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Prefa
e

This thesis presents the work I have done during my PhD studies at theDepartment of Physi
s and Astronomy, Aarhus University, Denmark,under the supervision of Lars Bojer Madsen.NotationAtomi
 units (a.u.) used throughout this thesis, unless indi
ated other-wise. In atomi
 units the ele
tron mass, me, the elementary 
harge,
e, the redu
ed Plan
k's 
onstant, ~, and the Bohr radius, a0, all equalunity.It is 
ustomary to use W/
m2 to give the intensity of laser pulses.The laser �eld strength (in atomi
 units) is related to the intensity (inW/
m2) through E0 =

√

I
3.51×1016 . Most of the laser pulses 
onsideredhere are 
entred around 800 nm and are in the infrared. We will stillrefer to them as laser pulses.All of the streaking spe
tra plotted throughout this thesis are inarbitrary units when it 
omes to the strength of the signal. They are allplotted on a linear s
ale and has dark blue 
orresponding to 0 and darkred 
orresponding to 1 in normalised units. The 
olour s
ale is indi
atedin Fig. 1.iv
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Chapter1 Introdu
tion

Around the turn of the millenium, the advan
es in intense few-
y
lelaser pulses lead to the generation of attose
ond pulse trains and iso-lated attose
ond pulses[1, 2℄, where 1 ase
 is 10−18 s. With attose
ondpulses it be
omes possible to investigate ele
troni
 motion at the naturaltimes
ale. The atomi
 unit of time is 24 ase
 and the Bohr orbit timeof the hydrogen 1s ele
tron is T = 2πa0/v0 = 150 ase
, where a0 is theBohr radius and v0 the Bohr velo
ity. The goal of attos
ien
e is to tryto understand the evolution of atomi
, mole
ular and solid systems onthis times
ale. This 
hapter is a short introdu
tion to some aspe
ts ofattose
ond physi
s and shows how the next 
hapters �t into this 
ontext.1.1 Attose
ond Physi
sAttose
ond pulses are generated from intense few-
y
le laser pulses, typ-i
ally from titanium-sapphire lasers operating at a wavelength of 800nm, through the pro
ess of high-order harmoni
 generation (HHG). TheHHG pro
ess is not very e�
ient and the attose
ond pulses are thereforeweak and in the perturbative regime, where no more than one photon isabsorbed by ea
h atom or mole
ule. The pulses are typi
ally in the ex-treme ultra-violet (XUV) regime with a 
entral photon energy of 30-100eV, 
orresponding to the 20th to the 60th harmoni
 of the fundamental1



Chapter 1. Introdu
tionlaser pulse. The shortest attose
ond pulses have a duration around 80ase
 full-width-at-half-maximum (FWHM), but more often the durationis a few hundred attose
onds. The duration of the attose
ond pulses ismu
h shorter than the opti
al period of the fundamental �eld (2.67 fsat 800 nm), allowing the attose
ond pulses to resolve the os
illations ofthe fundamental �eld.The fa
t that the attose
ond pulses are 
reated from the intense laserpulses is the key to most attose
ond experiments. The intense laser pulse
oming out of the os
illator is split into two at a ratio of about 10:1.The intense part is used for HHG to generate an attose
ond pulse, whilethe other part is sent through a delay line onto the target. Varying thelength of the delay line allows a very pre
ise timing between the arrival ofthe (still rather intense) laser pulse and the generated attose
ond pulse.The signal re
orded in the experiments is for example the photoele
tronenergy[3�9℄, the ion produ
tion[10℄, the mole
ular fragmentation[11℄,or the photon absorption[12�14℄ measured as a fun
tion of the relativedelay between the two pulses.The pro
ess where an isolated attose
ond pulse is used to ionise thetarget and release ele
trons into the 
ontinuum dressed by the laserpulse is known as attose
ond streaking. Looking at it 
lassi
ally, if anele
tron is released at a time t0 by the attose
ond pulse, it will then bea

elerated by the laser pulse from the time of release until the laserpulse is over. The momentum gained in this a

eleration (negle
tingany e�e
ts of the target left behind) is ∆~k = −e
∫∞
t0
~E(t′)dt′, where −eis the ele
tron 
harge and ~E(t) is the ele
tri
 �eld due to the laser pulse.When varying the time of ionisation (the attose
ond pulse) relative tothe laser pulse, one 
an dire
tly map out the integral of the ele
tri
 �eld,whi
h is also the ve
tor potential of the laser pulse[5℄. If the attose
ondpulse releases ele
trons from two di�erent initial states, then a delay inthe release time will show up as a shift in the streaking spe
trum fromthe di�erent 
hannels. Measuring these shifts allows the timing of verysmall di�eren
es in the release time and has been used to measure thedi�eren
e in release time for 
ore and valen
e ele
trons in tungsten[6℄and the di�eren
e in ionisation time for ele
trons from the 2s or 2pshell in neon[8℄. The attose
ond streaking te
hnique will be the subje
tof 
hapter 2, while 
hapter 3 is dedi
ated to understanding the time-2



Attose
ond Physi
sresolved measurements from 
ondensed matter and 
hapter 4 will dis
usshow se
ondary ele
trons may in�uen
e the measurements.Chapter 5 will dis
uss other e�e
ts that may lead to shifts in thestreaking spe
trum. These in
lude e�e
ts of a permanent dipole mo-ment in the initial state, the Coulomb potential of the ion, and thestru
ture of the 
ontinuum. Experiments have measured the ionisationtime in strong-�eld ionisation of helium[15℄ and found that there is nodelay on
e the Coulomb potential is properly in
luded[16℄. Similarly,the interpretation of the streaking measurements need a 
areful 
on-sideration of the measurement te
hnique. Furthermore, a near laserresonan
e in the target may lead to phase-shifts in the streaking sig-nal. The streaking te
hnique may be used to extra
t some features,like the phase shift around a Cooper minimum[17℄ and we give a re
ipefor extra
ting the relative phase of the ionisation matrix elements fromthe ground state and the resonant state when the laser. This will bedis
ussed in 
hapter 6.If the laser pulse used for the HHG pro
ess has several opti
al 
y
les,the out
ome is not an isolated attose
ond pulse but instead a seriesof attose
ond pulses known as an attose
ond pulse train (APT)[18℄.Spe
trally, the train is 
omposed of either the odd harmoni
s from thefundamental laser frequen
y 
orresponding to two attose
ond pulses peropti
al period or both the odd and the even harmoni
s 
orrespondingto just one pulse per opti
al period. When ele
trons are released by thepulse train, they will 
ome in narrow energybands 
orresponding to thespe
tral pro�le of the train. If the target is illuminated by both the pulsetrain of the odd harmoni
s and the fundamental �eld, then the ele
tronsare allowed to ex
hange photons with the fundamental �eld and end upwith an energy 
orresponding to an even harmoni
. The probabilityfor ending up at the even harmoni
s or sidebands depends very mu
hon the relative phase or delay between the pulse train and the laserpulse[9, 19�22℄. In 
hapter 7, we will dis
uss how the photoele
tronsfrom a 
ombination of an attose
ond pulse train and the fundamentallaser pulse may be used to perform time-resolved measurements and to
hara
terise the pulse train.Experiments with an XUV pulse that has a duration longer than theopti
al period of the laser �eld 
an also be used for time-resolved mea-surements, though the temporal resolution is determined by the dura-3



Chapter 1. Introdu
tiontion of the pulse instead of the opti
al period. This leads to a temporalresolution on the few femtose
ond times
ale. This pro
ess, known asthe laser-assisted photoele
tri
 e�e
t, has been used to measure e.g. theAuger lifetime of xenon 
ore states, when the atoms are adsorbed on aplatinum surfa
e[23℄. Some work on this setup is dis
ussed in 
hapter 8.Another approa
h to attose
ond spe
tros
opy is to look for the ab-sorption of the attose
ond pulse as it passes the target, known as at-tose
ond absorption spe
tros
opy. Again, the tool is the pump-probeexperiment with two pulses and looking for the variation in the ab-sorption signal as the relative delay between them is 
hanged. Attose
-ond absorption spe
tros
opy has very re
ently been used to study thereal-time motion of a valen
e hole in krypton atoms ionised with anintense few-
y
le pulse[12℄ and to study time-resolved autoionisation inargon[13℄. In 
hapter 9 we present a model to 
al
ulate the absorptionsignal and give an example of how two attose
ond pulses 
an be used tostudy the hole formation in krypton with attose
ond resolution.While the pro
ess of high-order harmoni
 generation is not the sub-je
t of this thesis, we give a few remarks on how high-order harmoni
spe
tros
opy 
an be used to probe the dynami
s in atoms or mole
ules in
hapter 10. As a spin-o� from the 
onsiderations made in the absorptionspe
tros
opy, we show that when 
al
ulating the high-order harmoni
generation from a single atom or mole
ule, the signal is proportional tothe norm-square of the dipole velo
ity.

4



Chapter2 Attose
ond Streaking

Photoele
tron spe
tros
opy with a 
ombined attose
ond pulse and in-tense laser pulse is a powerful spe
tros
opi
 tool. The photoele
tronis liberated by the attose
ond pulse in a time-interval whi
h is mu
hshorter than the opti
al period of the assisting laser pulse. It is thena

elerated by the laser pulse and the �nal energy of the ele
tron holdsa signature of the release-time. The a

eleration of the ele
tron, knownas streaking, 
an be used both to 
hara
terise the pulses involved andfor time-resolved measurements.2.1 The SetupVery brie�y and from a theoreti
ians point of view, the setup for an at-tose
ond streaking experiment 
onsists of an os
illator providing phase-stabilised, few-
y
le laser pulses with a 
entral wavelength around 800nm and an intensity of the order 1014 W/
m2. This pulse is split intotwo, with the intense part (∼ 90% of the intensity) providing the at-tose
ond pulse through high-order harmoni
 generation (HHG) and theremaining part being sent through a delay line and onto the target. Thepolarisation of the two pulses is usually in the same dire
tion and anenergy-resolved photoele
tron dete
tor is pla
ed in the polarisation di-re
tion from the target. The details of many of the di�erent experiments5



Chapter 2. Attose
ond Streakingaround the world 
an be found in Ref. [2℄ and referen
es therein.2.1.1 HHG for Attose
ond Pulse GenerationHigh-order harmoni
 generation or HHG is often des
ribed with a verysimple three-step model[24℄, where the pro
ess is split into i) ionisationof the target, ii) propagation of the ele
tron wave pa
ket in the 
on-tinuum, and iii) re
ombination of the ele
tron wave pa
ket with theparent ion. The highest harmoni
s are emitted by ele
trons ionised justafter the peak of the ele
tri
 �eld and rea
h photon energies of up to
ωmax = 3.17Up + Ip, where Ip is the ionisation potential of the targetatoms and Up = E2

0/4ω2
L is the ponderomotive potential, with E0 the am-plitude of the laser �eld and ωL the laser frequen
y. For laser pulses withseveral opti
al 
y
les, this results in a series of bursts temporally dis-pla
ed by half the period of the fundamental �eld. When the laser pulseis very short, only one maximum of the �eld 
ontributes signi�
antlyto this highly non-linear pro
ess and an isolated pulse with attose
ondduration is produ
ed. For typi
al experimental 
onditions the photonenergies extend up to about 100 eV.2.2 Streaking in the Strong-FieldApproximationThe strong-�eld approximation gives a simple, quantum me
hani
al de-s
ription of attose
ond streaking. In the single-a
tive-ele
tron approxi-mation, the Hamiltonian for the system is given as

H = H0 + VL(~r, t) + VX(~r, t− t0), (2.1)where H0 is the �eld-free Hamiltonian des
ribing the intera
tion of theele
tron with the ion, VL(~r, t) = ~r · ~EL(t) is the intera
tion with thelaser �eld and VX(~r, t− t0) = ~r · ~EX(t− t0) is the intera
tion with theattose
ond pulse. t0 is the delay of the attose
ond pulse, relative tothe laser pulse (see Fig. 2.1). We 
al
ulate the photoele
tron spe
trumthrough the T -matrix formalism, where the ionisation probability fromthe initial state Ψi to a �nal state Ψf with asymptoti
 momentum ~kf is6



Streaking in the Strong-Field Approximation
t

laser

atto

0

Figure 2.1 | In the streaking experiments a laser pulse and an attose
ond pulse is sentonto the target with a variable delay, t0.given by
dP

d~kf
(t0) = |Tfi(t0)|2 (2.2)and the transition matrix element is

Tfi(t0) = −i
∫

dt〈Ψf(t)|VL(~r, t) + VX(~r, t− t0)|Ψi(t)〉. (2.3)In Eq. (2.3), the VL(~r, t) gives the ionisation due to the laser �eld and
VX(~r, t − t0) gives the ionisation due to the attose
ond pulse. We areinterested in the ele
trons released with a high kineti
 energy, wherethe 
ontribution from the attose
ond pulse dominates and we thereforenegle
t the ele
trons released by the laser, known as above-thresholdionisation (ATI) ele
trons.In the strong-�eld approximation we assume that the initial stateis una�e
ted by the laser pulse and is an eigenstate of the �eld-freeHamiltonian

Ψi(~r, t) = ψi(~r)e
−iEit, (2.4)7



Chapter 2. Attose
ond Streakingwhere ψi(~r) is the spatial wave fun
tion and Ei is the eigenenergy. Weapproximate the �nal state with the Volkov wave fun
tion, whi
h isthe solution to the S
hrödinger equation when the ioni
 potential isnegle
ted
Ψf(~r, t) =

1

(2π)3/2
exp

[

i(~kf + ~A(t)) · ~r − i

2

∫ t

dt′(~kf + ~A(t′))2
]

,(2.5)where ~A(t) is the ve
tor potential
~A(t) = −

∫ t

−∞
dt′~E(t′). (2.6)Sin
e the laser �eld is mu
h more intense than the attose
ond pulse, wenegle
t it and assume that the only the laser �eld 
ontributes to the�nal state wave fun
tion.We may now 
al
ulate the transition matrix elements

Tfi(t0) ≈ −i
∫

dt〈Ψf (t)|VX(~r, t− t0)|Ψi(t)〉 (2.7)
= −i

∫

dtT 1B(~kf + ~A(t))fX(t− t0) (2.8)
× exp

[

i

2

∫ t

dt′(~kf + ~A(t′))2 − iEit− iωX(t− t0)

]

.Here, we have introdu
ed the �rst Born amplitude for the transitionfrom the initial state to the �nal state, T 1B(~k) = 〈~k|~Ex,0 · ~r|ψi〉 and
~EX(t) = ~Ex,0fX(t)e−iωXt, with ~Ex,0 the peak ele
tri
 �eld strength andpolarisation, ωX the 
entral frequen
y, and fX(t) the envelope fun
tion.The key to the attose
ond streaking is that the attose
ond pulse shouldbe mu
h shorter than the opti
al period of the laser pulse, su
h that wemay assume that the ve
tor potential is 
onstant over the duration ofthe attose
ond pulse, ~A(t) ≈ ~A(t0). Note that the integral in Eq. (2.8)only has support when the attose
ond pulse is on, that is when fX(t−t0)is non-vanishing. Looking at the Volkov phase, we 
an now approximatethis in order to perform the integration analyti
ally. Sin
e the ve
torpotential is almost 
onstant over the attose
ond pulse, we take the �rst-order Taylor expansion and �nd that
∫ t

dt′(~kf + ~A(t′))2 ≈
∫ t0

dt′(~kf + ~A(t′))2+(~kf + ~A(t0))
2(t− t0), (2.9)8



The Streaking Spe
trumwhere the �rst part on the right hand side is a 
onstant (independent oft). With these approximations, the transition matrix element is givenby
Tfi(t0) ≈ −iT 1B(~kf + ~A(t0))e

iΦ(t0) (2.10)
×
∫

dtfX(t− t0) exp

[

i(
1

2
(~kf + ~A(t0))

2 − Ei − ωX)(t− t0)

]

.We have introdu
ed Φ(t0) = 1
2

∫ t0 dt′(~kf + ~A(t′))2 − Eit0, whi
h is anoverall phase on the transition matrix element and has no in�uen
e onthe measured photoele
tron spe
trum. The time integral is the Fouriertransform of the envelope fun
tion and we �nd that
Tfi(t0) ∼ −iT 1B(~kf + ~A(t0))e

iΦ(t0)f̃X((
~kf+ ~A(t0))

2/2 − Ei − ωX). (2.11)This is the re
ipe for 
al
ulating the streaking spe
trum as a produ
tof the momentum representation of the initial state and the spe
tralrepresentation of the attose
ond pulse. The Fourier transform of theenvelope fun
tion is peaked around the origin and we �nd the that theele
tron energy distribution is peaked around
E =

k2f
2

= ωX + Ei − ~kf · ~A(t0)−
A(t0)

2

2
. (2.12)With the �eld strengths used experimentally, the last term is typi
allyvery small and 
an in many 
ases be negle
ted.2.2.1 The Streaking Spe
trumThe 
ommon way of plotting the spe
tra, is to look at the energy-resolved photoele
tron spe
trum in a parti
ular dire
tion. We note that

d~k = dkdΩ =
dEdΩ

k
(2.13)and �nd from Eq. (2.2) that the energy-resolved spe
trum is given by

dP

dEdΩ
(t0) = kf |Tfi(t0)|2, (2.14)where E and Ω are the kineti
 energy and the dire
tion of the ele
tron.9



Chapter 2. Attose
ond StreakingA typi
al streaking spe
trum is plotted in Fig. 2.2. The laser has asine-squared envelope for the ve
tor potential
~A(t) = ~A0 sin

2

(

πt

τL

)

cos(ωLt). (2.15)The wavelength is 800 nm and the peak intensity is 1012 W/
m2. Theduration is τL = 11 fs 
orresponding to 4 opti
al 
y
les and the FWHMis τL
2 for the sine-squared envelope. The attose
ond pulse has a 
entralfrequen
y of 91 eV, a Gaussian envelope and a FWHM duration of 200ase
. The attose
ond pulse is assumed to be in the perturbative region,but the amplitude in Fig. 2.2 is in arbitrary units and hen
e the strengthof the attose
ond pulse is not important. The binding energy is 13.6eV 
orresponding to the hydrogen ground state and it is assumed that

T 1B(~kf) is 
onstant in the relevant energy region.

Figure 2.2 | A typi
al example of a streaking spe
trum, that is dP
dEdΩ(t0) for a set of pulseparameters given in the text.In this example, we only look for ele
trons emitted along the 
ommonpolarisation axis of the laser and attose
ond pulse. In this dire
tion, ~kfand ~A are parallel and the os
illations in the streaking spe
trum aremaximal.From the spe
trum, one may 
al
ulate the 
entre of energy (CoE)10



Time-Resolved Measurementsto more quantitatively see the os
illations. The CoE is de�ned as
ECoE(t0) =

∫

dE E dP
dE (t0)

∫

dE dP
dE (t0)

(2.16)and gives the average energy of the dete
ted ele
trons. The CoE isplotted in Fig. 2.3.
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Figure 2.3 | The 
entre of energy as given by Eq. (2.16) 
al
ulated from the data presentedin Fig. 2.2. The 
urve follows the os
illations in the mean energy of the ele
trons.
2.3 Time-Resolved MeasurementsAttose
ond streaking 
an be used to measure the emission time of ele
-trons from two di�erent 
hannels, provided they are well separated inenergy. If the ele
trons from the two 
hannels do not overlap in thestreaking spe
trum, one measures a streaking spe
trum for ea
h of thetwo independently. If one of the 
hannels is delayed relative to the other,the delayed ele
trons will not be a

elerated in the laser �eld from time
t0, but instead from a later time t0 + ∆t, where ∆t is the delay. Thismeans that the streaking spe
trum will os
illate as ~k · ~A(t0) for the un-delayed 
hannel and ~k · ~A(t0+∆t) for the delayed 
hannel. The prin
ipleis illustrated in Fig. 2.4. The temporal shift between the two 
urves isa measure of the relative delay between the emission 
hannels. 11



Chapter 2. Attose
ond Streaking
t0

laser

atto

∆E

t0

shiftFigure 2.4 | S
hemati
 presentation of the attose
ond streaking experiment for time-resolved measurements. A laser pulse and an attose
ond pulse with a variable time-delay,
t0, are fo
used onto a target. The kineti
 energy of the photoele
trons depends on thedelay between the two pulses, whi
h gives a 
hara
teristi
 signal. If ele
trons are releasedfrom two di�erent 
hannels (sket
hed as the s-like and the p-like orbitals) and if releasefrom one of the 
hannels is delayed 
ompared to the other, the signal is shifted as shownin the bottom of the �gure.This te
hnique has been used to measure the emission-time of ele
-trons from two di�erent initial states in the metal tungsten[6℄. The ex-periment shows a delay of 110 ± 70 ase
 between the 
ondu
tion bandele
trons and ele
trons from a lo
alised 4f 
ore state. The interpreta-tion in the paper is that this is a measurement of the travel time fromionisation and until the ele
trons rea
h the surfa
e. Theoreti
al workshave explained the results in various ways[25�28℄. The interpretation ofthis experiment is the primary subje
t of 
hapters 3 and 4.Another very re
ent experiment measured the di�eren
e in emissiontime for 2s and 2p ele
trons in neon[8℄. This experiment will be dis
ussed12



Pulse Chara
terisationin 
hapter 5, where we will also dis
uss some 
ompli
ations to the time-resolved measurements with the streaking te
hnique and the fa
t that ashift in the streaking spe
trum is not ne
essarily the result of a temporaldelay.2.4 Pulse Chara
terisationAs is seen from Eq. (2.12), the mean energy of the ele
trons follow theve
tor potential of the laser pulse. This is used in experiments to makedire
t measurements of the ele
tromagneti
 �eld[5, 29℄. The os
illationsin Figs. 2.2 and 2.3 are a dire
t mapping of the ve
tor potential throughthe term −~kf · ~A(t0) and the ve
tor potential holds the full informationabout the laser pulse.The transition matrix element in Eq. (2.11) is related to the Fouriertransform of the attose
ond pulse, su
h that the streaking spe
trum 
anbe used to 
hara
terise the attose
ond pulse. In the analysis presentedhere, only the norm-square of Fourier transform is available, but a moreelaborate analysis shows that the 
hirp (time-dependent variation ofthe frequen
y) of the attose
ond pulse 
an also be extra
ted[30℄. Thisis known as the attose
ond streak 
amera. Measuring the 
hirp is im-portant, sin
e the HHG pro
ess responsible for 
reating the attose
ondpulses introdu
es an attose
ond 
hirp, su
h that the lower frequen
iespro
eed the higher frequen
ies and the pulse is temporally longer thanthe Fourier limit due to the spe
tral width.Yet another te
hnique relies on the fa
t that the streaking spe
trumin Eq. (2.8) is a gated Fourier transform of the attose
ond pulse ande�e
tively �ts the attose
ond pulse and the laser pulse parameters to thestreaking spe
trum. This is know as Frequen
y-resolved opti
al gatingfor 
omplete re
onstru
tion of attose
ond bursts or FROG CRAB[31℄.This is a very powerful tool to re
onstru
t full information about theattose
ond pulse and the laser pulse. The downside is that the FROGCRAB algorithm works like a bla
k box and it may be very di�
ult tointerpret if the re
onstru
tion does not work.
13



Chapter3 Attose
ond Streaking fromMetal Surfa
es
The �rst experiment showing the extension of attose
ond spe
tros
opyto 
ondensed matter was done in 2007[6℄. In this attose
ond streakingexperiment, a 300 ase
 pulse 
entered around 91 eV is sent onto a tung-sten surfa
e. From the surfa
e, 
ondu
tion band ele
trons are emittedwith an energy around 83 eV and ele
trons from lo
alised 4f 
ore statesare emitted with an energy 
entred around 56 eV. The ele
trons aredete
ted in the dire
tion perpendi
ular to the surfa
e. With a variabledelay, an infrared laser pulse 
entred around 750 nm is being sent ontothe surfa
e, near Brewster's angle to avoid any penetration into the sur-fa
e. The laser pulse streaks the ele
trons and the streaking signal fromthe 4f ele
trons is delayed by 110 ± 70 ase
 
ompared to the 
ondu
-tion band ele
trons. This 
hapter will dis
uss the interpretation of thisresult.
3.1 Delayed Ele
tron EmissionIf we assume that the laser �eld does not penetrate the metal surfa
eat all, then an ele
tron wave pa
ket formed within the metal will travelto the surfa
e without experien
ing the streaking due to the laser pulse.14



Referen
e States for Absolute Time MeasurementsThe streaking signal would then follow
∆E ≈ −

∫ ∞

t0+∆t

dt′~k · ~E(t′) = −~k · ~A(t0 +∆t), (3.1)where t0 is the time of arrival for the attose
ond pulse and ∆t is thetime it takes the ele
tron to travel to the metal surfa
e after ex
itation.The modelling presented in the experimental paper is based on astati
 model of the tungsten surfa
e[6℄. From the ele
troni
 band stru
-ture, the group velo
ity is 
al
ulated for ele
trons with an energy around85 eV and 58 eV. The group velo
ity 
ombined with an ele
troni
 meanfree path of 4 Å leads to a travel time to the surfa
e of 60 ase
 for the
ondu
tion band ele
trons, while the mean free path is 5 Å for the slower4f ele
trons leading to a propagation time of 150 ase
. The di�eren
e of90 ase
 
orresponds well to the measured di�eren
e.Very similar results were found from a one-dimensional time-depen-dent treatment[27℄. Again the assumption is that the laser �eld does notpenetrate the surfa
e or at least that the penetration is mu
h shorterthan the ele
troni
 mean free path. In the numeri
al treatment theyfound a di�eren
e of 85 ase
. Another work based on numeri
al sim-ulation of 
lassi
al transport theory found a smaller delay of only 33ase
[28℄.3.1.1 Referen
e States for Absolute TimeMeasurementsTo make any kind of time-resolved measurement, we need a signal tostart and a signal to stop our 
lo
k. In the monitoring of the dynami
sof ele
trons these signals will usually be in the form of ele
trons emittedfrom di�erent steps in the pro
ess under investigation. For example, inthe 
ase of laser-assisted Auger de
ay, the signal to start the 
lo
k willbe the dire
t emission of the inner-shell ele
tron and the signal to stopthe 
lo
k will be the Auger ele
tron [23, 32, 33℄. In other measurementsit might not be as obvious how to 
hoose these signals.In the experiment, ele
tron emission from the 
ondu
tion band oftungsten was used as start signal and emission from the lower-lyingband of 4f-ele
trons was used for stopping the 
lo
k [6℄. This gives a15



