and
molecule–atom mean field interactions, and terms from the photoassociation/-dissociation. The
noise terms are solely due to the collisional interaction as the atom–molecule coupling is linear in
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Figure 5.9: Scatter plots of ψ1a, the overlap of ψ1 with the condensate mode function ψa. Plot
(a) is for g = 0.00 while plot (b) is for g = 0.02~ωa0. The plots demonstrate the deforming effect
of the interactions on the Gaussian state. This deformation reduces the mean of ψ2

1a which is the
decisive factor for the efficiency of the state as squeezed vacuum.

the molecular field.

Fig. 5.10 shows typical results. We observe an almost complete conversion to molecules followed
by somewhat irregular oscillations. We have not analyzed the simulations thoroughly, but it seems
that there is a spatial dephasing of the oscillations. At the same time as we did these simulations,
preprints of the work by Hope et al. [126, 149, 127] appeared, and as our preliminary results
seemed to agree well with their more complete work, we decided to pursue other projects.

5.7 Discussion

In our work, an important point is that the R&S equations are exact as long as we ignore interac-
tions among atoms, but that the full positive P machinery is needed when g 6= 0. The threshold
effect (Sec. 5.4.4) and the deterioration of the squeezing (Sec. 5.5.2) cannot be obtained with
R&S. The work by Hope et al. shows, that the spontaneous contribution indeed is important also
when starting from an atomic condensate: Although the conversion to molecules during oscilla-
tions is never complete, a mean field (coupled Gross–Pitaevskii equations) treatment fails. This
bears strong evidence to the usefulness of exact, albeit numerically quite heavy, methods like the
positive P simulations. Subsequently, it would be interesting to analyze in more physical terms
especially the threshold effect. The crossover from a squeezed to a coherent condensate would be
an interesting parallel to the more familiar condensation process in an evaporatively cooled gases.

We should make a final remark regarding the use of a squeezed condensate as “squeezed
vacuum” input in a beam splitter (Sec. 5.5). As described, this process allows the squeezing to
be detected by simply counting atoms: the large condensate acts as a strong local oscillator. The
method relies crucially on the existence of a well-defined phase between the squeezed sample and
the large condensate. In our calculations, this is implied by the assumption of a coherent state
for the large condensate. In an experiment, at least two schemes spring to mind: (i) Derive both
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Figure 5.10: Atom-molecule oscillations treated by the positive P method. Initially, only atoms
are present, but ωt ∼ 0.35 more than 80% has been converted to molecules. It should be noted
that to avoid the divergences of positive P , the atom-atom an molecule-molecule interaction was
taken to be very weak in this preliminary simulation. In principle, interactions can be included
along with the atom-molecule coupling.

the molecular condensate and the local oscillator from one condensate, or (ii) establish a phase
between the molecular condensate and the local oscillator. Alternative (i) is of course only viable
when the molecules are created coherently, e.g., by photoassociation, while alternative (ii) would
require modifications of the methods involved in “ordinary” BEC phase standards [37].



Chapter 6

Scattering of atoms on a BEC

The scattering of atoms on a Bose-Einstein condensate is a process of fundamental interest. Except
in the extremely weakly interacting regime considered in Sec. 4.5, the dynamics of the noncon-
densed atoms in the trap is strongly influenced by the mean field of the condensate. The resulting
redistribution of population among “trap-levels” is an important ingredient in quantum kinetic
theories of, e.g., the very process of condensation. There are also important scattering effects when
two condensates merge. For example, four-wave mixing has been observed in experiments [150].
In this chapter we shall instead deal with the limit of a single or just a few atoms, incident in a
well defined momentum state on a condensate, a situation that has been realized experimentally
to seed atom lasers [151] and “atomic parametric amplifiers” [152, 153] with a weak atomic beam.
Apart from some special effects to be discussed below, a very controlled bombardment of a BEC
by atoms could also serve as an interesting probe to condensate properties.

We start the chapter with an introduction in Sec. 6.1. In Sec. 6.2 we discuss the Bogoliubov
approach in the special setting we have in mind, and we specify the numerical method we have
used. The results are presented in Sec. 6.3 and compared with an approximate analytical model.
In Sec. 6.4, we show examples of time dependent wavepacket dynamics. Finally, Sec. 6.5 concludes
the chapter and gives an outlook to some of the more quantum optical perspectives that we have
yet to explore.

6.1 Introduction

In this chapter we shall analyze a very simple experiment: We imagine to have a BEC made
up of a certain kind of atoms and we then try to send a single atom of the same kind through
it. Since the atoms of the scatterer are indistinguishable from the scattered particles, exchange
effects play an important role. This prompted the suggestion that scattering on a condensate
would be very different from scattering on a collection of non-condensed particles. Pictorially, an
atom can traverse a condensate by scattering into the condensate on one side and out again on
the side. This scattering-in–scattering-out (SISO) effect was proposed as a means for investigating
the condensate fraction in the strongly interacting He-4 system [154, 155].

Theoretically, it is much easier to handle weakly interacting systems; for very pure condensates,
the Bogoliubov approach presented in Sec. 2.7 is the appropriate tool. To find traces of the
condensate mediated transmission, Wynveen et al. therefore considered the Bogoliubov scattering
states for a dilute condensate held in a finite depth spherical well [156]. By numerically solving
the radial Bogoliubov–de Gennes equations for the lowest partial waves, they calculated scattering
cross-sections for a range of parameters. They compared their results to the simple Hartree–Fock
theory [Eq. (2.15)] and found indeed an enhanced transparency at high incoming momenta. The
picture was complicated, though, by the nontrivial behaviour of cross-sections. For lower incoming
momenta, both the Hartree–Fock and the Bogoliubov scattering display pronounced resonances
and the transparency can be either enhanced or reduced.

