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2.4 The Landauer-Büttiker formalism . . . .
2.5 The adiabatic approximation . . . . . .
2.6 Quantized conductance . . . . . . . . . .
2.7 Conductance eigenchannels . . . . . . .
2.8 Eigenchannels in experiments . . . . . .
2.9 Realistic models of atomic-sized contacts
2.10 Summary . . . . . . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

7
8
9
14
19
23
25
26
27
30
34
36

3 Quantized Conductance in Relays
3.1 Why study relays? . . . . . . . .
3.2 Experimental details . . . . . . .
3.3 Results . . . . . . . . . . . . . . .
3.4 Discussion . . . . . . . . . . . . .
3.5 The resistance of the leads . . . .
3.6 Conclusion . . . . . . . . . . . .

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

45
46
46
57
61
67
71

vii

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

3.7

Recent developements . . . . . . . . . . . . . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4 Fast and Accurate I–V Curves
4.1 Review . . . . . . . . . . . . . . .
4.2 Setup . . . . . . . . . . . . . . .
4.3 The current-to-voltage converter
4.4 Model of the circuit . . . . . . .
4.5 Calibration . . . . . . . . . . . .
4.6 Calculating G, I, and V . . . . .
4.7 Timing the burst . . . . . . . . .
4.8 Performance on resistors . . . . .
4.9 Gold quantum point contacts . .
4.10 Summary . . . . . . . . . . . . .
References . . . . . . . . . . . . .
5 I-V
5.1
5.2
5.3
5.4
5.5
5.6
5.7

Curves of Au Contacts
Motivation . . . . . . . .
Experimental details . . .
The stability criterion . .
Experimental results . . .
Tight-binding calculations
Discussion . . . . . . . . .
Summary . . . . . . . . .
References . . . . . . . . .

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

83
84
85
86
94
96
97
99
102
106
109
110

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

115
117
117
118
120
124
127
134
136

.
.
.
.
.
.
.
.

141
142
143
145
145
153
159
171
172

6 Tunneling Through a Thin Insulating Film
6.1 Introduction . . . . . . . . . . . . . . . . . .
6.2 Review . . . . . . . . . . . . . . . . . . . . .
6.3 A simpliﬁed geometry . . . . . . . . . . . .
6.4 General formulas for the current . . . . . .
6.5 Selecting a suitable model potential . . . .
6.6 I(V ) for the parabolic barrier . . . . . . . .
6.7 Summary . . . . . . . . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . . . .
viii

72
76

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

7 Current-Induced Disruptions
7.1 Experimental details . . . .
7.2 Results . . . . . . . . . . . .
7.3 Discussion . . . . . . . . . .
7.4 Outlook and conclusion . .
References . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

179
180
182
190
192
194

8 Outlook
197
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199
9 Danish Summary
A The
A.1
A.2
A.3
A.4

201

Maxwellian Oriﬁce
The oblate spheroidal coordinate system
Symmetry and boundary conditions . .
Solving Laplace’s equation . . . . . . . .
Calculating the conductance . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

207
207
208
208
209

B The Dilogarithm

213

C Stratton’s Result

217

D The Kolmogorov-Smirnov Test

219

ix

Chapter 1

Introduction
n 1965 Gordon Moore1 announced that the number of transistors that could
be put on a single chip would double every year for the next ten years until
reaching 65 000 components/chip [1]. The prediction turned out to be true
— far more accurate than Moore had ever thought it would be. In fact, the
complexity of a chip continued to double yearly for long after 1975. The rate of
doubling has only recently slowed to about every 18 months (Moore’s law [2]).
Using state-of-the-art deep ultraviolet (0.18 micron) lithographic techniques, it
is now possible to cram 30 million transistors onto a single chip.2

I

1.1

Interconnects

Not only the size of the transistors has decreased inexorably for the last three
to four decades. So have the interconnects between the transistors. In previous
generations of the lithographic technology, the interconnects have only been of
minor importance to the performance and speed of the chips. However, with the
current 0.18 micron design rule, the resistance of the interconnects has grown to
such an extent that the main limitation to the speed is the RC relaxation time
of the interconnects [3]. For the same reasons, the industry recently switched
from Al to Cu as wire material [3] because Cu has a lower resistivity [4].
Typical current densities in the very thin interconnects used nowadays are
of the order 6 × 105 A/cm2 [3]. At such high current densities, atoms at the
1 Gordon
2 The

Moore is one of the co-founders of Intel and a known industry sage.
Intel Pentium III processor.

1

2
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grain boundaries of the polycrystalline interconnects begin to migrate due to the
applied electric ﬁeld [5, 6]. This eﬀect, called electromigration, poses a serious
limitation to long-term component reliability. In 2008, the linewidth is expected
to reach 80 nm according to the International Technology Roadmap for Semiconductors (ITRS) [3]. At this point, current densities will have increased to
2 × 106 A/cm2 — a level at which the risk of copper interconnect failure reaches
a catastrophic level. At the moment, no solutions are known to this problem.
The industry is therefore (reluctantly) beginning to look for alternatives to Cu.
One possibility that has been considered is Au [7, 8].
Albeit Au has a resistivity which is slightly larger than Cu [4], gold is more
resistant to electromigration. In addition, gold is very inert [9]. Hence, it should
be possible to fabricate interconnects of very high purity. This is important
because the interconnect resistance is critically dependent on the impurity level.
Unfortunately, Au is also much more expensive than, e.g., Cu. For this and
other reasons, the industry will push the Cu technology as far as possible before
considering Au or other materials as an alternative [3].
The semiconductor industry is facing another serious problem; as the size
of the interconnects decreases, the classical continuum laws of physics breaks
down, and new eﬀects have to be considered. The detailed understanding of
many of these eﬀects is currently lacking [10] or not yet implemented in commercial design tools [3]. As a consequence, the present design tools used for
modeling the interconnects are crude and inaccurate, and a pessimistic view of
the performance has to be assumed in the design to assure that the devices will
actually work [3]. It is estimated that the performance could be increased by
30% if the design tools were more accurate.

1.2

Moore and more transistors in the future?

Present-day interconnects are incredibly small compared to objects visible to
the human eye. It would take 200 000 interconnects to make a wire bundle with
a thickness comparable to a human hair! We might therefore ask ourselves:
How long will this relentless miniaturization last? What is the smallest feature
size that we can possibly obtain? The answer to the last question was given by
Richard P. Feynman as early as 1959 in his visionary and famous talk ‘There’s
Plenty of Room at the Bottom’ [11]. In his talk, Feynman emphasized that the
only fundamental limit to miniaturization is the size of the atom. As a corollary
to his remarks, we conclude that the thinnest wire, we can possibly fabricate
will be a chain of single atoms. Likewise, the ultimate transistor will be based
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on a single functional molecule. The technological obstacles in reaching this
atomic-size limit may be gargantuan, but it is possible in principle. Since there
are about 500 000 atoms in the cross-section of an 0.18 micron interconnect, we
can still say today: There is plenty of room at the bottom!
If we boldly extrapolate Moore’s law well into the future, the design rule will
be 0.25 nm in the year 2050±10, i.e., comparable to the diameter of a single
atom. Needless to say, this prediction may not hold as the industry is facing
several serious challenges in the near future. At present, Moore’s law is expected
to hold well into the 2010’s [3], but severe physical limits are being approached
with menacing haste. For instance, the gate oxide thickness in metal-oxide
semiconductor ﬁeld-eﬀect transistors (MOSFETs) is expected to be as thin as
ﬁve atoms in 2012 [3]. With such thin oxides the electrical insulation of the gate
breaks down, and the transistor ceases to operate properly [12]. Therefore, the
science community and the semiconductor industry have to come up with new
solutions to avoid a bottle-neck in growth [12]. However, it is not the ﬁrst time
that apparent fundamental limits have been reached. In all previous cases, the
dreaded showstops have been avoided.

1.3

Motivation

It is clear that more research into the fundamental properties of very small
electrical conductors is needed to get a better physical understanding of these
systems. The interconnects are now so small that surface electron scattering is
becoming important, and in the future quantum mechanical eﬀects have to be
considered as well [3].
The results presented in this thesis hopefully add to the rapidly growing
understanding of atomic-sized metal contacts. Such systems are prototypes for
atomic-scale interconnects that may be mass-fabricated in 40–60 years. The
results are certainly not directly applicable to the industry today, but they
give glimpses of some of the new exciting phenomena and properties which
characterize these systems. The goal of my studies has been to go to the ultimate
limit of small atomic systems (Feynman’s bottom so to say) and to probe some
of the electronic transport properties of atomic-sized metal contacts with no
more than a few atoms in the smallest cross-section. The work has primarily
focused on gold contacts, which as previously mentioned is a very inert metal
and hence quite easy to handle. The two other noble metals, Ag and Cu, have
also been studied to some extent as well as a few transition metals.

4

1.4

CHAPTER 1. INTRODUCTION

Structure of the thesis

To provide the non-specialist with the necessary theoretical framework, a thorough introduction to the theory of conduction in small metal contacts is given
in Chapter 2. Here we review how diﬀerent electronic transport regimes come
into play as we decrease the size of the contact. The ﬁrst experimental results
are presented in Chapter 3. Here we describe a particularly simple experimental
method of forming atomic-sized contacts based on breaking relay contacts. The
conductance of the transient contacts is investigated for the noble metals and a
number of transition metals. An instrumental artifact called diﬀerential nonlinearity is also described, and a recipe for removing its inﬂuence on the results is
given. Furthermore, a simple model for the resistance of the leads is discussed.
In Chapter 4 we describe a more advanced experimental setup, which is
used for studying the current-voltage (I-V ) characteristics of metastable contact
geometries. The setup is based on a scanning tunneling microscope (STM)
(see Ref. 13 and references therein) placed in an ultra-high vacuum chamber
connected to a modiﬁed set of STM electronics. With the setup it possible to
accurately measure a single I-V curve during a period of down to 10 µs, which
is four to seven orders of magnitude faster than previous measurements.
Using the new setup, we have measured I-V characteristics of atomic-sized
gold contacts. The results of these measurements are presented in Chapter 5.
We show that the obtained I-V curves depend on sample cleaning procedures
and contact formation techniques. Our results indicate that clean atomic-sized
gold contacts have (almost) linear (Ohmic) I-V characteristics, which is also
in agreement with tight-binding calculations. In contrast, nonlinear curves are
correlated with a contaminated Au-Au interface. We suggest that the nonlinearities result from tunneling through an ultra-thin contaminant layer squeezed
between the Au electrodes. This scenario is discussed in detail in Chapter 6,
where we present a parabolic barrier model for tunneling through the layer. The
model is described by three parameters, and good agreement with experimental
curves is found.
As a ﬁnal application of the fast I-V curve setup, we show in Chapter 7
preliminary results regarding current-induced disruptions of monatomic gold
contacts. Here we demonstrate that it is possible to pass a current of up to
190 µA through a single gold atom. To our knowledge, this is the largest current
that has ever been measured through a single atom. The equivalent current
density is 2.8 × 1011 A/cm2 ! This dazzling number is ﬁve orders of magnitude
larger than the current density leading to long-term failure in semiconductor
interconnects. Admittedly, the QPCs are not stable for long under such extreme
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conditions. We show that they break on a time-scale of a few microseconds.
In Chapter 8, we brieﬂy mention various promising avenues of future research. Finally, in Chapter 9, a summary in Danish is giving for the interested
non-expert. Four appendices are dedicated to auxiliary calculational details.3
The equations in the thesis are not equally important. Certain deﬁnitions
and formulas are used repeatedly throughout the thesis. These formulas are
enclosed in a box to catch the eye of the reader. The same goes for main results
of lengthy calculations. For convenience, references are found at the end of each
Chapter.

3 Despite the appendices, some readers may still ﬁnd that there are too many calculational
details in Chapters 2, 4, and 6. This reﬂects a ﬂaw in my personality: I love equations, and I
think they look great when typeset in LATEX.
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Chapter 2

Theory of Conductance
this Chapter we will see how diﬀerent length scales have to be considered
I nwhen
trying to calculate the resistance R, or equivalently the conductance
G = 1/R, of a metallic constriction connecting two macroscopic electrodes.
As the constriction is reduced in size from macroscopic to atomic dimensions,
the electronic transport mechanisms go through a series of diﬀerent regimes as
illustrated in Fig. 2.1.

Figure 2.1: The diﬀerent electronic transport regimes as the size of the metal contact
is reduced.
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2.1

Transport regimes

For macroscopic constrictions, G will depend on the geometry of the constriction
as well as on the conductivity σ of the metal.1 This is the familiar diﬀuse (or
Maxwellian) transport regime, where the diﬀerential form of Ohm’s law
j = σE

(2.1)

is valid.2 Here j is the current density and E is the electric ﬁeld. The word
diﬀuse is used because the diameter of the contact d is much larger than the
mean free path l of the electrons in this regime (d  l). The (bulk) mean free
path at room temperature is 200–600 Å for the alkali and noble metals,3 but
smaller for the transition metals (≈ 100 Å) [1].
When d becomes comparable to l, the diﬀerential form of Ohm’s law is no
longer valid and we enter a quasi-ballistic regime, where G depends on the
Knudsen number4 K = 2l/d. In this regime, scattering from the boundary of
the constriction has to be considered along with scattering processes inside and
near the constriction.
As we diminish the size of the constriction even further (K  1), scattering
processes within the constriction can be neglected. This is called the ballistic (or
Sharvin) regime as the electrons will move ballistically through the constriction
and only scatter at the boundary. Thus, the conductance will be independent
of the mean free path and solely governed by the geometry.
For constriction sizes comparable to the Fermi wavelength λF of the conducting electrons (d ∼ λF ), the quantum mechanical wave nature of the electrons
has to be considered. For the free-electron metals, the Fermi wavelength is
o
P
conductivity σ length−1 × conductance is the reciprocal of the resistivity ρ [length
× resistance]. Strictly speaking, the conductivity is a tensor. However, if we restrict ourselves
to crystals with cubic symmetry, the tensor will be diagonal with σ = σxx = σyy = σzz ,
corresponding to a direction independent scalar conductivity [1].
2 Ohm’s law actually states that j = σf , where f is the force per unit charge. In principle,
the force that drives the charges to produce the current could be anything — chemical, gravitational, electric. For our purpose, however, it will always be the Lorentz force E + v × B
that does the job. Since typical drift velocities in conductors are vanishing, the v × B term
can be neglected, and we end up with f = E and Eq. (2.1) [2].
3 Recent experiments by Ludoph and Ruitenbeek [3] indicate that the (elastic) mean free
path in the vicinity of atomic-scale noble and alkali metal contacts at liquid helium temperatures is as small as 30–70 Å.
4 Named after the Danish physicist Martin Knudsen, a pioneer in kinetic gas theory, who
studied the transport properties of gases with K  1 (the Knudsen limit).
1 The
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direction independent and given by
λF =

2π
,
kF

(2.2)

where kF is the magnitude of the Fermi wave vector. The Fermi wavelength
is approximately 5 Å for the noble metals and 6–10 Å for the alkali metals [1].
For these atomic-scale constrictions, the conductance is determined by transmission probabilities of electronic wave functions at the Fermi energy EF . If
the constriction is suﬃciently smooth, the transverse part of the wave functions
will form standing waves in the constriction. This results in a quantization of
the conductance in units of
G0 =

1
2e2
 77.481 µS 
,
h
12 906 Ω

(2.3)

where e is the elementary charge and h is Planck’s constant. G0 is often referred
to as the fundamental quantum unit of conductance 5 and will be used extensively
throughout this thesis.
The calculational methods used in the diﬀerent regimes will be outlined in
the following, using various important model constriction geometries.

2.2

Diﬀuse electron transport

Basic theory
In the diﬀuse electron transport regime (d  l), the diﬀerential form of Ohm’s
law given by Eq. (2.1) is valid and can be used when calculating the conductance.
Consider the continuity equation
∇·j+

∂ρ
= 0,
∂t

where ρ(r, t) is the charge density, r = (x, y, z) is the position, and t is the
time. If we restrict ourselves to calculating the DC conductance (as we will do
throughout this Chapter), we have ∂ρ/∂t = 0, and therefore ∇ · j = 0. Using
Ohm’s law j = σE, this implies that ∇ · E = 0. From Gauss’ law ∇ · E = ρ/0
it then follows that ρ(r, t) = 0 everywhere inside the conductor.
5A

e2 /h

physicist from the quantum Hall community would probably ﬁnd the quantity G0 /2 =
more fundamental.
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state it follows from Faraday’s law that ∇ × E = 0. Since ∇ ×
 In steady

∇f (r) = 0 for any scalar function f (r), it is therefore convenient to write
the electric ﬁeld as (minus) the gradient of a scalar function V (r) called the
electrostatic potential
E = −∇V .

(2.4)

With this deﬁnition, Gauss’ law (∇ · E = 0) leads directly to Laplace’s equation
∇2 V = 0 .

(2.5)

In order to obtain a unique solution to Laplace’s equation in some bounded
region of space (in this case within a metal object), we have to specify either
V (Dirichlet boundary conditions) or ∂V /∂n (Neumann boundary conditions)
everywhere at the boundary of the surface [4]. Here ∂V /∂n denotes the derivative of the potential along the normal of the boundary, which is equivalent to
the normal component of the electric ﬁeld.

The conductance of arbitrary contact geometries
When dealing with the conductance of some object with a ﬁnite conductivity,
it is important to specify the surface regions between which the conductance
is to be measured or calculated. This corresponds to specifying the Dirichlet
boundary conditions; for instance, we may apply a potential V = U at one end
of the object, and at the other end we may ground it at V = 0. The remaining
parts of the surface are assumed to be in contact with an isolating medium
like air or vacuum. Hence, no current can ﬂow into or out of these parts of
the surface. This in turn implies that j will be parallel to the surface in those
regions. As a consequence of Ohm’s law, it follows that E will be parallel as
well, and thus ∂V /∂n = 0. This is the Neumann boundary condition, whereby
we have speciﬁed the (mixed) boundary conditions needed to obtain a unique
solution of Laplace’s equation [4].
Once Laplace’s equation is solved, the electric ﬁeld can be found from
Eq. (2.4). The current density is subsequently calculated from Ohm’s law, and
the total current I ﬂowing between the electrodes is found by calculating the
ﬂux

j · dS
(2.6)
I=
S

through a surface S placed somewhere between the electrodes and attached to
the boundary of the region. Finally, the conductance can be found by using the
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geometry dependent version of Ohm’s law
I = GU .

(2.7)

The conductance of a wire
To illustrate how this procedure works, we will ﬁrst consider the simple example
of a straight, circular wire of length L and area A. The ends of the wire are
placed along the z-axis at z = 0 and z = L, and we apply a voltage diﬀerence U
between the ends thus imposing the Dirichlet boundary conditions V (z = 0) = U
and V (z = L) = 0. In addition, we have the Neumann boundary conditions
∂V /∂x = ∂V /∂y = 0 everywhere on the cylindrical surface.
The next step is to solve Laplace’s equation. For simple geometries like this,
the solution is most easily found by guessing a solution, which fulﬁlls all the
boundary conditions and obeys Laplace’s equation everywhere in the interior [2].
If we succeed in guessing the potential, we know from the uniqueness theorem
that this is the only solution [2, 4]. In this particular case, the potential is of
course
V (x, y, z) = U (1 − z/L) .
The electric ﬁeld is now found from Eq. (2.4)
E = −∇V =

U
ẑ ,
L

where ẑ is a unit vector in the z-direction. Using the diﬀerential form of Ohm’s
law, we then ﬁnd
j=

σU
ẑ ,
L

and the total current is found by multiplying by the area
I=

σA
U.
L

Finally, from the geometry dependent version of Ohm’s law [Eq. (2.7)], we ﬁnd
the conductance by dividing by U
Gwire =

σA
.
L

(2.8)
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This is a very well known result,6 which could have been found using less rigorous
arguments (and space). However, in this derivation, care is taken to keep track
of where the external voltage is applied. In the following, we will see that this
is important. We note that the conductance of a straight wire is proportional
to the area and inversely proportional to the length. Thus the wires obey the
normal sum rules for resistors in parallel and in series.

The conductance of an oriﬁce
In the derivation of Eq. (2.8), it is assumed that the voltage is applied right at
the ends of the wire. This is easily realized when dealing with long and thin
wires, but when the wires become very short we have to consider how the wire
is connected with the macroscopic world through the connecting electrodes. To
illustrate this, we can consider a cylindrical wire of diameter d and let the length
go to zero, thereby turning the ‘wire’ into a circular oriﬁce. The conductance of
the oriﬁce ‘itself’ will be inﬁnitely large as can be seen from Eq. (2.8). However,
this is not what is normally measured because we have to connect the ‘wire’
with an externally applied potential through electrodes with ﬁnite conductivity
and measure the current.
Such a point contact could for example be modeled by two semi-inﬁnite half
spaces of conductivity σ, separated by a planar diaphragm and connected by
a circular oriﬁce of diameter d as illustrated in Fig. 2.2. This model was ﬁrst
considered by Maxwell in 1892, who calculated the corresponding conductance
GM [5]. Details of a (rather lenghty) derivation based on the previously outlined
technique are given in Appendix A, where the following simple result is found
GM = σd .

(A.14)

We note that the conductance is not proportional to the area as was the case for
the wire [cf. Eq. (2.8)]. Since the diameter is the only length scale in this problem
and the conductivity has physical dimension of conductance × length−1 , the
conductance has to be proportional to d1 .
It is interesting to note from Fig. 2.2 that disturbances in the potential
persist quite far away from the oriﬁce. At a distance of ≈ 3d from the oriﬁce,
10% of the total potential drop still remains. One may say, that the ‘resistance’
of the oriﬁce is concentrated in a rather large region around the oriﬁce. This
clearly demonstrates the importance of considering the electrodes as well as the
6 The

classes.

analogous expression Rwire = ρL/A for the resistance is used in high school physics
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Figure 2.2: Equipotential surfaces (solid lines) and electric ﬁeld lines (dashed) for
the diﬀuse transport of electrons through a circular oriﬁce of diameter d placed coaxially with the z-axis in the z = 0 plane. Rotational symmetry prevail around the
z-axis. The spacing between two equipotential surfaces corresponds to 5% of the applied voltage. In terms of the oblate spheroidal coordinates discussed in Appendix
A, equipotential surfaces correspond to constant values of ξ, and electric ﬁeld lines
correspond to constant values of η.
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constriction when calculating the conductance. From the density of ﬁeld lines
in Fig. 2.2, we also see that the electric ﬁeld close to the edge of the oriﬁce is
very large. From Eq. (A.13) on page 210 in Appendix A, it actually follows that
the current density goes to inﬁnity as r⊥ → d/2.

2.3

Ballistic electron transport

Let us consider the oriﬁce geometry in the ballistic regime (d  l). We rotate
the geometry in Fig. 2.2 on page 13 by 90◦ so that the electrodes are positioned
to the left and right as indicated in Fig. 2.3. We ground the electrode to the
left and apply a small positive voltage V deep inside the electrode to the right,
thus lowering the Fermi energy in this electrode by eV . The electric ﬁeld is
concentrated in a small region around the oriﬁce of size ≈ d.7 Therefore, electrons passing through the oriﬁce from left to right will be accelerated within
a single mean free path. Only the electrons in the left electrode with energies
in the range [EF − eV ; EF ] have to be considered as these have suﬃcient energy to go into unoccupied states in the positively biased electrode (neglecting
temperature eﬀects).

A general formula
The scenario is shown in Fig. 2.3. The semiclassical equations of motion state
that the velocity of an electron with wave vector k is [1]
vn (k) =

1
∇k En (k) ,


(2.9)

where En (k) is the nth energy band. Since Fermi surfaces (FSs) are constant
energy surfaces, the velocity is perpendicular to the surface as shown in Fig. 2.3.
Only electrons with a velocity component to the right will contribute to the
current. In mathematical terms, this means that the z-component of the unit
vector n̂(k) normal to the FS should be positive. This implies that only states
in the shaded region (Ω) of Fig. 2.3 have to be considered. The current density
7 In the ballistic regime, the electrostatic potential can be found by solving the collisionless
Boltzmann equation for the oriﬁce geometry [6]. The resulting potential is qualitatively similar
to the diﬀuse potential depicted in Fig. 2.2. However, the potential drop is located in a smaller
region around the oriﬁce (a 90% drop within a distance of  d as compared to  3d for the
Maxwellian oriﬁce).
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Figure 2.3: Cross section through the ky = 0 plane of the Fermi surfaces Sn (EF )
and Sn (Ef − eV ) of the nth energy band of an arbitrary metal constituting the left
electrode. The shaded region of k points (denoted by Ω) indicates electronic states
with a velocity component to the right and suﬃcient energy to go into unoccupied
states in the electrode to the right.

of the active electrons in the nth band jn incident on the oriﬁce is then given
by an integration over Ω [1]

dk3
v (k) .
jn = (−e)
3 n
Ω 4π
If we introduce the quantity δk(k) as the distance between the two FSs (see
Fig. 2.3), jn can be rewritten to a surface integral over Sn (EF − eV )

dSn
jn = (−e)
δk(k)vn (k) .
(2.10)
3
Sn (EF −eV ) 4π
where only parts of the surface fulﬁlling nz (k) > 0 should be included. Using
that [1]
δk(k) =

eV
,
|∇k En (k)|
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we see from Eq. (2.9) that δk(k)vn (k) = eV / n̂(k), whereby all explicit
references to the band structure cancels. When this relation is inserted in
Eq. (2.10), we
 ﬁnd for eV  EF that the z component of the total current
density jz = n jn · ẑ incident on the oriﬁce is given by
jz = −

e2 V
S(ẑ) ,
2π 2 h

(2.11)

where S(ẑ) is the area of the FS, projected on the plane normal to ẑ [7]

(2.12)
S(ẑ) =
dSn n̂(k) · ẑ .
n

nz >0

If we assume that none of the electrons which pass the oriﬁce to the right-hand
electrode is backscattered8 into the left-hand electrode, the current I through
an oriﬁce with area A is simply given by
I = −Ajz

(2.13)

(minus since the current is running from right to left). By inserting Eq. (2.11)
in Eq. (2.13) and dividing with V we ﬁnd a general expression for the ballistic
conductance [6, 8, 11], which is written in units of G0 as [7]
Gballis =

A S(ẑ)
G0 .
4π 2

(2.14)

The Sharvin conductance
For a free-electron metal, the FS is simply a sphere with a radius of the Fermi
wave vector kF [1]. In that case we have S(ẑ) = 4π 3 /λ2F . Upon insertion in
Eq. (2.14), a particularly simple formula for the conductance is obtained, which
was ﬁrst derived by Sharvin in 1965 [12]
GS =

πA
G0 .
λ2F

(2.15)

8 Due to the ﬁnite value of l, some backscattering in real point contacts will always exist. The amount of backscattering changes with voltage due to the energy dependence of l.
This leads to non-zero values of d2 I/dV 2 (V ). It can be shown that d2 I/dV 2 (V ) is roughly
proportional to α2 F (eV ), where α2 is the square of the electron-phonon matrix element and
F (ω) is the phonon density of states [6, 8–10]. This quantity is measured in point-contact
spectroscopy.
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A direction independent Fermi wavelength cannot be deﬁned for metals with
non-spherical Fermi surfaces. In that case it is better to write the Sharvin
conductance in terms of the free electron density n = kF3 /(3π 2 ) [1], whereby we
can approximate Eq. (2.14) by
√
3
32 π 2/3
n A G0
(2.16)
GS 
4
without taking the detailed shape of the Fermi surface into account.
Unlike the expression for the Maxwellian oriﬁce given by Eq. (A.14), the
Sharvin conductance does not depend on the conductivity (which is proportional
to the mean free path). The only material dependent parameter appearing in
Eq. (2.15) is the Fermi wavelength, which is the important length scale in this
regime. If the area is measured in units of λ2F , the conductance is conveniently
expressed in units of πG0 . In contrast to the result for the Maxwellian oriﬁce,
the conductance is again proportional to the area.

The perimeter correction
The Sharvin formula [Eq. (2.15)] is only asymptotically correct when A/λ2F  1
because it neglects quantum ﬁnite size eﬀects, which suppress the conductance
as the area is decreased [13]. This can be taken into account by making a socalled perimeter correction to the Sharvin formula [13], which may be written
as [14]


πA
P
−α
(2.17)
G0 ,
GS =
λ2F
λF
where P is the perimeter of the oriﬁce, and α is a parameter which depends on
the shape of the oriﬁce. For a circular oriﬁce α = 1/4 [13].

Soft-wall corrections
Further reﬁnements can be done by including a ‘soft-wall’ correction, which
considers the electronic tails in the classically forbidden region near the perimeter [14]. The smaller the ratio between the work function and the Fermi energy,
the longer the tails will be. This can be taken into account by decreasing the
value of α in Eq. (2.17) to a value around 0.1, thereby damping substantially
the hard-wall perimeter suppression of the conductance [14].
Alternatively, one can use α = 1/2 (corresponding to the perimeter corrected
hard-wall conductance of a cylindrical wire [13]) and substitute A and P in
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Eq. (2.17) with larger eﬀective values A∗ = π(R + δR)2 and P ∗ = 2π(r + δR),
where δR is a measure of the extension of the decaying tail of the wavefunction
into the vacuum [14, 15]. Important examples of actual values are δRAu = 0.68 Å
and δRNa = 0.93 Å [15].
When the perimeter and ‘soft-wall’ corrections are included, the Sharvin
formula can be used to make a reliable estimate of the contact area provided the
conductance is above 3–4 G0 [14–17]. However, ﬁne details caused by scattering
from the constriction boundaries are not revealed by the Sharvin formula. To
include these quantum interference eﬀects, one has to use the Landauer-Büttiker
formalism, which will be described in Sec. 2.4.

How can a ballistic conductor have a ﬁnite conductance?
The ﬁnite value of the conductance of the ballistic oriﬁce must imply that a
power P = U I = I 2 /G is dissipated when a current I ﬂows through the constriction. This may seem contradictory since we have stated explicitly that we
operate in the ballistic regime, where all scattering (energy loss) mechanisms
can be neglected.
However, if we re-examine the arguments leading to Eqs. (2.14) and (2.15) we
have assumed that none of the electrons passing the oriﬁce will be backscattered.
This corresponds to regerding the interior of the right electrode as a ‘black body’,
which absorbs all incoming electrons: when the electron enters the electrode
to the right, it has an energy which exceeds the Fermi energy by eV due to
the work done by the electric ﬁeld in the vicinity of the oriﬁce. This energy
is gradually lost in a series of inelastic processes, which at room temperature
will be dominated by electron-phonon scattering. In each scattering event an
energy of the order ωD ∼ 10 meV is lost, where ωD is the Debye frequency [1].
Finally, the electron equilibrates in the electrode with an energy close to the
Fermi energy (on a scale of kB T ).
So although we have not explicitly included dissipation in the derivation, the
neglect of backscattering implicitly corresponds to including dissipative electron
reservoirs. This, once again, stresses the importance of considering the role of
the electrodes.

A quasiballistic interpolation formula
By considering the non-local Boltzmann equation in the circular oriﬁce geometry, Wexler has derived a formula for the conductance Gquasi in the quasiballistic
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regime, where d ∼ l [18]. This can be written as an interpolation formula between the diﬀuse [Eq. (A.14)] and the ballistic [Eq. (2.15)] conductance as [9]
−1
Gquasi = G−1
S + Γ(K)GM

−1

,

(2.18)

where Γ(K) is a smoothly varying function of the Knudsen number with limiting
values Γ(K = 0) = 1 (the diﬀuse√limit) and Γ(K → ∞) = 0.694 (the ballistic
limit). Since GS ∝ A and GM ∝ A, we get Gquasi = GS in the ballistic limit,
and Gquasi = GM in the diﬀuse limit as expected. Since Γ is close to one for
most values of the Knudsen number, the resistance of a quasiballistic contact is
roughly given by the sum of the diﬀuse and ballistic resistances.
This rule of thumb also holds for other contact geometries. For instance, de
Jong calculated the resistance of a wire with a diameter d  l and an arbitrary
length L [19]. The exact calculation shows that the naive procedure of summing
−1
the Sharvin and diﬀusive wire resistances (G−1
S + Gwire ) is correct within 3.5%
for all values of l/L.

2.4

The Landauer-Büttiker formalism

The Landauer-Büttiker formalism [21–42] gives a very convenient, transparent
and intuitive description of the electronic transport in the quantum regime,
where electrons move elastically (phase-coherent) through a nanoscale contact.
The ﬁrst pioneering work was done by Landauer already in 1957 [21], but more
than twenty years passed before the ‘Landauer-Büttiker’ formula [Eq. (2.21)
below] was ﬁrst derived by Fisher and Lee in 1981 [27].9 A vivid debate followed
[28–31, 38], but ﬁnally in the late 1980’s, thirty years after Landauer’s ﬁrst
contribution, a general consensus was ﬁnally reached regarding the applicability
of Eq. (2.21) [32, 35, 37–40].

The one-dimensional case
Consider ﬁrst a one-dimensional (1D) conductor as shown in Fig. 2.4 with a potential barrier characterized by the transmission probability T . The conductor
is connected to two electron reservoirs (the electrodes). We connect a current
9 Although Fisher and Lee were the ﬁrst to derive the Landauer-Büttiker formula, it has
become widespread practice in the literature to refer to a later article from 1985, co-authored
by Büttiker and Landauer [31] (hence the name). In my opinion, this is misleading since
Eq. (2.21) does not appear in that paper!
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Figure 2.4: The Landauer model. (From: [20].)

source to the electrodes and pass a small current I from right to left through the
conductor. The current is carried by electrons traveling from left to right, driven
by a ﬁnite gradient of the chemical potential µ in the vicinity of the conductor. Deep inside the electrodes, the chemical potential settles at its equilibrium
values µ2 (right) and µ1 (left), with µ2 inﬁnitesimally larger than µ1 .
The current running through the conductor will be carried by electrons in the
energy window [µ1 ; µ2 ] (at zero temperature). In analogy with the discussion
leading to the Sharvin result, we can relate the current to the diﬀerence in the
chemical potential as
I=e

dn
(µ2 − µ1 )T v ,
dE

where dn/dE = (dn/dk)(dk/dE) = 1/[π(dE/dk)] is the 1D density of states,10
and v = (1/)dE/dk is the velocity [cf. Eq. (2.9)]. Again, all explicit reference
to the band structure E(k) cancels in the expression for the current and we ﬁnd
I=
10 The

2e
(µ2 − µ1 )T .
h

(2.19)

1D density of k-points is 1/2π [1]. The density of k-states dn/dk is twice that value
due to spin degeneracy.
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The voltage drop V between the deep interior of the electrodes is given in terms
of the chemical potential diﬀerence as eV = (µ2 − µ1 ), and we ﬁnd the twoterminal conductance [25, 32, 35, 38]
G1D = G0 T .

(2.20)

At ﬁrst it may seem surprising that the conductance of a perfect conductor
(T = 1) is ﬁnite. However, as we also saw for the diﬀuse and ballistic oriﬁce,
this is due to the coupling between the electrodes and the constriction. As an
alternative, we could (in principle) make a four-terminal measurement of the
conductance by placing two additional (non-invasive) voltage probes between
the current injectors right next to the barrier. In such a four-probe scenario,
the conductance due to the barrier is given by [22, 24, 25, 29–32, 38]
Gbarrier
= G0
1D

T
.
1−T

We emphasize that this is the conductance of the barrier itself, deﬁned as the
ratio between the current I through it and the voltage drop V across it [32].
From a Sharvin type argument, it can be shown that the ‘contact resistance’
between the reservoirs and the conductor is  1/G0 [32]. If this resistance is
coupled in series with the 1/Gbarrier
, we arrive at the two-terminal conductance
1D
given by Eq. (2.20).

The three-dimensional case
The arguments leading to the two-terminal conductance for a 1D conductor
[Eq. (2.20)] can be generalized in three dimensions (3D), see Fig. 2.4. Unlike
the 1D case, we now have to consider complete sets of eigenstates (channels) at
the Fermi energy on both sides of the constriction (conductor). In the 3D case,
we therefore have to examine how a channel j incident on the constriction is
scattered elastically into the outgoing channel i on the other side of the scattering region and calculate the corresponding transmission amplitude tij . The
two-terminal conductance will then be given by a straight-forward generalization
of Eq. (2.20), and we obtain the celebrated Landauer-Büttiker formula [27, 32]
 
G3D = G0 Tr t† t ,

(2.21)

where Tr denotes the trace and t is a transmission matrix containing the elements tij . (The dagger symbol denotes the Hermitian conjugate.)
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The total transmission

  
Ttot ≡ Tr t† t =
|tij |2

(2.22)

i,j

depends on the actual constriction geometry and will change if the geometry
is changed by, e.g. elongating and thinning the constriction. Examples will be
given in some of the following sections.
The Landauer-Büttiker formula clearly states that “conductance is transmission” [42], and it can be applied to a wide range of problems provided the
transport is elastic. In a metallic quantum point contact (QPC), the LandauerBüttiker formula can be used for calculating the conductance of a constriction,
which is smaller than the decoherence (phase-breaking) length of the electrons.
In metallic QPCs, the decoherence length is roughly given by the inelastic mean
free path, which is the typical path traversed by the electron between inelastic
scattering events where the phase memory is lost. The most important inelastic
processes are electron-phonon and electron-electron scattering.
In experiments, the QPC is typically connected with the macroscopic world
through diﬀuse leads, and the conductance is measured between points which exceed the decoherence length by many orders of magnitude. To use the LandauerBüttiker formula, one should therefore take the resistance of the diﬀuse leads
into account [37, 38].

