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Preface
The present thesis is based on my work as a PhD student during the last four
years at the University of Aarhus under supervision of Lars Bojer Madsen and
Michael Drewsen. The goal of the project has been to develop cooling schemes
for the internal degrees of freedom of translationally cold molecular ions in
traps. While the project is theoretical, a close connection to the experimental
group have been maintained throughout. As a result, the developed cooling
schemes have been reconsidered several times and continuously modified to facilitate experimental realization. As a student, it has been very interesting to
work on the borderline of theory and experiment and I certainly feel that I have
learned important things by the interplay and that the final result is better than
it would have been without cooperation with experimental group.
Ivan Storgaard Vogelius
August, 2005
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Abstract
Dansk resumé. Laserkøling af atomer har gennem de seneste 20 år ført til en
mængde spændende resultater og en opblomstring af nye forskningsområder
som f.eks. kvantecomputere. Med baggrund i denne succes er det naturligt
at undersøge mulighederne for at laserkøle molekyler. Grundet molekylers
komplekse indre struktur er det imidlertid ikke muligt direkte at overføre de
atomare kølingsskemaer til molekyler. I denne afhandling undersøges mulighederne for at køle molekylære ioner. Den eksterne bevægelse af molekylære
ioner kan køles relativt let ved at fange dem sammen med kolde atomare ioner,
men molekylerne vil fortsat rotere og vibrere. I afhandlingen afdækkes et antal
eksperimentelt attraktive metoder til at køle og kontrollere den rotationelle og
vibrationelle bevægelse af sådanne molekylioner.
Laser cooling of atoms has been the subject of intense investigation during
the last two decades. The new experimental possibilities have led to new research areas, such as quantum logic, and initiated renewed interest in atomic
physics in general. The large impact of laser cooling was recognized with the
Nobel Prize in 1997 to Steven Chu, Claude Cohen-Tannoudji, and William D.
Phillips for development of methods to cool and trap atoms with laser light, and later,
in 2001, Eric A. Cornell, Wolfgang Ketterle, and Carl E. Wieman were awarded
the price for the achievement of Bose-Einstein condensation in dilute gases of alkali
atoms, and for early fundamental studies of the properties of the condensates.
With the success of laser cooling of atoms in mind, it is natural to consider
possibilities for applying laser cooling techniques to molecules. Unfortunately,
the complex rotational and vibrational structure of molecules prevents the direct application of the laser cooling techniques developed for atoms. In this thesis, possibilities for cooling and controlling molecular ions are considered. The
strength of the Coulomb interaction results in highly effective sympathetic cooling of the translational degrees of freedom of molecular ions that are trapped
in an environment with laser cooled atomic ions. It turns out that the rotational and vibrational degrees of freedom of such translationally cooled molecular ions remain unaffected by the sympathetic cooling. In the thesis, a number
of schemes to cool the rotational degrees of freedom of molecular ions are presented and a scheme for state-specific preparation of a molecular ion by projection measurement is proposed. It is shown that cooling and projection measurement of a large number of molecular ion species is experimentally feasible.
xi

1
Introduction to the Thesis
CHAPTER

Powerful techniques for manipulating, cooling and trapping atoms have recently paved the way for extremely detailed investigations of atomic physics
phenomena, as well as been essential ingredients in the development of research
fields such as atom optics [1], physics of trapped condensed dilute gases [2] and
quantum information [3]. Such powerful techniques have not yet been established for molecules, but the field is presently experiencing increased interest
and many promising approaches are being investigated.
Although molecules are routinely cooled internally and translationally in supersonic expanded beams [4], their high average translational velocities (∼ 100
- 1000 m/s) limit this method to experiments requiring only short interaction
times. Effective methods to cool and trap molecules are therefore highly desired. Unfortunately, molecules are more difficult to cool than atoms due to
the absence of closed optical pumping cycles. However, several different routes
for obtaining cold molecules have been investigated [5–7], but so-far only a few
methods have been sufficiently simple to have allowed for experimental demonstration. These schemes include production of cold molecules from an ultracold
cloud of atoms using a tunable Feshbach resonance [8–12] or photoassociation
[13, 14], cooling by collision with a low temperature buffer gas [7, 15], and deceleration and trapping of polar molecules by electric fields [16–22]. One of the
most important results have been achievement of Bose-Einstein condensates of
weakly bound molecules [23–27], which sparked a wealth of investigations of
the crossover between Bardeen-Cooper-Schreiffer (BCS)-type superfluidity and
Bose-Einstein condensation [28–32].
Molecular ions constitute another class of molecules that are interesting to
cool and manipulate. Promising applications of cold, trapped molecular ions include investigations of collision and reaction dynamics at low temperature [33],
high-resolution spectroscopy [34], coherent control experiments [35], and state
specific reactions studies [36, 37]. For much of this research, long-term localized
and state-specific targets are highly desirable.
In this thesis we consider several ways to obtain such targets. We consider
trapped molecular ions sympathetically cooled by atomic ions [38, 39], where
1
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previous investigations show that molecular ions can be translationally cooled
to temperatures of a few mK, at which stage they become immobile and localize spatially in Coulomb crystal structures [38, 40]. Though these molecules
are translationally cold, studies indicate that the internal degrees of freedom
of at least smaller hetero-nuclear molecules, due to their interaction with the
black-body radiation (BBR), are close to be in equilibrium with the temperature
of the surroundings [41, 42]. This is not unexpected since the many order of
magnitude difference between the internal transitions frequencies in the molecule (& 1011 Hz) and the frequency of the collective vibrational modes in the
Coulomb crystals (. 107 Hz) leads to very inefficient coupling between these
degrees of freedom. In the thesis, several schemes for rotational cooling of such
translationally cold, but internally hot molecular ions are proposed. We consider realistic experimental constraints for the implementations of the schemes
and show that the schemes are feasible to implement with present day technology.

1.1

Outline of the Thesis

The thesis is organized as follows
Chapter 2. A short description of basic physics of trapped molecular ions
is presented. The chapter includes a brief discussion of the linear Paul trap,
used for trapping and cooling atomic and molecular ions. The structure and
dynamics of molecules is discussed and sympathetic cooling of molecular ions
in a trap is shown. Finally, the chapter ends with experimental data showing
that MgH+ is translationally cooled by simultaneously trapped and laser cooled
Mg+ , but the rotational temperature of the molecular ions remain unaffected by
sympathetic cooling.
Chapter 3. Schemes for cooling of the rotational degrees of freedom of translationally cooled molecular ions is presented. Numerical simulations show that
the schemes can cool the rotational degree of freedom of various diatomic heteronuclear molecular ions with 1 Σ electronic ground state. The schemes are
relatively simple and realistic experimental conditions are considered.
Chapter 4 The schemes of chapter 3 are extended to more complex electronic
ground states of heteronuclear molecular ions. It is shown that it is experimentally realistic to cool heteronuclear ions with various electronic ground states.
Chapter 5 The quantized motion of ions in a harmonic trap is discussed and
a formalism is developed allowing the calculation of motional transition matrix
elements. The chapter represents an intermezzo before novel schemes for cooling and manipulation of molecular ions is presented in the subsequent chapters.
Chapter 6 A method to cool the internal degrees of freedom of molecular ions without a dissipative process in the molecular ions is presented. The
scheme functions by coupling the internal state of the molecular ions and the
collective state of an atomic and molecular ion in a trap, thus allowing cooling of the molecular ion through the atomic cooling cycles. Since the cooling
2
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concept does not involve spontaneous decay in the molecule, it is largely independent of internal molecular structure and dynamics and may thus be applied
to molecules that cannot be cooled with the previous schemes, e.g. polyatomic
molecules.
Chapter 7 A method for state preparation of a molecular ion by projection
measurement is presented. The method is based on correlation of the internal
state of the molecular ion and the collective motional state of the two ion system.
Detection of the molecular states then proceeds by detection of the collective
motional state by the atomic shelving method. Numerical simulations are used
to demonstrate effective state preparation of a large number of rotational states
of MgH+ and the application to more complex molecules is considered.
Chapter 8 The results of the previous chapters are briefly summarized and
discussed and possible future work is considered.

3

2
Introduction to Cold,
Trapped Ions
CHAPTER

In this chapter some fundamental processes in quantum mechanics, trapping
and laser cooling is discussed. The focus is on the mechanisms necessary to gain
a basic understanding of trapping and cooling of charged atoms and molecules.
For a more concise discussion of the basic quantum mechanical concepts the
reader should consult standard quantum mechanics textbooks, e.g. the excellent
books by Griffith and Sakurai [43, 44].

2.1

The Harmonic Oscillator

The Hamiltonian for a particle with mass m in a harmonic oscillator potential of
frequency Ω is given by
H=

p2
1
+ mΩ2 x2
2m 2

(2.1)

The most elegant way of
qtreating this system is by operator methods. Define the

ladder operators a± =
relations

mΩ
√ p
2~ x∓i 2mΩ~ .

Using [x, p] = i~ we find the important

[a− , a+ ] = 1
1
H = ~Ω(a+ a− + )
2

(2.2)

Assume that |ni is an eigenfunction of H with energy E. Using only equation(2.2) we then find that a± |ni are also eigenfunctions of H with energy
E ± ~Ω. Now, since no eigenstate can have negative energy, we may fix the bottom of the spectrum |0i as the non-trivial eigenstate fulfilling a− |0i = 0. From
5
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equation (2.2) we find that H |0i = 21 ~Ω. The spectrum has then be derived
1
H |ni = ~Ω(n + ) |ni
2

(2.3)

The norm of a± |ni can be calculated directly using equation (2.2)
a+ |ni =
a− |ni =

2.2

√
√

n + 1 |n + 1i
n |n − 1i

(2.4)

A Two Level Atom Interacting with Light

Let us consider a two level atom obeying the Hamiltonian
Hatom = ωg |gi hg| + ωe |ei he| .

(2.5)

Assume that this two level atom is subject to an incident monochromatic plane
wave of frequency ω, E(r, t) = − 21 ˆE0 ei(k·r−ωt) + c.c. The interaction Hamiltonian, in the case of a moderate power near resonant field, is then given by
1
Hint = − E0 he| ˆ · r |gi e−iωt |ei hg| + h.c.,
2

(2.6)

where we have used the dipole approximation, eik·r ' 1 and applied the rotating wave approximation [RWA], which is valid for moderate intensity fields
[45].
Define the Rabi frequency ΩRabi = −eE0 he| ˆ · r |gi. By choosing an appropriate phase of |gi and |ei, one can absorb a possible complex phase of ΩRabi in
the wave functions, provided ˆE0 is constant. In the remainder of this thesis we
shall assume this has been done, implying that ΩRabi is real and positive. The
expression in equation (2.6) can thus be reduced to
1
1
Hint = −~ ΩRabi |ei hg| e−iωt − ~ ΩRabi |gi he| eiωt .
2
2

(2.7)

Choose the energy so ωg = 0 and ωe = ωge = ωe − ωg . The general atomic
wave function can be written |Ψi = cg |gi + ce |ei and the Schrödinger equation
is given by
 
 

1
d cg
ΩRabi eiωt cg
0
2
= −i 1
.
(2.8)
−iωt
ce
ωe
dt ce
2 ΩRabi e
Introducing ag (t) = cg (t) and ae (t) = ce (t)eiωt the above expression can be
rewritten as
 

 
1
d ag
ΩRabi ag
0
2
= −i 1
,
(2.9)
ae
∆
dt ae
2 ΩRabi
6
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1
∆ =0

0.9

∆=

0.8

0.5
Ω Rabi

0.7

0.5

Ω Ra
∆=

Pe (t)

0.6

0.4

bi

0.3
0.2
0.1
0
0

2

4

ΩRabi t

6

8

10

Figure 2.1: Population in |ei as function of time for three detunings. On resonance,
the population performs harmonic oscillations with frequency ΩRabi , while increasing detuning results in a higher frequency of Rabi oscillations, but lower amplitude.

where we defined the detuning ∆ = ω − ωeg . Equation(2.9) is solved by the
expressions [45]


∆
χt
χt
ag (t) = cos( ) + i sin( ) e−i∆t/2
2
χ
2


(2.10)
ΩRabi
χt
−i∆t/2
ae (t) = −i
sin( ) e
,
χ
2
q
where we introduced the off-resonant Rabi frequency χ = ∆2 + Ω2Rabi .
Assuming that the atom is in the ground state at time t = 0 we find the
population in the excited state as function of time to be
Pe (t) = |ae (t)|2 =

Ω2Rabi
χt
sin2 ( ).
2
χ
2

(2.11)

We immediately see, that the population performs harmonic oscillations - Rabi
oscillations - with frequency χ. Figure 2.1 shows the excited state population
against time for a number of detunings.
It should be emphasized that in applying the rotating wave approximation,
we assume moderate field strengths, as multi-photon transitions could otherwise be significant. If multi-photon transitions are significant, the theory developed by Shirley should be applied [46].
7
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Effect of spontaneous decay

In order to include the effect of spontaneous emission, we introduce the density
matrix, ρ [44, 45].

  ∗

cg cg cg c∗e
ρ11 ρ12
ρ=
=
.
(2.12)
ρ21 ρ22
ce c∗g ce c∗e
The equation of motion for the density matrix, with spontaneous decay from |ei
to |gi with rate Γ included, is given by [47, page 23] [45, page 205] (check)
i
dρ11
=Γρ22 + (Ωe−i∆t ρ12 − Ωei∆t ρ21 )
dt
2
dρ̃12
Γ
i
= − ( − i∆)ρ12 − Ωei∆t (ρ22 − ρ11 )
dt
2
2
(2.13)
Γ
i
dρ̃21
= − ( + i∆)ρ̃21 + Ωe−i∆t (ρ22 − ρ11 )
dt
2
2
i
dρ22
−i∆t
= − Γρ22 − (Ωe
ρ̃12 − Ωei∆t ρ21 ).
dt
2
Equation (2.13) generally has to be solved numerically. One finds that the solutions perform damped Rabi oscillations reaching steady state for t  Γ−1 . At
steady state (ρ̇ = 0) we find the excited state population
ρ22 =

∆2

Ω2 /4
s
=
,
+ Ω2 /2 + Γ2 /4
2(1 + s)

(2.14)

2

where we introduced the saturation parameter s = δ2Ω+Γ/2
2 /4 , illustrating the as1
ymptotic behavior ρ22 → 2 for Ω → ∞.
In steady state the spontaneous decay rate from the excited state, Γρ22 ,
equals the net excitation rate from the ground state, γ. Hence, a steady state
expression for the line profile is given by the power-broadened Lorentzian
γ=Γ

2.3

Ω2 /4
.
∆2 + Ω2 /2 + Γ2 /4

(2.15)

Elements of Molecular Physics

In this section, some general properties of molecules will be discussed with emphasis on the structure of internal energy levels and selection rules for radiative
transitions.
In this section, attention is given mostly to diatomic molecules, as they have
the simplest structure and are therefore more likely to be amenable for controlled manipulations. Some of the schemes to be considered later in this thesis
may, however, be used for polyatomic molecules, so such molecules will be considered briefly. Good sources for a basic understanding of the physics of both
diatomic and polyatomic molecules are [48–50], while the classics [51] and [52]
give more detailed accounts. For a thorough description of diatomic molecular
spectra in a more modern formalism, reference [53] is recommended.
8
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2.3.1 Structure of diatomic molecules
Neglecting spin-interactions, the Hamiltonian for a general diatomic molecule
with N electrons is:
H =−
+

N X
N
X ~2
X
X
Zj e2
~2 2
∇i −
∇2j −
2me
2Mj
4π0 |ri − Rj |
j=1,2
i=1 j=1,2
i=1

X
i<j

e2
Z1 Z2 e2
+
.
4π0 |ri − rj | 4π0 |R1 − R2 |

(2.16)

Here ri and Rj denote the position of the ith electron and the jth nucleus,
respectively, while ∇i and ∇j denote differentiation with respect to the corresponding coordinate. Similarly me , Mj and Zj denote the electron mass, the
mass of the jth nucleus, and the charge of the jth nucleus.
Since me  Mj we may apply the Born-Oppenheimer approximation, in
which the electronic wave function is assumed to adapt to the internuclear distance, R = R2 − R1 , instantly. The total molecular wave function Ψ(R, ri ) can
then be expanded on the complete set of electronic wave functions φk (R, ri )
solving the stationary Schrödinger equation for the electrons at fixed R. The
expansion coefficients are the nuclear wave functions
X
Ψ(R, ri ) =
F (R)φk (R, ri ).
(2.17)
k

As both wave functions in the expansion depend on R, the Schrödinger equation will contain a term 2∇R F (R)·∇R φk (R, ri ) preventing the separation of the
equation for the nuclear wave function. In the Born-Oppenheimer approximation this term is neglected, since |∇R φk (R, ri )|  |∇R F (R)| is typically fulfilled
close to the equilibrium internuclear distance, Re [48, 49]. A separated equation
for the nuclear wave function is then obtained

 2
~ 2
(2.18)
− ∇R + Es (R) − E F (R) = 0.
2µ
Here Es (R) is the eigenvalue of the electronic Hamiltonian at internuclear distance R, E is the total energy of the system and µ is the reduced mass of the
nuclei. To further simplify the problem, assume that the total angular momentum of the electrons is zero, which implies that Es (R) is spherically symmetric.
The well-known procedure for solving the radial wave equation for atoms may
s
(R)YN,MN (θ, φ), with YN,MN (θ, φ)
then be applied by writing Fs (R) = R−1 fν,N
being the spherical harmonics and ν the quantum number corresponding to vibrational motion - formally equivalent to the principal quantum number in the
atomic case. We use N to denote the rotational quanta, reserving J for coupled
s
angular momentum. An equation for fν,N
is then obtained


 2 2
~
d
N (N + 1)
s
−
−
+Es (R) − Es,ν,N fν,N
= 0.
(2.19)
2µ dR2
R2
9
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In the rigid rotator approximation this gives a rotational energy of Erot =
~2
2µRe2 N (N + 1) and 2N+1-fold degeneracy of each rotational state. The vibrational energy spectrum is found by expanding Es (R) around the minimum at
2
E(R)
|Re (R − Re )2 . Equation (2.19) is thus reduced
Re , Es (R) ' ES (Re ) + 12 d dR
2
to the equation of a harmonic oscillator and the vibrational
part of the energy
q
2

E(R)
spectrum takes the form Eν = ~ω(ν + 21 ) with ω = dµdR
2 |Re .
The results above give the basic features of the structure of diatomic molecules. The energy difference between electronic states dominate (typically in the
visible or ultraviolet range), followed by the vibrational structure with typical
energies on the order of thousands of cm−1 (infrared range) and, finally, the
rotational energies are the smallest, being on the order of tens of cm−1 (farinfrared or millimeter range). For the lighter species the vibrational energy
spacing will generally be large enough to secure that only the ground vibrational band will be populated if the molecules are in equilibrium with blackbody–radiation (BBR) at room temperature, while many rotational levels will
normally be populated. The main focus in this thesis is to present theoretical
schemes for controlling the ro-vibrational degrees of freedom in molecular ions
that are initially in equilibrium with BBR at room temperature.
To estimate the accuracy of the approximations involved, we note that the
harmonic approximation of the electronic potential is good at low values of ν
as such nuclear wave functions will only be significant close to Re , while the
rigid rotator approximation also requires a moderate N. These conditions will
typically be fulfilled if the molecules are in equilibrium with BBR. Hence, the
basic considerations presented here suffice to explain the essence of the cooling
schemes presented in the following chapters.

Substructure of the ro-vibrational spectrum
Interactions due to spin and possible nonzero electronic orbital angular momentum have so far been neglected. The effect of these interactions is considered in
more detail in chapter 4. Here, only a brief introduction is given.
The axial symmetry of diatomic molecules ensures the conservation of electronic angular momentum L along the internuclear axis, chosen to correspond
to the z-axis. Therefore, the eigenstates of the Hamiltonian can be characterized
by the total electronic spin s, the absolute projection of electronic angular momentum along the internuclear axis Λ and the eigenvalue of the operator of reflections in the XZ plane, denoted “+” or “-”. A notation imitating atomic spectroscopic notation is introduced by denoting the electronic state 2s+1 Λ± with
Greek letters Σ, Π, ∆, ... to represent Λ = 0, 1, 2, ....
Fortunately, the 1 Σ+ -state is a common electronic ground state in molecules,
and the discussion of molecular structure above remains valid, albeit a nonvanishing electric quadrupole contribution should be taken into account if one
or more of the nuclei has spin ≥ 1. Coupling of the remaining angular momenta
in the molecules will generally lead to a splitting in energy smaller than 1MHz,
10
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and may therefore be neglected compared to the typical bandwidth of a laser.
Molecular ions with the 1 Σ+ ground state include MgH+ and ArH+ , which will
be used to illustrate the cooling schemes in the forthcoming chapters, as they are
experimentally attractive for a first implementation of the cooling schemes. The
choice of these molecular ions will be further justified as the cooling schemes
are presented.
In the case of a 2s+1 Σ ground state with s > 0, for example encountered in
+
CO , a perturbation term of the type W = γS · N is present. Splittings of this
kind will often be large enough to require special attention when performing
optical pumping with lasers, although all substates may still be addressed by
using pulsed lasers due to their larger bandwidth. Similarly, the introduction
of states with Λ > 0 leads to a splitting of the ro-vibrational structure with a
magnitude that may vary significantly depending on the molecule.
In chapter 4, molecules in electronic substates different from 1 Σ+ are considered further. Again, the reader is referred to reference [53] for a discussion of
the finer details of the spectra of diatomic molecules.

2.3.2 Selection rules for radiative transitions
The radiative selection rules will be the cornerstone of any optical cooling
scheme. In the dipole approximation the transition amplitude is proportional
to the matrix elements of the dipole moment hΨα | D |Ψβ i , which gives the selection rule ∆N = ±1, ∆MN = 0, ±1, seen from conservation of angular momentum or by direct inspection. In the special case of homonuclear molecules,
all pure ro-vibrational transitions will be symmetry forbidden. As a result we
will see that only heteronuclear diatomic molecules are amenable for the cooling
schemes presented in chapters 3 and 4.
Turning to vibrational transitions, the transition strength will also depend
on the dipole matrix element, which may be expanded around Re ,
Iν,ν 0 ∝ hfν0 | D(R) |fν i ' hfν0 | D(Re ) +

dD
| (R − Re ) |fν i .
dR Re

(2.20)

The term involving D(Re ) vanishes due to the orthogonality of the vibrational
eigenfunctions, and applying the ladder operator technique on the harmonic oscillator eigenstates, |fν i, the selection rule for vibrational transitions, ∆ν = ±1,
is found. It should be emphasized that this selection rule is by no means strict
since the approximations involved are significant. Hence, ∆ν 6= ±1-transitions
do occur, but they are typically damped by an order of magnitude or more with
respect to the harmonically allowed ∆ν = ±1 transitions.

2.3.3 Polyatomic molecules
Polyatomic molecules will only be considered briefly in this thesis. For the
general polyatomic molecule cylindrical symmetry is broken, complicating the
analysis. Furthermore, several vibrational and rotational modes will be present,
11
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which implies a much richer ro-vibrational structure. As a result, cooling
schemes relying on spontaneous decay and selection rules within the molecule
will be hard to apply to polyatomic molecules. The cooling schemes presented
in chapters 3 and 4 rely on spontaneous decay within the molecule and are
therefore, at best, difficult to apply to polyatomic molecules 1) . The schemes
presented in chapter 6 and 7, on the other hand, do not involve spontaneous decay within the molecules and these schemes are thus more promising to apply
to polyatomic molecules.

