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CHAPTER 1

Introduction

The laser was first demonstrated, by T. Maiman at Hughes Research Laboratories,
50 years ago and despite being as considered a curiosity at first the development
of the laser has lead to an enormous number of different applications ranging from
medicine to femtochemistry. It is safe to say, that the development of the laser is
one of the most important breakthroughs in science during the 20th century, underlining the importance of basic research in topics which might, at the time, seem to
have limited applications. Furthermore, laser technology has revived the field of
atomic, molecular and optical physics into a very thriving branch of physics.
There has been a tremendous development in pulsed laser source technology
since the first demonstration of the laser. Pulses with a duration of only a few femtoseconds, with stable carrier-envelope phase, and intensities comparable to the
Coulomb interaction between the electron and the nuclei (I = 1.0 × 1013 W/cm2 I = 1.0 × 1018 W/cm2 ) are now available for a broad range of wavelengths (800
nm to 2000 nm) [1]. This development has paved the way for exciting new research
fields such as attoscience and femtochemistry. The development of femtosecond
pulses has paved the way for femtochemistry where femtosecond pulses are used to
study chemical reactions, occurring on a femtosecond timescale, in real time, e.g.,
directly monitoring how bonds are broken or created during chemical reactions [2].
The characteristic timescale for nuclear motion in diatomic molecules is femtoseconds. It is therefore also possible to investigate nuclear motion in real time, using
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femtosecond pulses [3]. The typical timescale for the electron dynamics in an atom
or molecule can be estimated using the oscillatory period for an electron in the 1s
state of hydrogen, being of the order 100 as. This prevents electron dynamics
from being studied using femtosecond pulses, femtosecond pulses are simply too
long to capture the electron dynamics. However, it is possible to generate XUV
attosecond pulses using femtosecond pulses [1, 4], utilizing high-harmonic generation (HHG), and consequently generate pulses short enough to capture electron
dynamics within an atom or molecule. Consider an atom ionized by a femtosecond
pulse. The ejected electron is shaken back and forth by the field which can drive
the electron back towards the residual atom. High-harmonic generation occurs
when the electron recombines with the residual atom, emitting the excess energy
in one photon with a frequency of N ω, where ω is the laser frequency and N is
an integer. Attosecond pulses have already been used to study electronic motion
in atoms and solids, electronic excitation and relaxation dynamics [1, 4]. In fact,
the development of attosecond pulses has paved the way for a whole new research
field, named attoscience, which hold promise for a large number of unprecedented
applications. For a recent review see [4].
High-harmonic generation is furthermore used in molecular-orbital tomography [5, 6]. The HHG signal contains information of the ionizing and recombining
system and the HHG signal can therefore, if an inversion is possible, be used as
a source of information regarding the ultra-fast time-evolution of the initial system [7, 8].
In strong-field physics single ionization stands out as a fundamental process
because it triggers the subsequent electron wave packet dynamic in the continuum
and hence affects important processes such as HHG. Optimal usage of a process
like HHG, or coherent control with few-cycle pulses, requires a detailed knowledge
of the first step, namely the ionization step. Strong-field ionization is also a very
interesting process in its own right due to a number of interesting phenomena, e.g.,
carrier-envelope phase effects. Furthermore, measuring the photoelectron angular distribution provides detailed information about the ionizing system and hence
pump-probe experiments, where the pump pulse initiates some dynamics and the
system subsequently is probed by the ionizing pulse, can be used to gain dynamical
information [9, 10].
Ionization by an external electromagnetic field can be divided into three different regimes: (1) The tunneling regime. (2) The multiphoton regime. (3) The
over-the-barrier regime. If the laser frequency is sufficiently small we can consider the laser field as quasi-static. The presence of the field modifies the binding
potential, as shown in Figure 1.1, allowing the electron to tunnel through the mod-
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Figure 1.1. Consider an atom interacting with an (static) electric field. The presence of the field modifies the potential, along the direction of the field, felt by the
electrons, as shown in the two plots. The left inset shows the atomic potential,
VBinding (red), and the modified atomic potential, VBinding + VLaser , in the tunneling
regime. The right inset shows the atomic potential, VBinding (red), and the modified
atomic potential, VBinding + VLaser , in the over-the-barrier regime.

ified barrier into the continuum. On the other hand, if the laser frequency is large
and the intensity low the electron may not have time to tunnel and the ionization
process is best described by the absorption of discrete photons, i.e., by multiphoton ionization. Finally, at very high intensities the field completely removes the
barrier allowing the electron into the continuum, see Figure 1.1. The distinction
between the tunneling regime and the multiphoton regime can be quantified using
the Keldysh parameter [11]. The Keldysh parameter is defined as
p
ω 2Ip
ω
γ=
=
,
(1.1)
ωt
E0
where ω is the laser frequency, ωt is the frequency associated with the tunneling
process, Ip is the ionization potential and E0 is the electric field amplitude. If
ω ≫ ωt , that is γ ≫ 1, ionization occurs via multiphoton absorption. On the other
hand, if ω ≪ ωt , that is γ ≪ 1, the field can be treated as quasi-static and ionization occurs via tunneling1 . There is no clear transition between the tunneling and
multiphoton regimes and they both contribute in the intermediate region γ ≈ 1.
However, studies have shown that tunneling actually dominates in the intermediate
1

Note that increasing the electric field amplitude takes us into the tunneling regime until we reach
the over-the barrier regime.
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region, but this tunneling process, coined non-adiabatic tunneling, differs significantly from the quasi-static tunneling seen in the limit γ ≪ 1 [12]. Notice, that
the Keldysh parameter, strictly speaking, only has a well defined meaning for long
monochromatic pulses. Accordingly, one should be a little careful when using the
Keldysh parameter for short pulses.
The photoelectron momentum distribution, i.e., the ionization signal resolved
in both direction and energy, is the quantity containing the most information about
the ionization process and the photoelectron momentum distribution is therefore
the main quantity of interest in this thesis. Regarding strong-field ionization, the
first experiments measured the total ionization probability using time of flight techniques, e.g., the total ionization probability as a function of peak intensity. This
quantity does not tell you much about the ionization process, energy-resolved or
even better momentum resolved measurements contains much more information
but are, of course, also more difficult to measure. The process of above-threshold
ionization (ATI), requiring energy-resolved measurements, was first observed in
1979 by P. Agostini et.al [13]. Above-threshold ionization is a strong-field process
where the atom, or molecule, absorbs more photons than needed to overcome the
ionization threshold, giving rise to discrete peaks in the photoelectron energy distribution, corresponding to different number of absorbed photons. It is now possible
to resolve the direction as well as the energy of the photoelectron using velocity
imaging techniques. It is actually possible to measure molecular-frame photoelectron angular distributions using either the COLTRIMS technique or alignment and
orientation techniques [14–16].
As the title reveals, the topic of this thesis is a theoretical investigation of
strong-field ionization of atoms and molecules using femtosecond pulses, ranging from a few optical cycles up to about 20. We will examine different aspects of
the ionization process, e.g., carrier-envelope phase effects for atoms and symmetry
effects for molecules. The next 3 chapters are devoted to a review of some of the
theoretical framework, namely ab-initio theory based on the the time-dependent
Schrödinger equation and the strong-field approximation, used in the modeling of
strong-field ionization. In addition, we characterized the effect of a change in the
carrier-envelope phase from first principle in chapter 3. This characterization is
based on the following publications:
• C. P. J. Martiny and L. B. Madsen, Symmetry of Carrier-Envelope Phase
Difference Effects in Strong-Field, Few-Cycle Ionization of Atoms and
Molecules, Physical Review Letters 97, 093001 (2006). (Copyright (2006)
by the American Physical Society)

5

• C. P. J. Martiny, M. Abu-samha and L. B. Madsen, Ionization of oriented
targets by intense circularly polarized laser pulses: Imprints of orbital angular nodes in the 2D momentum distribution, Physical Review A. Atomic,
Molecular, and Optical Physics 81, 063418 (2010). (Copyright (2010) by
the American Physical Society)
In chapter 5 and 6, we apply the developed theory, thereby examining different
aspects of strong-field ionization. Chapter 5 is based on the following publications:
• C. P. J. Martiny and L. B. Madsen, Finite bandwidth effects in strong-field
ionization of atoms by few-cycle circularly polarized laser pulses, Physical Review A. Atomic, Molecular, and Optical Physics 76, 043416 (2007).
(Copyright (2007) by the American Physical Society)
• C. P. J. Martiny and L. B. Madsen, Ellipticity dependence of the validity of
the saddle-point method in strong-field ionization by few-cycle laser pulses,
Physical Review A. Atomic, Molecular, and Optical Physics 78, 043404
(2008). (Copyright (2008) by the American Physical Society)
• C. P. J. Martiny, M. Abu-samha and L. B. Madsen, Counterintuitive angular shifts in the photoelectron momentum distribution for atoms in strong
few-cycle circularly polarized laser pulses, Journal of Physics B: Atomic,
Molecular and Optical Physics 42, 161001 (2009). (Copyright (2009) by
IOP Publishing Ltd)
Chapter 6 is based on the following publications:
• V. Kumarappan, L. Holmegaard, C. P. J. Martiny, C. B. Madsen, T. K.
Kjeldsen, S. Viftrup, L. B. Madsen and H. Stapelfeldt, Multiphoton electron
angular distributions from laser-aligned CS2 molecules, Physical Review
Letters 100, 093006 (2008). (Copyright (2008) by the American Physical
Society)
• C. P. J. Martiny, M. Abu-samha and L. B. Madsen, Ionization of oriented
targets by intense circularly polarized laser pulses: Imprints of orbital angular nodes in the 2D momentum distribution, Physical Review A. Atomic,
Molecular, and Optical Physics 81, 063418 (2010). (Copyright (2010) by
the American Physical Society)
• D. Dimitrovski, C. P. J. Martiny and L. B. Madsen, Strong-field ionization
of polar molecules: Stark shift corrected strong-field approximation. Submitted to Physical Review A. Atomic, Molecular, and Optical Physics.
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Figure 1.2. This figure illustrates the linear color scale used throughout this thesis.

1.1 Conventions
The strong-field ionization process is modeled throughout this thesis using semiclassical theory, where the atomic or molecular system is treated quantum mechanically while the laser field is treated classically. This is a good approximation in
strong-fields, where the number of photons can be approximated by a continuous
variable, thus making the field classical. We furthermore neglect the influence of
the atom or molecule on the laser field. In addition, we are going to use the single
active electron approximation (SAE) throughout this thesis, unless stated otherwise. The laser field is assumed to couple primarily with the least bound electron
while the other electrons are frozen during the interaction. Hence, our attention is
restricted to the least bound electron, with the remaining electrons described by an
effective potential.
Molecules have a richer geometry than atoms and are, consequently, also considerably harder to treat theoretically. Luckily, it is possible to simplify the problem using different approximations. The large difference in timescale between the
electronic and nuclear motion leads to the Born-Oppenheimer approximation, separating the electronic and nuclear motion. Furthermore, since the characteristic
timescale for rotations, 100 fs, is much larger than the interaction times considered
in this thesis, the rotational degree of freedom can be considered frozen. The characteristic timescale for vibrations are of the order 10 fs (H+
2 ) and hence cannot,
in general, be neglected for, say, a 10-cycle 800 nm laser pulses interacting with
H+
2 . However, the molecules studied in this thesis are usually much heavier than
H+
2 and it is therefore reasonable to neglect the nuclear vibrations. Accordingly,

1.1. Conventions

7

with these approximations, we treat the different nuclei as fixed in space during the
interaction with the laser pulse.
Atomic units me = e = ~ = a0 = 1 are used throughout this thesis, unless
otherwise stated.
Finally, a short comment regarding the color plots shown in this thesis. The
color scale is linear, unless stated otherwise, with deep blue corresponding to zero
and dark red corresponding to 1 in normalized units. The crossover between blue
and yellow corresponds to half the maximum value. The color scale is exemplified
in Figure 1.2.
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CHAPTER 2

The motion of a charged particle in a
classical electromagnetic field

This chapter is meant as a very brief introduction to a few topics which will become
useful for us at a later stage. As discussed in the introduction, we treat the laser
field classically while the atomic or molecular system is described using quantum theory. We therefore start by reviewing some basic classical electrodynamics
which eventually leads to the presentation of the vector potential for a few-cycle
laser pulse. Along the way, we also meet the dipole approximation which consists
of neglecting the laser field spatial dependence. Next we proceed to present the Lagrange and Hamiltonian equations of motion for an electron in an electromagnetic
field. This part is particularly important, since it allows us to write up the quantum mechanical Hamiltonian for an electron in an electromagnetic field, which, of
course, is important for a quantum mechanical description of the ionization process. Finally, we present the velocity gauge and length gauge descriptions of an
electron in an electromagnetic field. They correspond to two different forms of the
light-matter interaction operator and are related via a unitary transformation.
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ELECTROMAGNETIC FIELD

2.1 Classical description of the electromagnetic field
The force on a charged particle in an electromagnetic field is given by the Lorentz
force law
~ r, t) + ~v × B(~
~ r, t)),
F~ (~r, t) = qc (E(~

(2.1)

~ r, t) the electric field and
where qc is the charge of the particle, ~v the velocity, E(~
~ r, t) the magnetic field. Hence, in order to determine the trajectory of the partiB(~
cle one has to calculate the electromagnetic field, which in turn is generated by the
charge and current densities according to Maxwell’s four equations [17]
~ = 1 ρ,
∇·E
ǫ0

(2.2)

~ = 0,
∇·B

(2.3)

~ =−
∇×E

~
∂B
,
∂t

~ = µ0 J~ + ǫ0 µ0
∇×B

(2.4)

~
∂E
,
∂t

(2.5)

where ρ is the charge density and J~ is the current density. Maxwell’s equations are,
except in the simplest cases, quite difficult to solve. It is therefore often convenient
to express the electromagnetic field via the vector and scalar potentials. According
~ and B
~ can be written as [18]
to Helmholtz’s theorem, E
~
~ = −∇Φ − ∂ A ,
E
∂t

(2.6)

~ = ∇ × A,
~
B

(2.7)

~ r, t) is the so called vector
where Φ(~r, t) is the so called scalar potential and A(~
~ and B
~ automatically fulfill Eq. (2.3) and Eq. (2.4), while Eq.
potential. Then E
(2.2) and Eq. (2.5) are transformed into the following pair of coupled differential
equations [17]
∇2 Φ +

∂
~ =−ρ,
(∇ · A)
∂t
ǫ0

(2.8)

2.1. Classical description of the electromagnetic field

2~
~ − µ0 ǫ 0 ∂ A
∇ A
∂t2
2

!



∂Φ
~ + µ0 ǫ 0
~
−∇ ∇·A
= −µ0 J.
∂t

11

(2.9)

The introduction of the potentials reduces the original six dimensional problem to
a four dimensional problem. However, Eq. (2.8) and (2.9) are quite complicated
~ has simplified our
and hence it is not obvious that the introduction of Φ and A
goal of solving the four Maxwell equations. What saves us is the concept of gauge
~ → A
~ + ∇f and
freedom. It is easily checked that the gauge transformations A
∂f
Φ → Φ − ∂t , where f is a scalar function, does not change the physical fields,
~ and B,
~ i.e., we are allowed to modify the vector potential and scalar potential
E
according to these transformations, without changing the physical quantities. This
is of large importance, since it allows us to choose a gauge such that the mathematical description of a given problem becomes as simple as possible. There are
several different gauges on the market and the optimal choice typically depends on
the given physical problem. We will use the so called Coulomb gauge throughout
~ = 0, which leads to the folthis thesis. In the Coulomb gauge we demand that ∇· A
2
lowing equation for the scalar potential ∇ Φ = −(1/ǫ0 )ρ, i.e., the scalar potential
satisfies the Poisson equation. The Coulomb gauge is a good choice if no source is
present, which is the case considered here. Since ρ = 0, we can take Φ = 0, which
together with J~ = 0 implies that the vector potential, the electromagnetic field is
now completely determine by the vector potential, satisfies the three dimensional
wave equation
~=
∇2 A

2.1.1

~
1 ∂2A
.
c2 ∂t2

(2.10)

Few-cycle laser pulses

The monochromatic plane wave solution to Eq. (2.10), describing an elliptically
polarized electromagnetic field propagating in the z direction with frequency ω, is
in general given by [19]
 
~ r, t) =A0 cos(ωt − ~k · ~r + φ) cos ǫ ~ex
A(~
2 
ǫ
~
~ey .
(2.11)
+ A0 sin(ωt − k · ~r + φ) sin
2
Here A0 is the amplitude, φ is a phase, ~k = kz ~ez is the wave vector and ǫ is
the ellipticity describing all degrees of elliptical polarization when varied within
the interval [0; π2 ]1 . The amplitude A0 is related to the electric field amplitude by
E0 = ωA0 and the relation to the intensity is I = 12 ǫ0 cE02 .
1

ǫ = 0 corresponds to linear polarization while ǫ =

π
2

corresponds to circular.
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Atoms and (small) molecules typically extend over distances of the order one
Ångstrøm (10−10 m), i.e., the wave function describing such systems typically extend over distances of the order one Ångstrøm . The wavelength of the light we are
going to consider is, however, of the order 1000 Ångstrøm, thousand times larger
than the typical atomic distance. This implies that the light field practically does
not change over the spatial region of the atom or molecule, since kr ≪ 1. As a
~ r, t) = A(t),
~
consequence, we can neglect the spatial dependence of the fields, A(~

 
  
~ = A0 cos(ωt + φ) cos ǫ ~ex + sin(ωt + φ) sin ǫ ~ey .
A(t)
(2.12)
2
2
This is the dipole approximation, which holds as long as
ka ≪ 1 ⇔ a ≪ λ,

(2.13)

with λ being the wavelength and a a measure of the linear extend of the atomic or
molecular wave function. Notice, that the B-field component of the electromag~ = ∇ × A.
~ The dipole
netic field vanishes in the dipole approximation, since B
approximation will be assumed implicitly throughout the thesis unless otherwise
stated.
It is obvious that a field like Eq. (2.12) with infinite temporal extension cannot
describe a few-cycle pulse, i.e., a pulse with a finite duration. Such a short pulse
can be produced by a superposition of plane waves, Eq. (2.12), with different
frequencies. A popular form for the vector potential describing a few-cycle pulse
is

 
  
~ = A0 f (t) cos(ωt + φ) cos ǫ ~ex + sin(ωt + φ) sin ǫ ~ey , (2.14)
A(t)
2
2

where f is the envelope. The envelope f is a slowly varying function compared

to the carrier wave cos(ωt + φ) cos( 2ǫ )~ex + sin(ωt + φ) sin( 2ǫ )~ey . There are
several forms of envelopes on the market, e.g., sin2 -, square-, trapezoidal- and
Gaussian-envelopes. The Gaussian pulses have the smallest possible frequency
width and is therefore the pulses normally produced in experiments. However,
Gaussian pulses are somewhat inconvenient from a theoretical modeling perspective, due to the, in principle, infinite pulse length. We will use a sin2 −envelope
f (t) =

(

sin2
0

ωt
2N



t ∈ [0, τ ]

elsewhere,

where N is the number of optical cycles and τ is the pulse length. This envelope
gives pulses that closely resembles Gaussian pulses, especially for the dominant
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part of the pulse near t = τ /2. The field described by Eq. (2.14) is no longer
monochromatic, it is composed of a large number of different frequencies, with
the bandwidth being inversely proportional to the pulse length. The quantity ω is
called the central frequency and it is (close to) the most dominant frequency, among
∂ ~
~
the frequencies of which the pulse is composed. The electric field E(t)
= − ∂t
A(t)
originating from Eq. (2.14) depends highly on the phase φ, as shown in Figure 2.1.
A few-cycle pulse is in general quite asymmetric and the phase φ determines this
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Figure 2.1. The electric field obtained from Eq. (2.14) for two different polarizations and two different values of CEP. The upper row shows the electric field
in the case of linear polarization for φ = 0 (left) and φ = π2 (right). The lower
row shows the electric field in the case of circular polarization for φ = 0 (left) and
φ = π2 (right). The laser parameters used are peak intensity I = 1.0×1014 W/cm2 ,
central frequency ω = 0.057 (corresponding to a central wavelength of 800 nm)
and three optical cycles, N = 3.

asymmetry. It is called the carrier-envelope phase difference (CEP), since it gives
the phase difference between the carrier wave and the envelope in the linear case.
Notice, that the electric field in the circular case rotates around the z axis by an
angle ∆φ when the CEP is changed by ∆φ. We will return to this point in chapter
3, where we fully characterize the response of atomic and molecular systems under
a change of the CEP.
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The electric field originating from Eq. (2.14) satisfies the relation
Z τ
~ = ~0.
Edt

(2.15)

0

A physical pulse has to obey this relation, otherwise it would contain a DC comRτ
~
~
which is, of course, not possible for a propagating
ponent (E(ω
= 0) = 0 Edt),
pulse [20].

