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Chapter 1

Introduction

Since the sixties, the power of computers has increased dramatically thanks
to a continuous miniaturization of electronic components. However, this
progression cannot last for ever. Indeed, we approach the limit where the
classical rules which govern our macroscopic world and our classical com-
puters must be replaced by quantum laws. New computers, based on these
fundamental laws, are thus bound to arise.

In the 1980’s the first ideas emerged for exploiting the computational ca-
pabilities of quantum systems [1,2]. Subsequently, the discovery of quantum
algorithms outperforming their classical counterparts [3,4] spurred great in-
terest in the field of quantum computation. With techniques for quantum
error correction [5,6] and the identification of various physical systems suit-
able for quantum computation, the practical realization of a quantum com-
puter primarily seems to be a matter of time.

In this chapter, we briefly introduce the key concepts of quantum compu-
tation. For comprehensive reviews of the field, we refer the reader to [7, 8].
Based on our introduction, we outline the contents of the thesis.

1.1 Introduction to quantum computation

1.1.1 Qubits

In a classical computer a binary digit is represented by the bit, the funda-
mental unit of information, which either takes the value 0 or 1.

The quantum analogue of a classical bit, the quantum bit or qubit, is a
two-level system. In contrast to its classical counterpart, due to the laws
of quantum mechanics, a qubit can exist in superposition states, such as
|ψ〉 = c0 |0〉+ c1 |1〉, where the coefficients are complex numbers obeying the
normalization condition |c0|2 + |c1|2 = 1. With access to N qubits, a quantum
register can be prepared in a superposition of 2N basis states, which can
be processed in parallel by a quantum computer. Referred to as quantum
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2 Introduction

parallelism, this offers a dramatic increase in computational power.

1.1.2 Quantum gates

Quantum gates are linear, unitary transformations acting on a set of qubits.
In the same way as a classical computer, algorithms for a quantum com-
puter can be constructed from gates acting on either one or two qubits. In
particular, it can be shown that a set of gates exists such that any unitary
operation can be approximated to arbitrary accuracy solely by combining
elements from this set. Such a set is called universal and could for instance
consist of a single-qubit Hadamard gate (H), a single-qubit π/8 gate (T)
and a two-qubit controlled-not gate (cnot) [7]. In the basis {|0〉 , |1〉} the
single-qubit gates read:

H =
1√
2

(
1 1
1 −1

)
, T =

(
1 0
0 eiπ/4

)
,

whereas the two-qubit gate is written in the basis {|00〉 , |01〉 , |10〉 , |11〉}:

cnot =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 .

1.1.3 Quantum algorithms

Contrary to the classical case, performing a measurement is problematic in
quantum mechanics, as it leads to the collapse of the state of the system and
hence a loss of information. Thus, measuring the state of a qubit collapses
the state onto either |0〉 or |1〉 with probability |c0|2 and |c1|2, respectively.
Accordingly, the coefficients c0, c1 cannot be determined. Yet, by designing
algorithms in a very clever way, a measurement on the final state will output
the desired outcome with a high probability.

Currently, there exist three quantum algorithms that outperform any
known classical algorithm: Grover’s search algorithm allows one to find
a particular element in an unsorted database with a quadratic increase in
speed [3]. Even more impressive is Shor’s factoring algorithm, which pro-
vides an exponential speedup compared to the best classical algorithms [4].
Finally, the Deutsch-Jozsa algorithm renders it possible to determine in a sin-
gle function call whether a binary function is constant (e.g., always outputs
0) or balanced (half the function values are 0, the other half 1) [9].

1.1.4 The physical implementation of a quantum computer

As of yet, the road to the experimental realization of a large scale quantum
computer is still filled with obstacles. A great hurdle is the phenomenon
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of decoherence, which arises from the interaction of a qubit with its envi-
ronment. Thus, if the physical system implementing our qubits is not well
isolated, the environment will, so to say, continually “measure” the state of
the system. Since quantum computation relies on the undisturbed evolution
of quantum coherences, decoherence poses a major problem.

Encoding qubits in a system which is efficiently isolated from the envi-
ronment, by way of example photons, limits the problem of decoherence.
However, if qubits only interact weakly with their surroundings, it is diffi-
cult to obtain the strong coupling between qubits necessary for two-qubit
gates. Accordingly, it is a tradeoff between achieving a strong interaction
between qubits and a weak coupling to the environment.

Besides choosing a well isolated system, decoherence can be circum-
vented by redundantly encoding a single logical qubit in several physical
qubits. This allows for quantum error correction [5,6], the existence of which
ensures that quantum noise does not pose a fundamental barrier to the prac-
tical realization of a quantum computer. Thus, the threshold theorem states
that provided the noise in individual quantum gates is below a certain constant
threshold it is possible to efficiently perform an arbitrarily large quantum computa-
tion [7]. Hence, if gate error rates are below a certain threshold, errors can
be corrected faster than they occur. The value of this threshold depends on
the quantum computing system in question.

At present there is no consensus about which physical system is best
suited for building a large scale quantum computer, although various pro-
posals for the experimental implementation of a quantum computer have
been put forward in very different fields such as those of cold trapped
ions [10] or atoms [11,12], NMR [13,14], linear optics [15], quantum dots [16],
and super conducting devices [17]. A comparison of the approaches is fa-
cilitated by the so-called DiVincenzo criteria, which is a set of minimum
requirements any quantum computing proposal must fulfill [18]:

1. The quantum computer must be a scalable physical system with well
characterized qubits.

2. It must be possible to initialize the system to a given known quantum
state.

3. The qubit coherence time must be longer than the gate operation time.

4. It must be possible to implement a universal set of quantum gates.

5. It must be possible to read out the results of the computation.

In addition to examples of qubit identification and mechanisms for coupling
qubits, Fig. 1.1 provides an assessment of the ability to meet the DiVin-
cenzo criteria for some of the most successful physical implementations of
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Figure 1.1. The current status of the central physical implementa-
tions of a quantum computer.

quantum computation. For a more detailed discussion of the various pro-
posals, we refer the reader to the quantum computation roadmap [19].

1.1.5 Quantum networks

The implementation of a quantum computer solely relies on the compliance
of the above requirements. However, for the achievement of distributed
quantum computation and long distance quantum communication, DiVin-
cenzo has put forward two additional requirements [18]:

6. It must be possible to interconvert stationary and flying qubits.

7. It must be possible to faithfully transmit flying qubits between speci-
fied locations.

Thus, to transmit quantum information from one location to another, it must
be encoded in qubits which can move. Such qubits, termed ‘flying’, may be
encoded in (the polarization or the spatial wave function of) photons. In
order to store the information safely, the states of the flying qubits must be
transferred to ‘stationary’ qubits, for instance atomic ensembles.

Fulfillment of the above two criteria opens up the possibility of dis-
tributed quantum computation. A quantum network can be established by
(optically) connecting several quantum registers, thus allowing for scalable
quantum computation in a hybrid approach.

However, transmitting quantum information, for instance in the form of
photons, over noisy quantum channels is a very difficult task due to an expo-
nential decrease in signal quality and communication rate with the distance.
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In principle, the use of redundant encoding (for error correcting codes) suf-
fices for protecting information against noise. Unfortunately, the require-
ments for quantum error correction on measurements, local operations and
channel noise are difficult to meet.

An alternative approach is the exchange of information by quantum tele-
portation. Transferring the state of a qubit to another by means of telepor-
tation is feasible, if entanglement between the two endpoints of the com-
munication channel can be established. So-called quantum repeater proto-
cols [20, 21] are designed to perform the latter task.

The basic idea of a quantum repeater is to divide the communication
channel into smaller segments and by connecting entangled short-distance
pairs, establishing entanglement between the endpoints of the channel. Be-
cause of imperfect operations, the fidelity decreases in each connection step.
Fortunately, entanglement purification protocols exist to circumvent this lim-
itation by producing a high fidelity entangled state from a collection of low
fidelity states. To this end, a quantum memory capable of storing informa-
tion safely is required.

For a recent review of quantum networks, we refer the reader to [22].

1.2 Outline

In this thesis, we study a specific physical implementation of quantum com-
putation, namely a quantum computer based on neutral atoms. Neutral
atom quantum computing (NAQC) benefits from the fact that qubits cou-
ple only weakly to the environment in that the atoms are uncharged. In
addition, techniques for cooling and trapping atoms are well developed.
Consequently, NAQC allows for high levels of coherence and control.

There are several ways to construct a quantum computer based on neu-
tral atoms. In this thesis we consider only one of these, namely neutral
atom quantum computing with Rydberg blockade. The central idea of this
proposal is to couple qubits, encoded in the ground hyperfine states, by an
electric-dipole interaction via conditional excitation to a Rydberg state [23].
This scheme provides for fast gates which are potentially insensitive to mo-
tional heating. A collective version of the gate has been proposed in [24].

Before embarking on our research on various aspects of NAQC with
Rydberg blockade, we present our work on the fidelity of quantum opera-
tions in chapter 2.

In chapter 3 we introduce NAQC with Rydberg blockade. When rele-
vant, we take as our starting point the proposal of Saffman and Walker [25].
This setting holds promise for coherence times of order seconds and gate
operation times of order microseconds.

As discussed previously, quantum information can be protected from de-
coherence effects by making use of quantum error correction schemes. An
alternative approach consists in encoding information in subspaces which
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are immune to errors. In chapter 4 we identify such a decoherence-free sub-
space and construct gates which allow the system to remain in this subspace
during gate operations.

In chapter 5 we turn to the issue of scalability. We show that by en-
coding information in the collective population of different internal states
rather than storing individual qubits in individual atoms, the requirement
of individual addressing can be circumvented. Since standard error correc-
tion techniques do not apply to this encoding scheme, we devise a method
for efficient error identification and correction in these registers.

In chapter 6, for the purpose of constructing efficient atom-light inter-
faces for quantum networks, we propose to build few-qubit quantum regis-
ters based on the collective encoding scheme in small atomic ensembles.

Finally, in chapter 7, we summarize the main ideas and results of the
thesis.



Chapter 2

Fidelity of quantum operations

In quantum information theory one requires a measure of the fidelity of
quantum operations, such as quantum computing gates, quantum state stor-
age and retrieval, transmission, and teleportation. The fidelity characterizes
the agreement between the actual and desired outcomes of an operation, and
in general it depends on the initial state on which the operation is applied.
Since the operation may be applied to any arbitrary state, it is natural to
average the fidelity over all pure initial states, chosen uniformly throughout
the system Hilbert space. Derivations have been given in the literature for
the average fidelity of qubit [26] and qudit operations [27], as well as for their
evaluation as a sum over a properly chosen discrete set of states [28,29]. The
latter approach is particularly relevant in connection with quantum process
tomography [7], which provides a procedure for determining the quantum
operation acting on a system from experimental observations.

In this chapter, we first present and analyze a simple expression for the
average fidelity in the case where the quantum operation is known, e.g.,
from a solution of the Schrödinger or master equation of the system. We fo-
cus on the calculation of the fidelity with which the known actual operation
resembles the desired operation on the quantum system. This part of the
chapter, namely chapter 2.1, is based on our paper [I].

In chapter 2.2, based on our paper [VII], we expand our knowledge of the
fidelity of a given operation by studying the distribution of the single-state
fidelity. In particular, we derive an explicit formula for the variance of the
fidelity distribution for unitary operators and unitary operators projected
onto smaller quantum systems. Furthermore, we find an explicit expression
for the fidelity distribution in the case of a two by two unitarily diagonaliz-
able matrix.

7



8 Fidelity of quantum operations

2.1 The average fidelity measure

To obtain an explicit formula for the average fidelity of a quantum oper-
ation on a finite-dimensional quantum system, we first present a relation
for uniformly averaged matrix elements of a general linear operator. Subse-
quently, we derive corollaries that yield the fidelity of quantum operations
in a number of different cases.

Theorem 1. For any linear operator M acting on an n-dimensional complex Hilbert
space, the uniform average of |〈ψ|M|ψ〉|2 over state vectors |ψ〉 on the unit sphere
S2n−1 in Cn is given by

∫

S2n−1
|〈ψ|M|ψ〉|2dV (L)

=
1

n(n + 1)
[
Tr(MM†) + |Tr(M)|2], (R)

(2.1)

where dV is the normalized measure on the sphere.

Proof. Recent detailed proofs of this theorem are given in [30, 31], and it is
also readily verified using a recent result for the averages of general poly-
nomials of state vector amplitudes over the unit sphere [32]. Since both of
these proofs draw on elaborate mathematical results, we present an alterna-
tive, more straightforward derivation.

We first show that (2.1) is valid if M is Hermitian. A Hermitian matrix M
can be diagonalized such that UMU−1 = Λ, where Λ is a diagonal matrix
with elements λ1, . . . , λn ∈ R and U ∈ U(n). Note that the left- and right-
hand sides of (2.1), denoted by L and R, obey the conjugation invariance:
L(UMU−1) = L(M), R(UMU−1) = R(M) for any U ∈ U(n). This follows
for the left-hand side L by a change of variables ψ 7→ Uψ, and for R it is
simply a property of the trace. Thus, it suffices to show that L = R for a
real, diagonal matrix Λ.

The left-hand side L(Λ) is a homogeneous polynomial of degree two in
the real variables λ1, . . . , λn. Unitary invariance implies that L(Λ) is invari-
ant under the exchange1 of any two λi and λj, which is only possible if L is
of the form:

L = aTr(Λ2) + bTr(Λ)2, (2.2)

where a and b are constants that may depend on n. We find that a = b =
1/n(n + 1) from the two equations obtained by inserting two convenient
matrices into (2.2) and the left-hand side of (2.1). Thus, insertion of the
identity matrix yields the equation

a · n + b · n2 = 1
1This is easily seen by choosing the unitary matrix such that it swaps the relevant rows

in Λ.
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and insertion of the matrix for which the only non-zero element is Λ1,1 im-
plies that

a + b =
∫

S2n−1
|c0|4dV =

2
n(n + 1)

,

where |ψ〉 = ∑ cj|j〉 and the last equality follows by evaluation of the inte-
gral2. Thus, we have shown that L(Λ) = R(Λ) and Theorem 1 applies for
any Hermitian matrix M.

We also have that L(A) = R(A), where A denotes an anti-Hermitian
matrix (i.e., A† = −A), cf. that

L(A) = L(iA) = R(iA) = R(A).

The general matrix M = (M + M†)/2 + (M − M†)/2 = S + A is decom-
posed as a sum of a Hermitian and an anti-Hermitian matrix, respectively,
and the explicit results

L(S + A) =
∫

S2n−1
|〈ψ|S|ψ〉+ 〈ψ|A|ψ〉|2dV

=
∫

S2n−1
|〈ψ|S|ψ〉|2 + |〈ψ|A|ψ〉|2+

〈ψ|S|ψ〉 ·
(
〈ψ|A†|ψ〉+ 〈ψ|A|ψ〉

)

︸ ︷︷ ︸
0

dV

= L(S) + L(A)

and

R(S + A) =
1

n(n + 1)
{Tr((S + A)(S− A))+

(Tr(S) + Tr(A))(Tr(S)− Tr(A))}
= R(S) + R(A)

prove the theorem.

The first application of the theorem has been in noise estimation and quantum
process tomography [33]. Here, we apply Theorem 1 to compute the average
fidelity explicitly in certain cases where the actual operation is known and
fully characterized.

2The integral is evaluated by a proper parametrization of the cj’s, e.g., c0 = x1 +
ix2, . . . , and cn−1 = x2n−1 + ix2n, where x(θ1, . . . , θ2n−1) = [sin θ1 · · · sin θ2n−2 cos θ2n−1,
sin θ1 · · · sin θ2n−2 sin θ2n−1, sin θ1 · · · sin θ2n−3 cos θ2n−2, sin θ1 · · · sin θ2n−4 cos θ2n−3, . . . ,
cos θ1], θ1, . . . , θ2n−2 ∈ [0, π], and θ2n−1 ∈ [0, 2π]. Note that the square root of the Jacobian
determinant equals sin2n−2 θ1 sin2n−3 θ2 · · · sin θ2n−2.
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2.1.1 Average fidelity of a unitary transformation

We first calculate the average fidelity of a process where our, possibly con-
trollable, physical interactions yield a unitary evolution U, whereas we in-
tend to perform the unitary operation U0 on the system. For transmission,
storage, and retrieval, U0 is the identity, and for quantum computing U0 is
the desired quantum gate.

According to Theorem 1, the squared overlap between the actual out-
come U|ψ〉 and the desired final state U0|ψ〉 averages to

F =
∫

S2n−1
|〈ψ|M|ψ〉|2dV

=
1

n(n + 1)
[
Tr(MM†) + |Tr(M)|2],

(2.3)

with M = U†
0 U. Since M is unitary, Tr(MM†) = n. If M multiplies all states

by a single phase factor, |Tr(M)|2 = n2 and the fidelity is unity. A general
unitary matrix has eigenvalues of the form exp(iφj), and |Tr(M)| < n if
these phases differ.

It is easily demonstrated that, as stated in [28], for qubits, (2.3) corre-
sponds to a simple average over any six pure states forming a regular octa-
hedron on the Bloch sphere. In particular, the six axial pure states |0〉 , |1〉,
(|0〉+ |1〉)/

√
2, (|0〉 − |1〉)/

√
2, (|0〉+ i |1〉)/

√
2, and (|0〉 − i |1〉)/

√
2. The

minimum set of states is any four pure states forming a regular tetrahedron
on the Bloch sphere, for instance the states |1〉 ,

√
2/3 |0〉+ e−iπ/2

√
1/3 |1〉,√

2/3 |0〉 + eiπ/6
√

1/3 |1〉, and
√

2/3 |0〉 + ei5π/6
√

1/3 |1〉. In the general
case of a qudit, the minimum set is given by any set of states fulfilling∣∣〈ψi|ψj〉

∣∣2 = 1/(n + 1) for i 6= j [29].

2.1.2 Subspace averaged fidelity of a unitary transformation

In a number of quantum information scenarios, auxiliary quantum levels are
used to mediate the desired operations. For example, qubits may be encoded
in ground state atomic levels coupled by Raman transitions via optically
excited states. Two-qubit interactions may involve state-selective excitation
to states with large dipole moments and strong long-range interaction, as
will be discussed in chapter 3.5. In these protocols, the auxiliary levels of
the quantum system are unpopulated before the process, and, ideally, they
are also unpopulated after the process. But, if the fidelity is evaluated by
identifying M = U†

0 U on the complete system Hilbert space, as described
above, this may give far too pessimistic results.

Consider, for example, an atomic qubit which is, with certainty, initially
and finally in the ground hyperfine states, and no population has leaked to
the excited atomic states during the Raman process. If the average in (2.3) is
made over the full system Hilbert space, phases acquired by amplitudes on



2.1. The average fidelity measure 11

the excited states cause a reduction in the fidelity, even if the final state is the
correct one for all input qubit states. Consequently, we should only average
the fidelity over the relevant input states. Since the final state, ideally, is also
in the qubit subspace, we consider the matrix (PU†

0 P)(PUP), where P is the
projection operator on the relevant, quantum information carrying subspace
S and U0 represents the desired unitary evolution of the relevant subspace.
In matrix notation, we thus address the square nrel × nrel submatrix of the
full matrix M, and employ Theorem 1 for this matrix:

F =
∫

S2n−1
|〈ψ|PU†

0 PUP|ψ〉|2dV

=
∫

S2nrel−1
|〈ψ|Mrel |ψ〉|2dV

=
1

nrel(nrel + 1)
[
Tr(Mrel M†

rel) + |Tr(Mrel)|2
]
,

(2.4)

where Mrel = U†
0 PUP. Note that if population leaks to the auxiliary levels,

Mrel is not unitary, and hence both terms of (2.4) have nontrivial values.
If a measurement assures that the final state does not populate the com-

plement to S, it is meaningful to define the average conditional fidelity Fc. If
we only accept the final state if it is in S, the squared overlap between the
conditional, renormalized state PUP|ψ〉

‖PUP|ψ〉‖ and the ideal state U0P |ψ〉 must

be weighted with the acceptance probability ‖PUP |ψ〉 ‖2 and renormal-
ized by the integrated acceptance probability over the input Hilbert space∫ ‖PUP |ψ〉 ‖2dV. Hence, we obtain the average conditional fidelity3

Fc =
∫
|〈ψ|PU†

0
PUP

‖PUP |ψ〉 ‖ |ψ〉|
2 · ‖PUP |ψ〉 ‖2

∫ ‖PUP |ψ〉 ‖2dV
dV

=
∫ |〈ψ|PU†

0 PUP|ψ〉|2dV∫ 〈ψ|PU†PUP|ψ〉dV

=
1

nrel + 1
· Tr(U†

0 PUPU†PU0) + |Tr(U†
0 PUP)|2

Tr(U†PUP)
,

where the numerator is evaluated using Theorem 1 and the denominator
follows from

∫ 〈ψ|M|ψ〉dV = Tr(M)/n.
The design of composite pulses (see chapter 3.4.4), or smooth control

theory pulses, to implement gates with good robustness against variations
in atomic parameters, is significantly facilitated with our simple fidelity ex-
pression (2.4). Thus, we have made extensive use of it in the numerical
simulations presented in the subsequent chapter 4.

3This expression replaces the erroneous formula in [I].
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2.1.3 Average fidelity of a general quantum operation

In a number of quantum information scenarios, ancillary quantum systems
are used to mediate the desired operations: quantum memory protocols in a
very explicit manner involve an extra quantum system, quantum teleporta-
tion requires an extra entangled pair of systems, and in quantum computing
with trapped ions, a motional degree of freedom is used to couple the par-
ticles. The ancillary systems are ideally disentangled from the qubits before
and after the process, but in general they act as an environment and cause
decoherence of the quantum system of interest. This forces us to general-
ize the formalism even further and take into account the general theory of
quantum operations, according to which density matrices are transformed
by completely positive maps. According to the Kraus representation theo-
rem, any completely positive trace-preserving map G admits the representa-
tion

G(ρ) = ∑
k

GkρG†
k , (2.5)

where ∑k G†
k Gk = In is the n× n identity matrix [7]. If there is only one Gk,

(2.5) must be unitary and we return to the case discussed in chapter 2.1.1.
The more general expression allows interactions with an ancilla system fol-
lowed by a partial trace over that system. It entails the effects of dissipative
coupling to the surroundings and of measurements on the system, in which
case the Gk may represent the associated projection operators and possible
conditioned feedback operations applied to the system. It is a powerful fea-
ture of Theorem 1 that it is easily extended to allow computation of the av-
erage fidelity for protocols, which apply or which are subject to these more
general operations.

If the pure input state ρ = |ψ〉〈ψ| is mapped to the output state G(ρ) the
mean fidelity with which our operation yields a unitary transformation U0
is

F =
∫

S2n−1
〈ψ|U†

0G(|ψ〉〈ψ|)U0|ψ〉dV

= ∑
k

∫

S2n−1
|〈ψ|Mk|ψ〉|2dV

=
1

n(n + 1)

{
Tr

(
∑

k
M†

k Mk

)
+ ∑

k
|Tr(Mk)|2

}
,

(2.6)

where Mk = U†
0 Gk, and {Gk} are the Kraus operators for the map G.

The Kraus representation is not unique as the map G may be represented
by an alternative set of operators {G′

k}, where G′
k = ∑j VkjGj and V is a

unitary transformation among the Kraus operators4. We notice, however,
4Note that if the set {G′k} contains more elements than {Gk}, some zero operators are

added to the set {Gk} such that the two sets have the same cardinality.



2.1. The average fidelity measure 13

that the first term in (2.6) is the identity, which is unchanged, and, since

∑
k
|Tr(Mk)|2 = ∑

k
Tr(M†

k )Tr(Mk)

= ∑
ij

Tr(M′†
j )Tr(M′

i) ∑
k

V†
jkVki

= ∑
j

Tr(M′†
j )Tr(M′

j)

= ∑
k
|Tr(M′

k)|2,

the fidelity is invariant under the transformation.
Equation (2.6) enables the calculation of the average fidelity of any quantum

operation, as soon as it has been put in the Kraus form. If a system, for ex-
ample, undergoes dissipation, we can take this into account together with
other imperfections, and from the general solution of the associated Lind-
blad master equation we can determine the average fidelity of our quantum
state operation. By the procedure outlined in [7], the general propagator for
the master equation can be systematically put in the Kraus operator form.
We also note the recent work [34], that explicitly provides a Kraus form
solution of the Lindblad master equation.

