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Preface

This progress report displays part of the work done during part A of my
Ph.D. studies at the Department of Physics and Astronomy, Aarhus Uni-
versity.

The project so far falls into two parts. The first part, corresponding
to the first year of my PhD study, is about solving the Time Dependent
Schrödinger Equation (TDSE) using the split-step method. The second
part, corresponding to the second year, is about the effects of nuclear
motion on tunneling ionization in a static picture. The main focus of this
progress report will be on the second part.

Notation

Atomic units me = ~= e = 1 are used throughout.
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1 Introduction

Atoms and molecules and their interaction with light is one of the classic
disciplines in physics, in which the focus traditionally has been on pertur-
bation theory and time independent states [1]. Recent developments in
laser technology has resulted in new ultrafast light sources, able to produce
pulses with a duration of a few femto- or even hundreds of attoseconds
[2]. These pulses are able to probe dynamics on the natural timescale of
electron dynamics. The shortness of these pulses means that in addition
to being very fast, these new light sources are also very intense, with field
strengths comparable to the strength of the Coulomb interaction in atoms
and molecules. These new experiments call for new non-perturbative
theoretical methods and new time-domain methods.

When an atom or a molecule is exposed to a strong laser pulse, some
of the electrons might escape and fly away. This process of electronic
ionization is an important process in this new field known as attosecond
physics; since the ionized electrons are observable, thus making compari-
son between experiment and theory possible. Furthermore, the challenge
on the theory side with describing realistic atomic and molecular systems
is a formidable one; even the simplest systems, such as He or H2, are not
understood in complete detail.

For small systems fairly simple techniques, such as the split-step
method [3], can be used to figure out how processes occur as time pro-
gresses. However, as the size of the systems under consideration increases,
these simple methods become too computationally heavy for realistic use,
and more complicated methods typically based on quantum chemistry
methods such as e.g. the Multi-Configuration Time-Dependent Hartree-
Fock (MCTDHF)[4] method must be used. Today the development of such
methods is a very active field of research[5, 6, 7, 8].

If the electric field is not oscillating too quickly, the ionization process
can be described in the quasi-static tunneling picture. More specifically,
when the time it takes for an electron to tunnel from a molecule is short
compared to the period of the laser field the dynamical process of ioniza-
tion can be described in this tunneling picture. This picture is relevant for
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Chapter 1 · Introduction 2

describing processes in e.g. intense infrared laser fields [9].
In the limit of weak fields exact rates for tunneling ionization in a

static uniform electric field can be obtained using the so called Weak Field
Asymptotic Theory (WFAT) developed in [10, 11]. WFAT gives the tunnel-
ing ionization rate by an asymptotic expansion in the limit of weak fields.
It has been applied to e.g. the tunneling ionization of linear molecules
[12] and H2O [13] within the single active electron and frozen nuclei ap-
proximations. WFAT was recently generalized to also treat many-electron
systems [14], but still in the frozen nuclei approximation.

When treating molecules the Born-Oppenheimer (BO) approximation
is almost always used. It separates the electronic and nuclear degrees of
freedom, and is the starting point for e.g. all methods used in quantum
chemistry. In a recent paper Lars Bojer Madsen and Oleg I. Tolstikhin
[15] showed that the BO approximation breaks down when describing
static tunneling ionization in the weak field limit. This is explained as an
effect of electron retardation. This paper also showed a way to generalize
WFAT to the case of moving, non-frozen nuclei. This so called restructured
WFAT gave the correct ionization rate in the weak field limit, and thus
supplements the BO approximation, that fails in this limit.

The main focus of my project is to extend the results of [15]. In this
paper a model potential with no coulomb tail was used, but since the
potential of real molecules have a coulomb tail, an extension of the model
to this case is desirable. [15] only treated a model homo-nuclear molecule
with no dipole. Extending the model to hetero-nuclear molecules with a
non-zero dipole is also desirable, as it allows for the description of more
molecular systems.

Chapter 2 contains a description and shows some applications of the
split-step method. It is rather simply implemented in Cartesian coor-
dinates, but this also means that it is quite flexible and can easily treat
for instance elliptically polarized light. This method has been around
a while, and no new material is presented in this chapter. Chapter 3 is
about nuclear effects on tunneling ionization. The material is an exten-
sion of previous theory, developed under the close supervision of Oleg I.
Tolstikhin.



2 Split-step

In this chapter the theory of the split-step method will be introduced and
some results of its application shown.

2.1 Theory

We wish to solve the Time Dependent Schrödinger Equation

i
d

d t
|Ψ(t )〉 = H(t ) |Ψ(t )〉 . (2.1)

Formally this can be solved using the time evolution operator U ,

|Ψ(t )〉 =U (t , t0) |Ψ(t0)〉 . (2.2)

Using the time evolution operator we can propagate some initial state
|Ψ(t0)〉 at time t0 to some final state |Ψ(t )〉 at time t . The problem is that
the form of the time evolution is not known in the general case, so we need
to make some approximations.

