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Preface

This thesis presents the work I have done during my PhD studies at the
Department of Physics and Astronomy, Aarhus University, Denmark,
under the supervision of Lars Bojer Madsen.

Notation

Atomic units (a.u.) used throughout this thesis, unless indicated other-
wise. In atomic units the electron mass, m,., the elementary charge,
e, the reduced Planck’s constant, i, and the Bohr radius, ag, all equal
unity.

It is customary to use W/cm? to give the intensity of laser pulses.
The laser field strength (in atomic units) is related to the intensity (in

W /cm?) through & = \/m. Most of the laser pulses considered

here are centred around 800 nm and are in the infrared. We will still
refer to them as laser pulses.

All of the streaking spectra plotted throughout this thesis are in
arbitrary units when it comes to the strength of the signal. They are all
plotted on a linear scale and has dark blue corresponding to 0 and dark
red corresponding to 1 in normalised units. The colour scale is indicated
in Fig. 1.
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Figure 1 | This figure illustrates the color scale used throughout the thesis.
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Chapter

1

Introduction

Around the turn of the millenium, the advances in intense few-cycle
laser pulses lead to the generation of attosecond pulse trains and iso-
lated attosecond pulses|1, 2|, where 1 asec is 107! 5. With attosecond
pulses it becomes possible to investigate electronic motion at the natural
timescale. The atomic unit of time is 24 asec and the Bohr orbit time
of the hydrogen 1s electron is T' = 2may /vy = 150 asec, where aq is the
Bohr radius and vy the Bohr velocity. The goal of attoscience is to try
to understand the evolution of atomic, molecular and solid systems on
this timescale. This chapter is a short introduction to some aspects of
attosecond physics and shows how the next chapters fit into this context.

1.1 Attosecond Physics

Attosecond pulses are generated from intense few-cycle laser pulses, typ-
ically from titanium-sapphire lasers operating at a wavelength of 800
nm, through the process of high-order harmonic generation (HHG). The
HHG process is not very efficient and the attosecond pulses are therefore
weak and in the perturbative regime, where no more than one photon is
absorbed by each atom or molecule. The pulses are typically in the ex-
treme ultra-violet (XUV) regime with a central photon energy of 30-100
eV, corresponding to the 20th to the 60th harmonic of the fundamental
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Chapter 1. Introduction

laser pulse. The shortest attosecond pulses have a duration around 80
asec full-width-at-half-maximum (FWHM), but more often the duration
is a few hundred attoseconds. The duration of the attosecond pulses is
much shorter than the optical period of the fundamental field (2.67 fs
at 800 nm), allowing the attosecond pulses to resolve the oscillations of
the fundamental field.

The fact that the attosecond pulses are created from the intense laser
pulses is the key to most attosecond experiments. The intense laser pulse
coming out of the oscillator is split into two at a ratio of about 10:1.
The intense part is used for HHG to generate an attosecond pulse, while
the other part is sent through a delay line onto the target. Varying the
length of the delay line allows a very precise timing between the arrival of
the (still rather intense) laser pulse and the generated attosecond pulse.
The signal recorded in the experiments is for example the photoelectron
energy[3-9], the ion production|[10], the molecular fragmentation[11],
or the photon absorption|[12-14] measured as a function of the relative
delay between the two pulses.

The process where an isolated attosecond pulse is used to ionise the
target and release electrons into the continuum dressed by the laser
pulse is known as attosecond streaking. Looking at it classically, if an
electron is released at a time ¢y by the attosecond pulse, it will then be
accelerated by the laser pulse from the time of release until the laser
pulse is over. The momentum gained in this acceleration (neglecting
any effects of the target left behind) is Ak = —e ftzo E)dt', where —e

—

is the electron charge and £(t) is the electric field due to the laser pulse.
When varying the time of ionisation (the attosecond pulse) relative to
the laser pulse, one can directly map out the integral of the electric field,
which is also the vector potential of the laser pulse[5]. If the attosecond
pulse releases electrons from two different initial states, then a delay in
the release time will show up as a shift in the streaking spectrum from
the different channels. Measuring these shifts allows the timing of very
small differences in the release time and has been used to measure the
difference in release time for core and valence electrons in tungsten|6]
and the difference in ionisation time for electrons from the 2s or 2p
shell in neon|8]. The attosecond streaking technique will be the subject
of chapter 2, while chapter 3 is dedicated to understanding the time-
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Attosecond Physics

resolved measurements from condensed matter and chapter 4 will discuss
how secondary electrons may influence the measurements.

Chapter 5 will discuss other effects that may lead to shifts in the
streaking spectrum. These include effects of a permanent dipole mo-
ment in the initial state, the Coulomb potential of the ion, and the
structure of the continuum. Experiments have measured the ionisation
time in strong-field ionisation of helium|[15| and found that there is no
delay once the Coulomb potential is properly included|16]. Similarly,
the interpretation of the streaking measurements need a careful con-
sideration of the measurement technique. Furthermore, a near laser
resonance in the target may lead to phase-shifts in the streaking sig-
nal. The streaking technique may be used to extract some features,
like the phase shift around a Cooper minimum|[17] and we give a recipe
for extracting the relative phase of the ionisation matrix elements from
the ground state and the resonant state when the laser. This will be
discussed in chapter 6.

If the laser pulse used for the HHG process has several optical cycles,
the outcome is not an isolated attosecond pulse but instead a series
of attosecond pulses known as an attosecond pulse train (APT)[18].
Spectrally, the train is composed of either the odd harmonics from the
fundamental laser frequency corresponding to two attosecond pulses per
optical period or both the odd and the even harmonics corresponding
to just one pulse per optical period. When electrons are released by the
pulse train, they will come in narrow energybands corresponding to the
spectral profile of the train. If the target is illuminated by both the pulse
train of the odd harmonics and the fundamental field, then the electrons
are allowed to exchange photons with the fundamental field and end up
with an energy corresponding to an even harmonic. The probability
for ending up at the even harmonics or sidebands depends very much
on the relative phase or delay between the pulse train and the laser
pulse[9, 19-22|. In chapter 7, we will discuss how the photoelectrons
from a combination of an attosecond pulse train and the fundamental
laser pulse may be used to perform time-resolved measurements and to
characterise the pulse train.

Experiments with an XUV pulse that has a duration longer than the
optical period of the laser field can also be used for time-resolved mea-
surements, though the temporal resolution is determined by the dura-
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Chapter 1. Introduction

tion of the pulse instead of the optical period. This leads to a temporal
resolution on the few femtosecond timescale. This process, known as
the laser-assisted photoelectric effect, has been used to measure e.g. the
Auger lifetime of xenon core states, when the atoms are adsorbed on a
platinum surface|23|. Some work on this setup is discussed in chapter 8.

Another approach to attosecond spectroscopy is to look for the ab-
sorption of the attosecond pulse as it passes the target, known as at-
tosecond absorption spectroscopy. Again, the tool is the pump-probe
experiment with two pulses and looking for the variation in the ab-
sorption signal as the relative delay between them is changed. Attosec-
ond absorption spectroscopy has very recently been used to study the
real-time motion of a valence hole in krypton atoms ionised with an
intense few-cycle pulse[12] and to study time-resolved autoionisation in
argon|13]. In chapter 9 we present a model to calculate the absorption
signal and give an example of how two attosecond pulses can be used to
study the hole formation in krypton with attosecond resolution.

While the process of high-order harmonic generation is not the sub-
ject of this thesis, we give a few remarks on how high-order harmonic
spectroscopy can be used to probe the dynamics in atoms or molecules in
chapter 10. As a spin-off from the considerations made in the absorption
spectroscopy, we show that when calculating the high-order harmonic
generation from a single atom or molecule, the signal is proportional to
the norm-square of the dipole velocity.
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2

Attosecond Streaking

Photoelectron spectroscopy with a combined attosecond pulse and in-
tense laser pulse is a powerful spectroscopic tool. The photoelectron
is liberated by the attosecond pulse in a time-interval which is much
shorter than the optical period of the assisting laser pulse. It is then
accelerated by the laser pulse and the final energy of the electron holds
a signature of the release-time. The acceleration of the electron, known
as streaking, can be used both to characterise the pulses involved and
for time-resolved measurements.

2.1 The Setup

Very briefly and from a theoreticians point of view, the setup for an at-
tosecond streaking experiment consists of an oscillator providing phase-
stabilised, few-cycle laser pulses with a central wavelength around 800
nm and an intensity of the order 10! W/em?. This pulse is split into
two, with the intense part (~ 90% of the intensity) providing the at-
tosecond pulse through high-order harmonic generation (HHG) and the
remaining part being sent through a delay line and onto the target. The
polarisation of the two pulses is usually in the same direction and an
energy-resolved photoelectron detector is placed in the polarisation di-
rection from the target. The details of many of the different experiments
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Chapter 2. Attosecond Streaking

around the world can be found in Ref. [2] and references therein.

2.1.1 HHG for Attosecond Pulse Generation

High-order harmonic generation or HHG is often described with a very
simple three-step model[24], where the process is split into ) ionisation
of the target, 1) propagation of the electron wave packet in the con-
tinuum, and #4) recombination of the electron wave packet with the
parent ion. The highest harmonics are emitted by electrons ionised just
after the peak of the electric field and reach photon energies of up to
Wmax = 9.17U, + I, where I, is the ionisation potential of the target
atoms and U, = & /4w is the ponderomotive potential, with & the am-
plitude of the laser field and wy, the laser frequency. For laser pulses with
several optical cycles, this results in a series of bursts temporally dis-
placed by half the period of the fundamental field. When the laser pulse
is very short, only one maximum of the field contributes significantly
to this highly non-linear process and an isolated pulse with attosecond
duration is produced. For typical experimental conditions the photon
energies extend up to about 100 eV.

2.2 Streaking in the Strong-Field
Approximation

The strong-field approximation gives a simple, quantum mechanical de-
scription of attosecond streaking. In the single-active-electron approxi-
mation, the Hamiltonian for the system is given as

H = Hy+ Vi(F,t) + V(7 t —to), (2.1)

where H is the field-free Hamiltonian describing the interaction of the
electron with the ion, Vi(7,t) = 7- E,(t) is the interaction with the
laser field and Vi (7, t — tg) = 7+ Ex(t — to) is the interaction with the
attosecond pulse. ¢y is the delay of the attosecond pulse, relative to
the laser pulse (see Fig. 2.1). We calculate the photoelectron spectrum
through the T-matrix formalism, where the ionisation probability from
the initial state W; to a final state W, with asymptotic momentum Ef is

6



Streaking in the Strong-Field Approximation

b
ﬁ % atto

laser

Figure 2.1 | In the streaking experiments a laser pulse and an attosecond pulse is sent
onto the target with a variable delay, tg.

given by
dP 9
dkf<0) [ Ti(to)] (2.2)

and the transition matrix element is
Tfi(to) = —i/dt(lllf(t)\VL(F, t) + Vx (7t —to)|W;(t)). (2.3)

In Eq. (2.3), the Vi(7,t) gives the ionisation due to the laser field and
Vx (7t — ty) gives the ionisation due to the attosecond pulse. We are
interested in the electrons released with a high kinetic energy, where
the contribution from the attosecond pulse dominates and we therefore
neglect the electrons released by the laser, known as above-threshold
ionisation (ATI) electrons.

In the strong-field approximation we assume that the initial state
is unaffected by the laser pulse and is an eigenstate of the field-free
Hamiltonian

qu(ﬁ t) = ¢i<f‘)eiiEit7 (24)
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Chapter 2. Attosecond Streaking

where 1;(7) is the spatial wave function and E; is the eigenenergy. We
approximate the final state with the Volkov wave function, which is
the solution to the Schrodinger equation when the ionic potential is
neglected

Up(78) = sy b |6y + A0 -7 [ o+ A2,

(2.5)

where A(t) is the vector potential

mw:—/ dt'E(). (2.6)

—0Q0
Since the laser field is much more intense than the attosecond pulse, we
neglect it and assume that the only the laser field contributes to the
final state wave function.
We may now calculate the transition matrix elements

Tyi(ty) ~ —i/dt(\lff(t)\VX(F,t—to)\\Ifi(t)> (2.7)
= —z‘/dtTlB(Ef+fT(t))fX(t—t0) (2.8)

. t
X exp [%/ dt' (ky + A(t')? — iEit — iwx (t — to)

Here, we have introduced the first Born amplitude for the transition
from the initial state to the final state, T'B(k) = (k|E,o - 7¢bi) and
Ex(t) = Epofx(t)e X! with &, the peak electric field strength and
polarisation, wx the central frequency, and fx(t) the envelope function.
The key to the attosecond streaking is that the attosecond pulse should
be much shorter than the optical period of the laser pulse, such that we
may assume that the vector potential is constant over the duration of
the attosecond pulse, A(t) =~ A(ty). Note that the integral in Eq. (2.8)
only has support when the attosecond pulse is on, that is when fx (t—t¢)
is non-vanishing. Looking at the Volkov phase, we can now approximate
this in order to perform the integration analytically. Since the vector
potential is almost constant over the attosecond pulse, we take the first-
order Taylor expansion and find that

Q/Eﬂ@+ﬁﬁw2z/%mﬂ@+ﬁwnhw@+ﬁmm%n¢@(z%
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The Streaking Spectrum

where the first part on the right hand side is a constant (independent of

t). With these approximations, the transition matrix element is given
by

Tyi(te) ~ —iT'P(kp+ A(ty))e ) (2.10)

X /dth(t—to) exp i(%(lgf—i—g(to)y _Ez‘ —wX)(t—to)

We have introduced ®(ty) = %fto dt' (ks + A(t'))? — Ejty, which is an
overall phase on the transition matrix element and has no influence on
the measured photoelectron spectrum. The time integral is the Fourier
transform of the envelope function and we find that

Tyi(to) ~ —Z’TlB(Ef + A(ty))e®) fx (Fr+At0)?/2 — B —wy). (2.11)

This is the recipe for calculating the streaking spectrum as a product
of the momentum representation of the initial state and the spectral
representation of the attosecond pulse. The Fourier transform of the
envelope function is peaked around the origin and we find the that the
electron energy distribution is peaked around
k> -
E:Ef:wX—i—EZ‘—kf'A(to)—

A(to)*

(2.12)

With the field strengths used experimentally, the last term is typically
very small and can in many cases be neglected.

2.2.1 The Streaking Spectrum

The common way of plotting the spectra, is to look at the energy-
resolved photoelectron spectrum in a particular direction. We note that

- dEdS)
dk = dkdQ) = — (2.13)
and find from Eq. (2.2) that the energy-resolved spectrum is given by
dP
TEaa o) = kp|Tyi(to) 1, (2.14)

where E and €2 are the kinetic energy and the direction of the electron.
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Chapter 2. Attosecond Streaking

A typical streaking spectrum is plotted in Fig. 2.2. The laser has a
sine-squared envelope for the vector potential

—

A(t) = Aysin? <7T—t) cos(wrt). (2.15)

TL

The wavelength is 800 nm and the peak intensity is 101 W/cm?. The
duration is 77, = 11 fs corresponding to 4 optical cycles and the FWHM
is 7 for the sine-squared envelope. The attosecond pulse has a central
frequency of 91 eV, a Gaussian envelope and a FWHM duration of 200
asec. The attosecond pulse is assumed to be in the perturbative region,
but the amplitude in Fig. 2.2 is in arbitrary units and hence the strength
of the attosecond pulse is not important. The binding energy is 13.6
eV corresponding to the hydrogen ground state and it is assumed that
TlB(Ef) is constant in the relevant energy region.

100
S 90
2
e
o 80
(0]
®
2 70
e
o 60
|

50

0 2 4 6 8 10
Delay [fs]

Figure 2.2 | A typical example of a streaking spectrum, that is dg%(to) for a set of pulse
parameters given in the text.

In this example, we only look for electrons emitted along the common
polarisation axis of the laser and attosecond pulse. In this direction, k¢

and A are parallel and the oscillations in the streaking spectrum are
maximal.

From the spectrum, one may calculate the centre of energy (CoE)
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Time-Resolved Measurements

to more quantitatively see the oscillations. The CoE is defined as

_ JdE Bgp(to)

Foor = g

(2.16)

and gives the average energy of the detected electrons. The CoE is
plotted in Fig. 2.3.

~N N o
D 00 O N

Electron energy [eV]

~
N

~
N

~
(=]

4

o
N

6
Delay [fs]

Figure 2.3 | The centre of energy as given by Eq. (2.16) calculated from the data presented
in Fig. 2.2. The curve follows the oscillations in the mean energy of the electrons.

2.3 Time-Resolved Measurements

Attosecond streaking can be used to measure the emission time of elec-
trons from two different channels, provided they are well separated in
energy. If the electrons from the two channels do not overlap in the
streaking spectrum, one measures a streaking spectrum for each of the
two independently. If one of the channels is delayed relative to the other,
the delayed electrons will not be accelerated in the laser field from time
to, but instead from a later time ¢y + At, where At is the delay. This
means that the streaking spectrum will oscillate as k - A(t,) for the un-
delayed channel and k -ff(to—l—At) for the delayed channel. The principle
is illustrated in Fig. 2.4. The temporal shift between the two curves is
a measure of the relative delay between the emission channels.
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AE 4

—| le—

shift

Figure 2.4 | Schematic presentation of the attosecond streaking experiment for time-
resolved measurements. A laser pulse and an attosecond pulse with a variable time-delay,
to, are focused onto a target. The kinetic energy of the photoelectrons depends on the
delay between the two pulses, which gives a characteristic signal. If electrons are released
from two different channels (sketched as the s-like and the p-like orbitals) and if release
from one of the channels is delayed compared to the other, the signal is shifted as shown
in the bottom of the figure.

This technique has been used to measure the emission-time of elec-
trons from two different initial states in the metal tungsten[6]. The ex-
periment shows a delay of 110 4+ 70 asec between the conduction band
electrons and electrons from a localised 4f core state. The interpreta-
tion in the paper is that this is a measurement of the travel time from
ionisation and until the electrons reach the surface. Theoretical works
have explained the results in various ways[25-28|. The interpretation of
this experiment is the primary subject of chapters 3 and 4.

Another very recent experiment measured the difference in emission
time for 2s and 2p electrons in neon|8|. This experiment will be discussed

12



Pulse Characterisation

in chapter 5, where we will also discuss some complications to the time-
resolved measurements with the streaking technique and the fact that a
shift in the streaking spectrum is not necessarily the result of a temporal
delay.

2.4 Pulse Characterisation

As is seen from Eq. (2.12), the mean energy of the electrons follow the
vector potential of the laser pulse. This is used in experiments to make
direct measurements of the electromagnetic field[5, 29]. The oscillations
in Figs. 2.2 and 2.3 are a direct mapping of the vector potential through
the term —Ef - A(to) and the vector potential holds the full information
about the laser pulse.

The transition matrix element in Eq. (2.11) is related to the Fourier
transform of the attosecond pulse, such that the streaking spectrum can
be used to characterise the attosecond pulse. In the analysis presented
here, only the norm-square of Fourier transform is available, but a more
elaborate analysis shows that the chirp (time-dependent variation of
the frequency) of the attosecond pulse can also be extracted[30]. This
is known as the attosecond streak camera. Measuring the chirp is im-
portant, since the HHG process responsible for creating the attosecond
pulses introduces an attosecond chirp, such that the lower frequencies
proceed the higher frequencies and the pulse is temporally longer than
the Fourier limit due to the spectral width.

Yet another technique relies on the fact that the streaking spectrum
in Eq. (2.8) is a gated Fourier transform of the attosecond pulse and
effectively fits the attosecond pulse and the laser pulse parameters to the
streaking spectrum. This is know as Frequency-resolved optical gating
for complete reconstruction of attosecond bursts or FROG CRAB|31].
This is a very powerful tool to reconstruct full information about the
attosecond pulse and the laser pulse. The downside is that the FROG
CRAB algorithm works like a black box and it may be very difficult to
interpret if the reconstruction does not work.

13
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3

Attosecond Streaking from
Metal Surfaces

The first experiment showing the extension of attosecond spectroscopy
to condensed matter was done in 2007[6]. In this attosecond streaking
experiment, a 300 asec pulse centered around 91 €V is sent onto a tung-
sten surface. From the surface, conduction band electrons are emitted
with an energy around 83 eV and electrons from localised 4f core states
are emitted with an energy centred around 56 eV. The electrons are
detected in the direction perpendicular to the surface. With a variable
delay, an infrared laser pulse centred around 750 nm is being sent onto
the surface, near Brewster’s angle to avoid any penetration into the sur-
face. The laser pulse streaks the electrons and the streaking signal from
the 4f electrons is delayed by 110 £ 70 asec compared to the conduc-
tion band electrons. This chapter will discuss the interpretation of this
result.

3.1 Delayed Electron Emission

If we assume that the laser field does not penetrate the metal surface
at all, then an electron wave packet formed within the metal will travel
to the surface without experiencing the streaking due to the laser pulse.