Chapter 3. Attose
ond Streaking from Metal Surfa
esmeasurement of the di�eren
e in travel time to the surfa
e of ele
tronwave pa
kets formed in the 
ondu
tion band and in the 4f-band. Itdoes not, however, give us the absolute travel time for either of the two.In order to measure the absolute travel time, we propose the use ofele
troni
 referen
e states lo
ated outside the metal. Ele
trons emittedfrom these states will be born dire
tly in the infrared �eld and presenta natural time zero for travel time measurements.We propose two di�erent kinds of referen
e states for these absolutemeasurements. First, 
lassi
al ele
trodynami
s tells us that a 
hargeoutside a 
ondu
ting surfa
e sees an attra
tive potential. Quantumme
hani
ally, this gives rise to a series of bound states lo
ated outsidethe surfa
e [34℄. For metals with a band gap around the 
ontinuum edge,these states 
an have fairly long lifetimes of several tens of femtose
ondsfor the ground state and mu
h longer for higher-lying states [35, 36℄.This should be su�
ient time to make it possible to prepare the systemin a state with a high population in these states.Another and perhaps more easily realisable system is to adsorb afew atoms onto the metal surfa
e. The atomi
 spe
ies should be 
hosensu
h that ele
trons emitted from a 
ertain level in the adsorbed atomsdo not 
oin
ide in energy with any of the ele
trons from the metal. Thenthe ele
trons emitted from this atomi
 state serve as a time zero signal(they are already at the surfa
e) and if the amount of adsorbed atomsis su�
iently small then it should not alter the travel time for ele
tronsemitted from the surfa
e.3.2 Condu
tion Band ModellingThe jellium or Sommerfeld free ele
tron model is a very simple model forthe 
ondu
tion band at a metal surfa
e[37℄. The Hamiltonian des
ribingthe system is a step fun
tion in z-dire
tion
H =

p2

2
+ Θ(z)V0, (3.2)where Θ(z) is the Heaviside step fun
tion, whi
h is 1 for z > 0 and0 elsewhere and V0 is the size of the step. V0 is the amount of energyneeded to release an ele
tron from the bottom of the 
ondu
tion band,16



Condu
tion Band Modellinggiven by the sum V0 = EF+φ, where EF is the Fermi energy, the energyof the weakest bound ele
tron and φ is the work fun
tion, the energyneeded to release the weakest bound ele
tron into va
uum. An a
tualmetal is of 
ourse a lot more 
ompli
ated, but sin
e all the nu
lei ares
reened by the ele
trons, the jellium potential is a fair e�e
tive poten-tial for the ele
trons. The ele
troni
 states are found by the Aufbauprin
iple, �lling all eigenstates with energy below EF .The Hamiltonian is separable in Cartesian 
oordinates, and the so-lution to the x and y part is seen to be the free ele
tron wave fun
tion
ψ(x, y, z) = ψ||(x, y)ψ⊥(z) =

1

2π
ei
~k||·~r||ψ⊥(z), (3.3)where ψ|| and ψ⊥ are the wave fun
tions parallel and perpendi
ular tothe metal surfa
e respe
tively. The problem of �nding the full eigen-states has now been redu
ed to the one-dimensional problem of a stepfun
tion. The energy of the eigenstate ψ is E = E|| + E⊥ =

k2||
2 + Ez.To �nd the bound eigenstates of the jellium Hamiltonian, it is seenthat the potential is 
onstant for both z < 0 and z > 0. Looking at

Ez < V0, the fun
tional form of the solution in the two regions is
Aeikzz + Be−ikzz z < 0 (3.4)
Ce−γz z > 0, (3.5)where the exponentially growing part in z > 0 has been dis
arded. Here

Ez =
k2z
2
= V0− γ2/2. What is left in order to �nd the stationary statesis to mat
h the two solutions in z = 0. Both the wave fun
tion andthe �rst derivative of the wave fun
tion must be 
ontinuous. Enfor
ingboth these requirements gives the solutions

ψ⊥(z) = A
(

eikzz +
kz − iγ

kz + iγ
e−ikzz

)

Θ(−z) +A
2kz

kz + iγ
e−γzΘ(z). (3.6)Normalisation is 
hosen as A = 1√

2π
, similar to the normalisation ofthe free ele
tron states. With this 
hoi
e of normalisation, the boundstate wave fun
tions satisfy that

〈ψk′(z)|ψk(z)〉 = δ(k − k′), (3.7)17



Chapter 3. Attose
ond Streaking from Metal Surfa
esand the three dimensional wave fun
tions satisfy a similar relation withthe three dimensional delta fun
tion. Along with the 
hoi
e of normal-isation 
omes a density of states, whi
h in three dimensional k-spa
eis ρ(~k)d3k = V
8π3d

3k[37℄. The density of states in energy-spa
e is thengiven by
ρ(E)dE =

3n

2EF

√

E

EF
, (3.8)where n is the density of 
ondu
tion band ele
trons (number per volume)and EF is the Fermi energy, the energy of the highest o

upied state.The free ele
tron model is quite good at des
ribing the 
ondu
tionband of simple metals, but not all metals are free ele
tron like. Tungsten,whi
h is the metal used in the streaking experiment[6℄, is unfortunatelynot very free ele
tron like. The density of states within the 
ondu
tionband, as 
al
ulated in Ref. [38℄ shows a lot of stru
ture and does notfollow the square root dependen
e predi
ted by free ele
tron theory. Thefree ele
tron model is however applied due to its simpli
ity.When 
al
ulating photoemission spe
tra, it is ne
essary to in
ludethe �nite mean free path within the metal. After an ele
tron has beenex
ited to an unbound state it will propagate, on average, only themean free path before being s
attered. The dominating part of thiss
attering is ele
tron-ele
tron s
attering as will be dis
ussed in the next
hapter. The inelasti
 mean free path for ele
trons with a kineti
 energyaround 50-100 eV within the metal is of the order of only 5 Å[39℄. Themean free path is shorter than the penetration depth of the XUV �eld,even at grazing in
iden
e and 
omparable to the inter-atomi
 spa
ing.This implies that only the outermost ele
trons may be emitted dire
tly.A simple way to in
orporate this limited mean free path, λ, is to letthe free ele
tron wave fun
tion fall o� exponentially within the metal,

ψf → ψfe
z/2λ = ψfe

κz, where κ = (2λ)−1 and the 2 ensures that thenorm-square of the wave fun
tion is damped with the mean free pathas damping parameter. Note that z < 0 within the metal. The spatialdependen
e of ψf is like a free ele
tron with the momentum shifted bythe ve
tor potential (see Eq. (2.5))
ψkf (~r) =

1

(2π)3/2
ei(

~kf+ ~A(t))·~r (3.9)18



Condu
tion Band ModellingCal
ulating the �rst Born transition matrix element from the jelliuminitial state to the �nal state, we �nd
T 1B(~kf + ~A(t)) = EX,0

δ(~kf,|| − ~ki,||)√
2π

∫

dz exp[−i(kf,z +A(t)− iκ)z]zψ⊥(z)

= EX,0
δ(~kf,|| − ~ki,||)

2π

{

∫ ∞

0

dz ze−i(kf,z+A(t)−iγ)z (3.10)
+

∫ 0

−∞
dz z

[

ei(ki,z−(kf,z+A(t))−iκ)z +
ki,z − iγ

ki,z + iγ
e−i(ki,z+(kf,z+A(t))+iκ)z

]

}

.

γ depends on the initial state momentum and the extension of the initialstate into the va
uum region is greatest when γ is smallest, whi
h is forele
trons right at the Fermi energy. For the ele
trons at the Fermienergy, γ =
√

2V0 − k2F =
√
2φ, sin
e V0 = φ + EF and EF = k2F/2.This is still about ten times bigger than κ = (2λ)−1. Disregardingthe 
ontribution from the positive z-axis, only the two terms from thenegative z-axis need to be 
al
ulated. This may be done using partialintegration, resulting in

T 1B(~kf + ~A(t)) = Ex,0δ(~kf,|| − ~ki,||)
[

{κ− i(kf,z + A(t)− ki,z)}−2

+
ki,z − iγ

ki,z + iγ
{κ− i(kf,z + A(t) + ki,z)}−2

] (3.11)This very simple result is the motivation for 
hoosing the jelliummodel despite its �aws. Sin
e we are trying to understand the originof the time-delays, we 
annot make the simplifying assumptions leadingfrom Eq. (2.8) to Eq. (2.11), and instead have to solve the temporalintegration numeri
ally. In the �nal state, the free ele
tron state isused in all spa
e, instead of the unbound jellium state. In the limitwhere the energy of the free ele
tron is large 
ompared to the surfa
estep, V0, the solution is of 
ourse the free ele
tron, but the energy range
onsidered here is not that far above the surfa
e potential. When theele
tron rea
hes the dete
tor, it has passed the surfa
e and the energythe ele
trons will have in the va
uum is given by Ev = E − V0, where
Ev is the ele
tron energy in va
uum and E is the ele
tron energy withinthe metal. Further, there is a �nite probability that an ele
tron ex
ited19



Chapter 3. Attose
ond Streaking from Metal Surfa
esabove the va
uum limit will be re�e
ted from the metal surfa
e or s
attero� other ele
trons. This will be dis
ussed below in 
hapter 4.3.2.1 Time Delay in the Jellium ModelVery many ele
troni
 states are initially o

upied in the metal. To�nd the distribution of ele
trons emitted from the surfa
e, we need asummation over all of the initially o

upied states and Eq. (2.14) isrepla
ed with
dP

dEdΩ
(t0) = 2kf

∫

dEiρ(Ei)f
FD(Ei, T )|Tfi|2, (3.12)where the integral runs over all initial states, ρ(Ei) is the density ofinitial states and

fFD(E, T ) =
1

1 + exp[(E − µ)/kBT ]
(3.13)is the Fermi-Dira
 distribution fun
tion and µ is the 
hemi
al potential,

kB is Boltzmann's 
onstant and T is the temperature. For metals, the
hemi
al potential below a few thousand kelvins is approximated by theFermi energy. For tungsten, we use EF = 4.5 eV and φ = 5.5 eV androom temperature T = 295 K.We have numeri
ally integrated Eq. (2.11) with the �rst Born ma-trix elements from Eq. (3.11) to see if the streaking spe
trum is shiftedrelative to the ve
tor potential. The results are plotted in Fig. 3.1. Theattose
ond pulse is 
entered around ωX = 91 eV and the duration is 290ase
 FWHM. The laser pulse is 
entred at 750 nm, with an intensity of
2× 1012 W/
m2 and a sine-squared envelope to make the integration inthe Volkov phase analyti
al.As is seen from the right panel of Fig. 3.1, the 
entre of energy ofthe emitted ele
trons follows the ve
tor potential without showing anydelay. In this 
al
ulation we assume that the laser �eld penetrates thesurfa
e with a penetration depth δ > λ. The mean free path is of theorder 5 Å[39℄, less than two atomi
 layers.20



Core Level Modelling
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Figure 3.1 | The streaking spe
trum 
al
ulated from the jellium model (left). In theright panel, the 
entre of energy (red 
urve) is plotted along with −~k · ~A(t0) (blue 
urve).The 
entre of energy follows almost perfe
tly the ve
tor potential and no delay is seen forthe jellium ele
trons.3.3 Core Level ModellingThe inner ele
trons in the atoms do not feel the intera
tion with theneighbouring atoms, as mu
h as the outer ele
trons. The ele
troni
 stateof the outermost ele
trons in a metal are often 
ompletely independent ofthe atomi
 spe
ies and the simple jellium model, 
ompletely negle
tingthe atomi
 potential in favour of an average potential, may be used tomodel the 
ondu
tion band. The inner ele
trons are mu
h tighter boundto the nu
leus, and it is better to use the atomi
 orbitals as a startingpoint. Here, we start from a bulk model of the metal, negle
ting thesurfa
e. This approa
h was �rst employed in Ref. [26℄.The potential within the metal has a translational symmetry deter-mined by the latti
e of the nu
lei. The eigenfun
tions of a potentialwith a dis
rete translational symmetry are known as Blo
h waves, andassuming that the 
ore ele
trons are tightly bound and hen
e in orbitalsresembling the atomi
 states, the eigenstates are given as
ψklo
(~r) = 1√

N

∑

~R

ei
~k·~RΦ(~r − ~R), (3.14)where N is the total number of nu
lei in the metal, the sum over ~R runsover all the lo
ations of the nu
lei, and Φ(~r) is the atomi
 wave fun
tion.The energy of this wave fun
tion is the energy of the atomi
 state and21



Chapter 3. Attose
ond Streaking from Metal Surfa
esis independent of the latti
e momentum, ~k. The normalisation of ψklo
is su
h that
〈ψk′lo
|ψklo
〉 = 1

N

∑

~R, ~R′

ei
~k·~R−i~k′·~R′〈Φ(~r − ~R′)|Φ(~r − ~R)〉 (3.15)

=
1

N

∑

~R, ~R′

ei
~k·~R−i~k′·~R′

δ~R, ~R′ =
1

N

∑

~R

ei(
~k−~k′)·~R =

∑

~G

δ(~k − ~k′ + ~G).

Here, it is assumed that the atomi
 state is su�
iently tightly boundthat it does not overlap with the neighbouring orbitals and that it isnormalised. The δ-fun
tion in the end is in the limit where the metalo

upies all spa
e and N → ∞. The ve
tor ~G is any re
ipro
al latti
eve
tor, that is, any ve
tor that satis�es that ~R · ~G = n ·2π for any latti
eve
tor, ~R. The ve
tor ~k is known as the 
rystal momentum. It is only
onserved up to the re
ipro
al latti
e ve
tor introdu
ed in Eq. (3.15).Without presenting the detailed form of the atomi
 wave fun
tion, itis possible to 
al
ulate the �rst Born matrix element between the Blo
hwave and the damped Volkov wave, ψkf , at grazing in
iden
e similarto what was done for the jellium 
ondu
tion band in Se
. 3.2. Here
~kf(t) = ~kf + ~A(t) is introdu
ed to make the notation a bit lighter,
T 1B(~kf + ~A(t)) =

EX,0√
NV

∫

d3re−i
~kf (t)·~rzeκz

∑

~R

ei
~ki·~RΦ(~r − ~R) (3.16)

=

√
v
ellEX,0
V

∑

~R

ei
~ki·~Ri

∂

∂kf,z

∫

d3re−i
~kf(t)·~reκzΦ(~r − ~R).Here, v
ell is the volume of the Wigner-Seitz 
ell 
ontaining one atom.Sin
e the atomi
 levels are lo
alized, the integration may be limited tojust the Wigner-Seitz 
ell 
entered around the atom at ~R instead of theentire half-spa
e. At the same time, if the radius of the Wigner-Seitz 
ellis small 
ompared to the 
hara
teristi
 damping length, κ, the dampingmay be taken to be 
onstant over the 
ell. This approximation allowsus to evelaluate the spa
e-integral in the �rst Born transition matrix22



Delay from the Blo
h Waves of Core Stateselement
≈ iEX,0

√
v
ell
V

∑

~R

ei(
~ki−~kf (t))·~ReκRz

∂

∂kf,z

∫
ell d3re−i~kf (t)·(~r− ~R)Φ(~r − ~R)

= iEX,0
√
v
ell
V

∂

∂kf,z

∑

~R

ei(
~ki−~kf (t))·~ReκRzΦ̃(~kf(t)) (3.17)

= iEX,0
(2π)2

√
vcell

V

∑

~G||

δ(~ki,|| − ~kf,||(t) + ~G||)

× ∂

∂kf,z

Φ̃(~kf(t))

1− exp(i(ki,z − kf,z(t) + iκ)a)
,where a is the latti
e 
onstant along the z dire
tion and Φ̃ is the Fouriertransform of the atomi
 orbital.To make a simple model of the atomi
 state, one may model themby an energy-s
aled hydrogeni
 ground state, whi
h is given by

Φ̃(~k) =
(2Ip)

5/4

π(k2 + 2Ip)
, (3.18)where Ip is the ionisation potential.3.3.1 Delay from the Blo
h Waves of Core StatesThe denominator in Eq. (3.17) is very sensitive to the mean free pathin units of the latti
e 
onstant, κa. If this produ
t is small, the denom-inator and the �rst Born matrix element depend 
ru
ially on the valueof the ve
tor potential and we 
annot ignore this dependen
e when 
al-
ulating the streaking spe
trum. As �rst pointed out in Ref. [26℄, thisinterferen
e term between the ele
trons being emitted from di�erent lay-ers beneath the surfa
e 
an lead to a delay in the streaking signal. Forele
trons with a kineti
 energy around 50 eV, the inelasti
 mean freebath is around 5 Å[39℄ and the latti
e 
onstant for tungsten W(110)surfa
e is 3.31 Å perpendi
ular to the surfa
e.We have numeri
ally integrated Eq. (2.11) with the �rst Born ma-trix elements from Eq. (3.17) to see if the streaking spe
trum is shiftedrelative to the ve
tor potential. The results are plotted in Fig. 3.2. The23



Chapter 3. Attose
ond Streaking from Metal Surfa
esattose
ond pulse is 
entred around ωX = 91 eV and the duration is 290ase
 FWHM. The laser pulse is 
entred at 750 nm, with an intensity of
5× 1010 W/
m2 and a sine-squared envelope to make the integration inthe Volkov phase analyti
al. In the same �gure, the 
ontribution fromthe 
ondu
tion band is also plotted, as dis
ussed in Se
. 3.2.1. Therelative strength of the 
ondu
tion band and the 
ore level ele
trons iss
aled to be of 
omparable magnitude.
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Figure 3.2 | The streaking spe
trum 
al
ulated from the jellium model and the Blo
hwaves (left). In the right panel, the 
entre of energy for the 
ondu
tion band ele
trons (red
urve) is plotted with the 
entre of energy from the 
ore ele
trons (blue 
urve). The 
entreof energy from the 4f ele
trons has been s
aled by a fa
tor 1.1 to ease the 
omparison.While it may be di�
ult to see from the streaking spe
trum dire
tly,the 
enter of energy analysis 
learly shows that the signal from the 
oreele
trons is shifted relative to the 
ondu
tion band signal. We �nd a shiftof 300 ase
, about twi
e as big as what was found in the experiment.This deviation 
an be remedied if the mean free path were only half asbig[40℄.The jellium model shows no time delay, but assumes that the ele
-trons are 
ompletely free. An alternative re
on
iliation between thetheory and the experiment might be that there is some lo
alised natureto the 
ondu
tion band ele
trons, whi
h might be suggested by bandstru
ture 
al
ulations[38℄. If the jellium model does not give a gooddes
ription, then the 
ondu
tion band ele
trons might also be delayed.
24



Con
lusions on the Time Delay3.4 Con
lusions on the Time DelaySeveral theoreti
al models have been able to explain the temporal de-lay measured in the experiment[6℄, using very di�erent assumptions andleading to di�erent interpretations of the delay[6, 26�28, 41℄. The prob-lem is that there is only one data point, namely the 110 ± 70 ase
 delaymeasured for tungsten! As long as only this single experimental pointexists, it will be impossible to tell whi
h interpretation of the experimentis the 
orre
t one. All of the theories presented have their weaknesses;the jellium model does not allow any stru
ure in the 
ondu
tion bandand the Blo
h waves are a good basis for the bulk tungsten, though notne

esarily for the states very 
lose to the surfa
e as is the 
ase here.Similarly, the stati
 theory presented with the experiment[6℄ is based onbulk properties of the metal, while the numeri
al solution[27℄ is a
tuallya 
al
ulation for a 
opper Cu(111) surfa
e and assumes that the laser�eld does not penetrate the surfa
e.Hopes are that more data is 
oming. The group behind the experi-ment[6℄ has presented some preliminary data on rhenium 
overed witha monolayer of xenon. The xenon plays the same role as the image
harge states or adsorbates dis
ussed in Se
. 3.1.1, to allow an absolutemeasurement of the ele
troni
 travel time. This and more experimentaldata will be a valuable guide for further progress in the understandingof streaking experiments from 
ondensed matter surfa
es.

25



Chapter4 Se
ondary Ele
trons

In the attose
ond experiment[6℄, there is a tail of lower energy ele
trons,not present in the 
al
ulated spe
tra. We develop two di�erent theo-ries to des
ribe the tail of low energy ele
trons following ex
itation of ametal surfa
e. One looks at dire
t ele
trons and ele
trons released afterexa
tly one s
attering and another is based on se
ondary ele
tron 
as-
ades. Both theories use a semi-
lassi
al approa
h treating the ele
tronsas lo
alised parti
les propagating within the medium. The amount ofele
trons released into the va
uum region is then determined by multi-pli
ation with the probability of the ele
tron being transmitted throughthe surfa
e.The theory is based on a three step model, fa
toring the photo-ele
tron emission pro
ess as i) ele
tron ex
itation to an unbound statewithin the metal, ii) ele
tron propagation to the surfa
e and iii) es
apethrough the surfa
e.4.1 Single-S
attering TheoryFirst, we develop a theory des
ribing the dire
t propagation to the sur-fa
e and propagation with exa
tly one s
attering, based on the work ofBerglund and Spi
er[42℄. We 
onsider how an ele
tron ex
ited to an en-ergy, E, may s
atter from another ele
tron still bound in the Fermi sea,26



Single-S
attering Theoryshare its energy with the Fermi band ele
tron and in this way produ
etwo ex
ited ele
trons with energies E ′ and E − E ′, both of whi
h mayes
ape the metal surfa
e.We assume that ele
tron propagation within the metal is des
ribedby only the inelasti
 mean free path and that this is mu
h shorter thanthe penetration depth of the ex
iting pulse. In that 
ase, the amount ofele
trons per volume P (E) formed with energy E, is independent of thedistan
e to the surfa
e. The probability for an ele
tron to propagate tothe surfa
e without s
attering, from a depth |z| within the metal andat an angle θ to the surfa
e normal, is given by (see Fig. 4.1)
p0prop(E, z, θ) = exp

(

− |z|
λ(E) cos θ

)

, (4.1)where λ(E) is the inelasti
 mean free path of an ele
tron with energy
E.

