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Abstract
This dissertation is a presentation of the topics I have worked on during my four
years as a PhD student at Aarhus University. As part of my PhD I spent one
year at Westfälische Wilhelms-Universität, Münster under the supervision of
Christian Weinheimer, however, the bulk of my work has been done in Aarhus
in close collaboration with my advisor Steen Hannestad.
The focus of this project has been firmly on the role of neutrinos in ordinary β-decay. Or rather, what we can learn about neutrino physics from the
study of β-decay and spectra. Barring one cosmology-related project, all of my
work has been strongly linked to the KArlsruhe TRItium Neutrino (KATRIN)
experiment. With KATRIN we were interested in both technical aspects of
the data-analysis and more theoretical considerations of KATRIN’s ability to
detect non-standard model physics.
From a technical point of view I worked first on performing a statistical
analysis of simulated KATRIN datasets using a bayesian Markow Chain Monte
Carlo (MCMC) approach. This method is already widely used to infer cosmological parameters from large astrophysical datasets. The publicly available
COSMOMC programme thus became the starting point for our analysis, since
it is easy to insert ones own datasets and χ2 -functions, and one can simply
’turn off’ the cosmology-related aspects [1]. We found this method to be robust
for parameter estimation. Additionally COSMOMC produces several useful
output files that enables the user to inspect 2D likelihoods and see parameter
correlations directly. This proved especially useful when we started adding nonstandard physics to the analysis, asking for instance: ”Will KATRIN be able
to see sterile neutrinos or couplings to righthanded neutrinos” [2]?
During my stay in Münster I worked on the tricky, but important task of
deconvoluting the energy loss function of the KATRIN experiment. In collaboration with Volker Hannen and Christopher Kranz, I expanded on the methods previously investigated by Irina Wolff in her diploma thesis [3]. I was
mainly concerned with a stepwise singular value decomposition method, which
is (uniquely) able to reproduce the structure of the excitation spectrum that
dominates the 10-15 eV energy loss range. My best result was a systematic
uncertainty on the neutrino mass-squared of ∆m2ν = 0.0013 ± 0.00075 eV2 .
For more details on this subject I refer to the diploma thesis of Christopher
Kranz [4].
The theoretical part of my work has been focused on the already mentioned
v

righthanded and sterile neutrinos. Motivated by the recent interest from the
particle physics community in the sterile neutrino we did a full analysis of a
KATRIN-like experiment’s ability to detect sterile neutrinos and found that
KATRIN will be able to make a 3σ detection of a fourth mass state for mν,s &
1 eV as long as the corresponding element in the leptonic mixing matrix fulfils:
|Ues |2 & 0.055 [5].
A second theoretical area of interest has been the Cosmic Neutrino Background also known as relic neutrinos. An investigation of KATRIN’s detection
potential was performed by Kaboth and Formaggio in 2010 and we made some
calculations of the possible advantage that could be gained over their result in
the presence of sterile neutrinos [6]. Unfortunately, our results agreed that even
with sterile neutrinos an enhancement of the relic neutrino background of order
∼ 109 would be needed for KATRIN to be able to see the background.
As an alternative approach to this problem I worked on an idea by Nikolaj
Zinner and Hans Fynbo to use the entire Milky Way as target material for relic
neutrinos. The idea was to look for an anomalous mother-to-daughter abundance ratio for selected β-decaying nuclei, which would indicate an enhanced
rate of β-decays due to capture processes induced by the relic neutrinos. Unfortunately, even this maximal detector approach also produced negative results. It
did however provide me with the opportunity to include cosmology, astronomy,
nuclear and atomic physics into my thesis work, which was both enlightening
and great fun [7].
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Dansk Abstract
Denne afhandling er en præsentation af de emner jeg har beskæftiget mig med
i min tid som PhD-studerende ved Aarhus Universitet. Jeg tilbragte et ud af
fire år på Westfälische Wilhelms-Universität i Münster med Christian Weinheimer som vejleder, men størstedelen af mit arbejde er foregået i Århus i tæt
samarbejde med min hovedvejleder, Steen Hannestad.
Neutrinoers rolle i normale β-henfald har været det gennemgående tema
for mit projekt. Jeg har arbejdet ud fra spørgsmålet: Hvad kan vi lære om
neutrinofysik fra studiet af β-henfald og spektre? Mit arbejde har, på nær
et enkelt kosmologi-relateret delprojekt, været knyttet til KArlsruhe TRItium
Neutrino (KATRIN) eksperimentet i Tyskland. I relation til KATRIN har
jeg arbejdet med både de tekniske detaljer mht den fremtidige dataanalyse,
men også med eksperimentets følsomhed over for mere eksotiske neutrinofysikteorier.
I den første halvdel af min PhD fokuserede jeg på at gennemføre en statistisk analyse af (numerisk simulerede) KATRIN-datasæt vha. en bayesiansk
Markow Chain Monte Carlo metode. Denne fremgangsmåde er almindeligt
anvendt indenfor kosmologi til at udlede værdierne af kosmologiske parametre
på baggrund af mange ganske store datasæt. Imidlertid er det simpelt at indsætte sin egen χ2 -funktion og sine egne datasæt i f.eks. det frit tilgængelige
COSMOMC program og simpelthen ’slukke’ for kosmologien [1]. Vi anvendte
derfor COSMOMC som udgangspunkt for en bayesiansk analyse og konkluderede at metoden er velegnet og leverer stabile resultater for vores parameter værdier. COSMOMC producerer i tilgift flere nyttige MATLAB-filer, med
hvilke man kan plotte 2D sandsynlighedskonturer og med det samme se mulige
parameterkorrelationer. Dette viste sig især at være nyttigt når ikke-standard
neutrinofysik-parametre blev føjet til analysen – f.eks. sterile og højrehåndede
neutrinoer [2].
Under mit ophold i Münster arbejdede jeg hovedsagligt med at affolde KATRIN eksperimentets energitabsfunktion. Dette er en kompliceret men vigtig
del af det numeriske arbejde med KATRIN, idet vores manglende kendskab
til energitabsfunktionens præcise udseende udgør en betragtelig del af den systematiske usikkerhed. Tre metoder er tidligere blevet undersøgt af Irina Wolff
i hendes diploma-afhandling [3], og jeg arbejdede sammen med Volker Hannen
og Christopher Kranz på at forbedre den numeriske kode bag hver af fremgangsmåderne. Min del af arbejdet drejede sig mest om ’singulær værdi dekomvii

position’ -metoden, der som den eneste af de tre er i stand til at reproducere det
elektroniske eksitationsspektrum, som dominerer energitabsintervallet mellem
10 og 15 eV. Mit bedste resultat blev den følgende systematiske usikkerhed for
kvadratet på neutrinomassen: ∆m2ν = 0.0013±0.00075 eV2 . Yderligere detaljer
om dekonvolutionsprojektet kan findes i Christopher Kranz’ diploma-thesis [4].
Den mere teoretisk orienterede del af mit PhD projekt inkluderer bl.a. sterile
og højrehåndede neutrinoer. Vi udførte en analyse af et KATRIN-lignende
eksperiments evne til at detektere sterile neutrino massetilstande, motiveret af
flere nye optimistiske artikler om den mulige eksistens af disse neutrinoer. Her
konkluderede vi at KATRIN vil være i stand til at detektere eksistensen af en
steril neutrino (med 3σ konfidens) så længe massen er større end ca 1 eV og
værdien af det relevante matrix element i neutrino-mixing matricen opfylder
følgende krav: |Ues |2 & 0.055 [5].
Et andet teoretisk emne jeg har arbejdet med er den kosmiske neutrinobaggrundsstråling, eller bare baggrunds-neutrinoer. En undersøgelse af KATRIN’s evner til at detektere denne partikel-baggrund blev gennemført i 2010
af Kaboth og Formaggio [6]. Vi undersøgte om man kunne opnå bedre resultater
vha. tungere massetilstande – som f.eks. kunne være sterile neutrinoer – men
måtte tilslutte os Kaboth og Formaggio’s konklusion: Tætheden af baggrundsneutrinoer skal forøges med ca. en faktor 109 ift. den teoretiske forventede værdi,
hvis KATRIN skal gøre sig nogen forhåbninger om at detektere den kosmiske
neutrino-baggrundsstråling.
Som en alternativ tilgang til problemstillingen arbejdede jeg videre på en
ide af Nikolaj Zinner og Hans Fynbo i hvilken man bruger hele galaksen som
detektor-materiale. Ideen er grundlæggende at neutrino-baggrundsstrålingen
kan inducere β-henfald. Dette resulterer i en let forandring af ratioen af moder
til datter kerner ift. en galakse der ikke er befinder sig i en konstant flux af
neutrinoer. Desværre gav også denne maksimal-detektor tilgang til problemet
negative resultater. Projektet var imidlertid en velkommen mulighed for mig
til at inkludere kosmologi, astronomi, atom- og kerne-fysik i mit arbejde og på
den måde studere neutrinofysik i en lidt bredere kontekst [7].
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Preface
This thesis is about neutrino physics. My own work has focused primarily on
β-decay experiments and what we can learn about neutrino physics from studies of the β-spectrum. However, neutrino physics as a whole is an expanding
field of research with a rich phenomenology and interesting couplings to cosmology and astronomy. Therefore this thesis consists of two parts: First, an
introduction section containing a summary of some general aspects of theoretical neutrino physics, the current experimental efforts in β-decay experiments,
and an overview of the linkage between neutrino physics and cosmology. The
second half of the thesis contains most of the work I have done over the last
four years along with a short introduction and discussion.
The first two topics I have deemed interesting for the introduction to my
work are neutrino oscillations and neutrino mass. These topics are the foundation for practically all modern neutrino physics. Indeed, there can be no mixing
between weak interaction eigenstates unless different mass states – and thereby
neutrino masses as such – also exists. Chapter 1 will focus on neutrino mixing
phenomena and contains a short introduction of mixing in the quark sector
followed by a discussion of observed mixing phenomena for neutrinos. That
is, solar and atmospheric mixing phenomena supplemented by a subsection on
the remaining undetermined mixing angles and phases, and a short discussion
of neutrino phenomena beyond the standard model. Chapter 3 on neutrino
masses will describe the two most common fundamental models for neutrino
mass generation and the current efforts to measure the absolute neutrino-mass
in the laboratory.
Since my work has been largely related to the KATRIN experiment I have
written a summarizing chapter on the three currently planned β-decay experiments, KATRIN, MARE, and Project 8, as an extension of the discussion of
neutrino mixing and mass states. Most of the chapter describes the details of
the KATRIN experiment. To include a realistic description of these experimental details in my calculations has been an essential part of my work, seeing as
theoretical predictions must always be tested in real life, by experiments, if they
are to hold any merit for physics. I include a description of the MARE and
Project 8 experiments as well, which allows for a discussion and comparison of
the pros and cons of the three approaches.
The final chapter of the introduction is a very broad description of neutrino
physics in the context of cosmology. It has long been clear that the tight
1

2
connections between particle physics and the history of the Universe can be used
to infer neutrino properties from cosmological datasets. I will therefore provide
an overview of two key research fields with relevance for neutrino physics; being
large scale structure formation and big bang nucleosynthesis. Additionally, I
include a small section on supernovae, which is one of the most complex and
intriguing phenomena in the Universe, as well as one of the few phenomena,
that are completely dominated by neutrino physics.

Part I

Neutrino Physics – Overview
and Introduction

3

1
Neutrino mixing phenomena

1.1

Mixing in the quark-sector

Flavor-mass mixing is a particle physics phenomenon first described by Cabibbo
in the early 1960s to explain strangeness violating weak decay processes [8].
These processes showed that up quarks were able to couple not only with down
quarks (both in the 1st generation of quarks) but also to a lesser degree with
strange quarks (in the heavier 2nd generation) – see Figure 1.1. Cabibbo suggested that the weak interaction in reality couples the up quark to a linear
combination of the down and strange flavor states. The following probabilityconserving expression can be written for the superposition:

d′ = cos θC |di + sin θC |si ,

(1.1)

where θC is the now famous Cabibbo angle. Analogously the charm quark
couples not to |si but to |s′ i:
s′ = − sin θC |di + cos θC |si .

(1.2)

These linear combinations of quark mass states are the eigenstates of the weak
interaction Hamiltonian.
Eventually the whole picture of the standard model quark sector emerged
and the full mixing of all three generations can be described by the (unitary)
Cabibbo-Kobayashi-Maskawa matrix connecting the weak and mass eigenstates
5
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Figure 1.1: The very short story of the Standard Model of particle physics: The
quark and lepton sector both contain six particles split into three generations
of increasing mass. Quarks and leptons can also be split into two segments of
particles with a charge difference of one: quarks with respectively +2/3 e and
−1/3 e; leptons with −1 e and uncharged neutrinos. In addition we have the
force-carrying bosons and the Higgs particle. The figure is taken from [9].
in the following way1 [10]:


Vud Vus Vub
d′ +
d +
=  Vcd Vcs Vcb  s
s′
′
b
Vtd Vts Vtb
b

c12 c13
s12 c13
s13 e−iδ
iδ
iδ
c12 c23 − s12 s23 s13 e
s23 c13
=  −s12 c23 − c12 s23 s13 e
iδ
iδ
s12 s23 − c12 c23 s13 e
−c12 s23 − s12 c23 s13 e
c23 c13

+0.00015
+0.0007
+0.00016 
0.97428−0.00015 0.2353−0.0007
0.00347−0.00012
+0.0007
+0.00015


=
0.2252−0.0007 0.97345−0.00016
0.0410+0.0011
−0.0007
+0.00026
+0.0011
+0.000030
0.00862−0.00020 0.0403−0.0007 0.999152−0.000045



d +
 s
b
+
d
s
b

(1.3)
.

Here cij and sij is the cosine and sine of the mixing angle, θij , between mass
states i and j, and δ is the CP -violating phase, which will be described in more
detail later.
1

Note that only the second members of each doublet is described as a mix of the mass
states. This is a matter of convention and one could as well have chosen to use |u′ c′ t′ i
and |d s bi instead of |u c ti and |d′ s′ b′ i - or something in between to maximize the level of
confusion

1.2. Current knowledge of the mixing matrix

7

The consequence of for example the weak interaction eigenvalue |d′ i being
a superposition of mass states is that we do not really know its physical mass
state until we measure it (or rather, until we measure what baryon or meson it
is part of, seeing as quarks are always confined). The coefficients of the mixing
matrix then express the probability with which it is created as either a |di, |si,
or |bi mass state.
In the charged lepton sector the flavor and mass states coincide (by convention as explained in footnote (1).
If neutrinos were massless no mixing would be possible in this sector either
because all states would be traveling at the speed of light. But in 1998 it was
finally established that neutrinos are in fact massive particles [11]. This introduces many new complexities. As it turns out neutrinos even have surprisingly
large off-diagonal mixing angles.
In analogy with the quark-sector, neutrino mixing can be described with the
so-called the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix. Separating
the matrix to emphasize the different angles and phases that play into neutrino
mixing it can be written out:

 

1
0
0
c13
0 s13 e−iδ

0
1
0
U =  0 c23 s23  × 
−iδ
0 −s23 c23
−s13 e
0
c13

 

c12 s12 0
1 0
0
×  −s12 c12 0  ×  0 eiα2
0 ,
(1.4)
iα
3
0
0 1
0 0 e
where cij and sij is the cosine and sine of the mixing angle, θij , between mass
states i and j. The phases α2 and α3 are called Majorana phases and are
only relevant if neutrinos have Majorana masses. In fact, they do not affect
oscillation phenomena. They do, however, have consequences in for instance
neutrinoless double β-decay. This topic will be covered in the next chapter.
Lastly the Dirac phase, δ, is responsible for CP -violation – i.e. violation of the
symmetry between neutrinos and antineutrinos.
Using the mixing matrix one can write the weak interaction eigenstates as
a sum of the mass eigenstates, exactly like in Eqs. (1.1) and (1.2):
|να i =

1.2

X
i

∗
Uαi
|νi i .

(1.5)

Current knowledge of the mixing matrix

The PMNS matrix contains three angles and between one and three phases. Out
of these parameters we have a fairly good knowledge of θ12 from measurements
of solar and long-baseline reactor neutrinos, and of θ23 from atmospheric and
accelerator neutrinos. Rather unexpectedly these mixing angles are quite large
(in comparison with the quark sector) [12]:
◦
θ12 ≃ (34 ± 3)◦ θ23 ≃ (43+11
−7 ) .

(1.6)

8
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The value of the third mixing angle has for a long time been consistent with
zero and e.g. [12] report the following upper bound:
θ13 ≤ 12.5◦

(1.7)

However, for some time now the best fit values have indicated θ13 > 0 and very
recently the T2K collaboration in Japan analyzed the data collected until the
March 11th earthquake, providing the following result for a normal (inverted)
mass hierarchy, at 90% C.L. [13]:
0.03(0.04) < sin2 2θ13 < 0.28(0.34).

(1.8)

Their observations correspond to a 2.5σ deviation from the θ13 null-hypothesis,
but still one would like more data to establish the existence and precise value
of a non-zero third mixing angle.
The phases have not yet been measured. If the Dirac phase is non-zero, it
would be responsible for CP-violation in the neutrino sector (which would mean
for instance different conversion probabilities for neutrinos and anti-neutrinos;
i.e. P (να → νβ ) 6= P (ν α → ν β )). Note however that δ always appears in
conjunction with sin θ13 , which as noted above is a very small number. This
ensures that CP -violation effects will be small irrespective of the actual value
of δ [12].

1.3

Two-neutrino mixing

As mentioned, there are three known active neutrino species. However, many
important oscillation scenarios in neutrino physics can be treated essentially as
two-neutrino problems. In solar neutrino mixing, the electron neutrino is coupled almost exclusively to only two mass states and the mixing is dominated
by the ∆m212 mass difference 2 . Meanwhile, for atmospheric neutrinos, the distance from source to detector is dominated by the oscillation length associated
with the second mass difference. It is therefore both relevant and useful to
go through the following simple calculation of the probability that a neutrino
produced as one kind of flavor, α, will be detected as another flavor, β.
Following Fukugita & Yanagida [14] the time evolution of a weak eigenstate
propagating through vacuum can be written down by simply multiplying a
temporal factor onto the stationary solution, Eq. (1.5):
|ν α it =

X
i

Uαi e−iEi t |ν i i.

(1.9)

Then the transition amplitude to a state β must be:
hν β |ν α it =
2

X

Uαi (U † )iβ e−iEi t .

i

Here ∆m212 = m22 − m21 and ∆m223 = m23 − m22 .

(1.10)
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By expanding Ei =
dependence and get:

q

p2 + m2i ≃ p + m2i /2Ei one can extract the momentum

|ν α it = e−ipt U

"

2

e−im1 t/2E
0

0
−im22 t/2E

e

#

E
U † νβ .

The mixing matrix, U , is parametrized in the usual way:

 

c12 s12
cos θ sin θ
,
=
U=
− sin θ cos θ
−s12 c12

(1.11)

(1.12)

where c12 = cos θ12 etc. have been reintroduced for brevity. Omitting the factor
e−ipt , Eq. (1.11) becomes
"
#
2
2
2
2
e−im1 t/2E c212 + e−im2 t/2E s212 (e−im2 t/2E − e−im1 t/2E )s12 c12
α
|ν it =
|νβ i .
2
2
2
2
(e−im2 t/2E − e−im1 t/2E )s12 c12 e−im1 t/2E s212 + e−im2 t/2E c212
(1.13)
The next couple of steps involves much tedious manipulation of the trigonometric functions. First one can insert Euler’s formula eiφ = cos φ + i sin φ as
well as the double angle formulas cos2 θ = 12 + 21 cos 2θ, sin2 θ = 21 − 12 cos 2θ,
and sin θ cos θ = 12 sin 2θ and write out all the matrix elements. Then factors
containing either the sum or the difference of the mass states can be collected
with the help of addition and subtraction rules for trigonometric functions and
eventually it turns out that factors
cos

2
(m2
(m21 + m22 )t
(m21 + m22 )t
1 +m2 )t
+ i sin
= e 4E
4E
4E

(1.14)

can be extracted from all matrix entries.
This leads to the final result:
"
#
2
∆m2
∆m2
cos ∆m
t
−
i
sin
t
cos
2θ
−i
sin
t
sin
2θ
4E
4E
4E
|να it =
|νβ i ,
2
2
∆m2
−i sin ∆m
t
sin
2θ
cos
t
+
i
sin ∆m
4E
4E
4E t cos 2θ
(1.15)
Now one can construct the transition amplitude to any weak eigenstate |ν β i.
In our two-neutrino scheme we might be interested in the survival probability
of the electron neutrino, and with the following transition amplitude:
hν e |ν e it = cos

∆m2
∆m2
t − i sin
t cos 2θ,
4E
4E

(1.16)

we can calculate the probability that a neutrino born as an electron neutrino
will also be detected as one:
Pνe →νe = |hν e |ν e it |2 = 1 − sin2 2θ sin2

∆m2
t.
4E

(1.17)

Correspondingly the transition probability to a muon neutrino is
Pνe →νµ = |hν µ |ν e it |2 = sin2 2θ sin2

∆m2
t.
4E

(1.18)
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It is often more useful to consider the transition probability as a function of
distance from the source. Defining one oscillation length ℓ0 such that:
∆m2 ℓ0
= π,
4E c

(1.19)

and the traveled length as L = ct, one can get the transition probability as a
function of L:


L
2
2
Pνe →νe = 1 − sin 2θ sin
π .
(1.20)
ℓ0
For very large distances (L ≫ ℓ0 ), the last factor fluctuates wildly and averages
to 12 . This implies that, at such distances, the transition probability for electron
neutrinos that have traveled through vacuum will never get smaller than one
half (even if θ = 45◦ ). On the other hand it also means the oscillation pattern
as such is destroyed. One should keep in mind that the statement ’sufficiently’
long distances (or times) depends on the mass squared difference which must
be much larger than 4πE/L for the distance to be sufficient to wash out the
oscillation pattern.

1.4

Atmospheric Neutrinos

The first measurements confirming neutrino mixing came in 1998 from the
SuperKamiokande experiment which observed an oscillation of muon neutrinos
(from cosmic radiation) into tau neutrinos [14].
Atmospheric neutrinos is the name given to neutrinos created by cosmic
ray particle showers. At sufficiently high energies, the directions of cosmic rays
impinging on the Earth are no longer affected by the magnetic fields of the Earth
and Sun, and the flux of particles from their interactions in the atmosphere is
therefore isotropic. When the primary cosmic rays interact with the nuclei of
the atmosphere a shower of particles is initiated. This begins with a production
of unstable pions that subsequently decay into muons and finally into electrons
and neutrinos in the reactions outlined below:
π + → µ + + νµ

π

−

µ

+

µ

−

(1.21)

−

(1.22)

+

(1.23)

−

(1.24)

→ µ + ν̄µ

→ e + νe + ν̄µ

→ e + ν̄e + νµ

By simply counting the neutrino content in these reactions we are led to expect that neutrinos with energies above approximately a few GeV will arrive
isotropically in a 2:1 ratio of (νµ + ν̄µ ) : (νe + ν̄e ).
However this does not at all correspond with the observations of muon-like
versus electron-like events in SuperKamiokande. In fact there is a large discrepancy in the muon flux as compared to the expected number. It also turned out
that the flux coming from below the detector (i.e. the flux of neutrinos having
traveled several thousand kilometers through the Earth) was additionally suppressed as compared to the neutrinos coming from directly above. The results
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were reported as the following ratios for muon to electron -neutrino events [14]:
[(νµ + ν̄µ )/(νe + ν̄e )]obs
[(νµ + ν̄µ )/(νe + ν̄e )]calc
= 0.63 ± 0.03stat ± 0.05sys

R =
Rsub−GeV

RMulti−GeV = 0.65 ± 0.05stat ± 0.08sys .

(1.25)
(1.26)
(1.27)

The observations were interpreted as an oscillation of muon neutrinos into tau
neutrinos (seeing as SuperKamiokande would presumably otherwise have detected an electron neutrino flux larger than expected). The oscillation data
can be explained convincingly within this model with the following parameter
values (90 % C.L.) [11]:
sin2 2θ > 0.82
−4

5 · 10

eV

2

2

(1.28)
−3

< ∆m < 3 · 10

eV

2

(1.29)

Importantly, these results were confirmed by measurements of muon neutrinos from accelerator beams. At sufficient detector distances (100-1000 km) the
muon neutrino flux did indeed display an oscillation pattern which can be explained with the same νµ ↔ ντ mixing parameters, as reported by the MINOS
and K2K experiments [15, 16].
It should be noted that these results do not tell us which of the participating
mass states, m2 or m3 , is heavier. To determine this, one can use the scattering
properties of neutrinos in a dense medium, which will be treated in the next
section, but the oscillations happening in the atmosphere and Earth are de facto
vacuum oscillations. This constitutes the still unresolved hierarchy problem:
Are the mass states hierarchical (m3 ≫ m2 > m1 ) or inverted (m2 > m1 ≫
m3 )?

1.5

Solar neutrinos

Arguably the Sun is our most important neutrino source and also the first
to be investigated. It is relatively nearby and produces enormous amounts of
neutrinos as can be seen from Figure 1.2, showing the solar neutrino spectrum
along with various detector energy thresholds.
The Sun, of course, is still fusing Hydrogen to helium and thereby releasing
large amounts of photons that heat the surface of the Earth making it a nice
habitable spot in the solar system. But the fusion processes also involve βdecays that release some of their decay energy in the form of neutrinos. Here I
will only show the simplest reaction chain from 1 H to 4 He – the so-called pp-I
process:
p + p → d + e+ + νe + 0.420 MeV

3

d+p →
3

He + He →

(1.30)

3

He + γ + 5.494 MeV

(1.31)

4

He + p + p + 12.860 MeV.

