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Qingli Jing

Preface

This progress report displays part of the work done during part A of my Ph.D. studies at
Department of Physics and Astronomy, Aarhus University.

My project is to apply the Monte Carlo wave packet (MCWP) approach to simulate
the process of dissociative double ionization of small diatomic molecules interacting with
ultrashort and ultrastrong laser pulses. In this report, the nuclear kinetic energy release
(KER) spectra after double ionization of H2 exposed to intense femtosecond laser pulses
at near-infrared (near-IR) and mid-infrared (mid-IR) wavelengths are calculated using the
MCWP method. The main simulation results we have obtained are presented in Chapter
3, and several of them are taken from a recent paper accepted by Physical Review A [1].
An extension of the MCWP approach to involve the process of autoionization as a result
of the excitation of one or more doubly-excited states is now in progress.

As part of my PhD program, a study in MADRID for several weeks next year is planed.

Notation
Atomic units 4πε0 = h̄ = me = e = 1 are used throughout this report unless stated
otherwise.
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1 Introduction

Laser physics has been one of the most popular research fields since T. H. Maiman invented
the first Ruby laser in 1960 [2]. Owing to a wide variety of potential applications [3], the
topic of laser-matter interaction has attracted great research interest over the decades.
Recent advances in femtosecond laser technology and attosecond science have opened the
possibility of observing and controlling nuclear or electron dynamics in atoms [4], molecules
[5], and solids [6]. Femtosecond laser pulses are used to probe and image nuclear dynamics,
as the typical timescale of nuclear dynamics is 10-100 femtoseconds (10−15 s). The motion
of electrons, however, is much faster, which is in a timescale from a few femtoseconds to
several hundred attoseconds (10−18 s). Thus, to monitor electron dynamics, one needs to
resort to even shorter attosecond laser pulses.

To achieve the ambitious goal of controlling chemical reactions, it is of first priority to
produce high-quality femtosecond laser pulses. By first introducing mode-locking sat-
urable absorbers [7] into laser cavities and then using compression techniques external to
the cavities [8], the pulse durations are reduced to a few femtoseconds, along with the
improvement of the average powers, pulse energies and pulse repetition rates. The carrier-
envelope phase (CEP) in successive pulses generated by mode-locked lasers, however, is
not constant because of dispersion in the cavity. Actually, ultrafast dynamics induced
by femtosecond laser pulses may depend significantly on the oscillatory electromagnetic
fields, thus knowledge of the CEPs of the applied laser pulses is necessary. This implies
that carrier-envelope stabilization of femtosecond lasers is required. For example, through
using a self-referencing technique [9], stabilization of the carrier phase with respect to the
pulse envelope of ultrashort pulses is achieved.

Advances in femtosecond laser technology have accelerated to produce attosecond laser
pulses. The generation of a train of phase-locked attosecond pulses from high harmonic
generation (HHG) by focusing a femtosecond laser pulse in a gas jet can be dated back to
2001 [10]. Isolated attosecond pulses, however, have greater potential in the investigation
of ultrafast electronic processes. To obtain isolated attosecond pulses, one can either put
bandpass filters in front of an attosecond pulse train (APT) [11], or introduce the polariza-
tion gating [12] or temporal gating [13] technique into the APT setup. Recent progress in
attosecond science has witnessed the generation of a single-cycle isolated attosecond laser
pulse [14], which better resolves the ultrafast electron dynamics in atoms and molecules
by taking advantages of its short pulse duration.

The availability of the above mentioned new light sources helps to obtain increased knowl-
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edge of quantum dynamics of quantum systems. Now it is experimentally accessible to
produce femtosecond and attosecond pulses with a peak intensity of 1014 W/cm2 [15],
which are sufficient to rival the Coulomb interaction and hence kick out one or more
electrons. For the case of molecules, ionization is often accompanied with dissociation of
the nuclei due to electron-nuclei correlation, which is referred as dissociative ionization
[16]. Experimentally, one can apply several image techniques to measure separately or
in coincidence the kinetic energy release (KER) spectra of the nuclear fragments and the
momentum spectra of the photoelectrons. For example, cold target recoil-ion momentum
spectroscopy (COLTRIMS) [17] and velocity mapping [18] are two popular image tech-
niques for imaging the momentum and velocity distributions of the charged fragments.