2.4

Stimulated Raman Adiabatic Passage – STIRAP

We now turn to study an elegant technique for population transfer in a Λ type
system, i.e. a system with two metastable states, |1i and |3i, and one excited
state. The excited state, |2i, may be short lived, while |1i and |3i should have
longer lifetimes. The goal of the scheme is to transfer population from |1i to
|3i without loss of population, despite using a short-lived stat as intermediate
state. The scheme relies on the use of two lasers, a pump laser and a stokes laser,
of which the former is near-resonant with the transition |1i ↔ |2i with timedependent Rabi frequency Ωp and the latter is near-resonant with the transition
|3i ↔ |2i with time-dependent Rabi frequency Ωs . See figure 2.4 for an overview
of the system.
The method of stimulated Raman adiabatic passage, STIRAP, will be demonstrated below. In the spirit of the present chapter, the demonstration should
provide a basic understanding of the technique, facilitating the application of a
modified STIRAP technique to molecular ions in a trap in chapter 7. For a more
complete discussion the reader is referred to references [54–56].
The RWA Hamiltonian of the system in the Schrödinger picture is given by


3
X
1
1
−iωp t
iωs t
Ωp e
|2i h1| + Ωs e
|3i h2| + h.c.
(2.21)
Hs =
ωl |li hl| +
2
2
n=1
In order to gain more insight, the system should be transformed to an interaction picture. The general method of unitary transformation is outlined below
for completeness. For a more complete description the reader is referred to reference sakuraiModernQM.
Unitary transformations and the interaction picture
Let Hs be the Hamiltonian of a system in the Schrödinger picture and let |Ψ, tis
be a general state ket of the system at time t. Now, define
|Ψ, tiI = U |Ψ, tis
OI = U Os U † ,

(2.22)

1) As an exception to the rule, the schemes are applicable to the special case of linear polyatomic
molecules with nonzero permanent dipole moment
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|2>

∆

Ωs

Ωp

δ
|1>

|3>

Figure 2.2: Schematic representation of the STIRAP process. The system consists of
three states |1i , |2i and |3i of which |2i decays and the others are metastable. Two
lasers are involved in the process. The pump laser is detuned ∆ from the |1i ↔
|2i transition, while the frequency of the stokes laser is chosen, so the detuning
from two-photon resonance is δ. The Rabi-frequencies of the transitions will be
time-dependent, with Ωs , Ωp → 0 for t → ±∞. The objective of the process is to
effectively transfer population from |1i to |3i.

where U is a unitary operator, U U † = 1, and Os is an observable in the
Schrödinger picture, which is transformed to the interaction picture observable
OI . It is straightforward to prove that the expectation value of any observable
in the interaction picture, hΨ|I OI |ΨiI , equals the expectation value of the corresponding observable in the Schrödinger picture, hΨ|s Os |Ψis . It remains to
derive the equation of motion for |ΨiI . Applying the Schrödinger equation we
find

i

∂
|ΨiI = i~U̇ |Ψis + U Hs |Ψis = iU̇ U † |ΨiI + U Hs U † |ΨiI ,
∂t

(2.23)

leading us to define the interaction picture Hamiltonian HI = iU̇ U † + U Hs U † .
These maneuvers concludes the general discussion on the unitary transformations. The remaining discussion of the STIRAP process should convince the
reader of their relevance.

2.4.1 STIRAP in the interaction picture
Define the unitary operator
U = exp {i[ω1 |1i h1| + (ω1 + ωp ) |2i h2| + (ω1 + ωp − ωs ) |3i h3|]t} .
13
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The interaction picture Hamiltonian can be found from the definition in section
2.4. Choosing the basis {|1i , |2i |3i} we find [55]


0
HI = ~  12 Ωp
0

1
2 Ωp

∆
1
2 Ωs


0
1

2 Ωs .
δ

(2.25)

From equation (2.25) we immediately see that when Ωs  Ωp ' 0 there is
a zero energy eigenstate of the perturbed system parallel to the unperturbed
eigenstate |1i. Furthermore, for δ = 0 and Ωp  Ωs ' 0 there is a zero energy
eigenstate of the perturbed system parallel to |3i. In the following we shall
assume two-photon resonance by letting δ = 0. The general eigenstates of HI
are given by
|Φ+ i = sin θ sin φ |1i + cos φ |2i + cos θ sin φ |3i
|Φ0 i = cos θ |1i − sin θ |3i
|Φ− i = sin θ cos φ |1i − sin φ |2i + cos θ cos φ |3i ,

(2.26)

Ω

where tan θ = Ωps and φ is a more complex function of the Rabi frequencies and
detunings given in references [56, 57].
The eigenvalues of the perturbed (or dressed) atom are given by
ω± = ∆ ±

q
∆2 + Ω2p + Ω2s

(2.27)

ω0 = 0.
Of the dressed atom eigenstates in equation(2.26), the most interesting is
|Ψ0 i. In the limiting cases Ωs  Ωp ' 0 and Ωp  Ωs ' 0, |Ψ0 i is parallel
to |1i and |3i, respectively. Furthermore, it has constant eigenvalue ω0 = 0 and
it is orthogonal to the short-lived bare atom state |2i regardless of the magnitude
of the Rabi frequencies.
We conclude that effective transfer can occur if the laser intensities are chosen so Ωs  Ωp ' 0 in the beginning of the transfer, and then swept slow
enough to ensure adiabatic evolution of the system2) to the situation Ωp  Ωs '
0. Since |Ψ0 i is orthogonal to |2i during the whole process, adiabatic evolution ensures negligible population of the short-lived state |2i and thus no loss
of population due to spontaneous decay. The pulse sequence described here is
sometimes denoted counter-intuitive for obvious reasons. The mathematics is,
however, clear and physically the system can be well understood since the initial presence of Ωs creates dressed states of |2i and |3i, allowing the application
of a second pulse that transfers |1i to a dressed state which is orthogonal to |2i.
2) see

references [54, 55] for a discussion of the condition for adiabatic evolution
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|1>
|2>
|3>

0.8
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0
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0

Time [s]

1
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-4

x 10

Figure 2.3: Numerical simulation of the population evolution during the STIRAP
process. The parameters are Ωs = 30 MHz, Ωp = 40 MHz and ∆ = 10 MHz. To
simulate spontaneous decay losses from |2i an imaginary term of 10 MHz was introduced on the element (i, j) = (2, 2) in the interaction Hamiltonian of equation
(2.25). This decay rate is much faster than ∆t and τ that were both taken to 10−4 s.
The conservation of the population shows that no population is scattered on |2i.
The pulse envelopes in arbitrary units are depicted as gray lines.

The pulses are normally chosen to be gaussian in shape, that is
" 
2 #
t + ∆t/2
0
Ωs (t) = Ωs exp −
τ
" 
2 #
t
−
∆t/2
,
Ωp (t) = Ω0p exp −
τ

(2.28)

where ∆t is the delay between the pulses and τ is the characteristic width of the
two pulses. It can be shown, that the optimum choice of pulse delay is ∆t = τ
[55]. Furthermore, the conditions for adiabatic following in the STIRAP process
with gaussian pulses are [55, 58]
q
Ω2s + Ω2p τ  1
(2.29)
Ωs , Ωp  ∆,
which implies that adiabatic following can be ensured by increasing the pulse
length, τ , or the Rabi frequencies Ωs , Ωp . The results of numerical simulations
of the STIRAP process are given in figure 2.3 and 2.4.
15

Chapter 2.

Introduction to Cold, Trapped Ions

Population transfer
1
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Total
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Figure 2.4: Numerical simulation of the population distribution after the STIRAP
process vs. the pulse delay ∆t. The parameters in the simulations are the same as in
figure 2.3. In particular, a decay rate of 10M Hz from |2i is responsible for massive
losses from the system unless the condition ∆t ∼ τ is fulfilled. The flatness of the
transition efficiency peak around ∆t = τ does, however, indicate that the process is
quite robust. Robustness with respect to time delay as well as Rabi frequencies is a
general feature of STIRAP making it experimentally attractive.

2.5

The Linear Paul Trap

Throughout this thesis a number of experiments with molecular ions in a linear
Paul trap will be proposed. We therefore proceed by introducing the trap.
A linear Paul trap [60, 61] is depicted schematically and by a photo in figure
2.5. It consists of four electrodes like its ancestor, the quadrupole mass filter. Radio frequency (rf) voltage is applied in-phase to diagonally opposite electrodes,
but with a π phase shift between neighboring electrodes. The rf voltage applied
leads to an effective trapping potential in the radial direction. Each of the four
trap electrodes are divided into three subsections and a positive dc voltage is applied to the end sections, thus creating axial confinement for charged particles.
By appropriate choices of the rf and dc voltages, three dimensional confinement
of charged particles can be achieved [62]. The pseudo-potential experienced by
a particle with mass m and charge Q can be shown to be a three dimensional
harmonic oscillator given by
Upseudo =

1
1
mωr2 r2 + mωz2 z 2 ,
2
2
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1/2 URFcos ΩRFt

UEC

UEC

-1/2 URFcos ΩRFt

(a) Sketch of a Linear Paul trap

(b) Photo of a Linear Paul trap

Figure 2.5: (a) Sketch of a linear Paul trap. Radio frequency voltage is applied with
diagonally opposite electrodes in phase and neighboring electrodes π out of phase,
thus creating radial confinement of charged particles. Positive DC voltage, UEC , is
applied to the end caps to provide axial confinement. (b) Picture of a Linear Paul
trap used in the group at the University of Aarhus. The golden rods of the trap is
seen at the center of the image. The distance between the screw-holes in the optical
table is 10 mm. The sketch in (a) was kindly provided by Anders Mortensen [59]

where the effective radial and axial frequencies, ωr and ωz , are given by
√
ωz = 0.5Ωrf a
r
1 2
ωr = 0.5Ωrf
(q − a).
2
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Here
a=η

8QUdc
mΩ2rf z02

2QUrf
q=
mΩ2rf r02

(2.32)

and Ωrf denotes the frequency of the rf voltage, Udc the ampltude of the dc
voltage. z0 , r0 and η are parameters relating to the trap dimensions [62, 63].
r denotes the radial coordinate, r2 = x2 + y 2 and z is the axial coordinate. It
can be shown that stable orbits for a single ion exist when a and q are within a
certain stability range [62]. In addition to the effective potential, Upseudo , trapped
ions are subject to a potential oscillating at frequency Ωrf . The amplitude of the
resulting micr-motion can, however, be shown to be negligible when r is small
[64].
With a typical dc voltage of 1 V, the linear Paul trap has a potential depth
of approximately 1 eV, which is very large compared to, for example, a typical
magneto-optical trap [65]. For an in-depth discussion of the linear Paul trap in
general, the reader is referred to references [60–62], while the traps used in the
group at University of Aarhus are described in more detail in [57, 59, 63, 66]

2.6

Laser Cooling

According to Liouville’s theorem (See, e.g., [47] for a good discussion), the phase
space density of an ensemble cannot be changed if the ensemble is described by
Hamiltons equations. Cooling of a system, on the other hand, is characterized
by an increase in phase space density. Thus, one should always keep Liouville’s
theorem in mind as it immediately informs us that any attempt to cool a system
without the introduction of a non-Hamiltonian (dissipative) process will be futile. In classical mechanics, an example of a dissipative term is friction, being
proportional to the velocity of a particle. In order to cool an ensemble of atoms
or molecules it will hence be necessary to introduce a force resembling friction,
something which is typically achieved through spontaneous emission cycles.
Another way to reach the same conclusion is by considering entropy. Again,
thermodynamics show that an ensemble of particles can only loose entropy, ie
cool down, if another system (the ensemble of photons in the case of spontaneous emission cycles) gains entropy.
In the previous section we saw that the linear Paul trap establishes a threedimensional effectively harmonic trapping potential. We may load ions into the
trap, but unless cooling is introduced, the ions will not lie still in the trapping
potential due to their thermal energy. We now move on to consider Doppler
cooling.
Doppler cooling cannot, however, bring the ions to the ground state of the
harmonic trapping potential. We will therefore also briefly consider methods
18
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to cool atomic ions below the temperature obtainable with Doppler cooling in
section 2.6.2.

2.6.1 Doppler cooling
Doppler cooling is, as the name suggests, based on the Doppler effect in the
photon absorbtion probability for a moving ion [67]. We consider the scheme in
one dimension for simplicity. The geometry of a cooling experiment is sketched
in figure 2.6. Two counterpropagating lasers are detuned to the red of the resonant transition frequency, ωge , of a two-level ion moving with velocity v. Laser
2, propagating from the positive z-axis in figure 2.6, will then be shifted closer
to resonance in the ions rest frame, due to the Doppler effect. Similarly, laser 1
will be farther from resonance as a result of the Doppler effect. With ki i = 1, 2
denoting the wave number of the laser propagating from z = −∞ and from
z = +∞, respectively (see figure 2.6), the probability of absorbing a photon
with momentum vector ~k2 ẑ is higher than the probability of absorbing a photon with momentum vector in the same direction as the ion momentum. Furthermore, the momentum of the spontaneously emitted photons will average to
zero after many cooling cycles. The net effect of many absorbtion-reemission
cycles is to brake the ion due to momentum conservation.
Laser 1

Laser 2

Ion
V

ω 1 <ω eg

ω 2 <ω eg

Z

Figure 2.6: Geometry in a one-dimensional Doppler cooling experiment. Both
lasers are detuned to the red of ωge . The result is larger absorbtion probability for
the photon coming from the left than for the photon coming from the right, due to
the Doppler shift in the frame of the moving ion.

We now proceed with a more quantitative description of Doppler cooling.
The expression for the line width in equation (2.15) must be modified slightly for
a moving ion. As a result we find the following expression for the radiative force
on an atom due to a near-resonant light field with wave-vector of magnitude k
and Rabi frequency Ω propagating opposite to the atomic motion
F2 = ~kΓ

Ω2 /4
,
(∆ − kvz )2 + Ω2 /2 + Γ2 /4

(2.33)

where vz denotes the velocity of the ion. If the intensity is small, the forces can
be summed, which gives the following expression for the combined radiative
19

Chapter 2.

Introduction to Cold, Trapped Ions

0.08

Force [ħkΓ]

0.04

0

-0.04

-0.08
-2

-1.5

-1

-0.5
0
Velocity [Γ/k]

0.5

1

1.5

2

Figure 2.7: The total light force on an atom moving in one dimension with two
counterpropagating lasers detuned −Γ/2 from resonance with a saturation parameter s=0.1. Solid line depicts the full expression (2.34), while the dashed line depicts
the linear approximation at small velocities from equation (2.35).

force


1
1
Ω2
−
,
~kΓ
4
(∆ − kvz )2 + Ω2 /2 + Γ2 /4 (∆ + kvz )2 + Ω2 /2 + Γ2 /4
(2.34)
where k = |k1 | = |k2 |. The expression can be expanded around vz = 0 giving
Fz =

Fz = −αvz + O(vz3 ),

(2.35)

s
∆Γ
with α = −2~kz2 (s+1)
2 ∆2 +Γ2 /4 . Equation (2.35) clearly states, that the force is
equivalent to friction for α > 0, i.e. for ∆ < 0. The basic principle of Doppler
dα
cooling is thus established. By setting d∆
= 0 one finds the detuning maximizing the cooling force ∆ = −Γ/2. Both expression (2.34) and (2.35) at optimal
detuning and s = 0.1 are depicted in figure 2.7.
According to equation (2.34), we should be able to cool to zero temperature.
However, until now we have neglected recoil in reemission on account of the
momentum averaging to zero. Nonetheless, a mean kinetic energy of ~ωr =
~2 k2
2Matom is transferred to the atom for each spontaneous emission. Here Matom
denotes the atomic mass. Energy conservation then implies that the absorbed
photon has average frequency ωabs = ωge + ωr . Similarly the spontaneously
emitted photon will have average frequency ωemit = ωge −ωr . In one absorbtionreemission cycle, the atom will thus have gained a kinetic energy of 2~ωr due to

20

2.6 Laser Cooling

recoil 3) . Since two laser beams are involved, we find the average energy transfer
to the atoms Ėrecoil = 4~ωr γ, where γ was given in equation (2.15). Now, by
equating the rate of heating due to recoil and the cooling rate Ėcool = −2α <
vz2 > at the optimal choice of ∆ = −Γ/2 we find the Doppler temperature,
TD =

~Γ
,
2kb

(2.36)

representing the minimum obtainable temperature with Doppler cooling. Here,
kb denotes Boltzmann’s constant.
Doppler cooling of molecules - failure and explanation
The huge success of Doppler cooling of atoms, where countless applications
has appeared, forces one to consider cooling schemes for molecules. The basic
spectrum of molecules was considered in section 2.3. Unfortunately it is immediately clear that the large amount of ro-vibrational energy levels in molecules
makes it impossible to construct a closed optical pumping cycle, necessary for
Doppler cooling, without introducing a vast number of lasers. I one excites an
excited electronic state in a molecule, the first step in Doppler cooling, the subsequent spontaneous decay will in general take place to a number of different
vibrational states in the electronic ground state, which will then slowly cascade
down through the vibrational spectrum through different rotational states. The
population will therefore quickly be lost from the cooling cycle, and the molecule will seize to be cooled. The NH radical may, however, be an exception to
this rule with a Franck-Condon factor4) for the A3 Π, ν = 0 ↔ X 3 Σ− , ν = 0
transition which is greater than 0.999 [68]. Hence, it has been suggested to use
that transition for optical cooling after it has been trapped [18, 69]. But for other
molecules, it is impossible to apply the Doppler cooling scheme.

2.6.2 Cooling of ions in a trap
In section 2.5 we saw that a linear Paul trap can be used to generate an effective potential minimum for charged particles in free space. If the kinetic energy of trapped ions is much larger than the average Coulomb energy of neighboring ions, the ions will move around in the potential well. If, on the other
hand, the Coulomb energy between the ions is dominant, the ions will form
a crystal with the inter-ion distances determined by the repulsive Coulomb
force between the ions and the confining potential of the trap. More specifically, crystals can be shown to form when the ration of potential to kinetic energy, Γcorr = Ekinetic /Epotential , exceeds a value of approximately 150 [70]. The
finite temperature of the ions is then reflected in vibrations in the crystal lattice,
3) The same result can be found from evaluating the momentum spread induced by the spontaneously emitted photons. See [47, page 88] for a further discussion of both approaches.
4) The Franck-Condon factors are derived from the overlap of the vibrational states, giving the
branching ratios between vibrational states in an electronic transition [48].

21

Chapter 2.

Introduction to Cold, Trapped Ions

250 µm
Figure 2.8: Strings of laser cooled 40 Ca+ demonstrating high level of control over
the loading procedure obtained through resonance-enhanced two-photon ionization.

equivalent to phonons known from solid state physics. Crystalline structure of
trapped charged particles can thus be observed with hot, but highly charged
particles as first seen as far back as 1959 [71].
If the trapped ions are Doppler cooled as described in section 2.6.1 the ions
in the trap are decelerated. A quite substantial number of atomic ions has previously been trapped and cooled in ion traps 5) and crystalline structures are
now produced routinely in ion traps. When the trap is loaded by resonanceenhanced two-photon ionization [73], one can ensure that only one species is
loaded into the trap and it is then possible to load the ions at a slow enough rate
to allow control of the number of ions in the crystal, as shown in figure 2.8.
In the experimental group in Aarhus, the work has been focused on Mg+ and
+
Ca . Level schemes with the lowest-lying states relevant for cooling is shown
in figure 2.9. From the linewidths of the transitions used for Doppler cooling
and equation (2.36) we find Doppler temperatures of 1.0 mK and 0.5 mK for
24
Mg+ and 40 Ca+ , respectively. While this is cold enough for crystalline structures to form, it is not enough to cool the ions to the ground state of the harmonic
trapping potential6) . Thus if ground state cooling is desired, another cooling
scheme must be applied.
Sideband cooling
To reach the motional ground state in a trap it is necessary to apply a cooling
mechanism beyond Doppler cooling. If the frequency of the harmonic trapping
potential is much greater than the linewidth of an atomic transition, the system
5) Atomic ions that have been trapped and laser cooled include Be+ [72], Mg+ [73], Ca+ [73],
Ba+ [74], Hg+ [75, 76] and Cd+ [77].
6) A temperature of 1 mK corresponds to a Maxwell-Boltzmann distribution peaked around an
angular frequency of ∼ 130 MHz, which should be compared to the frequency of the harmonic
trapping potential which is typically ∼ 10 MHz.
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Figure 2.9: Levels schemes for 24 Mg+ and 40 Ca+ . The red transitions in the figure
are involved in Doppler cooling of the ions. A 866 nm repumping laser is necessary
in the 40 Ca+ scheme to avoid loss of population from the 4s2 S1/2 − 4p2 P1/2 cooling
cycle to the metastable 3d2 D3/2 state.

is said to be trapped in the strong binding regime. In this regime, it is possible to
use a scheme called resolved sideband cooling, first derived in 1975 [78].
Assume a two level ion trapped in the strong binding regime. The ion states
are then dressed by the motional states in the trapping potential, so the state kets
can be written |g, ni for the ground state and |e, ni for the excited atomic state.
Here, n denotes the number states of the motion of the ions in the harmonic
potential. For optical frequencies and typical trapping frequencies, spontaneous
transitions will predominantly take place without changing the motional state 7) .
Since the sidebands of vibrational motion in the trap potential are well resolved
in the strong binding regime, it is possible to excite a transition from a state |g, ni
to |e, n − 1i. Subsequent spontaneous decay will then bring the population to
|g, n − 1i. One excitation and spontaneous emission thus removes a quanta of
vibrational motion in the trap potential. After a number of such cooling cycle the
system is brought to its ground state |g, 0i. The cooling scheme is schematically
depicted in figure 2.10.
In order to be in the strong binding regime with a Paul trap, it is desirable to use a very narrow transition in the cooling process. For 40 Ca+ , the
4s2 S1/2 − 3d2 D5/2 transition has been used [79, 80]. A few other ions have
been cooled using the sideband cooling scheme, both individually and several
ions in a string [81–83].
7) A

proof of this statement is given in section 5.1.2
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|e ,n >
|e, n-1 >
ω
ω−
p
tra

|g ,n >
|g, n-1 >
Figure 2.10: Sketch of one cooling cycle in the resolved sideband cooling scheme.
A transition is driven on the red sideband of the quantized motion in the trapping
potential. The transition thus has a resonance frequency ω − ωtrap , where ω denotes
the resonance frequency of the bare ion and ωtrap denotes the frequency of the trapping potential. Subsequent spontaneous emission will predominantly take place on
the carrier, ie without changing the motional state in the trapping potential. Each
cooling cycle then removes one quantum of vibrational excitation from the system.
Through the passage of several cooling cycles it is possible to cool the ions to the
ground state of the harmonic trapping potential.