(1.32)

The net process (4p + 2e− →4 He + 26.731 MeV) releases 2% of its energy in
neutrinos.
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Figure 1.2: The solar neutrino spectrum. Shown are the contributions from
various fusion processes. The colors (and arrows at the top) indicate which
neutrinos are energetic enough to overcome the threshold for detection by Gallium, Chlorine and water Cherenkov techniques, respectively. This figure is
from [17].
Assuming that fusion processes in the Sun are well understood, the first
large scale neutrino detectors were built in the 1960s to measure the flux of
electron neutrinos. However, all experiments measured significantly less than
the expected numbers. Some in fact measured less than half the expected
fluxes - indicating the need for an explanation beyond the vacuum oscillation
of Eq. (1.20). This situation was dubbed the solar neutrino problem and was
in fact not resolved until 2002 when the Sudbury Neutrino Observatory [18]
finally reconciled data and predictions by detecting the combined flux of all the
emitted neutrino flavors using heavy water Cherenkov techniques.
The first experiments to look for solar neutrinos used radio-chemical methods because they are able to see the more numerous low-energy neutrinos. Gallium experiments with an 0.8 MeV threshold detected ≈ 55% of the expected
νe signal and later Chlorine experiments (0.2 MeV threshold) detected even
less than that – only ≈ 34% of the expected flux. The Kamiokande experiment
used (light) water Cherenkov detection with a much higher energy threshold
of 5-9 MeV (the water detectors compensate for this with several advantages
in determining the energy and direction of neutrino-like events) and saw ≈
48% [19].
However the neutrinos created by solar fusion processes are all electron
neutrinos and thus the observations clearly indicate that something must be
depleting νe numbers on the way to Earth3 . As mentioned in section 1.3, even
3

Another possibility is of course wrong predictions for the flux stemming from poor knowledge of the Sun or of the fusion processes happening there. Astrophysicists vehemently denied
this explanation and eventually came out on top.
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for massive neutrinos oscillating into different species, one would not expect less
than half the predicted flux. At least not for propagation in vacuum conditions.
And so it was realized by Wolfenstein in 1978 and by Mikeheyev and Smirnov in
1985 that a flux-suppression of more than 50 % of the solar νe could be achieved
by taking into account the interactions of neutrinos with dense matter in the
solar core [20, 21]. This matter effect can even explain the energy dependent
nature of the suppression and has subsequently been dubbed the MSW-effect.
The basic idea goes as follows: Electron neutrinos produced in nuclear fusion processes have a larger reaction cross section with the free electrons of the
solar plasma than νµ and ντ because scattering can take place not only through
neutral current reactions but also by exchanging W-particles in a charged current scattering as shown in the two Feynman diagrams below:
νe

e

νe

νe

e

νe

W

Z

e

e

(1.33)

The µ and τ neutrinos can effectively be treated as one effective non-electron
neutrino species. For this species only neutral current scattering takes place:
νµ,τ

νµ,τ
Z

e

e

(1.34)

Therefore it is again justified to use the two-neutrino mixing approximation,
however, we also need to take the interactions with the surrounding matter into
consideration. This can be described as a matter background potential, added
to the vacuum Hamiltonian giving the following time evolution for the two
states:
√





d
∆m212 − cos 2θ12 + 2GF ne (r) sin 2θ12
νe
νe
i
=
, (1.35)
νµ
sin 2θ12
cos 2θ12
dt νµ
4E
where GF is the Fermi constant and ne (r) the electron number density as a
function of the solar radius, r. Together
they form the effective potential seen
√
by the electron neutrinos: V (r) = 2GF ne (r). Meanwhile the angle θ12 is the
solar mixing angle and ∆m212 is the mass squared splitting m2ν2 − m2ν1 . We
define this mass difference to be positive and thereby choose to call the heavier
state ν2 .
We can diagonalize Eq. 1.35 with the following expression:

 


νe
cos θ̃ sin θ̃
ν̃1
=
.
(1.36)
νµ
ν̃2
− sin θ̃ cos θ̃
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ν2

m̃21
m̃22

m22

m21

θ̃

θ̃π

ν1

2

ne

↑ ne,critical

↑ ne,critical

ne

Figure 1.3: These plots are reproduced from Figure 8.9 of [14] and illustrates
the evolution of the effective neutrino mass states, m̃21,2 , and the mixing angle
in matter, θ̃, as a function of the electron density. The solar core corresponds
to the maximum value of ne . The figures have been produced to illustrate how
the two mass levels approach each other in the resonance region around ne,crit
using a toy model with a linear dependence of ne on the solar radius, neutrino
energy of 0.8 MeV, ∆m212 of 8 · 10−5 eV2 , and θ12 ≈ 34◦ .
This gives us the following eigenvalues (i.e. the r-dependent mass states inside
the Sun) for the Hamiltonian in Eq. (1.35):
q
A 1
2
m̃1 = ∓
(A − ∆m212 cos 2θ12 )2 + (∆m212 )2 sin2 2θ12 ,
(1.37)
2
2
2
√
where A = 2 2EGF ne (r). Note that because A depends on both the radius
of the star and the energy of the neutrinos, so does the matter mixing angle,
which is given by:
cos 2θ̃ =
sin 2θ̃ =

−A/∆m212 + cos 2θ12

q

(A/∆m212

q

(A/∆m212 − cos 2θ12 )2 + sin2 2θ12

− cos 2θ12

)2

2

,

(1.38)

.,

(1.39)

+ sin 2θ12

sin 2θ12

Currently the electron density profile and its boundary values in the Sun are
fairly well known and we can therefore with some confidence study the behavior
of m̃21,2 and θ̃ in the medium of the Sun.
A schematic illustration can be seen in Figure 1.3. The matter mixing
angle starts out as nearly maximal in the center of the Sun then goes through
an abrupt shift in the so-called resonance region and finally approaches zero
at the surface. Meanwhile, the effective mass states are originally both heavier
than the corresponding vacuum m2 and m1 values. In the resonance region the
two masses are almost equal.
The resonance occurs when A/∆m212 = cos 2θ12 as can be easily seen in
Eqs. (1.38) and (1.39). This condition can be translated to:
ne,crit =

∆m212 cos 2θ12
√
.
2 2GF E

(1.40)
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Figure 1.4: The figure illustrates the flavor content in each of the three mass
states at various stages from their creation in the solar core until they eventually
reach Earth and a detector. The effective mass states change as neutrinos
propagate through the Sun and the same is true for the flavor content of the
mass states. Of the neutrinos that emerge, ν1 has the largest electron neutrino
mixture. Indicated is also the hint of a night/day -fluctuation observed by
SNO, which could be caused by a second MSW effect as neutrinos traverse the
Earth [19]
Depending on the width of the critical region the neutrino conversion can happen adiabatically or non-adiabatically. The condition for adiabaticity is of the
form: (energy gap)×(transition time)> ~. In this case many oscillations can
take place in the critical region and the conversion is smooth as in Figure 1.3. In
this case the following scenario unfolds: Immediately after it’s creation (in the
center of the Sun) an electron neutrino consists predominantly of the heavier
mass state ν˜2 . As illustrated in the left panel of Figure 1.3, at this point the
effective mass state is heavier than its vacuum value m2 . But as it propagates
through the Sun, the effective mass state drops to ≈ m2 and eventually most
of the electron neutrinos emerge from the Sun as the heavier mass state. The
smaller admixture of electron neutrinos created as ν˜1 will also emerge as ν1 .
Another way of seeing this is presented in Figure 1.4. The heavier mass state
inside the Sun consists predominantly of a νe -component. When the mass states
eventually emerge they have oscillated into their vacuum values (θ̃ approaches
zero in the right panel of Figure 1.3) and both ν1 and ν2 contain sizeable contributions from νe . However the number ratio ν2 : ν1 from the Sun has not
changed.
Turning to the case of a very narrow resonance there is a probability that the
ν˜2 -state crosses over and becomes the ν˜1 -state. So if the original distribution was
say 6:1 of ν2 : ν1 a non-adiabatic conversion would turn the picture completely
around. The level-crossing probability (due to Landau and Zener [22, 23]) can
be calculated:
π
(1.41)
PLZ = exp(− |γ|),
2
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with
γ=

∆m212 sin2 2θ12
.
2E cos 2θ12 d(ln ne )/dr

(1.42)

With all of this in place, a completely general formula for the electron neutrino
survival probability is:
Pνe →νe = sin2 θ12 + PLZ cos 2θ12 .

(1.43)

Keeping in mind that the unknown parameters were the neutrino mixing angle and mass squared difference (whereas the neutrino energy determines the
effective solar parameters and thereby the extent of the flavor conversions happening inside the Sun), the solution to the solar neutrino problem eventually
turned out to be a rather large mixing angle θ12 ≈ 34◦ .
As with the atmospheric neutrinos the results were later confirmed using
long baseline (≈ 180km) measurements of anti-electron neutrinos from a number of nuclear reactors. The Kamioka Liquid Scintillator Antineutrino Detector
(KamLAND) experiment [24] was even able to measure the neutrino energies
and thus get an oscillation pattern (function of E/L) that confirms the parameters found by SNO.

1.6

Unresolved problems

So far, we still lack a measurement of the third mixing angle, θ13 , as well
as the phases of the PMNS matrix to complete our picture of neutrino oscillation. As mentioned above, the Majorana phases have no influence on oscillation
phenomena, but we may be able to get some knowledge of them from lepton
number violating processes such as neutrinoless double beta decay. This will
be discussed in the next chapter.
The two remaining parameters, the CP -violating Dirac phase, δ and sin θ13 ,
always appear together in the PMNS matrix, meaning the size of θ13 has a lot
of influence on the size of any observable CP -violating effects. We know that
CP -violation exists in the quark sector [10], and that such effects must have
come into play during the early universe to establish the baryon-asymmetry
(there is more matter than antimatter in the Universe) that we observe today.
Seeing as the quark-sector phase is not large enough to produce the observed
discrepancy, there is a lot of ongoing efforts in creating baryogenesis (building of
the baryon asymmetry) as a consequence of so-called leptogenesis with the help
of either δ or the lepton-number non-conservation associated with Majorana
masses [25].
However, θ13 is also interesting in its own right. It has been suggested, for
instance, that the measured mixing angles might correspond to so-called tribi-maximal mixing – i.e. the following symmetry of the mixing matrix may be
realized in nature:

 2 1
3
3 0
(1.44)
U =  16 31 12 
1
6

1
3

1
2
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Regardless of whether θ13 is exactly zero or if the situation is more of a perturbed tri-bi-maximal scenario, this is obviously very interesting from a theoretical point of view, because such a symmetry could be a hint of more fundamental
underlying physics able to explain why we see strange mixing patterns and curiously low neutrino masses today. A tri-bi-maximal structure of the neutrino
mixing matrix can be generated for instance by many Grand Unified Theory
(GUT) models. The typical experimental approach to measure these parameters is through the appearance of electron neutrinos in a muon neutrino beam.
Kayser gives the following expression (when sin2 2θ13 < 0.2) [26]:
P (νµ → νe ) ≃ sin2 2θ13 T1 − α sin 2θ13 T2 + α sin 2θ13 T3 + α2 T4 .

(1.45)

Without going further into the details, I will merely remark that this is
obviously sensitive to θ13 and by comparison to P (ν µ → ν e ) one can additionally glean some knowledge of the magnitude of δ. The four terms represent
oscillations due to the atmospheric mass splitting, CP -violation, oscillations
due to the solar mass splitting and CP -conservation. The coefficients can be
constructed from mixing angles, mass squared differences and electron number
density of the medium. For the exact sizes of the coefficients see Ref. [26].
As mentioned in section 1.2, the T2K experiment have recently started analyzing their preliminary data produced with a beam of muon neutrinos coming
from the Japan Proton Accelerator Research Complex (J-PARC) and obtained
a positive value of θ13 . However, the experiment suffered some damage due to
the March 11th earthquake in Japan and more data is needed to make a robust
3σ detection of a non-zero θ13 [13]. A second experimental effort underway in
this field is the Double Chooz experiment in France [27].
If we now look beyond the (slightly extended) standard model, there has
recently been much focus on so-called sterile neutrinos. A sterile neutrino is
sterile in the context of the standard model and does not interact via the weak
interaction. But it participates in oscillations through its mass state and would
of course also be affected by gravity if it is massive.
Such sterile states have previously been suggested to explain various puzzling phenomena, but their existence was purely theoretical until the famous
Liquid Scintillator Neutrino Detector (LSND) measurements. LSND saw an
appearance of electron anti-neutrinos in a muon anti-neutrino beam with very
short baseline detectors. These data (for such a short baseline) indicated a
third mass squared difference of around 1 eV2 [28]. The three mass-squared
differences: O(1), O(10−3 ), and O(10−5 ) are thus no longer compatible with
only three mass states and one needs at least one additional sterile neutrino to
accommodate all the observations.
The LSND claim has been disputed and even claimed to be excluded by
the Karlsruhe-Rutherford Medium Energy Neutrino (KARMEN) experiment,
which had sensitivity in the same parameter range as LSND [29]. On the
other hand, the MiniBooNE experiment, whose first data [30] could be made
compatible with LSND by assuming 3 active and 2 sterile neutrinos, published
new results in 2010 that still support the hypothesis [31]. Further attention
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has been payed to the so-called reactor neutrino anomaly which consists of a
re-analysis of reactor data using new and probably more accurate cross sections.
This seemed to indicate a flux deficit that could once again be interpreted as
a sterile neutrino with a mass squared difference of around 1 eV2 [32]. In fact
even cosmology allows for more than three neutrino degrees of freedom [33] and
so it is no wonder that this suddenly viable scenario is receiving a vast deal of
attention these days. We will of course have to wait for more measurements to
confirm such an extension of the neutrino sector.

2
Neutrino Masses
2.1

Current knowledge of neutrino mass

All knowledge of neutrino masses so far comes from the oscillation experiments
of chapter 1. These data provide some information about the mass squared
difference between the oscillating states, but can unfortunately not measure
the absolute value of the neutrino masses. Gonzalez et al report the following
mass squared differences (with 3σ errorbars) [12]:
∆m221 = 7.6 ± 0.6 × 10−5 eV2 ∆m231 = ±(2.4 ± 0.4) × 10−3 eV2

(2.1)

Because of the the sign ambiguity of ∆m231 it is not known which is the correct
ordering of the mass states. It could be m3 ≫ m2 > m1 or m2 > m1 ≫ m3 .
Quasi-degeneracy, m3 ≃ m2 ≃ m1 , is a third viable option that would be
realized as long as the value of the lowest mass state satisfies mlow & 0.1 eV.
Currently there are three known methods with sufficient accuracy to measure sub-eV neutrino masses:
• The electron neutrino mass can be extracted from β-decay spectra.
• The effective Majorana neutrino mass can be calculated from the observation
of neutrinoless double β-decay (a process that can only occur if neutrinos
are their own antiparticles)
• The sum of neutrino masses can be inferred from cosmology.
These three methods measure different and complementary quantities. They
are, however, all related to the absolute scale of the neutrino mass. The electron
neutrino mass from β-decays is an incoherent sum:
m2νe

=

N
X
i=1

2
|Uei
|m2i = |Ue1 |2 m21 + |Ue2 |2 m22 + |Ue3 |2 m23 .

(2.2)

The effective Majorana mass on the other hand is a coherent sum. Writing the
Majorana phases out separately (with U ′ denoting a slightly modified version
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of the mixing matrix of Eq. 1.4) this mass is given by:
mee =

n
X

′2 i2αi 2
′2
′2 i2α
′2 i2β
Uei
e mi = Ue1
m1 + Ue2
e m2 + Ue3
e m3 .

(2.3)

i=0

In this case cancelations among the terms may occur due to the phases. So
in principle mee could be zero even if neutrinos are Majorana particles and
regardless of the mass values. For an illustration see Figure 2.2.
Meanwhile, cosmology is sensitive to the energy densities of the various
components of the Universe. Therefore one can fit the rather impressive modern
datasets with cosmological models that are sensitive also to the energy density
of neutrinos – i.e. the sum of the mass states of neutrinos
N
X

mi .

(2.4)

i=1

Obviously, the constraints on this sum will depend on the model and on the
number of datasets included in the analysis. By choosing conservative models
(that is, the standard model of cosmology and not too many additional parameters; for instance only Σmν ) and a few well understood datasets, it has turned
out that cosmology is really capable of producing very robust neutrino mass
measurements.
Quantitatively, measurements have so far provided three different sets of
bounds, but still no positive detection of any of the mass combinations mentioned above [34–36]1 ,2 :
mνe < 2.3 eV (95% C.L.)
mee . (0.21 − 0.53) eV (90% C.L.)
X
mν . 0.5 eV,

(2.5)
(2.6)
(2.7)

Using the mass-squared differences one can also produce a lower bound on the
sum of neutrino masses by simply assuming the lowest mass to be zero [?]. In
the case of normal hierarchy (and 1 σ errors) this lower bound is:
X
mν ≥ (0.0583+0.0014
(2.8)
−0.0015 ) eV,
whereas the inverted hierarchy gives a slightly higher bound:
X
mν ≥ (0.0978+0.0028
−0.0028 ) eV.

(2.9)

The remainder of this chapter is constructed in the following way. In section 2.2 I discuss the quantum field theory of neutrino mass-terms and how one
1

That is, unless one counts the highly controversial Heidelberg-Moscow claim of mee =
0.11 − 0.56 eV at 95% C.L (where the lower value is now interpreted not as the lowest upper
bound, but as a real lower bound). The best fit value is mee =0.39 eV [37]. For criticism
see [35] and references therein.
2
The minimum and maximum value of the upper bound on mee has been found in the
paper by Rodejohann, [35], which contains the limits from 10 experimental efforts. Here I
present only the lowest values, which coincidentally both come from the Heidelberg-Moscow
experiment on 76 Ge [38].
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can generate the actual masses. Section 2.3 contains a theoretical discussion
of single β-decay measurements and how they can be used to probe the neutrino sector. A description of the experimental efforts in this field will follow in
chapter 3. Finally, section 2.4 is an overview of the physics of neutrinoless double β-decay, explaining the decay process and its usefulness for solving several
important problems in neutrino physics. The theoretical connection between
cosmology and the energy density of neutrinos will be treated separately in
chapter 4.

2.2
2.2.1

The Quantum Mechanical Nature of Neutrinos
Dirac and Majorana fields

So far, all fermions in the standard model, except neutrinos, are known to be
Dirac particles. That is, they obey the Dirac equation of motion given by:
(iγ a · ∂a − m)ψ = 0,

(2.10)

where ψ will from now on denote a generic fermion field. From Eq. (2.10), a
mass term can be constructed that conserves the so-called lepton number3 . All
the quarks and charged leptons of the standard model (see Figure 1.1) have
mass terms of this kind [39]:
Lmass,D = −mD ψψ = −mD (ψL ψR + ψR ψL ).

(2.11)

The subscripts L and R refer to the handedness of the particle in question.
Strictly speaking handedness is defined as eigenstates of the chirality operator,
such that ψL = 12 (1 − γ5 )ψ and ψR = 21 (1 + γ5 )ψ. Meanwhile, helicity is
the projection of the spin onto the momentum direction and the eigenstates
can thus be said to be either lefthanded (with spin vector antiparallel to the
momentum vector) or righthanded (with spin and momentum vectors parallel).
But this is only true when the particle is massless. Otherwise, the observer
could in principle be in a frame of reference moving faster than the neutrino.
Consequently, in this frame the neutrino momentum vector would be pointing
in the opposite direction thereby reversing its handedness. This means that
at least a fraction mν /Eν of all neutrinos with a given energy have the subdominant helicity. In conclusion, the chirality is invariant, the helicity is not.
Now the fact that all observed neutrinos are lefthanded chiral states and
all observed anti-neutrinos are righthanded chiral states poses a problem when
trying to construct a neutrino Dirac mass term as in Eq.( 2.11).
The Dirac mass term is however, not the only allowed way to generate
neutrino masses. Because neutrinos are neutral, one can use charge conjugated
fields without violating charge conservation. This means that ψ c ψ and ψψ c
-terms can be used. Remembering that ψLc is a righthanded field (whereas
3
The lepton number has the value +1 for particles and -1 for antiparticles: ℓ(ψ) = 1 and
ℓ(ψ̄) = −1.

22

Chapter 2. Neutrino Masses

(ψ c )L is lefthanded) and so on, one can build both lefthanded and righthanded
Majorana masses:
1
Lmass,ML = − mM,L (ψLc ψL + ψL ψLc )
2
1
c ψ + ψ ψ c ).
Lmass,MR = − mM,R (ψR
R
R R
2

(2.12)
(2.13)

Defining a lefthanded Majorana neutrino as ψM,L ≡ ψL + ψLc and a righthanded
c one can clearly build the masses using
Majorana neutrino as ψM,R ≡ ψR + ψR
only lefthanded or only righthanded fields:
1
Lmass,ML = − mM,L ψM,L ψL,M
2
1
Lmass,MR = − mM,R ψM,R ψR,M
2

(2.14)
(2.15)

c
It is clear from the definitions that ψM,L = ψM,L
(and likewise for ψM,R ). Note
also that, because the fields are built out of two neutrinos with lepton number
+1 and -1 respectively, the Majorana fields have no well-defined lepton number.
Or put differently, the neutrino is its own antiparticle. This can of course only
be allowed because the neutrino is the one known fundamental fermion with no
charge - i.e. charge conservation still holds. If neutrinos are indeed Majorana
particles the observed righthanded ”anti-neutrinos” would then in reality be just
righthanded neutrinos that have been wrongly labeled anti-neutrinos. The main
reason for such labeling is a desire for lepton number conservation. However,
the indefinite lepton number associated with the construction of Majorana fields
and Majorana mass terms immediately implies a lepton number violation of
∆ℓ = 2. In fact this can be made permissible in the standard model. Lepton
number violation may even be an important ingredient in the generation of the
observed baryon asymmetry of the Universe – as mentioned in the concluding
remarks of the previous chapter.
A Majorana field for neutral fermions is thus a valid solution to the Dirac
equation. It corresponds to a Dirac field with a ’reality condition’ – that is, no
imaginary solutions and no antiparticles as such. As a consequence there are
only two degrees of freedom for the Majorana field, given by the spin direction.

2.2.2

The Seesaw Mechanism

All the charged fermions of the standard model have Dirac mass terms, the
origin of which can be explained using the standard model Lagrangian, which
contains terms of the form [14]:
L = −hν ℓL φℓR ,

(2.16)

where ℓL and ℓR are the left- and righthanded lepton fields and hν is the Yukawa
coupling. The above expression, greatly resembling the Dirac mass term, contains the Higgs field φ. By comparing with Eq. (2.11), one can see that the
Dirac neutrino mass must acquire the following value:
mD = hν hφ0 i .

(2.17)
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Clearly
this is proportional to the vacuum expectation value of the Higgs field:
√
2 hφ0 i. The vacuum expectation value can be found in the minimum of the
Higgs potential, V (φ), which was temperature dependent in the early Universe:
V (φ) = (−µ2 + m2T (T ))φ† φ + λ(φ† φ)2 .

(2.18)

As the temperature dropped (because of the expansion of the Universe) the
thermal mass term mT (T ) also approached zero and the terms −µφ† φ + λ(φ† φ)
eventually came to dominate the potential. This transition implies a change
from a parabolic shape of V (φ) to a Mexican hat shape. After the transition
the global minimum would no longer be zero and therefore the Higgs boson
could acquire a mass. The vacuum expectation value could now be anywhere
in the imaginary Higgs plane coinciding with the Mexican hat minimum, and
therefore the original symmetry would have been broken when the field settled
at a specific minimum hφ0 i.
The neutrino masses, however, are known to be very small compared to
the other Dirac masses in nature. To simply have an extremely small Yukawacoupling for these particular particles seems like too much of a coincidence
within the standard model. Instead of accepting this apparently amazing case
of fine-tuning one would like to know why the neutrinos are so much lighter
than the other particles. Could it be the remnant of some broken higher energy
symmetry? Is there some deeper reason for this, and several other strange
properties of the neutrino sector?
Turning now to Majorana neutrinos, the following lagrangian term is the
simplest beyond-the-Standard-Model expression that can be written (here for
a lefthanded Majorana mass):
1 c φφ
(2.19)
L = − GℓL ℓL ,
2
M
where G is the coupling constant for the interactions going into the specific
model and φ is again the Higgs field. This mass term is not renormalizable4 ,
and M is here a mass cut-off introduced to keep the expression below from
going to infinity:
φ2
mM = G 0 .
(2.20)
M
This Majorana mass term thereby has the nice property of naturally approaching zero as M goes to infinity (without the need for unnaturally low Yukawa
couplings). But it is still unclear what the value of M should really be, and
from what process it originates.
However, by allowing both Dirac and Majorana mass terms one can construct a so-called See-saw mechanism, producing both a heavy and a light neutrino, and thus providing a fully natural explanation for the smallness of mν :
1
c
c
ψM,L + mM,R ψM,R
ψM,R ).
L = −mD ψM,L ψM,R − (mM,L ψM,L
2
4

(2.21)

Meaning that the integral over all the Feynman diagrams contributing to the mass is
divergent – i.e. the mass will go to infinity without the introduction of a cut-off. Such an
effective low-energy theory is obviously not valid at energies above the cut-off and must in
principle be replaced by something more fundamental.
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c
Writing the neutrino fields as vectors, ν ≡ (ψM,L ψM,R
), the entire equation
can be compressed:

1
L = − ν c Mν
2 

1 c mM,L mD
= − ν
ν.
mD mM,R
2

(2.22)
(2.23)

The mass matrix, M, can now be diagonalized in the same fashion as in section
1.5:


m1 0
U T MU =
,
(2.24)
0 m2
where
U=



cos ϑ sin ϑ
− sin ϑ cos ϑ



,

The outcome is the following two physical mass states:
q
mM,R − mM,L
1
4m2D + (mM,R − mM,L )2 ∓
,
m12 =
2
2
and the mixing angle:

tan 2ϑ = 2

mD
.
mM,R − mM,L

(2.25)

(2.26)

(2.27)

This scenario has two interesting limiting cases: When mD ≫ mM,R , mM,L
the mixing angle approaches 45◦ and the two mass states are basically degenerate. If this is realized the neutrinos are called pseudo-Dirac particles. In the
other limit one of the Majorana neutrinos will have to be very heavy. This is
normally assumed to be the righthanded species. So if we consider the case
where mM,R ≫ mD , mM,L , two distinct mass states are produced:
m1 ≃ m2D /mM,R , m2 ≃ mR .

(2.28)

This idea of a very heavy righthanded Majorana neutrino in combination
with a lighter Dirac neutrino (whose mass is typically expected to be of order
me or mu depending on the specific model) creating a see-saw mechanism that
leads to the extremely small masses of physical neutrinos is a very appealing
explanation. Not least because several Grand Unified Theories naturally predict
the existence of heavy righthanded Majorana neutrinos [39]. However, one
should keep in mind that no matter what the underlying explanation for the
smallness of neutrino masses might be, we still have not resolved the issue
of the existence of Majorana particles. A positive measurement of mee from
neutrinoless double beta decay would therefore be a massive breakthrough on
several fronts.

2.3

Kinematic neutrino mass

It is a well known story that the concept of neutrinos first entered the world of
physics when Wolfgang Pauli in 1930 in a letter to collagues proposed a new
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ad hoc particle as a means of explaining the shape of the nuclear β-spectrum.
Despite the routine with which this kind of suggestion is treated in modern
particle and high energy physics, Pauli then called it a ’verzweifelter Ausweg’
– a desperate way out [14].
The problem at the time was the observed β-decay:
N (A, Z) → N ′ (A, Z + 1) + e− .

(2.29)

The theoretically expected spectrum of the electrons (the β-particles) from the
decay of a neutron in the nucleus should be a monoenergetic peak. The energy
would be given essentially by the mass difference of the mother and daughternuclei E0 = mN − m′N − me . However, the β-spectrum is a continuous curve
displaying electron energies from 0 to the theoretical endpoint, E0 .
This seemed to imply a violation of the principle of energy conservation. In
fact, some physicists, including Bohr, came to the conclusion that energy is not
conserved in nuclear processes. The other stand, taken by Pauli, was to introduce a new particle as a means of keeping the principle of energy conservation.
With this particle the beta decay was modified to:
N (A, Z) → N ′ (A, Z + 1) + e− + ν e .

(2.30)

In Pauli’s picture of the decay the new particle would share the available decay
energy with the electron giving rise to a continuous electron spectrum whose
maximum energy must be given by E0 . To recreate the features of the observed
beta decay the new particle would have to be uncharged – or we would get
violation of charge conservation instead of energy conservation violation – and
very nearly massless. Seeing as the minimum energy given to the neutrino
would have to be its rest mass, the corresponding maximum electron energy
would be E0 minus one neutrino mass. Within the precision of the beta decay
experiments of the time, the neutrino mass was concluded to be zero or very
small indeed.
We now know from oscillation experiments that neutrinos do in fact have
mass and the kinematics of β-decay is a natural place to start looking for
signatures of the neutrino mass – the expression kinematic neutrino mass is
often used in stead of electron neutrino mass because the latter seems to indicate
that the electron neutrino is also a mass eigenstate. Before going into the various
effects one can measure with β-decay, I will go through the derivation of the
shape of the spectrum (to first order), which will serve as a useful reference in
chapter 3 on β-decay experiments.

2.3.1

The theoretical shape of the β-decay spectrum

The β-spectrum, in some sense, describes the likelihood than an electron will
be emitted with a specific energy between 0 and E0 . We therefore need to
calculate the transition rate from initial to final state, λ. To first order, this
can be carried out using Fermi’s theory of weak interaction. In this case, the
so-called Golden Rule states [40]:
λ=

dn
2π
|Hif |2
~
dE

(2.31)
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The transition rate is thus a product of the final state density dn/dE the integral
over the interaction part of the Hamiltonian, Hif , and a few front factors. The
interaction integral can be written as:
Z
Z
→
→
∗ ′
3−
r,
(2.32)
Hif = G Ψf H Ψi d r = G Ψ∗D Ψ∗e Ψ∗ν e H′ ΨM d3 −
where Ψ denote the wave functions of the initial and final states and G is a
coupling constant representing the strength of the interaction. As it turns out,
G is the product of the Fermi coupling constant and cosine of the Cabibbo
angle: G = GF cos θC .
The fermion wave functions can be treated quite simply as free particle
plane wave solutions:
→
→ −
1 −
→
(2.33)
r ) = √ ei p ν e · r /~ .
Ψν e (−
V
with V being the nuclear volume. However, one must take care to include the
Coulomb interaction between the electron and the daughter nucleus. This can
be described with a Fermi function:
→−
→
1 −
→
Ψe (−
r ) = F (Ee , Z) √ eipe · r /~ .
V

(2.34)

Using η = ZD e2 /4πε0 ~ve , the Fermi function is given by:
F (Ee , Z) =

2πη
1 − e−2πη

(2.35)

The exponentials of the fermionic wave functions are expanded in the usual
way:
→
→
−
→−
→
i−
p ·−
r
ei p · r /~ = 1 +
+ ...,
(2.36)
~
and by keeping only the first order term5 one finally arrives at:
Hif =

GF cos θC
F (Ee , Z)Mif ,
V

(2.37)

where Mif is now the interaction integral containing only the nuclear wavefunctions also known as the nuclear matrix element.
Now we have the evaluation of the final state densities for the electron and
neutrino left. Considering the momentum states for each cartesian coordinate,
i, in a three-dimensional infinite well of side-length L:
pi =

ni π~
,
L

(2.38)

and evaluating all electron states with momentum less than p (in only one
octant of momentum space, to avoid double counting) one gets for the electron
density of states:
 
  3
1
4 3
L
ne =
.
(2.39)
πpe
8
3
π~
5
→
→
This justified if −
p ·−
r /~ ≪ 1. If for instance, r is of order the nuclear radius and p of
order 1 MeV/c, as is typical for most β-decays, then pr/~ = 0.03 [40]
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This implies that
dne =

4πV p2e dp
.
(2π~)3

(2.40)

Completely analogous results apply to the neutrinos. The partial transition
rate can now be written down:
dλ =

G2F cos2 θC
dpν e
F (Ee , Z) |Mif |2 p2e pν2 e
dpe .
3
7
2π ~
dEf

(2.41)

If one assumes that the electron and neutrino share the entire available energy
in the decay – i.e.:
(2.42)
Ef = E0 = Ee + Eν e ,
dp

one can evaluate p2e pν2 e dEνfe dpe , with the help of the usual relativistic formula,
p
(Ex = p2x + m2x ), and finally arrive at:
q
G2 cos2 θC
dλ
= F 3 7 F (Ee , Z) |Mif |2 pe Ee (E0 − Ee ) (E0 − Ee )2 − mν2 e . (2.43)
dEe
2π ~

This is the final result for the shape of the β-spectrum.