For a time independent Hamiltonian H it is straightforward to show
that the time evolution operator has the form of an exponential

U (t , t0) = exp[−i H · (t − t0)] . (2.3)

The Hamiltonians we wish to consider are however not time independent,
but if we assume that that Hamiltonian only varies a little over a time
interval of size ∆t we can to good approximation write the time evolution
operator as a product of exponentials

U (t , t0) ≈ e−i H(t0+(N−1)∆t )·∆t . . .e−i H(t0+∆t )·∆t e−i H(t0)·∆t , (2.4)

where N∆t = t − t0. The more subdivisions we make, the better is the
above approximation. Propagation from time t0 to time t of the state |Ψ〉
can be achieved applying the factors of the above expansion in succession
to the initial state |Ψ(t0)〉.

3



2.1 Theory 4

We assume the Hamiltonian can be separated into one part only deal-
ing with momentum, and one dealing only with position

H(p, x) = T (p)+V (x). (2.5)

The exponentials in (2.4) mix these parts, complicating the application
of this operator. We can do a trick considering one of the factors of the
approximation (2.4)

e−i H∆t = e−i 1
2 V∆t e−i T∆t e−i 1

2 V∆t +O(∆t 3). (2.6)

This can showed by expanding all exponentials according to ex =∑∞
k=0 xk

and comparing terms. In this way we can approximately express the time
evolution operator as a product of factors that only depend on either
position or momentum.

The final component that we need in order to do time-propagation
is the Fourier transform. The wave function is the representation of the
state in a position basisΨ(x) = 〈x |Ψ〉. Similarly we have a corresponding
momentum wave function Ψ(p) = 〈

p
∣∣Ψ〉

. One can change from one
representation to the other using Fourier transforms

Ψ(p) = 1p
2π

∫ ∞

−∞
d x Ψ(x)e−i px , (2.7)

Ψ(x) = 1p
2π

∫ ∞

−∞
d p Ψ(p)e i px . (2.8)

2.1.1 Propagation algorithm

Propagation of the state |Ψ(t0)〉 to some later time |Ψ(t )〉 can thus be done
in the following way.

First we make N subdivisions, each of length ∆t , of the time interval
[t0, t ] such that N∆t = t − t0. Starting with the state in position representa-

tionΨ(x) the factor e−i 1
2 V∆t of the time evolution operator is multiplied

onto the wave function. This is easily done since the operator is diago-
nal in the position representation. Then the state is transformed to the
momentum representationΨ(p) using a Fourier transform. We can then
apply the e−i T∆t part of the time evolution operator to the Ψ(p) wave
function, which again is easy, since the operator is diagonal in the mo-
mentum representation. We then Fourier transform back to the position

representationΨ(x) and apply the final factor of e−i 1
2 V∆t . This procedure

is then repeated N times with the final result being the wave functionΨ(x)
at time t .
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2.1.2 Imaginary time propagation

The method described in this chapter allows us to propagate a state |Ψ(t0)〉
from time t0 to some later time t . However, in order to propagate we need
to know the initial state at time t0. One choice of initial state to consider
would be the stationary ground state of the system in a static picture. If
the Hamiltonian is time-independent we can find stationary states as
solutions to the time-independent Schödinger equation

H |Ψn〉 = En |Ψn〉 . (2.9)

The time evolution of the system is then given by

|Ψ(t )〉 =∑
n

ane−i En t |Ψn〉 . (2.10)

Let us consider this evaluated in negative imaginary time

|Ψ(−i t )〉 =∑
n

ane−En t |Ψn〉 . (2.11)

As the time t goes by the term with the smallest energy gets bigger than
the rest1. If enough time go by the smallest energy term will completely
dominate the sum. Thus, by propagating in negative imaginary time we
can obtain the stationary ground state, and the propagation can easily
be done with the split-step method. To avoid the wave function attain-
ing numerically unmanageable large values the wave function should be
repeatedly renormalized during the imaginary time propagation.

2.1.3 Discretization and box

The wave functions described so far treats the position x and momen-
tum p as continuous variables. However, we can not represent the wave
function in infinitely many points in a computer. Instead we choose to
discretize the x and p axes, using equidistant grids. These grids can not be
extended indefinitely, so we terminate it at some point. This corresponds
to choosing zero boundary conditions outside this ’box’. One effect of this
discretization in a box is that integrals transforms into finite sums∫ ∞

−∞
d x f (x) →

N∑
i=1
∆x f (xi ). (2.12)

The discretization of space is an approximation, but it gets better as the
grid spacings ∆x and ∆p get smaller.

1For bound states En < 0 and the exponential is growing
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2.1.4 3 dimensions

In the preceding sections everything was expressed in terms of a 1 dimen-
sional position coordinate x. The generalization of these results to three
Cartesian coordinates x, y, z or x1, x2, x3 is straightforward and will not be
covered.

2.1.5 Observables

Running a split-step propagation and seeing how the wave function evolves
in time is interesting. But theoretical physics is about making predictions
that can be tested by experiments, and the wave function can not be di-
rectly observed. So we need a way to extract some observable. In this work
we will focus on electronic ionization, that is describing how the electrons
leave the atom when exposed to an intense laser field. The typical quan-
tity of interest in ionization is the momentum distribution of the ionized
electrons. From this all other relevant observables, such as the spectrum,
can be found.