Applications of the general fidelity formula

To illustrate the use of the general fidelity formula (2.6), we apply it to the
depolarizing channel that leaves a qubit state unchanged with probability
p and transforms it into a random state I2/2 with probability 1− p. This
may occur as a consequence of a continuous perturbation with a rate γ
(p = exp(−γt)), or it may represent the outcome of a teleportation process
[26, 27] where the channel is not occupying an ideal maximally entangled
two-qubit state |Ψ〉, but the mixed state ρEnt = p|Ψ〉〈Ψ|+ ((1− p)/4)I4. The
transformation of our qubit is represented by the action of four Kraus oper-
ators, M0 = (

√
3p + 1/2)I2, Mχ = (

√
1− p/2)σχ, where σχ with χ = x, y, z

are the Pauli matrices. The mean fidelity of state preservation under the
depolarizing channel, or for the teleportation of a qubit by the mixed state,
follows readily from (2.6) and is

Fdepolarized =
1
6
(2 + (3p + 1)) =

1 + p
2

,

as expected.
Another example is atomic decay from an upper to a lower qubit level

with rate Γ, where the Kraus map is given by two operators,

M0 =
(

1 0
0 exp(−Γt/2)

)
and M1 =

(
0

√
1− exp(−Γt)

0 0

)
.
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In an analysis using Monte-Carlo Wave Functions [35] these operators rep-
resent the no-jump and the jump evolution, respectively, weighted by the
corresponding time-dependent probability factors. The fidelity (2.6) is read-
ily evaluated with the result:

Fdecay =
1
6
(3 + exp(−Γt) + 2 exp(−Γt/2)).

It is straightforward to apply our equations (2.3), (2.4), and (2.6). This is
a great advantage, particularly for higher dimensional systems, where the
explicit integration over the space of initial states becomes cumbersome, and
where even the algebraic expressions in [27, 28] become involved.

2.1.4 Average fidelity of general operations on composite
quantum systems

Our formalism can be used to determine the fidelity of more complex op-
erations. For example, a K-qubit or K-qudit quantum register, such as error
correcting codes [36, 37], if K is not too large.

Let us consider a simple example, where each qubit or qudit is subject
to the same operation, which may be either unitary or a Kraus form opera-
tion. This scenario is relevant for the teleportation of a full quantum register
by sequential or parallel teleportation of every individual bit, or simply for
the storage of a quantum register suffering from independent decoherence
mechanisms on every bit. If the Kraus operators for a single qudit are de-
noted Mk, the Kraus operators for K qudits are tensor product combinations
of the Mk’s of the form M~k =

⊗K
i Mki , with ~k = (k1, k2, . . . , kK). It follows

from (2.6) that the average over the nK dimensional Hilbert space is

FnK =
1

nK + 1
+

1
nK(nK + 1) ∑

~k

|Tr(M~k)|2

=
1

nK + 1
+

1
nK(nK + 1)

(
∑

k
|Tr(Mk)|2

)K
,

where we have used that Tr
(⊗K

i Mki

)
= ∏K

i Tr(Mki). Interestingly, using

(2.6), we can express the sum ∑k |Tr(Mk)|2 in terms of the single qudit fi-
delity Fn. Hence, we obtain the relation between the K-qudit and the single-
qudit transformation fidelities:

FnK =
1

nK + 1

(
1 + ((n + 1)Fn − 1)K

)
. (2.7)

We note that if Fn = 1, also FnK = 1, and due to (2.6), Fn ≥ 1/(n + 1) for
any map. This consistently implies that FnK ≥ 1/(nK + 1). Contrary to what
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one might expect, the fidelity for K independent qudits is not just FK
n , but

it is given by the more complicated expression (2.7). This is due to the fact
that the Kth power of the one qudit fidelity formula only describes how
fast qubit product states decay on average, it does not average over initial
entangled states of the qudits in the register. Equation (2.7) implies that for
Fn = 1 − ε, where ε ¿ 1, FnK ∼ 1 − nK(n + 1)/n(nK + 1) · Kε, which is
smaller than FK

n ∼ 1− Kε. For the special case of many qubits, n = 2 and
K À 1, and we have the result FnK ∼ F3K/2

n .
The result (2.7) and the limiting values described above are valid for any

operation applied to the individual qudits, it only assumes that they are all
subject to the same individual dynamics. For few qudit systems, one may
generalize these results to the case of different operations on the individual
components, if, for example, part of the qubits in a quantum register are
transferred to an interaction region by teleportation.

2.2 The fidelity distribution

Apart from the mean fidelity, it may be interesting to know the probabil-
ity distribution for the single-state fidelity f (that is, the integrand in (2.1),
|〈ψ|M|ψ〉|2). Thus, one may pose the question whether f is peaked around
the average fidelity F or if it displays a broader distribution.

Unfortunately, obtaining an explicit expression for the fidelity probability
distribution is a difficult problem, as witnessed by the probability for f for a
Hermitian matrix M, studied originally by von Neumann [38]. We, however,
derive a formula for the special case of a two by two unitary diagonalizable
matrix in chapter 2.2.2 and study the general case numerically in chapter
2.2.3. Furthermore, we obtain an explicit formula for the variance of the
fidelity distribution for a unitary operator and a unitary operator projected
onto a smaller quantum system, as presented in chapter 2.2.1.

2.2.1 The variance

To obtain an explicit formula for the variance of the fidelity distribution for a
unitary operator, we shall derive a relation for the uniform average of f 2, i.e.,
|〈ψ|M|ψ〉|4, where M is any linear operator. However, let us first consider
the case where M is a Hermitian operator.

Lemma 1. For any Hermitian operator S acting on an n-dimensional complex
Hilbert space, the uniform average of |〈ψ|S|ψ〉|4 over state vectors |ψ〉 on the unit
sphere S2n−1 in Cn is given by

∫

S2n−1
|〈ψ|S|ψ〉|4dV =

1
n(n + 1)(n + 2)(n + 3)

×
[
6Tr(S4) + 8Tr(S3)Tr(S) + 3Tr(S2)2 + 6Tr(S2)Tr(S)2 + Tr(S)4], (2.8)



16 Fidelity of quantum operations

where dV is the normalized measure on the sphere.

Proof. The proof of Lemma 1 is very much along the lines of the proof of
Theorem 1. As before, we note the conjugation invariance of (2.8), which
allows us to prove this equation simply by demonstrating that it holds for
a real, diagonal matrix Λ. Letting L denote the left-hand side of (2.8), we
observe that L(Λ) is a homogeneous polynomial of degree 4 in the real
variables λ1, . . . , λn, which is invariant under the exchange of any two λi
and λj. It is easy to demonstrate that the set

{
Tr(Λ4), Tr(Λ3)Tr(Λ), Tr(Λ2)2, Tr(Λ2)Tr(Λ)2, Tr(Λ)4

}

spans L(Λ), and by choosing five appropriate matrices and evaluating the
integrals

∫

S2n−1
|ci|8dV =

24
n(n + 1)(n + 2)(n + 3)∫

S2n−1
|ci|4|cj|4dV =

4
n(n + 1)(n + 2)(n + 3)∫

S2n−1
|ci|6|cj|2dV =

6
n(n + 1)(n + 2)(n + 3)∫

S2n−1
|ci|4|cj|2|ck|2dV =

2
n(n + 1)(n + 2)(n + 3)∫

S2n−1
|ci|2|cj|2|ck|2|cl |2dV =

1
n(n + 1)(n + 2)(n + 3)

,

(2.9)

for i, j, k, l pairwise different, we finally obtain (2.8) by solving a linear system
of equations.

Note that (2.8) also holds for an anti-Hermitian matrix A, since L(A) =
L(iA) = R(iA) = R(A), where L and R denote the left- and right-hand
sides of (2.8), respectively.

Having obtained the uniform average of |〈ψ|M|ψ〉|4, where M is Hermi-
tian, let us derive a relation for the case where M is any linear operator.

Theorem 2. For any linear operator M acting on an n-dimensional complex Hilbert
space, the uniform average of |〈ψ|M|ψ〉|4 over state vectors |ψ〉 on the unit sphere
S2n−1 in Cn is given by

∫

S2n−1
|〈ψ|M|ψ〉|4dV =

1
n(n + 1)(n + 2)(n + 3)

[
4Tr(M2M†2) + 2Tr(MM† MM†)

+ 4Tr(M)Tr(MM†2) + 4Tr(M†)Tr(M2M†) + Tr(M2)Tr(M†2)

+ 2Tr(MM†)2 + Tr(M2)Tr(M†)2 + Tr(M)2Tr(M†2)

+ 4Tr(M)Tr(M†)Tr(MM†) + Tr(M)2Tr(M†)2],

(2.10)
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where dV is the normalized measure on the sphere.

Proof. Decomposing the general matrix M as a sum of a Hermitian and an
anti-Hermitian matrix, denoted by S and A, respectively, we note that

∫

S2n−1
|〈ψ|M|ψ〉|4dV =

∫

S2n−1
|〈ψ|S|ψ〉|4 + |〈ψ|A|ψ〉|4 + 2|〈ψ|S|ψ〉|2|〈ψ|A|ψ〉|2dV. (2.11)

The first two terms on the right-hand side of (2.11) are readily evaluated
using Lemma 1 and the explicit expressions S = (M + M†)/2 and A =
(M− M†)/2. To calculate the third term, we observe that

∫

S2n−1
|〈ψ|S|ψ〉|2|〈ψ|A|ψ〉|2dV =

∫

S2n−1
|〈ψ|Λ|ψ〉|2|〈ψ|Ã|ψ〉|2dV, (2.12)

where Λ = USU−1 is a diagonal matrix with elements λ1, . . . , λn ∈ R, and
Ã = UAU−1 is an anti-Hermitian matrix, which is not necessarily diagonal.
Writing |ψ〉 = ∑ cj |j〉 and employing the unitary invariance of the integral
(2.12) (in particular when considering the transformation cj → exp(iθj)cj), it
follows that∫

S2n−1
|〈ψ|Λ|ψ〉|2|〈ψ|Ã|ψ〉|2dV =

∫

S2n−1
∑

α,β,i,j,k,l
|cα|2|cβ|2c∗i c∗l cjckλαλβ Ãij Ã∗

kl(δijδkl + δikδjl − δijδklδil)dV =

1
n(n + 1)(n + 2)(n + 3)

{
24 ∑

i
λ2

i |Ãii|2 + ∑′

i 6=j 6=k 6=l
λkλl(Ãii Ã∗

jj + |Ãij|2)+

4 ∑
i 6=j

[
(λ2

j + 3λiλj)|Ãii|2 + (3λ2
i + 2λiλj)(Ãii Ã∗

jj + |Ãij|2)
]
+

2 ∑′

i 6=j 6=k

[
λiλj|Ãkk|2 + (λ2

k + 4λiλk)(Ãii Ã∗
jj + |Ãij|2)

] }
,

(2.13)

where the last sign of equality follows upon insertion of (2.9). The nota-
tion ∑′ indicates that the indices are pairwise different. After a lengthy,
but straightforward calculation, (2.13) can be rewritten in terms of traces of
products of powers of Λ and Ã. Invoking trace invariance, we can replace
Λ and Ã with S and A, respectively, and insert the explicit expressions for S
and A in terms of M. Collecting terms in (2.11), we finally obtain (2.10).

Combining Theorems 1 and 2, we obtain the variance of the fidelity distri-
bution for a unitary transformation using

σ2 =
∫

S2n−1
|〈ψ|M|ψ〉|4dV −

(∫

S2n−1
|〈ψ|M|ψ〉|2dV

)2

,
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with M = U†
0 U, where U0 and U are the desired and actual evolution op-

erators of the system, respectively. As in chapter 2.1.2, this result is easily
extended to the case where the average is solely performed over a subset of
input states by simply replacing n with nrel , and M with Mrel = U†

0 PUP,
where P is the projection operator on the relevant subspace and U0 repre-
sents the desired dynamics for the relevant subspace. However, Theorem 2
is, regrettably, not easily extendable to accommodate the case of a general
quantum operation.

2.2.2 The fidelity distribution for a two by two normal matrix

In this chapter, we obtain an explicit expression for the fidelity distribution
for a two by two unitarily diagonalizable matrix, i.e., a normal matrix. Con-
sider first the following theorem:

Theorem 3. If M is a normal 2 x 2 matrix with eigenvalues λ0, λ1 arranged such
that |λ0| ≤ |λ1|, then for λ0 6= λ1 the probability distribution for f = |〈ψ|M|ψ〉|2
is given by

Pf =
1

2|λ0 − λ1|
1√

f − f0
, |λ0|2 ≤ f ≤ |λ1|2, (2.14)

unless Re(λ1/λ0) ≤ 1 (|λ0 − 1
2 λ1| ≥ 1

2 |λ1|), in which case it is given by

Pf =





1
|λ0−λ1|

1√
f− f0

, f0 ≤ f ≤ |λ0|2,
1

2|λ0−λ1|
1√
f− f0

, |λ0|2 ≤ f ≤ |λ1|2,
(2.15)

where f0 = Im(λ0λ∗1)
2/|λ0 − λ1|2.

Proof. If M = UΛU−1, such that Λ is diagonal with eigenvalues λ0, λ1 ar-
ranged according to |λ0| ≤ |λ1|, and U ∈ U(2), the single-state fidelity f =
|〈ψ|M|ψ〉|2 reduces to |〈ψ|Λ|ψ〉|2 = |c0|4|λ0|2 + |c1|4|λ1|2 + |c0|2|c1|2(λ0λ∗1 +
λ∗0λ1), where |ψ〉 = c0 |0〉+ c1 |1〉 is written in the basis of the eigenstates of
M. Employing the parametrization c0 = eiχ cos(θ/2) and c1 = ei(χ+φ) sin(θ/2),
where φ ∈ [0, 2π] and θ, χ ∈ [0, π], we have f = |λ0|2 fλ, where

fλ = cos4 θ

2
+ sin4 θ

2
|λ|2 + cos2 θ

2
sin2 θ

2
(λ + λ∗), (2.16)



2.2. The fidelity distribution 19

and λ = λ1/λ0. The probability of obtaining a θ smaller than a given t is
∫ t

−∞
Pθ(θ)dθ = V({(χ, θ, φ)|θ < t})/V(S3)

=
1

2π2

∫

{(χ,θ,φ)|θ<t}
dV

=
1

2π2

∫

{(χ,θ,φ)|θ<t}
1
2

sin θdχdθdφ

=
∫ t

0

1
2

sin θdθ,

(2.17)

where for the fourth step we used that the square root of the Jacobian deter-
minant equals sin θ/2, and we exploited the invariance of χ, φ to integrate
out these parameters. Differentiating (2.17) with respect to t, we conclude
that

Pθ =
1
2

sin θ, θ ∈ [0, π]. (2.18)

If fλ(θ) is monotone, we have that

Pfλ
=

∣∣∣∣
dθ

d fλ

∣∣∣∣ Pθ . (2.19)

Otherwise, we have to add contributions from those intervals where it is
monotone. Since

d fλ

dθ
=

1
2

sin θ(|λ|2 − 1− |1− λ|2 cos θ), (2.20)

it follows that d fλ/dθ is zero only at the endpoints, i.e., at θ = 0, π, and at
θc = arccos

(
(|λ|2 − 1)/|1− λ|2), see Fig. 2.1. As | cos θc| ≤ 1, the require-

ment Re(λ) ≤ 1 (and λ 6= 1) arise if θc is to be defined.

θ

f
λ

πθc

1

|λ|2

Im(λ)2/|1-λ|2

Figure 2.1. fλ as a function of θ for the case where θc is defined.

For cases where θc is not defined, fλ is monotone on the interval θ ∈ [0, π]
with range [1, |λ|2], since it follows from the assumption |λ0| ≤ |λ1| that
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|λ| ≥ 1. Combining (2.18), (2.19), and (2.20) we obtain

Pfλ
=

∣∣|λ|2 − 1− |1− λ|2 cos θ
∣∣−1

, (2.21)

where, from (2.16),

cos θ =
|λ|2 − 1± 2

√
fλ|1− λ|2 − Im(λ)2

|1− λ|2 . (2.22)

Since it is assumed that θc is not defined it follows that f is monotone.
Consequently, only one solution is applicable, and either the plus or the
minus sign must be chosen in (2.22). In that, fλ,min = 1 is larger than the
term Im(λ)2/|1 − λ|2, which corresponds to the minimum value of fλ to
ensure that the term under the square root in (2.22) is positive, it follows
that the right-hand side is defined for all fλ in the domain. Inserting (2.22)
into (2.21) gives

Pfλ
= 1/

(
2
√

fλ|1− λ|2 − Im(λ)2

)
, 1 ≤ fλ ≤ |λ|2, (2.23)

regardless of the sign chosen in (2.22). Thus, for the case where θc is unde-
fined, we finally obtain (2.14) by exploiting

Pf =
∣∣∣∣
d fλ

d f

∣∣∣∣ Pfλ
= Pfλ

/|λ0|2. (2.24)

If θc is defined we must consider the intervals [0, θc] and [θc, π] separately
and, by inverting fλ in the relevant branch in Fig. 2.1, subsequently add their
contributions to Pfλ

. For [0, θc] only the plus solution of (2.22) is valid and
we find that fλ must fulfill Im(λ)2/|1− λ|2 ≤ fλ ≤ 1, whereas for [θc, 0]
the minus solution holds and we find Im(λ)2/|1− λ|2 ≤ fλ ≤ |λ|2. In both
cases, inserting (2.21) gives (2.23) and, adding the distributions obtained for
the two intervals, we finally obtain (2.15) by making use of (2.24).

In principle, Theorems 1 and 2 can be demonstrated in the special case of M
being a normal 2 x 2 matrix from Theorem 3 using 〈 f 〉 =

∫ fmax
fmin

Pf f d f and

〈 f 2〉 =
∫ fmax

fmin
Pf f 2d f , respectively.

Setting M = U†
0 U, where U0 and U are the desired and actual evolu-

tion operators of the system, respectively, we immediately obtain the fidelity
distribution from Theorem 3. In this case, M has eigenvalues eiφ0 , eiφ1 . If
φ0 6= φ1, (2.15) is relevant and we obtain

Pf =
1

2 sin
(

φ1−φ0
2

) √
f − cos2

(
φ1−φ0

2

) ,
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for cos2 ((φ1 − φ0)/2) ≤ f ≤ 1. The obtained minimum fidelity is a special
case of the minimum fidelity formula for any unitary operator, which was
derived in [39]:

fmin =

{
cos2(∆φmax/2) if ∆φmax ≥ π,
0 otherwise,

where ∆φmax = max
({φj − φj−1}j=1,...,n−1 ∪ {2π + φ0 − φn−1}

)
, when the

eigenvalues of M = U†
0 U are ordered such that 0 ≤ φ0 ≤ · · · ≤ φn−1 ≤ 2π.

For the case considered in chapter 2.1.2, where M = U†
0 PUP, M is

not necessarily normal and in general Theorem 3 is therefore not appli-
cable. However, in some cases it can be employed. By way of example,
consider the method described in [40] for utilizing dark states to perform
arbitrary qubit rotations. Here, rotations between qubit states |0〉 and |1〉
are achieved by simultaneously coupling the states resonantly to an excited
state |e〉 with complex Rabi frequencies ΩR0(t)e−iφ0 and ΩR1(t)e−iφ1 , respec-
tively. For ΩR0(t) = ΩR1(t), a new orthonormal basis is chosen, such that
|0̄〉 = (|0〉 − e−iφ |1〉)/

√
2 and |1̄〉 = (|0〉 + e−iφ |1〉)/

√
2. Now, if the rela-

tive phase of the fields fulfills φ1 − φ0 = φ, only |1̄〉 couples to |e〉 (and vice
versa if φ1 − φ0 = φ + π). Applying two π pulses, the second with a shift
of π + θ on both φ0 and φ1, ideally implements U0 =

( 1 0
0 eiθ

)
in the basis

{|0̄〉 , |1̄〉}. However, if the rotations between |1̄〉 and |e〉 are imperfect, we

obtain U =
( 1 0 0

0 α γ
0 γ∗ β

)
in the basis {|0̄〉 , |1̄〉 , |e〉}, implying that PUP =

(
1 0
0 α

)

in the basis {|0̄〉 , |1̄〉}. It follows that M is normal and the fidelity distribu-
tion is immediately obtained from Theorem 3.

2.2.3 The numerical fidelity distribution

In order to construct the fidelity distribution for any operator, we make
use of numerical simulations. To effectively generate random points on a
hypersphere of arbitrary dimension, we use the method of [41]. This invokes
creating n Gaussian random variables x̃1, x̃2, . . . , x̃n, from which uniformly
distributed vectors x are obtained over the surface Sn−1 using

x =
1√

x̃2
1 + x̃2

2 + . . . + x̃2
n




x̃1
x̃2
...

x̃n


 .

Employing the parametrization |ψ〉 = ∑j cj |j〉, where cj = x2j+1 + ix2j+2, the
distribution of f can be found.

As a check of our theoretical fidelity distribution, we observe from Fig. 2.2
that (2.15) is consistent with our numerical findings. The vertical bars indi-
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Figure 2.2. Theoretical (line) and numerical (histogram) fidelity
distribution for a matrix with eigenvalues λ0 = 0.7 · eiπ/8 and
λ1 = 0.8 · ei4π/5. From (2.1) and (2.10) it follows that 〈 f 〉 = 0.279
and 〈 f 2〉 = 0.096, respectively. The minimum fidelity is fmin =
f0 = 0.133 from (2.15).

cate the histogram obtained by choosing states on the Bloch sphere at ran-
dom, as described above, and binning their individual fidelities. In addition,
we observe that our theoretical predictions for the uniform averages of f and
f 2 coincide with the numerical results.

2.3 Summary

We have presented a derivation, and shown various applications, of a simple
and compact expression for the average fidelity of a general quantum oper-
ation. Alternative expressions, involving discrete sums over a large number
of initial states, have been discussed previously in the literature with em-
phasis on quantum process tomography. To our knowledge, the expression
involving only simple combinations of the trace of the relevant Kraus oper-
ators has not been used in direct fidelity calculations.

Our simple expression is a good starting point for further analysis, e.g.,
for the achievements of error correcting codes [36], decoherence-free sub-
spaces [42, 43], and protection of quantum information by dynamical de-
coupling [44]. Our expression can also be handled and generalized ana-
lytically, as illustrated by our study of a K-qudit register, which provides
insight into the scaling of errors. This may have applications in quantum
error correction, the capacity of quantum channels, and the way that, e.g.,
communication with quantum repeaters [21] and entanglement distillation
should optimally be carried out.

We apply an average over pure states, but we note that it is possible,
and also very interesting, to define fidelities for mixed initial states, and to
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perform averages over mixed states [45]. Since mixed states can be synthe-
sized as the partial trace of pure states on a larger system, we imagine that
the accomplishments of operations on mixed states can also be addressed
with our formalism. The ability to restrict averages to subspaces may enable
generalization of our formalism to deal with non-uniform averages, assum-
ing nontrivial prior probability distributions on the Hilbert space. Also, in
infinite-dimensional Hilbert spaces we may use our formulas, omitting the
n(n + 1) prefactor, to define relative fidelity measures for any trace class oper-
ators. By means of the regularized traces used for quantum field theory [46],
it is even possible to extend such measures canonically to certain non-trace
class operators.

Finally, we have studied the fidelity distribution, which we imagine may
be interesting in connection with the design of for instance error correcting
codes or composite pulses, by obtaining an explicit formula for the variance,
which is not applicable for a general quantum operator, but in a number of
very interesting quantum information scenarios.

We also derived an expression for the distribution itself, which is appli-
cable in a limited number of cases. It is possible to expand our method to
deal with more general operators. Numerical simulations allow us to deal
with any operator.





Chapter 3

Introduction to neutral atom
quantum computing

A distinguishing feature of neutral atom quantum computing is that neutral
atoms, being uncharged, are weakly coupled to their environment. This im-
plies very long coherence times, and hence neutral atoms appear to be very
good candidates for storing quantum information. The qubit basis states
can be identified as, for example, two hyperfine states of the ground level of
an alkali metal atom. Easy manipulation of the qubits can be achieved us-
ing external fields, such as microwave radiation or laser light, and complete
control of the system parameters is then possible.

Unfortunately, it is not straightforward to identify a suitable interaction
which couples two neutral atoms. This is in contrast to the case of ions, for
which the Coulomb interaction offers strong coupling at the expense of a
stronger coupling to the environment. However, for neutral atoms, two-
qubit gates can be implemented by employing controllable internal-state
dependent interactions between the atoms, such as controlled cold colli-
sions [47], cavity-mediated photon exchange [48], and dipole-dipole inter-
actions between Rydberg atoms [23]. In this thesis, we study solely the latter
implementation.

In this chapter, we study a possible way of implementing NAQC in prac-
tice: how to trap the atoms, how to choose the qubit basis states (chapter 3.1),
how to perform initialization (chapter 3.2) and read out (chapter 3.3), and
how to carry out single-qubit gates (chapter 3.4) and two-qubit gates (chap-
ter 3.5). Finally, we provide a brief review of the experimental progress on
NAQC (chapter 3.6). The chapter is a review of known results except for
chapter 3.4.6, which is our own contribution.

25
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3.1 The qubit basis states

Neutral atoms can be captured in the ‘egg carton’-style potential of a far-
off-resonance trap (FORT). This is formed by tightly focusing laser light in a
chosen set of locations and using the ground state AC Stark shift to create the
position-dependent potential of the individual wells [49]. Single atoms can
be loaded into the FORT after precooling in a magneto-optical trap (MOT)
[25].

An optimal choice of qubit basis states minimizes the amount of dephas-
ing caused by fluctuations in the trapping and background magnetic fields.
The atoms used in experiments by both the group of Saffman and Walker
and the group of Grangier are 87Rb with a nuclear spin of I = 3/2. To
achieve long storage times and low decoherence the following two hyper-
fine states of the ground level are used [25]:

|0〉 ≡ |F = 1, mF = 0〉 ,
|1〉 ≡ |F = 2, mF = 0〉 .

