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Chapter 1

Welcome
1.1

Dear Reader

Welcome to my Ph.D. report. Please find a nice, comfy chair and something
warm to drink. When you are all set, let us begin our trip.

1.2

Introduction to
Quantum State Reconstruction

To get a good feel for what we will be occupied with in this report, let us
take a look at the title: ”Quantum State Reconstruction in several-particle
systems”. The ”several-particle systems” is easy to understand: It means that
our main focus will be on physical systems with more than one particle. The
most important systems we will encounter are rotating and vibrating molecules,
Bose-Einstein condensates and electron/ion-systems in strong laser fields.
”Quantum State Reconstruction” (QSR) is the research field that binds the
topics of this report together, and requires an explanation. ”Reconstruction”
refers to piecing together knowledge of something that already happened. Like
the Belgian detective Mr. Poirot1 scrutinizes pieces of evidence to reconstruct
events surrounding a crime, we will scrutinize the results of measurements to
reconstruct a quantum state, i.e. the physical state of a quantum system. Our
1 Mr. Hercule Poirot is the protagonist in many crime-novels by Agatha Christie, e.g. Murder on the Orient Express and Death on the Nile.
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motivation for reconstructing the physical state is that it tells us all there is
to know about the physical system; a statement that will be made more clear
in section 1.2.1. With this in mind, we will spend the remaining part of this
section on introducing the central ideas and concepts behind QSR, leaving the
detailed treatments of methods and physical systems to the relevant chapters
below.
The reason for seeking a quantum state, rather than a classical physical state,
is that a quantum mechanical description is necessary to accurately describe
the small objects we will be concerned with: molecules, atoms and electrons.
Quantum mechanics seriously complicates finding the state, as there is no single
observable that reveals it. This is well-known for pure states, i.e. states that can
be characterized by a single wave function, where there is no observable directly
revealing this complex function. The same absence is true for the more general
case of mixed states, which are states that can be characterized by a density
matrix, but not necessarily by a single wave function [1].
Although the state is not directly observable, one can determine the state
from measurements of other quantities. This is precisely the aim of QSR. The
apparent complication that a measurement disturbs a quantum system is resolved by using an ensemble of identically prepared, uncorrelated systems. On
each member of the ensemble, one or more commuting measurements are performed, whereafter this member is discarded. Further, the ensemble must be
large enough to permit measurement of statistically significant data of all quantities of interest. Naturally, this is exactly what lays ground to the usual statistical Born-interpretation of quantum mechanics. In this report, we shall assume
throughout that the measured values are close to their true expectation values,
which obviously requires numerous measurements of each quantity. Fortunately,
this will be the case in all of the following where an actual experimental situation
is involved.
With these definitions, QSR is really an inverse problem, working backwards
from precise measurements to the quantum state that caused them. This inverse
problem is related to, but different from, problems of estimation, where one
tries to make the best guess on certain quantities of interest, given uncertain
measurements.
In a broader perspective, there has recently been growing interest in reconstructing quantum states for various systems, for an extensive review see
[2]. The general problem of QSR is experimentally and theoretically challenging, and methods tend to apply to only a very particular setting. The most
well-known is the tomographic reconstruction of harmonic oscillator states from
measurements of spatial distributions [3], [4], which we will introduce and deal
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with in the first part of chapter 2. Examples of other systems include particles
in traps (neutral atoms [5] and ions [6]), general one-dimensional systems [7],
dissociating diatomic molecules [8] and the angular state of an electron in a Hydrogen atom with n = 3 [9]. As we move through the chapters, we will compare
with these and other prior works where it is relevant.

1.2.1

States, dynamics and measurements

In the previous section, we stated the importance of the physical state and
that it can be found from measurements on an ensemble. In this section, we
will specify more closely what we mean by the physical state and what these
measurements must fulfill.
Before proceeding further, it is important to distinguish between the state
of a system and its dynamics. The state contains the answer to all questions we
may ask the system at a certain point in time, i.e. the result of all thinkable onetime measurements at this time. In sharp contrast to this state is the concept
of dynamics, which is prescriptions for finding the state at a later time, from
knowing it at an earlier time.
Having accounted for what we mean by the state, we turn our attention
to the measurements we will use to reconstruct this state. To accomplish the
reconstruction, we will require knowledge of the results of enough measurements
to uniquely determine the state. Such a set of measurements is known as a
quorum.
Finding a quorum can be straightforward or tedious, depending on both the
system and the level of description. In a classical system of particles, one quorum
is given by measurements of the coordinates and momenta of all particles at a
fixed point of time. However, because we will be dealing with states of small
objects, we must use quantum mechanics for an accurate description. In this
theory, finding a quorum can be more challenging. For example, the uncertainty
principle makes the classical quorum mentioned above fail, since each particle
does not simultaneously have both a well-defined position and momentum.
In principle, since the quantum state is completely characterized by its density operator’s matrix elements in a complete basis {|λi}, one could just measure
(the real and imaginary values of) all these matrix elements hλ|ρ̂|λ0 i - i.e. the
density matrix [2]. A well-known example of this is the state of a spin-1/2
system, where the state can be found from measurements of the expectation
values of the spin projection along three mutually perpendicular axes. In the
general case, however, such a set of observations may be very difficult to perform
experimentally, and it will instead be our aim to find the quantum state from ex-
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perimentally realizable measurements. In this spirit, we will almost exclusively
use the prevalent approach, which is to perform the same type of measurement
at different points of time, thereby letting the dynamics reveal the state.

1.3

Overview of this report

As we progress through the chapters, the general trend will be from the most
general toward the more specific.
Opening our tour, the chapter 2 will be concerned with the generalizations of
two well-known methods of reconstruction from one to N spatial dimensions. In
this chapter, nothing is assumed about the quantum state being reconstructed,
only the Hamiltonian and measurements are known.
With the insights gained, we move on to chapter 3 where we treat an inherently multidimensional system: The quantum mechanical rigid rotor. We set
out from a prevalent experiment on molecules, which allows us to limit the state
space enough to completely reconstruct the quantum state.
In chapter 4, we treat another subject important for molecules: reconstruction of the vibrational state of a molecule excited by a laser pulse. In this
chapter, several assumptions are made for the state, but knowledge of the exact
form of the Hamiltonian is largely circumvented by using a separate calibration
experiment.
The intricacy of the system is still deeper in chapter 5, where we treat a
many-particle system: A Bose-Einstein condensate. To perform QSR on this
complicated system, we use both an approximate Hamiltonian and drastically
limit the state space. What is more, we must be content with reconstructing
only some aspects of the state rather than the complete many-particle state.
Due to these drastic approximations, and to the ability of the chapter’s method
of accepting imperfect data, classifying it as dealing with reconstruction or estimation is largely a matter of taste.
The two chapters 6 and 7 deal with various processes in molecules and atoms
exposed to strong laser fields. The chapters present no state reconstruction
methods themselves, but are intimately connected to various recent QSR experiments using ultrashort laser pulses.
Lastly, chapter 8 sums up our experiences and we say goodbye.
Apart from the brief overview here, each chapter but the last will be initiated
by a synopsis, revealing the topic and main results of the chapter. In addition,
each of these chapters will have its own introduction, setting the scene for the
particular subject treated therein.

Chapter 2

Reconstruction in
N -dimensional systems
2.1

Synopsis

In this chapter, we will extend two well-known one-dimensional Quantum State
Reconstruction (QSR) situations to N spatial dimensions: The harmonic oscillator and the particle in a box using measurements of spatial distributions
at different points of time. We assume a time-independent Hamiltonian for
which the dynamics along each coordinate always occurs simultaneously with
the others and measurements on all coordinates are performed simultaneously.
We will give conditions determining whether or not a complete reconstruction
is possible, and quantify the amount of information available when it is not.
The chapter is based on the article [10].

2.2

Introduction

So far, most methods in quantum state tomography have been concerned with
systems described by only one effective position coordinate. An exception is electromagnetic light systems, where methods for two-dimensional [11], [12] and for
N -dimensional [2], [13] QSR have been proposed and demonstrated. All of these
methods require the ability to vary the time for the subsystems individually by
e.g. delay lines or phase retarders. In contrast, we shall focus on the case where
5
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there is only one common time governing the dynamics of the N coordinates
and where the measurements are performed on all coordinates simultaneously.
This is not a fundamental limitation since the observables corresponding to the
different coordinates commute, but rather a practical limitation since destructive measurements are usually much easier to perform. This scenario applies
to trapped particles, so far only treated by quantum state tomography in one
spatial dimension (neutral atoms [5] and charged ions [6]), and for vibration
in molecules [14]. Another interesting possibility for QSR in higher dimensions
uses variation of the Hamiltonian as suggested in [15] and [16] for the transverse
motion of an atomic beam. Because of the potential difficulty in varying the
Hamiltonian in many cases, we shall consider a time-independent Hamiltonian
in the rest of the following.
Throughout this chapter, we shall consider the quantum state as being described by the density operator ρ̂, which we treat in the Heisenberg picture1 .
Our goal shall be to find this operator; or rather, a complete representation
hereof. In section 2.3, this representation will be a complex function, whereas
we in section 2.4 will find the matrix elements of ρ̂ in the Hamiltonian’s eigenbasis. For the measurements, we shall adopt the quantum tomographic approach
where only measurements of the spatial distribution is made at different points
of time [3], [4], [18]-[21]. From these diagonal elements of the density operator in
the position representation, Pr(x, t) = thx|ρ̂|xit , and the known time evolution
due to the Hamiltonian we obtain the full density matrix hx0 |ρ̂|xi or, equivalently, the phase space distribution, e.g. the Wigner Function W (x, p) [22] (a
brief introduction to Wigner functions is given in appendix A).
We shall in this chapter present the extension of two well-known methods
of quantum state tomography in one dimension to N dimensions. In section
2.3 we shall consider the harmonic oscillator by a treatment similar to that in
[4]. This is not a trivial extension as revealed by a simple consideration of the
dimensionality of the sets of measurements and the quantum state, i.e. the
number of continuous parameters required to specify each: Pr(x, t) and hx0 |ρ̂|xi
are both of dimensionality two in the spatial one-dimensional case, suggesting
that one may correspond to the other through a 1 : 1 mapping. In contrast, the
N -dimensional sets of measurements Pr(x1 , . . . , xN , t) is of dimension N +1, but
the density matrix hx01 , . . . , x0N |ρ̂|x1 , . . . , xN i is of dimensionality 2N , suggesting
1 Using the Heisenberg picture, the density operator ρ̂ is time independent, whereas the
observables are time-dependent. Connecting with the Scrhödinger picture, we are finding the
state at the initial time, where the two pictures are identical [17]. In the Schrödinger picture,
is naturally only necessary to know the state at one point of time to find it at another because
we assume that we know the dynamics.

2.3. THE HARMONIC OSCILLATOR

7

an absence of a 1 : 1 correspondence. Moving on, section 2.4 treats the case of
free particles previously considered in one dimension in [21], but with periodic
boundary conditions and in a box potential. We finally give a summary of the
chapter in section 2.5.

2.3

The Harmonic Oscillator

It is shown in [23] that there is a 1 : 1 correspondence between the density
f (ξ), where ξ is a complex
operator and the quantum characteristic function W
2
variable . This means that instead of finding ρ̂ we may just as well find the
quantum characteristic function, and that is exactly what we will do in the
following. This is traditionally the main trick used in the quantum state tomography of the harmonic oscillator. Before proceeding to the multidimensional
case we will briefly recapitulate this procedure in one dimension. The quantum
characteristic function can be found from ρ̂ by [23]:


f (ξ) = Tr eξâ† −ξ? â ρ̂ ,
W
(2.1)
where ξ is a complex variable, free to assume any value. Under the harmonic
oscillator Hamiltonian Ĥ = ~ω(â† â + 1/2) with angular frequency ω, the ladder
operators in the Heisenberg picture evolve according to â(t) = âe−iωt , â† (t) =
â† eiωt . Letting θ = ωt, the position operator x̂ evolves according to:
x̂(θ)

=
=

cos(θ)x̂ + sin(θ)p̂

1
√ â† eiθ + âe−iθ .
2

(2.2)

Please note that we use dimensionless coordinates3 x and p. We now make a
change of variables in (2.1) from the complex number ξ to two real plane-polar
coordinates (η, θ) using ξ = √i2 ηeiθ :


i
iθ
f
w̃(η, θ) = W √ ηe
2
h
i
iη x̂(θ)
= Tr e
ρ̂ .
(2.3)
2 That W
f (ξ) and ρ̂ contains the same information is also justified in appendix A. There,
we also present how to find the hx|ρ̂|x0 i representation from the characteristic function. For
simplicity, we choose the ordering parameter s = 0, [4]. This choice corresponds to the choice
of the Wigner distribution as the complex Fourier transform of Eq. (2.1). p
3 For the massive harmonic oscillator, this means measuring x in units of
~/mω and p in
√
units of ~mω.
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So far, we have not really done anything: We just introduced an equivalent
representation w̃(η, θ) of the density operator ρ̂, which will be convenient for us.
It will moreover prove convenient to choose the variables to be in the intervals
−∞ < η < ∞ and 0 ≤ θ < π.
Now, an important observation can be made: The position distribution
Pr(x, θ) at the time θ/ω is a Fourier transform of the quantum characteristic
function w̃(η, θ):
Pr(x, θ)

=
=
=

Tr {ρ̂ δ [x̂(θ) − x]}


Z ∞
1
dη eiη[x̂(θ)−x]
Tr ρ̂
2π −∞
Z ∞
1
dη w̃(η, θ) e−iηx .
2π −∞

(2.4)

By inverting this Fourier transformation, we can find the quantum characteristic
function w̃(η, θ) from the measured position distributions:
Z ∞
w̃(η, θ) =
dx Pr(x, θ) eiηx .
(2.5)
−∞

This is the main equation of quantum tomography in one dimension: We can find
the quantum state (through the quantum characteristic function) by observing
the position distribution for 0 ≤ θ < π corresponding to one half period of the
oscillator.
For completeness we write the result Eq. (2.5) in terms of the Wignerfunction; the complex Fourier transform of the characteristic function [23], [22]:
Z ∞ Z π
1
dη dθ |η| w̃(η, θ) e−iη[cos(θ)x+sin(θ)p]
W (x, p) =
2
(2π) −∞ 0
Z ∞ Z π Z ∞
1
=
dη dθ dx0 |η| ×
2
(2π) −∞ 0
−∞
0
0
Pr (x , θ) eiη[x−cos(θ)x −sin(θ)p] .
(2.6)

2.3.1

The multidimensional oscillator

We proceed to show that it is possible to reconstruct the joint quantum state
of a multidimensional harmonic oscillator
under certain conditions.
PN
The Hamiltonian is now Ĥ = j=1 ~ωj (â†j âj + 1/2) and we measure the set
of N mutually commuting position operators x̂j , j = 1 . . . N . For notational
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simplicity, we arrange these operators in a vector x̂ = (x̂1 , . . . , x̂N ). The N f (ξ), where ξ is a vector
dimensional quantum characteristic function is now W
i
√
of N complex variables ξj . As before, we let ξj = 2 ηj eiθj , with −∞ < ηj < ∞
and 0 ≤ θj < π. This yields the N -dimensional equivalent of Eq. (2.5):
w̃(η, θ)

f (ξ)
= W

 

N


X
ηj x̂j (θj ) ρ̂
= Tr exp i


j=1
Z ∞
=
dNx Pr (x, θ) eiη·x .

(2.7)

−∞

To gain full knowledge of the function w̃(η, θ) we must be able to vary the N
variables θj independently of each other on the interval 0 ≤ θj < π. This is
naturally not possible when considering destructive measurements, since we can
only vary the N variables comprising θ through variation of the one parameter
t. A way to clearly see this restriction is by noticing that the present reconstruction scheme relies on a Fourier-transformation, which preserves dimensionality.
While we measure the joint spatial distribution in N dimensions for different t,
this equals N + 1 dimensional measurements, while the quantum state (e.g. the
characteristic function or Wigner function) is a 2N -dimensional object.
It is important to realize what kind of limitations are implied by the inability
to vary the θj ’s independently. It is always possible to find the quantum state
of any single degree of freedom, corresponding to tracing out all other degrees
of freedom. The limitation comes about when trying to find the joint quantum
state of the N -dimensional system, in particular the correlations between the
different degrees of freedom and entanglement. A simple illustration of this is
offered by a two-dimensional harmonic oscillator with ω1 = ω2 = ω. Let us
consider measuring the observable x̂1 (ωt)x̂2 (ωt). By using Eq. (2.2) we find:
hx̂1 (ωt)x̂2 (ωt)i = h [cos(ωt)x̂1 + sin(ωt)p̂1 ] [cos(ωt)x̂2 + sin(ωt)p̂2 ] i
= cos2 (ωt) hx̂1 x̂2 i + sin2 (ωt) hp̂1 p̂2 i +
cos(ωt) sin(ωt) hx̂1 p̂2 + p̂1 x̂2 i .
(2.8)
Here one can see that it is impossible by variation of t to find the moments hx̂1 p̂2 i
and hp̂1 x̂2 i individually, even though one can find their sum. This means that
even a simple two-dimensional Gaussian state cannot be reconstructed if ω1 =
ω2 , since one must know the first and second moments to completely specify
such a state. In section 2.3.4 we shall give a precise method to identify which
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correlations can be found from a certain set of data. Among other results we
shall see that an N -dimensional Gaussian state can be completely reconstructed
if no two ωj ’s are equal.
Let us return to the problem with Eq. (2.7): The θj ’s are all varied through
the one parameter t. The obvious solution to this problem is to devise some
means to vary the θj ’s independently. There are important situations where this
is indeed possible for destructive measurements, e.g. the case of several entangled
light fields. In this case a full reconstruction may be done, regardless of the
values of the ωj ’s, as can be seen in Eq. (2.7). The independent variation of θj
can here be achieved simply by delaying the measurement on the subsystems by
introduction of a variable delay line or, in the case of homodyne measurements,
by changing the phases or strengths of local oscillators [2], [11]-[13].
Another possibility for varying the θj ’s independently would be to vary the
times for the subsystems independently. For this purpose one might use a
method closely analogous to the so-called ”twin-paradox” from special relativity. For instance, imagine two spin-0 particles in each their one-dimensional
harmonic oscillator. One may then leave the one subsystem undisturbed while
the other is accelerated to a relativistic speed. This second subsystem is then
allowed to fly along for a while, then accelerated back again towards the first
subsystem and ultimately brought to rest in its original position. The time dilation will hereby delay the second subsystem compared to the first, effectively
giving a means to independently vary the elapsed time for the two subsystems.
To avoid direct disturbance of the second oscillator due to the acceleration, one
should accelerate the system perpendicular to its direction of mechanical oscillation. In principle, this method of exercising control over the time of subsystems
can also be used for more than two subsystems, but presumably with much
increased practical complication. We note that the idea of relativistic timedisplacement of subsystems has been suggested in [24] and recently applied to
entanglement properties with highly non-trivial results [25].

2.3.2

Incommensurable frequencies

Returning to the general problem of full state reconstruction by (2.7), we shall
discuss under what circumstances this is possible. By considering all times
t ≥ 0 and choosing the ωj ’s mutually incommensurable, i.e. their ratios are
irrational numbers, we can find a unique t to reach any θ as long as θj /θk
with j 6= k is an irrational number. To see this, remember that θj = [ωj t]π ,
with [ ]π being the modulus function with respect to π. The whole scheme
can be pictured as letting N initially coinciding points move around a circle
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with mutually incommensurable angular frequencies: If the points coincide at
one angle (which we have chosen to be θ = 0), then no pair will ever again
coincide at this angle. The situation is illustrated for N = 2 in figure 2.1. A
small technical detail in this respect is that since we have chosen the intervals
of 0 ≤ θj < π and −∞ < ηj , xj < ∞, then each time a θj surpasses an integer
multiple of π we must let ηj → −ηj in Eq. (2.7).

Figure 2.1: The figure illustrates the variation of θj = ωj t for the case of a
two-dimensional harmonic oscillator. The graph to the left shows what values
of (θ1 , θ2 ) can be obtained for ω1 = ω2 . More generally, if ω1 /ω2 = α1 /α2 is an
irreducible fraction smaller than 1, there will be α2 lines in the (θ1 , θ2 )-plane, as
shown in the middle graph. Moreover, if ω1 /ω2 is an irrational number, almost
the whole (θ1 , θ2 )-plane will be covered as the measurement time T 0 → ∞. The
values of (θ1 , θ2 ) not covered are all the values where θ1 /θ2 is a rational number.
Fortunately, it turns out we do not need this set of values to exactly reconstruct
the quantum state.
Thus, we can find the function w̃(η, θ) except on the values of θ where two
or more θj /θk , j 6= k is a rational number. Fortunately, this non-available set
of θ values has measure zero, and since w̃(η, θ) is uniformly continuous (and
thereby non-singular), the inability to find w̃(η, θ) on a set of measure zero is
of no consequence. The uniform continuity of w̃(η, θ) is a consequence of ρ̂
belonging to the trace class [23].
The price we pay to gain knowledge of the N -dimensional state as compared
to the one-dimensional case is that we must measure the joint position distribution of all coordinates for all times instead of just half of the oscillators’ period.
In actual applications, where infinite measurement times are not available, one
would presumably use frequencies of the N oscillators whose ratios are rational
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numbers and measure for the recurrence time of the joint system. The frequencies should then be chosen so that the θ-space is sufficiently closely sampled for
a reliable reconstruction. The exact amount of information obtained in such an
experiment will be quantified in subsection 2.3.4.
It should also be noticed that this procedure is equally applicable to a quantum system comprised of several distinguishable non-interacting particles in
separate harmonic potentials.
For completeness we give the formula for reconstruction of the N -dimensional
Wigner function:

W (x, p)

=

Z

1

lim
0

N

T0

dt

Z

∞
N

d η

Z

∞

d N x0 ×

2N (2π) T 0 0
−∞
−∞
PN
Fj (t)
0
j=1
|η| (−1)
Pr (x , [ωt]π ) ×


N
 X



exp i
(−1)Fj (t) ηj xj − x0j cos([ωj t]π ) − pj sin([ωj t]π ) ,


T →∞

j=1

where Fj (t) = Floor(ωj t/π), and the Floor-function rounds downwards to the
nearest integer.

2.3.3

An example of realizing incommensurable
frequencies

In the above discussion, it was demonstrated that the quantum state of an
N -dimensional harmonic oscillator could be exactly reconstructed if the N frequencies were incommensurable. It may be noticed that the reconstruction of
the joint quantum state did not require interactions between the N degrees of
freedom. We will now give a brief example of how it is possible, by introducing interactions between the oscillators, to reconstruct the full quantum state
when the all frequencies are identical and equal to ω. We imagine the N oscillators arranged in a line, and introduce nearest-neighbor interaction terms in
the Hamiltonian. We note that a very similar situation was recently considered
for N trapped ions in connection with the construction of quantum gates [26].
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Letting κ ≤ ω be a real coupling constant, we have the Hamiltonian:


N
X
1
Ĥ =
+ Ĥint
~ω â†j âj +
2
j=1
Ĥint

=

N
X



~κ â†j âj+1 + â†j+1 âj .
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(2.9)

(2.10)

j=1

Arranging the N annihilation operators in a column vector a = (â1 , â2 , . . . , âN )T ,
we find from the Heisenberg equation of motion:





ω κ 0 ...
â1 (t)
â1 (t)
 κ ω κ . . .   â2 (t) 

d 



 â2 (t) 
,

 = −i  0 κ ω . . .  
..
..
dt 





.
.
.. .. .. . .
.
. . .
âN (t)
âN (t)
|
{z
}
D

where the matrix D is tri-diagonal and real. Since there are no terms containing
â†j , we can perform a usual orthogonal diagonalization of this matrix to yield N
new modes, characterized by new annihilation operators â0j . The eigenvalues ωj0
of D are well-known from e.g. Hückel molecular orbital theory and solid-state
physics:


2jπ
0
ωj = ω + 2κ cos
, j ∈ {1, 2, . . . , N } .
(2.11)
N
In this way, the new ladder operators have simple time evolutions â0j (t) =
√
â0j (0) exp (−iωj0 t), and we can again find position operators x̂0j (t) = 1/ 2[â0j (t)+
â0j † (t)]. So if we choose κ so that the ωj0 ’s are incommensurable, we can use the
reconstruction method from subsection 2.3.2. Experimentally, one still has only
to measure the x̂j ’s since the x̂0j ’s are merely linear combinations of these.

2.3.4

Commensurable frequencies and partial information

We have shown above that a complete tomographic reconstruction of the state
of an N -dimensional quantum oscillator system is possible if all the oscillator
angular frequencies are mutually incommensurable. This naturally leads to the
question of which aspects of the quantum state can, and which cannot, be obtained from such tomographic measurements if some of the angular frequencies
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are commensurable. We will seek to quantify this degree of information through
the moments of the ladder operators âj and â†j , which have recently attracted
attention in connection with characterization of entanglement [27]. For this to
be meaningful, we must assume that these moments are finite. For convenience
we shall be considering the Weyl-ordered (i.e. symmetrically ordered) products.
Letting r and s be N -vectors with non-negative integer components, these moments of âj and â†j are generally of the form:
+
*N
n
o
Y
rj !
sj † rj −sj
(âj ) (âj )
,
S(r, s) =
s !(rj − sj )!
0
j=1 j
rj ∈ N0 and sj ∈ {0, 1, . . . , rj }.

where

(2.12)

That is, all factors in the product S(r, s) is the sum of all symmetric permutations of a number sj of the operator âj and a number (rj − sj ) of the operator
â†j . Here, { }0 stands for the Weyl ordering, which is the same as the sum of
all permutations divided by the number of terms. For example:

1
{ââ† }0 = {â† â}0 =
ââ† + â† â .
2
A quantum state is completely characterized if all moments of the form in
Eq. (2.12) are specified, provided they are finite. In this way we are recasting
the question of to what extent the quantum state can be reconstructed into the
question of how many of the moments S(r, s) can be found.
To keep things transparent, we shall initially consider only two oscillators
with commensurable frequencies and only later generalize to the case of N
oscillators. We shall need the recurrence time for the system, T = 2π/ω so
that θj = ωj t = αj ωt = αj θ, making αj a positive integer. Since we are
measuring the joint x-distributions at different times, it is natural to consider
r
r
moments of these distributions4 h[x̂1 (θ1 )] 1 [x̂2 (θ2 )] 2 i. Recalling Eq. (2.2):
2

r1 +r2
2

r

r

r1 +r2

r

r

h[x̂1 (θ1 )] 1 [x̂2 (θ2 )] 2 i = 2 2 h[x̂1 (α1 θ)] 1 [x̂2 (α2 θ)] 2 i
D
r 1 
r 2 E
â2 e−iα2 θ + â†2 eiα2 θ
= â1 e−iα1 θ + â†1 eiα1 θ
=

r1 X
r2
X

S(r1 , r2 , s1 , s2 ) eiθ[α1 (r1 −2s1 )+α2 (r2 −2s2 )] .

(2.13)

s1 =0 s2 =0
4 Actually, no further information on the quantum state can be gained by considering other
functions of the position distribution. This can be seen by expanding the function in its
moments of the position operators, and realizing that the resulting equation is simply a linear
combination of equations obtained in (2.13).
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Since the set of functions einθ , n ∈ N is linearly independent on the interval
[0; 2π[ we can find all the moments S(r1 , r2 , s1 , s2 ) if there are no two of the
exponential functions in the sum (2.13) that have the same period in θ. Indeed, to find all moments (and not only the symmetric ones) of order (r1 , r2 ),
we must know all symmetric moments of this and lower order. A precise way
to state this is that there must be no recurrences in the following lists, where
we keep the rj0 ’s fixed in each list and let the s0j ’s assume all possible values: (α1 [r10 − 2s01 ] + α2 [r20 − 2s02 ])r0 with rj0 ≤ rj and s0j ≤ rj0 . Finding these
j
moments can then be done, for instance, by Fourier transformation since the
aforementioned exponential functions are orthogonal.
Furthermore, one should notice that reconstructing the quantum state through
the moments of the ladder operators, one in principle needs knowledge of only
a small but finite interval of the angle θ, and not the whole interval [0; π[. A
similar result is found in [28]. The fundamental assumption that allows for reconstruction from any small finite θ-interval is that of finiteness of the moments
of the ladder operators and position operators in Eq. (2.13). The earlier discussed method of state reconstruction via Fourier transformation, (2.7), does
not suffer from this limitation. On the other hand not all these moments need
be finite, only the ones we use in the reconstruction.
Finally, one should notice that some of the moments can always be found,
regardless of the value of α1 /α2 . This trivially includes the moments hx̂r11 x̂r22 i,
since these are directly measured, but also the moments hâr11 âr22 i and their
complex conjugates for any (r1 , r2 ) since these moments evolve with the unique
largest numerical frequency.
We proceed to discuss the practical usefulness of this approach to reconstruction. It is easy to realize that it is possible to find all moments with r1 < α2
and/or r2 < α1 , so one may indeed settle for reconstructing moments of only
low order, e.g. r1 + r2 < max(α1 , α2 ). The reason for this is both the difficulty in precisely measuring higher moments of the joint position distribution
and that finding higher moments of the ladder operators in general requires the
ability to measure very rapid variations in the joint position distribution (see
Eq. (2.13)). In addition, it is not necessary to measure a continuum of angles
if one is only interested in moments up to a certain order, but only a number
of angles equalling this number, which makes the procedure practically feasible.
In this way one only has to solve a number of equations with an equal number
of unknowns.
Generalizing the above results to arbitrary N , we let T = 2π/ω be the
recurrence time of the system and θj = αj θ. The positive integers αj are
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arranged in an N -vector α, and
E to reconstruct the moments up to
DQwe find that
rj
N
S(r, s) one needs to measure
j=1 x̂j (θj ) and that there can be no recurring
numbers in each of the lists (once more the rj0 ’s are fixed in each list while s0j
assumes all possible values): (α · [r 0 − 2s0 ])r0 with rj0 ≤ rj and s0j ≤ rj0 . Like
DQ
E
rj
N
before, we can in particular always find all moments
, since they are
j=1 x̂j
E
DQ
rj
N
and its complex conjugate for all r.
directly measured, and also
j=1 âj
It is amusing to note that if all the moments of the ladder operators are finite
and the angular frequencies are incommensurable, it is in principle possible to
reconstruct the full quantum state from measurements made in a small but
finite time interval regardless of the dimension N – an impossible task if just
two angular frequencies are commensurable.
One may also remark that an N -dimensional Gaussian state can always be
completely reconstructed if no two ωj ’s are equal: The required measurements
are the joint position distribution for either 4 points of time or any finite continuous interval of time.
Lastly, we make a brief comment on a possible strategy for guessing the
quantum state in the case of commensurable frequencies, i.e. estimation rather
than reconstruction. Even though we do not know the moments of the ladder
operators individually, we still find the sum of two or more – the exact number
is determined by the how many occurrences there are of a particular number in
the aforementioned lists. One method of guessing the state from an incomplete
set of data is the Maximum Entropy Principle, due to Jaynes [29], which has
been used in several reconstruction schemes [8], [30], and will be the topic of
chapter 5. The Maximum Entropy principle says that in case one has a set of
data which could have come about due to several different quantum states, one
should choose the state with the largest entropy. In our present scenario, this
means that if we only know the sum of, say, nr,s different symmetric moments,
the Maximum Entropy principle would ascribe equal Lagrange multipliers to
each observable in the Maximum Entropy density operator.

2.4

The free particle

The tomographic reconstruction of the free particle on an unbounded axis has
been considered in [21], but as stated herein, cannot be used beyond the onedimensional case. The very general treatment of time-independent problems
in [7] is also restricted to one dimension. Here, we instead study the semi-
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continuous case of the free particle with different boundary conditions. In the
first two subsections 2.4.1 and 2.4.2, we shall study the free particle with periodic
boundary conditions, also valid for the planar rotor5 . In the last subsection
2.4.3 we shall give a brief treatment of the particle in a box where it will be seen
that the different boundary condition has an important effect on the available
information.