2.2 The motion of a charged classical particle in an electromagnetic field
The purpose of this section is to review the Lagrangian and Hamiltonian formulations for a charged particle in an electromagnetic field. Let us start with the
Lagrangian formulation of the problem. The Lagrange equations of motion states
that


d ∂T
∂T
−
= Qi ,
(2.16)
dt ∂ q̇i
∂qi
where T is the kinetic energy, qi the generalized coordinates and Qi the generalized
force. We assume that the generalized force can be written on the form


d ∂U
∂U
,
(2.17)
Qi =
−
dt ∂ q̇i
∂qi
where U ({qi }, {q̇i }, t) is some function. For a conservative system
U ({qi }, {q̇i }, t) = U ({qi })

(2.18)

is the usual potential energy of the system. When put into Eq. (2.16), this relation
leads to the following equation


d ∂L
∂L
= 0,
(2.19)
−
dt ∂ q̇i
∂qi
where L = T − U is the Lagrangian. Now consider a charged particle interacting with an electromagnetic field described by the scalar potential Φ and vector
~ As generalized coordinates we pick the Cartesian coordinates describpotential A.
ing the position of the particle ~r = (x = x1 , y = x2 , z = x3 ) and therefore
~ + ~v × B)
~ i (i = x, y, z). The electromagnetic force is not conserQi = Fi = qc (E
vative and hence we have to find a function U such that


d ∂U
∂U
Fxi =
−
,
(2.20)
dt ∂ ẋi
∂xi
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in order to meaningfully define a Lagrangian L. However, it is easy to show that
the function U defined by
~
U (~r, ~r˙, t) = qc (Φ(~r, t) − ~r˙ · A),

(2.21)

satisfies Eq. (2.20). Thus, the full dynamics of our particle is governed by Eq.
(2.21), together with Eq. (2.19).
Now let us turn to the Hamiltonian formulation. We start by defining the generalized momentum as
pi =

∂L({qi }, {q̇i }, t)
.
∂ q̇i

(2.22)

The step from the Lagrangian formulation to the Hamiltonian formulation is achieved
by considering the generalized velocities as a function of the generalized coordinates and the generalized momenta, using Eq. (2.22). Accordingly, the variables
in the Lagrangian formulation {qi }, {q̇i } is changed into {qi }, {pi } in the Hamiltonian formulation. The dynamics is now governed by the Hamilton equations of
motion
dpi
∂H
=−
∂qi
dt

(2.23)

∂H
dqi
=
.
∂pi
dt

(2.24)

and

Here
H({qi }, {pi }, t) =

X
j

pj q̇j ({qi }, {pi }, t) − L,

(2.25)

is called the Hamiltonian, which, in the case of a conservative system, is nothing
but the total energy of the system. Returning to our charged particle interacting
with an electromagnetic field, one sees that
H(~r, p~, t) =

1
~ 2 + qc Φ,
(~
p − qc A)
2m

(2.26)

where m is the mass of the particle and p~ denotes the canonical momentum of the
particle. Hence, the dynamics in the electromagnetic field, within the Hamiltonian
formulation, is given by Eq. (2.23), Eq. (2.24) and Eq. (2.26). Equation (2.26) is
the main result in this section, since it allows us to obtain the Hamiltonian operator
for a charged particle in an electromagnetic field. We obtain
Ĥ =

1 ~
~ 2 + qc Φ,
(p̂ − qc A)
2m

(2.27)
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using canonical quantization. The Hamiltonian for an electron moving in a binding
potential V (~r) interacting with an electromagnetic field then reads,
Ĥ =

1 ~
~ 2 + qc Φ + V (~r).
(p̂ − qc A)
2m

(2.28)

2.3 Quantum description of a charged particle in an electromagnetic field
The time-dependent Schrödinger equation (TDSE) for an electron, moving in a
binding potential, interacting with an electromagnetic field reads


∂
1 2 ~
1~ 2
~
i Ψ(~r, t) = − ∇ + A(t) · p̂ + A(t) + V (~r) Ψ(~r, t),
(2.29)
∂t
2
2
if we adopt the Coulomb gauge along with the dipole approximation. Here V is the
~ r, t) · p̂~ describes the interaction
atomic or molecular binding potential, the term A(~
~ r, t)2 is the energy associated
between the active electron and the field while 21 A(~
with the field itself. Even for the simplest systems, this equation cannot be solved
analytically and hence we have to resort to numerical solutions, or to approximate
solutions. We will return to this point in chapter 3 and chapter 4, where we describe
the general theory for strong-field ionization of atoms and molecules by few-cycle
laser pulses.

2.3.1

Velocity and length gauge

It is well known that quantum mechanics is invariant with respect to unitary transformations, i.e., transformations which fulfill the identity
T̂ † T̂ = T̂ T̂ † = 1,

(2.30)

where 1 denotes the identity operator. Suppose that Q̂ is some observable, T̂ a
unitary operator and that Ψ is a solution to the TDSE, i∂Ψ/∂t = ĤΨ. The transformed wave function Ψ′ = T̂ Ψ then fulfills the transformed Schrödinger equation
i∂Ψ/∂t = Ĥ ′ Ψ, with
Ĥ ′ = T̂ Ĥ T̂ † + i

∂ T̂ †
T̂
∂t

(2.31)

and hQ̂iΨ = hΨ|Q̂|Ψi = hQ̂′ iΨ′ , with Q̂′ = T̂ Q̂T̂ † . Hence, instead of describing the system using Ψ we could equally well describe the system using the transformed wave function Ψ′ , provided that we remember to transform the Hamiltonian
and the observables.
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Now assume that ΨVG is a solution to Eq. (2.29), e.g., the wave function for
the highest occupied molecular orbital (HOMO) electron in a molecule interacting
with an electric field. Transforming Eq. (2.29) using the unitary transformation
~ gives
T̂ = exp(i~r · A)
∂
i ΨLG (~r, t) =
∂t



1 2 ~
− ∇ + E · ~r + V (~r) ΨLG (~r, t),
2

(2.32)

where ΨLG = T̂ ΨVG . The former description is said to be in the velocity gauge,
~ · p̂~ + (1/2)A(t)
~ 2 , while the latter is
the light-matter interaction operator is A(t)
~ · ~r. The
said to be in the length gauge, the light-matter interaction operator is E
two gauges are, of course, completely equivalent and the use of a specific gauge
is merely a matter of convenience. Regarding ab-initio calculations in the strongfield regime, it is, for example, typically easier to obtain convergence in velocity
gauge compared to length gauge [21]. However, this equivalence breaks down
when approximations are introduced into the theory, in which case the two gauges
can give dramatically different results [22–24]. This is most easily understood by
~ · p̂~ in velocity gauge is
looking at the interaction operators in the two gauges; A
~
~
related to the momentum operator p̂ = −i∇, while ~r · E is related to the position
~r. This means that the interaction operator in velocity gauge probes the region of
space where the wave function oscillates the most, typically the small r part of
the space. On the other hand, the interaction operator in length gauge probes the
asymptotic part of space due to the present of ~r. Hence, if the invoked approximation is expected to be more accurate for large (small) distances then the above
analysis suggest that length (velocity) gauge may be superior to velocity (length)
gauge. The argument presented is, of course, not meant as a rigorous derivation
and in the end what determines whether our description is acceptable is either a
comparison with experimental data or alternatively an ab-initio calculation, where
the two gauges are bound to give identical results2 . We will return to this point in
chapter 3 and chapter 4.

2.3.2

The Volkov wave function

~
Consider a free electron interacting with a oscillating electric field E(t)
described
~
by the vector potential A(t). The velocity gauge TDSE for this system reads,
∂
i Ψ(~r, t) =
∂t
2



1 2 ~
1~ 2
~
− ∇ + A(t) · p̂ + A(t) Ψ(~r, t).
2
2

In fact, gauge equivalence can be used as a test of convergence.

(2.33)
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It is easily checked, by direct substitution, that


Z
i t
1
V,VG
2 ′
~
exp i~q · ~r −
Ψq~ (~r, t) = p
(~q + A) dt
2 0
(2π)3

(2.34)

is a solution. The corresponding wave function in length gauge is given by


Z
i t
1
V,LG
2 ′
~
~
exp i(~q + A) · ~r −
Ψq~ (~r, t) = p
(2.35)
(~q + A) dt .
2 0
(2π)3

The two wave functions are called the Volkov wave function in velocity gauge and
length gauge, respectively. They describe the quantum mechanical dynamics of a
free electron in a laser field and reduce to plane wave solutions when the field is
zero. In the strong-field approximation, which is an approximate way of calculating
the probability amplitude for strong-field ionization of atoms and molecules, the
Volkov wave function is used as an approximation for the final continuum state.
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CHAPTER 3

General theory for strong-field
ionization of atoms and molecules by
few-cycle laser pulses

All information regarding the dynamics of an electron, bound by an electrostatic
potential, interacting with an external radiation field is contained in the wave function Ψ of the system. If we, by some method, are able to calculate this quantity
we can, in principle, calculate everything of interest, i.e., momentum distribution,
energy spectrum, ionization probability etc.
Assume that we want to calculate the momentum distribution, ∂ 3 P/∂qx ∂qy ∂qz ,
which actually is the quantity containing the most information about the ionization
process. Scattering theory tells us that
∂3P
= lim |hφq~|PC Ψ(~r, τ + t)i|2 ,
t→∞
∂qx ∂qy ∂qz

(3.1)

where τ is the pulse length, φq~ denotes a plane wave with momentum ~q and PC
projects onto the continuum. Using this formula requires knowledge of the wave
function at large times after the interaction with the pulse, allowing the wave packet
to moved into the asymptotic region where the potential can be neglected, making
momentum a constant of motion. Hence, Eq. (3.1) is not useful for practical
calculations. A better alternative is to use the correct scattering state ψq~, with
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asymptotic momentum ~q, of the field-free Hamiltonian
∂3P
= |hψq~|Ψ(~r, τ )i|2 ,
∂qx ∂qy ∂qz

(3.2)

where we only need the wave function at the end of the pulse.
On the other hand, the wave function is strictly necessary if we want to capture the full complexity of the dynamics of our electron [25]. There is no easy
way out, if we wish a complete description, we are simply forced to calculate the
wave function. This chapter is therefore devoted to a discussion of the ionization
process from an ab-initio point of view. The main quantity is, of course, the wave
function and the relevant dynamics is governed by the TDSE. The TDSE cannot
be solved analytically for any strong-field process and hence in order to solve the
TDSE one has to invoke different numerical methods. The first two sections are
therefore devoted to a brief description on how to solve the TDSE numerically,
with particular emphasis on the circularly polarized case, i.e., an atom or diatomic
molecule interacting with a circularly polarized laser pulse.
Theoretical investigation of strong-field dynamics usually requires a large element of modeling, however, it turns out that, the physical meaning of a change in
the CEP of the pulse can be characterized from first principle. This is the subject
of the last section in this chapter.

3.1 Exact description of the ionization process
The wave function satisfies the TDSE which reads
∂
i Ψ(~r, t) =
∂t

!
~ r, t))2
(−i∇ + A(~
−
+ V (~r) Ψ(~r, t),
2

(3.3)

~ is the vector potential and V (~r) is the binding potential. Invoking the
where A
dipole approximation leads to1


∇2
∂
~ · ∇ + V (~r) Ψ(~r, t),
− iA(t)
(3.4)
i Ψ(~r, t) = −
∂t
2
in velocity gauge and
∂
i Ψ(~r, t) =
∂t
1




∇2
~
−
+ E(t) · ~r + V (~r) Ψ(~r, t),
2

~ 2 is eliminated by applying the unitary transformation exp(−i
The term A

Rt
0

(3.5)
~ ′ )2 dt′ ).
A(t
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in length gauge. At first glance, it might seem appropriate to work in a Cartesian
coordinate system where the kinetic energy operator ∇2 = ∂ 2 /∂x2 + ∂ 2 /∂y 2 +
∂ 2 /∂z 2 has a particularly simple form. However, from a numerical point of view,
the Cartesian coordinate system is not the optimal choice for atomic and molecular
processes due to difficulties in the handling of the Coulomb potential. For spherical
symmetric problems spherical coordinates (r, θ, ϕ) are preferable due to the separability of the TDSE into radial and angular coordinates. Even for non-spherical
problems, e.g., an atom interacting with a linearly polarized laser field, the use of
spherical coordinates is often preferable compared to Cartesian coordinates.
It is natural, working in spherical coordinates, to introduce the reduced wave
function
Φ(r, θ, ϕ, t) = rΨ(r, θ, ϕ, t),

(3.6)

which satisfies the reduced TDSE
i

∂
Φ(r, θ, ϕ, t) = HLG/VG Φ(r, θ, ϕ, t),
∂t

(3.7)

1 ∂2
L̂2
~ · ~r + V (~r),
+ 2 +E
2
2 ∂r
2r

(3.8)

where
HLG = −
in length gauge and
H

VG



L̂2
r̂
1 ∂2
~
+
− iA(t) · ∇ −
+ V (~r),
=−
2 ∂r2 2r2
r

(3.9)

in velocity gauge. Here L̂2 denotes the ordinary angular momentum operator. Our
ultimate goal is to solve Eq. (3.7) obtaining the reduced wave function and hence
the wave function. Needless to say, this cannot be done analytically and we therefore have to resort to numerical methods. In the strong-field regime, it is hard to
obtain convergence in length gauge compared to velocity gauge [21], especially if
the wave function is expanded in a spherical harmonics basis, the natural choice
when using spherical coordinates. This is essentially caused by the fact that the
canonical momentum has different meanings in the two gauges. While the kinetic
momentum Π = d~r/dt and canonical momentum p~ are equal in length gauge, they
~
differ in the velocity gauge Π = p~ + A(t).
Thus, the canonical momentum is a
somewhat more slowly varying variable in the velocity gauge case due to the fact
~ = ~r × p~, this
that the strong oscillating field has been subtracted from Π. Since L
implies that the size and spread of the angular momentum is smaller in the velocity gauge compared to the length gauge. Accordingly, a large number of spherical
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harmonics are needed in order to obtain convergence in the length gauge compared
to the velocity gauge. We will therefore restrict the following discussion to the
velocity gauge. The solution method used in this thesis is very briefly described in
the next section. Regarding the pure computational and numerically issues of the
method we refer to [26] for a detailed discussion.

3.1.1

The time-dependent Schrödinger equation: Solution strategy

All the calculations in this thesis are performed using a grid-based split-step method.
The reduced wave function is expanded in a basis of spherical harmonics
Φ(r, θ, ϕ, t) =

lmax X
l
X

flm (r, t)Ylm (θ, ϕ)

l=0 m=−l

=

X

flm (r, t)Ylm (θ, ϕ),

(3.10)

lm

where we represent the radial wave function flm on an equidistant grid, with step
size ∆r, extending to r = rmax , i.e., the radial coordinate is fixed on a grid while
the angular coordinates are allowed to vary continuous. The split-step scheme is
based on the time-evolution operator for the system. By definition
Φ(r, θ, ϕ, t + ∆t) = U (t + ∆t)Φ(r, θ, ϕ, t),

(3.11)

where U is the time-evolution operator for the reduced Hamiltonian,
i

∂
U (t′ , t) = HVG (t′ )U (t′ , t).
∂t′

(3.12)

If the time-step is sufficiently small, U can be approximated by


 
∆t
VG
U (t + ∆t, t) = exp −iH
t+
∆t .
2

(3.13)

Now, operating on the reduced wave function with the full operator, U , is difficult
∂2
due to the different properties of the individual operators. While − ∂r
2 is diagonal
in momentum space representation, V (~r), for instance, is diagonal in coordinate
space representation. From a numerical point of view, it is therefore desirable to
split the full time-evolution operator into a product of time-evolution operators,
corresponding to each term in the reduced Hamiltonian. However, the different
operators do not necessarily commute and hence such a splitting is, in principle,
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not possible. Nevertheless
!
 




2
2
∂
L̂
∆t
∆t
∆t
∆t = exp i
exp i
exp −iHVG t +
2
4 ∂r2
2 2r2







∆t
r̂
∆t
~
× exp −i V exp i∆tA(t + ∆t/2) · ∇ −
exp −i V
2
r
2
!


∆t ∂ 2
∆t L̂2
exp i
+ O(∆t3 ),
(3.14)
× exp i
2
2 2r
4 ∂r2
and as a result we can split the full time-evolution operator, provided that third
order terms in the time-step are negligible. Each operator can now be handled
in an optimal way, e.g., Crank-Nicolson method or Fourier spectral method for
the radial kinetic energy operator and grid-Legendre representation method for the
potential [26].
The solution strategy is now clear. First the initial wave function is found by
propagating in imaginary time [26]. Then the wave function is calculated at each
time-step using Eq. (3.14). The parameters ∆r, rmax , lmax and ∆t depend both
on the given problem at hand and on the quantity you wish to calculate. It is clear
that the calculation, in principle, only is exact in the limit ∆r → 0, rmax → ∞,
lmax → ∞ and ∆t → 0. For real world numerical calculations, one chooses the
parameters in such a way that the relevant result, e.g., momentum distribution, does
not change substantially when you change the parameters. For the calculation of
the momentum distribution for hydrogen, interacting with three-cycle circularly
polarized laser field with central frequency ω = 0.057 (wavelength 800 nm) and
peak intensity 1.0×1014 W/cm2 , convergence is achieved with ∆r = 0.073, rmax =
300, lmax = 35 and ∆t = 0.012 .
Our method is particularly suited for cylindrically problems, e.g., an atom interacting with a linearly polarized field, due to the symmetry of the system. Let the zaxis coincide with the symmetry axis. Then the Hamiltonian commutes with the z
component of the angular momentum, [Ĥ, L̂z ] = 0, and thus the magnetic quantum
number m is conserved. The ϕ dependence of the wave function is therefore known
and our originally three-dimensional problem reduces to a two-dimensional problem, which is considerable easier to solve compared to the full three-dimensional
problem [26]. While an atom interacting with a linearly polarized field represents a
cylindrically problem, our main problem, an atom interacting with a circularly polarized field, does not. In the general case ([Ĥ, L̂z ] 6= 0) couplings often introduce
a mixing of different m’s across l’s, which tends to increase the complexity of the
2
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zL
zM

β

xM

A(t)
yL

xL

zM

D
α(t)

xL

Figure 3.1. The left inset shows the M/L-frame while the right inset shows the
L-frame and the z M -axis after applying the rotation D̂ (see text). The molecule is
aligned along the z M -axis and hence β is the angle between the internuclear axis
z M and the axis of field propagation z L .

problem at hand considerably [27,28]. This problem is referred to as the m-mixing
problem. The m-mixing problem for atoms in elliptically polarized laser fields was
solved several years ago by Muller [27], recently Kjeldsen et.al. [28] generalized
Muller’s method to the special case where the Hamiltonian is a sum of operators
cylindrically symmetric around different axis and applied it to the interaction of
linearly polarized laser pulses with linear molecules. We will finish this section by
applying this method to the case of a diatomic molecule (or atom) interacting with
an elliptically polarized laser field described by Eq. (2.14).

The molecular frame is denoted by superscript M while the lab frame is denoted by superscript L (the setup is shown in Figure. 3.1). Let us assume that the
molecule is oriented along the z M -axis and that the L-frame is obtained from the
M -frame by the rotation R(α = 0, β, γ = 0), where (α, β, γ) denotes the Euler
angles [29]. The split-step scheme reads
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!


∆t ∂ 2
∆t L̂2
Φ(r, θ, ϕ, t + ∆t) = exp i
exp i
4 ∂r2
2 2r2







r̂
∆t
∆t
~
exp −i V
× exp −i V exp i∆tA(t + ∆t/2) · ∇ −
2
r
2
!


∆t L̂2
∆t ∂ 2
× exp i
exp
i
Φ(r, θ, ϕ, t),
(3.15)
2 2r2
4 ∂r2
The kinetic energy operators, exp(i(∆t/4)∂ 2 /∂r2 ) and exp(i(∆t/2)L̂2 /2r2 ), does
not induce any m-mixing and, hence, do not pose any problem in the threedimensional case. The exp(−i(∆t/2)V ) operator is cylindrically symmetric in the
M -frame, accordingly this operator does not induce any m-mixing if we choose
to work in the M -frame. Consequently, the first three operators can be applied
separately on each m-system, utilizing the methods from the cylindrical case, pro~ +
vided that we work in the M -frame. Unfortunately, the operator exp(i∆tA(t
∆t/2) · (∇ − r̂/r)) does induce m-mixing if the wave function is expressed in the
M -frame. Nevertheless, this operator does not induce any m-mixing if the wave
function is expressed in a frame where the z-axis is aligned along the instantaneous
direction of the vector potential3 . This means that it may be advantageous to rep~ + ∆t/2) · (∇ − r̂/r)) and the wave function in such a frame
resent exp(i∆tA(t
when propagating with this particular operator, since this would allow us to apply
this operator separately on each m-system. One question remains, is it possible
to effectively transform from the M -frame and back again. Luckily, the answer
is yes due to the nice analytical properties of the rotation operator in the spherical
harmonic basis. Let
π
(3.16)
D̂ = D̂P (α(t), , 0)D̂P (0, β, 0),
2
where D̂P denotes the rotation operator in the passive view4 [30] and α denotes
~ and x̂L . Thus, we are led to the following
the time-dependent angle between A(t)
propagation scheme in the velocity gauge
!


