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Abstra
tOur understanding of the explosive phase of 
ore-
ollapse supernovae is still in
omplete. Theintri
ate intera
tions between hydrodynami
al mass motions, neutrino heating and 
ooling,and possible other e�e
ts are mu
h debated and the obje
ts of mu
h resear
h. This thesislooks 
loser at the role of the neutrino in the explosion.Firstly a novel strong intera
tion between the neutrino and a low mass pseudo-s
alar par-ti
le is investigated. The de
oupling radii of the annihilation pro
ess and the bremsstrahlungpro
ess are 
al
ulated. Subsequently the neutrino energy spe
trum is estimated. With thein
lusion of this new intera
tion the resulting energy spe
trum is di�erent from the energyspe
trum where only 
harged 
urrent and neutral 
urrent intera
tions are in
luded. The dif-feren
es are su�
ient to distinguish the two spe
tra, but the predi
ted spe
trum is still withinbounds imposed from the neutrino observations of SN1987A.Se
ondly, the signature the Standing A

retion Sho
k Instability will leave on the neutrinoemission from a supernova is investigated. This is done by 
al
ulating the neutrino signalexpe
ted in I
eCube from the energy and luminosity results of re
ent 2D simulations of a15 M⊙ progenitor, with and without rotation, and an 11.2 M⊙ supernova model. A Fouriertransform of the signal reveals 
hara
teristi
 frequen
ies. The frequen
y of ∼50 Hz for the
ℓ = 1 dipolar mode is evident in the neutrino signal, when the employed progenitor modelallows the Standing A

retion Sho
k Instability to grow strong.
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Dansk resuméStjerner med store masser ender deres liv som spektakulære fænomener kaldet supernovaer.Vores viden om explosionsfasen i den type der kaldes kerne-kollaps supernovaer er stadigmangelfuld, trods mange års forskning. Det kompli
erede samspil mellem neutrinoer, derfjerner energi fra stjernens indre og delvist afsætter den igen længere ude, de hydrodynamiskebevægelser der foregår, og bidrag fra andre potentielle mekanismer er genstand for megendebat. Denne afhandling omhandler hvad vi kan lære om supernovaer ud fra neutrino obser-vationer.Først undersøges en ny stærk vekselvirkning mellem neutrinoen og en pseudo-s
alar par-tikel med lav masse. Afkoblingsradierne for annihilations-pro
essen og for bremsestrålings-pro
essen beregnes. Ud fra dem estimeres energispektret for neutrinoen. Det resulterendespektrum er tilpas anderledes til at vi kan skelne det fra det spetrum, der opnåes, hvis kun desædvanlige svage vekselvirkninger medtages. Dog er det ikke så anderledes at det er udelukketud fra neutrinoobservationer fra SN1987A.Derpå undersøges den e�ekt som bevægelsen af et stationært tilvækst-
hok vil have påneutrinoer udsendt fra en supernova. Dette gøres ved at beregne det forventede neutrinosignal i I
eCube ud fra energier og luminositeter fra 2D simuleringer af tre supernova modeller.De undersøgte modeller er; en stjerne med en masse på 11.2 M⊙ og en med en masse på15 M⊙, med og uden rotation. De karakteristiske frekvenser i signalet �ndes ved en Fouriertransformation. En frekvens på ∼50 Hz, svarende til den dipolære bevægelse af 
hokket, ertydelig i neutrinosignalet for de stjerner, hvor bevægelsen får et stort udsving.
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Prefa
eWel
ome to my thesis, and thank you for taking an interest in my work. Over the past 4 yearsI have delved into the properties of neutrinos and 
ore-
ollapse supernovae. My work 
an bedivided into 2 rather di�erent topi
s, with the only 
ommon denominator being neutrinos in
ore-
ollapse supernovae.The �rst topi
 I studied was the intera
tion of a new pseudo-s
alar parti
le and whatin�uen
e a strong 
oupling between this �new� parti
le and the neutrino would have. Thisproje
t was inspired by previous investigations fo
used on a regime of weaker intera
tionstrengths. Limitations of this intera
tion arises from the Big Bang epo
h where neutrinos arefree streaming, from 
onstraints on allowed alternative energy losses from supernovae, as wellas from the need to prevent 
urrent day s
attering of neutrinos on a reli
 ba
kground of thispseudo-s
alar. To 
omply with these 
onstraints a small mass was assigned to the pseudo-s
alar. In this work, I parti
ularly 
on
entrated on the e�e
t on observed energy spe
tra ofneutrinos emitted from a 
ore-
ollapse supernova, sin
e e�e
tively this intera
tion provides aba
k-door for neutrino �avor 
hanges.The se
ond topi
, whi
h I started to work on during my stay in at the MPI für Physikin Muni
h, was the observational signatures of a hydrodynami
al instability in 
ore-
ollapsesupernovae. The only way of �seeing� the hydrodynami
al motions that goes on deep insidethe star is through the use of neutrinos. The mass motions leave imprints on the luminosityand energy spe
tra of the emitted neutrinos, making them �u
tuate. Flu
tuations that 
ouldbe observed with the dete
tor I
eCube. The delayed explosion s
enario remains the standardparadigm for the 
ore-
ollapse supernova me
hanism. After 
ore boun
e a sho
k wave formsthat stalls in its outward motion at a typi
al radius of 100�200 km. Matter keeps fallingonto the sho
k front forming a standing a

retion sho
k. Several hundred ms 
an pass beforethe sho
k is re-laun
hed presumably after su�
ient neutrino energy deposition in the regionbehind the sho
k. Two- and three-dimensional hydrodynami
 simulations reveal 
onve
tiveinstabilities that qui
kly develop into large-s
ale 
onve
tive overturns. A strong dipole os
illa-tion of the neutron star against the �
avity� formed by the standing sho
k also develops: thestanding a

retion sho
k instability (SASI)My work 
entered on a detailed analysis of the output of axially symmetri
 hydrodynami
alsimulations whi
h predi
t relatively large amplitude motions of the SASI. I investigated the
orresponding fast time-varying �u
tuations of the neutrino emission. The resulting neutrinosignal in I
eCube, when transformed to frequen
y spa
e would possess large amplitudes up tofrequen
ies of a few hundred Hz. In 
ollaboration with G. Ra�elt, T. Janka and A. Marek, Isought to estimate what information might be extra
ted about the physi
s inside 
ore-
ollapsesupernova and the explosion me
hanism from the observation of these fast time-variations.The 
on
lusion was that if these two-dimensional simulations are roughly representative ofrealisti
 supernovae, the fast �u
tuations of the neutrino signal due to SASI would be easily1



2observable with I
eCube.The stru
ture of this thesis is as follows:Part I in
ludes the ne
essary ba
kground knowledge for the work reported in this thesis.Chapter 1 presents the basi
 understanding of the late stages of stellar evolution a

ordingto the standard paradigm. Chapter 2 brie�y presents the numeri
al simulation that providethe ba
kground for this work, and dis
usses the 
ru
ial role played by the nu
lear equationof state. Essential fa
ts about the I
eCube dete
tor are related at the end of the 
hapter.Chapter 3 introdu
es basi
 issues of neutrino physi
s su
h as mass generation and neutrinoos
illations. Chapter 4 outlines the prin
iples and 
aveats of applied Fourier analysis.Part II and III 
onvey the work I have done, and the results that have been a
hievedduring this thesis work. Chapter 5 details the work on the intera
tion between the neutrinoand a pseudo-s
alar parti
le, plus some introdu
tion to the ne
essary ba
kground theories.Chapters 6, 7, 8 and 9 present some of the preliminary work done to fa
ilitate the analysisoutlined in subsequent 
hapters. Chapter 10 
ontains the work on the dete
tion of neutrinosin I
eCube from a 15 M⊙ star. Chapter 11 
overs the work on the signal from a 11.2 M⊙ starand a rotating 15 M⊙ star.In part IV 
on
lusions and a look into the future 
on
lude this thesis.



Part IOverview� Knowing the past to understand thepresent

3





�Are we human be
ause we look at the stars? Or do we look at thestars be
ause we are human?�� narrator, from the movie �Stardust�
1Stellar life and death

On February 23rd 1987 a spe
ta
ular event happened, see �g. 1.1. A star in the Large Ma-gellani
 Cloud exploded as SN1987A (roughly 50 kp
1 away), and here on Earth we dete
tedneutrinos emitted during this explosion. These roughly 20 neutrino events were dete
ted bythe Irvine-Mi
higan-Brookhaven, the Kamiokande II and Baksan dete
tors (see �g. 1.2). Fromthese few events astrophysi
ists got 
on�rmation of their overall understanding of the explo-sion me
hanism of massive stars. An explosion su
h as this is termed a supernova and marks11 kp
 is 3.085× 1019 m.

Figure 1.1: Left: The area with Sanduleak -69 202 before it exploded. Middle: same areashortly after explosion. Right: SN1987A 18 years after. Figures are from the Anglo-AustralianObservatory (left) and the Hubble Spa
e Teles
ope (right).5



6 CHAPTER 1. STELLAR LIFE AND DEATH

Figure 1.2: Dete
tions of the neutrino events from SN1987A, in the dete
tors at IMB,Kamiokande II and Baksan.the end of a star's life. Today more than 20 years after this monumental event, we are stillworking to understand the details of the 
ore-
ollapse supernova explosion me
hanism. Thework of understanding the supernova me
hanism, however, was started mu
h before the eventof SN1987A, namely already in 1934 when W. Baade and F. Zwi
ky suggested that �[...℄ thephenomenon of a super-nova represents the transition of an ordinary star into a body of 
on-siderably smaller mass� [BZ34℄, e�e
tively proposing the prompt explosion me
hanism. Theart of understanding 
ore-
ollapse supernovae have developed over time and has turned outto be 
losely tied to the understanding of an elusive parti
le � the neutrino. The work onunderstanding the neutrino started when it was �rst proposed in 1930 by W. Pauli to solve themystery of the energy distribution in beta-de
ay. Through the past 80 years we have learnedin
reasingly more about the neutrino, but as we learn more we also dis
over unexpe
ted newsides of the neutrino. One signi�
ant event was the dis
overy of neutrino os
illations in thedete
tion of neutrinos 
oming from the sun, whi
h was seen in the Homestake mine in the late1960's by R. Davis and J. N. Bah
all. This dis
overy of neutrino os
illations between �avorslead to an extension of the Standard Model of parti
le physi
s. In the new model, neutrinoshad to have a mass, to fa
ilitate the �avor 
hange.1.1 Supernova typesThe supernova explosion 1987A in the Large Magellani
 Cloud belongs to a 
lass 
alled the
ore-
ollapse supernovae (

SNe). There exits several di�erent types of supernovae denotedfrom an observational viewpoint with Type Ia, Ib, I
 and Type II, based on the absen
e(Type I) or presen
e (Type II) of hydrogen lines in the opti
al spe
trum. The theoreti
al
lassi�
ation on the other hand is based on the two di�erent explosion me
hanisms. The�rst one, whi
h is asso
iated with the Type Ia, is a thermonu
lear supernova, where a 
arbon-oxygen white dwarf a

retes a su�
ient amount of matter from its binary 
ompanion to push itto the Chandrasekhar limit of 1.4M⊙
2. The star 
ollapses and a runaway fusion rea
tion follows2One solar mass is 1M⊙ = 1.989 × 10

33 g.
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Figure 1.3: Stellar evolution phases for a 15 M⊙ star. From [WJ05℄.releasing enough energy to unbind the star and blow it apart in a supernova explosion. These
ond 
lass, 
overing Type Ib,
 and Type II, is 
olle
tively 
alled 
ore-
ollapse supernovae.Here a star undergoes a gravitational 
ollapse on
e the fuel in its 
ore has been exhausted. Inthis thesis I will fo
us on the 
ore-
ollapse type.1.2 Stellar lifeStars 
ome in a variety of masses ranging from M ∼ 0.1M⊙ to M ∼ 100�150M⊙. Only themore massive ones, M & 8M⊙, end their lives as 
ore-
ollapse supernovae resulting in eithera neutron star or a bla
k hole (M & 20M⊙) depending on their mass. It is believed thatstars more massive than ∼ 50M⊙ end their lives in a dire
t bla
k hole formation without apre
eding supernova phase. Not one single me
hanism is believed to be the 
ause of the �nalexplosion in the still vast range of masses for 
ore-
ollapse supernovae.As a star ages, it progresses from the initial hydrogen burning and on to burning in
reas-ingly heavier elements. When it runs out of a given fuel it 
ontra
ts. Ea
h 
ontra
tion leadsto an in
rease in temperature and the burning of a new fuel 
an 
ommen
e. The onset ofa new burning state halts (temporarily) the slow gravitational 
ollapse, and stable burningpro
eeds for a time until this fuel has been used up and the pro
ess repeats itself. A tableshowing the duration of the di�erent burning phases 
an be seen in �g. 1.3. The repeatedsequen
e 
ontinues su

essively through the 
hain of H, He, C, Ne, O until it rea
hes burningof sili
ium. Above sili
ium it will no longer be possible to generate energy by assemblinglighter nu
lei into heavier ones. Only �ssion pro
esses will produ
e energy for nu
lei heavierthan iron. How far in this fusion 
hain a star rea
hes depends on its mass. At the end of theburning sequen
e, the star will have an onion layer stru
ture with shells burning di�erent fuelsthroughout the star, see �g. 1.4. The innermost shell, burning sili
ium, will 
ontinue to dumpthe fusion produ
ts, iron-group nu
lei su
h as Fe, Mg and Ni, onto the so-
alled iron 
ore,until the 
ore rea
hes the Chandrasekhar mass of 1.4M⊙. When this happens the ele
trondegenera
y pressure (due to the Pauli ex
lusion prin
iple of fermions) 
an no-longer sustainthe 
ore against its own inward gravitational pull, and the 
ore be
omes unstable. A 
hangein the adiabati
 index, γ = (∂ ln P/∂ ln ρ)s, will 
hange the relationship between the pressure,P, and the density, ρ. As γ falls below 1.2 the star be
omes unstable, and starts to 
ollapse.
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Figure 1.4: Shell burning stru
ture of massive star.Throughout the evolution of the star, energy is lost with es
aping neutrinos. The neutrinoluminosity in
reases from ∼ 0.03% of the total luminosity in the helium burning phase toa million times the opti
al luminosity in the sili
ium burning stage [FY03℄. Thus in thelater stages of the stellar evolution by far the largest energy losses are due to neutrinos. Amajority of the neutrinos are 
reated when degenerate ele
trons meet with free positrons andpair annihilate. The neutrinos es
ape the star removing energy, but also thereby e�e
tivelyredu
ing the ele
tron degenera
y pressure [WJ05, FY03℄.A rough divide at 11M⊙, groups the stars into two natural 
ategories: Stars below this limitend with a 
ore 
onsisting primarily of oxygen, neon and magnesium (O-Ne-Mg 
ores), anddue to their less massive envelopes, and thereby steeper density gradients, they 
an explode bythe help of a neutrino driven wind. The low explosion energy of the Crab supernova (depi
tedon the front page) is 
onsistent with a O-Ne-Mg supernova. The more massive stars, that
ontinue the burning of elements until they have an iron 
ore, have to be exploded by adi�erent me
hanism.1.3 Collapse and explosion sequen
eThe evolution of stars 
an be found in many introdu
tory astrophysi
s books,3 and for a morespe
i�
 treatment of the energy losses due to neutrinos at late times, the reader is referred to[FY03℄. Below we will follow the development of the star from its initial instability to the 
asto� of the outer layers and the 
ore 
ooling into a neutron star4.1.3.1 InfallOn
e the 
ollapse has been initiated ele
tron 
apture (EC), β-de
ay and photo-disintegrationof iron group elements 
ontribute to in
reasing energy losses. Photo-disintegration of iron3�Introdu
tion to Modern Astrophysi
s� by Carroll and Ostlie [CO96℄ 
an be re
ommended.4This se
tion and the following ones are based on [JLM+07, FY03, Raf96℄.
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eeds as
γ + 56Fe → 13 4He + 4n − 124, 4MeV ,where more energy 
an be lost by splitting the produ
ed helium nu
lei into nu
leons

4He → 2p + 2n − 28, 3MeV .The resulting proliferation of free protons enables 
apturing of more ele
trons sin
e the 
rossse
tion for EC on protons
e− + p → n + νe (1.1)is mu
h larger than the 
ross se
tion for EC on nu
lei. This leads to a redu
tion of the numberof ele
trons per nu
leon (Ye) and thus redu
es the ele
tron pressure. The many neutrinosprodu
ed through EC remove more energy from the star [FY03, Raf96℄, and the 
ombinationof all the above pro
esses leads to the a

eleration of the 
ollapse.The di�erent stages in the progressing explosion, from the initialization of the 
ollapse tothe neutrino-driven 
ooling of the proto-neutron star (PNS) 
an be seen in �g. 1.5. Pi
turea) shows the situation immediately after the infall has begun, and we see that neutrinos leavethe iron 
ore unimpeded.1.3.2 Neutrino 
aptureWhen the density in the stellar interior rea
h ρ = 1012 g/cm3, at roughly r .100 km, neutrinosget trapped, �g. 1.5b. Their di�usion times
ale tdif is now longer than the dynami
al 
ollapsetimes
ale, tdyn. The di�usion times
ale depends primarily on the 
oherent s
attering on heavynu
lei [JLM+07, Raf96℄. One 
an make the following �ba
k of the envelope� 
al
ulation togain some feeling for the times
ales. The di�usion times
ale is given by

tdif ∼
R2

λc
(1.2)where R is the radius of the inner 
ore (R ∼20 km), and the mean free path λ is given by

λ−1 = n σ (1.3)The number density of nu
lei is n ≃ 1.8 × 1038cm−3 and the rea
tion 
ross se
tion σ 
an beapproximated by the 
ross se
tion for neutral 
urrent intera
tions with nu
leons:
σNν ∼ 1.7 × 10−42 cm2

(
Eν

10MeV

)2 (1.4)This leads to a di�usion times
ale of about
tdif ∼ 1 s for 30 MeV neutrinos,and should be 
ompared with a dynami
al times
ale for ρ = 1012 g/cm3 of [FY03℄;

tcollapse ∼ 25

(
ρ

1011 g/cm3

)−0.7

ms ∼ 5ms
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Figure 1.5: Evolutionary phases. The upper part of ea
h �gure shows the hydro-dynami
al
onditions, arrows indi
ating velo
ity ve
tors. Lower parts show nu
lear and parti
le states,along with strong and weak nu
lear intera
tion pro
esses. Horizontal axis designates themass; MCh is the Chandrasekhar mass and Mhc the mass of the homologous 
ore. Verti
alaxis signi�es radii; RFe radius of the iron 
ore, Rs sho
k radius, Rg gain radius, RNS neutronstar radius and Rν neutrino sphere radius. Rg is de�ned to be the point where the neutrinoheating and 
ooling are equal in size. Pi
ture a) is in the top left 
orner, b) top right and soforth. The �gure is from [JLM+07℄.



1.3. COLLAPSE AND EXPLOSION SEQUENCE 11The two times
ales thus di�er by 3 orders of magnitude, and the infall happens a lot faster thanneutrinos 
an di�use out. Neutrinos therefore will remain trapped in the inner 
ore duringthe progressing 
ollapse. After the neutrinos have been trapped, the inner 
ore 
ollapseshomologously5. The result is that the infall velo
ity is proportional to the radius: v ∝ r,and in this 
ase v/r ∈ [400; 700] s−1 [Raf96℄. The de
oupling of the inner 
ore from theouter 
ore happens at the radius where the infall velo
ity equals the sound speed: v ∼ vsound.This de
oupling point is 
alled �the soni
 point�. The outer part of the 
ore now 
ollapsessupersoni
ally while in the inner 
ore the 
ollapse velo
ity remains subsoni
. Information ofthe 
ollapse 
an only travel with the speed of sound whi
h means that the outer layers of thestar end up ��oating� above the 
ollapsing 
ore.1.3.3 Boun
e and prompt explosionAs the density in the inner 
ore rea
hes and surpasses nu
lear densities, ρ > ρnucl = 1014 g/cm3,the strong nu
lear for
e be
omes repulsive. The inner 
ore �sti�ens� and when the infallingmaterial of the outer 
ore hits the hard inner 
ore it boun
es ba
k [ABKW89, Raf96℄. This
reates a pressure wave that moves into the outer parts of the 
ore, see �g. 1.5
. Previously itwas thought that the pressure wave would pro
eed all the way out through the star eventually�blowing� o� the outer layers of the star. This �prompt explosion s
enario� is no longer
onsidered plausible. The energy 
ontained in the sho
k wave is simply not enough to blowthe outer parts o� when the sho
k wave rea
hes the surfa
e of the star. The energy is lostas the sho
k wave moves out through the star, with a major part of the energy going intodisso
iating nu
lei to nu
leons.1.3.4 Neutrino break-outOn its way out through the star the sho
k wave en
ounters the neutrino sphere. The neutrinosphere is the demar
ation of where the neutrinos are trapped: Here they stop moving bydi�usion and instead stream freely. As the sho
k wave passes through the neutrino sphere,the disso
iation of nu
lei makes it a lot easier for neutrinos to es
ape sin
e they are no longertrapped by 
oherent s
attering on nu
lei. Furthermore the disso
iation of nu
lei produ
emany more protons for EC (eq. 1.1). The in
reased number of ele
tron 
aptures 
reates a vastamount of ele
tron neutrinos. These νe's leave the star bringing along the energy they havere
eived. The sudden release of ele
tron neutrinos is 
alled �the neutrino burst�. This burstresults in a large energy loss from the sho
k wave. Due to the various energy losses the sho
kwave stops just outside the neutrino sphere and turns into an a

retion sho
k, as material
ontinues to fall onto it, �g. 1.5d.1.3.5 Delayed explosionInside the radius where the sho
k originated, the beginning of a neutron star is appearing.Inside this proto-neutron star (PNS) neutrinos are still trapped sin
e λmfp < RNS , but theydi�use out to the neutrino sphere in se
onds, as we saw earlier. Through the di�usion the de-generate energy distribution of the neutrinos 
hange to a thermal distribution due to 
ollisionswith nu
lei.5A homologous 
ollapse means a 
hange in radius 
an happen without a 
hange in total energy, but itrequires γ = 4/3 [CW66℄
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tron neutrinos es
aping from the ν-sphere 
an deposit part of their energythrough the 
harged-
urrent (CC) intera
tions
ν̄e + p → n + e+ (1.5)
νe + n → p + e− (1.6)in the area between the neutrino sphere and the sho
k front thus reviving the sho
k. The re-vival of the sho
k depends 
ru
ially on the balan
e between the neutrino-
ooling and -warmingin the area below the sho
k front. The radius where the neutrino heating equals the neutrino
ooling is 
alled the gain radius, Rg, see �g. 1.5e. The heating through the deposition of theneutrino energy makes the stellar material expand and a so-
alled �hot bubble� is 
reated,�g. 1.5 e). In the hot bubble the density is relatively low while the temperature is high:

ρ ∼ 106 − 108 g/cm3 and T ∼ 1 MeV, 
orresponding to ∼ 1010 K. For su�
ient heating too

ur, the ele
tron neutrinos and anti-neutrinos have to deposit between 10 and 20% of theirenergy in the hot bubble area. If the heating is su�
ient, then 
ontrary to the 20 ms for theprompt explosion this explosion sequen
e takes ∼10 s, and has very appropriately re
eived thename �delayed explosion� [ABKW89, Raf96℄.1.3.6 Non-explosionIn 
urrent numeri
al supernova models it appears that the neutrino heating mentioned above,is not enough on its own to make all model stars explode. Only stars of mass M ∼ 8 − 10M⊙explode. In
luding 
onve
tion in the hot bubble pushes the limit for explosion up toM ∼ 11M⊙.Explosion of even higher mass stars are not 
onsistent, not even with a suggested sho
k in-stability [JLM+07, FY03℄. The understanding of the explosion me
hanism is thus 
learly not
omplete.1.4 Reviving the sho
kThe revival of the outward movement of the sho
k wave is among the most debated topi
s,and holds a great deal of attention in 
urrent supernova theory. One might dare say it is themost important issue 
urrently in 

SN theory. The idea of neutrino heating to restart thesho
k, des
ribed above, has turned out not to be su�
iently e�e
tive on its own, and severalnew me
hanisms, as well as extensions to the neutrino heating s
enario, have been proposed torevive the sho
k movement. Some of them work on short times
ales, others take longer timesbefore they grow powerful enough to make the star explode. Here we will list brie�y the mostpromising of the di�erent proposed solutions, before we turn our attention to a more detailedpresentation of the me
hanism that serves as the ba
kground for the signatures studied in thisthesis.1.4.1 Alternate explosion me
hanismsThe prompt explosion me
hanism (working on short time s
ales) where the initial sho
k wavemoves all the way out through the outer layers resulting in the �nally observed explosion has,as mentioned above, lost its 
redibility and we will therefore not dis
uss it further.



1.4. REVIVING THE SHOCK 131.4.1.1 Hydrodynami
 e�e
tsThe neutrino heating me
hanism mentioned in se
tion 1.3.5 has been shown in
apable ofinstigating explosions by its own a

ord in 2-dimensional simulations, ex
ept for the verylightest stars of ∼ 8M⊙ be
ause of the steep density gradient in their outer layers. Thishas fortunately not been the end of the rather promising neutrino me
hanism, that 
ontainsa potentially large amount of energy, as re
ent simulations suggest it 
an be enhan
ed bynon-radial hydrodynami
 instabilities in the hot bubble area [Mar07, MJ09℄.However, Nordhaus et al. [NBAB10℄ imply that the in
lusion of hydrodynami
al instabil-ities is unne
essary, and ventures that when simulations go to 3D instead of 2D the neutrinoheating may be strong enough to explode the star without the added help of hydrodynami
instabilities. They �nd in going from 1D to 2D simulations for a 15M⊙ model a redu
tion of
∼ 30 % of the 
riti
al neutrino luminosity ne
essary for explosion, and in going from 2D to3D a further redu
tion of ∼ 15 − 25 % was found. They therefore 
on
lude that with theirsimpli�ed treatment of neutrino transport simply going to three dimensions may enable theneutrino me
hanism to work alone.The hydrodynami
al instabilities proposed to aid the neutrino me
hanism 
an be large
onve
tive overturns in the hot bubble area or an instability of the a

retion sho
k radius (theStanding A

retion Sho
k Instability (SASI), see se
tion 1.5), or a 
ombination of both. Thee�e
t of these hydrodynami
al instabilities is that infalling matter will spend longer time inthe heating layer between the gain radius and the sho
k front, thereby exposing it for longer tothe neutrino heating and thus enabling a stronger energy transfer. For stars more massive than
∼ 11M⊙ the addition of these large s
ale hydrodynami
al instabilities seem to be a 
ru
ialfor a neutrino driven explosion. And the 
ombination of neutrino heating and hydrodynami
sseems to give positive explosion results for stars of mass up to ∼ 15M⊙. For yet higher massstars the e�e
tiveness of this me
hanism is still indetermined.1.4.1.2 Magneto-rotational modelsFor a rotating star it has re
ently been proposed that a 
ombination of rotation and magneti
e�e
ts may a�e
t, and help, in the explosion phase of a 

SN [ODMA09℄. Any initial rotationwill be ampli�ed during 
ollapse and di�erential rotation will emerge. If the initial rotation issu�
iently fast it 
an help the explosion, sin
e the rotational energy 
an be tapped (relativelymore easily than the neutrino energy 
an be utilized) through vis
osity of the stellar matteror through magneti
 �elds, and be transferred into thermal explosion energy. Furthermoremagneti
 �elds 
an e�e
tively transfer angular momentum, whi
h may alter the stru
tureand rotation of the PNS. A few 
onditions need to be ful�lled for the magneto-rotationalinstability to have a potential role in 

SNs: the initial rotation of the progenitor has tobe fast (P ∼ 2�3 s [BDL+07℄), the initial magneti
 �eld has to be strong (B & 1012 G), and,whi
h is the 
ase in most 

SN, the rotational pro�le has to have a negative radial gradient[ODMA09℄. If these 
onditions are ful�lled, Obergaulinger et al. see a 
hange in the 
ollapsedynami
s and bipolar out�ows from the PNS, however the e�e
t on the explosion is stillnot 
ompletely determined. The resulting neutron stars will have very large magneti
 �elds,
B ∼ 1015 G and 
an rotate very rapidly (P ∼ 1ms).
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itationsAn explosion me
hanism that works on rather long time s
ales is the g-mode os
illations ofthe nas
ent neutron star. As a

reted matter �ows in and hits the PNS, 
ore g-mode os
illa-tions with large amplitudes are ex
ited [BLD+06, BLD+07℄. The �ringing� of the neutron starthen set up a
ousti
 (pressure) waves that travel outwards and steepens into sho
ks, therebye�
iently depositing their a
ousti
 energy, and some of their momentum, in the outer 
ore re-gions, eventually setting o� the explosion of the supernova. Infalling matter will 
ontinuouslypound the NS star, whi
h in turn 
ontinues to produ
e a
ousti
 power. The energy transfor-mation from gravitational energy, to a
ousti
 energy, to thermal sho
k energy 
an therefore
ontinue until an explosion sets in, whi
h 
an take up to a se
ond or even longer.In their simulations Burrows et al. see an adve
tive-a
ousti
 os
illation below the stagnatedsho
k, but the os
illations saturate without generating enough power to instigate the explo-sion. Also the SASI is observed, but again with insu�
ient power to result in an explosion.The emitted a
ousti
 power from the unstable gravity modes of the NS will however havean a-spheri
al angular distribution [BLD+06℄, mat
hing well with the observed anisotropi
explosions.1.5 Standing A

retion Sho
k Instability � SASIWhen the sho
k front is halted, as explained in se
tion 1.3.3, the 
ontinually infalling mattera

retes onto the stationary sho
k front 
reating what is 
alled a �standing a

retion sho
k�(SAS) [BM06℄. In the theory of the Standing A

retion Sho
k Instability (SASI)6 an instabilityarises in the hot bubble below the sho
k. Between the gain radius and the sho
k front thermal
onve
tion will develop due to the negative entropy gradient in the area. How exa
tly theinstability of the standing a

retion sho
k gets generated and powered is a matter of somedebate. Currently the favored models are the �purely a
ousti
 
y
le� [BMD, BM06℄ or the�adve
tive-a
ousti
 
y
le� [FGSJ07, SJFK07℄, both me
hanisms having their strong advo
ates.From a numeri
al simulation view point it is, however, di�
ult to make an exa
t dis
riminationbetween the two driving e�e
ts [Mar07℄.1.5.1 A
ousti
 
y
leThe �a
ousti
 
y
le� advo
ated by Blondin et al. [BMD, BM06℄ is based on pressure wavesrising up from the surfa
e of the neutron star. The pressure, or a
ousti
, waves will be generatefrom infalling matter hitting the surfa
e of the neutron star and the rising a
ousti
 waves willthen perturb the sho
k front. On
e the pressure wave has hit the sho
k front it will bere�e
ted and move towards the other side of the 
avity 
omprised by the area between thesho
k front and the PNS. On the other side the a
ousti
 wave will perturb the sho
k fronthere and on
e more be re�e
ted, see �g. 1.6. The result is a growing standing pressure wave.As the sho
k front is perturbed outwards the ram pressure from the infalling material willbe slightly smaller, this in turn means that the pressure just below the sho
k front will besmaller, but further in the post-sho
k pressure will be higher than it would have been for anunperturbed sho
k front. The in
rease in pressure deeper in then, in turn, leads to further6Usually SASI is used as an abbreviation for Standing A

retion Sho
k Instability, but in the paper ofBlondin & Mezza
appa [BM06℄ the abbreviation is for Spheri
al A

retion Sho
k Instability.
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Figure 1.6: Example of round-trip path (dashed line) for an a
ousti
 wave. The outer 
ir
leis the sho
k front, the inner 
ir
le the surfa
e of the PNS [BM06℄.

Figure 1.7: The instability of the spheri
al standing a

retion sho
k shown through the
hanges in entropy (red is higher entropy, blue is lower entropy than the equilibrium value).A steady a

retion would have 
onstant entropy in the post-sho
k region [BMD℄.



16 CHAPTER 1. STELLAR LIFE AND DEATHpressure perturbations that presses the sho
k further out, 
reating a positive feedba
k 
y
le[BM06℄. The perturbed sho
k front will 
ause the infalling matter to hit it at an oblique angle,whi
h results in the sho
k de�e
ting the radially infalling matter, 
reating highly non radial�ows behind the sho
k front. The �nal result of it all is a dipolar-like os
illation of the sho
kfront, as shown in �g. 1.7, although power is also observed in the quadrupolar mode.In Blondin & Mezza
appa [BM06℄ they 
on
lude that the frequen
ies of the a
ousti
 modes,i.e. the time s
ales it takes for pressure waves to traverse the post-sho
k 
avity, 
orrespondswell with the frequen
ies of the SASI modes. They furthermore point out that the adve
tive-a
ousti
 
y
le work on too long times
ales to be 
omparable to the SASI frequen
ies.1.5.2 Adve
tive-a
ousti
 
y
leTurning now our attention to the �adve
tive-a
ousti
 
y
le�. T. Foglizzo [Fog08℄ �nds thepurely a
ousti
 
y
le advo
ate by Blondin et al. to be stable in his �ow model, and instead he�nds the instability me
hanism to be ampli�ed by the adve
tive-a
ousti
 
y
le. The adve
tive-a
ousti
 
y
le is based on an assumption that the pressure waves rising from the PNS surfa
eperturbs the sho
k front (as in the a
ousti
 model) but as a result vorti
ity perturbationsare generated. These vorti
ity perturbations are, together with entropy �u
tuations, thenadve
ted down below the gain radius to the region where infalling matter is de
elerated and
ompressed, where they 
ouple to the rising a
ousti
 waves enhan
ing them and thereby es-tablishing an amplifying feedba
k 
y
le [SJFK07, Fog08℄. As with the purely a
ousti
 model,on
e the sho
k front is perturbed the infalling matter hits the sho
k front at an oblique angle,and gets diverted from its radial path, giving transverse velo
ities that in this 
ase enhan
ethe vorti
ity perturbations. The longest times
ale in this model is the adve
tion times
ale,and the 
ombined time for adve
tion plus a
ousti
 travel is what is supposed to mat
h theSASI frequen
ies. This 
orresponden
e is found in S
he
k et al. [SJFK07℄, and they thereforedismiss the purely a
ousti
 model as being responsible for the SASI.In numeri
al models the SASI is usually initiated either by putting asymmetri
al overdenserings (density enhan
ed by 20% [BMD℄) in the infalling material or by randomly generatedvelo
ity or density �u
tuations of the order ∼ 1%. [BMD, BM06, Mar07℄.1.5.3 Parameterization with spheri
al harmoni
sIn order to better des
ribe and parameterize the sho
k instabilities, not least get a bettervisualization of them, it is 
ommon to expand the sho
k radius rs(θ, t) in terms of spheri
alharmoni
s Yl,m(θ, φ) [Mar07℄
rs(θ, t) =

∞∑

l=0

al,0(t)Yl,0(θ) (1.7)Here the dependen
e of the azimuthal angle φ in Yl,m(θ, φ) has been removed in the axiallysymmetri
 2D models (m = 0). This parameterization leads to 
ommonly talking of ℓ = 1 or
2 modes in 
onne
tion with the SASI, where the di�erent modes 
orresponds to given motionsof the sho
k front: The ℓ = 0 mode is the average radius of the sho
k front, i.e. purely radialmotions. It is in most 
ases found to be relatively stable between the time of sho
k stagnationand the explosion taking o�. The dipolar ℓ = 1 mode is the up-down �sloshing� mode, and the
ℓ = 2 mode is the quadrupolar �butter�y-like� mode. Another way of des
ribing the ℓ = 2 mode
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Figure 1.8: Examples of SASI modes, from [MJ09℄. The fat solid white line represents thesho
k radius, and the dark 
ir
les at the 
enter are the neutron stars. Colours represententropy. Left: ℓ = 1 dipolar �sloshing� mode (non rotating 11.2 M⊙ model). Right: ℓ = 2quadrupolar �butter�y-like� mode (rotating 15 M⊙ model).is using the image of a pear; the sho
k 
hanges between having the �bulky� end towards onepolar dire
tion and then inverting the shape having the �bulky� end in the opposite dire
tion.These two last modes appear to grow into the non linear regime before the explosion. We show2 representative snapshots of the dipolar ℓ = 1 and the quadrupolar ℓ = 2 os
illation modesin �g. 1.8. Apart from showing some of the SASI modes, �g. 1.8 also gives ni
e impressionsof some of the general features that develop in full simulations, in
luding neutrino heating,nu
lear burning and 
onve
tion. We see a 
lear feature being the a

retion funnels along theequator, that leads the matter inwards before it is being for
ed outward again along the polardire
tion by the SASI.Naturally the turbulent motions between the surfa
e of the forming neutron star and thesho
k front will have a profound impa
t on the emission of neutrinos from the neutrino spherelo
ated below the PNS surfa
e. In the following se
tion we will therefore look 
loser at theproperties of the neutrino sphere and the emitted neutrino spe
tra.
1.6 Neutrino spheresThe neutrino sphere mentioned in previous se
tions should not be interpreted as one thinspheri
al shell. It is a
tually several di�erent areas of the star - several neutrino spheres.Owing to the di�erent intera
tions neutrinos parti
ipate in there will be di�erent neutrinospheres 
orresponding to the di�erent �avors. Additionally, ea
h of the neutrino spheres willbe extended be
ause the intera
tion 
ross se
tions depend on the neutrino energy squared,
.f. se
tion 1.3.2. For neutrinos of the same �avor those with low energy will 
onsequentlyde
ouple before those of high energy, and the radius of their neutrino sphere will be smaller.
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Figure 1.9: De�nitions of the neutrino spheres with the relevant intera
tions: at the top theele
tron �avor and below the µ and τ �avors. The �gure is from [Raf07℄.1.6.1 Rea
tionsOne de�nes the di�erent neutrino spheres with basis in the intera
tions the di�erent neutrinospe
ies parti
ipate in. All neutrino �avors have neutral-
urrent (NC) intera
tions;
• nu
leon bremsstrahlung: N + N ↔ N + N + ν + ν̄

• pair-produ
tion: e− + e+ ↔ ν + ν̄ or νe + ν̄e ↔ νµ + ν̄µ

• s
attering: ν + e ↔ ν + e or ν + N ↔ ν + NIn addition to the NC-pro
esses νe and ν̄e also parti
ipate in the CC-pro
esses given in eq. 1.5and 1.6. Sin
e CC-intera
tions are about 4 times stronger than NC-intera
tions, this meanswe only need to 
onsider CC-pro
esses for νe and ν̄e and 
an ignore their NC-pro
esses. TheCC-pro
esses will keep νe and ν̄e in thermal equilibrium with the medium out to a larger radiusthan the NC-pro
esses for the non-ele
tron �avor neutrinos. Therefore it is su�
ient to de�neone neutrino sphere for νe, and one for ν̄e. These two will not 
oin
ide sin
e in the beginningthere are more neutrons than protons, and νe thus remain in equilibrium longer than ν̄e. TheCC-rea
tions for ντ and νµ, 
orresponding to eq. 1.5 and 1.6, does not take pla
e be
ause the
orresponding leptons are heavier than e, and the neutrino energies available are too small(Eν ≃ 10�30MeV). Sin
e non-ele
tron �avor neutrinos only have NC-intera
tions and thusbehave very similarly, we will in the remainder of this thesis let νx designate νµ, ντ , ν̄µ and ν̄τjointly.The pro
esses of nu
leon bremsstrahlung and pair-produ
tion 
hanges the number of νx'sand their energy distribution, whi
h is why the de
oupling radius of these pro
esses are takento de�ne the �energy-sphere� of the νx's, see �g. 1.9. After these pro
esses have de
oupled the
νx's are not free, however, to leave the supernovae yet. The neutrinos (and anti-neutrinos)still have a relatively large 
ross se
tion for s
attering on nu
leons. Therefore, a transport
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Figure 1.10: Left: Di�erential parti
le �uxes. Right: Normalized �ux spe
tra of neutrinos.The �gure is from [KRJ03℄.sphere is de�ned (very similar to a s
attering atmosphere for photons). The neutrinos di�usethrough the transport sphere and are �nally free to stream through the rest of the star. Thedi�usion through the transport sphere happens through s
atterings whi
h are often assumed tobe iso-energeti
, i.e. without energy transfer. The resulting energy spe
trum for the νx's, on
ethey start streaming from the transport sphere, will therefore resemble a thermal spe
trum.However, due to the energy dependen
e of the di�erent 
ross se
tions, the spe
trum will be�pin
hed� 
ompared to a normal thermal spe
trum: there will be fewer neutrinos with high aswell as low energy [KRJ03, Raf01℄.1.7 Model Spe
traThe modelling of neutrino energy spe
tra 
an be done using Monte Carlo simulations. Thevarious rea
tions one 
hooses to in
lude in the numeri
al models naturally 
hange the resultantspe
tra. In their paper [KRJ03℄ M. Keil et al. show the results of a number of simulationswhere di�erent intera
tion pro
esses have been in
luded alternately. In �g. 1.10 one 
an seefour 
urves displaying the e�e
t of di�erent rea
tions. From the pi
ture on the left we seethat if one in
ludes bremsstrahlung (b) and νeν̄e-annihilation (n), as well as s
attering onele
trons (s) and e+e− annihilation (p), then the number of neutrinos in
rease as expe
ted. Ifalso nu
leon re
oil (r) is in
luded, i.e. allowing energy transfer in the νN -s
atterings, then thespe
trum be
omes even more pin
hed than the �original� spe
trum. In the pi
ture on the rightwhere the 
urves have been normalized to the same parti
le �ux this �pin
hing� e�e
t is morepronoun
ed. The spe
tra in �g. 1.10 are time integrated spe
tra where we see the number�ux as a fun
tion of the neutrino energy. Another way to display the results of numeri
al
al
ulations is a time dependent �ux spe
trum: here the energy of the neutrinos is plotted asa fun
tion of time.1.7.1 Energy hierar
hyAn example of a spe
trum that is not time integrated is the result from the Livermore resear
hgroup [TKDW98℄ in �g. 1.11. The lower part of the �gure displays how the average energy ofthe di�erent neutrino �avors develops during the explosion. We see that apparently there isan overall hierar
hy of the energies: 〈Eνe

〉
<
〈
Eν̄e

〉
<
〈
Eνx

〉, apart from the average energy
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Figure 1.11: Time development of the luminosity and average energy of the neutrinos. Thea

retion phase lasts about 0,5 s while the 
ooling phase extends from 0,5 s to 10 s after theexplosion. The neutrino burst is easily identi�ed as the peak in νe. (In our terminology νx is
νµ.) The �gure is from [TKDW98℄.of νe being relatively high during the neutrino burst. The energy hierar
hy is a 
onsistent
hara
teristi
 in numeri
al models of the ν-spe
tra. Previously we have tou
hed upon thereason for this hierar
hy; namely that νx's only have NC-intera
tions that has lower 
rossse
tions than the CC-intera
tions. Hen
e these neutrinos de
ouple earlier, i.e. at smaller radiiwhere the temperature is higher. The higher average energy of ν̄e 
ompared to νe is due tothe fa
t that in the beginning there are more neutrons than protons. The 
apture of ν̄e on
p therefore de
ouples before the 
apture of νe on n. Naturally the average energies variesdepending on the exa
t numeri
al model, but most of the simulations give energies in thefollowing ranges ([FY03℄):

〈
Eνe

〉
∼ 10 − 15MeV

〈
Eν̄e

〉
∼ 12 − 18MeV

〈
Eνµ

〉
∼ 20 − 25MeVIn the upper part of �g. 1.11 we see the neutrino luminosity. As is apparent, the luminosityof the di�erent �avors is roughly the same, although νe has an extra 
ontribution from theneutrino break-out. The neutrino burst is roughly 25 ms after the explosion, and an energy of

E ∼ 1051 erg = 1Bethe [B] is released. The total liberated gravitational energy in a 

SN isof the order of a few hundred Bethe (Egrav ∼ 3 × 1053 erg), and less than 1% per
ent of thisgoes into the kineti
 energy of the rapidly out-�owing matter (Ekin ∼ 1�2× 1051 erg [WJ05℄).The vast majority of the gravitational energy is released as neutrinos.