2.4.1

The one-dimensional case

As in the case of the oscillator, we shall first treat the one-dimensional case and
later extend this to N dimensions. In the present case the reconstruction of the
quantum state will be done through finding the matrix elements of ρ̂ by simple
inversion of Fourier transforms used in [21]. Let us consider a particle with
mass m on the spatial interval 0 ≤ x < L. The Hamiltonian is Ĥ = p̂2 /2m,
yielding the eigenstates |ni with energy E(n) = ~Ωn2 . Here Ω = πh/mL2 and
h is Planck’s constant. The eigenstate |ni in the x-representation is:
2
1
√ e2πinx/L e−iΩn t .
L
We can use this to find the position distribution at any time:

hx|nit

Pr(x, t)

=

=
=

=

t

(2.14)

hx|ρ̂|xit
∞
X
0
0
t hx|ni hn|ρ̂|n i hn |xit

n,n0 =−∞
∞
X

0
2
02
1
ρ(n, n0 ) e2πi(n−n )x/L e−iΩ(n −n )t .
L

(2.15)

n,n0 =−∞

It will be convenient to change variables from n and n0 to n̄ = n+n0 , ∆n = n−n0 .
Note that n̄ and ∆n are both either even or odd. Changing summation variables
in this manner yields:


∞
∞
∞
∞
X
X
X 
1 X
Pr(x, t) =
+

×
L n̄=−∞
n̄=−∞
even


ρ

∆n=−∞
even

odd

n̄ + ∆n n̄ − ∆n
,
2
2



∆n=−∞
odd

e2πi∆nx/L e−iΩn̄∆nt .

(2.16)

5 For the rotor, one must substitute ma2 → I, where I is the moment of inertia and ma2
is defined in subsection 2.4.1.
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Our task is to invert this equation to find the matrix elements of ρ̂. Fortunately,
this is quite easy. Notice that there are two exponential functions in Eq. (2.16)
and both can be used with a Fourier transformation to pick out certain values
of n̄ and ∆n: The first exponential function in x contains only ∆n and once ∆n
is fixed, the other exponential function in t can be used to select n̄. In order to
show how this works, we let NT ∈ N and 2T = 2π/Ω be the minimum required
measurement time, which corresponds to twice the time a classical particle with
the lowest non-zero energy (n = 1) would take to traverse the length L. For
any integers ν and β 6= 0 of the same parity, we form the appropriate Fourier
Transforms of Eq. (2.16) to obtain:

Z
1
2NT T

Z

L

Z NT T
1
dt eiΩνβt Pr(x, t) =
2NT T −NT T


n̄ + β n̄ − β
ρ
,
eiΩ(ν−n̄)βt =
2
2

dx e−2πiβx/L

0
NT T

dt
−NT T

∞
X
n̄=−∞
parity as β

∞
X
n̄=−∞
parity as β


ρ


ρ

n̄ + β n̄ − β
,
2
2

ν+β ν−β
,
2
2




δν,n̄

β and ν of
same parity.

=

(2.17)

We have found all elements of the density matrix except those for which β = 0,
i.e. the diagonal in the (momentum) n-representation. If we were to choose β =
0, we would always obtain the result of unity in Eq. (2.17), as this is the same as
taking the trace of ρ̂ in the x-basis. This inability to find the diagonal was also
pointed out for finite observation times for the free particle on an unbounded
axis in [21], and will unfortunately carry over to the multidimensional case. This
limitation arises because all probability densities of the eigenstates are identical:
| hx|ni |2 = 1/L whereby, for example, a thermal state and any pure eigenstate
|nihn| have the same probability distribution at all times. Even though finding
the diagonal of a density matrix is impossible given the rest of the matrix, one
can use the Schwartz inequality to constrain the size of the diagonal elements
through |ρ(n, n0 )|2 ≤ ρ(n, n)ρ(n0 , n0 ).
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N -dimensional free particle with periodic boundary
conditions

We will now move on to the N -dimensional case, that is to say a single particle
in N spatial dimensions, the combined state of N particles in one dimension
each, or a combination yielding a total of N dimensions. We shall work in
the N -dimensional interval xj ∈ [0, Lj [. The energies of the eigenstates are
PN
E(n) = ~ j=1 Ωj n2j and in extension of Eq. (2.16) we introduce the N -vectors
of intergers n̄ and ∆n. This yields:
"
Pr(x, t)

=





N
Y

 X X X X  1 2πi∆nj xj /Lj −iΩj n̄j ∆nj t
e
e
+


Lj
n̄
n̄
j=1
j ∆nj
even even


×ρ

#

j ∆nj
odd odd

n̄ + ∆n n̄ − ∆n
,
2
2


.

(2.18)

We shall try to invert this equation to find the matrix elements of ρ̂. Of course,
we cannot approach this completely as in the one-dimensional case and select a
particular vector n̄ through Fourier-transforms, having only the parameter t to
vary. We can, however, expand the time interval of integration to incorporate
all points of time:
1
lim
T 00 →∞ 2T 00

Z

T 00

dt ei

PN
j=1

Ωj (νj −n̄j )βj t

−T 00

= δ PN
.
j=1 Ωj (νj −n̄j )βj , 0

(2.19)

If the Ωj ’s are mutually incommensurable, the only possibility for this Kronecker
delta-function to give a non-zero result is for νj = n̄j ∀ j. Remembering that
Ωj = mπh
2 , the condition of incommensurability of the Ωj ’s is equivalent to
j Lj
demanding the elements of the list:
mj L2j



be incommensurable

In this way it becomes possible for a single delta-function to effectively serve
as N distinct delta-functions. We shall henceforth make this requirement of
incommensurability of the Ωj ’s and, as in the one-dimensional case, we only obtain useful results for βj 6= 0. With these limitations we can exactly reconstruct
the rest of the density matrix. Additionally, βj and n̄j have the same parity for
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all j:

ρ

ν +β ν −β
,
2
2



1
=
lim
T 00 →∞ 2T 00

Z

T 00

Z

L

dt dNx e−2πi

−T 00

× ei

PN
j=1

βj xj /Lj

0

PN

j=1

Ωj νj βj t

Pr(x, t).

(2.20)

The special feature of this system, which allows the treatment above, is that all
its eigen-energies are rational numbers (actually integers) times some minimum
energy. This can in fortunate circumstances, i.e. if the products of the energy
eigenstates in the position representation are reasonably placid, allow state reconstruction equations like that in Eq. (2.17). These reconstruction equations
will make use of a finite measurement time, and by using the trick in Eq. (2.19),
can be used in multiple dimensions. Another example of this kind of system is
the quantum mechanical rotor with fixed angular momentum projection, which
is the topic of chapter 3.

2.4.3

Particle in a box

In the last two subsections we found ourselves unable to determine the momentum distribution for the free particle with periodic boundary conditions.
The reason for this was that all the energy eigenstates of the system had the
same spatial distribution. In this subsection we shall show how imposing other
boundary conditions can completely alter this situation. In particular, we shall
study the particle in a box, where the spatial density is zero at the boundaries
of the box. As usual, we shall first treat the one-dimensional case and later
move on to the N -dimensional case.
We choose x ∈ [0, L] whereby E(n) = ~Ω0 n2 , now with n ∈ N. We use
πh
Ω = Ω/4 = 4mL
2 , yielding the energy eigenstates:
0

r
hx|nit =

 πx 
0
2
sin n
e−iΩ t .
L
L

These eigenstates all have different spatial distributions, and we already suspect
that we shall be able to reconstruct the momentum distribution. Following
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section 2.4.2 we find the joint position distribution, similar to Eq. (2.15):
Pr(x, t) = thx|ρ̂|xit
∞
 πx 
 πx 
X
0
2
02
2
sin n0
e−iΩ (n −n )t
=
ρ(n, n0 ) sin n
L
L
L
n,n0 =1

∞
h
i
h
i
2
02
1 X
0
0 πx
0 πx
=
ρ(n, n ) cos (n − n )
− cos (n + n )
e−iΩ(n −n )t .
L
L
L
0
n,n =1

Making once more the substitution n̄ = n + n0 and ∆n = n − n0 we arrive at
the box equivalent of Eq. (2.16):


n̄−1
n̄−1
∞
∞
X X   n̄ + ∆n n̄ − ∆n 
1 X X
+
,
Pr(x, t) =
ρ

L n̄=0
2
2
n̄=1
even

h

∆n=−n̄+1
even



× cos ∆n

πx 
L

odd

∆n=−n̄+1
odd

 πx i
− cos n̄
e−iΩn̄∆nt .
L

(2.21)

Recalling that the set of functions {cos(kπx/L)}, k ∈ N, is orthogonal on x ∈
[0, L] we can use the cosine functions in Eq. (2.21) and the exponential function
in time to select a certain term in the sum. Selecting ν ∈ N and β ∈ Z with
ν > |β| and letting T 0 = 2π/Ω0 we obtain the equivalent of Eq. (2.17)6 :


Z L
 πx 
ν+β ν−β
,
= 2 dx cos β
×
ρ
2
2
L
0
Z NT T 0
0
1
dt eiΩ νβt Pr(x, t), ν > |β| . (2.22)
2NT T 0 −NT T 0
Here it is apparent that we can reconstruct the full density matrix, including the
momentum distribution. Thus, the choice of boundary conditions has allowed
us to overcome the limitation encountered in the case of periodic boundary
conditions. Later on, in chapter 3, boundary conditions will similarly allow us
to reconstruct diagonal elements of the density operator for a rotor; elements
hidden in the case of section 2.4.27 .
6 Performing the necessary sums, it is easiest to let the sums extend over all positive and
negative n̄ and ∆n (each sum containing only even or odd indices) and then in the end set
all ρ(n, n0 ) = 0 if n ≤ 0 or n0 ≤ 0.
7 Specifically, chapter 3 uses a spherical coordinate space given by the spherical polar angles (θ, φ), rather than the toroidal one given by the periodic boundary conditions in subsection 2.4.2.
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Moving on to the multidimensional case where E(n) = ~
the equivalent of Eq. (2.18):


( N  ∞ n̄j −1
j −1 
∞ n̄X
YX X
X


×
+
Pr(x, t) =


n̄j =1 ∆nj =
j=1 n̄j =0 ∆nj =
even −n̄j +1
even

PN

j=1

Ω0j n2j we find

odd n̄j −1
odd

)





1
πxj
πxj
cos ∆nj
− cos n̄j
e−iΩj n̄j ∆nj t ×
Lj
Lj
Lj


n̄ + ∆n n̄ − ∆n
ρ
,
.
(2.23)
2
2
Selecting the two N -vectors ν and β with νj > |βj | and demanding incommensurability of the elements in the list mj L2j , we find the reconstruction formula
corresponding to (2.20):






Z T 00 Z L
N
Y
ν +β ν −β
1
πx
j
×
,
dt dNx 
cos βj
ρ
=
lim
T 00 →∞ 2T 00 −T 00 0
2
2
L
j
j=1
P
0
i N
Ω
ν
β
t
j
j
e j=1 j
Pr(x, t),
νj > |βj | . (2.24)
As in the one-dimensional particle in a box, it is in the multidimensional case
possible to completely reconstruct the density matrix.

2.5

Summary

We have shown how to extend two common schemes of quantum state tomography from one to N dimensions: The harmonic oscillator and the free particle
on a finite interval. We have assumed that the time of the N subsystems cannot be varied independently and that the Hamiltonian is time-independent. In
both cases a complete reconstruction required extension of the time interval of
observation to all times and required incommensurability of the eigen-energy
differences for the different N spatial dimensions.
For the harmonic oscillator, we quantified the information that can be reconstructed if some of the N frequencies are commensurable. This was done by
reconstructing the moments of the ladder operators. This partial reconstruction
only required measurements at a finite number of points of time.
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For the free particle on a finite interval we showed that all off-diagonal
elements of the density matrix in the energy-representation can be reconstructed
in the case of periodic boundary conditions, and that a full reconstruction is
possible for the box potential
In a more general perspective, the oscillators with commensurable frequencies, and the free particle with periodic or box-like boundary conditions, both
illustrate more fundamental aspects of state reconstruction, and we imagine
that further analyses along the lines of the current work may serve to identify
the conditions imposed on dynamical laws such that quantum states can be
generally reconstructed, as suggested in the conclusion of [7].
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Chapter 3

Molecular rotational states
3.1

Synopsis

In this chapter, we will investigate the reconstruction of rotational states of
molecules from measurements of their angular distribution at different points
of time. For this purpose, we take our starting point in a widespread experimental situation for non-adiabatic alignment of molecules. We show both that
sufficient information for complete reconstruction may be obtained with a small
modification of the usual experiment, and present an analytical reconstruction
method.
The chapter is based on the article [31].

3.2

Introduction

Molecular alignment refers to aligning an axis of the molecule along a fixed axis
in the laboratory. In contrast to orientation where molecules point in a certain
direction (e.g. up), alignment only fixes an axis allowing molecules to be oriented
two opposite ways (e.g. up or down). To cause this alignment, the usual method
is applying a laser pulse to a molecular gas, interacting non-resonantly with the
molecules through their polarizability. For aligning laser pulses with intensity
envelopes changing slowly compared to the molecule’s rotational transition frequencies, the field free rotational states evolve adiabatically into the so-called
pendular states [32]. In contrast, we shall be exclusively interested in field-free
alignment which is inherently a non-adiabatic effect. Since its first experimen25
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tal demonstration in 2001 [33]-[34], non-adiabatic alignment of molecules using
short non-resonant laser pulses has spurred great interest, finding application
in ultra-fast optics, high harmonic generation, scattering theory and potentially
in electronic state tomography [35]. A recent review can be found in [36].
Non-adiabatic alignment can be achieved through using a short laser pulse,
usually lasting somewhere between a few picoseconds down to tens of femtoseconds, to give the molecules an angular “kick” which serves to align them after
the pulse has passed. Before we delve into the quantum mechanics, we illustrate
this effect with a brief classical treatment. Specifically, we consider the rigid
diatomic molecule in Fig. 3.1 whose internuclear axis is at an angle θ to the
fixed polarization vector nz of a laser field, defining the z-axis.
Resolving the laser field in the molecular (X,Y,Z)-coordinates, we find the
dipole moment p(t) in the molecular frame, induced by the electric field E(t) =
E(t)nz :


 

α⊥
0
0
  −E(t) sin(θ)  =  −E(t)α⊥ sin(θ)  ,
α⊥
p(t) = 
αk
E(t) cos(θ)
E(t) αk cos(θ)
where αk and α⊥ are the polarizabilities along and perpendicular to the molecular axis. The resulting torque is:
τ (t)

= p(t) × E(t)

=

E(t)2 (αk − α⊥ ) sin(2θ) nx ,

(3.1)

where nx is a unit vector in the positive x-direction. Four observations can be
made: First, the torque is proportional to the intensity, and thus independent
of the sign of E(t). Second, in the usual case where αk > α⊥ , the torque gives
the molecules an angular momentum tending to rotate them directly towards
alignment with the polarization axis. Third, for small numeric angles |θ|  1,
we find τ ∝ θ. Fourth and finally, if the laser pulse only has nonzero intensity
for a time so short that θ can be considered fixed, one can find the angular
velocity ω given to the molecule by the field:


Z
Z
αk − α⊥
τ (t)
≈
2
dt E(t)2 θ nx .
(3.2)
ω =
dt
I
I
Since we have for small angles ω ∝ θ nx , an ensemble of molecules starting
out with different small θ and
velocities will all reach
 negligible

R initial angular
θ = 0 at the same time I/ 2(αk − α⊥ ) dt E(t)2 after the passage of the laser
pulse. By symmetry, a similar argument can be made for |θ − π|  1. Taking
into account the values of θ that are not close to either 0 or π, initial angular
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Figure 3.1: Molecule in a laser field shows alignment using classical arguments.
The molecular axis has an initial angle θ to the z-axis, along which the laser
field is polarized. The molecular axes (Y,Z) are also shown, and the two axes x
and X are coincident. The polarizability matrix is diagonal in the (X,Y,Z)-basis
and reads α = diag(α⊥ , α⊥ , αk ). For small angles θ and short laser pulses, the
angular velocity given to the molecules by the laser field |ω| ∝ θ effecting that
all such molecules align with the z-axis at the same instant of time.

velocities and the finite time of the laser pulse, perfect alignment will usually
not be obtained in a realistic ensemble. There will instead be a short time
interval, after the passage of the laser pulse, during which most molecules in the
ensemble will be approximately aligned along the laser’s polarization axis.
Having a classical grasp of alignment, we shall leave this treatment behind
and move on to the quantum mechanical model. This is necessary for a precise
description of the state due to the tiny size of the molecules, and carries with
it non-classical phenomena such as rotational revivals.

28

3.3

CHAPTER 3. MOLECULAR ROTATIONAL STATES

A typical alignment experiment

A typical example of an alignment experiment is shown in figure 3.2. Here, a
supersonic molecular beam is used as the molecular system in a pump-probe
experiment. Such beams are formed by throttle-like expansions through a small
valve, usually together with a background noble gas, and has the advantage
of rotationally cooling the molecules to temperatures of a few Kelvin. While
this temperature is low compared to standard conditions, it is still high enough
to appreciably populate more than one rotational level in molecules used in
alignment experiments. The initial state is thus approximately a thermal state
with a few energy levels excited. The pump is a short (typically a few ps), intense
non-resonant laser pulse, which induces the rotational state. The pump pulse is
linearly polarized and since the initial state is thermal and therefore rotationally
symmetric, the rotational state formed will be cylindrically symmetric around
the pump polarization axis. Furthermore, because the field mainly interacts
with the molecule through the molecular polarizability, the rotational state is
reflection symmetric in a plane orthogonal to the pump polarization. Whereas
the cylindrical symmetry is critical to our treatment, the reflection symmetry
is not required.
After a delay, the molecules are Coulomb-exploded by an intense ultrashort
probe-pulse, polarized parallel to the pump pulse, and with a duration of typically a few tens of femtoseconds. This time and the subsequent dissociation
passes so quickly that simultaneous rotations can be neglected. The molecular
fragments therefore recoil approximately back-to-back and their angular distribution can be found from the imaged fragments [37], [38]. Because of the
cylindrical symmetry, the true angular distribution can be found even though
the fragments are pulled by an electric field towards a detection plane containing
the laser polarizations [39]. In a future work, we will show that one can easily
use the raw data for the Quantum State Reconstruction, without the numerical
errors introduced by the commonly used mathematical technique of Abel inversion [40]. For the moment, however, we can think of having the true angular
distribution at our disposal.
So far, the comparison of such experiments with theory has been through
the resemblance of experimental data with numerical simulations of the time
evolution from a known initial state. Conversely, we propose a tomographic
method by which one can determine an unknown quantum rotational state of a
linear and symmetric top rotor from measurements of the angular distributions
at several points of time. Apart from giving explicit reconstruction formulas, we
also show that the full quantum state information is present in these measure-
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Probe pulse

Molecular beam
Pump pulse

2-D ion detector

No alignment

1.5 ps after pump 4 ps after pump 9 ps after pump

Figure 3.2: A typical non-adiabatic alignment experiment with short laser
pulses. The initially cool molecules are excited into a rotational state by a
non-resonant, vertically polarized pump pulse. After a time t the molecules are
Coulomb-exploded with an intense, ultrashort probe pulse, also vertically polarized. The fragments recoil back-to-back and are imaged on a 2-D detector. The
3-D angular distributions can be found from these 2-D images by Abel inversion
because of the cylindrical symmetry. Four examples of experimental data with
Iodobenzene are shown for illustration, the imaged fragments being iodine ions:
(from left) Probe applied long before pump, probe applied after respectively 1.5,
4 and 9ps. Part of the anisotropy, apparent in the un-aligned case, is due to
the Coulomb-explosion preferentially occurring parallel to the probe polarization. This is corrected for when finding the 3-D distribution. Strictly speaking,
Iodobenzene is an asymmetric top, but only slightly. For many purposes, it
behaves like a symmetric top. Illustrative experimental data kindly provided by
Simon S. Viftrup.
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ments, which may be useful in the development of approximate reconstruction
methods.
This chapter is arranged as follows: In section 3.4 we present the tomographic
method for the rigid linear rotor. In section 3.5 we show how to extend the
tomographic method to molecules where centrifugal distortion must be taken
into account. In section 3.6 we extend the tomographic method to the case of
symmetric top molecules. In section 3.7 we discuss the possibilities of recording
the experimental data necessary to perform a reconstruction and we conclude
the chapter.

3.4

Reconstruction method for linear molecules

In this section we will present a reconstruction method by which one can find
the rotational state of a linear rigid rotor. Specifically, we imagine that we are
able to perform measurements of spatial distributions at different points of time
and that we know the Hamiltonian governing the time evolution. The goal shall
be to find the unique quantum state corresponding to these measurements.

3.4.1

Free rotation

Before discussing the description of the quantum state, we shall first digress
to account for what we know about the Hamiltonian and its eigenstates. As
discussed in the introduction, we are varying the time elapsed between when
the rotational state is created by a pump pulse and when it is probed. During
this time the molecule is in a field-free environment. Consequently, we shall be
interested in the Hamiltonian for the free rotor.
The Hamiltonian governing the time evolution for the linear rotor with moment of inertia I is:
Ĥ =

Jˆ2
,
2I

where Jˆ is the angular momentum operator. The energy eigenstates of this
Hamiltonian are {|J, mi} where the angular momentum quantum number J ∈
N0 and the projection quantum number m ∈ {−J, −J + 1, . . . , J}. These states
~
have energy EJ = ~ΩJ(J + 1), where Ω = 2I
. Since we will reconstruct the
quantum state using angular distribution measurements only, we shall need the
spatial coordinate representation of the energy eigenstates. As stated above,
we shall restrict our study to azimuthally symmetric distributions, and we shall
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hence be interested in the distribution of the polar angle θ. For notational
simplicity, we shall use the parameter x = cos(θ) so the position representation
of the eigenstates becomes:
t hx|J, mi

|m|

= PJ (x) e−iΩJ(J+1)t .

(3.3)

There should be a factor of eimφ in Eq. (3.3), with φ being the azimuthal
angle, but we can safely ignore this since we shall restrict our treatment to
fixed values of m: Any phase factor will disappear when multiplied with the
complex conjugate in Eq. (3.5) below. Another way to look at this is that since
we assume azimuthal symmetry of the angular distributions, we might as well
|m|
evaluate the position distribution at the azimuthal angle φ = 0. The PJ are
the normalized associated Legendre functions, normalized on x ∈ [−1, 1] [41]:
Z 1
|m|
|m|
dx PJ1 (x)PJ2 (x) = δJ1 ,J2 .
(3.4)
−1

The multiplicative factors relating these to the un-normalized associated Leg|m|
endre functions PJ (x) are:
s
2J + 1 (J − m)! |m|
|m|
PJ (x) =
P (x).
2
(J + m)! J
Equation (3.3) fully accounts for the free time evolution of the rotor. The
angular position distribution of a single eigenstate is constant in time, but due
to the different time dependent phase factors, a linear combination of different
|J, mi states will have time dependent interference terms. Hence, such a linear
combination will have a time dependent position distribution, also in the field
free case.
After this brief account of the dynamics of the system, we proceed to define
what we mean by the quantum state we are trying to reconstruct.
In the present treatment, the state will be characterized by its density operator ρ̂, allowing a description of statistically mixed states. Specifically, we
shall find all the matrix elements of ρ̂ in the |J, mi-basis at t = 0 restricted to
single m’s. This is the same as finding the diagonal blocks of constant m in
the density matrix, i.e. ρ(J, m, J 0 , m) = ρm (J, J 0 ). For a general state this is
only a partial characterization, but if it is somehow known that the state has no
correlations between different m values, knowledge of all ρm (J, J 0 ) amounts to a
full characterization of the state. This is the case in the experiment described in
the introduction, the reason being that the initial thermal state and all Hamiltonians causing dynamics in the system have this symmetry. The procedure
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below will completely reconstruct the quantum state for such systems. For the
angular distribution, this diagonality in m implies cylindrical symmetry for all
time around a laboratory fixed axis, which we choose to be a spherical polar
axis. Please note that we assume for the moment that measurements of the
angular distribution can be performed for a single m index. That is, a full reconstruction would require a separate measurement for each m. We will return
to the practical realizability of such measurements in section 3.7.
There are several reasons why it is necessary to use the density matrix to
describe the system’s state rather than the wave-function (i.e. a state vector).
The first reason for this is that the initial state, before excitation with the pump
pulse, is a thermal state with more than one rotational level populated. Furthermore, the pump pulse intensity will vary across its focus, whereby molecules
at different points of space will experience different pulse strengths. Thus, even
if the initial state had been pure, molecules in different parts of the focus will
be evolved with different Hamiltonians, creating a mixed state. Consequently,
we choose to describe the system’s quantum state by its density matrix which
is a complete characterization of the quantum state in this case, much as the
wave-function is in the case of pure states.

3.4.2

Measurements and observables

Having described the physical system, we proceed to consider the measurements
performed; namely the (angular) position distributions for a fixed m at the time
t:
Pr(x, t)

=
=

t hx|ρ̂m |xit
∞
∞
X
X

thx|J1 , mihJ1 , m|ρ̂m |J2 , mihJ2 , m|xit

J1 =|m| J2 =|m|

=

∞
X

∞
X

|m|

|m|

ρm(J1 , J2 ) PJ1 (x)PJ2 (x) ×

J1 =|m| J2 =|m|

e−iΩ[J1 (J1 +1)−J2 (J2 +1)]t ,

(3.5)

where t = 0 is an arbitrary, but fixed, point of time after passage of the pump
pulse. Our aim is to invert this equation to find the density matrix in the
eigenstate-representation ρm(J1 , J2 ). It will prove convenient to write the prod|m|
|m|
ucts of the two Legendre functions PJ1 (x)PJ2 (x) as a sum of single Legendre
functions. This is exactly what is done in the decomposition of direct product
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bases for irreducible representations of the rotation group:
|m|
|m|
PJ1 (x)PJ2 (x)

=

JX
1 +J2

√

2π C(J1 , J2 , L|m, −m, 0) PL0 (x),

(3.6)

L=|J1 −J2 |

where C(J1 , J2 , L|m, −m, 0) are Clebsch-Gordan coefficients [41]. Next, we introduce the variables J = J1 + J2 and ∆J = J1 − J2 , and the notational
simplification:


√
J + ∆J J − ∆J
m
CJ,∆J,L =
2π C
,
, L m, −m, 0 .
2
2
Writing the position distributions Eq. (3.5) in the new variables J and ∆J, and
using Eq. (3.6) we arrive at:


J
J
∞
∞
X
X X   J + ∆J J − ∆J 
 X
 ρm
+
Pr(x, t) = 
,
×


2
2
J=|m| ∆J=−J
J even ∆J even

J=|m| ∆J=−J
J odd ∆J odd
J
X

e−iΩ∆J(J+1)t

m
PL0 (x)CJ,∆J,L
.

(3.7)

L=|∆J|

For readability, we shall in the following abbreviate the summations in the first
line of Eq. (3.7) as:
ee,oo
X

.

(3.8)

J, ∆J

We have now expanded the time dependent position distribution on orthogonal
polynomials Pα0 (x) with coefficients that can be found by simple spatial integrals
R1
dx Pα0 (x) Pr(x, t). These coefficients, in turn, are linear combinations of the
−1
density matrix elements which can be found if the distribution is recorded at
different times, as we show below.

3.4.3

Reconstruction formulas

In this subsection we will present the reconstruction formulas. We will first consider the off-diagonal elements of the density matrix and deal with the diagonal
elements further below.
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Reconstruction of off-diagonal elements
We let NT T be the time interval in which position measurements Pr(x, t) have
been performed.
Here NT ∈ N and the minimum measurement time T = 2πI/~,
√
equalling 2 times the semiclassical rotational period of the J1 = 1 state or the
rotational revival period [37].
The time dependent factor e−iΩ∆J(J+1)t in Eq. (3.7) suggests that a temporal
Fourier transform evaluated at frequency Ωβ(α + 1), with α and β suitably
chosen integers, will be part of the reconstruction procedure. Following this
strategy, we consider the integral:
Z NT T
Z 1
1
iΩβ(α+1)t
I(α, β) =
dt e
dx Pα0 (x)Pr(x, t)
NT T 0
−1


ee,oo
X
J + ∆J J − ∆J
=
ρm
,
δβ(α+1),∆J(J+1) ×
2
2
J, ∆J

J
X

m
CJ,∆J,L
δL,α ,

(3.9)

L=|∆J|

where α ∈ {|m|, |m + 1|, . . .} and β ∈ {−α, −α + 2, . . . , α}, which makes both α
and β either even or odd. For the time being, we shall choose β 6= 0 and deal
with the β = 0 case (i.e. diagonal matrix elements) later.
Notice that the delta-function in the sum over L ensures that α, J and ∆J
are all of the same parity. This is also the parity of β, since we chose α and β
to be of the same parity.


J
∞
X
X
J + ∆J J − ∆J
ρm
I(α, β) =
,
×
2
2
∆J=−J
J=|m|
parity as α parity as α

m
δβ(α+1),∆J(J+1) CJ,∆J,α

J
X

δL,α . (3.10)

L=|∆J|

Rather than giving a single term in the general case, the sums are greatly
simplified. From the L-sum we get I(α, β) = 0 unless:
|∆J| ≤ α

≤ J.

(3.11)

Using this in conjunction with the other delta-function we find I(α, β) = 0
unless:
|∆J| ≤ |β|

≤ α,

β and ∆J of same sign.

(3.12)
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Furthermore, this delta-function demands:
β (α + 1)

= ∆J (J + 1) .

(3.13)

As it turns out, for many choices of α and β there is only the straightforward
solution to the equation Eq. (3.13) under the conditions Eqs. (3.11) and (3.12),
namely α = J and β = ∆J. In these cases we easily find the density matrix
elements:
I (α, β)

=

m
Cβ,α,α


ρm

α+β α−β
,
2
2


,

for unique integer solution
to 3.11, 3.12 and 3.13.

(3.14)

For some choices of α and β there will be more than one term surviving from
the sums in Eq. (3.10). The physical reason for this is that there is more than
one pair of energy eigenstates having a certain energy difference. One example
is the energy difference between the states (J1 = 3 → J2 = 0) and between the
states (J1 = 6 → J2 = 5). In our variables this corresponds to (J = 3, ∆J = 3)
and (J = 11, ∆J = 1). These degeneracies are easily found numerically by
using Eq. (3.13) and the conditions Eqs. (3.11) and (3.12). We proceed to show
that all density matrix elements with β 6= 0 can be found regardless of this
complication.