Finite temperatures and voltages
The transmission matrix, which is the central ingredient in the Landauer-Büttiker formula, should be evaluated at the Fermi energy, which is the energy of the
conducting electrons in the T = 0 and V = 0 limit. However, in experiments,
the temperature and bias voltage are always ﬁnite. Therefore, if t(E) varies
substantially on a scale of max(kB T, eV ), Eq. (2.21) is invalid.
Fortunately, the Landauer-Büttiker formula can easily be generalized to ﬁnite temperatures and voltages by integrating the transmission over the FermiDirac distributions of the carriers [31, 32]. Thus, a general ﬁnite bias and
temperature formula for the current can be found11 [32]

2e ∞
I=
dE [f (E) − f (E + eV )]
h 0
(2.23)
†
× Tr t (E, V )t(E, V ) ,
11 See

also Eq. (2.19) on page 20.
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where
f (E) =

1
1 + e(E−EF )/kB T

(2.24)

is the Fermi-Dirac distribution. In Eq. (2.23) we have explicitly written that t
not only depends on E, but also on the applied bias V . The reason is that an
applied bias results in an electric ﬁeld in the constriction, which deforms the
potential landscape felt by the transmitted electrons.
Eq. (2.23) is a very versatile formula. For instance, in paper [IV] Brandbyge uses it for calculating the I-V curve for one- and two-atom Au contacts.
Likewise, in Chapter 6 on page 147, we use the formula as a starting point for
calculating the I-V characteristics for tunneling through a thin insulating ﬁlm.
Actually, in the limit of wide contacts (and after doing certain auxiliary approximations), Eq. (2.23) takes a form [39], which was discussed already in 1930 by
Frenkel [43] in relation to metal-insulator-metal tunneling. (See Chapter 6 for
further details and a review.)

2.5

The adiabatic approximation

As mentioned earlier, the total transmission deﬁned in Eq. (2.22) [and thus the
conductance, cf. Eq. (2.21)] depends on the geometry of the constriction. To
get a better feeling of the interplay between geometry and transmission, the
adiabatic approximation is introduced [44–46].
Consider a constriction coupled to free-electron electrodes and placed along
the z-axis. The potential energy V (x, y, z), which conﬁnes the electrons to stay
within the constriction, is determined by the geometry. We restrict ourselves
to electrons at the Fermi energy since only electrons in a small energy region
around EF have to be considered when the applied voltage is small. The oneelectron wave function ψ, which is a solution to the Schrödinger equation, is
now expanded at each cross section z0 in the following basis set [46]

χz0 ,i (x, y)φi (z0 ) ,
(2.25)
ψ(x, y, z0 ) =
i

where the wave functions χz0 ,i are the adiabatic channels, which are the twodimensional (2D) eigenstates of the Schrödinger equation,


 2
∂
∂2
2
+ 2 + V (x, y, z0 ) χz0 ,i (x, y) = Ei⊥ (z0 )χz0 ,i (x, y)
−
2m ∂x2
∂y
(2.26)
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evaluated at the cross section z0 .
When this expansion in inserted in the 3D Schrödinger equation, we get the
following set of coupled channel equations for the motion along z


2 ∂ 2
⊥
F̂ij φj (z) = EF φi (z) ,
+
E
(z)
φi (z) +
(2.27)
−
i
2
2m ∂z
j
where the operators F̂ij couple the diﬀerent z solutions φi . They have the form
 2


∂
2
F̂ij = −
χi (z) 2 χj (z)
2m
∂z

(2.28)

 
∂
∂
+2 χi (z) χj (z)
.
∂z
∂z
It is seen that F̂ij depends on derivatives of χi with respect to z. Therefore, if
the variation of χi with z in Eq. (2.26) is suﬃciently smooth (on a length scale
of λF [44]), the coupling between individual channels i in Eq. (2.27) becomes
vanishingly small. In this limit — the adiabatic approximation [44] — we are left
with one equation for each i, which has the form of a 1D Schrödinger equation
with an eﬀective potential barrier Ei⊥ (z).
What is the physical interpretation of Ei⊥ ? If we for simplicity consider
a hard-wall potential which is zero inside and inﬁnite outside the constriction,
Eq. (2.26) takes the form of the simple 2D particle-in-a-box problem. The energy
Ei⊥ (z) is then the kinetic energy due to transverse motion in the contact. As is
well known, this energy is inversely proportional to the area due to boundary
conditions at the perimeter of the cross section [in this case χz0 ,i (x, y) = 0].
This is schematically shown in Fig. 2.5, where Ei⊥ (z) is plotted for four diﬀerent
channels along a smoothly varying constriction.
If the adiabatic channels are chosen as the basis set of incoming and outgoing
channels in the Landauer-Büttiker formula [cf. Eq. (2.21)], then the oﬀ-diagonal
elements in the transmission
be
between
  matrix
 t will
zero as there is no mixing
2
2
the channels. Thus, Tr t† t = i |tii | = i Ti , where Ti = |tii | is the transmission probability for traversing the eﬀective potential barrier Ei⊥ (z). The 3D
Landauer-Büttiker formula is therefore simpliﬁed in the adiabatic approximation to

Ti ,
(2.29)
Gad
3D = G0
i

in close analogy with the corresponding 1D formula [Eq. (2.20)].
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Figure 2.5: The adiabatic picture. (From: [46].)

2.6

Quantized conductance

In the strict adiabatic case, the potential barriers Ei⊥ (z) caused by the transverse
kinetic energy will be very wide on the scale of λF . This implies that the
transmission probability Ti of an adiabatic channel will be either one or zero
depending on whether or not Ei⊥ (z) stays below EF throughout the constriction.
This is illustrated in the lower panel of Fig. 2.5, in which two of the channels
stay below EF (open channels), whereas the two other cross the Fermi energy
(closed channels). Consequently, the conductance is G = 2 G0 .
Now, imagine what happens if the smallest cross-section is made even smaller. The transverse conﬁnement will then be increased, leading to a larger
transverse kinetic energy and increased eﬀective potential barriers Ei⊥ (z). One
by one the maxima of Ei⊥ (z) will cross the Fermi energy, and the corresponding
channels will be closed, leading to a sharp, stepwise decrease in the conductance
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in units of G0 . In this highly idealized picture, the conductance will therefore
be strictly quantized in units of G0 .
The quantization follows from the formation of well deﬁned transverse modes
or standing waves in the constriction.12 In the hard-wall 2D geometry with
1D cross sections shown in Fig. 2.5, the transverse modes are similar to the
fundamental and higher harmonics of e.g. a violin string.13
In 3D geometries with 2D cross sections, some of the transverse modes may
be degenerate in certain simple geometries14 due to an additional degree of
freedom, but the qualitative picture remains unaltered even though the 2D
wave functions become more complicated [13, 14, 45–48].

2.7

Conductance eigenchannels

Within the independent electron approximation, the coupled channel equations
[Eq. (2.27)] can be used for calculating the elastic transmission amplitudes tij
for any potential V if the operator F̂ij introduced in Eq. (2.27) is included. In
general, this leads to inter-channel scattering (oﬀ-diagonal elements in t), which
makes it harder to interpret the calculations in simple physical terms.
The understanding can be restored by making suitable unitary transformations of the basis set of incoming and outgoing states in Fig. 2.4 and thereby
deﬁne a new set of channels — the so-called eigenchannels — which do not
mix [36, 50–52] no matter how strong the (elastic) scattering is! This implies
that all oﬀ-diagonal elements in the transformed transmission amplitude matrix
t̄ are zero. Since the trace of a matrix is invariant under unitary transformations,
this in turn implies that
  
 
2
|t̄ii | .
Tr t† t = Tr t̄† t̄ =
i

Thus, the two-terminal, many-channel Landauer-Büttiker formula [Eq. (2.21)]
12 This is in close analogy to the propagating modes in an optical ﬁber or in a microwave
guide.
13 When a violin string is excited, there is no limit to the number of higher harmonics. This
is not the case for a constriction because no modes with energies larger than EF are allowed.
In the violin picture, this would correspond to low-pass ﬁltering the sound, much like listening
to a violin concert on an old transistor radio.
14 For a cylindrical wire, this leads to the sequence T
tot = 1, 3, 5, 6, 8, . . . as the radius is
gradually increased [13, 14, 45, 47–49]. For a wire with a quadratic cross-section, the sequence
is changed to Ttot = 1, 3, 4, 6, 8, . . . [14, 46].

2.8. EIGENCHANNELS IN EXPERIMENTS

27

can be simpliﬁed to
G3D = G0



Ti ,

(2.30)

i

where Ti = |t̄ii |2 is the eigenchannel transmission probability of the ith eigenchannel. This transformation is advantageous since the behavior of the conductance is then, again, determined by the transmission probabilities of single, independent channels as was the case in the adiabatic approximation [cf.
Eq. (2.29)].15

2.8

Eigenchannels in experiments

The eigenchannel concept is a powerful tool for visualizing and analyzing the
electron transmission through complicated constriction geometries in model calculations [20, 51–59]. Interestingly, the eigenchannels turn out to be more than
mathematical abstractions; they can actually be related directly to experiments!
In the following, we will mention four newly developed experimental techniques
which can be used for extracting information about the eigenchannel transmission probabilities [3, 55, 60–64].

I-V curves of contacts between superconducting electrodes
The full set of eigenchannel transmission probabilities {Ti } can actually be deduced from measurements of current-voltage (I-V ) curves on atomic-scale contacts formed between superconducting electrodes as has been shown by Scheer
et al. [55, 60]. Hereby, the electronic transport properties of atomic-scale Al, Pb,
and Nb contacts have been unraveled in great detail. Incontrast, measurements
of the total conductance only give information about i Ti .
Measurements on atomic-scale contacts between superconducting electrodes
are, however, very demanding [63]. This is especially true for free-electron-like
metals such as Na, K, Cu, Ag, and Au since these metals are not superconductors. This problem may be circumvented by depositing a very small volume of
a free-electron metal (such as Au) between superconducting electrodes (such as
Al) [55]. Hereby, the Au develops a gap in its quasiparticle density of states due
15 In

[52].

the adiabatic limit, the eigenchannels are, in fact, identical to the adiabatic channels
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to the proximity eﬀect [65], which is a prerequisite for performing the experiments.16

Shot noise
There are other transport phenomena which are related to the eigenchannel
transmission probabilities and do not require superconductivity. One such quantity is the shot noise spectral density PI for the current, which arises due to
the discreteness of the electron charge. For classical systems, the transfer of
electrons is a Poisson process. For such systems, Schottky showed in 1918 [66]
that the spectral density of ﬂuctuations in the current PIclass is independent of
frequency and given by 2e I , where I is the mean current.
In a QPC, the noise PIQPC will be smaller than 2e I because fully closed or
open eigenchannels leave no room for ﬂuctuations in the occupation numbers.
For eV  kB T (where V is the applied voltage), it can be shown that the shot
noise will be suppressed by a factor sI = PIQPC /PIclas , which depends on the
eigenchannel transmission probabilities in the following simple way [50, 67–69]

sI =

i

Ti (1 − Ti )

.
i Ti

(2.31)

In general, sI < 1. It is particularly interesting to note that if all channels are
either fully open or closed, we get sI = 0.

Simultaneous measurements of both sI and G (or equivalently
i Ti ) in
atomic-size Au and Al contacts have recently been performed by van den Brom
and Ruitenbeek [62]. One of their ﬁndings is that the current noise in a 1 G0
(monatomic) Au contact is only a few percent of the Schottky noise, proving
that the current is carried by a single, almost fully open eigenchannel in good
agreement with calculations [20, 52, 53, 59]. In contrast, results from monatomic
Al contacts indicate that several partially open eigenchannels contribute to the
total transmission. This latter result is also consistent with tight-binding [53,
55] and ﬁrst-principles [56, 57] calculations as well as measured I-V curves on
superconducting Al QPCs [60], which all show that three partially open channels
do in fact exist.
16 Until now, this has only been done for Au [55], but unfortunately the conductance in
these samples did not exhibit the almost perfect quantization in units of G0 , which is usually
found. This suggests, that the Au sample was disordered in this experiment, as has also been
pointed out by the authors [55].
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Conductance and thermopower ﬂuctuations
Another technique focuses on measuring small, random ﬂuctuations in the differential conductance Gd (V ) = dI/dV (V ) in a series of stable contact geometries [3, 61, 63]. The origin of the ﬂuctuations is due to the coupling between
the ballistic constriction and the diﬀuse banks, which connects the bare contact
with the electrodes.
The eﬀect can be explained qualitatively by the following picture: Electron
waves which propagate away from the constriction into the diﬀuse banks have
a ﬁnite probability of being backscattered (coherently) to the bare contact by
diﬀusing paths. Back at the constriction, the waves are partially reﬂected and
interfere with the directly transmitted wave and thereby modify the total conductance. The interference will be destructive or constructive depending on the
phase accumulated during the diﬀuse excursion into the banks.
The accumulated phase is determined by the ratio between the path length
and the (energy dependent) Fermi wavelength. When a voltage V is applied, the
energy of the transmitted electrons increases by eV , leading to a small decrease
in the Fermi wavelength. Since the path length is usually much larger than the
Fermi wavelength, this results in a substantial change in the accumulated phase
and thus a measurable change in Gd (ﬂuctuations of ≈ 0.0–0.1 G0 when the
voltage is changed by ∼ 10 mV) [63].
These interference eﬀects will occur only for partially open channels (0 <
Tn < 1): First of all, we only get a directly transmitted wave if Tn > 0. Secondly,
the reﬂectivity should also be ﬁnite (1 − Tn ) > 0 for the secondary wave to
backscatter at the constriction and interfere.
A more detailed analysis of this problem shows that the standard deviation of
the diﬀerential conductance σGV will depend on the eigenchannel transmission
probabilities in the following way [3, 61, 63]

Ti2 (1 − Ti ) .
(2.32)
σGV ∝
i

This formula closely resembles the expression for the shot noise spectral density
in Eq. (2.31) in the sense that σGV = 0 when all eigenchannels are either
fully open or closed. Measurements of σGV have been done by Ludoph and
Ruitenbeek [3, 61, 63] on Au, Ag, Cu, Na, Nb, and Fe QPCs.
The mechanism used for describing the ﬂuctuations in the conductance also
produces ﬂuctuations in the thermopower S, which is the proportionality constant between temperature diﬀerence and induced voltage [61]. The standard
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deviation σS of these ﬂuctuations depend on {Ti } in the same way as σGV , see
Eq. (2.32) [3].

Number of eigenchannels in a monatomic contact
By combining all the measurements of eigenchannel transmissions through monatomic contacts, a close connection to the electronic structure of the apex atom
has been found: The number of contributing eigenchannels in a monatomic
contact is most often equal to and always limited by the number of valence electrons in the atom [55]. This is also in agreement with quantitative tight-binding
calculations [53, 70, 71]. Another simple rule that holds so far for the materials
that have been considered is the following: The number of contributing eigenchannels in a monatomic contact is equal to the number of bands crossing the
Fermi energy in the 1D band structure of the inﬁnite metal chain [20].

2.9

Realistic models of atomic-sized contacts

In experiments, the conductance or other transport properties are often measured for a series of constriction geometries formed by, e.g., elongating a metal
contact between two metal electrodes. A prerequisite for performing model calculations that can be compared with experiment is therefore an understanding
of how the constriction geometry changes during such a deformation. Pioneering work on this problem was done in 1990 by Landman et al. [72], who used
molecular dynamics (MD) simulations for studying the atomistic adhesion and
fracture of a Ni tip indenting into and retracting from a Au substrate.
Since then, the sophistication level of modeling and system sizes have grown
substantially, and many new results have appeared (see e.g. Ref. 16, 46, 52, 58,
73–88). One of the landmarks was the work by Todorov and Sutton in 1993, who
were the ﬁrst to actually use the atomic conﬁgurations from an MD simulation
for calculating the conductance during indentation and retraction of a metal tip
in a metal surface [74]. Their transport calculations were based on a simple 1s
tight-binding (TB) model, in which the electrons are transported by hopping
among nearest-neighbor sites [16, 74].
A completely diﬀerent approach was taken by Olesen et al. in 1994 [76],
who modeled the QPC as a free-electron gas conﬁned in a hard-wall potential
and calculated the conductance from the channel equations in the adiabatic
approximation. Unlike the ‘discrete’ TB calculations, this model resulted in
clear conductance quantization as the wire was stretched. The quantization
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Figure 2.6: Snapshots (a-c) from a low temperature (kT = 1 meV) MD simulation
of the elongation of a gold nanocontact performed by M. R. Sørensen. In the initial
conﬁguration (left), the atoms are directed along the [111] direction and bounded by
static atomic planes (black). The white atoms are used for constructing an eﬀective
one-electron potential, which is shown in cross-sectional cuts through the wire at
diﬀerent stages of the elongation. Constant energy contours are at 0, 1, . . . , 10 eV.
The dashed contours correspond to −15 eV and indicate the positions of the atomic
cores closest to the cross-section. (From: [20].)

was subsequently argued to be a natural consequence of the use of the adiabatic
approximation and a complete neglect of atomic structure in the one-electron
potential [89]. In recent years, improved free-electron calculations have emerged
[20, 52, 54] in which the conﬁning potential includes the atomic corrugation
inside the contact, and the transmission probabilities are resolved into individual
eigenchannels.

Free-electron calculations on gold contacts
We end this Chapter by showing selected results from such calculations on Au
QPCs. Further details and results are given elsewhere [20, 52, 54]. We will refer
to them again, when discussing the experimental results on Au QPCs.
Snapshots from an MD simulation of a Au nanocontact which is being elongated are shown in Fig. 2.6. The interatomic forces used in the simulations are
calculated within the eﬀective-medium theory [90]. From the atomic coordinates an eﬀective one-electron potential is constructed using the local-density
approximation [52]. Cross-sectional contours of the potential are shown for each
snapshot in Fig. 2.6.
The structure is initially strained until it becomes mechanically unstable.
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This results in rapid atomic rearrangements, which release the strain. The deformation proceeds through a series of elastic and yielding stages during elongation, thereby thinning the wire until the point where only a single atom remains
in the smallest cross-section [cf. Fig. 2.6(c)]. Finally, the junction is disrupted.
The existence of rapid variations in the potential on a length scale, which is
comparable to the Fermi wavelength [λF (Au) ≈ 10 Bohr] is evident from the
contours of the potential in Fig. 2.6. Hence the adiabatic picture is expected to
break down.
This is reﬂected in the calculated eigenchannel transmission probabilities
{Ti }, which are shown in the lower panel of Fig. 2.7 as a function of the elongation. When the wire is still fairly thick, as in the initial conﬁguration shown
in Fig. 2.6, many eigenchannels contribute to the conductance. As the wire is
elongated, the channels are gradually closed. At any given elongation between
0 and 20 Bohr, several eigenchannels are partially open. Thus, when the wire
is still fairly thick, the conductance is not quantized as this would require that
the transmission probabilities were all very close to either one or zero. In a
narrow regime between 21 and 24 Bohr, quite a sudden change in the transmission of the eigenchannels occurs, which all become fairly close to being either
open or closed. This is again followed by a region with partially open channels.
Finally, when just a single or a few atoms remain in the smallest cross-section
[see Fig. 2.6(c)], only the eigenchannel with the lowest transverse kinetic energy
contributes to the conductance with a transmission value close to one.
If we look at the total transmission, which is proportional to the conductance
shown in the middle panel of Fig. 2.7, the conductance is seen to decline rather
smoothly during the ﬁrst 20 Bohr although small jumps occur occasionally due
to sudden atomic rearrangements in the constriction. Around the point (a), a
plateau close to 6 G0 is seen in the conductance. We might say that this is due
to conductance quantization as all transmission probabilities are close to either
one or zero at this point.
Features faintly resembling plateaus are seen to develop close to 5, 3, and 2
G0 as the wire is elongated further. However, not all of these are signatures of
quantized conductance. For instance, the ‘plateaus’ at 2 and 5 G0 are not due to
the presence of an integer number of well deﬁned transverse modes in the wire.
Instead, several partially open channels add up to give a total transmission,
which happens to be close to an integer. In the end, however, a very well
deﬁned plateau occurs close to 1 G0 , which persists for several Bohr of the
elongation. This plateau is caused by the almost perfect transmission of a
single eigenchannel.
From these calculations, we learn that plateaus close to integer values of G0
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Figure 2.7: Calculated force, conductance, cross-sectional area and eigenchannel
transmission probabilities during elongation of the gold nanocontact shown in Fig. 2.6.
The points a, b, and c on the conductance curve correspond to the snapshots in the MD
simulation. The conductance is calculated using a recursion transfer matrix method.
(From: [20].)
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are not necessarily caused by quantum size eﬀects. Sometimes they are simply
due to the discrete nature of sudden atomic rearrangements. The observation of
‘apparent’ conductance quantization from single conductance curves can therefore not automatically be attributed to ‘real’ quantized conductance caused by
the perfect transmission of a limited number of eigenchannels.

2.10

Summary

The size of a metal contact determines the method, to be used when calculating the conductance: If the size is much larger than the mean free path of
the electrons (the diﬀuse regime), the diﬀerential form of Ohm’s law j = σE
is valid from which the conductance can be calculated after solving Laplace’s
equation. In this regime, the conductance is proportional to the conductivity
of the material. For a circular oriﬁce, the conductance is proportional to the
diameter.
When the size of the contact becomes much smaller than the mean free path
(the ballistic regime), the electrons are accelerated within a single mean free path
in the vicinity of the contact. The conductance will now be proportional to the
contact area as well as the area of the Fermi surface projected on a plane normal
to the ﬂow of electrons. It will no longer depend of the conductivity. For freeelectron metals, the simple Sharvin formula can be used. In the quasiballistic
regime, where the size of the contact is comparable to the mean free path, the
(inverse) conductance is roughly given by the simple sum of the diﬀuse and
ballistic resistances.
As the size of the contact is decreased towards the Fermi wavelength, the
Sharvin result gradually breaks down due to quantum size eﬀects. This eﬀect
can be included in the Sharvin formula by making so-called perimeter and softwall corrections whereby the modiﬁed formula can be used for estimating the
contact area from the conductance, provided the conductance is larger than
3–4 G0 .
For contacts with a size comparable to the Fermi wavelength, interference
eﬀects from scattering at the boundary of the constriction have to be considered
in more detail. In this regime the two-terminal Landauer-Büttiker formula is
well suited for calculating the conductance. The Landauer-Büttiker formula
relates the conductance (which is conveniently measured in units of G0 = 2e2 /h)
to quantum mechanical transmission amplitudes of electronic wave functions.
Within the independent electron approximation, the transmission can be
found by, e.g., solving the coupled channel equations. If cross-sections of the one-
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electron potential normal to the direction of current ﬂow varies smoothly on the
scale of the Fermi wavelength — the adiabatic limit, the conductance becomes
quantized in units of G0 . Even when strong (elastic) scattering is present,
deﬁning a set of independent conduction channels — the so-called eigenchannels,
is possible. A transmission probability Ti can be ascribed to each eigenchannel.
From measurements of non-linear I-V characteristics on superconducting QPCs,
the extraction of the full set {Ti } is possible. From measurements on the shot
noise and ﬂuctuations in the diﬀerential conductance and thermopower, it can
be tested whether the total transmission is due to an underlying set of fully open
or closed eigenchannels, or due to a set of several partially open eigenchannels.
Realistic models of Au QPCs with only a few atoms in the smallest crosssection, indicate that the current tends to be carried by a set of almost fully
open or closed eigenchannels. For a single atom Au contact the transmission
is especially seen to be mediated by a single, almost fully open eigenchannel in
good agreement with recent measurements of shot noise and ﬂuctuations in the
diﬀerential conductance and thermopower.
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[34] M. Büttiker, “Voltage ﬂuctuations in small conductors,” Phys. Rev. B 35,
4123–4126 (1987).
[35] R. Landauer, “Electrical Transport in Open and Closed Systems,” Z. Phys.
B 68, 217–228 (1987).
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[39] M. Büttiker, “Transmission, reﬂection and the resistance of small conductors,” In Electronic Properties of Multilayers and Low-Dimensional Semiconductor Structures, J. M. Chamberlain, L. Eaves, and J.-C. Portal, eds.,
Series B: Physics 231, 51–73 (Plenum, New York, 1990).
[40] M. Yoseﬁn and M. Kaveh, “Conduction in Curvilinear Constrictions: Generalization of the Landauer Formula,” Phys. Rev. Lett. 64, 2819–2822
(1990).
[41] X.-G. Zhang and W. H. Butler, “Landauer conductance in the diﬀusive
regime,” Phys. Rev. B 55, 10308–10318 (1997).
[42] Y. Imry and R. Landauer, “Conductance viewed as transmission,” Rev.
Mod. Phys. 71, S306–S312 (1999).
[43] J. Frenkel, “On the electrical resistance of contacts between solid conductors,” Phys. Rev. 36, 1604–1618 (1930).
[44] L. I. Glazman, G. B. Lesovik, D. E. Khmel’nitskii, and R. I. Shekhter, “Reﬂectionless quantum transport and fundamental ballistic-resistance steps in
microscopic constrictions,” Pis’ma Zh. Eksp. Teor. Fiz. 48, 218–220 (1988),
[JETP Lett. 48, 238 (1988)].
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Chapter 3

Quantized Conductance in
Relays
his Chapter covers the material which was published in papers [II] and [I].1
These papers were submitted more than three years ago at a time when
the theoretical concept of conductance eigenchannels (discussed on page 26 in
Chapter 2) was just emerging [1–4], but before it was realized that eigenchannels
could be related directly to experiments [5].
At this time the widely (ab)used term ‘quantized conductance’ (QC) had a
less rigorous meaning than today. Most researchers regarded the conductance
as ‘quantized’ if the conductance had a statistical preference for being close to
an integer value of G0 . The concept of conductance histograms [6] was widely
used, where measurements of the conductance in a large ensemble of constriction
geometries were accumulated into probability distributions. A series of peaks
close to integer values of G0 was then taken as evidence for QC.
These experiments, however, only showed that the total transmission Ttot
was close to an integer value. Nowadays, the conductance is normally said to be
quantized if all eigenchannel probabilities Ti are very close to eithrt zero or one
[7]. Of course, such a conclusion cannot solely be inferred from the observation
that Ttot is close to an integer since this could be a coincidence: There may
be certain preferred contact geometries, which are characterized by a set of
partially open eigenchannels which happen to have a total transmission close to
an integer [7]. Today we know that this is actually the case for Al [5, 7–10].

T

1 The

preliminary results in Paper [I] form a subset of the results in paper [II].
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Why study relays?

Our studies of the conductance of relay contacts were inspired by a very interesting article published by Costa-Krämer et al. in 1995 [11]. Here, the authors
showed that QC could be observed simply by recording the conductance through
breaking contacts between macroscopic wires in a simple table top experiment.
At ﬁrst, we were sceptical about their approach but most of all, we were
provoked by several statements in their paper such as: “The formation of these
nanowires and the associated quantized conductance is a universal phenomenon that
occurs when any two metals get in and out of contact . . . ” and when discussing
a conductance curve for Au “ . . . for Au all the curve is quantized up to the 40
quanta level!”.
The latter statement was clearly not consistent with a conductance histogram for Au published at about the same time from our group [12]. This particular histogram was accumulated from point contacts formed using an STM
under clean UHV conditions and did not contain any peaks beyond 4 G0 . The
experimental ﬁndings were supplemented by extensive molecular dynamics simulations from which a similar conductance histogram could be constructed.
We found it hard to understand how results obtained under ambient conditions could display a much clearer quantization than UHV experiments. Thus,
we wanted to reproduce the results by Costa-Krämer et al. However, instead
of making and breaking the contacts by ‘tapping the table top’, we decided to
use electro-mechanical relays instead because these contacts could be broken
automatically by applying a periodic signal to the relay coil.
In the following sectionsm we present the results from these studies in a
form which closely resembles the original work (paper [II]). At the end of this
Chapter, we will discuss how the results and views presented in paper [II] relates
to later work.

3.2

Experimental details

Setup
Our experimental setup is shown in Fig. 3.1. Commercial and home-built
electro-mechanical relays represented by interchangeable modules can be studied using the same equipment for breaking the contact and studying the timeevolution of the conductance. In the case of commercial relays, a contact is
closed and opened by a magnetic force from a coil in the relay [13]. The driving
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Figure 3.1: Schematic diagram of the experimental setup. Two types of contacts corresponding to the modules 1 and 2 can be studied interchangeably. In the commercial
relay (module 1) a normally open contact (a) can be closed and reopened by changing
the voltage on the relay coil (b). In the home-built relay (module 2) two wires (c)
get in and out of contact by means of a piezo-electric actuator (d), which is mounted
on an adjustable lever (e). The switch state of the contact in the commercial relay
(module 1) as well as the length of the actuator in the home-built relay (module 2) is
computer controlled from a Personal Computer (f) via a digital to analog converter,
a low pass ﬁlter (g), and an ampliﬁer or buﬀer (h). Together with R1 and R2 the
chosen contact [(a) or (c)] form a voltage divider (i) with supply voltage V0 (15 V).
The divided voltage is ampliﬁed (j) and fed into a digital storage oscilloscope (k).

coil voltage is set via a 12 bit digital to analog converter (DAC) installed in
a Personal Computer (PC). The DAC voltage passes a low pass ﬁlter and an
ampliﬁer to produce smooth voltage ramps.
In the home-built relay, the contact is made of two thin, pure and polycrystalline metal wires (0.25 mm diameter, 99.99% purity) mounted in a crossed
cylinder geometry. One of the wires is held in a ﬁxed position, whereas the
other is resting against an isolated, low voltage (0–100 V) piezo-electric actuator (Tokin NLA-2×3×9 mm3 ). Adjusting the gap between the wires to less
than 1 µm is possible by means of a mechanical coupling utilizing a precision
micrometer. Finer adjustments are performed by applying a suitable voltage to
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the actuator, which can be elongated up to 7 µm. The smoothed DAC voltage
is ampliﬁed and connected to the actuator, thereby making it possible to move
the wires very gently in and out of point contact.
Individual measurements are carried out slightly diﬀerently depending on
the chosen module. In Fig. 3.2 we show the procedure when a commercial relay
(module 1) is under investigation. The switch state of the relay depends on
whether the voltage applied to the relay coil Vcoil is above the pull-in voltage
Vclose or below the drop-out voltage Vopen . The normally open contact is closed
by raising Vcoil above Vclose . After a transfer time of less than 1 ms, the electrodes collide with a speed of a few m/s [14]. In the closed position, typical

Figure 3.2: Contact-stretch-disruption cycles for the study of breaking point contacts
in commercial relays. Panel (a) shows schematically the time-evolution of the voltage
Vcoil being applied to the relay coil. The pull-in and drop-out voltages (Vclose and Vopen )
are shown as horizontal lines. Panel (b) depicts the resulting voltage drop across the
contact VDSO . Part of an up-going ﬂank, indicated by a dashed box in panel (b), has
been expanded with a factor of 2 × 105 in time in panel (c). The horizontal grid lines
indicate the voltages corresponding to integer values of the conductance measured in
units of 2e2 /h, as calculated from Eq. (3.1).
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contact forces are approximately 0.1 N, corresponding to a contact area of approximately 100 (µm)2 and a contact resistance of less than 1 mΩ [13, 14]. The
contact is gently reopened by ramping the coil voltage slowly below Vopen .
When the contact is open, the voltage measured by the digital storage oscilloscope (DSO) VDSO is high with a value determined by the voltage divider R1
and R2 [Fig. 3.1(i)] and the ampliﬁer [Fig. 3.1(j)]. When the contact is closed,
it short circuits R2 , implying VDSO = 0 V. If the voltage signal VDSO is monitored on a time-scale of several seconds, no interesting features are observed
[see Fig. 3.2(b)]. However, if the time-varying voltage signal is expanded dramatically in time on the rising voltage ﬂanks (stretch of contact), the voltage is
seen to increase in steps on a time-scale of less than 100 µs before the contact
is ﬁnally broken [see the expanded view in Fig. 3.2(c)].
When a home-built relay (module 2) is under investigation, basically the
same procedure is used. Now, instead of using a magnetic coil for controlling
the switch state of the contact, an ampliﬁed voltage is applied to a piezoelectric
actuator. The contact is closed by raising the piezo voltage, thereby extending
the actuator ≈ 100 nm beyond the recorded position of the previous disruption,
followed by a contraction done with a speed of ≈ 100 nm/s. In the home-built
relays, the contact is stretched during 0.1–10 ms, depending on how the wires
are mounted and which contact material is being used.
Independent of the chosen module, a DSO is set to trigger when the contact
breaks, and the voltage trace is transferred to the PC and stored for later
analysis. Usually there are 1000 data points in a single trace. It takes 3–4 s
to complete one contact-stretch-disruption cycle, and the time-evolution of the
conductance in approximately 25 000 breaking point contacts can be recorded
during 24 h.
By measuring the voltage drop across the contact, the conductance is found.
The current through the contact is limited to 4–40 µA by suitable choice of R1 .
The resistor R2 limits the voltage across the contact to avoid saturation problems in the ampliﬁer and to decrease the rise-time of the circuit to approximately
1 µs. Typical values of the resistances are R1 =400 kΩ and R2 = 40 kΩ.
The output from the ampliﬁer is fed into a 10-bit, 100 Msamples/s, fourchannel Yokogawa DL 4100 DSO. The DSO is fully computer controlled via a
General Purpose Interface Bus (GPIB). We have used a 10-bit DSO instead
of the more conventional 8-bit models in order to obtain the highest possible
resolution in our conductance measurements. We have abstained from using
enhanced resolution techniques to increase the true bit resolution, as a compensation for diﬀerential non-linearity is thereby rendered impossible which will be
explained on page 52.
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The critical components in the DSO are four built-in analog-to-digital converters (ADCs) which are used for digitizing the measured voltages on the four
input lines. Each of these ADCs has a resolution of 10 bits. Thus, on every input
line, the measured voltages are binned into n = 210 = 1024 diﬀerent values Vi
(1 ≤ i ≤ n). In the further analysis of the traces, the Vi values are transformed
into corresponding conductance values Gi using the equation
Gi =

I0
− GR ,
Vi − Voﬀ

(3.1)

where Voﬀ is a small oﬀset voltage that may accumulate in the voltage ampliﬁer
and DSO. The current I0 and the conductance GR can be derived from the
circuit in Fig. 3.1 as I0 = AV0 /R1 and GR = (1/R1 + 1/R2 ), where A is the
gain of the voltage ampliﬁer. The values of I0 , GR , and Voﬀ are determined
accurately by replacing the wires with calibrated conductances and ﬁtting the
measured voltages to Eq. (3.1). To obtain a high resolution in conductance
over a wide range of conductances, we make simultaneous measurements on two
input lines on the DSO with diﬀerent V/div settings. Later, on page 57 we
will demonstrate how conductance histograms can be used for determining the
calibration accuracy and the instrumental broadening in a very direct way.
In Fig. 3.3, we show two conductance traces acquired during the opening of
the contact in a commercial AuCo5 relay.2 In Fig. 3.3(a) is depicted a type of
conductance trace which is often found, whereas in Fig. 3.3(b) we show a specially selected trace with a clear staircase structure and sharply deﬁned plateaus
very close to integer values of G0 . The detailed structure of the conductance
traces diﬀers a lot, but the general trend is that quantization is observed only
for low integer values of G0 , as in Fig. 3.3(a). Further discussion of the physics
underlying the detailed structure of the traces will be deferred to Sec. 3.3. For
now, we concentrate on how to deal with a large ensemble of traces in general.

The histogram method
The formation of nanowires is inherently connected with plastic deformation and
a change of the geometry in the contact region. This results in new geometries
every time a constriction is made, meaning that a new trajectory in the phase
2 The relay is manufactured by Matsushita Automation Controls. According to the manufacturer, the contact material is a special Au/Co alloy with 5% Co (AuCo5). To protect
company know-how, further details could not be given. We note that Au and Co do not alloy
in equilibrium at room temperature, meaning that the alloy is segregated into almost pure
Au and Co phases or the alloy is a quenched non-equilibrium structure.