1.8. NEUTRINO OSCILLATIONS 21The opti
al emission, despite being less than one per
ent of the totally released energy, hasa peak luminosity of L ∼ 3�5×1051 erg/s (the luminosity of the Sun is L⊙ = 3.8×1033 erg/s).A supernova at its brightest will therefore quite often outshine its host galaxy.1.8 Neutrino os
illationsOne may think that on
e the neutrinos have been released from the neutrino sphere then wewould observe them with the energy spe
trum they have at the neutrino sphere. This is not the
ase. The reason is that neutrinos 
an undergo os
illations due to the fa
t that their mass and�avor eigenstates are di�erent [DS00℄. As they propagate through the outer layers of the starand if they pass through the Earth before we observe them these os
illations will be enhan
ed[DKR03b℄. The physi
s involved in neutrino os
illations will be dis
ussed in se
tion 3.4.
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�A 
omputer will do what you tell it to do, but that may be mu
hdi�erent from what you had in mind� � Joseph Weizenbaum
2Numeri
al simulations and the I
eCube dete
tor

Aspe
ts of a star's life and death was given in the previous 
hapter. The theoreti
al 
onsensuson supernova explosions was presented, and there was alluded to a very important tool used inour e�orts to understand these violent star deaths; the numeri
al simulations. This 
hapter willsummarize brie�y the numeri
al supernova 
ode we employed, and emphasize the importan
eof the 
hoi
e of nu
lear equation of state. Finally, I
eCube, our dete
tor of 
hoi
e for observingthe neutrino signals with imprints of the SASI, will be introdu
ed.2.1 Numeri
al simulations of supernova modelsSeveral di�erent approa
hes are used in the numeri
al simulations of SN explosions. In theearly stages only 1-dimensional (1D) spheri
ally symmetri
 models were available, but later2-dimensional (2D) axisymmetri
 models have been added, and re
ently even 3-dimensionalmodels have appeared. We mention a few representative 
odes and refer the interested readerto the 
orresponding papers and the referen
es therein. An example of a 1D 
ode is theAgile-Bolztran 
ode employed by the Basel group [FWM+09℄, for 2D 
odes we 
an mentionthe Prometheus-vertex 
ode used by the Gar
hing group [MJM08℄ or the Vul
an/2Dby Burrows and 
ollaborators [BLD+07℄, and for 3D 
odes 
astro by Nordhaus, Burrows,Almgren and Bell 
an be mentioned [NBAB10℄, not to forget the 
himera 
ode (1D, 2Dand 3D) by Bruenn, Mezza
appa, Hix, Blondin and 
ollaborators [BMH+10℄. They ea
hhave their strengths and weaknesses, but for the purpose of this thesis we will not go into adetailed des
ription of the di�eren
es. The di�eren
es among other things pertain to the wayin
lusion of relativisti
 e�e
ts has been done, the grid lay-out, the in
lusion of intera
tions,both for neutrinos but also for nu
lei, the spe
tral resolution of neutrino energies, the 
hoi
eof the nu
lear equation of state and mu
h more. We will for all pra
ti
al purposes view the23
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al simulation as a �bla
k box� that provides us with information on theneutrino luminosities and energies, and how these depend on dire
tion and time.2.1.1 �Ray-by-ray plus� simulation as employed by the Gar
hing groupFor 
ompleteness, however, we in
lude below the des
ription of the numeri
al simulation pro-viding the data for our analysis, as it was outlined in our paper Lund et al. [LML+10℄, andrefer the interested reader to the paper by Buras et al. [BRJK06℄ or the PhD thesis by AndreasMarek, and referen
es therein, for a more detailed explanation.We use a numeri
al simulation to 
ompare the expe
ted signal �u
tuations with the sensi-tivity of I
eCube. The two-dimensional (axially symmetri
) simulations whi
h this dis
us-sion is based on were performed with the Prometheus-Vertex Code [RJ02, BRJK06℄ and thesimulations were already dis
ussed in detail in Ref. [MJM08℄. We therefore repeat only afew essential aspe
ts of both the numeri
al treatment and the simulation runs and refer toRefs. [MJM08, MJ09℄ for more 
omplete information.The hydrodynami
 part of the 
ode is based on a 
onservative and expli
it Eulerian im-plementation of a Godunov-type s
heme with higher-order spatial and temporal a

ura
y. Itsolves the non-relativisti
 
onservation equations for the stellar �uid, whose self-gravity is de-s
ribed by an �e�e
tive relativisti
 potential� [MDJ+06℄. It provides a su�
iently a

urateapproximation of general relativisti
 
orre
tions [MJD10℄.The neutrino transport solver, whi
h is 
oupled to the hydrodynami
s module via leptonnumber, energy and momentum sour
e terms, is 
omputed with a �ray-by-ray plus� s
heme[BRJK06℄. It a

ounts for the full neutrino-energy dependen
e in the transport but assumesthe neutrino �ux at every point to be radial (i.e. the neutrino phase spa
e distribution fun
tionis assumed to be axially symmetri
 around the radial dire
tion), whi
h is numeri
ally lessdemanding and more e�
ient than a full multi-dimensional version of the transport.The simulations used here are based on the progenitor model s15s7b2 from Woosley andWeaver [WW95℄, and is representative for the 
ollapse of stars with progenitor masses around
15M⊙. The dense proto-neutron star matter is des
ribed by the equation of state (EoS) ofLattimer and Swesty [LS91℄, whi
h leads to a radius of 12 km for a 
old neutron star with agravitational mass of 1.4M⊙. We also 
onsider brie�y an example with the EoS of Hillebrandtand Wol� that is 
onsiderably sti�er [HW85℄. Unless otherwise noted, our dis
ussion alwaysrefers to the Lattimer and Swesty 
ase as a ben
hmark.The two-dimensional model was 
omputed under the assumption of axial symmetry and
overs the region between north and south pole with 192 equally spa
ed angular grid points.The model was evolved in total for about 600 ms from the onset of the 
ollapse to a time ofabout 450 ms after the formation of the SN sho
k front and shows in the post-boun
e evolutiona strong SASI sloshing a
tivity of the SN sho
k front.The os
illations of the SN sho
k front due to SASI a
tivity and 
onve
tive overturn 
auseluminosity �u
tuations by modulating the mass a

retion on the proto-neutron star: a strongsho
k retra
tion leads to a transient in
rease of the gas �ow towards the neutron star and tothe 
ompression and enhan
ed 
ooling of the matter (i.e. enhan
ed neutrino emission) nearthe neutron star surfa
e [MJM08℄. On the other hand, a sho
k expansion has the oppositee�e
t be
ause it 
auses a de
eleration of the infall or even outward a

eleration of materialthat is a

reted through the sho
k front. Thus sho
k expansion stret
hes the time this matter



2.2. EQUATIONS OF STATE 25stays in the gain layer and less 
ooling by neutrino emission o

urs.From the 192 angular rays of the models, we used in the post pro
essing the luminosityfor all spe
ies νe, ν̄e and νx and the 
orresponding 〈E〉rms on every se
ond angular bin andextra
ted the information in steps of about 0.5 ms that were subsequently resampled in exa
t1 ms steps.2.2 Equations of StateFrom the above a

ount of physi
s entering the numeri
al simulation we see that at least onevery important issue is the 
hoi
e of an appropriate nu
lear equation of state.An equation of state (EoS) relates the density (ρ), temperature (T ) (or entropy S) and
omposition (here one usually uses the ele
tron fra
tion, Ye (number of ele
trons or protonsper baryon)) inside the star to the pressure of the plasma, and the free energy of the system.1To make realisti
 numeri
al simulations of the pro
esses going on during the 
ollapse andexplosion of a supernova, we therefore need realisti
 equations of state for the nu
lear matterin the star. These EoSs should 
over the wide density and temperature ranges, as well as the
hanging ele
tron fra
tions present during the 
ourse of 
ollapse and explosion. There is nosingle EoS available that 
over the entire range of densities from the supra-nu
lear densities(ρ > 2.7× 1014g/
m3) inside the stellar 
ore and down to the low densities (a few 100 g/
m3)in the outer parts of the stellar envelope. Therefore the density range is usually split in two:a �high� and a �low� region, with 
orresponding EoSs.In the low density region, the EoS employed by A. Marek [Mar07℄ assumes thermodynami-
al equilibrium of ele
trons, positrons, photons, free protons and neutrons, alpha-parti
les and14 spe
ies of heavier nu
lei. The leptons are des
ribed as Fermi gasses with arbitrary degen-era
y and an arbitrary degree of relativity, and the baryoni
 parts are des
ribed as 
lassi
alnon-relativisti
 Boltzmann gasses, and Coulomb latti
e e�e
ts are in
luded. For temperaturesabove 0.5 MeV (T = 5.8× 105 K) it is assumed that parti
les are in nu
lear statisti
al equilib-rium (NSE), i.e. that strong and ele
tromagneti
 intera
tions have equilibrated, while nu
learburning is taken into 
onsideration for temperatures below.In the high density region the EoSs most 
ommonly employed are the Lattimer & SwestyEoS (from now on LS EoS) [LS91℄, the Shen et al EoS (Shen EoS) [STOS98℄, and the EoSof Hillebrandt & Wol� (HW EoS) [HW85℄. We give a brief summary below of these 3 EoS,and their spe
ializations as employed by Marek et al. Common features for all 3 high densityEoSs are (
f. [Mar07℄): they all assume matter to be homogeneous above nu
lear densities (i.e.no phase transition or hadroni
 degrees of freedom (kaons, pions and so on)), and that thebaryons are �oating in a gas of positrons and ele
trons, that are in equilibrium with photonsvia pair 
reation pro
esses. They all assume NSE, and for the inhomogeneous baryoni
 matterthey in
lude free protons, free neutrons, alpha-parti
les but only one representative heaviernu
lei. In the homogeneous part, only the nu
leons are in
luded.2.2.1 Lattimer & Swesty EoSThe EoS of Lattimer & Swesty (LS) [LS91℄ is more or less the �standard� EoS employedin supernova modelling. It is based on a 
ompressible liquid drop model of nu
lei, and a1The ar
hetypi
al 
ase of an EoS is the ideal gas law: pV = NkT.
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e between the nu
leons is assumed. Leptons are treated as ideal Fermi gasses,and photons as an ideal Bose gas, and everything is done in a non-relativisti
 framework. Thein
ompressibility modulus of the bulk nu
lear matter and the symmetry energy, that entersinto the equation for the free energy per baryon of the bulk nu
lear matter, is assumed to be180 MeV and 29.3 MeV respe
tively by Marek et al. [Mar07, MJM08℄. The transition fromthe low density EoS des
ribed above and to the higher density EoS when using the LS EoShappens at ρ = 6 × 107 g/
m3 during the 
ollapse phase, but during the post boun
e phasethe LS EoS was only applied above ρ = 1011 g/
m3 for te
hni
al reasons [Mar07℄.To put the e�e
t of the LS EoS in more tangible terms, the numeri
al simulation of a15 M⊙ progenitor with the LS EoS results in a neutron star with a radius of roughly 12 km,and with a mass of 1.4 M⊙ [MJM08℄. Although the LS EoS has been the �standard� modelin simulations, it is nolonger 
ompatible with observed neutron star masses. The observedmasses are higher than what 
an be obtained with the LS EoS.2.2.2 Hillebrandt & Wol� EoSLike the LS EoS, the HW EoS [HW85℄ employs a Skyrme-for
e for nu
leon intera
tions, butit is 
al
ulated with a full Hartree-Fo
k approa
h. The transition from the low density EoSdes
ribed above and to the higher density EoS when using the HWEoS happens at ρ = 1.5×109g/
m3 [Mar07℄, and the values of the in
ompressibility modulus is 263MeV and the symmetryenergy is 32.9 MeV [MJM08℄.The neutron star resulting from a simulation whi
h employs the HW EoS will have aslightly larger radius than the one produ
ed with the LS EoS, namely 14 km [MJM08℄, due tothe larger in
ompressibility modulus, but the same mass.2.2.3 EoS of Shen, Toki, Oyamatsu and SumiyoshiThe EoS of Shen et al. (Shen) [STOS98℄ uses a relativisti
 mean �eld theory instead of theHartree-Fo
k method, and employs full Fermi-Thomas 
al
ulations for the inhomogeneousparts of the nu
lear matter. The in
ompressibility modulus is 281 MeV, the symmetry energy36.9 MeV [MJM08℄, and the transition from the low density EoS des
ribed above and to higherdensity EoS happens at ρ = 3 × 108 g/
m3 [Mar07℄ for the Shen EoS. The Shen EoS is sti�erthan the LS EoS, but softer than the HW EoS.2.2.4 Impa
t of EoS in simulationsA few general 
omments 
an be made on the impa
t of the 
hoi
e of EoS on 2D simulations.The impa
t of an EoS re�e
ts itself in many ways, the 
ompa
tness of the PNS being oneexample, as a softer EoS leads to a more 
ompa
t 
ore. This in turn dire
tly impa
ts alsothe position of the sho
k front, and the energies and luminosities of neutrinos. A softer EoSwill result in higher neutrino luminosities and energies be
ause a more 
ompa
t 
ore will allowfor more gravitational binding energy to be turned into neutrino emission. This means thatwe will have a stronger 
ooling due to neutrinos, but also that we have the opportunity for astronger neutrino heating in the gain layer. The neutrino heating for the LS EoS 
an thereforebe 50% larger than for the HW EoS [Mar07℄. The 
hoi
e of EoS 
an also lead to 
ompletelydi�erent growth rates of 
onve
tive instabilities inside the PNS, whi
h again will in�uen
e theneutrino emission. We therefore see that the e�e
t the EoS has on the development of the



2.3. ICECUBE HARD FACTS 27supernova explosion will to a degree be re�e
ted in the observable neutrino quantities, thusgiving us a unique opportunity to learn about the obs
ured inner parts of a supernova throughneutrino observations.2.3 I
eCube hard fa
tsThe theoreti
al and numeri
al work done on supernovae and the involved neutrino physi
s isoverwhelming, but it is hampered by one major fa
t: the la
k of observational eviden
e. Partof the work in this thesis is an e�ort to illustrate a feasible way for us to a
tually test thesenumeri
al models by �looking� inside the supernova through the use of neutrinos.To do this, we propose to use the neutrino Cherenkov teles
ope I
eCube. It has been
ompleted this Ar
ti
 summer (De
ember 18th 2010) at the South Pole, and will have thelargest event rate for a gala
ti
 SN among dete
tors 
urrently in operation (or soon to beoperational). Therefore it will be the best suited 
andidate to dete
t the fast time variationsof the neutrino signal indu
ed by the Standing A

retion Sho
k Instability.2.3.1 Aims and appearan
eThe I
eCube teles
ope is designed to observe point sour
es of high energy neutrinos su
h asa
tive gala
ti
 nu
lei and gamma ray bursts. Correspondingly the energy of target neutrinoswould usually be in the energy range 1 TeV to 1 PeV (1012−15 eV), although the re
ent additionof the DeepCore array would allow optimal dete
tion down to 10 GeV (109 eV), in
reasing theobservational investigation of atmospheri
 neutrinos. The study of these phenomena will bedone using 4800 digital opti
al modules (DOM) (main dete
tor), whi
h e�e
tively instrumentsa kilometer 
ubed of the 
lear and almost dust free south polar i
e. The DOMs are distributedin a hexagonal pattern with a spa
ing of 125 m between individual strings, and 17 m betweenea
h DOM on the strings. The uppermost DOMs are positioned 1450 m below the surfa
eand the lower layer rea
hed down to a depth of 2450 m to utilize the most optimal volumes ofthe i
e, see the left �gure of �g. 2.1. The sub-array DeepCore adds another 360 DOMs in thelower 
entral part of I
eCube. We will not take these additional DOMs into a

ount in our
al
ulation as DeepCore was a fairly re
ent addition and the e�
ien
ies of the photo-multipliersused here are di�erent from the ones used in the surrounding main I
eCube dete
tor. Our
al
ulations are only a feasibility study, so although in
luding the DeepCore array 
ould bebene�
ial, we do not �nd it 
ru
ial for our results.2.3.2 Cherenkov Teles
opeThe I
eCube dete
tor is a Cherenkov teles
ope meaning that it has been 
onstru
ted to observethe blue Cherenkov light emitted from positrons being produ
ed by the inverse beta rea
tionwhen anti-ele
tron neutrinos intera
t with free protons in the i
e
ν̄e + p → n + e+ (2.1)The emission of Cherenkov light o

urs when a parti
le moves faster than light-speed in themedium. The rapidly moving parti
le, in this 
ase the positron, emits photons and subse-quently slows down. As the positron moves, a 
one of blue light will thus follow at its tail, seethe right �gure of �g. 2.1.
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Figure 2.1: Left: S
hemati
 layout of I
eCube. Right: Illustration of a high-energy neutrinoevent in I
eCube (light burst in lower right 
orner) with the subsequent 
one-emission of blueCherenkov light. Figures are from [Col℄.To 
al
ulate the anti-ele
tron neutrino intera
tion rate in I
eCube, we will use the low-energy approximation (zeroth order in 1/Mnucleon, [VB, DKR03a℄) for the total intera
tion
ross se
tion for the inverse beta de
ay
σ = 9.52 × 10−44 cm2

(
Eν̄e

MeV

)2 (2.2)The simple dependen
e on E2
ν̄e

arises from negle
ting the di�eren
e between the proton andneutron mass (i.e. setting Eν̄e = Ee+), as well as negle
ting the mass of the ele
tron (andsetting pe+ = Ee+) [VB℄, and ignoring weak magnetism and nu
leon re
oil e�e
ts [DKR03a℄.As mentioned in the previous se
tion, I
eCube is intended for neutrinos with energiesbetween 1 TeV to 1 PeV, and the spa
ing of DOMs is 
orrespondingly large. In 
ontrast tothese high energies, typi
al SN ν̄e energies range from 15-25 MeV depending on the simulation.Therefore the intera
tion rate will be smaller due to the energy dependen
e of the intera
tion
ross se
tion. Additionally, the resulting positron will be less energeti
 and its Cherenkov
one therefore less luminous. Furthermore the emission time of the 
one will be mu
h shorteras the positron slows down more qui
kly. The result of the shorter emission time and lowerluminosity is that only one photon will be registered in a single DOM from a given neutrino.Thus ea
h photon dete
tion 
an be dire
tly 
orrelated with the arrival of a neutrino (or aba
kground). We will therefore use the term an �event� for a photon dete
tion to indi
ate theintera
tion, and dete
tion, of one neutrino.The fa
t that only one DOM gets hit, and only by one photon means that we 
annotre
onstru
t the tra
k of the in
oming neutrino with I
eCube. Consequently we 
an not re-
onstru
t the energy or the dire
tion of the in
oming neutrino, as would have been the 
asefor a dedi
ated low energy water Cherenkov dete
tor. On the other hand I
eCube will notsaturate from the immense burst of neutrinos, whi
h would be the 
ase with e.g. the waterCherenkov dete
tor Super-Kamiokande. Over the 10 se
ond duration of a supernova, I
eCubeis expe
ted to register of the order 106 events, all 
olle
ted in 1.6384 ms time bins. This is
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tor of 100 more than would be expe
ted in Super-Kamiokande (�du
ial volume 22.5 kt).So despite Super-Kamiokande being essentially ba
kground free, I
eCube would be superiordue to its larger event rate, albeit la
king energy resolution. The event rate in I
eCube wouldbe 
omparable the event rate expe
ted from future Megaton Water Cherenkov dete
tors. Amegaton water Cherenkov dete
tor would also provide detailed energy information on ea
hevent, and as su
h be far superior to I
eCube, more so sin
e we will show later that �u
tua-tions in the energy will not be insigni�
ant (see se
tion 10.9). In this thesis we will not dis
ussthe additional bene�ts expe
ted from a future megaton water Cherenkov dete
tor.2.3.3 I
eCube ba
kground noiseUsing a s
hemati
 model of the I
eCube dete
tor and the latest e�
ien
ies [DKR03a, KGftIC09,HR09℄, we estimate from eq. 9.1 up to ∼1000 events per ms in I
eCube during a burst of su-pernova neutrinos for a SN at a �du
ial distan
e of 10 kp
. As the time it takes a neutrinoto transverse the entire I
eCube (1 km) will be a few mi
rose
onds, the e�e
t of the super-nova neutrino's passing will be registered simultaneously all over I
eCube. In other words,the ba
kground noise will 
orrelatedly rise above the usual level. The height of the rise variesdepending on the input model for the supernova (see 
hapters 10 and 11).The amount of events expe
ted due to a supernova is 
omparable to the intrinsi
 ba
k-ground noise in I
eCube, whi
h is roughly
Γbckgr noise = 1340ms−1 (2.3)This ba
kground is the dark 
urrent for ea
h DOM 280 s−1 times the total number of 4800DOMs in the main dete
tor. Here the dark 
urrent is mainly due to light from de
ays of 40Kand radioa
tive de
ay 
hains in the glass of the DOMs [KGftIC09℄.
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�I have done a terrible thing. I have postulated a parti
le that 
annotbe dete
ted.�� W. Pauli, after his postulation of the existen
e of the neutrino
3Neutrino physi
s

The previous 
hapters provided the ne
essary ba
kground of a star's evolution through to
ollapse and explosion. They further demonstrated the vital interplay between the neutrinoemission and the star's demise.To pro
eed, we need to turn our attention more ex
lusively on the neutral little ras
al, andsee how the neutrino is des
ribed from a parti
le physi
s viewpoint. This 
hapter will brie�y
over some of the fundamental parti
le physi
s aspe
ts of the neutrinos. These aspe
ts areuseful for the understanding of the neutrino intera
tions.3.1 Mixing matrixThe ele
tri
ally neutral neutrino 
omes in three di�erent �avors 
orresponding to the three
harged leptons; ele
tron νe, muon νµ and tau ντ . These �avor eigenstates are the oneswhi
h parti
ipate in the weak intera
tions in the Parti
le Physi
s Standard Model (PPSM).However, for neutrinos �avor eigenstates are not identi
al to mass eigenstates, as opposed tomany other parti
les. The three neutrino �avor eigenstates, νe, νµ, and ντ , ea
h 
onsists ofa unique mixture of the three mass eigenstates; ν1, ν2, and ν3. The mass eigenstates are theeigenstates of the free Hamiltonian in va
uum. Greek indi
es will denote �avor states, androman letters mass eigenstates.The way we display the mixing between the mass and the �avor states is with a mixingmatrix U
~νweak = U ~νmass , or equivalently




νe

νµ

ντ


 =



U1,e U2,e U3,e

U1,µ U2,µ U3,µ

U1,τ U2,τ U3,τ






ν1

ν2

ν3


31



32 CHAPTER 3. NEUTRINO PHYSICSThis mixing matrix 
an be split into a produ
t of three matri
es, ea
h one 
ontaining only oneof the mixing angles, θij, des
ribing the degree of mixing between 
ertain states:
U =




c12 s12 0
−s12 c12 0

0 0 1






1 0 0
0 c23 s23

0 −s23 c23






c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13


 , (3.1)

cij = cos θij , sij = sin θij and 0 ≤ θij ≤ π/2The mixing angles θ12 and θ23 are well determined from observations of neutrino os
illationsin the atmosphere and neutrinos from the sun. The mixing angle θ13 is on the other hand stillunknown. Table 3.1 lists the 
urrently favored values of the mixing angles. The CP (
hargeand parity) violating phase δ is not relevant for our further purposes.3.2 Mass hierar
hiesAnother unknown set of parameters is the absolute masses of the neutrinos. We know fromos
illation experiments that neutrinos have non-zero mass, but not the exa
t value. However,from 
osmology the limit on the overall neutrino mass s
ale is 0.2 eV [HMRW10℄. Ea
h of themass eigenstates νi has a 
orresponding de�nite mass mi. We know the di�eren
e of m2
1 and

m2
2, whi
h we 
all ∆m2

⊙, from solar and Kamland data, and we know the absolute value of thedi�eren
e between m2
2 and m2

3, ∆m2
atm, from atmospheri
, Minos and K2K data [eaPDG08℄.The best values for the mass splittings are given in table 3.1.

∆m2
32 ≡ m2

3 − m2
2 = ∆m2

atm (3.2)
∆m2

21 ≡ m2
2 − m2

1 = ∆m2
⊙ (3.3)

|∆m2
32| ≈ |∆m2

31| ≫ |∆m2
21| (3.4)From experiments with tritium de
ays we know that [Kin07℄

mνe ≡
√∑

i

|Ui,e|2m2
i < 2.2 eV ,and even though the experimental limits on νµ and ντ are not quite as strong it is presumedthat also these two should be below 2.5 eV. Furthermore, taking the lightest neutrino massto be zero leads, with the known mass splittings, to at least one neutrino with a mass of

≈ 0.04 eV (se
tion 5.3 in [FY03℄).Be
ause we only know the absolute value of ∆m2
atm, we have two possible hierar
hies forour masses; the normal and the inverted hierar
hy. In the normal hierar
hy ν3 is the heaviest,while in the inverted hierar
hy ν3 is the lightest and ν2 is the heaviest state.



3.3. MAKING MASSES 33Table 3.1: The best values as of January 2010, from [eaPDG10℄.Parameter best value un
ertainty
∆m2

⊙ [10−5 eV 2℄ 7.59 ± 0.2
|∆m2

atm| [10−3 eV 2℄ 2.43 ± 0.13
sin2 2Θ12 0.87 ±0.03
sin2 2Θ23 >0.92
sin2 2Θ13 <0.15 90% CL3.3 Making massesThe neutrino mass 
ould be proposed to 
ome about in the same way as leptons a
quiremass in the PPSM: give them a Yukawa 
oupling to the all-pervading Higgs �eld Φ. Whenthe SU(2)L⊗U(1)Y symmetry is spontaneously broken, the Higgs �eld a
quires a va
uumexpe
tation value, vev, and thus gives mass to e.g. the ele
tron [KP93℄. However, this requiresthe lepton to have a right-handed partner, whi
h is a singlet under SU(2)L⊗U(1)Y , providingterms whi
h are invariant under SU(2)L⊗U(1)Y e.g.;

LY uk,e = −GeēLΦeR + h.
. (3.5)Here Ge is a 
oupling 
onstant, and ēL and eR are lepton �elds. In the PPSM there is noright-handed neutrino and so the neutrino is massless. However, we know from experimentsthat mν 6= 0. So far in experiments no right-handed neutrino has been needed to explaindata, and generally it is enough to presume the existen
e of a left-handed neutrino and aright-handed anti-neutrino. Thus, to use the above Dira
 me
hanism for mass generation, wewould need to postulate two new �elds, two new parti
les; the right-handed neutrino and theleft-handed anti-neutrino. We 
ould then make a Dira
 mass term with a 
oupling 
onstantto be determined by experiment to suit the observed smallness of the neutrino mass;
LY uk,ν = −Gν ν̄LΦcνR + h.
. (3.6)Another way to give neutrinos mass would be to assume neutrinos to be Majorana parti
les.Then the neutrino would be its own antiparti
le1 and we would not need to postulate newneutrino �elds. The right-handed partner of the neutrino would simply be the �anti�-neutrino.If the neutrino is a Majorana parti
le, the mixing matrix U in se
tion 3.1 would have to bemultiplied by a matrix 
ontaining the Majoron phases [Kin07, eaPDG08℄;

UMaj = diag[exp(iα1/2), exp(iα2/2), 1].Let us take a 
loser look at a way of generating the small neutrino masses.3.3.1 Seesaw me
hanismFor simpli
ity let us start by looking at only one generation of neutrinos. When we introdu
ethe extra �elds of a right-handed neutrino and a left-handed anti-neutrino, the following two1This is only allowed sin
e the neutrino 
arries no ele
tromagneti
 
harge.



34 CHAPTER 3. NEUTRINO PHYSICSMajorana and one Dira
 mass terms are in prin
iple available;2
L = −mD νLνR + h.c. Dira
 (3.7)

L = −1

2
mLL νLνc

L + h.c. Majorana �left� (3.8)
L = −1

2
MRR νRνc

R + h.c. Majorana �right� (3.9)The supers
ript c denotes the 
ombined operation of a 
harge 
onjugation C (
hanging aparti
le to its antiparti
le or vi
e versa) and a parity transformation P (inverting the spatial
oordinate system, i.e. e�e
tively 
hanging the spin dire
tion of the parti
le). Thus a left-handed neutrino will turn into a right-handed �anti�-neutrino.The Dira
 term is e�e
tively the intera
tion of a right- and left-handed neutrino, and thus
onserves lepton number. The Majorana terms on the other hand 
ouples a left-handed neu-trino νL with its right-handed �anti�-neutrino νc
L (Majorana �left�), or a right-handed neutrino

νR with its CP 
onjugate, the left-handed �anti�-neutrino νc
R (Majorana �right�) thus violatinglepton number by two units in either intera
tion. So besides extending the PPSM model witha right-handed neutrino and a left-handed anti-neutrino, we would also need to introdu
e anextra Higgs �eld sin
e the ordinary PPSM doublet 
annot 
hange a left-handed neutrino intoa right-handed anti-neutrino.The left-handed neutrino νL intera
ts with the W and Z bosons through the weak inter-a
tion, so if it had a large mass resulting from the Majorana �left� intera
tion it would havebeen observed. The mass mLL must therefore ne
essarily be small. The right-handed neutrinois a singlet under SU(2)⊗U(1) and therefore does not intera
t through the weak intera
tion,whi
h leaves the opportunity of a very large mass MRR.Now de�ne

ν ≡
(

νc
L

νR

)
ν̄ ≡

(
νL νc

R

) (3.10)Then we 
an rewrite the 
ombined mass terms as
L = −1

2
νcMν + h.c. (3.11)where

M =

(
mLL mD

mD MRR

) (3.12)Now assume the mass mLL to be very small, and for simpli
ity take it to be zero, and themass MRR to be mu
h larger than mD (and the ele
troweak s
ale at 250 GeV). Then we 
anwrite the mass matrix M0 as follows and �nd the eigenvalues of it:
M0 =

(
0 mD

mT
D MRR

) (3.13)
m1,2 =

1

2

(
MRR ±

√
M2

RR + 4m2
D

)
→

m1 ≃ MRR and m2 ≃ − m2
D

MRR

(3.14)2This se
tion is based on [Kin07, KP93℄.



3.4. NEUTRINO OSCILLATIONS 35The eigenstates of the diagonal matrix, 
onsisting of the eigenvalues of M0, will be the a
tualphysi
al neutrinos.3 We see that one of the physi
al neutrinos will be very heavy (m1) and theother very light (m2). We also note that for a �xed mD, m1 and m2 are inversely proportional.This is why it is 
alled the seesaw me
hanism. The low mass neutrino is usually interpretedas the �normal� SM neutrino.In nature we know there is at least three families of neutrinos and the entries in eq. 3.13will then ea
h be 3x3 matri
es thus giving a 6x6 matrix in total. In general, both mass termswill be 
omplex valued, and the Majorana mass matrix must furthermore be symmetri
.3.4 Neutrino os
illationsThe fa
t that neutrinos a
quire mass in the modi�ed standard model of parti
le physi
s have aserious impli
ation for our dis
ussion of supernova neutrinos. Sin
e neutrinos are massive they
an os
illate between the three �avor states. This was already alluded to in the introdu
tionto this thesis, and an extremely simpli�ed way of understanding them will be provided below.We refer the interested reader to [FY03, Raf96, DS00, FLMM07℄ and referen
es therein forthe full detailed understanding.3.4.1 Va
uum e�e
tIn 1957 B. Ponte
orvo proposed the va
uum os
illations. This type of os
illation was later
on�rmed by the measurements of neutrinos from the Sun in the Homestake mine in the late1960s. These va
uum os
illations are 
aused by the slightly di�erent propagation speedsof the mass states 
omprising the neutrinos as they move through spa
e. As the mass statesmove, they 
hange phase relative to one another and with a 
hanged mass 
ontent the �avorstate will no longer be the same.We write the evolution of the neutrino mass eigenstates νi with the use of plane waves
νi(t) = e−i(Ei t−~pi~x) νi(0) (3.15)and assume that the neutrinos are ultra-relativisti
, so that |~pi| ≫ mi and Ei = pi. We thenlet E denote the neutrino energy and use natural units with c = 1, su
h that the time t equalsthe distan
e travelled L and the above equation redu
es to
νi(L) = e−im2

i L/2E νi(0) (3.16)Then we 
an write the evolution equation for a given neutrino �avor state να as:
i
d

dt
να(t) ≃ Hvac να (3.17)where we identify the e�e
tive Hamiltonian in va
uum with
Hvac =

M2

2E
(3.18)3The negative eigenvalue m2 is not a problem as we 
an always rede�ne the 
orresponding neutrino eigenstateto absorb the minus.



36 CHAPTER 3. NEUTRINO PHYSICSThe matrix M2 is given by
M2 = Um2

diagonalU† (3.19)where U is given in eq. 3.1, and
m2

diagonal =




m2
1 0 0

0 m2
2 0

0 0 m2
3


Now with the evolution equation given above, the probability that one observes a neutrino asone �avor νβ that was originally another �avor να is

Pνα→νβ
= ν†

β να =

∣∣∣∣∣
∑

i

U∗
α iUβ i e

−im2
i L/2E

∣∣∣∣∣

2 (3.20)If we restri
t ourselves to 
onsider only two-�avor mixing, whi
h is a good approximationsin
e the 3 �avor mixing 
an be parameterized as two 2 �avor mixings sin
e θ13 is small and
∆m2

12 ≪ ∆m2
13, then the probabilities for observing a νe as a νe, respe
tively as a νµ, are[FY03, p.328℄

Pνe→νe = 1 − sin2(2θ) sin2

(
∆m2

21

4E
t

) (3.21)
Pνe→νµ = sin2(2θ) sin2

(
∆m2

21

4E
t

) (3.22)We thus 
learly see that as time passes by (i.e. as the neutrino travels along) the probabilityof a �avor 
hange will os
illate.3.4.2 Matter e�e
tSin
e the proposal of the va
uum os
illation saw the light of day further two types of neutrinoos
illations have been dis
overed. First in line was thematter indu
ed os
illations proposedin 1985 by Mikheyev and Smirnov, and separately by Wolfenstein in 19784. The latest typeof os
illations, the 
olle
tive �avor os
illations, is the topi
 of se
tion 3.4.3. The matterindu
ed os
illations are based on the fa
t that when neutrinos propagate through matter,the ba
kground of (positrons) ele
trons provide an extra 
harged 
urrent 
ontribution to thediagonal part of the potential for the (anti) ele
tron �avor neutrinos
V =

√
2GFne




1 0 0
0 0 0
0 0 0


Here the ele
tron density is denoted with ne and de�ned as ne ≡ ne− − ne+, and GF is theFermi 
onstant. The resulting Hamiltonian in the evolution equation 3.17 thus 
hanges to

Hmatter = Hvac + V , (3.23)and the probabilities for a given neutrino �avor to survive 
hanges as well.4Apart from matter e�e
t this os
illation e�e
t is also known as the MSW-e�e
t.



