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Preface

This thesis contains a summary of the work I have done during my PhD
studies at the Department of Physics and Astronomy, Aarhus University,
Denmark, under the supervision of Lars Bojer Madsen.

The work centers around dissociative ionization processes in diatomic
molecules exposed to short intense laser pulses in both the infrared as
well as the extreme ultraviolet regime. The Monte Carlo wave packet
(MCWP) method, originally developed for studying photon emission
in quantum optics, has been applied to electron emission in ionization
events and has made the treatment of very complex systems possible.

Notation

Atomic units (a.u.) are used throughout this thesis unless stated other-
wise. In atomic units, the mass of the electron me, the absolute value
of the charge of the electron |e|, the reduced Planck’s constant ~, and
the Bohr radius a0, all equal unity.

In some figures, the absolute values of the shown data are of no
importance and the colorbar is hence not displayed. The color scheme
is however always as in Fig. 1.
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Figure 1 | The color scheme used throughout this thesis. Often the values are scaled,
however, the relative values of the different colors remain the same.
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Chapter

1
Introduction

The interplay of matter and electromagnetic radiation has been studied
for many decades. A theoretical description of the interaction is, how-
ever, still far from complete due to the ongoing development of new light
sources, which continuously pushes the interaction into new regimes.
Understanding as much as possible about different phenomena is an
important task, both because it pleases the curious mind and because
the knowledge obtained may facilitate development of new materials,
devices, or techniques that are useful to all of us on a daily basis.

The main topic of this thesis is a description of nuclear dynamics in
dissociative ionization processes. However, in this chapter, we take the
opportunity to briefly review the general field of laser-matter interac-
tion in new light sources. New light sources are available over a wide
range of frequencies, intensities, and pulse durations; and this variety
will be outlined. The outline is followed by a short introduction to var-
ious processes induced by strong infrared (IR) laser pulses and extreme
ultraviolet (EUV) free-electron laser fields, which serve as the two pulse
regimes studied in this thesis. Finally, we comment on the long-term
opportunities that may arise from the basic research presented in this
thesis and give an outline of the more technical remaining chapters.
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Chapter 1. Introduction

1.1 New light sources

The laser was first demonstrated by T. Maiman at Hughes Research
Laboratories over 50 years ago [1]. Using a ruby crystal as the optical
medium, the emitted light had a wavelength of 694 nm, an intensity of
∼ 103 W/cm2, and a pulse duration of a few µs. Nowadays, laser sources
are available over a much wider range of wavelengths, intensities, and
pulse durations; and it is safe to say that the development of the laser is
one of the most important breakthroughs in science during the twentieth
century.

Most laser systems use an atomic or molecular gain medium, where
population inversion in bound electronic states is used to stimulate emis-
sion of coherent radiation. The most versatile laser system is probably
the femtosecond titanium sapphire laser (Ti:AL2O3) [2]. Even though
the titanium sapphire material has the largest gain bandwidth of all laser
media [3], it cannot be tuned outside the wavelength range of 650−1100
nm; and to obtain different photon energies, different types of laser sys-
tems must be used. In the low photon energy range, molecular gas
lasers, chemical lasers, and semiconductor lasers offer wavelengths as
long as several µm in the far IR regime [4]. Turning to higher photon
energies, dye lasers are available in the UV regime [5], while the x-ray
regime is reached using free-electron lasers (FELs) [6]. FELs accelerate
and decelerate relativistic electron beams to convert kinetic energy into
coherent radiation, and by tuning the energy of the driving electron
beam, the extremely high frequencies can be achieved.

It is not only the frequency that can be tuned. The peak intensi-
ties of the laser pulse reach new regimes every decade as well [7, 8].
Several technological breakthroughs boosting the peak power includ-
ing Q-switching, mode-locking, chirped pulse amplification, and high-
frequency laser materials have pushed the pulse effect into the zettawatt
regime [9–11]. With an intensity well exceeding 1018 W/cm2, the elec-
tric field strength produced by these laser systems is roughly as 1,000
times larger than the Coulomb field felt by the electron in ground state
hydrogen.

Most advances in the peak intensity have been produced in combina-
tion with a decrease in the pulse duration. Laser pulses of femtosecond
duration are now routinely produced in laboratories [12] and with the
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Strong IR laser pulses

invention of high-order harmonic generation pulses of only a few attosec-
onds have become available [13–15]. A Bohr model estimate of electron
motion in atomic hydrogen predicts the periodicity of orbital motion to
approximately 100 as, and not only nuclear motion but also electronic
motion, can be hoped to be observed in real time.

Since this thesis is concerned with nuclear dynamics in the form of
dissociative ionization, attosecond pulses are of only minor interest since
they do not allow for nuclear dynamics during the interaction with the
external field. Nuclear dynamics occurs on a femtosecond timescale, and
hence, femtosecond laser pulses offer an interesting mixture of timescales
giving rise to a broad range of physical phenomena. Both intense fem-
tosecond laser pulses in the IR and the EUV regimes are studied in this
thesis.

1.1.1 Strong IR laser pulses

IR laser pulses with a wavelength in the range 800–1200 nm and a cor-
responding photon energy in the range 1.0–1.6 eV have been on the
market for several decades [3]. It is however only in the last couple of
decades that the intensities have exceeded 1011 W/cm2 corresponding
to an electric field strength comparable to the field strength binding the
outer-shell electrons in most atoms and molecules. As a consequence
of the high intensities, the induced dynamics in atomic and molecular
systems exposed to intense IR laser pulses are significant. Electrons
are ripped off and thrown far into the continuum, and in the molecular
case, nuclear motion is induced. Phenomena such as multiphoton tran-
sitions, above-threshold ionization, and high-order harmonic generation
may thus be observed [16].

Multiphoton transitions occur when the external field reaches so high
intensities that the linear single-photon processes, on which traditional
spectroscopy is based, break down. Absorption of several photons simul-
taneously is possible due to the dense photon flux, and highly excited
states as well as ionization may be the result [16].

For even higher intensities, excess photon absorption is possible
above the continuum threshold, and above-threshold ionization occurs:
Once the electron in principle has sufficient energy to escape the nuclear
core, it may fail to do so because the external electric field constantly

3



Chapter 1. Introduction

changes its direction, causing the electron to become very energetic be-
fore it escapes the potential well. In this way, more photons than re-
quired to ionize are absorbed [17].

Another possibility is that the electron collides with the nuclear core
and becomes bound under the emission of a very short light burst. In
this way, the large number of absorbed photons can be converted into a
single photon of high frequency in a process called high-order harmonic
generation [18]. This process is a possible path toward generation of
attosecond pulses [15].

When molecules are exposed to intense IR laser pulses, the addi-
tional degrees of freedom associated with nuclear motion give rise to
phenomena beyond multiphoton transitions, above-threshold ionization,
and high-order harmonic generation that take place in both molecules
and atoms. In strong fields, molecules may exhibit phenomena such as
bond softening and bond hardening [3], which changes the dissociation
dynamics considerably from the field-free case.

Bond softening can be explained by examining the effective poten-
tial felt by the nuclei. Since electrons are much lighter than nuclei, the
electronic states almost instantaneously adapt to the nuclear configura-
tion, and the nuclear dynamics happens in an effective potential set up
by the electrons. Adding an external field will change the energy of the
different electronic states by an integer number of photon energies, and
states possessing the same symmetry will experience avoided crossings.
If the intensity is high, the opening upon an avoided crossing can be
large, and low vibrational states can dissociate through adiabatic tran-
sitions or tunnel through the suppressed barrier. In this way, molecular
bonds that classically would not be broken can fall apart, and the bond
is said to be softened [19].

If nuclear states are present above an avoided crossing, the opposite
of bond softening (i.e., bond hardening) may occur. In bond hardening,
field-free dissociative electronic states suddenly support bound states
upon application of an external field, resulting in a strengthening of the
molecular bond [20–23]. The light-induced bound states subtly depend
on the instantaneous laser intensity, and when the laser pulse is over,
the electronic states will approach their field-free form, and dissociation
will take place.

4



EUV free-electron laser pulses

1.1.2 EUV free-electron laser pulses

Powerful EUV and soft x-ray sources based on FELs have been devel-
oped over the last decade [24]. With a wavelength of only a few nm, the
photon energy is close to 100 eV, and almost all atoms and molecules
can be ionized by absorbing just a single photon. The photoionization
cross sections for these processes are huge.

Before the advent of FELs, synchrotron radiation was the main
source for experiments at high photon energies; and band structures
of solids, fragmentation of clusters, chemical reactions in molecules,
and electron correlation in atoms were among the studied subjects [25].
However, in view of the limited intensity and long pulse duration of syn-
chrotron radiation, modern FEL sources are desirable since they offer
both coherent and polarized light with a short duration and with an
intensity of up to 1018 W/cm2 [26]. This intensity is almost nine orders
of magnitude larger than that of modern synchrotron radiation sources
and extremely dilute samples, and nonlinear processes can be studied.

In experiments on photoionization of noble gases using FEL pulses,
highly charged ions have been obtained [27–30]. Contrary to ioniza-
tion in the IR regime, where screening preclude penetration of the long
wavelength radiation and hence results in the successive peeling of outer
valence electrons, the short wavelength radiation of FELs results in the
removal of both valence and core electrons. Subsequently, an electron in
a higher electronic state may relaxes into the created hole state under
the emission of a photon. Alternatively, the energy difference between
the higher electronic state and the hole state may be released by the
removal of yet another valence electron. The system is said to undergo
Auger decay or autoionize [31, 32]. In short pulses, the rapid ejection of
inner-shell electrons may not leave time for Auger decay, and the atoms
become transparent. This phenomena is referred to as intensity-induced
x-ray transparency [30]. Specific hole states posses specific lifetimes,
and the lifetime of Auger decay have been measured in real time using
a combination of femtosecond and attosecond pulses [33].

In molecules, nuclear motion add a further degree of freedom to
the dynamics in FEL sources and just as in the IR regime dissociation
is often induced. Due to the large photon energy of EUV pulses, the
dynamics is however quite different from the IR case, since electronic
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states within each charge state often do not couple. In this way nuclear
dynamics in separate electronic states can be studied [34, 35].

1.2 Future perspectives

Gaining a deeper understanding of light-matter interaction in new light
sources will hopefully serve as a step toward useful applications in both
science as well as the industry. The study of molecular dynamics in in-
tense laser pulses may, for instance, help us to realize the long-standing
ambition of control of chemical reactions [36, 37]. The modification of
the molecular state upon interaction with an external field depends on
both intensity, pulse shape, and wavelength; and it is hence possible
to optimize the interaction toward the production of a certain product.
The desired product may be achieved by the breaking of a polyatomic
molecule at a specific point or by the efficient excitation of states nor-
mally unavailable because of selection rules [36].

In addition to controlling molecular systems, new light sources are
hoped to be used as an effective characterization tool [38]. Studying
scattering images, the internal structure of larger molecular systems can
be determined. Short pulses are desirable in scattering experiments,
since the nuclei will stay almost frozen during the interaction event,
and the resolution is increased compared with experiments using longer
pulses. In order for a high resolution, short wavelengths are important as
well since the wavelength roughly equals the maximal spatial resolution.
A high intensity is desirable to obtain a large signal. Short pulses of
short wavelength and high intensity are exactly obtained using FELs,
and structure determination in large biosystems are one if the many
desirable applications of these new light sources.

To use new light sources as a control or characterization tool for
molecular systems, a detailed knowledge of the nuclear response in these
fields is essential. By investigating relatively simple physical processes
in relatively simple molecules, we get one step closer at a time, and
this thesis might hopefully serve as a small step in the right direction
toward understanding how nuclear dynamics is induced in new light
sources. With the rapid development of attosecond pulses, the real-
time investigation of electron dynamics will possibly extend the question
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Outline of the thesis

from how the nuclei move to why they move as they do [39, 40]. For
now, however, this thesis will focus on the femtosecond timescale and
investigate how nuclear dynamics is induced in strong IR and EUV
pulses.

1.3 Outline of the thesis

This thesis deals with nuclear motion in diatomic molecules undergoing
multiple ionization events. Different kinds of pulses are applied. How-
ever, they all have a duration of some femtoseconds, and dissociation
will take place during the pulse. The Monte Carlo wave packet (MCWP)
approach is used in order to model the nuclear dynamics as electrons
are progressively being removed.

Chapter 2 gives an introduction to the physical processes studied in
this thesis and the experimental observables used for comparison
between theory and experiments. After writing up the Hamil-
ton operator for the system, the theoretical challenges involved in
determining the evolution of the system are discussed.

Chapter 3 gives a possible solution to the theoretical challenges by
introducing the MCWP approach. In order to get an intuitive
feeling about the approach, decay in a two-level system is dis-
cussed in great detail, and the solution is compared with other
approaches. The MCWP method is in fact a stochastic way of
simulating the master equation, including decay terms, and this
connection is also discussed.

Chapter 4 applies the MCWP approach to dissociative double ion-
ization of H2 by considering each charge state of the molecule as
a system containing gains as well as losses. The non-Hermitian
Hamilton operator to be used in the MCWP simulation is derived.

Chapter 5 discusses the MCWP calculations in more detail and out-
lines the strategy of a full calculation on dissociative double ion-
ization of H2. Computational details as well as tricks to reduce
the cost of the calculations are given.
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Chapter 1. Introduction

Chapter 6 presents the results obtained for dissociative double ioniza-
tion of H2 in short intense IR laser pulses. A variety of different
pulse durations (40− 140 fs), wavelengths (480− 1200 nm), and
peak intensities (1− 3× 1014 W/cm2) are used, as well as the iso-
topic substitute D2. All results are compared with experimental
findings, and the physical insights gained are discussed.

Chapter 7 turns to the isotope HD. Containing two nuclei of differ-
ent mass, the HD+ molecule posses a permanent electric dipole
moment, and this might change the nuclear dynamics during dis-
sociation. After a discussion of the correct choice of basis when
dealing with heteronuclear molecules, some MCWP results are
presented and examined for effects of a permanent electric dipole
moment.

Chapter 8 is dedicated to larger molecules, and the double ionization
of O2 in EUV laser pulses is discussed. The large photon energy
allows for less coupling among electric states as compared with H2.
However, a very large number of electronic states contribute, and
these states are individually discussed after comparing the result
of two MCWP calculations with experiments.

Chapter 9 is included to highlight the variety of different applications
of the MCWPmethod. The focus is shifted from nuclear dynamics
to electron dynamics, especially the double ionization of He atoms.
Applying the MCWP method to electron dynamics is still a work
in progress, and Chapter 9 contains no results, but only a general
discussion of principles.

Chapter 10 concludes and summarizes the results of this thesis.
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Chapter

2
Dissociative ionization of
diatomic molecules

Studying dissociative ionization of small molecules requires a useful the-
oretical framework as well as a way to test the validity of the outcome.
In this chapter, the kinetic energy release (KER) spectrum is introduced
as a way to compare theory and experiments. After a short discussion of
the experimental setup used to measure the KER spectrum, the system
Hamilton operator is derived as a starting point for all theoretical meth-
ods/models. The theoretical challenges in solving the time-dependent
Schrödinger equation involving a Hamiltonian of this form are however
huge, and after sketching some of the existing models available, a short
introduction to the MCWP method is given.

2.1 Kinetic energy release

Exposing molecules to intense laser pulses will dramatically distort the
dynamics of the system. Interaction with the external electromagnetic
field may give rise to electronic excitation and ionization, and nuclear
motion is often induced as a consequence of the strong interplay between
the nuclear and electronic dynamics. As electrons are liberated, the ef-
fective potential felt by the nuclei changes, and the molecular ion may
fragment in dissociative ionization (see Fig. 2.1). Coulomb explosion is
an extreme case of dissociative ionization occurring at high laser inten-
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Chapter 2. Dissociative ionization of diatomic molecules

Initial system                    Final system

Figure 2.1 | Dissociative double ionization of H2. The initial bound system interacts
with the external field and both electrons are liberated. Coulomb repulsion between the
positive charged protons makes them leave the interaction region back to back. The gray
tabletop is included in the sketch to illustrate the interaction region.

sities, where electrons are removed over a very short period of time, and
positive ions fly apart due to the mutual electrostatic repulsion. Com-
pared with pure dissociation and dissociative ionization, where the elec-
trons are sequentially liberated over a femtosecond timescale, Coulomb
explosion results in a high kinetic energy of the nuclear fragments.

Measuring the kinetic energy of the liberated electrons as well as the
ionic fragments reveals information about the ionization mechanism. In
principle, both ionic fragments and electrons can be detected. However,
since this thesis is concerned with nuclear dynamics, the kinetic energy
of the ionic fragments is the main concern. Studying diatomic molecules,
the total kinetic energy of the two nuclear fragments are denoted the
kinetic energy release (KER).

Two examples of KER spectra to be studied in this thesis are shown
in Fig. 2.2. First, in Fig. 2.2(a) is shown the total kinetic energy of the
two protons resulting from dissociative double ionization of H2 molecules
in pulses of 800 nm wavelength, 40 fs duration, and an intensity of
1× 1014 W/cm2. Second, in Fig. 2.2(b) is shown two times the kinetic
energy of the singly ionized O+ ions detected after exposing O2 molecules
to laser pulses of 52 nm wavelength, 100 fs duration, and an intensity
of 3 × 1013 W/cm2. The O+ spectrum is not measured in coincidence;
and hence, the singly ionized ions can arise from both single, double, or
triple ionization of the natural molecule. In coincidence measurements,
the ionic fragments are paired based on the dissociation moment; and
in this way, the total ionization state can be determined.

Both KER spectra in Fig. 2.2 show ions emitted over a wide range
of energies. The overall appearance is modulated by several smaller
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Figure 2.2 | Example of experimental KER spectra to be studied in this thesis. (a)
The result of dissociative double ionization of H2 in an IR pulse [41]. (b) The result of
dissociative double ionization of O2 in an EUV pulse [35].

peaks, and both the overall appearance as well as the individual smaller
peaks reveal information about the dynamics involved in the dissociative
ionization event. These nuclear dynamics are the topic in this thesis,
and the MCWP approach is applied in order to determine the involved
mechanisms.

2.2 Experimental studies

To experimentally determine a KER spectrum, the kinetic energy of the
ejected ionic fragments must be measured. For heteronuclear molecules
possessing several different dissociation channels, a complete description
also requires the fragment charges and masses to be measured. Both
velocity, charge, and mass can often be determined in a simple time-of-
flight measurement, where ions are accelerated by an electrostatic field
into a field-free drift region. The accelerating voltage, propels the ions
at different velocities based on their specific mass-to-charge ratios.

Progress in coincidence techniques has been brought by the devel-
opment of position-sensitive detectors with multihit capabilities. Using
such detectors allows one to register three-dimensional momenta for
more than one charged particle. Studying diatomic double ionization,
it is hence possible to detect both electrons and ions in coincidence, and
kinematically complete information can be extracted. One of the often
used techniques for coincidence measurement is denoted COLTRIMS.
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Figure 2.3 | Sketch of a typical COLTRIMS setup to study double ionization of H2. A
beam of neutral molecules is sent through a laser focus, and electric and magnetic fields
guide the charged fragments toward two position-sensitive detectors. The positions on
the detectors and the moment of impact allow for recreation of the momentum vectors.
Integrating over angles reveals the KER spectrum.

2.2.1 COLTRIMS experiments

COLTRIMS (cold target recoil-ion momentum spectroscopy) is an imag-
ing technique used to measure the complete fragmentation of a few-body
system (see Fig. 2.3) [42, 43]. A gas jet of cold molecules (∼10 K)
is created in a supersonic expansion of precooled molecules (∼50 K)
and sent through the focus of an ionizing laser. The orientation of the
molecules is isotropic, and the center of mass motion is sufficiently slow
for the molecules to be considered static on the timescale of the exper-
iment. After the ionization event, all charged fragments are projected
onto a large-area position-sensitive detector by a combination of electric
and magnetic fields. From the measured time of flight of the particles
and their position of impact on the detector, the three-dimensional mo-
mentum vector can be obtained. In the case where ions are detected,
integration over angles will reveal the nuclear KER spectrum.

2.3 A theoretical description

To model nuclear dynamics in dissociative ionization and theoretically
predict the resulting KER spectrum, the Hamilton operator for the
molecule plus the external field will be the starting point for all quan-
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The field-free Hamiltonian

tum mechanical simulations. In this section, the Hamilton operator for
a general diatomic molecule in an external electromagnetic field will be
deduced.

2.3.1 The field-free Hamiltonian

Consider a diatomic molecule containing n electrons. Both nuclei and
electrons are labeled by the index k ∈ {1, ..., n+2}, and mk denotes the
mass of the particle k, zk the charge of particle k, and ~rlk the position
of particle k in the laboratory fixed coordinate system. In atomic units
mk = 1 and zk = −1 for the electrons.

The target is assumed sufficiently cold and diluted to neglect inter-
action among the individual molecules, and the nonrelativistic Hamilton
function for n + 2 interacting point charges is given as

H0 =
∑

k

p2
lk

2mk
+

∑

k 6=k′

zkzk′

|~rlk − ~rlk′| , (2.1)

where the particle momentum ~plk is defined by

~plk = −i∇~rlk
. (2.2)

2.3.2 The external field

Adding an external electromagnetic field to the system, will change the
Hamilton operator. Before deducing how these changes in the Hamilton
operator comes about, an appropriate description for the field must
first be chosen. All processes described in this thesis involve laser pulses
of high intensities (1013–1015 W/cm2), and the field can therefore be
treated classically in terms of a vector potential ~A(~r, t) and a scalar
potential φ(~r, t) as a function of position ~r and time t. The electric field
~F (~r, t) and the magnetic field ~B(~r, t) are given by [44]

~F (~r, t) =−∇φ(~r, t)− ∂

∂t
~A(~r, t), (2.3)

~B(~r, t) =∇× ~A(~r, t). (2.4)
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Chapter 2. Dissociative ionization of diatomic molecules

The choice of ~A(~r, t) and φ(~r, t) to reproduce the physically measurable
fields ~F (~r, t) and ~B(~r, t) is however not unique, and the potentials can
be transformed using any function f(~r, t) in the way

~A(~r, t) → ~A(~r, t) +∇f(~r, t), (2.5)

φ(~r, t) → φ(~r, t)− ∂f(~r, t)

∂t
. (2.6)

Such transformations are known as gauge transformations. We choose
to work in the Coulomb gauge, where ~A(~r, t) satisfies

∇ · ~A(~r, t) = 0, (2.7)

and φ(~r, t) can be determined using Poisson’s equation

∇2φ(~r, t) = −ρ(~r)

ε0
. (2.8)

Here, ρ(~r) denotes the charge density at the point ~r. Since only intense
laser fields are studied in this thesis, the effect of the diatomic molecule
on the external field is negligible and the charge density is set to zero.
It follows that the scalar potential can be chosen to zero as well. If,
however, some external electrostatic field is added, φ(~r) can no longer
be chosen to vanish.

We now apply the dipole approximation [45] and assume that the
spatial variation of the electromagnetic field remains negligible on length
scales comparable to the molecular dimensions. In this way, the vector
potentials ~A(~rlA, t), ~A(~rlB, t), and ~A(~rlj, t) can all be approximated by
the value in the molecular center of mass ~A(~Rcm, t), which we for simplic-
ity denote ~A(t). Similarly, for the scalar potential, we use φ(~Rcm, t) =
φ(t).

2.3.3 Coupling to the external field

Placing a charged particle in an external electromagnetic field changes
the dynamics of the particle. The change in dynamics can be accounted
for in a theoretical description by replacing the classical momentum ~plk

present in the field-free case with the generalized momentum ~plk minus

14



Coupling to the external field

zk
~A(t). Performing the replacement [45]

~plk y ~plk − zk
~A(t) (2.9)

in Eq. (2.1), the Hamilton operator describing a diatomic molecule in
an external field becomes

Hv =
∑

k

(~plk − zk
~A(t))2

2mk
+

∑

k 6=k′

zkzk′

|~rlk − ~rlk′| (2.10)

=
∑

k

~p 2
lk − 2zk~plk · ~A(t) + z2

k
~A(t)2

2mk
+

∑

k 6=k′

zkzk′

|~rlk − ~rlk′| . (2.11)

We see that four terms appear for each particle. These terms can
be interpreted as the kinetic energy of the particle, the coupling to the
vector field, an overall energy shift due to the external field, and the
electrostatic interaction with all other particles. The energy shift due
to the external field can be eliminated by a trivial phase transformation
but is kept for now.

The coupling term zk~plk · ~A(t)/mk in Eq. (2.11) is said to be ex-
pressed in the velocity gauge. Other forms can be used as well. Applying
the transformation operator [45, 46]

T = exp

(∑

k

−izk~rlk · ~A(t)

)
=

∏

k

exp
(
−izk~rlk · ~A(t)

)
, (2.12)

to the velosity gauge Hamiltonian in Eq. (2.11), the length gauge version
is obtained,

Hl = THvT
† + i

∂T

∂t
T † (2.13)

=
∑

k

exp(izk~rlk · ~A(t))
p2

lk

2mk
exp(−izk~rlk · ~A(t))

−
∑

k

exp(izk~rlk · ~A(t))
zk~plk · ~A(t)

mk
exp(−izk~rlk · ~A(t))

+
∑

k

z2
k
~A(t)2

2mk
+

∑

k 6=k′

zkzk′

|~rlk − ~rlk′| +
∑

k

zk~rlk · d
~A(t)

dt
. (2.14)
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Since ~rlk and ~plk do not commute, the first two terms in Eq. (2.14) are
evaluated using the Baker-Hausdorff lemma [47]

exp (iGλ)A exp (−iGλ) =A + iλ[G,A] +
i2λ2

2
[G, [G,A]] + ... (2.15)

and the commutator relation [~rlk, ~plk] = i. The length gauge Hamilto-
nian now becomes

Hl =
∑

k

p2
lk

2mk
+

∑

k 6=k′

zkzk′

|~rlk − ~rlk′| −
∑

k

zk~rlk · ~F (t). (2.16)

Transforming the Hamiltonian will change the solutions to the time-
dependent Schrödinger equation. However, the solutions in the two
gauges only differ by a phase factor

Ψl = TΨv = exp

(∑

k

−izk~rlk · ~A(t)

)
Ψv. (2.17)

Since the phase of an isolated quantum mechanical system can be cho-
sen arbitrarily, both the velocity gauge and the length gauge version of
the Hamiltonian will produce the same results in an exact calculation.
However, if approximations are made, the two different forms may give
different results. Specifically, the velocity gauge probes large velocities,
while the length gauge probes large distances. Since we are concerned
with dissociative ionization often involving large distances, the length
gauge version in Eq. (2.16) is the natural choice [48, 49] and applied in
the rest of this thesis.

2.3.4 Relative coordinates
For a theoretical description of the nuclear motion in dissociation events,
laboratory fixed coordinates are not the most intuitive choice. Since the
overall motion of the molecule is of only minor interest, a better choice
is relative coordinates, as sketched in Fig. 2.4.

In relative coordinates, the center of mass vector is defined as

~Rcm =
mA~rlA + mB~rlB +

∑
j ~rlj

mA + mB + n
, (2.18)
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B

j
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LAB

A

Figure 2.4 | Laboratory fixed (black) and relative coordinates (blue) for a general di-
atomic molecule. Only one electron is sketched; however, the molecule is assumed to have
n electrons and j ∈ {1, ..., n}. The center of mass of the molecule is marked CM. All
particles are assumed to be point particles and hence have no physical extension.

where the electrons are labeled by the index j ∈ {1, ..., n} and the two
nuclei by the index A and B. The electron positions with respect to the
center of mass are denoted

~rj = ~rlj − ~Rcm, (2.19)

and the nuclear separation vector is given by

~R = ~rlA − ~rlB. (2.20)

Changing to relative coordinates, the length gauge Hamiltonian in
Eq. (2.16) can be separated into seven terms [50]

Hl = Tnuc + Lnuc + Telec + Lelec + V + C + Hcm. (2.21)

The first term can be interpreted as the kinetic energy of the relative
nuclear motion and is given by

Tnuc = −∇
2
R

2µ
, (2.22)

where we have introduced the reduced mass

µ =
mAmB

mA + mB
, (2.23)

and ∇R is defined as the gradient with respect to ~R.
The coupling of the nuclear motion to the external field reads

Lnuc = −zAmB − zBmA

mA + mB

~R · ~F (2.24)
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and is seen to vanish for homonuclear molecules.
The kinetic energy of the electrons is given as

Telec = −
∑

j

∇2
j

2
, (2.25)

where the operator ∇j is defined as the gradient with respect to ~rj.
The electronic coupling to the external field takes the form

Lelec =
∑

j

~rj · ~F , (2.26)

and the potential energy of the system reads

V =
zAzB

|~R|
+

∑

j<j′

1

|~rj − ~rj′| −
∑

j

zA

|~rjA| −
∑

j

zB

|~rjB| , (2.27)

where a shorthand notation for the electron-nuclei distances is intro-
duced,

~rjA =~rj − mB

mA + mB

~R +
1

mA + mB

∑
j

~rj, (2.28)

~rjB =~rj − mA

mA + mB

~R +
1

mA + mB

∑
j

~rj. (2.29)

The term denoted C will be referred to as the dynamical coupling
term and

C =
∑

jj′

~rj · ~rj′

2(mA + mB + n)
. (2.30)

The dynamical coupling term arises since the nuclei do not have infinite
mass, and the positions of the electrons have an effect on the location of
the center of mass. A coupling term like this will preclude a complete
separation of the nuclear and electronic motions, but since the effect
is very small (only a few meV), the dynamic coupling term is often
neglected. We will however return to the effect of the dynamical coupling
term in the discussion of heteronuclear molecules in Chapter 7.
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The last term in the Hamilton operator in Eq. (2.21) is the center
of mass Hamiltonian given by

Hcm = − ∇2
cm

2(mA + mB + n)
− (zA + zB − n)~Rcm · ~F , (2.31)

where ∇cm is defined as the gradient with respect to ~Rcm. The center
of mass motion is not coupled to any of the internal coordinates, and
the total state of the molecule can therefore be expressed as a product
state

|Ψtotal〉 = |Ψinternal〉 ⊗ |Ψcm〉. (2.32)

The center of mass Hamiltonian resembles that of a point charge in an
external electromagnetic field, and the solutions are known in the form
of Volkov waves [51, 52]. For a neutral molecule the charge is zero and
the corresponding Volkov wave resemble the plain wave solution of a free
particle. Since a single charged particle cannot absorb energy from an
electromagnetic wave, the kinetic energy of the center of mass motion
will not change during the interaction with the external field, and |Ψcm〉
will be neglected from now. Instead, we will focus only on the relative
motion.

The Hamilton operator describing the relative motion can be ex-
pressed as

Hl = − ∇2
R

2µ
−

∑
j

∇2
j

2
+

zAzB

|~R|
+

∑

j<j′

1

|~rj − ~rj′| −
∑

j

zA

|~rjA|

−
∑

j

zB

|~rjB| +
zAmB − zBmA

mA + mB

~R · ~F −
∑

j

~rj · ~F , (2.33)

and left is "only" to solve the time-dependent Schrödinger equation
using a Hamiltonian of this kind.

2.4 Theoretical challenges
Having determined the Hamilton operator for a diatomic molecule in an
external electromagnetic field, the time-dependent Schrödinger equation

19



Chapter 2. Dissociative ionization of diatomic molecules

will accurately describe the evolution of the system in the intensity range
1013 − 1014 W/cm2 studied in this thesis. At present, solving for all
3n+3 degrees of freedom in an ab initio way is however computationally
far too demanding, even for the simplest neutral H2 molecule. Hence,
approximations are essential.

Modeling of molecular systems in strong external fields has, due to
the large complexity, mostly focused separately on either electron dy-
namics in ionization events or nuclear dynamics in dissociation events.
Describing electron dynamics is very complex since the external field
strength resembles the field strength from the nuclear core, causing the
potential landscape to change dramatically over the pulse. In addition,
the continuum is very difficult to handle in numerical simulations, mak-
ing ionization simulations computationally demanding compared with
excitation and other bound-to-bound transitions, where a limited basis
set can be applied. Studying dissociative ionization in strong pulses
requires the addition of nuclear motion to an already very complex
problem and is hence extremely difficult. This section will focus on
the theoretical attempts to describe dissociative ionization made so far.
However, for clarity, a discussion of the different regimes for ionization
is given first.

2.4.1 Different ionization regimes

Ionization is often discussed in different regimes depending on the atomic
or molecular system of interest and the frequency and intensity of the
external electromagnetic field. Tunneling ionization, over-the-barrier
ionization, and multiphoton ionization are the most common regimes,
and a division into these regimes can be made by studying the Keldysh
parameter γ related to the ratio of the electronic energy prior to and
after the ionization event [53].

After the ionization event, the electron behaves as a free point charge
in an external electromagnetic field, and an oscillating motion with a
frequency equal to that of the laser light will occur. The cycle-averaged
kinetic energy of the electron is referred to as the ponderomotive energy,
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Up, and can be determined as

Up =

(
Fpeak

2ω

)2

, (2.34)

where Fpeak is the electric field amplitude and ω the frequency of the
external field. Prior to the ionization event, the electron binding energy
is given by the ionization potential Ip, and the Keldysh parameter is
defined as

γ =

√
Ip

2Up
=

ω
√

2Ip

Fpeak
. (2.35)

2.4.1.1 The tunnelling regime

If the frequency of the laser light is low, the external field changes slowly,
and an appropriate description of the electronic motion can be made
by studying the instantaneous potential experienced by the electron.
Figures 2.5(a) and (b) sketch the instantaneous potential in the atomic
case for F = 0 and F = K, respectively, where K is a constant. As
seen in the sketch, the potential well made by the nuclei is suppressed by
the external field; and if the electron has sufficient time, it may tunnel
through the potential barrier.

In an oscillating field, a initial tunneling is pushed back and hence
terminated by the next half-cycle unless it is fast enough to reach the
outer side of the barrier. Hence, tunneling ionization is only an appro-
priate description in the range γ ≈ 1 or smaller, where the laser field
can be treated quasi-static.

2.4.1.2 The over-the-barrier regime

If the intensity is sufficiently high, the electron might escape the nucleus
directly over the barrier as sketched in Fig. 2.5 (c). In over-the-barrier
ionization, the electron escapes classically from the potential well. How-
ever, no sudden step in the ionization rate at the threshold for over-the-
barrier ionization appears, and the ionization rate grows smoothly and
continuously with increasing laser intensity. Over-the-barrier ionization
occurs for γ ¿ 1 in the case of large intensities.
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F=0
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F=2K ω
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(c) (d)

Figure 2.5 | Illustration of the effective potential felt by the electrons in different ion-
ization regimes for a Li atom. The dotted blue line indicates the electrostatic field from
the nucleus, the dotted red line the potential due to the external field, and the solid blue
line the total potential. (a) No external field. (b) Adding an external field of strength K,
the potential landscape changes, and the outer electron might tunnel through the barrier
in tunnelling ionization. (c) Doubling the external field strength, the potential barrier
might be sufficiently suppressed to allow the electron to classically leave the nuclear core
in over-the-barrier ionization. (d) For large frequencies, the quasi-static picture breaks
down, and ionization is modeled as the absorption of a number of photons in multiphoton
ionization. The vertical arrows represent the energy of a single photon.

2.4.1.3 The multiphoton regime

If the frequency of the external field is sufficiently high, the quasi-static
picture applied in tunneling ionization and over-the-barrier ionization
breaks down. Due to the quickly changing direction of the external field,
the electron may absorb a large amount of energy before it succeeds in
escaping the nuclear core, and the multiphoton picture is appropriate
instead.

As is well known, a single free electron cannot absorb energy from
an oscillating field since the energy absorbed in one half cycle is always
emitted again in the next. However, if the electron is to interact with the
nuclear core in between different cycles and reverse its direction, it may
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absorb energy instead of emitting when the field changes its direction.
Several photons may be absorbed if the intensity is high, and if more
photons than required to ionize are absorbed, the term “above-threshold
ionization” is often used. In Fig. 2.5(d) each photon is represented as
a vertical arrow of length ω. The multiphoton regime is appropriate if
γ À 1.

2.4.2 Models applied to IR laser experiments

IR laser experiments studied in this thesis all involve wavelengths in the
range 480–1200 nm, intensities in the range 1–3×1014 W/cm2, and pulse
durations in the range 40–140 fs. In the case of double ionization of H2

and D2 molecules, both ionization events involve a Keldysh parameter
in the order of one; and hence, a borderline of tunneling ionization and
multi-photon processes is reached.

Several theoretical methods have been proposed in recent years in or-
der to model the dissociative ionization events observed in experiments
[41, 54–61]. In order to reduce the computational effort, an often used
approximation assumes that the initial electron is liberated early in the
pulse [54–57]. For molecules aligned along the polarization direction of
the external field, full ab initio calculations are possible for the remain-
ing one-electron part of the problem [58], and in this way, a high degree
of agreement with experiments can be achieved. However, this method
treats the first ionization in an ad hoc manner and gives only little hope
for extensions to larger molecular systems.

Some simpler models have been proposed to fulfil the hope of exten-
sion to larger systems. Using the Born-Oppenheimer approximation and
including only the two lowest-lying electronic states in H+

2 , reproduction
of the KER spectrum is possible for certain pulse parameters [41, 54].
In this model, interference in the net two-photon transition between the
1sσg and 2pσu states generates localized electrons that subsequently ion-
ize, causing peaks in the theoretical spectrum, which are also observed
in the experimental one. The initial creation of H+

2 is simulated by us-
ing an artificial pulse envelope, and mapping the initial wave function
directly from the ground state of H2.

Studying experiments using H+
2 from ion sources as the initial state

[59–61], the problem of the first ionization is absent. An understanding
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of some features of the KER spectrum has in this case been obtained in
terms of a Floquet picture [61]. Using the singly ionized 1sσg and 2pσu

states and the doubly ionized 1/R state and shifting the corresponding
potential curves by some integer number of photon energies, ionization
is more likely to happen at the resulting crossings. If a potential curve
crossing is located at the internuclear separation ~R, the molecule posses
a potential energy of 1/R. By adding a typical kinetic energy, the
locations of the peaks in the resulting spectrum are predicted. However,
this method cannot predict the weight of the individual peaks, and
experimental data are mimicked by a fit of Gaussian functions.

Nuclear dynamics in the singly ionized H+
2 molecule are as seen rel-

atively well studied. However, no theoretical model has so far been able
to use the neutral H2 molecule as the initial state and treat both ion-
izations on an equal footing. As we shall see in this thesis, the KER
spectrum for double ionization of H2 is strongly dependent on the instant
of the first ionization, and hence, both ionizations need to be included
in order for a model not to rely on ad hoc input or fitting parameters.

2.4.3 Models applied to EUV laser experiments

Experiments using EUV laser pulses studied in this thesis involve pulses
of a 52 nm wavelength, a 100 fs duration, and an intensity in the range
1–3×1013 W/cm2. The short wavelength makes the Keldysh parameter
for both ionization events in double ionization of O2 well within the
multi-photon regime. Compared with IR laser pulse experiments, where
perturbation theory breaks down at the studied intensities, FEL pulses
allow for a perturbative approach, where only a single or a couple of
photons are absorbed in each ionization event.

Time-dependent perturbation theory simplifies a theoretical descrip-
tion. However, the models developed to study nuclear dynamics in FEL
pulses are at present very limited. In the atomic case, rate equations
have been used to predict the amount of ions in each charge state after
interaction with the external field [30, 62, 63], and several experimental
results have been reproduced in this way [63, 64].

Turning to molecules, the complexity increases, and theoretical pre-
dictions become substantially more difficult to obtain. If the ionization
rate is approximately constant for all internuclear separations, a rate
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equation approach, like the one used for atoms, can be used to predict
the amount of molecular ions in each charge state upon interaction with
the field. For molecules, however, quantities like the KER spectrum may
also be interesting to study; but since nuclear dynamics is not included
in a simple rate equation approach, this is not possible. Experiments in
the EUV range on D2, N2 and O2 [34, 35, 65] have addressed the origin
of different structures in the KER spectra for singly charged ions. In
the case of D2 an identification of instantaneous and sequential double
absorption pathways was made by examining the energy release [65].
In the N2 and O2 case experiments were made for different intensities
and both in coincidence and non-coincidence. Based on the information
obtained the numbers of photons absorbed have been determined, and
a suggestion was made for a set of involved electronic states [35].

In Chapter 8 of this thesis, the MCWP approach is used to test the
suggestions for the involved electronic states in O2. Given BO curves as
well as partial photoionization cross sections, the method allows for a
description of nuclear dynamics in FEL pulses involving as many elec-
tronic states and ionization events as desired.

2.5 Basic principles of the Monte Carlo
wave packet method

Studying dissociative ionization in strong fields is extremely difficult in
both the IR as well as the EUV regimes due to the strong interaction be-
tween nuclear and electronic motions. The MCWP approach presented
in this thesis attempts to describe both ionization and dissociation on
an equal footing by taking advantage of already available potential en-
ergy surfaces, dipole moment functions, and electronic ionization rates.
In this way, the MCWP method is capable of predicting the outcome of
experiments without any ad hoc inputs and in a computationally very
efficient way.

Ionization involves unbound electron motion, which is difficult to
describe theoretically due to the large spatial spreading of the electronic
wave function during the timescale of the calculations. In addition, as
ionization takes place, nuclear dynamics occur in a superposition of
bound and unbound electronic states, and this coherent propagation is
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System

Electron detector

Figure 2.6 | Illustration of the basic principles of a MCWP calculation. By restricting the
system to a specific region in space, ionization can be interpreted as a decay process, where
electrons are gradually lost to the surroundings. By placing virtual electron detectors
outside the system, a collapse of the system state onto a specific charge state will occur
in every time step.

extremely difficult to model. The MCWP method circumvents both the
continuum description of the emitted electrons as well as the complex
nuclear dynamics by the hypothetical detection of electrons as they move
far away from the nuclear core. As sketched in Fig. 2.6, the MCWP
approach can be interpreted as a restriction of the system of interest to
a finite region of space surrounded by virtual electron detectors. In this
way, ionization can be seen as a decay process removing particles from
the system as they no longer affect the nuclear motion.

Continuous detections will collapse the state of the system onto a
specific charge state in each time step. Applying the Born-Oppenheimer
approximation, the nuclear dynamics can be initiated in the neutral
ground state and propagated until the virtual detection of an electron.
A sudden transition then occurs, and the nuclear dynamics are continued
on the singly ionized potential curves. If another electron is detected, a
sudden transition to the double ionized state occurs and so on.

Simulating detections, the MCWP approach is stochastic in na-
ture, and the evolution of the system will differ in different realizations.
Studying many different realizations and averaging the outcome will
however reproduce the correct physical outcome within the approxima-
tions made.
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3
The Monte Carlo wave packet
technique

The MCWP approach to molecular ionization treats ionization as a
decay process, where electrons dissipate from the quantum system of
interest as they reach a certain distance from the nuclei. Decay processes
are often handled by solving the master equation and using a density
matrix; however, the MCWP approach uses a stochastic average over
different wave function evolutions and is hence computationally easier
for some problems.

In this chapter, dissipative processes are introduced and discussed
for both atomic bound-bound transitions and molecular ionization. The
master equation approach is summarized, followed by a presentation of
the MCWP approach, and the two methods are compared for sponta-
neous decay in a two-level system. The validity of the MCWP approach
is claimed by proving the equivalence to the master equation approach,
and after a discussion on the possible physical interpretations, some
computational simplifications are presented.