Pump-probe techniques have been widely applied to retrieve the ultrafast dynamics in
atoms and molecules for decades. In general, the pump pulse induces the dynamics and
the probe pulse snapshots the dynamics at different instants. By scanning the delay
between the pump and probe pulses, a movie recording the dynamics is obtained. For
example, the reconstruction of attosecond beating by interference of two-photon transi-
tion (RABBIT) [19] technique and the streaking camera [20] are developed to obtain the
attosecond photoionization time delays. Both the techniques use a weak femtosecond laser
pulse as the probe, and in terms of the pump, the former makes use of an APT and the
latter an isolated attosecond pulse. The high-energy photons of attosecond pulses, which
are usually in the XUV region, can approach or surpass the ionization potential through
one-photon absorption. The delayed weak femtosecond laser pulse can either kick out the
excited electrons or streak the photoelectrons. Thus, the dynamics induced by the pump
pulse is encoded in the delay-dependent photoelectron momentum distributions. By using
this pump-probe setting, apart from the process of photoionization, information of au-
toionization from doubly-excited states in atoms and molecules can also be obtained [21].
In addition, the recent availability of the mid-IR laser sources has promoted the study of
the rescattering process of photoelectrons, as the electrons can gain more kinetic energy
when returning to the cations. For example, the mid-IR laser pulses have been applied
to image molecular structures by light-induced electron diffraction (LIED) and to greatly
increase the photon energies of HHG [22].

In parallel to the advances in experimental techniques, several theoretical methods [23, 24,
25], dedicating to solving the time-dependent Schrödinger equation (TDSE), have been
developed and proven to work very well in describing a range of phenomena associated
with laser-molecule interaction. For example, the multi-configurational time dependent
Hartree–Fock method (MCTDHF) [23] is capable of exploring correlated electronic dy-
namics in small molecules even beyond the Born-Oppenheimer approximation; the time-
dependent Feshbach close coupling (TDFCC) [24] method has been widely used to describe
ionization processes even in the presence of autoionizing states by using the close-coupling
expansion method, in which the total wave function is expanded in the basis of eigenstates
of the field-free total Hamiltonian; and the Monte Carlo wave packet (MCWP) approach
[26], which is applied in this report, can greatly simplify the problem of solving TDSE as
the electronic degrees of freedom are treated within an effective description. By applying
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the MCWP approach, information of the nuclear part, e.g., the nuclear KER spectra,
can be obtained more easily. For example, as we will show in Chapter 3, the MCWP
approach is capable of simulating interaction of small molecules with mid-IR laser pulses
with durations of several hundreds of femtoseconds, which is computationally difficult for
other methods. Though it is impossible to describe the motion of photoelectrons quan-
tum mechanically by using the MCWP method, a classical description of the emitted
photoelectrons within strong-field approximation can, in principle, offer some insights.

This report centers around applying the MCWP approach to simulate dissociative double
ionization of small molecules. Chapter 2 shows in detail how to get the molecular Hamilto-
nian and how to apply the MCWP approach to simulate dissociative double ionization of
H2 exposed to intense laser pulses. In Chapter 3, we present and discuss the results for H2

interacting with laser pulses under several different durations, peak intensities, and central
wavelengths, some of which are taken from our paper recently accepted by Physical Re-
view A. In Chapter 4, we extend our approach to include the influence of a doubly-excited
state as well as the process of autoionization on the nuclear KER spectra. New features
in the nuclear KER spectra are discussed in particular. Chapter 5 presents the conclusion
and outlook of this report.

We hope our new findings in the calculated nuclear KER spectra, with and without the
influence of doubly-excited states, can stimulate experimental study of the interaction
between molecules and IR wavelengths.

2 Monte Carlo wave packet approach

In this chapter, I will present how to apply the MCWP approach to dissociative double
ionization of H2 interacting with intense laser pulses. Our starting point is to illustrate the
detailed procedures to obtain the molecular Hamiltonian and the corresponding TDSE.

2.1 TDSE and the molecular Hamiltonian

The evolution of a system interacting with laser light can be described by the TDSE, i.e.,

i∂t|Ψ(t)〉 = H(t)|Ψ(t)〉 = (H0 + VI(t))|Ψ(t)〉, (2.1)

where H0 is the field-free Hamiltonian and VI(t) is the laser-matter interaction opera-
tor. When the system we are interested is a molecule, the field-free Hamiltonian can be
expressed as

H0 = TN + VN + VeN + Te + Vee, (2.2)

where TN is the kinetic energy operator for the nuclei, Te the kinetic energy for the elec-
trons, VN the nuclear repulsion, VeN the nuclei-electron interaction, and Vee the electron-
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electron interaction. For a molecule with N nuclei and M electrons, the field-free Hamil-
tonian is

H0 = ΣN
k=1

~p2
N,k

2mN,k
+ Σk<j

zN,kzN,j

|~rN,k − ~rN,j |
− Σk,j

zN,k

|~rN,k − ~rel,j |
+ ΣM

k=1

~p2
el,k

2
+ Σk<j

1

|~rel,k − ~rel,j |
,

(2.3)
where ~rN,k (~rel,k) denotes the position of the kth nucleus (electron) in the laboratory fixed
coordinate system and ~pN,k = −i∇~rN,k

(~pel,k = −i∇~rel,k) refers to the momentum operator
of the kth nucleus (electron). The charge and mass of the kth nucleus are denoted by zN,k

and mN,k, respectively.