3.2. EXPERIMENTAL DETAILS

51

Figure 3.3: Two examples of the time evolution of the conductance through a breaking
contact in a commercial AuCo5 relay with arbitrary zero point in time. A trace (a)
with low degree of quantization and an exceptional trace (b) showing almost perfect
quantization up to 6 G0 . The exceptional trace is equivalent with the voltage trace
shown in Fig. 3.2(c).

space of constriction geometries is probed in every contact-stretch-disruption
cycle. A speciﬁc geometry results in a particular value of the conductance, but
since single trajectories may follow very diﬀerent paths in phase space, this
results in very diverse appearances of single conductance traces.
On the other hand, these trajectories will not be distributed randomly in
phase space as the mechanical properties of the constriction may lead to certain
preferred geometries especially in the last stages before the contact is broken,
as has been indicated in molecular dynamics simulations [12, 15–18]. Therefore
some values of the conductance may occur more often than others; not only
because of the non-uniform distribution or bundling of the trajectories in phase
space caused by stable constriction geometries, but also because a wide range
of constriction geometries may correspond to essentially the same conductance
value. The extreme case is here a free-electron QPC with an ideal, adiabatic
geometry. As the width of the constriction is varied continuously, the conductance settles exactly at integer values of G0 , whereas in a more realistic geometry
in which the eﬀects of surface roughness, impurities and a larger opening angle
are taken into account, the sharp staircase structure will be blurred, and the
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positions of the plateaus will be shifted downwards [3, 19, 20].
Because of the very diverse behavior of single conductance traces, it has become a widespread practice to supplement investigations of single traces with
histograms accumulated from many traces in order to reveal the general conductance behavior of the nanowires formed [6, 11, 12, 19, 21–24]. The reason is
that an analysis based only on single representative traces is insuﬃcient, because
deﬁning what representative means is diﬃcult in this context. The idea behind
the histogram technique is to project many traces onto the conductance axis
and make a histogram showing the probability distribution of the conductance.
As a starting point, we have chosen to include all traces in the histogram.
We deﬁne histogram values H (Gi ), corresponding to each of the conductance
values Gi in analogy with a previously published method as follows [6, 12]
H (Gi ) ≡

Ni
,
N ∆Gi

(3.2)

where Ni is the number of counts in bin number i accumulated from all traces
in a single experiment, N is the total number of data points, and ∆Gi is the
conductance bin width.
In Fig. 3.4(a) we show a histogram generated from measurements on a commercial AuCo5 relay. The histogram is accumulated from 50 000 conductance
traces measured during 25 000 contact-stretch-disruption cycles (one trace per
V/div setting per disruption) corresponding to 50 million individual measurements of the conductance. Distributing the 50 million measurements in the
2×1024 bins implies that the average number of counts in a single bin i is more
than 20 000. Thus, the root mean square (RMS) ﬂuctuations due to counting
statistics for a single histogram point H (Gi ) should be less than 1%. Surprisingly, the histogram is very noisy (30% RMS) and the peaks in the histogram
are not well deﬁned. We have realized that the noise is associated with diﬀerential non-linearity of the fast, high-resolution ADC’s, that are used in the DSO.
Diﬀerent aspects of diﬀerential non-linearity will be described in detail below —
most importantly, we shall see how the noise can be removed in a proper way.

Diﬀerential non-linearity
Digital storage oscilloscopes
Diﬀerential non-linearity is a measure of the standard variation of the incremental voltage bin widths ∆Vi of each bin i on an ADC [25, 26] that could be used
in, e.g., an input line of a DSO. To illustrate in a simpliﬁed way how diﬀerential
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Figure 3.4: Conductance histogram for the commercial AuCo5 relay accumulated
from 25 000 breaking point contacts. In panel (a), no compensation has been made
for diﬀerential non-linearity, and the histogram is very noisy because it is erroneously
assumed that the incremental voltage bin widths are constant (∆Vi = ∆V ). In panel
(b), the same data has been compensated for diﬀerential non-linearity. The ﬂuctuations are reduced tremendously as compared with panel (a).

non-linearity aﬀects the histograms, we consider what happens on a single input
line of a very simple model DSO. For illustrative purposes, we assume that the
ADC used for digitizing the voltage signal has only a resolution of 3 bits (23 = 8
bins), and it samples the voltage 16 times at a ﬁxed time period τ during the
acquisition of a single trace.
In Fig. 3.5 we show two examples of the way in which such an ADC could
digitize a linear voltage ramp (solid line) covering the full input voltage range.
The digitized ADC output is a sequence of 16 bin numbers as indicated by
shaded rectangles. If the ADC is ideal (left) with zero diﬀerential non-linearity,
that is all the voltage bin widths are the same (∆Vi = ∆V ), then the same
number of samples will will apear in each bin, as can be seen from the projected
histogram. In other words, the histogram indicates that all voltages occurred
with equal probability, which is in accordance with the original constant-rate
ramp.
If, however, we do the same experiment using an ADC with ﬁnite diﬀerential
non-linearity (right), we ﬁnd that the number of samples found in diﬀerent bins
changes irregularly. This is a simple consequence of the fact that the incremental
voltage bin widths ∆Vi are not equally large. So, if ideal diﬀerential linearity is
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Figure 3.5: Schematic representation of the conversion of a linear voltage ramp (solid
line) in an ideal (left) and a realistic (right) 3-bit ADC. It is assumed that the voltage
is sampled 16 times with a ﬁxed time interval τ during a single ramp. The number
of samples in a single bin i is proportional to the incremental voltage bin widths
∆Vi , as seen in the projected histograms showing the number of samples versus bin
number. This information can be used for eliminating the noise found in conductance
histograms [cf. Fig. 3.4(b)].

erroneously assumed (∆Vi = ∆V ), the (apparent) statistical weight of diﬀerent
bins will not be the same, as can be seen in the rightmost histogram in Fig. 3.5
at variance with the original constant-rate ramp. This means that the weight
of wide bins like i = 6 in the right panel of Fig. 3.5 will be overestimated in
histograms similar to the one depicted in Fig. 3.4(a) unless the true ∆Vi values
are measured and used in a compensation scheme. The eﬀects of diﬀerential
non-linearity have not been discussed previously in connection with these kinds
of experiments, but diﬀerential non-linearity is a well known problem in for
instance nuclear spectroscopy [25, 26].
Measuring diﬀerential non-linearity
If the correct ∆Vi values can be found, then the correct ∆Gi values, which
are used in the calculation of individual histogram points [cf. Eq. (3.2)], can
be calculated straightforwardly. This correction will reduce the noise in the
histograms considerably, as e.g. over-represented histogram values H (Gi ) will
be dampened accordingly with a larger ∆Gi value and vice versa.
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Fortunately, the correct ∆Vi values can be measured directly using the voltage ramp technique illustrated previously in Fig. 3.5. A voltage ramp is applied
repeatedly, and the total number of samples recorded in a single bin Ni is monitored. For large N , the number of samples in each bin Ni divided by the average
number N/n will converge towards the normalized voltage bin width ∆Vi /∆V .
The normalized widths have to be measured independently for each input line
on the DSO as no two ADC’s are the same. Just like a ﬁnger print.
In Fig. 3.6 we show measurements of the normalized voltage widths of bin
numbers 512 to 640 on one of the input lines of the DSO. This interval has been
picked out at random — only 128 of the 1024 bins are shown for clarity. Very
large ﬂuctuations are present as the widths range from 0.3 to 1.8. That is, some
bins are six times wider than others!
The measured standard deviation is as large as 34%, which in fact roughly
equals the diﬀerential non-linearity of the simple model ADC shown in the
right panel of Fig. 3.5. The measured diﬀerential non-linearity of the DSO
is much larger than the 1% or better encountered in ADC’s used in nuclear
spectroscopy [25, 26]. However, typical ADC’s used in nuclear spectroscopy

Figure 3.6: Diﬀerential non-linearity for a sequence of 128 bins on an input line on a
Yokogawa DL 4100 DSO. The normalized width ∆Vi /∆V of single bins is shown as a
discrete function of channel number. The standard deviation is 34%. The widths are
to some extent periodic with a period of 32 bins.
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normally need ∼ 10 µs to sample one voltage value, whereas for the Yokogawa
DSO used in our measurements the conversion time is only 10 ns. We may stress
that this is a general problem for most DSOs. For instance, we have measured
16% diﬀerential non-linearity on an 8-bit LeCroy 9361 DSO. In general, the nonconstancy of incremental voltage bin widths increases with increasing sample
rate and bit resolution. This is why the eﬀect is so large in the Yokogawa DSO
(100 Msamples/s, 10 bit). However, this does not pose a serious problem as it
is measurable, and we can correct for it.
The normalized widths ∆Vi /∆V are nearly unaﬀected by the DSO settings.
We have checked this by measuring the normalized widths using diﬀerent V/div,
time/div and samples/trace settings. Dividing the two discrete functions of
normalized widths obtained under the diﬀerent conditions yields values centered
around 1 with a standard deviation of only 2%. This gives an estimate of how
much of the noise can be removed by doing proper compensation for diﬀerential
non-linearity, i.e. it should be reduced to approximately 2%.
Compensating for diﬀerential non-linearity
As the eﬀects of diﬀerential non-linearity is very large for our 10-bit DSO, we
have calculated the Vi values from an algebraic sum of the experimentally found
∆Vi values and corrected the corresponding ∆Gi values in the following. In
Fig. 3.4(b) we show the histogram for the commercial AuCo5 relay using the
proper ∆Gi values. The ﬂuctuations are now almost gone. The noise remaining
in the histogram is mainly due to systematic errors in the measured ∆Vi /∆V
values. We emphasize that these are raw data, and no smoothing has been
applied. A discussion of the exact positions of the peaks in the histogram will
be deferred to Sec. 3.3.
An alternative and very tempting approach to solving the problem with noise
in the histograms is to use enhanced resolution (ER) techniques, as they are
readily available on many DSO’s. The idea is to increase the true bit resolution
of the DSO by folding a trace with a sliding data window, thus giving the
average voltage. This tends to decrease the eﬀect of diﬀerential non-linearity
because contributions from bins with diﬀerent widths are added together. If the
averaging window is large enough, the eﬀects of diﬀerential non-linearity will
no longer be present. As a consequence of the smearing, real structure can be
lost in the histogram, and much information about the detailed shape of the
peaks will be lost [27]. This may lead to unreliable determinations of the peak
positions.
We may add that the ﬂuctuations in voltage bin width as a function of
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bin number are not random. Some correlation between the width and the bin
number exists. This can be seen by inspecting Fig. 3.6 carefully, in which a
sequence of widths has a tendency to repeat itself after a period of 32 bins. This
is related to the way in which the ADC converts a voltage into a bin number in
binary representation. The periodicities are strongly related to similarities in
the bit patterns of diﬀerent bin numbers and may diﬀer signiﬁcantly from one
ADC to the other. These periodicities may remain after ER is employed and
emerge as artiﬁcial peaks in a histogram! Because of these complications we
have desisted from using ER.

Calibration histograms
On page 46 we described how the measured voltages Vi were converted to the
corresponding conductance values Gi using Eq. (3.1). The three parameters in
this equation were determined accurately by inserting calibrated conductances
in the circuit and ﬁtting the measured voltages to Eq. (3.1). We can check how
well the ﬁtting procedure works in a very direct way by making a conductance
histogram from measurements on calibrated conductances. We have selected
conductances with integer values of G0 (calibrated within 0.1 %). Calibration
conductance histograms with sharp peaks centered at integer values of G0 is
indeed obtained, as can be seen in Fig. 3.7. The two input lines have diﬀerent
V/div settings to cover the interesting ranges of the conductance most eﬃciently.
The widths of the peaks give a direct measure of the instrumental broadening
in the histogram caused by electronic and digitizing noise. The peaks have
widths that are negligible as compared to the widths of the peaks encountered
in the real conductance histograms [cf. Fig. 3.4(b)], and the oﬀsets of the peak
positions from integer values of G0 are also negligible compared to the accuracy
with which the peak positions (or other features) in the conductance histograms
can be determined. In the following we can therefore neglect contributions to
uncertainties originating from the calibration procedure.

3.3

Results

The commercial AuCo5 relay
In Fig. 3.8, we have plotted the conductance histogram for the commercial
AuCo5 relay on a logarithmic scale to enhance the higher-order peaks [27],
which are barely visible when plotted on a linear scale as in Fig. 3.4(b). We
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Figure 3.7: Calibration conductance histograms from two input lines on the DSO
generated from measurements of inserted calibrated conductances. The solid line is
the calibration histogram from an input line used for measuring conductances in the
range 0.1–1.7 G0 , whereas the dashed line is for another input line used for measuring
conductances larger than 1.7 G0 .

have also eliminated some of the noise in the histogram by a removal of the
highest Fourier components in the sequence of compensated histogram data
points, eﬀectively corresponding to a smoothing over 12 bins [28]. Five peaks
with decreasing weight/increasing width are seen in the histogram. The peak
maxima are positioned slightly below the integer values, and the shifts seem to
be roughly proportional to the peak number. Interestingly, we note that the
steepest descent of the peaks is positioned almost exactly at the integer values
of G0 .
It has become a widespread practice to subtract a constant residual resistance of a few hundred Ohms from the measured values to bring the peaks close
to the integer values [12, 19, 29]. In mechanically controllable break junction
(MCBJ) experiments, it has also been noted that a limited number of traces
can be mapped exactly onto integer values by subtraction of a constant resistance [24]. It has been argued that the residual resistance may compensate for,
e.g., the resistance in the leads connecting the ballistic contact to the macroscopic world [12, 29] and the average eﬀects of backscattering in the QPC [19].
However, the detailed physical justiﬁcation for this empirical procedure is rather
weak. It is not at all clear why a constant residual resistance should be able to
account for the average eﬀects of backscattering. Furthermore, it is diﬃcult to
justify the actual value of several hundred Ohms.
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Figure 3.8: Continuous conductance histograms for the commercial AuCo5 relay
without (solid line, left vertical scale) or with (dashed line, right vertical scale) a
subtraction of a serial resistance of 380 Ω. The histograms have been smoothed over
12 bins and are plotted on a logarithmic scale.

Nevertheless, this empirical procedure seems to work ﬁne in our experiment
as well. In Fig. 3.8, we tentatively show the original histogram after a subtraction of a constant residual resistance of 380 Ω along with the uncorrected
histogram. Now all the peaks are positioned at integer values, although statistical signiﬁcant deviations are still present. The subtracted residual resistance
is of the same order as previously reported values for histograms based on measurements of the conductance in Au nanowires at room temperature. Examples
are the UHV-STM study by Brandbyge et al. (150±50 Ω) [12] and a macroscopic wire experiment by Garcı́a et al. (490 Ω) [19]. Further discussion of the
residual resistance will be given later on page 67.
Other types of commercial relays have also been studied with e.g. W or
Rh as contact material, but no structures were revealed in the corresponding
histograms. This may indicate that the choice of contact material is crucial. To
investigate this in further detail, we have performed analogous studies with the
home-built relay using only pure metal wires.

Au and Co wires used in the home-built relay
The presence of Co in the commercial AuCo5 relay may inﬂuence the conductance of the nanowires formed, which complicates a direct comparison with
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Figure 3.9: Conductance histograms based on measurements with the home-built
relay using diﬀerent combinations of Au and Co wires as contact materials. Each
histogram is accumulated from 25 000 breaking point contacts, compensated for differential non-linearity, smoothed over 12 bins and plotted on a logarithmic scale. Histograms with subtracted residual resistances (dashed curves, right vertical scale) of
250 Ω for (a) Au/Au and 800 Ω for (b) Au/Co are plotted along with the original histograms (solid curves, left vertical scale). In the Co/Co histogram (c), no resistance
has been subtracted from the data.

previous studies on Au. To elucidate this, we have studied what happens when
the following combinations of pure metal wires are used in the home-built relay:
(i) two Au wires, (ii) one Au and one Co wire, and (iii) two Co wires. The
conductance histograms for the three combinations are shown in Fig. 3.9.
The resulting conductance histogram for the home-built relay mounted with
two Au wires [Fig. 3.9(a)] has again up to ﬁve peaks displaced slightly below
the integer values of G0 . As in the AuCo5 case (Fig. 3.8), the integer values of
G0 coincide very closely with the points of steepest descent of the peaks. It is
seen that a correction for a residual resistance of 250 Ω is able to shift the peak
maxima very close to the integer values of G0 .
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When one of the wires is interchanged with a Co wire [Fig. 3.9(b)], the peaks
become less well deﬁned, and the smoothly varying background is increased
dramatically for low conductance values (<1 G0 ), which may be indicative of
impurities in the nanowires. Finally, when two Co wires are used [Fig. 3.9(c)],
only a smoothly varying background is observed with an increasing amplitude
towards low conductance values. On the basis of the histograms in Fig. 3.9, we
conclude that the presence of Co under ambient conditions tends to destroy the
quantization of the conductance.

Ag and Cu as contact material
Since Au is very free-electron-like, it is of interest to perform similar experiments
on other metals with an almost spherical Fermi surface like, e.g., Ag and Cu.
The resulting conductance histograms are shown in Fig. 3.10, and it is seen that
the quantization is not as distinct as for the Au case. Again, the integer values
of G0 are close to the points of steepest descent, and a correction for a constant
residual resistance is able to shift the peaks close to integer values of G0 . Clear
peaks are observed at 1 G0 , but the higher-order peaks are less well deﬁned,
and no structure is seen above 3 G0 .

Transition metals
The transition metal Co exhibits no sign of quantization of the conductance
under ambient conditions [cf. Fig. 3.9(c)]. To investigate whether this is a
general trend for transition metals, we have also performed similar experiments
using Ti, Fe, Ni, and Pt as contact materials. In contrast to the free-electronlike metals, no peaks are observed in any of the corresponding histograms. They
all qualitatively resemble the Co results.

3.4

Discussion

Commercial vs. home-built relays
When one or two Co wires are used in the home-built relay [see Fig. 3.9(b)
and (c)], conductance quantization is either very weak or completely absent,
and, moreover, the smoothly varying background has a very large amplitude
for low conductance values. This is in contrast to the corresponding histogram
obtained from the commercial AuCo5 relay (Fig. 3.8), which has clear indications of quantized conductance as well as a low background for small values of
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Figure 3.10: Conductance histograms accumulated from measurements with the
home-built relay using Ag and Cu wires as contact materials. Each histogram has
been compensated for diﬀerential non-linearity, smoothed over 12 bins and plotted on
a logarithmic scale. Histograms corrected for serial resistances of 500 Ω for Ag (a)
and 700 Ω for Cu (b) are shown as dashed curves on the right vertical scale along
with the original histograms (solid curves, left vertical scale). The Ag histogram is
accumulated from 14 000 breaking point contacts, whereas the Cu histogram is based
on 25 000 breaking point contacts.

the conductance. In fact, the peaks are even sharper than those obtained using
only pure Au wires in the home-built relay (Fig. 3.9). From these observations,
we are led to conclude that the presence of Co in the commercial relay plays no
signiﬁcant role in these experiments and that nanowires formed in the AuCo5
relay therefore mainly consist of Au.
At ﬁrst it may seem surprising that the quantization is so prominent in the
commercial relay. However, it has other properties that improve the possibilities
of forming nanowires which exhibit quantized conductance: In the commercial
AuCo5 relay, the electrodes are enclosed in a contact chamber, which before
assembly is evacuated (to approximately 10−8 bar; see Ref. 13) and heated to
120 ◦ C. This procedure cleans the contact surfaces. Furthermore, the contact
chamber contains a permanent magnet (BaOFe), which works like a getter after
the chamber is sealed [14]. As a consequence of the heat and vacuum treatment,
pores with diameters >100 nm are formed on the surface of the getter, which
makes it very well suited for binding harmful substances which occur in the
contact chamber over a long period of time (aromatic polymers) [13]. Otherwise,
the organic molecules will polymerize and form highly resistive contamination
layers on the contact areas [13]. In the home-built relay, the atmosphere is not
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as well controlled, and it is plausible that a larger concentration of impurities
is present, thus impeding the formation of pure wires.
Additionally, the design of the commercial AuCo5 relay is such that the
contacts are self cleaning [13]. This is accomplished by sliding the electrodes
against each other during the closing action, thus partly rubbing any contaminant layers away from the contact region. This is not expected to happen in
the home-built relay as the contacts are brought very gently into contact, and
the externally applied contact force is much smaller than the 0.1 N applied in
the commercial relay.

Au and other free electron metals
As the experiments with the home-built relay are carried out under ambient
conditions, the reactivity of the metals will have an important impact on the
presence of impurities in the nanowires. These impurities introduce electronic
scattering centers, which could destroy the conductance quantization [4, 19].
Since Au is the noblest of all metals [30], the eﬀect of impurities is expected
to be at a minimum for such nanowires, whereas wires of Ag and Cu will be
more aﬀected due to e.g. oxidation. This may be the reason why conductance
quantization is more prominent in Au nanowires than in wires of Ag and Cu.
Quantization of the conductance in Au has been observed in many previous
studies. Those that incorporated conductance histograms are reviewed here.
It was shown in a UHV-STM study by Brandbyge et al. carried out at room
temperature (RT) (Ref. [12]) that 3–4 peaks could be resolved in the histogram
after subtraction of a constant residual resistance of 150±50 Ω based on 227
traces selected from a total of 429 traces. Using the same experimental setup, it
has been shown by Olesen that it is not necessary to employ the selection criteria
in the case of Au [29]. In this study, four peaks were found in the histogram
positioned at integer values of G0 after a subtraction of 230±50 Ω. At lower
(170 K) and higher (390 K) temperatures, qualitatively similar histograms were
obtained, each containing three clear peaks [29]. Each of these experiments was
based on more than 350 conductance traces.
Gai et al. also carried out RT UHV-STM studies and found four peaks at
integer values of G0 based on 964 out of 2500 traces [22]. Sirvent et al. have
studied Au nanowires using an STM in a He atmosphere at high vacuum at three
diﬀerent temperatures (4.2 K, 77 K and 293 K) [21]. The three histograms all
had three peaks slightly oﬀset below the integer values of G0 , and the varying
temperature seemed to have little eﬀect on the results. The histograms were
based on selected curves from thousands of indentations.
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Gold has also been studied using the MCBJ technique in high vacuum, both
at 4.2 K [31] and at RT [24]. On the basis of 65 conductance traces, Krans
found only the ﬁrst peak in the histogram at 4.2 K from which he concluded
that conductance quantization is more or less absent at this temperature [31].
However, if one considers the histogram by Krans in detail, peaks at 1 and 2 G0
may be present. At RT, MCBJ results for Au are more conclusive as shown
by Muller et al. [24]. A histogram accumulated from 72 traces showed 5 peaks
close to integer values of G0 .
Turning to the macroscopic wire experiments, a histogram based on 103
selected [27] curves obtained under ambient conditions has been published by
Costa-Krämer et al. [11]. At least ﬁve peaks were found close to integer values. A tremendous leap concerning the amount of statistics was subsequently
published by Garcı́a et al. [19], where a histogram built from 12 000 conductance traces was shown with peaks very similar to those presented here with
the home-built relay [Fig. 3.9(a)]. In that study, a constant residual resistance
of 490 Ω was subtracted and all data were included.
All the previous results as well as those presented here clearly demonstrate
that quantization of the conductance in Au nanowires is very robust and independent of temperature, atmosphere and chosen experimental technique. We
therefore conclude that Au is a bench-mark system for demonstrating quantized
conductance, independent of the conditions.
Our experiments with Ag and Cu as contact materials (Fig. 3.10) are in
accordance with analogous macroscopic wire experiments by Costa-Krämer et
al. [27], in which all traces are included. Cu has also been studied previously
in MCBJ experiments [23, 24]. At 4.2 K, a conductance histogram based on 90
traces had clear peaks close to 1 and 3 G0 , but also minor persistent peaks at
non-integer values [23]. The analogous RT histogram based on 78 traces had,
on the other hand, 4–5 peaks at integer values of G0 [24].

Skewness of histogram peaks
In previous studies, the positions of individual peak maxima in the conductance
histograms have been used as the relevant quantities. On the basis of their
oﬀsets slightly below integer values of G0 , the discrepancies have often been
explained by the presence of a constant residual resistance of a few hundred
Ω [12, 19]. This interpretation is in qualitative agreement with our experiments
[cf. Figs. 3.8, 3.9(a) and (b), and 3.10]. However, a close inspection of the raw
data, like those presented for the commercial AuCo5 relay in Fig. 3.4(b), shows
that the resistances needed for shifting the diﬀerent peaks to integer values are
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not completely identical. For instance, in the particular case of the AuCo5 relay,
they are 500, 750, 500, 330 and 400 Ω, respectively for the ﬁve peaks, all with an
uncertainty of approximately 100 Ω. This indicates that we still lack a detailed
understanding of how to interpret the conductance histograms.
In fact, it is not entirely clear how relevant quantities can be extracted from
conductance histograms. First of all, it is not evident that the peak maxima are
the most important quantities, even though they indicate conductances that occurred with maximum probability during the experiment. Other characteristics
of the histogram may be of equal importance. For instance, we note that peaks
in the Au histograms are skew [Figs. 3.8 and 3.9(a)]. That is, they have asymmetric tails extending out towards lower conductance values. This is reﬂected
in diﬀerent values of the half width at half maximum (HWHM) of the low and
high conductance tails.
The skewness is particularly prominent for the ﬁrst peak, which is shown in
the expanded view in Fig. 3.11 for the commercial AuCo5 relay. Here HWHM
values of 0.065 and 0.035 G0 are found for the low/high part of the peak. For
comparison, values of 0.09 and 0.06 G0 are found for the home-built relay when
Au wires are used as contact material [cf. Fig. 3.9(a)].3 This high end cutoﬀ is
probably related to the fact that transmission probabilities for single channels
can never exceed one.
The shape of histogram peaks has been discussed by Torres and Sáenz [20],
who pointed out that the peak width depends critically on the opening angle in
the contact and that the shape results from an interplay between scattering in
the contact region and contact shape evolution. As an example, their calculations show that the peak at 3 G0 for Na has contributions from contacts with
three, four, and ﬁve atoms in the smallest cross-section; the diﬀerent kinds of
contacts contribute diﬀerently to the statistics in the peak.
In the last stages before a nanowire is disrupted, it can be assumed that one
channel is being closed at a time, even though this depends on the eccentricity of
the cross-section [4, 12]. However, this rule of thumb only seems valid for the last
3–4 transmitting eigenchannels, as suggested by the free-electron calculations of
transmission probabilities through Au nanowires with geometries obtained from
molecular dynamics simulations by Brandbyge et al. [2, 3].4
When this picture is valid, the conductance is restrained from surpassing
the integer values of G0 .5 Thus, for the ﬁrst few peaks, the cutoﬀ values, or the
3 In

paper [II], all the quoted HWHM values were unfortunately a factor of ten too large!
the review of selected results on pages 31–34 in Chapter 2.
5 This can be seen from the eigenchannel version of the Landauer-Büttiker formula
[Eq. (2.30) on page 27 in Chapter 2].
4 See
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Figure 3.11: Expanded view of the ﬁrst peak of the AuCo5 conductance histogram.
The solid curve is the original data from Fig. 3.4(b) smoothed over 12 points, whereas
the dashed curve shows the peak after a subtraction of a serial resistance of 380 Ω.
The peak is very skew with HWHM ≈ 0.65 and 0.35 G0 for the lower and upper tails.
The original peak has a cutoﬀ value, which is very close to 1 G0 .

positions of steepest descent, are expected to be close to the integer values of G0 .
Displacements of the cutoﬀ values below integer values can then be interpreted
as due to the resistance originating from diﬀuse (Ohmic) electron transport in
the leads.
In all of the conductance histograms presented in this Chapter, we observe
that the points of steepest descent are very close to the integer values of G0 for
the ﬁrst three peaks [cf. the solid curves in Figs. 3.8, 3.9(b) and (c), 3.10, and
3.11]. We see no statistical signiﬁcant displacements below the integer values.
We therefore conclude that the resistance in the leads is small and probably less
than 100 Ω.
The fact that the peaks are asymmetric with a short tail on the high conductance side provides yet another indication that the Au histograms are indicative
of conductance quantization and not an area eﬀect caused by discrete changes
in contact area. If each peak should correspond to a particular stable conﬁguration of the atoms in the smallest cross-sectional area [32], one would expect
the peaks to be symmetric at variance with e.g. the peak shown in Fig. 3.11.
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The resistance of the leads

We will now discuss a simple model for the resistance of the leads connecting
the ballistic contact with the macroscopic world. In our setup, we measure the
total conductance between the calibration points in our circuit. This part of the
circuit only consists of macroscopic wires and the contact itself. The resistance
of the macroscopic wires can be neglected completely, but this may not be the
case for the ﬁnal part of the wires which connects to the QPC.
We model this by dividing the contact into three parts: two diﬀuse leads
and a ballistic constriction6 as shown in Fig. 3.13. For simplicity, the leads
are assumed to be identical, semi-inﬁnite cones, truncated at a diameter of d.
The truncated cones are characterized by an opening angle α and a uniform
resistivity ρ.

Figure 3.12: Model used for estimating the resistance of the leads. The diﬀuse leads
have a uniform resistivity ρ and are modeled as semi-inﬁnite cones, truncated at a
diameter of d. The leads are characterized by an opening angle α and are connected
by a ballistic constriction with total transmission Ttot .

6 In principle, we cannot simply divide the system into strictly diﬀuse and ballistic parts.
The transport will be quasi-ballistic in the two regions between the truncated cones and the
constriction. However, as discussed on page 19 in Chapter 2, such a crude division works
surprisingly well.
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Let us consider the diﬀuse resistance of the two truncated cones RTC (α, d).
As discussed on page 10, the evaluation of this resistance requires that we specify
the boundary conditions for the electrostatic potential at the connections at the
ends of the truncated cones. Far away from the constriction, the equipotential
surfaces will be spherical, but at the connection to the constriction, we do
not know the detailed shape of the equipotential surface due to the unknown
geometry of the constriction. Thus, we are in principle unable to specify the
exact boundary conditions. Instead, we will assume that the equipotential
surfaces are also spherical close to the constriction and calculate the resistance.
Afterwards, we estimate the error we may introduce using this assumption. It
is now easily found that
RTC (α, d) = f (α)R⊥ (d) ,

(3.3)

where
f (α) =

sin α
1 − cos α

(3.4)

is a geometric factor describing the dependence of the opening angle α. A plot
of f (α) is shown in Fig. 3.13. It diverges as α goes to zero (an inﬁnite wire)
and approaches 1 as α goes to 90◦ .
The other factor R⊥ (d), which occurs in Eq. (3.3), is the resistance of the
leads at an opening angle of 90◦ . It is given by
R⊥ (d) =

2ρ
.
πd

(3.5)

This resistance can be compared with the resistance RM = ρ/d of the Maxwellian oriﬁce [33], which was discussed on page 12 in Chapter 2 and calculated
in Appendix A. The formula for R⊥ in Eq. (3.5) is smaller than RM with a factor
of 0.64. This is because we have omitted the resistance of a sphere of diameter
d and assumed that equipotential surfaces are spherical. As demonstrated in
Appendix A and shown in Fig. 2.2 on page 13, they are, in fact, oblate spheroidal
for the Maxwellian oriﬁce.
It is interesting to note that in the ballistic Sharvin limit (l  d  λF ) the
resistance RS of the same geometry (an oriﬁce of diameter d) is given by [34]7
RS (d) =
7 This

16 ρl
.
3π d2

follows by combining Eq. (2.16) on page 17 in Chapter 2 with Eq. (3.8).

(3.6)
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Figure 3.13: The geometric factor f (left axis) and the resistance of the leads Rlead
(right axis) as a function of opening angle α. The resistance of the leads is estimated
from Eq. (3.9) using ρ = 2 µΩ cm and n = 6 × 1022 cm−3 . The vertical scale is
logarithmic.

In the quasi-ballistic regime (d ∼ l), it has been shown that there is a smooth
transition from the diﬀuse (RM ) to the ballistic (RS ) regime, and the interpolation formula Eq. (2.18) on page 19 has been derived [35], but here it is suﬃcient
to note that R⊥ (l) = 38 RS (l). Thus, Eq. (3.5) is expected to be valid within,
say, a factor of 3, even if d = l. We can therefore proceed and estimate the
resistance of the leads Rlead with the following formula
Rlead (α) ≈ RTC (α, l) .

(3.7)

Thereby, we deﬁne the leads to be the parts of the contact that are wider than
l. In a free-electron model, the mean free path l, which appears in Eq. (3.7),
can be written in terms of G0 , ρ and the free electron density n as [36]

1
3 3
.
(3.8)
l=
π G0 ρ n2/3
Inserting this expression in Eq. (3.5), combined with Eqs. (3.3) and (3.7), gives
Rlead (α) ≈ f (α) √
3

2
3π 2

G0 ρ2 n2/3 ,

(3.9)
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which is our main result.
Typical bulk resistivities for metals like Au, Ag, and Cu at RT are ρ ≈
2 µΩ cm. If this value is inserted in Eq. (3.9) along with a typical free electron
density n = 6 × 1022 cm−3 , we obtain Rlead (α) ≈ 0.3 f (α) Ω. This estimate of
Rlead (α) is shown in Fig. 3.13.
For realistic opening angles (4◦ –60◦), the resistance of the leads is expected
to be 0.5–10 Ω, which is small compared to the residual resistances of 250–
800 Ω that are needed to shift the peaks in the conductance histograms up to
integer values of G0 . The estimate is, however, fully consistent with our previous
argument: That the cutoﬀ values of the peaks are the relevant quantities for
determining the resistance of the leads. As the cutoﬀs were found to be placed
almost at the integer values of G0 , we concluded on page 66 that the resistance
of the leads most probably was below 100 Ω in perfect agreement with the
estimate.
In the estimate presented above, we used a typical bulk resistivity for a
pure metal, which may be somewhat lower than the actual resistivity of the
metals used in these experiments near the contact region. During the repeated
switching, impurities and ﬁlms of highly resistive material may be embedded in
the surface, thus increasing the resistivity substantially [13]. Since Rlead ∝ ρ2
[Eq. (3.9)], this may lead to a signiﬁcant increase of the estimate of the lead
resistance, but this issue is not completely resolved.
By separating the resistance of the leads from the rest of the system, we have
implicitly assumed that the resistance of the contact can be calculated by adding
the resistance of each part in series. However, additivity of resistances is based
on the assumption of phase-incoherence [37]. That is, an incoming electron
wave in the constriction should be completely phase-randomized in inelastic
scattering processes in the constriction. This assumption may be questionable
when the typical dimension of the constriction becomes of the order of l.
The shapes of the peaks as well as the positions of the peak maxima are
governed by the evolution of the transmission through the constriction as the
contact is stretched. This and previous studies have shown that the concept
of a constant residual resistance can explain oﬀsets of peak maxima below the
integer values of G0 . However, no realistic calculations have yet been able to
explain why this is the case.
The cleanliness of the system seems to be correlated with the residual resistance. In experiments with Au nanowires under ambient conditions, the residual
resistance is quite low [250 Ω, Fig. 3.9(a)], whereas residual resistances of 500
and 700 Ω are needed in the case of Ag and Cu [Fig. 3.10]. The increase of the
resistances from Au to Ag and Cu may be a simple consequence of the larger
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chemical reactivity of Ag and Cu as compared to Au.
In general, the metal reactivity scales proportionally to the ﬁlling of the dband, which makes transition metals very susceptible to impurities. This may
also be one of the reasons why we have not been able to observe quantized
conductance under ambient conditions in the transition metal contacts. Also,
transition metals have unﬁlled d-bands and non-spherical Fermi surfaces, which
may impede the quantization [38, 39].
It is normally assumed that the constrictions are ballistic. That is, the mean
free path of the electrons is larger than the size of the nanowires formed. Pascual
et al. have shown that Au nanowires with a length up 400 Å can be formed with
an STM under ambient conditions [40], which is approximately equal to the
bulk value of the mean free path for Au, Ag, and Cu at RT [36]. As mentioned
previously, l may be even smaller close to the contact region due to the presence
of impurities. For the transition metals Ni, Pt, and Fe, which were shown not
to exhibit quantized conductance under ambient conditions, l is even smaller
than 100 Å. At the present state, it is not clear how this aﬀects the conductance
through the constriction.

3.6

Conclusion

We have shown that it is relatively easy to observe quantized conductance under ambient conditions in certain metals. We have proven this by using various
contact materials in commercial and home-built relays. Au, Ag, and Cu exhibit
quantization in contrast to the transition metals Ti, Fe, Co, Ni, W, Rh, and
Pt. This is explained in terms of the higher reactivity of the transition metals. It may, however, also be correlated with their rather complicated electronic
structures, which are far from free-electron-like. Furthermore, the mechanical properties of the transition metals may impede the formation of adiabatic
nanowires. We have shown that Au is a bench-mark system for observing quantized conductance as the quantization is very robust, i.e., almost independent
of environment and experimental technique.
Peaks in the Au conductance histograms are shown to be asymmetric. The
rapid peak cutoﬀs close to integer values of G0 are interpreted as a further
indication of conductance quantization. Deviations from perfect quantization
are explained in terms of the resistance of the leads and the average eﬀects of
backscattering in the constriction. We argue that the high end cutoﬀ values for
the histogram peaks are relevant for determining the resistance of the leads. A
simple model of the contact suggests that this resistance is small and less than
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100 Ω, in full agreement with the experimental conductance histograms. Finally,
we have shown that it is of important to compensate the observed conductance
histograms for diﬀerential non-linearity of the DSO.

3.7

Recent developements

As promised in the beginning of this Chapter, we will now discuss how the
results and views presented in paper [II] relate to later work.