14



Reference States for Absolute Time Measurements

The streaking signal would then follow

AE ~ _/ AE-EW) = —k - Aty + AD), (3.1)
t

ot+AtL

where ty is the time of arrival for the attosecond pulse and At is the
time it takes the electron to travel to the metal surface after excitation.

The modelling presented in the experimental paper is based on a
static model of the tungsten surface[6]. From the electronic band struc-
ture, the group velocity is calculated for electrons with an energy around
85 eV and 58 e¢V. The group velocity combined with an electronic mean
free path of 4 A leads to a travel time to the surface of 60 asec for the
conduction band electrons, while the mean free path is 5 A for the slower
4f electrons leading to a propagation time of 150 asec. The difference of
90 asec corresponds well to the measured difference.

Very similar results were found from a one-dimensional time-depen-
dent treatment|27]. Again the assumption is that the laser field does not
penetrate the surface or at least that the penetration is much shorter
than the electronic mean free path. In the numerical treatment they
found a difference of 85 asec. Another work based on numerical sim-
ulation of classical transport theory found a smaller delay of only 33
asec|28].

3.1.1 Reference States for Absolute Time
Measurements

To make any kind of time-resolved measurement, we need a signal to
start and a signal to stop our clock. In the monitoring of the dynamics
of electrons these signals will usually be in the form of electrons emitted
from different steps in the process under investigation. For example, in
the case of laser-assisted Auger decay, the signal to start the clock will
be the direct emission of the inner-shell electron and the signal to stop
the clock will be the Auger electron |23, 32, 33]. In other measurements
it might not be as obvious how to choose these signals.

In the experiment, electron emission from the conduction band of
tungsten was used as start signal and emission from the lower-lying
band of 4f-electrons was used for stopping the clock [6]. This gives a
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measurement of the difference in travel time to the surface of electron
wave packets formed in the conduction band and in the 4f-band. It
does not, however, give us the absolute travel time for either of the two.
In order to measure the absolute travel time, we propose the use of
electronic reference states located outside the metal. Electrons emitted
from these states will be born directly in the infrared field and present
a natural time zero for travel time measurements.

We propose two different kinds of reference states for these absolute
measurements. First, classical electrodynamics tells us that a charge
outside a conducting surface sees an attractive potential. Quantum
mechanically, this gives rise to a series of bound states located outside
the surface [34]|. For metals with a band gap around the continuum edge,
these states can have fairly long lifetimes of several tens of femtoseconds
for the ground state and much longer for higher-lying states [35, 36].
This should be sufficient time to make it possible to prepare the system
in a state with a high population in these states.

Another and perhaps more easily realisable system is to adsorb a
few atoms onto the metal surface. The atomic species should be chosen
such that electrons emitted from a certain level in the adsorbed atoms
do not coincide in energy with any of the electrons from the metal. Then
the electrons emitted from this atomic state serve as a time zero signal
(they are already at the surface) and if the amount of adsorbed atoms
is sufficiently small then it should not alter the travel time for electrons
emitted from the surface.

3.2 Conduction Band Modelling

The jellium or Sommerfeld free electron model is a very simple model for
the conduction band at a metal surface[37]. The Hamiltonian describing
the system is a step function in z-direction

2
H= % +0(2)V, (3.2)
where ©(z) is the Heaviside step function, which is 1 for z > 0 and
0 elsewhere and Vj is the size of the step. V| is the amount of energy

needed to release an electron from the bottom of the conduction band,
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given by the sum V) = Ep+¢, where Er is the Fermi energy, the energy
of the weakest bound electron and ¢ is the work function, the energy
needed to release the weakest bound electron into vacuum. An actual
metal is of course a lot more complicated, but since all the nuclei are
screened by the electrons, the jellium potential is a fair effective poten-
tial for the electrons. The electronic states are found by the Aufbau
principle, filling all eigenstates with energy below Ep.

The Hamiltonian is separable in Cartesian coordinates, and the so-
lution to the x and y part is seen to be the free electron wave function

L ik
w(x7 Y, Z) - Q?DH('I? y)wl(z) - %6 i qubJ_(z)? (33)
where v and 1, are the wave functions parallel and perpendicular to
the metal surface respectively. The problem of finding the full eigen-
states has now been reduced to the one-dimensional problem of a step

function. The energy of the eigenstate ¢ is £ = £+ E, = %ﬁ + ..

To find the bound eigenstates of the jellium Hamiltonian, it is seen
that the potential is constant for both z < 0 and z > 0. Looking at
E. <V, the functional form of the solution in the two regions is

Ae'** 4 Be k- 2z <0 (3.4)
Ce 7* z >0, (3.5)

where the exponentially growing part in z > 0 has been discarded. Here
E. = %3 = Vo —~%/2. What is left in order to find the stationary states
is to match the two solutions in z = 0. Both the wave function and
the first derivative of the wave function must be continuous. Enforcing
both these requirements gives the solutions

: k,—1y _. 2k
_ A( ks y M2 70T —@’W)@ )+ A 0 (2). (36
Y1(2) e + P (—=2) + P (2). (3.6)
Normalisation is chosen as A = ——. similar to the normalisation of

V2m?
the free electron states. With this choice of normalisation, the bound

state wave functions satisty that

(Uw(2)[Ye(2)) = 0(k — k), (3.7)
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Chapter 3. Attosecond Streaking from Metal Surfaces

and the three dimensional wave functions satisfy a similar relation with
the three dimensional delta function. Along with the choice of normal-
isation comes a density of states, which in three dimensional k-space
is p(k)d3k = Z5d3k[37]. The density of states in energy-space is then
given by
3an E
p(E)dE = 25\ B (3.8)

where n is the density of conduction band electrons (number per volume)
and Ep is the Fermi energy, the energy of the highest occupied state.

The free electron model is quite good at describing the conduction
band of simple metals, but not all metals are free electron like. Tungsten,
which is the metal used in the streaking experiment|6], is unfortunately
not very free electron like. The density of states within the conduction
band, as calculated in Ref. [38] shows a lot of structure and does not
follow the square root dependence predicted by free electron theory. The
free electron model is however applied due to its simplicity.

When calculating photoemission spectra, it is necessary to include
the finite mean free path within the metal. After an electron has been
excited to an unbound state it will propagate, on average, only the
mean free path before being scattered. The dominating part of this
scattering is electron-electron scattering as will be discussed in the next
chapter. The inelastic mean free path for electrons with a kinetic energy
around 50-100 ¢V within the metal is of the order of only 5 A[39]. The
mean free path is shorter than the penetration depth of the XUV field,
even at grazing incidence and comparable to the inter-atomic spacing.
This implies that only the outermost electrons may be emitted directly.
A simple way to incorporate this limited mean free path, A, is to let
the free electron wave function fall off exponentially within the metal,
V= Pret!? = ahre* where k = (2\)7! and the 2 ensures that the
norm-square of the wave function is damped with the mean free path
as damping parameter. Note that z < 0 within the metal. The spatial
dependence of 1y is like a free electron with the momentum shifted by
the vector potential (see Eq. (2.5))

L 7
¢kf (f) — (27(_)3/26 (kf+A(t)) (39)
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Calculating the first Born transition matrix element from the jellium
initial state to the final state, we find

( ! ( )) X0 \/ﬂ

S(key — K > . _
— Exo ( f,||27r 7){/ dz ye~i(kraAAl)—iv)z (3.10)
0

/dz exp|—i(ks. + A(t) —ir)z|z) (%)

! ; ‘ ki,—1y _; _
4 / dz » |:€Z(ki,z(kf,z+A(t))ZK,)Z 4+ i,z eZ(ki,er(kf,erA(t))er)z} .
—00 ki’z + iy

~ depends on the initial state momentum and the extension of the initial
state into the vacuum region is greatest when ~ is smallest, which is for
electrons right at the Fermi energy. For the electrons at the Fermi
energy, 7 = /2Vp — k% = /20, since Vy = ¢ + Ep and Ep = k%/2.
This is still about ten times bigger than x = (2X)~!. Disregarding
the contribution from the positive z-axis, only the two terms from the
negative z-axis need to be calculated. This may be done using partial
integration, resulting in

TV (R A1) = Enad(Ryy — o) [ — ik + A() — k)

ki, —1
ﬁ{n —ilkps + A + k)Y (B
This very simple result is the motivation for choosing the jellium
model despite its flaws. Since we are trying to understand the origin
of the time-delays, we cannot make the simplifying assumptions leading
from Eq. (2.8) to Eq. (2.11), and instead have to solve the temporal
integration numerically. In the final state, the free electron state is
used in all space, instead of the unbound jellium state. In the limit
where the energy of the free electron is large compared to the surface
step, Vo, the solution is of course the free electron, but the energy range
considered here is not that far above the surface potential. When the
electron reaches the detector, it has passed the surface and the energy
the electrons will have in the vacuum is given by E, = E — V|, where
E), is the electron energy in vacuum and E is the electron energy within
the metal. Further, there is a finite probability that an electron excited
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Chapter 3. Attosecond Streaking from Metal Surfaces

above the vacuum limit will be reflected from the metal surface or scatter
off other electrons. This will be discussed below in chapter 4.

3.2.1 Time Delay in the Jellium Model

Very many electronic states are initially occupied in the metal. To
find the distribution of electrons emitted from the surface, we need a
summation over all of the initially occupied states and Eq. (2.14) is
replaced with

dP

TEdq ) = Qkf/dEip(Ei)fFD(Ei,T)\Tfi|2, (3.12)

where the integral runs over all initial states, p(F;) is the density of
initial states and

1
1+ exp[(E — p)/kpT]

fFP(EB,T) = (3.13)

is the Fermi-Dirac distribution function and p is the chemical potential,
kp is Boltzmann’s constant and 7' is the temperature. For metals, the
chemical potential below a few thousand kelvins is approximated by the
Fermi energy. For tungsten, we use Fp = 4.5 eV and ¢ = 5.5 eV and
room temperature T' = 295 K.

We have numerically integrated Eq. (2.11) with the first Born ma-
trix elements from Eq. (3.11) to see if the streaking spectrum is shifted
relative to the vector potential. The results are plotted in Fig. 3.1. The
attosecond pulse is centered around wy = 91 eV and the duration is 290
asec FWHM. The laser pulse is centred at 750 nm, with an intensity of
2 x 1012 W/em? and a sine-squared envelope to make the integration in
the Volkov phase analytical.

As is seen from the right panel of Fig. 3.1, the centre of energy of
the emitted electrons follows the vector potential without showing any
delay. In this calculation we assume that the laser field penetrates the
surface with a penetration depth 6 > A. The mean free path is of the
order 5 A[39], less than two atomic layers.
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Figure 3.1 | The streaking spectrum calculated from the jellium model (left). In the
right panel, the centre of energy (red curve) is plotted along with —k - A(to) (blue curve).
The centre of energy follows almost perfectly the vector potential and no delay is seen for
the jellium electrons.

3.3 Core Level Modelling

The inner electrons in the atoms do not feel the interaction with the
neighbouring atoms, as much as the outer electrons. The electronic state
of the outermost electrons in a metal are often completely independent of
the atomic species and the simple jellium model, completely neglecting
the atomic potential in favour of an average potential, may be used to
model the conduction band. The inner electrons are much tighter bound
to the nucleus, and it is better to use the atomic orbitals as a starting
point. Here, we start from a bulk model of the metal, neglecting the
surface. This approach was first employed in Ref. [26].

The potential within the metal has a translational symmetry deter-
mined by the lattice of the nuclei. The eigenfunctions of a potential
with a discrete translational symmetry are known as Bloch waves, and
assuming that the core electrons are tightly bound and hence in orbitals
resembling the atomic states, the eigenstates are given as

Uhel?) = = 3 (- ), (3.14)
R

where NV is the total number of nuclei in the metal, the sum over R runs
over all the locations of the nuclei, and ®(7) is the atomic wave function.
The energy of this wave function is the energy of the atomic state and
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is independent of the lattice momentum, k. The normalisation of wﬁ)c
is such that

1 ik-R—ik' R - = - =
< loclwloc> - NzekR g R<®(T_R/)‘®(T_R)> (315)
R.R
1 B S 1) 1 LT = — — —
_ N Z ezk-R—zk ‘R 5]%]%/ _ N Zel(k:—k)'R _ Zé(k — K+ G)
R.R' R G

Here, it is assumed that the atomic state is sufficiently tightly bound
that it does not overlap with the neighbouring orbitals and that it is
normalised. The d-function in the end is in the limit where the metal
occupies all space and N — oco. The vector é is any reciprocal lattice
vector, that Is, any vector that satisfies that B-G = n-2n for any lattice
vector, R. The vector k is known as the crystal momentum. It is only
conserved up to the reciprocal lattice vector introduced in Eq. (3.15).

Without presenting the detailed form of the atomic wave function, it
is possible to calculate the first Born matrix element between the Bloch
wave and the damped Volkov wave, 9y, at grazing incidence similar
to what was done for the jellium conduction band in Sec. 3.2. Here
kf(t) = kp + A(t) is introduced to make the notation a bit lighter,

L £ o s .
T (ky + A1) :\/% AN Z et Ry(F— R) (3.16)
R

£ oL L ~
— AR S i [ e 0T - ).
" fz
R

Here, ve is the volume of the Wigner-Seitz cell containing one atom.
Since the atomic levels are localized, the integration may be limited to
just the Wigner-Seitz cell centered around the atom at R instead of the
entire half-space. At the same time, if the radius of the Wigner-Seitz cell
is small compared to the characteristic damping length, x, the damping
may be taken to be constant over the cell. This approximation allows
us to evelaluate the space-integral in the first Born transition matrix
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element
iy Vel Zei(;‘g’rk’f(t)).ﬁemz 0 / Pre FO TR (7 _ f)
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where a is the lattice constant along the z direction and ® is the Fourier
transform of the atomic orbital.

To make a simple model of the atomic state, one may model them
by an energy-scaled hydrogenic ground state, which is given by

(21,)°
m(k? 4 21,)’

d(k) = (3.18)

where [, is the ionisation potential.

3.3.1 Delay from the Bloch Waves of Core States

The denominator in Eq. (3.17) is very sensitive to the mean free path
in units of the lattice constant, ka. If this product is small, the denom-
inator and the first Born matrix element depend crucially on the value
of the vector potential and we cannot ignore this dependence when cal-
culating the streaking spectrum. As first pointed out in Ref. [26], this
interference term between the electrons being emitted from different lay-
ers beneath the surface can lead to a delay in the streaking signal. For
electrons with a kinetic energy around 50 eV, the inelastic mean free
bath is around 5 A[39] and the lattice constant for tungsten W(110)
surface is 3.31 A perpendicular to the surface.

We have numerically integrated Eq. (2.11) with the first Born ma-
trix elements from Eq. (3.17) to see if the streaking spectrum is shifted
relative to the vector potential. The results are plotted in Fig. 3.2. The
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attosecond pulse is centred around wyx = 91 eV and the duration is 290
asec FWHM. The laser pulse is centred at 750 nm, with an intensity of
5 x 10" W /em? and a sine-squared envelope to make the integration in
the Volkov phase analytical. In the same figure, the contribution from
the conduction band is also plotted, as discussed in Sec. 3.2.1. The
relative strength of the conduction band and the core level electrons is
scaled to be of comparable magnitude.

Electron energy [eV]
Energy shift [eV]

0 2 -6 -4 -2 0 2 4 6
Delay [fs] Delay [fs]

Figure 3.2 | The streaking spectrum calculated from the jellium model and the Bloch
waves (left). In the right panel, the centre of energy for the conduction band electrons (red
curve) is plotted with the centre of energy from the core electrons (blue curve). The centre
of energy from the 4f electrons has been scaled by a factor 1.1 to ease the comparison.

While it may be difficult to see from the streaking spectrum directly,
the center of energy analysis clearly shows that the signal from the core
electrons is shifted relative to the conduction band signal. We find a shift
of 300 asec, about twice as big as what was found in the experiment.
This deviation can be remedied if the mean free path were only half as
big[40].

The jellium model shows no time delay, but assumes that the elec-
trons are completely free. An alternative reconciliation between the
theory and the experiment might be that there is some localised nature
to the conduction band electrons, which might be suggested by band
structure calculations[38|. If the jellium model does not give a good
description, then the conduction band electrons might also be delayed.
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3.4 Conclusions on the Time Delay

Several theoretical models have been able to explain the temporal de-
lay measured in the experiment|6], using very different assumptions and
leading to different interpretations of the delay[6, 26-28, 41]. The prob-
lem is that there is only one data point, namely the 110 £ 70 asec delay
measured for tungsten! As long as only this single experimental point
exists, it will be impossible to tell which interpretation of the experiment
is the correct one. All of the theories presented have their weaknesses;
the jellium model does not allow any strucure in the conduction band
and the Bloch waves are a good basis for the bulk tungsten, though not
neccesarily for the states very close to the surface as is the case here.
Similarly, the static theory presented with the experiment|6] is based on
bulk properties of the metal, while the numerical solution|27] is actually
a calculation for a copper Cu(111) surface and assumes that the laser
field does not penetrate the surface.

Hopes are that more data is coming. The group behind the experi-
ment|6] has presented some preliminary data on rhenium covered with
a monolayer of xenon. The xenon plays the same role as the image
charge states or adsorbates discussed in Sec. 3.1.1, to allow an absolute
measurement of the electronic travel time. This and more experimental
data will be a valuable guide for further progress in the understanding
of streaking experiments from condensed matter surfaces.
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Chapter

4

Secondary Electrons

In the attosecond experiment|6], there is a tail of lower energy electrons,
not present in the calculated spectra. We develop two different theo-
ries to describe the tail of low energy electrons following excitation of a
metal surface. One looks at direct electrons and electrons released after
exactly one scattering and another is based on secondary electron cas-
cades. Both theories use a semi-classical approach treating the electrons
as localised particles propagating within the medium. The amount of
electrons released into the vacuum region is then determined by multi-
plication with the probability of the electron being transmitted through
the surface.

The theory is based on a three step model, factoring the photo-
electron emission process as i) electron excitation to an unbound state
within the metal, 77) electron propagation to the surface and 17) escape
through the surface.

4.1 Single-Scattering Theory

First, we develop a theory describing the direct propagation to the sur-
face and propagation with exactly one scattering, based on the work of
Berglund and Spicer[42]. We consider how an electron excited to an en-
ergy, F/, may scatter from another electron still bound in the Fermi sea,
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share its energy with the Fermi band electron and in this way produce
two excited electrons with energies E' and E — E’, both of which may
escape the metal surface.

We assume that electron propagation within the metal is described
by only the inelastic mean free path and that this is much shorter than
the penetration depth of the exciting pulse. In that case, the amount of
electrons per volume P(FE) formed with energy F, is independent of the
distance to the surface. The probability for an electron to propagate to
the surface without scattering, from a depth |z| within the metal and
at an angle 0 to the surface normal, is given by (see Fig. 4.1)

0 2|
pprop(E7 2, 9) = eXp ( - W)) (4-1)

where A(F) is the inelastic mean free path of an electron with energy

E.

vacuum

Figure 4.1 | Illustration of emission of a direct(left) and a scattered(right) electron,
initially created at a distance |z| from the metal surface (z = 0).

Integrating Eq. (4.1) over all depths, z, within the metal yields the
total amount of direct electrons emitted at a given angle 6 relative to
the surface normal as

No(E,0) = /dngmp(E, 2,)P(E) = A(E)P(F)cos®. (4.2)

Most often the direction of interest is along the surface normal, in which
case cos ) = 1. For the scattered electrons, we therefore regard only the
electrons ending up along the surface normal.
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The amount of electrons reaching the surface along the surface nor-
mal after one scattering is given by

/ dz / dE'pl.o(E, E', 2)P(E'), (4.3)

where pll)rop(E, FE', z), the probability of propagating to the surface from
the depth |z| suffering one scattering from the energy E’ to the energy
E, may be factored as

pt (B, E,2) = /ﬂexp (—L>S(E ENPY (241" cost | E).
prop > £ 4T (E) NE) )7 Porep |
(4.4)

The first term, 47766&,) exp( (]é,)>, is the probability of suffering a
scattering between ' and r’ + dr’. The second term, S(E, E'), is the
probability density for scattering from the energy E’ to the energy E
given that a scattering does occur and is assumed to be independent of
the angles involved. The third term is the probability that the electron
will propagate to the surface without further scatterings, as given by
Eq. (4.1). See the right hand side of Fig. 4.1. The integration is over
all directions and distances that the electron may travel before suffering
the scattering.

Inserting Eq. (4.4) into Eq. (4.3) gives

N\(E) = / 4B P(E)S(E, B (4.5)
/dz/4;i £ (_ )\(ZE’))GXP(_ - +;(g))se|).

It is assumed that the mean free path is independent of the energy,
AE'") = AM(E) = ), since the universal curve is reasonable flat in the
area 20 — 200 eV|[39].