3.1 Dissipative processes

Studying the evolution of an isolated quantum system in the nonrela-
tivistic regime is possible using the time-dependent Schrödinger equation
(TDSE). Composite interacting quantum systems are in the same way
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Figure 3.1 | Dissipative processes in a two-level system. If population dissipates from the
system of interest, as indicated by the arrow marked Γ1, the system is no longer isolated
from the surroundings, and it cannot be described by the conventional TDSE. Similar is
the case if energy is dissipated from the system in a decay mechanism, as indicated by the
arrow marked Γ2.

described by the TDSE, which now has to be solved for a state vector
in the tensor product Hilbert space. Except for specific cases, such a
TDSE calculation is, in practice, so complicated that it prevents exact
quantum mechanical calculations; and very good approximations have
been established to deal with different interesting cases. One of these
cases includes a single quantum system interacting weakly with an en-
vironment whose properties permit an effective replacement of the full
system-environment dynamic by an effective description of the system
alone. The evolution is no longer unitary, and if population or energy
is dissipated irreversibly into the environment, one can introduce de-
cay and decoherence rates and solve a so-called master equation for the
density matrix of the smaller quantum system of interest (see Fig. 3.1).

3.1.1 Spontaneous atomic decay

A key example of the approximate solution of interacting quantum sys-
tems is the Weisskopf-Wigner approach [66] to spontaneous atomic de-
cay, where an excited atom decays into low-lying electronic states by
emission of light. Treating the atom as the system of interest, the en-
vironment is here defined as the quantized electromagnetic radiation
field occupying space around the atom. The coupling between the two
systems is the usual minimal coupling between charges and radiation,
where the radiation field is expressed in terms of field operators, which
lead to the creation and destruction of photons (e.g., in traveling wave
field modes). The TDSE for the composite system can be used to prop-
agate the quantum amplitudes on the atomic excited state (with no
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photons) and on the various states of the field with a single photon pop-
ulating light modes propagating in different directions in space (leaving
a ground state atom behind). The state vector of the composite system
has infinitely many amplitudes associated with the wave vectors and
polarization of the emitted photons; but to an excellent approximation,
the total population of all these states grows according to a simple rate
process, and the coupling precisely accounts for the atomic decay rate.

If the atom also interacts with a laser field, as represented by a
coherent coupling between the ground and excited states, it may become
reexcited and emit photons several times and thus populate states of the
environment with multiple photons present. This exploration of larger
and larger photon number components of the Hilbert space makes the
solution of the full TDSE impossible.

3.1.2 Ionization as a dissipative process

Turning from atomic decay to molecular ionization, the situation is very
similar. The environment is the space around the molecule, which is ini-
tially empty; but due to ionization, it becomes populated with electrons
in every ionization step, analogous to the creation of photons in the
light emission problem in quantum optics. It is however a significant
difference between the quantum optics and ionization problems that the
light-emitting atom is left intact, and hence, the atomic states associ-
ated with different numbers of emitted photons are all density matrices
on the same Hilbert space, while the emission of an electron from the
molecule leaves the molecule in an ionized state belonging to an entirely
different Hilbert space. This physical difference, however, does not in-
validate a description based on a statistical mixture of different possible
states, which in the current case includes different charge states of the
quantum system.

3.1.3 The Born-Markov approximation

In order for the separation of a given problem into a system and an envi-
ronment to be valid, it is of great importance that a quantum excitation
of the environment degrees of freedom spreads rapidly and previously
dissipated excitations are not reabsorbed by the small quantum system
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at later times. Mathematically, this spreading occurs if the environment
supports a wide band of states so that a superposition of energy eigen-
states, formed at a given time t, has rapidly evolving relative phases
between different components, which destroys its coherent coupling to
the small system already shortly after the emergence of an excitation in
the environment. In quantum optics, dephasing is caused by the energy
spread of photon states with different wave numbers, which in turn is
equivalent to the physical argument that photon wave packets propagate
away from the emitter at the speed of light.

Additionally, the system-environment coupling has to be weak so
perturbation theory can be applied, and all in all, these approximations
are referred to as the Born-Markov approximation [67, 68].

To apply the Born-Markov approximation to ionization processes,
we thus assume that the ionized continuum electrons are released and
leave the molecular ion so fast that recombination or rescattering do not
occur. The separation of timescales is not as favorable as in the opti-
cal case, and some TDSE calculations of atomic and molecular ioniza-
tions, indeed, show a short time oscillatory behavior rather than a linear
monotonous increase in the ionization probability [69–71]. These short
transients, however, have only low probability weight; and the domi-
nant ionization is compatible with a rate process. The very convincing
agreement between MCWP calculations and experiments presented in
this thesis shows that this assumption is well justified for a range of
laser parameters used in recent strong-field dissociative ionization stud-
ies, and we shall hence assume the validity of the master equation model
of the ionization process.

3.2 Density matrices and the master
equation

Dissipative processes are often studied within the Born-Markov ap-
proximation using density matrices. Fully equivalent to solving the
Schrödinger equation

i
∂

∂t
|Ψ(t)〉 = Hs|Ψ(t)〉 (3.1)
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for an isolated quantum state given by the state ket

|Ψ(t)〉 =
∑

i

ci(t)|i〉, (3.2)

the equation

d

dt
ρ(t) = i[Hs, ρ(t)] (3.3)

determines the evolution of the density matrix ρ. The density matrix is
given by

ρ(t) = |Ψ(t)〉〈Ψ(t)| =
∑
ij

ci(t)
∗cj(t)|i〉〈j|, (3.4)

and the diagonal elements c∗i ci can be seen to equal the probability of
finding the system in state i. Including this probability explicit, decay
terms can easily be included in the time evolution by reducing the diag-
onal elements; and in this way, coherent dynamics can be combined with
a rate equation approach. Including the relaxation operator Lrelax(ρ(t))
in Eq. (3.3), the master equation reads

d

dt
ρ(t) = i[Hs, ρ(t)] + Lrelax(ρ(t)). (3.5)

It has been proven that the relaxation operator has to be of so-called
Lindblad form if the density matrix must retain its physical properties
as a density matrix of a quantum system [72]. This canonical form of
the relaxation superoperator Lrelax(ρ(t)) is parameterized as

Lrelax(ρ(t)) =− 1

2

∑
m

(
C†

mCmρ(t) + ρ(t)C†
mCm

)
+

∑
m

Cmρ(t)C†
m,

(3.6)

where the transition operators Cm have dimension of (time)−1/2. In case
of a two-level quantum system, which decays with the rate Γ from its
excited to its ground state, |e〉 → |g〉, the master equation contains a
single Cm operator, C =

√
Γ|g〉〈e|. More complicated problems employ

several Cm operators to account for branching ratios between different
decay channels.
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For an atom with only two coupled states, the corresponding 2 ×
2 density matrix has only four elements. The master equation, Eq.
(3.5), is hence readily solved and provides the values of the four matrix
elements determining the expectation value of any atomic observable as
a function of time.

3.3 An approach based on wave
functions

Opposite the two-level case, problems including a large number of states
(such as spatial motion) may present a formidable task when solving the
master equation for the density matrix. For these problems, it is useful
to apply the MCWP technique, which replaces the density matrix by
an ensemble of individual state vectors, which are evolved stochastically
with time [73]. For a problem of N states, the density matrix has N 2

entries, while a state vector has only N ; and motivated by this, the
MCWP approach was introduced in the early nineties [67, 74, 75] and
allows for wave function based solutions of the master equation.

To describe dissipative processes including loses to the surroundings
in a wave functions picture, several questions comes to mind. First of
all, how to account for the break of reversibility normally incorporated
in the Schrödinger equation, which can simply not be maintained when
losses or gains are included. The solution come in the form of gedanken
experiments. In each time step of the quantum state evolution, a mea-
surement is performed revealing information about the system and hence
maybe altering it. In the case of the ionization of an atom, this may be
in the form of an imaginary electron detector placed nearby, forcing the
system to be ionized if an electron is detected.

To quantify this approach of using gedanken experiments, a Hamil-
tonian operator is introduced on the form

H = Hs − i

2

∑
m

C†
mCm, (3.7)

where Hs is the Hamiltonian without the transition terms, and Cm are
the transition operators also used in the master equation approach. Due
to the imaginary correction to the Hamiltonian, the operator is no longer
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Figure 3.2 | Illustration of the MCWP calculation strategy. Each circle corresponds to
one computational task, and for each time step, one round trip in the pentagon should
be carried out. At the end of the pulse, the propagation is stopped and the result saved.
After performing several different realizations, averaging the outcome will produce the
correct physical result.

Hermitian, and the norm of the wave function is no longer conserved
when the wave function is propagated in time. It is this drop in norm
that is responsible for whether a transition occurs or not. In each time
step, a random number between zero and unity is chosen; and if it is
found to be smaller than the drop in norm, this corresponds to a click in
the imaginary detector and hence a transition. A quantum jump is then
applied in the form of the transition operator. If, on the other hand, the
random number is larger than the drop in norm, it corresponds to a null
detection, and no transition occurs. The wave function is in this case
renormalized. See Fig. 3.2 for a graphical illustration of the different
steps in the MCWP approach.

Written out more explicit, the following operations have to be per-
formed in every time step during the evolution of the system:

1. Propagate the quantum state |Ψ(t)〉 of the system using the non-
Hermitian Hamiltonian H

|Ψ̃(t + dt)〉 = exp(−iHdt)|Ψ(t)〉, (3.8)

where it is assumed that dt is so small that H can be considered
constant over this time interval.
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2. Determine the reduction in norm dP of the propagated state

dP = 1− 〈Ψ̃(t + dt)|Ψ̃(t + dt)〉. (3.9)

In the case of several transition operators Cm, we have to first
order in dt

dP =
∑
m

dPm ≡
∑
m

〈Ψ(t)|C†
mCm|Ψ(t)〉dt. (3.10)

3. Make a probabilistic decision, whether the system is subject to a
quantum jump (probability dP ) or not (probability 1−dP ): Pick
a random number ε uniformly distributed between zero and unity.

3a. If ε > dP : No transition occurs, and the wave function |Ψ̃(t+dt)〉
is renormalized

|Ψ(t + dt)〉 =
1√

1− dP
|Ψ̃(t + dt)〉. (3.11)

3b. If ε < dP : A quantum jump occurs by application of one of
the transition operators Cm, picked at random according to their
relative weights/branching ratios dPm/dP ,

|Ψ(t + dt)〉 = NnCn|Ψ(t)〉, (3.12)

where Nn = 1/
√

dPn/dt is the appropriate normalization con-
stant.

4. Return to point 1 for the next time step.

To obtain the correct physical evolution of the system, many different
realizations are performed, and the results are averaged. In the limit of
infinite realizations, the solution of the master equation in Eq. (3.5) is
obtained.

3.4 Decay in a two-level system
Before discussing the validity of the MCWP technique, a simple example
is given here to provide a better understanding of the different aspects
of the method.
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Figure 3.3 | Decay in a two-level system. Population is transferred from the excited
state |e〉 to the ground state |g〉 with a decay rate of Γ.

Consider a two-level system as the one sketched in Fig. 3.3. Denoting
the ground state |g〉 and the excited state |e〉, the only coupling in the
system is described in terms of a decay transferring population from |e〉
to |g〉 with a rate of Γ. At time t, the state ket is given by

|φ(t)〉 = α(t)|g〉+ β(t)|e〉, (3.13)

and the probability of finding the system in its ground state is denoted
by Pg(t) = |α(t)|2. Similarly Pe(t) = |β(t)|2 = 1 − Pg(t) gives the
possibility of finding the system in its excited state.

3.4.1 Rate equations

In order to determine Pg(t) and Pe(t) for all times, the easiest approach
is to write up the rate equations

d

dt
Pg(t) =ΓPe(t), (3.14)

d

dt
Pe(t) =− ΓPe(t). (3.15)

Given the initial conditions Pg(0) and Pe(0), the general solution of the
two coupled differential equations is

Pg(t) =Pg(0) + Pe(0)
(
1− e−Γt

)
, (3.16)

Pe(t) =Pe(0)e−Γt. (3.17)

As expected, the population in the excited state is seen to exponentially
decrease and asymptotically vanish for large times.
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3.4.2 The master equation

Now we turn to the master equation and solve the same problem using
density matrices. Assuming the relative phases are set at zero, the
density operator reads

ρ(t) = |α(t)|2|g〉〈g|+ |β(t)|2|e〉〈e|. (3.18)

The only transition operator to include equals

C =
√

Γ|g〉〈e|, (3.19)

and the Hermitian part of the Hamiltonian takes the form

Hs = 0 · |g〉〈g|+ E · |e〉〈e| (3.20)
= E|e〉〈e|. (3.21)

The master equation

d

dt
ρ(t) = i[Hs, ρ(t)]− 1

2

∑
m

(
C†

mCmρ(t) + ρ(t)C†
mCm

)

+
∑
m

Cmρ(t)C†
m (3.22)

now equals

d

dt

(|α(t)|2|g〉〈g|+ |β(t)|2|e〉〈e|) = Γ2|β(t)|2|g〉〈g| − Γ2|β(t)|2|e〉〈e|,
(3.23)

and

d

dt
|α(t)|2 =Γ|β(t)|2, (3.24)

d

dt
|β(t)|2 =− Γ|β(t)|2. (3.25)

Just like for the rate equations.
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3.4.3 The MCWP method
As a third approach to describe decay in a two-level system, the MCWP
technique is applied. Using the transition operator in Eq. (3.19) and the
Hermitian Hamiltonian in Eq. (3.21), the total non-Hermitian Hamilton
operator takes the form

H = Hs − i

2

∑
m

C†
mCm (3.26)

= 0 · |g〉〈g|+ E · |e〉〈e| − i

2

√
Γ|e〉〈g|

√
Γ|g〉〈e|

= E|e〉〈e| − i

2
Γ|e〉〈e|. (3.27)

Time propagation of the normalized state |φ(t)〉 = α(t)|g〉 + β(t)|e〉
under the influence of this Hamiltonian can be performed by applying
the time evolution operator

U(t + dt, t) = exp(−iHdt) ≈ 1− iHdt. (3.28)

It is seen that

|φ̃(t + dt)〉 = U(t + dt, t) [α(t)|g〉+ β(t)|e〉] (3.29)

=

(
1− iE|e〉〈e|dt− 1

2
Γ|e〉〈e|dt

)
[α(t)|g〉+ β(t)|e〉]

= α(t)|g〉+ β(t)|e〉 − iEβ(t)dt|e〉 − 1

2
Γβ(t)dt|e〉, (3.30)

and to first order in dt

〈φ̃(t + dt)|φ̃(t + dt)〉 =|α(t)|2 + |β(t)|2 +
1

4
Γ2|β(t)|2dt2

− Γ|β(t)|2dt + E2|β(t)|2dt2 (3.31)
≈1− Γ|β(t)|2dt = 1− dP. (3.32)

By comparing the drop in norm dP with a random number ε drawn
from the interval [0; 1], the state of the system at time t + dt can now
be determined.

If ε > dP , no jump occurs, and a renormalization is performed

|φ(t + dt)〉 =
1√

1− dP
|φ̃(t + dt)〉. (3.33)
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Figure 3.4 | Decay in a two-level system using the initial conditions α0 = 0.6, β0 = 0.8,
Γ = 0.1, and E = 0.0001. The average population in both the ground and excited states
is shown as a function of time for (a) one, (b) 20, and (c) 1,000 realizations.

By examining Eq. (3.30), it is seen that prior to the renormalization, the
population in |g〉 equals |α(t)|2, while the population in |e〉 has dropped
by Γdt|β(t)|2 compared with its original value of |β(t)|2. The relative
population among the two states is hence changed, and population is
transferred from the excited state to the ground state as a consequence of
the renormalization. It may seem strange that population is transferred
even though no jump occurred, but since a null detection signal (like
a positive one) reveals information about the system, a change in the
system is to be expected. This phenomena is referred to as the Lochfrass
effect [76, 77].

If ε < dP , a jump occurs, and the transition operator C is applied
to the initial state,

|φ̃jump(t + dt)〉 = C|φ(t)〉 (3.34)

=
√

Γ|g〉〈e|φ(t)〉, (3.35)

which after a renormalization gives

|φ(t + dt)〉 = |g〉. (3.36)

Using the initial conditions α(t = 0) = 0.6, β(t = 0) = 0.8, Γ = 0.1,
and E = 0.0001, Fig. 3.4 shows the averaged results obtained for both a
single realization, 20 realizations, and 1,000 realizations. By examining
the single realization case of Fig. 3.4 (a), it is seen that no jump occurs in
the first 22 units of time. Population is hence gradually transferred from
the excited state to the ground state. The amount of transfer is however
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too small to reproduce the correct half time of ln(2)/Γ = 6.9, and the
correct physical evolution is only obtained when averaging over many
different realizations including jumps. This can be seen by examining
Fig. 3.4(c), showing the case of 1,000 realizations. The population in
the excited state is here seen to decay perfectly in agreement with the
results found in Eqs. (3.16) and (3.17) for the rate equations.

Studying decay in a two-level system using the MCWP approach is
by far not the easiest way to determine the evolution of system. The
MCWP approach does however reproduce the correct result, and in
problems such as dissociative ionization, simpler options might not be
available. Before applying the MCWP method to more complex sys-
tems, the next section shows formally why the method works by proving
the general equivalence to the master equation.

3.5 Equivalence to the master equation

The equivalence between the master equation and the MCWP approach
can be explicitly demonstrated by averaging the statistical operator
σ(t + dt) = |Ψ(t + dt)〉〈Ψ(t + dt)| over the outcomes of the stochastic
procedure outlined in Section 3.3.

To see this, consider the two operators [75]

σ(t) = |φ(t)〉〈φ(t)|, (3.37)
σ(t + dt) = |φ(t + dt)〉〈φ(t + dt)|. (3.38)

The average value of the latter operator equals the density operator
ρ(t + dt), and it may be determined by knowing that the system with
probability (1 − dP ) is in the renormalized state |φ̃(t + dt)〉/√1− dP
and with probability dPm occupies the state Cm|φ(t)〉/

√
dPm/dt

σ(t + dt) =(1− dP ) · |φ̃(t + dt)〉〈φ̃(t + dt)|
1− dP

+
∑
m

dPm · Cm|φ(t)〉〈φ(t)|C†
m

dPm/dt
(3.39)
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σ(t + dt) =|φ̃(t + dt)〉〈φ̃(t + dt)|+
∑
m

dtCm|φ(t)〉〈φ(t)|C†
m (3.40)

=(1− iHsdt−
∑
m

C†
mCmdt)|φ(t)〉

〈φ(t)|(1 + iHsdt−
∑
m

C†
mCmdt)

+
∑
m

dtCm|φ(t)〉〈φ(t)|C†
m. (3.41)

By neglecting terms of order dt2, it is seen that

σ(t + dt) =σ(t) + idtσ(t)Hs − idtHsσ(t)−
∑
m

dtσ(t)C†
mCm

− dtC†
mCmσ(t) +

∑
m

dtCmσ(t)C†
m (3.42)

=σ(t) + idt [σ(t), Hs] + dtL(σ(t)), (3.43)

where L is the relaxation superoperator introduced in density matrix
theory and is defined as

L(ρ(t)) = −
[∑

m

C†
mCmρ(t) + C†

mCmρ(t)

]
+

∑
m

Cmρ(t)C†
m. (3.44)

Averaging over different values of σ(t) to obtain σ(t) and using the fact
that

σ(t + dt)− σ(t)

dt
≈ dσ(t)

dt
(3.45)

for small dt, the master equation can be recovered,

dσ(t)

dt
= i [σ(t), Hs] + L(σ(t)). (3.46)

We, therefore, conclude that the statistical average evolution of the en-
semble state vectors reproduces the master equation solution for the
density matrix; and hence, the two methods are equally correct.

40



Physical meaning of stochastic wave functions

3.6 Physical meaning of stochastic wave
functions

The stochastic wave functions used in the MCWP approach are not only
a computational trick to simulate the density matrix evolution. They
can be obtained directly from the system-environment problem, and in
this way, they offer an alternative derivation of the master equation
itself.

Consider spontaneous decay in a two-level atom. Using an atomic
state atom with no photons present as initial state, the system evolves
continuously into a modified atomic state and no photons, plus a com-
ponent with the atomic ground state and a single photon present. If the
ground state atom is reexcited by a laser field, more and more state vec-
tor components appear with also two, three, and more photons present
in the environment. Instead of obtaining the atomic state as a weighted
sum over all possible components with different photon numbers in the
environment, one may simulate the effect of measurements of the photon
number and thus, at every time step, project the state of the field and
choose the associated atomic state component according to the random
outcome of the measurement.

This idea rests on the validity of the Born-Markov approximation
(i.e., that photons previously dissipated into the environment are not
coming back to affect the future evolution of the system). Any physi-
cal process applied to them, including measurements, should hence not
change the average dynamic of the system. In the case of molecular
ionization, the environment is associated with the electrons escaping
the molecular ion, and the hypothetical measurement of these electrons
effectively removes them from the quantum description and projects
the remaining molecular system on the charge state corresponding to
the measurement outcome. The Born-Markov approximation limits the
method to processes where the recapture of liberated electrons is not a
significant component of the dynamics. In comparison with the quan-
tum optical case, we do not only change state, but we also change the
physical system whenever an electron is detected.

We conclude this section by emphasizing that the equivalence be-
tween the simulated average outcome and the master equation is a
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mathematical result that holds irrespective of the formal correspondence
between the random elements in the procedure and an idealized mea-
surement procedure. The MCWP simulations make physical predictions
also for experiments, where the electrons are not being measured.

3.7 Deterministic sampling

When propagating the stochastic wave functions using with the MCWP
method, the initial states are always identical. The evolution of the
wave function up until the first jump will hence not differ in different
realizations, and this fact can be utilized to dramatically reduce the com-
putational effort. In fact, the stochastic part of the MCWP approach
can be completely removed and the result determined as a deterministic
weighted average.

3.7.1 Using only a single stochastic number

Recall the two-level system with decay rate Γ discussed in Section 3.4.
Using the initial state wave function,

|φ(0)〉 = α(0)|g〉+ β(0)|e〉, (3.47)

and applying the time evolution operator, we found in Eq. (3.30)

|φ̃(t + dt)〉 = α(t)|g〉+ β(t)|e〉 − iEβ(t)dt|e〉 − 1

2
Γβ(t)dt|e〉, (3.48)

and it followed in Eq. (3.32) that

〈φ̃(t + dt)|φ̃(t + dt)〉 ≈ 1− Γ|β(t)|2dt = 1− dP. (3.49)

The |φ̃(t + dt)〉 state ket was either renormalized or projected onto the
ground state, but here, we will do neither. Instead, the wave function
is simply propagated using the non-Hermitian Hamiltonian in all the
following time steps. Hereby a set of coefficients α̃(t) and β̃(t) are
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determined as

α̃(t + dt) = α̃(t), (3.50)

β̃(t + dt) =

[
1− iEdt− 1

2
Γdt

]
β̃(t), (3.51)

N(t) = |α̃(t)|2 + |β̃(t)|2. (3.52)

The wave function is subsequently normalized at all times, and the co-
efficients α(t) and β(t) resemble the coefficients found in the stochastic
MCWP approach if no jumps occurred.

Choosing only a single random number γ in each realization, the
jump time T can be determined by solving

γ = N(T ), (3.53)

and the resulting wave function reads

|φ(t)〉 =

{
α(t)|g〉+ β(t)|e〉 t < N(T ),
|g〉 t > N(T ).

(3.54)

This approach enables us to perform only a single propagation of the
quantum state in contrast to propagating from the beginning in every
realization. The required number of random numbers is further reduced
from one in each time step to one in each realization.

3.7.2 The two approaches are identical

A justification of the correctness of Eq. (3.54) is appropriate here. The
simplified approach is identical to the original MCWP approach if the
two methods reproduce the same jump probability P (t) in each time
step. Given that a jump has already occurred, the wave function is in
the ground state, and both methods give zero jump probability. Hence,
in the following, the focus will be on a system with no prior jumps.

In the original case, a random number ε between zero and unity has
to be smaller than the drop in norm dP in order for a jump to occur.
Eq. (3.49) determines this drop in norm to equal Γ|β(t)|2dt, giving a
jump probability of

Poriginal =
dP

1− 0
= Γ|β(t)|2dt. (3.55)
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Chapter 3. The Monte Carlo wave packet technique

The new and computationally faster method does only involve one
random number γ, and given that no jumps have occurred until now, γ
lies in the interval between zero and N(t). The jump probability thus
equals

Pnew =
dN(t)

dt dt

N(t)− 0
=

Γ|β̃(t)|2dt

|α̃(t)|2 + |β̃(t)|2 . (3.56)

Renormalization is the only difference between (α(t), β(t)) and (α̃(t), β̃(t)),
and they are identical up to a prefactor k (i.e., α̃(t) = kα(t) and
β̃(t) = kβ(t)). Using this fact and |α(t)|2 + |β(t)|2 = 1 for all val-
ues of t, it is seen that

Pnew =
k2Γβ2

t dt

k2 · 1 = Γ|β(t)|2dt, (3.57)

which is in perfect agreement with the original method.

3.7.3 A completely deterministic approach
In fact, it is possible to reduce the amount of calculations even further
and completely eliminate the random numbers. Consider the probability
of obtaining a specific jump time T by solving Eq. (3.53). Since the
random numbers γ are statistically equally spaced, γ = N(T ) will have
more solutions in regions of large |dN(t)/dt|. Weighting the result for
time T with the drop in norm −dÑ(t)/dt at this instant will hence give
the correct physical result. In this way, the method becomes completely
deterministic and free from stochastic noise.
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Chapter

4
MCWP approach to
dissociative double ionization
of H2 in IR laser pulses

Having introduced the MCWP technique, it is now time to apply the
technique to dissociative double ionization of hydrogen molecules. This
application is done by first separating the problem into three different
Hilbert spaces, which can each be treated by the MCWP approach. The
transitions among the different spaces are described in terms of rates and
can hence be viewed in the context of a system with gains and losses
of population. The Hermitian part of the Hamiltonian is deduced, with
a detailed discussion of each term, and later, the non-Hermitian jump
operators are added as well. An overview over the calculation strategy
is given at the end of this chapter.

4.1 Division into separate Hilbert spaces

The electron is much lighter than the proton and hence moves on a
different timescale. This difference in timescales justifies the Born-
Oppenheimer approximation, in which the electronic motion is deter-
mined for fixed nuclei leading to an effective potential used in the sub-
sequent determination of the nuclear dynamics. In the case of double
ionization of H2, many different electronic states are involved. Some
correspond to having two electrons bound, while one or both of the
electrons in others are in continuum states. To significantly simplify the
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Chapter 4. MCWP approach to H2 in IR pulses

calculations, a division into three Hilbert spaces is made in the MCWP
approach, each one neglecting the electrons significantly far from the
nuclei. The first space contains four particles (H2), the second three
particles (H+

2 ), and the last only the two protons (H++
2 ). This division

simplifies the Hamiltonian but hinders the usual approach of solving
the Schrödinger equation, which assumes a single Hilbert space. The
MCWP approach can however consider each space individually and in-
clude losses and gains of population to and from the other spaces.

An overview of the MCWP approach to dissociative ionization of H2

is given in Fig. 4.1. Starting in the ground state of H2, only one elec-
tronic state is included, namely (1sσg)

2, and the system is propagated in
this state until the first quantum jump (i.e., until the imaginary electron
detector measures one emitted electron). The nuclear wave function is
then instantaneously transferred to the H+

2 system. For the singly ion-
ized molecule, two electronic states are included, the bonding 1sσg state
and the dissociative 2pσu state; and until the detection of a second elec-
tron, the system evolves on these coupled electronic states. At the time
of the second detection, the system is subjected to a second quantum
jump, and the nuclear wave function is transferred to the final Hilbert
space. Here only two protons are present, and the absence of electrons
leads to an effective 1/R potential due to the nuclear repulsion. The
approach is straightforwardly extended to include more states; however,
the four electronic states mentioned here are sufficient to illustrate the
method and to obtain very good agreement with many experiments (see
Chapter 6).

4.2 Electronic basis functions

To study the nuclear dynamics in dissociative ionization processes, a
separation of the nuclear and electronic dynamics is desirable. Unfortu-
nately, the internuclear separation vector ~R and the electronic position
vectors ~rj couple through the potential energy operator V , and a direct
separation (like the one applied to the center of mass motion) cannot
be done.
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Figure 4.1 | Sketch of the MCWP approach to double ionization of H2. The left panel
shows the four included field-free Born-Oppenheimer potential curves, while the right
panel shows how the nuclear wave packet is transferred from one space to the other in
instantaneous jumps. In the double ionized Hilbert space the KER distribution can be
determined.

Instead, we define the field-free electronic Hamiltonian as

Helec = Telec + V, (4.1)

and study the nuclear evolution in a basis of electronic states, |φ~Ra〉,
fulfilling

Helec|φRa〉 = Ea(R)|φ~Ra〉. (4.2)

In solving Eq. 4.2, the nuclei are frozen in one possible internuclear
separations at a time, and a parametric dependence on ~R arise in both
the electronic basis states |φ~Ra〉 and the electronic energy Ea(R). For
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Chapter 4. MCWP approach to H2 in IR pulses

the latter, only the distance between the nuclei affects the result. Letting
~r denote the position of all n electrons

~r = {~r1, ~r2, ..., ~rn}, (4.3)

the electronic eigenstates can be expressed in a basis of electronic posi-
tion eigenkets |~r〉 as

|φ~Ra〉 =

∫
d~r|~r〉〈~r|φ~Ra〉 (4.4)

≡
∫

d~r|~r〉φa(~R;~r), (4.5)

defining the electronic wave function φa(~R;~r).
Even though infinitely many electronic states exist, only four are

included in the MCWP calculations presented in this thesis. These are
the (1sσg)

2 state in H2, the 1sσg and 2pσu states in H+
2 , and the doubly

ionized state H++
2 - for short denoted h, g, u, and c, respectively.

The total state ket |Ψ〉 is now expanded in these four orthonormal
states and

|Ψ〉 =
∑

a

∫
d~R Xa(~R, t)|φ~Ra〉 ⊗ |~R〉, (4.6)

where the prefactors Xa(~R, t) are the nuclear wave functions, |~R〉 the
position eigenkets of the nuclear coordinate, and a = {h, g, u, c} the
different electronic states.

4.3 The Hamilton operator
Recall from Eq. (2.33) the Hamilton operator

H = − ∇2
R

2µ
−

∑
j

∇2
j

2
+

zAzB

|~R|
+

∑

j<j′

1

|~rj − ~rj′| −
∑

j

zA

|~rjA|

−
∑

j

zB

|~rjB| +
zAmB − zBmA

mA + mB

~R · ~E −
∑

j

~rj · ~F (4.7)

= Tnuc + Telec + V + Lelec. (4.8)
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Nuclear kinetic energy

To express the Hamilton operator in the chosen basis, we turn to the
time-dependent Schrödinger equation,

H|Ψ〉 = i
∂

∂t
|Ψ〉. (4.9)

Inserting Eq. (4.6), projecting on both sides with 〈~R′| ⊗ 〈φ~R′a′| and
using that the Hamiltonian is local in space, we obtain

∑
a

∫
d~Rδ(~R′ − ~R)〈φ~R′a′|HXa(~R, t)|φ~Ra〉 = i

∂

∂t
Xa′(~R′, t). (4.10)

The matrix element on the left-hand side contains three terms

〈φ~R′a′|HXa(~R, t)|φ~Ra〉 = 〈φ~R′a′| [Tnuc + Helec + Lelec] Xa(~R, t)|φ~Ra〉.
(4.11)

These are discussed individually in the next three subsections.

4.3.1 Nuclear kinetic energy
The first term to evaluate is the matrix element concerning the kinetic
energy of the nuclear motion, Tnuc.

Since rotations occur on a timescale of 170 fs (H2) and 240 fs (D2),
the molecules can be considered rotationally frozen during the laser
pulses studied in this thesis (40−140 fs). Rotations are hence neglected
in the kinetic energy operator

Tnuc =
−∇2

R

2µ
(4.12)

≈ − 1

2µ

1

R2

∂

∂R

(
R2 ∂

∂R

)
, (4.13)

and

〈φ~Ra′|TnucXa(~R, t)|φ~Ra〉
=

∫
d~r ′〈~r ′|φ∗a′(~R;~r ′)TnucXa(~R, t)

∫
d~r|~r〉φa(~R;~r) (4.14)

=

∫
d~rφ∗a′(~R;~r)

[
− 1

2µ

1

R2

∂

∂R

(
R2 ∂

∂R

)]
Xa(~R, t)φa(~R;~r).
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Chapter 4. MCWP approach to H2 in IR pulses

The nuclear motion is very slow compared with the electronic mo-
tion, and as a consequence, the electronic wave function φa(~R;~r) varies
slowly with respect to ~R. This fact allows |∂φa/∂R| to be neglected
with respect to |∂Xa/∂R| (the Born-Oppenheimer approximation), and
one obtains

〈φ~Ra′|TnucXa(~R, t)|φ~Ra〉
=

∫
d~rφ∗a′(~R;~r)φa(~R;~r)

[
− 1

2µ

1

R2

∂

∂R

(
R2 ∂

∂R

)]
Xa(~R, t)

= δa′a

[
− 1

2µ

1

R2

∂

∂R

(
R2 ∂

∂R

)]
Xa(~R, t). (4.15)

Since the molecule is rotationally frozen, the radial and angular parts of
the nuclear wave function separate, and the nuclear wave function can
be expressed as

Xa(~R, t) =
1

R
Ka(R, t)Wa(θ, φ, t), (4.16)

Wa(θ, φ, t) =
1√
4π

δ(θ − θ0)δ(φ− φ0), (4.17)

with θ0 and φ0 specifying the internuclear orientation. The prefactor of
1/R in the definition of the radial wave function Ka(R, t) simplifies the
kinetic energy term since

1

R2

∂

∂R

(
R2 ∂

∂R

)
=

1

R

∂2

∂R2R, (4.18)

leaving only ∂2/∂R2 in the final equation to be solved.

4.3.2 Electronic potentials

The chosen basis states are all solutions to the electronic Hamiltonian,
and the matrix elements of Helec give a delta function in a and a′ and
the electronic energies, Ea(R),

〈φ~R′a′|HelecXa(~R, t)|φRa〉 =δa′aXa(~R, t)Ea(R). (4.19)
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Coupling to the external field

The electronic potential Eh(R) for the (1sσg)
2 state in H2 is approxi-

mated using a Morse potential and the dissociation energy, fundamental
frequency, and anharmonicity constant published on NIST [78],

Eh(R) = 0.1819
[
e−2.01(R−1.4) − 2.00e−1.01(R−1.4)

]
− 1.0. (4.20)

In the H+
2 case, two Morse-like potentials reported in Ref. [79] are

used,

Eg(R) = 0.1025
[
e−1.44(R−2.0) − 2.00e−0.72(R−2.0)

]
− 0.5, (4.21)

Eu(R) = 0.1025
[
e−1.44(R−2.0) + 2.22e−0.72(R−2.0)

]
− 0.5. (4.22)

The used potentials closely resemble the potentials obtained in more
adequate calculations [80] as long as the internuclear distance is above
R = 1 a.u.

For the doubly ionized state, only two protons are present, and the
electrostatic repulsion energy is given by

Ec(R) =
1

R
. (4.23)

4.3.3 Coupling to the external field

Turning to the electron-field interaction, the electrons are primarily af-
fected along the internuclear axis, where the polarizability is largest.
Letting r~Rj denote the component of ~rj along ~R, the interaction can
hence be approximated by

Lelec =
∑

j

~rj · ~F (4.24)

=F cos θ0

∑
j

r~Rj. (4.25)

Here, θ0 is introduced in Eq. (4.17) and specifies the angle between ~R
and the polarization of the external field. The matrix element of Lelec

becomes

〈φ~Ra′|LelecXa(~R, t)|φ~Ra〉
=F cos θ0

∑
j

〈φ~Ra′|r~Rj|φ~Ra〉Xa(~R, t). (4.26)
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Figure 4.2 | The transition dipole moment between the 1sσg state and the 2pσu state of
H+

2 as a function of the internuclear separation R [82].

Evaluation of 〈φ~Ra′|r~Rj|φ~Ra〉 should, in principle, be done for all combi-
nations of a and a′. However, since terms in the Hamiltonian responsible
for coupling among different Hilbert spaces are governed by jump oper-
ators in the MCWP approach, the only coherent dynamic included here
is among the 1sσg state and the 2pσu state of H+

2 . The coupling matrix
elements are calculated in [81] and fitted by the function [82]

〈φ~Rg|r~Rj|φ~Ru〉 =
R

2
√

1− p2
− 1

2 + 1.4R
, (4.27)

where

p = (1 + R + R2/3)e−R. (4.28)

Since the dipole coupling is chosen real it follows that

dgu(R) ≡ 〈φ~Rg|r~Rj|φ~Ru〉 = 〈φ~Ru|r~rj|φ~Rg〉. (4.29)

Figure 4.2 shows the value of dgu(R) as a function of the internuclear
separation. When the two nuclei approach each other, the dipole cou-
pling approach a value of dgu(R = 0) = 0.5 a.u. For large internuclear
separations the dipole coupling has an almost linear dependence on R,
and dgu(R) ≈ 0.5R.
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The Hermitian part of the Hamiltonian

4.3.4 The Hermitian part of the Hamiltonian

To determine the Hermitian part of the Hamilton operator to apply in
the MCWP calculation, we return to Eq. (4.10) stating

i
∂

∂t
Xa′(~R′, t) = (4.30)

∑
a

∫
d~Rδ(~R′ − ~R)〈φ~R′a′|[Tnuc + Helec + Lelec]Xa(~R, t)|φ~Ra〉,

and insert the results for the three matrix elements just found in Eqs.
(4.15), (4.19), and (4.26). Using the basis set expansion of the state ket
|Ψ〉 given in Eq. (4.6) and inserting a few identities of the form

1 =
∑

a

∫
d~R|~R〉 ⊗ |φ~Ra〉〈φ~Ra| ⊗ 〈~R|, (4.31)

will give

i
∂

∂t
|Ψ〉 =

∑
a

∫
d~R

[
− 1

2µ

1

R

∂2

∂R2R + Ea(R)

]
|φ~Ra〉〈φ~Ra| ⊗ |~R〉〈~R|Ψ〉

+ F cos θ0

∫
d~R dgu(R)

[
|φ~Rg〉〈φ~Ru|+ |φ~Ru〉〈φ~Rg|

]

⊗ |~R〉〈~R|Ψ〉. (4.32)

By comparison with the time-dependent Schrödinger equation

i
∂

∂t
|Ψ〉 = H|Ψ〉, (4.33)

the Hermitian part of the Hamiltonian is seen to be

Hs =
∑

a

∫
d~R

[
− 1

2µ

1

R

∂2

∂R2R + Ea(R)

]
|φ~Ra〉〈φ~Ra| ⊗ |~R〉〈~R| (4.34)

+ F cos θ0

∫
d~R dgu(R)

[
|φ~Rg〉〈φ~Ru|+ |φ~Ru〉〈φ~Rg|

]
⊗ |~R〉〈~R|.
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4.4 The jump operators
The non-Hermitian part of the Hamiltonian, responsible for the jumps
among the different Hilbert spaces, is now to be determined. All elec-
tronic transitions are assumed to be vertical (i.e., to occur without dis-
placement or recoil of the nuclear motion) and can hence be chosen
locally in the nuclear coordinate.

4.4.1 The first ionization
The transition operator responsible for the first ionization, bringing pop-
ulation from the ground state in H2 to the ground state in H+

2 , is given
as

Ch =

∫
d~R

√
Γh(~R)|φRg〉〈φRh| ⊗ |~R〉〈~R|. (4.35)

Here, Γh(~R) denotes the instantaneous ionization rate changing in every
time step according to the current strength of the oscillating external
field. No overall phase is included, since the different contributions to
the final KER spectrum are added incoherently and hence independent
on the relative phases of the nuclear wave functions in the different
realizations of the system.

The jump operator Ch represents a transition from the ground state
in H2 to the field-free ground state in H+

2 . As the ionization occurs
during the pulse, where the states 1sσg and 2pσu are strongly coupled,
one may alternatively consider the ionization process as occurring to-
wards the corresponding field-dressed states. By including Lelec in the
electronic Hamiltonian and diagonalizing the electronic Hamiltonian in
a basis of the two states |φRg〉 and |φRn〉, one obtains the field-dressed
ground state

|φR,low〉 = Mg|φRg〉+ Mu|φRu〉 (4.36)

(see, for eksampel, Ref. [83] for explicit expressions of Mg and Mu). We
can treat the ionization process as a transition to this field-dressed state
with the jump operator

Ch =

∫
d~R

√
Γh(~R) (Mg|φRg〉+ Mu|φRu〉) 〈φRh| ⊗ |~R〉〈~R|, (4.37)
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Figure 4.3 | Results for double ionization of H2 in pulses of λ =800 nm, τFWHM = 40
fs, and I = 6 × 1013 W/cm2. (a) The calculated KER spectra using both the 1sσg state
(Eq. (4.35)) and the lowest field-dressed state (Eq. (4.37)) as the initial state in H+

2 (no
focal volume averaging). (b+c) Total nuclear probability distribution in the H+

2 system
(i.e.,

∑
a=g,u |Ka(R, t)|2) given a first jump 3.8 fs prior to the peak of the pulse in the two

different cases. A logarithmic color scale is used in (b) and (c) in order for any discrepancy
to be visible.

which now coherently feeds population into both the 1sσg and the 2pσu

states. We have performed simulations applying both Eqs. (4.35) and
(4.37), and find that the difference in nuclear dynamics is very small
(see Fig. 4.3). Apart from a weak and unphysically fast dissociating
component contained in the wave function obtained using Eq. (4.35),
there is no significant difference, and the calculated KER spectra are
almost identical using the two approaches. When dealing with larger
systems, one might thus choose the simpler approach of Eq. (4.35) to
avoid the diagonalization step. For the rest of this thesis, Eq. (4.37) is
applied.

4.4.2 The second ionization

To maintain the simplicity of the MCWP theory, we choose to treat
the second ionization step as a process occurring from the field-free
electronic eigenstates. The ionization can hence occur either from the
1sσg state or from the 2pσu state, and the two pertaining jump operators
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Chapter 4. MCWP approach to H2 in IR pulses

are written as

Cg =

∫
d~R

√
Γg(~R)|φRc〉〈φRg| ⊗ |~R〉〈~R|, (4.38)

Cu =

∫
d~R

√
Γu(~R)|φRc〉〈φRu| ⊗ |~R〉〈~R|. (4.39)

Here, Γg(~R) and Γu(~R) represent instantaneous ionization rates from
the 1sσg and the 2pσu states, respectively.

A description based upon the field-dressed states would introduce co-
herent contributions to the ionization, described by superposition jump
operators of the form C = Cg ± Cu. The difference between a coherent
and an incoherent treatment of the ionization from the pair of H+

2 states
is however washed out by the rapid phase evolution of the states and
the sampling over the random times at which the jumps occur. Based
on the good agreement with experimental results obtained, the choice
of using Eqs. (4.38) and (4.39) seems a plausible one.

