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Chapter 1

Introduction and thesis
outline

1.1 Introduction

The field of trapped cold atoms and molecules has experienced growing inter-
est over the last two decades. Several advanced cooling schemes have been
developed, which have made physical systems with effectively zero tempera-
ture available. The ultracold atomic gases are held by magnetic and optical
fields, and have shown to be excellent for testing fundamental theories of quan-
tum physics: new states of matter have been explored and exotic quantum
states realized. Moreover, several useful applications have been suggested,
mostly for quantum computing and communication but also to perform high
precision measurements.

In a standing electromagnetic wave created by counterpropagating lasers
the atoms experience a periodic potential due to the regular intensity variation.
This is because the internal energy levels will be shifted due to the presence
of the field causing the atoms to seek towards either high or low intensity
regions depending on the detuning of the laser with respect to the internal
energy levels. This lattice structure is referred to as an optical lattice and
almost any kind of lattice geometries are possible by the right choose of laser
configuration [5–8].

An optical lattice is indeed a very versatile tool. A weak optical lattice can
be used to change the effective mass of the trapped atoms, which influence
how the atoms react to external forces and the interatomic interaction [9–11].
Whereas very deep lattices can prevent the atoms from moving along specific
directions, which effectively reduces the dimensionality of a quantum gas to
two, one or even zero dimensions [12–14]. In the intermediate regime the
atomic gas is well characterized by the (Bose-)Hubbard model known from
solid state physics. Many kinds of different Hubbard models can be realised
with cold atoms in optical lattices, where both geometries and coupling pa-
rameters can be dynamical changed by adjusting the laser intensities and
alignment. This has led to the suggestion that ultracold quantum gases may
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2 Introduction and thesis outline

be used as a quantum computer for simulating solid state physics, also re-
ferred to as a quantum simulator [15]. Moreover, the ability to create large
lattices with only few atoms per lattice site has led to diverse proposals for
quantum computing with atoms in periodic potentials as qubits [16]. For very
low atomic densities in the lattice it is possible to probe two-body dynamics
directly, which has revealed exotic features such as the formation of repulsively
bound atom pairs [17–20].

The most notable hallmark of ultracold atom physics was the achieve-
ment of a Bose-Einstein condensate in 1995 [21, 22], for which C. E. Wieman,
E. A. Cornell and W. Ketterle were awarded the Nobel Prize in 2001. In a
Bose-Einstein condensate all atoms are condensed into the quantum mechan-
ical ground state. Hence all atoms are in the same superposition of being
everywhere inside the cloud, which makes the gas highly correlated. The in-
teratomic interaction gives rise to a nonlinear term in the equation of motion
reminiscent of the non-linear equation governing the dynamics of nonlinear
optics. Therefore, many effects originally known from optics also have an
atomic counterpart. This is the case with stimulated four-wave mixing, where
two accelerated condensates, also called matter waves, because they consist of
matter but behave as waves, are scattered into new matter waves in a stimu-
lated process - stimulated in the sense that outgoing waves already present will
be amplified. The outgoing atom beams will be number correlated and entan-
gled [23–27], and this is useful in both precision measurements and quantum
computing and communication.

If an optical lattice is applied to a Bose-Einstein condensate the atoms
continue to be in the quantum mechanical ground state although the ground
state changes provided that the lattice strength is increased sufficiently slowly.
As long as the lattice is weak each atom is in the same superposition of being
anywhere in the lattice as all the other atoms. But as the lattice strength
increases, the ground state becomes an insulator state, where each atom is
localized within a single lattice period [28–31]. Because the trapping potential
is deepest in the middle of the trap the lattice site here will be occupied by
more atoms than the lattice site at the edge of the trap. This results in a
wedding cake structure with disks (in 2D) or spheres (in 3D) with an equal
number of atoms in each lattice well and with highest filling in the center of
the trap. This has been facilitated in many experiments to construct physical
systems with specific number of particles in the lattices wells.

Furthermore, the interaction between atoms can be tuned by an exter-
nal magnetic field due to the presence of a molecular resonance, a so-called
Feshbach resonance. It is even possible to change from repulsive interaction
to attractive or visa versa. The presence of a molecular resonance not only
changes the interaction strength but it can also be used for controlled for-
mation of molecules. The thus formed molecules are very weakly bound and
hence lattices have been used to avoid collisions between molecules and free
atoms, which would lead to collisional deexcitations with accompanying en-
ergy release that exceeds the trap depth. In addition atoms in a lattice can
be more tightly confined which also may enhance conversion by increasing the



1.2. Outline of the thesis 3

overlap between the atomic wave functions.
Our work is primarily focused on the two-body dynamics in one-dimensional

optical lattices. In the literature [17, 18, 32] the method of Green’s functions
has been used to find and characterize the bound states of such systems in
the special case of identical particles and a standard only-nearest-neighbor
coupling Bose-Hubbard model. We extend this formalism to (i) include cou-
pling to a Feshbach resonance, to (ii) mixtures of different atomic species and
to (iii) go beyond the standard Bose-Hubbard model by including more than
nearest-neighbor couplings. We also present both an analytical two-body and
a numerical many-body analysis of the special case of non-degenerate four-
wave mixing in quasi-one-dimensional lattices. The proposal was originally
based on experience from fiber optics [24] and it was later demonstrated ex-
perimentally [25]. We will go beyond standard mean-field analysis, and in-
stead use two very different approaches; the Gutzwiller approximation and
the truncated-Wigner method.

1.2 Outline of the thesis

We will start out by giving an introduction to the basic concepts of an opti-
cal lattice in chapter 2. Most of this will be well known from introductory
courses on solid state physics, but we will also provide a detailed discussion
of the Wannier states and their tunneling properties, which will be impor-
tant for understanding the rest of this thesis. In chapter 3 we extend the
single-particle analysis of chapter 2 to a discrete two-body model. The devised
two-body model describes both the bound states and the scattering contin-
uum analytically. This chapter will form the foundation for the following
three chapters, where the model is generalized to more complicated physical
systems.

In chapter 4 we set up a two-channel framework, which allows us to
incorporate a Feshbach resonance into the discrete two-body model. Based
on this extended formalism we analyze the interplay between the dynamics
of two asymptotically free atoms and a molecular bound state. This two-
channel model is further generalized in chapter 5 to also cover the case
of different atomic species. Finally, we round off the two-body analysis by
extending the model to go beyond the nearest-neighbor tunneling approxima-
tion in chapter 6. The latter extension will be of great importance when
we study non-degenerate four-wave mixing in quasi-one-dimensional lattices,
chapter 7. Before we can study the four-wave mixing process, we have to
introduce the fundamentals of the many-body dynamics. Therefore, in this
chapter we deduce the Bose-Hubbard model and two numerical techniques to
solve the many-body dynamics. The numerical methods are the Gutzwiller
approximation and the stochastic truncated-Wigner approach. In addition we
present in appendix B a third method: the stochastic Gutzwiller model.

Finally, we conclude our work in chapter 8.
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Figure 1.1: Reading guide to the thesis.



Chapter 2

Ultracold atoms in optical
lattices

The ability to control almost any little detail in an optical lattice makes it
a very powerful tool in cold gas experiments. In this chapter we give an
introduction to periodic potentials, which will form the foundation for the
rest of the thesis. A comprehensive review of cold atom physics in lattices can
be found in [33, 34] and for a thorough discussion of the AC-stack shift we
refer the reader to Ref. [35].

2.1 Introduction

An optical lattice is a diverse experimental device. An optical lattice is created
by counterpropagating laser beams, and by aligning the lasers in various setups
almost any desired geometry of the lattice can be realized [5–7]. Furthermore,
the depth of a lattice along a given direction can be dynamically adjusted
during an experiment simply by varying the intensity of the lasers along that
direction. Furthermore, applying a deep lattice along a particular direction
can prevent the atoms from moving along that direction at all, resulting in a
reduce number of dimensions. In this way the dimensionality of the system
can be reduced to two, one or even zero dimensions [12–14]. The results in
this chapter are applicable to any cubic optical lattices, i.e., lattices where
the sets of lasers are aligned along the three standard axes, but in the rest
of the thesis we will only consider (quasi-)one-dimensional systems with two
directions “frozen out” by deep lattices and a weak lattice present along the
last “free” direction.

With the advent of Bose-Einstein condensates (BEC) it has become pos-
sible to load a lattice with all atoms in the ground state. This is possible
because all the atoms in a BEC are in the same quantum state, which for a
condensate at rest will be the ground state, and if a lattice is adiabatically
ramped up, the atoms stay in the ground state even though the ground state
changes. This has, among many other things, led to the seminal demonstra-
tion of the Mott-superfluid transition: as the lattice is deepened, the atoms go
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6 Ultracold atoms in optical lattices

from being in the same delocalized “superfluid” state to a Mott insulator with
consists of disks with equal (integer) occupation decreasing from the center to
the edge of the trap. From the Mott insulator methods have been developed
to remove specific regions such that one ends up with only single or double
occupied lattice sites [17]. It is also possible to construct superlattices by
overlaying lasers with different wavelengths. This has been used to pattern
atoms into every second or third lattice site [19, 36].

Hence, it is possible not only to control the dimensionality but also where
and how many atoms we have in the lattice wells. This has led to numerous
suggestions for doing quantum computation in optical lattices [15, 16], but it
also opens up for the study of for example the atomic two-body dynamics in
reduced dimensions, as is the topic of Chapter 3–6.

Therefore, weak lattices can be used to control the dynamics of the atoms
by engineering the energy dispersion. This amounts to adjusting the (effective)
mass, which in the novel experiments by Paredes et al. [9] was used to achieve
the one-dimensional Tonks-Girardeau gas, where the repulsive interaction in
a Bose gas prevents the atoms from being on top of each other, forcing the
bosons to act as fermions [11]. This is possible because, as the effective mass is
increased, the ratio between interaction and the kinetic energy, γ = I/K ∝ m,
also increases. The Tonks-Girardeau gas has also been achieved by Kinoshita
et al. [10], where they controlled the interaction strength by adjusting the
transverse trapping potential, a deep 2D optical lattice. The band structure
will play a key role when considering four-wave mixing in Chapter 7. It is
not possible to have one-dimensional four-wave mixing in free space due to
the requirement of simultaneous energy and momentum conservation, but by
applying a weak periodic potential one can change the energy dispersion to
allow this type of processes.

2.2 Optical lattices

An optical lattice can be created by a set of counterpropagating lasers. The
lasers create a standing electromagnetic field, E(x, t) = EL(x) cos(ωLt), where
EL is the position dependent field strength and ωL is the angular frequency.
The time-varying field results in AC-stark shifts of the atomic energy levels,
a second order perturbative effect, leading to a potential of the form

V (x) = 1
4αL|EL(x)|2. (2.1)

Here αL ∝ 1/(∆ + iΓ) is the polarizability which depends on the detuning
∆ = ωa − ωL of the lasers compared to the atomic transition frequency ωa
and a width parameter Γ, which can be ignored when the lasers are far off-
resonant. For red detuned light (∆ < 0) the potential minima are found where
the laser intensity are maximal, and for blue detuned (∆ > 0) the potential
minima are at the intensity minima [8, 35].

We will restrict our analysis to simple cubic lattices, where three sets of
counterpropagating lasers are arranged along the standard axes. In this case
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an atom will experience the potential

Vlat(x) =
∑

i=1,2,3

V i
0ER sin2(πxi/a). (2.2)

Here the lattice constant a = λL/2 is half the laser wavelength λL and the
lattice strength V i

0 along direction i is measured in units of the recoil energy
ER = h2/2mλ2

L, which depends on the atomic mass m and the wavelength.
The recoil energy is the kinetic energy an atom initially at rest acquires from
absorption of one photon from the laser field. If A is the mass number of
the atoms and kB is the Boltzmann constant, then the recoil energy is of the
order ER/kB = ~2ω2

L/2mkBc
2A ∼ 6µK · (~ωL/1eV)2/A. Therefore, we have

to be in the µK regime if we want to trap the atoms in the optical lattice. In
experiments V i

0 is usually varied from zero up to around 40 [17, 37].

2.3 Reduced dimensionality

For a cubic lattice the atomic motion separates along the three spatial direc-
tions and each direction can be analyzed separately. If the lattice along one
direction is very deep, it can be approximated by a harmonic potential for
low energies, V0ER sin(πx/a)2 ∼ V0ER(πx/a)2. If this is the case, the eigen-
states can be approximated by the harmonic oscillator states with energy
(n + 1

2)~ω, where n ∈ N0 and ω = (π/a)
√

2V0ER/m. If the scattering ener-
gies are well below ~ω the atoms will be confined only to the lowest energy
state, w(x) = (mω/π~)1/4 exp(−mωx2/2~). In this way we can essentially
“freeze out” a spacial dimension, since only the ground state of the Hamilto-
nian for that direction will be populated. By freezing out one, two or even
three direction, one can construct two-, one- and zero-dimensional quantum
gases [9, 10, 12–14].

We will now focus only on quasi-one-dimensional lattices, where also a
weak lattice is present along the last direction. Weak in the sense that motion
along this direction is still considerable. In this case the potential may be
rewritten as

Vlat(x) =
∑
i=1,2

V ⊥0 ER sin2(πxi/a) + V
‖

0 ER sin2(πx3/a), (2.3)

where we will refer to V ‖0 = V 3
0 and V ⊥0 = V 1

0 = V 2
0 as the longitudinal and

transverse lattice strength, respectively. Here V ‖0 � V ⊥0 . We have for sim-
plicity assumed the lattice strength along the two transverse or “frozen out”
directions to be identical. As the scattering energy is increased consecutive
transverse channels open, but we shall only consider scattering at energies
much smaller than the transverse level splitting, justifying the neglect of the
transverse degrees of freedom as discussed above.

One has to be aware of the occurrence of confinement induced resonances.
A confinement induced resonance occurs at the lower edge of the continuum
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when the scattering length in free space a3D and the width of the trans-
verse confining potential a⊥ =

√
2a(V ⊥0 )−1/4/π are related by a⊥/a

3D =
1.4603 . . . [38–43]. The scattering length is the one parameter needed to char-
acterize the atomic interactions in an ultracold atomic gas. The confinement
induced resonance may, however, be avoided by not choosing the transverse
confinement too tight, and for the quantitative results we present, it plays no
role.

2.4 Single particle states in a periodic potential

The Hamiltonian, Ĥ = −(~2/2m)∇2 + Vlat(x), where Vlat(x) is a three-
dimensional periodic lattice like the ones in Eqs. (2.2) and (2.3), is separable
with the Hamiltonian along direction i given by

Ĥxi0 = − ~2

2m
∂2

∂x2
i

+ V i
0ER sin2(πxi/a). (2.4)

Bloch’s Theorem [44, 45] states that Eq. (2.4) is diagonalized by the product
of a periodic function unq(x) with the same periodicity as the lattice and a
complex phase factor eiqx. The wave functions φnq(x) = eiqxunq(x) are called
Bloch waves. They are indexed by the quasi-momentum q, which can be
chosen in the first Brillouin zone, (−π/a, π/a], and the band index n ∈ N. In
the absence of the lattice the energies En(q) are the free-space energy parabola
folded into the first Brillouin zone, Fig. 2.1(a), but as the lattice is ramped
up, i.e., V i

0 is increased, the parabola splits up into separate energy bands
separated by energy gaps, Fig. 2.1(b)–(c), which arise due to the coupling of
the free space momentum states by the periodic potential.

2.5 Wannier functions

The Bloch waves are delocalized, but can be unitarily transformed into or-
thonormal localized basis functions, the Wannier functions, which in the lon-
gitudinal direction take the form [46]

wnzj (x3) =
( a

2π

)1/2
∫ π/a

−π/a
dq e−iqzjφnq(x3). (2.5)

In addition to the band index each Wannier function is labeled by a “quasi-
position” zj = aj with j ∈ Z specifying at which lattice site the function
is localized. Figure 2.2 shows Wannier functions for three different lattice
strengths and the two first Bloch bands. The stronger the lattice the more
localized the Wannier functions. Apart from being either even or odd functions
they furthermore have the very convenient property that they are identical up
to a displacement within each band:

wnzj (x3) = wn0(x3 − zj). (2.6)



2.5. Wannier functions 9

−1 0 1

0

2

4

6

8

10

12

q [π/a]

E
ne

rg
y

[E
R
]

(a) V0 = 0

−1 0 1

0

2

4

6

8

10

12

q [π/a]
(b) V0 = 1

−1 0 1

0

2

4

6

8

10

12

q [π/a]
(c) V0 = 5

Figure 2.1: Band structure En(q) for three different lattice strengths. From
below the curves correspond to n = 1, 2, 3 and 4.
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Figure 2.2: Wannier functions for different lattice strength with (a) n = 1 and
(b) n = 2. Note that V0 for the blue curve is two orders of magnitude less
than the lattice strength of the green curve.
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This follows directly from Eq. (2.5) and the properties of the Bloch waves.
To ensure constructive interference at the jth well in Eq. (2.5), we need

a phase convention on φnq. If n is even, we chose φnq(x = 0) to be real and
positive for all q and, if n is odd, we choose the gradient at x = 0 to be
real and positive. This is particularly important when constructing Wannier
functions numerically.

A detailed analysis of the Wannier functions can be found in the work by
Kohn [46] and He et al. [47]. Here it has been shown that Wannier functions
asymptotically fall of as wn0(x) ∼ |x|−3/4 exp(−hn|x|), where hn > 0 is a band
specific decay constant which depends on the lattice strength and decreases
for higher bands. It is possible to construct more localized states, but then
they are not orthogonal.

The transform in Eq. (2.5) is nothing but a Fourier transform in the q-
index of the Bloch waves, and it is instructive to consider the inverse transform,
|φnq〉 =

∑
zj
ψq(zj) |wnzj 〉, where the coefficients ψq(z) =

√
a/2πeiqz indeed

resembles the spatial Bloch waves, but with the on-site details in unq(x) ab-
sorbed into the Wannier functions. For a discussion of the normalization, see
App. A.1. In the next section we proceed to describe the dynamics of the
system in terms of the Wannier basis.

2.6 Tunneling amplitudes

The dynamics of a single atom in the lattice are fully characterized by the
tunneling or hopping amplitudes,

Jnd ≡ −〈wnzj+d |Ĥ0|wnzj 〉, (2.7)

which is minus the matrix elements of Ĥ0 in the Wannier basis. This can be
interpreted as the amplitude by which an atom located in the Wannier function
wnzj at lattice site j is transfered to the Wannier function wnzj+d located d
sites away, as illustrated in Fig. 2.3. The amplitudes are independent of j due
to the displacement property of the Wannier functions, Eq. (2.6). Note that
there are no couplings between different Bloch bands, because the Wannier
function wnzj is a transform of Bloch waves from the nth band only. Moreover,
it should be noted that Jnd is a dynamical tunneling amplitude and not related
to the usual concept of quantum mechanical tunneling, i.e., |Jnd|2 is not the
probability of finding the atom at the neighboring lattice site.

To interpret Jnd in terms of the band structure, we insert the Bloch wave
expansion for the Wannier functions (2.5) into the integral for Jnd,

Jnd = − a

2π

∫ π/a

−π/a
dq′
∫ π/a

−π/a
dq
∫ ∞
−∞

dxφnq′(x)∗Ĥ0φnq(x)eiqad

= − a

2π

∫ π/a

−π/a
dq En(q)eiqad.

(2.8)

We observe that the Jnd amplitudes are the Fourier coefficients of the nth
energy band. For an inversion symmetric lattice the band structure is an even
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Figure 2.3: Illustration of tunneling amplitudes with d = 1, 2, and 3.

function of q, and therefore

En(q) = −Jn0 − 2
∑
d>0

Jnd cos(qad). (2.9)

Note that −Jn0 is both the expectation value for Ĥ0 of a Wannier state and at
the same time the average energy of the nth Bloch band. As for the Wannier
functions an asymptotic limit also exist for the tunneling amplitudes. It can
be shown that they falls of according to Jnj ∼ j−3/2 exp(−hnja), where hn is
the same decay constant as for the Wannier states [47].
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Figure 2.4: Energy spectrum of the first Bloch band for V0 = 1 (black solid
line). The dashed lines are the spectrum reproduced by (blue) only nearest-
neighbor tunneling and (green) next-nearest neighbor tunneling. Insert: The
importance of higher Jd coefficients as a function of the lattice strength V0.
From the top it is J2, J3 and J4. The filled circles indicate the Fourier coeffi-
cients of the free-space (kinetic) energy spectrum folded into the first Brillouin
zone.
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In most of this thesis we restrict ourselves to the lowest band. This is
reasonable, if the involved energies are well below the second energy band and
that is the situation in many cold atom experiments. Under this assumption
we drop the band index n and write the single-particle Hamiltonian as

Ĥ0 = −
∑
j

∑
d>0

Jd(|wzj 〉〈wzj+d |+ |wzj+d〉〈wzj |), (2.10)

which has the energy spectrum [cf. Eq. (2.9)]:

E(q) = −2
∑
d>0

Jd cos(qad). (2.11)

Here J0 is set to zero, which places zero energy in the middle of the first Bloch
band. The size of the tunneling amplitudes compared to the nearest-neighbor
tunneling are shown in Tab. 2.1 and Fig. 2.4. We observe that in the weak
lattice limit, V0 → 0, Jd coincides with the Fourier transform of the free space
energy dispersion parabola,

Jd = − a

2π
~2

2m

∫ π/a

−π/a
dq q2eiqad = −(−1)d

~2

2m
1

(ad)2
. (2.12)

This is indicated by filled circles in Fig. 2.4.

V0 J0/ER J1/ER J2/J1 J3/J1 J4/J1 J5/J1 J6/J1

0 - - -0.25 0.11 -0.06 0.04 0.03
0.5 -0.32 0.19 -0.23 0.09 -0.05 0.03 -0.02
1.0 -0.27 0.18 -0.20 0.07 -0.03 0.01 -0.01
5.0 0.56 0.07 -0.05 0.00 -0.00 0.00 -0.00
10.0 2.12 0.02 -0.01 0.00 -0.00 0.00 -0.00

Table 2.1: Tunnel amplitudes for different lattice strengths. The first line
shows the limiting values as V0 goes to zero.

It is important to note that J2 is not the same as making two steps with
J1 in a numerical simulation. J2 is a proper matrix element of the lattice
Hamiltonian, Eq. (2.4). We further note that in a two- or three-dimensional
cubic lattice there is no diagonal tunnel amplitudes, because the Hamiltonian
is separable:

〈ωzj+dx (x)ωzi+dy (y)| Ĥx0 + Ĥy0 |ωzj(x)ωzi(x)〉 = Jdxδdy ,0 + Jdyδdx,0. (2.13)

Here Ĥx0 and Ĥy0 only involve the x and y coordinate, respectively. This is
illustrated in Fig. 2.5.

The Hilbert space is now represented by a discrete basis of localized Wan-
nier states, for which Eq. (2.10) is the discrete lattice Hamiltonian with spec-
trum Eq. (2.11). So far no approximations have been made except for the
possible omission of the higher Bloch bands.
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Figure 2.5: In a two-dimensional lattice there is no diagonal tunneling, see
Eq. (2.13).

2.7 Nearest-neighbor approximation

It is customary to disregard tunneling between non-adjacent lattice sites as-
suming |Jd| � J1 for all d > 1. In the basis of the Wannier states the single
particle Hamiltonian for motion in the longitudinal direction then becomes

Ĥ0 = −
∑
j

J
(
|w1zj 〉〈w1zj+1 |+ |w1zj+1〉〈w1zj |

)
(2.14)

with J ≡ J1, cf. Eq. (2.10). Equation (2.14) is for a quasi-one-dimensional
problem, but it can be readily extended to situations where the transverse
degrees of freedom are not frozen.

The single-particle energy spectrum, Eq. (2.11), is reduced to a simple
cosine structure, E(q) = −2J cos(qa). This is not always sufficient to describe
the dynamics of the system. We will show examples of this in Chap. 7. In
Fig. 2.4 the true band structure is compared with the modelled dispersion
when only nearest-neighbor tunneling and next-nearest-neighbor tunneling are
included. Furthermore, the size of the tunneling amplitudes are shown as a
function of the lattice depth. For J2 to be less than 1% of J1, V0 has to exceed
10.6ER [48].

2.8 Energy dispersion derivatives

The tunneling amplitudes are related through the derivatives of the energy dis-
persion to the important notions of density of states, group velocity and effec-
tive mass. The connection becomes particular simple for quasi-one-dimensional
lattices. The results of this section are valid for any Bloch band and for the
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same reason we will omit the band index on energy dispersions and wave
functions.

2.8.1 Group velocity

We start by inferring the notion of group velocity, which is the incline of the
energy dispersion, vg(q) = E′(q)/~. It can be shown that this is nothing but
the expectation value of the velocity operator p̂/m (here p̂ is the momentum
operator) for a Bloch state |φq〉 [44]. It is always zero at q = 0 and at the zone
edge q = ±π/a, in which cases the Bloch waves are standing waves.

2.8.2 Effective mass

If we write up the acceleration as the time derivative of the group velocity, we
find

a(q) =
d
dt
vg(q) =

1
~

d2E

dq2

dq
dt
, (2.15)

which indeed is reminiscent of Newtons 2nd law with ~q playing the role of
the momentum, if we define the effective mass as

1
m∗

=
1
~2

d2E

dq2
. (2.16)

The weight of the atom has not changed, but the effective mass takes the
interaction with the lattice into account and is the inertia which gives the
acceleration when an external force act on the system [44, 45]. The effective
mass is related to the curvature of E(q) and can be both positive and negative.
In the case of a negative effective mass the acceleration in (2.15) due to a force
F will appear as if we acted with −F .

In terms of the tunneling amplitudes this quantity becomes

1
m∗

=
2a2

~2

∑
d>0

d2Jd cos(qad). (2.17)

For the first band it is negative near q = π/a and positive near q = 0 and
diverges in between, see Fig. 2.6. Furthermore, we observe that in the nearest-
neighbor tunneling approximation it diverges and changes sign at q = ±π/2a,
whereas the true effective mass as given by Eq. (2.16) diverges closer to the
zone boundary. As more Jd’s are included the precision of the divergence
position is increased.

2.8.3 Density of states

The density of states is a measure of the number of quantum states in a
given energy interval. Consider a finite one-dimensional lattice with N lat-
tice periods, i.e., of length L = aN , and with periodic boundary condition:
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Figure 2.6: Effective mass for a single particle in the first Bloch band. The
black curve is the true effective mass as given by Eq. (2.16), whereas the dot-
dashed lines corresponds to inclusion of (blue) only J1, (green) J1 and J2, and
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φq(0) = φq(L). The allowed quasi-momenta are

q = 0,±2π
L
,±4π

L
, . . . ,±2πN

L
. (2.18)

We see that we have ∆q = 2π
L length quasi-momentum space per state. From

this we may determine the number of modes in the energy interval (E,E+dE),
which corresponds to two intervals of quasi-momentum, (−q(E)− dq,−q(E))
and (q(E), q(E) + dq), both of length dq = (dq/dE)dE:

DN (E)dE = 2
dq
∆q

= 2
L

2π

∣∣∣∣ dq
dE

∣∣∣∣ dE. (2.19)

Note that the front factor of two comes from the fact that E(q) is symmetric
and hence two-fold degenerate. Therefore, the density of states per lattice site
becomes

D(E) =
DN (E)
N

=
a

π

1
|E′(q)| . (2.20)

In terms of the tunneling amplitudes this is

D(E) =
∣∣∣2π∑ dJd sin (qad)

∣∣∣−1
(2.21)

or within the nearest-neighbor approximation:

D(E) ' 1
|2πJ1 sin (qa) | . (2.22)
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In both cases we note that the one-dimensional density of states diverges at
the top and the bottom of the energy band. Finally, we observe that Eq. (2.20)
is equivalent with the following definition of density of states

D(E) =
a

2π

∫ π/a

−π/a
δ(E − E(q))dq. (2.23)

2.9 Time-of-flight measurements

As already mentioned one of the great advantages of an optical lattice is
the dynamical control of the depth. This can be employed to measure the
wave function by means of a time-of-flight experiment. Here one turns off
the lattice and let the constituents expand freely and after some time t an
absorption picture is taken. In this absorption picture the particle density in
the expanded gas is measured, and due to the tight confinement of the initial
gas, the position of a particle is directly connected to the initial momentum
via x = pt/m, where m is the mass of the particle and p is the momentum
before release from the trap. Therefore, we have the relation

〈n̂(x)〉t ' 〈n̂(p)〉t=0 (2.24)

between the expectation values of density operators n̂ for p and x before and
after expansion, respectively. There will be a small deviation from Eq. (2.24)
due to interactions between the particles and more importantly there will be
an acceleration due to gravity along the vertical direction.

There are two schemes for time-of-flight measurements: A sudden turn
off of the lattice and an adiabatic ramp down. In the adiabatic scheme each
Bloch wave is mapped onto a single momentum component, i.e., the energy
dispersion is mapped over to the free particle dispersion. This makes it easy to
measure the quasi-momentum composition of the gas. If we on the other hand
turn off the lattice abruptly, we may observe a comb of momentum peaks. If
we for example imagine a Bose-Einstein condensate with all atoms initially
in the q = 0 quasi-momentum state, we will observe a comb of peaks with
p = 2π~n/a, n ∈ Z.

If we have several atomic species or molecules in the trap, the absorption
photos can be made species selective and we are granted separate information
for each species. The disadvantage of the time-of-flight method is that it
destroys the quantum state.

2.10 Conclusion

In this chapter we discussed how to reduce the dimensionality of a physical
system by an optical lattice. We also constructed a localized basis, the Wan-
nier functions, as a Fourier transform of eigenstates, the Bloch waves. In this
new basis the dynamics of the lattice are governed by the hopping matrix
elements Jnd and the result is a discrete model where the quantum states are
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vectors with an amplitude representing each lattice site. We identified the
tunneling amplitudes as both the amplitudes of being transfered between two
lattice sites the distance ad apart and the Fourier amplitudes of the band
dispersion En(q). Moreover, we showed that the tunneling amplitudes are in-
timately connected with the effective mass and the density of states [Sec. 2.8].
The nearest-neighbor model, which will form the foundation of chapter 3–5,
were discussed [Sec. 2.7] and finally, we sketched how the momentum states
in the trap can be mapped out by an absorption measurement [Sec. 2.9].





Chapter 3

Two-particle states in a
discrete basis

In ultracold gas physics densities are usually so low that three-body collisions
can be ignored, this leaves two-body interactions as the governing mecha-
nism for the dynamics. Furthermore, the broad palette of experimental tools
available today has made experiments involving essentially only two atoms
accessible [17, 19]. This is two very good reasons to investigate two-body dy-
namics. Moreover, the simplicity and elegance of the two-body world provides
a comprehensive introduction to many-body concepts like Green’s functions
and spectral functions, in which almost everything can be obtained analyti-
cally.

3.1 Introduction

In this chapter we will extend the one-body dynamics of the previous chapter
to two interacting particles. This is particularly interesting in the ultracold
atom physics, because the densities encountered here are so low that simul-
taneous collisions between three and more constituents are very rare. This
is because the density ρ is so low that ρ−1/3 is much larger than the typical
range of the interaction, say, the scattering length. When this is the case the
interaction is mediated solely by two-body collisions, and hence the physics
rely heavily on the two-body dynamics. Therefore, we will expect two-body
dynamics to give important hints of were to look for interesting phenomenons.
This might be a prediction of a resonance or the outcome of a scattering ex-
periment. Besides, in recent experiments two-body states have been measured
in their own right. In Refs. [17, 49] a Bose-Einstein condensate is adiabati-
cally loaded into a strong lattice to create a Mott insulator with integer filling
at each lattice site. The particles at sites with more than two atoms are re-
moved by a magnetic field sweep in which molecules are formed and particles
in highly occupied sites are removed due to inelastic collisions between atoms
and molecules. The singly occupied sites are blown away by a combination
of a microwave and an optical field, which is off-resonant with the molecules.