3.4. NEUTRINO OSCILLATIONS 373.4.2.1 Matter e�e
t in supernovaeWhen neutrinos pass through very dense matter, su
h as the supernova environment, thematter e�e
t have resonan
e points, where the os
illation probability gets enhan
ed. Theseresonan
e points are denoted with H and L and 
orrespond to the mass di�eren
es ∆m2
atmand ∆m2

⊙ respe
tively. The resonan
es take pla
e at densities ρL = 10 − 30g/cm3 and ρH ∼
103−104g/cm3 in the stellar envelope [DS00℄. This means that the �avor 
hange will not a�e
tthe energy deposition in the hot bubble layer, but that we should take 
are when we interpretthe signals here on Earth. Neutrinos formed in the inner regions of the supernova will thusmeet both resonan
e points on their way out through the outer layers of the supernova, andhave a 
al
ulable probability to 
hange into another �avor. To take a

ount of these matterindu
ed os
illations in a simple way, we will follow Dighe & Smirnov [DS00℄ and write the �uxwe re
eive here on Earth as




Fνe

Fν̄e

4Fx


 =




p 0 1 − p
0 p̄ 1 − p̄

1 − p 1 − p̄ 2 + p + p̄






F 0
νe

F 0
ν̄e

F 0
x


 (3.24)where quantities F 0 are the original �uxes, Fx = Fνµ + Fντ + Fν̄µ + Fν̄τ , p (neutrinos) and p̄(anti-neutrinos) are the individual survival probabilities, and the expression is valid for boththe normal and the inverted mass hierar
hy. The survival probablities are given by

p = |Ue1|2PH PL + |Ue2|2(PH − PH PL) + |Ue3|2(1 − PH) (3.25)
p̄ = |Ue1|2(1 − P̄L) + |Ue2|2P̄L (3.26)The probabilities PL and PH are the �ip probabilities Pflip that a neutrino will 
hange fromone �avor to another at the L resonan
e layer and the H resonan
e layer respe
tively. Underthe 
ondition of adiabati
ity in the 
rossing of the layers, they are given by

Pflip = exp
(
−π

2
γ
) (3.27)

γ ≡ ∆m2

2E

sin2 2θij

cos 2θij

1

(1/ne)(dne/dr)
(3.28)where θij is the mixing angle 
orresponding to the mass di�eren
e ∆m2 in 
onsideration.3.4.3 Colle
tive e�e
tOnly quite re
ently has it been dis
overed that in addition to the va
uum and matter os-
illations, a third kind of os
illation 
an 
hange the �avor of the neutrinos. Similarly tohow ba
kground matter provides an extra potential for the ele
tron �avor neutrinos in the
ase of the matter os
illations (and thus in
reased os
illation probabilities), the neutrinos 
anprovide a �ba
kground� for themselves [RS07℄. This new os
illation phenomenon a�e
ts allthree kinds of neutrinos, but only when the density is very high, as in e.g. in the supernovaenvironment. The os
illations 
aused by this self-intera
tion are named 
olle
tive �avor os-
illations or 
olle
tive �avor 
hange. The 
olle
tive �avor os
illations depend on the spe
iesand the momentum of neutrino in 
onsideration, as well as the individual momentum of allthe ba
kground neutrinos and anti-neutrinos.
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Figure 3.1: The neutrino �ux spe
trum for the inverted hierar
hy showing the e�e
t of
olle
tive �avor transformation. Dotted lines are the original spe
tra, full lines the swappedspe
tra. Left: swap in the neutrino 
hannel. Right: swap in the anti-neutrino 
hannel. The�gure is from [FLMM07℄.Following our notation above one would need to in
lude the following extra term in theHamiltonian (rewritten from [HRSW06℄)
Hcoll =

√
2GF

∫
d3

q

(2π)3
(̺p − ¯̺q) (1 − cos θp,q) (3.29)where the angle is between the momenta of the two neutrinos in question, and the integral isover the momenta of all the ba
kground neutrinos and anti neutrinos. The quantities ̺ and ¯̺are the number densities of neutrinos and anti-neutrinos. The equation for the anti-neutrinosis similar, whi
h results in the nonlinear 
oupling of the neutrino and the anti-neutrino.The addition of a self-intera
tion term means that the equation of motion is not linearanymore, and 
al
ulating the probabilities for a �avor 
hange be
omes mu
h more di�
ult.Several papers outline how this 
olle
tive �avor os
illation 
an be 
ompared with a pendulumin a magneti
 �eld to simplify the understanding of the e�e
t, see e.g. [HRSW06℄.We will not go into details of the 
ompli
ated 
al
ulations and dependen
ies of the 
ol-le
tive �avor os
illations here. Instead, to give an impression of the e�e
t of the swap ofneutrino �avor, we show in �g. 3.1 how the energy dependent �ux spe
trum 
hanges underthe assumption of two-�avor 
olle
tive e�e
ts in the inverted hierar
hy. The �gure show thespe
tral �ux dependen
e of neutrinos without a swap (dotted lines) and the spe
tra after afull �avor swap (full lines).3.4.4 Impli
ations for supernova neutrinosThe major 
on
ern for us in 
onne
tion with supernova neutrinos, is that �avor os
illationsmay 
hange neutrinos originally born as ν̄e in the supernova interior into another �avor, thusnot allowing us to dete
t them with Cherenkov teles
opes. Furthermore non-ele
tron �avorneutrinos may be transformed into ν̄e's altering the energy spe
trum we observe, and muddling



3.4. NEUTRINO OSCILLATIONS 39our interpretation. We therefore need to be aware of the e�e
ts of neutrino os
illations whenwe interpret neutrino �ux spe
tra observed here on Earth.However, this alteration of the energy spe
trum might possible not be as pronoun
ed asbelieved hitherto, sin
e re
ent simulations show that the di�eren
es in mean energies betweenthe ν̄e and the ν̄x neutrinos might only amount to ∼ 20% [HMJ+, KRJ03℄.
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�In mathemati
s you don't understand things. You just get used tothem.� � Johann von Neumann
4Fourier Analysis

This 
hapter will outline the prin
iples and pitfalls of the Fourier transform, as it is employedin digital signal pro
essing. We will show how to extra
t the frequen
ies of the underlyingsignal from a set of measurements taken over time. These frequen
ies 
an then be used tore
onstru
t a signal that mimi
s the underlying signal, as it appears from the measurements.The re
onstru
tion is done by the use of well-known basis fun
tions. In the pro
ess we will pointout the 
aveats that require spe
ial attention, lest the �nal result should be misinterpreted.4.1 Basi
 ideaThe basi
 idea of Fourier analysis is that you 
an re
onstru
t any fun
tion periodi
 in timefrom a number of sine and 
osine waves if you know the frequen
y 
ontent of the originalfun
tion.As an example let us take a saw tooth waveform like the red 
urve given in �g.4.1. Thiswaveform 
an be reprodu
ed by adding up sine and 
osine waves with di�erent amplitudes anddi�erent frequen
ies. As one in
ludes more and more sinusoids the repli
ation will be
ome moreand more a

urate. Using an in�nite number of sinusoids will provide an exa
t 
opy of anyperiodi
 fun
tion. In �g. 4.1 we see that using only 1 sine wave (panel a) is a bad approximationto the sawtooth wave. But already when we use 3 sines (panel b) the approximation is mu
hbetter. As we in
rease the number of sines we get an in
reasingly better approximation to theoriginal waveform.Using the Fourier transform on a fun
tion we will get a set of frequen
ies ba
k, and theamplitude 
orresponding to ea
h frequen
y. These two sets of numbers will allow us to re
on-stru
t the original fun
tion. This is done using the basis fun
tions of the Fourier transform:the sines and 
osines. However, before we move on to the mathemati
al details of Fourier41
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(a) (b)
(
) (d)Figure 4.1: Sawtooth signal (red) approximated by a series of sines (bla
k). In (a) only 1 sineis used, in (b) 3 sines, in (
) 8 sines and in (d) 15 sines.analysis, we need to get a few more issues out of the way.4.2 Sampling our signal in the time domain.When we deal with real life signals, we are not 
ontinuously taking measurements, but rathersampling the underlying signal at di�erent points in time. Imagine that the red sawtooth signalin �g. 4.1 represents the voltage in some system, then ea
h time we take a measurement we geta value for the voltage at that instant. Here we only 
onsider samples that are evenly spa
edin time, but the analysis 
an be generalized to variable intervals. Taking N measurements overa given time stret
h, τ , we want to re
onstru
t the signal that these measurements represent.In order to do this, we need to identify from the measurements the frequen
y 
ontent in theoriginal signal, su
h that we 
an repli
ate the signal. Using our old example: We want tore
onstru
t how the voltage 
hanges in our system.4.2.1 Proper samplingFor us to uniquely identify a frequen
y in a signal we must sample, i.e. take a measurement,the signal at least at twi
e the frequen
y of interest. In other words, if we have a sinus fun
tionas the full line shown in �g. 4.2 then we need to sample it two times in one period. If wesample less than two times in a period the resulting measurements will look like they weretaken from a sinus fun
tion with a larger period. This is 
lear in �g. 4.2 where the full linesinusoid is sampled only 1.05 times in a period, and the sample points (squares) 
learly mimi
a sinusoid of a lower frequen
y. The original frequen
y was 0.95 times the sampling rate, butfrom the measurements it looks like the frequen
y is 0.05 times the sampling rate.4.2.1.1 Nyquist frequen
yTo avoid this e�e
t, we should sample our signal with a frequen
y at least twi
e the highestfrequen
y we want to look for. Or to put it the other way around, if we sample a signal at agiven rate, then the highest frequen
y we 
an uniquely identify from these measurements willbe

fmax =
1

2
fs (4.1)
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Figure 4.2: Sinusoid sampled only 1.05 times in a period. The squares illustrate the samplepoints. Instead of the original frequen
y of 0.95, the samples will appear to be from a sinusoidwith a frequen
y of 0.05 times the sampling frequen
y. The �gure is from [Smi97℄.where fs is the sample frequen
y. This maximum frequen
y that 
an uniquely be identi�edfrom a set of samples of a signal is 
alled the Nyquist frequen
y, fNyq. De�ning it withbasis in the elapsed time between two 
onse
utive samples, ∆, we get
fNyq =

1

2∆
(4.2)Now if all frequen
ies in the signal are below the Nyquist frequen
y, we have properly sampledthe signal. If this is not the 
ase, we experien
e the phenomenon of aliasing.4.2.2 AliasingThe fa
t that one sinusoid 
an appear as another when we sample it is 
alled aliasing. Wewill illustrate the e�e
t of aliasing using the time domain signal shown in the top left panelof �g. 4.3. The top right panel of the same �gure shows the amplitudes for the frequen
iesa
tually 
ontained in the signal. In the middle panels the time signal is sampled with a ratethat is 3 times the highest frequen
y present in the signal. The amplitude spe
trum on theright, now 
orre
tly represents the amplitudes of the frequen
y 
ontent between 0 and theNyquist frequen
y. However, a set of 
opies, and inverted 
opies, have appeared 
entered oninteger multiples of the sampling frequen
y. The inverted 
opies (lower sidebands) appearbe
ause aliasing also 
an introdu
e a phase shift. Compare how the aliased wave in �g. 4.2 isa negative sine and the original is a positive sine.The lower panels show what happens if we instead sample the signal only three times in 2periods. The proper amplitude distribution and the 
opies are now no longer well separated,but instead overlap ea
h-other, illustrating exa
tly the problem of aliasing. The overlappingspe
tra means that power belonging to a frequen
y in the lower end of a 
opy will add to thepower for a frequen
y in the higher end of the original or another 
opy. The e�e
t of aliasingis thus, that sin
e one frequen
y will �look like� another, we will misjudge the strength of the
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Figure 4.3: Aliasing. Figure is from [Smi97℄.
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Figure 4.4: Aliasing in the time domain (left) and the frequen
y domain (right). Note the�folding� around the Nyquist frequen
y. Figure is from [Smi97℄.lower frequen
y. Therefore if our sampling is not proper, we will add power from an in�nitenumber of higher frequen
ies to the power of a lower frequen
y. As an example, the frequen
yof 0.4fs will re
eive 
ontributions from the power at 0.4fs + n fs, n = 1, 2, .., as well as thepower at n fs−0.4fs, n = 1, 2, ... Here the �rst part is from the upper sidebands and the latteris from the lower sidebands. Aliasing thus results in loss of information on both the higher andthe lower frequen
y. E�e
tively the attribution of ex
essive power to a frequen
y means thatwhen we subsequently try to synthesize a new signal it will not be a pre
ise re
onstru
tion ofthe original signal.A simple way to test for aliasing is to look at the amplitude at the Nyquist frequen
y.If it goes to zero, the sampling is proper. If the amplitude instead seems to rise towardsthe Nyquist frequen
y, you have aliased power that is �folded� down from above the Nyquistfrequen
y and added to the power already present, see �g. 4.4.4.3 The Dis
rete Fourier TransformNow that we have made sure, we 
an uniquely identify all the frequen
ies present in the originalsignal, we will move on to how one a
tually makes the 
arbon 
opy signal.To 
onstru
t an aperiodi
 signal, one would need to use an in�nite number of sinusoids.This presents a problem sin
e we will only have a �nite number of sample points. Thereforewe will assume our signal to be periodi
 instead, where the periodi
ity 
omes from assumingthat our signal will repeat itself from minus to plus in�nity with a period 
orresponding to thetime stret
h τ over whi
h we have taken our measurements. The Fourier transform dealingwith this type of periodi
 dis
rete signals is 
alled the Dis
rete Fourier Transform1 (DFT).Using the DFT we will now �nd the frequen
y 
ontent of an original signal s(t). Wesample the signal s(t) N times, where N must be even, giving us the N fun
tion values sj,
j = 0, 1, ..., N − 1. (In our original example the sj's will be voltages.) Therefore, the numberof frequen
ies we 
an get information on, with N sample points and the need to have at least2 samples per period, will be N/2. The expressions to 
al
ulate the amplitudes for ea
h of1From now on we will always mean the DFT when we say Fourier Transform.
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ies are
ak =

N−1∑

j=0

sj cos(2πkj/N) (4.3)
bk = −

N−1∑

j=0

sj sin(2πkj/N) (4.4)Where k = 0, 1, ..., N/2. Note that sin(0) = 0 and sin(πj) = 0, so both b0 and bN/2 willhold no information2. The parameter k tells how many full 
y
les a given sinusoid makes overthe N sample points (i.e. over the signal duration τ). Thus the period for k'th sinusoid willbe Pk = τ/k, and the frequen
y will be fk = k/τ . Hen
e ea
h ak and bk is related to thefrequen
y fk. From this we learn that the spa
ing between our frequen
ies will be
δf =

1

τ
(4.5)Remembering that the time between sample points was ∆, the total time 
an be written as

τ = N∆. This means that the frequen
y spa
ing 
an also be written as δf = 1/(N∆). We nowhave a frequen
y domain signal 
onsisting of N/2+1 frequen
ies fk, ea
h with a 
orrespondingamplitude ak and bk.4.4 The Inverse Dis
rete Fourier TransformTo re
onstru
t a 
opy of the original time domain signal we thus need to use N/2 + 1 sinewaves and N/2 + 1 
osine waves, and add them together. Multiplying ea
h sinusoid by itsrespe
tive amplitude gives the time signal
sj =

N/2∑

k=0

ãkcos(2πkj/N) +

N/2∑

k=0

b̃ksin(2πkj/N) (4.6)where as before 0 ≤ j ≤ N − 1, and where the amplitudes of the sines and the 
osines aregiven in terms of the values ak and bk

ãk =
ak

N/2
(4.7)

b̃k = − bk

N/2
(4.8)Ex
ept in the two 
ases

ã0 =
a0

N
(4.9)

ãN/2 =
aN/2

N
(4.10)The denominators 
ome from our 
hoi
e of normalization.2The negative sign for the bk values is in
luded to make the real DFT 
onsistent with the 
omplex DFT.
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tionUsing Euler's formula, it is possible to rewrite the Fourier de
omposition as
sj =

N/2∑

k=−N/2

ck ei2π j k/N j = 0, 1, ..., N − 1 (4.11)with
ck =

ãk − i b̃k

2
and c−k = c∗k (4.12)Where the asterisk denotes 
omplex 
onjugation.Looking at the f = 0 
omponent in frequen
y spa
e, c0, we see that all the exponentialswill be 1 independent of j. Thus c0 will be equal to the sum over all the signal values. Theaverage value of the signal s(t) will therefore equal c0/N .To minimize 
onfusion we will from now on use f solely to denote frequen
ies, and fun
-tions of time will be denoted with g or h. In the frequen
y domain primarily 
apital letterswill be used. The Fourier transforms of the fun
tions g(t) and h(t) will thus be G(f) and

H(f) respe
tively.
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5A strong pseudo-s
alar neutrino intera
tion
The �rst proje
t I undertook during my PhD studies was an investigation of a strong in-tera
tion between the neutrino and a pseudo-s
alar parti
le, the Majoron. I 
al
ulated thede
oupling radii of two representative intera
tions between the neutrino and the Majoron:The annihilation pro
ess and the bremsstrahlung pro
ess. Subsequently I then investigatedthe in�uen
e of this new intera
tion on the neutrino energy spe
trum. This 
hapter presentsthe preliminary and unpublished results of these investigations.5.1 MotivationsIn models of neutrino mass 
reation, the addition of an extra Higgs �eld (
f. se
tion 3.3) to solvethe puzzle of the small neutrino masses brings about an unfamiliar parti
le, the Majoron φ. Aswe mentioned, it is not ne
essary for neutrinos to have a mass in the parti
le physi
s standardmodel (PPSM). However, through various os
illation experiments it has now been establishedthat although very small, the neutrino masses are non-zero. The 
urrent 
onsensus is neutrinomasses of the order 0.2�2 eV, whi
h is 5�6 orders of magnitude smaller than the masses ofthe other parti
les in the PPSM (e.g. me = 511 keV). This hierar
hy problem has puzzledphysi
ists for a long time. Often suggestions have been to solve it by using very small 
oupling
onstants, without any spe
i�
 physi
al motivation, but another possibility is to propose anew �eld for neutrinos to intera
t with. Letting this new �eld gain a va
uum expe
tationvalue (vev) due to a symmetry breaking, 
ould lead - perhaps more naturally - to the smallneutrino masses. This leads to the emergen
e of the Majoron, and below we will take a 
loserlook at how it 
omes into existen
e. Having brought this new parti
le into the world, we wantto see what the possible e�e
ts of neutrinos intera
ting with the Majoron in the hot and denseinterior of a supernova 
ould be. Could this new intera
tion be helpful in solving the problem53



54 CHAPTER 5. A STRONG PSEUDO-SCALAR NEUTRINO INTERACTIONof non-exploding stars?Even though little is known about the Majoron, we have at few 
onstraints on it. Oneof these 
onstraints 
omes from the only supernova so far, whi
h we have a
tually observedneutrinos from: SN1987A. Due to the fa
t that the time duration of the neutrino spe
trumfrom SN1987A should not be shortened by more than a fa
tor of two, it is possible to 
onstrainthe energy loss that 
an be tolerated through other me
hanisms than photon and neutrinoemission. In [CS90℄ they made a very detailed assessment requiring the Majoron luminositynot to ex
eed Lφ = 3 × 1053 erg/s. This made them ex
lude 
oupling 
onstants in the rangeof 5 × 10−7 . g . 6 × 10−5 (for a B-L breaking s
ale of 20 GeV.) Here g is the largest of the
ν − φ 
ouplings. These bounds are 
onsistent with the bounds found in [KTV00℄.5.2 Breaking a symmetryBefore we 
ontinue the dis
ussion of the neutrino-Majoron intera
tions in supernovae, let usreview how a Goldstone boson arises from a spontaneous broken symmetry.1 We will look ata generi
 example with a 
omplex doublet s
alar �eld Φ. Starting from the Lagrangian2

L =
1

2
(∂µΦ)†(∂µΦ) − V (|Φ|) (5.1)where Φ =

(
Φ1

Φ2

) and V (|Φ|) = −µ2

2
Φ†Φ +

λ2

4

(
Φ†Φ

)2
, (5.2)when µ2 > 0, we �nd the minimum of the potential to be

0 =
∂V (|Φ|)

∂Φ
⇒ 0 = −µ2 + λ2|Φ|2 , assuming |Φ| 6= 0 . (5.3)This gives

|Φ|2 =
µ2

λ2
⇔ |Φ1|2 + |Φ2|2 =

µ2

λ2
(5.4)Thus the potential takes on its minimum value for several 
ombinations of the two �elds. In�g. 5.1 we see expli
itly that the potential given in eq. 5.2 has a 
ontinuous set of symmetri
ground states along the bottom.Choosing one spe
i�
 ground state

Φ1,min = 0 Φ2,min =
µ

λ
(5.5)we 
an then reparametrize the �eld Φ in terms of this ground state value, 〈Φ2〉 = µ/λ = v,and two new real s
alar �elds χ(x) and φ(x):

Φ = (v + χ) exp i
φ

v
≃ (v + χ + iφ) . (5.6)The se
ond expression is obtained by expanding the exponential. Sin
e v >> φ this is agood approximation, and we only retain terms that are �rst order in the �elds. From the �rstexpression we 
learly see the rotational symmetry.1The treatment of spontaneous symmetry breaking 
an be found in numerous books, e.g. [PS95℄.2Please note that the last 
onstant in the potential, λ2/4, is not de�ned 
onsistently in the literature.
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Figure 5.1: Mexi
an hat potential.If we plug this new expression for Φ into the Lagrangian in eq. 5.1, we get
Lre =

1

2
(∂χ)2 +

1

2
(∂φ)2 − µ2χ2 − λ2

4
(χ4 + φ4)

−λµ(χ3 + χφ2 +
1

2v
χ2φ2) +

µ4

λ2

(5.7)We see from this new form that one of the two new �elds, χ, a
quires a mass throughthe term −µ2χ2, whereas the �eld φ is massless. This is a general property of spontaneoussymmetry breaking. A

ording to Goldstone's theorem: When a 
ontinuous global symmetryis spontaneously broken, there will always appear a massless s
alar parti
le - the Goldstoneboson.5.3 The singlet Majoron modelThe extra �eld needed to give Majorana mass terms for neutrinos, and whi
h a
quires avev under the breaking of global lepton number 
onservation, is what gives us the Majoron.Several models have been proposed to get the Majoron: extra singlet, doublet and even triplet�elds. Now it is 
lear that doublet and triplet Majoron models are ex
luded. This is be
auseneutrinos intera
t with Z0 and if triplet and doublet models existed they would manifestthemselves as extra e�e
tive neutrinos in Z0-de
ays. Experiments show that the de
ay widthof Z0 is 
onsistent with only 3 e�e
tive neutrinos. This leaves us only the possibility of asinglet Majoron model.The �rst singlet model was presented by Chikashige, Mohapatra and Pe

ei in 1980[CMP81℄. It presumes lepton number to be a spontaneously broken global symmetry, su
hthat a massless Goldstone boson appears, as we saw in se
tion 5.2, in this 
ase the Majoron.It also presumes that the Majoron has negligible intera
tions with ordinary matter, ex
ept forneutrinos. By introdu
ing an extra singlet Higgs �eld (that violates L with two units), andfollowing a treatment very similar to the one given in se
tion 3.3.1 they arrive at two massivephysi
al self-
onjugate Majorana �elds.The intera
tion term in the Lagrangian between the Majoron and the physi
al neutrinostates ν1 and ν2 (the eigenstates of the diagonal mass matrix from se
tion 3.3.1) is then given
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a) annihilation b) bremsstrahlungFigure 5.2: Feynman diagram of the annihilation of an anti-neutrino and a neutrino into twoMajorons (right), and of the bremsstrahlung pro
ess (left).by:
Lφ,ν = g2φ

[
ν̄1γ5ν1 −

mD

MRR
(ν̄1γ5ν2 + ν̄2γ5ν1) +

(
mD

MRR

)2

ν̄2γ5ν2

] (5.8)5.3.1 Spe
i�
ation to our modelPreviously, ν − φ intera
tions have been investigated (as mentioned in the introdu
tion tothis 
hapter), but almost always with very small 
oupling strengths su
h that the Majoronwould leave the supernova without intera
ting, and always under the assumption of a masslessMajoron.Our investigation of the singlet Majoron model will instead be with strong 
ouplings, sothat there may be (several) intera
tions before the φ's and ν's leave the supernova, and weassume the Majoron to have a mass of the order a few keV. One 
an provide mass to theMajoron by breaking the symmetry of the ground-state 
ontinuum. In one dimension, one
an imagine tilting the one dimensional version of the potential in eq. 5.2, thus breaking thesymmetry of the two ground-states. In more dimensions it is more 
ompli
ated, and oneunfortunately 
an not just imagine tilting the �Mexi
an hat�. With a Majoron mass of a fewkeV, neutrinos would not be able to de
ay into Majorons on their way from the supernovato Earth and the neutrino �ux would thus not be diminished. Furthermore with a strong
oupling to neutrinos a massive Majoron 
reated in the early universe would de
ay rapidly,thus leaving no reli
 population of Majorons. With no ba
kground Majorons, neutrinos wouldnot get s
attered out of their way en route from a supernova to Earth. So giving the Majorona relatively small mass makes it es
ape bounds on the 
oupling strength given in previouspapers, e.g. [HR05, KTV00℄. Inside the supernova, however, the neutrino energy is su�
ientlyhigh that the mass of the Majoron will not be a problem.5.4 Cal
ulating de
oupling radiiTo make more detailed statements of the in�uen
e Majoron intera
tions would have in asupernova, we will in this se
tion 
al
ulate the radius where intera
tions between Majoronsand neutrinos e�e
tively 
ease. We will assume that the Majoron is a pseudo-s
alar parti
leto avoid any unwanted long range for
es. Moreover, even though the following is based on
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les, it is likely that it would be possible tomake a similar pseudo-s
alar 
oupling as in eq. 5.8 if neutrinos are Dira
 parti
les.We will start by 
al
ulating the de
oupling radius for annihilations of neutrinos into Ma-jorons, see �g. 5.2a. To simplify 
al
ulations we will use a pseudo-s
alar 
oupling instead ofa derivative 
oupling, this is not entirely equivalent but it is good enough to obtain a 
on-servative bound. We are using an expression for the 
ross se
tion from the arti
le [DPRV97℄,whi
h is appropriate sin
e they are using pseudo-s
alar 
ouplings between the Majorons andneutrinos. For annihilations to Majorons the 
ross se
tion is given by
σJ(η) =

g4

128π

1 − η

m2
νη

[
ln

(
1 +

√
η

1 −√
η

)
− 2

√
η

] (5.9)where
η ≡ 1 − 4m2

ν

s
(5.10)and s is the 
enter of momentum energy squared. Inserting this in the formula for the velo
ityaveraged 
ross se
tion

〈σiv〉 =
4x

K2
2 (x)

∫ 1

0
dη

η

(1 − η)7/2
σi(η)K1

(
2x√
1 − η

)
, (5.11)where x = mν/T , and K1 and K2 are Bessel-fun
tions of the �rst and se
ond order, gives us

〈σv〉 =
4x

K2
2 (x)

g4

128π m2
ν

∫ 1

0
dη

1

(1 − η)5/2

[
ln

(
1 +

√
η

1 −√
η

)
− 2

√
η

]

× K1

(
2x√
1 − η

) (5.12)Computing the integral numeri
ally in Mathemati
a, while taking m to be 0.2 eV (a 
urrentlya

eptable value from 
osmology 
onsiderations, [Kin07℄) and T = 20 MeV (a typi
al energyin the supernova) and thus x = mν/T = 10−8, gives us
〈σv〉 =

g4
~

2

32πm2
ν c

10−8

K2
2 (10−8)

· 2.08322 × 1025 =
g4

~
2

m2
ν c

5.208 × 10−18 (5.13)Here the value of the neutrino mass must be inserted in MeV/c2. In the last equality 32π hasbeen approximated by 100. The evaluation of the Bessel-fun
tion K2
2 (10−8) gives a value of

K2
2 (10−8) ∼ 4 × 1032.Next, to 
al
ulate the average of the mean free path 〈λ〉 with respe
t to this rea
tion wewill use a Maxwell-Boltzmann distribution for the neutrino distribution fun
tion; fν(ω) =

exp (−ω/kT ). We also adopt an expression for the neutrino number density from the arti
le[HRSW06℄:
nν =

L0

〈Eν〉 4πr2
= 1.04 × 1032cm−3

( r

10 km)−2 (5.14)Then we �nd
Γνν→φφ = nν 〈σv〉 (5.15)

λ =
c

Γ
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〈λ〉 =

∫
c
Γ fν ω2 dω∫
fν ω2 dω

=

∫
c

nν〈σv〉 fν ω2 dω
∫

fν ω2 dω
=

T

N
(5.16)In these expressions ω is the energy of the neutrino.

N =

∫
fν ω2 dω =

∫ ∞

0
ω2 e−ω/kT dω

=
[
−kT e−ω/kT

(
2(kT )2 + 2kTω + ω2

)]∞
0

= 2(kT )3
(5.17)

T =

∫
c

Γ
fν ω2 dω =

∫ ∞

0

c fν ω2

nν 〈σv〉 dω =
c

nν 〈σv〉

∫ ∞

0
fν ω2 dω

=
c

nν 〈σv〉 2(kT )3
(5.18)

〈λ〉 =

c
nν〈σv〉 2(kT )3

2(kT )3
=

c

nν 〈σv〉 =
c

1.04 × 1032cm−3
(

r
10 km)−2 g4 ~2

m2
ν c 5.208 × 10−18

〈λ〉 =
m2

ν/c
2

g4 ~2 5.416 × 1014cm−3

( r

10 km

)2 , mν to be inserted in MeV (5.19)We de�ne the point where this rea
tion falls out of equilibrium to be when 〈λ〉 equals theradius of the neutron star RNS . This leads to the following expression for the de
ouplingradius
RNS =

m2
ν/c

2

g4 ~2 5.416 × 1014cm−3

( r

106 cm

)2
→ r2 =

g4
~

2 RNS

m2
ν/c

2
5.416 × 1026cm−1The neutron star radius we take to be 10 km.

r = g2 ~ c

mν
2.327 × 1016 =

g2

mν
4.594 × 103m MeV , with mν in MeV. (5.20)Inserting the neutrino mass of 0.2 eV leaves us with a dependen
y only on the 
ouplingstrength g. We know that it has to be larger than ∼ 10−5 from observations of neutrinos fromthe supernova SN1987A, and we will assume g = 10−3. The de
oupling radius is then

rdec =
(10−3)2

0.2 × 10−6 MeV
4.594 × 103m MeV = 22970m = 22.97 km (5.21)Using this value for the de
oupling radius together with the equation for the temperature from[Raf01℄, we �nd a temperature of

T (r) = T0

(
10 km

r

)2,5

, T0 = 31.66MeV (5.22)
T (rdec) = 31.66MeV

(
10 km

23km

)2.5

= 3.946MeV , (5.23)whi
h is equivalent to 4.58 × 1010 Kelvin.



5.5. BREMSSTRAHLUNG CALCULATIONS 595.4.1 NC and CC radiiWe would like to 
ompare our de
oupling radius to the de
oupling radii for the neutral and
harged 
urrent intera
tions. Below we sket
h the two 
al
ulations. They are quite similar tothe previous one. The energy in the supernova environment is high enough that we 
an assumethe medium not to be degenerate, thus no Pauli-blo
king fa
tors are needed. Assuming furtherthat the intera
tion medium only 
onsist of neutrons that are non-relativisti
, and that we 
anignore the mass of the ele
tron and the mass di�eren
e between the proton and the neutron
ompared to the neutrino energy, we 
an use the mean free paths λ given in [Bru85℄. In our
ase they redu
e to:
1

λCC
=

G2

π
nn(g2

V + 3g2
A)ω2 (5.24)

1

λNC
=

G2

πc(~c)3
nn(h2

V + 3h2
A)ω2 (5.25)Here nn is the neutron density, G the Fermi 
onstant, ω the neutrino energy, and gV = 1,

gA = 1.23 and hV = −1/2, hA = −gA/2 are 
harged and neutral nu
leon 
urrent form fa
tors.This leads to radii rCC ≃ 23.2 km and rNC ≃ 21.0 km, and temperatures of TCC ≃ 3.85 MeVand TNC ≃ 4.93 MeV.We thus see that with our value of the 
oupling strength g = 10−3 for the Majoron-neutrinointera
tion, the de
oupling radius will lie approximately in the same range as the ones for theNC- and CC-intera
tions.5.5 Bremsstrahlung 
al
ulationsTo ensure that the impa
t of other intera
tions between Majorons and neutrinos are negligible,we have 
al
ulated the 
ross se
tion 
orresponding to bremsstrahlung emission of a Majoron,see �g. 5.2b. Starting from the general expression for the matrix element of the pro
ess
F = ū(p′) gγ5 u(p)

C

(p − p′)2 − m2
φ

ū(k′)g γ5
i(/l + mν)

l2 − m2
ν

g γ5u(k)φ(q) (5.26)where C is a (
omplex) 
onstant of order unity whi
h we will ignore, we �nd (see appendix A)
1

4

∑
|F |2 =

16g6

[(p − p′)2 − m2
φ]2(l2 − m2)2

×
[
m4(p′ · p − m2) + 2(k′ · l)(k · l)(p′ · p − m2) + 2m2(p′ · p − m2)(k′ · l)

+ 2m2(p′ · p − m2)(k · l) + m2(p′ · p − m2)(k′ · k)

+ m2(p′ · p − m2)(l · l) − (p′ · p − m2)(k′ · k)(l · l)
]Sin
e both neutrinos and Majorons are relativisti
 inside the supernova, we are working in theextremely relativist limit and 
an negle
t terms proportional to m2 or higher, resulting in

1

4

∑
|F |2 =

4g6

(p · p′)l4
[
2(k′ · l)(k · l) − (k′ · k)(l · l)

] (5.27)
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Figure 5.3: Parti
le �uxes, all normalized to unity. The red line is our result and the remainingthree are from [KRJ03℄; green: νµ, blue: νe and purple: ν̄e.Now the matrix element 
an be inserted in the general formula for the di�erential 
rossse
tion dσ

dσ =
|F |2

4[(p · k)2 − m4
ν ]

1/2
(2π)4δ4(p′ + k′ + q − k − p)

d3k′

(2π)32Ek′

d3p′

(2π)32Ep′

d3q

(2π)32Eq
(5.28)

σ =

∫∫∫
16g6 [(k′ · l)(k · l) − (k′ · k)(l · l)]

l4 (p · p′)
1

4[(p · k)2 − m4
ν ]

1/2

× (2π)4δ4(p′ + k′ + q − p − k)
d3k′

(2π)32Ek′

d3p′

(2π)32Ep′

d3q

(2π)32Eq

(5.29)It is not simple to 
al
ulate this 
ross se
tion in the relativisti
 limit, and sin
e we arenot interested in the exa
t numeri
al value, we will 
ontend ourselves with noting that thekernel of the integral is not zero. The �nal result will give us some numeri
al value times g6.This is also 
lear from dimensional analysis, whi
h gives σ ∝ g6/T 2. In the 
al
ulation of thede
oupling radius we would then get r ∝ g3 thus giving an extra fa
tor of 10−3 
ompared withthe de
oupling radius 
al
ulated in se
tion 5.4 for the annihilation of neutrinos into Majorons.We therefore 
on
lude that it is reasonable to disregard this rea
tion in our 
onsiderations.5.6 E�e
ts of the ν − φ intera
tionNow we will turn to the impli
ations of these strong intera
tions between neutrinos and Ma-jorons. One very obvious result, when we assume the intera
tion strength to be equal forall �avors, is that this intera
tion provides a sort of �ba
k-door� for neutrino �avor 
hanges.Through this strong intera
tion we 
ould e�e
tively have �avor os
illations among the neu-trinos via νxν̄x → φφ → νeν̄e. This would allow non-ele
tron �avor neutrinos to turn into



5.6. EFFECTS OF THE ν − φ INTERACTION 61

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 5.5

 0  10  20  30  40  50

R
at

io

E, in MeV

f(x)/gu(x)
f(x)/ge(x)

f(x)/gbe(x)

Figure 5.4: Ratio of parti
le �uxes; our 
al
ulation 
ompared with the results of [KRJ03℄. The
olors show our results divided by the result of [KRJ03℄ for respe
tively; red: νµ, green: νeand blue: ν̄e.ele
tron �avor neutrinos, but 
arrying with them their original higher energy, 
f. se
tion 1.7.The ele
tron neutrinos have CC-intera
tions with the medium allowing them more e�
ientlyto deposit some of their energy as dis
ussed in se
tion 1.6. Thus via this intera
tion we 
ouldtransfer some of the energy residing in the non-ele
tron �avor neutrinos to the stellar materialbehind the sho
k-front, thereby possibly helping the revival of the stalled sho
k.This e�e
t would also be apparent in the neutrino �ux and energy spe
tra. In the upperpart of �g. 1.11 we see the time-dependent evolution of the neutrino �ux a

ording to theLivermore model and in the lower part the average energy evolution. If neutrinos have strongintera
tions with Majorons these 
urves would 
hange: The peak in the νe-�ux due to theneutrino burst would diminish and partially reappear in the two non-ele
tron �avors. Theaverage energy of the �avors would be
ome similar and follow the same time development.In a future observation of a gala
ti
 supernova this 
ould thus be a tell tale signature of thismodel.In se
tion 1.7 we saw that one 
ould equally well display ones results as a time-integratedspe
trum. To 
ompare our results with numeri
al models, we have plotted a Fermi-Dira
distribution
f(E) =

E2

1 + exp(E
T − η)

(5.30)with our values, and the same fun
tion using the values obtained in [KRJ03℄. We have 
om-pared with their values from the �A

retion-Phase Model 1�, see table 5.1.Using the following 
orresponden
e between temperature and average neutrino energy(eq. 6 in [KRJ03℄); 〈E〉 ≃ 3.15T , the energy of neutrinos released at the neutrino-Majoronde
oupling radius, at a temperature of 3.946 MeV, is 12.43 MeV in our model. To �ndthe degenera
y parameter η (whi
h is related to the 
hemi
al potential) we demanded that



62 CHAPTER 5. A STRONG PSEUDO-SCALAR NEUTRINO INTERACTIONFlavor E (MeV) T (MeV) η

νµ 14.3 4.3 1.2
ν̄e 14.0 3.6 2.7
νe 11.8 3.4 1.4Table 5.1: Values from [KRJ03℄, �A

retion-Phase Model 1�.our model should produ
e the same total parti
le number as was produ
ed in the model of[KRJ03℄. This leads to a value of η = 1.6 for our model. The plot 
an be seen in �g. 5.3,and in �g. 5.4 we show the ratio of our spe
tra to the three spe
tra obtained with data from[KRJ03℄. It is 
lear from �g. 5.3 that our graph is su�
iently similar to the other graphsthat it is not ruled out by present observations (i.e. SN1987A) but also su�
iently di�erentthat, with good statisti
s and good energy resolution in an observation of a new supernova,it should be possible to distinguish it from the other spe
tra. And from �g. 5.4 we see thatup to an energy of ∼ 30 MeV our results do not di�er by more than a fa
tor of 2 from theresults of [KRJ03℄. If one were to assume a slightly higher 
oupling strength in the 
al
ulationof the de
oupling radius (see se
tion 5.4), say g = 2× 10−3 one would get a de
oupling radiusof ∼ 92 km. This would keep the neutrinos intera
ting with the Majorons long after the NC-and CC-intera
tions have de
oupled. Majorons and neutrinos would move like a �uid, with abulk velo
ity of c/

√
3, until also their intera
tion 
eased. The arrival-time on Earth of someof the neutrinos would therefore be delayed, whi
h 
ould give a very interesting bound on the
oupling strength.5.7 Summary and 
on
lusionsWe 
onsidered a new strong intera
tion for the neutrino with the pseudo-s
alar Goldstoneboson the Majoron, that arise from the spontaneous breaking of lepton number. We have
al
ulated the radius and temperature at the de
oupling of the neutrino-Majoron intera
tion,and 
on
lude that intera
tions with 3 verti
es (e.g. bremsstrahlung pro
esses) 
an safely beignored, due to the extra fa
tor of the 
oupling strength 
ompared to e.g. annihilation pro-
esses. We �nd that the neutrino spe
trum is 
hanged su�
iently to be distinguished fromspe
tra of NC- and CC-intera
tions but not enough to be ex
luded based on 
urrent observa-tional data. Observations with better statisti
s 
ould 
on�rm or reje
t this intera
tion modelbetween neutrinos and Majorons. A future Milky Way supernova may provide the neededneutrino 
ounts in 
urrently operating neutrino dete
tors.The investigation of a strong intera
tion between the neutrino and the Majoron is obviouslyin
omplete in that a proper estimate of the energy transfer should be done. The impa
t of theredistribution of neutrino energy between the di�erent �avors might also a�e
t the ele
tronfra
tion and the subsequent nu
leosynthesis. Re
ent papers, e.g. Hüdepohl et al. [HMJ+℄,however, argue that the mean energies of ν̄e and νx are so similar that a �avor swap is irrelevantin 
onne
tion with the nu
leosynthesis. This point illustrates quite well that no follow-up workhas been done on these 
al
ulations in the past two years. Therefore 
on
lusions that mayhave been disproved in the meantime has not been updated.
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6Single ray
Numeri
al simulations show that hydrodynami
 instabilities will probably be a 
ru
ial ingre-dient in aiding the neutrino heating me
hanism explode stars with masses above M ∼ 11M⊙.It is natural, then, to look for ways to observe these instabilities. The only way this is possibleis to observe the e�e
t they have on the energies and luminosities of neutrinos emitted duringthe explosion phase. The aim of this and subsequent 
hapters is therefore to determine theappearan
e of a supernova neutrino signal as it would be observed by I
eCube. It is furtheresitmated whether the fast time variations that the motions of the Standing A

retion Sho
kInstability imprints on the signal 
ould be dete
ted with I
eCube's sensitivity. To make our
onsiderations as tangible as possible we de
ided to investigate the results of simulations byMarek and Janka. This was an opportunity for me to improve my skills in data handling andinterpretation, as well as C-programming. Something of a 
hange from my previous mainlyanalyti
al theoreti
 work.6.1 Initial approa
hOur initial approa
h was to examine the detailed spe
tral energies and number �uxes of neu-trinos for one single ray. From the detailed energy information we would then 
al
ulate thequantities needed in order to 
al
ulate the event rate in I
eCube, as given by the equation byDighe et al. [DKR03a℄

Rν̄e = 62 s−1 NDOM
Lν̄e

1052 erg s−1

(
10 kpc

D

)2

ffluxfdetec (6.1)65



66 CHAPTER 6. SINGLE RAYHere NDOM is the number of opti
al modules in I
eCube whi
h is 4800 for the primarydete
tor1. Lν̄e is the anti-ele
tron neutrino luminosity. D is the distan
e to the supernova,unless noted otherwise we will use a �du
ial distan
e of 10 kp
, and the two fudge fa
tors arede�ned as:
fflux =

15MeV

〈Eν̄e〉
8
〈
E3

ν̄e

〉

15 (15MeV)3
(6.2)

fdetec = fCh
Rabs

100m

Q

0.20

Acat

250cm2

Ωacc

2π
(6.3)The fudge fa
tor fdetec in
orporates the un
ertainties in the theoreti
al 
ross se
tion, σ, of ν̄eon protons, and various approximations in the estimation of dete
tor e�
ien
ies in I
eCube.We will for simpli
ity assume that fdetec equals one.The idea was to eventually extend this approa
h and use the detailed information of everyray of the simulation to 
al
ulate the event rate, thereby allowing us to look at hemispheri
di�eren
es and averages. Unfortunately this approa
h turned out to be infeasible due to theprohibitingly large amount of data needed. Instead we turned to the less data heavy approa
hof getting only the average energy and the luminosity for ea
h time and �avor on ea
h ray,and then for a number of rays 
orresponding to an entire hemisphere. We will dis
uss theresults of this multi-ray approa
h in the following 
hapters. Below, however, I will still outlinethe initial work we did as it also illustrates some of the te
hniques we used in our subsequentwork on the multi-ray version. It also gives a good understanding of the pro
ess of turningsimulation results into observable quantities.To use equation 6.1 we have to 
al
ulate the energy moments and the luminosities for theanti-ele
tron neutrinos. This naturally requires an understanding of the data �les, and as thedata was given for an observer 
o-moving with the infalling matter, a Doppler transformationto the referen
e frame for an observer here on Earth had to be done.6.2 Spe
tral information on one rayIn the �ray-by-ray plus� method employed by the Gar
hing group, a hemisphere is mapped outby a number of rays, ea
h spanning a prede�ned number of degrees. The data for the single rayversion was for a ray at 5◦ from the north pole. It 
overed the time span of 10.5446�416.601 ms,and provided for ea
h time step the full spe
tral energy information, the di�erential neutrino�ux and the �uid velo
ity at a distan
e of 400 km (ne
essary for the Doppler transformation).The employed EoS was that of Lattimer & Swesty, and all information was given for the threeneutrino spe
ies, νe, ν̄e and νx. The neutrino energy range 
overed 0�380 MeV and was dividedinto 17 energy bins, see table 6.1, where the bin width in
reases logarithmi
ally as we go upin energy.The time-dependent di�erential neutrino �ux is in this 
ase de�ned as the number ofneutrinos per se
ond per MeV, and we will denote this quantity with dS(t). It is of 
ourseequivalent to the number �ux of neutrinos per energy bin, dN(t)/dEbin, where the number�ux dN(t) is equal to the di�erential luminosity divided by the 
enter energy of the bin:

dN(t) = dL(t)/Ecenter . This latter formulation was the quantity a
tually given in the data�les, i.e. dS(t) = dL(t)/(Ecenter dEbin) with units [1/(s·MeV)℄, whi
h will be important to keep1The 360 opti
al modules of the dete
tor Deep Core is not in
luded in this number.