The hyperfine splitting for these states is ωh f /2π ≈ 6.83 GHz in the absence
of a magnetic field. This choice of basis gives zero first-order sensitivity
to magnetic fields. However, a small magnetic bias field (15 mG is suf-
ficient [25]) must be applied in order to suppress transitions between the
Zeeman sublevels.

Qubit decoherence. The various physical mechanisms that limit the coher-
ence of the qubit basis states are carefully studied in [25]. Background gas
collisions, photon scattering of FORT light and laser noise induced heat-
ing all contribute to decreasing the coherence time of the diagonal density
matrix elements (T1). The qubits are affected equally so no dephasing of
the qubit basis states is caused. However, background magnetic and elec-
tric fields, limit the coherence time of the off-diagonal matrix elements (T2).
Moreover, intensity noise and atomic motion result in a time-dependent AC
Stark shift, which is also responsible for dephasing. The estimates obtained
in [25] are T1 ∼ 12 s and T2 ∼ 2 s.

3.2 Initialization

The system can be initialized by optical pumping to the |1〉 state. This can
be carried out by applying light linearly polarized along the magnetic field
which is resonant with the |S1/2, F = 2〉 ↔ |P3/2, F′ = 2〉 transition, see Fig.
3.11. Since the states with mF = 0 are not coupled by the light (cf. ∆F = 0),
all population will eventually end up in the |S1/2, F = 2, mF = 0〉 state due

1Note that the applied magnetic field is so small that the transitions between the Zeeman
sublevels are all resonant.
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to spontaneous emission. The |S1/2, F = 2〉 state has a much longer lifetime
than the |P3/2, F′ = 2〉 state, but the inevitable population loss to the ground
state can be corrected for by applying a repumper beam. The initialization
procedure can be performed in approximately 0.1 µs [25]. Based on exper-
iments with atomic beams [50], a preparation purity of order 10−4 can be
expected.
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5P3/2

5S1/2

Figure 3.1. The initialization procedure. The solid lines represent
lasers driving the ∆mF = 0 transitions. The wavy lines indicate
population loss from the upper states to the lower states by spon-
taneous emission.

3.3 Read out

The read-out method is based on resonance fluorescence [51]. In [25] it is
proposed to perform rapid state selective measurements by applying σ+ po-
larized light tuned close to the |S1/2, F = 2, mF = 2〉 ↔ |P3/2, F′ = 3, mF′=3〉
cycling transition, see Fig. 3.2. If the number of detected photons exceeds
a certain cutoff, the qubit is measured to be in state |1〉. The measurement
time must be sufficiently long that the photons emitted spontaneously can
be resolved above the noise. In [25] it is estimated that accurate measure-
ments can be performed in less than 100 µs.

An alternative read-out method is to entangle the qubit with an ensemble
using the Rydberg blockade technique (see chapter 3.5.2) as proposed in [52].
Reading out the state of the ensemble is advantageous in that local opera-
tions are faster and the emitted light is directional (see chapter 6), which
increases the photon detection rate. For experimentally realistic parameters
this makes the total read-out process faster, even when accounting for the
additional operations necessary to entangle the qubit and the ensemble. It
is estimated that by this method it is feasible to achieve a read-out time ten
times smaller than that possible via resonance fluorescence [52].
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Figure 3.2. The read-out procedure. By applying lasers reso-
nant with the ∆mF = 1 transitions (solid lines), population ini-
tially in |1〉 = |F = 2, mF = 0〉 eventually ends up in the two right-
most states. Detection of light emitted by spontaneous emission
(wavy lines) from |F′ = 3, mF = 3〉 to |F = 2, mF = 2〉 indicates ini-
tial population of |1〉.

3.4 Single-qubit gates

Next, we study the implementation of single-qubit gates for NAQC. In prin-
ciple, single-qubit rotations between |0〉 and |1〉 can be carried out using
a microwave field resonant with ω10. Unfortunately, this setting does not
allow direct single-site addressing [25]. Instead, we shall resort to stimu-
lated two-photon Raman transitions. In principle, this allows for rotations
between the qubit basis states that are straightforward to implement. How-
ever, errors do come into play and we discuss possible ways of dealing with
these. In particular, we consider errors arising from atomic motion in the
trap.

3.4.1 Two-photon Raman transitions

A two-photon Raman transition involves the simultaneous absorption and
stimulated emission of light by an atom, in the configuration illustrated in
Fig. 3.3. This level structure is denoted a lambda (Λ) system and consists of
a single excited state |e〉 mediating transitions between two lower states, |0〉
and |1〉. Transitions to |e〉 from each of the lower states are dipole allowed.
However, transitions |0〉 ↔ |1〉 are dipole forbidden, implying that |1〉 is a
metastable state with a very long lifetime. If the single-photon detunings are
large compared to the Rabi frequencies and the two-photon detuning, the
excited state does not acquire population during the transition |0〉 ↔ |1〉.
Thus, spontaneous emission from |e〉 is negligible, as opposed to the case of
two single-photon transitions.
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|e〉
∆0

Ω0,ω0

Ω1,ω1

|0〉

|1〉

∆1

∆

Figure 3.3. The three-level Λ system used for single-qubit ro-
tations. Two lasers with Rabi frequencies Ωj = dej · Ej,0eikj ·r/h̄
couple the qubit states with an effective Rabi frequency
ΩR = Ω0Ω∗

1/(∆0 + ∆1). The single-photon detunings are defined
by ∆i = ωi −ωei and the two-photon detuning by ∆ = ∆0 − ∆1.

In the semiclassical approximation, valid if the fields are sufficiently
strong, the electromagnetic fields are treated as classical vector fields. The
interaction Hamiltonian between the two fields and the lambda system is

H = − d · E, (3.1)

where
d = de0σe0 + de1σe1 + h.c.,

σij = |i〉〈j|, and E = E0 + E1, where

Ej =
1
2

(
Ej,0ei(kj·r−ωjt) + c.c

)
.

Applying two standard techniques, the rotating wave approximation and
adiabatic elimination2, the evolution of the lambda system can be described
in the interaction picture basis {|0〉 , |1〉} by the operator

R(θ, φ) =

(
ei ∆

2 t[cos
(

θ
2

)− i ∆′
|Ω| sin

(
θ
2

)] −iei ∆
2 t |ΩR|
|Ω| e−iφ sin

(
θ
2

)

−ie−i ∆
2 t |ΩR|
|Ω| eiφ sin

(
θ
2

)
e−i ∆

2 t[cos
(

θ
2

)
+ i ∆′

|Ω| sin
(

θ
2

)]
)

. (3.2)

The pulse area is denoted θ = |Ω|t and the relative phase of the two lasers
is φ, such that ΩR = |ΩR|eiφ. Furthermore, Ω = (Re (ΩR) , Im (ΩR) , ∆′)
and ∆′ = ∆ + (|Ω0|2 − |Ω1|2)/2 (∆0 + ∆1). All other definitions are given in

2Adiabatic elimination of the excited state is possible due to the negligible population of
|e〉. However, ambiguities exist in the standard treatment, which we have dealt with in our
paper [II].
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x
y

z

Figure 3.4. Evolution of the Bloch vector (black, solid line) during a
ππ/10 pulse. The state |0〉 (south pole) is rotated π degrees around
the axis n̂ = cos(π/10)x̂ + sin(π/10)ŷ (black, dashed line) such
that it ends up in |1〉 (north pole).

Fig. 3.3. We refer to Appendix A for details.

Bloch-sphere picture. A useful way to visualize the dynamics of two-level
systems is to introduce the Bloch sphere picture. Defining the Bloch vector

S =




2Re(c∗1c0)
2Im(c∗1c0)
|c1|2 − |c0|2


 ,

where |ψ〉 = c0 |0〉+ c1 |1〉, the evolution described by (3.2) corresponds to a
clockwise rotation of S by an angle θ around the axis Ω̂ on the unit sphere.
In particular, for ∆ = 0 the rotation axis is n̂ = cos(φ)x̂ + sin(φ)ŷ. Note that
henceforth we shall adopt the notation θφ to denote a pulse with parameters
θ and φ. An example of a rotation on the Bloch sphere is illustrated in
Fig. 3.4.

3.4.2 Constructing single-qubit gates

Any arbitrary unitary operator can be approximated by appropriately com-
bining a small number of so-called universal gates (as mentioned in chapter
1). The standard set of universal gates consists of the Hadamard, phase,
controlled-not, and π/8 gates [7]. The phase gate corresponds to two π/8
gates, so (in addition to the cnot gate) it suffices to implement the following
two single-qubit gates in a physical system

T =
(

1 0
0 eiπ/4

)
,

H =
1√
2

(
1 1
1 −1

)
,
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where T is the π/8 gate, and H is the Hadamard gate. From (3.2), we see that
applying two lasers with numerically equal Rabi frequencies (|Ω0| = |Ω1|)
for an amount of time t such that θ = |Ω|t = 2π, and with a detuning fulfill-
ing ∆· t = −π

4 , T is implemented up to a global phase factor. For the same
two lasers, but this time on two-photon resonance (∆ = 0), H is achieved
up to a global phase factor by first applying a ππ pulse and subsequently a
π/2−π/2 pulse. This corresponds to R

(
π
2 ,− π

2

) · R (π,π).
In addition to construction of single-qubit gates, single-qubit rotations

are used as building blocks for two-qubit gates. We are particularly inter-
ested in swapping two states, which can be implemented using a pulse with
θ = π. To obtain real coefficients we choose φ = π

2 . The corresponding pulse
ππ/2 has the rotation matrix R

(
π, π

2

)
=

(
0 −1
1 0

)
. The minus sign entails that

a 2ππ/2 pulse endows the states with a phase shift of π even though the
Bloch vector is returned to the same point on the Bloch sphere.

3.4.3 Implementing single-qubit gates

Single-qubit rotations can be carried out using a stimulated two-photon Ra-
man transition, as demonstrated above. In practice, for 87Rb, the Raman
light is tuned close to either the 5P1/2 or the 5P3/2 excited state. With a fine
structure splitting of 7120 GHz, contributions from the other 5P state can be
neglected.

A correction to the effective Rabi frequency ΩR arises from the hyperfine
structure of the excited state. The state 5P1/2 has two hyperfine levels F = 1
and F = 2, with a splitting of ∆e/2π = 817 MHz. Taking this substructure
of |e〉 into account leads to the following expression for ΩR [25]:

ΩR =
2πe2

ε0ch̄2

(
1
2‖rY1

1 ‖ 1
2

)2 I
9

∆01 − ∆e/4
∆01 (∆01 − ∆e)

. (3.3)

We refer to Appendix B for details.
Single-qubit gates based on stimulated Raman transitions can be carried

out with a high fidelity. Error sources include spontaneous emission, AC
Stark shifts induced by the Raman beams, atomic motion, spatial crosstalk,
polarization leakage, laser intensity noise, and laser phase noise. In [25] the
authors estimate the combined fidelity error to be of order 10-4. Additionally,
with a 5P1/2 lifetime of 27.7 ns, transitions can be made quite free of deco-
herence due to spontaneous emission. Thus, with a single-photon detuning
of ∆0/2π ≈ −100 GHz, the probability of spontaneous emission from the
excited state is approximately 9 · 10−5. Atomic motion and spatial crosstalk
will be specifically addressed in chapter 3.4.6, but first we review some of
the commonly used error compensation techniques for two-level systems.
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3.4.4 Composite pulses

In the Bloch picture off-resonance or pulse length errors result in rotational
imperfections. Replacing single with multiple rotations can greatly improve
robustness and lead to an almost ideal evolution when small errors are
present. Such a composite sequence comprises rectangular pulses, i.e., their
amplitude is constant and only their duration and phase are varied. The
evolution matrix describing them is (3.2) for an effective two-level system.
The two types of errors and examples of pulses correcting for them are dis-
cussed in the following.

Composite pulses are used extensively in NMR (see [53] for a detailed
review). There are two main classes: type A works for any initial state
whereas type B only works for some initial states. In the context of quantum
computing, type A pulses are preferable as a given gate should work for all
initial states. However, type B pulses can sometimes be applied as build-
ing blocks for two-qubit gates. In [54] various pulses suitable for quantum
computation are listed. Note that the problem of correcting pulse length
and off-resonance errors simultaneously using type A pulses is as yet unre-
solved.

Pulse length errors

Pulse length errors occur when the duration of the pulse is set incorrectly, or
(equivalently) when the field strength deviates from its nominal value, i.e.,
when |Ω|′ = γ|Ω|, where |Ω|′ is the actual value and |Ω| is the nominal
value. The actual rotation angle θ ′ thus differs from the nominal rotation
angle θ as θ ′ = γθ.

To deal with these kinds of errors in the particular case of population
swapping (i.e., |0〉 ↔ |1〉), one can apply the composite pulse sequence
900 18090 900, which ideally implements a π rotation around the x̂ axis.
As can be seen on Fig. 3.5a, performing a π

2 rotation around the x̂ axis
followed by a π rotation around the ŷ axis and a π

2 rotation around the x̂
axis compensates for pulse length errors (and to some extent off-resonance
errors).

To perform an arbitrary rotation, one can use the type A composite pulse
sequence called SCROFULOUS [54]. Assuming a three-pulse sequence, op-
timal parameters for the angles and phases are determined such that the
first-order error term vanishes with the constraint that the composite pulse
should be time symmetric (i.e., θ1 = θ3 and φ1 = φ3). The parameters for a
rotation θ0 (i.e., a rotation with θ degrees around the x̂ axis) are found to be
θ1 = θ3 = arcsin(2 cos(θ/2)/π), φ1 = φ3 = arccos(−π cos(θ1)/2θ1 sin(θ/2)),
and θ2 = π, φ2 = φ1 − arccos(−π/2θ1). A pulse with a different phase an-
gle φ is obtained by offsetting all the phase angles by φ. A special case is
the 180315 rotation which is implemented by the sequence 18015 180255 18015.
Figure 3.5b shows that even a 10 % error in the Rabi frequency is well com-
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(a) 900 18090 900 pulse. (b) 180315 SCROFULOUS pulse.

(c) 1800 BB1 pulse. (d) 1800 CORPSE pulse.

Figure 3.5. The evolution of |0〉 on the Bloch sphere during various
composite pulse sequences. The desired outcome is a rotation from
|0〉 (south pole) to |1〉 (north pole). The axes are the same as in
Fig. 3.4. In (a) we correct for pulse length errors with γ equal
to 1 (turquoise), 0.95 (purple), and 0.9 (blue). In (b) we correct
for γ = 0.9 by applying the sequence of pulses 18015 (turquoise),
180255 (purple), and 18015 (blue). In (c) we correct for γ = 0.9
using first the 1800 pulse (purple) followed by 180φ1 (green), 360φ2
(turquoise), and 180φ1 (blue), where φ1 = arccos (−1/4) and φ2 =
3φ1. In (d) we correct for an off-resonance error of ε = 0.1 using
the sequence 4200 (blue), 300180 (turquoise), and 600 (purple).

pensated for.
In the schemes mentioned above, one replaces a single pulse with a se-

quence of pulses performing the desired rotation and compensating for the
errors at the same time. Wimperis [55] introduced type A composite pulses
where one first applies a single pulse, ideally achieving the desired evo-
lution, and then follow it by a sequence of pulses partially correcting the
errors. Of particular interest is the BB1 pulse (broadband number 1) family.
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In this case, one performs a θx pulse using the sequence 180φ1360φ2180φ1 θx.3
As before, implementing a θφ pulse requires offsetting all pulse angles by
the phase φ. Optimal values are φ1 = arccos (−θ/720◦) and φ2 = 3φ1. The
pulse sequence for a 180x pulse is shown in Fig. 3.5c for a 10% error in the
Rabi frequency. The BB1 pulse is well suited for correcting pulse length
errors over a wide range of γ, hence its name. It performs better and is
less sensitive to off-resonance effects than the SCROFULOUS scheme, but is
somewhat slower.

Off-resonance errors

A nonzero (two-photon) detuning ∆ results in a modification of the rotation
angle, which takes the actual value θ ′ = θ

√
1 + ε2, where ε = ∆/|ΩR| and θ

is the nominal rotation angle. Furthermore, the rotation axis is tilted as Ω̂
acquires a nonzero z-component.

To deal with off-resonance errors, one may employ the type A compos-
ite pulse scheme called CORPSE (compensating for off-resonance with a
pulse sequence) scheme [54]. In this case, a θx pulse is implemented by a
sequence of three pulses applied along the x̂, -x̂ and x̂ axes, respectively.
As usual, a θφ pulse is implemented by off-setting the phase angles by
φ. The optimal rotation angles are θ1 = 2π + θ/2 − arcsin (sin(θ/2)/2),
θ2 = 2π − 2 arcsin (sin(θ/2)/2), and θ3 = θ/2− arcsin (sin(θ/2)/2). The
impressive performance for a 180x pulse is demonstrated in Fig. 3.5d.

3.4.5 Complex hyperbolic secant pulse

For population swapping one can use a particular pulse of type B called the
complex hyperbolic secant pulse. For this pulse, the complex Rabi frequency
is

ΩR(t) = ΩR,0[sech (β(t− t0))]
1+iµ ,

where µ is a real constant, ΩR,0 is the maximum Rabi frequency, and β
is related to the pulse width. The result is a real hyperbolic secant pulse
for which the instantaneous frequency (given by the time derivative of the
phase) is swept during the pulse, i.e.,

|ΩR(t)| = ΩR,0 sech(β(t− t0)),

ν(t) = ν0 − µβ tanh(β(t− t0))
2π

.

Hence we have −βµ < ∆ < βµ.
An analytic solution to the analogous NMR problem is derived in [56].

Let u, v, w be the three components of the Bloch vector S. Then, for ∆ = 0

3To obtain a time symmetric pulse, the correcting pulse sequence can also be placed in
the middle of the θx pulse, cf. [54].
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(a) (b)

Figure 3.6. (a) The evolution of |0〉 during the hyperbolic secant
pulse for ΩR,0/2π = 1.4 MHz and δ = 0.05 ΩR,0. (b) Final state
population as a function of ΩR,0 and δ. Parameters are β/2π =
0.45 MHz, and µ = 3.

and a detuning error δ, the following equations can be derived from (A.2)
with the term −δσ11 added:

u̇− iv̇ = i ΩRw + iδ(u− iv),

ẇ = i
2 (Ω∗

R(u− iv)−ΩR(u− iv)∗) .

By defining M = u− iv, Mz = −w, and ∆w = δ, we find these equations
to be identical to the NMR Bloch equations in [56]. Thus, for ΩR ≥ µβ, the
analytic expression for the final level population difference is

w = − tanh
(

π
(

δ
2β + µ

2

))
tanh

(
π

(
δ

2β − µ
2

))

+ cos
(

π
(( ΩR

β

)2 − µ2
)1/2)

sech
(

π
(

δ
2β + µ

2

))
sech

(
π

(
δ

2β − µ
2

))
.

(3.4)

For µ ≥ 2, the second term in (3.4) has negligible influence on the value of w.
Hence, if ΩR exceeds the threshold value µβ, w is essentially independent of
ΩR. Moreover, the pulse is narrowband with respect to δ, meaning that, for
a small interval in δ, w is almost independent of δ. The performance of the
hyperbolic secant pulse is illustrated in Fig. 3.6.

3.4.6 Correcting for atomic motion

After our general discussion of error correcting pulses, we now discuss how
these techniques can be applied to the physical system of neutral atoms
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trapped in a FORT. That is, in particular we consider single-qubit gate errors
due to atomic motion.

The intensity of a laser beam (applied to perform single-qubit rotations)
varies with position. Hence, if the motion of an atom in the trap is large
on the scale of the waist of the beam, the Rabi frequency will be position
dependent. This gives rise to (time-dependent) pulse length errors.

Applying a Raman beam with a larger waist would diminish this error,
but would at the same time lead to increased crosstalk between neighbor-
ing sites. Increasing the spacing between the traps in order to reduce this
crosstalk is not tenable, as this would lessen the interaction between neigh-
boring atoms and decrease the fidelity of the two-qubit operations. Great
care must be taken to choose the parameter values that lead to the best com-
promise.

For our estimates in the following we employ the parameters of [25].
The variation of the Rabi frequency with respect to the atomic position is
given by ΩR(r) = ΩR,0 e−2r2/w2

0 , which follows from the intensity profile
I(r) = I0 e−2r2/w2

0 for a Gaussian beam, where r =
√

x2 + y2 is the distance
from the origin in the plane and w0 = 5 µm is the waist of the beam.
In the FORT, the atoms are at a temperature of Ta = 50 µK, and the ra-
dial oscillation frequency is ωr/2π = 30 kHz. With these values we find
that kBTa/h̄ωr = 35, implying that the system is in the classical regime
and Maxwell-Boltzmann statistics can be applied to calculate the average
atomic speed. This gives the following estimates: 〈v2

x〉 = 〈v2
y〉 = 〈v2

z〉 =
kBTa/m. From the virial theorem it follows that 〈x2〉 = 〈y2〉 = w2

f 0Ta/4Tf =
(0.3 µm)2, where w f 0 = 2.5 µm is the waist of the FORT beam and Tf = 1
mK is the maximum depth of the potential well expressed in temperature
units. This yields a variation in ΩR of order ∆ΩR ∼ 0.01ΩR.

For this variation of ΩR, and for a spacing of d = 8 µm between neighbor-
ing atoms, the Rabi frequency in the center of the adjacent trap is 0.006 ΩR.
Thus, for the atom in the neighboring trap, a rotation of θ causes an error
of 1− |〈Iψ|R(γθ, φ)ψ〉|2 = 1− cos2( γθ

2

)
, where γ = e−2d2/w2

0 . For a π pulse,
with the values stated above, the error is of order 10−4.

With the radial frequency ωr/2π = 30 kHz, it follows that the atoms os-
cillate radially in the trap with a period of tosc = 2π/ωr = 33 µs. Comparing
this with the gate time tgate = π/|ΩR| = 0.36 µs, for a π pulse with a Rabi
frequency of 2π · 1.4 MHz (a typical value in the experiments by Saffman
and Walker), it follows that an atom hardly moves during gate operation.
However, for composite pulses, the extended duration of the gate allows for
more movement during the gate. Consequently, for a constant pulse, the
Rabi frequency is almost constant during the gate.

In addition to inducing pulse-length errors, atomic motion gives rise to
a Doppler shift, which leads to off-resonance errors. From the above esti-
mate for 〈v2

z〉 follows a root-mean-square speed of vz = 0.07 m/s, resulting
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Figure 3.7. Final state population as a function of the initial po-
sition of an atom initially in |0〉 for a 1800 pulse (gray dots) and
a 1800 BB1 pulse (black dots). Parameters used for the numerical
simulation are ΩR,0/2π = 1.4 MHz, ∆0

0/2π = 40 GHz, and ∆0 = 0.
Additional parameters are stated in the text.

in a Doppler shift of δν/ν = vz/c = 2 · 10−10 as the Raman beams are
orthogonal to the plane. If the two Raman beams come from the same di-
rection, the levels |0〉 and |1〉 are shifted by nearly the same amount relative
to |e〉 and the two-photon detuning ∆ will remain almost unchanged. Let-
ting ∆0 denote the value without Doppler shift, the detuning is given by
∆ = ∆0 + vzω10/c, where ω10/2π = 6.83 GHz . Thus, the correction to
∆ is of order δ∆0/2π ∼ 2 Hz, which is very small compared to the Rabi
frequencies. The off-resonance error arising from the Doppler shift is ac-
cordingly expected to be quite small. There is also a small correction to the
Rabi frequency from ΩR = Ω0Ω∗

1/(∆0 + ∆1). The single-photon detunings
are shifted approximately 0.1 MHz, which is a small correction to the typical
values of 40 GHz.

To summarize, atomic motion leads to both pulse length errors and off-
resonance errors. However, from our estimates we expect the latter to be
negligible compared to the first. Since the Rabi frequency is almost spatially
constant, composite pulse sequences correcting for pulse length errors are
expected to significantly reduce the drop in fidelity caused by atomic mo-
tion. This is clearly confirmed by our numerical simulations presented in
Fig. 3.7, where population transfer from |0〉 to |1〉 is carried out using a
simple π pulse and a BB1 pulse. The figure depicts the final state popu-
lation as a function of the initial position of the atom. The atomic motion
during the gate operation is taken into account by evolving the position of
the atom as a harmonic oscillator in a number of discrete time steps. Initial
position and momentum coordinates are generated randomly according to
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a Gaussian distribution. As is clear from the figure, the composite pulse
sequence effectively compensates for the pulse length errors experienced by
atoms away from the center of the trap. Thus, the mean fidelity for our
present simulation is increased from 0.9992 to 1.0000 by employing the BB1
composite pulse scheme. However, the disadvantage of composite pulses is
the extended gate duration and increased crosstalk originating from a larger
pulse area of the composite pulse. In this case, the composite pulse area is
five times the area of the simple π pulse.