Other relay studies
Independent of our work, a paper by Yasuda and Sakai appeared in an issue
prior to paper [II] in Phys. Rev. B [41]. Here, the authors also presented conductance histograms accumulated from breaking gold contacts in commercial
electromechanical relays using a setup, which was very similar to ours. Their
primary interest was to investigate how the shape of the histogram changes under high applied bias voltages — a highly interesting idea, which is intimately
related to the following Chapters. They also presented histograms acquired
under low bias voltages, and these looked very similar to those presented here
(Figs. 3.3 and 3.4). Since then, further relay studies from Sakai and co-workers
have appeared, focusing on Au [42–44] and Pt [45] relay contacts under high
applied bias voltages.
The observation of QC in relays was re-discovered by Ott and Lunney in 1998
[46], who, at ﬁrst [47], had overlooked the existence of paper [II] and Ref. 41.
They pointed out that such relay experiments are well suited for under-graduate
laboratories.8 A simpler one-to-one relationship between the output voltage and
the conductance was also accomplished by using a simple transimpedance setup
(to be discussed in Chapter 4). In another report, Ott et al. mounted samples of
either a ferromagnetic oxide or Fe on commercial relay contacts. Surprisingly,
the conductance histogram for the ferromagnetic oxide had clear peaks at integer
values of up to 7 G0 !

Compensating for diﬀerential nonlinearity
The scheme presented in paper [II] for how to correct conductance histograms
for diﬀerential non-linearity has been used in several later reports by the groups
8 This

idea has later been pursued by Foley et al. using macroscopic wires [48].
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of Garcı́a [49, 50], Sakai [43–45], and Tao [51].9 The eﬀects of diﬀerential nonlinearity have also been discussed by de Heer’s group [53].

The noble metals
In paper [II] it was emphasized that Au seems to be a bench-mark system for
observing QC in metal QPCs independent of temperature and experimental
conditions. This has been conﬁrmed in a number of recent studies [8, 10, 42–
46, 48–50, 54–57] although there have been a few exceptions [53, 58, 59]: (i)
Fractional quantum conductance has been reported by de Heer [53], but has
not been conﬁrmed by others; (ii) Scheer et al. found a conductance well below
1 G0 for the smallest Au contacts [58] in their experiments. A result, which has
been explained as due to disorder (see footnote 16 on page 28 in Chapter 2);
(iii) using a dynamic atomic force microscope setup with a carbon contaminated
Pt tip on a Au sample, Jarvis et al. found peaks at half integer values of G0
in the histogram [59]. However, it remains unclear whether the tip composition
inﬂuenced these results.
Turning to Cu and Ag, recent reports [10, 60, 61] are also in agreement with
the results of paper [II] (Fig. 3.10). Thus, Li and co-workers [60, 61] have shown
that it is possible to form very stable Cu QPCs by electrochemical deposition
and dissolution. A histogram built from repeated deposition/dissolution cycles
has well deﬁned peaks at integer values of up to 5 G0 [60]. Using the MCBJ
technique at 4.2 K, Ludoph and Ruitenbeek also acquired similar well resolved
histograms for Cu and Ag [10].
In paper [II] it was suggested that the points of steepest descent in the noble
metal conductance histogram correspond to a set of fully transmitting eigenchannels. This suggestion has been beautifully conﬁrmed by the experiments
of Ludoph and Ruitenbeek [9, 10, 62], who complemented measurements of the
total conductance with measurements of the standard deviation of the voltage
dependent diﬀerential conductance σGV . As explained on page 29 in Chapter 2
σGV will be zero when all eigenchannels are fully closed or open. Indeed, the
experiments show that σGV drops dramatically at the highend cutoﬀs of the
histogram peaks for Au, Ag and Cu, conﬁrming that this interpretation is correct. For Au, the same conclusions can be drawn from measurements of shot
noise and thermopower ﬂuctuations [8, 63].
9 Confusingly,

these groups have adopted the term ‘nonideal diﬀerential linearity’ instead
of the technically correct ‘diﬀerential nonlinearity’ [25, 52].
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Skewness of histogram peaks
A few interesting papers which discuss the shape and positions of the histogram
peaks have recently appeared [64–66]. Garcı́a-Mochales and Serena [64] used a
disordered 2D 1s tight binding model for simulating conductance histograms.
The resulting histogram peaks were skew and looked qualitatively similar to the
experimental histograms. Empirically, it was also found that the peak positions
could be shifted to near integer values by subtracting a classical resistance of a
few hundred Ohms.
Using a 2D hard-wall free-electron model with impurities represented by
random distributions of delta functions in the scattering potential, Bürki et al.
have obtained similar results [65], which are furthermore in excellent quantitative agreement with simultaneous conductance and shot noise measurements on
Au by van den Brom and Ruitenbeek [8, 66].
These simple models suggest that the basic ingredients needed to explain the
conductance of Au QPCs are quantum conﬁnement and coherent backscattering
from imperfections in the QPC [66]. However, it should be noted that the models are based on 2D geometries, which naturally includes the 2 G0 peak, which
is absent in 3D geometries with cylindrical symmetry [20]. Until now, the only
3D calculations which have been able to reproduce the 2 G0 peak with a realistic height and width have been based on molecular dynamics simulations and
simpliﬁed free-electron calculations [12]. However, these calculations resulted in
almost symmetrical peaks.

The resistance of the leads
In paper [II] it was found that the deviations of the histogram cutoﬀs from
integer values of G0 were small. The shifts corresponded to a series resistance
(of the leads), which was probably lower than 100 Ω. A truncated cone model
of the leads resulted in a lead resistance value Rlead around 0.5–10 Ω. This
estimate was based on bulk resitivities ρ of the noble metals. It was warned,
however, that Rlead ∝ ρ2 could be much larger due to contamination or disorder
in the contact region.
The measurements of σGV by Ludoph and Ruitenbeek has shed new light
on these speculations [9, 10, 62]. They observe that minima in σGV occurs at
a total contact conductance slightly (but signiﬁcantly) below integer values of
G0 , corresponding to (in the case of Au) a series resistance of around 130 Ω [9].
From the σGV data, a value for the elastic mean free path around 70 Å could
also be deduced. This corresponds to a mean free path (and local conductivity)
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close to the constriction, which is 5–6 times smaller than the bulk value even
at RT (where inelastic events would normally dominate). Since Rlead (for not
too small opening angles) is determined mainly by the resistivity in a region
close to the constriction, the estimate for Rlead will increase by a factor of ∼ 30.
If we furthermore use a plausible opening angle of α = 35–50◦ [10, 57, 67] in
Eq. (3.9), we obtain a value for Rlead around 250 Ω. Considering the crudeness
of the model and our assumptions, this estimate is in fair agreement with the
value of 130 Ω found by Ludoph and Ruitenbeek.
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Nanowires,” Europhys. News 27, 89–91 (1996).
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Chapter 4

Fast and Accurate
Current-Voltage Curves
experiments described in the previous Chapter used a simple setup
T heto relay
demonstrate that the conductance is quantized in certain commercial

electro-mechanical relays. In our opinion, such a setup is usefull because it gives
a clear demonstration of the quantum-mechanical wave nature of conducting
electrons in conﬁned geometries. Notwithstanding, it also has severe limitations
of which we mention:
• The contacts are disrupted during very short time-scales (< 100 µs, see
Fig. 3.3 on page 51).
• The supply voltage V0 is ﬁxed in the setup (see Fig. 3.1). Hence, it is
impossible to study the voltage dependence of the conductance for a certain contact geometry. The very short time which is available for such
measurements is also a severe hindrance.
• The cleanliness of the system is unknown and beyond our control.
Most of these shortcomings can be solved by using alternative and more
sophisticated setups, such as a scanning tunneling microscope (STM) working
under ultra-high vacuum (UHV) conditions.
Such a setup has previously been used in our group by Olesen, who achieved
several interesting results (see Refs. 1–4 and paper [I]). This setup was based
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(with some modiﬁcations) on a standard set of STM electronics and was therefore best suited for measuring very small currents in the nA regime. The timeresolution of the setup was also limited to ∼ 10 µs due to a fairly low bandwidth
of the low-noise current preampliﬁer and reasonably long sampling times for the
high resolution analog-to-digital converter monitoring the tunnel current. The
setup could therefore not be used to measure, e.g. current-voltage (I-V ) characteristics1 of (often transient) contact geometries because the current would
saturate the preampliﬁer and the data acquisition would be too slow.
We therefore decided to modify the electronics and software in one of our
STM setups to facilitate fast and accurate acquisition of I-V curves from transient contact geometries. Details of this setup and its performance are described
in paper [III] and will be the subject of this Chapter.

4.1

Review

Recently, there has been a growing interest in measuring the I-V curves of
QPCs to obtain further information on their electrical properties [5–12]. At
liquid He temperatures or below, the QPCs can be very stable for a long period
of time. Under such conditions, highly nonlinear I-V curves on QPCs formed
between superconducting electrodes at bias voltages extending up to the mV
regime have been recorded and used to successfully determine the transmission
of each mode contributing to the current [5, 6]. Measurements of ﬂuctuations
in the diﬀerential conductance dI/dV of noble metal QPCs up to 100 mV at
4.2 K have shown that the conduction eigenchannels tend to close one by one
during rupture of the contacts [7].
At room temperature (RT), the QPCs tend to be much more unstable due
to thermal ﬂuctuations. In spite of this, there has been a number of reports on
the formation of stable Au QPCs at RT [8–13]. For these contacts, nonlinear
I-V curves extending up to 1 V have been recorded during a time-scale of
seconds [8–12].
When working in a clean ultra-high vacuum (UHV) environment at RT, we
ﬁnd that Au QPCs tend to break spontaneously over a period of less than one
ms. During the break, the conductance goes down in a series of metastable
steps, each corresponding to a speciﬁc atomic conﬁguration [14]. The duration
of a single step is typically less than ≈ 100 µs, whereas the size of a step is close
to G0 .
To capture the I-V curves of these metastable states, we have therefore
developed a novel setup which is capable of acquiring a full I-V curve during a
1 Except

for very small voltage sweeps.

4.2. SETUP

85

period of down to 10 µs with an acquisition rate of 100 Msamples/s.

4.2

Setup

A block diagram of the setup can be seen in Fig. 4.1. A Hewlett Packard 33120A,
15 MHz arbitrary waveform/function generator (FG) supplies a bias voltage to
a QPC. A home-built I-V converter is used to transform the resulting current I
into a voltage signal Vout , which in turn is measured with a 10-bit true resolution,
100 Msamples/s, four-channel Yokogawa DL 4100 digital storage oscilloscope
(DSO). Individual voltage traces, each consisting of up to 100k data points, are
transferred from the DSO to a personal computer (PC) using a general purpose
interface bus (GPIB). Each trace is stored for later analysis. All relevant settings
on the DSO and FG are stored along with the trace.
Normally, the FG supplies a constant bias voltage to the QPC (the oﬀset
voltage). However, when the FG receives a trigger signal from the DSO, the FG
can add a burst signal to the oﬀset voltage. In our experiments, the burst has
a predeﬁned waveform (triangular or sinusoidal), number of cycles (1 or more),
amplitude (0.05–5 V), and frequency (≤100 kHz). All the settings on the FG
and the DSO are controlled from the PC via the GPIB.
The trigger signal to the FG is sent out when the DSO itself is triggered.
This occurs when (i) the operator triggers the DSO manually from the PC

Figure 4.1: Block diagram of the experimental setup.
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via the GPIB, or (ii) the voltage signal Vout from the I-V converter fulﬁlls a
predeﬁned trigger criterion. A simple example could be when Vout drops below
a preset voltage corresponding to a speciﬁc value of the conductance.
The QPCs are formed by indenting the tip of a home-built scanning tunneling microscope (STM) into a metal surface. The STM has been described
elsewhere [15, 16]. Three piezo drivers controls the lateral (x, y) and vertical
(z) movement of the scanner tube on which the tip is mounted. Three other
piezo drivers are used for controlling an inchworm motor, which is used for
coarse approach of the tip to the sample. Each piezo driver consists of a 16-bit
digital-to-analog converter (DAC) and a low-noise, high-voltage ampliﬁer. The
drivers are all part of a home-built set of STM electronics. The DAC, which
is normally used for setting the current via a loop ampliﬁer in constant-current
mode, is instead connected directly to the z-piezo ampliﬁer. In this manner,
the full motion of the tip is under direct computer control.
A 16-bit analog-to-digital converter (ADC), which is normally intended for
reading the output from the STM tunnel current pre-ampliﬁer, is instead connected to the output of the I-V converter. The ADC has a sampling time of
30 µs, much shorter than the time-scale on which information about the current
value of Vout can be transferred from the DSO to the PC (≈ 500 ms). The ADC
readings are needed when we attempt to make QPCs with a preselected value
of G: A feedback loop is implemented in the Pascal program which controls
the motion of the tip. When Vout as read by the ADC is higher (lower) than
a predeﬁned value of G, the tip is retracted from (approached to) the sample
in order to make the cross-sectional area of the QPC smaller (larger) and thus
reduce (increase) G, I, and Vout . The ADC is also read regularly while indenting
(retracting) the tip to record the z-positions at which contact between the tip
and sample is made (lost).
During calibration, the STM is replaced by a set of high-precision resistors.
By acquiring voltage traces from the DSO while diﬀerent constant bias voltages
are applied, the detailed response of the setup can be measured and represented
by a set of calibration parameters. Details of the calibration procedure will be
presented in Sec. 4.5.

4.3

The current-to-voltage converter

Transimpedance and shunt setups (see Fig. 4.2) have frequently been used for
constant bias voltage measurements of the conductance in QPCs. A common
feature of the setups is a bias voltage supply Vb , which drives a current I through
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Figure 4.2: (a) Transimpedance and (b) shunt method for measuring the conductance
in a QPC.

a QPC with conductance G (usually, G =1–10 G0 corresponding to 1–10 kΩ).
When dealing with short response time setups, the parasitic capacitance Cp
following the QPC also has to be considered.
In a transimpedance setup [Fig. 4.2(a)], the current is converted to a voltage
signal Vout by passing it through a measuring resistor RF , placed in the feedback
of an operational ampliﬁer (OA) [13, 17–20]. In a shunt setup [Fig. 4.2(b)], a
s
is placed in series with the QPC, and the induced voltage
measuring resistor Rin
s
drop in Rin is measured either directly [21–23] or after ampliﬁcation [24].
In the following, we will comment on the strengths and weaknesses of these
two basic setups. Other sophisticated types of setups also exist which are useful
for measuring the conductance of a QPC over many orders of magnitude (from
tunneling to point contact) [3, 4, 25]. Very accurate measurements of the diﬀerential conductance and its derivative can also be made with lock-in techniques.
However, the bandwidth in those setups tends to be much smaller than what is
required here.
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Transimpedance converters
The input impedance of the simple transimpedance ampliﬁer [see Fig. 4.2(a)] is
given by
t
Rin
=

RF
,
1 + A(f )

(4.1)

where A(f ) is the frequency-dependent open loop gain of the OA. For a typical
OA, such as the OP07 used by Foley et al. [20], A ≈ 5 × 105 from DC to a
frequency of 5 Hz whereafter it drops 20 dB per decade (unity gain at 1 MHz)
t
can
[26]. In typical setups (RF = 10 kΩ–1 MΩ, G =1–10 G0 ) [9, 13, 17–20], Rin
t
be neglected at low frequencies, whereas for higher frequencies Rin may become
comparable to G−1 .
The transfer equation for frequency components of the input current I(f )
and output voltage Vout (f ) is given by
Vout (f ) = −

A(f )
RF I(f ) .
1 + A(f )

(4.2)

When the time-dependent current signal I(t) is composed of a wide spectrum of
Fourier components, the frequency-dependent transimpedance tends to degrade
the quality of the signal. For instance, when a QPC is stretched, G usually drops
in abrupt steps due to sudden atomic rearrangements in the contact region. The
resulting output voltage looses some of its high-frequency components in the
transimpedance converter as can be seen from Eq. (4.2). This leads to smearing
or ringing at the steps in the conductance curves.
t
 G−1 ), the relation
If the OA is assumed to be ideal (A  1, and thus Rin
between G and Vout is particularly simple: With an applied bias voltage Vb , the
current will be I = GVb . Thus, it follows from Eq. (4.2) that Vout = −RF Vb G.
This simple relation makes the transimpedance setup particularly useful in undergraduate laboratory experiments [19, 20]. Furthermore, when the OA is
ideal, the QPC will be virtually grounded. Therefore, if Vb is kept constant, the
voltage drop V across the QPC will be independent of G [V (G) = Vb ]. Hereby
the relative energy shift eV of the Fermi energies in the electrodes which connect the QPC to the macroscopic world, is kept constant. This is advantageous
since theoretical calculations are often performed under this assumption.

Shunt converters
In the shunt setup [see Fig. 4.2(b)], I is converted to a voltage by passing it
s
through a measuring resistor Rin
with a value of typically 2 kΩ or less [21–
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24]. By using a passive resistor to convert the current, the input impedance
becomes frequency-independent (neglecting the shunt capacitance of ≈ 0.2 pF)
in sharp contrast to the transimpedance ampliﬁer, cf. Eq. (4.1). By placing
an optional low-gain, low-noise, high-input impedance, ﬂat frequency response
s
, Cp will be kept at a minimum. The
voltage ampliﬁer immediately after Rin
voltage signal will increase, and long transmission lines between the output
terminal and the DSO can be used.
The QPCs are often formed by ﬁrst indenting the STM tip deep into the
sample, whereby G−1 decreases to a value lower than 200 Ω [3]. The QPC is
then formed by retracting the tip. In these initial, low-resistance stages of the
s
, which also dissipates most of
contact formation, I is naturally limited by Rin
the power. Heating in the contact region is hereby reduced. In contrast to the
s
is placed in series with the QPC.
transimpedance ampliﬁer, V (G) = Vb since Rin
s
However, in the most interesting conductance regime (1–10 G0 ), Rin
 G−1 ,
which means that V (G)  Vb , and V will only depend weakly on G.
s
Under these conditions, Cp will mainly be discharged via Rin
. The overall
response time of the setup will therefore be limited by the time constant of this
RC circuit
τ ≈ Rin Cp .
In our case, Cp ≈ 50 pF due to the wiring from the STM to the I-V converter. It
cannot be reduced since the STM and the converter are placed on opposite sides
s
= 500 Ω, we therefore get τ ≈ 25 ns,
of a UHV ﬂange, 25 cm apart. With Rin
corresponding to a cutoﬀ frequency of 6 MHz.
For a transimpedance setup, this time constant depends on the frequency
characteristics of the OA, cf. Eq. (4.1). Normally, τ will be comparable to that
of the shunt setup.

Diagram and construction
In the experiments, we want to apply short voltage bursts and measure the
current response. As we will see later, the burst consists of a wide range of
Fourier frequency components. To obtain high accuracy, it is therefore essential
that the frequency response of the I-V converter is ﬂat over a wide range of
frequencies. This requires an input impedance and an ampliﬁcation which are
independent of frequency. Following the previous discussion, we have therefore
based the design of our I-V converter on the shunt setup in Fig. 4.2(b), followed
by a ﬂat-frequency response, low-noise, high-bandwidth voltage ampliﬁer.
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Figure 4.3: Diagram of the home-built I-V converter.

A diagram of the converter is shown in Fig. 4.3. The voltage ampliﬁer is
based on two identical, non-inverting OPA651 (Burr-Brown) operational ampliﬁer stages [27]. Each stage has a gain of A  10, as determined by the 100 Ω and
910 Ω surface mounted feedback resistors. Initially, the converter is assembled
without the tuning components R1 and C1 . Based on detailed measurements
of the frequency response of the converter, the tuning components are then
selected and mounted. This procedure will be discussed on page 91.
The impedance seen by the two inputs on an OA is not necessarily the
same. It depends on the value of the interchangeable metal-ﬁlm shunt resistor
Rin (0.2–2 kΩ), which is mounted in a socket. Since the OA has a sizeable input
bias current of approximately 4 µA [27], this mismatch in impedance leads to
an oﬀset voltage of several mV on the output of the ﬁrst stage. Consequently, a
20 kΩ multiturn potentiometer connected to the supply voltages ±Vc (Vc = 5 V)
is used together with a 100 kΩ resistor for adjusting the oﬀset voltage whenever
Rin is changed.
In most applications, only the ﬁrst ampliﬁer stage is used. For low Vb , low
Rin studies, a high-frequency (HF) quality switch can be used to activate the
second stage, whereby the overall gain of the voltage ampliﬁer is increased to
A  100. The output of the ampliﬁer is series terminated with 50 Ω to match
the impedance of a 4 m coaxial cable, which is used as a transmission line to the
DSO. To preserve signal integrity [27], the cable is also 50 Ω terminated at the
DSO at the cost of a 6 dB attenuation loss. Thus, the eﬀective gain of the voltage
ampliﬁer is 5 (50) for one (two) stage(s). To assure the best HF performance of
the ampliﬁer, all design recommendations have been followed [27].
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Frequency response and tuning
We use the FG and the DSO for measuring the transfer characteristics of the
converter up to 15 MHz. A harmonic voltage signal from the FG is measured
before and after ampliﬁcation. The input of the converter is coupled directly
to an input line of the DSO using BNC connecters. We insert Rin = 100 Ω to
decouple the input bias current. The output of the converter is connected with
a 30 cm long, unterminated coaxial cable to the DSO.
For each frequency, a snapshot of the signal at the two input lines is acquired
and transferred to the PC. The voltage traces are corrected for the diﬀerential
nonlinearity (DNL) of the DSO (see pages 52–57 in Chapter 3) and ﬁtted to
functions of the type V (t) = V0 sin(2πf t + φ) + Voﬀ with the time t as the
dependent parameter, and the amplitude V0 , phase φ, and oﬀset voltage Voﬀ
as free parameters. The frequency f is ﬁxed. When calculating the phase shift
of the converter, the phase diﬀerence between the two signals is compensated
for the ﬁnite signal speed in the cables. The voltage gain is simply the ratio
between the output and input amplitudes.
These measurements can be used for tuning the feedback. This is illustrated
in Fig. 4.4, where ﬁne details of the gain and phase for the ﬁrst ampliﬁer stage
before (open circles) and after (ﬁlled squares) insertion of R1 and C1 are shown.
Note that the gain scale is linear and extends only from 9.5 to 10. Although
the frequency response prior to the tuning is quite ﬂat, a clear 1.2% (0.11 dB)
decrease occurs in the gain between the lower frequencies (1–10 kHz) and the
higher frequencies (30 kHz–1 MHz).2 Such minute changes depend on details
of the board layout and the performance of the individual OA and can, in
general, not be predicted. However, a compensation can be made by tuning the
gain of the feedback, such that it gradually increases by 1.2% around 20 kHz.
This is approximately achieved by mounting a tuning resistor R1 = 6.5 kΩ and
capacitor C1 = 1 nF in the feedback, as shown in Fig. 4.3.
After tuning, the gain is now constant within 0.5% (1.0%) for frequencies
up to 800 kHz (11 MHz). The phase shift is also lowered to a value  0.5◦ for
frequencies in the range 10–100 kHz. The second ampliﬁer stage could be tuned
in a similar way. However, we have not found this necessary.
In Fig. 4.5 we show the ﬁnal transmission characteristics for one (ﬁlled symbols) and two (open symbols) ampliﬁer stages. The gain is now plotted on the
usual logarithmic scale. The gains are close to 10 (100) for one (two) ampliﬁer
2 Above 1 MHz the gain increase again up to 3 MHz, where the cutoﬀ sets in. However,
since the burst frequency is never larger than 100 kHz, tuning of this frequency regime is not
required.
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Figure 4.4: The detailed frequency response of the ﬁrst ampliﬁer stage in the I-V
converter before (◦) and after (q) insertion of the tuning components R1 = 6.5 kΩ
and C1 = 1 nF in the feedback of the circuit shown in Fig. 4.3.
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Figure 4.5: Frequency response of the I-V converter after tuning when one (, -) or
two ({, q) OPA651 ampliﬁer stages are used. Most measurements (, {) were done
using the FG and DSO from the setup. Four measurements (-, q) were done using a
spectrum analyzer.

stage(s) as expected up to at least 10 MHz, whereafter they gradually decrease.
Noticeable phase shifts are observed only above 1 MHz.
Measurements of the 3 and 6 dB bandwidths (BW) are also included (as
squares) in the gain panel of Fig. 4.5. These measurements were done using a
Hewlett Packard 4195A spectrum analyzer. The 3 dB BW for a single stage is
29 MHz, which is only slightly lower than the optimum value of 34 MHz [27].
When two ampliﬁer stages are used, the BW decreases to 20 MHz.
As will be shown in Sec. 4.9, I-V curves of QPCs can be almost Ohmic
(linear). Since the voltage bursts extend over a ﬁnite number of cycles, even
sinusoidal bursts are composed of a wide spectrum of Fourier components. The
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widest spectra occur for single period bursts. To detect small nonlinearities in
the measured I-V curves, it is therefore essential that a large majority of the
Fourier components are transmitted with the same gain and phase.
In Fig. 4.6 we show the calculated power spectral density (PSD) (the norm
square of the Fourier transform) for single period sinusoidal and triangular
bursts. The PSDs for the two bursts are quite similar and dominated by contributions from zero frequency to twice the burst frequency. Above three times the
burst frequency, the PSD is negligible. In our experiments, the burst frequency
is never larger than 100 kHz, which requires a ﬂat frequency response up to
300 kHz. As can be seen from Fig. 4.5, this requirement is easily met with the
I-V converter. 300 kHz is also well below the cutoﬀ frequency determined by
Rin and Cp ( 6 MHz).

Figure 4.6: Power spectral density of a single period sinusoidal (solid) or triangular
(dashed) burst.

4.4

Model of the circuit

As indicated in Fig. 4.1, we calibrate the setup by interchanging the QPC with
a set of calibrated resistors and measuring Vout as a function of bias voltage for
s
and A in Fig. 4.2(b),
each resistor. Hereby a set of parameters, such as Rin
which accurately describe the behavior of the circuit, can be found.
However, for our setup, more than two parameters are needed for an accurate
calibration. A realistic model based on ﬁve parameters is shown in Fig. 4.7. This
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Figure 4.7: The model used for calculating the transfer characteristics of the setup.

is a DC model, where all parasitic inductances and capacitances are disregarded.
This is justiﬁed since we always operate in the ﬂat frequency response regime.
The ﬁnite output impedance of the FG (≈ 50 Ω) is represented by RFG . We
write the conductance of a calibrated resistor/the QPC as G = gG0 implying
that g is the conductance measured in quantum units. The current I that ﬂows
through the QPC is divided between the input impedance Rin and the OA
input bias current, which is represented by the current sink Ileak . The voltage
ampliﬁer is represented by a frequency-independent gain A and an oﬀset voltage
Voﬀ , such that
Vout = AVin + Voﬀ .

(4.3)

where Vin is the input voltage on the I-V converter. The 6 dB attenuation
loss due to the doubly terminated transmission line between the converter and
the DSO as well as the voltage scaling error on the DSO are absorbed in A.
Similarly, the voltage axis oﬀset error on the DSO is absorbed in Voﬀ .
From the model in Fig. 4.7, we get
Vin =

Rin

VFG
−1
RFG + (gG0 ) + Rin

−1 −1

−1
− Rin
+ RFG + (gG0 )−1
Ileak .

(4.4)

When Eq. (4.4) is inserted in Eq. (4.3), Vout may (with some eﬀort) be written
as
Vout = f1 (g)VFG + f2 (g) ,

(4.5)
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where
fi (g) =

αi g
+ γi ,
g + βi

i = 1, 2

(4.6)

are nonlinear functions of g. The parameters αi , βi and γi are given by
A
,
1 + RFG /Rin
AIleak Rin
,
α2 =
1 + RFG /Rin
1
β 1 = β2 =
,
G0 (RFG + Rin )
γ1 = 0 ,
α1 =

γ2 = −AIleak Rin + Voﬀ .

4.5

(4.7a)
(4.7b)
(4.7c)
(4.7d)
(4.7e)

Calibration

To avoid thermal drift, it is important to warm up the equipment at least
one hour before the calibration. A calibration is only reliable when the V/div
setting on the DSO is kept constant throughout the calibration and experiment.
Normally, our DSO auto calibrates every 30 minutes after warm up. This feature
is turned oﬀ during calibration and experiments to avoid sudden changes in the
oﬀset and scaling errors. Also, to reduce the noise in voltage traces, a 20 MHz
bandwidth ﬁlter is used on the DSO.
The setup is calibrated using a set of 12 calibrated resistors with conductances gj , j = 1 . . . 12 around 0, 0.5, 1, 2, 3.5, 6, 9, 12, 25, 50, 100, and 400
(in units of G0 ). For each resistor 10–20 diﬀerent values of VFG are applied by
adjusting the oﬀset voltage of the FG. Then the DSO is triggered from the PC,
whereby a constant voltage trace is acquired. Finally, the trace is transferred
to the PC, corrected for DNL, and Vout is calculated as its mean value.
Two of the VFG values are chosen such that the resulting Vout is close to the
minimum and maximum values that can be measured by the DSO (except of
course for g=0, where Vout is independent of VFG ). The remaining voltages are
chosen randomly between these extremes (to average out systematic errors).
For each conductance gj , the corresponding function values f1 (gj ) and f2 (gj )
can now be found by making a linear ﬁt to Eq. (4.5). The parameters in Eq. (4.6)
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are subsequently found by ﬁtting the twelve known values of f1 (gj ) and f2 (gj )
(and their uncertainties) to Eq. (4.6) using the Levenberg-Marquandt method
for minimizing χ2 [28]. Initial guesses of the parameters are obtained from
Eq. (4.7) and the approximate circuit parameters in Fig. 4.7. Although β1 = β2
according to Eq. (4.7c), we relax this restriction in the ﬁtting procedure. Thus,
we determine ﬁve free parameters, which is also the number of free parameters
in our original model, cf. Fig. 4.7 (γ1 = 0 is ﬁxed during ﬁtting).
Care should be taken when ﬁtting to a functional form like Eq. (4.6). Usually βi in Eq. (4.7c) has a value of 6–50. When g  βi , the parameters αi
and βi will be fully dependent [29] since fi will only depend on the fraction
αi /βi . Similarly, when g  βi , there will be full dependency between αi and
γi . Therefore, to keep the dependencies between all parameters at a reasonable
level, it is important to calibrate with several resistors that span a wide range
of conductances. With our set of calibrated resistors, the dependency between
any two parameters is always smaller than 90% and typically around 50%. This
is suﬃcient for our purpose.
In Table 4.1 we give an example of the ﬁtted parameters that result from
a typical calibration. The ﬁtted values are in good agreement with the rough
initial guesses, and the most important parameters α1 and β1 are determined
with good accuracy. The goodness-of-ﬁt is high, indicating that the order of
magnitude of the stated uncertainties is reliable [28].

4.6

Calculating the conductance, current and
voltage

The calibration procedure allows us to calculate Vout (g, VFG ) using Eqs. (4.5)
and (4.6). However, in experiments, we are interested in ﬁnding g(VFG , Vout ).
This is done as follows: If we insert Eq. (4.6) in Eq. (4.5) and solve for g, we
obtain a quadratic equation with the usual solution
√
−b ± b2 − 4ac
.
(4.8)
g=
2a
With γ1 = 0 and independent values for β1 and β2 , the coeﬃcients in Eq. (4.8)
are given by
a = α2 + γ2 + α1 VFG − Vout ,

(4.9a)

b = (β1 + β2 ) (γ2 − Vout ) + α2 β1 + α1 β2 VFG ,
c = β1 β2 (γ2 − Vout ) .

(4.9b)
(4.9c)
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Parameter in Eq. (4.6)
α1
β1
α2 (mV)
β2
γ2 (mV)

Initial guess
4.53
24.1
8.13
24.1
0.0

Fitted value
4.581 7±0.000 5
23.906 ±0.004
9.30 ±0.08
23.7
±0.7
0.33 ±0.04

Table 4.1: The ﬁtted parameters that result from a typical calibration. Approximate
speciﬁcations for the circuit in Fig. 4.7 are RFG = 50 Ω, Rin = 486 Ω, Ileak = 4 µA,
A = 5, and Voﬀ = 9.7 mV. The expressions in Eq. (4.7) are used to calculate initial
guesses for the parameters in Eq. (4.6). Ten data points are used for each linear ﬁt, and
the vertical sensitivity on the DSO is 166 mV/div (1.66 mV/LSB). The dependency
between the ﬁtted values of α1 and β1 is 90% [29]. The dependencies between the
remaining parameters are lower than 60%. For the nonlinear ﬁts to Eq. (4.6) we
obtained a χ2 of 6.7 for f1 and 13.8 for f2 . This corresponds to a goodness-of-ﬁt of
75% and 13%, respectively [28].

The sign in Eq. (4.8) depends in a rather complicated way on the sizes and
signs of the voltages and parameters in Eq. (4.9). The correct sign can be found
by checking which solution solves Eq. (4.5).
When g is known, the current I can be found from the model in Fig. 4.7 as
I=

VFG + Rin Ileak
−1

RFG + (gG0 )

+ Rin

.

This expression can be written in terms of the known voltages and calibration
parameters in Eq. (4.6) by using Eqs. (4.7a–c)
I=

VFG + α2 /α1
G0 .
β1−1 + g −1

(4.10)

According to Eq. (4.7c) we are free to use either β1 or β2 in Eq. (4.10). We use
β1 due to its very small uncertainty, cf. Table 4.1. We have checked the validity
of Eq. (4.10) by inserting an ammeter and measuring the current through calibrated resistors under DC conditions (its inner resistance is absorbed in RFG
during calibration).
Finally, using Ohms law, the voltage drop across the QPC can be calculated
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from Eqs. (4.8) and (4.10)
V =

4.7

I
.
gG0

(4.11)

Timing the burst

In our experiments, we only measure Vout (t). To calculate the conductance of
and current through a QPC, we also need to know VFG (t) according to Eqs. (4.8),
(4.9) and (4.10). This is no problem during the calibration procedure since
VFG here has a constant, known value (the oﬀset voltage). When we work with
voltage bursts, this is no longer the case. Measuring VFG (t) directly with another
input channel on the DSO is impossible since VFG is the voltage to which the FG
is internally set, cf. Fig. 4.7. The voltage that can be measured at the output
terminal is diﬀerent due to the voltage drop in RFG . Furthermore, RFG cannot
be found from the calibration parameters in Eq. (4.7) (four equations with ﬁve
unknowns).
Instead, we assume that the FG sends out an ideal signal with the requested
properties (frequency, amplitude, etc.) and calculate VFG (t). Later, we will see
that this is a very good assumption for our FG provided the burst frequency is
no larger than 100 kHz. However, the proper synchronization of the calculated
FG signal VFG (t) with Vout (t) still remains. This is best illustrated with an
example.
In Fig. 4.8 is shown a measured voltage trace of Vout (t) when a triangular
voltage burst is applied to a calibrated resistor. This particular voltage trace
will be used as an example in this section and in the following section. At a
given time the operator gives the DSO a trigger signal corresponding to t = 0 on
the time axis. In response to this, the DSO sends out a trigger signal to the FG
(Fig. 4.1). This happens within 150 ns. Upon receipt of the trigger signal, the
FG spends another 1 300±25 ns before the burst is sent out (the burst latency).
Adding to this a propagation time of ≈ 50 ns through the cables, the burst
signal will be delayed by up to 1.5 µs as compared to the DSO trigger time.
This can be seen in Fig. 4.8, where a 1–2 µs delay occurs between the DSO
trigger time and the burst onset. When calculating VFG (t), we have to take the
burst delay very carefully into account.
In Fig. 4.9 we demonstrate how sensitive the calculated conductance traces
are to the burst delay, which is used when calculating VFG (t). The calculations
are based on the voltage trace in Fig. 4.8. Since this measurement is performed
on a calibrated resistor, the conductance should ideally be independent of the
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Figure 4.8: The measured output voltage Vout (t) when a three cycle, 46 kHz triangular
burst with an amplitude of 1.15 V, superimposed on a 0.03 V oﬀset voltage is applied to
a resistor with a conductance of g = 3.5373. Setup speciﬁcations are identical to those
given in Table 4.1. The voltage trace consists of 10k data points (100 Msamples/s).
The DSO is triggered at t = 0.

applied voltage, and thus on the time. This is basically what we observe in
Fig. 4.9(b), where a burst delay tbd = 1 349 ns is used: Before the onset of the
burst, only a small fraction of the dynamic voltage range on the DSO is used
(see Fig. 4.8), resulting in noise in the calculated conductance value. During the
burst, the noise decreases with increasing signal magnitude. When the burst
voltage changes sign (a crossing), the signal is lost, and the noise level increases
dramatically. So, although the noise level changes during the burst, the average
value of the conductance is almost constant and close to the calibrated value
(3.5373).
When the timing between VFG (t) and Vout (t) is changed by only 30 ns (2% of
tbd ), the conductance becomes very asymmetric around the zero voltage crossings as illustrated in Fig. 4.9(a) and (c). Since there is a jitter of 50 ns in the
FG burst latency, it is necessary to adjust the burst delay of every single voltage
trace. Normally, we have several hundred traces in a single data set, so it is
quite time-consuming to make these adjustments manually using trial and error
and visual inspection.
To ease the delay adjustments, we have developed an automatic procedure
for ﬁnding the optimum delay. The basic idea is to construct a suitable ﬁgure-
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Figure 4.9: Calculated time evolution of the conductance g(t) of a calibrated resistor
(g = 3.5373) for three diﬀerent delays of the FG burst signal [(b) 1 349 ns, (a) 30 ns
shorter, and (c) 30 ns longer]. The conductance is calculated using Eqs. (4.8) and (4.9).
To calculate the time evolution of the coeﬃcients in Eq. (4.9), we use the measured
voltage trace in Fig. 4.8, the calibration parameters in Table 4.1 and VFG (t). The
latter is calculated based on the burst parameters in Fig. 4.8 and the chosen burst
delay.
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of-merit Fasym (tbd ), which increases with increasing asymmetry of g around the
crossings. The optimum delay t0bd is then found by minimizing Fasym (tbd ) with
respect to tbd .
To construct Fasym , we calculate the total conductance at a crossing gc from
the slope of the calculated I-V curve in the vicinity of the crossing. In addition,
we ﬁnd the crossing time tc , where VFG (tc ) = 0. Now, the sum

(gi − gc ) (ti − tc )
i

over all data points (gi , ti ) near the crossing is a measure of the asymmetry
around the crossing. It is negative (positive) when the delay is too short (long),
cf. Fig. 4.9(a) and (c). If we improve the statistics by extending the summation
to all crossings and square the result, we obtain a ﬁgure-of-merit which increases
with increasing asymmetry. We therefore deﬁne

2 




[gi (tbd ) − gc ] [ti − tc (tbd )]  ,
Fasym (tbd ) ≡ ln 


c,i
(4.12)
where the logarithm is included because the square of the sum tends to vary
over many orders of magnitude. Usually, we include 100 data points around
each crossing when evaluating Fasym .
A plot of Fasym (tbd ) is shown in Fig. 4.10 for the voltage trace in Fig. 4.8.
It has one sharp minimum at t0bd = 1 349 ns, which is identical to the delay used
for calculating the conductance trace in Fig. 4.9(b).
The scheme presented here for ﬁnding the optimum burst delay is very robust
when the conductance is constant, as is the case when we insert calibrated
resistors in the circuit. However, it also works quite well for measurements on
QPCs with rapidly ﬂuctuating values of g(t). For about 80% of these traces,
the optimal delay can be found automatically. For the remaining traces, very
narrow and large glitches appear in Fasym whereby a wrong burst delay is found.
Such a (small) glitch can actually be seen at a burst delay around 1 340 ns in
Fig. 4.10.