2.1.6 Plane wave projection

The idea behind the plane wave projection method is that the ionizing
electron becomes a collection of plane waves when it gets far away from
the system from which it is ionizing. The momentum distribution can
thus be obtained be doing a Fourier transform of the wave function after
the pulse is done, and the outgoing wave packet has propagated some
time. One limitation is that the wave packet must not reach the edge of
the box, which due to computational limitations on the size of the box
forces us to do the plane wave projection early, before the wave packet has
reached the ’true’ plane wave form. Also the parts of the wave function
still bound after the ionization will never contribute to the ionization, so
we need some way to remove these. The way we chose to do this was to
put the wave function to zero within some radius around the origin after
propagation. This will work assuming the bound states do not stretch too
far out, and the unbound parts have had sufficient time to get away.

2.2 Calculations

2.2.1 Systems

So far everything has been put in quite general terms, without specifying
the Hamiltonian. There is a reason for this. The code I have implemented
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is quite flexible and can deal with a lot of different systems. Let us assume
that we can write the Hamiltonian as

H(t ) = H0 +Hint(t ), (2.13)

where H0 is the Hamiltonian of the system with no external field and
Hint(t ) describes the interaction with the field. The field-free Hamiltonian
H0 consists of two parts

H0 = T +V (2.14)

where the kinetic energy T = 1
2 p2 and the potential V depends on the

system. The code is rather flexible w.r.t. which potential we use. Any
system with three coordinates can in principle be modelled. We can for
instance model 1D Lithium or 3D Hydrogen. Another possibility is the 3D
molecular hydrogen ion H+

2

V (x) =− 1√
(x−R/2)2 +a2

− 1√
(x+R/2)2 +a2

, (2.15)

where R is a vector pointing from one nuclei to the other. We use a soft
coulomb potential, since we can not handle the coulomb singularity in
our discrete space representation.

The interaction with the field can be expressed in either length or
velocity gauge. In velocity gauge the interaction Hamiltonian has form
Hint(t ) = A(t )·p. Calculations have been done with an elliptically polarized
pulse

A(t ) = A0 sin2αt

cos
(
ωt + π

2

(
1− ω

α

)+ϕ)
cos ε2

sin
(
ωt + π

2

(
1− ω

α

)+ϕ)
sin ε

2
0

 , (2.16)

where α= ω
2N and N is the number of cycles in the pulse.

2.2.2 Results

See http://users-phys.au.dk/jenssss/Del_A/ for videos of the wave
function.

Figure 2.1 shows the momentum distribution of the ionized electrons.
The momentum distribution is a three dimensional quantity, thus the plot
only shows a slice of this momentum distribution. A qualitative difference
between the momentum distributions in the β= 0◦ case, corresponding
to the molecular axis being perpendicular to the polarization plane of the
pulse, and the β= 90◦ case is evident.

http://users-phys.au.dk/jenssss/Del_A/
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Figure 2.1: One plane of the momentum distribution of the ionized elec-
trons for different orientations of the molecule. The field is circularly
polarized in the x y plane. The gray trace shows the vector potential.
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Figure 2.2: Momentum distribution of the ionized electrons for different
inter-nuclear distances R. The field is circularly polarized in the x y plane.
A0 = 1.872, ω= 0.056, β= 0◦. The gray trace shows the vector potential.

Figure 2.2 shows the momentum distribution for different values of
the inter-nuclear distance R . It is seen that as the inter-nuclear distance is
increased from R = 4.0 to R = 6.0, the peak of the momentum distribution
shifts from pointing left to pointing right.

One problem with this method is the scaling of calculations. If we
for instance use 1024 points in each of the 3 dimensions, storing the
wave function in double precision would take up about 16 gigabytes of
memory and a time propagation calculation take about a week. This
resolution is however not sufficient for describing electronic ionization in
a near-infrared laser field, which is the regime in which we have theoretical
explanations for the effects observed in figures 2.1 and 2.2. Pushing the
resolution any higher is computationally unfeasible.



3 Effects of nuclear motion on
tunneling ionization

In chapter 2 we considered solutions of the time-dependent Schrödinger
equation as ’wave packets’. Here we consider the time-independent Schrö-
dinger equation and its stationary solutions. The work presented in this
chapter is a continuation of the work presented in ref. [15] by Lars Bojer
Madsen and Oleg I. Tolstikhin. My contributions have been to extend ref.
[15] to systems with a coulomb tail and a dipole.

The process we describe is tunneling ionization. The main observable
for describing this is the ionization rate Γ, expressing how quickly the
electron leaves the molecule. In ref. [15] two different approximations
where used for finding the rate, the BO approximation accurate at large
field strengths and WFAT accurate at weak fields. We consider a simple
1D model system, designed to emulate H2, for which we can find the rate
exactly. This exact rate can then be compared with the rates obtained in
the WFAT and BO approximations, such that the performance of these
approximations can be evaluated.