Figure 4.1 | Illustration of emission of a dire
t(left) and a s
attered(right) ele
tron,initially 
reated at a distan
e |z| from the metal surfa
e (z = 0).Integrating Eq. (4.1) over all depths, z, within the metal yields thetotal amount of dire
t ele
trons emitted at a given angle θ relative tothe surfa
e normal as
N0(E, θ) =

∫

dz p0prop(E, z, θ)P (E) = λ(E)P (E) cos θ. (4.2)Most often the dire
tion of interest is along the surfa
e normal, in whi
h
ase cos θ = 1. For the s
attered ele
trons, we therefore regard only theele
trons ending up along the surfa
e normal. 27



Chapter 4. Se
ondary Ele
tronsThe amount of ele
trons rea
hing the surfa
e along the surfa
e nor-mal after one s
attering is given by
N1(E) =

∫

dz

∫

dE ′p1prop(E,E ′, z)P (E ′), (4.3)where p1prop(E,E ′, z), the probability of propagating to the surfa
e fromthe depth |z| su�ering one s
attering from the energy E ′ to the energy
E, may be fa
tored as
p1prop(E,E ′, z) =

∫

d3r′

4πλ(E ′)
exp

(

− r′

λ(E ′)

)

S(E,E ′)p0prop(z+r′ cos θ′, E).(4.4)The �rst term, d3r′

4πλ(E′) exp
(

− r′

λ(E′)

), is the probability of su�ering as
attering between r′ and r′ + dr′. The se
ond term, S(E,E ′), is theprobability density for s
attering from the energy E ′ to the energy Egiven that a s
attering does o

ur and is assumed to be independent ofthe angles involved. The third term is the probability that the ele
tronwill propagate to the surfa
e without further s
atterings, as given byEq. (4.1). See the right hand side of Fig. 4.1. The integration is overall dire
tions and distan
es that the ele
tron may travel before su�eringthe s
attering.Inserting Eq. (4.4) into Eq. (4.3) gives
N1(E) =

∫ ∞

E

dE ′P (E ′)S(E,E ′) (4.5)
×
∫

dz

∫

d3r′

4πλ(E ′)
exp

(

− r′

λ(E ′)

)

exp
(

− |z + r′ cos θ′|
λ(E)

)

.It is assumed that the mean free path is independent of the energy,
λ(E ′) = λ(E) = λ, sin
e the universal 
urve is reasonable �at in thearea 20− 200 eV[39℄.The integration over ~r′ is bounded by the fa
t that the s
atteringmust take pla
e within the metal. This integration may be done an-alyti
ally by splitting the integral into two, depending on whether theinitial dire
tion of the ele
tron is towards, cos θ′ > 0, or away from the28



Single-S
attering Theorysurfa
e, cos θ′ < 0. For cos θ′ < 0, there is no restri
tion on r′
∫

dr′

4πλ

∫ π

π/2

dθ′2π sin θ′ exp
(

− r′

λ
(1− cos θ′)

)

=
1

2

∫ π

π/2

dθ′ sin θ′
1

1− cos θ′
= log 2/2. (4.6)For the part where cos θ′ > 0, the r′-integration is restri
ted to

r′ cos θ′ < −z, so that the s
attering takes pla
e within the metal. Thisgives
∫ −z

λ cos θ′

0

dr′

4πλ

∫ π

π/2

dθ′2π sin θ′ exp
(

− r′

λ
(1− cos θ′)

) (4.7)
=

1

2

∫ π

π/2

dθ′ sin θ′
1− exp[− z

λ(1− sec θ′)]

1− cos θ′
=

1

2

∫ 1

0

dξ
1− exp[ zξ

λ(1−ξ) ]

ξ
,where ξ = 1− cos θ′. Now, the z-integral of Eq. (4.3) may be performed

∫ 0

−∞
dz

[

log 2

2
+

1

2

∫ 1

0

dξ
1− exp[ zξ

λ(1−ξ) ]

ξ

]

ez/λ (4.8)
=
λ log 2

2
+

1

2

∫ 1

0

dξ
λ− λ

(

1 + ξ
1−ξ

)−1

ξ

=
λ log 2

2
+
λ

2

∫ 1

0

dξ
1− (1− ξ)

ξ
= λ

1 + log 2

2
(4.9)Using this result, we �nd that the total amount of ele
trons arriv-ing at the surfa
e along the surfa
e normal, uns
attered or after ones
attering event is given as

N(E) = N0(E) +N1(E)

= λP (E) + λ
1 + log 2

2

∫ ∞

E

dE ′P (E ′)S(E,E ′). (4.10)The only thing left is to �nd an expression for the s
attering probabil-ity, S. If it is assumed that the s
attering probability is independentof the energies involved, the simplest possible form is to say that the29



Chapter 4. Se
ondary Ele
tronsprobability for s
attering from the energy E ′ to an energy in the interval
[E,E + dE] is given by

S0(E,E ′)dE =
2dE

E ′ , (4.11)whi
h is to say that all s
atterings are equally probable. The fa
tor of2 is to a

ount for the fa
t that after ea
h s
attering two ele
trons arepresent. This model may be improved a bit by in
luding the densityof states available for the s
attering in a free ele
tron model. In thelimit where the energies involved are all mu
h greater than the Fermienergy of the metal, EF , we 
an negle
t the initial energy of the assistingparti
le. The probability that an ele
tron with energy E ′ is s
attered tothe interval [E,E + dE] is then given by
S(E,E ′)dE =

2ρ(E)ρ(E ′ − E)dE
∫

dE ′′ρ(E ′′)ρ(E ′ − E ′′)
. (4.12)The free ele
tron density of states is given by ρ(E) = 3n
2EF

√

E
EF

, where
n is the number of 
ondu
tion band ele
trons per unit volume. Withthis approximation the s
attering probability be
omes

S(E,E ′)dE =
2
√
E
√
E ′ − EdE

∫

dE ′′
√
E ′′√E ′ − E ′′

. (4.13)Examples of the ele
tron tails following a Gaussian distribution of pri-mary ele
trons, with the two s
attering probabilities given by Eqs. (4.11)and (4.13) are shown in Fig. 4.2Neither of these expressions ful�l the Pauli ex
lusion prin
iple, whi
hstates that no s
attering 
an take pla
e that will leave a s
attered ele
-tron with an energy below the Fermi energy, as these states are alreadyo

upied. This, however, only 
hanges the shape of the energy distri-bution of the se
ondary ele
trons in the region 
lose to the dire
t peakand the region 
lose to the Fermi energy.In the energy region that is of interest, it turns out that a singles
attering is insu�
ient. Often, more than one s
attering is involved,even when the ele
tron is s
attered to energies above 30 eV. A theoryinvolving 
as
ades of se
ondary ele
trons is therefore made to a

ountfor the multiple s
atterings. The present theory seems adequate onlyvery 
lose to the dire
t peak.30



Cas
ade Theory
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Figure 4.2 | Example of the tail resulting from in
luding a single s
attering. The red,dashed 
urve is obtained using Eq. (4.11) and the bla
k 
urve is obtained using Eq. (4.13).
4.2 Cas
ade TheoryOriginally, the 
as
ade theory was developed to des
ribe se
ondary ele
-trons from ele
tron bombardment experiments[43℄; a beam of ele
tronswith energy E0 is dire
ted onto a metal surfa
e along the surfa
e nor-mal. The ele
trons emitted from the surfa
e are a result of 
ollisionswithin the metal. Ea
h primary ele
tron has the possibility of 
ollidinginelasti
ally with a 
ondu
tion band ele
tron, ex
iting it to an unboundstate. Ea
h of the unbound ele
trons has the possibility of kno
king an-other ele
tron free and a 
as
ade of ele
trons is formed. A very similarpro
ess may take pla
e in a photoele
tron experiment, using high-energyphotons. An ele
tron initially ex
ited by the photon may 
ollide with anumber of 
ondu
tion band ele
trons before leaving the metal and hen
ea similar 
as
ade of se
ondary ele
trons is formed. In this work, the in-terest is in the ele
trons emitted by an attose
ond pulse with energiesin the extreme ultraviolet(XUV), around ωX = 100 eV.The starting point is Boltzmann's transport equation, des
ribing the31



Chapter 4. Se
ondary Ele
tronsevolution of the free ele
trons within the metal
∂Φ

∂t
+ ~v · ∇Φ = −vΦ

λ
+ J +

∫

dE ′
∫

dΩ′v
′Φ′

λ′
S, (4.14)where Φ = Φ(~r, ~Ω, E, t) is the number of ele
trons per volume, per en-ergy and per angle, v is the speed of an ele
tron with energy E, J isthe sour
e term (the amount of ele
trons 
reated per volume, energyand angle) and S is the s
attering probability from energy E ′ and di-re
tion Ω′ to E and Ω. From here on, a number of approximations aremade. First, it is assumed that the ele
tron distribution has azimuthalsymmetry. Se
ond, sin
e the penetration depth of the XUV pulse is sev-eral nanometers even at grazing in
iden
e and the inelasti
 mean freepath given by the universal 
urve is λ ≈ 5 Å[39℄, it is assumed that thedistribution is independent of the distan
e to the surfa
e. Finally, it isassumed that the ele
tron-ele
tron s
attering is determined by the shortrange, s
reened Coulomb intera
tion. In this 
ase, the ele
tron-ele
trons
attering is nearly isotropi
[43℄. The Boltzmann equation then redu
esto

vΦ(E, t)

λ(E)
= J(E, t) +

∫

dE ′v
′Φ(E ′, t)

λ(E ′)
S(E ′, E)− ∂Φ(E, t)

∂t
. (4.15)The energy E is the free ele
tron energy within the metal, with E = 0at the bottom of the 
ondu
tion band.The sour
e term, J , is only present for a �nite time 
orresponding tothe duration of the ex
iting pulse, whi
h makes it attra
tive to performa temporal integration and regard the total amount of ele
trons arrivingat the surfa
e. Re
ognising that vΦ(E, t) is the instantaneous 
urrentdensity through any area parallel to the surfa
e, we �nd that the amountof ele
trons arriving at the surfa
e, N(E) satis�es

N(E)

λ(E)
=

∫

dtJ(E, t) +

∫

dE ′S(E,E
′)

λ(E ′)

∫

dt v′Φ(E ′, t) +

∫

dt
∂Φ(E, t)

∂t

= P (E) +

∫

dE ′N(E ′)

λ(E ′)
S(E,E ′), (4.16)where the last P (E) is the time integral of the sour
e term (the totalamount of ele
trons 
reated at energy E per volume) and the last term32



Cas
ade Theoryvanishes sin
e there are no free ele
trons in the limits long before orafter the pulse.What remains is to �nd an expression for the s
attering term. Thesimplest possible s
attering term is that whi
h is independent of theangle and the �nal energy, E. This leads to (
ompare to Eq. (4.11))
S(E,E ′) =

2

E ′ , (4.17)where the fa
tor of 2 ensures that the normalisation is su
h that exa
tly2 ele
trons are present after ea
h 
ollision. This expression does notful�l the Pauli ex
lusion prin
iple, sin
e it allows s
attering to ele
troni
states below the Fermi level, whi
h are already o

upied. This leads toa 
orre
tion for the s
attering term when the energy E is only a fewtimes the Fermi energy, whi
h is below the range that we are interestedin (for details, see [43℄). One 
an quite easily give better expressionsfor this s
attering term, but none of these allow for a simple, analyti
al
omputation of the distribution of the se
ondary ele
trons.The solution to Eq. (4.16) is given by
N(E) = −λ(E)

∫ ∞

E

dE ′
(E ′

E

)2dP (E ′)

dE ′ (4.18)whi
h is seen by substitution. N(E) may now be put into a simple formin terms of the sour
e term P (E) by performing integration by parts onEq. (4.18). This gives the �nal result for the 
as
ade of ele
trons insidethe metal arriving at the surfa
e
N(E) = λ(E)P (E) + 2λ(E)

∫ ∞

E

dE ′E
′

E2
P (E ′). (4.19)Eq. (4.19) is easily interpreted. The �rst term is the dire
t part,the amount of ele
trons 
reated inside the metal that es
ape to thesurfa
e without ever being s
attered. The se
ond term represents all thes
attered ele
trons. An ele
tron 
reated with an energy E ′ gives rise to a
as
ade of lower energy ele
trons, determined by the 
as
ade fa
tor 2E′

E2 .In the approximations introdu
ed above, energy distribution as well asthe total number of emitted ele
trons 
ome out as a 
onvolution of theinitial spe
trum of the formed ele
trons with a 
as
ade fa
tor. Now the33



Chapter 4. Se
ondary Ele
tronsonly thing missing is the probability for an ele
tron rea
hing the surfa
eto a
tually over
ome the surfa
e barrier and es
ape into the va
uum.From this theory we have 
al
ulated the ele
tron spe
trum. A Gaus-sian pulse of dire
t ele
trons gives rise to a tail of lower energy ele
tronsas shown in Fig. 4.3.
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Figure 4.3 | The spe
trum of emitted ele
trons following a Gaussian ex
itation of 110 eVele
trons. The dire
t ele
trons are seen as the peak to the right, the rest of the 
ontributionis from the 
as
ade of se
ondary ele
trons. This has been multiplied with the transmissionprobability derived below.With the assumption that the ele
tron distribution is isotropi
 withinthe metal, not only the total amount of ele
trons passing through a smallarea of the surfa
e should have this distribution, but also the distribu-tion in ea
h dire
tion on its own. In this way, within the isotropi
approximation, the distribution of the ele
trons rea
hing the metal sur-fa
e along the surfa
e normal, should be the same. This expression istherefore used to model the distribution along the surfa
e normal.4.2.1 Probability for Es
aping Through the Surfa
eThe �nal step missing for des
ribing surfa
e emission is the probabil-ity that an ele
tron in
ident on the surfa
e will es
ape through thesurfa
e. Looking only at the 
omponent along the surfa
e normal, a34



Probability for Es
aping Through the Surfa
eone-dimensional jellium model gives an expression for the transmis-sion probability[44℄. The potential is given by the step potential, asin Se
. 3.2
V (z) = V0Θ(z), (4.20)where Θ(z) is the Heaviside step fun
tion and V0 = φ+ EF is the sumof the work fun
tion and the Fermi energy. For ele
trons 
oming fromwithin the metal with an energy E > V0, the solution takes the form

ψ(z) = Θ(−z)
[

eikz −ARe
−ikz
]

+Θ(z)ATe
iqz, (4.21)with AR and AT the amplitude for re�e
tion and transmission respe
-tively and k =

√
2E, q =√2(E − V0). Cal
ulating the 
urrent density

j =
1

2i

[

ψ∗dψ

dz
− dψ∗

dz
ψ
]

, (4.22)for both z < 0 and z > 0 and setting them equal sin
e the number ofele
trons is 
onserved gives
j = k(1− |AR|2) = q|AT |2 ⇒ |AR|2 +

q

k
|AT |2 = 1. (4.23)Enfor
ing 
ontinuity of both wave fun
tion and �rst derivative givesthe transmission probability

T =
q

k
|AT |2 =

4qk

(q + k)2
=

4
√

1− V0
E

(

1 +
√

1− V0
E

)2 . (4.24)The transmission probability for V0 = 10 eV is plotted in Fig. 4.4.In the limit E → V0 the transmission probability vanishes as theenergy approa
hes the limit where the ele
tron is bound. In the oppositelimit, E → ∞, the transmission probability rapidly approa
hes unityfor E > 2V0.Another expression is used for the angular integrated s
attering with
T (E) = 1−

√

φ+EF

E
, 
orresponding to the amount of ele
trons 
arryinga su�
iently great momentum orthogonal to the surfa
e to over
omethe barrier and es
ape from the metal. This expression gives a mu
h35



Chapter 4. Se
ondary Ele
trons
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Figure 4.4 | The transmission probability for φ + EF = 10 eV. The energy s
ale isrelative to the va
uum limit. The transmission probability is for the normal 
omponent(bla
k, full) and for the angular integrated emission (red, dashed).lower amount of emitted ele
trons and espe
ially shifts the ele
trons tohigher energies.The total amount of ele
trons rea
hing the va
uum may now befound as the produ
t of the amount rea
hing the surfa
e and the prob-ability of being transmitted through the surfa
e, N(E)T (E).4.2.2 Appli
ation to the Tungsten ExperimentWe apply our theory to tungsten and take experimental parametersfrom Ref. [6℄: We use a Gaussian envelope for the attose
ond pulsewith an intensity-FWHM of 300 ase
 and a 
entral frequen
y 91 eV.The modelling of the initial states is dis
ussed in Se
s. 3.2 and 3.3. Weuse an experimental Fermi energy of 4.5 eV for the 
ondu
tion band, ahydrogeni
 lo
alized 1s-state with a binding energy of 32.5 eV for the
ore states and a tungsten work fun
tion of 5.5 eV.In Fig. 4.5 we 
onsider the spe
tra without an assisting laser �eldin order to 
learly display typi
al spe
tra of (a) dire
t ele
trons and(b) se
ondary ele
trons that have undergone s
attering. Figure 4.5(a)36



Appli
ation to the Tungsten Experiment
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Figure 4.5 | Cal
ulation of the photoele
tron spe
trum for a 300 attose
ond pulse, in-
luding (a) only the dire
t ele
trons and in
luding (b) both dire
t and s
attered ele
trons.The full, bla
k 
urve is with the 
as
ade of se
ondary ele
trons while the dashed, blue
urve in
ludes only one s
attering. The 
ontribution from the 
ondu
tion band has beens
aled to be 
omparable to the 
ontribution from the 
ore band. The dotted 
urve in (b)shows data from Ref. [6℄.shows that dire
t emission leads to two peaks, representing ele
tronsreleased from the deeper-lying lo
alized states and from the 
ondu
tionband. When the ele
tron-ele
tron s
attering is in
luded, the two peaksboth have a tail of lower energy ele
trons. This situation is shown inFig. 4.5(b), where we also show the experimental results without a laser�eld[6℄. We see that the in
lusion of a 
as
ade of ele
tron s
atteringsexplains the ba
kground in the spe
trum. In the �gure, we also plot theele
tron distribution in
luding dire
t ele
trons and ele
trons that haves
attered exa
tly on
e, as des
ribed in Se
. 4.1. This reprodu
es theamount of se
ondaries with energies near the dire
t peak, but fails toa

ount for the many low-energy ele
trons that are released, supportingthat multiple s
atterings and a 
as
ade is at play. Note that the exper-imental data have been subtra
ted for ele
trons stemming from abovethreshold ionisation (ATI) [6℄, and hen
e these do not 
ontribute to theba
kground.Due to spa
e-
harge e�e
ts not in
luded in our model, the exper-imental peaks are expe
ted to be upshifted by approximately 3 eV[6℄.While this shift is seen for the 
ore-level ele
trons in Fig. 4.5(b), the37



Chapter 4. Se
ondary Ele
tronsexperimental and theoreti
al peaks pertaining to the 
ondu
tion bandele
trons 
oin
ide. This a

idental agreement is asso
iated with a short-
oming of the free ele
tron model whi
h 
aptures the qualitative fea-tures but does not quantitatively des
ribe the tungsten 
ondu
tion band,whi
h holds a lot of stru
ture[38℄. Consequently, the 
entre of the peak
omes out of our 
al
ulation a few eV too high, sin
e many of the 
on-du
tion band ele
trons are a
tually a few eV deeper bound[38℄.We now turn to the streaking spe
tra. We follow[26℄, and invoke thestreaking dire
tly in the sour
e term by adding the appropriate Volkovphase to the �nal free-ele
tron states. For the laser pulse we use a sine-squared envelope, a duration of 13 fs, a wavelength of 750 nm, and anintensity of 5× 1010 W/
m2. Comparing Figs. 4.6(a) and (b) shows thee�e
t of in
luding ele
tron-ele
tron s
attering as the primary photoele
-tron produ
ed by the attose
ond pulse propagates to the surfa
e andprodu
es a 
as
ade of se
ondary ele
trons. We see that the stru
tureand magnitude of the ba
kground mat
hes quite well that seen in theexperiment after ATI ele
trons has been subtra
ted (Fig. 2(b) in [6℄).Figs. 4.6(
) and (d) show the 
orresponding 
entre of energy (CoE)spe
tra. The CoE analysis is performed on the interval 44 eV - 63 eV(4f-ele
trons) and above 66 eV (
ondu
tion band ele
trons). The 4f-ele
tron 
urve is, however, on top of the 
ondu
tion band ele
tron tailand is damped more than the 
ondu
tion band 
urve. As in Refs. [6, 26℄,the 4f 
urve is multiplied by a fa
tor (in our 
ase 1.8) to make the 4f and
ondu
tion band amplitudes 
omparable. We see from a 
omparison ofFigs. 4.6(
) and (d) that the in
lusion of the ba
kground produ
ed byse
ondary ele
trons leads to a redu
tion of the amplitude in the CoEspe
trum and a very good agreement with the measured spe
trum[6℄.We note that the amplitude in the CoE data 
an be reprodu
ed withthe present T -matrix theory not in
luding the ba
kground, but for anunrealisti
 low intensity of the femtose
ond laser pulse. In this respe
tit is essential to have a

ess to data as in Fig. 4.6(b).With the in
lusion of ele
tron s
attering within the metal, we areable to re
onstru
t the signi�
ant tail of ele
trons at lower energies ob-served experimentally in attose
ond photoele
tron spe
tros
opy frommetals[6℄. In mono
hromati
 experiments there are generally relativelyfew ele
trons s
attered to lower energies, as 
ompared to what is seen inthe attose
ond regime. This is due to the fa
t that the amount of ele
-38



Appli
ation to the Tungsten Experiment

Figure 4.6 | Results for tungsten, with a laser intensity 5 × 1010 W/
m2. (a) Dire
temission spe
tra with s
aled 
ontribution from the 
ondu
tion band. (b) Emission spe
train
luding s
attering to lower energies. (
) Centre-of-energy analysis showing the temporaldelay of the 4f-ele
trons (full, blue) relative to the 
ondu
tion band ele
trons (dashed, red)for only the dire
t ele
trons. (d) The same as (
) but in
luding s
attering. Also shownare experimental data from [6℄; blue 
rosses: 4f ele
trons; red plusses: 
ondu
tion bandele
trons. The energies of the 4f-ele
trons has been multiplied by 1.1 in (
) and by 1.8 in(d). See text for laser parameters.trons s
attered is proportional to the total amount of ex
ited ele
trons.In an experiment with a spe
trally broad pulse, the tail of ele
tronsbe
omes 
omparable to the main peak of dire
t ele
trons.In the modelling presented here, we have developed an analyti
al the-ory des
ribing the se
ondary ele
trons released due to ele
tron-ele
tron
ollisions in the surfa
e. The streaking is a

ounted for through the
T -matrix elements and the a

eleration of the ele
trons due to the laser�eld is in
luded only there. In another simultaneous work[28℄, a nu-meri
al simulation of the 
lassi
al transport equations showed how thepropagation of the ele
trons in both the laser �eld and with 
ollisions
ould lead to a streaking signal and se
ondary ele
trons. In that work,they found a delay of the order 40 ase
 between the 
ondu
tion band39



Chapter 4. Se
ondary Ele
tronsand 
ore ele
trons, showing that 
lassi
al transport theory may be aroute to 
apture some of the many-ele
tron aspe
ts of the metal surfa
eexperiments.

40



Chapter5 Time Delay in Streaking Spe
trafrom Atoms and Mole
ules
While a delay in the streaking spe
trum from a metal surfa
e may beinterpreted as a di�eren
e in the time it takes the ele
trons to es
ape, theorigin of a delay in the spe
trum from two di�erent ionisation 
hannels inan atom or mole
ule is less 
lear. Nevertheless, the streaking spe
trumre
orded from neon atoms shows that the signal from the 2p ele
trons isdelayed with 21 ± 5 ase
 relative to the 2s ele
trons[8℄. The origin of thisdelay is still not theoreti
ally understood, but the Coulomb potentialfrom the residual ion, the stru
ture of the 
ontinuum and many-ele
trone�e
ts are all suggested to be part of the explanation. First, we will showthat the streaking signal from an oriented polar mole
ule is shifted dueto the Stark e�e
t. This shift has no interpretation as a true temporaldelay, whi
h shows that not all shifts in the streaking signal originatefrom time-delays.
5.1 Streaking from Polar Mole
ulesIn Se
. 2.2 we showed how to model the streaking experiment in thestrong-�eld approximation and saw that the kineti
 energy of the pho-toele
trons os
illates when the relative delay between the attose
ondpulse and the laser pulse is varied. The mean kineti
 energy of the41



Chapter 5. Time Delay in Streaking Spe
tra from Atoms and Mole
ulesreleased ele
trons is (Eq. (2.12))
E =

k2f
2

= ωX + Ei − ~kf · ~A(t0)−
A(t0)

2

2
. (5.1)It is now experimentally possible to orient polar mole
ules[45, 46℄,su
h that the mole
ular dipole moment is �xed in the laboratory frame.We now show how to in
lude a permanent mole
ular dipole moment inthe strong-�eld approximation (SFA) and show that it leads to a shiftin the streaking spe
trum.If the laser pulse is su�
iently weak that it does not ex
ite themole
ule, we 
an in
lude the Stark shift[47℄ through �rst-order pertur-bation theory on the ground state. The initial state is then given by

|Ψi(t)〉 = exp

[

−i
∫ t

dt′(Ei − ~µ · ~E(t′))
]

|Ψi〉, (5.2)where ~µ is the �xed-in-spa
e permanent dipole moment of the initialstate and
|Ψi〉 =

1√
N
det∣∣ψ1(~r1) · · ·ψN(~rN)

∣

∣ (5.3)is the Slater determinant of single-parti
le states. For the �nal state, weuse an unrelaxed ele
troni
 state, where N −1 ele
trons are in the samesingle-parti
le state as for the initial state and the single a
tive ele
tronis in the Volkov free-ele
tron state, see Eq. (2.5). The �nal state is then
|Ψf(t)〉 = exp

[

−i
∫ t

dt′(E ion
f − ~µion · ~E(t′) + 1

2
(~kf + ~A(t′))2)

]

× 1√
N
det∣∣ψ1(~r1) · · ·ψN−1(~rN−1)

1

(2π)3/2
ei(

~kf+ ~A(t))·~rN
∣

∣.(5.4)We 
an now 
al
ulate the transition matrix elements
Tfi(t0) = −i

∫

dt〈Ψf(t)|VX(t− t0)|Ψi(t)〉, (5.5)with VX(t) = ∑N
j=1 ~rj · ~EX(t). Sin
e the intera
tion is a sum of single-parti
le operators, we 
an apply the Slater-Condon rules to redu
e the42



Streaking from Polar Mole
ulesmany-body matrix element to a one-ele
tron matrix element
Tfi(t0) = −i

∫

dt T 1B(~kf + ~A(t))fX(t− t0) (5.6)
× exp

[

i

∫ t

dt′
(

Ip +∆~µ · ~E(t′) + 1

2
(~kf + ~A(t′))2

)

− iωX(t− t0)

]

,where Ip = E ion
f − Ei is the ionisation potential of the a
tive orbitaland ∆~µ = ~µ − ~µion is the di�eren
e in the dipole moment betweenthe neutral mole
ule and the unrelaxed ion. The �rst Born transitionamplitude is introdu
ed and the attose
ond pulse has been fa
tored as

~E(t) = ~EX,0fX(t)e−iωXt. The 
al
ulation presented here is very similarto what was done in Se
. 2.2.If we assume that the duration of the attose
ond pulse is mu
hshorter than the period of the laser �eld, we 
an use the fa
t that theintegration over t has support only when fX(t − t0) is non-vanishing.The �rst Born matrix element is assumed to be 
onstant over this timeand Taylor expand the exponent in the last fa
tor to �rst order in t− t0.We �nd that
∫ t

dt′
(

Ip +∆~µ · ~E(t′) + 1
2(
~kf + ~A(t′))2

) (5.7)
≈ Φ(t0) + (Ip +∆~µ · ~E(t0) + 1

2(
~kf + ~A(t0))

2)(t− t0), (5.8)where Φ(t0) =
∫ t0 dt′

(

Ip +∆~µ · ~E(t′) + 1
2
(~kf + ~A(t′))2

). Introdu
ingthis approximation into Eq. (5.6) and re
ognising that the time-integralis now the Fourier transform of the attose
ond pulse envelope, we �nd
Tfi = −iT 1B(~kf+ ~A(t0))e

iΦ(t0)f̃X(
1
2(
~kf+ ~A(t0))