2.3.2

Kinematic neutrino mass measurements

Seeing as the square of the electron neutrino mass enters into Eq. (2.43), one can
use a sufficiently precise measurement of any β-decay spectrum to determine
the mass of the neutrino. However, it is clear from Eq.(2.2) that mνe is in
reality an incoherent sum, containing three mass states.
In fact the β-spectrum is a sum of spectra (one for each mass state) weighted
by their entries in the mixing matrix and one can in principle use the beta
spectrum to measure the value of all the mass states. We already know, from
Eq. (2.1), that the mass squared differences are ∆m221 = 7.6 ± 0.6 × 10−5 eV2
and ∆m231 = ±(2.4 ± 0.4) × 10−3 eV2 . Therefore one would need an extremely
accurate β-spectrum to resolve the signatures of these states.
Figure 2.1 illustrates the principle for the case of three artificial mass states.
The total spectrum is the sum of these spectra, showing distinct kinks corresponding to each of the mass values. For the sake of illustration the spectra are
all weighted with |Uei |2 = 0.33. In reality the mass-differences are too small to
be resolved by current experiments – the experimental facts will be discussed in
greater details in the next chapter. Note also that because the electron neutrino
have only a small admixture of m2 and m3 , it is very difficult to get a handle
on the amplitude of the individual spectra (i.e. the information on the mixing
angles contained in the leptonic mixing matrix).
However, in the presence of sterile neutrino mass states of order ms ≈
1.0 eV one should be able to see the effect with the next generation of β-decay
experiments. We showed in Ref. [2] that a KATRIN-like experiment will be
able to make a 3σ detection of a sterile mass state with ms > 0.2 eV as long as
|Ues |2 & 0.055.
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Figure 2.1: The left panel shows the spectrum for three separate mass states
with m1 = 0.1 eV, m2 = 0.2 eV, and m3 = 0.3 eV, each weighted with |Uei |2 =
0.33. The total spectrum (the sum of the three constituent spectra) displays the
existence of more than one mass state as little kinks at the position of the mass
value. The right panel illustrates the effect of neutrino capture on a naturally βdecaying nucleus (NCB) for two different mass states. This produces electrons
with a maximum energy given by E0 + mνe . The size of the NCB peak depends
on the density of the neutrino background, and its position is obviously given
by the value of the neutrino mass.

Finally β-decay measurements are also sensitive to neutrino capture processes:
νe + N (A, Z) → N ′ (A, Z + 1) + e− .

(2.44)

If the β-decay is already allowed there is no energy threshold for this process,
making it very interesting as a means of detecting the so-called relic neutrino
background. The term relic neutrino here refers to the theoretically expected
cosmological neutrino background - completely analogous to the cosmic microwave background (CMB). Relic neutrinos are supposed to permeate the
Universe with a number density of roughly nν+ν =112 cm−3 per mass state,
but thermal energies of only ∼ 1.6 × 10−4 eV. It is extremely difficult to find
good detection methods with so low an energy threshold. But in principle the
whole problem can be circumvented by using neutrino capture on a β-decaying
nucleus (NCB).
From the kinematics of the decay one would expect the resulting β-particles
to have an energy given by the endpoint energy of the decay, E0 , plus the
neutrino mass. Consequently, if one is able to see the effect of the neutrino
mass on the standard β-spectrum, and the local density of cosmological relic
neutrinos is large enough, one should also be able to detect this effect. The
smoking gun signature being a small peak in the spectrum at Ee = E0 + mν as
illustrated in the right panel of Figure 2.1.
The integral over the NCB-peak contains the reaction cross section, the
velocity and momentum of the relic neutrinos, and the distribution function,
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f (pν ) describing the local neutrino density6 [41]:
Z ∞
d3 pν
λν =
σN CB vν f (pν )
.
(2π)3
E0

(2.45)

However, with a realistic background density (i.e. a slight enhancement over
nν+ν =112 cm−3 because of the galactic gravitational well), the NCB integral
is extremely small compared to the integral over the regular β-spectrum: λβ .
For a typical source material such as Tritium, recent calculations by Cocco et
al. [41] show that:
λν (3 H) = 0.0118 · 10−23 λβ (3 H) · nν ,

(2.46)

making it extremely unlikely that relic neutrinos will ever be detected above the
background noise with this method of detection. An additional investigation by
Kaboth and Formaggio [6] showed that for the the KArlsruhe Tritium Neutrino
experiment (KATRIN) to detect even a few of these events per year one would
need an enhancement factor of order 109 on the local relic neutrino density.
So unless major improvements of the source technology is realized a detection
using NCB does not seem viable at this point.

2.4

The effective Majorana neutrino mass

As previously mentioned, Majorana masses are theoretically very attractive.
For this reason – and because the Heidelberg-Moscow group as the only experiment in the world claims to have a positive measurement of mee – there is a lot
of interest from the particle physics community in measurements of neutrinoless
double β-decay – often denoted (ββ)0ν :
N (A, Z) → N ′ (A, Z + 2) + 2e−

(2.47)

Intuitively the process involves a single β-decay in which an anti-neutrino and
an electron is emitted by one of the nuclear neutrons. Subsequently7 , the antineutrino is absorbed (as a neutrino) by another neutron which also emits an
electron. This is equivalent to both neutrons emitting an anti-neutrino and an
electron and in total brings about a neutrinoless double beta decay. But in
order to produce the ∆ℓ = 2 lepton number violation one obviously needs a
Majorana mass term, as illustrated in Figure 2.3.
The normal double β-decay process is in itself a second order weak interaction (it involves 2 vector bosons) and thereby suppressed with respect to most
first-order interactions. Yet for some heavy nuclei, double β-decay is simply
energetically favorable in comparison to single β-decay. So far, eleven isotopes
have been observed undergoing normal double β-decay:
48

Ca,
6

76

Ge,

82

Se,

96

Zr,

100

Mo,

116

Cd,

128

Te,

130

Te,

130

Ba,

150

Nd,

238

U

This could be e.g. a Fermi-Dirac distribution function, or perhaps something more akin
to the dark matter halo function.
7
Meaning here within the time frame of Heisenberg’s uncertainty principle: ∆E∆t & ~.

30

Chapter 2. Neutrino Masses

Naturally, the theoretical spectrum is much more difficult to evaluate than in
the single decay scenario. Kim and Pevsner [39] present the following expression
for the partial decay rate of ordinary double β-decay, (ββ)2ν , with respect to
the sum of the energies of the outgoing electrons, K:


dλ
∼ F(Zf ) |Mif,2ν |2 K(T0 − K)5 K 4 + 10K 3 + 40K 2 + 60K + 30 , (2.48)
dK

where K and the maximum kinetic energy T0 are in units of me . The Fermi
function:
2παZf
,
(2.49)
F(Zf ) =
1 − e−2παZf

is now only dependent on the charge of the final state nucleus, Zf (α being the
fine-structure constant α = e2 /4πε0 ~c). The final ingredient of Eq. (??) is the
nuclear matrix element, |Mif,2ν |2 . This element can in principle be calculated
from second order perturbation theory, but because the details of the nuclear
physics that go into the calculation are not well known, it has proven very
difficult to evaluate theoretically (see e.g [42]).

Figure 2.2: The left panel demonstrates how the sum mee may amount to 0 in
the presence of Majorana phases. The right panel illustrates the typical shape
of the two types of double beta decay considered here. The figures are taken
from [43] and [44], respectively.
Turning to the shape of the spectrum, it is obvious that in the (ββ)2ν case, the electrons share the decay energy with the neutrinos, and therefore the
e−
n
νe
n

νe e−

e−

+mν
νe

νe

e−

p

n

p

p

n

p

Figure 2.3: Double β-decays: On the left (ββ)0ν and on the right (ββ)2ν . Each
vertex indicates a weak interaction, which means that the decay process - in
both cases - is of second order and therefore proportional to (GF cos θC )4 .
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sum of the energy carried away by the electrons must be continuous as in the
single β-decay8 . However, in the presence of a Majorana mass term the two
electrons share the entire decay energy. This means their sum is constant and
the spectrum for (ββ)0ν is a sharp peak at K = T0 as illustrated in the right
panel of Figure 2.2.
The (ββ)0ν -peak is what one aims to measure in order to confirm that
neutrinos have Majorana nature. Its position in the spectrum is well known.
This time it is the amplitude of the peak that contains the information on
the value of mee . However, the effective Majorana neutrino mass enters the
amplitude through the poorly known matrix element |Mif,0ν |2 . One can transfer
some of the knowledge of |Mif,2ν |2 from measurements of (ββ)2ν to the case of
(ββ)0ν . This matrix element accounts for the rather large errorbars on mee
and is essentially dependent on the choice of nuclear physics model. Apart
from cancelation effects stemming from the Majorana phases, this is the main
difficulty in measuring mee .
Depending on the value of the various parameters entering into the effective
mass - in particular θ13 - upcoming (ββ)0ν experiments might also be able to use
a positive measurement of the effective mass to resolve the neutrino hierarchy.
This is illustrated in Figure 2.4. Currently neutrinoless double beta decay is
considered as one of the few probes that might actually be sensitive to the
hierarchy.
Negative results from (ββ)0ν experiments have so far provided us with another set of upper bounds on the neutrino mass – see e.g. [35]. However the
next generation of experiments is currently probing mee down to ≃ 0.05 eV and
is thereby in the mass range of the lower bound of Eq. (2.8) [14, 45].

2.5

The future of neutrino mass measurements

At this time, the physics community is waiting for the next generation of neutrino mass experiments to start reporting their findings. The three methods
mentioned in this chapter all have their pros and cons, and they measure, essentially, different quantities. The measurements are complementary and given the
general difficulty of determining any neutrino parameters, the field of neutrino
physics definitely needs as much data as possible in order to finally understand
the nature and size of the neutrino mass.
Arguably the most popular approach is the neutrinoless double β-decay.
Experiments such as GERDA, CUORE, and EXO report expected sensitivities
of 0.1 eV, 0.05 eV, and 0.15 eV respectively. In addition, several other (ββ)0ν
experiments are still in the research and development phase [35].
Meanwhile, the KATRIN and MARE (The Microcalorimeter Arrays for a
Rhenium Experiment) single β-decay experiments will be ready to commence
data taking in a couple of years from now; both reporting sensitivites of ∼ 0.2
eV [46–48]. These experiments will hopefully be joined by the newly proposed
8

This β-spectrum can of course in principle be used to measure the kinematic neutrino
mass as in the single β-decay case, but this does not tell us anything about the Majorana
nature of neutrinos.
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Figure 2.4: This figure shows the theoretical outcome of a (ββ)0ν measurement
(depending on the size of sin2 2θ13 and the neutrino hierarchy) as a function
of the smallest neutrino mass. If both sin2 2θ13 and mν are sufficiently small,
one might actually be able to use a detection to determine the hierarchy of the
neutrino mass states [43].
Project 8 (with a preliminary sensitivity of 0.1 eV) – maybe even within their
projected three year measurement period [49]. These experiments will all be
discussed in greater detail in the next chapter.
Finally, cosmology keeps expanding on and improving the high precision
CMB measurements that have basically revolutionized the field since the COBE
and WMAP space missions. The Planck experiment (also measuring the CMB)
is currently taking data [50] and in October 2011 the Dark Energy Survey (DES)
will begin observations (of galaxy clustering, the baryonic acoustic oscillations,
supernovas, and weak lensing) [51]. The upper limit one can set on the sum
of neutrino masses – using a reasonable number of datasets and conservative
models – is rapidly approaching the lower bound of Eqs. (2.8) and (2.9), meaning
a positive measurement will most likely come from cosmology some time in the
next ∼ 5 years9 .
The value of the absolute neutrino mass is undoubtedly the most pressing
problem of current
neutrino physics. But as the experimental sensitivity keeps
p
approaching ∆m213 we are bound to start seeing the mass values sooner or
later. Much evidence suggests that the upcoming generation of sub-eV sensitivity experiments will finally produce believable positive measurements.

9

Note that cosmology is sensitive to the simple sum of neutrino masses in Eq. (2.4), which
contains no weighting by the entries of the leptonic mixing matrix and no chance of cancellations amongst the terms as in Eq. (2.3) for mee

3
Measuring the neutrino mass with
β-decay experiments
3.1

Introduction

The KArlsruhe TRItium Neutrino (KATRIN) experiment is expected to be
the first in a new generation of β-decay experiments attempting to measure
the electron neutrino mass with sub-eV precision, [46]. KATRIN is currently
scheduled to begin data-taking in 2013/2014 and has a projected sensitivity of
0.2 eV (90% C.L.) after three years of data-taking.
This is an improvement of roughly a factor ten compared with the previous
experiments in Mainz and Troitsk (with which KATRIN shares many technical traits). However because it is the neutrino mass squared that enters into
the theoretical β-spectrum the experimental accuracy of KATRIN had to be
improved by a factor 100 to achieve the desired sub-eV sensitivity. The full
experimental setup is shown in Figure 3.1
In addition to KATRIN two very different experiments are expected to perform independent measurements of mνe in the future. MARE is currently in
its first data-taking phase with the declared purpose of reaching a sensitivity of around 2 eV and understanding the systematics of their experimental
setup [47, 48]. The second phase will entail an expansion of the experiment,
with significant improvement to its size and the accuracy and number of detectors. This will hopefully allow the MARE collaboration to perform a second
sub-eV measurement of the electron neutrino mass. Their projected phase
II sensitivity is also ≈ 0.2 eV. Finally, the Project 8 experiment (still in the
research and development phase) proposes to use the cyclotron radiation of Tritium β-particles as they travel in a strong uniform magnetic field, to construct
yet another β-spectrum [49]. So far, a prototype has been built to investigate
the systematics for this type of experiment.
These last two techniques are scalable such that even better accuracy can
be reached in the future. KATRIN on the other hand is almost certainly the
33
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Figure 3.1: An illustration of KATRINs experimental setup. The yellow part
is the rear system for monitoring the source parameters. The blue part is the
Windowless Gaseous Tritium Source followed by the transport section in red and
the two spectrometers in green. Finally, the detector is the small grey cylinder
at the far right of the main spectrometer. The full length of the experiment is
70 m.
largest realistic experiment of its type. It is therefore not expected that sensitivities much below the projected 0.2 eV can be reached with KATRIN-like
experiments. That is, unless an atomic source becomes available. This would
eliminate the hard boundary on energy resolution imposed by the molecular
final state distribution. Unfortunately, there is currently no proposals to how
one might build a stable atomic source.

3.2

KATRIN

Before going into the experimental details of the KATRIN experiment it is useful
to inspect the theoretical expression for the molecular Tritium β spectrum that
we wish to measure. The count rate can be written in the following way:
dNβ
(Ee ) = Ntri · εtot · K · F (E0 , Z) · pe · (Ee + me )
dt
n
X
p
Wi (E0 − Vi − Ee ) (E0 − Vi − Ee )2 − m2ν .
×

(3.1)

i=0

Here pe , Ee , and me are the momentum, kinetic energy, and mass of the electron, and mν is the mass of the neutrino. Wi and Vi are the probability and
excitation energy of Tritium’s electronic final states. The remaining factors of
the expression require a bit of additional introduction.
Firstly, Ntri is the number of Tritium molecules that can be seen by the
spectrometer:
Ntri = ρd · AS · 2εtri .
(3.2)
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Ntri thus depends on the source column density, ρd , the Tritium purity of the
source, εtri , and the cross section of the source, AS (again as seen by the spectrometer). There is an important relation between AS and the spectrometer
cross section:
AS

Bmax
BS
BA Bmax
·
·
Bmax BS
1
BA
·
.
·
Bmax sin2 θmax

= Apinch ·
= Aeff
A
= Aeff
A

(3.3)

Apinch is the spectrometer cross section at the pinch region (where the βparticles enter) and Aeff
A is the effective cross section of the spectrometer at
the position of the analysis plane (its center). BS , Bmax , and BA are the magnetic fields of the source, pinch, and analysis plane respectively while θmax is
the maximum allowed opening angle of the source. We can then rewrite Ntri :
Ntri = ρd · Aeff
A ·

BA
2εtri
·
.
Bmax sin2 θmax

(3.4)

The next factor is the total efficiency or acceptance of the experiment, εtot ,
which is a combination of the solid opening angle, the experimental response
function, and the detector efficiency:
εtot = ∆Ω/4π · fres (Ee ) · εdet

= 0.5 · (1 − cos θmax ) · fres (Ee ) · εdet .

(3.5)

The normalized response function, fres , describes the behavior of electrons as
they travel through the source region (where scattering may occur – see Figure 3.3) and the spectrometer (in which filtering with a sharp step function takes
place – see Eq.(3.15)), while εdet is the detector efficiency. Finally, F (E0 , Z) is
the Fermi Function and K is the following collection of constants:
K = G2F cos2 θC

|M |2
.
2π 3 ~7

(3.6)

The value of the Tritium matrix element, |M |2 , can be found in e.g. [52] to be
5.5h/~6 . For reference, the values of all the relevant parameters are presented
in Table 3.1

3.2.1

The Source

For storage and control of Tritium, the KATRIN experiment uses a so-called
Windowless Gaseous Tritium Source (WGTS). The WGTS technology was previously pioneered by Troitsk and earlier experiments in Los Alamos. Keeping
the source material in gas-form allows for both technical and calculational improvements (as mentioned above) over e.g. the Mainz source, which consisted
of a film of quench-condensed molecular Tritium on a graphite substrate.
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Parameter
K
F (E0 , Z)
ρd
Aeff
A
BS
Bmax
BA
θmax
εdet
εtri

Value
1.76 ·
keV−5
1.19
21
5 · 10 m−2
(π · 4.502 ) = 64 m2
3.6 T
6.0 T
0.0003 T
50.77 ◦
0.9
0.95
10−17 s−1

Table 3.1: Selected KATRIN parameters. More details can be found in [46].
The WGTS consists of a 10 m long, 90 mm diameter cylinder into which 40 g
of 95% pure molecular Tritium will be injected per day (made available by the
Tritium Laboratory Karlsruhe, which is incidentally the only place in Europe
that can provide this amount). For the projected temperature and injection
pressure (of 27 K and 3.4·10−3 mbar) this should result in a column density of
5·1017 molecules/cm2 . The column density is the key variable here and must be
known with a precision of 0.1% in order to satisfy the systematic uncertainty
requirements.
The electrons of the β-decay are subsequently guided out of the source by
the magnetic field, BS . Meanwhile, the gas is allowed to slowly diffuse to each
end of the source where it is pumped out, re-purified, and recycled in a closed
Tritium loop system. The size of BS has some importance for the experiment.
In combination with the maximal field strength encountered at each end of the
main spectrometer it determines the allowed opening angle of the source:
r
BS
↔ θmax = 50.77◦ .
(3.7)
sin θmax =
Bmax
Both the cross section and opening angle of the WGTS has been optimized
with respect to the very large main spectrometer. The spectrometer itself will
be described in greater detail in section 3.2.3.
There are several advantages to be had from using Tritium as a source,
which is why KATRIN – like its predecessors in Mainz and Troitsk – will be
measuring the following β-spectrum:
3

H →3 He + e− + ν e .

(3.8)

Arguably the most pressing issue for a good measurement of the neutrino
mass is high statistics in the region of interest near the β-spectrum endpoint,
E0 . As illustrated in Figure 3.2, we need to register a tiny deficit in the number
of β-particles and determine the position of the true endpoint (in the presence
of an experimental background count rate). As it turns out, the number of
decays in the final electronvolt of the spectrum is proportional to 1/E03 . The
decay of Tritium has the third-lowest known β-decay endpoint energy of merely
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Figure 3.2: The measurement of a non-zero neutrino mass requires high statistics in the region immediately before the β-spectrum endpoint, E0 . The number
of decays in this energy interval is proportional to 1/E03 . But even for a material
such as Tritium – having the third-lowest known endpoint energy – the number
of decays in the last electronvolt of the spectrum is only a fraction 2 × 10−13 of
the total number of decays.
∼ 18.6 keV thus making it a very attractive candidate in this type of neutrino
mass measurement. But even for Tritium only a fraction 2 × 10−13 of all decays
fall within the last eV below E0 . Luckily, Tritium has the second advantage of
a reasonably short half-life (∼ 12.3 years) ensuring a nice balance between low
E0 and high activity. In comparison the decay of Rhenium (or rather its isotope
187 Re), has the second lowest known endpoint energy of merely 2.467 keV 1 but
a much longer half-life of ∼ 4.4 ·1010 years:
187

Re →187 Os + e− + ν e .

(3.9)

Nonetheless the MARE experiment expects to produce results comparable to
KATRIN by using a very large number of Rhenium detectors. This topic will
be treated more thoroughly in section 3.3.
It should be noted that Tritium has a few additional advantages simply
because it is an isotope of Hydrogen. This makes Tritium one of very few materials for which one can actually perform an analytic calculation of the nuclear
matrix element, thereby removing the considerable uncertainty otherwise associated with numerical nuclear structure models. A further advantage of using
a Hydrogen isotope lies in the very precise knowledge of the electronic ground
state configurations of both the Tritium molecule, T2 , and its daughter ion,
3 HeT+ . This provides us with an accurate molecular final state distribution
1
The so far lowest endpoint energy was recently discovered in the very rare decay of 115 In
to an excited state of 115 Sn [53]. At 155(24) eV this is an order of magnitude smaller than
even the Rhenium endpoint energy. But with a half-life of ∼ 4.4 ·1014 year for 115 In and a
branching ratio for the decay channel of only around 10−4 , using 115 In as a source material
is clearly problematic if the goal is high statistics. At this point no experiments using this
isotope have been suggested.
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Figure 3.3: This theoretical illustration of the energy loss function in molecular
Tritium is due to Ferenc Glueck and has been used extensively in the simulation work to find a sufficiently precise deconvolution method. The first peak
(and several invisible smaller peaks in the low energy region) describes elastic
scattering and rotational and vibrational excitations. Since these effects have
almost no influence on the energy and angle of the electrons they have been
ignored in the Mainz and Troitsk experiments and preliminarily treated as yet
another systematic effect in KATRIN. The most important effects however are
inelastic scattering and ionization. The energy loss through scattering reactions
is centered at around 12.6 eV. Above 15.4 eV ionization effects become the most
prominent.

whose effect on the spectrum must be taken into account through a convolution with the theoretical atomic spectrum as shown in Eq.(3.1). But of course
the gaseous source also has its drawbacks; most importantly the scattering of
electrons as they travel through the source. This scattering may cause changes
in the electron energy (and angle) and is traditionally described by the energy
loss function – see Figure 3.3.

One cannot measure this function directly because the electrons may scatter
several times inside the source. This lack of information is treated as a systematic uncertainty connected with the deconvolution of the energy loss function.
The deconvolution is not straightforward and requires both dedicated measurement time and a sufficiently accurate numerical method (which is still being
optimized). In three short steps one needs to
• Measure (or simulate) three response functions for three separate source
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column densities:
fres (E, qU ) = Tegun ⊗ P0 +

dσ
+
d∆E
dσ
dσ
Tegun ⊗ P2 ·
⊗
+ ... ⇒
d∆E
d∆E
Tegun ⊗ P1 ·

(3.10)
Here Tegun is the transmission function for an empty source region and it has
been assumed that an electron gun will be used as a controllable electron
source - see also Eq.(3.15). Px is the x-fold scattering probability which
depends on the column density that is being investigated. This probability
must be calculated with high-precision simulations (i.e. it can also not be
dσ
is the energy loss function. The response function
measured). Finally, d∆E
can alternatively be written as a sum of x-fold scattering functions, εx , and
probabilities:
fres (E, qU ) = P0 · ε0 (∆E) + P1 · ε1 (∆E) + P2 · ε2 (∆E) + ...

(3.11)

• It has previously been estimated that fourfold scatterings in realistic source
conditions can be ignored, while 3-fold scatterings are still important. So
in order to get sufficient accuracy the equation for the response function is
typically assumed to contain at minimum 4 important terms. Then the xfold scattering functions can be calculated from a set of three linear equations
(where α, β and γ denote different column densities):
α
fres
(E, qU ) − P0α · Tegun (∆E) = P1α · ε1 (∆E) + P2α · ε2 (∆E) + P3α · ε3 (∆E) + ...
β
(E, qU ) − P0β · Tegun (∆E) = P1β · ε1 (∆E) + P2β · ε2 (∆E) + P3β · ε3 (∆E) + ...
fres
γ
fres
(E, qU ) − P0γ · Tegun (∆E) = P1γ · ε1 (∆E) + P2γ · ε2 (∆E) + P3γ · ε3 (∆E) + ...

(3.12)

• Once the single scattering function is known, the actual deconvolution of
dσ
d∆E can take place. From Eq.(3.10) and (3.11) it is easy to see that:
ε1 (∆E) = Tegun ⊗

dσ
d∆E

(3.13)

The allowed systematic uncertainty from the deconvolution procedure is σsys =
0.0075 eV2 and can certainly be reached using either singular value decomposition or updated biconjugate gradient methods.

3.2.2

The Transport Section

A 13 m transport section is built into KATRIN between the source and spectrometer sections, serving as the first of three filtering procedures before the
detector.
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The 40 g of injected Tritium per day corresponds to a flow rate of 1.8 mbar l/s
at the end of the WGTS. Once the spectrometer is reached the flow rate of
Tritium and various decay products must be reduced by a dramatic factor
1014 in order to maintain a maximum count rate of 10−3 Hz from this background source. This is done in two steps: an active differential pumping section
(DPS) followed by a passive cryogenic trapping (and pumping) section (CPS).
As an additional safeguard the beamtubes throughout this section are bent at
±20◦ angles to one another in order to set up a simple physical barrier for the
ions (which are heavier and therefore their trajectories are not as easily bent
as the electron trajectories). The first pumping ports of the DPS are placed
immediately after the source and must be operated carefully to avoid any instabilities in the gas flow associated with the source. Further turbo-molecular
pumps along the beamline of the DPS section will eventually reduce the gas
flow to around 10−7 mbar l/s. The following cryo-trapping region is equipped
with a thin layer of frozen Argon on the walls of the beam tube on which any
remaining Tritium (ions, molecules) will be trapped. The condensed gas will
function as an easy-to-remove adsorbent and the whole CPS region will be kept
at a temperature of 4.5 K during run-time. In addition the CPS region also
has several pumping ports.

