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English summary
Ultracold atoms in optical lattices are ideal quantum simulators of complex
many-body Hamiltonians that arise in condensed matter systems. Manipulation of these model systems allows us to explore a variety of physical
phenomena taking place in solid state systems. Here, we present mean-eld
calculations of trapped fermions in optical lattices with on-site interactions.
If we restrict ourselves to the strongly repulsive regime, we can simulate
the physics of high-temperature superconductors. We also consider dipolar
fermions. The anisotropic nature of the dipolar interaction results in order
parameters of dierent symmetry. Depending on the orientation of the dipoles we nd either checkerboard or striped patterns. However, when the
dipoles are tilted suciently, the dipoles exhibit
ing of the

p-wave

p-wave pairing.

The melt-

pairing order parameter is examined using Berezinskii-

Kosterlitz-Thouless theory.

Danish summary (dansk resumé)
Kolde atomer i optiske gitre er ideelle til at simulere fysikken i faste stoffer.

Fordelen ved disse modelsystemer er, at man kan styre parametre

såsom gitterafstanden, gitterdybden og antallet af partikler på en kontrolleret måde.

Dette betyder, at man kan udforske en bred vifte af fysiske

fænomener i faste stoer. I denne afhandling benytter vi middelfeltsteori
til blandt andet at beskrive mange-legemesystemet bestående af fermioner
i optiske gitre med punktvekselvirkninger.

Vi ser på en del af fysikken

i højtemperatursuperledere ved at lade fermionerne være meget stærkt
frastødende. Hvis fermionerne vekselvirker gennem dipolvekselvirkningen,
kan et antal af faser fremkomme. Vi undersøger, hvordan den anisotrope
natur af vekselvirkningen giver anledning til konkurrerende tæthedsfaser
og en

p-bølge-fase.

Smeltningen af den sidstnævnte fase beskriver vi med

Berezinskii-Kosterlitz-Thouless-teori.
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Chapter
1
Introduction and thesis
outline

1.1 Introduction
The experimental realization of a Bose-Einstein condensate (BEC) in 1995
[1, 2] led to an explosive growth of the eld of ultracold bosons. The majority of the explored physics was captured by mean-eld theory, eectively
a single particle theory, described by the Gross-Pitaevskii equation. The
path toward stronger interacting and correlated systems was opened by the
use of Feshbach resonances [36] allowing for a control of the interaction
strength and sign. The regime of strong interactions was also reached by
the introduction of optical lattices [7, 8] which can freeze out tunneling
of particles between wells and reduce the number of dimensions to induce
stronger uctuations.
The experimental achievement of a Fermi degenerate
tained in 1999 at JILA by B. DeMarco and D. Jin [9].

40

K gas was obFollowing this

major advance a group in Florence were successful in achieving a quantum
40
degenerate
K gas [10]. Another ve groups also reached the quantum
6
degenerate regime using Li [1115].
A groundbreaking result using optical lattices was obtained in 2002,
when a phase-transition from a Mott-insulating state to a superuid state
was observed in a BEC after being loaded into a three-dimensional (3D)
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optical lattice [7].

Not only 3D systems, but also 2D and 1D systems

have attracted attention during the years. In 2D systems with continuous
symmetry no true BEC can be formed. However, a quasi-BEC with quasilong range order can exist and the system can indeed be superuid.

A

phase-transition from a normal state to a state with such quasi-long range
order was indeed observed in 2006 [16].
Many indications for fermionic superuidity were presented during the
years but in 2005 unambiguous evidence for a Fermi superuid was found
at MIT with the demonstration of vortex lattices in a strongly interacting
Fermi gas set into rotation [17].

A direct observation of superuidity of

fermions in an optical lattice was reported in 2006 by the group of Ketterle
at MIT from the observation of interference peaks [18].
The desire to understand the complex physics taking place in hightemperature superconductors gives rise to a lot of experimental as well as
theoretical work. Experimental work has been performed in the BEC-BCS
(Bardeen-Cooper-Schrieer) crossover where spin uctuations have been
studied [19].

These are predicted to be of great importance to

d-wave

superuidity in the repulsive Hubbard model [2023].
So far a lot of work has been done for fermions with on-site interactions.
However, the interest in trapping and cooling atoms and molecules with a
permanent electric or magnetic dipole moment is increasing. So far Bose52
Einstein condensates of magnetically dipolar
Cr atoms [24, 25] and of
164
Dy atoms [26] have been realized as well as electrically dipolar fermionic
40 87
23
6
gases of
K Rb [27, 28] and
Na Li [29] and even more species have
recently been presented [30].

1.2 Thesis outline
In this thesis we explore fermions in 2D square optical lattices. Section 2.1
is devoted to a general introduction to fermions and their statistics. Section 2.2 gives a tutorial introduction to optical lattices [31] and how to
make the optical lattice quasi-2D.
Chapter 3 gives a short introduction to the Berezinskii-Kosterlitz-Thouless
(BKT) transition since we will use the framework of BKT theory [3234]
in Chapter 7.
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Chapter 4 concerns a trapped two-component fermionic gas in a 2D
optical lattice with attractive on-site interactions.

We analyze this sys-

tem in a mean-eld picture by deriving the self-consistent Bogoliubov-de
Gennes (BdG) equations [35] and solving them numerically using a Broyden's method. In Section 4.5 we extend the analysis of the trapped system
to include rotation. This is done by introducing the Peierls factors on the
tunneling amplitudes [36] which gives rise to a vortex with a corresponding

2π

phase-winding in the central part of the pairing order parameter. Sec-

tion 4.6 is devoted to a study of the superuidity in a two-component 2D
lattice system. We derive an analytical expression for the superuid density
in real space as well as in momentum space and solve both cases numerically - the trapped system being solved in a local density approximation
(LDA) [37]. The behavior is explored as a function of temperature.
In Chapter 5 we make a toy-model for a high-temperature superconductor. This means that we change the sign and strength of the interaction
so that the system becomes extremely repulsive. An appropriate model for
this system is the t-J model [22] in which we project onto the singly occupied space [23, 38, 39].

We solve the Bogoliubov-de Gennes equations

self-consistently taking the projection into account using the Gutzwiller
renormalization factors [38] and assuming

d-wave pairing in the system.

We

rst consider an untrapped system for which we nd the phase-diagram.
In the following section we add a harmonic trapping potential which allows
us to map a great part of the phase-diagram in one system.
Next, we consider dipolar fermions which have an anisotropic interaction
giving rise to completely new physics. In Chapter 6 we consider a singlecomponent dipolar fermionic gas at zero temperature.

We again use a

mean-eld picture and explore dierent regimes of the system giving rise
to a variety of phases such as a striped and a checkerboard density order
parameter and a

p-wave

untrapped system.

superuid for the trapped system as well as the

In Chapter 7 we extend our analysis to include the

eects of non-zero temperature. We use the framework of BKT theory and
calculate the critical temperature from the superuid density.
Finally, we make concluding remarks in Chapter 8 and give a short
outlook.
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Chapter
2
Fermions in optical lattices

2.1 Fermions and spin statistics
One of the major concepts in quantum mechanics which is absent in classical mechanics is that of indistinguishability. In quantum mechanics indistinguishability implies that the fermionic or bosonic wave-function can
only dier by a sign when the coordinates of two identical particles are interchanged. The fermionic wave-function is anti-symmetric under particle
exchange:

Ψ(..., xi , ..., xj , ...) = −Ψ(..., xj , ..., xi , ...),
where

(2.1)

xi = (ri , σi ) denote the position ri and the spin σi of the i'th fermion.

Due to the anti-symmetry of the wave-function, fermions obey Pauli's exclusion principle, stating that no two identical fermions can occupy the
same quantum mechanical state. On the contrary, bosons can occupy the
same quantum mechanical state.
In thermal equilibrium, the occupation probability of fermions is def (E) = 1/(eβ(E−µ) + 1), with

scribed by the Fermi-Dirac distribution

β = 1/kB T

4

where

T

is the temperature and

kB

the Boltzmann constant,

Fermions and spin statistics
µ = (∂E/∂N )V S depends on the total energy
N.
One can characterize atoms of mass ma at temperature T by the de
√
Broglie wavelength λdB = h/ 2πma kB T , which increases as temperature
and the chemical potential

E

and the number of particles

decreases. When the de Broglie wavelength becomes comparable to the interatomic distance the particles start to overlap. At this point the quantum
mechanical nature of the particles becomes important. When bosons reach
this temperature they start occupying the same single-particle state of lowest energy, hereby forming a Bose Einstein condensate.
In this thesis we deal with single and two-component fermionic gases.
To describe the physics of an ensemble of interacting fermions, we make
use of second quantization, where the symmetry of the wave-function is
incorporated through the anti-commutation relations of the fermionic annihilation and creation operators, i.e.,

o
ψ̂σ (r), ψ̂σ† 0 (r 0 ) = ψ̂σ (r)ψ̂σ† 0 (r 0 ) + ψ̂σ† 0 (r 0 )ψ̂σ (r) = δσσ0 δ(r − r 0 ),
n
o n
o
ψ̂σ† (r), ψ̂σ† 0 (r 0 ) = ψ̂σ (r), ψ̂σ0 (r 0 ) = 0.
n

The eect of
position

r

ψ̂σ† (r)

(2.2)
(2.3)

is to act on the vacuum state and create a particle at

in spin state

|σi.

A system containing an arbitrary number of

particles can be created by acting with appropriate creation operators on
the vacuum state.
When the interactions are absent, the fermions will behave as free
particles.

At zero temperature and in the absence of an external con-

nement, the occupation probability of the fermions will be a step function
where the edge of the step function is denoted the Fermi energy.

When

there is no external potential, the fermions are set to constitute a Fermi
Q
†
sea corresponding to a ground state of the form |GSi =
|k|<kF ĉk |0i, with
ĉ†k , the creation operator in momentum space and kF the Fermi wave vector. By including an arbitrarily small attractive interaction, the Fermi
sea becomes unstable leading to a new ground state with a nite gap in
the single-particle excitation spectrum.

This comes from the formation

of Cooper pairs [4042] usually condensing into states of zero center-ofmass momentum but for some cases even non-zero momentum. The use of
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magnetic Feshbach resonances allows a rm control over the character and
strength of the interparticle interaction [36].

2.2 Optical lattices
The use of optical lattices, created by counter-propagating laser beams, as
quantum simulators of electrons in solid state crystals is of great signicance.

An optical lattice provides us with an enlarged version of a solid

state crystal making it easier for experimentalists to examine phenomena
such as high-temperature superconductivity. In optical lattice experiments
the cold atoms play the role as the electrons in solid state systems and the
optical lattice the role of the ion-potential as illustrated in gure 2.1 with
the potential represented by the gray solid line. The use of optical lattices
gives a simplied model of condensed matter systems with no or very few
unknown parameters. These systems provide the experimentalists with a
very clean system due to the absence of defects, and the lattice depth as
well as the lattice spacing can be manipulated through the control of the
lasers generating the optical lattices. Furthermore, the ability to control
the alignment of the laser beams gives the possibility of dierent lattice
structures. Special focus is on the fermionic Hubbard model with strong
repulsive interactions which is believed to hold the key to understanding
high-temperature superconductivity.
The optical lattice is created by three sets of counter-propagating laser
beams.

Often atoms are loaded in an optical lattice by preparing a fer-

mionic gas and then ramping up the laser intensities, hereby forming the
optical lattice. Once the fermions obtain equilibrium the experiments can
proceed. Depending on the dimensions of the systems one wants to explore,
the intensities of the laser beams can be increased along certain directions
hereby practically freezing out the motions in these directions, resulting in
a 1D or 2D system.
A direct consequence of the periodic potential is the single particle energy band structure. When single particles are placed in a periodic potential
of periodicity

a

the non-interacting Hamiltonian describing the system is
ik·r
diagonalized by the Bloch states ψkn (r) = e
ukn (r), where ukn (r) is a
function with the same periodicity as the lattice,
the bands, and

6

k

n

is an integer label for

is the quasi-momentum which lies in the rst Brillouin

Optical lattices

Figure 2.1 | An illustration of an optical lattice potential in (a) and the potential of a
real crystal in (b) from [43].

zone

ki ∈ [ − πa , πa [

for

i ∈ {x, y, z}.

We here briey describe the physics of atoms in standing wave laser
elds to see how this results in a periodic potential experienced by the
atoms. When an atom is placed in an external eld, the eld will induce a
dipole moment of the atoms, which interacts with the external eld leading
to an AC stark shift of the atomic energy-levels. This eect is used to trap
and cool cold dilute gases. When the spatial extent of the atom is small
compared to the wavelength of the laser eld, the interaction between the
atom and the laser beam can be described in the dipole approximation

Ĥ = −d · EL ,
where

d = −er

is the induced dipole moment and

(2.4)

EL (r, t)

is the electric

eld. This second order perturbative eect will then give rise to a shift of
the atomic ground state

|gi

7

Chapter 2. Fermions in optical lattices

1
Vg (r) = − αL hEL (r, t)2 it .
2
Here

t

denotes a time-average and

αL

(2.5)

is the real part of the polarizability

Γe of the excited
∆ = ωL − ωeg of the laser frequency ωL from
the atomic transition frequency ωeg when the frequency of the laser is close
to resonance with a single transition |gi → |ei. The energy shift of the

of the atom. The polarizability depends on the lifetime
state

|ei,

and the detuning

ground state is then

Vg =
where

ΩR = | he|d · EL (r)|gi |/~

~Ω2R ∆
,
∆2 + Γ2e /4

(2.6)

is the Rabi-frequency.

blue-detuned with respect to the atomic transition (∆

A laser which is

> 0)

will attract

atoms to the intensity minima whereas a red-detuned laser (∆

< 0) will at-

tract atoms toward larger laser intensities. A strongly focused red-detuned
laser can then trap the atoms.
A standing wave created by counter-propagating laser beams along the

x-direction

will create a potential of the form

0
VL (x) = Vxσ
sin2 (kL x) ,
where

kL = 2π/λL ,

with

λL

(2.7)

the wavelength of the laser and

a = λL /2

the lattice spacing. A typical value for a laser-wavelength used in experiments is

λL = 1064nm

(for further details see [31]).

Using three sets of

counter-propagating laser beams in the three spatial directions the potential becomes

VL (r) =

X

Viσ0 sin2 (kL ri ) .

(2.8)

i
It is possible to freeze out the motion in any given direction, e.g. the

z -direction,

by applying a suciently intense laser eld along that direc-

tion. Due to the separation of the potential along the axes, it is possible to
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consider the

z -direction

separately such that

0
0
0
Vzσ
 Vxσ
, Vyσ
.

The deep

lattice potential can then be approximated with a harmonic potential,
Vi0 sin2 (πz/a) ≈ Vi0 (πz/a)2 .pThe eigenenergies are thus approximately
0 /m and n ∈ N . Therefore, it is pos~ω0 (n + 1/2) with ω0 = π/a 2Vzσ
0

sible to freeze out this third dimension, if the energies involved are small
compared to the excitation energy

~ω0 .
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Chapter
3
A short introduction to the
Berezinskii-KosterlitzThouless
transition
In the following we give a short introduction to the Berezinskii-KosterlitzThouless (BKT) theory describing the superuid phase transition taking place in the two-dimensional lattice system.

The phase-transition of

the superuid order parameter in the 2D systems we are describing is in
the Berezinskii-Kosterlitz-Thouless universality class since the free energy
forms a sombrero. The result of this section will be used to calculate the
critical temperature for the superuid phase in Chapter 7.

3.1 The XY-model
We rst consider the XY-model in a 2D system. The Hamiltonian is given
by

Ĥ = −J XY

X
hiji

cos(θi − θj ) = −J XY

X
hiji

si · sj ,

(3.1)

where the sum is taken over nearest neighbors and θi is the phase of the
iθ
spin of unit length si = e i or the phase of an order parameter as in
our system. According to the Mermin-Wagner theorem [44], no long-range

10
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order can exist in a 2D system with rotational symmetry. This means that
the spin-spin correlation function must behave according to

lim

|rl −rm |→∞
with

rl

hsl · sm i =

lim

|rl −rm |→∞

hcos(θl − θm )i = 0,

(3.2)

denoting site l . Despite of this a transition does take place at non-

zero temperature as shown by Berezinskii, Kosterlitz and Thouless [3234].
To see this one must consider the high-temperature regime and the lowtemperature regime independently to nd the behavior of the correlation
function.