2+∆~µ · ~E(t0)+Ip−ωX).(5.9)The photoele
tron spe
trum at a given delay, t0, is 
entred around
E(t0) = ωX − Ip − ~kf · ~A(t0)−∆~µ · ~E(t0), (5.10)where the A2 term has been negle
ted as it is usually quite small.Eq. (5.10) should be 
ompared to the result using the strong-�eld ap-proximation without the Stark term, Eq. (2.12). The extra term showsthat the os
illations are not only determined by the ve
tor potential43



Chapter 5. Time Delay in Streaking Spe
tra from Atoms and Mole
ulesthrough ~kf · ~A(t0), but modi�ed by the Stark shift following the ele
tri
�eld strength, ∆~µ · ~E(t0). Sin
e the ve
tor potential and the ele
tri
�eld are out of phase, the addition of the two terms leads to a phaseshift.We parametrise the ve
tor potential as
~A(t) = ~A0fL(t) cos(ωLt+ φ), (5.11)where fL(t) is the envelope fun
tion. If the duration of the laser pulseis several opti
al periods, then the ele
tri
 �eld is approximately

~E(t) = −d
~A

dt
∼ A0ωLfL(t) sin(ωLt+ φ). (5.12)To see that the result of adding a Stark term is a
tually a phase shiftof the ve
tor potential, we need the mathemati
al identity

cos(x) + a sin(x) =
√

1 + a2 cos(x+ arctan(a)). (5.13)With this identity, we may express the os
illations in the photoele
tronspe
trum as
~kf · ~A(t0) + ∆~µ · ~E(t0)

≈ ~kf · ~A0fL(t0)

(

cos(ωLt+ φ) + ωL
∆~µ · ~A0

~kf · ~A0

sin(ωLt+ φ)

)

= ~kf · ~A0fL(t0)

√

1 + ω2
L

(∆~µ · ~A0)2

(~kf · ~A0)2
cos (ωL(t+∆τ) + φ)

= ~kf · ~A(t0 +∆τ)

√

1 + ω2
L

(∆~µ · ~A0)2

(~kf · ~A0)2
, (5.14)where we have introdu
ed the apparent temporal delay,

∆τ =
1

ωL
arctan

(

ωL
∆~µ · ~A0

~kf · ~A0

) (5.15)The value of the extra amplitude fa
tor is very 
lose to unity for the
ommon parallel geometri
 
on�guration and realisti
 parameters. In44



Streaking from Polar Mole
ulesa parallel geometry with dete
tion along the polarisation axis and with800 nm light, ∆µ = 5 Debye, and kf = 2.5 a.u. (k2f2 = 85 eV), we �nd
√

1 + ω2
L
(∆~µ· ~A0)2

(~kf · ~A0)2
= 1.001. This amplitude term be
omes importantonly if the dete
tion is orthogonal to the polarisation of the laser �eld,in whi
h 
ase the usual streaking signal, ~kf · ~A(t0) is vanishing.The main result in this se
tion is Eq. (5.15). It serves to showthat while a temporal delay in the photoemission will lead to a shiftin the streaking signal, a shift in the streaking signal is not ne
essarily
aused by a temporal delay. In the limit where ∆τ is small 
omparedto the opti
al period of the laser, ar
tan is nearly linear and the shiftis independent of the laser frequen
y and the apparent shift may bedi�
ult to separate from a true temporal delay. One very 
hara
teristi
feature is however the angular dependen
e of the apparent shift. InFig. 5.1 we plot the apparent shift as a fun
tion of the dete
tion anglefor RbI, whi
h has a 
hange in the dipole moment of 5.9 Debye[48℄. Weassume an ele
tron energy of 85 eV, a laser wavelength of 800 nm andthat the mole
ular dipole moment is aligned parallel to the polarisationof the laser.
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Figure 5.1 | The apparent temporal delay versus the angle between the laser polarisationand the photoele
tron dete
tion for RbI, with parameters given in the text. At 90 deg thestreaking spe
trum follows the ele
tri
 �eld instead of the ve
tor potential and the delayapproa
hes π
2ωL

= 680 ase
. 45



Chapter 5. Time Delay in Streaking Spe
tra from Atoms and Mole
ulesWhen the dete
tion is parallel to the polarisation, the temporal shiftis only 22 ase
, but as the dire
tion of dete
tion is orthogonal to thepolarisation, ~kf · ~A0 → 0, the os
illations are only due to the Stark shiftand the os
illations will follow∆~µ·~E(t0). Sin
e the os
illations due to theStark shift are typi
ally mu
h smaller, this means that the amplitude ofthe os
illations is mu
h smaller than for the parallel geometry. Sin
e theos
illations now follow the ele
tri
 �eld instead of the ve
tor potentialand these two are 90 deg out of phase, the signal appears to be shiftedby π
2ωL

= 680 ase
.5.1.1 Streaking from Stark Eigenstates in HydrogenThe 2s and 2p states in atomi
 hydrogen are degenerate and when anele
tri
 �eld is applied along the z axis, the 2s and 2pz states are mixedinto two Stark eigenstates ψ± = (ψ200 ± ψ210)/
√
2. These states havepermanent dipole moments of ~µ± = ∓3ẑ, where ẑ is a unit ve
tor alongthe z dire
tion. The streaking spe
tra from these two states are shownin Fig. 5.2. The laser wavelength is 800 nm, the pulse duration is 11 fsand the intensity is 1012 W/
m2. The attose
ond pulse has a FWHMduration of 290 ase
 and a 
entral frequen
y of 91 eV.

Figure 5.2 | (a) Streaking spe
tra from the ψ+ state and (b) from the ψ
−
state in thepositive z dire
tion. (
) Centre of energy analysis of the two spe
tra, showing the signalfrom the ψ+ (full, blue) and the signal from the ψ

−
state (dashed, red). The two signalsare shifted by 60 as.46



Impli
ations for Surfa
es?In Fig. 5.2 we see that the streaking signal is shifted by 60 ase
.From the previous se
tion, we would expe
t a shift of the order
∆τ =

1

ωL
arctan

(

ωL
∆~µ · ~A0

~kf · ~A0

)

= 68 ase
, (5.16)showing that the analyti
al approximations in the previous se
tion arereasonable.
5.1.2 Impli
ations for Surfa
es?The surfa
e of a solid is in many ways similar to an oriented polarmole
ule in the sense that the solid-va
uum interfa
e has the same up-down symmetry breaking. The ele
troni
 states asso
iated with thesurfa
e may hen
e have a permanent dipole moment and this may giverise to a similar apparent temporal delay. In the surfa
e, very manyele
trons are available and the s
reening of the ele
tri
 �eld makes itdi�
ult to assess su
h a dipole moment. At the same time, if the ele
-trons are able to follow the ele
tri
 �eld on a few-fs time s
ale then anyenergy shift proportional to the ele
tri
 �eld (as opposed to the ve
torpotential) will give rise to an os
illation out of phase with the non-polarstreaking signal and will appear as an apparent temporal delay. We havenot been able to do any 
al
ulations on tungsten and hen
e we 
annotsay whether polarisation e�e
ts should be in
luded in the interpretationof the delay measured in Ref. [6℄.
5.2 Wigner Time DelayThe stru
ture of the 
ontinuum may give rise to true temporal delaysin the photoionisation of atoms and mole
ules, known as Wigner timedelays[49℄. These temporal delays depend only on the atomi
 or mole
-ular properties and are in this sense very fundamental.Here, we illustrate the 
on
ept similarly to Ref. [8℄ by referring ba
k47



Chapter 5. Time Delay in Streaking Spe
tra from Atoms and Mole
ulesto Eq. (2.8),
Tfi(t0) ≈ −i

∫

dt T 1B(~kf + ~A(t))fX(t− t0) (5.17)
× exp

[

i

2

∫ t

dt′(~kf + ~A(t′))2 − iEit− iωX(t− t0)

]

.In the strong-�eld approximation, we assumed that the �rst Bornmatrix element did not 
ontain any interesting features, but if insteadwe assume that the phase variation is linear in the energy, then
T 1B(~kf + ~A(t)) = |T 1B(~kf + ~A(t))| exp

(

iα
(kf + ~A(t))2

2

)

. (5.18)This adds an extra variation to the streaking signal, as was seen in the
ase with polar mole
ules. Looking at the phase in Eq. (5.17), we �ndthat
Φ(t) = 1

2

∫ t

dt′(~kf+ ~A(t′))2−Eit−ωX(t−t0)+ 1
2
α(kf+ ~A(t))2. (5.19)The average energy of the photoele
trons may be found by Taylor ex-panding the phase around the 
entre of the attose
ond pulse, t0, andlooking for the stationary points. If we negle
t the terms of the order

A2, we �nd
k2f
2 = ωX + Ei − ~kf · ~A(t0) + α~kf · ~E(t0). (5.20)The os
illations are now a sum of a 
ontribution following the ve
torpotential and a 
ontribution following the ele
tri
 �eld, as was the 
asein Eq. (5.10). The sum of the two gives us a phase-shifted os
illationand a time delay. We �nd a time delay whi
h is

∆τ =
1

ωL
arctan(αωL). (5.21)In a more general 
ase, the phase of the �rst Born transition matrixelement is not ne
essarily linear in the kineti
 energy and α = dφ

dE
,where φ is the phase of the matrix element.48



Coulomb E�e
tsThe Wigner time delay is not just an artefa
t of the streaking pro-
ess, but a fundamental quantity in photoionisation. In a streaking ex-periment with ionisation from the 2s and 2p orbitals of atomi
 neon[8℄, itwas found that the 2p ele
trons were delayed relative to the 2s ele
tronsby 21 ± 5 ase
. This delay 
ould, however, only partially be explainedby the Wigner time-delay.5.3 Coulomb E�e
tsSo far, we have used the strong-�eld approximation and negle
ted thee�e
ts of the residual ion. This is of 
ourse not 
ompletely a

urate, andit turns out that the 
oupling of the laser and the Coulomb potentialmay also lead to temporal shifts[8, 50�52℄. While the 
ontribution fromthe Coulomb potential to the Wigner-time delay is analyti
ally known,the 
oupling to the laser �eld is a theoreti
al 
hallenge.The �rst work showing that the 
ombination of the Coulomb poten-tial and the streaking laser pulse 
ould introdu
e a delay in the mea-surement was done by Zhang and Thumm in Ref. [50℄. In that work, thetime-dependent S
hrödinger equation (TDSE) is solved numeri
ally in1D for the 
ombined a
tion of the laser and the Coulomb potential anda model based on the semi-
lassi
al eikonal approximation is developed.In that paper, the streaking spe
trum is 
al
ulated for a hydrogen atomin the ground state, exposed to a laser pulse with a duration of 5 fs, a
entral photon energy of 1.6 eV and an intensity of 2 × 1012 W/
m2.The attose
ond pulse has a duration of 300 ase
 and a variable 
entralphoton energy from 25 eV up to 90 eV. Both the numeri
al results andthe model show that the streaking signal is shifted relative to the re-sult of the strong-�eld approximation (see Se
. 2.2) and that the shiftis sensitive to the photon energy, whi
h is also the kineti
 energy of theele
trons. The shift de
reases from 60 ase
 at ωX = 25 eV to about10 ase
 at ωX = 90 eV. Whenever time resolved measurements are per-formed, the need to separate the ele
trons from the di�erent 
hannelsmeans that the energy of the ele
trons must be di�erent and hen
e theCoulomb-laser 
oupling shift is di�erent. This shift is an artefa
t of thestreaking measurement te
hnique and must be understood in order tomake reliable measurements on the atomi
 or mole
ular system. 49



Chapter 5. Time Delay in Streaking Spe
tra from Atoms and Mole
ulesIn a very re
ent work[52℄ a numeri
al solution of the one-ele
tron 3DTDSE and a 
lassi
al-traje
tory Monte Carlo simulation of the streakingspe
tra from the helium 1s, 2s, 2p0, and 2p1 states were 
al
ulated. Inthat work, where the full numeri
al solution of the TDSE in
ludes boththe Coulomb-laser 
oupling and the Wigner type time-delays, they �nddelays of the order 10-20 ase
 between the 2s and the 2p0 ele
trons,similar to what was found in the experiment from neon[8℄. This workdoes not in
lude any of the multi-ele
tron e�e
ts or the stru
ture ofneon and hen
e 
annot a

ount for the Wigner type delay in neon. Theinterpretation of the delay in neon[8℄ still remains an open theoreti
al
hallenge.
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Chapter6 Measuring Atomi
 Phasesthrough Streaking
In this 
hapter, we dis
uss how the attose
ond streaking te
hnique 
anbe used to measure the phase of atomi
 or mole
ular ionisation matrixelements. As already dis
ussed in Se
. 5.2, the stru
ture of the 
ontin-uum and hen
e the phase of the ionisation matrix elements is 
loselylinked to the time-delay involved in the ionisation pro
ess. We showhow the 
omplete knowledge of the laser �eld derived from the streak-ing spe
trum 
an be used to 
hara
terise the os
illations between two
oupled atomi
 or mole
ular states, and how the interferen
e in theionisation from these states 
an be used to extra
t the relative phaseof their ionisation matrix elements. In another work[17℄, the streakingte
hnique is used to measure the 
hange in the phase when the ele
tronenergy 
rosses a Cooper minimum or a Fano resonan
e. In this work, wewill fo
us on how streaking may be used to measure the relative phasebetween two 
oupled bound states.6.1 Laser Driven Two-Level SystemWe 
onsider the situation where an initial state, |1〉, is 
oupled weaklyby the laser �eld to a detuned ex
ited state, |2〉. The 
oupling is su
hthat only a small part of the initial state population is transferred to |2〉and only while the driving laser pulse is on, adiabati
ally following the51



Chapter 6. Measuring Atomi
 Phases through Streakinglaser pulse envelope.The two-level system is des
ribed by the wave fun
tion
|Ψ(t)〉 = c1(t)e

−iE1t|1〉+ c2(t)e
−iE2t|2〉, (6.1)with E1 the ground state energy, E2 the ex
ited state energy and withthe initial 
onditions c1(−∞) = 1 and c2(−∞) = 0. The total Hamil-tonian of the system is

H = H0 + VL(t), (6.2)where H0 is the �eld-free atomi
 or mole
ular Hamiltonian for whi
hthe two states are eigenstates, H0|i〉 = Ei|i〉 and VL(t) is the intera
tionwith the ele
tromagneti
 �eld. The 
oe�
ients ci(t) may be found bysolving the set of 
oupled di�erential equations
iċ1 = 〈1|VL(t)|1〉c1 + 〈1|VL(t)|2〉ei(E1−E2)tc2 (6.3)
iċ2 = 〈2|VL(t)|1〉e−i(E1−E2)tc1 + 〈2|VL(t)|2〉c2. (6.4)We treat the intera
tion in the length gauge and parametrise theintera
tion as

〈1|VL(t)|2〉 = ρE(t), (6.5)where ρ is the dipole transition matrix element along the laser polarisa-tion dire
tion or the 
oupling strength. For simpli
ity, we assume thatthe two states are parity Eigenstates, su
h that 〈i|VL(t)|i〉 = 0. The setof equations 
an now be solved either numeri
ally or analyti
ally. Herewe are interested in the regime when the detuning, δ, is large
δ = E2 − E1 − ωL > ρE . (6.6)In this regime, there are no Rabi os
illations and the population in theex
ited state follows the �eld adiabati
ally. When the detuning is verylarge, δ ≫ ρE , we 
an employ the rotating wave approximation and anapproximate solution to the time evolution is c1(t) ≈ 1 and

c2(t) ≈ −i
∫ t

dt′ρE(t′)ei(E2−E1)t
′ ≈ −ρE0(t)e

iδt

2δ
e−iφ, (6.7)where E(t) = E0(t) cos(ωLt + φ) with E0(t) the envelope fun
tion and

φ the 
arrier-envelope phase. In this regime, the relative phase evolu-tion of the two terms in Eq. (6.1) is determined by the laser frequen
y,52



Laser Driven Two-Level Systemindependently of the energy di�eren
e between the two levels and thepopulation follows the envelope of the laser pulse.We 
onsider a system where the 
oupling between the two states isequal to one Bohr radius, ρ = a0 and the energy di�eren
e between thetwo levels is 1.85 eV 
orresponding to the di�eren
e between the groundstate and the �rst ex
ited state in atomi
 lithium. The laser pulse is
entred around 800 nm, has a 50 fs duration, a sine-squared envelopeand a peak intensity of I = 1012 W/
m2. The ex
ited state populationis plotted in Fig. 6.1.
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Figure 6.1 | Numeri
ally 
al
ulated ex
ited state population |c2(t)|2 (blue) and the ap-proximate value from Eq. (6.7) (red). The laser and system parameters are given in thetext.The population transfer is at all times less than 7%. The os
illationsin the numeri
al solution are due to the o� resonant term and the la
k ofos
illations in the approximate result shows that while �rst order pertur-bation theory is valid, the rotating wave approximation is questionable.If we 
al
ulate the ex
ited state population without the rotating waveapproximation, the result �ts the numeri
al result ni
ely (not shown).The interpretation and the dis
ussion of the phase retrieval is howevermu
h simpler within the rotating wave approximation and we pro
eedwith the dis
ussion based on the approximation, while the results shownare 
al
ulated from a numeri
al solution.
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Chapter 6. Measuring Atomi
 Phases through Streaking6.2 Attose
ond Ionisation from LaserDriven Two-Level SystemWe want to 
hara
terise the phase between the two terms in Eq. (6.1)by ionisation with an attose
ond pulse. The energy di�eren
e betweenthe two levels is mu
h smaller than the spe
tral width of an isolatedattose
ond pulse so that the ele
tron 
ontributions from the two statesinterfere in the 
ontinuum. This is illustrated in Fig. 6.2.

Figure 6.2 | S
hemati
 view of the ionisation pro
ess. The levels |1〉 and |2〉 are 
oupledby the laser �eld of frequen
y ωL and detuning δ. The spe
tral width of the attose
ondpulse of frequen
y ωX is su�
iently large that photoele
trons from both levels overlapenergeti
ally. The interferen
e between the two ionisation 
hannels in the overlappingregion 
arries a signature of the phase di�eren
e between the ionisation matrix elements.The interferen
e may be either 
onstru
tive or destru
tive (dashed lines).We refer ba
k to Se
. 2.2 and 
al
ulate the transition matrix elementfor a transition from the initial superposition state to a �nal state withasymptoti
 momentum, ~kf , as
Tfi(t0) = −i

∫

dt〈~Ψf(t)|VX(t− t0)|Ψ(t)〉. (6.8)54



Attose
ond Ionisation from Laser Driven Two-Level SystemWe on
e again approximate phase evolution of the �nal state with theVolkov phase and assume that the �nal state may be fa
tored as
|Ψf(t)〉 = |~kf〉 exp

[

− i

2

∫ t

dt′(~kf + ~A(t′))2
]

, (6.9)where |~kf〉 is the s
attering state with asymptoti
 momentum ~kf . Wemay fa
torise the transition matrix elements from ea
h of the two boundstates as
〈~kf |VX(t− t0)|n〉 =Mn(~kf)~EX(t− t0), n = 1, 2 (6.10)where Mn(~kf) is the transition matrix element from the initial state nto a �nal state with momentum ~kf and ~EX is the ele
tri
 �eld of theattose
ond pulse. With this fa
torisation we �nd that

〈~kf |VX(t− t0)|Ψ(t)〉 =
∑

n=1,2

cn(t)e
−iEntMn(~kf)~EX(t− t0). (6.11)Introdu
ing the approximation for the 
oe�
ients from Eq. (6.7), we
an 
al
ulate the transition matrix elements

Tfi(t0) = −i
∑

n=1,2

Mn(~kf)

∫

dt~EX(t− t0)cn(t)e
i
2

∫ t
dt′(~kf+ ~A(t′))2−iEnt

≈ −iM1(~kf)e
−iE1t0

∫

dt~EX(t− t0)e
i
2

∫ t
dt′(~kf+ ~A(t′))2−iE1(t−t0)(6.12)

+iM2(~kf)
ρE0(t0)e−i(E1+ωL)t0−iφ

2δ

∫

dt~EX(t− t0)e
i
2

∫ t
dt′(~kf+ ~A(t′))2−i(E1+ωL)(t−t0),where we have used that E2 − δ = E1 + ωL. If we Taylor expand theintegral as was done in Se
. 2.2 (Eqs. (2.8) to (2.11)), we may evaluatethe integral as the Fourier transform of the attose
ond pulse. The resultis

Tfi(t0) ≈ −iM1(~kf)e
−iE1t0 ~EX,0f̃X(12(~kf + ~A(t0))

2 − E1 − ωX) (6.13)
+iM2(~kf)

ρE0(t0)e−i(E1+ωL)t0−iφ

2δ
~EX,0f̃X(12(~kf + ~A(t0))

2 − E1 − ωL − ωX).55



Chapter 6. Measuring Atomi
 Phases through StreakingThe spe
tral width of the attose
ond pulse is mu
h greater than theenergy di�eren
e between the two bound states as dis
ussed above. Inthe energy domain, the ele
trons 
oming from ea
h of the two states willtherefore overlap and interfere. The ele
tron energy distribution fromea
h of the two terms is determined by the temporal integral. The total(energy integrated) ionisation probability for ele
tron emission in thedire
tion determined by ~kf is (see Eq. (2.14))
P (t0) =

∫

dE 2
√
2E|Tfi|2 (6.14)

=

∫

dE 2
√
2E

∣

∣

∣

∣

M1(~kf)f̂X(E1)−M2(~kf)
ρE0(t0)e−iωLt0−iφ

2δ
f̂X(E1 + ωL)

∣

∣

∣

∣

2

,where we have introdu
ed f̂X(E) = f̃X(
1
2
(~kf + ~A(t0))

2 − E − ωX) forbrevity. We introdu
e the symbol K, and we use the fa
t that theattose
ond pulse is wide, to assume that
K =

∫

dE2
√
2Ef̂X(E1)

2 ≈
∫

dE2
√
2Ef̂X(E1)f̂X(E1 + ωL), (6.15)where we have also assumed that the attose
ond pulse is symmetri
around t = 0, su
h that the Fourier transform is real. With theseassumptions and keeping only the two leading terms, we �nd that thetotal ionisation probability is proportional to

P (t0) ≈ K

∣

∣

∣

∣

M1(~kf)−M2(~kf)
ρE0(t0)e−iωLt0−iφ

2δ

∣

∣

∣

∣

2

∝ 1− CE0(t0)
ρ

δ
cos(ωLt0 + φ+Θ), (6.16)where the ratio between the ionisation matrix elements has been rewrit-ten as

M2(~kf)

M1(~kf)
= CeiΘ, (6.17)and the term that is quadrati
 in the ex
ited state population has beennegle
ted. The relative phase between the two matrix elements, Θ, isthe primary obje
t of interest. The above result shows that the energyintegrated ionisation probability os
illates with the periodi
ity of the56



Retrieving Ionisation Phases from Streaking Spe
tralaser pulse when varying the relative delay between the laser and theattose
ond pulse. These os
illations are the basis for the phase retrievalpro
edure presented below.6.3 Retrieving Ionisation Phases fromStreaking Spe
traThe mean kineti
 energy of the ele
trons released os
illates with theperiodi
ity of the laser �eld, as
∆E(t0) = −~kf · ~A(t0) = −

~kf · ~E0(t0)
ωL

sin(ωLt0 + φ). (6.18)These observations lead to a three-step algorithm for retrieving the rel-ative phase between the two states, Θ;i) Measure the streaking spe
trum, S(E, t0), i.e., the photoele
trondistribution against the delay between the two pulses, t0.ii) Cal
ulate the energy integrated ionisation probability,
P (t0) =

∫

dES(E, t0) (6.19)and the energy shift
∆E(t0) =

∫

dE(E − E0)S(E, t0)/P (t0) (6.20)from the measured data. E0 is the average energy when there isno overlap between the two pulses.iii) Retrieve the phase, Θ, from the two 
urves by �tting
P (t0)− P (−∞) ∝ ∆E

(

t0 − Θ−π/2
ωL

)

. (6.21)We will denote the re
onstru
ted phase from the three-step algorithm by
Θr. As will be dis
ussed in the following se
tion, the interferen
e from57



Chapter 6. Measuring Atomi
 Phases through Streakingthe two bound states may also lead to a phase shift in the streakingsignal. This shift 
an be 
orre
ted for as shown in Se
. 6.4 below.We show two examples of phase retrievals. The laser parameters arein both 
ases the same as in Se
. 6.1. The wavelength is 800 nm, thepulse duration is 50 fs and the intensity is 1012 W/
m2. The attose
ondpulse has a FWHM duration of 290 ase
 and a 
entral photon energy of91 eV. The target system is lithium like, with a ground state ionisationpotential of 5.39 eV and an energy separation between the ground stateand the �rst ex
ited state of 1.85 eV. We assume that the ele
trons aredete
ted parallel to the laser polarisation dire
tion. The set of equa-tions 
oupling the ground and the ex
ited state, Eqs. (6.3), are solvednumeri
ally.In the �rst example, we assume that the two ionisation matrix ele-ments are equal in magnitude and π/2 out of phase, su
h that M2(~kf) =

iM1(~kf). This would be the 
ase if |~kf〉 is assumed to be a plane waveand the two states have opposite inversion symmetry along the line ofdete
tion, su
h as if the ground state has s symmetry and the ex
itedstate has p symmetry and is dire
ted along the line of dete
tion. Theresult is shown in Fig. 6.3.The energy shift and the energy integrated ionisation probability isplotted in Fig. 6.3(b). The two 
urves os
illate in phase, whi
h is asignature that the phase of the ionisation matrix elements is π/2 out ofphase. When �tting the two 
urves as devised in the three-step algo-rithm, the re
onstru
ted phase is Θr = π/2 − 0.004, deviating only 4mrad from the true value.In another example, we use the same set of pulse parameters, butassume that the two ionisation matrix elements have the same phase,su
h thatM2(~kf) =M1(~kf). We again 
al
ulate the streaking spe
trum,the ionisation probability and the energy shifts. The result is shown inFig. 6.4.Retrieving the relative phase of the matrix elements, we �nd Θr =
0.0476. This result deviates more from the true value of 0, than was the
ase in the �rst example presented above. The reason for this deviationis dis
ussed in the following se
tion.
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Streaking Phase Shifts from Interferen
e