19
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Sweeping back leaves a lattice loaded with exactly zero or two atoms at each
site.

We will emphasize the observation of one prominent two-body phenomenon:
the formation of repulsively bound pairs. The two-body problem on a lattice
features an exotic bound state in the case of repulsive interactions - as well as a
less exotic bound state for attractive interaction - which was observed by mea-
suring both the binding energy and the wave function in [17]. The tunneling
properties of the bound pairs have also recently been measured [19, 50]. Re-
pulsively bound states are expected to appear in as diverse areas as the outer
electrons in benzene, interacting solitons in a periodic potential and many
other places [18, 51], but in optical lattices these states have an extremely
long lifetime, which means we can measure both the wave functions and the
binding energy. The long lifetime of the repulsively bound pairs is intimately
connected with the absence of dissipation channels, which is a distinct feature
of optical lattices and in sharp contrast to solid state physics, where coupling
to phonons is always possible.

Furthermore, the two-body dynamics can change the statistics by the for-
mation of pairs, e.g., if two fermions pair up to become a bosonic molecule [50].
In the case of indistinguishable fermions the formation of cooper pairs has been
studied intensively, also in connection with the two-body approach followed
in this work [52]. Finally, there is the interplay with Feshbach physics, where
molecules may be formed by scanning an applied magnetic field. We will
return to this subject in the next chapter.

We focus on quasi-one-dimensional lattices, where the two transverse de-
grees of freedom are “frozen out” by a deep lattice. This is a particularly inter-
esting regime, because it is experimentally feasible and theoretically tractable,
i.e., we can give analytical predictions for almost everything. But also because
many physical systems are naturally quasi-one-dimensional lattices, like a free
electron on a polymer or in a nanowire [53, 54].

3.2 Noninteracting particles

We will assume that we have two identical particles in a quasi-one-dimensional
cubic lattice, as in Eq. (2.3). The tunneling amplitudes and Wannier func-
tions will be the same for both particles. We will think of the two particles
as distinguishable, although most results are indeed still meaningful in the
indistinguishable particle case [see Sec. 3.5.2 below].

If we label the atoms A and B, the two-body longitudinal wave function
can be expanded on a complete basis of Wannier product wave functions as
follows,

Ψ(xA, xB) =
∑
zA,zB

ψ(zA, zB)w1zA(xA)w1zB (xB), (3.1)

where ψ(zA, zB) is the discrete wave function in the Wannier product basis.
It is the amplitude of finding atom A and atom B in the Wannier functions
centered at the discrete sites zA and zB, respectively.
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In this basis the two-body noninteracting Hamiltonian becomes

H0 = −J(∆zA + 2)− J(∆zB + 2), (3.2)

where ∆zf(z) = f(z + a) + f(z − a) − 2f(z) is the discrete Laplacian. This
is seen by applying the Hamiltonian, Eq. (2.14), to Eq. (3.1) (a detailed cal-
culation is provided in App. A.2). Here we have assumed that only nearest-
neighbor tunneling is significant.

The eigenstates of H0 are products of Bloch waves (for a discussion of the
normalization, see App. A.1)

ψ(zA, zB) =
a

2π
exp(iqAzA) exp(iqBzB) (3.3)

with quasi-momenta qA and qB, and energy spectrum

ε(qA, qB) = E(qA) + E(qB). (3.4)

Here E(qβ) = −2J cos(qβa) is the single particle energy dispersion, where the
zero of energy has been chosen to be in the middle of the first Bloch band.
It should be emphasized that, while zA,B are discrete, the quasi-momentum
qA,B ∈]− π/a, π/a] is continuous.

To analyze the motion of the two particles in the lattice we change to
center-of-mass, Z = (zA + zB)/2, and relative, z = zA − zB, coordinates and
introduce the corresponding quasi-momenta K = qA+qB and k = (qA−qB)/2,
respectively. For the center-of-mass motion a plane-wave Ansatz,

ψ(zA, zB) =
√

a

2π
eiKZψK(z), (3.5)

is possible, where the first Brillouin zone for the center-of-mass quasi-momentum,
K, runs from−π/a to π/a. For a discussion of the normalization, see App. A.1.
Note that the problem of particles moving in the full periodic potential does
not separate into center-of-mass and relative (continuous) coordinates, but
in the discrete model, where both the potential and the kinetic energy are
built into the tunneling coefficients and the Wannier functions, the separation
is possible. By applying H0 to the product Ansatz we get H0e

iKZψK(z) =
eiKZH0

KψK(z), where H0
K is the action of the Hamiltonian H0 on the relative

coordinate wave function, ψK , given by

H0
K = 1

2EK(∆z + 2), (3.6)

where
EK = −4J cos (Ka/2) (3.7)

is the center-of-mass energy. Hence, for each value of K we have to solve the
one-body Schrödinger equation for the relative coordinate. For the eigenfunc-
tions of H0, Eq. (3.3), the relative coordinate wave functions

ψK(z) = 〈z|k〉 =
√
a/2π exp(ikz) (3.8)
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Figure 3.1: The continuum of first Bloch band in an extended zone scheme.
The different shades of blue indicate the density of states with darker regions
corresponding to a higher density of states. Note that the density of states
diverges at the continuum boundaries.

are discrete plane waves. The corresponding energies, H0
KψK(z) = εK(k)ψK(z),

εK(k) = EK cos(ka) (3.9)

are the sum of the single-particle energies E(qA) and E(qB):

εK(k) = −2J [cos(Ka/2 + ka) + cos(Ka/2− ka)].

It follows that the first Bloch band continuum lies between ±|EK |, where the
bottom (top) corresponds to k = 0 (k = ±π/a). Furthermore, the spectrum
is completely degenerate at K = ±π/a where EK = 0. We will see in Chap. 6
that this is an artifact of the nearest-neighbor approximation. The continuum
is shown in Fig. 3.1, where the density of states are indicated by the different
shades of blue. The density of states (per lattice site) can be obtained from
Eq. (2.20) and is

DK(E) =
1

π
√
E2
K − E2

, (|E| ≤ |EK |) (3.10)

inside the continuum and zero elsewhere. This is the density of states for
the Hamiltonian HK , i.e., for a fixed K, and is per lattice site as discussed
in Sec. 2.8.3. We see from Eq. (3.10) that the density of states diverges at
the continuum boundaries. This is a signature of the reduced dimensionality,
whereas D(E) is continuous and bounded in three-dimensional lattices [32].
We note that although singular the integral over the density of states per
lattice site exist and is unity,

∫∞
−∞ dE DK(E) = 1. This agrees with the

density of states in a finite lattice, where there is one state per lattice period
(and per Bloch band).
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3.3 Interaction potential

The interaction potential for neutral atoms depends only on the interatomic
separation, r, and it is composed of a long range van der Waals attraction,
V (r) ∼ −C6r

−6 (r →∞), and a repulsive core. Here C6 is the van der Waal
coefficient, which depends on the atomic species. For low energy scattering the
interaction is fully characterized by the s-wave scattering length a3D

bg (except
for identical fermions where the s-wave scattering is suppressed and one needs
the p-wave scattering length), and we can replace the interaction potential by
a pseudopotential which only has to reproduce the correct scattering length.
This is possible because the atoms newer come close enough to feel the details
of the repulsive core. The scattering length can be measured experimentally
and is typical of the order of 100aB ∼ 10 nm for alkali atoms. We will use
the “zero-range” potential V (r) = gbgδ(r) as our pseudopotential [55] with
coupling strength gbg = 2π~2a3D

bg /µ, where µ = mAmB/(mA + mB) is the
reduced mass, which in the case of equal masses is just half the atomic mass;
µ = m/2.

The range of the “real” potential (∼ 10 nm) is small compared to the
lattice spacing (a ∼ 400 − 500 nm), therefore we neglect interaction between
atoms located at different lattice sites and take the interaction Û to be purely
“on-site” with matrix element

U = 〈w10(x′A)w10(x′B)| Û |w10(xA)w10(xB)〉

= gbg

∏
i=1,2

∫
dxi
[
w⊥10(xi)

]4 × ∫ dxi
[
w⊥10(xi)

]4
. (3.11)

Here x = (x1, x2, x3) and w10(x) = w⊥10(x1)w⊥10(x2)w‖10(x3). This approxima-
tion relies on the Wannier functions being sufficiently localized, which depends
on the lattice strength. A more detailed discussion of the validity will follow
in Sec. 6.3.

Including the interaction the relative motion of two atoms is then described
by the Hamiltonian,

H = H0 + Uδz,0. (3.12)

The separation, Eq. (3.5), in center-of-mass and relative coordinates is still
pertinent, since the different K-states are not coupled by H.

As in normal scattering theory, the continuum part of H and H0 are unitar-
ily equivalent, therefore the continuum spectrum and density of states in the
presence of interaction are identical to their noninteracting counterparts [56].

3.4 Green’s functions

We will now introduce the Green’s function formalism, from which we will ex-
tract information about both the scattering and bound states. The (retarded)
Green’s function for noninteracting atoms on the lattice is defined as

Ĝ0
K(E) = [E −H0 + iη]−1, (3.13)
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where η is a positive infinitesimal added to enforce outgoing boundary con-
ditions (see discussion of the Lippmann-Schwinger equation in Sec. 3.5). In
momentum space it is diagonal

G0
K(E, k, k′) ≡ 〈k| Ĝ0

K(E) |k′〉 =
δ(k − k′)

E − εK(k) + iη
, (3.14)

while its coordinate space form, G0
K(E, z = z2 − z1) ≡ 〈z2| Ĝ0

K(E) |z1〉 =
〈z| Ĝ0

K(E) |0〉, may be found from the following integral

G0
K(E, z) =

∫ π/a

−π/a

dk

2π
aeikz

E − εK(k) + iη
. (3.15)

It only depends on the difference, z, in the two relative relative coordinates z1

and z2, because of the translation invariance of HK . For energies inside the
band (|E| < |EK |) the solution is propagating

G0
K(E, z) = − i exp(ip|z|)√

E2
K − E2

, (3.16)

with pa = cos−1(E/EK), while the solution outside the band (|E| > |EK |)
falls off exponentially:

G0
K(E, z) = sgn(E)

exp(−κ|z|)√
E2 − E2

K

[−sgn(E)]z/a. (3.17)

Here κa = cosh−1 |E/EK |. Note that for energies above the band the sign of
G0
K(E, z) alternates between lattice sites. The integral (3.15) has been solved

by the method of contour integrals, see App. A.3.

3.4.1 Useful relations for the Green’s function

It is instructive to apply the Sokhotsky-Weierstrass theorem∫ ∞
−∞

dx
f(x)

x− x0 ± iη
= P

∫ ∞
−∞

dx
f(x)
x− x0

∓ iπf(x0), (3.18)

where P denotes the Cauchy principal value, to G0
K(E, z = 0):

G0
K(E, 0) = P

∫ ∞
−∞

DK(E′)
E − E′ dE

′ − iπDK(E). (3.19)

Here the integration variable has been changed from k to E. The integral
in (3.19) is a Hilbert transform of the density of state. Because DK(E) is
strictly positive and even for |E| ≤ |EK |, it hence follows that the Hilbert
transform is real and continuous, except for the continuum edges, and is a
decreasing function when |E| ≥ |EK |. It follows that the imaginary part of
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the Green’s is proportional to the density of states, ImG0
K(E, 0) = −πDK(E),

which is a general property of the trace of a single-particle Green’s function.
We can also derive the well known relations

ReG0
K(E, 0) = − 1

π
P
∫ ∞
−∞

ImG0
K(E′, 0)

E − E′ dE′ (3.20)

from Eq. (3.19).
Comparing Eqs. (3.19) and (3.16) we see that the Hilbert transform is zero

for energies inside the continuum, and hence G0
K(E, 0) = −iπDK(E). Outside

the continuum the density of states is zero and therefore we are left with the
Hilbert transform, which is odd in E and strictly decaying as |E| increase - in
agreement with the findings in Eq. (3.17).

3.4.2 Interacting pairs

The full Green’s function including the interaction Û is found by explicitly
solving the Dyson equation

ĜUK(E) = Ĝ0
K(E) + Ĝ0

K(E)ÛĜUK(E). (3.21)

The result is

GUK(E; z, z′) = G0
K(E, z − z′) +

G0
K(E, z)UG0

K(E,−z′)
1− UG0

K(E, 0)
, (3.22)

where we have used that the unperturbed Green’s function is translationally
invariant. It is the propagator from one relative coordinate in the lattice, z′,
to another, z. The expression for GUK(E, z, z′) reduces to the simple result

GUK(E, z) =
G0
K(E, z)

1− UG0
K(E, 0)

. (3.23)

when either z or z′ are equal to zero. Defining the diagonal elements of the
noninteracting momentum space Green’s function to be

G0
K(E, k) = [E − εK(k)]−1 (3.24)

the full Green’s function has the momentum space form

GUK(E, k, k′) = G0
K(E, k)δ(k′ − k′) +

a

2π
UG0

K(E, k)G0
K(E, k′)

1− UG0
K(E, 0)

, (3.25)

which follows from the matrix elements of Eq. (3.21) in the relative momentum
eigenbasis, using that for an on-site interaction the matrix element, 〈k|Û |k′〉 =
Ua/2π, is constant for all (k, k′).
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3.5 Scattering properties

With the expressions for the Green’s functions the formal solution of the
Schrödinger equation for the relative motion becomes explicit. This allows
us to identify the transmission probability for collisions and analyze the near
threshold scattering in terms of a generalized scattering length. This section
introduces the concepts and quantities central to the ensuing discussion of
two-channel scattering in Chapter 4. We first present results relevant to scat-
tering of distinguishable particles, and then discuss how to treat the case of
indistinguishable bosons or fermions.

3.5.1 Transmission profile

Choosing the situation with the incident wave entering from the left with
quasi-momentum pa = cos−1(E/EK), the scattering state of two particles
colliding under the influence of the interaction, Û , is given by the solution of
the Lippmann-Schwinger equation

|ψ±〉 = |φ〉+
1

E −H0 ± iη
Û |ψ±〉 , (3.26)

where 〈z|φ〉 = exp(ipz) is the unperturbed incoming wave, Eq. (3.8), and the
sign on the infinitesimal η determines the boundary conditions, i.e., whether
the scattered component is outgoing (+) or incoming (−). We will only be
interested in the outgoing solution. Note that we have dropped the normal-
ization factor

√
a/2π on the unperturbed wave for simplicity, this means that

all the scattering waves in this section is measured in units of
√
a/2π. In the

z-basis Eq. (3.26) becomes

ψbg
K (E, z) = eipz +

∑
z′,z′′

〈z|Ĝ0
K(E)|z′〉〈z′|Û |z′′〉ψbg

K (E, z′′). (3.27)

For our on-site interaction of strength, U , the scattering wave function reduces
to

ψbg
K (E, z) = eipz + UGUK(E, 0)eip|z|, (3.28)

where we have used that GUK(E, z) = GUK(E, 0)eip|z|. We note that for the
contact potential, ψbg

K (E, z) equals its asymptotic form

ψbg
E (z)

|z|→∞−−−−→ eipz + f even
bg (E,K)eip|z| + sgn(z)fodd

bg (E,K)eip|z| (3.29)

everywhere, hence we may readily identify the scattering amplitudes for the
background interaction:

fbg(E,K) ≡ f even
bg (E,K) =

UG0
K(E, 0)

1− UG0
K(E, 0)

, fodd
bg (E,K) = 0. (3.30)



3.5. Scattering properties 27

Figure 3.2: Reflection probability for |U | = 2.7J . The red and green curve
are the bound state spectrum for U = 2.7J and U = −2.7J , respectively (see
Sec. 3.6).

They are unit-less in a one-dimensional system. The two partial waves corre-
spond to even or odd parity, and for a delta-function interaction there is no
coupling to the odd-parity partial wave, because it has no amplitude at z = 0.
This is in agreement with the findings in Ref. [38]. For a one-dimensional
problem with distinguishable particles it is natural to recast this in terms of
transmission and reflection amplitudes. These are defined from the left and
right asymptotic form of the wave function

ψbg
K (E, z) =

{
tbg(E,K)eipz z →∞
eipz + rbg(E,K)e−ipz z → −∞ . (3.31)

By comparing with Eq. (3.29) it follows that the transmission amplitude is
tbg = 1 + fbg, while the reflection amplitude coincides with the scattering
amplitude, rbg = fbg. The resulting transmission probability is

Tbg(E,K) = |tbg(E,K)|2 =
E2
K − E2

E2
K + U2 − E2

. (3.32)

As one might expect, the transmission vanishes in the limit where |U | → ∞,
and approaches unity as the strength of the on-site interaction is diminished.
As usual, the reflection coefficient is Rbg = |rbg|2 = 1− Tbg, which is unity at
the edges of the band, where propagation ceases. The minimum value of the
reflection probability, U2/(E2

K + U2), is attained in the middle of the band,
E = 0. The reflection probability is plotted in Fig. 3.2 for U = ±2.7J . We
emphasize that the transmission is independent of the sign of the interaction.
This is a special property of the delta-function potential [57].

As usual the scattering amplitude may also be related to the phase shift,
δbg, of the scattered wave. In one dimension the relation is [58]

fbg(E,K) =
1
2

(
e2iδbg(E,K) − 1

)
. (3.33)
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In general there will be both an even and an odd phase shift, but it follows
from Eq. (3.29) that the odd partial wave is absent for the delta-function
interaction. The reflection and transmission probabilities are given by

Rbg = sin2(δbg) and Tbg = cos2(δbg), (3.34)

respectively. Since the reflection coefficient is one at the continuum boundary,
it follows that δbg(E,K) has to be an odd multiple of π/2 both at the lower and
at the upper edge of the continuum. For the lower edge this is in agreement
with the findings in Ref. [59].

3.5.2 Identical particles

The preceding derivation of the one-dimensional scattering in the lattice as-
sumed that the two colliding atoms are distinguishable. If the collision involves
identical bosons or fermions the scattering state ψbg

K must be an even or an
odd function of the separation z, respectively, to make the wave function ei-
ther symmetric or anti-symmetric under interchange of the two atoms. For
fermionic atoms in the same internal state this implies that the wave func-
tion vanishes for z = 0 and the contact interaction, U(z) = Uδz, 0, does not
produce any scattering. Even if it did, we would have to reconsider how to
calculate the interaction strength, because the present method is build upon
the s-wave scattering length.

For identical bosons the properly symmetrized scattering state may be
written as

ψbg
K (E, z) = e−ip|z| + e2iδbgeip|z|. (3.35)

When identical particles collide in one dimension the transmission and reflec-
tion coefficients have no meaning, since the incoming and outgoing fluxes are
identical, however the scattered wave still experiences a phase shift given by
Eq. (3.33). Even though the transmission profile calculated above does not
play a role in the scattering of identical bosons, it may nonetheless be mapped
out spectroscopically. Consider transitions from a deeper bound state |i〉 in
the molecule to an energy eigenstate inside the band induced by applied pho-
todissociation fields, which are described by some transition operator T̂ . If
the initial state is well localized with respect to the lattice spacing, such dis-
sociative transitions to the state (3.35) occur with a probability

|〈ψbg
K (E)|T̂ |i〉|2 ∝ |ψbg

K (E, z = 0)|2 = T (E,K). (3.36)

This is a general result which is also valid for distinguishable particles.

3.5.3 Scattering length

When the relative quasi-momentum approaches the center or the edges of
the Brillouin zone, the two-particle energies εK(k) tend to ±|EK | and the
scattering amplitude attains a limiting form

fbg(E,K)→ − 1
1− iκa|EK |/U

for κ→ 0, (3.37)
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with κ = k at the bottom of the band and κ = ±π/a − k at the top of the
band. These limits allow a natural definition of a generalized one-dimensional
scattering length in the lattice

abg(K) = −a|EK |
U

, (3.38)

from the limit fbg → −[1+ iκabg]−1 of the scattering amplitude as κ→ 0 [38].
We can rewrite the scattering amplitude (3.33) as fbg = −[i cot δbg + 1]−1,
where in the k → 0 limit we have

cot δbg(k) ' cot δbg(0)−
δ′bg(0)k

sin2 δbg(0)
= −δ′bg(0)k, (3.39)

and likewise in the k → ±π/2 limit, cot δbg(k) ' −δ′bg(±π/2)(k ∓ π/2). In
both cases we have used that δbg approaches an odd multiple of π/2 at the
continuum boundaries. Therefore, an equivalent definition of the scattering
length is through the derivative of the phase shift with respect to the relative
momentum

abg = − lim
κ→0

∂δbg(k,K)
∂κ

, (3.40)

in analogy with the usual free space scattering in three dimensions [60]. Our
one-dimensional lattice scattering length is a generalization of the usual con-
cept, in that it is defined for collision energies at both the lower and the upper
edge of the continuum. The sign of abg at the upper edge of the continuum is
a convention, which will be justified for the two-channel analysis in Chapter 4.
Our generalized scattering length depends on the center-of-mass motion of the
pair, which is a crucial feature in the lattice.

For U < 0 a bound state is situated below the continuum, making abg pos-
itive as expected. In this case the pole of the scattering amplitude, Eq. (3.37),
lies along the positive imaginary axis, k = i|U |/a|EK |, and the analytic
continuation of the plane wave exp(ik|z|) is the dying exponential of the
bound state. Conversely, for a repulsive pair of atoms, U > 0, the scat-
tering length abg is negative. The pole of the scattering amplitude is then
located at k = ±π/a+ iU/a|EK |, corresponding to a wave function decaying
exponentially with the separation between the two atoms and a phase factor
exp(±iπ|z|/a), which alternates between 1 and −1 from one lattice site to the
next, in accordance with the behavior of the Green’s function for the relative
motion at E > |EK |, Eq. (3.17).

As |U | → 0 the scattering length diverges, and the bound state approaches
the edge of the continuum (see Sec. 3.6). Our intuition from scattering the-
ory in three dimensions about the relation between weakly bound states and
the scattering length thus holds both below and above the continuum band.
However, since U is proportional to the free space background scattering
length, a3D, the generalized one-dimensional scattering length and its three-
dimensional equivalent are inversely related [38].



30 Two-particle states in a discrete basis

3.6 Bound states

The bound states of the system can be obtained as the poles of either the full
Green’s function (3.23) or the scattering amplitude (3.30), which amounts to
the same:

1 = UG0
K(Eb, z = 0). (3.41)

It is easy to verify that

Eb = sgn(U)
√
U2 + E2

K . (3.42)

It is a peculiar feature, that periodic potentials apparently support bound
states even for repulsive interaction. We will address this subject in details
in Sec.xx, but first we will discuss features common for both attractive and
repulsive interactions. We start by noting that the bound state energies has
the same sign as U , but besides that the bound state energies corresponding
to ±U are symmetric around the continuum. As a special case the binding
energy for K = π/a is Eb = U . The binding energy is plotted in Fig. 3.2.
Poles of Green’s functions can in general be complex, giving rise to a so-called
quasi-particle with finite lifetime, but we get only real poles, which means
truly bound states.

In the limit of week interaction the binding energy, i.e., the separation of
the bound state from the continuum band edge, Ebind = Eb − sgn(Eb)|EK |,
takes the limiting form

Ebind ∼ sgn(U)
U2

|EK |
= − ~2

2µ∗K(abg)2
. (3.43)

Here we have introduced the effective reduced mass of the relative motion

µ∗K ≡ ~2

(
∂2εK
∂k2

)−1

, (3.44)

for an atom pair with center-of-mass quasi-momentum K in the lattice. In
Eq. (3.43) it is the limits of the effective reduced mass at the top and the bot-
tom of the band ∓~2/|EK |a2, which is used, with the upper (lower) sign apply-
ing for k → ±π/a (k → 0). These limits are plotted in Fig. 3.3 as a function
of K. As the center-of-mass quasi-momentum approaches the zone boundary
the effective reduced mass diverges for both curves because qA, qB → π/2a
and hence the effective mass of the individual atoms diverges, see Sec. 2.8.2.
The approximate expression for the binding energy (3.43) is of the universal
form for a bound state near continuum threshold and it approaches the correct
value as abg → ±∞.

3.6.1 Pair tunneling

The bound state pairs can tunnel together through the lattice with an effective
tunneling rate, which depends on their binding energy. We now determine the
tunneling matrix element of the pairs directly from their dispersion relation.
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Figure 3.3: The effective mass at the upper band edge (solid line) and the lower
band edge (dashed line) as a function of the center-of-mass quasi-momentum.

For weak tunneling rates the energies of the bound states are approxi-
mately given by

Eb ' U +
4J2

U
cos2(

Ka

2
) (3.45)

Comparing the momentum dependent part of the bound state energy with
Epair = −2Jpair cos(Ka), we can identify the effective tunneling rate

Jpair = −2J2

U
. (3.46)

This is also what one would expect from arguments based on second order
perturbation theory [61–65]. It is a peculiarity that the sign is determined by
U instead of J . Recall that the sign of Jpair determines weather the bound
pair dispersion looks as if it is “smiling” or “sad”, see Fig. 3.2. We em-
phasize that Eq. (3.46) only works when |J | � |U |; as U approaches zero
Jpair ' 2|J |sgn(U). The general expression for the tunneling amplitudes can
be found as a Fourier expansion of Eb but is complicated and involves Elliptic
integrals. Cooperative tunneling of atom pairs consistent with an effective pair
hopping matrix element given by Jpair has been demonstrated experimentally
by measurement of the frequency of population transfer in a double well [19]
and by demonstrating that the transport properties of an attractive Fermi gas
in an optical lattice depends strongly on the formation of local pairs [50].

3.6.2 Bound state wave functions

We recall that the Green’s function is defined as the resolvent of the Hamil-
tonian, Eq. (3.13), and therefore (E − H0)G0

K(E, z) = δz,0. Using this and
Eq. (3.41) we can rewrite the Schrödinger equation for the bound state

(Eb −H0)G0
K(Eb, z) = Uδz,0G

0
K(Eb, z). (3.47)
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This shows that G0
K(Eb, z), Eq. (3.23), is itself the solution to the Schrödinger

equation with energy Eb, i.e., it provides directly the bound-state wave func-
tion ψbK(z) except from the normalisation. Using the “geometric” series∑

z∈Z e
−2κ|z| = EbG

0
K(Eb, 0), the normalized states are easily computed

ψbK(z) =
√
U

Eb
e−κ|z| [−sgn(Eb)]

z/a . (3.48)

The solution in terms of the Green’s functions is only strictly valid forK 6= π/a
where κa = cosh−1 |Eb/EK | is well defined. However, the limit K → π/a
converges to the correct solution, namely a delta-function, i.e., ψbK(z) = δz,0.
The wave function for both repulsively and attractively bound pairs is shown
for different values of K in Fig. 3.4.
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Figure 3.4: Repulsive (green) and attractive (red) bound state wave functions
for |U | = 2.7J . The first column shows ψbK(k) in units of

√
a and the second

ψbK(z) (dimensionless) obtained from Eqs. (3.50) and (3.48), respectively.

We note that the exponential factor in Eq. (3.48)

κ =
1
a

cosh−1

√
1 +

U2

E2
K

' |U |/a|EK | = |abg|−1 (3.49)

in the limit where U → 0 is precisely the decay constant found in Sec. 3.5.3.
This together with the approximate formula for the binding energy (3.43)
legitimize our definition of the scattering length.
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In momentum space the normalized bound state wave function is given by

φbK(k) =
√

a

2π
G0
K(Eb, k)√
EbG(Eb, 0)3

, (3.50)

which is peaked near the center of the Brillouin zone (k = 0) when the bound
state energy is negative, and peaked near the edges of the Brillouin zone
(k = ±π/a) for Eb > 0, making it possible to discern the bound states with
Eb < 0 from those with Eb > 0 in time-of-flight imaging [17]. This reflects that
φop
K (k) is predominantly comprised of the noninteracting continuum states

with energies, εK(k), in proximity of Eb. For Eb > 0 (Eb < 0) this corresponds
to the states near the top (bottom) of the band. The height of the peaks is
reduced as K approaches ±π/a, where all scattering states become degenerate
in our model. Here the quasi-momentum distribution of the bound state
approaches a constant function, Fig. 3.4(e), and a delta function in the relative
coordinate, Fig. 3.4(f).

3.6.3 Repulsively bound atom pairs

We observe from Fig. 3.4(a,c,e) that the quasi-momentum composition of the
repulsively bound state is peaked around k = π/a corresponding to the single-
particle quasi-momenta qA,B = K/2 ± π/a, which in the first Brillouin zone
always fall in the interval (−π/a,−π/2a] ∪ (π/2a, π/a]. In this range the
effective mass of the atoms are negative, and therefore a repulsive force causes
attraction (see Sec. 2.8.2) [51]. The formation of repulsively bound pairs is thus
explained by the induced band structure, which for certain quasi-momenta
components result in an effective mass.

The reason why it is stable in an optical lattice, is that there are no dis-
sipation channels available. Experimentally the binding energy of the bound
pair states has been measured by modulation of the lattice depth. The bound
pairs dissociate, when the modulation frequency are resonant with their bind-
ing energy. At resonance the dimers exchange energy with the undulating
lattice and that is marked by the appearance of unbound atoms [17]. What
this experiment does is to provide an externally controlled dissipation channel,
a tunable phonon.

3.6.4 Investigating the bound state wave functions

If all the atoms initially are prepared in the K = 0 bound state. We can
prepare the bound pairs in any K-state by exposing the system to a force
field. This can be realized in practice by chirping the lattice lasers so that the
lattice potential is accelerated in the laboratory frame [66]. To investigate the
effect on the two-atom states, we make the new time dependent Ansatz

Ψ(x, y, t) = eiK(t)x+y
2 ψ(x− y, t) (3.51)

with a time-dependent center-of-mass quasi-momentum, K(t). Inserting this
Ansatz into the time-dependent Schrödinger equation with a force field, −F · (x+ y),
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we obtain

i~
∂

∂t
ψ(z, t) =

(
− 2

∑
d>0

cos(1
2K(t)da)Jd

(
∆(d)
z + 2

)
+ Uδz,0

)
ψ(z, t) (3.52)

if we choose
K̇(t) =

2F
~
. (3.53)

Since there is an energy gap between the bound state and the scattering states,
we may apply the adiabatic approximation to Eq. (3.52) and simply replace
ψ(x− y, t) by the eigenstate ψbK(x− y) of Eq. (6.2) with K = K(t). Provided
we accelerate the lattice slowly enough, it is thus possible to explore all the
wave functions ψbK(x− y) of the system.

3.6.5 Symmetries

It is instructive to note the following symmetry in the continuum spectrum (3.9),

εK(k) = −εK(k + π/a). (3.54)

This implies, according to Eq. (3.24),

G0
K(E, k) = −G0

K(−E, k + π/a), (3.55)

and hence

1 = UG0
K(Eab(K), z = 0) = (−U)G0

K(−Eab(K), z = 0), (3.56)

which relates the repulsively (rb) and attractively (ab) bound atom pair ener-
gies:

Erb(K) = −Eab(K). (3.57)

In agreement with Eq. (3.42). Furthermore, Eq. (3.55) implies that the at-
tractively and repulsively bound wave functions are related by [32]

ψabK (k) = ψrbK (k + π/a). (3.58)

This is seen from Fig. 3.4.