2.6.3

Sympathetic cooling of ions

The transfer of momentum between charged particles in a trap is very effective due to the strength of the Coulomb interaction. As a result it is possible to
cool ions indirectly by loading them into a trap together with laser cooled ions,
since momentum will be transferred from the unperturbed ions to the ions that
are laser cooled. The momentum will then be removed from the laser cooled
species by the laser fields as described in the previous section and thereby cooling of both species is achieved. The method is attractive since it is independent
of the structure of the sympathetically cooled ions, albeit the charge-to-mass
ratios of the ions need to be similar for effective sympathetic cooling. A number of experimental demonstrations of sympathetic cooling to low temperatures
in Paul and Penning traps exist [84–87]. Sympathetic cooling to the motional
ground state in the trap through sideband cooling has also been demonstrated
[72, 88].
Sympathetic cooling of the translational temperature of molecular ions
Since sympathetic cooling is independent of the structure of the sympathetically
cooled ions, it is possible to cool molecular ions by loading them into a trap
with laser cooled atomic ions. Experiments have shown that more than 1000
MgH+ ions can be sympathetically cooled to temperatures low enough to form
24

2.6 Laser Cooling

+

+

Figure 2.11: Simplified and, as it turns out, wrong view of sympathetic cooling of
internal degrees of freedom in molecular ions. By modeling the molecular ion as a
classical rotating dipole, one should expect that the rotations of the dipole to induce
a vibrational motion in a nearby atomic ion due to the Coulomb interaction. From a
more thorough consideration, however, it can be understood why this mechanism
does not lead to cooling of the rotations.

Coulomb crystals by just 50 laser cooled Mg+ ions, demonstrating the strength
of the sympathetic cooling [38]. A number of other molecular ions have been
cooled sympathetically [39, 89].
Sympathetic cooling of the ro-vibrational temperature of molecular ions
With relatively simple and very effective cooling of the translational degrees
of freedom of molecular ions in a trap well proven, it is natural to turn to the
internal degrees of freedom of molecules. From a simple classical consideration,
one might think that sympathetic cooling should also work for the rotations and
vibrations of a molecular ion in a trap.
If the molecular ion is modeled as a rotating and vibrating classical dipole,
next to a cooled atomic ion, one should expect the vibration and rotation to
induce motion in the atomic ion as depicted schematically in figure 2.11. Since
the atomic ion is cooled continuously, energy should then be removed from the
entire system.
From section 2.3 we know that the rotations and vibrations in molecules have
frequencies in the range 1011 − 1014 Hz, while the typical frequency of the harmonic trapping potential is 10 MHz or less. Hence, transfer of energy between
these degrees of freedom cannot happen in a low-order process. From this consideration we do not expect the internal and external degrees of freedom to interact and they should therefore not be expected to have the same temperature.
It is thus expected, that the internal degrees of freedom of the molecules relax to
equilibrium with BBR at ∼ 300 K.
In order to establish the internal temperature of sympathetically cooled
molecular ions with greater confidence than a simple estimate can provide, it
is necessary to obtain experimental data. The resulting rotational temperature
of MgH+ when subject to a speculative sympathetic cooling Ē˙ rot = −Γc Ērot is
depicted in figure 2.12. Here we used Ērot to denote average rotational energy.
It is immediately seen, that even inefficient coupling between internal and external degrees of freedom may lead to a considerably changed population of
25

Chapter 2.

Introduction to Cold, Trapped Ions

250
200

0.8
0.6

150
100
50
0

Population

Rotational temp. T ro t [K]

300

0.4
0.2
0

0 1 2 3 4 5 6 7 8 9 10

J

0.001

0.01

Cooling rate Γc [s− 1 ]

0.1

1

Figure 2.12: Steady state rotational temperature, Trot of MgH+ as function of the
effective cooling rate Γc . The insert shows the population distribution for three
different temperatures, marked on the graph. Red: Trot = 300 K, Grey: Trot = 120 K,
Blue: Trot = 7 K. Reproduced from [41].

the rotational energy levels. This can be understood from the long time scale
necessary for the molecular ions to relax to equilibrium with BBR (∼ 5 s).
The Aarhus group performed measurements of the rotational temperature
of MgH+ sympathetically cooled by Mg+ [41, 42, 90]. The measurements were
done using Resonance-Enhanced Multi-photon Photo-Dissociation (REMPD)
[91]. The molecular ions going through REMPD dissociate to neutral Mg+ and a
proton. The trap is not stable for protons, so ions going through REMPD are lost
from the trap, and the rate of REMPD can thus be derived from the rate of loss
of ions from the trap. Figure 2.13 shows a pure Mg+ crystal, a mixed MgH+ and
Mg+ crystal and the resulting pure Mg+ crystal when MgH+ has been dissociated from the mixed crystal.
REMPD was made with a Nd:YAG laser delivering ∼ 5 ns pulses resonant
with a given transition R(J) = |ν = 0, JiX → |ν = 0, J + 1iA . Here ν and J
are the vibrational and rotational quantum numbers, while subscripts X and
A refers to the X 1 Σ and A1 Σ electronic states of MgH+ , respectively. From
the A1 Σ electronic state the molecular ion can either decay to the ground electronic state or proceed to the dissociating state, C 1 Σ, through the absorbtion of
a second photon from the laser field. Molecules undergoing dissociation are detected indirectly as the ions are lost from the trap. Numerical simulations have
shown that the ratio of dissociation rates when the laser is resonant with the
R(1) and R(6) transitions are highly sensitive to the rotational temperature of the
molecule as indicated in figure 2.14. In the experiment these dissociation rates
were therefore measured and the range of the ratio which is in accordance with
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(a )

(b)

(c)
Figure 2.13: (a) 2D projection-image of a pure Coulomb crystal of Mg+ ions. (b) A
two-component crystal (∼ 35% Mg+ and ∼ 65%) obtained by letting the Mg+ ions
in the crystal (a) react with H2 . (c) A nearly pure Mg+ crystal obtained by applying
the ns laser pulses for 60 s to dissociate the MgH+ molecules in (b). The dotted line
in (a) shows the axis of rotational symmetry, while the dashed ellipses show the
outer surface of the original crystal from (a). Reproduced from [41]

these experiments are presented on figure 2.14. By comparing the numerically
simulated dissociation rates as function of temperature with the experimentally
measured ratio, one finds that the ions are internally warmer than 120 K and
probably somewhat higher, i.e. around BBR equilibrium. It can thus be concluded that there is not effective sympathetic cooling of the rotational energy
of MgH+ in a trap. Since MgH+ has a representative dipole moment and rotational frequencies, it is expected that other sympathetically cooled molecular ion
species should be internally hot. This is in accordance with results from storage
ring experiments [92].
In conclusion we have established that molecular ions in a trap with laser
cooled atomic ions undergo very effective sympathetic cooling of the translational degrees of freedom, thus becoming immobile in Coulomb crystals. The
internal degrees of freedom are, however, not susceptible to sympathetic cooling in a trap, and the molecular rotations therefore relax to equilibrium with the
temperature of the environment.
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Figure 2.14:
The ratios between the simulated dissociation rates for REMPD
processes via the R(1) and R(6) resonances. Trot is connected to a speculative sympathetic cooling rate as illustrated in figure 2.12. The three curves represent simulated ratios for different laser intensities at a given Trot , whereas the hatched area
represent a conservative estimate of the range which is in agreement with the experimentally measure dissociation rates. Reproduced from [41]
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Blackbody-Radiation–
Assisted Laser Cooling of
Molecular Ions
CHAPTER

In chapter 2 we set the stage for laser cooling of molecular ions. In section
2.6.3, we saw that molecular ions can be sympathetically cooled when loaded
into a trap with laser cooled atomic ions and Coulomb crystallization of the
two-component ensembles of molecular and atomic ions was verified. With
Coulomb crystals forming when the translational temperature is decreased below T < 100 mK we have thus verified experimental means of preparing targets
with translationally cold and spatially localized molecular ions. Furthermore,
the significant depth of a typical Paul trap combined with a typical background
gas pressure around 10−10 Torr ensures that the ions can be trapped for hours
or even days. The average interval between inelastic collisions with the background gas at the relevant pressure can furthermore be estimated to several
minutes from Langevin theory [93]. We did, however, also see that the internal
temperature of the molecular ions remain hot throughout sympathetic cooling
of the translational degrees of freedom. This was originally a theoretical expectation resulting from an energy consideration, but it has recently been verified
experimentally (see section 2.6.3 and [41]). Since state specific targets are desired, we consider schemes for cooling the ro-vibrational degrees of freedom in
molecular ions.
The long trapping times of the ions, combined with long intervals between
collisions opens for internal cooling schemes which rely on rather than being hampered by blackbody-radiation (BBR), and which are efficient on the
timescale of seconds or tens of seconds.
We proceed by first considering the simplest molecular ions, diatomic molecules in the 1 Σ electronic ground state, postponing the discussion of more complex molecules to the subsequent chapter. The cooling schemes presented in this
and the next chapter have been published in three articles, references [94–96].
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Figure 3.1: The lowest rotational states of the two lowest vibrational bands of a
diatomic molecule and the transitions needed for the Raman cooling scheme. Red
double arrows indicate a Raman type transition via an excited electronic state of the
molecular ion, while green arrows denote the subsequent spontaneous decay paths.
N and ν denote the rotational and vibrational quantum number, respectively. A
detailed explanation of the cooling principle is given in the text.

3.1

Cooling Concept

We consider a cooling scheme for the internal degrees of freedom of smaller
diatomic molecular ions with 1 Σ electronic ground state. At room temperature
the vibrational degree of freedom is frozen out for all the lighter species, i.e., the
vibrational quantum number is equal to ν = 0. It is thus sufficient to establish
rotational cooling.
Our concept involves the following processes: Pumping of population from
“pump states” (ν = 0, N = 1), and (ν = 0, N = 2), where N denotes the rotational quantum number, into specific excited ro-vibrational states from which
subsequent spontaneous emission brings population back into either one of the
“pump states”, or into the ground state (ν = 0, N = 0). The latter is referred to
as a “dark state”, since it is not effected by the pumping fields. Finally, BBR is
responsible for the feeding of the “pump states” with populations from states
with N > 2. In figure 3.1, a sketch of the cooling concept, realized by utilizing
two resonant, dipole allowed Raman transitions (∆N = 0, ±2), is presented. In
the absence of BBR any initial population in rotational states with N = 1, and
N = 2 would within a certain time be optically pumped into the “dark state”
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(ν = 0, N = 0) due to the selection rules ∆N = ±1 for spontaneous emission.
In the presence of BBR, effective cooling into the internal ground state is possible from an initial thermal distribution with significant population in states
with N > 2 provided the rate of optical pumping and spontaneous emission
from the vibrationally excited state are both higher than the redistribution rate
among the rotational states due to BBR. The cooling time will in such cases be
set by the inverse of the typical rotational redistribution rate.
In an experiment, the Raman transitions will be driven by pulsed lasers. In
that case, high population transfer is assured if each Raman pulse saturates its
transition. This means the pulse time, τ , times the Raman coupling frequency,
ΩR , should fulfill (i) τ ΩR & 10, where ΩR ' Ω2 /∆ with Ω being the typical Rabi
frequency of the dipole allowed electronic transitions and ∆ the corresponding
detuning 1) . Furthermore, a small incoherent scattering rate is required, leading to (ii) τ Γscat . 0.01, with Γscat ' ΩR A/∆, A being the pertaining Einstein
coefficient2) .

3.2

Numerical Simulations

In this section, we present a model of the cooling scheme and present details
of the numerical simulations. We also derive some fundamental properties of
the molecule MgH+ , which we will use as our favorite guinea-pig for numerical simulations. We have chosen MgH+ because the production and translational cooling of MgH+ in a Paul trap has already been established [38], thus
making it an attractive candidate for first experimental implementation of the
ro-vibrational cooling schemes. The results of the numerical simulations of
MgH+ are presented in section 3.2.4.

3.2.1 Rate equations for the population dynamics
The population dynamics is well-described by rate equations giving the change
in population of a given state via Einstein coefficients and frequency-specific
radiation intensities. The equation of motion for the molecular population in

1) These estimates are readily derived from the second order term in time-dependent perturbation
theory (Dyson series) [44] when ∆ is large compared to the linewidth of the excited state.
2) The estimate of the incoherent scattering rate is the amplitude of the Rabi oscillations at detuning ∆, c.f. section 2.2, times the decay rate from the excited state, A
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state i, Pi , takes the form
i−1
M
X
X
dPi
=−
Aij Pi +
Aji Pj −
dt
j=0
j=i+1
i−1
X

Pi Bij W (ωij ) +

j=0
M
X

i−1
X

Pj Bji W (ωij )−

(3.1)

j=0

Pi Bij W (ωij ) +

j=i+1

M
X

Pj Bji W (ωij ).

j=i+1

Here
P = (Pν=0,N =0 , Pν=0,N =2 . . . Pν=0,N =Nmax , Pν=1,N =0
. . . Pν=1,N =NM ax , Pν=2,N =0 . . . Pν=2,N =Nmax )

(3.2)

represents the populations in vector form with Nmax chosen so the population in
higher-lying rotational states is negligible during the cooling process. In equation (3.1), M denotes the last element in P. Aij and Bij are the Einstein coefficients describing spontaneous and stimulated transitions from energy level i
to j. W (ωij ) is the cycle averaged radiative energy density present in the trap
at the resonant transition frequency, ω = ωij , between level i and j. In equation (3.1), the first term corresponds to spontaneous decay from state i to states
with lower energy, while the second term describes spontaneous decay from levels with higher energy into state i. Stimulated emission from the ith state and
stimulated absorption from lower-lying states is then described by the third and
fourth term, and finally, the last two terms represent transitions due to absorption of radiation from the ith state and stimulated emission from higher-lying
states into the ith state.
The system of equations (3.1) is conveniently expressed by the matrix equation
dP
= KP,
(3.3)
dt
where K is an (M + 1) × (M + 1) coupling matrix.

3.2.2

Calculation of molecular properties

As seen from equation (3.1), it is necessary to know the Einstein coefficients
to simulate the population dynamics. For many molecules, the Einstein coefficients are available in the literature. If not, they are evaluated numerically as
follows. We use the well-known quantum mechanical expressions for the Einstein coefficients between an upper state Ψn and a lower state Ψm that are both
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non-degenerate [97]
π|Dn,m |2
,
30 ~2
~ω 3
= 2 3 Bn,m ,
π c

Bn,m =
An,m

(3.4)

where ω denotes the transition frequency and D the transition dipole moment
between the states.
Z
Dlab
=
Ψ∗n Mlab Ψm dτ,
(3.5)
n,m
with dτ denoting the volume element corresponding to integration over the
complete set of coordinates for all particles involved and
Mlab =

X

−erk +

k

X

(3.6)

Zl eRl

l=1,2

the dipole operator.
The equations refer to a laboratory-fixed coordinate system so the molecular
wave-functions include the rotational terms. The summation indices, k and l, in
equation (3.6) refer to the electrons and the involved nuclei, while Zl denotes
the nuclear charge.
For degenerate states, equation (3.4) is modified to
π|Dn,m |2
3gn 0 ~2
~ω 3
= 2 3 Bn,m ,
π c

Bn,m =
An,m

(3.7)

where gn is the degeneracy of the upper state. The derivation of the dipole
matrix elements connecting ro-vibrational levels, Dn,m is given in appendix B.
2

|Dm,n | = SJm ,Jn

Z

2

fνn (R)De (R)fνm (R)R2 dR .

(3.8)

The Hönl-London factors, SJm ,Jn , are tabulated in the literature [51, 98–100]
and may be evaluated by the expressions given in Appendix A. Both the potential energy curve for the molecule and the electronic dipole moment function, Dmol
e (R), is evaluated with Gaussian [101]. The ro-vibrational eigenfunctions, fνn , are readily found from the potential energy curve using the Numerov
method. Knowing fνn , the one-dimensional integral of equation (3.8) can be
evaluated. We use the Level 7.5 program [102] to perform these tasks and to
evaluate equation (3.7), leaving us with the desired Einstein coefficients.
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Figure 3.2:
Top: Born-Oppenheimer electronic potential energy curves of
MgH+ (X1 Σ) calculated by Gaussian in a 6-311++G basis set [103] using Hartree-Fock
(HF) theory, Møller-Plesset nth order perturbation theory (MPn), coupled cluster
theories with single and double excitations (CCD), and single, double and triple excitations (CCSDT). See references [104–108] for descriptions of the methods. The
curves for the MP4, CCD and CCSDT calculations are in good agreement close
to the equilibrium position, 1.65 Å, indicating that these methods give an accurate description of the problem. Bottom: Corresponding dipole moment functions,
Dmol
(R) of equation (B.3) pointed along the internuclear axis, of MgH+ calculated
e
with Gaussian. The MPn and coupled cluster theories largely agree around the equilibrium distance, although not as well as for the potential curve due to the dependence on electronic wave functions rather than eigenenergies. The classical turning
points for the vibrational ground state are marked on the common abscissa at 1.5
and 1.8 Å. The result of the MP2 calculation cannot be discriminated from the MP4
result at the internuclear distances of interest.
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Einstein coefficients for MgH+
Since translational cold samples of MgH+ have been produced in a trap loaded
with laser cooled Mg+ atomic ions, cf. section 2.6.3 and [38], this molecular
ion is the first choice for an implementation of the presented cooling scheme.
To our knowledge, only a few Einstein coefficients for transitions within the
electronic ground state have been published [94]. We have re-calculated the
coefficients using the approach of the previous section. The potential curves obtained from Gaussian [101] using various theoretical approaches on a 6-311++G
basis set [103] is given in figure 3.2 together with the corresponding dipole moment functions in the molecular center of mass system. The potential curves
show convincing convergence and our derived vibrational transition frequencies and equilibrium distance agree with published data within 1.5% [51]. To
compute the accurate electronic dipole moment function is more challenging,
since this requires accurate electronic wave functions. Generally the MøllerPlesset fourth-order perturbation theory [107] and the coupled-cluster theories
[108] are reliable for the task. The dipole moment functions converge to a unique
function as the level of approximation is refined, as shown in figure 3.2, indicating that the highest order CCSDT function is a good approximation to the physical dipole moment function. Furthermore, we have performed equivalent calculations on the isoelectronic molecules NaH and BeH+ [109–111] to compare our
results with other published calculations. The results were in agreement within
5%, a level which is not critical for the simulations of the cooling schemes. The
calculated Einstein coefficients are given in appendix A.
We have now set up the model and acquired the parameters entering the
coupling matrix K in equation (3.3) and the solution can now be found numerically using standard methods as described below.

3.2.3 Solving the population dynamics
We model the dynamics of the cooling on the test case of MgH+ by solving equation (3.3) [112]. In the population vector, P, of equation (3.2) we use Nmax = 20
since the population of this and higher-lying levels is effectively zero during the
cooling process. The radiation density W (ω) at resonance between levels not
addressed by lasers has been calculated from a Boltzmann distribution at 300 K.
The pulsed lasers are included by saturating the pumped transitions, described
in section 3.1, at a repetition rate of 100 Hz. In the simulation, this is done by
redistributing the population in the involved ro-vibrational levels at the given
repetition rate according to the degeneracy of the levels. All simulations are
made with populations which are initially Boltzmann distributed at a temperature of 300 K. All simulations in both this and the following chapter are made
with the most abundant isotopes, in this case 24 Mg1 H+ (79% abundance).
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(a) Rotational distribution of MgH+ before and after cooling
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Figure 3.3: (a) Cooling of MgH+ by the Raman scheme (see figure 3.1). The red
columns represent the initial rotational populations corresponding to a thermal distribution at T = 300 K. The blue columns represent the population distribution after
100 s of cooling. See the text for details on the cooling parameters. (b) Evolution of
the populations of the rotational levels with quantum numbers N = 0, 2, 4 as a
function of cooling time for MgH+ .
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Figure 3.4: Population in the ro-vibrational ground state of MgH+ after 100 s of
cooling as a function of the repetition rate of the pumping lasers. Each laser pulse
saturates the transition it pumps.

3.2.4 Numerical results
We now turn to present the results of the numerical simulations. In figure 3.3,
the simulated rotational distribution of MgH+ subject to the cooling scheme of
section 3.1 is presented. The red columns represent the initial rotational populations, while the blue columns show the populations after 100 seconds of cooling.
In the simulation, Raman pulses couple the vibrational states of the X1 Σ+ potential curve via the electronically excited A1 Σ+ state, using lasers in the wavelength range ∼ 279 nm [51]. Using A = 108 Hz for the electronic transition and
∆ = 1011 Hz to the red, we find that the saturation and scattering conditions (i)
and (ii), discussed in section 3.1, can be fulfilled for the pumped transitions from
any rotational sub-state with 10 ns pulses with intensities ∼ 100 kW/cm2 . The
repetition rate of the Raman pulses was 100 Hz, which is much higher than the
typical rate for rotational transitions due to BBR. The figure shows that more
than 70% of the population can be accumulated in the ro-vibrational ground
state which is equivalent to the ground state population of a thermal distribution at 8.5 K.
Figure 3.3(b) shows the evolution of the population in three representative
rotational levels of MgH+ for the Raman scheme discussed above. After 100 s
of cooling the system has practically reached steady–state.
Figure 3.4 explores the sensitivity of the cooling efficiency for MgH+ on the
repetition rate of the Raman pulses for a fixed cooling time of 100 s. Already
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Figure 3.5: A variation of the cooling scheme of figure 3.1. Rather than using
two-photon transitions via an excited state, this version of the cooling concept is
based on two direct vibrational excitations with lasers in the infrared range. One
laser couples (ν = 0, N = 1) ↔ (ν = 2, N = 0), while the other couples (ν =
0, N = 2) ↔ (ν = 1, N = 1). Green arrows depict the subsequent dipole allowed
spontaneous decay paths.

for modest repetition rates, say 20–30 Hz, we observe a significant cooling efficiency and repetition rates larger than 100 Hz do not significantly increase the
cooling efficiency. This is experimentally very encouraging since laser systems
with nanosecond pulses typically have repetition rates in the interval 10 – 100
Hz.

3.3

Direct Two-Laser Scheme

The Raman scheme discussed in the previous sections is effective for molecular
ions which have an excited electronic state that can be addressed by laser light in
the visual or near-visual range. If such excited states are absent, a scheme based
on continuous wave near infra-red (IR) sources introducing direct couplings
within the ground electronic potential curve can be applied. This direct scheme
works as follows: One IR source couples (ν = 0, N = 1) ↔ (ν = 2, N = 0)
which, although forbidden in the harmonic approximation of section 2.3.2, is
easily saturated due to the anharmonicity of the potential curve of typical molecules. The excited (ν = 2, N = 0) cascades down by dipole allowed transitions,
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Figure 3.6: Cooling of ArH+ by the direct scheme. The red columns represent the
initial rotational populations corresponding to a thermal distribution at T = 300 K.
The blue columns represent the population distribution after 50 s of cooling. See the
text for details on the scheme, and the cooling parameters.

first to the (ν = 1, N = 1) excited state and then to the (ν = 0, N = 0) dark
state or the (ν = 0, N = 2) state. The latter state is pumped by another laser into
the (ν = 1, N = 1) state, from which decay into the dark state or back into the
(ν = 0, N = 2) state will take place.
Numerical simulations
As an example of the application of this direct scheme we consider ArH+ which
is supposed to have no stable excited electronic states [113]. Numerical simulations were performed with the approach detailed in section 3.2, but including
the (ν = 2, N = 0 . . . 2) levels in the simulations. Figure 3.6 shows the initial
thermal (T = 300 K) distribution over rotational states for ArH+ and the final
steady–state distribution after 50 s of cooling. In the cooled distribution, more
than 95% of the population is in the X1 Σ+ ro-vibrational ground state, equivalent to the ground state population of a thermal distribution at a temperature of
7 K. ArH+ is a strong vibrational infrared emitter [114, 115], and the rotational
transition rates are of the same order of magnitude as in MgH+ [116] and, consequently, the cooling is very effective. The IR stimulated processes which drives
the (ν = 0, N = 1)–(ν = 2, N = 0) and (ν = 0, N = 0)–(ν = 1, N = 1) transitions, require lasers with wavelengths around 1.9µm and 3.8µm, respectively
[117]. These wavelengths are conveniently covered by near-IR continuous-wave
optical parametric oscillators (OPO’s) [118]. To ensure that the scheme remains
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insensitive to the intrinsic linewidth and drifts in the OPO, one should require
an effective rate for the pumped transitions of ∼ 90% of the A-coefficients, at
a detuning of ∼ 10 MHz. This is fulfilled at an intensity of a few hundreds of
W/cm2 , which is realistic using a laser beam with a few tens of mW power focused to a beam waist of ∼ 100µm. Note that such a waist is much larger than
the localization of translationally cold ions [38].
In order to make sure that all magnetic sublevels of the rotational states are
addressed by the pump laser fields, the polarization of the pumping radiation
must be varied on the time scale of the optical pulses in the case of the Raman
scheme and at a rate faster than rotational transition by BBR is the case of the
direct scheme. In both cases this can be done by using a modulated Pockels cell.