α−β
m
Imagine that we have found I(α, β) to contain the term Cβ,α,α
ρm α+β
,
,
2
2
 α0 +β 0 α0 −β 0 
n
n
n
n
1
1
, 1 2 1 , where n1 =
but also several other terms Cβmn0 ,α0n ,α ρm
2
1

1

1, 2, . . . , N1 . The strategy is to calculate all the integrals I(αn0 1 , βn0 1 ). These may
also contain several terms with (J = αn00 2 , ∆J = βn002 ), where n2 = 1, 2, . . . , N2 ,
but always fewer than in the former integrals, i.e. Nj < Nj+1 . The reason for
this is the condition |∆J| ≤ |β| from Eq. (3.12): Whereas the β = ∆J term will
always appear, the rest of the terms in the sum Eq. (3.10) will have ∆J < β,
whereby the procedure will terminate and we can find all the matrix elements
of ρ̂m by back substitution.
To clarify this procedure a little, let us consider an example: We shall
try to find the matrix element ρm(5, 0). In this case J = ∆J = 5, and
m
m
m
ρm(6, 3) + C29,1,5
ρm(15, 14). To find
we find I(5, 5) = C5,5,5
ρm(5, 0) + C9,3,5
the desired matrix element we shall need the two extra equations I(9, 3) =
m
m
m
ρm(15, 14) and I(29, 1) = C29,1,1
ρm(15, 14). These three
C9,3,3
ρm(6, 3) + C29,1,3
resulting equations can be solved by back substitution to yield ρm(5, 0), ρm(6, 3)
and ρm(15, 14).
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Reconstructing the diagonal
We proceed to show how one can go about finding the diagonal of ρ̂m in the
energy-representation. To do this we shall use Eq. (3.10) with β = 0, by which
α is even:
Z NT TZ 1
1
dt dx Pα0 (x)Pr(x, t)
I(α, 0) =
NT T 0
−1


∞
X
J J
m
,
=
ρm
CJ,0,α
2 2

=

J=|m|
J even
∞
X
J1 =ceil(

m
ρm(J1 , J1 ) C2J
,
1 ,0,α
|m|
2

(3.15)

)

where we have used J1 = J/2 and the ceil-function rounds upwards to nearest
m
is zero unless α ≤ 2J1 . We
integer. We notice that the coefficient C2J
1 ,0,α
arrange the I(α, 0) in a column vector I and the ρm(J1 , J1 ) in a column vector
R:


I [2|m|, 0]


I =  I [2(|m| + 1), 0]  ,
..
.


ρm (|m|, |m|)


R =  ρm (|m| + 1, |m| + 1)  .
..
.
Eq. (3.15) now reads:
I
Mm

= Mm · R,
where
 m
m
C2|m|,0,2|m|
C2(|m|+1),0,2|m|
m

0
C2(|m|+1),0,2(|m|+1)
= 
..
..
.
.
|
{z
upper−triangular

(3.16)

...
... 

..
.
}

To find the desired elements ρm(J1 , J1 ) we shall need to√invert the matrix Mm ,
m
which can be done since the diagonal elements Cα,0,α
= 2πC(α/2, α/2, α|m, −m, 0)
are all non-zero.
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It may be noted that since the linear system (3.16) always has the same
(m)
coefficient matrix, we could just as well have used a function FJ1 (x) that
selects a certain J1 in Eq. (3.15), so that:
ρm (J1 , J1 )

=

Z

1
NT T

NT TZ 1

dt
0

(m)

dx FJ1 (x) Pr(x, t).

−1

(m)

The functions FJ1 (x) can be precalculated and are given by:
(m)

FJ1 (x)

=

∞
X

(m)

fJ1 ,J 0 P2J 0 (x),

J 0 =J1
(m)

where the expansion coefficients fJ1 ,J 0 can be found by using Cramer’s rule and
the fact that Mm is upper-triangular:
MJsub
0
,J 0
(m)
fJ1 ,J = (−1)J1 +J QJ 0 −|m|+1 1
,
γ=J1 −|m|+1 Mm (γ, γ)

(3.17)

is the determinant of the sub-matrix:
and MJsub
0
1 ,J
MJsub
0 =
1 ,J



1
if J = J1
Mm (J1 − |m| + 1 : J 0 − |m|, J1 − |m| + 2 : J 0 − |m| + 1) otherwise.

This method would be relevant if only a few particular diagonal elements of the
density matrix are desired. One may notice the similarity of these functions to
the pattern functions used with harmonic oscillator systems [18], [19].
It may be noted that we could not have circumvented the back substitution
procedure for the elements with β 6= 0 above by choosing other functions than
the Pα0 (x) in Eq. (3.10). The reason is that the solution of the resulting system
of equations depends on the measurement values through the I(αj , βj )’s.
For most practical application one will be interested in only part of the density matrix, truncated at some maximum J1 , J2 = Jmax corresponding to truncating at high energies. In this case the Fourier time-integrals are replaced with
discrete Fourier sums, requiring measurements at frequency 2ΩJmax (Jmax + 1).
If measurements are made with a lower frequency, errors will be introduced
through aliasing except for the elements evolving with the unique lowest nonzero frequency ρ(0, 1) and ρ(1, 0).
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Real molecules and centrifugal distortion
ˆ2

In the above treatment we used the rigid rotor Hamiltonian Ĥ = J2I , whereas
terms of higher order in Jˆ2 will be important in real molecules in highly excited
rotational states. Such states may be reached in the experimental situation
described in section 3.2. With the lowest order centrifugal distortion the Hamiltonian is instead:
Jˆ2
DJˆ4
Ĥ 0 =
− 3 .
2I
~
The states |J, mi are still the energy eigenstates, but here with energy EJ =
~ΩJ(J + 1) − ~DJ 2 (J + 1)2 . The constant D ∝ I 31ω2 , where ω is the harmonic
frequency of the molecular bond. The reconstruction strategy is similar to the
one in Eq. (3.9):
Z
Z
1 T iβ(α+1)[Ω−Dβ(α+1)]t 1 0
ICD (α, β) = lim
dt e
dx Pα (x)Pr(x, t). (3.18)
T →∞ T 0
−1
In this case, the conditions Eqs. (3.11) and (3.12) still apply, but Eq. (3.13) is
replaced by:
β(α + 1) −

D
D 2
2
β (α + 1)2 = ∆J(J + 1) − ∆J 2 (J + 1) .
Ω
Ω

(3.19)

Depending on the value of D/Ω, there may be more than one set of (∆J, J) that
satisfies the conditions Eqs. (3.11)-(3.12) and Eq. (3.19), but it will usually be
much fewer than in the rigid rotor case. Consequently, one can often

 avoid the
α−β
m
.
back substitution procedure above and use ICD (α, β) = Cβ,α,α
ρm α+β
,
2
2

3.6

Symmetric top states

Having treated the linear rotor, we will straightforwardly generalize the results
from section 3.4 to symmetric top molecules. This class contains many more
molecules than the linear class.
The eigenvectors of the Hamiltonian are in this case the set {|Jkmi} with
associated energy E = ~Ω1 J(J + 1) − ~Ω2 k 2 . Here k is the quantum number for
the projection of the angular momentum on the symmetry axis of the molecule,
whereas we recall that m is associated with the projection on a space-fixed axis.
Like m, k can assume the values −J, −J + 1, . . . , J. For a linear molecule k = 0,
and the treatment in section 3.4 can indeed be seen as a special case of the
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symmetric top. In accordance with the above treatment we shall assume that
we can measure the polar angular distribution, parametrized by x = cos(θ),
for a certain value of k and m. The angular position representations of the
eigenstates are:
r
2
2J + 1 J
dkm (x) e−i[Ω1 J(J+1)−Ω2 k ]t ,
thx|Jkmi =
2
where the dJkm (x) are the usual rotation matrix elements, and the eigenstates
are normalized on [−1, 1]. The quantities Ω1 = ~/2Ix and Ω2 = ~/(2Iz − 2Ix ).
Here we have chosen the z axis as the molecular symmetry axis, and used that
the moments of inertia Ix = Iy . As in Eq. (3.3), we can safely ignore the
dependence of the two other Euler angles φ and χ, since we are working in
the subspace of fixed k and m. We can now readily generalize
the treatment
p
|m|
in section 3.4 by exchanging the functions PJ (x) with (2J + 1)/2 dJkm (x)
and the lower summation indices |m| with Mkm = max(|m|, |k|). In particular,
Eq. (3.5) generalizes to:
Pr(x, t)

=
=

t hx|ρ̂k,m |xit
∞ X
∞
X

1
2
ρm(J1 , J2 ) dJkm
(x) dJkm
(x)

J1 = J2 =
Mkm Mkm

r
×

(2J1 + 1)(2J2 + 1) −iΩ1 [J1 (J1 +1)−J2 (J2 +1)]t
e
. (3.20)
4

Products of the functions dJkm (x) can again be decomposed into linear combinations of single Legendre functions, again introducing J = (J1 + J2 )/2 and
∆J = (J1 − J2 )/2 [17], [42]:
r

(2J1 + 1)(2J2 + 1) J1
2
dkm (x) dJkm
(x)
4

=

JX
1 +J2

km
CJ,∆J,L
PL0 (x), (3.21)

L=|J1 −J2 |

where
r
km
CJ,∆J,L

=

2
C(J1 , J2 , L|m, −m, 0) C(J1 , J2 , L; k, −k, 0). (3.22)
2L + 1

Proceeding as in section 3.4, we calculate the integrals I(α, β) and arrive at the
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equivalent of Eq. (3.10):
I(α, β)

=

∞
X

J
X



J + ∆J J − ∆J
,
×
ρk,m
2
2

J=Mkm
∆J=−J
parity as α parity as α

km
δβ(α+1),∆J(J+1) CJ,∆J,α

J
X

δL,α .

(3.23)

L=|∆J|

The reconstruction of the matrix elements ρk,m (J1 , J2 ) can therefore be done
km
defined in Eq. (3.22) instead of
like in section 3.4.3, where one uses the CJ,∆J,L
m
CJ,∆J,L .

3.7

Discussion

The method above effectively deals with a semi-continuous one-dimensional reconstruction in the space of x and J, and not with the reconstruction of a general
state. The reason for this limitation is that the inversion formulas we are using
are integral transformations that preserve dimensionality, like e.g. the Fourier
transformation in t in Eq. (3.9). If the dimensionality of the measurements are
not at least as large as the dimensionality of the quantum state, such an approach nearly always fails as we showed in chapter 2. As discussed there, in one
dimension the density matrix is a two-dimensional object hx|ρ̂k,m |x0 i which has
the same dimensionality as the measurement-space Pr(x, t). In contrast, the full
quantum state of e.g. the linear rotor is a four-dimensional object hx, φ|ρ̂|x0 , φ0 i,
while the angular measurements Pr(x, φ, t) would be only three-dimensional. If
one desired to reconstruct a full general quantum state, one would either have
to be able to perform more advanced measurements or to vary the Hamiltonian
– an idea suggested for reconstruction of translational states in [43]. Because
of the difficulty of precisely knowing Hamiltonians arising from e.g. additional
laser pulses, we have instead treated the one-dimensional system using only
previously demonstrated measurements.
In spite of this limitation, the situation where the one-dimensional description is a complete characterization of the quantum system is experimentally
common. Indeed, for the situation described in the introduction, there are no
correlations between the different k and m quantum numbers. The question is
of course whether one can perform measurements of polar angular distributions
for certain k and m quantum numbers.
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A conceptually straightforward solution would be to use very low-temperature
samples, where only k = m = 0 is populated before the interaction with the
pump pulse. Note that this would not imply that the created rotational state
would be a pure state, due to inhomogeneities in the pump pulse focus. Such inhomogeneities could for example be caused by variation of the intensity over the
pump pulse focus or shot-to-shot variation of laser intensity. Though conceptually simple, this situation is unpractical due to the smallness of the rotational
energies demanding very low temperatures.
A more practical approach would be to select a certain value of k and m
before interaction with the pump pulse. For polar symmetric top molecules this
can be done for certain values of k and m by using the linear Stark effect through
hexapole focusing techniques [44], [45]. The linear Stark shift for symmetric
tops is ∆E (1) = −µεkm/J(J + 1), where µ is the dipole moment and ε is the
magnitude of the electric field. Since one starts out with a thermal sample,
there are no correlations in either J, k or m in the state before interactions with
the pump. Therefore, one does not discard any information about the state by
picking out all sets of values of J, k and m one by one. If the molecular beam
were sufficiently cold, one could select components of the beam with certain k
and m values, as is required by the method above. One would then also select
a certain value of J, which is not required, but on the other hand poses no
problem. Furthermore, the apparent ambiguity that a change of sign of both k
and m gives the same Stark shift is of no consequence, since the state created by
the pump has identical matrix elements ρk,m (J, J 0 ) and ρ−k,−m (J, J 0 ) due to the
invariance of the initial state and of the pump-pulse interaction Hamiltonians
under the interchange (k, m) → (−k, −m).
Most linear molecules and symmetric tops with k = 0 do not exhibit any
linear Stark shift [46], but also here hexapole focusing techniques can be used
to select specific values of J and m through the second order Stark shift. In
this case, both molecules with the quantum numbers (J, m) and (J, −m) are
selected, but this is of no consequence since ρm (J, J 0 ) = ρ−m (J, J 0 ) in accord
with the previous paragraph.
Having all cards on the table, we need consider the experimental feasibility
of the above reconstruction method. It is clear that we need many accurate
measurements, both in space and in time. Our method needs the cylindrically
symmetrical 3D distributions which can be found from the measured 2D distributions, see section 3.2. This can be done using Abel inversion or the raw
2D data can be used, but either way requires good statistics. This is due to
the rapid spatial variations we need to resolve to perform the spatial integrals
in finding I(α, β), see e.g. Eq. (3.9). A more severe requirement is the neces-
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sary number of time samples, which in the rigid rotor case may be of the order
of 100 to 1000 for complete reconstruction in many experiments with strong
pump pulses. Obtaining such data is challenging and very time-consuming with
present-day techniques, but may become accessible in the future. If one uses
weaker pump pulses, so as to excite only relatively low angular momentum
states, one can make do with measuring at much fewer time points, making a
full reconstruction more realistic.
In conclusion, we have presented a method to reconstruct the blocks ρk,m (J, J 0 )
of the rotational density matrix for linear and symmetric top molecules from angular distributions at different points of time. Hereby we have also proved that
the required information is present in such measurements, which may substantiate the use of approximate reconstruction methods. The reconstructed blocks
amount to a complete characterization of the quantum state in a widespread
experimental setup. We have suggested how the required measurements in principle could be performed with existing techniques. Finally, we have commented
on which elements of the density matrix can be found in a more realistic experimental situation.

Chapter 4

Reconstruction of
vibrational states excited
from warm molecules
probed by four-wave mixing

4.1

Synopsis

We propose a method to reconstruct the bound vibrational quantum state of
gas phase molecules excited by a general excitation laser pulse. Unlike existing
methods which work for pure states only, we treat also the important case of
molecules being in a thermal state prior to the excitation. In addition to the
excitation pulse, the method uses two incident, short laser pulses in a non-colinear geometry to create four-wave mixing in the molecules. The measurements
used in the reconstruction are spectra of the outgoing four-wave mixing pulse at
different time delays of the excitation laser pulse. Contrary to usual reconstruction methods, this method does not require detailed knowledge of the dynamics,
but circumvents this requirement by using one or more calibration laser pulses
in a separate experiment, either before or after the main data are recorded.
43
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Finally, we discuss the extension of the reconstruction method in this chapter
to more general situations, hereby presenting the new idea of Quantum State
Reconstruction through perturbations with calibration.
The chapter is based on the article [47].

4.2

Introduction

Everything worth knowing about a molecule at any given time is its physical
state. Hence, whether one’s interest lies in interaction of radiation with the
molecule, chemical reactivity or intra-molecular processes, the state contains
this information. Evidently, it is of great interest to be able to determine this
state. In this chapter, we propose a method to determine part of such a molecular state in a four-wave mixing experiment. The method presented could be
particularly useful for determining the molecular states prepared by a single, optically tailored femtosecond laser pulse. Production of this type of laser pulses
has been demonstrated [48]-[50] and they have been used to produce specific
vibrational states in molecules [51], [52].
In particular, we will concentrate on finding the unknown bound vibrational
state of a gas phase molecule which has been excited by a short laser pulse from
an initial thermal state. Throughout the chapter, we will neglect rotational
degrees of freedom. As discussed in the chapter’s last section, this assumption
may be serious, and we emphasize that the actual feasibility of the proposed
method must be determined by experiment.
Earlier works directly related to this chapter have proposed reconstructing vibrational states for diatomic molecules using time-dependent fluorescence
spectra [14], and heterodyne detection of fluorescence [53], for more general
molecules using time- and frequency- resolved fluorescence [54], [55], and using time- and frequency-integrated fluorescence and a known reference state for
quantum state holography [56]. Common for these proposals is the requirement
that the initial state be a pure state. Realistically, fulfilling this requirement
in turn demands a sufficiently low temperature of the molecules before the creation of the vibrational excitation. This initial temperature must be so low
that only the lowest vibrational level is populated. For many molecules, this is
unpractical. For instance, to perform such an experiment on gaseous iodine at
adequately high pressure to obtain a good signal, one must have a temperature
high enough to populate several vibrational states, lest the iodine is deposited
[51], [57], [58]. It is important to note that even though the initial thermal state’s
ground vibrational state population is larger than that of all other vibrational
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states, it does not guarantee that this state gives the dominating contribution to
the unknown excited state. This is due to the different Franck-Condon factors
involved in the formation of the unknown excited state by the excitation laser
pulse. Hence, taking several initially thermally populated levels into account
can be essential to understanding the excited state formed.
The chapter is arranged as follows: In section 4.3 we identify the type of
quantum state being reconstructed and briefly remark on this chapter’s approach to measurements, which differs from the prequel. In section 4.4 we
outline an experimental implementation of the required measurements and give
an overview of the energy- and time-regimes involved. In section 4.5 we show by
calculation how to reconstruct the unknown vibrational quantum state. In section 4.6 we discuss the generality and feasibility of the reconstruction procedure
and conclude the chapter.

4.3

States and measurements

In this section, we will more closely specify what we mean by the physical state
in the context of the present chapter. Moreover, we state a point where the
present approach to measurements and dynamics differ from that of chapters 13.
The type of state we seek in this chapter is an unknown bound vibrational
state of a sample of molecules, coherently excited from an initial thermal state.
Specifically, we will restrict the reconstruction of the unknown vibrational state
to the electronic state it populates, denoted by the electronic index a, and thus
not find correlations with the initial thermal population. This is exactly what is
usually meant by the concept of an excited vibrational state. For transparency,
we restrict ourselves to the most important case where the initial thermal state
is limited to the electronic ground state, with possibly several vibrational levels
populated. The excitation that forms the unknown vibrational state needs not
be perturbative in the sense that it may transfer a large fraction of the initial
thermally populated level to the electronic state a. Nevertheless, it must leave
a non-vanishing population in the initial state and not transfer population back
to other of the initially populated levels.
Since the initial state is a mixed state, we cannot describe it by a single wave
function, and because coherent excitations preserve the mixed character, neither
can we describe the excited vibrational state this way. A sufficing description is
the density matrix, for which the initial thermal state would be diagonal in the
energy basis, but we shall take a more transparent course: Using incoherent vec-
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tor states, as explained below. This course is completely equivalent to a density
matrix description, and we introduce it merely as a mathematical trick. Using
this trick, we quite naturally separate the problem into pure state sub-problems
with no loss of generality, but hopefully with increased clarity. In particular, it
will reduce the number of terms when we use third order perturbation theory
below. Without further delay, let us have a look at this trick.
As the states originating in different energy levels in the initial thermal
state are quantum mechanically incoherent with respect to each other, and the
vibrational state we seek is coherently excited from these, we can describe the
system as an incoherent sum of vector states (corresponding to wave functions).
By an incoherent sum, we mean forming a sum of the states, each with a phase
factor exp(iθk ) labeled after the original energy level k in the initial thermal
state from which the coherent excitation took place1 . These phase factors will
be averaged over when taking inner products, making incoherent cross-terms
vanish. In this chapter, each incoherent term will be labeled by a left subscript,
such as k β. To illustrate this, consider the example of a thermal state of a
molecule with the only energy levels populated being the vibrational levels k = 0
and k = 1 in the electronic ground state. We then imagine applying a laser pulse
to the molecule, exciting a vibrational state in another electronic level a, the
vibrational eigenstates |φa,l i herein being labeled by index l. The excited state
will then be:
X
|ψa i =
|k ψa i
k

= |k=0 ψa i + |k=1 ψa i
X
X
iθ1
= eiθ0
0 βl |φa,l i + e
1 βl |φa,l i ,
l

l

where the k βl are expansion coefficients. What we mean by ”finding the unknown excited vibrational state” is: determining all the complex expansion
coefficients k βl up to a common phase for each k. With the incoherent averaging, inner products between states originating from different levels in the initial
thermal state vanish, e.g.
Z 2π
Z 2π
hk=0 ψa |Â|k=1 ψa i ∝
dθ0 e−iθ0 dθ1 eiθ1 = 0,
0

0

where Â can be any operator. Thus, we will not see any cross-terms between
states originating in different energy levels of the initial thermal state, whence
1 In this way, we are effectively picking out each pure state component of the mixed state,
labeling them by k and assuring that there are no coherences between them.
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we will conveniently treat these states for different k separately. However, one
should notice that it is still possible to see interference in an intensity signal
between the light formed from different incoherent levels. This can be easily
seen by considering the two electric fields formed by dipole transitions from
level a to the electronic ground state 0:
ˆ k=0 ψa i,
∝ d2 /dt2 hk=0 ψ0 |d|
2
2
ˆ
k=1 E(t) ∝ d /dt hk=1 ψ0 |d|k=1 ψa i,

k=0 E(t)

where dˆ is the scalar product of the dipole moment operator with the electric
field’s polarization vector. Although the incoherent θk -factors cancel in each
electric field, we will still observe interference in the measurable intensity signal
2
I ∝ [k=0 E(t) + k=1 E(t)] .
Having defined the state, we turn to the measurements we will use to reconstruct it. In chapter 1, we introduced the approach of performing the same
measurements at several points of time, thereby letting the dynamics reveal
the quantum state. Using this approach, one is almost always forced to assume full knowledge of the dynamical laws of the physical system. Even so, we
shall largely circumvent such assumptions by instead performing a calibration of
the measurement apparatus. The measurements we will use are spectrograms:
Spectra of four-wave mixing laser pulses, created at different times after the formation of the excited vibrational state. We will show that such a spectrogram
encompasses a quorum for determining the set {k βl } up to a common phase
factor for each k.

4.4

Experimental implementation outline

In this section we outline a pump-probe experiment where one could record
the data necessary for the vibrational state reconstruction. This is a four-wave
mixing experiment, where one sends in three laser pulses 1-3 from different
directions on a gaseous molecular sample, and records the spectrum of the outgoing four-wave mixing (FW) pulse [57]. For simplicity, we shall let all pulses
have the same linear polarization. Laser pulse 1 reaches the molecular sample
first and can be regarded as a pump pulse, since it has the effect of creating
the unknown vibrational quantum state in the molecules. Pulses 2 and 3 arrive
at the molecules long after pulse 1 is over, and can be regarded as a probing
process. The time τ when pulse 1 creates the unknown state is varied from one
experimental run to the next, retaining the timing of pulses 2 and 3. One then
measures the spectrum of the resulting F W pulse. The time sequence of the
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four laser pulses is outlined in Fig. 4.1. One should notice that even though the
pulses 1-3 should individually be the same from one run to the next, there is no
requirement of relative phase stabilization.

@
@

Intensity
Pulse 1

τ

Pulse 2

Pulse 3
FW pulse
@
@

Time

Figure 4.1: Schematic time sequence of the laser pulses. First, pulse 1 excites
a bound vibrational state in a gaseous sample of initially thermal molecules
at time τ . When pulse 1 is over, the molecules are probed using the pulses 2
and 3. While the pulses 1-3 are always the same, the time τ is varied from
one experimental run to the next. The interaction of the three pulses 1-3 with
the molecules gives rise to a four-wave mixing (FW) pulse. The spectrum of
this F W pulse is measured together with the current value of τ . Of further
note is that the emission of the coherent F W pulse can continue long after the
incident pulses 1-3 have died out, since the emission is due to an excitation in
the molecules. Because it will prove to make the reconstruction much easier, we
will require that pulse 2 and 3 have no temporal overlap, as shown.
To keep the theoretical treatment transparent, we will now introduce several simplifying assumptions. With the exception of a single key requirement
specified below, these assumptions are only included for clarity. Indeed, we will
do away with the non-essential ones in section 4.6.
The laser pulses involved will all cause transitions in the molecules, dominated by dipole transitions. In Fig. 4.2 we shown an overview of such a series of
transitions, each being accompanied by a change of the electronic state. We have
sketched the four electronic states 0 and a-c, and within each of these several
vibrational states. In the figure, we have shown the usual situation where the
electronic states are energetically separated by a much larger energy than the
vibrational states within them. Furthermore, the figure shows that the transitions due to pulse 2 always occur before transitions due to pulse 3. Realistically,
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this could be the case if pulse 2 precedes pulse 3 so that they have no temporal
overlap, as shown in Fig. 4.1. This is the key requirement mentioned above and
we shall see its usefulness in section 4.5.1. These assumptions give the most
transparent situation, and we shall calculate the spectrum of the F W pulse in
section 4.5 using them. Finally, we must require that only a single photon from
each of the pulses 2 and 3 are involved in each transition; a requirement implicit
in Fig. 4.2.
Energy
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Figure 4.2: Schematic energy diagram showing the levels of the molecular system and the four laser pulses with time-dependent electric fields Ej (t), j =
1, 2, 3, F W . Assuming the molecules are initially in a thermal state, we can
consider each initially populated level k in turn, and perform an incoherent sum
in the end. The system starts out in the electronic state 0, wherefrom laser
pulse 1 creates a bound vibrational state in the electronic state a. After a time
τ , which is varied from one experiment to the next, the state created with pulse 1
is probed through a four-wave mixing process using pulses 2 and 3 to transfer
the system through electronic states b and c. Under coherent emission of an
F W photon, the system finally ends up in the k where it originated. Some of
these electronic states may be identical, e.g. 0 = b and a = c in the experiment
described in [58]. The delay time τ is chosen small enough for pulse 1 to be over
when pulse 2 and 3 are applied.
One can experimentally justify the requirement that only a single photon
from each of the incoming laser pulses is involved in each of the transitions,
which together lead to coherent F W emission. Using the non-co-linear, socalled folded BOX-configuration shown in Fig. 4.3, one sends in pulses 1-3 from
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three different directions. Each angle between the pulse propagation directions
is small, typically a few degrees. One can select out the F W signal caused by
precisely one-photon interactions from each pulse, simply by using pinholes to
select out the appropriate phase-matched direction for the F W pulse.
The physical reason for the directionality of the F W pulse is that the molecular state is initially uncorrelated in the translational degrees of freedom. We
will briefly pause to shed light on this point. This phase-matching argument
is usually performed in the position basis, taking the emitting molecules to be
distributed randomly over the focal volume. Instead, we shall use the momentum basis because it makes the argument more transparent, and is completely
equivalent.
The total Hamiltonian for the molecule is the sum of two terms Ĥtotal =
Ĥ + ĤCM . The internal part Ĥ deals with the motion of nuclei and electrons
with respect to the center of mass, and is the part we shall be mainly interested
in. The other part, the center of mass motion, is governed by ĤCM = P̂ 2 /2M ,
where M is the molecular mass and P̂ is the center of mass momentum. The
initial state of the molecule is uncorrelated in energy, and can be written as an
incoherent sum of the states |k Ψtot,0 i = |k ψ0 i ⊗ |k P iCM . Here, |k ψ0 i denotes
the internal energy eigenstate and |k P iCM denotes the momentum state of
the center of mass, both labeled by the common energy index k. During the
experiment, the molecule absorbs and emits radiation, changing the internal
state. At the same time, momentum conservation dictates that the center of
mass momentum changes. After absorption of one photon of momentum p1
from pulse 1, stimulated emission of one photon of momentum p2 along pulse 2,
and finally absorption of one photon from pulse 3, the above state will have
achieved a component |k Ψ0tot i = |k ψ 0 i ⊗ |k P + p1 − p2 + p3 iCM . To have
coherent emission of an F W pulse from this term, we must look at the inner
ˆ k Ψtot,0 i. This is zero unless the emitted photon has momentum
product hk Ψ0tot |d|
pF W = p1 − p2 + p3 , due to momentum conservation and the orthogonality of
the states CM hk P + p1 − p2 + p3 − pF W |k P iCM . Thereby, the momentum
conservation becomes one of the four involved photons alone, and the apparent
inability of the molecule to carry off momentum in the coherent F W mixing
process can be understood as a thermal effect. In effect, we can use the direction
of the outgoing F W pulse to select how many photons were emitted or absorbed
from each of the incoming pulses 1-3. Having dealt with the mechanism that
gives rise to the directionality of the F W pulse, we will in the following ignore
the center of mass motion, and focus completely on the molecule’s internal state.
Another important point, which will play a key role in the calculations below,
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is that the directional selection will typically only select the number of photons
involved in each transition, and thereby the electronic states, but not select
which vibrational levels are involved in each transition. The reason is that the
electronic states are separated by a comparatively large energy, giving rise to
a realistically observable difference in angle for the F W pulse. In contrast,
the vibrational levels within a certain electronic level are energetically so close
that the transitions to these levels all give rise to F W photons traveling in
practically indistinguishable directions; more accurately, the focusing angles of
the incoming pulses are much greater than the change in angle needed to meet
phase matching to one vibrational state or the other. The ensuing interference
in the F W intensity is precisely the phase-sensitive quantities that we shall use
in the reconstruction.
A final important reason to use the non-co-linear geometry is that it allows one to observe the F W pulse without the presence of the very powerful
background from pulses 1-3.

4.5

Theory

In this section, we shall theoretically treat the situation outlined in the previous section, aiming at reconstructing the quantum state formed by pulse 1.
We will accomplish this reconstruction through calculating the spectrum of the
F W pulse, and expressing this spectrum through quantities determining the
quantum state we seek to reconstruct. By inverting these relationships, we can
finally find the sought quantum state from the measured intensity signal.
We recall from section 4.3 that we initially have a thermal state, where each
energy level k may be treated independently on the quantum level. Concentrating on a fixed k, the total state formed by the three laser pulses can be written
as:
E
E
E
E
E
(0)
(2)
= k ψ0
+ k ψa(1) (τ ) + k ψb (τ ) + k ψc(3) (τ ) , (4.1)
k ψ(τ )
t

t

t

t

t

where the superscript denotes which pulse has formed the state from the previous, the right subscript denotes the electronic state, and t is the time. In
each of the perturbation orders, we shall for clarity retain only terms leading to
coherent F W emission. The parameter τ signifies the time shown in Fig.
E 4.1;
(1)
the time when the unknown excited state is formed. This state k ψa (τ ) does
not need to be formed
E perturbatively, as long as it leaves a non-vanishing popu(0)
lation in the k ψ0 -state, and it does not transfer population back to other of
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Figure 4.3: Geometric outline of the laser pulses’ interactions with the molecular
sample. Dashed lines signify propagation below the plane of the paper, while
fully drawn lines signify propagation above. It is central to the calculations
in this chapter that one uses the shown non-co-linear configuration, in which
the pulses 1-3 have different propagation vectors (BOXCARS-configuration if
pulses 1 and 3 are identical except for their propagation direction). As seen
by the molecules, this will be similar to the pulses 1-3 approaching from three
of the four corners in a rectangle. By using a pinhole, one may separate out
the F W pulse, hereby ensuring that the measured interaction in the molecular sample has involved precisely one photon from each of the pulses 1-3. It
should be noticed that, in contrast to usual four-wave mixing with narrow band
pulses, the BOX configuration gives only state-selectivity of the electronic state,
but not of the vibrational states herein. This practical inability to tell apart
vibrational levels by the angle of the F W photon arises due to the energetic
closeness of the vibrational levels compared to the energetic distance between
the different electronic states. Thus, transition to a certain electronic state gives
rise to a easily detectable angular difference, whereas the transition to different
vibrational states herein does not; see also Fig. 4.2.

4.5. THEORY

53

the thermally populated
levels (i.e. other k-indices). We expand the unknown
E
(1)
state k ψa (τ ) on the bound vibrational eigenstates |φa,l i with energy ~ω̃la ,
belonging to the electronic level a:
E
X
a ,0
iω̃l,k
τ −iω̃la t2
(1)
e
,
(4.2)
= eiθk
k βl |φa,l i e
k ψa (τ )
t2

l
0

α,α
where the k βl are expansion coefficients and the transition frequencies ω̃ν,ν
0
0
between the vibrational states ν and ν in their respective electronic states α
and α0 are given by:
0

0

α,α
ω̃ν,ν
0

= ω̃να − ω̃να0 .