3.7 Spectral analysis

In this section we will perform a spectral analysis based on the full Green’s
functions. In general, given a retarded Green’s operator, Ĝ(E), the corre-
sponding spectral function is the imaginary part of the diagonal Green’s func-
tion, A(E, b) = −2Im〈b|Ĝ(E)|b〉, in a basis |b〉 of orthonormal states.
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3.7.1 Non-interaction particles

For the noninteracting system (U = 0) the spectral function is

A0
K(E, z) = 2πDK(E), (3.59)

where DK(E) is the density of states (3.10). The unperturbed system has no
bound states, and hence the spectral function is zero at all energies outside the
continuum band. Inside the band the scattering states are equally distributed
over the whole lattice, making the spectral function translationally invariant
and directly proportional to the density of states, which diverges at the band
edges, E = ±|EK |.

3.7.2 Interacting particles

For the spectral function of the interacting system we have to treat |E| < |EK |
and |E| > |EK | separately. Outside the continuum G0

K(E, z) is real and we
obtain the spectral function

AUK(E, z) = 2πδ(1− UG0
K(E, 0))UG0

K(E, 0)2e−2κ|z|

= 2π
Ue−2κb|z|

Eb
δ(E − Eb), (3.60)

where κba = cosh−1 |Eb/EK | is the decay constant for the bound state. This
gives the probability distribution for finding a bound state atom pair with
energy Eb and the atoms situated |z|/a lattice sites apart in agreement with
Eq. (3.48).

Inside the band we find

AUK(E, z) = π
(
|ψbg
K (E, z)|2 + |ψbg

K (E,−z)|2
)
DK(E), (3.61)

where ψbg
K (E, z) is the scattering wave defined in Eq. (3.28). Changing the

sign of z is equivalent to changing the direction of the incoming wave in the
scattering wave from k to −k. These two waves are degenerate and therefore
it is natural to expect the average of the two for a given energy of the spectral
function. We have used that the density of states is unchanged for elastic
scattering, i.e., DK(E) is also the density of states for atoms scattering under
the influence of Û .

It is instructive to calculate the total spectral weight residing inside the
continuum band: ∫ |EK |

−|EK |

dE
2π

AUK(E, z) = 1− Ue−2κb|z|

Eb
. (3.62)

With the addition of the bound state contribution, Eq. (3.60) the sum rule,∫
dE AUK(E, z)/2π = 1, is then seen to be satisfied.
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3.8 Conclusion

In this chapter we have derived all the basic ingredients used in the next
three chapters. We assumed a delta-function interatomic interaction and only
nearest-neighbor tunneling, which allowed us to do everything analytically.
We derived the relative motion Green’s functions and spectral densities for
noninteracting atoms as well as for interacting atoms. We used the Green’s
functions to obtain the scattering waves and from them various scattering
properties such as the scattering amplitude, the phase shift, a generalized
scattering length [Sec. 3.5.3] and transmission coefficients [Sec. 3.5.1]. We
showed that the delta-function interaction only support even partial waves, so
that only fbg = feven prevails. One-dimensional scattering is fully character-
ized by the reflection and transmission probability and we argued that even
in the case of indistinguishable particles the transmission coefficient can be
measured in photodissociation experiments [Sec. 3.5.2].

The Green’s functions provided us with both the energies and wave func-
tions of the bound states. Both quantities that can be measured in an ex-
periment. The system features either a repulsive or an attractive bound state
depending on whether the interaction constant U is positive or negative, where
the repulsive state can be explained by a change in sign of the effective reduced
mass of the atoms. Note that it is a unique feature of the 1D lattice that it
features a bound state for any value of the interaction strength. In three-
dimensional systems there is a cut off Uc such that there only exist a bound
state for |U | > Uc [32]. We showed that in the limit U → 0, both the binding
energy and the wave function are fully characterized by the generalized scat-
tering length (3.38), which is inversely related to the 3D free space scattering
length. Furthermore, we showed that the attractively and repulsively bound
wave functions are related by a shift in relative quasi-momentum, k → k+π/a
[Sec. 3.6.5]. The effective pair tunneling we found from the energy dispersion
and it agreed with experimental findings [Sec. 3.6.1].

Another interesting approach to the two-body problem in a discrete lattice
can be found in Ref. [67], where the two-body dynamics of a finite lattice with
cyclic boundary condition is analyzed. The obtain bound states energies are
identical to Eqs. (3.42) independently on the size of the lattice. Moreover,
after the appearance of our paper [3], Valiente et al. [68] derived most of the
results in this chapter by solving the Schrödinger equation without use of
Green’s functions.



Chapter 4

Two-channel Feshbach model

In this chapter we extend the discrete lattice description of atom pairs to a
two-channel model, which will allow us to analyze the proximity of a Feshbach
resonance. As we will see, the resonance alters the scattering properties and
the bound states significantly. We also present several suggestions to experi-
mentally measure our findings. Finally, we discuss the effect of higher Bloch
bands on our model. Elaborate discussions of Feshbach physics in the context
of cold atoms can be found in the reviews [34, 69, 70].

4.1 Introduction

Feshbach resonances arise in cold atomic collisions as a complex interplay
between different molecular potentials and the hyperfine structure states. Here
we will give a very short introduction to the origin of the Feshbach physics for
ultracold alkali atoms. If exposed to a homogeneous applied magnetic field,
the eigenstates of two atoms far apart are composed of each atom being in
a definite hyperfine structure state, which is a combination of nuclear and
electronic spin states. As the atoms approach, the interatomic interaction
becomes important and in the case of alkali atoms with atomic spin 1/2, the
interaction is diagonalized by the singlet S = 0 and triplet S = 1 states, where
S is the eigenvalue of the combined electronic spin S = SA+SB. Here SA,B is
the spin operator of the individual atoms. Therefore, the interaction potential
is of the form,

V (r) = Vs(r)Ps + Vt(r)Pt =
Vs(r) + 3Vt(r)

4
+ (Vs(r)− Vt(r)) SA · SB (4.1)

where Ps = 1/4−SA ·SB and Pt = 3/4 + SA ·SB are the projection operator
on the singlet and triplet state, respectively, and r is the interatomic sepa-
ration. The SA · SB-term of (4.1) couples the different hyperfine structure
states, but it is of inherently short range, since the singlet and the triplet
potentials are asymptotically identical, i.e., Vs,t(r) ∼ −C6r

−6, and hence
the difference Vs(r) − Vt(r) vanish, unless the atoms are very close: r < 1
nm [70]. (The length scale of the singlet and triplet potentials are given by

37
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(a) Schematic two-channel picture. (b) Avoided level crossing.

Figure 4.1: Scematic drawing of two coupled channels. (a) The red and green
curve illustrate the open and closed channel, respectively, for a fixed externally
applied magnetic field. The uncoupled closed channel features a bound state
with energy Eres(B) compared to the open-channel threshold (the horizontal
black line). (b) The horizontal and inclined dashed lines show the energy
of the state of the free atoms and the resonance state, respectively. The
separation of the two uncoupled levels are Eres(B), which depends on the
external magnetic field. Because the two states couples, the true energy levels
are the blue lines. In drawing this figure we have assumed that there is only
one bound state in the closed channel and one scattering state in the open
channel.) If we start out with high magnetic field and the atoms in the open
channel, and adiabatically decrease the magnetic field, the atoms will end up
in the resonance (molecular) state in the lower left corner of the figure.

r0 = (C6m/me)1/4aB, which is of the order 10 nm for alkali atoms. Here m
(me) is the atomic (electron) mass and aB is the Bohr radius.) We refer to the
different pairwise combinations of hyperfine structure levels for the asymptot-
ically separated atoms as channels, and the dissociation threshold of a channel
is the sum of the energies of the hyperfine structure states. A channel is re-
ferred to as open or closed depending on whether the energy of the relative
motion of the two atoms is above or below the channel threshold, i.e., whether
the atoms are in the continuum and can escape each other or are trapped in
a bound state. The difference in the magnetic moments of the channels allow
external control of the relative position of the potentials by a magnetic field
due to the linear Zeeman effect. In the basis of the eigenstates of the hyper-
fine Hamiltonian the interaction is not diagonal due to the SA · SB-term in
(4.1), and hence the interaction potential couples different channels. However,
due to rotational symmetry only channels with the same mF = mFA + mFB
quantum number are coupled.

A Feshbach resonance arises when a bound state in a closed channel is em-
bedded in the continuum of the open channel. This is illustrated in Fig. 4.1(a).
We will restrict our analysis to an isolated resonance, that is, a system where
only one bound state is present near the open channel threshold. In that case
the physics can be described by a two-channel model based on very few ex-
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perimental parameters [71]. From the scattering perspective, see Fig. 4.1(a),
two atoms approach each other in the continuum of the open channel (red
potential curve) from the infinitely far. As they come close they couple to
the bound state of the closed channel (green potential curve), and they may
stay there for some time before they are transfered back into the continuum
and travel apart again. This will substantially modifies both the scattering
dynamics and the bound states of the pair. This is most clearly seen from the
scattering length, which for low energies completely characterizes the scatter-
ing dynamics. We encountered the scattering length in Sec. 3.3, where it was
argued that the on-site interaction strength U is proportional to this number.
As a bound state of the diagonalized coupled channel Hamiltonian enters the
continuum, the scattering length diverges:

a(B) = a3D
bg

(
1− ∆B

B −Bfree
0

)
, (4.2)

where a3D
bg is the scattering length when the closed-channel states are far off-

resonant, Bfree
0 is the magnetic field resonance position, and ∆B is the width

of the resonance, see Fig. 4.2. Note that the magnetic field resonance position
Bfree

0 is not the same as the magnetic field Bfree
res , where the uncoupled reso-

nance state is degenerate with the entrance channel threshold, see Fig. 4.3.
The offset may be approximately evaluated by

Bfree
0 −Bfree

res = ∆Bf(y). (4.3)

Here f(y) = y(1 − y)/[1 + (1 − y)2] is a dimensionless function of the ratio
y = a3D

bg /ā between the background scattering length and the so-called mean
scattering length ā ≈ 0.478(mC6/~2)1/4, which is a characteristic length scale
for the long range part of the molecular potential [70].

Figure 4.2: Schematic drawing of the magnetic field dependent scattering
length in free space, Eq. (4.2). The dashed line indicates the background
contribution to the scattering length, a3D

bg .
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Figure 4.3: Schematic drawing of the magnetic field dependent scattering
length a(B) (green curve) and the energy of the uncoupled bound state with
respect to the continuum threshold of the open channel Efree

res (B) (blue line)
both in free space without a lattice. The green curve has units of length,
whereas the blue has units of energy. We observe that the position of the
divergence in scattering length Bfree

0 , which may be observed in experiments,
is displaced with respect to the zero crossing of the free space resonance energy
Bfree

res .

Feshbach physics is of great interest for many reasons. One is that the res-
onances can be detected with high precision (in some experiments within a few
mG [72, 73]) for a large range of magnetic field values and from this, important
knowledge about the details of the interatomic interaction can be extracted,
such as for example the scattering lengths and the van der Waals coefficient
C6 - collisional properties of great importance in ultracold physics [73, 74].
Feshbach resonances also provide an efficient scheme for converting ultracold
atoms into ultracold molecules - cooling molecules is in general a very difficult
task due to the many internal rotational and vibrational levels. The principle
of molecular formation is illustrated in Fig. 4.1(b). Here the dashed lines are
the energy of an uncoupled bound state (green) and a scattering state (red) as
function of the magnetic field B. When coupled an avoided crossing appears,
i.e., the energy of the eigenstates of the coupled Hamiltonian represented by
the blue lines do not cross. If we start out with high magnetic field B and
free atoms, and adiabatically decrease the magnetic field, the atoms will stay
in the same (blue) state, and end up as molecules in the lower left corner of
the figure.

This has facilitated the experimental production of cold molecular gases.
One example is the creation of a molecular condensate from a degenerate
Fermi gas of atoms, which is of great interest due to the crossover between
the Bardeen-Cooper-Schrieffer superfluidity in an atomic Fermi gas (due to
formation of cooper-pairs) and the BEC-type superfluidity in a condensate of
molecular bosons [75–79]. Another novel achievement in this direction is the
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coherent conversion of an atomic Bose-Einstein condensate into a ultracold
molecular gas and back again [80].

Furthermore, a Feshbach resonance is a powerful tool together with an
optical lattice. Recall, that a resonance can be used to fabricate atomic states
with either zero or two atoms per lattice site. We argued in the previous chap-
ter that this makes it possible to two-body systems in cold atomic physics,
which is the motivation for the two-body analysis in this thesis. Furthermore,
the lattice may also improve the molecular formation. The conversion effi-
ciency is strongly dependent on the overlap of the atomic wave functions, due
to the short range of the coupling. Moreover, the created molecules are very
loosely bound, and therefore very sensitive to collisions. Both problems that
can be addressed by an optical lattice, where the atoms can be confined to a
single cell increasing the wave function overlap, and furthermore, if one starts
out with exactly two atoms per site, there is no atoms left to collide with when
a molecule is formed.

4.2 Two-channel picture

In Chap. 3 we only considered a single interatomic potential at energies above
the continuum threshold, where the atoms are asymptotically free to move
(in the lattice). We will refer to this as the open channel and denote its
Hamiltonian Ĥop = Ĥ0 +Uδz,0 [see Eq. (3.12)]. Furthermore, we now include
a second channel with Hamiltonian Ĥcl, which only features bound states
at the energy range at consideration, and a coupling Ŵ that mixes the two
channels. We thus have a set of coupled equations for the relative motion

Ĥop|ψop
K 〉+ Ŵ |ψcl

K〉 = E|ψop
K 〉, (4.4a)

Ĥcl|ψcl
K〉+ Ŵ |ψop

K 〉 = E|ψcl
K〉. (4.4b)

Due to the large splitting between the rotational and vibrational levels
in the closed channel compared to the collision energies in ultracold atomic
gases, the resonance physics is faithfully represented by considering only a
single bound state |φres〉 of Ĥcl with energy Eres(B,K) [81]. This amounts to
a single-pole approximation for the closed-channel Green’s function

Ĝcl
K(E,B) ≈ |φres〉〈φres|

E − Eres(B,K)
. (4.5)

4.2.1 Energy of the resonance state

The energy of the resonance state Eres(B,K) is composed (i) of the free space
resonance energy

Efree
res (B) = ∆µ(B −Bfree

res ) (4.6)

measured relative to the open-channel (free space) threshold, and (ii) the
displacement of the closed and open channel Bloch bands caused by the applied
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periodic potential. The first part is linearly tunable with the applied magnetic
field, due to the difference ∆µ between the open and closed channel magnetic
moments. Here Bfree

res is the magnetic field position at which the uncoupled
|φres〉 state is degenerate with the entrance channel threshold. If we insert
Eq. (4.3) into (4.6) we obtain

Efree
res (B) = ∆µ[B −Bfree

res ] = ∆µ[B −Bfree
0 + ∆Bf(y)], (4.7)

which instead includes the observable resonance position Bfree
0 . The second

contribution is a lattice feature which depends on the lattice strength and the
center-of-mass quasi-momentum K.

E = −|EK |
E = 0

E = |EK |

φres

φres

Ea

Efree
res (B)

Em(K)

Eres (B,K)

Figure 4.4: Schematic diagram illustrating the difference between two-channel
scattering in free space and in an optical lattice. The dashed and solid curves
are the open and closed channel potentials, respectively. For the lower pair of
potential curves the lattice is absent, and Efree

res (B) is the energy of φres relative
to the open channel threshold. As an optical lattice is applied the atomic and
molecular curves are displaced by Ea and Em(K), respectively, giving rice to
a new resonance energy Eres(B,K). The continuum in the open channel is
indicated by the gray shadow, where the thresholds are ±EK .

4.2.2 Lattice part of the resonance shift

As a function of continuous position variables the longitudinal lattice potential
for each atom is V ‖0 ER sin2(πx3i/a) with i = A,B, and therefore the combined
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lattice potential for a pair of atoms in the resonance state is

V
‖

lat(x31, x32) = 2V ‖0 ER sin2

(
πX3

a

)
cos2

(
πδx3

2a

)
+ 2V ‖0 ER cos2

(
πX3

a

)
sin2

(
πδx3

2a

)
, (4.8)

where we have introduced the continuous center-of-mass, X3 = (x3A+x3B)/2,
and relative, δx3 = x3A−x3B, coordinates. Since the size of the closed channel
bound state causing the resonance is much smaller than the lattice spacing, we
may consider the limit of δx3 � a for this state. Consequently, the resonant
state has a center-of-mass motion corresponding to a lattice potential twice as
deep as that governing the motion of the individual atoms, while its mass is
the sum of the two atomic masses. Therefore the Bloch bands for the atoms
and molecules are different both in location and width.

Taking this into account, the position of the open and closed channel
change by Ea = 2(E‖1 + 2E⊥1 ) and Em(K) = E

m‖
1 − 2Jm cos(Ka) + 2Em⊥1 ,

respectively, when an optical lattice is applied, as illustrated in Fig. 4.4. Here
Ei1 and Emi1 is the average energy of the first Bloch band (i.e. the zero-
order tunneling −J0) along direction i for atoms and a molecules, respectively,
and Jm is the longitudinal tunnel rate of the bare molecule, which is small
compared with the atomic tunnel rate, i.e., |Jm| � |J |, because the molecules
experience twice as deep a lattice potential. Note that the position of the
open channel threshold also depends on the center-of-mass quasi-momentum,
but we choose E = 0 to be the center of the open-channel band, therefore Ea
is independent on K. As a consequence the true thresholds are now located
at ±|EK |. Hence, the difference in energy between the closed-channel bound
state and the center of the open-channel band in the presence of the lattice is

Eres(B,K) = Efree
res (B) + Em(K)− Ea = Ēres(B)− 2Jm cos(Ka), (4.9)

where the band-averaged resonance energy Ēres(B) incorporates the energy
shifts of the atomic and molecular bands in the lattice.

4.3 The coupling matrix

The coupling to the closed channel is of inherently short range, as already
argued, and in addition, the closed-channel bound state has a size (typically
tens of Å), which is small compared with the lattice spacing (hundreds of nm).
We thus assume a purely on-site coupling, which in free space couple molecular
and atomic plane wave states with a strength gres =

√
4π~2a3D

bg ∆µ∆B/m. In
the discrete lattice model this results in the matrix element

W = gres

∏
i=1,2

∫
dxiw

cl,⊥
10 (xi)w⊥10(xi)2

×
∫
dx3w

cl,‖
10 (x3)w‖10(x3)w‖10(x3) (4.10)
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for the coupling of a pair of atoms and a bare molecule all in the first Bloch
band. With the exception of Sec. 4.7 we will consider exclusively the lowest
Bloch band for both the atoms and the molecule.

We emphasize that our model only depends on three parameters to charac-
terize the dynamics in the lattice: J , U andW. In terms of the relative motion
formalism the latter corresponds to the following matrix representation of Ŵ

〈z, op|Ŵ |φres〉 =Wδz,0, (4.11)

where z is the open channel relative coordinate.
As will be discussed in Sec. 4.7, our discrete two-channel model is valid for

narrow Feshbach resonances. To illustrate our analytical results we use the
resonance in 87Rb near 414 G [82], for which ∆B = 18 mG, ∆µ = 111 kHz/G
and the background scattering length is 100.8 Bohr radii. For all the plots in
this chapter we consider a lattice with V ⊥0 = 30 and V

‖
0 = 1. This results in

interaction parameter U = 1.4J and coupling strength W = 2.2J . Table 4.1
gives the relevant model parameters for this resonance and a range of lattice
depths.

V
‖

0 V ⊥0 J/ER Jm/ER U/J W/J

1 15 0.18 0.043 0.9 1.8
2 15 0.14 0.015 1.4 2.5
3 15 0.11 0.006 2.1 3.4
4 15 0.085 0.003 3.0 4.6
5 15 0.066 0.001 4.2 6.2
1 30 0.18 0.043 1.4 2.2
2 30 0.14 0.015 2.1 3.0
3 30 0.11 0.006 3.1 4.1
4 30 0.085 0.003 4.5 5.6
5 30 0.066 0.001 6.3 7.6

Table 4.1: Discrete lattice parameters for the 87Rb Feshbach resonance near
414 G. The recoil energy is ER = 3.5 kHz.

4.4 Scattering properties

With the explicit single-pole expression for the closed-channel Green’s func-
tion (4.5) the closed-channel part of the scattering problem (4.4b) may be
solved formally:

|ψcl
K(E)〉 = Ĝcl

K(E,B)Ŵ |ψop
K 〉 =

|φres〉Wψop
K (0)

E − Eres(B,K)
. (4.12)



4.4. Scattering properties 45

(a) The background process. (b) The resonant process.

Figure 4.5: Schematic drawing of the scattering process.

The general solution to the open-channel component will be

ψop
K (E, z) = ψbg

K (z) + ĜUK(E)Ŵ |ψcl
K(E)〉

= ψbg
K (z) + ψbg

K (0)eip|z|
ΣM (E,K)

E − Eres(B,K)− ΣM (E,K)
(4.13)

Like in the previous chapter relative quasi-momentum of the scattering atoms
is pa = cos−1(E/EK). Here we have introduced the molecular self-energy
ΣM (E,K) = 〈φres|Ŵ ĜUK(E)Ŵ |φres〉, which for the on-site coupling may be
written as ΣM (E,K) =W2GUK(E, 0).

When z ≥ 0 we can rewrite the above wave function in the convenient
form

ψop
K (E, z) = tbge

ipz

[
1 +

ΣM (E,K)
E − Eres(B,K)− ΣM (E,K)

]
. (4.14)

4.4.1 Transmission profile

From the form of the scattered wave (4.14) the transmission amplitude, t(E,K),
is readily identified. It is divided into two parts, t(E,K) = tbg(E,K) +
tres(E,K), where the first is the transmission amplitude in the absence of
the resonance and the latter is the resonant transmission amplitude, as il-
lustrated in Fig. 4.5. The two contribution can interfere both constructively
and destructively depending on the scattering energy E giving rise to a total
transmission coefficient of the Fano form [83]

T (E,K) = Tbg(E,K)
(ε+ q)2

ε2 + 1
. (4.15)

The Fano parameters ε = 2(E − Eres − ∆)/(~Γ) and q = 2∆/~Γ depend
on the resonance shift and width functions, which are related to the real and
imaginary parts of the molecular self-energy,

ΣM (E,K) = ∆(E,K)− i~Γ(E,K)/2, (4.16)

where the real part

∆(E,K) = − UW2

E2
K + U2 − E2

(|E| < |EK |) (4.17)
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describes the self consistently determined shift of the resonance position from
Eres to E?res = Eres + ∆(E?res,K), and

~Γ(E,K) =
2W2

√
E2
K − E2

E2
K + U2 − E2

(|E| < |EK |) (4.18)

is the decay width of the resonance state due to the coupling to the continuum.
Outside the continuum Γ(E,K) = 0, and the molecules are stable against
dissociation. The real part of the molecular self-energy outside the band

∆(E,K) =
sgn(E)W2√

E2 − E2
K − Usgn(E)

(|E| > |EK |) (4.19)

determines the energies of the bound states for a given resonance energy as
described in Section 4.5. The width and shift of the resonance are illustrated
in Fig. 4.6 along with the Fano parameters for K = 0.
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Figure 4.6: (a) The shift ∆(E,K) and width Γ(E,K) of the resonance for
K = 0 where the band edges are at E = ±4J . The real part of the molecular
self-energy is continuous across the band edges and has a pole at the uncoupled
bound state energy, E0

b (see Sec. 4.5). (b) The Fano parameters, ε and q,
parametrize the shape of the transmission resonance. In both plots: Ēres = 2J .

The Fano profile is shown for various q-values in Fig. 4.7. We note that
the asymmetry parameter q = −U/

√
E2
K − E2 is independent of the cou-

pling strength W and it is related to the background transmission probability
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through the relation Tbg = 1/(1 + q2). This is a consequence of the inversion
symmetry [84] and it ensures us that there will be a point of total transmis-
sion, whenever the Fano profile attains its maximum value, (1 + q2), in the
continuum.
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Figure 4.7: Fano profiles for different values of the asymmetry parameter q.
The Fano profile has minimum at −q and maximum at 1/q, where it reaches
0 and q2 + 1, respectively. The profile approach unity as ε→ ±∞.

The reflection maximum of the Fano profile occurs at ε = −q, which hap-
pens at E = Eres(B,K). This is nearly independent of the center-of-mass
motion, due to the weak tunneling of the closed-channel molecules. This
point of total reflection only occurs, when the bare resonance state lies inside
the continuum. Just as in the non-resonant case the reflection probability
is unity at the band edges. Hence the reflection profile has two minima,
whenever |Eres| < |EK |. When the bare resonance state lies outside the band,
R(E,K) has a single minimum. The two-channel reflection profiles are plotted
in Figs. 4.8(a)-(d) and 4.9(a) as colormaps and in Figs. 4.8(e)-(h) and 4.9(b) as
solid lines. For the parameters used in the quantitative calculations through-
out this paper Jm/J ≈ 0.2, and hence the resonance energy appears nearly
independent of K in Figs. 4.8(a)-(d).

The condition for total transmission is εq = 1, corresponding to E =
Eres(B,K)−W2/U . As Eres is ramped upwards (downwards) starting below
(above) the band, this point of destructive interference between the direct
and resonant scattering amplitudes first appears at the magnetic field, where
a bound state of the coupled channels system enters the continuum to become
a scattering resonance. As we shall see below, this occurs at two critical values
where

Eres = ±|EK |+W2/U. (4.20)
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Figure 4.8: (a)-(d) Scattering properties and bound states in an extended zone
scheme at different values of the resonance energy. The colormap inside the
band illustrates the reflection probability, R(E,K), ranging from 0 (white)
to 1 (dark blue). The solid lines are the bound state energies of the coupled
system, while the dashed curves indicate the diabatic, uncoupled bound states
with the nearly horizontal line giving Eres and the other corresponding to the
uncoupled dimer state E0

b , Eq. (3.42). (e)-(h) Reflection coefficient (solid
lines) and the background reflection probability, Rbg (dashed lines) for K =0,
0.25, 0.5, 0.75 π/a (from the bottom to the top at E = 0). Plots are shown
for resonance energies Ēres = −3J (a,e), -J (b,f), J (c,g), and 5J (d,h).
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Figure 4.9: (a) Bound state energies (solid lines) and reflection coefficient
across the continuum band (colormap) as a function of Ēres for a fixed K = 0.
The horizontal dashed line is the repulsively bound pair state existing above
the band for W = 0, while the diagonal dashed curve is the band averaged
resonance energy, Ēres. (b) Cuts showing the reflection probability at Ēres =
0, -3, 10, and 5J (solid lines from top to bottom at E = 0). The dashed black
curve indicate the reflection profile in the absence of the coupling.

This is exactly the points delineating the region, where the condition εq =
1 can be satisfied. The reflection profile will thus only have both a Fano
maximum and a Fano minimum if the conditions |Eres| < |EK | and |Eres −
W2/U | < |EK | are simultaneously met.

Neglecting the background interaction corresponds to the limit Tbg → 1,
or equivalently U, q → 0. In this case the resonance shift vanishes and the
reflection probability assumes a simple Breit-Wigner-like profile [84]

R(E,K) U→0−→ ~2Γ2
0(E,K)/4

[E − Eres(B,K)]2 + ~2Γ2
0(E,K)
4

, (4.21)

where ~Γ0(E,K) = 2W2/
√
E2
K − E2. The opposite limit of |U | → ∞ on the

other hand corresponds to Tbg → 0 and q →∞, giving rise to a Breit-Wigner-
like form of the transmission coefficient [84]

T (E,K)
|U |→∞−→ ~2Γ2

∞(E,K)/4

[E − Eres(B,K)−∆∞]2 + ~2Γ2
∞(E,K)

4

, (4.22)

corresponding to a dip in the reflection probability at the resonance, which now
occurs at E = Eres(B,K)+∆∞. The resonance shift, ∆∞ = −W2/U , is inde-
pendent of energy and momentum, while the width is given by ~Γ∞(E,K) =

2W2
√
E2
K − E2/U2. Both the shift and the width approach zero as the

strength of the on-site interaction is increased.

4.4.2 Spectroscopic probing of the Fano profile

The observations regarding indistinguishable particles in section 3.5.2 can be
directly carried over to the situation with more than one channel. Again,
the transmission coefficient T (E,K) has no straightforward meaning in the
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scattering of identical bosons. But it is clear that the transition probability
from an initial state |i〉 to the stationary scattering state ψop

K under the action
of some transition operator T̂ is

|〈ψop
K |T̂ |i〉|2 ∝ |ψ

op
K (z = 0)|2 = T (E,K). (4.23)

Therefore, the resonance profile is accessible spectroscopically by scanning the
energy of the final state across the continuum. Starting from a deeper bound
state of the system the dissociated atom signal will have the same energy
variation as T (E,K).

4.4.3 Scattering length

The scattering amplitude in the coupled channels case consists of a background
and a resonant contribution, f(E,K) = fbg(E,K) + fres(E,K), where the
resonant part

fres(E,K) =
W2G0

K(E, 0)/[1− UG0
K(E, 0)]2

E − Eres(B,K)− ΣM (E,K)
(4.24)

is obtained by comparing (4.14) with eipz(1 + fbg + fres) for z →∞, and the
background part, fbg, was derived in Eq. (3.30). The phase shift is related
to the scattering amplitude in the same way as in the single-channel case, see
Eq. (3.33).
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Figure 4.10: Generalized one-dimensional scattering length in the lattice,
Eq. (4.25). Solid lines show a−1D at K = 0, 0.4, and 0.7 π/a (from the left
to the right), while the dashed lines correspond to a+

1D at the same K-values
(increasing from the right to the left).

As in the case of single-channel scattering we define a generalized one-
dimensional lattice scattering length, a±1D(K), from the limit of the scattering
amplitude, f → −[1 + iκa±1D]−1, at the extrema of the relative energy, κ →
0. We remind the reader that κ = k (κ = ±π − k) at the lower (upper)
continuum threshold (see Sec. 3.5.3). After some algebra we arrive at the
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simple expression

a±1D(B,K) = abg(K)
[
1 +

W2/U

Eres(B,K)−W2/U ∓ |EK |

]
(4.25)

for the generalized one-dimensional scattering length, with the upper and
lower sign corresponding to the top and the bottom edge of the continuum,
respectively. The scattering length is displayed in Fig. 4.10. It reduces to
the non-resonant scattering length abg(K), Eq. (3.38), when the coupling W
approaches zero. The lattice scattering length is of the standard Feshbach
form [85],

abg [1 + ∆B/∆µ(B −B0)] ,

except that it does not diverge at the same value of the magnetic field at the
top and the bottom of the continuum. The motivation for the chosen sign
convention of the scattering length at the upper band edge is guided by the
rationale that the two scattering lengths, a−1D and a+

1D, then become equal in
the limit of a deep lattice, where |EK | goes to zero.