3.4

Laser Cooling of Molecular Rotations Assisted
by Incoherent Sources

In the previous sections, we saw that it is possible to utilize BBR to cool molecular rotations by feeding a closed optical pumping cycle with population from
states not explicitly included in the cooling cycle. Having established cooling
by utilizing BBR, one may consider tailoring incoherent fields to assist cooling
further. In particular, it could be experimentally attractive to eliminate one of
the pumping lasers in the presented cooling schemes by connecting the two
”pump states” with an incoherent field. In the remaining sections of this chapter, we will elaborate further on this idea. For example, the incoherent field is
tailored for optimum cooling into the ro-vibrational ground state based on the
constraints set by the spectral density profile of a realistic mercury lamp [119].
We find that the timescale for the cooling can be made shorter than the timescale
of the cooling schemes of the previous sections.

3.4.1

Cooling schemes

The laser excitations and subsequent spontaneous emission paths for the considered schemes are presented in figure 3.7 with laser-induced transitions being
either (a) Raman transitions via an excited electronic state or (b) direct transitions between ro-vibrational levels. The effect of the laser-induced transitions
is to pump the molecule into the (ν = 0, N = 0) ground state. This is realized
by a pumping cycle composed of (i) excitation from the (ν = 0, N = 2) state to
an excited vibrational level and (ii) subsequent dipole allowed radiative decays.
Assuming an initially broad rotational distribution in thermal equilibrium with
the environment at 300 K, the repeated depletion of the (ν = 0, N = 2) state will
then result in a transfer of population towards the rotational ground state by
BBR-induced rotational transitions. Due to the nature of BBR, no control of the
strength of individual rotational transitions is possible. This can, however, be
obtained by introducing an additional incoherent far-infrared radiation field derived from, e.g., a high-pressure mercury lamp and frequency filters. In this way,
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Figure 3.7: The variation of the cooling concept, when an incoherent field is used
in addition to BBR in order to drive rotational transitions. (a) Scheme based on a
Raman transition via an excited electronic state of the molecule. (b) Scheme based
on a direct laser transition between vibrational states. On the figure, Red Line with
double-arrow represents a transition between ro-vibrational states driven by Raman
pulses, the Red Line with single-arrow represents a direct dipole allowed laser excitation. Finally, Green arrows denote the dipole allowed spontaneous decay paths.

it is possible to tailor the radiation intensity around the individual rotational
transitions. One can for instance use a dichroic filter as a high-pass filter [120]
such that the rate of the (ν = 0, N = 1) ↔ (ν = 0, N = 2) cooling transition will
be enhanced without effecting the rate of the (ν = 0, N = 0) ↔ (ν = 0, N = 1)
heating transition.
Experimental considerations
Though the cooling schemes should work for a large variety of ions and neutrals, we again focus on implementations in the particular case of MgH+ . In section 3.1 we saw that the laser intensities needed to saturate the Raman transition
depicted in figure 3.7(a) in MgH+ are readily obtained by standard pulsed laser
systems. For the direct scheme (figure 3.7(b)), the infrared field could be obtained by difference-frequency generation or by applying an optical parametric
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oscillator based on the beam of a pulsed Nd:YAG laser [121, 122]. At the wavelength ' 5.9 µm needed to drive the (ν = 0, N = 2) ↔ (ν = 1, N = 1) transition
in MgH+ [51], infrared-light generating nonlinear crystals can typically deliver
an energy of ∼ 10 µJ per 10 ns pulse. Given the Einstein A-coefficient of ' 20
s−1 for the relevant transition [94] and assuming a maximum detuning of 1 GHz
due to fluctuations in the frequency of the laser light, saturation of the transition
during a 10 ns pulse requires an averaged intensity of 100 W/mm2 , corresponding to a 1 µJ pulse focused to a realistic beam spot size of 1 mm2 . Another option
is to apply a quantum-cascade laser [123, 124], available at the relevant wavelength and intensities [125]. Quantum-cascade lasers are particularly attractive
due to high cost-effectiveness and the fact that they can be designed to emit radiation with wavelengths ranging from ∼ 3.5 − 25 µm. Significant technological
efforts are ongoing to further widen the wavelength range.
Turning to the lamp, the presence of such an incoherent far-infrared source
may improve the cooling rate by speeding up the feeding of the (0, 2) pump
state from higher-lying states. The transfer of population away from the pump
state is, however, inevitable and it may thus be expected that a certain spectral
density distribution of the incoherent radiation will be optimal for the cooling
schemes. In the following we investigate this hypothesis under the experimental constraints given by available incoherent sources and possible filtering and
focusing systems. To estimate the energy density at the molecular target, we
note that the output of a standard mercury lamp at a wavelength of ∼ 500µm
corresponding to low-lying rotational transitions in MgH+ is similar to a BBR
source at a temperature of 4000 K [119]. We assume unit magnification of the
light source and 2π solid angle pickup of radiation. This is reasonable since a
setup with a reflector and with large aperture molded lenses, which are available in this wavelength regime, would ideally give ∼ 4π pickup. Allowing for
some additional losses from absorption and scattering we use ρlamp = 5ρ300K as
the maximum achievable spectral energy density from the lamp at the molecular
ions [126].

3.4.2

Numerical simulations

We model the cooling dynamics by rate equations as outlined in section 3.2, but
with the incoherent radiation densities, W (ωij ), determined by the applied incoherent field as well as BBR. Again, we assume 100 Hz repetition rate of pulsed
lasers saturating the transitions addressed in every pulse.
We maximize the final population in the ground state as function of the
incoherent radiation density at the individual rotational transition frequencies for specific cooling times by the downhill simplex method [127]. It is
found that the density distribution should be the maximum attainable for the
(ν = 0, N = 1) ↔ (ν = 0, N = 2), (ν = 0, N = 2) ↔ (ν = 0, N = 3), and
(ν = 0, N = 3) ↔ (ν = 0, N = 4) transitions, but zero otherwise. This rather
simple shape may be understood by first noting that for a molecule subject to
BBR, stimulated processes will dominate at low frequencies while spontaneous
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Figure 3.8: Ground state population of MgH+ vs. cooling time for (a) Raman and
(b) direct schemes with the optimized distribution of incoherent radiation (solid),
“quartz-filtered” distribution (dashed) and no incoherent source (dashed-dotted).
The result of the scheme of figure 3.1 is depicted for comparison (dotted).

emission will do so at high frequencies. As a result the highest populated state
is to be found where spontaneous and stimulated transition rates are balanced
(see the red columns in figure 3.10). The BBR density is low and transition rates
are small for rotational states lying below the state which is maximally populated in thermal equilibrium (300 K). However, introducing additional incoherent radiation to drive transitions between these low-lying states will accelerate
the process of refilling the (ν = 0, N = 2) pump state, and thereby increase the
cooling rate. Radiation which couples states above the peak in the 300 K BBR
population distribution, would heat the distribution as would any radiation in
addition to BBR at the (ν = 0, N = 0) ↔ (ν = 0, N = 1) transition frequency.
Figure 3.8 shows simulations of the ground state population as a function
of time for various incoherent fields. The solid curves are the results with the
optimized field. While it is critical to keep the (ν = 0, N = 0) ↔ (ν = 0, N = 1)
transition rate low (which can be achieved by introducing a sharp high-pass
filter [120]), simulations show that the results are less sensitive to the actual
shape of the frequency cut-off at the higher rotational transitions. In figure 3.8
this latter point is illustrated by comparing the results for the optimal source
with the results for an incoherent field distribution corresponding to maximum
attainable intensities at all transitions from (ν = 0, N = 1) ↔ (ν = 0, N = 2)
to (ν = 0, N = 7) ↔ (ν = 0, N = 8), roughly equivalent to introducing a piece
of quartz in the beam path. We have also included calculations without the
incoherent source to show that the effectiveness of the cooling scheme depends
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Figure 3.9: Ground state population of MgH+ after 60 s of cooling vs. relative intensity of incoherent radiation from a lamp. The schemes are: Direct scheme with
optimal incoherent radiation distribution (solid) and direct scheme with “quartzfiltered” distribution (dotted), Raman scheme with optimal incoherent radiation
distribution (dashed), and Raman scheme with “quartz-filtered” incoherent radiation distribution (dashed-dotted). Note scale of the ordinate.

critically on the rotational transitions induced by the lamp. For comparison, the
results of the Raman scheme simulation of section 3.2.4, where the (ν = 0, N =
1) state is depleted by a second Raman transition, is shown.
For very short cooling times (< 1 s) essentially no differences between the
schemes can be observed since the relatively slow rotational transitions are not
yet important. On intermediate timescales (∼ 10 s), however, the effect of the
added incoherent field is evident and the optimized scheme has an advantage
over the scheme of section 3.1. Finally, at longer times the laser-depletion of the
(ν = 0, N = 1) state as well as the additional heat introduced by the incoherent
source, make the cooling scheme of section 3.1 slightly more efficient.
For a fixed cooling time of 60 s, figure 3.9 shows the dependence of the cooling efficiency on the intensity, Irel , of the incoherent source relative to BBR at
300 K in the frequency range of interest. The influence of the incoherent field on
the cooling process is seen to increase significantly up to Irel ≈ 5, from where
only minor improvements may be obtained.
In figure 3.10, the population distribution after 60 s of cooling for the case of
Irel = 5 is compared with the initial Boltzmann distribution for the four schemes
considered in figure 3.9. With the optimized spectral distribution we obtain 68
% and 74 % in the ground state with the Raman and direct scheme, respectively,
corresponding to temperatures of ∼ 7 K, which is of astrophysical relevance
[128, 129]. In both schemes, the depletion of the rotational levels above the
N = 2 pump state is evident. Compared to the optimized case, one observes
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Figure 3.10: Rotational population distribution for MgH+ after 60 s of cooling using (a) Raman and (b) direct schemes with optimized energy distribution of the
incoherent source (blue), “quartz-filtered” energy distribution (grey), compared to
the initial population distribution at 300 K (red).

slightly larger populations in the rotational states above N = 5 for the “quartzfiltered” source due to the heating effect of the high frequency components in
this distribution.
Above we only considered time-independent incoherent sources, but since
the cooling time is 10 − 100 s, it would be possible to change the shape of the incoherent field during cooling and hence look for improvements of the schemes
by optimizing a time-dependent spectral distribution of the lamp. In order to
investigate this point, we estimated the maximal attainable cooling efficiency
using an arbitrary time-dependent incoherent source, by optimizing the system
at steady state. It was found that in the case of MgH+ a ground state population
of 75 % (Raman) and 79 % (direct) could be obtained which corresponds to an
increase by 7 % and 5 %, respectively, compared to the result with the optimum
static spectral distribution. Furthermore, in order to gain information on a possible optimized time-dependent field, we did a calculation where the field was
optimized after 5, 10, 15, . . . , 60 s. At each instant of time we then compared the
population in the ground state with that from the time-independent lamp-field
considered above. The differences in cooling were marginal and could not be
observed at the scale of figure 3.10.
We have tested the schemes on ionic molecules with other ro-vibrational
transition properties. In the case of ArH+ , which is known to be a fast infrared emitter, ground state population of 80 % can be achieved after only 10 s of
cooling, which should be compared with the steady-state value of 90 %.
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Conclusion

Here, we have focused on the description of schemes for cooling the rotational
degree of freedom of molecular ions with the ground state symmetry, 1 Σ+
and without hyperfine splittings. Such splittings are, however, typically much
smaller (e.g. ∼ 1 MHz in BeH+ [130]) than the bandwidth (∼ 1 − 30 GHz) of
typical pulsed laser systems applicable in the Raman scheme and, consequently,
all hyperfine levels will be addressed by the pump fields.
Furthermore, we have demonstrated the surprising result that polar molecules trapped in a room temperature environment can be rotationally cooled by
the combination of a lamp inducing rotational transitions and a laser driving a
single ro-vibrational transition. Under experimentally realistic constraints, we
have shown that there exists a specific tailored incoherent frequency distribution
which optimizes the cooling process when considering time-independent fields.
We estimated that an optimized time-dependent incoherent field will only lead
to a minor increase in the ground state population. The considered schemes are
very simple from an experimental point of view, and hence very attractive for
sympathetically cooled target molecular ions, and potentially also for trapped
neutral molecules and molecular ions in storage rings.
If one considers an implementation of the schemes in connection with cooling in storage rings [92, 131], a larger focal spot of the laser would be required
in order to obtain overlap with the ion beam. This significantly increases the
laser power requirements and leads us to conclude that the pulsed Raman
scheme could be considered while the direct scheme would probably not be
possible due to the limited power of present day OPO systems, although the
application of a quantum cascade laser may circumvent this problem. Also,
the schemes assisted by additional incoherent radiation may be difficult to implement in storage rings, since the the incoherent sources offer very limited
power. The application of a backwards wave oscillator [132] to saturate the
(ν = 0, N = 1) ↔ (ν = 0, N = 2) is, however, expected to give results comparable to the schemes assisted by incoherent radiation sources, thus mitigating the
problem of limited power from incoherent sources.
The schemes may be extended to molecular ions with more complicated
ground state configurations at the cost of more detailed considerations of the
laser systems used. We shall elaborate further on this in the following chapter.
To summarize, we have shown how initially translationally cold, trapped
molecular ions can be internally cooled by simple optical pumping schemes
when assisted by the black-body–radiation. The schemes are simple, and robust,
and the light source requirements are modest compared to state–of–the–art laser
systems.
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Cooling of Molecular Ions
with Rotational
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CHAPTER

In the previous chapter, we discussed cooling schemes applicable to molecular
ions with their ro-vibrational energy levels determined by molecular rotation
and vibration only. This will be the case if the relevant electronic state has vanishing total spin and if the projection of the orbital angular momentum of the
electronic state along the internuclear axis is zero, i.e., in 1 Σ states. We now turn
to the other electronic ground states found in lighter diatomic hydride ions: 2 Σ ,
3
Σ and 2 Π
A range of quantum numbers will be needed to describe the rotational substates of the molecules to be discussed. We follow the notation of Herzberg [51]
designating the quantum numbers as indicated in Table 4.1. The meaning of the
coupled angular momenta is explained below.
We now treat Hunds coupling case (a) and (b) separately and study cooling
schemes for both cases.

4.1

(2S+1)

Π-states; Hunds Case (a)

An interaction term of the form H so = AL · S will appear in the Hamiltonian
if the projection on the internuclear axis of both electronic spin, S, and electronic orbital angular momenta, L, are nonzero. For moderate rotational excitations, H so will normally dominate over terms from the rotational Hamiltonian,
H rot = B · N2 . It is therefore convenient to choose the Hunds case (a) basis set, consisting of basis functions n, S2 J2 MJ ΛΣΩ where n is collecting the
quantum numbers defining the molecular state but not mentioned in Table 4.1.
In this basis set, the unperturbed Hamiltonian1) is diagonal and the main per1) The unperturbed Hamiltonian refers to the Hamiltonian of the molecule, neglecting both H so
and H rot as well as the nuclear spins
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L
Λ
N
S
Σ
MS
Ω
K
J
MJ
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Definition
Total electronic orbital angular momentum
Projection of L on internuclear axis
Angular momentum of molecular rotation
Total electronic spin
Projection of S on internuclear axis
Projection of S on laboratory Z-axis
Λ+Σ
Sum of N and Λ · ζ̂
Total angular momentum of molecule neglecting nuclear spin
Projection of J on laboratory Z-axis

Table 4.1: Overview of quantum numbers describing the rovibrational state of a
molecule, neglecting nuclear spin. ζ̂ denotes a unit vector along the internuclear
axis.

turbation term, H so , is nearly diagonal with the off-diagonal terms satisfying
∆Ω = 0. The n, S2 J2 MJ ΛΣΩ basis states are therefore a good approximation
to eigenfunctions with good quantum numbers if |A|  B · J, known as the
Hunds case (a) limit. We restrict the calculation to the pure Hunds case (a) limit
in the following section, . 2 Π states are often close to this limit at low rotational
excitations and they form the most interesting example of Hunds case (a) coupling for our purpose, as they appear as ground states of a number of molecules
interesting for cooling, including NH+ and FH+ .

4.1.1

Energy levels and selection rules

The first order effect of H so is to split the electronic ground state into states
according to the value of Ω. For each of these states there will be a set of rovibrational sub-states arising from H rot .
In Hunds case (a), the molecule is well-described as a rotating symmetric
top, for which the rotational energies are expressed by [51]
Fν (J) = Bν (J(J + 1) − Ω2 ).

(4.1)

Here J must take values greater than |Ω − N | and the lowest rotational state will
therefore, in general, have J 6= 0. The overall structure of the molecular energy
levels can be seen from the sketch of the modified cooling scheme in figure 4.1
for S = 12 .
The case (a) basis state in the laboratory frame can be written as a Wigner
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(2S+1)

Π-states; Hunds Case (a)

rotation of the corresponding wave function in the molecular rest frame [133]
h{ri } R nJMJ ΩSΣi =
r
2J + 1
J∗
h{r0i } R ni |SΣi DM
(αβγ),
JΩ
2
8π

(4.2)

where {ri } , R ({r0i } , R) are the electronic and internuclear coordinates in the
J∗
laboratory (body-fixed) frame. Finally DM
Ω (αβγ) is an element of the Wigner
rotation matrix evaluated at the given Euler angles, αβγ [134]. As in the previous chapter, we postpone the rather technical derivation of the Hönl-London
factors S(J 0 , J 00 ) to appendix C. Here, we just present the result,
S(J 0 , J 00 ) = (2J 00 + 1)×
| hJ 00 Ω00 1(Ω0 − Ω00 ) J 0 Ω0 i |2 δS 0 ,S 00 δΣ0 ,Σ00 ,

(4.3)

where hJ 00 Ω00 1(Ω0 − Ω00 ) J 0 Ω0 i is a Clebsch-Gordan coefficient. This result immediately gives us the following dipole selection rules
∆J
∆Λ
∆S

= 0, ±1, but J = 0 = J = 0
= 0, ±1,
= ∆Σ = 0,

(4.4)

which can also be combined to ∆Ω = 0.

4.1.2 Cooling schemes
For 2 Π molecules we propose the cooling scheme depicted in figure 4.1, where
we distinguish between Ω = 21 and Ω = 32 . Since only transitions with
∆J = 0, ±1 are allowed, we can pump population from the first excited rotational state in the vibrational ground state to the rotational ground state of the
first excited vibrational level, (ν = 1, J = Ω). The former is denoted the ”pump
state” in analogy with the nomenclature in chapter 3. From (ν = 1, J = Ω),
spontaneous emission brings population either back to the pump state or down
to the ro-vibrational ground state. The cooling scheme must be applied for each
populated Ω state individually. In figure 4.1 we have assumed population of
both Ω = 21 and Ω = 32 . In the absence of incoherent radiation this forms a
pumping cycle where population initially in the (ν = 0, J = Ω + 1) state is transferred to the ro-vibrational ground state. As in the singlet case, the presence
of BBR and possibly additional incoherent radiation from a lamp, will induce
rotational transitions and thereby feed the pump state with population from
higher-lying states. The entire population is therefore cooled.
Cooling schemes for other Hunds case (a) molecules may be derived from
straightforward generalization of the 2 Π scheme.
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Figure 4.1: Cooling scheme for 2 Π-states. Each of the two possible values of Ω
results in a series of energy levels and it is necessary to cool the 2 Π 1 and 2 Π 3 sepa2
2
rately if both are populated. Population is pumped from the first excited rotational
state in the ν = 0 vibrational ground state to the ro-vibrational ground state by a
laser induced vibrational transition and subsequent spontaneous decays. All the involved transitions are dipole allowed, cf. equation (4.4). Red arrows indicate laser
pumped transitions while green arrows indicate spontaneous decay paths. The Λ
doubling is not shown in the figure.

4.1.3

Numerical simulations

The simulations are done using the approach described in section 3.2.3, but with
the dipole transition matrix elements calculated using the Hönl-London factors of equation (4.3). We have chosen the molecule FH+ as an example of a
2
Π ground state molecule.
Since the spin-orbit coupling parameter, A = −292 cm−1 , is much larger in
magnitude than the rotational constant, B = 17 cm−1 , FH+ is best described in
the Hunds case (a) scheme [135]. The appropriate cooling scheme is depicted
in figure 4.1, although it should be noted that, for FH+ , Ω = 23 is the lower
state. To model the cooling scheme, we use the dipole moment functions in
reference [136] and the accurate spectroscopic data of reference [135].
The pumping is done from the first excited rotational level in the cooling
scheme of figure 4.1. This fact, combined with a large permanent dipole moment and hence rotational transition rate of FH+ (2.57 Debye), makes the effect
of the broadband incoherent radiation marginal. We have therefore performed
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Figure 4.2: Cooling efficiency of FH+ (X2 Π) in the two Ω sub-states. In the dipole
approximation the two sub-states are uncoupled if pure Hunds case (a) applies. The
cooling scheme will therefore be significantly simplified if one can design the experiment such that only the lowest Ω = 23 state is populated in the cooling scheme.
As in the previous figures, the red columns represent the initial BBR distribution
of population, while the blue columns represent the population distribution after
cooling.

the simulations without the inclusion of an incoherent source. Results of the
simulations are given for both the 2 Π 1/2 and 2 Π 3/2 states in Figs. 4.2 and 4.3.
Further splitting of the levels indicated in figure 4.1 will appear due to Λ
doubling. The effect is largest in the 2 Π 12 state where it has a magnitude on the
order of 10 GHz, which is more than one can expect to cover with the bandwidth
of a single pulsed laser. Therefore the laser transitions indicated for the 2 Π 21
scheme needs to be divided into two. The splitting of the lowest 2 Π 23 state is an
order of magnitude smaller, so it is not necessary to split that laser transition if
a pulsed laser system is used. This leaves us with three laser frequencies to use
for the cooling scheme if we assume that both Ω = 12 and Ω = 32 are populated.
Complications arise if we are not in the pure Hunds case (a) scheme. This
occurs if the rotational part of the Hamiltonian cannot be neglected compared
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Figure 4.3: Cooling efficiency as function of cooling time for the two Ω sub-states
of the 2 Π electronic ground state of FH+ . The cooling is seen to reach steady-state
after . 10 s without the inclusion of an incoherent source, largely due to the large
permanent dipole moment of FH+ .

to the spin-orbit part. Treated in the case (a) basis, the rotational part will
produce non diagonal perturbations [53]. This would allow a coupling from
(ν = 1, J = Ω) → (ν = 0, J = Ω + 2) (the introduction of quadrupole couplings
would have a similar effect). We do not expect this effect to be significant given
the difference between |A| and B. We did, however, check the stability of the
scheme when introducing such couplings and found that due to the fast rotational redistribution rates, the population that was coupled out of the cooling
cycle by ∆J = 2 transitions would rapidly be taken back. The negative effect
of such couplings is small (less than 10% decrease in cooling efficiency) if the
∆J = ±2 couplings are less than 20% of the ∆J = 0 coupling strength.
It should be noted that since coupling between states with different Ω is absent in the pure case (a) coupling, it may be possible to prepare the sample so
that only the Ω = 32 sub-state is populated. This would make the lasers addressing the Ω = 12 level superfluous. In that case only a single laser frequency is
needed to cool the molecule.