The integration over 7 is bounded by the fact that the scattering
must take place within the metal. This integration may be done an-
alytically by splitting the integral into two, depending on whether the
initial direction of the electron is towards, cos# > 0, or away from the
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surface, cos# < 0. For cosf’ < 0, there is no restriction on 7’/

/ / d0'2msin 0’ e (—T—/(l—COSQI)>
41\ /2 e P A
! / 1
= — — =log2/2. 4.
2/7r/2d9 Smel—cose’ 0g2/ (4.6)

For the part where cos® > 0, the »’-integration is restricted to
r’ cos @’ < —z, so that the scattering takes place within the metal. This
gives

S~ dr’ m /
/ok 9 47:)\ » d' 27 sin 6’ exp ( — %(1 — Cos (9’)) (4.7)
1 [ 1 —exp[—%(1—sect#)] 1 [+ 1- exp[)\(fifg)]
:—/ df' sin 0’ A :—/ d§ )
2 Jrs2 1 —cost 2 Jo £

where £ = 1—cosf’. Now, the z-integral of Eq. (4.3) may be performed
2§

0 log2 1 [ 1—explya
/ dz | =2 +—/ d¢ [A(l 5)] e/ (4.8)
s 2 2 Jo ¢
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Using this result, we find that the total amount of electrons arriv-
ing at the surface along the surface normal, unscattered or after one
scattering event is given as

N(E) = No(E) + Ni(E)
1+4+log2 [~
:aU%E)+A—j§%i:/ dE'P(E)S(E,E').  (4.10)
E
The only thing left is to find an expression for the scattering probabil-

ity, S. If it is assumed that the scattering probability is independent
of the energies involved, the simplest possible form is to say that the
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probability for scattering from the energy E’ to an energy in the interval
|E, E + dF] is given by

2dFE
E'’
which is to say that all scatterings are equally probable. The factor of
2 is to account for the fact that after each scattering two electrons are
present. This model may be improved a bit by including the density
of states available for the scattering in a free electron model. In the
limit where the energies involved are all much greater than the Fermi
energy of the metal, Er, we can neglect the initial energy of the assisting
particle. The probability that an electron with energy E’ is scattered to
the interval [E, E' + dE] is then given by

20(E)p(E' — E)dE

SUE,E"dE = (4.11)

S(E,EdE = : 4.12
( ’ ) f dE”p(E")p(El _ E//) ( )
The free electron density of states is given by p(F) = 2377;, /E%n where

n is the number of conduction band electrons per unit volume. With
this approximation the scattering probability becomes

2VEVE' — EdE
[AENENE - B
Examples of the electron tails following a Gaussian distribution of pri-
mary electrons, with the two scattering probabilities given by Eqgs. (4.11)
and (4.13) are shown in Fig. 4.2

Neither of these expressions fulfil the Pauli exclusion principle, which
states that no scattering can take place that will leave a scattered elec-
tron with an energy below the Fermi energy, as these states are already
occupied. This, however, only changes the shape of the energy distri-
bution of the secondary electrons in the region close to the direct peak
and the region close to the Fermi energy.

In the energy region that is of interest, it turns out that a single
scattering is insufficient. Often, more than one scattering is involved,
even when the electron is scattered to energies above 30 eV. A theory
involving cascades of secondary electrons is therefore made to account
for the multiple scatterings. The present theory seems adequate only
very close to the direct peak.

S(E,F')dE

(4.13)
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Figure 4.2 | Example of the tail resulting from including a single scattering. The red,
dashed curve is obtained using Eq. (4.11) and the black curve is obtained using Eq. (4.13).

4.2 Cascade Theory

Originally, the cascade theory was developed to describe secondary elec-
trons from electron bombardment experiments|43]; a beam of electrons
with energy Ej is directed onto a metal surface along the surface nor-
mal. The electrons emitted from the surface are a result of collisions
within the metal. Each primary electron has the possibility of colliding
inelastically with a conduction band electron, exciting it to an unbound
state. Each of the unbound electrons has the possibility of knocking an-
other electron free and a cascade of electrons is formed. A very similar
process may take place in a photoelectron experiment, using high-energy
photons. An electron initially excited by the photon may collide with a
number of conduction band electrons before leaving the metal and hence
a similar cascade of secondary electrons is formed. In this work, the in-
terest is in the electrons emitted by an attosecond pulse with energies
in the extreme ultraviolet(XUV), around wy = 100 eV.

The starting point is Boltzmann’s transport equation, describing the
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evolution of the free electrons within the metal

P ’<I>’
88—t+v V<I>_——+J+/dE’/dQ’ (4.14)

where & = O (7, O, E, t) is the number of electrons per volume, per en-
ergy and per angle, v is the speed of an electron with energy F, J is
the source term (the amount of electrons created per volume, energy
and angle) and S is the scattering probability from energy £’ and di-
rection ' to £ and €. From here on, a number of approximations are
made. First, it is assumed that the electron distribution has azimuthal
symmetry. Second, since the penetration depth of the XUV pulse is sev-
eral nanometers even at grazing incidence and the inelastic mean free
path given by the universal curve is A ~ 5 A[39], it is assumed that the
distribution is independent of the distance to the surface. Finally, it is
assumed that the electron-electron scattering is determined by the short
range, screened Coulomb interaction. In this case, the electron-electron
scattering is nearly isotropic[43]. The Boltzmann equation then reduces
to

DD i)y [ aE Dy PED,

The energy F is the free electron energy within the metal, with £ = 0
at the bottom of the conduction band.

The source term, J, is only present for a finite time corresponding to
the duration of the exciting pulse, which makes it attractive to perform
a temporal integration and regard the total amount of electrons arriving
at the surface. Recognising that v®(FE,t) is the instantaneous current
density through any area parallel to the surface, we find that the amount
of electrons arriving at the surface, N(FE) satisfies

N(E) _ SULE) [ 0 (5. )
S /dtJ(E,t)+/(dE) e /dt @(E,t)+/dt =
N(E'

= P(FE) +/dE’ NE) S(E,E"), (4.16)

where the last P(FE) is the time integral of the source term (the total
amount of electrons created at energy E per volume) and the last term
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vanishes since there are no free electrons in the limits long before or
after the pulse.

What remains is to find an expression for the scattering term. The
simplest possible scattering term is that which is independent of the
angle and the final energy, £. This leads to (compare to Eq. (4.11))

2
S(E,E') = o (4.17)
where the factor of 2 ensures that the normalisation is such that exactly
2 electrons are present after each collision. This expression does not
fulfil the Pauli exclusion principle, since it allows scattering to electronic
states below the Fermi level, which are already occupied. This leads to
a correction for the scattering term when the energy FE' is only a few
times the Fermi energy, which is below the range that we are interested
in (for details, see [43]). One can quite easily give better expressions
for this scattering term, but none of these allow for a simple, analytical
computation of the distribution of the secondary electrons.
The solution to Eq. (4.16) is given by

N(E) = —A(E) [Eoo dE’(%)ZdZ;E,/) (4.18)

which is seen by substitution. N(FE) may now be put into a simple form
in terms of the source term P(FE) by performing integration by parts on
Eq. (4.18). This gives the final result for the cascade of electrons inside
the metal arriving at the surface

o0 /

N(E) = A(E)P(E) + 2\(E) /E B P(E). (419

Eq. (4.19) is easily interpreted. The first term is the direct part,
the amount of electrons created inside the metal that escape to the
surface without ever being scattered. The second term represents all the
scattered electrons. An electron created with an energy E’ gives rise to a
cascade of lower energy electrons, determined by the cascade factor 2E—EQI
In the approximations introduced above, energy distribution as well as
the total number of emitted electrons come out as a convolution of the

initial spectrum of the formed electrons with a cascade factor. Now the
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Chapter 4. Secondary Electrons

only thing missing is the probability for an electron reaching the surface
to actually overcome the surface barrier and escape into the vacuum.

From this theory we have calculated the electron spectrum. A Gaus-
sian pulse of direct electrons gives rise to a tail of lower energy electrons
as shown in Fig. 4.3.
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Figure 4.3 | The spectrum of emitted electrons following a Gaussian excitation of 110 eV
electrons. The direct electrons are seen as the peak to the right, the rest of the contribution
is from the cascade of secondary electrons. This has been multiplied with the transmission
probability derived below.

With the assumption that the electron distribution is isotropic within
the metal, not only the total amount of electrons passing through a small
area of the surface should have this distribution, but also the distribu-
tion in each direction on its own. In this way, within the isotropic
approximation, the distribution of the electrons reaching the metal sur-
face along the surface normal, should be the same. This expression is
therefore used to model the distribution along the surface normal.

4.2.1 Probability for Escaping Through the Surface

The final step missing for describing surface emission is the probabil-
ity that an electron incident on the surface will escape through the
surface. Looking only at the component along the surface normal, a
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one-dimensional jellium model gives an expression for the transmis-
sion probability[44]. The potential is given by the step potential, as
in Sec. 3.2

V(z) = VuO(2), (4.20)

where ©(z) is the Heaviside step function and V) = ¢ + Ep is the sum
of the work function and the Fermi energy. For electrons coming from
within the metal with an energy E > 1V}, the solution takes the form

W(z) = O(—2) [ek - ARe“fZ} + O(2) Apel®, (4.21)

with Agp and Ap the amplitude for reflection and transmission respec-

tively and k = v2F, ¢ = \/2(E — Vp). Calculating the current density

._1{ LAY dyr

P79V 0 T Tz ‘D]’ (4.22)

for both z < 0 and z > 0 and setting them equal since the number of
electrons is conserved gives

j = k(1= |ArP) = gl Arf* = |Agf? + E|Ar ] = 1. (4.23)

Enforcing continuity of both wave function and first derivative gives
the transmission probability

v
q‘ |2_ 4qk 4 1—FO

T S e T (1+\/1—%)2'

k
The transmission probability for V) = 10 eV is plotted in Fig. 4.4.

In the limit £ — V{ the transmission probability vanishes as the
energy approaches the limit where the electron is bound. In the opposite
limit, £ — oo, the transmission probability rapidly approaches unity
for £ > 2V}.

Another expression is used for the angular integrated scattering with

(4.24)

T(E)=1—4/ ¢+EEF, corresponding to the amount of electrons carrying
a sufficiently great momentum orthogonal to the surface to overcome

the barrier and escape from the metal. This expression gives a much
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Figure 4.4 | The transmission probability for ¢ + Er = 10 eV. The energy scale is
relative to the vacuum limit. The transmission probability is for the normal component
(black, full) and for the angular integrated emission (red, dashed).

lower amount of emitted electrons and especially shifts the electrons to
higher energies.

The total amount of electrons reaching the vacuum may now be
found as the product of the amount reaching the surface and the prob-
ability of being transmitted through the surface, N(E)T(E).

4.2.2 Application to the Tungsten Experiment

We apply our theory to tungsten and take experimental parameters
from Ref. [6]: We use a Gaussian envelope for the attosecond pulse
with an intensity-FWHM of 300 asec and a central frequency 91 eV.
The modelling of the initial states is discussed in Secs. 3.2 and 3.3. We
use an experimental Fermi energy of 4.5 eV for the conduction band, a
hydrogenic localized 1s-state with a binding energy of 32.5 eV for the
core states and a tungsten work function of 5.5 eV.

In Fig. 4.5 we consider the spectra without an assisting laser field
in order to clearly display typical spectra of (a) direct electrons and
(b) secondary electrons that have undergone scattering. Figure 4.5(a)
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Figure 4.5 | Calculation of the photoelectron spectrum for a 300 attosecond pulse, in-
cluding (a) only the direct electrons and including (b) both direct and scattered electrons.
The full, black curve is with the cascade of secondary electrons while the dashed, blue
curve includes only one scattering. The contribution from the conduction band has been
scaled to be comparable to the contribution from the core band. The dotted curve in (b)
shows data from Ref. [6].

shows that direct emission leads to two peaks, representing electrons
released from the deeper-lying localized states and from the conduction
band. When the electron-electron scattering is included, the two peaks
both have a tail of lower energy electrons. This situation is shown in
Fig. 4.5(b), where we also show the experimental results without a laser
field|6]. We see that the inclusion of a cascade of electron scatterings
explains the background in the spectrum. In the figure, we also plot the
electron distribution including direct electrons and electrons that have
scattered exactly once, as described in Sec. 4.1. This reproduces the
amount of secondaries with energies near the direct peak, but fails to
account for the many low-energy electrons that are released, supporting
that multiple scatterings and a cascade is at play. Note that the exper-
imental data have been subtracted for electrons stemming from above
threshold ionisation (ATI) [6], and hence these do not contribute to the
background.

Due to space-charge effects not included in our model, the exper-
imental peaks are expected to be upshifted by approximately 3 eV|[6].
While this shift is seen for the core-level electrons in Fig. 4.5(b), the
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Chapter 4. Secondary Electrons

experimental and theoretical peaks pertaining to the conduction band
electrons coincide. This accidental agreement is associated with a short-
coming of the free electron model which captures the qualitative fea-
tures but does not quantitatively describe the tungsten conduction band,
which holds a lot of structure|[38]. Consequently, the centre of the peak
comes out of our calculation a few eV too high, since many of the con-
duction band electrons are actually a few eV deeper bound|38].

We now turn to the streaking spectra. We follow|26], and invoke the
streaking directly in the source term by adding the appropriate Volkov
phase to the final free-electron states. For the laser pulse we use a sine-
squared envelope, a duration of 13 fs, a wavelength of 750 nm, and an
intensity of 5 x 101 W/cm?. Comparing Figs. 4.6(a) and (b) shows the
effect of including electron-electron scattering as the primary photoelec-
tron produced by the attosecond pulse propagates to the surface and
produces a cascade of secondary electrons. We see that the structure
and magnitude of the background matches quite well that seen in the
experiment after ATT electrons has been subtracted (Fig. 2(b) in [6]).

Figs. 4.6(c) and (d) show the corresponding centre of energy (CoE)
spectra. The CoE analysis is performed on the interval 44 eV - 63 eV
(4f-electrons) and above 66 eV (conduction band electrons). The 4f-
electron curve is, however, on top of the conduction band electron tail
and is damped more than the conduction band curve. As in Refs. |6, 26],
the 4f curve is multiplied by a factor (in our case 1.8) to make the 4f and
conduction band amplitudes comparable. We see from a comparison of
Figs. 4.6(c) and (d) that the inclusion of the background produced by
secondary electrons leads to a reduction of the amplitude in the CoE
spectrum and a very good agreement with the measured spectrum]6].
We note that the amplitude in the CoE data can be reproduced with
the present T-matrix theory not including the background, but for an
unrealistic low intensity of the femtosecond laser pulse. In this respect
it is essential to have access to data as in Fig. 4.6(b).

With the inclusion of electron scattering within the metal, we are
able to reconstruct the significant tail of electrons at lower energies ob-
served experimentally in attosecond photoelectron spectroscopy from
metals[6]. In monochromatic experiments there are generally relatively
few electrons scattered to lower energies, as compared to what is seen in
the attosecond regime. This is due to the fact that the amount of elec-
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Figure 4.6 | Results for tungsten, with a laser intensity 5 x 100 W/cm?. (a) Direct
emission spectra with scaled contribution from the conduction band. (b) Emission spectra
including scattering to lower energies. (¢) Centre-of-energy analysis showing the temporal
delay of the 4f-electrons (full, blue) relative to the conduction band electrons (dashed, red)
for only the direct electrons. (d) The same as (c) but including scattering. Also shown
are experimental data from [6]; blue crosses: 4f electrons; red plusses: conduction band
electrons. The energies of the 4f-electrons has been multiplied by 1.1 in (¢) and by 1.8 in
(d). See text for laser parameters.

trons scattered is proportional to the total amount of excited electrons.
In an experiment with a spectrally broad pulse, the tail of electrons
becomes comparable to the main peak of direct electrons.

In the modelling presented here, we have developed an analytical the-
ory describing the secondary electrons released due to electron-electron
collisions in the surface. The streaking is accounted for through the
T-matrix elements and the acceleration of the electrons due to the laser
field is included only there. In another simultaneous work|28|, a nu-
merical simulation of the classical transport equations showed how the
propagation of the electrons in both the laser field and with collisions
could lead to a streaking signal and secondary electrons. In that work,
they found a delay of the order 40 asec between the conduction band
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and core electrons, showing that classical transport theory may be a
route to capture some of the many-electron aspects of the metal surface
experiments.
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5

Time Delay in Streaking Spectra
from Atoms and Molecules

While a delay in the streaking spectrum from a metal surface may be
interpreted as a difference in the time it takes the electrons to escape, the
origin of a delay in the spectrum from two different ionisation channels in
an atom or molecule is less clear. Nevertheless, the streaking spectrum
recorded from neon atoms shows that the signal from the 2p electrons is
delayed with 21 & 5 asec relative to the 2s electrons|8]. The origin of this
delay is still not theoretically understood, but the Coulomb potential
from the residual ion, the structure of the continuum and many-electron
effects are all suggested to be part of the explanation. First, we will show
that the streaking signal from an oriented polar molecule is shifted due
to the Stark effect. This shift has no interpretation as a true temporal
delay, which shows that not all shifts in the streaking signal originate
from time-delays.

5.1 Streaking from Polar Molecules

In Sec. 2.2 we showed how to model the streaking experiment in the
strong-field approximation and saw that the kinetic energy of the pho-
toelectrons oscillates when the relative delay between the attosecond
pulse and the laser pulse is varied. The mean kinetic energy of the
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released electrons is (Eq. (2.12))

k> S S
E:?f:wX—FEi—kf'A(to)—

A(to)*

(5.1)

[t is now experimentally possible to orient polar molecules[45, 46],
such that the molecular dipole moment is fixed in the laboratory frame.
We now show how to include a permanent molecular dipole moment in
the strong-field approximation (SFA) and show that it leads to a shift
in the streaking spectrum.

If the laser pulse is sufficiently weak that it does not excite the
molecule, we can include the Stark shift[47] through first-order pertur-
bation theory on the ground state. The initial state is then given by

T;(1)) = exp [—z’ / dt (B — ji- EX) | |00), (5.2)

where i is the fixed-in-space permanent dipole moment of the initial
state and

1
VN

is the Slater determinant of single-particle states. For the final state, we
use an unrelaxed electronic state, where N — 1 electrons are in the same
single-particle state as for the initial state and the single active electron
is in the Volkov free-electron state, see Eq. (2.5). The final state is then

W;) = det|1(7) - - Y (F)| (5.3)

t
U s(t)) = exp [—z’/ dt'(E}on — [lion - E(t') +
1

VN

We can now calculate the transition matrix elements

X

= = 1 i(k 7
det |y (7)) -+ ¥n-1(Fy-1) 373€ (ky+A()) ¥].(5.4)

Tyi(to) = —i/dt<‘Pf(t)|VX(t — o)Wy (t)), (5.5)

with Vx(t) = Zjvzl 7; - Ex(t). Since the interaction is a sum of single-
particle operators, we can apply the Slater-Condon rules to reduce the
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many-body matrix element to a one-electron matrix element

Tri(to) = —i/dt T P (ks + A(t)) fx(t — to) (5.6)

X exp [z /t dt’ <Ip+Aﬁ-5(t’) + %(Ef +ff(t’))2> —~ z‘wX(t—to)] ,

where [, = E}On — F; is the ionisation potential of the active orbital
and Ajl = [i — [lijon 18 the difference in the dipole moment between
the neutral molecule and the unrelaxed ion. The first Born transition
amplitude is introduced and the attosecond pulse has been factored as
E(t) = Exofx(t)e ™x!. The calculation presented here is very similar
to what was done in Sec. 2.2.

If we assume that the duration of the attosecond pulse is much
shorter than the period of the laser field, we can use the fact that the
integration over ¢ has support only when fx(¢ — ty) is non-vanishing.
The first Born matrix element is assumed to be constant over this time

and Taylor expand the exponent in the last factor to first order in ¢ — ;.
We find that

/ L (fp + A E() + Lk + A(t’))2) (5.7)

~ B(ty) + (I, + Afi- E(to) + 3(ky + Ato))*)(t — to), (5.8)

where ®(t) = fto dt’ (Ip + A E) + %(Ef + /T(t’))Q). Introducing
this approximation into Eq. (5.6) and recognising that the time-integral
i1s now the Fourier transform of the attosecond pulse envelope, we find

Tri = —iT B (kp+ A(t)) ™ fx (L (ks + A(to))? + Afi-E(to) + I, — wx ).
(5.9)
The photoelectron spectrum at a given delay, ¢y, is centred around

—

E(ty) = wy — I, — k- A(to) — AT - E(to), (5.10)

where the A% term has been neglected as it is usually quite small.
Eq. (5.10) should be compared to the result using the strong-field ap-
proximation without the Stark term, Eq. (2.12). The extra term shows
that the oscillations are not only determined by the vector potential
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through l;f - A(to), but modified by the Stark shift following the electric
field strength, Aji- E(ty). Since the vector potential and the electric
field are out of phase, the addition of the two terms leads to a phase
shift.