Unlike pulse 1, the probing pulses 2 and 3 must be perturbative. Using the
electric field E2 (t) of pulse 2, we find:
Z
E
E
i t3 −iĤ(t3 −t2 )/~
(2)
dt2 e
E2 (t2 ) dˆ k ψa(1) (τ )
,
(4.3)
= −
k ψb (τ )
~ −∞
t2
t3
where Ĥ is the field-free, molecular Hamiltonian and dˆ is the scalar product
of the dipole moment operator and theE electric field’s polarization vector. The
(3)
corresponding expression for k ψc (τ ) can be found similarly:
t

E
(3)
ψ
(τ
)
k c

= −
t

1
~2

Z

t

Z

dt3
−∞

t3

dt2 e−iĤ(t−t3 )/~ E3 (t3 ) dˆ

−∞
−iĤ(t3 −t2 )/~

×e

E2 (t2 ) dˆ

E

(1)
k ψa (τ )

We introduce the Fourier transforms of the electric fields:
Z ∞
Er (tr ) =
dωr Er (ωr )e−iωr tr , r = 2, 3.

.

(4.4)

t2

(4.5)

−∞

Furthermore, we use partial identities resolved on the vibrational states ν of the
electronic state α, including both bound and continuum states:
X
Iˆα =
|φα,ν i hφα,ν | .
(4.6)
ν

To be a full identity, the sum should have also included all other electronic
states. However, we can make this restriction because we demanded that the
pulses 2-3 are spectrally narrow enough to cause transitions only into the certain
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electronic states shown in Fig. 4.2. For example, a partial identity Iˆb could be
inserted immediately to the left of the operator dˆ in Eq. (4.3).
Finally, we denote the dipole transition moments between the vibrational
levels ν and ν 0 in their respective electronic states α and α0 :
0

α,α
Dν,ν
0

= hφα,ν | dˆ|φα0 ,ν 0 i .

(4.7)

We use Eqs. (4.5)-(4.7) with Eq. (4.4) and perform the time integrals. To
b,a
c,a
accomplish this, we make use of the usual trick of letting ω̃m,l
and ω̃n,l
have a
small negative imaginary part caused by decays, whereby the integrals converge.
E
(3)
k ψc (τ )

= eiθk
t

Z ∞ Z ∞
1 X b,a c,b
D
D
dω2 dω3
n,m
m,l
~2
−∞
−∞
l,m,n

a

E2 (ω2 ) E3 (ω3 ) e−i(ω2 +ω3 +ω̃l )t iω̃la,k,0 τ

e
×
k βl |φa,l i ,
a,b
c,a
ω2 + ω̃l,m
ω̃n,l
− ω2 − ω3
One may note in passing that if the dominating effect of pulse 2 is to stimulate
a,b
emission as shown in Fig. 4.2, the transition frequencies ω̃l,m
are positive and the
negative frequency components of E2 (ω2 ) will give the dominating contribution
to the ω2 -integral.
The electric field of the F W pulse is proportional to the second time derivative of the dipole moment
EF W (t, τ )

=

X

k EF W (t, τ )

k

∝

X d2
[k d(t, τ )] .
dt2
k

This yields for the contribution caused by the k’th initially populated level:
d2
[k d(t, τ )]
dt2

=

E
d2 D (3)
ˆ k ψ (0) .
ψ
(τ
)
d
k
c
0
dt2 t
t

(4.8)

Please note that we only have to use the same k’th vibrational state from the
initial thermal state, since inner products with all other terms vanish (see section 4.3). Using this result, we can find the frequency dependence of the F W
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pulse’s electric field:
k EF W (ω, τ )
ω2

∝

˜

k d(ω, τ )

Z ∞
1
=
dt eiωt k d(t, τ )
2π −∞
X
0,a
iω̃k,l
τ
∗
∗
=
k Cl (ω) e
k βl ,

(4.9)

l

where the mapping coefficients k Cl (ω) (and their complex conjugates) depend
upon the lifetime of the energy levels and the detailed electric fields of the
pulses 2 and 3:
∗
k Cl (ω)

=

c,0
a,b
b,c
1 X Dl,m Dm,n Dn,k
c,0
~2 m,n
ω + ω̃n,k

Z
×

∞

dω2
−∞



0,a
E2∗ (ω2 ) E3∗ ω̃k,l
− ω2 − ω
a,b
ω2 + ω̃l,m

.

(4.10)

This expression clearly shows the transitions a → b → c → 0 through the Dfactors and the resonance frequencies in the ω-dependent denominators. The
apparent divergencies are not realistic, but a usual artifact of applying perturbation theory. We used non-overlapping pulses 2 and 3 here, but had these pulses
been overlapping, Eq. (4.10) would be supplemented by a term from another
process stated in section 4.6. The most important characteristic of Eq. (4.9) is
its linearity in our sought coefficients k βl∗ , and the exponential τ -dependence.
It is instructive to consider the limit where there is no decay and all incoming
pulses are well separated in time as shown in Fig. 4.1:
∗
k Cl (ω)

=

−(2π)3 X a,b b,c
D
D
Dc,0
~2 m,n l,m m,n n,k



 
c,0
b,a
c,b
δ ω − ω̃n,k
,
× E2∗ ω̃m,l
E3∗ ω̃n,m

(4.11)

clearly showing the transitions shown schematically in Fig. 4.2. Rather than containing δ-functions in a realistic setting, the finite decay times will give mapping
c,0
coefficients peaked close to the transition frequencies ω = ω̃n,k
. Physically, the
part of the unknown state labeled by the index k can only give F W emission
c,0
close to the frequencies ω̃n,k
because the molecule is certain to return to the
original k-level after the coherent emission as shown in Fig. 4.2. Thus, if we
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fix k and let k 0 6= k, n and n0 be free, a well-resolved peak at the unique frec,0
quency ω̃n,k
6= ω̃nc,0
0 ,k 0 will tell us about the unknown state component k without
interference from other k 0 components. Obviously, this requires that n denotes
a bound (i.e. non-continuum) vibrational state. We can now see why it is practical for the pulses not to overlap in time: Overlapping pulses 2 and 3 would
give rise to another contributing FW-process described in section 4.6. This additional process turns out to cause non-k-specific emission near the frequencies
a,b
c,0
ω̃l,m
, potentially overlapping with the conveniently k-specific frequencies ω̃n,k
.
Thus, to profit from the ability to select ω to gain information about a single k-component of the unknown state, the pulses should be separated in time.
These observations will be very useful in the reconstruction strategy treated in
subsections 4.5.1-4.5.3.
A final observation made from Eqs. (4.10) and (4.11) is that the pulses 2
and 3 must be spectrally broad for all nonzero k βl to give rise to an emitted
field that may be measured; a requirement that is apparent from Fig. 4.2.
The measurements at our disposal are spectral intensities for each delay
τ , i.e. a two-dimensional spectrogram. The measured intensity signal is found
from squaring the electric field2 S(ω, τ ) ∝ |EF W (ω, τ )|2 . Therefore, dividing the
signal by ω 4 , we can find the following quantities:
S(ω, τ )
ω4

˜ τ)
= N d(ω,

2



= N

X

∗
∗
k Cl (ω) k0 Cl0 (ω) k βl k0 βl0



a ,a
0,0
i ω̃l,l
0 −ω̃k ,k0 τ

e

,

(4.12)

l,l0
k,k0

where the overall positive factor N is introduced for two reasons: First, we do
not know the absolute populations created by the pulses, and second, we wish
to avoid the difficulties connected with measuring absolute signal strengths.
Eq. (4.12) is the promised relationship between the measured signal and the
desired coefficients k βl . Unfortunately, we cannot write down a general formula
for the inversion of Eq. (4.12), because it depends on both the physical system
through its energies and decay times, and on the incoming pulses 2 and 3. Fortunately though, an inversion is often possible and we shall spend the remaining
part of this section doing so.
To extract the k βl ’s, a first step is to isolate single terms k Cl (ω) k βl k0 Cl∗0 (ω) k0 βl∗0
from the sum in Eq. (4.12). We can use Fourier transformation with respect to τ
2 This surprising result is a many-particle effect - a direct consequence of the large number
of uncorrelated molecules emitting the F W -pulse [59], [60].
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to extract a single or a few terms of this type. The number of terms found from
such a procedure equals the number of recurrences in the transition frequencies
at the chosen frequency Ω:
Z ∞
S(ω, τ ) −iΩτ
1
dτ
e
F (Ω, ω) =
2π −∞
ω4
Z ∞
2
1
˜ τ ) e−iΩτ
= N
dτ d(ω,
2π −∞
X
0
∗
∗
= N
(4.13)
k Cl (ω) k βl k0 Cl0 (ω) k0 βl0 ,
a,a
0,0
with the primed sum running over indices (k, k 0 , l, l0 ) so that Ω = ω̃l,l
0 − ω̃k,k 0 .
Moreover, because we required that pulse 1 preceded pulse 2, we must understand S(ω, τ ) = 0 for values of τ greater than the onset time of pulse 2, see
Fig. 4.1. Even though the τ -integral in Eq. (4.13) runs over all values of τ , one
cannot achieve this in real experiments. Both the inevitable truncation of the
τ -interval and decay processes will cause a broadening of the peaks in F (Ω, ω)
as a function of Ω, in turn leading to an increased number of frequency recurrences. Although a valid concern, we will postpone a discussion to section 4.6,
and assume for now that it is possible to use Eq. (4.13) to find sums with just
a single or a few terms. We will aim to extract single terms from these sums.
Obviously, choosing Ω = 0 gives many terms, among them the ones with l = l0 ,
making it difficult to extract any single one. Fortunately, it will turn out that
we will not need these, so we shall henceforth look for terms with l 6= l0 .
To select out a single or a few terms from the function F (Ω, ω) in Eq. (4.13)
we must make appropriate choices of the variables Ω and ω. In the following
subsection 4.5.1, we shall present a method to do this when proper choices of
ω can select out a certain k: case (I). Furthermore, the methods developed
in this subsection will allow us to treat the more complicated situations that
follow. In subsection 4.5.2 we describe the reconstruction method for case (I),
which involves introducing a calibration pulse. In subsection 4.5.3 we present
how to deal with the remaining k through making a weak assumption on the
spectrum - case (II). Finally, in subsection 4.5.4, we propose to use spectrograms
at different temperatures if the two above methods fail.

4.5.1

Case (I) : Emission due to a single initially populated
level k

We turn our focus to the group of k states that belong to case (I). Expressing
the situation physically, case (I) is when we can find values of ω for which the
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(0)

signal is the same as if the initial state was the pure state |k ψ0 i, see Eq. (4.1).
Recalling Eqs. (4.10) and (4.11), one would seek such ω close to the frequencies
c,0
ω̃n,k
, where k is fixed and n is free. In the decay-free language of Eq. (4.11)
and Fig. 4.2, we look among the transition frequencies for transitions from a
bound vibrational state n in the electronic state c to the vibrational state k in
the electronic state 0. If decoherence processes are not too fast, one can still
find such ω in the general case, illustrated in Fig. 4.4.

@
@

ω1

Frequency ω

k = 1 dominates

Both k = 0 and k = 1:
Interference
ω0

k = 0 dominates
@
@

τ
Figure 4.4: Schematic illustration of part of a spectrogram Eq. (4.13) in case (I):
There are regions of ω where only a single k contributes. The vertical lines
signify maxima in the signal S(ω, τ )/ω 4 , with contributions from different initial
levels explicitly shown. To extract the numbers k βl from the sum Eq. (4.13), one
can choose ω to select k. In the example shown in this figure, one can extract
information about k = 0 from using the data with ω = ω0 . Thus, the onedimensional data S(ω0 , τ )/ω 4 can be used in Eq. (4.13) to find 0 βl . Similarly,
fixing the frequency at ω = ω1 allows one to obtain information about the
coefficients 1 βl .
Having identified a set of candidate frequencies for ω, it may be possible to
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reduce this further if the central frequency and spectral width of the pulses 1-3
are known. Considering Fig. 4.2 or Eq. (4.11), one can get at good idea of the
spectral range of the F W radiation. Whatever the set of frequencies one ends
up with, it is necessary to have a way to test whether only one k contributes
at each of them. In the usual experimental situation where the signal S(ω, τ )
is simultaneously recorded for all frequencies ω in a wide range, we also know
F (Ω, ω) for this range of ω. To find out if only one k contributes at a fixed ω,
a,a
0,0
0
one simply tests whether F (ω̃l,l
0 − ω̃k,k 0 , ω) = 0 for all k 6= k. Such a test was
used for a similar purpose in [57].
Though one such ω could be enough, we will see below that more may be
required. Before going further, one should note the remarkable in that emission
at as little as a single frequency can contain all information about the complex unknown vibrational state excited from the initial state k. Dissimilarly,
the identity of this unknown state is contained in the one-frequency emission’s
variation with the delay τ , or equivalently Ω. Having chosen the proper ω, we
proceed to reconstruct the unknown state by looking at the Ω-dependence of
Eq. (4.13).
a,a
Let us choose the frequency Ω = ω̃l,l
0 , whereby the primed sum Eq. (4.13)
0
0
runs over only l and l and k = k is fixed due to our choice of ω. If there are
a,a
degeneracies in the frequencies ω̃l,l
0 , it can still be possible to find the elements
indirectly. Since the details depend on the problem at hand, we illustrate this
with an example.
a,a
Say, ω̃la,a
0 = ω̃l ,l0 , and we have Fourier transformed the signal to find the
1 ,l1
2 2
following sum, suppressing the k-index and ω-variable for clarity:
F (Ω)

= N Cl1 βl1 Cl∗10 βl∗10 + N Cl2 βl2 Cl∗20 βl∗20 .

(4.14)

Provided that we can find each of the following coefficients and that none of
them are zero, we can form the quotient:
N Cl1 βl1 Cl∗3 βl∗3 × N Cl30 βl30 Cl∗0 βl∗0
1

N Cl30 βl30 Cl∗3 βl∗3

1

= N Cl1 βl1 Cl∗10 βl∗10 ,

allowing us to extract each of the terms in Eq. (4.14). Thus, we can use intermediate levels to obtain each term in sums, otherwise hidden because of the
degeneracy in the transition energies.
In principle, we could similarly find all such products N Cl βl Cl∗0 βl∗0 , including l = l0 . Though having all these products would permit a nice statistical
treatment through singular value decomposition of the outer product matrix,
it could easily prove impossible to measure them all due to the finite spectral
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width of the pulses 2 and 3. Fortunately, we can do with only a Efew because
(1)
of our freedom of choosing normalization and phase of each k ψa , as will be
clear below.
We have now reached the limit of what we can extract from the (ω, τ )spectrograms. To find the unknown quantum state through the expansion coefficients βl ’s, we need to know the corresponding mapping coefficients Cl (ω)’s.
These are in turn both difficult to calculate, one reason being the regularization
of the apparent divergencies in Eq. (4.10), and more importantly require detailed knowledge of the electric fields of the pulses 2 and 3, of the dipole matrix
0
α,α0
elements Dα,α
ν,ν 0 and of the transition frequencies ων,ν 0 . One may rightly argue
that with the knowledge of the dipole transition moments, it would have been
easier simply to measure the field of the single pulse 1 and simply calculate the
unknown quantum state by propagation using the dynamical laws. Therefore,
we shall take a completely different approach which circumvents both regularizations, detailed knowledge of electric fields, and knowledge of transition matrix
elements and -energies between excited states.

4.5.2

Calibration pulse

In this subsection, we introduce one or more calibration pulses aimed at creating excited quantum states in the electronic level a with known calibration
expansion coefficients k βlcal . This is a different approach than heterodyne detection or other reference pulse techniques, since the calibration experiment is a
separate experiment from the one where the reconstruction data are recorded.
Hence, by performing exactly the same experiments as above, except with the
calibration pulse substituted for pulse 1, we will find products of the form
NC k Cl (ω) k0 Cl∗0 (ω). These will in turn be used in the reconstruction experiment with pulse 1 to find the coefficients k βl . Let us consider this in detail.
Contrary to pulse 1, we will require that the calibration pulse(s) be perturbative, because this gives simple expressions for the state created in the
calibration. We find this state similarly to Eq. (4.3), letting the upper limit in
the integration tend to infinity since the electric field Ecal (t0 + τ ) vanishes for
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times long before the pulses 2 and 3 are turned on:
Z
i iθk ∞ 0 −iĤa (t2 −t0 )/~
cal
= − e
dt e
Ecal (t0 − τ )
k ψa (τ ) t2
~
−∞
E
0
(0)
× dˆe−iĤ0 (t −0)/~ k ψ0
0
a,0
i iθk X a,0  a,0 
iω̃l,k
τ −iω̃la t2
= − e
Dl,k E ω̃l,k |φa,l i e
e
.
~

(4.15)

l

Comparing Eq. (4.15) to Eq. (4.2), we see that the expansion coefficients of the
calibration state are
i a,0  a,0 
cal
D E ω̃l,k .
(4.16)
β
=
−
k l
~ l,k
Thus, by knowing the dipole transition elements Da,0
l,k and the frequency components of the electric field of a calibration pulse, we can calculate the expansion
coefficients of the vibrational calibration state created in the electronic state a.
For convenience, one can merely use a calibration pulse that has a constant speca,0
trum over the relevant frequencies ω̃l,k
, giving calibration expansion coefficients
of the levels according to the values of the dipole transition matrix elements.
It is therefore not necessary to have detailed information about the calibration
pulses, but we must know the transition dipole matrix elements between the
electronic states 0 and a. Fortunately, these are typically readily measured,
e.g. by fluorescence spectroscopy, or calculated. In contrast, we do not need to
know the similar elements between two excited states.
In the remaining part of this subsection we will be considering a single k,
and we shall suppress this index for clarity.
For the calibration to be useful, the calibration data recorded must enable
us to determine the βl ’s up to a common non-zero complex factor. We will
accomplish this by determining products βl βl∗0 up to an overall complex factor, common for all products. The measurements with pulse 1 gives quantities N1 Cl (ω)βl Cl∗0 (ω)βl∗0 , precisely allowing us to determine N1 βl βl∗0 if we know
Cl (ω)Cl∗0 (ω). These mapping coefficient products can in turn be found, up to a
common factor NC , from the calibration data NC Cl (ω)βlcal Cl∗0 (ω)βlcal,∗
, where
0
the βlcal ’s are known. By division, we can then find products of the form N 0 βl βl∗0 .
To determine the βl ’s individually, we simply set one of these equal to one, use
the products to determine the rest, and finally normalize. Therefore, there is no
benefit in knowing one of these products where neither l or l0 enter in another
product. Consequently, we must know the range of l’s that are populated by
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pulse 1 (an estimate can be found from its spectral center and width) and be
able to find products N 0 βl βl∗0 where all populated l’s enter, and no product has
both an l and an l0 that do not enter in another. To accomplish this, one is
free to use data from more than one value of ω, as long as each data set can be
related to data at all other values of ω. This is sufficiently fulfilled if one can
determine a product NC Cl (ω)Cl∗0 (ω) at one value of ω that contains an l also
contained at in a product at another value of ω.
In case it is not convenient to populate all these levels with a single calibration pulse, more can be used in subsequent calibrations. Since we can allow for
only a single undetermined overall complex factor, it is necessary to relate the
data from one calibration pulse to the others. For instance, it is sufficient to
determine a single NC1 Cl (ω)Cl∗0 (ω) from one calibration C1 which can also be
determined in another calibration C2 to find the ratio NC1 /NC2 .
All this having been said, we illustrate the procedure with a brief example.
Let us say that we are interested in reconstructing the vibrational state originating in a certain k (which we suppress for clarity), and we desire the expansion
coefficients βl with l ∈ {1, 2, 3, 4, 5}. We employ two calibration pulses C1 and
C2. C1 has a constant spectrum in a range sufficient to populate levels 1-4 and
C2 similarly populates levels 3-5. Measuring at the two frequencies ωa and ωb
where other k 0 6= k give only negligible contributions, it is found that there is
good signal strength for the following terms:

NC1 C1 (ωa ) C2∗ (ωa ) 
NC1 C2 (ωa ) C4∗ (ωa )
pulse C1

NC1 C3 (ωb ) C4∗ (ωb )

NC2 C3 (ωb ) C4∗ (ωb )
pulse C2
NC2 C3 (ωb ) C5∗ (ωb )

where we have already divided out the known calibration expansion coefficients
βlcal βlcal,∗
, up to a factor absorbed in the NC ’s. The element C3 (ωb )C4∗ (ωb ) re0
curring in both pulses serves the special purpose of relating the two pulses by
showing us the ratio of the numbers NC1 and NC2 . Hereafter, the actual experiment is performed with pulse 1. In the table below, we show how one obtains
the products N 0 βl βl∗0 from measurements and calibration data.

4.5. THEORY
Measurement:
N1 C1 (ωa )β1 C2∗ (ωa )β2∗
N1 C2 (ωa )β2 C4∗ (ωa )β4∗
N1 C3 (ωb )β3 C4∗ (ωb )β4∗
N1 C3 (ωb )β3 C4∗ (ωb )β4∗
N1 C3 (ωb )β3 C5∗ (ωb )β5∗
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Used calibration:
NC1 C1 (ωa ) C2∗ (ωa )
NC1 C2 (ωa ) C4∗ (ωa )
NC1 C3 (ωb ) C4∗ (ωb )
NC2 C3 (ωb ) C4∗ (ωb )
NC2 C3 (ωb ) C5∗ (ωb )

We find:
N 0 β1 β2∗
N 0 β2 β4∗
N 0 β3 β4∗
N 0 β3 β4∗
N 0 β3 β5∗

Since we have the freedom of choosing the normalization constant N 0 , we
can arbitrarily set β1 = 1, from which we can use the following lines in the table
to find (in order) N 0 β2 , N 0 β4 , N 0 β3 , and from the last line N 0 β5 . Finally, the
state can be normalized by appropriately choosing N 0 . We have thus found the
set of complex numbers {k βl }, both their magnitude and phase, and we have
thereby performed the reconstruction of the state formed by pulse 1.
Having been concerned with how to use small sets of measurements, it should
be said that an experiment may well yield much more data than is minimally required. Such an abundance of data can be used to further improve the statistics
of the reconstructed values.
Finally, it may be of note that we can easily find the individual mapping
coefficients Cl (ω) from the calibration data, up to a common factor, rather than
just products of two coefficients. This is done in the exact same way as finding
the {k βl }, i.e. by setting one of the Cl (ω) = 1, and using the products to find
the rest. Thereby dynamical information about the molecule can be obtained.

4.5.3

Case (II) : Interference between different initial vibrational states

We turn our attention to case (II) where the contribution from all initial vibrational states, labeled by each their k, cannot be isolated from Eq. (4.13) by
proper choice of the emitted F W frequency ω. This situation is illustrated in
Fig. 4.5 for two initially populated k-levels. Here the wave-packet originating
in k = 1 cannot be found by the above procedure.
However, if just a single k can be isolated by choosing ω = ω0 , we can by
the above method find the 0 βl ’s for this k = 0 up to a common phase factor3 .
In this subsection we describe how the k6=0 βl can be found if the spectrum
fulfills certain conditions. For transparency, we initially focus on the situation
3 It is assumed here, for clarity, that the { β } can be reconstructed from the measurements
0 l
at the frequency ω0 . More generally, we can think of a set of frequencies {ω0 } wherefrom the
{0 βl } can be reconstructed.
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Frequency ω
@
@

No pure k = 1 region

ω1

Both k = 0 and k = 1:
Interference

ω0

k = 0 dominates
@
@

τ
Figure 4.5: Schematic illustration of a part of a spectrogram Eq. (4.13) in
case (II). The vertical lines signify maxima in the signal S(ω, τ )/ω 4 , with contributions from different initial levels explicitly shown. In contrast to Fig. 4.4,
we cannot find values of ω for which only k = 1 contributes. However, one
can find the 0 βl ’s through the procedure described in section 4.5.2. These coefficients can afterwards be used to extract the 1 βl by using the frequencies
a,a
0,0
Ω = ω̃l,l
0 − ω̃k=0,k 0 =1 in Eq. (4.13), provided that enough of these frequencies
a,a
can be spectrally resolved from the frequencies ω̃l,l
0 . Explicitly, the extracted
terms in F (Ω, ω) arise from optical interferences between the k = 0 and k 0 = 1
signals. If there are more overlapping k 0 signals than the two shown, it may be
possible to extract these k0 βl by similar means.
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in Fig. 4.5 where we seek the coefficients 1 βl . For our method to work, we
0,0
a,a
demand that some of the frequencies Ω0,1
l,l0 = ω̃l,l0 − ω̃k=0,k0 =1 , arising from
optical interferences between k = 0 and k = 1, must be spectrally resolved from
a,a
the pure k = 0 and k = 1 signals having Ωk,k
l,l0 = ω̃l,l0 . Having this requirement
∗
∗
fulfilled, we can extract the quantities F (Ω0,1
l,l0 , ω1 ) = 0 Cl (ω1 ) 0 βl 1 Cl0 (ω1 ) 1 βl0 .
In the calibration experiment, we can hence determine the mapping coefficient
product 0 Cl (ω1 ) 1 Cl∗0 (ω1 ) up to a common multiplicative factor and, by using
the 0 βl found in the experiment (using ω = ω0 ), we can find 1 βl0 (using ω = ω1 ).
Similarly to case (I), we do not require spectral resolution of all frequencies
0,1
0
Ωl,l0 and Ωk,k
l,l0 . Indeed, to determine all 1 βl , we may need as little as one
0,1
0
resolvable Ωl,l0 for each l at some ω1 , and that the corresponding 0 βl is nonzero.
If more than two values of k overlap, these can be found through similar
means; either by their interference with k = 0 or recursively, i.e. k + 1 is found
from k. In conclusion, it is with these assumption possible to reconstruct the
state in case (II) also.

4.5.4

Case (III) : Variation of temperature

The treatments of the cases (I) and (II) above were based on the assumption
that at least a single k can be isolated from F (Ω, ω) by appropriately choosing
ω. If such an ω cannot be found, the situation is radically different. Still
maintaining that we wish to avoid making assumptions about the mapping
coefficients k Cl (ω), one idea to a solution is to perform several experimental
runs at different temperatures of the initial state. Still neglecting rotations,
there are two main effects that change the spectrograms as the temperature is
varied: Temperature dependent decoherence processes and thermal populations
in the initial state. The most important decoherence process will usually be
collisional decoherence (pressure broadening), with a smaller contribution from
Doppler broadening.
In any case, these two effects broaden the spectral lines,
√
scaling as T for fixed particle density, where T is the absolute temperature.
For moderate temperature ranges, this is only a small effect; indeed we can
ignore it altogether as long as the required spectral resolution is not washed
out. In contrast, the initial state populations scale exponentially with 1/T ,
possibly greatly changing the spectrogram. It is exactly this change we could
use to our advantage. Thus, the terms in Eq. (4.13) having k = k 0 will scale
differently with temperature for each k, and differently from terms with k 6= k 0 .
These variations with temperature simply follow the Boltzmann distribution
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corresponding to the energy of the k’th level in the initial thermal state. By
forming linear combinations of F (Ω, ω) recorded at different temperatures with
weights calculable from the corresponding Boltzmann distributions, one can
separate out the terms for each k = k 0 and each k 6= k 0 . For example, if k1 and
k2 both enters in Eq. (4.13), one could find all the terms individually; i.e. terms
containing (k1 , k1 ), (k2 , k2 ) and (k1 , k2 ). Consequently, it could be possible to
modify the above reconstruction method so it can be used, even if all k cannot
be selected individually by choosing special values of ω.

4.6

Discussion

Having presented above a specific implementation of the reconstruction method,
we will in subsection 4.6.1 discuss the validity of neglecting rotations. Hereafter,
we will in subsection 4.6.2 discuss the assumptions made in section 4.4 and
possible generalizations of the method.

4.6.1

Rotations

We completely neglected rotations in the above. Nevertheless, if more than
a single vibrational level is initially thermally populated, many rotational levels herein will be too. This comes about because rotational energy levels are
much more closely spaced in energy than vibrational levels. For concreteness,
we will use the example of a diatomic molecule where the rotational energy in
the electronic state α is Erot,α = Bα J(J + 1). Here, J is the angular momentum quantum number and Bα is the rotational constant. If rotational states
up to a certain Jmax are initially appreciably populated, the number of rotational states involved is circa (Jmax + 1)2 . In the experiments on gaseous
iodine in [57] and [58] where the two lowest vibrational states are appreciably
populated, the number of entering rotational states will be large - of the order
Nrot ≈ 104 , and Jmax ≈ 100. All the ro-vibrational levels are initially incoherently populated, and we can label each of them after their initial quantum
number J and its projection M ; The initial state is therefore incoherent in all
of the indices k, J and M . Thus, by analogy with Eq. (4.8), the dipole moment leading to coherent F W emission only contains contributions of the form
(3)
(0)
ˆ
k,J,M d(t, τ ) = thk,J,M ψc (τ )|d|k,J,M ψ0 it . For linearly polarized pulses, each
of the one-photon transitions shown in Fig. 4.2 changes J by 0 or ±1 while M
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is conserved4 . Both such J-changing transitions and the difference in rotational
constants Bα in the different electronic states will lead to a splitting of the fre0,0
a,a
0,0
a,a
quencies ω̃l,l
0 − ω̃k,k 0 in Eq. (4.12) into many ω̃(l,J ),(l0 ,J 0 ) − ω̃(k,J ),(k 0 ,J 0 ) , where
2
1
2
1
J1 and J2 differ by at most 1, likewise J10 and J20 . Due to the closeness of the
rotational levels, these will often not be experimentally resolved by their values
of J-indices, but will rather give a considerable broadening of the Ω-peaks near
a,a
ω̃l,l
0 in our data F (Ω, ω). Even if we assume the mapping coefficients to depend
negligibly on the rotational indices, these broadenings could be as large as the
a,a
frequency difference between neighboring ω̃l,l
0 , impairing our ability to extract
certain (l, l0 )-terms in Eq. (4.13) by choosing certain values of Ω.
c,0
Similarly, the frequencies ω̃(n,J),(k,J
0 ) we used to select k will have many
rotational contributions. Even if they are not experimentally resolved, they
may well be distinguishable in principle, disallowing optical interferences. This
was observed in the iodine experiment [57] due to long decay times. Like in
case (I), the consequence is that the sum Eq. (4.13) has nonzero terms for
initial indices (k, J) = (k 0 , J 0 ) only. Equivalently, the measured signal appears
as if one added intensities for different initial levels rather than electric fields.
Even though this greatly reduces the number of terms in Eq. (4.13), the lines
c,0
close to ω̃n,k
could be broadened to the extent of considerably overlapping with
its neighbours, impairing our ability to extract a certain k by choosing certain
values of ω.
Conclusively, rotational degrees of freedom lead to broader lines in both
arguments of our data F (Ω, ω), Eq. (4.13), possibly to the point of preventing
reconstruction through the methods in subsections 4.5.1-4.5.4. Therefore, an
experiment would be required to prove the practical feasibility of our proposed
reconstruction method.