3.2.3

The Main Spectrometer

The second common feature of the Mainz, Troitsk and KATRIN experiments
is the so-called MAC-E spectrometer design (MAC-E meaning Magnetic Adiabatic Collimation and Electrostatic filtering).
In order to achieve a sub-eV sensitivity to the neutrino mass KATRIN needs
good statistics, a low background, and a very fine energy resolution. The first
purpose of the main spectrometer is of course to resolve the β-spectrum as well
as possible. But the reason for its enormous size is the enhanced count rate
that can be achieved by a large analysis plane cross section – see Eqs.(3.1) and
(3.4). In total, the spectrometer is 25 m long and 10 m in diameter. It is hardly
feasible to build a larger version of this type of instrument for a ground based
experiment. The current spectrometer was built in Munich but was already too
large to be transported the 400 km by road to Karlsruhe. Instead it was sailed
nearly 9000 km via the Danube to the Black Sea and from there through the
Mediterranean around Europe and finally down the Rhine to Leopoldshafen
from where it was driven the last few kilometers to Karlsruhe Institute for
Technology (KIT). So it can be said with some justification that this design for
β-decay measurements has reached its maximum size.
The spectrometer vessel is surrounded in each end by superconducting
solenoids to produce a suitable magnetic guiding field as shown in Figure 3.4.
The idea of Magnetic Adiabatic Collimation is to carefully guide the electrons
along the magnetic field lines as they pass through the spectrometer vessel.
Under these conditions the magnetic moment of the electron is kept constant:
µ = E⊥ /B. By slowly lowering the magnetic field, B, the orthogonal electron
energy component will drop simultaneously. Due to simple energy conservation this implies that the energy component parallel to the direction of motion
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Figure 3.4: An illustration of the principle of the KATRIN MAC-E filter,
demonstrating the conversion of an orthogonal momentum component into an
almost purely parallel one.
must grow - see Figure 3.4. In total one can adiabatically convert the electron’s
orthogonal momentum component into an almost purely parallel one.
A filtering procedure can now take place by imposing an electrostatic barrier in the center of the vessel – the so-called analysis plane. With an array
of external cylindrical electrodes one can control the value of the retarding potential very accurately. Any electrons with sufficient energy to overcome this
retarding potential are reaccelerated and collimated onto the detector while the
rest will be reflected back along the magnetic field lines. Note that almost all
of the β-particles are rejected beforehand by the pre-spectrometer2 such that
only the high-energy tail of the spectrum is analyzed in the main spectrometer.
The sharpness of the filter is given by the ratio of the magnetic fields – i.e. how
well the electron energy is converted into a purely parallel component (any remaining orthogonal energy does not participate in overcoming the electrostatic
barrier):
BA
∆E
=
(3.14)
E
Bmax
2

The pre-spectrometer is a smaller MAC-E spectrometer placed on the beam line immediately before the main spectrometer. It can be made out from Figure 3.1 as a small green
tank after the transport section.
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Figure 3.5: KATRIN’s response function describing the effects of the experimental setup as a function of electron energy. As described in Eq.(3.10) in the
text, it is actually a convolution of the energy loss function of the source and
the MAC-E filter transmission function.
From Table 3.1 we see that this fraction is 1/20000. Taking the endpoint energy
as the reference this produces an excellent energy resolution of 0.93 eV.
The transmission function of the main spectrometer can now be written as
a function of the electron energy and the potential barrier energy:

0 r
for E − qU < 0




B
E−qU
S
 1− 1− E · B
A
r
T (E − qU ) =
for 0 ≤ E − qU ≤ ∆E
(3.15)
∆E BS

1− 1− E · B


A


1
for E − qU > ∆E

In combination with the energy loss function of Figure 3.3 one can construct
the experimental response function as described in Eq. (3.10). This describes
what an electron with a given energy sees as it traverse the entire setup and is
shown for reference in Figure 3.5.

3.3

MARE

MARE [47, 48] is a two-phase experiment designed to measure the electron
neutrino mass with a sensitivity comparable to or possibly even better than
KATRIN’s.
A large fraction of KATRINs systematic error budget is introduced by the
separation of source and detector. As the electrons travel the almost 70 m
through the experimental setup they can change energy and angle through scatterings, they pass through various magnetic field configurations and everything
from gas flow to high voltage dividers must be controlled with great precision
in order to satisfy the projected error budget.
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The MARE collaboration hope to avoid some of these problems by embedding their source material in the detectors and performing calorimetric measurements on these joint devices. The output is then the temperature increase
associated with the β-decay of Rhenium:
187

Re →187 Os + e− + ν e .

(3.16)

All the participants of the decay, except the neutrino, remain in the device and
the temperature rise is therefore a measure of the total released energy minus the
energy carried away by the neutrino. The spectrum consists of the number of
decays versus total energy – instead of number of decays versus electron energy.
There is no need for the electrons to travel or be sorted according to energy.
They are in fact somewhat uninteresting here since the main purpose was always
to use energy conservation to calculate the minimum amount of energy carried
away by the neutrino (i.e. its mass). In this scheme one obviously also avoids
any nuclear recoil or final state effects that would perturb the electron spectrum.
But of course the calorimetric method has its own specific drawbacks as well
as advantages. The most imminent problem is the inability to separate single
β-decays within a short time span. To quantify, the measurement must be
performed within a certain ’temperature rise time’, τ . Two decays happening
within the rise time cannot be separated, leading to a pile-up spectrum proportional to the convolution of two normal spectra. The pile-up spectrum thus
extends from 0 eV to 2E0 , creating a background count rate. The probability
for pile-up events is given by the activity of the source times the rise time:
Ppile−up = τ Aβ ,

(3.17)

fpile−up = τ A2β .

(3.18)

and the frequency by

Since the calorimetric method cannot remove the basically irrelevant low energy
part of the spectrum, and since this is still by far the dominant part, there is
some risk of obscuring the endpoint region with the pulse pile-up spectrum.
From the expressions above it is clear that this can be somewhat rectified
by adapting the allowed rise time to the decay rate of the source material. For
this purpose Rhenium is almost ideal: With a lifetime of ∼ 4.4 ·1010 years and
a natural abundance of 60% 187 Re, MARE expects a decay rate of 1 decay per
second per milligram Rhenium. Note that there is also a window for systematic
uncertainties due to decay into long-lived (longer than τ ) metastable states.
The systematic error budget is however only one side of the coin. Another
pressing issue when using Rhenium is low statistics caused by the low activity. Due to the pulse pile-up issue one cannot employ an enormous amount of
Rhenium into the detector to make up for the long half life. However, there is
no problem in combining a large number of separate detectors each with small
amounts of Rhenium and a not too large pile-up background. The hope is that
this array-design can then be expanded and in time reach the projected sub-eV
sensitivity.
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The MARE experiment reports that the following analytical expression for
the 90 % confidence level sensitivity on the neutrino mass agrees very well with
Monte Carlo simulations:


 1
4
∆E
3
Q
Q
Q
.
+
Ppile−up + b
Σ90 (mν ) ∝ √
4
∆E 10
Aβ
Nevents Q

(3.19)

The parameters in the equation are the Q-value of the decay, the total number
of events, the optimal energy interval for the analysis, the pile-up probability,
the activity per detector, and the average background rate per energy unit per
detector. To clarify:
• The total number of events is a product of the activity, the number of detectors, and the measurement time: Nevents = Aβ Ndet tM .
• The optimal analysis energy interval is defined as:



Q
3
Ppile−up + b
,
(3.20)
∆E ≡ max ∆Edet , Q
10
Aβ
where ∆Edet is the energy resolution of the detector.
√The most important feature of Eq.(3.19) is arguably the dependence on
Nevents which again indicates the need for statistics above all to achieve
the required accuracy (i.e. a low sensitivity-value). In addition, as good an
energy resolution as possible and preferably low values of Ppile−up and b are
highly desirable (not least because the dependence on the number of events is
so steep).
MARE is currently in its first phase of measurements, being performed
on two arrays (using different calorimetric techniques) with ≈ 200 and ≈ 150
detectors. The energy resolution is around 10 eV and the projected sensitivity
to the neutrino mass is around 1-3 eV. This is for rise-times of the order 25-30
µs and pile-up probability of 5 · 10−5 . This experiment needs to run 2-3 years
to achieve its goals, and began measurements in 2010. The second phase will
need around 104 detectors and aims at an improved energy resolution of ≈ 1
eV as well as a shorter rise-time. With these specifications MARE expects to
be able to probe the sub-eV neutrino mass range and possibly in the far future
be able to build even larger arrays and actually resolve the constituent neutrino
mass states3 . MARE II plans to commence measurement during 2011.
1/4

3.4

Project 8

A third approach to precision-measurements of the Tritium β spectrum was
recently presented in the Project 8 proposal by Ben Monreal and Joe Formaggio
[49]. The general idea is to let gaseous Tritium decay inside a suitable container
placed in a strong uniform magnetic field. As the electrons follow the magnetic
field lines they will emit cyclotron radiation, the frequency of which depends
3
Note that the calorimetric measurement is not limited by any final state distribution and
could therefore in principle push the sensitivity below, say, 0.1 eV
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on the energy of the electron. By measuring this frequency with an array of
antennas surrounding the main vessel one can construct yet another Tritium
β-spectrum.
The frequency of the cyclotron radiation for relativistic particles is:
ω=

eB
ωc
ωc
=
=
,
γ
γme
1 + mKeec2

(3.21)

where ωc is the classical cyclotron frequency and γ is the relativistic boost factor. For electron energies of order 18.6 keV (the Tritium endpoint energy), the
boost factor is ≈ 1.04 and the electrons are therefore only mildly relativistic (i.e.
the radiation is almost coherent and no large effects from relativistic beaming
is expected). As in the other experiments, the real parameter of interest in
Eq. (3.21) is the kinetic energy of the electron, Ke . By demanding an energy
resolution of e.g. the usual ∆E = 1 eV one can derive some basic experimental
requirements. The energy resolution is directly linked to the relative precision on the frequency measurement: ∆f /f = ∆E/me = 2 · 10−6 . Because of
Nyquist’s theorem, we need to measure for a minimum time of tmin = 2/∆f , in
order to achieve this precision, implying the following constraints:
• During the minimum measurement time, a minimum mean free path will be
traveled by the electrons. This means that electrons with large pitch angles
will hit the walls of the instrument before we have had time to measure
them. The maximal acceptable angle in an instrument of length ℓ is then
→
given by ℓ = tmin · −
ve = tmin ve cos θmax .
• As in the KATRIN experiment, one does not want the electrons to scatter
on the Tritium gas before their energies have been measured. Given the
minimum mean free path of the electrons this puts an upper bound on the
acceptable density of Tritium. In terms of tmin , the maximum allowed density
of the Tritium gas is ρmax = (tmin ve σ(T2 −e) )−1
• The electrons should preferably not lose all of their energy to radiation within
the measurement time-frame. This means the magnetic field cannot be too
high.
Note that Project 8 does also, to some degree, have pile-up backgrounds and
the possibility of overpowering the signature of high energy electrons with lowenergy sidebands – as with MARE there is no obvious way to filter out the low
energy bulk of the spectrum. In addition, one must consider inhomogeneities
in the magnetic fields (which can hopefully be calibrated for), small corrections
due to relativistic beaming effects, simple thermal noise, and various pros and
cons of Doppler-shifted frequencies.
Finally the experiment needs a way to identify high-energy electrons above
the background noise. This can be done rather nicely by demanding a minimum
number of spectral lines (the central line and one or more AM sidebands) from
any high-energy electron candidate. The number of required spectral lines must
be compared with the accidental trigger rate. The accidental occurrence of
e.g. two sidebands is a background that can be limited by setting a maximum
allowed source strength (or Tritium density). The accidental occurrence of
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Figure 3.6: An illustration of a cyclotron radiation spectrum with 105 simulated decays. The three clearly visible spectral lines near the Tritium endpoint
indicate a high-energy electron.
three sidebands is less likely and one can then have a higher allowed source
strength while maintaining the same relative background level which could be
for instance 1 per 1013 decays as in KATRIN. Figure 3.6 shows an example of a
spectrum for 105 simulated decays containing three easily recognizable spectral
peaks from one high energy electron.
Currently a test experiment is underway to investigate the principles in
greater detail and it will be very interesting to see what kind of error budget and
accuracy this technique can produce. In a later stage of development, Project
8 may be able to build an array of these cyclotron devices in a manner similar
to MARE, and as the detectors and methods are refined the energy resolution
could in principle approach the (half) width of the molecular Tritium final state
distribution, ∆E = 0.36 eV.

4
Cosmology and Astrophysics
Cosmology is the science of the Universe as a whole. Despite dealing with the
overall properties of everything in existence, cosmology has turned out to be
rather sensitive to particle physics – a discipline otherwise associated with the
very smallest scales ever investigated. The reason for this deep connection can
be found in the ability of cosmology to look back in time by observing extremely
distant sources, and the fact that the temperatures of the very early Universe,
as well as several important astronomical sources, correspond to energies far
beyond the capabilities of any accelerator experiment that can be built on
Earth. Over the last couple of decades the accuracy of parameter inference
based on cosmological data sets has improved enormously. The measurements
of the Cosmic Microwave Background (CMB) with the Wilkinson Microwave
Anisotropy Probe (WMAP) in one stroke moved cosmology from the realm
of ∼ 10-20% errorbars into a new era of precision measurements. Currently,
the accuracy of next generation of experiments – e.g. the Planck spacecraft
[50], DES [51], and Euclid1 [54] – is quickly approaching 1%. Apart from
photons, neutrinos are the second most common particle in the Universe and
as such participate in a variety of different processes. The effect of neutrinos is
often rather subtle but as we approach percent-level precision in the parameter
inference, cosmology can now be used to put even tighter constraints on e.g. the
neutrino mass than laboratory experiments.
In this chapter I will discuss some of the cosmological probes that are sensitive to neutrino physics. Firstly, the creation of light elements during Big
Bang Nucleosyntehsis (BBN) and the connection with the CMB. Secondly, the
influence of neutrinos on the formation of large scale structure and the dynamic
development of the Universe. Finally, I will include a short overview of neutrinos and supernovae, seeing as neutrinos actually dominate, rather than perturb
the physics of exploding stars.
1
Euclid have not yet received funding but is in an advanced stage of research and development. If funded, it is expected to be launched in 2017.
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4.1
4.1.1

A basic description of cosmology
First-order cosmology

Before going into specific cosmological details, I would like to shortly present
some of the basic concepts. To lowest order an overview of the properties of all
the known Universe is built purely on the Cosmological Principle: the Universe
is isotropic and homogeneous on large enough scales. Using this statement one
can derive three basic equations that describe the overall time-evolution of the
Universe. The evolution of the Universe ’to first order’ means the behavior of
the space-time construct we live in, and does not relate to the actual contents
of it. The formation of elements, large scale and small scale structure (such as
galaxy clusters, stars, and planets) and so on will therefore not be relevant in
this section.
The mathematical description of a 4-dimensional space-time is called the
metric. The general shape of a metric is ds2 = gµν dxµ dxν . If the Universe
really is homogenous and isotropic, the same must be true for the metric. The
simplest form to satisfy both conditions is the Robertson-Walker metric (here
in polar coordinates):


dr 2
2
2
2
2
2
+ r dΩ .
(4.1)
ds = dt − a (t)
1 − κr 2
In this expression t and r represent time and distance; Ω denotes solid angle
and κ is the spatial curvature, which can be either positive, negative, or zero2 .
The function a(t) is the scale factor of the Universe. Normally the scale factor
is taken to be 1 now, so one always compares the scales of the Universe to its
current extension:
a(t0 ) = a0 = 1.
(4.2)
An equation for the evaluation of the scale factor is thus the main objective of
first-order cosmology. In principle all one needs to do is insert the metric into
the Einstein equations, which provides a joint description of the energy density
and geometry of the Universe [55]:
1
Gµν ≡ Rµν − gµν R = 8πGTµν .
2

(4.3)

Here Gµν is the Einstein tensor, Tµν the stress-energy tensor, Rµν the Ricci
tensor, and R = g µν Rµν = Rµµ is the Ricci scalar. Using only this equation and
the cosmological principle, one arrives firstly at the Friedmann equation (the
time-time part of the solution):
 2
8πGN
κc2 1
ȧ
2
=
ε(t)
−
.
(4.4)
H(t) =
a
3c2
R02 a(t)2
2

Without going further into the geometry of space, positive curvature can be understood
as the 3D analogue to the surface of a sphere, whereas negative curvature is hyperbolic and
corresponds approximately to the surface of a trumpet. Zero curvature equals flat space. The
curvature of the Universe is tightly coupled to its energy content through the scale factor, a(t)
– see also Eq. 4.11.
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This expression describes the expansion rate of the Universe, also known as the
Hubble parameter, H(t) = ȧ/a. Here GN is Newtons gravitational constant, ε
is the energy density, and R0 the characteristic curvature radius of the Universe.
The sign of the last term, or rather κ, is crucial for the evolution of this model
Universe. If it is positive the sign of ȧ never changes and the expansion, once
initiated, will continue forever. A negative curvature on the other hand, indicates a maximum scale factor value at which ȧ changes sign and any expansion
will be replaced by contraction. Finally if κ = 0, the expansion will continue
but with ȧ → 0 because ε̇ → 0 as time goes to infinity. It is thus clear that
apart from the energy density, the basic geometry of the Universe (i.e. the sign
of κ and the value of the R0 ) is a decisive factor in the evolution of the scale
factor.
Meanwhile the space-space part of the solution to the Einstein equations
can be summed up in what is sometimes called the acceleration equation:
 
4πGN
ä
(ε + 3P ),
=−
a
3c2

(4.5)

where P is the pressure, which can be expressed via a general equation of state
parameter, ω. Luckily, on large enough scales, cosmology is concerned with
dilute material and one can use the simple ideal gas law (with ρ = ε/c2 ):

P = ωε =

hv 2 i ε
kT ε
=
.
µ c2
3 c2

(4.6)

Here k is the Boltzmann constant, µ is the mean mass of the particle in question,
and hv 2 i is the root-mean-square of the thermal velocity of the gas. I have used
the relation 3kT = µhv 2 i, which is only strictly allowed for non-relativistic
particles. The equation of state parameter, ω, is however 1/3 for a gas of
relativistic particles – like for instance photons – and one can easily see that
massive particles must have 0 ≤ ω ≤ 13 (matter is mostly assumed to be very
un-relativistic and ωm = 0). One can derive very similar and perhaps more
intuitive classical equations by adding the assumption of energy conservation
and looking at for instance the expansion or contraction of a spherical region
of the Universe under its own gravity (which will provide the classical version
of the Friedmann equation) or using the thermodynamic statement of energy
conservation, dQ = dE + P dV , to arrive directly at the fluid equation [56]:
ȧ
ε̇ + 3 (ε + P ) = 0,
a

(4.7)

which can be combined with the Friedmann equation to get the acceleration
equation. Eqs. (4.4) and (4.5) in combination with the equation of state
Eq. (4.6) now provides a full description of a simple homogenous and isotropic
Universe. All that is left is a discussion of its various ingredients.
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Figure 4.1: The contents of the Universe according to the cosmological standard
model. This figure is taken from [57].

4.1.2

Energy densities

Conveniently the total energy in Eq. (4.6) is understood to be a sum over the
different components: Radiation, matter, and dark energy.
X
ε=
εω = εr + εm + εde .
(4.8)
ω

As it turns out a negative pressure component is needed to account for the
apparent accelerating expansion rate of the Universe. The equation of state
parameter for this mysterious ’fluid’ is measured to be very close to ω = −1,
and the unknown component is called dark energy. The simplest type of dark
energy is the cosmological constant, Λ, as originally proposed by Einstein in
order to maintain the idea of a static Universe – however, there are many other
theoretical candidates for dark energy. In fact observations indicate that around
70% of the energy content of the Universe is in the form of dark energy. All that
is known about it is that the needed negative pressure component must have an
equation of state parameter smaller than −1/3. Apart from this requirement
dark energy is entirely an unknown quantity.
One can rearrange Eq. (4.7) to get an expression for the time evolution of
the various ingredients:
εω (a) = εω,0 a−3(1+ω) .
(4.9)
Clearly the higher the value of ωx , the faster the energy density of component
x drops. Reversing the argument we see that radiation must have been dominating in the early Universe (as one would expect from a hot big bang model),
followed by a matter-dominated period, and finally Λ-domination.
Observations of e.g. the CMB indicate that we live in a flat Universe in
which the Friedmann equation can be rewritten to calculate the total energy

51

4.1. A basic description of cosmology
Parameter
Baryon Density
CDM Density
Λ Density
Density Perturbation Amplitude
Density Perturbation Spectral Index
Optical Depth to Reionization

Symbol
Ωb
Ωcdm
ΩΛ
As
ns
τ

Value
h2

0.02249+0.056
−0.057

Ωb =
Ωcdm h2 = 0.1120 ± 0.0056
ΩΛ = 0.727+0.030
−0.029
(2.43 ± 0.11) × 10−9
0.967 ± 0.014
0.088 ± 0.015

Table 4.1: The six parameters of the ΛCDM model with 1σ errorbars. These
results are taken from the 7 year WMAP data analysis by Komatsu et al. [58].
Note that h is the dimensionless parameter H0 /100km/s Mpc−1 , which can be
derived from these primary parameters to be 0.704 ± 0.025. Note also that the
amplitude of the density perturbations is understood to be at k = 0.002Mpc−1 .
The optical depth describes the probability for a photon to scatter once since
the time of reionization: p ∼ e−τ [59, 60]
density. Replacing ȧ/a with the normal expression for the expansion rate (the
Hubble parameter) one gets:
εc (t) =

8πG
H(t)2 .
3c2

(4.10)

If the physical energy density turns out to be larger than εc (t), the Universe will
be positively curved and vice versa. Therefore εc (t) is called the critical energy
density. Expressing the energy densities of the constituents of the Universe as
fractions, or density parameters, Ωx = εx /εc , one can rewrite the Friedmann
equation in a form that highlights the connection between the geometry and
energy content of the Universe:
1 − Ωtot (t) = −

κc2
.
R0 a(t)2 H(t)2

(4.11)

Today it is possible to describe the evolution and current state of the Universe
very well, using between 6 and 12 parameters. The widely accepted minimal
model of the Universe is sometimes called the ΛCDM or Concordance model
and includes only the six parameters listed in Table 4.1. The values quoted
here are from an analysis using only the 7-year WMAP data [58]. One can
get even better constraints by combining WMAP with even more datasets –
e.g. supernova and large scale surveys.
Other parameters can be included in the analysis or derived from the primary parameters, and to that one can add non-standard parameters such as the
the neutrino density, Ων , and chemical potential, µν , the number of relativistic degrees of freedom in the early Universe, Nrel , galactic bias parameters, b
and e.g. the ratio, r, of tensor-perturbations (i.e. gravitational waves) to scalarperturbations (sourced by fluctuations of the density field) of the space-time
metric. Most of these will be explained in more detail in the remainder of this
chapter.
Figure 4.1 illustrates the energy content of the Universe in this scenario.
It currently consists of approximately 30% matter (most of which is actually

52

Chapter 4. Cosmology and Astrophysics

dark matter and not the baryonic material we know from the standard model
of particle physics) and the aforementioned 70% dark energy. The radiation
component of the Universe is almost completely negligible by now. The fact that
95% of the energy density of the Universe is unknown to us is undoubtedly the
largest current problem in cosmology, or indeed, physics in general. However,
one can describe the Universe and its evolution very well and we even know
some overall properties of the dark components. But we do not know what
they really are. The combination of cosmology and particle physics and the
long awaited LHC measurements will hopefully shed some light on at least the
dark matter issue in the course of the next decade.

4.2

A few remarks on the Cosmic Microwave Background

The Cosmic Microwave Background is perhaps the best tool available for modern cosmology. It is an almost perfectly isotropic signal at a temperature of
2.72548±0.00057 K stemming from the decoupling of photons from the plasma
of the hot early Universe [61]. It has been measured with increasing precision
by the COBE, WMAP, and Planck space missions as well as several Earthbased instruments and we are currently able to see the tiny anisotropies of the
signal down to approximately δT /T = 10−5 . These temperature fluctuations,
δT /T (θ, φ), correspond to density fluctuations at tCM B ∼ 300000 years, and
can be expanded in e.g. spherical harmonics. The amplitudes of the fluctuations
as a function of multipole moment (which is translatable to physical scale) gives
us a wealth of information about the physics of that era and the evolution of
the contents of the Universe after tCM B
The CMB is, as mentioned above, a signal from the decoupling of photons from the other constituents of the Universe3 . A decoupling of a particle
species takes place when the interaction rate with the rest of the plasma becomes smaller than the expansion rate of the Universe, meaning the particle
is not likely to scatter on anything before eventually reaching our detectors
– the scattering probability is given by p ∼ e−τ – see also Table 4.1. One
can say the Universe becomes transparent for a given particle type at the time
of decoupling. For photons, decoupling followed closely after the so-called recombination period in which electrons and ionized atoms combined to become
neutral – after this the photons no longer interacted with the atoms. If one
assumes the CMB signal to have arrived in its initial condition to our detectors
the interpretation is quite straight forward: The temperature fluctuations obviously tells us which regions of the original plasma was hotter or colder than the
average. On small enough scales this is determined by the competition between
forces of radiation pressure and gravity. These baryonic acoustic oscillations
have left their imprint both as a main and several smaller peaks in the CMB.
On top of this signal one can see the perturbations of the density field at
tCM B . Depending on whether a particular photon was in a gravitational well
3
In principle the CMB is an image of the last scattering surface. The time of last scattering
does, however, follow very shortly after the time of decoupling.
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(losing energy as it traveled away) or on a gravitational hilltop (gaining energy)
at tCM B , its energy and thereby temperature will now be either a little lower
or higher than the average. On large enough scales – corresponding to the
Hubble length at the time of decoupling (an angular scale of θH & 1◦ ) – the
temperature anisotropy is then a simple snapshot of the gravitational field at
tCM B .
However, the CMB signal also contains information about the evolution of
the Universe following decoupling. As the photons travel through the Universe
they pass through gravitational wells blueshifting and redshifting the photon
energy. If the gravitational potentials evolve with time (which they will when
the Universe is not dominated by matter, but for instance radiation or dark
energy) the integrated effect of the passage through these potentials change
the appearance of the CMB. This is called the integrated Sachs-Wolfe effect
and normally split up into an early and a late component (corresponding to
radiation and dark energy domination, respectively [62].)
The information encoded in the CMB is truly enormous. One can extract
knowledge of e.g. the Hubble parameter, the curvature of the Universe, the
baryonic, dark energy, and neutrino density parameters, as well as spectral
characteristics of the initial gravitational potential. The CMB is thus also a
data source for neutrino physics, but as a phenomenon it is more dominated
by other effects. However, it can, of course, be combined with other sources of
information to strengthen the power of inference. The remainder of this chapter will deal with the cosmological and astrophysical phenomena most heavily
influenced by the presence of neutrinos.

4.3

Big Bang Nucleosynthesis

Big Bang Nucleosyntesis deals with the creation of the light elements taking
place approximately three minutes after the Big Bang. One can calculate
the abundances of the elements as a function of the baryon-to-photon ratio,
η = nb /nγ and compare with measurements. The cross sections for the fusion
reactions are fairly well known input and if one assumes purely standard model
particles η is the only unknown theoretical parameter. But if one allows for a
broader analysis the abundances can provide a sensitive probe of the number
of relativistic degrees of freedom (in e.g. neutrinos) around tBBN .
The ingredients for nucleosynthesis are of course protons and neutrons, and
especially the ratio of neutrons to protons has great importance for the variety
of nuclei that can be built. Starting a little earlier than tBBN the number
densities of neutrons and protons were originally kept in equilibrium by the
following reactions:
n + e+ ⇋ p + ν e , n + νe+ ⇋ p + e− .