6.2. SPECTRAL INFORMATION ON ONE RAY 67Bin number Ecenter [MeV℄ dEbin [MeV℄0 2.000000E+00 4.000000E+001 4.658506E+00 1.317013E+002 6.192335E+00 1.759647E+003 8.231181E+00 2.327056E+004 1.094132E+01 3.093244E+005 1.454379E+01 4.111704E+006 1.933238E+01 5.465482E+007 2.569763E+01 7.265014E+008 3.415866E+01 9.657048E+009 4.540551E+01 1.283671E+0110 6.035542E+01 1.706329E+0111 8.022763E+01 2.268136E+0112 1.066428E+02 3.014914E+0113 1.417553E+02 4.007593E+0114 1.884287E+02 5.327102E+0115 2.504695E+02 7.081068E+0116 3.329374E+02 9.412521E+01Table 6.1: Tabel of the energy bins. The 
enter energy of ea
h bin along with the bin widthis listed. The width of an energy bin is de�ned as Eright − Eleft.in mind to understand the expressions for the energy moments and total luminosities given inse
tion 6.2.2.As an example we show in �g. 6.1 how the di�erential number �ux of neutrinos is distributeda
ross energy bins at the time tpb = 10.5446ms. The logarithmi
 spa
ing of energy bins isevident in the left panel. Less obvious is the pin
hing of the energy spe
tra, that we mentionedin 
hapter 5 was 
ommonly seen in SN neutrino energy spe
tra. Cal
ulating the pin
hingparameter of these data, however, show that they are also pin
hed as expe
ted.6.2.1 Doppler transformationsThe energies and di�erential number �uxes 
oming from the numeri
al simulations are all inthe 
omoving observer frame at a radius of 400 km, i.e. for someone following the infalling gas.The bene�t of giving all the information as seen by a 
omoving observer is that the energy binsremain 
onstant in size. However, this means that we need to take into a

ount the Doppler
hange indu
ed by 
hanging observer frame from the 
omoving one to the stati
 Earth. TheDoppler 
hange in the energy is given by
Eobs = γ(1 − v/c)Eemit = Eemit

√
1 − v/c

1 + v/c
(6.4)
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Figure 6.1: The number of neutrinos in a given energy bin at the time t = 10.5446ms. Left:Logarithmi
 s
ales. Right: Linear s
ale.The velo
ity entering the Doppler formula should be larger than zero: v > 0, sin
e the infallinggas is moving away from the stati
 observer on Earth. And γ is the usual Lorentz fa
tor
γ ≡ 1√

1 − v2

c2

. (6.5)We de�ne for the Doppler fa
tor
η ≡

√
1 − v/c

1 + v/c
(6.6)Furthermore, one will need to take into a

ount the 
orresponding time transformation thatwill happen

tobs = temit

√
1 + v/c

1 − v/c
=

temit

η
(6.7)Thus ea
h time an energy quantity enters in the 
al
ulation of the energy moments below, afa
tor of η is asso
iated with it, while time dependen
e provides a fa
tor of η−1. In the 
aseof the di�erential neutrino �ux dS (that we re
all had units of 1/(s·MeV)), the two Dopplerfa
tors thus 
an
el out.6.2.2 Cal
ulating energy moments and total �uxesAfter the appropriate Doppler transformation has been done, we pro
eed to 
al
ulate theenergy moments, total luminosity and the total number �ux for ea
h time step from thedi�erential number �uxes and the spe
tral information. We 
al
ulate the total luminosity,total �ux and average energies for ea
h of the three �avors: νe, ν̄e and νx. The higher orderenergy moments are only 
al
ulated for the ν̄e, as only these are relevant for the I
eCube eventrate. In the following I have suppressed the information of the summations for simpli
ity. Allsummations run over the 17 energy bins, thus an index runs from 0 to 16.The total number �ux of neutrinos, N(t), from all energy bins at a spe
i�
 time is

N(t) =
∑

j

dSj(t) dEj η (6.8)
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Figure 6.2: The event rate in I
eCube 
al
ulated for the single northern ray. Left: From theoriginal data. Right: Resampled at 1 ms intervals.And the total luminosity at a given time is
L(t) =

∑

j

dSj(t) dEj Ecenter,j η2 1.60217646 × 10−6erg/MeV (6.9)where the fa
tor of 1.60217646 × 10−6 erg/MeV is merely a 
onversion fa
tor.From these two quantities the average energy, in MeV, is easily found:
〈E〉 =

L(t)

N(t) 1.60217646 × 10−6erg/MeV
=

∑
j dSj(t) dEj Ecenter,j η2

∑
i dSi(t) dEi η

(6.10)In a similar manner the nth moment of the energy is found as
〈En〉 =

∑
j dSj(t)En

center,j dEj ηn+1

∑
i dSi(t) dEi η

(6.11)In later se
tions of this thesis we will be using the root mean squared energy, Erms, that wede�ne as
E2

rms =

〈
E3
〉

〈E〉 (6.12)Where the averages are taken over the neutrino distribution fun
tion. This is an rms energywith respe
t to the energy spe
trum, and not the �ux spe
trum. And as su
h it is slightlydi�erent from the more 
ommonly used de�nition of the rms energy: Erms =
√

〈E2〉. Howeverour de�nition mat
hes the quantity that enters into the 
al
ulation of the I
eCube event ratethrough the �ux fudge-fa
tor fflux (eq. 6.2), and will therefore be used.From the 
al
ulated luminosities and energy moments we 
an now 
al
ulate the event ratein I
eCube, eq. 6.1, for our single ray. The resulting rate 
an be seen in �g. 6.2.6.3 Resampling of event rateThe simulation data was given at uneven time intervals but with roughly a 0.5 ms spa
ing.I
eCube on the other hand samples data in 1.6384 ms bins. We therefore found it 
onvenient



70 CHAPTER 6. SINGLE RAYto resample the event rate at the intermediate value of 1 ms. This will also fa
ilitate an easierFourier transform sin
e the data points are now equally spa
ed in time. The bin width, or theabsen
e of binning, will only a�e
t the sensitivity to frequen
ies that we will anyway see aretoo high to be dete
ted.6.3.1 Gaussian interpolation and extrapolationWe de
ided to use a simple running Gaussian to resample our signal. The interpolation (andto a limited degree extrapolation for later data sets) between the original data points to �ndthe fun
tion values for the new times was done in the following way.We �rst de�ne the new times t′

t′k = tinit +
k

1000
, where 0 ≤ k < M (6.13)The o�set tinit allows us to start at a time di�erent from 0. The index k runs from 0 to M , thenumber of new data points we want. In the 
ase of the single ray the resampled time stret
hruns from 13 ms to 413 ms, so M = 400 and tinit = 0.013 s.The fun
tion value 
orresponding to this new time t′k is then 
al
ulated by weighing all theoriginal fun
tion values a

ording to their distan
e from the point we are 
urrently examining.Thus neighboring points will have a large in�uen
e on the new fun
tion value, but as onemoves further away the fun
tion values will get less and less in�uen
e. The Gaussian weight

wi thus assigned to ea
h original data point, at a time ti, is given by
wi =

1√
π2σ2

· exp

(
− [t′k − ti]

2

2σ2

) (6.14)And the resampled values for the event rate R(t′k) then be
ome
R(t′k) =

∑N
i=1 R(ti) · wi∑N

j=1 wj

(6.15)Where N is the number of original data points.Through this resampling we obtain values for the event rate in I
eCube that has an evenlyand exa
t 1 ms spa
ing. We will furthermore always 
hoose M su
h that we get aneven number of new data points R(t′k). We emphasize these two issues be
ause in theFourier transform they will be
ome important.We a
knowledge that the smoothing was done in a simplisti
 way without any spe
ial
onsideration for the ends of the data sequen
e, where the Gaussian would �run out of� dataon one side of the data point in question. It will have minimal e�e
t though for our subsequentFourier transform sin
e we will in any 
ase multiply our signal with a window fun
tion tosuppress edge e�e
ts.6.3.2 Choi
e of σFinding the appropriate value for σ, the standard deviation of the Gaussian, 
an be a di�
ulttask. Choosing a value too large will smooth away all the details (�g. 6.3a), while a value toosmall will make the �tted fun
tion look �jagged� and square 
lose to the data points (�g. 6.3
).
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a) b) 
)Figure 6.3: These three �gures show the same data smoothed with a running Gaussian. Thevalue of sigma de
reases from left to right.From a visual inspe
tion and manual test of various sigmas, we ended up with σ = 0.2236ms(
orresponding to 2σ2 = 1 × 10−7 ms2) for the resampling of our data. We show in the leftpanel of �g. 6.4 the luminosity for all �avors after resampling, and the resampled Erms for all3 �avors 
an be seen in the right panel of �g. 6.4. The event rate for the ν̄e 
an be seen in itsresampled version in the right panel of �g. 6.2. We see that the magnitude of the ex
ursionshave diminished slightly 
ompared to the unsampled signal, as expe
ted. Furthermore themost rapid �u
tuations, primarily due to numeri
al noise, are gone. The main �u
tuations,however, remain.Using purely the information from a single ray to estimate the event rate in I
eCube isa
tually a poor approximation of the full signal. We will later show (
hapter 10) that there issigni�
ant variation in the magnitude of luminosity and energy �u
tuations from ray to ray.The most extreme di�eren
e being between a polar and an equatorial ray.6.3.3 Emulating a 1D signalWe wanted to be able to 
ompare the resulting signals from the SASI model to a spheri
allysymmetri
, i.e. 1D, supernova model. We therefore de
ided to make a �super-smoothed� version
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72 CHAPTER 6. SINGLE RAYof our data. By taking an overly large value for σ all the fast time variations of the signalwere removed, but the overall se
ular variation remained. This super-smoothed signal wasour imitation of a signal from a spheri
ally symmetri
 SN explosion. For the super-smoothedversion we used σ = 22.36ms (2σ2 = 1 × 10−3 ms2), again found by visual inspe
tion. Theapproximated 1D signals were primarily used in 
onne
tion with the luminosities and rmsenergies to show the ex
ursions due to the fast �u
tuations. As the super-smoothing was donein the pro
ess of resampling the signals, all plots for the luminosities and energies 
onsequentlyshow 1 ms resampled versions.In various instan
es for plotting purposes we also o

asionally used a slightly smaller σ,
σ = 7.07ms (2σ2 = 1×10−4 ms2). The reason is that it follows the original signal slightly more
losely, as 
an be seen in e.g. �g. 10.2. Thus it highlights the ex
ursions better, whereas the1D emulated signal needed to be as featureless as possible beyond the slow se
ular variation:the familiar rise and fall o�.



7Fourier Transformation of the signal
In the previous 
hapter, we saw that fast time variations were present in the neutrino signalobserved in I
eCube. To better investigate these temporal variations of the event rate, weuse a well established tool: the Fourier Transformation. In 
hapter 4 we outlined the basi
prin
iple of the Fourier transform. In this 
hapter we will spe
ify the general 
onsiderationsto our 
ase, and state whi
h de�nitions we use. We have only the need to Fourier transforma relatively small amount of data, and for transparen
y as well as the edu
ational bene�t, Iwrote a C program from s
rat
h to implement the Fourier transform instead of using a moregeneral program, as e.g. the Fast Fourier Transform.7.1 Basi
 quantitiesReferring ba
k to the notation from 
hapter 4 we make the following identi�
ations for ourresampled neutrino signal from se
tion 6.3:

Nbins = 400 (7.1)
∆ = 1ms (7.2)

Ttot = Nbins ∆ = 400ms (7.3)In later 
hapters the time duration Ttot will 
hange but the prin
iple remains the same. In our
ase the number of samples N will equal the number of bins Nbins. The time 
orrespondingto ea
h sample is identi
al to the resampled times
tk = tinit + k ∆ , k = 0, 1, ..., N − 1 (7.4)Here we have rewritten the expression in terms of ∆, the time between ea
h sample, and westill have tinit = 13ms. As dis
ussed in 
hapter 4 it is furthermore assumed that the signal73
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 with the period Ttot. This is not stri
tly true in our 
ase, but it is a te
hni
alityto make the dis
rete Fourier transform work. As a result of this assumption, we have the
g(tk=0) = g(tk=N ).We stress that to minimize 
onfusion we will from now on use f solely to denote frequen
ies,and fun
tions of time will be denoted with g or h. In the frequen
y domain primarily 
apitalletters will be used. The Fourier transforms of the fun
tions g(t) and h(t) will thus be G(f)and H(f) respe
tively.7.1.1 Nyquist frequen
y revisitedWith our sample rate of 1 ms the highest frequen
y we 
an uniquely identify, 
f. eq. 4.2, is

fNyq =
1

2∆
=

1

2 × 1ms
= 500Hz (7.5)It is only possible to determine a �nite dis
rete set of frequen
ies from a �nite dis
rete set ofdata. For our dis
rete data set, we will therefore seek information on equally spa
ed frequen
iesbetween f = 0 and fNyq with a frequen
y spa
ing, δf , given by

δf =
1

Ttot
(7.6)The relevant frequen
ies are then: fm = m δf , with m = 0, . . . , Nfmax

where Nfmax
= fNyq/δf .The natural frequen
y spa
ing for our model is thus 2.5 Hz, when our resampled time durationis 400 ms. Sin
e δf = 1/Ttot we have Nfmax

= Nbins/2 and 201 frequen
ies in total.7.2 Window fun
tionWhen dealing with a �nite segment of dis
rete data, edge e�e
ts 
an arise in the Fouriertransform. These 
an be 
ountered by the use of a window fun
tion. Several di�erent types ofwindow fun
tions exits: the top-hat, Parzen, Hann and Wel
h window are the most 
ommon[PFTV86℄. Ea
h one has its strengths and weaknesses, espe
ially when it 
omes to the rise andfall time of the window, and the amount of leaking it allows. Leaking is when power from onefrequen
y bin �spills� into neighboring frequen
y bins, and the window fun
tion helps suppressleaking into bins far away. For the top-hat window the leaking is relatively large out todistant frequen
y bins, whi
h made it undesirable for our purposes. Naturally we should haveexamined and evaluated thoroughly whi
h other window would be best suited for our needs.However sin
e our experien
e in signal pro
essing was small, and sin
e we did not need anexa
t power spe
tra we took to heart the statement of the book Numeri
al Re
ipes [PFTV86,p.425℄: �However, at the level of this book, there is e�e
tively no di�eren
e between any ofthese (or similar) window fun
tions.� Sin
e we had initially tried with a Gaussian fun
tionfor the window, whi
h turned out to be a poor idea sin
e it only goes to zero at in�nity, wede
ided to take the window fun
tion with the highest similarity to the Gaussian: the Hannwindow.



7.2. WINDOW FUNCTION 757.2.1 The Hann windowThe Hann window is de�ned by
wj =

1

2

(
1 − cos

[
2π j

N − 1

]) (7.7)The index j runs from 0 to N−1, where the N intervals should 
over the time span in question,i.e. equal Nbins. We 
learly see that by 
onstru
tion this window goes to zero at the ends of thetime interval, as opposed to the Gaussian. We normalize the window fun
tion independently,setting
W =

N−1∑

j=0

wj (7.8)Furthermore sin
e the sum over a 
osine 
an be given in 
losed form
N∑

n=0

cos(nx) =
cos(1

2Nx) sin(1
2(N + 1)x)

sin(1
2x)

(7.9)we expe
t W to equal
W =

N−1∑

j=0

1

2

(
1 − cos

[
2π j

N − 1

]) (7.10)
=

1

2

(
N −

cos(π) sin(π N
N−1)

sin( π
N−1 )

) (7.11)
=

1

2
(N − 1) (7.12)Thus the normalized weight are given by1

w′
j =

wj

W
=

1 − cos
[

2π j
N−1

]

N − 1
(7.13)Where

N−1∑

j=0

w′
j = 1 (7.14)However due to numeri
al ma
hine pre
ision issues in the a
tual Fourier transform 
ode we didnot use this analyti
 version of the summed weights but instead 
al
ulate the weights for ea
hrun, as given by eq. 7.8. It should be quite 
lear that with this de�nition and normalizationof the window fun
tion, the weights will only depend on the total time duration of our dataset and the bin width (sin
e this will di
tate the number of weights wj). Therefore one 
ouldequally well use a di�erent window fun
tion instead of eq. 7.7 without it having any impa
ton the underlying programming 
al
ulations. By 
onstru
tion our FT-program is therefore
apable of using either a top-hat window, a top-hat on half the signal width, a Gaussian or aHann window, and 
ould easily be altered to deal with other window fun
tions.1This little 
al
ulation also shows that the apparently di�erent de�nitions of the Hann window given hereand in our paper, is non-existent, when the window weight is normalized.



76 CHAPTER 7. FOURIER TRANSFORMATION OF THE SIGNAL7.3 De�nition of Fourier AmplitudeComing now to the de�nition of the Fourier Amplitude, H(fg), for a given frequen
y fg, we
hoose not to use the sinusoids as basis fun
tions, as was primarily used in 
hapter 4. We willinstead use the equivalent exponential basis fun
tions: ei 2π z, as this simpli�es the writing ofthe Fourier transform 
ode. For a signal h(t) sampled at N times, tk, our de�nition of theFourier amplitude H(fg) is therefore
H(fg) = ∆

N−1∑

k=0

h(tk)
N · wk

W
e(2πi tk g/Ttot) (7.15)Where tk was de�ned in eq. 7.4, and where the fa
tor N ·wk/W is from the normalized windowfun
tion. As was dis
ussed in se
tion 4.2.2, the power for the frequen
ies between fNyq and

2fNyq will be a mirror image of the power for the frequen
ies between 0 and fNyq (mirroredaround the Nyquist frequen
y). Due to this mirroring we 
an e�e
tively move the power thatbelongs to the �negative� frequen
ies up to be allo
ated above the Nyquist frequen
y. Thefrequen
ies fg are given by g/Ttot as remarked above, but g now runs from 0 to Nbins − 1,i.e. to 399. This will all be
ome 
learer in the following se
tion on the de�nition of the powerspe
trum, 7.4. In our 
ase ∆ is in ms and the rate (denoted by h(tk)) is in events/ms, meaningthat the resulting Fourier amplitude H(fg) will be unit-less.7.4 De�nition of spe
tral powerFrom our de�nition of the Fourier amplitude (eq. 7.15) the square of the Fourier amplitude is
A(f) = |H(f)|2 = H∗(f)H(f) (7.16)where the asterisk denotes 
omplex 
onjugation. This leads to our de�nition of the spe
tralpower

P (0) =
|H(0)|2
N2

bins

for f = 0

P (fNyq) =
|H(fNyq)|2

N2
bins

P (fk) =
|H(fk)|2 + |H(−fk)|2

N2
bins

= 2
|H(fk)|2

N2
bins

for k = 1, .., Nfmax
(7.17)The se
ond equality in the de�nition of P (fk) applies when the transformed fun
tion is real(be
ause |H(−f)|2 = |H(f)|2), as in the 
ase of the event rate in I
eCube. Sin
e the expo-nential ei2πtkfg in eq. 7.15 is 2π-periodi
 we 
an also write this as: H(−fk) = H(fN−k). Thisshows the 
on
ept of �moving power� from the negative frequen
ies to frequen
ies above theNyquist frequen
y dis
ussed in se
tion 7.3 above. With our de�nition of power, the power

P (0) for the f = 0 
omponent (also known as the DC 
omponent) will then equal the squareof the number of events per bin, (Nevents/Nbins)
2. If we 
hange the total time duration, butkeep the bin size the same, we will therefore not �nd a 
hange in the DC 
omponent of thepower.



7.5. FOURIER SPECTRUM OF SINGLE RAY SIGNAL 77

 0

 500

 1000

 1500

 2000

 2500

 3000

 3500

 4000

 0  100  200  300  400  500

Po
w

er
 s

pe
ct

ru
m

f [Hz]

northern single ray

Figure 7.1: Power spe
trum for a single northernly ray.I would like to emphasize that this de�nition is just one of many ways to de�ne spe
tralpower, but this is how we de�ne it. The 
hosen de�nition of the spe
tral power naturally willnot in�uen
e the 
omparison between the power spe
tra we generate, but should be kept inmind when 
omparing to results from other authors.7.5 Fourier spe
trum of single ray signalWith all the relevant de�nitions in pla
e, and having tested our �nal Fourier transform 
ode byapplying Parseval's identity to 
he
k that the results in the frequen
y domain were 
onsistentwith the time domain signal, we are ready to show the results of our Fourier transform appliedto the single ray signal. In �g. 7.1 we show the power spe
trum of the neutrino event rate inI
eCube, based on data from a single northernly ray.
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8Noise
In our sear
h for signi�
ant stru
ture in the �u
tuating event rate signal in I
eCube, we needto make sure that we will not 
onfuse the intrinsi
 shot noise of the signal with the a
tual SASIindu
ed �u
tuations. Furthermore we need to make sure the shot noise of the ba
kground dark
urrent in I
eCube will not 
ause us trouble either. To determine the impa
t of shot noisefrom the I
eCube ba
kground, we will 
al
ulate the average power level due to the ba
kgroundnoise. Sin
e the ba
kground noise is inherently random, we expe
t the power 
ontribution tobe a �at level independent of frequen
y, and 
hara
teristi
 of white noise. In order to do this,we will �rst make a theoreti
al estimate of the average power level that will be 
ontributed bythe shot noise of the ba
kground noise in I
eCube over the time-duration of our measurement.Thereafter we will make 100 Monte Carlo realizations of the ba
kground noise and test theanalyti
 equations.8.1 Signal shot noiseThe average 
ounting rate we register will be in�uen
ed by the fa
t that we only have onerealization of the signal, and that ea
h event is intrinsi
ally a random pro
ess. Thus if we onaverage measure 400 
ounts per se
ond, we will in some se
onds only measure 383 
ounts or398 
ounts, and in other se
onds maybe measure 412 
ounts. This �u
tuation of the observed
ount rate 
ompared to the average rate is 
alled shot noise. The shot noise of a signal is equalto the square root of the total number of events in a given time.

Nshot =
√

Ntotal (8.1)The shot noise is also o

asionally 
alled Poissonian noise.79
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Figure 8.1: Random walk with 14 steps.For our a
tual SASI signal, whi
h has an even rate of ∼900 ms−1, the shot noise is 30events. This 
orresponds to ∼3% of the signal and is thus mu
h smaller than the SASIindu
ed �u
tuations of ∼36%, for the non-rotating 15 M⊙ model with the LS EoS. We aretherefore not at risk of 
onfusing these these random shot noise �u
tuations about the meanof our signal with the a
tual �u
tuations 
aused by the SASI and 
onve
tive overturns. It 
anfurthermore be shown that a Fourier amplitude of 1% of the average signal 
an be seen withour method. The amplitudes we a
tually �nd are mu
h larger than this.8.2 Theoreti
al estimate of shot noise power level for I
eCubeba
kgroundTo make an analyti
 estimate of the average power level 
ontributed by the shot noise of theba
kground in I
eCube, we �rst take a look at the Fourier transform of a signal 
onsisting ofone individual �blip� arriving at N di�erent but sequentially ordered times tj. Turning to ourde�nition of the Fourier transform (eq. 7.15) written in a more general form
G(f) =

N−1∑

j=0

g(tj) ei2πf tj (8.2)and denoting as before the square of the Fourier amplitude with A; A(f) = |G(f)|2, we easilysee that naturally G(0) = N . So the Fourier amplitude for f = 0 equals the total number ofevents, and A(0) = N2. This equation 
an also be viewed in terms of a random walk in the
omplex plane, see �g. 8.1, where ea
h step ei2πf tj has a length of 1. The Fourier amplitudesquared A(f), is then the square of the �nal distan
e. And from statisti
al me
hani
s weknow that the square of the �nal distan
e of a random walk is normally distributed, i.e. it isless likely we will get very far from the origin be
ause then all the steps should be in more orless the same dire
tion, and that is unlikely if any dire
tion has equal probability for a given



8.2. THEORETICAL ESTIMATE OF SHOT NOISE POWER LEVEL FOR ICECUBE BACKGROUND81step. From the random walk analogy we thus know, that the probability for a given A, will begiven by p(A) = N−1e−A/N , and the average expe
ted value will be 〈A〉 = N , independent offrequen
y. Dividing the average value 〈A〉 for f 6= 0 with the square of the Fourier amplitudefor f = 0, we get
〈Af 6=0〉
Af=0

=
N

N2
=

1

N
(8.3)The leads us to the expe
tation, that for the shot noise the average Fourier amplitude squareddivided by the DC value should equal 1/N , where N is the total number of events.Extending this random walk image to the 
ase where a window fun
tion is applied, thestep size will no longer be 
onstant. The Fourier amplitude is now given by

G(f) =

N−1∑

j=0

wj g(tj) ei2πf tj (8.4)where the weight wj 
omes from the Hann window, as des
ribed in se
tion 7.2, and where theaverage weight is unity. Sin
e the step size is no longer unity, the steps must be 
ombined inquadrature, and the average value of A will then be 〈A〉 = N
〈
w2
〉. For the spe
i�
 use of theHann window, we have

〈
w2
〉

=
3

2
(8.5)When a window fun
tion is in
luded equation 8.3 is modi�ed to

〈Af 6=0〉
Af=0

=

〈
w2
〉
N

N2
=

3/2

N
(8.6)Showing that with a window fun
tion the power level of the shot noise will in
rease. In thespe
i�
 
ase of the Hann window it will in
rease by a fa
tor 3/2.8.2.1 Appli
ation to our dataFrom the above 
onsiderations we 
an now 
al
ulate the average power for the shot noise inI
eCube, over a time stret
h of τ ms and with the use of a Hann window. Using eq. 8.6 andthe fa
t that power in our de�nition is related to the square of the Fourier amplitude with afa
tor of 2/N2

bins (eq. 7.17) for frequen
ies not equal to 0 or fNyq, we �nd
〈Afk

〉 =
3/2 Af=0

Nbckgr
⇒

Pshot, avg, f 6=0 =
2

N2
bins

3/2 Af=0

Nbckgr
=

2

N2
bins

3/2N2
bckgr

Nbckgr
⇒

Pshot, avg, f 6=0 =
3Nbckgr

N2
bins

(8.7)The number of ba
kground events is given by Nbckgr = τ · Γnoise, where Γnoise = 1344ms−1.Inserting in the general equation 8.7 the τ = 400 ms time duration for our 15 M⊙ model, and
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Nbins = 400, we �nd the average shot noise power level to be

P
15M⊙

shot,avg =
3Nbckgr

N2
bins

=
3 × 5.4 × 105

4002
= 10.08 (8.8)8.3 Numeri
al tests of analyti
 resultsIn order to test the analyti
 results, eqs. 8.3, 8.6 and 8.8, given in the above se
tion we made100 Monte Carlo realizations of the ba
kground noise, and took the Fourier transform of them.The realizations of random noise, that will have a Poissonian distribution, was produ
ed viathe Marsaglia Polar method as outlined below.8.3.1 The Poisson distributionThe I
eCube ba
kground noise is a set of events that happen independently of ea
h other. Andto des
ribe su
h independent events one most often uses the Poisson distribution. It gives theprobability that a spe
i�
 number of events will happen within a given time period, when theseevents happen at a known average rate, and when the events are happening independently ofthe time passed sin
e the previous event. The Poissonian is given by

Pλ(k) =
λk e−λ

k!
(8.9)Where P is the probability that you will get k events if the mean of the distribution (theaveraged expe
ted number of events) is λ, with of 
ourse λ > 0. And naturally k has to be anon-negative integer. The varian
e of the Poisson distribution is σ2 = λ. Let us take a qui
killustrative example: a 
ar dealer normally sells 5 
ars a day. What is the probability that hewill sell exa
tly 7 
ars? Now λ = 5 and k = 7, and the probability is P5(7) = 10.4%.If the mean λ is su�
iently large (say λ > 1000) then the Poisson distribution is ex
el-lently approximated by the normal distribution (using √

λ as the standard deviation σ). The
orresponding normal distribution (or Gaussian) will be
g(t) =

1√
π2σ2

exp

[
−(t − µ)2

2σ2

] (8.10)Sin
e we need a Poissonian distribution of ba
kground noise in I
eCube that will have a meanof 1344 events per ms, we will be justi�ed in using a normal distribution to generate therealizations of the �u
tuating noise.8.3.2 Generating noise with the Marsaglia Polar methodTo generate the required noise realizations we will implement the Marsaglia Polar method.Ea
h time the Marsaglia Polar method is employed it generates a pair of independent randomnumbers. This is done by 
hoosing numbers (x, y) in the ranges; −1 < x < 1 and −1 < y < 1until the 
ondition
ρ = x2 + y2 < 1 (8.11)
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Figure 8.2: Left: 5 di�erent realizations of ba
kground noise drawn from a normal distribution,made with the Marsaglia Polar method. Right: Illustration of how the probability distributionfor the number of noise points look at ea
h instan
e of time.is satis�ed. Then the initial numbers will be normalized a

ording to
x′ = x ·

√
−2 ln ρ

ρ
(8.12)(similarly for y) and provided as output. All the outputted numbers (x′, y′) from the MarsagliaPolar method will lie between -∞ and ∞ 1 distributed a

ording to a normal distribution,thus ful�lling our need. We then s
aled up this normalized output to be 
entered on λ = 1344instead of 0, and to have a standard deviation of σ =

√
λ =

√
1344 ∼ 37. A noise point ornoise value, s, for the ba
kground is then given by:

s = λ +
√

λ x′ (8.13)In this way we generated 400 noise values, s, and assigned ea
h one to a spe
i�
 time 
or-responding to the times in our data. The noise values thus 
orresponds to the number ofba
kground 
ounts ea
h millise
ond, for ea
h of the 400 millise
onds that our data 
over. Intotal we made 100 realizations of these 400 ms long runs, e�e
tively mimi
king 100 di�erentrepresentative ways the noise 
ould behave in I
eCube while we gather our data. An exampleof 5 di�erent noise realizations generated in this way is provided in �g. 8.2 (left), and in theright part of this �gure we show for ea
h instan
e in time, the Gaussian probability distributionfor the noise 
ount.8.3.3 Numeri
al shot noise power levelWith these 100 realizations we then tested the equations given in se
tion 8.2, by making oneFourier transform without the use of a window fun
tion (equivalent to using a top-hat window)and then subsequently making another Fourier transform of all 100 realizations, this time witha Hann window. We show in �g. 8.3 the power for a given frequen
y averaged over all of the100 noise realizations, divided by the DC 
omponent. E�e
tively this is the inverse of the two1In theory at least, in reality the 
omputer has a �nite pre
ision and 
annot go to ±∞.
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Figure 8.3: Numeri
al tests illustrating eq. 8.3 (red) and 8.6 (blue).equations 8.3 and 8.6. The bla
k line is at the Nbckgr = 5.376× 105 level, and the red markersshow the power version of the inverted eq. 8.3 (remember our fa
tor 2/Nbins for the power for
f 6= 0 and f 6= fNyq). The blue markers are equivalently the power analogue of the inverseeq. 8.6. We see that even with this relative low number of realizations the ensemble averagesdivided by the DC 
omponent 
onforms quite ni
ely to the theory.8.3.4 Ensemble average of powerTo verify eq. 8.8, whi
h gave the estimate of the overall power level of the noise for our spe
i�
model, we made an ensemble average of the noise power spe
tra. We added the power forea
h frequen
y from ea
h realization and divided by the number of realizations. We show anexample of the Fourier transform of 3 realizations in �g. 8.4 (red, green, blue lines) alongsidethe ensemble average of the Fourier transform of all the 100 realizations (bla
k line). Wesee that as expe
ted from eq. 8.8 the level of the shot noise power is at ∼ 10 in our units,and roughly independent of frequen
y as expe
ted for white noise. The ensemble averagedvalue for the power given by eq. 8.8, and 
orroborated by �g. 8.4, is what will appear as our�ba
kground� line in the power spe
tra to be shown in the following 
hapters.
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9Data on multiple rays
The work on the single ray data allowed us to optimize our FT routine and get a goodunderstanding of the data as well as the e�e
t of shot noise. However, as stated in thebeginning of 
hapter 6, the idea was to eventually extend the analysis and look at all the rays
omprising a hemisphere. As was also stated there, the amount of data 
orresponding to thefull spe
tral energy information on every ray made that approa
h infeasible, parti
ularly aslong as our main purpose was only to demonstrate that the fast time-variations of the neutrinosignal 
ould be seen in I
eCube data. We therefore de
ided on a di�erent approa
h where weonly use the rms energy and luminosity on ea
h ray.We rewrite the expression in eq. 6.1 for the event rate a

ordingly, su
h that it only dependson anti-ele
tron neutrino luminosity and rms energy, and the distan
e to the supernova. In thisrevised formulation, the 4800 DOMs of I
eCube are expli
itly in
luded and updated values forI
eCube's dete
tion e�
ien
ies [KGftIC09℄ gives a value of 0.72 for the dete
tor fudge fa
tor[HR09℄. The resulting equation for the event rate is thus

Rν̄e = 114 ms−1 Lν̄e

1052 erg s−1

(
10 kpc

D

)2( Erms

15 MeV

)2

. (9.1)Where Erms is given by the de�nition in eq. 6.12. We will again 
onsider a supernova at the�du
ial distan
e of 10 kp
.9.1 Hemispheri
 averagingThe true observed signal would be the integrated neutrino emission over the hemisphere fa
ingthe observer. With a

ess to the detailed angular spe
tral energies and di�erential number�uxes, we 
ould have re
onstru
ted the expe
ted signal. However, having opted for the less87
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n
er

equatorial view 3D view polar viewFigure 9.1: Illustration of the weights used in our hemispheri
 averages. Middle: a sphere in3D. Left: The 2D proje
tion of the sphere when viewed towards the equator. Right: The 2Dproje
tion of the sphere when viewed towards a pole. In the bla
k �gures the angle betweenea
h line or 
ir
le is 15◦.data heavy approa
h we will use a simpli�
ation. We will assume that ea
h surfa
e elementradiates isotropi
ally with an energy spe
trum 
orresponding to the lo
al 
onditions, and thenwe will make a hemispheri
 average over all surfa
e elements. This approximation to the truesignal is resonable sin
e 2D simulations as well as the �ray-by-ray plus� transport s
heme areonly approximative themselves. We weigh the emission from ea
h ray by the proje
ted area asurfa
e of revolution of the ray 
overs on a disk, relative to the area of the full disk. We setthe radius of our disk to 1, giving a total area of π. So all surfa
e elements, dA, should bedivided by π. The sum of all weights will then be one, ensuring a 
orre
t normalization.As the extreme 
ases we will investigate the hemispheri
 averages 
orresponding to aviewing dire
tion either towards the equator of our SN or towards one of the poles. These
hoi
es 
orresponds to the dire
tions where we expe
t the weakest, respe
tively strongest,signal �u
tuations a

ording to the numeri
al simulations of the SASI.Below we give the equations used in 
al
ulating the hemispheri
 averages with the lumi-nosity as an example. The luminosity we get on ea
h ray is the 4π equivalent, thus to getthe emission 
orresponding to just a little part of the sphere we need to divide by 4π. Thenumber of rays for the 15 M⊙ model in 
onsideration is 96. Ea
h ray therefore 
overs an angle,
∆θ = 1.875◦.9.1.1 Equatorial averageA full 2π revolution of 12 rays 
overing a hemisphere is illustrated in the middle �gure of�g. 9.1. A view towards the equator will give a proje
ted pi
ture 
orresponding to the left�gure of �g. 9.1. The area dAi 
orresponding to ea
h ray will appear as a strip a
ross thedisk. The luminosity 
orresponding to a given surfa
e segment dAi will be Li =