4.6.2

Generalizations of the method

Neglecting rotations again, we turn to the other assumptions made in section 4.4
and the possible generalizations of the method. All of these generalizations are
centered around the use of calibration and around the linearity in expansion
coefficients arising because of the perturbative character of the pulses 2 and 3,
see e.g. Eq. (4.9).
First, is easy to see that this structure will be the same regardless of whether
4 Whether ∆J = 0 is allowed depends on the symmetry of the electronic states 0 − c. In
the diatomic case, ∆J = 0 requires one of the involved states in a one-photon transition to
have non-zero electronic angular momentum.
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we are restricted to dipole transitions or also include higher multi-pole transitions. While this may not be of much relevance in four-wave mixing experiments, it shows the general principle: While the mapping coefficients k Cl (ω)
become more complicated, they are still fully accounted for because of the use
of calibration pulses.
Second, we turn to the assumption made in Fig. 4.2 and in section 4.5
that the photon from pulse 2 enters the interaction before the photon from
pulse 3. If there were temporal overlap of the probe pulses 2 and 3, a major
contribution to the F W electric field can be caused by an inner product of the
(1)
ˆ k ψ (2) i. Here, |k ψ (2) i is independent of τ , and is formed from
form hk ψa (τ )|d|
b
b
the initial state by absorption of a photon from pulse 2 followed by stimulated
emission of a photon to pulse 3 5 . This poses no problem for the structure of
Eq. (4.9): Like other energetic paths, this preserves the linearity in the k βl ’s and
the signal’s dependence on τ . Nonetheless, as we remarked in subsection 4.5.1,
the process can cause difficulties in the reconstruction procedure of case (I) and
(II). These difficulties arise because this process will lead to non-k-specific F W
a,b
emissions with frequencies close to ω̃l,m
. If these frequencies are too close to
c,0
the frequencies ω̃n,k
to be resolved, we cannot use the latter as fingerprints of
individual k labels, and the methods of section 4.5.1 and 4.5.3 fail. An important
example of this is the experiments in [57] and [58], where the electronic levels
0 = b and a = c. Therefore, whether the assumption of separated pulses can be
relaxed depends on the transition frequencies of the physical system.
Third, if the molecular electronic levels are conveniently spaced, one can
use another number of pulses for the above procedure, down to a minimum of
two (one for excitation and one for probing). The special importance of the
F W situation is that it uses the smallest number of pulses in the widespread
situation where only two electronic levels 0 = b and a = c are used. Though
our method allows for different numbers of incoming pulses, the non-co-linear
geometry still plays an important role. Its advantage lies not in selecting certain
electronic states, but rather in avoiding the strong background from pulses 1-3
and in giving a reasonably simple way of finding the ω that allows us to select
a certain k 0 = k in Eq. (4.13).
Fourth, it is unnecessary that the electronic indices 0 and a-c denote single electronic states. These could as well be groups of states, well separated
5 One might be surprised that an F W process where photons are absorbed from the pulses 1
and 2, and a photon is emitted to pulse 3, can give emission in the same direction as the process
treated in section 4.5 (absorption from pulses 1 and 3, emission to pulse 2). The correctness
of this can be found from considerations identical to those near the end of section 4.4, where
the center of mass’ translational state is taken into account.
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in energy, where the vibrational indices k-n simply denotes all the close-lying
states in these groups. With this generalization it also becomes apparent that
we do not need to make the Born-Oppenheimer approximation to maintain
Eq. (4.9). Without this approximation, we cannot speak of vibrational and
electronic states, but we make instead the more general statement that we find
the quantum state in the group of energy levels labeled by a.
Fifth, the unknown state does not need to be formed by a single laser pulse.
What made it convenient to use the single laser pulse 1 above, was that the
BOX-configuration made it possible to distinguish the signal from the states
having interacted with pulse 1 by the direction of the F W -pulse. Nevertheless,
any coherent process forming an unknown state in the group of levels a will work,
provided that there remains population in the original group 0 levels (i.e. the
states labeled by k), and no population is transferred back to these levels by
the excitation process.
Sixth and finally, there is no requirement that the different k refers to the
same molecule. If one wanted to examine a weak emission from a molecule A,
it could be possible to perform the above experiment on a mixture of A with
another, more strongly emitting molecule B. In the spectrogram region where
the signals from A and B overlap, the strong electric field from B amplify the
signal from A rather like the idea of mixing a weak signal with that of a strong
local oscillator in heterodyne detection. The basic principle behind this was
demonstrated in [61].
By discussing these generalizations, we hope to have given the reader the
impression that doing Quantum State Reconstruction by perturbative processes
with calibration is a general approach with wider applicability.
In conclusion, we have proposed a method to reconstruct an unknown vibrational quantum state, coherently excited from an initial thermal state. By using
one or more calibration pulses, we have shown how to circumvent knowledge of
the perturbative probing process, and we have suggested that this idea may be
of wider applicability in Quantum State Reconstruction.
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Chapter 5

Tomographic reconstruction
of quantum correlations in
excited Bose-Einstein
condensates
5.1

Synopsis

This chapter introduces the reader to the use of Maximum Entropy (MAXENT)
density operators for Quantum State Reconstruction. In contrast to former uses
of MAXENT reconstruction on single particles, we generalize the method to a
many particle system: a Bose-Einstein condensate. The condensate is treated
using the Bogoliubov approximation, amounting to assuming only small perturbations from a uniform cold condensate. Only single-particle measurements are
performed on the condensate, so rather than a full many-particle reconstruction,
we limit the reconstruction to second moments of the atomic ladder operators
of the form hψ̂ † (x)ψ̂(x0 )i, i.e. the one-body density operator, and hψ̂(x)ψ̂(x0 )i,
anomalous second moments. We test the methods reliability and amount of
data needed for reconstruction on three very different types of quantum states.
The chapter is based on the article [62].
71
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Introduction

Bose-Einstein condensates offer countless demonstrations of macroscopic quantum effects [63], [64]. Recently, there has been growing interest in the use of
condensates as quantum optical components and as atom laser beam sources.
The effective use of very many of these applications requires knowledge of certain aspects of the condensate’s quantum state, and several articles have dealt
with theoretical calculations of the states obtained by various perturbations of
a condensate.
We present here a method by which experimental data can be used to estimate characteristics of the system’s quantum state. For this purpose we generalize the application of the Jaynes principle of maximum entropy (MAXENT) [29]
for quantum-state tomography, as proposed in [30] and applied to single atoms
in [5] and [8], to the dynamics of a condensate described in the Bogoliubov approximation. We assume that the fraction of particles in the zero-wave-number
mode and the position distributions at different times after preparation of the
system have been measured. It is important to note that we are not claiming
that the MAXENT density operator is an approximation to the true many-body
operator of the quantum state; indeed, this would surely require more than just
density measurements (one-body operators). Instead, we seek to correctly predict the second moments of the atomic creation and annihilation operators ψ̂(x)
and ψ̂ † (x). Because these second moments of the ladder operators will be discussed extensively below, we shall call second moments of the form hψ̂ † (x)ψ̂ † (x0 )i
and hψ̂(x)ψ̂(x0 )i anomalous second moments, while second moments of the form
hψ̂ † (x)ψ̂(x0 )i will be referred to as normal second moments.
As examples of applying the method, three types of quantum mechanically
very different states will be studied. First, we study states characterized by a
single Gross-Pitaevskii wave function with small deviations from the constant
value attained by the ground-state homogeneous condensate. Then, second, we
apply our method to an incoherently exited system, modeled by the addition of
a localized thermal component to the homogeneous condensate. Finally, as a
third case, we study the method’s fidelity for a system with a localized amplitude
squeezed atomic field.
This chapter is organized as follows. In section 5.3 we give a description of
the procedure for reconstructing the density operator of a quantum system by
use of the Jaynes principle of maximum entropy. In section 5.4 we specify our
assumptions about the condensate, and we introduce the Bogoliubov approximation and the general para-unitary transformation procedure. In section 5.5
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we will combine the MAXENT and Bogoliubov theories. In section 5.6, we apply the machinery to the three different trial states. In section 5.7 we discuss the
applicability of the method and we finally conclude the chapter in section 5.8.

5.3

The MAXENT principle in Quantum State
Reconstruction

The method we use to estimate the quantum state of our system at hand is by
finding the MAXENT density operator as suggested by Jaynes [29], [65].
The MAXENT principle for Quantum State Reconstructions (QSR) was
used by Buzěk and Drobný to numerically show that a good approximation
to the density matrix for the one-particle harmonic oscillator can be achieved
using the MAXENT principle with the observations of just a few quadrature
distributions1 and the mean oscillator excitation number [30]. Later, they used
the same method to reconstruct the motional state of neutral Cs atoms in an
optical lattice [5]. Juhl investigated the applicability of the method to free
particles [66] and recently, with Skovsen et al., used MAXENT tomography to
reconstruct the one-body density matrix for relative motion of a dissociating
diatomic molecule from experimental data [8].
In this chapter we will extend the scope of MAXENT quantum tomography
by using it to approximately reconstruct the second moments of the ladder
operators, including the one-body density matrix, of a many-particle system: a
condensate treated in the Bogoliubov approximation. The present chapter thus
describes the first extension of MAXENT tomographic methods to systems with
more than one particle.

5.3.1

The MAXENT principle for the reconstruction of
density operators

The goal of the MAXENT method is to find a density operator that exactly
reproduces the knowledge one has about the system while making as few assumptions as possible about degrees of freedom one has no knowledge about.
A proposal for this is the maximum entropy density operator ρ̂M E chosen for
having maximal von Neumann entropy S = −Tr(ρ̂ ln ρ̂). We make this more
1 In the language of chapter 2, a few quadrature distributions means a few values of θ, see
Eq. (2.4).
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rigorous in the following way2 :
Let a set of observables {Ĝν }, ν ∈ {1, 2, . . . , n} be associated with a quantum
system prepared in an unknown state ρ̂. We imagine an ensemble of these
quantum systems wherein there are no correlations between the subsystems of
the ensemble, and we assume to have measured the ensemble expectation values
{Ḡν } of the observables {Ĝν }.
Unless the set of observables {Ĝν } constitutes the quorum there will in
general be many density operators ρ̂{Ĝ} that satisfy the normalization condition
Tr(ρ̂{Ĝ} ) = 1 and predict the measured values:
Tr(ρ̂{Ĝ} Ĝν )

= Ḡν ,

ν ∈ {1, 2, . . . , n}.

(5.1)

The MAXENT principle says that the most unbiased guess for the density
operator approximating ρ̂ and fulfilling these conditions is the one with maximal
von Neumann entropy:


S(ρ̂M E ) = max S(ρ̂{Ĝ} ); ∀ρ̂{Ĝ} ,
(5.2)
S(ρ̂)

= −Tr(ρ̂ ln ρ̂).

As shown by Jaynes [29] this implies a density operator of the form:
!
n
X
1
λν Ĝν ,
exp −
ρ̂M E =
Z{Ĝ}
ν=1
with the generalized partition function
"
!#
n
X
Z{Ĝ} = Tr exp −
λν Ĝν
,

(5.3)

(5.4)

(5.5)

ν=1

and with the {λν } being a set of Lagrange multipliers chosen so that ρ̂M E in
Eq. (5.4) fulfills the conditions Eqs. (5.1). Using these λν ’s we have the explicit
form of the MAXENT density operator Eq. (5.4).
A technical difficulty arises because, in all but the most trivial circumstances,
it is not feasible to analytically invert the conditions Eqs. (5.1) given Eq. (5.4) to
obtain the set {λν }. The difficulty arises because of these equations’ nonlinearity
in the Lagrange multipliers {λν }. For implementation it is more convenient –
2 The statement of the MAXENT procedure in this chapter is very similar to the one given
in [5].
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and we shall indeed use this procedure – to minimize the norm of the differences
between measured values and values predicted by ρ̂M E with respect to {λν }:
h
i


T r ρ̂M E ({λν })Ĝ1 − Ḡ1




..
(5.6)
.

.


h
i
T r ρ̂M E ({λν })Ĝn − Ḡn
This procedure was also used in [5], [8] and [30]. Here, we have given the same
weight to all components of the vector of errors. One may wish to modify this
if, for instance, some observations are made with a much better precision than
others.
Another advantage of minimizing the norm of Eq. (5.6), allowing for a small
non-zero minimal norm, is that it allows us to find an approximate density operator in the presence of small experimental errors – errors that could otherwise
result in no density operator being compatible with the measured (noisy) data.

5.4

Description of the condensate

5.4.1

The Bogoliubov Hamiltonian

Let us consider a three-dimensional cold gas of atoms having mass m, occupying
a volume V , and dominated by s-wave collisions where U (r, r0 ) = U0 δ(r − r0 ) is
the interparticle potential. Such a gas is well represented by the Hamiltonian:
X
g X †
Ĥf ull =
εk â†k âk +
â â† 0 âk0 âk ,
(5.7)
2 0 k+q k −q
k

k,k ,q

2 2

k
is the free-particle energy and g = UV0 is the coupling constant.
where εk = ~2m
The operators âk and â†k are the usual boson ladder operators annihilating and
creating a particle with wave vector k and having the commutation relations

[âk , â†k0 ]
[âk , âk0 ]

= δk,k0 ,
= 0.

(5.8)
(5.9)

A Hamiltonian similar to Eq. (5.7) applies in one and two spatial dimensions
with suitable redefinitions of g, depending on the confinement of the remaining
coordinates [67], [68]. For simplicity, only one spatial dimension will be used
in this chapter. The wave vectors k are then simply scalars and will in the
following be referred to as wave numbers.
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Due to the complicated dynamics of the Hamiltonian Eq. (5.7), it is often
necessary to use an approximate Hamiltonian to make analytical calculations
possible. We will employ the so-called Bogoliubov approximation, which is valid
when the vast majority of the particles are in the zero-wave-number mode [69]:
X †
hâ†0 â0 i 
hâk âk i.
(5.10)
k6=0

Having this condition fulfilled, it is legitimate to approximate the Hamiltonian
Eq. (5.7) by3


1X
εk + gNtot (â†k âk + âk â†k )
Ĥ =
2
k6=0

†
†
+ gNtot âk â−k + â−k âk ,
(5.11)
where Ntot is the total number of particles in the gas. This operator is bilinear
in the ladder operators and can be diagonalized by a change of basis. We will
do this by using elementary linear algebra.

5.4.2

Discretization of position and momentum

We will now specify some useful technical details of our treatment. We consider an odd number (N > 1) of evenly spaced points in 1D coordinate space,
symmetrically distributed around (and including) the origin, on an interval of
length L = N ∆x:
xn

= n∆x,

n = −M, −M + 1, . . . , M,

(5.12)

where M = N 2−1 . We assume that the spatial atomic density is measured on
this grid; i.e., our observations will be of the form hψ̂ † (xn , t)ψ̂(xn , t)i. Due to
the form of the Hamiltonian Eq. (5.11), it is convenient to introduce the discrete
wave numbers corresponding to the spatial discretization above:
kq

= q∆k,

∆k =

2π
,
L

(5.13)

where q can assume the same values as n above.
3 Going directly from Eq. (5.7), we have subtracted a constant, having no physical significance.
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The usual discrete Fourier transform from coordinate space ψ̂(xn ) and ψ̂ † (xn )

to wave number space â(kq ) and â† (kq ) reads
â(kq )

=

M
1 X
√
ψ̂(xn ) exp (ikq xn ),
N n=−M

(5.14)

â† (kq )

=

M
1 X †
√
ψ̂ (xn ) exp (−ikq xn ).
N n=−M

(5.15)

All the ladder operators in coordinate space can be arranged in a 2N × 1
column vector,


ψ̂(x−M )


..


.




 ψ̂(xM ) 
(5.16)
ψ =  †
,
 ψ̂ (x−M ) 


..




.
ψ̂ † (xM )
and, correspondingly,


ψ † = ψ̂ † (x−M ), . . . , ψ̂ † (xM ), ψ̂(x−M ), . . . , ψ̂(xM ) .

(5.17)

In this chapter, we shall denote vectors of this type by bold letters. Similarly,
we can construct the column vector a from the operators in wave number space
â(kq ) and â† (kq ):


â(k−M )


..


.


 â(kM ) 

,
a =  †
(5.18)

 â (k−M ) 


..


.
â† (kM )

Using these vectors, we can write the Fourier transformation Eqs. (5.14) and
(5.15) as a matrix multiplication by a 2N × 2N matrix:
a = A · ψ,

whereby a† = ψ † · A † .

(5.19)
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Here and in the following, we shall use script letters to denote matrices of
dimension 2N × 2N .
The matrix A has the form


F
0
(5.20)
A =
0 F∗
and F is the usual N × N discrete Fourier transformation matrix, whose qth
row is:
1
F (q, :) = √ [exp (ikq x−M ), . . . , exp (ikq xM )] ,
N

(5.21)

from which Eqs. (5.14) and (5.15) are easily recovered.
It is straightforward to see that the operators â(kq ) and ψ̂(xn ) obey similar
commutation relations Eqs. (5.8) and (5.9). In this chapter we shall exclusively
deal with transformations to new sets of operators that conserve this property.

5.4.3

Diagonalization of the Bogoliubov Hamiltonian

Using the notation developed in the preceding section, we can write the Bogoliubov
Hamiltonian Eq. (5.11) in a compact form:
Ĥ = a† H a.

(5.22)

As shown in, e.g., [70], this Hamiltonian can be diagonalized to the matrix E
by transforming to new boson operators:
b = Ba,
Ĥ

(5.23)

= a† H a
−1
= a† B † (B † ) H B −1 Ba
−1

= b† (B † )
= b† E b,
E

=

B†

−1

H B −1 b
(5.24)

H B −1 .

(5.25)

The matrix H only has elements different from zero in the two diagonals
H (kq , kq ) and H (kq , k−q ), giving the matrix an ”X structure”. In addition,
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all elements are real. Therefore the matrix B −1 that diagonalizes H also only
has elements different from zero with these indices and can be chosen real. The
upper-left to lower-right diagonal elements are denoted u(kq ), while the upperright to lower-left diagonal elements are denoted v(kq ). The elements can be
found in, e.g., [71]:
(
for q = 0,
q 21
u(kq ) =
q /4+γ/2
1
for q 6= 0,
(q)/E0 + 2
(
v(kq ) =

0q

−

for q = 0,
q 2 /4+γ/2
(q)/E0

−

1
2

for q 6= 0.

The diagonalized form E has elements (q):
p
(q) = E0 γq 2 + q 4 /4,

(5.26)

2

gNtot
where E0 = (2π~)
mL2 , γ = E0 , and gNtot has the same meaning as in Eq. (5.11).
By diagonalizing the Hamiltonian we have found a basis of noninteracting
modes with a simple time evolution:

b̂q (t) = b̂q (0) exp [−i(q)t/~].
By defining the para-identity matrix Iˆ, which will play an important role in
the next section,
Iˆ = diag(1, . . . , 1, −1, . . . , −1),
| {z } | {z }
N

(5.27)

N

we can write the vector of operators b at time t as
b(t) = exp (−iIˆE t/~)b(0) = U (t)b(0).

(5.28)

The changes of basis can be summarized,
ψ(t)

= A −1 a(t)
= A −1 B −1 b(t)
= A −1 B −1 U (t)b(0),

(5.29)

whereby we can find the time evolution of the ψ̂(xn , t) and ψ̂ † (xn , t):
ψ(t) = A −1 B −1 U (t)BA ψ(0).

(5.30)
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5.4.4

General para-unitary diagonalization

All the vectors of operators Eq. (5.16), Eq. (5.18), and Eq. (5.23) are examples
of a vector of general boson ladder operators,


α̂−M
 .. 
 . 


 α̂M 
,

(5.31)
α =  †

 α̂−M 
 . 
 .. 
†
α̂M
fulfilling the commutation relations
[α̂q , α̂q†0 ] = δq,q0 ,
[α̂q , α̂q0 ] = 0.

(5.32)
(5.33)

Both the Fourier transformation Eq. (5.19) and the Bogoliubov transformation
Eq. (5.23) are examples of changes of basis, known as para-unitary transformations, which conserve the boson commutation relations between the operators.
All the transformations to new sets of operators in this chapter conserve this
property. In our present treatment, there are two main reasons for making
these transformations. First, the measurements we will consider are in coordinate space and wave number space at different times, but the operators corresponding to these measurements have complicated time evolutions. Working
instead in the b basis Eq. (5.28) the time evolution is simple, and the exponent
in Eq. (5.4) can be easily calculated. Second, to perform the traces in Eq. (5.6),
it is convenient to shift to a basis where the density operator is diagonal, and
this can be done by a para-unitary transformation. We recall that there are 2N
ladder operators, regardless of basis (e.g. the set {ψ̂(xn )} ∪ {ψ̂ † (xn )}), which
will make the transformation matrices 2N × 2N .
The commutation relations demand that in a transformation from one set
of boson operators to another,
β = T α,

(5.34)

the 2N × 2N matrix T must be para-unitary - i.e. satisfy the condition4
Iˆ = T IˆT † ,
4 To

(5.35)

follow [70] we use the, in matrix algebra unusual, prefix ”para-” instead of ”pseudo-”.
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with the diagonal matrix Iˆ defined in Eq. (5.27)5 . From the definition it is
seen that the product of two para-unitary matrices is again para-unitary.
The matrices we will diagonalize in this chapter will all be Hermitian, positive definite, and have the structure6


P
Q
X =
.
(5.36)
Q∗ P ∗
Let X̂ be a Hermitian operator in the α basis with coefficient matrix X . Such
a Hermitian matrix X can be diagonalized by the para-unitary matrix T to a
new set of operators {βn } and {βn† }:
X̂

= α† X α

(5.37)
† −1

= α† T † (T )
† −1

= β † (T )
= β † L β.

X T −1 T α

X T −1 β
(5.38)

Because X is positive definite the para-eigenvalues Li,i will also be positive by
Sylvester’s law of inertia7 . The matrix T can be chosen to have the structure


U V∗
T =
,
(5.39)
V U∗
giving L the form
L = diag(L1,1 , L2,2 , . . . , LN,N , L1,1 , . . . , LN,N ).

(5.40)

This general procedure will become useful in the following section, where we
will need to evaluate expectation values of the observed densities within a quantum state of the
P form Eq. (5.4), facilitated by a para-unitary diagonalization of
the exponent ν λν Ĝν .
5 Had we been treating fermion- instead of boson operators, the matrix T would have been
unitary.
6 A bilinear, Hermitian operator can always be brought to this form by adding a scalar
constant which is determined by the diagonal of the matrix.
7 Sylvester’s law of inertia states that any conjunctivity diagonalization S † X S = L of the
Hermitian matrix X by the non-singular matrix S gives the same number of positive, negative
and zero diagonal values in the diagonal matrix L . Therefore, the positive definiteness of a
matrix is conserved under conjunctivity transformations.
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Using MAXENT with the Bogoliubov approximation

Now we are ready to use the MAXENT formalism on the condensate in the
Bogoliubov approximation. As the set of observables {Ĝν } we use measurements
of particle numbers at coordinate space points at different times t, and of the
occupation of wave number modes at times t0 . The times t can, but need not,
be equal to the times t0
[
{Ĝν } = {ψ̂ † (xn , t)ψ̂(xn , t) + ψ̂(xn , t)ψ̂ † (xn , t)}
{â† (kq , t0 )â(kq , t0 ) + â(kq , t0 )â† (kq , t0 )}.

(5.41)

Specifically, we shall in the numerical examples of section 5.6 use measurements
of particle numbers at all spatial points n for a few different points of time,
and some or all of the wave number, kq , occupation numbers at a single point
of time. For now, though, our general formulation does not require a closer
specification of the used measurements: We are merely showing how to include
the measurements conveniently in the MAXENT density operator, Eq. (5.4).
On a practical note, the reason for using the symmetrical form of the observables in Eq. (5.41) is that it leads to the favorable structure Eq. (5.36) of
the matrix in the exponent of Eq. (5.4).
The task is now to put these observables into the MAXENT density operator
Eq. (5.4) and perform traces like Eqs. (5.1). To do this we will use the same
method as in section 5.3 to diagonalize the matrix in the exponent into a set of
new, noninteracting quasi-particles.
Let Wn be the 2N × 2N matrix with the elements

for r = s = n + M + 1,
 1
1
for r = s = n + N + M + 1,
Wn (r, s) =
(5.42)

0
otherwise,
so that (using Eq. (5.29) for the first part):
ψ̂ † (xn , t)ψ̂(xn , t) + ψ̂(xn , t)ψ̂ † (xn , t) = ψ † (t)Wn ψ(t)
†
†
= b† (0)U † (t) B −1
A −1 Wn A −1 B −1 U (t)b(0), (5.43)
and
â† (kq , t0 )â(kq , t0 ) + â(kq , t0 )â† (kq , t0 ) = a† (t0 )Wq a(t0 )
†
= b† (0)U † (t0 ) B −1 Wq B −1 U (t0 )b(0).

(5.44)
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P
The operator ν λν Ĝν , with Ĝν being operators of the form Eq. (5.43) and
Eq. (5.44), is hence expressed in terms of the Bogoliubov eigenmode operators,
and we can write the MAXENT density operator Eq. (5.4) in a compact form:

ρ̂M E

1
exp (−b† (0)Pb(0)),
Z

=

(5.45)

where
P

=

X X
t

+

λ(n, t)U † (t) B −1

†

A −1

†

Wn A −1 B −1 U (t)

{n(t)}

X X

λ(q, t0 )U † (t0 ) B −1

†

Wq B −1 U (t0 ).

(5.46)

t0 {q(t0 )}

In Eq. (5.46), the set {n(t)} are the spatial measurements made at time t and
the set {q(t)} are the wave number measurements made at time t0 .
Since the structures of U (t), A , and B are all like that of Eq. (5.39) and
the structure of Wq is like that of Eq. (5.36), so is the structure of P. We can
therefore diagonalize it to a diagonal matrix L by a para-unitary change of
basis to new Boson operators c = C b(0):
b† (0)Pb(0)

= c† L c
=

N
X


Lj,j ĉ†j ĉj + ĉj ĉ†j .

(5.47)
(5.48)

j=1

Remembering that the Lj,j are all positive, the partition function Eq. (5.5)
becomes

Z

=




N


 
X
Tr exp −
Lj,j ĉ†j ĉj + ĉj ĉ†j 


j=1

=

N
Y
j=1




1
,
exp (Ljj ) − exp (−Ljj )

(5.49)
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and we can readily determine the corresponding set of expectation values:



N

 

X
1
hĉ†m ĉn i =
Tr ĉ† ĉn exp −
Lj,j ĉ†j ĉj + ĉj ĉ†j 

Z  m
j=1


∂ ln Z
1
1+
δm,n
= −
2
∂Ln,n
1
δm,n ,
(5.50)
=
exp(2Ln,n ) − 1
hĉm ĉn i = hĉ†m ĉ†n i = 0.

(5.51)

Knowing these expectation values, it is easy to find the expectation values of
all the second moments in any basis – for example,

hψ̂(x−M )ψ̂ † (x−M )i · · · hψ̂(x−M )ψ̂(x−M )i · · ·

..
..
..
.. 

.
. 
.
.
†


hψ(t)ψ (t)i = 
†
†
†

 hψ̂ (x−M )ψ̂ (x−M )i · · · hψ̂ (x−M )ψ̂(x−M )i · · · 
..
.
..
..
..
.
.
.

†
= A −1 ha(t)a† (t)i A −1
n
−1 o†

−1
.
(5.52)
hcc† i C U −1 (t)BA
= C U −1 (t)BA


In passing, it is noted that the lower right N × N submatrix of the matrix
hψ(t)ψ † (t)i is the one-body density matrix.
As a final point we give a comment on the requirement of the positive definiteness of P. It is clearly seen here that we must require the diagonal elements
of L to be strictly positive for the geometrical series summed to find Eq. (5.49)
to be convergent. Therefore, by Sylvester’s law of inertia, P must also be
positive definite. In addition, for this condition to be fulfilled, the number of
observables in {Ĝν } must be at least as large as N . The reason for this is that
in Eq. (5.46) the matrices Wn have dimensionality 2 in the 2N space, the dimensionality of course being conserved under the para-unitary changes of basis.
So to span the 2N space, at least N observables of dimensionality two must be
included. In the present chapter, however, we will have many more observations
than N , and linear dependences between them are highly unlikely to reduce the
dimensionality below 2N .
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Tomography on three quantum states

To examine the reliability of the MAXENT technique, regarding reconstruction
of the correct second moments of the ladder operators, we study three very
different types of condensate quantum states with nearly the same density distribution at t = 0: namely, a Gaussian perturbation on top of a flat condensate.
Apart from serving for testing the method’s reliability, these examples are of
practical interest and their implementations are discussed in subsection 5.7.1
below.

5.6.1

Initial excited states

Even though the three states we will study have nearly the same initial spatial
density distribution, they will be created with different initial coherences. As
the time evolution, Eq. (5.30), remembers the initial coherence, their spatial
distributions will differ at later times, allowing the MAXENT procedure to tell
them apart.
Recalling that we are not attempting to reconstruct the full many-particle
quantum state, but only the second moments of the ladder operators, let us look
at their value at time t, given their value at t = 0:

†
hψ(t)ψ † (t)i = A −1 B −1 U (t)BA hψ(0)ψ † (0)i A −1 B −1 U (t)BA .
(5.53)
Hence, due to the simple dynamics given by Eq. (5.11), the second moments at
all times are uniquely specified by their values at t = 0. We will use these t = 0
values from the three states below for two purposes. The first is to generate the
measurement data, which, being second moments themselves, are all formed by
appropriate linear combinations of the spatial t = 0 moments in Eq. (5.53). The
second purpose is that the second moments at t = 0 are precisely what we will
reconstruct by the procedure described in section 5.3.
1. Coherent state. This is a pure state of all the particles, representable as
a product state with all the particles in the same one-particle state. The
assumption of this particular type of product state is exactly what is used
to derive the Gross-Pitaevskii equation:


~2 ∂ 2
∂ψ(x, t)
2
(5.54)
−i~
= −
+ gNtot |ψ(x, t)| ψ(x, t).
∂t
2m ∂x2
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We choose the one-particle state to be a constant with a Gaussian perturbation in coordinate space:
|State 1i =
ψ̂g†

=

ψ̂g†
X

Npart

|0i,

where

(5.55)

φgauss (xn )ψ̂ † (xn ),

(5.56)

xn

and φgauss is a constant plus an Gaussianhwith standard
deviation σ, cen io
1 xn 2
tered at the origin: φgauss ∝ 1 + η exp − 2 σ
. Npart is the total
number of particles. We can envision this state formed in a uniform system with a negative potential dip, having State 1 as its ground state. The
spatial evolution of the state after abruptly turning off the potential at
t = 0 is what is usually handled with the Gross-Pitaevskii equation.
2. Thermal perturbation. This state is a flat condensate with a thermal
Gaussian perturbation superposed hereupon. The Gaussian perturbation
is treated as originating from a thermal boson gas in a harmonic trap, and
we have assumed no initial correlations between the perturbation and the
original flat condensate. Therefore the second moments for this state in
coordinate space are simply the sum of the second moments of the thermal
Gaussian and of the flat condensate.
3. Squeezed condensate. We get this state by applying an operator, similar to the squeezing operator known from squeezing of light, to a condensate with all Npart particles in the condensate mode:
h
i  Npart
|State 3i = exp z ∗ (ψ̂g )2 − z(ψ̂g† )2 b̂†0
|0i.

(5.57)

The most important difference between the two preceding states and this
one is the magnitude of the anomalous second moments at t = 0. In
State 1 and State 2 the anomalous second moments are all zero, while
they in this state are comparable in magnitude with the normal second
moments.