(4.12)

At this time the distribution functions could be described with Maxwell Boltzmann statistics and consequently nn /np would be proportional to e−(mn −mp )/T .
The reactions fall out of equilibrium when the weak interaction reaction rate
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becomes smaller that the Hubble expansion rate. With some simple approximations one can calculate the freeze out temperature4 to be Tfreeze out ∼
(g∗ GN /G4F )1/6 ≃ 0.8 MeV and nn /np ≈ 1/6. In this expression the factor
g∗ is the effective number of degrees of freedom in the radiation:
g∗ = 2 +

7 7
+ Nν .
2 4

(4.13)

This statistical weight consists firstly of the two available spin states for the photons. The second term describes the electron and positron, both still relativistic
particles at this early time (whereas µ and τ particles and their anti-particles
have already annihilated). The number of degrees of freedom for a fermion relative to a photon is given by the integral of the Fermi Dirac distribution relative
to the Bose-Einstein distribution and equals 7/8. Including spin, e− and e+ in
total have 7/2 degrees of freedom. Neutrinos are of course also fermions, but
since only the lefthanded (righthanded) neutrino (anti-neutrino) has ever been
observed, only one spin state is counted. This gives 7/4 degrees of freedom
for each generation of neutrinos (note that all neutrino-generations are light
enough to be considered radiation at this point).
Assuming only the particles of the standard model, nn /np can be calculated
to have been around 1/6 at the time of freeze out [63]. Due to β-decays it
would have been around 1/7 when nucleosynthesis began with the creation of
deuterium:
n + p ↔ γ + D.
(4.14)
Once Deuterium has been synthesized a number of heavier elements can be
created. The most important for comparison of BBN calculations with data
are 3 He, 4 He, and 7 Li. Of these the most abundant is, by far, 4 He [63]. The
creation history of the light elements is illustrated in the right panel of Figure 4.2
It is now clear that a larger value of g∗ would mean a larger Tfreeze out ,
resulting in a larger initial nn /np -fraction than 1/6. Since the synthesis of all
the light elements of BBN need neutrons, a larger value of g∗ (or Nν , if one
assumes neutrinos to be the only particle contributing to radiation apart from
photons and electrons) would automatically lead to larger abundances.
Turning to the actual calculation of abundances, a more thorough treatment
generally uses the following Boltzmann equation to look at the outcome of
reactions of the form 1 + 2 ↔ 3 + 4 [55]:
−3 d(n1 a

a

dt

3)

d 3 p2
d 3 p3
d 3 p4
d 3 p1
(2π)3 2E1 (2π)3 2E2 (2π)3 2E3 (2π)3 2E4
× (2π)4 δ(p1 + p2 − p3 − p4 )δ(E1 + E2 − E3 − E4 )|M|2
=

Z

× f3 f4 [1 ± f1 ][1 ± f2 ] − f1 f2 [1 ± f3 ][1 ± f4 ]
4

(4.15)

If one assumes a flat radiation dominated Universe around tBBN , the total energy density
2
is given by the number of degrees of freedom, g∗ and the temperature:
εr = π30 g∗ T 4 . Following
√
2
Eq. (4.4), the Hubble rate must then be proportional to g∗ GN T .
Meanwhile the weak interaction cross sections is proportional to G2F T 2 . In combination with
the dropping number density of neutrinos (n ∝ a−3 ∝ T 3 ) the rate of interactions ,Γw must
be proportional to, G2F T 5 . The two rates are equal at Tfreeze out
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This expression contains:

• The 4-dimensional phase space factors (hence the inclusion of energy in the
denominators).
• Two dirac delta functions ensuring energy and momentum conservation.
• The matrix element, |M|, which in this case contains all relevant physical
constants as well.
• Various combinations of the distribution functions. For instance, the last
line of Eq (4.15) states that the production rate of particle number 1 is
proportional to the available numbers of particles 3 and 4. The factors 1 ± f
account for the quantum statistics effects: Bose enhancement (for bosons)
and Pauli blocking (for fermions).
Thankfully Eq. (4.15) can be reduced quite a bit. For instance the reactions
take place very rapidly and one can use simple Fermi-Dirac or Bose-Einstein
distribution functions:
1
,
(4.16)
f (E) = (E−µ)/T
e
∓1

where µ is the chemical potential of the particle in question. Secondly, because
the temperatures are typically much smaller than E − µ one can even ignore
the ∓1 factors of the denominator and make the following replacement:
f (E) = eµ/T e−E/T .

(4.17)

With this simplification one can now write the number of particle-type i in the
phase space volume:
Z
d3 pi −Ei /T
µi /T
e
,
(4.18)
ni = gi e
(2π)3
where gi is the degeneracy of the particle. Further, an equilibrium density can
µi /T . Combining these approximations with the
be defined such that ni /neq
i =e
following convenient definition of a thermally averaged cross section:
Z
1
d 3 p2
d 3 p3
d 3 p4
d 3 p1
hσvi =
e−(E1 +E2)/T
eq
3 2E (2π)3 2E (2π)3 2E (2π)3 2E
(2π)
neq
n
1
2
3
4
1 2
× (2π)4 δ(p1 + p2 − p3 − p4 )δ(E1 + E2 − E3 − E4 )|M|2 ,

(4.19)

one finally arrives at a much simpler version of Eq. (4.15) – also known as the
Saha equation:


3
n3 n4
n1 n2
eq eq
−3 d(n1 a )
= n1 n2 hσvi
a
(4.20)
eq − eq eq
dt
neq
n1 n2
3 n4
From Eq. 4.20 it is easy to see that chemical equilibrium is achieved when:
n1 n2
n3 n4
eq eq = eq eq .
n3 n4
n1 n2

(4.21)

Using this condition on e.g. the Deuterium production/dissociation of Eq (4.14)
yields:
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Figure 4.2: The left panel of the figure shows the predictions of the abundances
of the four dominating products of primordial nucleosynthesis (in mass fraction
and relative to hydrogen) as a function of η, in combinations with measurements
(black boxes and arrows) and the best fit η-interval. The right panel shows the
development of the mass fraction of all the nuclear species produced in the early
Universe as a function of temperature (bottom labels) and time after the Big
Bang (top labels). Both figures are from [64].

eq

n
3
nD
= eqD eq =
nn np
4
nn np



4π
mp T

3/2

e(mn +mp −mD )/T ,

(4.22)

here I have taken advantage of the fact that nγ = neq
γ , because the chemical
potential for photons is zero. Both the neutron and proton densities are proportional to the baryon density and the Deuterium density can therefore be
expressed as a function of η:
nD
∝η
nb



T
mp

3/2

e(mn +mp −mD )/T .

(4.23)

The procedure can then be applied to the calculation of 3 He, 4 He and 7 Li
abundances [14]. It should be noted that the predictions for the 7 Li abundance
is too high compared with the measurements. This long-standing problem has
yet to be resolved. Several systematic error sources can be found in e.g. [63] but
none of them seem to be large enough to completely account for the discrepancy.
Despite this issue, and the fact that 3 He cannot easily be measured in sufficiently
old systems, the BBN measurements predict the dominating abundances (4 He
and Deuterium) very well, and provides us with a method to constrain Nν .
If for instance, one assumes the standard model value Nν = 3, the BBN
abundances converge on [63]:
ηBBN = 5.80 ± 0.27 · 10−10 .

(4.24)
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Figure 4.3: The dependance of the CMB temperature fluctuations on the baryonic density parameter Ωb . The figure is taken from [64].
One the other hand, allowing for more than three neutrino species gives the
following result:
ηBBN = 6.07 ± 0.33 · 10−10 ∆Nν = 0.62 ± 0.46.

(4.25)

The abundances as a function of η are presented in the left panel of Figure 4.2
along with the values allowed from measurements (black boxes and arrows).
The predictions of BBN can be checked independently with CMB measurements because the temperature anisotropy-spectrum is also sensitive to the
baryonic density parameter and thereby the baryon-to-photon fraction – see
Figure 4.3. Using the 7-year WMAP measurements one gets [58]:
ηCM B = 6.190 ± 0.145 · 10−10 ,

(4.26)

which agrees with the BBN standard model result within 1.3σ. Allowing for
extra neutrino mass states makes the agreement even better. Note that the
CMB is also sensitive to Nν because it affects the amplitude of the density fluctuations: More than three neutrinos will introduce additional damping of the
powerspectrum at small scales, and vice versa – see e.g. [65]. This will be discussed in more detail in the next section. In conclusion, the agreement between
the BBN and CMB values of both η and Nν is really rather remarkable when
one considers the two epochs are ∼ 300000 years apart and both approaches
provides us with powerful constraints on neutrino physics.

4.4

Large Scale Structure

The overall cosmological properties presented in section 4.1 describe the Universe only on very large scales. However, on small scales the Universe is not
just a homogenous mixture of components behaving like non-interacting ideal
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Figure 4.4: The left panel of the figure shows (from left to right) how dark
matter falls into the initially over-dense regions. Eventually also the baryonic
matter-component falls into the potential wells where further collapse forms the
galaxies and stars that are observed today.
gasses, and at some point one needs to consider how structure formation comes
about.
If the original Universe was completely homogenous (in each of the different
components) the gravitational pull from all sides would cancel out and nothing
would change in the distribution of material. Fortunately, total homogeneity is
not a stable state and even a small perturbation would destroy the equilibrium.
The initial seeds for structure formations are therefore commonly assumed to be
simple quantum fluctuations at the time before inflation. After inflation these
minuscule divergences from the average density were blown up to a large enough
size to produce the anisotropies we see today: The density wells eventually
enabled matter to clump under the force of gravity and at the same time diluting
already under-dense regions of space.
Since dark matter particles, by definition, do not couple to the photons,
there would be no stage analogous to the baryonic acoustic oscillations for
’normal’ matter. Consequently, dark matter particles can cluster under the
effect of gravity while the baryonic matter is still interacting with the rest of
the plasma. As illustrated in Figure 4.4 one imagines the dark matter falling
into the original over-dense regions first, and eventually the baryonic material
will fall into the then even deeper gravitational wells. Therefore the degree
of structure formation depends mostly on the relative amount of dark matter
in the Universe. Other effects work against the clustering of matter. Dark
energy for instance provides a negative pressure, but has luckily only become
a dominant component in the Universe long after the initial structures were
formed5 . Neutrinos are another structure suppressing agent; however, their
behavior is quite different from dark energy.
The first thing to note is that neutrinos are the second most abundant
particle species in the Universe, they are massive and in many respects invisible
to our telescopes. With such properties one can safely call them dark matter.
However, neutrinos are very light particles and for much of the lifetime of the
Universe they are still relativistic and therefore behave as radiation rather than
5

Equality of the energy densities from dark energy and matter can be calculated from
Eq. 4.9 to have happened when the Universe was around 9.7 Gyr old. In comparison, the
oldest observed galaxies were formed merely 1 Gyr after the Big Bang [56].

59

4.4. Large Scale Structure
matter:
εr = εrelativistic = εγ + εν,early
εm = εnon−relativistic = εcdm + εν,late + εbaryonic .

(4.27)
(4.28)
(4.29)

When the neutrinos are moving with relativistic speed they do not stay in the
(initially rather shallow) gravitational wells long enough to clump together and
form structures. Particles with these characteristics – they are invisible to our
telescopes and massive but yet so light that they have relativistic speeds – are
called hot dark matter. In order to recreate the observed degree of clustering
we need cold dark matter – heavy non-interacting particles that become nonrelativistic very early.
The fact that some fraction of the total dark matter budget is able to escape
the potential wells suppresses the structure formation on small scales. The
suppression happens on scales smaller than the neutrino free streaming scale,
given by their decoupling temperature:
λν ∼

a0
ct(T )|T ∼mν .
adec

(4.30)

The observable quantityis the degree to which structure has formed at different
scales. The term ’structure’ in this context meaning the deviation from the
averaged density of the Universe, ρ̄. One can describe the degree of clustering
with a two-point correlation function which is the the probability of finding
signal (structure) at two points within a distance |x − x′ | of each other divided
by the mean density6 :


δρ(x) δρ(x′ )
ξ( x − x′ ) =
,
(4.31)
ρ
ρ
In principle one wants to measure the distribution of the total mass but this
is not exactly an easy task. For instance galaxy-counts and galaxy clustercounts give us the distribution of luminous baryonic matter. When using these
observations to infer the total matter power spectrum one assumes that the
dark matter and the baryonic matter must be distributed in the same way.
The bias introduced by such an assumption could easily be of the order of the
neutrino mass.
To work around the problem one can turn to other probes of structure. For
instance by including Lyman α cloud measurements (which basically consists
of using the Lyman α absorbtion lines in quasar spectra to reconstruct the distribution of interstellar gas along the line of sight to the quasar) one gets much
tighter constraints on the neutrino mass. But unfortunately these measurements are not well-understood and including them uncritically might introduce
significant systematic errors. Another possibility is the inclusion of CMB data,
seeing as the anisotropies contain information about the gravitational potential
6

However, in cosmology it is more common to work in frequency-space using the Fourier
transforms of the distributions of interest. The Fourier transform of the correlation function
is called the power spectrum.
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at the time of recombination. Even with these additional data there are still
late-time galaxy biases to account for, such as the detailed formation history of
the galaxies we observe and the uncertainties in determining precise distances
due to peculiar galaxy velocities.
High hopes are being placed in up-coming weak lensing measurements, because this would supply us with a direct measurement of the gravitational field
and thus the total matter power spectrum. Further, one will be able to sort
observations of lensed objects in redshift bins. Using this tomography approach
one can effectively probe the history of structure formation, thus allowing us
to separate time-dependent structure-suppressing effects (such as neutrino freestreaming) from constant ones (like dark energy).
The power spectrum can thus be reconstructed from measurements, but it is
not of much use to us unless we have some understanding of the theory behind
the structure formation. The evolution of the distribution of a given type of
particles can again be expressed as a Boltzmann equation [55]:
df
= C[f ].
dt

(4.32)

Here C[f ] is the collision term describing all manner of interactions that might
change the distribution of the particles. Often one works only with the collisionless Boltzmann equation, because no interactions to speak of take place. It
is convenient to use the following perturbed version of the Robertson Walker
metric, written in conformal Newtonian gauge where dτ = a(t)dt :
ds2 = −a2 (1 + 2ψ(x, t))dτ 2 + a2 (1 − 2φ(x, t))dx2 ,

(4.33)

The (small) perturbations, ψ and φ, are with respect to the newtonian potential
and the spatial curvature. Following Ma and Bertschinger [66], the collisionless
Boltzmann equation for neutrinos can then be written:
df
∂f
∂f dxi ∂f dq
∂f dni
=
+ i
+
+
= 0,
dτ
∂τ
∂x dτ
∂q dτ
∂ni dτ

(4.34)

where q = ap, ni is the number density of neutrino mass state i and f could be
a Fermi-Dirac distribution expanded to first order:

f

1

,
+1


∂f0
δT d ln f0
δT = f0 1 −
= f0 +
= f0 (1 + Ψ0 ).
∂T
T d ln q

f0 (q) =

eq/T

(4.35)
(4.36)

The evolution of the initial density perturbations, Ψ0 , can be described with a
transfer function, T (k, q, z):
Ψ(k, q, z) = T (k, q, z)Ψ0 (k, q)

(4.37)

These perturbations, Ψ, can be expanded in e.g. a Legendre series with each
term adding additional complexity to the behavior of the particles in the presence of ψ and φ. However, this approach is still a linear perturbation theory
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and thereby only applicable up to a certain point at which gravity is no longer
a small perturbation – i.e. the non-linear regime.
In order to predict the spectrum of perturbations we observe today at nonlinear scales, one mostly uses numerical N-body simulations which may contain
cold dark matter, baryons, photons, and as a recent development also neutrinos7 . Such simulations are a valuable tool for our understanding of the late-time
evolution of the Universe and the effect of neutrinos. It should be noted, however, that there are also attempts at doing the full higher-order perturbation
theory calculation which can then be compared with the numerical results for
the non-linear regime [68–70].

4.5

Supernovae

No summary of the role of neutrinos in astrophysics would be complete without
mentioning supernovae, since 99% of the energy emission of these explosions is
in neutrinos. Quantitatively, core-collapse supernovae typically release around
1046 J/s in neutrinos, corresponding to the total luminosity of all the visible
Universe. However, because neutrinos only participate in weak interactions, the
famous 1987A supernova in the Large Magellanic Cloud is the only supernova
observed by neutrino detectors. It is simultaneously the only detected neutrino
source outside the Solar system. The event provided merely 24 neutrino events,
but this was sufficient information to enable the confirmation of many overall
theoretical aspects of supernova and neutrino physics. Since then detector
technology has developed tremendously and a new galactic supernova would be
able to supply us with a µs -resolution light curve [71]. This would provide
a wealth of information on the phases of the collapse, the neutrino transport
in an extremely dense medium, convection and shock formation in the plasma,
and the possible formation of a black hole remnant.
As it turns out, supernovae come in several types depending on the absorption lines of their spectra. From the point of view of neutrino physics,
core-collapse supernovae are by far the most interesting. However, it should be
noted that type Ia supernovae explode by a completely different mechanism.
These events occur in binary star systems in which one star becomes a white
dwarf and the second typically develops into a red giant. The larger star then
spills matter onto the white dwarf whose mass will eventually be very close to
the Chandrasekhar mass limit: mch = 1.4M⊙ . The infalling material leads to
a compressional heating of the core of the white dwarf. But because the star
is supported against gravitational collapse by electron degeneracy pressure, instead of thermal pressure, the white dwarf cannot cool down by simply expanding. As the mass becomes very close to mch the temperature will eventually
be so high that it leads to an explosive fusion process. This runaway process,
that we detect as a supernova, completely disintegrates the white dwarf. Type
Ia supernovae are widely used as standard candles – seeing as they all have the
7

Including all of these particle-types at once would require enormous computing time.
Typically the simulations contain e.g. CDM and baryons or neutrinos and ignore the remaining
particle species, which is a quite good approximation [67].
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same peak luminosity because they originate from 1.4M⊙ progenitors – and can
thus be used to measure the expansion rate of the Universe.
As for core-collapse supernovae the explosion mechanism is currently not
fully understood, and the computing power to include all degrees of freedom in
the system is not yet available. But it is clear that neutrinos play a large part
both in making the star explode and in the subsequent nucleosynthesis. The
overall development can be explained with the six phases of Figure 4.5 showing
the hydrodynamics (top left) and particle physics (bottom right) development
as the star collapses [72].
Fusion in the progenitor star stops once Fe and Ni has been synthesized.
Seeing as these nuclei have the highest known nuclear binding energies, no
further energy can be gained from fusion processes. Without the radiation
pressure, the core of the star will start collapsing due to gravitational pull. The
first panel of Figure 4.5 shows how this is accompanied by electron capture on
the Fe and Ni nuclei of the core. This (and subdominant β-decay processes)
is responsible for the onset of neutrino emission, carrying away some of the
collapse energy. The electron capture meanwhile reduce the lepton-to-baryon
number, Ye , and the thereby associated degeneracy pressure, speeding up the
collapse in the process.
The second panel of Figure 4.5 illustrates the initialization of neutrino trapping in the inner core, once the density there is so high that scatterings on the
nuclei make the diffusion time of the neutrinos larger than the collapse time.
As shown in the middle left panel, the core eventually reaches nuclear densities
of ρcore ∼ 1014 g/cm3 . Because nuclear material has very low compressibility
the infalling matter is abruptly slowed down and reaccelerated outwards in the
socalled bounce. The middle right panel of Figure 4.5 shows how most of the
energy in the propagating shock front goes into the dissociation of nuclei into
free protons and neutrons. The electron capture can now speed up further,
since a large fraction of neutron-rich nuclei have been dissociated into free protons (and neutrons). This produces an enormous burst of neutrinos and carries
away even more energy.
Simulations show, however, that this bounce and neutrino burst is not
enough to make the star explode. Instead the shock stagnates as shown in
the middle right panel. Eventually convective processes take over in the outer
layers of the star – a mechanism dubbed the Standing Accretion Shock Instability (SASI). Meanwhile, the material underneath the accretion shock keeps
falling inwards, forming ever more neutron rich material – that is, the protoneutron star and the trapped neutrinos deposit much of their energy in the
core material through scatterings, which is converted into neutrino pair production (creating all flavors). When the neutrinos are eventually able to escape
the core, they carry most of the remaining gravitational energy of the collapse
and deposit it in the layer between the core and the shock-front. Finally, this
heated intermediate layer can revive the shock front and lead to the explosion
of the star. During this period, the aptly named explosive nucleosynthesis takes
place, producing all the well-known heavy elements of the periodic table. This
is a very complicated process in itself and beyond the scope of this chapter.
However, it should be noted that the final abundances will depend somewhat
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on the properties of the strong neutrino wind, as well as on the nuclear physics
details [73].
The neutrino flux from supernovae is normally split into components νe ,
ν e , νx and ν x , because the νµ,τ components can basically be treated as one.
Different admixtures of neutrinos are emitted at different times after the beginning of the collapse. The fluxes differ mostly during the initial stages and
is especially dominated by νe during the prompt burst stage. However, current
detectors are designed to see primarily ν e trough the inverse β + -decay with
protons. In Ref. [71] it is estimated that the SuperKamiokande detector would
only be able to see ten νe events through scattering reactions even from a nearby
(∼10 kpc) Supernova. Eventually νx , ν x and ν e fluxes will turn on, and during
the accretion and cooling phases the luminosity of each species is almost fully
equilibrated.
The extreme conditions experienced by supernova neutrinos provide an excellent testing ground for theoretical neutrino physics. In particular two different matter effects: First, the neutrinos of supernovae all travel through a
medium in which the densities vary enormously from the core to the envelope.
Therefore one expects MSW resonances for both mass-squared differences. The
solar mass driven resonance happens in the relatively low density part of the
star, while another atmospheric mass resonance is expected to take place at
much higher densities. Seeing as the latter resonance happens for neutrinos in
the normal hierarchy scenario and for anti-neutrinos in the inverse hierarchy,
the observation of this effect in νe or ν e would then clearly indicate the physical mass hierarchy. Additionally, the value of the unknown θ13 mixing angle
determines if the resonance is adiabatic or not. Secondly, the neutrino density
in and just above the core region is so high that neutrinos provide a separate
matter effect themselves. This collective neutrino oscillation effect will be dominant until ne & nν , when the normal MSW effect takes over. The signature of
neutrino-neutrino interactions is, however, quite different from the MSW effect.
The reaction in question is the following:
νe + ν e ↔ νx + ν x .

(4.38)

If matter effects can be neglected these self-oscillations leads to swapping of ν e
and νx as well as νe and νx . The effect happens at a distinct energy, Esplit , given
by the the condition of flavor flux conservation ∆|Fνe − Fν e | = 0. An example
from [71] can be seen in Figure 4.6, constructed with the following luminosity
characteristics:
(4.39)
Lν x = Lν x < Lν e = Lν e ,
and mean energies:
hEνe i = 10MeV

hEν e i = 14MeV

hEνx i = hEν x i = 18MeV.

(4.40)

In the neutrino sector the conversion and split effect is very clear. In the antineutrino sector the split happens at a lower energy (E ∼ 2 MeV) producing an
almost complete swap of the fluxes. One can imagine many different scenarios
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and include several splits and swaps – after all this is still theoretical estimations, and the physics community is still waiting for real data from the next
nearby supernova.
It is, however, important to remember that these effects are later modified
by matter effects as well as the exact density profile and the hydrodynamics
happening in the material. Luckily, collective neutrino oscillations generally
occur most prominently in the cooling phase when the spectral differences are
not particularly large (the fluxes are almost equilibrated), making them easier to
observe. The neutrino spectra are thus modified in several ways as they escape
the supernova and this produces different responses in Earthbound detectors.
Depending on the detector response and given a large enough value of θ13
and knowledge of the mass hierarchy, one can infer the presence or absence of
collective oscillations. Conversely, if θ13 is very small, the mass hierarchy can
most likely not be determined in the laboratory. In this case the presence or
absence of a supernova signal could determine whether the hierarchy is normal
or inverted. As mentioned in chapter 1 and Reference [13], the newest results
from T2K strongly indicate that θ13 & 5◦ .

4.5. Supernovae

65

Figure 4.5: An illustration of a core-collapse supernova. The upper left half of
each panel shows the hydrodynamic state of the star, and the lower right half
depicts the relevant particle and nuclear physics. Times and core densities can
be read off the panels along with radii for the iron core, RF e , the neutrino sphere,
Rν , the shock front, Rs , the neutron star, Rns , and the so-called gain radius,
Rg . The latter is the radius at which neutrino heating equals neutrino cooling.
Mch = 1.4M⊙ is the Chandrasekhar mass. This figure is taken from [73].
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Figure 4.6: A simple illustration of the spectral swap due to collective neutrino oscillations in the neutrino and anti-neutrino sector. Further details are
explained in the text. The figure is taken from [71].

Part II

My Work
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5
Remarks
This half of my thesis, entitled ’My Work’, contains the two main papers that I
have worked on during my PhD as well as my project on relic neutrinos, which
is the only part of the thesis not directly related to KATRIN and the only part
that really deals with neutrinos in cosmology.
However, for reasons of coherency, other topics that I have worked on have
not been included here. The largest single part of my work that is not in this
thesis relates to the quite technical task of deconvoluting KATRIN’s experimental energy loss function. The goal of the deconvolution gymnastics is to
reduce the systematic uncertainty on the neutrino mass stemming from our
lack of knowledge of this energy loss function. Work had already been done
on this topic by Irina Wolff, who investigated three different approaches in her
Diploma thesis [3]. Together with Volker Hannen and Christopher Kranz I tried
to improve the Singular Value Decomposition (SVD) and Biconjugate Gradient
(BiCG) with filtering -methods. I eventually reached a result of 0.0013±0.00075
eV2 for the systematic uncertainty on the neutrino mass. This is well below
the allowed 0.0075 eV2 (see the KATRIN design report [46]). I used a four-fold
SVD method and a weighted evaluation of the relative importance of the energy
loss on the neutrino mass. This part of my work for the KATRIN collaboration
was very much focussed on technical improvements for future analysis and has
little to do with actual neutrino physics. Although this kind of work is equally
important to reach the final goal of determining the neutrino mass, I wanted
this thesis to be about neutrino physics mainly. And so I leave the discussion
of the findings we did to the Diploma thesis of Christopher Kranz [4].
As mentioned in the abstract, the papers I have included contains first a
discussion of the merits of using bayesian statistics when analyzing KATRIN
data. Both in the so-called KATRINstandard analysis and in the case of nonstandard physics. The second paper, chronologically, is the first paper I had
published, and is a thorough analysis of KATRIN’s discovery potential for sterile
neutrino mass states. And finally I have included a small project on relic
neutrino detection, which produced only negative results, but provided a very
69
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interesting process for discussion of neutrino physics topics outside the realm
of the KATRIN collaboration.
Enjoy!

6
Paper No. 1
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The KATRIN (KArlsruhe TRItium Neutrino) experiment will be analyzing the tritium betaspectrum to determine the mass of the neutrino with a sensitivity of 0.2 eV (90% C.L.). This
approach to a measurement of the absolute value of the neutrino mass relies only on the principle of
energy conservation and can in some sense be called model-independent as compared to cosmology
and neutrino-less double beta decay.
However by model independent we only mean in case of the minimal extension of the standard
model. One should therefore also analyse the data for non-standard couplings to e.g. righthanded
or sterile neutrinos. As an alternative to the frequentist minimization methods used in the analysis
of the earlier experiments in Mainz and Troitsk we have been investigating Markov Chain Monte
Carlo (MCMC) methods which are very well suited for probing multi-parameter spaces. We found
that implementing the KATRIN χ2 - function in the COSMOMC package - an MCMC code using
Bayesian parameter inference - solved the task at hand very nicely.

I.

INTRODUCTION

The Karlsruhe Tritium Neutrino Experiment
KATRIN [1, 2] will be the ﬁrst beta decay experiment attempting to measure the electron
neutrino mass with sub-eV precision. Presently
the experiment is commissioned to start datataking in 2013/14 and has a projected sensitivity of 0.2 eV (90% C.L.) to the neutrino mass.
KATRIN is the successor of the experiments
in Mainz [3] and Troitsk [4] and will be using
some of the same techniques as those. For additional technical details about KATRIN see e.g.
[1, 2, 5].
Strictly speaking when measuring the ’electron’ neutrino mass with β-decay spectra, what
we get is the socalled kinematic neutrino mass.
That is, the incoherent sum of neutrino mass
eigenvalues weighted by the appropriate entries

in the lepton mixing matrix:
m2 (νe ) =

n


2
|Uei
|m2i .

(1)

i=0

However, because the mass diﬀerences between the active neutrino mass states are known
to be smaller than KATRINs sensitivity the
experiment can eﬀectively only see one mass
state (the mass squared diﬀerences are Δm212 =
8 × 10−5 eV2 and Δm223 = |2.6 × 10−3 | eV2 ,
respectively [6]). This mass state is sometimes
called the ’electron’ neutrino mass, but in principle the tritium beta-spectrum could contain
the signatures of more than one mass state or
of couplings to other particles entirely. In order
to be called truly model independent KATRIN’s
ﬁnal data should be analyzed also for alternative scenarios - beyond the minimal extension
of the standard model.
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Performing an analysis for non-standard couplings to the electron neutrino adds more parameter space to the χ2 -function of the experiment. One should therefore consider how an
extended analysis should be performed on the
KATRIN output in order to get reliable results.
We present here one approach which seems to
give several advantages over the standard frequentist analysis that has been used so far. In
section 2 we describe our analysis methods before presenting results for a number of cases in
section 3. Finally we give some concluding remarks in the last section.

II.

A.

and analysis code for KATRIN-like experiments
[2]. This code has previously been used to forecast the experiment’s sensitivity to the neutrino
mass [7].
Because KATRIN has an integrating spectrometer (a consequence of the MAC-E (Magnetic Adiabatic Collimation with Electrostatic)
ﬁlter technique) the beta-spectrum must be
written as an integral over the electron energy
- see Eq. (3). Here U is the retarding potential
of the spectrometer, Ntot is the total number
of tritium nuclei in the source, tU is the measurement time allotted for a given value of the
retarding potential and fres is the experimental
response function (which in turn is a combination of the electron energy loss function of the
tritium source and the transmission function of
dN
the spectrometer). dEβe is the theoretical beta
spectrum rate folded with the electronic ﬁnal
state distribution of molecular tritium.
A retarding voltage-independent background
rate of B0 is now added to Eq. (3):

METHODS: FREQUENTIST AND
BAYESIAN ANALYSIS TOOLS
The principles of Mainz and KATRIN
data-analysis

Let us begin by summarising the procedures
for production and analysis of KATRIN spectra as performed by a toy model Monte Carlo

N b = B 0 · tU .