Figure 6.3 | (a) Photoele
tron spe
trum as a fun
tion of delay between the laser and theattose
ond pulse, from the laser driven two-level system dis
ussed in the text. (b) Theenergy shift (full, red) and the energy integrated ionisation yield (dashed, blue). The two
urves os
illate in phase, whi
h is a signature of the π/2 phase di�eren
e between the twomatrix elements M1 and M2.6.4 Streaking Phase Shifts fromInterferen
eThe interferen
e between the two di�erent ionisation 
hannels may 
ausea shift in the streaking spe
trum, su
h that the 
enter of energy follows
∆E(t0) = −

~kf · ~E0(t0)
ωL

sin(ωLt0 + φ+∆), (6.22)where ∆ is the phase shift indu
ed by the interferen
e. The origin ofthis phase shift 
an be seen from Fig. 6.2. In the regime of interest theprimary 
ontribution is always from the ground state. The 
ontributionfrom the ex
ited state is mu
h smaller and is either 
onstru
tive or de-stru
tive, depending on the relative phase. Sin
e the 
ontribution from59



Chapter 6. Measuring Atomi
 Phases through Streaking

Figure 6.4 | (a) Photoele
tron spe
trum from the laser driven two-level system dis
ussedin the text, similar to Fig. 6.3(a), but with the two matrix elements in phase. (b) Theenergy shift (full, red) and the energy integrated ionisation yield (dashed, blue). The two
urves os
illate π/2 out of phase, whi
h is a signature of the two matrix elements M1 and
M2 being in phase.the ex
ited state is at a higher energy, 
onstru
tive interferen
e meansthat the average energy of the ele
trons is higher, while destru
tive in-terferen
e leads to a lower average ele
tron energy. This is illustrated inFig. 6.2 with the gray, dashed lines. If the 
onstru
tive (destru
tive) in-terferen
e 
oin
ides with the maxima of the of the energy shift, ∆E(t0),this leads to a bigger (smaller) amplitude for the os
illations. If theinterferen
e is shifted in phase relative to the streaking spe
trum, thisleads to a phase shift. This is the 
ase when eiΘ has a real part.To quantify the shift, we 
al
ulate the average energy as

Eav(t0) =

∫

dE 2
√
2EE|Tfi(t0)|2/P (t0), (6.23)and refer ba
k to Eq. (6.13). Very similar to the treatment in Se
. 6.2,we assume that the spe
tral width of the attose
ond pulse is very large60



Streaking Phase Shifts from Interferen
eand we negle
t the part that is se
ond order in c2. If the matrix elementsdo not vary over the width of the laser pulse, we �nd
Eav(t0)P (t0) ≈ |M1|2

∫

dE2
√
2EEf̂(E1)

2 (6.24)
−2Re(M1M2

ρE(t0)e−iωLt0−iφ

2δ

)

∫

dE 2
√
2EEf̂(E1)f̂(E1 + ωL),where the momentum dependen
e of the matrix elements is implied.The 
entre of energy for the distribution is

∫

dE2
√
2EEf̂(E1)

2 = E0K, (6.25)where K was introdu
ed in Eq. (6.15) and E0 = ωX + E1 − ~kf · ~A(t0).Sin
e the distribution of the ele
trons is wide 
ompared to the laser pho-ton energy, the produ
t of the two distribution fun
tions in the se
ondterm in Eq. (6.24) is peaked around E0 + ωL/2 and we 
an approximate
∫

dE 2
√
2EEf̂(E1)f̂(E1 + ωL) ≈ (E0 + ωL/2)K. (6.26)With these approximations, we 
an 
al
ulate the average energythrough

Eav(t0)P (t0) = |M1|2KE0

[

1− C
ρE(t0)
δ

cos(ωLt0 + φ+Θ)

]

−|M1|2K
ωL
2
C
ρE(t0)
δ

cos(ωLt0 + φ+Θ). (6.27)The parenthesis in the �rst term is exa
tly the ionisation probability,
P (t0), found in Eq. (6.16). Negle
ting the terms of the order c22, weapproximate |M1|2K/P (t0) ≈ 1 in the se
ond term and we �nd the �nalresult
Eav(t0) ≈ ωX +E1−~kf · ~A(t0)−

CρE(t0)ωL
2δ

cos(ωLt0+φ+Θ). (6.28)The �rst os
illating term is
~kf · ~A(t0) =

~kf · ~E0(t0)
ωL

sin(ωLt0 + φ), (6.29)61



Chapter 6. Measuring Atomi
 Phases through Streakingsu
h that the two 
ontributions are out of phase unless Θ = ±π/2. Weuse the trigonometri
 identity
cos(ωLt0+φ+Θ) = cos(ωLt0+φ) cos(Θ)−sin(ωLt0+φ) sin(Θ). (6.30)Here, we are interested in assessing the magnitude of the delay. These
ond term is os
illating in phase with the streaking signal and thereforeleads to no delay, but only a 
hange in the amplitude. The �rst term isthe interesting part as it os
illates out of phase

∆E(t0) ≈ −
~kf · ~E0(t0)

ωL

[

sin(ωLt0 + φ) +
CρE(t0)ω2

L

2δ~kf · ~E(t0)
cos(Θ) cos(ωLt0 + φ)

]

= −
~kf · ~E0(t0)

ωL

√

1 + tan(∆)2 sin(ωLt0 + φ+∆), (6.31)with
∆ = arctan

(

Cρω2
L

2δ~kf · ~ǫL
cos(Θ)

)

, (6.32)where ~ǫL is the laser polarisation ve
tor. This formula shows that if eiΘhas a real part, then the strong-�eld approximation does not a

uratelydes
ribe the phase of the ele
tron energy os
illation. This is importantboth for time-resolved measurements and for phase re
onstru
tion asdes
ribed in the previous se
tion. The re
onstru
ted phase from thethree-step algorithm should be 
orre
ted for this e�e
t, through
ΘR = Θr −∆, (6.33)where ΘR is the 
orre
ted phase. For the example presented in Fig. 6.4,we �nd that∆ = 0.0589 and we �nd ΘR = −0.0113 in better agreementwith the true phase, Θ = 0. The re
onstru
tion is still not perfe
t, butnow deviates by only 11 mrad. The approximations introdu
ed in the
al
ulation of ∆ may be part of the explanation for the deviation.As another example, where the shift is even greater, we now 
onsidera driving laser pulse with a wavelength of 750 nm, 
loser to resonan
efor the lithium-like system and with a lower intensity of 1011 W/
m2.The attose
ond pulse is the same as in the previous examples, a FWHMduration of 290 ase
 and a 
entral photon energy of 91 eV. The resultsare shown in Fig 6.5.62



Appli
ation for Phase Measurements

Figure 6.5 | (a) Photoele
tron spe
trum from the laser driven two-level system presentedin the text. (b) Part of the 
entre of energy (full, red) is plotted along with the strong-�eldapproximation estimate of the energy variation from Eq. (2.12) (dashed, bla
k). The two
urves are displa
ed by 40 ase
 or 0.1026 rad.In part (b) of the �gure, the 
entre of energy is plotted with theestimate from the strong-�eld approximation. The two are shifted andthe os
illations are 0.1026 rad or 40 ase
 out of phase with the simpleestimate. The shift 
al
ulated in using Eq. (6.32) is ∆ = 0.1065 or
∆/ωL = 41 ase
 explains this. If the obje
tive is a time-resolved mea-surement using the streaking te
hnique, then the shift due to 
ouplingto an ex
ited state may be 
onsidered a 
ompli
ation. The analysis inthis se
tion shows how to 
ompensate this shift.6.5 Appli
ation for Phase MeasurementsWhile we have mostly dis
ussed the atomi
 
ase here, the theory appliesequally well to mole
ules. The e�e
t of a mole
ular permanent dipolemoment would again give rise to shifts in the streaking spe
trum as63



Chapter 6. Measuring Atomi
 Phases through Streakingdis
ussed in Se
. 5.1. In order to a

urately retrieve mole
ular phases,one must know the permanent dipole moment to 
orre
t for it or havea

ess to a referen
e state, ideally with no dipole moment and no nearresonan
es. A

ess to the phase of the ionisation matrix element is away to test theory and to get another view towards the Wigner time-delays as dis
ussed in Se
 5.2. The ability to vary the photon energyin the attos
ond pulse will allow a series of measurements to s
an thephase dependen
e for di�erent ele
tron energies. The Wigner time-delayis related to the energy derivative of the phase.Another interesting aspe
t is the fa
t that the ele
tron energy is af-fe
ted by the Coulomb-laser 
oupling, while the ionisation probabilityis not. This means that the method presented in this 
hapter may beable to make absolute measurements of the shift due to the Coulomb-laser 
oupling. Using atomi
 lithium as a target, the ground state has ssymmetry and the �rst ex
ited state has p symmetry. Performing the ex-periment with the dete
tion parallel to the laser polarisation means thatthe laser will ex
ite the p state along the polarisation axis. These stateshave opposite symmetry and we should expe
t the ionisation probabilityand ele
tron energy to os
illate in phase as was seen in Fig. 6.3. Thephase shift dis
ussed in Se
. 6.4 vanishes and the phase deviation will bedue entirely to the Coulomb-laser 
oupling. By s
anning through dif-ferent attose
ond pulse photon energies one should be able to dire
tlymeasure the Coulomb-laser 
oupling, whi
h is otherwise very di�
ult toidentify.
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Chapter7 Attose
ond Pulse Trains

In the previous se
tions, we have dis
ussed how the 
ombination of anisolated attose
ond pulse with an intense laser �eld may be used fortime-resolved measurements on a sub-femtose
ond time-s
ale throughthe attose
ond streaking te
hnique. In this se
tion we will dis
uss howa very similar approa
h, with a train of attose
ond pulses in 
ombinationwith the fundamental laser �eld may be used to provide similar temporalresolution.If a laser pulse with several opti
al periods is used to make high-order harmoni
s, the generated radiation forms a train of attose
ondpulses[18℄ with two pulses for ea
h opti
al period (
orresponding to onepulse for ea
h extremum of the �eld). If the laser �eld is 
ombinedwith the se
ond harmoni
, the up-down symmetry of the �eld is brokenand one 
an produ
e a pulse train with only one attose
ond pulse peropti
al period[53, 54℄. With one attose
ond pulse per opti
al 
y
le, allele
trons liberated by the attose
ond pulses are born at the same phaseof the laser �eld and we �nd a streaking signal very similar to what wasseen for the isolated pulses. With two pulses per 
y
le, the frequen
yspe
trum of the pulse train 
onsists of only the odd harmoni
s. Whenthe fundamental laser �eld is added, a pro
ess like the laser assistedphotoele
tri
 e�e
t leads to ele
trons with an energy 
orresponding to aneven harmoni
, 2n. This �nal energy 
an be rea
hed either by absorbinga photon with energy (2n− 1)ωL from the pulse train and absorbing a65



Chapter 7. Attose
ond Pulse Trainsphoton from the laser �eld or by absorbing a photon with energy (2n+
1)ωL and emitting a photon into the laser �eld by stimulated emission.The interferen
e between these two pathways is sensitive to the relativedelay between the pulse train and the laser �eld[18, 19, 55℄. Both thesesituations are dis
ussed and modelled through the same approa
h as wastaken in the previous 
hapters. The latter is the basis of the so-
alledRABBITT te
hnique and its appli
ation to time- and phase-resolvedmeasurements[9, 20, 56℄ is dis
ussed.7.1 Pulse Train Des
riptionAs before, we 
onsider the Hamiltonian

H = H0 + VL(~r, t) + VX(~r, t− t0) (7.1)The intera
tions with the ele
tromagneti
 �elds are in the length gauge.The di�eren
e from the earlier 
hapters is in the shape of the pulses.The ele
tri
 �eld from the attose
ond pulse train is given by
~EX(t) = ~EX,0

N−1
∑

n=0

fX
(

t− nT
κ

)

e−i(ωXt+nφX), (7.2)where N is the number of attose
ond pulses in the train, fX(t) is thepulse envelope fun
tion, T = 2π/ωL is the opti
al period of the funda-mental �eld, κ is the number of pulses per opti
al period (we 
onsider
κ = 1, 2), ωX is the 
entral frequen
y of the attose
ond pulses and φXis the relative phase between the pulses, whi
h we assume to be 
on-stant. We assume that the duration of the individual attose
ond pulsesis mu
h shorter than the opti
al period of the fundamental �eld. Wegive a des
ription in the time-domain, but the pulse is of 
ourse equallywell des
ribed in the frequen
y-domain.The laser pulse is assumed to be very long, su
h that we may negle
tthe envelope fun
tion

~E(t) = ~E0 sin(ωLt+ φ). (7.3)66



One Attose
ond Pulse per Laser Period7.2 One Attose
ond Pulse per Laser PeriodWhile the 
ase with two pulses per laser period is perhaps the mostinteresting, we treat the 
ase with only one pulse �rst, to use this resultin the next se
tion. We 
al
ulate the transition matrix elements similarto what was done in Se
. 2.2 and use the same Volkov wave fun
tionsfor the �nal state,
Tfi(t0) = −i

∫

dt〈Ψf (~r, t)|VX(~r, t− t0)|Ψi(~r, t)〉 (7.4)
= −i

N−1
∑

n=0

e−inφX
∫

dt T 1B(~kf + ~A(t))fX(t− t0 − nT )(7.5)
× exp

[

i

2

∫ t

dt′(~kf + ~A(t′))2 − iEit− iωX(t− t0)

]

.In ea
h of the temporal integrations, the integrand only has supportwhen the attose
ond pulse is on, su
h that t ∼ t0 + nT . Sin
e theele
tri
 �eld is assumed to be long, the ve
tor potential is also periodi
with period T , su
h that ~A(t + nT ) = ~A(t) for any integer n. Thisimplies that
∫ nT

0

dt′(~kf+ ~A(t′))2 = n

∫ T

0

dt′(~kf+ ~A(t′))2 = nT

(

k2f +
E2
0

2ω2
L

)

, (7.6)where we use the fa
t that the ve
tor potential is sinusoidal. We maynow 
hange the integration variable t→ t− t0 − nT in Eq. (7.5)
Tfi(t0) = −i

N−1
∑

n=0

e−inφX
∫

dt T 1B(~kf + ~A(t+ t0))fX(t) (7.7)
× exp

[

i

2

∫ t+t0+nT

dt′(~kf + ~A(t′))2 − iEi(t+ t0 + nT )− iωX(t+ nT )

]

.where the support is now around t = 0. To perform the integrals analyt-i
ally, we assume that the �rst Born matrix element is almost 
onstantand Taylor expand the terms in the exponent to �rst order in t. If we67



Chapter 7. Attose
ond Pulse Trainsagain negle
t terms of the order A2, we �nd that
Tfi(t0) = −iT 1B(~kf + ~A(t0))

N−1
∑

n=0

exp
[

−inφX + inT
(

k2f
2
− Ei − ωX

)]

×eiΦ(t0)
∫

dtfX(t) exp
[

i
k2f
2
t+ i~kf · ~A(t0)t− iEit− iωXt

]

, (7.8)where Φ(t0) = 1
2

∫ t0 dt′(~kf + ~A(t′))2−Eit0 is an overall phase that doesnot in�uen
e the photoele
tron spe
trum. We re
ognise the last termas the Fourier transform of one of the attose
ond pulses and the sum asthe geometri
 series. We may then perform both analyti
ally and �nd
Tfi(t0) = −ieiΦ(t0)T 1B(~kf + ~A(t0))f̃X(

k2f
2
+ ~kf · ~A(t0)− ωX − Ei)

× 1− exp [−iN (φX − T (k2f/2 − Ei − ωX))]

1− exp [−i (φX − T (k2f/2 − Ei − ωX))]
. (7.9)This result should be 
ompared to Eq. (2.11) whi
h is the result for theisolated attose
ond pulse. The two results are identi
al ex
ept for thelast fra
tion, whi
h is the result of the interferen
e from the di�erentattose
ond pulses. For N = 1 the result for the isolated attose
ondpulse is reprodu
ed. The result of the interferen
e is that the broadspe
trum of photoele
tron energies is split into narrow peaks, with apeak when

φX − T (
k2f
2 − Ei − ωX) → 2πk, k integer. (7.10)When this 
ondition is ful�lled, the fra
tion approa
hes N . The pho-toele
tron spe
trum is proportional to the norm-square of the T -matrixelements, su
h that the height of the peaks s
ales with the number ofattose
ond pulses as N2. The width, on the other hand, s
ales as N−1,su
h that the number of ele
trons released is linear in N .As an example, we 
al
ulate the photoele
tron spe
trum for an in-�nitely long laser pulse with a wavelength of 800 nm and an intensityof 2 × 1011 W/
m2, and a train of N Gaussian attose
ond pulses witha FWHM duration of 290 ase
, a 
entral frequen
y of ωX = 91 eV and

N = 1, 2, 8. We assume that the �rst Born matrix element is 
onstantand have arbitrarily 
hosen the binding energy to be 1 atomi
 unit. Theresults are shown in Fig. 7.1.68



One Attose
ond Pulse per Laser Period

Figure 7.1 | Photoele
tron spe
tra for an isolated attose
ond pulse (top). The laser �eldis 
onsidered in�nitely long and the spe
trum is therefore periodi
 in time. The durationof the attose
ond pulse is 290 ase
, while the laser has an intensity of 2 × 1011 W/
m2and a wavelength of 800 nm. (middle) The same, but with two attose
ond pulses oneopti
al 
y
le apart. (bottom) The same, but with 8 attose
ond pulses ea
h separated byone opti
al 
y
le. 69



Chapter 7. Attose
ond Pulse TrainsIn the spe
tra we see that the energy distribution is 
ontinuous forthe isolated attose
ond pulse, while it is dis
retised for the attose
ondpulse trains. The peaks are separated by the fundamental laser fre-quen
y. The width of the peaks is mu
h narrower for 8 pulses than for2, as previously dis
ussed, and this trend 
ontinues if we move to evenlonger trains.The spe
tra show the same os
illation for the pulse trains as for theisolated attose
ond pulse. The streaking signal from a train of attose
-ond pulses may therefore be used in time-resolved measurements. Inthis example we have 
onsidered an in�nite laser pulse and the streak-ing signal is periodi
 in the relative delay with the periodi
ity of thelaser �eld. This means that we 
annot de
ide whether streaking signalsoriginating from two di�erent ionisation 
hannels are shifted by an in-teger number of full periods. If we know that the shift is only a smallfra
tion of a period it is equally viable and in pra
ti
e, the laser pulsewill never be in�nitely long.7.3 Two Attose
ond Pulses per LaserPeriodThe more interesting 
ase is when there are two attose
ond pulses peropti
al period of the fundamental �eld, 
orresponding to an attose
ondpulse for ea
h extremum of the pulse used in the high-order harmoni
generation pro
ess. The frequen
y spe
trum of su
h a pulse train hasa series of peaks separated by twi
e the fundamental frequen
y, usuallyall of the odd harmoni
s of the laser �eld.We treat the train with two pulses per opti
al period as a sum oftwo trains, ea
h with one pulse per opti
al period. If we assume thatthe total number of pulses in the train, N , is even then we may writethe ele
tri
 �eld of the pulse train as
~EX(t) = ~EX,0

N/2−1
∑

n=0

fX(t− nT )e−i(ωXt+2nφX)

+~EX,0
N/2−1
∑

n=0

fX(t− (n+ 1
2)T )e

−i(ωXt+(2n+1)φX), (7.11)70



Two Attose
ond Pulses per Laser Periodwhi
h is the same �eld as in Eq. (7.2) for κ = 2. We 
al
ulate the
T -matrix elements as a sum of the 
ontributions from ea
h of the twoterms in Eq. (7.11). Referring ba
k to Eq. (7.5) we �nd
Tfi(t0) = −i

N/2−1
∑

n=0

e−i2nφX
∫

dt T 1B(~kf + ~A(t))fX(t− t0 − nT )

× exp

[

i

2

∫ t

dt′(~kf + ~A(t′))2 − iEit− iωX(t− t0)

] (7.12)
− i

N/2−1
∑

n=0

e−i(2n+1)φX

∫

dt T 1B(~kf + ~A(t))fX(t− t0 − (n+ 1
2)T )

× exp

[

i

2

∫ t

dt′(~kf + ~A(t′))2 − iEit− iωX(t− t0)

]

.The �rst sum is exa
tly like the expression in the previous se
tion,ex
ept N → N/2 and φX → 2φX . This means that we 
an reuse the�ndings from there and the �rst sum gives us
T 1
fi(t0) = −ieiΦ(t0)T 1B(~kf + ~A(t0))f̃X(

k2f
2 + ~kf · ~A(t0)− ωX − Ei)

×
1− exp

[

−iN2
(

2φX − T (
k2f
2 − Ei − ωX)

)]

1− exp
[

−i
(

2φX − T (
k2f
2 − Ei − ωX)

)] . (7.13)The se
ond term is a bit di�erent and requires a more detailed treatment.We start with the integral in the phase and note that
∫ (n+1/2)T+t0

0

dt′(~kf + ~A(t′))2 (7.14)
=

∫ nT

0

dt′(~kf + ~A(t′))2 +

∫ t0+T/2

t0

dt′(~kf + ~A(t′))2

= (n+ 1
2
)T

(

k2f +
E2
0

2ω2
L

)

+ 2Φ2(t0), (7.15)where the �rst part is the same as was found in Eq. (7.6), and we haveintrodu
ed Φ2 =
∫ t0+T/2

t0
dt′~kf · ~A(t0). With this observation, we 
an
al
ulate the se
ond part of the transition matrix element the same way71



Chapter 7. Attose
ond Pulse Trainsas was done in the previous se
tion. We negle
t the part of the phasethat is se
ond order in the ve
tor potential and perform the substitution
t→ t− t0 − (n+ 1/2)T

T 2
fi(t0) = −i

N/2−1
∑

n=0

e−i(2n+1)φX

∫

dt T 1B(~kf + ~A(t+ t0 + T/2))fX(t)

× exp

[

i

2

∫ t+t0+(n+1/2)T

dt′(~kf + ~A(t′))2
]

× exp [−iEi(t+ t0 + (n+ 1/2)T )− iωX(t+ (n+ 1/2)T )] .