4.8

Performance on resistors

The performance of the setup after calibration and optimization of the burst
delay can conveniently be tested using calibrated resistors. In Fig. 4.11(a) we
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Figure 4.10: Plot of the asymmetric ﬁgure-of-merit Fasym [Eq. (4.12)] as a function
of burst delay for the voltage trace in Fig. 4.8. 100 data points were used around each
crossing. The optimum burst delay is t0bd = 1 349 ns.

show the ﬁnal, calculated I-V curve for a g = 3.5373 resistor based on the
voltage trace in Fig. 4.8. Note, that although the voltage burst consists of three
cycles, all the curves collapse onto one straight line. The acquisition time is
65 µs, cf. Fig. 4.8.
To check for nonlinearities in the I-V curve, we ﬁt the calculated curve to
the following third order polynomial in V
1
1
I(V ) = I0 + g (0) G0 V + g (1) G0 V 2 + g (2) G0 V 3 ,
2
6

(4.13)

where I0 is a constant oﬀset current. The other terms are related to the voltagedependent diﬀerential conductance measured in quantum units gd (V ), which is
given by
gd (V ) ≡

1 ∂I
G0 ∂V

=g

(0)

+g

(1)

1
V + g (2) V 2 .
2

(4.14)

From this equation, it is clear that g (0) is the diﬀerential (and total) conductance
at zero bias measured in quantum units, whereas g (1) and g (2) are the ﬁrst and
second partial derivatives of gd with respect to V .
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Figure 4.11: (a) I-V curve of a calibrated resistor with conductance g = 3.5373
calculated from Eqs. (4.10) and (4.11) using the burst part of the measured voltage
trace in Fig. 4.8, the calibration parameters in Table 4.1, and the optimized burst delay
t0bd found in Fig. 4.10. When the I-V curve is ﬁtted to the third order polynomial in
Eq. (4.13), we get g (0) = 3.5252 ± 0.0008. (b) The residual part of the calculated I-V
curve after subtracting the ﬁtted linear term.
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I0 (nA)
g (0)
g (1) (V−1 )
g (2) (V−2 )
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−330±30
3.5252±0.0008
−0.0002±0.0002
0.030±0.008

Table 4.2: Parameters for third-order polynomial ﬁt [Eq. (4.13)] to I-V curves on a
g = 3.5373 resistor (Fig. 4.11). The uncertainties include only random measurement
errors. The dependency between g (0) and g (2) is 92% and −72% between I0 and
g (1) [29].

The ﬁtting parameters for the I-V curve in Fig. 4.11(a) are given in Table 4.2.
The dominant linear term g (0) is 0.3–0.4% below the calibrated value. The
residual current signal after subtracting the linear term from Fig. 4.11(a) is
shown in Fig. 4.11(b). It is dominated by noise. On close inspection, the residual
current tends to split into two signals at large magnitudes of the voltage. This
originates from the diﬀerent voltage sweeps, which do not overlap completely.
In this case a rising (falling) voltage ﬂank gives a curve with a small negative
(positive) g (1) . This is probably due to a not 100% correct burst delay. However,
if data from an integer number of full burst cycles are included in the ﬁt (as
is the case here), the curvature tends to average to zero, as can be seen in
Table 4.2, where g (1) is very small and zero within the uncertainty of the ﬁt.
The voltage trace in Fig. 4.8 was acquired several hours after the setup was
calibrated, after more than 200 I-V curves on Au QPCs had been acquired.
Thus, a small current oﬀset error due to thermal drift is to be expected. This
is conﬁrmed in Table 4.2, where a small statistically signiﬁcant I0 of about
−300 nA is found from the ﬁts. Finally, the third order term g (2) has a small, but
statistically signiﬁcant, positive value of about 0.03 V−2 . This is not surprising
since we have assumed that (i) the gain of the setup is frequency-independent;
(ii) the calculated FG signal is an ideal signal; and (iii) the burst delay is
correct. These assumptions are not strictly valid and will inevitably lead to
small, systematic nonlinearities in the I-V curves.
For the I-V curve in Fig. 4.11(a), the maximum nonlinear contribution to the
I-V curve occurs around −1.0 V [since g (1) is negative]. Here, the second and
third order terms contribute less than 0.2% to the total current. If we decrease
the burst amplitude, the nonlinear constants g (1) and g (2) tend to have larger
magnitudes. However, the maximum nonlinear contribution to the current is
kept at the same low level since these terms depend on higher orders in V .
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Tests on other calibrated resistors with conductances between 0.5 and 400
G0 have also been performed using both sinusoidal and triangular bursts with
frequencies in the range 1–100 kHz. In all cases, we have found that (i) the
linear term g (0) can be determined with an accuracy better than 1% (normally
≈0.5%); and (ii) the nonlinear contributions from g (1) and g (2) to the I-V curves
are smaller than 1% (normally ≈ 0.3%). We have also checked how the ﬁtting
parameters depend on the burst delay. As long as tbd is changed by only a few
percent [like in Fig. 4.9(a), where it is clear that the delay is inadequate] the
change in the parameters is negligible.

4.9

Gold quantum point contacts

We ﬁnally demonstrate how the setup can be successfully applied to measuring
I-V curves on Au QPCs formed between an STM Au tip and a Au(111) surface
in UHV at RT. The Au(111) surface is cleaned by repeated sputtering with
1.5 keV Ar ions at 45◦ incidence followed by annealing to 550 ◦ C. The Au tip is
made by cutting a 0.25 mm diameter, 99.99% pure Au wire. The tip is ‘cleaned’
prior to the experiments by indenting it repeatedly into the surface to a depth
of 500 Å.
The topography of the Au(111) surface is imaged in constant current mode
using a conventional set of STM electronics. Images displaying atomic resolution
and the so-called ‘herringbone’ reconstruction [30] are shown in Fig. 4.12. The
images are clean on the atomic scale, and we take this as an indication of a wellprepared surface. After the initial STM inspection, the tip is retracted a few
µm, and the fast electronics for acquiring fast I-V curves (Fig. 4.1) is connected
to the STM.
By means of the inchworm motor, the tip is approached to the surface until
the conductance increases above 1 G0 . The computer-controlled feedback loop
is then enabled wherein Vout is acquired repeatedly from the ADC (cf. Fig. 4.1),
and the corresponding conductance is calculated using Eq. (4.8). In this manner
it is quite easy to stabilize the Au contact at a conductance larger than 10 G0 .
However, smaller contacts tend to be quite unstable, and we cannot stabilize
them using the computer controlled feedback since it has a rather long response
time of ≈ 10 ms.
Quite often we observe that contacts with a conductance smaller than 10 G0
tend to break spontaneously. This is probably due to a spontaneous ‘diﬀusion
out of contact’. External vibrations do not seem to cause the breaks since we
have been able to acquire images with atomic resolution [see Fig. 4.12(a)].
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Figure 4.12: STM images of the clean Au(111) surface using a Au tip. (a) The
atomically resolved surface (30 × 30 Å2 ). (b) The ‘herringbone’ reconstruction (500 ×
500 Å2 ) [30].

The DSO is triggered by events in which the conductance goes below ≈ 3 G0
such that a voltage burst is initiated immediately before the contact is broken.
Hereby it is possible to study the I-V curves of several metastable conﬁgurations
in the contact during the ﬁnal stages of the breaking process. An example of
this is given in Fig. 4.13, where a three-cycle, 10 kHz triangular burst with
an amplitude of 1.1 V, superimposed on a 40 mV oﬀset voltage, is applied to
a Au QPC with an initial value of the conductance around 3 G0 [see inset in
Fig. 4.13(a), only the ﬁrst two cycles are shown].
The calculated time evolution of the total conductance is shown in Fig.
4.13(a). The conductance trace is composed of four very well deﬁned plateaux
close to 3, 2, 1, and 0 G0 . The noise in the signal is large before the onset of the
burst and diverges at the crossings of VFG as discussed in relation to Fig. 4.9.
The conductance on a plateau is almost independent of the bias voltage, and the
transition between plateaux occurs very quickly. Glitches in the conductance
occur immediately before B and 10–15 µs before E. An intermediate plateau
around 1.7 G0 is observed for a very short period of time (0.6 µs) at D. The
overall behavior of the trace in Fig. 4.13(a) is quite similar to what is usually
observed in Au QPCs under constant bias voltage conditions at RT [3, 8, 9, 14,
31–36] (see also Fig. 3.3 on page 51 in Chapter 3).
In Fig. 4.13(b), we show the calculated I-V curve for the conductance trace
in Fig. 4.13(a). It consists of segments of almost straight lines through the
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Figure 4.13: (a) Calculated total conductance on a breaking Au QPC under an
applied voltage burst (inset). (b) The corresponding calculated I-V curve. Lines
corresponding to integer values of the conductance quantum have been inserted to
guide the eye. There are 5 000 data points in the plot (50 ns/point).
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origin. The segments closely follow lines corresponding to quantized and voltageindependent values of the conductance. This is at variance with all previous I-V
curves recorded on stable Au contacts at RT [8–12]. The origin of these apparent
discrepancies will be discussed in the next two Chapters.

4.10

Summary

We have constructed a setup which is capable of acquiring accurate I-V curves
on metallic QPCs during a period which may be as short as 10 µs. Tests
on resistors show that nonlinear contributions to the I-V curves are typically
smaller than 0.3% (always better than 1%). From the slope of the I-V curve,
the conductance can be found with an accuracy of typically 0.5% (always better
than 1%). The time resolution of the setup is typically 25–100 ns. Initial tests on
metastable Au QPCs at RT reveal almost Ohmic I-V curves with nonlinearities
much smaller than reported for stable contacts [8–12].

110

REFERENCES

References
[1] L. Olesen, E. Lægsgaard, I. Stensgaard, F. Besenbacher, J. Schiøtz, P.
Stoltze, K. W. Jacobsen, and J. K. Nørskov, “Quantized Conductance in
an Atom-Sized Point Contact,” Phys. Rev. Lett. 72, 2251–2254 (1994).
[2] L. Olesen, E. Lægsgaard, I. Stensgaard, F. Besenbacher, J. Schiøtz, P.
Stoltze, K. W. Jacobsen, and J. K. Nørskov, “Reply to “Comment on
‘Quantized conductance in an Atom-Sized Point Contact’ ”,” Phys. Rev.
Lett. 74, 2147 (1995).
[3] M. Brandbyge, J. Schiøtz, M. R. Sørensen, P. Stoltze, K. W. Jacobsen,
J. K. Nørskov, L. Olesen, E. Lægsgaard, I. Stensgaard, and F. Besenbacher,
“Quantized conductance in atom-sized wires between two metals,” Phys.
Rev. B 52, 8499–8514 (1995).
[4] L. Olesen, “Experimental Investigation of the Junction in a Scanning Tunneling Microscope,”, PhD thesis, University of Aarhus, 1996.
[5] E. Scheer, P. Joyez, D. Esteve, C. Urbina, and M. H. Devoret, “Conduction
Channel Transmissions of Atomic-Size Aluminum Contacts,” Phys. Rev.
Lett. 78, 3535–3538 (1997).
[6] E. Scheer, N. Agraı̈t, J. C. Cuevas, A. L. Yeyati, B. Ludoph, A. Martı́nRodero, G. R. Bollinger, J. M. van Ruitenbeek, and C. Urbina, “The signature of chemical valence in the electrical conduction through a single-atom
contact,” Nature 394, 154–157 (1998).
[7] B. Ludoph, M. H. Devoret, D. Esteve, C. Urbina, and J. M. van Ruitenbeek,
“Evidence for Saturation of Channel Transmission from Conductance Fluctuations in Atomic-Size Point Contacts,” Phys. Rev. Lett. 82, 1530–1533
(1999).
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Chapter 5

Current-Voltage Curves of
Gold Quantum Point
Contacts
law I = GV is known to hold for many everyday conductors such as
O hm’s
macroscopic wires and carbon resistors. The linear relationship between

the current and the voltage is, however, not of universal validity as shown in
Fig. 5.1.
A seemingly trivial example of this is the light bulb: At low applied voltages
the conductance is high because the ﬁlament is cold. With increasing voltage,
the ﬁlament heats up, whereby the conductivity (and hence the conductance)

Figure 5.1: Schematic current-voltage curves of some common electrical components.
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decreases. This leads to a rather nonlinear current-voltage (I-V ) curve, where
the current tends to saturate at voltages where the ﬁlament begins to glow.
But Ohm’s law is still obeyed for a light bulb in the sense that the explicit
dependence between the current and the voltage is linear: I = G(T ) V . The
nonlinearities arise because the ﬁlament temperature T depends on the voltage
V . If the temperature of the light bulb could be kept constant (for example by
sweeping the voltage very fast), the I-V curve would be linear.
A real breakdown of Ohm’s law is found in many electronic components. A
familiar example is the diode, which obeys the highly nonlinear current-voltage
relation I ∝ [exp(βeV ) − 1], where β ∼ (kB T )−1 [1]. This relation implies that
a forward biased diode is a very good conductor. On the other hand, a reversely
biased diode basically blocks the current.
The basic diﬀerences between a diode and a resistor (or light bulb) are; (i)
the magnitudes of the electric ﬁelds are much larger in a diode because it is
concentrated in the thin depletion layer of the p-n junction, and (ii) the p-n
junction is inhomogeneous and breaks inversion symmetry. The latter results
in a polarity dependence of the current (rectiﬁcation).
In the previous Chapter on page 108 in Fig. 4.13 we showed that voltages
up to 1 V can be applied to a Au quantum point contact (QPC) at room
temperature (RT). The QPC conductance in Fig. 4.13(a) goes through a series
of transient states with a conductance close to 3, 2, and 1 G0 , meaning that
only a few atoms are found in its smallest cross-section. Thus, the voltage drop
is concentrated in a nanometer-sized region around the QPC (see footnote 7
on page 14 in Chapter 2 and Refs. 2, 3). As a consequence, the ﬁeld strength
reach values of the order V/nm, i.e., comparable to the ﬁeld in the vacuum gap
of a scanning tunneling microscope (STM), and much larger than the ﬁeld in
a p-n junction. Unlike a diode, a QPC formed between similar electrodes is
not expected to exhibit much rectiﬁcation due to its homogeneous composition.
There may, however, still be a weak polarity dependence due to dissimilarities
between the contact geometry on each side of the constriction.
Despite this, the I-V curve shown in Fig. 4.13(b) is almost linear (by the
piece). As discussed brieﬂy on page 109, this linear behavior is in contrast to
all previous measurements on I-V curves acquired from Au contacts at RT.
To further elucidate this apparent puzzle, we have performed more systematic
studies of Au I-V curves under diﬀerent experimental conditions. The outcome
of this work is presented in this Chapter and forms the basis of papers [IV] and
[V].
Our experiments conﬁrm that I-V curves on (clean) Au QPCs are indeed
(almost) linear. Self-consistent spd tight-binding calculations on one- and two-
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atom contacts (performed by Mads Brandbyge) are shown to be in excellent
agreement with the experiments. Only when the sample has not been sputtered
and annealed do we observe stable contacts, which exhibit clear nonlinearities
for voltages larger than 0.1–0.5 V. We suggest that the nonlinear curves in our
experiments are due to tunneling through a thin contaminant layer of organic
molecules in the tip-sample interface. A detailed discussion of these curves are
deferred to Chapter 6.

5.1

Motivation

For QPCs, the main focus has so far been on the low bias voltage (V < 0.25 Volt)
regime of the conductance. For high bias new important questions concerning
nonlinear conductance [2, 4–14], electromigration [15–19] and heating [20] arise.
At the present stage, however, the available experimental results [4–10, 17–19]
on ﬁnite bias conduction in Au QPCs are contradictory, and the theoretical
interpretation of the results is unclear [2, 8, 12–14].
Sakai and co-workers [17–19] studied conductance histograms acquired from
transient Au contacts in a relay and found that the 1 G0 peak did not change
its position as the bias voltage was gradually increased to 2 V. This observation
suggests that the conductance of monatomic Au contacts (which have a conductance close to G0 [21–23]) is almost independent of voltage. This is in contrast
to several reports [4–10] of I-V characteristics measured on stable Au contacts
at room temperature (RT), which display clear nonlinearities for voltages larger
than 0.1–0.5 V.

5.2

Experimental details

Previous measurements of I-V curves on Au contacts [4–10] were done over
a period of 0.1–50 s, thus restricting the measurements to contacts which are
stable over relatively long time-scales. Instead, we use the fast setup already
described in Chapter 4, whereby we decrease the acquisition time by four to
seven orders of magnitude.

Contact formation techniques
The contacts are formed between a polycrystalline Au tip mounted in a scanning
tunneling microscope (STM) and a Au(110) single crystal surface under ultrahigh vacuum (UHV) conditions in two diﬀerent ways:
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• Hard indentations. The tip is ﬁrst indented 40–100 Å into the surface and
retracted at a speed of ≈ 100 Å/s. When the conductance has dropped
below a user deﬁned preset, a voltage burst is automatically applied to
the contact.
• Soft indentations. The indentation is stopped the ﬁrst time the conductance surpasses a user deﬁned preset (1–20 G0 ). In a computer controlled
feedback loop, the vertical position of the tip is then continously adjusted
to keep the conductance as stable as possible. When (if) stabilized, a
voltage burst is applied to the contact upon request from the user.
Contacts with stable conductance values are favored by the latter contact formation technique because it relies on human response. For the hard indentations,
on the other hand, there is a delay of only 1.5 µs between the fulﬁlment of the
trigger criterion and the onset of the burst (see the discussion beginning on page
99 in Chapter 4).

Cleaning procedures
Besides varying the contact formation technique, we have investigated how the
cleanliness of the Au(110) sample inﬂuences the measured I-V curves by using
two diﬀerent sample preparation techniques:
• A clean surface (veriﬁed by STM imaging with atomic-scale resolution, cf.
Fig. 4.12) is produced by sputtering and annealing under UHV conditions
as explained on page 106 in Chapter 4.
• The sample is rinsed in water and ethanol in air before being placed in a
UHV chamber.

5.3

The stability criterion

As we saw in Fig. 4.13, the contact geometry may change during a single period
of a voltage burst and go through several transient states. Such mechanical
deformations complicate the interpretation of the I-V characteristics. For example, from the I-V curve in Fig. 4.13(b) it is evident that the points B, D,
and E correspond to major, abrupt changes in the atomic conﬁguration in the
contact. However, as shown in several low temperature experiments with mechanically controllable break junctions (MCBJs) [23–25], the conductance of a
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Figure 5.2: The B–C–D segment of the I-V curve in Fig. 4.13(b) after subtraction
of 1.95 G0 V and smoothing over 20 data points. The segment was acquired during
22 µs. The voltage sweeps are seen to split upon approaching points B and D. Thus,
the contact geometry must have changed slightly during the burst cycle and it does
not meet our selection criterion.

Au QPC may also change continuously in between these points due to elastic
deformations of the metallic bonds.
If such elastic deformations take place during a burst, ‘false’ nonlinearities
emerge in the I-V curve. We illustrate this point in Fig. 5.2, where we have
taken the B–C–D segment of the I-V curve in Fig. 4.13, subtracted an I-V curve
corresponding to a 1.95 G0 conductor, and smoothed over 20 points to remove
some of the noise. Neglecting the rapid ﬂuctuations,1 it is clearly seen that
the residual current signal for the segment B–C diﬀers from the C–D segment.
Especially, points B and D do not meet. This indicates that the geometry of the
contact has changed slightly during the 22 µs, which have passed from point B
to D.
In our analysis of the I-V curves, we have therefore only included curves,
1 Since these wiggles do not ‘retrace’ themselves upon going forth and back close to point
C, they are probably not a signature of the kinds of conductance ﬂuctuations that have been
observed by Ludoph and Ruitenbeek at low temperatures [26, 27]. Instead, instrumental
measurement noise is probably the origin of the ﬂuctuations.
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which fulﬁll the following criterion: The I-V curve should retrace itself when
the voltage is swept back and forth. This judgment is done ‘by eye’ since there
is no way of clearly distinguishing random noise from systematic deviations. If
we for example focus alone on the V < 0 part of Fig. 5.2, we would say that
there is a fair agreement between the two sweeps. However, due to the large
discrepancies for V > 0, this particular curve is discarded.

Anomalies due to instrumental artifacts
Finally, we note that the residual current curve in Fig. 5.2 is very steep close to
the maxima and minima of the voltage burst. In general, we ﬁnd such features
in the curves independent of the amplitude of the burst and the stability of the
contact. Hence, we can conclude they must be due to instrumental artifacts.
Since these points in the curve are close in time to the turning points of the
calculated (triangular) burst voltage, the observed anomalies may be due the
ﬁnite bandwidth of the setup, which smears such sharp features. Small errors
in the burst delay will also aﬀect the shape of the I-V curve close to the turning
points due to a lack of timing between the calculated and measured turning
points.
Whatever the cause might be for these anomalies, they can aﬀect the nonlinear terms that may come out of a least-squares ﬁtting to, say, a polynomial.
To avoid this, we will in the following always neglect the 80 data points that
are closest to a turning point in a full burst cycle. (For Fig. 5.2 this would
correspond to neglecting 20 data points at B, 40 data points at C, and 20 data
points at D.)

5.4

Experimental results

Current-voltage curves
Examples of I-V curves acquired under diﬀerent experimental conditions are
shown in Fig. 5.3. All curves are acquired at RT, except curve (b), where the
sample is cooled to −100 ◦ C (the base of the tip is still close to RT). This is
necessary because contacts formed at RT by soft indentations on sputtered and
annealed samples tend to break spontaneously when the conductance is lower
than about 5 G0 . Only by cooling the sample is it possible to stabilize the contact
on a ‘human response’ time scale. Contacts formed by hard indentations in UHV
also break spontaneously when the conductance is only a few quantum units,
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Figure 5.3: Examples of measured I-V curves of Au contacts using diﬀerent sample
preparation/contact formation techniques. Curves (a), (c), and (d) are acquired at
RT during 20 µs (a single period of a 50 kHz triangular voltage burst) and consist
of 2 000 data points each. The sample temperature is −100 ◦ C for curve (b), which
is acquired during 22 µs (a single period of a 46 kHz triangular voltage burst) and
consists of 2 200 data points. Best ﬁts to Eq. (5.1) (dashed lines) give the following
values of (G, G , G ) in units of (G0 , G0 /Volt, G0 /Volt2 ): (a) (1.95, −0.08, 0.07);
(b) (1.99, 0.03, 0.00); (c) (1.91, 0.07, −0.05); (d) (1.72, −0.02, 0.59). Individual I-V
curves are shifted by 100 µA for clarity.

122

CHAPTER 5. I-V CURVES OF AU CONTACTS

but under these circumstances the setup triggers automatically as explained
previously in Sec. 5.2.
The curves in Fig. 5.3 are almost linear if the sample is sputtered and annealed or the contacts are formed by hard indentations [curves (a), (b), and
(c)]. In contrast, nonlinear I-V curves are almost exclusively found when the
sample is rinsed in air and the indentations are soft [curve (d)].
We ﬁnd that contacts exhibiting nonlinear I-V curves are more robust than
their linear counterparts: Reproducible I-V curves can be obtained at voltages
up to ±2 V, and the contacts can be stable for hours. In contrast, contacts
corresponding to linear I-V curves tend to destabilize for voltages larger than
≈ 0.75 V (at RT) and contacts with a conductance smaller than 5 G0 typically
break spontaneously within milliseconds.

Polynomial ﬁts
Independent of the contact formation technique and the cleaning procedure, we
ﬁnd that the I-V curves can be ﬁtted with good accuracy (see dashed lines in
Fig. 5.3) to a third-order polynomial in the applied voltage [7–10]
I(V ) = GV + G V 2 + G V 3 ,

(5.1)

where G is the low bias conductance, and G is a constant describing the polarity dependence of the current due to asymmetries in the contact region. For
most curves |G | < 0.1 G/Volt. In the following we will focus on the nonlinear
parameter G and its dependence on G.
Fitted values for G and G based on I-V curves obtained from 166 diﬀerent
contacts with a low bias conductance lower than 4 G0 are shown in Fig. 5.4.
For I-V curves formed in hard indentations or on a sputtered and annealed
sample, 80% of the points collapse onto two well-deﬁned regions which have
a small third-order term (|G | < 0.2 G0 /Volt2 ) and a low bias conductance
close to 1 G0 or slightly below 2 G0 . About 80% of the I-V curves obtained
from soft indentations on a rinsed sample have non-linear terms which exceed
0.2 G0 /Volt2 and arbitrary values of G. The remaining 20% are found in the
above-mentioned regions.
In Fig. 5.5 we have extended the graph in Fig. 5.4 to values of the low bias
conductance up to 12 G0 . For contacts formed by soft indentations on a rinsed
sample, G increases steadily and roughly linearly with G reaching a maximum
value of about 8 G0 /Volt2 . In contrast, contacts formed on the sputtered and
annealed sample have much smaller values of G . For G < 4 G0 , we saw in
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Figure 5.4: The nonlinear term G vs. low bias conductance G obtained by ﬁtting
measured I-V curves to Eq. (5.1) for diﬀerent sample preparation/contact formation
techniques. Only ﬁts to nearly polarity independent I-V curves (|G | < 0.05 G/Volt)
with small uncertainties of the cubic term (σG < 0.01 G/Volt2 ) are shown.
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Figure 5.5: An extension of Fig. 5.4 to larger values of the low bias conductance.
Instead of the low temperature data in Fig. 5.4 for soft indentations on a sample
cleaned in UHV, we show the equivalent room temperature data. Thus, all data in
the ﬁgure are taken at room temperature.

Fig. 5.4 that |G | < 0.3 G0 /Volt2 for these contacts. However, as G increases
towards 12 G0 , G becomes positive for most curves with a mean value around
1 G0 /Volt2 . Also, the clustering of G near integer values of G0 in Fig. 5.4 is
evidently not present for larger values of G.

5.5

Tight-binding calculations

Contact Geometry
To further elucidate our experimental ﬁndings for the smallest contacts, we have
performed transport calculations for the two simple contact geometries on the
(110) surface shown in the inset of Fig. 5.6. The contacts have either one (a)
or two (b) atoms in their smallest cross-section. The geometries are basically
identical to a model proposed by Ohnishi et al. [22] in relation to the observation
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Figure 5.6: Left: I-V characteristics calculated using a self-consistent tight-binding
model for the one- (a), and two-atom (b) contacts shown in the insert. All interatomic
distances are taken to be equal to the bulk value. Solid lines are zero-bias extrapolations corresponding to (a) G = 1.02 G0 , (b) G = 1.88 G0 . The I-V curve for (b)
has G = −0.07 G0 /Volt2 . Right: The eigenchannel transmissions {Tn (E − EF , V )}
for the two-atom contact (sorted by size and labeled by {, -, , ◦}) are shown for
V = 0 Volt and V = 1.5 Volt. The vertical dashed lines deﬁne the energy window [cf.
Eq. (5.2)] used when calculating the current.
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of single-atom Au chains in high-resolution transmission electron microscope
(TEM) images. However, the chains used here are one atom shorter.

Computational details
A non-orthogonal tight-binding (TB) model (with s, p, and d orbitals) is used
for calculating the electronic structure and current self-consistently at ﬁnite
bias (see Ref. 2 for details and further references). Parameters for the TB
Hamiltonians are based on ﬁts to ab initio bulk band structures obtained from
density functional calculations. All interatomic distances in the contact are
ﬁxed at their bulk values.
All atoms are assumed to be charge neutral. This corresponds to assuming
that the electron screening length is no longer than one nearest neighbor distance. Charge neutrality is accomplished by adjusting the local potential on
each atom in the contact region (white atoms in Fig. 5.6) self-consistently also
at ﬁnite bias. The atoms in the contact region are connected to semi-inﬁnite
(110) gold electrodes (gray atoms). The current is calculated from the zero temperature limit of the Landauer-Büttiker form [Eq. (2.23)], which we encountered
on page 22 in Chapter 22
I=

2e
h



EF +eV /2

dE Tr t† (E, V )t(E, V ) ,

(5.2)

EF −eV /2

where the transmission amplitude matrix t(E, V ) is calculated using the nonequilibrium Green-function formalism. Using the same formalism, the local
density of states projected onto TB orbitals can also be found. At a ﬁxed voltage V , the set of eigenchannel transmission probabilities {Tn (E, V )} are given
by the eigenvalues of t† (E, V )t(E, V ).

Computational results
For both contact geometries, mainly the 6s valence electrons conduct. In agreement with earlier calculations for Au contacts between (100) and (111) surfaces [2], we ﬁnd a conductance of the one-atom contact close to G0 : At zero bias,
the individual channel transmissions (> 0.005) are T1 = 1.00 and T2 = 0.02.
For comparison, the total transmission through a three-atom chain is dominated
2 In Brandbyge’s calculations, the electrodes to the left and right are shifted in energy by
±eV /2. A diﬀerent convention was used in Chapter 2. That is why the integration limits of
the zero temperature version of Eq. (2.23) diﬀer from Eq. (5.2) given above.
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by a single eigenchannel with transmission T1 = 0.98. The total transmission
for the longer chain goes down by 0.04 due to loss of tunneling contributions
through neighboring atoms [13].
The eigenchannel transmissions vs. energy Tn (E, V ) for the two-atom contact are shown in the panels to the right in Fig. 5.6 for V = 0 Volt and
V = 1.5 Volt. At zero bias, we ﬁnd a conductance slightly below 2 G0 , which is
dominated by two eigenchannels with high transmission probabilities (T1 = 0.95
and T2 = 0.91). In addition, there are two weakly conducting eigenchannels
(T3 = 0.01 and T4 = 0.01). We ﬁnd that the I-V curve is very linear for the
one-atom contact and has a slight down bend for the two-atom contact, which
is caused mainly by the decrease of one of the main eigenchannel transmissions
below EF . Although there are substantial variations in the transmissions, only
modest variations are seen in the I-V curve since the total transmission is found
by averaging the sum of individual eigenchannel transmissions over the voltage
window [EF − eV /2; EF + eV /2], see Eq. (5.2).

5.6

Discussion

When Au is exposed to air
Although Au is the noblest of all metals [28], a layer of contaminant organic
molecules with a thickness of a few Å actually forms spontaneously on the clean
surface when exposed to ambient conditions [29, 30]. Minuscule amounts of
organic molecules in the laboratory atmosphere is suﬃcient to rapidly cover
the surface. For example, with a concentration of only one part-per-billion
(ppb) at atmospheric pressures, the surface will be covered in about 1 s if the
sticking probability is one. When using a sample which has been rinsed in
ethanol and exposed to atmospheric pressures before being transferred to the
UHV chamber, this layer is likely to hinder the formation of a clean metal-metal
contact. This is especially the case if the contact is formed by soft indentation.
In that case the current could be due to tunneling through an insulating ﬁlm
instead of conduction through an atomic-size metal contact. As will be discussed
thoroughly in the next Chapter, this leads to I-V curves with a sizeable positive
value of G in agreement with curve (d) in Fig. 5.3 and the open circles in
Figs. 5.4 and 5.5.
Since transmission coeﬃcients in tunneling are orders of magnitudes smaller
than those typically encountered in metallic conduction, the contact area needed
to reach a conductance of a few G0 will be much larger than atomic dimensions.
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This readily explains the high stability of these contacts, the continuous distribution of G in Fig. 5.4, and the fact that they can sustain larger voltages
than metallic contacts [cf. curve (d) in Fig. 5.3]. In hard indentations, the thin
contaminant layer is likely to be destroyed, as evidenced by the preference for
quantized values of the low bias conductance in Fig. 5.4.
For the sputtered and annealed samples all I-V curves are almost linear
in perfect agreement with the TB calculations in Fig. 5.6 and the high bias
conductance histograms obtained from transient relay contacts by Sakai and
co-workers [17–19].

Previous measurements of I-V curves
In the past, there have been several reports regarding I-V characteristics of Au
contacts [4–10]. These studies have all been done at RT on contacts that were
stable over a period of  0.1 s. The reported I-V curves are all qualitatively
similar to the nonlinear curve (d) in Fig. 5.3, but quantitatively the size of G
varies from study to study. Although our experiments strongly suggest that
stable contacts and nonlinear I-V curves are signatures of a contaminated AuAu interface, this does not automatically imply that all previously reported I-V
curves are nonlinear for the same reasons. For instance, it has been suggested
that the nonlinearities could be due to electron-electron interactions in long and
thin wires [4, 7, 8, 14] or Coulomb charging [4].
It is, however, relevant to review the experimental techniques used in the
previous studies (when speciﬁed) and to test whether the nonlinearities could
possibly be related to contamination. Such a survey is given in the following.
A majority of the previous studies of I-V curves on Au have been done
under ambient conditions [4–6, 8–10]. Only in a few other studies have other
environments been used, namely UHV [7, 8], high vacuum [10], or contacts
embedded in a polymer [10]. In several reports, the contacts were formed by
using an STM to indent a metal tip into and retract it from a gold substrate
[4–6, 8, 9]. When speciﬁed, the tip material was either W [6], PtIr [4], or
Au [9], and several diﬀerent kinds of gold substrates were used such as (i) gold
evaporated on mica [4] or silicon [6], and (ii) Au(110) single crystals [4].
In most studies done under ambient conditions, it was fairly easy to obtain
stable contacts with low bias conductances ranging continuously from 0–15 G0
[4–6, 9]. The I-V curves obtained in these air experiments are qualitatively
similar to what we have found for contacts formed by soft indentations on rinsed
samples [curve (d) in Fig. 5.3, and the open circles (◦) in Figs. 5.4 and 5.5].
Abellán et al. [9] quantiﬁed the nonlinearities by ﬁtting curves to Eq. (5.1) and
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obtained G = 1.2±0.4 G0 /Volt2 as typical values in agreement with our results.
However, in the air experiments by Pascual et al. [4] and Rodell et al. [5], the
tip was retracted ∼ 100 Å while the conductance gradually decreased. These
rather long excursions are comparable to the displacements used in our hard
indentations, where we mostly observe transient contact geometries exhibiting
almost linear I-V characteristics [see curve (c) in Fig. 5.3 and the open squares
() in Figs. 5.4 and 5.5]. These two studies are therefore not directly comparable to our rinsed in air/soft indentation experiments, which we explain in
terms of tunneling through a thin insulating ﬁlm squeezed between clean metal
electrodes. The authors propose that the observed suppression of the low bias
conductance far below G0 is due to localization eﬀects [4, 5, 31] or transport
of correlated electrons through a long, thin wire with impurities [4] (a dirty
Luttinger liquid [32]).
Various other experimental techniques have been tested by Costa-Krämer et
al. [7, 8, 10] such as home-made MCBJs in air [10] or thinning of 100 nm wide
Au nanowires deposited on a SiO2 substrate by electrical heating [10]. However,
these techniques have only been described very brieﬂy in the literature, and we
will instead focus on their UHV experiments [7, 8]. In these experiments, the
contacts were formed between a thin wire loop and a loosely mounted wire [7].
To clean the surfaces, the wire loop was heated to glowing temperatures (600–
700 ◦ C) by passing a current through it [33]. The loosely mounted wire was
then contacted with the loop a couple of times, and the setup was left to bake
for about one hour [33]. Since the wires were not sputtered, we note in passing
that such a cleaning procedure does not guarantee atomically clean surfaces.
In their experiments, contacts were formed by gently moving the wire loop
and the loosely mounted wire in and out of contact. We would therefore expect
that their results should be comparable to our cleaned in UHV/soft indentations
experiments [curve (b) in Fig. 5.3, ﬁlled circles (•) in Figs. 5.4 and 5.5]. However,
this is deﬁnitely not the case. Our results diﬀer in at least three ways:
1. We can not stabilize contacts with G < 5 G0 formed on sputtered and
annealed samples at RT; to acquire an I-V curve, we have to cool the
sample to −100 ◦ C. In contrast, Costa-Krämer et al. could stabilize the
contacts for hours [7].
2. We ﬁnd values of G close to 1 G0 , and slightly below 2 G0 . For larger
values of G, the preference for quantized values is gradually lost, in agreement with for instance the conductance histogram shown in Fig. 3.4(b)
on page 53 in Chapter 3 (and the conductance histogram in Ref. [7] for
that matter). In contrast, Costa-Krämer et al. ﬁnds that [7]: “In all
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cases, the dynamical conductance (the slope of the I-V characteristic at zero
bias) agrees within a few percent with the expected quantized conductance
value [n × (2e2 /h)].” Since they show I-V curves for n = 1, 2, . . . , 10
in the paper, this statement implies that the conductance is quantized
for much larger values of n than what is observed in, for instance, the
above-mentioned histograms.
3. For contacts formed by soft indentations on a sputtered and annealed
sample [ﬁlled circles (•) in Figs. 5.4 and 5.5] we ﬁnd G = 0–2 G0 /Volt2 .
In contrast, Costa-Krämer et al. ﬁnd much larger nonlinearities, ranging
from 10 to 25 G0 /Volt2 . Even for soft indentations on rinsed samples (◦)
we always ﬁnd values smaller than 10 G0 /Volt2 .
The high stability of the contacts and the large values of G found in the
experiments by Costa-Krämer et al. ﬁt well with the ‘tunneling through a thin
insulating ﬁlm’ scenario suggested by our experiments. However, if this was the
underlying physical explanation for their results, we would expect a continuous
distribution of low bias conductance values. Instead, an unusually strong preference for quantized values of the conductance is found (G = nG0 within a few
percent for n = 1, . . . , 10 [7]), which is clearly inconsistent with the tunneling
picture.
It has been suggested that the observed large nonlinearities could be a signature of Luttinger liquid eﬀects [8, 14], and this is certainly an interesting idea to
pursue. However, in these models, all transmission probabilities are assumed to
be very close to zero or one (otherwise the conductance would not be quantized).
For real contacts, the validity of such an adiabatic model is highly questionable
for G  4 G0 (see, e.g. Fig. 2.7 on page 33 in Chapter 2 and Refs. 26, 34, 35).
Therefore, in our opinion, the underlying physical explanation for the results
obtained by Costa-Krämer et al. remains an open question.