3.1 Theory

Consider a 1D model of a three-body system. The masses of the three
particles are denoted m1,m2 and m3. Particles 1 and 2 are heavy nuclei,
while particle 3 is an electron. Atomic units are used, so m3 = 1. The
nuclei have charges q1, q2, the electron a charge q3 =−1. We consider the
particles in a center-of-mass system with coordinates x1, x2 and x3 that
fulfill m1x1 +m2x2 +m3x3 = 0. Let us introduce the reduced masses

m = m1 +m2

m1 +m2 +m3
, M = m1m2

m1 +m2
, (3.1)

effective charges

q =
(

q1 +q2

m1 +m2
− q3

m3

)
m3m, Q =−M

(
q2

m2
− q1

m1

)
, (3.2)

10
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Rcm

0x1 x2x3

Figure 3.1: Three-body center-of-mass system with the two heavy nuclei
(blue) at x1 and x2 and the light electron (red) at x3. R = x2 − x1 is the
internuclear coordinate.

and the Jacobi coordinates

R = x2 −x1, x = x3/m. (3.3)

Expressed in terms of these the systems Schrödinger equation reads[
− 1

2M

d 2

dR2
− 1

2m

d 2

d x2
+U (R)+V (x,R)+F

(
QR +qx

)−E(F )

]
Ψ(x,R) = 0.

(3.4)

The model internuclear U (R) and electronic V (x,R) potentials emulate
a single active electron (SAE) model and their exact form will be specified
in section 3.2. For now we consider a U (R) that has no continuum, that
is, it only supports a discrete spectrum. This has important effects on the
dynamics of the system, but we postpone a study of the disassociation
channel since the problem is still very interesting without this channel
and remains basically unexplored. Additionally we assume that the nuclei
can not pass through each other, so the variables in equation (3.4) vary in
the intervals −∞< x <∞ and 0 ≤ R <∞.

The potential U (R) should model a positive molecular ion with the
total charge q1 + q2 = 1. This choice makes the present center-of-mass
frame inertial.

We solve (3.4) subject to zero boundary conditions in R

Ψ(x,0) =Ψ(x,R →∞) = 0, (3.5)

and for F ≥ 0 zero boundary condition in the x →∞ limit

Ψ(x →∞,R) = 0. (3.6)

At x →−∞ we impose outgoing-wave boundary conditions to be specified
later. With these boundary conditions we have defined an eigenvalue
problem. The solutions to this eigenvalue problem are called Siegert
States (SS)[10]. The eigenvalue is complex

E(F ) = E (F )− i

2
Γ(F ), (3.7)
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and the eigenfunction is normalized by∫ ∞

0
dR

∫ ∞

−∞
d x Ψ2(x,R) = 1. (3.8)

3.1.1 Exact solution

Reduction to a multi-channel eigenvalue problem

In order to solve eq. (3.4) we introduce a complete set of vibrational states
of the molecular ion, the so called diabatic basis[

− 1

2M

d 2

dR2
+U (R)+FQR −εv (F )

]
ϕv (R) = 0, v = 0,1,2, . . . , (3.9)

with boundary conditions ϕv (0) = 0, expressing that we do not allow the
nuclei to pass through each other, and ϕv (∞) = 0 expressing that we do
not allow disassociation of the molecule.

The diabatic basis functions ϕv (R) and their eigenvalues εv (F ) are real
and the basis functions are orthonormal∫ ∞

0
dR ϕv (R)ϕv ′(R) = δv v ′ . (3.10)

The wave functionΨ(x,R) is expressed in the diabatic basis as

Ψ(x,R) =∑
v

fv (x)ϕv (R). (3.11)

Inserting the wave function (3.11) in the Schrödinger equation (3.4), and
projecting on the ϕv (R) basis yields[

− 1

2m

d 2

d x2
+F qx +εv (F )−E(F )

]
fv (x)+∑

v ′
Vv v ′ (x) fv ′(x) = 0, (3.12)

where Vv v ′ (x) = ∫ ∞
0 dR ϕv (R)V (x,R)ϕv ′(R). By projecting out the R de-

gree of freedom we thus obtain a system of coupled equations for the coef-
ficient functions fv (x). Let us consider our problem in the limit |x| →∞.
We assume that our potential in this limit has mono-pole form

V (x,R) =− Z

|x| +O
(
x−2) (3.13)

In this asymptotic limit the potential is independent of R , thus the channel
equations (3.12) decouple[

− 1

2m

d 2

d x2
+F qx − Z

|x| +εv (F )−E(F )

]
fv (x) = 0. (3.14)
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The asymptotic solution to this equation can be constructed. In the case
where F = 0 the leading order term of this asymptotic have the form

fv (x)
∣∣

x→−∞ = gv (−x)αv e−κv (−x), κv =
√

2m[εv (0)−E(0)], (3.15)

whereαv = mZ /κv and the asymptotic coefficient gv is a constant specific
for each channel.