= −i
N/2−1
∑

n=0

e−i(2n+1)φX+i(n+1/2)T (k
2
f/2−Ei−ωX)eiΦ(t0)+iΦ2(t0)

×
∫

dt T 1B(~kf − ~A(t+ t0))fX(t)

× exp
[

i
k2f
2 t− i~kf · ~A(t0)t− iEit− iωXt

]

. (7.16)We have used that ~A(t) is sinusoidal, su
h that ~A(t + T/2) = − ~A(t)to simplify the expressions. If we again assume that the variation inthe �rst Born matrix element is small, then we 
an perform the integralanalyti
ally and we obtain
T 2
fi(t0) = −ieiφ(t0)+iΦ2(t0)T 1B(~kf − ~A(t0))f̃X(

k2f
2
− ~kf · ~A(t0)− ωX − Ei)

×
N/2−1
∑

n=0

e−i(2n+1)(φX−T2 (
k2f
2 −Ei−ωX)) (7.17)The sum is again the geometri
 series and 
an be evaluated in 
losedform to give us the �nal expression

T 2
fi(t0) = −ieiφ(t0)+iΦ2(t0)T 1B(~kf − ~A(t0))f̃X(

k2f
2 − ~kf · ~A(t0)− ωX − Ei)

×e−i(φX−T2 (
k2f
2 −Ei−ωX))

exp
[

−iN2 (2φX − T (
k2f
2 − Ei − ωX))

]

exp
[

−i(2φX − T (
k2f
2 − Ei − ωX))

] . (7.18)This expression is to be 
ompared to Eq. (7.13). First we note themany similarities. The last fra
tion is identi
al for the two. It shows72



Two Attose
ond Pulses per Laser Periodthat the spe
trum for the two pulses per laser period is again a seriesof lines, separated by the fundamental photon frequen
y. The fa
t thattwo attose
ond pulses per opti
al 
y
le 
orresponds to only every se
ondof the harmoni
s is not seen until we add the two terms and look at therelative phase between the 
ontributions
Tfi(t0) = −ieiΦ(t0)

exp
[

−iN2 (2φX − T (
k2f
2 − Ei − ωX))

]

exp
[

−i(2φX − T (
k2f
2
− Ei − ωX))

]

×
[

T 1B(~kf + ~A(t0))f̃X(
k2f
2 + ~kf · ~A(t0)− ωX − Ei)

+eiΦ2(t0)e−i(φX−T2 (
k2f
2 −Ei−ωX)) (7.19)

×T 1B(~kf − ~A(t0))f̃X(
k2f
2 − ~kf · ~A(t0)− ωX − Ei)

]This is the �nal expression for the transition matrix element for a pulsetrain with two attose
ond pulses per laser period. The fra
tion in frontof the expression has maxima whenever
(2φX − T (

k2f
2 − Ei − ωX)) = 2πk, k integer. (7.20)This is the same 
ondition as for the 
ase with only one 
y
le per opti
alperiod, meaning that the fra
tion is non-zero at ea
h of the harmoni
s,both odd and even. The di�eren
e is in the �nal term. In the limit

A(t) → 0 when there is no laser �eld on, we �nd that the two termsexa
tly 
an
el for every se
ond of the maxima. The surviving peaksare separated by twi
e the laser frequen
y, but whether it is the oddharmoni
s is determined by the relative phase between the attose
ondpulses, φX . We will refer to the �eld-free peaks as the odd harmoni
sand those that vanish for A(t) → 0 as the even harmoni
s.Examples of 
al
ulated photoele
tron spe
tra are shown in Fig. 7.2.The spe
tra are to be 
ompared with those presented in Fig. 7.1. Thetop two spe
tra are for a weak laser �eld 
orresponding to an intensityof 2 × 1010 W/
m2, while the bottom spe
tra are for the same �eldstrength as in Fig. 7.1, 
orresponding to 2× 1011 W/
m2.For only two pulses in the train we see that the train 
hara
teristi
sare not yet 
lear. There is neither a 
lear os
illatory signal as in the73



Chapter 7. Attose
ond Pulse Trains

Figure 7.2 | Photoele
tron emission spe
tra for 2 attose
ond pulses per opti
al 
y
le ofthe laser �eld. The two �gures in the top are for laser intensity, I = 2×1010W/
m2, whilethe two bottom �gures are for I = 2 × 1011W/
m2. The two �gures to the left are for
N = 2 pulses in the pulse train, while the two �gures to the right are for N = 8.one-pulse 
ase, nor 
lear odd and even harmoni
s. For 8 pulses and theweak �eld (top right �gure) we 
learly see that half of the lines are quitestrong and the other half is a lot weaker and the strength os
illates as afun
tion of the delay. For a stronger �eld, the whole thing be
omes a lotmore messy. The signal is still periodi
 with the periodi
ity of twi
e thelaser �eld, but the odd and even harmoni
s are of 
omparable strength.7.4 Strength of the Even Harmoni
sWe now look at a s
enario for time-resolved measurements and for pulsetrain 
hara
terisation, known as Re
onstru
tion of Attose
ond BeatingBy Interferen
e of Two-photon Transitions (RABBITT)[18, 21℄. We
al
ulate the strength of the even harmoni
s and show that this will74



Strength of the Even Harmoni
sos
illate with the relative phase between the attose
ond pulse train andthe fundamental laser �eld. When the delay between the pulse train andthe laser �eld is varied, these os
illations may be used for time-resolvedmeasurements similar to the streaking signal.The even harmoni
s satisfy that
e−i(φX−T

2
(
k2f
2
−Ei−ωX)) = −1, (7.21)su
h that the two terms in the square parenthesis in Eq. (7.19) 
an-
el for vanishing laser �eld. The typi
al �elds used in the RABBITTexperiments are weaker than what is used in streaking experiments, typ-i
ally 1010 − 1011 W/
m2. We 
an write the intensity ratio of the evenharmoni
 to the neighbouring odd harmoni
s, |S|2 as

S =
1− eiΦ2(t0)+iΘ(t0)

1 + eiΦ2(t0)+iΘ(t0)
≈ 1− eiΦ2(t0)+iΘ(t0)

2
, (7.22)where we have introdu
ed

T 1B(~kf − ~A(t0))f̃X(
k2f
2 − ~kf · ~A(t0)− ωX − Ei)

T 1B(~kf + ~A(t0))f̃X(
k2f
2
+ ~kf · ~A(t0)− ωX − Ei)

≈ ei(ΘA(t0)+ΘH(t0)) = eiΘ(t0).(7.23)
ΘA is the part originating from the ratio of the �rst Born matrix el-ements and is related to the atomi
 stru
ture, while ΘH is the partoriginating from the attose
ond pulses and is related to the pulse train.If there is an energy dependent phase of the �rst Born matrix element,then the energy-derivative of this phase is asso
iated with the Wignertime-delay as dis
ussed in Se
. 5.2. Similarly, if there is an energy de-pendent phase in the Fourier transform of the attose
ond pulses, f̃X ,this will give rise to a similar temporal delay as we shall see now. Welook at the strength of the even harmoni
 and assume that both Φ2(t0)and Θ(t0) are small, sin
e the laser �eld is weak. We �nd

S ≈ −i(Φ2(t0) + Θ(t0))

2
, (7.24)where

Φ2(t0) =

∫ t0+T/2

t0

dt′ ~kf · ~A(t0) = −2
~kf · ~E0
ω2
L

sin(ωLt0 + φ). (7.25)75



Chapter 7. Attose
ond Pulse TrainsIf we assume that the phase of the �rst Born matrix element varieslinearly with energy, like in Se
. 5.2, we �nd
eiΘA(t0) = exp

[

iα
(~kf − ~A(t0))

2

2
− iα

(~kf + ~A(t0))
2

2

]

= e−i2α
~kf · ~A(t0)(7.26)or

ΘA(t0) = −2α~kf · ~A(t0) =
2α~kf · ~E0

ωL
cos(ωLt0 + φ). (7.27)Similarly, if the phase of the attose
ond pulse varies linearly with thefrequen
y, we �nd that

ΘH(t0) = −2β~kf · ~A(t0) =
2β~kf · ~E0

ωL
cos(ωLt0 + φ). (7.28)Adding these 
ontributions we �nd that the os
illations in the strengthof the even harmoni
s will follow

S = −2
~kf · ~E0
ω2
L

(sin(ωLt0 + φ) + ωL(α+ β) cos(ωLt0 + φ))

∝ sin(ωLt0 + φ+∆A +∆H), (7.29)where ∆A = arctan(ωLα)/ωL and ∆H = arctan(ωLβ)/ωL. Eq. (7.29)is the main result of this se
tion. The strength of the even harmoni
s,
|S|2, os
illates with the angular frequen
y 2ωL and a phase determinedby the phase of the laser �eld and the sum of the atomi
 and harmoni
phase, ∆A and ∆H . In this strong-�eld model, the atomi
 phase is es-sentially the Wigner time delay, whi
h was also dis
ussed in the 
ontextof streaking experiments in Se
. 5.2.If we use the same pulse train to ionise from two di�erent initialstates, then the harmoni
 phase is the same for the two di�erent sets ofemitted ele
trons. In this way we are able to measure the Wigner time-delay dire
tly. This was done in Ref. [9℄, where the delay between ele
-trons emitted from the 3s and 3p shells in atomi
 argon was measured.In that work, shifts on the order of tens to a hundred ase
 was found,with the emission delay being measured at di�erent energies throughthe use of di�erent even sidebands. The delays were explained througha 
ombination of Wigner time-delay and the Coulomb-laser 
oupling76



Frequen
y-Domain Approa
h to RABBITTmeh
anism, whi
h was also dis
ussed earlier, in Se
. 5.3. Time-resolvedmeasurements using the RABBITT te
hnique, similar to the streakingte
hnique, measures the phase of the laser �eld mapped onto the ele
-tron distribution. These phase measurements are sensitive to quite alot of subtle e�e
ts and the RABBITT measurements are equally sen-sitive to polarisation e�e
ts and Coulomb-laser 
oupling e�e
ts as thestreaking measurements are.7.5 Frequen
y-Domain Approa
h toRABBITTIt is worth noting that a lot of work have been done on the RABBITTs
heme and that most has been done in the frequen
y-domain, with quitea di�erent approa
h from what was presented in the previous se
tions.In the frequen
y-domain, the attose
ond pulse train is des
ribed by aseries of odd harmoni
s from the fundamental laser �eld. A �nal statewith energy 
orresponding to one of the even harmoni
s 
an be rea
hedeither through absorption of the lower harmoni
 and a photon from thelaser �eld or through absorption of the higher harmoni
 and emission ofa photon into the laser �eld. This is shown in Fig. 7.3.In a photon pi
ture the intensity in the even 2nωL band is re-lated to the harmoni
 phase of the harmoni
 
omponents (2n − 1)ωLand (2n + 1)ωL. The atomi
 phase is similarly related to the ion-isation matrix elements des
ribing the 
ontinuum at these harmoni

omponents[18, 55℄. This is in 
ontrast to what was seen in the previ-ous se
tion, where the atomi
 and harmoni
 phase were related to thestru
ture of the 
ontinuum and the Fourier transform of the attose
ondpulses near the �nal state, 2nωL, only. It is 
lear that the harmoni
phase 
an be 
ompensated for when performing time-resolved measure-ments, when photoele
trons from two di�erent 
hannels are ionised bythe same train of attose
ond pulses. The harmoni
 phase introdu
ed inboth measurements using the same pulse train is identi
al and has noin�uen
e on the phase-di�eren
e, whi
h is thus related to the atomi
phase.
77
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Figure 7.3 | S
hemati
 representation of the two di�erent pathways leading to the �nalstate with energy 
orresponding the even harmoni
, 2nωL.
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Chapter8 Laser Assisted Photoele
tri
E�e
t
In the previous se
tions we have shown how a 
ombination of an attose
-ond pulse and a laser �eld may be used for time-resolved measurements.In streaking experiments the key is to use an attose
ond pulse whi
h isshorter than the opti
al period of the laser �eld, in order to release allof the ele
trons at the same phase of the laser �eld and give the ele
-trons a 
hara
teristi
 momentum ki
k. In this 
hapter we will dis
usshow longer XUV pulses in 
ombination with an assisting laser �eld 
anbe used for time-resolved measurements[23, 32, 33, 57℄. When usinglong pulses, the signal is not a mapping of the phase of the laser pulse,but only the envelope. This means that the temporal resolution is deter-mined by the laser envelope and is thus not as good as for streaking. Onthe other hand, the laser assisted photoele
tri
 e�e
t (LAPE) te
hniqueis not sensitive to phase e�e
ts.
8.1 Modelling the Laser AssistedPhotoele
tri
 E�e
tThe ele
tri
 �eld is given by

~E(t) = ~E0(t) sin(ωLt+ φ) (8.1)79



Chapter 8. Laser Assisted Photoele
tri
 E�e
tand we assume that the duration of the pulse is long, su
h that thevariation of the envelope is very slow 
ompared to the os
illations ofthe 
arrier wave. We 
an then 
al
ulate the phase in the Volkov wavefun
tion in Eq. (2.5) analyti
ally. We negle
t the terms of the order E2
0and �nd

Ψf(~r, t) =
1

(2π)3/2
exp

[

i(~kf + ~A(t)) · ~r − i
k2f
2
− i

~kf · ~E0(t)
ω2
L

sin(ωLt+ φ)

]

.(8.2)Fun
tions of the type ez sin(x) 
an be expanded in terms of Bessel fun
-tions of integer order[58℄ and we �nd
e
−i

~kf ·
~E0(t)

ω2
L

sin(ωLt+φ)
=

∞
∑

n=−∞
e−in(ωLt+φ)Jn

(

~kf · ~E0(t)
ω2
L

)

. (8.3)This expansion allows us to 
al
ulate the transition amplitude for ioni-sation by an XUV pulse in the presen
e of an assisting laser �eld, whenthe duration of the XUV pulse is longer than the opti
al period of theassisting laser �eld. We 
al
ulate the transition matrix element as
Tfi(t0) ≈ −i

∫

dt〈Ψf(~r, t)|VX(~r, t− t0)|Ψi(~r, t)〉

= −i
∞
∑

n=−∞

∫

dt T 1B(~kf + ~A(t))fX(t− t0)Jn

(

~kf · ~E0(t)
ω2
L

)

× exp
[

i
k2f
2
+ in(ωLt+ φ)− iEit− iωX(t− t0)

]

. (8.4)If the ve
tor potential is small 
ompared to the �nal state momen-tum, kf ≫ A(t), then we 
an negle
t the ve
tor potential dependen
ein the �rst Born matrix element. If we furthermore assume that the
hange in the laser envelope is negligible over the duration of the XUVpulse, then the time integral in Eq. (8.4) is just the Fourier transformof the XUV pulse.
Tfi = −iT 1B(~kf)

∞
∑

n=−∞
eiΦn(t0)Jn

(

~kf · ~E0(t0)
ω2
L

)

f̃X(
k2f
2
+nωL−Ei−ωX),(8.5)80



LAPE for Time-Resolved Measurementswhere Φn(t0) =
k2f
2 t0+n(ωLt0+φ)−Eit0 is a phase whi
h is unimportantfor long, spe
trally narrow XUV pulses, where the di�erent peaks do notinterfere. If the duration of the XUV pulse is longer than the opti
alperiod of the assisting laser �eld, then the spe
tral width of the pulsemay be less than the laser frequen
y. In that 
ase, the spe
trum fromEq. (8.5) gives a series of peaks in the energy spe
trum of the ele
trons,
entred around

Ef =
k2f
2 = ωX + Ei − nωL (8.6)and the relative strength of the peaks is

J2
n

(

~kf · ~E0(t0)
ω2
L

)

, (8.7)where n runs through all the integers[59℄. For small arguments, x, theBessel fun
tions satisfy that Jn(x) ≈ (x/2)n/Γ(n + 1)[58℄. In this 
aseonly a few terms n = 0,±1,±2 are important in the expansion.The result is approximately true as long as the envelope of the laserpulse does not vary signi�
antly over an opti
al period of the laser �eldor over the duration of the XUV pulse. The 
riterion for the validity ofthe approximation that the sidebands depend only on the envelope of thelaser �eld is that the duration of the laser pulse is long 
ompared to boththe opti
al period and the duration of the XUV pulse, τL ≫ 2π/ωL, τX .The magnitude of the �rst sidebands n = ±1 is then given by
P1 = J2

1

(

~kf · ~E0(t0)
ω2
L

)

≈
(

~kf · ~E0(t0)
2ω2

L

)2

. (8.8)For weak laser pulses this is the only signi�
ant band. Eq. (8.8)shows that the intensity of the sideband is proportinal to the instanta-neous intensity of the laser pulse at the time of ionisation.8.2 LAPE for Time-ResolvedMeasurementsAs is seen from Eq. (8.8), the intensity of the �rst sideband is an in-di
ation of the time that the ele
tron was released into the 
ontinuum,81



Chapter 8. Laser Assisted Photoele
tri
 E�e
tsimilarly to the streaking spe
tra used in the previous 
hapters for time-resolved measurements. If an ele
tron is liberated with a delay, ∆t, themagnitude of the sideband should instead follow ~E0(t0+∆t). If we havetwo di�erent ionisation 
hannels, the sidebands from the two 
hannelswould be shifted in time, if there is a delay in one of the 
hannels[23℄.For pulses of �nite length, the a

urate retrieval is not as simple, as thesignal is a 
onvolution of the XUV and the laser pulse[23, 57℄, but still,the delay 
an be measured dire
tly in the time-domain.In Fig. 8.1 we present an example of the photoele
tron spe
trum.The laser pulse is 
entred around 800 nm wavelength and is 10 opti-
al periods or 25 fs FWHM. The intensity is 3.2 × 1010 W/
m2. TheXUV pulse is 
entred around 91 eV and has a duration 
orrespondingto 2 opti
al periods of the laser �eld. The binding energy of the initialstate is 13.6 eV. The photoele
tron spe
trum is plotted on a logarith-mi
 s
ale to enhan
e the rather weak �rst and se
ond sidebands. Tobetter use the 
olour s
ale, everything below 10−10 has been given thesame 
olour. The spe
trum is 
al
ulated by numeri
al integration ofEq. (8.4), without assuming that the laser pulse is mu
h longer than theXUV pulse.

Figure 8.1 | Photoele
tron spe
trum in the LAPE regime. The laser intensity is 3.2×1010W/
m2 and the pulse durations are 25 fs FWHM for the laser pulse and 5 fs for the XUVpulse.82



LAPE for Time-Resolved MeasurementsFig. 8.2 is a verti
al interse
t through Fig. 8.1 for t0 = 0, presentedon a linear s
ale. The height of the �rst sideband is only 7% of theheight of the 
entral peak, but the total area under the sideband peak is9% of the total volume. This is be
ause even the 10 
y
le laser pulse isshort enough to introdu
e some broadening in the sidebands, su
h thatthese are wider than the 
entral peak. The ratio of the area under thepeaks is to be 
ompared with the result found in Eq. (8.8). The estimatefound from the Bessel fun
tion in Eq. (8.8) is 11% and the �rst orderapproximation to the Bessel fun
tion also shown in Eq. (8.8) gives 13%.This shows that the long pulse limit is not a good approximation andthat the Taylor expansion is not a

urate, even for the relatively weaklaser pulse 
onsidered here.

Figure 8.2 | Photoele
tron distribution at t0 = 0 when the overlap between the XUVand the laser pulse is maximal. The height of the �rst sideband is only 7%.LAPE has re
ently been demonstrated from metal surfa
es[60, 61℄and the LAPE te
hnique has also been used to measure the Auger life-time of xenon atoms adsorbed onto a platinum surfa
e[23, 57℄. Thelifetime was found to be 7± 1 fs in good agreement with results for freeatoms. In the experiment, a laser pulse with a duration of 35 fs in 
om-bination with an XUV pulse of undetermined duration on the order 6 fswas used to get the required temporal resolution. In order to get evenbetter temporal resolution and be able to resolve delays on the order 1fs, it may be ne
essary to push the duration of the pulses down to a few83



Chapter 8. Laser Assisted Photoele
tri
 E�e
topti
al periods. We have 
al
ulated the photoele
tron spe
trum fromthe 
ondu
tion band in a metal using the jellium model presented inSe
. 3.2, for a short laser pulse with only 3 opti
al 
y
les and an XUVpulse with a duration of only 1 laser opti
al 
y
le. The result is shownin Fig. 8.3.

Figure 8.3 | Ele
tron emission from a jellium surfa
e for a laser pulse with a 
entralwavelength of 800 nm and a peak intensity of 3.2 × 1010 W/
m2 and an XUV pulsewith a 
entral photon energy of 90 eV. The �rst sideband 
an be seen as the shoulder tothe 
ontribution from the main peak. The laser pulse length is 3 opti
al 
y
les and theduration of the XUV pulse equals a single laser opti
al 
y
le.To see how far one 
an push the temporal resolution, we have 
al
u-lated the magnitude of the �rst sideband to the main peak for di�erentlaser pulse durations. The result is shown in Fig. 8.4.The sidebands form even for very short laser pulses, showing thatthe te
hnique 
an be pushed quite far with respe
t to the temporal res-olution. The sidebands are almost fully developed for pulse durationslonger than 10 opti
al 
y
les. When there is a 
ompetition betweenhaving a measurable sideband for signal and a short pulse duration fortemporal resolution, it is advantageous to move to pulse lengths of 10opti
al 
y
les or even shorter. As 
an be seen from Eq. (8.8), it may alsobe advantageous to move to longer wavelengths, be
ause the strengthof the signal s
ales approximately as λ4. This enhan
ement has beenobserved experimentally[62℄, but 
omes with the 
ost that longer wave-84
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al 
y
les. The laser is 
enteredaround 800 nm and has a peak intensity of 3.2× 1010 W/
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reasing 
urve isa result of a fully time-dependent 
al
ulation within the jelliummodel. The two horizontallines are the long pulse limits, given by Eq. (8.8), the full being the Bessel fun
tion andthe dashed line the Taylor expansion.lengths leads to longer laser pulses and hen
e worse temporal resolution.Another work has shown that the sidebands from a Blo
h-like surfa
estate (similar to what was studied in Se
. 3.3) are enhan
ed[57℄, makingthe laser-assisted photoele
tri
 e�e
t more attra
tive when working withsurfa
es, be
ause a lower intensity is needed and fewer ATI ele
trons arereleased.
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Chapter9 Attose
ond AbsorptionSpe
tros
opy
In absorption spe
tros
opy the measured signal is the ba
k-a
tion ofthe target system onto the ele
tromagneti
 �eld. Very re
ently, exper-iments have been performed where the signal is the frequen
y resolvedabsorption of the attose
ond pulse[12�14℄ rather than the ion produ
-tion or the photoele
tron distribution. In this 
hapter we will set up atime-domain formulation of the absorption. Though one has to be very
areful when dis
ussing time and frequen
y simultaneously, we dis
usshow frequen
y-resolved absorption spe
tros
opy 
an be used to maketime-resolved measurements even on the attose
ond time s
ale.
9.1 Time-Domain Theory for AbsorptionSpe
tros
opyIdeally, 
al
ulating the ba
k-a
tion of the target onto the ele
tromag-neti
 �eld requires a full quantum me
hani
al treatment of the targetas well as the ele
tromagneti
 �eld. Sin
e this is a formidable task, wesettle for a semi-
lassi
al model, where we solve the 
lassi
al Maxwellwave equation approximately for the ele
tromagneti
 �eld while treatingthe target quantum me
hani
ally. This pro
edure allows us to obtain anexpression for the time- and position-dependent ele
tromagneti
 �eld,86



Time-Domain Theory for Absorption Spe
tros
opywhi
h is related to the measured absorption spe
trum in a simple man-ner (see Eq. (9.5) below).The Maxwell wave equation for the ele
tri
 �eld, ~E , reads
(

∇2 − 1

c2
∂2

∂t2

)

~E(~r, t) = 4π

c2
∂2

∂t2
~P (~r, t), (9.1)where c is the speed of light and ~P (~r, t) is the indu
ed polarisation inthe target. In atomi
 units, we use c = α−1 ≈ 137 for the speed of lightin Eq. (9.1) instead of the �ne stru
ture 
onstant.To allow for an analyti
al solution, we impose a series of approxima-tions. First we assume that the ele
tri
 �eld is a pulse propagating in the

x-dire
tion and that it is su�
iently wide in the transverse dire
tions tonegle
t the ∂2

∂y2 and ∂2

∂z2 terms. A more restri
tive approximation is thatthe target is very thin, su
h that we may negle
t any propagation orphase-mat
hing e�e
ts by treating the target as a point potential. Withthese approximations, the Maxwell equation redu
es to
(

∂2

∂x2
− 1

c2
∂2

∂t2

)

~E(x, t) = 4π

c2
∂2

∂t2
~P (t)δ(x), (9.2)where δ(x) is a Dira
 delta fun
tion. If we assume that the in
oming�eld is a pulse propagating in the positive x-dire
tion and split theele
tri
 �eld into the in
oming and the generated �elds, the solution tothis equation is

~E(x, t) = ~Ein (t− x

c

)

+ ~Egen (x, t) , (9.3)where
~Egen (x, t) = −2π

c

[

Θ(x)
∂

∂t
~P
(

t− x

c

)

+Θ(−x) ∂
∂t
~P
(

t+
x

c

)

] (9.4)as 
an be seen by insertion. Here Θ(x) is the Heaviside step fun
tion,whi
h is 1 for x > 0 and 0 elsewhere.The signal in the absorption experiment is the frequen
y-resolvedele
tromagneti
 �eld at a given position, x > 0, after the pulse haspassed through the target. The spe
trum of interest may be expressedas
S(ω) ∝

∣

∣

∣

∣

∫

dt eiωt~E(x, t)
∣

∣

∣

∣

2

. (9.5)87



Chapter 9. Attose
ond Absorption Spe
tros
opyIf we introdu
e the expression from Eq. (9.3) into this expression for thesignal, we �nd three terms
S(ω) ∝

∣

∣

∣

~Ein(ω)∣∣∣2 + 2Re(~E∗in(ω) · ~Egen(ω))+ ∣∣∣~Egen(ω)∣∣∣2 , (9.6)where the Fourier transform of the in
oming �eld is given by
~Ein(ω) = ∫ dt eiωt~Ein(t). (9.7)The Fourier transform of the generated �eld due to the indu
ed polari-sation is given by

~Egen(ω) = −2π

c

∫

dt eiωt
∂

∂t
~P (t) (9.8)

=
2πωi

c

∫

dt eiωt ~P (t). (9.9)Here we assume that the polarisation vanishes for t → ±∞ due torelaxation and use the fa
t that the integration over all times allows usto make a 
oordinate transformation and eliminate the x dependen
e.From the above equations we see that what is left in order to de-termine the spe
trum is to �nd a way of 
al
ulating the polarisation,
~P (t). For a gas of atomi
 or mole
ular targets, the polarisation may bewritten as

~P (t) = nl〈 ~D(t)〉, (9.10)where n is the density of the target, l is the length and 〈 ~D(t)〉 is the ex-pe
tation value of the atomi
 or mole
ular dipole moment. We 
al
ulatethe expe
tation value of the dipole moment from a quantum me
hani
almodel des
ribing the intera
tion of the in
oming laser pulses with thetarget, assuming that the generated ele
tri
 �eld is too weak to in�ue
ethe indu
ed dipole moment.In this formulation it is 
lear that the signal in short-pulse, e.g., at-tose
ond absorption spe
tros
opy does not only originate from the timeswhen the in
oming ele
tri
 �eld is non-vanishing. The integration overtime, needed for the frequen
y-resolved signal, will pi
k up 
ontribu-tions over the entire lifetime of the polarisation signal. For attose
ondspe
tros
opy this latter lifetime will typi
ally be determined by system-dependent relaxation pro
esses su
h as radiative or Auger de
ay and88



Atomi
 Responsewill often be mu
h longer than the duration of the pulses involved. Thelong temporal integration time is the reason why it is possible, alsoin attose
ond absorption spe
tros
opy, to obtain a frequen
y-resolutionmu
h better than the Fourier limit related to the duration of the pulse.Here we formulate the problem in the time-domain as opposed tothe more standard treatment in the frequen
y-domain [63�65℄. The for-mulation in the time-domain is natural for studying many dynami
alproblems. The typi
al experimental setup is a pump � probe s
enariowith two laser pulses. The present formulation readily des
ribes situa-tions where the pump and the probe pulse overlap in time or when theprobe pulse pre
eeds the pump pulse as was the 
ase in Ref. [13℄.9.2 Atomi
 ResponseWe need to 
al
ulate the expe
tation value of the time-dependent dipolemoment
〈 ~D(t)〉 = 〈Ψ(t)|

N
∑

i=1

~ri|Ψ(t)〉, (9.11)where we have negle
ted any nu
lear 
ontribution. We 
onsider theHamiltonian
H = H0 + V1(t) + V2(t− t0), (9.12)where H0 denotes the �eld-free Hamiltonian, V1 the intera
tion with thepump pulse, and V2 the intera
tion with the probe pulse. The laser-atomintera
tion is in the length-gauge dipole approximation, Vi(t) = DzEi(t)(i = 1, 2), and Dz =
∑N

i=1 zi is the dipole operator. We stress the fa
t,that the probe pulse des
ribed by V2 arrives with a variable delay, t0,relative to the pump pulse.The many-body wave fun
tion is expressed in an essential state ex-pansion
|Ψ(t)〉 = c0(t)|0〉+

∑

a,r

cra(t)e
−i(Er−Ea)t|a−1, r〉

+
∑

b,s

csb(t)e
−i(Es−Eb)t|b−1, s〉, (9.13)where |0〉 = |{abc...n}〉 denotes the Slater determinant of orbitals forthe ground state of the neutral atom. The sum over a runs through all89



Chapter 9. Attose
ond Absorption Spe
tros
opyof the states a

essible by single photon ionisation from the �rst (pump)pulse. The sum over r or s runs through all of the a

essible 
ontinuumstates and the sum over b runs through all of the 
ore states that area

essible by the se
ond (probe) pulse promoting an ele
tron into oneof the hole states. In Eq. (9.13) we have suppressed the integral overthe 
ontinua asso
iated with r, s for notational 
onvenien
e. The state
|a−1, r〉 denotes that in whi
h an ele
tron from one orbital a has beenremoved and ex
ited to orbital r. Similar for the state |b−1, s〉.We �rst 
onsider the experiment des
ribed in Refs. [12, 65℄. Anintense laser pulse is used to remove a valen
e ele
tron from atomi
krypton. The 4p valen
e ele
trons are split into two �ne-stru
ture levels4p1/2 and 4p3/2 separated by 0.7 eV, and the hole is 
reated in a su-perposition of the two states. After the intense laser pulse is over anattose
ond pulse is sent onto the krypton ions. The attose
ond pulse
an promote an ele
tron from the 3d 
ore states to the 4p hole. Theenergy diagram is shown in Fig. 9.1.