4.2

(2S+1)

Σ-states; Hunds Case (b)

If B & |A| or at high rotational excitations the Hunds case (a) basis functions
will no longer be approximate energy eigenfunctions. If H rot dominates, the
Hunds case (b) basis, nJ2 MJ N2 S2 Λ is convenient since the total Hamiltonian
is nearly diagonal in this basis. In particular, this is fulfilled for 2S+1 Σ states,
which are common as electronic ground states of light diatomic molecular ions
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(2S+1)

Σ-states; Hunds Case (b)

including BH+ (X2 Σ) and OH+ (X3 Σ). Below, we treat the 2 Σ and 3 Σ cases separately.

4.2.1 Energy levels of doublet states
The sub-states of a rotational level in a molecule in a 2 Σ state are split due to
the interaction of the spin of the unpaired electron and the molecular rotational
angular momentum. This is due to the spin-rotation Hamiltonian H sr = γN · S
where γ denotes the spin-rotation coupling constant. The resulting energies in
the doublet are given by [51]
F1 (N )
F2 (N )

1
= BN (N + 1) + γN,
2
1
= BN (N + 1) − γ(N + 1),
2

and the sub-states are denoted F1 and F2 for J = N +
tively.

1
2

and J = N −

(4.5)
(4.6)
1
2

respec-

4.2.2 Energy levels of triplet states
Molecular ions in 3 Σ electronic states will, apart from the spin-rotation splitting
discussed above, have an additional splitting from the coupling of the electronic
spin of the two unpaired electrons. Such states are relatively rare, as pairing of
the electronic spins is usually favored. Nevertheless, the ionic hydrides in the
16th group of the periodic table, including OH+ and SH+ , have such electronic
ground states. We therefore consider the applicability of the cooling schemes to
such states here. The energies of the three spin sub-states are given by [51]
2λ(N + 1)
+ γ(N + 1),
2N + 3

(4.7)

F1 (N )

= BN (N + 1) +

F2 (N )

= BN (N + 1),

(4.8)

F3 (N )

2λN
= BN (N + 1) −
− γN.
2N − 1

(4.9)

In analogy with the doublet case, F1 , F2 , and F3 denotes the sub-states with
J = N + 1, J = N , and J = N − 1, respectively. In the expression, γ is the spinrotation coupling constant and λ is the spin-spin–splitting constant. The latter
is normally an order of magnitude or more larger than γ and, consequently, the
multiplet splitting of triplet states at moderate rotational excitations are much
greater than the corresponding splittings of a doublet electronic states.
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Figure 4.4: (a) Cooling scheme for 2 Σ-states. Due to the spin-rotation coupling each
rotational quantum state, N , splits into two sub-levels with J = |N + 21 |, |N − 12 |.
(b) Cooling scheme for 3 Σ-states. Due to spin-spin and spin-rotation coupling each
rotational quantum state N split into sub-levels with J = |N + 1|, N, |N − 1|. In
both (a) and (b), the dipole-allowed vibrational transitions are shown on the figure
with red lines to indicate laser pumped transitions and green lines to indicate the
subsequent spontaneous decay paths.

4.2.3

Selection rules

In Hunds case (b), the good quantum numbers are N, S, J, MJ and Λ. We therefore write the eigenfunctions in the laboratory frame as
r
h{ri } , R nJMJ N S, Λi =
S
X

N
X

2N + 1
×
8π 2

h{r0i } , R ni hN MN SMS JMJ i ×

(4.10)

MS =−S MN =−N
∗

N
|SMS i DM
(αβγ),
NΛ

where {ri } , R ({r0i } , R) are the electronic and internuclear coordinates in the
laboratory (body-fixed) frame. We then follow the approach of appendix C to
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get the Hönl-London factors


where

S0
1

S(J 0 , J 00 ) = (2N 00 + 1)(2J 0 + 1)(2J 00 + 1)×
 0
2
(4.11)
S N 00 J 00
00 00
0
00
0 0 2
δS 0 S 00 ,
hN Λ 1(Λ − Λ ) N Λ i
0
0
1 J
N

N 00 J 00
is a 6j symbol [134]. The following selection rules are
J0 N0

extracted
∆J = 0, ±1 but J = 0 = J = 0
∆N = 0, ±1 but ∆N 6= 0 if Λ0 = Λ00 = 0
∆Λ = 0, ±1,
∆S = 0.

(4.12)

4.2.4 Cooling scheme
The cooling scheme proposed for Hunds case (b) molecules closely resembles
the singlet cooling scheme. It is depicted in figure 4.4(a) for 2 Σ molecules
and in figure 4.4(b) for 3 Σ molecules. The optical pumping is done from the
(ν = 0, N = 2, J) set of states to (ν = 1, N = 1, J 0 ). Then dipole allowed spontaneous decay will result in transitions back to the ”pump states” or to the nondegenerate ro-vibrational ground state. The only change to the scheme when
compared to the singlet case is to assure the addressing of all sub-states in the N
multiplet. This is possible because the ∆N = ±1 selection rule for Σ states from
equation (4.12) is the same as in the singlet case. The role of BBR and additional
incoherent radiation is the same as in the previous schemes.
The number of transitions to be pumped is three for the 3 Σ states and two
for the 2 Σ states. The splitting of the levels in the former is expected to be much
larger than for the 2 Σ case, since the spin-spin coupling parameter, λ, is much
greater than the spin-rotation parameter, γ, as mentioned in section 4.2.

4.2.5 Numerical simulations
We now proceed with numerical simulations of the presented cooling schemes.
The simulations will be made with BH+ as an example of a molecular ion with
the 2 Σ ground state, while OH+ is used as an example of a molecule with a
3
Σ ground state.
BH+ (2 Σ )
Here, we treat BH+ as an example of a 2 Σ ground state molecule and discuss
the molecule specific parameters and their implications on the cooling schemes.
The numerical simulation is done for 11 B1 H+ which is the dominant isotope (80%). We use the potential energy and dipole moment functions of reference [137]. With those functions, we use the approach of section 4.2.3 to
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Figure 4.5: Population in the lowest rotational state of BH+ (X2 Σ) as function of
cooling time. Simulations are made using the scheme of figure 4.4(a) with BBR
only (dashed line) and with the inclusion of the field from an incoherent source
addressing the N = 1 → N = 2 and N = 2 → N = 3 transitions (solid line).
We see that a significant improvement is obtainable using the incoherent source. In
line with our experience from MgH+ there is only a couple of percent loss of cooling
efficiency when using a softer low-frequency pass filter, for example, letting the
broadband incoherent radiation extend to include transitions up to and including
N = 4 → N = 5.

calculate the matrix of Einstein coefficients between rotational and vibrational
states. Finally, we make the simulation as described in section 3.2.3, but with the
modified energy level structure. If one neglects fine-structure, the laser wavelength for the two, then identical, pump transitions depicted in figure 4.4(a) is
Λ0 = 4.17µm. The real resonant transition frequencies are shifted from this central frequency through equation (4.5), where γ = −0.014 cm−1 [51]. This gives
a splitting of laser frequencies of ±0.007 cm−1 ' ±210 MHz. This difference is
comfortably smaller than the typical bandwidth of a pulsed laser system. The
hyperfine coupling coefficient has, to our knowledge, not been calculated. Typical values are, however, on the order tens to hundreds of MHz, allowing us
to address all hyperfine substates with the same pulsed laser system. Hence, it
is reasonable to expect that for practical implementations only a single pulsed
laser frequency is needed.
The results of a numerical simulation are given in figure 4.5 and 4.6. We note
that the convergence is quite slow compared to what we saw from MgH+ and
FH+ . Optimal cooling is not obtained until after ∼ 2 minutes. This is not too
critical as 60 % of the population is in the ground state after 20 s. As expected
from the discussion in the previous chapter, we find that the optimized distribution of the incoherent source addresses the transitions (ν = 0, N = 1) ↔ (ν =
0, N = 2) and (ν = 0, N = 2) ↔ (ν = 0, N = 3). Similarly, it is confirmed that
the cooling efficiency has little sensitivity towards the high frequency cutoff of
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Figure 4.6: Population in the lowest rotational states of BH+ (X2 Σ) after cooling in
120 s using the incoherent radiation from a lamp addressing the N = 1 → N = 2
and N = 2 → N = 3 transition (blue columns) and in BBR only (grey columns). The
initial 300K Boltzmann distribution is included for comparison (red columns). We
note that slightly better cooling efficiency should can be obtained using longer cooling times, cf. figure 4.5. This is, however, impractical and the obtainable improvements would be rather small. The substructure of the rotational levels is included
in the simulation but omitted on the figure.

the incoherent field.
OH+ (3 Σ )
We have chosen OH+ as an example of a molecule with the 3 Σ ground state.
This molecule plays an important role in the chemistry in comet tails [138], the
upper earth atmosphere, and interstellar clouds [139]. The electronic ground
state of OH+ is 3 Σ− . The effect of hyperfine splittings is expected to be much
smaller than the bandwidth of a typical pulsed laser system due to the nuclear
spins I = 0 and I = 12 of O and H respectively. Hence the molecule is welldescribed by the level scheme of figure 4.4(b). The frequencies of the three laser
beams required are found from equation (4.7) and the constants γ = −0.0147
cm−1 and λ = 2.13 cm−1 [51]. The wavelength of the un-split transition is 3.3
µm with the three sub-transitions shifted -3.2 GHz, 0 and -12 GHz with respect
to it. This splitting is too large to be covered by a single broad laser unless one
finds a way to generate shorter and thereby broader and more intense pulses
in this wavelength regime. This is an obvious experimental complication that
will often arise in the case of 3 Σ states due to the generally large value of the
spin-spin splitting constant λ. It should, however, be noted that the 3 GHz may
be covered by a single pulsed laser, leaving only two laser frequencies in the
cooling scheme. We have calculated the dipole moment functions of OH+ and
compared our results to reference [140] in figure 4.7. In the simulations, we use
the function obtained in the CCSDT (aug-cc-pVTZ) calculation.
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Figure 4.7: Top: Born-Oppenheimer potential curves for X3 Σ OH+ calculated
by Gaussian with various theoretical models compared to the calculation of reference [140]. All our calculations are done in a 6-311++G basis set except the solid
black line which is made in the generally more accurate aug-cc-pVTZ basis [103].
The curves agree close to the equilibrium, 1.03Å, for the MP4 (Fourth order MøllerPlesset perturbation theory) and Coupled Cluster approaches (CCD, CCSDT) indicating an accurate level of theory. The different methods are described in Refs.
[104–108]. Bottom: Dipole moment function calculated with Gaussian using similar
levels of theory and basis sets. The agreement between the calculations is reasonable and the effect of using the larger basis set for the CCSDT theory is not visible
on the given scale, but our results show some discrepancy with the results of reference [140]. This small discrepancy, however, has very little effect on the cooling
scheme. The classical turning points for the vibrational ground state are marked on
the common abscissa at 0.95 and 1.15 Å. The dipole moment functions are given in
center of mass coordinates.
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Figure 4.8: Population in the lowest rotational states of OH+ (X3 Σ) after cooling in
10 s using the incoherent radiation from a lamp addressing the N = 1 → N = 2 and
N = 2 → N = 3 transition (blue columns) and in BBR only (grey columns). The
initial 300K Boltzmann distribution is included for comparison (red columns). The
spin substructure of the rotational levels is included in the simulation but omitted
on the figure.

The final population distribution in the numerical simulation is given in figure 4.8. The scheme is both faster and more effective than what was found for
MgH+ . This can be understood from comparison of the figures 3.2 and 4.7.
Recalling equation (2.20) we expect the larger gradient of the dipole moment
function of OH+ to result in a higher effective pump rate from N = 2 to N = 0.
As with MgH+ , we see a significant increase in the cooling efficiency when introducing broadband radiation from an incoherent source to deplete the N = 1
population.
The simulation shows the efficiency of the rotational redistribution in the
3
Σ state. Considering the nonzero line strengths for transitions between the
Fi , Fj , (i 6= j) series of states, provided ∆N = ±1, one could be tempted
to omit one or more laser frequencies expecting rotational redistribution to
empty the remaining substates by rotational transitions through neighboring
N -levels. Unfortunately, such redistribution rates, requiring two or more rotational transitions through specific substates, are much too slow to have a significant effect on the cooling scheme. Therefore, each of the three laser frequencies are needed to make the cooling scheme effective. We find that the
optimized distribution of incoherent radiation from a lamp addresses only the
(ν = 0, N = 1) ↔ (ν = 0, N = 2) transition in accordance with the previous
results
Finally, it should be noted that 2S+1 Σ-states are always cases of pure case
(b) coupling due to the vanishing orbital angular momentum and the selection
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rule in N is close to exact. This stands in contrast to 2S+1 Π states which often
have effects of intermediate coupling which will complicate the suggested case
(a) cooling scheme further.

4.3

Conclusion

We have presented cooling schemes for rotational cooling of translationally cold
molecular ions in the 1 Σ electronic ground state in the previous chapter and in
this chapter we have expanded the scheme to the 2 Σ , 3 Σ and 2 Π electronic
ground states. For all but the relatively rare 3 Σ electronic state, the schemes can
be realized by optical pumping with a single pulsed laser beam, possibly combined with the inclusion of a broad-band incoherent source. The schemes are
therefore experimentally attractive and preliminary experiments are presently
under way with MgH+ .
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Quantized Motion of
Charged Particles in a Trap
CHAPTER

In this chapter, we introduce a quantized description of translational eigenstates
of charged particles in a harmonic trap. Furthermore, induced transition amplitudes between the eigenstates are discussed and notation to be used in the
remainder of the thesis is established. We begin the discussion by considering
a single ion in a harmonic trapping potential, followed by a generalization to
several particles. Most of the qualitative features are, however, almost identical
regardless of the number of ions involved.

5.1

A Single Ion in a Harmonic Trap

In section 2.5 we saw that the trapping potential for charged particles in a Paul
trap is harmonic. We thus consider a single harmonically trapped ion in the
following.

5.1.1 Energy eigenstates
The total Hamiltonian of the system will be given by H0 = Hion + Htrap , where
Hion refers to the internal Hamiltonian of the ion and Htrap is the Hamiltonian of
the external motion in the trapping potential. We may readily write the quantized Hamiltonian of the trap
1
Htrap = ~Ωtrap (a+ a− + ),
2

(5.1)

where Ωtrap denotes harmonic trapping frequency and a+ and a− are the step
up and step down ladder operators. We denote the energy eigenstates |niTr , so
Htrap |niTr = ~Ωtrap (n + 12 ).
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Let us furthermore assume that the ion has two internal states, |gi and |ei,
i.e.,
Hion = ~ωg |gi hg| + ~ωe |ei he| ,
(5.2)
where ωg and ωe denote the eigenfrequencies of the states. For most relevant
transitions, the transition frequency, ωge ≡ ωe − ωg , will be much larger than
obtainable trapping frequencies in linear Paul traps.

5.1.2

Transition matrix elements

Consider interaction with a laser field resonant with the transition between |gi
and |ei. The total Hamiltonian of the system is then H = Htrap + Hion + HI , with
the interaction Hamiltonian, HI in RWA given by
~Ω
|ei hg| exp {i[η(a+ + a− ) − ωge t]} + c.c.
(5.3)
2
p
Here we have defined the Lamb-Dicke–parameter, η = k ~/(2M Ωtrap ), with k
denoting the wave number of the light field and M the mass of the trapped
ion. Furthermore, we have written the rotating factor of the electromagnetic field eikx in terms of the harmonic oscillator ladder operators using x =
p
~/(2M Ωtrap )(a+ + a− ).
We are interested in the transition matrix elements between quantum states,
|gi |ni and |ei |n0 i. By equations (5.1-5.3), the transition matrix elements are
given by
HI =

he| hn0 |Tr H |niTr |gi =

~Ω −ωge t 0
e
hn |Tr eiη(a+ +a− ) |niTr .
2

(5.4)

We proceed by investigating the matrix elements hn0 |Tr eiη(a+ +a− ) |niTr in two
ways; a full analytical description, particularly useful for numerics, and a Taylor
expansion in η, useful to gain physical insight.
Analytical expression for the transition matrix elements
We begin by writing the matrix elements in terms of the associated Laguerre
polynomials [141].
As can be seen from equation (2.2), the ladder operator fulfill the commutation relation [a+ , [a+ , a− ]] = [a− , [a− , a+ ]] = 0, which implies that we may write
2
eiη(a+ +a− ) = eiηa+ eiηa− e−η /2 [141].
We may then write the transition matrix element of equation (5.4) as
hn0 |Tr eiη(a+ +a− ) |niTr = e−η

2

/2

= e−η

2

/2

hn0 |Tr eiηa+ eiηa− |niTr
n<
X
√
(iη)∆n n0 !n!

√

= e−η

2

/2

(iη)∆n

m

(−1)η 2m
m!(∆n + m)!(n0 − m)!

n0 !n! ∆n 2 
L
η .
n< + ∆n n<
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Here, ∆n = |n − n0 | and
n0). Furthermore, the associated Laguerre
Pnn< = min(n,
α
m n+α xm
polynomials, Ln (x) =
m=0 (−1)
n−m m! [142] were introduced. It is now
straight forward to find the entire transition matrix elements between all states
in the system in the rotating wave approximation
√
n0 !n! ∆n 2 
~Ω −η2 /2
he| hn0 |Tr HI |niTr |gi =
e
L
(iη)∆n
η .
(5.6)
2
n< + ∆n n<
It should be noted that these matrix elements are not equal to the free-space
matrix elements between |gi and |ei, even if there is no change of the motional
state, |niTr .
While equation (5.6) solves the problem of finding the transition matrix elements between the motional states in the trap potential for a single ion, it does
not provide overwhelming physical insight. To gain a basic understanding of
general features of transitions between motional states in the harmonic trapping
potential, it can be useful make a Taylor expansion of the vibrational matrix elements.
Taylor expansion of the transition matrix elements
We begin by an expansion of the vibrational transition matrix elements to third
order in η.
1
eiη(a+ +a− ) ' 1 + iη(a+ + a− ) − η 2 [(a− a+ + a+ a− ) + a2− + a2+ ]
2
(5.7)
η3 3
3
− i (a+ + a− + a+ a− a+ + a− a+ a− + a2+ a− + a2− a+ + a+ a2− + a− a2+ )
6
Thus, by applying equation (2.4) we find the lengthy
1
eiη(a+ +a− ) |niTr ' [1 − η 2 (2n + 1)] |niTr
2
√
√
η3 √
η3 √
+ [iη n + 1 − i
n + 1(3n + 3)] |n + 1iTr + [iη n − i 3n n] |n − 1iTr
6
6
√
1 2√
1 2p 2
− η n + 1 n + 2 |n + 2iTr − η n − n |n − 2iTr
2
2
η3 p
η3 p
(n + 1)(n + 2)(n + 3) |n + 3iTr − i
n(n − 1)(n − 2) |n − 3iTr ,
−i
6
6
(5.8)
from which the transition matrix elements are trivially found.
For now, we focus on the first orders in the expansion. In the limit of small
η, denoted the Lamb-Dicke Limit, we see that, for single photon reactions, transitions without change of vibrational quanta (carrier transitions) are dominant,
followed by transitions between |niTr and |n ± 1iTr (first sideband) 1) . Furthermore it is noticed that excitations of more than one vibrational quantum will
1) Interference between reaction channels can make higher-order transitions dominant in a Raman
process as discussed in section 7.3
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be increasingly likely with higher initial excitation. These fundamental features
are a cornerstone of a number of proposals and experiments in sideband cooling, discussed in section 2.6, and quantum optics with trapped ions [143, 144].
We will later see that they can be used to derive a method for state preparation
of molecular ions in an ion trap.

5.2

Strings of Ions in a Trap

The main advantage of utilizing ion traps to study and control molecular ions is
the effective sympathetic cooling of the external motion of the molecular ions.
The expressions of the previous section need to be generalized to more than one
ion in a trap in order to take advantage of the sympathetic cooling on the level
of quantized motion in the trap. We begin by deriving equilibrium positions of
the ions and eigenfrequencies of the collective vibrational motion in the trap.

5.2.1

Equilibrium positions and vibrational modes

We focus on ions on a string, which is later to be restricted to a string consisting
of one atomic and one molecular ion. The potential energy of a string of N ions
of mass Mm , m = 1 . . . N in a confining electrostatic potential of φ = φ0 2q x2 is
given by [145, 146]

V =

N
X

N

X q2
q
1
φ0 x2l +
.
2
8π0 |xm − xl |
m=1

(5.9)

m6=l

Here, xm denotes the position of particle m and the ions are assumed to have
identical charge q, while φ0 is a constant given by the strength of the confining
potential, cf. section 2.5. The equilibrium positions of the ions in the confining
potential can then be found by minimizing equation (5.9) with respect to xl .
After Doppler cooling of the ions, the displacement of the ions from the equilibrium positions is small, so we may write xm = x0m + qm (t), where x0m is
the equilibrium position of the mth ion and |qm (t)|  |x0m+1 − x0m |. The ions
are numbered as m = 1 . . . N with the ion being molecular with mass Mmol if
m ∈ M and an atomic ion with mass Matom if m ∈ A. Thus we have assumed a
two component crystal of molecules and atoms. Following James and Kielpinski
[145, 146], we now use the second order expansion of the potential around the
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equilibrium positions to write an approximate expression for the Lagrangian,
L≈

 2

N
N
1 X
1 X
∂ V
2
Mm q̇m
−
qm ql
2 m=1
2
∂xm ∂xl
m,l=1

N
X

N
X
1
1
2
=
Mm q̇m − φ0 q
An,m qn qm
2 m=1
2
m,n=1

=

(5.10)

N
N
1 X dQm 2 1 X 0
(
A Qn Qm .
) −
2 m=1 dT
2 m,n=1 n,m

Where we used that the equilibrium positions minimize the potential, resulting in a vanishing linear term in the Taylor expansion, and then neglected the
constant term. Furthermore, we defined
An,m =

(
PN
1 + 2 p6=m

1
|um −up |3

−2
|um −un |3

if n = m
if n 6= m,

p
with um = x0m / 3 q/4π0 φ0 , and evaluated the quadratic term in the expansion
of the potential. In writing the final expression
p of equation (5.10), we introMmol
duced µ = M
,
the
normalized
time,
T
=
φ0 q/Matom t, and the normalized
atom
√
displacement coordinates, Qm = qm φ0 q. The matrix A0n,m is then given by

A0n,m

=



An,m
An,m
√
µ

 An,m
µ

if n, m ∈ A
if n ∈ M, m ∈ A ∨ m ∈ M, n ∈ A
if n, m ∈ M.