For F > 0 the leading term of the solutions satisfying outgoing-wave
boundary conditions have the asymptotic form in the x →−∞ limit

fv (x)|x→−∞ = fv
m1/4

(2F q(−x))1/4

×exp

[
i

(2m)1/2

(F q)1/2

(
2

3
F q(−x)3/2 + (E(F )−εv (F ))(−x)1/2

)]
. (3.16)

In the x →∞ limit, the fv (x) coefficient functions vanish.
When no field is present, the Schrödinger equation (3.4) with boundary

conditions (3.15) can be solved. Expressing the Hamiltonian in a product
basis of the spectral basisϕv and a spatial Discrete Variable Representation
(DVR)[16] basis within some sufficiently large box in x, this Hamiltonian
can be directly diagonalized. When we do a direct diagonalization in a
box we implicitly assume that the wave function goes to zero at the box
boundary. This is indeed a very good approximation for bound states
when no field is applied. However, when a static field is present, the
wave function does not go to zero at both box edges. At one edge the
potential grows indefinitely deep and the wave function will be non-zero
for arbitrarily large |x|, as illustrated in figure 3.2. A different approach is
needed when a field is applied.

R-matrix propagation

In this work we use the R-matrix propagation method [17]. The R-matrix is
essentially the ratio of the wave function and its derivative. The R-matrix
R is defined such that

fv (x) =∑
v ′

Rv v ′(x;E)
d

d x
fv ′(x). (3.17)

The R-matrix propagation method consists of dividing the x axis into
a series of sectors. A spatial Legendre DVR [18] basis is chosen in each
sector, and the local Hamiltonian is diagonalized by means of the slow
variable discretization (SVD) method [19]. Based on this diagonalization
the R-matrix can be propagated from sector to sector. Details of this is
described in the appendix of [20].
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x

V − E

xo xi

Re(ψ)

Im(ψ)

Figure 3.2: SS eigenfunction at R = 1.4 a.u. with field, illustrating the con-
cepts of inner (xi ) and outer (xo) turning points, outgoing wave and classi-
cally forbidden region.

Before we can propagate the R-matrix we need some initial R-matrix.
This is obtained asymptotically. Since the channel equations (3.12) decou-
ple in the large |x| limit the R-matrix is diagonal and has the form

Rv v ′(x;E)||x|→∞ = fv (x)
d

d x fv (x)
δv v ′ . (3.18)

The coefficient function fv (x) and its derivative can be found in this asymp-
totic region using the asymptotic expansion mentioned after equation
(3.14).

The method we employ is the following; first we pick some initial en-
ergy based on a direct diagonalization of the field-free Hamiltonian. Then
we take a small step in field strength and find the asymptotic R-matrices at
the right and left ends of our box. These are then propagated through the
sectors until they meet at some matching point x0 near the center of the
box. Since the potentials considered are smooth, the coefficient functions
must be continuous and their derivatives like so. This implies that the
matrix difference of the R-matrices propagated from the left and from
the right must have a zero eigenvalue, such that this difference matrix is
singular

det
[
Rleft(x0;E)−Rright(x0;E)

]= 0. (3.19)

We then find the zero of this determinant by doing a simple Newton search
with the energy E as variable. In each step a new guess for the energy is
obtained, which is then used to construct the asymptotic R-matrices etc.
This proceeds until the energy giving the zero eigenvalue is found. Then a
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new step in F is made and the procedure is repeated, this time using the
present energy as a guess for the new energy.

The eigenvector belonging to the zero eigenvalue of the R-matrix dif-
ference matrix is the derivative of the wave function, from which we can
construct the entire wave function.

3.1.2 Weak-field asymptotic theory

Weak field asymptotic theory (WFAT) gives the ionization rate in the limit
of very weak fields. The theory gives a connection between the asymptotic
coefficients of the wave function in the field-free and weak-field cases.
These asymptotic coefficients are linked to the ionization rate, and thus
WFAT yields the ionization rate in the weak-field limit based entirely on
field-free quantities.

Asymptotic coefficients and ionization rate

The ionization rate Γ is the main observable we are concerned with. Con-
sider the time-dependent Schrödinger equation (TDSE)

i
d

d t
Ψ= HΨ. (3.20)

with a Hamiltonian of the form

H =− 1

2m

d 2

d x2
− 1

2M

d 2

dR2
+V (x,R) (3.21)

Using the TDSE together with its conjugate equation we obtain

d

d t
|Ψ|2 = d

d x
jx + d

dR
jR , (3.22)

where the currents are defined as

jx = 1

i 2m

(
Ψ

d

d x
Ψ∗−Ψ∗ d

d x
Ψ

)
, (3.23)

jR = 1

i 2M

(
Ψ

d

dR
Ψ∗−Ψ∗ d

dR
Ψ

)
. (3.24)

The ionization rate is a measure of how quickly probability flows out of a
region surrounding the molecule1

Γ= 1

N (b, a)

d

d t

∫ b

a
d x

∫ ∞

0
dR|Ψ(t )|2 (3.25)

= 1

N (b, a)

∑
ν

(
jν(b)− jν(a)

)
, (3.26)

1We do not consider disassociation of the nuclei, so the integration over R simply
runs over the whole range of R.
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where N (b, a) = ∫ b
a d x

∫ ∞
0 dR|Ψ(t )|2 is the amount of probability between

x = a and x = b, and the channel current is defined as

jν = 1

i 2m

(
fν

d

d x
f ∗
ν − f ∗

ν

d

d x
fν

)
. (3.27)