5.6.2

Results of tomography

We present here the results of using the MAXENT technique on the three states
presented in section 5.6.1. The main points of interest are not just whether a
reliable reconstruction is attained in each case, but also the amount of data
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needed for this. In all the results shown in this section we have used density
distributions in coordinate space at four different times and the number of particles in the zero-wave-number mode hâ†0 â0 i. In State 2 we have furthermore
used the momentum distribution at t = 0, and in State 3 we have additionally
included an observation of hâ0 â0 + â†0 â†0 i.
We have used 105 particles in the flat part of the condensate at t = 0 and
set gNtot = 0.1. The population in the zero-wave-number modes is 99.5% in
State 1 and 3 and 96% in State 2. For the calculations we have used a grid of
N = 25 discrete points.
In Fig. 5.1 we show the time evolution of the density distributions in coordinate space of the three different states declared in section 5.6.1. We have
intentionally chosen the initial distributions to be very similar. The perturbations give rise to density variations of a magnitude readily detected [72].
Let us proceed to examine the true second moments of the ladder operators
for the three states and those reconstructed using the MAXENT procedure. We
will study these using surface plots of the absolute value of the second moments
and of the absolute value of the difference between the true values of these
moments and those predicted by MAXENT for the state at t = 0. In this way,
errors in both magnitude and phase of the matrix elements will be visible.
For State 1, where we will see that the reconstruction is precise and only
the normal second moments are nonzero at t = 0, we shall also display the
phase-space Wigner function corresponding to these normal second moments.
Apart from normalization, the normal second moments can be interpreted as the
density matrix for any single atom in the system, and the phase-space Wigner
function W(xn , kq ) is a convenient representation of this. The cited works [5],
[8], [30] all show the Wigner function of the particle states, and much interest
has been devoted to the fact that measurements of exclusively positive marginal
distributions may be used to identify Wigner functions with domains of negative
values [6], [73]. The connection between the Wigner function and the normal
second moments is given in appendix A.1.
State 1
Treating first State 1, Fig. 5.2 presents the absolute values of the normal second
moments as found from section 5.6.1. The reconstructed second moments are
identical to the input values within round-off errors, which amounts to an accumulated error of 10−4 on each matrix element, including phase. The same is
true for the anomalous second moments, all having the true value zero at t = 0.
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Figure 5.1: Density distributions in coordinate space at four different points of
time for (a) State 1, (b) State 2, and (c) State 3. The data shown are those used
in the reconstruction together with the zero-wave-number population hâ†0 â0 i.
For State 2 and State 3, the momentum distributions at t = 0 were also used,
and one anomalous moment for State 3.
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Abs[〈ψ+(xr)ψ(xs)〉ME]
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Figure 5.2: Absolute values of the reconstructed normal second moments
hψ̂ † (xr )ψ̂(xs )i of State 1. The anomalous second moments are all zero (not
shown). Both normal and anomalous moments are reconstructed to within machine precision, including complex phase, giving accumulated errors of magnitude 10−4 on each element. The data used for the reconstruction are four spatial
density distributions and hâ†0 â0 i. The true second moments are not shown, as
they are practically identical to the reconstructed ones.
As a consequence, the Wigner function for State 1 is also perfectly reconstructed and is presented in Fig. 5.3.
State 2
For State 2 the true and reconstructed normal second moments are shown in
Fig. 5.4. Also shown in this figure is the absolute value of the difference between
the true and reconstructed normal second moments. The errors are many orders
of magnitude larger than for State 1.
In Fig. 5.5 we display the absolute values of the reconstructed anomalous
second moments, which all have the true value zero at t = 0.
State 3
The absolute value of the true and reconstructed second moments are shown in
Fig. 5.6 together with the absolute value of the difference between these.
In State 1 and State 2, the true value of the anomalous second moments have
all been equal to zero at t = 0. In contrast, for the squeezed state, the absolute
values of these elements are comparable with the normal second moments. The
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Figure 5.3: The figure (a) shows the Wigner function for the normal second
moments of State 1 - i.e., the one-body density matrix apart from normalization.
In figure (b) the elements W (n, 0) are set equal to zero to more clearly reveal
the finer structures and the negativities of the Wigner function.
absolute values of the true and reconstructed second anomalous moments are
displayed in Fig. 5.7.

5.7

Discussion

Initially, a short comment on the choice of observables might be in order. If there
were no constant background condensate, the momentum distribution could in
principle be found from the spatial distributions at late times. Having to deal
with this background, however, one has to include the additional observables in
the MAXENT density operator to exclude the possibility of the flat part of the
condensate being an almost even distribution of particles with all allowed types
of wave numbers whirling left and right, which would otherwise be preferred
by the MAXENT formalism. Recalling section 2.4.1, a similar situation led
to the impossibility of finding diagonal elements of the density matrix for a
free particle with periodic boundary conditions. Measurements of wave number
mode populations would precisely have given these diagonal elements for the
free particle, so we hoped that inclusion of such measurements in the MAXENT
operator would improve reliability in the present setting too.
Indeed we find for State 1 a very good reconstruction, the errors being of the
same magnitude as computer round-off errors, from using just measurements of
the distribution in coordinate space at three times and the number of particles in
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Figure 5.4: The first two graphs show the absolute values of (a) the true and
(b) the reconstructed normal second moments hψ̂ † (xr )ψ̂(xs )i for State 2. The
errors above the flat condensate are up to about 10% of the peak value. The
bottom graph (c) shows the absolute value of the difference between true and
reconstructed normal second moments. The data used in the reconstruction are
four spatial density distributions and one momentum distribution.
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Figure 5.5: Absolute values of the reconstructed anomalous second moments
hψ̂(xr )ψ̂(xs )i for State 2 at t = 0. The true values are all zero at t = 0. The
magnitude of the errors is similar to the errors of the normal second moments
for this state.
the zero-wave-number mode hâ† (0)â(0)i. In addition to State 1 in section 5.6.2,
we also tried to reconstruct states of this type with more complicated initial
distributions, but still describable by a simple Gross-Pitaevskii wave function.
These included perturbations with two peaks and perturbations with one peak
and one hole in the flat background. In all cases the reconstruction had the same
precision as State 1, indicating that the second moments, including the one-body
density matrix, of states describable by a simple Gross-Pitaevskii equation can
be completely reconstructed.
For State 2, we found that a wave number distribution also had to be included as observable to get a somewhat reliable reconstruction of the second
moments. In the absence of such a measurement, the MAXENT formalism
would fail through predicting a very large thermal-like population of high wave
number modes. It is reasonable that it is difficult to tell apart whether the
moving particles belong to the perturbation on top of a flat condensate or to
some collective motion of the whole - for example, similar to State 1. Including the momentum distribution remedied this problem somewhat, but errors
still persist (see Fig. 5.4). Subtracting the flat background, these errors are of
magnitudes about 10% of the perturbation peak value.
For State 3 with large numerical values of the anomalous second moments,
we find a reasonable reconstruction at t = 0 of the normal second moments,
but reconstruction of the anomalous second moments completely fails, unless
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Figure 5.6: The first two graphs show the absolute values of (a) the true and
(b) the reconstructed normal second moments hψ̂ † (xr )ψ̂(xs )i of State 3. The
lowest graph (c) is the absolute value of the difference between the true and
reconstructed second moments. The data used in the reconstruction are four
spatial density distributions, one momentum distribution, and one anomalous
moment hâ0 â0 + â†0 â†0 i.
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Figure 5.7: The first two graphs show the absolute values of (a) the true and
(b) the reconstructed anomalous second moments hψ̂(xr )ψ̂(xs )i of State 3. The
lowest graph (c) is the absolute value of the difference between the true and
reconstructed second moments. The data used in the reconstruction are four
spatial density distributions, one momentum distribution, and one anomalous
moment hâ0 â0 + â†0 â†0 i.
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we additionally include the observable â0 â0 + â†0 â†0 in the MAXENT density
operator, as we did in section 5.6.2.
It is also worthy of notice that there was almost no improvement in the
reconstruction from including additional position and momentum distributions
for more points of time, and that using also the observable hâ0 â0 + â†0 â†0 i for
State 1 and State 2 did not change the precision of the reconstructed second
moments.
As for states significantly different from the ones treated here, distributions
in coordinate space at more points of time may be required for a reliable reconstruction. Since enlarging the number of measured distributions in space is
rarely a problem, we suggest for specific applications to gradually include more
distributions until the results have stabilized. The calculation time is quite
manageable, the shown examples all taking well under an hour on an ordinary
PC.

5.7.1

Practical considerations

Throughout the chapter we have assumed that experimental data provide reliable estimates of the mean values hĜν i needed for state reconstruction. It
is a strength of the MAXENT procedure that it minimizes the error between
observed and computed mean values, and hence inaccurate data do not prevent
us from obtaining a candidate density operator of the system.
Clearly, matching to erroneous data makes the reconstruction more or less
invalid, and it is hence important that the measurement errors are limited. One
concern is the difficulty in preparing the system many times in exactly the same
quantum state, as usually required in QSR. Condensates are routinely produced
in the laboratory, but the repetition rate of the trapping and cooling cycles
is low, and the total number of atoms in the condensate fluctuates between
experimental runs. To circumvent this problem, one may use a 2D optical
lattice, which converts a 3D condensed cloud into a large array of 1D elongated
condensates with well-controlled relative populations [74]. Or one may perform
the experiment on one single condensate, relying on the macroscopic population
of the system to be large enough to allow good counting statistics for all the
observables - e.g., the spatial density.
Since we are measuring non-commuting observables on the same system, we
must have adequately many particles, so that none of these measurements cause
significant disturbances of the others. Nondestructive measurements at different
times of the densities in coordinate space of a single condensate have already
been demonstrated [75], and recent papers deal with the sensitivity of some of
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these methods [76], [77]. The measurement of the number of particles in the
zero-wave-number mode has traditionally been observed by absorption imaging
of the expanded cloud released from the trap, but it may also be performed
by Bragg interferometry or by interference with another reference condensate.
Imprecision in this measurement will lead to errors of the qualitative form of a
high-temperature-like component of the condensate, as described in the beginning of this section.
Finally, to reconstruct a squeezed condensate state, we assume knowledge of
the anomalous moment of the zero-wave-number mode. This quantity can be
measured by interfering the condensate with a macroscopic reference condensate on an atom beam splitter [78]. The number fluctuations between the two
split condensate parts contain a component which is precisely the anomalous
moment, hâ0 â0 + â†0 â†0 i. Probing number fluctuations by atom counting requires
many experiments, which could be done at the same time on the 2D array of
condensates mentioned above, but one may also imagine that the probing of
collisional losses from a single condensate can provide the number fluctuations
directly and thereby the anomalous moment [79]. We recall that the interest
in number-squeezed condensates is intimately connected with the possibility
to make use of, and hence detect, the reduced number fluctuations in an experiment. As mentioned above, the reconstruction of the anomalous second
moments at t = 0 is highly dependent on the measured value of hâ0 â0 + â†0 â†0 i,
whereas the normal second moments are more robust to errors in this parameter. We would expect measurements errors in this parameter to transfer more
or less directly to the magnitude of the anomalous second moments.

5.8

Conclusion

We have shown how to combine the MAXENT principle with the Bogoliubov
approximation to give reliable estimates of the normal and anomalous second
moments of the ladder operators – e.g. hψ̂ † (x)ψ̂(x0 )i and hψ̂(x)ψ̂(x0 )i – in a perturbed condensate. For states describable by a simple Gross-Pitaevskii equation,
we find near perfect reconstruction from data of density distributions at a few
points of time and the number of particles in the zero-wave-number mode. For
states with a larger amount of particles in nonzero-wave-number modes compared to the size of the perturbation in coordinate space, we find it necessary to
include a momentum distribution in the measurement set to obtain a somewhat
reliable reconstruction. Errors in this case are less than 10% of the perturbation peak value (peak above the constant condensate background). Thus, the
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method makes it possible to distinguish between a thermal and a coherent perturbation of the condensate. Finally, we find that by measurement of a single
observable related to squeezing, apart from measurements of momentum and
coordinate space distributions, the method is able to correctly reconstruct all
second moments of the ladder operators for squeezed states.
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Chapter 6

Potential-laser effects in
laser-assisted
photo-ionization
6.1

Synopsis

This chapter deals with ionization of a molecule or an atom by an ultrashort
extreme-ultra violet laser pulse in the presence of a moderately strong infrared
laser field. We introduce and improve on the widespread strong field approximation by using eikonal states to approximate the true continuum functions.
Hereby, we will find the photoelectron spectrum and also quantify the range of
applicability of the commonly used separable Coulomb-Volkov functions. Using
these results, we can resolve an ambiguity in existing approximate models of
interference in high harmonic generation experiments, thereby laying the theoretical foundation for a key ingredient in Quantum State Reconstruction of
molecular orbitals using high harmonic generation.
This chapter is based on the paper [80].

6.2

Introduction

Manipulating atoms and molecules with intense laser pulses has become ubiquitous in present day laboratories. These strong field interactions play a key role
99
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in many areas, including plasma physics, micro machining and high harmonic
generation (HHG) [81]. The two main features of laser pulses used for these
purposes are their temporal shortness and their high intensities [82]. The duration spans from timescales of nuclear motion (hundreds of femtoseconds) and
down to timescales of electronic motion (hundreds of attoseconds). The high
intensities can produce electric fields comparable to or even surpassing those
between electrons and nuclei in atoms. Due to the strength of these laser fields,
the continuum can become strongly distorted. Thus, in the limit where the
field is much stronger than the molecular- or atomic potential (M/A-potential),
the continuum is describable by Volkov states, which we treat in section 6.3.1.
Conversely, when the laser field and M/A-potential have comparable strength,
there is no known closed analytical form of the wave function of electrons in
the continuum. Nevertheless, precisely describing the behavior of ionized electrons in the simultaneous presence of strong fields and M/A-potentials is a key
ingredient for a theoretical description of the interaction of intense pulses with
matter.
Although not the main focus here, we shall often encounter HHG in this
chapter and the next. Therefore, we briefly state the meaning of HHG: The
process of forming harmonics of laser light through interaction between the
incoming light pulse and molecules or atoms. By nonlinear processes, harmonics
of the incoming light are formed, easily reaching the 100’th order and beyond.
While the incoming pulse is of femtosecond duration, the outgoing HHG light
usually consists of a train of attosecond pulses, but the formation of a single
attosecond pulse is also possible [83]. The main features of the nonlinear process
forming HHG can be understood as the strong incoming field transferring many
low-energy photons to an electron in a molecule or atom, and the HHG light
being formed through the recombination of this energetic electron with its parent
ion into their original state [81]. This coherently emitted HHG photon has all
the energy the molecule or atom received from the many incident low energy
photons, and therefore has a frequency that is a harmonic of the incoming light
- somewhat similar to the coherent emission process in chapter 4. This last
recombination step will be of interest to us later.
Directly connected to this chapter, there has recently been increased interest
in the behavior of ionized electrons near the parent ion for the purpose of understanding both interference effects in the HHG signal from diatomic molecules
[84]-[87], and also the tomographic reconstruction of electronic orbitals from
observed high harmonic radiation [35]. In the latter work, the experimental
reconstruction of an orbital of N2 depends critically on the spatial shape of the
continuum wave functions, which were approximated to be plane waves. Explic-
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itly, the measurements used for the reconstruction were HHG spectra, where the
frequency of the emitted HHG light was assumed to stem from the recombination of a certain continuum component with the bound molecular orbital. A key
point is thus how to translate a certain measured HHG frequency to the spatial
shape of a continuum wave function. Considering the approximations made,
the precision of the observed reconstruction is remarkable, especially when the
many-electron nature of the nitrogen molecule is taken into account [88]. In
this chapter, we aim to clarify why and when such continuum approximations
are precise, and which correspondence to use between the frequency of HHG
radiation and the spatial shape of a continuum wave function. For this purpose,
we will study the time inverse of the process responsible for the high harmonic
emission. To be exact, we will consider the time inverse of the recombination of
an energetic electron from the continuum to a bound state [87].
Specifically, we focus on the ionization of an atom by an ultrashort laser
pulse of extreme ultra violet (XUV) frequency in the presence of a moderately
strong infrared (IR) laser field. The latter field is too weak to produce any
significant ionization on its own. Our aim is to find an analytic expression for
the photoelectron spectrum produced in such an experiment.
Previous investigations have in most cases used the strong field approximation (SFA), completely neglecting the M/A-potential in the propagation of the
free electron; thorough introductions can be found in [89], [90]. In contrast, we
will include the M/A-potential partially to all orders of perturbation by using
the semiclassical Coulomb-Eikonal-Volkov (CEV) states, which have previously
been shown to be well suited to calculate photoelectron spectra from laser assisted XUV ionization [91] as well as strong field ionization [92]. These numerical
investigations show that including the M/A-potential in the propagation of the
ionized electrons largely amounts to a small shift of the photoelectron peaks,
approximately retaining their shape. In spite of their name, the potential in
the CEV functions is not restricted to the Coulomb type, and we shall indeed
postpone a specification of a certain potential to the very last.
A recent study [93] treats the same experimental situation as the one in the
present chapter, but only for Coulomb potentials, and examines the applicability of a widespread approximation of separating the spatial continuum wave
functions ψC (r, t) into two parts [94], [95]:
ψC (r, t) ≈ ψk (r) φ(k, t).

(6.1)

The first part ψk (r) is a spatial function which intricately depends on the final,
field-free asymptotic momentum k and the Coulomb potential, but only trivially
on the field. The second is a time-dependent factor φ(k, t), depending on the
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aforementioned momentum and the field. The present chapter improves upon
this approximation and will be seen to have a broader range of validity. With
reference to separating the continuum in a M/A-potential-dependent coordinate
part and a laser field-dependent time part, the treatment in this chapter can be
seen as a coupling between these two parts, i.e. a measure of the non-separability
of the continuum wave functions into this form.
It is important to note that our treatment below ignores polarization effects
of the bound state by the IR laser field. Polarization effects can be taken into
account at a later stage by using polarized bound states [91].
The chapter is organized as follows: In section 6.3.1 we review how to calculate the photoelectron spectrum in the SFA case. In section 6.3.2 we include
the potential, through the CEV functions, as a perturbation to the SFA result.
In section 6.4 we discuss the implications of the results.

6.3

Theory

We undertake calculating the photo-ionization spectrum in the experiment briefly
described above. We imagine that an XUV pulse ionizes a molecule or an atom
at the time tX in the presence of an IR laser field. The ionized electron’s state
is then propagated to the time tm , when its momentum spectrum is recorded.
In the calculation, we shall make use of different approximate continuum states
to propagate the ionized electron and we shall invoke the method of stationary phase. Throughout the chapter we shall use atomic units and work in
n-dimensional space.
Proceeding with the calculation in detail, the time evolution is governed by
the Hamiltonian:
Ĥ(t) = Ĥ0 + V̂ (t) = Ĥ0 + ĤIR (t) + ĤX (t),
where Ĥ0 is the time-independent field-free Hamiltonian of the molecular or
atomic system under consideration and ĤIR (t) is the Hamiltonian due to a
moderately strong IR laser field with associated vector potential A(t). ĤX (t) is
due to an ionizing XUV laser pulse with duration much shorter than the inverse
highest frequency component of the IR laser pulse. The field free Hamiltonian
Ĥ0 can be further resolved into a kinetic energy part K̂ and a potential energy
part Û with the spatial representation hr|Û |r 0 i = U (r)δ(r − r 0 ). Our final goal
is to find the effects on the photoelectron spectrum of taking this potential in
account.
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Population of states |k>
3. Observation,
Population of states <q|
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2. CEV propagation
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Ω

Figure 6.1: XUV ionization in the presence of a moderately strong IR laser
field. The XUV pulse with central frequency Ω ionizes an electron, originally in
a bound state of the molecule or atom, into a continuum state with asymptotic
canonical momentum k. This k is conserved during the continuum propagation
in SFA, making it the measured photoelectron momentum at the time tm long
after the passage of the pulse, A(tm ) = 0. Our goal shall be to find corrections
to this result. The (length gauge) IR dipole potential r · E IR is added to the
M/A-potential, becoming approximately linear at distances larger than a few
atomic units. In this chapter however, the effect of the IR field on the bound
state is ignored. In contrast, the effect of the M/A-potential is approximately
included in the continuum propagation. We use the CEV propagator, which
will affect a shifting of the photoelectron peak by an amount −∆q with respect
to the SFA result. The value of ∆q is found in section 6.3.2.
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We will treat both the IR and XUV field in the dipole approximation, i.e. the
fields are constant in space. Furthermore, we will use the length gauge for both
fields, and conveniently choose A(tm ) = 0, where tm is the time where the photoelectron momentum is measured [96]1 . This choice is convenient because the
measured kinetic momentum of the electron at time tm will equal the canonical
momentum, which is a conserved quantity in SFA, see Fig. 6.1. In practice, it
is always the case that the IR pulse has died out long before the photoelectron
spectrum is measured since the duration of moderately strong IR pulses in experiments is at most a few picoseconds, whereas photoelectrons are detected at
least hundreds of picoseconds after ionization.
To solve the time-dependent Schrödinger equation we use the time-evolution
operators defined by:
d
Û(t, t0 )
dt

= −iĤ(t) Û(t, t0 ),

Û0 (t0 , t0 )

= e−iĤ0 (t −t0 ) ,

Û(t, t) = 1

and

0

whereby the solution fulfilling |ψ(0)i = |ψ0 i is:
Z t
|ψ(t)i = −i dt0 Û(t, t0 ) V̂ (t0 ) Û0 (t0 , t0 )|ψ0 i + Û0 (t, t0 )|ψ0 i.

(6.2)

t0

We choose the initial state |ψ0 i to be the ground state of Ĥ0 with energy −Ip .
Our specific interest goes to ionization from this bound state to field free energy
eigenstates of Ĥ0 with asymptotic momentum q. Denoting such a state by |qi,
we are aiming to find the expansion coefficient cq = hq|ψ(tm )i at time tm long
after the IR laser field has died out.
Assuming negligible ionization by the IR laser field, we approximate V̂ (t0 ) ≈
ĤX (t0 ). Additionally, we insert two identities2 resolved on position states |ri
and on eigenstates |ki of the Hamiltonian with asymptotic canonical momentum
k:
Z Z Z tm
cq (tm ) = −i dk dr
dt0 hq|rihr|Û(t, t0 )|ki
t0
0

×hk|ĤX (t0 )|ψ0 i eiIp (t −t0 ) .

(6.3)

1 By choosing the length gauge, the vector potential A(t) should be understood as A(t) =
Rt
0
0
0
0
−∞ dt E IR (t ), where E IR (t ) is the electric field of the IR laser at time t .
2 Strictly speaking, one must include the bound states also to comprise the full identity.
However, since we assume negligible ionization by the IR field, we can restrict this identity to
continuum states only.

−
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Note that there is no contribution from the final term in Eq. (6.2) due to |qi
being an eigenstate of Ĥ0 .
The XUV laser pulse is assumed to have a Gaussian envelope with duration
τ , be centered at time at time tX and have carrier frequency Ω. The electric
field has the amplitude EX along the unit polarization vector . Furthermore,
we use the rotating wave approximation for HX (t0 ), restricting our attention to
absorption:
 0
2
−

ĤX (t0 ) = EX e

t −tX
τ

0

e−iΩ(t −tX )  · r̂,

(6.4)

that is, we omit the complex conjugate of Eq. (6.4) because such a term would
be responsible for XUV emission.
We will first illustrate how to find the photoelectron spectrum using the
Strong Field Approximation (SFA) and further below consider the effects of
including the potential.

6.3.1

The Strong Field Approximation

Neglecting the influence of the potential on the continuum, we approximate the
continuum states with Volkov states [90]:
R
1
ip(t)·r − 2i tt0 dξ p(ξ)2
e
,
(6.5)
hr|USF A (t, t0 )|ki =
n e
(2π) 2
where we have introduced the kinetic momentum p(t) = k + A(t). We shall also
need hk|ri = hr|USF A (t0 , t0 )|ki∗ . For the purpose of approximately evaluating
the t0 -integral, we expand the exponent to second order in (t0 − tX ). Since τ is
much shorter than the time of variation of A(t), and by letting the XUV pulse be
fired well inside the time-boundaries of the low-frequency pulse, it is legitimate
to extend the limits in the t0 -integration: t0 → −∞, tm → ∞. Hereby, we can
perform the t0 -integral analytically:
Z
Z
−iEX
1
cq = √
dk dr √
ei[k−q]·r
n
2
1 + iF2
2(2π)
2
R
F1
− i tmdξ p(ξ)2 − 1+iF
2  · hk|r̂|ψ i,
e
where
(6.6)
×e 2 tX
0


τ 1
2
F1 =
p(tX ) − (Ω − Ip ) ,
2 2
τ2
F2 =
p(tX ) · E IR (tX ),
(6.7)
2
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and we have introduced the electric field of the IR laser pulse E IR (t) = −∂A(t)/∂t
and used A(tm ) = 0. Thus, it is seen in Eq. (6.6) that F1 determines energy
conservation within the width determined by τ −1 , the spectral width of the
XUV pulse, and by F2 . Please note, that the operator r̂ appearing in the transition matrix element hk|r̂|ψ0 i does not depend on the integration variable r; it
is just the position operator.
We proceed to evaluate the r- and k-integrals in Eq. (6.6). This is completely
straightforward: The r-integral yields (2π)n δ(q − k), making the k-integral
trivial:
n
2
R
F1
(2π) 2 EX
− i tmdξ [q+A(ξ)]2 − 1+iF
2  · hq|r̂|ψ i,
e 2 tX
e
(6.8)
cq = −i √ √
0
2 1 + iF2
where the functions F1 and F2 are evaluated with k = q. Apart from phase
space factors, the photoelectron spectrum is proportional to:
2

2

|cq |

=

F
2
−2 1 2
(2π)n EX
2
1+F2
p
| · hq|r̂|ψ0 i| .
e
2 1 + F22

(6.9)

It is well-known that this result can differ from both experimental results and
from precise numerical simulations, by several orders of magnitude [89], so we
should not put much faith in the numerical factors in Eq. (6.9). Conversely, the
relative magnitudes are more precise, and with the proper scaling, the photoelectron spectrum generally approximately follows the functional form of Eq. (6.9).
Looking more closely at the spectrum,
it is peaked near the values q =
p
p(0) (tX ) − A(tX ) where |p(0) (tX )| = 2(Ω − Ip ), as expected from energy conservation. Thus, the M/A-potential is already manifestly included in the SFA
model to some extent, demonstrated by the appearance of Ip in the expression
for the location of the peak.
√
For completeness, we consider the two limits |p(0) (tX )|  1/ τ ; the prevalent experimental situation where the mean energy given to the electron by the
XUV pulse at the moment of excitation is much greater
√ than the spread of energies - and the opposite situation |p(0) (tX )|  1/ τ . In the first limit, the
spectrum is approximately Gaussian in q:
( 
2 )
q − p(0) (tX ) + A(tX )
2
, where
|cq (tm )| ∼ exp −
2
2σSF
A
q

2
1 + τ 2 p(0) (tX ) · E(tX )/2
σSF A =
.
τ |p(0) (tX )|
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In contrast, in the more hypothetical situation where the mean energy given to
the photoelectrons is much smaller than the spectral width of the XUV pulse,
the spectrum approximately becomes:
(

4 )
1 q + A(tX )
2
√
.
|cq (tm )| ∼ exp −
2
τ
Leaving the SFA result behind and returning to the details of the calculation, Eq. (6.6), one notices that we could have omitted introducing the r-identity
all together, instead merely noticing that ÛSF A (t, t0 ) is diagonal in the canonical momentum base. The reason we introduced this identity anyhow is that
we in the following will use a more complicated approximate expression for
hr|Û(t, t0 )|ki, preventing an exact evaluation of the k- and r-integrals. To clarify this method in a reasonably simple situation, we will evaluate the integrals in
Eq. (6.6) once again: This time approximately using the method of stationary
phase (MSP). This will serve both as a appetizer on what is to come, and allow
us to assess the applicability of MSP for the present problem.
Let f (y) and θ(y) be real, well-behaved functions of the 2n-vector y and let
{y0 } be the set of points where θ(y) is stationary with respect to its argument,
i.e. ∇θ(y0 ) = 0. Then, MSP says:
Z
P2n
X
π
(2π)n
p
dy eiθ(y) f (y) ≈
f (y0 ) eiθ(y0 )+i 4 p=1 sgn{λp [H (y0 )]} , (6.10)
|H (y0 )|
{y }
0

where H (y) is the Hessian of θ(y), λp [H (y0 )] is the p’th eigenvalue of H (y0 )
and sgn denotes the Signum-function3 [97]. The method relies on a so-called
asymptotic expansion, and its precision relies on the function f (y) varying
slowly with its argument compared to the phase function θ(y). Therefore, we
shall be on the lookout for a small scale parameter in the phase to justify the
application of MSP.
Equation (6.6) is already on the form of the left hand side of Eq. (6.10) with
y = (k, r). To ease the evaluation by MSP, however, we make two additional
approximations:
Firstly, the non-constancy of the imaginary part of the factor 1/(1 + iF2 )
can be ignored at our current level of approximation, both in the exponential
and non-exponential factor of Eq. (6.6). When we apply the method of stationary phase, it will be seen that this approximation is sound because we will be
3 We can ignore contributions to the integrals from the boundary at infinity due to the
F1 -containing real part decreasing exponentially.
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concerned with points close to the zero point of F1 , and because of the slow
variation of this function.
Secondly, we shall neglect the slow variation with k of the matrix element
 · hk|r̂|ψ0 i, corresponding to a strongly peaked ground state wave function.
To identify the small parameter, we first consider the energy conserving
factor, i.e. the real part of the integrand. This factor varies on a scale, denoted
by σk , which is independent of (tm − tX ). To illustrate this, √we introduce
δk = k − p(0) (tX ) + A(tX ) and consider the limit |p(0) (tX )|  1/ τ , where the
real part is approximately Gaussian in δk:
2

2
2
e[−F1 /(1+F2 )]

σk

− δk2

≈ e

2σ

, varying on the scale
q


1 + τ 2 p(0) (tX ) · E(tX ) 2]2
√
2
.
=
τ |p(0) (tX )|
k

√
√
In the opposite limit |p(0) (tX )|  1/ τ , the real part varies on a scale of 2/ τ ,
likewise independent of (tm − tX ).
Next, we consider the phase θ(k, r) of the integrand in Eq. (6.6) with the
approximations introduced above:
θ(k, r)

=

[k − q] · r −

1
2

Z

tm

dξ p(ξ)2 .

(6.11)

tX

Taking the gradient with respect to k of the phase θ(k, r), we find:
Z
∇k θ(k, r)

tm

= r − k(tm − tX ) −

dξ A(ξ).

(6.12)

tX

The phase thus varies with k on a typical scale of 1/ |∇k θ(k, r)| ∼ 1/ [σk (tm − tX )],
whereas the scale of variation of the real part remains constant with (tm − tX )
as we saw above. Fortunately, we are precisely interested in the regime of small
1/(tm − tX ), since the measurement of the photoelectron spectrum takes place a
macroscopic span of time after the excitation by the XUV pulse. Conclusively,
the phase of the integrand varies rapidly with k compared to the real part,
except at the stationary point, validating the use of MSP in this variable. The
stationarity condition for k is obtained from ∇k θ(k, r) = 0, yielding:
Z

tm

0 = r − k(tm − tX ) −

dξ A(ξ).
tX

(6.13)
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Finally, we must justify the use of MSP for r also. For this purpose we take
the r-gradient of Eq. (6.11):
∇r θ(k, r)

= k − q.

(6.14)

Using the condition Eq. (6.13) in the real part of the integrand (i.e. putting
it into F1 in the exponent), we find that this part varies with r on a scale
σr ∝ (tm − tX ) near the stationary point of k. Conversely, the phase varies with
r on the scale 1/|∇r θ(k, r)| ∼ σk , independent of (tm − tX ). Once more, the
macroscopic time (tm − tX ) serves to validate the method of stationary phase:
This time for the r-integral4 .
Having validated MSP for all variables, we simultaneously use the two stationarity conditions ∇r θ(k, r) = 0:
k = q,

(6.15)

and Eq. (6.13) to evaluate the integrals in Eq. (6.6)5 . Noticing that |H | = 1,
the MSP yields the same result as the exact calculation, Eq. (6.8).
As a final note, the expressions Eq. (6.13) and (6.15) give the classical path
of a free electron in the field, and predict the electron having the position r = 0
at the moment of ionization tX .
Z t
rSF A (t) = [q − A(tX )] (t − tX ) + dξ A(ξ).
(6.16)
tX

What distinguishes the origin is our neglect of variation of ·hk|r̂|ψ0 i, predicting
a ground state wave function ψ0 (r) ∝ δ(r)/ · r, which is strongly peaked at
the origin. We will have more to say about this in the discussion, section 6.4.