It is convenient to define a pair of detunings

δ±(B,K) ≡ Eres(B,K)−W2/U ∓ |EK |, (4.26)

such that the one-dimensional scattering length diverges at the magnetic field
strengths, B±0 , where δ±(B±0 ,K) = 0. We thus get two resonance positions,
one for scattering near the upper band edge, and one for scattering near
the lower band edge, as shown in Fig. 4.10(a). We caution that the relative
position of B+

0 and B−0 depends on the sign of the magnetic moment difference,
∆µ. If ∆µ > 0 (∆µ < 0), then B+

0 lies above (below) B−0 . The lattice
resonance positions B+

0 and B−0 are shown in Fig. 4.11 as function of the
lattice depth, V ‖0 . They are separated by 2|EK |/∆µ and approach each other
as V ‖0 is increased, since |EK | decreases. Furthermore, in the limit where both
the transverse and the longitudinal lattice depths are large, i.e., V ⊥0 , V

‖
0 � 1,

the Wannier orbitals approach harmonic oscillator states, and we have that

W2/U → g2
res/gbg = ∆µ∆B, (4.27a)

Ea → 2
√
V
‖

0 ER + 4
√
V ⊥0 ER, (4.27b)

Em(K)→
√
V
‖

0 ER + 2
√
V ⊥0 ER. (4.27c)

This gives the following asymptotic behavior of the magnetic field resonance
position

B±0 → Bfree
0 + ∆B[1− f(y)] +

ER

∆µ

√
V
‖

0 +
2ER

∆µ

√
V ⊥0 (4.28)

where Bfree
0 is the Feshbach resonance position in the absence of the lattice,

and the dimensionless function f(y) is defined below Eq. (4.3). The asymp-
totic behavior is indicated by the black dash-dotted curves in Fig. 4.11. The
resonance position were measured in [82, see Fig. 3].
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Figure 4.11: Magnetic field position of the scattering length divergences as a
function of the longitudinal lattice depth for K = 0. B+

0 and B−0 are plotted
for V ⊥0 = 15 (dashed curves) and V ⊥0 = 30 (solid curves). In the example ∆µ
is positive so both B+

0 -curves lie above their respective B−0 -curves. The left
axis shows B±0 relative to the Feshbach resonance position in the absence of
the lattice, and the right axis shows the actual magnetic field position for the
specific Feshbach resonance considered [82]. The black dash-dotted curves are
given by Eq. (4.28).

As shown in Sec. 4.5.2 the divergence of the lattice scattering length is
associated with a bound state entering or leaving the continuum. Hence the
lattice gives rise to a K-dependent shift of the magnetic field threshold for the
formation of two-body bound states away from the resonance position in free
space. This fact, illustrated in Fig. 4.16, was also observed by Orso et al. [86]
who solved the two-body physics in a one-dimensional optical lattice within
a single-channel model. The zero-crossing of the scattering length occurs for
Eres = ±|EK |, which corresponds to magnetic field values, B±0 −W2/(U∆µ).

4.4.4 Sweep experiment

At a given energy inside the band the Feshbach molecules are unstable with
dissociative decay width ~Γ(E,K) given above. For a diabatic sweep of the
magnetic field across resonance, starting with the resonance energy tuned
below the band, the molecular population follows a simple rate equation,

dm/dt = −Γ(E(t))m(t), (4.29)

provided the sweep is fast enough that recombination may be neglected. For
a linear sweep, where dE/dt = ∆µḂ, the remaining molecular fraction can be
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found analytically as a function of the energy inside the band:

m(E) = exp
{
− 2α

[
sin−1E/|EK |+ π/2

− C
(

tan−1 CE/|EK |√
1− (E/EK)2

+ π/2
)]}

, (4.30)

where α = W2/∆µḂ~ and C =
√
β2
K/(1 + β2

K) with βK = U/EK . A
unique feature of the lattice system, is that the continuum has an upper
edge, and above that edge the molecules are again stable. The fraction of
stable molecules after a magnetic field sweep of Eres from below to above the
continuum band has the simple form

χ ≡ m(|EK |) = exp

[
−2πα

(
1−

√
β2
K

1 + β2
K

)]
, (4.31)

depending only on the two constants α and βK . This expression is plotted in
the left hand panel of Fig. 4.12 for U = 1.4J .
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Figure 4.12: Remaining molecule fraction after a linear sweep through the
band (left) and average dissociation energy per atom (right) for α=0, 0.1, 0.2,
0.5, 1, 2, 10 (from above). For fast ramps all molecules survive, but as the
ramp speed is decreased more molecules decay and the dissociation energy
approaches half the lower band edge (dashed line).

We first observe that in the limit α→ 0, corresponding to sweeps instanta-
neous on the time scale set by the coupling, the molecules are left intact. We
note that the molecules are also left intact when the parameter βK diverges.
This happens in (i) the limit U → ±∞, where the scattering states are re-
pealed from z = 0, i.e., |ψK(0)| → 0, or (ii) in the limit of K → ±π/a in which
case the continuum width |EK | vanish. However, the latter is an artifact of
omitting tunneling beyond nearest neighbor. As more distant tunneling am-
plitudes are incorporated the band widens at the zone boundary, as we will
see in Chap 6. Furthermore, we note that Eq. (4.31) is of the Landau-Zener
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form with α̃ = α(1−
√
β2
K/(1 + β2

K)) playing the role of the adiabaticity pa-
rameter [87]. Finally, we see that χ is independent of the sign of U . This is a
property inherited from |ψop

K (0)|.
The average energy of the dissociated atoms can be found as

〈Eatom〉 = −1
2

∫ |EK |
−|EK |

E d[m(E)]. (4.32)

This integral has in general to be computed numerically and the result is shown
in the right panel of Fig. 4.12. As a smaller fraction of the molecules survive
the passage through the band the dissociation energy per atom approaches
half the lower band edge, −|EK |/2 = −2J cos(Ka/2). Molecule dissociation
energies have been measured in free space [72, 88], and the energy distribution
after the sweep through the energy band may be identified by studying the
ballistic expansion of the gas after the atoms are released from the lattice on
a time scale, admitting adiabatic mapping of the quasi-momentum states to
plane wave momentum states.

It is instructing to have a closer look at the case of vanishing background
interaction, U = 0. Here the survival probability assumes the Landau-Zener
form, χ ≡ exp(−2πα), in which α plays the role of the adiabaticity param-
eter [87], and the average dissociation energy can in this case be calculated
analytically; 〈Eatom〉 = −f(α)EK/2, where f(α) = 4α2(1 + e−2απ)/(1 + 4α2)
only depends on the adiabacity parameter. We observe that 〈Eatom〉 → 0 in
the limit α → 0 as should be expected, since almost all molecules survives,
and therefore, both Γ and m(E) in Eq. (4.29) is constant across the contin-
uum. In the opposite limit, α → ∞, almost all molecules disintegrate at the
continuum boundary, i.e., 〈Eatom〉 → −|EK |/2, in agreement with the above
findings.

4.5 Bound states

The bound state solutions of the coupled-channels problem have energies,
Eb, coinciding with the poles of the scattering amplitude f(E,K). The pole
locations satisfy the equation[√

E2
b − E2

K − Usgn(Eb)
]

=
W2sgn(Eb)

Eb − Eres(B,K)
, (4.33)

and can be determined as a subset of the roots of a quartic polynomial. The
bound state energies are plotted as the solid lines in Figs. 4.13(a)-(d) and
4.14(a)-(b). IfW = 0, Eb reduces to the entrance channel bound state energy,

E0
b = sgn(U)

√
U2 + E2

K . This single-channel bound state is indicated for
reference by the sinusoidal dashed lines in Fig 4.13(a)-(d) and the horizontal
dashed line in Fig. 4.14(a)-(b).
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Figure 4.13: (a)-(d) Scattering properties and bound states in an extended
zone scheme at different values of the resonance energy. The colormap inside
the band illustrates the reflection probability, R(E,K), ranging from 0 (white)
to 1 (dark blue). The solid lines are the bound state energies of the coupled
system, while the dashed curves indicate the diabatic, uncoupled bound states
with the nearly horizontal line giving Eres and the other corresponding to the
uncoupled dimer state E0

b , Eq. (3.42). (e)-(h) Closed channel population of the
bound states, Eq. (4.43). Plots are shown for resonance energies Ēres = −3J
(a,e), -J (b,f), J (c,g), and 5J (d,h).
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Figure 4.14: (a)-(b) Bound state energies (solid lines) and reflection coefficient
across the continuum band (colormap) as a function of Ēres for K = 0 (a) and
K = ±π/a (b). The horizontal dashed line is the repulsively bound pair state
existing above the band for W = 0, while the diagonal dashed curve is the
band-averaged resonance energy, Ēres. (c)-(d) Closed channel population of
the bound states.

4.5.1 Pair tunneling

Like in the single-channel case we can determine an effective tunnel amplitude
for the dimers directly from the dispersion of their binding energy, when the
atomic tunneling is small compared to the bound state energy.

In the absence of the atomic tunneling process, i.e., J = 0 and EK = 0 for
all K, the energies of the bound states are given by

E
[EK=0]
b =

Ēres(B) + U

2
±
√

[Ēres(B)− U ]2

4
+W2. (4.34)

With the inter-channel coupling turned off these zero-tunneling bound state
energies reduce to the uncoupled pair state energies; Ēres and U . With a small
non-vanishing single-particle tunneling amplitude we may expand (4.33) to
lowest order in |EK | and find

Eb ≈ E[EK=0]
b +

E2
K

2E[EK=0]
b

(|EK | � |Eb|). (4.35)

If we compare the quasi-momentum dependent part of the binding energy with
the single particle dispersion, Epair = −2Jpair cos(Ka), we find the effective
tunneling rate

Jpair = − 2J2

E
[EK=0]
b

. (4.36)
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Note that we have neglected the molecular tunneling rate Jm, because it is
much smaller than J . Depending on the resonance energy, Eq. (4.34) features
one or two solutions, which gives rise to two different effective tunneling am-
plitudes. In the far detuned limit, Ēres(B)→ ±∞, Jpair vanishes for the state
dominated by the bare resonance state, i.e., the state with Zb ' 1, because the
atoms cannot move independently and Jm will dominate, meanwhile the effec-
tive pair tunneling of the other state with Zb ' 0 approach the single-channel
value, Jpair = −2J2/U .

The pair tunneling was measured in Ref. [19], where two atoms were pre-
pared on the same site in a double well and the oscillation frequency of the
average atomic positions in the double well were measured. Our calculations
suggest that tuning Eres will give two competing (three if we count the bare
atomic oscillations given by J/h) and with magnetic field tunable oscillation
frequencies, Jpair/h, in such an experiment.

4.5.2 Binding energy

Instead of the bound state energy it is often instructive to consider the binding
energy , defined as the distance of the bound state energy from the (upper or
lower) band edge:

Ebind = Eb − sgn(Eb)|EK |. (4.37)

The binding energy is indicated by black arrows in Fig. 4.15. It is positive
for a bound state lying above the band and negative for a bound pair below
the continuum. From Fig. 4.13(a)-(d) we observe that the binding energy
increases with increasing |K| in agreement with the single-channel calculation
in Ref. [86], which only discussed bound states with negative binding energy
as no transverse confinement was included.

As Eb approaches either of the band edges, the binding energy vanishes in a
particularly simple way. To see this we observe that E2

b−E2
K ≈ 2 sgn(Eb)|EK |Ebind

for Ebind → 0. Inserting this and replacing Eb with sgn(Eb)|EK | in the de-
nominator on the right hand side of Eq. (4.33), it then follows that

Ebind ≈
sgn(Eb)U2/2|EK |[

1 + W2/U
Eres(B,K)−W2/U−sgn(Eb)|EK |

]2 , (4.38)

as the bound state energy approaches sgn(Eb)|EK |. The denominator is ex-
actly the resonance shape of the generalized scattering length (4.25), and the
binding energy therefore approaches the universal form

Ebind = − ~2

2µ∗K(a±1D)2
, (4.39)

when the scattering length is tuned to be large with respect to the lattice
spacing a in the vicinity of the Feshbach resonance. The effective reduced
mass µ∗K , introduced in Eq. (3.44), is evaluated at k = ±π/a and k = 0 for
the repulsively and attractively bound states, respectively. The criteria of ap-
plicability for the quadratic approximation is |Ebind| � min(|EK |,W2/U), or
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|δ±| �
√

2|EK |W3/|U |5/2. The universal expression (4.39) is compared with
the exact binding energies in Fig. 4.16 both above and below the continuum.
Due to the proximity of the zero crossing of a−1D, where (4.39) diverges, the
agreement below the band is limited to a smaller region.

Figure 4.15: Bound states and scattering continuum for Ēres = 1J . The
arrows indicate the binding energies for the bound states and the dashed lines
mark K = ±Kc, which delineate the region with only one bound state, see
text for details.

4.5.3 Motionally bound states

An important consequence of the structured continuum in the lattice potential
is that the stability of a molecular bound state may depend on its center-of-
mass momentum. For a range of magnetic field values, the resonance state
only exists in an interval of center-of-mass quasi-momentum states, as shown
in Fig. 4.13(c)-(d) [89]. Outside this range there is instead a true bound state
of the system. Such motionally bound states are stabilized by their kinetic
energy, which displaces the pair state into the band gap for the relative motion,
where the pair cannot disintegrate. Hence, for a fixed magnetic field, where
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Ēres [J ]

Figure 4.16: The binding energies below the band (solid lines) and above the
band (dashed lines) and the limiting form (4.39), valid near the Feshbach
resonances in a±1D (thin dot-dashed lines).
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a molecule at rest is unstable, accelerating the lattice provides a new avenue
for tuning a Feshbach resonance.

From Eqs. (4.25) and (4.39) it is clear that the binding energy vanishes
when Eres =W2/U±|EK |. We note that this condition for the disappearance
of the Feshbach bound state coincides with the critical resonance energy at
which the Fano profile develops a point of total transmission, Eq. (4.20).

Ignoring the small modulation of the resonance energy due to tunneling of
the bare molecules, the Feshbach molecules are stable bound states of the sys-
tem if their center-of-mass quasi-momentum in the first Brillouin zone satisfies
|K| > Kc, where

Kc =
2
a

cos−1

( |Ēres(B)−W2/U |
4J

)
. (4.40)

If |K| < Kc the pair state lies inside the continuum and decays with a rate
Γ(E,K), which we have determined analytically above. For magnetic fields
such that |Ēres(B)−W2/U | > 4J the Feshbach molecules are stable for all K.
In Fig. 4.15 ±Kc is indicated by dashed lines marking the region with only a
single bound state.

Given the existence of motionally bound states, an alternative experiment
to investigate the passage of a molecule through the continuum may then be
conducted by starting with the applied magnetic field held at a value such
that 4J < |Eres −W2/U |, and molecules at rest prepared in the bound state
with energy below Ēres (represented by the the lower branch of bound states
in Figs. 4.13 and 4.14). Accelerating the lattice imparts momentum Ki to the
molecules. If the magnetic field is then ramped adiabatically to a new value,
where |EKi | < |Eres − W2/U | < 4J the moving molecules remain stable,
while molecules at rest are now subject to dissociative decay. With a further
acceleration of the lattice, either in the opposite direction, or in the same
direction, but letting K cross one or several Brillouin zones, the molecules
may be swept through the continuum to a final state with center-of-mass
momentum Kf , where the molecules are stable provided |EKf | < |Eres −
W2/U |. The probability of a molecule surviving the center-of-mass momentum
ramp through the continuum depends on the rate of lattice acceleration and
the strength of the coupling to the continuum states.

4.5.4 Bound state wave functions

The formal solution of the bound state problem consistent with the single-pole
approximation for the closed channel Green’s function is(

|ψop
b 〉
|ψcl
b 〉

)
=
√
Zb

(
ĜUK(Eb, z)Ŵ |φres〉

|φres〉

)
, (4.41)

where the closed channel population, Zb, is determined by the normalization
condition: 〈ψop

b |ψ
op
b 〉 + 〈ψcl

b |ψcl
b 〉 = 1. In coordinate space the open channel

component of the bound state wave function therefore becomes

ψop
b (z) =

√
ZbWGUK(Eb, z). (4.42)



60 Two-channel Feshbach model

The closed-channel weight of a bound atom pair with energy Eb is

Zb =
[
1 +

W2

[1− UG0
K(Eb, 0)]2

|Eb|
(E2

b − E2
K)3/2

]−1

, (4.43)

which is plotted in Figs 4.13(e)-(g) and 4.14(c)-(d). As the bound state ap-
proaches the upper or the lower band edge, it follows from the limiting form of
the binding energy that E2

b−E2
K ≈ E2

K(a/a±1D)2, and consequently Zb vanishes
as (U/W)2|a/a±1D| in the limit where |a±1D/a| � 1.

In momentum space the open channel part of the bound state wave func-
tion is given by

φop
b (k) =

√
aZb
2π
W G0

K(Eb, k)
1− UG0

K(Eb, z = 0)
. (4.44)

We observe that the open channel part of the wave functions have the same
characteristics as in the single channel case, i.e., we can discern states be-
low and above the continuum on account of the quasi-momentum spectrum,
which is peaked at either the center or the boundaries of the Brillouin zone,
respectively.

The size of the bound state

〈|z|〉 =
a

2
ZbW2

[1− UG0
K(Eb, 0)]2

E2
K

(E2
b − E2

K)2
, (4.45)

reflects the magnitude of the binding energy of atom pairs. In particular,
it diverges when the bound state enters the continuum from above or from
below:

〈|z|〉 → |a
±
1D|
2

for |a±1D| → ∞. (4.46)

In this limit the open-channel part of the bound state wave function assumes
a universal form

ψop
b (z)→

√∣∣∣∣ aa±1D

∣∣∣∣e−|z/a±1D| [−sgn(Eb)]
z/a . (4.47)

The bound state wave functions are shown in Fig. 4.17 in both coordinate
and momentum space for Ēres = −J . At this resonance energy a bound
molecular state exists just below the band for K = 0 (lower bound state
branch in Fig. 4.13(b)). With a small binding energy, this state extends over
several lattice sites as shown in Fig 4.17. For the repulsively bound pair state
lying above the band (upper bound state branch in Fig. 4.13(b)) the sign of
the coordinate space wave function alternates between lattice sites. This is
a feature inherited from the entrance-channel Green’s function for energies
above the continuum, Eq. (3.17), as was also discussed for the single-channel
bound state in Chap. 3.
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Figure 4.17: Open channel components of bound state wave functions for
Ēres = −J , where a weakly bound molecular state (solid line, narrow bars) at
rest is situated just below the band. The repulsively bound pair state lying
above the band (dashed line, thick bars) is peaked at the edge of the Brillouin
zone, and its sign alternates from one site to the next [cf. Fig. 3.4]. The first
column shows the momentum space wave function (4.44) in units of

√
a/2π,

the second column ψop
b (z).

4.6 Spectral analysis

When we have two coupled channels there is a spectral density for both the
open channel atoms and the closed channel molecules. We start by addressing
the latter.

4.6.1 The closed channel

The dressed Green’s function for the closed channel is found by summing all
the terms in the Dyson series based on the bare propagator (4.5). The result
is

GM (E,K) =
1

E − Eres(B,K)− ΣM (E,K)
, (4.48)

where ΣM (E,K) = W2GUK(E, 0) is the molecular self-energy [Eq. (4.16)]. If
E is outside the continuum, ΣM (E,K) is real, and the spectral function is
only non-zero at the poles of GM , which coincide with those of the scattering
amplitudes, i.e., the bound states of the coupled channels problem, Eq. (4.33).
The spectral weight at the poles is given by the corresponding residues, which
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are just the probability of finding the bound state pair in the closed channel,
Zb:

AM (E,K) = 2πZbδ(E − Eb). (4.49)
For energies inside the continuum, we obtain the usual structure,

AM (E,K) =
~Γ(E,K)

[E − Eres(B,K)−∆(E,K)]2 + ~2Γ2(E,K)
4

, (4.50)

where the energy dependent shift, ∆, and decay rate, Γ, are defined in Eqs. (4.17)
and (4.18), respectively. In the middle of the band the shift and width are
slowly varying functions of energy, and the molecular spectral function has
an approximately Lorentzian shape with a peak position given approximately
by the resonance energy Eres. However, near the band edges significant de-
viations from this simple form arise due to the strong interference with the
continuum threshold. This leads to a double peak structure of AM , when the
bound state is about to enter the continuum from below, as is evident from
Fig. 4.18, which shows AM as a function of the energy and Eres for a molecule
at rest.

A
M

[1
/J

]

E[J ]

Ēres[J ]

Figure 4.18: Molecular spectral function as a function of the resonance energy
for K = 0. Inside the band AM is a continuous function given by Eq. (4.50).
Outside the band the delta function peaks at the bound state poles of the
propagator, GM , are indicated by vertical lines with a height of 2πZb/J . Offset
below is a contour plot of AM inside the band, with bright colors indicating
high spectral density. The solid lines in this plane are the bound state energies,
while Ēres is indicated by the dashed line.

We remind ourselves that the molecule lifetime also follows from Fermi’s
golden rule,

Γ(E) = 2π| 〈φres| Ŵ |ψbg
K 〉 |2DK(E) = 2πW2|ψbg

K (0)|2DK(E), (4.51)
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Though the density of states diverges at the edges of the continuum (van Hove
singularities) the decay rate goes to zero at both thresholds, due to vanishing
overlap of the background scattering state with the bare resonance state when
E = ±|EK |.

4.6.2 The open channel

For the open channel the full Green’s function in the two-channel case reads

GK(E; z, z′) = G0
K(E, z − z′) +

G0
K(E, z)ΣK(E,B)G0

K(E,−z′)
1− ΣK(E,B)G0

K(E, 0)
, (4.52)

where ΣK(E,B) = U +W2/[E−Eres(B,K)] is the self-energy for the relative
motion of an atom pair in the open channel. This gives the spectral function

Aop
K (E, z) = 2πZb[WGUK(E, z)]2δ(E − Eb) (4.53)

for energies outside the band. The open channel Green’s functions has ex-
actly the same poles as the molecular propagator (4.48), but the residues at
the atomic poles depend on the separation between the atoms in the pair.
However, using the identity

∑
z∈Z e

−2κ|z| = EG0
K(E, 0) one may show that∑

z∈Z
Aop
K (E, z) = 2π (1− Zb) δ(E − Eb), (4.54)

such that the combined spectral weight of the open channel and closed channel
at a pole is unity. We must sum over all possible separations for the open-
channel weight, since the component of the bound state wave function in the
open channel is distributed over the lattice, according to (4.42).

4.7 Inclusion of higher Bloch bands

Thus far we have only investigated the dynamics in the lowest Bloch band
of the lattice potential. In this section we analyze the neglected coupling
to higher bands. First we estimate the size of the second order energy shift
from the excluded higher bands and derive a criterion for the validity of our
theoretical model. Next, in Sec. 4.7.3 we discuss how a modest coupling to
higher atomic bands is expected to modify the central conclusions of this work.

4.7.1 Generalized coupling elements

In Sec. 3.3 and 4.3 we only considered the matrix elements for the first Bloch
band of the interactions Ŵ and Û . To investigate the effect of higher Bloch
bands we will need to generalize this to the matrix elements between atomic
bands n and m and a molecule in band l. The generalization is, however,
straightforward.
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The on-site interaction between a pair of atoms in bands n and m becomes

Unm = gbg

∏
i=1,2

∫
dxi
[
w⊥10(xi)

]4 × ∫ dx3

[
w
‖
n0(x3)w‖m0(x3)

]2
, (4.55)

and the on-site coupling of the same pair of atoms to a bare molecular state
in band l is

Wlnm = g
∏
i=1,2

∫
dxiw

cl,⊥
10 (xi)w⊥10(xi)2 ×

∫
dx3w

cl,‖
l0 (x3)w‖n0(x3)w‖m0(x3).

(4.56)
The latter is zero whenever l + n + m is even due to parity of the Wannier
functions. We still assume that only the lowest band in the transverse lattice
is occupied.

From a simple norm argument we can estimate the significance of the
coupling to higher molecular bands. We start by observing that the molecu-
lar Wannier states,

∏
i=1,2,3w

cl,i
niji

(xi), where ni and ji refers to the molecular
Bloch band index and lattice site index along direction i, respectively, con-
stitute a complete set on which we can expand the “atomic pair” function
f(x) =

∏
i=1,2[w⊥10(xi)2] × w

‖
n0(x3)w‖m0(x3). Denoting the expansion coeffi-

cients by cj1j2j3n1n2n3 , the coupling is Wlnm = gc000
11l , whereas the inter-band inter-

action is Unm = gbg||f ||2, where || · ||2 is the L2-norm. From the L2-norm we
now gets the following identity for the neglected molecular couplings to higher
bands

g2
∑

(
j1j2j3
n1n2n3

)
6=(000

111)

|cj1j2j3n1n2n3
|2 =

g2Unm
gbg

− |W1nm|2, (4.57)

where g2/gbg = ∆µ∆B = 0.6ER for the 414 G resonance in 87Rb. For a
lattice with V

‖
0 = 1 and V ⊥0 = 30 this results in the estimate

∑
l 6=1 |Wl11|2 ≤

0.0059W2
111 for an atom pair in the lowest band (n = m = 1).

4.7.2 Validity of the lowest band approximation

We now set up a criterion for using our discrete two-channel theory by com-
paring the second order energy shift from the omitted atomic and molecular
exited Bloch bands to the relevant energy scales. The dominant contribution
to the energy shift comes from the bare resonance state coupling to atom pairs
in higher bands, while the shift from open-channel atoms coupling to higher
molecular Bloch bands are several orders of magnitude smaller for two reasons.
Firstly, the coupling matrix elements between an atom pair in the lowest band
and an excited band bare molecule are much smaller than the coupling to a
molecule in the lowest band as discussed above. Secondly, the energy splitting
between the ground and excited molecular bands is larger than the atomic
band gaps, since the molecules experience a deeper lattice potential, as dis-
cussed in Sec. 2.4. Therefore we approximate the unperturbed wave function
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by |φres〉, the resonance state in the lowest molecular band. For simplicity we
will furthermore assume the width of the Bloch bands to be small compared to
the separation from the lowest band, so that the energy can be approximated
by the average energy of the band.

Under these assumptions the second order energy shift is

∆E(2) = −
∑

(n,m)6=(1,1)

|W1nm|2
En + Em − 2E1

, (4.58)

where the sum is over pairs of atoms in the n’th and m’th Bloch band, and
En is the average energy of the n’th band. If the atoms are indistinguishable
bosons, we can take the sum to be over n ≤ m to avoid double counting.

We will require the shift to be small compared to the relevant energy
scales. If ∆E(2) is comparable to the gap between the ground and first excited
band 2(E2 − E1), the higher bands will become populated, and the lowest
band approximation of our model will break down [90]. On the other hand
a stronger condition can be derived by requiring the energy shift to be small
compared with the width of the ground band, 8J , which sets the relevant
energy scale for the dynamics in our model. By fitting the respective energies
from numerical band structure calculations at different lattice depths we arrive
at the condition(

abg

100 aB

)(
∆µ
µB

)(
∆B
1G

)(
m

amu

)(
λL

1000nm

)
� Q(V ‖0 )(

V ⊥0
)0.6 , (4.59)

where Q(V ‖0 ) = 30(V ‖0 + 4) when comparing ∆E(2) with the band gap, and
Q(V ‖0 ) = 60 exp(−0.2V ‖0 ) when requiring the energy shift to be much smaller
than the width of the lowest band1. The scaling factors are the Bohr radius,
aB, the Bohr magneton, µB, Gauss (G), the atomic mass unit (amu), and
nanometers. If both criteria are met, coupling to higher bands can be safely
neglected. Otherwise, if the energy shift incurred from the coupling to atoms in
higher Bloch bands is significant with respect to the band width yet negligible
with regards to the band gap, we might expect quantitative changes to our
results, but as we discuss below, the qualitative features of our model will
remain. In the case where the lowest band approximation fails, coupling to
higher bands can be systematically accounted for in the tight binding limit [91–
93], leading to an effective single-band Hamiltonian with a non-local coupling
between dressed molecules and unbound atom pairs [94].

Both conditions above are fulfilled for the 414 G resonance in 87Rb used
in our examples [82]. In the entrance channel both atoms are in the |F =
1,mF = 0〉 hyperfine state. The resonance is narrow, with ∆B = 18 mG, and
has a very small difference in magnetic moments between the two channels,
∆µ = 111 kHz/G, which is preferable if Eq. (4.59) is to hold.

1The fit was performed for 1 ≤ V
‖
0 ≤ 15 and 10 ≤ V ⊥0 ≤ 35, and the sum in (4.58) was

taken over the lowest 35 bands.
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A final condition for our results to be experimentally relevant is that the
variation of the resonance energy due to magnetic field noise δBrms is much
smaller than the bandwidth 8J . With a lattice wavelength of 830.44 nm [82]
the recoil energy is ER = 3.5 kHz (equivalent to 0.16 µK) and for the particular
resonance considered here ER/∆µ =32 mG. For a longitudinal lattice depth of
1ER we therefore require δBrms � 46 mG according to Table 4.1. In Ref. [72]
the magnetic field noise was found to be less than 4 mG.

4.7.3 Corrections due to higher atomic Bloch bands

As discussed in the previous subsection the major correction to our model
comes from the coupling to higher atomic bands. We now include these cou-
plings into our model. For each atomic band we apply the analysis of Sec. 3.4 to
obtain a set of band specific Green’s functions G0

K,n,m(E, z) and GUK,n,m(E, z)
for the relative motion of one atom in Bloch band n and the other in band
m. As for the first band, Ĝ0

K,n,m(E) is the Green’s function for noninteracting
particles and ĜUK,n,m(E) is the Green’s function for particles with an on-site
interaction, Unmδz,0. We determine G0

K,n,m(E, z) and GUK,n,m(E, z) by replac-
ing εK(k) by [−2Jn1 cos(Ka/2 +ka)−2Jm1 cos(Ka/2−ka) +En+Em−2E1]
in Eq. (3.14), and replacing U by the band specific interaction strength Unm
in Eq. (3.23).

We now introduce the coupling Ŵ between the first molecular band and
all the atomic bands. This gives the molecular self-energy

Σ′M (E,K) =
∑
n,m

〈φres|Ŵ ĜUK,n,m(E)Ŵ |φres〉

=
∑
n,m

|W1nm|2GUK,n,m(E, 0), (4.60)

which reduces to (4.16), when we exclude contributions from higher bands.
Because we only consider energies well outside the excited bands, GUK,n,m is
real and slowly varying with energy for n,m 6= 1. Therefore we conclude that
the decay width Γ of the molecules is unchanged and that the change in the
resonance shift ∆′ = Re(Σ′M − ΣM ) must vary slowly. Assuming that the
change ∆′ is constant we can incorporate this by replacing Eres by Eres + ∆′,
a renormalized resonance energy.

When E = 0 and K = 0 we obtain for the 414 G 87Rb resonance an
approximate relationship for the change in resonance shift

∆′ ' −0.004ER(V ‖0 )−0.1(V ⊥0 )0.6 (4.61)

due to the higher atomic bands2. For the lattice depth used throughout this
paper ∆′ is only 2% of the bandwidth 8J , and it is reasonable to neglect higher
bands.

2This fit was performed for 1 ≤ V ‖0 ≤ 35 and 14 ≤ V ⊥0 ≤ 35, and the contribution from
the first 35 bands were included in (4.60).



4.8. Conclusion 67

We have assumed on-site interactions and only nearest-neighbor tunneling
in all atomic bands which is a questionable assumption for the higher bands,
but Eq. (4.61) still provides an estimate of the magnitude of the correction
to the real part of the molecular self-energy.

Following Ref. [95] a direct coupling between ground and excited atomic
bands may be included by renormalizing the local interactions to include the
effect of virtual transitions to excited levels through band changing collisions.
This leads to an energy dependent correction to the coupling parameters. But
since the correction is inversely proportional to the gap separating the ground
and excited bands, it is also expected to be small.

4.8 Conclusion

In this chapter, we have extended the discrete two-body model developed in
Chap. 3 to include a resonance state in a closed-channel potential. We found
that the transmission probability, which can be measured spectroscopically by
a photodissociation experiment [Sec. 4.4.2], features a Fano profile [Eq. (4.15)].
The appearance of total transmission, we found, is limited to magnetic fields
and center-of-mass quasi-momenta, for which the bare resonance state is inside
the continuum. Furthermore, we found that in the extreme cases where either
U → 0 or U → ±∞ the transmission or the reflection coefficient assumes a
symmetric Breit-Wigner-like profile, respectively [Eqs. (4.21) and (4.22)].