3.2 The high-temperature limit
When the temperature is much larger than the coupling strength

1

the exponential in the correlation function of the

N

T /J XY 

spins may be Taylor

expanded

with

h XY P
i
1
βJ
cos(θi −θj )
hiji
cos(θl − θm ) ,
hsl · sm i = Tr e
Z
R 2π
R 2π
Tr = 0 dθ1 ... 0 dθN to give
hsl · sm i ≈ e−|rl −rm |/ξ

with the coherence length given by

XY

,

(3.3)

(3.4)

ξ XY = 1/ ln(2kB T /J XY ).

A way to

obtain this result is by nding the terms that contribute to the correlation function using that only terms connecting site

l

and

m

contribute to

the numerator and only terms connecting a site to itself contribute to the
denominator [45].

3.3 The low-temperature limit
When the temperature is small compared to the interaction strength we
assume a small phase variation on neighboring lattice sites. From this we
Taylor expand the Hamiltonian to obtain
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Ĥ = −J
≈

X

XY

J XY
2

hiji

Z

cos(θi − θj ) ≈ −J

XY

X
hiji

1
1 − (θi − θj )2
2

d2 r|∇θ|2 ,



(3.5)

where the last equality corresponds to the continuum limit and we have not
included the constant energy term. In this limit we write the correlation
function as

1 i(θl −θm )
he
+ e−i(θl −θm ) i
2
2
1
= e− 2 h(θl −θm ) i ,

hsl · sm i =

(3.6)

obtained from Gaussian integrals. The derivation of the correlation function in this limit is a straight-forward but lengthy calculation that requires
a Fourier expansion and Gaussian integrals [45]


hsl · sm i ≈
with

a

|rl − rm |
a

−kB T /2πJ XY

,

(3.7)

the lattice constant. This correlation function in the low temper-

ature regime indicates quasi-long range order decaying as a power law in
contrast to the correlation function in the high-temperature regime. The
dierent behavior of the correlation function in the two temperature regimes hints that something happens for a temperature in between. This
transition is known as the Berezinskii-Kosterlitz-Thouless transition and is
driven by the formation of vortex-antivortex pairs.

3.4 Vortices
Due to the periodicity of the spin
congurations

12

si = eiθi

it is possible to have spin

Vortices

I

with

n ± 1, ±2, ...

∇θ · dl = n2π,

(3.8)

named the winding number with

∇θ = êφ n/r.

Inserting

this into equation (3.5) we obtain for the energy of the vortex

2

E = Ec + πn J
with

R

the size of the system and

Ec

XY

 
R
log
,
a

the core-contribution
 the energy.
 to

By exploiting the fact that the entropy scales with
the free energy

F = E − TS

(3.9)

kB log

R2
a2

we see that

changes sign when

J XY = 2kB T /π,

(3.10)

which is actually the onset of the Berezinskii-Kosterlitz-Thouless transition
obtained from a renormalization group analysis. This result of the critical
coupling strength is used in Chapter 7 to nd the critical temperature in
our 2D system.
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Chapter
4
Trapped fermions in a 2D
square lattice with attractive
on-site interactions

4.1 The Hubbard Hamiltonian of fermions
with on-site interactions
In order to simplify the many-body Hamiltonian of a two-component trapped
fermionic gas we neglect all collisions other than binary, since we consider
a dilute gas. Also, due to the anti-symmetry of the wave-function of indistinguishable fermions only collisions with odd angular momentum will contribute for fermions in the same spin state. Such collisions will be "frozen
out" for dilute gases at low temperature, and we can therefore safely neglect
interactions between equal spins in the following. Hence, the Hamiltonian
of a two-component gas takes the following form

Ĥ =

XZ

ψ̂σ†


(r)

σ

1X
+
2 σ
with

Z Z


−~2 2
∇ + Vσ (r) ψ̂σ (r) dr
2m

ψ̂σ† (r) ψ̂σ̄† (r 0 ) U (r − r 0 )ψ̂σ̄ (r 0 ) ψ̂σ (r) drdr 0 ,

↑¯ =↓ and ↓¯ =↑ [46].

(4.1)

Since the typical range of the atom-atom interac-

tion is much shorter than the interparticle spacing it can be approximated

14
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with a pseudo-potential of the form
attraction.

U (r − r 0 ) = gδ(r − r 0 ),

When an additional external potential
trap is added on top of the optical lattice

with

Vσext (x, y) such as
L
potential Vσ (x, y),

g<0

for

a harmonic
the discrete

translational invariance is broken and the Bloch states no longer diagonalize the Hamiltonian. We therefore perform a unitary transformation to
the Wannier basis, whose elements are localized states on the lattice sites
with only a small weight on neighboring sites, which gets smaller for a
deeper lattice.

be expanded in this basis, i.e.
P The neld operators may
ψ̂σ (x, y) = i,n ĉnσi Wσi
(x, y), where ĉnσi annihilates a particle of spin σ at
n
the i'th lattice site in band n, Wσi (x, y) is the amplitude of the Wannier
state in position space and n refers to the band index. We proceed by
inserting the expansions into the Hamiltonian (4.1) and leave out the band
index, since we assume that only the lowest band is occupied.

This is a

good approximation if the energy splitting of the bands is large compared
to the other energy scales involved and if the population on each lattice
site is small. The eective Hamiltonian becomes

Ĥ ≈
+

XZ X
σ

ij

XZ X
σ

+g

∗
ĉ†σi ĉσj Wσi
(x, y)




−~2 2
L
∇ + Vσ (x, y) Wσj (x, y)d2 r
2m

∗
ĉ†σi ĉσj Wσi
(x, y)Vσext (x, y) Wσj (x, y)d2 r

ij

Z X
ijkl

∗
ĉ†↑i ĉ†↓j ĉ↓k ĉ↑l W↑i∗ (x, y)W↓j
(x, y)W↓k (x, y)W↑l (x, y)d2 r.

(4.2)

Since the largest contribution to the interaction will be the on-site interaction, we only include this in our Hamiltonian. The Hamiltonian can then
be rewritten as

Ĥ = −

X

−

X

tσx,x+ex ĉ†σi ĉσi+ex + tσx,x−ex ĉ†σi ĉσi−ex



σi

tσy,y+ey ĉ†σi ĉσi+ey + tσy,y−ey ĉ†σi ĉσi−ey



σi

+U

X
i

ĉ†↑i ĉ†↓i ĉ↓i ĉ↑i +

X

Vσi ĉ†σi ĉσi .

(4.3)

σi
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 2
R ∗
2
L
∇
+
V
(x,
y)
Wσi+ex (x, y) dx dy is the
tσx,x+ex ≡ − Wσi
(x, y) −~
σ
2m
hopping matrix element to the nearest neighbor in the positive x-direction,
where ex = (1, 0)a and a is the lattice spacing. Note that we have made the

Here

assumption that the conning potential has a small curvature compared
to the lattice spacing so that the change in the hopping amplitude due
to the conning potential can be neglected.

If the lattice is suciently

deep, the tunneling to the next-nearest neighbor will be small, as well as
the nearest neighbor interaction, which has been neglected. The on-site
R 2
interaction term is then given by U ≡ g
d r |W↑i (x, y)|2 |W↓i (x, y)|2 . We

t

t

U

| An illustration of two spin-components (blue and red) in a 1D lattice
tunneling with an amplitude t and interacting with an interaction strength U .
Figure 4.1

have left out the constant energy of the lowest vibrational state in each
lattice site and only keep the external conning on-site matrix element
R
Vσi = d2 rVσext (x, y) |Wσi (x, y)|2 , which varies in space. However, since

the variation is slow it will almost be constant over a cell situated at the

i'th lattice Rsite and can therefore be taken outside the integral, Vσi ≡
Vσext (xi , yi ) d2 r |Wσi (x, y)|2 = Vσext (xi , yi ) due to the orthonormality of

the Wannier-states.

A more detailed discussion can be found in [47].

A

representation of the single-band nearest neighbor Hubbard Hamiltonian
that we will use in our work is given in gure 4.1

4.2 Mean-eld theory
To nd an approximate ground state of the many-body Hamiltonian (4.3),
we use mean-eld theory, where every particle is moving in a mean-eld
generated by the other particles.

To do this we dene the local pairing

order parameter and the particle density as

16
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∆i = U hĉ↓i ĉ↑i i ,

(4.4)

hn̂σi i = hĉ†σi ĉσi i .

(4.5)

Applying Wick's theorem and including only the pairing terms, we obtain
the mean-eld Hamiltonian

ĤMF = −

X

−

X

+

X

(tσx,x+ex ĉ†σi ĉσi+ex + tσx,x−ex ĉ†σi ĉσi−ex )

σi

(tσy,y+ey ĉ†σi ĉσi+ey + tσy,y−ey ĉ†σi ĉσi−ey )

σi

σi

(Vσi −

µσ ) ĉ†σi ĉσi

+

X
i

∆i ĉ†↑i ĉ†↓i

+

∆∗i ĉ↓i ĉ↑i



.

(4.6)

In the above expression, we have neglected the Hartree and Fock terms
and the constant energy terms.

We have also introduced the chemical

potential, which has the eect of a Lagrange-multiplier to keep the mean
P †
number of particles in each spin state hN̂σ i =
i hĉσi ĉσi i xed. This is
necessary due to the fact that the mean-eld Hamiltonian (4.6) no longer
P †
commutes with the number operator N̂ =
σi ĉσi ĉσi , since it includes terms
† †
like ∆i ĉ↑i c↓i , which creates two particles in a spin-up and spin-down state,
respectively. We are thus forced to work in the grand canonical ensemble.
Upon minimization of the grand canonical potential

P

σ

µσ hN̂σ i,

Ω = hĤi − T S −

we obtain the thermodynamic ground state.

4.3 Derivation of the Bogoliubov-de Gennes
equations
The Hamiltonian (4.6) is a quadratic form, and can therefore be diagonalized by a unitary Bogoliubov transformation (see [35])

ĉ↑i =

X
Eη >0



X
i∗ †
i∗ †
uiη↑ γ̂η↑ − vη↓
γ̂η↓ , ĉ↓i =
uiη↓ γ̂η↓ + vη↑
γ̂η↑ .

(4.7)

Eη >0
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Here,

†
γ̂ησ

creates a quasi-particle with quantum numbers (η ,σ ) and is a

linear combination of particles and holes. The ground state of the superuid
corresponds to the quasi-particle vacuum, dened as

γ̂ησ |Ψi = 0.

These

new quasi-particle operators must still be fermionic operators and should
therefore obey the fermionic anti-commutation relations

†
†
γ̂ησ
γ̂ασ0 + γ̂ασ0 γ̂ησ
= δαη δσσ0 ,

(4.8)

γ̂ησ γ̂ασ0 + γ̂ασ0 γ̂ησ = 0.

(4.9)

The occupation probability of the non-interacting quasi-particles will, in
thermal equilibrium, be described by the Fermi-Dirac distribution:

†
γ̂ησ
γ̂ασ0 = δηα δσσ0 fησ =

1
δ δ 0
1+eEησ /kB T ηα σσ

hγ̂ησ γ̂ασ0 i = 0,

(4.10)
(4.11)

and the diagonalized Hamiltonian has a form

ĤMF = Eg +

X

†
Eησ γ̂ησ
γ̂ησ ,

(4.12)

ησ
which can be rewritten in a commutation form

h

i
ĤMF , γ̂ασ0 = −Eασ0 γ̂ασ0 ,
h
i
†
†
ĤMF , γ̂ασ
= Eασ0 γ̂ασ
0
0.

(4.13)
(4.14)

These are the equations xing the quasi-particle amplitudes. In order to
derive the Bogoliubov-de Gennes equations we start by calculating the following commutator by inserting the mean-eld Hamiltonian from equation
(4.6)

h

i

ĉ↑k , ĤMF = − t↑x,x+ex ĉ↑k+ex − t↑x,x−ex ĉ↑k−ex − t↑y,y+ey ĉ↑k+ey
− t↑y,y−ey ĉ↑k−ey + (V↑k − µ↑ ) ĉ↑k + ∆k ĉ†↓k .

18

(4.15)

Derivation of the Bogoliubov-de Gennes equations
The left-hand side of equation (4.15) can also be calculated using the
Bogoliubov transformation of the creation and annihilation operators (4.7),
and equations (4.13) and (4.14), to give

h


i X
k∗ †
ĉ↑k , ĤMF =
ukη↑ γ̂η↑ Eη↑ + vη↓
γ̂η↓ Eη↓ .

(4.16)

η

The Bogoliubov-de Gennes equations follow immediately by comparison
of the coecients. We could in a similar manner calculate

[ĉk↓ , ĤMF ]

and

would arrive at the second Bogoliubov-de Gennes equation for the spin-up
state. The Bogoliubov-de Gennes equations then take the matrix form

ˆ
L̂↑ ∆
∗
ˆ
∆ −L̂∗↓



 i 
 i 
uη↑
u
= Eη↑ iη↑ ,
i
vη↑
vη↑

(4.17)

where

i−ex
x
L̂↑ uiη↑ = − t↑x,x+ex ui+e
− t↑x,x−ex uη↑
η↑
i+ey

− t↑y,y+ey uη↑

i−ey

− t↑y,y−ey uη↑

+ (V↑i − µ↑ ) uiη↑ ,

(4.18)

and

ˆ iη↑ = ∆i uiη↑ .
∆u

(4.19)

We change notation which makes the structure of the Bogoliubov-de Gennes
equations more transparent. This means that we use the following notation
when writing the Bogoliubov-de Gennes equations

X Lij↑
j
with

∆ij = ∆i δij

∆∗ji

∆ij
−L∗ij↓

 j 
 i 
uη↑
uη↑
= Eη
,
j
i
vη↑
vη↑

(4.20)

and

Lij↑ = −t↑i,j δhiji + (V↑i − µ↑ ) δij .

(4.21)
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δij

Here we have introduced

and

δhiji

which are the Kronecker delta func-

tions connecting on-site and nearest neighbor sites, respectively. The tunneling amplitude is given by


tσx,x+ex



t
σx,x−ex
=

tσy,y+ey



tσy,y−ey

tσi,j

if
if
if
if

j
j
j
j

= i + ex
= i − ex
= i + ey
= i − ey .

(4.22)

4.3.1 Duality of the solutions
It is sucient to solve the Bogoliubov-de Gennes equations for the spin-up
particles due to the duality of the spin-up and spin-down solutions, i.e.,

 i∗ 
 i 
−vησ̄
uησ
.
↔
↔ −Eησ̄ ,
i
ui∗
vησ
ησ̄

Eησ

(4.23)

We illustrate this by taking the Bogoliubov-de Gennes equations for the
spin-up particles as our starting point and make the above substitutions to
nd that

X
j

X
j

j∗
i∗
−Lij↑ vη↓
+ ∆i ui∗
η↓ = Eη↓ vη↓ ,

(4.24)

∗ i∗
i∗
−L∗ij↓ uj∗
η↓ − ∆i vη↓ = −Eη↓ uη↓ .

(4.25)

If we now complex conjugate both equations and multiply equation (4.25)
by

−1

we obtain the following equations

X
j

j
i
−L∗ij↑ vη↓
+ ∆∗i uiη↓ = Eη↓ vη↓
,

X

i
Lij↓ ujη↓ + ∆i vη↓
= Eη↓ uiη↓ ,

(4.26)

(4.27)

j
which are recognized as the Bogoliubov-de Gennes equations of the spindown particles.
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| Right: The on-site pairing order parameter.
Left: The particle density
p
for a balanced Fermi gas with U/t = −6, ω̄ = ma2 /tω = 0.3, kB T /t = 10−5 , and
N↑ = N↓ = 50.
Figure 4.2

We choose the external potential to be a 2D harmonic trapping potential, since the lasers creating the optical lattice have a Gaussian prole
and a conning harmonic trapping potential is often used in experiments.
For simplicity, we choose an isotropic spin-independent trapping potenp
tial ω↑x = ω↓x = ω↑y = ω↓y ≡ ω and dene ω̄ ≡
ma2 /tω . We also

choose the tunneling amplitudes to be spin and direction independent (i.e.

t↑x,x±ex = t↓x,x±ex = t↑y,y±ey = t↓y,y±ex ≡ t)

in the following calculations.

A numerical self-consistent calculation is performed using Broyden's algorithm keeping the number of particles in each spin state xed and iterating with respect to

∆i , n↑i , n↓i , µ↑ ,

µ↓ .
s-wave

and

Figure 4.2 (right) shows the on-site

pairing order parameter,

which is calculated by inserting the Bogoliubov transformation (4.7) into
the expression for the pairing order parameter
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∆i = U

X

i∗
uiη↑ vη↑
fη↑

(4.28)

η

p

ma2 /tω = 0.3, kB T /t =
for a balanced Fermi gas with U/t = −6, ω̄ =
−5
10 , and N↑ = N↓ = 50. The sum is over positive and negative energies
since we have made use of the duality relations (4.23).