∆t L̂2
∆t ∂ 2
exp i
Φ(r, θ, ϕ, t + ∆t) = exp i
4 ∂r2
2 2r2







∆t
r̂
∆t
†
~
× exp −i V D̂ exp i∆tA(t + ∆t/2) · ∇ −
D̂ exp −i V
2
r
2
!


∆t ∂ 2
∆t L̂2
exp
i
× exp i
Φ(r, θ, ϕ, t).
(3.17)
2 2r2
4 ∂r2
3
4

Electric field in the length gauge case.
The coordinate system is rotated and D̂P Φ is the wave function in the new coordinate system.
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The passive rotation operator D̂P is in general given by
D̂P (α, β, γ) = exp(iγ L̂z ) exp(iβ L̂y ) exp(iαL̂z ),

(3.18)

i.e., the rotation operator in the passive view is just the inverse of the rotation operator in the active view [30]. The distinction between the two is unimportant in
the cases involving only a single β rotation [27, 28] but it is essential when dealing
with successive rotations around different axes. Hence, it is very important to make
a distinction when dealing with a molecule interacting with an elliptically polarized field. It is interesting to note that there exist several erroneous expressions
for D̂P in the literature. The interested reader is referred to [30] and references
therein. The above propagation scheme ensures that we always have axially symmetric operators and hence do not mix different m-states during the propagation of
a particular operator. Thus, we have reduced our three-dimensional problem to a
number of two-dimensional problems, one for each m-system, in addition to four
rotations. This speeds up the propagation of the wave function considerably due to
the analytical properties of the rotation operator in the spherical harmonic basis
′

hlm′ |D̂P |lmi = eim γ+imα dlm′ m (−β),

(3.19)

where dlm′ m denotes the Wigner d-rotation function, which can be calculated and
applied very effectively from a numerical point of view [26]. The computational
2.7 ) while the computational complexity of
complexity of the method scales as O(lmax
4 ) [26, 28].
the full three-dimensional approach scales as O(lmax
Let us finish this section by showing a few results obtained using the described
method. Figure 3.2 shows the probability density |ΨH+ (x, y, z = 0, t = τ )|2 ,
2

in the xL y L plane, for H+
2 interacting with a laser pulses characterized by the
parameters: Angular frequency ω = 0.057 (800 nm), peak intensity I ∈ {2.0 ×
1014 W/cm2 , 5.0×1014 W/cm2 }, ellipticity ǫ = π/2, φ = π/2, β ∈ {0◦ , 90◦ }(see
Figure 3.1) and number of optical cycles N = 2. We used a time-step of τ = 0.005,
4096 radial grid points equally distributed from zero to rmax = 600 and lmax = 45.
The initial state Ψ(~r, t = 0) is projected out using the projection operator
P̂ = 1 − |Ψ(t = 0)ihΨ(t = 0)|.

(3.20)

This is done, in order, to better identify the wave packet dynamics induces by the
intense laser pulse. The probability density is clearly seen to consist of a part situated near origo and a liberated wave packet which is being rotated anti-clockwise
around the origin in a spiral like orbit. This behavior resembles what we would expect in the case of an atom. The electron is ionized and subsequently driven away
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Figure 3.2. Probability density in xy plane |ΨH+ (x, y, z = 0, t = τ )|2 for the
2
following choice of parameters: Angular frequency ω = 0.057 (800 nm), peak
intensity I = 5.0 × 1014 W/cm2 (right panel), I = 2.0 × 1014 W/cm2 (left panel)
,ellipticity ǫ = π/2, CEP φ = π/2 and number of optical cycles N = 2. The color
scale is logarithmic.
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Figure 3.3. Probability density in xy plane |ΨH+ (x, y, z = 0, t = τ )|2 for the
2
following choice of parameters: Angular frequency ω = 0.057 (800 nm), peak
intensity I = 5.0 × 1014 W/cm2 (right), I = 2.0 × 1014 W/cm2 (left), ellipticity
ǫ = π/2, CEP φ = π/2 and number of optical cycles N = 2. The color scale is
logarithmic.

from the origin by the laser field. Our results does not show any sign of two-center
interference due to the one-center l = 0 character of the H+
2 ground state. However,
if we increase the nuclear separation beyond the equilibrium distance we would
expect to see signs of two-center interference appear. Figure 3.3 shows results obtained with a nuclear separation of 8 a.u. and indeed we observe sign of two-center
interference. The effect is most pronounced in the case of 2.0 × 1014 W/cm2 , compared to the 5.0 × 1014 W/cm2 case. This can be explain by noting that the quiver
radius for the electron increases as a function of intensity.

3.2 Characterization of the CEP for circularly polarized
pulses
The temporal shape of the electric field for a few-cycle pulse depends critically
on the CEP of the pulse, as shown in Figure 2.1. Consequently, a process like
ionization and processes induced by ionization, e.g., HHG, are highly dependent on
the CEP. This has motivated a wealth of theoretical and experimental research with
emphasis on CEP induced effects, e.g., asymmetries in the photoelectron angular
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distribution [31–39].
In this section, we present an exact characterization of the response of atomic
and molecular systems under a change of the CEP for circularly polarized laser
pulses. This is done by proving the following statement: Consider an atomic or
molecular system interacting with a circularly polarized few-cycle laser pulse and
assume that the field-free Hamiltonian is invariant under rotations around the propagation direction, ẑ. If the initial state is invariant with respect to rotations around
the propagation direction then
Ψ(t; φ) = D̂z (φ)Ψ(t; φ = 0),

(3.21)

where D̂z is the rotation operator, in the active view, which generates counterclockwise rotations around the z-axis [29].
If the system initially is described by a uniform incoherent mixture of magnetic
substates then

 

∂3P
∂3P
(Rz (φ)~q, φ) =
(~q, φ = 0) ,
(3.22)
∂qx ∂qy ∂qz
∂qx ∂qy ∂qz
with [] denoting the ensemble average [40] and Rz the 3 × 3 matrix which generates counterclockwise rotations around the z-axis. Thus, a change ∆φ in CEP
corresponds to an overall rotation of the wave function (ensemble average of the
momentum distribution) around the propagation direction by ∆φ. Notice, that the
physics behind all of this is, of course, that the field itself rotates when we change
CEP (see Figure 2.1). It is clear, that the characterization does not hold for ǫ 6= π2 ,
since the field does not have the required symmetry. As shown by Roudnev and
Esry, however, it is still possible to find a unitary operator relating Ψ(φ = 0) to
Ψ(φ 6= 0) [38, 39], but it does not have the nice geometrical meaning as in the
ǫ = π2 case. CEP effects are in general caused by interferences between different
multiphoton channels [38, 39].
We will start out by treating the case where the initial state is invariant with
respect to rotations around the propagation direction. The wave function for the
system satisfies the TDSE


n
2
X
nA
∂
0 2
~ r~j , t; φ) · p̂~j +
f (t) Ψ,
A(
i Ψ = Ĥ0 +
∂t
4

(3.23)

j=1

together with the initial condition limt→−∞ Ψ = ψi , with ψi the state of the system
before the pulse. Here Ĥ0 denotes the field-free Hamiltonian, n the number of
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~ denotes the vector potential given by Eq. (2.11), with the inclusion
electrons and A
of the envelope



sin2 ωt−~k·~r
t ∈ [0, τ ]
2N
f (t) =
0
elsewhere.

We are interested in relating this equation to an equation for the φ = 0 case. To this
end, we note that the z component of the total angular momentum, Jˆz , generates
rotations around the z axis, implying that the unitary operator D̂z† (φ) = exp(iJˆz φ)
corresponds to a rotation of our system by an angle −φ around the z-axis [40].
Since Ĥ0 is invariant under rotations around the z-axis, [Ĥ0 , Jˆz ] = 0, the transformed wave function Ψ′ = D̂z† (φ)Ψ satisfies the equation
n

X
∂
~ rj , t; φ) · p̂~j D̂z (φ)
D̂z† (φ)A(~
i Ψ′ =(Ĥ0 +
∂t
+

(3.24)

j=1
2
nA0 †
D̂z (φ)f 2 (η)D̂z (φ))Ψ′ .

4

Using the Baker-Hausdorff lemma [40]
exp(iĜλ)Â exp(−iĜλ) = Â + iλ[Ĝ, Â] +

i 2 λ2
[Ĝ, [Ĝ, Â]] + ...,
2!

we obtain after some algebra (see appendix A)


n
2
X
nA
∂ ′ 
0 2
~ rj , t; 0) · p̂~j +
f (η) Ψ′ .
A(~
i Ψ = Ĥ0 +
∂t
4

(3.25)

(3.26)

j=1

Furthermore, we note that limt→−∞ Ψ′ = ψi due to the assumption that the initial
state is invariant under rotations around the axis of propagation. Equation (3.26)
together with the above initial condition determines the wave function for the system in the φ = 0 case. Hence, we conclude that a change in the CEP from φ = 0 to
φ = φ ′ corresponds to a rotation of our system around the z-axis by the angle φ ′ .
In the above derivation, it is essential that the field-free Hamiltonian Ĥ0 is invariant
to rotations around the z-axis. If this is not the case our proof breaks down. Figure 3.4 presents the LG-SFA (see chapter 4) (qx , qy ) distribution, ∂ 2 P/∂qx ∂qy , for
strong-field ionization of H(1s) for various values of φ, with I = 5.0×1013 W/cm2 ,
ω = 0.057(800 nm) and three cycles, N = 3. The calculations illustrate nicely that
a change in φ corresponds to a rotation around the z-axis.
Having treated the case where the initial state is invariant with respect to rotations around the propagation direction, we proceed to the more general case where
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Figure 3.4. The LG-SFA (qx , qy ) distribution for strong-field ionization of H(1s)
for various values of φ, with I = 5.0 × 1013 W/cm2 , ω = 0.057 (800nm) and three
cycles, N = 3. The grid size is ∆qx = ∆qy = 0.01.

the system initially is described by a uniform incoherent mixture of magnetic substates. For simplicity, we give this part of the proof within the SAE and the dipole
approximation. However, that validity of the characterization does not require the
SAE or the dipole approximation as can be checked by going through the steps in
the derivation. The ensemble average of ∂ 3 P/∂qx ∂qy ∂qz is defined as [40]



∂3P
(~q, φ) = Tr(ρ(t; φ)P̂q~ ),
∂qx ∂qy ∂qz

(3.27)

where t is any time after the pulse, ρ(φ; t) is the density matrix of the total system,
−
−
φ the CEP and P̂q~ = |Ψ−
q~ ihΨq~ | projects onto the exact scattering states |Ψq~ i, with
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Figure 3.5. Ensemble average of the SAE, TDSE momentum distributions in the
xy polarization plane for Argon initially in a uniform incoherent mixture of 3px and
3py states. The laser parameters are: Angular frequency ω = 0.057, corresponding
to 800 nm, peak intensity I = 1.06 × 1014 W/cm2 , CEP φ = −π/2 (a), φ = 0 (b)
and number of optical cycles N = 3.

asymptotic momentum ~q. The density matrix is given by
ρ(t; φ) =

J
X

M =−J

PM |ΨnQ JM (t; φ)ihΨnQ JM (t; φ)|.

(3.28)

1
and |ΨnQ JM (t; φ)i = U (t, 0; φ)|nQ JM i, where U is the timeHere PM = 2J+1
evolution operator for the total system and |nQ JM i the field-free initial state with
J denoting the total angular momentum of the system, M the corresponding magnetic quantum number and nQ the remaining quantum numbers. We note, in passing, that the Hamiltonian, and hence the time-evolution operator, have a parametric
dependence on φ through the interaction with the external field. We evaluate the
ensemble average Eq. (3.27) using the position-eigenstate basis and thereby obtain




J
X
1
∂3P
(~q, φ) =
∂qx ∂qy ∂qz
2J + 1

M =−J

Z

2
∗
(Ψ−
r
q~ ) ΨnQ JM (t; φ)d~

.

(3.29)

Using the relation [29]
Z

J
J∗
DM
′ M (α, β, γ)DM ′′ M (α, β, γ)dΩ =

8π 2
δM ′ M ′′ ,
2J + 1

(3.30)
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J
where DM
′ M (α, β, γ) are the Wigner rotation functions, (α, β, γ) the Euler angles
and dΩ = sin(β)dβdαdγ, Eq. (3.29) can also be expressed as


Z Z
2
∂3P
1
∗
′ (t; Ω, φ)d~
(~q, φ) = 2
dΩ.
(3.31)
(Ψ−
)
Ψ
r
n
JM
Q
q~
∂qx ∂qy ∂qz
8π

Here ΨnQ JM ′ (t; Ω, φ) is a solution to the TDSE corresponding to the rotated initial
state D̂(Ω)|nQ JM ′ i, with D̂ the rotation operator, in the active view, and Ω =
(α, β, γ). However, ΨnQ JM ′ (t; Ω, φ) = exp(−iJˆz φ)ΨnQ JM ′ (t; Ω′ , φ = 0) with
Ω′ = (α − φ, β, γ) (see Eq. (3.26)). Thus


Z Z
2
∂3P
1
∗
ˆz φ)Ψn JM ′ (t; Ω′ , φ = 0)d~r dΩ.
(~q, φ) = 2
(Ψ−
)
exp(−i
J
Q
q~
∂qx ∂qy ∂qz
8π
(3.32)
The rotation of a scattering wave function, with asymptotic momentum ~q, can be
accomplished just by rotating the asymptotic momentum, i.e., exp(iJˆz φ)Ψ−
q~ =
−
Ψ , where q~′ = Rz (−φ)~q. This means that
q~′




Z 2π Z 2π Z π
∂3P
1
sin(β)dβdαdγ
(~q, φ) = 2
∂qx ∂qy ∂qz
8π 0
0
0
Z
2
∗
′
′
.
d~r (Ψ−
)
Ψ
(t;
Ω
,
φ
=
0)
×
nQ JM
~′
q

Finally this expression can be rewritten as


Z 2π Z 2π−φ Z π
1
∂3P
sin(β)dβdαdγ
(~q, φ) = 2
∂qx ∂qy ∂qz
8π 0
0
−φ
Z
2
− ∗
d~r (Ψ ~′ ) ΨnQ JM ′ (t; Ω, φ = 0)
×
q


3
∂ P
=
(q~′ , φ = 0) ,
∂qx ∂qy ∂qz

(3.33)

(3.34)

due to the uniformity of the distribution function over the orientations, G(Ω) =
1/(8π 2 ). Thus, a change in the CEP from φ = 0 to φ = φ′ corresponds to a
rotation of the ensemble average of the momentum distribution around the z-axis
by φ′ . This is illustrated in Figure 3.5, which shows the ensemble average of the
exact momentum distribution, in the xy polarization plane, for Ar atoms initially
in an incoherent mixture of 3px or 3py states, for two different values of the CEP
φ = −π/2 and φ = 0. This finishes the treatment of the characterization of the
CEP for a circularly polarized laser pulse.
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CHAPTER 4

The strong-field approximation

Having presented the ab-initio theory, we are now ready to present the strong-field
approximation (SFA) which is an approximate method of calculating the response
of an atom or molecule by an external electric field [11, 41–43]. The SFA for ionization has its origin in the length gauge Keldysh theory for ionization developed by
L. V. Keldysh [11] in 1964, with subsequent contributions from F. H. M. Faisal [41]
and H. R. Reiss [42]. Historical, the terminology "SFA" was put forward by H. R.
Reiss and refer to the velocity-gauge S-matrix approach described in [42]. However, nowadays this terminology normally refers both to velocity-gauge approaches
as well as Keldysh theories, we will follow this trend.
In order to fully account for the ionization of atoms and molecules in strong
fields, one has to solve the TDSE. However, this is an extremely difficult task, in
fact, only doable for the most simple atoms and molecules. This underlines the
need for simple solvable models, like the SFA, providing us with basic physical
insight.

4.1 Derivation of the strong-field approximation
Consider an atom or a molecule, initially described by the wave function Ψi , in~
teracting with an external time-dependent potential V (t), e.g., V (t) = ~r · E(t)
in
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~ · p̂~ + A2 (t)/2 in velocity gauge. The TDSE reads
length gauge or V (t) = A(t)
i

∂
Ψ = (Ĥ0 + V (t))Ψ,
∂t

(4.1)

where Ĥ0 is the field-free Hamiltonian. It is easily checked, that a solution to Eq.
(4.1) can be written as
Z t
U (t, t′ )V (t′ )Ψi (~r, t′ )dt′ + Ψi (~r, t),
(4.2)
Ψ(~r, t) = −i
0

where U is the time-evolution operator for the full Hamiltonian. The last term, Ψi ,
ensures that the solution satisfies the boundary condition Ψ(~r, t = 0) = Ψi (~r, t =
0), i.e., ensures that the system before the pulse is described by the correct initial
wave function. The initial wave function is given by
Ψi (~r, t) = ψi (~r) exp(−iEi t),

(4.3)

where ψi is a solution to the time-independent Schrödinger equation, Ĥ0 ψi =
Ei ψi , and Ei is the binding energy of the neutral atom or molecule. The calculation of the first term in Eq. (4.2) is just as difficult as solving Eq. (4.1) due to
the full time-evolution operator U . However, the form of Eq. (4.2) together with
physical intuition actually prompts the SFA. The probability amplitude for ionization, i.e., the transition amplitude for populating the exact continuum state Ψq~, with
asymptotic momentum ~q, describing the liberated electron in the combined fields
is
Z τ
hΨq (t′ )|V (t′ )|Ψi (t′ )idt′ ,
(4.4)
Tq~ = −i
0

which motivates the following physical interpretation. The field-free system interacts with the laser field at t = t′ and is subsequently propagated in the combined
Coulomb and laser fields until we measure the momentum distribution at the end
of the pulse [44]. The propagation in the combined fields is presumably dominated
by the laser field due to large field strength. If we neglect the Coulomb potentials
influence on the liberated electron, i.e., only include the laser field, we arrive at the
following expression for the final state
Ψq~(~r, t) = ψq~V (~r, t),
with ψq~V a Volkov state (Eq. (2.34) and Eq. (2.35)). Thus
Z τ
SFA
hψq~V (t′ )|V (t′ )|ψi i exp(iIp t′ )dt′ ,
Tq~ = −i
0

(4.5)

(4.6)
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where Ip denotes the ionization potential for the atom or molecule. Formula (4.6)
is the celebrated SFA probability amplitude for strong-field ionization. The above
derivation shows that the SFA relies on the following assumptions: (i) The binding
potentials influence on the electron in the continuum is negligible. This assumption is legitimate provided that the field-strength is large enough to dominate the
Coulomb term at the distances where ionization occurs. While this assumption is
justified for zero-range potentials, e.g., negative ions, it is problematic in the case
of neutral atoms or molecules due to the long range of the Coulomb potential. This
is especially true in the case of a linearly polarized laser pulse [45–47], where the
liberated electron is driven back towards the nucleus approximate one fourth of
an optical cycle after ionization. (ii) Intermediate resonances do not play a role,
only the transition initial → Volkov is accounted for within the SFA. This is again
in many cases problematic and only strictly legitimate if the field is very strong.
Despite of the many flaws and problems regarding the SFA it is often surprisingly
successful for producing the basic physical features and many strong-field phenomena can be described qualitatively by the SFA.
Once Tq~ is known, it is, in principle, straightforward to calculate, for example,
the momentum distribution
∂3P
= |Tq~|2 .
∂qx ∂qy ∂qz

(4.7)

Whether or not it is possible to calculate Tq~ in practice, of course, depends on the
complexity of the matrix element hψq~V |V |ψi i i.e., on the complexity of the initial
state.
The SFA amplitude is by no means gauge invariant due to the massive approximations behind the derivation. Hence, the length-gauge SFA (LG-SFA) will in
general differ from the velocity-gauge SFA (VG-SFA). As a result, there has in recent years been an ongoing debate on which gauge to use when examining strongfield phenomena such as strong-field ionization. Some authors have argued in favor of LG-SFA [22–24, 48–51] while others have claimed that VG-SFA [52–54]
is superior. To make matters worse, the question may also be system dependent.
However, in the case of ionization, two arguments speak in favor of LG-SFA. First,
length gauge probes the asymptotic part of space, which is the region where the
SFA is expected to work best due to the neglect of the binding potential in the final
state. Furthermore, the LG-SFA amplitude reduces to the well-known tunneling
formula in the limit ω → 0, this is not the case for the VG-SFA amplitude [48].
With this in mind, it does not come as a surprise that the majority of theoretical
and experimental studies [22–24, 48–51] indicates that LG-SFA is indeed superior
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compared to VG-SFA when it comes to describing strong-field ionization. All the
SFA calculations shown in this thesis are obtained using the LG-SFA.
We will finish this section by deriving a general analytic expression for the
LG-SFA transition amplitude. The transition amplitude is given by
Z τZ
LG-SFA
~ i (~r) exp(iIp t)d~rdt,
ψq~V (~r, t)~r · Eψ
(4.8)
Tq~
= −i
0

where the length gauge Volkov wave ψqV satisfies the differential equation
i

∂ψq~V
∂t

=




∇2
~
−
+ ~r · E ψq~V ,
2

(4.9)

and consequently
Tq~LG-SFA

= −i

Z

= −i

Z

τ
0
τ
0

V∗

!