Inspired by our proposal to rectify errors caused by atomic motion using
composite pulses, the group of Saffman and Walker has constructed a com-
posite pulse system for single-qubit rotations between the ground hyperfine
states. Work is in progress to demonstrate a full BB1 pulse [57].

3.5 Two-qubit gates

Designing fast two-qubit gates for NAQC is quite tricky. In particular, it is
difficult to find a two-atom interaction that is strong (to allow for fast gates),
controllable, and that does not entangle the internal and motional degrees of
freedom by mechanical forces. However, various proposals for a controllable
internal-state dependent interaction have been put forward. For instance,
controlled cold collisions [47], cavity-mediated photon exchange [48], and
dipole-dipole interactions between atoms excited to their Rydberg states [23].
In this thesis we consider only the latter.

In the following, we shall see how the dipole-dipole interaction of Rydberg
atoms can be utilized to implement a completely entangling two-qubit gate.
A controlled phase gate is implemented by exciting the atoms to their Rydberg
levels state dependently and by means of local operations it can be con-
verted into a cnot gate (chapter 3.5.2). Alternatively, the Rydberg-Rydberg
interaction can be employed to implement a controlled phase gate based on
motional effects [58].

3.5.1 The dipole-dipole interaction of Rydberg atoms

Rydberg atoms, neutral atoms with an electron in a state with a large prin-
cipal quantum number n. These atoms can realize the Bohr model’s circular
orbits having huge geometric cross sections with radii given by a0(Ze f f )−1n2,
where a0 is the Bohr radius and Ze f f is the effective atomic number. Rydberg
atoms can thus be as big as simple bacteria with radii of order 0.1 µm. With
respect to quantum information processing, Rydberg atoms are of great in-
terest given that they exhibit relatively long lifetimes and large dipole mo-
ments resulting in strong dipole-dipole interaction between two Rydberg
atoms [59]. The interaction can be enhanced either by applying an electric
field or by using nearly degenerate states which are strongly mixed by the
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Figure 3.8. Stark map for states near n = 50. The figure is repro-
duced from [60] by courtesy of Mark Saffman.

dipole-dipole interaction. This allows for strong interaction between atoms
that are just a few micrometers apart, as described below.

First, we consider Rydberg atoms in the presence of an electric field. An
electric field which is large enough to strongly mix states of different angular
momenta can enhance the dipole-dipole interaction between Rydberg atoms
[25]. As Fig. 3.8 illustrates, for an electric field between 5 and 6 V/cm, the
energy of the 50d state depends linearly on the field. This implies a field
independent dipole moment (given by the slope of the energy, which in this
case is 3300 ea0 [60]). The dipole-dipole interaction energy is

Vrr =
1

4πε0r3

(
µ1 · µ2 − 3 (µ1 · r̂) (µ2 · r̂)

)
, (3.5)

and taking µ1 = µ2 = µ, (3.5) simplifies to

Vrr =
µ2

4πε0r3

(
1− 3 cos2 θ

)
,

where r is the radius vector from atom 1 to atom 2, µk is the dipole moment
operator of atom k and θ is the angle between the interatomic axis and the
electric field. The interaction energy is maximized for θ = 0. Since µ scales as
n2, the interaction is huge. However, an apparent downside is the directional
dependence induced by the electric field.

In the absence of an electric field, the Rydberg-Rydberg interaction can
be enhanced using resonances. For example, consider the states ns + ns and
np + (n − 1)p. Since they are nearly degenerate the dipole-dipole interac-
tion can strongly mix these states resulting in new two-atom states signifi-
cantly shifted in energy. The Hamiltonian is H = H0 + Vrr, where H0 is the
single-atom Hamiltonian and Vrr is the dipole-dipole interaction energy (3.5)
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scaling as 1/r3. In [61] it is shown that by diagonalizing H the states split
up into three levels with energies Ep, E+ = Ep + h̄∆rr, and E− = Es − h̄∆rr,
where Es is the energy of the state ns + ns, Ep is the energy of np + (n− 1)p,
and

∆rr = 1
2

(√
δ2 + 48 Γ2

rr − δ

)
, (3.6)

where h̄δ = Ep − Es = E((n − 1)p) + E(np) − 2E(ns), h̄Γrr = µn−1µn/r3,
and µn′ = 〈n′p, αk|µ̂αk|ns, k〉, where µk = (µxk, µyk, µzk) is the dipole moment
operator of atom k. From (3.6) it follows that if the states are resonant, i.e.,
δ = 0, the energy shift ∆rr scales as 1/r3. Alternatively, if δ is much larger
than Γrr, the energy shift scales as 1/r6.

In the absence of an electric field, δ = −3000 MHz for n = 50. But
since the energies are shifted in the presence of an electric field, due to the
Stark effect (see Fig. 3.8), it is possible to modify δ by varying the electric
field. Unfortunately, as is evident from Fig. 3.8, applying a small field (in
the range 0-4 V/cm) can only decrease δ. We could therefore be tempted to
make use of other resonances, for instance nd + nd ↔ (n + 1)p + (n− 1) f , in
which case it would indeed be possible to adjust the associated detuning in
the desired way. However, Γrr vanishes for the molecular states of symmetry
3Σ+

u and 1Σ+
g because of the degeneracy of the d levels [60].

In general, it can be demonstrated that the long-range 1/r3 interaction
produced by resonances nlj + nlj ↔ n′l′ j′ + n′′l′′ j′′ vanishes unless l′ = l′′ =
l + 1 [60]. Taking Zeeman degeneracies into account it turns out that, for
most choices of Rydberg states, there exist superpositions of Zeeman levels
with extremely small van der Waals interactions. Since it can be shown that
the figure of merit for the blockade is sensitive primarily to the weakest
possible interactions (rather than the mean interaction strength) between
the various degenerate Rydberg states, it follows that Zeeman degeneracies
can lower the interaction strength considerably [62]. In general, it can be
demonstrated that the linear combinations with zero dipole-dipole coupling,
the so-called Förster-zero states, always exist if min(j′, j′′) < j, but are absent
for min(j′, j′′) > j. For min(j′, j′′) = j, precise zeros are not necessarily
present. However, a state with very small dipole-dipole coupling always
exists [62].

As an example of attainable interaction strengths, Fig. 3.9 displays the
calculated ∆rr as a function of interatomic distance for various principal
quantum numbers near the resonance of the two-atom states ns + ns ↔
np1/2(3/2) + (n− 1)p1/2(3/2). The calculation has been carried out for cesium
atoms. However, the energy shifts for rubidium do not differ significantly.
As appears from the figure, it is possible to achieve an interaction strength
close to 1 GHz for n = 70 at a separation of 3 µm and about 80 MHz at a
separation of 5 µm. The latter is sufficient for one Rydberg excited atom to
block the excitation to Rydberg levels of all other atoms in a small sample of
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Figure 3.9. Interaction strength as a function of the interatomic
distance for Rydberg states in cesium characterized by the principal
quantum number n. The figure is reproduced from [63] by courtesy
of Mark Saffman.

up to several hundred atoms.4
As illustrated in Fig. 3.9, the interaction strongly depends on n [60]. In-

deed, µn scales as n2, so Γrr scales as n4, and δ scales as n−3. For Γrr ¿ δ,
(3.6) reduces to ∆rr = 12Γ2

rr/δ, which scales as n11. In order to obtain a
large energy shift, it is tempting to use states with very large principal num-
bers. However, to avoid collisions between the electrons of two neighboring
Rydberg atoms, n cannot exceed a certain maximum value nmax. We can es-
timate nmax by demanding that r exceeds the average radius of the electron
orbit, re = 1

2 a0(3n2 − L(L + 1)) [64], by an order of magnitude. This imposes
that

nmax '
√

2kr
3a0

+
L(L + 1)

3
,

where k is defined by re ≤ kr. With r = 8 µm and k = 1/10, it follows that
nmax ≈ 100.

Balancing the ground- and excited-state polarizabilities

In order to couple qubits via the Rydberg-Rydberg interaction, it is necessary
to make transitions to the Rydberg levels. However, in a red-detuned FORT,
the ground and the Rydberg states have polarizabilities of opposite signs

4As we demonstrate later, n = 70 is sufficiently low to avoid collisions between electrons
of neighboring Rydberg atoms. However, it would not be prudent to choose a much larger n,
as more and more states interact and mix when n is increased, making it difficult to control
the transition from the hyperfine ground states to the Rydberg states.



42 Introduction to neutral atom quantum computing

meaning that the Rydberg states experience a repulsive potential. This leads
to heating and decoherence due to entanglement of the spin and motional
states. A possible way to overcome this problem is to use a blue-detuned
FORT at a trapping laser wavelength for which the ground- and excited-state
polarizabilities are equal (and negative, hereby trapping atoms at intensity
minima). This has the beneficial side effect of improving the coherence time
for qubit storage (and to some extent the Rydberg state lifetime) [25].

Rydberg state lifetime

The Rydberg state lifetime must be taken into account, because Rydberg
states must be populated in order to implement two-qubit logical opera-
tions. The radiative lifetime is strongly affected by background blackbody
radiation, and in [25] it was estimated for a Rydberg state of 87Rb to be
greater than 0.1 ms at room temperature for n & 65, see Fig. 3.10. This
suggests a radiative line width Γ smaller than 10 kHz.

An additional decay mechanism of the Rydberg states is photoionization
caused by the intense trapping light of the FORT. The photoionization cross
section decreases with n.

In total, it is estimated in [25] that the Rydberg lifetime will exceed 100
µs for n & 80.
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Figure 3.10. Radiative lifetime of the S, P, D and F states of rubid-
ium as a function of the principal quantum number, n, for T = 0 K
(blue lines) and T = 300 K (red lines). The figure is reproduced
from [25] by courtesy of Mark Saffman.

3.5.2 The Rydberg phase gate

The underlying principle of the Rydberg phase gate, originally proposed
in [23], is the entanglement of two atoms using the strong dipole-dipole in-
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teraction of the Rydberg states. In principle, all levels shift when two atoms
are brought sufficiently close to interact, but only the Rydberg levels shift
significantly.

As will be clear in the following, the gate design depends on the ra-
tio between the Rabi frequency and the interaction strength. Two distinct
regimes exist corresponding to two different protocols, i.e., the limits of large
Rabi frequency and large interaction. The large interaction strength limit is
particularly favorable for gates between neighboring sites. The large Rabi
frequency limit works for a longer range, since a small Rydberg-Rydberg
interaction suffices for non-nearest neighbors to be coupled.

The Rydberg blockade gate

The protocol for the gate operation in the limit |∆rr| À |ΩR| is the following,
cf. Fig. 3.11: (i) excite atom 1 from |0〉 → |r〉 with a π pulse, (ii) apply a 2π
pulse resonant with the transition |0〉 ↔ |r〉 to atom 2, and (iii) deexcite atom
1 from |r〉 → |0〉 with a π pulse. Note that Fig. 3.11 is a simplification; in
reality the rotations between |0〉 and |r〉 take place via an intermediate level
|e〉 such that the levels |0〉 and |r〉 merely constitute an effective two-level
system (see below).

|0〉
1

|0〉
2

|1〉
1

|1〉
2

|r〉
1

|r〉
2

∆rr

(i) (ii)(iii)

Figure 3.11. The controlled phase gate in the limit |∆rr| À |ΩR|.
The protocol is described in the text.

As Fig. 3.11 illustrates, if atom 1 is in state |r〉, the 2π pulse is shifted out
of resonance due to the large Rydberg dipole-dipole interaction, whereas if
atom 1 is in state |1〉 during (ii), the pulse applied to atom 2 is resonant. This
conditional shift is responsible for the entanglement. As the population in
|r〉1 ‘blocks’ the excitation to |r〉2, we refer to the Rydberg phase gate in this
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limit as the Rydberg blockade gate. The gate has the following effect

|00〉 i−→ −i|r0〉 ii−→ −ieiφ̃|r0〉 iii−→ −eiφ̃ |00〉,
|01〉 −→ −i|r1〉 −→ −i|r1〉 −→ −|01〉,
|10〉 −→ |10〉 −→ −|10〉 −→ −|10〉,
|11〉 −→ |11〉 −→ |11〉 −→ |11〉.

The minus signs for |01〉 and |10〉 arise from the fact that a resonant 2π pulse
results in a phase shift of π. The unwanted phase shift φ̃ is attributable to
|0〉2 not being completely off-resonant with |r〉2 when |r〉1 is occupied. The
phase shift can be calculated as follows: when |r〉1 is populated, the 2π pulse
is detuned with ∆ = −∆rr. Using an evolution operator similar to (3.2), the
effect of a 2π pulse is |0〉2 → eiφ̃ |0〉2, where φ̃ = πΩR/2∆rr and ΩR is the
Rabi frequency for atom 2. For Rabi frequencies and energy shifts on the
order of MHz and 100 MHz, respectively, the phase shift is of order 10−2.

The duration of the gate is ∆t = 2π/|Ω1| + 2π/|Ω2|, where Ωj is the
Rabi frequency for atom j. Note that Ω2 is limited by the above estimate for
φ̃. For Rabi frequencies of order MHz the duration is of order µs.

In addition to the error sources for single-qubit gates, mentioned in chap-
ter 3.4.3, the fidelity for this two-qubit operation is also limited by effects
arising from the use of Rydberg states [25]. Firstly, the Doppler shift due
to the atomic motion is larger for excitations to Rydberg levels. Secondly,
the finite lifetime of the Rydberg states is problematic because the Rydberg
states are populated during the gate operation. So even though the lifetime
of the Rydberg states is longer than that of the excited state 5P1/2, used for
the single-qubit gates, the spontaneous emission rate is larger for the two-
qubit gate, because 5P1/2 remains almost unpopulated during the single-
qubit gates. Speculations about the necessity of populating the Rydberg
states for a prolonged period of time have been rendered superfluous in [65],
in which it is demonstrated that, for a two-qubit gate to create the one unit
of entanglement required for the controlled phase gate, the integrated pop-
ulation of the Rydberg states during the gate operation is bounded below by∫

Ptotal
r > 2/|∆rr|, where Ptotal

r is the total population of the Rydberg states.
The amount of spontaneous emission during the gate is then larger than
2Γ/|∆rr|, where Γ is the radiative linewidth of the Rydberg state. By way of
example, for the values Γ = 10 kHz and ∆rr/2π = 100 MHz, the amount of
spontaneous emission exceeds 2 · 10−4. A third limitation is heating due to
the transfer to Rydberg states, as was discussed in chapter 3.5.1. All effects
combined, the estimated error is of order 10−3 [25].
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The phase gate in the limit of large Rabi frequency

In the limit |ΩR| À |∆rr|, the gate protocol is the following: (i) excite both
atoms from |0〉 → |r〉 with a π pulse, (ii) wait for a time ∆t = π/∆rr, and
(iii) deexcite both atoms from |r〉 → |0〉 with a π pulse. Since |ΩR| À |∆rr|,
the dipole-dipole interaction can be considered a small perturbation and
resonant population transfer during (i) and (iii) is feasible. Switching to the
interaction picture it is clear that only |rr〉 picks up a phase, namely π, dur-
ing (ii). Therefore, all initial states except |11〉 are endowed with a phase
shift of π at the end of the protocol and an entangling phase gate is ob-
tained.

Note that the design of this gate gives rise to extra sources of error in
addition to those discussed for the Rydberg blockade gate. The dependence,
via ∆rr, of the accumulated phase on the interatomic distance, threatens the
reliability of the gate due to the atomic motion in the traps as opposed
to the Rydberg blockade gate, which is insensitive to the exact value of
the energy shift. Furthermore, for the |00〉 state the transition to |rr〉 is
imperfect because of the (small) dipole-dipole shift leading to an error of
E ∼ (∆rr/ΩR)2 [25]. When populated, the state |rr〉 is subject to the dipole-
dipole force and this leads to heating of the atoms. Accordingly, there is a
non-zero probability that the internal and external degrees of freedom are
entangled. This is not the case for the Rydberg blockade gate, since the
doubly Rydberg-excited state is not populated during the gate, which also
implies an additional advance since this allows n to exceed nmax. After con-
sidering these additional imperfections in the large Rabi frequency limit,
it is preferable to instead employ the gate in the limit of large interaction
strength whenever possible.

The cascade system

As previously noted the rotation between |0〉 and |r〉 takes place via an
excited state |e〉 (see Fig. 3.12). It is possible to eliminate the intermediate
level |e〉 adiabatically along similar lines as in the calculation for the lambda
system in chapter 3.4.1. The resulting evolution matrix in the interaction
picture is very similar to (3.2), the differences being that the global phase
factor is instead exp

[−i(|Ω1|2 + |Ω2|2)/(4(∆1 − ∆2)
]
, the Rabi frequency is

ΩR = Ω1Ω2/(∆1 − ∆2), ∆′ = ∆ + (|Ω1|2 − |Ω2|2)/2(∆1 − ∆2) and the two-
photon detuning ∆ is defined in Fig. 3.12. Note that the Doppler shift due
to atomic motion is minimized for counter-propagating beams.
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|0〉

|e〉

|r〉
|∆|

Ω1,ω1

Ω2,ω2

Figure 3.12. The cascade system for population transfer to the
Rydberg level. The detuning is ∆ = ∆1 + ∆2 = ω1 + ω2 −ωr0.

Implementation of a CNOT gate

Both gate protocols described above result in a controlled phase gate, which
up to a global phase factor of −1 is represented by the matrix

U =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1




in the basis {|00〉, |01〉, |10〉, |11〉} (interaction picture). This is equivalent to
a CZ gate, where Z =

(
1 0
0 −1

)
is the Pauli Z matrix. Atoms 1 and 2 are the

control and the target atoms, respectively. The CZ gate can be converted into
a cnot gate by applying single-qubit Hadamard gates to atom 2, as follows:

• •
=

ÂÁÀ¿»¼½¾ H Z H

Thus, if atom 1 (represented by the top line) is in state |0〉 then HH = I is
applied to atom 2 (represented by the bottom line), whereas if atom 1 is in
state |1〉 then HZH = X, where X =

(
0 1
1 0

)
is the Pauli X matrix, is applied

to atom 2.

3.6 Experimental progress

Next, we review the experimental progress on NAQC with Rydberg block-
ade. The two main experimental groups working in this field are the group
in Madison led by Mark Saffman and Thad G. Walker, and the group in
Orsay led by Philippe Grangier. Saffman and Walker employ the setup and
the gate proposals of this chapter. Grangier makes use of the same choice of
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qubit basis states and also performs single-qubit gates using two-photon Ra-
man transitions. However, the trap design differs. At present, Saffman and
Walker are closer to demonstrating universal quantum computation. How-
ever, the experimental setup of Grangier provides an interesting alternative.

3.6.1 Experiments by Grangier

The experimental progress of the group of Grangier has recently been re-
viewed in [66]. As in the experiments of Saffman and Walker, the trap is a
FORT, but it is much more focused with a size of about 1 µm. This ensures
single-atom trapping based on a collisional blockade effect [67].

In [68] Grangier et al. demonstrate initialization, read out, and manipu-
lation of single qubits. Initialization to |0〉 by optical pumping is obtained
with 85 % efficiency in 200 µs. State-selective measurements limited solely
by quantum projection noise are carried out by using a laser resonant with
the |5S1/2, F = 2, mF = 2〉 ↔ |5P3/2, F′ = 3, mF′=3〉 cycling transition. This
pushes atoms initially in state |1〉 out of the trap, and any atoms subse-
quently observed in the trap were therefore initially in |0〉. Single-qubit
transitions via 5P1/2 are driven using two tightly focused Raman lasers. The
optical dipole trap forms one of the beams, providing a Rabi frequency of
2π · 6.7 MHz. The Rabi oscillations are damped due to intensity noise and
atomic motion.

Note that the qubit states experience slightly different trapping poten-
tials giving rise to a position dependent transition frequency. Combined
with atomic motion in the trap, this leads to a qubit dephasing time of 630
µs. However, applying the spin-echo technique, a revival of the oscillations
after 40 ms is observed, thus improving the coherence time dramatically [68].

At present, Rabi oscillations between a qubit level and a Rydberg level
are being attempted. When Rydberg blockade, as described in [61], is actu-
ally implemented, the experimental setup is interesting because the group
has already demonstrated that any pair of atoms can be brought sufficiently
close to interact. This involves transferring atoms between traps and trans-
porting atoms over several tens of micrometers. In addition, due to very
strong laser focusing, high Rabi frequencies are expected.

3.6.2 Experiments by Saffman and Walker

At the time of writing, the group of Saffman and Walker has already ob-
served Rydberg blockade between two atoms [69].

In 2005, multiple atom two-photon Rabi flopping between the qubit
states via 5P3/2 was observed at a rate of 2π · 1.36 MHz. The cross talk
between two neighboring traps was negligible, demonstrating that individ-
ual addressing is possible [70]. The measured decoherence time was 870 µs,
thus approximately 5000 times longer than the duration of a π/2 pulse.

Subsequently, in 2007, Rabi oscillations were observed between the ground
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level and the 43D5/2 Rydberg level, via 5P3/2 and at a Rabi frequency of
2π · 0.5 MHz with laser line widths of only a few hundred Hz [71]. Rydberg
interaction effects were observed in the sense that, when more than one atom
was present in a trap, the Rabi oscillations were strongly suppressed. This is
compared to the case of Rabi oscillations between ground levels, where high
fidelity rotations were observed with as many as 10 atoms in a trap. The
observed suppression in the Rydberg case was due to dephasing caused by
the existence of linear superpositions of two-atom 43D5/2 states with small
dipole-dipole interactions. This leads to a value of only 2π · 0.5 MHz of
the effective blockade shift (see chapter 3.5.1), which is comparable to the
Rabi frequency. The conclusion was that the interaction was too weak for an
effective blockade, but strong enough to lead to dephasing.

These observations motivated going to a higher Rydberg level to obtain a
blockade shift strong enough to block excitation of a second atom located in
a neighboring trap, a prerequisite for implementing the Rydberg blockade
phase gate. Accordingly, in 2008, coupling to the 79D5/2 level made possible
the Rydberg blockade between two individual atoms [69]. Previous exper-
iments had only been able to demonstrate suppression of excitation due to
Rydberg interactions for a macroscopic sample [72–78]. In their experiment
Saffman and Walker trapped single neutral atoms separated by 11 µm, which
is large compared to the 1 µm characteristic wavelength of the lasers used for
internal state manipulation. This choice of Rydberg level and trap separation
ensures a regime in which the atomic separation is small enough to induce
a strong interaction, yet large enough to ensure individual controllability.
Thus, with a waist of the manipulating beams of 10 µm, it was experimen-
tally demonstrated that crosstalk was limited, while the blockade shift was
large enough to lower the probability of double excitation from 80%5 to ap-
proximately 30%, clearly demonstrating Rydberg blockade (see Fig. 3.13).
A theoretical evaluation of the effective blockade strength predicts a double
excitation probability of 7%. However, the observed 30% can be explained
partly by the lack of perfect Rydberg excitation of the control atom. Minor
improvements in laser addressing are expected to facilitate an atomic sepa-
ration of 7 µm, thereby lowering the double excitation probability to about
1% [69].

Combining the Rydberg blockade with single-atom rotations allows for
the implementation of a cnot gate. Improving the fidelity of all operations
as well as increasing the qubit decoherence time, are natural next steps.
Here, our proposals for the application of composite pulses and encoding

5The lack of perfect Rydberg excitation in the case of no applied π pulses is mainly
due to Doppler broadening, imperfect optical pumping, and imperfect detection efficiency.
However, attempts are currently underway to implement composite pulses in order to im-
prove the fidelity of the Rabi oscillations to the Rydberg levels (note that a composite pulse
system for single-qubit rotations between the ground hyperfine states has already been con-
structed [57]).
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Figure 3.13. Rabi oscillations for the target atom when (a) no π
pulses are applied to the control atom, (b) π pulses are applied to
the control atom. The figure is reproduced from [69] by courtesy
of Mark Saffman.

into decoherence-free subspaces (see chapter 4) will be particularly relevant.
Ultimately, to obtain full scalability, the experimental goal is collective en-
coding (see chapter 5) in, for instance, Holmium atoms, which might lead to
a 1000-qubit quantum processor [79].





Chapter 4

Decoherence-free subspaces

Decoherence is a major obstacle to reliable quantum computation. Differ-
ent schemes have been designed to circumvent the effect of quantum errors,
such as quantum error correction procedures, in which quantum informa-
tion is actively protected through the application of encoding and recov-
ery operations. Another approach, considered as ‘passive’, consists of en-
coding information in subspaces which are immune to errors, the so-called
decoherence-free subspaces (DFS’s) [42,80]. The existence of such subspaces
relies on symmetry properties of the interaction between the system and its
environment. The explicit construction of a DFS has already been achieved
for certain collective [43, 81], non-collective [82], and arbitrary [83] error
processes, and even experimentally implemented in quantum optics [84],
trapped-ion [85], neutral-atom [86], and NMR [87] setups. Moreover, uni-
versal computation within these DFS’s has been shown to be possible theo-
retically [88–91].