We consider the current in the asymptotic region x →−∞ and insert the
asymptotic form from equation (3.16). Furthermore we assume Im(E ) = 0,
which is approximately true in the weak field limit, and we obtain

jν(x →−∞)|F→0 = | fν|2. (3.28)

We define partial rates as the norm square of the asymptotic coefficients

Γν ≡ | fν|2. (3.29)

The total rate in the weak-field limit is then

Γ|F→0 =
∑
ν

Γν (3.30)

If we have a stationary state Ψ0 the time evolution is given by Ψ(t) =
e−i Et Ψ0, and in this case the rate is

Γ=−2ImE . (3.31)

In WFAT we consider the limit of weak fields. We therefore expand all
quantities to first order in the field. The total energy is

E(F ) = E(0)−µF +O(F 2), (3.32)

where the dipole moment µ can be calculated from the field free wave
function

µ=−
∫ ∞

0
dR

∫ ∞

−∞
d x (QR +qx)Ψ2(x,R). (3.33)

The diabatic channel energies εv (F ) also depends on the field and should
likewise be expanded

εv (F ) = εv (0)−µR
v F +O(F 2), (3.34)

where

µR
v =−

∫ ∞

0
dR QRϕ2

v (R). (3.35)
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A derivation2 similar to that in [10] yields a partial rate

Γv = | fv |2 =G2
vWv (F ) [1+O(F )] , (3.36)

where the field factor Wv (F ) and structure factor Gv are defined as

Wv (F ) = κv

m

(
2κ2

v

mF q

) 2mZ
κv

exp

(
− 2κ3

v

3mF q

)
, (3.37)

Gv = gv exp

(
−κv

q
µv

)
, (3.38)

where µv =µ−µR
v .

WFAT is applicable when the field is weaker than

F ¿ Fc ≈
κ4

v

4m2Z q
. (3.39)

3.1.3 Born-Oppenheimer approximation

In the Born-Oppenheimer (BO) approximation the nuclear masses are
assumed to be very much larger than the electronic mass. In this limit m =
1. The wave function becomes a simple product Ψ(x,R) = χ(R)ψe (x;R),
where the electronic wave function ψe (x;R) depends on R parametrically.
The two factors of the wave function fulfills the equations[

−1

2

d 2

d x2
+V (x,R)+F qx −Ee (R;F )

]
ψe (x;R) = 0, (3.40)[

− 1

2M

d 2

dR2
+U (R)+FQR +Ee (R;F )−EBO(F )

]
χ(R) = 0. (3.41)

For F > 0 the electronic equation (3.40) is subject to outgoing-wave bound-
ary conditions in the x →−∞ limit

ψe (x;R)|x→−∞ = fBO(R)
1

(2F q(−x))1/4

×exp

[
i

21/2

(F q)1/2

(
2

3
F q(−x)3/2 +Ee (R;F )(−x)1/2

)]
(3.42)

and vanishing ψe (x;R) in the x →∞ limit. The nuclear equation (3.41) is
subject to the boundary conditions χ(0) =χ(∞) = 0.

The electronic equation (3.40) is solved using the same R-matrix propa-
gation technique as described in section 3.1.1. The nuclear equation (3.41)
is then solved by direct diagonalization in a DVR basis.

2This derivation is to be included in an appendix of an upcoming paper



3.2 Model potentials 18

3.2 Model potentials

The inter-nuclear interaction is modeled by the potential

U (R) = A

R2
+B +C R2, (3.43)

with coefficients A = 0.26,B = −0.732635 and C = 0.01625. These are
chosen to reproduce the BO potential of H+

2 as shown by the red lines in
figure 3.3. This internuclear potential does not have continuum states,
that is we do not consider disassociation of the molecule.

3.2.1 Electronic potentials

The interaction between the nuclei and the electron is modeled by a po-
tential of the form

V (x,R) =V1

(
x + m2

m1 +m2
R

)
+V2

(
x − m1

m1 +m2
R

)
. (3.44)

In ref. [15] a finite range potential

Vi (x) =− a

cosh2(bx)
(3.45)

with parameters a = 0.62772 and b = 0.857 was used. This potential will
be referred to as frp (Finite Range Potential).

In this work we additionally consider a potential with a coulomb tail,
referred to as ctp (Coulomb Tail Potential). It has the form

Vi (x) =−qi
1−de− f x2

p
x2 +a2

− ce−bx2
(3.46)

with parameters a = 1,b = 5.46,c = 0.931,d = 0.633 f = 0.0402 and q1 =
q2 = 0.5 . These parameters are chosen such that the BO potential repro-
duces the BO potential of H2 (black curves in figure 3.3). Asymptotically
the electronic potential reduces to the form

V (x,R)|x→±∞ =−q1 +q2

|x| . (3.47)

Since this situation corresponds to an electron effectively having left the
H+

2 molecular ion we naturally require that q1 +q2 = 1.
We also consider a third electronic potential, the capped ctp (cctp). For

this we define a function which is 1 close to the center and goes continu-
ously to zero outside some region

f (x) =
{

exp(−(|x|−10)2/10) |x| > 10

1 else.
(3.48)
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Figure 3.3: Solid lines: BO potentials for H2
+ [21] and H2 [22] as functions

of the internuclear distance R. Dashed lines: present model internuclear
potential U (R) (upper) and BO potential for the three-body system U (R)+
Ee (R,0) (lower).