Z

∂ψq~
∇2 V∗
ψq~ − i
2
∂t

Z

~ 2
∂ψq~V ∗
(~q + A)
V∗
−
ψq~ − i
2
∂t

ψi d~r exp(iIp t)dt
!

ψi d~r exp(iIp t)dt.

(4.10)

Partial integration on the second term in Eq. (4.10) gives the following expression
for the transition amplitude
!
Z τ
Z
~ 2
(~q + A)
LG-SFA
Ip +
Tq~
=i
exp(iIp t) ψq~V∗ ψi d~rdt
2
0
τ
Z
V∗
ψq~ ψi d~r exp (iIp t)
−
0

=

Tq~LG-SFA,1

+

Tq~LG-SFA,2

(4.11)

Now remembering that
ψq~V (~r, t)



Z
i t
′ 2 ′
~
~
exp i(~q + A(t)) · ~r −
(~q + A(t )) dt
=p
2 0
(2π)3
1

~ ) = A(0)
~
and A(τ
= 0 leads to the following two formulas
Z τ
LG-SFA,1
~
S ′ (t) exp (iS(t)) ψ̃i (~q + A(t))dt,
Tq~
=i

(4.12)

(4.13)

0

Tq~LG-SFA,2 = (1 − exp (iS(τ ))) ψ̃i (~q),

(4.14)
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where
1
ψ̃i (~q) = p
(2π)3

Z

exp(−i~q · ~r)ψi (~r)d~r

is the initial state in momentum space and
Z
2
1 t
~ ′ ) dt′ + Ip t
~q + A(t
S(t) =
2 0

(4.15)

(4.16)

denotes the semiclassical action. Ionization predominantly occurs at large distance
and hence it is a good approximation to use the asymptotic form of the initial state.
The asymptotic initial state is expanded in partial waves and reads
X
Clm rν−1 exp (−κr) Ylm (r̂),
(4.17)
ψi (~r) =
lm

p
with Clm the asymptotic expansion coefficients, κ = 2Ip and ν = Z/κ, where
Z is the charge of the residual ion. It is shown in appendix B, that the Fourier
transform of the asymptotic initial state is given by
 q l
X
κν Γ(l + ν + 2)
Clm
ψ̃i (~q) =
iκ 2l+1/2 Γ(l + 3/2)(κ2 + q 2 )ν+1
lm


3 q2
l−ν l−ν+1
,
; l + ; − 2 Ylm (q̂),
×2 F1
(4.18)
2
2
2 κ
with 2 F1 denoting the Gauss hypergeometric series
2 F1 (a, b; c; x) =

∞
X
(a)n (b)n xn

n=0

(c)n

n!

.

(4.19)

Thus
Tq~LG-SFA,1

 l
Z τ
κν Γ(l + ν + 2)
1
Q
Clm l+ν+3/2
=
Ylm (Q̂)
′
ν
iκ
2
Γ(l + 3/2) 0 S (t)
lm


3 Q2
l−ν l−ν+1
,
; l + ; − 2 exp (iS(t)) dt
×2 F1
2
2
2
κ
X

(4.20)

and
Tq~LG-SFA,2 =

 q l
κν Γ(l + ν + 2)
iκ 2l+1/2 Γ(l + 3/2)(κ2 + q 2 )ν+1
lm


l−ν l−ν+1
3 q2
,
; l + ; − 2 Ylm (q̂) (1 − exp (iS(τ ))) ,
×2 F1
2
2
2 κ
(4.21)

X

Clm
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~
~ is the kinematical momentum. Even though Eq. (4.20) and
where Q(t)
= ~q + A(t)
Eq. (4.21) can be used to calculate the transition amplitude it is often an advantage
to invoke the saddle-point method [55, 56] in calculating the time integral in Eq.
(4.20), since this speeds up the evaluation and furthermore provides us with a very
intuitive and appealing physical picture of the ionization process.

4.1.1

The saddle-point approximation

Our goal is to solve the integral
 l
Z τ
1
Q
Ylm (Q̂)
′
ν
iκ
0 S (t)


3 Q2
l−ν l−ν+1
×2 F1
,
; l + ; − 2 exp (iS(t)) dt,
2
2
2
κ

(4.22)

using the saddle-point method [55, 56]. First, we extent the integrand to the upper
complex plane, thereby defining a complex function F on the set {t ∈ C |Im(t) ≥
0}. Regarding the continuation of the spherical harmonics to the complex plane,
we note that
 l
Q
Ylm (Q̂)
(4.23)
iκ
is a polynomial of order l in Cartesian coordinates. Accordingly, the continuation
to the complex plane does not pose any problem. The function F is analytic except
at the saddle-points for the semiclassical action, S ′ (ts ) = 0, where the function has
a singularity, e.g., for a negative ion ν = 0 and F has a removable singularity at ts ,
while ν = 1 for H(1s) and F has a simple pole at ts . The equation S ′ (ts ) = 0 has
in general N + 1 solutions belonging to {t ∈ C |Im(t) ≥ 0, 0 ≤ Re(t) ≤ τ } in
the circular case and 2(N + 1) in the linear case, where N is the number of optical
cycles [56]. We will denote the number of saddle-points by NSP , so NSP = N +1 in
the circular case and NSP = 2(N + 1) in the linear case. Figure 4.1 shows a typical
plot of | exp(iS)|, for (qx , qy , qz ) = (0.8, 0.0, 0.0), obtained using the parameters:
ellipticity π/2, peak intensity I = 1.0 × 1014 W/cm2 , ω = 0.057 (800 nm), CEP
φ = 0, ionization potential Ip = 0.5 and number of optical cycles N = 3. We
observe a rapidly oscillating surface with very deep valleys and high hills. The
overall behavior of | exp(iS)| in Figure 4.1 does not, for fixed ellipticity, depend
on the momentum nor on the system parameters and hence the overall behavior
shown in Figure 4.1 is actually general. Now consider the path defined by
γ = C0 + C1 + ... + CNSP − Cτ ,

(4.24)
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Figure 4.1. The absolute value of the factor exp(iS) for strong-field ionization
of H(1s), with (qx , qy , qz ) = (0.8, 0.0, 0.0), I = 1.0 × 1014 W/cm2 , ω = 0.057
(800nm), CEP φ = 0 and three optical cycles, N = 3. The blue points show the
position of the saddle-points obtained by solving S ′ = 0, while the dotted curve
shows a sketch of γ . The color scale is logarithmic.

where C0 (Cτ ) is the steepest descent from 0 (τ ) towards a + i∞ (b + i∞) and
Cs describes the steepest descent from the saddle-point ts (see Figure 4.1). Notice,
that the paths are patched together at infinity where the term exp(iS) completely
kills the integrand. According to Cauchy’s theorem [18]
Z

τ
0

F(t)dt =

Z

C0

F(t)dt −

Z

Cτ

F(t)dt +

NSP Z
X
s=1

Cs −iǫ

F(t)dt,

(4.25)

where C1 ...CNSP have been modified slightly (ǫ → 0+ ) such that they avoid the
singularities from below in order to fulfill the prerequisite for Cauchy’s theorem.
R
R
The main contribution to the integral C0 ( Cτ ) comes from the point t = 0 (t =
R
R
τ ) and a careful investigation shows that C0 − Cτ cancels the term Tq~LG-SFA,2
[55, 56]. Thus
N

Tq~LG-SFA

=

X
lm

SP
κν Γ(l + ν + 2) X
Clm l+ν+3/2
2
Γ(l + 3/2) s=1

Z

Cs −iǫ

F(t)dt.

(4.26)
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Figure 4.1 clearly illustrates that the main contribution to each of the integrals
R
Cs∈{1...NSP } comes from the part close to the saddle-point ts . Assuming that the
spherical harmonic together with the Gauss hypergeometric series does not change
substantially near t = ts , compared to exp(iS)/(S ′ )ν , and hence can be regarded
as a constant



Z
l−ν l−ν+1
Q(ts ) l
3
F(t)dt =2 F1
Ylm (Q̂(ts ))
,
;l + ;1
2
2
2
iκ
Cs −iǫ
Z
1
×
exp (iS(t)) dt.
(4.27)
′
ν
Cs −iǫ (S (t))
Finally expanding S to second order around the saddle-point yields the final expression for the integral (see appendix C)
s
Z
ν/2 exp(iS(ts ))
2πi
Γ(ν/2)
1
−2iS ′′ (ts )
exp (iS(t)) dt ≈ iν
′
ν
′′
2Γ(ν) S (ts )
(S ′′ (ts ))ν
Cs −iǫ (S (t))
(4.28)

and hence
Tq~LG-SFA



κν Γ(l + ν + 2)Γ(ν/2)
3
l−ν l−ν+1
i Clm l+ν+5/2
,
;l + ;1
≈
2 F1
2
2
2
2
Γ(l + 3/2)Γ(ν)
lm
s
X  Q(ts ) l
2πi
exp(iS(ts ))
×
(−2iS ′′ (ts ))ν/2
Ylm (Q̂(ts ))
′′ (t )
iκ
S
(S ′′ (ts ))ν
s
t
X

ν

s

(4.29)

The Gauss hypergeometric series can be calculated using the relation [18]
2 F1 (a, b; c; 1)

=

Γ(c)Γ(c − a − b)
Γ(c − a)Γ(c − b)

c > max(0, a + b).

(4.30)

For each momentum the saddle-point equation is solved giving a sequence of complex numbers {ts } which together with Eq. (4.29) allows us to calculate the transition amplitude. The most time-consuming part of this procedure is the solution
of the saddle-point equation. While the saddle-points are analytically known in
the case of a linearly polarized monochromatic field, they can, in general, only
be found by solving the saddle-point equation S ′ (ts ) = 0 numerically, using, for
instance, the Newton-Raphson method for nonlinear systems of equations [57].
We use an iterative method. The transition amplitude is calculated on a threedimensional equidistant momentum grid, where the saddle-points for a given momentum is found using the Newton-Raphson method with the saddle-points from
the previous momentum used as initial guesses.

4.1. Derivation of the strong-field approximation

43

The saddle-point method yields, if applicable, a quick and very intuitive way
of calculating the LG-SFA transition amplitude for ionization. Whether or not the
saddle-point method is valid depends highly on the field and system parameters
such as field strength, pulse duration and ionization potential. We will return to
this topic in chapter 5, where the validity of the saddle-point approximation is
examined.
Now what about the saddle-points, are they just mathematical objects or is it
possible to extract some physics from them and from the saddle-point method in
general [56]. It turns out, that this question is closely connected to the following
semiclassical model [58]. This very simple model describes ionization as a twostep process. First, the electron is born, via tunneling, in the continuum at time
t = t0 , with initial velocity (~v0 = 0) zero. Second, it moves as a classical particle
in an electric field. The dynamics is govern by Newton’s second law
d~q
~ − ∇V,
= −E
dt

(4.31)

where V is the binding potential. Neglecting the binding potential, once the electron is liberated, leads to the following expression for the momentum
Z ∞
~
Edt
~q = −
t0

~ 0 ),
= −A(t

(4.32)

providing us with a mapping from ionization time to final momentum. Even though
the model describes ionization of a tunneling process, and we therefore expect the
model to perform best in the tunneling regime, the applicability, at least from a
qualitatively point of view, is not restricted to the tunneling regime. The model is
restricted to the polarization plane (axis in the linear case), since ~v0 is fixed to zero.
However, off-axis emission can be accounted for by replacing the ansatz ~v0 = 0
by a Gaussian distribution of initial velocities peaking at zero.
In the limit Ip → 0, the saddle-point equation S ′ = 0 reduces to Eq. (4.32). In the
~ s )) still approximately points
general case this is no longer true, however, −Re(A(t
in the direction of ~q [56, 59]. Motivated by this, we interpret ts as a ionization
time, where the non-zero imaginary part is a consequence of the binding potential
Ip 6= 0. Ionization is a classically forbidden process, except in the over-the-barrier
regime, accordingly ionization occur via a quantum mechanical process, like tunneling, and the imaginary part of ts is a consequence of this. Next, building on
this interpretation of the saddle-points, we can make the following very appealing
interpretation of the saddle-point method. The SFA probability amplitude can be

44

CHAPTER 4 - T HE STRONG - FIELD APPROXIMATION

written as a Feynman path integral
Tq~LG-SFA

=

Z

D exp(iS(t)),

(4.33)

where we integrate over all possible paths leading to ionization, with asymptotic
momentum ~q, and where D denotes the non-exponential part of the integrand and
the measure of integration. If ionization is dominated by a few paths, this integral reduces to a finite sum over the relevant paths. Accordingly, the saddle-point
method, at least in some sense, can be viewed as a way of finding these contributions [60]
X
Tq~LG-SFA ≈
a(ts ) exp(iS(ts )).
(4.34)
ts

The saddle-point method is very popular due to the features described in the
previous discussion and it has been used to describe a variety of different physical
process, for instance, above-threshold ionization and high-order above threshold
ionization [56].
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CHAPTER 5

Strong-field ionization of atoms by
few-cycle circularly polarized laser
pulses

The chapter is devoted to a detailed investigation of strong-field ionization of atoms
by few-cycle laser pulses, in particular circularly polarized laser pulses. We will
start out with a detailed comparison between the ab-initio theory described in chapter 3 and the LG-SFA introduced in chapter 4. This allows us to identify and explain
striking effects of the Coulomb potential in the photoelectron momentum distribution, in particular counterintuitive angular shifts similar to the shifts observed in
the recent experiment by Eckle et.al [61] on the ionization of Helium. We show
that the shift is a consequence of the combined effect of the laser field and the
Coulomb potential, hereby providing an alternative explanation to the one given
in [61], based on the concept of tunneling time. Having established, in chapter 2,
how the ionization process depends on the CEP it seems natural to investigate how
ionization depends on the number of cycles. Thus, we proceed to an investigation
of the ionization process, using the LG-SFA, with emphasis on finite bandwidth
effects. Furthermore, we investigate the validity of the saddle-point method for
evaluating the LG-SFA transition amplitude (SPM LG-SFA). The SPM LG-SFA is
a popular tool for studying strong-field phenomena and it is therefore important to
know how the validity of the SPM LG-SFA depends on different pulse parameters
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such as ellipticity, pulse length and peak intensity.
Almost all the results presented in this chapter are on atomic hydrogen, which
at first glance might seem as a serious limitation. However, the effects studied
in this chapter are not related to a particular atomic system. The angular shifts,
for instance, are related to a combined effect of the laser field and the Coulomb
potential and is expected to occur for a wide range of different atomic species.
The consideration of H as our test system is for computational convenience and
actually not a restriction when it comes to an identification of the generic physics
investigated here.

5.1 TDSE calculations versus SFA calculations: Imprints
of the Coulomb potential on the photoelectron momentum distribution
~
~
We consider H(1s) interacting with an electric field, E(t)
= −∂t A(t),
defined via
1
the vector potential

 
cos (ωt + φ) cos 2ǫ
 
~ = A0 f (t) 
A(t)
(5.1)
 sin (ωt + φ) sin 2ǫ  ,
0

where the envelope f is given by
f (t) =

(

sin2
0

ωt
2N



t ∈ [0, τ ]

elsewhere.

Here A0 is the amplitude, τ is the pulse length, ω is the carrier frequency, N
the number of optical cycles, ǫ ∈ [0; π2 ] the ellipticity and φ the CEP. The full
dynamics of the system is govern by the TDSE, which we solve using the methods
described in chapter 3. We solve the velocity gauge TDSE using a grid-based
split-step method, where the wave function is expressed in a basis of spherical
harmonics
X flm (r, t)
Ψ(~r, t) =
Ylm (θ, ϕ),
(5.2)
r
lm

and the initial state Ψ(~r, 0) is obtained by propagation in imaginary time. Having
obtained the final wave function, we can easily calculate the differential momentum
1

Just to remind ourselves
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distribution by projecting the wave packet after the pulse onto Coulomb continuum
scattering eigenstates of asymptotic momentum ~q
r) = exp(−πγ/2)Γ(1 − iγ) exp(i~q · ~r)1 F1 (iγ; 1; −i(qr + ~q · ~r))
ΨqC,−
~ (~
∂3P
= |hΨqC,−
r, T )i|2 .
~ |Ψ(~
∂qx ∂qy ∂qz

(5.3)
(5.4)

Here γ is the Sommerfeld parameter and 1 F1 denotes the confluent hypergeometric
function
∞
X
(a)n xn
F
(a;
c;
x)
=
.
(5.5)
1 1
(c)n n!
n=0

For comparison, LG-SFA provides us with the following simpler formula for the
differential momentum distribution2
Z τ
2
∂3P
~
hψq~V (t)|~r · E(t)|ψ
(5.6)
=
i (t)idt ,
∂qx ∂qy ∂qz
0
where ΨV
q~ (t) denotes a Volkov wave function in length gauge and ψi (t) the initial
state.
Figure 5.1(a) and Figure 5.1(b) present calculated momentum distributions
evaluated in the plane of circular polarization, ∂ 3 P/∂qx ∂qy ∂qz |qz =0 , for H(1s),
obtained by solving the TDSE, for 800 nm, peak intensities3 5 × 1013 W/cm2 and
1.0 × 1014 W/cm2 , ellipticity ǫ = π/2, CEP φ = −π/2 and 3 optical cycles. In
order to obtain convergence, we used a radial grid consisting of 4096 points extending to 300, a time-step ∆t = 0.01 and maximum angular momentum lmax = 25
for 5 × 1013 W/cm2 and lmax = 35 for q
1014 W/cm2 . For better graphical display,

we have removed the low energy part qx2 + qy2 < 0.1. Figure 5.1(e) and Figure 5.1(f) present distributions obtained using the LG-SFA, i.e., using Eq. (5.6)
where the spatial integral is solved analytically4 and the time integral is solved
using Gauss-Legendre quadrature [57].
Our LG-SFA results follow the shape of the vector potential (curvy lines in
Figure 5.1). This can easily be explained by the semiclassical model introduced
in chapter 4. Due to the, exponential for a tunneling process, dependence of the
rate on the field strength, the ionization rate is symmetric with respect to reflection
in the symmetry axis of the electric field, with ionization predominantly occurring
close to field maximum, i.e., when the instant of ionization is close to t = τ /2.
2

Chapter 4
For hydrogen, 1.4 × 1014 W/cm2 is the critical intensity for over-the-barrier ionization
4
Chapter 4