Li,4π

4π . Theweight due to the fra
tional area will be wi = dAi/A where dAi is given by dAi = 2 ri h =
2 sin θi(cos θi − cos θi+1), (illustrated in �g. 9.1), where θ is the polar angle measured from the



9.2. ENSEMBLE AVERAGE OF RAYS 89north. Finally we have wi = 2
π sin θi(cos θi − cos θi+1), and the total equatorial hemispheri
averaged luminosity will be:

Lequ =

Nrays−1∑

i=0

1

2π2
Li,4π sin θi (cos θi − cos θi+1) , with Nrays = 96 (9.2)Repla
ing the expli
it use of the luminosity with a generi
 fun
tion gn(t) that is a fun
tion oftime t, and ray number n, leads to the expression

gequ(t) =

Nrays−1∑

n=0

gn(t)
2

π
sin(n∆θ) (cos(n∆θ) − cos((n + 1)∆θ)) , with Nrays = 96 (9.3)The ray number n is related to the angle sin
e ea
h ray has a width of ∆θ = 1.875◦.9.1.2 Polar averagesFor the polar averages ea
h ray will 
orrespond, not to a strip a
ross a disk as with theequatorial 
ase, but to an annulus, see the right panel of �g. 9.1. The 
orresponding weightswill be di�erent, and the summation will no longer run over all the rays, but rather only those
orresponding to the northern (southern) hemisphere, 0 ≤ n ≤ 48 (48 ≤ n ≤ 96). Here itis important to stress that n = 48 
orresponds to 90◦, i.e. the equator. Remembering that

R = 1 for our sphere so the total visible disk has the area A = π, ea
h annulus will have anarea of dAi = π(r2
outer − r2

inner). For the northern part this equals
dAi,north = π(sin2(θi+1) − sin2(θi))Whereas sin
e θ is measured from the north pole the southern version be
omes
dAi,south = π(sin2(θi) − sin2(θi+1))With our dummy fun
tion gn(t) the northern polar hemispheri
 average be
omes

gnorth(t) =

48∑

n=0

gn(t)
(
sin2((n + 1)∆θ) − sin2(n∆θ)

) (9.4)and the southern hemispheri
 average is
gsouth(t) =

Nrays−1∑

n=48

gn(t)
(
sin2(n∆θ) − sin2((n + 1)∆θ)

) (9.5)Clearly the sum of the weights equal one.9.2 Ensemble average of raysCal
ulating the northern hemispheri
 average of the I
eCube event rate from the pres
riptiongiven above and then 
al
ulating the power spe
trum of the hemispheri
 averaged signal leadsto the red 
urve in �g. 9.2. The power spe
trum for the southern hemispheri
 average is very
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Figure 9.2: Power spe
trum of the I
eCube event rate for our model (EoS of Lattimer &Swesty) in 2.5 Hz in
rements. Blue line: Average single-ray power spe
trum. Red line: north-ern hemispheri
 average. Horizontal line: Shot noise from I
eCube dark 
urrent.similar. The blue line in the �gure is the power spe
trum for an ensemble averaged single ray.The ensemble single ray was 
omputed by taking the simple average over the power spe
tra ofall 96 rays with equal weights. This average represents viewing ea
h ray as responsible for thefull 4π emission and thus the observed dete
tor signal, without 
onsideration of 
orrespondingsurfa
e areas. The single ray power spe
trum we 
omputed in 
hapter 7 is an example of su
ha 4π ray power spe
trum. The power spe
tra for a true single ray shows the same trend asthe ensemble averaged ray, although mu
h noisier and of 
ourse with dire
tional di�eren
es.Comparing the two 
urves we see that the power for the average single ray stays abovethe power level of I
eCube ba
kground noise up to the Nyquist frequen
y. For the northernhemispheri
 average the spe
tral power de
lines mu
h more rapidly. This is expe
ted be
ausehigh frequen
y variations are due to the in
oherent �boiling� of the matter on small s
ales.The lower frequen
ies are instead due to large s
ale 
onve
tive overturn and the SASI and assu
h strongly 
orrelated. With the hemispheri
 average we therefore e�e
tively average outthe un
orrelated small s
ale motions of the matter, whereas the 
orrelated motions on largers
ales are not suppressed.9.3 Power level smoothingWe 
hoose to do a smoothing of the power spe
tra in the frequen
y domain sin
e the powerspe
tra shown in �g. 9.2 are quite noisy and the general trend is slightly obs
ured. We aremainly interested in the overall features of the signal, and the rapid �u
tuations obs
ure thesefeatures. Furthermore we already know from se
tion 7.2, that to a 
ertain degree one frequen
ybin will �leak� power into neighboring bins. Therefore the power level smoothing will enhan
ethe features we are looking for at the 
ost of detailed resolution whi
h is unimportant for usin this study.For the smoother 
urve in frequen
y spa
e we still want to keep the frequen
y points that weinitially had. Frequen
ies should thus start at f = 0 and in
rease in in
rements of δf = 2.5 Hz.To attain this we do a smoothing with at running Gaussian, similar to the one des
ribed in
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Figure 9.3: The north polar hemispheri
 averaged power spe
tra smoothed with a runningGaussian. The di�erent 
urves 
orresponds to di�erent values of sigma. This is for the LSEoS and non-ele
tron �avor.se
tion 6.3 for the resampling of the 
al
ulated event rates. The new �power-level-smoothed�power for a frequen
y fg is therefore
Pnew(fg) =

∑Nfmax

i=0 wi · Pold(fi)
∑Nfmax

j=0 wj

(9.6)where
wi =

1√
π2σ2

· exp

(
−(fg − fi)

2

2σ2

) (9.7)Here Nfmax
= 200 so fg = g δf ranges from 0 to fNyq = 500Hz1.Again one 
ould probably have 
hosen some mathemati
al de�nition of a good σ, but Itried with 5 di�erent sigmas and looked at the resulting 
urves. From a purely subje
tivepoint of view I then 
hoose the σ, I found best. �Best� meaning that the 
hosen smoothinglength would eliminate the fast �u
tuations from frequen
y bin to frequen
y bin, but keepingthe general undulations of the overall signal. I tested sigmas of 2.5, 3, 4 and 5 Hz, as 
an beseen in �g. 9.3, and de
ided that 2.5 and 3 Hz left too mu
h of the jaggedness of the fun
tion.Both a sigma of 4 and 5 Hz 
ould be used, and a σ = 4 Hz was 
hosen as it preserved moreof the overall trend.In �g. 9.4 we show the power level smoothed versions of the average single ray and northernhemispheri
 averages from �g. 9.2, along with the equatorial average (bla
k 
urve). The powerfor the equatorial average is mu
h lower than the other two 
urves. In this model the large s
aleSASI motions were primarily along the polar axis (symmetry axis) whi
h 
an a

ount for themu
h larger polar than equatorial power. Furthermore luminosity and temperature variationsin the north and south would be anti-
orrelated. Therefore they would 
an
el partially inthe equatorial average. The 2D axisymmetri
 nature of this model for
es the dipolar motionsto be along the polar axis, whereas in a realisti
 3D simulation no su
h 
on�nement of the1We only let g run to Nfmax

sin
e, as previously explained in se
tion 4.2.1.1 the power spe
trum between500 Hz and 1000 Hz is just a mirror re�e
tion of the power spe
trum between 0 Hz and 500 Hz.
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Figure 9.4: Same as Fig. 9.2 with smoothing by a moving average with a Gaussian windowfun
tion of width σ = 4 Hz. Average power of all 96 single rays (blue), northern hemispheri
average (red), and equatorial hemispheri
 average (bla
k), from top to bottom.dipolar motions is present. It is therefore quite unlikely that su
h a dramati
 di�eren
e dueto viewing dire
tion would be manifest in 3D simulations.We noti
e that the hemispheri
 averages go towards zero as they approa
h the Nyquistfrequen
y, thus implying we have a proper sampling of the signal. The average ray, however,does not go to zero implying a degree of aliasing. This makes sense sin
e we will expe
t poweron higher frequen
ies 
orresponding to mass motions on small s
ales. For the hemispheri
average we have averaged out these small s
ale motions e�e
tively minimizing the power onthese s
ales.



10Non-rotating 15 M⊙ model
The previous 
hapters have outlined the tools we have used. Let us now turn to results wehave obtained from employing the des
ribed methods. This 
hapter will 
over the results ofour analysis applied to a 15 M⊙ model without rotation and with two equations of state. Amajority of what follows in this 
hapter has been published in Physi
al Review D in the paper�Fast time-variations of supernova neutrino �uxes and their dete
tability� [LML+10℄. Thepaper has been written in 
ollaboration with A. Marek, T. Janka, G. Ra�elt and C. Lunardi.The paper is appended in appendix B.We investigated the expe
ted time varying signal due to supernova neutrinos that would beobserved in the I
eCube Cherenkov dete
tor. We base our 
al
ulations on simulation resultsfor the 15 M⊙ model from Marek et al. [MJM08℄ with 2 equations of state: namely the softerLattimer & Swesty and the sti�er Hillebrandt & Wol� EoS. The former run 
overs a timestret
h of 10.2�417 ms post boun
e and the latter a time duration of 4.16�396.4 ms, both withthe information given with roughly 0.5 ms intervals. The model is 
al
ulated on 192 rays, andwe use in our 
al
ulations every se
ond ray, resulting in 96 rays in total.We illustrate the anti-ele
tron neutrino energies and luminosities resulting from this sim-ulation in �g. 10.1 for both EoSs. To show the angular dependen
ies of the quantities (andthrough them the angular dependen
e of the event rate) we have 
olle
ted the informationfrom the individual rays into 5 di�erent wedges, ea
h spanning 19 rays (20 for the northernone) 
orresponding to a zenith angle range of 36◦, and giving the 
orresponding simple averageof the value in question. The 5 wedges are: a northern one, an equatorial one, a southernone, and one wedge inbetween ea
h of the polar ones and the equatorial one. Clearly there arestrong dire
tional di�eren
es, with the ex
ursions in the luminosity and energy being largestfor the polar dire
tions, well in 
orresponden
e with the primarily polar ex
ursions of thesho
k front eviden
ed in the numeri
al simulations. We emphasize that this �gure is solely forillustration purposes and does not re�e
t any observed quantities.93
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eCube event rate based on the ν̄e �uxesof our model with Lattimer & Swesty EoS. The 96 angular rays have been 
ombined into�ve averages ranging from north (top 
urve) to south (bottom 
urve), where in ea
h panel the
urves are o�set relative to ea
h other by 20, 10 and 800 units of the verti
al axes, respe
tively.Right: Same as left 
olumn but for a run with the EoS of Hillebrandt & Wol�.
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 average. Bla
k line: Moving average with a Gaussian window fun
tion(σ = 7 ms). Middle: ν̄e rms energy. Red and bla
k lines as the panel above. Bottom: Dete
tionrate in I
eCube. Also shown is the 1σ range 
aused by shot noise, assuming a bin width of1 ms. Left: For the EoS of Lattimer & Swesty. Right: For the EoS of Hillebrandt & Wol�.



96 CHAPTER 10. NON-ROTATING 15 M⊙ MODEL

 0

 20

 40

 60

 80

 100

 0  50  100  150  200  250  300

Po
w

er
 s

pe
ct

ru
m

f [Hz]

smoothed SN signal
Eq hemispherical avg

noise

Figure 10.3: Comparison between �u
tuating and smooth signal for the model with Lattimer& Swesty EoS. Blue: Power spe
trum of equatorial hemispheri
 average signal. Red: Samefor smoothed SN signal.In order to produ
e observational spe
tra we have made hemispheri
 averages as outlinedin se
tion 9.1, and in �g. 10.2 we show the northern hemispheri
 averages for the energies,luminosities and the 
al
ulated event rate expe
ted in I
eCube, for both EoSs (The Lattimer& Swesty EoS on the left and the Hillebrandt & Wol� EoS on the right). In the energy andluminosity panels we also show the approximated signal for a spheri
al symmetri
 supernova(bla
k lines). We see that for the LS EoS the SASI indu
ed �u
tuations sets in after roughly150 ms, and somewhat later at ∼ 300 ms for the HW EoS.Having made ourselves familiar with the appearan
e of the signal in the time domain,we made a Fourier transformation of the event rate, as outlined in 
hapter 7. As previouslyexplained we did this to better investigate the fast time variations that are imprinted on theneutrino signal by the SASI. In the following se
tions we will present the results of the Fouriertransformation of the Lattimer & Swesty model, and dis
uss their interpretation. We willreturn to the results of the EoS of Hillebrandt & Wol� in se
tion 10.4.10.1 Comparison with spheri
al symmetri
 
aseOne of the very �rst issues that 
omes to mind, and a very important one, is how well we 
andistinguish the signal from a spheri
ally symmetri
 model from a 
onve
ting one (e.g. a SASIsupernova). To investigate this issue we have 
reated an imitation of a spheri
ally symmetri
signal by making an overly smooth resampled version of our signal, as outlined in se
tion 6.3.3.We showed examples of the 
orrespondingly smoothed luminosities and energies in �g. 10.2(bla
k lines). The signal power for the 1D emulated event rate in the equatorial dire
tion is
ompared with the equatorial hemispheri
 averaged signal in �g. 10.3. (Not mu
h di�eren
e
an be seen between the 3 hemispheri
 averages for the overly smoothed version, whi
h is asexpe
ted sin
e the overly smooth version represents a spheri
ally symmetri
 signal.) We seethat the smooth signal plummets below the I
eCube ba
kground noise level at around 20 Hz.So for the 
ase of the LS EoS, we 
an be quite 
on�dent that the power spe
trum above ∼20Hz is a dire
t re�e
tion of the fast time variations of the neutrino sour
e.
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Figure 10.4: Smoothed power spe
trum of the event rate for the northern (red), equatorial(bla
k) and southern (blue) hemispheri
 averages (EoS of Lattimer & Swesty). The shot noiselevel of the ba
kground is at 10.08. Left: No �avor os
illations. Right: Complete swap ν̄e ↔ ν̄x.In the panels we also give the DC values, i.e. the power at zero frequen
y, 
orresponding to
(Nevents/Nbins)

2.10.2 Dire
tional dependen
eFor further studies we show in �g. 10.4 the power level smoothed spe
tra for the northern,southern and equatorial signals (The signals being produ
ed as outlined in se
tion 9.1 andsmoothed as outlined in se
tion 9.3). The left panel show the power for the ν̄e and the rightone shows the power spe
trum 
orresponding to an assumption of a full �avor swap: allneutrinos born originally as ν̄x in the interior of the supernova has been 
onverted into ν̄e via
olle
tive �avor os
illations on their way out of the supernova. The �avor dependent signalwill be dis
ussed below in se
tion 10.3.The �rst observation we make is that for all 3 hemispheri
 averages the power is 
omfortablyabove the power for the ba
kground noise (at 10.08 in these units) out to ∼ 150 Hz for the ν̄e
ase. Se
ondly, the �rst peak of the northern and the southern signals are roughly 
oin
iding,and although they show di�erent spe
i�
 patterns at larger frequen
ies the overall level of thetwo signals here are 
omparable. We show the DC values, i.e. the total number of events perbin squared, in the �gure.We 
on
lude that any features observed in the power spe
tra between 20 Hz and 150 Hz
an be asso
iated to the fast time variations of the neutrino signal. The highest peaks around50 Hz 
orrespond to variations on time s
ales of 20 ms. A period that is easily re
ognizable in�g. 5 of referen
e [MJM08℄, that is a plot of the dipole motion of the sho
k-wave surfa
e. Weare therefore led to 
on
lude that the peak at 50 Hz 
an be asso
iated to the dipolar motionof the SASI sho
k front motions.In the left panel of �g. 10.4 we observe that the level of the power of the equatorial hemi-spheri
 average is a great deal smaller than the polar power levels. This 
an be understoodsin
e the ex
ursions of the SASI motion is primarily along the polar axis, and thus the ex
ur-sions in the equatorial dire
tion will be minimal. In addition ex
ursions from the northern andthe southern dire
tions will have a tenden
y to add together and 
an
el ea
h other partiallyout when looking along the equatorial dire
tion, again leading to a redu
ed amplitude in theequatorial power spe
tra.



98 CHAPTER 10. NON-ROTATING 15 M⊙ MODEL
 0

 100

 200

 300

 400

 500

 600

 0  50  100  150  200  250  300

Po
w

er
 s

pe
ct

ru
m

f [Hz]

no swap, N hsph avg
complete swap, N hsph avg

 0

 20

 40

 60

 80

 100

 0  50  100  150  200  250  300

Po
w

er
 s

pe
ct

ru
m

f [Hz]

no swap, Eq hsph avg
complete swap, Eq hsph avg

noise

Figure 10.5: Comparing no os
illations (red) with 
omplete �avor swap (blue) for the modelwith Lattimer & Swesty EoS. Left: northern. Right: equatorial.10.3 Flavor dependen
eIn the right panel of �g. 10.4 we show the power spe
tra 
orresponding to a full �avor swapbetween neutrinos 
reated as ν̄x and during their travel 
onverted into the ν̄e's we observe inI
eCube. (I.e. we ex
hange all instan
es of Lν̄e and Erms,ν̄e in the rate 
al
ulation eq. 9.1 withthe 
orresponding quantities for ν̄x). We noti
e that the overall levels of the absolute powerspe
tra are lower than the 
orresponding spe
tra for the ν̄e, but the general features remainsimilar to the ν̄e spe
trum. This tells us that full or partial �avor transformations will nota�e
t the observed spe
trum substantially. This 
on
lusion is even 
learer when we show thesame information in �g. 10.5, but this time 
ompare the ν̄e signal with the ν̄x for the northernaverage (left) and the equatorial average (right). The northern 
ase (whi
h is very similar tothe southern 
ase) parti
ularly support the 
on
lusion that �avor transformations will haverelatively little impa
t on the interpretations of the fast signal variations. The lowered overallamplitude is 
aused by the lower ν̄x luminosity 
ompared to the ν̄e luminosity during thea

retion phase. Although the absolute amplitude of the ν̄x spe
trum is lower than the ν̄espe
trum, the relative �u
tuations are 
omparable. We give the DC values for the ν̄x in theright panel of �g. 10.4 as well as we gave the DC values for the ν̄e in the left panel. We seethat the DC values are lower for the ν̄x. We therefore show in �gs. 10.6 and 10.7 the powerspe
tra divided by their respe
tive DC values. Ea
h �avor is shown on its own in �g. 10.6,and in �g. 10.7 we show the �avors together for a given viewing dire
tion to fa
ilitate an easier
omparison. On the left of �g. 10.7 we show the 
ase for the northern hemispheri
 averageand on the right we show the southern hemispheri
 signals. It is immediately 
lear that forthe northern 
ase the relative �u
tuations of the power for the ν̄x neutrino is equally large asfor the ν̄e �avor. In a single instan
e even larger. For the southern hemispheri
 average we seethat the relative power 
orresponding to the dipolar os
illation (f ∼ 50 Hz) is equally big forboth �avors. For the higher frequen
y peaks (the ones most likely to 
orrespond to 
onve
tiveoverturn) the power for the ν̄x �avor is, however, somewhat smaller than the ν̄e �avor.We remind the reader that this way of performing a full �avor swap is meant for illustrationpurposes only, sin
e the true signal will almost 
ertainly be somewhere inbetween these twosignals. A fully detailed treatment of �avor 
onversions would require the use of a spe
i�

hoi
e for the mass hierar
hy and mixing angles, as well as detailed use of angular dependen
ies
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Figure 10.6: Relative power, P(f 6= 0) divided by DC power (LS EoS). Left: ν̄e. Right: νx.
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Figure 10.7: Relative power, P(f 6= 0) divided by DC power (LS EoS): ν̄e (red lines) and νx(bla
k lines). Left: North hemispheri
 average. Right: South hemispheri
 average.of energies for the di�erent spe
ies. We defer su
h a treatment to a future proje
t and use thepresent 
al
ulation to illustrate a prin
iple only.10.4 Equation of State dependen
eA signi�
ant aspe
t in numeri
al simulations of supernova is the 
hoi
e of equation of state.Naturally a need to investigate how our results depend on the employed EoS therefore arises.For this purpose we 
onsider the run of a 15 M⊙ from referen
e [MJM08℄ with the EoS ofHillebrandt & Wol� [HW85℄, similar to the run with the EoS of Lattimer & Swesty dis
ussedabove.We show the graphs for the luminosity, rms energy and event rate for the northern hemi-spheri
 average for the Hillebrandt & Wol� EoS in the right panels of �g. 10.2 in analogyto the ones shown on the left for the Lattimer & Swesty EoS. Likewise we show in the rightpanels of �g. 10.1 the analogous 5 wedge quantities for the Hillebrandt & Wol� EoS. We seethat the rate for the HW EoS is roughly at 700 events per ms 
ompared to the larger eventrate of roughly 900 events per ms for the LS EoS. The smaller event rate for the HW EoS issimply a re�e
tion of the lower luminosity and rms energy 
ompared to the LS EoS.Another feature that warrants our attention is the fa
t that proper �u
tuations do not
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Figure 10.8: Left: Smoothed power spe
trum of the event rate for the northern (red), equato-rial (bla
k) and southern (blue) hemispheri
 averages (EoS of Hillebrandt & Wol�). The DCvalues are also given. Analogous of left panel of �g. 10.4. Right: Comparing no os
illations(blue) with 
omplete �avor swap (red) for the equatorial average of the Hillebrandt & Wol�EoS. Analogous to the right panel of �g. 10.5.seem to set in until about 300 ms after boun
e for the HW EoS, as is also noted in referen
e[MJM08℄. We will return to this observation in se
tion 10.5.The resulting power spe
tra for the three ν̄e hemispheri
 averages for the HW EoS 
an beseen in the left panel of �g. 10.8. Comparing these 3 power spe
tra with the ones belonging tothe LS EoS in �g. 10.4, we see that the power is dramati
ally lower. The equatorial averagerapidly falls below the noise level (at ∼ 50 Hz), and the northern and southern spe
tra la
kthe similarity visible in the 
ase of the LS EoS. Turning to the ν̄x �avor, we �nd that thepower here is even lower. On the right of �g. 10.8 we see the power spe
tra for the equatorialhemispheri
 average for the non-swapped (blue line) as well as the swapped �avor version (redline), in full analogy to the right panel of �g. 10.5 for the LS EoS. Dis
ouragingly the powerspe
tra drops below the noise level between f ∼ 30 − 50 Hz for both 
urves.10.5 Thirds methodTo remedy this situation, let us now return to the feature we pointed out previously: fromthe lower panels of �g. 10.2 it is quite 
lear that the SASI �u
tuations in the model with theHW EoS only begin in earnest at around 270 ms, whereas in the model with the LS EoS, the�u
tuations begin around 150 ms post boun
e.From this observation one 
ould be
ome inspired to 
ompare a Fourier transform of thelate parts of the signal for ea
h model, instead of making Fourier transforms of the full timeduration. This is what we have done in what we 
all our �thirds method�. We have quitesimply 
ut the time duration into 3 equally long time segments of 126 ms. Ea
h one startingat t = 22 ms, t = 148 ms, and t = 274 ms respe
tively, su
h that the end of the last timesegment will 
oin
ide with the end of the full signal time.
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trum from segment starting at 22 ms. Middle row: Spe
trum from 126 ms segment. Bottom row:Spe
trum from 274 ms segment. Note the di�erent values on the y-axis in the 3 rows, as well as between the �gures for the LS andthe HW EoS. All 12 �gures show spe
tra for the north hemispheri
 averaged rate. Left two 
olumns: LS EoS; ν̄e and ν̄x respe
tively.Right two 
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102 CHAPTER 10. NON-ROTATING 15 M⊙ MODELWe then did a Fourier transform, similar to the one des
ribed in 
hapter 7, with a Hannwindow multiplied on ea
h of the shorter time segments. The shorter time segment naturally
hanges the frequen
y resolution we 
an obtain, as explained in se
tion 7.1.1. The frequen
yresolution now will be δf = 1/126ms ∼ 8 Hz. This in turn means that a smoothing at thepower level with a smoothing length of σ = 4 Hz, as done hitherto (se
tion 9.3), will no longermake sense. In our thirds method we will therefore refrain from the power level smoothing.10.5.1 Thirds method: results and dis
ussionWe show the results of our thirds method in �g. 10.9. As mentioned above, we are primarilyinterested in the latter of the three time segments, but for 
ompleteness we show all three. Inthe same spirit we show the power spe
tra for both EoSs, and for the non-swapped as wellas the fully swapped 
ase. One should keep in mind that the level of the noise will in
reaseroughly with a fa
tor of three in the thirds method. (Sin
e Nbins will be redu
ed by a fa
torof 400/126 = 3.2, then Pshot will be multiplied by a fa
tor 3.2, 
f. eq. 8.8.) However this willlead to a noise level at roughly 32.26, and so the signal will be mu
h more dominant than wasthe 
ase in the full version. The signal-to-noise ratio will be signi�
antly better.When looking at the panels 
orresponding to the ν̄e signals in the time segment 274�400 ms(lower row, 1st and 3rd 
olumn) we see that both models show a strong power peak arounda frequen
y of 70 Hz, 
orresponding to a time s
ale of 14 ms. A feature whi
h is also visibleto the naked eye in the time evolution of the rate in the lower right panel of �g. 10.2. Thepower of the f ∼70 Hz peak is larger for the LS 
ase than for the HW 
ase, but unlike the�pessimisti
 looking� power spe
trum for the full time duration for the HW 
ase (�g. 10.8), thisrepresentation shows that the fast variations of the signal would be visible for the sti�er EoSwith similar signi�
an
e as for the softer EoS. It is also noteworthy that the 70 Hz peak for thelate segment for the LS EoS (lower panel 1st 
olumn) is mu
h larger than the 
orresponding70 Hz peak in �g. 10.4 (left panel, red line). The di�eren
e between the two graphs is onlythe analyzed time segment. Here (�g. 10.9) it is the �nal 126 ms of the run, and in �g. 10.4the full 400 ms. Had the signal been roughly stationary, the power of the peak would havebeen the same. In this 
ase, however, we have a strong peak at 70 Hz with a mu
h largersignal-to-noise ratio than in �g. 10.4, where in turn we have a mu
h stronger peak at 50 Hz.The fa
t that the power at 
ertain frequen
ies in
reases in the shorter segment treatment
ompared to the full spe
tra a
tually in
reases the possibility of dete
ting the signal. Put inother words, the Fourier spe
trum varies signi�
antly as a fun
tion of time.From the 12 �gures we see that the detailed development in the frequen
y 
ontent isdi�erent in the two �avor 
ases (1st 
olumn vs. 2nd 
olumn, and 3rd 
olumn vs. 4th 
olumn),but has an overall resemblan
e. Thus on
e more we get rea�rmed that a potential �avor swapwill not seriously a�e
t our 
apability of dete
ting fast time variations of the neutrino signalin I
eCube.10.6 Time evolution of frequen
iesPartly prompted by the di�eren
e over time in the frequen
y 
ontent of the signal displayedin �g. 10.9, we de
ided to take a 
loser look at the time evolution of the frequen
ies. Anothermotivating fa
tor was that Marek and Janka had done a �running window� Fourier transformon their data in their paper [MJM08℄. They made a running window of length 128 ms, and
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Figure 10.10: Three dimensional plot of the time blo
k evolution of the di�erent frequen
iesup to 500 Hz (top row), 200 Hz (middle row) and 100 Hz (bottom row). Lattimer & SwestyEoS on the left, Hillebrandt & Wol� on the right. All panels are for the northern hemispheri
average.



104 CHAPTER 10. NON-ROTATING 15 M⊙ MODELshifted the window with a 10 ms o�set starting from 100 ms post boun
e (getting 17 spe
train all). Subsequently they added up all the power of the di�erent frequen
ies and averagedthe power. Figure 8 in their paper [MJM08℄ show the result. We feel this method is notfully 
orre
t as the �running� window is usually done to illuminate and 
larify the temporalevolution of frequen
ies. Thus we de
ided to do this investigation of the temporal evolutionof the frequen
ies a bit more thoroughly.Drawing on inspiration from the thirds program, and the running window by Marek andJanka, we 
hopped the 400 ms resampled signal for ea
h of the 3 hemispheri
 averages intosegments of length 126 ms, starting from t = 14 ms and then advan
ing 10 ms for ea
h
onse
utive segment. This gives us 26 sets of length 126 ms, that were all Fourier transformed(as previously des
ribed). In the following �gures the designation �time blo
k� is indi
atingthe starting time (e.g. t = 104 ms) for a given time blo
k. The frequen
y spa
ing is 8 Hz as inthe thirds method, allowing us to probe 64 (126/2+1) di�erent frequen
ies with this approa
h,and sin
e the sampling rate is still 1 ms the Nyquist frequen
y remains at 500 Hz.10.6.1 Interpretation of time evolution �guresHowever, as 
an be seen from the resulting �gure 10.10, showing the northern hemispheri
average only, nothing mu
h interesting happens for the frequen
ies above ∼100 Hz. Apartfrom this 
on
lusion, we make the following observations: As already predi
ted from the thirdstreatment, we see in the lower left panel (LS EoS) that in early time blo
ks (∼ 50−150 ms) thepower for the frequen
y f ∼ 50 Hz grows dominant, whereas for later times (∼ 200− 300 ms)it de
lines again and the power for the f ∼ 70− 90 Hz grows strong. For the HW 
ase (lowerright panel) no su
h growth of the f ∼ 50 Hz power is seen, but the late time growth of powerfor the higher frequen
y is 
lear. Extra
ting the frequen
ies 
losest to f ∼ 50 Hz and f ∼ 70Hz and showing their time evolution alone in �g. 10.11 for the LS EoS (left) and HW EoS(right) tells us the same tale. For the LS EoS we see that the power for late times for f ∼ 70 Hz
limbs to ∼ 7000 in our units where the f ∼ 50 Hz frequen
y only rea
h 2000− 4000 althoughit does so twi
e. In 
omparison the power for the f ∼ 50 Hz in the HW EoS does not ex
eed amere 250 in absolute units, whi
h is a fa
tor of 10 lower that the power for the f ∼ 70 Hz thatrea
h 2000 for the HW 
ase, and does so for both the southern and the northern averages.Singling out the frequen
ies f ∼ 50 Hz and f ∼ 70 Hz and fo
using our attention on them isnot only based on the fa
t that they have the largest power, but also that (as will be dis
ussedin se
tion 10.7) we believe these frequen
ies 
an be 
onne
ted to the dipole and quadrupolemotions of the SASI.In �g. 10.12 we show the evolution of several frequen
ies for both EoS. The di�erentevolution per
eived from �g. 10.10 is still 
lear and we get rea�rmed that the general powerlevels are larger for the LS EoS than for the HW EoS. To show in a di�erent way the pointsrelated in the above paragraphs, we show in �g. 10.13 how the power is distributed amongthe di�erent frequen
ies for 3 di�erent time blo
ks (blo
k 0 starting at 14 ms (red line), blo
k13 starting at 144 ms (blue line) and blo
k 26 starting at 274 ms (bla
k line)). On the leftwe show the distribution for the LS EoS, and we see again for intermediate times power justbelow 50 Hz and for late times a strong power signal at 70 Hz. For the HW EoS on the right,only the strong peak at late times for at 70 Hz is present.The 
on
lusion that 
an be drawn from both the thirds method and the investigation ofthe time evolution of the frequen
ies is that: The analysis of a realisti
 signal would involve
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Figure 10.11: Evolution of frequen
ies as a fun
tion of time blo
k. Top: the frequen
ies 48 Hzand 56 Hz. Bottom: the frequen
y 71 Hz. Left: LS EoS. Right: HW EoS.studying subsets of the full-length signal where Fourier 
omponents 
an show up with mu
hlarger signi�
an
e in spite of the in
reased shot noise relevant for a shorter integration time.10.7 Physi
al interpretationUnder the assumption that 
urrent 2D numeri
al models are good representations of theongoing supernova physi
s, and with the 
aution that we have here only investigated 1 modelwith 2 di�erent equations of state, we will try to 
onne
t the features in the power spe
trawith the underlying supernova physi
s. In a later 
hapter, we will apply a similar analysis tofour other models, and extend our dis
ussion to the similarities and di�eren
es we �nd there(
hapter 11).The peaks in the power spe
trum of the neutrino signal re�e
ts the a
tivity in the SN 
ore.SASI a
tivity and 
onve
tive overturns modulate the stream of infalling mass between thesho
k front and the surfa
e of the proto-neutron-star (PNS) [MJ09, MJM08℄. This results intemporal variations of the a

retion rate onto the PNS, whi
h in turn is re�e
ted in temporalvariations of the emitted neutrino signal. The a

retion down-drafts along the equator 
aneasily be 
hannelled di�erently towards the northern or southern hemispheres. Therefore one
annot expe
t exa
t symmetry for the two hemispheres, and even long-lasting asymmetriesof the a

retion stru
tures and the strength of the sho
k expansion 
an o

ur. Even thedipolar mode of the SASI may not ne
essarily have similar strength in the two hemispheres.
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Figure 10.12: Time evolution of many frequen
ies. Left: LS EoS. Right: HW EoS.
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Figure 10.13: Power distribution on the frequen
ies in 3 time blo
ks. Blo
k 0 (red) 
orrespondsto a tstart = 14 ms, blo
k 13 (blue) to tstart = 144 ms and blo
k 26 (bla
k) to tstart = 274 ms.Left: LS EoS. Right: HW EoS.As a 
onsequen
e we do not expe
t the power for the two hemispheres to be identi
al, a fa
tabundantly seen in the above �gures of the power spe
tra.However in the results presented by Marek et al. [MJM08℄ we �nd support for a 
ausal
onne
tion between the power peaks of the observed fast time variations of the neutrino signaland the underlying physi
s of the a

retion through the sho
k front, and the deformationof the sho
k front on a global s
ale. In �g. 5 (right 
olumn) of that paper, they show theFourier spe
tra of the time varying amplitudes of the dipole and quadrupole modes of thesho
k position. In this �gure one re
ognize power peaks 
orresponding well with the powerpeaks identi�ed in the neutrino signals at low frequen
ies.The 50 Hz peak of the LS EoS we observe in the neutrino signal (e.g. �g. 10.4) 
orrespondswell with the slightly broader feature between 30 and 60 Hz in �g. 5 of [MJM08℄ (upper panel,bla
k 
urve). The 
hara
teristi
 feature of a peak around 50 Hz is present in all our threehemispheri
 averages, even though it is not very distin
t in the equatorial 
ase (left panelof �g. 10.4). This 50 Hz peak 
an then be 
onne
ted to the ℓ = 1 dipolar SASI sloshingmode (depi
ted in the upper panel of �g. 5 of [MJM08℄). The SASI sloshing mode leads tosemi-periodi
 variations of the a

retion rate onto the PNS for both hemispheres, and thus



10.7. PHYSICAL INTERPRETATION 107also to variations of the asso
iated neutrino emission ([MJM08, p.485℄). The north-southdi�eren
es of the neutrino power peak is attributed to the asymmetry of the SASI variationsin the two hemispheres (see �g. 3 in [MJM08℄), where the width of the peak is 
aused by thetime evolution of the SASI frequen
y.The frequen
y of the ℓ = 1 SASI mode develops in time be
ause the mode depends on thesound-travel time and the time s
ales of mass �ow between the sho
k front and the PNS (seeeq. 32 in [OKY05℄ and eq. 18 in [SJFK07℄). Thus it depends on the time varying radius of thesho
k front, and to a lesser degree the steadily shrinking surfa
e radius of the PNS. In roughterms one 
an say that when the sho
k radius is larger, the SASI frequen
y will be lower, andwhen the sho
k radius de
reases, the SASI frequen
y tends to in
rease. After tpb ∼ 100 msthe sho
k radius shows 
onsiderable �u
tuations (as well as an in
rease) over time (left panelof �g. 4 in [MJM08℄), so it is unsurprising that the SASI peak here be
omes quite broad. Thetime development of the 50 Hz peak for the LS EoS is easily visible, as previously noted, inthe lower left panel of �g. 10.10.The pronoun
ed power peak around f = 70 Hz visible in the lower panels of �g. 10.9 (1stand 3rd 
olumn) is most reasonably explained by the quadrupolar ℓ = 2 mode of the SASI.Although in the non-linear regime of both the SASI and 
onve
tive a
tivity, it is di�
ult tomake a 
lear distin
tion between the two hydrodynami
al e�e
ts. Either instability 
an triggerthe other and they therefore mostly 
o-exist [SJFK07℄. Three fa
ts 
orroborate the possibleasso
iation of the 70 Hz power peak with the ℓ = 2 SASI mode: (1) Analyti
 analyzes andnumeri
al experiments in the linear regime show that the frequen
y of the ℓ = 2 mode isslightly higher than that of the ℓ = 1 mode. (Conse
utive maxima of the amplitudes in �g. 5in [OKY05℄ and in �g. 13 in [SJFK07℄ lie 
loser for the ℓ = 2 
urve than the maxima forthe ℓ = 1 
urve, thus implying a shorter period and higher frequen
y). The exa
t frequen
yratio, however, depends strongly on the size of the SASI region (see �g. 4 in [BM06℄). (2) Theappearan
e of the ∼70 Hz peak in the lower left panel of �g. 10.9 (ν̄e, LS EoS, t = 274 ms) andthe relative weakness of power at lower frequen
ies at late times (274�400 ms) in the Lattimer& Swesty EoS model 
an be explained by the in
reasing power of the ℓ = 2 sho
k os
illationmode. The amplitude of this mode be
omes larger than that of the ℓ = 1 mode at these latetimes (see the left panels of �g. 5 in [MJM08℄). (3) The presen
e of the peak in the northernpower spe
trum but relative weakness or absen
e in the southern hemisphere may 
orrespondto the asymmetry of the quadrupolar sho
k deformation in the two hemispheres as shown inthe panels of �g. 4 in Marek et al. [MJM08℄.The peaks at frequen
ies above 90�100 Hz (�g. 10.4) are most likely asso
iated with lo-
alized 
onve
tive overturns. These mass motions happen on smaller angular s
ales and onshorter time s
ales than the large s
ale dipole and quadrupole modes of the SASI. It is there-fore fairly likely that this sort of high frequen
y stru
tures will exhibit extensive di�eren
esbetween the two polar hemispheres. In the equatorial dire
tion long-lasting but time varyingdowndrafts arises a late times. It is therefore not surprising that signi�
ant di�eren
es forhigh frequen
ies 
an be observed in the neutrino power spe
tra for the 3 hemispheres. Wealso tou
hed brie�y on this subje
t in 
onne
tion with �gs. 9.2 and 9.4 where we see that thehemispheri
al averaging eliminates some of the power at high frequen
ies.