4.4.3 Ionization rates
Knowing the correct ionization rates is a critical point in the MCWP
approach. The rates need to be known at every instant, at every in-
ternuclear separation, and for all possible orientations of the molecule.
A calculation of these is however quite a large numerical task, and we
have chosen to use rates already published in the literature for aligned
molecules and electrostatic fields. Using static field rates is indeed an
approximation, since the field of a 800 nm laser involves oscillations on
a 2.7 fs timescale. However, the alternative of using photoionization
rates averaged over an optical period will destroy the substructure in
the evolution and is an even worse choice. The rates used are plotted in
Fig. 4.4 as a function of both R and F .

The instant ionization rate, Γh, responsible for the first ionization
process (h → g) is calculated in Ref. [84] for F = 0.06 and 0.08 a.u.
and exterpolated to lower field strengths using the asymptotic behavior
predicted by tunneling theory [85].

The second ionization process (g → c and u → c) is studied in
Ref. [86] and the rates Γg and Γu are interpolated among the results
published for F= 0.01, 0.05, 0.05338, and 0.08 a.u. Starting in the 2pσu

56



The MCWP Hamilton operator

gh u

Figure 4.4 | Published ionization rates for H2 [84] and H+
2 [86] in static electric fields as

a function of internuclear separation R and electric field strength F . The rates are plotted
in atomic units to the power of 0.2 in order to gain a larger visibility of the structures.

state, the rates show several peaks at large internuclear separations,
which, as we shall see later, induces a structure in the nuclear wave
packet dynamics. The peaks in the ionization rate are referred to as
charge-resonance-enhanced ionization [87, 88].

Since the rates for both the first and the second ionization process
are only published for molecules aligned parallel to the external field
polarization, we exclusively study these cases (i.e., θ0 = 0). The gas jet
used in experiments, however, has an isotropic distribution, but since
the coupling to the field is largest for aligned molecules, this may not
be such a bad approximation after all.

4.5 The MCWP Hamilton operator
Once the Hermitian Hamiltonian and jump operators are known, the
total non-Hermitian Hamilton operator to be used in the MCWP ap-
proach to dissociative double ionization of H2 can be written as

H = Hs − i

2

∑
m

C†
mCm

= Hs − i

2

∑

a=h,g,u

∫
d~R|Γa(R)||φRa〉〈φRa| ⊗ |~R〉〈~R|, (4.40)

where Hs is given in Eq. (4.34). Calculations can now be performed,
and how this is done in praxis will be discussed in the next chapter.
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Chapter

5
Calculation strategy

In this chapter, some computational aspects of the MCWP approach
to dissociative double ionization of H2 will be discussed in more detail.
First, the initial conditions are determined, the external field described,
and the calculational procedure outlined. Second, some computational
details on how the nuclear wave functions are propagated in time are
presented, and in the end, a discussion on how the numerical effort can
be reduced is given.

5.1 The initial conditions
First up in order to do a full MCWP calculation on dissociative double
ionization of H2 is to determine the initial conditions for the nuclear
wave packet. Since a Morse potential is used as the electronic potential
of the ground state of H2, the vibrational wave functions are analytically
known [89]. Assuming all the molecules to be in the vibrational ground
state, the reduced nuclear wave function reads

Kh(R, 0) = N · y k−1
2 · e−y/2, (5.1)

where

k =
2
√

2µDe

a
, y = k · e−a(R−R0), (5.2)
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Evolution of the system

Molecule R0 De a
H2 1.4011 0.18185 1.0075
D2 1.4013 0.17884 1.0170
HD 1.4011 0.18064 1.0074

Table 5.1 | Values of the constants R0, De and a for the three hydrogen isomers studied
in this thesis [78]. All values are given in atomic units.

and N is a normalization constant. The equilibrium internuclear sep-
aration R0, the constant a, and the dissociation energy De can all be
determined from values available on NIST [78] by using

De =
ω2

e

4ωexe
and a =

√
2µωexe. (5.3)

Here, ωe and ωexe are the fundamental frequency and the anharmonicity
constant, respectively. The different parameters used for H2, D2 and HD
are all given in Table 5.1.

The external field is chosen to have a Gaussian envelope and a du-
ration of τ measured as full width at half max (FWHM) in intensity

F (t) = Fpeak ·
(

1

2

) 2t2

τ2

· cos(ωt). (5.4)

The frequency of the light is denoted ω, and the peak intensity can be
found using

Ipeak =
1

2
cε0F

2
peak. (5.5)

5.2 Evolution of the system
Figure 5.1 provides an overview of the simulation procedure as outlined
in Section 3.3. In practice, the calculations are performed in the non-
stochastic manner sketched later in this chapter; however, the stochastic
procedure is first discussed here in order to increase the comprehensi-
bility. In Subsection 5.4, we will return to the deterministic approach
to double ionization of H2.
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Figure 5.1 | Illustration of the calculational strategy for dissociative double ionization
of H2 using the MCWP approach.

Starting in the electronic and vibrational ground state of H2, the time
evolution operator is applied; and the drop in norm dP , associated with
the non-Hermitian part of the Hamiltonian, is determined. A random
number ε between zero and unity is drawn, and, depending on the value
of this number compared with the drop in norm, we either renormalize
or jump,

|Ψ〉 → Ch|Ψ〉, (5.6)

and subsequently renormalize. The time where this first jump occurs
in a given simulation is denoted T1. Time evolution proceeds in the H+

2
system until the draw of a random number determines that a second
jump occurs. We denote this transition time T2. In the H+

2 system, the
two jump possibilities

|Ψ〉 → Cg|Ψ〉 and |Ψ〉 → Cu|Ψ〉 (5.7)

are distinguished by different probabilities

dPg/dP =
〈Ψ|C†

gCg|Ψ〉
〈Ψ|C†

gCg + C†
uCu|Ψ〉

, (5.8)

dPu/dP =
〈Ψ|C†

uCu|Ψ〉
〈Ψ|C†

gCg + C†
uCu|Ψ〉

. (5.9)
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Determining the KER spectrum

Whether the jump occurs from either the 1sσg state or the 2pσu state
can hence be determined by drawing yet another random number γ in
the interval from zero to unity.

5.2.1 Determining the KER spectrum

After application of either Cg or Cu with the probabilities given in Eqs.
(5.8) and (5.9), the system is in the doubly ionized state, and further
propagation of the nuclear wave function is not necessary in order to
obtain the KER spectrum. Since all the information concerning the
kinetic energy distribution of the outgoing fragments is already present
in the wave function Kc(R, T2), a direct projection onto the energy
eigenstates of the Coulomb problem will reveal the KER spectrum. The
energy eigenstates of the Coulomb problems are denoted Coulomb waves
and obtained by solving

(
− 1

2µ

d2

dR2 +
1

R

)
KE(R) = EKE(R). (5.10)

Even though the solutions are analytically known [90] in terms of conflu-
ent hypergeometric functions, these functions are difficult to evaluate,
and we use instead a numerical grid solution of the equation. If the
calculation is performed in a box of size Rmax, a factor of

√
Rmaxµ

πk ,
k =

√
2µE, is to be multiplied on the wave function in order for this

to be correct energy normalized [91] and the density of states to equal
unity. The nuclear kinetic energy distribution can now be found using

KERa(T1, T2) =

∣∣∣∣
∫

KE(R) Kc(R, T2) dR

∣∣∣∣
2

. (5.11)

5.3 Propagating the wave function

Having outlined the procedure of a MCWP calculation, only a discussion
on how the nuclear wave function is propagated in time is left. Recall
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Chapter 5. Calculation strategy

the expansion of the state ket |Ψ〉 given in Eqs. (4.6), (4.16), and (4.17):

|Ψ〉 =
∑

a

∫
dR Xa(R, t)|φRa〉 ⊗ |R〉, (5.12)

Xa(R, t) =
1

R
Ka(R, t)

1√
4π

δ(θ − θ0)δ(φ− φ0). (5.13)

To perform the calculations, we chose a finite difference grid representa-
tion of the nuclear wave functions Ka(R, t). This representation contains
local functions at equidistant separations ∆R, and a value of ∆R = 0.02
a.u. showed to be appropriate.

To propagate a wave function under the influence of an operator
H, the time evolution operator is needed. In the two-level example of
Section 3.4, a time-independent Hamiltonian was considered, in which
case the operator takes the form

U(t + dt, t) = exp(−iHdt). (5.14)

In the case of ionization processes in short intense laser pulses, the
Hamiltonian is time-dependent, and a very dense time grid is therefore
needed to allow the application of Eq. (5.14). For each period of the
electromagnetic wave, we use one thousand time steps.

To evaluate the exponential function in the time evolution operator,
one might use a Taylor expansion. However, using the approximation
exp(x) ≈ 1+x induces instability and will not conserve the norm of the
wave function even when propagating using a Hermitian operator. This
instability can be avoided by using the Crank-Nicolson scheme [92], in
which

|Ψ(t + dt)〉 = exp(−iHdt)|Ψ(t)〉 (5.15)

is approximated by solving

|Ψ′(t)〉 =

(
1− 1

2
iHdt

)
|Ψ(t)〉, (5.16)

|Ψ′(t)〉 =

(
1 +

1

2
iHdt

)
|Ψ(t + dt)〉. (5.17)

The Crank-Nicolson scheme corresponds to propagating |Ψ(t)〉 only half
a time step forward in time, in addition to propagating |Ψ(t + dt)〉 half
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Reducing the computational effort

a time step backwards in time. The strategy is to use Eq. (5.16) to
determine |Ψ′(t)〉 and then use this result to determine |Ψ(t + dt)〉 in
Eq. (5.17).

Using a finite difference grid representation of the nuclear wave func-
tion, the potential energy becomes diagonal, and the second order dif-
ferential is calculated using

d2

dx2f |xn
=

f(xn+1)− 2f(xn) + f(xn−1)

∆x2 , (5.18)

where xn are the individual grid points and ∆x their separation.
It is now straightforward to solve Eq. (5.16), while Eq. (5.17) re-

quires the solution of a linear matrix equation. Considering the evolu-
tion of the neutral H2 molecule, a tri-diagonal matrix is involved, while
for the singly ionized H+

2 molecule, coupling between the 1sσg and 2pσu

states makes the matrix at least six-diagonal. The equations to solve in
the latter case take the form

K̃1g(Rn, t) =

[
1 +

idt

2µ∆R2 +
idt

2
Eg(Rn) +

dt

4
|Γg(Rn)|

]
K̃g(Rn, t + dt)

− idt

4µ∆R2

[
K̃g(Rn−1, t + dt) + K̃g(Rn+1, t + dt)

]

+
idt

2
F cos v dguK̃u(Rn, t + dt), (5.19)

K̃1u(Rn, t) =

[
1 +

idt

2µ∆R2 +
idt

2
Eu(Rn) +

dt

4
|Γu(Rn)|

]
K̃u(Rn, t + dt)

− idt

4µ∆R2

[
K̃u(Rn−1, t + dt) + K̃u(Rn+1, t + dt)

]

+
idt

2
F cos v d∗guK̃g(Rn, t + dt). (5.20)

Existing diagonalization algorithms can relatively fast solve such prob-
lems and can be found in most standard libraries.

5.4 Reducing the computational effort
When propagating the wave functions in the stochastic MCWP method,
several calculations turn out to be identical in each realization. Since the
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Chapter 5. Calculation strategy

initial state is the same in all cases, the evolution of the wave functions
up until the first jump will not differ in different realizations. Likewise,
the evolution in the coupled 1sσg and 2pσu system will be identical
given a specific first jump time T1. As discussed in Chapter 3.7 for the
two-level system, it is possible to dramatically reduce the computational
effort by adapting a completely deterministic approach. This determin-
istic approach can be applied to double ionization of H2 as well. In the
double ionization case, however, several jumps are included, and the
situation is a bit more complicated, than in the two-level case.

5.4.1 The deterministic approach

Starting in the H2 ground state, a single wave function is propagated in
the H2 system using the non-Hermitian Hamiltonian until the end of the
pulse without renormalization. This leads to a nuclear wave function as
a function of time with a continuously decreasing norm squared, Nh(t).
As in the two-level case, the distribution of times for the first jump is
given by

Ph(T1) = − d

dt
Nh(t)|t=T1

. (5.21)

The effect of the first jump can hence be sampled as a weighted sum
over histories, with jump times T1 belonging to an equidistant grid with
weight factor Ph(T1). At every one of these sample times, the jump
operator Ch is applied to the no-jump wave function. In this way the
starting conditions for propagation in the singly ionized H+

2 state is
obtained for every T1 free from stochastic sampling errors and with only
one initial propagation in the H2 system.

Concerning the evolution in the H+
2 system, similar simplifications

can be made. Here, the initial conditions are not identical in all runs,
and the evolution in the no-jump case must be done for every possible
entering time, T1. The drop in norm squared of the 1sσg state Ng(t)
and the 2pσu state Nu(t) now determine the conditional probability of
a second jump at time T2, given an initial jump at time T1,

Pgu(T2 | T1) = − d

dt
(Ng(t) + Nu(t))|t=T2

. (5.22)
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The amount of calculations needed

To sample the effect of the second jump, either Cg or Cu is applied in
accordance with Eqs. (5.8) and (5.9). Recall that

P (g|{T1, T2}) =
〈Ψ|C†

gCg|Ψ〉
〈Ψ|C†

gCg + C†
uCu|Ψ〉

, (5.23)

P (u|{T1, T2}) =
〈Ψ|C†

uCu|Ψ〉
〈Ψ|C†

gCg + C†
uCu|Ψ〉

, (5.24)

where P (a|{T1, T2}) = dPa/dP . Both components are simply evaluated
separately and added with these probabilities as deterministic weight
factors.

In the doubly ionized state, the KER spectrum is determined for
all values of the two jump times T1 and T2 and using both the Cg and
Cu transition operators. The final result is obtained by evaluating the
weighted sum

KERtot =
∑

T1,T2

Ph(T1)Pgu(T2|T1)×
[ ∑

a=g,u

P (a|{T1, T2})KERa(T1, T2)

]
.

(5.25)

5.4.2 The amount of calculations needed
A very dense time grid is used for our numerical propagation of the
nuclear wave function, but it is not necessary to determine all possible
contributions to KERg(T1, T2) and KERu(T1, T2) with the same time
resolution. Instead, the initial jump is assumed to occur only at the
field extrema, and the second jump is restricted to every tenth time
step (i.e., 100 times in every laser period). In this way, the total calcu-
lation, in order to study dissociative double ionization of H2 exposed to
an intense laser pulse of 800 nm wavelength and 40 fs duration, reduces
to one full propagation in the H2 system and approximately 30 propa-
gations in the H+

2 system with different initial conditions. Each of the
propagations takes approximately 15 minutes on an AMD/Opteron 2.6
GHz processor, and hence, the total cost in CPU time for obtaining the
KER spectrum for a given intensity component of the field is only a few
hours.
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Chapter

6
Results for the hydrogen
molecule

Applying the MCWP technique, the results of several different experi-
ments on dissociative double ionization of H2 and D2 in short IR laser
pulses can be reproduced. Some of these results are discussed in this
chapter, including a detailed analysis of the physical insight gained.

After an exhaustive survey of a typical MCWP calculation, the ef-
fects of nuclear mass, intensity, wavelength, and pulse duration are dis-
cussed. A single pump-probe experiment is presented in the end.

6.1 A typical MCWP calculation

As a first example to emphasize the importance of the different elements
in the MCWP technique, we here consider H2 exposed to laser pulses
of 800 nm wavelength, a peak intensity of 6×1013 W/cm2, and a pulse
duration of 40 fs. The Keldysh parameter γ of both the first and the
second ionization lies between 1.17 and 1.26, depending on the internu-
clear separation at the time of the ionization events, partly supporting
the tunnelling picture adapted in the use of static field ionization rates.
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The neutral molecule
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Figure 6.1 | MCWP realization for H2 exposed to pulses of 800 nm, 40 fs, and 6× 1013

W/cm2. (a) Non-normalized population density in the (1sσg)2 state |K̃h(R, t)|2 and (b)
the integrated norm squared. (c) The amount of population entering the 1sσg state
|Mg

√
Γh(R) K̃h(R, T1)|2 and (d) the 2pσu state |Mu

√
Γh(R) K̃h(R, T1)|2 as a function

of the first jump time T1.

6.1.1 The neutral molecule

Starting in the electronic and nuclear ground state of H2, the evolution
of the neutral molecule is the first to be calculated. The results are given
in Fig. 6.1 using the peak of the pulse as the origin of the time axis.
Panel (a) shows the non-normalized probability density |K̃h(R, t)|2 in
the electronic state (1sσg)

2 as a function of both internuclear separation
and time. Integrating over all possible separations, the squared norm
is obtained and plotted in panel (b). As seen from the squared norm,
only approximately 0.002% of the molecules undergo ionization at the
intensity 6×1013 W/cm2, and the probability distribution of panel (a)
stays almost constant in time. Dynamics do, however, occur as seen
from panels (c) and (d), showing the probability density entering the
1sσg and 2pσu states, respectively. More precisely, the state of panel
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Figure 6.2 | MCWP realization for H2 exposed to pulses of 800 nm, 40 fs, and 6× 1013

W/cm2. To illustrate the dynamics, the first ionization event is restricted to one specific
time T1 = −13 fs. (a) Non-normalized population density in the 1sσg state |K̃g(R, t)|2
and (b) 100 times the non-normalized population density in the 2pσu state |K̃u(R, t)|2
using the same color scale.

(a) is projected, using the jump operator Ch in Eq. (4.37),

Ch =

∫
d~R

√
Γh(~R) (Mg|φRg〉+ Mu|φRu〉) 〈φRh| ⊗ |~R〉〈~R|, (6.1)

and the result is normalized and weighted by the jump probability
Ph(T1). These calculations are done for all values of T1, and the popu-
lation density is plotted as a function of this parameter. Studying the
normalization constant as well as the jump probability it is found that
the populations entering the 1sσg state is simply given by

|Mg

√
Γh(R) K̃h(R, T1)|2, (6.2)

end similar for the 2pσu state

|Mu

√
Γh(R) K̃h(R, T1)|2. (6.3)

Population is seen to be transferred mostly at the extrema of the ex-
ternal field with maximum at the peak of the pulse just as expected.
By careful examination, it is seen that the density is shifted slightly
toward larger internuclear separations compared with the evolution in
the neutral molecule reflecting the tendency in the ionization rate Γh as
a function of R.
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The singly ionized molecule
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Figure 6.3 | MCWP realization for H2 exposed to pulses of 800 nm, 40 fs, and 6× 1013

W/cm2. (a) The amount of population entering the doubly ionized state from the 1sσg

state, |√Γg(R) K̃g(R, T2)|2, as a function of the second jump time T2. (b) The population
entering the doubly ionized state from the 2pσu state, |

√
Γu(R) K̃u(R, T2)|2, multiplied by

0.001, on the same color scale as (a). (c) The contributions to the overall KER spectrum
KER(g, T1 = −13 fs, T2) given T1 = −13 a.u. (d) Similar for the 2pσu state.

6.1.2 The singly ionized molecule

Even though the density distribution entering the singly ionized state
is shifted in R compared with the equilibrium distance in the ground
state of H2, it is still centered at relatively small internuclear distances
(∼ 1.5 a.u.). Since the equilibrium distance in the ground state of H+

2
is 2.0 a.u., nuclear dynamics is induced in the singly ionized molecule.
Figure 6.2(a) shows the population density in the 1sσg state, |K̃g(R, t)|2,
under the assumption that the first ionization occurs at T1 = −13 fs.
The characteristic vibrational timescale of 15 fs in the 1sσg state is
reflected in the nuclear dynamics.

Figure 6.2(b) shows the population density in the 2pσu state, |K̃u(R, t)|2,
using the same initial conditions, and since the 2pσu state is dissocia-
tive, the wave function spreads out. Due to the strong dipole coupling
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Chapter 6. Results for the hydrogen molecule

between the 1sσg state and the 2pσu state, population is transferred
between the states. The three-photon resonance between the 1sσg state
and the 2pσu state is localized at R = 3.3 a.u., and quite a large amount
of population is seen in the 2pσu state near R = 4.0 a.u. reflecting
accumulated population from the three-photon transition. Additional
structure in the population density is seen due to interference between
population transferred at different instances of time and different inter-
nuclear separations [41, 54].

6.1.3 The doubly ionized molecule
Modulations in the population density due to the three-photon reso-
nance and interference effects are also seen in the states entering the
doubly ionized space. Figures 6.3(a) and (b) show the amount of pop-
ulation entering the doubly ionized state from the 1sσg and the 2pσu

states, respectively, plotted as a function of internuclear separation and
transition time for the second ionization, T2. More precisely, Kg(R, T2)
is projected using the transition operator Cg in Eq. (4.38) and the re-
sult normalized and weighted by both the conditional probability of a
second jump at time T2, given a first jump at time T1, Pgu(T2|T1), and
the probability for this jump to be from the 1sσg state, P (g|{T1, T2}).
Doing these calculations, a very simple expression for Kc(R, T2, g) is
found as

|Kc(R, T2, g)|2 = |
√

Γg(R)K̃g(R, T2)|2. (6.4)

Similar for transitions from the 2pσu state we find

|Kc(R, T2, u)|2 = |
√

Γu(R)K̃u(R, T2)|2. (6.5)

Studying the population entering the 2pσu state, the characteristic
feature of the dipole coupling at R = 4.0 a.u. is seen to not be the
only origin of R-dependent modulations. Small enhancements in the
probability distribution are seen near R = 7.0 a.u. and R = 11 a.u.
as well due to CREI at these internuclear separations. Turning to the
1sσg case, similar enhancements at large internuclear separations are
observed, despite the fact that the wave function in the 1sσg state has
almost no weight in this region. The population transferred, accordingly,
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Contributions from different jump times

corresponds to molecules that first couple to the 2pσu potential curve,
dissociate, and later couple back to the 1sσg state (see the right corner
of Fig. 6.2(a), where the population density is multiplied by 100). Due
to this more complicated scheme involving two transitions in the singly
ionized space and a lower ionization rate, the amount of population
transferred in this way is down by a factor of 1,000 compared with the
amount transferred directly from the 2pσu state.

Having determined the probability density right after the second
jump, a projection onto repulsive continuum Coulomb states will give
the KER spectrum. Figures 6.3(c) and (d) show the different contribu-
tions to the overall KER spectrum from the 1sσg state and the 2pσu

state, respectively, as a function of T2 given T1 = −13 fs. Using the
terminology of Eq. (5.25) more precisely,

KER(g, T1, T2) = Ph(T1)Pgu(T2|T1)P (g|{T1, T2})KERg(T1, T2) (6.6)

is plotted in Fig 6.3(c) and similar for the 2pσu state in Fig. 6.3(d)

KER(u, T1, T2) = Ph(T1)Pgu(T2|T1)P (u|{T1, T2})KERu(T1, T2). (6.7)

As expected, a correlation is seen between the nuclear spatial probability
distribution at the time of the second ionization and the energy distri-
bution obtained. Due to the 1/R Coulomb repulsion energy, the spec-
trum shifts to lower energies, as the internuclear separation increases.
Some kinetic energy, however, is already contained in the dissociative
wave packet in addition to the Coulomb repulsion energy, and the cor-
respondence is not always as simple. The characteristic feature of the
three-photon resonance in the dipole coupling at R = 4.0 a.u. hence
results in an energy release of 7.0 eV, whereas CREI at R = 7.0 a.u.
results in an energy release of 5.5 eV.

6.1.4 Contributions from different jump times
Adding up the different contributions to the KER spectrum from differ-
ent instances of the second ionization T2, Fig. 6.4 (a) shows the resulting
KER spectrum given four different instances of the first ionization T1.
In the figure, it is seen that the earlier the first ionization takes place,
the lower the kinetic energy. This fact is easy to understand in terms of
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Figure 6.4 | (a) The KER spectrum obtained if restricted to one specific first ionization
time T1 for four different values of this instant. (b) The amount of population entering the
singly ionized state as a function of T1 (dotted bar). The amount of population leaving
the singly ionized state if entered at T1 (gray bar). The product of the two representing
the relative weights of the different KER spectra in panel (a) in the total KER spectrum
(black bar). Pulses of 800 nm, 40 fs, and 6×1013 W/cm2 are used.

the longer time available to dissociate in the singly ionized state before
the second ionization resulting in lower Coulomb repulsion energy.

The KER spectrum is clearly different for different T1’s. A theoret-
ical model attempting to describe dissociative double ionization using
only one specific starting time in the single ionized state will hence
most probably fail in order to predict future experiments. To see how
much the individual jump times contribute to the overall spectrum, Fig.
6.4(b) shows integrated jump probabilities. The dotted bars indicate the
probabilities of a first ionization at time T1,

P1(T1) = Ph(T1), (6.8)

and show as expected to be centered around the peak of the pulse. The
gray bars, on the other hand, show the probability of a second ionization
at any time given a first ionization at time T1

P2(T1) =

∫ ∞

T1

Pgu(t|T1)dt. (6.9)

The maximum in ionization probability is here at T1 = −15 fs, allowing
the wave function to reach regions of high ionization rates at maximum
intensity. Multiplying the two probabilities P1(T1) and P2(T1) gives the
weight of the individual KER spectra, and as indicated by the black
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Figure 6.5 | (a) The KER spectrum calculated at four different intensities (no focal
volume averaging). (b) The KER spectrum after focal volume averaging (full line) and
experimental results [41] (points) using pulses of 800 nm and 40 fs. The peak intensity in
the experiments is 1×1014 W/cm2, and a peak intensity of 7×1013 W/cm2 is used in the
simulations.

bars, the weight peaks at T1 = −3 fs. This result shows, that if the
dissociative double ionization process in H2 is modelled by initiating
the propagation in the H+

2 system at T1 = −3 fs, a good agreement
might accidentally occur. However, since many different jump times
contribute significantly, this is far from certain, and a perfect agreement
can only be obtained by including them all.

6.1.5 Contributions from different intensity
components

Including all possible jump times is not the only summation required in
order to obtain the correct KER spectrum. In experiments the size of
the molecular sample is most often larger that the waist of the pulse,
and a focal volume averaging is necessary [93]. Figure 6.5(a) shows the
KER spectra of four different peak intensities. Averaging over a pulse of
7×1013 W/cm2 in center peak intensity, the total KER spectrum shown
in Fig. 6.5(b) is obtained. In Fig. 6.5(b), experimental results [41]
using laser pulses of the same pulse duration and wavelength as in the
calculations are shown as well. The center peak intensity measured in
the experiment is 1×1014 W/cm2.

The agreement between theory and experiment is very convincing.
Not only is the overall spectrum reproduced, the individual structures
coincide as well, and the high-energy shoulder is found in both spectra.
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Chapter 6. Results for the hydrogen molecule

The fact that the calculations are made on solely aligned molecules in
combination with an uncertainty in the experimental center intensity of
∼10% [41] might be the source for the discrepancy in used center peak
intensity.

Compared with previous models [41, 54, 58], we obtain better agree-
ment with the experimental peak positions at 5.0, 5.5, and 6.7 eV and
the first indication of a high-energy shoulder at >8 eV.

6.1.6 Physical insight gained

Having determined the total KER spectrum in Fig. 6.5(b) using the
MCWP approach and found it to reproduce the experimental results
very well, it is time to go back and address the physical mechanism
behind the different structures in the spectrum. Examining Fig. 6.5(a),
we found that the KER spectrum moves to lower energies as the inten-
sity increases, and hence, the low-energy protons most often arise from
the center of the beam profile, while high-energy protons are from the
outer regions. Different ionization times for the first ionization, like-
wise, change the KER spectrum. However, by examining Fig. 6.4(a),
the individual structures in the total KER spectrum cannot be assigned
a specific jump time. All jump times contribute to most of the peaks
in the spectrum, but with different weights of the individual structures.
A return to Fig. 6.3(d) showing KER(u, T1 = −13 fs, T2) should hence
reveal the mechanisms behind most of the structures. From Fig. 6.3(d),
it is found that CREI and interference effects at large internuclear sepa-
rations give rise to the main peak in the energy range 4–6 eV, and that
the characteristic feature of the three-photon resonance results in the
peak in the energy range 6–7 eV. The high-energy shoulder arises from
very early second ionization times, where the wave function has almost
no time to dissociate and hence possesses a large electrostatic repulsion
energy.

6.2 Effect of the nuclear mass

Having studied dissociative double ionization of H2 in great detail in
the last section, this section is dedicated D2 exposed to the exact same
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Figure 6.6 | Simulated KER spectra (full line) and experimental results [41] (vertical
bars) for dissociative double ionization of D2 using pulses of 800 nm, 40 fs, and a peak
intensity of 1× 1014 W/cm2.

laser pulses. Containing nuclei of twice the nuclear mass as H2, the
D2 molecule is expected to move slower and hence not reach as large
internuclear separations as H2 in the 40 fs available during the pulse.
See Ref. [94] for a general discussion on isotopic scaling in strong-field
dissociation.

Figure 6.6 shows the total KER spectrum obtained using D2 and
laser pulses of 800 nm wavelength, 40 fs duration, and a center peak in-
tensity of 1.0×1014 W/cm2. Along are shown experimental results [41]
using identical laser parameters, and the agreement between theory and
experiments is once again very convincing. As expected, the KER spec-
trum is centered at higher energies compared with the H2 case reflecting
less dissociation and hence a larger Coulomb repulsion energy. Despite
the overall shift of the spectrum, the position of the individual struc-
tures resemble those in the H2 spectrum; and CREI can once again be
found responsible for the 4−6 eV range, the three-photon resonance for
the 6−7 eV range, and early second ionization times for the high-energy
shoulder.

6.3 Intensity dependence and saturation
As seen from the discussion in Section 6.1.5, changing the peak intensity
of the external field dramatically changes the KER spectrum. Experi-
ments have been carried out to study this dependence [95], and in Fig.
6.7 the experimental results for D2 using three different peak intensities
are shown and compared with MCWP simulations. The highest inten-
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T1 = −21 fs. Pulses of 600 nm and 100 fs are used, and the three different peak intensities
are indicated in the figure.

sity used is 2.5× 1014 W/cm2 corresponding to a Keldysh parameter of
γ = 0.99 − 1.06, well supporting the tunneling picture adapted, while
the lowest intensity of 1× 1014 W/cm2 results in γ = 1.56− 1.68. The
agreement is, however, once again very good, if an intensity slightly
larger than the experimental one is used in the simulations. All of the
simulations are carried out with 600 nm and 100 fs pulses as in the
experiments.

Studying the low-intensity case shown in Fig. 6.7(a), the main dif-
ference in pulse parameters, compared with the ones used in the last
section, is the increase in pulse duration with more than a factor of
2. As a result, the KER spectrum is shifted to lower energies, as one
might expect, since a longer pulse length gives longer time to dissociate
and hence a lower Coulomb repulsion energy at the time of the second
ionization.
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Turning to panels (b) and (c) of Fig. 6.7, it is seen that raising
the intensity shifts the spectrum to higher energies. This might be
counterintuitive at first glance since the pulse duration is the same, and
one might expect that the dissociation time hence must equal. However,
when the intensity exceeds 2.0× 1014 W/cm2, a region of saturation is
reached, and almost all the molecules are already ionized before the peak
of the pulse, making the effective pulse length shorter. Figure 6.8 shows
the averaged population in the singly ionized state as a function of time,
given a first ionization at T1 = −21 fs. For an intensity of 2.5 × 1014

W/cm2, only about 10% of the molecules survive until the peak of the
pulse, and in this way, the situation resembles that of a shorter pulse,
resulting in less dissociation and a higher Coulomb repulsion energy.
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Chapter 6. Results for the hydrogen molecule

The population entering the doubly ionized state,

|Kc(R, T2)|2 = |Kc(R, T2, g)|2 + |Kc(R, T2, u)|2, (6.10)

is plotted in Fig. 6.9 for both the lowest and highest intensity discussed.
In the low-intensity case shown in Fig. 6.9(a), it is seen that most of
the molecules ionize after the peak of the pulse near R = 5.5 a.u., re-
flecting an enhancement in the ionization rate (CREI) at this particular
internuclear separation for this intensity (see Fig. 6.10). The ionization
rate likewise shows an enhancement near R = 9 a.u. as can also be
identified in the population transfer of Fig. 6.9(a). In the high-intensity
case shown in Fig. 6.9(b) an enhancement in population transfer is seen
near R = 7 a.u. since CREI is most pronounced at this internuclear
separation for this particular intensity regime. Another enhancement in
the population transfer is seen at small internuclear separations due to
the characteristic feature of the dipole coupling as discussed in Section
6.1.2 in combination with the fact that a large population is still present
in the 2pσu state at the corresponding early times. Turning to the KER
signal of Fig. 6.7(c) the two-peaked structure of Fig. 6.9(b) is smeared
out due to the kinetic energy contribution as well as averaging over all
possible jump times and the spectrum becomes dominated by one broad
peak.

Summing up, CREI and the strong dipole coupling in the 1sσg−2pσu

system near the three-photon resonance result in the main features of
the KER spectra, while kinetic energy released in the dissociation pro-
cess of the singly ionized molecule merges the peaks together and adds
additional substructure. Turning up the intensity, the KER spectrum
moves to higher energies, since fewer molecules dissociate to large in-
ternuclear separations with low Coulomb repulsion energy before both
ionizations have occurred.

6.4 The short wavelength limit and
high-energy peaks

Turning to pulses of shorter wavelengths changes the KER spectrum.
Experiments similar to the ones at 600 nm were carried out at 480
nm still using pulses of 100 fs and several different peak intensities [95]
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Figure 6.11 | Simulated KER spectra (full line) and experimental results [95] (points)
for dissociative double ionization of D2 using pulses of 480 nm and 100 fs. The intensity
used in both the experiments and the simulations are given in the figure.

and some of the results are shown in Fig. 6.11. In the same figure
MCWP calculations are shown using identical pulse parameters as in
the experiments, except for a slightly lower intensity when comparing
with the experiment at 3.5 × 1014 W/cm2. Even though a wavelength
of 480 nm results in a Keldysh parameter ranging all the way up to
γ = 1.61 in the low-intensity case, the agreement is once again very
good.

For higher intensities, the KER spectrum shifts to higher energies as
seen in the 600 nm experiments. The positions of the individual peaks
are almost the same, but the weights of the individual peaks differ.
When comparing the experiments at the two different wavelengths, a
different peak location is observed in the two cases, especially, the high-
energy peak, which grows with increasing field strength, shifts, and has
been subject to discussion in the literature [95, 96]. At 600 nm, this peak
occurs near 7.5 eV, while for 480 nm, it occurs at 9 eV. The discussion in
Ref. [95] gives several possible explanations for this shift in high-energy
peak, while Ref. [96] supports an explanation based on the three-photon
resonance in the 1sσg − 2pσu system.

To address the origin of the high-energy peaks using the MCWP
approach, we first turn to the potential energy at the time of the second
ionization. Figure 6.12 shows the potential energy distribution right af-
ter the second jump summed over all possible jump times for both the
first and second ionization, together with the total KER spectrum for
comparison. Both spectra are calculated at a peak intensity of 2.2×1014
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Figure 6.12 | The KER spectra obtained using projections onto continuum Coulomb
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ionization (potential energy, dotted red line). The results are calculated for pulses of 100
fs, 2.2×1014 W/cm2, and (a) 480 nm or (b) 600 nm. No focal volume averaging has been
performed in either panel.

W/cm2 and without focal volume averaging. The positions of the high-
energy peaks in the KER spectra are marked by vertical lines. The
potential energy peaks are located at slightly lower energies, showing
that kinetic energy at the second ionization step is responsible for ap-
proximately 1 eV of the energy of the high-energy deuterons, while the
remaining fraction is due to the Coulomb repulsion.

The structure of the potential-energy spectrum is relatively easy to
understand in terms of CREI at R = 7 a.u. and the characteristic
feature of the dipole coupling. Panels (a) and (c) of Fig. 6.13 show the
population in the 2pσu state for the two wavelengths. An enhancement
in the population density is seen around R = 3.3 a.u. in the 480 nm
case and around R = 3.8 a.u. in the 600 nm case, reflecting the different
location of the three-photon resonance between the 1sσg and the 2pσu

states. As discussed in Section 6.1.2, the maximum in population is
located at slightly larger internuclear separations than the three-photon
resonance at R = 2.6 a.u. and R = 2.9 a.u. for the 480 nm and the 600
nm cases, respectively. The second ionization occurs quite quickly after
entering the 2pσu state, as seen from panels (b) and (d) of Fig. 6.13,
showing the amount of population transferred to the doubly ionized state
as a function of jump time T2. Hence, the characteristic feature of the
three-photon coupling, at different values of R for different wavelengths,
gives rise to an enhancement in the population density in the doubly
ionized state at different values of R and hence a wave packet containing
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a different amount of Coulomb repulsion energy. Adding approximately
1 eV of kinetic energy already contained in the dissociative wave packet,
these enhancements in the signals are seen as the high-energy peaks of
the spectra.

Turning to the 600 nm simulation, yet another enhancement in the
population transferred to the doubly ionized state is seen near R = 7
a.u. in Fig. 6.13(d) due to CREI at this internuclear separation. In
the simulation performed at 480 nm (Fig. 6.13(b)), this enhancement
is less pronounced. The reason for this lack in enhancement in the 480
nm case can be found in a coupling between the 1sσg and the 2pσu

states at smaller internuclear separations and hence earlier in the pulse
compared with the 600 nm case, resulting in more double ionization and
less population in the singly ionized state when the wave packet reaches
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Figure 6.14 | Simulated KER spectra (full line) and experimental results [41] (points) for
dissociative double ionization of D2 using pulses of 1200 nm, 140 fs, and a peak intensity
of 1× 1014 W/cm2.

R = 7 a.u. In the potential energy spectra of Fig 6.12, a peak at 3.8 eV
due to CREI at R = 7 a.u. is however easily seen in both cases. It is
the fact that fewer molecules reach large internuclear separations, which
makes CREI a less dominant process, and results in a more pronounced
high-energy peak in the 480 nm case than in the 600 nm case. Similar
arguments hold when turning up the intensity, making the high-energy
peak more pronounced.

To conclude the discussion on the high-energy peaks, it was found
that the characteristic feature of the three-photon coupling between the
1sσg state and the 2pσu state is responsible for an enhanced transfer
of population to the dissociative electronic state at specific internuclear
distances. Followed quickly by a second ionization, this enhancement
leads to the high-energy deuterons.

6.5 Pulses of longer wavelengths

Turning to pulses of longer wavelengths, the MCWP model is expected
to work very well. The slowly varying external field makes the use of
static field ionization rates a good approximation. Experiments have
been carried out using pulses of 1200 nm, 140 fs, and 1.0×1014 W/cm2

[41], which corresponds to γ = 0.78− 0.84, and a comparison with the
MCWP results for the same pulse parameters is given in Fig. 6.14. The
agreement is close to perfect, even reproducing several of the substruc-
tures correctly.

Given the very long pulse duration and the relatively low intensity
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nm, 140 fs, and 1.0×1014 W/cm2. No focal volume averaging has been performed.

characterizing the pulses used in this experiment, plenty of time is avail-
able for dissociation before the end of the pulse and CREI dictates the
shape of the KER spectrum. This can easily be seen from Fig. 6.15
showing the population density in the 2pσu state, along with the pop-
ulation transferred to the doubly ionized state. The population in the
2pσu state (Fig. 6.15(a)) spreads out due to the dissociative nature of
this state, and only minor R-dependent modulations are observed. A
small fraction of the wave packet remains at small internuclear separa-
tions as a result of the dipole coupling to the 1sσg state. Turning to
the population transferred to the doubly ionized state (Fig. 6.15(b))
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a very clear R-dependent modulation is observed due to the two most
pronounced CREI peaks in the ionization rate at R = 5.5 a.u. and
R = 9 a.u. for this intensity (see Fig. 6.10). If translated into Coulomb
repulsion energy at the time of the second ionization, this R-dependent
population transfer gives rise to two clear peaks in the potential energy
distribution as shown in Fig. 6.16. The two peaks, however, merge into
a single peak when the kinetic energy already contained in the disso-
ciating wave packet is added to obtain the total KER spectrum, also
shown in Fig. 6.16. The individual substructures of the KER spectrum
arise from the kinetic energy contribution as well.

Given that CREI is the main mechanism responsible for the overall
appearance of the KER spectrum, the result becomes almost indepen-
dent of intensity changes and jump times. Unlike the short pulses, pulses
of 140 fs or longer offer plenty of time to dissociate, and hence, all but
the few molecules ionized very late in the pulse will reach regions of
enhanced ionization. TDSE calculations using only a single ionization
time [58] for the first ionization may, for this reason, reproduce the ex-
perimental results, while the simple two-state model presented in [41, 54]
is insufficient in this regime.

6.6 Experiments using several pulses

To show the versatility of the MCWP technique, we here present some
simulations using a more complex pulse shape, where no model to our
knowledge has been applied so far. Experiments have been carried out
studying dissociative double ionization of H2, combining two pulses of
795 nm, 2×1014 W/cm2, and both of 25 fs duration with a mutual delay
of 38 fs (14.5 optical cycles) [77]. The pulses are sketched in Fig. 6.17
together with the experimental results and the prediction made by the
present MCWP technique. The overall agreement between the experi-
ment and theory is fine, but the low-energy part is overestimated in the
calculations. The tunneling picture is well supported in this experiment
characterized by γ = 0.83− 0.89, and the low-energy discrepancy may
be due to our use of imprecise values of the ionization rates, interpolated
between only a couple of different intensities published for an intensity
above 1× 1014 W/cm2 [84, 86].
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Figure 6.17 | (a) The electric field strength for two pulses characterized by 795 nm,
2.0×1014 W/cm2 and 25 fs separated by 14.5 optical cycles. (b) Simulated KER spectra
(full line) and experimental results [41] (points) for dissociative double ionization of H2

using the pulses sketched in (a).

Given a pulse sequence of two relative short pulses with a slight tem-
poral overlap, the calculated spectrum is extremely sensitive to whether
the first ionization occurs in the first or in the second pulse and at what
specific instant of time. The correct sampling over times of this tran-
sition thus makes the MCWP description favorable for the modeling of
such experiments.

As an example of the involved dynamics, the evolution of the nuclear
wave function is given in Fig. 6.18 for one specific first jump time T1 =
−7 fs. In the figure, both the population density in the 1sσg and the
2pσu states are plotted in addition to the population transferred to the
doubly ionized state, along with the corresponding energy distribution.
It is seen from the figure that the first pulse initiates a dissociating wave
packet right after the first ionization similar to the one seen in all the
one-pulse experiments. However, instead of giving rise to KER at all
internuclear separations, a region is missed at R = 6− 8 a.u. since the
field amplitude is very small when the wave packet has weight in this
region. So even though the rates are enhanced near R = 7 a.u., the
corresponding energies are suppressed in the spectrum. The ionization,
however, reappears at larger separations, when the pulse intensity has
grown. Now a second region of enhanced ionization (see Fig. 6.10) is
reached, and the modulation due to CREI at R = 9, 11, and 12 a.u.
results in three small enhancements in the transferred population as seen
in Fig 6.18.
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In addition to ionizing the already dissociated molecules, the sec-
ond pulse initiates yet another dissociating wave packet. Not all of the
molecules had transferred to the 2pσu state during the first pulse, and
some remain in the electronic ground state, where a characteristic vi-
brational timescale of 17 fs makes them oscillate back and forth. At
two different instances during the second pulse, the wave packet of the
molecules reaches the outer classical turning point, where the coupling
to the 2pσu state is strong, and population transfer will result in yet
another dissociative part. These parts later ionize and result in two
different contributions to the overall KER spectrum.