73
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Revisiting the SISO picture of condensate mediated transmission, R. Y. Chiao found that one
should also consider the opposite time-ordering, i.e., a scattering-out–scattering-in (SOSI) process
where the outgoing particle is emitted before the incoming particle enters the condensate [157].
The process has analogies in the QED description of, e.g., Compton scattering or the scattering
of electrons from the Coulomb field of a nucleus. There higher order Feynman diagrams with
identical initial and final states, but with different time-ordering of internal vertices, must be
summed coherently.

Inspired by these earlier studies we decided to investigate an even simpler geometry than the
spherical well of Wynween et al.. We considered a 1D situation with a condensate held in a
potential well of finite width and depth. Asymptotically free atoms can then be directed towards
the trapped condensate and interact with it in a well defined region of space. The natural quantity
to calculate is the transmission probability of the incident particle. If this probability shows a
strong dependence on the parameters of the system, scattering of atoms could also be interesting
as a measurement method. Bijlsma and Stoof have done a calculation similar to ours for scattering
on a cylindrical condensate [158]. They found that the method can be used for nondestructive
detection of vortices. In geometries where our 1D description is justified, it should be possible
to detect with high efficiency whether the incident atom is reflected or transmitted.1 In a longer
perspective, we imagine such methods to be ingredients in highly nonclassical experiments where
the strong atom–atom coupling could be an advantage.

6.2 Scattering in the Bogoliubov approach

As we explained in Sec. 2.7, the Bogoliubov approach assumes the number of particles in the
condensate mode to be high and rather well defined. On top of an improved description of the
ground state, the problem of small thermal or externally induced excitations can be treated. The
picture is one of non-interacting quasi-particles, with a mixed particle-hole character. In the case
of scattering, the incoming particle will of course be particle-like asymptotically, but it will move
through the condensate as a quasi-particle.

6.2.1 Stationary scattering states

Ordinary single-particle scattering can be treated both in a time-dependent (wavepacket) formu-
lation and in a formulation based on stationary scattering states. One can extract important,
general information on the time-dependent behaviour from a few characteristics of the stationary
states. We therefore adopt a similar strategy here and start by looking for scattering states of the
Bogoliubov–de Gennes equations, (2.69).

For convenience, we shall use a slightly different notation than in Sec. 2.7. First of all, we drop
the Q̂’s in L̂. As explained in Sec. 2.7.8, this formally means that we are using the symmetry
breaking approach. However, there is no effect on the excitation energies and the eigenfunctions
of the symmetry preserving approach are found by simple application of Q̂ [41]. More so, we
shall mostly be interested in the asymptotic behaviour where this projection has a trivial effect.
The second difference as compared to Sec. 2.7 will be that we rename vk → −v∗k to get a more
symmetric notation. Finally, excitations energies will be expressed as frequencies, ~ωk = εk. The
Bogoliubov–de Gennes equations then read

[L̂(x) − ~ωk]uk(x) = gn0(x)vk(x) (6.1)

[L̂(x) + ~ωk]vk(x) = gn0(x)uk(x), (6.2)

where the operator L̂(x) is defined by L̂(x) = ĥ(x)+2gn0(x)−µ, with n0 = N |φ0|2, the condensate
density. The external potential in the single-particle Hamiltonian, Uext(x), is assumed to vanish

1The one dimensional geometry may correspond to either a condensate slab hit by atoms with well defined
transverse momenta or to a trapped condensate in a wave guide with a local longitudinal minimum. Especially in
the latter case, it is easy to imagine very efficient detection.
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Figure 6.1: Figure showing the potential well and the shape of the condensate. The range of the
potential is [−a, a] outside which Uext(x) is identically 0. Uext(x) changes smoothly to −U0 =
−250~

2/ma2 in edge-zones of width 0.3a. The 1D interaction strength is taken to be gN =
400~

2/ma. The solution of the GPE then gives µ = −14.4~
2/ma2 and a Bogoliubov speed of

sound c =
√

gn0(0)/m = 15.4~/ma in the inner region of the well.

identically outside a finite range, x ∈ [−a, a]. Eqs. (6.1) and (6.2) should then be solved with
the boundary condition vk → 0 for x → ±∞. The spectrum of solutions is divided in two: A
part with discrete eigenvalues and localized uk’s, and a continuum part where the uk’s show an
oscillatory asymptotical behaviour. It is the scattering states, i.e. the continuum, that we are
primarily interested in. As in ordinary scattering theory, there are, however, connections between
the two types of solutions, and in Appendix B we show how Levinsons theorem generalizes to
Bogoliubov scattering.

6.2.2 Numerical solution

In 1D, the Bogoliubov–de Gennes equations are computationally quite manageable and the choice
of method for their solution is not crucial. Nevertheless, for completeness we here briefly summa-
rize our method. First we solve the Gross-Pitaevskii equation (4.13) with the chosen potential.
We do this by a simple steepest descent method, i.e., by propagating the corresponding time–
dependent equation in imaginary time. In particular, we use a split–step fast–Fourier–transform
algorithm [159]. In Fig. 6.1, we show the particular potential we will be using, and we show the
corresponding condensate wavefunction.