3p

4p

4s

3d

3p3/2: 215.8eV

3p1/2: 223.4eV

3d3/2: 96.8eV

3d5/2: 95.5eV

4s1/2: 26.5eV

4p3/2: 14.2eV
4p1/2: 14.9eV

Figure 9.1 | Binding energies for the least bound states in atomi
 krypton (Z=36). Thebinding energies are 
al
ulated in a Dira
-Fo
k framework by Eva Lindroth.In the essential state expansion, Eq. (9.13), the sum over a runsthrough the 4p states, and the sum over b runs through the 3d states.90



Atomi
 ResponseIf we 
onsider only t0 > τ1, where τ1 is the duration of the laser pulseand we treat the intera
tion with the attose
ond pulse in �rst-orderperturbation theory, then cra(t) = cra is 
onstant in time. We determinethe 
oe�
ients for the 
ore hole states as
csb(t) = −i

∑

a,r

cra

∫ t

dt′ E2(t′ − t0)e
i(Es−Er+Ea−Eb)t

′〈b−1, s|Dz|a−1, r〉.(9.14)Sin
e Dz =
∑N

i=1 zi is a sum of single-parti
le operators, the Slater-Condon rules allows us to redu
e the many-body matrix elements tosingle-ele
tron integrals, 〈b−1, s|Dz|a−1, r〉 = 〈a|z|b〉δr,s, where we haveused that a sum of single-parti
le operators may 
hange the state of onlyone ele
tron[66℄. Introdu
ing the Slater-Condon rules in Eq. (9.14) wearrive at
csb(t) = −i

∑

a

csa〈a|z|b〉
∫ t

dt′ E2(t′ − t0)e
i(Ea−Eb)t

′ (9.15)
= −i

∑

a

csa〈a|z|b〉E0,2ei(Ea−Eb)t0 f̃2(Ea − Eb − ωX) t > t0.In the �nal result we have assumed that the attose
ond pulse is mu
hfaster than any other time s
ale involved and that we 
an perform theintegral over all of the pulse for t > t0. For t < t0 there is no populationin the 
ore states and csb(t) = 0. Turning to the time-dependent dipolemoment, we �nd
〈Dz(t)〉 =

∑

a,b,r

crb(t)
∗cra(t)e

i(Ea−Eb)t〈a|z|b〉 + c.c. (9.16)
= −iE0,2

∑

a,a′,b,r

e−i(Ea−Eb)tcr∗a′ c
r
a〈b|z|a′〉〈a|z|b〉

×e−i(Ea′−Eb)t0 f̃2(Ea − Eb − ωX) + c.c.,where the last expression again is only for t > t0. The 
ore state has a�nite lifetime due to autoionisation, whi
h we 
an model by introdu
ingan imaginary part to the energy as Eb → Eb − iΓb

2 , where Γb is thede
ay rate of the state b. Performing the Fourier transform to �nd theabsorption signal, we negle
t the 
omplex 
onjugate part sin
e it hasa variation in time as e−i(Ea−Eb)t, whi
h 
orresponds to emission of a91



Chapter 9. Attose
ond Absorption Spe
tros
opyphoton with frequen
y Ea−Eb when the system is ex
ited. The dipolemoment in the frequen
y domain is
Dz(ω) = E0,2

∑

a,a′,b,r

cr∗a′ c
r
a〈b|z|a′〉〈a|z|b〉 (9.17)

× ei(Ea−Ea′)t0

ωX + Eb − iΓb/2 − Ea
f̃2(Ea − Eb − ωX), (9.18)whi
h is to be introdu
ed into Eqs. (9.9) and (9.6) in order to obtainthe signal. We assume that the generated signal is mu
h weaker thanthe in
oming attose
ond pulse and keep only the term that is �rst orderin the generated signal

S(ω) ∝ 2Re(i2πωnl
c

E∗in(ω)Dz(ω)

)

=
4πωnl

c
E2
0,2Im( ∑

a,a′,b,r

cr∗a′ c
r
a

〈b|z|a′〉〈a|z|b〉ei(Ea−Ea′)t0

ωX + Eb − iΓb/2 − Ea

×f̃ ∗
2 (ω − ωX)f̃2(Ea − Eb − ωX)

)

. (9.19)The result found here is identi
al to what was found in Refs. [12, 65℄,ex
ept for the fa
t that they have introdu
ed the redu
ed density matrix
ρa,a′ =

∑

r

cr∗a′ c
r
a. (9.20)The result in Eq. (9.18) shows that even if the lifetime of the 
o-heren
e introdu
ed through the absorption of the attose
ond pulse ismu
h longer than the duration of the pulse, attose
ond absorption spe
-tros
opy 
an still be used to make time-resolved measurements with apre
ision determined by the duration of the pulse. In this 
ase, theabsorption signal os
illates with a frequen
y determined by ei(Ea−Ea′)t0,where the energy di�eren
e between the two valen
e states is 0.7 eV.These os
illations, with a period of 6.3 fs, 
an be resolved even thoughthe absorption pro
ess is determined by the mu
h longer lifetime ofthe 3d state. The absorption lines 
orresponding to the di�erent �ne-stru
ture levels 
an also be separated be
ause the width of the lines is92



Absorption Spe
tros
opy with Two Attose
ond Pulsesdetermined by the lifetime of the 
oheren
e (in this 
ase the 3d state)and not the duration of the attose
ond pulse. Probing the os
illations inEq. (9.19) gives a

ess to the relative phase between the 4p1/2 and 4p3/2parts of the valen
e hole and in that sense the os
illations show how thevalen
e hole 
hanges in time as |4p1/2〉+ |4p3/2〉 and |4p1/2〉− |4p3/2〉 havedi�erent spatial forms.9.2.1 Absorption Spe
tros
opy with TwoAttose
ond PulsesWe now 
onsider the 
ase where two attose
ond pulses are used in atransient absorption experiment. In the previous 
ase, an intense laserpulse was used to set up a superposition state by 
oherently ionisingfrom two valen
e states. The attose
ond pulse was used to subsequentlyprobe the evolution of the 
reated state. The �rst attose
ond pulse isused to ionise atomi
 krypton and the se
ond attose
ond pulse witha di�erent 
entral frequen
y 
an then drive a transition from a 
orelevel to the hole 
reated by the �rst pulse. We present two examplesof attose
ond absorption spe
tros
opy s
hemes used to study the holeformation and the hole evolution in krypton atoms. We refer to a statethat is 
reated by the pump pulse as a hole state and a state from whi
hthe probe pulse may promote an ele
tron into the hole state as a 
orestate. In the �rst example the hole states are the 4p states and the
ore states are the 3d states. In the other example we 
onsider a holein the 4s or 3d states and probe it through the 
oupling to the 3p 
orestates. The relevant states in krypton are shown in Fig. 9.1, along withthe 
al
ulated binding energy for ea
h of the states. The advantagewith swit
hing to two attose
ond pulses, instead of a longer pulse in
ombination with an attose
ond pulse, is that you 
an probe not onlythe evolution of the hole after the 
reation, but also the 
reation ofthe hole on the attose
ond time-s
ale[67℄. The 
reation of the hole isdetermined by the �rst laser pulse, but theoreti
al works show that thereorganisation of the ele
trons also leads to a response to the ionisationon the attose
ond time-s
ale[68℄. Currently, however, the intensity ofthe attose
ond pulses is too low for attose
ond pump � attose
ond probeexperiments. 93



Chapter 9. Attose
ond Absorption Spe
tros
opyWe 
onsider the same Hamiltonian as in Eq. (9.12) and the sameessential state expansion as in Eq. (9.13). We suggest a pump-probes
heme with two attose
ond pulses, whi
h sets some restri
tions. Weassume that the pulses are su�
iently weak that we may treat the in-tera
tion in lowest-order perturbation theory and that the probe pulseis weaker than the pump pulse su
h that we 
an negle
t any ionisationdue to the probe pulse that indu
es transitions between bound states.The population in the 
ore states due to the ionisation by the pumppulse followed by ex
itation by the probe pulse is proportional to V1V2,whereas the ionisation and ex
itation by the probe pulse is proportionalto V 2
2 . To be able to use the pump-probe s
heme, we need the �rst termto dominate, V1 > V2, sin
e the se
ond part does not hold any infor-mation about the evolution that o

urs in the time in-between the twopulses. Assuming that V1 dominates, we negle
t the ionisation due to V2,whi
h leads to the following equations for the 
oe�
ients in Eq. (9.13)

c0(t) = 1

cra(t) = −i
∫ t

dt′ E1(t′)ei(Er−Ea)t
′〈r|z|a〉 (9.21)

csb(t) = −i
∑

a

∫ t

dt′ E2(t′ − t0)c
s
a(t

′)ei(Ea−Eb)t
′〈a|z|b〉.We have used the Slater-Condon rules to redu
e the many-body ma-trix elements to single ele
tron integrals, similar to what was done inEq. (9.15). After both pulses are over, the time-evolution of the dipolemoment is trivial as none of the expansion 
oe�
ients 
hange. To pro-
eed, we will make approximations allowing us to 
al
ulate the timeintegrals in the above expressions analyti
ally. First we assume that theduration of the attose
ond pulses is shorter than the 
oheren
e lifetimesand the Auger lifetimes of the states involved. We need to 
al
ulate

Dz(ω) =

∫

dt eiωt〈Dz(t)〉, (9.22)with
〈Dz(t)〉 =

∑

a,b,r

crb(t)
∗cra(t)e

i(Ea−Eb)t〈a|z|b〉 + c.c. (9.23)If the attose
ond pulses are both very short, then most of the 
ontribu-tion to the integral in Eq. (9.22) 
omes from after both pulses are over.94



Absorption Spe
tros
opy with Two Attose
ond PulsesTo be able to reprodu
e some of the subtle e�e
ts like in Refs. [67, 68℄ itmay be advantageous to do numeri
al integration of Eq. (9.22) to 
at
hall of the very short lived e�e
ts. Here we take an analyti
al approa
h.If we assume that the pulses have sine-squared envelopes
~Ei(t) = ~E0,i sin2

(

πt

τi

)

cos(ωit), (9.24)then we 
an analyti
ally integrate the 
oe�
ients in Eq. (9.21) up toa time τ > max(τ1, t0 + τ2) after whi
h both pulses are over and the
oe�
ients are 
onstant. In Eq. (9.24), ~E0,i is the peak ele
tri
al �eldstrength, τi is the duration of the pulse (with the FWHM τFWHM,i =
τi/2) and ωi is the 
entral frequen
y.On
e the 
oe�
ients cra(τ) and crb(τ) are determined at a time τafter the pulses are over, the full evaluation of the absorption spe
trumis easily 
al
ulated from Eqs. (9.9)-(9.22)

~Egen(ω) = 2πiω

c
nl ~D(ω), (9.25)with

~D(ω) =

∫

dt eiωt〈 ~D(t)〉 (9.26)
=
∑

a,b,r

crb(τ)
∗cra(τ)〈a|z|b〉

×
∫ ∞

t0

dteiωte−i(Ea−Eb)te−
Γab
2 (t−t0)

= i
∑

a,b,r

crb(τ)
∗cra(τ)〈a|z|b〉

e−i(Ea−Eb−ω)t0

Ea − Eb − iΓab

2 − ωHere we have introdu
ed Γab = τ−1
ab , with τab the lifetime of the 
oheren
ebetween the states a and b. We approximate this 
oheren
e lifetimewith the Auger lifetime of the shorter living 
ore state. The 
omplex
onjugate part in Eq. (9.23) has been dis
arded, sin
e it does not haveany 
ontribution in the frequen
y range of interest for absorption.If the hole state a has a �nite lifetime, we may again model this byadding an imaginary part to the energy, Ea → Ea− iΓa

2 . Assuming that95



Chapter 9. Attose
ond Absorption Spe
tros
opythis lifetime is mu
h longer than the duration of the attose
ond pulses,we 
an introdu
e it dire
tly into Eq. (9.26).We assume that the lifetime is mu
h longer than the lifetime of the
oheren
e with the 
ore states b and note that the lifetime of the holestate enters into both the 
oe�
ient cra(t) and crb(t), su
h that at thearrival of the probe pulse, ca(t0) has de
reased to ca(t0)e−Γat0
2 . Sin
e

cb(t) is determined by ca(t0) (see Eq. (9.21)) it too will be redu
ed bythe same fa
tor. The fa
t that the hole may de
ay before the probepulse arrives leads to a damping in the 
ore state population. The �nalexpression for the indu
ed ele
tri
 �eld then reads
~Egen(ω) = −2πω

c
nl
∑

a,b,r

cr∗b c
r
a〈a|z|b〉

e−i(Ea−Eb−ω−iΓa)t0

Ea − Eb − iΓb

2
− ω

, (9.27)where we have dropped the τ dependen
e on the 
oe�
ients to lightenthe notation.The result in Eq. (9.27) 
orresponds to a series of absorption peaks,
entred at the di�eren
e between the hole and the 
ore states, Ea−Eb.The strength of the peaks is determined by a summation (integration)over all of the possible �nal states of the ionised ele
tron, a.9.3 Attose
ond Absorption Spe
tros
opy inKryptonIn this se
tion we present two examples of absorption spe
tra 
al
ulatedfrom the theory presented above. Both examples are for atomi
 krypton,but we 
onsider two di�erent pairs of attose
ond pulses and hen
e twodi�erent sets of hole and 
ore states.9.3.1 Atomi
 ParametersThe binding energies, the dipole matrix elements and the Auger ratesfor the relevant states in krypton are 
al
ulated by Eva Lindroth fromSto
kholm University. The methods used are presented in Refs. [69�71℄. The fully relativisti
 
al
ulations are done with the Hartree-Fo
k96



Atomi
 ParametersTable 9.1 | Binding energies of the relevant states in krypton. All results are in eV.
3p1/2 3p3/2 3d3/2 3d5/2 4s1/2 4p1/2 4p3/2223.43 215.82 96.78 95.45 26.53 14.86 14.18

method in the framework of the Dira
 equations. The binding energiesof the ele
troni
 states are listed in Table 9.1.The dipole matrix elements are needed to determine the transitionprobabilities for promoting a 
ore ele
tron to a hole. A

ording to theWigner-E
kart theorem, the dipole matrix elements 
an be fa
tored intoa geometri
al part and a redu
ed matrix element as
〈γajama | z | γbjbmb〉 = (−1)j−m

(

ja 1 jb
−ma 0 mb

)

〈γaja || ~r || γbjb〉,(9.28)where j and m are the angular momentum quantum numbers of theinvolved orbitals. The label γ just indi
ates other spe
i�
ations of thestate. The redu
ed matrix element 
ontains all information about theradial overlap and is independent of the m-values. We list the redu
edmatrix elements, 〈γaja || ~r || γbjb〉, as 
al
ulated within the Dira
-Fo
kapproximation, for all the involved orbitals in Table 9.2.The 4s level is bound by less than twi
e the binding energy of the4p3/2 valen
e ele
trons and 
annot autoionise. All of the n = 3 statesare however above the threshold for autoionisation. Eva Lindroth has
al
ulated both the Auger rates and the spontaneous radiative de
ayrates for the 
ore states. The Auger rates are 
ompletely dominating,with the radiative lifetimes being several pi
ose
onds and the Augerlifetimes being only a fra
tion of a femtose
ond to a few femtose
onds.The Auger lifetimes are listed in Table 9.3.The �nal atomi
 parameters needed in the model are the 
ouplingstrengths of the hole states to the 
ontinuum. We �nd the 
ontinuumstates by solving a non-relativisti
 S
hrödinger equation with a lo
alpotential 
onstru
ted from the relativisti
 Dira
-Fo
k ele
tron density.The 
ontinuum states are solved in a radial box of range 200 a.u. In97



Chapter 9. Attose
ond Absorption Spe
tros
opyTable 9.2 | Redu
ed dipole matrix elements determining the transition rates between thedi�erent 
ore and hole states in krypton. The results are in atomi
 units.
〈3d3/2 || ~r || 3p1/2〉 -0.601
〈3d3/2 || ~r || 3p3/2〉 0.271
〈3d5/2 || ~r || 3p3/2〉 -0.817
〈4s1/2 || ~r || 3p1/2〉 -0.118
〈4s1/2 || ~r || 3p3/2〉 -0.183
〈4p1/2 || ~r || 3d3/2〉 -0.258
〈4p3/2 || ~r || 3d3/2〉 -0.110
〈4p3/2 || ~r || 3d5/2〉 -0.337
〈4p1/2 || ~r || 4s1/2〉 1.378
〈4p3/2 || ~r || 4s1/2〉 -1.953Table 9.3 | Auger transition lifetimes in krypton. The lifetimes are related to the tran-sition rates through Γ = τ−1. All results are in fs.

3p1/2 3p3/2 3d3/2 3d5/20.66 0.61 13.3 12.8Fig. 9.2 the radial dipole matrix elements
rab =

∫ ∞

0

dr φa(r)rφb(r) (9.29)are shown. For a given ele
tron 
ontinuum energy, the matrix elementsentering the 
al
ulation are obtained from the radial dipole matrix ele-ments by multiplying the appropriate angular fa
tors.9.3.2 Ionisation from the 4p Level and Coupling to3dTo address the hole in the 4p valen
e shell, we use a pump pulse with a
entral frequen
y of ω1 = 50 eV and a duration τ1 = 450 ase
. The probe98



Ionisation from the 4p Level and Coupling to 3d
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Figure 9.2 | (Left) The radial dipole matrix element between the 4p states in kryptonand the s-wave 
ontinuum (blue 
urve) or the d-wave 
ontinuum (red 
urve). The overlapsare 
al
ulated for the 4pj=1/2 and 4pj=3/2 states. The radial di�eren
e in these states isvery small and the di�eren
e in the matrix elements 
annot be seen on the s
ale of the�gure. (Right) The radial dipole matrix element between the 4s state in krypton andthe p-wave 
ontinuum (blue 
urve) and the overlap between the 3d-states and the p-wave
ontinuum (red 
urve) or the f-wave 
ontinuum (bla
k 
urve).pulse is 
entred at ω2 = 81 eV appropriate for the 
oupling of the 3d and4p states and its duration is the same as the pump pulse, τ2 = τ1 = 450ase
. The duration of the pulses ensures that they are so spe
trallynarrow that the pump pulse 
annot drive the 3d-4p�transition by itself.The strength of the pulses gives an overall s
aling of the strength of thesignal and the intensity is kept su
h that both pulses lead to intera
tionsthat are in the perturbative regime. Furthermore, we keep the intensityof the se
ond pulse su
h that it indu
es bound-bound transitions, butsu�
iently weak that we may ignore ionisation due to this pulse. Theradial dipole moment is also mu
h bigger at 
ontinuum ele
tron energiesaround 35 eV than for kineti
 energies around 65 eV (see Fig. 9.2), whi
his the kineti
 energy of ele
trons ionised by the probe pulse. The spe
tralpro�les of the two pulses are shown in Fig. 9.3.We 
onstru
t the signal from Eq. (9.6) by subtra
ting the 
ontribu-tion from the in
oming �eld and by 
onsidering only the dominant term.The spe
trum reads
S(t0, ω) ∝ Re(~E∗in(ω) · ~Egen(ω)) , (9.30)where t0 denotes the relative delay between the pulses. In a measure-ment, the 
ontribution to the spe
trum from the in
oming �eld may be99



Chapter 9. Attose
ond Absorption Spe
tros
opy
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Figure 9.3 | Spe
tral pro�les of the two attose
ond pulses (in arbitrary units). Thephoton energy of the pump pulse, 
entred at 50 eV, is insu�
ient to drive the transitionsfrom the 3d 
ore levels to the 4p valen
e holes, whi
h are just above 80 eV. The intensityof the probe pulse, 
entred at 81 eV, is insu�
ient to 
ause ionisation of the system.subtra
ted by re
ording the absorption spe
trum when the probe pulsepre
edes the pump pulse by a su�
iently long time that there is no over-lap in the signals from the two pulses. The generated �eld is 
al
ulatedfrom Eq. (9.27). The absorption spe
trum is plotted in Fig. 9.4 as afun
tion of the relative delay between the pump and the probe pulse.While the 
oe�
ients are 
al
ulated for the sine-squared envelope of the�eld, the �eld is assumed to be Gaussian in the plots of the spe
trumto avoid any arti�
ial tails extended to frequen
ies far from the 
entralone.In the spe
trum, three lines are seen as originating from the 3d to4p transitions, sin
e the fourth possible line from the 3d5/2 → 4p1/2 isforbidden by dipole sele
tion rules. In the right part of Fig. 9.4 thesignal at the 
entre of the three lines is plotted. The strongest line isfrom the 3d5/2 → 4p3/2, whi
h 
an be understood from the fa
t that themost ele
trons are involved here, with six ele
trons in the 3d5/2 statesand four in the 4p3/2. The line shows no os
illations sin
e there is onlyone way to populate ea
h of the two states involved, as the 3d5/2 mayonly be populated via the 4p3/2 hole state.Turning to the absorption line at 81.9 eV 
orresponding to the 3d3/2 →100
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Figure 9.4 | (Left) Normalised absorption spe
trum for holes in the 4p valen
e shell.The spe
trum shows three lines at 81.3eV, 81.9eV and 82.6eV 
orresponding to the3d5/2 → 4p3/2, 3d3/2 → 4p1/2 and 3d3/2 → 4p3/2 transitions. (Right) Horizontal in-terse
ts through the lines. The lines are 3d5/2 → 4p3/2(red), 3d3/2 → 4p1/2(blue) and3d3/2 → 4p3/2(green).4p1/2 transition, we �nd that this is weaker and that it shows os
il-lations with a period of 6.2 fs, 
orresponding to an energy di�eren
e
∆E = 2π

T = 0.68 eV, whi
h is exa
tly the di�eren
e between the two 4pstates. The os
illations in the absorption line originate from the popu-lation of the 
ore hole c3d3/2. A hole in 3d3/2 
an be 
reated through twodi�erent 
hannels, either via an intermediate 4p1/2 hole or via a 4p3/2hole, 
f. Eqs. (9.21). These two 
hannels may interfere either 
onstru
-tively or destru
tively, depending on the delay between the two pulses,be
ause the time-evolution of the intermediate states is di�erent:
cr3d3/2 = −〈4p1/2|z|3d3/2〉

∫

dt′ ~E2(t′ − t0)e
i(E4p1/2

−E3d3/2
)t′

×〈r|z|4p1/2〉
∫

dt′ ~E1(t′)ei(Er−E4p1/2
)t′ (9.31)

−〈4p3/2|z|3d3/2〉
∫

dt′ ~E2(t′ − t0)e
i(E4p3/2

−E3d3/2
)t′

×〈r|z|4p3/2〉
∫

dt′ ~E1(t′)ei(Er−E4p3/2
)t′
.A summation over the magneti
 substates is implied. The os
illations inFig. 9.4 are due to the se
ond pulse being 
entred at t0 and the integrala
quiring a phase ei(E4pj

−E3d3/2
)t0, whi
h is di�erent for the two terms inEq. (9.31). Similarly to the experiment with strong-�eld ionisation[12℄,101