In analogy with chapter 3 we derived a generalized scattering length, which
diverges to plus and minus infinity when a bound state disappears into or
emerges from the continuum, respectively [Sec. 4.4.3]. We further showed that
in agreement with our free space intuition both the binding energy and the
wave function of the resonance state are fully characterized by the generalized
scattering length in the usual way, when the bound state is about to enter the
continuum [Eqs. (4.39) and (4.47)].

We suggested a sweep experiment in which the molecules are scanned
through the continuum by tuning the magnetic background field [Sec. 4.4.4].
The structured continuum offers the interesting possibility of scanning the
molecules through the continuum to a stable region above the continuum. We
found analytical expression for the survival probability, whereas the average
energy of the dissociated atoms had to be found numerically, except for the
special case of U = 0.

The energy of the bound states is no longer given by an explicit formula like
in the single channel case, but instead by a quartic polynomial with at most
two physically relevant roots [Eq. (4.33)]. The open-channel part of the wave
function is, however, still proportional to G0

K(E, z) or G0
K(E, k) in position

and quasi-momentum representation, respectively. We obtained an effective
pair tunneling Jpair for the bound states in analogy with the single-channel
calculation, except we now find one for each bound state.

It is an interesting finding that the resonance state does not enter the con-
tinuum for the same resonance energy for all K. This led us to introduce the
notion of motionally bound pairs, since for certain values of Eres the resonance
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state may only be stable for |K| > Kc, where the critical center-of-mass quasi-
momentum Kc is defined in Eq. (4.40). This opens up a new area for doing
Feshbach physics, where molecules are created or dissociated by accelerating
the lattice. One could also imagine a sweep through the continuum from one
stable K-region to another.

The spectral analysis from Chap. 3 was extended to the two-channel situ-
ation, in which we get a spectral weight for each channel separately [Sec. 4.6].
We found that when the resonance state is inside the continuum the molecular
spectral weight approached a structure reminiscent of a Lorentzian, whereas
it shows a double peak structure when the resonance is just about to enter the
continuum. Outside the continuum the weight vanishes except for divergences
at the bound state energies. Here the spectral weight of the bound states is
shared between the open and the closed channel reflecting the mixing induced
by the coupling between the channels.

Finally, we generalized the on-site coupling Ŵ and interaction Û to in-
clude matrix elements between arbitrary Bloch bands. This allowed us to (i)
calculate a second order energy shift due to coupling to higher molecular and
atomic Bloch bands, which we used to derive an equation for validity of the
lowest band approximation [Eq. (4.59)], and (ii) include all the higher atomic
bands in our model. The latter came down to introducing a renormalized
resonance shift. The change in resonance shift were only 2% for the rubidium
resonance we used in this chapter. The result rely on the assumption of on-
site interaction and on the assumption of no coupling between atomic bands,
which is questionable for the higher bands. Nonetheless, the simple method
of Sec. 4.7.3 provides justification of the lowest band approximation.



Chapter 5

Heteronuclear atomic pairs

In recent years some of the focus has changed from experiments with a single
atomic species to mixtures of different species [37, 96–103]. In this chapter,
we accommodate this trend by extending the analysis of the previous chapters
to cover atomic mixtures.

5.1 Introduction

Atomic mixtures add a new dimension to the Feshbach physics. First of all
heteronuclear molecules can have permanent dipole moments, which gives rise
to a long-range interaction (V (r) ∼ r−3) very different from the inherently
short-ranged van der Waals interaction (V (r) ∼ r−6) between homonuclear
molecules. This may have interesting consequences for Bose-Einstein conden-
sates, but it may also be of importance in relation to quantum computing [104].
When aligned in an optical lattice the dipole force may act as a CNOT-gate
between two particles in adjacent cells, i.e., the particle acquires a phase shift
which depends on the state of the atom in the neighboring lattice site. In
Tab. 5.1 we list some of the recent experiments with heteronuclear Feshbach
resonances.

Mixture Ref.
6Li and 23Na [96]
6Li and 40K [97]
6Li and 87Rb [98, 99]
40K and 87Rb [37, 100, 101]
85Rb and 87Rb [99, 102]
87Rb, 174Yb and 176Yb. [103]

Table 5.1: List of atomic mixtures in recent experiments.

As will very soon become clear, the analysis of the previous chapters is
readily generalized to account for heteronuclear pairs. For most of this chap-

69
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ter we consider the single channel case, but at the end we briefly discuss the
modification to the Feshbach problem for heteronuclear atom pairs. We will
need to rephrase some of the formulas with slightly changed notation. How-
ever, the two-species atomic mixtures does show puzzling new features even
in the absence of interactions.

5.2 Noninteracting atoms

The atoms will be labeled A and B and in general they will experience different
lattice strengths so the optical lattice [Eq. (2.3)] is now species dependent:

Vlat,β(x) =
∑
i=1,2

V ⊥β ER sin2(πxi/a) + V
‖
βER sin2(πx3/a). (5.1)

Here β = A,B is the atomic label. The difference in lattice strength can either
come from different polarizability of the atoms or because the atoms are held in
different, but aligned, laser fields. We apply the physical parameters relevant
to the 40K and 87Rb mixture of Ref. [37], where the species are held by the
same lattice, in our numerical examples. We take A to be 87Rb and B to be
40K with lattice strengths V ‖A = 3ER,Rb, V ⊥A = 40ER,Rb, and V i

B = 0.86V i
A,

where ER,Rb = h2/2mRbλ
2
L is the recoil energy for rubidium.

The motion of each species is governed by the Hamiltonian

Hβ0 = −(~2/2mβ)∇2 + Vlat,β(x) (5.2)

which separates. In this chapter, the transverse ground states have been
approximated with the harmonic oscillator wave function

w(x) = (mωβ/π~)1/4 exp(−mωβx2/2~) (5.3)

with ωβ = (π/a)
√

2V 3
β /mβ. This is only of relevance when obtaining the on-

site interaction strength U and on-site coupling W. Along the longitudinal
direction, the dynamical tunneling amplitudes now depend on the species, i.e.,
Jβ = 〈wβnzj |Hβ0 |wβnzj+1〉, where wβnzj (x) is the Wannier functions, and again we
only include nearest-neighbor tunneling and a single Bloch band (n = 1). In
analogy with the previous two chapters, we model the two-body system by
the wave function,

Ψ(xA, xB) =
∑
zA,zB

ψ(zA, zB)wAnzA(xA)wBnzB (xB). (5.4)

In this basis the two-body noninteracting Hamiltonian becomes

H0 = −JA(∆zA + 2)− JB(∆zB + 2). (5.5)

Still the eigenstates of H0 are products of Bloch states

ψ(zA, zB) =
a

2π
exp(iqAzA) exp(iqBzB) (5.6)
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with energy
ε(qA, qB) = EA(qA) + EB(qB), (5.7)

where Eβ(qβ) = −2Jβ cos(qβa) is the species dependent single particle energy
dispersion.

We now change coordinates in the exact same way as in the previous
chapters, except Z = (zA + zB)/2 and K = qA + qB are no longer related
to the center-of-mass motion and therefore we will refer to them as collective
coordinate and collective quasi-momentum instead. The relative coordinate
z = zA − zB and quasi-momentum k = (qA − qB)/2 are unchanged.

The Hamiltonian still separates into a collective and a relative coordinate
part via the Ansatz ψ(zA, zB) =

√
a/2πeiKZψK(z), due to the discrete nature

of the model. The action of the Hamiltonian H0 on the relative coordinate
part ψK is given by

H0
KψK(z) = −JA

(
eiKa/2ψK(z + a) + e−iKa/2ψK(z − a)

)
−JB

(
e−iKa/2ψK(z + a) + eiKa/2ψK(z − a)

)
.

(5.8)

This should be compared to the simple expression for the identical particle
case, H0

K = 1
2EK(∆z + 2), in Eq. (3.6). Unlike for identical atoms, where

JA = JB, H0
K is not invariant under complex conjugation and hence is not

time-reversal invariant, whenever K 6= 0. The collective quasi-momentum is
here playing a role similar to that of a classical magnetic field on the motion
of electrons in an atom or a solid. As a consequence of the breaking of the
time-reversal symmetry, we cannot expect the bound state wave functions to
be real, but in further analogy with the magnetic interactions we note that
time reversal of the full two-body dynamics is accompanied by a change of
sign of K. Therefore we have H0

K = (H0
−K)∗, i.e., if ψ−K is an eigenstate

of H0
−K then the complex conjugate, and hence time-reversed, wave function

ψ∗−K is an eigenfunction of H0
K with the same eigenvalue.

Introducing the average and half-difference tunneling amplitudes, JΣ,∆ =
(JA ± JB)/2, with values JΣ = JA = JB and J∆ = 0 in the case of identical
particles, the energies (5.7) can be written in the convenient form

εK(k) = −2JA cos [(K/2 + k) a]− 2JB cos [(K/2− k) a]
= −4JΣ cos(Ka/2) cos(ka) + 4J∆ sin(Ka/2) sin(ka)
= EK cos [(TK + k)a] ,

(5.9)

which is parametrized by the collective energy

EK = −4
√
J2

Σ cos2(Ka/2) + J2
∆ sin2(Ka/2) (5.10)

and by the quasi-momentum shift

tan(TKa) =
J∆

JΣ
tan(Ka/2), (5.11)
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where TKa is taken in the interval ]− π/2, π/2] for Ka ∈]− π, π]. The collec-
tive energy plays the same role as the center-of-mass energy for the identical
particle case. It determines the extremal values of the energy band for a fixed
K when varying q, and therefore the total width of the band is 2|EK |. The
continuum band is shown as the colored region in Fig. 5.1(a). For the Rb-K
mixture and our choice of optical lattice parameters the tunneling amplitudes
have the values JΣ = 0.5 kHz and J∆ = 0.5JΣ.

Figure 5.1: (a) Energy band spanned by εK(q) for the ratio J∆ = 0.5JΣ,
(b) the single atom spectra Eβ(qβ), and (c) the two-body spectrum εK(k) =
EA(K/2 + k) + EB(K/2 − k) for K = 0.8π/a. The corresponding energy
minimum (K, q) = (0.8π/a,−TK) is marked by dots in all three figures and
the vertical lines in (b) indicate from left to right qA, K/2 and qB. The lower
and upper curve in (a) show the bound state energy for U = −2.7JΣ and
U = 2.7JΣ, respectively, while the shading shows the reflection coefficient for
|U | = 2.7JΣ, see Eq. (5.20).

There are two significant differences from the identical particle case: (i)
the width of the continuum band does not vanish for K = π/a, but maintains a
finite width of 8|J∆|. For atom pairs with K = 0 the width of the band is 8|JΣ|.
(ii) The minimum and maximum energies of the continuum are obtained for
relative quasi-momenta k = −TK and k = ±π/a− TK , respectively, and not,
as for identical particles, at relative quasi-momenta 0 and ±π/a.

The finite quasi-momentum difference at the band edges, qA−qB = −2TK
(mod 2π/a) , appears because the energy dispersions of the atoms have dif-
ferent amplitudes, 2Jβ. This is illustrated in Fig. 5.1(a)-(c), where the lowest
energy state for Ka/π = 0.8 is marked by dots. The quasi-momenta of the
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individual atoms are displaced by ±TK from K/2.
The value of TK is depicted in Fig. 5.2. TK is an odd function of both K

and J∆. In Fig. 5.2(a) the lower curve J∆/JΣ = 0 corresponds to JA = JB,
the identical particle case, where TK = 0 for all K because both atoms have
the same energy dispersion, and the upper curve J∆/JΣ = 1 corresponds to
JB = 0, where only atom A is allowed to move, and therefore qA = K, qB = 0
and TK = K/2. From Fig. 5.2(b) we note that TK=0 is always zero, and
whenever JA 6= JB, we have TK=π/a = π/2a due to the symmetry of the
single particle dispersions.
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Figure 5.2: The quasi-momentum shift TK . (a) From below J∆/JΣ = 0, 0.1,
0.25, 0.5, 1. (b) From below Ka/π = 0, 0.5, 0.8, 0.95, 1.

5.2.1 Alternative coordinates

In the above derivation we used a collective coordinate, K, which were defined
in analogy with the center-of-mass coordinate for identical particles. However,
we could also have chosen any coordinate set of the type: Z̃ = czA+ (1− c)zB
and z̃ = zA − zB with 0 ≤ c ≤ 1. Note that our choice of coordinates
corresponds to c = 0.5. A product Ansatz ψ(zA, zB) =

√
a/2πeiK̃Z̃ψK̃(z̃) is

still possible, where the relative motion wave function can be expanded on
eik̃z̃. Applying this Ansatz to the Bloch waves (5.6) we can identify K̃ =
qA + qB = K in agreement with our previous definition, whereas the relative
quasi-momenta are related as k = k̃ + (c− 1

2)K.
If we insist on k̃ = 0 being the ground state, we must require

0 =
∂

∂k̃

{
EA

(
cK + k̃

)
− EB

(
(1− c)K − k̃

)}∣∣∣∣
k̃=0

. (5.12)

It follows that [52]
JA
JB

=
sinK(1− c)

sinKc
. (5.13)

Note that the parameter c has to be calculated for each K. Although the
bound state solutions for ψK̃(z̃) may look simpler due to the missing TK-
phase, it has only been hidden in the Z̃-coordinate, and as we will discuss in



74 Heteronuclear atomic pairs

Sec. 5.5.3 the phase shift TK is a real and measurable quantity. Finally, we
note that one can link c and TK through the relation

TK = (1
2 − c)K. (5.14)

5.3 Green’s functions

So far, our analysis has only accounted for the separable state (5.6) of non-
interacting atoms in a new, collective set of coordinates. Before we can start
analyzing the scattering and bound state properties of an interacting pair, we
need to address the Green’s functions. Fortunately, it all the hard work has al-
ready been done. The relative motion Green’s function for the noninteracting
particles is obtained by the Fourier transform

G0
K(E, z) =

∫ π/a

−π/a

dk

2π
aeikz

E − EK cos((TK + k)a) + iη
(5.15)

of the relative quasi-momentum Green’s function, GK(E; k, k′) = δ(k−k′)/(E−
εK(k)). By a change of coordinate k → k − TK the integral is identical, ex-
cept for a front factor, exp(−iTKz), to the one studied previously for identical
particles, Eq. (3.15). Hence, for energies inside the continuum band we have

G0
K(E, z) = − ie

−iTKzeik|z|√
E2
K − E2

, (5.16)

where ka = cos−1(E/EK), and outside the continuum we find

G0
K(E, z) = sgn(E)

e−iTKze−κ|z|√
E2 − E2

K

[−sgn(E)]z/a (5.17)

with κa = cosh−1 |E/EK |. It is important to note that the Green’s function is
similar to the identical species case, except for a complex factor e−iTKz and a
modified expression for EK , Eq. (5.10). All the results of the previous chapters
were derived from G0

K(E, z), so replacing the identical particle G0
K(E, z) by

the appropriate Eqs. (5.16) and (5.17) allows us to directly carry over the
results to mixtures of different species.

This is also the case with the interacting Green’s function, which still de-
rives form the Dyson equation: GUK(E, z) = G0

K(E, z)/1− UG0
K(E, 0), where

G0
K(E, z) now is the different species Green’s function and U the appropri-

ate interatomic interaction strength (like in the previous chapters we have
assumed on-site interactions).

5.4 Scattering properties

The scattering wave function follows from the Lippmann-Schwinger equation
and still has the form

ψK(E, z) = eipz + UGUK(E, z) (5.18)
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as derived for the identical particles in Sec. 3.5.1. However, in the heteronu-
clear case GUK(E, z) and εK(k) are modified and the scattering state can be
written as

ψK(E, z) = ei(k−TK)z + UGUK(E, 0)e−iTKzeik|z| (5.19)

with ka = cos−1(E/EK). Note that the relative quasi-momenta of the incom-
ing, p = k − TK , and reflected, p′ = −k − TK , waves are not related in the
usual way, i.e., p′ 6= −p, unless K = 0. This is explained by the degeneracy of
p and p′ due to the symmetry of the εK(k) around the minimum energy state
k = −TK , as shown in Fig. 5.3. It is instructive to note, that except from
the spatial variation of the wave function the scattering properties considered
in the previous chapters simply depend on the Green’s functions evaluated at
z = 0; therefore all scattering properties can be generalized only by changing
EK .
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Figure 5.3: Schematic drawing of the scattering process. In (a) the change
in relative quasi-momentum under reflection is shown on the relative quasi-
momentum spectrum εK(k) for Ka/π = 0.8. In both figures r and t stand for
the reflection and transmission amplitudes.

5.4.1 Transmission profile

From the scattered wave in Eq. (5.19) we identify the scattering amplitude
f(E,K) = UGUK(E, 0) and thereby the reflection coefficient

R(E,K) = |f(E,K)|2 =
U2

E2
K − E2 + U2

, (5.20)

which is indicated by the shading in Fig. 5.1(a). In accordance with the
identical particle case, it reaches unity at the continuum boundaries, where
the density of states diverges, and it has one minimum at the center of the
energy band. The transmission coefficient T (E,K) = 1 − R(E,K) can still
be probed in scattering experiments or measured spectroscopically by radia-
tive coupling of a bound molecular state to the continuum, see Secs. 3.5.2
and 4.4.2. However, we do not have to consider symmetry for distinguishable
particles, so the obtained reflection and transmission coefficients are always
meaningful as reflection and transmission probabilities, contrary to the case
of indistinguishable particles, see Sec. 3.5.2.
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5.5 Bound states

As for identical particles, we determine the bound state energies from the poles
of the scattering amplitude. We find a bound state below the continuum in
the case of attractive interactions and a repulsively bound state above the
continuum in the case of U > 0. The energies are the same as for the identical
particles,

E0
b = sgn(U)

√
E2
K + U2, (5.21)

except that the K dependence of EK has changed.

5.5.1 Pair tunneling

Following the procedure outlined in Sec 3.6.1, we can, in the limit where
|EK | � |U |, identify an effective tunneling rate for bound pairs

Jpair = −2JAJB
U

. (5.22)

It trivially reduces to Jpair = −2J2/U [Eq. (3.46)], if JA = JB. Note that the
sign now depends not only on U but also on the sign of the product JAJB,
i.e., whether the two tunneling amplitudes have same or opposite sign.

5.5.2 Bound states wave functions

The bound state wave function for the relative motion is given by G0
K(E0

b , z),
Eq. (5.17), up to a normalization factor. These functions are exponentially
decaying with |z| and the repulsively and attractively bound states differ only
by a πz/a-phase, i.e., G0

K(E0
b , z)/G

0
K(−E0

b , z) = (−1)z/a, in analogy with the
single-channel identical atom case, cf. Eq. (3.17). The wave functions are
shown in Fig. 5.4.

The bound state wave functions are complex with a spatial phase variation
of the relative motion. This is in agreement with our earlier discussion of the
lack of time-reversal invariance of the relative motion Hamiltonian restricted
to fixed values of K. While such a complex phase variation may give the im-
pression that one particle is passing by the other over and over again within
the exponential envelope of their relative motional state, the two atoms are
actually moving with the same group velocity. To see this, we recall that
the bound states above (below) the continuum have predominantly the quasi-
momentum components of the noninteracting continuum states close to the
upper (lower) band edge. This implies that the quasi-momentum distribution
of the attractively and repulsively bound states are peaked around k = −TK
and k = ±π/a− TK , respectively. For these eigenstates of H0 a simple calcu-
lation

∂εK(k)
∂k

=
dEA
dqA

dqA
dq

+
dEB
dqB

dqB
dq

= ~(vA − vB) (5.23)

relates the group velocities vβ of species β to the derivative of the energy dis-
persion εK(k). At the band edges εK(k) reaches its extrema, i.e., ∂εK(k)/∂k =
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Figure 5.4: The relative motion quasi-momentum wave function of the attrac-
tively and repulsively bound atom pairs. First and second column show the
relative quasi-momentum wave function φbK(k) for U < 0 and U > 0, respec-
tively. The last column shows |ψbK(z)|, which is identical for the attractive
and repulsive bound dimers. The solid lines and the wide bars correspond
to J∆ = 0.5, whereas the dashed lines and narrow bars correspond to the
identical atom model, J∆ = 0.

0, exactly when k = −TK or k = ±π/a− TK , and the group velocities of the
atoms agree for these relative quasi-momentum components. Furthermore,
since εK(k) is an even function around k = −TK , the derivative and hence
the difference in group velocity vA − vB is odd. If we return to the scattering
state in Eq. (5.19), we therefore observe that the difference in relative group
velocity always changes sign when the wave is reflected.

In Fig. 5.5 we show the quasi-momentum distribution of the two compo-
nents A and B for both a repulsively (a) and attractively (b) bound atom
pair. We have assumed a Gaussian distribution in K with center K̄ = 0.8π/a
and standard deviation σK = 0.1π/a. Clear peaks appear at qA + qB = K̄
and qA − qB = −2TK̄ as marked by crosses. Here TK̄ = 0.32π/a, corre-
sponding to (qA, qB) = (0.08π/a, 0.72π/a) in the attractive case (a), while
(qA, qB) = (−0.92π/a,−0.28π/a) in the case of repulsion (b). The Brillouin
zone plotted in Fig. 5.5, i.e., (qA, qB) ∈ (−π/a, π/a]2, is rotated by 45◦ com-
pared to the Brillouin zone (K, k) ∈ (−π/a, π/a]2. Therefore we need to
continuously extend Eq. (5.11) for TK to higher K-Brillouin zones.
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(a) (b)

Figure 5.5: Quasi-momentum probability distribution in units of (a/2π)2 for
the species A and B in a bound state with (a) U = −2.7JΣ and (b) U =
+2.7JΣ.

5.5.3 Experimental observation of TK

We suggest to measure the wave number shift TK by rapid ramp down of the
lattice potential, because, if adiabatic, J∆ and thereby TK will also change
adiabatically. The main peak in the momentum distribution of each indi-
vidual species is then shifted by K/2 → K/2 ± TK for U < 0 and K/2 →
K/2 ± TK ± π/a for U > 0 compared to J∆ = 0. The case with attractive
interaction is shown in Fig. 5.6(a) with the same spread in K as in Fig. 5.5.
In an experiment the difference between the main momentum peaks of the
two species is 2TK , which can easily be measured from a time-of-flight exper-
iment. After expansion time t the spacial separation between the main peaks
are Kt/2(m−1

A −m−1
B ) + TKt/µ, where µ is the reduced mass. The case with

repulsive interaction is shown in Fig. 5.6(b).
If the species are held by different lasers, the lattice may be turned off

adiabatically in a controlled fashion that keeps the difference in the tunneling
amplitudes J∆, and hence TK , fixed.

5.5.4 Correlation function

Finally, the quasi-momentum shift TK may also be measured from the corre-
lation function

C(k) =
∫ ∞
−∞

dkB |Ψ(k + kB, kB)|2. (5.24)

Here Ψ(kA, kB) is the Fourier transform of the continuous-coordinate wave
function, Eq. (5.4). The correlation function for the bound states has peaks
at k = 2TK + 2πm/a, m ∈ Z, as seen from Fig. 5.7. Note that the peak loca-
tions are identical for the repulsively and attractively bound states, because
replacing TK with TK ± π/a only changes m. The correlation functions for
a pair of repulsively bound atoms are shown in Fig. 5.7 for three values of
K0. The main peak is slightly shifted towards k = 0 because of the Bloch
wave structure, where components close to the zone boundary are depleted



5.5. Bound states 79

Figure 5.6: Momentum probability distribution in units of (a/2π)2 for a pair
of (a) attractively bound and (b) repulsively bound atoms with the same
parameters as in Fig. 5.5. The solid lines show the projected probability of
each species P (kβ) in units a/2π.

due to strong coupling to other zones. We do not believe this method has
any advantages compared to the suggestion in the previous section, but it is
instructive to visualize the correlation function.
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Figure 5.7: Correlation functions for a bound atom pair. The collective quasi-
momentum is centered around K0 as given in the legend and has Gaussian
width σK = 0.1π/a. The vertical dotted lines indicate the position of 2TK0 .
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5.6 Inclusion of a Feshbach resonance

Most of the results from Chapter 4 can be generalized to mixed species just
by updating G0

K(E, z) and EK by their new values. Because both the inter-
channel coupling and the interaction Û are δ-functions of the relative coor-
dinate, the phase shift TK will not influence on the binding energies nor the
scattering amplitude and the thereof derived quantities like, e.g., pair tunnel-
ing, reflection and transmission probabilities and the scattering length. The
phase shift will, however, still affect the wave functions.

We will here only address the molecular dissociation sweep and the bound
pair tunneling as proofs of concept, but as outlined above most of the Fes-
hbach physics of Chap. 4 can easily be carried over. However, the validity
considerations from Sec. 4.7.2 of course also need to be generalized.

5.6.1 Sweep experiment

In a molecular dissociation sweep the resonance state is scanned trough the
continuum. In the continuum the decay width was found in Sec. 4.4.4 to be
Γ = 2Im[W2GUK(E, 0)]/~, which again is unchanged except for the expression
for EK . Therefore, the survival probability is identical to Eq. (4.31)

χ = m(|EK |) = exp

[
−2πα

(
1−

√
β2
K

1 + β2
K

)]
, (5.25)

except that βK = U/EK has changed. The survival probability increases
with increasing |βK |, this happens when |U | is increased, or, if JΣ > J∆,
when |K| approaches the zone boundary. The value of βK is either strictly
increasing or decreasing towards its zone boundary value βK=π/a = JΣ/J∆ ×
βK=0 depending on whether JΣ < J∆ or JΣ > J∆, respectively. In the
case of identical particles the survival probability always approached unity at
K = π/a, because βK diverged at this point. The present model does not have
this pathological feature, because EK never reaches zero (when JΣ, J∆ = 0).
The dependence on the adiabaticity parameter α = W2/∆µḂ~ is unchanged
and the survival probability still drops as α is increased. Both the survival
probability and the average energy of the dissociated atoms are shown in
Fig. 5.8 [cf. Fig. 4.12]. The average energy of the decayed atoms are calculated
from Eq. (4.32). The curve approach EK/2 as α is increased.

5.6.2 Two-channel pair tunneling

From the two-channel calculation we can carry over Eq. (4.35) to give

Jpair = − 2JAJB
E

[EK=0]
b

, (5.26)

We remind the reader that for most values of the resonance energy there are
two bound states and therefore also two values of E[EK=0]

b and Jpair. When
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the resonance is far off-resonant one of the pair tunnelings approaches the
single-channel result, Eq. (5.22).

5.7 Conclusion

In this chapter we have generalized the analytical solutions for identical par-
ticles obtained in the previous chapters to the case of two different atomic
species. We have shown that it is possible, due to the discrete nature of the
Hamiltonian (5.5), to separate the wave function into a collective and a rela-
tive coordinate part. In this separation it appeared useful to define the mean
and half-difference tunneling amplitudes JΣ and J∆, respectively. We argued
that 8|JΣ| and 8|J∆| determine the maximum and minimum width of the con-
tinuum (the sign of the product JAJB determines, which is the maximum and
which is the minimum.). We parametrized the two-body continuum spectrum
in terms of two quantities, which indeed appeared to be central for the physics:
The collective energy EK [Eq. (5.10)] and the phase shift TK [Eq. (5.11)]. The
collective energy delineates the continuum and the phase shift is minus the
minimum energy relative quasi-momentum.

The wave functions were obtained directly from the identical particle case
by updating EK and adding the phase factor eiTKz to the Green’s functions.
For the scattering waves (5.19) the phase factor ensures that the group ve-
locity of the reflected pair changes sign, while for the bound state wave func-
tions (5.17) it resulted in a quasi-momentum peak centered around −TK and
±π/2−TK for attractively and repulsively bound atoms, respectively, ensuring
identical group velocity of the two constituents. This also results in a complex
wave function, which was expected, because the relative motion component of
Hamiltonian Ĥ0

K is not time-reversal invariant. Furthermore, we suggest how
to measure the phase shift experimentally. [Secs. 5.5.3 and 5.5.4]. In analogy
with the identical particle case we found bound states both for attractive and
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Figure 5.8: (a) Portion of molecules surviving a scan through the continuum
and (b) the average energy of the dissociated atoms. From above α=0, 0.1,
0.2, 0.5, 1, 2, 10. The blue dashed line in (b) corresponds to EK/2. Here
|U | = 2.7JΣ.
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repulsive interaction. The bound state energies are Eb = sgn(U)
√
U2 + E2

K ,
and the pair tunneling was obtained: Jpair ' −2JAJB/U . The latter was also
derived for the two-channel case [Sec. 5.6.2] and for both the single- and two-
channel case it now depends on the sign of the atomic tunneling amplitudes,
which were not the case for homonuclear atom pairs.

All scattering properties considered in the thesis so far only depend on the
Green’s functions evaluated at z = 0, therefore we only have to update EK
to generalize those quantities to the different species case. As examples we
calculated the single-channel reflection probability [Sec. 5.4.1] and the (two-
channel) survival probability of a resonance state to pass through the con-
tinuum in a diabatic sweep [Sec. 5.6.1]. In both cases the most pronounced
change was that the width of the continuum no longer vanishes at the collec-
tive quasi-momentum zone boundary, K = π/a, but sustained a finite width
of 8|J∆|.

We have nowhere in this chapter used the assumption that both atoms are
in the lowest Bloch band. The atoms could have been in whatever band it
should be, and all the results in this chapter are still applicable. This opens up
for the possibility that identical particles are placed in different Bloch bands,
which also provides JA 6= JB. In that case one should remember the comment
on indistinguishably particles in Sec. 3.5.2. Of course, one should also check
whether the on-site assumption for the interaction is still reasonable for higher
Bloch bands, where the Wannier functions are broadened.

The main message of this chapter is that two-body dynamics with differ-
ent species can be conveniently described in terms of the Green’s function
formalism introduced in Chapter 3.



Chapter 6

Two-body dynamics beyond
nearest-neighbor tunneling

Up to now we have analyzed the two-body dynamics within the nearest-
neighbour approximation. This greatly simplifies the analysis and allows us
to do almost everything analytically even for the two-channel problem. Un-
fortunately, it is not the whole story, since it does not reproduce the correct
momentum dependency of the energy dispersion [as discussed in Sec. 2.7]. In
this chapter we will show how to extend the results from chapter 3 to go
beyond the nearest-neighbor tunneling approximation.

6.1 Introduction

As the experiments improve and can measure quantities with higher and higher
precision and get more subtle, the theories have to do the same. Moreover, sit-
uations are encountered, where the nearest-neighbor approximation analyzed
in the previous three chapters, fails to account for the underlying physical pro-
cesses in many-body physics, because the reproduced momentum spectrum is
inaccurate. As we will see in Chap. 7, this is essential when predicting the
outcome of a collision experiment involving condensates. In this chapter we
show how to include an arbitrary number of tunneling amplitudes in the re-
sults from Chap. 3. We find essential changes to both the bound states and
the scattering states.

6.2 Noninteracting atoms

The discrete-lattice Hamiltonian for two identical particles in a quasi-one-
dimensional lattice takes the form

H0 = −
D∑
d=1

Jd(∆(d)
zA

+ ∆(d)
zB

+ 4), (6.1)

83



84 Two-body dynamics beyond nearest-neighbor tunneling

when we include more than nearest-neighbor hopping. Here Jd = −〈w1zj+d | Ĥ0 |w1zj 〉
is the tunneling amplitudes and the action of the “dth−Laplacian” is given by
∆(d)
x f(x) = f(x + ad) + f(x − ad) − 2f(x). The number of neighbor tunnel-

ings included is D, and to exemplify the effect of the remote tunnelings we
will compare results for D = 1, 2 and 6, where D = 1 corresponds to the
nearest-neighbor approximation considered in Chap. 3. The derivation of H0

is similar to that of Eq. (3.2) (see App. A.2), but with the nearest-neighbor
single-particle Hamiltonian Eq. (2.14) replaced with Eq. (2.10).