When φ0(x) and µ have been found, the Bogoliubov-de Gennes equations are solved by first
defining

fk(x) =

√

1

2
[uk(x) + vk(x)]

hk(x) =

√

1

2
[uk(x) − vk(x)]

(6.3)
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in terms of which Eqs. (6.1) and (6.2) become

[L(x) − gn0(x)]fk(x) = ~ωkhk(x) (6.4)

[L(x) + gn0(x)]hk(x) = ~ωkfk(x) (6.5)

We can then avoid diagonalizing a two-component problem by simply applying the operator [L(x)+
gn0(x)] to both sides of Eq. (6.4) to find the necessary condition

[L(x) + gn0(x)][L(x) − gn0(x)]fk(x) = [~ωk]
2fk(x). (6.6)

When this one–component eigenvalue problem is solved, uk(x) and vk(x) can be found by applying
first Eq. (6.4) and then Eq. (6.3).

6.3 Results

6.3.1 Phaseshifts

We assume that Uext(x) and thus n0(x) have even spatial symmetry. We can then demand that
solutions of Eqs. (6.1) and (6.2) have definite parity. In the discrete part of the spectrum, even and
odd solutions alternate, while in the continuum, each energy supports solutions of both parities.
In the asymptotic region away from the potential and the condensate, even and odd scattering
solutions can then be written

u
(e)
k (x) → cos(kx∓ δe(k))

u
(o)
k (x) → sin(kx∓ δo(k))

for x→ ±∞. (6.7)

Note that we identify the label k with the asymptotic wavenumber for the scattering solutions.
The phaseshifts, δe(k) and δo(k), contain all the information about the scattering relevant to the
asymptotic region. They can be conveniently extracted from our numerical solutions for uk. The
calculations are actually done on a space–interval [−L,L] with periodic boundary conditions (finite
lower momentum cutoff). This means that for a given L we only find the subset of the continuum
solutions with wavenumbers fulfilling

−kL+ δ(k) ≡ kL− δ(k) mod 2π (6.8)

or, equivalently,

δ(k) ≡ kL mod π. (6.9)

After the diagonalization this discrete set of k values can easily be determined from the eigenvalues
as ~ωk = ~

2k2/2m− µ. Each k value gives us one point on δ(k) via Eq. (6.9). This is enough to
determine δ(k) if it is slowly varying on the 1/L scale. If not, we just need to change L slightly
and repeat the calculation to obtain an additional set of points.

In Fig. 6.2 we show a typical example of δe(k) and δo(k) with parameters as in Fig. 6.1. There
is clearly some resonant behaviour with out–of–phase oscillations of δe(k) and δo(k) around a
slowly varying average. This behaviour is well known from ordinary, single–particle scattering on
a well/barrier, and in the following subsection we shall present an analytical model which yields
the same gross features.

6.3.2 Square well model, Thomas–Fermi approximation

Let us consider a condensate trapped in a square well potential

Uext(x) =

{
−U0 , |x| < asw

0 , |x| > asw,
(6.10)
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Figure 6.2: Phaseshifts of even and odd solutions as a function of incoming momentum. Parameters
as in Fig. 6.1.

where asw is an appropriately defined effective width. In the Thomas–Fermi approximation the
condensate wavefunction is constant in the trap and zero outside

φ0(x) =

{ √
N

2asw
, |x| < asw

0 , |x| > asw.
(6.11)

This φ0(x) is naturally not a solution to the Gross–Pitaevskii equation as the kinetic energy term
will smoothen the step in density even when the external potential is discontinuous (for solutions
of the Gross–Pitaevskii equation in a square well, see [160]). Formally, this introduces linear terms
in Eq. (2.66), i.e., the Bogoliubov vacuum is not a steady–state for the system. We are, however,
only interested in the scattering behaviour at positive energies and it is reasonable to assume
that some insight can be gained by finding solutions to Eqs. (6.1) and (6.2) with the simplifying
assumptions expressed by (6.10) and (6.11).

It is amusing to note, that we are now dealing with the Bogoliubov–de Gennes analogy of the
undergraduate textbook problem of 1D scattering on a square well. The full solution is found by
matching the analytical wavefunctions in the regions, x ∈ [−∞,−asw], [−asw, asw], and [asw,∞].
To the left and to the right of the well, we demand v(x) = 0 and let u(x) = cos(kx±δe(k)) (u(x) =
sin(kx±δo(k))) to find even (odd) solutions. Inside the well, we are in a region of constant potential
(Uext(x) = −U0) and constant condensate density (N |φ0(x)|2 = n0) so Eqs. (6.1) and (6.2) read

[

− ~
2

2m
∂2
x − U0 + 2gn0 − µ− ~ω

]

u(x) = gn0v(x) (6.12)

[

− ~
2

2m
∂2
x − U0 + 2gn0 − µ+ ~ω

]

v(x) = gn0u(x). (6.13)

To be able to match the boundary conditions, we need four linearly independent solutions and the
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ansatz u(x) = Ueiλx, v(x) = V eiλx leads to λ ∈ {±λ,±λ̃} where

~λ(k) =

√

2m

(√

[gn0]
2

+ [E − µ]
2 − 2gn0 + U0 + µ

)

(6.14)

and

~λ̃(k) = i

√

2m

(√

[gn0]
2

+ [E − µ]
2

+ 2gn0 − U0 − µ

)

(6.15)

where E = (~k)2/2m is the incoming kinetic energy. Note that λ̃ is imaginary and it is normally
disregarded in homogeneous condensates. Here, it is needed as we must match the boundary
conditions that also v and v′ are continuous.

The matching of u and v at x = asw leads to equations for the phaseshifts. They read

tan (kasw − δe(k)) =
λ(k)

k
tan (λ(k)asw) (6.16)

tan (kasw − δo(k)) =
k

λ(k)
tan (λ(k)asw) . (6.17)

These equations are the same as for single particle square well scattering except that the usual
~λ =

√

2m(E − Uext) is replaced by ~λ from Eq. (6.14).