We still use the ctp potential but modify the electronic potential equation
(3.44) by multiplying this function

V (x,R) = f (x) ·
[

V1

(
x + m2

m1 +m2
R

)
+V2

(
x − m1

m1 +m2
R

)]
. (3.49)

The purpose of this is to get a potential that is the same as the ctp potential
near the nuclei, where most of the wave function is located, but does not
have a coulomb tail.

Figure 3.4 shows the frp and ctp potentials at the H2 equilibrium dis-
tance R0 = 1.4 a.u. and illustrates that the frp and ctp potentials are quali-
tatively different, as frp has one minimum at R0, whereas ctp has two. The
figure also shows that at x = 10 a.u. where the potential is capped in cctp,
the wave function has decayed to a very small value.

3.3 Results

3.3.1 Wave function

It is possible to extract the wave function from the R-matrix propagation.
Figure 3.5 shows the real and imaginary parts of the wave function when a
field is present. The outgoing wave pattern is evident in this figure and the
wave fringes are slanted. The slanting of these fringes is a phenomena we
might look closer at later.



3.3 Results 20

-1.2

-0.9

-0.6

-0.3

0

-4 -2 0 2 4

V
(x

)
(a

.u
.)

x (a.u.)

Figure 3.4: Solid orange (dashed-dotted purple) line: potential for the frp
(ctp) potential at R0 = 1.4 a.u.. Dotted red (dashed blue) line: ground state
electronic wave function at this R0 for the frp (ctp) potential, the solid
black line is the energy of these ground states (the energies are almost the
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Figure 3.5: Real and imaginary parts of the SS eigenfunction for the ctp
potential at F = 0.134 a.u.. The dashed line is a guide for the eye, to facili-
tate comparison of the two parts of the wave function. It is seen that the
imaginary part is about one quarter of period ahead of the real part in the
negative x direction, as it should be for an outgoing wave.
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3.3.2 Finite range vs. coulomb potential

The ionization rate has been determined for the different model potentials
at different field strengths. The results are shown in figure 3.6. The exact
rates are as Γ=−2Im(E), where E is the energy obtained from R-matrix
propagation.

The BO rate was likewise found from ΓBO =−2Im(EBO), where the BO
energy, EBO, was obtained by solving the BO problem in eqs. (3.40) and
(3.41). From ref. [15] we expect that BO will work well for large F , but fail
at small F , which is indeed what is seen in figure 3.6.

The WFAT rate is obtained by summing the partial WFAT rates from eq.
(3.36). The WFAT approximation is exact in the F → 0 limit.

Figure 3.6a shows rates for the frp potential. This potential was also
used in ref. [15], and indeed this figure is the same is figure 3 of this
article. One remarkable feature of these rates is that the exact and WFAT
results agree over a very large range of F as they stay together up to around
F = 0.1 a.u. Figure 3.6c shows the same for the ctp potential. Here the exact
and WFAT rates start to differ at somewhat smaller F , around 0.02 a.u. One
of the main differences between the frp and ctp potentials is that ctp has a
coulomb tail, whereas frp does not. One might be tempted to conclude
that the difference between these potentials is due to the coulomb tail, but
it seems that other factors play a larger role, as will be explained.

In [11] the form of WFAT derived in this work is labeled as zeroth order
WFAT, since it only considers the wave function to zeroth order in field.
This reference develops first order WFAT, where first order field corrections
to the wave function are considered. A number of effects contribute to
the first order WFAT correction, one of them is the wave function field
distortion. Figure 3.7 shows the norm square of the wave function for
the two potentials with and without field. It is evident that the ctp wave
function is distorted a lot more by the field than the frp wave function, and
we would therefore expect that at least this contribution to the first order
WFAT correction is larger for ctp than frp.

To thoroughly demonstrate that the difference in how well the WFAT
approximation gives the exact rates in the frp and ctp cases is not related
to the coulomb tail we consider the cctp potential. Figure 3.6e shows that
the WFAT ionization rate departs from the exact rate for F comparable
to that for ctp. The cctp potential is without a coulomb tail, but with the
same form as ctp near the nuclei, so figure 3.6e demonstrates that the
agreement between WFAT and exact results in the frp case is not due to
the lack of coulomb tail.

More details about the origin of the first order WFAT corrections is
beyond the scope of this work, but we can make a comment on the size
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Figure 3.6: (a),(c),(e): Ionization rate of the ground state divided by the
field factor for the zeroth channel W0(F ), eq. (3.37).
(b),(d),(f): Exact partial rates Γv = | fv |2 divided by the WFAT partial rates
Γv,WFAT =G2

vWv (F ), see equation (3.36). The red line is the first channel,
the rest follow in order downwards. The dotted line at 1 is a guide for the
eye.
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Figure 3.7: Norm square of wave function displaying the amount of wave
function field distortion for the frp and ctp potentials. It is seen that the
ctp potential is distorted a lot more than the frp potential.

of these corrections. The asymptotic coefficients fv in terms of which
the partial rates Γv = | fv |2 are defined can be obtained exactly from the
R-matrix propagation, since we can construct the wave function. These
exact partial rates are compared to their WFAT counterparts in figure 3.6.
The plots in this figure show Γv /(G2

vWv (F )), so from equation (3.36) we
see that this corresponds to 1+O(F ). This curve essentially shows the
error of WFAT for each channel by how much each curve departs from 1.
In the F → 0 limit all these curves should approach 1, which they indeed
appear to be doing. Interestingly we see that the partial rates for the frp
potential have a slope, that is a first order WFAT correction, close to zero
for all channels, while the ctp potential have a more substantial slope.