It is well-known that the laser-matter interaction term VI(t) in Eq. (2.1) in the length
gauge is

VI(t) = ΣM
k=1~rel,k · ~F (t)− ΣN

k=1zN,k~rN,k · ~F (t), (2.4)

where ~F (t) is the external laser electric field. It is worth mentioning that the above
equation implies the dipole approximation is applied.

O CM

R1
R2

r1

r2

1
2

1

2

rN,1

rN,2

rel,1

rel,2

R

rcm

Figure 2.1: Laboratory fixed (black) and relative (green) coordinates for a diatomic
molecule. The two nuclei denoted by the red balls are at 1 and 2, with position vec-
tors ~rN,1 and ~rN,2 with respect to O. Two electrons are drawn as blue balls even though
the molecule is assumed to have M electrons. The positions of the electrons with respect
to O are denoted by ~rel,1, ~rel,2,... ~rel,M . The center of mass is marked CM and its position
vector with respect to O is ~rcm. The position vectors of the nuclei (electrons) with respect
to CM are denoted by ~R1 and ~R2 (~r1, ~r2, ..., and ~rM ). ~R independent of coordinate
systems refers to the nuclear separation vector.

When we consider a diatomic molecule (N = 2), as the dissociation process of the nuclei
is one of the main concerns in this report, it is a better choice to work in the relative
coordinate system instead of in the laboratory fixed coordinate system. The relationship
between the two coordinate systems is pictured in Fig. 2.1. The two nuclei N1 and N2

have masses of mN,1 and mN,2. They situate in the laboratory (its origin is assumed to
be O) with the respective position vectors ~rN,1 and ~rN,2. Thus, the internuclear position
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vector is
~R = ~rN,1 − ~rN,2. (2.5)

The position vectors of the electrons with respect to O are denoted by ~rel,k (k = 1, 2, ...).
We take Ocm to be the center of mass of this molecule and its position vector ~rcm with
respect to O is

~rcm =
mN,1~rN,1 +mN,2~rN,2 + Σk~rel,k

mN,1 +mN,2 +M
, (2.6)

and the position vector of the kth electron with respect to Ocm is

~rk = ~rel,k − ~rcm. (2.7)

Similarly, the position vectors of the two nuclei in the relative coordinate system are ~R1

and ~R2. As Ocm is the origin of the center of mass coordinate system, the following
equation should be satisfied, i.e.,

0 =
mN,1

~R1 +mN,2
~R2 + ΣM

k=1~rk
mN,1 +mN,2 +M

. (2.8)

Substituting Eqs. (2.5-2.7) into Eq. (2.3), the field-free Hamiltonian in the laboratory
coordinate system is reduced to

H0 = −
∇2
~R

2µ
−ΣM

k=1

∇2
~rk

2
+
zN,1zN,2

|~R|
+Σk<j

1

|~rk − ~rj |
−ΣM

k=1

zN,1

|~rk − ~R1|
−ΣM

k=1

zN,2

|~rk − ~R2|
+Hcm0,

(2.9)
where µ = mN,1mN,2/(mN,1 +mN,2) is the reduced mass of the nuclei. Combining Eq.

(2.8) with the relation of ~R = ~R1− ~R2 together, we can express ~R1 and ~R2 in the following
way,

~R1 =
mN,2

mN,1 +mN,2

~R− 1

mN,1 +mN,2
ΣM
k=1~rk, (2.10)

~R2 = −
mN,1

mN,1 +mN,2

~R− 1

mN,1 +mN,2
ΣM
k=1~rk. (2.11)

In Eq. (2.9), the field-free center of mass Hamiltonian takes the form

Hcm0 = −
∇2
~rcm

2(mN,1 +mN,2 +M)
. (2.12)

In a similar way, we can deduce the laser-matter interaction VI(t) in the relative coordinate
system, i.e.,

VI(t) = ΣM
k=1~rk · ~F (t)− Σ2

k=1zN,k
~Rk · ~F (t) + (M − zN,1 − zN,2)~rcm · ~F (t). (2.13)

From the above analysis, the total Hamiltonian can be rewritten as

H(t) = Hinternal +Hcm, (2.14)
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where

Hinternal = −
∇2
~R

2µ
− ΣM

k=1

∇2
~rk

2
+
zN,1zN,2

|~R|
+ Σk<j

1

|~rk − ~rj |
− ΣM

k=1

zN,1

|~rk − ~R1|

− ΣM
k=1

zN,2

|~rk − ~R2|
+ ΣM

k=1~rk · ~F (t)− Σ2
k=1zN,k

~Rk · ~F (t), (2.15)

and

Hcm = −
∇2
~rcm

2(mN,1 +mN,2 +M)
+ (M − zN,1 − zN,2)~rcm · ~F (t). (2.16)