In Fig. 6.3 we show results obtained for parameters like in Fig. 6.1: gn0 is taken as the central
density in the smooth trap and asw is chosen to accommodate the same total number of particles.
A comparison with Fig. 6.2 reveals both similarities and differences: The smooth behaviour of
the average of the two curves is well reproduced as well as the (quasi-)period of the oscillatory
behaviour. However, the positions of curve crossings and the maxima of the phaseshift differences,
especially at low k’s, are not well reproduced. Also, at high momenta the sharp-edge approximation
leads to stronger oscillations in δe(k) and δo(k) than for the smooth well.

6.3.3 Transmission coefficient

The typical scattering situation with an incoming, a reflected, and a transmitted wave specifies
the asymptotic form of the wave function

uk(x) →
{
eikx +R(k)e−ikx for x→ −∞
T (k)eikx for x→ ∞ . (6.18)

This defines the reflection- and transmission-coefficients R(k) and T (k). Making the change of
basis from the odd and even parity eigenstates (6.7), one finds

R(k) =
1

2

(

e−2iδe(k) − e−2iδo(k)
)

= ie−i(δo(k)+δe(k)) sin(δo(k) − δe(k))
(6.19)

T (k) =
1

2

(

e−2iδe(k) + e−2iδo(k)
)

= e−i(δo(k)+δe(k)) cos(δo(k) − δe(k)).
(6.20)

We see that 100% transmission takes place at k’s where δe(k) = δo(k) while 100% reflection
requires δe(k) = δo(k) ± π/2. In Fig. 6.4 we plot R and T for the same situation as considered
above. The curve crossings in Fig. 6.2 are now translated into transmission windows. At very low
momenta, we get 100% reflection and at very high momenta we naturally get 100% transmission.
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Figure 6.3: Even and odd phaseshifts for a simple square well/square condensate model. The
parameters are like in Fig. 6.1 and the curves should be compared to the full numerical calculations
presented in Fig. 6.2. There is clearly a qualitative agreement: The smooth behaviour of the
average of the two curves is well reproduced and the period of the oscillations around this average
is also of the correct order of magnitude. However, the oscillations extend to too high values of k,
and the curve crossings are not at the correct positions.

6.4 Time dependent scattering

6.4.1 Wavepacket dynamics

With the complete set of scattering states it is possible to follow scattering of wavepackets in time.
To obtain the initial state we add a number of particles to the Bogoliubov vacuum:

|t = 0〉 =
1√
ns!

[∫

φs(x)δψ̂
†

]ns

|vac〉bog (6.21)

where φs(x) is the desired wavepacket mode. The operator term in this equation creates an ns–
particle state, but to benefit from the simple form of Eq. (2.80) we should think of it as creating
ns quasi-particles which at t = 0 just happen to be localized well away from the condensate.
The quasi-particles are created in a superposition of energy eigenstates and the coefficients in this
superposition are found as

ck =

∫

[u∗k(x)φs(x) + v∗k(x)φ
∗
s (x)] dx. (6.22)

As φs is located well away from the condensate region, there is in fact no contribution from the v
part of this integral.

The time evolution is entirely given by the relation b̂k(t) = e−iωktb̂k in the Heisenberg picture,
and we find the noncondensate part of the total density to be

〈δψ̂†δψ̂〉 = ns |U(x, t)|2 + ns |V (x, t)|2 +
∑

k

|vk(x)|2 (6.23)
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Figure 6.4: Transmission and reflection coefficients for the situation considered in Figs. 6.1 and
6.2. A series of perfect transmissions are seen, corresponding to the crossings of the δe(k) and
δo(k) curves in Fig. 6.2.

where

U(x, t) =
∑

k

cke
−iωktuk(x) (6.24)

V (x, t) =
∑

k

cke
−iωktvk(x). (6.25)

The last term in Eq. (6.23) is the quantum depletion of Sec. 2.7.7, which is always present due
to the interactions in the condensate, while the first two terms are consequences of the scattering
process.

6.4.2 Time-delays

Depending on the spread of k-values in the wavepacket, the asymptotic behaviour of the scattering
will be more or less simply described by reading off the reflection and transmission coefficients
R and T at the average momentum k0. In fact, looking at the first form of these coefficients in
Eqs. (6.19) and (6.20) we are reminded that the reflected and the transmitted wave can be seen
as superpositions of an even part and an odd part. To each of these can be ascribed a time-delay,
∆te/o in the arrival of the original wave packet at certain point in space with respect to the free
propagation. It is easy to show that these delays are given by

∆te = − 2

vg

∂δe(k)

∂k

∣
∣
∣
∣
k=k0

(6.26)

∆to = − 2

vg

∂δo(k)

∂k

∣
∣
∣
∣
k=k0

(6.27)
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where vg = ~k0/m is the (group) velocity of the incoming wavepacket. If these delays are suffi-
ciently different the reflected and transmitted wavepackets are expected to be doublepeaked. In
fact, a closer look at Eqs. (6.19) and (6.27) reveals a difference in sign: the reflected wavepacket
can easily be double-peaked as it is the difference between the even and odd contribution, while the
transmitted wavepacket is the sum and therefore require displacements as large as the wavepacket
width for a visible effect.

In Fig. 6.5 we show time series of snapshots from wavepacket simulations. The double peak
phenomenon mentioned above is visible in the k0a = 11.50 time series. This k0 corresponds to
a crossing of δe(k) and δo(k) and thus to both high transmission and a marked difference in ∆te
and ∆to (cf. Fig. 6.2).