We find the eigenmodes of collective vibrations expressed in terms of Qm by
diagonalizing A0 . Define the eigenvectors and -energies by A0 vk = ξk2 vk , where
vk are properly normalized. Now, by expanding Qm on the eigenvectors vk we
may write the Lagrangian of equation (5.10) in the basis of the eigenmodes, in
which case it takes the form
N

L=

N

1 X dQ0p 2 1 X 2 0 2
(
) −
ξ Q ,
2 p=1 dT
2 p=1 p p

(5.11)

where Q0k = vk · Q.
Equation (5.11) is immediately recognized as the Lagrangian of a superposition of N harmonic oscillators with frequencies ξp and unit mass. We may then
proceed to the quantization of the vibrational motion following a procedure similar to the quantization of the one-dimensional harmonic oscillator presented in
section 2.1.
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The quantized vibrational motion

From equation (5.11), the Hamiltonian of the system is found to be
N

H=

N

1X
1X 2 02
(Pp )2 +
ξ Q ,
2 p=1
2 p=1 p p

(5.12)

with the Pp being the canonical momentum conjugate to Q0p , i.e. Pp = Q̇0p . We
d
0
make the operator substitution Pp → −i dQ
0 and find [Qp , Pq ] = iδpq . Defining
p
p
iP
ladder operators ap± = √12 ( ξp Q0p ∓ √ p ) we find
ξp

H=

X

p
p
q
[a− , a+ ]

1
ξp (ap+ ap− + )
2

(5.13)

= δpq .

As expected, the quantized Hamiltonian is a superposition of independent harmonic oscillator Hamiltonians. The physical eigenfrequencies of the vibrational modes are found by transforming T → t giving Ωp = ξp Ωtrap . Similarly, the physical position coordinates of the ions can be found by transforming
Q0p → qm .
We can now recycle much of the formulations in the previous section in order
to evaluate the transition matrix elements.

5.2.3

Transition matrix elements

For a monochromatic laser field of frequency ω resonant with the ith ion with
free ion Rabi frequency, ΩRabi , the transition matrix elements from |gi |νip to
|ei |ν 0 ip are
o
Yn
~
(5.14)
hν 0 |p ei(kx−ωt) |νip .
ΩRabi
2
p
From the definition of the ladder operators, √1 (ap− + ap+ ) = Q0p =
2ξp

PN

where q is the vector of ion displacements and vpm is the mth
component of vp . Multiplying by the ith component of vp , summing over
vibrational
modes and using orthonormality of eigenvectors it is found that
P
qi = p vpi √1 (ap− + ap+ ).
m
m=1 vp q,

2ξp

Transforming back to the physical coordinates, the matrix elements can be
written




Y
X
0
0
1
~
ΩRabi eikx0
hν 0 |p exp i[
ηpi (ap+ + ap− )] − ωt |νip ,
(5.15)
 0

2
p
p
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Figure 5.1: Blue lines: Normalized mode eigenfrequencies, ξp , for two and three
ions in a harmonic trap as function of the mass ratio, µ, between two particle species.
Results are given for a) two ions and b) three ions. The mass ratio is defined µ =
Mmol
, where the second ion in the chain for both two and three ions is assumed to
Matom
have mass Mmol and the remaining particle(s) are assumed to have mass Matom . The
red lines show the second component of the normalized mode eigenvectors, thus
illustrating the amplitude of translational motion of the molecular ion as function
of µ.
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p
where we introduced ηpi = k ~/(2Mi ξp Ωtrap )vpi . Thus, the transition matrix
elements have been written as a product of N independent matrix elements –
the same form as the single ion matrix elements derived in equation (5.6), albeit
with a modified Lamb-Dicke parameter. The analogy to the single trapped ion
is thus completed, and it has been shown that for ions on a string, the structure
of energy levels as well as optical transition matrix elements can be treated as a
series of N harmonic oscillators, greatly reducing the complexity of the problem.
The importance of the vibrational states in the trap being collective cannot
be overestimated. The Hamiltonian of the system cannot be written as a sum of
single-particle Hamiltonians, and translational excitation of one ion will therefore
be accompanied by translational excitations of the other ions in the chain. A
motional sideband transition on a molecular ion is therefore also a sideband
transition for a simultaneously trapped atomic ion, a phenomenon we will use
in two proposals in the following chapters.
In chapter 6, we propose to excite the collective vibrational motion by a Raman transition in a molecule, followed by Doppler cooling of the collective vibrational state through the atomic ion. The technique will be shown to cool the
molecule despite of the absence of a dissipative process in the molecular transition. The necessary dissipative process is, of course, the well known Doppler
cooling of the atomic ion.
In chapter 7, we show that selective sideband transitions in the molecule, followed by a detection of the collective motional state by the shelving technique
on the atomic ion allows state preparation of molecular ions through the projection measurement. The technique requires sub-Doppler cooling and will only
work for a single molecular ion at a time. There are, however, very few constraints on the size, structure and dynamics of the molecular ion so the scheme
is very versatile.
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6
Internal Cooling of
Molecules Through Atomic
Cooling Cycles
CHAPTER

In the previous chapter, we investigated aspects of the motion of simultaneously
trapped ions. In particular, we saw that the motion of the ions can be described
as independent modes of collective motion in a harmonic trap. In this chapter, we will use the collective character of the motion to propose a new cooling
scheme for molecular ions. The cooling scheme is based on coupling of the
molecular internal state to the collective motional state with a Raman transition.
The atomic cooling cycles, damping the collective motion in the trap potential,
will then be shown to cool the internal molecular state indirectly under appropriate conditions on the molecular Raman transitions. In contrast to the cooling
schemes presented in chapter 3 and 4, the present cooling scheme does not rely
on spontaneous transitions in the molecular ion and, consequently, the scheme
is independent of molecular vibrational structure and dynamics and thus applicable to a larger variety of molecules, including polyatomic molecules.

6.1

Sympathetic Cooling of the Axial Modes

We consider the motion of a laser cooled atomic ion and a sympathetically
cooled molecular ion along one dimension of a harmonic trap with frequency
Ωtrap . We assume that the dynamics of the ions in the two other dimensions of
the trap is decoupled from the motion considered here, thereby reducing the
system to one dimension. In section 5.2 we saw that the equation motion can be
written as a sum of two independent harmonic oscillator equations, each representing a mode of collective motion in the trap. We will denote the modes
the center of mass (CM) mode and the breathing (BR) mode, with |νCM i and the
|νBR i being the corresponding motional states.
69

Chapter 6.

Internal Cooling of Molecules Through Atomic Cooling Cycles

In the following, the the system is assumed cooled to the Doppler limit. In
section 2.6.1 we found the semiclassical expression for the Doppler cooling rate
4α
of an atom, which can be written Ė = − M
hEkin i. Here Mat denotes the atomic
at
mass, hEkin i the mean kinetic energy of the atom and α is defined in section 2.6.1.
The Doppler cooling thus work as a function of the kinetic energy of the atom.
For the two component ion string, it is necessary to evaluate the Doppler cooling
rate of each of the axial modes separately, since the kinetic energy of the atom
will depend on both the collective mode and the mass ratio, µ. The Doppler
atom
cooling rate will depend on the mean kinetic energy of the atom, hEkin
i, only.
4α
atom
That is, Ė = − Mat hEkin i. Using equation (5.12) and taking appropriate advantage of Q0p and Pp , an expression for the kinetic energy of the atom is found,
atom
i=
hEkin

X
1
1 p2
ξp .
~Ωtrap
(νp + )vat
2
2
p

(6.1)

p
denotes the component of the pth eigenvector v1) corresponding to the
Here, vat
atom, and the summation is over the collective modes, p = BR, CM . Combining equation (6.1) with the expression for the total energy of the system we find
a differential equation for the motional quanta, νp ,

ν̇pcool = −

α p2
1
vat (νp + ).
Mat
2

(6.2)

We evaluate the laser heating rate in the same way as in section 2.6.1, but assuming that the photon energy is divided equally between the axial modes. We
find
s
γatom
.
(6.3)
ν̇pHeat = ~kz2
N Mat ξp Ωtrap s + 1
Here, γatom is the linewidth of the atomic transition, s is the saturation parameter, kz is the wave number of the incident photons and N = 2 accounts for the
momentum being distributed over the motional modes of the ion string. The
equilibrium vibrational state of the pth mode, νp , is found from equation (6.2)
γatom
= 2N ξΩ
− 0.5, which
and (6.3). We find a Doppler cooling limit of ν min
p
vp 2
trap at

γatom
should be compared to the single ion doppler cooling limit ν min
single ion ' 2Ωtrap .
We note that for the two-component ion chain, the equilibrium motional state
p
decreases with increasing vat
, i.e. the collective temperature decrease when the
amplitude of the atomic motion increase. This is not unexpected from the theory of Doppler cooling, since the cooling mechanism is represented by a friction
term on the atomic ion only. The factor of N1 in the expression for the equilibrium motional state of the ion chain accounts for the mean energy being split
between two motional modes.
The motional redistribution rates, {Γatom }, are found by converting equation
(6.2) and (6.3) to discrete equations for the motional states. {Γatom } thus rep1) See

section 5.2.1 for definitions of v and ξp

70

6.2 Internal Cooling

resent the equation of motion for the motional states in the trap as a result of
cooling with Doppler lasers.

6.2

Internal Cooling

The cooling concept is illustrated in figure 6.1. In addition to the states of collective motion in the trap discussed above, the cooling scheme involves the
molecular electronic ground state, |gimol , an optically accessible excited electronic state of the molecule, |eimol , and a number of rotational sub-states of
the electronic molecular states, |Jirot , with J being the rotational quantum
number. We assume that the state of the system can be written as a product of these molecular states and the states of collective motion in the trap,
|Ψi = |ψel imol |Jirot |νCM i |νBR i , ψel = (e, g).
≡ ωrot  νi Ωi , B being the rotational constant of the moleSince BJ(J+1)
~
cule, the system can be considered a collection of rotational molecular states
with sub-states of collective motion in the trap. These external motional states
of one of the modes are shown in figure 6.1 as solid horizontal lines and the
molecular part of the wave-function is also indicated on the figure. The molecular rotational energy levels decouple from the motional states in the trap without
the application of an explicit coupling mechanism, as explained in section 2.6.3,
and the total population is therefore distributed over rotational levels as a Boltzmann distribution at room temperature. The equilibrium distribution of population for the lowest rotational states is schematically depicted as a filled blue
area plot superimposed on the states in figure 6.1 with the total area in each of
the molecular rotational states proportional to the population in that state. The
atomic Doppler cooling rates between motional states in the trap, {Γatom }, result
in an equilibrium distribution over external motional levels in the trap potential
with a temperature in the mK regime, in contrast to the room temperature distribution over rotational levels. The distribution of population over the motional
sub-states is thus peaked at a low quantum number as shown in the figure.
Coupling between the external modes and the internal rotations of the
molecule is achieved by addressing states, |Ψi i = |gimol |J = 2irot |νCM i |νBR i,
0
0
with a Raman transition which couples to |Ψf i = |gimol |J = 0irot |νCM
i |νBR
i
0
with νi > νi (i = CM, BR) via the excited electronic molecular state, |Ξm i =
00
00
|eimol |1irot |νCM
i |νBR
i. If we choose the Raman transition resonant with νi0 −νi 
ν̄i , where ν̄i is the mean quantum number of the ith collective mode, the population in |J = 2irot can be transferred to high-lying external states in |0irot . Population within the equilibrium distribution over motional states with |0irot can,
however, not be transferred to |2irot as the Raman transition will be detuned below the motional ground state |gimol |2irot |νCM = 0i |νBR = 0i. We then conclude
that population transferred from |2irot to |0irot will relax to the equilibrium distribution over motional levels in |0irot from where it cannot be transferred back
to |2irot . We have then established unidirectional pumping between the two
molecular states where the only dissipative term originates in the spontaneous
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∆
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Figure 6.1: The proposed scheme is based on a Raman transition between two rotational states of the molecule, |J = 2irot and |J = 0irot , both in the molecular electronic ground state, |gimol . The sub-states of collective motion in the trap potential
are depicted as solid horizontal lines. The equilibrium distribution without molecular cooling is a Boltzmann distribution over the sub-states of collective motion
with mK temperature superimposed on a distribution over rotational levels at room
temperature as explained in the text. The resulting distribution without molecular
cooling is schematically shown as a blue area plot with the population along the
horizontal axis. The Raman laser is chosen to be resonant with states of collective
motion in |J = 2irot and higher-lying motional states in |J = 0irot via an excited
electronic state of the molecule |eimol with detuning ∆. It should be noted, that
the continuous distribution depicted in the blue area plot is schematic only. The
physical distribution is, of course, discrete.

decay of the atomic cooling cycle. We have previously shown that with unidirectional pumping established, Black-body–radiation (BBR) can be used to cool
the remaining rotational degrees of freedom in the molecule, cf. chapter 3 and
4. Unfortunately, the coupling matrix elements for νi0 − νi  ν̄i are extremely
small under realistic conditions. We will thus, through numerical simulations,
show that effective unidirectional pumping is possible with νi0 − νi ∼ ν̄i . The
coupling matrix elements are maximized if the lasers in the Raman process are
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chosen counterpropagating to ensure maximal momentum transfer.
The scheme can be represented by a rate equation, dP
dt = KP, where P is
a vector with population in the states |gimol |Jirot |νCM i |νBR i and K is a coupling matrix determined by {Γatom } and the set of coupling rates between internal molecular states and external motion in the trap, {Γmol }. {Γatom } was
evaluated in the previous section, but it remains to evaluate {Γmol }. Define
the interaction Hamiltonian, V = d · E1 (x, t) + d · E2 (x, t) = 21 V (1) (eik1 x̂ +
e−ik1 x̂ ) + 12 V (2) (eik2 x̂ + e−ik2 x̂ ) with d the dipole operator and El (x, t) the electric field from laser l = (1, 2) with frequency ωl and wave number kl . Assume ω1 + ∆ resonant with the molecular transition |gimol |2irot → |eimol |1irot
and ω2 + ∆ resonant with the molecular transition |eimol |1irot → |gimol |0irot .
The transition rate from an initial state, |Ψi i = |gimol |2irot |νCM i |νBR i, to a fi0
0
nal state, |Ψf i = |gimol |0irot |νCM
i |νBR
i, via a collection of intermediate states,
00
00
|Ξm i = |eimol |1irot |νCM i |νBR i, when interacting through VI is then given by
Γi→f =

(2)
(1)
2
1 X hΨf | VI e−ik2 x̂ |Ξm i hΞm | VI eik1 x̂ |Ψi i
L(Γ, δ),
Em −Ei
4~4 m
− ω1 − 21 iγm
~

(6.4)

where Ei , Em and Ef denote the energy of |Ψi i , |Ξm i and |Ψf i, respectively.
γm is the line width of the intermediate state and we have applied RWA by
Γ
ignoring far off-resonant terms. Furthermore, a Lorentzian, L(Γ, δ) = π1 δ2 +Γ
2
E −E

with δ = ω1 − ω2 − f ~ i has been used in order to describe the effect
of a laser with bandwidth Γ. The expression can be simplified by denoting
(l)
1
Ω±
moll = ~ he|mol hJ = 1|rot VI |J = 1 ± 1irot |gimol and extracting it from the
sum. In RWA we find
1 + 2 − 2
|Ω
| |Ωmol1 |
4 mol2
X
Y
hν 0 | e−ik2 x̂ |ν 00 i hν 00 | eik1 x̂ |νi i

Γi→f =

i

00
00
νCM
,νBR
i=(CM,BR)

i

Em −Ei
~

i

− ω1 −

1
2 iγm

2

L(Γ, δ).

(6.5)

2
|Ω±
moll | can be expressed in terms of the Einstein A coefficient between the molecular states and the intensity and frequency of laser l. All other molecular coupling matrix elements are expected to be negligible from selection rules. It remains to calculate the transition matrix elements between collective motional
states states in the trap.
The transition matrix elements hνi0 | e−ik2 x̂ |νi00 i and hνi00 | eik1 x̂ |νi i can be written in terms of the generalized Laguerre polynomials, Lα
n (x), and the LambDicke parameter, as demonstrated in section 5.2. Equation (6.5) can then be
evaluated numerically for a given number of included motional states.
The computational task can made considerably less demanding by making
approximations as follows. The eigenenergies of |Ξm i are given by Em = ~ωge +
00
00
~ΩCM (νCM
+ 12 )+~ΩBR (νBR
+ 21 ), where ωge denotes the free molecule transition
frequency. For reasonable detuning from the excited electronic molecular state,
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00
00
ΩCM (νCM
+ 12 ) + ΩBR (νBR
+ 12 )  ωge − ω1 . Furthermore, we assume that the
linewidth of |Ξm i is independent of the motional excitations, i.e. γm ' γ. Under
these assumptions, the denominator in equation (6.5) is independent
of m. We
P
may then use completeness of the collective motional states, νp |νp i hνp | = 1, to
completely eliminate the sum over intermediate states, thus reducing equation
(6.5) to

Γi→f =

1 + 2 − 2
|Ω
| |Ωmol1 |
4 mol2

2

Y
i=(CM,BR)

hνi0 | eik1 x−ik2 x̂ |νi i
L(Γ, δ).
∆ − 12 iγ

(6.6)

Here, ∆ = ωge − ω1 denotes the single photon detuning from the intermediate
state.
With the molecular-motional transition rates, {Γmol }, established through
equation (6.5) or (6.6) and the previously used transition rates for BBR-induced
transitions, we proceed to numerical simulations.
First, we will present numerical simulations of MgH+ trapped with
40
Ca+ using an excited electronic state as intermediate state in the Raman transition. This will establish a basic proof of principle for the cooling scheme. Thereafter, we will discuss the parameters of the simulation, as they turn out to be
problematic. Methods to circumvent the problems are then proposed and some
preliminary results are given.

6.3

Numerical Simulations

We have simulated the cooling scheme of figure 6.1 for MgH+ and 40 Ca+ using
Ωtrap = 50 MHz and evaluated the transition rates in both equation (6.5) and
(6.6) with νi , νi0 , νi00 = 0 · · · 40 , i = (CM,BR). The oscillation frequencies of
the two external modes are ΩCM ' 50 MHz and ΩBR ' 100 MHz . We use the
linewidth and transition frequencies of the primary doppler cooling transition
in 40 Ca+ , shown in figure 2.9. The Rabi frequency of the atomic cooling transition is chosen to 50 MHz. The lasers in the Raman process were tuned to resonance when νi0 − νi = 2. The coupling rate Ω±
moll was chosen to 3 GHz for both
transitions and the detuning from the excited state was 750 GHz. The width of
the Lorentz function was chosen to Γ = 1 KHz, and the Raman coupling lasers
were assumed pulsed width 1 ms pulse length. The Lorentz function was cut off
70 MHz from the center frequency in the numerical simulations.
The initial distribution over collective motional states was the equilibrium
distribution resulting from {Γatom } alone, while the molecule was assumed to
be in |2irot . We propagated the rate equations with this initial distribution of
population for 1 ms. This corresponds to solving a system of 3362 coupled differential equations which took ∼ 8 minutes on a 3.2 GHz Pentium 4 system.
Population distributions at representative times during cooling are depicted
in figure 6.2 together with the corresponding distribution without Raman coupling. We see that the Raman transition results in effective population transfer
74

J=2

J=2

t =10-3s

J=2

t =10-4s

0.5
0.4
J=0
0.3
0.2
0.1
0
0.4
J=0
0.3
0.2
0.1
0
0.4
J=0
0.3
0.2
0.1
0
0 2 4 6 8 10

t =3·10-5s

Population

6.3 Numerical Simulations

0 2 4 6 8 10
νCM

Figure 6.2: Population distribution in the CM mode of collective motion in the trap
potential at representative times during cooling. Population in |0irot is shown in
the left half, while population in |2irot is depicted in the right. The simulation was
started with the entire population in |2irot |νCM = 40i |νBR = 40i. Red lines depict
distributions without the Raman transition shown in figure 6.1, while black lines
represent population distributions with the Raman transition. Results for the BR
mode are very similar, except the equilibrium distribution is shifted to the left due
to the higher eigenfrequency of this mode.

from the initial |2irot molecular state to |0irot . We fit the evolution of population
to the solution of a system of two coupled differential equations corresponding to an effective pumping rate, γcool , pumping from |2irot to |0irot and another
effective rate, γheat , representing heating from |0irot to |2irot . This gives a nearperfect fit with γcool = 5.3 · 103 s−1 and γheat = 0.18 · 103 s−1 , hence the effective
rate model accurately describes the cooling mechanism. The data and fits are
shown in figure 6.3 when using both equation (6.5) and (6.6) to evaluate {Γmol }.
The two equations give essentially the same result, leading us to conclude that
equation (6.6) is an adequate description of the process 2) .
The rates γcool and γheat are now used to propagate rate equations representing a system of the lowest 12 rotational states of MgH+ when interacting with the
2) While the two methods give very similar results, equation (6.5) takes approximately ten hours
to evaluate for the given parameters, while (6.6) takes less than three minutes.
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Figure 6.3: Relative population in |0irot / |2irot during the 1 ms Raman pulse when
the molecule is assumed to be in |2irot at time t = 0. Red marks represent simulated data using equation (6.5) and black line shows a fit to these data points. Blue
markers show simulated date when calculating {Γatom } using equation (6.6) and the
green line represents a fit to these data points. The two equations are seen to give
essentially the same result, and the quality of the fits is equally convincing.

300 K BBR field present in the trap and subject to the presented cooling mechanism. The result of these simulations is shown in figure 6.4. The simulation
is performed with continuous pumping, which is a good approximation provided the repetition frequency of the Raman lasers is much faster than the BBR
rotational redistribution rate.
The J = 2 level is emptied immediately due to the comparatively large γcool .
The remaining rotational levels of the molecule are redistributed due to transitions mediated by BBR and spontaneous decays. After ∼ 60 s just above 60 % of
the distribution is found in the ground state. The only excited rotational state,
which is not emptied by γcool and BBR induced rotational redistribution, is |1irot .
This is explained as rotational heating from the highly populated |0irot in the
presence of BBR at a timescale so fast that rotational heating from |1irot to |2irot
cannot compensate. This effect can be somewhat reduced by the introduction
of tailored incoherent fields [96]. Even without the use of such fields we notice
that more than 80 % of the total population is in the two lowest rotational states,
roughly corresponding to a rotational temperature of ∼ 8 K.
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Figure 6.4: Population in the four lowest rotational states of MgH+ as function of
time, when subject to the 300 K BBR field present in the trap and the cooling scheme
shown in figure 6.1. The simulation was performed using effective rates for the
pumping of population between |0irot (blue line) and |2irot (red line) as explained in
the text. The population in |2irot is rapidly emptied as a result of the large effective
pumping rate γcool , while the population in |3irot (black line) is removed somewhat
slower as the result of BBR redistributions. Finally, the population in |1irot (green
line) increases as a result of rotational heating from the ground state. The population
in the rotational ground state after 60 s is ∼ 60 %, while the population in |0irot and
|1irot combined is greater than 80 %.