Contact stability
As mentioned previously, we cannot stabilize contacts with G  5 G0 at RT in
UHV on ‘human response’ time scales. To achieve such a stability, we have to
cool the sample to −100 ◦C. This observation coupled with the fact that we can
obtain STM images with atomic resolution with the same tip [cf. Fig. 4.12 on
page 107 in Chapter 4] suggest that contact is lost due to diﬀusion processes
and not due to external vibrations. However, this interpretation is in apparent
disagreement with work done by Takayanagi and co-workers [22].
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At RT, they bombarded a thin gold ﬁlm in the specimen stage of a UHV
electron microscope with a strong electron beam, whereby holes were bored
in the ﬁlm. A free-standing linear chain of four gold atoms was produced by
further thinning the material between adjacent holes as documented by TEM
imaging. Such chains could be kept stable for two minutes or more before
breaking. Moreover, the spacing between the Au atoms was found to be as
large as 3.5–4.0 Å. For comparison, the nearest neighbor distance in bulk Au is
2.89 Å and the separation between the nuclei in a gold dimer (Au2 ) is 2.68 Å.
A possible explanation for the anomalously long Au–Au distance observed
in the TEM images has been published by Sánchez-Portal et al. [36]. Using
DFT calculations they found that monatomic gold wires exhibit a local energy
minimum for a zigzagged conﬁguration. When such a wire is placed in between
the gold electrodes, it will rotate, leaving every second atom in a static position, which can be imaged with TEM. According to Takayanagi [37], however,
spinning Au atoms would lead to a detectable increase of the background in
between the atoms, and such an increase is not observed in the images.
Another explanation for the unreasonably large Au–Au distance in the chain
could be that it is surrounded by impurity atoms such as C, which have a much
smaller scattering cross-section in the TEM. It remains unclear whether such
C structures would lead to a detectable signal in the TEM [37]. At least it is
known that certain important geometrical changes are undetectable in the TEM
images. For instance, in Fig. 3 of Ref. 22, measurements of the conductance
of a spontaneously breaking contact were shown along with TEM images. In
between two video frames, the last remaining row of atoms disappeared in the
TEM image [38], but the conductance stayed ﬁnite at a value of ≈ 0.1 G0 [38]!
Three seconds later, the conductance suddenly jumped to zero without any
apparent changes in the TEM images [38].
A thorough theoretical study on the stability of monatomic gold wires has
been published by Torres et al. [39]. Using classical many-body force simulations, local density and generalized gradient electronic structure calculations on
inﬁnite wires, they found that such a chain would collapse spontaneously when
the equilibrium distance between atoms was increased beyond about 2.8 Å.
Moreover, ab initio molecular dynamics simulations of a three-atom chain suspended by Au electrodes with an initial interatomic spacing of 3.5 Å resulted
in a broken wire within less than a picosecond. Using thermodynamical arguments, Torres et al. also found that wires suspended by electrodes will be
thinned spontaneously by diﬀusion processes driven by a decreasing surface free
energy. In the continuum limit the rate of decrease of the wire is (roughly)
inversely proportional to both the radius and the temperature. For a 10 Å di-
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ameter Au wire, this simple model gives a thinning rate of the order 1 Å/s at
room temperature.
Considering these results, it makes sense that we cannot stabilize small gold
contacts at RT. The underlying explanation for the remarkable stability of these
contacts and the unphysically large apparent atomic spacing remains an open
question.

Limitations of the tight-binding model
The TB model used in this Chapter resulted in almost linear I-V curves, which
are in excellent quantitative agreement with the experimental curves concerning
the size of G and G . Since simple free-electron models [12, 13] also result in
an almost linear response, we should not consider the agreement between our
experiment and the calculations as a proof of the validity of the TB model in
all systems.
Here we take the opportunity to comment on some of the basic limitations
and possible reﬁnements of the model that could be implemented in the future.
Some of these issues have also been discussed in Ref. 2.
• Although the TB model employed here is quite sophisticated in the sense
that it includes non-orthogonal, s, p, and d orbitals ﬁtted to ab initio
band structures, it is still of an approximate nature. A better method is
to use self-consistent ab initio methods, such as the ones used by Lang for
calculating the nonlinear conductance of single atom S-Al-Al [40], Xe [41],
Al-Br-Br-Al [42], and C [43] chains. Unfortunately, such calculations are
computationally very demanding, even for very small systems.
• Bulk distances and bulk TB parameters are used in the model. A better scheme would probably be to use TB parameters ﬁtted to ab initio
calculations of the speciﬁc system.
• Electron-electron correlations are not included in the model, thus automatically excluding the Luttinger liquid eﬀects suggested by Jonson and
co-workers as a possible source of nonlinearities [8, 14]. A Mott-Hubbard
potential could be incorporated in future reﬁnements of the model to investigate this issue further.
• In the TB model, it is assumed that all atoms are charge neutral, analogous
to assuming that the electron screening length is at most a single nearest
neighbor distance. Although this is a good approximation in the bulk, this
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is not necessarily the case when the coordination of the atoms is lowered.
To go beyond the charge neutrality approximation, Poisson’s equation
would have to be solved.
• The considered contact geometries have inversion symmetry, which automatically results in polarity independent I-V curves [G in Eq. (5.1) is
identical to zero]. Although G is usually quite small in our experiments,
it sometimes has signiﬁcant non-zero values. It could therefore be interesting to calculate I-V curves for contacts which do not have inversion
symmetry to investigate whether the obtained polarity dependencies are
comparable to those observed in experiments.
• The model contacts are sandwiched between (110) surfaces because we
have used a Au(110) sample. However, in the experiments the tip is
polycrystalline, and we do not know its crystallographic orientation. This
may inﬂuence the ﬁnite bias conductance as shown in similar calculations
for single-atom contacts sandwiched between (100) and (111) surfaces [2].
These calculations showed an almost voltage independent transmission
close to one for a three-atom chain between (100) surfaces. In contrast, the
transmission of a three-atom chain between (111) surfaces dropped from
almost one at zero bias to ∼ 0.65 at a bias voltage of 2 Volt, corresponding
to G ≈ −0.1 G0 /Volt2 .

Electrostatic forces
When the voltage is swept back and forth during the acquisition of an I-V curve,
large electric ﬁelds (∼ V/nm) build up and disappear in the contact region. This
leads to a ﬂuctuating electrostatic stress on the atoms in the contact region,
which results in an attractive force between the electrodes, quadratic in the
voltage. As a consequence, the contact geometry is strained whereby metallic
bonds are bent, stretched, or compressed as the voltage increases. This may
lead to changes in the transmission whereby artiﬁcial features reminiscent of a
gradually changing contact geometry may appear in the I-V curve.
Is this an important eﬀect for the voltages used here ( 1 Volt for the
almost linear curves)? We think this is an open question since no studies have
yet appeared trying to investigate this eﬀect in quantitative detail. However,
in an STM, where the electrodes are separated by vacuum, a recent continuum
study by Hansen et al. [44] has shown that for realistic tip-surface separations
and geometries, the tip snaps into mechanical contact with the surface when the
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voltage exceeds a few Volt. This indicates that mechanical deformations caused
by electrostatic forces can be very important in these atomic-scale systems.

Current-induced eﬀects
There are (at least) two additional eﬀects, which may lead to contact deformations during a voltage burst. These are related to the extreme current-densities
(108 –109 A/mm2 ), which are found in the atomic-scale region.
• When the current is transmitted through a set of partially open eigenchannels, a backscattering of electrons occurs at the entrance of the constriction. Thus, there will also be a momentum transfer, which leads to
‘electron wind’ forces on the atoms [3, 17]. A simple estimate [17, 45]
shows that these forces are in the nN regime when the bias voltage is
∼1 Volt, i.e., comparable to the force needed to break a Au-Au bond [21]!
This recoil force is linear in the voltage.
• The metallic bonds will be weakened when a large current ﬂows through
them [3, 45]. The bond weakening is due to a depopulation of electronic
states, with electrons below the Fermi energy being promoted to states
above the Fermi energy with a more anti-bonding character. This eﬀect is
of second order in the applied voltage. An estimate based on a simple TB
model gives 10−3 nN for the bond weakening in an atomic chain biased at
0.1 Volt [3, 20].

5.7

Summary

We have shown that I-V characteristics of transient atomic-size gold contacts
formed on sputtered and annealed samples or via hard indentations are almost
linear. In addition, we have presented self-consistent tight-binding calculations
of I-V curves which are in excellent quantitative agreement with our experimental ﬁndings. The results are also in perfect agreement with the high bias
conductance histograms published by Sakai and co-workers [17–19].
All previously published I-V curves of stable gold contacts at room temperature [4–10] are nonlinear with a slope which increases with increasing voltage
in apparent disagreement with our results. However, when our samples are
rinsed in air and the contacts are formed in soft indentations, we also get nonlinear curves. The nonlinearities in our experiments are suggested to be due to
tunneling through a thin insulating ﬁlm of contaminant organic molecules.
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When working with sputtered and annealed samples, we always check the
cleanliness of the surface by atomic-scale STM imaging. In none of the previous
experiments have the samples been sputtered and annealed, nor has the cleanliness been checked. Since our experiments demonstrate a clear link between
surface cleaning procedures and the shape of the I-V curves, there are reasons
to suspect that previous measurements were inﬂuenced by a contaminated AuAu interface. This would also explain the puzzling stability of these contacts at
room temperature.
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Chapter 6

Tunneling Through a Thin
Insulating Film
. . . And when a plate of golde shall be bonded with a plate of silver,
or joyned thereto, it needeth to beware of three things, of dust, of
winde, and of moysture, for if any hereof come betweene golde and
silver, they may not be joyned together the one with the other; and
therefore it needeth to bond these two mettals together in a full cleane
place and quiet . . .
words might very well describe the exceptional degree of cleanliness
T hese
needed to make metal bonding between two metal surfaces. They come

from the Chapter on gold in a massive encyclopedia, De Proprietatibus Rerum
— “The Properties of Things” — compiled around 1250 by the Franciscan
friar Bartholomaeus Anglicus, originally written in Latin (for a review, see Ref.
1). The quotation given here is a slightly modernized version of the English
translation made in the year 1398.
Although this medieval source discusses the problem that arises when trying
to cold weld two metals by hammering, the remarks are also highly relevant
in the context of contact formation. For instance, we have already mentioned
in the previous Chapter that when a freshly prepared Au surface is exposed
to ambient conditions, a thin layer of weakly adsorbed organic molecules with
a thickness of a few Ångström forms spontaneously within a short period of
time on the exposed surface [2, 3]. This layer has to be destroyed in order to
make a good metal-metal contact. In cold welding of macroscopic objects, this
is accomplished by hammering or rolling.
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6.1

Introduction

As demonstrated in the previous Chapter, clear nonlinearities in recorded I-V
curves on Au point contacts are clearly coupled to the cleanliness of the system
and the method used to form the contacts. Only when the sample has not been
sputtered and annealed and the contacts are formed by soft indentations, do we
see sizeable nonlinearities in the I-V curves with a faster than linear increase
of the current with increasing voltage.
It is therefore quite certain that these I-V curves do not correspond to pure
atomic-scale metal-metal contacts. Instead we may envision that the surface is
covered with a thin layer of a contaminant, insulating material as illustrated in
Fig. 6.1 [2]. As the tip is gently pressed against the layer in a soft indentation, a
relatively large contact may be formed where the dielectric material is squeezed
between the tip and sample and hinders the formation of metallic contacts.
The current is now due to tunneling through the layer in a large contact
instead of conduction through an atomic-scale metallic contact. These contacts
can sustain larger voltages than the metallic contacts because the current is
distributed over a much larger area. The improved stability is also a natural
consequence of the much larger contact. Changing the contact area by a few
atomic cross-sections does not change the conductance dramatically. Thus, the
conductance can be varied almost continously.
It is therefore interesting to investigate, whether tunneling through a thin
insulating ﬁlm results in nonlinear I-V curves similar to those observed in ex-

Figure 6.1: (a) When a gold sample is exposed to atmospheric conditions, it may be
covered with a few molecular layers of contaminant molecules. (b) If the tip is indented
softly into the surface, the dielectric layer is squeezed between tip and sample.
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periments. This problem has been investigated by numerous authors in the
past, and various general current-voltage formulas were derived in a series of
classical papers in the early 1960’s. A review of this work is given in Sec. 6.2
below. However, these treatments were mainly intended for calculating I-V
curves through fairly thick layers (say, 15 Å or thicker), where the WKB1 approximation is valid. Since we suspect that the contaminant layer on the Au
surface is ultra-thin (down to a single monolayer), these formulas may be of
limited value.
Instead, we have been inspired by the metods which are used to evaluate
transmission probabilities in metallic conduction. As discussed in Chapter 2,
this problem has many similarities with classical tunneling problems, but in
contrast to thick tunneling barriers, the transmission probabilities are of the
order unity. In these problems, the WKB approximation is clearly inadequate.
As an alternative, many authors [5–10] have instead used Kemble’s method
[4, 11, 12] or variations thereof for calculating the transmission probability.
This method gives much more reliable transmission probabilities for almost
transparent barriers, and in some cases it is exact.
In the following, we will use Kemble’s method in deriving analytic formulas
for the current-voltage relationship for tunneling through a (possibly very thin)
parabolic barrier between planar free-electron electrodes. A parabolic barrier
model is chosen because it is simple and gives a better description of the real
barrier than the often used square barrier. We show that the larger the thickness,
the more nonlinear the IV curves will be. By relating the model parameters to
experimental curves we estimate that the insulating ﬁlm in the junctions varies
from 5 to 20 Å. In the opaque barrier limit, the formulas are shown to be
a special case of a general I-V formula, which was derived within the WKB
approximation by Stratton in 1962 for arbitrary symmetric barriers [13].

6.2

Review

Pioneering work on the related problem of calculating the voltage dependent
current density j(V ) due to tunneling between metal electrodes separated by
vacuum was done by Frenkel in 1930 [14]. By considering the velocity distribution of the electrons in free electron electrodes, Frenkel derived a general integral
1 Named

after Wentzel, Kramers, and Brillouin, who independently treated this problem
in 1926, see Ref. 4 and references therein.
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formula for the current,2 which has been used widely since then (see, e.g. Refs.
13, 16–23). As an application of the general formula, he modeled the vacuum by
a rectangular barrier with a height (relative to the Fermi energy) equal to the
work function of the electrodes. From the barrier an approximate expression
for the tunneling probability was calculated and used to evaluate j(V ) to ﬁrst
order in V . He also argued that the slope of the j(V ) curve should increase at
higher voltages.
However, Frenkel’s physical model did not include the electron-image potential, which arises due to the attractive force existing between the positivepolarized metal surfaces and the negative-charged electron in the gap. A ﬁrst attempt to include this reﬁnement was done by Sommerfeld and Bethe in 1933 [16],
who showed that the image potential leads to a lowering of the barrier with decreasing distance between the electrodes. They calculated j(V ) (to ﬁrst order
in V ) by (i) approximating the image potential with a parabolic barrier; and
(ii) by using the WKB approximation to calculate the tunneling probability. A
closer parabolic ﬁt to the image potential was given by Holm and Kirchstein in
1935 [17].
Formulas for the nonlinear current response of the tunneling gap were calculated within a rectangular barrier model by Holm in 1951 [18]. These results
were generalized to thin insulating ﬁlms and arbitrary barriers by Stratton in
1962 [13]. He discussed how screening in the dielectric ﬁlm would lead to a
damping of the image potential by a factor of K, where K is an appropriate
high-frequency dielectric constant approximately equal to the square of the refractive index. He also pointed out that the classical image potential is invalid
very close to the surface of the electrodes. Thus, for computational simplicity,
he again approximated the image potential by a parabola (in a slightly diﬀerent manner than done by both Sommerfeld and Bethe [16] and Holm [17]) and
calculated the transmission using the WKB approximation.
In 1963 Simmons presented an alternative arbitrary barrier approximation
within WKB for calculating the tunneling current density between similar [19]
and dissimilar [20] (free electron) electrodes. This time, the image potential
was ﬁtted with a hyperbolic function, which, especially at high voltages, is a
much better ﬁt to the true potential than any of the parabolic approximations
[13, 16, 17, 19].3
2 In the following, we will see that this formula [basically Eq. (6.9)] is a special case of a
more general Landauer-Büttiker type formula [Eq. (6.4)] as discussed by Büttiker [15].
3 The image potentials and all formulas based on it in Simmons papers from 1963 [19,
20] are in error by a numerical factor of two as noticed by Simmons in a later paper [21].
Unfortunately, the uncorrected forms are still in widespread use as discussed by Miskovsky et
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All transmission probabilities mentioned so far were calculated using the
WKB approximation [13, 16–23] or other approximations [14]. However, the
WKB approximation breaks down when the barrier varies rapidly on a length
scale of λF [24]. Thus, it is invalid for very thin ﬁlms with a thickness of one or
a few molecular layers as we suspect may be the case.
In the following, we present a new modiﬁed model based on a parabolic
barrier, which is valid for these very thin ﬁlms and gives a simple relationship
between the thickness of the ﬁlm and the observed nonlinearities.

6.3

A simpliﬁed geometry

To get a better feeling of how tunneling at ﬁnite bias gives rise to an increasing
slope of the I-V curve with increasing voltage, we need a simple geometrical
model to describe the contaminated system. We do not know any details about
the geometry in the real system so we employ the much simpler geometry shown
in Fig. 6.2, where tip and sample are replaced by rectangular rods of similar
metals oriented along the z-axis.4 The cross-section of the rods is bounded by
0 ≤ x ≤ Lx and 0 ≤ y ≤ Ly . The cross-sectional area A = Lx Ly is considered
as an eﬀective area and is expected to be comparable to the real contact area in
Fig. 6.1(b). The contaminant layer is modeled as an insulating slab of uniform
thickness d, which separates the left (z < 0) and right (z > d) electrodes.

6.4

General formulas for the current

In the following, we will derive various general formulas for the voltage dependent current due to tunneling. We start out with the most general expressions
and proceed with a series of reasonable simpliﬁcations. Most of these formulas
have been derived previously in the literature.

Are inelastic tunneling processes important?
When an electron tunnels through a dielectric, it may loose energy in inelastic
scattering processes (inelastic tunneling). The most important loss process is
caused by the electron-phonon coupling [26, 27]. However, this coupling can be
al. [23]. There are also other errors in these frequently cited papers [22].
4 Hereby, we exclude any polarity dependence (rectiﬁcation) of the current in the model due
to geometrical asymmetry (see [23, 25] and references therein) or dissimilar metals [14, 20].
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Figure 6.2: Model geometry used for calculating the voltage dependent tunnel current
through a thin insulating ﬁlm.

neglected if the tunneling time [28–31] τ of the electron is much smaller than
the typical stretch times ωd−1 of the dielectric [26, 27] (ωd is a typical phonon
frequency of the dielectric). Thus, we can assume that the tunneling is elastic
if ξ  1 [26, 27], where
ξ ≡ ωd τ .
The tunneling time can be estimated from the formula [28–31]
  z2
m
dz
$
τ=
,
2 z1
V (z) − E

(6.1)

(6.2)

where m is the electron mass, V (z) is the barrier, E is the energy of the electron,
and z1 , z2 are the classical turning points [V (z1 ) = V (z2 ) = E]. Eq. (6.2) is
valid in the WKB limit for energies below the potential barrier.
Assuming we have a rectangular barrier of height U0 = V − E and width d,
the integral in Eq. (6.2) is trivial. Upon inserting τ in Eq. (6.1) we get

m ωd d
√
ξ=
2 U0
(6.3)
ωd[1013 s−1 ]d[Å]
$
,
≈ 0.0017
U0 [eV]
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and we see that for reasonably thin barriers, say d < 20 Å, typical phonon
frequencies (∼ 1013 s−1 ) and not too small barrier heights (∼ 1 eV), we have ξ 
1 and inelastic tunneling processes can be neglected to a ﬁrst approximation.

Elastic tunneling of independent electrons
A general energy diagram corresponding to the geometrical model in Fig. 6.2 is
shown in Fig. 6.3. When no voltage is applied [Fig. 6.3(a)], the Fermi energies of
the two electrodes are aligned at E = EF . An arbitrary one-dimensional (1D)
potential φ(z) for the z-motion of the electrons is used to model the barrier
which the electrons experience in the ﬁlm [13, 19–21]. At ﬁnite bias the Fermi
energies are displaced by eV , thus allowing electrons from the left electrode to
tunnel into unoccupied states to the right.
Within the independent electron approximation, the general (elastic) current-voltage relation is given by the Landauer-Büttiker form [32, 33] [see Eq.
(2.23) on page 22 in Chapter 2], which we write as

2e ∞
dE [f (E) − f (E + eV )]
I(V ) =
h 0

(6.4)
×
Tkx ,ky (E, V ) ,
kx ,ky

where f (E) is the Fermi-Dirac distribution deﬁned by Eq. (2.24), and the states
in the left electrode are labeled according to the components kx and ky of the
wave vector k⊥ perpendicular to the z-axis [k⊥ = (kx , ky , 0)]. It is assumed that
eV < EF so that the bottom of the Fermi sea of the left electrode stays below
the Fermi energy of the right electrode [34, 35]. Tkx ,ky (E, V ) is the probability
for an incoming electron in state (kx , ky ) with total energy E to tunnel through
the insulator.
The Fermi-Dirac functions f (E)−f (E +eV ) deﬁne an energy window of ‘active’ electrons which can tunnel from the left to the right electrodes as indicated
in Fig. 6.3. At zero temperature f (E) − f (E + eV ) = 1 if EF − eV ≤ E ≤ EF
and zero for all other values of E. At ﬁnite temperatures, the steps are smeared
over an energy of the order kB T .

Field-induced modiﬁcation of the barrier
If we neglect charge build-up inside the molecules constituting the insulating
layer [36], the zero voltage barrier φ(V =0; z) is modiﬁed by −eV z/d due to the
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Figure 6.3: Energy diagram for tunneling through a thin insulating ﬁlm corresponding
to the geometry in Fig. 6.2 when (a) no bias voltage is applied, (b) a positive potential
V is applied to the electrode to the right. The thin dotted lines illustrate how the
generated electric ﬁeld in the ﬁlm deforms the zero voltage barrier.

6.4. GENERAL FORMULAS FOR THE CURRENT

149

electric ﬁeld in the ﬁlm when a bias voltage V is applied [13, 14, 16–19, 21, 36]
φ(V ; z) = φ(0; z) − eV

z
.
d

(6.5)

This leads to the explicit voltage dependence of Tkx ,ky in Eq. (6.4).

Large cross-sections
If the size of the cross-section is large on a scale of λF (Lx , Ly  λF , the Sharvin
limit [37]), the distance between the allowed values of k⊥ will be so small that
the sum in Eq. (6.4) can be approximated by the integral [15, 38]




dkx
A
dky
... =
... = 2
dkx dky . . . .
2π/Lx
2π/Ly
4π
kx ,ky

Upon insertion in Eq. (6.4), we get
 ∞
Ae
I(V ) = 2
dE [f (E) − f (E + eV )]
2π h 0

×
dkx dky Tkx ,ky (E, V ) ,

(6.6)

where the integration over kx and ky are restricted to values which conserve E,
kx and ky in the transition such that both the initial and ﬁnal states belong to
the energy band. Eq. (6.6) was derived by Price and Radcliﬀe in 1959 [39] and
holds for arbitrary dispersion relations (band-structures).

Free-electron electrodes
For Au the top of the d-bands are located approximately 1.4 eV below the Fermi
energy [40]. At higher energies the density of states (DOS) is dominated by the
free-electron like sp-band. If we restrict ourselves to voltages less than, say,
1.2 V, it is consequently a good approximation to assume that the electrodes
are free-electron-like. This will be done in the following.
Since the barrier is translationally invariant along x and y, the transmission
probability depends only on the kinetic energy Ez along z, and we may write
Tkx ,ky (E) = T1D (Ez ) = T1D (E − E⊥ ) ,

(6.7)
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where
E = E⊥ + Ez ,

(6.8)

and

2
2 (kx2 + ky2 )
2 k⊥
=
2m
2m
is the kinetic energy due to motion perpendicular to the direction of the current ﬂow. T1D (Ez , V ) is simply the probability for tunneling through the 1D
potential5 given by Eq. (6.5), which can be found by solving the corresponding
1D Schrödinger equation or by more approximate methods such as the WKB
approximation [24].
We see that the transmission now only depends on kx and ky through the
energy E⊥ . By using the identity

E⊥ =

2
=
dkx dky = 2πk⊥ dk⊥ = πdk⊥

8π 3 m
dE⊥ ,
h2

along with Eq. (6.7), the integrals over kx and ky in Eq. (6.6) are simpliﬁed to


8π 3 m E
dE⊥ T1D (E − E⊥ )
dkx dky Tkx ,ky (E) =
h2
0

8π 3 m E
=
dEz T1D (Ez ) ,
h2
0
where the last equality follows from Eq. (6.8). By inserting this result in
Eq. (6.6), we obtain a general formula for the current due to tunneling between
free-electron electrodes

4πme ∞
I(V ) = A 3
dE [f (E) − f (E + eV )]
h
0
(6.9)
 E
×
dEz T1D (Ez , V ) .
0

A similar formula (for the current density) was ﬁrst derived by Frenkel in 1930
[14] and later re-derived by several others [13, 16, 18, 19].
5 Although k and k are conserved during the tunneling process, this is not necessarily
x
y
so for E⊥ (and thus Ez ) as is implicitly assumed here [13]. For E⊥ to be conserved, the
momentum-energy dispersion in the conduction band of the insulator has to be parabolic
with an eﬀective mass equal to the free electron mass. Otherwise φ will also be a function of
E⊥ [13].
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To better understand the general behavior of Eq. (6.9), we deﬁne the mean
transmission T3D for an incoming electron with energy E by averaging over all
possible values of Ez
T3D (E, V ) ≡

1
E



E

T1D (Ez , V ) dEz ,

(6.10)

0

whereby Eq. (6.9) is written as

4πme ∞
dE [f (E) − f (E + eV )] E T3D (E, V ) .
I(V ) = A 3
h
0

(6.11)

T3D increases with increasing energy since here the electrons with Ez close to
E penetrate a smaller potential barrier.6 This is illustrated by the arrows in
Fig. 6.3(b). Since T1D increases with increasing V due to the ﬁeld-induced
lowering of the barrier [cf. Eq. (6.5)], T3D will also increase with increasing V .
Thus, the slope of the I-V curve given by Eq. (6.11) increases with increasing
voltage [14].

Recovering the Sharvin result
For very thin barriers (T3D → 1), the voltage drop in the electrodes has to
be considered as well and the physical picture used in Fig. 6.3 breaks down.
However, it is interesting to note that in the limit of small voltages (eV  EF ),
the integral in Eq. (6.11) is simply given by EF eV . Thus, the current is given
by
I(V ) = πA

2EF m 2e2
πA
V = 2 G0 V = GS V ,
h2
h
λF

where GS is the Sharvin conductance, which we derived earlier [cf. Eq. (2.15)
on page 16 in Chapter 2].

A Sharvin type current-voltage relation
The Sharvin conductance gives an upper limit to the conductance through the
ﬁlm. It is therefore natural to rewrite the expression for the current such that
6 We

assume that the 1D barrier has only a single maximum, thus disregarding the possibility for resonant tunneling.
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GS is used as a prefactor and we arrive at the ﬁnal expression
I(V ) = GS T (V ) V ,

(6.12)

where
%∞
T (V ) =

0

dE [f (E) − f (E + eV )] E T3D (E, V )
eV EF

(6.13)

is the mean transmission probability averaged over all electrons in the energy
window eV below the Fermi energy in the left electrode. In general 0 < T < 1,
and for realistic barriers T  1. By writing the current in the form of Eq. (6.12)
we see that the interesting physics such as nonlinearities is contained in the
voltage dependence of T (V ).
Quite often the integral over the Fermi-functions in Eq. (6.13) has a rather
complicated structure. However, since T3D (E, V ) is most often a smoothly
varying function of E (on the scale of kB T ), we may instead use the Sommerfeld
expansion. To second order in the temperature T , the expansion is [38]




∞

EF

H(E)f (E) dE =
−∞

H(E) dE +
−∞


4
kB T
π2
(kB T )2 H  (EF ) + O
,
6
EF
(6.14)

where H(E) is a function which varies smoothly on an energy scale of kB T .
Thus, we may write Eq. (6.13) as
T (V )  T0 (V ) + ∆T (V ) ,

(6.15)

where
T0 (V ) =

1
eV EF



EF

EF −eV

dE E T3D (E, V )

(6.16)

is the zero temperature mean transmission, and
∆T (V ) =

π 2 (kB T )2
[T1D (EF , V ) − T1D (EF − eV, V )]
6 eV EF

(6.17)

is the second order temperature correction to the mean transmission. Note the
steps needed to calculate T :
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1. Calculate the voltage and energy dependent 1D transmission probability
T1D (Ez , V ) from the 1D barrier given by Eq. (6.5) by solving the 1D
Schrödinger equation or by more approximate methods, such as the WKB
approximation.
2. Calculate the voltage dependent average transmission T3D (E, V ) for an
incoming electron with total energy E by averaging T1D (Ez , V ) over all
possible values of Ez [cf. Eq. (6.10)].
3. Finally, calculate T (V ) by averaging T3D (E, V ) over the window of active
electrons by evaluating Eq. (6.13) directly or by using the Sommerfeld
expansion [Eqs. (6.15), (6.16) and (6.17)].
In the following, we will see how this can be done analytically using a simple
(but reasonable) model potential.

6.5

Selecting a suitable model potential

In our case, we do not have any speciﬁc information about the insulating ﬁlm.
Therefore we have no chance of knowing the exact form of the 1D potential
barrier φ(0; z) which is needed for evaluating T1D (Ez , V ). Instead we will use
a simple model potential, which is described by a minimum of free parameters
such as the height and thickness of the barrier and gives a reasonable description
of the real barrier. Some of the most widely used model barriers are shown
schematically in Fig. 6.4.

The rectangular barrier
The simplest barrier of choice is the widely used [13, 14, 16, 18–23] rectangular
barrier, which is shown in Fig. 6.4(a). At zero voltage, the barrier has a constant
height φ0 (relative to the bottom of the Fermi sea). We may loosely think
of the barrier as coinciding with the bottom of the conduction band of the
insulator [13, 19] or the lowest unoccupied molecular orbital (LUMO).7 Usually
this level is positioned below the vacuum level leading to smaller barriers than
in metal-vacuum-metal tunneling [41–44]. At ﬁnite bias, the barrier becomes
7 If the valence band of the insulator [or equivalently the highest occupied molecular orbital
(HOMO) for a molecule] is closer to EF than the conduction band/LUMO, the electrical
current will actually be dominated by the tunneling of holes from right to left through the
valence band (or HOMO). However, the physics of this process is completely analogous to
tunneling of electrons from left to right.
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Figure 6.4: Examples of 1D model symmetric potential barriers that may be used
when calculating the current through a thin insulating ﬁlm; (a) rectangular barrier,
(b) rectangular barrier with image potential, and (c) parabolic barrier. To the left
(right) is shown the potential without (with) an applied bias voltage, cf. Eq. (6.5).
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trapezoidal due to the generated electric ﬁeld in the layer [cf. Eq. (6.5)] with
barrier height φ0 − eV z/d.
The rectangular barrier is a reasonable model barrier for thick ﬁlms. However, strictly speaking, it is unphysical. The discontinuities in the potential at
the surface planes lead to inﬁnite forces on the tunneling electrons. Furthermore, a pure rectangular barrier results in cusps in the I-V curve at voltages
of V = ±(φ0 − EF )/e [19, 22] when we go from a normal tunneling regime
with a constant tunneling distance to the ﬁeld-emission regime [45], where the
tunneling distance decreases with increasing magnitude of voltage. Such discontinuities are never seen in our experiments.
A more realistic model takes into account that the edges of the barrier will be
rounded due to quantum mechanical interactions between the tunneling electron
and electrons in the electrodes. In the following, we will name this interaction
with its classical analogue — the image potential. This modiﬁcation becomes
increasingly important as the thickness of the ﬁlm is decreased. However, as
will be outlined in the following, it is quite complicated to take this eﬀect into
account in a realistic manner.