Summing up, Fig. 6.18(d) gives a good overview of the contributions
to the KER spectrum. If both the first and the second ionizations
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occur during the first pulse, energies between 5 and 15 eV are obtained,
starting from the high-energy end. If, however, the first ionization occurs
during the first pulse and the second ionization during the second pulse,
three different energy ranges come into play. One of these being the
characteristic peak at 3 eV, but also contributions near 4−5 and 8−10 eV
are seen due to dissociation initiated in the second pulse. The possibility
of both ionizations occurring in the second pulse is not shown here.
Given the very short time to dissociate, these events will mimic the first
femtoseconds of Fig. 6.18 and hence give rise to contributions in the
range of 5− 15 eV.

6.7 Conclusions made for the hydrogen
molecule

Having studied dissociative double ionization of H2 and D2 in short IR
laser pulses using the MCWP approach in great detail in this chapter,
the method showed a high capability to predict the outcome of experi-
mental studies. Most structures in the KER spectra were connected to
either a three-photon resonance in the singly charged system or charge-
resonance-enhanced ionization (CREI). Comparing different isotopes, a
larger nuclear mass showed to result in a slower nuclear dynamic and
hence less dissociation during the pulse. For short pulses of large in-
tensities (i.e., higher than ∼ 2 × 1014 W/cm2), the time available to
dissociate between the first and the second ionization is limited, and
release of high Coulomb repulsion energies will dominate the spectrum.
The location of the individual peaks in the finer structure of the spectra
were found primarily to be determined by the wavelength, changing the
location of the resonant three-photon coupling between the 1sσg and
2pσu states. Turning to lower intensities or longer pulses, the wave-
length dependence is not as pronounced since the molecules have time
to dissociate, and CREI at large internuclear separations results in low
nuclear energies.
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Chapter

7
Effects of a permanent dipole

Having studied the homonuclear diatomic molecules H2 and D2 in great
detail in the last chapter, this chapter is dedicated to the isotopic substi-
tute deuterium hydride HD. Being a heteronuclear molecule containing
two nuclei of different mass, the HD molecule experiences an asymmet-
ric dissociation dynamics, as sketched for dissociative double ionization
in Fig. 7.1.

Some theoretical challenges arise when dealing with heteronuclear
molecules, and the first three sections of this chapter are dedicated to
the additional coupling terms in the molecular Hamiltonian and how
to account for these terms in a MCWP simulation. Mixing nuclear and
electronic dynamics, the coupling terms must be handled in an approach
beyond the BO approximation; however, with a clever choice of basis

Initial system                    Final system

Figure 7.1 | Dissociative double ionization of a HD molecule. In the center of mass
system, the proton is ejected with twice the velocity of the deuteron and hence twice the
kinetic energy.
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states, a separation of the electronic and nuclear coordinates can still be
made. A single MCWP calculation for dissociative double ionization of
HD in strong IR laser pulses is given in the last section, and the predicted
KER spectrum is studied for features not observed in the homonuclear
case.

7.1 Heteronuclear molecules

Heteronuclear diatomic molecules contain two nuclei of different mass
and/or different charge. This chapter is concerned with molecules of dif-
ferent nuclear mass, where the center of mass of the molecules no longer
coincides with the geometric center of the nuclei, and the inversion sym-
metry is broken. Breaking the inversion symmetry leads to the possible
existence of a permanent electric dipole moment and the possibility for
permanent dipole transitions.

Despite some theoretical predictions for permanent dipole transitions
in small molecules [97, 98], so far, there has been very little experimental
evidence to support their occurrence [99–101]. Studying strong field dis-
sociation of a HD+ ion beam using short IR laser pulses, some evidence
for direct two-photon dissociation were seen in the measured KER spec-
trum [99]. Population transfer among the two lowest electronic states
in HD+ (1sσ and 2pσ) by absorption or emission of an even number
of photons is possible due to the lack of inversion symmetry, but not
possible in the corresponding states (1sσg and 2pσu) of the homonuclear
isomers H2 and D2 due to symmetry selection rules. It is however de-
bated whether the observed features actually arise from a two-photon
transition or rather from a one-photon bond-softening mechanism [100],
where high-energy deuterons and low-energy protons are emitted by ab-
sorption of a single photon. The one-photon bond-softening mechanism
is also observed in H+

2 molecules [102].
In the last section of this chapter, MCWP calculations for disso-

ciative double ionization of HD are presented, and the resulting KER
spectrum is compared with the results for an artificial M2 molecule. M2

possesses the same reduced mass as HD but has no permanent electric
dipole, and by comparing the two KER spectra, evidence for a possible
two-photon transitions would clearly stand out and could be addressed.
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7.1.1 The molecular Hamiltonian
Recall the molecular Hamilton operator in Eq. (2.33) describing the
internal motion of an arbitrary diatomic molecule exposed to an external
electromagnetic field

H = − ∇2
R

2µ
−

∑

j

∇2
j

2
+

zAzB

|~R|
+

∑

j<j′

1

|~rj − ~rj′| −
∑

j

zA

|~rjA|

−
∑

j

zB

|~rjB| +
zAmB − zBmA

mA + mB

~R · ~F −
∑

j

~rj · ~F . (7.1)

At first glance, the additional term (zAmB − zBmA)/(mA + mB)~R · ~F
is the only difference between the heteronuclear and homonuclear cases.
One might hence be tempted to simply add an extra coupling among
the electronic basis states used in the heteronuclear case and follow
the same MCWP procedure. Care should however be taken to whether
these electronic basis states are still appropriate choices when describing
molecules like HD compared with H2 and D2.

7.1.2 The correct choice of basis states
In the BO approximation, the nuclear coordinates are frozen and the
electronic dynamics solved, giving rise to electronic basis states inde-
pendent of the nuclear mass. In HD, this approach works equally well
as for H2 and D2 at small internuclear separations; however, at large
internuclear separations, this is no longer the case.

As the internuclear separation approaches infinity, two electronic
states of the singly ionized H+

2 molecule approach the same electronic
energy of 0.5 a.u. The basis states are chosen to also contain a certain
symmetry with respect to inversion in the molecular center of mass,
and the states are labeled gerade and ungerade. Both states contain
equal electronic density on both nuclei; however, they are described
by a symmetric or an antisymmetric wave function, respectively. In
HD+ the inversion symmetry is broken, since the geometric center of
the nuclei does no longer coincide with the molecular center of mass,
and symmetry cannot be used to specify the two degenerate states. In
fact, two degenerate states do not even exist in HD+. Asymptotically,
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the energy of a dissociating HD+ molecule approaches the ground state
energy of a hydrogen atom,

E1s−hydrogen =
−me

2
, (7.2)

where me is the reduced mass of the electron and the nucleus. The
reduced mass is different in the H+D+ case compared with the D+H+

case, and an energy splitting of 3.7 meV occurs. Electronic basis func-
tions should hence be chosen to asymptotically locate all electronic den-
sity on the heavy nucleus for the ground state (labeled 1sσ and for
short denoted s) and all the electronic density on the light nucleus for
the first excited state (labeled 2pσ and for short denoted p). How this
comes about can be seen by examining neglected terms in the field-free
molecular Hamiltonian.

7.2 Coupling terms in the field-free
Hamiltonian

In order to reproduce the correct dissociation limits for HD+ an ad-
ditional coupling term has to be included in the field-free molecular
Hamiltonian. Recall the neglected dynamic coupling term (Eq. (2.30))
in the Hamilton operator given by

C =
∑

jj′

~rj · ~rj′

2(mA + mB + n)
. (7.3)

This dynamic coupling term reflects the effect of the electronic positions
on the molecular center of mass and hence couples the electronic and
molecular motions. To highlight the coupling between the electronic
and molecular coordinates, internal coordinates - where the electronic
origin is located at the geometric center of the nuclei and not at the
molecular center of mass - will be used in the rest of this section. The
new electronic position vectors are labeled ~rgj (see Fig. 7.2). In these
coordinates, the field-free molecular Hamiltonian for the internal motion
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B

j

CM

LAB

A

GC

Figure 7.2 | Definition of the relative coordinates applied in this chapter. Electronic
position vectors ~rgj are originated at the geometric center of the nuclei GC. The molecular
center of mass is labeled CM.

reads

H0 = − ∇2
R

2µ
−

∑
j

∇2
gj

2
+

zAzB

|~R|
+

∑

j<j′

1

|~rgj − ~rgj′| (7.4)

−
∑

j

zA

|~rjA| −
∑

j

zB

|~rjB| −
∑

j

∇gj · ∇R

2µA
− 1

8µ

(∑
j

∇gj

)2

.

The mass asymmetry parameter µA is defined as

µA =

(
1

mA
− 1

mB

)−1

. (7.5)

The first six terms in Eq. (7.4) will be denoted H00 and have the exact
same form as the first six terms in the operator given in Eq. (7.1).
The dynamic coupling term, however, splits into two parts. These two
parts are often denoted the symmetry breaking term Hgu and the mass
polarization term Hmp, respectively.

7.2.1 The mass polarization term
The mass polarization term,

Hmp = − 1

8µ

(∑

j

∇gj

)2

, (7.6)

is present in both homonuclear and heteronuclear molecules and is most
often included in molecular structure calculations via the so-called adi-
abatic approximation [103, 104]. In the adiabatic approximation, the
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mass polarization term is treated as a perturbation to the original BO
approximation, and first-order perturbation theory gives improved elec-
tronic energy curves as

E ′
n(R) =En(R) + 〈φRn|Hmp|φRn〉, (7.7)

often referred to as the adiabatic curves. Here, En(R) is the BO energy
curve for state n, and |φRn〉 is the corresponding BO electronic basis
function. The improved basis states are given as

|φ′Rn〉 =
∑

m 6=n

〈φRm|Hmp|φRn〉
En − Em

|φRm〉. (7.8)

Being symmetric with respect to inversion, the Hmp operator only mixes
electronic states with the same g/u symmetry, and if only the 1sσg and
2pσu states are involved, they will hence remain unchanged.

The mass polarization term can be interpreted as a response of the
nuclei to the instantaneous position of the electrons and ensures a uni-
form motion of the center of mass. At large internuclear separations, the
correction in energy asymptotically approaches 5/(16µ) and is hence in
the order of only 9.3, 6.9, and 4.6 meV for H2, HD, and D2, respectively
[105].

7.2.2 The symmetry breaking term
Having included the mass polarization term in the molecular structure
calculation, the correct dissociation limit for heteronuclear molecules is
still not obtained. The symmetry breaking term

Hgu = −
∑

j

∇gj · ∇R

2µA
, (7.9)

only present for heteronuclear molecules, has to be included as well.
Trying to apply the same procedure as in the Hmp case and treating
Hgu as a perturbation to the electronic Hamiltonian H00 will fail since
the Hgu operator only possesses off-diagonal elements in the BO basis
set. Electronic basis states will hence mix. The Hgu operator is antisym-
metric with respect to inversion in the geometric center of the nuclei,

93



Chapter 7. Effects of a permanent dipole

and the mixing will be among states of different symmetry (i.e., among
the 1sσg and 2pσu states for HD+).

Non-adiabatic approximations are necessary in order to account for
the symmetry breaking term, and several different attempts have been
applied. Among these, the coupled states approach [106, 107], the varia-
tional approach [108, 109], the transformed Hamiltonian approach [110–
112], and the variational-perturbation approximation [113, 114] can be
mentioned. For an overview of these methods, see Refs. [115, 116].
In this thesis, the coupled-states approach will be discussed, since this
approach gives a clear physical insight into the effect of the symmetry
breaking term.

Using the coupled states approach [106, 115] to study HD+, only the
two lowest electronic basis states |φRg〉 and |φRu〉 obtained in the BO
calculation are included. Improved electronic states are determined in
this basis of |φRg〉 and |φRu〉 as

|φRs〉 =

(
a(R)
b(R)

)
and |φRp〉 =

(
b(R)
−a(R)

)
, (7.10)

with the restriction a(R)2 + b(R)2 = 1 for all values of R.
In the same |φRg〉 and |φRu〉 basis, the total field-free Hamiltonian

(Eq. (7.4)) takes the form

H0 =

(
E ′

g(R) S(R)
S(R) E ′

u(R)

)
+

(
0 A(R)

−A(R) 0

)
, (7.11)

where

E ′
x(R) =〈φ′Rx|H00 + Hmp|φ′Rx〉, (7.12)

S(R) =
1

2
〈φ′Rg|Hgu|φ′Ru〉+

1

2
〈φ′Ru|Hgu|φ′Rg〉, (7.13)

A(R) =
1

2
〈φ′Rg|Hgu|φ′Ru〉 −

1

2
〈φ′Ru|Hgu|φ′Rg〉. (7.14)

By diagonalizing of the Hermitian part of Eq. (7.11), the mixing coeffi-
cients a(R) and b(R) can be determined for all values of R. Averaging
the full Hamiltonian H0 over the mixed states |φRs〉 and |φRp〉 will give
a new set of electronic curves Es(R) and Ep(R). These new electronic
energy curves reproduce the correct dissociation limit and are not de-
generate as the internuclear separation approaches infinity.
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The matrix element 〈φ′Rg|Hgu|φ′Ru〉 is largest when the energy dif-
ference of the two basis states is smallest, and for large internuclear
separations, an asymptotic value of 3/(16µA) = 1.3 meV is reached
[105]. The energy correction due to Hgu is hence not large. However,
as the internuclear separation approaches infinity, the expansion coeffi-
cients a(R) and b(R) both approach 1/

√
2, and the effect on the basis

states is pronounced. The symmetry breaking term can be interpreted
as the noninstantaneous following of the electrons when the nuclei move.
For heavy nuclei, this following is almost complete; but for light nuclei,
which move more rapidly, there will be a lag behind.

7.3 MCWP theory for heteronuclear
molecules

Performing MCWP calculations on dissociative double ionization of HD,
the improved electronic basis states |φRh〉, |φRs〉, |φRp〉, and |φRc〉 are
to be used. In the neutral and doubly ionized molecule, the basis states
simply equal the BO solutions, while they in the singly ionized molecule
are found by the coupled states approach. In this improved basis, the
MCWP procedure is almost identical to the procedure used for H2 and
D2 in Chapter 4. The only difference is the coupling to the external
field.

Letting ~D denote the dipole moment operator for the HD molecule,
it follows from Eqs. (2.24) and (2.26) that

~D =−
∑

j

~rj +
zAmA − zBmA

mA + mB

~R (7.15)

=−
∑

j

~rj +
1

3
~R. (7.16)

The original electronic position vectors are used here, and ~rj have origin
in the center of mass of the molecule. Two terms contribute to the dipole
moment: an electronic part and a nuclear part.

Concerning the electronic part, differences between the heteronuclear
and the homonuclear cases arise for the singly ionized molecule, since the
inversion symmetry is broken in the heteronuclear case and the matrix
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Figure 7.3 | Dipole matrix elements of HD+ in the |φRg〉 and |φRs〉 basis [103]. Along is
shown the dipole moment dgu of H+

2 for comparison [82].

elements of ~rj posses both diagonal and off-diagonal elements. In this
way, the states |φRs〉 and |φRp〉 can couple to themselves and not only
to each other.

The nuclear part of the dipole moment is absent for homonuclear
molecules; and being independent on the electric coordinates, this term
is diagonal in the electronic basis, and the matrix elements equal 1/3R.

Adding the electronic and nuclear parts, the total dipole matrix el-
ements can be determined as

~dxy(R) =〈φRx| ~D|φRy〉. (7.17)

Calculated values published in Ref. [103] are shown in Fig. 7.3 for both
the size of ~dsp, ~dss and ~dpp. Contrary to H2 and D2, where the dgu

coupling continues to grow with increasing internuclear separation, the
dsp coupling drops near R ≈ 12 a.u. This drop in coupling arise since
the electronic basis states start to localize at one of the nuclear centers
at this particular internuclear separation, and naturally, the probability
for charge transfer from one nucleus to the other must approach zero
for large separations. The eigencouplings dss and dpp, not present in the
homonuclear case, however, do not disappear and scales as 2/3R and
−1/3R, respectively, for large internuclear separations.

7.4 Results for deuterium hydride
To search for the effects of a permanent electric dipole in dissociation
dynamics, this chapter presents a MCWP simulation of dissociative dou-
ble ionization of HD using IR intense laser pulses. The effects are ex-
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Figure 7.4 | Simulated KER spectra for dissociative double ionization of HD and the
artificial molecule M2 (see text). Pulses of 800 nm, 100 fs, and a peak intensity of 1×1014

W/cm2 are used.

pected to be most pronounced at large internuclear separations, where
the dipole couplings differ significantly from those in H2 and D2; and
hence a relatively long and weak pulse is chosen to allow for plenty of
dissociation. Using a wavelength of 800 nm, a duration of 100 fs, and
a center peak intensity of 1× 1014 W/cm2 the resultant KER spectrum
is shown in Fig. 7.4. Nuclear kinetic energy releases down to 1 eV are
observed, and the main peak in the spectrum is located at 3.5 eV. Quite
a few realizations are observed in the energy range 4–6 eV as well, and
only a few reach energies of 8 eV or higher.

Along in Fig 7.4 is plotted the KER spectrum obtained using an ar-
tificial homonuclear molecule denoted M2. The M2 molecule possesses
the same reduced mass as HD and hence experiences a similar timescale
for nuclear dynamics but contains no permanent electric dipole. The
MCWP calculations hence resembles those in the HD case; the only dif-
ference is the use of the dgu coupling term opposite the dsp, dss and the
dpp coupling terms. In this way, the effect of a permanent electric dipole
will stand out clearly when comparing the two spectra. The resulting
KER spectrum for M2, however, resemble that of HD to almost perfec-
tion, with a small upscale of the entire spectrum as the only difference.
Studying other wavelengths and intensities, the HD and M2 results con-
tinue to coincide, and the effect of a permanent electric dipole is difficult
to observe.

Having very different coupling terms in HD and M2, it may seem
strange that the resulting KER spectra are very alike. To highlight
this fact, Fig. 7.5 shows the evolution of the nuclear wave functions in
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Figure 7.5 | MCWP realization for HD and M2 exposed to pulses of 800 nm, 100 fs, and
8× 1013 W/cm2. Non-normalized population density in the (a) 1sσ state of HD+, (b) the
2pσ state of HD+, (c) the 1sσg state of M+

2 , and (d) the 2pσu state of M+
2 .

the two lowest electronic states of HD+ and M+
2 , respectively, for one

particular first ionization instant. Careful examination of the nuclear
evolution near the two-photon resonance located at R = 3.8 a.u. show
no differences in the two cases. At internuclear separations below R =
12 a.u., all observed structures can be assigned either the three-photon
resonance or the CREI mechanism. Turning to internuclear separations
above R = 12 a.u., some clear differences start to arise. In this region,
the strong coupling among the |φRg〉 and |φRu〉 states of M+

2 results in
density fluctuations of both states with a periodicity dictated by the
external field. The coupling among the corresponding states in HD+

is absent in this region, and no density fluctuations are observed above
R = 12 a.u.
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Figure 7.6 | Dipole matrix elements of M+
2 . The |φRg〉 and |φRu〉 basis is used for

small internuclear separations, and the |φRl〉 and |φRr〉 basis is used for large internuclear
separations. In the gray area, the two regimes are joined.

7.4.1 Evolution in different basis states
In order to understand the apparent differences in the HD+ and M+

2 nu-
clear dynamics found in Fig. 7.5, the different basis states must be ex-
amined. For large internuclear separations, the coupled states approach
applied in the HD+ case results in basis states located completely on one
of the two nuclei. For M+

2 , the basis states in this region are degener-
ate; and hence, a similar choice could be made instead of the symmetry
restriction. The basis states of this different choice would no longer be
eigenstates of the inversion operator, but rather located on either the
left (l) or the right (r) nucleus as

|φRl〉 =
1√
2
|φRg〉+

1√
2
|φRu〉, (7.18)

|φRr〉 =
1√
2
|φRg〉 − 1√

2
|φRu〉. (7.19)

For an electron located on the left nucleus, a charge of 1 is found on the
right nucleus, a distance of 1/2R from the center of mass. The matrix
element 〈φRl| ~D|φRl〉 hence equals

~dll = −1

2
~R. (7.20)

Similar is found for the matrix element 〈φRr| ~D|φRr〉

~drr =
1

2
~R, (7.21)
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Figure 7.7 | Field-dressed potential energy curves for (a) HD+ and (b) M+
2 . An external

field strength of F = 0.04 a.u. and F = −0.04 a.u. is applied corresponding to the peak
values of a laser beam with an intensity of 5.6× 1013 W/cm2. Field-free potential curves
are shown in black.

and since the basis states have no spatial overlap, the out-of-diagonal
matrix element vanishes

~dlr = 0. (7.22)

In Fig. 7.6, the size of the three different coupling matrix elements are
sketched for M+

2 in the new |φRr〉 and |φRl〉 basis. Since these basis
states only apply for large internuclear separations, |φRg〉 and |φRu〉 are
still used for small internuclear separations. The resemblance to the
HD+ case of Fig 7.3 is striking. The only difference is a shift in both
diagonal elements of 1/6R.

Recall the difference in location of the geometric center of the nuclei
and the molecular center of mass in HD+. This difference is exactly
1/6~R, giving an electric dipole of this magnitude. The energy eigen-
states will hence shift by 1/6~R · ~F in the presence of an external field.
In M+

2 , the two centers coincide, and no contributions to the diagonal
elements appear.

7.4.2 The real effect of a permanent dipole
An additional contribution of 1/6~R · ~F to the energy of all eigenstates
in HD+ compared with M+

2 has shown to be the only real effect of a
permanent electric dipole. How this contribution affects the nuclear dy-
namics can easiest be seen by studying field-dressed potential energy
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curves. Field-dressed potential energy curves are obtained by including
the electronic coupling to the external field, Lelec (Eq. (2.26)), in the
electronic Hamiltonian and determining instantaneous electronic eigen-
states. In this way, Lelec no longer couple the different basis states, and
population transfer will not occur among these states. Instead, the basis
states themselves change in time [83].

Fig. 7.7 (a) shows the obtained field-dressed potential energy curves
for HD+ in an external field of both a positive value (pointing toward
the location of the D+ ion) and a negative value (pointing toward the
location of the H+ ion). The first thing to notice is the smooth ap-
pearance near R = 12 a.u. The drop in off-diagonal elements of the
dipole matrix at this internuclear separation is perfectly balanced by
the growth of the diagonal elements. The second thing to notice is how
the two electronic states diverge at large internuclear separations as an
external field is applied.

In panel (b), the field-dressed potential curves for M+
2 is shown for

comparison. In M+
2 , the divergence at large internuclear separations

is independent of the field direction. In HD+, however, both energy
curves lie either above or below the M+

2 curves, depending on the field
direction. If the frequency of the external field is high, the dynamics on
the HD+ curves will hence, on average, resemble that on the M+

2 curves;
and no effect of the permanent dipole will be seen. For an effect to
be visible, the frequency should be lowered substantially, or a molecule
containing a larger dipole moment should be studied. The asymmetry in
the field-dressed energy curves are determined by the distance between
the molecular center of mass and the geometric center of the nuclei.
In order to study the effects of a permanent electric dipole moment,
diatomic molecules of great mass difference should hence be studied
instead. For HD, the effect is simply too small to be measured.

7.5 Conclusions made for heteronuclear
molecules

Having studied dissociative double ionization of HD using IR laser pulses
in this chapter, only a little effect of the permanent electric dipole of the
molecule was observed. Applying first the BO approximation to obtain
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the |φRg〉 and |φRu〉 basis states, then including the mass polarization
term in the electronic Hamiltonian in order to obtain |φ′Rg〉 and |φ′Ru〉
for in the end to include the symmetry breaking term to obtain |φRs〉
and |φRp〉, several different basis states have been discussed. These
different basis states give rise to very different appearances of the dipole
couplings, when comparing the homonuclear and the heteronuclear case;
however, this large discrepancy is not a physical effect. It is an effect of
the basis choice.

In order for measurable effects of the permanent electric dipole mo-
ment to appear, a larger mass difference between the two nuclei is nec-
essary, and one might think of molecules such as HF. Containing 10
electrons, the electronic structure of HF is substantially more compli-
cated than for H2; however, the MCWP method can quite easily be
extended to include larger molecules and more electronic states. In the
next chapter, this will become clear as dissociative double ionization of
O2 using EUV pulses will be discussed.
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Chapter

8
Dissociative ionization of
larger molecules in EUV
pulses

Having studied H2, D2, and HD exposed to short IR laser pulses in
most of this thesis, it is now time to turn to larger molecular systems
and study experiments in the EUV regime. As the number of electrons
increase, the number of electronic states contributing in dissociative
ionization events increase substantially as well. Using laser pulses with
a high photon energy, the electronic states belonging to the same charge
state will however often not couple, and the induced dynamics simplifies.

In this chapter, the MCWP approach is adapted to describe many-
electron diatomic molecules in EUV laser fields, and the KER spectrum
obtained for dissociative double ionization of O2 in two different 52 nm
light sources are calculated and compared with experimental findings.
Involved in these calculations are ten different electronic states. The nu-
clear dynamics occurring in each of the ten involved states are discussed
in detail in the end, and a motivation for choosing just theses states are
given.

8.1 Many-electron diatomic molecules

Studying many-electron systems, several ionization events may be in-
volved before the molecular bond is broken, and several different disso-
ciation channels may come into play (see Fig. 8.1). Studying the KER
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Initial system                    Final system

Figure 8.1 | Dissociative double ionization of O2. When many-electron diatomic
molecules are exposed to intense laser fields, both singly charged, doubly charged, triply
charged, or even higher-charged states may be the result. The remaining electrons can
localize differently on the two nuclear centers and many different types of ejected ions may
be observed.
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Figure 8.2 | A selection of BO potential curves possibly involved in double ionization of
O2. The data are taken from Refs. [119–122].

spectrum to extract information about the nuclear dynamics is hence
a bit more complex than for H2 and D2, and a theoretical description
should be capable of predicting the outcome of all possibly involved
channels. In the BO approximation, a large number of electronic states
exists for many-electron molecules (see Fig. 8.2 for an example using
O2) and even after a study of symmetry selection rules [117, 118] and
energy considerations, the problem is often very complex. Changing the
intensity of the external field may reveal information about the number
of photons involved in a given process. Using this information in combi-
nation with results from synchrotron experiments, predictions about the
essential electronic states are published for two experiments on O2 [35].
In this chapter, the MCWP method is applied to test these predictions
and give one of the first theoretical descriptions of nuclear dynamics in
FEL dissociative ionization events.
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8.2 The MCWP approach applied in
the EUV regime

Just as for H2 in IR laser pulses, the total state ket |Ψ〉, used to de-
scribe dissociative ionization of larger molecules in EUV laser pulses, is
expressed in a basis of electronic eigenstates |φRα〉. These states fulfill

Helec(R)|φRα〉 = Eα(R)|φRα〉, (8.1)

where Helec is the electronic Hamiltonian and Eα(R) the BO energy
curves. Letting l be the index specifying a given charge state and Sl the
corresponding (rigged) Hilbert space, one obtains

|Ψ〉 =
∑

l

∑

α∈Sl

∫
d~R Xα(~R, t)|φRα〉 ⊗ |~R〉, (8.2)

where Xα(~R, t) are the nuclear wave functions, |~R〉 are the position
eigenkets of the nuclear coordinate, and where the index α implicitly
depends on the charge state l. Note that the system is restricted to be
in one charge state at a time, and hence the sum over l will only include
a single term at a time.

Due to the large photon energy of EUV fields, internal coupling in
each charge state is often limited, and the sum over α will be approxi-
mated to likewise only include a single term at a time. Including only a
single term is a valid approximation as long as all electronic transitions
involve the liberation of at least one electron. In this way, virtual detec-
tors can collapse the wave function to a specific electronic state in each
time step. This approximation has shown appropriate to describe O2

molecules in pulses of 52 nm wavelength [35]. However, systems where
coherent dynamics is involved exists, and in these systems the approx-
imation breaks down. One example is N2 molecules being exposed to
pulses of 52 nm wavelength, where an internal transition from a low-
lying state in N+

2 to a highly excited state in the same Hilbert space is
predicted to dominate the evolution [35].

In this chapter, all internal couplings in each charge state are however
neglected, and the Hermitian part of the Hamiltonian can be expressed
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as

Hs =
∑

j

∑

α∈Sj

∫
d~R

[
− 1

2µ

1

R

∂2

∂R2R + Eα(R)

]
|φRα〉〈φRα| ⊗ |~R〉〈~R|.

(8.3)

Jumps among the different charge states are, as always, assumed to
be vertical and

Cβα =

∫
d~R

√
Γβα(~R)|φRβ〉〈φRα| ⊗ |~R〉〈~R|, (8.4)

where Γβα(~R) represents the instantaneous ionization rate at a given
internuclear separation ~R. Due to the lack in published ~R-dependent
photoionization rates for most many-electron molecules, the rates are
approximated constant for all internuclear separations and determined
using the photoionization cross sections σβα. From the photoionization
cross section σβα, the ionization rate Γβα can be determined as

Γβα =
I

ω
σβα, (8.5)

where ω is the frequency and I the intensity of the external field.
Using Eqs. (8.3) and (8.4), the total non-Hermitian Hamilton oper-

ator becomes

H =Hs − i

2

∑

α,β

C†
βαCβα (8.6)

=
∑

l

∑

α∈Sl

∫
d~R

[
− 1

2µ

1

R

∂2

∂R2R + Eα(R)

− iI

2ω

∑

k 6=l

∑

β∈Sk

σβα(R)


 |φRα〉〈φRα| ⊗ |~R〉〈~R|. (8.7)

8.2.1 Calculation strategy
The MCWP calculation strategy closely resembles that in the IR regime.
Starting in the n-electron initial state α, the nuclear wave function is
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Calculation strategy

Figure 8.3 | A comparison between experiment [35] and the present MCWP calculations
for the KER spectrum of O2 (twice the kinetic energy of O+) irradiated by laser pulses of
24 eV photon energy and 100 fs (FWHM) duration.

propagated until an electron is liberated by the external field, and the
nuclear wave function is instantaneously transferred to the electronic
state β corresponding to n− 1 electrons. The transition is modeled by
applying the jump operator Cβα

|Ψt+dt〉 = NCβα|Ψt〉, (8.8)

where N is a normalization constant. In the case of several different
possible final states β, the transition operator Cβα is chosen with prob-
ability

dPβ =
〈Ψt|C†

βαCβα|Ψt〉∑
k 6=l

∑
δ∈Sk

〈Ψt|C†
δαCδα|Ψt〉

, (8.9)

where l specifies the charge state prior to the transition and k the charge
state after. Propagation is continued in this way until the end of the
pulse, and the results for different realization are weighted correctly
based on their relative appearances.
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8.3 Application to dissociative double
ionization of O2

As an example of applying the MCWP method to dissociative ionization
processes at EUV photon energies, we here consider dissociative double
ionization of O2. Experimental studies exist for O2 in FEL pulses of
approximately 100 fs duration and 52 nm wavelength (corresponding to
a photon energy of 24 eV) [35]. The measured KER spectrum for singly
ionized O+ ions is shown in Fig. 8.3 for both a peak intensity of 1×1013

W/cm2 and 3 × 1013 W/cm2. Both KER spectra show a quite narrow
peak at 1.6 eV, a broader peak centered at 6–8 eV, and a small signal up
to energies as high as 18 eV. The location of the low-energy peak stays
constant when going from the higher to the lower intensity, however, a
slight decrease in center energy is observed.

Figure 8.3 also show the calculated KER spectra using the MCWP
approach for identical pulse parameters as in the experiment. Includ-
ing only ten different BO curves and a boxsize of Rmax = 20 a.u., all
the main features of the experiments are reproduced. The ten different
BO curves used are sketched in Fig. 8.4 and determined based on sug-
gestions made in Ref. [35] and published partial photoionization cross
sections [123]. In the following subsections the considerations behind the
choice of these states is discussed in details and the different involved
dissociation pathways studied.

8.3.1 The neutral ground state X3Σ−g
Initiating in the neutral O2 molecule, all molecules are assumed to be in
the electronic ground state X3Σ−

g . From this state many different elec-
tronic states of the singly ionized molecule can be reached, as long as the
energy does not exceed that of the initial state plus one photon energy
(24 eV). In addition the spin multiplicity is restricted to a change by one
(i.e., to doublet or quartet states in the cation) since the emitted electron
carries a spin of 1/2. Several measurements determining the total ioniza-
tion cross section of the X3Σ−

g state are published for the desired photon
energy range [123–125] and it is found that σ(X3Σ−

g → all) = 0.858 a.u.
In order to perform the calculations, however, partial cross sections are
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necessary as well. According to Ref. [123], the total cross section can be
separated into four different contributions, and these will be discussed
individually in the following (see Fig. 8.5 for an overview of the cross
sections used in the present MCWP simulations).
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Figure 8.4 | Sketch of the BO-curves included in the MCWP calculation for O2 [119], O+
2

[120, 121] and O++
2 [122]. The vertical arrows represent the energy of one 24 eV photon

and indicates the allowed one- and two-photon transitions discussed in the text.

8.3.2 The tightly bound electronic state X2Πg

The first partial ionization cross section given in Ref. [123] is for the
transition to the lowest electronic state of the singly ionized molecule
X2Πg. This state is hence included in the calculations, and a cross
section of σ(X3Σ−

g → X2Πg) = 0.309 a.u. is used. X2Πg supports
several bound states, and hence dissociation will not release O+ ions
directly. Absorbing yet another photon will, due to energy conservation,
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Figure 8.5 | An overview of the electronic states and ionization cross sections used in
the MCWP calculation. See Fig. 8.4 for an identification of the curves corresponding to
the labeling of the states. Ionization cross sections marked by an asterisk are taken from
Ref. [123] and the remaining are estimated values (see text for a discussion of these). All
cross sections are given in atomic units.

only give access to the even tighter bound X1Σ+
g state of the doubly

ionized molecule, and no dissociation will take place here either. The
only effect of the coupling to the X2Πg cation state is hence to reduce
the population in the neutral molecule and hereby reduce the amount
of population available for dissociation through coupling to other states
in O+

2 .

8.3.3 The less bound electronic state b4Σ−g

Some of these other states might be the b4Σ−
g (shown), the A2Πu (not

shown) or the a4Πu (not shown) state all being slightly less bound than
the X2Πg state and located at slightly higher energies. According to
Ref. [123], the total ionization cross section to all of these states is
0.403 a.u. Due to the similar shape of the three curves, they will give
similar structures in the KER spectra, and for simplicity we only include
one and assume all population to be transferred to the b4Σ−

g state, using
σ(X3Σ−

g → b4Σ−
g ) = 0.403 a.u. as our second partial photoionization
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cross section. Once again, the minimum in electronic energy at low inter-
nuclear separation will lead to only minimal dissociation. By monitoring
the nuclear dynamics in our simulations, we conclude that practically
all molecules will be found at internuclear separations less than R = 2.8
a.u. At these small separations, almost no electronic states in the dou-
bly ionized molecule are within reach by absorption of a single 24 eV
photon, and even the X1Σ+

g state mentioned earlier is forbidden due
to spin selection rules. Most population will hence stay in the b4Σ−

g

state. The partial ionization cross section to this state is almost half
the total ionization cross section, and consequently a large population
stays bound at small internuclear separations. Two-photon absorption
from this state might consequently become important, even thought the
involved rates are substantial lower than in the one-photon absorption
case. The highly excited state 25Σ−

u of the doubly ionized molecule is
within reach by a two photon absorption, and since no partial photo ion-
ization cross section for the O+

2 →O++
2 transition to our knowledge has

been published, we estimate this value to σ(b4Σ−
g → 25Σ−

u ) = 0.02 a.u.
This cross section might appear too large, however, since many different
electronic states contribute and we only include a single highly excited
state of O++

2 , a larger cross section serves as compensation for this sim-
plification. Note that the included highly excited state has a multiplicity
of 5 (as the case for many of the highly excited states [122]), and hence
these states cannot be reached from the lowest X2Πg state. Entering
the 25Σ−

u state, a large amount of kinetic energy is released, and ac-
cording to Fig. 8.6, showing the different contributions to the overall
KER spectrum, energies above 14 eV are produced by this mechanism.
This energy release is in perfect agreement with experimental findings
[35] showing a rapid decrease of the high-energy part of the spectrum
with decreasing FEL power indicating that the contribution arises from
processes involving more than two photons.

8.3.4 The predissociative electronic state B2Σ−g
The third partial photoionization cross section published from the neu-
tral molecule to the cation is for the X3Σ−

g → B2Σ−
g transition. Here

a value of σ(X3Σ−
g → B2Σ−

g ) = 0.103 a.u. is used [123]. In principle,
the B2Σ−

g state supports vibrational bound states, however, the state is

111



Chapter 8. Dissociative ionization of larger molecules in EUV pulses

gB2

gf 4

gc4

u

51

g

51

u

52gb4

gf 4

gf 4

gf 4

u

51

gc4
g

51

spectrumtotal

Figure 8.6 | The different contributions to the lcalculated KER spectrum for an intensity
of 1×1013 W/cm2 shown in Fig. 8.3. All molecules initiate in the neutral electronic ground
state X2Π−g , and nuclear dynamics occur in the electronic states listed to the right prior
to dissociation and release of either one or two O+ ions.

known to dissociate and release ions at an energy of 0.8 eV by predis-
sociation via the f 4Πg (shown) and the d4Σ+

u (not shown) states [120].
The potential curve of both these states cross the potential curve of the
B2Σ−

g state near the equilibrium internuclear separation and the states
can hence interact with all vibrational levels of the B2Σ−

g state. In order
to simplify the calculations, we here neglect the d4Σ+

u state and focus on
the f 4Πg state. The lifetime for the predissociation process is found to
be long compared to the vibrational lifetime of 0.01 fs [126], and hence
we expect some molecules to stay in the bound B2Σ−

g state until after the
100 fs long pulse while others predissociate. To simulate this mechanism
using the MCWP method, we assume that 10% of the molecules enter-
ing the B2Σ−

g stay there until after the pulse while the remaining 90%
enter the f 4Πg state directly. Hence we use σ(X3Σ−

g → B2Σ−
g ) = 0.010

a.u. and σ(X3Σ−
g → f 4Πg) = 0.093 a.u. in the calculations. The pre-

dissociation process cannot be included as jumps in the MCWP method
since no electrons are emitted and no virtual detection can be made.

The amount of population in the B2Σ−
g state remains tightly bound

until after the pulse, where it is released onto the f 4Πg state. Dissocia-
tion leads to the low-energy peak of the KER spectrum (see Fig. 8.6) as
expected [35, 120]. The size of the peak shows only slight dependence on
the FEL power since the O2 →O+

2 ionization is close to saturated as also
seen in experiments [35]. Left to consider is now the amount of molecules
released in the f 4Πg state during the pulse. During dissociation large
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g

internuclear separations are reached, and absorption of one photon can
lead to double ionization through various channels. Common for all the
possible involved states is the asymptotic 1/R behavior, and for simplic-
ity, we include only two, namely the 15Σ+

g and the 15Πu states. These
states are both within reach of the f 4Πg state, however, forbidden due
to spin selection rules from the B2Σ−

g state. To our knowledge no partial
photoionization cross sections have been published for the O+

2 →O++
2

transition, and hence we approximate the involved cross section to both
σ(f 4Πg → 15Σ+

g ) = 0.08 a.u. and σ(f 4Πg → 15Πu) = 0.08 a.u. The
calculated KER spectrum is not very sensitive to this choice. Depend-
ing on the instant of the jump from the neutral molecule to the f 4Πg

state, this choice leaves typically 5% of the molecules in the f 4Πg state
after the pulse with a pulse intensity of 3× 1013 W/cm2 while typically
30–40% remain in the 1 × 1013 W/cm2 case. From Fig. 8.6, it is seen
that these dissociating molecules contribute to the KER spectrum at
energies near 4 eV, and hence this low-energy part of the spectrum is
favored in the low intensity case shifting the broad peak down in energy
compared to the high intensity case. Ionization to the 15Σ+

g and the
15Πu states, release energies in the entire range from 5 eV to 14 eV in
both cases (see Fig. 8.6).

8.3.5 The dissociative state c4Σ−g
In order to obtain the correct shape of the high-energy peak together
with the correct relative heights of the different peaks, yet another dis-
sociating state in O+

2 is needed. According to Ref. [123], the c4Σ−
u

state contributes to the ionization processes and the partial photoion-
ization cross section from the ground state of the neutral and to the
c4Σ−

u cation state is σ(X3Σ−
g → c4Σ−

u ) = 0.043 a.u. The c4Σ−
u state

in principle supports bound states, however, the BO curve for another
dissociative electronic state of 4Σ−

u symmetry crosses the c4Σ−
u BO curve

near equilibrium, and we assume that the population is instantaneously
transferred to this dissociative state. During dissociation we apply the
same ionization cross sections to the double ionized states as for the f 4Πg

state and σ(c4Σ−
u → 15Σ+

g ) = 0.08 a.u. and σ(c4Σ−
u → 15Πu) = 0.08

a.u. are used. Once again, almost all the molecules ionize prior to the
end of the pulse, and since the population is small in the c4Σ−

u state, it
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does not contribute to the KER signal via dissociation. The doubly ion-
ized molecules contribute to the high-energy peak in the energy range
from 5 eV to 11 eV (see Fig. 8.6).

8.3.6 The final KER spectrum
Adding up all the partial cross sections for the initial ionization dis-
cussed so far, the correct total ionization cross section of 0.858 a.u. is
obtained. Hence no further electronic states in the singly ionized molec-
ular ion are assumed to contribute. Turning to the calculated KER
spectrum using these states, a fine agreement with experiments is also
found and the suggested mechanisms verified in this way. For a more
detailed description, however, more electronic states and in particular
ionization cross sections are needed in order for the MCWP method to
be fully quantitative and capable of predicting the outcome of future
experiments.

8.4 Conclusions for larger molecules
Using the MCWP method, it is possible to study nuclear dynamics as
many-electron diatomic molecules undergo multiple ionization in EUV
laser pulses. If the fraction of molecular ions in each charge state af-
ter interaction with the external field is of main concern, a simple rate
equation approach would be sufficient. Using the MCWP method how-
ever this approach can be extended to also include nuclear dynamics,
and results such as the KER spectrum can be obtained. As an exam-
ple, double ionization of O2 was studied, and a good agreement with
experiments was found using ten different electronic states. In order
for the MCWP method to be capable of predicting future experiments,
input such as electronic BO curves and partial photoionization cross
sections are needed. Unfortunately, especially the cross sections are not
well known for many molecules, and in particular for molecular ions,
and need to be determined or approximated for the method or other
methods based on rate equations to apply. However, when these quan-
tities are available, the MCWP method can predict the result of multiple
ionization involving as many ionization events as desired.
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Chapter

9
Electron dynamics in atomic
ionization

As an outlook to highlight the variety of different applications of the
MCWP method, this chapter is concerned with electron dynamics in
atomic ionization. Rather than modeling the nuclear motion during
multiple ionization by jumping between electronic states, electronic mo-
tion in atoms can be simulated by tracing out electrons sufficiently far
away from the nuclear core. Nonsequential double ionization of He is
given as an example (see Fig. 9.1). However, applying the MCWP
method to electron dynamics is still a work in progress, and no results
will be given in this chapter. Instead, the general difficulties of non-
sequential double ionization will be discussed, followed by an outline
of the MCWP calculation strategy for these kinds of calculations. In
the end, a few of the questions hoped to be addressed in the MCWP
calculations are briefly discussed.