We parametrise the vector potential as
A(t) = Ao fr(t) cos(wrt + @), (5.11)

where f7(t) is the envelope function. If the duration of the laser pulse
is several optical periods, then the electric field is approximately

Et) = —% ~ Aowr fr(t)sin(wrt + ¢). (5.12)

To see that the result of adding a Stark term is actually a phase shift
of the vector potential, we need the mathematical identity

cos(z) + asin(x) = /1 + a? cos(x + arctan(a)). (5.13)

With this identity, we may express the oscillations in the photoelectron
spectrum as

kr - Alto) + Afi - £(to)

S Al- A
~ kg Ao fr(to) (Cos(th + @) + wLﬁ sin(wpt + qb))
[0

- o A~ A2
= ky - AofL(to)\/l + w%% cos (wr(t + A1) + ¢)

(ks - Ao)
L Af- Ag)2
= ]{f-A(to—i—AT)\/l—i—w%M, (5.14)
(k- Ao)?
where we have introduced the apparent temporal delay,
1 AJi - A
AT = — arctan | wy 20 (5.15)
wr kf - Ag

The value of the extra amplitude factor is very close to unity for the
common parallel geometric configuration and realistic parameters. In
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a parallel geometry with detection along the polarisation axis and with
2

800 nm light, Ay = 5 Debye, and kr — 2.5 a.u. (5 — 85 6V), we find

14 w2 B84 _ 1 001, This amplitude term becomes important
L (ky-Ap)?

only if the detection is orthogonal to the polarisation of the laser field,
in which case the usual streaking signal, ks - A(y) is vanishing.

The main result in this section is Eq. (5.15). It serves to show
that while a temporal delay in the photoemission will lead to a shift
in the streaking signal, a shift in the streaking signal is not necessarily
caused by a temporal delay. In the limit where A7 is small compared
to the optical period of the laser, arctan is nearly linear and the shift
is independent of the laser frequency and the apparent shift may be
difficult to separate from a true temporal delay. One very characteristic
feature is however the angular dependence of the apparent shift. In
Fig. 5.1 we plot the apparent shift as a function of the detection angle
for RbI, which has a change in the dipole moment of 5.9 Debye[48]. We
assume an electron energy of 85 eV, a laser wavelength of 800 nm and
that the molecular dipole moment is aligned parallel to the polarisation
of the laser.
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Figure 5.1 | The apparent temporal delay versus the angle between the laser polarisation

and the photoelectron detection for Rbl, with parameters given in the text. At 90 deg the

streaking spectrum follows the electric field instead of the vector potential and the delay
s

approaches 7op — 080 asec.
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When the detection is parallel to the polarisation, the temporal shift
is only 22 asec, but as the direction of detection is orthogonal to the
polarisation, kf- Ay — 0, the oscillations are only due to the Stark shift

—

and the oscillations will follow Afi-E(ty). Since the oscillations due to the
Stark shift are typically much smaller, this means that the amplitude of
the oscillations is much smaller than for the parallel geometry. Since the
oscillations now follow the electric field instead of the vector potential
and these two are 90 deg out of phase, the signal appears to be shifted
by 5.- = 680 asec.

5.1.1 Streaking from Stark Eigenstates in Hydrogen

The 2s and 2p states in atomic hydrogen are degenerate and when an
electric field is applied along the z axis, the 2s and 2p, states are mixed
into two Stark eigenstates vy = (a0 & ¥210)/v/2. These states have
permanent dipole moments of ji. = F32, where 2 is a unit vector along
the z direction. The streaking spectra from these two states are shown
in Fig. 5.2. The laser wavelength is 800 nm, the pulse duration is 11 fs
and the intensity is 1012 W/cm?. The attosecond pulse has a FWHM
duration of 290 asec and a central frequency of 91 eV.

Electron energy [eV]

Energy shift [eV]
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-
oL
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Figure 5.2 | (a) Streaking spectra from the 14 state and (b) from the i_ state in the
positive z direction. (c) Centre of energy analysis of the two spectra, showing the signal
from the ¢4 (full, blue) and the signal from the 1 _ state (dashed, red). The two signals
are shifted by 60 as.
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In Fig. 5.2 we see that the streaking signal is shifted by 60 asec.
From the previous section, we would expect a shift of the order

1 Aji - A
AT = — arctan (,u,;ﬂ’uiﬁO = 68 asec, (5.16)
wr kf - Ay

showing that the analytical approximations in the previous section are
reasonable.

5.1.2 Implications for Surfaces?

The surface of a solid is in many ways similar to an oriented polar
molecule in the sense that the solid-vacuum interface has the same up-
down symmetry breaking. The electronic states associated with the
surface may hence have a permanent dipole moment and this may give
rise to a similar apparent temporal delay. In the surface, very many
electrons are available and the screening of the electric field makes it
difficult to assess such a dipole moment. At the same time, if the elec-
trons are able to follow the electric field on a few-fs time scale then any
energy shift proportional to the electric field (as opposed to the vector
potential) will give rise to an oscillation out of phase with the non-polar
streaking signal and will appear as an apparent temporal delay. We have
not been able to do any calculations on tungsten and hence we cannot
say whether polarisation effects should be included in the interpretation
of the delay measured in Ref. |6].

5.2 Wigner Time Delay

The structure of the continuum may give rise to true temporal delays
in the photoionisation of atoms and molecules, known as Wigner time
delays[49]. These temporal delays depend only on the atomic or molec-
ular properties and are in this sense very fundamental.

Here, we illustrate the concept similarly to Ref. [8] by referring back
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to Eq. (2.8),

Thlt) ~ —i / dt T (R + A(0) fx(t —to) (5.17)

In the strong-field approximation, we assumed that the first Born
matrix element did not contain any interesting features, but if instead
we assume that the phase variation is linear in the energy, then

TP (ky + A(t)) = [T5 (kp + A(t))| exp (z’oz(kf *2’4“))2) . (5.18)

This adds an extra variation to the streaking signal, as was seen in the
case with polar molecules. Looking at the phase in Eq. (5.17), we find
that

d(t) = %/t dt' (kp+A(t)? — Eit —wx (t—to) + Sa(k+ A1) (5.19)

The average energy of the photoelectrons may be found by Taylor ex-
panding the phase around the centre of the attosecond pulse, ¢y, and

looking for the stationary points. If we neglect the terms of the order
A?, we find

k2 S >z
The oscillations are now a sum of a contribution following the vector
potential and a contribution following the electric field, as was the case
in Eq. (5.10). The sum of the two gives us a phase-shifted oscillation
and a time delay. We find a time delay which is

1
AT = — arctan(awr,). (5.21)
wr

In a more general case, the phase of the first Born transition matrix
element is not necessarily linear in the kinetic energy and a = j—g,
where ¢ is the phase of the matrix element.
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Coulomb Effects

The Wigner time delay is not just an artefact of the streaking pro-
cess, but a fundamental quantity in photoionisation. In a streaking ex-
periment with ionisation from the 2s and 2p orbitals of atomic neon|8], it
was found that the 2p electrons were delayed relative to the 2s electrons
by 21 4 5 asec. This delay could, however, only partially be explained
by the Wigner time-delay.

5.3 Coulomb Effects

So far, we have used the strong-field approximation and neglected the
effects of the residual ion. This is of course not completely accurate, and
it turns out that the coupling of the laser and the Coulomb potential
may also lead to temporal shifts[8, 50-52]. While the contribution from
the Coulomb potential to the Wigner-time delay is analytically known,
the coupling to the laser field is a theoretical challenge.

The first work showing that the combination of the Coulomb poten-
tial and the streaking laser pulse could introduce a delay in the mea-
surement was done by Zhang and Thumm in Ref. [50]. In that work, the
time-dependent Schrodinger equation (TDSE) is solved numerically in
1D for the combined action of the laser and the Coulomb potential and
a. model based on the semi-classical eikonal approximation is developed.
In that paper, the streaking spectrum is calculated for a hydrogen atom
in the ground state, exposed to a laser pulse with a duration of 5 fs, a
central photon energy of 1.6 eV and an intensity of 2 x 1012 W/cm?,
The attosecond pulse has a duration of 300 asec and a variable central
photon energy from 25 eV up to 90 eV. Both the numerical results and
the model show that the streaking signal is shifted relative to the re-
sult of the strong-field approximation (see Sec. 2.2) and that the shift
is sensitive to the photon energy, which is also the kinetic energy of the
electrons. The shift decreases from 60 asec at wx = 25 eV to about
10 asec at wx = 90 eV. Whenever time resolved measurements are per-
formed, the need to separate the electrons from the different channels
means that the energy of the electrons must be different and hence the
Coulomb-laser coupling shift is different. This shift is an artefact of the
streaking measurement technique and must be understood in order to
make reliable measurements on the atomic or molecular system.
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In a very recent work[52] a numerical solution of the one-electron 3D
TDSE and a classical-trajectory Monte Carlo simulation of the streaking
spectra from the helium 1s, 2s, 2pg, and 2p; states were calculated. In
that work, where the full numerical solution of the TDSE includes both
the Coulomb-laser coupling and the Wigner type time-delays, they find
delays of the order 10-20 asec between the 2s and the 2pg electrons,
similar to what was found in the experiment from neon|8]. This work
does not include any of the multi-electron effects or the structure of
neon and hence cannot account for the Wigner type delay in neon. The
interpretation of the delay in neonl8] still remains an open theoretical
challenge.
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6

Measuring Atomic Phases
through Streaking

In this chapter, we discuss how the attosecond streaking technique can
be used to measure the phase of atomic or molecular ionisation matrix
elements. As already discussed in Sec. 5.2, the structure of the contin-
uum and hence the phase of the ionisation matrix elements is closely
linked to the time-delay involved in the ionisation process. We show
how the complete knowledge of the laser field derived from the streak-
ing spectrum can be used to characterise the oscillations between two
coupled atomic or molecular states, and how the interference in the
ionisation from these states can be used to extract the relative phase
of their ionisation matrix elements. In another work[17], the streaking
technique is used to measure the change in the phase when the electron
energy crosses a Cooper minimum or a Fano resonance. In this work, we
will focus on how streaking may be used to measure the relative phase
between two coupled bound states.

6.1 Laser Driven Two-Level System

We consider the situation where an initial state, |1), is coupled weakly
by the laser field to a detuned excited state, |2). The coupling is such
that only a small part of the initial state population is transferred to |2)
and only while the driving laser pulse is on, adiabatically following the
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laser pulse envelope.
The two-level system is described by the wave function

[T(t)) = cr(t)e 1) + ea(t)e™2), (6.1)

with E; the ground state energy, Es the excited state energy and with
the initial conditions ¢;(—o00) = 1 and cy(—o0) = 0. The total Hamil-
tonian of the system is

H = Hy+ VL(t), (6.2)

where Hj is the field-free atomic or molecular Hamiltonian for which
the two states are eigenstates, Hy|i) = E;|i) and Vi (¢) is the interaction
with the electromagnetic field. The coefficients ¢;(¢) may be found by
solving the set of coupled differential equations

i¢) = <1\VL(t)\1>c1_+<1|VL(t)|2>ei<E1*E2>fc2 (6.3)
icy = (2|Vi(t)| e BBl 1 21V (1)[2) . (6.4)

We treat the interaction in the length gauge and parametrise the
interaction as
VL(t)[2) = pE(1), (6.5)
where p is the dipole transition matrix element along the laser polarisa-
tion direction or the coupling strength. For simplicity, we assume that
the two states are parity Eigenstates, such that (i|V(¢)|i) = 0. The set
of equations can now be solved either numerically or analytically. Here
we are interested in the regime when the detuning, ¢, is large

5=E2—E1—CUL>pg. (66)

In this regime, there are no Rabi oscillations and the population in the
excited state follows the field adiabatically. When the detuning is very
large, 6 > p&, we can employ the rotating wave approximation and an
approximate solution to the time evolution is ¢1(¢) ~ 1 and

t it
: : Eo(t :
co(t) &~ —z'/ dt' p& (') e BB —%e"‘é, (6.7)
where £(t) = &(t) cos(wrt + @) with E(t) the envelope function and
¢ the carrier-envelope phase. In this regime, the relative phase evolu-
tion of the two terms in Eq. (6.1) is determined by the laser frequency,
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Laser Driven Two-Level System

independently of the energy difference between the two levels and the
population follows the envelope of the laser pulse.

We consider a system where the coupling between the two states is
equal to one Bohr radius, p = ag and the energy difference between the
two levels is 1.85 eV corresponding to the difference between the ground
state and the first excited state in atomic lithium. The laser pulse is
centred around 800 nm, has a 50 fs duration, a sine-squared envelope
and a peak intensity of I = 10> W/cm?. The excited state population
is plotted in Fig. 6.1,

Population

0 10 20 30 40 50
Time [fs]

Figure 6.1 | Numerically calculated excited state population |c2(t)|? (blue) and the ap-
proximate value from Eq. (6.7) (red). The laser and system parameters are given in the
text.

The population transfer is at all times less than 7%. The oscillations
in the numerical solution are due to the off resonant term and the lack of
oscillations in the approximate result shows that while first order pertur-
bation theory is valid, the rotating wave approximation is questionable.
If we calculate the excited state population without the rotating wave
approximation, the result fits the numerical result nicely (not shown).
The interpretation and the discussion of the phase retrieval is however
much simpler within the rotating wave approximation and we proceed
with the discussion based on the approximation, while the results shown
are calculated from a numerical solution.
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6.2 Attosecond lonisation from Laser
Driven Two-Level System

We want to characterise the phase between the two terms in Eq. (6.1)
by ionisation with an attosecond pulse. The energy difference between
the two levels is much smaller than the spectral width of an isolated
attosecond pulse so that the electron contributions from the two states
interfere in the continuum. This is illustrated in Fig. 6.2.

Figure 6.2 | Schematic view of the ionisation process. The levels |1) and |2) are coupled
by the laser field of frequency wy and detuning 0. The spectral width of the attosecond
pulse of frequency wy is sufficiently large that photoelectrons from both levels overlap
energetically. The interference between the two ionisation channels in the overlapping
region carries a signature of the phase difference between the ionisation matrix elements.
The interference may be either constructive or destructive (dashed lines).

We refer back to Sec. 2.2 and calculate the transition matrix element,
for a transition from the initial superposition state to a final state with
asymptotic momentum, k¢, as

Tyi(te) = —i / AT (1) Vi (£ — t0)] T (1), (6.9)
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We once again approximate phase evolution of the final state with the
Volkov phase and assume that the final state may be factored as

V(1) (6.9)
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where |ky) is the scattering state with asymptotic momentum k. We
may factorise the transition matrix elements from each of the two bound
states as

(k| Vi (t = to)|n) = My (kp)Ex(t —ty), n=1,2 (6.10)

where Mn(lgf) is the transition matrix element from the initial state n

to a final state with momentum Ef and 5X 1s the electric field of the
attosecond pulse. With this factorisation we find that

(plVx (t = to)[T()) = Y ealt)e B M, (kp)Ex (t —ty).  (6.11)

Introducing the approximation for the coefficients from Eq. (6.7), we
can calculate the transition matrix elements

Tyi(to) = =i ) Mn(l;f)/dth(t — to)cn(t)es S At AE)) —iBnt
n=1,2
~ —iMy (kp)e P / dtEx (t — ty)e? Jhdt (kp+A(t)? —iEy (t—to)
(6.12)

72 E1 w to*i X t N N .
— pgo(t())e (E14wr) ¢ /dtg,X(t B to)e%f dt'(kf+A(t'))2—Z(E1+wL)(t—to)’

+iMa(Ky) >

where we have used that Fy — 0 = E; 4+ wp. If we Taylor expand the
integral as was done in Sec. 2.2 (Egs. (2.8) to (2.11)), we may evaluate
the integral as the Fourier transform of the attosecond pulse. The result
1s

Tyi(to) = —iMy (kp)e &y o fx (ks + A(to))? — By —wx)  (6.13)

Enlta)e i Ertwr)to—io 5 5
olto) 55 Exofx(3(ks + Alty))? = Er — wp — wx).

+iMy(Ep) 2
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The spectral width of the attosecond pulse is much greater than the
energy difference between the two bound states as discussed above. In
the energy domain, the electrons coming from each of the two states will
therefore overlap and interfere. The electron energy distribution from
each of the two terms is determined by the temporal integral. The total
(energy integrated) ionisation probability for electron emission in the
direction determined by ky is (see Eq. (2.14))

P(ty) = / dE 2V2E|T};|? (6.14)

L . —iwrto—i¢ 2
— [ 4B 2VEE | (B - bl " ()]

where we have introduced fx(E) = J?X(%(/Zf + A(ty))? — E — wy) for
brevity. We introduce the symbol K, and we use the fact that the
attosecond pulse is wide, to assume that

K= /dE2\/ﬁfX(E1)2 ~ /dE2\/ﬁfX(E1)fX(E1 +wr), (6.15)

where we have also assumed that the attosecond pulse is symmetric
around ¢ = 0, such that the Fourier transform is real. With these
assumptions and keeping only the two leading terms, we find that the
total ionisation probability is proportional to

pEo(to) p—iwrto—i¢ |2
20

x 1— CSO(tO)g cos(wrto + ¢ + ), (6.16)

P(ty) ~ K‘Ml(lz;’f)—Mg(Ef)

where the ratio between the ionisation matrix elements has been rewrit-
ten as

= Ce'®, (6.17)

and the term that is quadratic in the excited state population has been
neglected. The relative phase between the two matrix elements, O, is
the primary object of interest. The above result shows that the energy
integrated ionisation probability oscillates with the periodicity of the
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laser pulse when varying the relative delay between the laser and the
attosecond pulse. These oscillations are the basis for the phase retrieval
procedure presented below.

6.3 Retrieving lonisation Phases from
Streaking Spectra

The mean kinetic energy of the electrons released oscillates with the
periodicity of the laser field, as

AE(ty) = —ky - A(t) = _%Lo(to) sin(wrty + @). (6.18)

These observations lead to a three-step algorithm for retrieving the rel-
ative phase between the two states, ©;

i) Measure the streaking spectrum, S(FE,t), i.e., the photoelectron
distribution against the delay between the two pulses, .

ii) Calculate the energy integrated ionisation probability,

P(ty) = /dES(E,tO) (6.19)
and the energy shift
AFE(ty) = /dE(E — Ey)S(E,tg)/P(ty) (6.20)

from the measured data. Ej is the average energy when there is
no overlap between the two pulses.

iii) Retrieve the phase, O, from the two curves by fitting

P(ty) — P(~o0) x AE (to - @”/2) . (6.21)

wr,

We will denote the reconstructed phase from the three-step algorithm by
O,. As will be discussed in the following section, the interference from

57
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the two bound states may also lead to a phase shift in the streaking
signal. This shift can be corrected for as shown in Sec. 6.4 below.

We show two examples of phase retrievals. The laser parameters are
in both cases the same as in Sec. 6.1. The wavelength is 800 nm, the
pulse duration is 50 fs and the intensity is 102 W/em?. The attosecond
pulse has a FWHM duration of 290 asec and a central photon energy of
91 eV. The target system is lithium like, with a ground state ionisation
potential of 5.39 eV and an energy separation between the ground state
and the first excited state of 1.85 eV. We assume that the electrons are
detected parallel to the laser polarisation direction. The set of equa-
tions coupling the ground and the excited state, Eqs. (6.3), are solved
numerically.

In the first example, we assume that the two ionisation matrix ele-
ments are equal in magnitude and 7/2 out of phase, such that Mg(/zf) =
z'Ml(lgf). This would be the case if \gf> is assumed to be a plane wave
and the two states have opposite inversion symmetry along the line of
detection, such as if the ground state has s symmetry and the excited
state has p symmetry and is directed along the line of detection. The
result is shown in Fig. 6.3.

The energy shift and the energy integrated ionisation probability is
plotted in Fig. 6.3(b). The two curves oscillate in phase, which is a
signature that the phase of the ionisation matrix elements is 7/2 out of
phase. When fitting the two curves as devised in the three-step algo-
rithm, the reconstructed phase is ©, = 7/2 — 0.004, deviating only 4
mrad from the true value.

In another example, we use the same set of pulse parameters, but
assume that the two ionisation matrix elements have the same phase,
such that Mg(/zf) = Ml(Ef). We again calculate the streaking spectrum,
the ionisation probability and the energy shifts. The result is shown in
Fig. 6.4.

Retrieving the relative phase of the matrix elements, we find O, =
0.0476. This result deviates more from the true value of 0, than was the
case in the first example presented above. The reason for this deviation
is discussed in the following section.
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Figure 6.3 | (a) Photoelectron spectrum as a function of delay between the laser and the
attosecond pulse, from the laser driven two-level system discussed in the text. (b) The
energy shift (full, red) and the energy integrated ionisation yield (dashed, blue). The two
curves oscillate in phase, which is a signature of the 7/2 phase difference between the two
matrix elements M7 and M.