We can still apply the separation Ansatz, ψ(zA, zB) =
√
a/2πeiKZψK(z),

where Z and K are the center-of-mass coordinate and quasi-momentum, re-
spectively, and z = zA − zB is the relative coordinate. The separation results
in a one-body Schrödinger equation for the relative coordinate[

−2
D∑
d=1

Jd cos(1
2Kda)

(
∆(d)
z + 2

)]
ψK(z) = EψK(z). (6.2)

It is readily verified that plane waves, ψK(z) =
√
a/2πeikz, are eigenfunctions

with energies

εK(k) = −4
D∑
d=1

Jd cos(1
2Kad) cos(kad). (6.3)

If we only include d = 1, the above three equations, Eqs. (6.1), (6.2) and (6.3),
reduce to their nearest-neighbor counterparts, cf. Eqs. (3.2), (3.9) and (3.6).
The spectrum is displayed in an extended Brillouin zone in Figs. 6.1(a)-(c)
with inclusion of different numbers of tunneling amplitudes. The spectra are
for the first Bloch band and a lattice with longitudinal lattice strength V0 = 1.

In the nearest-neighbor approximation we had a complete degeneracy in k
from the front factor cos(1

2Ka) when K = ±π/a, this degeneracy is now lifted
by the amount

∆ε = 8
∑
m∈N

(−1)mJ2m, (6.4)

i.e., ∆ε is the width of the band for K = ±π/a, as evident from Figs. 6.1(b)-
(c). The different shades of blue in Fig. 6.1 show the density of states:

DK(E) =
∑

εK(k)=E

∣∣∣∣∣4π
D∑
d=0

dJd cos(1
2Kad) sin (kad)

∣∣∣∣∣
−1

. (6.5)

Here εK(k) = E can have several (more than two) solutions and therefore the
sum is included explicitly (it was replaced by a factor of two in the previous
chapters). First we note that the density of states still diverges for k = 0
and k = ±π/a due to the flatness of the cos(kad)-functions in εK(k). From
Figs. 6.1(b)-(c) we observe the appearance of an additional divergence close to
center-of-mass zone boundary, K = ±π/a. To see where this extra van Hove
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Figure 6.1: Bound state and scattering spectrum for a lattice with V0 = 1. The
density of scattering states are indicated by the blue shading with dark colors
corresponding to high density. The red and green lines are the bound state
energies for U = 2.7J1 and U = −2.7J1, respectively. Calculation including
(a) only J1, (b) J1 and J2, and (c) Jd up to d = 6.
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Figure 6.2: Two-body band structure εK(k) for different values of K (solid
lines) and the band structure of the individual atoms, i.e., E(K/2 + k) and
E(K/2− k) (dotted lines). In (a)-(c) the band structure is approximated by
a cosine and in (d)-(f) tunneling terms up to J6 are included in the band
structure. Note that the energy curves in each subfigure has been displaced
by a common energy constant as to make all energies positive.

singularity comes from, we remind ourselves that εK(k) = E(K2 +k)+E(K2 −k),
where E(q) is the one-body band structure, defined in Eq. (2.9). In Fig. 6.2 the
band structures for each individual atom are plotted together with the two-
body energy spectrum εK(k) - all as function of the relative momentum k. The
extra van Hove singularity arises due to the appearance of a local minimum
in εK(k) at k = π/a. This phenomenon sets in when ∂2εK

∂k2 (k = π/a) = 0
as shown in Fig. 6.2(e) where K = 0.4 π/a. We note that this can never
occur when only nearest-neighbor tunneling is included, since ∂2εK(k)

∂k2 = 0 and
∂εK(k)
∂k = 0 cannot be simultaneously satisfied for a pure cosine dispersion.

When K = ±π/a, as in Fig. 6.2(f), the energy minima at k = 0 and k = π/a
become degenerate and therefore we expect only two divergences in the density
of states in agreement with Figs. 6.1(b) and 6.1(c).

6.3 On-site versus off-site interaction

We still assume that the atoms interact via an on-site interaction Uδz,0 as
introduced in Sec. 3.3. But since we now include tunneling amplitudes between
lattice sites far apart, we have to justify that we only include on-site interaction
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in our model. The interaction between atoms sitting on various lattice sites
can be computed as the matrix element

Uijkl = g1D

∫ ∞
−∞

dxw1zi(x)w1zj (x)w1zk(x)w1zl(x) (6.6)

with strength parameter g1D = gbg

[ ∫
dxw⊥10(x)4

]2, where two atoms ini-
tially on sites k and l are coupled to sites i and j. This is possible even
for a zero range potential due to the finite overlap of Wannier functions
centered on different lattice sites. The interaction strengths are unchanged
under permutation of the indices, addition of a common integer to all four
indices, i.e., Uijkl = Ui+p,j+p,k+p,l+p (p ∈ Z), or a sign change of all indices:
Uijkl = U−i,−j,−k,−l. In Fig. 6.3 the leading matrix elements are shown in units
of the on-site interaction strength, U = U0000. These matrix elements fall off
rapidly for Wannier functions situated in different wells, and for V0 = 1, we
find that the leading “off-site” term is only 5% of U , U1100 = 0.05U . It is hence
a small perturbation compared to the on-site term. However, comparing it to
next-nearest-neighbor tunneling we find: U1100/J2 = 0.25U/J1 (Tab. 2.1). In
our examples U = ±2.7J1 have been used, in which case the U1100-term may
contribute significantly. This suggests that the theory in this chapter is pri-
marily applicable to setups with low background scattering length (U ∝ a3D

bg )
or weak transverse confinement both things reducing g1D in Eq. (6.6). It
is worth remembering that the scattering spectrum, and hence all the con-
clusions in the previous section, is completely independent of the interaction
and therefore unaffected by the off-site interaction elements. A more detailed
investigation of off-sites interactions can be found in Refs. [105, 106].
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Figure 6.3: Absolute values of off-site interaction elements Uijkl in units of
U = U0000.
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6.4 Green’s functions

Like in the other chapters the unperturbed relative-coordinate Green’s func-
tion is obtained as an integral over the momentum-space representation G0

K(E, k) =
1/(E − εK(k)):

G0
K(E, z) =

a

2π

∫ π/a

−π/a
dk

eikz

E − εK(k) + iη
, (η → 0+). (6.7)

We will only attempt to solves this integral numerically. If E is inside the
continuum, we can avoid the poles in the numerical integration by Sokhotsky-
Weierstrass theorem (3.18),

G0
K(E, 0) = P

∫ ∞
−∞

DK(E′)
E − E′ dE

′ − iπDK(E). (6.8)

We note that an solution for G0
K(E, z) has been found in [107], which for

next-nearest-neighbor tunneling provides an explicit formula. Unfortunately,
in the general case with tunneling between D > 2 neighbors the solution
includes solving a D-degree polynomial. The Green’s function may also be
found from a contour integral approach, this is done for next-nearest-neighbor
hopping in App. A.3. However, this is work in progress and we will, in the
rest of this chapter, adhere to the numeric technique described above.

6.5 Scattering properties

The scattering states are given by the Lippmann-Schwinger equation (3.27),

ψK(E, z) = eipz + UGUK(E, z). (6.9)

This time we do not have a general analytical expression for the interacting
Green’s function GUK(E, z) = G0

K(E, z)/(1 − UG0
K(E, 0)) and therefore we

cannot identify the scattering amplitude. However, we can calculate the “on-
site” probability for the scattered waves

|ψK(E, 0)|2 =
1

[1− UReG0
K(E, 0)]2 + [πUDK(E)]2

(6.10)

by means of Eqs. (6.8) and (6.9). We showed for nearest-neighbor tunneling
that this quantity is identical to the transmission coefficient TK(E), unfortu-
nately this is not true for D > 1, because it relied on ψK(E, z) being equal
to its asymptotic form for all z ≥ 0. However, the transition probability from
a lower lying state |i〉 to the continuum is still proportional to |ψK(E, 0)|2
(Sec. 3.5.2). This quantity is depicted in Figs. 6.4 and 6.5 with next-nearest-
neighbor tunneling included in the numeric calculations. The color scale in
Fig. 6.4 is chosen such that dark blue in accordance with Fig. 3.2, showing
the reflection coefficient R(K,E) for D = 1, corresponds to vanishing transi-
tion probability. We first observe that the transition probability still goes to
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zero at the continuum boundaries as was also the case in the previous chap-
ters. In addition, it also vanish at the extra van Hove singularity induced
by the beyond-nearest-neighbor tunneling couplings, cf. Fig. 6.1(b). More-
over, the transition probability now dependents on the sign of U , whenever
ReG0

K(E, 0) is nonzero, and we observe that this is the case except for the
continuum energies lying above the extra van Hove singularity. This coincide
with the energy range in which the two-body spectrum is four-fold degener-
ate. In the special case of K = ±π/2a, where J2 cos(Ka) vanishes and only
nearest-neighbor tunneling prevails, the dispersion and thereby also the wave
function is identical to the nearest-neighbor approximation as clearly seen in
Fig. 6.5(b). When K = ±π/a, the nearest-neighbor term in εK(k) vanishes
and no continuum exists in the nearest-neighbor approximation, therefore the
transition probability is solely due to J2, Fig. 6.5(d). Here the extra van Hove
singularity has become degenerate with the lower continuum boundary and
ReG0

K(E, 0) = 0 everywhere.

Figure 6.4: On-site probability of the scattering states |ψK(E, 0)|2 with (a)
U = 2.7J1 and (b) U = −2.7J1. Calculations with J1 and J2. The red and
green curves show the bound state energies. Note that the color scales are not
identical in the two subfigures.



90 Two-body dynamics beyond nearest-neighbor tunneling

−5 −2.5 0 2.5 5
0

0.5

1 K = 0

|ψ
K

(0
)|2

[1
/a

]

E [J1]

(a)

−5 −2.5 0 2.5 5
0

0.5

1 K = ±0.5π/a

|ψ
K

(0
)|2

[1
/a

]

E [J1]

(b)

−5 −2.5 0 2.5 5
0

0.5

1 K = ±0.8π/a

|ψ
K

(0
)|2

[1
/a

]

E [J1]

(c)

−5 −2.5 0 2.5 5
0

0.5

1 K = ±π/a

|ψ
K

(0
)|2

[1
/a

]

E [J1]

(d)

Figure 6.5: On-site probability of the scattering states |ψK(E, 0)|2 with U =
2.7J1 (blue line) and U = −2.7J1 (green line) for D = 2. The black dashed
line shows the transmission coefficient for the nearest-neighbor approximation,
Eq. (3.32).

6.6 Bound states

The energies of the bound states are found numerically as poles of the inter-
acting Green’s function, 1 = UG0

K(Eb, z = 0). The found spectra are included
in Figs. 6.1 and 6.4.

6.6.1 Bound state wave functions

The bound state wave functions are proportional to G0
K(Eb, z) in position

space and G0
K(Eb, k) in momentum space and are displayed for a repulsively

and attractively bound atom pairs in Fig. 6.6 and Fig. 6.7, respectively. In
both figures Jd with up to d ≤ 6 has been included in obtaining the k- and z-
distributions of the bound states. As discussed previously, the repulsively (at-
tractively) bound states are dominated by the quasi-momentum components
at the top (bottom) of the continuum. As the extra van Hove singularity sets
in, the two-body spectrum broadens at k = π/a, which causes more quasi-
momentum components to be close to the top of the continuum, and hence
contribute to the bound state, compare Figs. 6.2(e) and 6.6(c). In Fig. 6.6(e)
we clearly see the consequences of lifting the k-degeneracy at K = ±π/a. The
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Figure 6.6: Repulsively bound states with tunneling up to J6 included (red)
compared to the nearest-neighbor equivalent (black). First column shows
φbK(k) in units of

√
a and the second ψbK(z) (dimensionless) obtained from

G0
K(Eb, k) and G0

K(Eb, z), respectively. Here U = 2.7J1.

momentum distribution is no longer constant but instead peaked around the
two momenta k = ±π/2a, which comprise the top of the scattering band, as
seen from Fig. 6.2(f).

We observe that for K = 0 the quasi-momentum composition of the at-
tractively (repulsively) bound state is broader (narrower) than in the nearest-
neighbor approximation, due to the changed two-body spectrum. The broader
the momentum composition of a state the more localized is the wave function
and visa versa, this results in a more localized (delocalized) attractively (re-
pulsively) bound state. When K = ±π/a the quasi-momentum compositions
of the two states are identical except for a shift of k → k + π/2a, and hence
the spatial wave functions have equal probability on all lattice sites, compare
Figs. 6.6(e,f) and 6.7(c,d).

We observe that the symmetry εK(k) = −εK(k+π/a) discussed in Sec. 3.6.5
is an artifact of the nearest-neighbor model, and disappears when higher
Jd tunneling amplitudes are included (more precisely those with even d),
and hence the simple relationship between repulsively and attractively bound
states from Eqs. (3.57) and (3.58) no longer holds, i.e.,

Erb(K) 6= −Eab(K) and ψabK (k) 6= ψrbK (k + π/a). (6.11)
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Figure 6.7: Attractively bound state with tunneling up to J6 included (red)
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This is evident from Fig. 6.1 and comparison of Figs. 6.6 and 6.7. In this
section we have shown that not only the shape of the band structure is al-
tered compared to the nearest-neighbor model, but also the shape of the wave
functions. This can be observed by time-of-flight measurements prepared as
prescribed in Sec. 3.6.4.

6.7 Conclusion

In this chapter we have generalized the analytical two-body model to incorpo-
rate an arbitrary number of tunneling amplitudes to sites beyond the nearest
neighbor. This modifies the scattering properties and the bound states, but it
is also necessary, if we want to reproduce the correct quasi-momentum depen-
dency of the spectrum. The latter is particularly important when one studies
scattering processes, as we will do in the next chapter.

We found considerable changes in the continuum spectrum compared to
the nearest-neighbor model: first of all, the complete degeneracy of all relative
quasi-momentum states at the center-of-mass zone boundary is lifted. Another
distinct feature is the onset of an extra van Hove singularity close to K =
±π/a which results from the appearance of a local minimum in the two-
body spectrum εK(k) at k = π/a. Furthermore, the relative quasi-momentum
states at the top and the bottom of the band are no longer necessarily k = 0
or k = π/a.

We have found that a spectroscopic coupling of a deeply bound molecular
state |i〉 is no longer proportional to the transmission probability but is of
course still related to the “on-site” wave function. This quantity, we obtained
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by numerical integration of the noninteracting Green’s function [Sec. 6.5].
Contrary to the nearest-neighbor approximation, it now depends on the sign
of the interaction. From the present analysis the scattering amplitudes unfor-
tunately cannot be identified, since we do not know the asymptotic form of
the scattered states. This can, however, in the case of next-nearest-neighbor
tunneling be overcome by using the analytical solution for G0

K(E, z) provided
in Ref. [107] or App. A.3. This is work in progress.

The bound states were discussed with special emphasis on the differences
from the nearest-neighbor approximation [Sec. 6.6]. We argued that there is
no longer a simple connection between the energy and wave function of an at-
tractively and repulsively bound states, as was the case for nearest-neighbor
tunneling. We also observed that for center-of-mass quasi-momentum close to
K = ±π/a, the bound state quasi-momentum wave function shows a double
peak structure, which we argued can be measured experimentally. Includ-
ing tunneling couplings beyond nearest-neighbor makes it pertinent to justify
the neglect of interactions between neighboring lattice sites [Sec. 6.3]. We
showed that the dominant off-site element is less than 5% of the on-site in-
teraction strength for a lattice depth of V0 = 1. This is not necessarily small
compared to J2, therefore it is preferable to have a weak interaction. This
can be achieved by either choosing atoms with a small scattering length (can
be accomplished by a Feshbach resonance, see Sec. 4.1) or by choosing a less
steep transverse confinement. A different approach not discussed above, could
be to replace the Wannier functions by a set of non-orthogonal Wannier-like
functions [47]. It has been shown that relaxing the orthonormal requirement
〈wnzi |wnzj 〉 = δi,j allows construction of more localized functions. It might be
possible in that way to reduce off-site interaction by changing the tunneling
amplitudes, which is much easier to account for, and by modifying the map-
ping to continuum space coordinates, i.e., the shape of the basis functions.
Fortunately, “off-site” interactions do not affect the main result of this chap-
ter, namely the conceptual changes of the scattering spectrum, because the
spectrum is independent of the interatomic interaction.





Chapter 7

Four-wave mixing

This chapter is devoted to the study of quasi-one-dimensional four-wave mix-
ing. Because four-wave mixing is in its nature a many-body phenomenon we
will need to introduce some basic many-body theory among other things: how
we define a condensate, the Bose-Hubbard model and two numerical meth-
ods. However, the emphasis will still be on two-body dynamics and how it
explains the many-body process. The chapter is a natural continuation of
Chap. 6, in which the two-body theory was extend by including tunneling
beyond nearest-neighbor sites and both our theoretical discussion and simula-
tions will emphasize the importance of the findings in Chap. 6. The contents
of this chapter has so far not been published.

7.1 Introduction

In this chapter we will examine the implication of the two-body dynamics on
a larger sample of atoms. As already argued in the previous chapters, the
two-body discussion is particular relevant at low density and temperature,
where three-body collisions are very rare and only two-body interactions are
significant. It is in this limit Bose-Einstein condensation is possible; when
cooled below a certain critical temperature, the atoms condense into a common
ground state. The physics of this type of many-body systems is very rich.
We will, however, restrict our discourse into many-body theory to a single
phenomenon, namely, four-wave mixing. The name comes from non-linear
optics, where two simultaneously present laser beams, i.e. electromagnetic
waves, are coupled by a non-linear medium to form new light beams at different
frequencies. In ultracold atomic physics the four-wave mixing occurs when
two condensates with well defined momenta collide and break up into new
momentum components [23, 25]. Whereas in optics the coupling comes from
the media in which the beams propagate, in cold atom physics it comes from
the atomic interaction, which can be dynamically controlled by a Feshbach
resonance (see Chap. 4). From the particle point of view a pair of atoms
collide and exit the collision with changed momenta as illustrated in Fig. 7.1.
This process we know well from introductory mechanics courses, and it has to

95
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fulfil both momentum and energy conservation,

qA + qB = q′A + q′B, (7.1a)

E(qA) + E(qB) = E(q′A) + E(q′B), (7.1b)

where E(q) is the single-particle energy dispersion. Within a lattice ~qi is the
quasi-momenta and Eq. (7.1a) is modulo an integer multiple of the reciprocal
lattice vector.

Figure 7.1: Cartoon illustrating four-wave mixing in cold atomic gases: a pair
of atoms with (quasi-)momentum qA and qB collides, and exit the scattering
process with (quasi-)momenta q′A and q′B.

In three-dimensional four-wave mixing there is in general a whole range of
possible (quasi-)momenta for the outgoing waves, which in (quasi-)momenta
space forms a sphere or an ellipsoid [108]. It is, however, possible to select
a certain set of (q′A,q

′
B) by seeding a small fraction of atoms in one of the

momenta q′A or q′B. This is due to Bose-stimulation, which is explained later
in Sec. 7.4.

As in all the previous chapters, we will also here restrict our analysis to
quasi-one-dimensional gases with a weak lattice applied along the direction
of motion. Here both incoming (qA, qB) and outgoing (q′A, q

′
B) waves are re-

stricted to propagation along the lattice, which greatly reduces the number of
possible outgoing waves. We will see in the next section that for a weak quasi-
one-dimensional lattice there is at most one possible set (qA, qB) 6= (q′A, q

′
B)

(for mixtures of different species reflection may also be observed). Of special
interest is the case where the two incoming waves are identical, qA = qB = q0.
In that case the four-wave mixing conditions (7.1) becomes

2q0 = q1 + q2 mod 2π/a, (7.2a)

2E(q0) = E(q1) + E(q2). (7.2b)

This can be viewed as a condensate colliding with itself.
This process is particularly interesting, first of all, because it is possible.

In free space the energy dispersion is the parabola

E(q) =
~2q2

2m
, (7.3)

where m is the atomic mass. With this dispersion the conditions in Eqs. (7.2)
can never be fulfilled, because the atom with highest momentum always carry
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Figure 7.2: Band structure for a single particle in a quasi-one-dimensional
lattice with lattice strength V0 = 1. The three quasi-momenta indicated by
red dots fulfil both parts of Eq. (7.2).

away too much energy to allow for energy conservation. However, if we in-
troduce a weak lattice, it is possible due to the induced band structure, as
depicted in Fig. 7.2.

The process is interesting because the four-wave mixing can be used to
generate pairs of entangled gases [109], which is useful in precision measure-
ments. Note that the outcome of four-wave mixing is pair correlated, i.e., for
each atom in the q1-component there will also be one in the q2-component.
This is also true in the general three-dimensional four-wave mixing, Eq. (7.1),
but in one-dimension the process is highly selective concerning the possible
outgoing waves. Splitting up a Bose-Einstein condensate in this way serves
as a source of coherent atoms, since the atoms all belong to the same wave
function initially. This can be utilized in a Mach-Zehnder-type interferom-
eter [110]. The rough idea is that the four-wave mixing serves as the first
mirror in the Mach-Zehnder interferometer sending pairs of atoms in opposite
directions, see drawing Fig. 7.3. One of the atomic beams is exposed to a per-
turbation Ĥ′, e.g., coming from gravitation or a magnetic field, and therefore
acquires a phase which can be read out from the induced interference pattern,
when the atoms are brought to interfere at the end of the two paths.

In Fig. 7.2 we did not only prove that energy matching is possible in
Eq. (7.2), but the figure also reveals that the first Bloch band is sufficient to
explain the process. If the coupling is not too strong, the higher bands may
only introduce minor corrections and therefore we will neglect them. Whereas
higher bands are insignificant, we find that the beyond nearest-neighbor tun-
neling is vital: while quasi-momentum conservation is ensured by q1,2 = q0±∆,
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Figure 7.3: Schematic drawing of a Mach-Zenhder interferometer. A coherent
cloud of atoms enter in the lower left corner. At the first “beam splitter” a pair
of atoms are separated into one atom going along each trajectory. One of the
atoms will acquire an phase shift compared to the other due the perturbation
Ĥ′. This phase shift can be measured from the interference pattern when the
atoms meet in the upper right corner. There are different proposals for how
to guide atomic beams, see references in [110].

the energy conservation reads

2 cos(aq0) = cos[a(q0 + ∆)] + cos[a(q0 −∆)] = 2 cos(a∆) cos(aq0) (7.4)

within the nearest-neighbor approximation. Recall that in that case, the en-
ergy dispersion is E(q) = −2J cos(aq). Except for the uninteresting case,
q0 = π/2a, where all ∆ are possible, this equation implies that 1 = cos(a∆).
This only occurs when ∆ = 2πp/a, p ∈ Z and since everything is modulo the
reciprocal lattice vector this is always zero. Therefore, we cannot have this
type of four-wave mixing, if we only include nearest-neighbours hopping.

We will first attack the problem from the two-body point of view, which
we argued above is pertinent. Thereafter, we provide the theory needed for
the full many-body description. This includes an introduction to the Bose-
Hubbard Hamiltonian, which has found numerous applications in cold atom
physics with lattices. We use two different models to solve the Bose-Hubbard
model: the Gutzwiller approximation and the truncated Wigner method. Fi-
nally, we present simulation results of four-wave mixing followed by discussion
and outlook.

7.2 Two-body description

The two-body scattering continuum is depicted in Fig. 7.4 for (a) only nearest-
neighbor tunneling and (b) for tunneling between lattice sites up to D = 6
sites apart. As dashed lines we have plotted a few k-manifolds, i.e., εK(k)
as function of K with fixed relative quasi-momentum k. Four-wave mixing
can take place whenever two such curves cross, because if εK(k) = εK(k′) for
k 6= k′, atoms with quasi-momenta qA,B = K/2 ± k and q′A,B = K/2 ± k′

are degenerate. With only nearest-neighbor tunneling, the k-manifolds only
cross at K = ±π/a in which case all states are degenerate, and therefore
not interesting in terms of four-wave mixing. This was also concluded from



7.2. Two-body description 99

Figure 7.4: Two-body scattering continuum with (a) only nearest-neighbour
hopping present and (b) including long-range tunneling amplitudes Jd up to
d ≤ 6. The black dashed lines shows εK(k) as function of K with fixed k. From
below at K = 0 we have ka/π = 0, 1/3, 2/3, 1. We note that k-manifolds
only cross at K = π/2a within the nearest-neighbor approximation, whereas
the manifolds cross at different quasi-momenta K in (b). In particular the
(k = 0)-manifold is crossed by all the other k-manifolds along the extra van
Hove singularity in the interval K ∈ [π/a, 2π/a − Kc], see discussion under
Eq. (7.5) for details. In (b) εK(k = 0) and εK(k = 0.48π/a) are plotted by
the red and the green curves, respectively. The crossing between these curves
represents the four-wave mixing process simulated in Sec. 7.7. Note that the
ordinates in the two figures are not equidistant.
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Eq. (7.4) above, where we deduced that all pairs with quasi-momenta qA,B =
π/2a±∆ are degenerate for all values of ∆. Including long-distance tunneling,
the situation is quite different; as can be seen in Fig. 7.4(b). In the four-wave
mixing process in Eq. (7.2), we have qA = qB = q0, and hence K = 2q0 and
k = (qA − qB)/2 = 0 for the entering atoms. The (k = 0)-manifold, indicated
by the red line, is crossed by all other k-manifolds in the center-of-mass quasi-
momentum interval starting with K = π/a and ending at K = 2π/a − Kc,
where Kc coincides with the critical point for appearance of an extra van Hove
singularity determined by the equation

∂2εKc
∂k2

∣∣∣∣
k=π/a

= 0 (7.5)

discussed in Sec. 6.2. Before we explain this we first observe that k = 0 for
K ∈ [π/a, 2π/a−Kc] is identical to k = π/a with K ∈ [−π/a,−Kc], where the
latter point is inside the first Brillouin zone. This is seen by subtracting 2π/a
from qB giving k = (qA − qB)/2 → k + π/a and K = qA + qB → K − 2π/a.
Having justified this, we now recall that k = π/a in the two-body spectrum
is degenerate whenever Kc < |K| < 2π/a with Kc given by Eq. (7.5), see
Figs. 6.2 and 7.5. For a lattice depth of V0 = 1 we found Kc ' 0.4π/a in
Sec. 6.2. From this analysis it follows that if we want a condensate to break
up in exactly two components, we have to choose K = 2q0 ∈ [π/a, 2π/a−Kc].
This is equivalent to

π/2a < q0 < qinf , (7.6)

where qinf is the point of inflection for the single-particle band spectrum,
E′′(qinf) = 0. Note that when the incoming waves are identical we have
ε2q0(π/a) = 2E(q0), which reduces (7.5) to E′′(q0) = 0. More generally, for
any incoming pair of atoms with quasi-momenta (qA, qB), we conclude that if

εK(π/a) < E(qA) + E(qB) < max
k

εK(k), (7.7)

they are degenerate with a set (q′A, q
′
B), which is not just a momentum inter-

change (i.e., a reflection of relative quasi-momentum, k → −k), see the red
curves in Fig. 7.5.

Returning to the continuum spectrum (in Fig. 7.4), we conclude that four-
wave mixing only takes place in the regions above the extra van Hove singular-
ity. Those regions are marked by magenta and orange in Fig. 7.6. In the above
discussion we focused on the magenta region, but the two areas are identical
up to reversing directions. This is seen by changing sign simultaneously on qA
and qB: (K, k)→ −(K, k).

The two-body picture is of course not the whole truth. Here we will only
mention two things relevant to four-wave mixing that is not explained by
the two-body physics alone: firstly, it does not take into account that the
last added atom in a condensate has a different energy than the first one,
i.e., the mean energy per particle changes with the population of a quantum
state. Hence the occupation of the modes influence, which quasi-momentum
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Figure 7.5: Two-body spectrum εK(k) for (a) K = 0, (b) K = 2q0 = ±0.76π/a
(the example simulated in Sec. 7.7) and (c) K = ±π/a. The blue and red parts
of the curves indicate the region in which the quasi-momenta are two- or four-
fold degenerate, respectively, i.e., the red region marks where four-wave mixing
is possible. In (b) the black dots indicate the three-fold degeneracy allowing
the discussed four-wave mixing process, Eq. (7.2). The blue diamonds are
extrema of εK(k) and the only points on the red curves, which are only two-
fold degenerate, i.e., where only quasi-momentum interchange is allowed in a
scattering process.

Figure 7.6: Single zone scattering continuum. The two regions where four-
wave mixing can take place are enclosed by magenta and orange lines. The
regions corresponds to the red part of the curves in Fig. 7.5. The dashed
vertical lines indicate ±Kc as defined in Eq. (7.5).
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components are resonant in the four-wave mixing process. Secondly, the two-
body process does not account for the “stimulation” of the Bose-stimulated
process, i.e., the amplification of the coupling if the modes are populated
already. Both things will be explained below in the many-body description.

7.3 Many-body dynamics

“And now for something completely different”

John Cleese

Turning now to the many-body description [30, 111, 112], we first of all
write up the Hamiltonian operator in second quantized form

Ĥ =
∫

d3x Ψ̂†(x)
(
− ~2

2m
∇2 + Vlat(x) + Vext(x) +

gbg

2
Ψ̂†(x)Ψ̂(x)

)
Ψ̂(x),

(7.8)
where Ψ̂(x) (Ψ̂†(x)) is the field operator that removes (creates) a particle at
the position x. The bosonic field operators satisfy the bosonic commutator
relations

[Ψ̂(x), Ψ̂†(x′)] = δ(x− x′) and [Ψ̂(x), Ψ̂(x′)] = 0, (7.9)

and the number of atoms at position x = (x1, x2, x3) is given by n̂(x) =
Ψ̂†(x)Ψ̂(x). In Eq. (7.8) a two-body interaction with a zero-range pseudo-
potential of strength gbg = 4π~2a3D

bg /m has been assumed. This is equivalent
to the assumptions in the two-body discussion in the previous chapters, see
Sec. 3.3.

7.3.1 Condensate dynamics

For very low temperatures we expect a gas of bosons to all occupy the ground
state forming a Bose-Einstein condensate,

1√
N

[∫
d3x ψ(x)Ψ̂†(x)

]N
|vac〉 . (7.10)

This is a Hartree state with N particles all in the same state, and we can
determine the wave function ψ(x) by using the state (7.10) as a variational
Ansatz for the Hamiltonian (7.8). This gives the Hartree equation(
− ~2

2m
∇2 + Vlat(x) + Vext(x) + gbg(N − 1)|ψ(x)|2

)
ψ(x) = µψ(x), (7.11)

Alternatively we could write the field operator as

Ψ̂(x) = ψN (x) + δΨ̂(x) (7.12)
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where ψN (x) = 〈Ψ̂(x)〉 is the c-number and δΨ̂(x) is the derivation from the
c-number. In mean field theory δΨ̂(x) is neglected and the field operator is
replaced by its c-number field. This is identical to assuming that the state is
an eigenstate of the field operator, i.e.,

Ψ̂(x) |ψN 〉 = ψN (x) |ψN 〉 . (7.13)

Minimizing the expectation value of the Hamiltonian with the additional re-
quirement that the average number of atoms fulfils

∫
d3x 〈Ψ̂(x)†Ψ̂(x)〉 = N ,

one finds that ψN (x) =
√
Nψ(x), where ψ has to satisfy the Gross-Pitaevskii

equation(
− ~2

2m
∇2 + Vlat(x) + Vext(x) + gbgN |ψ(x)|2

)
ψ(x) = µψ(x). (7.14)

Here µ is the chemical potential, i.e., the energy per particle. If N is large,
this equation is identical to the Hartree equation (7.11). Note that under
the mean field assumption the number of atoms is no longer definite, but a
Poisson distribution with mean value N . The proper physical state always has
a definite number of atoms, therefore calculations based on the latter method
may be followed by a projection to a specific number state.