9.1 Nonsequential double ionization of
helium

In contrast to sequential double ionization, as studied in all the previous
chapters, where electrons are liberated one at a time, nonsequential
double ionization refers to the physical process where both ionization
events occur without any intermediate response of the system. In the
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Initial system                    Final system

Figure 9.1 | Double ionization of He. In nonsequential double ionization, both electrons
are liberated instantaneously compared with sequential ionization, where photons are
absorbed twice and the electrons are liberated one at a time.

case of H2, non-sequential double ionization could be included in the
MCWP calculations by adding a transition operator bringing population
directly from the neutral to the doubly ionized molecule

Cd =

∫
d~R

√
Γd(~R)|φR,c〉〈φR,h| ⊗ |~R〉〈~R|. (9.1)

In IR laser fields, the double ionization rate Γd(~R) is however negligi-
bly small compared with the single ionization rates Γh(~R), Γg(~R), and
Γu(~R) due to the large number of photons involved in double ionization.
If, however, the photon energy is high, additional photons may not be
involved in double ionization compared with single ionization; and the
process of nonsequential double ionization can become significant.

For He, a photon energy in the range 40–54 eV will make nonsequen-
tial double ionization a significant mechanism. As sketched in Fig. 9.2,
the single ionization potential of He is 24.6 eV, while an energy of 54.4
eV is required to remove the second electron. Hence, the simultaneous
absorption of two photons in the mentioned energy range will doubly
ionize the atom, while a sequential absorption of two photons will fail
to do so. The absorption of a single photon, followed by the simultane-
ous absorption of two photons, will also contribute to double ionization.
However, these events can be separated out in the experimental mea-
surements by studying the energy of the emitted electrons.

The simple energy levels and the low number of electrons in He
have made two-photon double ionization of this atom a very suitable
system to study nonsequential ionization processes. Several theoretical
attempts to determine the total double ionization cross section has been
proposed in the last decade [127–132, 132–137] and some of the results
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He

He+

He++

22.4 eV

15.0 eV

39.6 eV

54.4 eV

24.6 eV

Figure 9.2 | Energy levels for neutral He, singly charged He+, and doubly charged
He++. Using a photon energy of 47 eV, it is seen that absorption of two photons will
cause nonsequential double ionization, while the sequential absorption of two photons will
fail to doubly ionize the atom.

are shown in Fig. 9.3, along with two experimental data points [28, 138].
However, due to the very small probabilities involved, the experimental
results are limited and subject to some uncertainty. Despite the large
uncertainty, no theoretical model has been able to predict a cross section
within the error bars of the 43 eV measurement. Predicted cross sections
are either below half of the experimentally observed value or several
times too large.

The main reason, for the difficulty in predicting the nonsequential
two-photon double ionization cross section for He can be found in the
strong electron correlation. In order for two electrons to be emitted
upon absorption of two photons, a large exchange of energy between the
outgoing electrons is necessary. This correlation complicates both the
evolution of the system as well as the possibility to extract information
from the final state.

9.1.1 Propagating the two-particle wave function

To calculate the evolution of the electronic wave function, it is not pos-
sible to adapt a single effective electron model due to the strong electron
correlation. A full two-electron calculation is therefore needed. By ex-
ploiting symmetry in the system, a single dimension can be eliminated.
However, the wave function still contains five spatial degrees of freedom
in combination with the dependence on time. In addition, a large spatial
extension is needed in box calculations in order to correctly account for
the quickly spreading unbound states.
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Figure 9.3 | Published two-photon double ionization cross sections for He as a function
of photon energy. None of the twelve different models succeed in reproducing both ex-
perimental findings at 42 eV and 43 eV photon energy. The illustration is taken from
Ref. [141]; and the individual data are given in [a]=[127], [b]=[128], [c]=[129], [d]=[130],
[e]=[131], [f]=[132], [g]=[132], [h]=[133], [i]=[134], [j]=[135], [k]=[136], [l]=[137], [m]=[28],
[n]=[138].

Once the electrons are unbound and have moved considerably far
from the nucleus, their behavior is however of only limited interest, and
it may be desirable to describe only the dynamics of the wave function
belonging to a small confined region. This can be achieved by imposing
absorbing boundary conditions, commonly by adding a complex absorb-
ing potential to the Hamiltonian of the system. Unfortunately, this leads
to conceptual problems when considering more than one particle, since
the absorbance of one particle destroys the information in the remain-
ing wave function. This is obvious since the wave function is normalized
to the probability of finding all particles within the space defined by
the numerical implementation, and the wave function of the initial two-
particle system gradually loses norm rather than changes to some wave
function corresponding to a single particle. This problem has previously
been handled by introducing density matrices and solving the master
equation [139, 140]. However, dealing with density matrices rather than
wave functions scales the numerical effort and makes this approach un-
favorable for larger systems.
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9.1.2 Extracting information from a two-particle
wave function

Hawing determined the two-particle wave function for all times, the
second problem arrives when information about the double ionization
probability is to be extracted. Several different approaches have been
proposed throughout the years [142].

An obvious first approach would be to project directly onto uncor-
related products of Coulomb waves and completely neglect the role of
correlations [128, 133, 134, 136, 143–145]. The result of such calcu-
lations are supported by R-matrix calculations [135], time-dependent
close-coupling calculations [131], and calculations employing exterior
complex scaling [129] - all of witch consider some degree of final state
correlations. These results are all found in the lower part of the cross
section plot in Fig. 9.3.

In the higher part of the cross section plot in Fig. 9.3, the results
of both J-matrix calculations [132, 146] and lowest order perturbation
theory using correlated multichannel states [130] are shown. Both these
models incorporate correlation effects in the final (single continuum)
scattering states and the effect of correlation in the final state is seen
as a substantial rise in the double ionization cross section. The results
obtained using J-matrix calculations or lowest order perturbation theory
are however not closer to the experimental findings than uncorrelated
models, and the question of how to extract information from the two-
particle wave function remains unsolved.

9.2 Absorbing boundary conditions
using the MCWP approach

The MCWP method offers an alternative approach to studying non-
sequential double ionization of He, where both the wave function propa-
gation as well as the information extraction can be handled. By placing
absorbing boundaries around the atom, the two-particle propagation can
be made in a relatively small box, substantially reducing the computa-
tional effort. Letting the absorbing boundaries serve as virtual detectors
removing electrons from the system as they reach a certain distance from
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the nuclear core, the MCWP method allows for an instantaneous trans-
fer from a two-electron state, to a single electron state, and further to
the state of no electrons. In this way, the double ionization probability
is easily extracted by comparing the number of realizations where the
final state contains zero, one, or two electrons.

Figure 9.4(a) sketches the principle of using absorbing boundaries
in a MCWP approach. At a distance of rs from the nuclear core, the
absorbing boundary initiates; and as r increases, the absorbing bound-
ary grows in strength until a distance of rf is reached. Many individual
detectors are needed so information about the detected electrons can
be extracted and influence the remaining system. Hence, the absorb-
ing boundary is divided into several small parts labeled by the index m
and associated with the transition operator Cm. The influence on the
remaining system has already been discussed previously in this thesis
in the case of nuclear dynamics, where properties of the emitted elec-
trons determine the electronic state of the ionic system after ionization.
Similarly, some back action on the remaining electron is expected in
the atomic case since the electrons are correlated, and the spatial dis-
tribution of the second electron is influenced by the position of the first
electron.

In order for the absorbing boundaries not to make any unphysical
impact on the evolution of the system (besides the correct back action
upon detection), it has to obey certain restrictions. First of all, rs has
to be large enough to preclude detection of bound electrons. Only un-
bound electrons that leave the ion core and no longer interact with the
remaining system are to be removed. Second, the absorber should allow
for no transmission or backscattering of population. Any sudden change
in potential of a quantum mechanical system will lead to backscatter-
ing, and the absorbing boundary should be chosen to slowly increase in
magnitude as the distance from the core increases from rs to rf . An
illustration is given in Fig. 9.4(b).

Several different forms of absorbing boundary conditions are given
in the literature. One appropriate choice might be to use an absorber
of the form [147]

Γ(r) = −iEmin

(
ax− bx3 +

4

(c− x)2 −
4

(c + x)2

)
(9.2)
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rs
rf

Cm

rs rf

Γ
(r
)

r

(a) (b)

Figure 9.4 | Sketch of the absorbing boundaries applied in the MCWP approach to double
ionization of He. The boundary initiates at a distance of rs from the nuclear center and
grows in strength until the outer cutoff at a distance of rf . (a) The absorber us divided
into small segments denoted by the index m specifying both angle and distance from the
nuclear center. (b) The strength of the absorber is, however, independent of the angle
and is continuously increasing with increasing distance from the nuclear center.

where a = (1−16/c3) = 1.12449×10−1, b = (1−17/c3)/c2 = 8.28735×
10−3, c = 2.62206, and x = c

l (r − rs). This absorber is claimed to be
transmission and reflection free for wave packet energies greater than a
certain value Emin, and the wanted precision can be tuned by changing
this parameter.

Minimizing both transmission and reflection often requires a broad
absorber, and rf may become quite large, thus increasing the numerical
effort of propagation. It has been shown that adding a small real part
helps to reduce the reflection and hence allows for an effective absorber
with less physical extension. A possible choice could be [139]

Γ(r) = Cr

(
r − rs

l

)Nr

+ iCi

(
r − rs

l

)Ni

. (9.3)

These types of absorbers are very efficient, especially in the case of high
energy electrons. However, care should be taken in a MCWP simulation,
and they should only be applied if rs is chosen large enough for a real
physical potential not to change the outcome of an experiment.

9.3 Formulating the problem
The principle of a MCWP approach to nonsequential double ionization
of He is to solve the two-electron problem in a relatively small box and
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use absorbing boundaries to determine the probability of an ionization
event in each time step. The two-electron state ket |Ψ2(t)〉 is expressed
as

|Ψ2(t)〉 =

∫
d~r1

∫
d~r2 ψ(~ra, ~rb, t) a†(~r1)a

†(~r2)|vac〉, (9.4)

where a†(~r) and a(~r) are the creation and annihilation operators, re-
spectively, creating and destroying an electron at position ~r. Spin is
neglected in this formulation. Since the ground state of He is a singlet
state, |Ψ2(t)〉 is symmetric under exchange of the two electrons, and
the creation and annihilation operators are chosen to obey the bosonic
commutator relations

[a(~ra), a
†(~rb)] =δ(~ra − ~rb), (9.5)

[a†(~ra), a
†(~rb)] =[a(~ra), a(~rb)] = 0. (9.6)

The transition operators Cm will in this basis take the form

Cm =

∫
d~r

√
Γm(~r) a(~r), (9.7)

where Γm(~r) are real and nonnegative functions with support in small
regions of volume Vm defining the extension of the virtual detectors. All
detectors are assumed to have a limited extension, and hence, Γm(~r) are
approximated constant in the entire region

Γm(~r) =
Γ(~rm)

Vm

{
1, in a volume of size Vm

0, otherwise. (9.8)

Here, Γ(~rm) is the complex absorbing potential to be used as boundary
condition (e.g., Eq. (9.2), multiplied by a factor of (-i)). Γ(~rm) is hence
a real function. The transition operators become

Cm =

∫
d~r

√
Γm(~r) a(~r) (9.9)

=

√
Γ(~rm)

Vm

∫

Vm

1d~r a(~r) (9.10)

=
√

Γ(~rm)Vm a(~rm). (9.11)
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The non-Hermitian Hamilton operator to be used in the MCWP
calculations can now be written as

H =Hs − i

2

∑
m

C†
mCm (9.12)

=Hs − i

2

∑
m

√
Γ(~rm)Vm a†(~rm) bm

√
Γ(~rm)Vm a(~rm) (9.13)

=Hs − i

2

∑
m

Γ(~rm)Vm a†(~rm)a(~rm). (9.14)

The assumption of constant Γ(~rm) in each detector volume is only cor-
rect for infinitely many detectors, each of infinite small volume. Hence,
the propagation of the wave function is performed in the limit of in-
finitely many detectors, and the summation in Eq. (9.14) becomes an
integral

∑
m

Γ(~rm)Vm →
∫

Γ(~r)d~r, (9.15)

making the Hamiltonian look like

H =Hs − i

2

∫
d~r Γ(~r) a†(~r)a(~r). (9.16)

As usual, Hs denotes the Hamiltonian describing the system without
losses; and in this case, Hs describes the two-particle state not including
the absorbing boundary.

In the center of mass system, the Hamilton operator for a helium
atom in an external field can be written as

Hs =
∑

n=a,b

∫
d~rn

(
−1

2
∇2

~rn
− 2

|~rn| + ~rn · ~F (t)

)
a†(~rn)a(~rn)

+

∫
d~ra

∫
d~rb

1

|~ra − ~rb|a
†(~ra)a

†(~rb)a(~ra)a(~rb). (9.17)

If a real part is included in the absorbing boundaries (as in Eq.
(9.3)), this real part should be added here and not in Γm(~r). In this
sense, a real part of the absorbing boundaries will affect the system as
a real potential applied around the atom.
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9.4 Determining the double ionization
probability

The calculation strategy of a MCWP calculation of electron dynamics
in atomic multiple ionization completely resembles that of nuclear dy-
namics in molecular multiple ionization. Figure 9.5 sketches the MCWP
approach to double ionization of He. Starting in a two-electron state,
the system is propagated using the non-Hermitian Hamiltonian; and the
wave function is renormalized in every time step until the instant T1,
where the first electron is detected. If the electron is detected by detec-
tor m, the state is collapsed into a single-electron state by application
of the transition operator Cm. Likewise, at time T2 where the second
electron is detected in detector m′ the transition operator Cm′ is applied;
and only the bare nucleus remains.

In a stochastic approach, the double ionization probability can be
determined by comparing the number of realizations ending up in either
the neutral, the singly ionized, or the doubly ionized state at the end
of the calculations. However, just as in the nuclear case, computational
simplifications can be made; and the double ionization probability can
be determined in a completely deterministic way by applying the fol-
lowing six steps:

1. Propagate the two-electron quantum state |Ψ2(t = 0)〉 of the sys-
tem using the non-Hermitian Hamiltonian H without renormal-
ization to obtain |Ψ̃2(t)〉 for all times. The two-electron wave
function is given as

ψ̃(~r1, ~r2, t). (9.18)

2. In each time step tn, determine the probability Jn for a first click
in one of the detectors as the drop in norm squared of the wave
function,

Jn =
〈
Ψ̃2(tn−1)|Ψ̃2(tn−1)

〉
−

〈
Ψ̃2(tn)|Ψ̃2(tn)

〉
. (9.19)

3. Given a first detection at time tn, the probability Snm for this
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Neutral He: Singly ionized: Doubly ionized:

(b)

(a)

t=T1 t=T2

Start

 Random

       ε

  Propa-

gate full 

      H

 Drop in 

norm dP

      Re-

normalize

ε > dP

ε < dP

   Jump 

using Cm

 Random

       ε

  Propa-

gate full 

      H

 Drop in 

norm dP

      Re-

normalize

ε > dP

ε < dP

 Done
   Jump 

using Cm’

(c)

Figure 9.5 | Calculation strategy for applying the MCWP approach to double ionization
of He. (a) Initiating in the neutral molecule, a click in detector m at time T1 removes
one electron from the calculation. Similarly, at time T2, the second electron is excluded
due to a click in detector m′. (b) The computational tasks involved are identical to
those discussed in Sec. 3.3. (c) The electronic wave function changes from describing a
two-particle state to describing a single-particle state and to describing no particles at all.

detection to be in detector m is given by

Snm =

〈
Ψ̃2(tn)|C†

mCm|Ψ̃2(tn)
〉

∑
j

〈
Ψ̃2(tn)|C†

jCj|Ψ̃2(tn)
〉 . (9.20)

4. Determine the one-electron state |Ψnm(tn)〉 just after the detec-
tion in detector m by applying the transition operator Cm and
renormalize,

|Ψnm(tn)〉 =NCm

∣∣∣Ψ̃2(tn)
〉

. (9.21)
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The one-electron wave function becomes

ψnm(~r, tn) =N
√

ΓmVmψ̃(~r, ~rm, tn). (9.22)

5. Propagate |Ψnm(tn)〉 using the non-Hermitian Hamiltonian to de-
termine the probability Dnm for a second detection as the drop in
norm squared of the wave function,

Dnm = 1−
〈
Ψ̃nm(t →∞)|Ψ̃nm(t →∞)

〉
. (9.23)

To determine the total double ionization probability, propagation
of the one-electron state should in principle be continued until no
more electrons are absorbed. However, since some electrons have
very low energy, it is often more efficient to project onto bound
states of He+ immediately after the pulse.

6. The double ionization probability P is found as the weighted sum

P =
∑
nm

JnDnmSnm. (9.24)

A single propagation of the two-particle state is seen to be sufficient
in order to determine the double ionization probability and hence the
cross section. In addition, single-particle state calculations are necessary
for all possible first ionization times. However, the dimensionality of
single-particle wave functions is much lower than the dimensionality of
the two-particle wave function, and the one-electron calculations are
relatively easy to perform.

Test calculations have been made using the free TDSE-solving soft-
ware Pyprop, which is excellent for propagating the n-dimensional Schrödinger
equation in an efficient manner [148]. Unfortunately, however, final re-
sults still have not been obtained.

9.5 Results to study
Even though results on nonsequential double ionization of He using the
MCWP approach are not available at the moment, a brief discussion
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of the desirable outcome is appropriate here. Besides the desire to de-
termine the photo ionization cross section and to compare it with both
experiments and previous theoretical predictions, the MCWP method
offers insight into the importance of correlation effects, as well as energy
sharing and angular dependencies.

9.5.1 The effects of correlation
Correlation among the two electrons allows for energy sharing and the
possibility to doubly ionize in a nonsequential manner. In the MCWP
approach, electrons are removed one at a time, and energy sharing is
included in the form of a back action on the remaining electron upon
electron detection. If the two electrons are correlated information about
the detected electron reveals information about the remaining electron
and hence alters the quantum state. If, on the other hand, the two
electrons are completely uncorrelated, no information will be gained
about the remaining electron. Correlation effects can hence be studied
by examining the degree of back action.

The degree of back action is most easily studied by comparing the
result of a full MCWP calculation with the result obtained if the de-
tectors revealed no information about the detected electron. If only a
single transition operator C defined as

C =
∑
m

Cm =

∫
d~r

√
Γ(~r)a(~r), (9.25)

is included no information is gained and no back action can appear.
Recall the master equation equivalence of the MCWP approach dis-

cussed in Section 3.2,

d

dt
ρ(t) = i[Hs, ρ(t)] + Lrelax(ρ(t)), (9.26)

where the relaxation superoperator, Lrelax(ρ(t)), is given as

Lrelax(ρ(t)) =− 1

2

∑
m

(
C†

mCmρ(t) + ρ(t)C†
mCm

)

+
∑
m

Cmρ(t)C†
m. (9.27)
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Studying Lrelax(ρ(t)), it is quite easy to show that the result of in-
finitely many small detectors and a single large detector will reveal the
same result for a single particle. A similar conclusion is reached for
non-interacting particles, where the wave function can be written as a
product of the single particle states. However, if interaction is present,
the feeding term

∑
m CmσC†

m responsible for the adding of population
to the single particle state will differ in the two cases. Comparing the
result of a MCWP calculation using both a single large transition op-
erator as well as many individual transition operators will hence reveal
information about the degree of correlation in the system and add valu-
able information to the discussion of different theoretical methods for
the nonsequential double ionization problem.

9.5.2 Angular dependence and energy sharing

Another interesting aspect of the MCWP approach to double ionization
of He is the ability to study angular dependence and energy distribution.

Using infinitely many detectors, the precise location of the first de-
tected electron is known, and the angular dependence of the second
detected electron can be examined for different angles. A high degree
of energy sharing has shown to favor back-to-back ejection, where the
two electrons are detected on opposite sides of the nucleus, while a low
degree of energy sharing will make the second ejection independent of
the first [141].

Energy sharing can also be studied more directly by determining
the energy of the detected electrons rather that their positions. By
introducing a new set of transition operators Cn in the way

Cn =
∑
m

AmnCm,

the correct choice of Amn’s will trigger the detection of electrons with
a certain spatial periodicity and hence energy rather than a certain
position in space. The trigonometric functions sin and cos would be
the obvious choices for the shape of these new operators. Studying
the different energy distributions for the second detected electron as a
function of the energy of the first detected electron will allow for an
interesting discussion of the energy sharing in a very intuitive manner.
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9.6 Conclusions on electron dynamics
The MCWP method has proved to be applicable not only to nuclear
dynamics, but also to electron dynamics in multiple ionization events.
Using absorbing boundaries to eliminate electrons as they reach a certain
distance from the nuclear core and collapse the electronic wave function
onto a pure charge state in each time step, it is possible to study pro-
cesses such as double ionization of He. Since no results are available at
the moment, it is difficult to say to what extent electron correlation can
be included in a MCWP calculation. However, in any case, the MCWP
method offers an alternative approach to study many-electron systems.
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10
Conclusion

Using the MCWP technique, a novel approach to studying dissociative
multiple ionization processes in diatomic molecules has been presented
as a system-environment interaction problem. The system of concern is
the molecule, while the environment is associated with the electrons es-
caping the molecular ion. The method is formally equivalent to solving
the master equation for this problem. However, for systems including
spatial motion, the Hilbert space is often too large for a direct solution
of the master equation; and the MCWP approach corresponds to re-
placing the density matrix by an ensemble of individual state vectors
that are evolved stochastically over time. By propagating an ensemble
of pure state wave functions subject to a non-Hermitian Hamiltonian,
the drop in norm in every time step is determined; and in combination
with a random number generator, this leads to quantum jumps among
the different charge states at different points in time. Physically, these
jumps can be interpreted as hypothetical measurements of the escaping
electrons, effectively removing them from the quantum description and
projecting the remaining molecular system on the charge state corre-
sponding to the measurement outcome.

A variety of examples, where the MCWP technique is seen to con-
sistently predict correct KER spectra for several different experimential
conditions, has been presented. Studying dissociative double ionization
of H2 and D2, a very good agreement was found for intensities up to
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3×1014 W/cm2, wavelengths ranging from 480 nm up to 1200 nm, and
pulse durations from 40 fs to 140 fs. Even the combination of two 25 fs
pulses resulted in the correct overall structure of the spectrum.

Using the MCWP technique, the nuclear wave packet evolution dur-
ing the pulse can be followed, and several questions about the dynamics
can be addressed. In this way, it has been possible to assign the differ-
ent structures of the KER spectra to either characteristic features of the
three-photon coupling between the 1sσg and 2pσu states or to CREI,
which enhances the ionization rate from the upper dissociative curve at
different internuclear separations depending on the intensity. Kinetic
energy obtained from dissociation in the 2pσu state likewise showed to
contribute to the KER spectrum. Turning to the isotopic substitute HD,
a comparison of the KER spectrum obtained for homonuclear and het-
eronuclear molecules showed only a small effect of a permanent electric
dipole moment in dissociation events for small diatomic molecules.

The MCWP technique is relatively simple to implement and runs at
a low computational cost. Hence, the technique can be applied to many-
electron molecules and O2 in EUV pulses was examined. A good agree-
ment with experimental findings has been obtained using ten different
electronic states. Only little knowledge about the dynamics of molecules
in FEL pulses is available at the moment; and hence, the MCWP tech-
nique offers a unique opportunity to study complex molecules in extreme
environments, where the selection of applicable models is very limited.

The MCWP method can be applied to electronic dynamics in atomic
ionization as well as to nuclear dynamics in atomic ionization. A dis-
cussion on possible calculations on double ionization of He was given as
an example of an application to electron dynamics.

10.1 Outlook

Having obtained a very good agreement with several experimental find-
ings for dissociative ionization using the present MCWP approach, room
is still available for improvements. Only molecules aligned along the po-
larization direction of the external field have been studied in this thesis,
and since saturation is reached in several of the experiments, this is an
obvious place for improvements. Likewise rescattering may be included
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to improve the KER spectrum. Rescattering is predicted to contribute
in the ionization mechanism for some pulse parameters [69, 70], and
unless this effect explicit is included in the ionization rates, rescattering
should be added as an extra decay term in the MCWP approach. A dif-
ferent possibility is to examine the KER spectra obtained for circularly
polarized light. Circularly polarized light has the advantage of reducing
the effect of rescattering and is hence a very good candidate for the
present MCWP approach.

In addition to changing the polarization of the light, also other pulse
shapes may be interesting. A train of attosecond pulses could be one
example. Experimental data exists [149] and a train of short pulses will
result in a large set of distinct ionization times, perfect for the MCWP
approach. Studies could be made both for the attosecond pulses alone
and in combination with IR fields.

The combination of attosecond and IR pulses is also a great can-
didate for the long term goal of control over chemical reactions. Ex-
periments on ionization and dissociation of D2 has already shown the
ability to selectively place the remaining electron on one of the outgo-
ing fragments [150]. The MCWP method would probably be capable of
predicting the outcome of such experiments by applying the |φRl〉 and
|φRr〉 basis states discussed in Chapter 7.

Control over larger molecules could be the next step, and processes
as selective bond breaking in HODmight be interesting to study. Several
schemes for this control have been proposed [151]. However, all of these
neglect the ionization channel, and this is very critical since the inten-
sities used in these control schemes often are very high. Most probably
ionization will hence take place. By applying the MCWP technique, it
is possible to include the ionization channel and hopefully improve the
future theory for control over chemical processes.

Extending the MCWP method to also describe molecules such as
HOD containing more that two nuclei is obvious a numerical demand-
ing task and not something done in the nearest future. However, the
extension is straightforward and as long as the involved electronic en-
ergies and dipole moment functions are known and the ionization rates
can be determined, the MCWP technique is a possible choice. Being
capable of following the nuclear dynamics in an intuitive manner the
method offers insights into the physics of ionization events and makes
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it possible to predict both future experiments and to propose physical
explanations.
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We present a simple quantum mechanical model to describe Coulomb explosion of H2
+ and D2

+ by short,

intense infrared laser pulses. The model is based on the length gauge version of the molecular strong-field

approximation and is valid when the process of dissociation prior to ionization is negligible. The results are

compared with recent experimental data for the proton kinetic energy spectrum fTh. Ergler et al., Phys. Rev.
Lett. 95, 093001 s2005d; D. S. Murphy et al., J. Phys. B 40, S359 s2007dg. Using a Franck-Condon distribu-

tion over initial vibrational states, the theory reproduces the overall shape of the spectrum with only a small

overestimation of slow protons. The agreement between theory and experiment can be made perfect by using

a non-Frank-Condon initial distribution characteristic for H2
+ sD2

+d targets produced by strong-field ionization

of H2 sD2d. For comparison, we also present results obtained by two different tunneling models for this

process.

DOI: 10.1103/PhysRevA.76.033414 PACS numberssd: 32.80.Rm, 33.80.Rv

I. INTRODUCTION

Ultrashort, highly intense, laser pulses at infrared wave-

lengths are currently being used to study molecular dynamics

under extreme conditions. These systems are commonly

based upon a Ti:sapphire laser, tunable around 790 nm,

which can reach peak intensities in the range

1013–1017 W/cm2, with pulse lengths shorter than 50 fs.

Consequently energy can be deposited on time scales shorter

than the fastest molecular vibration with field strengths com-

parable to the molecular bond. When molecules are exposed

to such an environment, the response is highly-nonlinear and

generally leads to multiple dissociative ionization and high-

order optical scattering. Indeed the multiple fragmentation

process for a heavy polyatomic multielectron system pre-

vents a detailed analysis of the energy transfer, simply due to

the proliferation of fragments produced. Small molecular

systems, on the other hand, have simpler structure and fewer

relaxation channels. Moreover, the fundamental molecules

such as H2 or D2 have an intrinsic value owing to their rela-

tively fast vibration. Since a 790 nm pulse has a cycle period

of 2.6 fs, and perhaps 10–50 fs duration, the vibration pro-

vides an additional internal clock that records the response of

the electronic excitation during the passage of the pulse.

Consequently, there has been extensive study of the interac-

tion of intense field dissociative ionization of H2 sD2d and

H2
+ sD2

+d with progressively shorter and more intense pulses

and, in particular, using the ejected proton kinetic energy

spectrum as an indicator of the electron response and a diag-

nostic of the pulse itself. For reviews of progress in this field

one can consult, for example, Refs. f1–3g.
In analyzing the ionization dynamics of H2

+ sD2
+d in

strong laser pulses it is helpful to make a division into two

regimes determined by the duration of the pulse t in com-

parison with the time scale for the vibrational motion, Tvib
sTvib.15 fs for H2

+; Tvib.24 fs for D2
+d. When tÀTvib the

pulse is “long” and there is time for nuclear dynamics during

the pulse. Oppositely, when t¿Tvib the pulse is “short” and
there is no time for the nuclei to move considerably while the
field is on. In the long pulse regime the single-proton kinetic
energy spectrum is dominated by proton energies below
4 eV with a characteristic peak at 2–3 eV. The repulsive
1/R curve for the nuclear coordinate R allows a direct map-
ping between the kinetic energy release and the nuclear dis-
tance at the instant of ionization and the energies observed
indicate that the ionization peaks at internuclear distances
larger than the equilibrium distance. Theoretically this can be
explained by nuclear motion and the effects of charge-
resonance enhanced ionization f4g and dynamic tunneling
ionization f5g. For recent experiments in this regime see,
e.g., Refs. f6–15g.
In the “short” pulse regime the duration of the pulse is,

say, up to ,2Tvib leaving not much time for the heavy nuclei
to move during the peak of the pulse. This means that ion-
ization takes place also from the equilibrium distance and
consequently larger kinetic energy releases are observed
f16–22g.
In this work, we present a simple quantum mechanical

model designed to predict the single-proton kinetic energy
spectrum of dissociative ionization of H2

+ in the ‘‘short’’
pulse regime. We use the strong-field approximation sSFAd
within the length gauge f23,24g. That is, we calculate transi-
tion rates from a molecular state, in which the laser field is

neglected, to a state in which the laser field is accounted for

to all orders, but some approximations are made for the

three-body continuum. The calculations are simplified by as-

suming the Born-Oppenheimer separation of motions, and

the Franck-Condon principle is invoked for the nuclear mo-

tion. These approximations allow us to determine the disso-

ciative ionization rates to different channels in a simple way.
The pulse is presented by a Fourier expansion so that the

temporal intensity variation is taken into account. This aver-

aging is important due to the ponderomotive shift of the

electron which may cause channel closings when the inten-

sity is raised.
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Following this procedure, and integrating over the elec-

tron spectrum, the proton energy distribution can be ob-

tained. Taking into account the non-Frank-Condon distribu-

tion over vibrational states typical for molecular ions

produced by strong-field ionization f25–27g we obtain very

good agreement between the model predictions and experi-

mental data f17,22g. Finally, for completion, we compare the
predictions of our model with tunneling theory calculations.

Atomic units sue u ="=me=a0=1d are used throughout unless

indicated otherwise.

II. MODEL

We consider the transition from a bound initial field-free

state to a final continuum state in which the electron is only

affected by the laser light, and the two protons are only sub-

ject to their mutual Coulomb repulsion. There are three es-

sential elements of the model. First, the initial state, in which

the vibrational population distribution plays a key role. Sec-

ond, the overlap of these vibrational states with the final

Coulomb states of the proton pair is of great importance in

modulating the proton spectrum. Third, and most impor-

tantly, the coupling to the continuum, the nonpertubative

photoionization rate, as a function of bond length and laser

intensity will determine the range of proton energies. All

three factors are intrinsically linked.

Consider a monochromatic plane-wave component of the

light field, with linear polarization, ẑ, and angular frequency
v so that the vector potential in the dipole-approximation is

Astd = A0ẑ fstdcos vt , s1d

where A0 is the field amplitude, and the pulse shape is de-

scribed by the factor, 0# fstd#1, which we take to be a

Gaussian profile.

A. Molecular states

The process of formation of H2
+ sD2

+d requires ionization

of the neutral species. The molecular ion H2
+ sD2

+d has only

a single bound electronic state s1ssgd that is exactly known.

The nuclear relaxation that follows this primary ionization is

not so well defined and remains a source of uncertainty and

investigation f3g. Nonetheless, to a very good approximation,
the rotational degrees of freedom can be considered as frozen

since its characteristic time scale *170 fs is much longer

than the pulse duration. However, this results in an ensemble

of vibrational modes, as observed in experiment f28g. As
usual, the z axis of the laboratory reference frame is defined
by the polarization vector, while the z axis of the molecular
sbody-fixedd frame is defined by the internuclear axis. The

notation for the coordinates is that R denotes the internuclear

vector and the electron coordinate with respect to the inter-

nuclear midpoint, is denoted by r. In the following presenta-

tion, for consistency, the laboratory reference frame is em-

ployed. If we let n denote the vibrational quantum number,

then the eigenstates of the initial ensemble can be expressed

as

CinsR,r,td = fisr,RdxinsRde−iEint, s2d

where fisr ,Rd is the electronic wave function, with energy

«isRd, and xinsRd is the vibrational eigenfunction with eigen-

value ENin. The total energy is then Ein=«isR0d+ENin. Recall

that the electronic function has a sg
+ symmetry, and the trans-

formation of fisr ,Rd from laboratory to molecule frame is

effected by the Wigner D rotation matrix f29,30g.
In the final state, given the large separation between the

nuclei and the electron at the time of ionization, we suppose

that the influence of the protons on the electron is negligible

compared to that of the external field f24g. This is consistent
with the asymptotic st→ +` d limit of the system as a sde-

coupledd product state of an outgoing Volkov wave f f selec-
tron in the electromagnetic fieldd and a Coulomb wave x f for

the proton motion:

C fsR,r,td = f fsr,tdx fsR,td . s3d

For an electron in a laser field described by Eq. s1d, the
length-gauge Hamiltonian is given by

H f
elec =

p2

2
+ r · F , s4d

where p is the canonical momentum and F=−]tA represents

the electric field. The Volkov states form a complete set of

solutions to the equation i]tf fsr , td=H f
elec

f fsr , td and can be

written

f fsr,td = expFikstd · r − iE
−`

t
kst8d2

2
dt8G , s5d

where kstd=q+Astd with q the kinematic momentum corre-

sponding to a drift energy q2 /2, and where we denote the

ponderomotive energy as Up=A0
2 /4.

Since vibrational energies are much larger than rotational

energies, and Coriolis coupling can be neglected at these

energies, we make the usual assumption that the proton ejec-

tion occurs along the internuclear axis direction without ro-

tation: the axial recoil approximation. Thus the nuclear mo-

tion is governed by the one-dimensional Coulomb repulsion:

H f
nucl = −

1

2m

]
2

]R2
+
1

R
, s6d

where m=
1

2
mp is the reduced mass. The corresponding

eigenfunction, with energy ENf, and wave number, K f

=Î2mENf, has the form

x fsRd =Î 2m

pK f
F0S m

K f
;K fRD , s7d

where

F0S m

K f
;K fRD = e−sp/2dsm/Kfd+iKfRUGS1 + i

m

K f
DUK fR

31F1S1 + i
m

K f
;2;− 2iK fRD , s8d

and 1F1 is the confluent hypergeometric series. Since the

Volkov wave represents all orders of the field amplitude, the
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final state is a coherent sum of the full spectrum of photo-

electron harmonics, including the angular distribution. Since

our primary interest here is the comparison with experiment

for the proton energy spectrum, we do not present results for

the photoelectron differential yields. Instead we must inte-

grate over these degrees of freedom. Furthermore, the initial

vibrational state is a mixed state and the orientation of the

molecule is random. In all, this amounts to integrating over

four continuous variables and summing over two discrete

variables, in addition to the matrix element calculation.

However, since numerical quadrature is inherently a set of

independent calculations, these calculations can readily be

performed on a parallel computer.

B. Transition rates

To derive the expression for the transition amplitude, we

follow the procedure of Ref. f31g, and generalize to the case
of an incoherent mixture of initial vibrational states each

populated with probability P
n
. In this way we obtain the rate

w for a transition into the final state C f of Eq. s3d,

w = o
n

P
n o

n=n0

`

2pdsE f − Ein − nvduA
nnu2, s9d

where

A
nn =

1

T
E
0

T

kC fur · FuCinldt , s10d

and the minimum number of photons absorbed, n0, is deter-
mined by energy conservation. For a given number of ab-

sorbed photons, n, the electron momentum is defined as

q = Î2sEin + nv − Up − ENfd . s11d

To obtain the dissociative ionization rate, we multiply by

the density of states per unit energy, per unit solid angle.

Using the normalization convention defined above, the ap-

propriate factor is s2pd−3q2 dq̂. So that we have

dw

dENf
= o

n

P
nE dq̂ o

n=n0

`

q

s2pd2
uA

nnu2, s12d

where dq̂ defines the direction of the outgoing electron.

The calculation of A
nnsqd is significantly simplified in the

Franck-Condon approximation, where it is assumed that the

electronic transition appears almost instantaneously com-

pared to changes in the nuclear position. That is, we can

make the integration over the electron coordinate indepen-

dent of the nuclear coordinate by replacing R by some fixed

value R0,

A
nn = S fi

1

T
E
0

T

DelsR0,tde
isENf−Eindtdt , s13d

where the bound-continuum Franck-Condon factor S fi and

the electronic matrix element DelsR0 , td is given by

S fi = E
0

`

x f
*sRdxinsRddR , s14d

DelsR0,td =E f f
*sr,tdr · Ffisr,R0dd

3r . s15d

We have tested the validity of the Franck-Condon approxi-

mation in the evaluation of the bound-continuum matrix el-

ement and found it to be accurate, especially for small n.

The evaluation of the matrix element is conveniently car-

ried out in spherical coordinates f24g. The first step is to

rewrite the expression as

DelsR0,td = SEin − ENf −
kstd2

2
D

3expFiE
−`

t
kst8d2

2
dt8Gf̃in„kstd,R0… , s16d

where we have used

− i
]f f

*

]t
= F p2

2
+ r · FGf f

*, s17d

and f̃i denotes the Fourier transform of the electronic wave

function,

f̃i„kstd,R0… =E expf− ikstd · rgfisr,R0dd
3r . s18d

In the length gauge formulation of the SFA, the transition

amplitude only depends on the asymptotic form of the coor-

dinate space initial electronic state f23,24,31,32g. In the labo-
ratory fixed frame this electronic wave function for nuclear

orientation R0 reads

fisr,R0d = rs2/k−1dexps− krdo
l,m

Cl0Dm0
sld sR0

ˆ dY lmsr̂d , s19d

with Cl0 asymptotic expansion coefficients f33g, and

k =Î2S 1

R0

− eiD , s20d

where ei is the eigenvalue of the electronic Hamiltonian in-

cluding the nuclear repulsion. In Eq. s19d, Dm0
sld

sR0
ˆ d is the

Wigner rotation function that effects the transformation from

the molecular to the laboratory fixed frame.

Finally, the electronic matrix element can be found as

DelsR0,td = SEin − ENf −
kstd2

2
DexpFiE

−`

t
kst8d2

2
dt8G

34po
l,m

s− idlCl0Dm0
sld sR0

ˆ dY lmsk̂d

3E
0

`

jlskrdrs2/k−1dexps− krdr2dr . s21d

The radial integral has a closed analytic form in terms of

Gauss’s hypergeometric function f34g. The time integration
is performed numerically, along with the sum over the num-

ber of photons. In the experimental spectra, the protons re-

sulting from dissociative ionization are collected over a

range of ejection angles, with respect to the polarization di-

rection. Averaging over the different orientations of the mo-
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lecular axis is equivalent, within the axial-recoil model, to

summing over the ejected proton directions described by the

rotation matrices. This finally reduces to an energy-

differential electronic rate, G
n
sENfd,

G
n
sENfd = qE dq̂ o

n=n0

`

1

s2pd2

3U 1TE0
T

DelsR0,tde
isENf−EindtdtU2. s22d

To obtain the total rate we use Eqs. s12d and s13d, i.e., we
multiply by the Franck Condon factor

dw
n

dENf
= uS finsENfdu

2
G

n
sENfd s23d

and sum over the different initial states

dw

dENf
= o

n

P
n

dw
n

dENf
. s24d

As discussed below, the values of P
n
are determined by the

formation mechanism of the ion.

To compare with experimental data, we average over the

pulse profile, fstd fEq. s1dg, which is taken to be Gaussian

profile. Under the assumption that the variation in the pule

envelope is slow compared with the optical period, the defi-

nition of ionization rate for fixed A0 is still valid. The ion-

ization process can be significant for intense pulses, and thus

we should allow for depletion of the molecular state. To

model this process, the total ionization probability is found

by integrating the rate over time

PIsENfd = o
n

E
−`

` dw
n
std

dENf
N

n
stddt . s25d

Here N
n
std denotes the population in a given vibrational state

n. This population can be found from the rate equation:

dN
n
std

dt
= − Gtot

n N
n
std , s26d

with the boundary condition N
n
s−` d=P

n
and Gtot

n denoting

the total rate of ionization from the vibrational state n. By

integrating the differential rate over all final states this rate is

found as

Gtot
n = E

0

` dw
n
std

dENf
dENf . s27d

III. RESULTS

In Figs. 1sad and 1scd we show the predicted single-proton

kinetic energy spectra for Coulomb explosion of H2
+ fFig.

1sadg and D2
+ fFig. 1scdg following strong-field ionization of

the neutral, in cases where experimental data for sufficiently

short pulses are available. As a first approximation we as-

sume, in obtaining the theoretical results, the initial vibra-

tional states to be populated according to a Franck-Condon

distribution. The Frank-Condon factors for the transition

H2→H2
+ sD2→D2

+d are available in the literature f35g.

The theoretical spectrum shown by the full curve in Fig.

1sad corresponds to a pulse duration of 25 fs sFWHMd and a
peak intensity of 231014 W/cm2 and is plotted along with

experimental results scrossesd for pulses with these charac-

teristics f17g. The molecular ions were created by strong-

field ionization of H2 earlier in the pulse.

Figure 1scd shows the results for D2
+ for a pulse duration

of 13 fs sFWHMd and a peak intensity of 631014 W/cm2

corresponding to the pulse parameters of a very recent mea-

surement f22g. In the experiment f22g a pump was used to

generate the molecular ions by photoionization of D2 and a

probe delayed by 591 fs caused the Coulomb explosion. The

agreement between the present theory and both experiments

is quite convincing, with only a small overestimation of slow

protons by theory.

To explain the structure of the theoretical spectra we study

the contributions from the different initial vibrational states.

Since each component contributes incoherently in the present

model, they can be studied in isolation, and we plot in Figs.

1sbd and 1sdd these contributions to the overall spectrum.