In this chapter, based on our papers [III] and [IV], we identify a DFS
immune to collective dephasing for the NAQC implementation considered
in this thesis. We demonstrate a universal set of gates, by means of which
computation may be carried out without leaving the DFS. Subsequently, we
provide numerical simulations for the fidelity of the gates in the presence
of time-dependent phase errors and discuss their performance and practical
feasibility.

4.1 Information storage in a DFS

The type of errors we consider in the following are random phase errors
which affect different qubits according to the same error Hamiltonian:

E(t) = h̄
(

ε0(t) 0
0 ε1(t)

)
. (4.1)

51



52 Decoherence-free subspaces

This kind of error model, in our physical setting, describes the effect of
external fields that induce uncontrolled and unwanted energy shifts. If no
action is taken, the unknown differential phase shift induced by E(t) rapidly
leads to a complete loss of coherence of the qubit states.

A simple two-dimensional DFS protecting against collective dephasing
can be straightforwardly identified in the Hilbert space of a two-qubit system:

|0〉DFS = |01〉 ,
|1〉DFS = |10〉 .

(4.2)

By choosing (4.2) as the two basis states, the logical qubit is protected against
collective phase errors, as |0〉DFS and |1〉DFS are affected equally by E(t), i.e.,
both states obtain a phase of exp(−i

∫ t
0 (ε0(τ) + ε1(τ))dτ). Consequently, the

subspace they span is invariant to errors described by (4.1).
In order to protect a qubit of information initially stored in the state

|ψ〉 = c0 |0〉 + c1 |1〉, we thus need to recast it into the form |ψ〉DFS =
c0 |0〉DFS + c1 |1〉DFS, which can be done simply by adding an auxiliary qubit
initially prepared in the state |1〉 and performing a cnot gate:

|ψ〉 |1〉 = c0 |01〉+ c1 |11〉 cnot−−→ c0 |01〉+ c1 |10〉 = |ψ〉DFS .

To read out the encoded information, the cnot gate is applied again to
|ψ〉DFS, which returns the state to |ψ〉 |1〉. Note that an N-logical-qubit mem-
ory can be constructed from N protected cells, which requires 2N physical
qubits.

4.2 Information processing in the DFS

In order to safely process the information stored in the DFS, new gate im-
plementations are needed, since the gates discussed in the previous chapters
cause system deviations from the DFS during computations and are vulner-
able to errors. In the following, we review two processes which allow the
system to remain in the DFS at all times and subsequently demonstrate how
combining these leads to protected universal computation.

4.2.1 A DFS phase gate

The first process we consider is a phase gate which leaves the system in the
DFS. If a laser, as illustrated in Fig. 4.1, is applied to the first atom for a time
tp = n2π/ΩR,p, where ΩR,p =

√
|Ωp|2 + ∆2

p and n is a positive integer, the

state |10〉 picks up the phase eiφ, where φ = nπ(1 + ∆p/ΩR,p), while the state
|01〉 is left unchanged. In the DFS basis this transformation is represented,
in the interaction picture, by

P(φ) =
(

1 0
0 eiφ

)
. (4.3)
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 �

 �|0〉

|1〉

|e〉

Ωp,ωp

Figure 4.1. Level scheme for the DFS phase gate. A laser with
frequency ωp and Rabi frequency Ωp is applied to the transition
|1〉 ↔ |e〉, where |e〉 denotes an excited state, with a detuning
∆p = ωp −ωe1.

By a proper choice of physical parameters, any desired phase can be imple-
mented in this way. Choosing |∆p| À |Ωp| ensures that the excited state |e〉
remains essentially unpopulated during the process, and hence the phase
gate allows the system to remain in the DFS.

4.2.2 Rotations in the DFS

The second process we consider allows us to perform rotations between the
DFS basis states without leaving the DFS. It is not at all straightforward to
identify such a process. However, as we shall now demonstrate, exploiting
the dipole-dipole interaction of Rydberg states in a fourth-order Raman-like
process renders it possible.

Consider two laser fields with Rabi frequencies Ω0 and Ω1, respectively,
as defined in Fig. 4.2a. The frequencies ω0 and ω1 are slightly detuned
from the transitions |i〉 ↔ |r〉, where i = 0, 1, and |r〉 is a Rydberg state of
the atom. Applying the two laser fields to a pair of atoms couples the DFS
basis states by a four-photon transition. Because of the dipole-dipole inter-
action of Rydberg atoms (chapter 3.5.1), the energy of the doubly Rydberg-
excited state |rr〉 is shifted with h̄∆rr (with respect to the non-perturbed
case). Hence, as for the Rydberg blockade gate, only one atom at a time will
be excited to its Rydberg level. Therefore, only the two paths connecting
|0〉DFS and |1〉DFS via singly-Rydberg-excited states contribute to the cou-
pling (see Fig. 4.2b).

Assuming |Ω0| , |Ω1| ¿ |∆| , |∆′| , |∆− ∆′| , |∆rr|, one can extract the effec-
tive dynamics of the subspace {|00〉 , |01〉 , |10〉 , |11〉} through a perturbative
approach (see Appendix C), which yields the evolution operator, expressed
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in the interaction picture,

Ue f f
(
t, Ω0, Ω1, ∆, ∆′, ∆rr

)
=

e−i(∆0−∆′)t ·




e−i(∆00−∆0)t 0 0 0
0 cos

(
ΩRt

2

)
i sin

(
ΩRt

2

)
0

0 i sin
(

ΩRt
2

)
cos

(
ΩRt

2

)
0

0 0 0 e−i(∆11−∆0)t




, (4.4)

where

ΩR =
|Ω0Ω1|2

8
∆rr (∆′ − 2∆)

(∆rr + ∆′ − 2∆) ∆2 (∆′ − ∆)2 ,

∆0 =
|Ω0|2

4∆
+

|Ω1|2
4 (∆− ∆′)

− 1
16

(
|Ω0|4

∆3 +
|Ω1|4

(∆− ∆′)3 +
|Ω0Ω1|2 (2∆rr + ∆′ − 2∆) (2∆− ∆′)

(∆rr + ∆′ − 2∆) ∆2 (∆′ − ∆)2

)
,

∆00 =
|Ω0|2

2∆

[
1 +

1
2∆

(
|Ω1|2
2∆′

− |Ω0|2 (∆rr − ∆)
∆ (∆rr − 2∆)

)]
,

∆11 =
|Ω1|2

2 (∆− ∆′)

[
1 +

1
2 (∆′ − ∆)

(
|Ω0|2
2∆′

+
|Ω1|2 (∆rr + ∆′ − ∆)

(∆− ∆′) (∆rr + 2∆′ − 2∆)

)]
.

(4.5)

Note that if ∆rr = 0 the logical-qubit states are not coupled. This is due to the
fact that, if the Rydberg-Rydberg interaction is absent, the paths connecting
|0〉DFS and |1〉DFS via |rr〉 will interfere destructively with the two paths
displayed in Fig. 4.2b leading to a decoupling of the DFS levels.

If the two atoms involved are initially prepared in a DFS state, that is a
superposition of |01〉 and |10〉, the transformation Ue f f , with the associated
gate

R(θ) ∝
(

cos(θ) i sin(θ)
i sin(θ) cos(θ)

)
, θ =

ΩRt
2

, (4.6)

allows the system to remain in the DFS at all times. This makes it possible
to perform rotations in the DFS, while constantly protecting against phase
errors. However, neither this gate nor the phase gate are completely phase-
error free, even though they do not make the system leave the DFS during
computations. Thus, the detunings ∆, ∆′, and ∆rr are shifted slightly in
the presence of phase errors hereby affecting P and Ue f f . However, for large
detunings the effect of reasonably small errors is expected to be insignificant.
A claim which we later substantiate with numerical simulations.
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Figure 4.2. (a) Level scheme and laser couplings for one atom. The
detunings are denoted ∆ = ω0 −ωr0 and ∆′ = ω0 −ω1 −ω10. The
detuning of the laser with frequency ω1 thus equals ∆−∆′. (b) The
two M-shaped paths coupling the DFS basis states.

Other than implementing DFS rotations, we note that Ue f f can endow a
non-DFS state, for instance |00〉, with a phase factor which can be controlled
via the Rabi frequencies and detunings. We exploit this fact in the following
for the construction of a two-logical-qubit phase gate.

4.2.3 A universal set of DFS gates

Single-logical-qubit gates for the DFS are readily obtained by combining the
operators (4.3) and (4.6) according to

TDFS ≡
(

1 0
0 eiπ/4

)
∝ P

(π

4

)
,

HDFS ≡ 1√
2

(
1 1
1 −1

)
∝ P

(
3π

2

)
R

(π

4

)
P

(
3π

2

)
.

Identifying a two-logical-qubit gate is somewhat more complicated. First,
consider two logical qubits consisting of the physical qubits (1,2) and (3,4).
Information is naturally encoded on the decoherence free (code) subspace C,
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spanned by

|00〉DFS ≡ |0101〉 ,
|01〉DFS ≡ |0110〉 ,
|10〉DFS ≡ |1001〉 ,
|11〉DFS ≡ |1010〉 .

Adding to this four-dimensional DFS the vectors |α〉DFS ≡ |0011〉 and |β〉DFS ≡|1100〉 extends it to a six-dimensional DFS, D. Since all vectors in D contain
the same number of 0’s and 1’s they are affected in the same way by phase
errors. However, for the states in C, the logical qubits (1,2) and (3,4) are in-
dividually protected, whereas for |α〉DFS and |β〉DFS only the pair of logical
qubits is protected from phase errors.

In order to perform a two-qubit gate on the information initially stored
in C, it could be expected that a four-atom process would be involved. How-
ever, it turns out that it suffices to apply the transformation Ue f f to atoms 1
and 3, as suggested in Fig. 4.3:

logical
qubit 1

logical
qubit 2

3

4

1

2

Ueff

(1,3)

Figure 4.3. The Ue f f gate acting on atoms 1 and 3.

By (4.4), the states in C are transformed according to

|00〉DFS → e−i(∆00−∆′)t |00〉DFS ,

|01〉DFS → e−i(∆0−∆′)t (cos(ΩRt/2) |01〉DFS + i sin(ΩRt/2) |β〉DFS) ,

|10〉DFS → e−i(∆0−∆′)t (cos(ΩRt/2) |10〉DFS + i sin(ΩRt/2) |α〉DFS) ,

|11〉DFS → e−i(∆11−∆′)t |11〉DFS .

The system evidently leaves the code space C. However, since it remains in
D at all times, information is protected from phase errors.

If the parameters are adjusted such that

t =
4π

ΩR
,

∆00 − ∆0

ΩR
=

n
2

,
∆11 − ∆0

ΩR
=

1
4

+
m
2

,
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where n, m are integers, U(1,3)
e f f implements the transformation

|00〉DFS → e−i(∆0−∆′)t |00〉DFS ,

|01〉DFS → e−i(∆0−∆′)t |01〉DFS ,

|10〉DFS → e−i(∆0−∆′)t |10〉DFS ,

|11〉DFS → −e−i(∆0−∆′)t |11〉DFS ,

corresponding to a controlled phase gate Uphase,DFS on the subspace C. A
cnot gate is then simply obtained from

cnotDFS = (I ⊗ HDFS)×Uphase,DFS × (I ⊗ HDFS),

as suggested in Fig. 4.4. This completes our set of protected universal
quantum gates.

3

4

1

2

HDFS

Uphase,DFS

3

42

1 3

4

1

2

HDFS

Figure 4.4. Scheme for the cnotDFS gate.

4.3 Assessment of the DFS gates

As already pointed out, even though the system remains in the DFS dur-
ing computations, our gate proposals are not completely error-free since the
detunings are modified by the error Hamiltonian (4.1). In addition, sponta-
neous emission from the states |e〉 and |r〉 is a limitation to the fidelity. In the
following, we provide a numerical estimate of the performance of the pre-
sented DFS gates in the presence of random phase errors and spontaneous
emission. To obtain a benchmark for the obtained fidelities, we also compare
the ‘restricted’ gates to a set of ‘unrestricted’ gates which allow the system to
leave the DFS during computations. Finally, we discuss the practical interest
and feasibility of our proposal.

4.3.1 Principles of numerical simulations

Prior to presenting the results, we describe our numerical approach. For
each of the four atoms in two logical qubits, we include the four states |0〉,
|1〉, |e〉 (used for the implementation of the phase gate) and |r〉. It is ad-
vantageous to propagate this large system in time steps dt small enough to
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assume H, a 256× 256 matrix, constant (in a suitable rotating frame), such
that the evolution is simply obtained from

|ψ(t + dt)〉 = exp
(−iHdt

h̄

)
|ψ(t)〉 .

Subsequently, the dynamics is restricted to the logical-two-qubit subspace C
and a transformation to the interaction picture is performed.

Simulation of random phase errors

For our simulations, we assume phase errors on |1〉, |e〉 and |r〉 and model
their effect by the single-atom Hamiltonian

E(t) = h̄(ε1(t) |1〉 〈1|+ εe(t) |e〉 〈e|+ εr(t) |r〉 〈r|).

Moreover, we suppose that phase errors can be described by an Ornstein-
Uhlenbeck process for which

ε(t + dt) = ε(t)− 1
τ

ε(t)dt +
√

cG(t)
√

dt,

where τ is the relaxation time, c is the diffusion constant and G(t) is the unit
Gaussian variable [92]. The Ornstein-Uhlenbeck process is characterized by
the correlation function

〈ε(t)ε(t′)〉 =
τc
2

e−|t−t′|/τ

in steady state, demonstrating that ε(t) and ε(t′) will be either highly corre-
lated or effectively uncorrelated depending on the ratio (t− t′)/τ.

This Gaussian process admits a stationary probability distribution and it
can be shown that for initial condition ε(t0) = ε0, the mean value decreases
as 〈ε(t)〉 = ε0e−(t−t0)/τ with a long-term variance σ2 = τc/2 [92], which
leads to the update formula used for the generation of the steady state ran-
dom phase errors

ε(t + ∆t) = ε(t)e−∆t/τ +
√

τc
2

G(t)

for small time steps ∆t. Note that since we assume the system is in a steady
state, the initial value is obtained from ε(t = 0) = G(t).

We assume that the errors for the various levels are correlated, which
seems reasonable for the background magnetic field perturbations. Thus,
ε1(t) is generated using the approach described above while εe(t) and εr(t)
are found from εe(t) = αeε1(t) and εr(t) = αrε1(t).
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Spontaneous emission

Spontaneous emission can be taken into account by solving the master equa-
tion. Alternatively, the Monte Carlo wave function approach can be em-
ployed. Since the latter approach is particularly easy to implement for our
physical system, we shall make use of it for our simulations. With this
method we can account for spontaneous emission by adding the term

−ih̄ Γe
2 |e〉〈e| − ih̄ Γr

2 |r〉〈r|

to the single-atom Hamiltonians, assuming that lost population inevitably
leads to fidelity loss, see Appendix D. As discussed in chapter 3.5.1, the
radiative linewidth of the Rydberg state, Γr, is estimated to be smaller than
10 kHz for n > 65. Note that for our simulations, we assume that Γe = Γr.

Fidelity measure

An appropriate fidelity measure for the performance of the gates in the pres-
ence of stochastic errors is calculated in the following way. For a N × N
density matrix, ρ, the time evolution is given by ρ → UρU†. Representing
the matrix ρ as a vector ~ρ this can be rewritten such that

~ρ
U−→ M~ρ,

with M being an N2 × N2 matrix. To each instance of ε1(t) (and corre-
spondingly εe(t) and εr(t)) corresponds a certain M. Denoting by ~ρi the
vector with 1 on the ith place, such that the only nonzero element in ρi is
ρi,(mod(i,N),bi/Nc+1), and by ρ′i the matrix ρ′i = UρiU†, M is obtained from

M =




ρ′1,(1,1) ρ′2,(1,1) · · ·
ρ′1,(2,1) ρ′2,(2,1) · · ·

...
...

. . .


 .

In order to obtain an average over the various phase error configurations,
we can now simply average over the corresponding M’s and subsequently
calculate the fidelity from

F(|ψ〉) = ~ρ†
ideal Mav~ρ,

where ρideal = UidealρU†
ideal , Mav denotes the average over M, and ρ = |ψ〉 〈ψ|.

In practice, we evaluate F for a large number of pure states |ψ〉, and in the
figures we present the minimum value of F over these input states.
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Optimization of parameters

As previously demonstrated, the various universal gates can be obtained by
combination of the gates P(φ) and Ue f f = (t, Ω0, Ω1, ∆, ∆′, ∆rr). Accordingly,
it is necessary to perform these gates with high precision.

The expression obtained for P(φ) is exact. This implies that, in the ab-
sence of errors and spontaneous emission, if we adjust the parameters tp, Ωp
and ∆p such that

φ = nπ
(
1 + ∆p/

√
|Ωp|2 + |∆p|2

)

is the desired phase factor, we exactly obtain the expected gate P(φ).
On the contrary, the expression obtained for Ue f f is only perturbative.

This implies that if the physical parameters t, Ω0, Ω1, ∆, ∆′, and ∆rr are
chosen such that the effective parameters of (4.5) take the desired values (ei-
ther to implement a conditional phase gate or an R(θ) gate), the exponential
of the full Hamiltonian will even in the ideal case differ slightly from the
desired gate.

Before dealing with errors and spontaneous emission, we therefore refine
the parameters by a numerical search in the neighborhood of our first guess
provided by the analytical, perturbative approach.1 Once we have a faithful
gate in the ideal case, we retain the set parameters and include the new
terms discussed above in the Hamiltonian in order to run our simulations.
However, performing the gate optimization with respect to five parameters
(Ω0, Ω1, ∆, ∆′, and t) is an inherently difficult computational task since the
relations in (4.5) are highly nonlinear in the physical detunings and Rabi
frequencies. Accordingly, there may well exist other sets of parameters for
which the performance of the gates is more impressive.

4.3.2 Performance of the DFS gates

Figure 4.5 shows the results of our numerical simulations. The fidelities of
various gates are plotted as a function of τc/2, which corresponds to the
variance of the detuning due to the perturbation.

In Fig. 4.5a spontaneous emission is neglected, while it is taken into ac-
count in Fig. 4.5b. As is evident, spontaneous emission severely limits the
fidelity. The phase gate, TDFS, is almost unaffected by spontaneous emis-
sion, since the excited state remains effectively unpopulated. However, with
a gate duration on the order of 103 larger than the phase gate duration
and smaller detunings to the upper levels, the effect of spontaneous emis-
sion is considerable for the controlled phase gate, Uphase,DFS, and hereby the
cnotDFS gate.

1Note that for the optimization it is favorable to optimize the mean rather the the worst
case fidelity, since our formula of chapter 2 allows for fast computation of the fidelity.



4.3. Assessment of the DFS gates 61

0 0.1 0.2 0.3 0.4 0.5
0.88

0.9

0.92

0.94

0.96

0.98

1

τc/2 [MHz
2
]

F

(a)

0 0.1 0.2 0.3 0.4 0.5
0.88

0.9

0.92

0.94

0.96

0.98

1

τc/2 [MHz
2
]

F
(b)

Figure 4.5. Performance of the universal set of DFS gates in the
(a) absence and (b) presence of spontaneous emission. The vari-
ous lines corresponds to TDFS (dotted), HDFS (dashed), Uphase,DFS
(solid) and cnotDFS (dash-dotted). Parameters used for our simu-
lations are as follows. P gate: Ωp/2π = 5 MHz, ∆p/2π ≈ −49.81
MHz and t = 1 µs for P(π/4). R(π/4) gate: Ω0/2π ≈ 3.91
MHz, Ω1/2π ≈ 1.97 MHz, ∆/2π ≈ 60.34 MHz, ∆′/2π ≈ 30.70
MHz, ∆rr/2π = 100 MHz and t ≈ 120.20 µs. Uphase,DFS gate:
Ω0/2π ≈ 3.93 MHz, Ω1/2π ≈ 1.96 MHz, ∆/2π ≈ 60.48 MHz,
∆′/2π ≈ 30.05 MHz, ∆rr/2π = 100 MHz and t ≈ 938.62 µs. For
the generation of random phase errors the parameters are τ = 1 µs
and αe = αr = 1.5 and for the inclusion of spontaneous emission
Γe = Γr = 5 kHz.

It is possible to establish a simple criterion on the various physical pa-
rameters involved in order to minimize both Rydberg population and the
effect of spontaneous emission. Defining Ωs =

√|Ω0Ω1| and ∆s =
√|∆0∆1|

=
√|∆(∆− ∆′|, the average Rydberg population is approximately given by

Pr ' 1
2

Ω2
s

Ω2
s +∆2

s
, and the average number of photons emitted during the con-

trolled phase gate by Nph = Γr · 4π
ΩR
· Pr ' 4πΓr∆3

s
Ω2

s (Ω2
s +∆2

s )
, where Γr is the radiative

linewidth of the Rydberg state. Demanding that Pr ¿ 1 imposes that

Ωs/∆s ¿ 1, (4.7)

and correspondingly, the requirement Nph ¿ 1 implies that

√
4πΓr

∆s
¿ Ωs

∆s
. (4.8)
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For the parameters of Fig. 4.5, Ωs/∆s ≈ 0.07, which is not significantly lower
than the right-hand side of (4.7). The left-hand side of (4.8) approximately
equals 0.02. Increasing ∆s in order to decrease Ωs/∆s, increases the left-
hand side of (4.8) relative to the right-hand side, and effects of spontaneous
emission are thus seemingly unavoidable.

Note that as discussed in chapter 3.5.2 transitions to Rydberg states are
implemented by going off-resonantly via an excited state, for instance |P1/2〉.
This worsens the effect of spontaneous emission, as the R and Uphase,DFS
gates are accordingly quite slow and the radiative linewidth for the |P1/2〉
state is quite large (Γ5P1/2 = 5.7 MHz). It is thus necessary to be strongly
detuned from the excited level, but since this reduces the coupling to the
Rydberg levels, the intensity of the Raman beams should be increased at the
same time.

A further source of decoherence for the experimental setup discussed
throughout this thesis is the motion of atoms in the traps. As the interatomic
distance r varies so does the dipole-dipole interaction, which scales as 1/r3.
Based on the estimates discussed in chapter 3.4.6, a variation of 20% for the
value of ∆rr is expected. We performed a numerical simulation assuming
that ∆rr is harmonically varying, which demonstrated a dramatic reduction
of the fidelity for realistic parameters. Atomic motion in the traps thus
poses a serious limitation for the gates. To improve the performance of the
gates, the atoms may be cooled further, ∆rr may be increased or the distance
between the traps could be increased, which would, however, reduce ∆rr.

4.3.3 Comparison with unrestricted gates

In order to assess the performance of our universal set of DFS gates, we
compare them to a universal set of so-called unrestricted gates, which allow
the system to leave the DFS during computations.

If we remove the restriction that the system should remain in the DFS at
all times, we can construct DFS gates by making use of the gates presented
in chapter 3. Thus

HDFS = cnot1,2 × (H ⊗ I)× cnot1,2,
cnotDFS = cnot1,3 × cnot1,4,

where cnoti,j is a cnot gate for which atom i is the control qubit and atom j
the target qubit. The TDFS gate is simply implemented in the same way as
for the restricted gates.

In Fig. 4.6 we plot the performance of the unrestricted Hadamard and
cnot gates. As expected, these gates are much more sensitive to phase errors
than the restricted gates.

Spontaneous emission from the Rydberg states also severely limits the
fidelity for the unrestricted gates, as the controlled-phase gate involves res-
onant transitions to the Rydberg levels.
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Figure 4.6. Performance for the unrestricted gates. The lines
correspond to HDFS (dashed) and cnotDFS (solid). Parameters:
Ω/2π = 0.5 MHz, ∆rr = 100 MHz, τ = 1 µs, αe = αr = 1.5.

The durations of the gates are, however, smaller than for the restricted
gates, which is not surprising since the latter are based on a fourth-order
process. Thus, with the parameters for Fig. 4.6 the durations of the gates are
15.5 µs for the Hadamard and 14 µs for the cnot gate.

An additional advantage of the unrestricted gates as opposed to the re-
stricted ones we have suggested is that they are less sensitive to variations
in ∆rr and thus to atomic motion.

4.4 Summary

We have identified a set of logical-qubit basis states for a neutral-atom deco-
herence-free subspace and a corresponding universal set of gates which al-
low the system to remain in the subspace during computations and thus
protect information from phase errors at all times.

Numerical simulations demonstrate that the proposed set of gates is
much more robust against phase errors than a set of gates which are unre-
stricted in the sense that they allow the system to leave the decoherence-free
subspace during computations. They are, however, also much more affected
by the motion of the atoms in the traps. Therefore, one has to consider what
the worst source of decoherence is for a given physical situation and subse-
quently choose which set of gates to use. Even if the set of restricted gates is
assessed to be unfavorable, one should still consider using the logical-qubit
basis states for computations as this encoding protects information during
storage of the qubits.

As a final remark, we note that the fourth-order process used for the
construction of a controlled phase gate between two atoms is in itself an in-
teresting alternative to previous proposals for two-atom gates in that during
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the process the Rydberg levels are not substantially populated. We elaborate
on this perspective in our paper [III].