6.3.2

The M/A-potential corrected case

In the calculations of the SFA photoelectron spectrum, Eq. (6.9) above, we
completely ignored the effects of the M/A-potential on the continuum. In this
subsection, we will semiclassically include the potential and find the consequent
modifications to the photoelectron spectrum. To accomplish this, we shall make
4 Hearing the term ”Strong Field Approximation”, one might initially had expected that
the small parameter validating MSP was connected with 1/|A|. On the contrary, the small
parameter is 1/(tm − tX ), independent of the magnitude of A, precisely as in the exact
calculation, Eq. (6.8). One must remember, though, that we used the strongness of the field
at a much earlier stage, namely in using the approximation Eq. (6.5).
5 Due to the form of θ(k, r), the condition Eq. (6.13) plays no role in this particular case.
In general, however, all stationarity conditions must be included simultaneously.
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use of the CEV-functions instead of Volkov-waves as approximations to the
continuum eigenfunctions of the Hamiltonian. These functions are of the eikonal
form [17]:
ψ(r, t)

= eiΘ(r,t) .

(6.17)

The CEV-functions are found through inserting Eq. (6.17) in the Schrödinger
equation, whereby one arrives at a partial differential equation for the phase
Θ(r, t). Apart from the usual approximation of neglecting a term of the form
∇2r Θ(r, t), the equation for the phase is expanded around the Volkov-phase,
keeping only first order correction terms in U (r)/k2 . With appropriate boundary conditions, this leads to the CEV states below [91].
As in subsection 6.3.1, we start from Eq. (6.3), where now the true continuum
states |ki will be approximated by CEV-states [80]:
R
1
ip(t)·r − 2i tt0 dξ p(ξ)2
e
hr|ÛCEV (t, t0 )|ki =
n e
(2π) 2
R rIR (t0 ,t)
Rt
− i
dl U [r 0 (l)]
× e−i t0 dξ U [rIR (ξ,t)] e |p(t0 )| r0
,
(6.18)
where r0 is an arbitrary reference point, and the path parameterized by l must be
specified. This path is most conveniently chosen to be the classical path followed
by an electron in the absence of the potential U , as in the classical eikonal
approximation [17]. The classical trajectory of the electron rIR appearing in
Eq. (6.18) is given by an equation like Eq. (6.16):
Z t1
rIR (t1 , t2 ) = r + k(t1 − t2 ) + dt00 A(t00 ),
t2

i.e. we will need the trajectory rIR (t0 , tm ) for which the electron arrives at the
point r at time t0 = tm with kinetic momentum k + A(tm ) R= k. From this
r
i
−iq·r+ |q|
dl U [r 0 (l)]
1
r0
e
.
equation and Eq. (6.18), we see that hq|ri =
(2π)n/2

The CEV functions contain the Volkov function in the first three factors,
i.e. the first line of Eq. (6.18), and the second line are corrections to the Volkov
function stemming from the M/A-potential. The reference point r0 is set by
the aforementioned appropriate boundary conditions, and signify a point where
the Volkov and CEV phases coincide when t = t0 .
Throughout the rest of the calculation, we shall consistently use the same
strategy as in the SFA case, but keeping only corrections to first order in U/k2 .
Like before, we shall make use of MSP, the applicability of which follows from
arguments completely analogous to the ones given in section 6.3.1.
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As in the SFA-case, we expand the exponent to second order in (t0 − tX ) and
perform the t0 -integral. Because the overall normalization of cq is incorrect, we
shall not write out overall numerical factors:
Z Z
1
ei[k−q]·r
cq (tm ) ∝ EX dk dr  · hk|r̂|ψ0 i p
0
1 + iF2
Rr
R tm
R
0
2
i
i
dl
U
r
(l)
−
dξ
p(ξ)
−i ttmdξ U [rIR (ξ,tm )]
[
]
2 tX
X
× e |q| r0


02
F1
R
− |p(ti )| rrIR (tX ,tm )dl U [r 0 (l)] − 1+iF20
0
X
,
(6.19)
×e
e
where
F10
F20

)
Z
1
E IR (tX ) · p(tX ) rIR (tX ,tm0)
2
p(tX ) − (Ω − Ip ) −
dl U [r (l)] ,
=
2
|p(tX )|3
r0
#
(
"
τ2
U [rIR (tX , tm )]
=
p(tX ) · E IR (tX ) 1 +
2
2
p(tX )
)


Z rIR (tX ,tm )
∂E IR (tX ) · p(tX )
1
2
0
dl U [r (l)] .
+
− E IR
∂tX
|p(tX )|3 r0
τ
2

(

A striking thing about these expressions is that they would appear to depend
on the reference point r0 . The situation is less dire than this, but we must take
care in choosing this point most conveniently. The apparent problem arises
because the placidly looking matrix element hk|r̂|ψ0 i is different from the one
in subsection 6.3.1, which involved a Volkov state. Here, hk| is a CEV bra and
contains the reference phase connected to the point r0 .
Had we been dealing with scattering, it would probably have been most
clear to let r0 = −αk, where α is a asymptotically large positive number,
i.e. fix the phase of the CEV functions to incoming plane wave scattering states.
The present situation is much different, however, in that we wish to compare the
behavior of electrons excited into the continuum near the molecule or atom using
the SFA- contra the CEV approximation. Thus, maintaining that we wish to
ignore the non-constancy with k of hk|r̂|ψ0 i and examine the different behaviors
from the semi-classical point of ionization to the detector, we must choose the
reference point to coincide with the ionization point r0 = rIR (tm , tX ). To
first order in U/k2 , this is the origin as in the SFA treatment, see Eq. (6.16).
We stress again that this whole business with choosing r0 arose due to the
approximation on the dipole transition moment, and would be absent if this
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was taken fully into account6 .
With the choice r0 = rIR (tm , tX ), the expressions for F10 and F20 are considerably simplified. Moreover, since rIR (tX , tm ) enters only in the potential
function U , first order contributions uses the trajectory from SFA for the electron and thus set rIR (tX , tm ) = 0. This also makes good physical sense, since
the electron must be liberated where the ground state wave function is non-zero.
Because the point of ionization rIR (tX , tm ) will appear several times, we will
abbreviate it as:
rpoi

≡ rIR (tX , tm ),

(6.20)

remembering that rpoi = 0 at our current level of approximation, but may be
different in more advanced treatments, e.g. if the non-constancy of the transition
dipole moment is taken in to account.
With these choices, we shall hereafter use for the functions F10 and F20 :


τ 1
2
p(tX ) − (Ω − Ip ) = F1 ,
F10 =
2 2
#
"
τ2
U (rpoi )
0
.
F2 =
p(tX ) · E IR (tX ) 1 +
2
2
p(tX )
We proceed to approximately evaluate the k- and r-integrals in Eq. (6.19) using
MSP. Once again, we neglect the slow variation with k of the matrix element
2
0
hk|r̂|ψ0 i and of the phase of e−F1 /(1+iF2 ) .
The first step in MSP is to find the stationary point. By taking the kgradient of the phase in Eq. (6.19), we obtain the first n stationarity conditions:
0 = k − q − ∆q(k, r) + wk (k, r), where
Z tm
p(tX )
∆q(k, r) =
dξ ∇U [rIR (ξ, tm )] +
2 U (rpoi ),
p(tX )
tX
q
wk (k, r) =
U (r),
q2

(6.21)
(6.22)

and ∇U means the gradient of U with respect to its argument. Using the
SFA trajectory Eq. (6.16), we see that |r| → ∞ for (tm − tX ) → ∞. Since
lim|r|→∞ U (r) = 0, we can ignore the term wk (k, r), and the whole correction
with respect to SFA is ∆q(k, r).
6 A quick-’n-dirty argument to arrive immediately at the right result would be that the
physical results must be independent of the choice of reference point, so the quantities explicitly containing r0 must add to zero.
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Taking the k-gradient of the phase in Eq. (6.19) leads us to the last n
stationarity conditions:
Z tm
0 = r − (tm − tX )k −
dξ A(ξ)
tX

+(tm − tX )R + wr (k, r),
Z
wr (k, r)

= −

where

(6.23)

tm

dξ ∇U [rIR (ξ, tm )] (ξ − tX ),
tX

and we have used r0 = rpoi . The term wr (k, r) grows at most as rapidly7 as
ln(tm − tX ) when (tm − tX ) grows large, and can thus be neglected compared
to the other terms, which are asymptotically proportional to (tm − tX ) in the
same limit8 .
The equations (6.21) and (6.23) are not easily solved simultaneously for k
and r. However, since we are calculating the correction to first order only, we
will use the results from the SFA calculation in the correction term ∆q(k, r).
From this point on, we will therefore use k = q from Eq. (6.15) wherever k
appears in ∆q(k, r) and use the trajectory from SFA, Eq. (6.16), in place of
rIR (ξ, tm ). With these approximations, we obtain:
k
∆q (1)

= q + ∆q (1) , where
Z tm
p(1) (tX )
dξ ∇U [rSF A (ξ)] +
=
2 U (rpoi ),
p(1) (tX )
tX

(6.24)
(6.25)

and p(1) (tX ) = q + ∆q (1) + A(tX ).
With these approximations, we can evaluate the integrals in Eq. (6.19) using
MSP and find the photoelectron spectrum apart from phase space factors. To
first order, we can use the Hessian determinant |H | = 1 from SFA, and we
obtain:


2
F1
2
2
−2
EX
02
2
(1)
1+F2
 · hq + ∆q |r̂|ψ0 i e
,
(6.26)
|cq | ∝ q
1 + F20 2
where F1 and F20 are evaluated with k = q + ∆q (1) . Comparing this result with
the SFA spectrum, Eq. (6.9), we see three main differences. Firstly, the width
7 The logarithmic growth is for potentials of the large-r asymptotic form U (r) ∼ −Z/|r|.
For short range potentials, wr (k, r) approaches a constant for (tm − tX ) → ∞.
R
8 One could say the same about tm dξA(ξ), but we retain this for cosmetic purposes, i.e.,
tX
its appearance in the exact SFA result, Eq. (6.13).
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2

function F20 is multiplied by the small correction factor 1 + U (rpoi )/p(1) (tX ) .
Secondly, as already touched upon, the bra hk| entering in the transition dipole
matrix element hk |r̂| ψ0 i denotes a CEV state rather than a Volkov state.
Thirdly and most importantly, the form of the spectrum is approximately retained, but is shifted an amount ∆q (1) compared to the SFA spectrum.
p The new
maximum is near q = p(0) (tX ) − A(tX ) − ∆q (1) , with |p(0) (tX )| = 2(Ω − Ip )
as before.
The momentum shift ∆q (1) has a simple classical interpretation, which becomes clear when we write:
Z tm
Z tm
(1)
∆q
=
dξ ∇U[rSF A (ξ)] −
dξ ∇U [p(1) (tX ) (ξ − tX )],
(6.27)
tX

tX

i.e. the shift is the impulse given to the electron by the potential through following the classical path in the laser field minus the impulse that would have
been experienced in the absence of the laser field. This field-free path can be
written:
rf f (ξ) = rpoi + (ξ − tX )[q + A(tX )],
where we used that ∆q (1) can be neglected in the argument of U .
One immediately sees that the shift ∆q (1) is characteristic of the coupling
between the M/A-potential and the laser, in the sense stated towards the end
of section 6.2, since it would be zero in the absence of either. This is reasonable
since the ionization potential is already included in the SFA case through the
2
energy conserving factor containing p(tX ) = Ω − Ip . Indeed, if the ionization
2
potential Ip  p(tX ) /2, the consequent correction to the momentum |dp| 
2
|p(tX )| is dp · p(tX ) ≈ −Ip , so dp ≈ −p(tX )Ip /p(tX ) , which is the correction
already present in the SFA treatment and the cause of the second term in
Eq. (6.25). The inability of the theory presented here to differ between Ip and
U (rpoi ) is a consequence of the semi-classical approach where the continuum
electron has a semi-classical position.
Thus, the last term in the shift ∆q (1) , Eq. (6.25) is a cancelation of the (zero
order) impulse already present in the SFA result, whereas the first term is the
total (zero and first order) impulse accumulated from the M/A-potential on the
electron’s path.
Though the second term in Eq. (6.25) does not exactly cancel the correction
present in SFA due to the difference between U (0) and −Ip , the result is still
valid. Both U and the semi-classical path are treated in the same way in the
two terms as clearly seen in Eq. (6.27).
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Recalling the end of section 6.2, the continuum wave function were suggested
separated into two parts. The first, ψk (r), is a coordinate function which is
determined by Û because it is an eigenfunction of Ĥ0 with asymptotic canonical
momentum k. Thus, depending on the gauge, the coordinate part can depend on
the laser field through its kinetic momentum k + A(t), but only in a trivial way:
The
R t laser field2 supplies asymptotic kinetic momentum. The second part, φ(t) =
ei dξ[k+A(ξ)] is identical to the Volkov phase, and in the case of Coulomb
potentials, the total wave function approximation is known as the ”CoulombVolkov” functions [93]:
Rt
2
hr|kit ≈ ψk (r)ei dξ[k+A(ξ)] .
(6.28)
Since the Volkov functions themselves were exactly of this form, it is in this
respect ∆q (1) can be said to quantify an estimate of the extent to which this
separation breaks down. For want of a better term, this breakdown is called
”Potential-Laser coupling” although the Hamiltonian involves no term where
both A(t) and Û enters.

6.4

Discussion

In this section, we will discuss the results, especially the expression for the
momentum shift ∆q (1) . In subsection 6.4.1, we illustrate the correctness of
the above calculation with a numerical example. In subsection 6.4.2, we make
a brief comment about a prior use of an expression similar to ∆q (1) in the
strong field literature. In subsection 6.4.3, we discuss the problems with the
above treatment for the case of singular potential functions, and why we used
MSP instead of the related Method of Steepest Descent. In subsection 6.4.4,
we compare our results with the related work [93] on Coulomb-Volkov functions
and comment on the implications for HHG mentioned in the introduction.

6.4.1

Numerical calculations

The analytic, but approximate expression Eq. (6.25) is compared with numerical
calculations in Fig. 6.2. The figure shows the shift of the photoelectron spectrum’s maximum using CEV states compared to results obtained using Volkov
states. For the calculations, we have chosen parameters typical of an experimental situation and used the numerical, but unpolarized, ground state for the
system. The approximate analytical expression Eq. (6.25) is seen to match the
numerical results well, illustrating the validity of applying MSP.
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Figure 6.2: Numerical momentum shift of the photoelectron spectrum’s maximum compared to the SFA-result due to the potential-laser coupling. The
numerical calculation is carried out for a one dimensional model. The first axis
denotes the delay of the IR electric field at the time tX of XUV ionization, in
units of the IR field’s period. The second axis denotes the momentum shifts
compared to the result found using SFA, where potential-laser coupling effects
in the continuum are completely ignored. The solid curve is found from the
analytic expression Eq. (6.25), the points show numerical calculations√starting
from Eq. (6.3). In these calculations, the potential is U (x) = −1/ x2 + a2
with a = 1.59, giving Ip = 12.13 eV. The IR field has vector potential
A(t) = 1.14 sin (0.057 t) corresponding to a wavelength of 800nm, and the XUV
pulse has Ω = 3 = 81.6 eV and a duration of 200 attoseconds. In all results, the
polarization of the bound state has been neglected. While the polarization gives
corrections of the same order as the potential-laser coupling, both effects are
small, and their corrections are approximately additive. Therefore, polarization
effects could be included at a later stage [91], and the figure shows the effects
potential-laser coupling.
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Prior uses of ∆q (1)

Concerning existing works related to this chapter, a correction similar to Eq. (6.25)
has been used to examine asymmetries in the angular distributions of ionized
electrons from above threshold ionization, i.e. more photons than necessary for
ionization is absorbed from the strong IR field, of xenon atoms using elliptically
polarized light [98]. There, the point of ionization was taken to be the classical
point of closest approach of an electron in the combined M/A-potential and
slowly-varying field. However, only the first term in Eq. (6.25) was used and
the treatment was completely classical. Due to the situation in [98] being very
different from the present, it is difficult to make a closer comparison.

6.4.3

Divergent potentials and the Method of Steepest
Descent

A problem with the momentum shift in Eq. (6.25) is that it uses U (rpoi ), where
the treatment above yielded rpoi = 0. If the potential function has divergencies,
as, e.g., the Coulomb potential, our treatment, as it stands, crumbles away. The
symptom of this is the appearance of a semiclassical position of the electron given
by Eq. (6.16), rather than a wavelike behavior. The breakdown happens at a
much earlier stage though, namely in the use of the eikonal technique, which
requires the wave function to vary rapidly compared to the potential and that
U (r)/k2 be small for all r [17]. The latter requirement was also used explicitly
in the derivation of the CEV functions. An often applied way to salvage the
application of semi-classical approaches from such difficulties is to use a different,
but similar, potential √
function. For instance, the commonly used soft-Coulomb
potential U (r) = −1/ r 2 + a2 was used in the calculations leading to Fig. 6.2.
Another route one could speculate in is using the method of steepest descent
(MSD) instead of MSP in evaluating the integrals in Eq. (6.19) [99]. Here, one
will often find an imaginary component of the electron’s position, while only
the real part varies in time, thereby avoiding the inauspicious singularity. We
will give a brief summary of how one would have gone about using MSD and
the considerations that led us to prefer MSP.
In the MSD, the stationarity conditions involve both the real- and imaginary
parts of the exponent. For instance, one can include the transition dipole moment in the exponent through ·hk|r̂|ψ0 i = exp [ln ( · hk|r̂|ψ0 i)], thus changing
the point of ionization to:
rpoi = i

∇q ( · hq|r̂|ψ0 i)
.
 · hq|r̂|ψ0 i
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This generally contains a non-vanishing imaginary part - indeed, it is purely
imaginary if |ψ0 i is a parity eigenstate. The MSD predicts how one can extend
the integrand to accepting also complex values of the argument r, rather than
just the real values used in MSP. The prescription is to use the analytic continuation of the integrand and evaluate this at the stationary points. However,
the use of MSD is only solidly founded for single integrals, and cannot generally
be extended to multiple integrals9 [97], [100]. Thus, using MSD for n = 1, one
would have to evaluate the k- and x-integrals as iterated integrals, most practically in that order. Using the Coulomb potential√as an example, the analytical
continuation the potential function U (x) = −1/ x2 is:
U (x)

cos(φ/2) + i sin(φ/2)
1
= −√ = − p
, where
2
<(x)2 + =(x)2
x

(6.29)

x = |x|eiφ ,
< denotes the real part of the argument, = the imaginary, and one has to impose
a branch cut that the zero-order path does not cross. After the field has died
out, the integration path could then be brought back to the real axis.
However, because of the many difficulties with extending MSD to n > 1
and because of the violation of the condition U (r)/k2 on the much earlier stage
of applying the CEV functions, we have preferred MSP. Consequently, we will
assume that the potential U (r) has no divergencies, or an equivalent potential
without divergencies has been used in its stead.

6.4.4

On the applicability of CEV and Coulomb-Volkov
states

We turn to discuss the implications of our results for the precision of the
Coulomb-Volkov separation mentioned at the end of section 6.3.2, and we compare with the applicability of the CEV functions. For this, we first estimate the
magnitude of√ the potential-laser coupling for regularized Coulomb potentials
U (r) = −Z/ r 2 + a2 .
We rewrite Eq. (6.25) using partial integration. Requiring that q + A(t) 6= 0
for all t ∈ [tX , tm ], we find:
"
#
Z ξ
Z tm
E IR (ξ)
00
00
(1)
dt A(t ) . (6.30)
∆q = −
dξ
2 U rpoi + q(ξ − tX ) +
[q + A(ξ)]
tX
tX
9 For instance, a function of a single real variable has a unique analytic continuation to a
function of a single complex variable. Such a theorem does not exist for functions of several
real variables.
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We can estimate the magnitude of this integral by noticing that most of it is
accumulated during the time from tX to tX +2/ω, where ω is the central angular
frequency of the IR field:
 (0) 
4|p |
Z EIR
(1)
ln
,
|∆q | ∼
(0)
3
aω
|p |
#
"
p
√
Ω − Ip
Z EIR
.
(6.31)
=
2
√
3 ln 4
ωa
2 2 (Ω − Ip ) 2
Here we have used that 2|p(0) |/ω  a, EIR is the IR laser’s electric field mag2
nitude, and p(0) /2 = Ω − Ip as before. It may be noted that the dependencies
on a, the potential’s regularization, and ω are slow since they are only found
in the logarithm, whose argument 4|p(0) |/(a ω)  1. Both the use of the CEV
functions and the truncation of corrections at first order requires the first order
shift to be much smaller than the zero order momentum, |∆q (1) |  |q|. For
these two methods to be precise, Eq. (6.31) hence leads to the condition:
2

Z EIR



4 (Ω − Ip )

.
√ √Ω−Ip
ln 4 2 ωa

(6.32)

In contrast, for the separation of the continuum wave function into the
Coulomb-Volkov form to be precise, the phase shift from Coulomb-laser coupling across the molecule or atom of size R must be small, |∆q (1) |R  1,
leading to the condition:
√
3
2 2 (Ω − Ip ) 2

.
Z EIR R 
(6.33)
√
√ Ω−Ip
ln 4 2 ωa
The condition (6.33), except for the slow-varying logarithmic factor, agrees with
the condition of applicability found by other means for an atom with R ≈ 1 in
[93]10 . For usual experimental parameters, and the additional condition Ω  Ip
10 Actually, both [87] and [93] use the so-called ”sudden approximation”, where the acceleration of the electron by the IR field is ignored while the electron moves across the molecule or
atom. On one hand, this acceleration is usually negligible in HHG considerations because the
HHG emission takes place at times close to the zero of the generating laser’s electric field [93].
On the other hand, when the electric field is not close to zero, as in general for laser-assisted
XUV ionization, this acceleration effect causes phase shifts easily surpassing the ones from
Coulomb-laser coupling. The sudden approximation is not made in [94] and [95].
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used in [93] in particular, |p(0) |  1 so the condition of separability is more
restrictive than the applicability condition for the CEV functions, Eq. (6.32).
As a realistic numerical example relevant for HHG, setting Z = 1, Ω − Ip =
0.74 = 20 eV and EIR = 0.05, the Coulomb-laser phase shift is smaller than 0.05
for R . 6 ≈ 3Å. Thus, Coulomb-laser coupling can be ignored for very small
molecules in this energy range, i.e. the Coulomb-Volkov functions are a precise
description of the continuum for e.g. N2 , while CO2 is borderline.
Armed with these estimates, we can finally address the generation of HHG
using aligned diatomic molecules - the time inverse process of XUV ionization.
When there are several, well separated ionization centers, it has been proposed
to view these centers as point emitters of radiation [84]-[86]. In this case, it is
natural to expect interference in the HHG yield at different frequencies, the exact nature of which depends on the angle between the molecular axis and laser
polarization. This interference is caused by the different quantum mechanical
phases of the continuum wave function at the different ionization centers during
recombination. Here, the challenging point has proven to be finding a relation
between the frequency of the harmonic radiation and both the asymptotic momentum and the near-core phase variations of the continuum wave function;
similar to a dispersion law. Indeed, in investigations using plane waves, it is
found that the energy of the continuum state must be the asymptotic kinetic
energy plus a fraction of the ionization potential, the last of which varies from
case to case [84]-[86]. This ambiguity is naturally not found in numerical calculations using the full Schrödinger equation, but borne out of the desire for an
physical understanding of the HHG emitting recombination process. Equally
important, the full numerical calculation in three spatial dimensions is still
intractable on present day computers, making physically sound approximate
models vital. With the results of Coulomb-laser coupling held, we can remove
the ambiguity of these former models in the situation where this coupling is
negligible.
In this separable case, one may obtain an intuitive understanding by using
the separable states in the final recombination step. The complicated continuum
wave function is then replaced with the much better known field free state with
asymptotic kinetic momentum determined by the laser field11 , p2 /2 = N ω − Ip ,
where N is the number of absorbed photons of angular frequency ω. Thus,
the interference structures in the HHG emission should coincide with those of
XUV ionization in absence of the IR field, and with an XUV photon energy of
11 Again, if one wishes to use the sudden approximation from footnote 10, there must be
negligible acceleration of the electron as it moves across the parent ion.
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Ω = N ω. This correspondence was recently found numerically in [87]. Lastly,
such a correspondence between frequency of emitted HHG radiation and the
spatial shape of the continuum wave function precisely forms the foundation
for the tomographic reconstruction of molecular orbitals in [35], as stated in
section 6.2.
Conclusively, we have calculated the photoelectron spectrum from laserassisted XUV ionization, and in the process found an expression for, and magnitude of, potential-laser coupling. These results were used to clarify ambiguities
in approximate models for interference structures in HHG emission and lay a
solid foundation for a key ingredient in Quantum State Reconstruction of molecular orbitals using HHG.
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Chapter 7

Effects of vibration and
rotation on High Harmonic
Generation and Above
Threshold Ionization
7.1

Synopsis

Numerical calculation of both light generated by High Harmonic Generation
in molecules and momentum spectra of electrons ionized from molecules by
strong fields are computationally very heavy. To facilitate such numerics, several
approximations must be made. In this chapter, we look closely at the commonly
used approximation of considering the nuclei fixed during the above processes.
We show how different configurations of nuclear coordinates add to the total
signal at various levels of approximation.
This chapter is based on the article [101].

7.2

Introduction

We already mentioned in the previous chapter 6 that the durations of ultrashort pulses can easily be of the timescale of nuclear motion in molecules and
123
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down to the timescale of electronic motion. For this reason, these pulses have
many uses in probing dynamics of processes in molecules, and subordinately,
can serve as probes for Quantum State Reconstruction (QSR). At least two
such uses have already been demonstrated: the aforementioned reconstruction
of a bound orbital of N2 from High Harmonic Generation (HHG) [35], and the
partial reconstruction of the motional state of electrons produced from Argon
atoms by Above Threshold Ionization (ATI) [102]. The two processes of HHG
(see section 6.2 for a brief introduction) and ATI (see subsection 6.4.2) will be
the focus of this chapter, and we shall clarify how one can perform approximate theoretical calculations of such signals. A treatment like this is vital for
extending the reconstruction procedure used in [35] to the case of non-perfect
alignment, and extending the reconstruction procedure in [102] from atoms to
molecules.
The precise numerical calculation of both the light produced by HHG and
the state of the electrons produced from ATI are complicated businesses. For
precise numerical calculations of HHG, one is forced to use approximations for
such numerics to be feasible on present day computers. Even the simplest of all
cases, the H+
2 molecular ion, has not been numerically treated with all degrees
of freedom included. For numerical calculations of ATI spectra too, simplifying
approximations are an absolute necessity. One widespread and central approximation used in this chapter is the neglect of the movement of the nuclei during
the emission of the HHG radiation and the ATI process. This approximation is
fostered by the typical time intervals for nuclear particles to move appreciably
within molecules being thousands of times longer than the corresponding time
intervals for electrons, owing to the two kinds of particles having charge to mass
ratios which differ by a factor of this order. Furthermore, we use for HHG only
the dipole radiation stemming from the acceleration of electrons. This last point
is barely an approximation at the high frequencies involved in HHG, where the
thousands of times larger acceleration of the electrons will completely dominate
the radiation stemming from acceleration of nuclei1 .
1 An order of magnitude estimate of the ratio of the nuclei’s to the electrons’ contribution
to the HHG intensity spectrum is the ratio of their charge-to-mass ratios. This can be seen by
the following classical argument, considering one atom for simplicity. An external electric field
causes acceleration of one nucleus with charge qN and mass mN , and of qN /qe electrons with
charge qe and mass me . The emitted electric radiation field is proportional to the acceleration
of the charged particles [103]. Using Newton’s second law, the ratio of the magnitude of electric
fields emitted from the electrons and the nucleus is approximately mN qe /(me qN ). Thus, since
we add electric fields and not intensities, the intensity cross terms between electronic and
nucleic HHG are suppressed by a factor of at least me /mN ≈ 10−3 . The intensity contribution
from terms with nuclei only is smaller by another factor of 10−3 . Though classical, the
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With the use of approximate models, rather than using an exact description,
comes also the risk of bewilderment on when to do what. For example, say one
has an incoherent (e.g. thermal) mixed state of molecules exposed to an intense
ultrashort laser pulse leading to HHG in the molecules while the nuclei are approximately stationary. We can calculate the electric fields produced from each
spatial configuration of the nuclear particles. Should one then add the electric
fields from the molecules with different nuclear coordinates, and then take the
square to find the intensity - or should the intensities for molecules with different nuclear coordinates be added to find the signal? Does the answer depend
on whether one starts out with a thermally mixed state or a pure state? The
answer will turn out to be that the electric fields from molecules with different
nuclear coordinates should be added, and then squared to find the intensity
– regardless of whether the molecules are in a pure or mixed state of nuclear
coordinates: Only the distribution of nuclear coordinates matter. An easy and
correct way to immediately see this is that if the HHG is due to electronic
motion alone, no measurement of the nuclei’s coordinates is performed by measuring the HHG signal. Therefore, one could in principle measure the nuclear
coordinates afterwards. Conclusively, different nuclear configurations are distinguishable and there cannot be quantum mechanical interference therefrom.
One must remember, however, that even though there is no interference in the
formation of electric fields, there will still be interference in the intensity signal
from the squaring of the total electric field.
In spite of the straightforwardness of these arguments and the treatment below, a thorough treatment of these points of interference has, puzzlingly enough,
not been published before. In effect, recent and otherwise excellent publications
mistakenly add intensities for some or all of the nuclear coordinates to find the
HHG signal [104], [105]. To prevent future misunderstandings, we give a brief,
thorough and general treatment of the role played by the fixed nuclear degrees
of freedom in HHG.
The related subject of ATI of molecules is also treated. Here, the molecules
are ionized by an ultrashort pulse, and we consider the nuclei fixed while the
electron propagates to the detector. This is certainly not literally true and requires some explanation since the time it takes an electron to reach a detector, a
macroscopic distance of the order of decimeters, is certainly much greater than
any rotational or vibrational period in the molecule. Nonetheless, considering
the nuclei fixed is a good approximation because the time it takes the electron
argument is also valid in quantum mechanics due to Ehrenfest’s theorem and Eqs. (7.3)-(7.4).
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to propagate many atomic diameters away from the molecule is small compared
to rotational and, often, vibrational periods. Thus, the nuclei are approximately
fixed during the time where the electron is close enough to the molecule to experience complicated interactions. Conversely, at the times after ionization where
the nuclei have moved appreciably, the ionized electron is so far away that only
the long range centrally symmetric (monopole) terms have an effect. It is in this
sense the nuclei can be considered fixed though the propagation of the electron.
The measurement performed on the ionized electron reveals its asymptotic
momentum, giving no information on the behavior of the wave function close
to the parent molecular ion. Therefore, by arguments similar to the HHG
case above, the different nuclear configurations are distinguishable in principle,
and we get no quantum mechanical interference from pure and mixed states of
rotational and vibrational degrees of freedom alike. Only the distribution of
internuclear distances and -angles play a role.
Having given away all the answers, let us proceed to the derivations. In
section 7.3, the general situation pertaining to both HHG and ATI is stated. In
section 7.4, we treat the effects of nuclear degrees of freedom on HHG spectra.
In section 7.5, we give a similar treatment for the effects on ATI spectra. Finally,
we briefly conclude the chapter in section 7.6.