Here we see that every vibrational state contributes with a

peaked structure, dominated by a single peak located at

lower energies corresponding to higher excitations.

How this structure of the contributions comes about can

be seen by examining the initial and final nuclear wave func-

tions. In Fig. 2sad the probability densities of two energy-

FIG. 1. sColor onlined The predicted single-proton spectrum

sfull curved for Coulomb explosion of H2
+ and D2

+ following

strong-field ionization of H2 and D2 using 790 nm pulses and as-

suming an initial Frank-Condon distribution over vibrational states.

Peak intensity and duration sFWHMd is given in the figures. We

also include the experimental results scrossesd obtained with these

pulses in f17g sad and f22g scd, respectively. Panels sbd and sdd show

the contributions to the overall spectrum from the different initial

vibrational states. The darker the shading the larger the contribution

to a given final proton energy from a particular initial vibrational

level.
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normalized continuum states of H2
+ are presented, along

with the density of the n=2 state in Fig. 2sbd. The well-

known structure of n+1 peaks with large probabilities near

the classical turning points is clearly seen. Since we have a

continuum of final states which are all peaking at different

internuclear separations, this initial structure is reflected in

the Franck-Condon overlap S finsENfd shown in Fig. 2scd. Re-

member that large internuclear separations R correspond to

low energies. In Fig. 2sdd we show the electronic transition

rates for two different intensities. The rates decay, roughly

exponentially, with increasing ejected proton energy with an

attenuation more pronounced for the higher intensity. When

multiplying the Franck-Condon factors and the electronic

transition rates and integrating over time we obtain the final

result for the n=2 case in Fig. 2sed. The influence of the

Franck-Condon factor is still apparent but the attenuation

produced by the decrease in electronic transition rate sup-

presses all but the low energies in the proton spectrum. This

is reflected in Figs. 1sbd and 1sdd, which isolate the contri-

bution of the different vibrational states weighted by their

populations. The dominant peak in the contribution is moved

towards lower energies as the molecular ion becomes vibra-

tional excited, reflecting the structure of the nuclear wave

function showing a classical turning point at a larger nuclear

separation.

When we compare Figs. 1sbd and 1sdd we notice a shift of
the kinetic energy distribution towards higher energy both in

experiment and theory. In the figures sid the molecules, siid

the pulse durations, and siiid the intensities are different. The

difference in Figs. 1sbd and 1scd can be mainly attributed to

siiid the difference in intensity. The reason is that sid there is

only a small narrowing—far less than needed in order to

explain the shift—of the vibrational wave functions when

going from H2
+ to D2

+. Furthermore, siid the pulse duration is

so short that only a small portion of the molecular ions are

ionized with the present SFA theory ssee the scale indicated
on the color bar in the bottom of the figured. This means that
in Fig. 1sdd a change of the pulse duration from 13 fs to 25 fs

only affects the overall yield and not the shape of the spec-

trum. The change in the result from Fig. 1sad to 1scd is hence
largely due to the intensity difference. When the intensity is

raised the relative difference in electronic rates for different

final nuclear energies is lowered and each vibrational state

contributes with a broader signal. Furthermore, a combina-

tion of the increase in the high-order multiphoton ionization

rate and the relatively larger population in the lower n states

compared to the higher n states, leads to a movement of the

bulk of the Coulomb explosion yields towards less excited

vibrational states. Both these factors move the resulting spec-

trum towards higher proton energies when the intensity is

increased in agreement with the trend observed in experi-

ments f16,18g.
As seen from the discussion above the proton kinetic en-

ergy spectrum is very sensitive to the initial distribution over

vibrational states. Even though the Franck-Condon distribu-

tion used in Fig. 1 only allow for a small portion of the

molecular ions to be in the highly excited vibrational states,

it is still these states that contributes the most fsee Figs. 1sbd
and 1sddg. In Fig. 3sbd we plot the proton spectrum for the

exact same pulse as in Fig. 1sad but using an initial wave

function with slightly lower population in the vibrational

states with n=9−14. Making this small adjustment gives

perfect agreement with the experiments. In the case of D2
+

the agreement between theory and experiment is perfect fsee
Fig. 3sedg when using the non-Frank-Condon distribution of
Fig. 3sdd. Experiment f25g and theory f26,27g indicate that
such a distribution shifted towards lower vibrational states is

naturally produced when the molecular ions are formed upon

strong-field ionization of the neutral. This underlines the im-

portance of knowing the initial vibrational distribution when

predicting proton spectra.

A. Results using tunneling

To complete the discussion of Coulomb explosion of H2
+

and D2
+ the results using simple tunneling models are given.

Here the frequency dependence of the field is neglected, and

the laser is treated as a slowly varying squasistaticd electric
field that produces tunneling ionization. Strictly speaking,

this static model is only valid when the tunneling time is

much shorter than the optical cycle as expressed by gK¿1,

where gK=ÎIP / s2UPd is the Keldysh parameter. For I=2
31014 W/cm2, gK,1.1, while for I=631014 W/cm2, gK
,0.66.

In the tunneling limit the ionization rate at a specific

nuclear separation is given as f33g
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FIG. 2. Calculations showing the result for ions in a vibrational

excited initial state with n=2. The initial and final wave functions

squared are shown in sad and sbd. The energies written in sad indi-

cate the proton energy that the particular states correspond to si.e.,

one-half of the total kinetic energy released. Panel scd shows the

Franck-Condon overlap between the initial vibrational state and the

final Coulomb wave for the internuclear coordinate. Panel sdd

shows the electronic ionization rate for two different intensities and

panel sed shows the ionization probability using pulses of 25 fs

duration sFWHMd, 790 nm wavelength, and a peak intensity of

2.031014 W/cm2, again for n=2.
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GtunsRd = o
m
S 3F0

pk
3D

1/2 B2smd

2umuumu!

1

k
2Z/sk−1dS2k

3

F0

D2Z/k−umu−1

3 expS− 2k
3

3F0

D , s28d

where F0 is the electric field amplitude, Z=2 for both H2
+

and D2
+, k=Î2IpsRd and

Bsmd = o
l

Cl0Dm0
l sRds− 1dmÎs2l + 1dsl + umud!

2sl − umud!
. s29d

According to f33g the effect of nuclear motion is included by
weighting the electronic ionization rate at different internu-

clear separations with the probability of being at this separa-

tion sthe reflection principled,

dw

dR
= GtunsRduxisRdu2. s30d

This result can be translated into a function of the proton

kinetic energy by assuming that all the Coulomb energy be-

tween the two protons at the time of ionization is translated

into proton ejection energy. Using dENf /dR=−1/R2 we ob-

tain

dw

dENf
= fGtunsRduxisRdu2R2gR=1/ENf

. s31d

Results are given in Fig. 4 using a Franck-Condon distri-

bution over initial vibrational states. Compared to the strong-

field approximation the agreement with experiments is not as

good. The spectrum for H2
+ is moved towards lower energies

due to the exponential favoring of the low energy part as

typical for a tunneling theory, while the spectrum for D2
+ is

moved towards higher energies. The reason for this unex-

pected shift is found in the overall larger rates given by tun-

neling theory resulting in saturation for the highly excited

vibrational states. The bulk of the Coulomb explosion yield

now comes from less excited states moving the spectrum

towards higher energies than actually measured. This rules

out the possibility to obtain agreement with experiments by

assuming another initial distribution since this assumption,

FIG. 3. sColor onlined As Fig. 1, but using a non-Franck-

Condon distribution over vibrational states for both H2
+ and D2

+.

Panels sad and sdd show the Franck-Condon sFCd distribution used

in Fig. 1 and the non-Franck-Condon snon-FCd distribution used

here.

FIG. 4. sColor onlined As Fig. 1, but now using the tunneling

theory of Ref. f33g.

FIG. 5. sColor onlined As Fig. 1, but now using the tunneling

theory of Ref. f25g.
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according to the discussion in the last section, favors fast

protons. It is still possible to obtain agreement in the case of

H2
+ by changes in the vibrational initial distribution similar

to those made using the strong field approximation.

Another way of using tunneling theory to describe Cou-

lomb explosion of H2
+ is to include the effect of nuclear

motion as described in Ref. f25g. The overall rate is here

found by

dw

dENf
= UE x fsRdGtun

1/2sRdxisRddRU2. s32d

The results are given in Fig. 5, and show to be very similar to

the results obtained using the reflection principle s31d.

IV. CONCLUSION

In this work, we have presented a relatively simple quan-

tum mechanical model to describe Coulomb explosion of

H2
+ and D2

+. The model builds on the length gauge molecu-

lar strong-field approximation and the predicted proton ki-

netic energy spectrum shows good resemblance with experi-

ment. Calculations, however, predict the dominant proton

emission at slightly lower energies than experimentally mea-

sured. The agreement between theory and experiment is per-

fect when considering a non-Frank-Condon initial vibra-

tional distribution.

The strong-field approximation allows very simple and

fast calculations and might, for that reason, be a useful tool

in the further understanding of molecular dynamics, includ-

ing related intense field processes as, e.g., high-harmonic

generation. For all purposes it is important only to use the

model in the regime, where it is valid, namely describing

pulses of high intensities and short durations. If the pulse

duration exceeds a few times the vibrational timescale the

molecular ion will have time to dissociate and the resulting

proton kinetic energy spectrum will move to considerably

lower energies.

For comparison, we have discussed the predictions from

two different tunneling models, and found less good agree-

ment with experiments.
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Nuclear dynamics in strong-field double ionization processes is predicted using a stochastic

Monte Carlo wave packet technique. Using input from electronic structure calculations and strong-field

electron dynamics the description allows for field-dressed dynamics within a given molecule as well as

transitions between several different charge states. The description is computationally efficient and

applicable to a wide range of systems. As a proof of principle, theoretical nuclear kinetic energy release

spectra for H2 (D2) in strong near-infrared laser pulses of 40 fs duration are compared to experiments and

very good agreement is obtained.
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The interaction of strong laser fields with matter has led

to impressive progress in the generation of extreme ultra-

violet (XUV) radiation of ultrashort duration accompanied

with unique insight into the nonperturbative dynamics of

matter at atomic scales [1]. Despite the significant im-

provement of our understanding of processes involved in

strong-field physics some problems remain completely

open. One such problem is dissociative multiple ionization

in molecules. The computational task of treating simulta-

neously more than a single electron and the motion of the

nuclei subject to a strong external field is simply too

demanding. What one can do is to (i) discard the electronic

continuum and solve exactly the nuclear motion [2,3] or

(ii) fix the nuclei and solve the electronic dynamics [4,5].

Hence, not even for H2, which was recently investigated

experimentally [6,7], can calculations satisfactorily take

into account the dynamics of both electrons and nuclei.

The regime that is particularly challenging theoretically is

when the pulse length of the external field is such that the

nuclei have time to move while the pulse is on and the

electron dynamics occurs. This happens with many near-

infrared femtosecond laser sources [6–10], but also at free-

electron laser sources like FLASH, where the typical pulse

durations are 25–40 fs comparable with the vibrational

period of 7.5 fs in H2, and 14 fs in N2. The need for a

theory that can address such processes is therefore press-

ing. The purpose of the present Letter is exactly to fill this

gap and to present a new methodology that treats both

electrons and nuclei. Our starting point is the Born-

Oppenheimer (BO) separation of the electronic and nuclear

motion. In addition to knowledge of the electronic struc-

ture and dipole moment functions yielding the effective

coupled potential curves for the nuclear motion, we assume

knowledge of ionization rates and describe ionization as a

decay process incorporated in a master equation for the

molecular density matrix. The so-called Monte Carlo wave

packet (MCWP) technique involves wave functions instead

of density matrices and is computationally easier for this

problem. The nuclear wave packet propagation thus occurs

first in the field-dressed neutral molecule BO potentials,

then after a random jump event in the dressed BO poten-

tials pertaining to the singly charged molecular ion, and so

on after further ionization events. This MCWP technique

was first introduced for dissipative processes in quantum

optics [11–13], and has later been used, e.g., in molecular

physics [14,15].

We illustrate the methodology using the H2 and D2
molecules exposed to near-infrared laser pulses of 40 fs

duration and intensities near 1 1014 W=cm2. This is one
of the most critical test cases since the nuclei of H2 move

relatively fast due to their small mass and hence the BO

approximation is expected to be less accurate than for

heavier nuclei. Starting from the ground state of H2, we

study the nuclear dynamics as the population is transferred

to the singly ionized states of Hþ
2
and subsequently ionized

leading to Coulomb explosion. An outline of the physical

processes is given in Fig. 1(a). We assume the initial

nuclear wave function consistent with the electronic and

vibrational ground state [Fig. 1(b)]. The laser field excites

the electronic state and at each instant of time there is a

given probability that the molecule is ionized and jumps to

the lowest state in Hþ
2
[Fig. 1(b)! Fig. 1(c)]. The draw of

a random number in comparison to the ionization proba-

bility determines in a stochastic way whether the ionization

appears or not. After ionization the dynamics proceeds in

the coupled 1s"g-2p"u system [Fig. 1(c)] until further

ionization (a second jump) leaves the bare nuclei in the

1=R Coulomb potential [Fig. 1(d)]. To obtain the kinetic

energy release (KER), a projection onto Coulomb scatter-

ing states is made after the second ionization. Several

different realizations are to be made and averaging over

these realizations models the physical evolution of the

system. Other recent attempts to describe this process but

considering only Hþ
2

and not the dynamics prior to the

H2 ! H
þ

2
transition include [6,7,16].

In order to calculate the evolution of the system, we take

advantage of the vast separation of electronic and nuclear

time scales and write the total quantum state on the form
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j ðtÞi ¼
P

a

R
d ~R 1ffiffiffiffiffi

4%
p

1

R
KaðR; tÞj#R;ai & j ~Ri, where

fj#R;aig represents a basis of electronic solutions,

Helecj#R;ai ¼ EaðRÞj#R;ai, j ~Ri is a relative nuclear posi-

tion eigenket, and KaðR; tÞ is the nuclear wave function

which depends only on the length of the internuclear vector
~R. Alignment with the external field is assumed, and

rotations of the molecule can be neglected on the femto-

second time scale. For H2 we include only the ground state

ð1s+gÞ
2, which for brevity is denoted h. Similarly, for Hþ

2
,

a ¼ g, u denote the 1s+g and 2p+u states coupled by the

laser field, while c represents the state with no electrons

and a 1=R repulsion between the nuclei. The approach is

straightforwardly extended to include more states, but h, g,
u, and c prove sufficient to illustrate the technique and to

obtain good agreement with experiment.

The ionization steps are treated as dissipative processes

and we simulate them by quantum jumps with probability

h jCy

3C3j idt of the state vector, j i ! C3j i [11–13],

with jump operators

C3 ¼

Z

d ~R
ffiffiffiffiffiffiffiffiffiffiffiffiffi

)3ð ~RÞ

q

j#R; ~3ih#R;3j & j ~Rih ~Rj; (1)

where 3 denotes the initial and ~3 the final electronic states

with ð3; ~3Þ ¼ ðh; gÞ, (g, c), and (u, c). This choice of jump

operators is consistent with the assumption of known field

ionization rates )3ð ~RÞ of the electronic states j#R;3i (3 ¼

h, g, u) for any fixed nuclear separation. The resulting

R-dependent modification of the nuclear wave function

and probability distribution in the first ionization stage

was also applied in earlier classical trajectory [17] and

wave packet [18] calculations. Choosing real-valued fac-

tors
ffiffiffiffiffiffiffiffiffiffiffiffiffi

)3ð ~RÞ

q

in (1), the phase variation of the nuclear wave

packet is maintained after a quantum jump as if the sudden

emission of an electron imparts no relative momentum on

the nuclear motion. Ionization from the 1s+g and 2p+u

channels is described as two distinguishable processes.

Between jumps the nuclear wave packets propagate on

the BO potentials with a non-Hermitian modification [11–

13], H ¼ Hs -
i@
2

P

3¼h;g;uC
þ

3C3, of the system

Hamiltonian Hs. Even in this situation of no ionization

the position distribution of the nuclei is modified in each

time step as a consequence of the ~R-dependent ).
Correspondingly, the non-Hermitian evolution in the ab-

sence of jumps eats away the probability at ~R0s with higher

ionization rate, the so-called Lochfraß effect [19].

Let us briefly discuss the validity of the MCWP ap-

proach to this problem. The underlying rate equation treat-

ment assumes a weak coupling of the quantum system to a

broad continuum of final states. The different final state

components then accumulate sufficient phase difference

during the decay process that the quantum state population

does not coherently return to the initial state, unlike the

Rabi oscillations between discrete levels. If we are certain

that the population will not return anyway, we may simu-

late a ‘‘gedanken measurement’’ of the population in the

corresponding final states [11–13]. We imagine the detec-

tion of zero or one continuum electron, leading to the

projection of the remaining molecule onto its neutral or

singly charged state (first jump) or onto its singly charged

or doubly charged state (second jump). The electrons are,

indeed, emitted into an energy continuum which is broad

enough to formally justify a rate equation ansatz. It should

be noted, however, that the field ionization may in many

situations cause transient oscillations between the popula-

tion of the ionized and the initial molecular state [20,21], a

case that may be considered by a non-Markovian extension

of the MCWP method [22]. If the ionization probability is

small, however, these oscillations may be insignificant in

the final results, and a coarse-grained ionization rate based

on the long time ionization probability may be applied also

for the short time dynamics. We use instantaneous ioniza-

tion rates based on static field calculations [23,24] at the

electric field strength of each time step.

We now turn to a description of our numerical calcula-

tions. Time evolution of the nuclear wave function is

performed using the Crank-Nicholson propagation scheme

[25] with the non-Hermitian Hamiltonian. For H2 only one

electronic state is included and the time-dependent

Schrödinger equation reduces to i@ d
dt

Kh ¼ ðT þ Eh -

i@
2
)hÞKh, with Eh the BO potential and T ¼ -

@
2

26
d2

dR2
.

For Hþ

2
the two electronic states included are coupled by

the laser field

i@
_Kg
_Ku

% &

¼
T þ Eg -

i@
2
)g Fdgu

Fd/

gu T þ Eu -
i@
2
)u

" #

Kg

Ku

% &

:

(2)

Here dgu denotes the ~R-dependent dipole moment function
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FIG. 1 (color online). (a) Sketch of dissociative double ioniza-

tion in H2 using field-free BO curves. Right panel: One realiza-

tion of the wave packet dynamics in (b) neutral, (c) singly

ionized, and (d) doubly ionized H2 (see text for discussion of

jump dynamics).
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of the 1s!g-2p!u system [26] and F denotes the time-

dependent electric field strength. When the second jump

has removed the last electron, the nuclei move in the

Coulomb potential, and an immediate expansion on the

corresponding energy eigenstates yields the asymptotic

energy distribution.

Although the Monte Carlo description conventionally

reproduces the master equation results by sampling over

many independent stochastic realizations [11–13], in the

current problem with only two jump events, it is more

efficient to sample the wave packet evolution in a deter-

ministic manner. It is readily shown that the total KER

spectrum is obtained as KERtot ¼
R
dt1dt2Pðt1ÞPðt2jt1Þ$

½
P

a¼g;uPðajft1; t2gÞKERaðt1; t2Þ(, with t1 (t2) the first (sec-

ond) jump time, Pðt1Þ the probability density for a first

jump at time t1, Pðt2jt1Þ the conditional probability density
for a second jump at t2 given a first jump at t1, Pðajft1; t2gÞ
the conditional probability density for a jump from a given

t1 and t2 jumps, and KERaðt1; t2Þ the KER spectrum given

t1 and t2 and a jump from a. Pðt1Þ is obtained by propagat-
ing the neutral system to the end of the pulse under the non-

Hermitian Hamiltonian: Pðt1Þ is the rate of change of the

squared norm at time t1. Pðt2jt1Þ is obtained similarly by

propagating the singly ionized system from t1. Finally,

Pðajft1; t2gÞ ¼ h'jC
y

aCaj'i=ð
P

a0¼g;uh'jC
y

a0
Ca0 j'iÞ. Our

method is free of sampling noise and is well converged

when sampled over just 15 different time instances for the

first jump.

Figure 2 shows the results of a realization with a definite

jump time for the H2 ! H
þ

2
transition, using a Gaussian

40 fs (FWHM) pulse centered at t ¼ 0 with 800 nm and

0:7$ 10
14

W=cm2. The initial jump occurs at t1 ¼
/7:3 fs. Figures 2(a) and 2(b) show the nuclear probability

distribution jKgðR; tÞj2 and jKuðR; tÞj2, respectively, as a

function of R and t. Additionally in Fig. 2(a) the strength of
the external electric field is indicated. The equilibrium

internuclear separation is smaller in H2 than in H
þ

2
and

after the first ionization, the wave packet in the 1s!g state

oscillates in accordance with the characteristic vibrational

time scale of 15 fs [Fig. 2(a)]. The laser coupling transfers

population between 1s!g and 2p!u. Dissociation of the

molecular ion occurs on the upper antibonding curve and

large modulations in the wave function KuðR; tÞ are ob-

served due to the oscillations of the laser field [Fig. 2(b)].

The dipole coupling increases with increasing internuclear

separation and hence a large amount of population is trans-

ferred near R ¼ 4 a:u:
Figure 2(c) shows the weighted nuclear probability

distribution right after the second jump as a function

of the second jump time t2, i.e., Pðt2jt1Þ $P

a¼g;uPðajft1; t2gÞjKcðR; t2Þj
2 for t1 ¼ /7:3 fs. Popu-

lation is transferred mainly from the 2p!u state, and the

distribution hence reflects the evolution in this state.

Moreover, a region of charge resonance enhanced ioniza-

tion (CREI) is reached at R ¼ 7 a:u: [24,27]. This en-

hancement in the rate results in a region in Fig. 2(c) with

increased probability. The larger the nuclear separation the

lower the potential energy of the system and hence a two-

peaked structure (from R ¼ 4 a:u: and R ¼ 7 a:u:) is ex-
pected in the KER spectrum.

Figure 2(d) shows the KER spectrum for all runs ini-

tiated by a first ionization at t1 ¼ /7:3 fs. In the same

figure the potential energy at the time of the second ion-

ization is shown as well. Indeed a two-peaked structure is

seen in the potential energy reflecting ionization at R ¼
4 a:u: and 7 a.u. The overall structure is maintained in the

total KER spectrum; however, some kinetic energy is

added and the spectrum becomes centered around 5 eV

with a 4 eV width. This kinetic energy is contained in the

molecular ions already prior to the time of the second

ionization due to dissociation in the 2p!u state from

relative small values of R.
In order to obtain the overall result all possible jump

times for both the first and second ionization (t1 and t2)
have to be included. In addition a focal volume averaging

[28] is performed to be able to compare with experiments.

The final result for a peak intensity of 0:8$ 10
14

W=cm2

is shown in Fig. 3 for both H2 and D2 and compared with

experimental data. A very good agreement between theory

and experiments is observed in both cases. For H2 the two-

peaked structure due to the large dipole coupling at R ¼
4 a:u: and CREI at R ¼ 7 a:u: is still seen; however, the

weight of the individual peaks is shifted and the high

energy part has broadened. The longer the time between

the first and the second ionization, the more the molecular

FIG. 2 (color online). MCWP realization for H2, 800 nm,

40 fs, and 0:7$ 10
14

W=cm2 with the first ionization at t1 ¼
/7:3 fs. (a) non-normalized jKgðR; tÞj2 and the electric field

strength. (b) non-normalized 15$ jKuðR; tÞj2 using the same

color scale as in (a). (c) weighted jKcðR; t2Þj
2. (d) Potential

energy at the time of the second ionization (dotted line) and

total KER (full line).
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ions dissociate and the more the weight shifts towards

lower energies. Hence only by including all possible

jump times the correct KER spectrum can be obtained.

Turning to D2 the KER spectrum changes dramatically.

Starting at 3 eV the signal rises almost steady until a

sudden drop at 7 eV. Once again the origin of the signal

can be assigned the dipole coupling at R ¼ 4 a:u: and the

CREI at R ¼ 7 a:u: However, due to the larger mass of D2
compared to H2, the nuclei move slower and the low

energy peak is suppressed. A similar tendency is found

by shortening the pulse duration (not shown) in good

agreement with experimental observations [7] and theo-

retical predictions [29].

In conclusion, using the MCWP technique we have been

able to treat the nuclear dynamics in a consistent theoreti-

cal manner during single and double ionization of a mole-

cule. The agreement with experimental data is very

convincing in both the H2 and D2 case. The MCWP

description represents an extension of the BO separation

of fast electron dynamics and nuclear motion to the case of

removal of electrons from the system (ionization), and

reduces the problem to the propagation of a single or two

coupled Schrödinger equations using a non-Hermitian

Hamiltonian. This is computationally very efficient and

can readily be extended to address fragmentation dynamics

in larger systems and give physical insight on the interplay

between nuclear wave packet motion, coherent transitions,

and incoherent processes in molecular systems, e.g., with

more electronic bound states and dissociation channels.
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A detailed description of the Monte Carlo wave packet technique applied to dissociative multiple ionization

of diatomic molecules in short intense laser pulses is presented. The Monte Carlo wave packet technique relies

on the Born-Oppenheimer separation of electronic and nuclear dynamics and provides a consistent theoretical

framework for treating simultaneously both ionization and dissociation. By simulating the detection of continuum

electrons and collapsing the system onto either the neutral, singly ionized or doubly ionized states in every time

step the nuclear dynamics can be solved separately for each molecular charge state. Our model circumvents

the solution of a multiparticle Schrödinger equation and makes it possible to extract the kinetic energy release

spectrum via the Coulomb explosion channel as well as the physical origin of the different structures in the

spectrum. The computational effort is restricted and the model is applicable to any molecular system where

electronic Born-Oppenheimer curves, dipole moment functions, and ionization rates as a function of nuclear

coordinates can be determined.

DOI: 10.1103/PhysRevA.81.053409 PACS number(s): 33.80.Rv, 42.50.Hz, 31.15.xv

I. INTRODUCTION

When a molecule is exposed to a strong laser pulse the

system is excited and ionizes and it starts to dissociate. For

intense pulses of interest in current experiments, for example,

wave lengths ∼800 nm, peak intensities ∼1014 W/cm2, and

durations in the femtosecond regime, all these processes

are, in principle, accurately described by the time-dependent

Schrödinger equation (TDSE). The dynamics introduced by

the external field, however, is so strong that the solution of this

equation including all degrees of freedom is impossible even

for H2, and modeling has accordingly focused separately on

either electronic ionization or nuclear dissociation dynamics.

In the existing modeling of strong-field dissociative double

ionization of the simplest neutral molecule, H2, it is assumed

that one of the electrons is removed early in the pulse [1–4].

In the parallel geometry, full ab initio calculations are then

possible for the remaining part of the pulse [5] and in this way

a high degree of agreement with experiments may be achieved.

However, the method still treats the first ionization in an ad

hoc manner and gives only a little hope for extensions to

larger molecular systems. Simpler models have been proposed

to fulfill the desire of potential extensions. Using the Born-

Oppenheimer (BO) approximation, and including only the two

lowest electronic states patterns in the kinetic-energy release

(KER) spectrum were reproduced for certain pulse parameters

[1,6]. Experiments also exist using H+

2 from ion sources [7–9],

and an understanding of some features of the KER spectra was

obtained in terms of a Floquet picture [9].

The purpose of the present work is to give a detailed

description of the Monte Carlo wave packet (MCWP) tech-

nique, which we recently introduced for the description of

dissociative multiple ionization by an intense near-infrared

laser pulse in [10]. The technique provides a consistent

theoretical framework that accounts for both ionization and

dissociation dynamics, and is applicable to any molecular sys-

tem where electronic structure, dipole moment functions, and

ionization rates as a function of internuclear coordinates can be

determined. As an example, illustrating the methodology and

calculations in a particular case, we study double ionization of

H2 using pulses of 800 nm, 40 fs, and 1× 1014 W/cm2. From

the example it is clear that including many different times for

the first ionization event as well as many intensity components

of the field is very important. In a sequel to this paper [11],

several other experiments on D2 as well as H2 are discussed.

Based on the BO approximation we start in the electronic

and nuclear ground state of H2 and study the nuclear dynamics

as the population is transferred to states of H+

2 and subse-

quently ionized leading to Coulomb explosion. This is done by

treating both ionization steps as decay processes, incorporated

in a master equation for the molecular density matrix. By

this approach we benefit from the explicit separation of the

fast electronic dynamics from the nuclear dynamics, and

within the validity of our model, a consistent separation of

the multichannel problem into different ionization stages.

The MCWP technique was first introduced for dissipative

processes in quantum optics [12–14], and has later been

used for example in molecular physics [15,16]. In numerous

studies [14,17–21], the method has been used to replace the

solution of the density matrix master equation by the solution

of stochastic Schrödinger equations for an ensemble of wave

functions. The ensemble simulations are considerably easier

when the Hilbert space dimension N is large and the number

of density matrix elements N2 is very large.

The paper is organized as follows. First Sec. II gives

a brief summary of how density matrices and the master

equation are used in quantum optics to solve interacting

quantum systems (Sec. II A) and how this can be applied to

study ionization events as well (Sec. II B). This constitutes

background material for Sec. III, where the MCWP technique

is introduced as a method to simulate the master equation

(Sec III A). As shown in Sec. III B, the MCWP approach can

also be derived directly from the dynamics of the molecule,

conditioned on the simulated detection of electrons escaping

the molecule at random instants of time. Up to this point,

the discussion is general, however, in Sec. IV we turn

to study dissociative double ionization of H2 as a special
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example, including first a derivation of the Hamilton operator

(Sec. IV A) and the jump operators (Sec. IV B) followed

by a discussion of the calculational strategy (Sec. IV C).

In Sec. V we show how different elements of the MCWP

method come into play in addressing this problem and account

for the agreement between our calculations and experiments.

Section VI concludes the paper.

Atomic units (h̄ = me = e = 1) are used throughout this

paper unless stated otherwise.

II. DENSITY MATRIX AND MASTER EQUATION

APPROACH TO DISSOCIATIVE DOUBLE IONIZATION

The conventional TDSE describes the evolution of an

isolated quantum system or a quantum system driven by

an external interaction, which can be parameterized by an

operator V̂ (t) acting on only the quantum mechanical degrees

of freedom of the system of interest. Interacting particles

that form composite quantum systems are in the same way

described by the TDSE, which now has to be solved for a state

vector in the tensor product Hilbert space. Except for specific

cases, such a TDSE calculation is, in practice, so complicated

that it prevents exact quantum mechanical calculations and

very good approximations have been established to deal with

different interesting cases. One of these cases includes a single

quantum system interacting weakly with an environment,

whose properties permit an effective replacement of the full

system-environment dynamics by an effective description of

the system alone. The evolution is no longer unitary, and if

energy is dissipated irreversibly into the environment, one can

introduce decay and decoherence rates and solve a so-called

master equation for the density matrix of the smaller quantum

system of interest.

The purpose of the present section is first to recapitulate the

density matrix approach to dissipative processes in quantum

optics, where photon emission (e.g., by an atom) is described

by rate equation terms in a master equation (Sec. II A), and

second to describe in an equivalent manner the situation where

electrons leave a molecular system (Sec II B).

A. The quantum optical master equation

A key example of the approximate solution of interacting

quantum systems is the Weisskopf-Wigner approach [22] to

spontaneous atomic decay, where an excited atom decays into

low-lying electronic states by emission of light. Treating the

atom as the small system, the environment is here defined as

the quantized electromagnetic radiation field occupying space

around the atom. The coupling between the two systems is the

usual minimal coupling between charges and radiation, where

the radiation field is expressed in terms of field operators,

which lead to the creation and destruction of photons (e.g., in

traveling wave field modes). The TDSE for the composite

system can be used to propagate the quantum amplitudes

on the atomic excited state (with no photons) and on the

various states of the field with a single photon populating light

modes propagating in different directions in space (leaving a

ground-state atom behind). The state vector of the composite

system has infinitely many amplitudes associated with the

wave vectors and polarization of the emitted photons, but to an

excellent approximation, the total population of all these states

grows according to a simple rate process, and the coupling

precisely accounts for the atomic decay rate.

If the atom also interacts with a laser field, as represented

by a coherent coupling between the ground and excited states,

it may become re-excited and emit photons several times, and

thus populate states of the environment with multiple photons

present. This exploration of larger and larger photon number

components of the Hilbert space makes the solution of the

full TDSE impossible. It is possible, however, to combine the

rate equations and the coherent atomic dynamics in the master

equation for the atomic density matrix σ (t) [21],

d

dt
σ (t) = i[σ (t),Hs] + Lrelax(σ (t)), (1)

where σ is an operator on the reduced Hilbert space of the iso-

lated atom, and where Hs , acting on the same space, includes

the Hamiltonian of the isolated atom and its interaction with the

classical laser field. The commutator term is fully equivalent

to the Schrödinger equation evolution of the state vector of an

isolated system. The relaxation term, Lrelax(σ (t)), includes the

rate equations for the atomic populations and coherences, the

diagonal and off-diagonal elements of σ , respectively.

It has been proven, that a linear, continuous differential

equation for the density matrix has to be of so-called Lindblad

form, if the density matrix must retain its physical properties

as a density matrix of a quantum system [21].

This canonical form of the relaxation superoperator,

Lrelax(σ (t)) is parameterized as [21]

Lrelax(σ (t)) = −
1

2

∑

m

[C†

mCmσ (t) + σ (t)C†

mCm]

+

∑

m

Cmσ (t)C†

m, (2)

where the operators Cm have dimension of (time)−1/2. In case

of a two-level quantum system that decays with the rate 0 from

its excited to its ground state, |e〉 → |g〉, the master equation

contains a single Cm operator, C =

√

0|g〉〈e|, while more

complicated problems employ several Cm operators to account

for branching ratios between different decay channels.

For an atom with only two coupled states, the corresponding

2 × 2 density matrix has only four elements, and the master

equation, Eq. (1), is readily solved and provides the values of

these four elements and hence also the expectation value of

any atomic observable as a function of time.

Although the field is formally eliminated from the descrip-

tion, and its intensity, spectral distribution, and so on, have to be

inferred by a subsequent analysis, we may formally represent

the density matrix as a sum [20,23],

σ (t) =

∑

n

σ (n)(t), (3)

where each term σ (n)(t) represents the atomic state associated

with the component of the full quantum state with exactly n

photons present in the quantized radiation field. The ground-

state population of σ (n) is fed by the atomic decay rate from

the excited-state component of σ (n−1), and the master equation,

053409-2
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Eq. (1), can be directly interpreted as the result of summing

up the full set of coupled equations for the individual σ (n)’s,

d

dt
σ (n)(t) = i[σ (n)(t),Hs] + Lloss(σ

(n)(t))

+ Lfeed(σ (n−1)(t)) (4)

where the relaxation terms are now separated in a loss term

and a feeding term. For the spontaneous emission problem, the

two terms correspond precisely to the first and second sums in

(2), respectively. For continuous laser irradiation, terms with

larger and larger values of n become significant with time,

illustrating the associated computational challenge.

B. Dissociative ionization as a system-reservoir problem

In this work we present a formulation of dissociative

ionization of molecules as a system-environment interaction

problem, and we establish a master equation for the molecule

or molecular ion along the same lines as the quantum optical

master equation for the light-emitting atom. The environment

is the space around the molecule, which is initially empty, but

due to ionization it becomes populated with electrons in every

ionization step, analogous to the creation of photons in the

light-emission problem in quantum optics (see the discussion

in Sec. II A). It is a significant difference between the quantum

optics and ionization problems that the light-emitting atom is

left intact, and hence the atomic σ (n)’s associated with different

numbers of emitted photons in (3) and (4) are all density

matrices on the same Hilbert space, while the emission of an

electron from the molecule leaves the molecule in an ionized

state belonging to an entirely different Hilbert space. This

physical difference, however, does not invalidate Eq. (3) and its

probabilistic interpretation of the density matrix as a statistical

mixture of different possible states, which in the current case

includes different charge states of the quantum system.

The formal identification of our problem with a system

and an environment component does not imply the validity

of a master equation of the form given in Eq. (1), and the

derivation of the Weisskopf-Wigner theory of spontaneous

emission, indeed, contains a delicate analysis of the system-

environment interaction. This analysis is often referred to as

the Born-Markov approximation [18,20] to signal that the

interaction is weak and thus treated by perturbation theory,

while the environment is Markovian (i.e., a quantum excitation

of the environment degrees of freedom spreads rapidly and

previously dissipated excitations are not re-absorbed by the

small quantum system at later times). Mathematically, this

spreading occurs if the environment supports a wide band of

states so that a superposition of energy eigenstates, formed at

a given time t , has rapidly evolving relative phases between

different components which destroys its coherent coupling

to the small system already shortly after the emergence of

an excitation in the environment. In the Weisskopf-Wigner

theory, this mathematical dephasing is caused by the energy

spread of photon states with different wave numbers, which in

turn is equivalent to the physical argument that photon wave

packets propagate away from the emitter at the speed of light.

The weakness of the system-environment coupling ensures

that the photon indeed travels far away from the atom and is

irretrievably lost during the emission process.

To apply a similar description for the ionization process, we

thus assume that the ionized continuum electrons are released

and leave the molecular ion so fast that re-absorption does

not occur. The separation of time scales is not as favorable

as in the optical case, and some TDSE calculations of atomic

and molecular ionization [24–26], indeed, show a short time

oscillatory behavior rather than a linear monotonous increase

in the ionization probability. These short transients, however,

have only low probability weight, and the dominant ionization

is compatible with a rate process. The very convincing

agreement between the present theory and experiment (see

also [10,11]) shows that this assumption is well justified

for a range of laser parameters used in recent strong-field

dissociative ionization studies and we shall hence assume the

validity of the master equation model of the ionization process.

III. MONTE CARLO WAVE PACKET THEORY

The density matrix is an operator on the system Hilbert

space characterized by a number of variables which is the

square of the Hilbert space dimension used to represent the

quantum system. For few-level systems, the master equation,

Eq. (1), is thus readily solved, but for problems with a large

Hilbert space, such as spatial motion, the solution of the

master equation may present a formidable task, even though

the environment degrees of freedom have disappeared from the

formalism. For these problems, it is useful to apply the MCWP

technique, which replaces the density matrix by an ensemble of

individual state vectors which are evolved stochastically with

time [12–14]. In this section we will give a basic introduction

to this method and explain its functioning for the ionization

problem.

A. Formal equivalence of master equation and stochastic

wave-function solutions

As shown in [18], a master equation with relaxation terms

of the form given in Eq. (2) can be simulated by propagating

an ensemble of pure-state wave functions subject to a non-

Hermitian Hamilton operator

H = Hs −
i

2

∑

m

C†

mCm, (5)

where Hs is the Hamiltonian without the relaxation terms

and Cm are the Lindblad relaxation operators. Additionally,

random jump events are included. The jump events between

states of the system are implemented as follows: Due to

the non-Hermitian correction to the Hamiltonian, it does not

conserve the norm of the wave function when it is propagated

in time. In each time step, the reduction in norm dP provides

the probability that the wave function is subject to a quantum

jump process. These jump processes are implemented as the

action of one of the operators Cm on the wave function. To

simulate the jumps with the desired probabilities, a random

number generator is used, and the following operations have

to be performed for every wave function and in every time step

during the evolution of the system:

1. Propagate the quantum state |9(t)〉 of the system using

the non-Hermitian Hamiltonian H

|9̃(t + dt)〉 = exp(−iHdt)|9(t)〉, (6)
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where it is assumed that dt is so small that H can be considered

constant over this time interval.

2. Determine the reduction in norm dP of the propagated

state

dP = 1 − 〈9̃(t + dt)|9̃(t + dt)〉. (7)

In the case of a several Lindblad relaxation operators Cm, we

have to first order in dt

dP =

∑

m

dPm ≡

∑

m

〈9(t)|C†

mCm|9(t)〉dt. (8)

3. Make a probabilistic decision, whether the system is

subject to a quantum jump (probability dP ) or not (probabilty

1 − dP ): Pick a random number ε uniformly distributed

between zero and unity.

3a. If ε > dP : No transition occurs and the wave function

|9̃(t + dt)〉 is renormalized

|9(t + dt)〉 =
1

√
1 − dP

|9̃(t + dt)〉. (9)

3b. If ε < dP . A transition occurs by application of one of

the “quantum jump” operators Cm, picked at random according

to their relative weights/branching ratios dPm/dP ,

|9(t + dt)〉 = NnCn|9(t)〉, (10)

where Nn = 1/
√

dPn/dt is the appropriate normalization

constant.

4. Return to point 1 for the next time step.

The equivalence between the master equation and the

average over a large number of stochastic wave functions can

be explicitly demonstrated by averaging the statistical operator

σ (t + dt) = |9(t + dt)〉〈9(t + dt)| over the outcomes of the

stochastic procedure just outlined. Using that at time t + dt

the system with probability (1 − dP ) is in the renormalized

state |9̃(t + dt)〉/
√

1 − dP and with probability dPn occu-

pies the state Cn|9(t)〉/
√

dPn/dt , one readily obtains the

weighted-average evolved state [14]

σ (t + dt) = (1 − dP ) ×
|9̃(t + dt)〉〈9̃(t + dt)|

1 − dP

+

∑

n

dPn

Cn|9(t)〉〈9(t)|C
†

n

dPn/dt

= σ (t) + idt[σ (t),Hs] + dtLrelax(σ (t)). (11)

Using the linearity of this equation, we can similarly provide

the time evolution of the average of |9〉〈9| for an ensemble

which already at time t constitutes a mixed state σ (t),

dσ (t)

dt
= i[σ (t),Hs] + Lrelax(σ (t)). (12)

This linear equation is identical to the master equation (1), and

we therefore conclude that the statistical average evolution

of the ensemble state vectors reproduces the master equation

solution for the density matrix.

B. Physical meaning of stochastic wave functions

The stochastic wave functions are not only a computational

trick to simulate the density matrix evolution. They can be

obtained directly from the system-environment problem, and

in this way, via Eq. (11), they offer an alternative derivation of

the master equation itself. In our simple example (Sec. II A)

with an atom that decays by spontaneous emission, the full

quantum description uses as an initial state an atomic state

atom with no photons present. In the course of the system-

environment interaction, the system evolves continuously into

a modified atomic state and no photons, plus a component

with the atomic ground state and a single photon present.

If the ground-state atom is re-excited by a laser field, more

and more state vector components appear with also 2, 3, and

more photons present in the environment. At this stage atomic

observables are accounted for by the atomic density matrix,

which can be interpreted as an incoherent sum of the terms

with the different photon number components given in Eq. (4).

Instead of obtaining this atomic state as a weighted sum over

all possible components with different photon number in the

environment, one may simulate the effect of measurements of

the photon number and thus at every time-step project the state

of the field and choose the associated atomic-state component

according to the random outcome of the measurement.

This idea rests on the validity of the Born-Markov ap-

proximation [18,20] (i.e., that photons that were previously

dissipated into the environment are not coming back to affect

the future evolution of the system). Any physical process

applied to them, including measurements, should hence not

change the average dynamics of the system.

We now come to the simulation of dissociative multiple

ionization of molecular systems. Here, the environment is

associated with the electrons escaping the molecular ion, and

the hypothetical measurement of these electrons effectively

removes them from the quantum description and projects the

remaining molecular system on the charge state corresponding

to the measurement outcome. The Born-Markov approxi-

mation limits the method to processes where the recapture

of liberated electrons is not a significant component of the

dynamics. In comparison with the quantum optical case, we do

not only change state, but we also change the physical system

whenever an electron is detected. However, as we shall see in

the following, we still have a definite procedure to deduce a

pure quantum state at all times during time evolution.