Chapter 9. Attose
ond Absorption Spe
tros
opyin this perturbative regime we may think of the pump pulse as settingup a 
oherent superposition in the 4p valen
e shell. The superpositionis either interfering 
onstru
tively or destru
tively as we promote a 3d
ore ele
tron to the valen
e hole. The dominant term goes via the 4p1/2state and gives rise to the 
onstant ba
kground in the signal, while theos
illations are due to the 4p3/2 pathway.For the weakest of the absorption lines, the 3d3/2 → 4p3/2 line at82.6 eV, the os
illations are still due to the two di�erent pathways tothe 3d3/2 state and still the pathway via 4p1/2 is dominant. This is notas obvious at it may sound, as di�erent �nal states may 
ontribute tothe total signal through the sum(integral) over the free ele
tron states,see Eq. (9.27). Sin
e the time-evolution of the two 4p states is di�erent,the pathway via the 4p1/2 state leads to os
illations that are now greaterthan the 
onstant signal originating from the 4p3/2 pathway. This meansthat the absorption may a
tually be negative at some delays, that is,the generated �eld will add 
onstru
tively to the in
oming �eld.Absorption spe
tros
opy with attose
ond pump � attose
ond probepulses allows us to study the hole formation on a very short time s
aleby 
omparing the build-up of the absorption signal as the pulses overlap.Zooming in on only the area where the two pulses overlap, we are able totemporally resolve the hole formation on an attose
ond times
ale. Thisis shown in Fig. 9.5.
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Figure 9.5 | Fo
using only on the times when the two pulses overlap, we may resolvethe build-up of the holes on an attose
ond times
ale. The left panel shows the absorptionspe
trum and the right panel shows the absorption for the three lines, normalised at t0 = 0.The lines are the same as in Fig. 9.4.102



Ionisation from the 3d Level and Coupling to 3pIn our model, we in
lude no relaxation e�e
ts in the ion, treatingthe ele
trons as independent within the Hartree-Fo
k approximation.Hen
e, what we see as the build-up of the holes is mostly determinedby the temporal pro�le of the two pulses involved. If many-ele
trone�e
ts are at play and give rise to a delay in the hole formation on theattose
ond time-s
ale, the method proposed here might be able to revealdi�eren
es in the formation time by showing a delay between the riseof the absorption 
urves or short time os
illations in the absorption[67,68℄. The di�eren
es seen in the right panel in Fig. 9.5 are due to theinterferen
e between the di�erent 
hannels. The reason is the same asthat for the os
illations in Fig. 9.4. No 
orrelation e�e
ts are in
ludedin the 
onstru
tion of the time-dependent wave fun
tions in this work.9.3.3 Ionisation from the 3d Level and Coupling to3pPerhaps a more interesting 
ase to study is when the pump pulse removesan inner-shell ele
tron and the probe pulse then promotes a 
ore ele
tronto the hole. As an example, we propose using an attose
ond pulse toremove an ele
tron from the krypton 3d shell and then promote a 3pele
tron into the 3d hole. In this example, we furthermore require thatthe probe pulse spe
trally is broad, su
h that it may also drive thetransition from the 3p to the 4s state.We 
al
ulate the absorption spe
trum for a pump pulse 
entred at
ω1 = 100 eV and with a slightly longer duration of τ1 = 750 ase
 su
hthat it is spe
trally narrower and does not populate the Rydberg statesin the krypton atom. The probe pulse is 
entred at ω2 = 160 eV andhas a duration of τ2 = 100 ase
, whi
h makes is spe
trally broad enoughto drive both the 3p → 3d and the 3p → 4s transitions. Again, we usea sine-squared envelope for the 
al
ulations of the atomi
 
oe�
ientsin Eq. (9.21), but a Gaussian pulse when plotting the spe
tra from these
ond term in Eq. (9.6) to avoid the tails of the pulse.In Fig. 9.6 the absorption spe
tra as well as the absorption at the
entre of the lines are plotted. Turning �rst to the 3p → 3d lines (toppanel), we see that the �nite lifetime of the 3d state now leads to ade
rease of the signal as the probe pulse is delayed with respe
t to103



Chapter 9. Attose
ond Absorption Spe
tros
opy
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Figure 9.6 | Absorption spe
tra 
al
ulated for the set of pulses tuned to drive the tran-sitions from the 3p level. The top spe
tra show the lines 
orresponding to the 3d levelsand the bottom spe
tra are for the 4s level. The left �gures are the full spe
tra and theright �gures show the interse
ts at the 
entre of the absorption lines. Noti
e that the setof parameters mean that the absorption at the 3p → 4s lines is two orders of magnitudeweaker than the 3p → 3d lines.the pump pulse. Similarly to the �rst example, there are two di�erentpathways to populate the 3p3/2 state, leading to interferen
e betweenthe 
hannels and os
illations in the signal. This gives a

ess to a dire
ttime-domain measurement of both the lifetime of the 3d levels and thelifetime of the 
oheren
e in the 3d levels, through the de
ay of the signaland the de
ay of the os
illations. In our model the de
ay of the 
oheren
eis determined by the de
ay of the population, but the two may be ondi�erent time-s
ales. The lifetime of the 3d states is 13.3 fs for the 3d3/2state and 12.8 fs for the 3d5d/2.The 4s state (bottom panel in Fig. 9.6) is below the Auger thresholdand is expe
ted to live very long. The lifetime due to spontaneousradiative de
ay is ≈ 500 ps. With the 
hoi
e of pump pulse aimed at104



Ionisation from the 3d Level and Coupling to 3pthe 3d level, however, it is very sparsely populated and hen
e the signalis very weak. The de
ay in the absorption line, i.e. the de
rease in theabsolute signal, is the tail of the 3p to 3d transitions whi
h extend evento these mu
h higher energies. The signal from the 4s level is at about1 % of the signal from the major lines.The response to the removal of a krypton 3p ele
tron was studied in[68℄, where it was shown that multiele
tron e�e
ts give rise to os
illationsin the hole o

upation on a 100 ase
 times
ale. Multiele
tron e�e
ts arenot in
luded in our work, but the method presented here, should beable to resolve these, espe
ially if the pump pulse is shorter than whatis 
onsidered here. Our work gives an experimental proto
ol to test theresponse of the atom on an attose
ond times
ale.

105



Chapter10 High-order Harmoni
Spe
tros
opy
High-order harmoni
 generation (HHG) is often des
ribed in the three-step model[24℄ where the pi
ture is that an ele
tron in an atom ormole
ule is ionised, the ele
tron travels in the 
ontinuum, and returnstwo-thirds of an opti
al period later to re
ombine with the parent ion.The stru
ture of the high-order harmoni
 spe
trum holds signatures ofthe evolution of the atomi
 or mole
ular ion while the ele
tron is inthe 
ontinuum, sin
e the re
ombination pro
ess depends on the 
urrentstate of the ion at the time of return. High-order harmoni
 spe
stros
opyhas been used to probe the mole
ular stru
ture[72, 73℄, the evolution ofthe ele
troni
 hole[74, 75℄, the mole
ular rearragement from the neutralground state to the ioni
[76, 77℄, and for tomographi
 re
onstru
tion ofthe atomi
 or mole
ular orbital[78, 79℄.The high-order harmoni
 spe
trum usually 
onsists of the odd har-moni
s of the fundamental laser �eld used to drive the HHG. The spe
-trum has a rapid drop-o� for the low-order harmoni
s followed by aplateau of harmoni
s with 
lose to equal amplitude ending in a rapid
ut-o� determined by the binding energy of the a
tive ele
tron and thelaser intensity. The overall strength of the signal depends 
ru
ially onphase-mat
hing 
onditions and the ma
rosopi
 propagation through thetarget medium, but models based on just a single atom or mole
ule 
anoften des
ribe a lot of the physi
s at play. The 
hara
teristi
 signals onelooks for in the spe
tra are extension of the 
ut-o� or the strength and106



On the Choi
e of Form in HHG Cal
ulationsposition of dips or bumps in the plateau region. The generated high-order harmoni
 radiation is 
al
ulated from the Fourier transform of thetime-dependent atomi
 or mole
ular dipole moment, the dipole velo
ityor the dipole a

eleration. Based on the arguments already presentedin Se
. 9.1 we argue that the high-order harmoni
 signal relates dire
tlyto the Fourier transform of the dipole velo
ity.10.1 On the Choi
e of Form in HHGCal
ulationsThe question we address here is how the high-order harmoni
 spe
trumis related to the response 
al
ulated from a single atom or mole
ule.Does it relate dire
tly to the dipole (Dz),
Sdip(ω) ∝

∣

∣

∣

∣

∫ ∞

−∞
dt〈Ψ(t)|Dz|Ψ(t)〉eiωt

∣

∣

∣

∣

2

, (10.1)the dipole velo
ity (Ḋz)
S(ω) ∝

∣

∣

∣

∣

∫ ∞

−∞
dt〈Ψ(t)|Ḋz|Ψ(t)〉eiωt
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∣

∣

2

, (10.2)or the dipole a

eleration (D̈z)
Sacc(ω) ∝

∣

∣

∣

∣

∫ ∞

−∞
dt〈Ψ(t)|D̈z|Ψ(t)〉eiωt

∣

∣

∣

∣

2

, (10.3)for a pump linearly polarised along z dire
tion and a system des
ribedby |Ψ(t)〉? This question was addressed in Ref. [80℄, where the HHGspe
trum was related to the norm-squared of the Fourier transform ofthe dipole a

eleration. Also Refs. [81�83℄ related the HHG spe
trum tothe dipole a

eleration. In a more re
ent work[84℄, however, a quantum-ele
trodynami
al approa
h was taken and results 
orresponding to theones of Ref. [80℄ were obtained ex
ept that the spe
trum was shown torelate naturally to the dipole velo
ity. Currently, there is no 
onsensusin the literature of what quantity to 
al
ulate in order to predi
t the har-moni
 spe
trum generated by a single atom or mole
ule. For example,107



Chapter 10. High-order Harmoni
 Spe
tros
opyin Refs. [85�87℄ the harmoni
 signal is 
al
ulated as the norm squared ofthe Fourier transform of the time-dependent dipole (Eq. (10.1)), whilein Refs. [88�92℄ the spe
trum is 
al
ulated as the norm squared of theFourier transform of the time-dependent dipole a

eleration (Eq. (10.3)).In our analyti
al approa
h, we 
onsider an in
oming light pulse
Ein(t− x/c) propagating in the x dire
tion and linearly polarised alongthe z dire
tion. We pla
e the atom or mole
ule at the origin. The funda-mental �eld will indu
e a dipole in the quantum system and harmoni
swill be generated as des
ribed by an additional �eld Egen(x, t). The re-sulting total ele
tri
 �eld is denoted by E(x, t). At a �xed observationpoint after the atom or mole
ule the spe
tral distribution fun
tion S(ω)is given by (see, for example, Ref. [93℄)

S(ω) = |E(ω)|2 = 1

4π2

∣

∣

∣

∣

∫ ∞

−∞
dt E(t)eiωt

∣

∣

∣

∣

2

. (10.4)We are interested in the high-order harmoni
s and the fundamen-tal, in
oming �eld has no frequen
y 
omponents at the frequen
ies ofinterest. Hen
e, only the generated ele
tri
 �eld 
ontributes and
S(ω) = |Egen(ω)|2. (10.5)We now refer ba
k to Se
. 9.1 and parti
ularly Eq. (9.9) whi
h tells usthat the generated ele
tri
 �eld is proportional to the dipole velo
ity.We �nd

S(ω) =
4π2

c2

∣

∣

∣
Ḋz(ω)

∣

∣

∣

2

, (10.6)showing that Eq. (10.2) is the 
orre
t 
hoi
e of form for HHG 
al
ula-tions.We now 
onsider the relation of the spe
trum to the formulationwith the dipole and the dipole a

eleration forms. If we assume thatat large negative and positive times, that is long before and after thepulse, Dz(t) = 0 and Ḋz(t) = 0 (see Refs. [83, 94, 95℄ for more general
ases), partial integration gives
Ḋz(ω) = −iωDz(ω) (10.7)and
Ḋz(ω) =

i

ω
D̈(ω). (10.8)108



On the Choi
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Figure 10.1 | High-order harmoni
 spe
trum from hydrogen as a fun
tion of harmoni
order for a 3 
y
le pulse at a wavelength of 800 nm and an intensity of 3 × 1013 W/
m2.The full 
urve shows log10(|(Ḋz(ω)|2), whi
h is the signal up to trivial 
onstants (seeEq. (10.6)) based on the velo
ity dipole form and is taken from referen
e [94℄. The dashed
urve shows log10(ω
2|(Ḋz(ω)|2) whi
h 
orresponds to the a

eleration form, Eq. (10.3),and �nally the dotted 
urve shows log10(|(Ḋz(ω)|2/ω2), whi
h 
orresponds to the dipoleform, Eq. (10.1). The 
urves have been s
aled to the �rst peak in the spe
trum of the full
urve.The 
orresponding spe
tra are obtained from Eq. (10.6), as

S(ω) =
4π2ω2

c2
|Dz(ω)|2, (10.9)

S(ω) =
4π2

ω2c2
|D̈z(ω)|2. (10.10)Of parti
ular interest here is the s
aling with ω. Clearly, if the dipole a
-
eleration as in Eq. (10.3) was taken as the fundamental form, one wouldobtain a di�erent s
aling with harmoni
 frequen
y ω in Eqs. (10.6),(10.9), and (10.10). In that 
ase, the dipole velo
ity would be multipliedby ω2 and the dipole form by ω4, whi
h is the underlying assumptionin early works [80�83℄. In other words, the way the spe
tra de
reaseas a fun
tion of ω depends on whi
h form is taken as the fundamentalreferen
e from whi
h to derive the spe
tra based on the other forms.Fig. 10.1 illustrates this point. In the �gure, the HHG spe
trumfor hydrogen is 
onsidered as a fun
tion of harmoni
 order for a 3 
y
le109



Chapter 10. High-order Harmoni
 Spe
tros
opypulse with a sine-squared envelope for the ve
tor potential, a 
entralwavelength of 800 nm, and a peak intensity of 3 × 1013 W/
m2. Thefull 
urve, taken from referen
e [94℄, shows log10(|(Ḋz(ω)|2), whi
h isthe signal up to trivial 
onstants (see Eq. (10.6)) based on the velo
itydipole form. As shown above, this is the form that relates dire
tly tothe �eld generated from a single atom or mole
ule. If erroneously thea

eleration form of Eq. (10.3) were taken as the fundamental referen
eform, Eq. (10.8) would predi
t the result log10(ω2|(Ḋz(ω)|2) shown bythe dashed 
urve. Finally, if � again by error � the dipole form ofEq. (10.1) were taken as the referen
e, Eq. (10.7) would predi
t theresult log10(|(Ḋz(ω)|2/ω2) shown by the dotted 
urve in Fig. 10.1. Asseen from the �gure the dashed and the dotted 
urves generally di�erfrom the 
orre
t full 
urve and in parti
ular, they respe
tively over andunder estimate the signal at harmoni
 high orders. Another 
onsequen
eof the di�erent s
aling of the three forms is a 
hange in minima positionsand stru
tures in the HHG spe
tra from mole
ules. Su
h minima mayresult from a destru
tive interferen
e when the ele
tron re
ombines afterits ex
ursion in the 
ontinuum. The position of the minima re�e
tsthe atomi
 positions at the instant of re
ombination as predi
ted [96℄and observed [97, 98℄. In Fig. 10.2 we illustrate the behaviour of theminimum in di�erent forms. While the minimum is present in the 
aseof the a

eleration (dashed 
urve) and the velo
ity (full 
urve) form, theminimum has almost disappeared in the 
ase of the dipole length form(dotted 
urve).It is important to note that our aim here is to des
ribe the single-system response and to set a standard for the 
hoi
e of referen
e formwhen presenting theoreti
al HHG spe
tra. As dis
ussed in the intro-du
tion, many 
al
ulations of high-order harmoni
 spe
tra are indeed
arried out for single systems and the results of many HHG experimentsare interpreted in terms of the single-system response. This approa
his 
learly an approximation sin
e the full des
ription of HHG requiresin
lusion of propagation through the medium, phase-mat
hing e�e
ts,and absorption [99℄. Other works have fo
used on these aspe
ts andpropagation e�e
ts may be very important depending on the experi-mental 
onditions. For example substantial e�orts have been put intothe 
al
ulation of ma
ros
opi
 e�e
ts on the HHG spe
trum[100�102℄,the in�uen
e on the generation of attose
ond pulses[103, 104℄ and also110
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Figure 10.2 | Smoothed high-order harmoni
 spe
trum for the hydrogen mole
ular ionfor a 10 
y
le pulse at 780 nm and peak intensity of 5×1014 W
m−2. The dashed 
urve isthe a

eleration form result log10(|(D̈z(ω)|2) taken from [96℄. The full 
urve is the resultwith the velo
ity dipole form, log10(|(Ḋz(ω)|2/ω2), and the dotted 
urve is the result ofthe dipole form, log10(|(Dz(ω)|2/ω4). The arrow indi
ates the position of the minimumat the 43rd harmoni
 as predi
ted by the a

eleration form.to investigate the e�e
ts of propagation on more deli
ate stru
tures su
has the Cooper minimum in argon [105℄. In view of these works it is 
learthat no spe
trum obtained by 
onsidering a single system 
an 
apturethe full ma
ros
opi
 response.
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Chapter11 Con
lusion and Outlook

Attose
ond physi
s is to a very high extend being driven forward bythe advan
es in laser te
hnology and opti
s. The �rst attose
ond pulseswere produ
ed in the laboratory only a de
ade ago and the evolutionhas been very rapid ever sin
e. In this work we have studied some appli-
ations of the attose
ond pulses in time-resolved measurements. Sin
ethe attose
ond pulses are weak, most experiments are performed usinga 
ombination of an attose
ond pulse and a more intense femtose
ondlaser pulse. This is the 
ase with the streaking measurements and theRABBITT te
hnique for attose
ond pulse trains. The 
hallenge is thatthe intense laser pulse is not only probing the system, but also perturb-ing the system. The interpretation is not straight forward in terms ofwhat is the temporal delay of interest and what are the shifts in thespe
trum introdu
ed by the measurement te
hnique? The work pre-sented here builds on analyti
al models and tries to identify some of the
aveats and see how these e�e
t the measurements.Espe
ially when it 
omes to the more 
omplex systems, like the tung-sten surfa
e, there is a need for more data. Several models are proposedand all of them 
an seemingly reprodu
e the one number that is the rel-ative delay measured in the experiment[6℄. In this work, we presentedone way of modelling the metal surfa
e with a jellium model for the
ondu
tion band and a Blo
h wave of lo
alised ele
troni
 states for the
ore states, but these models do not in
lude the Coulomb shifts or any112



atomi
 e�e
ts. For smaller systems like atoms or mole
ules, numeri
alexperiments may also be able to provide more data and provide theunderstanding that is needed in order to understand the more 
omplexsystems. We have also presented modelling of how the photoele
trondistribution from a train of attose
ond pulses in 
ombination with thefundamental laser �eld 
an be used to perform time-resolved measure-ments. The RABBITT te
hnique is in many ways very similar to thestreaking te
hnique and many of the same problems with interpreting aphase-delay in the spe
trum as a temporal delay exist for the RABBITTmeasurement. The LAPE te
hnique is not phase resolved and is in thatsense perhaps more robust to some of the very subtle e�e
ts that a�e
tthe measurements, but the pri
e to pay is a lower temporal resolution.Finally, we have looked at attose
ond absorption spe
tros
opy, wherethe signal is the absorption of the attose
ond pulse instead of the emittedele
trons. We have made a simple formulation of the absorption signalfrom the Maxwell wave equation and related the absorption signal to theexpe
tation value of the dipole velo
ity, whi
h 
an be 
al
ulated fromquantum me
hani
al models. Absorption spe
tros
opy might be theeasiest route towards attose
ond pump � attose
ond probe spe
tros
opy,as opposed to the streaking measurements where the probe is an intensefemtose
ond laser �eld. We have presented two examples of absorptionspe
tra where two attose
ond pulses are used as the pump and the probe.With attose
ond pump � attose
ond probe it will be possible to probethe formation of holes on the attose
ond time-s
ale and perhaps see therearrangement of the ele
tron 
loud whi
h has been theoreti
ally shownto be on the attose
ond time-s
ale. Another advantage moving to theattose
ond pump � attose
ond probe is that the pulses involved willbe weaker and the perturbation of the system will be smaller. In thatsense, it will be easier to extra
t quantities that are system dependentwithout disturbing the system with the probe. A spin-o� from studyingthe absorption pro
ess has been that we have been able to make some
omments regarding high-order harmoni
 generation and show that theharmoni
 spe
trum from a single atom or mole
ule is proportional tothe norm-square of the dipole velo
ity.
113



Chapter 11. Con
lusion and Outlook11.1 OutlookOne of the great opportunities and 
hallenges in strong-�eld physi
s andin ultrafast time-resolved measurements is the free ele
tron lasers (FEL)that are 
urrently starting to produ
e data at LCLS in Stanford and isbeing built at XFEL in Hamburg. The free ele
tron lasers provide veryhigh intensity in the ultraviolet to x-ray part of the ele
tromagneti
spe
trum and the new FEL sour
es are working hard to provide veryshort pulse durations, as short as a single femtose
ond. Some of thevery short pulse durations are rea
hed using attose
ond pulses to seedthe FEL. It is a 
hallenge to measure the 
hara
teristi
s of the FELlaser pulses just as it is di�
ult to measure the 
hara
teristi
s of theattose
ond pulses. Te
hniques like the FROG-CRAB has been widelyapplied here and may also be useful for 
hara
terising the FEL pulses.The FROG-CRAB is however built on the strong-�eld approximationand more a

urate modelling in
luding for example the Coulomb poten-tial might be able to provide a more a

urate re
onstru
tion for bothattose
ond pulses and for use with FEL.All of the models presented in this work are based on the single-a
tive-ele
tron approximation, while other studies have shown that in-teresting many-ele
tron dynami
s take pla
e on an attose
ond time-s
ale. It would be very interesting to be able to treat many-ele
tronphysi
s in the modelling and see the e�e
t it has on the measured streak-ing spe
tra and what signatures we should look for in order to studythe many-ele
tron relaxation that takes pla
e following ionisation. Thisalso leads to the perhaps most interesting question in attose
ond physi
s;
an we see how the ele
tron 
loud rearranges prior to the nu
lear rear-rangement in a 
hemi
al rea
tion or 
an we even 
ontrol the ele
troni
rearrangement and by that 
ontrol the 
hemi
al rea
tion?In attose
ond absorption spe
tros
opy it is 
lear that we have madea very 
rude model. We in
lude no ma
ros
opi
 propagation e�e
ts andno phase mat
hing in the target. In
luding propagation e�e
ts in themodel will lead to a better understanding of how to relate the measuredabsorption spe
tra to those 
al
ulated from a single atom or mole
ule.It will also be very interesting to 
al
ulate the atomi
 or mole
ularresponse more a

urately for a many-ele
tron system to see if the re-laxation dynami
s is visible in the absorption spe
tra and espe
ially to114



Outlooksee how far we have to push the attose
ond pulses in terms of durationand 
entral photon energy before we 
an resolve the dynami
s. The at-tose
ond pulses needed are still not available in the laboratory, but theexperimental progress is very rapid. It might not be very long beforesu
h experiments 
an be performed.
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Chapter12 Dansk resumé

Den naturlige tidsskala for elektroners bevægelse i atomer og molekylerer attosekundtidsskalaen, hvor 1 attosekund er 10−18 sekund (en mil-liardnedel af en milliardnedel af et sekund!). Ved hjælp af en teknikkendt som høj-harmonisk generation er det muligt at lave laserpulser,hvor varigheden er omkring 100 attosekunder. Disse kan bruges til atlave ekstremt hurtige tidsopløste målinger.Attosekundpulser er så korte at man kan opløse svingningerne i detelektriske felt fra infrarødt laserlys. Man kan ved hjælp af en teknikkendt som attosekundstreaking direkte måle svingningerne i feltet ogudnytte samme teknik til at se hvornår en elektron er blevet revet fri.På denne måde har man kunnet se hvor lang tid det tager en elektron atslippe ud fra en metalover�ade og endda hvor hurtigt en elektron bliverrevet fri fra et neon atom. Eksperimenter har vist at der er 21 attosekun-ders forskel på hvor hurtigt elektroner bliver revet ud af to forskelligetilstande i neon, kendt som 2s og 2p. I denne afhandling præsenteresmodeller for hvordan denne type tidsopløste målinger kan laves og hvor-dan man kan fortolke resultaterne. Vi studerer også hvordan et tog afattosekundpulser med en fast afstand kan bruges til at lave tidsopløstemålinger og hvad man kan gøre med lidt længere pulser der ikke kanopløse svingningerne for infrarødt lys. Alle disse teknikker bygger på atsende en attosekund puls ind på det system man vil studere sammenmed laserlys og så variere forsinkelsen mellem attosekundpulsen og ly-116



set. Det signal man studerer er energifordelingen af de elektroner derpå grund af attosekundpulsen bliver revet løs fra systemet og derefterbliver påvirket af det laserlyset.Et alternativ er igen at sende to pulser ind på at system, men såse på absorptionen af den ene puls som funktion af forsinkelsen. Nåren af pulserne har attosekund varighed er dette kendt som attosekundabsorptionsspektroskopi. Absorptionen afhænger af præ
is hvilken til-stand systemet er i når attosekund pulsen rammer det, men også af hvor-dan systemet udvikler sig efter pulsen har været der. I denne afhandlingformulerer vi en model for hvordan man kan beregne absorptionssignaletved at se på hvordan systemet udvikler sig i tiden.
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