Figure 4.2 (left)

shows the particle density calculated from the sum of

n↑i =

X

n↓i =

X

2

uiη↑ fη↑ ,

(4.29)

η

η

2

i
(1 − fη↑ ),
vη↑

(4.30)

with the same parameters. As in (4.28) we have made use of the duality
relations (4.23) and therefore perform the sum over positive as well as
negative energies.
The equivalent calculations of the pairing order parameter have been
p
performed for an imbalanced Fermi gas with U/t = −4, ω̄ =
ma2 /tω =

0.3, kB T /t = 10−5 , N↓ = 55,

and

N↑ = 40

, which is shown in gure 4.3

(right). This system is also studied in [48] for fermions in an optical lattice
with harmonic connement. It is seen that the sign of the pairing parameter
oscillates in the radial direction for the imbalanced Fermi gas indicating a
Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) state.

FFLO states have also

been studied in lattice systems in [49]. Finally, gure 4.3 (left) shows the
dierence in the number of spin-up and spin-down particles

n↓i − n↑i

on

each lattice site for the imbalanced Fermi gas with the same parameters.
We have furthermore shown a cut along the

x-axis of the order parameters

in gure 4.4 where it is very clear that the excess spin down particles are
placed on a ring at the boundaries of the density cloud. This is also where
we observe the oscillation in the
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4.5 A rotating Fermi gas
4.5.1 Introduction to vortices

Vortices exist on large as well as on small scales in nature, ranging from
enormous tornadoes to microscopic quantized vortices in superuids. The
quantized vortices are direct evidence for superuidity since they are a consequence of the macroscopic occupation of a single quantum state. These
were observed by the group of Ketterle for a strongly interacting Fermi gas
under rotation [50].

vs = m~p ∇Θ
∆ = |∆| eiΘ , mp = 2m,

The superuid velocity is given by
phase of the gap parameter
fermions is denoted

m.

[31], where

Θ

is the

and the mass of the

Since the velocity is proportional to the gradient

of the phase, a superuid velocity can only be present if the phase varies
in space and is only well-dened when the gap parameter is well-dened.
Also, since the velocity is the gradient of a scalar function, it is irrotational,
that is,

∇ × vs = 0

in simply connected regions. Therefore, rotation can

only take place in a multiply connected region. One way to create such a
multiply connected region is to make a nodal line in the order parameter.
The phase can then wind
with winding number

n.

n2π

around the nodal line. This makes a vortex

The circulation

Γ

describing the ow around

a vortex is given by integrating the velocity around a closed loop in the
superuid

I
Γ=

~
vs · dl =
mp

where the winding number

I

n ∈ Z

∇Θ(r) · dl = n

h
= nΓ0 ,
mp

(4.31)

is zero in a simply connected region.

The consequences of this discrete circulation is that angular momentum
can only enter the system in quantized units.
When fermions are placed in a rotating potential the Hamiltonian will
take a form which is very similar to the Hamiltonian describing a charged
particle in a magnetic eld.

This experiment can therefore be used to

study a well-known problem in physics concerning charged particles moving through a lattice under an applied magnetic eld. In a tight-binding
description the band of the energy spectrum will split into magnetic bands
forming the so-called Hofstadter buttery spectrum. The energy gaps in
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the spectrum lead to an insulating regime. For conventional superconductors, this insulating regime can be achieved only by applying very strong
magnetic elds [36].

So one possibility to study this regime is by using

fermions in rotating lattices. Rotation frequencies of up to
reached in [51].

1kHz have been

A rotating quasi-2D optical lattice can be created by a

rotating mask as in [52].

4.5.2 Unitary transformation to a co-rotating frame
To create vortices we set the system into rotation with frequency
the

z -axis

Ω around

and switch to a co-rotating frame where the Hamiltonian is

time-independent in order to study thermodynamics. The co-rotating coordinates transform according to

|r 0 i = Û |ri = e

−iΩtL̂z
~

|ri ,

hr 0 |ψi = hr|Û † |ψi = hr|ψrot i .

(4.32)

(4.33)

So instead of rotating the coordinates we can think of it as rotating the
state ket in the other direction. The Hamiltonian that describes the timeevolution of the state is then

i~

∂
∂
|ψrot i = i~ Û † |ψi = −ΩL̂z |ψrot i + Û † Ĥlab (t)Û Û † |ψi
∂t
∂t
= −ΩL̂z |ψrot i + Ĥlab |ψrot i = Ĥrot |ψrot i ,

where we have used that

Û † Ĥlab (t)Û = Ĥlab .

So

(4.34)

Ĥlab is now time-independent

and corresponds to the time when the two coordinate systems are identical.
One immediately realizes that the energy in this rotating frame decreases with increasing rotation frequency when the angular momentum is
non-zero and when the external rotation and the ow are parallel. It increases when the rotational ow is opposite to the external rotation. Also,
at a certain critical velocity the state with a vortex becomes energetically
favorable compared to the ground state of the non-rotating potential.
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4.5.3 Rotation of a 2D optical lattice with harmonic
connement

The single-particle Hamiltonian of a particle in a 2D optical lattice with
harmonic connement rotating with frequency

Ω

around the

z -axis

reads

X
1
p2
+ mω 2 ri2 − Ωẑ · r × p +
Vi0 sin2 (kL xi )
H=
2m 2
i=x,y
=

X
(p − mΩẑ × r)2 1
+ m(ω 2 − Ω2 )ri2 +
Vi0 sin2 (kL xi ).
2m
2
i=x,y

(4.35)

The Hamiltonian (4.35) has almost the same form as the Hamiltonian of
a charged particle moving under the inuence of a magnetic eld directed
along the

z -axis.

However, under closer inspection we see that (4.35) has

an additional centrifugal term.
To incorporate the rotation into the mean-eld Hubbard Hamiltonian
(4.6) we use Peierls substitution [36]

ĤMF =

X

+

X

σi

σi

+

−te−iφi,i+ex ĉ†σi ĉσi+ex − te−iφi,i−ex ĉ†σi ĉσi−ex

−te−iφi,i+ey ĉ†σi ĉσi+ey − te−iφi,i−ey ĉ†σi ĉσi−ey

X 1
σi

2

2

2

m(ω − Ω

)ri2



− µσ ĉ†σi ĉσi +

X
i






∆i ĉ†↑i ĉ†↓i + ∆∗i ĉ↓i ĉ↑i ,
(4.36)

where

φi,i+ex
ER =

Rr
φi,j = m~ rij dr · (Ω × r)
p
= −αω̄ ȳi π 2 t/(2ER ) can

if we take

Ω↑ = Ω↓ ≡ Ω.

For example,

be expressed in terms of the recoil energy
~2 π 2
, a dimensionless length ȳ = y/a, and α = Ω/ω . By approx2ma2
imating the Wannier functions by Gaussians we calculate the tunneling
amplitude using [53]

p


t/ER = (V 0 /ER )3/4 π 5/4 1 − (2/π)2 exp(−π 3/2 V 0 /ER /4)/4.
We choose

V0 /ER = 5

and obtain a tunneling amplitude of

(4.37)

t/ER = 0.09,

which is used in the following calculations. It is stressed that the frequency
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of the trapping potential should be larger than the rotation frequency to
have connement.

4.5.4 Results
Solving the Bogoliubov-de Gennes equations self-consistently we nd the
pairing order parameter and the particle density of a balanced system with
U/t = −6, ω̄ = 0.3, kB T /t = 10−4 , N↑ = N↓ = 85, and α = 0.1.

Figure 4.5 (right) shows the phase of the pairing order parameter ∆i =
P
i∗
U η uiη↑ vη↑
fη↑ clearly illustrating the 2π phase winding associated with
the vortex. Figure 4.5 (left) shows the density of particles hn̂↑i + n̂↓i i.
In gure 4.6 we plot a cut along the x-axis of the same system. In
the left gure we show again the density where the peak in the density is
shown to be located at the central point (also observed for bosons in [54]).
In the right gure we show the amplitude of the pairing order parameter
where we see that there is a dip in the amplitude which together with the
behavior of the phase provides evidence for the existence of the vortex in
the system. We would expect the density to show no signicant change in
the presence of a vortex in accordance with [55].

However, we speculate

that this is a lattice eect.
Figure 4.7 (right) shows a cut of the amplitude of the pairing order

x-axis for dierent interaction strengths for a system
ω̄ = 0.3, kB T /t = 10−4 , N↑ = N↓ = 85, and α = 0.1. The size of

parameter along the
with

the vortex is characterized by the healing length which can be thought of

as the length the pairing order parameter takes to heal from zero to its
~vF
[35] where vF is the
bulk value. For a bulk system it is given by ξ =
π∆
Fermi velocity. We see in gure 4.7 that the healing length as expected
increases with decreasing size of the interaction strength and therefore also
with decreasing size of the pairing order parameter. We observe that when

U

becomes comparable to

t the vortex starts to vanish which we would also

expect since the interaction then becomes too weak to stabilize a vortex.
This is also observed in the density shown for the same interaction strengths
in gure 4.7 (left) where the peak in the density distribution vanishes for

U/t = −2

and it becomes smooth.
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4.6 Superuidity

4.6.1 Introduction to superuidity
The rst evidence of the existence of superuidity of fermions in an optical lattice was found in [18]. Superuidity was signaled by peaks in the
interference patterns observed upon releasing the gas. However, when fermions are strongly interacting the peaks in the interference patterns can be
smeared out. In order to circumvent this problem a magnetic eld ramp
was used in the experiment to increase the detuning from the Feshbach
resonance, where the atomic scattering channel is degenerate with a bound
molecular state.

In this way they were able to decrease the interaction

strength before turning o the conning potential.
The discrete version of the superuid velocity of the paired fermions
takes the following form

vsi =
where

i

~
∇Θi ,
mp

(4.38)

indicates the lattice site.

One model that is often considered is the two-uid model consisting of a
normal uid with density

ns

and velocity

vs

nn

and velocity

vn

and a superuid with density

introduced independently by Landau and Tisza.

The

normal component is restricted by certain boundary conditions, whereas
the superuid component is an independent thermodynamic variable and
it is therefore possible to have a nite superuid velocity with respect to
the walls even if the normal uid must come to rest with respect to the
walls.

4.6.2 An analytical calculation of the superuid density
If we impose twisted boundary conditions on the phase of the gap parameter
it follows from equation (4.38), that a superuid ow will be present with
a corresponding kinetic energy. For a suciently small phase twist we can
associate the change in the free energy of the ground state from the twisted
to the untwisted system entirely to the kinetic energy of the ow.
We denote by
varies by
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δΘ

FΘ

the free energy when the phase of the order parameter

between neighboring sites in the

x-direction,

and by

F0

the

An analytical calculation of the superuid density
free energy when there is no phase twist [56]. Associated with the phase
i
twist, we dene the site-dependent superuid density ns,x by writing

FΘ − F0 =

X1
i

2

nis,x m∗ vs 2 =

X1
4

i

tnis,x δΘ2 ,

(4.39)

vs = ~δΘ/2m∗ a is the superuid velocity of the Cooper pairs with
∗
mass 2m . The eective mass for the dispersion k = −2t(cos kx a+cos ky a)
∗
2
2
is m = ~ /2ta . A linear phase twist along the x-direction is equivalent

where

to acting on the Hamiltonian with the gauge transformation

ĤΘ = e−iδθ
where

xl

is the

x-coordinate

P

l

x̂l /a

Ĥeiδθ

of particle

l

P

l

[57].

x̂l /a

,

(4.40)

We have

δΘ = 2δθ

since

the superuid order parameter involves two particles so that the gauge
transformation gives

∆i → ∆i exp[2ixi δθ/a].

The eect of the gauge

transformation is to introduce a phase factor on the tunneling amplitudes
tĉ†i ĉi±ex → te±iδθ ĉ†i ĉi±ex . Expanding to second order in δθ, we obtain
ĤΘ = Ĥ + Jˆ + T̂ with

Jˆ = −iδθt

X
iσ

ĉ†σi ĉσi+ex

−

ĉ†σi ĉσi−ex




X †
t
T̂ = δθ2
ĉσi ĉσi+ex + ĉ†σi ĉσi−ex .
2
iσ

,
(4.41)

Since the unitary transformation conserves particle number, we can take

FΘ − F0 = ΩΘ − Ω0
particles [58].

where

Ω = F − µN

with

N

the total number of

The grand canonical potential is found by using a linked

cluster expansion

h
i
h
i
Z
1
1
−β ĤΘ
−β Ĥ0 β Ĥ0 −β ĤΘ
=
Tr e
=
Tr e
e e
Z0
Z0
Z0




1
1 2 2
1 2 2
−β Ĥ0
=
Tr e
1 + β Ĥ0 + β Ĥ0 + ...
1 − β ĤΘ + β ĤΘ − ...
Z0
2
2

2 
2
β
≈ 1 − β hĤΘ − Ĥ0 i0 +
h ĤΘ − Ĥ0 i ,
(4.42)
2
0
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with

Z0 = Tr(e−β Ĥ0 ) the grand partition function for the untwisted system.

h. . .i0

denotes the thermal average with respect to the untwisted Hamilto-

nian. The last equality follows from cyclic permutation of the trace. From
a Taylor expansion of the logarithm we get the following for the grand
canonical potential (which only includes connected diagrams)



Z
1
Ωθ = − ln Z0
β
Z0

2

2 
β 
≈ Ω0 + hĤΘ − Ĥ0 i0 −
h ĤΘ − Ĥ0 i − hĤΘ − Ĥ0 i0
,
2
0

(4.43)

which gives

ΩΘ − Ω0 = hT̂ i0 −

β ˆ2
hJ i0
2

in accordance with the linked cluster expansion

(4.44)

[59]. We have used that

there is no current in the untwisted case, that is,

ˆ = 0.
hJi
0

Mean-eld

theory gives after some lengthy but straightforward algebra

X
t
i+ex
i−ex
hT̂ i = δθ2
(ui∗
+ ui∗
η↑ uη↑
η↑ uη↑ )fη↑
2
η,i
X
t
i+ex ∗
i−ex ∗
i
i
(vη↑
+ δθ2
vη↑
+ vη↑
vη↑
)(1 − fη↑ )
2
η,i

(4.45)

and

hJˆ2 i = −t2 δθ2

1
XX X
ij

j∗ j+kex i+lex
uα↑ fη↑ (1 − fα↑ )
[ ui∗
η↑ uα↑ uη↑

ηα k,l=−1

j
i+kex j+lex ∗
− ui∗
vα↑ fη↑ (1 − fα↑ )
η↑ vη↑ uα↑

j
j+kex ∗ i+lex ∗
i
vα↑
vη↑
vα↑ fα↑ (1 − fη↑ )
+ vη↑

i+kex ∗ j+lex
i
uj∗
uα↑ fα↑ (1 − fη↑ )].
−vη↑
η↑ vα↑

(4.46)

The duality of the BdG equations has been exploited in the above derivation, which means that the sums in equations (4.45) and (4.46) are taken
over positive as well as negative energies. This gives a superuid density of
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1 X i∗ i+ex
i−ex
(u u
+ ui∗
η↑ uη↑ )fη↑
2 η η↑ η↑
1 X i i+ex ∗
i−ex ∗
i
+
vη↑
)(1 − fη↑ )
+ vη↑
(v v
2 η η↑ η↑

nis,x =

1
tβ X X X
j∗ j+kex i+lex
+
uα↑ fη↑ (1 − fα↑ )
kl[ui∗
η↑ uα↑ uη↑
2 j ηα k,l=−1
j
i+kex j+lex ∗
− ui∗
vα↑ fη↑ (1 − fα↑ )
η↑ vη↑ uα↑

j
j+kex ∗ i+lex ∗
i
+ vη↑
vα↑
vη↑
vα↑ fα↑ (1 − fη↑ )

i+kex ∗ j+lex
i
− vη↑
uj∗
uα↑ fα↑ (1 − fη↑ )].
η↑ vα↑

(4.47)

As is seen from (4.47) the superuid density at the i'th lattice site depends
on the amplitudes on the neighboring lattice sites along the

x-direction.

4.6.3 Superuidity in a 2D square lattice
To get a better understanding of the superuid density we rst consider the
case of fermions in a 2D square lattice without a trap, which has also been
studied in [60].