108 CHAPTER 10. NON-ROTATING 15 M⊙ MODEL10.7.1 Sti�er EoS revisitedFor the sti�er EoS of Hillebrandt & Wol�, we know that the resulting NS will have a largerradius and the sho
k radius will be slightly smaller 
ompared to the Lattimer & Swesty EoS(see both panels of �g. 4 in [MJM08℄). The layer between the surfa
e of the NS and the sho
kfront will 
onsequently be more 
ompa
t in this SN model. We therefore anti
ipate that themodes of the global sho
k movements and the a

retion will have smaller amplitudes and higherfrequen
ies than the 
orresponding ones for the LS EoS model. A possible interpretation of thefa
ts that the peak between 60 and 85 Hz in �g. 10.9 (3rd 
olumn, lower panel) is somewhatbroad, and that no strong se
ond peak is present at higher frequen
ies, 
ould be that wesee a superposition of the ℓ = 1 and ℓ = 2 modes. This interpretation is made even moreplausible by the observation in the left panels of �g. 5 in [MJM08℄ that both modes are presentwith 
omparable amplitudes, and from �g. 4 in [BM06℄ where the 
hara
teristi
 frequen
ies ofthe two modes be
ome very similar for 
ompa
t post-sho
k layers (i.e. the layer between thesurfa
e of the PNS and the sho
k front).10.7.2 Signatures of SASIWe 
on
lude that depending on the SASI modes present, di�erent peaks in the neutrinopower spe
trum will be present. In 2D models the ℓ = 1 and ℓ = 2 modes are typi
allythe strongest and the fastest growing ones. At whi
h frequen
ies the SASI peaks will appeardepends sensitively on when in the time evolution we investigate the signal. The strongestSASI a
tivity is expe
ted to o

ur in a roughly 100 ms window just prior to the explosiontaking o�. Thus, investigating a shorter time segment just prior to explosion we expe
t tosee a dramati
 enhan
ement of the power 
ompared to the shot noise level (as is also evidentwhen 
omparing �g. 10.4 (left) and �g. 10.9 (lower left)). This would make a dete
tion ofthese features more likely.10.8 Impli
ations of dete
tionAn a
tual observation with I
eCube (or other dete
tors) of the features in the neutrino powerspe
trum des
ribed in this 
hapter would lend massive 
redibility to the existen
e of largenon-radial hydrodynami
al instabilities (SASI and 
onve
tive overturn) around the beginningof the supernova explosion. The magnitude of these instabilities naturally needs to be largeenough to produ
e the observed �u
tuations in the neutrino emission.Through the measurement of fast time variations of the neutrino �ux we would get 
on-�rmation of the importan
e of a small pie
e of the supernova physi
s puzzle. Currently therelevan
e of the hydrodynami
 instabilities are merely suggested, by numeri
al models, theo-reti
al 
onsiderations, and indire
t arguments based on asymmetries of the supernova eje
taat later evolutionary stages.The prompt explosion (already disfavored by numeri
al simulations of massive stars) wouldsu�er a fatal blow from the dete
tion of the SASI, along with other explosion me
hanismsworking on su
h short time s
ales that the standing a

retion sho
k instability will not have thetime to develop fully. The SASI a
tivity typi
ally rea
h the non-linear regime after 100�200 mspost boun
e (see also �g. 10.2) [OKY05, BM06, SJFK07℄. The delayed explosion expe
ted froma neutrino driven me
hanism would thus gain further support. A measurement of the SASI



10.9. LUMINOSITY VERSUS ENERGY FLUCTUATIONS 109signatures probably would also ex
lude the magneto-hydrodynami
al explosion me
hanismthat may take pla
e in rapidly rotating stars but leads to explosion in 2D simulations onrather short time s
ales [BDL+07℄.Like the dete
tion of SASI signatures in the neutrino signal would rule out 
ertain explo-sion me
hanisms, so would a la
k of dete
tion. The a
ousti
 explosion me
hanism [BLD+06,BLD+07℄ 
an lead to explosions as late as 1 s (or later) after boun
e, leaving plenty of timefor SASI to develop. So for the a
ousti
 me
hanism we would expe
t at period of strongSASI a
tivity and 
onve
tive overturns prior to explosion. A phase with strong hydrody-nami
al a
tivity is probably important to ex
ite the 
ompa
t PNS to the required powerful,large-amplitude dipole os
illations that provides the a
ousti
 energy �ux for the onset of theexplosion.If we 
ombine the measurement of neutrino �u
tuations with the measurement of grav-itational waves (as suggested by Ott [Ott08℄), we 
ould undoubtedly provide even strongerex
lusion arguments. The 
ombined power of neutrino and gravitational wave observations
ould then bring us one step 
loser to 
ompleting the puzzle of the pro
esses o

urring duringthe explosion of massive stars.10.9 Luminosity versus energy �u
tuationsThe primary fo
us of the previous se
tions have been on the �u
tuations over time of thenumber of events in I
eCube, and what we might learn from these �u
tuations. We havenot looked in detail at the luminosity or energy �u
tuations sin
e I
eCube will not havegood enough energy resolution to give information on this point. However, with a futuremegaton water Cherenkov teles
ope one would not only obtain the same number of events asfor I
eCube, but also have event-by-event energy information. For a megaton water Cherenkovteles
ope it would therefore be highly interesting to know more about the spe
tral energy andluminosity �u
tuations.We want to determine whether the luminosity or the energy �u
tuations provide the dom-inant 
ontribution to the event rate �u
tuations. To do this, we investigate the 
orrelation ofthe energy and the luminosity �u
tuations. We anti
ipate a 
orrelation of the ex
ursions sin
eboth the luminosity and energy �u
tuates as a result of the mass motions. If, as anti
ipated,a 
orrelation is observed the �u
tuations would interfere 
onstru
tively and enhan
e the rate�u
tuations. We 
onsider the example of the north hemispheri
 average of the LS EoS, andlimit our 
onsiderations to the ele
tron anti-neutrino �avor.10.9.1 Time domainWe begin with some immediate lessons that 
an be learnt from a visual inspe
tion of theluminosity and energy plots. The left part of �g. 10.14 show the energy and luminosity ofthe ν̄e with our usual 1 ms resampled data, and a �1D�-like signal obtained with a Gaussianrunning average with 2σ2 = 1×10−3 ms2. The red 
urves show the luminosity and its smoothedversion, the blue ones are for the average energy. The right panel of �g. 10.14 shows a zoomaround 240�340 ms. In these plots we observe some degree of 
orrelation. Ex
ursions fromthe smooth lines are mostly to the same side at the same points in time for both the energyand luminosity �u
tuations.
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Figure 10.14: Energies and luminosities for ν̄e. Blue is energy (in MeV), red is luminosity (in1051 erg/s). Also shown are their smoothed versions. The energy has been shifted upwardsby +7 units to make the two graphs 
oin
ide on the late parts of the 
urves. Left: full timedomain. Right: 
lose-up.In order to quantify the 
orrelations we �rst note that for I
eCube it is the E2
rms thatenters the event rate in eq. 9.1. Therefore we de�ne the quantity W (t) = E2

rms(t) and studyits �u
tuations. It is most intuitive to study the relative �u
tuations of W and L, so weintrodu
e the dimensionless quantities l̃(t) and w̃(t)

l̃(t) =
L(t)

L0
(10.1)

w̃(t) =
E2

rms(t)

E2
0

(10.2)As the 
onstant referen
e value L0 (E2
0) we de
ided to take the average value of the luminosity(energy) over the time segment 274�400 ms. A somewhat arbitrary 
hoi
e inspired by therelatively 
onstant level of both signals in this time range. The results and 
on
lusions we �nddo not 
hange mu
h if we use the average value from the entire 400 ms.10.9.2 Frequen
y domainTo investigate the dimensionless quantities w̃(t) and l̃(t) further, we did the the usual Hannwindowed Fourier transform des
ribed in 
hapter 7. Both of the resulting power spe
tra weresmoothed in the frequen
y domain (σ = 4 Hz). The power spe
tra for the relative �u
tuationsof the luminosity and the energy are displayed in �g. 10.15 (left). The red 
urve shows thepower L 
orresponding to l̃(t), the blue 
urve the power W 
orresponding to w̃(t). Both 
urveshave been multiplied with 104 to bring them into the range 0�4. Looking at the two 
urvesit is 
lear that the power W for the energy squared is mu
h larger than the power for theluminosity L. This 
on�rms the expe
tation we had from 
omparing the �u
tuations in thetwo upper left panels of �g. 10.2: The event rate �u
tuations are dominated by the energy�u
tuations.
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Figure 10.15: Smoothed power spe
trum of luminosity (L) and spe
tral energy (W = E2
rms)�u
tuations for the model with Lattimer & Swesty EoS. L and W were normalized to theirrespe
tive average values over the 274�400 ms interval. Left: Power spe
tra of L (red, lower
urve) and W (blue, higher 
urve). Right: |L̃| |W̃ | as a red line and 
orrelation fun
tion

1
2(W̃ ∗L̃ + W̃ L̃∗) as a blue line.Another interesting point though, is that while the energy 
ontributes the most to theevent rate for low frequen
ies (f . 100 Hz), for higher frequen
ies the 
ontributions from theenergy and the luminosity are more equal.10.9.3 Correlation 
al
ulationsThe 
orrelation of w̃(t) and l̃(t) in the frequen
y domain (with the dependen
y on frequen
ysuppressed) was obtained as

C =
1

2

(
W̃ ∗L̃ + W̃ L̃∗

) (10.3)and was 
ompared with the produ
t of the two moduli
M = |L̃| |W̃ | (10.4)Where L̃ and W̃ are the Fourier amplitudes 
orresponding to w̃(t) and l̃(t) (not the power,thus not 
ontaining the fa
tor of 1/N2

bins). Furthermore we have divided C(f) and M(f) bytheir DC values, and multiplied them with a fa
tor of 2×104 to get them in the range 0�4, andperformed the usual frequen
y level smoothing (σ = 4 Hz). In �g. 10.15 (right) we show theresult of the 
ross 
orrelation 
al
ulation. We see that the graphs for both C (blue line) and
M (red line) are positive almost everywhere and similar. This indi
ates a strong 
orrelationbetween l̃(t) and w̃(t). Had the C 
urve been negative it would indi
ate anti-
orrelation, andif it had been zero on average, it would imply no 
orrelation between the 2 quantities.10.9.4 SummaryThe results of this se
tion are: the majority of the event �u
tuations are 
ontributed by the�u
tuations in the energy, and the �u
tuations in the luminosity and the energy are 
orrelated.A future megaton water Cherenkov teles
ope allows resolving energy �u
tuations separately.The results therefore implies that more, distin
t signatures for the SASI a
tivity might beobtained from future megaton water Cherenkov teles
opes.
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11Extended studies:a 11.2 M⊙ model and a rotating model
In this 
hapter, I give the preliminary results of analyzes similar to the one des
ribed in theprevious 
hapter, but this time for a 11.2 M⊙ model and a rotating 15 M⊙ model. The datafor these models have been re
eived through personal 
ommuni
ation with Andreas Marek andThomas Janka [JM10℄. Our motivation for investigating a lower-mass model, and one whererotation was in
luded, was naturally to sear
h for distin
tive features in their power spe
tra.We wanted to see if there were features repeated over all the di�erent models, and to see ifthe features attributed to the SASI mode 
ould be identi�ed in other models where SASI isassumed to play a signi�
ant role for the explosion. Furthermore we wanted to see how mu
hthe rotation of the star would shift the observed frequen
ies, and whether it would 
ause arotational splitting of the observed frequen
ies.11.1 The 11.2 M⊙ modelThe lighter supernova model was an 11.2 M⊙ model based on a progenitor from Woosleyet al. [WHW02℄1. Three di�erent equations of state were employed: the softer Lattimer &Swesty, the harder Hillebrandt & Wol�, and the Shen EoS whi
h falls in between. The timeduration of the runs for the three EoS varied from ∼ 370 ms to almost 900 ms (see table11.1). The model was 
omputed with 64 rays spanning a entire hemisphere, thus ea
h rayhad a width of 2.8125◦. Initially, the run with the HW EoS was only 
al
ulated on a 90◦wedge, assuming symmetry around the equator, and then re-mapped to the full 180◦ after1As a 
urious aside we 
an mention that the progenitor whi
h exploded to be
ome the Crab nebula (depi
tedon the front page) is believed to have had a mass between 8 and 11 M⊙ [WHW02, p.1037℄.113



114 CHAPTER 11. EXTENDED STUDIESEquation of State Lattimer & Swesty Hillebrandt & Wol� ShenTime start [ms℄ 23.52 25.11 24.58Time end [ms℄ 394.9 513.5 919.4Resampled time stret
h [ms℄ 370 488 894Resampled time start [ms℄ 24 25 25
δf [Hz℄ 2.7 2.1 1.1Shot noise power level 10.9 8.3 4.5Table 11.1: Parameters for the 3 EoS employed in the 11.2 M⊙ model.125 ms. This means that only symmetri
al modes of the SASI 
ould develop before this time[MJM08℄. The frequen
ies of the SASI modes primarily depends on the sound 
rossing timesin the 
avity between the sho
k and PNS surfa
e. Therefore they are expe
ted to be similarto the frequen
ies for the 15 M⊙ model for the same EoS [JM10℄, as the distan
es betweensho
k and PNS will be 
omparable. Of the three EoSs only the Shen and the LS EoS are ontheir way to explode at the end of the runs. The HW EoS on the other hand do not haveindi
ations of the explosion having taken o� at the end of the run time.Due to the new number of rays and di�erent time spans, a few alterations to the treatmentoutlined in 
hapter 9 has been made. For instan
e, the redu
tion of the number of rays to 64,means that the Nrays in the 
al
ulation of the polar hemispheri
 averages (se
tion 9.1) willbe 32 instead of 48. The di�eren
e in time duration will also be re�e
ted in the 
al
ulatedpower level for the ba
kground shot noise, 
f. eq. 8.7. The number of ba
kground events s
alelinearly with time, Nbckgr = Ttot Γnoise, and we 
an therefore easily re
al
ulate the new shotnoise levels. For the Shen EoS with Ttot = 894ms, and thus 894 bins, we �nd

Pshot,Shen =
3Nbckgr

N2
bins

=
3 × 894ms × 1344ms−1

8942
= 4.5 (11.1)The values of the adjusted power levels for the other two EoS are given in table 11.1. Wemaintained a 1 ms sampling in the resampling of the rates, thus the Nyquist frequen
y remainsat 500 Hz. The frequen
y spa
ing however is di�erent for ea
h EoS, as it depends on the totaltime (se
tion 4.2.1.1), and it is given for ea
h EoS in table 11.1. For the power level smoothing(se
tion 9.3) we de
ided to keep the σ = 4 Hz smoothing length, although one 
ould arguefor using a smaller smoothing length in the 
ase of the Shen EoS, due to its small frequen
ysplitting. We 
hoose to keep the same smoothing length for all three EoSs.11.1.1 Neutrino signals in the time domainIn �g. 11.1 we show, in analogy to �g. 10.2, the north hemispheri
 averaged luminosity, rmsenergy and event rates for ν̄e for ea
h EoS, along with the approximated 1D signals for theluminosity and energies. The �rst overall observation is that the rates for all three EoSs haveapproximately half the magnitude of the rate for the 15 M⊙ non-rotating (NR) model. This ismerely re�e
ting the fa
t that all of the luminosities and the energies are smaller in the lightermodel.
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116 CHAPTER 11. EXTENDED STUDIES11.1.1.1 Lattimer & Swesty EoSLooking at the energy and luminosity for the LS EoS we see that the �u
tuations are notregular. Comparing the magnitude of the �u
tuations with the LS 
ase for the 15M⊙ (NR)model we also see that they are smaller. This di�eren
e is explained by the SASI beingrelatively weak in this model. As we dis
ussed in se
tion 1.5 the SASI takes a while to develop(∼200 ms, depending on the spe
i�
s of the simulation) and in the LS EoS 11.2 M⊙ model,the sho
k revival is relatively fast. The sho
k takes o� between 200 and 300 ms post boun
e[JM10℄. The fairly qui
k revival is also the 
ause of the drop in luminosity observed at ∼300 ms,even though some a

retion onto the PNS 
ontinues after this time.11.1.1.2 Hillebrandt & Wol� EoSFor the unexploding HW EoS model the �u
tuations of the luminosity are around 20% androughly 5�6% for the energy. These are slightly smaller than the ∼30% and ∼10% for theluminosity and energy in the 15 M⊙ 
ase. Although the �u
tuations for the HW EoS appearslightly more regular than for the LS EoS, they too look less regular than for the 15 M⊙ model.However, a dire
t 
omparison is hampered by the shorter time duration of the heavier model.As the explosion has not taken o� by the end of the run for the lighter model, the SASI hashad time to develop to some degree whi
h 
an a

ount for the larger �u
tuations seen at latetimes & 250 ms.11.1.1.3 Shen EoSThe luminosity �u
tuations of ∼ 25�30% for the Shen EoS, and 4�5% in the energy are
omparable with the ones observed for the HW EoS. The explosion sets in at ∼250 ms postboun
e [JM10℄. However, the 
ontinued a

retion onto the PNS after the sho
k has taken o�is larger than in the 
ase with the LS EoS. This is why no drop in luminosity is visible in theShen 
ase. We note that the initial �bump� (
orresponding to the se
ular variation) in theluminosity is more narrow for the Shen 
ase 
ompared to the other two EoSs, also when thelonger time span has been taken into a

ount, but have no explanation for it at present. Theadve
tion that triggers the SASI is not as strong in the Shen EoS 
ase as for the other EoSs.The SASI therefore sets in somewhat later, and is thus relatively weak [JM10℄.11.1.2 Results in the frequen
y domainWe show in �g. 11.2 a 
omparison between the Fourier transform of the ensemble ray and ahemispheri
al average, similar to �g. 9.2. From top to bottom it is the LS EoS, the HW EoSand the Shen EoS respe
tively. Evident in all three 
ases is the more rapid fall o� in power forthe hemispheri
 averages 
ompared to the ensemble average, due to the e�e
tive removal ofsmall s
ale un
orrelated turbulent hydrodynami
 motions. Unfortunately the fall o� in powerfor all 
ases is so rapid for the hemispheri
 averages that they drop below the ba
kgroundnoise level almost instantaneously.One remedy would be to assume a 
loser supernova. The event rate s
ales with the distan
eas 1/D2, 
f. eq. 9.1. When we make the power spe
trum, we get an extra power of 2, thusgiving us an overall s
aling of the power spe
trum with distan
e as 1/D4. The ba
kgroundnoise level, however, only s
ales with time. Therefore, assuming a 
loser supernova would
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Figure 11.2: Left: Power spe
tra for a single average ray and for the north hemispheri
 average.Right: Smoothed power spe
tra for a single ray, and the north and equatorial hemispheri
averages. Top: LS EoS. Middle: HW EoS.Bottom: Shen EoS. Analogous to �gs. 9.2 and 9.4.
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Figure 11.3: Power spe
tra for the three hemispheri
 averages of the Shen EoS event rate,but with the SN moved to a distan
e of 5 kp
.in
rease the signal-to-noise ratio. Moving our �du
ial SN from a distan
e of 10 kp
 and to adistan
e of 5 kp
 would in
rease the signal power by a fa
tor 16, making most of the signalsdete
table or marginally dete
table. In �g. 11.3 we show the resulting power spe
trum forthe Shen EoS for a SN at 5 kp
. The 
orresponding �gures for the other EoSs are work inprogress, and therefore we will show below the power spe
tra for all three EoSs for a SN atthe original distan
e of 10 kp
.We showed for the 15 M⊙ model in �g. 10.3 that the power spe
trum for a spheri
alsymmetri
 model would be 
learly di�erent from the signal due to an axisymmetri
al modelwith hydrodynami
al instabilities. Here, we will therefore not show the 
orresponding plotsfor the 11.2 M⊙ model, but merely state that the result is the same.11.1.2.1 Lattimer & Swesty EoSIn �g. 11.4 we show the power spe
tra for the ν̄e on the right and on the left the 
orrespondingpower spe
tra for the νx, i.e. assuming a total �avor swap. In both �gures we show the threehemispheri
 averages and the power level of the ba
kground shot noise. The tallest peaks in
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trum. Right: νx power spe
trum.
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Figure 11.5: HW EoS. Left: ν̄e power spe
trum. Right: νx power spe
trum.the ν̄e power spe
trum for south and north rea
h roughly 15 on our s
ale. If we assume theSN would be at a distan
e of 5 kp
 instead of 10 kp
, these peaks would rea
h 240 and be
lear above the dete
tor noise that would remain un
hanged at the ∼ 10 unit level. We seesome ni
ely 
oin
iding peaks for the three hemispheri
 averages for the νx (moving the SN to5 kp
 would put these peaks at 32 instead of 2 and thus above the noise), but the same is notthe 
ase for the ν̄e. The lowest frequen
y peaks (f ∼60 Hz) in the νx spe
tra 
an possiblybe asso
iated to the ℓ = 1 SASI mode, whereas the next peaks at f ∼100 Hz, has a slightlyhigher frequen
y than the one usually asso
iated with the ℓ = 2 SASI mode. The relativeweakness of the SASI in this model suggests that most of the power peaks are 
onsequen
esof the less 
orrelated 
onve
tive overturns and turbulen
e in general.11.1.2.2 Hillebrandt & Wol� EoSThe three hemispheri
 power spe
tra for the HW EoS are shown in �g. 11.5 for the ν̄e (left)and the νx (right). As was the 
ase with the 15 M⊙ model, here the power spe
tra haveless power than the 
orresponding spe
tra for the LS EoS. The slightly 
haoti
 distribution ofpeaks make a 
lear identi�
ation with any of the SASI modes di�
ult, ex
ept maybe for the ν̄eequatorial 
ase where we see distin
tive peaks at f ∼50 Hz and f ∼70�75 Hz, 
orrespondingto the frequen
ies we have identi�ed with the ℓ = 1 and ℓ = 2 SASI modes. Comparing thisplot with the 
orresponding one for the 15 M⊙ model (�g. 10.8), we furthermore see that themismat
h between hemispheres seem to be inherent to the HW EoS. For the νx spe
tra againonly the equatorial hemispheri
 average show a signi�
ant peak at 50 Hz, although one witha little optimism 
an see peaks in the northern spe
trum at 60 Hz and 80 Hz that might beidenti�ed with the SASI frequen
ies.11.1.2.3 Shen EoSNot mu
h stru
ture is visible in the three hemispheri
 power spe
tra for the Shen EoS shownin �g. 11.6, with the ν̄e spe
tra on the left and the νx on the right. The stru
ture a
tuallypresent in the ν̄e power spe
tra is more easily seen in �g. 11.3. However, an identi�
ationof peaks for frequen
ies 
orresponding to the SASI modes is not obvious. Considering therelative weakness of the SASI in this model, together with an early sho
k revival, this is notsurprising. The a

retion onto the PNS in the late part of the long time duration will have an
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Figure 11.6: Shen EoS. Left: ν̄e power spe
trum. Right: νx power spe
trum.impa
t on the neutrino emission, and may provide a part of the explanation for the observedpower spe
tra. However, we also know numeri
al issues are present in this run, and we willtherefore not attempt more 
on
lusions.11.1.3 Comparison with non-rotating 15 M⊙ modelWe 
on
lude that the fast time variations of the neutrino signal from an 11.2 M⊙ would beobservable in I
eCube, provided the SN was at a smaller distan
e than the 10 kp
 assumed forthe 15 M⊙ model. The preliminary results for the 11.2 M⊙ model gives power spe
tra thathave detailed di�eren
es from the power spe
tra given in 
hapter 10 belonging to the 15 M⊙model. These di�eren
es are tentatively as
ribed to the di�erent strengths of the SASI in thetwo models. The relative weakness in the 11.2 M⊙ model results in less 
hara
teristi
 peaks.We expe
t that an enhan
ement of the peaks relative to the noise level 
ould be obtained bytaking shorter subsamples of the time duration for the 11.2 M⊙ too, as was seen in the thirdsmethod for the heavier model. Likewise a further investigation of the time evolution of thefrequen
ies might prove useful.11.2 The rotating 15 M⊙ modelThe progenitor for the rotating model is the 15 M⊙ s15s7b2 model of Woosley & Weaver[WW95℄ with a rotation period of 12 s (initially imposed on the 
ore and from a radius of1750 km falling o� with r−3/2 [Mar07℄). The rotation rate is roughly a fa
tor of 10 larger thanpredi
ted rotation rates for stellar 
ores, but too slow to allow an explosion by the magneto-rotational me
hanism [MJ09℄. The employed EoS was Lattimer & Swesty, and 128 rays wereused to 
over a hemisphere. The width of ea
h ray was thus 1.406◦. The starting time was0.502050 ms and the run ended at 617.125 ms. Close to the end of run time (∼500�600 ms) astrong outward movement of the sho
k front had begun and explosion was expe
ted to ensue.Further details on this 2D simulation 
an be found in the paper �Delayed neutrino-driven SNexplosions aided by the standing a

retion-sho
k instability� [MJ09℄ or in the thesis by A.Marek [Mar07℄.As an e�e
t of the rotation of the star, the shape of the 
ore deviates from an exa
tsphere and be
omes more oblate (�pan
ake-like�). And sin
e the 
entrifugal e�e
ts opposes
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tion time for matter is in
reased [Mar07℄. The deviation fromspheri
ity will make the neutrino emission anisotropi
. The extended equatorial regions willemit fewer neutrinos, and with lower energies, whi
h should be kept in mind when interpretingthe impa
t of the SASI. Overall A. Marek �nds slightly higher neutrino luminosities andenergies in the rotating model than in the non-rotating model (
f. �g. 6.5 in [Mar07℄) at earlytimes (t .200ms), but 
omparable magnitudes at later times. The rotational model develops
onve
tion throughout the layer between the PNS and the sho
k front, and a strong ℓ = 1SASI �sloshing� mode is also present. The detailed evolution of the SASI is di�erent fromthe one observed in the non-rotating 
ase, but the amplitudes of the sho
k instability are
omparable (up to ∼500 ms) [Mar07℄.In our resampling we started at t = 1ms and the total resampled time stret
h was 616 ms.The resulting power level for the ba
kground noise will therefore be Pshot = 6.545, 
f. eq. 8.7,and the frequen
y spa
ing be
ame δf = 1.62 Hz. We kept the sampling rate at 1 ms, obtainingagain a Nyquist frequen
y of 500 Hz. In the hemispheri
 averaging the number of rays forthe polar averages be
ame Nrays = 64, 
f. se
tion 9.1. Due to the small frequen
y spa
ing,the power level smoothing for this model was done with a slightly smaller sigma than wepreviously employed; This time taking σ = 3 Hz.11.2.1 Time domain neutrino signalsIn �g. 11.7 we show the north hemispheri
 averages of the luminosity, energy and event rate forthe rotating 15 M⊙ model (left) along with the 
orresponding smoothed versions. In the right
olumn we show for 
omparison the same quantities for the non-rotating model. The higherneutrino luminosity for the rotating 
ase at early times is evident, as well as the �u
tuationsfor the two models being similar in magnitude. The �u
tuations of the energy, on the otherhand, are marginally smaller than in the 
orresponding non-rotating model. For the energythe �u
tuations in the rotating model are more regular than for the non-rotating 
ase. Thisregularity is re�e
ted in the event rate. The overall event rate is lower in the rotating 
asethan in the non-rotating 
ase, and it seems like the �u
tuations have an additional higherfrequen
y 
omponent.11.2.2 Results in the frequen
y domainIn �g. 11.8 we show the power spe
tra for an ensemble ray and the north (and equato-rial) hemispheri
 average. We see, as was also the 
ase in the non-rotating model, that thehemispheri
 averages fall o� more qui
kly than the ensemble single ray. However, the northhemispheri
 average remain above the noise level until 150 Hz, and the equatorial averageremains above the noise until roughly 100 Hz. When 
omparing with �gs. 9.2 and 9.4 forthe non-rotating model, we see that the ensemble ray in the rotating 
ase �levels o�� for highfrequen
ies, indi
ating that stronger small s
ale turbulen
e is present. Generally the powerfor the hemispheri
 averages seem to be a fa
tor of ∼2�4 smaller in the rotating 
ase than inthe non-rotating 
ase. This is also why the power spe
tra in the rotating 
ase falls below thenoise level at a lower frequen
y than what is observed for the non-rotating 
ase.Part of the explanation for this seemingly lower power 
an be found in the fa
t that theoverall event rate is smaller in the rotating model than in the non-rotating model. This leads toquite di�erent DC values for the non-rotating and the rotating 
ases. (We remember that the
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N hemispheric avgrotating non-rotatingFigure 11.7: Top: ν̄e luminosity. Middle: rms energy. Bottom: event rate for a SN ata distan
e of 10 kp
. Red lines are the north hemispheri
 averages. Bla
k lines are thesmoothed versions. Left: rotating model (LS EoS). Right: non-rotating model (LS EoS). Notethe di�erent s
ales in the two 
olumns.DC 
omponent was equal to N2

events/N
2
bins). For the ν̄e for the non-rotating model we have thefollowing DC values: north = 3.787×105, equatorial = 4.149×105 and south = 4.173×105. Forthe rotating model the 
orresponding values are: north = 3.341×105, equatorial = 2.968×105and south = 3.328×105. This means that the non-rotating values are larger than the rotatingones by 13%, 39.8% and 25% respe
tively. We already know the extreme di�eren
e in theequatorial values are due to a lower emission and lower energies for the neutrinos emittedfrom the rotationally extended equatorial regions.
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Figure 11.8: Left: Power spe
tra for the single ray (blue) and the north hemispheri
 average(red). Right: Smoothed versions. Bla
k line is equatorial hemispheri
 average.In �g. 11.9 we show on the left the power spe
tra for the three hemispheri
 averages forthe ν̄e and for the νx on the right. Looking at the ν̄e spe
tra �rst, we see that the equatorialaverage is barely above the noise level but the north and south hemispheri
 averages are wellabove the noise level. A pronoun
ed peak in the southern spe
tra is visible at 55 Hz and astrong double peak at 80-90 Hz. From �g. 6.9 in [Mar07℄ we �nd a frequen
y for the ℓ = 1mode of roughly 50 Hz, however it appears to be developing from a frequen
y slightly higherthan 50 Hz at early times to one slightly lower than 50 Hz at later times. Therefore taking avalue of 50 Hz seems like a 
onservative estimate. The per
eived 
hange in frequen
y suggestthat a further investigation into the time evolution of the frequen
ies in the I
eCube signal
ould be desirable. The �rst strong and fairly narrow peak in the ν̄e southern spe
trum in�g. 11.9 is therefore easily identi�ed with the ℓ = 1 SASI mode, that was strong in this model.No equally 
lear peak 
orresponding to the ℓ = 1 mode is visible in the northern average.Instead we see two peaks at 40 and 50 Hz, and one at ∼65 Hz, where the two �rst (or all3) might be asso
iated with the dipolar os
illation. In the northern average we furthermoresee a �bump� of unresolved �peaks� re�e
ting power at a multitude of frequen
ies spanningroughly the range from 80 to 130 Hz. In the equatorial power spe
trum we see a broad featurespanning from ∼35�55 Hz and two peaks at 70 and 90 Hz. A priori we know that rotationalsplitting 
an only be possible for the equatorial viewing dire
tion, as we would be observingperpendi
ular to the rotational motion, when we look along the polar dire
tions. However, to
al
ulate the exa
t rotational splitting we would need a detailed velo
ity pro�le as a fun
tionof radius and time. This is not available. We will, therefore, defer this 
omplex 
al
ulation toa future proje
t.Turning now our attention to the ν̄x spe
trum we see a similarity in the peak distributionfor both the north and the south hemispheri
 averages when 
omparing to the 
orresponding
ν̄e spe
tra. The overall power levels of the spe
tra however is mu
h lower relative to the ν̄espe
tra than for the non-rotating 
ase. We see a relatively 
lear peak at 55 Hz in both polarspe
tra, and for the northern 
ase also a signi�
ant peak in at 70 Hz and the broad featureagain ranges from ∼85�130 Hz. For the southern average the double peak in the ν̄e spe
tra hasbeen repla
ed by a wider feature spanning from to 80 to 115 Hz, and a stronger peak at 130Hz has appeared. The equatorial spe
tra falls below the noise level almost immediately buta few wiggles 
an with good will be seen at 55, 65, 85 and 130 Hz. Overall, more stru
tures
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Figure 11.9: Power spe
tra for the three hemispheri
 averages for the rotating model. Left:for ν̄e. Right: for νx. Note the di�erent s
ales on the y-axes.
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Figure 11.10: Power spe
tra for ν̄e normalized to their DC values. Left: non-rotating model.Right: rotating model.are visible in the spe
tra for the rotating model than in the 
orresponding non-rotating 
ase(right panel of �g. 10.4), like it was the 
ase with the ν̄e spe
tra.For a brief revisit to the dis
ussion of generally lower power levels in the rotating 
ase
ompared to the non-rotating 
ase, we show in �g. 11.10 the power levels for both models,but normalized to the respe
tive DC 
omponents. We observe that the relative power for thesouthern and equatorial averages are 
omparable in the two 
ases. The power in the northern
ase is a fa
tor of almost three smaller. These results agree with the 
on
lusion found in[Mar07℄ and [MJM08℄: the SASI is equally strong in the non-rotating as well as the rotatingmodel.11.2.3 Comparison with 11.2 M⊙ modelOnly the spe
tra for the Lattimer & Swesty EoS 
an be used for a 
omparison between therotating 15 M⊙ model and the 11.2 M⊙ model. Contrasting therefore �g. 11.9 and �g. 11.4 we�nd very few similarities, for both �avors. This is unsurprising sin
e in the lower-mass modelthe SASI does not develop mu
h before the explosion it taking o�, where as a strong dipolarSASI motion develops in the rotating 
ase.



11.3. HEAVIER PROGENITOR 12511.3 Heavier progenitor: 20 M⊙ model by Brandt et al.In Brandt et al. [BBO10℄ they investigate an even heavier model with a mass of 20 M⊙ bothwith rapid rotation and without. The mass of this progenitor mat
hes the believed progenitormass of the blue super-giant that exploded as SN1987A. In 
ontrast to the investigation wehave made, they 
hoose their �du
ial distan
e to the SN to be 5 kp
. They use the Shen EoS,a Newtonian set up and multi-group �ux limited di�usion in the interior, but transitions toa Boltzmann solver for the outer parts. The imposed 
entral rotation is 2 s initially and fallso� with r−2. Brandt et al. show that �u
tuations in sho
k positions are 
orrelated to the�u
tuations of the (anti) neutrino luminosities, although with a phase lag determined at thede
oupling radii. The νe leads the sho
k position by 120◦ and ν̄e leads it by 70◦ [BBO10℄.They also �nd a stronger 
orrelation between the sho
k os
illations and the ele
tron neutrinosthan with the anti-ele
tron neutrinos, sin
e ν̄e de
ouple further in and are thus less in�uen
edby the hydrodynami
s. The stronger 
orrelation with neutrinos suggest that more interest
ould be fo
used towards and devoted to dete
tors 
apable of registering ele
tron neutrinos2.In light of their proof of 
orrelation between the two quantities, they agree with our 
on
lu-sion that observing �u
tuations in the (anti) neutrino signal here on Earth would give strongeviden
e of the SASI present in 2D simulations. Brandt et al. �nd a frequen
y of ∼50 Hz forthe ℓ = 1 SASI mode in the non-rotating model, but do not investigate higher modes. Their�nding of a dipolar frequen
y of 50 Hz for a 20 M⊙ model 
ombined with our �ndings ofsimilar frequen
ies in both the 11.2 and 15 M⊙ model, indi
ate that this is a generi
 frequen
yindependent of progenitor mass.For their rotating model Brandt et al. �nd that the intrinsi
 shot noise of their se
ularsignal overshadows fast any time �u
tuations that might be present. They therefore do notexpe
t any 
hara
teristi
 signatures of 
onve
tive overturns or sho
k instabilities. In additionthey �nd large variations in the observed neutrino luminosity depending on viewing angle. Inthe 
ase of their non-rotating model, however they �nd that 
hanges due to viewing dire
tionare less than 10%. The orientation e�e
ts are therefore smaller than the fast time-varying�u
tuations due to hydrodynami
 e�e
ts. For the non-rotating model they therefore expe
tto observe 
lear signal 
hara
teristi
s of sho
k instabilities and 
onve
tive overturn, however,they estimate only 10% �u
tuations in the ν̄e and νe signals in I
eCube, where we see ∼30�35% �u
tuations. The weak dependen
e upon viewing dire
tion is not too di�erent from our�ndings. From �g. 11.11 we see a di�eren
e in our dire
tional signals of at least 15%.Using a di�erent method than our Fourier approa
h to analyze the signal, Brandt et al.
al
ulate via a modi�ed version of the Rayleigh test the distan
e where any fast varying 
om-ponent may be dete
ted. At the same time they point out that we would need a more 
ompletespe
trum (i.e. information on several frequen
ies) to get insight into the physi
s going on inthe SN. They show that rapid variations of the neutrino signal from their non-rotating modelwould be dete
table with I
eCube if a full �avor swap o

urs and the supernova is within 5kp
. If no �avor swap is assumed they say a detailed spe
trum may be obtained in I
eCubefor a SN out to ∼8 kp
.This 
on
lusion is slightly more pessimisti
 than our 
on
lusions. We estimate that a2For example the proposed s
intillator dete
tor LENA will have sensitivity also to ele
tron neutrinos. Andit is expe
ted to observe 200-700 ele
tron neutrino indu
ed events for a 8 M⊙ SN at 10 kp
. (Web-page:http://www.e15.physik.tu-muen
hen.de/resear
hi_and_proje
ts/lena/)
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 average(red) o�set by +400 with respe
t to the equatorial hemispheri
 average (bla
k). Southernhemispheri
 average (blue) o�set by -400.detailed spe
trum for our non-rotating 15 M⊙ model 
an be seen at a distan
e of 10 kp
. Thehighest frequen
y peak for the southern average of ∼ 600 might be observed even at a distan
eof 20 kp
, where it would be redu
ed to 37. For an extreme 
ase moving the SN to 25 kp
would give a peak height of 15, still marginally above the noise, and e�e
tively making a SNanywhere in our galaxy borderline observable. For our rotating model the pi
ture is similar,with a maximum peak in the southern spe
trum of 535, and a slightly lower noise level. Lessopportune is the northern average where observations would be limited to within 20 kp
.11.4 SummaryIn the extended studies we �nd a stronger dependen
e on viewing dire
tion than was the 
asein the non-rotating 15 M⊙. In our original model we found large di�eren
es between the powerlevels of the polar hemispheri
 averages and the equatorial average. The two polar averages,however, showed not only a 
omparable power level, but also similar stru
tures. In the 11.2 M⊙model, this 
hanged. Here we do not �nd similar stru
tures for the two polar dire
tions, andadditionally the power levels di�er, see e.g. the left panel of �g. 11.5. The equatorial averagesremains 
onsistently below the polar power for all three EoSs. For the rotating 15 M⊙ modelwe likewise �nd larger di�eren
es between the power of the polar viewing dire
tions.For the non-rotating 15 M⊙ we found a marked di�eren
e in the power spe
tra dependingon the EoS employed. The same was the 
ase for the 11.2 M⊙ model. The di�eren
es werein both 
ases as
ribed to the di�erent strength the SASI develops to. For the EoSs wherethe SASI is weaker, the Shen and LS EoS, the power spe
tra for the 11.2 M⊙ model do notprimarily have well-de�ned peaks at the 
hara
teristi
 frequen
ies, but rather have power atseveral frequen
ies. In a few instan
es, e.g. the northern spe
trum for the LS EoS, a peak ispresent 
lose to the 
hara
teristi
 frequen
ies.The rotating 15 M⊙ have a strong peak in the southern spe
trum 
orresponding to the
ℓ = 1 SASI mode. This mode was strong in both the non-rotating and the rotating model,whi
h is re�e
ted in both their power spe
tra. Comparing the overall spe
tra of the two, the