Chapter 5

Error correction in ensemble
registers

The issue of scalability is a major obstacle to the experimental realization
of quantum computing. As of yet, demonstrations of small quantum algo-
rithms have been carried out using less than 10 qubits. For instance, con-
trolled entanglement of up to 8 trapped ions has been achieved [93, 94].
In addition, Shor’s quantum factoring algorithm has been realized exper-
imentally (to find the prime factors of the number 15) using 7 molecular
spins [95].

For the NAQC proposal considered in this thesis, where bits are encoded
in different atoms, scalability is in principle achievable in that the number of
bits in the quantum register can be increased simply by adding more atoms
to the system. In this case, scalability is not limited by any shortage of atoms
in laboratory experiments, but by the immense difficulty of preserving and
manipulating the quantum state of such a multi-component system.

However, as it was initially proposed in [63], by making use of an al-
ternative encoding scheme some of the obstacles blocking the way to true
scalability can be overcome. If information is encoded in the collective pop-
ulation of different internal atomic states, rather than storing individual bits
in individual particles, single- and two-qubit gates can be implemented by
collective internal state transitions, which renders the requirement of indi-
vidual addressing superfluous.

For the proposal to be practically useful, however, errors must be cor-
rectable. In this chapter, based on our paper [V], we address the errors
which may occur and devise methods to repair them. To simplify our error
analysis, we first propose an encoding scheme which differs from the one
proposed in [63], and which carries the additional advantage of simplifying
single-qubit gates.

65
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5.1 Ensemble register encoding

5.1.1 Conventional encoding

Most quantum computing proposals encode N bits of information in N two-
level quantum systems, each consisting of the levels |0〉 and |1〉 (see Fig. 5.1).

|0〉

⊗ ⊗ ⊗ ⊗

i = 1

|1〉

i = Ni = N-1i = 2

Figure 5.1. Conventional encoding of the N-bit state |10 . . . 01〉 in N
two-level systems. Bullets represent occupation numbers of single-
particle states. Each two-level system encodes a qubit.

Thus, for NAQC individual qubits are stored in individual atoms. This con-
ventional tensor product state encoding requires individual access to atoms
and highly controlled interactions between them for gate implementation.

5.1.2 Collective encoding

In the collective encoding scheme proposed in [63], N qubits are stored in
K atoms each of which has N + 1 long-lived internal states |i〉, where i =
0, . . . , N (see Fig. 5.2). The |0〉 state is considered a reservoir state assumed
to be initially occupied by all atoms.

Qubits are associated with the collective population of the different inter-
nal states of the particles in the ensemble. The potentially available Hilbert
space is of dimension (N + 1)K, but restricting the ensemble to symmetric
states (where the symmetry consists in the wave function being invariant
under the exchange of any two particle indices) with at most one atom pop-
ulating each of the excited states, this reduces to 2N , the dimension of an
N-qubit register.

The N-bit logical register state |a1a2 · · · aN〉, where ai = 0, 1, is associated
with the symmetric state of the ensemble with ai atoms populating the ith
level. Thus, the logical two-qubit state |01〉 is an entangled state consisting of
an equal superposition of all the states with no atoms in the single-particle
state |1〉, one atom in |2〉, and all other atoms in |0〉.

5.1.3 An alternative collective encoding scheme

In the alternative encoding scheme which we propose, N qubits are stored
in K atoms each of which has 2N + 1 long-lived internal states denoted by
|s〉, |0i〉, |1i〉, where i = 1, . . . , N (see Fig. 5.3a). We assume that the system
can be initially prepared in the reservoir product state |S〉K = |ss . . . s〉 (the
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|1〉
|2〉

|N〉

|0〉

Figure 5.2. Collective encoding of the N-bit state |01 . . . 1〉 in K
multilevel atoms.

|01〉
|02〉

|0N-1〉
|0N〉
|1

1〉
|1

2〉

|1
N-1〉

|1
N〉

|s〉

(a)

|01〉
|02〉

|0N-1〉
|0N〉

|s〉

|1
1〉

|1
2〉

|1
N-1〉

|1
N〉

(b)

Figure 5.3. Collective encoding in our alternative scheme of N-bit
states in K multilevel atoms. (a) An atom with 2N + 1 internal
states. |s〉 denotes the reservoir state. (b) Rearranging the levels in
(a) depicts the encoding of |10 . . . 01〉 in the symmetric states of the
ensemble of atoms.

subscript indicates the number of atoms encoding the state), and that the
atomic transitions |0i〉 ↔ |1i〉 can be driven selectively.

By associating qubits with the collective population of the internal states
of the particles, the potentially available Hilbert space is of dimension (2N +
1)K, but by restricting the ensemble to symmetric states with at most one
atom populating each of the excited states, this reduces to 2N .

By way of example, the logical register state |1102 · · · 0N−11N〉 is asso-
ciated with the entangled state with unit population of the single-particle
states |11〉, |02〉, . . . , |0N−1〉, and |1N〉, and zero population of all other states
except for the reservoir state |s〉 (see Fig. 5.3b).

To be more specific, in the case of a one-bit register, the logical 0 state,
denoted |0〉K (the subscript recalling the symmetric collective character and
the number K of atoms contributing to the ensemble state), is encoded in the
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following way:

|0〉K =
1√
K

(|0ss . . . s〉+ |s0s . . . s〉+ . . . + |ss . . . s0〉). (5.1)

In principle, only K = N atoms are necessary to encode N qubits. How-
ever, as will be demonstrated later, larger ensemble sizes improve our error
correction procedure.

5.1.4 Gates for collectively encoded qubits

Gates are performed by collectively addressing the atoms with light fields
illuminating the entire ensemble. The Hamiltonians we apply must all leave
the system in the symmetric Fock subspace corresponding to a single occu-
pation of each manifold {∣∣0j

〉
,
∣∣1j

〉}, j = 1, . . . , N, at least until errors occur.
Accordingly, in order for the collective encoding to work, the presence of
an excitation blockade mechanism restricting the population of each inter-
nal state to either zero or unity is required. For neutral atoms the Rydberg
blockade serves this purpose, while for molecules it can be achieved by cou-
pling the ensemble to a Cooper pair box two-level system [96].

Taking advantage of the Rydberg blockade mechanism, an ensemble of
atoms can be initialized to the |0102 . . . 0N〉 state by sequentially transferring
unit population to

∣∣0j
〉

from the reservoir state. That is, a symmetric su-
perposition of states with precisely one atom transferred to

∣∣0j
〉

from the
initially macroscopically populated state |s〉 can be obtained by (i) applying
to all atoms a π pulse resonant with the |s〉 ↔ |r〉 transition, and (ii) ap-
plying to all atoms a π pulse resonant with the |r〉 ↔ ∣∣0j

〉
transition. In

the limit where the dipole-dipole interaction of the Rydberg states is much
larger than the Rabi frequency, the Rydberg blockade prevents double occu-
pancy of the Rydberg states (see chapter 3.5.2), which ensures that (i) leads
to a symmetric superposition of states with precisely one atom occupying
|r〉. Thus, the protocol has the following effect:

|ss . . . s〉 (i)−→ 1√
K

(|rs . . . s〉+ |sr . . . s〉+ . . . + |ss . . . r〉)
(ii)−→ 1√

K
(
∣∣0js . . . s

〉
+

∣∣s0j . . . s
〉
+ . . . +

∣∣ss . . . 0j
〉
).

By performing the protocol above for j ranging from 1 to N, we finally obtain
the state |0102 . . . 0N〉.

In our alternative collective encoding scheme, single-qubit rotations are
carried out by driving the single-atom transitions

∣∣0j
〉 ↔ ∣∣1j

〉
. Although

these rotations may in practice be driven via excited states (in a Raman pro-
cess), it is potentially faster and easier to implement single-qubit gates than
in [63], where single-qubit rotations are instead performed by (i) transferring
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|0j〉

|1j〉

|r0〉

|0k〉

|1k〉

(i) (iii) (ii)

|r0〉

|r1〉 |r1〉

Figure 5.4. A conditional phase gate between qubits j and k is
accomplished by (i) a π pulse transfer of the population in

∣∣0j
〉

to
|r0〉, (ii) a 2π pulse on the transition |1k〉 ↔ |r1〉 (with k 6= j), and
(iii) a π pulse transfer of the population in |r0〉 to

∣∣0j
〉
. After (i),

initial population of
∣∣0j

〉
blocks further transfer of atoms to both

|r0〉 and |r1〉, and the 2π pulse in (ii) yields a conditional phase.
All states but |10〉 are endowed with a phase shift of π.

population from |j〉 to |r〉 by a π pulse, and (ii) coupling the states with zero
and one atom in |r〉 for adjustable amounts of time, before (iii) mapping the
|r〉 amplitude back onto |j〉 with a final π pulse [63].

Two-qubit gates rely on the Rydberg blockade. To this end, we assume
the existence of two Rydberg states |r0〉 and |r1〉 which both block multiple
Rydberg excitations. A π pulse, e.g.

∣∣0j
〉 → |r0〉, is then used to conditionally

prevent another qubit with k 6= j from being excited into |r0〉 and |r1〉, as
illustrated in Fig. 5.4. For the encoding scheme in [63], two-qubit gates are
implemented through the same mechanism.

We emphasize that a great advantage in using the collective population
of levels is that all operations are performed by collective access to the atoms,
and the exciting laser pulses only need to be adjusted to the energies and
coupling strengths of the atomic states. Hence, individual addressing is not
required, as opposed to the case of conventional encoding. This means that
all atoms can be trapped in a single site of an optical lattice.

5.1.5 Qubit encoding in the Zeeman sublevels

If the qubits are encoded in the internal Zeeman sublevels of the lower
atomic hyperfine levels in alkali-metal atoms with ground hyperfine mani-
folds {F, F + 1}, a bias magnetic field along the z axis both makes the system
immune to fluctuating orthogonal x and y components of the magnetic field
and provides an energy splitting of the qubits states so that they can be
unambiguously addressed by resonant laser fields [63].
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mJ =-1/2

mF =-4

mF =4

mF =3

mF =-3

mJ =1/2

mF =0

6S1/2

nS1/2

F = 3

F = 4

µBB/4

2µBB

|01〉

|07〉
|06〉
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|04〉

|03〉
|02〉

|17〉
|16〉

|15〉
|14〉

|13〉
|12〉

|11〉

Figure 5.5. The 16 Zeeman ground states of cesium as well
as the two fine structure states of a Rydberg level (used for
Rydberg blockade). Seven qubits are encoded in the pair of states
|F = 3, mF〉 , |F = 4,−mF〉, where mF = 0,±1,±2,±3. Of the two
remaining states |F = 4, mF = 4〉 and |F = 4, mF = −4〉, one state
is available for the reservoir state and one state is not used,
since the transitions |6S1/2, F = 4, mF = 4〉 ↔ ∣∣nS1/2, mJ = 1/2

〉
and |6S1/2, F = 4, mF = −4〉 ↔ ∣∣nS1/2, mJ = −1/2

〉
are degener-

ate. All other ground to Rydberg transitions are separated by at
least µBB/4h̄. Thus, if this quantity is large compared to the two-
photon Rabi frequency for transitions to the Rydberg levels, any
ground state can be selectively excited. The figure is reproduced
from [63] by courtesy of Klaus Mølmer.

Fluctuations of the z component of the field perturb the atomic levels,
but in our alternative encoding scheme we can make the system immune to
these fluctuations if qubits are associated with the pairs of states {|F, mF〉,
|F + 1,−mF〉}, with mF = 0, ±1, ±2,. . . ,±F. The states |F, mF〉 , |F + 1,−mF〉
experience the same linear Zeeman shift and only small differential quadratic
shifts in the presence of magnetic field fluctuations, which therefore only
slightly disturb the relative phase of qubit states 0 and 1. Hence, by this spe-
cific choice of qubit levels, an automatic decoherence-free subspace encoding
is provided which is protected against fluctuations in the external magnetic
field acting on all atoms. Experimentally, coherence times exceeding 1s have
been observed for superpositions of such states with mF = ±1 in 87Rb [97].

A specific example is provided by cesium. Having a nuclear spin of
I = 7/2, cesium provides 16 stable Zeeman states in the F = 3, 4 hyperfine
levels, as illustrated in Fig. 5.5. This allows for encoding of 7 qubits. Admit-
tedly, this number is not impressive. However, considering instead holmium
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with 128 hyperfine ground states (more than any other stable atom), collec-
tive encoding permits 60 qubits [79].

Additionally, the number of qubits can be increased by placing a small
number of samples far enough apart to allow for individual addressing,
while close enough to permit strong dipole-dipole interaction of the Rydberg
states. In [79] a detailed study of this approach for holmium estimated a
limit of 17 samples, yielding a total processor size of 60× 17 = 1020 directly
coupled qubits.

5.2 Error correction for collectively encoded qubits

For collective encoding to be practically useful, the errors which may occur
must be addressed and methods to repair them devised. Because of inter-
action with their local environment (background gas collisions and spon-
taneous emission of radiation), it is physically motivated to assume that
particles are affected by independent errors. In the conventional encoding
scheme, where qubits are stored in separate particles, this assumption im-
plies that qubits are corrupted independently of each other. Error correction
schemes then consist of syndrome measurement and conditional back ac-
tion, which corrects such errors if they are not too frequent [36].

However, in our collective encoding approach, this physical error model
implies that the system may leave the symmetric, computational subspace.
Accordingly, error correction techniques, derived under the assumption that
errors occur independently on separate qubits, do not apply. But, as we
discuss in the following, we have devised methods for efficient error identi-
fication and correction.

5.2.1 Atom loss

The first error source we shall consider is atom loss. For the sake of simplic-
ity, we start with the case of a one-bit register prepared in the logical 0 state.
Rewriting (5.1) leads to

|0〉K =
1√
K
|0〉 ⊗ |S〉K−1 +

√
K− 1

K
|s〉 ⊗ |0〉K−1 . (5.2)

All atoms are identical, but for simplicity we consider the removal of the
first atom, which produces the state

|ψ〉 =
1√
K
|S〉K−1 +

√
K− 1

K
|0〉K−1, (5.3)

or a mixed state with equivalent weight factors on the two components.
For large K, this state is dominated by the second term, which encodes the
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correct register state but with a smaller total number of atoms in the en-
semble. Since gates act on this component in the same way as on the state
encoded with the original number of atoms, the error due to the atomic loss
is therefore only connected with the first component in (5.3), which will be
propagated by the subsequent unitary dynamics and introduce a very small
probability (i.e., the probability that the loss occurred multiplied by the fac-
tor 1/K) for an erroneous output at the end of the calculation.

The same reasoning can be applied to any qubit superposition state
yielding the same result, and a simple calculation shows that in an N-bit
register, loss of a single atom introduces an erroneous component with pop-
ulation N/K. For very large K, we may accept the erroneous component
in the wave function, or we may identify the error, by carrying out a mea-
surement to find out if one of the subspaces {|0i〉, |1i〉} is not populated.
By transferring an atom from |s〉 to that subspace via the Rydberg state, we
reestablish a legal, but most likely erroneous, register state. The error can,
however, be addressed by suitable error correction techniques, which we
shall outline below.

5.2.2 Disturbance of an atom

Atom loss is not the most critical error to affect the ensemble since the re-
sulting state retains the full permutation symmetry, and the computation
may go on safely. It is more problematic when an atom is disturbed and
remains in the sample, where it continues to interact with the other atoms
and corrupts the future quantum gates.

For the sake of simplicity, we examine the case of a single-bit register
initially prepared in the single-qubit state,

α |0〉K + β |1〉K =
1√
K

(α |0〉+ β |1〉)⊗ |S〉K−1

+

√
K− 1

K
|s〉 ⊗ (α |0〉K−1 + β |1〉K−1).

(5.4)

If the first atom is affected by an error, the term in the first line has negligible
amplitude compared to the term in the second line if K is large, and it will
be neglected in the following. Suppose that the |s〉 state of the first atom
evolves into

|φ〉 = c0 |0〉+ c1 |1〉+ cs |s〉+
∣∣φ′〉 , (5.5)

where |φ′〉 is orthogonal to |0〉 , |1〉 , and |s〉. Accordingly, the resulting erro-
neous state of the ensemble is on the form

|ψer〉 =

√
K− 1

K
(cs |s〉+

∣∣φ′〉)⊗ (α |0〉K−1 + β |1〉K−1)

+

√
K− 1

K
(c0 |0〉+ c1 |1〉)⊗ (α |0〉K−1 + β |1〉K−1).

(5.6)
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In the first line, the |φ′〉 component will never interfere with the computa-
tion, and the single atom state |s〉 couples so weakly to our laser driving
fields in comparison with the symmetric states of the remaining atoms that
it will only slightly perturb the state of the ensemble.1 However, the second
line in (5.6) shows dangerous double occupancy of register states 0 and 1,
which must be suppressed by physical manipulation of the system.

To this end, we apply the following procedure, which is illustrated in
Fig. 5.6:

(i) First, we simultaneously apply two laser beams coupling |0〉 and |1〉
to two different Rydberg states |r0〉 and |r1〉 with the same Rabi frequency
Ω. We assume that both Rydberg states |r0〉 and |r1〉 block multiple Rydberg
excitations. As a consequence, the states |x〉 ⊗ |y〉K−1, with x = s, φ′ and
y = 0, 1, couple to the states |x〉 ⊗ ∣∣ry

〉
K−1 with the same coupling strength

h̄Ω, while the states with x = 0, 1 and y = 0, 1 couple to (|rx〉 ⊗ |y〉K−1 +
|x〉 ⊗ ∣∣ry

〉
K−1)/

√
2 with the coupling strength

√
2h̄Ω. Thanks to the second

coupling strength being larger by a factor of
√

2, it is possible to design a
composite pulse sequence which leaves the first line in (5.6) (and also any
non-erroneous state) unchanged, while transforming the second line into

√
K− 1

2K
[(c0|r0〉+ c1|r1〉)⊗ (α|0〉K−1 + β|1〉K−1)

+ (c0|0〉+ c1|1〉)⊗ (α|r0〉K−1 + β|r1〉K−1)].

To this end, we have designed the composite pulse sequence π0 2πφ′π0,
where φ′ = arccos(cot2(

√
2π)). As usual, the notation θφ indicates a pulse

area θ = Ωt and a phase φ. As illustrated by Fig. 5.7, this sequence leaves
states with coupling strength h̄Ω unaffected while implementing σy (up to
phase factors), σy being the Pauli y matrix, for states with coupling strength√

2h̄Ω.
In the design of our composite pulse sequence, we have demanded that

the first and the third pulse lead to evolutions of the Bloch vector along the
same great circle. This is also the case for some of the simple composite
pulses described in chapter 3.4.4. Observing that a sequence of three pulses
with pulse areas π, 2π, and π, returns a two-level system with coupling
strength h̄Ω to the starting point irrespective of the phases, the construction
of our sequence reduces to the problem of finding the angle φ′ of the middle
pulse which accomplishes the desired evolution for a two-level system with
coupling strength

√
2h̄Ω. We note that the same ansatz can be used for

some other coupling strengths. For instance the same overall evolution is

1This robustness against perturbations on individual atoms is crucial for many uses of
ensembles [98], and has been crucial in experiments, e.g., on continuous variable quantum
storage in atomic ensembles, which already in their initial state may have a significant num-
ber of atoms that are not pumped into the symmetric state [99].
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|η〉⊗|ε〉K-1

|rη〉⊗|ε〉K-1
|η〉⊗|rε〉K-1

|η〉⊗|S〉K-1

|ε〉K-1 |S〉K-1

(i)

(ii)

(iii)

|0〉K-1

|r0〉⊗|ε〉K-1/|r1〉⊗|ε〉K-1

Figure 5.6. Schematic illustration of our procedure to remove
single atom occupancy of register states which are already occu-
pied by the ensemble. The second and the third line of the fig-
ure depict superposition states. We use the short hand notation
|η〉 = c0|0〉+ c1|1〉, |rη〉 = c0|r0〉+ c1|r1〉, |ε〉 = α|0〉K−1 + β|1〉K−1,
and |rε〉 = α|r0〉K−1 + β|r1〉K−1. Our error detection sequence pro-
ceeds as follows: (i) 0 ↔ r0 and 1 ↔ r1 resonant composite pulses
are applied. (ii) After detection of either |r0〉 or |r1〉, either an
s ↔ r0 or an s ↔ r1 resonant pulse is applied. (iii) Depending on
the result of the measurement in (ii), either |r0〉 or |r1〉 is ionized.
If an ion signal is observed, the final state is |ε〉K−1. Otherwise, |η〉
is ionized yielding the state |S〉K−1, which is subsequently trans-
ferred into the final state |0〉K−1 by an s ↔ 0 resonant pulse.
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(a) (b)

Figure 5.7. The evolution of |0〉 on the Bloch sphere during the
pulse sequence π0 (red), 2πφ′ (black), π0 (blue), where φ′ =
arccos(cot2(

√
2π)), for two-level systems with coupling strengths

(a) h̄Ω and (b)
√

2h̄Ω. The outcomes are rotations from |0〉 (south
pole) to (a) |0〉 and (b) |1〉 (north pole). The axes are the same as in
Fig. 3.4.

obtained if, for a coupling strength of
√

3h̄Ω, the phase of the second pulse
is φ′ = arccos(cot2(

√
3π)).

(ii) We can check if an error has occurred by measuring the Rydberg state
content in the ensemble, e.g., by means of the blockade of a neighboring
read-out ensemble [52]. Such a measurement is projective, and if a Rydberg
excitation in |r0〉 is detected, we get the unnormalized state

c0 |r0〉 ⊗ (α |0〉K−1 + β |1〉K−1) + α(c0 |0〉+ c1 |1〉)⊗ |r0〉K−1 .

The goal is now to modify this state so that it can be used for further
processing. Since the coupling of the symmetrically excited Rydberg state
|r0〉K−1 to the reservoir state |S〉K−1 is

√
K− 1 times larger than the coupling

of the single-atom states |r0〉 and |s〉, a resonant π pulse on the s ↔ r0
transition can be driven which makes a complete transfer of the collective
state |r0〉 into |S〉 and only a ∼ 1/K1/2 transfer of the single atom component
|r0〉 into |s〉. After such a pulse we therefore mainly obtain

c0 |r0〉 ⊗ (α |0〉K−1 + β |1〉K−1) + α(c0 |0〉+ c1 |1〉)⊗ |S〉K−1 .

By use of an appropriate composite pulse sequence, this erroneous ampli-
tude transfer can be reduced. For this purpose, we propose to apply three
consecutive π pulses with phases 0, 2π/3, and 4π/3 instead of a single π
pulse (see Fig. 5.8), which reduces the amplitude of the erroneous transfer
of |r0〉/|r1〉 to |s〉 from ∼ 1/K1/2 to ∼ 1/K3/2.

(iii) Subsequently, we apply an ionizing pulse of the Rydberg state |r0〉.
If an ion is observed, we retain the correct initial qubit state (α |0〉K−1 +
β |1〉K−1) with one atom less in the ensemble. If no ion is detected, we obtain



76 Error correction in ensemble registers

Figure 5.8. The evolution of |0〉 on the Bloch sphere during the
pulse sequence π0 π2π/3 π4π/3 for coupling strengths h̄Ω (blue)
and h̄Ω/

√
K− 1 (red). The outcomes are rotations from |0〉 to |1〉

and to |0〉, respectively.

(c0 |0〉 + c1 |1〉) ⊗ |S〉K−1. Applying pulses ionizing the states |0〉 and |1〉
finally leads to |S〉K−1. We complete the procedure by applying a resonant
pulse s ↔ 0, so that |S〉K−1 is transferred to |0〉K−1.

If, during the first Rydberg state measurement, |r0〉 is not observed, and
if |r1〉 is subsequently detected, one can apply similar procedures as above. If
neither |r0〉 nor |r1〉 are detected, the system is projected onto a (sufficiently)
non-erroneous component in (5.6) that the ensemble still reliably encodes
the desired register state.

By applying the detection/correction procedure described above to a
single-qubit register, we either obtain the correct initial state (α |0〉K−1 +
β |1〉K−1) or end up in |0〉K−1. It should be emphasized that as long as no er-
ror or a simple particle loss occur, no error signal is reported by the Rydberg
populations, and no atoms are unnecessarily removed from the ensemble.
In an N-bit register one merely has to check all the qubit populations suc-
cessively as described above. At the end, we know whether and where an
error has occurred.

If needed, we can repair the state of the erroneous qubit, provided we en-
code each bit of information in a superposition state α(|00〉K + |11〉K)/

√
2 +

β(|01〉K + |10〉K)/
√

2, such that two ensemble qubits encode one logical
qubit. Going through the above error identification and register restoration
scheme, assuming an error has occurred in any of the two register positions,
we either recover the same superposition, but with one atom less in the en-
semble, or superpositions involving only the first or the second component
of our logical qubit basis states, such as α|00〉K−1 + β|01〉K−1, from which
the entire logical qubit basis states can be reconstructed by simple gate op-
erations. This error-correction encoding is simpler than in the usual tensor
product encoding because our error identification protocol provides direct
information about which qubit has to be repaired.