When fermions are placed in a lattice, Bloch's theorem

states that the amplitudes can be expanded in a free wave basis, i.e.,

uiη↑ =

vk↑ e−ik·ri
uk↑ e−ik·ri i
√
, vη↑ = √
.
NL
NL

We consider a spin-balanced fermionic gas with
Note

NL

is the number of lattice sites. Thus,

hT̂ i

N↑ = N↓

(4.48)
and

reduces to

X
t
hT̂ i = δθ2
|uk↑ |2 eikx a fk↑ + |uk↑ |2 e−ikx a fk↑
2
k
t 2X
+ δθ
|vk↑ |2 eikx a (1 − fk↑ ) + |vk↑ |2 e−ikx a (1 − fk↑ )
2
k
X
2
cos(kx a)nk ,
= 2tδθ

µ↓ = µ↑ .

(4.49)

k
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where

P

k

nk =

P

k

tribution. Similarly

|uk |2 fk + |vk |2 (1 − fk )
hJˆ2 i reduces to

hJˆ2 i = 8t2 δθ2

X
k

and

fk

is the Fermi-Dirac dis-

fk (1 − fk ) sin2 (kx a).

(4.50)

Since the superuid density is now a constant, we will dene the superuid
fraction

fs =
where

2 X
4βt X
NL ns,x
=
cos(kx a)nk −
fk (1 − fk ) sin2 (kx a),
N
N k
N k
N

is the total number of particles.

(4.51)

The quasi-particle excitation

energies are given by

Ek =

p
(k − µ)2 + ∆2 ,

(4.52)

and the amplitudes of the quasi-particle operators are of the form

u2k

1
=
2





k − µ
1
k − µ
2
1+
, vk =
1−
.
Ek
2
Ek

(4.53)

The superuid fraction is now found in momentum space using the
chemical potential and the pairing order parameter found from the selfconsistent calculation in the discrete position space with periodic boundary conditions. Figure 4.8 shows the superuid fraction calculated in momentum space from equation (4.51) and in position space from equation
(4.47) as a function of temperature.

As expected it is seen that there is

extremely good agreement between the superuid fraction calculated by
the two methods. We notice that the superuid fraction for fermions in an
optical lattice does not approach 1 as the temperature goes to zero, which
is caused by the localization in the wells of the optical lattice [61].

We

note that the calculations are performed using mean-eld theory but the
critical temperature should in principle be calculated using BKT theory
which would give a discontinuous drop to zero of the superuid fraction at
the BKT temperature
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?'s (momentum space).

Figure 4.8

4.6.4 A calculation of the superuid density in the local
density approximation
When fermions are placed in an optical lattice with harmonic connement,
the discrete translational invariance breaks down. However, if the conning potential is suciently slowly varying, it can be approximated with
a constant around each lattice site.

This means that the global chem-

ical potential, found from a self-consistent calculation for fermions with
attractive interactions placed in an optical lattice with harmonic connement, can be subtracted the local value of the conning potential to dene
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a local chemical potential

µ → µ − V (x, y).

The energies are then just the

site-dependent versions of (4.52)

q
Ek (x, y) = ξk2 (x, y) + ∆2 (x, y),
where

ξk (x, y) = k − (µ − 12 mω 2 x2 − 12 mω 2 y 2 )

(4.54)

and the quasi-particle amp-

litudes the site-dependent versions of (4.53)

1
uk (x, y)2 =
2
1
vk (x, y)2 =
2

ξk (x, y)

!

ξk (x, y)

!

1+ p
ξk (x, y)2 + ∆(x, y)2

1− p

ξk (x, y)2 + ∆(x, y)2

,

(4.55)

.

(4.56)

The superuid density will then take the following form

ns (x, y) =

2

X

Nk,tot

nk (x, y) cos(kx a)

k

βt X
−4
fk (x, y)(1 − fk (x, y)) sin2 (kx a).
Nk,tot k
Here

Nk,tot

is the number of

k-values

we have put into the sum.

Figure 4.9 shows the superuid density calculated on a
with

N↑ = N↓ = 40, U/t = −6,

and

(4.57)

ω̄ = 0.5

20 × 20

lattice

for four selected temperatures

decreasing from the upper left corner to the lower right corner.

At zero

temperature (shown in the upper left corner), the superuid density is
almost at in the central part but decreases smoothly in the radial direction
until it vanishes. At

T /t = 0.5 the superuid density is still signicant and

shows almost no deviation from the zero temperature superuid density.
However, at

T /t = 1

the central part of the superuid is less than half

of the zero temperature value.
vanished completely.
along the

x-axis.

At

T /t = 1.5

the superuid density has

Figure 4.10 shows a cut of the superuid density

From this gure the shape of the superuid becomes

more pronounced. We see that the shape of the superuid density does not
change signicantly with temperature.
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Figure 4.9
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green solid line for T /t = 1, and the red solid line for T /t = 1.5.

Figure 4.10
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5
A simulation of high-Tc
superconductivity

5.1 High-temperature superconductivity
The following chapter is based on the work from our recent paper [62].
The discovery of high-temperature superconductivity in 1986 [63] in
cuprates triggered an experimental as well as theoretical eort to understand the mechanisms giving rise to this phenomenon. These high-Tc compounds consist of copper-oxygen layers with the parent compound showing
an insulating behavior named the Mott-state. This term is given to systems which in principle should show metallic behavior in accordance to their
band structure, but are insulators due to their strong repulsive forces. A
generic phase-diagram for the cuprates is shown in gure 5.1 with the parent
compound being La2 CuO4 on the right hand side. When doping the system
with Strontium(Sr), which is divalent in contrast to Lanthanum(La) which
is trivalent the system becomes hole-doped. This corresponds to the right
part of the phase-diagram where

x

denotes the hole-doping concentration.

At zero doping the state is an anti-ferromagnet, corresponding to the spins
being aligned antiparallel on neighboring lattice sites and tunneling virtu2
ally through the nearest neighbor site with a strength J ' t /U . Associated

with this state is the Néel temperature which is around
cuprate-type.

T ' 300K

for this

When the hole-doping is increased the anti-ferromagnetic
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state is replaced by a superconducting state with

dx2 −y2

symmetry as evid-

enced from phase-sensitive experiments [64, 65]. The critical temperature

Tc of this phase forms a dome-like structure and goes to zero around x = 0.3.
The region of the phase-diagram above the critical temperature is often denoted the pseudo-gap phase and is associated with a loosely dened phase
∗
transition temperature T .
It is assumed that the essential physics of high-temperature superconductors can be understood within the framework of the doped antiferromagnet. A single-band Hubbard Hamiltonian in the strong-coupling
limit, named the t-J model, gives the rst platform to our understanding
of the physics taking place. We will in this chapter only consider the holedoped system.

We take the Hubbard Hamiltonian as our starting point

with a nearest neighbor hopping term.

However, it is believed that the

next-nearest neighbor hopping terms should be included to capture the
physics giving rise to the anti-symmetry in the phase-diagram of the holedoped and electron-doped parts of the phase-diagram.

| A schematic phase-diagram of the parent compound La2 CuO4 including the superconducting region with an associated critical temperature Tc , an antiferromagnetic region close to zero hole-doping with the so-called Néel temperature and
a pseudo-gap region with the associated temperature T ∗ [21].

Figure 5.1
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5.2 Motivation
The use of ultracold atoms allows for a thorough investigation of phenomena taking place in condensed matter systems. They embody very clean
systems which can be tuned in a very precise and controlled manner from
the weak to the strong coupling limit.

This enables one to investigate a

plethora of interesting phenomena ranging from the dynamics of strongly
correlated bosons [7, 66] and fermions [67, 68] to quantum magnetism [69].
In particular, the fermionic Hubbard model has been realized for repulsive and attractive interactions. Fingerprints of the Mott state [70, 71] has
already been observed in experiments. The challenge remains to access the
Néel phase [72] in order to reveal the presence of high-temperature

d-wave

superuidity close to half-lling [73]. Spin uctuations, which are predicted
to be the glue for

d-wave superuidity in the repulsive Hubbard model [20

23], have been studied experimentally in the context of BEC-BCS crossover
[19].

In this chapter, we theoretically address the eect of the harmonic

potential, which originates from the Gaussian prole of the laser beams
generating the trap, on the

d-wave superuid phase of the Hubbard model.

We explore the strongly repulsive limit which is realized in high-Tc superconductors [2023]. The inhomogeneity of the trapping potential leads to
a variation of the doping throughout the system. This allows us to map
a great part of the phase-diagram of the untrapped system in the same
system.

5.3 Basic formalism
We consider a strongly repulsive fermionic gas in a two-dimensional optical lattice conned by a harmonic trapping potential.

To address the

strongly repulsive regime, we consider the t-J Hamiltonian. The presence
of the harmonic trapping potential enables the stabilization of co-existing
and competing phases. In particular, at low temperatures, this allows the
realization of a
edges.

d-wave

superuid region surrounded by (gapless) normal

Solving the Bogoliubov-de Gennes equations and comparing with

the local density approximation, we show that the proximity to the Mott
insulator is revealed by a downturn of the Fermi liquid order parameter at
the center of the trap where the

d-wave

gap has a maximum. The density
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prole evolves linearly with distance. We consider relatively small llings
such that only a superuid cloud is conned to the center of the trap and
anti-ferromagnetism is hindered by the motion of atoms [74]. We investigate the co-existence between

d-wave

superuidity and a normal phase

at the boundaries applying an eective theory of a doped Mott insulator.
More precisely, we start from the t-J Hamiltonian and apply a low-energy
(superuid) theory that allows us to describe the proximity to the Mott
insulator [38, 75, 76].

5.3.1 Derivation of the t-J model
The t-J model applies to strongly interacting systems.

A simple way of

obtaining this model is by considering only a single spin-up and a single
spin-down particle on two lattice sites. The generalization to larger lattice
systems then follows immediately. We consider fermions with strongly repulsive on-site interactions in a one-dimensional (1D) lattice of two lattice
sites with

U/t  1.

For a system of

i lattice sites the lowest band Hubbard

Hamiltonian reads

Ĥ = −t

X

ĉ†iσ ĉjσ + h.c. + U

X

n̂i↑ n̂i↓ = Ĥt + Ĥint ,

(5.1)

i

hijiσ

the tunneling amplitude, hiji
†
denoting a sum over nearest neighbors, and ĉiσ the creation operator, creating a particle with spin σ at the i'th lattice site. We divide our space
with

U

the on-site interaction strength,

t

into subspaces consisting of singly occupied states and states which have
at least one doubly occupied site and perform a unitary transformation.
When expanding in the small parameter

0

itÔ

Ĥ → Ĥ ≡ e

Ĥe

−itÔ

t/U ,

perturbation theory gives us

i2 t2
= Ĥ + it[Ô, Ĥ] +
[Ô, [Ô, Ĥ]] + ...
2

(5.2)

1
Ô of the form iÔ = − tU
[P̂s Ĥt P̂d −P̂d Ĥt P̂s ] such that
the rst order terms in t/U eectively vanish, that is, Ĥt − it[Ĥint , Ô] = 0,
where P̂s projects onto the singly occupied subspace and P̂d projects onto
the doubly occupied subspace. We have exploited the fact that P̂s Ĥint = 0
We choose the operator

in the above derivation. The Hamiltonian then reduces to
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Ĥ 0 ≈ Ĥt + Ĥint + it[Ô, Ĥt ] + it[Ô, Ĥint ] −
≈ Ĥint +

it
[Ô, Ĥt ].
2

t2
[Ô, [Ô, Ĥint ]] + Ô(t3 )
2
(5.3)

Projection of the Hamiltonian onto the singly occupied space results in


it
P̂s Ĥ P̂s = P̂s Ĥint − [Ĥt , Ô] P̂s
2
 

t
1
1
= P̂s
Ĥt P̂d Ĥt
P̂s
−Ĥt P̂d Ĥt −
2
tU
tU
−1
1
=
P̂s Ĥt P̂d Ĥt P̂s = J(S1 · S2 − ),
(5.4)
U
4
P
i
J = 4t2 /U and Si = 1/2 σσ0 ĉ†iσ σσσ
0 ĉiσ 0 is the spin-operator. The
0

where



virtual tunneling processes associated with the spin-spin term favor antiferromagnetic ordering of spins on neighboring lattice sites. This mechanism is denoted the super-exchange process and the corresponding Hamiltonian of this correlated magnetic insulator named the Heisenberg Hamiltonian. When the system is shifted away from half-lling we obtain the t-J
Hamiltonian.

5.3.2 The trapped t-J model
In the following we consider the t-J model but include the eect of a harmonic trapping potential.

A representation of the system of interest is

shown in gure 5.2. The Hamiltonian reads

Ĥt-J = −t
Here

t,

Xh
hijiσ

i X
X
ĉ†iσ ĉjσ + h.c. +
Vi ĉ†iσ ĉiσ + J
Si · Sj .
iσ

(5.5)

hiji

the tunneling amplitude, is chosen to be spin and direction inde-

pendent, and

Vi denotes an isotropic and spin independent external trapV (x, y) = (m/2)ω 2 (x2 + y 2 ) evaluated at the i'th lattice

ping potential,

site. The number of fermions per site is assumed to be less than one.
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t
t
J

| Illustration of the harmonically trapped lattice system of a two-component
fermionic gas. t denotes the tunneling amplitude and J denotes the exchange interaction.
Blue and red illustrate the two spin-components.

Figure 5.2

The ground state properties can be analyzed using a projected BardeenCooper-Schrieer (BCS) state taking into account that double occupancy is

Q

i (1 − n̂i↑ n̂i↓ ) [23,
38, 39]. The projection can be incorporated into the Hamiltonian through
forbidden for large interactions,

P̂G |BCSi

where

P̂G =

the Gutzwiller renormalization factors which link the expectation values in
the projected state to the expectation values in the unprojected state with
a weight factor.

We account for the strong repulsion by projecting onto

the states with site-population less than or equal to unity which is done by
introducing the site-dependent Gutzwiller factors [38]:

q
p
p
= gti gtj = 2δ i /(1 + δ i ) 2δ j /(1 + δ j ),
q
p
p
ij
gs = gsi gsj = 4/(1 + δ i )2 4/(1 + δ j )2 ,
gtij

(5.6)

δ i = 1 − hn̂i i with hn̂i i =
particles on site i (refer to ap-

where we denote the deviation from half-lling

P

σ hn̂iσ i representing the total number of
pendix A for further details). This is justied by choosing a small curvature

of the external trapping potential compared to the hopping amplitude. This
procedure is shown to be in good agreement with variational Monte Carlo
calculations for the projected

d-wave state [77].

The renormalized Hamilto-

nian then takes the form

Ĥ = −t
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i X
X h ij †
X
gt ĉiσ ĉjσ + h.c. +
Vi ĉ†iσ ĉiσ + J
gsij Si · Sj ,

hijiσ

iσ

hiji

(5.7)

Mean-eld theory
ij
ij
works as to enhance spin-spin correlations since gs ≥ 1 and gt
ij
suppresses the tunneling term since gt ≤ 1 and goes to zero when the

where

gsij

doping goes to zero. This resembles the suppression of the kinetic energy
in the Mott insulating state.

5.3.3 Mean-eld theory
In order to solve this many-body Hamiltonian we introduce the Fermi liquid order parameter,

χij ,

and the pairing order parameter,

∆ij ,

with the

following averages [38]

X †
3
hĉiσ ĉjσ i ,
χij = gsij J
4
σ
X
3
∆ij = gsij J
σσ0 hĉiσ ĉjσ0 i ,
4
0
σσ
where

↑↓ = 1 = −↓↑

and

↑↑ = 0 = ↓↓

and

i

and

j

(5.8)

are nearest neighbors.

At a general level, spin uctuations not too far from half-lling will favor

d-wave

superuidity. We then obtain the mean-eld Hamiltonian

i
X †
χji  †
ĉiσ ĉjσ + h.c. − µ
ĉiσ ĉiσ
2
iσ
hijiσ


X †
X  ∆ij  † †
† †
+
Vi ĉiσ ĉiσ +
ĉi↑ ĉj↓ − ĉi↓ ĉj↑ + h.c. ,
2
iσ

Ĥ = −

X h

tgtij +

(5.9)

hiji

where we now work in the grand-canonical ensemble and therefore introduce the chemical potential
conserved.

µ

since the number of particles is no longer

We have in the above expression assumed that the potential

is slowly varying so that

hĉi↑ ĉj↓ i = hĉj↑ ĉi↓ i.

Furthermore, we have ex-

ploited the fact that the additional term to the tunneling amplitude is
†
†
spin-independent hĉi↑ ĉj↑ i = hĉi↓ ĉj↓ i under our present assumptions.
In the following sections, we show that the pairing order parameter depends strongly on the position in the trap. It converges to the untrapped
case in the center of the trap where it is maximal, which reects the emergence of superuidity induced by the pairing term.
existence of a

d-wave

We conrm the co-

superuid domain and a gapless edge region. Before
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considering the trapped system we start by considering a simpler system
with no external trapping potential and derive the phase-diagram for this
system.