E0

dNβ
(E0 , m2νe ) · fres (Ee , qU )dEe .
dEe
0
Nexp (qU ) = Ns (qU, E0,0 , m2νe ,0 ) + Nb + Rnd (Gauss(σ, μ)) .

Ns (qU, E0 , m2νe )

= Ntot · tU

Nf it (qU, A, B, E0 , m2νe ) = A ·
χ2 (A, B, E0 , m2νe ) =

Ns (qU, E0 , m2νe )
A0

+B·

Nb
.
B0

  Nexp (qUi ) − Nf it (qUi , A, B, E0 , m2ν ) 2
e
.
σ(qU
)
i
i

This gives us the following theoretical expression for a KATRIN-like spectrum:

(2)

(3)
(4)
(5)
(6)

Nth (qU, E0 , m2νe ) = Ns (qU, E0 , m2νe ) + Nb . (7)

cal expression is then added a random component
√ from a gaussian distribution with σ(qUi ) =
Ns + Nb and μ(qUi ) = Ns + Nb . These ’experimental’ spectra are described by Eq. (4).

Individual spectra (to resemble the real measurements) are built using initial parameters
m2νe ,0 and E0,0 for the neutrino mass squared
endpoint energy, respectively. To the theoreti-

When we want to ﬁt our randomized betaspectra we have to account for statistical ﬂuctuations by allowing the overall amplitude A of
the signal as well as the background rate B to

A The principles of Mainz and KATRIN data-analysis
vary against the theoretical amplitude A0 and
background rate B0 . In addition, we allow the
neutrino mass squared m2νe as well as the endpoint energy E0 to deviate from the initial parameters of the simulation m2νe ,0 and E0,0 . This
is expressed in Eq. (5)
Combining Eq.’s (4) and (5) we ﬁnally get
KATRIN’s χ2 -function [2] – see Eq. (6)
The analysis of the simulated data can be
performed with Minuit2 which is imbedded in
the ROOT-package. This procedure performs
a minimization of the χ2 -function using CombinedMinimizer. CombinedMinimizer in turn
uses either an evaluation of the covariance matrix or a simplex method to ﬁnd the best minimum of the χ2 -function in the parameter space
[8]. One can now do a standard frequentist
analysis to ﬁnd the statistical uncertainty on
e.g. the neutrino mass by producing a suitable
amount of Monte Carlo spectra, performing the
minimization for each of them and ﬁnally inspecting the resulting histograms. An example
is shown in Figure 1 for 12860 spectra produced
with mν = 0.0 eV.
This minimization approach works just ﬁne
for the four well-known free parameters used
in a standard KATRIN analysis – see Table I
However as previously indicated the minimization approach has a number of drawbacks. For
one thing it does not give any information on
multiple minima, and it is not well suited for
ﬁnding shallow minima. Furthermore extracting detailed information on correlated parameters is pretty laborious.
These problems can of course be addressed in
a frequentist context. For one thing, Minuit2
oﬀers several diﬀerent minimization tools and
programmes could easily be written to produce
2D likelihoods etc. that could be inspected in order to see parameter correlations and multiple
minima. However as as we add more parameters the minimization procedure often becomes
problematic and rather slow. We have therefore
investigated the bayesian approach described in
the next section for the following reasons:
• We need not assume any shape of the parameter distributions, and can for instance
easily handle non-gaussian parameters.
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• COSMOMC is designed to do parameter
estimation in cosmology using many large
datasets. The code therefore routinely handles 12 or more parameter dimensions and
we do not have to worry that the analysis
becomes unmanageably slow if we wish to
include non-standard physics in the analysis.
• By using COSMOMC [9], which is a free and
publicly available code, we can take advantage of the automatically produced MATLAB ﬁles to inspect a graphic representation
of the 2D likelihood contours. We even get
the best ﬁt values and standard deviations
as output. Put diﬀerently, we do not need to
write much additional code in order to get
the analysis advantages we were looking for.
To be clear, there are no fundamental problems in doing a frequentist analysis on KATRIN
datasets, especially since the number of free parameters is reasonably small in the standard
analysis. However, we believe the task can be
done in a faster and more elegant fashion using
COSMOMC.

B.

Bayesian parameter inference with
COSMOMC

The key ingredient in COSMOMC is the
Markov Chain Monte Carlo (MCMC) and
bayesian inference techniques. As mentioned,
the programme is built with the intention of inferring cosmological parameter values and comparing cosmological models using large cosmological datasets (such as CMB data from
WMAP and supernova surveys). But in principle COSMOMC can analyse whatever dataset
the user provides – the cosmology can simply
be ’turned oﬀ’ if it is irrelevant. Note also that
our purpose here is not model comparison, but
purely parameter inference. We can then compare the best ﬁt value and statistical error from
our method with the results of a typical frequentist analysis without further concerns that
quantities such as goodness of ﬁt (i.e. the absolute best ﬁt χ2 ) does not have a simple interpretation in Bayesian analysis.

B
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Figure 1: (Color online) An example histogram depicting the neutrino mass-squared values from
minimizations of 12860 beta-spectra for a KATRIN-like parameter set and an assumed value for the
neutrino mass of mνe = 0 measured with an optimized time distribution over the last 25 eV of the
beta-spectrum, e.g. compare to [7]. The histogram has been ﬁtted with a gauss function and the results of
this analysis were m2νe = −9.184 · 10−5 and σ(m2νe ) = 0.01591 with χ2 /ndf = 1.0033

COSMOMC uses a bayesian statistics approach to the analysis. When doing socalled
bayesian parameter inference one is interested
in knowing the posterior probability, P (θ|D, M )
- the probability of the parameters, θ, given
the data D and the model M . The ’inverse’ question is for the probability of the
data, D, given the parameters and the model,
P (D|θ, M ) - this is simply the likelihood function. With these two probabilities and the well-

known Bayes theorem,
P (A ∧ B) = P (A) · P (B|A) = P (B) · P (A|B),
(8)
one can write an expression for the posterior
probability:
P (θ|D, M ) =

L(D|θ, M ) · π(θ|M )
.
ε(D|M )

(9)

Here L is the likelihood - which can be eas-
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ily derived from the χ2 -function1 . The posterior probability is thus proportional to the likelihood.
Meanwhile π(θ|M ) is the socalled prior probability sometimes referred to as the subjective
input - it is what we believe we know from theory before even taking the data into account.
Correspondingly this probability has no dependence on the data. Note that we have been
using ﬂat priors on all input parameters in this
paper. This is a quite typical way of stating that
we do not have any prior knowledge of the parameters in question, however, in the case of the
neutrino mass the choice was intentional and
built on the investigations by Høst et al. [10].
This paper showed the best agreement between
frequentist and bayesian methods – on the best
ﬁt value for m2ν for mν ∼ 0 eV – when a ﬂat
prior on the mass squared was used.
Finally ε(D|M ), the evidence, is in eﬀect
only a parameter-independent normalization
constant 2 [11].
When we want to know best-ﬁt values and
conﬁdence levels of speciﬁc parameters we can
then simply integrate over all the remaining
(nuisance) parameters. This is called marginalization and the output is called the marginalized
probability for the parameter of interest.
In addition to this rather convenient production of parameter probability distributions,
from the bayesian inference approach, COSMOMC gives us another great advantage by using a Markov Chain Monte Carlo (MCMC) to
probe the parameter space. This will provide a
very thorough and easy to inspect mapping of
the parameter space of interest.
The purpose of the MCMC is to probe the
whole parameter space in a randomized manner.
To achieve this one implements the Metropolis
Hastings algorithm [12] consisting of three main
steps:

1
2

The likelihood function L is connected to the χ2 function as in the following way: L = exp(−χ2 /2).
However, it can be important in some contexts, e.g.
in comparing two qualitatively diﬀerent models
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• Firstly an initial point, θ0 is chosen.
• Secondly a step is proposed in some random
direction, after which the new point is evaluated: P (θi +θp ). Here θi means the iterative
point, and θp is the proposed addition taken
from some proposal density.
• Finally the procedure decides whether or
not to take the step. The point θi + θp is
accepted if the posterior probability is improved. That is if
P (θi + θp )
≥ 1.
P (θi )

(10)

If the expression above is ≤ 1 the step is
accepted with some probability r (rejected
with probability 1 − r). In this manner we
generate a set of points {θi }, also called a
Markov Chain. For the number of points,
N , going to inﬁnity we thus have a representation of the posterior probability.
The decision procedure of the Metropolis
Hastings algorithm allows the chain to wander
away from any local minima and thus potentially discover other minima (to a degree determined by the value of r3 ). On the other hand it
also guarantees that the parameter space near
the minima is very well probed. Furthermore
one can perform the analysis on a combination
of multiple chains - all started at random positions - and get an even better picture of the
behavior of the diﬀerent parameters in the allowed intervals. To get rid of un-physical eﬀects
from the random starting points one normally
allows for a burn-in – i.e. the ﬁrst part of the
Markov Chain is removed. In our case the burnin is 50% of the sample size.
Before running the programme one must
carefully choose stepsizes and parameter ranges.
Several settings in both the COSMOMC programme as such and in the parameter ﬁles can
be tweaked to ﬁt ones purpose.

3

2

In our case r is deﬁned as eΔχ
T = 1.

/2T ,

with temperature,
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Unfortunately it is in principle not possible
to determine in any absolute terms whether or
not a speciﬁc chain has converged [12], but various convergence diagnostics have been developed. For instance when analyzing multiple
chains a convergence parameter, R, deﬁned as
the variance of the chain means divided by the
mean of the chain variances, can be evaluated.
If 1 − R is less than some chosen small number
(in our case 0.03) this information is interpreted
as good convergence.
When COSMOMC has generated the chains
we need, the data analysis is performed giving
us best-ﬁt values and standard deviations for all
the parameters.
Additionally COSMOMC produces a number
of useful MATLAB-ﬁles which can be used to
produce 1D and 2D plots of the marginalized
distributions. Inspecting this graphical output
allows us to determine if the chains have really
converged, whether there are multiple minima
and perhaps most importantly it shows parameter correlations right away4.
If we go through all of this for say a single Monte Carlo generated beta spectrum we
get all the nice advantages mentioned above.
But the analysis of that one spectrum would
take many hours as compared to minutes or seconds with the Minuit2 procedure and we would
mostly just have achieved a much slower evaluation of the best ﬁt values for that particular
spectrum. However if we in stead use the theoretical beta-spectrum5 as our input data - but
with Monte Carlo generated errorbars - our best
ﬁt values and standard deviations from COSMOMC should correspond to the results of the
frequentist approach of building histograms for

4

5

In fact COSMOMC – or rather GetDist – produces a
multitude of diagnostics ﬁles in addition to the graphical output. More information on these can be found
on the COSMOMC homepage [9]. In addition, it is
fairly easy to edit the Getdist programme to produce
output ﬁles that ﬁts ones purpose
The theoretical input values should represent the average of inﬁnitely many measurements or Monte Carlo
realizations – see also [13]
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a very large (going to inﬁnity) number of measurements.
To recap we implemented our χ2 -function
for KATRIN-like experiments in COSMOMC
and simply turned oﬀ cosmology. As data-set
we have used the theoretical spectra - for
any given model - with the Monte Carlo
generated errorbars of the original code. The
results will be discussed in the following section.

III.
A.

RESULTS

The minimal model

As a ﬁrst test of our methods we have attempted to reproduce the KATRIN sensitivity.
We thus generated a tritium beta-spectrum using as input so far only four parameters: The
electron neutrino mass squared m2νe ,0 , the endpoint of the beta-spectrum E0,0 6 , the background count rate B0 and the signal count rate
near the beta-spectrum endpoint, A0 - see eq.
(7).
The input signal count rate can be calculated
as a combination of the column density of the
source and the magnetic ﬁelds and cross sections of the spectrometer and source. In our
case the count rate near the endpoint E0 is included in the analysis code via an amplitude
factor A0 as in eq. (5). The exact deﬁnition
and full calculation of this factor A0 is included
in Appendix A of reference [14]. Given KATRIN’s experimental settings the amplitude has
the value A0 = 477.5 Hz.
We would like to remark, that the value of
the endpoint energy E0 needs to be treated as
a free parameter to produce realistic ﬁts with
respect to ﬁtting of m2νe . Up to now the 3 He - 3 H
mass diﬀerence is known from precision Penning
trap experiments with 1.2 eV precision [15], but
already the ﬁts of the experiments at Mainz [3]

6

To suppress the number of digits, we rather plot and
write its deviation from 18575 eV - i.e. ΔE0
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Parameter unit typical input value
m2νe ,0
ΔE0,0
B0
A0

2

eV
eV
Hz
Hz

0.0 - 1.0
0.0
0.01
477.5

Table I: KATRIN standard analysis parameters.
Please note, that we show and plot the deviation
of the value of the endpoint of the beta-spectrum
from the theoretically expected value:
E0 = 18575 eV.

and Troitsk [4] would have needed a much more
precise input value to justify keeping E0 ﬁxed
in the ﬁt. The values of our free parameters
and the are listed in Table I.
The COSMOMC results for a theoretical
spectrum with mνe ,0 = 0.0 eV are presented
in Figure 2. Clearly the chains have converged
nicely in this case and the parameters seem wellconstrained. The output values of our analysis
are
m2νe = (−0.41 · 10−5 ± 0.013) eV2
ΔE0 = (0.87 · 10−5 ± 0.22 · 10−2 ) eV
B = (1.00 · 10−2 ± 0.15 · 10−4 ) Hz
A = (477.0 ± 0.16) Hz.
We note that our analysis gives a statistical
error on the neutrino mass squared of 0.013 eV2 ,
but the statistical uncertainty from the frequentist analysis shown in Figure 1 is 0.016 eV2 and
thus ≈ 23% larger than our bayesian result 7 .
However, the procedure with which we ﬁnd
the standard deviations of the parameters

7

One can calculate KATRINs sensitivity to the electron neutrino mass at 90% C.L. using the following
equation (and assuming gaussianity):L =


2
2 (m2 ). Here σ 2 (m2 ) = σ 2
1.64 σtot
ν
ν
tot
stat + σsys ,

and KATRIN’s systematic error on the neutrino mass
squared is the 0.017 eV2 quoted in [2]. The bayesian
2
= 0.013 eV2 and a sensitivity of
analysis gives σstat
0.19 eV (90% C.L.) on the electron neutrino mass.

(through a marginalization over nuisance parameters) is very diﬀerent from a frequentist
approach and in general one would not expect
the two methods to return the same uncertainties. A small comparison of the statistical errorbar for 11 diﬀerent values of the neutrino mass
in a frequentist and a bayesian analysis – see
Table II – shows us that in this case one gets
a systematically higher value of the statistical
uncertainty when using frequentist methods for
the calculation. We checked that this is not
caused by any problems in the code, seeing as
the two approaches agree on the χ2 -value. By
inspecting the likelihood contours of Figure 2 we
can alse see that the smaller bayesian statistical
uncertainty is not caused by any cut-oﬀ eﬀects
on the prior (the likelihoods have all converged
within the relevant parameter interval). So even
with almost normal distributions we must conclude that we do not get the same uncertainties,
and that this is quite simply down to using two
diﬀerent statistical approaches.
We do however get the correct output values
and the right trend in the behavior of σstat (m2ν )
as demonstrated in Table II. In conclusion the
COSMOMC approach seems to produce robust
results.

B.

Sensitivity plot

As a ﬁrst application of our bayesian analysis formalism we have built a sensitivity plot for
KATRIN-like experiments. Or rather an illustration of the behavior of the statistical uncertainty on the neutrino mass squared as a function of key experimental settings.
The sensitivity to the electron neutrino mass
of a KATRIN-like experiment depends on the
signal strength, the background count rate and
the energy resolution of the experiment. Given
the fairly well understood eﬀect of the background on the sensitivity we investigate only the
eﬀect of the the signal strength and the energy
resolution - the speciﬁc values used are listed in
Tables III and IV.
Additionally we include an optimization of
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Figure 2: (Color online) A one-neutrino analysis with input mass mνe ,0 = 0.0 eV. In the COSMOMC
output the contours (dotted lines) mark the likelihood function in the 2D (1D) -distributions. The
shading (full lines) marks the number of times the MCMC procedure has probed a speciﬁc area of the
parameter space. The results have converged nicely and gives m2ν = −0.41 · 10−5 ± 0.013 eV.

the measurement time distribution for each of
our KATRIN-like experiments (as speciﬁed by
their amplitude and energy resolution). This
optimization has in fact a great deal of inﬂuence on the reachable sensitivity of such an experiment. Currently KATRIN is projected to
have a runtime of three years but because of
experimental stability issues the measurements
are performed as a relatively fast scan over the
electron energies of interest (or rather retard-

ing voltages) of total duration 966 s. The measurement time allotted to each data point, the
tU in eq. 3, has been carefully optimized for
KATRIN’s experimental settings as described
in [2].
The basic structure of the measurement time
distribution can be represented as three segments around the region of the beta spectrum
endpoint.
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mνe [eV]
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
σstat,bay [10−2 eV2 ] 1.31 1.34 1.38 1.39 1.45 1.51 1.53 1.59 1.61 1.66 1.69
σstat,f re [10−2 eV2 ] 1.64 1.70 1.79 1.95 1.88 1.91 1.93 2.04 2.02 2.09 2.21
Table II: The statistical uncertainty on the neutrino mass squared for 11 diﬀerent input values. The
second row has been calculated using the bayesian approach in the COSMOMC analysis, while the third
row has been calculated in the usual frequentist approach assuming a gaussian distribution function.

• Firstly one needs measurements up to about
10 eV above the endpoint of the betaspectrum E0 to determine the correct background.
• Secondly the ’bulk’ region of interest below
the endpoint of the beta-spectrum E0 must
be treated carefully. Eﬀectively this is the
section we optimize.
• Thirdly, previous investigations by the KATRIN collaboration have pointed out that
there exists a region of maximal sensitivity
to the neutrino mass. This region is centered
around the electron energy Ee for which the
signal counts equals 2 times the background
count rates: Ns = 2Nb [16]. Above this narrow region the total count rate is dominated
by background noise. Below it the sensitivity to the neutrino mass drops as one goes
away from the endpoint. Therefore extra
measurement time is devoted to measurements in this interval. Given the projected
KATRIN background count rate of 0.01 Hz
the total count rate of the critical point must
be 0.03 Hz.

Figure 3: (Color online) The black squares
represent the standard KATRIN measurement
time distribution and the red triangles show an
example of a simpliﬁed time distribution with
measurement points separated by 1 eV in the main
block. This particular time distribution contains
only one point in the range: 0.02 Hz <
Nth (qU, E0 , m2νe ) < 0.04 Hz.

As a rule we construct the background-block
of our distribution as 10 points separated by 1
eV each having tU = 60 s. The main block contains a total of 30 points with varied spacing (to
be optimized) and tU = 40 s. Finally 60 s are
added to tU for 0.02 Hz ≤ Nth (U ) ≤ 0.04 Hz.
We ﬁnd that the 40-100-60 block-structure does
a good job of simulating both the structure and
total duration of the measurement time distribution while still being simple enough to manipulate. For the sake of comparison we show
the fully optimized KATRIN measurement time
distribution and one of our simpliﬁed distributions in Figure 3.

To build the sensitivity plot we let a script
evaluate σstat (m2νe ) for the combination of all
energy resolutions given a speciﬁc amplitude.
The evaluation include an optimization of the
measurement time distribution: For the ﬁrst
energy resolution we ﬁnd the best statistical
uncertainty using all the available distributions
(as speciﬁed by their data point intervals in the
main block - see Table V). We then impose a
time saving condition stating that the next energy resolution is allowed only to use the previous best distribution and its closest neighbors.
And so on for the remaining energy resolutions.
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Amplitude [Hz] 2.0 4.0 8.0 16.0 32.0 64.0 125.0 250.0 500.0 1000.0
Table III: Amplitudes investigated in the sensitivity plot presented in Figure 4.
Energy resolution [eV] 0.5 1.0 2.0 4.0
Table IV: investigated in the sensitivity plot presented in Figure 4.

The reason for doing this ’spline’ between energy resolutions and not between amplitudes is
the expectation that the largest sensitivity ﬂuctuations will take place in the amplitude direction.
We present the average of 10 sensitivity plots
as our result in Figure 4 - including points cor-

responding to the statistical uncertainty of the
Mainz [3] and Troitsk [4] experiments. The
Figure shows a clear log-log dependence of
σstat (m2νe ) on the amplitude. The dependence
on the energy resolution on the other hand is
very weak. Making a ﬁt to the plane of the
sensitivity plot gives us:

log10 (σstat (m2νe )) = 0.058 · log10 (δE) − 0.70 · log10 (Amp) + 0.0038.

That is roughly a factor 12 stronger dependency on the amplitude than on the energy
resolution in this ﬁt (with Rf2 it =0.9989). We
should note, that these simulations are done
without considering the corresponding systematics, which would most likely give a stronger
dependence on the energy resolution ΔE.
Further it can be noted that the statistical
uncertainties from the Troitsk and Mainz experiments (respectively 2.5 and 2.2 eV2 - taken
from their ﬁnal results) are somewhat above the
plane. This is as could be expected given the
fact that the plot was built speciﬁcally from a
KATRIN toy model. And as mentioned above
we get systematically lower statistical uncertainties using our bayesian analysis algorithm
than from corresponding frequentist methods.
Finally we noted a tendency in our procedure
to choose large data point separations for the
’optimal’ measurement time distribution. This
eﬀect - a lower statistical uncertainty caused by
analyzing a larger energy interval below the Qvalue - was already demonstrated in Figure 19
of [1]. For our purpose we have kept the system-

(11)

atic uncertainty on the 0.017 eV2 as projected
for the KATRIN experiment [2] and our sensitivity so to speak depends only on the statistical
uncertainty.

C.

Sterile neutrinos

After these initial tests of our COSMOMC
extension we have tried adding further parameters in our routine.
As previously mentioned it is obvious that
KATRIN can not resolve the mass squared differences between the known active states - of
Δm212 = 8 × 10−5 eV2 and Δm223 = |2.6 × 10−3 |
eV2 , respectively. However sterile neutrinos
with mass states in the eV range could in principle mix with ν̄e . Such neutrinos would provide a much better target for direct detection in
beta decay experiments than the active neutrinos which are expected to have sub-eV masses.
Their relatively high mass would allow for an
easy separation from the primary decay signal
in experiments such as KATRIN.
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Data point intervals [eV] 0.1 0.2 0.4 0.8 1.0 1.2 1.4 1.6 1.8 2.0
Table V: The allowed data point intervals used in the main block of our measurement time distributions.
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Figure 4: (Color online) Our ﬁnal sensitivity plot result showing the statistical uncertainty on the
neutrino mass squared as a function of amplitude and energy resolution for a KATRIN-like experiment. It
is very clear from the ﬁgure that σstat (m2νe ) is strongly dependent on the signal count rate (as could be
expected) and to a much lesser degree on the energy resolution, δE. For comparison the ﬁgure also show
the corresponding statistical uncertainties of the Troitsk, Mainz and KATRIN experiments (The
KATRIN-point was calculated with the COSMOMC approach presented here).

Recently the MiniBooNE collaboration conﬁrmed their ﬁndings from 2007 [17] and more
indications of a fourth mass state can be found
in the so-called reactor anomaly [18, 19]. Even
cosmology suggests an eﬀective number of neutrino species slightly larger than three [21? –
23]. We have therefore performed a more thorough investigation of the possible detection potential for sterile neutrinos by KATRIN-like ex-

periments. For the total results see [14] and
references therein.
Here we will present only our main results
for eﬀectively a 1+1 (active + sterile) neutrino
scenario. We can justify having only one active
neutrino by the known mass squared diﬀerences.
We kept the active neutrino massless and performed the analysis for a broad range of sterile
neutrino masses. For KATRINs standard set-
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σ discovery potential for sterile neutrino

tings (see Table I) we get the result presented
in Figure 5:

We found that KATRIN should be able to
perform a 3σ detection of any of the heavy mass
states we used as long as |Ues |2  0.055. Likewise, Correspondingly a 1σ detection is achievable for |Ues |2  0.018.
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Figure 5: (Color online) The upper ﬁgure shows
the sigma detection potential of the massive sterile
neutrino for the standard KATRIN-like settings,
while the lower shows the corresponding statistical
deviation (in eV2 ) on the massless neutrino. The
x- and y-axis depicts the logarithm of the sterile
mass squared and the mixing weight. The red
mesh illustrates the 3σ level and the standard
one-neutrino statistical uncertainty of around
0.013 eV2 respectively (for this analysis method).
As one would expect the mass and the mixing
weight must be rather high in order to get a good
detection of the sterile component.

As a ﬁnal application we take a look at
righthanded currents. We use the notation of
Stephenson et al in [24] and let b parametrise the
strength of the right-handed interaction. We
deﬁne b = ρR cos θR / cos θ, where cos θ is the
mixing angle from the mass eigenstate to the
−0.5
left-handed
current weak eigenstate and cos θR
is the mixing angle from the mass eigenstate
to the corresponding right-handed current weak
eigenstate. Again we assume for simplicity that
the mass of the electron neutrino can be described by one eﬀective mass eigenstate. ρR
is the ratio of the eﬀective strength of interactions mediated by righthanded currents to the
strength of interactions mediated by the wellknown lefthanded weak current. Then the differential beta spectrum is modiﬁed in the following way in the presence of righthanded currents
[24]8 :



dNβ
b mν
2
2
= Eν (Eν − mν ) 1 + 2
.
dEe
1 + b2 Eν
−0.5
(12)
From many data of weak precision experiments reviewed in reference [25] Bonn et al de2b
rive an upper limit on | 1+b
2 | of 0.31 (99.7%
C.L.) [26] translating to |b|  0.16 in our parameterization 9 . It is clear from Eq. 12 that

8

9

Note that the last term is equivalent to 2 times the
similar expression in [26] in the limit of small b. We
wish however to use Eq. 12 retaining the physical
meaning of b, rather than treating the coupling as an
eﬀective parameter
2b
However it is clear that if | 1+b
2 | < 0.31 can also give
the limit |b|  6.3 and obviously the eﬀect of b ∼ 0
and |b|  1 would give very similar spectra using Eq.
12. However b > 1 has no physical meaning cf. our
deﬁnition

D Right handed currents
the mass and the coupling parameter, b, are
strongly correlated. Combined with the well
known correlation between the neutrino mass
squared m2νe and the endpoint energy ΔE0 [5]
this will propagate to an additional b – ΔE0 correlation. Figure 6 shows a COSMOMC output
for all the parameters in a model with input
values b0 = −0.13 and mνe ,0 = 0.4. The input parameter ranges were m2νe ,0 ± 1.5 eV2 and
−2.5 < b0 < 2.5, respectively. We see that even
within these rather large conservative intervals,
which were investigated, neither mνe or b can
be determined well.
As another example Figure 7 shows the behavior of the mνe – b correlation for a range
of masses and b0 = ±0.13. Funnily enough
for small input masses this allows for a better
σstat (m2νe ) than in the purely lefthanded case,
if the right-handed coupling constant b would
be known. We believe this is caused by the
large available phase-space in the b-direction.
This means the likelihood can be made very
narrow around the input-value, while still providing many valid solutions – in other words:
it is a numerical eﬀect. However we also notice that when KATRIN’s sensitivity is reached
the uncertainty on the mass will be determined
again by the experimental limitations and not
by numerical solutions. Therefore the correlation between m2νe and b reappears.
Given these disconcerting initial results we investigated how large an inﬂuence the presence
of righthanded currents might have on the output neutrino mass. We have performed the full
COSMOMC analysis for the parameters given
in Table VI. For b = 0 the analysis was the
standard analysis, i. e. without a b-dimension.
Our main results are presented as a relative bias
compared to the b = 0 -case (with the exclusion
of mνe = 0 in the mass bias, to avoid inﬁnities).
The results are shown in Figures 8 and 9.
Note that we included b=0.19 to create a better
overview of the behavior of m2νe .
The results shows us ﬁrstly that the output
mass values ﬂuctuate rather wildly - and in
some cases deviate my as much as ≈ 80 % from
the input values as shown in the left panel of
Figure 8. And secondly the statistical uncer-
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tainty is up to 5 times larger than in the standard case except in regions where mνe < 0.2 eV
as expected from the discussion above. Turning
to at the output values of the righthanded coupling strength in Figure 9 we get appallingly
bad results especially in the mνe = 0.2 eV region. From the left hand picture of Figure
9 one might get the impression that the output value of b is returned rather nicely for the
larger masses. However as shown in the right
panel of Figure 9 the relative error is still up
to ≈ 60% in some regions. In conclusion we
see from these numerical artifacts that it is extremely diﬃcult to get a good determination
of both the mass and the coupling strength, at
least when using fairly large parameter intervals. Given stronger limits the situation would
no doubt change. But judging from our COSMOMC contours the values in some cases will
be pressed to the largest allowed parameter values even when the intervals are as broad as here.
In other words - tighter parameter values in this
case merely amounts to a manual setting of the
allowed size of the statistical uncertainties.
Next we perform the analysis on the same
spectra without including the righthanded coupling strength to get an idea of the bias imposed on the neutrino mass in the presence
of unaccounted-for righthanded currents. We
present our results in Figure 10
As it turns out we get much better results
when we remove the b-dimension from our COSMOMC setup - this time the bias on the mass
is no larger than around 12 %. We notice however that the statistical error drops steeply for
high masses and coupling strengths. Inspecting
the original COSMOMC likelihood contours we
see that this is because ΔE0 has been pushed
to the edge of the input interval as shown in
Figure 11. This also explains why the bias ﬂips
in the same parameter-range instead of becoming monotonically larger for maximal coupling
strengths. The propagation of the uncertainty
on b into the ΔE0 -dimension is straightforward
from the already discussed correlations between
the b, m2νe and ΔE0 - parameters. Hopefully
the upcoming much more precise 3 H–3 He mass
measurements [27] will be helpful in resolving
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Figure 6: (Color online) A typical COSMOMC output for a model with b0 = −0.13 and mνe ,0 = 0.4 eV.
One clearly sees the correlations between mνe , b and ΔE0 . Despite quite large input parameter ranges for
m2νe and b neither is well constrained.

this issue for the KATRIN experiment.
In conclusion the bias induced on the neutrino
mass is now within acceptable bounds and agree
well with the results found by Bonn et al [26].
Finally it should be noted that an experiment

such as KATRIN can clearly not be used to
put bounds on the size of the righthanded coupling strength at this point. A precise knowledge of the neutrino mass and the tritium betaspectrum endpoint E0 would be have to be pre-
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Figure 7: (Color online) The left ﬁgure shows marginalized COSMOMC 2D likelihood contours and
MCMC data for models with b0 = −0.13 and mνe ,0 ranging from 0.1 eV to 0.9 eV (going from the upper
left corner to the lower right corner). The right ﬁgure has b0 = 0.13 and the same range of input masses.
The correlation between mνe and b only establishes itself when the neutrino mass is larger than KATRINs
sensitivity of 0.2 eV. This allows for smaller σstat (m2νe ) than in the case of b0 = 0 because the
MCMC-routine lets the uncertainty on the mass ﬁll the extra parameter dimension (b).
mνe [eV] 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
b -0.19 -0.16 -0.13 -0.10 -0.07 0.0 0.07 0.10 0.13 0.16 0.19
Table VI: Input neutrino masses and righthanded coupling strengths used to produce Figures

supposed before measurements of the tritium
beta spectrum could be used to determine b.