6.4.3 Transmission times

The time–delays of Eqs. (6.26) and (6.27) can also be translated into an effective transmission
time, the time spent traversing the condensate region. The well has a width 2a so the time spent
inside the well can heuristicly be defined as τ = ∆t+ 2a/vg. In Fig. 6.6 we plot τe(k) and τo(k).
The two curves agree for high k, while for ka less than ∼ 15, i.e., for vg less than the Bogoliubov

speed of sound in the homogeneous part of the condensate, c =
√

gn0/m, they show alternating
peaks. Such peaks are signatures of resonances where an even or an odd number of oscillations fit
inside the condensate.

At low k–values, we observe that τe becomes negative over a rather wide range. For wavepackets
with momentum components mainly in this range, a peak in the transmitted wavepacket can
appear before the peak of the incident wavepacket has reached the condensate. This is confirmed
by wavepacket simulations.2 Negative transmission times is a wave phenomenon, which together
with superluminal propagation has been observed for light propagation through wave guides and
through dispersive atomic media. It is not surprising that the Bogoliubov–de Gennes equations
show similar effects.3

6.5 Discussion

As explained in Sec. 6.1, we initiated this project with two goals in mind:

(i) We wanted to investigate the suggestion by Halley et al. [154] that the system would show
a special condensate mediated transmission. In particular, the special features pointed out
by Chiao et al. [157] seemed interesting.

(ii) Although probing condensate properties with light has proved to be a very versatile tool, it
could be of interest to use atoms instead.

In short, we have not moved much closer to goal (i), while our study is certainly a step towards
goal (ii).

The geometry that we have considered dramatically demonstrates the difference to the Hartree–
Fock approach: The 2gn0 mean field would be a truly impenetrable barrier and the transmission
windows at low k would be totally absent if there was no v-component. Although this a more
clearcut signature than in the earlier study by Wynveen et al. [156], we have still not found it easy
to connect the Bogoliubov approach directly with the SISO mechanism discussed in Sec. 6.1. In
the same way, it is tempting to see the negative transmission times found in Sec. 6.4.3 as support
for Chiao’s suggestion that the time-reversed SOSI processes play a discernible role, but whether

2Analysis of both a real experiment and of wavepacket simulations is more complicated for massive particles than
for light: As the transmission coefficient depends strongly on k, there is a velocity filter effect, i.e., the transmitted
wavepacket may move at a different speed than the incoming one.

3As a curiosity, we note that putting “negative transmission times” in the abstract of preprint-server version
of Ref. [6] earned us more publicity than ever intended: The article became a news item on the popular “geeks”
news-site, www.slashdot.org, and we were even contacted by Science.
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Figure 6.5: Wavepacket scattering on a BEC. Time series are shown for two different incoming
momenta: At mean wavenumber k0a = 9.75, the initial packet propagates towards the potential
well containing the BEC and reflected and transmitted wavepackets appear. In accordance with
Fig. 6.4 transmission is approximately 62% at this k0. At k0a = 11.5 we are in a transmission
window and the reflected wavepacket has small amplitude and a double–peaked envelope.The
figures show both |U(x)|2 and −|V (x)|2, the particle contribution and (−) the hole contribution
to the total density of scattering atoms. Note that the ground state quantum depletion also
contributes to the density of atoms out of the condensate mode. This contribution is located
inside the well and is not plotted here.
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Figure 6.6: Time spent in the condensate region. Curves are shown for both even and odd solutions.
Where these curves approximately coincide, the retardation can be seen directly in wavepacket
scattering. When they are very different, the translation to a time-dependent wavepacket formu-
lation is less direct. Note the negative values of τe in the region around ka . 2: Wavepacket
simulations show that here the peak of the transmitted wavepacket appears before the peak of
the incident wavepacket has reached the condensate. For comparison, the two dashed curves show
respectively the free motion and the sound wave transmission times, 2a/vg and 2a/c.

it is at all possible to separate out such special effects from all the “normal” wavedynamics of the
problem remains an open question.

The wavedynamics is, however, interesting in itself. Particles incident on the condensate prop-
agate as phonons through the condensate, where they may be reflected back and forth between
the condensate edges, and eventually they re-emerge as reflected or transmitted particles. We
have determined the reflection and transmission probabilities and the phase shifts, which enable
us to derive time-dependent results from our stationary formulation. The double peaked distribu-
tions reflected from the condensate and the negative transmission times come as interesting (but
not mysterious) results. Independently of goal (i), an experimental demonstration of the these
phenomena would be an interesting supplement to similar studies for light transmission.

The rich structure found in transmission coefficients etc. is important when striving for goal
(ii). If low energy atoms are to be used as probes on condensates, detailed knowledge of, e.g.,
the position of transmission windows is useful. In addition to the simple transmission/reflection
experiments, interferometric methods can also be envisaged. Such experiments should be able to
show that coherence is preserved by the intermediate phonon excitation. One could even imagine
to use quantum correlated atoms to show that entanglement can be communicated through the
phonons. This would be in analogy with recent experiments where surface plasmons propagate
quantum correlated photon pairs through sub wavelenght hole arrays [161]. One could also consider
experiments using two-level atoms, both in the condensate and in the probe beam, resulting in
an atomic “Faraday effect”. Perhaps powerful measurement induced state engineering can be
performed this way.

In conclusion, scattering experiments as analyzed here seem to have a large potential for
studying interesting physics. They seem as a natural ingredient in the study of controlled atomic
dynamics. In particular for atoms and condensates trapped on chip architectures, [162, 163, 164],
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“integrated” scattering experiments would a realistic and worthwhile challenge to undertake.