5.4 The untrapped system
We rst study the untrapped system for which we nd the phase-diagram
of the order parameters as a function of the doping concentration.

This

is most easily solved in momentum space due to the discrete translational
invariance of the system.

5.4.1 Transformation of the Hamiltonian to momentum
space
The Hamiltonian is found in Fourier space by writing the creation and
P −ik·j
annihilation operators as ĉjσ = 1/NL
ĉkσ and assume real values
ke
for the order parameters. Here the sum is performed over the rst Brillouin
zone and

NL

denotes the number of lattice sites going into the sum. The

Hamiltonian takes the following form

H=

X

ξk c†kσ ckσ +

X
k

kσ



∆k c†k↑ ĉ†−k↓ + h.c. ,

(5.10)

∆k = ∆(cos(kx a) − cos(ky a)) in
d
-wave symmetry of the order parameter and with
P
∆ = 3/4gs J σσ0 σσ0 hĉiσ ĉjσ0 i. The Fermi liquid order parameter is χ =
P
3/4gs J σ hĉ†iσ ĉjσ i and the energies ξk = −(2tgt +χ)(cos(kx a)+cos(ky a))−
µ. This Hamiltonian is diagonalized by making a Bogoliubov transforma-

where the pairing order parameter is
accordance with the

tion of the creation and annihilation operators. The creation and annihilation operators are then linear combinations of new fermionic quasi-particle
operators



ĉk↑
ĉ†−k↓




= Uk

The eigenvalues are given by
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γ̂k↑
†
γ̂−k↓






γ̂k↑
uk −vk
=
.
†
vk uk
γ̂−k↓

(5.11)

Self-consistent equations

q
Ek± = ± ξk2 + ∆2k

(5.12)

and the corresponding quasi-particle amplitudes are

1
uk = √
2
with

s

ξk
1
1+
, vk = √
Ek+
2

uk vk = ∆k /2Ek+ . In the
Ek− = −Ek .

s
1−

following we dene

ally means that

ξk
,
Ek+

(5.13)

Ek+ ≡ Ek ,

which natur-

5.4.2 Self-consistent equations
Self-consistency of the untrapped system is obtained from



X
Ek
ξk
−3
(cos(kx a) + cos(ky a)) tanh
gs J
,
χ=
4NL
2k
2E
BT
k
k


1 X
Ek
ξk
δ=
,
tanh
NL k
2kB T Ek


X
3
Ek
∆k
∆=
(cos(kx a) − cos(ky a)) tanh
gs J
.
4NL
2k
2E
BT
k
k
These equations are solved self-consistently for

T /J = 0

and

(5.14)

t/J = 5

as

a function of doping and the corresponding result is shown in gure 5.3.
The Fermi liquid order parameter is plotted with green
order parameter with blue

◦'s.

?'s

and the pairing

It is seen that the pairing order parameter

vanishes when the doping is around

0.3.

The Fermi liquid order parameter,

on the other hand, is almost unaected by the doping concentration in the
region of our interest. The Fermi liquid order parameter can be physically
interpreted as a measure of how localized the particles are and should be
zero in the anti-ferromagnetic state.
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0.3
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0.2
0.15
0.1
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0

0.1

0.2
δ

0.3

| The Fermi liquid order parameter χ (green ?'s) and the pairing order
parameter ∆ (blue ◦'s) in units of 3/4gs J for T /J = 0 and t/J = 5.

Figure 5.3

5.5 The trapped system
In the following we add the eect of a harmonic trapping potential and
compare numerical results from solving the BdG equations in real space
with results from a local density approximation.

5.5.1 Bogoliubov-de Gennes equations
Since the trap breaks the discrete translational invariance, we rst nd
the

d-wave

pairing order parameter, the Fermi liquid order as well as the

density prole by solving the BdG equations.

We diagonalize the renor-

malized mean-eld Hamiltonian by making a unitary Bogoliubov-Valatin
transformation of the creation and annihilation operators, expanding them
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on a complete basis of quasi-particle modes annihilated by the fermionic
mode operators

γ̂ησ

as in (4.7).

The self-consistent equations of the mean-eld parameters take the following form in terms of the quasi-particle amplitudes

∆ij =


3gsij J X  i j∗
i∗
uη↑ vη↑ (1 − fη↑ ) − ujη↑ vη↑
fη↑ ,
4
η


3gsij J X  i∗ j
j∗
i
uη↑ uη↑ fη↑ + vη↑
vη↑
(1 − fη↑ ) ,
4
η
X

i 2
|uiη↑ |2 fη↑ + |vη↑
| (1 − fη↑ ) .
δi = 1 −

χij =

(5.15)

η

In the above expression the duality of the spin-up and spin-down solutions
has been exploited to transform the sum into a sum over positive as well
as negative energies for spin-up particles only.

5.5.2 The local density approximation
Assuming a small curvature of the harmonic trapping potential, it is possible to approximate the potential with a constant in the vicinity of each
lattice site and replace the eigenstates with plane wave states in accordance
with Subsection 4.6.4. Assuming a large number of particles in each cell of
constant potential, we dene a local Fermi sea. This consists in dening a
local chemical potential in each cell

uη↑ (r) =

µ (r) = µ − V (x, y)

and letting

vk↑ (r) e−ik·r
uk↑ (r) e−ik·r
√
√
, vη↑ (r) =
,
NL
NL

(5.16)

uk (r) and vk (r) are solutions of the homogeneous system with µ(r) =
µ − V (x, y) [78] and NL is the number of lattice sites. Below, we introduce
where

the local variables

1 X
αâ ∆i,i+â ,
NN â
1 X
χ(x, y) = χi =
χi,i+â ,
NN â

∆(x, y) = ∆i =

δ(x, y) = δ i ,

(5.17)
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where

â

NN is the number of nearest neighαex = α−ex = −αey = −α−ey = 1. Here, ex denotes one lattice
the x-direction. Within this local density approximation the selfdenotes the nearest neighbors,

bors, and
step in

consistent equations take the form

3gs (x, y)J X
(cos(kx a) + cos(ky a))
4NL
k


Ek (x, y) ξk (x, y)
× tanh
,
2kB T
2Ek (x, y)

χ(x, y) = −



1 X
Ek (x, y) ξk (x, y)
δ(x, y) =
tanh
,
NL k
2kB T
Ek (x, y)

∆(x, y) =

3gs (x, y)J X
(cos(kx a) − cos(ky a))
4NL
k


Ek (x, y) ∆k (x, y)
,
× tanh
2kB T
2Ek (x, y)

(5.18)

(5.19)

(5.20)

which are simply the site-dependent versions of the order parameters for
the untrapped system (5.14).

Here the sum is performed over the rst

Brillouin zone and

p
Ek (x, y) = ξk (x, y)2 + ∆k (x, y)2 ,
ξk (x, y) = − (2tgt (x, y) + χ(x, y)) [cos(kx a) + cos(ky a)] ,
− µ(x, y)
∆k (x, y) =∆(x, y) [cos(kx a) − cos(ky a)] .

(5.21)

Above, we have neglected the variation in chemical potentials on neighboring lattice sites and approximated the renormalization factors with their
2
value on the i'th lattice site, for example gs (x, y) = 4/(1 + δ(x, y)) . This is
justied when the curvature of the harmonic potential is small compared to
the tunneling amplitude. In the absence of the harmonic trap, these equations and their solutions agree with well-known results; see for example
Ref. [76].
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Figure 5.4 | A diagonal cross-section of |∆(r)|
of the trapped system with 76 × 76
lattice sites, as a function of the
distance
from
the
center of the trap r0 . t/J = 5,
p
µ/J = −0.1, T /J = 0, and ω̃ = ma2 /Jω = 0.16. BdG (circles) and LDA (crosses).

5.6 Results for the trapped system
We now compare the local density approximation calculation to the BdG
calculation of the site-dependent values of

˜ i |, χ̃i
|∆

and

hn̂i i;

note that the

tilde values mean that the mean-eld order parameters are expressed in
ii
units of 3/4gs J . For large interactions, we check that the order parameters are controlled by the super-exchange J . We expect that the critical
distance at which

˜ i|
|∆

will be zero is given by the position with a doping

corresponding to the critical doping from the homogeneous calculation
which lies around

δ = 0.35

[76] if one assumes the LDA is correct.

Re-

markably, we obtain a very good quantitative agreement between the LDA
approximation and the BdG calculation as shown in gures 5.4, 5.5, and
5.6.

We corroborate the co-existence of

d-wave

superuidity and normal

edges in accordance with results from a calculation on a similar system
suciently away from half-lling in the weakly interacting limit [74].

In
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0.4
0.35
0.3

χ̃

0.25
0.2
0.15
0.1
0.05
0
−50

0
(~r − ~r0 )/a

50

| A diagonal cross-section of χ̃(r) of the trapped system with 76 × 76 lattice
sites, as a function p
of the distance from the center of the trap r0 . t/J = 5, µ/J = −0.1,
T /J = 0, and ω̃ = ma2 /Jω = 0.16. BdG (circles) and LDA (crosses).

Figure 5.5

addition, the downturn of

χ̃i

in the center of the trap is reminiscent of

the Mott state. We note that our mean-eld calculation breaks down at
zero doping since we do not include the terms leading to anti-ferromagnetic
ordering.

5.6.1 The local density approximation in small systems
We expect the local density approximation to be less accurate for smaller
system sizes with larger trapping frequency. We therefore perform similar
calculations on a lattice with
p
ma2 /Jω = 0.48.
of ω̃ =

24 × 24 lattice sites and a trapping frequency

Figure 5.7 shows the Fermi liquid order parameter in the trap at zero
temperature.

It is seen that the result obtained in the local density ap-

proximation deviates from the result obtained in real space in the center as
well as at the boundary. We expect the LDA to be most accurate for the
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0
(~r − ~r0 )/a
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| A diagonal cross-section of hn̂(r)i of the trapped system with 76 × 76
lattice sites, as a function of thepdistance from the center of the trap r0 . t/J = 5,
µ/J = −0.1, T /J = 0, and ω̃ = ma2 /Jω = 0.16. BdG (circles), LDA (crosses) and
analytical (dashed).
Figure 5.6

Fermi liquid order parameter when the average distance between particles
scaling as

1/kF

is much smaller than the oscillator length

aosc =

p

~/mω .

Indeed we see that at the boundaries where the density is very small the
LDA calculation breaks down. We notice that the LDA also breaks down
in the center of the trap but here we expect this is caused due to the fast
variation of the order parameter

χ̃(r)

where another physical length scale

comes into play.

˜
|∆(r)|
. We here
~vF
length ξ =
˜
π|∆(r)|

In gure 5.8 we plot a cut of the pairing order parameter
expect that the validity of the LDA is for the coherence
much smaller than

aosc .

Accordingly, we see that the results from the

BdG calculation and the LDA calculation dier relatively much at the
boundaries where the pairing order parameter is small.

On the contrary

the result of the density prole in the local density approximation and the
result obtained in real space gure 5.9 seem to agree closely.
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| A diagonal cut of χ̃(r) of the trapped system with 24 × 24 lattice sites, as a
function of
the
distance from the center of the trap r0 . t/J = 5, µ/J = −0.1, T /J = 0,
p
and ω̃ = ma2 /Jω = 0.48. BdG (circles) and LDA (crosses).
Figure 5.7

5.6.2 The density prole
In the following we derive an analytical expression for the doping close to
the boundary of the density prole dened as the circle in the
with radius

R

where

δ(x, y)

xy -plane

reaches unity in the local density approxima-

tion. This circle is only well-dened in the continuous system but becomes
suciently well-dened for large lattices.

In the vicinity of the density

χ(x, y) is so small
that we ignore it and at the boundary the chemical potential µ(R) is equal
to −4t which is the bottom of the energy band. At the boundary we nd
boundary the pairing order parameter has vanished,

from equation (5.19) the doping at zero temperature

δ(R) =

54

1 X
1 X ξk (R)
sgn [ξk (R)] .
=
NL k Ek (R)
NL k

(5.22)

The density prole
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| A diagonal cut of |∆(r)|
of the trapped system with 24 × 24 lattice sites,
as a function of the
distance
from
the
center of the trap r0 . t/J = 5, µ/J = −0.1,
p
T /J = 0, and ω̃ = ma2 /Jω = 0.48. BdG (circles) and LDA (crosses).

Figure 5.8

δ(R) to be unity we must have ξk (x, y) > 0 for all quasi-momenta which
−4t. In a small region
close to δ(R) = 1 the terms in the sum which contribute to a lowering of
the doping concentration will form a circle in k-space. Hence, we make a
Taylor expansion of the cosine terms in k-space at site i with coordinates
(x, y) to nd the radius ka corresponding to the change of sign in ξk (x, y)
For

is the case when the chemical potential is less than

ξk (x, y) = −2tgt (x, y)(cos(kx a) + cos(ky a)) − µ(x, y)


≈ −2tgt (x, y)(2 − 1/2 (kx a)2 + (ky a)2 ) − µ(x, y)
= −2tgt (x, y)(2 − 1/2(ka)2 ) − µ(x, y) = 0,

(5.23)
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Figure 5.9 | A diagonal cut of n(r) of the trapped system with 24 × 24 lattice sites, as a
function of
p the distance from the center of the trap r0 . t/J = 5, µ/J = −0.1, T /J = 0,
and ω̃ = ma2 /Jω = 0.48. BdG (circles) and LDA (crosses).

which corresponds to a radius of

(ka)2 =

µ(x,y)
tgt (x,y)

+ 4.

The doping will then

be given by

δ(x, y) =

1 X
sgn [ξk (x, y)]
NL k

µ(x,y)
+4
4π 2 − 2π(ka)2
tgt (x,y)
=
1
−
=
4π 2
2π
2
µ(x, y)
µ(x, y)
=1− −
−
π 4πtδ(x, y)
4πt


1 1 µ(x, y)
= −
+1
2 π
8t
r

2
1 − π2 µ(x,y)
+
1
− µ(x,y)
8t
πt
+
,
2
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(5.24)

Finite temperature eects
with

µ(x, y) = µ − V (x, y)

the local chemical potential when realizing

that one must subtract the area corresponding to the negative contribution
twice. The analytical result obtained above is shown as the dashed line in
gure 5.6
One can use the expression for the chemical potential at the boundaries
µ(R) = µ − 1/2mω 2 R2 = −4t to obtain the associated radius

R=

p
2 (4t + µ) / (mω 2 ),

which corresponds to a radius of

µ/J = −0.1,

and

ω̃ = 0.16

R = 39.5a

when

(5.25)

t/J = 5, T /J = 0,

which is shown to be correct in gure 5.6.

Due to the isotropy of the harmonic potential the expression for the

doping is assumed to have no angular dependence as in the continuous case
and the expression for the density, which looks linear in the gapless region,
can be Taylor expanded around

−0.024(x/a − 39.5).

R

to rst order in

x

to give

n(x, 0) =

We note that the shape of the density prole is almost

unaected by the presence of the pairing order parameter since it is very
small and continuously goes to zero.

5.6.3 Finite temperature eects
In gure 5.10 we plot the amplitude of the pairing order parameter

˜ i|
|∆

as a function of temperature. We note that we cannot distinguish between
the pseudo-gap and the superuid regions since we do not provide any
information about the phase of the pairing order parameter. We observe
that the height and the width of

˜ i | decreases with increasing temperature
|∆

whereas the shape does not change signicantly. As is seen in gure 5.10
the amplitude of the pairing order parameter becomes very small when

T /J = 0.6

with only a small gap in the center of the trap. The untrapped

expression for the critical temperature is doping-dependent and we would
therefore also expect a critical temperature which depends on the position
in the trap.
To summarize, we have shown that a harmonic trapping potential can
simulate the eect of inhomogeneous doping allowing to stabilize a novel

d-

wave superuid phase for fermions with gapless edge states. In the context
of strongly repulsive fermions, we have found that at the center of the trap
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Figure 5.10 | A diagonal cross-section of |∆(r)|
of the trapped system with 76 × 76
lattice sites, as a function
of
the
distance
from
the
center of the trap r0 . t/J = 5,
p
µ/J = −0.1, and ω̃ = ma2 /Jω = 0.16. BdG (circles) and LDA (crosses) [62].

the downturn of the Fermi liquid order parameter is reminiscent of the Mott
insulating state, whereas the

d-wave gap is maximal.

The proximity to the

Mott insulating state at the center of the trap should aect the double
occupancy. The

d-wave

symmetry of the pairing can be detected through

the bunching which is maximal along the
along

x = ±y .

x

and

y -directions

and minimal

The pairing should be maximal around the Fermi surface.

Phase sensitive measurements could also be performed [79]. The superuid
fraction can be determined experimentally through simulation of rotation
by the use of a vector potential as in [80].