If p denotes the error probability per atom per gate, the number of gates
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ng must fulfill png . 1 to maintain the correct computational state com-
ponent against single atom loss, and (pK)2ng . 1 to limit the number of
simultaneous pairs of errors. A value of p = 10−4 is thus compatible with
the application of as much as 104 quantum gates on a few tens of qubits in
a ensemble of around hundred atoms.

We anticipate that other schemes may be derived to correct for errors
without ionization of the atoms, but the reduction in size of the symmet-
ric ensemble due to errors seems unavoidable. However, in principle it is
possible to transfer the quantum state of our diminished ensemble by the
Rydberg blockade mechanism to a nearby independent ensemble of atoms,
and such new ensembles can be supplied when needed.

5.3 Summary

We have proposed a novel scheme for encoding multiple bits of quantum in-
formation in symmetric collective states of an ensemble of multilevel atoms
by making effective use of the single-particle Hilbert space dimension. A
specific choice of qubit levels provides an automatic decoherence-free sub-
space encoding against fluctuations in the external magnetic field acting on
all atoms.

Furthermore, we have derived a procedure for the correction of errors of
individual atoms, which is successful if the ensemble is sufficiently large. We
have designed composite pulse sequences crucial to the procedure, which
facilitate operations that single pulses are incapable of accomplishing.

We presented the analysis for the special case of a global Rydberg block-
ade mechanism, but we anticipate that the scheme presented here for identi-
fying and eliminating systems which have left the symmetric subspace may
also apply to other effective interactions as a general restoration mechanism
for symmetric states in ensembles of identical particles involved in quantum
computing, long-term quantum memories, and in quantum repeaters.

In the next chapter, we shall demonstrate the application of collective en-
coding to the construction of few-qubit registers in small atomic ensembles
suitable for atom-light interfaces in quantum repeaters.





Chapter 6

Few qubit atom-light interfaces
with collective encoding

So far we have outlined how a quantum processing unit based on neutral
atoms may be implemented. However, an important aspect, which we have
not touched upon yet, is how to achieve a scalable quantum network. In
this chapter, we discuss the implementation of a single-photon source and
its application for the construction of a quantum repeater.

Based on our paper [VIII], we suggest to employ small atomic ensembles
for atom-light interfacing in a quantum repeater. Samples consisting of a
few hundred atoms confined within regions of a few micrometer are large
enough to provide efficient cooperative absorption and emission of light,
and small enough to ensure strong dipole-dipole interactions when atoms
are excited to their Rydberg states. We propose to build collectively en-
coded few-qubit quantum registers, which can store and transmit quantum
information in the form of single photons. By making use of entanglement
pumping protocols such registers constitute efficient atom-light interfaces
in networks for scalable quantum computing and long distance quantum
communication.

6.1 Superradiance

As was originally observed by Dicke [100], a collection of atoms exhibits
cooperative spontaneous emission, such that light emitted from the sample,
upon initial absorption of a single photon, displays an interference pattern.
As a result the phenomena of superradiance (maximal enhancement) and
subradiance (maximal suppression) emerge.

In [101] Scully et al. observed that a sample of randomly distributed
atoms should re-emit an absorbed photon only in the forward direction (that
is, in the same direction as the absorbed photon).

79
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The superradiance phenomenon described above relies on the absorption
of a single photon, such that only collective states with one excited atom
are populated. However, employing single-photon sources is not necessary.
Instead, the Rydberg blockade can be utilized to ensure that the employment
of two classical fields to couple the ground state to a Rydberg state via an
excited state |e〉, only leads to transitions to states with a single excited atom.
By subsequently transferring the Rydberg population to |e〉, using a π pulse,
spontaneous emission from |e〉 will be highly directional (because of phase
matching) in the form of a single photon [102].

In the following, we present our research on light emitted from an or-
dered sample of neutral atoms. We will see that, by a proper design of the
sample, we can achieve a highly directional single-photon source. In contrast
to the discussion in [102], our results are based on a full, numerical treat-
ment of the problem. This enables us to extract precise information about
the spatio-temporal field mode coupled to our system.

6.2 Directionality of single-photon emission

Prior to embarking on a full, time-dependent description of the phenomenon
of superradiance, we study in a more qualitative manner why a single pho-
ton emitted from a collection of atoms is highly directional.

Consider a collection of N atoms having an excited state |e〉 with an
energy h̄ω0 above the ground state |g〉. We assume that the system has ab-
sorbed a single photon of frequency ck0, such that the initial atom + field
wave function is given by

|Ψ0〉 =
1√
N

N

∑
j=1

eik0·rj
∣∣ej

〉⊗ |0〉 , (6.1)

where
∣∣ej

〉
is the state for which atom j is excited and the other atoms are in

the ground state. Such a state might be prepared using the method of [102],
in which initialization of |Ψ0〉 is performed by first driving the transition
|0〉 ↔ |r〉 using two classical fields with frequencies ω1 and ω2, as defined in
Fig. 6.1. The Rydberg blockade ensures that a collective state with a single
Rydberg excitation is obtained. By subsequently applying a classical field
with frequency ω3, resonant with the |r〉 ↔ |e〉 transition, |Ψ0〉 is obtained
with k0 = k1 + k2 − k3.

By spontaneous emission |Ψ0〉 evolves into a superposition of modes,
each with all atoms returned to the ground state and a single photon with
wavevector k. The amplitude for emission with wavevector k is proportional
to

〈g, 1k|(ek · d̂)a†
ke−ik·r|Ψ0〉 =

1√
N

N

∑
j
〈g|ek · d̂|ej〉ei(k0−k)·rj ,
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|0〉 

|e〉 

|r〉 

ω1

ω2 ω3

ω

Figure 6.1. Three-level system for generation of a singly-excited
collective state. The protocol is described in the text.

where ek and a†
k denote the polarization and the creation operator for a pho-

ton in mode k, respectively. This implies that for an isotropic atomic matrix
element, the probability of observing an emitted photon with wavevector k
is

P(k) ∝
1
N

∣∣∣∣∣
N

∑
j

ei(k0−k)·rj

∣∣∣∣∣
2

.

As noted in [102] this represents a highly directional emission because P(k) ∝ N
for k = k0, whereas for all other directions it is strongly suppressed.

6.3 Time dependence of single-photon emission

The directionality of superradiance originates from phase matching, as demon-
strated in the above discussion. However, in addition to the emission being
highly directional, superradiance is also characterized by a higher emission
rate compared to single-atom single-photon emission.

To study the time dependence of the emission, we provide a full, nu-
merical treatment of the problem. Our method is inspired by the approach
in [103], in which cooperative decay from a spherical sample of randomly
distributed atoms upon single-photon absorption is studied analytically. For
simplicity, effects of photon polarization are neglected, but these may readily
be incorporated in a more detailed analysis.

As above, we consider a collection of N atoms initially prepared in Ψ0 as
given by (6.1). The system is subject to the Hamiltonian H0 + V, where

H0 =
N

∑
j=1

h̄ω0
∣∣ej

〉 〈
ej

∣∣ + ∑
k

h̄cka†
kak,

VI =
N

∑
j=1

∑
k

h̄gka†
k |g〉

〈
ej

∣∣ e−ik·rj ei(ck−ω0)t + h.c.,
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and gk is the atom-photon coupling constant. We remind the reader that
∣∣ej

〉
denotes the state for which atom j is excited and all other atoms are in the
ground state.

The system evolves, by emission of the absorbed photon, into the state

|Ψ(t)〉 =
N

∑
j=1

αje−iω0t ∣∣ej
〉⊗ |0〉+ ∑

k
κke−ickt |g〉 ⊗ |k〉 , (6.2)

where αj, κk are time-dependent expansion coefficients in the interaction
picture. From the Schrödinger equation we obtain

iα̇j = ∑
k

g∗keik·rj e−i(ck−ω0)tκk, (6.3)

iκ̇k =
N

∑
j=1

gke−ik·rj ei(ck−ω0)tαj. (6.4)

Integrating (6.4) and substituting κk back into (6.3) gives

α̇j = −
N

∑
j=1

∑
k
|gk|2eik·(rj−rj′ )

∫ t

0
ei(ck−ω0)(t′−t)αj(t′)dt′. (6.5)

Assuming that αj varies on a time scale that is long compared to t,1 αj can
be taken outside the integral in (6.5) thus leading to

α̇j = −
N

∑
j′=1

Γjj′(t)αj′ ,

where

Γjj′ = ∑
k
|gk|2eik·(rj−rj′ )

(
sin((ck−ω0)t)

ck−ω0
+ i

cos((ck−ω0)t)− 1
ck−ω0

)
. (6.6)

The second term in the parenthesis corresponds to a multi-atom “Lamb-
shift”, which is expected to be at least an order of magnitude smaller than
the first term. Following [103], we apply the Wigner-Weisskopf approxima-
tion and discard the second term entirely. In that case, (6.6) reduces to

Γjj′(t) ≈
∫ dΩn

4π
π(|gk|2ρ(ck))|k=nk0 eik0n·(rj−rj′ )Θ(ct− |n · (rj − rj′)|) (6.7)

1More precisely, we assume that |gk|2 is roughly constant in a broad energy interval h̄∆,
where ∆−1 ¿ t ¿ τ. The parameter τ is the characteristic time scale for the variation of αj,
and is of order 1/Nγ1, where γ1 is the single-atom decay rate.
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where we have chosen t À ω−1
0 , and the following approximations have

been employed: sin((ω0 − ck)t)/(ω0 − ck) ≈ πδ(ω0 − ck) and k ≈ n(k0 +
δk), where δk ¿ k0 and n is the unit vector in the k direction. The density of
photon modes is ρ(ck) = Vk2/2π2c and Θ(x) is the Heavyside step function.
In the following, we assume that |gk| is spherically symmetric.

If ct is much smaller than the mean interparticle distance, it follows from
(6.7) that the decay matrix Γjj′ is diagonal with identical elements

γ1 =
∫ dΩn

4π
π|gk|2ρ(ck)|k=nk0 ,

corresponding to the single-atom decay rate. We conclude that cooperativity
is not initially present. However, this changes as t increases. When ct is
much larger than the sample length, (6.7) reduces to

Γjj′(t) = γ1
sin(k0|rj − rj′ |)

k0|rj − rj′ | ,

and thus

α̇j = −γ1

N

∑
j′=1

sin(k0|rj − rj′ |)
k0|rj − rj′ | αj′ . (6.8)

Introducing β j = e−ik0·rj αj we obtain

β̇ j = −γ1

N

∑
j′=1

F(rj − rj′)β j′ , (6.9)

where

F(rj − rj′) =
sin(k0|rj − rj′ |)

k0|rj − rj′ | e−ik0·(rj−rj′ ).

In [103] the authors proceed by finding an approximate, analytic solution of
(6.9) for the case of a spherical sample. For our purposes, we compute the
numerical solution.

Equation (6.9) is solved formally by diagonalizing the F matrix. The
vector β, whose jth element is β j, is obtained at a given time from

β(t) = Ve−ΛtV−1β(t = 0), (6.10)

where Λ and V contain the eigenvalues and eigenvectors of F, respectively.
Thus,

β j = ∑
j′

Cjj′e
−λj′ t,
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Figure 6.2. Density probability of a single photon emitted from a
single atom after 0.1 µs. Light is emitted uniformly in all direc-
tions. At this time, the light first emitted has traveled ct = 30 m.
Parameters are k0 = 2π/780 nm = 8.1 µm−1 and γ1 = 19 µs−1.

where Cjj′ = vj′(j) · 〈vj′ |β(t = 0)〉, λj denotes the jth eigenvalue, and vj is the
corresponding eigenvector. Note that from (6.1), it follows that β(t = 0)j =
1/
√

N. Finally, inserting (6.10) into (6.4) and integrating we find that

κk(t) = igk ∑
jj′

Cjj′ei(k0−k)·rj
1− e(ic(k−k0)−λj′ )t

ic(k− k0)− λj′
. (6.11)

Before we present the results of our simulations, we briefly review the
findings of [103]. For a spherical sample of randomly distributed atoms, it
was found that to observe superradiance the sample must be mesoscopic
with a length equal to the sample size (in the incident photon direction) and
a cross section on the order of the wavelength squared. The probability of
photon emission first decreases as exp(−2γcolt), where

γcol =
γ1

N

N

∑
j=1

N

∑
j′=1

F(rj − rj′) (6.12)

is the collective decay rate of the fully symmetric, superradiant state. For
t À γ−1

col , photon reabsorption leads to an afterglow with a probability on
the order of (k0R0)−2 exp(−2γrt), where γr = γ1N/2k4

0R4
0 and R0 is the ra-

dius of the spherical sample.

Single-photon emission from a single atom. As a special case, consider
a sample consisting of only one atom. From (6.8), it follows that α̇ = −γ1α,
which leads to the non-surprising result that α = exp(−γ1t). Employing
(6.4) with gk =

√
ck/2h̄ε0V〈1|er|0〉 gives
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κk = igk
1− e(ic(k−k0)−γ1)t

ic(k− k0)− γ1
.

Thus, κk is independent of the orientation of k and the photon is therefore
emitted uniformly in all directions. Performing the Fourier transform of
κke−ickt, cf. (6.2), we obtain the probability density of the emitted light as
shown in Fig. 6.2.

6.4 Single-photon emission from a mesoscopic sample

For our numerical simulations we have studied a cubic lattice with an elon-
gated sample of 7× 7 × 20 atoms (trapped in a three-dimensional optical
lattice [49]), depicted in Fig. 6.3. With a lattice spacing of 0.37 µm, the max-
imum distance between any two atoms is 8.3 µm, which ensures atom-atom
interactions strong enough for achieving Rydberg blockade.

We consider 87Rb atoms. Selecting the excited state to be 5P1/2, with
a spontaneous emission rate of γ1 = 19 µs−1, we obtain the total excited
state population ∑j |αj|2 shown in Fig. 6.4 by solving (6.9). As the fig-
ure demonstrates, initially the excited state population evolves according to
exp(−2γcolt), where γcol is given by (6.12). At first sight, γcol might be ex-
pected to scale as N times γ1, cf. (6.12), but, for our sample γcol is merely
5.7 times larger than the single-atom emission rate. Estimates for the effect
of the finite size and the shape of the sample are discussed in [104]. For
a macroscopic collection of atoms arranged in a circular cylinder of length
20λ/2 and cross-sectional area 49(λ/2)2, a reduction of 100 is expected.
Thus, we anticipate the collective emission rate to be of order 10γ1 rather
than 980γ1. This result is confirmed by our numerical calculations.

k0

k

x

z

y

Figure 6.3. The sample considered in our numerical studies con-
sists of 7 × 7 × 20 87Rb atoms. To maximize the superradiance
effect, k0 must be parallel to the long side of the sample. The emit-
ted photon is primarily emitted in the direction of k0. Parameters
used for our simulations are k0 = 2π/780 nm = 8.1 µm−1 and
k0/kl = 19/20 , giving a lattice spacing of d = 0.37 µm.
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Figure 6.4. Total population of the excited state, that is ∑j |αj|2
(solid), for 7 × 7 × 20 atoms. As appears from the figure (note
the logarithmic scale), the population decreases as exp(−2γcolt)
(dashed) for t < γ−1

col = 1/(108 µs−1) ≈ 0.01 µs. Assuming the
excited state is 5P1/2, we have used γ1 = 19 µs−1. The initial
spontaneous emission rate is thus 5.7 times larger for the sample
than for a single atom.

At later times, the symmetry of the atomic excited state population in
the sample is broken, explaining the longer survival of a few percent of col-
lective excitation in the system. This process is illustrated in Fig. 6.5 in
which the excited state population is displayed for the four top layers of the
sample. Due to symmetry in the directions perpendicular to k0, for instance
the first and the last layers are identical. We see that even though the sam-
ple is uniformly excited initially, the excited state population falls off non-
uniformly perpendicular to k0. In particular, we note that the atoms away
from the center retain excitation for a prolonged period of time, whereas
atoms around the core decay much faster.

At a particular point in time, approximately given by γ−1
col , photon reab-

sorption sets in and the decay rate decreases compared to γcol . This process
is illustrated in Fig. 6.6, which shows the explicit time dependence of the
excited state population for selected atoms. We observe photon reabsorption
for the atom with coordinates (4,4,10).

Phase matching in (6.11) ensures that in the superradiant state, the light
emission occurs predominantly within a narrow emission cone. Thus, con-
sider first Fig. 6.7, in which the photon probability density, obtained from
a Fourier transform of κke−ickt, is displayed for emission in the forward di-
rection as well as directions with polar angles of π/15 and π/12, relative
to the direction specified by k0. As is apparent from the figure, the photon
density falls off quickly with the polar angle. Also note that when compared
to the case of a single-atom sample displayed in Fig. 6.2, the density is more
peaked around ct in accordance with a larger emission rate.
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(a) 0.001 µs (b) 0.01 µs (c) 0.1 µs

Figure 6.5. Excited state population in the four top layers of a 7×
7× 20 sample at various times. Initially, the sample is uniformly
excited such that |α|2 = 1/N for all atoms. (a), (b) The excited
state population decreases fastest around the center line until (c),
at which point almost all atoms are in their ground states.
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Figure 6.6. Excited state population for selected atoms. The coor-
dinates of the atoms are stated as (nx, ny, nz), where nj denotes the
atom coordinate in the jth direction. The atom at (1, 1, 1) is in the
rearmost corner of the sample. The atoms considered are (4,4,5)
(pink), (4,4,10) (turquoise), and (1,4,10) (black).
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Figure 6.7. Probability density of the emitted photon after 0.1 µs
in directions with polar angles relative to k0 of 0 (black), π/15
(turquoise) and π/12 (pink).

Figure 6.8 provides a study of the probability density build-up. The
curves represent P(θ), i.e., the probability density integrated over k and the
azimuthal angle φ, at various times.

From Fig. 6.9, we find that with more than 95% (90%) probability the
photon is emitted in a direction within 0.3 (0.2) radians off the axis of the
sample.

Our calculations demonstrate that a mesoscopic sample can provide suf-
ficient superradiance to emit a single photon in a well-defined direction.
However, one must consider whether this single-photon source is stable with
respect to missing atoms in the sample. After all, the lattice may be imper-
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Figure 6.8. Integrated probability density P(θ) as a function of the
polar angle θ, where P(θ) =

∫ 2π
0

∫ k0+∆k/2
k0−∆k/2 |κ(k, θ, φ)|2k2dkdφ and

∆k/k0 = 3 · 10−5. The photon density of light emitted in directions
with polar angles infinitesimally close to θ is thus P(θ) sin θdθ. The
curves represent P(θ) after 10−10 s (dotted), 10−9 s (dashed), 10−9 s
(dash-dotted), and 10−7 s (solid). The insert shows the directional
density in a polar plot after 10−8 s (dashed) and 10−7 s (solid).
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Figure 6.9. Integrated probability density Pac(θ) as a function of
the polar angle θ, where Pac(θ) =

∫ θ
0 P(θ) sin θdθ/

∫ 2π
0 P(θ) sin θdθ,

after 1 µs.

fectly loaded or atom loss may occur. If the loss of a few atoms causes a
significant change in the field mode, unrealistic demands on the ability to
trap atoms would have to be met. We have tested this concern by remov-
ing up to a few tens of atoms from random locations in our lattice system.
We then computed the field mode emitted by the modified structure and
determined the overlap of this field mode with the one emitted by the com-
plete sample. These overlaps are very robust and in excess of 99% in all our
simulations.
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For our simulations we have chosen a simple, cubic lattice. However,
other lattice structures could be explored to see whether the directionality
of the emitted light could be optimized further. Elongating the sample im-
proves our results. However, demanding that the Rydberg blockade mech-
anism must apply to any two atoms sets an upper limit to the size of the
sample.

6.5 Atom-light interfaces for scalable quantum
networks

Following the proposal for quantum repeaters based on a combination of
stationary qubits in atomic ensembles and flying qubits in photons [21], sig-
nificant progress has been obtained [105,106] on the entanglement of collec-
tive qubit degrees of freedom in physically separated atomic samples. These
experiments involve large atomic gases, and while errors and imperfections
may be detected and ‘repeat-until-successful’ strategies may be employed
to secure the formation of entangled states [21, 107], effective restoration of
quantum information by error correction procedures is difficult to achieve
in these systems.

The latter problem can be solved by interfacing light with a small quantum
processor, allowing single- and two-qubit gates among its qubits. Although
recent progress has been made on the free space coupling of a single atom
to a focused single-photon field [108, 109], light couples more strongly and
with a larger degree of directional selectivity to an atomic ensemble. In the
following, we discuss the application of our single-photon source for the
construction of a quantum repeater.

6.5.1 Entanglement generation

For entanglement generation and communication between two distinct atomic
samples, the fields emanating from two synchronously prepared samples
can be mixed on a beam splitter. Entanglement of such samples is then
heralded by the detector outcome [110]. Below we propose an architecture
which provides a high success probability of this detection scheme due to
the superradiant emission of light into preferred directions and a resulting
good mode matching of the two field modes.

Alternatively, entanglement can be produced deterministically. Thus, as
we have shown above, more than 95% of the light from our mesoscopic lat-
tice is emitted within a well confined mode, and time reversal ensures that a
field with a spatial dependence which is the complex conjugate of the fields
found above will travel in the opposite direction and become extinct by the
atomic excitation with a probability exceeding 95%. This offers the possibil-
ity of splitting a single photon by a beam splitter and direct it towards two
separate ensembles in a deterministic protocol for entanglement generation.
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In addition, if reshaping of single photon pulses between the mode emitted
and its complex conjugate is possible, a photon wave packet generated in
one sample can be absorbed with high fidelity in another sample in a high
fidelity quantum information transfer protocol.

6.5.2 Entanglement purification

From our numerical analysis, we have found that a few hundred atoms
within a 10 µm wide volume in space have a high coupling fidelity (in
excess of 95%) to a single photonic qubit. The dimensions of the sample
ensure that the Rydberg blockade mechanism applies to any two atoms. Ac-
cordingly, qubits can be encoded collectively in the ensemble of atoms. We
shall make use of this fact to obtain efficient entanglement purification.

The entanglement purification protocol suggested in [111] is an exam-
ple of a nested entanglement pumping protocol [20, 112–114]. By involving
auxiliary qubits, measurements and multiple rounds of communication, this
protocol can raise a 90% transmission fidelity to arbitrarily high degrees of
entanglement between two samples. We refer the reader to [111] for the al-
gorithmic details of the protocol, and turn to the description of our physical
implementation of local five-qubit registers needed for the protocol and of
their coupling to light.

Figure 6.10a illustrates the five-qubit design proposed in [111]. Five sep-
arate physical systems take the role of a communication qubit c, three auxil-
iary qubits ai, i = 1, 2, 3, for temporary storage and entanglement pumping,
and a storage qubit s for the perfected state. In [111] proposed candidates
for the five physical qubits are a chain of trapped ions with a single ion
residing in an optical cavity, or 13C atoms in the proximity of an optically
addressable NV center in diamond.

Figure 6.10b illustrates our proposal for the implementation of the five-
qubit register. Instead of identifying qubits with distinct physical systems,
we propose to make use of the collective encoding scheme described in chap-
ter 5.1.2, so that qubits are instead associated with the collective population
of different internal (Zeeman) states.

In the generic single-atom level scheme in Fig. 6.10b, we identify a reser-
voir state |0〉 and five different long-lived internal states playing the same
roles as the five physical qubits in Fig. 6.10a. The two Rydberg excited states
are needed for initialization and single- and two-qubit operations.

The absorption of a single photon on the |0〉 ↔ |e〉 transition, sketched
in the figure, causes a collective excitation on the form (6.1). This must
be quickly followed by a resonant transition between the excited state |e〉
and the long-lived communication state |c〉. The stationary communication
qubit thus acquires the state of the incident traveling qubit with more than
95% probability. From here, the collective Rydberg gates (see chapter 5.1.4)
between the communication qubit and the auxiliary and storage qubits are
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Figure 6.10. (a) A five-qubit register consisting of a communication
qubit c, a storage qubit s and three auxiliary qubits a1,2,3 [111]. (b)
The collective encoding implementation, with a collective internal
state transition interacting with the field mode, and long-lived and
Rydberg internal states used for encoding and coupling of the five
qubits.

used to implement the algorithm proposed in [111].
We note that a general quantum register state is a superposition of five-

bit collective states |a1a2 . . . a5〉 with zero or unit collective occupancy of the
atomic states c, a1, a2, a3, s, and all optical transitions occur on every com-
ponent of that superposition. The symmetric coupling to a given register
state is enhanced by the square root of the number of atoms available for
the transition. Since single-qubit gates are carried out using transitions to
the reservoir level, the coupling parameter depends on the number of atoms
in the register state. However, this number depends on the occupancy of
all the qubit levels, and it may attain values ranging from K − 5 to K (cor-
responding to qubits being equal to unity and zero, respectively), where K
is the number of atoms contributing to the ensemble state. Accordingly, the
coupling parameters for the different collective states in the superposition
differ. However, if the number of atoms encoding the collective states is
large, the variations in the coupling parameters is small. In addition, the use
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of composite pulses can ensure robustness against these small variations.
In the collective encoding scheme, all qubits may interchangeably take

the roles of communication, auxiliary and storage qubits, unless polarization
and dipole selection rules make it advantageous to fix these roles from the
beginning. For instance, to ensure that the decay of the excited state during
photon emission leads to population of the reservoir state rather than the
qubit encoding states.