11.4. SUMMARY 127rotating 15 M⊙ model have more stru
tures in the power spe
tra than appear in the non-rotating 
ase. We therefore 
on
lude that for our 15 M⊙ models, independent of rotation, apower peak at f ∼50 Hz appears to be a good marker for the ℓ = 1 SASI mode. Furthermorethe northern hemispheri
 averages for both the two 15 M⊙ models show 
onsistently a peakor feature around 130�135 Hz in both �avors that 
ould 
all for further attention.We 
ome to the overall 
on
lusion that the spe
tra for the investigated models show 
leardi�eren
es, and a few repeated features. However, I would be hesitant that we know wellenough why the di�erent peaks appear where they do, to be able to make de�nite distin
tions.Knowing a priori the SASI frequen
ies and underlying 
onve
tive motions of a model, it issimpler to identify the 
orresponding peaks in the 
al
ulated event rate. Observing a signal,and from that predi
ting the mass or EoS of the star where the signal originated is moredi�
ult. A further note of 
aution is that all of the above 
al
ulations assume that 2Dsimulations of 
ore-
ollapse supernova are a good representation of the a
tual physi
s. Onlyfuture studies in both 2D and 3D 
an determine if this is a just assumption.
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� Experien
e is a brutal tea
her, but you learn.My God, do you learn.� � C. S. Lewis
12Con
lusions

Throughout this thesis the main theme has been the interplay of neutrinos and the physi
sin 
ore-
ollapse supernova. I have sought to add my own little drop of knowledge to the vasto
ean of wisdom. This quest has lead me from analyti
al 
al
ulations of matrix elements tonumeri
al programming.I have investigated how a new strong intera
tion with a low-mass pseudo-s
alar wouldin�uen
e the neutrino energy spe
tra. I found for our 
hoi
e of 
oupling strength that the de-
oupling radii for pro
esses involving this new intera
tion were 
omparable to the de
ouplingradii of the 
harged and the neutral 
urrent intera
tions. The resulting neutrino energy spe
-tra were 
ompared to model spe
tra that 
omplies with observational bounds from SN1987A.I found dis
ernible di�eren
es, but not so severe as to rule out this new intera
tion. Futureinvestigations should be devoted to determine how mu
h energy might be transferred to thepost-sho
k layer, sin
e this intera
tion e�e
tively provides a ba
k-door for �avor transforma-tions.Turning my attention from a proposed, but so far unobserved parti
le to 
old, hard dataI investigated a spe
i�
 supernova neutrino signal in I
eCube. This investigation was 
arriedout in 
ollaboration with Georg Ra�elt, Thomas Janka, Andreas Marek and Ce
ilia Lunardini.We studied the signature that would be imposed on the neutrino signal from the StandingA

retion Sho
k Instability (SASI). The instability would imprint fast time variations on theneutrino signal, and we investigated if these variations would be observable in the I
eCubeCherenkov dete
tor. The investigation was based on luminosities and energies from re
entaxisymmetri
al simulations. We 
al
ulated the expe
ted event rate in I
eCube, and performeda Fourier transformation of the signal to investigate the frequen
ies it 
ontained. We found forour non-rotating 15 M⊙ model strong imprints in the neutrino signal from the SASI sloshingmodes as well as smaller-s
ale, short-period 
onve
tive overturns. The frequen
ies of the SASIdepend on time and the mode (ℓ = 1 or 2), but generally have frequen
ies of 50�100 Hz.131



132 CHAPTER 12. CONCLUSIONSThe observed signal would be visible above the noise in I
eCube up to 100�200 Hz and wouldnot 
hange mu
h in 
ase of a �avor swap. Sin
e the SASI imprints 
hange over time, wefound that a Fourier transform on a shorter time window 
ould provide a higher signal-to-noise ratio. We extended our analysis to a 15 M⊙ model with rotation and a less massiveprogenitor, our 11.2 M⊙ model. For all of our models we saw signi�
ant di�eren
es betweenthe power of equatorial and polar viewing dire
tions. In realisti
 3D models, this strongdire
tional dependen
e would likely be less pronoun
ed, sin
e 3D simulations does not 
on�nethe dipolar os
illation to follow a prede�ned axis. A few re
ent 3D simulations furthermoreshow the appearan
e of one or more spiral modes for the SASI [BS℄. These modes would makethe frequen
y spe
trum more 
omplex. Our analysis of the rotating 15 M⊙ gave a spe
trum
omparable to the one for the non-rotating model, but with detailed di�eren
es. For both ofthe 15 M⊙ models, the signals we 
al
ulate 
ontains features that would be dete
table for aSN throughout the Milky Way galaxy. Less opportune is the 11.2 M⊙ model. The power inthis 
ase is so low, due to weak SASI a
tivity, that a SN should happen within ∼5 kp
 if weare to observe detailed power spe
tra. All the investigated models have a strong dependen
eon equation on state in 
ommon.Through our 
al
ulations we showed that I
eCube, despite its inability to resolve energies,would be uniquely quali�ed for these investigations owing to its large 
ounting rate. However,we showed in one 
ase that the rate �u
tuations were primarily due to the �u
tuations ofenergy. Therefore a strong 
ase 
an be made for future megaton water Cherenkov dete
torsthat will have event-by-event energy information as well as a high 
ount rate. As an extension,a natural proje
t to pursue would therefore be a further investigation into the signal we wouldexpe
t in su
h a dete
tor. An a
tual observation of this signature would provide a 
ru
ial testof our theoreti
al understanding of the 
ore-
ollapse me
hanism. It is un
ertain if this method
ould 
ontribute with more detailed 
on
lusions. We would need to apply this analysis onmany more models before we 
ould hope with any 
on�den
e to mat
h a given signal witha spe
i�
 progenitor. Furthermore we would need to in
lude models, that provides di�erentme
hanisms for the explosion, e.g. the 
ore g-modes suggested by Burrows et al. [BLD+07℄.One thing above all still hampers all our e�orts, the la
k of data. This applies equally wellto a proposed new parti
le as to a proposed signature in an observed neutrino signal. All of ourspe
ulations and hard work would be in vain unless it is proven either 
orre
t or in
omplete.Be
ause, although we have a vast o
ean of wisdom, there is a Universe of questions.A humble wish for the future would therefore be; to observe the exquisite event of a 
ore-
ollapse supernova in the Milky Way galaxy.
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AMatrix element 
al
ulationIn this appendix we 
al
ulate the matrix element for the neutrino-Majoron bremsstrahlungpro
ess. We start from the general expression for the matrix element.
F = ū(p′) gγ5 u(p)

C

(p − p′)2 − m2
φ

ū(k′)g γ5
i(/l + mν)

l2 − m2
ν

g γ5u(k)φ(q) (A.1)where C is a (
omplex) 
onstant.
|F |2 =

g6 |C |2
|(p − p′)2 − m2

φ|2
ū(p′)γ5u(p)ū(k′)γ5

i(/l + mν)

l2 − m2
ν

γ5u(k)φ(q)φ†(q) ×

u†(k)γ5

(
i(/l + mν)

l2 − m2
ν

)†

γ5ū
†(k′)u†(p)γ5ū

†(p′)

(A.2)Using the identities γ0 γ0 = 1 and φφ† = 1 together with the anti-
ommutation relation
γ5γ

0 = −γ0γ5, and remembering that ū = u†γ0 and ū† = γ0u, leads to
|F |2 =

g6 |C |2
|(p − p′)2 − m2

φ)|2 ū(p′)γ5u(p)ū(k′)γ5
i(/l + mν)

l2 − m2
ν

γ5u(k) ×

ū(k)γ0γ5

(
i(/l + mν)

l2 − m2
ν

)†

γ5γ
0u(k′)ū(p)γ0γ5γ

0u(p′)

(A.3)
|F |2 =

g6 |C |2
|(p − p′)2 − m2

φ)|2 ū(p′)γ5u(p)ū(k′)γ5
i(/l + mν)

l2 − m2
ν

γ5 ×

u(k)ū(k)(−γ5γ
0)

(
i(/l + mν)

l2 − m2
ν

)†

(−γ0γ5)u(k′)ū(p)(−γ5)u(p′)

(A.4)135
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alling the identities
∑

s

u(p, s)ū(p, s) = (/p + m) (A.5)
∑

s

v(p, s)v̄(p, s) = (/p − m) (A.6)leads to
1

4

∑

s=1,2,3,4

|F |2 = −
∑

s=1,2,3

g6 |C |2
|(p − p′)2 − m2

φ)|2 ū(p′)γ5u(p)ū(k′)γ5
i(/l + mν)

l2 − m2
ν

γ5 ×

(/k + m)γ5γ
0

(
i(/l + mν)

l2 − m2
ν

)†

γ0γ5u(k′)ū(p)γ5u(p′)

(A.7)
1

4

∑

s=1,2,3,4

|F |2 = −
∑

s=1,2,3

g6 |C |2
|(p − p′)2 − m2

φ)|2 ū(p′)γ5u(p)ū(k′)γ5
i(/l + mν)

l2 − m2
ν

γ5 ×

(/k + m)γ5γ
0

(
i(/l + mν)

l2 − m2
ν

)†

γ0γ5u(k′)ū(p)γ5u(p′)

(A.8)
1

4

∑

s=1,2,3,4

|F |2 = − g6 |C |2
|(p − p′)2 − m2

φ)|2 Tr[(/p′ + m)γ5(/p + m)γ5] ×

Tr

[
( /k′ + m)γ5

i(/l + m)

l2 − m2
γ5(/k + m)γ5γ

0

(
i(/l + m)

l2 − m2

)†

γ0γ5

] (A.9)We 
al
ulate the 2 tra
es
Tr1 = Tr[(/p′+m)γ5(/p+m)γ5] = Tr[/p′γ5/pγ5]+4m2 = −Tr[/p′/p]+4m2 = −4p′ ·p+4m2 (A.10)Using γµ ≡ γ0γµ†γ0 = γµ and the fa
t that l is a real ve
tor, we �nd the se
ond tra
e

Tr2 = Tr

[
( /k′ + m)γ5

i(/l+m)
l2−m2 γ5(/k + m)γ5γ

0
(

i(/l+m)
l2−m2

)†
γ0γ5

]
=

Tr

[
(/k′ + m)γ5

i(/l+m)
l2−m2 γ5(/k + m)γ5γ

0

(
−i(/l

†
+m)

l2−m2

)
γ0γ5

]
=

Tr
[
( /k′ + m)γ5

(/l+m)
l2−m2 γ5(/k + m)γ5

(
γ0/l

†
γ0+m

l2−m2

)
γ5

]Now we are allowed to 
y
le the last γ5 in the tra
e to the front
Tr

[
γ5( /k′ + m)γ5

(/l + m)

l2 − m2
γ5(/k + m)γ5

(
γ0/l

†
γ0 + m

l2 − m2

)] (A.11)Sin
e γ5 anti-
ommutes with the individual γµ: {γ5, γ
µ} = 0 and kµ is a ve
tor, we 
an passthe γ5 through (/k + m) at the expense of a minus sign that is 
an
eled by a minus from the

( /k′ + m) term. This results in
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Tr

[
( /k′ + m)

(/l + m)

l2 − m2
(/k + m)

(
γ0/l

†
γ0 + m

l2 − m2

)]
=

1

(l2 − m2)2
Tr
[
(/k′ + m)(/l + m)(/k + m)(γ0/l

†
γ0 + m)

]Let us take a 
loser look at the term γ0/l
†
γ0.

γ0/l
†
γ0 = γ0(γµlµ)†γ0 = γ0(γ0l0 − γ1l1 − γ2l2 − γ3l3)

†γ0Here l0,1,2,3 are numbers, thus the Hermitian 
onjugation leaves them una�e
ted, and γ0 isHermitian whereas the γi are anti-hermitian and get a minus. This gives us
γ0/l

†
γ0 = γ0(γ0l0 + γ1l1 + γ2l2 + γ3l3)γ

0Now taking the γ0 inside the parenthesis, one gets terms like γ0γ1l1γ
0, where you 
an pull l1to one end sin
e it is just a number, and sin
e γ0 and γi anti-
ommutes it gives us a minussign, bringing us to

γ0/l
†
γ0 = γ0l0 − γ1l1 − γ2l2 − γ3l3 = /lContinuing we remember that the tra
e of an odd number of γ-matri
es is zero, leaving uswith the following terms

1

(l2 − m2)2
Tr
[
/k′/l/k/l + m4 + 2m2 /k′/l + m2 /k′/k + m2/l /k + m2/l/l + m2/k/l

] (A.12)
Tr2 =

1

(l2 − m2)2

(
Tr
[
/k′/l/k/l

]
+ 4m4 + 8m2k′ · l + 4m2k′ · k + 4m2l · l + 4m2l · k + 4m2k · l

)(A.13)
=

1

(l2 − m2)2

(
4
[
(k′ · l)(k · l) + (k′ · l)(k · l) − (k′ · k)(l · l)

]

+4m4 + 8m2k′ · l + 4m2k′ · k + 4m2l · l + 8m2k · l
) (A.14)

=
4

(l2 − m2)2

[
m4 + 2(k′ · l)(k · l) + 2m2(k′ · l) + 2m2(k · l)

+ m2(k′ · k) + m2(l · l) − 4(k′ · k)(l · l)
] (A.15)Combining the two tra
es to obtain the �nal matrix element

1

4

∑
|F |2 = − 4g6

((p − p′)2 − m2
φ)2(l2 − m2)2

(−4p′ · p + 4m2)

[
m4 + (k′ · l)(k · l)

+ m2(k′ · l) + m2(k · l) + m2(k′ · k) + m2(l · l) − (k′ · k)(l · l)
] (A.16)
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=

16g6

(p − p′)4(l2 − m2)2

[
m4(p′ · p − m2) + (k′ · l)(k · l)(p′ · p − m2) + m2(p′ · p − m2)(k′ · l)

+ m2(p′ · p − m2)(k · l) + m2(p′ · p − m2)(k′ · k)

+ m2(p′ · p − m2)(l · l) − (p′ · p − m2)(k′ · k)(l · l)
] (A.17)Sin
e we are working in the strongly relativisti
 regime, we will negle
t all terms proportionalto m2 or higher, resulting in

1

4

∑
|F |2 =

16g6

(p − p′)4l4
(k′ · l)(k · l)(p′ · p) − (k′ · k)(l · l)(p′ · p) (A.18)

1

4

∑
|F |2 =

4g6

(p · p′)2l4 (k′ · l)(k · l)(p′ · p) − (k′ · k)(l · l)(p′ · p) (A.19)
1

4

∑
|F |2 =

4g6

(p · p′)l4 (k′ · l)(k · l) − (k′ · k)(l · l) (A.20)
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Fast time variations of supernova neutrino fluxes and their detectability
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(Received 10 June 2010; published 21 September 2010)

In the delayed explosion scenario of core-collapse supernovae, the accretion phase shows pronounced

convective overturns and a low-multipole hydrodynamic instability, the standing accretion shock insta-

bility. These effects imprint detectable fast time variations on the emerging neutrino flux. Among existing

detectors, IceCube is best suited to this task, providing an event rate of �1000 ms�1 during the accretion

phase for a fiducial SN distance of 10 kpc, comparable to what could be achieved with a megaton water

Cherenkov detector. If the standing accretion shock instability activity lasts for several hundred ms, a

Fourier component with an amplitude of 1% of the average signal clearly sticks out from the shot noise.

We analyze in detail the output of axially symmetric hydrodynamical simulations that predict much larger

amplitudes up to frequencies of a few hundred Hz. If these models are roughly representative for realistic

SNe, fast time variations of the neutrino signal are easily detectable in IceCube or future megaton-class

instruments. We also discuss the information that could be deduced from such a measurement about the

physics in the SN core and the explosion mechanism of the SN.

DOI: 10.1103/PhysRevD.82.063007 PACS numbers: 14.60.Pq, 97.60.Bw

I. INTRODUCTION

The delayed explosion scenario remains the standard
paradigm for the core-collapse supernova (SN) mecha-
nism. After core bounce a shock wave forms that stalls at
a typical radius of 100–200 km while matter keeps falling
in, forming a standing accretion shock that can last for
several hundred ms before the shock is relaunched, pre-
sumably after sufficient neutrino-energy deposition in the
region behind the shock. Two- and three-dimensional hy-
drodynamic simulations reveal convective instabilities that
quickly develop into large-scale convective overturns and a
strong dipole oscillation of the neutron star against the
‘‘cavity’’ formed by the standing shock, the standing
accretion shock instability (SASI) [1–7].

During the accretion phase, neutrino emission is par-
ticularly large, being powered primarily by the gravita-
tional energy of the in-falling material. In the SASI
scenario the neutrino emission is strongly modulated. As
an example we show in Fig. 1 the ��e luminosity as a
function of time, averaged over one hemisphere, from the
two-dimensional (2D) simulations of Marek, Janka, and
Müller (2009) [6]. As noted by these authors, such large
flux variations could well become detectable in the high-
statistics neutrino signal of the next galactic SN, revealing
direct evidence for the predicted SASI mode and convec-
tive overturns.

The detection of fast time variations, or equivalently,
identifying high-frequency Fourier modes in the signal, is
limited by the number of registered events: a significant
signal must stick above the shot noise caused by the
fluctuating event rate, so a large counting rate is crucial.

Among the existing or near-future detectors, IceCube is the
most promising because it detects a large number of
Cherenkov photons triggered by neutrinos. At most one
single Cherenkov photon is picked up from a given neu-
trino, so every photon tags the arrival time of a different
neutrino. For our SN example of Fig. 1, assumed at a
fiducial distance of 10 kpc, the maximum photon detection
rate is roughly 1000 ms�1, similar to the intrinsic back-
ground rate. On the other hand, for Super-Kamiokande
(fiducial volume 22.5 kt) the corresponding neutrino de-
tection rate is approximately 2 orders of magnitude
smaller, although essentially background free. Based on
this simple estimate, we use IceCube as our benchmark
detector. On the other hand, a megaton-class water
Cherenkov detector would achieve neutrino detection rates
similar to IceCube and in addition would provide event-by-
event energy information, a quantity also showing strong
fluctuations. The potential of such a detector will be
studied elsewhere.
A possible limiting factor to detecting fast signal varia-

tions is time-of-flight dispersion caused by neutrino
masses. The delay of arrival times is

�t ¼ 0:57 ms

�
m

eV

�
2
�
30 MeV

E

�
2
�

D

10 kpc

�
2
: (1)

We will see that signal variations may be detectable up to a
few hundred Hz, corresponding to time scales of several
ms. So even for eV neutrino masses, arrival time dispersion
would be a marginal effect. Moreover, current cosmologi-
cal limits on the overall neutrino mass scale are approxi-
mately 0.2 eV [8], very similar to the sensitivity of the
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ongoing Karlsruhe Tritium Neutrino Experiment
(KATRIN) [9]. Assuming KATRIN will confirm this limit,
arrival time dispersion of SN neutrinos will be completely
irrelevant in our context. Should KATRIN discover
eV-scale neutrino masses in violation of cosmological
limits one could return to this study and include time-of-
flight dispersion.

In Sec. II we review the detector response of IceCube to
SN neutrinos. In Sec. III we use the output from the

numerical models of Marek, Janka, and Müller (2009)
[6] and study the signal power as a function of frequency
relative to the detector shot noise. In Sec. IV we briefly
discuss the fluctuations of neutrino energies relative to
luminosity variations. In Sec. V we consider the modifica-
tion caused by a stiffer nuclear equation of state. In Sec. VI
we interpret the results of our analysis on the basis of
present explosion models and our understanding of the
physics relevant in the SN core. We also briefly address
the question what could be learned if SASI and convective
neutrino signal variations were detected. We discuss and
summarize our findings in Sec. VII. In the Appendix we
derive the detector shot noise and define the normalization
of our Fourier transform of binned data.
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FIG. 1 (color online). Top: ��e luminosity of our baseline SN
model sampled at 1 ms intervals. Red line: north hemispheric
average. Black line: moving average with a Gaussian window
function (� ¼ 7 ms). Middle: ��e rms energy. Red and black
lines as the panel above. Bottom: detection rate in IceCube. Also
shown is the 1� range caused by shot noise, assuming a bin
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II. DETECTOR MODEL

The IceCube detector, soon to be completed at the South
Pole, currently provides by far the largest detection rate for
the next nearby SN. For our sensitivity forecast we use
a somewhat schematic model for its response to a SN
neutrino signal. For the finished detector with 4800 optical
modules, the latest efficiencies provide a detection rate of
Cherenkov photons originating from the dominant inverse
beta reaction ��e þ p ! nþ eþ of [10–12]

R ��e
¼ 114 ms�1

L ��e

1052 erg s�1

�
10 kpc

D

�
2
�

Erms

15 MeV

�
2
: (2)

Here we use the definition

E2
rms ¼ hE3i

hEi ; (3)

where the average is to be taken over the neutrino distri-
bution function. This quantity plays the role of an rms
energy relative to the energy spectrum, not the flux spec-

trum. Other authors use the definition Erms ¼
ffiffiffiffiffiffiffiffiffihE2ip

, which
is perhaps more appropriately called the rms energy, but
our definition is what appears in the IceCube rate and thus
will be used. In other words, because the Cherenkov light
measures the neutrino-energy deposition in ice, L ��e

and

Erms are the most natural parameters to describe the in-
stantaneous neutrino flux. Our estimate of the photon count
rate Eq. (2) uses an approximate inverse beta cross section
of � ¼ 9:52� 10�44 cm2ðE ��e=MeVÞ2 to obtain a simple

scaling behavior with energy.
For low-energy neutrino detection, IceCube is a very

coarse detector, implying that from a given neutrino it
picks up at most one Cherenkov photon. Assuming more
closely spaced optical modules, the average photon detec-
tion rate remains unchanged, but the fluctuations increase
in that several detected photons may have been triggered
by the same neutrino. This increased shot noise reduces the
capability to detect fast time variations. In the extreme
case of a densely instrumented detector such as Super-
Kamiokande, one measures so many photons from a given
neutrino that one can reconstruct detailed energy and
directional information, at the expense of relatively few
neutrino events and therefore much larger shot noise. In
this sense the apparent weakness of IceCube for low-
energy neutrino detection is actually a virtue for diagnos-
ing fast time variations. Since for IceCube a single photon
detection is identical with detecting the arrival time of a
neutrino (except for background), we use the term ‘‘event’’
interchangeably for ‘‘photon detection’’ or ‘‘neutrino
detection.’’

For our SN models, a typical rate during the accretion
phase is around 103 ms�1. This is to be compared with the
estimated IceCube background rate of [11]

Rbkgd ¼ 1:34� 103 ms�1: (4)

This is the dark current of 280 s�1 per optical module,
multiplied with 4800 optical modules of the final detector
to be completed by the end of this year. Therefore, for a SN
at the fiducial distance, the signal and background rates are
comparable, but the background dominates. Therefore, it is
essentially the shot noise of the background that limits the
detectability of fast signal variations unless the SN is closer.
IceCube samples the data in 1.6384 ms bins, whereas

low-energy water Cherenkov or scintillator detectors regis-
ter the times tj of every event with high precision. The bin

width, or the absence of binning, only affects the sensitivity
to frequencies that we will see are too high to be detected.
Therefore, the details of signal binning do not enter our
discussion. We have found it convenient to use 1 ms as a
nominal bin width and also as a sampling rate of the
numerical SN results.
The main obstacle to detecting fast time variations is

shot noise (Poisson fluctuations of the limited number of
events). In the lower panel of Fig. 1 we show as a vertical
bar the 1� fluctuation per 1 ms bin for an event rate of
900 ms�1. Therefore, it is evident that with IceCube one
can follow the overall neutrino light curve with excellent
precision.
To estimate the required amplitude for a fast periodic

variation to be detectable, we model the signal as a
sequence of arrival times tj with j ¼ 1; . . . ; N. The

Fourier transform of this signal (frequency f) is

gðfÞ ¼ XN
j¼1

e�i2�ftj (5)

with the spectral power GðfÞ ¼ jgðfÞj2. The detection rate
has units of inverse time, so the Fourier components are
dimensionless. If the sequence of events is completely
random, i.e., the times tj sample a uniform distribution

on a given time interval, one can show (see the Appendix)
that

hGf�0i
Gf¼0

¼ 1

N
(6)

and we note that Gð0Þ ¼ N2.
Next we assume the signal has a frequency fa imprinted

upon it; i.e., it is proportional to [1þ a cosð2�fatÞ]. The
power of this signal vanishes everywhere except at f ¼ 0
and f ¼ �fa. The relative power is Gð�faÞ=Gð0Þ ¼
a2=4. Therefore, an imprinted cosine variation with the

amplitude a ¼ 2=
ffiffiffiffi
N

p
is equal to the shot noise. Assuming

that the accretion phase lasts for 400 ms and using the
background rate of Eq. (4) as the dominant source of shot
noise, the number of events is N ¼ 5:4� 105 and the
shot-noise level corresponds to a cosine amplitude of a ¼
3� 10�3. Of course, to stick reliably above background, a
Fourier component would need to be somewhat larger. In
other words, for a SN at 10 kpc one can expect to detect
signal variations with an amplitude roughly on the 1% level
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of the average rate. The signal variations shown in the
lower panel of Fig. 1 would easily show up in IceCube.

III. NUMERICAL SUPERNOVA SIGNAL

A. Description of the model

To make this rough estimate more concrete, we next
use a numerical simulation to compare the expected
signal fluctuations with the sensitivity of IceCube. The
two-dimensional (axially symmetric) simulations which
this discussion is based on were performed with the

PROMETHEUS-VERTEX code [13,14] and the simulations

are discussed in detail in Ref. [6]. We therefore repeat
only a few essential aspects of both the numerical treat-
ment and the simulation runs and refer to Refs. [5,6] for
more complete information.
The hydrodynamic part of the code is based on a con-

servative and explicit Eulerian implementation of a
Godunov-type scheme with higher-order spatial and tem-
poral accuracy. It solves the nonrelativistic conservation
equations for the stellar fluid, whose self-gravity is
described by an ‘‘effective relativistic potential’’ [15]. It
provides a sufficiently accurate approximation of general
relativistic corrections [16].
The neutrino transport solver, which is coupled to the

hydrodynamics module via lepton number, energy, and
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momentum source terms, is computed with a ‘‘ray-by-ray
plus’’ scheme [14]. It accounts for the full neutrino-energy
dependence in the transport but assumes the neutrino flux
at every point to be radial (i.e., the neutrino phase space
distribution function is assumed to be axially symmetric
around the radial direction), which is numerically less
demanding and more efficient than a full multidimensional
version of the transport.

The simulations used here are based on the progenitor
model s15s7b2 from Woosley and Weaver [17], and are
representative for the collapse of stars with progenitor
masses around 15M�. The dense proto-neutron star matter
is described by the equation of state (EoS) of Lattimer and
Swesty [18], which leads to a radius of 12 km for a cold
neutron star with a gravitational mass of 1:4M�. We also
consider briefly an example with the EoS of Hillebrandt
and Wolff that is considerably stiffer [19]. Unless other-
wise noted, our discussion always refers to the Lattimer
and Swesty case as a benchmark.

The two-dimensional model was computed under the
assumption of axial symmetry and covers the region be-
tween the north and south pole with 192 equally spaced
angular grid points. The model was evolved in total for
about 600 ms from the onset of the collapse to a time of
about 450 ms after the formation of the SN shock front and
shows in the postbounce evolution a strong SASI sloshing
activity of the SN shock front.

The oscillations of the SN shock front due to SASI
activity and convective overturn cause luminosity fluctua-
tions by modulating the mass accretion on the proto-
neutron star: a strong shock retraction leads to a transient
increase of the gas flow towards the neutron star and to the
compression and enhanced cooling of the matter (i.e.,
enhanced neutrino emission) near the neutron star surface
[6]. On the other hand, a shock expansion has the opposite
effect because it causes a deceleration of the infall or even
outward acceleration of material that is accreted through
the shock front. Thus shock expansion stretches the time
this matter stays in the gain layer and less cooling by
neutrino emission occurs.

From the 192 angular rays of the models, we used in the
postprocessing the luminosity for all species �e, ��e, and �x

and the corresponding hEirms on every second angular bin
and extracted the information in steps of about 0.5 ms that
were subsequently resampled in exact 1 ms steps. To
illustrate the general appearance and directional differ-
ences of the fluctuations, we combined the angular rays
into 5 directional averages: north polar, equatorial, south
polar, and an intermediate wedge between each pole and
equator, each of them covering a zenith-angle range of
36�. For ��e, the luminosity, rms energy, and IceCube
detection rate of the 5 wedges are shown in Fig. 3. Of
course, these plots have no direct observational signifi-
cance and merely serve to illustrate the angular variation
of the SN output. We clearly see that fluctuations in the

energy and luminosity are larger along the polar directions
than at the equator. In Fig. 4 we show the same information
for the run with the EoS of Hillebrandt andWolff, on which
we will comment later.

B. Fourier transform and spectral power

In order to assess the detectability of such fluctuations
we calculate the Fourier transform of the detection rate, at
first for the run with the Lattimer and Swesty EoS. To
simplify this process we have resampled the data in
exact 1 ms intervals over a range of 400 ms, discarding a
few ms of data at the beginning and end of the original
sequence that covered the interval 10.5 ms to 417 ms
postbounce. We take the Fourier transform on the full
400 ms interval, however, applying a Hann window func-
tion to reduce edge effects (see the Appendix). From Fig. 3
it is apparent that fast time variations commence in
earnest at about 150 ms postbounce and we could have
left out the initial phase of the signal to reduce the number
of background events within the signal region. On the other
hand, the window function anyway suppresses the signal
portion at the edges and so we have kept the full 400 ms
range.
The power spectra are in absolute units, not relative to

the average signal. In our normalization the Fourier am-
plitude at f ¼ 0 is Nevents=Nbins, i.e. the average rate per
bin (see the Appendix). In this way the average power does
not change if we consider subsamples of the data for a
shorter duration, keeping the individual bin width fixed.
The power at f ¼ 0 is therefore ðNevents=NbinsÞ2. Since a
typical event rate is 1000 ms�1 and our bin width is 1 ms,
the power spectrum at f ¼ 0 is around 106 and much
smaller at other frequencies. Using a 400 ms time interval
implies that the natural frequency spacing is 2.5 Hz, and
based on our 1 ms binning the largest frequency that can be
resolved is 500 Hz (Nyquist frequency).
Based on the background rate of Eq. (4), a signal dura-

tion of � ¼ 400 ms, and a Hann window function, the
shot-noise power of the detector dark current is given in
Eq. (A12) and is found to be 10.08 in the described units
where the zero-frequency power is ðNevents=NbinsÞ2. In the
subsequent plots this power level is shown as a horizontal
grey line.
The modification of our power spectra plots as a func-

tion of SN distance D is not entirely trivial. If the SN is
farther away than 10 kpc, we lose event rate quadratically
with distance. Since we are showing the power spectrum,
another power of 2 arises. Therefore, relative to the fixed
IceCube dark current (the horizontal line), the power
spectra are lowered by a factor ð10 kpc=DÞ4. The distance
distribution of galactic SNe is very broad, but declines
quickly beyond about 20 kpc [20]. At this pessimistic
distance, the signal power spectrum would be lowered by
a factor of 16, whereas the shot-noise level would remain
fixed.

FAST TIME VARIATIONS OF SUPERNOVA NEUTRINO . . . PHYSICAL REVIEW D 82, 063007 (2010)

063007-5



On the other hand, if the SN is closer than 10 kpc, the
IceCube dark current quickly becomes irrelevant. The shot
noise is determined by the number of detected SN events
which increases with decreasing distance as ð10 kpc=DÞ2
and therefore the shot-noise level increases with this factor.
The signal power spectrum increases with the fourth power
ð10 kpc=DÞ4 as before, so relative to the shot-noise level
the signal power increases quadratically with decreasing
distance as ð10 kpc=DÞ2.

C. Hemispheric averaging

As a first example we show in Fig. 5 as a blue line (upper
curve) the power spectrum of the event rate based on a
single ray. To this end we have taken an ensemble average
of the power spectra of all 96 angular rays with equal
weights, treating each one as if it were responsible for
the full 4� neutrino emission and thus for the full detector
signal. Taking a true single ray instead of an ensemble
average shows the same trend with much greater noise and
of course with directional differences. (Such a single-ray
treatment would correspond to the assumption that all
neutrinos are emitted strictly in the radial direction and
the observer receives neutrinos just from one spot on the
stellar surface.) Up to the Nyquist frequency of 500 Hz the
single-ray power stays far above the background and thus
would be clearly detectable.

The true signal is caused by the integrated emission over
the hemisphere facing the detector. In principle, it could be
reconstructed from the detailed angular information of the
neutrino emission as provided by our numerical solution of
the neutrino transport. However, in view of the approxima-
tive nature of 2D models and of the ‘‘ray-by-ray plus’’
transport treatment (see Sec. III A), we preferred to
avoid processing the huge amount of corresponding data.
As a simplification we assumed that each surface element

radiates isotropically with an energy spectrum according to
the local conditions. In other words, we added the com-
puted local fluxes, weighted by the projected area of the
surface elements as seen by the observer. Taking the north-
ern hemispheric average in this sense leads to the red
(lower) curve in Fig. 5.
The spectral power declines much faster with increasing

frequency than in the single-ray case. This is expected
because high-frequency luminosity variations are due to
small spatial scales of the ‘‘boiling’’ medium, whereas the
lowest frequencies are due to the largest-scale convective
overturns and SASI activity. The variations on small spatial
scales are not strongly correlated and therefore reduced
when taking an average over the entire hemisphere,
whereas the large-scale motions are correlated and not
averaged away.
The hemispheric power spectrum is quite noisy and the

overall trend is better seen in a smoothed version shown in
Fig. 6. Here we show the same information based on a
moving average with a Gaussian window function with
� ¼ 4 Hz. In addition we show the equatorial average as a
black curve. It is the lowest curve and has significantly less
power than the northern case (which is similar to the
southern one). In this simulation the large-scale motion is
essentially along the symmetry axis of the simulation,
explaining much larger luminosity variations in the polar
directions than the equatorial one. Indeed, the luminosity
and temperature variations in the north and south are
anticorrelated because of the dipole nature of the SASI
oscillation, so in the equatorial view the variations largely
cancel. In a realistic 3D situation, the dipole direction is
not necessarily fixed in space, so over several hundred
ms the average view from different directions probably
would not differ as dramatically as in this axisymmetric
simulation.
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D. Comparison with spherically symmetric case

An important issue is how well one can distinguish the
signal from a spherically symmetric model from a con-
vecting one. To this end we have produced an equivalent
spherically symmetric model by smoothing the output
from our model by a moving average. An example for
the corresponding smooth luminosity is shown in Fig. 1.
We compare the signal power spectrum for the equatorial
hemispheric average in Fig. 7 with that from a smoothed
version of this average. We see that the smooth signal
plummets below the IceCube background noise level at
around 20 Hz. In other words, for the case studied here the
power spectrum roughly above 20 Hz is a clear indication
for fast time fluctuations of the neutrino source.

E. Directional and flavor dependence

For a more detailed appreciation we next show in Fig. 8,
upper panel, the smoothed power spectrum for the north-
ern, southern, and equatorial average signals. We first
observe that from �20 Hz to �175 Hz for ��e the power
spectrum for all three hemispheric averages is comfortably
above the noise level in IceCube. We furthermore see that
the first peaks for both polar directions are roughly coin-
ciding, and although the specific pattern differs at larger
frequencies, the levels are comparable. The pronounced
peak at 50 Hz corresponds to variations with a 20 ms
period. This period is easily seen in Fig. 5 of Ref. [6] where
the dipole motion of the shock-wave surface is plotted.

In the lower panel we show the same signal under the
assumption that complete flavor transformations have taken
place and what reaches IceCube are ��e that at the SN were
born as ��x. The qualitative features are similar as before. In
other words, full or partial flavor transformations would not
change the picture substantially. The overall power spec-
trum is now slightly lower. However, this effect is due to the
reduced ��x luminosity during the accretion phase relative to

the ��e luminosity. In the figure panels we give the DC
(‘‘direct current’’) values of the power spectrum, i.e., the
power at zero frequency which is significantly larger in the
��e case (upper panel). In other words, the relative fluctua-
tion amplitude is similar for both species.
The same information is given in Fig. 9 where we show

the equatorial average (top panel) and northern average
(bottom) and each time compare the ��e signal with the case
of complete flavor swap. The northern case, especially
(very similar to the southern one), shows that flavor trans-
formations have little impact on the interpretation of fast
signal variations.

IV. LUMINOSITY VS ENERGY FLUCTUATIONS

Thus far we have focused on the counting-rate fluctua-
tions in IceCube because among existing detectors it
provides by far the largest event rate. With a future
megaton-class water Cherenkov detector the picture would
change because the event rate would be comparable to
IceCube and in addition one would obtain event-by-event
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energy information. In this case spectral fluctuations would
become important as well.

In Fig. 1 it is apparent that the IceCube signal variations
are much larger than the luminosity variations. The fluctu-
ations of Erms must be responsible for the difference.
Moreover, one expects that the spectral fluctuations are
correlated with the luminosity fluctuations so that both
effects interfere constructively.

To quantify these arguments we consider as a specific
example the northern hemispheric average of the luminos-
ity LðtÞ and the rms energy ErmsðtÞ and their correlation.
Since we are here concerned with the IceCube signal,
which is proportional to E2

rms, we consider the two func-
tions LðtÞ and WðtÞ ¼ E2

rmsðtÞ. For convenience we nor-
malize them somewhat arbitrarily to their average values
over the 274–400 ms interval since now we are primarily
interested in relative fluctuations. (Our conclusions do not
change much if we normalize to the average values over
the entire 400 ms interval.) We next calculate the Fourier
transforms ~L and ~W of these dimensionless functions. In
the upper panel of Fig. 10 we show the power spectra. The
spectral power of W is significantly larger than that of L;
i.e., the IceCube signal variations are dominated by E2

rms

variations.

To quantify correlations between spectral and luminos-
ity variations we show in the lower panel of Fig. 10 the
quantities j ~Wjj ~Lj and 1

2 ð ~W� ~Lþ ~W ~L�Þ. The two quantities

are similar and the correlation function is positive
almost everywhere, so indeed WðtÞ and LðtÞ are strongly
correlated.
These results suggest that energy- and event-rate

fluctuations and their correlation, which could be
measured in a megaton water Cherenkov detector, would
provide additional signatures for convection and SASI
activity.

V. STIFF EQUATION OF STATE

Finally we briefly address the dependence of our results
on the EoS used in the SN simulation. To this end we
consider the run of Ref. [6] with the EoS of Hillebrandt and
Wolff [19]. The ��e luminosity, rms energy, and IceCube
rate corresponding to our five angular wedges were shown
in Fig. 4 in juxtaposition to the run with the Lattimer and
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FIG. 10 (color online). Smoothed power spectrum of luminos-
ity (L) and spectral energy (W ¼ E2

rms) fluctuations for the
model with Lattimer and Swesty EoS. L andW were normalized
to their respective average values over the 274–400 ms interval.
Top: power spectra of L (red, lower curve) and W (blue, higher
curve). Bottom: j ~Ljj ~Wj as a red line and correlation function
1
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Swesty EoS. In Fig. 2 we showed the ��e luminosity, rms
energy, and IceCube signal rate for the northern hemi-
spheric average with the Hillebrandt and Wolff EoS in
analogy to Fig. 1.

The figures reveal that strong fluctuations begin in ear-
nest only at around 300 ms postbounce as already noted in
Ref. [6]. Therefore, it makes little sense to compare the
power spectrum over the first 400 ms of this run with the
Lattimer and Swesty case. Instead we compare in Fig. 11
the power spectra of the IceCube rate for the northern
hemispheric averages, taken over the 274–400 ms interval
postbounce for the Lattimer and Swesty case (top panel)
and the Hillebrandt and Wolff case (bottom). In other
words, our signal duration is now � ¼ 126 ms, implying
a frequency spacing of 8 Hz and an increase of the shot-
noise level by a factor 400=126 ¼ 3:2 (see the Appendix).