7.4 The Bose-Hubbard model

After this little digression into condensate dynamics, we will now return to
the Wannier states, which we shall use as the basis for constructing a discrete
many-body Hamiltonian. We will assume the presence of a strong transverse
two-dimensional lattice, which makes the gas effectively one-dimensional, and
an additional weak lattice along the third direction (x3). We introduce a set
of mode operators

âj =
∫

d3x wj(x)∗Ψ̂(x) (7.15)

associated with the product state wj(x) = w⊥10(x1)w⊥10(x2)w1zj (x3) of the first
Bloch band longitudinal w1zj (x3) and transverse w⊥10(xi) Wannier functions.
The interpretation of the operator â†j (âj) is that it creates (destroys) a par-
ticle in the Wannier state wj(x) located at the lattice site centered at the
longitudinal coordinate x3 = zj and the transverse coordinates x1 = x2 = 0.
We will in the following suppress the transverse degrees of freedom, and just
keep in mind that we may have several parallel quasi-one-dimensional gases.
It follows from the field operator commutator relations (7.9) and the orthonor-
mality of the Wannier states, that âj obeys the standard Bose commutator
relations

[âi, â
†
j ] = δi,j [âi, âj ] = 0. (7.16)

We now expand the field operator on the mode operators

Ψ̂(x) =
∑
j

wj(x)âj + δΨ̂(x), (7.17)
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where δΨ̂(x) represents all the unpopulated modes such as higher Bloch bands,
which will be ignored. When we insert the expanded field operator into the
Hamiltonian (7.8), we obtain the well-known Bose-Hubbard Hamiltonian [30,
31]

ĤBH = −
∑
i≥j

Ji−j(â
†
j âi + â†i âj) +

∑
j

εj â
†
j âj + 1

2

∑
i,j,k,l

Uijklâ
†
i â
†
j âkâl (7.18)

Here Jd with d = i − j is the longitudinal tunneling amplitudes defined in
Sec. 2.6,

Jd =
∫ ∞
−∞

dx w1zd(x)
(
− ~

2m
∂2

∂x2
+ Vlat(x)

)
w10(x). (7.19)

Recall that the Wannier states are real, and therefore complex conjugation has
been omitted. The constant J0 can be omitted, since it only adds an overall
constant to the energy. Furthermore, the tunneling amplitudes decrease in
size as d increases, and we can introduce a cut-off D such that only couplings
between lattice sites less than aD apart are included. The interaction matrix
elements

Uijkl = g1D

∫ ∞
−∞

dxw1zi(x)w1zj (x)w1zk(x)w1zl(x) (7.20)

with coupling strength g1D = gbg

[ ∫
dxw⊥10(x)4

]2 were discussed in Sec. 6.3,
where we argued that the leading off-site term is less than 5% of the on-site
term, U ≡ U0000, for a lattice with V0 = 1. Therefore we will neglect all but
the on-site interaction term. The last parameter is related to the external
potential:

εj =
∫

d3xVext(x) |wj(x)|2 ' Vext(0, 0, zj), (7.21)

where the last equality follows if the external potential varies slowly and can
be assumed constant over a lattice period. In the following we will omit
the external potential assuming a homogeneous lattice. This is reasonable
because we want to show that a particular process, the four-wave mixing
process, can take place inside a condensate. Modification due to the trapping
and behaviour on the edge of the condensate, would be a study in its own
right.

Summarizing the above considerations we end up with the considerably
simpler Bose-Hubbard Hamiltonian:

ĤBH =
∑
j

[
−
D∑
d=1

Jd(â
†
j âj+d + â†j+dâj) + 1

2Un̂j(n̂j − 1)

]
. (7.22)

Here n̂j = â†j âj counts the number of particles at site j. We note that n̂j(n̂j−
1)/2 is the number of pairs at site j, which all interact with strength U . The
action of the Bose-Hubbard Hamiltonian is illustrated in Fig. 7.7. Usually, the
Bose-Hubbard model only include tunneling between nearest-neighbor sites,
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but as already argued in Sec. 7.2 couplings beyond nearest-neighbor may be
of great importance, and is crucial for understanding four-wave mixing.

We can use the number states as our basis for the Bose-Hubbard model

|n1, . . . , nj , . . .〉 =
∏
j

(
â†j

)nj |vac〉 (7.23)

with nj atoms at the jth site of the lattice. In the number basis any state can
be expanded as

|Ψ〉 =
∑

n1,...,nj ,...

cn1,...,nj ,... |n1, . . . , nj , . . .〉 . (7.24)

This will leave us with (M +N)!/M !N ! coefficients for a lattice with N par-
ticles and M lattice sites. Already for relative small numbers of lattice sites
and particles, this becomes an intractably large Hilbert space. Therefore, we
will need to simplify the dynamics. This we will do by two very different
methods, the Gutzwiller approximation and the truncated Wigner method
covered in the next section. But first we will give some general comments on
the Bose-Hubbard model.

If we apply the mode operators to a condensate state, here defined as an
eigenstate of the field operator (7.13), we find that the condensate is also an
eigenstate of the mode operators

âj |ψN 〉 =
∫

d3x wj(x)∗Ψ̂(x) |ψN 〉 = αj |ψN 〉 (7.25)

with eigenvalue αj =
∫

d3xwj(x)∗ψN (x). Therefore characterizing the con-
densate by the function ψN (x) or the set of amplitudes {αj}j∈Z is equivalent.
Recall that the coherent state of an operator â with eigenvalue α is given by

|α〉 = e−|α|
2/2
∑
n

αn√
n!
|n〉 , (7.26)

Figure 7.7: Dynamics in the Bose-Hubbard model.
The Jd-coefficients are the tunneling amplitudes and
Un(n− 1)/2 is the energy of having n particles at the
same lattice site.
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and has mean occupation number 〈n̂〉 = |α|2 and variance var(n) = |α|2. It is
a peculiarity of the perfect condensate that it is a product state, i.e.,

|ψN 〉 =
∏
j

[∑
n

(αj â
†
j)
n

n!

]
|vac〉 =

∏
j

|αj〉 . (7.27)

We will use a perfect condensate with all atoms in a specific Bloch state
with quasi-momentum q as the starting point in our simulations. This is only
the exact eigenstate of the Hamiltonian when there is no interaction, U = 0.
The quasi-momentum mode operators are given by

âq =
∫

d3x φ1q(x)∗Ψ̂(x) =
1√
M

∑
j

e−iqzj âj (7.28)

and vice versa
âj =

1√
M

∑
j

eiqzj âq (7.29)

where â†q (âq) creates (destroys) a particle in a Bloch state with quasi-momentum
q. If the whole condensate is in the q-mode, we have αq =

√
N and thus, ac-

cording to Eq. (7.29), αj = α0e
iqzj with α0 =

√
N/M . This will be our

starting conditions in the unseeded simulations below. Here M is the number
of lattice sites and N the total amount of atoms. In order to seed the the four-
wave mixing a fraction of atoms is transfered to a different quasi-momentum
state by a two-photon process. This is described by a perturbation of the form
Ĥ ′ = γâ†q′ âq + γ∗âq′ â

†
q. If the applied pulse is short, we can ignore all but H ′

in the evolution under the pulse, and the mode operators evolves according to

i ˙̂aq = [Ĥ ′, âq] = −γâq′ and i ˙̂aq′ = [Ĥ ′, âq′ ] = −γâq (7.30)

or equivalently ¨̂aq = âq and ¨̂aq′ = âq′ . The general solution is of the form

âq(t) = cos(γt)âq(t = 0) + sin(γt)âq′(t = 0) (7.31a)

âq′(t) = sin(γt)âq(t = 0) + cos(γt)âq′(t = 0) (7.31b)

Knowing the time evolution of the operator and starting from an initial state
âq(t = 0) |ψN 〉 =

√
N |ψN 〉 and âq′(t = 0) |ψN 〉 = 0, we have αq(tend) =

cos(γtend)
√
N and αq′(tend) = sin(γtend)

√
N after the pulse. Here tend is

the duration of the pulse and the seeded fraction is |αq′(tend)|2/N or simply
sin2(γt).

If the interaction strength is non-zero we observe that adding the (n+1)th
particle to a mode requires the energy

U

2
[(n+ 1)n− n(n− 1)] = nU, (7.32)

and therefore the energy matching in the four-wave mixing, Eq. (7.2b), be-
comes dependent on the mode populations, as also briefly discussed in the
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introduction. In the limit, where U � J , this energy dominates the dynamics
and the ground state will have a fixed number of atoms per site, provided that
the mean occupation n̄ = N/M is an integer. This is a called a Mott insulator
and is conveniently written

|MI, n̄〉 =
∏
j

(
â†j

)n̄
|vac〉 . (7.33)

A phase transition between this and the superfluid state Eq. (7.27) occurs as
U exceed Uc ' 5.8zJ (for n̄ = 1), where z is the number of nearest-neighbor
sites, i.e., two times the number of dimensions for a cubic lattice [28, 113]. (If
U exceeds Uc but n̄ is not an integer, there is no transition to a Mott insulator
state for a translationally invariant lattice. However, this is a theoretical
abstraction, since in experiments there is always some inhomogeneities and in
this case the atoms will arrange themselves in disks with integer fillings.)

If we had expanded the second quantized Hamiltonian on the Bloch waves
instead, we would have obtained the Hamiltonian

Ĥ = −
∑
q

E(q)â†qâq +
aU

4π

∑
q0,q1,q2,q3

â†q3 â
†
q2 âq1 âq0 , (7.34)

where the summations are over the first Brillouin zone. We also used the fact
that on-site interaction for Wannier functions is equivalent with a constant
interaction 〈k′| Û |k〉 = aU/2π between any two relative quasi-momenta, k =
q0 − q1 and k′ = q2 − q3 (cf. Sec. 3.4.2).

7.5 The Gutzwiller approximation

As argued above it is in general impossible to solve the Bose-Hubbard model
directly and we have to introduce some approximations to make the prob-
lem numerically feasible.1 The first method we will apply is the Gutzwiller
approximation, in which the product ansatz

|Ψ〉 ' |G : f〉 =
∏
j

(
∞∑
n=0

f jn |n〉j) (7.35)

is assumed. Here
∑∞

n=0 f
j
n |n〉j is the state of the jth site in the lattice and f jn

is the amplitude of having n atoms at the site j denoted by the number states
|n〉j . The probability of finding n atoms at site j is given by P (n, j) = |f jn|2,
and summing over all possible measured number of atoms at site j, it gives
the normalization requirement

∞∑
n

P (n, j) =
∞∑
n=0

|f jn|2 = 1, (7.36)

1It should be noted that faster and more accurate methods are available, see for exam-
ple [114]. The advantages of the two presented methods are their simplicity and the fast
implementation.
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i.e., each site has to be normalized on its own.
We note that the correct eigenstates of both the extreme limits J/U = 0

and J/U =∞ are correctly reproduced by the Gutzwiller Ansatz. In the first
limit we have a Mott insulator (7.33) and simply have f jn = δn,n̄ for all lattice
sites (n̄ ∈ N0 assumed), and in the latter limit we have a coherent state (7.27)
with f jn = αnj /

√
n!. This state will be used to initialize the calculations below

based on the coherent states devised in Eq. (7.31).
The time evolution of the f jn-coefficients is obtained from the time-dependent

variational principle [115]

0 =
δ

δf j∗n
〈G : f | i ∂

∂t
− ĤBH |G : f〉 , (7.37)

which leads to

iḟ jn = −
√
n+ 1ψ∗j f

j
n+1 −

√
nψjf

j
n−1 + Un(n− 1)f jn. (7.38)

For simplicity we have set ~ = 1 and introduced

ψj =
D∑

d=−D
d6=0

Jd〈âj+d〉, (7.39)

which is a weighted sum over c-numbers of the neighboring mode operators,
〈âj+d〉 =

∑
n

√
nf j∗n f

j
n+1. We note that the c-numbers measure the coherent

fraction of atoms Ncoh =
∑

n |〈âj+d〉|2 and if they vanish, the condensate is
lost. Moreover, if the c-numbers vanish, the two first terms on the right of
Eq. (7.38) disappears and there is nothing left of the kinetic and lattice part of
the original Hamiltonian. From the sketched derivation it is not clear, when
the Gutzwiller approximation is valid. In App. B a different derivation is
provided, which shows that the Gutzwiller approach is equivalent to a mean
field approximation for the kinetic and lattice part of the Hamiltonian, i.e.,
for the tunneling part −∑j

∑D
d=1 Jd

(
â†j âj+d + â†j+dâj

)
, whereas the on-site

interaction is treated correctly. Furthermore, the derivation in App. B shows
how to make the Gutzwiller approximation exact by introducing stochastic
noise.

For all practical purposes the sum over the number of atoms at the in-
dividual lattice sites nj can be truncated at some upper bound Nmax. The
Gutzwiller approximation, hence, reduces the parameter space for the case of
M sites to be M(Nmax + 1)-dimensional.

7.6 The truncated Wigner method

Replacing the mode operators with c-numbers in the Bose-Hubbard Hamil-
tonian and applying the time-dependent variational principle will in analogy
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with Eq. (7.14) give the discrete Gross-Pitaevskii equation

iα̇j = −
D∑
d=1

Jdαj+d + Uαj |αj |2. (7.40)

This happens to be identical to the equation for the trajectories found by
different means in the truncated Wigner approximation [109, 116–118]. In the
truncated Wigner approach we have to sample the initial values αj(t = 0)
according to the zero-temperature Wigner function

W (α̃j , α̃∗j ) =
1

2πσ2
exp

(−|α̃j − αj |2
2σ2

)
(7.41)

with σ = 1/2 for a zero-temperature Bose-Einstein condensate. The Wigner
function serves as a probability distribution, and each trajectory has to be
propagated according to Eq. (7.40).

The truncated Wigner method is not exact, and it is difficult to estimate
the error. However, it is in general reasonable if the number of particles are
much larger than the number of modes [116]. The expectation value of the
mode operators is found as the average of the c-numbers over all trajectories,

〈{âni (â†j)
m}sym〉 = 〈αni (α∗j )

m〉W , (7.42)

where 〈·〉W is the average over all trajectories and {âni (â†j)
m}sym is the Weyl

symmetric form, e.g., {âiâ†j}sym = (âiâ
†
j + â†j âi)/2. In particular we have the

mean occupation number

〈n̂j〉 = 〈α∗jαj〉W −
1
2

(7.43)

and the number of coherent atoms are

NCoh =
∑
n

|〈âj〉|2 =
∑
n

|〈αj〉W |2. (7.44)

A coherent state is always coherent, but the opposite is not necessarily correct,
since the moments of the mode operator has to fulfil 〈(â†)mân〉 = (α∗)mαn for
the state to be a coherent state. However, coherence is still of utmost impor-
tance if we want to observe interference. Note that the two results, Eqs. (7.43)
and (7.44), are also valid for quasi-momentum operators, the conversion fol-
lows from Eqs. (7.28) and (7.29). We could just as well have derived a discrete
Gross-Pitaevskii equation for the quasi-momentum states

iα̇q = E(q)αq +
aU

2π

∑
q′,q′′,q′′′

α∗q′αq′′αq′′′δ(q + q′ − q′′ − q′′′) (7.45)

following [109, 116, 119]. From this equation it is easy to understand the
Bose-stimulation, because the more populated the q′, q′′ and q′′′ modes are,
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the stronger the coupling term in Eq. (7.45) is. Furthermore, we see that
if only the q-mode is populated the right hand side of Eq. (7.45) is zero,
and hence there will be no four-wave mixing in the discrete Gross-Pitaevskii
equation. This is why we need to go beyond the mean field theory to simulate
spontaneous four-wave mixing. The truncated Wigner method solves this
problem by adding quantum fluctuations to the initial states, which leads to
non-vanishing amplitude of all modes in every single trajectory, but on average
the initial occupation is, however, still zero, cf. Eq. (7.43).

7.7 Simulations

We first present results for a quasi-one-dimensional lattice with lattice strength
V0 = 1, a low filling factor of n̄ = 4 atoms per site and M = 29 lattice
sites. In this regime we can use both the Gutzwiller approximation and the
truncated Wigner method and hence compare the results. In the Gutzwiller
approximation we have set the cutoff to Nmax = 20, which leaves us 609
coefficients to solve for, which can still be done reasonably fast on a standard
laptop. We assume cyclic boundary conditions in all simulations, which means
that the atoms can tunnel from one end to the other, e.g., the Mth site can
tunnel to the dth site with amplitude Jd.

Recall that on a finite lattice only a finite number of discrete quasi-
momentum states are allowed,

q = 2πn/aM, n = 0, . . . ,M − 1, (7.46)

therefore we can in general not expect to find three quasi-momenta that simul-
taneously fulfil both criteria in Eq. (7.2) exactly. However, it is readily verified
that for the following three quasi-momenta the criteria are almost fulfilled:

q0 = 0.62π/a, q1 = 1.10π/a, and q2 = 0.14π/a. (7.47)

This is the quasi-momenta shown in Fig. 7.2.
First we apply our numerical methods with a seed of 1% in the q1-mode.

In Fig. 7.8(a) we compare the truncated Wigner method (solid lines) with
the result of the discrete Gross-Pitaevskii equation (dashed lines), Eq. (7.40).
The latter can be seen as a single trajectory of the truncated Wigner method.
Only the population of the three modes in Eq. (7.47) is shown, since the
other modes hardly get populated (the remaining modes is occupied by less
than 2.3 particles during the simulated time). The discrete Gross-Pitaevskii
calculations shows Rabi oscillations between the q0-mode and the q1- and
q2-modes in agreement with the findings in Ref. [24], where the continuous
Gross-Pitaevskii equation was solved. In the truncated Wigner calculation
the oscillation dies out due to dephasing (in agreement with the findings in
Ref. [25, 117]), because the different coherent components acquire different
phases over time. In the shown calculations 20000 trajectories have been
averaged. As a measure of convergence the relative error of 〈α∗qαq〉W in going
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(a) Truncated Wigner method
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(b) Gutzwiller approximation

Figure 7.8: Four-wave mixing with 1% seeding in q2. Other parameters: mean
occupation n̄ = 4, M = 29 lattice sites and on-site interaction U = 0.01J .
(a): The solid lines are obtained by the truncated Wigner method and as
dotted lines the solution to the discrete Gross-Pitaevskii equation, Eq. (7.40),
is included. (b): Results for the Gutzwiller approximation. The dashed lines
are identical to the solid lines in (a) and included for comparison. The time
scale is in units of ~/ER ' 0.8 ms for rubidium.

from 10000 to twice the number of trajectories was less than 10−3 for all sites.

In Fig. 7.8(b) we have solved the same problem with the Gutzwiller ap-
proximation. We see that compared to the pure mean-field discrete Gross-
Pitaevskii equation (dotted line in Fig. 7.8(a)) it shows some dephasing. How-
ever, this dephasing happens at a slower time scale than in the truncated
Wigner calculation. This is probably because of the mean field character of the
method. Recall that the Gutzwiller approximation treats the lattice Hamil-
tonian Ĥlat according to the mean-field method (see Sec. 7.5 and App. B). It
should be noted that the effectiveness of the process is highly dependent on
the energy matching of the modes, and as discussed above this is limited by
the discretization in quasi-momentum in our numerical implementation.

Next we have compared different seedings in Fig. 7.9. The full line is with-
out seeding and the first thing one should note is that the conversion occurs at
all. This is not the case for the Gutzwiller simulation shown as the dotted line.
This emphasizes the need to go beyond mean field to simulate this process.
Seedings of 1% and 5% in q2 are included as dashed and dot-dashed curves,
respectively. For the 5% seed we see a prevailing difference in occupation
of q1 and q2, whereas they are equally populated for the unseeded process.
We note that the less seeding the slower the four-wave mixing process, and
consequently, the conversion efficiency is lowered due to the ongoing dephas-
ing. The number of coherent atoms are shown in Fig. 7.10. We observe for
the truncated Wigner calculations that for large seeding a larger part of the
atoms stays in a coherent state for a longer time. In a stimulated process the
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phase of the two scattered atoms is fixed and not random as it may be in
the unstimulated process. Moreover, if the outcoupling of the atoms from the
initial coherent state happens over a shorter time period, the phase acquired
from time evolution will be less significant, and therefore the outcoupled atoms
will have the same phase. Moreover, we have plotted the coherent fraction
for the Gutzwiller simulation with 1% seeding as the gray line in Fig. 7.10,
and we observe that the coherent fraction of atoms is only very slowly de-
pleted in agreement with the conclusion above: mean-field calculation cannot
sufficiently simulate this process.

Finally, we have made simulations based on parameters from the experi-
ment by Campbell et al. [25]. In this experiment a weak lattice with lattice
strength V0 = 0.5 is applied along the axis of an elongated rubidium conden-
sate. The transverse trapping was due to the magnetic trap with a trapping
frequency of 35 Hz. This is not in the quasi-one-dimensional regime, but we
will apply the theory anyway, since the trapping still reduces the number of
resonant outgoing modes. The on-site coupling is in this case as low as

U ≈ 2.4× 10−4J1 (7.48)

and the average site occupation is of the order n̄ ∼ 1000 atoms. The tunneling
coefficients can be found in Tab. 2.1. Campbell et al. perform the experiment
both with a small seed up to 5% and without seeding. We present simulations
for both scenarios, see Figs. 7.11 and 7.12. We have included M = 200 lattice
sites to ensure high resolution of the quasi-momentum states, and we have
chosen the three modes in accordance with the experimental parameters;

q0 = 0.66π/a, q1 = 0.19π/a, and q2 = 1.13π/a. (7.49)

The seeding was done in mode q1. We note that in this simulation we have
N �M , which is the condition for applying the truncated Wigner method.

Most importantly, we note that the truncated Wigner is capable of simu-
lating the process in both cases. If we first look at the seeded process, it is
remarkable that the initial coherent fraction remains almost intact while the
q0-mode is reduced to only 7.5% of its initial population, i.e., the two new
modes are phase coherently populated. The high conversion efficiency mea-
sured here, is in the experiment limited by the vanishing overlap between the
modes, because the atoms move apart. The overlap vanishes after 6-8 ms in
the experiment and that is long before the mixing has peaked. Note the time
scale on the figures in this section is in units of ~/ER ' 0.8 ms.

Without seeding the coherence decays along with the population of the
q0-mode. Note that we do not control which modes get populated if we do
not seed, and a whole range of quasi-momenta centered around q0, q1 and
q2 gets populated. Therefore the solid curves show the occupations in an
±0.1π/a interval around the modes listed in Eq. (7.49), whereas the dashed
curves show the population of the single modes, q0, q1 and q2. We observe
that the coherence is lost along with the initial condensate (cf. blue and black
dashed lines). This is because (i) no predefined phase is specified when the
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Figure 7.9: Four-wave mixing with different amount of seeding. The solid lines
are for simulation without seeding, the dashed lines are for 1% seed (identical
to the solid curves in Fig. 7.8) and the dash-dotted lines show the calculations
for 5% seeding. We have included the result from a Gutzwiller approximation
as the dotted line. Here only the q0-mode was significantly populated.
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Figure 7.10: The number of coherent atoms, NCoh =
∑

n |〈âj〉|2, for simula-
tions with 0%, 1% and 5% seeding for the truncated Wigner method. The
result from a Gutzwiller simulation with 1% seeding is plotted with gray.
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Figure 7.11: Population of the modes in Eq. (7.49) obtained by the truncated
Wigner method and a 5% seed in the q1-mode. The dashed black dashed line
is the number of coherent atoms.
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Figure 7.12: Population of the modes in Eq. (7.49) obtained by the truncated
Wigner method without seeding. The dashed curves show the population of
the single modes, Eq. (7.49), whereas the solid lines include the population
in the nearby modes in an interval qi ± 0.1π/a. The black dashed line is the
number of coherent atoms.
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atoms scatter into new modes, and secondly when the atoms couples back
into the q0 or a nearby mode, they have collected different phases depending
on which mode they have been occupying, and this will eventually kill the
mother condensate. We note that after the Rabi oscillation has peaked and
the atoms start to couple back, we begin to populate states near the q0-mode
as seen from the separation of the solid and dashed blue lines. Finally, we
observe that all plotted modes eventually decays.

7.8 Conclusion

The theme throughout this chapter has been when four-wave mixing is and is
not possible, and this problem has been discussed in terms of both few-body
and many-body theory. Our interest is in the special one-dimensional four-
wave mixing where only one quasi-momentum component is populated at the
beginning:

2q0 = q1 + q2 mod 2π/a, (7.2a)

2E(q0) = E(q1) + E(q2). (7.2b)

We started out, based only on the single-body spectrum, by arguing that this
process is never possible in free space, but if a lattice is applied along the
direction of motion it is possible (see Fig. 7.2). However, we also argued that
in a discrete model it is imperative to include tunneling between more than
nearest-neighboring sites in the lattice. This follows because the single-body
energy dispersion is a cosine function if only nearest-neighbor tunneling is
included and a cosine dispersion does not feature the requisite degeneracies.

Thereafter we analyzed the process in terms of two-body theory [Sec. 7.2].
From which we arrived at the same conclusion as in the single-body analysis
that the first Bloch band is capable of explaining the four-wave mixing pro-
vided that more than nearest-neighbor tunneling is included. The two-body
analysis allowed us to obtain an interval in which this four-wave mixing takes
place, namely,

π/2a < q0 < qinf , (7.6)

where qinf is the point of inflection of the single-particle dispersion curve,
which coincides with π/2a for a cosine dispersion. Furthermore, the two-body
description revealed that in general the quasi-momenta of two atoms have to
fulfil

εK(π/a) < E(qA) + E(qB) < max
k

εK(k), (7.7)

for four-wave mixing to be allowed in a one-dimensional lattice.
After having discussed the process from the few-body perspective we wanted

to simulate the process and for this purpose we needed the full many-body
physics. We provided a rough derivation of the Bose-Hubbard Hamiltonian,
which consists of mode operators creating or annihilation atoms in the local-
ized Wannier functions. The assumptions applied to obtain the Bose-Hubbard
model are identical to those introduced in the previous chapters: a homoge-
neous translationally invariant lattice and a short-range two-body interaction
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potential. Furthermore, the parameters of the Hamiltonian, i.e., Jd and U , co-
incides with those from the two-body model. However, further approximations
were needed to reduce the Hilbert space in order to make the time propagation
numerical feasible, and we introduced two methods: the Gutzwiller approxi-
mation [Sec. 7.5] and the truncated Wigner method [Sec. 7.6]. The Gutzwiller
approach, we argued, is partly a mean-field calculation, since it does not prop-
erly incorporate the tunneling part of the Hamiltonian and cannot describe
correlations between lattice sites [App. B]. The simulation showed four-wave
mixing if seeded, but in agreement with other mean-field approaches it could
not describe the unseeded process. Moreover, the atoms retained coherence
much longer in the Gutzwiller simulation than in the truncated Wigner sim-
ulations, which also may be a signature of the mean-field method.

The other numerical approach, the truncated Wigner method, is a phase
space technique, where quantum fluctuations is introduced by sampling the
(t = 0)-state with respect to the zero-temperature Wigner distribution. The
sample states are propagated according to the discrete Gross-Pitaevskii equa-
tion. We showed that this process reproduces the four-wave mixing both for
the seeded and unseeded processes. Applied to the physical system from the
paper by Campbell et al. [25], it not only reproduces the four-wave mixing,
but it also predicts that the atoms stay coherent until after the population of
the q1 and q2 modes has peaked.

In the future it could be very interesting to apply our beyond nearest-
neighbor two-body model and many-body techniques to an experiment with
a shaken lattice like, e.g., Gemelke et al. [26], where they observed Rabi os-
cillations between the zone center, q = 0, and boundary, q = ±π/a. In a
shaken lattice the Hamiltonian become time dependent and energy is hence
not conserved. However, the system can be described by a set of dressed states
with a quasi-energy dispersion, and for the right amplitude and frequency of
the modulation, the zone center and boundary become degenerate [93]. The
effective band structure can be obtained from Floquet theory and given that,
it should be possible to apply all the machinery above to the problem. It
would also be interesting in the near future to calculate the pair correlations
for the four-wave mixing process

Var(n̂q1 − n̂q2) (7.51)

which is important in precision measurements.



Chapter 8

Conclusion and outlook

I have presented a discrete theoretical model describing a physical system
consisting of two ultracold atoms in a one-dimensional periodic potential. Pe-
riodic potentials in effectively one-dimensional gases are readily realized in
experiments and in those experiments the two-body dynamics are of utmost
importance, because the density and the temperature are such that collisions
between three and more atoms can be safely ignored, leaving only two-body
interactions to rule the many-body physics. This point was illustrated in
Chapter 7, where we analyzed an inherently many-body phenomenon, namely
four-wave mixing, with both single-particle, two-particle and many-particle
methods. The two-body description provided valuable insight into the four-
wave-mixing process, such as setting up criteria for when it is possible. More-
over, it explained the importance of allowing atoms to jump between sites
that are not necessarily adjacent when modeling four-wave mixing. Four-
wave mixing is a very interesting process, because it illustrates the analogy
between quantum optics and ultracold atom physics, and furthermore, be-
cause it may be a useful tool in precision measurements serving as a source
of coherent atoms and in quantum computing by producing macroscopically
populated entangled states.

However, the source of inspiration for our investigation of two-body dy-
namics came from a completely different type of experiments probing scat-
tering and bound state properties of isolated pairs of atoms in a periodic
potential. The periodic potential breaks the continuum up into separated
bands, and in between those bands bound pairs of repulsive atoms can exist,
and in the recent experiment by Winkler et al. both energy and wave function
of such repulsively bound pairs were measured. The foundation of the two-
body formalism is provided Chapter 3, where a discrete analytical model was
devised in terms of Green’s functions. The Green’s function formalism was
coupled to the scattering amplitude leading to other important quantities such
as the scattering length and the phase shift. Moreover, we introduced spectral
functions to characterize how the spectral weight was distributed over bound
and continuum states. In the context of the discrete lattice model everything
could be attained by purely analytical arguments.

In Chapter 4, the two-body method was extended to a two-channel model,

117
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in which a molecular bound state with tunable energy offset with respect to the
atomic continuum band was included. This type of system gives rise to a Fes-
hbach resonance, and has found numerous applications in cold atom physics,
since it can be used to both produce molecules and adjust the interatomic
interaction strength. We exploited the interplay between the structured con-
tinuum and the tunable state. This led to, in my opinion, very interesting
suggestions such as, e.g., the existence of motionally bound states, where a
bound state only exist if the center-of-mass quasi-momentum exceeds a critical
value, and the possibility of molecular sweep experiments, where a molecular
state is scanned through the continuum band to a stable region above the
continuum.

Recent cooling schemes have made it possible to have ultracold atomic
gases of mixed species. Therefore, we extended the theory in Chapter 5 to
also account for heteronuclear pairs. The main result was that the discrete
two-body model is readily generalized to heteronuclear atoms, but we also
found new features such as a phase shift of the two-body scattering spectrum,
which, we argued, can be measured experimentally. Furthermore, in Chap-
ter 6 we included tunneling between distant lattice sites into the discrete two-
body formalism to improve the approximate Bloch dispersion modeled. This
significantly changed the continuum spectrum and the bound states. There
appeared an extra singularity in the continuum spectrum - a divergence that
in Chapter 7 proved to be crucial in the explanation of the four-wave mixing.