We found a linear prole of

the fermion density close to the boundaries. When decreasing the density,
one might observe magnetic real-space shell structures competing with the
superuid phase [74].
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Chapter
6
Trapped dipolar fermions in
2D square lattices at zero
temperature

In this chapter we consider harmonically trapped dipolar fermions in a
two-dimensional (2D) square lattice.

The chapter is based on [81].

The

anisotropy of the dipolar interaction combined with the lattice leads to
transitions between phases with density orders of dierent symmetry. For
experimentally realistic systems, we demonstrate the existence of competing phases with density order of checkerboard or stripe symmetry, and
superuid order. We show that the attractive part of the dipolar interaction results in a superuid phase which is suppressed by density order. The
trapping potential is demonstrated to make the dierent phases co-exist,
forming ring and island structures. However, the phases with density and
superuid order can overlap forming regions with supersolid order.

The

harmonic potential, which is always present in trapped atomic/molecular
systems, is included exactly, since the characteristic lengths of the ordered
phases can be comparable to the system size for experimentally realistic
systems.

This means that one cannot simply resort to the local density

approximation.
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6.1 Experiments
An increasing number of experimental groups are trapping and cooling
atoms or molecules with a permanent magnetic or electric dipole moment.
52
164
Bose-Einstein condensates of
Cr atoms [24, 25] and of
Dy atoms [26]
with large magnetic dipole moments have been realized. The former atomic
species with a dipole moment of
ment of

µ = 10µB .

µ = 6µB

Fermionic gases of

40

and the latter with a dipole mo87
23
6
K Rb [27, 28] and
Na Li [29]

molecules with an electric dipole moment have been created, and the rst
23
40
steps toward the formation of fermionic
Na K molecules have been re40 87
ported [82]. The
K Rb [27, 28] molecules have a permanent dipole
moment of

d = 0.57D,

which in the absence of an external electric eld

is zero in the laboratory frame.

However, by applying an electric eld

the accessible induced electric dipole moments are in the range 0 − 0.22D
−30
with 1D = 3.336 · 10
Cm [28]. Table 6.1 shows the coupling strength
2
3
g = D /ta for lattice depth V0 = 5ER with V0 calculated from equation
2
2
2
2
(4.37). Note, D = d /4π0 for electric dipoles and D = µ µ0 /4π for
23
magnetic dipoles. We use the ground state dipole moments of
Na40 K
23
and
Na6 Li to estimate the coupling strengths in the table. This means
1 +
that we have used d = 0.5D and d = 2.72D for the X Σ ground states of
6
40
23
23
Na Li for Na K, respectively.
atom/molecule
164
Dy
52
Cr
23
6
Na Li
23
40
Na K
40 87
K Rb
Table 6.1

dipole moment

g = D2 /ta3

10µB
6µB
0.5D
2.72D
0.22D

0.09
0.01
0.46
29.5
0.39

| Electric and magnetic coupling strengths.

Also, experimental progress toward realizing dipolar molecules in an optical lattice have recently been presented [83]. The anisotropy of the dipole
interaction oers unique opportunities for exploring novel few-body [84
87] and many-body quantum systems [88, 89]. Attention has been drawn
toward the dipolar physics rst of all due to the progress in cooling exper-
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iments but also due to the new and interesting physics resulting from the
long-range anisotropic behavior of these gases. The orientation control of
the dipoles means that one can have both attractive and repulsive regions
in the same system depending on the polarization of the dipole moment of
the particles. The dipolar interaction potential can stem from the particles
having either magnetic dipole moments or electric dipole moments, the
latter generally being much larger than the former.
We can determine the relative strength from a simple estimate. From
a rst estimate we take a typical size of the electric dipole moment in an
atomic or molecular system which is on the order of the Bohr radius times
the typical charge
Bohr magneton

µB

ea0 .

Since the typical magnetic dipole moment is the

our simple estimate gives us for the relative strength of

the dipolar interactions


µ2B µ0 0
= µ0 0
e2 a20
where

α ≈ 1/137

e2

e~
2me



2

4π0 ~2
me e

2
2 = α ,

(6.1)

is the ne-structure constant [90].

The anisotropy of the dipole interaction results in many intriguing effects. In a two-dimensional lattice, the existence of density ordered phases
with a complicated unit cell [91], liquid crystal phases [92], and a supersolid
phase [93] have been predicted when the dipole moments are perpendicular
to the lattice plane. Tilting the dipoles toward the lattice plane leads to
density order with dierent symmetry, superuidity and bond-solid order
at zero temperature [94, 95].

6.2 Basic formalism
The fermions have mass

m

and dipole moment

external eld forming the angle

θP

with the

lattice (xy ) plane and the azimuthal angle
lattice vectors parallel to the

x-axis,

d

which is aligned by an

z -axis

φP

perpendicular to the

with respect to one of the

see gure 6.1.

In the lowest band

approximation, this system is described by the extended Hubbard model
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z
θP
y

φP

φ

x

a

| We consider dipoles in a square 2D lattice in the xy -plane. The dipoles
are aligned forming an angle θP with the z -axis and the azimuthal angle φP with the
x-axis which is parallel to one of the lattice vectors.

Figure 6.1

with the Hamiltonian

Ĥ0 = −t

Ĥ = Ĥ0 + V̂

X

where



ĉ†i ĉj

+ h.c. +

X 1
i

hiji

2

mω 2 ri2


− µ n̂i

(6.2)

and

V̂ =

rij = ri − rj .
n̂i = ĉ†i ĉi , µ is the
with

Here,

ĉi

1X
VD (rij )n̂i n̂j ,
2 i6=j

removes a dipole at site

chemical potential,

identical fermions.
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t

i

with position

ri ,

is the hopping matrix element

i 6= j since we are considering
The trapping frequency is ω and the interaction between

between nearest neighbor sites

hiji,

(6.3)

and

Basic formalism
two dipoles separated by

r

is

VD (r) =
=


D2 
2
1
−
3
cos
(θ
)
rd
r3


D2 
1 − 3 cos2 (φP − φ) sin2 (θP ) ,
3
r

(6.4)

D2 = d2 /4π0 for electric dipoles and θrd denoting the angle between
d and r = r(cos φ, sin φ, 0), see gure 6.1. The dipolar interaction is symwith

metric under parity inversion.
Since the dipolar interaction (6.4) has both attractive and repulsive regions, the system exhibits both pairing and density instabilities depending
on

V̂

(θP , φP ).

To model this complex behavior, we decouple the interaction

using the mean-eld approximation which yields



1
VD (rij ) hn̂j in̂i − hn̂j ihn̂i i
V̂MF =
2
i6=j

X VD (rij ) 
+
hĉj ĉi i ĉ†i ĉ†j + h.c. − | hĉj ĉi i |2 ,
2
i6=j
X

where

(6.5)

hĉj ĉi i is the pairing order parameter which is odd under parity inver-

sion. Even though uctuations are important in 2D, we expect mean-eld
theory to capture the existence and competition between dierent ordered
phases at

Tc

T = 0.

Indeed, mean-eld theory is widely used in the high-

community to describe the competition between e.g. anti-ferromagnetic

and superuid ordering [9699].

We have not included the Fock term in

the mean-eld Hamiltonian (6.5), since one dipole interacts with many others making the problem similar to a high dimensional one, for which the
Hartree term dominates [100]. The Fock term has recently been shown to
lead to bond-solid order phases at half-lling [94].
The mean-eld Hamiltonian Ĥ0 + V̂MF is diagonalized by the Bogoliubov
P
ĉi = Eη >0 (uiη γ̂η + vηi∗ γ̂η† ) which is the single-spin version of

transformation
(4.7), where

γ̂η

are fermionic operators annihilating a quasi-particle with
i
i
energy Eη . The wave functions uη and vη satisfy the Bogoliubov-de Gennes
equations

X  Lij
j

∆∗ji

∆ij
−Lij

 j
 i
uη
uη
= Eη
,
vηj
vηi

(6.6)
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∆ij = VD (rij )hĉj ĉi i

with

and

Lij = −tδhiji + (
Here

δij

and

δhiji

X
k

VD (rik )hnk i +

m 2 2
ω ri − µ)δij .
2

(6.7)

are the Kronecker delta functions dened in Section 4.3

and the quasi-particle amplitudes satisfy the duality relations, in analogy
to the case of two spin-components (4.23) with

 i∗ 
 i
vη
uη
↔
i
ui∗
vη
η
and

Eη ↔ −Eη

(6.8)

since

X

Lij vηj∗ + ∆ij uj∗
η =

X

j

=

j

X
j

X
j

=

(Lij vηj − ∆∗ji ujη )∗ = −Eη vηi∗ ,

∗ j∗
−Lij uj∗
η + ∆ji vη =

X
j

Lij vηj∗ − ∆ji uj∗
η

X
j

(6.9)

∗ j∗
−Lij uj∗
η − ∆ij vη

(−Lij ujη − ∆ij vηj )∗ = −Eη ui∗
η .

(6.10)

Self-consistency is obtained iteratively through the usual relations for the
order parameters:

X

(1 − fη )|vηi |2 + fη |uiη |2

hn̂i i =

(6.11)

Eη >0

and

X

hĉi ĉj i =
which reduce to
perature.
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hn̂i i =

[uiη vηj∗ (1 − fη ) + vηi∗ ujη fη ],

(6.12)

Eη >0

P

Eη >0

|vηi |2

and

hĉi ĉj i =

P

Eη >0

uiη vηj∗

at zero tem-

No trapping potential

6.3 No trapping potential
We rst consider a system with no trapping potential.

To get a better

understanding of the nature of the dipolar interaction we Fourier expand

P
(θP , φP ) = (π/2, 0) and (θP , φP ) = (0, 0), with ṼD (k) = i exp(−ik ·
ri )VD (ri ) and kx , ky ∈ [ − πa , πa [ . The Fourier expansion of the potential
in units of g with (θP , φP ) = (π/2, 0) is shown in gure 6.2 (left) and the
Fourier expansion of the dipolar potential in units of g with (θP , φP ) = (0, 0)
it for

showing no angular dependence is shown in gure 6.2 (right).

−5

0

5

−2

0

2

4

6

8

−π

kx a

−π/2
0
π/2
π
−π

0

ky a

π −π

0

π

ky a

Figure 6.2 | Fourier transform of the interaction potential in units of g . Left: (θP , φP ) =
(π/2, 0). Right: θP = 0.

6.3.1 The striped phase at half-lling
−1
We rst study the untrapped system at half-lling, f = NL


y /a
with the density order hn̂i i = 1 + M (−1) i
/2 for M ∈

P

i hn̂i i = 1/2
[0, 1]. For an

illustration of this phase see the lower right inset in gure 6.3. This phase

x-direction. When
x − y plane the dipolar

corresponds to the dipoles forming stripes along the
the dipoles are oriented perpendicularly to the

interaction is isotropic and repulsive. This alignment favors a checkerboard
density order, see the upper left inset in gure 6.3. However, when tilting
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the dipoles toward the lattice plane along for example along the

x-axis

the dipolar potential becomes anisotropic and eventually attractive in a
sliver along the

x-direction.

The density order must therefore be of the

checkerboard form at half-lling for strong interactions and small

θP ,

but

when tilting the dipoles suciently it eventually becomes favorable to form
stripes hereby minimizing the energy.
For the untrapped system the Hamiltonian of the striped phase takes
the following form in

k-space

when summing over the positive values of

ky

in the rst Brillouin zone

Ĥ =

X

+

X

ky >0

(νk − 2t cos(ky a)) ĉ†k ĉk
(νk + 2t cos(ky a)) ĉ†k+(0,π/a) ĉk+(0,π/a)

ky >0

+

X ṼD (0, π/a)M †
ṼD (0, π/a)M †
ĉk ĉk+(0,π/a) +
ĉk+(0,π/a) ĉk ,
2
2
k >0

(6.13)

y

where

νk = −2t cos(kx a)−µ+ ṼD (0,0)
.
2
Ĥ =

Xh

The Hamiltonian may be diagonalized

†
E1k γ1k
γ1k

+

†
E2k γ2k
γ2k

i

(6.14)

ky >0
by a unitary transformation of the creation and annihilation operators


ĉ =

ĉk
ĉk+(0,π/a)




 
uk −vk
γ̂1k
=
vk uk
γ̂2k

(6.15)

with the single-particle energies

E1k
The energy

E2k

q
= νk + (2t cos(ky a))2 + [ṼD (0, π/a)M/2]2 .

(6.16)

is given by equation (6.16) with a minus-sign in front of

the square root. Self-consistency is obtained through

1=
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1 X
ṼD (0, π/a) (f1k − f2k )
q
.
NL k >0
2
2
2
4t cos (ky a) + [ṼD (0, π/a)M/2]
y

(6.17)

The checkerboard phase at half-lling

6.3.2 The checkerboard phase at half-lling
−1
We next study the untrapped system at half-lling, f = NL
i hn̂i i = 1/2


xi /a+yi /a
associated with the
with the density order hn̂i i = 1/2 1 + M (−1)

P

checkerboard phase as illustrated in the upper left inset in gure 6.3. The
interplay between the kinetic energy and the dipolar interaction determines
the size of the order parameter
angles when

M

which becomes

1 for optimal polarization

g/t  1.

The Hamiltonian of this phase is as for the striped phase (6.13) found
in

k

space as

Ĥ =

ṼD (0, 0)
k − µ +
2

X
ky >0

+

ĉ†k ĉk

ṼD (0, 0)
−k − µ +
2

X
ky >0

+

!

!
ĉ†k+(π/a,π/a) ĉk+(π/a,π/a)

X ṼD (π/a, π/a)M †
ṼD (π/a, π/a)M †
ĉk ĉk+(π/a,π/a) +
ĉk+(π/a,π/a) ĉk .
2
2
k >0
y

(6.18)
Again we make a unitary transformation of the creation and annihilation
operators in order to diagonalize the Hamiltonian


ĉ =
where

γ̂k−

and

γ̂k+



ĉk


=

ĉk+(π/a,π/a)

uk −vk
vk uk



γ̂k+
,
γ̂k−

(6.19)

are again fermionic quasi-particle operators with the

single particle energies

Ek±

ṼD (0, 0)
= −µ +
±
2

r

i2
h
2k + ṼD (π/a, π/a)M/2 .

(6.20)

Analogous to the striped phase, self-consistency is obtained from

1=

1 X ṼD (π/a, π/a) (f1k − f2k )
r
h
i2 .
NL k >0
y
2k + ṼD (π/a, π/a)M/2

(6.21)
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6.3.3 The p-wave pairing case
When
phase

√
θP ≥ arcsin(1/ 3) ≈ 0.2π , the interaction has attractive regions. A
with a p wave pairing order parameter [101] will then compete with

the striped phase being favorable for certain interaction strengths. In the
following we take into account the pairing in the system and assume to be
in a regime where the striped density order is absent.
Thus, the Hamiltonian takes the form

Ĥ =

X
k

ξk ĉ†k ĉk +

∆−k † †
ĉ ĉ + h.c.,
2 k −k

(6.22)

ξk = −2t(cos
kx a + cos ky a) − µ + ṼD (0, 0) hn̂i and
P
∆k = 1/NL ij VD (rij )∆ij e−ik(ri −rj ) . Diagonalization of the Hamiltonian
p
ξk2 + ∆2k and the amplitudes
results in the quasi-particle energies Ek = ±
!
!
ξ
ξ
1
1
k
k
1+ p 2
1− p 2
,
vk2 =
.
u2k =
2
2
ξk + ∆2k
ξk + ∆2k

with

(6.23)
with

uk vk = −∆k /2Ek .

Self-consistency is obtained through the nite

temperature relations


!
Ek
1 X ξk
1−
tanh
,
NL k Ek
2kB T


1 X
E k0
0 ∆k0
∆k = −
ṼD (k − k )
tanh
.
NL k0
2Ek
2kB T

1
hn̂i =
2

(6.24)

(6.25)

6.3.4 Results
We plot in gure 6.3 the ground state as a function of the dipolar angles
(θP , φP ) in the limit of strong interactions g/t = 16 with g = D2 /a3 . Note,
that the results are obtained by solving the Bogoliubov-de Gennes equaP
−1
tions (6.6). The lling fraction is f = NL
i hn̂i i = 1/2. We consider
two possible ground states: One with the checker-board density order and
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π/4

y/a

φP

π/8

0

x/a
0

π/4

π/2

θP
| The phase-diagram for an untrapped system for strong coupling g/t = 16
and half-lling. The dashed line shows the boundary between the checker-board and
the striped phase.