We conclude this section by emphasizing that the equiva-

lence between the simulated average outcome and the master

equation is a mathematical result, which holds irrespective

of the formal correspondence between the random elements

in the procedure and an idealized measurement procedure.

The MCWP simulations make physical predictions also for

experiments, where the electrons are not being measured.

IV. DISSOCIATIVE DOUBLE IONIZATION OF H2

Having introduced the MCWP technique, we now apply the

method to dissociative double ionization of H2 in short intense

laser pulses. Based on the BO approximation, the electronic

and nuclear degrees of freedom are separated and an overview

of the dissociative ionization process is given in Fig. 1.

Starting in the ground state of H2, only one electronic state

is included, namely (1sσg)2 and the system is propagated in

this state until the first quantum jump (i.e., until the imaginary

electron detector measures one emitted electron). The nuclear

wave function is then instantaneously transferred to the H+

2
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FIG. 1. (Color online) Illustration of the four field-free Born-

Oppenheimer potential energy curves used in the present MCWP

description of dissociative double ionization of H2. During the

ionizing pulse the wave packet is transferred from the neutral to the

singly ionized, and further to the doubly ionized state. Both transitions

occur at a specific time, however, calculations using all possible jump

times are made and only upon averaging the correct physical picture

is obtained (see the discussion in Sec. IV).

system. For the singly ionized molecule, two electronic states

are included, the bonding 1sσg state and the dissociative 2pσu

state, and until the detection of a second electron the system

evolves on these coupled electronic states. At the time of the

second detection, the system is subjected to a second quantum

jump and the nuclear wave function is transferred to the final

Hilbert space. Here only two protons are present and the

absence of electrons leads to an effective 1/R potential due

to the nuclear repulsion. The approach is straightforwardly

extended to include more states such as the autoionizing states

of H2. The four electronic states mentioned here, however,

are sufficient to illustrate the method and to obtain very good

agreement with many experiments (see Fig. 7 and [11]).

A. The Hamilton operator

To quantify the MCWP approach to dissociative double

ionization of H2, the non-Hermitian operator, Eq. (5), is first

to be determined. This operator contains both a relaxation term

and a Hermitian part Hs . The latter is the system Hamiltonian

leaving out interactions that induce transitions among the

different charge states. This operator can be separated into

three terms

Hs = Tnuc + Lelec + Helec. (13)

The kinetic-energy operator of the nuclei is here denoted

Tnuc, the coupling of the electrons to the external field is

denoted Lelec and the remaining terms including electronic

kinetic energy and electrostatic interaction is contained in the

electronic Hamiltonian Helec. Having made this separation we

adapt the BO approximation and study the nuclear evolution

in a basis of electronic states, |φRa〉, fulfilling

Helec(R)|φRa〉 = Ea(R)|φRa〉. (14)

The solutions depend on both the energy Ea for the electronic

state a and the internuclear separation R. Even though there

are infinitely many electronic states, we only include four in

the present example. These are (1sσg)2 in H2, 1sσg and 2pσu

in H+

2 , and the doubly ionized state H++

2 , for short denoted

h, g, u, and c, respectively. The total state ket |9〉 is now

expanded in these four orthonormal states

|9〉 =

∑

a

∫
d ER Xa( ER,t)|φRa〉 ⊗ | ER〉, (15)

where the prefactors Xa( ER,t) are the nuclear wave functions,

| ER〉 the position eigenkets of the nuclear coordinate, and a =

{h,g,u,c} the different electronic states.

To derive the equations of motion for the nuclear wave

functions, we turn to the time-dependent Schrödinger equation

i d
dt

|9〉 = Hs |9〉. Inserting Eq. (15), projecting on both sides

with 〈R′
| ⊗ 〈φR′a′ | and using that the Hamiltonian is local in

space, we obtain

i
d

dt
Xa′ ( ER′,t) =

∑

a

∫
d ERδ( ER′

− ER)〈φR′a′ |HsXa( ER,t)|φRa〉.

(16)

The matrix element on the right-hand side contains three terms

due to the separation of Hs in Eq. (13). The matrix elements of

Helec give a delta function in a and a′ and the known electronic

energies Ea [27].

〈φR′a′ |HelecXa( ER,t)|φRa〉 = δa′aXa( ER,t)Ea(R). (17)

Turning to the electron-field interaction, the length gauge is

adapted and the coupling between an electron at position Eqj

and the external field EF takes the form Eqj · EF .

〈φRa′ |LelecXa( ER,t)|φRa〉

= |F | cos θ0

∑

j=1,2

〈φRa′ |qj |φRa〉Xa( ER,t), (18)

where θ0 denotes the angle between the field polarization and

the internuclear vector ER. In the following, rotation of the

molecule is neglected, since the characteristic time scale is

on the order of 170 fs and θ0 is approximately constant for

each molecule during the shorter pump pulse (see [28] for a

recent detailed discussion of this axial recoil approximation).

Evaluation of 〈φRa′ |qj |φRa〉 should, in principle, be done for

all combinations of a and a′. However, since only terms in

the Hamiltonian not responsible for coupling among different

Hilbert spaces are of concern, just a single term 〈φRg|qj |φRu〉

and its complex conjugate survive [27].

The last term to evaluate is the matrix element concerning

the kinetic energy of the nuclear motion Tnuc =
1

2µ
EP 2

ER
, where

µ is the reduced mass of the nuclei and EP ER = −i∇ ER is the

momentum operator of the relative coordinate ER. In writing

out the operator, the neglect of rotations during the pulse in

combination with the BO approximation gives

〈φRa′ |TnucXa( ER,t)|φRa〉 = −δa′a

1

2µ

1

R

∂2

∂R2
RXa( ER,t). (19)
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Additionally, the nuclear wave function can be expressed

as

Xa( ER,t) =
1

R
Ka(R,t)Wθ0,φ0

(θ,φ), (20)

with Wθ0,φ0
(θ,φ) specifying a thight static internuclear orien-

tation along polar angles θ0,φ0.

Using the above matrix elements in combination with

Eq. (16) and the time-dependent Schrödinger equation, the

Hermitian part of the Hamiltonian becomes

Hs =

∑

a

∫
d ER

[
−

1

2µ

1

R

∂2

∂R2
R + Ea

]
|φRa〉〈φRa| ⊗ | ER〉〈 ER|

− |F | cos θ0

∫
d ER 〈φRg|qj |φRu〉[|φRg〉〈φRu|

+ |φRu〉〈φRg|] ⊗ | ER〉〈 ER|. (21)

B. The jump operators

The non-Hermitian part responsible for the jumps among

the different Hilbert spaces is now to be determined. All

electronic transitions are assumed to be vertical in Fig. 1,

i.e., to occur without displacement or recoil of the nuclear

motion. The transition jump operator responsible for the first

ionization, bringing population from the ground state in H2 to

the lowest state in H+

2 , is local in the nuclear coordinate and

reads

Ch =

∫
d ER

√
0h( ER)|φR,g〉〈φR,h| ⊗ | ER〉〈 ER|. (22)

In this paper the static field rates 0h( ER) calculated for H2 in

Ref. [29] were used as instantaneous ionization rates changing

in every time step according to the current strength of the

oscillating external field. No overall phase is included since

the different contributions to the final KER spectrum are added

incoherently and hence independent on the relative phase of

the nuclear wave functions in the different evolutions of the

system.

The jump operator Ch represents a transition from the

ground state in H2 to the lowest field-free state in H+

2 . As the

ionization occurs during the pulse, where the states 1sσg and

2pσu are strongly coupled, one may alternatively consider the

ionization process as occurring toward the corresponding field-

dressed states. By including Lelec in the electronic Hamiltonian

and diagonalizing the electronic Hamiltonian in the basis of

the two states |φR,g〉 and |φR,n〉 one obtains the lowest dressed

state

|φR,low〉 = Mg|φR,g〉 + Mu|φR,u〉 (23)

(see, e.g., Ref [30] for explicit expressions of Mg and Mu).

We can treat the ionization process as a transition toward this

dressed state with a jump operator

Ch =

∫
d ER

√
0h( ER)(Mg|φR,g〉 + Mu|φR,u〉)〈φR,h| ⊗ | ER〉〈 ER|,

(24)

which now coherently feeds population into both the 1sσg and

2pσu states. We have applied simulations with both Eqs. (22)

and (24), and find that the difference is very small, see Fig. 2.
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FIG. 2. (Color online) (a) Calculated KER spectra for pulses of

λ =800 nm, τFWHM = 40 fs and I = 6 × 1013 W/cm2 using both the

1sσg state [Eq. (22)] and the lowest field-dressed state [Eq. (24)]

as initial state in H+

2 (no focal volume averaging). (b) and

(c) Total nuclear probability distribution in the H+

2 system [i.e.,∑
a=g,u |Ka(R,t)|2] given a first jump 3.8 fs prior to the peak of

the pulse in the two different cases. The same logarithmic color scale

is used in (a) and (b) for any discrepancy to be visible.

Apart from a weak and unphysically fast dissociating compo-

nent contained in the wave function obtained with Eq. (22)

there is no significant difference in the KER spectra obtained

using the two approaches. When dealing with larger systems

one might thus choose the simpler approach of Eq. (22) to

avoid the diagonalization step.

The second ionization can occur either from the 1sσg state

or from the 2pσu state, and the two pertaining jump operators

are written as

Cg =

∫
d ER

√
0g( ER)|φR,c〉〈φR,g| ⊗ | ER〉〈 ER|, (25)

Cu =

∫
d ER

√
0u( ER)|φR,c〉〈φR,u| ⊗ | ER〉〈 ER|. (26)

Here 0g( ER) and 0u( ER) represent instantaneous ionization rates

from the 1sσg and the 2pσu states, respectively. As for the first

ionization we assume the static ionization rates, changing with

the time-dependent strength of the field, applies. The static

field rates for ionization of H+

2 are available from Ref. [31].

To maintain the simplicity of the MCWP theory we

choose to treat the second ionization step as a process

occurring from the field-free electronic eigenstates Eqs. (25)

and (26). A description based upon the dressed states would

introduce coherent contributions to the ionization, described

by superposition jump operators of the form (C = Cg ± Cu).

The difference between a coherent and an incoherent treatment

of the ionization from the pair of H+

2 states is, however, washed

out by the rapid phase evolution and the sampling over the

random times at which the jumps occur. Based on the good

agreement with the experimental results obtained, the choice

of using Eqs. (25) and (26) seems a plausible one.
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Once the Hamilton and jump operators are known, the total

non-Hermitian operator (5) is written as

H = Hs −
i

2

∑

a=h,g,u

∫
d ER0a(R)|φRa〉〈φRa| ⊗ | ER〉〈 ER|, (27)

and the MCWP calculations can be performed. Figure 3

provides an overview of the simulation procedure (see points

1–4 in Sec. III A).

C. Calculation strategy

1. Simulations

Starting in the electronic and vibrational ground state of

H2 the time evolution operator is applied and the drop in norm

dP associated with the non-Hermitian part of the Hamiltonian,

Eq. (27), is determined. A random number ε between zero and

unity is drawn and depending on the values of this number

compared to the drop in the norm, we either renormalize or

jump |9〉 → Ch|9〉 and subsequently renormalize. The time

where this first jump occurs in a given simulation is denoted

T1. Time evolution proceeds in the H+

2 system until the draw

of a random number determines that a second jump occurs.

We denote this transition time T2. In the H+

2 system, the two
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FIG. 3. (Color online) Overview of the calculational strategy for

dissociative double ionization of H2 with the MCWP approach. Each

circle to the left corresponds to a computational task. The drawing

of random numbers leads to a variety in the outcome of different

realizations. A possible realization is illustrated to the right.

jump possibilities |9〉 → Cg|9〉 and |9〉 → Cu|9〉 are

distinguished by different probabilities

dPg/dP =
〈9|C

†

gCg|9〉

〈9|C
†

gCg + C
†

uCu|9〉

, (28)

dPu/dP =
〈9|C

†

uCu|9〉

〈9|C
†

gCg + C
†

uCu|9〉

. (29)

After application of either Cg or Cu, the system is in

the doubly ionized state and further propagation of the wave

function is not necessary since all the information concerning

the kinetic-energy distribution of the outgoing fragments is

already present in the wave function Kc(R,t) through a

projection onto the energy eigenstates of the Coulomb problem

EKER
a (T1,T2) =

∣∣∣∣
∫

KE(R) Kc(R,t) dR

∣∣∣∣
2

. (30)

Here KE(R) is the energy normalized Coulomb wave of energy

E. If the calculation is performed in a box of size Rmax a factor

of

√
Rmaxµ

πk
, k =

√
2µE is to be multiplied on the wave function

to obtain the correct energy normalization [32].

2. Deterministic sampling

When propagating the wave function with the MCWP

method the initial state is the same in all cases, and the

evolution of the wave function up until the first jump will

not differ in different realizations. Likewise, the evolution

in the coupled 1sσg-2pσu system will be identical given a

specific time for the first jump. These facts can be utilized

to dramatically reduce the amount of calculations and replace

the stochastic part of the approach by a deterministic weighted

average.

Starting in the H2 ground state, a single wave function

is propagated in the H2 system using the non-Hermitian

Hamiltonian until the end of the pulse without renormalization.

This leads to a nuclear wave function as a function of time with

a continuously decreasing squared norm Nh(t). One can show

that the distribution of times for the first jump T1, following

the procedure outlined previously for each short time step is

given by

Ph(T1) = −
d

dt
Nh(t)|t=T1

. (31)

This implies that we can sample the effect of the first jumps as

a weighted sum over histories, with jump times T1 belonging

to an equidistant grid with weight factor Ph(T1). At every

one of these sample times, the jump operator Ch is applied

to the no-jump wave function, and the starting conditions for

propagation in the singly ionized H+

2 state is obtained for

every T1 free from stochastic sampling errors and with only

one initial propagation in the H2 system.

Concerning the evolution in the H+

2 system similar simplifi-

cations can be made. Unfortunately, here the initial conditions

are not identical in all runs and the evolution in the no-jump

case must be done for every possible entering time T1. The

drop in squared norm of both the 1sσg state Ng(t) and the
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2pσu state Nu(t) now determines the conditional probability

of a second jump at time T2 given an initial jump at time T1

Pgu(T2 | T1) = −
d

dt
[Ng(t) + Nu(t)]|t=T2

. (32)

To sample the effect of the second jump, where either Cg or

Cu is randomly applied in accordance with Eqs. (28) and (29),

both components are simply evaluated separately with these

probabilities as deterministic weight factors.

In the doubly ionized state, the KER spectrum is determined

for all values of the two jump times T1 and T2 and using both

a Cg and a Cu jump. Following the previous discussion, the

final result is obtained by evaluating the weighted summation

EKER
tot =

∑

T1,T2

Ph(T1)Pgu(T2|T1)

×

[
∑

a=g,u

P (a|{T1,T2})E
KER
a (T1,T2)

]
, (33)

where P (a|{T1,T2}) = dPa/dP [Eqs. (28) and (29)] evaluated

for wave functions with the specific jump times T1 and T2. A

very dense time grid is used for our numerical propagation of

the Schrödinger equation, but it is not necessary to determine

all possible contributions to EKER
g (T1,T2) and EKER

u (T1,T2)

with the same time resolution. Indeed, the full calculation of

a molecule exposed to an intense laser pulse of 40 fs and

800 nm reduces to one propagation in the H2 system, and

approximately 15 propagations in the H+

2 system with different

initial times suffice for convergence of the results. After

completing the H2 evolution, the remaining calculations can be

made in parallel. Each of the propagations takes approximately

15 min on an AMD/Opteron 2.6 GHz processor and hence the

total cost in CPU time for obtaining a KER spectrum for one

intensity component of the field is only a few hours.

V. RESULTS

Using the MCWP technique the results of several different

experiments on the double ionization of H2 (D2) in short

intense laser pulses can be reproduced. Many of these

experiments are discussed in [11] including a detailed analysis

of the physical insight gained. In this paper, the results on

H2 in pulses of 800 nm, 1.0×1014 W/cm2, and a Gaussian

pulse of 40 fs in duration (FWHM) is given as an example

to emphasize the importance of the different elements in the

MCWP technique. The Keldysh parameter γ [33] for both

the first and the second ionization lies for these pulses in the

range 1.17–1.26, depending on the internuclear separation at

the time of the ionization event, partly supporting the tunneling

picture adapted in the use of static field ionization rates. The

same results are briefly discussed in Ref. [10].

Starting in the electronic and nuclear ground state of H2, the

evolution of the neutral molecule is the first to be calculated.

The results are given in Fig. 4 using the peak of the pulse as

the origin of the time axis. Panel (a) gives the nonnormalized

probability density |K̃h(R,t)|2 in the electronic state (1sσg)2

as a function of both internuclear separation and time. The

tilde on the wave function indicates that the wave function is

not normalized. Integrating over all possible separations, the

squared norm is obtained and plotted in panel (b). As seen
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FIG. 4. (Color online) MCWP realization for H2 exposed to

pulses of 800 nm, 40 fs, and 6 × 1013 W/cm2. (a) Nonnormalized

population density in the (1sσg)2 state |K̃h(R,t)|2 and (b) the

integrated squared norm. (c) The amount of population entering

the 1sσg state |Mg

√
0h(R) K̃h(R,T1)|2 and (d) the 1pσu state

|Mu

√
0h(R) K̃h(R,T1)|2 as a function of the first jump time T1.

from the norm, only approximately 0.002% of the molecules

undergo ionization at the intensity 6×1013 W/cm2. Together

with the initial condition this results in almost no changes in

the probability distribution of panel (a) as a function of time.

However, dynamics do indeed appear as seen from panels (c)

and (d), which show the probability density entering the 1sσg

and 2pσu states, respectively. More precisely, the state of panel

(a) is projected using the jump operator Ch of Eq. (24), and

the result is normalized and weighted by the jump probability

Ph(T1) for all values of T1 and the population density is plotted

as a function of this parameter. Since the jump probability can

be shown to equal Ph(T1) = 0h(R)|K̃h(R,T1)|2dt and the nor-

malization constant is 1/K̃h(R,T1), the populations entering

the 1sσg and the 2pσu states are |Mg

√
0h(R) K̃h(R,T1)|2 and

|Mu

√
0h(R) K̃h(R,T1)|2, respectively, where Mg and Mu are

defined in Eq. (23). The population is seen to be transferred

mostly at the extrema of the external field with maximum at

the peak of the pulse just as expected. To the careful eye it is

seen that the density is shifted a little toward larger internuclear

distances reflecting the tendency in the rate 0h as a function

of internuclear distance R.

Even though the density distribution entering the singly

ionized state is shifted in R compared to the equilibrium

distance in the ground state of H2, it is still centered at relatively

small internuclear distances (∼1.5 a.u.). Since the equilibrium

distance in H+

2 is 2.0 a.u. this induces nuclear dynamics as seen

from Fig. 5(a) showing the population density in the 1sσg state

|K̃g(R,t)|2 under the assumption that the first ionization occurs

at T1 = −13 fs. The characteristic vibrational time scale of

15 fs in the 1sσg state is reflected in the nuclear dynamics.

Figure 5(b) shows the population density in the 2pσu state

|K̃u(R,t)|2, using the same initial conditions and here popu-

lation transfer from the 1sσg state is seen due to the strong

dipole coupling. The 2pσu state is dissociative and the wave

function spreads out.
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FIG. 5. (Color online) MCWP realization for H2 exposed to

pulses of 800 nm, 40 fs, and 6 × 1013 W/cm2. To illustrate the

dynamics, the first ionization event is restricted to one specific time

T1 = −13 fs. (a) Nonnormalized population density in the 1sσg state

|K̃g(R,t)|2 and (b) 100 times the nonnormalized population density in

the 2pσu state |K̃u(R,t)|2 using the same color scale. (c) The amount

of the population entering the doubly ionized state from the 1sσg

state |
√

0g(R) K̃g(R,T2)|2 as a function of the second jump time T2.

(d) The population entering the doubly ionized state from the 2pσu

state |
√

0u(R) K̃u(R,T2)|2 multiplied by 0.001, on the same color

scale as (c).

In addition to modulations as a function of time, |K̃u(R,t)|2

shows modulations as a function of internuclear separation as

well due to the structure of the ionization rate 0u(R) at large

distances [31]. The evolution shown is calculated in the no-

jump case, but the dynamics is still affected by the ionization

rate, a fact referred to as the Lochfrass effect [34,35]. In regions

of a high ionization rate, the probability density is lowered,

while it is raised in regions of low ionization rate. The same

effect is responsible for the population of “dark states” in

quantum optics (cf. the discussion in [12]).

The modulation in the population density is also seen in the

states entering the doubly ionized space. Figures 5(c) and 5(d)

show the probability density right after the second jump from

1sσg and 2pσu, respectively. That is |
√

0g(R) K̃g(R,T2)|2 and

|
√

0u(R) K̃u(R,T2)|2. In the 2pσu case a clear enhancement of

the probability density is seen for large internuclear separations

and charge resonance enhanced ionization (CREI) [31,36] at

R=7 a.u. and R=11 a.u. gives two separate structures. Turning

to the 1sσg case, the same enhancement at large separations is

observed. This occurs despite the fact that the wave function

in the 1sσg state has almost no weight in this region. The

population transferred, accordingly, corresponds to molecules

that first couple to the 2pσu potential curve, dissociate, and

later couple back to the 1sσg state [see the right corner of panel

(a), where the population density is multiplied by 100]. Due to

this more complicated scheme involving two transitions in the

singly ionized space and a lower ionization rate, the amount of

population transferred in this way is down by a factor of 1000

compared to the amount transferred directly from the 2pσu

state.

Having determined the probability density right after the

second jump a projection onto repulsive continuum Coulomb

states will give the KER spectra. Figure 6(a) shows the result

summed over all possible second jump times T2, but restricted

to one specific first jump time T1 for four different values

of T1. The spectrum is clearly different for different T1’s.

Hence theoretical models attempting to describe dissociative

double ionization using only one specific starting time in the

single ionized state will most probably fail to predict future

experiments. To see how much the individual jump times

contribute to the overall spectrum Fig. 6(b) shows integrated

jump probabilities. The dotted bars indicate the probabilities

of a first ionization Ph(T1) at time T1 and show, as expected,

to be centered around the peak of the pulse. The gray bars, on

the other hand, show the probability of a second ionization at

any time given a first ionization at time T1

P2(T1) =

∫
∞

T1

Pgu(t |T1)dt. (34)

The maximum in ionization probability is here at T1 =15 fs,

allowing the wave function to reach regions of high rates at

maximum intensity. Multiplying the two probabilities gives

the weight of the individual KER spectra and peaks at −3 fs

as indicated by the black bars. This result shows that if the

dissociative double-ionization process in H2 was modeled by

initiating the propagation in the H+

2 system at T1 = −3 fs,

a good agreement might accidentally occur. However, since

many different jump times contribute significantly, this is far

from certain, and perfect agreement can only be obtained by

including them all.

Including all possible jump times is not the only summation

required to obtain the correct KER spectrum. Using short

intense laser pulses the extent of the molecular sample is

most often larger that the waist of the pulse and a focal

volume averaging is necessary [37]. Figure 7(a) shows the

total KER spectra of four different intensities, which after

averaging over a pulse of 7×1013 W/cm2 in center peak
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FIG. 6. (Color online) (a) The KER spectra obtained if restricted

to four different values of the first jump time, T1. (b) The amount of

population entering the singly ionized state (dotted bar). The amount

of population leaving the singly ionized state if entered at T1 (gray

bar). The product of the two giving the weight of the different initial

jump times in the total KER spectrum (black bar). Pulses of 800 nm,

40 fs, and 6×1013 W/cm2 are used.
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FIG. 7. (Color online) (a) The KER spectrum calculated at four

different intensities (no focal volume averaging). (b) The KER

spectrum after focal volume averaging (full line) and experimental

results [6] (points) using pulses of 800 nm and 40 fs. The peak

intensity in the experiments is 1 × 1014 W/cm2 and a peak intensity

of 7 × 1013 W/cm2 is used in the simulations.

intensity leads to the total spectrum given in Fig. 7(b). A

comparison to experiments [6] can now be performed and as

seen from Fig. 7(b) the agreement is very convincing. The

experiments were carried out at the same pulse duration and

wavelength as the calculations, however, at a slightly higher

peak intensity (1×1014 W/cm2). Given that the uncertainty in

peak laser intensity is stated to be ∼10% [6], we consider the

agreement obtained very good.

VI. CONCLUSION

Using the MCWP technique we have presented an approach

to study dissociative multiple-ionization processes in diatomic

molecules as a system-environment interaction problem. The

system of concern is the molecule, while the environment

is associated with the electrons escaping the molecular ion,

and the method is formally equivalent to solving the master

equation for this problem. For systems including spatial

motion the Hilbert space is, however, too large for a direct

solution of the master equation and instead the density

matrix is replaced by an ensemble of individual state vectors,

which are evolved stochastically with time. By propagating

an ensemble of pure-state wave function subject to a non-

Hermitian Hamiltonian operator, the drop in norm in every

time step is determined and in combination with a random

number generator this leads to quantum jumps among the

different charge states at different instances of time. Physically,

these jumps can be interpreted as hypothetical measurements

of the escaping electrons effectively removing them from the

quantum description and projecting the remaining molecular

system on the charge state corresponding to the measurement

outcome. The technique relies on the Born-Markov approxi-

mation and assumes a weak interaction and a rapid spread of

quantum excitation of the environment degrees of freedom

(i.e., electron recapture is not a significant process in the

ionization dynamics).

The MCWP technique is relatively simple to implement and

runs at a low computationally cost and hence the technique is

a very good candidate for calculations on larger molecules

than H2 or in other pulse regimes. For example, N2 in extreme

ultraviolet pulses [38]. As long as the electronic energies and

dipole moment functions are known and the ionization rates

can be determined, the MCWP technique offers insight into

the dynamics of ionization events and makes it possible to both

predict future experiments and address physical explanations.

A detailed comparison with a range of experimental data

available for H2 and D2 [6,39,40] can be found in [11].
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(Received 17 February 2010; published 13 May 2010)

Theoretical calculations on dissociative double ionization of H2 and D2 in short intense laser pulses using the

Monte Carlo wave packet technique are presented for several different field intensities, wavelengths, and pulse

durations. We find convincing agreement between theory and experimental results for the kinetic energy release

spectra of the nuclei. Besides the correctly predicted spectra the Monte Carlo wave packet method offers insight

into the nuclear dynamics during the pulse and makes it possible to address the origin of different structures

observed in the spectra. Three-photon resonances in the singly ionized molecule and charge-resonance-enhanced

ionization are shown to be the main processes responsible for the observed nuclear energy distributions.

DOI: 10.1103/PhysRevA.81.053410 PACS number(s): 33.80.Rv, 42.50.Hz

I. INTRODUCTION

Studying atoms and molecules in short intense laser pulses

is an extremely interesting task and quite a few experiments

have been carried out on this subject in the last decade (see, e.g.,

the recent review [1] and references therein). With intensities

of the order of 1014 W/cm2 the force on the electrons and

the nuclei is of almost the same magnitude as the electrostatic

interactions in the system and as a consequence hereof the

induced dynamics is significant: Electrons will be ripped off

and thrown far into the continuum and in the molecular case

nuclear motion will be induced. For pulses of femtosecond (fs)

duration, the nuclear dynamics is on the same time scale as the

intensity changes in the field and interesting phenomena may

occur. The coupling of time scales complicates the theoretical

description of the system and it is extremely difficult to account

for both nuclear and electronic dynamics when dealing with

interactions of this strength. Hence many experiments are still

not fully explained by theory.

In this paper, we use theMonte Carlo wave packet (MCWP)

technique [2,3] to discuss some of the open questions of

dissociative double ionization of H2 and D2. The MCWP

theory circumvents the continuum state description of emitted

electrons by simulating the effect of hypothetical detection

of these electrons, resulting in a collapse of the system onto

either the neutral, singly, or doubly ionized state. In this

way, equations for the nuclear dynamics are obtained and can

be relatively easily solved. Studying the nuclear dynamics,

it is possible to extract the kinetic energy release (KER)

spectrum and to explain the origin of different structures in

this spectrum. Contrary to other recent theoretical approaches

[4–6], the MCWP theory contains all possible instants of the

first ionization, and is so computationally efficient that also

focal volume averaging can be performed. Both effects are

important to obtain good agreement with experiments. For a

formal development of the theory we refer to [3].

The purpose of this paper is to investigate the power of

the MCWP method to support future extensions to other

systems as well as to address some of the questions already

put forward in the literature related to published data on

strong-field dissociative double ionization. We find that most

of the structure in the KER spectra can be connected to either

a three-photon resonance in the H+

2 or D
+

2 system or charge

resonance enhanced ionization (CREI) [7,8]. For short pulses

of large intensities (i.e., higher than ∼2× 1014 W/cm2) the

time available to dissociate between the first and the second

ionization is limited and the release of high Coulomb repulsion

energies will dominate the spectrum. The location of the

individual peaks in the finer structure of the spectra is found

primarily to be determined by the wavelength, changing the

location of the resonant three-photon coupling between the

1sσg and 2pσu states. Turning to lower intensities or longer

pulses the wavelength dependence is not as pronounced since

the molecules have time to dissociate and CREI at large

internuclear separations results in low nuclear energies.

The paper is organized as follows: A summary of the

MCWP method is given in Sec. II. In Sec. III the KER

spectrum for dissociative double ionization of D2 in pulses

of 40 fs duration, 800 nm wavelength and 1× 1014 W/cm2

intensity is calculated and compared with experiments [4],

followed by a comparison for pulses of 100 fs, 600 nm,

and different intensities [9] in Sec. IV, and 480 nm [9] in

Sec. V. Longer wavelengths are studied in Sec. VI where we

compare with results using pulses of 1200 nm and 140 fs [4]. In

Sec. VII we analyze a more complicated two-pulse experiment

on H2 [10], where the initial ionization time is very critical for

the subsequent evolution of the system. SectionVIII concludes

the paper.

Atomic units (h̄ = me = e = 1) are used throughout this

paper unless stated otherwise.

II. SUMMARY OF METHODOLOGY

We study nuclear dynamics during dissociative double

ionization of H2 and D2 by the MCWP technique [2,3].

The MCWP technique relies on the Born-Oppenheimer (BO)

approximation and allows one to calculate the nuclear wave

function as the population is transferred from the neutral to

the singly ionized state, and eventually to the doubly ionized

state. Instead of gradually transferring the population between

these different charge states, the MCWP model assumes

discrete jump times for transitions. Then, by varying over

all possible combinations of jump times and weighting the

results with the probability of each realization the correct

1050-2947/2010/81(5)/053410(8) 053410-1 ©2010 The American Physical Society
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FIG. 1. (Color online) (a) Sketch of the four field-free Born-

Oppenheimer potential energy curves, used in the MCWP description

of dissociative double ionization of H2 (D2), as a function of

internuclear separation R. Right panel: A realization of the wave

packet dynamics in (b) neutral, (c) singly ionized, and (d) doubly

ionized H2. The wave packet is transferred from the neutral state

to the singly ionized state and further to the doubly ionized state at

specific times and appropriate averaging over all possible ionization

times provide the correct physical outcome.

average physical evolution is obtained. The probability of

each realization is determined by the instantaneous ionization

rate [7,11] and the method is equivalent to solving the master

equation for a system density matrix including loss to the

surroundings. The MCWP technique, however, can be applied

at a much lower computational cost [3].

An outline of the physical processes is given in Fig. 1(a). We

assume the initial nuclear wave function consistent with the

electronic and vibrational ground state [Fig. 1(b)]. The laser

field excites the electronic state and at each instant of time there

is a given probability that the molecule is ionized and jumps to

the lowest state in H+

2 [Fig. 1(b) → Fig. 1(c)]. After ionization

the dynamics proceeds in the coupled 1sσg–2pσu system

[Fig. 1(c)] until further ionization (a second jump) leaves the

bare nuclei in the 1/R Coulomb potential [Fig. 1(d)]. To obtain

the KER spectrum, a projection onto Coulomb scattering states

is made after the second ionization. The four electronic states

included, namely (1sσg)2 in H2, 1sσg and 2pσu in H+

2 , and the

doubly ionized state, are denoted h, g, u, and c, respectively.

The method can easily be extended to include more electronic

states. These four states, however, prove sufficient to capture

the essential physics.

To calculate the evolution of the system in the BO

approximation, we write the total quantum state on the form

|9〉 =

∑

a=h,g,u,c

∫
d ER Xa( ER,t)|φRa〉 ⊗ | ER〉, (1)

where |φRa〉 are the field-free electronic eigenstates and

Xa( ER,t) are the nuclear wave functions, while | ER〉 is the

position eigenkets of the nuclear coordinate. We express the

nuclear wave function as

Xa( ER,t) =
1

R
Ka(R,t)Wθ0,φ0

(θ,φ), (2)

with Wθ0,φ0
(θ,φ) specifying a thight static internuclear orien-

tation along polar angles θ0,φ0. In the following, we assume

the molecules to be orientated parallel to the field polarization.

When propagating the nuclear wave function in time,

ionization steps are treated as dissipative processes and we sim-

ulate them by quantum jumps with probability 〈9|C
†

βCβ |9〉

of the state vector |9〉 → Cβ |9〉. The jump operators Cβ are

defined in terms of the known ionization rates 0β( ER) [7,11]

and given as

Cβ =

∫
d ER

√
0β( ER)|8R,β̃〉〈8R,β | ⊗ | ER〉〈 ER|, (3)

where β denotes the initial and β̃ the final electronic states

with (β,β̃) = (h,g),(g,c), and (u,c). Between jumps the

nuclear wave packets are propagated on the BO poten-

tials with a non-Hermitian modification [12–14], H = Hs −

i
2

∑
β=h,g,u C

†

βCβ , of the system Hamiltonian Hs . All possible

different realizations are to be made and weighted with the

corresponding probabilities to model the physical evolution

of the system. Finally, to compare with experiments, a focal

volume averaging over all different intensity components of

the field [15] is performed. We refer to [3] for a detailed

discussion of the method.

III. PULSES OF 800 nm AND 40 fs

As a first example to illustrate the power of the MCWP

method, we present the results for dissociative double ion-

ization of D2 molecules exposed to pulses of 800 nm

wavelength, a peak intensity of 1.0×1014 W/cm2, and a pulse

duration (FWHM) of 40 fs (see [3] for an analysis of an

experiment performed on H2 with similar laser parameters).

The Keldysh parameter γ [16] of both the first and the second

ionization lies between 1.17 and 1.26, depending on the

internuclear separation at the time of the ionization events,

partly supporting the tunneling picture adapted in the use

of static field ionization rates. Performing all the necessary

nuclear evolutions and averaging over different jump times and

intensity components of the field we obtain the KER spectrum

shown in Fig. 2. In the same figure experimental results [4]
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FIG. 2. (Color online) Simulated KER spectra (full line) and

experimental results [4] (vertical bars) for dissociative double

ionization of D2 using pulses of 800 nm, 40 fs (FWHM), and a

peak intensity of 1 × 1014 W/cm2.
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FIG. 3. (Color online) (a) Simulated KER spectra for D2 using

pulses of 800 nm, 40 fs, and four different peak intensities. (b) Using

a peak intensity of 8 × 1013 W/cm2, the KER spectra corresponding

to four different fixed first ionization times.

obtained with pulses of the exact same pulse characteristics are

given and the agreement between theory and the experiments

is very convincing. Compared to previous models [4–6] we

obtain better agreement with the experimental peak positions

at 5.0, 5.5, and 6.7 eV and the first indication of a high-energy

shoulder at >8 eV.

To understand the spectral structures, several issues have

to be addressed. First of all it is helpful to identify to which

intensity components of the field the different structures belong

and in Fig. 3(a) the KER spectra are given for four different

values of the peak field strength. It is seen that the spectrum

moves to lower energies as the intensity grows and hence

the low-energy deuterons most often arise from the center

of the beam profile, while the high-energy deuterons are from

the outer regions. Data for 0.8 × 1014 W/cm2 are seen to

reproduce almost all the structures in the spectrum and hence

we turn to this specific intensity in the following discussion.

In Fig. 3(b) the KER spectra corresponding to four different

ionization times, T1, for the first ionization event are given (the

peak of the pulse serves as the origin of the time axis). Here it

is seen that the earlier the first ionization takes place the lower

the kinetic energy. This is easy to understand in terms of the

longer time available to dissociate in the singly ionized state

before the second ionization resulting in a lower Coulomb

repulsion energy. The individual structures cannot, however,

be assigned to specific jump times. All jump times contribute

to most of the peaks of the spectrum, but with different weights

of the individual structures and we can address the origin of

these with a single jump realization.

The evolution of the nuclear wave function for T1 = −5.3 fs

is shown in Fig. 4. We assume the ground state as the initial

condition and the dynamics prior to the ionization is very

limited [3] and not shown. The evolution of the 1sσg and 2pσu

states of the single ionized molecule are shown in Figs. 4(a) and

4(b), respectively. More precisely, what is plotted is the norm

squared of the reduced nuclear wave function as a function

of the internuclear separation and time [i.e., |Kg(R,t)|2 and

|Ku(R,t)|2 of Eq. (2)]. In panel (a) it is seen how the wave

2

T
  

 (
fs

)
2

(a)

(d)(c)
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|K (R,t)|   10u
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x
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FIG. 4. (Color online) MCWP realization for D2, 800 nm, 40 fs

(FWHM), and a peak intensity of 8 × 1013 W/cm2 with the first

ionization at T1 = −5.3 fs. (a) The population density in the 1sσg

state |Kg(R,t)|2 and (b) ten times the population density in the 2pσu

state |Ku(R,t)|2 using the same color scale. (c) The amount of the

population entering the doubly ionized state |Kc(R,T2)|2 as a function

of ionization time T2 and (d) the corresponding nuclear energies KER

(T1 = −5.3 fs, T2).

packet oscillates in the 1sσg state starting from the smaller

equilibrium nuclear separation in the neutral molecule. The

dipole coupling to the 2pσu state results in a dissociative part

as seen from panel (b), however, the coupling also transfers

population to the 1sσg state again as seen in the corner with

the changed color scale of panel (a).

Quite a large amount of the population is seen in the 2pσu

state near R = 4 a.u. This enhancement in the 2pσu population

is a characteristic feature of the 1sσg–2pσu coupling reflecting

the three-photon resonance at slightly shorter internuclear

separations and is seen in many of the experiments discussed

in this paper. In pulses of 800 nm the three-photon resonance

between the 1sσg and the 2pσu states is located at R = 3.3 a.u.

The maximum in the population, however, is seen near

R = 4.0 a.u., reflecting that population accumulates during

the dissociation process. Population transferred from the 1sσg

state at a given instant of time interferes with the population

transferred earlier at a slightly shorter internuclear separation

resulting in a quite large population density in the constructive

interference case. This interference gives the structure in the

dissociating wave packet and is also discussed in [4,5].

Since the ionization rate is much larger from the 2pσu

state than from the 1sσg state almost all of the molecules

undergo the second ionization step from the dissociative 2pσu

state. Hence the distribution over internuclear separations

entering the doubly ionized state reflects the evolution in the

2pσu state closely. In Fig. 4(c) the amount of the population

entering the doubly ionized state is plotted as a function of

internuclear separation and jump time for the second ionization

T2. The figure shows the probability distribution |Kc(R,T2)|2,

weighted with PT2|T1
, the conditional probability for a second
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ionization at time T2 given an initial ionization at time T1. It

is not only the characteristic feature of the dipole coupling at

R = 4 a.u. that is seen in the figure, also a small enhancement

in the probability distribution is seen at R = 7 a.u. due to

CREI [7,8] at this internuclear separation.

When the molecule is doubly ionized the total energy

distribution of the nuclei will no longer change in time and

hence the KER spectrum can be determined immediately.

In Fig. 4(d) the energy distribution as a function of T2 is

given weighted by the conditional probability PT2|T1
[i.e.,

PT2|T1
KER(T1,T2)]. As expected there is a correlation between

the nuclear spatial probability distribution at the time of the

second ionization and the energy distribution obtained due to

the 1/R Coulomb repulsion energy, and overall the spectrum

moves to lower energies the larger the internuclear separation.

Some kinetic energy, however, is already contained in the

dissociative wave packet in addition to the Coulomb repulsion

energy and the correspondence is not always as simple. In panel

(d) the characteristic feature of the three-photon resonance in

the dipole coupling at R = 4 a.u. gives the largest contribution

at 7 eV whereas CREI at R = 7 a.u. results in a smaller

peak at 5.5 eV. These two contributions give the two largest

peaks in the total KER spectrum of Fig. 2. Figure 4(d) shows

that the high-energy shoulder arises from very early second

jump times, where the wave function has almost no time to

dissociate.

IV. INTENSITY DEPENDENCE AND SATURATION

As seen from the previous discussion, changing the in-

tensity dramatically changes the KER spectrum. Experiments

have been carried out to study this dependence [9] and

in Fig. 5 the experimental results for three different peak

intensities are shown and compared with MCWP simulations.

The highest intensity used is 2.5 × 1014 W/cm2 corresponding

to a Keldysh parameter of γ = 0.99–1.06, well supporting
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FIG. 5. (Color online) Simulated KER spectra (full line) and

experimental results [9] (points) for dissociative double ionization

of D2 using pulses of 600 nm and 100 fs. The peak intensities used

in both experiments and simulations are given in the figure.
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FIG. 6. (Color online) Averaged population in the singly ionized

state given a first ionization at T1 = 21 fs. Pulses of 600 nm and

100 fs are used at the three different peak intensities indicated in the

figure.

the tunneling picture adapted, while the lowest intensity of

1 × 1014 W/cm2 results in γ = 1.56–1.68. The agreement is,

however, once again very good, if an intensity slightly larger

than the experimental one is used in the simulations. All of the

simulations are carried out with 600 nm and 100 fs pulses as in

the experiments. The main difference in the pulse parameters

in Figs. 2 and 5(a) is the increase in the pulse duration with

more than a factor of 2 in the latter case. For the longer pulse

it is seen that the KER spectrum is shifted to lower energies,

as one might expect, since a longer pulse length gives a longer

time to dissociate and hence a lower Coulomb repulsion energy

at the time of the second ionization.

Panels (a), (b), and (c) of Fig. 5 show that raising the

intensity shifts the spectrum to higher energies. This might

be counterintuitive at first glance since the pulse duration is

the same, and one might expect that the dissociation time

hence must equal. However, when the intensity exceeds 2.0 ×

1014 W/cm2 a region of saturation is reached and almost all

the molecules are already ionized before the peak of the pulse

making the effective pulse length shorter. Figure 6 shows the

averaged population in the singly ionized state as a function of

time, given a first ionization at T1 = −21 fs. For an intensity of

2.5 × 1014 W/cm2 only about 10% of the molecules survive

until the peak of the pulse and in this way the situation

resembles that of a shorter pulse resulting in less dissociation

and a higher Coulomb repulsion energy. The population

entering the doubly ionized state, PT2|T1
|Kc(R,T2)|2, is plotted

in Fig. 7 for both the lowest and highest intensity discussed.