The image potential
For simplicity, we will ﬁrst discuss a classical electrostatic system consisting of
a grounded semi-inﬁnite metal electrode placed in the half space z ≤ 0. If we
take an electron and place it at rest in z > 0, the metal surface responds by
reorganizing its surface charge distribution so that it screens the external ﬁeld of
the electron. Since the metal plate is grounded, this will be done in such a way
that the electrostatic potential φ fulﬁlls the boundary condition φ(x, y, z=0) = 0.
The induced surface charge density generates an electric ﬁeld, which exerts an
attractive force on the electron. According to classical electrostatics, this force
will be identical to that mediated by a virtual image charge +e placed in −z:
F =

e2
1
.
4π0 (2z)2

The associated electrostatic potential energy is
Wi = −

1 e2
.
4π0 4z

(6.18)

If we place another grounded semi-inﬁnite metal electrode in z ≥ z0 , an electron
in the vacuum gap 0 < z < z0 will polarize both surfaces. This modiﬁes the
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classical image potential in Eq. (6.18) to an inﬁnite sum. This sum can be
expressed in closed form as [16]
 


z
z
e2
1
1
Wi = −
ψ(1) − ψ
− ψ 1−
,
(6.19)
8π0 z0
2
z0
2
z0
where ψ(x) = d[ln Γ(x)]/dx is the digamma function,8 and Γ(x) is the gamma
function [46]. The expression in square brackets gives the shape of the barrier.
The relative importance of the image barrier increases with decreasing distance
between the electrodes since the prefactor is proportional to z0−1 .
The image potential is negative for all values of z, thus lowering the eﬀective
barrier when superimposed on a rectangular barrier as shown schematically in
Fig. 6.4(b). The maximum value Wimax is found in the middle of the vacuum
gap. Using the identify ψ(1/2) = ψ(1) − 2 ln 2 [46], we ﬁnd
Wimax = Wi (z0 /2) = −

e2 ln 2
10 eV
≈−
.
4π0 z0
z0 [Å]

(6.20)

According to this expression, the tunneling barrier will actually collapse when
the electrodes are only a few Å apart [16]. However, as will be outlined in the
following, it is not correct to use the classical expressions for the image potential
[Eqs. (6.18) and (6.19)] in actual tunneling problems.
Corrections at the surface due to exchange and correlation
The classical expressions for the image potential are singular at the metal surfaces. This means that an inﬁnite amount of work is to be exerted on the electron
to move it from the surface to inﬁnity. However, this work should be comparable to the work function of the surface, which is ﬁnite [47]. This anomaly is an
artifact of the continuum description of matter in classical electrostatics, which
does not take into account the atomic-scale structure of the metal surface [47]
and the quantum mechanical nature of the electron [48–50].
Close to the surface, the electron will interact with the decaying tail of electron density, which modiﬁes the potential [49]. Within density functional theory
(DFT), the image potential can be identiﬁed with the exchange-correlation potential, which represents the interaction between an electron and its exchangecorrelation hole [49, 50]. As an electron moves from the bulk of the metal out
through the surface, the exchange-correlation hole around it lags behind and
stays on the surface as an image charge [50].
8 Also

sometimes called Gauss’ psi [16, 46].
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The electron density decays exponentially into the vacuum as exp(−z/l)
with a decay length l on the order of 1 Å [48]. Within the local density
approximation (LDA), which is reasonably accurate close to the surface, the
exchange-correlation potential is roughly proportional to the cube root of the
electron density leading to a somewhat longer range [exp{−z/(3l)}] of the interaction [50]. Inside the metal, the potential connects smoothly to the bottom of
the Fermi sea [48, 49]. If a non-local formulation of DFT is used instead, it can
be shown that the asymptotic z −1 behavior of the image potential in Eq. (6.18)
is restored 2–3 Å outside the surface [51, 52].
Dynamical corrections
Tunneling is a dynamic process. The classical expressions are only valid in the
quasistatic regime, where the induced surface charge density is fully relaxed
in response to the changing ﬁeld of the moving electron. We already identiﬁed the image potential with the potential due to exchange and correlation.
Alternatively, we may think of the image potential as primarily due to interactions between the external charge and the metal surface plasmons [53–56].
The relevant response time for the metal is then ωs−1 , where ωs is a typical
surface plasmon frequency. This should be compared with the traversal time
for tunneling τ [28–31] given by Eq. (6.2).
Following the discussion about inelastic tunneling on page 145, we substitute
ωd with ωs in Eq. (6.3) to ﬁnd
ξs = ωs τ ≈ 1.7

ωs [1016 s−1 ]d[Å]
$
.
U0 [eV]

If ξs  1, the traversal time for tunneling is much larger than the response
time of the surface plasmons, and we can use the quasistatic expression in
Eq. (6.19) (suitably modiﬁed near the surface due to exchange and correlation).
If on the other hand, ξs  1, the surface charge density does not equilibrate
at all, and the tunneling process is highly dynamic. Inserting a typical surface
plasmon frequency of 1016 s−1 and barrier height U0 = 2 eV in Eq. (6.3), we ﬁnd
that ξs ≈ d[Å]. From this estimate, we see that dynamical corrections to the
quasistatic result become increasingly important as the thickness of the barrier
is reduced.
Quantum mechanical corrections
Tunneling is a quantum mechanical process, which has no analogue in classical
physics [57, 58]. The quasiparticle states have a ﬁnite lifetime. Hence, the
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image potential moves into the complex plane [57]. Since the image barrier is
caused by the tunneling electron itself, it has been argued that the real part
of the potential is actually a ﬂuctuating barrier in contrast to the classical
expressions [58]. Furthermore, the barrier becomes slightly asymmetric [59–61].
Calculations which include a quantum mechanical description of the tunneling electron and the dynamic response of the surface plasmons indicate that
the dynamic tunneling barrier is damped in comparison with the classical result [26, 58–64]. Although the qualitative picture of these processes is well
understood, there is no consensus about quantitative numbers and the validity
of the methods used [26, 58–64].
For instance, Persson and Baratoﬀ have estimated that the static image
potential overestimates the polarization contribution to the tunneling exponent
by 20–30% in a typical STM experiment [58]. Similar trends are shown in recent
work by Tokić et al. [63], who found that the maximum of the image barrier for
two W electrodes separated by z0 = 5 Å is Wimax ≈ −1.2 eV, only 60% of the
classical result [cf. Eq. (6.20)]. Recent work by Ness and Fisher indicates that
small values of ξs lead to very ﬂat barriers resembling a rectangular barrier [61].
Corrections due to the dielectric response of the insulator
In a metal-insulator-metal (MIM) system, where the vacuum gap is replaced by
a dielectric, the classical electrostatic image potential in Eq. (6.19) is reduced by
a factor of the dielectric constant of the insulator [19, 21]. In the 1960’s it was
suggested that this formula could be adapted to tunneling problems by using
a suitable high-frequency value of the dielectric constant such as the square of
the refractive index [13, 53]. Modern treatments, which include quantum and
dynamic eﬀects, show that the dielectric response leads to further ﬂuctuations
of the barrier around its mean value [27]. Since the transmission probability
depends exponentially on energy, this leads to an increase of the mean transmission by about 10% for typical barrier parameters [27].

The parabolic barrier
From the discussion given above, it is clearly a complicated task to take the
image potential accurately into account. This is especially true in our case
since we do not know anything about the dielectric response of the contaminant
layer. Since we want to keep the number of free parameters in our model
at an absolute minimum, we should therefore turn to simpler barriers, which
still have the most essential features of the ‘real’ barrier. An obvious choice is
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the parabolic barrier [see Fig. 6.4(c)], which, unlike the rectangular barrier is
continuous at the electrodes, thereby removing the unphysical inﬁnite forces at
the surface and the cusps in the I-V curves. This will be used in the following.

6.6

Current-voltage formula for the parabolic
barrier

In the past, there have been several attempts to ﬁt the classical image potential
in Eq. (6.19) with a parabolic barrier [13, 16, 17]. These approximations were
critizied by Simmons in 1963 [19], who showed that (especially at ﬁnite bias) the
parabolic approximations give a bad ﬁt. In light of the improved understanding
of the ‘real’ image potential, which have evolved during the last three decades,
this critique seems less relevant nowadays. Of course, a parabolic barrier cannot
mimic the singularities in the classical image potential at the surfaces. On the
other hand, corrections due to exchange and correlation show, that there are no
such singularities in the real barrier! And corrections due to dynamic, quantummechanical and dielectric eﬀects further modify the detailed shape of the image
potential. It therefore seems relevant to revisit the parabolic barrier.

The parabolic barrier model
In our model, we place the parabolic barrier in the middle of the gap between
the metal electrodes as shown by the thick solid line in Fig. 6.5 and write the
barrier at equilibrium as
&
0
if z < 0 or z > d,


(6.21)
φ(0; z) =
1
d 2
if 0 ≤ z ≤ d.
φ0 − 2 K z − 2
The zero voltage barrier height φ0 is closely related to the maximum of the
classical image barrier Wimax [cf. Eq. (6.20)] superimposed on the energy Ec ,
corresponding to the bottom of the conduction band/LUMO in the insulator.
However, as argued above, the lowering of the barrier predicted by classical
electrostatics is probably too large. Therefore, φ0 should be chosen such that
Ec + Wimax < φ0 < Ec .
We select the curvature K in Eq. (6.21) such that the barrier connects continuously to the bottom of the Fermi seas at the surfaces [φ(0; 0) = φ(0; d) = 0].
This choice is in the spirit of the corrections of the image potential due to exchange and correlation [49, 51, 52, 65]. Thus, the curvature can be expressed in

160 CHAPTER 6. TUNNELING THROUGH A THIN INSULATING FILM

Figure 6.5: Solid lines: The truncated parabola model without (thick line) and with
(thin line) an applied bias voltage. The dotted lines show the continuations of the
parabolas.

terms of the barrier height and thickness9 as
K=

8φ0
,
d2

(6.22)

whereby the shape of the barrier is fully described by the two parameters φ0 and
d. If we insert K in Eq. (6.21), we can write the barrier at ﬁnite bias (shown as
a thin solid line in Fig. 6.5) by using Eq. (6.5)

2
4φ0
z
d
− eV
φ(V ; z) = φ0 − 2 z −
d
2
d

2

2
4φ0
1 eV
d
1 eV
− 2 z−
.
= φ0 1 −
1−
4 φ0
d
2
4 φ0

(6.23)

9 Self-consistent calculations on jellium [48, 49] and Al(111) [52] surfaces show that the
image potential coincide with the bottom of the Fermi sea 0.5–1 Å behind the edge of the
uniform, positive background for the jellium surface or the geometric edge of the aluminum
surface. The distance d in our model is therefore a few Å larger than the thickness of the
insulating ﬁlm.
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As can be seen from Fig. 6.5, the presence of an electric ﬁeld in the ﬁlm
eﬀectively lowers the barrier height. The voltage-dependent barrier height φV
is identiﬁed as the ﬁrst term in Eq. (6.23)

2
'
(
1 eV
φV = max φ(V ; z) = φ0 1 −
.
4 φ0

(6.24)

To ﬁrst order in eV /φ0 , the barrier is lowered by eV /2 as expected. At higher
voltages, however, the maximum is displaced away from the middle of the gap
to


d
1 eV
1−
zmax =
2
4 φ0
as can be seen directly from Eq. (6.23). Unlike rectangular and image barriers,
the parabolic barrier does not change its shape (curvature) when a voltage is
applied [compare Fig. 6.4 (a), (b), and (c)]. Only the barrier height and the
maximum position change. In the following, we will see that this is a very
convenient feature of the model.

Evaluating the 1D transmission
Following the ‘recipe’ we gave on page 152, we now proceed by calculating the
1D transmission T1D (Ez , V ) through the truncated parabolic barrier.
The WKB transmission
Within the WKB approximation, the transmission (for Ez < φV ) is given by [24]
  z2

$
WKB
2
T1D (Ez , V ) = exp −2
dz (2m/ )[φ(V ; z) − Ez ] ,
z1
(6.25)
where z1 and z2 are the classical turning points. Upon insertion of Eq. (6.23)
in the integral, the WKB tranmission is evaluated to the simple expression
WKB
(Ez , V ) = exp [−γ(φV − Ez )] ,
T1D

φV > Ez ,

(6.26)

where γ is given in terms of the barrier height and width as
√ 2
2π
m
γ=
d.
h
φ0

(6.27)
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In practical units, γ is given by
d[Å]
.
γ (eV )−1  0.805 $
φ0 [eV]

(6.28)

The WKB approximation is quite accurate when dealing with opaque barriers. To our knowledge, it has been the method of choice in all previous applications of the parabolic barrier in metal-metal tunneling [13, 16, 17]. However,
when the barrier height is only slightly larger than the Fermi energy, as is often
the case in metal-insulator-metal tunneling (in particular, when the barrier is
lowered further due to a large applied voltage), the validity of the WKB approximation becomes questionable. This is especially the case when the insulating
layer is extremely thin (comparable to the Fermi wavelength).
Exact transmission of an extended parabolic barrier
Alternatively, we may consider a parabolic barrier which extends to z = ±∞
instead of being truncated at the metal surfaces as indicated by the dotted
curves in Fig. 6.5. For this potential, the corresponding 1D Schrödinger equation
can be rewritten to a diﬀerential equation, which can be solved analytically
[4]. The resulting wavefunctions are products of conﬂuent hypergeometric and
exponential functions. These can be combined into left and right moving states,
P
can be
and from the asymptotic behavior at z = ±∞, the transmission T1D
found. The result is (miraculously) simple [4, 11, 12]
P
(Ez , V ) =
T1D

1
.
1 + exp [γ(φV − Ez )]

(6.29)

Unlike the WKB result derived in Eq. (6.26), this formula is also valid for
Ez > φV . In the tunneling regime, it is instructive to rewrite Eq. (6.29) to [6]
P
T1D
=

1
,
WKB
1 + 1/T1D

EZ < φV .

(6.30)

WKB
In the opaque barrier limit (T1D
 1), the WKB transmission is identical
to the extended parabolic barrier transmission. For more transparent barriers,
the WKB approximation gradually breaks down. In the extreme case Ez =
WKB
P
= 1, the parabolic result is T1D
= 0.5. By reﬁning the
φV , where T1D
WKB approximation, it can actually be shown that a better estimate of the
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transmission probability close to the top of an arbitrary barrier is given by
Eq. (6.30) [11, 66, 67].
P
Although the expression for T1D
in Eq. (6.29) gives more reliable values for
the transmission close to the top of the barrier, one might still question its
validity at energies approaching the bottom of the Fermi sea. Since the asymptotic wavefunctions for the extended parabolic barrier bare no resemblance to
the plane waves found for the truncated parabolic barrier, this could give very
diﬀerent results. On the other hand, small values of Ez correspond to opaque
barriers, where the WKB approximation is known to hold fairly well. Since the
WKB transmission depends only on the shape of the classically forbidden region
[cf. Eq. (6.25)] (which is the same whether we truncate the parabola or not),
the deviations may not be so large.
Numerical results for the truncated parabolic barrier
To fully elucidate this point, we have used a recursion method [68] to perform
TP
of the truncated parabolic
exact numerical calculations of the transmission T1D
barrier for diﬀerent barrier parameters and energies. Representative results
P
are shown in Fig. 6.6 and compared with the analytical expressions for T1D
WKB
[Eq. (6.29)] and T1D [Eq. (6.26)]. For all curves, the zero bias barrier height
is chosen to φ0 = 6 eV, only ≈ 0.5 eV larger than the Fermi energy for Au
(5.53 eV) [38].
At zero bias voltage, the transmissions gradually saturate to one as the
energy increases towards φ0 . When a voltage of 2 V is applied, the barrier is
lowered by ≈ 1 eV [Eq. (6.24)], eﬀectively shifting the curves by ≈ 1 eV to lower
TP
, the applied voltage
energies. For the numerically calculated transmission T1D
also results in a slight change in the shape of the curve, which can be seen in
TP
P
the upper left panel by comparing T1D
with T1D
for the two voltages.
As expected, the WKB approximation overestimates the transmission close
TP
WKB
> T1D
[68]
to the top of the barrier. At lower energies, on the other hand, T1D
P
TP
as can be seen in the lower left panel. In general, T1D closely follows T1D . Only
for the very thin 8 Å barrier (left panels) do we observe small diﬀerences. For
thicker barriers, like the 16 Å barrier (right panels), the diﬀerence is barely
visible. It is therefore a very good approximation to use the analytical expresP
in Eq. (6.29) for the transmission through the truncated parabolic
sion for T1D
barrier.
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Figure 6.6: The energy dependence of the 1D transmission through a truncated parabolic barrier with barrier height φ0 = 6 eV. The transmissions are plotted for barrier
thicknesses of 8 Å (left panels) and 16 Å (right panels) using a bias voltage of 0 V and
2 V as indicated in the graphs. For each choice of barrier parameters, the transmisTP
using
sion is calculated using three diﬀerent methods: (i) the exact transmission T1D
P
through an extended
a recursion method [68] (solid lines); (ii) the transmission T1D
WKB
calculated
parabolic barrier [Eq. (6.29)] (dashed lines); (iii) the transmission T1D
within the WKB approximation [Eq. (6.26)] (dotted lines). The transmissions are
shown on both linear (upper panels) and logarithmic (lower panels) scales. The Fermi
energy for Au [38] is indicated by a thin vertical line on each panel.
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Evaluating the 3D transmission
We can now proceed to step two in our recipe on page 152 and calculate the
average transmission T3D (E, V ) for an incoming electron with total energy E

1 E
T3D (E, V ) ≡
T1D (Ez , V ) dEz .
(6.10)
E 0
Inserting Eq. (6.29) in Eq. (6.10) we get

dEz
1 E
P
T3D (E, V ) =
E 0 1 + exp[γ(φV − Ez )]
1
ln{1 + exp[−γ(φV − E)]} ,
=
γE

(6.31)

where we have omitted a constant term ln{1 + exp[−γφV ]} in the last line since
it is negligible in comparison to ln{1 + exp[−γ(φV − E)]} for realistic values of
the barrier parameters.10
P
The energy dependence of T3D
for the same barrier parameters that were
P
used for calculating T1D in Fig. 6.6 is shown in Fig. 6.7. The barrier is lowered
with increasing bias voltage, leading to an increased transmission in analogy
P
in Fig. 6.6. For total energies approaching φ0 ,
with the related graphs for T1D
the transmissions gradually roll of from an exponentially increasing regime (the
WKB regime) and saturate at a value below one. The energy windows of active
electrons [cf. Eq. (6.13)] are accentuated with thicker lines.

Evaluating the voltage averaged mean transmission
Finally, we can calculate the mean transmission averaged over the active voltage
window T P (V ). Using the Sommerfeld expansion, we ﬁrst calculate the zero
temperature mean transmission by inserting Eq. (6.31) in Eq. (6.13) and solving
the integral. The result is

1
T0P (V ) = 2
Li2 − exp −γ(φV + eV − EF )
γ EF eV

(6.32)
− Li2 − exp −γ(φV − EF )
,
where Li2 (z) is the dilogarithm, see Appendix B.
10 Ignoring

this term corresponds to extending the Fermi sea to all negative energies.
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P
Figure 6.7: The energy dependence of the average transmission T3D
(E) for an electron

incident on a parabolic barrier with barrier height φ0 =6.0 eV. The transmissions are
plotted for a barrier thickness of 8 Å (solid lines) and 16 Å (dashed lines) and applied
voltages ranging from 0 V to 2 V in steps of 0.5 V. The Fermi energy for Au is shown
as a solid vertical line. The thick parts of the curves indicate the active energy window
of the electrons, see Eq. (6.32).

The temperature correcting transmission term ∆T P can be found immediately by inserting Eq. (6.29) in Eq. (6.17)
&
2
2
1
π
T
)
(k
B
∆T P (V ) =
6 EF eV
1 + exp γ(φV − EF )
)
1
(6.33)
−
.
1 + exp γ(φV − EF + eV )
Adding the correction to the zero temperature term yields the total transmission
[cf. Eq. (6.15)]
T P (V )  T0P (V ) + ∆T P (V ) .

(6.34)

In Fig. 6.8 we show examples of the voltage dependence of T P at room temperature. We have used the same barrier height and Fermi energy as in the
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Figure 6.8: Thick lines: Examples of the voltage dependence of the mean transmission
T P [cf. Eq. (6.34)] for the parabolic barrier calculated using Eqs. (6.32) and (6.33).
Results for three diﬀerent barrier thicknesses are shown. Thin lines: The temperature
correction to the mean transmission ∆T P calculated using Eq. (6.33).

previous Figs. 6.6 and 6.7; besides the 8 and 16 Å barriers used previously, we
also show the transmission for a 24 Å barrier.
With these parameters, the zero voltage transmission increases exponentially
with decreasing distance with a decay length of approximately 1.1 Å. When
the voltage is increased, the transmission generally increases. Recalling that
I P (V ) = GS T P (V )V , we see that this leads to an increase in the conductance
with increasing voltage, as is also observed in experiments. We also note that
the thicker the barrier, the larger are the nonlinearities.
To get a better feeling of the eﬀect of ﬁnite temperatures, we have plotted
the temperature correcting term ∆T P for T = 300 K with thin lines in the
ﬁgure. For the thin 8 Å barrier (solid lines), ∆T P is two to three orders of
magnitude lower than T P , and it can be neglected. However, when the thickness
is increased, the temperature correction becomes increasingly important, and for
the 24 Å barrier (dashed-dotted lines), it gives a 5% contribution to the total
P
increases with
transmission. This is because the energy dependence of T3D
increasing thickness as seen from Fig. 6.7. Thus, electrons which are excited
by an energy of the order kB T at the Fermi energy will have a signiﬁcantly
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enhanced transmission, and this is exactly what ∆T P accounts for. The relative
importance of ﬁnite temperature corrections for opaque barriers will be treated
in more quantitative detail in the next section.
In Fig. 6.9 we demonstrate that the parabolic barrier model can be ﬁtted
with good accuracy to experimental I-V curves obtained by soft indentations
on rinsed Au(110) samples. This is hardly surprising since we have three parameters in the model, namely d, φ0 , and A (we ﬁx the Fermi energy EF at
5.55 eV and the temperature T at 300 K). The area A is just a scaling factor,
and it turns out, that φ0 also works mostly like a scaling factor. Therefore the
dependency between A and φ0 is almost 100%, and we should ﬁx one of them
at a reasonable value. We choose to ﬁx the barrier height at φ0 = 7.0 eV, which
is between the Fermi energy and the vacuum level. We emphasize that this is a
guessed value. The exact energy could easily be an eV higher or lower. Since φ0
and A are closely interrelated, this implies that the ﬁted values for A are very
unreliable. They could be oﬀ by an order of magnitude or more. The barrier
thickness, on the other hand is quite robust against changes in φ0 — it only
changes by 5–10%, when φ0 is changed by an eV.
The ﬁtted values of the thickness for the three curves in Fig. 6.9 are of the
order 10 Å, which seems to be a reasonable value. The (very uncertain) contact
areas correspond to contact radii of 6–25 nm, which are plausible values. In
general the nonlinearities in the I-V curves are consistent with a thicknesses
ranging from 5 to 20 Å.

The opaque barrier limit
For opaque barriers, the exponentials in Eq. (6.32) will be much less than one.
Since Li2 (x)  for x  1 [Eq. (B.3) in Appendix B], we can then simply replace
the dilogarithms in Eq. (6.32) with their arguments. If we furthermore use the
expression for φV given by Eq. (6.24), we ﬁnd in the opaque barrier limit
T0P


exp −γ(φ0 − EF )
γ
2 2 sinh(γeV /2)
.

exp −
(eV )
γEF
16φ0
γeV

(6.35)

Using similar arguments, we may simplify the expression for ∆T P in Eq. (6.33)
to a formula closely resembling Eq. (6.35). The two expressions diﬀer only by a
simple temperature and barrier shape dependent factor
∆T P
d[Å]2 T [K]2
π2 2
γ (kB T )2 ≈ 7.9 × 10−9
.
=
P
T
6
φ0 [eV]

(6.36)
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Figure 6.9: Solid lines: Three diﬀerent I-V curves taken from the soft indentations
on rinsed samples experiments described in Chapter 5. Dotted lines: Best ﬁts to
I(V ) = GS T P (V )V , where GS is deﬁned by Eq. (2.15) and T P (V ) is deﬁned by
Eqs. (6.34), (6.32), and (6.33). Fixed parameters: T = 300 K, EF = 5.55 eV, and
φ0 = 7.0 eV. Free parameters: area A and barrier width d. The obtained ﬁtting
parameters for the three curves: (a) d = 12.7 Å, A = 1750 nm2 ; (b) d = 9.7 Å,
A = 184 nm2 ; (c) d = 10.7 Å, A = 147 nm2 .

We see that the relative importance of the temperature correction increases with
the square of the barrier thickness, conﬁrming the trends observed for the exact
expressions in Fig. 6.8. For 100 Å thick barriers at room temperature, the factor
γkB T becomes of order unity, and the Sommerfeld expansion breaks down. The
formulas in Eqs. (6.35) and (6.36) are therefore only valid when d is well below
100 Å.
It is interesting to compare the opaque barrier results in Eqs. (6.35) and
(6.36) with earlier work. For example, Stratton gave in his classical paper from
1962 a general formula for the I-V curve of an arbitrary symmetric barrier
within the WKB approximation [13]. As shown in Appendix C this formula has
the same general form as Eqs. (6.35) and (6.36),11 and for a parabolic barrier
11 This

could indicate that the exact expressions for the transmission in Eqs. (6.32) and
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Figure 6.10: The voltage dependence of the zero temperature mean transmission
T0P using both the exact [Eq. (6.32), thick lines] and opaque barrier approximation
[Eq. (6.35), thin lines]. Results for an 8 Å thick barrier using four diﬀerent barrier
heights are shown.

the formulas are identical!

The validity of the WKB approximation
Since the WKB approximation has been used very extensively in the past in
tunneling models, it is of relevance to investigate the conditions under which
this approximation is valid. To illustrate this, we have plotted the voltage
dependence of the zero temperature mean transmission T0P using both the exact
[Eq. (6.32), thick lines] and opaque barrier [Eq. (6.35), thin lines] expressions in
Fig. 6.10.
We use an 8 Å thick barrier and increase the barrier height from 6.0 eV
to 7.5 eV in steps of 0.5 eV. For the 7.5 eV barrier, the two expressions are
basically identical for the range of voltages shown. For the 7.0 eV barrier,
the curves also coincide except at voltages approaching 2 V, where the opaque
expression slightly overestimates the transmission. This trend is seen more
(6.17), which go beyond the WKB approximation, are of a more general nature and also hold
for other symmetric barriers which resemble the parabolic barrier (such as the true potential).
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clearly as the barrier is lowered to 6.5 eV and 6.0 eV. This is because the voltage
dependent barrier height φV  φ0 −eV /2 decreases with increasing voltage, thus
lowering the barrier towards EF , where the WKB approximation breaks down
[cf. Fig. 6.6]. However, when φ0 is only 1 eV higher than EF , there is still fair
agreement between the two expressions, and even for the 6.0 eV barrier, the
curves look qualitatively similar.

6.7

Summary

We have derived an analytic result for the current-voltage relation for tunneling
of electrons through a thin uniform insulating layer described by a free-electron
energy-momentum dispersion. The qualitative features of the classical image
potential corrected for exchange and correlation are taken into account by using
a truncated parabolic barrier, which connects to the bottom of the Fermi seas at
the surface of the electrodes. Our model goes beyond the usual WKB approximation by using a more accurate formula for the transmission. This makes the
model well suited for calculating I-V curves for thin barriers with small barrier
heights.
In the opaque barrier limit, the model agrees with previous ﬁndings. A comparison between the exact and opaque barrier expressions reveals good qualitative agreement even for quite transparent barriers. It is shown that temperature
eﬀects become increasingly important as the thickness of the barrier is increased.
Nonlinearities in the I-V curves are shown to be clearly coupled with the thickness of the barrier. The thicker the barrier, the larger the nonlinearity. Even
without knowing the barrier height, it is still possible to deduce a fairly accurate value for the thickness of the insulator from experimental I-V curves. It is,
however, very diﬃcult to say anything quantitatively about the barrier height
and the contact area from measured I-V curves as these two parameters are
highly dependent.
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[31] M. Büttiker and R. landauer, “Traversal time for tunneling,” IBM J. Res.
Dev. 30, 451–454 (1986).
[32] M. Büttiker, Y. Imry, R. Landauer, and S. Pinhas, “Generalized manychannel conductance formula with application to small rings,” Phys. Rev.
B 31, 6207–6215 (1985).
[33] Y. Imry, “Physics of mesoscopic systems,” in Directions in Condensed Matter Physics, G. Grinstein and G. Mazenko, eds., (World Scientiﬁc, Singapore, 1986), pp. 101–163.
[34] L. Martı́n-Moreno, J. T. Nicholls, N. K. Patel, and M. Pepper, “Nonlinear conductance of a saddle point constriction,” J. Phys. C 4, 1323–1333
(1992).
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Chapter 7

Current-Induced
Disruptions of Monatomic
Gold Contacts
n Chapter 5, we presented current-voltage (I-V ) curves of atomic-sized, gold
I contacts
formed in a clean, ultra-high vacuum (UHV) environment at room

temperature (RT). Here we made two important observations concerning the
mechanical stability of the contacts: (i) Only by cooling the sample could we
obtain stable few-atom contacts; and (ii) if the maximum voltage applied to the
contact during a voltage burst was larger than ∼ 0.75 Volt, the contacts became
mechanically unstable. [See also Fig. 4.13(b) on page 108.]
The ﬁrst observation indicates that the contact breaks primarily because
of thermally activated processes and not due to, e.g., external mechanical vibrations. Instead, the spontaneous thinning of the contact is probably due to
diﬀusion processes driven by a decreasing surface free energy [1]. The second
observation tells us that the diﬀusion processes are activated by the applied
voltage. As discussed on pages 130–132 in Chapter 5, several diﬀerent underlying physical eﬀects may, in combination, lead to more unstable contacts. These
include heating [2], electron-wind forces [3, 4], bond weakening [4, 5], and mechanical stress caused by electrostatic forces [6].
At the moment very little is known about the relative importance of the
diﬀerent eﬀects, and a detailed understanding of break mechanism is lacking.
To further elucidate these interesting questions, we present in this Chapter
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preliminary results from a new type of experiment, which enables us to study
current-induced disruptions of monatomic gold contacts.

7.1

Experimental details

Observing current-induced disruptions of monatomic contacts requires that the
gold sample is cooled. Otherwise, the non-activated contact break rate becomes
so large that we cannot unravel disruptions caused by RT thermal processes
from current-induced eﬀects. Here we will brieﬂy describe how the cooling is
accomplished.

Cooling the Aarhus STM
A cross-sectional sketch of the variable-temperature Aarhus STM is shown in
Fig. 7.1. To minimize thermal drift, only the temperature of the top-plate (C)
is varied. Cooling is accomplished through two Cu braids connecting the topplate with two Al blocks, which act as heat reservoirs (not shown). Prior to
the experiments, the Al blocks are cooled by contacting them with a Cu dewar
cooled with liquid N2 . After cooling, the Al reservoir warms up at a temperature
rate of 5–10 K/hour [7]. A set of thermocouple wires are connected to the topplate, whereby the sample temperature can be measured with an accuracy of a
few K. The top-plate is thermally isolated from the STM housing by quartz balls
(E). The STM housing, STM (G, I, and H), as well as the tip shaft (F) are kept
at RT. The STM is mounted on a stainless steel cradle, which is mechanically
isolated from the surroundings via suspension springs. A slow decrease in the
temperature of the STM is avoided by counter-heating the cradle by means of
zener diodes.

Contact formation
A Au(111) sample is sputtered and annealed before being placed in the STM.
The cleanliness of the sample is checked by STM imaging with atomic resolution,
see Fig. 4.12 on page 107. Following this, the conventional set of STM electronics
is interchanged with the fast electronics described in Chapter 4. As a ﬁrst step
towards forming a stable atomic-sized gold contact in UHV, we cool the tip
apex by indenting it ∼ 100 Å into the surface and leaving it for a few seconds.
Subsequently, the tip is retracted with a speed of about 100 Å/s. During the
retraction, a constant bias voltage of 150 mV is applied across the contact
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Figure 7.1: Cross-sectional sketch of the Aarhus STM. The sample holder (A) with
the sample (B) is clamped against the top-plate of the STM (C) by two springs (D).
The top-plate is thermally isolated from the STM housing by three quartz balls (E).
The STM tip (F) is mounted on the scanner tube (G), which again is glued onto a
shaft (H). Coarse positioning of the tip is accomplished via the inchworm (I). (Adapted
from Ref. 7.)
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and the measuring resistor (Rin = 750 Ω, cf. Fig. 4.7 on page 95). Once the
conductance reaches a value close to 1 G0 (corresponding to a monatomic gold
contact [8–11]), a large (3 Volt) triangular voltage burst is applied to the contact.

7.2

Results

Current-induced disruptions
In the upper panel of Fig. 7.2, we show the time-evolution of the output voltage
Vout from the I-V converter in response to a 3 V amplitude, 22 kHz triangular
voltage burst superimposed on a 150 mV oﬀset voltage (shown in the inset).
Vout (t) closely follows the function generator signal VF G (t) until about 7 µs after
the onset of the burst, at which it drops to zero. The drop seems abrupt — at
least on a time-scale of the relaxation time of the setup, which is about 70 ns
in this experiment. In the lower panel, we show the corresponding calculated
conductance trace for the voltage trace. As we have seen several times [cf.
Figs. 4.9 and 4.13(a) in Chapter 4], the calculated conductance is noisy prior to
the burst because only a small fraction of the dynamic range on the oscilloscope
is used here. The total conductance is close to 1 G0 independent of the voltage
until the break occurs.
The calculated I-V curve for the burst segment of the measurements in
Fig. 7.2 is shown in Fig. 7.3. The segment is almost linear except for a bulge
around 1.7 Volt. At a voltage of 1.92 Volt and a current of 145 µA, the break
occurs. From the graphs in Figs. 7.2 and 7.3, one is tempted to conclude that
the loss of contact is due to the large current running through the gold atom.
However, a single measurement is not enough to infer such a conclusion. It
could be a coincidence that the break happened during the burst.

Varying the voltage rate and sample temperature
To further elucidate the underlying mechanism for the breaks, we have performed a series of experiments, varying the temperature of the sample from
140–240 K and using three diﬀerent burst frequencies (10, 22, and 100 kHz).
Changing the burst frequency (at a constant burst amplitude) corresponds to
changing the voltage ramp rate (voltage rate hereafter). The chosen burst frequencies correspond to voltage rates of 0.11, 0.25, and 1.1 V/µs, respectively.1
1 The voltage rate across a 1 G contact is about 5% lower than the voltage rate applied
0
from the function generator due to the voltage drop through RFG and Rin , cf. Fig. 4.7 on
page 95.
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Figure 7.2: Current-induced disruption of a monatomic gold contact. Upper panel:
Measured time-evolution of the I-V converter output voltage under an applied voltage
burst (inset). Lower panel: The corresponding calculated time-evolution of the conductance, assuming the burst delay is 1.481 µs. The conductance goes to zero 7.15 µs
after the onset of the burst. There are 10 000 data points in each plot (10 ns/point).
The temperature of the sample is 162 K.
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Figure 7.3: Calculated I-V curve for the burst part of the measurement shown in
Fig. 7.2. The lower axis is the voltage drop across the contact, whereas the upper axis
is the time that have passed after the onset of the burst. Contact is lost at Vbr = 1.92 V
and Ibr = 145 µA.

Selecting data corresponding to monatomic disruptions
In a signiﬁcant number of the traces, we ﬁnd small or large steps in the conductance prior to the burst indicating that the formed contact is unstable. These
traces are disregarded in the analysis. Instead we focus on conductance traces,
where the conductance stays close to 1 G0 at least 40 µs before the burst.
For contacts which are stable before the onset of the burst, we have found
that electrical contact is always lost before the maximum voltage of 3 Volt is
reached. However, the contacts break in many diﬀerent ways. Quite often,
for instance, the conductance suddenly jumps from 1 G0 up to a value close
to 2 G0 during the burst. Shortly thereafter it breaks — either directly or
via one or more transitions. In other cases, the conductance goes from 1 G0
to an intermediate subquantum value of 0.1–0.5 G0 before contact is lost, and
there are other more complicated types of behavior. Nevertheless, a substantial
fraction of the curves are qualitatively similar to Fig. 7.3, i.e., they exhibit a
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clean transition from 1 G0 to 0 G0 , and deviations from 1 G0 during the burst
are small. Since these transitions can be interpreted unambiguously as due to
rupture of monatomic gold contacts, we will focus on these types of breaks in
the following.

The break voltage
For each clean break of a monatomic contact the last data point on the I-V curve
before the sudden drop is found, and the corresponding break voltage Vbr and
break current Ibr are registered. For instance, Vbr = 1.92 V and Ibr = 145 µA for
the burst shown in Fig. 7.3. A majority of the contacts have a total conductance
of 0.9–1.0 G0 at the time of break. Therefore one quantity can be estimated from
the other by using the relation Ibr  0.95 G0 Vbr . We will therefore focus on
only one of these quantities in the following, namely Vbr .
In Fig. 7.4 we show recorded values of Vbr as a function of sample temperature for the three voltage rates (upper panel: 0.11 V/µs; middle panel:
0.25 V/µs; and lower panel: 1.1 V/µs). Each panel corresponds to a single
day of data taking in the laboratory, where the sample temperature slowly
increased after the initial cooling. Thus, the data points are in chronological order from left to right. There are regions on the temperature axis without data
points. Each of these gaps correspond to an interruption in the experiments
(re-calibrations of the setup, lunch breaks, etc.)
Several interesting observations can be extracted from the graphs.
• For all sample temperatures and voltage rates, we ﬁnd 0.58 V < Vbr <
2.65 V. Out of 271 disruptions, none occur close to the beginning of the
burst, where the voltage is  0.15 V. This is a clear proof that almost
100% of the disruptions are induced by the burst.
• Vbr only depends very weakly on the sample temperature. If we (tentatively) ﬁt the widely scattered values of Vbr to straight lines (shown in the
ﬁgure), we ﬁnd a slope of  −2 mV/K independent of the voltage rate.
• Vbr seems to depend on the voltage rate. For break voltages recorded with
0.11 V/µs and 0.25 V/µs voltage rates, the mean values of the break voltage are almost identical; 1.46±0.04 V and 1.48±0.04 V, respectively. For
the 1.1 V/µs voltage rate experiments, the mean break voltage increases
by about a quarter of a Volt to 1.71±0.04 V.
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Figure 7.4: Scatter graphs: Measured break voltages for monatomic gold contacts as
a function of sample temperature for three diﬀerent voltage rates. Solid lines: Best
linear ﬁts.
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Figure 7.5: Calculated I-V curve for the burst part of a measurement on a monatomic
gold contact formed on a Au(111) crystal cooled to 212 K. The axes have the same
meaning as in Fig. 7.3. The voltage rate is 1.1 V/µs. The break voltage and current
is record-high: Vbr = 2.7 V and Ibr = 190 µA.

Extreme current densities
In a recent experiment, Yanson et al. succeeded in passing a current of up to
80 µA through a chain of gold atoms formed at liquid He temperatures [11]. The
break current of 145 µA deduced from Fig. 7.3 almost doubles this value, but
it is possible to go a little higher. In Fig. 7.5 we show the burst segment of the
most enduring contact we have encountered during the experiments. Here the
fastest voltage rate of 1.1 V/µs is applied. 2.3 µs after the onset of the burst,
the current has reached a value of 180 µA. This is the highest current that have
ever been measured through a single atom. Such a current corresponds to an
extremely high transient current density of 2.8 × 1011 A/cm2 . This is more
than ﬁve orders of magnitudes larger than typical current densities in presentday interconnects used in microchips [12]. The peak power deposited in the
contact region is about 500 µW just before rupture. An electron passes through
the atom once every fs at a speed of about 1000 km/s (slightly less than the
Fermi velocity) separated by an average distance of 1–2 Å. This would never
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have worked out in classical physics! Such extreme current densities are only
possible because the monatomic contact is ballistic and intimately connected to
large heat reservoirs with good thermal conductance.