Figure 6.3

one with the striped density order, discussed in Subsection 6.3.1 and Subsection 6.3.2. The
a

26 × 26

+

and

×

symbols indicate when mean-eld theory on

lattice predicts the checker-board and striped phase to have the

lowest energy, respectively.

In order to take into account the long-range

nature of the dipolar interaction we have calculated the Hartree term by
duplicating the
sites.
For small

26 × 26 lattice so that it constitutes a lattice of 9 · 26 × 9 · 26

θP

the checker-board phase is favored, whereas for larger

a phase with stripes along the
easily understood for

φP = 0,

x-direction

θP

has the lowest energy. This is

where the dipoles are aligned head-to-tail in

this phase which clearly minimizes the interaction energy. When

φP > 0,

x-axis,

but the

the alignment is not perfect by stripe formation along the

interaction energy is still minimized although it requires larger tilting angles
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1

0.1

0.8

0

0.6

−0.1

0.4

−10
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0

x/a

0.2

0
0.5

1

1.5

2

2.5

3

g/t
| The nearest neighbor pairing |hĉi+ex ĉi i| (×'s) and stripe order |hn̂i −n̂i+ey i|
(+'s) as a function of g/t with (θP , φP ) = (π/2, 0). The ◦'s show |hn̂i − n̂i+ey i| when
we take the gap to be zero. The O's show |hĉi+ex ĉi i| when the density is taken to be
homogeneous. The inset shows a cut of hĉi+ex ĉi i along the x-axis when g/t = 0.9.

Figure 6.4

θP

as expected. This is illustrated further by the dashed line separating the

checker-board phase from the striped phase, which is a result of comparing
the classical interaction energy in the two phases.

The good agreement

between the numerics and this calculation demonstrates that for strong
coupling

g/t  1

the kinetic energy can be neglected, and the problem

becomes classical.
When

√
θP ≥ arcsin(1/ 3) ≈ 0.2π ,

the interaction has attractive regions

as pointed out in Subsection 6.3.3, and we now examine the competition
between the resulting pairing instability and the instability toward density
order. In gure 6.4, we plot as
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×'s

the largest value of the nearest neigh-

Trapped case
|hĉi+ex ĉi i| as a function of the coupling strength g/t. We have
(θP , φP ) = (π/2, 0) and f = 1/3. The calculations are performed on
a 27 × 27 lattice. For weak coupling, the ground state is a superuid. The
cut along the x-axis of the pair wave function hĉj ĉi i with ri = (0, 0) plotted

bor pairing
chosen

in the inset, illustrates that it is odd under inversion as for the homogeneous case [101, 102]. For simplicity, we refer to this as

p-wave

symmetry

in the following, even though the pair wave function in general contains
higher odd components of angular momenta.
pairing vanishes as the striped phase emerges.

hn̂i − n̂i+ey i,
and hn̂i+ey i give

as

with

ey

For stronger coupling, the
The stripe order dened

a unit vector along the y direction so that

hn̂i i

the densities for a site in the stripe and next to the stripe

respectively, is plotted as

+'s

in gure 6.4. We also plot as

◦'s

the stripe

order parameter when pairing is not included in the calculation, and as

O's

the pairing order parameter when the stripe formation is not included.

This demonstrates that the stripe order is insensitive to pairing since the
critical coupling strength for the formation of stripes essentially does not
change when pairing is included. The pairing on the other hand does not
vanish with increasing coupling if the stripes are suppressed. We therefore
conclude that it is the pairing which is suppressed by the stripe formation
and not the other way around. We see that the critical coupling strength
where the striped phase dominates over the superuid state is

g/t > 1.15.

More complicated density order with larger unit cells can appear for
untrapped systems, as has recently been demonstrated for

θP = 0

[91].

Here, we focus on the experimentally most relevant orders with the smallest
unit cell, since the trapping potential will complicate the observation of
orders with a large unit cells.

6.4 Trapped case
We now examine the interplay between the harmonic trapping potential
and the competition between density and pairing instabilities.

6.4.1 Angle θP

=0

Consider rst the case when the dipolar orientation is perpendicular to the
lattice so that the interaction is purely repulsive.

Figure 6.5 shows the

71

Chapter 6. Trapped dipolar fermions in 2D square lattices at zero temperature
0.2

0.4

0.6
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1

y/a
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0
−10
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−10
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−10
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y/a

x/a

Figure 6.5 | Left: The density prole through the center of the trap. The blue solid
line is for g/t = 1 and 207 particles trapped and the green crosses are for g/t = 0.5 and
144 particles trapped. The red dotted line indicates the trapping potential in units of
2.5t with ω̃ = 0.24. Right: 2D plot of the density in the lattice plane for the g/t = 1
case.

density prole for trapped dipoles with

p
ω̃ = ωa m/t = 0.24

which is a

relatively weak trapping potential so that there are regions with phases
resembling those for the case with no trapping potential.

144 particles,
g/t = 1 and 207
and

For

g/t = 0.5

there is no density order whereas for stronger coupling
particles, the system exhibits a checker-board density

prole in the center of the trap. In this region,

f ' 1/2 which is optimal for

the checker-board phase [91]. The checker-board phase is surrounded by a
normal phase with a lower density. Experimentally, similar shell structures
have been observed for atoms with a short range interaction [103].

6.4.2 Angles (θP , φP ) = (π/2, 0)
Consider next the case when the dipoles are aligned in the plane along
the

x-axis (φP = 0).

There is then a competition between density and

pairing order. In gure 6.6, we plot the density and the nearest neighbor
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Angles (θP , φP ) = (π/2, 0)
0.1 0.2 0.3 0.4
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y/a

10
0
−10
−10

0

−10

10

x/a

0

10

x/a

| Left: The particle density for 205 dipoles with θP = π/2, g/t = 0.85, and
ω̃ = 0.11. Right: The nearest neighbor pairing (|hĉi+ex ĉi i| + |hĉi−ex ĉi i|)/2.

Figure 6.6

(|hĉi+ex ĉi i| + |hĉi−ex ĉi i|)/2 (symmetrized
g/t = 0.85, w̃ = 0.11 and 205 dipoles trapped

pairing

to reduce trap eects) for
in a

39 × 39

lattice.

For

this set of parameters, there is no density order since the density is low
and the interaction weak. This results in

p-wave

pairing throughout most

of the cloud. The cloud prole is slightly elongated in the

x-direction

due

to the anisotropy of the dipolar interaction in analogy with what has been
observed for dipolar condensates [89].
Figure 6.7 depicts the density and the nearest neighbor pairing for a
stronger coupling strength
on a

39 × 39

g/t = 1

with

w̃ = 0.11

and

180

dipoles trapped

lattice. There is a pronounced stripe order in the center of

the trap with an average lling fraction
away from the center into two islands

f ' 1/2 which squeezes the pairing
centered at x = 0. This intriguing

island structure is a consequence of the anisotropy of the interaction. Since
the interaction is attractive when the dipoles are aligned head-to-tail (xdirection) and repulsive when they are side-by-side (y -direction), the average interaction for a given radius is attractive in the regions close to the

y -axis

whereas it is repulsive in the regions close to the

x-axis.

Thus, pair-
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Figure 6.7 | Left: The density prole for 180 dipoles with θP = π/2, g/t = 1, and
ω̃ = 0.11. Right: The nearest neighbor pairing (|hĉi+ex ĉi i| + |hĉi−ex ĉi i|)/2.

ing can exist in the islands around

x = 0 away from the center where stripe
y = 0.

order dominates, whereas it is suppressed in the regions around

These islands of pairing should be compared with the ring structures predicted for a two-component trapped Fermi gas with a short range isotropic
repulsive interaction where anti-ferromagnetic order competes with

d-wave

pairing [74]. Remarkably, the stripe order is not completely suppressed in
the two islands of pairing. The pairing in fact oscillates

in-phase

with the

stripe order. This indicates that the trapping potential induces regions of
pairing co-existing with density order as in a supersolid.

A phase which

has been subject to intense investigations since its theoretical prediction
long ago [104109].
The lattices considered here have experimentally realistic sizes, and
with electric dipole moments up to several Debye for the experimentally
relevant KRb, RbCs, and LiCs molecules [27, 28, 110112], one can easily
reach the strong-coupling regime with
optical lattice.

g/t  1

using typical values for an

The density ordering can be observed directly by in-situ

imaging [113, 114] or by time-of-ight experiments which also can detect
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pairing correlations [74, 115].
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Chapter
7
Trapped dipolar fermions in
2D square lattices at
non-zero temperature

7.1 Introduction
In this chapter, we examine fermionic dipoles in a 2D square lattice including the presence of a harmonic trapping potential. The chapter is based on
[116]. Focus is on the eects of a non-zero temperature and the melting of
density ordered and superuid phases. We determine the critical temperature for the density ordered phases and nd that it is proportional to the
interaction strength in the strong coupling regime. For the superuid phase,
we calculate the superuid fraction and the Berezinskii-Kosterlitz-Thouless
(BKT) transition temperature, which is proportional to the hopping matrix
element in the strong coupling limit. We analyze the eects of an external
trapping potential showing that for experimentally realistic systems, the
ordered phases exist in the center of the trap with melting temperatures
close to that which can be obtained from a local density approximation.

7.2 Model
We now extend the analysis of the trapped dipolar fermions to nite temperature. As in the zero-temperature calculation we must solve the
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Bogoliubov-de Gennes equations [81]

X  Lij
j
where

∆∗ji

∆ij = VD (rij )hĉj ĉi i

∆ij
−Lij

 j
 i
uη
uη
= Eη
,
j
vη
vηi

(7.1)

and

Lij = −tδhiji + (

X
k

VD (rik )hnk i +

m 2 2
ω ri − µ)δij .
2

(7.2)

Self-consistency is now obtained iteratively through the self-consistent nite
temperature relations (6.11) and (6.12).

7.3 Stripe melting at half lling
We rst analyze the case of no trapping potential and half lling, f =
P
NL−1 i hn̂i i = 1/2. When the dipoles are perpendicular to the lattice, it
follows from the perfect nesting of the Fermi surface that a phase with
checkerboard density order persists down to
the limit of strong interaction

g/t  1

g/t → 0

for

T = 0

[91].

In

where the kinetic energy can be

neglected and the problem becomes classical, it was shown in the previous
chapter that the checkerboard phase is replaced by a striped phase when
the dipoles are tilted at a suciently large angle

θP .

We now examine

the melting of these density ordered phases at a non-zero temperature.
The melting is in the Ising universality class due to the discreteness of the
lattice, and we therefore expect mean-eld theory to yield a qualitatively
correct value for the transition temperature. In the following we set
For the case of stripes along the

kB = 1.

x-direction, we obtain the self-consistent

equation for the order parameter from equation (6.17) In the limit of strong
interaction,

g/t  1,

this yields

1
Tcst = − ṼD (0, π/a).
4

(7.3)

When the dipoles are aligned in the lattice plane with (θP , φP ) = (π/2, 0),
st
equation (7.3) gives Tc ≈ 1.27g . A similar analysis for the checkerboard
cb
phase yields Tc
= −ṼD (π/a, π/a)/4 in the strong coupling limit, which
cb
gives Tc ≈ 0.66g for θP = 0 [91].
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Figure 7.1 | The critical temperature of the striped phase for (θP , φP ) = (π/2, 0) (◦'s)
and of the checkerboard phase for θP = 0 (×'s) as a function of coupling strength for
half lling obtained from a numerical calculation on 30 × 30 lattice sites. The dashed
lines give the strong coupling results Tcst = −ṼD (0, π/a)/4 with (θP , φP ) = (π/2, 0) and
Tccb = −ṼD (π/a, π/a)/4 with θP = 0. The upper left inset shows the striped order
parameter M for g/t = 3.3 as a function of T for (θP , φP ) = (π/2, 0). The lower right
inset shows the checkerboard order parameter M for g/t = 1 as a function of T for
θP = 0.

Figure 7.1 shows the critical temperature as a function of the interaction

θP = 0 and for the striped phase
×'s are numerical results for the

strength for the checkerboard phase with
with

(θP , φP ) = (π/2, 0).

The

◦'s

and

stripe and checkerboard phases respectively, obtained from solving the BdG

equations (7.1), and the lines the analytical results for the strong coupling
limit discussed above. Finite size eects of the system are eliminated by
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neglecting the high temperature tail of the order parameter. For example,
for the lower right inset in gure 7.1 the elimination of the high temperature
cb
tail gives the critical temperature Tc /t = 0.4. We see that the numerical
results agree well with the strong coupling results for g/t  1 whereas the

critical temperature becomes exponentially suppressed in the weak coupling
limit.

Note that the critical temperature of the striped phase is almost

twice that of the checkerboard phase, which makes it easier to observe
experimentally. The upper left inset shows how the striped order parameter

M

decreases with

T

for

(θP , φP ) = (π/2, 0)

and

g/t = 3.3, and the lower
M as a function of T

right inset shows the checkerboard order parameter
for

θP = 0

g/t = 1.

and

Figure 7.2 shows the critical temperature of the striped and the check-

(θP , φP ) in the strong coupling regime. It is
max[−Ṽ (0, π/a)/4, −Ṽ (π/a, π/a)/4]. For most orientations

erboard phase as a function of
obtained from

of the dipoles, the critical temperature of the striped phase exceeds that
of the checkerboard phase.

We note that the upper right corner in the

phase-diagram shows a negative critical temperature which indicates that
none of the two phases we explore are stable in this region.

7.4 Stripe and superuid melting at one third
lling
For smaller lling fractions, the system can be in a superuid state with

p-wave

symmetry for large enough

θP

[81, 94]. This leads to a competition

between density and superuid order in analogy with dipoles moving in a
2D plane without a lattice [101, 117121]. As an example, we now consider
the melting of the superuid and the striped phase for the lling fraction

f = 1/3

and

(θP , φP ) = (π/2, 0).

As we saw in Chapter 6, mean-eld

theory predicts the system to be superuid for
stripe order for

g/t > 1.15

at

T = 0.

g/t ≤ 1.15

and to exhibit

For the 2D system considered here, the melting of the superuid phase
is of the BKT type as discussed in Chapter 3 with a transition temperature
as determined by the phase stiness of the order parameter [3234, 44].
XY
The phase stiness Jx
associated with a phase twist of the superuid
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Figure 7.2 | The critical temperature in units og g of the striped and checkerboard
phases as a function of the dipole orientation (θP , φP ) for half lling. A dashed line
marks the boundary between the stripe and checkerboard phases, and the region with
no density order is bounded by another dashed line.

order parameter in the

x-direction

is determined from the energy cost

FΘ − F0 '

JxXY X 2
δΘ .
2
i

(7.4)

FΘ is the free energy when the phase of the order parameter varies
δΘ between neighboring sites in the x-direction and F0 is the free en-

Here,
by

ergy when there is no phase twist [56]. In analogy with the derivation of
the superuid density in Section 4.6, we dene the superuid fraction
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associated with this phase twist

FΘ − F0 =
Similar expressions hold for
fraction

ρs,y

for the

N
N
ρs,x m∗ vs 2 = tρs,x δΘ2 .
2
4
XY
and
the phase stiness Jy

y -direction.

(7.5)
the superuid

Note that the superuid fraction is dimen-

sionless.
As in equation (4.40) we perform the gauge transformation correspond-

x-direction

ing to a phase twist along the

ĤΘ = e−iδθ

P

l

x̂l /a

Ĥeiδθ

P

l

x̂l /a

.

(7.6)

∆ij → ∆ij exp[i(xi + xj )δθ/a] and only
†
±iδθ †
ĉi ĉi±ex . Expanding
eects the tunneling amplitudes so that tĉi ĉi±ex → te
the Hamiltonian to second order in δθ , we get ĤΘ = Ĥ + Jˆ + T̂ with

X †
ĉi ĉi+ex − ĉ†i ĉi−ex ,
Jˆ = −iδθt

The gauge transformation gives

i


X †
t
ĉi ĉi+ex + ĉ†i ĉi−ex .
T̂ = δθ2
2
i
which diers from the expression for

Jˆ and T̂

(7.7)

in Section 4.6, since we are

now dealing with a single spin-component. Again, we can take

ΩΘ − Ω0

FΘ − F0 =

since the unitary transformation conserves particle number. As

seen in equation (4.44) we get

ΩΘ − Ω0 = hT̂ i0 −

β ˆ2
hJ i0 ,
2

(7.8)

where we have exploited that there is no current in the untwisted case, i.e.

ˆ = 0
hJi
0

as in the two-component case in Section 4.6.