In the low intensity case [Fig. 7(a)] it is seen that most

of the molecules ionize after the peak of the pulse near

R = 5.5 a.u., reflecting an enhancement in the rate (CREI) at

this internuclear separation for this intensity [see Fig. 7(c)].

The ionization rate likewise shows an enhancement near

R = 9 a.u. as can also be identified in the population transfer of

Fig. 7(a). In the high-intensity case [Fig. 7(b)] an enhancement

in population transfer is seen near R = 7 a.u. since CREI

is most pronounced at this internuclear separation for this

intensity regime. Another enhancement in the population

transfer is seen at small internuclear separations due to the

characteristic feature of the dipole coupling as discussed in

Sec. III in combination with the fact that a large population

is still present in the 2pσu state at the corresponding early

times. Turning to the KER signal of Fig. 5(c) the two-peaked

structure of Fig. 7(b) is smeared out due to the kinetic-energy

contribution as well as averaging over all possible jump times

and the spectrum becomes dominated by one broad peak.
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FIG. 7. (Color online) (a) and (b) The amount of the population

entering the doubly ionized state |Kc(R,T2)|2 as a function of the

second ionization time T2 for pulses of 600 nm and 100 fs. An initial

ionization at T1 = −21 fs is assumed and the intensity is (a) 1.0 ×

1014 W/cm2 and (b) 2.5 × 1014 W/cm2. (c) Static field ionization

rates calculated from the 2pσu state [7].

Summing up, CREI and the strong dipole coupling in the

1sσg–2pσu system near the three-photon resonance result in

the main features of the KER spectra, while kinetic energy

released in the dissociation process of the singly ionized

molecule merges the peaks together and adds additional

substructure. Turning up the intensity the KER spectrum

moves to higher energies since fewer molecules dissociate

to large internuclear separations with low Coulomb repulsion

energy before both ionizations have appeared.

V. THE SHORT WAVELENGTH LIMIT AND

HIGH-ENERGY PEAKS

Turning to pulses of shorter wavelengths changes the KER

spectrum. Experiments similar to the ones at 600 nm were

carried out at 480 nm still using pulses of 100 fs and several

different peak intensities [9] and some of the results are

shown in Fig. 8. In the same figure MCWP calculations are

shown using identical pulse parameters as in the experiments,

except for a slightly lower intensity when comparing with the

experiment at 3.5 × 1014 W/cm2. Even though a wavelength

of 480 nm results in a Keldysh parameter ranging all the way

up to γ = 1.61 in the low intensity case, the agreement is once

again very good.

For higher intensities the KER spectrum shifts to higher

energies as seen in the 600 nm experiments. The position of

the individual peaks are almost the same, but the weights of

the individual peaks differ. When comparing the experiments

at the two different wavelengths a different peak location is

observed in the two cases. Especially, the high-energy peak,

that grows with increasing field strength, shifts, and has been

subject to discussion in the literature [9,17]. At 600 nm this

peak occurs near 7.5 eV while for 480 nm it occurs at 9 eV,

and the discussion in [9] gives several possible explanations

for this, while [17] supports an explanation based on the three-

photon resonance in the 1sσg–2pσu system.
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FIG. 8. (Color online) Simulated KER spectra (full line) and

experimental results [9] (points) for dissociative double ionization

of D2 using pulses of 480 nm and 100 fs. The intensity used in both

the experiments and the simulations are given in the figure.

To address the origin of the high-energy peaks using the

MCWP approach, we first turn to the potential energy at the

time of the second ionization. Figure 9 shows the potential

energy distribution right after the second jump summed over

all possible jump times for both the first and second ionizations

together with the total KER spectrum for comparison. Both

spectra are calculated at a peak intensity of 2.2 × 1014 W/cm2

and without focal volume averaging. The position of the

high-energy peaks in the KER spectra are marked by vertical

lines. The potential-energy peaks are located at slightly lower

energies showing that kinetic energy at the second ionization

step is responsible for approximately 1 eV of the energy of the

high-energy deuterons, while the remaining fraction is due to

the Coulomb repulsion.
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FIG. 9. (Color online) The KER spectra obtained using projec-

tions onto continuum Coulomb states (total energy, full line) and

using the relation E = 1/R right after the second ionization (potential

energy, dotted line). The results are calculated for pulses of 100 fs,

2.2×1014 W/cm2 and (a) 480 nm or (b) 600 nm. No focal volume

averaging has been performed in either panel.
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FIG. 10. (Color online) MCWP realization for pulses of 100 fs

and 2.2 × 1014 W/cm2 given a specific first jump time T1 = −10 fs.

(a + c) The population in the 2pσu state |Ku(R,t)|2 along with

(b + d) the amount of population entering the doubly ionized state

|Kc(R,T2)|2 as a function of the ionization time T2.

The structure of the potential-energy spectrum is relatively

easy to understand in terms of CREI at R = 7 a.u. and the

characteristic feature of the dipole coupling. Panels (a) and

(c) of Fig. 10 show the population in the 2pσu state for the

two wavelengths. An enhancement in the population density

is seen around R = 3.3 a.u. in the 480 nm case and around

R = 3.8 a.u. in the 600 nm case reflecting the different location

of the three-photon resonance between the 1sσg and the 2pσu

states. As discussed in Sec. III the maximum in population

is located at slightly larger internuclear separations than the

three-photon resonance at R = 2,6 a.u. and R = 2,9 a.u. for

the 480 nm and the 600 nm cases, respectively. The second

ionization appears quite quickly after entering the 2pσu state

as seen from panels (b) and (d) of Fig. 10 giving the amount

of population transferred to the doubly ionized state as a

function of jump time T2. Hence the characteristic feature of

the three-photon coupling, at different values of R for different

wavelengths, gives rise to an enhancement in the population

density in the doubly ionized state at different values of R and

hence a wave packet containing a different amount of Coulomb

repulsion energy. Adding approximately 1 eV of kinetic

energy already contained in the dissociative wave packet, these

enhancements in the signals are seen as the high-energy peaks

of the spectra. Turning to the 600 nm simulation, yet another

enhancement in the population transferred to the doubly

ionized state is seen near R = 7 a.u. in Fig. 10(d) due to CREI

at this internuclear separation. In the simulation performed at

480 nm [Fig. 10(b)] this enhancement is less pronounced. The

reason for this can be found in a coupling between the 1sσg and

the 2pσu states at smaller internuclear separations and hence

earlier in the pulse compared to the 600 nm case, resulting

in more double ionization and less population in the singly

ionized state when the wave packet reaches R = 7 a.u. In the

potential-energy spectra of Fig. 9, a peak at 3.8 eV due to CREI
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FIG. 11. (Color online) Simulated KER spectra (full line) and

experimental results [4] (points) for dissociative double ionization of

D2 using pulses of 1200 nm, 140 fs (FWHM), and a peak intensity of

1 × 1014 W/cm2.

at R = 7 a.u. is, however, easily seen in both cases. It is the

fact that fewer molecules reach large internuclear separations

that makes CREI a less dominant process, and results in a

more pronounced high-energy peak in the 480 nm case than in

the 600 nm case. Similar arguments hold when turning up the

intensity, making the high-energy peak more pronounced.

To conclude the discussion on the high-energy peaks, it

was found that the characteristic feature of the three-photon

coupling between the 1sσg state and the 2pσu state is

responsible for an enhanced transfer of population to the

dissociative electronic state at specific internuclear distances.

Followed quickly by a second ionization, this enhancement

leads to the high-energy deuterons.

VI. PULSES OF LONGER WAVELENGTHS

Turning to pulses of longer wavelengths the MCWP model

is expected to work very well due to the slowly varying

field making the use of static field ionization rates a good

approximation. Experiments have been carried out using

pulses of 1200 nm, 140 fs, and 1.0 × 1014 W/cm2 [4] which

corresponds to γ = 0.78–0.84 and a comparison to the MCWP

results for the same pulse parameters is given in Fig. 11. The

agreement is close to perfect; even reproducing several of the

substructures correctly.

Given the very long pulse duration and the relative low

intensity characterizing the pulses used in this experiment,

plenty of time is available for dissociation before the end of

the pulse and CREI dictates the shape of the KER spectrum.

This can easily be seen from Fig. 12 showing the population
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FIG. 12. (Color online) MCWP realization for pulses of 1200 nm,

140 fs (FWHM), and 1.0 × 1014 W/cm2 given a specific first jump

time 12 fs prior to the peak of the pulse. (a) The population in the 2pσu

state |Ku(R,t)|2 along with (b) the amount of population entering

the doubly ionized state |Kc(R,T2)|2 as a function of the ionization

time T2.
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FIG. 13. (Color online) The KER spectra obtained using pro-

jections onto continuum Coulomb states (total energy, full line) and

using the relation E = 1/R right after the second ionization (potential

energy, dotted line). The results are calculated for pulses of 1200 nm,

140 fs (FWHM), and 1.0 × 1014 W/cm2. No focal volume averaging

has been performed.

density in the 2pσu state along with the population transferred

to the doubly ionized state. The population in the 2pσu state

[Fig. 12(a)] spreads out due to the dissociative nature of this

state and only minor R-dependent modulations are observed. A

small fraction of the wave packet remains at small internuclear

separations as a result of the dipole coupling to the 1sσg state.

Turning to the population transferred to the doubly ionized

state [Fig. 12(b)] a very clear R-dependent modulation is

observed due to the two most pronounced CREI peaks in

the ionization rate at R = 5.5 a.u. and R = 9 a.u. for this

intensity [see Fig. 7(c)]. If translated into Coulomb repulsion

energy at the time of the second ionization, this R-dependent

population transfer gives rise to two clear peaks in the potential

energy distribution as shown in Fig. 13. The two peaks,

however, merge into a single peak when the kinetic energy

already contained in the dissociating wave packet is added to

obtain the total KER spectrum also shown in Fig. 13. The

individual substructures of the KER spectrum arise from the

kinetic-energy contribution as well.

Given that CREI is the main mechanism responsible for the

overall appearance of the KER spectrum, the result becomes

almost independent of intensity changes and jump times.

Unlike the short pulses, pulses of 140 fs or longer offer plenty

of time to dissociate and hence all but the few molecules

ionized very late in the pulse will reach regions of enhanced

ionization. TDSE calculations using only a single ionization

time [6] for the first ionization may, for this reason, reproduce

the experimental results, while the simple two-state model

of [4,5] is insufficient in this regime.

VII. EXPERIMENTS USING SEVERAL PULSES

To show the versatility of the MCWP technique, we here

present some simulations using a more complex pulse shape,

where no model to our knowledge has been applied so

far. Experiments have been carried out studying dissociative

double ionization of H2, combining two pulses of 795 nm,

2 × 1014 W/cm2, and both of 25 fs (FWHM) duration with

a mutual delay of 38 fs (14.5 optical cycles) [18]. The

pulses are sketched in Fig. 14 together with the experimental

results and the prediction made by the present MCWP

technique. The overall agreement between the experiment

and theory is fine, but the low-energy part is overestimated

0 20 40 60
−0.1

0

0.1

time (fs)

F
ie

ld
 (

a.
u

.)

0

2

4

6

8

10

si
g
n
al

 (
ar

b
. 
u
n
it

s)

(a)

2 4 6 8 10 12
KER (eV)

2  10    W/cm

           795 nm

           2  25 fs

214x

x

(b)

FIG. 14. (Color online) (a) The electric field of two pulses

characterized by 795 nm, 2.0×1014 W/cm2, and 25 fs separated

by 14.5 optical cycles. (b) Simulated KER spectra (full line) and

experimental results [4] (points) for dissociative double ionization of

H2 using the pulses sketched in (a).

in the calculations. The tunneling picture is well supported

in this experiment characterized by γ = 0.83–0.89 and the

low-energy discrepancy may be due to our use of imprecise

values of the ionization rates, interpolated between only a

couple of different intensities published for an intensity above

1 × 1014 W/cm2 [7,11].

Given a pulse sequence of two relative short pulses with a

slight temporal overlap, the calculated spectrum is extremely

sensitive to whether the first ionization occurs in the first

or in the second pulse and at what specific instant of time.

The correct sampling over times of this jump thus makes

the MCWP description favorable for the modeling of such

experiments.

As an example of the involved dynamics, the evolution of

the nuclear wave function is given in Fig. 15 for one specific
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FIG. 15. (Color online) MCWP realization for H2 exposed to the

pulses sketched in Fig. 14(a). The first ionization is assumed at T1 =

−7 fs. (a) The population density in the 1sσg state |Kg(R,t)|2 and

(b) three times the population density in the 2pσu state |Ku(R,t)|2 is

shown using the same color scale. (c) Population entering the double-

ionized state |Kc(R,T2)|2 as a function of ionization time T2 as well

as (d) the corresponding nuclear energies KER(T1 = −3.5 fs,T2).
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first jump time T1 = −7 fs. In the figure, both the population

density in the 1sσg and the 2pσu states are plotted in addition

to the population transferred to the doubly ionized state along

with the corresponding energy distribution. It is seen from the

figure that the first pulse initiates a dissociating wave packet

right after the first ionization similar to the one seen in all

the one-pulse experiments. However, instead of giving rise

to KER at all internuclear separations, a region is missed at

R = 6–8 a.u. since the field amplitude is very small when the

wave packet has weight in this region. So even though the rates

are enhanced near R = 7 a.u. the corresponding energies are

suppressed in the spectrum. The ionization, however, reappears

at larger separations when the pulse intensity has grown. Now a

second region of enhanced ionization [see Fig. 7(c)] is reached,

and the modulation due to CREI at R = 9, R = 11, and R =

12 a.u. results in three small enhancements in the transferred

population as seen Fig. 15.

In addition to ionizing the already dissociated molecules,

the second pulse initiates yet another dissociating wave packet.

Not all of the molecules had transferred to the 2pσu state during

the first pulse and some remain in the electronic ground state,

where a characteristic vibrational time scale of 17 fs makes

them oscillate back and forth. At two different instances during

the second pulse the wave packet of the molecules reaches the

outer classical turning point where the coupling to the 2pσu

state is strong and population transfer will result in yet another

dissociative part. These parts later ionize and result in two

different contributions to the overall KER spectrum.

Summing up, Fig. 15(d) gives a good overview of the

contributions to the KER spectrum. If both the first and the

second ionization occur during the first pulse, energies between

5 and 15 eV are obtained starting from the high-energy end.

If, however, the first ionization occurs during the first pulse

and the second ionization during the second pulse, three

different energy ranges come into play. One of these being

the characteristic peak at 3 eV, but also contributions near

4–5 and 8–10 eV are seen due to dissociation initiated in the

second pulse. The possibility of both ionizations occurring in

the second pulse is not shown here. Given the very short time

to dissociate, these events will mimic the first femtoseconds

of Fig. 15 and hence give rise to contributions in the range of

5–15 eV.

VIII. CONCLUSION

We have presented a variety of examples where the MCWP

technique is seen to consistently predict correct KER spectra

for several different experiments. Studying dissociative double

ionization of H2 and D2 a very good agreement was found for

intensities up to 2.8 × 1014 W/cm2, wavelengths ranging from

480 nm all the way up to 1200 nm and durations from 40 fs to

140 fs. Even the combination of two 25 fs pulses resulted in

the right overall structure of the spectrum.

Using the MCWP technique, the nuclear wave packet

evolution during the pulse can be followed and several

questions about the dynamics can be addressed. In this way it

has been possible to assign the different structures of the KER

spectra to either characteristic features of the three-photon

coupling between the 1sσg and 2pσu states, or to CREI

enhancing the ionization rate from the upper dissociative curve

at different internuclear separations depending on the intensity.

For example, the high-energy peak, emerging at different

energies depending on the wavelength when the intensity is

raised was explained as a result of the three-photon coupling

between the 1sσg and 2pσu states and the substructure of

several of the spectra was assigned to the kinetic energy

obtained from dissociation in the 2pσu state.

The MCWP model has thus been shown to be capable

of reproducing and explaining many published data, and

we believe in its predictive power. We imagine the method

will also be very suitable to future studies including larger

molecules and different pulses or even pulse sequences. One

example might be N2 in extreme ultraviolet pulses [19].
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Nuclear dynamics in dissociative multiple ionization processes of diatomic molecules exposed to extreme-

ultraviolet free-electron-laser pulses is studied theoretically using the Monte Carlo wave packet approach. By

simulated detection of the emitted electrons, the model reduces a full propagation of the system to propagations

of the nuclear wave packet in one specific electronic charge state at a time. Suggested ionization channels can be

examined, and kinetic energy release spectra for the nuclei can be calculated and compared with experiments.

Double ionization of O2 is studied as an example, and good agreement with published experimental data is

obtained by simulating the dynamics on ten different electronic Born-Oppenheimer curves.

DOI: 10.1103/PhysRevA.83.063415 PACS number(s): 33.80.Eh, 41.60.Cr, 31.15.xv

I. INTRODUCTION

New powerful extreme-ultraviolet (EUV) and soft-x-ray

sources based on free-electron lasers (FEL) have been devel-

oped over the last decade, pushing experimental studies of

light-matter interaction to new regimes (see, e.g., the special

issue on intense x-ray science [1]). Before the advent of

these sources, synchrotron radiation was the main source

for experiments at high photon energies, and band structure

of solids, fragmentation of clusters, chemical reactions in

molecules, and electron correlation in atoms were among the

studied subjects [2]. However, in view of the limited intensity

and long pulse duration of synchrotron radiation, modern

FEL sources are desirable since they offer both coherent and

polarized light with a short duration and with an intensity of

up to nine orders of magnitude larger than that of modern

synchrotron radiation sources. This high intensity allows for

studies of extremely dilute samples and nonlinear processes,

and using pulses with a duration of only 10–100 fs, ultrafast

temporal resolution can be obtained as well [3,4].

In experiments on photoionization of nobel gases using FEL

pulses, highly charged ions have been obtained [5–8]. Contrary

to ionization in the infrared (IR) regime, where screening

precludes penetration of the long wavelength radiation and

hence results in liberation of outer valence electrons, the

short wavelength radiation of FELs results in removal of both

valence and core electrons. Subsequently, Auger decay and

autoionization may lead to further emission of electrons, and

such dynamics may appear after the end of the pulse. Pertur-

bation theory is expected to apply even for high intensities,

due to the very short wavelength, and rate equations have been

used to predict the amount of ions in each charge state as the

system ionizes [8,9]. Studying the distribution among charge

states as a function of intensity, several experimental results

have been reproduced [9,10].

Turning to molecules, the complexity increases, and

theoretical predictions become substantial more difficult to

obtain. If the ionization rate is approximately constant for all

internuclear separations, a rate equation approach, like the

one used for atoms [9], can be used to predict the amount

of molecular ions in each charge state upon interaction with

the field. For molecules, however, other quantities are also

of interest. In particular the kinetic energy release (KER)

spectrum of the nuclei is sensitive to the dissociation dynamics

taking place along with the transitions between the different

charge states. Of course KER spectra cannot be predicted by

rate equations alone, the nuclear degrees of freedom need to

be considered. Experiments in the EUV on N2 and O2 [11–13]

addressed the origin of different structures in the KER spectra

for singly charged ions. For O2 in [11] the number of photons

absorbed was determined, and a suggestion was made for a

set of electronic states involved based on the variation of the

spectrumwhen increasing the intensity and by comparing with

coincidence measurements. In this work we use the Monte

Carlo wave packet (MCWP) method to study dissociative

ionization. We study O2 in detail and obtain good agreement

with the experimental results using ten different electronic

Born-Oppenheimer (BO) curves. The modeling identifies the

cross sections and rates needed and stresses the importance

of obtaining more photoionization cross section data for

transitions between cations and dications and higher charge

states. While channel resolved cross sections are available in

the literature for single photon ionization from the neutral and

to the cation, the experimental data on transitions between ions

is scarce. The ab initio calculation of these cross sections is

beyond the scope of the present work, and accordingly, within

a reasonable expected range of values, the latter cross sections

are considered as fitting parameters. From this point of view

the present work highlights the need for more cross section

data that could be obtained, for example, from the ion-beam

line at FLASH.

The paper is organized as follows. In Sec. II we give an

introduction to the MCWP method and describe how to apply

this method to dissociative multiple ionization processes in

diatomic molecules in the EUV. In Sec. III we discuss results

obtained for dissociative double ionization of O2 and compare

with existing experimental results. Section IV concludes.

Atomic units (h̄ = e = me = a0 = 1) are used throughout

unless stated otherwise.
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II. DISSOCIATIVE MULTIPLE IONIZATION IN THE EUV

USING THE MONTE CARLO WAVE PACKET

APPROACH

Based on the BO approximation, the MCWP method

simulates nuclear dynamics during multiple ionization events

by collapsing the system onto a single charge state at a

given time. This collapse can be interpreted as the result of

the action of virtual detectors placed around the molecule

revealing information about the system and causing emitted

electrons to be traced out of the calculations (Fig. 1). The

instant for the collapse will, like in real experiments, differ for

different realizations of the evolution of the system, and hence

many different realizations are made and the results averaged

in order to simulate the physical evolution of the system.

The MCWP approach treats ionization as a loss of electrons

out of the system. An alternative and equivalent approach

[14–16] would be to use the master equation for dissipative

processes. The averaging over many different simulations as

done in the MCWP approach is, however, computationally

faster for problems like dissociative dynamics since the nuclear

spatial degrees of freedom makes the density matrix used in

the master equation method very large. Moreover, with the

MCWP technique we may isolate the quantum trajectories

that dominate the evolution of the system, as these will simply

contribute mostly to the averaging.

The MCWP technique was first introduced for dissipative

processes in quantum optics [14–16] and was later used

successfully in numerous studies [16–21] and also in molecular

physics [22,23]. In the IR regime the method was applied to

the problem of strong-field dissociative ionization of H2 and

D2, and allowed an identification of the different structures

in the KER spectra in terms of physical mechanisms such

as three-photon resonances and charge-resonance-enhanced

ionization in the cation [24–26].

We now describe the MCWP method for dissociative

ionization in the EUV in brief. Consider a diatomic molecule

with n electrons. Starting in the initial electronic state, the

nuclear wave function is propagated until an electron is

system detector

FIG. 1. (Color online) The MCWP model for dissociative mul-

tiple ionization. The method can be interpreted as a limitation

of the system to a finite region of space surrounded by virtual

detectors continuously absorbing electrons that are emitted due to

the interaction with the external field. If n electrons are present in

the system at time t and a detection of an electron occurs in the time

interval [t,t + dt], the system contains (n − 1) electrons immediately

after t + dt . If, on the other hand, a null detection appears during

[t,t + dt], the system still contains n electrons at time t + dt . In this

way the nuclear wave function collapses unto a specific charge state

in each time step (see text).

liberated by the external field and a click occurs in an imaginary

detector placed outside the system (Fig. 1). The nuclear wave

function is now instantaneously transferred to the charge

state with n − 1 electrons. The remaining ionic system is in

a specific electronic state determined by the energy of the

incoming photon and the kinetic energy of the emitted electron.

Coherent time evolution of the nuclear dynamics occurs in the

states in the cation. Due to the large photon energy of the

external EUV field, however, the coupling among these states

is limited and most often the evolution reduces to a propagation

of the nuclear wave function in a single electronic state. After

some time with null detection in the virtual detectors, yet

another electron is detected, and the system is transferred to

the charge state of n − 2 electrons. Once again the kinetic

energy of the outgoing electron and the energy of the photon

determines which electronic state is reached. If two channels

are completely indistinguishable from the point of view of the

detector, which monitors the outgoing electron, a transition to

a linear combination of states is to be used. Averaging over

many different evolutions of the system, however, often reveals

a similar result using this linear combination as obtained

by using transitions to specific states [24]. Transitions to

linear combinations of states will hence not be discussed in

the following. The approach is straightforwardly extended to

include as many charge states as desired and as many electronic

states in each charge states as desired. Furthermore, direct

multiple ionization can be included by allowing transitions

altering n by more than one. Such direct nonsequential

processes are expected to be important for pulses of high field

strength and short duration, where large intensities are reached

quickly and multiphoton processes become relatively more

important [27].

Treating ionization as loss of electrons from the system

to the surroundings, the dynamics of the ionization process

becomes irreversible. Hence the traditional unitary, norm-

conserving Schrödinger equation approach fails, and the

Hamilton operator should be modified in order to correctly

trace out the emitted electrons in the wave function picture

[14–16]

H = Hs −
i

2

∑

α,β

C
†

βαCβα. (1)

Here Hs is the Hamiltonian describing the internal dynamics

of the different charge states, and the coupling among these

states is described by the transition operators Cβα . The product

of the latter operators transfers the system from an initial state

|α〉 to a final state |β〉 with the rate 0βα , and the transition or

jump operator can be expressed as [24–26]

Cβα =

√
0βα|β〉〈α|. (2)

Due to the imaginary part in Eq. (1), H is no longer

Hermitian and hence does not conserve the norm of the wave

function under propagation in time. As we now discuss, it

is the drop in norm dP that determines the probability for a

transition to another charge state. In each time step a random

number ε between zero and unity is chosen, and if it is found to

be smaller than the drop in norm (ε < dP ), a transition occurs,

and the transition operator Cαβ is applied. If, on the other hand,

the random number is larger than the drop in norm (ε > dP ),
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no transition occurs, and the wave function is renormalized.

To obtain the correct physical evolution of an ensemble of

molecules, many different realizations are performed, and the

results are averaged over realizations.

To determine the nuclear dynamics in each realization of

the system, the BO approximation is applied, and the total

state ket |9〉 is expressed in a basis of electronic eigenstates

|φRα〉 fulfilling Helec(R)|φRα〉 = Eα(R)|φRα〉, where Helec(R)

is the electronic Hamiltonian at the internuclear distance R,

and Eα(R) the corresponding energy. For varying R, the

Eα(R) make up the BO-energy curves. Letting j be the index

specifying a given charge state and Sj the corresponding

(rigged) Hilbert space, we may express the total wave packet

as

|9〉 =

∑

j

∑

α∈Sj

∫
d ER Xα( ER,t)|φRα〉 ⊗ | ER〉, (3)

with Xα( ER,t) the nuclear wave functions, | ER〉 the position

eigenkets of the nuclear coordinate, and where the index α

implicitly depends on the charge state j . Note that the system

is restricted to be in one charge state at a time, and hence the

sum over j will only include a single term.

The Hermitian part of the Hamiltonian can now be

expressed as

Hs =

∑

j

∑

α∈Sj

∫
d ER

[
−

1

2µ

1

R

∂2

∂R2
R + Eα(R)

]

× |φRα〉〈φRα| ⊗ | ER〉〈 ER|. (4)

Note that the external field is not present in the above

expression since all transitions among charge states are

governed by the non-Hermitian part of the Hamiltonian, and

coupling within each charge state is neglected due to the large

photon energy considered here. If some couplings internally

in a given charge state are important, they can be included

in a coherent manner in Eq. (4) [24–26]. Jumps among the

different charge states are assumed to be vertical and can be

expressed as

Cβα =

∫
d ER

√
0βα( ER)|φRβ〉〈φRα| ⊗ | ER〉〈 ER|, (5)

where 0βα( ER) represents the instantaneous ionization rate at

a given internuclear separation ER, and will be related to the

photoionization cross section below.

Using Eqs. (4) and (5), the total non-Hermitian Hamiltonian

becomes

H = Hs −
i

2

∑

α,β

C
†

βαCβα (6)

=

∑

j

∑

α∈Sj

∫
d ER

[
−

1

2µ

1

R

∂2

∂R2
R + Eα(R)

−
i

2

∑

k 6=j

∑

β∈Sk

0βα(R)

]
|φRα〉〈φRα| ⊗ | ER〉〈 ER|.] (7)

The calculations for each time step now proceed as follows:

(1) Propagate the quantum state |9t 〉 a small time step dt

using the full non-Hermitian Hamiltonian H

|9̃t+dt 〉 = exp(−iHdt)|9t 〉. (8)

(2) Determine the drop in norm dP of the propagated state

dP = 1 − 〈9̃t+dt |9̃t+dt 〉. (9)

(3) Pick a random number ε between zero and unity.

(4a) If ε < dP : A transition occurs, and the state ket |9t 〉 is

projected from the initial state α to the final state β by applying

the jump operator Cβα

|9t+dt 〉 = NCβα|9t 〉, (10)

N being a normalization constant. In the case of several

different possible final states β, the transition operator Cβα

is chosen with probability

dPβ =
〈9t

∣∣C†

βαCβα

∣∣9t 〉

∑
i 6=j

∑
δ∈Si

〈9t |C
†

δαCδα|9t 〉

, (11)

where j specifies the charge state prior to the transition.

(4b) If ε > dP : No transition occurs, and the wave function

is simply normalized

|9t+dt 〉 =
1

√
1 − dP

∣∣9̃t+dt

〉
. (12)

(5) Return to point 1. for the next time step.

Performing the above mentioned calculations and averaging

the obtained result of several realizations, the correct physical

evolution of the system is obtained. For a more detailed

discussion of the MCWP method and the equivalence to the

master equation see [25].

III. APPLICATION TO DISSOCIATIVE DOUBLE

IONIZATION OF THE OXYGEN MOLECULE

IN THE EUV

As an example of how to apply the MCWP method to

describe dissociative multiple ionization processes in diatomic

molecules at EUV photon energies, we here consider double

ionization of O2 using FEL laser pulses. Figure 2 shows two

)sti
n

u .
br

a( l
a

n
gis

FIG. 2. (Color online) A comparison between experiment [11]

and the present MCWP calculations for the KER spectrum of O2

(twice the kinetic energy of O+) irradiated by laser pulses of 24 eV

photon energy and 100 fs (FWHM) duration.
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published experimental KER spectra of singly ionized O+

ions as a function of two times their kinetic energy. In the

experiment an external field of approximate 100 fs duration

was used, and the central photon energy was 24 eV. The peak

intensity was varied, and results for both 1 × 1013 and 3 ×

1013 W/cm2 are shown. Both experimental KER spectra in

Fig. 2 show a quite narrow peak at 1.6 eV and a broader peak

centered at 6–8 eV including a tail extending up to energies

as high as 18 eV. The location of the low-energy peak stays

constant when going from the higher to the lower intensity,

however, a slight decrease in center energy is observed.

In Fig. 2 we also show the calculated results using

the MCWP method for a Gaussian pulse of 100 fs dura-

tion (FWHM) and frequency and peak intensity as in the

experiment. Including ten different BO curves (Fig. 3),

and corresponding cross sections (Fig. 4), a boxsize of

Rmax = 20 a.u. and applying a Crank Nicholson propagation

scheme for the evolution of the nuclear wave packet, the full

simulation were made in only a few hours on a standard

computer. In the present case, a deterministic approach to the

X
2

g
X

3

g
B
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f
4

g
c

4

51

g

51 u
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g
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g
X
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g
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FIG. 3. (Color online) The BO curves for O2 [28], O+

2 [29,30],

and O2+

2 [31] included in the present MCWP simulations.
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FIG. 4. (Color online) An overview of the electronic states and

ionization cross sections used in the MCWP calculations of Fig. 2.

See Fig. 3 for an identification of the curves corresponding to the

labeling of the states. Ionization cross sections marked by an asterisk

are taken from [32], the remaining are estimated values (see text for

a discussion of these). All cross sections are given in atomic units.

MCWP method is possible (see [25]) and only 43 different

realizations are necessary to obtain the result shown, keeping

the computational efforts minimal. All the main features of

the experiments are reproduced by the method, and relatively

good agreement is obtained.

The ten different BO curves used in the MCWP calculation

are sketched in Fig. 3. These states are determined based on

suggestions made in [11] and published partial photoionization

cross sections [32]. Starting in the neutral state, all molecules

are assumed to be in the electronic ground state X 36−

g . From

this state many different electronic states of the singly ionized

molecule can be reached, as long as the energy does not exceed

that of the initial state plus the photon energy (24 eV) and the

spin multiplicity changes by unity, that is, to doublet or quartet

states in the cation. The latter selection rule follows since the

emitted electron carries a spin of 1/2. Several measurements

determining the total ionization cross section of the X 36−

g

state are published for the desired photon energy range

[32–34]. From the photoionization cross section σ the ion-

ization rate 0 can be determined as

0 =
I

ω
σ, (13)
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where ω is the angular frequency of the laser and I the intensity.

The total photoionization cross section is σ (X 36−

g → all) =

0.858 a.u. [32–34]. In order to perform the calculations, how-

ever, partial cross sections are necessary as well. According to

[32] the total cross section can be separated into four different

contributions, and these will be discussed individually in the

following (see Fig. 4 for an overview of the cross sections used

in the present MCWP simulations).

The first partial ionization cross section given in [32] is

for transitions to the lowest electronic state of the singly

ionized molecule X 25g . This state is hence included in the

calculations, and a cross section of σ (X 36−

g → X 25g) =

0.309 a.u. is used. X 25g supports several bound states, and

hence dissociation will not release O+ ions directly. Absorbing

yet another photon will, due to energy conservation, only give

access to the even tighter bound X 16+

g state of the doubly

ionized molecule, and no dissociation will take place here

either. The only effect of the coupling to the X 25g cation

state is hence to reduce the population in the neutral molecule

and hereby reduce the amount of population available for

dissociation through coupling to other states in O+

2 .

Some of these other states might be the a 45u (not shown),

the A 25u (not shown), or the b 46−

g (shown) state all being

slightly less bound than the X 25g state and located at slightly

higher energies. According to [32], the total ionization cross

section to all of these states is 0.403 a.u. Due to the similar

shape of the three curves, they will give similar structures in

the KER spectra, and for simplicity we only include one and

assume all population to be transferred to this b 46−

g state,

using σ (X 36−

g → b 46−

g ) = 0.403 a.u. as our second partial

photoionization cross section. Once again, the minimum in

electronic energy at low internuclear separation will lead

to only minimal dissociation. By monitoring the nuclear

dynamics in our simulations, we conclude that practically all

molecules will be found at internuclear separations less than

R = 2.8 a.u. At these small separations, almost no electronic

states in the doubly ionized molecule are within reach by

absorption of a single 24 eV photon, and even the X 16+

g

state mentioned earlier is forbidden due to spin selection

rules. Most population will hence stay in the b 46−

g state.

The partial ionization cross section to this state is almost

half the total ionization cross section, and consequently a

large population stays bound at small internuclear separations.

Two-photon absorption from this state might consequently

become important, even thought the involved rates are sub-

stantial lower than in the one-photon absorption case. The

highly excited state 2 56−

u of the doubly ionized molecule is

within reach by a two-photon absorption, and since no partial

photoionization cross section for the O+

2 →O2+

2 transition to

our knowledge has been published, we estimate this value

to σ (b 46−

g → 2 56−

u ) = 0.02 a.u. This cross section might

appear too large, however, since many different electronic

states contribute and we only include a single highly excited

state of O2+

2 in the present simulations, a larger cross section

serves as compensation for this simplification. Note that the

included highly excited state has a spin multiplicity of 5 (as the

case for many of the highly excited states [31]), and hence these

states cannot be reached from the lowest X 25g state. Entering

the 2 56−

u state, a large amount of kinetic energy is released,

si
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FIG. 5. (Color online) The different contributions to the spectrum

in Fig. 2 at the lower intensity. All molecules start in the neutral

electronic ground state X 25−

g , and nuclear dynamic in the listed

electronic states appear prior to dissociation and release of either one

or two O+ ions.

and according to Fig. 5, showing the different contributions to

the overall KER spectrum, energies above 14 eV are produced

by this mechanism. This energy release is in perfect agreement

with experimental findings [11] showing a rapid decrease of

the high energy part of the spectrum with decreasing FEL

power indicating that the contribution arises from processes

involving more than two photons.

The third partial photoionization cross section from the

neutral molecule to the cation is for the X 36−

g → B 26−

g

transition and here σ (X 36−

g → B 26−

g ) = 0.103 a.u. [32]. In

principle, the B 26−

g state supports vibrational bound states.

The state is, however, known to dissociate and release ions

at an energy of 0.8 eV by predissociation via the f 45g

(shown) and the d 46+

u (not shown) state [29]. Both these

states cross the potential curve of the B 26−

g state near the

equilibrium internuclear separation and can hence interact with

all vibrational levels of the B 26−

g state. In order to simplify

the calculations, we here neglect the d 46+

u state and focus on

the f 45g state. The lifetime for the predissociation process

is found to be long compared to the vibrational lifetime of

10−13 s [35], and hence we expect some molecules to stay in

the bound B 26−

g state until after the 100 fs long pulse while

others predissociate. To simulate this mechanism using the

MCWP method, we assume that 10% of the molecules entering

the B 26−

g stay there until after the pulse while the remaining

90% enter the f 45g state directly. Hence we use σ (X 36−

g →

B 26−

g ) = 0.010 a.u. and σ (X 36−

g → f 45g) = 0.093 a.u.

in the calculations. The predissociation process cannot be
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included as jumps in the MCWP method since no electrons

are emitted and no virtual detection can be made.

The amount of population in the B 26−

g state remains

tightly bound until after the pulse, where it is released onto

the f 45g state. Dissociation leads to the low energy peak

of the KER spectrum (see Fig. 5) as expected [11,29]. The

size of the peak shows only slight dependence of the FEL

power since the O2 →O+

2 ionization is close to saturated

as also seen in experiments [11]. Now left to consider is

the amount of molecules released in the f 45g state during

the pulse. During dissociation large internuclear separations

are reached, and absorption of one photon can lead to double

ionization through various channels. Common for all the

possible involved states is the asymptotic 1/R behavior,

and for simplicity, we include only two, namely the 1 56+

g

and the 1 55u states. These states are both within reach of

the f 45g state, however, forbidden due to spin selection

rules from the B 26−

g state. To our knowledge no partial

photoionization cross sections have been published for the

O+

2 →O2+

2 transition, and hence we approximate the involved

cross section to both σ (f 45g → 1 56+

g ) = 0.08 a.u. and

σ (f 45g → 1 55u) = 0.08 a.u. The calculated KER spectrum

is not very sensitive to this choice. Depending on the instant

of the jump from the neutral molecule to the f 45g state, this

choice leaves typically 5% of the molecules in the f 45g state

after the pulse with a pulse intensity of 3 × 1013 W/cm2 while

typically 30%–40% remain in the 1 × 1013 W/cm2 case. From

Fig. 5, it is seen that these dissociating molecules contribute

to the KER spectrum at energies near 4 eV, and hence this low

energy part of the spectrum is favored in the low intensity case

shifting the broad peak down in energy compared to the high

intensity case. Ionization to the 1 56+

g and the 1 55u states,

release energies in the entire range from 5 to 14 eV in both

cases (see Fig. 5).

In order to obtain the correct shape of the high energy peak

together with the correct relative heights of the different peaks,

yet another dissociating state in O+

2 is needed. According

to [32], the c 46−

u state contributes to the cross section from

the neutral to the cation. This fourth partial photoionization

cross section from the ground state of the neutral and to

the cation is σ (X 36−

g → c 46−

u ) = 0.043 a.u. [32]. The

c 46−

u state in principle supports bound states, however, the

BO curve for another dissociative electronic state of 46−

u

symmetry crosses the BO curve near equilibrium, and we

assume that the population is instantaneously transferred

to this dissociative state. During dissociation we apply the

same ionization cross sections to the double ionized states as

for the f 45g state and σ (c 46−

u → 1 56+

g ) = 0.08 a.u. and

σ (c 46−

u → 1 55u) = 0.08 a.u. are used. Once again, almost

all the molecules ionize prior to the end of the pulse, and

since the population is small in the c 46−

u state, it does not

contribute to the KER signal via dissociation. The doubly

ionized molecules contribute to the high energy peak in the

energy range from 5 to 11 eV (see Fig. 5).

Adding up all the partial cross sections for the initial

ionization, the correct total ionization cross section [32–34]

is obtained. Hence no further electronic states in the singly

ionized molecular ion are assumed to contribute. Turning

to the calculated KER spectrum using these states, a fine

agreement with experiment is found and the mechanisms

suggested in [11] is verified in the above sense. For a more

detailed description, however, more electronic states and in

particular ionization cross sections are needed in order for

the MCWP method to be fully quantitative and capable of

predicting the outcome of future experiments.

IV. CONCLUSIONS

Using the MCWP method, it is possible to study nuclear

dynamics as diatomic molecules undergo multiple ionization

in EUV free-electron laser pulses. If the fraction of molecular

ions in each charge state after interaction with the external field

is of main concern, a simple rate equation approach would

be sufficient. The MCWP method, however, also includes

nuclear dynamics, and results such as the KER spectrum can be

obtained. As an example, double ionization of O2 was studied,

and a good agreement with experiments was found using ten

different electronic states. In order for the MCWP method

to be capable of predicting future experiments, input such as

electronic BO curves and partial photoionization cross sections

are needed. Unfortunately, especially the cross sections are not

well known for many molecules, in particular for molecular

ions, and need to be determined or approximated for the

method or other methods based on rate equations to apply.

However, when these quantities are available, the MCWP

method can predict the result of multiple ionization involving

as many ionization events as desired. The only restriction is

that at least one electron is removed in each transition, so the

virtual detectors can collapse the wave function to a specific

electronic state in each time step. As an example, it is found

that when N2 is exposed to laser pulses of 24 eV photon

energy, an internal transition from a low-lying state in N+

2 to

a highly excited state in the same Hilbert space dominates

the evolution [11], and hence coherent dynamics beyond that

discussed here is to be included in order to obtain the correct

KER spectrum.
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English summary

When molecules are exposed to intense laser pulses, a dramatic change in the 
dynamics of the system is induced. Electronic excitation and ionization change 
the state of the electrons, and as a consequence, the potential landscape seen by 
the nuclei change as well. Nuclear dynamics occurs and the molecule may dis-
sociate. Nuclear dynamics in dissociative ionization of small molecules is the 
main topic of this thesis.  The Monte Carlo wave packet approach originally 
developed for studying photon emission in quantum optics is applied. By simu-
lating the detection of liberated electrons the approach restricts the state of the 
system to one specific charge state at a time.  Applying this restriction the com-
putational effort is relatively low, and dynamics in both hydrogen and oxygen 
molecules are studied for several different pulse parameters. The kinetic 
energy distribution of the ionic fragments is determined and compared with 
experimental finding. A very good agreement is obtained.   

Dansk resumé

Når molekyler udsættes for intense laserpulser påvirkes både elektroner og 
kerner. Elektronerne kan anslås til højereliggende energitilstande eller løsrives 
helt fra molekylet. Når elektronernes tilstand ændres, ændres kraftpåvirknin-
gen på kernerne også, og dynamik induceres ofte. I nogle tilfælde vil molekylet 
ikke længere være bundet. Denne afhandling beskriver kernedynamik i pro-
cesser, hvor flere elektroner løsrives og kernerne som et resultat heraf bevæger 
sig fra hinanden. Monte Carlo bølge pakke metoden er anvendt til denne 
beskrivelse. Ved at placere virtuelle detektorer rundt om molekylet kan mole-
kylets ladningstilstand bestemmes i alle tidsskridt. Herved simplificeres 
kernernes dynamik, der nu er begrænset til en enkelt ladningstilstand ad 
gangen. Kernernes energifordeling når pulsen er ovre bestemmes. Metoden er 
ikke særligt beregningskrævende og resultater for både hydrogen- og iltmole-
kyler er opnået for mange forskellige pulsparametre. En meget god overens-
stemmelse med eksperimentelle data er opnået.  
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