Chapter 7

Conclusion and outlook

In this short, concluding chapter we summarize the most important results of the thesis. We
also comment on what we find to be the most interesting directions in which to extend the work
presented.1

Spin squeezing

In Sec. 4.2 we used the exact positive P method to investigate the applicability of the simple
two-mode picture. The results were very encouraging for the situations we focussed on: the one
of favourable interaction strengths and the separated-components scenario. Due to the statistical
nature of the positive P simulations, the regime of really strong squeezing could not easily be
treated. It is a challenge for the future to extend the treatment, possibly to the cases where
two-component Bogoliubov theory predicts a breakdown of the two-mode model.

In Sections 4.3 and 4.4 we suggested two applications of spin squeezing in BEC: a quantum
beam splitter and a source of squeezed light. The beam splitter proposal we believe to be a
very realistic one, and observation of the squeezed counting statistics is mainly prevented by
experimental inability to observe even the standard, binomial distribution. We analyzed this
proposal in some detail, checking, e.g., that it is not overly sensitive to the quality of mode
matching. Our work on producing squeezed light from spin squeezed atoms is probably still some
way from experimental realization. A 3D calculation with realistic physical parameters would be
a necessary theoretical prelude. Our 1D calculation was, however, very promising, not least the
perfect mapping of atomic spin operators onto light field operators. The extension of the previous
treatments to inhomogeneous media and the suggested method for probing a particular spatial
integral of the spin variables were also useful results.

Finally, in Sec. 4.5 we investigated with an analytical toy-model calculation the effect of non-
condensed particles on the observation of phase revivals. These revivals are particularly interesting
as they serve as proof of the existence of an intermediate Schrödinger cat state. Preliminary work
suggests that our toy-model describes well the extremely weakly interacting regime for trapped
gases. Almost independently of this, the possibility to calculate nontrivial expectation values an-
alytically within a nontrivial model is always noteworthy, and the proposed model has been used
in praxis to check another simulation scheme.

Photodissociation of a molecular condensate

The main part of our work on molecules in BEC had a slightly different focus than the majority of
the literature in this very active field. By choosing a molecular condensate as initial state, we got
a very direct analogy with degenerate downconversion of photons. The inadequacy of mean field
methods and the squeezed character of the created atomic field were easily demonstrated. The
ability of the positive P method to include also collisional interactions revealed some interesting

1This is one of the places where the “we” should probably be exchanged for an “I”.
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phenomena, not least the observed thresholdlike effect. An obvious extension of the work would
be to do a closer analysis of the transition from squeezed vacuum to the classical matter wave
regime.

We also presented simulations in the more general setting of atom–molecule oscillations. Again
the positive P method showed its strength by being able to include all important terms of the
Hamiltonian, but we didn’t pursue the analysis far, as other authors have done more extensive
work in this area. We believe that Monte Carlo methods have a role to play also in the future of
the field, but talking from experience we also raise a general note of caution that, e.g., the phase
space doubling of positive P can interfere with the use of physical intuition in the interpretation
of equations and single realizations. One should not loose sight of the fact that the Hamiltonian
includes interactions via effective terms and that positive P is never better than the quality of
these approximations.

Scattering of atoms on a BEC

The last topic covered in the thesis is identical particle scattering on BECs. We presented Bogoli-
ubov calculations for the 1D well of finite width and depth, and we extracted relevant scattering
information from the results. In the regime of a really slow incoming atoms (velocity ∼ the Bo-
goliubov speed of sound), the physics was found to be rich with transmission windows, double
peaked reflected wavepackets, and even negative transmission times. Our results spectacularly
demonstrated the difference between Bogoliubov and Hartree–Fock scattering, but the precise
connection to condensate mediated transmission remained unclear.

The perspective of using slow atoms as probes on BECs is promising and many interesting
experiments can be envisage. In particular, experiments with incoming atoms that are entangled
or in superpositions of different internal states were suggested.



Appendix A

Coherent states

For a single mode with creation operator â† and annihilation operator â, coherent states are usually
known as the eigenstates for â,

â|α〉 = α|α〉. (A.1)

In analogy with the c-number exponential function they can be written

|α〉 = exp
(
−|α|2/2

)
∞∑

N=0

1

N !

[
αâ†

]N |vac〉, (A.2)

or even
|α〉 = exp

(
αâ† − α∗â

)
|vac〉. (A.3)

The vacuum, |vac〉, is the special coherent state with α = 0.
From Eq. (A.2) it is clear that a coherent state is a superposition of number states, the distri-

bution of N = 〈â†â〉 being Poissonian with mean value |α|2. In the thesis we repeatedly refer to
the fact that this coherence between states of different N is washed out when considering an inco-
herent mixture of coherent states with a uniform phase distribution. The corresponding density
operator is thus equivalent to a mixture of number states with Poissonian number distribution.
This can be seen explicitly by the following calculation:

ρ̂ =

∫
dθ

2π
|αeiθ〉〈αeiθ|

= e−|α|2
∑

M,N

1

M !N !

∫
dθ

2π
eiθ(N−M)

[
αâ†

]N |vac〉〈vac| [âα∗]
M

= e−|α|2
∑

N

1

(N !)2
[
αâ†

]N |vac〉〈vac| [âα∗]
N

= e−|α|2
∑

N

|α|2N 1

N !
|N〉〈N |.

(A.4)

Coherent states can also be defined in a multi-mode setting. An important consequence of the
“exponential” character of coherent states should then be noticed:

∏

j

exp
(
αj â

†
j − α∗

j âj
)
|vac〉 = exp

(
βb̂† − β∗b̂

)
|vac〉 (A.5)

where b̂ =
∑

j αj âj/β and β =
√∑

j |αj |2. We see that coherent states in all modes can be

simplified via a change of basis to a coherent state in just the mode with annihilation operator b̂
and vacuum in all other modes. Conversely, a coherent state will look as a coherent state even
when split in smaller parts.
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A particular multi-mode case is the coherent states for the field operator, ψ̂,

ψ̂(r)|ψ〉 = ψ(r)|ψ〉. (A.6)

The state |ψ〉 can be constructed analogously to (A.2):

|ψ〉 = exp
(
−1

2
(ψ|ψ)

)
∞∑

n=0

1

n!