The Bogoliubov

transformations can now be inserted to give

X
t
i+ex
i−ex
hT̂ i = δθ2
(ui∗
+ ui∗
)fη
η uη
η uη
2
η,i

(7.9)

and

J

2

2

= −t δθ

2

1
XX X
ij

× fη (1 − fα ) −


j∗ j+kex i+lex
kl ui∗
uα
η uα uη

ηα k,l=−1
j i+kex j+lex ∗
ui∗
vα
fη (1
η vη uα


− fα ) .

(7.10)
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The sums in equations (7.9) and (7.10) are taken over positive as well
as negative energies, and we have made use of the duality (uη , vη , Eη ) ↔
(vη∗ , u∗η , −Eη ) of the Bogoliubov-de Gennes equations.
When there is no trap, the Bogoliubov-de Gennes equations are straightforward to solve and equations (7.5), (7.9), and (7.10) yield

ρs,x



1 X
2t
2
=
nk cos kx a − fk (1 − fk ) sin kx a .
N k
T

(7.11)

Ek are the BCS quasi-particle energies for the p-wave paired state, and
nk = u2k fk + vk2 (1 − fk ). This has the same form as for the two-component
Here

fermionic gas explored in Section 4.6 except for the factor of two, since
we are now dealing with a single spin-component. In the continuum limit
a → 0 keeping the density N/NL a2 constant, this reduces to the usual
expression

∗

−1

ρs,x = 1 + (3m n) (2π)

−3

Z

d3 k∂E fk k 2

(7.12)

for a single component superuid [122].
From the phase stiness, we can extract the transition temperature as

TBKT = π J¯XY /2 [3234, 44] where we have taken the average J¯XY = (JxXY +
JyXY )/2 to account for the anisotropy of the p-wave pairing. Equations (7.4)
XY
and (7.5) give J¯
= N ρ̄s t/2NL with ρ̄s = (ρs,x + ρs,y )/2, and we nally
obtain

TBKT =

π n̄s
π N
ρ̄s t =
,
4 NL
8 m∗

with the superuid density dened as

(7.13)

n̄s = N ρ̄s /NL a2

which is now a

density and not dimensionless as in (4.39).
In gure 7.3, we plot

TBKT

as a function of the coupling strength ob-

tained from equation (7.13).

For comparison, we plot the mean-eld su∗
peruid transition temperature T . We also plot the critical temperature
st
Tc for the stripe phase which is the ground state for g/t > 1.15. For weak
∗
coupling, the TBKT approaches T as expected [123], whereas it is signicantly lower for stronger coupling.

For strong coupling, it follows from

equation (7.13) that the critical temperature will saturate at
Indeed, the numerical results yield
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for

g/t  1

TBKT ∼ t.
as can be
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2

Tc /t

1.5

1

0.5

0

1

1.5
g/t

2

| The critical temperature for the superuid phase (∗'s) and the striped
phase (◦'s) for (θP , φP ) = (π/2, 0) as a function of coupling strength for one third lling
obtained from a numerical calculation on a 27 × 27 lattice site. The ×'s give the meaneld superuid transition temperature T ∗ . For illustrative purposes, we plot the critical
temperature of the superuid phase even for g/t > 1.15, where stripe order suppresses
superuidity.
Figure 7.3

seen from gure 7.3. Note however that stripe order sets in for

g/t > 1.15

which suppresses the superuid order. Like the case for half lling, we have
Tcst ∼ g for the critical temperature for the striped phase, which is a higher
temperature than the superuid transition temperature. It is interesting
st
that both critical temperatures, TBKT ∼ t and Tc ∼ g , can be much higher
than that of the anti-ferromagnetic phase for atoms in a 3D lattice, which
2
scales as TN ∼ t /U in the strong coupling limit with U  t the on-site
interaction [124126].

In gure 7.4, we plot the superuid fraction and the nearest neighbor
order parameter as a function of

T

for various coupling strengths. As usual
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Figure 7.4 | The superuid fraction ρ̄s and the nearest neighbor pairing |hĉi+ex ĉi i| as
a function of T for various coupling strengths. |hĉi+ex ĉi i|: Pink ×'s for g/t = 0.7, pink
?'s for g/t = 0.8, and pink 4's for g/t = 1.5. ρ̄s : Blue O's for g/t = 0.7, blue ◦'s for
g/t = 0.8, and blue 's for g/t = 1.5. The numerical calculations are performed on a
27 × 27 lattice with one third lling. Inset: The nearest neighbor pairing |hĉi+ex ĉi i|
(green ◦'s) and the superuid fractions ρs,x (pink ×'s) and ρs,y (red ?'s) as a function
of g for T = 0.

for a 2D system, the superuid fraction is discontinuous at the critical
temperature.

Contrary to a translationally invariant system, the super-

uid fraction is less than 1, even for

T =0

[127]. In the inset, we plot the

superuid fraction and the nearest neighbor pairing as a function of coupling strength for
anisotropy of the

T = 0. We see that ρs,x 6= ρs,y , which follows from the
p-wave paring. Note that the superuid fraction behaves

very dierently from the pairing as a function of the coupling strength [60].
We expect correlation eects to decrease the transition temperatures of
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the ordered phases from what is predicted in the present work. Even so,
we believe that our results are qualitatively correct due to the long range
cb
st
nature of the interaction. This includes the scaling of TBKT , Tc , and Tc
for strong coupling. Our results therefore present a useful rst analysis of
the ordered phases of fermionic dipoles in a lattice at non-zero temperature.

7.5 Trapped system
The harmonic trapping potential is always present in atomic gas experiments. For

T = 0,

this leads to the co-existence of superuid and density

ordered phases forming ring and island structures as seen in Chapter 6. We
now investigate these eects at a non-zero temperature.
Figure 7.5 (top) shows the density and the checkerboard order parameter as a function of temperature for the dipoles aligned perpendicu-

(θP , φP ) = (0, 0). We have chosen ω̃ =
p
ωa m/t = 0.24, g/t = 1, and µ/t = 4.23 for the numerical calculations,
giving N = 207 − 210 dipoles trapped and an average lling fraction close
to 1/2 in the center of trap. For these parameters, there is a large region
in the center of the trap with checkerboard density order for T = 0. With
larly to the lattice plane with

increasing temperature, the radius of the checkerboard phase in the center

T /t ' 0.4.

In gure 7.5 (bottom), we

untrapped system at half-lling performed on a

30×30 lattice with the same

shrinks and it melts completely for

compare the central value of the density order parameter with that of an
interaction strength. We see that the critical temperature of the trapped
system is close to that of an untrapped system. This shows that the system
essentially behaves according to the local density approximation.
In gure 7.6 (top), we plot the density and the stripe order parameter

x-axis with (θP , φP ) =
(π/2, 0). The coupling strength is g/t = 1, w̃ = 0.11, and µ/t = −2 giving
179 − 190 dipoles trapped with the average lling f = 0.5 in the center of

for the case where the dipoles are aligned along the

trap.

For this set of parameters, the center of the trap is in the striped

phase for

T = 0.

The stripe order disappears with increasing temperature.

Interestingly, the melting is anisotropic in the sense that the stripe order
disappears rst in the

T /t ' 0.3.

y -direction.

The stripe order is completely gone for

Again, we see from gure 7.6 (bottom) that the density order

in the center of the trap agrees well with that of an untrapped system with
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Figure 7.5 | Top: The density for T /t = 0 (left), T /t = 0.3 (middle), and T /t = 0.4
(right) for g/t = 1, ω̃ = 0.24, θP = 0, and 207 − 210 dipoles trapped. Bottom: ×'s are
the checkerboard order parameter |hn̂i − n̂i+ey i| in the center of the trap as a function
of T and ◦'s are the checkerboard order parameter performed on the untrapped system
at half-lling with the same parameters.

the same parameters.
Finally, we plot in gure 7.7 the pairing order parameter as a function
of temperature for

µ/t = −1.72

with

(θP , φP ) = (π/2, 0), g/t = 0.85, ω̃ =

0.11, and 205 − 207 dipoles trapped. Since the coupling is weak, the system
is superuid for T = 0 and there is no stripe order. As expected, the pairing
decreases with increasing T and it disappears for T /t ' 0.11. The critical
temperature is calculated using mean-eld theory. We expect corrections
to mean-eld theory to be small since the critical temperature is so small.
The pairing increases slightly with increasing

T

at low temperature. This is

because we for simplicity keep the chemical potential xed in the numerical
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a function of T and ◦'s are the stripe order parameter of an untrapped system at half
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Figure 7.6

calculations leading to an increased density with increasing

T.

A number

conserving calculation would yield a monotonically decreasing pairing with
increasing

T.

These results illustrate that even in the presence of a trap, one can
observe the superuid and density ordered phases predicted for the innite
lattice systems, provided the system is large enough.

In particular, the

transition temperature is determined by the parameters in the center of
the trap, and the results for a system with no trap can be used.
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Figure 7.7 | The pairing order parameter (|hĉi+ex ĉi i| + |hĉi−ex ĉi i|)/2 in the center for
µ = −1.72 with θP = π/2, g/t = 0.85, and ω̃ = 0.11 as a function of T . There are
205 − 207 dipoles trapped. The inset shows a diagonal cross section of the pairing order
parameter. Green ◦'s are T /t = 0.05, red ×'s are T /t = 0.08, pink ?'s are T /t = 0.09,
and blue solid line is for T /t = 0.11.
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Chapter
8
Conclusion and outlook

This thesis examined a fermionic gas in a 2D optical lattice with harmonic
connement from a mean-eld perspective.

We started by deriving the

mean-eld Hubbard Hamiltonian for a two-component system with on-site
interactions. This was diagonalized by a Bogoliubov transformation leading to the Bogoliubov-de Gennes equations. By performing a self-consistent
calculation of the attractive case we found the on-site pairing order parameter and particle density for a balanced and imbalanced system, respectively.

We then extended the model to account for a rotating potential

introducing the rotation into the Hubbard Hamiltonian using Peierls substitution.

Here, we found that the gap parameter had a central vortex.

Finally, we derived an analytical expression of the superuid density by
imposing twisted boundary conditions on the phase of the gap parameter.
The superuid density was then calculated for a Fermi gas in an optical
lattice and compared to an expression obtained in momentum space for different temperatures (also done in [60]). To calculate the superuid density
of a Fermi gas in a 2D optical lattice with harmonic connement we used
the local density approximation.
The analysis of trapped fermions in 2D square lattices was then extended to strongly repulsive interactions. The physics of this system was
studied using the t-J model which is appropriate in the strongly repulsive
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regime. This system was rst studied at zero temperature where we found
the phase-diagram of the homogeneous system.

We then introduced the

trapping potential leading to a co-existence of phases in one system with a
central

d-wave

pairing order parameter and normal edges. For illustrative

purposes we also considered the nite temperature regime, where we do
not believe the method to be sucient to describe the system accurately.
In the last part of the thesis we studied dipolar fermions, hereby introducing the possibility of anisotropic interactions. We considered the competition of phases as a function of polarization angle and interaction strength.
By introducing a trapping potential we found the co existence of a striped
ordered density and a

p-wave

pairing order parameter in the same system.

They even had a small overlapping region which could be interpreted as a
supersolid region. The nal section of the dipolar chapter was dedicated
to nite temperature calculations using the Berezinskii-Kosterlitz-Thouless
theory. We gave a short introduction to the theory and then proceeded to
calculate the critical temperature of the superuid phase.
A natural continuation of the work presented in this thesis would be to
study dipolar fermions with an eective attractive dipolar interaction as
has been done in [128] for an untrapped system. It would be interesting
to see if the observed topological

px + ipy

superuid phase is stable in the

trapped system.
So far we have studied a single layer of dipolar fermions with tunable
dipole orientation. Adding more layers to the system will introduce even
more symmetries and it would be fascinating to consider these possible
symmetries as well as a possible interlayer pairing.
Also, the physics of fermions in lattices of dierent symmetries could
be explored. The group of Tilman Esslinger at ETH are working on bandstructure engineering forming Dirac bands and manipulating these. I will
in the fall 2012 work as a postdoc at ETH where theoretical studies of these
systems will play a central role.
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Appendix
A
Gutzwiller renormalization

Here, we briey discuss how the Gutzwiller renormalization factors needed
in Chapter 5, Subsection 5.3.2, are derived, using simple counting arguments as in [129] neglecting correlations in the wave-functions. We incorporate the projection into the Hamiltonian using the Gutzwiller renormalization factors. These are found by linking the expectation values in the
projected state

|Ψi

with the projection

to the expectation values in the unprojected state

hΨ0 |Ô|Ψ0 i
hΨ0 |PG ÔPG |Ψ0 i
≈ gO
,
2
hΨ0 |PG |Ψ0 i
hΨ0 |Ψ0 i
Q
operator PG =
i (1 − n̂i↓ n̂i↑ ). We
gO ≈

hÔiΨ

hÔiΨ0

|Ψ0 i

(A.1)

proceed and obtain

.

(A.2)

We rst consider the hopping term, which in the projected state can be
rewritten as

hĉ†i↑ ĉj↑ iΨ = h(1 − n̂i↓ )ĉ†i↑ (1 − n̂j↓ )ĉj↑ iΨ .

(A.3)
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Appendix A. Gutzwiller renormalization
We only get a contribution from the ket state when there is a single spin-up
particle on the

j 'th

lattice site and no particle on the

i'th

lattice site. For

the bra we only get a contribution when there is a single spin-up particle on
the i'th lattice site and no particle at the

The ratio of the

expectation value of the operator

in the projected

and the unprojected state is then

g̃t =

j 'th lattice site.
(1 − n̂i↓ )ĉ†i↑ (1 − n̂j↓ )ĉj↑

(ni↑ (1 − nj ))1/2 (nj↑ (1 − ni ))1/2
.
(n0i↑ (1 − n0i↓ )(1 − n0j↓ )(1 − n0j↑ ))1/2 (n0j↑ (1 − n0j↓ )(1 − n0i↓ )(1 − n0i↑ ))1/2

(A.4)

However, since we are interested in the weight factor associated with the
†
hopping term ĉi↑ ĉj↑ we proceed and obtain

hĉ†i↑ ĉj↑ iΨ = h(1 − n̂i↓ )ĉ†i↑ (1 − n̂j↓ )ĉj↑ iΨ

≈ g̃t (1 − n0i↓ )(1 − n0j↓ ) hĉ†i↑ ĉj↑ iΨ .

(A.5)

0

Finally, the renormalization factor takes the form

1/2 1/2

gtij
when taking

δi = 1 − n i

2δj δi
,
=
(1 + δj )1/2 (1 + δi )1/2

(A.6)

ni↑ = ni↓ = ni /2 and for simplicity assuming n0i = ni

and with

dened in Chapter 5. A similar factor for the spin-spin term

can be calculated. A simple way to do this is by rewriting the spin-spin
term in terms of its components

Si · Sj = Ŝiz Ŝjz +
Firstly, we consider the


1 + −
Ŝi Ŝj + Ŝi− Ŝj+ .
2

+/−-component.

(A.7)

By arguments similar to the

arguments in the calculation of the renormalization factor on the hopping
term we nd the renormalization factors associated with the
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+/−-terms

gs±

=q
=
=

√


n0i↑ 1 − n0i↓ n0j↓
1

(1 −

n0i /2)(1

ni↓ nj↑ ni↑ nj↓



1 − n0j↑ n0i↓ 1 − n0i↑ n0j↑ 1 − n0j↓

− n0j /2)

4
.
(1 + δi )(1 + δj )

(A.8)

Secondly, we nd the factor corresponding to the

gsz =

hŜiz Ŝjz iΨ

hŜiz Ŝjz iΨ

z -term

.

(A.9)

0

We make use of the fact that
to obtain

Ŝiz = (n̂i↑ − n̂i↓ )/2 and rewrite the expression

4 hŜiz Ŝjz i = hn̂i↑ (1 − n̂i↓ )n̂j↑ (1 − n̂j↓ )i + hn̂i↓ (1 − n̂i↑ )n̂j↓ (1 − n̂j↑ )i

− hn̂i↑ (1 − n̂i↓ )n̂j↓ (1 − n̂j↑ )i − hn̂i↓ (1 − n̂i↑ )n̂j↑ (1 − n̂j↓ )i .

(A.10)

For illustrative purposes we nd the Gutzwiller renormalization factor for
the rst term

ni↑ nj↑
− n0i↓ )n0j↑ (1 − n0j↓ )
1
4
≈
=
.
(1 − ni /2)(1 − nj /2)
(1 + δi )(1 + δj )

gsz =

n0i↑ (1

(A.11)

The factors associated with the four terms in (A.10) are identical. The common Gutzwiller factor for the spin-spin term therefore takes the following
form

gsij =

n0i (1

−

ni nj
0
ni /2)n0j (1

−

n0j /2)

=

4
.
(1 + δi )(1 + δj )

(A.12)
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