3

CHAPTER 5 - S TRONG - FIELD IONIZATION OF ATOMS
48

BY FEW- CYCLE

CIRCULARLY POLARIZED LASER PULSES

Figure 5.1. Momentum distributions evaluated in the plane of polarization,
∂ 3 P/∂qx ∂qy ∂qz |qz =0 , for strong-field ionization of H(1s). Panels (a) and (b) show
results obtained by solving the TDSE, (c) and (d) show results obtained using the
Coulomb-Volkov corrected LG-SFA, while (e) and (f) show results obtained us~ , while the straight lines in (a), (b), (c)
ing the LG-SFA. The curves shows −A(t)
and (d) highlight the angular shift (see text). The field parameters are ω = 0.057
(800nm), ǫ = π/2, φ = −π/2, I = 5×1013 W/cm2 ((a), (c), (e)), I = 1014 W/cm2
((b), (d), (f)) and 3 optical cycles.
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~ /2)
Hence, the dominant direction of electron ejection is determined by ~qf = −A(τ
and the momentum distributions are symmetric with respect to reflection in the
symmetry axis of the vector potential. It can be checked that the ADK tunneling
theory predicts similar behavior [62]. Note that, this conclusion only holds in the
case of a symmetric initial state. In the general case, the shape of the initial orbital
has to be taken into account. We will return to this point in chapter 6, where we
study the ionization of oriented targets, e.g., ionization of Argon initially in a 3px
or 3py state.
Comparison with the TDSE results show two important features not captured
by the LG-SFA: (i) A spiral structure equivalent to the radial-fans observed in the
linear case (see [63–67] and references therein). The presence of these structures is
intimately connected to the interaction of the outgoing low-energy electrons with
the long-range Coulomb part of the potential. (ii) Second, we observe counterintuitive angular shifts of the dominant direction of electron ejection. The dominant
direction of electron ejection of the TDSE momentum distributions does not coincide with the symmetry axis of the vector potential, the former being shifted by a
small angle, eg., ∼ 23◦ for 5.0 × 1013 W/cm2 and ∼ 12◦ for 1.0 × 1014 W/cm2 .
Notice that similar shifts are also seen on Figure 3.5 in chapter 3. The observed
shift is seen to decrease as a function of intensity in good agreement with the fact
that the validity of the LG-SFA is expected to improve with increasing intensity, as
long as we do not reach the regime of saturation. Furthermore, TDSE calculations
(not shown) show that the shifts disappear, as expected, in the long pulse limit,
N → ∞, where the electric field and consequently the momentum distribution
becomes symmetric (see section 5.2).
Similar shifts was recently observed experimentally for the ionization of Helium by a near circularly polarized few-cycle pulse and explained using a Coulombmodified ADK tunneling model in addition to a possible very small tunneling
time [61]. In the following we present a more basic quantum mechanical explanation without reference to a tunneling time. The shifts are a consequence of a
subtle interplay between the laser field and the atomic potential.
We note that in the many-cycles regime, where there is no effect of the carrierenvelope phase (CEP) and therefore no control over directionality in the ionization dynamics, similar loss of symmetry was studied extensively for elliptically
polarized pulses interacting with atoms [68, 69] and several models were put forward [69–72] all including the effect of the Coulomb potential on the liberated
electron.
In the case of a few-cycle linearly polarized pulse several studies have shown
the importance of including the Coulomb potential in order to properly describe
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Figure 5.2. The probability P (m) for a specific magnetic quantum number m after
the pulse: (a) for I = 5 × 1013 W/cm2 , (b) for I = 1014 W/cm2 . The other field
parameters are ω = 0.057 (800nm), ǫ = π/2, CEP φ = −π/2 and N = 3.

the ionization of atoms [45–47] and molecules [16, 73].
The shift is a manifestation of the fact that hΨ|L̂z |Ψi = hL̂z i =
6 0 after the
pulse. Consequently the azimuthal velocity is non-vanishing which, in turn, makes
the distribution rotate compared to the hL̂z i = 0 case. This is a crucial point which
will be elaborated in the following. The hydrogen atom is initially in the 1s ground
state and hence hL̂z i = 0 before the pulse. According to Ehrenfest’s theorem
d
hL̂z i = ih[Ĥ, L̂z ]i,
dt

(5.7)

which forces the liberated electron to pick up a nonzero value of hL̂z i, since
~ · p̂~ + A
~ 2 /2, with
[Ĥ, L̂z ] = i(p̂x Ay − Ax p̂y ) 6= 0 during the pulse for Ĥ = Ĥ0 + A
Ĥ0 the field-free Hamiltonian. The mean value of L̂z changes during the pulse, in
accordance with Ehrenfest’s theorem, until it becomes constant with the value
Z τ
h[Ĥ, L̂z ]idt,
(5.8)
hL̂z i = i
0

after the pulse. Figure 5.2 shows the probability P (m) for a specific magnetic
quantum number m after the pulse, obtained using
X Z ∞
|flm (r, T )|2 dr.
(5.9)
P (m) =
l≥|m| 0

We have removed the m = 0 component in order to focus on the ionized part of
the wave packet. We see that P (m) peaks around m ∼
= 14 for 5 × 1013 W/cm2 and
shifts towards m ∼
= 18 for 1.0×1014 W/cm2 . By studying the (l, m)-decomposition
of the above-threshold-ionization spectrum, we have checked that these peaks indeed comes from the ionized part of the wave packet. The pulse mainly populates
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states with m ≥ 0, since the laser field is left-handed. The main point is that the
P
mean value of L̂z is different from zero, since hL̂z i = m mP (m). The behavior,
described above, is in complete contrast with the behavior described by the LGSFA. It is easily shown that in this case, even though the commutator [Ĥ, L̂z ] is different from zero, the expectation in the Volkov continuum is zero, h[Ĥ, L̂z ]i = 0,
implying hL̂z i = 0. Hence, hL̂z i is identically zero at all times within the LG-SFA.
This explains why the exact distributions are shifted counterclockwise compared
to the LG-SFA distributions. Notice, that the shift is a combined effect of the laser
field and the Coulomb potential, the laser field alone does not induce any shift as
explained above. However, the laser field ensures that [Ĥ, L̂z ] is different from
zero while the state evolved in the presence of both the field and the Coulomb potential ensures that h[Ĥ, L̂z ]i is different from zero. Thus, it is a truly combined
effect which cannot be described by theories like ADK or the standard LG-SFA.
The discussion above illustrates a general problem with the standard LG-SFA:
The mean value of L̂z is always zero regardless of the parameters. For the interaction between an atom, initially in an s state, and a linearly polarized laser pulse
this does not represent a limitation, but it is a critical problem for an elliptically
polarized pulse interacting with an atom. In order to address the problem one has
to include the Coulomb potential in the LG-SFA, either by going to higher order
in the S-matrix formulation [74], or by putting in the Coulomb potential otherwise [47, 69, 71, 72, 75]. One approach is to replace the Volkov wave function by a
Coulomb-Volkov wave function [47, 71, 75]
ψq~CV (~r, t) = N (~r, ~q)ψq~V (~r, t),

(5.10)

where
N (~r, ~q) = exp(−πγ/2)Γ(1 − iγ)1 F1 (iγ; 1; −iqr − i~q · ~r),

(5.11)

is a correction to the Volkov wave function taking the Coulomb potential into consideration. The Coulomb-Volkov wave function can be thought of as a kind of
interpolation between a Volkov wave function and a Coulomb continuum scattering eigenstate. The matrix element in Eq. (5.6) is still analytical, using Nordsieck
integrals [76], and the time-integral can be evaluated numerically using GaussLegendre quadrature. Figure 5.1(c) and Figure 5.1(d) present distributions obtained using this approach. The Coulomb-Volkov ansatz clearly improves the performance of the LG-SFA but it does not reproduce that angular shifts. The distributions are seen to be shifted slightly compared to the distributions obtained using
the standard LG-SFA, but not nearly as much as the exact distributions, since the
dynamics in the combined potentials is not fully accounted for.
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The size of the shift can be estimated using the following argument. Consider
a classical particle with radial velocity vr and azimuthal velocity vϕ . It follows
2
from the definition of Lz that dϕ/dt
D =E Lz /r which, with reference to Ehrenfest’s
d
theorem, translates into dt
hϕi = L̂r2z in quantum mechanics. Consequently,
Z ∞* +
L̂z
dt
(5.12)
∆hϕi =
r2
t0
is the shift in ϕ obtained after ionization at time t0 , i.e., the shift in angle during
the particles way towards the detector. In general ∆hϕi =
6 0, but the integral is
zero regardless of t for the Volkov continuum and thus ∆hϕi = 0 in the LG-SFA.
A very crude estimate of the integral from the end of the pulse τ to ∞ is given by
the following
 
Z ∞
Z ∞* +
1
1
L̂z
dt ∼ hL̂z it=∞
dr
2
r
vr t=∞ r(τ ) r2
τ
 
hL̂z it=∞ 1
,
(5.13)
∼
hri(τ )
vr t=∞
which gives ∼ 14◦ for 5 × 1013 W/cm2 and ∼ 11◦ for 1014 W/cm2 , following the
trend in the actual shifts (∼ 23◦ for 5 × 1013 W/cm2 and ∼ 12◦ for 1014 W/cm2 )
shown in Figure 5.1.
Even though the Keldysh parameter γ [11] only has a well-defined meaning in
the long-pulse limit, we note that 1014 W/cm2 corresponds to γ ≈ 1.5, comparable to the experimental value γ ≈ 1.45 [61]. Our 5 × 1013 W/cm2 calculation
corresponds to γ ≈ 2.1 and hence the shift also occur at intensities corresponding
to the multiphoton regime. Hence, the counterintuitive shifts occur across a wide
range of laser intensities, in the few-cycle regime, and can be rationalized without
reference to a tunneling time, contrary to the hypothesis in [61].
We proceed to a more qualitative investigation of the momentum distributions,
using the LG-SFA, with emphasis on finite bandwidth effects.

5.2 LG-SFA description of the ionization process
Figure 5.3 presents the calculated (qx , qy ) momentum distribution
Z ∞
∂2P
|Tq~LG-SFA |2 dqz ,
(qx , qy ) =
∂qx ∂qy
−∞

(5.14)

for different numbers of optical cycles N , with intensity I = 5.0 × 1013 W/cm2 ,
frequency ω = 0.057 (800 nm) and CEP φ = π/2. The integral in Eq. (5.6) is
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Figure 5.3. LG-SFA (qx , qy ) momentum distribution for strong-field ionization
of H(1s) for various values of optical cycles N , with peak intensity I = 5.0 ×
1013 W/cm2 , frequency ω = 0.057 (800 nm) and CEP φ = π/2. The grid size is
∆qx = ∆qy = 0.01.
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Figure 5.4. Vector potential and electric field (blue dotted line) for 2 different
values of N . The solid curve shows the carrier wave, i.e., the field without the
envelope. The arrows show the natural time evolution for the pulse. The parameters
are I = 5.0 × 1013 W/cm2 , ω = 0.057 (800 nm) and φ = π/2.

calculated using Gauss-Legendre quadrature [57], while the integral over qz is calculated using an equidistant grid on [−Qz , Qz ], where Qz is chosen large enough
to ensure convergence, Qz = 0.6 in the present case. For N . 5 we observe (i)
a substantial asymmetry in the direction of electron ejection, reflecting the shape
of the vector potential as explained in the previous section, and (ii) a complicated
interference pattern radially as well as angularly. The energy difference between
two adjacent peaks is not a multiple of the laser frequency and hence the peaks
do not correspond to ATI peaks. Notice, that equivalent interference is seen in the
TDSE calculations (Figure 5.1). As the number of optical cycles increases we observe a gradual change to a symmetric distribution with well-resolved ATI peaks.
The fact that the asymmetry disappears may again be understood classically. For
example for N = 6 and N = 7 the field takes almost a full revolution on the circle,
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Figure 5.5. Power spectrum | −∞ Ex (t)eiω t dt|2 + | −∞ Ey (t)eiω t dt|2 of the
electric field for 4 different values of N . The parameters are ω = 0.057 (800 nm),
peak intensity I = 5.0 × 1013 W/cm2 and φ = π/2.

corresponding to a monochromatic field with our field strength (see Figure 5.4),
and a preferred instant of ionization t0 cannot be clearly defined. There is almost
an entire period around τ2 where the electron is equally likely to emerge into the
continuum, leading to an angularly symmetric distribution in agreement with Figure 5.3. Thus, the overall structure, disregarding the interference for small N , is
simply just a signature of the shape of the vector potential.

5.2.1

Interference structures

The behavior of the interference features in Figure 5.3 for N . 5 can be understood by looking at the power spectrum of the pulse. Figure 5.5 shows the power
spectrum for four different values of N . The spectrum is very broad for N = 2
and N = 4 with a lot of frequencies contributing with comparable magnitude. As
a consequence there is a large number of different paths leading to the same final
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Figure 5.6. LG-SFA (qx , qy ) momentum distribution for strong-field ionization of
H(1s), with ellipticity ǫ = π/2, peak intensity 1.0 × 1014 W/cm2 , ω = 0.057 (800
nm), N = 3 and φ = π/2.The grid size is ∆qx = ∆qy = 0.01.

energy and such paths can interfere with each other. We see from Figure 5.5 that
the width of the spectrum for N = 2 is ∆ω ′ ∼ 0.05, corresponding to ∆E ∼ 0.05.
For a momentum of q = 0.67 this corresponds to a huge shift in momentum of
∆q ∼ 0.07 which is clearly visible with our grid discretization. This explains the
observed interference pattern in Figure 5.3. The structure is simply caused by the
fact that our pulse contains a very large number of frequencies when N is small,
i.e., when the pulse duration is small. As N increases the width of the spectrum
gets smaller and frequencies close to ω dominate completely. Thus, we regain the
photon picture. For N = 7 we have ∆ω ′ < 0.01 which corresponds to ∆q < 0.015
for q = 0.67. This explains why the interference pattern disappears and why we
observe well-resolved ATI-peaks as N increases.
The spectrum of the pulse depends on the form of the envelope. It is therefore
interesting to examine if we obtain the same effects with a different envelope. We
have calculated the momentum distribution using a Gaussian envelope
f (t) = exp(−(t − τ /2)2 /τp2 ),
1

(5.15)

with τp = 2 arccos(2− 4 )τ /π [33], and confirmed the interference effects reported
above (not shown). The width of the spectrum for a pulse with a Gaussian envelope
is a bit smaller for a given value of N , which leads to relatively small changes.
Now what happens if we increase the peak intensity. Figure 5.6 presents the
calculated momentum distribution for a three-cycle pulse with frequency ω =
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Figure 5.7. SPM LG-SFA (qx , qy ) momentum distribution of H(1s) for various
values of N , with I = 5.0 × 1013 W/cm2 , ω = 0.057 (800 nm) and φ = π/2. The
grid size is ∆qx = ∆qy = 0.01.

0.057 (800 nm), CEP φ = π/2 and peak intensity I = 1.0 × 1014 W/cm2 . We
clearly see that the complicated interference structure observed in Figure 5.3 is
diminished when the peak intensity is increased to I = 1.0 × 1014 W/cm2 . This
behavior can be explained by remembering that the Keldysh parameter falls of as
a function of intensity. For I = 5.0 × 1013 W/cm2 , γ = 2.1 while γ = 1.5 in the
case of I = 1.0 × 1014 W/cm2 . Accordingly, the latter case is closer to the tunneling regime, where we would expect a smooth distribution without any interference
structure.
An alternatively interpretation of the interference structure is based on time
interference. Wave packets ionized at different instant of time can interfere, due
to wave packet spreading, and lead to interference structures in the momentum
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distribution. Having the interpretation of the SPM LG-SFA in mind this method
seems like the obvious tool for studying such interference. The result of a SPM
LG-SFA calculation for four different values of N , with I = 5.0 × 1013 W/cm2 ,
ω = 0.057, and φ = π/2, are shown in Figure 5.7. The SPM LG-SFA works
well for large N , were it reproduces the LG-SFA distribution. However, the SPM
LG-SFA does not capture the interference structure for small N , since the SPM
LG-SFA gives smooth distributions without any interference. Consequently, the
interference for small N is not a result of interference between different saddlepoints corresponding to the same momenta. This, however, does not mean that the
interference is not caused by time-interference, as we shall see shortly. It turns out
that insight into this question can be gained by examining the ellipticity dependence
of the validity of the SPM LG-SFA. Furthermore, in view of the popularity of the
SPM LG-SFA, knowledge about the validity of this method is important.

5.3 Ellipticity dependence of the SPM LG-SFA
Figure 5.8 presents the calculated, LG-SFA and SPM LG-SFA, momentum distribution as a function of ellipticity ǫ in the case of three optical cycles N = 3,
peak intensity 5.0 × 1013 W/cm2 , angular frequency ω = 0.057 and CEP φ = 0.
Starting from above in Figure 5.8 and moving down, we note that as ǫ is increased
the distribution gets more broad and in the LG-SFA results the interference pattern,
seen in Figure 5.3, gradually appears. In the linear case, we observe a very narrow distribution, compared to the circular case, without any interference pattern.
The overall angular structure can again be explained by the semiclassical model,
emphasizing the power of this simple model in explaining the basic behavior of
ionization, regardless of the value of ǫ.
The LG-SFA and SPM LG-SFA yield almost identical results in the case of
a linearly polarized field while there are, as we have seen, clear discrepancies in
the case of a circularly polarized field. The discrepancies between LG-SFA and
SPM LG-SFA tend to increase with increasing ǫ (0 ≤ ǫ ≤ π2 ). Interference-like
patterns appear in the LG-SFA results but are absent in the SPM LG-SFA results.
This feature can also be explained by the semiclassical model. Newton’s second
law states that
~ 0 )∆t0 ,
∆~q = E(t

(5.16)

relating the spread in momentum, ∆~q, to the spread in ionization time, ∆t0 . Let us
restrict ourselves to the region in (qx , qy ) space with highest yield, i.e., the electrons
ionized near field maxima. The ratio between |∆~q| and ∆t0 is then the maximum
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Figure 5.8. SFA (qx , qy ) momentum distribution for strong-field ionization of
H(1s) for various values of ellipticity ǫ, with peak intensity I = 5.0 × 1013 W/cm2 ,
ω = 0.057 (800 nm), number of cycles N = 3 and CEP φ = 0. The left panels show results obtained with the LG-SFA while the right panels show results
obtained with the SPM LG-SFA. The grid size is ∆qx = ∆qy = 0.01.
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Figure 5.9. Normalized maximum field strength during the pulse as a function
of ellipticity ǫ, at peak intensity 5.0 × 1013 W/cm2 , 800nm and for three cycles,
N = 3.

~
field strength during the pulse. Figure 5.9 shows max(|E(ǫ)|)
as a function of ǫ,
~ = 0)|), and we see that the field maximum during the
normalized to max(|E(ǫ
pulse decreases monotonically as ǫ increases. The maximum field strength is about
25 pct. smaller in the circular case compared to the linear case. Thus, the spread in
ionization time ∆t0 increases as a function of ǫ allowing more paths to contribute
to the ionization process for a given spread in momentum. The width of the field
maximum also increases as function of ǫ. As ǫ is increased more paths contribute
making the SPM LG-SFA inaccurate, since it only accounts for a fixed number of
paths.
This suggest an alternative interpretation, than the one given in section 5.2.1,
of the interference seen in the circular case. Electrons ionized at different instants
of time, close to t = τ /2, interfere with each other, giving rise to the complicated interference structure seen for small N . The SPM LG-SFA does not capture this behavior, since it only includes a few of these paths. Figure 5.9 indicates that the SPM LG-SFA result for ǫ = π/2 should improve considerably if
~ = π/2)|) is increases with a factor of 1.35, corresponding to a peak inmax(|E(ǫ
tensity of roughly 9.0 × 1013 W/cm2 . As Figure 5.10 shows, this is indeed the case.
The interference pattern in the previous LG-SFA result is now almost completely
absent and the agreement between the LG-SFA and SPM LG-SFA is quite good.
The small discrepancies are due to the large width, of the field maximum, in the
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Figure 5.10. Momentum distribution, (qx , qy ), for strong-field ionization of H(1s),
with ǫ = π/2, peak intensity 9.0 × 1013 W/cm2 , ω = 0.057 (800 nm), N = 3
and φ = 0. The left panel shows results obtained with the LG-SFA while the
right panel shows results obtained with the SPM LG-SFA. The grid size is ∆qx =
∆qy = 0.01.

ǫ = π/2 case, which is independent of the peak intensity. Figure 5.9, on the other
hand, suggests an increasing disagreement between LG-SFA and SPM LG-SFA if
~ = 0)|) is decreased by a factor of 1/1.35 ≃ 0.74, corresponding to a
max(|E(ǫ
peak intensity of about 2.7 × 1013 W/cm2 . This is indeed the case, as shown in
Figure 5.11, where we observe serious discrepancies between LG-SFA and SPM
LG-SFA. The discussion above shows that the validity of the SPM LG-SFA depends on: (i) The maximum field strength during the pulse and (ii) The width of
the field maximum. The maximum field strength during the pulse has to exceed a
certain minimum value depending on the pulse parameters (N, ω) and the width of
the corresponding field maximum must be smaller than some maximum value, also
depending on the pulse parameters. Notice, that this means, that the validity of the
~
SPM LG-SFA may depend on the CEP for very short pulses, since max(|E(ǫ)|)
depends on this quantity.
Point (i) above suggests the following formula for the minimum peak intensity
Imin (ǫ), for which the SPM LG-SFA applies,

Imin (ǫ) = Imin (ǫ = 0)F (ǫ)2 .

(5.17)
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Figure 5.11. Momentum distribution, (qx , qy ), of H(1s), with ǫ = 0, peak intensity
2.7 × 1013 W/cm2 , ω = 0.057 (800 nm), N = 3 and CEP φ = 0. The left panel
shows results obtain from the LG-SFA while the right panel shows results obtain
from the SPM LG-SFA. The grid size is ∆qx = ∆qy = 0.01.