Cumulative break probabilities
Clearly, the break voltages are distributed over a rather wide range of voltages.
The mean break voltages given above indicate that Vbr tends to increase with
increasing voltage rate. However, the mean value only gives information about
the ﬁrst moment of a distribution, and we may loose information by solely focusing on this quantity. A better alternative is to sort the continuous values of
break voltages, bin them into intervals of a ﬁxed size and plot the resulting histograms. The histograms for the diﬀerent voltage rates can then be compared.
However, we still loose information by following such a procedure since the generated histograms will depend on the bin size: Increasing the bin size gives less
noise in the histogram due to improved counting statistics, but features are also
lost and vice versa.
The best solution to this problem consists of generating an unbiased estimator SN (V ) of the cumulative break probability (CBP) of the underlying
distribution from which the break voltages was drawn [13]. We can think of
SN (V ) as an ‘integrated’ break voltage histogram. If the N break voltages have
i
values Vbr
, i = 1, . . . , N , then SN (V ) is the function giving the fraction of the
measured break voltages which are lower than V . This function is obviously
i
i
’s and jumps by 1/N at each Vbr
. The limiting
constant between consecutive Vbr
values of SN (V ) are of course zero when V  0.15 V (the oﬀset voltage) and
one as V → ∞.
The CBP of monatomic gold contacts for the three voltage rates are shown
in Fig. 7.6. It is seen that the CBPs are almost identical for the two lowest voltage rates. In contrast, the CBP for the high 1.1 V/µs voltage rate experiments
is shifted to higher voltages by a few tens of a Volt. However, we should not
forget that these distributions are constructed from a limited number of data
points. The shown distributions are therefore only approximations to the true
underlying distributions. Although the 0.11 V/µs and 0.25 V/µs CBPs look
almost similar, they do diﬀer somewhat between 0.7 and 1.3 V. It is diﬃcult
to judge by eye whether this is due to a ‘real’ diﬀerence between the underlying distributions or random ﬂuctuations caused by the limited number of data
points.
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Figure 7.6: Cumulated break probabilities of monatomic gold contacts for three different voltage rates.

The Kolmogorov-Smirnov test
To better quantify these and other questions, we have used the KolmogorovSmirnov (KS) test for comparing the diﬀerent CBPs (see Appendix D for the
mathematical details). The KS test provides an answer to the following question:
Assuming that two CBPs SN1 (V ) and SN2 (V ) are drawn from the
same underlying distribution, what is the probability P (disagreement>observed) of ﬁnding a worse agreement between the CBPs if
the experiments are repeated?
In short, P is calculated from the maximum value of the absolute deviation
between SN1 (V ) and SN2 (V ) as well as the number of data points N1 and N2
from which the two probability functions are generated. If SN1 (V ) and SN2 are
drawn from the same underlying distribution, P should be distributed randomly
between zero and one. The lower P is, the worse is the agreement between the
two probability functions. If P < 0.01, it is most likely that the underlying
distributions are diﬀerent [13].
In Table 7.1, the KS probability is tabulated for the three diﬀerent voltage
rate combinations. When the break voltage distribution for the fast 1.1 V/µs
voltage rate experiments is compared with either of the two other distributions,
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V/µs↔V/µs
0.11↔0.25
0.11↔1.1
0.25↔1.1

P
0.76
7 × 10−6
3 × 10−5

Table 7.1: Kolmogorov-Smirnov probabilities P between break voltage distributions
accumulated from diﬀerent voltage rates. See text for details.

exceedingly small KS probabilities are found. This indicates with great significance that the underlying distribution for the 1.1 V/µs experiments is indeed
diﬀerent from the 0.1 and 0.25 V/µs experiments. In contrast, the KS probability is large for the two smallest voltage rates. As noted in Appendix D, this does
not automatically imply that the underlying distributions are identical. The KS
test can only be used for testing whether two distributions are diﬀerent.

7.3

Discussion

Transition state theory
In our experiments, we cannot resolve any structure in the conductance as
the contact breaks during a voltage burst as seen in Figs. 7.3 and 7.5. This
means that the transition time during rupture is shorter than the experimental
relaxation time ( 70 ns). This is not surprising as we expect the transition to
happen on a time-scale of the vibrational frequency of the atom (pico-seconds).
Since the time-scale for actually breaking the contact (micro-seconds) is much
longer than this, we are in a rare-event regime. In this case, the break rate can
be described within transition state theory [14]. In this theoretical picture, the
transition takes place along a minimum energy path on the potential energy
surface between the initial and ﬁnal states. It follows that the contact break
rate Γ is given by the well known Arrhenius rate equation
Γ = ν exp(−Eb /kB Tloc ) ,

(7.1)

where the activation barrier Eb is the energy diﬀerence between the maximum
energy along the minimum energy path on the potential energy surface (the
transition state) and the initial state, and Tloc is the local temperature in the
contact. The prefactor ν is related to the curvatures of the potential energy
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surface in the initial and transition states and is expected to be of the order of
the phonon frequency (ν ∼ 1012 s−1 ). Within the harmonic approximation, ν is
independent of the temperature. The activation barrier depends on the contact
geometry, which is unknown. This clearly complicates the physical picture.
When a voltage is applied to the contact, the activation barrier is expected
to go down due to electron wind forces [3, 4], bond weakening [4, 5], and possibly
electrostatic forces [6]. At the same time, the local temperature in the contact
rises due to the current [2]. Thus, the exponent in Eq. (7.1) is damped with
increasing voltage and the break rate increases. As the voltage exceeds 2.3 V, Γ
goes well beyond the typical time-scale for the voltage ramp (∼ 106 s−1 ). This
can clearly be seen from the cumulated break probabilities in Fig. 7.6, where
nearly all contacts have broken at this voltage.

Local temperature prior to the burst
Due to the design of our STM and the rather large constant bias voltage applied
across the contact and Rin , the local temperature in the contact region Tloc prior
to the voltage burst is quite uncertain. When the tip is still deeply indented
into the sample, the voltage drop across the contact is very small because it is
placed in series with Rin , which has a much larger resistance than the contact at
this point. Thus the eﬀects of Ohmic heating in the contact region are expected
to be very small at this stage of the contact formation. We expect that Tloc
is between sample and room temperatures. Since the thermal conductivity of
gold increases with decreasing temperature and the geometry of the ﬂat sample
is better suited for conducting heat than a cone-shaped tip, we also expect that
Tloc is somewhat closer to the sample temperature as compared to RT.
Things get increasingly complicated when the tip is retracted. As the contact
conductance decreases, the voltage drop across the contact increases towards
 150 mV, and Ohmic heating may become important. In addition, the thermal
conductivity of the contact decreases in response to a decreasing cross-sectional
area, and a large temperature gradient probably builds up in the contact region
[15]. In the end, when the smallest cross-section consists of only a few atoms,
the temperature on the tip side of the contact rapidly increases. The rate of
increase is a competition between how rapidly the contact thins down and the
rate of heat transfer between the tip and the heat reservoirs.

Rate of heating
The electron wind and bond weakening eﬀects set in instantaneously (on an
experimental time-scale) when the burst is applied. This is not necessarily the
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case for the local temperature as it depends on the time it takes for the system
to reach local thermal equilibrium. At the moment it is not known whether it
can be assumed that the local temperature reaches an instantaneously steady
state value or whether it lacks behind during the voltage burst. This possibility
of an integrated eﬀect on the time-evolution of Tloc clearly complicates the
interpretation of the results.

Local temperature at ﬁnite bias
Todorov recently calculated the local temperature in an atomic-sized contact in
the low temperature limit within a simple 1s tight binding model [2]. At zero
ambient temperatures, it was estimated that the local temperature would rise
by something like 60 K under a constant applied voltage of 0.1 V. In the model,
it was assumed that the heat capacity cV is proportional to T 3 . That is, the
temperature should be well below the Debye temperature,
which is 170 K for
√
Au [16]. When this assumption is valid, Tloc ∝ V [2]. At ﬁnite temperatures
T0 of the environment (but still in the cV ∝ T 3 regime), the local temperature
in the contact is given by [17]
4
4
= Tind
+ T04 ,
Tloc

(7.2)

where Tind is the current-induced temperature due to the presence of a current
(identical to the zero ambient temperature expression for Tloc ).
The validity of Todorov’s formulas in our experiments is questionable. First
of all, the temperature of the environment is comparable to the Debye temperature of Au or higher. Secondly, the applied voltages are typically a factor of 15
larger than the estimate leading to a rise in temperature of 60 K. Thus, Tloc is
probably around room temperature or larger. Clearly, the current understanding of current-induced local heating in the contact is still in its infancy, and
more theoretical and experimental work is needed in the future.

7.4

Outlook and conclusion

Current-induced mechanical deformations of atomic-sized metal contacts is a
rather unexplored ﬁeld. Until now only a few experimental studies have addressed the issue of current- or voltage-induced eﬀects. These include an investigation of the switch rate in two-level ﬂuctuations [18] and the dependence
of mechanical hysteresis loops [19] as a function of bias voltage. Also from a
theoretical point of view useful results are only beginning to emerge [2, 4, 5].
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The preliminary results presented in this Chapter represents the ﬁrst controlled study of current-induced disruptions of atomic-sized contacts. The break
voltage of monatomic contacts is shown to be weakly dependent on the sample temperature and a clear correlation between the voltage rate and the break
voltage is also demonstrated by means of the Kolmogorov-Smirnov test. From
the data obtained so far, we conclude that the current-induced break rate is of
the order of a few microseconds for an applied voltage of 1.5–2.0 Volt. In the
most extreme case a current of up to 190 µA was measured through a single
atom, which more than doubles the previous ‘record’ [11].
We are right now planning a new series of experiments, where we change the
burst waveform from triangular to square. Then, instead of recording the break
voltage, we will measure the life-time of contacts for varying amplitudes of the
burst. The outcome of such experiments are more easily compared with the
Arrhenius form for the contact break rate appearing in Eq. (7.1). From these
experiments we hope to get a better understanding of how the local contact
temperature depends on the applied voltage, and whether integrated heating
eﬀects are important on our experimental time-scales.
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Chapter 8

Outlook
are the most promising avenues of future research in the ﬁeld of atomicW hat
sized metal contacts? This is not an easy question to answer but let me
in the following give a few examples of where the ﬁeld might be heading.

The Interplay beween electronic structure, conductance, and mechanical properties
There has recently been an increased focus on the possible interplay between the
electronic structure within the contact, the tensile force as well as the conductance [1–13]. The simplest jellium models based on either non-interacting [1–4]
or ﬁrst-principles [5, 6] calculations of energies, conductance and tensile forces
have shown that the closing of individual conductance channels is correlated
with large ﬂuctuations in the tensile force, which are of the same order of magnitude as the forces measured in experiments [14, 15]. Although the simple
jellium models elude to possibly important interconnections between electronic
structure, mechanical properties, and the conductance, they probably overestimate the eﬀect because they completely neglect the discrete atomic structure
of the material. There have been attempts to simulate more realistic contact
geometries [7–10], but so far these systems have been too small to answer these
questions in a satisfactory way.
An indication of a possible interplay between electronic structure and conductance has been observed in many-atom contacts of Na [13]. Here, a series of
peaks in the histogram of conductances up to 120 G0 have been observed and
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interpreted as being due to the formation of closed electronic shells resembling
those known from metal clusters. It will be interesting to investigate whether
the electronic structure has observable eﬀects on other and less free-electron-like
systems in the future.

Electronic transport at ﬁnite bias
As is evident from Chapters 4–7, there are still several unsolved puzzles regarding I-V curves of atomic-sized contacts. There is a need for improved theoretical
models for calculating the conductance self-consistently at ﬁnite bias. More realistic models of current-induced eﬀects such as heating, electron-wind forces,
bond weakening, and electrostatic forces are also needed.
In Chapter 5, we found that clean Au I-V curves are almost linear. It could
be interesting to chemisorb diﬀerent kinds of molecules on the contacts and
investigate how this would inﬂuence the I-V curves. The ﬁrst theoretical steps
in this direction have already been taken [16].

One-dimensional physics in atomic chains
At liquid He temperatures, it is possible to form long chains (at least four atoms
long) that are stable for several hours [17]. Such chains are interesting model
systems for 1D metals. Due to their reduced dimensionality, they may exhibit
new exciting properties that are unknown from ordinary metals.
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[16] H. Häkkinen, R. N. Barnett, and U. Landman, “Gold Nanowires and their
Chemical Modiﬁcations,” J. Phys. Chem. B 103, 8814–8816 (1999).
[17] A. I. Yanson, G. R. Bollinger, H. E. van den Brom, N. Agraı̈t, and J. M.
van Ruitenbeek, “Formation and manipulation of a metallic wire of single
gold atoms,” Nature 395, 783–785 (1998).

Kapitel 9

Dansk resumé
kapitel forsøge at forklare hovedresultaterne i min ph.d.-afhandJ eglingvilpåi dette
et niveau der er forståeligt for den fysikinteresserede ikke-ekspert. Af-

handlingens titel er på dansk: Elektriske egenskaber af metalkontakter bestående
af få atomer. Groft sagt har mine studier gået ud på at måle den elektriske
modstand af minimale punktkontakter dannet mellem to stykker metal. For det
meste har metallet været guld, men også sølv og kobber samt visse overgangsmetaller er blevet studeret. Formålet med mit arbejde har været at bidrage
til forståelsen af de grundlæggende fysiske egenskaber af minimale metalkontakter. På langt sigt kan man håbe at mit og andres arbejde som helhed kan
ﬁnde nytte i praktiske anvendelser. I kapitel 1 forklarer jeg blandt andet hvordan mine resultater har relevans for udviklingen af bedre ledningsforbindelser
mellem transistorerne i integrerede kredsløb.

Teori
I kapitel 2 gennemgås den grundlæggende teori for beregning af elektrisk modstand i punktkontakter/ledninger. Det viser sig at beregningsmetoden helt afhænger af, hvor stor kontakten er i forhold til de to vigtige længdeskalaer kaldet
den middelfri vejlængde og Fermibølgelængden. Dette er illustreret i ﬁgur 2.1
på side 7. Den middelfri vejlængde er et mål for hvor langt en elektron kan
bevæge sig inden i metallet uden at kollidere. For gode elektriske ledere som
ædelmetallerne kobber, sølv og guld er den middelfri vejlængde 20–50 nm.
Vi tænker ofte på elektroner som punktpartikler, men kvantemekanikken
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fortæller os, at vi også betragte dem som bølger.1 Man kan følgelig tilskrive
de strømbærende elektroner en bølgelængde, kaldet Fermibølgelængden. For de
førnævnte ædelmetaller er denne bølgelængde omkring 5 Å.
For punktkontakter bestående af blot nogle få atomer er diameteren meget
mindre end den middelfri vejlængde (en ballistisk punktkontakt) og sammenlignelig med Fermibølgelængden (en kvantepunktkontakt). For sådanne kontakter
udregnes modstanden (eller den reciprokke størrelse kaldet ledningsevnen) vha.
Landauer-Büttiker formlen [lign. (2.21) på side 21]. I denne formel optræder
størrelsen G0 = 2e2 /h, hvor e er elementarladningen og h er Plancks konstant.
G0 kaldes også for den fundamentale kvanteenhed for ledningsevne og svarer til
en elektrisk modstand på ca. 13 kΩ. Den anden vigtige ingrediens i formlen er
kvantemekaniske transmissionsamplituder for elektrontilstande, som relaterer til
transmissionssandsynligheden af de forskellige egensvingningstilstande af elektronens bølgefunktion [de såkaldte egenkanaler, se lign. (2.30) på side 27]. For en
typisk enatomar guldkontakt er transmissionen domineret af en enkelt egenkanal med en transmissionssandsynlighed tæt på 100%. En enatomar guldkontakt
har derfor en modstand der er tæt på 13 kΩ.

Resultater
Hvis man skal studere de elektriske egenskaber af metalliske punktkontakter
bestående af få atomer, er det selvfølgelig en forudsætning at man er i stand til at
fabrikere dem. I kapitel 3 er beskrevet en særlig simpel fremstillingsmetode som
tager udgangspunkt i at afbryde en kontakt i et kommercielt eller hjemmebygget
elektromekanisk relæ. Lige inden kontakten endeligt afbrydes, vil forbindelsen
mellem de to elektroder i et kort øjeblik — af størrelsesordenen 1/10000 sekund
— udelukkende bestå af en enkelt punktkontakt. Denne strækkes og gøres tyndere, mens kontaktankeret i relæet bevæger sig væk fra modelektroden for til
sidst at knække. Under kontaktafbrydelsen kan vi måle ledningsevnen.
Eksempler herpå er vist i ﬁgur 3.3 på side 51, som stammer fra målinger på
et kommercielt relæ der har guldbelagte elektroder. Af ﬁguren ses at ledningsevnen for det meste har en ledningsevne tæt på et helt antal G0 . Man siger
at ledningsevnen er kvantiseret, hvilket skyldes at elektronbølgerne har en tendens til at danne et antal veldeﬁnerede stående bølger på tværs af kontakten.
Kvantiseringen er dog ikke helt skarp, hvilket ses tydeligt hvis man beregner
1 Dette

er helt analogt til vores forstilling om lys; en regnbue afspejler f.eks. tydeligt
bølgeegenskaberne, men lys kan også opfattes som partikler, kaldet fotoner.
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sandsynlighedsfordelingen for ledningsevnen akkumuleret fra et stort antal kontaktafbrydelser. En sådan fordeling kaldes også for et ledningsevnehistogram, se
f.eks. ﬁgur 3.4(b) på side 53. Man bemærker at kvantiseringen gradvist bryder
sammen, jo større ledningsevnen er.
Laver man lignende afbrydelser af sølv- og kobberkontakter i luft, er ledningsevnen også kvantiseret, men ikke så tydeligt som for guld. Kvantiseringen
forsvinder helt for et udvalg af overgangsmetallerne. Resulaterne fortolkes i termer af metallernes forskellige reaktivitet, elektronstruktur og mekaniske egenskaber.
I kapitel 3 beskrives tillige en instrumentel fejl kaldet diﬀerentiel ikke-linearitet, der fører til støj og andre fejl i ledningsevnehistogrammerne. Vi angiver
en procedure til at korrigere de indsamlede data så støjen stort set forsvinder.
Dette fremgår af ﬁgur 3.4 på side 53, der viser histogrammet før (a) og efter (b)
korrektionen. Denne procedure er sidenhen taget i brug af ﬂere andre grupper
inden for feltet.
Ud over relæeksperimenterne har vi foretaget studier af guldkontakter dannet vha. et såkaldt skanning tunnel mikroskop (STM). Et STM består af en
meget spids metalnål (en tip) hvis bevægelse kan kontrolleres meget ﬁnt vha.
nogle piezoelektriske komponenter, der derformeres på velkontrolleret vis når de
påtrykkes en spænding. Normalt benyttes et STM til at afbilde overﬂaden af
elektrisk ledende materialer ved at føre tippen meget tæt hen over overﬂaden og
aftaste dens bevægelse (se ﬁgur 4.12 på side 107 for eksempler på STM-billeder
af en guldoverﬂade). Man kan dog også ‘dyppe’ tippen ned i overﬂaden og derved danne en punktkontakt på kontrolleret vis. Ved samtidig at placere STMet
i et ultrahøjt vakuum (UHV) kammer udstyret med teknikker til rensning af
overﬂaden kan vi sikre os at vi får dannet rene guldkontakter.
Almindelige ledninger og modstande adlyder Ohms lov V = RI, hvor V er
spændingen, R er den konstante modstand, og I er strømmen. Der er dog ingen
garanti for at f.eks. en kvantepunktkontakt adlyder Ohms lov; faktisk er der
blevet publiceret adskellige målinger der viser at loven ikke gælder for stabile
guldkontakter dannet i luft.
Med vores opstilling ﬁnder vi at rene kontakter dannet i UHV bryder spontant på en tidsskala af milisekunder, når de er tilstrækkeligt små. Hvis vi skal teste Ohms lov på disse metastabile kontakter er vi derfor nødt til at kunne udmåle
kontaktens strøm-spændings (I-V ) karakteristik meget hurtigt. Opbygningen af
en sådan opstilling er beskrevet i kapitel 4. Med dette udstyr kan vi måle en
I-V karakteristik i løbet af blot 10 µs, hvilket er ﬁre til syv størrelsesordener
hurtigere end i alle tidligere eksperimenter.
Et eksempel på en I-V karakteristik af en guldkontakt der spontant afbrydes,
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er vist i ﬁgur 4.13(b) på side 108. I-V karakteristikken er stykkevis lineær (altså
Ohmsk). Desuden svarer hældningen til kvantiserede værdier af ledningsevnen,
hvilket klart viser, at vi har at gøre med en kvantepunktkontakt. Sådanne I-V
karakteristikker er aldrig før blevet målt for guld-kvantepunktkontakter, og er
med få undtagelser i tilsyneladende modstrid med alle tidligere eksperimenter.
Et omfattende studium af guld I-V karakteristikker er præsenteret i kapitel 5, hvor forskellige overﬂadepræpareringsmetoder og kontaktdannelsesteknikker er blevet afprøvet. Her er det vist (se ﬁgur 5.3 på side 121) at I-V karakteristikkerne er Ohmske, hvis kontakterne er dannet på en overﬂade der er renset
i UHV, eller kontakterne er dannet ved såkaldte hårde indentationer.
Hvis kontakterne derimod dannes ved bløde indentationer på en overﬂade
der er renset i luft, får man ikke-lineære I-V karakteristikker der ligner tidligere
eksperimenter. Vores eksperimenter indikerer at urenheder i kontaktområdet
medfører at kontakterne bliver stabile samt at I-V karakteristikkerne bliver ikkelineære. Vi konkluderer herudfra at (rene) guld-kvantepunktkontakter (stort set)
er Ohmske.
Vores målinger og konklusioner er understøttet af beregninger (se ﬁgur 5.6 på
side 125) af I-V karakteristikker for en- og to-atomare guldkontakter, idet disse
er (næsten) lineære. Vi foreslår desuden en sandsynlig forklaring på de ikkelineære I-V karakteristikker: Det er sandsynligt at der spontant adsorberes et
ultratyndt lag af organiske molekuler på guldoverﬂaden når den renses i luft.
Når tippen herefter indenteres blødt i overﬂaden, klemmes det dielektriske lag
af molekyler mellem tippen og overﬂaden som vist i ﬁgur 6.1 på side 142. Dette
isolerende lag virker som en tunnelbarriere for elektronerne.
Dette fysiske billede forfølges i kapitel 6, hvor vi opstiller en simpel fysisk
model for tunnelbarrieren som lader sig løse eksakt. Ud fra modellen kan vi
beregne teoretiske I-V karakteristikker baseret på tre parametere: tykkelsen af
laget, kontaktarealet og barrierehøjden. De beregnede karakteristikker er i god
overensstemmelse med de eksperimentelle kurver som vist i ﬁgur 6.9 på side 169.
I kapitel 7 viser vi de foreløbige resultater af en ny type eksperimenter, hvor
vi vha. elektrisk strøm kan inducere ændringer i kontaktgeometrien af goldkontakter betående af få atomer. Vi fokuserer på studiet af strøminducerede brud af
enatomare kontakter. I ﬁgur 7.5 på side 187 er f.eks. vist I-V karakteristikken af
en enatomar guldkontakt mens spændingen over atomet øges til 2–3 Volt i løbet
af nogle få µs. Kontakten brydes pludseligt, men inden da er strømmen gennem
atomet nået op på 190 µA. Dette er en den største strøm, der nogensinde er
blevet målt gennem et atom. Hvis man tager atomets meget lille tværsnitsareal i
betragtning, svarer det til en strømtæthed på omtrent 3×1011 A/cm2 , hvilket er
mere end fem størrelsesordener højere end de ellers meget store strømtætheder
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man kan ﬁnde i de små ledningsforbindelser i integrerede kredsløb. Afhandlingen afrundes i kapitel 8, hvor der gives nogle bud på den fremtidige udvikling
inden for feltet.

Appendix A

The Maxwellian Oriﬁce
A.1

The oblate spheroidal coordinate system

It is not convenient to solve Laplace’s equation analytically for the oriﬁce geometry shown in Fig. 2.2 on page 13 in the usual cartesian coordinate system. Instead we will use the more exotic oblate spheroidal coordinate system (ξ, η, φ),
which is a curvilinear orthogonal system [1, 2]. The oblate spheroidal coordinates are related to the usual cartesian coordinates (x, y, z) by the formulas [2]

x = a cosh ξ cos η cos φ ,

(A.1)

y = a cosh ξ cos η sin φ , and
z = a sinh ξ sin η ,

(A.2)
(A.3)

−π/2 ≤ η ≤ π/2,

(A.4)

where
ξ ≥ 0,

and 0 ≤ φ < 2π ,

and a is a length, which we set equal to the radius of the oriﬁce. Clearly, ξ is
a measure of the distance from the oriﬁce. When ξ = 0, we are in the z = 0
plane in the oriﬁce. When η is positive, we are situated in the upper electrode
and vice versa. As |η| → π/2, we approach the z-axis. The last coordinate φ is
just the aximuthal angle.
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Symmetry and boundary conditions

Since the oriﬁce geometry has rotational symmetry around the z-axis, the electrostatic potential will not depend on φ. Thus we may in this problem combine
Eqs. (A.1) and (A.2) to
$
r⊥ = x2 + y 2 = a cosh ξ cos η .
(A.5)
We now apply bias voltages U/2 (−U/2) inﬁnitely far away from the oriﬁce in
the z > 0 (z < 0) half spaces. By symmetry the potential in the z = 0 plane
will then be zero for ρ < a, and we will in the following only consider the upper
halfspace (0 < η ≤ π/2). Here, the Dirichlet boundary conditions are
&
U/2 for ξ → ∞,
V =
(A.6)
0
for ξ = 0.
The Neumann boundary conditions ∂V /∂n = 0 for z → 0+ and ρ > a correspond to
∂V
= 0 for η → 0+ ,
∂η

(A.7)

whereby we have formally stated the boundary conditions needed to ﬁnd a
unique solution to Laplace’s equation. From the Neumann boundary condition
in Eq. (A.7), we see that the potential is independent of η at the diaphragm separating the two electrodes. This could indicate that V is independent of η everywhere inside the electrodes. We will therefore pursue a solution to Laplace’s
equation, which only depends on ξ
V (ξ, η, φ) = V (ξ) .

A.3

(A.8)

Solving Laplace’s equation

If the ansatz in Eq. (A.8) is correct, the only term in the expression for the
Laplace operator, which has to be considered is the one which depends on
derivatives with respect to ξ [2]
∇2 V =

1


2
sinh ξ + sin2 η cosh ξ


∂
∂V
×
cosh ξ
+ ...
∂ξ
∂ξ

a2

A.4. CALCULATING THE CONDUCTANCE
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Since ∇2 V = 0 for all values of ξ and η, this implies that
cosh ξ

∂V
=C,
∂ξ

(A.9)

where C is a constant which will be determined later using the Dirichlet boundary conditions in Eq. (A.6). Proceeding to ﬁnd V (ξ), we get [2]
 ∞
dξ 
∞
V (ξ → ∞) − V (ξ) = C
= 2C [arctan (exp{ξ  })]ξ .
)
cosh(ξ
ξ
Using Eq. (A.6), we can substitute V (ξ → ∞) with U/2. By rearranging the
terms, we then get

U
π
V (ξ) =
+ 2C arctan(exp{ξ}) −
,
2
2
from which we see that
V (0) =

π
π U
π
U
+ 2C
−
−C .
=
2
4
2
2
2

According to Eq. (A.6), the Dirichlet boundary conditions require that V (0) = 0.
This implies that
C=

U
.
π

The unique solution to Laplace’s equation is therefore1

2
1
arctan(exp{ξ}) −
V (ξ) = U
.
π
2

A.4

(A.10)

(A.11)

Calculating the conductance

Since the potential only depends on ξ, the gradient will be parallel to the direction of increase of ξ deﬁned by the unit vector ξ̂. The electric ﬁeld will therefore
1 At

ﬁrst, this result seems to be at variance with the formula

]
1
2
− arctan(1/ξ) ,
V (ξ) = U
2
π

which is normally given in the literature [3, 4]. However, ξ is deﬁned diﬀerently in those
references. If this is taken into account, it can be shown that the two expressions are identical.
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be given by E = −∇ξ V ξ̂, where ∇ξ is the ξ component of the gradient, given
by [1]
∂
1
.
∇ξ = $
2
2 ∂ξ
a sinh ξ + sin η

(A.12)

From Eqs. (A.9) and (A.10), we immediately see that
∂V
U
=
,
∂ξ
π cosh ξ
and we ﬁnd the electrical ﬁeld
E(ξ, η) = −

U
$
ξ̂ ,
πa cosh ξ sinh2 ξ + sin2 η

and the corresponding current density from Ohm’s law
j(ξ, η) = −

σU
$
ξ̂ .
πa cosh ξ sinh2 ξ + sin2 η

The next step is to calculate the current ﬂux through a surface placed between
the electrodes. For convenience we chose the ξ = 0 surface, which is a disc of
radius a, covering the oriﬁce between the electrodes. At this surface, the unit
vector ξ̂ points along the z-axis. Thus, the z component of the current density
is
jz (0, η) = −

σU 1
.
πa sin η

Using Eq. (A.5), we may also express jz in terms of r⊥ as
jz (ρ) = −

1
σU
$
.
2
2
π
a − r⊥

Next, the current can be found


a2

I=
0

2
|jz (r⊥ )|πdr⊥



= σa U
0

= 2σaU ,

1

√

dx
1−x

(A.13)
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and ﬁnally, we obtain the conductance GM = I/U of the Maxwellian oriﬁce
GM = σd ,

(A.14)

where d = 2a is the diameter.
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Appendix B

The Dilogarithm
The dilogarithm Li2 (z) is deﬁned by1 [1]
 z
ln(1 − z)
.
dz
Li2 (z) ≡ −
z
0

(B.1)

This deﬁnition holds for general complex variables z. Here, however, we will
only focus on real, negative values x [cf. Eq. (6.32) on page 165 in Chapter 6]
for which we have plotted the dilogarithm in Fig. B.1.
For |x| < 1, the dilogarithm can be written as a series
Li2 (x) =

∞

xn
,
n2
n=1

(B.2)

from which we see that
Li2 (x)  x for x  1.

(B.3)

If the ﬁrst-order approximation for Li2 (x) (shown as the dashed line in Fig. B.1)
is used in the expression for the zero temperature mean transmission in the parabolic barrier model [Eq. (6.32)], we obtain the WKB expression for the transmission as shown in Chapter 6. For large negative values of x, the dilogarithm
1 In

the literature many alternative deﬁnitions and notations for the dilogarithm exist. Here
we adopt the notation used by Lewin [1].
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Figure B.1: The dilogarithm for real, negative values of the argument. For compari-

son, the ﬁrst-order term Li2 (x)  x (the WKB limit in the parabolic barrier model) is
shown (dashed line) as well as the asymptotic form for large negative values (dasheddotted line).

has the asymptotic form
Li2 (x) = −

1
π2
− [ln(−x)]2
6
2

for x → −∞,

(B.4)

which is shown for comparison as the dashed-dotted line in Fig. B.1.
We have found that the dilogarithm can be evaluated eﬃciently using the
following recipe:
1. If x < −1, the relation
Li2 (x) = −

1
π2
− [ln(−x)]2 − Li2 (1/x)
6
2

is ﬁrst used to invert the argument and map it into [0; 1].
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2. If x  1 (say, smaller than 0.01), the series in Eq. (B.2) is used directly
for evaluating Li2 (x).
3. Otherwise, Li2 (x) is found by Romberg integration [2] of Eq. (B.1).
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Appendix C

Stratton’s Result
In 1962 Stratton developed an arbitrary barrier approximation in the WKB
limit, which could be used for ﬁnding the current density j(V ) through a thin
insulating ﬁlm [1]. For arbitrary symmetric barriers, he found the following
general formula [Eq. (23) in Ref. 1]
j(V )  j0

πc10 kB T
exp −b12 (eV )2 2 sinh (c10 eV /2) ,
sin(πc10 kB T )

where
j0 =

4πme exp(−b10 )
,
h3
c210

and c10 , b10 and b12 are constants which can be calculated from the barrier shape
at equilibrium. We may now write Stratton’s corresponding mean transmission
T Str by using I(V ) = j(V )A = Gs T (V )V , whereby we ﬁnd the transmission
valid for arbitrary symmetric (and opaque) barriers
T Str (V ) =

πc10 kB T exp(−b10 )
sin(πc10 kB T ) c10 EF
2 sinh (c10 eV /2)
.
× exp −b12 (eV )2
c10 eV

(C.1)

The parameters b10 and b12 can be found by expanding the logarithm of the
WKB transmission given by Eq. (6.25) to second order in the voltage [1]
WKB
(EF , V ) ≡ b1 = b10 − b11 V + b12 V 2 + . . .
− ln T1D
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(C.2)
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The last parameter c10 is found from the following WKB-like integral over the
barrier at equilibrium [1]
√

2m z2
dz
$
c10 =
,
(C.3)

φ(0;
z) − EF
z1
where z1 and z2 are the classical turning points at the incoming electron energy
Ez = EF .
For the parabolic barrier, we ﬁnd bP
1 = γ(φV − EF ) directly by comparing
Eq. (C.2) with Eq. (6.26). Using the expression for φV given by Eq. (6.24),
P
we then ﬁnd bP
10 = γ(φ0 − EF ) and b12 = γ/(16φ0 ). When the equilibrium
barrier φ(0; z) given by Eq. (6.21) is inserted in Eq. (C.3), we get an elementary
integral. Upon insertion of the expression for the curvature given by Eq. (6.22),
P
P
P
we ﬁnd cP
10 = γ. Inserting the values for b10 , b12 and c10 in Eq. (C.1), we get
T Str,P (V ) =

πγkB T exp −γ(φ0 − EF )
sin(πγkB T )
γEF

γ
2 2 sinh(γeV /2)
× exp −
(eV )
16φ0
γeV

(C.4)

Finally, we expand the ﬁrst term
π2 2
πγkB T
=1+
γ (kB T )2 + . . . ,
sin(πγkB T )
6

(C.5)

and we see that to second order in γkB T , the Stratton result is identical to the
opaque barrier limit of the parabolic model [compare Eqs. (6.15), (6.35), (6.36),
(C.4) and (C.5)].
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Appendix D

The Kolmogorov-Smirnov
Test
(KS) test is a statistical test, which can be used
T hefor Kolmogorov-Smirnov
testing whether two measured cumulated probability functions, S (x)
N1

and SN2 (x), with N1 and N2 data points are drawn from diﬀerent underlying
distributions.1 (See Ref. 1 and references therein). To be more speciﬁc, the KS
test provides an answer to the following question:
Assuming that SN1 (x) and SN2 (x) are drawn from the same underlying distribution, what is the probability of ﬁnding a worse agreement
between the functions if the experiments are repeated?

A few clarifying remarks are in order here. First we have to specify what is
meant by an agreement between two probability functions. In the KS test, the
agreement, or rather the disagreement, is quantiﬁed by a particularly simple
measure called the Kolmogorov-Smirnov D. This quantity is deﬁned as the
maximum value of the absolute diﬀerence between the two probability functions,
or, in mathematical terms,
D=

max

−∞<x<∞

|SN1 (x) − SN2 (x)| .

(D.1)

1 In contrast, it is impossible to test whether two measured cumulated probability functions
are drawn from the same underlying distribution. This is because the diﬀerence between two
diﬀerent underlying distributions can be inﬁnitely small such that an inﬁnite number of data
points are needed to map out the true distributions.
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Using D alone is not enough since we have not yet taken into account the number
of data points N1 and N2 . Clearly, if N1 and N2 are small, D can be large even
when the distributions are drawn from the same underlying distribution. We
therefore have to normalize D with N1 and N2 to get a measure λ, which is
independent of counting statistics. If N1 , N2  20 (as is easily fulﬁlled for our
data), λ can be deﬁned as [1]

N1 N2
D.
λ=
N1 + N2
If SN1 and SN2 are drawn from the same underlying distribution, the distribution of λ itself can be calculated, at least to a useful approximation, thus
giving the signiﬁcance of any observed nonzero value of λ. The probability that
a new measurement would result in a larger λ (worse agreement) can be calculated from the function QKS , which is deﬁned in terms of the following inﬁnite
sum
QKS (λ) = 2

∞


(−1)j−1 exp(−2j 2 λ2 ) ,

(D.2)

j=1

which a monotonic function with limiting values
QKS (0) = 1 and QKS (∞) = 0 .

(D.3)

For instance, if SN1 (x) and SN2 (x) are identical, D = 0 and thus QKS =
1, indicating that there is a 100% probability of getting a worse agreement
between the functions if the measurements are repeated. The alternating sum
in Eq. (D.2) can be calculated straightforwardly on a computer [1].
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