IV.

CONCLUSIONS

Our attempt at an analysis of simulated KATRIN data with various additional parameters
has shown the following: For the standard case
of analysis with regard to one neutrino mass,
the MCMC approach is certainly well suited and
gives robust results.
The method is very practical when performing analysis for non-standard cases because the
COSMOMC output lets us inspect the behavior of the parameters and their relation to one

another in a straightforward manner. We have
used the method to build a sensitivty-plot for a
KATRIN-like experiment, clearly demonstrating the dominating dependence of the sensitivity on the signal countrate.
Further we have learned that for a suitable
mass-squared diﬀerence an experiment such as
KATRIN should be able to detect the existence
of other neutrino mass states. And ﬁnally we
have re-evaluated the inﬂuence of couplings to
righthanded currents in the tritium beta decay
and found that ignoring this would maximally
induce an error on the neutrino mass of order
10%.
In conclusion we ﬁnd that our bayesian approach to the analysis of the KATRIN experiment is certainly competitive to a frequentist
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Figure 8: (Color online) The left ﬁgure shows the bias on mνe as compared to the case without
righthanded couplings and the right ﬁgure shows the bias on σstat (m2νe ). This analysis includes the
righthanded coupling strength as a free parameter. The bias on the mass is as large as 80% while the
values of σstat (m2νe ) is up to ﬁve times as large as for the standard case (barring the parameter range
below KATRINs sensitivity where the uncertainty on the mass parameter migrates into the b-dimension
in the MCMC).

Figure 9: (Color online) The left ﬁgure shows the bias on b for the full parameter range of Table VI and
the right ﬁgure is an enlarged version of this plot for mνe > 0.5 eV. In the left ﬁgure we see that we get
the output values wrong by more than a factor 10! This is exacerbated at mass values just above the
KATRINs sensitivity once again demonstrating how the uncertainty on these two ill-determined
parameters is redistributed in the parameter space of the Markov Chain. The right ﬁgure shows us that
when we look beyond the much larger errorbars around mνe = 0.2 eV the output values still ﬂuctuate
with errors of order ≈ 60%.

approach and that it has several advantages
over it when using an already well-developed
framework such as COSMOMC.
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Figure 10: (Color online) This ﬁgure shows the same biases as Figure 8 but here the analysis has been
performed (on the same spectra) without the inclusion of the righthanded coupling strength. Clearly the
errors on mνe are much better and for realistic b-values certainly within acceptable ±10%-ranges.
However we note that σstat,m2ν is ≈ 60% better in the high-b, high-m corners of the right-side plot. This
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coincides with a turnover of the bias on the mass in the left-side plot. Figure 11 shows that this behavior
takes place because the ΔE0 parameter is being pushed to the maximally allowed values, which should be
avoided. That is the uncertainty on the mass due to the presence of b is migrating into the third
correlated parameter - the endpoint of the tritium beta spectrum.
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Abstract. A sterile neutrino with mass in the eV range, mixing with ν̄e , is allowed
and possibly even preferred by cosmology and oscillation experiments. If such eVmass neutrinos exist they provide a much better target for direct detection in beta
decay experiments than the active neutrinos which are expected to have sub-eV
masses. Their relatively high mass would allow for an easy separation from the
primary decay signal in experiments such as KATRIN.
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1. Introduction
Currently there is mounting cosmological evidence for an eﬀective number of neutrino
species slightly larger than three [1, 2, 3, 4]. This result will be tested in detail
by the Planck mission, and if conﬁrmed will provide solid evidence for physics
beyond the standard model. Additional sterile neutrino states which are partially or
fully thermalised via their mixing with the active species is perhaps the most likely
candidate for extra relativistic degrees of freedom because thermalisation must occur
well below the QCD phase transition temperature. If not, the density of this extra
radiation is heavily diluted by the entropy release at the phase transition.
Intriguingly, also in oscillation experiments there is some evidence pointing to
the possible existence of sterile neutrinos. The simplest explanation of the LSND
experiment studying ν̄μ → ν̄e ﬂavor conversion [5] requires low mass sterile states
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] (see also [20] for a more complete list
of references).
Very recently, the MiniBooNE experiment has released data from a study of
the same channel which seems to conﬁrm the LSND result. However, no compatible
excess was found in the νμ → νe channel by MiniBooNE. If both results are correct it
would require some source of CP -violation. Recent publications suggest two viable
options; either there are at least two sterile states [21, 22, 23], or one sterile state plus
non-standard charged current -like neutrino interactions (NSI). These interactions
enables a produced (or detected) neutrino to be a linear combination of ﬂavour
eigenstates [24].
In their paper Akhmedov and Schwetz, [24], ﬁnd that the 3+1 (active + sterile
neutrinos) NSI model gives a somewhat nicer ﬁt than the 3+2 scenario mentioned
above. This is especially true when considering global data - which includes the
ﬁndings of disappearance experiments for ν̄e,μ or νe,μ in addition to the data of the
already mentioned appearance experiments with ν̄μ → ν̄e & νμ → νe . However
in the context of beta-decay experiments such as KATRIN [25] (which will be the
topic of this paper) one measures the number of electrons emitted as a function of
their energies. So even though the electron neutrino might become a combination of
ﬂavour eigenstates the electron still has a well-deﬁned energy. Thus, as a consequence
of simple energy conservation, the electron spectrum is only sensitive to the neutrino
mass states and a beta-decay experiment would not be sensitive to the NSI. However,
it should be noted that in the presence of NSI the eﬀective mixing angle appearing
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in the beta spectrum is not the simply Ues , but rather the contribution of the fourth
mass state to the electron neutrino state, as deﬁned in Eq. 2 of Ref. [24].
Considering on the other hand the 3+2 model, the two additional low mass sterile
states might at ﬁrst seem incompatible with cosmological neutrino mass constraints.
But as it turns out the mass bound is actually signiﬁcantly relaxed by the presence
of extra energy density, and it is possible to have sterile states with masses close to
1 eV, compatible with the MiniBooNE result [28, 29, 30].
Very interestingly in both models the sterile neutrinos would have large mixing
with ν̄e such that in nuclear beta decay it might be possible to see direct evidence
for the existence of sterile states. Additionally one would not have to worry about
CP -phases causing cancellations - as would be the case in neutrinoless double beta
decay - because the kinematic neutrino mass is an incoherent sum of the mass states.
In this paper we perform a forecast for KATRIN-like experiments in terms of
the prospects for observing such sterile states. Even though an active neutrino mass
of 1 eV is still allowed by beta decay experiments it is disfavoured by cosmological
data (and would require neutrinos to be Dirac particles in order not to have produced
observable neutrinoless double beta decays) and we therefore consider a hierarchy
in which all three active species are very light, with masses too small to be seen in
experiments like KATRIN, while the sterile state(s) have masses in a range accessible
by KATRIN (see also e.g. [26, 27] for earlier discussions of this possibility). We then
investigate how well such an experiment will be able to detect eV mass sterile states,
depending on their mixing with ν̄e . We wish ﬁrst and foremost to get an overview of
the experimental detection probabilities. Therefore we use a rather large sterile
parameter space in combination with simulations that take all the experimental
settings of a KATRIN-like experiment into account. The next section contains a
description of the analysis framework used, Section 3 is a presentation of our main
results - for both a 3+1 and a 3+2 scenario - and ﬁnally in Section 4 we make some
concluding remarks.
2. Methodology
As mentioned we use a realistic simulation of the KATRIN experiment commissioned to begin data-taking in 2012 - to investigate if a similar experiment
will be able to see direct evidence for sterile neutrino states.
The main ingredient in the analysis is a toy model Monte Carlo and analysis
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programme for KATRIN-like experiments written by C. Weinheimer.
The
programme contains all the major experimental settings and has previously been used
to forecast the experimental sensitivity to the neutrino mass. A much more thourogh
simulation procedure is currently being built for the KATRIN collaboration. This
will take into account the ﬁner details of the Windowless Gaseous Tritium Source,
the diﬀerential pumping and cryogenic trapping sections in the transportation of
the electrons from the source to the spectrometer, and of course the entire ﬁnal
electrodynamic properties of the spectrometer. Currently however neither the
spectrometer or the source have been completed and an ultra-realistic simulation
might therefore be subject to ﬁnal changes anyway. So for the purpose of current
forecasts of the detection abilities of a KATRIN-like experiment this is the most
realistic simulation tool one can get. For a thorough description of the workings
and parameters of this code see [37]. We have implemented the χ2 -routine of the
programme in a modiﬁed version of COSMOMC [38] with cosmology turned oﬀ and
ﬂat priors on all input parameters.
In doing so we have performed a bayesian analysis on the theoretical beta spectra
while keeping the error bars of the original Monte Carlo driver [39]. It should be
noted that the mixing angles were held ﬁxed in this analysis. While this is of course
a perfectly valid way to perform the analysis one may argue that the mixing angles
should be free parameters as well as the masses. However the mixing angles - or
more precisely their corresponding entry in the leptonic mixing matrix - determine
the amplitude of the electron spectra for each separate neutrino mass state. When
looking at the sum of the mass states, that is the total beta-decay spectrum, it is
a lot easier to extract knowledge of the neutrino masses (position of the kinks in
the spectrum) than the mixing angles (relative height of the kinks). So in order
to get well-constrained results we have kept the mixing angles ﬁxed and one can
of course perform such an analysis for as ﬁne a grid of mixing angles as desired.
Finally, oscillation experiments are much better suited for precise measurements of
mixing angles than beta-decay experiments. In a realistic setting a measurement
by KATRIN will be combined with short baseline oscillation data to obtain good
constraints on both mass and mixing angle.
To the theoretical description of the single neutrino beta spectrum we then add
massive sterile neutrinos connected to the active neutrino by mixing angles. We
note that KATRIN can in fact not resolve the mass squared diﬀerences between the
known active states (of Δm212 = 8 × 10−5 eV2 and Δm223 = |2.6 × 10−3 | eV2 ) so in
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the following we can safely keep treating the active sector as one neutrino‡.
In complete analogy with Eqs. 16 and 21 of [36] the total spectrum is a weighted
sum of the spectra for the individual mass states. Each mass state is weighted by
the relevant mixing angles as explained above. That is the appropriate element of
the corresponding leptonic mixing matrix, U. In the case of the 3+2 scenario the
full 5-neutrino description U would look like this
⎞
⎛
Ue1 Ue2 Ue3 Ue4 Ue5
⎟
⎜ U
⎜ μ1 Uμ2 Uμ3 Uμ4 Uμ5 ⎟
⎟
⎜
(1)
U = ⎜ Uτ 1 Uτ 2 Uτ 3 Uτ 4 Uτ 5 ⎟ ,
⎟
⎜
⎝ Us1 1 Us1 2 Us1 3 Us1 4 Us1 5 ⎠
Us2 1 Us2 2 Us2 3 Us2 4 Us2 5

and a 4×4 analogy would play the same role in any 3+1 model. For the remainder of
this paper the weighting factor is written |Uei |2 (’e’ representing the electron neutrino
and ’i’ representing the contribution of mass state i).
We begin by considering only one sterile neutrino. Under the assumption that
the three active neutrinos can be treated as one we investigate ﬁrstly 2 × 2 mixing
schemes where one active and one sterile species are considered as two separate blocks
connected via a single mixing angle θ. In order to satisfy current mass bounds on the
active neutrinos we shall assume the active neutrino to be massless and the sterile
neutrino to have a given mass and mixing angle. We do not investigate the reverse
mass ordering and we keep the assumption of active massless and sterile massive
neutrinos for the investigation of the 3+2 scenario as well. In our 2 × 2 mixing
matrix we must now have |Uee |2 = 1 − |Ues |2 , in order to conserve probability.
We investigate the response of a KATRIN-like experiment to the presence of
sterile neutrinos for a grid of 11 × 11 combinations of sterile neutrino masses and
mixing weights. As a starting point for our choice of the parameters ms and Ues we
look at the analysis of 3+2 scenarios in [23] and [20]. They give the following best
ﬁt area for 2 additional sterile neutrinos:
Δm2s1 = 6.49 eV2 |Ue4 |2 = 0.12

(2)

Δm2s2 = 0.89 eV2 |Ue5 |2 = 0.11,

(3)

‡ Obviously one could also imagine a scenario where both active and sterile species are massive.
However we chose to keep the active state(s) massless in this investigation both for simplicity and
to satisfy current cosmological bounds as far as possible
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where |Ue4 |2 = sin2 θ(ν̄µ →ν̄e),1 and |Ue5 |2 = sin2 θ(ν̄µ →ν̄e),2 . Here we want to investigate
the sensitivity of a KATRIN like experiment to a relatively wide range of mass
of mixing parameters, including the values above. We take the sterile mass to be
larger than the projected KATRIN sensitivity of 0.2 eV, and to be conservative
we investigate masses up to 6.4 eV. We note that such large masses are strongly
disfavoured by cosmology if the sterile neutrinos are equilibrated in the early universe.
However, even for large mixing angles, equilibration can be blocked by the presence
of a e.g. a small but non-zero lepton asymmetry and therefore the cosmological mass
bound does not necessarily constrain the upper mass range. Meanwhile Ues is varied
from 5.5 × 10−4 up to 0.18, i.e. a very wide range of mixing angles. Large values of
Ues are disfavoured by disappearance data (the most recent analysis of which can be
found in [24]), but are included here for completeness. The exact values of ms and
Ues in the 11 × 11 matrix of parameters studied are listed in Table 1.
ms [eV]
|Ues |2

0.2
0.28
0.4
0.56
0.8
1.14 1.6
2.28
3.2 4.36 6.4
0.00055 0.001 0.0018 0.0033 0.0055 0.01 0.018 0.033 0.055 0.1 0.18
Table 1: Sterile neutrino parameters

We will be calculating the statistical uncertainty on the neutrino masses.
KATRIN’s systematical error is currently estimated to be around 0.017 eV, and
we shall keep that as our systematic error throughout this investigation.
In the standard one-active-neutrino case three factors aﬀect the statistical
uncertainty of the neutrino mass. Firstly the signal count rate at the beta-spectrum
endpoint. This can be calculated as a combination of the column density of the
source, the magnetic ﬁelds of the spectrometer and source (these determine the
allowed opening angle), and the cross section of the spectrometer. In our case the
count rate near the endpoint is controlled via an amplitude factor that is multiplied
onto the ﬁnal spectrum (meaning the spectrum after we take ﬁnal states into account
and convolute it with the experimental response function). Such a factor - which we
from now on will call simply the amplitude - depends of course on the experimental
settings. In the case of KATRIN those settings would be mainly the source column
density, ρd = 5 · 1017 molecules/cm2 , the allowed opening angle, 50.77◦ , and the
diameter of the eﬀective analysis plane of the spectrometer, 9 m. Given these settings
the amplitude has the value 477.5 Hz. For reference we include the full calculation
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of the amplitude parameter in Appendix A.
The second important issue is the background count rate which can severely
obscure potentially interesting features near the endpoint of the spectrum. And
thirdly the energy resolution which determines how well we can see the shape of the
beta spectrum.
To sum up: The KATRIN experiment has an amplitude of 477.5 Hz, a
background rate of of 0.01 Hz and an energy resolution of 0.93 eV. These are the
parameters we can later tune to simulate an improved Tritium beta decay experiment.
A full list of the parameter values we have investigated can be found in Table 2.
For any experiment we want to calculate the detection potential for a second
neutrino, and the statistical uncertainty on the massless component.

Amplitude [Hz]
Background [Hz]
Energy resolution [eV]

477.5 750.0 1000.0 1250.0 1500.0
0.01 0.005 0.001 0.0005 0.0001
0.93
0.5
0.1
0.05
0.01

Table 2: External parameter settings

3. Results
Let us start by examining the sigma detection potential for the sterile neutrino
component in the standard KATRIN-like setup. Figure 4 in Appendix B shows both
the detection potential for the sterile neutrino and the standard deviation on the
mass of the active neutrino. As one would expect, eﬀects are clearest in the sterile
sector (for which we vary the parameters), but both graphs have a curious feature
around ms = 1.0 eV. At this point in of parameter space the detection potential
drops and the standard deviation grows. Inspecting the COSMOMC generated 2D
likelihood distributions one can see easily that the two mass states are in fact anticorrelated up to around  1 eV. An illustration for a mixing weight of 0.18 is shown
in Figure 1. From a simple Taylor expansion of the beta spectrum:
dNβ 
∝ (E0 − Ee )2 − m2ν
dEe
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1
|Ues |2
· (1 − |Ues |2 ) · m2a +
· m2s ,
2
2(E0 − Ee )
1 − |Ues |
we can get the functional shape of the contours in the 2D-plot of Figure 1. Here
Ee is the electron energy and E0 is the theoretical Q-value (with neutrinos assumed
|Ues |2
2
to be massless). With the m2a + 1−|U
2 · ms -term representing the total neutrino
es |
mass it is clear that one can write the following expression for the active mass:
∝ (E0 − Ee ) −

m2a = m2tot − (0.18/0.82) · m2s = m2a (m2s = 0.0) − (0.18/0.82) · m2s

(4)

When both masses are very low the mass states act in exactly the same manner in
the spectrum and the χ2 -function cannot tell them apart. However for high enough
masses, when the Taylor expansion is no longer valid, the situation changes. Then
the mass states are not as entangled and the well known correlation between the beta
spectrum endpoint (which is a free parameter in the analysis - see [37] for further
explanations) and the neutrino mass comes into play. That is, higher values of E0
means higher values of m2a . Because of the mixing with the sterile mass state, higher
values of E0 also mean higher values of m2s and we get m2a ∝ |Ues |2 · m2s . This rather
weak correlation is the cause of the increase in σstat (m2a ) for high m2s and high |Ues |2
that can be seen in Figure 4.
But of course the χ2 -function also depends on amplitude and background. And
so it turns out that the ﬁrst point of low sensitivity moves towards lower values of
ms when we start tuning the experimental conﬁguration. In other words, the signal
to noise ratio is a decisive factor here.
While trying to understand what else might aﬀect this situation one should bear
in mind that the theoretical β-decay spectrum is folded with the electronic spectrum
of molecular Tritium and with KATRINs response function (describing the energy
loss of electrons in the source and the transmission function of the spectrometer).
Those eﬀects are already included in the code so that we may take them into account.
Thus the problem should not be the many convoluted functions. However, another
potentially problematic point of the analysis is the fact that the spectrum is a
continuous function but the measurements are performed at discrete energy intervals
around the theoretical Q-value, E0 . Actually the measurement time distribution has
been optimized for the standard one-neutrino case in which the best sensitivity to
the neutrino mass is reached when the signal strength equals twice the background
count rate - see [40]. We have omitted this rather complex optimization for our sterile
neutrino scenario and that could be a part of the problem. There are certainly hints
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Figure 1: The 2D likelihood distributions for the active (y-axis) and sterile (x-axis)
neutrino mass-squared for m2s = {0.0784, 0.16, 0.3136, 0.64, 1.2996}eV2 . In all cases
|Ues |2 =0.18. The color of the ﬁgures show how many times the COSMOMC Markov
Chain Monte Carlo (MCMC) has probed a speciﬁc area of the parameter space and
the lines indicate the 1σ and 2σ likelihood contours. The mass states are clearly
anti-correlated for the lowest m2s -values. Also shown is the line m2a = m2a (m2s =
0.0) − (0.18/0.82) · m2s . Clearly the two states become interchangeable and dependent
on the mass of the other state. This line describes the functional dependence of the
contours in the 2D plots fairly well until the mass of the sterile neutrino is so large that
the 2 mass states can be separated.

that some of the discontinuities in our results may be caused by numerical bad points
stemming from the measurement time distribution.
As it is, our results show that for the current settings the sensitivity of a
KATRIN-like experiment to both neutrino states is lowered unless the mass diﬀerence
is suﬃciently large.
Beyond the signature at 1 eV the graphs shows the basic and expected result that
a 3σ detection (above the red mesh) of the relic neutrino requires rather high values
of mixing weight and (or) mass. It also shows that for most of the parameter range
having a second neutrino in the mix actually improves the statistical uncertainty
on the mass-squared of the active neutrino. This happens mostly when the extra
dimension of parameter space due to the small admixture of sterile neutrino absorbs
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a lot of the uncertainty, resulting in a low ms detection probability.
If we enhance the amplitude of the experiment one can clearly see the eﬀect
(Figure 5). However almost nothing happens for simultaneously low values of |Ues |2
and ms as compared to the standard case. Given high values of the sterile parameters
there is quite some development. But it is certainly not a very smooth development
as a function of the rising amplitude. This could again hint at numerical discrepancy
between the ’real’ and the measured value of certain parameters as a consequence
of the measurement time series. In Figure 5 one can also see how the statistical
uncertainty on the active neutrino gets better for each step - barring the point of low
sensitivity. This eﬀect deﬁnitely corresponds with predictions. By looking closely at
the ﬁgures it can also be made out that the point of low sensitivity moves slightly
toward lower mass values as the amplitude grows.
The second important factor is the background count rate. The eﬀect of a lower
background is shown in Figure 6 of Appendix B and to some extent resembles the
case for larger amplitude. The development is somewhat smoother and the eﬀect
not so large, but again there is an enhancement of the detection potential for high
values of the sterile neutrino components. And as before the lower background has
an improving eﬀect also on the statistical uncertainty of the active neutrino mass.
Finally if we try to enhance the energy resolution of the experiment, almost
nothing happens. Looking at Figure 7 there are only tiny diﬀerences in the detection
potential for the sterile neutrino as compared to the standard case (again only for
high m2s and |Ues |2 ), and apart from that not even the statistical uncertainty on the
active neutrino mass responds very much. The reason that we get so little eﬀect from
an improved energy resolution is the molecular Tritium ﬁnal states. The width of
the ﬁnal state distribution is currently comparable to the energy resolution (FWHM
 0.7eV) and so one would have to ﬁrst avoid that smear of the spectrum (i.e. use
an atomic source) in order to really gain anything from a better resolution.
Let us now take a look at an expanded toy model with two massive sterile
neutrinos to see if another added mass state has any damaging eﬀect on our
conclusions for the detection abilities of KATRIN-like experiments. Again assuming
the active states can be described with one single neutrino the 3+2 scenario gives us
four possible mass orderings (the sterile neutrinos being heavier or lighter than the
active state, or one light sterile neutrino one massive active neutrino and one more
massive sterile neutrino). As before the case of two heavy sterile neutrinos and a
massless active state produces the lowest sum of masses and would therefore be most
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compatible with cosmological bounds. We did a COSMOMC analysis for this model
using the best ﬁt point of Eq.’s 2 and 3. The results are shown in Figure 2.
In the analysis we ﬁxed the values of the mixing angles and again let COSMOMC
analyse a theoretical KATRIN-like spectrum albeit with Monte Carlo generated
errorbars.
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Figure 2: The analysis of a 3-neutrino case using the parameter values of Eq.’s 2 and 3.
The contours (dotted lines) mark the likelihood function in the 2D (1D) -distributions,
while color (full lines) indicate the data point distribution. The results have converged
very well on the input values.
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The output values of our analysis are§.
m2s1 = 6.47 ± 0.30 eV2
m2s1 = 0.88 ± 0.090 eV2
m2a = 0.005 ± 0.014 eV2 ,
in agreement with the input values. We observe that our KATRIN toy model
experiment are certainly able to see also two sterile mass states if such a scenario is
in fact realized in nature.
4. Conclusions
We can see from these investigations that for the highest coupling strengths and
masses our KATRIN model will deﬁnitely be able to separate one or more sterile
neutrino components from the active neutrino component, if they do in fact have a
mass and mixing angle in the range proposed by [22], [23], [24], and [20]. However
even if just one of the parameters are large there is a very good chance of detection.
If one wishes to improve the current detection probabilities, the safest way to go
is by enhancing the amplitude. However it is a rather complex operation to do so. If
one for instance tries to simply increase the amount of source material in KATRIN
there will actually not be much to gain. This is because the amount of Tritium
has been optimized for the size of the source which in turn has been optimized for
the largest realistic spectrometer-size at the time of construction. Put diﬀerently;
adding more Tritium to the source would not increase the eﬀective column density
linearly - one would only see a further saturation as illustrated in Figure 3. If one
then constructed a source with a larger cross section one would also need a larger
spectrometer. Consequentially - if one used the same strategy as with the current 10
by 25 m spectrometer - certain smaller german villages would have to be rearranged
in order to transport such an apparatus to Karlsruhe.
Another promising option is a lowering of the background count rate. Given
the numerous background sources in the KATRIN experiment and the continued
occurence of new ones this may not be feasible either. Obviously the KATRIN
§ The means are taken from the best ﬁt sample model and the standard deviations from the
marginalization procedure
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Figure 3: The ratio of eﬀetive to free column density as a function of the source column
density in the currently proposed source. Clearly the ratio starts saturating at around
ρd 5·1017 molecules pr cm2 . The symbols depict the settings for the Troitsk, Mainz
and KATRIN experiments, and the lines indicate diﬀerent maximum allowed starting
angles for the spectrometer. KATRIN has θmax =51◦ . This ﬁgure is taken from the
KATRIN Design Report [37].

collaboration is making an enormous eﬀort to deal with this problem and maybe
when the time comes for data-taking it will be easier to assess the opportunities for
a lowering of the background.
Finally improved energy resolution will do very little to help these particular
investigations. However the chances of improving the experimental parameters may
be better in other future beta decay experiments e.g. MARE or the Project 8 proposal
[41, 42].
For low values of both sterile parameters it looks like not much can be done to
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enable a detection of sterile neutrinos with such properties. At least not within a
few orders of magnitude of the tunable experimental parameters.
So in conclusion our results show that given the existence of massive sterile
neutrinos coupled to the electron anti-neutrino, with the parameters as in Eq.’s 2
and 3, KATRIN should deﬁnitely be able to see them. In fact for a large enough
coupling, KATRIN should be able to see a sterile neutrino of any of the mass states
we have used. Likewise, for a state massive enough, KATRIN would be able to see
the sterile neutrino for any of the mixing angles we have used. Speciﬁcally, in our
2 × 2 mixing scheme the experiment could perform a 3σ detection of any of the mass
states for |Ues |2  0.055. Likewise, for ms  3.2 eV a 3σ detection could be made for
any of the mixing angles. In case of 1σ detection |Ues |2 must be  0.018 and ms 
0.8 eV
Furthermore it is worth repeating that because beta-decay experiments measure
n

2

the incoherent sum: m (νe ) =

|Uei2 |m2i , any CP phases causing the anti-

i=0

neutrino/neutrino asymmetry in MiniBooNE results will not be able to cancel the
potential signal in beta-decay experiments. Therefore KATRIN is in fact an ideal
tool for making a direct observation of sterile neutrinos with the properties described
in this paper.
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Appendix A: Calculating the ’amplitude’ for a KATRIN-like experiment
The count rate near the endpoint of the Tritium beta spectrum can be written:
dNβ
(Ee ) = Ntri · εtot · K · F (E0 , Z) · pe · (Ee + me )
dt
n

×
Wi (E0 − Vi − Ee ) (E0 − Vi − Ee )2 − m2ν .
i=0

Here pe , Ee , and me are the momentum, kinetic energy and mass of the electron and
mν is the mass of the neutrino. Wi and Vi are the probability and excitation energy
of the electronic ﬁnal states. We will now go through the remaining factors of the
expression one by one: Ntri is the number of Tritium molecules that can be seen by
the spectrometer:
Ntri = ρd · AS · 2 · εtri .
In this equation ρd is the source column density, εtri is the Tritium fraction in the
source (that is the source eﬃciency) and AS is the cross section of the source. The
relation between AS and the spectrometer cross section is:
AS = Apinch · Bmax /BS
f
= Aef
A · BA /Bmax · Bmax /BS

f
2
= Aef
A · BA /Bmax · 1/ sin (θmax ),
f
is the eﬀective cross section of the spectrometer at the position of the
where Aef
A
analysis plane. BS , Bmax and BA are the magnetic ﬁelds of the source, pinch and
analysis plane respectively and θmax is the maximally allowed opening angle. Keeping
the dependence on magnetic ﬁelds and θmax in our expressions we now have:
f
2
Ntri = ρd · Aef
A · BA /Bmax · 1/ sin (θmax ) · 2 · εtri .