[∫

d3r ψ(r)ψ̂†(r)

]n

|vac〉. (A.7)

Notice the (ψ|ψ) =
∫
ψ∗ψ d3r appearing in the normalization: ψ is not a normalized mode function.

Its norm is connected with the mean number of particles. In fact we find

〈ψ|N̂ |ψ〉 =

∫

〈ψ|ψ̂†(r)ψ̂(r)|ψ〉d3r

=

∫

ψ∗(r)ψ†(r) d3r 〈ψ|ψ〉

= (ψ|ψ).

(A.8)



Appendix B

Levinsons theorem for Bogoliubov

scattering

Levinsons theorem [165] connects the number of bound states to the low energy limit of the
phase–shift. It is most often quoted in a 3D, spherically symmetrical setting, where it can be
applied in each partial wave. The theorem can be derived from the analytical properties of the
scattering matrix, but we shall instead use a simple method based on the completeness of the set
of Bogoliubov modes. This approach to Levinsons theorem is due to Jauch [166]. The presentation
here follows the 1D, single-particle derivation given by Sassoli de Bianchi in Ref. [167].

In the U(1) gauge invariant version of the Bogoliubov theory, we have following decomposition
of unity in the two-component, (u, v), space

� = SS−1 =

(
|φ0〉
0

)
(
〈φ0|, 0

)
+

(
0

|φ∗0〉

)
(
0, 〈φ∗0|

)

+
∑

k

[(
|uk〉
|vk〉

)
(
〈uk|,−〈vk|

)
+

(
|v∗k〉
|u∗k〉

)
(
−〈v∗k|, 〈u∗k|

)
]

. (B.1)

In particular, we get a decomposition of one-component unity from the diagonal components.
We now specialize to 1D, and we assume a spatially symmetrical external potential. For

simplicity, we assume the potential to be non-zero only in a finite region around x = 0. Then a
stationary condensate density will also be spatially symmetric and we can split the problem in
even and odd components. If we assume φ0 to be even, we get for the even part of the problem

1

2
[δ(x− x′) + δ(x+ x′)] =

φ0(x)φ
∗
0(x

′) +
∑

j

[
ue,j(x)u

∗
e,j(x

′) − v∗e,j(x)ve,j(x
′)
]

+
1

2π

∫ ∞

0

dk [ue(k, x)u
∗
e(k, x

′) − v∗e (k, x)ve(k, x
′)] , (B.2)

where (ue,j(x), ve,j(x)) belongs to the discrete part of the spectrum and are normalized in the
usual sense,

∫ ∞

−∞

dx
[
u∗e,j(x)ue,j′(x) − ve,j(x)v

∗
e,j′(x)

]
= δjj′ , (B.3)

while (ue(k, x), ve(k, x)) are continuum solutions with

∫ ∞

−∞

dx [u∗e(k, x)ue(k
′, x) − ve(k, x)v

∗
e (k

′, x)] = δ(k − k′). (B.4)
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The continuum solutions have the asymptotic behaviour,

ue(k, x) →
√

2 cos(kx∓ δe(k))
ve(k, x) → 0

for x→ ±∞. (B.5)

The idea is now to compare (B.2) with the corresponding relation for the free solutions,

1

2
[δ(x− x′) + δ(x+ x′)] =

1

2π

∫ ∞

0

dk ψe(k, x)ψ
∗
e (k, x

′), (B.6)

where simply ψe(k, x) =
√

2 cos(kx). Subtracting Eq. (B.6) from Eqs. (B.2), putting x = x′, and
integrating, we get

lim
R→∞

∫ R

−R

dx

∫ ∞

0

dk
[
|ue(k, x)|2 − |ve(k, x)|2 − |ψe(k, x)|2

]
= −2πne, (B.7)

where ne is the number of discrete even states, including the condensate mode, |φ0〉.
To relate the integral expression on the left hand side of Eq. (B.7) to the phase shifts, we need

to move the evaluation to the asymptotic region. By taking the derivative with respect to k of
both the Bogoliubov-de Gennes equations and of the free motion equation, we get

|ue(k, x)|2 − |ve(k, x)|2 − |ψe(k, x)|2 =

+
1

2k

∂

∂x

{
∂u∗e
∂x

∂ue
∂x

− u∗e
∂2ue
∂x∂k

}

(k, x)

+
1

2k

∂

∂x

{
∂v∗e
∂x

∂ve
∂x

− v∗e
∂2ve
∂x∂k

}

(k, x)

− 1

2k

∂

∂x

{
∂ψ∗

e

∂x

∂ψe
∂x

− ψ∗
e

∂2ψe
∂x∂k

}

(k, x)

+We(k, x),

(B.8)

where We(k, x) is a correction due to the nonlocal character of the projection operators needed in
the gauge invariant Bogoliubov approach,

We(k, x) = gN 〈ue(k)|
[
|x〉〈x| , Q|φ0|2Q

]
|∂kue(k)〉

+gN 〈ue(k)|
[
|x〉〈x| , Qφ2

0Q
∗
]
|∂kve(k)〉

+gN 〈ve(k)|
[
|x〉〈x| , Q∗(φ∗0)

2Q
]
|∂kue(k)〉

+gN 〈ve(k)|
[
|x〉〈x| , Q∗|φ0|2Q∗

]
|∂kve(k)〉.