6.4 Streaking Phase Shifts from
Interference

The interference between the two different ionisation channels may cause
a shift in the streaking spectrum, such that the center of energy follows

Ef : 50(?50)

AB(to) = =

sin(wrto + ¢ + A), (6.22)
where A is the phase shift induced by the interference. The origin of
this phase shift can be seen from Fig. 6.2. In the regime of interest the
primary contribution is always from the ground state. The contribution
from the excited state is much smaller and is either constructive or de-
structive, depending on the relative phase. Since the contribution from
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Figure 6.4 | (a) Photoelectron spectrum from the laser driven two-level system discussed
in the text, similar to Fig. 6.3(a), but with the two matrix elements in phase. (b) The
energy shift (full, red) and the energy integrated ionisation yield (dashed, blue). The two
curves oscillate 7/2 out of phase, which is a signature of the two matrix elements M; and
M> being in phase.

the excited state is at a higher energy, constructive interference means
that the average energy of the electrons is higher, while destructive in-
terference leads to a lower average electron energy. This is illustrated in
Fig. 6.2 with the gray, dashed lines. If the constructive (destructive) in-
terference coincides with the maxima of the of the energy shift, AFE/(ty),
this leads to a bigger (smaller) amplitude for the oscillations. If the
interference is shifted in phase relative to the streaking spectrum, this
leads to a phase shift. This is the case when €'© has a real part.
To quantify the shift, we calculate the average energy as

Eo(to) = / dE 2V2EE|Ty(to)|*/ P(to), (6.23)

and refer back to Eq. (6.13). Very similar to the treatment in Sec. 6.2,
we assume that the spectral width of the attosecond pulse is very large
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and we neglect the part that is second order in ¢y. If the matrix elements
do not vary over the width of the laser pulse, we find

Eo(to)P(to) =~ | M;)? / dE2V2EE f(E,)? (6.24)
—twrto—1i¢@ R R
—2Re(M1M2p€(t0)625 )/dE N2EEf(E)f(Ey +wr),

where the momentum dependence of the matrix elements is implied.
The centre of energy for the distribution is

/ dE2V2EEf(E))? = E)K, (6.25)

where K was introduced in Eq. (6.15) and Ey = wx + By — ks - A(to).
Since the distribution of the electrons is wide compared to the laser pho-
ton energy, the product of the two distribution functions in the second
term in Eq. (6.24) is peaked around Ej + «1/2 and we can approximate

/ dE 2V2EEf(F) f(Ey 4 wi) = (Ey + «1/2) K. (6.26)

With these approximations, we can calculate the average energy
through

E(t
E.(t)P(ty) = |M|PKEy |1 — o ((5 0) cos(wrty + ¢ + O)
w

E(to)
— My PEEECE
MK = 5
The parenthesis in the first term is exactly the ionisation probability,
P(ty), found in Eq. (6.16). Neglecting the terms of the order c3, we
approximate Mi*K/p(t) ~ 1 in the second term and we find the final
result

cos(wrto + ¢ +0O).  (6.27)

N Cpg(to)w,;

Eo(to) ~ wx + E1 — k- A(ty) o

cos(wrto+ ¢+ 0O). (6.28)
The first oscillating term is

_ k; - &(to)

k- Alto) o

sin(wrty + @), (6.29)
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such that the two contributions are out of phase unless © = +7/2. We
use the trigonometric identity

cos(wrty+¢p+0) = cos(wrty+¢) cos(O) —sin(wrty+¢) sin(O). (6.30)

Here, we are interested in assessing the magnitude of the delay. The
second term is oscillating in phase with the streaking signal and therefore
leads to no delay, but only a change in the amplitude. The first term is
the interesting part as it oscillates out of phase

l;f'gg)(to) . Cp€(toy)w?
AFE(t) ~ ————— |sin(wrty + @) + —=——=—=cos(O) cos(wrty +
(o) o (wrto + @) 25%; - £t (©) cos(wrto + @)
= —%O(to)\/l+tan(A)2sin(th0+¢+A), (6.31)
L
with
9
A = arctan %cos(@) : (6.32)
20k - €

where €7 is the laser polarisation vector. This formula shows that if e/©
has a real part, then the strong-field approximation does not accurately
describe the phase of the electron energy oscillation. This is important
both for time-resolved measurements and for phase reconstruction as
described in the previous section. The reconstructed phase from the
three-step algorithm should be corrected for this effect, through

Op =06, — A, (6.33)

where ©p is the corrected phase. For the example presented in Fig. 6.4,
we find that A = 0.0589 and we find ©p = —0.0113 in better agreement
with the true phase, ® = 0. The reconstruction is still not perfect, but
now deviates by only 11 mrad. The approximations introduced in the
calculation of A may be part of the explanation for the deviation.

As another example, where the shift is even greater, we now consider
a driving laser pulse with a wavelength of 750 nm, closer to resonance
for the lithium-like system and with a lower intensity of 10 W /cm?,
The attosecond pulse is the same as in the previous examples, a FWHM
duration of 290 asec and a central photon energy of 91 eV. The results
are shown in Fig 6.5.

62



Application for Phase Measurements

@ Q © (o]
(@] A4l (@] a

N Ol
[@]

Electron energy (eV)

=N
T

23 24 25 26 27
Delay (fs)

Figure 6.5 | (a) Photoelectron spectrum from the laser driven two-level system presented
in the text. (b) Part of the centre of energy (full, red) is plotted along with the strong-field
approximation estimate of the energy variation from Eq. (2.12) (dashed, black). The two
curves are displaced by 40 asec or 0.1026 rad.

In part (b) of the figure, the centre of energy is plotted with the
estimate from the strong-field approximation. The two are shifted and
the oscillations are 0.1026 rad or 40 asec out of phase with the simple
estimate. The shift calculated in using Eq. (6.32) is A = 0.1065 or
Alw, = 41 asec explains this. If the objective is a time-resolved mea-
surement using the streaking technique, then the shift due to coupling
to an excited state may be considered a complication. The analysis in
this section shows how to compensate this shift.

6.5 Application for Phase Measurements

While we have mostly discussed the atomic case here, the theory applies
equally well to molecules. The effect of a molecular permanent dipole
moment would again give rise to shifts in the streaking spectrum as
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discussed in Sec. 5.1. In order to accurately retrieve molecular phases,
one must know the permanent dipole moment to correct for it or have
access to a reference state, ideally with no dipole moment and no near
resonances. Access to the phase of the ionisation matrix element is a
way to test theory and to get another view towards the Wigner time-
delays as discussed in Sec 5.2. The ability to vary the photon energy
in the attoscond pulse will allow a series of measurements to scan the
phase dependence for different electron energies. The Wigner time-delay
is related to the energy derivative of the phase.

Another interesting aspect is the fact that the electron energy is af-
fected by the Coulomb-laser coupling, while the ionisation probability
is not. This means that the method presented in this chapter may be
able to make absolute measurements of the shift due to the Coulomb-
laser coupling. Using atomic lithium as a target, the ground state has s
symmetry and the first excited state has p symmetry. Performing the ex-
periment with the detection parallel to the laser polarisation means that
the laser will excite the p state along the polarisation axis. These states
have opposite symmetry and we should expect the ionisation probability
and electron energy to oscillate in phase as was seen in Fig. 6.3. The
phase shift discussed in Sec. 6.4 vanishes and the phase deviation will be
due entirely to the Coulomb-laser coupling. By scanning through dif-
ferent attosecond pulse photon energies one should be able to directly
measure the Coulomb-laser coupling, which is otherwise very difficult to
identify.
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7

Attosecond Pulse Trains

In the previous sections, we have discussed how the combination of an
isolated attosecond pulse with an intense laser field may be used for
time-resolved measurements on a sub-femtosecond time-scale through
the attosecond streaking technique. In this section we will discuss how
a very similar approach, with a train of attosecond pulses in combination
with the fundamental laser field may be used to provide similar temporal
resolution.

If a laser pulse with several optical periods is used to make high-
order harmonics, the generated radiation forms a train of attosecond
pulses|18] with two pulses for each optical period (corresponding to one
pulse for each extremum of the field). If the laser field is combined
with the second harmonic, the up-down symmetry of the field is broken
and one can produce a pulse train with only one attosecond pulse per
optical period[53, 54|. With one attosecond pulse per optical cycle, all
electrons liberated by the attosecond pulses are born at the same phase
of the laser field and we find a streaking signal very similar to what was
seen for the isolated pulses. With two pulses per cycle, the frequency
spectrum of the pulse train consists of only the odd harmonics. When
the fundamental laser field is added, a process like the laser assisted
photoelectric effect leads to electrons with an energy corresponding to an
even harmonic, 2n. This final energy can be reached either by absorbing
a photon with energy (2n — 1)wy, from the pulse train and absorbing a
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photon from the laser field or by absorbing a photon with energy (2n +
1)wr, and emitting a photon into the laser field by stimulated emission.
The interference between these two pathways is sensitive to the relative
delay between the pulse train and the laser field[18, 19, 55]. Both these
situations are discussed and modelled through the same approach as was
taken in the previous chapters. The latter is the basis of the so-called
RABBITT technique and its application to time- and phase-resolved
measurements|9, 20, 56| is discussed.

7.1 Pulse Train Description

As before, we consider the Hamiltonian
H = H()—l—VL(??, t) —{—VX(??,t—to) (71)

The interactions with the electromagnetic fields are in the length gauge.
The difference from the earlier chapters is in the shape of the pulses.
The electric field from the attosecond pulse train is given by

N-1
Ex(t) =Exo Y fx (t — L) e ilwxttnox) (7.2)
n=0

where N is the number of attosecond pulses in the train, fx(¢) is the
pulse envelope function, T' = 27/u, is the optical period of the funda-
mental field,  is the number of pulses per optical period (we consider
k= 1,2), wy is the central frequency of the attosecond pulses and ¢y
is the relative phase between the pulses, which we assume to be con-
stant. We assume that the duration of the individual attosecond pulses
is much shorter than the optical period of the fundamental field. We
give a description in the time-domain, but the pulse is of course equally
well described in the frequency-domain.

The laser pulse is assumed to be very long, such that we may neglect
the envelope function

E(t) = & sin(wrt + ¢). (7.3)
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7.2 One Attosecond Pulse per Laser Period

While the case with two pulses per laser period is perhaps the most
interesting, we treat the case with only one pulse first, to use this result
in the next section. We calculate the transition matrix elements similar
to what was done in Sec. 2.2 and use the same Volkov wave functions
for the final state,

Tytto) = i [ AW EOVx(7t ~ to) W7 1) (7.4
— _zie—mx/dt TP (ks + A(t)) fx(t — tg — nT)(7.5)

.t
X exp [%/ dt' (ks + A(t'))? — iEit — iwx (t — to)

In each of the temporal integrations, the integrand only has support
when the attosecond pulse is on, such that ¢ ~ ty + nT. Since the
electric field is assumed to be long, the vector potential is also periodic
with period T, such that A(t + nT) = A(t) for any integer n. This
implies that

nT T 2
/0 dt' (k+A(t))* = n/o dt' (k+A(t'))* =nT (k;?» + 25—02) , (7.6)

where we use the fact that the vector potential is sinusoidal. We may
now change the integration variable t — t — ty — nT in Eq. (7.5)

N-1

Tyi(t) = —i 3 e-mox / dt TB(Ry + At + o) fx (t) (7.7)

i t+to+nT . B
X exp [5 / dt'(ky + A(t'))? — iBi(t +to +nT) — iwx(t +nT)

where the support is now around ¢t = 0. To perform the integrals analyt-
ically, we assume that the first Born matrix element is almost constant
and Taylor expand the terms in the exponent to first order in ¢. If we
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again neglect terms of the order A2, we find that

N-1
Thi(to) = —iTlB(Ef + A(ty)) Z exp { ingx +inT (710 —FE - wXH
n=0

<) [t ft) exp [+ iy o)t = iBit — wont] . (75)

where ®(t)) =1 [ var(k 7+ A(t'))? — Ejty is an overall phase that does
not influence the photoelectron spectrum. We recognise the last term
as the Fourier transform of one of the attosecond pulses and the sum as
the geometric series. We may then perform both analytically and find

Trilty) = —ie™ TP (s + A(te)) Fx (4 + Fy - Alty) — wx — E)
1 —exp[—iN (¢px — T'(¥t/2 — E; — wx))]
1 —exp[—i(¢px — T(*¥i/2— E; —wx))]

This result should be compared to Eq. (2.11) which is the result for the
isolated attosecond pulse. The two results are identical except for the
last fraction, which is the result of the interference from the different
attosecond pulses. For N = 1 the result for the isolated attosecond
pulse is reproduced. The result of the interference is that the broad
spectrum of photoelectron energies is split into narrow peaks, with a
peak when

(7.9)

bx — (k—2 — B, —wyx) — 27k, k integer. (7.10)
When this condition is fulfilled, the fraction approaches N. The pho-
toelectron spectrum is proportional to the norm-square of the T-matrix
elements, such that the height of the peaks scales with the number of
attosecond pulses as N2. The width, on the other hand, scales as N1,
such that the number of electrons released is linear in V.

As an example, we calculate the photoelectron spectrum for an in-
finitely long laser pulse with a wavelength of 800 nm and an intensity
of 2 x 10" W/cm?, and a train of N Gaussian attosecond pulses with
a FWHM duration of 290 asec, a central frequency of wx = 91 eV and
N =1,2,8. We assume that the first Born matrix element is constant
and have arbitrarily chosen the binding energy to be 1 atomic unit. The
results are shown in Fig. 7.1.
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Figure 7.1 | Photoelectron spectra for an isolated attosecond pulse (top). The laser field
is considered infinitely long and the spectrum is therefore periodic in time. The duration
of the attosecond pulse is 290 asec, while the laser has an intensity of 2 x 10'' W/cm?
and a wavelength of 800 nm. (middle) The same, but with two attosecond pulses one

optical cycle apart. (bottom) The same, but with 8 attosecond pulses each separated by
one optical cycle.
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In the spectra we see that the energy distribution is continuous for
the isolated attosecond pulse, while it is discretised for the attosecond
pulse trains. The peaks are separated by the fundamental laser fre-
quency. The width of the peaks is much narrower for 8 pulses than for
2, as previously discussed, and this trend continues if we move to even
longer trains.

The spectra show the same oscillation for the pulse trains as for the
isolated attosecond pulse. The streaking signal from a train of attosec-
ond pulses may therefore be used in time-resolved measurements. In
this example we have considered an infinite laser pulse and the streak-
ing signal is periodic in the relative delay with the periodicity of the
laser field. This means that we cannot decide whether streaking signals
originating from two different ionisation channels are shifted by an in-
teger number of full periods. If we know that the shift is only a small
fraction of a period it is equally viable and in practice, the laser pulse
will never be infinitely long.

7.3 Two Attosecond Pulses per Laser
Period

The more interesting case is when there are two attosecond pulses per
optical period of the fundamental field, corresponding to an attosecond
pulse for each extremum of the pulse used in the high-order harmonic
generation process. The frequency spectrum of such a pulse train has
a series of peaks separated by twice the fundamental frequency, usually
all of the odd harmonics of the laser field.

We treat the train with two pulses per optical period as a sum of
two trains, each with one pulse per optical period. If we assume that
the total number of pulses in the train, IV, is even then we may write
the electric field of the pulse train as

N/2-1
SX(t) = (c/‘X,O Z fX(t—nT)e_’(“Xt+2”¢X)
n=0
N/2-1
+Ex0 Z fx(t — (n+ 5)T)e lextt@nlox) (7 17)
n=0
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which is the same field as in Eq. (7.2) for k = 2. We calculate the
T-matrix elements as a sum of the contributions from each of the two
terms in Eq. (7.11). Referring back to Eq. (7.5) we find

N/2-1
Tri(te) = —i Y e rox / dt TP (ky + A(t)) fx(t — to — nT)

n=0

X exp [% /7f dt' (ky + A(t))? — iEit — iwx (t — to)] (7.12)
N/2-1

S YD e /dtTlB(kf+A( Wx(t —to— (n+ 1)T)
n=0

. t
X exp [%/ dt' (ks + A(t'))? — iEit — iwx (t — to)} .

The first sum is exactly like the expression in the previous section,
except N — N/2 and ¢x — 2¢x. This means that we can reuse the
findings from there and the first sum gives us

Ti(ty) = —ie’ (t‘))TlB(kf+A(to))fX( +Ep - Alt) — wy — E)
k

1 —exp [—i; (2¢X— T4 — B —wx )}

k3

1 —exp [ (quX —T(& - B — wX))}

X

(7.13)

The second term is a bit different and requires a more detailed treatment.
We start with the integral in the phase and note that

(n+1/2)T+t0 R .
/ dt'(k; + A(t))? (7.14)
0

nT . . t()+T/2 . .
= / dt'(ky + A(t'))* + / dt'(ky + A(t'))?
0 to
2

=(n+3)7T (kf+ &

2%) + 2D4(1), (7.15)

where the first part is the same as was found in Eq. (7.6), and we have
introduced @y = ti‘)JrT/Q dt'ks - A(ty). With this observation, we can
calculate the second part of the transition matrix element the same way
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Chapter 7. Attosecond Pulse Trains

as was done in the previous section. We neglect the part of the phase
that is second order in the vector potential and perform the substitution
t—t—ty— (n+12)T

N/2-1

Ti(ty) = —i Yy e 'Grtle / dt T'P (kg + A(t + to +T/2)) fx (1)
n=0
;i [tHtot(nt1/2)T . ~
Xexp | o / dt'(ky + A(t'))?
x exp [—iEi(t + to + (n+ Y2)T) — iwx (t + (n + 1/2)T)] .
N/2—1
— —Z Z e*i(2n+].)¢X+i(n+1/2)T(k?f/2*Ei7wx)eiq)(to)+iq)2(t0)

n=0

X /dt TlB(Ef — g(t + to))fX(t)

X exp {z%?t — iEf A(to)t —iBit — iwxt| . (7.16)

We have used that A(t) is sinusoidal, such that A(t 4+ T/2) = —A(t)
to simplify the expressions. If we again assume that the variation in
the first Born matrix element is small, then we can perform the integral
analytically and we obtain

TH(ty) = —iei o) Ti®2(0) 1B (o A1) fx (7f kp- Aty) —wx — E;)
N/2—1 2
T
X E 2n+1 ( 7Ei7wx)) (717)

The sum is again the geometric series and can be evaluated in closed
form to give us the final expression

- ig(to)+iDy - T ko
TF(to) = —ie/ IR0 (B — A(tg)) fx (£ — ky - Alto) — wx — E)
2 _iN2gy — T — B — }
Xefz‘(f;bx %(— E; wx))eXp [ ! 2( Ox ( 2 wX)) .

(7.18)

This expression is to be compared to Eq. (7.13). First we note the
many similarities. The last fraction is identical for the two. It shows
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that the spectrum for the two pulses per laser period is again a series
of lines, separated by the fundamental photon frequency. The fact that
two attosecond pulses per optical cycle corresponds to only every second
of the harmonics is not seen until we add the two terms and look at the
relative phase between the contributions

exp | i (20x - <’“2 — B —wx))]

—i(20x — T(% —E —WX))}
x [T (s + Alto)) fx (5 + Ry - Alto) — wx — By)

sz‘(to) = —ze (
exp

l—l

Tk
7(3 ~Fi-wx)) (7.19)

Ty — Afto) (S — - Alto) — oy — )]

+eiq’2(to) —i(px—

This is the final expression for the transition matrix element for a pulse
train with two attosecond pulses per laser period. The fraction in front
of the expression has maxima whenever

(20x — T(% — By —wy)) =2k, k integer. (7.20)

This is the same condition as for the case with only one cycle per optical
period, meaning that the fraction is non-zero at each of the harmonics,
both odd and even. The difference is in the final term. In the limit
A(t) — 0 when there is no laser field on, we find that the two terms
exactly cancel for every second of the maxima. The surviving peaks
are separated by twice the laser frequency, but whether it is the odd
harmonics is determined by the relative phase between the attosecond
pulses, ¢x. We will refer to the field-free peaks as the odd harmonics
and those that vanish for A(t) — 0 as the even harmonics.

Examples of calculated photoelectron spectra are shown in Fig. 7.2.
The spectra are to be compared with those presented in Fig. 7.1. The
top two spectra are for a weak laser field corresponding to an intensity
of 2 x 10 W/cm?, while the bottom spectra are for the same field
strength as in Fig. 7.1, corresponding to 2 x 1011 W /cm?.