6.3.1 Complications and prospects for improvement
It is necessary to consider the parameters used in the numerical simulations
carefully. In the previously presented cooling schemes of this thesis, emphasis
has been given to experimental feasibility. However, the parameters used in
the previous section are problematic in several ways. Most importantly, the
assumed linewidth of the laser is very small. Furthermore, incoherent scattering
on an intermediate state with linewidth of more than 10 MHz will be a problem.
The achilles’ heel of the scheme is incoherent scattering on the intermediate
state, since scattering will take place on the dominant carrier transition, while
the Raman transition must take place on sideband transitions for the scheme to
be effective. The disadvantage was minimized by cooling with 40 Ca+ , which
results in a motionally colder sample, cf. section 2.6.1.
A modification of the cooling concept may circumvent the problems with incoherent scattering on the intermediate state. First, the Raman transition could
be changed to a STIRAP type transition. STIRAP transitions are generally robust, but driving selective sideband transitions in a trap with STIRAP is not
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(b) BBR and microwave pump on |1irot ↔ |2irot

Figure 6.5: (a) Population in the four lowest rotational states of MgH+ as function of
time, when subject to the 300 K BBR field present in the trap and the cooling scheme
shown in figure 6.1 and using an internal molecular state as intermediate state in
the Raman transition. The simulation was performed using effective rates for the
pumping of population between |0irot (blue line) and |2irot (red line) as explained in
the text. (b) Population in the four lowest rotational states of MgH+ as function of
time when the |1irot ↔ |2irot transition in MgH+ is saturated by a microwave source,
e.g. a Backward wave oscillator [132].
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straight-forward. STIRAP on sideband-transitions are discussed in another context in chapter 7. Also, sideband cooling could be applied to narrow the thermal distribution over motional states so the Raman transition can occur on the
first motional sideband. Another approach would be to use an internal state of
the molecule as intermediate state. The narrow linewidth of such states would
allow for smaller detunings and higher free-molecule Rabi frequencies in the
Raman transition without inducing incoherent scattering. The trade-off would
be that internal transitions typically have infrared transition frequencies, thus
resulting in a very small Lamb-Dicke parameter.
We have performed preliminary investigations using the first excited vibrational state of MgH+ as intermediate state. The parameters are not optimized,
but the preliminary results indicate that this approach is more feasible. We assume the intermediate state has an Einstein coefficient for spontaneous decay
of 50 Hz and a transition wavelength of 4 µm. The detuning from the excited
state in the Raman process is 500 MHz, the free molecule Rabi frequencies are
800 MHz, and the lasers in the Raman process were tuned to resonance when
νi0 − νi = 3. The linewidth, Γ, of the Lorentzian in equation (6.6) is a challenging,
but less frightening, 100 kHz. The remaining parameters are identical to the
previously used. With these parameters, the rate of inhomogeneous scattering
on the intermediate state is acceptable at 30 Hz. Figure 6.5 shows the cooling efficiency with these parameters. We have also included a simulation, where the
|1irot ↔ |2irot rotational transition is saturated with a microwave source [132].
The simulations represent preliminary investigations, but it appears that cooling using the scheme of figure 6.1 may be possible if the intermediate state in
the molecular transition is long-lived.

6.4

Conclusion

We have shown a proof-of-principle of using internal-external state couplings to
rotationally cool molecules confined in harmonic trap with a laser-cooled atomic
ion. The only dissipative term in the cooling cycle stems from the spontaneous
decay in the translational cooling of the atomic ion and it makes no reference
to molecular vibrational structure, decay rates or selection rules. The scheme is
hence fundamentally different from our previously proposed schemes in which
the dissipative process was spontaneous decay from an excited molecular vibrational state.
The cooling scheme relies on cooling of the collective translational state
through the atomic cooling cycle and pumping between an excited rotational
molecular state and the molecular ground state with effective pumping rates
faster than rotational redistribution mediated by BBR. The fundamental requirement of the scheme can therefore be summarized as γcool  γBBR , where the last
rate is the rotational redistribution rate in BBR and γcool is found from the rates of
external cooling, {Γatom }, and rates of the individual Raman transitions, {Γmol }.
Finally, γBBR must be much greater than the rate of trap loss. The method is very
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versatile and may be readily adapted to polyatomic molecules, provided the rotational and, if relevant, vibrational redistribution due to BBR can occur from
any populated state to the state addressed by the Raman laser on the required
timescale.
While complications appeared during our work with this scheme, it may be
worth investigating the cooling concept further, considering the relative simplicity and versatility of the cooling concept.
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7
State Preparation by
Projection Measurement
CHAPTER

7.1

Introduction

In chapter 3 and 4 we demonstrated methods to rotationally cool molecular ions
that are initially in equilibrium with BBR at room temperature. The cooling
schemes were relatively simple and capable of rotational cooling of many different diatomic molecular ions.
In this chapter, we focus on an alternative route to the production of molecular ions in specific states. The physical system used for this purpose consists of
one trapped molecular ion sympathetically cooled by a simultaneously trapped
atomic ion. Such a situation has been realized in experiments, and it has been
shown to be possible to determine the molecular ion species non-destructively
by a classical resonant excitation of one of the two axial collective modes of the
two-ion system [40]. With this setup, we now propose to exploit the quantum
aspect of the same collective modes to create correlations between the internal
state of the molecular ion and the collective motional state in the trap potential.
Previously, correlations in two-ion systems were essential in, e.g., demonstrations of quantum logical gates [147] and in a proposal for high-resolution spectroscopy [148]. The proposal presented in this chapter has been published in
[149].
We thus consider the translational motion of one atomic ion and one molecular ion along one dimension of a harmonic trapping potential of frequency
Ωtrap . In section 5.2, we demonstrated that the resulting equation of motion conveniently can be written as a sum of two harmonic oscillator equations, each
representing a normal mode of collective vibrations in the trapping potential.
The system is assumed to be cooled to sub-Doppler temperatures for example
by resolved sideband cooling [80].
In accordance with our previous estimates, the molecular ion is initially in
internal equilibrium with the 300 K BBR of the trap environment. Again, for
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Figure 7.1: Idealized sketch of the state-selection sequence. The first step is cooling
to the ground state of the collective translational mode, |0iTr , with the molecule in
the electronic ground state and with the internal ro-vibrational states characterized
by a statistical ensemble |Ximol . The second step is to correlate the collective mode
of the two-ion system with the internal state of the molecule by exciting the collective mode to |1iTr if the molecule is in a specific internal state, |χd imol . Next, if the
collective mode is excited, conditional shelving transfers the atom to the long-lived
metastable state, |siat . Finally, the projection measurement proceeds by exposing the
atomic ion to light which is resonant with the transition between the atomic ground
state, |giat , and an excited state, |eiat . Re-scattered light will then be absent only if
the atom is in the shelved state and hence the the molecule in the desired internal
state.

lighter molecular species, BBR equilibrium implies that the internal molecular
state is found from a statistical ensemble over many rotational eigenstates, but
only the vibrational ground state.

7.2

Selection Sequence

We proceed by describing the sequence of manipulations that allows preparation of molecular ions in a given internal state, |χd imol .
The scheme requires the presence of a closed optical pumping cycle in the
atomic ion, used for cooling, combined with a metastable state which is not resonant with the cooling lasers, used for detection by the ion shelving technique.
40
Ca+ is one example of such a system (cf. figure 2.9) [150, 151].
As depicted in figure 7.1, the state preparation of the molecular ion ideally
involves the following steps. First, the two-ion system is cooled to its collective
motional ground state [72, 80] with the molecule in the electronic ground state
and with a Maxwell-Boltzmann distribution over ro-vibrational states. We con82
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IE
CEI
CS
PM

Vibrational ground state
|giat |Ximol |0iTr
|giat |χd imol |1iTr |giat |X 0 imol |0iTr
|siat |χd imol |0iTr |giat |X 0 imol |0iTr
dark
fluorescent

Table 7.1: The evolution of the system through the state-selection sequence depicted in figure 7.1. IE: Initialization of the External state of the two-ion system
by cooling the collective mode to the ground state. CEI: Correlation of collective
External modes and Internal molecular state. CS: Conditional Shelving. PM: Projection Measurement. In the table, |X 0 imol denotes the modified statistical ensemble
of internal molecular states when the desired state, |χd imol , has been removed from
|Ximol . The portion of the ensemble of ro-vibrational states that was initially in
the desired molecular state |χd imol is conditionally shelved and unaffected by the
projection measurement. The remaining ro-vibrational states, on the other hand,
are unaffected by the conditional shelving and therefore lead to fluorescence upon
projection measurement.

sider only one of the two independent axial modes of the two-ion system and
refer to it as the collective mode. Second, laser fields are applied to induce transitions between the ground and the first excited motional states conditioned on
the specific ro-vibrational state of the molecular ion. This procedure creates correlations between the motional state of the two-ion system and the internal state
of the molecular ion. Next, conditioned on an excitation of the collective mode,
an atomic shelving transition to a metastable state is driven by another laser
field. Finally, laser fields are applied to project the atomic ion on the shelved
(non-fluorescing) or non-shelved (fluorescing) state. If no fluorescence is observed, we conclude that the molecular ion is in the internal state of interest.
Contrary, if fluorescence is present, the ion is not in the desired state. In the
latter case, the procedure is repeated after a duration of time sufficiently long
to bring the molecule back in thermal equilibrium, typically through interaction
with BBR. Eventually, no fluorescence is detected in the final step and the molecular ion is known to be in the desired quantum state. A state-to-state analysis
of the procedure is presented schematically in Table 7.1.

7.3

Efficiency of the CEI and CS Steps

Step 1, sideband cooling to the motional ground state, is well established both
theoretically and experimentally [72, 79–81, 83]. Similarly, projection measurement (step 4), has been thoroughly verified in different experiments [150–152].
In this section we discuss a number of approaches to CEI and CS and present
some numerical simulations.
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Correlation of external motion and the internal molecular
state (CEI)

We have investigated several approaches to CEI. Table 7.2 gives an overview of
the approaches and some basic characteristics. First, one may use a π-pulse to
transfer population to |χd imol |1iTr from a different molecular state, |χ00 imol , via
an excited molecular state |χ0 imol . The π-pulse approach has been experimentally demonstrated for atomic ions [153], and should work for molecular ions,
albeit it will not be equally efficient for all substates of the rotational state of the
molecule. Additionally, it should be noted that it can be challenging to meet
the requirements to the stability and bandwidth of the light source. As an alternative, a STIRAP process between the same molecular states should be more
attractive experimentally, as STIRAP is generally more robust than π-pulses, cf.
section 2.4. However, the two-photon detuning, δ should still be much smaller
than the spacing between the motional levels, Ωtrap , which can be difficult to
achieve using two different lasers.
Technically, it is significantly simpler to ensure stable two-photon resonance
at the required level (δ  Ωtrap ) if the two laser frequencies are similar. The
advantage of using similar frequencies is that the two frequencies can be generated by acousto-optical modulation of a single pump beam. Fluctuations in the
frequencies of the two beams will then coincide, i.e. fluctuations in the pump
beam will lead to fluctuations in the single photon detuning, ∆, rather than the
more critical two-photon detuning, δ. As a consequence, we considered the adiabatic transfer process depicted in Table 7.2(c). First, a pulse couples the final
state, |χd imol |1iTr , and intermediate states, |χ0 imol |νiTr , with a coupling strength
characterized by the free molecule Rabi frequency, Ωs (t), while a delayed pulse
couples the initial state, |χd imol |0iTr , to |χ0 imol |νiTr with free molecule Rabi frequency Ωp (t). Here, |χd imol and |χ0 imol denote the desired and intermediate
molecular state, respectively.
Though the pulse sequence resembles a STIRAP process, there is an important difference since the two laser pulses, that are only shifted in frequency by
the collective mode frequency (' 10 MHz), interact with same internal transitions of the molecule. The similar frequencies of Ωp and Ωs thus makes it easier
to achieve two-photon resonance, but invalidates the rotating wave approximation used to derive equation (2.21). As a consequence, it is necessary to modify
equation (2.21) to include terms where
• Ωs and Ωp both couple |gi − |ii and |f i − |ii
• Several motional states have to be included in the simulation.
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Approaches to CEI
System

a)

Method

|χ’>mol |ν>Tr

Characteristics
- Experimentally demonstrated
with atomic ions

π-pulse
|χ’’>mol |0>Tr

of sub-states

- Requires very stable light source

|χd>mol |1>Tr

b)

- Address a selection

|χ’>mol |ν>Tr

- Address a selection
STIRAP

of sub-states

- Requires less stable light source

|χ’’>mol |0>Tr

compared to π-pulse

|χ’>mol |ν>Tr

- Address all substates

|χd>mol |1>Tr

c)

Adiabatic transfer

- Several motional states

|χd>mol |1>Tr

are populated

|χd>mol |0>Tr

d)

- Simple; one laser freqeuncy

|χ’>mol |ν>Tr

- Destructive interference between
Driven, non-adiabatic

|χd>mol |1>Tr

reaction channels makes it
difficult to get motional excitation
without scattering

- Several motional states

|χd>mol |0>Tr

e)

- Good performance in simulations

are populated

|χ’>mol |ν>Tr

- Rayleigh scattering dominant
Rayleigh scattering

|χd>mol |1>Tr

only at large detunings;
cannot, in general,
be made state selective

|χd>mol |0>Tr

Table 7.2: Five methods to achieve CEI. The individual methods are discussed in
detail in the text.
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The inclusion of several motional states is necessary, since transitions to
higher excited motional levels also will be near-resonant with Ωp,s 1) . Including
only the motional states |0iTr and |1iTr and choosing the basis

|χd imol |0iTr , |ii |0iTr ,
|ii |1iTr , |χd imol |1iTr , the interaction picture Hamiltonian, HI , becomes


0
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where ∆ω = ωp −ωs is the difference between the laser frequencies, while ∆ and
δ are the single-photon and two-photon detunings, respectively. Furthermore,
the matrix elements were entered to second order in η according to equation
(5.8). The rotating phases on the off diagonal matrix elements distinguish this
interaction Hamiltonian from that of section 2.4. Fortunately, since ∆ω ' Ωtrap ∼
10 MHz, the rotating phase on the off-diagonal matrix elements can be averaged
to zero (RWA), provided the interaction time is significantly longer than 0.1 µs.
We also require the process to be much faster than the motional heating time in
the trap, which is on the order of 10 motional quanta per second [80].
To obtain reliable numerical results, it turns out to be insufficient to include
only |0iTr and |1iTr in the Hilbert space.
Pν For reliable results, we expand0 the state
of the two-ion system as |Ψ(t)i = νTr,max
cνTr (t) |χd imol |νiTr + bνTr (t) |χ imol |νiTr
Tr =0
with νTr,max = 5 for convergence. The initial condition is c0 (t = 0) = 1 and the
desired final state is |χd imol |1iTr . In figure 7.2(a) we present the results of a numerical simulation of CEI. In the simulation, both laser pulses are assumed to
be Gaussian in time with a width τ = 50 µs (FWHM) and separated by 1.3τ . We
assume maximum free molecule Rabi frequencies of 6.7 MHz for both pulses2) ,
and a detuning from the intermediate state of δ = 10 MHz. A transient population of the intermediate states, |ii, is noted in figure 7.2(a).
We investigated the consequences of the transient population by introducing an imaginary terms on the diagonal of HI , representing spontaneous decay
out of the system. Our simulations showed that decay rates well over 10 kHz
can be accepted. Since electronically excited states of molecules typically are
short-lived, we used a vibrational level of the molecule in the simulation and
1) In general, it is also necessary to include several motional states in the simulation of conventional STIRAP in the trap potential
2) The assumed Rabi frequency of 6.7 Mhz can be achieved by focusing CW laser beams with a
modest power of ∼ 10 mW to spot sizes of ∼ 1mm2 .
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(a) Population evolution during CEI
|χd>mol

1

|0>Tr
|1>Tr
|2>Tr

Population

0.8

|3>Tr
|4>Tr
|5>Tr

|i>
|0>Tr
|1>Tr
|2>Tr
|3>Tr

0.6
0.4
0.2
0
-3

-2

-1

0
Time delay [τ]

1

2

3

(b) Final population versus pulse delay

Figure 7.2: Numerical simulations of the CEI process using the approach of Table
7.2(c). (a) Population in the states |χd imol |0iTr . . . |χd imol |5iTr and the intermediate
states |ii as function of time during the CEI process. The population initially in
|χd imol |0iTr branches out to several motional states. Transient population in the
intermediate state is observed (compare with figure 2.3), which led us to use a longlived vibrational state of the molecule as intermediate state. The pulse envelopes
are shown as dashed lines on the figure. (b) Population distribution after the CEI
process as function of the pulse time delay in units of the pulse width, τ . It is noticed
that the excitation to higher-lying motional states clearly depends on the pulse time
delay, and that nonzero population of the excited state is found if the time delay is
negative, i.e. if the pulses are reversed.
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Figure 7.3: Final population distribution after CEI as function of the maximal Rabi
frequencies of Ωp and Ωs . Like it was the case with the pulse delay, the Rabi frequencies can also be used to control the distribution over motional states in the trap. It
should be noted that the effect of truncating the Hilbert space at |5iTr will be significant when the population in |5iTr state becomes appreciable, so the quantitative
results with Rabi frequencies of 8 − 10 MHz should not be relied upon.

assumed a transition wavelength of 4 µm. The simulation shows that more than
80 % of the population is transferred to excited motional states, but rather than
ending in the desired state, |χd imol |1iTr , the population is transferred to a superposition of the states |χd imol |1iTr . . . |χd imol |5iTr . This can be understood from
the equidistance of the energy levels in the harmonic trap. If adiabatic transfer
is energetically allowed from |χd imol |0iTr to |χd imol |1iTr , then it is also allowed
from |χd imol |1iTr to |χd imol |2iTr etc. The consequences of CEI leading to population of several excited states is discussed in the next section, where we consider
the subsequent step, CS, in more detail. We note that in the simulation, the
transfer efficiency was stable when varying the detuning a few MHz, which is
of experimental importance. The effect of the rotating phases in HI can be seen
as small oscillations in the resulting populations during CEI (on the scale of figure 7.2(a), the oscillations are seen as thickening of the lines). As expected from
the previous argument, the oscillations become dominant when the interaction
time approaches 1/Ωtrap .
Figure 7.2(b) depicts the final population distribution after CEI, when the
delay between the pulses is varied from −3τ to 3τ . The population in higher
excited states increase with the pulse overlap, since larger pulse overlap allow
the system to go through more motional excitations. We thus conclude that the
time delay between the pulses offers some control over the motional excitations.
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It should be noted that the quantitative results of the simulation in figure 7.2(b)
is unreliable when the population in |χd imol |5iTr becomes dominant, since the
effect of truncating the Hilbert space can be critical. The qualitative result of
increased motional excitation with increased pulse overlap is, however, reliable.
Similarly, we note that the excited state of the molecule is populated after CEI
for negative time delays, i.e. when reversing the pulse sequence with respect to
conventional STIRAP.
Figure 7.3 explores the final population after CEI when varying the Rabi frequencies. We note that the Rabi frequencies influence not only the transfer efficiency, but also the distribution over motional states. When increasing the Rabi
frequency beyond the scale of figure 7.3, the population distribution displays
a very complex dependence of the Rabi frequency, mostly with very efficient
motional excitations to the higher-lying states. This is not unexpected since increasing pulse height should allow more motional excitations, but the effect of
truncating the Hilbert space in the simulation could be significant. We therefore
use Rabi frequencies of 6.7 MHz in the following discussion.
We now proceed by considering two intuitively appealing methods to
achieve CEI by using a single laser frequency, which is of obvious experimental convenience. The approaches are depicted in Table 7.2(d) and (e). We will
show that neither of the methods are as attractive as the previously mentioned
processes, but we have chosen to include them in the discussion for completeness and because their experimental simplicity makes them very tempting.
The approach in table 7.2(d) represents an off-resonant stimulated excitationdecay process with a pulse duration less than 1/Ωtrap , thus making motional excitations energetically allowed. Unfortunately, the reaction channels
|χd imol |0iTr ↔ |χd imol |niTr ↔ |χd imol |1iTr interfere destructively with each
other, canceling the transition to fourth order in the Lamb-Dicke parameter η.
The destructive interference originates in the π phase shift between motional
transition matrix elements for absorbtion and emission of a photon, which can
be seen from equation (5.8). As a result of the weak coupling, it will be difficult
to excite the collective motional states without scattering on the intermediate
state.
In table 7.2(e), we consider using Rayleigh scattering on an excited molecular state. From classical radiation theory, valid for a far-off resonant incident
field, it can be shown that Rayleigh scattering normally dominates rotational
and vibrational Raman scattering, since Rayleigh scattering is proportional to
the polarizability of the molecule, while Raman scattering is proportional to the
anisotropy of the polarizability (rotational Raman) and the change of polarizability with internuclear distance (vibrational Raman) [50]. In the presented
selection sequence, however, the motional excitations must be state-selective,
thus requiring the incident laser light to be close to resonance with one transition in the molecule. As a consequence, a quantum-mechanical description
is needed. Unfortunately, a quantum mechanical description of near-resonant
scattering does not allow for such easy classification of Rayleigh and Raman
scattering amplitudes, and Rayleigh scattering cannot, in general, be assumed
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to dominate [154].
To conclude, we have shown several ways of achieving CEI. Which approach
to use will depend on the particular system in question and experimental constraints, but it appears that the adiabatic transfer method, depicted in table 7.2(c)
and simulated in figure 7.2 and 7.3, is experimentally attractive. We showed that
an excitation efficiency better than 80 % is feasible. We proceed by discussing
the CS step and the consequences of the final population being distributed over
several motionally excited states.

7.3.2

External state conditional shelving (CS)

As with CEI, external state conditional shelving can be achieved with various
approaches. However, we will later show that the confidence of the state preparation is largely insensitive to the efficiency of CS, so the discussion of CS will
not be quite as detailed as CEI. Additionally, CS has previously been demonstrated experimentally.
In quantum logic experiments, atomic shelving conditioned on the external
motional state has previously been demonstrated experimentally using π-pulses
[153, 155]. The method is very efficient, but requires the use of very stable light
source, and it will not, in general, be possible to effectively empty more than one
excited motional state, since the effective Rabi frequencies for |niTr → |n − 1iTr
transitions depend on n3) . The π-pulse approach is therefore not ideal if the adiabatic transfer process of table 7.2(c) is used in the CEI step, since the population
will be distributed over several motional states.
As an alternative, we consider the STIRAP type process on the red sideband
of translational motion from the atomic ground state, |giat , to the shelved atomic
state, |siat , via an intermediate
state, |iiat . We expand the state of the comPν
bined system as |Ψ(t)i = νTr,max
|giat |χd imol |νiTr + bν(t)Tr |iiat |χd imol |νiTr +
c
Tr =0 ν(t)Tr
aν(t)Tr |siat |χd imol |νiTr . The STIRAP interaction hamiltonian is derived by
straight-forward generalization of equation (2.25).
The conditions for adiabatic following in a STIRAP process were given in
equation (2.29). In order to obtain CS, it is furthermore necessary that the power
broadening of the individual levels is smaller than Ωtrap , since the motional
ground state |0iTr would otherwise interfere in the process. The additional constraint
Ωs Ω p
 Ωtrap
(7.1)
∆
is thus inferred.
A numerical simulation of the process is shown in figure 7.4. The simulation confirms the ability to perform CS with a STIRAP type process. Furthermore, we see that it is possible to empty all the states populated after CEI using
the adiabatic transfer method discussed in the previous section. The numerical
simulations show that with the final population after the CEI process of figure
3) Since the Rabi frequencies are known functions of n, it is, to a certain extend, possible to adjust
the pulse area to tailor the transition probability[155]
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Figure 7.4: Population evolution during the atomic STIRAP type process proposed
in the text. Solid lines depict the population in the shelved atomic state, |siat , while
dashed lines show the population in the atomic ground state, |giat . The motional
states of the trap potential are distinguished by the color codes as shown on the figure. As initial conditions we have chosen unit population of |giat |νiTr , ν = 0 . . . 5
to explore the performance of the sideband transitions for the motional states on
equal terms. Note that with this choice of initial condition, the population is not
normalized. The simulation is performed with gaussian pulses of 500 µs width and
maximum Rabi frequencies of 500 kHz. We chose Ωtrap = 10 MHz, and a detuning
from the excited state, |eiat , of 500 kHz. With the given parameters, minor transient
population of the excited atomic state is seen (black on figure).