We have tested that our architecture is stable with respect to the loss of
a few atoms from the sample. This also implies that the read out, needed
in the entanglement pumping protocol, can be carried out by state selective
ionization of qubit internal states, removing a single atom from the sample
for each read out of a ‘1’ result without affecting the symmetric state of the
remaining atoms.

A concern is the gradual destruction of the symmetric collective state of
the system due to the non-perfect matching with the superradiant mode.
Entanglement pumping can correct some errors, but when the absorption
fails, we do not only have a qubit error smaller than 5%: the system may
actually leave the computational subspace of symmetric states. For a suffi-
ciently large sample, the system is robust against such errors for a limited
amount of time and the methods we derived in chapter 5 can be used to
counter the errors.

In addition, we suggest to frequently restore the symmetry of the sam-
ple by optically pumping the communication qubit content into the reservoir
state. Another way to obtain a renewable communication qubit in the sample
may be to apply a more elaborate architecture with individually addressable
ensembles within the Rydberg blockade radius of each other or with a mix-
ture of two different species, contained within the same volume, and where
the Rydberg blockade may also apply between species. One species, used
for communication, may then be optically pumped at any time to maintain
the symmetry of the system, needed for the interaction with the optical field.

6.6 Summary

We have suggested the use of small atomic ensembles for atom-light inter-
facing in a quantum repeater. Superradiant emission of light ensures that
such atomic samples can be entangled efficiently either in a probabilistic or
in a deterministic way.

We have proposed to use collective encoding for the entanglement pump-
ing protocol presented in [111]. We emphasize that the collective encoding
scheme both yields an efficient coupling to single photons and alleviates the
need for addressing of individual atoms. This architecture offers a promis-
ing approach to interfaces of flying and stationary qubits and holds the po-
tential to provide scalable quantum computing and long distance quantum
communication.





Chapter 7

Summary and outlook

At present, the road to the experimental realization of a quantum computer
is still lined with obstacles, and it is an open question which of the propos-
als for the physical implementation of quantum computation will come to
fruition.

A promising candidate is a quantum register based on neutral atoms,
which has the advantage of being a well-controlled, isolated system with
long qubit coherence times. The interactions required for two-qubit gates
are less straightforward than for ions, but coupling qubits by exciting the
atoms to their Rydberg states holds promise for fast gates. By a proper
choice of Rydberg levels and spacing between atoms, it is possible to achieve
a dipole-dipole interaction large enough to ensure that the presence of one
Rydberg atom prevents the excitation of all other atoms nearby, a mechanism
known as Rydberg blockade.

In this thesis, we have explored the use of Rydberg blockade for circum-
venting some of the limitations applying to neutral atom quantum comput-
ing (NAQC).

As presented in chapter 4, we have addressed the issue of decoherence
by identifying a decoherence-free subspace immune to phase errors and
demonstrating a universal set of gates which allow the system to remain
in this subspace during gate operations, thus protecting information from
phase errors at all times. Drawbacks of these gates include much longer
gate times and increased sensitivity to atomic motion as compared to a set
of gates which allow the system to leave the subspace during computations.
In addition, spontaneous emission severely limits the fidelity. However, even
if our set of gates is assessed to be unfavorable, it is advantageous for long-
term storage to encode information in the decoherence-free subspace.

In chapters 5 and 6, we presented ideas for facilitating scalable NAQC.
We have proposed a scheme for encoding information in the collective pop-
ulation of different internal states. This scheme has the great advantage over
conventional tensor product encoding that it obviates the need for individual
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addressing (which is a difficult requirement to meet). For the proposal to be
practically useful, errors must be correctable. However, standard error cor-
rection techniques do not apply to this encoding scheme, and, accordingly,
we have devised a procedure for efficient error identification and correction.
Our proposal makes use of the Rydberg blockade mechanism, but other sys-
tems with mechanisms for excitation blockade may also be considered.

Based on the collective encoding scheme, we have proposed to build few-
qubit quantum registers in small atomic ensembles. Superradiant emission
of light enables these atomic ensembles to be entangled efficiently either
in a probabilistic or in a deterministic way. By employing entanglement
pumping protocols the registers can perform ideally in networks for scalable
quantum computing and long distance quantum communication.

Finally, in chapter 2, we considered an issue not specific to NAQC,
namely the fidelity of quantum operations. We have derived an expres-
sion for the fidelity distribution applicable to a normal linear state vector
transformation in a two-dimensional Hilbert space. More importantly, we
derived simple and compact expressions for the average fidelity of a general
quantum operation and for the variance of the fidelity of a linear state vector
map. This may have applications in quantum error correction, the capacity
of quantum channels, and the way that, e.g., communication with quantum
repeaters and entanglement distillation should optimally be carried out.

7.1 Dansk resumé

Kvantemekanikkens love, som regerer i den mikroskopiske verden, giver an-
ledning til en række besynderlige fænomener. I 1980’erne opstod de første
idéer om at udnytte nogle af kvantemekanikkens særeste egenskaber til at
bygge en kvantecomputer, som bl.a. ved at regne på tal med flere sam-
tidige værdier ville kunne løse meget svære matematiske problemer. Den
store udfordring for fysikerne er at bygge et kvantemekanisk apparat, der
kan bruges som computer. Et teoretisk forslag til en kvantecomputer, der
gør brug af atomer, som er fanget i laserstråler, er blevet undersøgt, og
metoder er blevet udviklet til robust håndtering af større datamængder og
komplicerede beregninger.
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Appendix A

Evolution of the lambda system

To obtain the evolution operator for the lambda system, we take as our start-
ing point (3.1). We proceed by applying the rotating wave approximation.
This is performed by neglecting the fast oscillating terms in the Hamiltonian
by noting that the operators

σHs
e0 = σH

e0e−iω0t and σHs
e1 = σH

e1e−iω1t

must be slowly varying. Note that σH
e0 and σH

e1 correspond to the operators
σe0 and σe1 in the Heisenberg picture. This leads to the Hamiltonian

H = h̄ω10σ11 + h̄ωe0σee − h̄
2
(
Ω0e−iω0tσe0 + Ω1e−iω1tσe1 + h.c.

)
,

where the Rabi frequencies are defined by

Ωj = dej · Ej,0eikj·r/h̄.

Switching to an appropriate rotating frame removes the explicit time depen-
dence from the Hamiltonian. In general, transforming a state ket according
to |ψ〉 → |ψ̃〉 = eiεt|ψ〉 corresponds to changing the Hamiltonian according
to H → H̃ = eiεtHe−iεt − h̄ε, which follows immediately from the time-
dependent Schrödinger equation. Using

ε =



−∆

2 0 0
0 ∆

2 + ω10 0
0 0 ω1 − ∆

2


 ,

where ∆0 = ω0 − ωe0, ∆1 = ω1 − ωe1, and ∆ = ∆0 − ∆1 are the single- and
two-photon detunings, respectively, leads to the Hamiltonian in the rotating
frame

H̃ = h̄




∆
2 0 −Ω∗

0
2

0 −∆
2 −Ω∗

1
2

−Ω0
2 −Ω1

2 −∆0+∆1
2


 .
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100 Evolution of the lambda system

Setting |ψ̃〉 =
(

c̃0
c̃1
c̃e

)
, and applying the Schrödinger equation, the following

differential equations for the coefficients are obtained:

i ˙̃c0 =
∆
2

c̃0 − Ω∗
0

2
c̃e, (A.1a)

i ˙̃c1 = −∆
2

c̃1 − Ω∗
1

2
c̃e, (A.1b)

i ˙̃ce = −Ω0

2
c̃0 − Ω1

2
c̃1 − ∆0 + ∆1

2
c̃e. (A.1c)

If |∆0 + ∆1| À |Ω0|, |Ω1|, |∆|, the coefficient c̃e will be rapidly varying com-
pared to the other coefficients. This permits the so-called adiabatic elimina-
tion, which in the literature consists of setting ˙̃ce = 0. This is justified by
the fact that ˙̃ce averages to zero over a small time interval. Another, perhaps
more intuitive, way to perform the adiabatic elimination is to introduce a
slowly varying coefficient defined by c̃s

e = c̃e exp[−i(∆0 + ∆1)t/2] (see our
paper [II] for a thorough exposition of the approximation). Inserting this
into (A.1c) leads to an equation for ˙̃cs

e, which can be integrated readily using
the approximation that the first two terms in (A.1c) are slowly varying com-
pared to exp[−i(∆0 + ∆1)t/2]. Both approaches give the same result, namely
that c̃e = −(Ω0c̃0 + Ω1c̃1)/(∆0 + ∆1) which upon insertion into (A.1a) and
(A.1b) yields the following effective Hamiltonian in the basis of

{|0̃〉, |1̃〉}:

H̃ef f = h̄




∆
2 + |Ω0|2

2(∆0+∆1)
Ω∗

R
2

ΩR
2 −∆

2 + |Ω1|2
2(∆0+∆1)


 ,

where ΩR = Ω0Ω∗
1/(∆0 + ∆1). Changing the zero point of the energy in

this frame according to | ˜̃ψ〉 = exp[i(|Ω0|2 + |Ω1|2)t/4 (∆0 + ∆1)]|ψ̃〉 leads
to the Hamiltonian

˜̃Hef f = h̄

(
∆′
2

Ω∗
R

2
ΩR
2 −∆′

2

)
, (A.2)

where ∆′ = ∆ + (|Ω0|2 − |Ω1|2)/2 (∆0 + ∆1). Equation (A.2) can be written
as a linear combination of Pauli matrices, i.e.,

˜̃Hef f =
h̄
2

Ω · σ,

where

Ω =
(

Re(ΩR)
Im(ΩR)

∆′

)
and σ = σx x̂ + σyŷ + σz ẑ,

with σx, σy, σz being the three Pauli matrices. Note that |Ω| = √|ΩR|2 + ∆′2.
Since (σ · n̂)2 = 1, for any unit vector n̂, it follows that for constant Rabi
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frequencies and detunings, the evolution matrix (found by exponentiating

−i ˜̃Hef f t/h̄) is simply

˜̃U =

(
cos

( |Ω|t
2

)− i ∆′
|Ω| sin

( |Ω|t
2

) −i Ω∗
R

|Ω| sin
( |Ω|t

2

)

−i ΩR
|Ω| sin

( |Ω|t
2

)
cos

( |Ω|t
2

)
+ i ∆′

|Ω| sin
( |Ω|t

2

)
)

.

One last transformation according to

| ˜̃̃
ψ〉 = e

−i |Ω0 |2+|Ω1 |2
4(∆0+∆1)

t
(

ei ∆
2 t 0

0 e−i ∆
2 t

)
| ˜̃ψ〉

leads to the evolution matrix

R(θ, φ) =

(
ei ∆

2 t[cos
(

θ
2

)− i ∆′
|Ω| sin

(
θ
2

)] −iei ∆
2 t |ΩR|
|Ω| e−iφ sin

(
θ
2

)

−ie−i ∆
2 t |ΩR|
|Ω| eiφ sin

(
θ
2

)
e−i ∆

2 t[cos
(

θ
2

)
+ i ∆′

|Ω| sin
(

θ
2

)]
)

,

where we have defined θ = |Ω|t and ΩR = |ΩR|eiφ. A global phase factor
of exp[−i(|Ω0|2 + |Ω1|2)t/4 (∆0 + ∆1)] is omitted. Summarizing the trans-
formations it is clear that R(θ, φ) is the evolution operator in the interaction
picture because | ˜̃̃

ψ〉 =
(

1 0
0 eiω10t

)
|ψ〉.





Appendix B

The corrected Rabi frequency

In this appendix, we derive the formula (3.3) by taking into account the
hyperfine structure of the excited level, i.e., the two excited levels shown in
Fig. B.1.

The evolution matrix for this system is calculated using the methods
employed in Appendix A. The dipole moment operator is now

d̂ = de1,0σe1,0 + de1,1σe1,1 + de2,0σe2,0 + de2,1σe2,1 + h.c.

The dipole moments can be calculated, up to a common factor, using the
following formulae [115]:

〈γJ1 J2 JM|Tk
q |γ′ J′1 J2 J ′M′〉 =

(−1)J−M
(

γJ1 J2 J‖Tk‖γ′ J′1 J2 J ′
) (

J k J ′
−M q M′

)
,

(
γJ1 J2 J‖Tk‖γ′ J′1 J2 J ′

)
=

(−1)J1+J2+J ′+k
(

γJ1‖Tk‖γ′ J′1
) √

(2J + 1) (2J ′ + 1)
{

J1 J J2
J ′ J′1 k

}
.

(B.1)

Setting J1 = J, J2 = I, J = F, and M = MF, it is possible to relate the dipole
moments to the reduced matrix element

(
J‖Tk‖J ′

)
. For σ+ polarized light,

Tk
q = T1

1 = e
√

8π
3 rY1

1 . As J = J ′ = 1
2 and I = 3

2 , the dipole moments of
interest are

de1,0 = 〈 1
2

3
2 11‖T1

1 ‖ 1
2

3
2 10〉 = 1

2
√

6

( 1
2‖T1‖ 1

2

)
,

de2,0 = 〈 1
2

3
2 21‖T1

1 ‖ 1
2

3
2 10〉 = 1

2
√

2

( 1
2‖T1‖ 1

2

)
,

de1,1 = 〈 1
2

3
2 11‖T1

1 ‖ 1
2

3
2 20〉 = − 1

2
√

6

( 1
2‖T1‖ 1

2

)
,

de2,1 = 〈 1
2

3
2 21‖T1

1 ‖ 1
2

3
2 20〉 = − 1

2
√

2

( 1
2‖T1‖ 1

2

)
,

(B.2)
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|e1〉∆01

Ω0,ω0

Ω1,ω1

|0〉

|1〉

∆11

∆

|e2〉∆02
∆12∆e

Figure B.1. The lambda system with the two hyperfine states of
5P1/2. The F = 1 and F = 2 states are denoted by |e1〉 and |e2〉,
respectively. The detunings are defined by ∆01 = ω0 −ωe1,0, ∆02 =
ω0 −ωe2,0, ∆11 = ω1 −ωe1,1, ∆12 = ω1 −ωe2,1, ∆e = ωe2,e1 = ∆01 −
∆02 = ∆11 − ∆12, and ∆ = ω0 −ω1 −ω10 = ∆01 − ∆11 = ∆02 − ∆12.

where the 3j- and the 6j-symbols in (B.1) are evaluated in [115]. As implied
by (B.2), |0〉 and |1〉 only couple to the states |e1〉 and |e2〉 with MF = 1.
Defining ci,j = di,j

/ ( 1
2‖T1‖ 1

2

)
, the following expression for ΩR is obtained in

the limit |Ω0|, |Ω1|, |∆| ¿ |∆01|, |∆02|, |∆11|, |∆12|:

ΩR = Ω0Ω∗
1

(
ce1,0ce1,1

∆01 + ∆11
+

ce2,0ce2,1

∆02 + ∆12

)
.

Equation (3.3) follows upon insertion of (B.2) in the limit |∆| ¿ |∆e|. The
intensity of each Raman beam is I = 1

2 cε0E2
0.



Appendix C

The Green’s function
perturbation method

In this appendix, we explain how the evolution operator (4.4) is obtained
from the Green’s function perturbation method described in [116, 117].

As our starting point we take the Hamiltonian for an atom subject to two
laser fields, as shown in Fig. 4.2a. In the rotating wave approximation,

Hatom = h̄ω10σ11 + h̄ωr0σrr − h̄
2

1

∑
j=0

(
Ωje−iωjtσrj + h.c.

)
.

Therefore, including the Rydberg-Rydberg interaction the total Hamiltonian
for two atoms subjected to the same two lasers reads

H = Hatom ⊗ I + I ⊗ Hatom + h̄∆rrσrr ⊗ σrr.

Switching to the rotating frame defined by the vector transformation

|ψ〉 → |ψ̃〉 = ei(I⊗ε+ε⊗I)t|ψ〉,

where

ε =




0 0 0
0 ω0 −ω1 0
0 0 ω0


 ,

leads to the following Hamiltonian in the basis {|00〉 , |01〉 , |0r〉 , |10〉 , |11〉 ,
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|1r〉 , |r0〉 , |r1〉 , |rr〉}:

H̃ =




0 0 −Ω∗0
2 0 0 0 −Ω∗0

2 0 0

0 −∆′ −Ω∗1
2 0 0 0 0 −Ω∗0

2 0

−Ω0
2 −Ω1

2 −∆ 0 0 0 0 0 −Ω∗0
2

0 0 0 −∆′ 0 −Ω∗0
2 −Ω∗1

2 0 0

0 0 0 0 −2∆′ −Ω∗1
2 0 −Ω∗1

2 0

0 0 0 −Ω0
2 −Ω1

2 −∆−∆′ 0 0 −Ω∗1
2

−Ω0
2 0 0 −Ω1

2 0 0 −∆ 0 −Ω∗0
2

0 −Ω0
2 0 0 −Ω1

2 0 0 −∆−∆′ −Ω∗1
2

0 0 −Ω0
2 0 0 −Ω1

2 −Ω0
2 −Ω1

2 −2∆+∆rr




, (C.1)

where ∆ = ω0 −ωr0 and ∆′ = ω0 −ω1 −ω10.
In order to obtain the dynamics in the subspace {|00〉 , |01〉 , |10〉 , |11〉},

we apply the Green’s function method. The central idea of this approach is
to identify an effective, approximate Hamiltonian from a Green’s function
projected onto the relevant subspace. Defining H = H0 + V, the starting
point is the choice of a relevant subspace E0 spanned by the ensemble of
nearly resonant eigenvectors of H0 in which we are interested. We define
the orthogonal projectors P = ∑ |ψn〉〈ψn| and Q = I − P onto the subspaces
E0 and E⊥0 , respectively. From the equation defining the Green’s function,

G(z) =
1

z− H0 −V
,

where z = E± iη, the following equation for the projection of G(z) onto E0
is obtained:

PG(z)P =
P

z− PH0P− PR(z)P
, (C.2)

where

R(z) = V + V
Q

z−QH0Q−QVQ
V

= V + V
Q

z− H0
V + V

Q
z− H0

V
Q

z− H0
V + · · · .

The last equality follows from a perturbative expansion in powers of V. In
(C.2), the term PH0P + PR(z)P could be interpreted as an effective Hamil-
tonian governing the dynamics of the states in E0, but its dependence on z
forbids us to consider it as a proper Hamiltonian. However, we can perform
two approximations enabling us to identify an effective Hamiltonian for the
states in E0. First, it is possible to approximate R(z) by a partial summation
of the perturbation series. Secondly, the energy dependence of R(z) can of-
ten be neglected and one may apply R(E± iη) ≈ R(E0 ± iη), where E0 is the
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energy around which the states in E0 are grouped. Finally, the approximate
expression obtained for PH0P + PR(z)P can be identified with an effective
Hamiltonian Hef f for the subensemble of states E0.

Applying this method to find an effective Hamiltonian for the subspace
{|00〉 , |01〉 , |10〉 , |11〉} is done in the following way. First we choose H0
to be the diagonal matrix with elements corresponding to the diagonal of
(C.1) and accordingly V = H̃ − H0. Secondly, we identify three subspaces
of resonant states: {|00〉}, {|01〉 , |10〉} and {|11〉}. For each of the three
subspaces we calculate the effective Hamiltonian to fourth order in V [116]:

HE0 = H(0) + H(1) + H(2) + H(3) + H(4),

where

H(0) = PH0P,

H(1) = PVP,

H(2) = PVG0VP,

H(3) = PVG0VG0VP− PVG2
0VP(H(0) + H(1)),

H(4) = PVG0VG0VG0VP− PVG2
0VPVG0VP− PVG2

0VG0VP(H(0) + H(1))

− PVG0VG2
0VP(H(0) + H(1)) + PVG3

0VP(H(0) + H(1))2.

The operators P, E0, and G0 all depend on the subspace E0 under consider-
ation. In particular,

G0 =
Q

E0 − H0
= ∑

φi∈E⊥0
|φi〉 〈φi|∑

j

|φj〉〈φj|
E0 − H0(j, j)

= ∑
φi∈E⊥0

1
E0 − H0(i, i)

|φi〉 〈φi| .

Finally, upon addition of the contributions from the three subspaces and a
transformation to the interaction picture, we obtain an effective Hamiltonian
He f f governing the dynamics of the subspace {|00〉 , |01〉 , |10〉 , |11〉}, which
results in the evolution operator (4.4).





Appendix D

Quantum Monte Carlo
approach

The Monte Carlo wave function approach was originally described in [35]
(see [118] for a review). The underlying idea of the scheme is to replace
the master equation for the density matrix by a wave function evolution
including a stochastic element.

The starting point is the most general form of the master equation:

ρ̇S = −ih̄ [HS, ρS] + L(ρS), (D.1)

where the S subscript denotes operators for the system and L is the Liouvil-
lian

L(ρS) = − 1
2 ∑

k
Γk

(
c†

kckρS + ρSc†
k ck − 2ckρSc†

k
)
.

Inserting ρS = ∑α pα|ψα〉〈ψα| into (D.1) gives

ρ̇S = ∑
α

pα

( 1
ih̄

(
Hef f |ψα〉〈ψα| − |ψα〉〈ψα|H†

ef f
)
+ ∑

k
Γkck|ψα〉〈ψα|c†

k

)
, (D.2)

where Hef f = H − ih̄ ∑k Γkc†
k ck/2. Equation (D.2) suggests that Hef f can be

interpreted as an effective Hamiltonian determining the evolution of the
wave functions according to ih̄d|ψα〉/dt = Hef f |ψα〉. The last term in (D.2)
can be seen as a quantum jump operator which changes |ψα〉 into the state
|φk,α〉 = ck|ψα〉, with some probability. Normalizing the states continually
(as Hef f is not Hermitian) leads to the following master equation for discrete
times:

ρS(t + δt) = ∑
α

pα

(
(1− δpα)|ψ̃α(t + δt)〉〈ψ̃α(t + δt)|+ ∑

k
δpk,α|φ̃k,α〉〈φ̃k,α|

)
,

where the tilde denotes normalized states, δρk,α = δtΓk〈ψα|c†
kck|ψα〉, and

δρα = ∑k δρk,α.
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The Monte Carlo method proceeds by letting |ψ̃α〉 evolve according to
Hef f with probability (1− δpα), and making the system jump into another
state with probability δpα (in particular into state |φ̃k,α〉 with probability
δpk,α). The advantage of this approach compared to solving the master equa-
tion is clear: only computation of the state vector elements (as opposed to
the density matrix elements) is required. However, this approach does not
calculate mean values in a deterministic way, but rather simulates the result
obtained from solving the master equation. The evolution for a given initial
state should thus be repeated a number of times in order to generate a dis-
tribution of outcomes. This of course involves an error, but on average the
Monte Carlo simulation scheme reproduces the results of the master equa-
tion. The Monte Carlo approach raises many interesting fundamental ques-
tions (for instance about the effect of continuous monitoring on a system),
but in what follows we shall apply the method to the system discussed in
chapter 4.

Considering one atom, and assuming that spontaneous emission only
occurs from the excited level |e〉 and the Rydberg level |r〉, it is further pre-
sumed that lost population does not end up in neither |0〉 nor |1〉 but in a
reservoir level denoted by |l〉.1 In this setting ce = |l〉〈e| and c†

e ce = |e〉〈e|
and equivalently for |r〉. Consequently, the effective Hamiltonian is

Hef f = HS − ih̄ Γe
2 |e〉〈e| − ih̄ Γr

2 |r〉〈r|.
When using the idea of a reservoir level it is not necessary to perform
quantum jumps, as the fate of the population in the reservoir level is ir-
relevant. Accordingly, we take account of spontaneous emission by simply
solving the Schrödinger equation in the same way as is done in the ab-
sence of spontaneous emission but with the additional term −ih̄Γe|e〉〈e|/2−
ih̄Γr|r〉〈r|/2 included in the single-atom Hamiltonians. However, one should
be very cautious because |l〉 is not a part of the system and therefore Hef f
is not norm preserving. In principle the states must be continuously renor-
malized such that |ψ̃(t)〉 = |ψ(t)〉 /‖ψ(t)‖. The fidelity will thus be given
by F = F(ψ̃) · p(ψ̃), where F(ψ̃) = |〈ψideal |ψ̃〉|2 and p(ψ̃) = ‖ψ‖2 is the
probability of remaining in the |ψ̃〉 state. But as F = |〈ψideal |ψ̃〉|2 · ‖ψ‖2 =
|〈ψideal |ψ〉|2 = F(ψ) can be calculated simply from |ψ〉, it is clearly not nec-
essary to renormalize states continuously. It is, however, interesting to de-
termine p(ψ̃) = ‖ψ‖2 to check whether the largest fidelity error is ascribable
to F(ψ̃) or p(ψ̃), since an error arising from F(ψ̃) is potentially correctable.

1In reality, some of the population may end up in |0〉 or |1〉 without causing fidelity loss.
However, when the reservoir level is introduced, population loss inevitably leads to a fidelity
reduction; the fidelity we obtain is therefore a lower bound.
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