For only two pulses in the train we see that the train characteristics
are not yet clear. There is neither a clear oscillatory signal as in the
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Figure 7.2 | Photoelectron emission spectra for 2 attosecond pulses per optical cycle of
the laser field. The two figures in the top are for laser intensity, I = 2 x 10'°W /cm?, while
the two bottom figures are for I = 2 x 101'W/cm?. The two figures to the left are for
N = 2 pulses in the pulse train, while the two figures to the right are for N = 8.

one-pulse case, nor clear odd and even harmonics. For 8 pulses and the
weak field (top right figure) we clearly see that half of the lines are quite
strong and the other half is a lot weaker and the strength oscillates as a
function of the delay. For a stronger field, the whole thing becomes a lot
more messy. The signal is still periodic with the periodicity of twice the
laser field, but the odd and even harmonics are of comparable strength.

7.4 Strength of the Even Harmonics

We now look at a scenario for time-resolved measurements and for pulse
train characterisation, known as Reconstruction of Attosecond Beating
By Interference of Two-photon Transitions (RABBITT)[18, 21|. We
calculate the strength of the even harmonics and show that this will
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oscillate with the relative phase between the attosecond pulse train and
the fundamental laser field. When the delay between the pulse train and
the laser field is varied, these oscillations may be used for time-resolved
measurements similar to the streaking signal.

The even harmonics satisfy that
2

k
€_¢(¢X_%(7f—Ei—wx)) =1, (7.21)

such that the two terms in the square parenthesis in Eq. (7.19) can-
cel for vanishing laser field. The typical fields used in the RABBITT
experiments are weaker than what is used in streaking experiments, typ-
ically 101 — 10" W/cm?. We can write the intensity ratio of the even
harmonic to the neighbouring odd harmonics, |S|* as

1 _ eiq)g(to)—f—i@(to) 1 _ ei@g(to)-ﬁ-i@(to)

S = T ammren 5 ) (7.22)
where we have introduced
— — ~ k2 — —
T (kp — Alto)) fx (5 — ky - Alto) —wx — E;) £i(©(to) 1O (t0)) _ i®(t0)
= = ~ )2 = = ~ - :
T'5(ky + A(to)) fx (5 + Ky - A(to) — wx — E)
(7.23)

©4 is the part originating from the ratio of the first Born matrix el-
ements and is related to the atomic structure, while O is the part
originating from the attosecond pulses and is related to the pulse train.
[f there is an energy dependent phase of the first Born matrix element,
then the energy-derivative of this phase is associated with the Wigner
time-delay as discussed in Sec. 5.2. Similarly, if there is an energy de-
pendent phase in the Fourier transform of the attosecond pulses, fX,
this will give rise to a similar temporal delay as we shall see now. We
look at the strength of the even harmonic and assume that both ®5(%)
and O(ty) are small, since the laser field is weak. We find

—i(Pa(to) + O(to))
5 ,

S ~ (7.24)

where

—

to+7/2 B . L, <l
(I)Q(to) = / dt/ kf . A(to) = -2 fw;'c:() SiH(WLt() + Qb) (725)
to L

75



Chapter 7. Attosecond Pulse Trains

If we assume that the phase of the first Born matrix element varies
linearly with energy, like in Sec. 5.2, we find

1. 1 2 7 1 2 .
¢104(00) _ xp Z-Od(kf — A(to))” iOé(kf +A{)" | _ o i2ak - Alto)
2 2

(7.26)
or o =
S 2k - &

OAlto) = —2ak; - Alty) = % cos(wrto + &). (7.27)

L

Similarly, if the phase of the attosecond pulse varies linearly with the
frequency, we find that

_ZBEf‘éE)

WL

Ou(te) = =28k - A(to) cos(wrto + ). (7.28)
Adding these contributions we find that the oscillations in the strength
of the even harmonics will follow
kr-&
S = =2 — (sin(wrty + ¢) + wr(a + B) cos(wrty + @))
L

o< sin(wrpty+ ¢+ Ax+ Ap), (7.29)

where Ay = arctan(wpa)/wy and Ay = arctan(wrf)/wr. Eq. (7.29)
is the main result of this section. The strength of the even harmonics,
|S|%, oscillates with the angular frequency 2wy and a phase determined
by the phase of the laser field and the sum of the atomic and harmonic
phase, A4 and Ag. In this strong-field model, the atomic phase is es-
sentially the Wigner time delay, which was also discussed in the context
of streaking experiments in Sec. 5.2.

If we use the same pulse train to ionise from two different initial
states, then the harmonic phase is the same for the two different sets of
emitted electrons. In this way we are able to measure the Wigner time-
delay directly. This was done in Ref. [9], where the delay between elec-
trons emitted from the 3s and 3p shells in atomic argon was measured.
In that work, shifts on the order of tens to a hundred asec was found,
with the emission delay being measured at different energies through
the use of different even sidebands. The delays were explained through
a combination of Wigner time-delay and the Coulomb-laser coupling
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mehcanism, which was also discussed earlier, in Sec. 5.3. Time-resolved
measurements using the RABBITT technique, similar to the streaking
technique, measures the phase of the laser field mapped onto the elec-
tron distribution. These phase measurements are sensitive to quite a
lot of subtle effects and the RABBITT measurements are equally sen-
sitive to polarisation effects and Coulomb-laser coupling effects as the
streaking measurements are.

7.5 Frequency-Domain Approach to
RABBITT

It is worth noting that a lot of work have been done on the RABBITT
scheme and that most has been done in the frequency-domain, with quite
a different approach from what was presented in the previous sections.
In the frequency-domain, the attosecond pulse train is described by a
series of odd harmonics from the fundamental laser field. A final state
with energy corresponding to one of the even harmonics can be reached
either through absorption of the lower harmonic and a photon from the
laser field or through absorption of the higher harmonic and emission of
a photon into the laser field. This is shown in Fig. 7.3.

In a photon picture the intensity in the even 2nwj; band is re-
lated to the harmonic phase of the harmonic components (2n — 1)wy,
and (2n 4+ 1)wy. The atomic phase is similarly related to the ion-
isation matrix elements describing the continuum at these harmonic
components|[18, 55|. This is in contrast to what was seen in the previ-
ous section, where the atomic and harmonic phase were related to the
structure of the continuum and the Fourier transform of the attosecond
pulses near the final state, 2nwy, only. It is clear that the harmonic
phase can be compensated for when performing time-resolved measure-
ments, when photoelectrons from two different channels are ionised by
the same train of attosecond pulses. The harmonic phase introduced in
both measurements using the same pulse train is identical and has no
influence on the phase-difference, which is thus related to the atomic
phase.
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Figure 7.3 | Schematic representation of the two different pathways leading to the final
state with energy corresponding the even harmonic, 2nwy .
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Chapter

8

Laser Assisted Photoelectric
Effect

In the previous sections we have shown how a combination of an attosec-
ond pulse and a laser field may be used for time-resolved measurements.
In streaking experiments the key is to use an attosecond pulse which is
shorter than the optical period of the laser field, in order to release all
of the electrons at the same phase of the laser field and give the elec-
trons a characteristic momentum kick. In this chapter we will discuss
how longer XUV pulses in combination with an assisting laser field can
be used for time-resolved measurements|23, 32, 33, 57]. When using
long pulses, the signal is not a mapping of the phase of the laser pulse,
but only the envelope. This means that the temporal resolution is deter-
mined by the laser envelope and is thus not as good as for streaking. On
the other hand, the laser assisted photoelectric effect (LAPE) technique
1s not sensitive to phase effects.

8.1 Modelling the Laser Assisted
Photoelectric Effect

The electric field is given by

Et) = & () sin(wrt + ) (8.1)
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and we assume that the duration of the pulse is long, such that the
variation of the envelope is very slow compared to the oscillations of
the carrier wave. We can then calculate the phase in the Volkov wave
function in Eq. (2.5) analytically. We neglect the terms of the order £2
and find

1 7 T o k2 .Ef . L%(t) _
2y exp |i(ky+ A(t)) -7 —i5 — zw—% sin(wrt + ¢)

(8.2)
Functions of the type () can be expanded in terms of Bessel func-
tions of integer order[58] and we find

keEgt) . °© k 3
eil fw%O sin(wpt+¢) _ Z e—in(th+¢)Jn (W) . (83)
n=-—0oo wL

This expansion allows us to calculate the transition amplitude for ioni-
sation by an XUV pulse in the presence of an assisting laser field, when
the duration of the XUV pulse is longer than the optical period of the
assisting laser field. We calculate the transition matrix element as

Tyi(ty) ~ —i/dt(llff(ﬁt)WX(F,t—t0)|\IfZ-('F,t)>

= —i Z /dtTlB K+ A()) fx(t — to) ] <—];f€0(t)>
wr

n=—oo

X exp [zg +in(wit + @) — it — dwy(t — to)] . (8.4)

If the vector potential is small compared to the final state momen-
tum, ky > A(t), then we can neglect the vector potential dependence
in the first Born matrix element. If we furthermore assume that the
change in the laser envelope is negligible over the duration of the XUV

pulse, then the time integral in Eq. (8.4) is just the Fourier transform
of the XUV pulse.

B P = kr - Eo(to)
Ty = —iT B (k i@alt) g [ 200 — B, —
ji= =T P (k) Y ™00 2 Fr (5 ner wx),

n=—oo

(8.5)
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where ®,,(ty) = k—jto +n(wrto+¢) — Eity is a phase which is unimportant
for long, spectrally narrow XUV pulses, where the different peaks do not
interfere. If the duration of the XUV pulse is longer than the optical
period of the assisting laser field, then the spectral width of the pulse
may be less than the laser frequency. In that case, the spectrum from
Eq. (8.5) gives a series of peaks in the energy spectrum of the electrons,
centred around ,

EfzgszJrEi—nwL (86)

and the relative strength of the peaks is

Ty (ﬁé(to)) , (8.7)

wr,

where n runs through all the integers[59]. For small arguments, z, the
Bessel functions satisfy that J,(z) ~ (¢/2)"/T'(n + 1)[58]. In this case
only a few terms n = 0, 1, £2 are important in the expansion.

The result is approximately true as long as the envelope of the laser
pulse does not vary significantly over an optical period of the laser field
or over the duration of the XUV pulse. The criterion for the validity of
the approximation that the sidebands depend only on the envelope of the
laser field is that the duration of the laser pulse is long compared to both
the optical period and the duration of the XUV pulse, 77 > 27/w,, Tx.
The magnitude of the first sidebands n = +1 is then given by

— — — - 2
ky-&o(t ky-&(t
Pi= <f<>>%<f2<>> e

For weak laser pulses this is the only significant band. Eq. (8.8)
shows that the intensity of the sideband is proportinal to the instanta-
neous intensity of the laser pulse at the time of ionisation.

8.2 LAPE for Time-Resolved
Measurements

As is seen from Eq. (8.8), the intensity of the first sideband is an in-
dication of the time that the electron was released into the continuum,
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similarly to the streaking spectra used in the previous chapters for time-
resolved measurements. If an electron is liberated with a delay, At, the
magnitude of the sideband should instead follow go(to + At). If we have
two different ionisation channels, the sidebands from the two channels
would be shifted in time, if there is a delay in one of the channels|23].
For pulses of finite length, the accurate retrieval is not as simple, as the
signal is a convolution of the XUV and the laser pulse|23, 57|, but still,
the delay can be measured directly in the time-domain.

In Fig. 8.1 we present an example of the photoelectron spectrum.
The laser pulse is centred around 800 nm wavelength and is 10 opti-
cal periods or 25 fs FWHM. The intensity is 3.2 x 10 W/cm?. The
XUV pulse is centred around 91 eV and has a duration corresponding
to 2 optical periods of the laser field. The binding energy of the initial
state is 13.6 eV. The photoelectron spectrum is plotted on a logarith-
mic scale to enhance the rather weak first and second sidebands. To
better use the colour scale, everything below 107'Y has been given the
same colour. The spectrum is calculated by numerical integration of
Eq. (8.4), without assuming that the laser pulse is much longer than the
XUV pulse.
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Figure 8.1 | Photoelectron spectrum in the LAPE regime. The laser intensity is 3.2 x 10*°
W /cm? and the pulse durations are 25 fs FWHM for the laser pulse and 5 fs for the XUV
pulse.
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Fig. 8.2 is a vertical intersect through Fig. 8.1 for ¢y = 0, presented
on a linear scale. The height of the first sideband is only 7% of the
height of the central peak, but the total area under the sideband peak is
9% of the total volume. This is because even the 10 cycle laser pulse is
short enough to introduce some broadening in the sidebands, such that
these are wider than the central peak. The ratio of the area under the
peaks is to be compared with the result found in Eq. (8.8). The estimate
found from the Bessel function in Eq. (8.8) is 11% and the first order
approximation to the Bessel function also shown in Eq. (8.8) gives 13%.
This shows that the long pulse limit is not a good approximation and
that the Taylor expansion is not accurate, even for the relatively weak
laser pulse considered here.
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Figure 8.2 | Photoelectron distribution at ty = 0 when the overlap between the XUV
and the laser pulse is maximal. The height of the first sideband is only 7%.

LAPE has recently been demonstrated from metal surfaces|[60, 61|
and the LAPE technique has also been used to measure the Auger life-
time of xenon atoms adsorbed onto a platinum surface|23, 57]. The
lifetime was found to be 741 fs in good agreement with results for free
atoms. In the experiment, a laser pulse with a duration of 35 fs in com-
bination with an XUV pulse of undetermined duration on the order 6 fs
was used to get the required temporal resolution. In order to get even
better temporal resolution and be able to resolve delays on the order 1
fs, it may be necessary to push the duration of the pulses down to a few
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optical periods. We have calculated the photoelectron spectrum from
the conduction band in a metal using the jellium model presented in
Sec. 3.2, for a short laser pulse with only 3 optical cycles and an XUV
pulse with a duration of only 1 laser optical cycle. The result is shown
in Fig. 8.3.
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Figure 8.3 | Electron emission from a jellium surface for a laser pulse with a central
wavelength of 800 nm and a peak intensity of 3.2 x 10! W/cm? and an XUV pulse
with a central photon energy of 90 eV. The first sideband can be seen as the shoulder to
the contribution from the main peak. The laser pulse length is 3 optical cycles and the
duration of the XUV pulse equals a single laser optical cycle.

To see how far one can push the temporal resolution, we have calcu-
lated the magnitude of the first sideband to the main peak for different
laser pulse durations. The result is shown in Fig. 8.4.

The sidebands form even for very short laser pulses, showing that
the technique can be pushed quite far with respect to the temporal res-
olution. The sidebands are almost fully developed for pulse durations
longer than 10 optical cycles. When there is a competition between
having a measurable sideband for signal and a short pulse duration for
temporal resolution, it is advantageous to move to pulse lengths of 10
optical cycles or even shorter. As can be seen from Eq. (8.8), it may also
be advantageous to move to longer wavelengths, because the strength
of the signal scales approximately as A\*. This enhancement has been
observed experimentally[62], but comes with the cost that longer wave-
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Figure 8.4 | Magnitude of the first sideband compared to the laser-field-free photopeak
as a function of the duration of the laser pulse in optical cycles. The laser is centered
around 800 nm and has a peak intensity of 3.2 x 101 W/cm?. The full increasing curve is
a result of a fully time-dependent calculation within the jellium model. The two horizontal
lines are the long pulse limits, given by Eq. (8.8), the full being the Bessel function and
the dashed line the Taylor expansion.

lengths leads to longer laser pulses and hence worse temporal resolution.
Another work has shown that the sidebands from a Bloch-like surface
state (similar to what was studied in Sec. 3.3) are enhanced[57], making
the laser-assisted photoelectric effect more attractive when working with
surfaces, because a lower intensity is needed and fewer ATT electrons are
released.
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Chapter

9

Attosecond Absorption
Spectroscopy

In absorption spectroscopy the measured signal is the back-action of
the target system onto the electromagnetic field. Very recently, exper-
iments have been performed where the signal is the frequency resolved
absorption of the attosecond pulse[12-14] rather than the ion produc-
tion or the photoelectron distribution. In this chapter we will set up a
time-domain formulation of the absorption. Though one has to be very
careful when discussing time and frequency simultaneously, we discuss
how frequency-resolved absorption spectroscopy can be used to make
time-resolved measurements even on the attosecond time scale.

9.1 Time-Domain Theory for Absorption
Spectroscopy

Ideally, calculating the back-action of the target onto the electromag-
netic field requires a full quantum mechanical treatment of the target
as well as the electromagnetic field. Since this is a formidable task, we
settle for a semi-classical model, where we solve the classical Maxwell
wave equation approximately for the electromagnetic field while treating
the target quantum mechanically. This procedure allows us to obtain an
expression for the time- and position-dependent electromagnetic field,
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which is related to the measured absorption spectrum in a simple man-
ner (see Eq. (9.5) below).
The Maxwell wave equation for the electric field, &, reads

1 0%\ =, _ At 0% =
(V2 — g@) E(ryt) = ?@P(T’t)’ (9.1)

where c is the speed of light and ]3(77, t) is the induced polarisation in
the target. In atomic units, we use ¢ = o' ~ 137 for the speed of light
in Eq. (9.1) instead of the fine structure constant.

To allow for an analytical solution, we impose a series of approxima-
tions. First we assume that the electric field is a pulse propagating in the
x-direction and that it is sufficiently wide in the transverse directions to
neglect the 8‘9—; and g—; terms. A more restrictive approximation is that
the target is very thin, such that we may neglect any propagation or
phase-matching effects by treating the target as a point potential. With
these approximations, the Maxwell equation reduces to

2 1 0%\ - 47t 0% -
(35— o) €)= 5 2P, 92)

where 0(x) is a Dirac delta function. If we assume that the incoming
field is a pulse propagating in the positive z-direction and split the
electric field into the incoming and the generated fields, the solution to
this equation is

Elz,t) = &, (t . %) Eren (2, 1), (9.3)
where
Eoon (1) = —27” [@(:c)%ﬁ (t - %) + @(—x)%ﬁ (t + %)} (9.4)

as can be seen by insertion. Here O(z) is the Heaviside step function,
which is 1 for z > 0 and 0 elsewhere.

The signal in the absorption experiment is the frequency-resolved
electromagnetic field at a given position, x > 0, after the pulse has
passed through the target. The spectrum of interest may be expressed

as
2

S(w) o ‘ / dt ¢“'E(z,1) (9.5)
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If we introduce the expression from Eq. (9.3) into this expression for the
signal, we find three terms

S(@) ox |G|+ 2Re (E1(w) - Eunle)) + | Ein()]

: (9.6)

where the Fourier transform of the incoming field is given by

£ (w) = / dt '€ (1), (9.7)

The Fourier transform of the generated field due to the induced polari-
sation is given by

" 27 it 0 =
Egen(w) = - dt e taP(t) (9.8)

2mw1

- / dt ¢t P(t). (9.9)

C

Here we assume that the polarisation vanishes for ¢ — 400 due to
relaxation and use the fact that the integration over all times allows us
to make a coordinate transformation and eliminate the x dependence.

From the above equations we see that what is left in order to de-
termine the spectrum is to find a way of calculating the polarisation,
]3(75) For a gas of atomic or molecular targets, the polarisation may be
written as

P(t) = nl(D(t)), (9.10)

where n is the density of the target, [ is the length and (D(t)) is the ex-
pectation value of the atomic or molecular dipole moment. We calculate
the expectation value of the dipole moment from a quantum mechanical
model describing the interaction of the incoming laser pulses with the
target, assuming that the generated electric field is too weak to influece
the induced dipole moment.

In this formulation it is clear that the signal in short-pulse, e.g., at-
tosecond absorption spectroscopy does not only originate from the times
when the incoming electric field is non-vanishing. The integration over
time, needed for the frequency-resolved signal, will pick up contribu-
tions over the entire lifetime of the polarisation signal. For attosecond
spectroscopy this latter lifetime will typically be determined by system-
dependent relaxation processes such as radiative or Auger decay and
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will often be much longer than the duration of the pulses involved. The
long temporal integration time is the reason why it is possible, also
in attosecond absorption spectroscopy, to obtain a frequency-resolution
much better than the Fourier limit related to the duration of the pulse.
Here we formulate the problem in the time-domain as opposed to
the more standard treatment in the frequency-domain [63-65]. The for-
mulation in the time-domain is natural for studying many dynamical
problems. The typical experimental setup is a pump — probe scenario
with two laser pulses. The present formulation readily describes situa-
tions where the pump and the probe pulse overlap in time or when the
probe pulse preceeds the pump pulse as was the case in Ref. [13].

9.2 Atomic Response

We need to calculate the expectation value of the time-dependent dipole
moment

N
(D(t)) = (¥(t)| Zﬁ-\‘ll(t)% (9.11)

where we have neglected any nuclear contribution. We consider the
Hamiltonian

H = Hy+ Vi(t) + Va(t — o), (9.12)

where H( denotes the field-free Hamiltonian, V; the interaction with the
pump pulse, and V5 the interaction with the probe pulse. The laser-atom
interaction is in the length-gauge dipole approximation, V;(t) = D.&;(t)
(1=1,2),and D, = Zf\il z; 1s the dipole operator. We stress the fact,
that the probe pulse described by V5 arrives with a variable delay, ¢y,
relative to the pump pulse.