7.2(a) as initial condition, more than 95% of the population in motionally excited
states can be transferred to the shelved state. The simulation also shows slight
transient population of the excited atomic state, which can be problematic depending on the particular system in question. Our simulations indicate that the
transient population is due to incomplete satisfaction of equation (7.1), and may
thus be minimized by increasing the trapping frequency or decreasing the Rabi
frequencies, the latter at expense of the transition probability. Furthermore, we
expect STIRAP on the second motional sideband to be more robust, since the
ground state would the be separated twice as far from the states undergoing
STIRAP. Performing CS on the second sideband of external motion will have
the added benefit of mitigating uncertainties induced by thermal population
of |1iTr after imperfect cooling of the system in the external state initialization
process, as discussed in the subsequent sections.
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Imperfections in the Individual Steps

The proposed selection sequence should result in a 100 % certain preparation of
the molecule if the atom is found in the shelved state at the end of the sequence,
provided that the external motion of the system is cooled to the ground state. In
the case of zero temperature of the external motion, the efficiency of correlation
of external motion and molecular state and the efficiency of conditional shelving affects the number of measurements required to achieve state preparation,
but not the confidence of the state preparation. While this is very promising,
we must consider the effect of imperfections of the individual steps when the
temperature of external motion is finite. In the following, we discuss the imperfections in the various steps of the procedure.
1) Initialization of the external state of the two-ion system (IE)
Cooling of a two-ion system completely to the motional ground state, |0iTr , is
unrealistic, but several experiments show that it is feasible to achieve W0 = 95%
population in |0iTr in the case of two atomic ion species [72, 80]. The same degree
of cooling is expected for an atomic-molecular ion system. We therefore use a
Boltzmann distribution with W0 = 0.95, and this results in W1 ' 0.047 and
W2 ' 0.003 for the populations in |1iTr and |2iTr , respectively.
2) Correlation of external motion and the internal molecular state (CEI)
We discussed this part of the procedure in detail in the previous section, where
we proposed several approaches to CEI. In the following, we consider the adiabatic passage approach of table 7.2(c), which was simulated numerically. We
found, that more than 80 % of the population in |χd imol can be excited translationally. In the following, we use a slightly more conservative estimate of the
transfer efficiency, ℘CEI = 0.7.
3) External state conditional shelving (CS)
Conditional shelving of the collective motion was also discussed in some detail
in the previous section. With the π-pulse approach, demonstrated in quantum
logic experiments [153], very high transfer efficiency is expected, but the method
will only be able to effectively empty one motional state. As an alternative, we
considered CS with a STIRAP type process and demonstrated shelving probabilities exceeding 0.95 in a numerical simulation. In the following, we will use
the somewhat more conservative estimate of the shelving probability, ℘CS = 0.7.
4) Projection measurement (PM)
The final step, projection measurement on the atomic ion, can be made very efficient. With a typical exposure time T = 5 ms, one should be able to determine
the projected atomic state with a confidence exceeding 95 % [79, 152].
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Over-all Confidence of Steps 1-4

The probability of being in the ideal initial state, |gat , χd , 0Tr i, is Pχd W0 , where
Pχd denotes the initial population in |χd imol and Wν the initial population in the
collective motional state |νiTr . Since this state has to go through both CEI and CS
to reach the shelved state, the probability of finding the molecule in the shelved
state after the selection sequence is Sprep = Pχd W0 ℘CEI ℘CS . Unfortunately, a
false positive result occurs if the system is initially in the state |giat |X 0 imol |νi
with ν ≥ 1 since the system may proceed through CS without exciting the motional state during CEI (see table 7.3). The probability of a false positive measurement is then E = (1 − Pχd )(1 − W0 )℘CS , where the first two factors account
for the initial population in the excited states of the collective motion and the last
factor accounts for the necessary
application of CS. We define the confidence of

a measurement as F = Sprep (Sprep + E).

IE
CEI
CS
PM

Excited vibrational state
|giat |Ximol |1iTr
|giat |χd imol |0iTr |giat |X 0 imol |1iTr
|giat |χd imol |0iTr |siat |X 0 imol |0iTr
fluorescent
dark

Table 7.3: The evolution of the system through the state selection sequence of figure 7.1 if the translational motion is excited due to finite translational temperature
of the two-ion system. For simplicity, both CEI and CS is assumed to have unit
efficiency. CEI is furthermore assumed to work equally well in the reverse direction, transferring |giat |χd imol |1iTr to |giat |χd imol |0iTr . Since population initially in
|giat |X 0 imol |1iTr is unaffected by CEI, that population will remain in the excited
motional state after CEI, thus being susceptible to the CS process. As a result, population initially in |giat |X 0 imol |1iTr will be shelved after CEI and CS, and thus result
in a false positive measurement after PM, cf. table 7.1.

As a test case we assume Pχd = 5% and use a thermal distribution over
external vibrational states determined by letting W0 = 95 %. Non-fluorescence
in the final stage of the state preparation then give a confidence of the molecule
be in |χd imol of about F ' 0.4 which is too marginal for the procedure to be
useful.
On the basis of these considerations we turn to consider a general maneuver
capable of distinguishing the two dark states in the selection sequence of Table
7.1 and 7.3.
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State Purification (SP)

The principal source of error is false positive detections stemming from the initial population in |1iTr . These errors are excluded by use of the state-purification
procedure of Table 7.4. If no fluorescence is detected after the state preparation
process, CEI is reapplied. The second step is another CS process transferring
|siat to |giat on the red sideband of the collective motion. Finally PM is repeated.
The desired final state is now flourescent while other states are dark.
Start
CEI
CS
PM

State purification
|siat |χd imol |0iTr |siat |X 0 imol |0iTr
|siat |χd imol |1iTr |siat |X 0 imol |0iTr
|giat |χd imol |0iTr |siat |X 0 imol |0iTr
dark
fluorescent

Table 7.4: State Purification (SP). Start: The states of the system ending in the
shelved atomic state after the state preparation process 1)-4) when assuming finite
temperature of the collective mode. SP proceeds by a second Correlation of the
External mode and Internal molecular state (CEI), exciting the collective mode if the
molecule is in |χd imol . Then Conditional Shelving (CS) transfers the atom back to
the ground state |giat if the collective mode is excited. Finally, a second Projection
Measurement (PM) detects the atom in |giat if the molecule is in |χd imol .

7.6.1

Confidence of the selection sequence after SP

The probability of a successful detection after the SP procedure is estimated by
Spur = Sprep ℘CEI ℘CS , as the population has to go through both CEI and CS
after the state preparation. The probability of a false positive detection caused
by population initially in excited motional states is now given by E1 = Wl≥2 (1−
Pχd )℘2CS , since the system must start in the second excited state or higher to pass
CS twice without being excited during CEI. Another source of false positive
measurements appears due to stochastic heating during the relatively slow PM
process. Assuming a heating rate of Γ = 10 vibrational quanta per second [80],
the error induced by stochastic heating is E2 = T Γ(1 − Pχd )W1 ℘2CS , since only
population initially in |1iTr will introduce error which is not accounted for in
E1.
0
The
=
 confidence of state preparation after SP is defined as F
Spur (Spur + E1 + E2) and SP improves the confidence of state preparation to
more than 80 % (see Fig. 2). Note that if W0 = 100%, the measurement cycle
leads to 100 % certain state-preparation without SP, while increasing ρCEI to
100% only leads to 10% increase in the confidence of the final state preparation.
Finally, we note that the preparation efficiency is independent of the conditional
shelving efficiency, ℘CS .
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Figure 7.5: Confidence of preparing a MgH+ ion in rotational states. The red
columns show the 300 K Boltzmann distribution over rotational states. The grey
columns present the achievable confidence, F 0 , when state purification is applied.
Finally, the blue columns show the confidence, F 00 , obtainable when selections using the second sideband are applied without state-purification.

7.6.2 Alternative approach
As an alternative to PS, we may perform CEI and CS on the second motional sideband, i.e., consider |gat , Xmol , 0Tr i − |gat , χd , 2Tr i in the CEI step and
|gat , χd , 2Tr i−|sat , χd , 0Tr i in the CS step. Since the initial probability W2 for being
in |2iTr is much smaller than W1 , the confidence of the preparationis improved
considerably without applying SP, and simply given by F 00 = Sprep (Sprep +E 00 )
with E 00 = E × (1 − W0 − W1 )/(1 − W0 ) ∼ E × 0.06. The required laser intensity
would, however, increase due to the weaker coupling between |0iTr and |2iTr
compared with the |0iTr – |1iTr coupling.

7.7

Conclusion

Additional complications may appear if different sub-states of the molecular
ion result in a different Rabi frequencies for the MST. This can be countered by
selecting a specific sub-state for the transition, eg. by splitting the sub-states
with a magnetic field. Due to the relaxed demands to the transfer efficiency we
do not expect such effect to be critical.
We have demonstrated a robust scheme allowing non-destructive detection
of the internal state of a molecular ion in a trap. After preparation the molecule
will be available for experiments on a timescale set by BBR-relaxation. It should
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be noted, that for homonuclear molecules this timescale is very long, but MST
could be harder to implement.
The strong coupling between molecular and atomic ions in an ion trap allowed the construction of a general detection scheme for internal states of molecular ion. The generality of the mapping of the internal state of the molecule
to the atomic ion leads us to conclude that the scheme can be used on a large
number of molecular species, diatomic as well as polyatomic.
Shortly prior to the submission of this thesis, the group of D. J. Wineland
published an experimental demonstration of spectroscopy and state preparation
of 27 Al+ , which is not amenable for laser cooling [156]. The experiments were
performed using an approach very similar to the one proposed in this chapter,
thus confirming the feasibility of the scheme.

96

8
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CHAPTER

We have presented several schemes for cooling and preparation of the internal degrees of freedom in trapped and translationally cold molecular ions. The
schemes of chapter 3 and 4 are relatively simple from an experimental point of
view, and the light-source requirements are modest. Experimental implementation of these schemes is planned in the group here in Aarhus, and a method
to measure the internal temperature of a molecular sample has been developed
[41, 42, 90]. The cooling schemes of chapter 3 and 4 may readily be applied to
many heteronuclear diatomic molecular ions.
In chapter 6, we have presented cooling scheme which do not rely on a spontaneous decay in the molecular ion. Spontaneous decay in the molecule is circumvented by coupling the internal state of the molecule with the collective
motional state of a system consisting of the molecular ion and an atomic ion
in a trap. The collective motional state of the two-ion system is then cooled by
conventional translational cooling on the atomic ion. Although the numerical
results were initially discouraging due to a large rate of incoherent scattering,
we proposed several ways to improve the scheme and presented preliminary
results indicating that the scheme can be salvaged. By avoiding a spontaneous
decay in the molecule, the cooling scheme stays highly versatile and implementation with polyatomic molecular ions should be possible. Furthermore,
the scheme does not require more than a single laser-driven Raman transition,
which is promising for experimental implementation, albeit the required parameters for the Raman transition must investigated further before a conclusion
can be made.
In chapter 7, we considered a different approach to the production of molecular ions in well defined internal states. Rather than cooling, the scheme allows state–specific preparation of molecular ions by a projection measurement
on the atomic ion. Again, the creation of correlation between internal degrees of
freedom in the molecule and collective motional states of the two ion system is
essential to the scheme. The scheme is very versatile and should in principle be
applicable to virtually any molecular ion, albeit experimental constraints lead
us to focus on lighter molecular ions. The scheme has the important advantage
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of being able to prepare the molecular ion in many different internal states, allowing for interesting state-specific studies. While the scheme is technically the
most demanding of the presented schemes, an experiment have recently been
presented using a similar approach to perform spectroscopy on an atomic ion,
which is not amenable for direct cooling [156]. The feasibility of the scheme is
thus confirmed, although the experimental demands are considerable.
The state-selected and strongly localized molecular ions produced with the
schemes have many potential applications and will be interesting for a large variety of studies. One potential application is high-precision spectroscopy and
measurements of absolute reaction rates with molecular ions in a specific internal state. Experiments in ion traps may also complement storage ring experiments of dissociative recombination[92, 131]. Previous experiments in storage
rings have shown that dissociative recombination rates for D2 H+ and H+
3 depend on the rotational state of the molecular ions [157, 158], thus implying that
rotational state specific targets would provide increased understanding of the
processes. Furthermore the study of molecular reactions in interstellar media
or comet tails [128, 129, 159] could benefit from rotationally cold samples of
molecular ions. Ultimately, the access to cold molecular ions could be used in
implementations of quantum logic.
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The most important Einstein coefficients and transition frequencies for the molecular ions treated in chapters 3 and 4 are listed here.

24

1

+

1

Mg H (X Σ )
B H+ (X2 Σ )

11 1

16

O1 H+ (X3 Σ )

19 1

+

2

F H (X Π )

Arot (S−1 )
2.5 · 10−3
0.2 · 10−3 (Q-branch)
0.4 · 10−3 (R-branch)
3.8 · 10−3 (P-branch)
19.2 · 10−3 (R-branch)
11.5 · 10−3 (Q-branch)
Arot (S−1 )
93.8 · 10−3 (Ω = 21 )
347 · 10−3 (Ω = 23 )

Avib (s−1 )
20.5
11.5
23.0
18.3
91.6
54.9
vib
A (S−1 )
82.4
98.9

ω rot (cm−1 )
12.9
25.0

ω vib (cm−1 )
1672
2437

33.07

2990

ω rot (cm−1 )
51.6
85.5

ω vib (cm−1 )
2964
2999

Table A.1: Einstein coefficients for selected transitions in s−1 and corresponding
transition frequencies in cm−1 .

In the table the quantities have the following meaning: Arot = A(ν = 0, N =
1 → ν = 0, N = 0), Avib = A(ν = 1, N = 1 → ν = 0, N = 0) for the Σ-states and
Arot = A(ν = 0, J = Ω + 1 → ν = 0, J = Ω), Avib = A(ν = 1, J = Ω → ν =
0, J = Ω) for the Π-state. A similar notation is used for the transition frequencies. The pure rotational transition rates (first column) indicate the rotational
redistribution speed while the vibrational transition rates give the spontaneous
decay rate from the excited vibrational state in the pumping schemes. The data
largely explains the qualitative difference in cooling efficiency for the molecular ions. Large rotational redistribution rates indicate a fast scheme, while fast
spontaneous decays from the excited vibrational state indicate high effective
pump rate, i.e. high cooling efficiency. The data for BH+ is found using the data
from reference [137] and the computer program of reference [102] from which
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the Hönl-London factors were corrected to conform with the multiplet expressions of section 4.2.3. Data for OH+ was found using the same approach and
data from figure 4.7. Finally the data on FH+ was obtained using the data of
references [135, 136].
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APPENDIX

For completeness we include the details of the derivation of equation (3.8).
Equation (3.4) must be modified if Ψm and Ψn are degenerate. The effecP P Bm ,n
tive Einstein B-coefficient is found as Bn,m = µ ξ gξn µ , where µ, ξ denote
the sub-states of Ψn and Ψm , respectively, and gn the degeneracy of the initial
(upper) state. One summation is done to include transitions to all sub-states of
the final state, m, while the remaining terms correspond to averaging the result
over the sub-states of the initial state. We then define the total transition dipole
moment for degenerate states as
X
|Dn,m |2 =
|Dnξ ,mµ |2 ,
(B.1)
ξ,µ

where the summation is done over all transitions between sub-states of the system. The Einstein coefficients between degenerate states then take the form
π|Dn,m |2
3gn 0 ~2
~ω 3
= 2 3 Bn,m ,
π c

Bn,m =
An,m

(B.2)

Which is the same as equation (3.4) except for the degeneracy factor. We now
move to a molecule-fixed coordinate system. We define the electronic dipole
moment function by integrating the dipole operator, Mmol , over the electronic
variables, τe
Z
mol
De (R) = ψe ({r0i } , R)∗ Mmol ψe ({r0i } , R)dτe .
(B.3)
Here we stay in the electronic state defined by the wave function ψe (R) in the
body-fixed frame. We have calculated Dmol
e (R) ab initio with Gaussian [101].
Details of these calculations are molecule-specific and will be given below.
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For 1 Σ diatomic molecules the cylindrical symmetry of the potential will
ensure that Dmol
e (R) points along the internuclear axis. Hence the Z-component
of Dmol
e (R) in the laboratory system is given by
mol
mol
Dlab
(R) cos θ.
e (R)Z = De (R) · Ẑ = De

(B.4)

The molecular states are degenerate so it is necessary to sum over all substates to obtain the transition dipole moment defined in equation (B.1). In the
case of 1 Σ molecules this corresponds to summing over all projections MJ of
the molecular angular momentum J. In carrying out the summation over the
sub-states in equation (B.1) the selection rule ∆MJ = 0, ±1 makes it possible
to rewrite the expression as a single sum over µ = MJ which can be related
to the total transition dipole moment. Since the transition probability must be
independent of the orientation of the laboratory coordinate system we have
X
X
2
2
|D lab
|Dlab |2 = 3
|Dlab
(B.5)
Z | .
m,n | =
MJ

MJ

Inserting equation (B.4) in equation (3.5) we find
Dlab
Z =

Z

ψrmol
(θ, φ, R)∗ Demol (R) cos θ×
n ,νn
ψrmol
(θ, φ, R)R2
m ,νm

(B.6)

sin θdRdθdφ,

where ψrn ,νn and ψrm ,νm are the remaining ro-vibrational wave functions obtained after the integration over electronic coordinates in equation (B.3). Now,
we assume that the ro-vibrational wave function may be written as a product,
Ψrn ,νn (R, θ, φ) = Φrn (θ, φ)fνn (R). Then
Z
2
2
Jm ,Mm
lab 2
|DZ | = LJn ,Mn ×
fνn (R)Demol (R)fνm (R)R2 dR ,
(B.7)
with
,Mm
LJJm
=
n ,Mn

Z

∗

lab
Φlab
rn (θ, φ) cos θΦrm (θ, φ) sin θdθdφ.

(B.8)

Defining
SJm ,Jn = 3

X

,Mm
LJJm
n ,Mn

2

(B.9)

Mn ,Mm

known as the Hönl-London factors [51, 99, 160], we combine the above results
with equation (B.5) to find the total transition dipole moment entering equation
(B.2)
Z
|D m,n |2 = SJm ,Jn

2

fνn (R)De (R)fνm (R)R2 dR .
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C
Hönl-London Factors for
Hunds Case (a) and (b)
APPENDIX

In order to establish proofs of equation (4.3) and (4.11), we here derive the HönlLondon factors for Hunds case (a) and (b).

C.1

Hunds Case (a)

We use the Hunds case (a) eigenfunctions in the lab frame from [133] (cf. equation (4.2))
h{ri } R nJMJ ΩSΣi =
r

2J + 1
J∗
h{r0i } , R ni |SΣi DM
(αβγ),
JΩ
8π 2

(C.1)

and write the lth component of the kth moment transition operator in the laboratory frame, Tlk , as a similar rotation of the operator working in the molecular
rest frame
k
X
k
k∗
Tl ({ri } R) =
TΛk ({r0i } , R)DlΛ
(αβγ).
(C.2)
Λ=−k

Combining the above equations and performing the integral over Euler angles, while writing the Wigner rotation functions as an expansion over ClebschGordan coefficients [44], one finds the dipole moment transition matrix elements
(k = 1)
hn0 J 0 MJ0 | Tl1 ({ri } , R) |n00 J 00 MJ00 i =
r
1
2J 00 + 1 X
hn0 ν 0 | TΛ1 |n00 ν 00 i
2J 0 + 1
hJ 00 MJ00 1l

Λ=−1
J 0 MJ0 i hJ 00 Ω00 kΛ
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Summing over the projections of J and emission directions one finds the line
strength
X
| hn0 J 0 MJ0 | Tl1 ({ri } R) |n00 J 00 MJ00 i |2 =
MJ0 ,MJ00

(2J 00 + 1)| hn0 ν 0 | TΛ1 |n00 ν 00 i |2 ×

(C.4)

| hJ 00 Ω00 1(Ω0 − Ω00 ) J 0 Ω0 i |2 δ(S 0 , S 00 )δ(Σ0 , Σ00 ).
Finally we find the Hönl-London factors in Hunds case (a)
S(J 0 , J 00 ) = (2J 00 + 1)×
| hJ 00 Ω00 1(Ω0 − Ω00 ) J 0 Ω0 i |2 δS 0 ,S 00 δΣ0 ,Σ00 .

C.2

(C.5)

Hunds Case (b)

We gave the Hunds case (b) eigenfunctions in the laboratory frame in equation
(4.10)
r
2N + 1
×
h{ri } R, nJMJ N MN SMS i =
8π 2
N
S
X
X
(C.6)
h{r0i } , R ni hN MN SMS JMJ i ×
MS =−S MN =−N
∗

N
|SMS i DM
(αβγ).
NΛ

The rotated dipole moment operator was given in a general form in equation
(C.2). We then use the identities [134]
X
k
n
Dlλ
Dmµ
=
hnmkl N 0 M 0 i ×
0
0
0
N M µ
(C.7)
0 0
N0
hnµkλ N µ i DM µ0
and

Z

k
κ
Dlm
Dλµ
dΩ =

8π 2
δl,λ δm,µ δk,κ ,
2k + 1

(C.8)

R
R 2π
R 2π
Rπ
where dΩ = 0 dα 0 dγ 0 dβsinβ. One thereby finds the expression for
the dipole matrix element
r
2N 00 + 1 0 0 1
0 0
0
1
0
00 00
00
hn ν | TΛ0 −Λ00 |n00 ν 00 i hN 00 Λ00 1(Λ0 − Λ00 ) N 0 Λ0 i ×
hn J MJ | Tl ({ri } , R) |n J MJ i =
2N 0 + 1
X
00
0
0
00 00
hN 00 MN
1l N 0 MN
i hN 0 MN
S 0 MS0 J 0 MJ0 i hN 00 MN
S MS00 J 00 MJ00 i δS 0 S 00 δMS0 MS00 .
0 ,M 00
MN
N
M 0 ,M 0
S
S

(C.9)
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C.2 Hunds Case (b)

This is summed over the projections of J and squared to find the dipole transition probability. The task is simplified by rewriting the products of ClebschGordan coefficients in terms of Wigner 6j symbols [161]. After some algebra one
then finds
1
| hn0 J 0 N 0 | Tl1 |n00 J 00 N 00 i |2 = (2N 00 + 1)×
3
2
0
00
0 0
1
(2J + 1)(2J + 1) hn ν | TΛ0 −Λ00 |n00 ν 00 i ×
(C.10)

2
00
00
S N
J
2
hN 00 Λ00 1(Λ0 − λ00 ) N 0 Λ0 i
.
1 J0 N0
Summing over the emission directions cancels the factor of 13 , leaving the expression for the Hönl-London factor in Hunds case (b)
S(J 0 , J 00 ) = (2N 00 + 1)(2J 0 + 1)×
2

(2J 00 + 1) hN 00 Λ00 1(Λ0 − Λ00 ) N 0 Λ0 i ×

2
S N 00 J 00
δS 0 S 00 .
1 J0 N0
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