The function F is given by
F (ǫ) =

~ = 0)|)
max(|E(ǫ
~
max(|E(ǫ)|)

(5.18)

and in the case of N = 3, ω = 0.057 and φ = 0 the following empirical expression
holds
F (ǫ) = exp{−[(ǫ + b)/c]2 },
(5.19)
where b = 0.22 and c = 3.21. A scan over different intensities shows that
Imin (ǫ = 0, N = 3, ω = 0.057) ≃ 5.0 × 1013 W/cm2 , in good agreement with
the present calculations. The agreement between SPM LG-SFA and LG-SFA increases (see Figure 5.7) when the number of optical cycles N increases, which
seems to contradict with the explanation given here. The width in energy, however,
decreases with increasing N giving an energy conserving delta function in the transition amplitude in the monochromatic limit N → ∞. Thus, the above argument
is not valid in the large N limit.
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CHAPTER 6

Strong-field ionization of aligned
molecules

There has in recent years been a substantial development in alignment and orientation techniques. Recent experiments not only succeeded in alignment of molecules
but also in three dimensional orientation, thus giving unprecedented control over
the molecular degrees of freedom [77–82]. This development provides even more
fuel to branches like attoscience, femtochemistry among others. It is therefore natural to turn our attention towards aligned or oriented molecular targets. The topic
of this chapter is strong-field ionization of aligned, or oriented, molecules by femtosecond laser pulses, with focus on the circularly polarized case. It is clear that,
this topic is very difficult to handle in full generality. Full scale ab-initio calculations are only possible for the simplest molecules, H+
2 and H2 , and even a molecule
like H2 is extremely difficult to treat with ab-initio approaches. Hence, if we wish
to study larger molecules by ab-initio methods we are automatically lead to invoke
the SAE. Methods exist for calculating effective potentials for selected molecules,
but obtaining the potentials are not trivial and, regarding the subsequent solution of
the TDSE, convergence is typically hard to achieve [83]. Furthermore, it is often
far from trivial to extract the relevant physical quantity and physical picture, from
a TDSE calculation. Thus, the situation calls for semi analytical approaches, like
the LG-SFA, capturing the essential physical picture. However, we shall see that
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the LG-SFA, as well as other semi analytical theories, runs into trouble with even
small molecules, in the linear case.
Even though the main topic of this chapter is the circular case, we start by
investigating how strong-field ionization of aligned O2 , N2 and CS2 molecules
by linearly polarized pulses depend on the angle between the molecular axis and
the polarization axis. Knowledge of the angular dependence is not only interesting
from a fundamental point of view but also essential for applications, like molecular
tomography [5, 6].
Next we turn to strong-field ionization of molecules by circularly polarized
pulses, where we start with a general investigation on how angular nodal structure
manifest in the photoelectron momentum distributions. Angular nodal structure is
normally washed out in experiments on unaligned molecules, but in experiments
on aligned, or oriented, molecules signatures show up in the ionization signal.
Finally, we study the strong-field ionization of polar molecules. While the first
alignment experiments were on small linear molecules, the large polarizabilities
and dipole moments of polar molecules makes it possible to, not only align, but
also orient them, i.e., achieving a fixed head-to-tail ratio [77–82]. However, in
order to model strong-field ionization of such molecules one need to take the Stark
shift, of the energy levels, into consideration. The last section is devoted to this
problem.

6.1 Strong-field ionization of laser-aligned molecules by
linearly polarized laser pulses: Angular dependence
of the ionization signal
~ = −∂t A,
~
Consider an aligned linear molecule interacting with an electric field, E
defined via the vector potential
~ = A0 f (t) cos(ωt + φ)êx ,
A

(6.1)

where A0 is the amplitude, ω the frequency and φ the CEP. We will start by examining two cases, N2 and O2 , where the LG-SFA works quite well, at least for
obtaining the angular dependence of the total ionization yield.

6.1.1

Strong-field ionization of laser-aligned O2 and N2 molecules by
linearly polarized laser pulses: Comparison with experiments

Consider the ionization of an aligned O2 (πg ) molecule by an 820 nm linearly polarized laser pulse with peak intensity I = 1.3 × 1014 W/cm2 and pulse duration
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Figure 6.1. The total ionization yield for O2 as a function of the angle α obtained
using the SPM LG-SFA with the initial wave function, i.e., the asymptotic form of
the HOMO, given by C21 = 1.04, C41 = 0.07 and ionization potential 12 eV. The
laser field parameters are, peak intensity I = 1.3 × 1014 W/cm2 , 820 nm and pulse
duration 40 fs (FWHM)
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Figure 6.2. The total ionization yield for N2 as a function of the angle α obtained
using the SPM LG-SFA with the initial wave function, i.e., the asymptotic form of
the HOMO, given by C00 = 3.46, C20 = 0.07, C40 = 0.12 and ionization potential
15.6 eV. The laser field parameters are, peak intensity I = 1.5 × 1014 W/cm2 , 820
nm and pulse duration 40 fs (FWHM)
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40 fs (FWHM). Figure 6.1 shows the total ionization yield as a function of the
angle α obtained using the SPM LG-SFA, with the initial wave function, i.e., the
asymptotic form of the HOMO, Eq. (4.17), obtained in the following manner.
First, the wave function is calculated using standard chemistry methods (see for instance [84]). Subsequently the asymptotic coefficients are calculated by fitting the
wave function with the asymptotic form, with the asymptotic coefficients as fitting
parameters. All the non-trivial asymptotic coefficients in this thesis are found using
this procedure. The dependence of the yield on the angle, α, is evident from Figure
6.1, which predicts a maximum total yield for α = 40◦ , 140◦ and minimums in the
yield for α = 0◦ , 90◦ . This result is in very good agreement, especially considering that laser-volume effects and alignment effects are not taken into account1 ,
with the recent measurements by Pavičić et.al [73] and appertaining MO-ADK
calculations [85], taking laser volume effects into consideration.
Figure 6.2 shows the SPM LG-SFA total ionization yield for strong-field ionization of N2 (σg ), by an 820 nm linearly polarized laser pulse with peak intensity
1.5 × 1014 W/cm2 and pulse duration 40 fs (FWHM), as a function of α. This
results is again in very good agreement with the measurements on N2 by Pavičić
et.al [73]. The electron yield is highest for α = 0◦ while α = 90◦ provides the
smallest yield.
The above shows that the LG-SFA is capable of providing the correct angle
dependence of the ionization yield for the ionization of the simple molecules N2
and O2 . However, the LG-SFA fails miserably for the ionization of molecules like
CS2 (and CO2 ) as we now shall see.

6.1.2

Strong-field ionization of laser-aligned CS2 molecules by linearly
polarized laser pulses: Comparison with experiments

We start with a very brief review of the experiment performed by the group of H.
Stapelfeldt, Department of Chemistry, Aarhus University [16]. They used a pumpprobe scheme to investigate how ionization of the linear molecule CS2 depends on
the angle α between the internuclear axis and the polarization vector of the linearly
polarized ionization pulse. More precisely, they investigated how the photoelectron angular distribution (PAD) from each multiphoton channel depends on α. Notice, that these measurements are energy-resolved, in contrast to the experiment by
Pavičić et.al [73].
The CS2 (πg ) molecules are first aligned along a given direction using a 0.5 ps
(FWHM), I = 2.9 × 1012 W/cm2 linearly polarized pump pulse. This pulse is too
1

See the next section
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Figure 6.3. The experimental setup in schematic form (a). The laser field is polarized along the x-axis, while the vector w
~ shows the polarization of the alignment
pulse. Figures (b)-(e) show the (qx , qz ) momentum distributions for unaligned CS2
molecules (b) and for aligned CS2 molecules with α = 0◦ (c), α = 45◦ (d) and
α = 90◦ (e). The momentum distributions show clear ATI-peaks, see, for instance,
(b) where N denotes the number of absorbed photons corresponding to the peak.

weak to ionize CS2 so its sole purpose is to align the molecules. The CS2 molecules
are then, after a delay corresponding to the first half revival, exposed to the 25 fs
(FWHM), 800 nm and I = 7.7 × 1013 W/cm2 ionizing pulse. This pulse is strong
enough to eject the single HOMO electron of CS2 . Electrons emitted are detected
using a velocity map imaging spectrometer and thereby recorded using a CCD
camera. The results are shown in Figure 6.3, which shows the (qx , qz ) momentum
distribution for unaligned molecules (b) and for aligned molecules with α = 0◦
(c), α = 45◦ (d) and α = 90◦ (e).
Clear ATI-peaks are observed in the momentum distributions. Furthermore,
we observe radial substructures in the two lowest order multiphoton channels due
to Rydberg states shifted into resonance by the Stark shift. However, our focus is
on the dependence of α, not on the radial structure. Clear differences between the
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Figure 6.4. Experimental PADs for the 11- (a), 12- (b), 13- (c) and 14-photon (d)
ionization channels. Here φ2d is the angle between the (qx , qz ) projected electron
ejection direction and the polarization axis of the laser pulse.

momentum distributions corresponding to different alignment angles are observed,
especially in the outermost ATI-peaks. In order to quantify this dependence on
α, the photoelectron angular distribution (PAD) from each multiphoton channel is
determined. The experimental results are shown in Figure 6.4. Here φ2d denotes
the angle between the direction of electron ejection and the polarization axis of
the laser pulse. The first feature, we notice is that the total electron yield depends
on α, α = 45◦ provides the highest yield while α = 90◦ provides the smallest.
This is consistent with measurements on CO2 , which has the same symmetry, by
Pavičić et.al [73]. The second feature, we notice is the change in the PADs along
the z-axis, φ2d = 90◦ or φ2d = 270◦ . For instance, in the 11-photon channel the
α = 45◦ signal is flat, without any oscillations, around φ2d = 90◦ or φ2d = 270◦ ,
while the α = 45◦ signal oscillates in the 14-photon channel.
In order to quantitative model this experiment, we have to take two important
things into consideration: (i) Laser-volume effects and (ii) effects originating from
the alignment pulse. Let us start with laser-volume effects. All the calculations in
this thesis, so far, are performed on a single atom or molecule situated at the center
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of the laser-beam. In an experiment, however, there is a large number of molecules
and only a fraction of these are situated near the center of the beam, which means
that only a fraction of the molecules actually experience the real peak intensity,
i.e., the intensity at the center of the beam. The remaining molecules experience
a lower intensity depending on where they are situated within the beam. We have
to make a volume weighted average over all the different intensities in order to
compensate for this effect. Assuming a uniform distribution of molecules within
the beam, we obtain [65]


Z Ipeak
∂2P
∂V
∂2P
(qx , qz ; Ipeak ) ∝
(qx , qz ; I) −
dI .
(6.2)
∂qx ∂qz
∂qx ∂qz
∂I
0
Here Ipeak denotes the peak intensity and (∂V /∂I)dI gives the volume element for
the intensity between I and I + dI. When dI > 0, dV < 0 explaining the sign
in the formula. Furthermore, assuming that the intensity profile is Lorentzian in
the propagation direction and Gaussian in the transverse direction one can show
that [65]
r


Ipeak
1 Ipeak
∂V
dI ∝
−1
+2 .
(6.3)
−
∂I
I
I
I
Regarding the alignment part, the alignment pulse creates a coherent superposition of different rotational states, meaning that the orientation of the internuclear
axis becomes time-dependent. Shortly after the alignment pulse, the molecules are
primarily aligned along the polarization axis for the alignment pulse. As time goes,
the molecules rotate and after a delay (0.76 ps in our case) the molecules are again
primarily aligned along the polarization axis for the alignment pulse. This is the
basic principle behind field-free alignment. Assume that the degree of alignment is
~ denotes the internuclear axis. We
described by the distribution Gα (ΩR~ ), where R
have to average our calculated signal over all the different orientations weighted by
the alignment distribution in order to compare with the experiment signal [86]
Z
∂2P
S(qx , qz , α) ∝ Gα (ΩR~ )
(qx , qz ; Ipeak , ΩR~ )dΩR~ .
(6.4)
∂qx ∂qz
The procedure for calculating the alignment distribution is described in [16, 87].
We are now ready to go through the procedure. First, we calculate the single
2P
(qx , qz ; I, ΩR~ ) for a number of different
molecule momentum distribution ∂q∂x ∂q
z
intensities I and orientations ΩR~ . This is done using the SPM LG-SFA2 , described
in chapter 4, where the HOMO is expanded in partial waves with C2,±1 = ∓2.14,
2

The SPM LG-SFA is expected to be accurate for the parameters considered here.
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Figure 6.5. Theoretical PADs for the 11- (a), 12- (b), 13- (c) and 14-photon (d)
ionization channels. Here φ2d is the angle between the (qx , qz ) projected electron
ejection direction and the polarization axis of the laser pulse.

C4,±1 = ∓1.00, C6,±1 = ∓0.16 and ionization potential 10.08 eV. The coefficients are found using the procedure described in the previous section. Subsequently, we perform the intensity averaging and then average over all the different
orientations to obtain the measurable signal. Finally, we integrate radially over
each multiphoton peak in order to obtain the PAD for each multiphoton channel. Our results are shown in Figure 6.5. The theoretical results are clearly in
qualitative agreement with the experimental results, with minima in the signals
at φ2d = 90◦ (270◦ ) and maxima around φ2d = 0◦ (180◦ ). There are, however, significant discrepancies. Our SPM LG-SFA model generally overestimates
the angle dependence. Furthermore, the order of the curves is wrong. Theory
predicts in decreasing order α = 0◦ , 45◦ , unaligned, 90◦ while the experimental
data gives α = 45◦ , unaligned, 0◦ , 90◦ for the 11 and 12 photon channels and
α = 45◦ , 0◦ , unaligned, 90◦ for the 13 and 14 photon channels.
A possible source to the discrepancies is the use of the SAE. Calculations show
that the signal from the HOMO-1 is completely suppressed compared to the signal
from the HOMO due to the large difference in binding energy, IHOMO−1 −IHOMO =
4.52eV. Nevertheless, many electron effects may play a role. A second explanation
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could be a bending of the linear CS2 molecule, but this is ruled out by calculations
(not shown). The discrepancies between theory and experiment could also be associated with the excited state spectrum of the CS2 molecule and the neglect of
the final Coulomb interaction. The SFA completely neglects the excited states and
the final Coulomb interaction. Remember that we actually observed signature of
intermediate Rydberg states in the experimental data [16], indicating that excited
states indeed play a role in the experiment.
Similar breakdown of the LG-SFA is seen for the strong-field ionization of
CO2 , where the LG-SFA, VG-SFA as well as the MO-ADK fail to reproduce the
measured angular dependence of the total ionization yield [73]. This breakdown
has motivated several different theoretical studies [88–92], attributing the discrepancies to electron correlation effects and multiple orbital contributions [88], dynamics in the excited state manifold [89], intermediate core excitation [91] and
coherent core trapping [92]. Needless to say, no consensus regarding strong-field
ionization of CO2 has been reached. Understanding the PADs for molecules like
CS2 and CO2 is one of the many challenges to theory in the future.
After this short detour, we now return to the main topic of this chapter, namely,
strong-field ionization of aligned or oriented molecular targets by strong circularly
polarized laser pulses. We start out with a general investigation with emphasis on
orbital angular structure.

6.2 Strong-field ionization of oriented targets by circularly polarized pulses: Signatures of the orbital angular nodal structure
The development described in the introduction to this chapter motivates a detailed
investigation of strong-field ionization of oriented targets, aligned in the case of
symmetric molecules, by strong laser pulses with special emphasis on orbital structure, e.g., effects of orbital symmetry. The bulk of experimental and theoretical
work within strong-field physics have dealt with linearly polarized laser pulses,
however, there is now a growing interest in the study of ionization of atoms and
molecules by elliptically polarized pulses [61, 93–96]. The effects of angular orbital structure in the ionization by linearly polarized laser fields have previously
been studied for direct electrons [97,98] as well as for rescattered electrons [15,99].
When it comes to the probing of angular orbital structure through photoelectron
angular distributions, or momentum distributions, the use of a strong circularly
polarized probe rather than a linearly polarized one has, however, two major ad-
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Figure 6.6. Momentum distributions, ∂ 3 P/∂qx ∂qy ∂qz |qz =0 , from the SAE TDSE
calculation for the 3px (a, b) and 3py (c, d) states of Ar for the following choice of
laser parameters: Angular frequency ω = 0.057, corresponding to 800 nm, peak
intensity I = 1.06 × 1014 W/cm2 , CEP φ = −π/2 (a, c), φ = 0 (b, d) and number
of optical cycles N = 3.

vantages: (i) In the circularly polarized field, an electron born in the continuum
is constantly driven away from the nucleus due to the polarization. This dynamics minimizes rescattering effects as well as interference between wave packets
launched at different instants of time during the ionizing pulse. Thus, the use of
circularly polarized laser pulses entails a cleaner ionization signal with respect to
orbital structure. (ii) The polarization plane is two-dimensional which permits for
a more transparent interrogation of angular orbital structure, as we shall see in this
section. In fact, it has recently been shown experimentally that strong-field ionization of three-dimensional oriented C7 H5 N molecules by a circularly polarized
field, polarized in the nodal planes of the outermost orbitals, provides a unique
probe of the angular nodal structure [10]. In this section, we focus on the case
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where the laser polarization plane is perpendicular to a nodal plane and examine to
what extent the angular nodal structure is imprinted in the momentum distribution.
This also allows us to extent the discussion in chapter 5, section 5.1, to the general
case, where the initial state is non-spherical.
Figure 6.6 shows the photoelectron momentum distributions for ionization of
an Argon atom initially prepared in a 3px or 3py state, modeling an oriented target,
aligned in the case of a symmetric target, with a single nodal plane. The 3px and
3py states, in particular, serve as models for investigating ionization of a molecular
orbital with π symmetry. In the strong near infrared laser field, the ionization is
tunneling-like and the photoelectron is born in the continuum at a relatively large
distance from the centre-of-mass. After the ionization, the circularly polarized field
drives the electron away from the core, which in turn minimizes the importance
of the detailed structure of the molecular potential at small distances. Figure 6.6
is obtained by solving the SAE TDSE using the method described in chapter 3
(see Eq. (3.2)) with the frozen electrons described by an effective potential (see
[100]). Note that, the scattering states entering Eq. (3.2) are obtained by solving the
time-independent Schrödinger equation for the effective potential. More precisely
Figure 6.6 shows the TDSE momentum distributions, evaluated in the xy plane
of polarization, for the 3px (a, b) and 3py (c, d) initial states of Ar, probed by an
800 nm 3-cycle laser pulse with peak intensity I = 1.06 × 1014 W/cm2 and CEP
φ = −π/2 (a, c) , φ = 0 (b, d). The distributions are calculated using a 4096 points
radial grid extending to rmax = 400, maximum angular momentum lmax = 40 and a
time-step of 0.005. Noticeqthat the ionization potential for the Ar(3p) state is 15.76
eV. The low-energy part qx2 + qy2 < 0.1 has been removed for better graphical
display. For the 3px state with φ = −π/2, Figure 6.6(a), and 3py state with φ = 0,
Figure 6.6(d), we observe a distribution with a single dominant peak, which as
~ /2). In the two
expected from the discussion in chapter 5 is located near ~q ≈ −A(τ
other cases we observe a splitting of this peak into two nearly symmetric peaks. As
we now show these main features are explained using the SPM LG-SFA and are
due to the nodal angular structure of the initial state.
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Figure 6.7. SPM LG-SFA momentum distributions, ∂ 3 P/∂qx ∂qy ∂qz |qz =0 , for the
3px (a, b) and 3py (c, d) states of Ar for the following choice of laser parameters:
Angular frequency ω = 0.057, corresponding to 800 nm, peak intensity I = 1.06×
1014 W/cm2 , CEP φ = −π/2 (a, c), φ = 0 (b, d) and number of optical cycles
~ from Eq. (2.14). If no
N = 3. The white curves show a parametric plot of −A(t)
nodal planes are along the polarization at time t = τ /2, the dominating peak in the
~ /2) as seen in (a) and (d). If
distribution follows the simple formula ~qfinal ≃ −A(τ
on the other hand the field peaks in the direction of the angular node (b), (c), the
dominating peak in the distribution splits.
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Figure 6.7 shows the momentum distributions obtained using the SPM LGSFA, evaluated in the plane of polarization, for the 3px (a, b) and 3py (c, d) initial
states of Ar, for 800 nm light and peak intensity I = 1.06 × 1014 W/cm2 , CEP
φ = −π/2 (a, c), φ = 0 (b, d) and three optical cycles N = 3. The SPM LG-SFA
results clearly reproduce the general structures of the TDSE distributions, except
for an overall angular shift and a spiral like interference structure, both discussed
in chapter 5. It was shown in chapter 5, in the case of a spherically symmetric
initial state, that the SPM LG-SFA momentum distribution reflects the shape of
the vector potential. For completeness, we repeat the argument: Due to the exponential dependence of the rate on the field strength, ionization predominantly
occurs at the times t when the magnitude of the electric field is close to the max~ /2)|. Assuming that the (classical) electron is born in the continuum
imum |E(τ
with zero initial velocity and that it subsequently moves under the influence of
~ i ) with ti the instant of ionization
the electric field only, we obtain ~qfinal = −A(t
~ /2) dominates). However, in the case of a non-spherical initial state,
(~qfinal = −A(τ
this simple argument has to be extended to take into account the shape of the initial
state, the angular nodal structure in particular. For example, it may happen that
the field is in a nodal plane of the initial state at t = τ /2 and hence ionization at
field maximum will be suppressed due to symmetry reasons3 . In other words, it
is in this more general case the shape of the vector potential, electric field and initial state that determines the overall structure of the momentum distribution. The
results in Figure 6.6 and Figure 6.7 clearly illustrate this combined effect. Let
us start by analyzing the results for the 3px state and let us concentrate on the
SPM LG-SFA results to make the discussion as simple as possible. Figure 6.7(a)
shows the SPM LG-SFA momentum distribution in the plane of polarization for
φ = −π/2 and 3px initial state. We observe a distribution with a single peak lo~ /2), in good agreement with the semiclassical model. In the case
cated near −A(τ
~ /2) = Ex (τ /2)x̂ points in the direction of maximum electron
of φ = −π/2, E(τ
~ and 3p are symmetric with respect to
density (see Figure 6.8(a)), while both E
x
~ /2) ∝ −ŷ and
(x, y) → (x, −y). This leads to a single peak situated at ~q ∼ −A(τ
symmetric with respect to (qx , qy ) → (−qx , qy ), in good agreement with the calculated distribution. Figure 6.7(b) shows the SPM LG-SFA momentum distribution,
in the plane of polarization, for φ = 0 and a 3px initial state. We observe two
peaks, symmetric with respect to (qx , qy ) → (qx , −qy ), in contrast to the simplest
~ /2) = Ey (τ /2)ŷ
single peak semiclassical prediction. In the case of φ = 0, E(τ
3