The many-body wave function is expressed in an essential state ex-
pansion

(1) = co®)|0) + ) cu(t)e EEN ot r)

+ 3 G te i EE ), (9.13)
b,s
where |0) = |[{abc...n}) denotes the Slater determinant of orbitals for

the ground state of the neutral atom. The sum over a runs through all
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of the states accessible by single photon ionisation from the first (pump)
pulse. The sum over r or s runs through all of the accessible continuum
states and the sum over b runs through all of the core states that are
accessible by the second (probe) pulse promoting an electron into one
of the hole states. In Eq. (9.13) we have suppressed the integral over
the continua associated with r, s for notational convenience. The state
la=t, r) denotes that in which an electron from one orbital a has been
removed and excited to orbital . Similar for the state [b™1, s).

We first consider the experiment described in Refs. [12, 65]. An
intense laser pulse is used to remove a valence electron from atomic
krypton. The 4p valence electrons are split into two fine-structure levels
4py, and 4psj, separated by 0.7 €V, and the hole is created in a su-
perposition of the two states. After the intense laser pulse is over an
attosecond pulse is sent onto the krypton ions. The attosecond pulse
can promote an electron from the 3d core states to the 4p hole. The
energy diagram is shown in Fig. 9.1.

_  4p,,: 14.2eV
4p | —/———= 452 1490V
4s | — 4s,,: 26.5eV
3d | ——— 3d5/2: 95.5eV

3d,,,: 96.8eV

3 | 3p,,: 215.8eV
P |——— 3p,, 223.4eV

Figure 9.1 | Binding energies for the least bound states in atomic krypton (Z=36). The
binding energies are calculated in a Dirac-Fock framework by Eva Lindroth.

In the essential state expansion, Eq. (9.13), the sum over a runs
through the 4p states, and the sum over b runs through the 3d states.
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If we consider only £, > 71, where 7 is the duration of the laser pulse
and we treat the interaction with the attosecond pulse in first-order
perturbation theory, then ¢ (t) = ¢} is constant in time. We determine
the coefficients for the core hole states as

t
i3 [t et o) BB E B D Ja ),
a,r

(9.14)
Since D, = Zf\il z; 18 a sum of single-particle operators, the Slater-
Condon rules allows us to reduce the many-body matrix elements to
single-electron integrals, (b1, s|D.|la™t,r) = (a|z|b)d, s, where we have
used that a sum of single-particle operators may change the state of only
one electron[66]. Introducing the Slater-Condon rules in Eq. (9.14) we
arrive at

t
a(t) = —i ) _cialz[b) / dt' E(t' — tg)e!FamE0) (9.15)
= — Z CZ<CL|Z|b>€0’2€i(Ea_Eb)tOf2(Ea — Eb — wX) t > to.

a

In the final result we have assumed that the attosecond pulse is much
faster than any other time scale involved and that we can perform the
integral over all of the pulse for ¢ > ty. For t <ty there is no population
in the core states and ¢j(¢) = 0. Turning to the time-dependent dipole
moment, we find

(D.(t)) = > cp(t)cp(t)e' = a]2[b) + c.c. (9.16)
a,b,r
= —ifyy » e ' Fr B (b]z]a’) (alz|b)
a,a’,b,r

Xefz‘(Ea,—Eb)ton(Ea — B, —wx) +cc.,

where the last expression again is only for ¢ > t;. The core state has a
finite lifetime due to autoionisation, which we can model by introducing
an imaginary part to the energy as E, — Ej — 1;”, where 17 is the
decay rate of the state b. Performing the Fourier transform to find the
absorption signal, we neglect the complex conjugate part since it has

a variation in time as e “Fa=E0) which corresponds to emission of a
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photon with frequency E, — Fj, when the system is excited. The dipole
moment in the frequency domain is

D.(w) = &pa Y _ cyich(blzla’)(alz[b) (9.17)
a,a’,b,r
ei(Ea—Eq)to B
E,— E,—wyx), (9.18
XwX+Eb—in/2—Eaf2( b WX) ( )

which is to be introduced into Egs. (9.9) and (9.6) in order to obtain
the signal. We assume that the generated signal is much weaker than
the incoming attosecond pulse and keep only the term that is first order
in the generated signal

2mwnl

() o 2Re (i7" 0)D.(0))

_ 47rwnl8021 ( Z i (b|z|a'){a|z|b)e!

i(Bq—E,to

c wx + Ep — il'v/2 —

/
a,a’,b,r

xf;(wa)fQ(EaEwa)) (9.19)

The result found here is identical to what was found in Refs. [12, 65],
except for the fact that they have introduced the reduced density matrix

Paa = Z crer. (9.20)

r

The result in Eq. (9.18) shows that even if the lifetime of the co-
herence introduced through the absorption of the attosecond pulse is
much longer than the duration of the pulse, attosecond absorption spec-
troscopy can still be used to make time-resolved measurements with a
precision determined by the duration of the pulse. In this case, the
absorption signal oscillates with a frequency determined by e/(Fe—Eu)to,
where the energy difference between the two valence states is 0.7 eV.
These oscillations, with a period of 6.3 fs, can be resolved even though
the absorption process is determined by the much longer lifetime of
the 3d state. The absorption lines corresponding to the different fine-

structure levels can also be separated because the width of the lines is
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determined by the lifetime of the coherence (in this case the 3d state)
and not the duration of the attosecond pulse. Probing the oscillations in
Eq. (9.19) gives access to the relative phase between the 4p./, and 4ps,
parts of the valence hole and in that sense the oscillations show how the
valence hole changes in time as |4p.,) +[4ps,) and |4pyy,) — |[4psp,) have
different spatial forms.

9.2.1 Absorption Spectroscopy with Two
Attosecond Pulses

We now consider the case where two attosecond pulses are used in a
transient absorption experiment. In the previous case, an intense laser
pulse was used to set up a superposition state by coherently ionising
from two valence states. The attosecond pulse was used to subsequently
probe the evolution of the created state. The first attosecond pulse is
used to ionise atomic krypton and the second attosecond pulse with
a different central frequency can then drive a transition from a core
level to the hole created by the first pulse. We present two examples
of attosecond absorption spectroscopy schemes used to study the hole
formation and the hole evolution in krypton atoms. We refer to a state
that is created by the pump pulse as a hole state and a state from which
the probe pulse may promote an electron into the hole state as a core
state. In the first example the hole states are the 4p states and the
core states are the 3d states. In the other example we consider a hole
in the 4s or 3d states and probe it through the coupling to the 3p core
states. The relevant states in krypton are shown in Fig. 9.1, along with
the calculated binding energy for each of the states. The advantage
with switching to two attosecond pulses, instead of a longer pulse in
combination with an attosecond pulse, is that you can probe not only
the evolution of the hole after the creation, but also the creation of
the hole on the attosecond time-scale[67]. The creation of the hole is
determined by the first laser pulse, but theoretical works show that the
reorganisation of the electrons also leads to a response to the ionisation
on the attosecond time-scale[68|. Currently, however, the intensity of
the attosecond pulses is too low for attosecond pump — attosecond probe
experiments.
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We consider the same Hamiltonian as in Eq. (9.12) and the same
essential state expansion as in Eq. (9.13). We suggest a pump-probe
scheme with two attosecond pulses, which sets some restrictions. We
assume that the pulses are sufficiently weak that we may treat the in-
teraction in lowest-order perturbation theory and that the probe pulse
is weaker than the pump pulse such that we can neglect any ionisation
due to the probe pulse that induces transitions between bound states.
The population in the core states due to the ionisation by the pump
pulse followed by excitation by the probe pulse is proportional to V7 V5,
whereas the ionisation and excitation by the probe pulse is proportional
to V2. To be able to use the pump-probe scheme, we need the first term
to dominate, V; > V5, since the second part does not hold any infor-
mation about the evolution that occurs in the time in-between the two
pulses. Assuming that V; dominates, we neglect the ionisation due to V5,
which leads to the following equations for the coefficients in Eq. (9.13)

Co(t) =1
) = —i / dt’ & (1" e ErEdY (1] 2| a) (9.21)

a

t
G = =iy / 4t Ex(t! — to)c2 (#)e BB (g 2|b).

We have used the Slater-Condon rules to reduce the many-body ma-
trix elements to single electron integrals, similar to what was done in
Eq. (9.15). After both pulses are over, the time-evolution of the dipole
moment is trivial as none of the expansion coefficients change. To pro-
ceed, we will make approximations allowing us to calculate the time
integrals in the above expressions analytically. First we assume that the
duration of the attosecond pulses is shorter than the coherence lifetimes
and the Auger lifetimes of the states involved. We need to calculate

D.(w) = / dt et (D. (1)), (9.22)

with
(D.() = cp(t) ch(t)e P alz|b) + c.c. (9.23)
a,b,r
If the attosecond pulses are both very short, then most of the contribu-
tion to the integral in Eq. (9.22) comes from after both pulses are over.

04



Absorption Spectroscopy with Two Attosecond Pulses

To be able to reproduce some of the subtle effects like in Refs. [67, 68] it
may be advantageous to do numerical integration of Eq. (9.22) to catch
all of the very short lived effects. Here we take an analytical approach.
If we assume that the pulses have sine-squared envelopes

Eit) = &, sin’ (7;) cos(wjt), (9.24)
7

then we can analytically integrate the coefficients in Eq. (9.21) up to
a time 7 > max(7y,ty + 72) after which both pulses are over and the
coefficients are constant. In Eq. (9.24), 6_'672' is the peak electrical field
strength, 7; is the duration of the pulse (with the FWHM 7pwmyi =

7;/2) and w; is the central frequency.
Once the coefficients ¢ (7) and ¢j(7) are determined at a time 7

after the pulses are over, the full evaluation of the absorption spectrum
is easily calculated from Egs. (9.9)-(9.22)

- 2mw | =

Egen(W) = nlD(w), (9.25)
c
with
D(w) = / dt e (D(t)) (9.26)
= ) _c(r)cy(r){al=b)
a,b,r
% = dteiwte—i(Ea—Eb)te—%(t—to)

to

= iy a(r) e, (r){alzlb)

a,b,r

o~ (Ea—Ep—w)to

o — By —itg —w

Here we have introduced I';, = Ta’bl, with 7, the lifetime of the coherence
between the states a and b. We approximate this coherence lifetime
with the Auger lifetime of the shorter living core state. The complex
conjugate part in Eq. (9.23) has been discarded, since it does not have
any contribution in the frequency range of interest for absorption.

If the hole state a has a finite lifetime, we may again model this by
adding an imaginary part to the energy, £, — E, — z% Assuming that
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this lifetime is much longer than the duration of the attosecond pulses,
we can introduce it directly into Eq. (9.26).

We assume that the lifetime is much longer than the lifetime of the
coherence with the core states b and note that the lifetime of the hole
state enters into both the coefficient ¢ (¢) and ¢j(¢), such that at the

arrival of the probe pulse, c,(ty) has decreased to ca(to)e_%. Since

cp(t) is determined by c,(ty) (see Eq. (9.21)) it too will be reduced by
the same factor. The fact that the hole may decay before the probe
pulse arrives leads to a damping in the core state population. The final
expression for the induced electric field then reads

. 27TCU (Ea—Eb—w—iFa)tQ

Egen :——l L e (alz|b) : 9.27
) = == S el e (02D

a,b,r

where we have dropped the 7 dependence on the coefficients to lighten
the notation.

The result in Eq. (9.27) corresponds to a series of absorption peaks,
centred at the difference between the hole and the core states, £, — Ej.
The strength of the peaks is determined by a summation (integration)
over all of the possible final states of the ionised electron, a.

9.3 Attosecond Absorption Spectroscopy in
Krypton

In this section we present two examples of absorption spectra calculated
from the theory presented above. Both examples are for atomic krypton,
but we consider two different pairs of attosecond pulses and hence two
different sets of hole and core states.

9.3.1 Atomic Parameters

The binding energies, the dipole matrix elements and the Auger rates
for the relevant states in krypton are calculated by Eva Lindroth from
Stockholm University. The methods used are presented in Refs. [69-
71]. The fully relativistic calculations are done with the Hartree-Fock
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Table 9.1 | Binding energies of the relevant states in krypton. All results are in eV.

3p12 332 3dze 3ds;p 4sip Apie 4ps)e
223.43 215.82 96.78 95.45 26.53 14.86 14.18

method in the framework of the Dirac equations. The binding energies
of the electronic states are listed in Table 9.1.

The dipole matrix elements are needed to determine the transition
probabilities for promoting a core electron to a hole. According to the
Wigner-Eckart theorem, the dipole matrix elements can be factored into
a geometrical part and a reduced matrix element as

| | e 1 o
(i | 2 ) = (<177 (I 03 ) o 71 )
(9.28)

where j and m are the angular momentum quantum numbers of the
involved orbitals. The label v just indicates other specifications of the
state. The reduced matrix element contains all information about the
radial overlap and is independent of the m-values. We list the reduced
matrix elements, (Yoja || 7 || VoJs), as calculated within the Dirac-Fock
approximation, for all the involved orbitals in Table 9.2.

The 4s level is bound by less than twice the binding energy of the
4ps /o valence electrons and cannot autoionise. All of the n = 3 states
are however above the threshold for autoionisation. Eva Lindroth has
calculated both the Auger rates and the spontaneous radiative decay
rates for the core states. The Auger rates are completely dominating,
with the radiative lifetimes being several picoseconds and the Auger
lifetimes being only a fraction of a femtosecond to a few femtoseconds.
The Auger lifetimes are listed in Table 9.3.

The final atomic parameters needed in the model are the coupling
strengths of the hole states to the continuum. We find the continuum
states by solving a non-relativistic Schrodinger equation with a local
potential constructed from the relativistic Dirac-Fock electron density.
The continuum states are solved in a radial box of range 200 a.u. In
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Table 9.2 | Reduced dipole matrix elements determining the transition rates between the
different core and hole states in krypton. The results are in atomic units.

<3d3/2 || 7] 3p1/2> -0.601
(3dss2 || 7 ]| 3p3ja) 0.271
(3dss2 || 7[| 3ps/2) -0.817
<431/2 | 7] 3p1/2> -0.118
(4s1/2 || T[] 3ps2) -0.183
<4p1/2 | 7] 3d3/2> -0.258
(4ps || 7] 3d3)2) -0.110
(Apsy2 || 71| 3ds)2) -0.337
<4p1/2 | 7] 451/2> 1.378
(Apg/a || 7| 451)2) -1.953

Table 9.3 | Auger transition lifetimes in krypton. The lifetimes are related to the tran-
sition rates through I' = 771, All results are in fs.

3p12 3p3e 3dzp 3ds)
0.66 0.61 13.3 128

Fig. 9.2 the radial dipole matrix elements

Tap = /000 dr ¢o(1)rdp(r) (9.29)

are shown. For a given electron continuum energy, the matrix elements
entering the calculation are obtained from the radial dipole matrix ele-
ments by multiplying the appropriate angular factors.

9.3.2 lonisation from the 4p Level and Coupling to
3d

To address the hole in the 4p valence shell, we use a pump pulse with a
central frequency of w; = 50 eV and a duration 7 = 450 asec. The probe
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Figure 9.2 | (Left) The radial dipole matrix element between the 4p states in krypton
and the s-wave continuum (blue curve) or the d-wave continuum (red curve). The overlaps
are calculated for the 4p;_; /o and 4p;_3/, states. The radial difference in these states is
very small and the difference in the matrix elements cannot be seen on the scale of the
figure. (Right) The radial dipole matrix element between the 4s state in krypton and
the p-wave continuum (blue curve) and the overlap between the 3d-states and the p-wave
continuum (red curve) or the f-wave continuum (black curve).

pulse is centred at wy = 81 eV appropriate for the coupling of the 3d and
4p states and its duration is the same as the pump pulse, 7o = 7 = 450
asec. The duration of the pulses ensures that they are so spectrally
narrow that the pump pulse cannot drive the 3d-4p—transition by itself.
The strength of the pulses gives an overall scaling of the strength of the
signal and the intensity is kept such that both pulses lead to interactions
that are in the perturbative regime. Furthermore, we keep the intensity
of the second pulse such that it induces bound-bound transitions, but
sufficiently weak that we may ignore ionisation due to this pulse. The
radial dipole moment is also much bigger at continuum electron energies
around 35 eV than for kinetic energies around 65 eV (see Fig. 9.2), which
is the kinetic energy of electrons ionised by the probe pulse. The spectral
profiles of the two pulses are shown in Fig. 9.3.

We construct the signal from Eq. (9.6) by subtracting the contribu-
tion from the incoming field and by considering only the dominant term.
The spectrum reads

S(to, w) o Re (g?;(w) - Egen(w)) , (9.30)

where t; denotes the relative delay between the pulses. In a measure-
ment, the contribution to the spectrum from the incoming field may be
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Figure 9.3 | Spectral profiles of the two attosecond pulses (in arbitrary units). The
photon energy of the pump pulse, centred at 50 eV, is insufficient to drive the transitions
from the 3d core levels to the 4p valence holes, which are just above 80 eV. The intensity
of the probe pulse, centred at 81 €V, is insufficient to cause ionisation of the system.

subtracted by recording the absorption spectrum when the probe pulse
precedes the pump pulse by a sufficiently long time that there is no over-
lap in the signals from the two pulses. The generated field is calculated
from Eq. (9.27). The absorption spectrum is plotted in Fig. 9.4 as a
function of the relative delay between the pump and the probe pulse.
While the coefficients are calculated for the sine-squared envelope of the
field, the field is assumed to be Gaussian in the plots of the spectrum
to avoid any artificial tails extended to frequencies far from the central
one.

In the spectrum, three lines are seen as originating from the 3d to
4p transitions, since the fourth possible line from the 3ds/,, — 4py/s is
forbidden by dipole selection rules. In the right part of Fig. 9.4 the
signal at the centre of the three lines is plotted. The strongest line is
from the 3ds/o — 4p3/2, which can be understood from the fact that the
most electrons are involved here, with six electrons in the 3ds/, states
and four in the 4p3/,. The line shows no oscillations since there is only
one way to populate each of the two states involved, as the 3ds/, may
only be populated via the 4p3/ hole state.

Turning to the absorption line at 81.9 eV corresponding to the 3dz/» —
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Figure 9.4 | (Left) Normalised absorption spectrum for holes in the 4p valence shell.
The spectrum shows three lines at 81.3eV, 81.9eV and 82.6eV corresponding to the
3ds2 — 4pzje, 3d3/2 — 4pyjp and 3ds;y — 4pgs, transitions. (Right) Horizontal in-
tersects through the lines. The lines are 3ds/; — 4pg)o(red), 3d3/s — 4py/o(blue) and
3dz/y — 4pg/s(green).

4py/» transition, we find that this is weaker and that it shows oscil-
lations with a period of 6.2 fs, corresponding to an energy difference
AFE = 2% = 0.68 eV, which is exactly the difference between the two 4p
states. The oscillations in the absorption line originate from the popu-
lation of the core hole caq, . A hole in 3ds3/y can be created through two
different channels, either via an intermediate 4p; /o hole or via a 4p3/»
hole, cf. Egs. (9.21). These two channels may interfere either construc-
tively or destructively, depending on the delay between the two pulses,
because the time-evolution of the intermediate states is different:

ng3/2 = —<4p1/2‘z‘3d3/2> /dtl(c/_‘;(t/ . to)ei(E4p1/2_E3d3/2)t/
><<7n|'z|4pl/2> /dt/é(t/)ei(ErE4pl/2)t/ (9_31)
—(4p3/2|2(3d3/2) /dtlg(t/ — to)ei(E“”B/fESdsm)t/

><<7"|Z|4p3/2>/dt/‘C/_';(t/)ei(Er_E4p3/2)t/.

A summation over the magnetic substates is implied. The oscillations in
Fig. 9.4 are due to the second pulse being centred at ¢y and the integral
acquiring a phase eZ(E4”j_E3d3/2)t0, which is different for the two terms in

Eq. (9.31). Similarly to the experiment with strong-field ionisation|12],

101



Chapter 9. Attosecond Absorption Spectroscopy

in this perturbative regime we may think of the pump pulse as setting
up a coherent superposition in the 4p valence shell. The superposition
is either interfering constructively or destructively as we promote a 3d
core electron to the valence hole. The dominant term goes via the 4p; /9
state and gives rise to the constant background in the signal, while the
oscillations are due to the 4ps/, pathway.