As a technical note it should be mentioned, that floating point num-
ber precision is an issue when the rate for small field strengths is to be
determined. From equation (3.36) we see that the rate becomes expo-
nentially small as F → 0. At F ≈ 0.02 a.u. the imaginary part of the energy
is about Im(E) ≈ 10−15. The real part of the energy is about order 1, so
the imaginary part relative to the real part of the energy is 10−15, which
is comparable to the relative accuracy of the standard double precision
(64 bit) numbers. Thus using double precision numbers we can only get
accurate rates for F > 0.02 a.u.. A version of the code using the less stan-
dard quadruple (quad, 128 bit) precision numbers has been implemented.
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With these quad precision numbers accurate exact rates can be obtained
for smaller field strengths. There is, however, still a lower limit to how far
down in field strength we can go.

3.3.3 Dipole

Asymmetry in x can be introduced into the model by choosing q1 6= q2. Be-
cause of the asymptotic form of the potential in equation (3.47) we require
that q1 +q2 = 1. The case q1 = q2 = 0.5 corresponds to no asymmetry in x
and the dipole is µ= 0 in this case.

Figure 3.8 shows the rate obtained from calculations using different
values of q1, with q2 = 1−q1. For q1 = 1 the curve continues all the way to
the edge of the plot, whereas for all the other q’s the curves terminate at
smaller F . The termination of these curves demonstrates one the issues
of the R-matrix propagation method. Figure 3.9 shows the real part of the
energies for a number of excited states. We see that the curves in figure 3.8
terminates corresponding to places where the real part of the energy cross
with that of another state. At such places it is difficult for the R-matrix
propagation algorithm to know which branch to follow, which causes its
termination.

In all cases we get the expected behavior from BO; agreement at large
F but difference at small F .

As the dipole increases we see that WFAT becomes increasingly bad.
This is not completely unexpected. In the WFAT derivation, see [10], terms
in the potential of order O(x−2) or greater was neglected. In the non-dipole
case no O(x−2) terms exists in the potential so what we neglect is of order
O(x−3) or greater. In the dipole cases a term of order O(x−2) is present in
the potential, and the neglected terms are therefore of greater importance
here.

Figure 3.9 shows the partial rates for the different dipole cases. We see
that the first order WFAT correction, that is the slope of these curves near
F = 0, is indeed smallest for the non-dipole q1 = 0.5 case, and increases
for larger dipoles.
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4 Outlook

In the previous chapter the theory of [15] was extended to the case of
non-symmetric potentials with a coulomb tail.

I am Currently working on finishing an article with content more or
less corresponding to that of chapter 3. After this we plan to write a second
article where the focus will be on variations of the nuclear masses. As the
nuclear mass increases the BO approximation gets better, and an interval
appears where WFAT and BO applies simultaneously. This might be inter-
esting to look closer into, since the transition from a bound electron to an
ionized electron in the BO picture is between different BO curves, whereas
in WFAT such a transition is from a vibrational state to another vibrational
state.

Which direction the project takes after this is not decided at this point.
One possibility would be to include a disassociation channel. In the model
potential we use now, we have a rather artificial inter-nuclear potential
that goes like o(R2) when R →∞. A more realistic potential would go to 0,
but this has been neglected so far.

Another possibility would be to look at 3D extensions of the 1D model
considered so far. Care should be taken in choosing the coordinates for
this 3D model, such that the symmetries of the system can be exploited
and calculation times be kept on a realistic level.

Both of these possibilities are continuations of the nuclear motion
project. An entirely different possibility, unrelated to this, would be to use
some of the time dependent quantum chemistry codes currently being
developed in the group to look at some atomic or molecular system.

Quantum chemistry is a field concerned with describing the structure
of molecules. The basic challenge in the description of molecules (and
atoms) is the fact that they contain many electrons. In quantum chemistry
these electrons are described using anti-symmetrized product bases of
one-electron state functions, known as Slater determinants. The problem
is that using a single of these Slater determinants neglects correlations
of the electrons, that is, it fails to completely describe how the electrons
interact with each other. One must therefore use linear combinations of

27
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Slater determinants to describe how the electrons interact. How to choose
these linear combinations is one of the main challenges in the field of
quantum chemistry.

Quantum chemistry has so far mainly been concerned with finding
stationary solutions of the time independent Schrödinger equation. A
number of post docs in the group are working on finding ways to extend
the methods of quantum chemistry to the time regime, see e.g. [6]. Using
one of these codes is also a possible way to continue the project.

We have discussed the possibility of a stay abroad in the spring of 2015.
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