The time-evolution operator and the Fourier transform preserves the angular nodal plane, provided that the field coincides with the angular nodal plane. Consequently, emission along the field
direction at τ /2 is suppressed.
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Figure 6.8. Electron density in the 3px state of Ar together with a parametric
plot of the electric field, corresponding to the vector potential shown in Figure 6.7,
scaled by a factor. In (a), φ = −π/2, the electric field at the peak of the pulse
t = τ /2 points in a direction where the orbital density is largest. In (b), φ = 0,
the electric field at the peak of the pulse runs through the orbital node (no electron
density).

lies in the nodal plane of 3px (see Figure 6.8(b)), i.e., there is no electron density
to ionize at t = τ /2, and hence ionization at field maximum is suppressed. Thus,
~
the single peak from before splits into two symmetric peaks, due to the fact that E
and 3px are symmetric with respect to (x, y) → (−x, y), again in good agreement
with the obtained distribution. The precise location of the peaks is determined by
a competition between the rate arising from the electric field and the density profile of the initial state. The results shown in Figure 6.7(c) and Figure 6.7(d) are
explained using similar reasoning. Notice, that the signature of the nodal plane
in the momentum distribution is advanced by π/2 compared to the orbital angular
nodal structure, reflecting the π/2 phase between the electric field and the vector
potential.
The above discussion of Figure 6.6, Figure 6.7 and Figure 6.8 clearly shows,
that the nodal structure of the initial orbital is mapped uniquely to the momentum distribution, when the laser polarization plane is perpendicular to the nodal
plane. This effect is even more visible in the case of a slightly longer femtosecond
pulse, where the asymmetry caused by the CEP of the pulse is smaller. Figure
6.9 shows the SPM LG-SFA (qx , qy ) momentum distribution, ∂ 2 P/∂qx ∂qy , for
H(1s), H(2px ), H(2py ) and H(3dxy ) states obtained using the same parameters as
in Figure 6.6 and Figure 6.7 except that the number of optical cycles is increased to
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Figure 6.9.
SPM LG-SFA momentum distributions ∂ 2 P/∂qx ∂qy =
R 3
(∂ P/∂qx ∂qy ∂qz )dqz for 1s (a), 2px (b), 2py (c) and 3dxy (d) obtained using
the following laser parameters: Angular frequency ω = 0.057, corresponding to
800 nm, peak intensity I = 1.0 × 1014 W/cm2 , CEP φ = 0 and number of optical
cycles N = 20. The binding energy of the 2px , 2py and 3dxy states are modified to the ground state energy of H. The white dashed lines show regions where
ionization is suppressed.

N = 20 and I = 1.0 × 1014 W/cm2 . The use of the SPM LG-SFA is for computational convenience and is justified by the results presented on Ar and the discussion
in chapter 5. The binding energy of the H(2px ), H(2py ) and H(3dxy ) states have
p
been artificial modified to −0.5, by modifying κ = 2Ip (see Eq. (4.17)), in
order to compare with the H(1s) result. Figure 6.9 clearly shows, that the angular
nodal structure is mapped uniquely to the momentum distribution. This is particular clear, when compared with Figure 6.10, which shows the asymptotic densities
for the 1s, 2px , 2py and 3dxy states. The electric field is almost constant during the
dominant cycles of the field, i.e., there is no competition between the rate arising
from the electric field and the density profile. In the case of H(1s) we observe a
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Figure 6.10. The asymptotic density for H(1s) (a), H(2px ) (b), H(2py ) (c) and
H(3dxy ) (d). The white dashed lines show the angular nodal planes.

completely symmetric distribution with well-resolved ATI peaks while ionization
is strongly suppressed along the x-axis (y-axis) in the case of H(2px ) (H(2py )) and
along the x-axis and y-axis in the case of H(3dxy ), reflecting the angular nodal
structures in Figure 6.10. Ionization is suppressed along the x-axis (y-axis) in the
case of H(2px ) (H(2py )) due to the yz (xz) nodal plane which is shifted 90◦ by the
vector potential. There are two angular nodal planes for H(3dxy ), namely the xz
and yz planes, suppressing ionization along the y-axis and x-axis. Until now, we
have only examined model systems. Hence, in order to stress the generality of the
method we show that the angular nodal structure of a real molecule, benzene, is
mapped uniquely to the momentum distribution.
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Figure 6.11. (a): SPM LG-SFA momentum distribution evaluated in the xy polarization plane for a benzene molecule oriented in the yz plane. (b): Plot of the
participating orbital. The calculation is performed with the following laser parameters: Angular frequency ω = 0.057, corresponding to 800 nm, peak intensity
I = 5.0 × 1013 W/cm2 , CEP φ = 0 and number of optical cycles N = 10. The
color scale is logarithmic

Figure 6.11 shows the momentum distribution evaluated in the xy−plane associated with strong field ionization of the HOMO of the benzene molecule (Figure 6.11(b)), the molecule lies in the yz−plane. The laser parameters are: ω =
0.057, laser peak intensity 5.0 × 1013 W/cm2 , CEP φ = 0 and N = 10 optical cycles. Benzene has two degenerate HOMO orbitals: The first one (not
shown) has a nodal plane coinciding with the xy−plane, whereas the second,
(C2−1 , C21 , C4−1 , C41 , C6−1 , C61 ) = (0.74, −0.74, −0.27, 0.27, 0.04, −0.04) and
Ip = 9.24 eV, (contours in Figure 6.11(b)) has a nodal plane coinciding with the
xz−plane. The first degenerate orbital does not contribute to ionization in the
xy−plane, from symmetry arguments. The second degenerate orbital has one additional nodal plane in yz, which makes it similar to the H(3dxy ). However, note
that the charge density is not four-fold symmetric and that one node is shallower
than the other. All these features are indeed mapped uniquely to the momentum
distribution (Figure 6.11(a)), which reveal two nodal structures, one of which is
more clear than the other. The benzene case demonstrates the potential of this
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method for interrogating the orbital structure of large and complex molecules. The
results shown in this section indicates that strong-field ionization by a circularly
polarized pulse may serve as a probe for revealing changes in the angular nodal
structure, e.g., changes occurring during a chemical reaction. Note, however, that
the LG-SFA does not account for the distortion of the initial orbital, due to the
non-zero polarizability of benzene, which may wash out some of the angular nodal
structure. In general, one should be aware that, for polar molecules with large
dipole moments and polarizabilities, the interaction with the field may blur some
of the angular nodal structure of the molecule. However, in the cases where the angular nodal plane coincides with the polarization plane the angular nodal structure
cannot be washed out.

6.3 Strong-field ionization of asymmetric polar molecules
by circularly polarized pulses: Inclusion of the Stark
shift in the LG-SFA
The alignment experiments described in section 6.1 were on symmetric molecules
with permanent dipole moments zero, however, there has recently been a large interest in the ionization of polar molecules [10, 101]. In the case of strong-field
ionization of polar molecules with large permanent dipole moments, e.g., HF, HCl,
LiF and OCS, the Stark shift of the energy levels cannot, in general, be neglected.
The strong laser field induces large modulations of the energy levels leading to
large modulations of the ionization potential and accordingly the ionization rate.
Consequently, ionization of such molecules gives rise to new interesting phenomena, not seen for non-polar systems, e.g., strong suppression of the ionization yield
in specific parts of momentum space [10].
The LG-SFA, and the MO-ADK, does not account for the Stark shift. Hence,
the standard LG-SFA is not appropriate for studying strong-field ionization of
molecules with large permanent dipole moments and polarizabilities. The MOADK was recently Stark shift corrected, by replacing the field-free ionization potential with the Stark shift corrected time-dependent ionization potential, in order to explain recent experimental results on the strong-field ionization of onedimensional oriented OCS and three-dimensional oriented C7 H5 N [10]. However,
a tunneling model does not account for two important features: (i) The coherence of the ionizing wave packet is automatically lost in a tunneling model and,
consequently, interference effects of the ionizing wave packet is lost. (ii) Consider a polar molecule oriented in such a way that the electric field polarization
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plane coincides with a nodal plane of the ionizing molecule orbital. Then emission
along the field direction is forbidden, due to symmetry reasons, and accordingly
ionization is suppressed. Nevertheless, in the ADK and MO-ADK one assumes
that tunneling occurs opposite to the field direction, which, in this case, cannot
be true. The ADK and MO-ADK momentum distribution, at time of emission, is
p
~
proportional to exp(−q⊥ 2Ip /|E(t)|),
where q⊥ is the momentum of the emitted
electron transverse to the instantaneous field direction and Ip the ionization potential at time of emission [15,102]. This, of course, is not correct due to the presence
of the nodal plane. In order to circumvent this problem, an ad-hoc modification
of the pre-exponent factor of the tunneling amplitude is necessary [10]. The LGSFA automatically accounts for the angular nodal structure of the initial state, as
exemplified in the previous section.
The above discussion motivates the development of a Stark shift corrected LGSFA, which has the simplicity of the standard LG-SFA and in addition captures the
basic physics in the strong-field ionization of polar molecules. This can be done in
the tunneling limit, γ < 1, as we shall see in the following section.

6.3.1

The static Stark shift

~ The
Consider a polar molecule interacting with a strong static electric field, E.
presence of the electric field perturbs the energy levels of the molecule according
to
~ = E M (0) − µ
~ − 1E
~ · αM E
~ + ...,
E M (E)
~M · E
2

(6.5)

where E M (0) is the field-free energy of the molecule, µ
~ M is the dipole moment and
αM is the polarizability tensor. Higher order terms, e.g., the hyperpolarizability, is
not shown and will be neglected in the following discussion. The energy of the
cation can be expanded in a similar way leading to the following expression for the
ionization potential of the molecule
~ = Ip (0) + ∆~
~ + 1E
~ · ∆αE,
~
Ip (E)
µ·E
2

(6.6)

where Ip (0) = E I (0)−E M (0) is the ionization potential under field-free conditions
and
∆~
µ=µ
~M − µ
~ I,

(6.7)

∆α = αM − αI .

(6.8)
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Here M/I refer to the molecule/cation. Hence, the ionization potential of the
molecule depends on the size of the applied electric field, the angle between the
electric field and the effective dipole moment ∆~
µ and the angle between the electric
~ Note, that we do not account for
field and the effective polarizability term, ∆αE.
different ionization channels leading to different ion states with possibly different
dipole moments and polarizabilities.
Consider the ionization of a polar molecule by a strong electric field in the
tunneling limit. The above discussion shows, that the ionization potential change
during the pulse duration, i.e., the ionization probability is modulated by the ionization potential in addition to the shape of the electric field and the orbital angular
structure. The LG-SFA does not account for the Stark shift, since it describes a
transition from the field-free initial state to a Volkov state. However, it is possible
to approximately Stark shift correct the LG-SFA in the tunneling limit.

6.3.2

Stark shift corrected LG-SFA

The Stark shift affects both the neutral molecule and the cation and it is therefore
natural to start the derivation in the many particle picture, i.e., without invoking
the SAE at first. However, the first part of the discussion closely resembles the
derivation given in chapter 4 and is therefore omitted here. The transition amplitude
from the initial state Ψ0 to the final state Ψf , describing the liberated electron and
the residual ion, is
Z τ
Tq~ = −i
hΨf (t)|V (t)|Ψ0 (t)idt,
(6.9)
0

P
~
where V (t) = nj=1 ~rj · E(t)
is the length gauge interaction operator, with n the
number of electrons. We are only interested in single ionization and furthermore
restrict the discussion to the independent particle model. Hence, the initial wave
function is approximated with a Slater determinant
1
Ψ0 (t) = √ det|ψ1 (~r1 )ψ2 (~r2 )...ψn (~rn )| exp(−iE M (0)t),
n!

(6.10)

where ψi and ~ri denotes the ith electron orbital and spatial coordinate, respectively.
In the SFA, the interaction between the liberated electron and the residual ion is
neglected. In addition, we also neglect the interaction between the field and the
residual ion. Thus
1
Ψf (t) = √ det|ψ1 (~r1 )ψ2 (~r2 )...ψq~V (~rn , t)| exp(−iE I (0)t),
n!

(6.11)
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with ψq~V (~rn , t) denoting a length gauge Volkov wave function with asymptotic momentum ~q. Neglecting the non-orthogonality of the Volkov wave function with the
remaining wave functions, we arrive at the standard LG-SFA expression for the
transition amplitude
Z τ
LG-SFA
~ n (~r)i exp(iIp (0)t)dt.
hψq~V (~r, t)|~r · E|ψ
(6.12)
Tq~
= −i
0

This formula does not account for the Stark shift. However, it is possible, in the
adiabatic limit, to include the Stark shifts in the wave functions Ψ0 and Ψf . If we
assume, that the neutral molecule, before ionization, and the cation, after ionization, are affected adiabatically by the presence of the electric field the two wave
functions Ψ0 and Ψf are changed to
1
~
~
~
Ψ0 (t) = √ det|ψ1 (~r1 , E(t))ψ
r2 , E(t))...ψ
rn , E(t))|
2 (~
n (~
n!
 Z t

M ~ ′
′
× exp −i
E (E(t ))dt

(6.13)

0

and
1
V
~
~
r2 , E(t))...ψ
rn , t)|
Ψf (t) = √ det|ψ1 (~r1 , E(t))ψ
2 (~
q~ (~
n!
 Z t

I ~ ′
′
× exp −i
E (E(t ))dt .

(6.14)

0

4 . In addition to the
~
The adiabatic ansatz is valid provided that ω ≪ Ip (E(t))
modification of the energy phase, due to the Stark shift of the energy levels, we
have indicated the modification of the single particle orbitals by the field. It is
very difficult to account for such distortions of the single particle orbitals, but it is
nevertheless clear, in the case of large polarizabilities5 , that the distortion can be
very substantial and that the use of the field-free orbitals is, in general, not appropriate. In this regard, we expect that the single particle orbital for the outermost
bound electron will be the one that is mostly changed while the other orbitals will
be affected by the field to a less extent. However, in the case where the spatial distortions of the single particle orbitals can be neglected, the transitions amplitude
reduces to the following

 Z t
Z τ
′
′
V
~
~
Ip (E(t ))dt dt.
(6.15)
hψq~ (~r, t)|~r · E|ψn (~r)i exp i
Tq~ = −i
0

4

0

The cation is, of course, more tightly bound than the neutral molecule. Hence, if the adiabatic
ansatz is valid for the molecule then it is automatically valid for the cation.
5
The polarizability term is responsible for the distortion of the orbital
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This integral can be evaluated using the method described in chapter 4, section 4.1,
in connection with the derivation of the standard LG-SFA. Invoking the saddlepoint approximation, using the asymptotic form of the initial state, leads to
Tq~ =

X
ts

f (ts )

s

2πi
exp(iS(ts )),
S ′′ (ts )

(6.16)

with
1
S(t) =
2

Z

t

~ ′ ))2 dt′ +
(~q + A(t

0

Z

t

~ ′ ))dt′
Ip (E(t

(6.17)

0

the Stark shift corrected semiclassical action and ts a relevant saddle-point. Notice,
that the inclusion of the Stark shift in some cases, one example is C7 H5 N, modifies the overall behavior of the exp(iS) surface compared to the non-Stark case,
discussed in chapter 4. This means that the rule regarding the number of relevant
saddle-points, discussed in chapter 4, not necessarily applies in the Stark case. The
function f is given by
f (ts ) ∝
2 F1

X Clm Γ(l + ν + 2)  Q(ts ) l
lm

2l

Γ(l + 3/2)

iκ

Ylm (Q̂(ts ))

3
Q(ts )2
l−ν l−ν+1
,
; l + ; −p
2
2
2
2Ip (0)

!

1

,
S0′ (ts )ν

(6.18)

~
~
provided that we neglect the Stark shift in pre-exponent. Here Q(t)
= ~q + A(t),
p
ν = Z/ 2Ip (0), Z is the ionic charge and
1
~ s ))2 + Ip (0).
S0′ (ts ) = (~q + A(t
2

6.3.3

(6.19)

Application of the Stark shift corrected LG-SFA

We are now ready to illustrate the performance of the corrected LG-SFA by calculating the photoelectron momentum distributions for strong-field ionization of onedimensional oriented OCS and three-dimensional oriented C7 H5 N. The relevant
dipole moments and polarizabilities are taken from [10]6 . Notice that γ = 0.89 for
the OCS case and γ = 1.16 for the C7 H5 N case, slightly stressing the applicability
of the method. Let us start with OCS. Consider a one-dimensional oriented, in such
6
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Figure 6.12. The experimental geometry that is considered in the present calculations. See text for details.

a way that the O-end points in the positive z-direction, OCS molecule interacting
with a left-handed circularly polarized laser pulse described by the vector potential


0
A0


~ =√
A(t)
f (t)  sin (ωt + φ)  ,
(6.20)
2
cos (ωt + φ)

where A0 is the amplitude, f the envelope, ω the frequency and φ the CEP. All the
results shown in this section are obtained using "long" pulses, N = 10, and hence
the CEP does not a play a role. Notice that, this field is polarized in the yz-plane
contrary to the convention used in the rest of the thesis. This is done in order to
better compare with the experimental and theoretical results in [10]. The setup is
shown in Figure 6.12. Figure 6.13(a) shows the standard SPM LG-SFA momentum
distribution (see Eq. (4.29)), ∂ 2 P/∂qx ∂qy , for strong-field ionization of OCS by
a circularly polarized field, with the parameters: frequency ω = 0.057 (800 nm),
peak intensity I = 2.44 × 1014 W/cm2 , number of optical cycles N = 10, and CEP
φ = 0. The HOMO of OCS is two-fold degenerate with one orbital in the (y, z)plane, with a nodal plane in the (x, z)-plane, and the other orbital perpendicular to
the first one7 . The momentum distribution shown in Figure 6.13(a) is obtained by
incoherently adding the momentum distributions from each HOMO. However, the
contribution from the (y, z)-plane orbital dominates, since the polarization plane
coincide with the nodal plane of the (x, z)-orbital thereby suppressing ionization
7

The Clm coefficients for the (y, z)-plane orbital are C1±1 = ∓0.27, C2±1 = ±1.77, C3±1 =
∓0.53, C4±1 = ±0.14 and C5±1 = ∓0.09. The coefficients for the (x, z)-plane orbital are obtained
by a rotation of the (y, z)-plane orbital by π/2 around the molecular axis.
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Figure 6.13. Photoelectron momentum distributions, ∂ 2 P/∂qx ∂qy , for the ionization of OCS, one-dimensional oriented such that the O-end points in the positive
z -direction. The laser parameters are: frequency ω = 0.057 (800 nm), peak intensity I = 2.44 × 1014 W/cm2 , number of optical cycles N = 10 and CEP φ = 0.
The distribution (a) is obtained using the standard SPM LG-SFA while the distribution (b) is obtained by including the Stark shift in the exponent, i.e., using Eq.
(6.16) and Eq. (6.18).

from this orbital. The discussion of Figure 6.13(a) is therefore restricted to the
(y, z)-plane orbital.
The standard LG-SFA produces an asymmetric distribution, where the probability for ionization with qy < 0 is larger than the probability for ionization with
qy > 0. This can be explained by looking at the HOMO orbital, i.e., the (y, z)orbital (see Figure 6.14(a)). The geometric structure of the HOMO favors ionization when the electric field has a component in the positive z−direction compared
to the case where the electric has a negative z component, since the majority of the
charge is situated near the S-end. According to the semiclassical model
~ 0 ),
~q = −A(t

(6.21)

~ points in the positive z-direction
where t0 is the instant of ionization. When E
~
A points in the positive y-direction and hence the final momentum has a nega~ points in the negative z-direction A
~ points
tive y-component. Contrary, when E
in the negative y-direction and accordingly the final momentum has a positive ycomponent. Thus, ionization with a positive qy -component is suppressed compared
to ionization with a negative qy -component. This explains the observed asymmetry in Figure 6.13(a). Unfortunately, this contradicts the recent experimental results
from [10], where the qy < 0 part is suppressed compared to qy > 0 part. Figure
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(a)

(b)

Figure 6.14. The OCS molecule with the S pointing to the left and the O to the
right. The nuclei are at the equilibrium nuclear positions: -2 (Sulfur), 0.99 (Carbon) and 3.2 (Oxygen). (a) Iso-contour of the HOMO of OCS at spatial points
where the norm of the wave function is 0.1. (b) As (a) but now including a static
field of magnitude 0.0586 pointing towards the S-end. The comparison between
(a) and (b) illustrates how the external field pulls the electron charge density in the
direction opposite to the field. In both cases the calculations were performed, using
GAMESS [84] with a triple-zeta valence basis set and added diffuse orbitals.