Next up, the total eﬃciency or acceptance of the experiment, εtot , is a combination
of the solid opening angle, response function and detector eﬃciency:
εtot = ΔΩ/4π · fres (Ee , E0 ) · εdet
= 0.5 · (1 − cos(θmax )) · fres (Ee , E0 ) · εdet .
Here fres is the normalized response function and εdet is the detector eﬃciency.
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Finally the factors K and F (E0 , Z) is a collection of constants and the Fermi
Function.
K = G2F cos2 (θC )|M|2 /(2π 3 (h/2π)7 )
= G2F cos2 (θC )(5.55 h/(h/2π)6 )/(2π 3(h/2π)7 ),
with GF the Fermi constant and θC the Cabibbo angle. The value of the Tritium
matrix element, |M|2 , can be found in e.g. [47].
Parameter
K
F (E0 , Z)
ρd
f
Aef
A
BS
Bmax
BA
θmax
εdet
εtri

Value
1.76 · 10
s keV−5
1.19
21
5 · 10 m−2
(π · 4.502 ) = 64 m2
3.6 T
6.0 T
0.0003 T
50.77 ◦
0.9
0.95
−17

−1

Table 3: Selected KATRIN parameters. More details can be found in [37]

In total we have
dNβ
f
2
(E0 ) = ρd · Aef
A · BA /Bmax · 1/ sin (θmax ) · 2 · εtri
dt
× 0.5 · (1 − cos(θmax )) · fres (Ee , E0 ) · εdet · K · F (E0 , Z)
n

Wi (E0 − Vi − Ee ) (E0 − Vi − Ee )2 − m2ν
× pe · (Ee + me )
i=0

and

dNβ
(E0 ) = Amplitude · keV−5 (1 − cos(θmax )) · fres (Ee , E0 ) · pe · (Ee + me )
dt
n

Wi (E0 − Vi − Ee ) (E0 − Vi − Ee )2 − m2ν .
×
i=0

So, in conclusion our deﬁnition of the amplitude is

f
2
Amplitude = keV5 · K · F (E0 , Z) · ρd · Aef
A · BA /Bmax · 1/ sin (θmax ) · εdet · εtri .
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Appendix B: Figures
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Figure 4: The upper ﬁgure shows the sigma detection potential of the massive sterile
neutrino for the standard KATRIN-like settings, while the lower shows the corresponding
statistical deviation (in eV2 ) on the massless neutrino. The x- and y-axis depicts the
logarithm of the sterile mass squared and the mixing weight. The red mesh illustrates
the 3σ level and the standard one-neutrino statistical uncertainty of around 0.012 eV2
respectively (for this analysis method). As one would expect the mass and the mixing
weight must be rather high in order to get a good detection of the sterile component.
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Figure 5: The upper ﬁgure depicts a comparison of all the amplitude plots for the
sterile neutrino while the lower ﬁgure shows the corresponding comparison for the active
neutrino component. Included in these graphs is the standard case (being respectively
the lowest sheet in the upper ﬁgure and the highest sheet in the lower ﬁgure). In both
ﬁgures one can see the low sensitivity point move to slightly lower mass values as the
amplitude rises. The sensitivity to active mass component gets steadily better as one
can see from the nice regular sheets in the low m2s , |Ues |2 area of the lower plot. The
improvement on the sensitivity to the sterile neutrino component is not a particularly
smooth function of the amplitude suggesting (again) numerical bad points in the grid.
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Figure 6: The upper ﬁgure depicts a comparison of all background plots for the
sterile neutrino. One sees slight improvements on the sensitivity to the sterile neutrino
component and mostly in the high |Ues |2 limit. The lower ﬁgure shows the comparison
for the active neutrino component. In both cases one can see the low sensitivity point
move to slightly lower mass values as the background is lowered. Also we again see the
stable lowering of the statistical uncertainty on the active neutrino mass component.
Included in these graphs is also the standard case.
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Figure 7: The upper ﬁgure depicts a comparison of all energy resolution plots for
the sterile neutrino mass component. In the sterile component there are some slight
changes where |Ues |2 is high. In the lower plots one see that the statistcal uncertainty
on the active neutrino component hardly changes at all. As before the standard case is
included.
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Abstract. We propose to use the threshold-free process of neutrino capture on
β-decaying nuclei (NCB) using all available candidate nuclei in the Milky Way as
target material in order to detect the presence of the Cosmic neutrino background
(CνB). By integrating over the lifetime of the galaxy one might be able to see
the eﬀect of NCB processes as a slightly eschewed abundance ratio of selected βdecaying nuclei. First, the candidates must be chosen so that both the mother
and daughter nuclei have a lifetime comparable to that of the Milky Way or the
signal could be easily washed out by additional decays. Secondly, relic neutrinos
have so low energy that their de Broglie wavelengths are macroscopic and they
may therefore scatter coherently on the electronic cloud of the candidate atoms.
One must therefore compare the cross sections for the two processes (induced βdecay by neutrino capture, and coherent scattering of the neutrinos on atomic
nuclei) before drawing any conclusions. Finally, the density of target nuclei in the
galaxy must be calculated. We assume supernovae as the only production source
and approximate the neutrino density as a homogenous background. Here we
perform the full calculation for 187 Re and 138 La and ﬁnd that one needs abundance
measurements with 24 digit precision in order to detect the eﬀect of relic neutrinos.
Or alternatively an enhancement of ρν by a factor of ∼ 1015 to produce an eﬀect
within the current abundance measurement precision.
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1. Introduction
In analogy with the photons of the Cosmic Microwave Background (CMB), the
neutrino component of the early Universe is expected to have decoupled from the hot
primordial plasma once the rate of interactions with the rest of the particles dropped
below the Hubble expansion rate [1]. The neutrinos travelling towards us from this
last scattering surface are normally referred to as the Cosmic Neutrino Background
(CνB) or relic neutrinos.
A detection of the CνB would be of great interest to cosmology as well as
neutrino physics. Contrary to other neutrino sources outside the solar system,
the CνB has the advantage of being a homogenous and isotropic background
whose number density is only superseded by the CMB photon background. The
theoretical expected number density is nν+ν =112 cm−3 for each neutrino mass state
[1]. However, this advantage pales somewhat in comparison with the fact that the
temperature of the background neutrinos is so low that their mean energy is many
orders of magnitude below the threshold of any of the classical neutrino detection
methods.
One can calculate the CνB temperature, seeing as it is closely related to the
very accurately measured photon temperature, Tγ = 2.72548 ± 0.00057 K [2]. Using
entropy conservation, the photon temperature before reheating – by electron-positron
annihilation – can be related to the temperature after reheating. The entropy is
proportional to the number of degrees of freedom times the temperature cubed and
therefore the ﬁnal temperature is given by:
g∗,f Tf3 = g∗,i Ti3 .

(1)

The number of degrees of freedom before reheating comes from both photons and
electrons, so that g∗,i = 1 + 7/4. After reheating the only source of radiation is
photons, i.e. g∗,f = 1. By assuming the photon temperature before reheating to be
equal to the neutrino temperature one gets:
 1/3
4
Tγ .
(2)
Tν =
11

Consequently the neutrino temperature today corresponds to a neutrino energy of
only 6.5Tν2/mν or 3.15Tν for non-relativistic and relativistic neutrinos respectively,
and a temperature of Tν = 1.95K translates to an energy of Tν kB ∼ 1.6 ·10−4 eV[3].
This energy is far below the threshold for both the radio-chemical and Cherenkov
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neutrino detectors that have previously been used in experiments with solar,
atmospheric, reactor, accelerator, and supernova neutrinos. However, it has long
been known that neutrino capture on β-decaying nuclei (NCB) does not have a
threshold (if the normal β-decay process is already spontaneously occurring in
nature). Due to energy conservation, the β-particle will receive all the energy of the
decay plus one neutrino rest-mass‡. This results in a small peak in the β-spectrum
one neutrino mass above the theoretical endpoint, which is basically a smoking gun
signature for the relic neutrino background unless non-standard model physics is
introduced.
The size of the peak is a measure of the number of capture processes, which
depends of course on the cross section of the reaction, but also on the CνB number
density. Recent calculations show that even if one can, in principle, resolve the
neutrino mass in the β-spectrum§, the background density will have to be enhanced
by roughly a factor 109 in order to produce a detectable CNB signal [4]. Or
alternatively, the number density of the source material should be enhanced by the
same factor.
2. A relic neutrino detection scheme
Seeing as a O(109 ) source-enhancement of any of the upcoming β-decay experiments
is not a viable option [5, 6, 7, 8], we suggest consider the advantages of the NCB
process in a rather diﬀerent detection scheme.
Our approach to the problem consists in letting the detector material for the
relic neutrino density be basically all the matter in the galaxy. The idea, in short, is
to look at the eﬀect of neutrino capture on selected nuclei, hoping that the relative
abundances of selected β-unstable nuclei – for which both the mother and daughter
nuclei have extremely long lifetime – will be detectably changed by the presence of
the neutrino background. That is, the ’detection’ would consist in demonstrating an
anomalous mother- to daughter- nuclei ratio compared with the case without neutrino
‡ Under the reasonable assumption that the daughter nucleus is so heavy that its recoil energy is
negligible.
§ The calculation in question was performed for the KArlsruhe TRItium Neutrino (KATRIN)
experiment, which is expected to be the ﬁrst in a new generation of β-decay experiments able to
determine the neutrino mass with sub-eV sensitivity [5].
 This is somewhat reminiscent of the detection scheme presented for supernova neutrinos by
Lazauskas et al. in [9]
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induced decays. Put diﬀerently, in light of the enormous diﬃculty of detecting the
relic neutrino background, we imagine the largest possible detector and calculate
whether or not this extreme approach will help us achieve the goal.
The following sections will deal with the details of the calculation.
Section 3 presents our two proposed candidate nuclei and a calculation of the
cross sections for NCB on these nuclei can be found in subsection 3.1. However,
since relic neutrinos have very low momentum and hence a macroscopic de Broglie
wavelength, coherent scattering on the atomic electron clouds should be taken
into account. In subsection 3.2 we calculate the relevant cross section for this
scattering and compare it with the NCB cross section in order to evaluate the relative
importance of this eﬀect.
Section 4 deals with the production sites and rates for the candidate nuclei must
be considered. The process contains several important steps:
• Firstly, which stars are able to produce our choice elements? For simplicity we have
used supernovae as the only source. It is established that some heavy elements
can also be produced via radiative pressure processes in e.g. Ap stars [10], but it
is fair to say that this is a subdominant site for nucleosynthesis.
• The next question must be: how much of a given element can be produced in
a supernova? To answer this we used the nucleosythesis simulations of [11] and
produced a simple average abundance plus errorbars, assuming a supernova mass
range of 10 to 25 M .
• Once we know how much source material is produced per supernova, we need
to know how many supernovae (or rather progenitor stars massive enough to
produce a core-collapse supernova) have been produced in our galaxy during its
lifetime? This question can be answered with a reliable function for the galactic
Star Formation Rate (SFR). The production rate of supernovae can then be
constructed in a way that includes the matter distribution of the galaxy in order
to yield the total distribution of target material.
• Finally the excess abundance of the daughter nucleus can be calculated by
folding the target material and neutrino distributions with the cross section and
performing an integration over time and volume. In addition we need to calculate
unperturbed abundances. These consists of an integration of the supernova
distribution (each producing a speciﬁed number of both mother and daughter
nuclei) over volume and time.
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It should be noted that the CνB is not the only neutrino background in
our galaxy. The physical background contains also a diﬀuse supernova neutrino
background and the diﬀuse gamma ray burst neutrino background. However, these
backgrounds are expected to be much more energetic than the relic neutrinos, but
also much more diﬀuse. Therefore it is a reasonable ﬁrst approximation to ignore the
mixture of neutrino sources and consider the CνB to be the only relevant neutrino
background.
3. Nuclear candidates
For a nuclei to be a suitable candidate in our detection scheme, both the mother
and daughter nucleus must be very stable, with a lifetime comparable to that of
the galaxy. Otherwise the signature we are looking for will be diluted by standard
β-decays. This requirement in itself presents a problem because the cross section is
inversely proportional to the product of the Fermi integral and the half life, f t1/2 –
see Eq. (5). If we consider the best case scenario of an allowed decay, then log f t
will typically be in the lower end of the ∼ 4 − 9 -interval [13]. Assuming the half
life to be comparable to the life time of the Universe – i.e. O(1017 ) s – would then
imply f to be somewhere in the range of 10−8 − 10−13 . However, seeing as log f is
proportional to the Q-value of the β-decay this leads us to the conclusion that – as a
second requirement – one must have nuclei with very small decay energies in order to
achieve both a long half life and a minimal log f t1/2 value [14, 16]. As it turned out
we were only able to meet the requirement on stability on the mother and daughter
nuclei.
In fact we only identiﬁed two candidates with both a very long half-life and
a stable daughter nucleus. These are the ﬁrst and second order, unique forbidden
decays of 187 Re and 138 La:
νe +187 Re → 187 Os + e−
νe +138 La → 138 Ce + e−
All additional details are listed in Tables 1 and 2.
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Decay
ν+187 Re → 187 Os + e−
ν+138 La → 138 Ce + e−

Decay type
β−
β−

Q-value
2.467 keV
1044.0 keV

AbundanceM
62.6%
0.0902%

Table 1: Candidate nuclei for relic neutrino induced beta decay.
[3, 12, 13, 14, 15].

Deacy
ν+187 Re → 187 Os + e−
ν+138 La → 138 Ce + e−

log ft
11.28
18.0
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AbundanceD
1.6%
0.25%
Data taken from

τ1/2
Degree of Forbiddenness
18
1.3727 · 10 s
ﬁrst, unique
18
9.3977 · 10 s
second, unique

Table 2: Candidate nuclei for relic neutrino induced beta decay.
[3, 12, 13, 14, 15].

Data taken from

3.1. Neutrino-nucleus cross section
For the calculation of the neutrino-nucleus cross section we have used the following
expression for the cross section times the neutrino velocity [3]:
2π 2 ln 2
.
(3)
A · t1/2
Here A is a description of the ratio of the shape factors involved in the β-decay
(denoted β) and the neutrino capture process (denoted ν):
 W0





C(Ee , pν )β pe Ee F (Ee , Z)  

Eν pν dEe ,
(4)
A=
me C(Ee , pν )ν pe Ee F (Ee , Z)
where W0 = me + Qβ − mν is the maximally available electron energy in the β-decay,
F (Ee , Z) is the Fermi function and C is the nuclear shape factor.
In the case of an allowed decay the cross section reduces to the following simple
expression:
2π 2 ln 2
.
(5)
σN CB vν = pe Ee F (Ee , Z)
f t1/2
And f t1/2 can be derived easily from any table of log ft values.
However, for forbidden decays, the full machinery is needed. According to
Behrens and Büring, [17], the shape factor can be simpliﬁed somewhat for unique
K-forbidden processes:
1
(0)
(6)
C(Ee ) = 2 R4 (A F211 )2 uK ,
3
σN CB vν =
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Neutrino capture on 187Re

Neutrino capture on 138La
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Figure 1: The NCB cross section for Rhenium (left) and Lanthanum (right) as calculated
for three diﬀerent mass intervals. It is clear that only very large values of mν have any
visible inﬂuence on the cross section of Re, while the La NCB cross section is practically
not inﬂuenced by the neutrino mass at all. Note also that the results presented here are in
good agreement with Figure 3 of [3].

where the factors preceding uK will be divided out in the expression for A. Meanwhile
the relevant functions (for our purpose) are given by:
(7)
u1 = p2ν + λ2 p2e ,
10
u2 = p4ν + λ2 p2e p2ν + λ3 p4e .
(8)
3
The details of the calculations of the coeﬃcients can be found in [17]; for now, suﬃce
it to say they depend on the electron energy and momentum and the nuclear charge
and radius.
From a computational point of view, the main problem in the calculation of
Eq. (8) is the presence of Γ(z)-functions in the λ-coeﬃcients, which is to be calculated
for very small energy input values (that is, very small z).
The cross sections for neutrino capture on Re and La are presented in Figure 1
and agree nicely with the ﬁndings of Cocco et al. [3].
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3.2. Neutrino-electron cross section
As mentioned in section 2 we are interested in the cross section for the scattering of
neutrinos on atomic electrons:
ν + ebound → ν + econtinuum
To calculate it we use the following expression, due to Bahcall [18]:

(k 2 − 1)2
σ0
.
σ=
d3 p|g(p)|2
4
k2

(9)

(10)

Here g(p) is the Fourier transform of the bound electron wavefunction and k is the
four-vector (e + ν , pe + pν ), with (ν , pν ) denoting neutrino energy and momentum
and (e , pe ) denoting electron energy and momentum. All these quantities are in
units of me . Finally the front factor is deﬁned as:
4  me c −4 G2F
= 1.7 × 10−44 cm2 .
(11)
σ0 ≡
π

m2e c4

We assume that the scattering reaction of Eq. (9) is only likely to happen
with the weakest bound electrons. The ground state of atomic 187 Re consists of
70 electrons in closed orbits and 5 electrons in the 5d (having a binding energy of
−13.6 eV). We therefore consider the average cross section for scattering with these
ﬁve outer electrons. For 138 La 56 electrons are in closed orbits and the last electron
is again in the 5d orbital (with a binding energy of -7.3 eV) [19].
We now need an expression for the wave function for each of these target
electrons. In principle a numeric expression can be calculated with e.g. the electronic
structure modeling programme GAUSSIAN [20], enabling the user to choose a
number of speciﬁcations, ranging from the class of the basis functions (used when
expanding the wave function in polynomials) to the stability requirements of say,
the radius or energy levels in question. However, for easy reference, and because
we are more interested in the competition between the cross sections and less in the
precise properties of the atom in question, we have used the Roothan-Hartee-Fock
wave functions of [19] to calculate the desired Fourier transforms.
In the Hartree-Fock approach to atomic structure a one-electron wave function
or spin-orbital, φ, can be constructed as an appropriately weighted sum of Slater
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functions¶:
χ = [(2n)!]−1/2 (2ζ)n+ 2 r n−1 exp(−ζr)Ylm(ϑ, ϕ),
1

(12)

containing an orbital exponent ζ, quantum numbers n, l, m and the speherical
coordinates r, ϑ and ϕ.
As a consistency check we also performed the calculation of the cross section
using a Thomas-Fermi approximation [21]. We found the two cross sections to agree
reasonably well, given the nature of the approximations. Figure 2 shows a comparison
of the calculated cross sections.
Our results are presented in Figure 3. For Rhenium the NCB cross section is
fortunately by far the largest for energies less than ∼ 10 eV. So we can safely conclude
that coherent scattering with atomic electrons does not disturb the neutrino capture
process at the relevant relic neutrino energies. However the second order forbidden
NCB process on Lanthanum has a cross section of order 10−60 which is far below the
scattering cross section for the entire energy range, and we must conclude that this
process is simply too weak to be useful in our detection scheme.
4. Galactic Abundances
Having calculated the cross sections the NCB interaction rate we now evaluate :

(13)
Γ(t) = σvν nβ (z, R, t)dzdR,

where R and z are the galactic radius and height coordinate, t is the galactic time
and nβ (z, R, t) is the number density of the target nucleus. By assuming supernovae
as the only production sites, the target nuclei density, nβ , can be expressed as the
number of target atoms produced per supernova times the supernova rate:
nβ = Ntarget,SN RSN

(14)

If we consider the neutrino distribution as a homogenous background, our main
objective – the surplus abundance – can now be calculated with a very simple
expression:

ARe+,tot = nν Γdt.
(15)
¶ The total atomic wavefunction is given by the Slater determinant, which can be built from
(1)
(n)
a combination of all the electronic wave functions: Φ = A(φ1 , ..., φn ), where A denotes
asymmetrization
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Figure 2: A comparison of the cross section for Eq. (9) as calculated with the Roothan
Hartree Fock method of [19] and a Thomas Fermi approximation for a range of neutrino
masses. The two results are almost completely on top of each other, with the Thomas
Fermi result in front. Although the Roothan Hartree Fock cross section is a bit higher than
the Thomas Fermi cross section the results show a clear overall agreement. The average
deviation between the two calculations lies between 17.5% (for mν = 0.1 eV) and 16.6%
(for mν = 1.0 eV).

The missing ingredient is thus nβ . In order to calculate it we need ﬁrstly an
expression for the supernova rate. Fukugita and Kawasaki [22] provide the following
expression:
 mu
φ(m)m−1 dm
,
(16)
RSN = ψ(t) mc mu
φ(m)dm
0

where ψ(t) is the star formation rate (SFR) and φ(m) the initial mass function (IMF).
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Figure 3: A comparison of the NCB and coherent electron cross sections for Rhenium
(left) and Lanthanum (right) for a neutrino mass of 0.1 eV. In the case of Rhenium the
electron scattering becomes subdominant for neutrino energies below ∼ 10 eV which is well
above any realistic relic neutrino energy. However, for Lanthanum the NCB cross section
is consistently below the scattering cross section and we can conclude that neutrinos are
far more likely to scatter on the electronic cloud than inducing any second order forbidden
β-decays.

To evaluate RSN we choose the traditional Salpeter IMF, which for stars heavier
than the Sun equals φ(m) ∼ m−1.35 . As the upper and lower mass limits of Eq. (16)
we use mc = 10M and mu = 25M , to ensure a mass range that includes corecollapse supernovae massive enough to actually produce our target materials, yet
not so massive that the products of nucleosynthesis are swallowed by the ensuing
collapse into a black hole [23]. With these conservative choices we get:
RSN = 0.00429M−1 ψ(t).

(17)

Following [22] the time dependence of the star formation rate can be expressed as a
simple exponential law:
ψ(t) = ψ(t0 ) exp[(t0 − t)/τ ],

(18)

with τ = 2.8 Gyr for z < 1 and t0 taken to be the age of the Universe. The star
formation rate is given by:
+0.22
,
log ψ(t0 )[M yr−1 Mpc−3 ] = −2.09−0.13

(19)
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This expression has been derived in [22] using Eq. (16) and the mean of three
supernova rates (in units of (1010 LB · 100yr)−1 ) from three diﬀerent populations of
galaxies. To get the local star formation rate we make the following substitutions:


ψ(t0 ) LMW,B
ψ(t0 ) →
(20)
ρMW .
LB
MMW,∗
That is, ﬁrstly we divide ψ(t0 ) by the local B-band luminosity density of the universe,
LB = 2.4 ± 0.4 · 108 hL Mpc−3 , (taken again from [22], where h = 0.72 is the Hubble
parameter in 100 km s−1 Mpc−1 ) and secondly we multiply with the ratio of B-band
luminosity to stellar mass for the Milky Way (where MMW,∗ /LMW,B = 2.78M /LB,
is taken from [24]). For the matter density distribution we used:
Σd
R
|z|
exp(−
− ).
(21)
2zd
Rd
zd
Putting these parts together, Eq. (17) now provides us with an expression that
describes the physical distribution of supernovae in the Milky Way through a mass
density function, so that one could in principle combine nβ with a detailed description
of the neutrino distribution.
Speciﬁcally our choice of density function is model 8 of Dehnen et al., [25], and
we have used only the thin disk distribution (which contains most of the matter of
the galaxy). The following numbers describe the the scale length, Rd , scale height,
zd , and central surface density, Σd :
ρMW (R, z) =

Rd = 2400pc,

zd = 180pc,

Σd = 1127.5M pc−2

(22)

In total, the star formation and supernova rates are given by:
ψMW (R, z, t) = 1.70 × 10−11 ρMW (R, z) exp[(t0 − t)/τ ]

(23)

RSN (R, z, t) = 7.26 × 10−14 ρMW (R, z) exp[(t0 − t)/τ ].

(24)

Turning now to the second ingredient of Eq. (15) – the amount of target material
produced per supernova, Ntarget,SN – we have used the nucleosynthesis simulations
of Rauscher et. al. [11] to calculate the average number of target atoms (as well as
daughter atoms) produced by supernovae in the mass range 10 to 25 M :
NRe,SN = 2.35 ± 0.99 · 1022 NA
NOs,SN = 5.60 ± 2.35 · 1021 NA
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Finally we have calculated the unperturbed abundances which is simply the time
and volume integrated product of nβ,daughter :

AX,tot = NX,SN RSN dzdRdt,
(25)

Taking nν = 12 n(ν+ν),Universe to be a completely uniform distribution is not quite
correct. But as can be seen in e.g. [26] the distribution for a given neutrino mass
– or analogously momentum – is roughly constant in the inner part of the galaxy,
which is also where one expects most of the matter to be. With these conventions
it is very easy to calculate the abundance ratio enhancement in the presence of a
neutrino density enhancement:
AOsnew
AOsold
AOs + ARe+ AOs
−
=
−
,
FRe =
ARenew
AReold
ARe − ARe+ ARe
(26)
We present our ﬁnal results in Figure 4.
5. Conclusion
As shown in Figure 4 the abundance enhancement is tiny and far below the precision
of modern galactic abundance measurements even when using meteoritic samples.
Our results also show that one must have a background enhancement of around 1015
to see the eﬀect even on the 8th decimal which is just around the precision available
on the Osmium abundance – see e.g. [27, 28]
So despite our use of an extremely large detector volume, we must unfortunately
conclude that a detection is even more orders of magnitude away with this method,
than say, with a β-decay experiment such as KATRIN [5] or MARE [6, 7].
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Figure 4: The Rhenium abundance enhancement as a consequence of the relic neutrino
background. The left panel shows our standard result, while the right panel demonstrate the
expected linear enhancement of FRe as a consequence of a larger neutrino background – in
the graph ρν,in indicates the input neutrino density, while ρν,0 is the theoretically expected
density corresponding to the normal nν+ν =112 cm−3 . Due to the competition with coherent
scattering processes, we can only assume the semi-constant value of FRe at low neutrino
energies to be relevant. Clearly, the standard result of FRe ≈ 10−22 is not within reach of
current abundance measurements and one would need a neutrino background enhancement
of at least O(1015 ) in order to actually see the eﬀect of relic neutrinos on the Osmium to
Rhenium abundance. It can, however, be noted that the error-bars of the plot on the left
allows for an improvement of approximately one order of magnitude over our mean result.
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