For the weakest of the absorption lines, the 3ds/, — 4pg, line at
82.6 eV, the oscillations are still due to the two different pathways to
the 3ds/, state and still the pathway via 4p; /o 1s dominant. This is not
as obvious at it may sound, as different final states may contribute to
the total signal through the sum(integral) over the free electron states,
see Eq. (9.27). Since the time-evolution of the two 4p states is different,
the pathway via the 4py » state leads to oscillations that are now greater
than the constant signal originating from the 4p3/» pathway. This means
that the absorption may actually be negative at some delays, that is,
the generated field will add constructively to the incoming field.

Absorption spectroscopy with attosecond pump — attosecond probe
pulses allows us to study the hole formation on a very short time scale
by comparing the build-up of the absorption signal as the pulses overlap.
Zooming in on only the area where the two pulses overlap, we are able to
temporally resolve the hole formation on an attosecond timescale. This
is shown in Fig. 9.5.
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Figure 9.5 | Focusing only on the times when the two pulses overlap, we may resolve
the build-up of the holes on an attosecond timescale. The left panel shows the absorption
spectrum and the right panel shows the absorption for the three lines, normalised at ty = 0.
The lines are the same as in Fig. 9.4.
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In our model, we include no relaxation effects in the ion, treating
the electrons as independent within the Hartree-Fock approximation.
Hence, what we see as the build-up of the holes is mostly determined
by the temporal profile of the two pulses involved. If many-electron
effects are at play and give rise to a delay in the hole formation on the
attosecond time-scale, the method proposed here might be able to reveal
differences in the formation time by showing a delay between the rise
of the absorption curves or short time oscillations in the absorption|67,
68]. The differences seen in the right panel in Fig. 9.5 are due to the
interference between the different channels. The reason is the same as
that for the oscillations in Fig. 9.4. No correlation effects are included
in the construction of the time-dependent wave functions in this work.

9.3.3 lonisation from the 3d Level and Coupling to
3p

Perhaps a more interesting case to study is when the pump pulse removes
an inner-shell electron and the probe pulse then promotes a core electron
to the hole. As an example, we propose using an attosecond pulse to
remove an electron from the krypton 3d shell and then promote a 3p
electron into the 3d hole. In this example, we furthermore require that
the probe pulse spectrally is broad, such that it may also drive the
transition from the 3p to the 4s state.

We calculate the absorption spectrum for a pump pulse centred at
wi; = 100 eV and with a slightly longer duration of 7, = 750 asec such
that it is spectrally narrower and does not populate the Rydberg states
in the krypton atom. The probe pulse is centred at wy = 160 eV and
has a duration of 75 = 100 asec, which makes is spectrally broad enough
to drive both the 3p — 3d and the 3p — 4s transitions. Again, we use
a sine-squared envelope for the calculations of the atomic coefficients
in Eq. (9.21), but a Gaussian pulse when plotting the spectra from the
second term in Eq. (9.6) to avoid the tails of the pulse.

In Fig. 9.6 the absorption spectra as well as the absorption at the
centre of the lines are plotted. Turning first to the 3p — 3d lines (top
panel), we see that the finite lifetime of the 3d state now leads to a
decrease of the signal as the probe pulse is delayed with respect to
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Figure 9.6 | Absorption spectra calculated for the set of pulses tuned to drive the tran-
sitions from the 3p level. The top spectra show the lines corresponding to the 3d levels
and the bottom spectra are for the 4s level. The left figures are the full spectra and the
right figures show the intersects at the centre of the absorption lines. Notice that the set
of parameters mean that the absorption at the 3p — 4s lines is two orders of magnitude
weaker than the 3p — 3d lines.

the pump pulse. Similarly to the first example, there are two different
pathways to populate the 3ps/, state, leading to interference between
the channels and oscillations in the signal. This gives access to a direct
time-domain measurement of both the lifetime of the 3d levels and the
lifetime of the coherence in the 3d levels, through the decay of the signal
and the decay of the oscillations. In our model the decay of the coherence
is determined by the decay of the population, but the two may be on
different time-scales. The lifefime of the 3d states is 13.3 fs for the 3d3/,
state and 12.8 fs for the 3dsq/o.

The 4s state (bottom panel in Fig. 9.6) is below the Auger threshold
and is expected to live very long. The lifetime due to spontaneous
radiative decay is ~ 500 ps. With the choice of pump pulse aimed at
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the 3d level, however, it is very sparsely populated and hence the signal
is very weak. The decay in the absorption line, i.e. the decrease in the
absolute signal, is the tail of the 3p to 3d transitions which extend even
to these much higher energies. The signal from the 4s level is at about
1 % of the signal from the major lines.

The response to the removal of a krypton 3p electron was studied in
[68], where it was shown that multielectron effects give rise to oscillations
in the hole occupation on a 100 asec timescale. Multielectron effects are
not included in our work, but the method presented here, should be
able to resolve these, especially if the pump pulse is shorter than what
is considered here. Our work gives an experimental protocol to test the
response of the atom on an attosecond timescale.
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10

High-order Harmonic
Spectroscopy

High-order harmonic generation (HHG) is often described in the three-
step model[24] where the picture is that an electron in an atom or
molecule is ionised, the electron travels in the continuum, and returns
two-thirds of an optical period later to recombine with the parent ion.
The structure of the high-order harmonic spectrum holds signatures of
the evolution of the atomic or molecular ion while the electron is in
the continuum, since the recombination process depends on the current
state of the ion at the time of return. High-order harmonic specstroscopy
has been used to probe the molecular structure|72, 73], the evolution of
the electronic hole[74, 75], the molecular rearragement from the neutral
ground state to the ionic|76, 77|, and for tomographic reconstruction of
the atomic or molecular orbital|78, 79].

The high-order harmonic spectrum usually consists of the odd har-
monics of the fundamental laser field used to drive the HHG. The spec-
trum has a rapid drop-off for the low-order harmonics followed by a
plateau of harmonics with close to equal amplitude ending in a rapid
cut-off determined by the binding energy of the active electron and the
laser intensity. The overall strength of the signal depends crucially on
phase-matching conditions and the macrosopic propagation through the
target medium, but models based on just a single atom or molecule can
often describe a lot of the physics at play. The characteristic signals one
looks for in the spectra are extension of the cut-off or the strength and
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position of dips or bumps in the plateau region. The generated high-
order harmonic radiation is calculated from the Fourier transform of the
time-dependent atomic or molecular dipole moment, the dipole velocity
or the dipole acceleration. Based on the arguments already presented
in Sec. 9.1 we argue that the high-order harmonic signal relates directly
to the Fourier transform of the dipole velocity.

10.1 On the Choice of Form in HHG
Calculations
The question we address here is how the high-order harmonic spectrum

is related to the response calculated from a single atom or molecule.
Does it relate directly to the dipole (D.),

Saip(w ‘/ dt{¥(t)|D.|¥(t))e | : (10.1)
the dipole velocity (D)
00 . ' 2
~ ‘ / 4t (U (1) D)0 (#)) e | (10.2)
or the dipole acceleration (
Sl | / awolb e o

for a pump linearly polarised along z direction and a system described
by [W(t))? This question was addressed in Ref. [80], where the HHG
spectrum was related to the norm-squared of the Fourier transform of
the dipole acceleration. Also Refs. [81-83] related the HHG spectrum to
the dipole acceleration. In a more recent work[84], however, a quantum-
electrodynamical approach was taken and results corresponding to the
ones of Ref. [80] were obtained except that the spectrum was shown to
relate naturally to the dipole velocity. Currently, there is no consensus
in the literature of what quantity to calculate in order to predict the har-
monic spectrum generated by a single atom or molecule. For example,

107



Chapter 10. High-order Harmonic Spectroscopy

in Refs. [85-87| the harmonic signal is calculated as the norm squared of
the Fourier transform of the time-dependent dipole (Eq. (10.1)), while
in Refs. [88-92| the spectrum is calculated as the norm squared of the
Fourier transform of the time-dependent dipole acceleration (Eq. (10.3)).

In our analytical approach, we consider an incoming light pulse
Ein(t — x/c) propagating in the x direction and linearly polarised along
the z direction. We place the atom or molecule at the origin. The funda-
mental field will induce a dipole in the quantum system and harmonics
will be generated as described by an additional field Egen (2, ). The re-
sulting total electric field is denoted by £(z,t). At a fixed observation
point after the atom or molecule the spectral distribution function S(w)
is given by (see, for example, Ref. [93])

/ dt £ (t)e™!

o

1 2

~ 4r?

S(w) = [E@)P (10.4)

We are interested in the high-order harmonics and the fundamen-
tal, incoming field has no frequency components at the frequencies of
interest. Hence, only the generated electric field contributes and

S(@) = [Egenw) (10.5)

We now refer back to Sec. 9.1 and particularly Eq. (9.9) which tells us
that the generated electric field is proportional to the dipole velocity.
We find

5@ = 2|,

, (10.6)

showing that Eq. (10.2) is the correct choice of form for HHG calcula-
tions.

We now consider the relation of the spectrum to the formulation
with the dipole and the dipole acceleration forms. If we assume that
at large negative and positive times, that is long before and after the
pulse, D.(t) = 0 and D, (t) = 0 (see Refs. [83, 94, 95] for more general
cases), partial integration gives

D.(w) = —iwD,(w) (10.7)
and

' D(w). (10.8)

(4
W

Dz(w) =
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Signal [arbitrary units]

10 20 30 40
Harmonic order

Figure 10.1 | High-order harmonic spectrum from hydrogen as a function of harmonic
order for a 3 cycle pulse at a wavelength of 800 nm and an intensity of 3 x 103 W /cm?.
The full curve shows log;o(](D.(w)|?), which is the signal up to trivial constants (see
Eq. (10.6)) based on the velocity dipole form and is taken from reference [94]. The dashed
curve shows logyo(w?|(D.(w)|?) which corresponds to the acceleration form, Eq. (10.3),
and finally the dotted curve shows log;o(|(Ds(w)|?/w?), which corresponds to the dipole
form, Eq. (10.1). The curves have been scaled to the first peak in the spectrum of the full
curve.

The corresponding spectra are obtained from Eq. (10.6), as

S(w) = D), (10.9)
A2 . )
S(w) = D) (10.10)

Of particular interest here is the scaling with w. Clearly, if the dipole ac-
celeration as in Eq. (10.3) was taken as the fundamental form, one would
obtain a different scaling with harmonic frequency w in Eqgs. (10.6),
(10.9), and (10.10). In that case, the dipole velocity would be multiplied
by w? and the dipole form by w?*, which is the underlying assumption
in early works [80-83|. In other words, the way the spectra decrease
as a function of w depends on which form is taken as the fundamental
reference from which to derive the spectra based on the other forms.
Fig. 10.1 illustrates this point. In the figure, the HHG spectrum
for hydrogen is considered as a function of harmonic order for a 3 cycle
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pulse with a sine-squared envelope for the vector potential, a central
wavelength of 800 nm, and a peak intensity of 3 x 10 W/cm?. The
full curve, taken from reference [94], shows log;(|(D.(w)|?), which is
the signal up to trivial constants (see Eq. (10.6)) based on the velocity
dipole form. As shown above, this is the form that relates directly to
the field generated from a single atom or molecule. If erroneously the
acceleration form of Eq. (10.3) were taken as the fundamental reference
form, Eq. (10.8) would predict the result log,,(w?|(D.(w)|?) shown by
the dashed curve. Finally, if — again by error — the dipole form of
Eq. (10.1) were taken as the reference, Eq. (10.7) would predict the
result log;o(|(D.(w)[?/w?) shown by the dotted curve in Fig. 10.1. As
seen from the figure the dashed and the dotted curves generally differ
from the correct full curve and in particular, they respectively over and
under estimate the signal at harmonic high orders. Another consequence
of the different scaling of the three forms is a change in minima positions
and structures in the HHG spectra from molecules. Such minima may
result from a destructive interference when the electron recombines after
its excursion in the continuum. The position of the minima reflects
the atomic positions at the instant of recombination as predicted [96]
and observed [97, 98]. In Fig. 10.2 we illustrate the behaviour of the
minimum in different forms. While the minimum is present in the case
of the acceleration (dashed curve) and the velocity (full curve) form, the
minimum has almost disappeared in the case of the dipole length form
(dotted curve).

It is important to note that our aim here is to describe the single-
system response and to set a standard for the choice of reference form
when presenting theoretical HHG spectra. As discussed in the intro-
duction, many calculations of high-order harmonic spectra are indeed
carried out for single systems and the results of many HHG experiments
are interpreted in terms of the single-system response. This approach
is clearly an approximation since the full description of HHG requires
inclusion of propagation through the medium, phase-matching effects,
and absorption [99]. Other works have focused on these aspects and
propagation effects may be very important depending on the experi-
mental conditions. For example substantial efforts have been put into
the calculation of macroscopic effects on the HHG spectrum|[100-102],
the influence on the generation of attosecond pulses[103, 104| and also
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Figure 10.2 | Smoothed high-order harmonic spectrum for the hydrogen molecular ion
for a 10 cycle pulse at 780 nm and peak intensity of 5 x 10" Wem™2. The dashed curve is

the acceleration form result log;,(|(D.(w)|?) taken from [96]. The full curve is the result
with the velocity dipole form, logy(|(D.(w)[?/w?), and the dotted curve is the result of
the dipole form, log;o(|(D,(w)|?/w*). The arrow indicates the position of the minimum
at the 43rd harmonic as predicted by the acceleration form.

to investigate the effects of propagation on more delicate structures such
as the Cooper minimum in argon [105|. In view of these works it is clear
that no spectrum obtained by considering a single system can capture
the full macroscopic response.
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Conclusion and Outlook

Attosecond physics is to a very high extend being driven forward by
the advances in laser technology and optics. The first attosecond pulses
were produced in the laboratory only a decade ago and the evolution
has been very rapid ever since. In this work we have studied some appli-
cations of the attosecond pulses in time-resolved measurements. Since
the attosecond pulses are weak, most experiments are performed using
a combination of an attosecond pulse and a more intense femtosecond
laser pulse. This is the case with the streaking measurements and the
RABBITT technique for attosecond pulse trains. The challenge is that
the intense laser pulse is not only probing the system, but also perturb-
ing the system. The interpretation is not straight forward in terms of
what is the temporal delay of interest and what are the shifts in the
spectrum introduced by the measurement technique? The work pre-
sented here builds on analytical models and tries to identify some of the
caveats and see how these effect the measurements.

Especially when it comes to the more complex systems, like the tung-
sten surface, there is a need for more data. Several models are proposed
and all of them can seemingly reproduce the one number that is the rel-
ative delay measured in the experiment|6]. In this work, we presented
one way of modelling the metal surface with a jellium model for the
conduction band and a Bloch wave of localised electronic states for the
core states, but these models do not include the Coulomb shifts or any
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atomic effects. For smaller systems like atoms or molecules, numerical
experiments may also be able to provide more data and provide the
understanding that is needed in order to understand the more complex
systems. We have also presented modelling of how the photoelectron
distribution from a train of attosecond pulses in combination with the
fundamental laser field can be used to perform time-resolved measure-
ments. The RABBITT technique is in many ways very similar to the
streaking technique and many of the same problems with interpreting a
phase-delay in the spectrum as a temporal delay exist for the RABBITT
measurement. The LAPE technique is not phase resolved and is in that
sense perhaps more robust to some of the very subtle effects that affect
the measurements, but the price to pay is a lower temporal resolution.

Finally, we have looked at attosecond absorption spectroscopy, where
the signal is the absorption of the attosecond pulse instead of the emitted
electrons. We have made a simple formulation of the absorption signal
from the Maxwell wave equation and related the absorption signal to the
expectation value of the dipole velocity, which can be calculated from
quantum mechanical models. Absorption spectroscopy might be the
easiest route towards attosecond pump — attosecond probe spectroscopy,
as opposed to the streaking measurements where the probe is an intense
femtosecond laser field. We have presented two examples of absorption
spectra where two attosecond pulses are used as the pump and the probe.
With attosecond pump — attosecond probe it will be possible to probe
the formation of holes on the attosecond time-scale and perhaps see the
rearrangement of the electron cloud which has been theoretically shown
to be on the attosecond time-scale. Another advantage moving to the
attosecond pump — attosecond probe is that the pulses involved will
be weaker and the perturbation of the system will be smaller. In that
sense, it will be easier to extract quantities that are system dependent
without disturbing the system with the probe. A spin-off from studying
the absorption process has been that we have been able to make some
comments regarding high-order harmonic generation and show that the
harmonic spectrum from a single atom or molecule is proportional to
the norm-square of the dipole velocity.
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11.1 OQOutlook

One of the great opportunities and challenges in strong-field physics and
in ultrafast time-resolved measurements is the free electron lasers (FEL)
that are currently starting to produce data at LCLS in Stanford and is
being built at XFEL in Hamburg. The free electron lasers provide very
high intensity in the ultraviolet to x-ray part of the electromagnetic
spectrum and the new FEL sources are working hard to provide very
short pulse durations, as short as a single femtosecond. Some of the
very short pulse durations are reached using attosecond pulses to seed
the FEL. It is a challenge to measure the characteristics of the FEL
laser pulses just as it is difficult to measure the characteristics of the
attosecond pulses. Techniques like the FROG-CRAB has been widely
applied here and may also be useful for characterising the FEL pulses.
The FROG-CRAB is however built on the strong-field approximation
and more accurate modelling including for example the Coulomb poten-
tial might be able to provide a more accurate reconstruction for both
attosecond pulses and for use with FEL.

All of the models presented in this work are based on the single-
active-electron approximation, while other studies have shown that in-
teresting many-electron dynamics take place on an attosecond time-
scale. It would be very interesting to be able to treat many-electron
physics in the modelling and see the effect it has on the measured streak-
ing spectra and what signatures we should look for in order to study
the many-electron relaxation that takes place following ionisation. This
also leads to the perhaps most interesting question in attosecond physics;
can we see how the electron cloud rearranges prior to the nuclear rear-
rangement in a chemical reaction or can we even control the electronic
rearrangement and by that control the chemical reaction?

In attosecond absorption spectroscopy it is clear that we have made
a very crude model. We include no macroscopic propagation effects and
no phase matching in the target. Including propagation effects in the
model will lead to a better understanding of how to relate the measured
absorption spectra to those calculated from a single atom or molecule.
It will also be very interesting to calculate the atomic or molecular
response more accurately for a many-electron system to see if the re-
laxation dynamics is visible in the absorption spectra and especially to
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see how far we have to push the attosecond pulses in terms of duration
and central photon energy before we can resolve the dynamics. The at-
tosecond pulses needed are still not available in the laboratory, but the
experimental progress is very rapid. It might not be very long before
such experiments can be performed.
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Dansk resumeé

Den naturlige tidsskala for elektroners bevaegelse i atomer og molekyler
er attosekundtidsskalaen, hvor 1 attosekund er 107'® sekund (en mil-
liardnedel af en milliardnedel af et sekund!). Ved hjelp af en teknik
kendt som hgj-harmonisk generation er det muligt at lave laserpulser,
hvor varigheden er omkring 100 attosekunder. Disse kan bruges til at
lave ekstremt hurtige tidsoplgste malinger.

Attosekundpulser er sa korte at man kan oplgse svingningerne i det
elektriske felt fra infrargdt laserlys. Man kan ved hjeelp af en teknik
kendt som attosekundstreaking direkte male svingningerne i feltet og
udnytte samme teknik til at se hvornar en elektron er blevet revet fri.
Pa denne made har man kunnet se hvor lang tid det tager en elektron at
slippe ud fra en metaloverflade og endda hvor hurtigt en elektron bliver
revet fri fra et neon atom. Eksperimenter har vist at der er 21 attosekun-
ders forskel pa hvor hurtigt elektroner bliver revet ud af to forskellige
tilstande i neon, kendt som 2s og 2p. I denne athandling praesenteres
modeller for hvordan denne type tidsoplgste malinger kan laves og hvor-
dan man kan fortolke resultaterne. Vi studerer ogsa hvordan et tog af
attosekundpulser med en fast afstand kan bruges til at lave tidsoplgste
malinger og hvad man kan ggre med lidt leengere pulser der ikke kan
oplgse svingningerne for infrargdt lys. Alle disse teknikker bygger pa at
sende en attosekund puls ind pa det system man vil studere sammen
med laserlys og sa variere forsinkelsen mellem attosekundpulsen og ly-
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set. Det signal man studerer er energifordelingen af de elektroner der
pa grund af attosekundpulsen bliver revet lgs fra systemet og derefter
bliver pavirket af det laserlyset.

Et alternativ er igen at sende to pulser ind pa at system, men sa
se pa absorptionen af den ene puls som funktion af forsinkelsen. Nar
en af pulserne har attosekund varighed er dette kendt som attosekund
absorptionsspektroskopi. Absorptionen athsenger af praecis hvilken til-
stand systemet er i nar attosekund pulsen rammer det, men ogsa af hvor-
dan systemet udvikler sig efter pulsen har veeret der. I denne athandling
formulerer vi en model for hvordan man kan beregne absorptionssignalet
ved at se pa hvordan systemet udvikler sig i tiden.
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