6.13(b) shows the Stark shift corrected momentum distribution, obtained using Eq.
(6.16) and Eq. (6.18), for the same parameters as in Figure 6.13(a). The inclusion of the Stark-shift in the exponent clearly increases the qy > 0 part but clearly
not enough to reproduce the trend seen in [10]. The exponent exp(iS) favors ionization when the electric field has a negative z component, since the Stark-shift
corrected ionization potential is smaller in that case. Nevertheless, this effect is
not enough to beat the non-Stark shifted pre-exponent, containing the field-free
HOMO. Consequently, in the case of OCS, we cannot neglect the Stark shifts influence on the pre-exponent, i.e., the field modification of the initial orbital. The
modification of the initial orbital is due to polarization term in Eq. (6.5) and at
the peak of the electric field the polarization term is actually much larger than
the dipole term. Consequently, the HOMO charge distribution simply follows the
quasi-static field during the interaction (this is illustrated in Figure 6.14(b)). As a
result, the pre-exponent should not favor ionization in any specific direction and it
seems reasonable to model the initial HOMO by an s-state. This approach was also
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Figure 6.15.
Stark shift corrected photoelectron momentum distribution,
2
∂ P/∂qx ∂qy , for the ionization of an artificial OCS molecule, one-dimensional
oriented such that the O-end points in the positive z -direction, where the initial
orbital entering Eq. (6.18) is modeled by a simple s-orbital. The laser parameters
are the same as in Figure 6.13.

used in [10] in order to reproduce the experimental findings using the Stark shift
corrected MO-ADK. Figure 6.15 shows the Stark shift corrected momentum distribution, with the same parameters as in Figure 6.13, for an OCS molecule with the
initial state modeled by an s-state retaining the Stark shifted ionization potential of
OCS. Now, the momentum distribution show asymmetry in the correct direction,
viz in agreement with the experimental findings, and furthermore compare very
well with the Stark shift corrected tunneling results, see Figure 3(a) in [10]. This
agreement is due to the general accordance between tunneling and LG-SFA in the
adiabatic limit [48].
Next we turn to the case of strong-field ionization of three-dimensional oriented
C7 H5 N. Assume that the molecule is oriented in such a way that the CN-end
points in the positive z-direction while the benzene ring is fixed in the (y, z)-plane.
The HOMO, and the HOMO-1, then has a nodal plane in the (y, z)-plane, i.e., a
nodal plane coinciding with the polarization plane. For the purpose of describing
the ionization of this molecule, using the Stark shift corrected MO-ADK, an adhoc correction accounting for the nodal plane structure is needed. For the LGSFA no such correction is needed, nodal plane structure is automatically taken into
account. The structure of the HOMO off the nodal plane, which is not washed
away by the field, is modified by the field. The polarizability term is even more
dominant than in the case of OCS and it is therefore inaccurate to use the fieldfree HOMO as initial state. Similar reasoning as before suggest the use of an
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Figure 6.16.
Stark shift corrected photoelectron momentum distribution,
2
∂ P/∂qx ∂qy , for the ionization of an artificial C7 H5 N molecule, three-dimensional
oriented such that the N-end points in the positive z -direction while the benzenering is fixed in the (y ,z ) plane. The initial orbital entering Eq. (6.18) is modeled by
a simple px -orbital. The laser intensity is I = 1.2 × 1014 W/cm2 . The other laser
parameters are the same as in Figure 6.13.

initial px orbital [10, 102]. Figure 6.16 shows the Stark shift corrected momentum
distribution8 , obtained using Eq. (6.16) and Eq. (6.18), for strong-field ionization
of C7 H5 N modeled by an initial px state. We clearly see the signature of the nodal
plane of C7 H5 N in the distribution and we observe very good agreement with the
tunneling calculations on C7 H5 N presented in Figure 3(c) in [10].

8

Notice, that only the most dominant saddle-point have been included in Eq. (6.16).
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CHAPTER 7

Summary and outlook

Strong-field ionization is a fundamental part of strong-field physics, nonetheless
because it triggers other strong-field processes. We have, in this thesis, investigated
several different aspects of strong-field ionization, ranging from finite-bandwidth
effects in the ionization of atoms by few-cycle circularly polarized laser pulses to
effects of the static Stark shifts in strong-field ionization of polar molecules.
We started with a general geometric characterization of carrier-envelope phase
(CEP) effects in the ionization of atoms and molecules by circularly polarized fewcycle pulses. Under special conditions, e.g., a physical system rotational invariant
with respect to rotations around the propagation direction of the field, a change in
the CEP manifest itself as a simple rotation around the axis of propagation. The
temporal shape of a few-cycle pulse depends critically on the CEP making the
ionization dynamics, just like other strong-field processes, sensitive to the CEP.
Moving on, we compared the length-gauge strong-field approximation (LGSFA) with ab-initio calculations, based on the time-dependent Schrödinger equation. This allowed us to identify and explain striking signatures of the Coulomb
potential in the photoelectron momentum distribution. More precisely, we observed counterintuitive angular shifts in the photoelectron momentum distribution
for strong-field ionization of atoms by circularly polarized few-cycle laser pulses,
similar to the shifts recently observed experimentally by P. Eckle et.al [61]. The
dominant direction of electron ejection is shifted compared to the direction pre-
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dicted by strong-field theories like LG-SFA and ADK. We showed that such angular shifts was due to the non-vanishing commutator between the Hamiltonian and
the z-component of the angular momentum, i.e., the shifts are caused by a subtle
interplay between the field and the binding potential.
Moreover, we investigated bandwidth effects, giving rise to complicated interference structures, in strong-field ionization of atoms by few-cycle circularly
polarized laser pulses. In addition, we examined how the validity of the saddlepoint method for evaluation of the LG-SFA transition amplitude (SPM LG-SFA)
depends on the ellipticity of the pulse for fixed peak intensity. For different pulse
parameters, the validity of the SPM LG-SFA depends on two criteria: (i) The maximum field strength during the pulse has to exceed a certain value and (ii) The width
of the field maximum must be smaller than some certain value.
Next we turned our attention towards molecules interacting with strong femtosecond laser pulses. We started with the ionization of aligned molecules by linear
polarized laser pulses, with focus on the following question: How does the ionization signal depend on the angle between the alignment axis and the polarization
axis. We showed that while the LG-SFA was able to explain experimental results
on O2 and N2 [73], it breaks down for molecules like CO2 [73] and CS2 [16]. The
precise physical origin of this breakdown is still open, although several theoretical
explanations have been proposed.
After this short detour, we moved on to the main topic of the chapter, strongfield ionization of aligned, or oriented, molecules by circularly polarized laser
pulses. First, we examined how the angular nodal structure of aligned, or oriented,
molecules shows up in the ionization signal. More precisely, we showed, using
simple model systems, that the angular nodal structure is mapped uniquely to the
momentum distribution. As a result, strong-field ionization by circularly polarized
pulses may serve as probes for investigating changes in the angular nodal structure
during chemical reactions. This conclusion was further strengthen by strong-field
calculations on benzene, C6 H6 . However, it is still unclear, how robust the method
is against, for instance, Stark and polarizability effects.
Finally, we examined strong-field ionization of polar molecules with large permanent dipole moments and polarizabilities. In order to describe the ionization of
such molecules, the Stark shift of the energy levels of both the neutral molecule and
the cation has to be accounted for. Unfortunately, the LG-SFA does not account
for the Stark shift. Nevertheless, we showed how to systematic Stark shift correct
the LG-SFA in the tunneling limit, using the adiabatic ansatz, thereby deriving a
simple formula for the Stark shift corrected LG-SFA transition amplitude for ionization. It is possible to Stark shift correct the MO-ADK, however, the MO-ADK
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does not account for two important features included in the LG-SFA, namely wave
packet interference and nodal plane structure (if the field is located in an angular
nodal plane) [10, 102]. The results obtained using this simple approach compared
well with recent experimental results.
The rapid experimental development within strong-field physics necessitates
theory capable of explaining the different measurements. From a theoretical point
of view our main tools are either ab-initio theory or semi analytical theories, like
the LG-SFA. On one hand, ab-initio theory is hindered by the complexity of the
numerics involved. The time-dependent Schrödinger equation is in principle exact,
but that does not help us if convergence is almost impossible to achieve or the relevant physical quantity completely impossible to extract. Semi analytical theories
like the strong-field approximation or molecular tunneling theory are more accessible, but it is also clear that further development are needed for such theories to
meet the requirements set up by the experimental development. The Stark shift corrected LG-SFA, for instance, falls short regarding several important issues. First,
the Stark shift corrected LG-SFA does not properly account for the distortion of the
initial molecular orbital. This distortion can be very substantial, as we have seen,
and it would be desirable with a model including this distortion. One approach is
to calculate the asymptotic coefficients for the HOMO in a static electric field for
each field orientation, thus, giving a sequence of time-dependent asymptotic coefficients which could be used in a LG-SFA calculation. However, this is on very
shaky ground from a theoretical point of view, since the asymptotic expansion is
not valid when the electric field is present. Second, the method, being based on
the SFA, does not account for the molecular potential, including the dipole term,
in the final state. One possible solution to this problem is to include the dipole
term in the same way the Coulomb potential was approximately included in [72].
Furthermore, the LG-SFA neglects the excited state spectrum, which may play an
essential role due to resonances.
Consequently both tools, ab-initio theory and semi-analytical theories, needs
to be improvement, which, luckily, will provide interesting and important work for
the theoretical physicists in the years to come.
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APPENDIX A

Transformation of the Schrödinger
equation

The TDSE for an atom interacting with an electric field described by the vector
potential (η = ωt − ~k · ~r)
 η 
A0
~ r, t; φ) = √
(cos(η + φ)êx + sin(η + φ)êy )
(A.1)
A(~
sin2
2N
2
reads


n
n
X
X
∂
1
~ r, t; φ)2 
~ r, t; φ) · p̂~j +
i Ψ = Ĥ0 +
A(~
A(~
(A.2)
∂t
2
j=1

We now perform the unitary transformation


Ψ′ = exp iJˆz φ Ψ,

j=1

(A.3)

which corresponds to a rotation by −φ around the z-axis. The transformed TDSE
is given by

n




X
∂
~ rj , t; φ) · p̂~j exp −iJˆz φ
exp iJˆz φ A(~
i Ψ′ = Ĥ0 +
∂t
j=1

n




1X
~ r, t; φ)2 exp −iJˆz φ  Ψ′ .
+
(A.4)
exp iJˆz φ A(~
2
j=1
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Applying the Baker-Hausdorff lemma
exp(iĜλ)Â exp(−iĜλ) = Â + iλ[Ĝ, Â] +
+

i 2 λ2
[Ĝ, [Ĝ, Â]]
2!

i 3 λ3
[Ĝ, [Ĝ, [Ĝ, Â]]] + ...
3!

(A.5)

on the term exp(iJˆz φ)Ax (~rj , t; φ)p̂xj exp(−iJˆz φ) yields
exp(iJˆz φ)Ax (~rj , t; φ)p̂xj exp(−iJˆz φ) = Ax (~rj , t; φ) exp(iJˆz φ)p̂xj exp(−iJˆz φ)


i2 ˆ ˆ
i3 ˆ ˆ ˆ
ˆ
= Ax (~rj , t; φ) p̂xj + iφ[Jz , p̂xj ] + [Jz , [Jz , p̂xj ]] + [Jz , [Jz , [Jz , p̂xj ]]] + ...
2!
3!


1
1
= Ax (~rj , t; φ) p̂xj − φp̂yj − φ2 p̂xj + φ3 p̂yj + ...
2
3!
= Ax (~rj , t; φ)(p̂xj cos(φ) − p̂yj sin(φ)),

(A.6)

as expected. Similar, one can show that
exp(iJˆz φ)Ay (~rj , t; φ)p̂yj exp(−iJˆz φ) = Ay (~rj , t; φ)(p̂yj cos(φ) + p̂xj sin(φ)).
(A.7)
Consequently
~ rj , t; φ) · p̂~j exp(−iJˆz φ)
exp(iJˆz φ)A(~

= (Ax (~rj , t; φ) cos(φ) + Ay (~rj , t; φ) sin(φ))p̂xj

+ (Ay (~rj , t; φ) cos(φ) − Ax (~rj , t; φ) sin(φ))p̂yj
~ rj , t; φ = 0) · p̂~j .
= A(~

(A.8)

Furthermore






2
~ rj , t; φ)2 exp −iJˆz φ = A0 sin2 η
exp iJˆz φ A(~
2
2N

(A.9)

Putting this together we have shown that


n
n
X
X
∂
~ rj , t; φ = 0) · p̂~j + 1
~ r, t, φ = 0)2  Ψ′ . (A.10)
i Ψ′ = Ĥ0 +
A(~
A(~
∂t
2
j=1

j=1
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The initial state in momentum space

The purpose of this appendix is to calculate the Fourier transform of the wave
function
ψ(~r) =

X

Clm rν−1 exp(−κr)Ylm (r̂),

(B.1)

lm

i.e., ψ in momentum space ψ̃(~q). By definition
Z
1
ψ̃(~q) = p
exp(−i~q · ~r)ψ(~r)d~r
(2π)3
Z
X
1
Clm exp(−i~q · ~r)rν−1 exp(−κr)Ylm (r̂)d~r.
=p
(2π)3 lm

(B.2)

We now expand the plane wave, exp(−i~q · ~r), in spherical harmonics [103]
′

exp(−i~q · ~r) = 4π

l
∞
X
X

′

(−i)l jl′ (qr)Yl′ m′ (q̂)Yl∗′ m′ (r̂)

l′ =0 m′ =−l′

X
′
(−i)l jl′ (qr)Yl′ m′ (q̂)Yl∗′ m′ (r̂),
= 4π
l ′ m′

(B.3)
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SPACE

where jl is a spherical Bessel function, and thereby obtains
r
Z
2 X
′
Clm (−i)l jl′ (qr)Yl′ m′ (q̂)Yl∗′ m′ (r̂)rν−1 exp(−κr)Ylm (r̂)d~r
ψ̃(~q) =
π ′ ′
lml m
r
Z ∞
2 X
′
=
rν+1 jl′ (qr) exp(−κr)dr
Clm (−i)l Yl′ m′ (q̂)
π ′ ′
0
lml m
Z
× Yl′ m′ (r̂)Ylm (r̂)dΩ
r
Z ∞
2X
l
=
jl (qr)rν+1 exp(−κr)dr.
(B.4)
Clm (−i) Ylm (q̂)
π
0
lm

The spherical Bessel functions are related to the ordinary Bessel functions via the
relation [103]
r
π
J
(ρ),
(B.5)
jl (ρ) =
2ρ l+1/2
which yields the following relation
r Z ∞
X
1
l
Clm (−i) Ylm (q̂)
ψ̃(~q) =
Jl+1/2 (qr)rν+1/2 exp(−κr)dr.
q 0

(B.6)

lm

Finally, we evaluate the radial integral using Gauss hypergeometric series [104]
√
Z ∞
 q l+1/2 Γ(l + ν + 2)
κν κ
ν+1/2
Jl+1/2 (qr)r
exp(−κr)dr =
2κ
Γ(l + 3/2) (κ2 + q 2 )ν+1
0


l−ν l−ν+1
3 q2
×2 F1
,
;l + ;− 2 ,
2
2
2 κ
(B.7)
and obtain
ψ̃(~q) =

 q l
κν Γ(l + ν + 2)
iκ 2l+1/2 Γ(l + 3/2)(κ2 + q 2 )ν+1
lm


l−ν l−ν+1
3 q2
,
; l + ; − 2 Ylm (q̂).
×2 F1
2
2
2 κ

X

Clm

(B.8)
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APPENDIX C

Asymptotic expansion of the integral
R
exp(iS)
Cs −iǫ

S ′ν

This appendix is based on the derivation given in [48, 105]. We want to calculate
R
the integral Cs −iǫ exp(iS)
S ′ν , where Cs is the path defined by following the steepest
descent from the saddle-point ts , satisfying S ′ (ts ) = 0, and ǫ → 0+ . The integral
gets is main contribution from the part of the path close to the saddle-point. This
subpath can be parameterized as follows
t − ts = (x − iǫ)Qs ,
where x ∈ [−δ; δ], δ > 0, and Qs =

q

2i
S ′′ (ts )

(C.1)

is the direction of the steepest

descent at t = ts 1 . Expanding S to second order in t − ts gives
1
S(t) = S(ts ) + S ′′ (ts )(t − ts )2
2
= S(ts ) + ix2 + 2ǫx − iǫ2 ,
1

− π4 ≤ arg(Qs ) ≤

π
4

(C.2)
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R

Cs −iǫ

exp(iS)
S ′ν

and accordingly
Z
Z δ
exp(iS)
exp(−x2 + 2ǫix + ǫ2 )
1
ν exp(iS(ts ))
dt
≈
i
dx
S ′ν
(S ′′ (ts ))ν Qsν−1 −δ
(ǫ + ix)ν
Cs −iǫ
Z ∞
exp(−x2 + 2ǫix + ǫ2 )
exp(iS(ts )) 1
dx
≈ iν
ν−1
(S ′′ (ts ))ν Qs
(ǫ + ix)ν
−∞
(C.3)
The term 1/(ǫ + ix)ν can be expanded as [48, 105]
Z ∞
1
1
η ν−1 exp(−ηǫ) exp(−iηx)dη,
=
(ǫ + ix)ν
Γ(ν) 0
and hence
Z

Cs −iǫ

Z ∞
exp(iS)
1
ν exp(iS(ts ))
η ν−1 exp(−ηǫ)
dt ≈ i
S ′ν
(S ′′ (ts ))ν Qsν−1 Γ(ν) 0
Z ∞
exp(−x2 + i(2ǫ − η)x + ǫ2 )dxdη

(C.4)

(C.5)

−∞

All what remains is now to calculate the two integrals
Z ∞
Z ∞
exp(−x2 )
exp(−x2 + i(2ǫ − η)x + ǫ2 )dx = exp(ǫ2 )
−∞

−∞

× (cos((2ǫ − η)x) + i sin((2ǫ − η)x)) dx
Z ∞
2
cos((2ǫ − η)x) exp(−x2 )dx
= 2 exp(ǫ )
0


√
(2ǫ − η)2
2
= π exp(ǫ ) exp −
, (C.6)
4

which yields
Z
√
exp(iS)
exp(iS(ts ))
1
dt ≈ iν π exp(ǫ2 )
ν−1
′ν
′′
ν
S
(S (ts )) Qs Γ(ν)
Cs −iǫ


Z ∞
(2ǫ − η)2
ν−1
η
exp(−ηǫ) exp −
×
dη
4
0
Z ∞
√ exp(iS(ts ))
1
η ν−1 exp(−η 2 /4)dη
≈ iν π
(S ′′ (ts ))ν Qsν−1 Γ(ν) 0
exp(iS(ts )) Γ(ν/2) ν √
2 π
≈ iν
(S ′′ (ts ))ν 2Qsν−1 Γ(ν)
s

Γ(ν/2)
exp(iS(ts ))
2πi
ν
≈i
(C.7)
(−2iS ′′ (ts ))ν/2
′′
2Γ(ν)
S (ts )
(S ′′ (ts ))ν

101

Bibliography

[1] A. Scrinzi, M. Y. Ivanov, R. Kienberger, and D. M. Villeneuve, “Attosecond physics”, J. Phys.
B 39, R1 (2006).
[2] A. H. Zewail, “Femtochemistry: Recent Progress in Studies of Dynamics and Control of
Reactions and Their Transition States”, J. Phys. Chem. 100, 12701 (1996).
[3] S. Baker, J. S. Robinson, C. A. Haworth, H. Teng, R. A. Smith, C. C. Chirilǎ, M. Lein, J. W. G.
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