7.3

General considerations

We consider HHG and general photo-ionization in molecules with ultrashort
laser pulses. In these experiments, there are many molecules in the laser focus,
and the molecules are initially in a thermal state at time t = 0. When the phase
space density is low, and ignoring propagation effects such as phase matching
for HHG, we can ignore the symmetrization of the states and merely use the
single-particle density operator ρ̂(0) for calculation. The neglected propagation
effects are often of great importance for HHG yields, but we neglect them here to
clearly show the effects of the nuclear degrees of freedom. The thermal velocities
in typical experiments are sufficiently small that we may neglect the dopplershifts of both the incoming laser pulse(s) and the HHG light, and also neglect
the thermal momentum shift of the photo-electrons. Therefore, we simply ignore
translational degrees of freedom of the center of mass.
At time t = 0, the molecule is in a time-independent thermal state at temperature T . By definition, this is ρ̂(0) = exp (−Ĥ/kB T )/Z, where the partition
function Z = Tr[exp(−Ĥ/kB T )], kB is Boltzmann’s constant and Ĥ is the field
free molecular Hamiltonian which includes all nuclear and electronic degrees of
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freedom. We resolve this state on energy eigenstates |αi with energy Eα , where
α = (ε, n, J ) denotes the state of the molecule trough electronic ε, vibrational n
and rotational J indices. Resolving ρ̂(0) on these states, there are only diagonal
terms:
X
ρ̂(0) =
Pα |αihα|
(7.1)
α

where Pα = exp (−Eα /kB T )/Z is the Boltzmann weight. The system is now
excited and propagated to the time t using the Schrödinger picture. The propagation is done by a unitary operator Û (t) so that ρ̂(t) = Û (t)ρ̂(0)Û † (t). In
general, this interaction can change all aspects of the state, electronic, vibrational and rotational alike Û (t)|αi = |Ψα (t)i:
X
ρ̂(t) =
Pα |Ψα (t)ihΨα (t)|
(7.2)
α

Specifically, the evolution due to Û (t) can contain both alignment pulses and
subsequent ultrashort-pulse ionization and HHG; the foci of this chapter. In
both cases, the task amounts to finding the expectation value of a certain operator.

7.4

Effects of nuclear degrees of freedom on HHG

Treating HHG first, the frequency dependent emitted intensity S(ω) of polarization  from many uncorrelated emitters can be found through the expectation
ˆ t through [59], [106]:
value of the one-particle dipole moment d(t) = hdi
Z tm
2
d2
S(ω) =
dt e−iωt 2  · d(t) , where
(7.3)
dt
0
h
i
d(t) = Tr ρ̂(t) dˆ
X
ˆ α (t)i,
=
Pα hΨα (t)|d|Ψ
(7.4)
α

and tm is the final moment of observation. This is exactly the same expression
as used in section 4.5, leading to Eq. (4.12). Just as in chapter 4, one can observe
interferences in the intensity S(ω) from incoherent members of the ensemble,
i.e. members belonging to different α. Here too, one must keep in mind that
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this effect of intensity interferences stems from adding electric fields and is
fundamentally different from coherent quantum beats.
In usual numerical studies, one finds the state as a function of the particle coordinates. To follow this approach, we will insert two identity operators
in the above expression, resolved on eigenstates of all the electrons’ positions
re , all vibrational coordinates R and all rotational angles Ω. For instance, if
there are n electrons in three dimensional
space, the vector re has length 3n.
R
Thus, the identity operator is Iˆ = dre dR dΩ J (R, Ω)|re , R, Ωihre , R, Ω|,
where |re , R, Ωi = |re i ⊗ |Ri ⊗ |Ωi and J (R, Ω) is the numerical value of
the Jacobian determinant for the transformation from the nuclei’s cartesian- to
(R, Ω)-coordinates. Introducing these identities and the spatial wave functions
ψα (re , R, Ω, t) = hre , R, Ω|Ψα (t)i in Eq. (7.4), we find:
Z
X
d(t) =
Pα dre dR dΩ dre0 dR0 dΩ0 J (R, Ω) J (R0 , Ω0 ) hΨα (t)|re , R, Ωi
α

ˆ 0 , R0 , Ω0 ihr 0 , R0 , Ω0 |Ψα (t)i
×hre , R, Ω|d|r
e
e
=

X

Z
Pα

2

dre dR dΩ J (R, Ω) |Ψα (re , R, Ω, t)| d(re , R, Ω).

(7.5)

α

So far, everything is exact, but the above formula is numerically daunting. To
remedy this insurmountable computational complexity, we introduce several,
commonly used approximations. The first of these, already discussed in section 7.2, is the assumption that the dipole moment leading to HHG is vastly
dominated by the electrons’ contribution d(re , R, Ω) ≈ d(re ). Considering n
electrons and letting
P q be the elementary charge, this dipole moment explicitly
reads d(re ) = −q n re,n , where re,n is the position vector of the n’th electron
from the molecular center of mass. Second, one can use the Born-Oppenheimer
approximation to separate out the relatively slow rotational movement of the
nuclei, obtaining:
Ψα (re , R, Ω, t) ≈ ψα (re , R, t; Ω) φα (Ω, t),
where φα (Ω, t) is the rotational part of the wave function, and ψα (re , R, t; Ω)
is the vibronic wave function for fixed rotational coordinates. This separation
much eases the numerical propagation while the molecule is field-free, and also
calculations of rotational excitations with non-ionizing laser pulses, for instance
alignment. Thirdly, for most HHG pulses of interest, the rotational motion of
the nuclei is so slow that it can effectively be considered fixed during the ultrashort interaction. This allows us to propagate the vibronic part ψα (re , R, t; Ω)
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of the state in the strong laser field, while keeping the rotational coordinates
fixed. These points taken into account, the dipole moment Eq. (7.5) is well
approximated by:
Z
Z
X
2
d(t) ≈
Pα dΩ |φα (Ω, t)| dR J (R, Ω)
α

Z

2

× dre |ψα (re , R, t; Ω)| d(re ).

(7.6)

For molecules with vibrational frequencies much smaller than the inverse duration of the laser pulse causing HHG, the vibrational coordinates can also be
treated as fixed, further easing calculations. If the Born-Oppenheimer approximation is precise for these degrees of freedom also, one can separate out the
vibrational part of the vibronic wave function ψα (re , R, t; Ω) ≈
0
(re , t; R, Ω) χα (R, t), yielding:
ψα
Z
Z
X
2
d(t) ≈
Pα dΩ |φα (Ω, t)| dR J (R, Ω)|χα (R, t)|2
α

Z
2
0
× dre |ψα
(re , t; R, Ω)| d(re ).

(7.7)

The relevance of Eqs. (7.6) and (7.7) is that the propagation during the ultrashort pulse is immensely more manageable when the dimensionality is reduced.
In fact, being able to keep the nuclei fixed through the HHG process, and merely
0
(re , t; R, Ω) is a necessary condition
propagate the electronic wave function ψα
for numerical simulations to be carried through on present-day computers. The
2
2
ro-vibrational part |φα (Ω, t)| |χα (R, t)| weighs the HHG contribution to the
electric field from all the orientations and vibrational distances of the molecule,
that was initially in the state α. Since these functions vary slowly with t compared to the electronic part during the ultrashort pulse, these functions can be
taken to be time-independent during this interaction.
The effect of the vibrational motion is usually of much smaller consequence
than the rotational. Indeed, for small vibrational excitations, one can as a first
approximation set R = R0 , the equilibrium bond distances corresponding to
the vibrational index in α.
As an example, we will consider a diatomic molecule with sufficiently low
temperature that only the electronic ground state ge is populated. Then α =
(ε = ge ; n = n; J = J, M ), where n is the vibrational quantum number in the
electronic ground state, J is the angular momentum quantum number and M
its projection on a space fixed axis. Furthermore, R = R is the internuclear

130 CHAPTER 7. HHG AND ATI WITH ROTATIONS AND VIBRATIONS

distance, Ω = Ω is the spherical polar solid angle. If Û (t) describes only a
single ultrashort laser pulse, the rotational degrees of freedom are unaffected and
φJM (Ω, t) = YJM (Ω, t), the usual spherical harmonic function. Furthermore,
Pge ,n,J,M = Pn,J is independent of M , and we get:
Z
X
2
d(t) ≈
Pn,J dΩ |YJ,M (Ω)|
n,J,M

=

Z
Z
2
× dR R2 |χn (R)|2 dre ψg0 e (re , t; R, Ω) d(re )
Z
Z
Z
1 X
2
Pn dR R2 |χn (R)|2 dΩ dre ψg0 e (re , t; R, Ω) d(re ),
4π n

P
2
where we have used the identity M |YJ,M (Ω)| = (2J +1)/(4π) and J (R, Ω) =
R2 .
If, in addition, only the lowest vibrational level n = 0 is initially populated,
and approximating this vibrational wave function |χ0 (R)|2 ≈ δ(R − R0 ), we get:
Z
Z
R02
2
dΩ dre ψg0 e (re , t; R0 , Ω) d(re ).
(7.8)
d(t) ≈
4π

7.5

Effects of nuclear degrees of freedom on ATI

Having treated HHG, we turn our attention to ionization. In this setting, we
measure the photoelectron angular distribution W (k): the probability of measuring an electron with asymptotic, field free wave vector k. That is, we only
learn about the behavior of the electron in the asymptotic region, and not anything about the appearance of its wave function close to the nuclei. The quantity
W (k) is the expectation value of the projection operator |ψk ihψk | ⊗ IˆR,Ω , where
|ψk i is the exact field-free continuum eigenstate in the asymptotic region with
asymptotic momentum wave vector k, and IˆR,Ω is an identity operator working
on the nuclear coordinates only. Finding the expectation value of this operator
in the state ρ̂(t) from Eq. (7.2) gives us:


W (k) = Tr ρ̂(t)|ψk ihψk | ⊗ IˆR,Ω
X
=
Pα hΨα (t)|ψk ihψk |Ψα (t)i.
(7.9)
α

For ease of notation, we will here assume the time t to be just after the ultrashort pulse has ended; projecting on |ψk i at any time later than this yields the
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same result, since it is assumed to be the exact field-free continuum solution2 .
Introducing again the position-resolved identity operators, we find:
Z
Z
2
X
W (k) =
Pα dR dΩ J (R, Ω) dre ψk∗ (re )Ψα (re , R, Ω, t) , (7.10)
α

ψk∗ (re )

where
= hψk |re i. From Eq. (7.9) to Eq. (7.10) no approximations or
new physics have been introduced - we have simply written the inner products
in the position basis. Nonetheless, we must use a simpler expression for W (k)
to make the numerical calculations feasible.
We will again use the Born-Oppenheimer approximation to separate out the
rotational part of the excited state Ψα (re , R, Ω, t) ≈ ψα (re , R, t; Ω)φα (Ω, t).
As in the case of HHG, one can here assume that during interaction with the
ultrashort ionizing pulse, ψα (re , R, t; Ω) is propagated using fixed Ω.
Z
Z
X
2
W (k) ≈
Pα dΩ |φα (Ω, t)| dR J (R, Ω)
α

Z
×

2

dre ψk∗ (re ) ψα (re , R, t; Ω) .

(7.11)

If we further assume the vibrational degrees of freedom to be fixed during the
ultrashort ionizing pulse, we ease the numerical calculations significantly. Even
further assuming that the system is well-described separating out the vibrational
0
(re , t; R, Ω) χα (R, t) whereby:
motion, we can write ψα (re , R, t; Ω) ≈ ψα
Z
Z
X
2
2
W (k) ≈
Pα dΩ |φα (Ω, t)| dR J (R, Ω) |χα (R, t)|
α

Z
×

2
0
dre ψk∗ (re ) ψα
(re , t; R, Ω) .

(7.12)

Looking at Eqs. (7.11) and (7.12), we see exactly the same structure as in
Eqs. (7.6) and (7.7): The contribution to the signal from molecules initially in
2 There is a small caveat here: W (k) experimentally only tells us about the asymptotic momentum distribution, so the projector |ψk ihψk | only gives us information about the asymptotic
spatial region. In contrast, when we later employ the Born-Oppenheimer approximation in a
calculation, the state |ψk i in the above projector corresponds to the exact continuum state
in all space for the given fixed nuclear coordinates. A numerical way to make the two above
approaches agree is to propagate the wave function to late times, where the free electronic
wave function is far away from the parent ion. Then, a suitable region around the parent
ion is removed, and the remaining part of the electronic wave function is projected on exact
asymptotic momentum eigenstates.
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R
2
0
the state α is the integral of contributions dre ψk∗ (re ) ψα
(re , t; R, Ω) from
all different configurations of nuclear coordinates, weighed by the probability
2
2
density |φα (Ω, t)| |χα (R, t)| of finding this nuclear configuration. The similarity comes naturally because we in both cases used the approximation of fixed
nuclear coordinates and measured on the state of electrons only.
For the example diatomic molecule used above with HHG (only the ground
electronic state with the lowest vibrational level initially populated), we find:
Z
Z
Z
2
1
2
dre ψk∗ (re ) ψg0 e (re , t; R, Ω) .
dΩ dR R2 |χ0 (R, t)|
W (k) ≈
4π
If, additionally |χ0 (R)|2 ≈ δ(R − R0 ), we find:
Z
Z
2
R02
W (k) ≈
dΩ dre ψk∗ (re ) ψg0 e (re , t; R0 , Ω) .
4π

7.6

Conclusion

In conclusion, we considered some widespread approximations used in numerical
calculations of HHG- and ATI spectra from molecules. Approximations along
these lines are a necessity for numerical calculation of these two processes. The
most important of the approximations was that of considering the nuclei fixed
during the HHG forming process, and during the propagation of ionized electrons until they are far away from the parent ion. Here, ”far away” meant far
enough to be influenced appreciably by only centrally symmetric forces from
the parent ion. We found similar results of how to include nuclear degrees of
freedom in finding the electric field of HHG and the momentum spectrum from
ATI: Only the distribution of nuclear coordinates in the molecular sample was
of importance, while coherence in nuclear coordinates played no role with the
present approximations. One must remember, however, that while the momentum spectrum of ATI is directly observed, the HHG intensity is proportional
to the squared electric field, which yields optical interferences. Of particular
interest to us, we saw how an HHG signal from non-perfectly aligned molecules
contains optical interferences between the different nuclear orientations. This
conceptual realization could play a role in the reconstruction of bound molecular orbitals from HHG spectra [35], [88]. Furthermore, we saw that ATI spectra
from non-perfectly aligned molecules had to be averaged over nuclear configurations. This last result could be important for the reconstruction of motional
states of continuum electrons produced from ATI of molecules [102].

Chapter 8

Summary and Goodbye
Our trip is almost over, and it is time to take a look back at what has passed.
The first thing we did was to introduce the central ideas of Quantum State
Reconstruction (QSR) in chapter 1. The objective, to find a quantum mechanical state, was to be reached by carefully looking at the results of measurements
on an ensemble, and therefrom deduce what the quantum state had been. In
effect, the measurements were, more than anything else, the determining factor
for the feasibility of QSR. A certain convenient way to perform non-identical
measurements was given: Simply perform identical types of measurements, but
at different times. This way, the system dynamics, in the form of the Hamiltonian, became another determining factor for the feasibility of QSR.
In chapter 2, we saw the first methods of QSR, namely for the harmonic
oscillator and free particle reconstructed from measurements of spatial distributions. In spite of the neat, closed form expressions for QSR in one spatial
dimension, the extension to higher dimensions was not trivial. Indeed, the form
of the Hamiltonian determined whether this was at all possible. A certain case
where a full QSR for both systems was possible, was when the dynamics in
the different spatial dimensions evolved with mutually incommensurable revival
times. Another important thing, which became apparent, was that the extraction of information from measurements to perform QSR can be complicated,
even borderline troublesome.
Chapter 3 dealt with QSR of rotating molecules; an inherently multidimensional system. Taught by our experiences from chapter 2, it was clear that we
needed to restrict the state space, wherefrom QSR would pick out the right,
reconstructed state. We found exactly such a situation in a widespread exper133
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imental setup for non-adiabatic alignment of molecules, but we had to suggest
a certain refinement of the usual measurements to guarantee complete QSR.
In chapter 4, we considered another degree of freedom in molecules, namely
vibrational motion. The measurements used were different from the former
chapters: Instead of using spatial distributions, we used emission spectra. These
spectra contained information about transitions between energy eigenstates, and
we were quite naturally led to a reconstruction in the energy basis. There were
two free parameters in the problem: First, there was an index pertaining to an
initially thermally populated level. Second, there was another index pertaining
to the vibrational level excited from each initially thermally populated level. To
perform QSR, it was consequently beneficial to have measurements depending on
two parameters also. We found such a situation in a four wave mixing setup with
ultrashort laser pulses. Here, (frequency resolved) spectra at different delays
between the pulses gave us the two-parameter data we needed to separate the
contributions from the different vibrational levels. To remedy our ignorance of
the detailed dynamics, we introduced a calibration experiment which made QSR
possible. Throughout the chapter, we neglected rotational degrees of freedom,
which could have a large impact on the method’s experimental feasibility. Lastly,
we suggested that the central ideas in the chapter could be of wider applicability.
Chapter 5 dealt with a Bose-Einstein condensate, treated in the Bogoliubov
approximation. This many-particle system is so complicated that a complete
QSR seems nigh impossible. Instead, we severely limited the state space through
finding the Maximum Entropy state corresponding to a limited number of measured quantities. What is more, we did not claim that this limited state was an
approximation to the true many-particle state: The only desired reconstructed
quantities were the normal- and anomalous second moments of the atomic ladder
operators. The quality of the reconstruction turned out to depend dramatically
on the nature of the state and the amount of measured quantities. Most remarkably, a condensate described by a single Gross-Pitaevskii wave function
gave almost perfectly reconstructed second moments using only a small amount
of measurements. In contrast, a condensate with a small thermal component
was less well reconstructed, even with a larger amount of measurements. At
present, this difference in reconstruction quality is not well understood.
The two chapters 6 and 7 did not present new QSR methods, but treated certain situations with atoms and molecules in strong laser fields. These situations
are closely connected with two recent QSR experiments.
In chapter 6, we considered ionization of an atom with an attosecond Extreme Ultra Violet laser pulse in the presence of a moderately strong IR laser
field. We found corrections to results obtained in the Strong Field Approxima-
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tion, and we were able to interpret these corrections as an expression for the
degree of non-separability of the continuum states into a commonly used separable form. Thereby, we could give conditions whose fulfillment would assure
the applicability of the separable form. Furthermore, we were able to clarify
an approximate model for interference structures in High Harmonic Generation
(HHG) from diatomic molecules. Directly related to QSR, we provided a theoretical foundation for a key ingredient in a recent proposal for QSR of bound
molecular orbitals.
Finally, chapter 7 showed how molecular rotational- and vibrational degrees
of freedom could be approximately included in numerical calculations of spectra
from HHG and Above Threshold Ionization (ATI) with ultrashort laser pulses.
In both cases, the measured spectrum corresponded to measuring on the electron alone, whereby the rotational- and vibrational states were distinguishable in
principle. Furthermore assuming that the nuclei could be considered fixed during the ultrashort interaction, we were led to conclude that both the produced
HHG electric field and the ATI spectrum could be calculated as an average of
contributions over the nuclei’s coordinate distributions. Yet, the HHG spectrum
still contains optical interferences from squaring the electric field. These results
are useful in numerical calculations, but also in the QSR of bound orbitals from
HHG spectra, and for QSR of motional states of electrons produced by ATI.
Moving through all these different subjects, it has become clear that QSR finds
application in many research fields. Indeed, with its broad definition of ”finding
a quantum state from measurements”, QSR is perhaps not so much a research
field in itself, as a collection of methods with a common purpose. At any rate,
QSR is enjoying increasing application. From being mostly a quantum optical phenomenon, QSR has spread into condensate-, molecular- and strong-field
physics. In particular, the increasing interest in quantum control – controlling
physical systems through their quantum state – could easily lead to QSR playing an important role in monitoring such controlled quantum states.
Last of all, I hope you enjoyed our trip. It was a pleasure having you along.
Anders

136

CHAPTER 8. SUMMARY AND GOODBYE

Appendix A

Wigner functions
Wigner functions are used as a conceptual tool in chapter 2 and as an illustrative
tool in chapter 5. Due to their comparatively minor role in this report, only a
few of their properties will be introduced in this appendix.
The Wigner function is a function that represents the quantum mechanical
state of a system, a review can be found in [22]. Because it bears several
resemblances with classical phase space distributions [107], it is often referred
to as a ”quasi-probability distribution” or ”quantum mechanical phase space
distribution”.
In classical statistical mechanics, a central object of study is the phase space
density Wcl (x, p, t), giving the probability of finding a particle at the point x
with a momentum p at time t. From this classical distribution function, the
position- Prx (x, t) and momentum-distributions Prp (p, t) can be found:
Z ∞
Prx (x, t) =
dp Wcl (x, p, t),
−∞
Z ∞
Prp (p, t) =
dx Wcl (x, p, t).
(A.1)
−∞

A natural question would be to ask if a similar distribution function can be
found in quantum mechanics. Obviously, this is not straightforwardly answered,
since a simultaneous position and momentum cannot be ascribed to a particle.
Consequently, a quantity of the form:
Ws (x, p, t)

=

Tr [ρ̂(t) {δ(x − x̂) δ(p − p̂)}s ]
a

(A.2)

b
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depends on the ordering parameter s, which determines the order of the x̂ and
p̂ operators (or, equivalently â and â† ), see e.g. [23] or [97]. This leads to a
whole family of functions, but only the symmetric s = 0 (Weyl) ordering of the
operator in Eq. (A.2) is used in this report. For this choice, the delta-operator
in Eq. (A.2) becomes Hermitian:
1
{δ(x − x̂) δ(p − p̂)}0 =
(2π)2

Z

∞

Z

dσ
−∞

∞

dτ eiσ(x̂−x)+iτ (p̂−p) ,

(A.3)

−∞

and the real function W0 (x, p, t) is exactly the Wigner function.
R
RFrom Eqs. (A.2)
and (A.3), W0 (x, p, t) is easily seen to fulfill Eqs. (A.1) and dx dp W0 (x, p, t) =
1. In contrast to the classical probability density, however, the Wigner function
can have negativities, but only in phase space volumes smaller than ~. There has
been much interest in measuring states with such negativities in their Wigner
functions because this is interpreted as an explicitly non-classical feature.
The Wigner function has many other interesting and useful features, but we
shall only mention that it has a 1 : 1 correspondence with the density operator
ρ̂(t), which can be explicitly seen because we can get any matrix element in the
complete position basis from W0 (x, p, t) [108]:
Z

0

∞

hx|ρ̂(t)|x i =



dp W0
−∞

x + x0
,p
2



0

eip(x−x )/~ .

(A.4)

As stated in section 2.3, the quantum characteristic function in Eq. (2.1) is
a complex Fourier transformation of the Wigner function. Therefore, the 1 : 1
correspondence of the characteristic function to the density operator is justified.
Explicitly, changing variables in Eq. (2.3), w̃(η, θ) = w̃0 [σ = η cos(θ), τ = η sin(θ)],
we get from Eq. (2.6):
Z
W0 (x, p) =

∞

dσ
−∞

Z

∞

dτ w̃0 (σ, τ ) e−iσx−iτ p ,

(A.5)

−∞

which is a 1 : 1 mapping. We have thus established the 1 : 1 connection between
density operators, characteristic functions and Wigner functions.
A final special result for the harmonic oscillator that deserves mentioning
is that the Wigner function’s marginals along rotated lines are the measured
position distributions at different times. This lays the ground for tomography
using inverse Radon transformations as in Eq. (2.6) [3], [4].

A.1. DISCRETE WIGNER FUNCTIONS

A.1

c

Discrete Wigner functions

For discrete systems, one can map the N × N (where N is odd1 ) one-body
density matrix to the real Wigner function W (n, q) given on an N × N grid [20]:
W (n, q)

=

M
1 X
ρ [f (n − y), f (n + y)] e4πiyn/N , where
N

(A.6)

y=−M

f (n − y)

=

mod (n − y, N ) − M − 1.

The two arguments n and q can both assume N values, in our case {−M, −M +
1, . . . , M }, like in Eq. (5.12). The mapping is bijective so the Wigner function
contains all the information in the one-body density matrix. Furthermore, the
wave number and spatial densities are easily recoverable:
†

hψ̂ (xn )ψ̂(xn )i =

M
X

W (n, q),

q=−M

hâ† (kq )â(kq )i =

M
X

W (n, q).

n=−M

In the case of only one particle, the evolution of the quantum system is completely described by the Hamiltonian and the one-body density matrix. In chapter 5, having many particles, we instead have to specify all second moments to
know the evolution of these; see Eq. (5.53). Therefore, the Wigner function is
merely meant as an illustration of the one-body density matrix at a particular
point of time.

1 The

situation for even N is more cumbersome, see [20].

d
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Appendix B

Numerical details of
chapter 5
Several numerical problems may arise in finding the set {λν } that satisfies the
Eqs. (5.1). As already touched upon towards the end of section 5.3.1, we have
treated the problem as a minimization of deviations. We have chosen to minimize the vector of deviations, Eq. (5.6), by using the Levenberg-Marquardt algorithm for the function lsqnonlin in the Matlab package. The most common
problem encountered when using this approach is that for a given trial set {λν },
the matrix P in Eq. (5.45) may not be positive definite. This problem can be
remedied somewhat by testing for positiveness using a Cholesky factorization,
which takes negligible time compared with the para-unitary diagonalization. A
better solution is to make a good initial guess for the values of {λν }. One can
do this by first running the minimization with an almost uniform momentum
distribution (in case this is included as observables) or with hâ†0 â0 i set equal to
Ntot /N , and then carrying out the subsequent program runs using the previously obtained {λν } as initial values. In the subsequent program runs, one then
gradually lets the momentum distributions approach the real distribution. A
similar approach may be taken with the total number of particles, as making
good guesses of the {λν } may be easier at low particle numbers.
A trick we have made use of, which made guessing the {λν } easier, is scaling
down of the measured data. Since we are not interested in the true manybody density operator for the system, but only the second moments of the
ladder operators, we may as well make the calculations for a smaller number of
e

f
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particles, provided the calculations are still precise, and then rescale the data
afterwards. As an example, we shall show how to perform this down scaling in
the b basis at t = 0.
Let hbb† i be the matrix of (unknown) second moments we wish to reconstruct. We will instead perform calculations on the matrix hbb† iDS , also having
the characteristics of a matrix of second moments:


 

IN 0
IN 0
†
†
hbb iDS = κ hbb i −
+
0 0
0 0


IN 0
= κhbb† i + (1 − κ)
,
(B.1)
0 0
where IN is the N × N identity matrix and κ is a real number. When reconstructing the matrix hbb† iDS we must modify the measurements, retaining
gNtot and thereby the transformation matrices A , B, and U . So, for instance,
the scaled-down spatial density distributions that should be used can be found
from
hψ(t)ψ † (t)iDS

= κhψ(t)ψ † (t)i +
(1 − κ) A −1 B −1



IN
0

0
0



A −1 B −1

†

.

Comparing the lower half part of the diagonals, we see that we should multiply
P 2
the coordinate-space density measurements by κ and add to them (1−κ)
q vq .
N
In a similar manner, measurements of other observables should be modified in
the scaled down calculations. After the λν has been found, relation Eq. (B.1)
can easily be inverted, using the same point of time and basis as used in the
original scaling.
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[13] T. Opatrný, D.-G. Welsch and W. Vogel, Multi-mode density matrices of
light via amplitude and phase control, Opt. Comm. 134, p. 112-116 (1997).
[14] T. J. Dunn, I. A. Walmsley and S. Mukamel, Experimental Determination
of the Quantum-Mechanical State of a Molecular Vibrational Mode Using
Fluorescence Tomography, Phys. Rev. Lett. 74, p. 884-887 (1995).
[15] M. G. Raymer, M. Beck and D. McAlister, Complex Wave-Field Reconstruction Using Phase-Space Tomography, Phys. Rev. Lett. 72, p. 11371140 (1994).
[16] M. G. Raymer, M. Beck, and D. F. McAlister, Using Phase-Space Tomography in Quantum Optics VI, D. F. Walls and J. D. Harvey (eds.), Springer
Verlag, Berlin, p. 245-253 (1994).
[17] J. J. Sakurai, Modern Quantum Mechanics, Addison- Wesley, (1994).
[18] G. M. D’Ariano, C. Macchiavello and M. G. A. Paris, Detection of the
density matrix through optical homodyne tomography without filtered back
projection, Phys. Rev. A 50, p. 4298-4303 (1994).
[19] U. Leonhardt, H. Paul and G. M. D’Ariano, Tomographic reconstruction
of the density matrix via pattern functions, Phys. Rev. A 52, p. 4899-4907
(1995).
[20] U. Leonhardt, Discrete Wigner functions and quantum state tomography,
Phys. Rev. A 53, p. 2998-3013 (1996).
[21] M. G. Raymer, The Whittaker-Shannon sampling theorem for experimental
reconstruction of free-space wave packets, J. Mod. Opt. 44, p. 2565-2574
(1997).

BIBLIOGRAPHY

i

[22] M. Hillery, R. F. O’Connell, M. O. Scully, E. P. Wigner, Distribution functions in physics: Fundamentals, Physics Reports 106, p. 121-167 (1984).
[23] K. E. Cahill and R. J. Glauber, Ordered Expansions in Boson Amplitude
Operators, Phys. Rev. 177, p. 1857-1881 (1969).
[24] Y. Aharonov, J. Anandan, S. Popescu and L. Vaidman, Superpositions of
Time Evolutions of a Quantum System and a Quantum Time-Translation
Machine, Phys. Rev. Lett. 64, p. 2965-2968 (1990).
[25] T. C. Ralph, Time Displaced Entanglement and Non-Linear Quantum Evolution, arXiv: quant-ph/0510038, p. 1-5 (2005).
[26] J. J. Garcı́a-Ripoll, P. Zoller and J. I. Cirac, Coherent control of trapped
ions using off-resonant lasers, Phys. Rev. A 71, p. 062309/1-13 (2005).
[27] E. Shchukin and W. Vogel, Inseparability criteria for bipartite quantum
states, arXiv:quant-ph/0508132, p. 1-4 (2005).
[28] L. M. Johansen, Hydrodynamical Quantum State Reconstruction, Phys.
Rev. Lett. 80, p. 5461-5464 (1998).
[29] E. T. Jaynes, Information Theory and Statistical Mechanics II, Phys. Rev.
108, 2, p. 171-190 (1957).
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[38] E. Péronne, M. D. Poulsen, H. Stapelfeldt, C. Z. Bisgaard, E. Hamilton and T. Seideman, Nonadiabatic laser-induced alignment of iodobenzene
molecules, Phys. Rev. A 70, 063410/1-9 (2004).
[39] A. T. J. B. Eppinka and D. H. Parker, Velocity map imaging of ions
and electrons using electrostatic lenses: Application in photoelectron and
photofragment ion imaging of molecular oxygen, Rev. Sci. Instrum. 68,
p. 3477-3484 (1997).
[40] V. Dribinski, A. Ossadtchi, V. A. Mandelshtam and H. Reislera, Reconstruction of Abel-transformable images: The Gaussian basis-set expansion
Abel transform method, Rev. Sci. Instrum. 73, p. 2634-2642 (2002).
[41] G. B. Arfken and H. J. Weber, Mathematical methods for physicists, 5th
ed., Academic Press, San Diego (2001).
[42] M. Tinkham, Group Theory and Quantum Mechanics, McGraw-Hill, New
York (1964).
[43] M. G. Raymer, M. Beck and D. F. McAlister, Complex Wave-Field Reconstruction Using Phase-Space Tomography, Phys. Rev. Lett. 72, p. 11371140 (1994).
[44] D. H. Parker and R. B. Bernstein, Oriented Molecule Beams via the Electrostatic Hexapole: Preparation, Characterization, and Reactive Scattering,
Annu. Rev. Phys. Chem. 40, p. 561-595 (1989).
[45] S. R. Gandhi and R. B. Bernstein, Focusing and state selection of NH3 and
OCS by the electrostatic hexapole via first- and second-order Stark effects,
J. Chem. Phys. 87, p. 6457-6467 (1987).

BIBLIOGRAPHY

k

[46] J. E. Wollrab, Rotational Spectra and Molecular Structure, Academic Press,
London (1967).
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