8.1 Outlook

A natural extension of our present work would be, first of all, to pursue the
ideas of Appendix A, Sec. A.3. In Chapter 6 the Green’s function including be-
yond nearest-neighbor tunneling was obtained by numerical integration, which
prevented us from identifying the scattering amplitude and derive analytical
expressions for the bound states. However, we showed in Appendix A that
the Green’s function by means of complex contour integration can be obtained
analytically at least for the case with next-nearest-neighbor tunneling. This
will most likely allow us to write up analytical expressions for the scattering
amplitude, transmission coefficient and many other quantities already derived
for the two-body model with nearest-neighbor tunneling. Moreover, it could
be interesting in connection with the two-channel model devised in Chapter 4
to include coupling of the molecular state to atoms not necessarily located at
the same lattice site. We have promising ideas on how to accomplish this.
Finally, it would be interesting to apply the analysis of the two-body and
many-body theory with next-nearest-neighbor tunneling devised in Chapter 7
to a shaken lattice as experimentally studied by, e.g., Gemelke et al., where
it was argued that the periodic modulation of the periodic potential induces
an effective band structure in which the center and zone boundary become
degenerate - a scenario we can model by choosing the tunneling couplings
carefully.

The experimental progress in cold atom physics is fast and I strongly be-



8.1. Outlook 119

lieve that we also in the future will see many interesting experiments. We will
continue to see experiments enlightening the splendor of fundamental quan-
tum mechanics, but also more application-oriented experiments both in the
direction of quantum computing and high-precision measurements. Hopefully,
demonstrations of our experimental suggestions will be among them.





Appendix A

Various useful calculations

A.1 Normalization of Bloch waves

A.1.1 Single-particle wave functions

The solutions to the single-particle lattice Hamiltonian, Eq. (2.4), are Bloch
waves, which in the Wannier basis take the form |φnq〉 =

∑
zj
ψq(zj) |wnzj 〉

with
ψq(z) = α exp(iqz). (A.1)

Here z is the quasi-position of the Wannier states and α is the normalization
factor to be determined. We only consider a one-dimensional lattice. On an
infinite lattice the eigenstates (A.1) cannot be normalized, since∑

z

|ψq(z)|2 =∞ for α 6= 0.

This does not mean that the Bloch waves are unphysical, but that real physical
states necessarily have to be normalizable linear combinations of (A.1). We
will, however, need a convention on how to choose the norm in order to ensure
consistency. Because the quasi-momentum is a continuous coordinate, the
requirement will be of the form

〈ψq′ |ψq〉 = βδ(q − q′), (A.2)

where we choose β = 1. From the well known formula
∑

n∈Z e
int = 2πδ(t), we

can now determine the normalization constant:

〈ψq′ |ψq〉 =
∑
j∈Z
|α|2ei(q−q′)aj = 2π|α|2δ(qa− q′a) =

2π
a
|α|2δ(q − q′) (A.3)

We see that α =
√
a/2π will do the job, and the normalized wave functions

become

ψq(z) =
√

a

2π
exp(iqz). (A.4)
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A.1.2 Two-particle wave functions

For the noninteracting two-particle lattice Hamiltonian [see Eqs. (5.5) and (6.1)]
the eigenstates are products of single-particle Bloch waves,

ψqA,qB (zA, zB) =
a

2π
exp(iqAzA) exp(iqBzB), (A.5)

where
〈ψq′A,q′B |ψqA,qB 〉 = δ(qA − q′A)δ(qB − q′B) (A.6)

is inherited from Eq. (A.2). In terms of center-of-mass (collective) and relative
coordinates this becomes

〈ψK′,k′ |ψK,k〉 = δ(K −K ′)δ(k − k′). (A.7)

The conversion between the two sets of coordinates is addressed in Sec. 3.2.
When we split the wave function into a center-of-mass and a relative co-

ordinate part, ψK,k(Z, z) = ΨK(Z)ψK,k(z), it is natural to require each part
to fulfil the same normalization requirement as in Eq. (A.2), i.e.,

〈ψK,k|ψK,k′〉 = δ(k − k′) and 〈ΨK |ΨK′〉 = δ(K −K ′). (A.8)

This is fulfilled if the two wave functions share the prefactor equally:

ΨK(Z) =
√

a

2π
exp(iKZ) and ψK,k(z) =

√
a

2π
exp(ikz). (A.9)

A.2 Derivation of the noninteracting two-body
Hamiltonian for ψ(xA, xB)

In this section we determine the action of the noninteracting two-body lattice
Hamiltonian on the discrete wave function ψ(zA, zB) in the Wannier product
basis:

Ψ(xA, xB) =
∑
zA,zB

ψ(zA, zB)wzA(xA)wzB (xB), (A.10)

where xA and xB is the position coordinate of the atoms and wz(x) is the
Wannier function centered at position z. In Dirac notation the above state
can be written

|Ψ〉 =
∑
zA,zB

ψ(zA, zB) |wzA〉 |wzB 〉 . (A.11)

Note that all considerations in this section is for one-dimensional lattices and
we further omit the band index, focusing on a single Bloch band, say, the first.

The noninteracting two-body lattice Hamiltonian, Ĥ0 = ĤA0 + ĤB0 , is the
sum of two single-particle Hamiltonians,

Ĥβ0 = −
∑
zβ

J
(
|wzβ−a〉 〈wzβ |+ |wzβ+a〉〈wzβ |

)
, (A.12)
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where β = A,B labels the atomic coordinate on which Ĥβ0 acts and J is the
nearest-neighbor tunneling amplitudes. Applied to the state (A.11) above this
gives(
ĤA0 + ĤB0

)
|Ψ〉 = −J

∑
zA,zB

ψ(zA, zB)
[
|wzA−a〉 |wzB 〉+

|wzA+a〉 |wzB 〉+ |wzA〉 |wzB−a〉+ |wzA〉 |wzB+a〉
]

(A.13)

and, if we change the summation variables,

− J
∑
zA,zB

[
ψ(zA + a, zB) + ψ(zA − a, zB)+

ψ(zA, zB + a) + ψ(zA, zB − a)
]
|wzA〉 |wzB 〉 (A.14)

Introducing the discrete Laplacian, (∆z + 2)f(z) = f(z + a) + f(z − a), we
can rewrite this as

− J
∑
zA,zB

[
(∆zA + 2) + (∆zB + 2)

]
ψ(zA, zB) |wzA〉 |wzB 〉 . (A.15)

Therefore, the action of the noninteracting two-particle lattice Hamiltonian
on the wave function ψ(zA, zB) is

H0 = −J(∆zA + 2)− J(∆zB + 2). (A.16)

A.3 Calculation of the noninteracting Green’s
function

In this section we will calculate the integral [see Secs. 3.4 and 6.4]

G0
K(E, z) =

∫ π/a

−π/a

dk

2π
aeikz

E − εK(k) + iη
(A.17)

with the energy dispersion

εK(k) = −4
D∑
d=1

Jd cos(1
2Kad) cos(kad), (A.18)

where D is the maximal number of tunneling elements, Jd, included and η > 0
is a positive infinitesimal.

We will use the method of contour integrals, which states that for a closed
contour Γ in the complex plane and a sufficiently well behaved complex func-
tion f(x), one has ∫

Γ
f = 2πi

∑
xi

Res
xi

f(x), (A.19)
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(a) Contour for z ≥ 0. (b) Contour for z ≤ 0.

Figure A.1: Contours along which the integrations are performed. See text
for details.

where xi are the poles of f lying inside the contour Γ and Resxif(x) are
the corresponding residues [120]. In the following we will take f to be the
integrand of Eq. (A.17) and use the contours shown in Fig. A.1. Depending
on the sign of the relative position coordinate z we will have to use either the
contour in Fig. A.1(a) or that of Fig. A.1(b). Both contours have been split
into four line integrals labeled by γi, i ∈ {1, 2, 3, 4}. We recognize

∫
γ1
f as the

integral (A.17), whereas the other three curves are given by

γ2 :
{

[0, L]→ C
t 7→ it+ π/a

, γ3 :
{

[−π/a, π/a]→ C
t 7→ iL− t and − γ4 :

{
[0, L]→ C
t 7→ it− π/a ,

(A.20)
here written for z ≥ 0. Note that −γ4 is the contour γ4 with the direction
reversed and that t and L are in units of inverse length. We will in the
following argue that

∫
γ2
f and

∫
γ4
f cancel out and that

∫
γ3
f vanish as L is

increased. In that case the integral (A.17),
∫
γ1
f , equals the residues inside

the contour, when L→∞. First we show that γ2 and γ4 cancel:∫
γ2

f =
a

2π

∫ L

0

e−zteizπ/a

E − εK(it+ π/a) + iη
dt

=
a

2π

∫ L

0

e−zte−izπ/a

E − εK(it− π/a) + iη
dt =

∫
−γ4

f (A.21)

Here we used that cos(x+ 2πp) = cos(x) for all p ∈ Z and x ∈ C, and that z
is an integer multiple of the lattice constant a. Therefore, as promised above,∫

γ2

f +
∫
γ4

f = 0. (A.22)

The remaining integral is∫
γ3

f =
a

2π

∫ π/a

−π/a

e−zLe−izt

E − εK(iL− t) + iη
dt. (A.23)
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We observe that εK(iL − t) ∼ 2JDe−iaDteaDL in the limit where L → ±∞,
therefore

lim
L→∞

∫
γ3

f =
a

2π
lim
L→∞

∫ π/a

−π/a

e−zLeizt

2JDe−iaDteaDL
dt = 0, (A.24)

whenever z > −aD. If z ≤ −aD, we have to close the contour in the lower
complex half plan, this amounts to replacing L with −L above (see Fig. A.1),
and in that case we similarly find

lim
L→−∞

∫
γ3

f = 0 (A.25)

for all z < aD.
It only remains to determine the poles and the residues. We will first treat

the nearest-neighbor tunneling approximation.

A.3.1 Nearest-neighbor approximation

In the nearest-neighbor approximation the energy dispersion takes the form
εK(k) = EK cos(ka) with EK = 4J1 cos(1

2Ka). If we take the energy to be
inside the continuum |E| ≤ |EK |, we find poles at quasi-momenta

k± = ±1
a

cos−1 E + iη

EK
' ±(k0 + iη′), (A.26)

where k0a = cos−1(E/EK) are always chosen to be positive and η′ is an
infinitesimal with same sign as η.1 Therefore, k+ (k−) lies in the upper (lower)
complex half plan for η > 0 and in the lower (upper) when η is negative. The
poles are simple and applying l’Hspital’s rule we determine the residues to

Res
k±

a

2π
eikz

E − εK(k) + iη
= ∓ 1

2π
e±ik0z

|EK | sin(ak0)
. (A.27)

Noting |EK | sin(ak0) =
√
E2
K − E2

K cos2(ak0) we arrive at the solutions for
the integral Eq. (A.17):

G0
K(E, z ≥ 0) = 2πiRes

k+
f(k) = −i eik0z√

E2
K − E2

, (A.28a)

G0
K(E, z ≤ 0) = −2πiRes

k−
f(k) = −i e−ik0z√

E2
K − E2

. (A.28b)

1This is seen from a Taylor expansion around k0 ∈ [0, π/a] of the cosine:

cos[(k0 + iη′)a] ' cos(k0a)− a sin(k0a)iη′ = (E + iη′a sin(k0a))/EK ,

where sin(k0a) > 0 and EK < 0.
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The minus sign in (A.28b) appears because the integration direction has
changed to clockwise, see Fig. A.1(b). The above equation can be stated
more compact as

G0
K(E, z) = − i exp(ik0|z|)√

E2
K − E2

. (A.29)

We note that if we had chosen η < 0, the imaginary part of the poles
in Eq. (A.26) would change sign, which instead would provide us with the
advanced Green’s function

G0,A
K (E, z) =

i exp(−ik0|z|)√
E2
K − E2

. (A.30)

If applied in the Lippmann-Schwinger equation in Eq. (3.26), the advanced
Green’s function would result in an incoming, instead of outgoing, “scattered”
wave,

ψbg
K (E, z) = eik0z + fbge

−ik0|z|, (A.31)

where fbg is the scattering amplitude (see Eq. (3.30)).
If on the other hand |E| > |EK |, i.e., for energies outside the continuum

band, the poles are purely complex: εK(±iκ0) = E (here η = 0) with

κ0 =
1
a

cosh−1

∣∣∣∣ EEK
∣∣∣∣ . (A.32)

Following the same procedure as inside the band we find

G0
K(E, z) = sgn(E)

exp(−κ0|z|)√
E2 − E2

K

[−sgn(E)]z/a. (A.33)

A.3.2 Next-nearest-neighbor tunneling

This subsection covers work in progress. There are many open questions and
for the same reason many of the findings lack a proper discussion of the un-
derlying physics.

It is more complicated to locate the poles, when tunneling between more
than nearest-neighbors are included. We have to solve the equation

E + iη = −4
D∑
d=1

Jd cos(1
2Kad) cos(kad). (A.34)

Since the cos(kad)-factors can be written as d-degree polynomials in y =
cos(ka),2 equation (A.34) becomes a D-degree polynomial in y. If D = 2, we

2This follows from the recursive relation

cos(kam+ ka) = 2 cos(ka) cos(kam)− cos(kam− ka), m ∈ N.
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find

0 = −8J2 cos(Ka)y2 − 4J1 cos(1
2Ka)y + 4J2 cos(Ka)− E − iη (A.35)

with solutions

y± =
4J1 cos(1

2Ka)±
√(

4J1 cos(1
2Ka)

)2 + 32J2 cos(Ka) (4J2 cos(Ka)− E − iη)

−16J2 cos(Ka)
(A.36)

from which we can determine the poles:

ki = ±k±0 , k±0 =
1
a

cos−1 y±. (A.37)

This gives two pairs of poles, where each pair has one in the upper and one in
the lower complex half plane. We denote the four poles by ki, i ∈ {1, 2, 3, 4}.
As our calculation in Fig. A.2 shows, the poles can be both purely real (η → 0),
purely imaginary and mixed real and imaginary. The values in the figure is
for a lattice with strength V0 = 1 similar to the lattice considered in the
numerical examples of Chapter 6. Note that the denominator of Eq. (A.36)
diverges at K = π/2a because J2 cos(Ka) goes to zero, fortunately this is also
the case for the dispersion Eq. (A.18), which reduces to the energy dispersion
known from the nearest-neighbor approximation. Therefore we can treat the
integral (A.17) as if only nearest-neighbor tunneling were included, i.e., the
solutions are given by Eqs. (A.29) and (A.33).
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Figure A.2: Poles of the Green’s function (A.17) for D = 2 and V0 = 1. The
blue (green) curve shows the real (imaginary) part of k±0 . The first and second
row of figures shows k+

0 and k−0 , respectively, whereas the columns corresponds
to K = 0, 0.4, 0.8, 1 π/a from left to right. The energy range of the continuum
states are indicated by the gray shading. The two poles −k+

0 and −k−0 are
not shown.

Assuming all poles are simple, the Green’s function can be conveniently
written
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G0
K(E, z ≥ 0) = 2πi

∑
Im ki>0

Res
ki
f(k) = i

∑
Im ki>0

aeikiz

ε′K(ki)
(A.38a)

for z ≥ 0, whereas for z ≤ 0 we have

G0
K(E, z ≤ 0) = −2πi

∑
Im ki>0

Res
−ki

f(k) = i
∑

Im ki>0

e−ikiz

ε′K(ki)
. (A.38b)

In (A.38b) we have used ε′K(−x) = −ε′K(x) for any x ∈ C, which is a property
inherited from sin(x) = (eix − e−ix)/2i. Furthermore, we have used that the
poles come in pairs with opposite sign (ki = −kj for some i and j), therefore
a sum over Im ki < 0 is identical to a sum over Im ki > 0 with ki replaced
with −ki.

As in the nearest-neighbor tunneling case we can collect Eqs. (A.38a) and
(A.38b) to one equation:

G0
K(E, z) = i

∑
Im ki>0

aeiki|z|

ε′K(ki)
, (A.39)

which is valid for all energies E.
We note that for energies inside the continuum range, a real pole causes

a scattered wave in the Lippmann-Schwinger equation, while a complex pole
gives a decaying contribution to the Green’s function above. With this in
mind we observe from Fig. A.2 that for E inside the continuum (indicated by
the gray shading) there is always at least one real pole. Moreover, we observe
that for K close to ±π/a, a region exist, where both sets of poles become real.
This can be understood from Fig. A.3 showing the dispersion εK(k). The
energy range, which features two real poles, are marked by gray shading and
we observe that this is exactly the range with four-fold degeneracy. In this
energy interval two momenta of the scattered waves are possible in perfect
agreement with a Green’s function with two real poles.

For energies outside the continuum the poles are mixed real and imaginary
numbers, this is puzzling because it may impose a z-dependent phase factor
on the Green’s function (A.39). However, it appears that the complex and the
real parts are of equal absolute values. We recall that the bound state wave
functions in the presence of a delta-function interaction is proportional to the
Green’s function (see Sec. 3.6). As pointed out earlier this is work in progress.
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Figure A.3: Two-body band structure εK(k) for the values of K considered in
Fig. A.2. The gray shading in (c)-(d) indicates the energy range in which the
degeneracy of the scattered waves are doubled from two to four.





Appendix B

Stochastic Gutzwiller method

The Gutzwiller Approximation (GA), as introduced in Sec. 7.5, goes beyond
common mean field in that it allows non-coherent states at each site in the
lattice, even though the sites still only influence one another by the operator
c-value 〈âj〉. This neglects all spatial correlations, because if we want the ex-
pectation value of, say, 〈â†1â0〉, the Gutzwiller Ansatz will give back a product
of the two sites treated individually, i.e., 〈â†1â0〉 = 〈â†1〉〈â0〉.

In this appendix we present and improve a stochastic method that incorpo-
rates correlations into the GA. The method was first suggested by Carusotto
and Castin in Ref. [121] and is an exact reformulation of the GA. We improve
it to incorporate more than nearest-neighbor tunneling. Our original intent
was to apply it on the four-wave mixing, discussed in Chap. 7, but this is not
possible due to the involved time scales. The criteria for applying the model
is considered in details at the end of this section.

First of all we will need some notation: To allow for more indices we will
write f(j, n) instead of f jn and all the undefined coefficients, e.g., f(j,−1), are
set to zero. The state at lattice site j is written |f(j)〉 =

∑
n f(j, n) |n〉j . For

simplicity we will define the non-local delta-function δ(d)
j,l = δj,l+d+δj,l−d. The

inner product of two Gutzwiller states given by the functions fa and fb are in
this new notation

〈G : fa|G : fb〉 =
∏
j

∑
n

fa(j, n)∗fb(j, n) =
∏
j

〈fa(j)|fb(j)〉. (B.1)

We are not guaranteed that the norm is preserved in the stochastic model,
and therefore all expectation values have to be normalized, e.g., the order
parameter φj is defined

φj =
〈f(j)|âj |f(j)〉
〈f(j)|f(j)〉 . (B.2)

The tunneling part of the Bose-Hubbard Hamiltonian (7.22) can be written

131
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as1

HJ = −
∑
d,j,l

Jdδ
(d)
j,l {(â

†
j − φ∗j )(âl − φl) + φlâ

†
j + φ∗l âj − φ∗l φj}. (B.3)

In mean field theory the first term is assumed to be small and thus eliminated,
but we will keep it in the following. The last term will only contribute as an
overall phase factor eiχ(t), where

χ(t) =
∫

dt
∑
d,j,l

Jdδ
(d)φ∗jφl, (B.4)

and hence can be ignored.
We want to determine the evolution in f . To do this we consider what

happens to the state vector in an infinitesimal time step dt

d|G : f〉 = −idtH|G : f〉 (B.5a)

= −idt
∑
j,n

[
Un(n− 1)f(j, n) (B.5b)

−
√
n+ 1f(j, n+ 1)

∑
d,l

Jdδ
(d)
j,l φ

∗
l (B.5c)

−√nf(j, n− 1)
∑
d,l

Jdδ
(d)
j,l φl

]
|nj〉

∏
γ 6=j

∑
m

f(γ,m)|mγ〉 (B.5d)

+ idt
∑
j,l,d
n,m

Jdδ
(d)
j,l (
√
nf(j, n− 1)− φ∗jf(j, n)) (B.5e)

× (
√
m+ 1f(l,m+ 1)− φlf(l,m))) |n〉j |m〉l

∏
γ 6=j,l

∑
l

f(γ, l) |l〉γ .

(B.5f)

Line b-d are already accounted for in GA, but the last two lines are new. The
trick is now to split the infinitesimal change in f into two parts df(j, n) =
dfd(j, n) + dfs(j, n), where dfd is a deterministic part of order dt and dfs is
a stochastic white noise of order dt1/2,i.e., with mean dfs = 0 and variance
dfsdfs = dt. Here we denote the average over different realizations by · . By
collecting terms only to first order in dt and on the same time averaging over

1In this and the following equations it is always a good idea to count the number of
terms to make sure that each term is counted exactly once.
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realizations, we obtain

d|G : f〉 = |G : f + df〉 − |G : f〉

=
∏
j

∑
n

(f(j, n) + df(j, n)) |n〉j − |G : f〉

=
∑
j,n

dfd(j, n) |n〉j
∏
l 6=j

∑
m

f(l,m) |m〉l

+
∑
j 6=l
n,m

dfs(j, n)dfs(l,m) |n〉j |m〉l
∏
γ 6=j,l

∑
l

f(γ, l) |l〉γ .

(B.6)

The average here is over the infinitesimal time step given a state f . Comparing
Eqs. (B.5) and (B.6) we can identify the deterministic part of the differential

dfd(j, n) = −idt
[
(Unj(nj − 1)− χ)f(j, n)

−
√
n+ 1f(j, n+ 1)

∑
d,l

Jdδ
(d)
j,l φ

∗
l

−√nf(j, n− 1)
∑
d,l

Jdδ
(d)
j,l φl

]
,

(B.7)

which is the traditional Gutzwiller evolution, and the stochastic part

dfs(j, n)dfs(l,m) = idt
D∑
d=1

Jdδ
(d)
j,l (
√
nf(j, n− 1)− φ∗jf(j, n))

× (
√
m+ 1f(l,m+ 1)− φlf(l,m))

=
idt
2

D∑
d=1

Jdδ
(d)
j,l (
√
nf(j, n− 1)− φ∗jf(j, n))× (

√
m+ 1f(l,m+ 1)− φlf(l,m))

+ (
√
nf(l, n− 1)− φ∗l f(l, n))× (

√
m+ 1f(j,m+ 1)− φjf(j,m)).

(B.8)

To obtain the last equality we have used the property that the correlation
matrix for any two stochastic variables is symmetric, dfs(j, n)dfs(l,m) =
dfs(l,m)dfs(j, n). It is important to note that dfs(j, n)dfs(j,m) never ap-
pears in (B.6), and therefore can be chosen freely. However, it appears in the
error term, so it has to be minimized.

In general the noise term can be generated by

dfs(j, n) =

√
idt
2

((√
nf(j, n− 1)− φ∗jf(j, n)

)
dBj

+
(√
n+ 1f(j, n+ 1)− φjf(j, n)

)
dB∗j

)
, (B.9)
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where dBj is a stochastic variable satisfying

dB∗jdBl =
D∑
d=1

Jdδ
(d)
j,l for j 6= l, (B.10)

dBj = dBjdBl = 0. (B.11)

The new stochastic variable dBj in turn can be generated by

dBj = c0e
iθj + c1e

iθj+1 + · · ·+ cDe
iθj+D , (B.12)

where θj ∈ [0, 2π] is a set of M uniformly distributed numbers (M is the
number of lattice sites included in the calculation). For simplicity we will in
the rest of this section assume that only tunneling to the nearest neighbors
and next-nearest neighbors is important, i.e., D = 2. It is straightforward
to show that the noise in Eq. (B.12) fulfils Eqs. (B.10) and (B.11) under the
conditions:

J1 = dB∗j dBj+1 = c∗1c0 + c∗2c1, (B.13)

J2 = dB∗j dBj+2 = c∗2c1. (B.14)

The upper bound on the free term becomes

|dB∗jdBj | ≤ (|c0|+ |c1|+ |c2|)2, (B.15)

so we have to minimize |c0|+ |c1|+ |c2|. Since there are three variables and two
constraints we end up with a one-variable equation to minimize: minc0{|c0|+
|J2/c0|+ |J1/(c0 +J2/c0)|}, where c1 = J1/(c0 +J2/c0) and c2 = J2/c0. In the
deep lattice limit where J2 → 0 we get the optimal solution c0 = sgn(J1)c1 =√
J1 and c2 = 0, which results in |dB∗jdBj | ≤ 4|J1|.

We will use the sampling variance as an estimate for the error

E(t) = ‖ |G : f(t)〉 − |Ψ(t)〉 ‖2

= 〈G : f(t)|G : f(t)〉 − 〈Ψ(t)|Ψ(t)〉
= ∆(t)− 1.

(B.16)

The vector |Ψ〉 is the exact solution and accordingly it is normalized. So the
variance only depends on the average of the norm ∆(t) = 〈G : f(t)|G : f(t)〉.
This can be estimated by considering a differential increment

d∆ = 〈G : f + df |G : f + df〉 −∆(t). (B.17)

In Sec. B.1 we estimate an upper bound on this increment to be

d∆ =
∑
j

〈dfs(j)|dfs(j)〉 ≤MJ (6Nmax + 1) ∆(t)dt, (B.18)
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where J = sup |dBj |2 = (|c0|+ |c1|+ |c2|)2 and Nmax is the maximal allowed
number of atoms per site. With this upper bound we can now determine an
upper bound on ∆(t) to be

∆(t) ≤ ∆(0)eJM(6Nmax+1)t (B.19)

and hence
E(t) ≤ (E(0) + 1)eJM(6Nmax+1)t − 1. (B.20)

The higher the error is, the more simulations are needed for the final state
to converge. We have shown that the error is bounded, but the bound is
growing exponentially on a time scale defined by terr = 1/JM (6Nmax + 1).
Thus only for processes that takes place on this time scale or faster can be
efficiently simulated. To estimate the time scale for the Gutzwiller simulation
of four-wave-mixing provided in Sec. 7.7, we assume for simplicity only nearest-
neighbor tunneling, which allow us to write J ∼ 4|J1| ∼ ER, and we get
teff = 2×10−4~/ER. This is an extremely short scale compared to the mixing
process shown in Fig. 7.8 and 7.9, where the relevant time scale is tens of
~/ER.

So far in the literature this method has only been used to obtain ground
states by steepest descent (propagation in imaginary time) [121, 122]. In
Ref. [122] they have no lattice, and the tunneling coefficients comes from the
numerical discretized kinetic energy operator

K̂ = − ~2

2m
∇2
x → −

~2

2m∆x2
∆xi +O(∆x4), (B.21)

where x is the continuous position coordinate and xi the discretized coordinate
with the discrete Laplacian ∆xif(xi) = f(xi + ∆x) + f(xi −∆x)− 2f(xi), cf.
Sec. 3.2. The tunneling amplitudes are readily determined to J1 = ~2/2m∆x2

and Jd = 0 for all d ≥ 2.
If applied for longer time scales, the issue of convergence needs to be

addressed, since stochastic time propagation converges slower due to the dt1/2-
scaling. This is comprehensively discussed in Ref. [123].

B.1 Error estimation in the Stochastic Gutzwiller
Method

You can consider this an appendix to the appendix. We will in this section
derive an upper bound on the infinitesimal increment of the error ∆(t),

d∆ = 〈G : f + df |G : f + df〉 −∆(t), (B.22)

used in Eq. (B.18). The derivation is rather technical and long.
Recall that

|G : f + df〉 =
∏
j

(|f(j)〉+ |dfd(j)〉+ |dfs(j)〉) . (B.23)
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We will benefit from the fact that both the deterministic, dfd, and the stochas-
tic increment dfs are orthogonal to the state vector, the later can be seen by∑

n

f(j, n)∗dfs(j, n) =

√
idtdBj

(∑
n

√
nf(j, n)∗f(j, n− 1)− φ∗j

∑
n

f(j, n)∗f(j, n)
)

+
√
idtdB∗j

(∑
n

√
n+ 1f(j, n)∗f(j, n+ 1)− φj

∑
n

f(j, n)∗f(j, n)
)

=
√
idt
(
dBj(φ∗j − φ∗j ) + dB∗j (φj − φj)

)
〈f(j)|f(j)〉 = 0.

(B.24)

Here we have used φj = 〈f(j)|f(j)〉 =
∑

n

√
n+ 1f(j, n)∗f(j, n + 1). This

only works because φj is normed otherwise we will be left with a term pro-
portional to (1−〈f(j)|f(j)〉). Furthermore, an expression for the norm of dfs
is necessary

Furthermore 〈dfs(j)|dfd(j)〉 has order dt3/2 and can be neglected. This
leaves us only the following term to consider

〈dfs(j)|dfs(j)〉 =
∑
n

dfs(j, n)∗dfs(j, n) =∑
n

( (
|√nf(j, n− 1)− φ∗jf(j, n)|2 + |

√
n+ 1f(j, n+ 1)− φjf(j, n)|2

)
dB∗jdBj+

2Re
[
(
√
nf(j, n− 1)− φ∗jf(j, n))(

√
n+ 1f(j, n+ 1)∗ − φ∗jf(j, n)∗)dBjdBj

] )
dt.

(B.25)
In what follows we will use the definition J = sup |dBj |2 . We now estimate

the terms in Eq. (B.25) one by one:∑
n

|√nf(j, n− 1)− φ∗jf(j, n)|2 =

∑
n

(
n|f(j, n− 1)|2 − φ∗j

√
nf(j, n− 1)∗f(j, n)

− φj
√
nf(j, n− 1)f(j, n)∗ + |φjf(j, n)|2

)
=

〈f(j)|n̂|f(j)〉+ (1− |φj |2)〈f(j)|f(j)〉 ≤ (Nmax + 1)〈f(j)|f(j)〉,

(B.26a)

∑
n

|
√
n+ 1f(j, n+ 1)− φjf(j, n)|2 =

〈f(j)|n̂|f(j)〉 − |φj |2〈f(j)|f(j)〉 ≤ Nmax〈f(j)|f(j)〉 (B.26b)
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and the cross term is

2Re

[∑
n

(√
nf(j, n− 1)− φ∗jf(j, n)

) (√
n+ 1f(j, n+ 1)∗ − φ∗jf(j, n)∗

)
dBjdBj

]
= 2Re

[
〈f(j)|â†â†|f(j)〉 − φ∗2j 〈f(j)|f(j)〉dBjdBj

]
≤ 2

∣∣〈f(j)|ââ|f(j)〉 − φ2
j 〈f(j)|f(j)〉

∣∣ |dB|2
≤ 2J (

√
Nmax(Nmax − 1) +Nmax)〈f(j)|f(j)〉

≤ 4JNmax〈f(j)|f(j)〉.
(B.26c)

Hence we obtain

〈dfs(j)|dfs(j)〉 ≤ J (6Nmax + 1) 〈f(j)|f(j)〉dt. (B.27)

From which we now can estimate the differential increment (B.22) to

d∆ =
∑
j

〈dfs(j)|dfs(j)〉 = ∆(t)
∑
j

〈dfs(j)|dfs(j)〉
〈f(j)|f(j)〉 ≤MJ (6Nmax + 1) ∆(t)dt,

(B.28)
where M is the number of lattice periods and Nmax is the number of Fock
states included in the calculation.

An examination of Eqs. (B.26) shows that for a perfect coherent state

〈dfs(j)|dfs(j)〉Coherent = J 〈f(j)|f(j)〉dt, (B.29)

which gives the increments

d∆Coherent = MJ∆(t)dt. (B.30)

This indicate that the error and hence the number of needed realizations might
be smaller for a coherent state. However a coherent state will quicly be lost
in a trajectory, i.e., a single simulation, due to the stochastic noise.
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