(B.9)

Eq. (B.8) can now be plugged into Eq. (B.7), and the integral over x can be done immediately for
all terms except W. It is, however, not difficult to see that the integral of the commutators in W
will vanish as R → ∞. Also the terms of (B.8) containing only ve will vanish in this limit, so we
only need to consider the ue term and the free solutions. For R in the asymptotic region we can
use Eq. (B.5) to write

1

2k

{[
∂u∗e
∂x

∂ue
∂x

− u∗e
∂2ue
∂x∂k

]x=R

x=−R

−
[
∂ψ∗

e

∂x

∂ψe
∂x

− ψ∗
e

∂2ψe
∂x∂k

]x=R

x=−R

}

=
1

k

{

sin[2kR− 2δe(k)] − sin[2kR] − 2kδ′e(k)

}

= −cos[2kR]

k
sin[2δe(k)] − 2π

sin[2kR]

πk
sin2[δe(k)] − 2δ′e(k).

(B.10)

When this expression is inserted in Eq. (B.7), we should get a finite limit of the integral over k as
R goes to infinity. This requires the first term of Eq. (B.10) to be integrable at k → 0 and thus
sin[2δe(0)] = 0. The second term in Eq. (B.10) approaches a Dirac δ–function and we get

δe(0) − δe(∞) = −πne +
π

2
sin2[δe(0)]. (B.11)
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We define δe(∞) = 0 and except for the case of a k = 0 resonance [167], we get

δe(0) =

(
1

2
− ne

)

π (B.12)

In a completely analogous way, we can find the limit of the phaseshift for odd mode. The result
is (again assuming no k = 0 resonance):

δo(0) = −noπ. (B.13)
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Appendix C

Wick’s theorem

For convenience we give here a brief sketch of the simple version of Wicks theorem (see e.g.
Ref. [138]) that we use.

If we put g = 0 in the Heisenberg equation of motion for the field operator, (5.6), the right hand

side is a linear combination of ψ̂ and ψ̂†. This implies that ψ̂(x, t) can at all times be expressed
as a linear combination of the initial values

ψ̂(x, t) =

∫

dy
{

f(x, y, t)ψ̂(y, 0) + g(x, y, t)ψ̂†(y, 0)
}

. (C.1)

Eq. (C.1), its hermitian conjugate and the fact that our system starts in the vacuum state then
suggest the following scheme for calculation of any operator product at arbitrary t: Use the
commutation relation (2.25) to move all ψ̂(x, 0) to the right of any ψ̂†(y, 0) (normal ordering). Of
all the terms produced in this process only the ones consisting entirely of c-numbers are nonzero
as the vacuum expectation of any normal ordered product of operators vanishes in the vacuum
state. To evaluate the c-number terms we formally need to calculate integrals of products of the
f and g functions of Eq.(C.1). It is, however, not difficult to see that these integrals factorize and
that the factors are exactly the ones involved in calculating expectation values of products of only
two field operators. The end result is that the average of any operator product is replaced by a
sum of all possible factorizations into two-operator expectations

〈ψ̂†(x1)ψ̂
†(x2)ψ̂(x3)ψ̂(x4)〉 = 〈ψ̂†(x1)ψ̂

†(x2)〉〈ψ̂(x3)ψ̂(x4)〉
+ 〈ψ̂†(x1)ψ̂(x3)〉〈ψ̂†(x2)ψ̂(x4)〉
+ 〈ψ̂†(x1)ψ̂(x4)〉〈ψ̂†(x2)ψ̂(x3)〉.

(C.2)
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Appendix D

Synthesis of correlated noise

In order to numerically simulate Eqs. (5.17) and (5.18) we discretize time and space, and we
synthesize noise terms, dW1,2(xn, ti), that obey discretized versions of Eqs. (5.19)–(5.22). It is
well-known how independent (pseudo) random numbers from different distributions can be created.
For example a Gaussian distribution can be created starting from uniformly distributed numbers
via the Box-Müller method, i.e. we know how to produce {dU1,2(xn, ti)} so that

〈dU1,2(xn, ti)〉 = 0 (D.1)

〈dUα(xn, ti)dUβ(xm, tj)〉 = δαβδnmδij . (D.2)

We see that the correlation functions, Eqs. (5.21) and (5.22), contain two terms: one from the
interaction and one from the incoupling. These can be treated separately if we split the noise in
two independent contributions

dW1,2(xn, ti) = dW g
1,2(xn, ti) + dW b

1,2(xn, ti) (D.3)

Due to the contact form of the interaction, the corresponding noise term poses no difficulties; we
simply choose

dW g
1,2(xn, ti) =

√

±igψ(xi)dt

dx
dUg1,2(xn, ti), (D.4)

where dUg1,2 is chosen with the properties expressed by (D.1) and (D.2). The incoupling term is
more involved. The corresponding noise terms are created by multiplication and convolution of
uncorrelated noise, dU b1,2, obeying (D.1) and (D.2) with suitable Gaussian functions:

dW b
1,2(xn, ti) = N exp (±iti∆) exp

(

− x2
n

2σ2
a

)

×

×
∑

n′

dx dU b1,2(xn′ , ti) exp

(

− (xn − xn′)2

2σ2
b

)

(D.5)

It turns out that choosing

σ2
a = 2σ2

cm, σ2
b =

2σ2
cmσ

2
r

4σ2
cm − σ2

r

, N =

√

±idtB
dx

√
πσrσcmσb

(D.6)

is sufficient to fulfill Eq. (5.19) with b given by Eq. (5.5). σr and σb are rather small, and in
practice the sum in Eq. (D.5) only needs to involve a few terms.
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