Both cases show strong power with a frequency of
around 70 Hz which is also visible to the naked eye in
the time evolution (lower panel of Fig. 2), although the
power is larger in the Lattimer and Swesty case. The signal
time variations for the stiffer EoS would be plainly visible
with similar significance as for the softer one.

We also note that the 70 Hz peak in the upper panel of
Fig. 11 is much larger than in Fig. 8 (upper panel, red line).
The difference between the two curves is only the analyzed
signal interval. Here it is the final 126 ms of the run; in
Fig. 8 the full 400 ms. If the signal was roughly stationary,
the power of the peak would have to be the same. However,
here we have a strong peak at 70 Hz with a much larger
signal-to-noise than in Fig. 8, where in turn we have a
much stronger peak at 50 Hz. In other words, the Fourier
spectrum varies significantly as a function of time. The
analysis of a realistic signal would involve studying subsets
of the full-length signal where Fourier components can
show up with much larger significance in spite of the
increased shot noise relevant for a shorter integration time.

VI. IMPLICATIONS OF DETECTION

Hydrodynamical instabilities—in particular, convective
and SASI activity—and multidimensional processes are
thought to be crucial ingredients of the mechanism that
causes the explosion of core-collapse SNe [21,22]. The
nonradial asymmetries during the very early stages of the
explosion can manifest themselves in large-scale aspher-
icity and mixing of the SN blast (for recent 3D models see
Ref. [23]). A measurement of neutrino signal modulations
and gravitational waves would provide direct evidence for
these theoretical ideas and could yield much deeper insight
into the strength, evolution, and role of nonradial hydro-
dynamic flows on the path to successful explosions. While
the main focus of this paper is the experimental detectabil-
ity of SASI and convective variations of the neutrino
emission—at least as predicted by 2D simulations—
we briefly address possible interpretations of such a
measurement.
A thorough discussion is hampered by the small number

of SN models that are available for an analysis of the signal
characteristics and dependence on the progenitor and core
microphysics. Moreover, a conclusive theoretical assess-
ment will require 3D models. The present 2D calculations
can serve only for preliminary indications of what might be
expected, provided 3D models roughly confirm the 2D
results. The prominence of strong dipolar asymmetries as
obtained by the lowest (‘ ¼ 1 in terms of an expansion in
spherical harmonics) SASI modes in 2D has indeed
been questioned on the basis of recent 3D simulations
[24]. However, these models do not include neutrino trans-
port in a self-consistent way and only a small set of
nonrotating models for special conditions was computed.
Therefore, it is premature to judge the role of low-mode
asymmetries in 3D.
The peaks of the power spectrum of the neutrino signal

reflect the mode pattern of the SN core activity. They are
connected with temporal changes of the mass accretion
rate onto the neutron star, which are either caused by SASI
or by convective modulations of the in-falling mass flow
between shock and neutron star surface [5,6]. Since the
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FIG. 11 (color online). Power spectra of the IceCube rate
without flavor oscillations for the northern hemispheric averages,
taken for the 274–400 ms postbounce interval. Because of the
reduced integration time, the shot-noise level of the IceCube
dark current is now at 30.26. Top: Lattimer and Swesty EoS in
analogy to Fig. 8. Bottom: Hillebrandt and Wolff EoS.
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accretion downflows can be channeled more strongly to
the northern or southern hemisphere, the hemispheric
symmetry can easily be broken, and even long-lasting
hemispheric asymmetries of the accretion structures and
shock-expansion strength can emerge. Therefore there is
no reason to expect exactly equal power spectra for both
hemispheres. Even the dipolar SASI sloshing mode can
develop different strengths in both hemispheres.

A causal connection of the peaks in the neutrino power
spectra with global deformation modes of the shock
surface and thus of the accretion flow between shock and
proto-neutron star is supported by results presented in
Ref. [6]. The Fourier spectra of the time-variable spherical
harmonics dipole and quadrupole amplitudes of the shock
position in that paper (Fig. 5, right column) exhibit maxima
whose positions agree well with the lowest characteristic
frequencies of the neutrino power spectra.

The corresponding 50 Hz peak of our model with
Lattimer and Swesty EoS is actually a broad feature with
high power (half-width) roughly between 30 Hz and 60 Hz.
This feature is present in the northern, southern, and equa-
torial signals. In the equatorial case we identify it with the
first two-hump maximum visible to the right of the low-
frequency spike (Fig. 8, upper panel). This peak around
50 Hz is caused by the ‘ ¼ 1 SASI sloshing mode, which
leads to quasiperiodic modulations of the mass accretion
rate and associated neutrino emission in both hemispheres
(see Ref. [6], p. 485). The peak width is explained by the
time variations of the SASI frequency; its north-south
differences by the lack of perfect hemispheric symmetry
(cf. Fig. 3 in Ref. [6]).

The frequency of the ‘ ¼ 1 SASI mode depends on the
sound-travel and mass-inflow times between neutron star
surface and shock [see Eq. (32) in [2] and Eq. (18) in [4] ]
and thus mainly on the time-variable shock radius and to a
lesser extent also on the continuously contracting neutron
star radius. Roughly, when the average shock radius is
large, the SASI frequency is lower; when the shock radius
shrinks, the SASI frequency tends to be higher. Since the
shock radius shows sizable time evolution (Fig. 4, left
panel, in [6]), it is natural that the SASI peak of the time-
integrated neutrino signal becomes fairly broad.

The peak with the next higher frequency of around
70 Hz is most easily explained by ‘ ¼ 2 (quadrupolar)
SASI activity, although a strict discrimination of global
shock oscillation modes from convective mass motions in
the postshock layer is very difficult in the nonlinear phases
of the two hydrodynamic instabilities. Both instabilities
can trigger each other and therefore occur mostly simulta-
neously [4]. A possible connection of the �70 Hz power
maximum with the quadrupolar SASI mode is suggested
by three facts: (1) Analytic analysis and numerical experi-
ments in the linear regime show that the frequency of the
‘ ¼ 2 mode is slightly higher than that of the ‘ ¼ 1 mode
(cf. Fig. 5 in [2], Fig. 13 in [4]), but the exact frequency

ratio depends strongly on the size of the SASI region (see
Fig. 4 in [25]). (2) The appearance of the �70 Hz peak in
the upper panel of Fig. 11 and relative weakness of power
at lower frequencies at late times (274–400 ms) in our
model with the Lattimer and Swesty EoS can be explained
by the increasing power of the ‘ ¼ 2 shock oscillation
mode, whose amplitude at these times becomes larger
than that of the ‘ ¼ 1 mode (see the left panels of Fig. 5
in [6]). (3) The presence of the peak in the northern power
spectrum but relative weakness or absence in the southern
hemisphere may correspond to the hemispheric asymmetry
of the quadrupolar shock deformation as visible in the
panels of Fig. 4 in Ref. [6].
Local convective overturn motions in the accretion flow

on smaller angular scales (corresponding to higher spheri-
cal harmonics modes) take place on shorter time scales
than the global dipolar and quadrupolar mass shifts.
Therefore they are the most probable explanation for the
power peaks at frequencies above 90–100 Hz. In particular
such short-wavelength structures may exhibit considerable
differences in the two hemispheres and also in the equato-
rial region, where long-lasting, nonstationary downdrafts
develop at later postbounce times. Differences between
these directions in the neutrino power spectra at high
frequencies are therefore not astonishing.
Moreover, the layer between shock and neutron star

surface is generally more compact for the SN model with
the Hillebrandt andWolff EoS (cf. Fig. 4, left panel, of [6]).
Therefore, the global shock-motion and accretion modes of
this model have a lower amplitude and higher frequency
than in the simulation with the Lattimer and Swesty EoS. It
is possible that the very broad peak roughly between 60 Hz
and 85 Hz in the former case (lower panel of Fig. 11) and
simultaneous lack of a second strong peak at somewhat
higher frequency is the result of a superposition of ‘ ¼ 1
and ‘ ¼ 2 activity. This interpretation is suggested by the
presence of both modes with comparable amplitudes
(Fig. 5 in [6]) and by the fact that for a compact postshock
layer the characteristic frequencies of both modes become
very similar as shown in Fig. 4 of Ref. [25].
SASI activity can therefore be reflected by different

peaks in the neutrino power spectra, depending on the
presence of different modes, the fastest growing ones and
typically strongest in 2D being those of ‘ ¼ 1 and ‘ ¼ 2.
The exact frequencies of the peaks depend on the time-
evolving structure of the postshock layer. The strongest
SASI activity and thus most easily measurable signal
features must be expected to occur in a time window of
some 100 ms just before the explosion sets in. The peaks in
the power spectra of the integrated signal over this shorter
period are significantly enhanced relative to the shot-noise
level (compare upper panels of Figs. 8 and 11), favoring
easier detection of these features.
The measurement of the neutrino luminosity modula-

tions could thus confirm the existence of large nonradial
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hydrodynamical instabilities (SASI and convective over-
turn) around the beginning of the explosion, which would
have to be strong enough to affect the neutrino emission
from the accreting neutron star. Such a measurement would
reveal an important component of SN physics, whose
potential relevance is presently suggested only by numeri-
cal models, theoretical analysis, and indirect arguments
based on the presence of ejecta asymmetries at much later
stages of the evolution.

A detection of the SASI would definitely exclude the
prompt explosion mechanism (which already seems to be
ruled out by simulations) as well as all other explosion
mechanisms that work faster than the SASI can develop
in the SN core. The growth of the SASI activity to the
nonlinear regime takes typically 100–200 ms after bounce
[2,4,25], so SASI signatures would require a significantly
delayed explosion as expected for the neutrino-driven
mechanism. Most probably, their measurement would also
exclude the magnetohydrodynamic mechanism, which
could take place in rapidly rotating stellar cores and accord-
ing to 2D simulations could lead to relatively rapid explo-
sions [26]. Conversely, a nondetection of strong SASI
features in the neutrino signal is likely to disfavor the
acoustic explosion mechanism [27,28], which might initiate
the blast wave as late as 1 s or more after core bounce. In
this case the onset of the explosion would be preceded by at
least a transient phase of strong SASI and convective over-
turn activity around the newborn neutron star. Such a phase
is probably important to excite the compact remnant to the
required powerful, large-amplitude dipole oscillations that
yield the acoustic energy flux for launching the explosion.

Exclusion arguments of this kind can become even more
powerful in combination with gravitational-wave measure-
ments as recently pointed out by Ott [29]. Thus gravita-
tional waves and neutrino-emission variations could help
to unravel the still heavily disputed processes that cause the
explosions of massive stars.

VII. CONCLUSIONS

We have studied the signature of fast SN neutrino
time variations in IceCube, a detector that would produce
the largest event rate of any existing experiment. We
have used the output of axially symmetric SN simulations
recently produced by some of us. The SASI sloshing
motion with time- and mode-dependent frequencies of
about 50–100 Hz as well as smaller-scale, shorter-period
convective overturns provide a strong imprint in the
neutrino signal. Typically it would be visible even to the
naked eye by simply inspecting the time sequence of
registered Cherenkov photons. A Fourier analysis of the
signal reveals a large signal-to-noise ratio that would be
detectable for a SN throughout our galaxy.

The spectral power of the time-varying SN signal
decreases with frequency and it depends on distance up
to which frequency time variations can be detected. For a

fiducial distance of 10 kpc the IceCube dark current is
comparable to the SN signal. Based on our simulation, at
this distance signal modulations typically could be seen up
to 100–200 Hz. This conclusion is barely affected by
possible flavor conversions.
The strongly dipolar nature of the SASI mode along the

symmetry axis of the simulations implies that the observ-
able signal variations strongly depend on the direction of
viewing the SN. In particular, in the equatorial direction
the signal variations caused by neutrinos emerging from
the northern and southern hemispheres nearly cancel and in
our most pessimistic example would be visible only to a
distance of a few kpc. However, such directional cancella-
tion effects likely would be smaller in a realistic 3D
situation, although the overall SASI signal might also be
smaller. Moreover, the signal-to-noise for a given Fourier
mode depends on the time window used for the analysis
because the power spectrum varies strongly with time. It is
premature to study these issues in too much detail because
the available 2D simulations as well as the approximations
used in the neutrino transport provide only a first glance of
what might be expected from a more realistic treatment.
The event-rate fluctuations in IceCube are caused

by fluctuations of the luminosity and of the neutrino
energies, the latter being the more important effect.
Therefore, in a detector with spectral information such as
a water Cherenkov detector additional information can be
extracted. A future megaton-class detector will have a
neutrino event rate comparable to IceCube’s and thus
would offer significant additional capabilities through its
event-by-event spectral sensitivity.
Our main message is that IceCube and future large-scale

detectors can measure intriguing time-dependent features of
the neutrino signal of a future galactic SN, allowing one to
observe the SASI activity with neutrinos in situ, if our 2D
model is roughly representative for a more realistic treat-
ment. Such signatures would provide a crucial test of our
theoretical understanding of the core-collapse phenomenon.
The secular evolution of the signal as well as its fast varia-
tions may hold information, for example, on the growth time
of large-scale nonradial asymmetries in the SN core, the SN
explosion mechanism, and the contraction behavior of the
nascent neutron star and thus on the nuclear equation of
state, but once more it is premature to forecast generic
signatures on the basis of our 2D models. Moreover, the
spectral range that can be probed strongly depends on the
SN distance—a fiducial case at 10 kpc may not be repre-
sentative if the SN is much closer or much farther away.
The excellent time resolution of IceCube can be used in

other ways. For example, the signal onset and therefore
bounce time can be pinned down very well, allowing for
correlations with gravitational-wave detectors [12]. On the
more exotic side, a possible QCD phase transition can
produce a short ��e burst that could be detected with high
significance [30].

FAST TIME VARIATIONS OF SUPERNOVA NEUTRINO . . . PHYSICAL REVIEW D 82, 063007 (2010)

063007-11



In summary, among existing SN detectors IceCube has
unique capabilities to measure fast signal variations.
Identifying such features with additional spectral informa-
tion is a powerful motivation to build a megaton water
Cherenkov detector.
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APPENDIX A: SHOT NOISE IN ICECUBE AND
FOURIER TRANSFORM OF BINNED DATA

To estimate the shot noise of the IceCube signal we
consider a signal consisting of a sequence tj ofN measured

arrival times. They sample the rate RðtÞ over the signal
duration �. The Fourier transform is

gðfÞ ¼
Z �

0
dtRðtÞe�i2�ft ¼ XN

j¼1

e�i2�ftj (A1)

with the spectral power GðfÞ ¼ jgðfÞj2. The detection rate
has units of inverse time, so the Fourier components are
dimensionless and gð0Þ ¼ N and Gð0Þ ¼ N2. The finite-
time Fourier transform is limited to the discrete frequen-
cies fk ¼ k�f ¼ k=�. It is understood that a frequency f
stands for a member of this discrete set.

If the sequence of events samples a uniform distribution
on the interval 0 � tj � �, the sum in Eq. (A1) represents a

random walk in the complex plane with unit step size.
One concludes that an ensemble average for GðfÞ is
independent of frequency for f � 0 and follows the nor-

malized distribution pðGÞ ¼ N�1e�G=N [31]. The average
is hGi ¼ N so that

hGf�0i
Gf¼0

¼ 1

N
: (A2)

Usually we will include a window function wðtÞ on the
interval 0 � t � � to suppress edge effects on the Fourier
transform. Therefore, we actually use

gðfÞ ¼
Z �

0
dtwðtÞRðtÞe�i2�ft: (A3)

The average weight must be unity, implying

Z �

0

dt

�
wðtÞ ¼ 1: (A4)

Fourier components that vary fast on the scale � are
returned with their original amplitude.
We determine the impact of a window function on the

shot noise by extending the picture of a random walk in the
complex plane to a variable step size. The different random
walks must be combined in quadrature and the expectation
value is modified as

hGi ¼ hw2iN; (A5)

where

hw2i ¼
Z �

0

dt

�
w2ðtÞ: (A6)

We will specifically use the Hann window

wðtÞ ¼ 1� cosð2�t=�Þ; (A7)

implying that the shot-noise power increases by a factor

hw2i ¼ 3
2: (A8)

Next we translate this result to the appropriate normal-
ization for our Fourier transform. If we have Nbins bins of
equal width � ¼ �=Nbins, and the signal rate RðtÞ, the
Fourier transform of this rate sampled at times tj ¼ j�

with j ¼ 0; . . . ; Nbins � 1 is

hðfkÞ ¼ �
XNbins�1

j¼0

RðtjÞei2�tjk�f: (A9)

The frequencies are fk ¼ k=� ¼ k�f with k ¼ 0; . . . ; Nf

and Nf ¼ fmax=�f. Here fmax ¼ 1=2� is the Nyquist

frequency. Since �f ¼ 1=� we have Nf ¼ Nbins=2.

In practice our data are provided for a duration � ¼
400 ms so that �f ¼ 2:5 Hz. We use 1 ms sampling and
thus consider � ¼ 1 ms bins, providing a Nyquist fre-
quency of fmax ¼ 500 Hz as an upper cutoff. For f ¼ 0
and fmax the spectral power is, respectively, defined as

Pð0Þ ¼ jhð0Þj2
N2

bins

and PðfmaxÞ ¼ jhðfmaxÞj2
N2

bins

: (A10)

For all other frequencies we define

PðfkÞ ¼ jhðfkÞj2 þ jhð�fkÞj2
N2

bins

¼ 2
jhðfkÞj2
N2

bins

: (A11)

The second equality applies because the transformed func-
tion is real and therefore jhð�fÞj2 ¼ jhðfÞj2.
Using a signal duration � ¼ 400 ms and Eq. (4) for the

background rate we find Nbkgd ¼ 5:4� 105 and hð0Þ ¼
Nbkgd. The ratio jhðfkÞj2=jhð0Þj2 was earlier found to be

1=Nbkgd times a factor 3=2 if we use the Hann window. Our

definition of power for binned data involves a factor
2=N2

bins. Therefore, we find for the IceCube shot noise,
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relevant for a signal duration of 400 ms and a Hann
window,

Pshot ¼ 3

2

N2
bkgd

Nbkgd

2

N2
bins

¼ 3Nbkgd

N2
bins

¼ 10:08: (A12)

We have confirmed this result with a few numerical
Monte Carlo realizations.

If we use a subset of the full data, i.e., a shorter signal
duration � with correspondingly fewer bins, the frequency
spacing is increased, but the power at a given frequency
remains the same except for detailed changes implied
by the reduced data. Both Nbkgd and Nbins get reduced

linearly with � and therefore Pshot / ��1. The signal-to-
noise of spectral power in a stationary signal increases
linearly with integration time.

[1] J.M. Blondin, A. Mezzacappa, and C. DeMarino,
Astrophys. J. 584, 971 (2003).

[2] N. Ohnishi, K. Kotake, and S. Yamada, Astrophys. J. 641,
1018 (2006).

[3] T. Foglizzo, P. Galletti, L. Scheck, and H.-T. Janka,
Astrophys. J. 654, 1006 (2007).

[4] L. Scheck, H.-T. Janka, T. Foglizzo, and K. Kifonidis,
Astron. Astrophys. 477, 931 (2008).

[5] A. Marek and H.-T. Janka, Astrophys. J. 694, 664
(2009).

[6] A. Marek, H.-T. Janka, and E. Müller, Astron. Astrophys.
496, 475 (2009).

[7] C. D. Ott, A. Burrows, L. Dessart, and E. Livne,
Astrophys. J. 685, 1069 (2008).

[8] S. Hannestad, A. Mirizzi, G.G. Raffelt, and Y.Y. Y. Wong,
J. Cosmol. Astropart. Phys. 08 (2010) 001.

[9] G. Drexlin, J. Phys. Conf. Ser. 136, 022 031 (2008).
[10] A. S. Dighe, M. T. Keil, and G.G. Raffelt, J. Cosmol.

Astropart. Phys. 06 (2003) 005.
[11] T. Kowarik, T. Griesel, and A. Piegsa (IceCube

Collaboration), in Proceedings of the 31st ICRC, Lodz,
Poland, July 2009 (unpublished).

[12] F. Halzen and G.G. Raffelt, Phys. Rev. D 80, 087301
(2009).

[13] M. Rampp and H.-T. Janka, Astron. Astrophys. 396, 361
(2002).

[14] R. Buras, M. Rampp, H.-T. Janka, and K. Kifonidis,
Astron. Astrophys. 447, 1049 (2006).

[15] A. Marek, H. Dimmelmeier, H.-T. Janka, E. Müller, and R.
Buras, Astron. Astrophys. 445, 273 (2006).

[16] B. Müller, H.-T. Janka, and H. Dimmelmeier, Astrophys.
J. Suppl. Ser. 189, 104 (2010).

[17] S. E. Woosley and T. A. Weaver, Astrophys. J. Suppl. Ser.
101, 181 (1995).

[18] J.M. Lattimer and F. D. Swesty, Nucl. Phys. A535, 331
(1991).

[19] W. Hillebrandt and R.G. Wolff, in Nucleosynthesis:
Challenges and New Developments, edited by W.D.
Arnett and J.W. Truran (University of Chicago Press,
Chicago, 1985), p. 131.

[20] A. Mirizzi, G.G. Raffelt, and P. D. Serpico, J. Cosmol.
Astropart. Phys. 05 (2006) 012.

[21] H.-T. Janka, K. Langanke, A. Marek, G. Martı́nez-Pinedo,
and B. Müller, Phys. Rep. 442, 38 (2007).

[22] A. Burrows, L. Dessart, C. D. Ott, and E. Livne, Phys.
Rep. 442, 23 (2007).

[23] N. J. Hammer, H.-T. Janka, and E. Müller, Astrophys. J.
714, 1371 (2010).

[24] J. Nordhaus, A. Burrows, A. Almgren, and J. Bell,
Astrophys. J. 720, 694 (2010).

[25] J.M. Blondin and A. Mezzacappa, Astrophys. J. 642, 401
(2006).

[26] A. Burrows, L. Dessart, E. Livne, C.D. Ott, and J.
Murphy, Astrophys. J. 664, 416 (2007).

[27] A. Burrows, E. Livne, L. Dessart, C. Ott, and J. Murphy,
Astrophys. J. 640, 878 (2006).

[28] A. Burrows, E. Livne, L. Dessart, C.D. Ott, and J.
Murphy, Astrophys. J. 655, 416 (2007).

[29] C. D. Ott, Classical Quantum Gravity 26, 063 001 (2009).
[30] B. Dasgupta, T. Fischer, S. Horiuchi, M. Liebendörfer, A.

Mirizzi, I. Sagert, and J. Schaffner-Bielich, Phys. Rev. D
81, 103005 (2010).

[31] A. S. Dighe, M. T. Keil, and G.G. Raffelt, J. Cosmol.
Astropart. Phys. 06 (2003) 006.

FAST TIME VARIATIONS OF SUPERNOVA NEUTRINO . . . PHYSICAL REVIEW D 82, 063007 (2010)

063007-13

http://dx.doi.org/10.1086/345812
http://dx.doi.org/10.1086/500554
http://dx.doi.org/10.1086/500554
http://dx.doi.org/10.1086/509612
http://dx.doi.org/10.1051/0004-6361:20077701
http://dx.doi.org/10.1088/0004-637X/694/1/664
http://dx.doi.org/10.1088/0004-637X/694/1/664
http://dx.doi.org/10.1051/0004-6361/200810883
http://dx.doi.org/10.1051/0004-6361/200810883
http://dx.doi.org/10.1086/591440
http://dx.doi.org/10.1088/1475-7516/2010/08/001
http://dx.doi.org/10.1088/1742-6596/136/2/022031
http://dx.doi.org/10.1088/1475-7516/2003/06/005
http://dx.doi.org/10.1088/1475-7516/2003/06/005
http://dx.doi.org/10.1103/PhysRevD.80.087301
http://dx.doi.org/10.1103/PhysRevD.80.087301
http://dx.doi.org/10.1051/0004-6361:20021398
http://dx.doi.org/10.1051/0004-6361:20021398
http://dx.doi.org/10.1051/0004-6361:20053783
http://dx.doi.org/10.1051/0004-6361:20052840
http://dx.doi.org/10.1088/0067-0049/189/1/104
http://dx.doi.org/10.1088/0067-0049/189/1/104
http://dx.doi.org/10.1086/192237
http://dx.doi.org/10.1086/192237
http://dx.doi.org/10.1016/0375-9474(91)90452-C
http://dx.doi.org/10.1016/0375-9474(91)90452-C
http://dx.doi.org/10.1088/1475-7516/2006/05/012
http://dx.doi.org/10.1088/1475-7516/2006/05/012
http://dx.doi.org/10.1016/j.physrep.2007.02.002
http://dx.doi.org/10.1016/j.physrep.2007.02.001
http://dx.doi.org/10.1016/j.physrep.2007.02.001
http://dx.doi.org/10.1088/0004-637X/714/2/1371
http://dx.doi.org/10.1088/0004-637X/714/2/1371
http://dx.doi.org/10.1088/0004-637X/720/1/694
http://dx.doi.org/10.1086/500817
http://dx.doi.org/10.1086/500817
http://dx.doi.org/10.1086/519161
http://dx.doi.org/10.1086/500174
http://dx.doi.org/10.1086/509773
http://dx.doi.org/10.1088/0264-9381/26/6/063001
http://dx.doi.org/10.1103/PhysRevD.81.103005
http://dx.doi.org/10.1103/PhysRevD.81.103005
http://dx.doi.org/10.1088/1475-7516/2003/06/006
http://dx.doi.org/10.1088/1475-7516/2003/06/006




Bibliography[ABKW89℄ W. D. Arnett, J. N. Bah
all, R. P. Kirshner, and S. E. Woosley, Supernova 1987A,Annual Review of Astronomy and Astrophysi
s 27 (1989), 629�700.[BBO10℄ T. D. Brandt, A. Burrows, and C. D. Ott, Results from 
ore-
ollapse simulationswith multi-dimensional, multi-angle neutrino transport, [arXiv:1009.4654v1℄, 2010.[BDL+07℄ Adam Burrows, Lu
 Dessart, Eli Livne, Christian D. Ott, and Jeremiah Mur-phy, Simulations of magneti
ally-driven supernova and hypernova explosions inthe 
ontext of rapid rotation, Astrophys. J. 664 (2007), 416.[BLD+06℄ Adam Burrows, Eli Livne, Lu
 Dessart, Christian Ott, and Jeremiah Murphy, Anew me
hanism for 
ore-
ollapse supernova explosions, Astrophys.J.640:878-890,2006.[BLD+07℄ A. Burrows, E. Livne, L. Dessart, C. D. Ott, and J. Murphy, Features of thea
ousti
 me
hanism of 
ore-
ollapse supernova explosions, Astrophys.J.655:416-433, 2007.[BM06℄ John M. Blondin and Anthony Mezza
appa, The spheri
al a

retion sho
k insta-bility in the linear regime, Astrophys.J.642:401-409, 2006.[BMD℄ John M. Blondin, Anthony Mezza
appa, and Christine DeMarino, Stability ofstanding a

retion sho
ks, with an eye toward 
ore 
ollapse supernovae, Astro-phys.J. 584 (2003) 971-980.[BMH+10℄ S. W. Bruenn, A. Mezza
appa, W. R. Hix, J. M. Blondin, P. Marronetti, O. E. B.Messer, C. J. Dirk, and S. Yoshida, 2D and 3D 
ore-
ollapse supernovae simulationresults obtained with the CHIMERA 
ode, [arXiv:1002.4914v1℄.[BRJK06℄ R. Buras, M. Rampp, H.-T. Janka, and K. Kifonidis, Two-dimensional hydrody-nami
 
ore-
ollapse supernova simulations with spe
tral neutrino transport. i. nu-meri
al method and results for a 15M⊙ star, Astron. Astrophys 447 (2006), 1049,[arXiv:astro-ph/0512189℄.[Bru85℄ S. W. Bruenn, Stellar Core Collapse: numeri
al model and infall epo
h, The As-trophysi
al Journal Supplement Series 58 (1985), 771�841, Only the apendi
eswere used.[BS℄ J. M. Blondin and S. Shaw, Linear growth of spiral SASI modes in 
ore-
ollapsesupernovae, Astrophys.J.656:366-371,2007, [arXiv:astro-ph/0611698v1℄.155



156 BIBLIOGRAPHY[BZ34℄ W. Baade and F. Zwi
ky, On super-novae, Pro
. Nat. A
ad. S
i. 20 (1934), 254�259.[CMP81℄ Y. Chikashige, R. N. Mohapatra, and R. D. Pe

ei, Are there real Goldstone bosonsasso
iated with broken lepton number?, Physi
s Letters 98B (1981), 265�268.[CO96℄ B. W. Carroll and D. A. Ostlie, An Introdu
tion to Modern Astrophysi
s, Addison-Wesley, 1996.[Col℄ I
eCube Collaboration, webpage: http://www.i
e
ube.wis
.edu/.[CS90℄ K. Choi and A. Santamaria, Majorons and supernova 
ooling, Physi
al Review D42 (1990), 293�302.[CW66℄ S. A. Colgate and R. H. White, The hydrodynami
 behaviour of supernovae explo-sions, Astrophys. J. 143 (1966), 626�681.[DKR03a℄ A. S. Dighe, M. T. Keil, and G. G. Ra�elt, Dete
ting the neutrino mass hierar
hywith a supernova at i
e
ube, JCAP 005 (2003), 0306, [arXiv:hep-ph/0303210℄.[DKR03b℄ A. S. Dighe, M. T. Keil, and G. G. Ra�elt, Identifying earth matter e�e
tson supernova neutrinos at a single dete
tor, JCAP 006 (2003), 03006, [hep-ph/0304150℄.[DPRV97℄ A. D. Dolgov, S. Pastor, J. C. Romão, and J. W. F Valle, Primordial Nu
le-osynthesis, Majorons and Heavy Tau Neutrinos, Nu
l. Phys. B496 (1997), 24�40,[arXiv: hep-ph/9610507v2℄.[DS00℄ A. S. Dighe and A. Y. Smirnov, Identifying the neutrino mass spe
trum from a su-pernova neutrino burst, Physi
al Review D 62 (2000), [arXiv: hep-ph/9907423v2℄.[eaPDG08℄ C. Amsler et al. (Parti
le Data Group), Review of Parti
le Physi
s, Physi
s LettersB 667 (2008).[eaPDG10℄ K. Nakamura et al. (Parti
le Data Group), J. Phys. G 37 (2010), 075021, web-page:http://pdg.lbl.gov/index.html.[FGSJ07℄ T. Foglizzo, P. Galletti, L. S
he
k, and H. Th. Janka, Instability of a stalleda

retion sho
k: eviden
e for the adve
tive-a
ousti
 
y
le, Astrophys.J.654:1006-1021, 2007.[FLMM07℄ G. Fogli, E. Lisi, A. Marrone, and A. Mirizzi, Colle
tive neutrino �avor transitionsin supernovae and the role of traje
tory averaging, arXiv:hep-ph/0707.1998v1(2007).[Fog08℄ T. Foglizzo, A simple toy model of the adve
tive-a
ousti
 instability i. pertubativeapproa
h., [arXiv:0809.2302v2℄.[FWM+09℄ T. Fis
her, S. C. Whitehouse, A. Mezza
appa, F.-K. Thielemann, andM. Liebendörfer, Protoneutron star evolution and the neutrino drivenwind in general relativisti
 neutrino radiation hydrodynami
s simulations,[arXiv:0908.1871v2℄, 2009.



BIBLIOGRAPHY 157[FY03℄ M. Fukugita and T. Yanagida, Physi
s of Neutrinos and Appli
ations to Astro-physi
s, Springer, 2003.[HMJ+℄ L. Hüdepohl, B. Müller, H.-Th. Janka, A. Marek, and G.G. Ra�elt,Neutrino signal of ele
tron-
apture supernova from 
ore 
ollapse to 
ooling,Phys.Rev.Lett.104:251101,2010, [arXiv:0912.0260v1℄.[HMRW10℄ S. Hannestad, A. Mirizzi, G. G. Ra�elt, and Y. Y. Y. Wong, Neutrino and axionhot dark matter bounds after wmap-7, JCAP08(2010)001, 2010.[HR05℄ S. Hannestad and G. G. Ra�elt, Constraining invisible neutrino de
ays with the
osmi
 mi
rowave ba
kground, Physi
al Review D 72 (2005), 103514, arXiv.org:hep-ph/0509278v1.[HR09℄ Fran
is Halzen and Georg G. Ra�elt, Re
onstru
ting the supernova boun
e timewith neutrinos in i
e
ube, Phys.Rev.D80:087301,2009, 2009.[HRSW06℄ S. Hannestad, G. G. Ra�elt, G. Sigl, and Y. Y. Y. Wong, Self-indu
ed 
onversionsin dense neutrino gases: Pendulum in �avor spa
e, Physi
al Review D 74 (2006),105010�21, [arXiv.org: astro-ph/0608695℄.[HW85℄ W. Hillebrandt and R. G. Wol�, in Nu
leosynthesis: Challenges and New Devel-opments, ed. W. D. Arnett and J. W. Truran (Univ. Chi
ago Press, 1985), p. 131,1985.[JLM+07℄ H.-Th. Janka, K. Langanke, A. Marek, G. Martínez-Pinedo, and B. Müller, Theoryof 
ore-
ollapse supernovae, Physi
s Reports 442 (2007), 38�74.[JM10℄ H.-Th. Janka and A. Marek, personal 
ommuni
ation, 2010.[KGftIC09℄ Thomas Kowarik, Timo Griesel, and Alexander Piégsa (for the I
e
ube Collabo-ration), Supernova Sear
h with the AMANDA / I
eCube Dete
tors, 2009.[Kin07℄ S. F. King, Neutrino mass, Contemporary Physi
s 4 (2007), 195�211.[KP93℄ C. W. Kim and A. Pevsner, Neutrinos in Physi
s and Astrophysi
s, HarwoodA
ademi
 Publishers, 1993.[KRJ03℄ M. Th. Keil, G. G. Ra�elt, and H.-Th. Janka, Monte Carlo Study of SupernovaNeutrino Spe
tra Formation, The Astrophysi
al Journal 590 (2003), 971�991,[arXiv: astro-ph/0208035v2℄.[KTV00℄ M. Ka
helriess, R. Tomàs, and J. W. F. Valle, Supernova bounds on Majoron-emitting de
ays of light neutrinos, Physi
al Review D 62 (2000), 023004,arXiv:hep-ph/0001039v1.[LML+10℄ T. Lund, A. Marek, C. Lunardini, H.-Th. Janka, and G. G. Ra�elt, Fast timevariations of supernova neutrino �uxes and their dete
tability, Physi
al Review D82 (2010), [arXiv:1006.1889v2℄.[LS91℄ J. M. Lattimer and F. D. Swesty, A generalised equation of state for hot, densematter, Nu
l.Phys.A,535,331,1991, 1991.



158 BIBLIOGRAPHY[Mar07℄ A. Marek,Multi-dimensional simulations of 
ore 
ollapse supernovae with di�erentequations of state for hot proto-neutron stars, Ph.D. thesis, Te
hnis
he UniversitätMüni
h, Germany, 2007.[MDJ+06℄ A. Marek, H. Dimmelmeier, H.-T. Janka, E. Müller, and R. Buras, Exploring therelativisti
 regime with newtonian hydrodynami
s: an improved e�e
tive gravita-tional potential for supernova simulations, Astron.Astrophys.445:273,2006, 2006.[MJ09℄ A. Marek and H. Th. Janka, Delayed neutrino-driven supernova explosions aidedby the standing a

retion-sho
k instability, Astrophys.J.694:664-696, 2009.[MJD10℄ B. Mueller, H. Th. Janka, and H. Dimmelmeier, A new multi-dimensional generalrelativisti
 neutrino hydrodynami
s 
ode for 
ore-
ollapse supernovae. i. methodand 
ode tests in spheri
al symmetry, 2010.[MJM08℄ A. Marek, H. Th. Janka, and E. Mueller, Equation-of-state dependent features insho
k-os
illation modulated neutrino and gravitational-wave signals from super-novae, 2008.[NBAB10℄ J. Nordhaus, A. Burrows, A. Almgren, and J. Bell, Dimension as a key to theneutrino me
hanism of 
ore-
ollapse supernova explosions, 2010.[ODMA09℄ M. Obergaulinger, P. Cerdá Durán, E. Müller, and M. A. Aloy, Simu-lations of the Magneto-Rotational Instablities in Core-Collapse Supernovae,[arXiv:0911.3222v1℄.[OKY05℄ Naofumi Ohnishi, Kei Kotake, and Shoi
hi Yamada, Numeri
al analysis on stand-ing a

retion sho
k instability with neutrino heating in the supernova 
ores, As-trophys.J. 641 (2006) 1018-1028, 2005.[Ott08℄ Christian D. Ott, The gravitational wave signature of 
ore-
ollapse supernovae,Class.Quant.Grav.26:063001,2009, 2008.[PFTV86℄ W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling, Numeri
alRe
ipes. the Art of S
ienti�
 Computing, Cambridge University Press, 1986.[PS95℄ M. E. Peskin and D. V. S
hroeder, An Introdu
tion to Quantum Field Theory,Westview Press, 1995.[Raf96℄ G. G. Ra�elt, Stars as Laboratories for Fundamental Physi
s, University ofChi
ago Press, 1996.[Raf01℄ , Mu- and Tau-neutrino spe
tra formation in supernovae, The Astrophys-i
al Journal 561 (2001), 890�914.[Raf07℄ , Foredrag fra konferen
en �Twenty Years After SN1987A�, 2007, hjemme-side: http://sn1987a-20th.physi
s.u
i.edu/.[RJ02℄ Markus Rampp and H. Thomas Janka, Radiation hydrodynami
s with neutri-nos: Variable eddington fa
tor method for 
ore-
ollapse supernova simulations,Astron.Astrophys.396:361,2002, 2002.



BIBLIOGRAPHY 159[RS07℄ G. G. Ra�elt and A. Y. Smirnov, Self-indu
ed spe
tral splits in supernovae neu-trino �uxes, [arXiv.org: hep-ph/0705.1830v2℄ (2007).[SJFK07℄ L. S
he
k, H. Th. Janka, T. Foglizzo, and K. Kifonidis, Multidimensional super-nova simulations with approximative neutrino transport. ii. 
onve
tion and theadve
tive-a
ousti
 
y
le in the supernova 
ore, Astron.Astrophys.477:931,2008,2007.[Smi97℄ S. W. Smith, The S
ientist and Engineer's Guide to Digital Signal Pro
essing,California Te
hni
al Publishing, 1997.[STOS98℄ H. Shen, H. Toki, K. Oyamatsu, and K. Sumiyoshi, Relativisti
 equation of state ofnu
lear matter for supernova explosion, Prog. Theor. Phys 100 (1998), 1013�1031,[arXiv:nu
l-th/9805035v1℄.[TKDW98℄ T. Totani, K.Sato, H. E. Dalhed, and J. R. Wilson, Future Dete
tion of SupernovaNeutrino Burst and Explosion Me
hanism, The Astrophysi
al Journal 496 (1998),216�225.[VB℄ P. Vogel and J. F. Bea
om, Angular distribution of neutron inverse beta de
ay
ν̄+p → e+ + n, Phys.Rev. D60 (1999) 053003, [arXiv:hep-ph/9903554v1℄.[WHW02℄ S. E. Woosley, A. Heger, and T. A. Weaver, The evolution and explosion of massivestars, Reviews of Modern Physi
s 74 (2002), 1015�1071.[WJ05℄ S. Woosley and H.-Th. Janka, The physi
s of 
ore-
ollapse supernovae, Nature 1(2005), 147�154.[WW95℄ S. E. Woosley and T. A. Weaver, The evolution and explosion of massive stars.ii. explosive hydrodynami
s and nu
leosynthesis, Astrophys.J.Suppl.101,181,1995,1995.