We can see from the above two equations, the motion of the center of mass is not coupled to
any of the internal coordinates. The last term in Eq. (2.15) responsible for the interaction
between the nuclei and the applied laser pulse would vanish for the case of homonuclear
diatomic molecules. As a result, the total state of the molecule can be express as a product
state, i.e.,

|Ψtotal〉 = |Ψinternal〉 ⊗ |Ψcm〉. (2.17)

The center of mass Hamiltonian describes a charged particle with charge M − zN,1 − zN,1

and with mass mN,1 + mN,2 + M moving in an external field ~F (t). The eigenstates of
this charged particle are in the form of Volkov waves. For a neutral molecule, because of
zero charge of the center of mass, it would move freely without any interaction with the
external field. For the case of a charged center of mass, as it can not absorb energy from
the radiation field, thus the kinetic energy of the center of mass does not change during
the interaction with the external field. This means that we can safely neglect |Ψcm〉 in Eq.
(2.17) and we only need to solve the TDSE of the internal system. In the following part
of this report, the operators and states are described in this internal system.

In this report, we are interested in obtaining knowledge of the dynamics of H2 exposed to
intense laser pulses. Thus, the Hamiltonian we are dealing within length gauge now reads

H(t) = −
∇2
~R

2µ
−
∇2
~r1

2
−
∇2
~r2

2
+

1

|~R|
+

1

|~r1 − ~r2|

− 1

|~r1 − ~R1|
− 1

|~r2 − ~R1|
− 1

|~r1 − ~R2|
− 1

|~r2 − ~R2|
+ ~r1 · ~F (t) + ~r2 · ~F (t). (2.18)

Until now, even though we can easily obtain the Hamiltonian of H2, solving its correspond-
ing TDSE remains a tricky task, because it is a four-body problem owning many degrees of
freedoms. In order to make this problem solvable, some approximations should be made.
One of them is the Born-Oppenheimer approximation. Because of the small ratio of the
electronic mass to the nuclear mass, and since the period of a motion is governed by the
Heisenberg uncertainty principle (∆t∆E ≥ h̄/2), the nuclear periods are much longer than
the electronic periods. Thus the electronic and nuclear motions can be essentially treated
independently. The Born-Oppenheimer approximation makes use of this feature and the
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electronic states are determined at each value of the internuclear separation by treating
the nuclei as fixed. As a result, the Hamiltonian in Eq. (2.18) can now be rearranged as

H(t) = TN(~R) +Hel(~R,~r1, ~r2) + VI(t), (2.19)

where

TN = −
∇2
~R

2µ
= − 1

2µ

1

R2
(
∂

∂R
(R2 ∂

∂R
)− ~L2), (2.20)

Hel = −
∇2
~r1

2
−
∇2
~r2

2
+

1

|~R|
+

1

|~r1 − ~r2|
− 1

|~r1 − ~R1|
− 1

|~r2 − ~R1|
− 1

|~r1 − ~R2|
− 1

|~r2 − ~R2|
, (2.21)

and
VI(t) = ~r1 · ~F (t) + ~r2 · ~F (t). (2.22)

~L in Eq. (2.20) is the orbital angular momentum operator and ~L2 is expressed as

~L2 = −(
1

sin θ

∂

∂θ
(sin θ)

∂

∂θ
+

1

sin θ

∂2

∂φ2
), (2.23)

where (R, θ, φ) is the spherical polar coordinates of ~R. The electronic basis states |φel
R,k〉

can be obtained through solving the electronic time-independent Schrödinger equation
with parametric dependence on ~R, i.e.,

Hel|φel
R,k〉 = Eel,k(~R)|φel

R,k〉. (2.24)

The total wave function for the molecule can be expanded as

|Ψ(t)〉 = Σk

∫
d~RGk(~R, t)|φel

R,k〉 ⊗ |~R〉, (2.25)

where the expansion coefficients Gk(~R, t) are wave functions representing the nuclear mo-
tion when the electronic system is in the state |φel

R,k〉. By inserting Eq. (2.25) into the
following TDSE

i∂t|Ψ(t)〉 = (TN,(~R) +Hel(~R,~r1, ~r2) + VI(t))|Ψ(t)〉 (2.26)

and projecting on the electronic basis ket 〈φel
R,j |, the time evolution of the nuclear wave

function Gj(~R, t) is then obtained, i.e.,

i∂tGj(~R, t) = (− 1

2µR2

∂

∂R
(R2 ∂

∂R
) + Eel,j(~R))Gj(~R, t)

− 1

2µ
Σk〈φel

R,j |
∂2

∂R2
|φel
R,k〉Gk(~R, t)

− 1

µ

1

R
Σk〈φel

R,j |
∂

∂R
|φel
R,k〉Gk(~R, t)

− 1

µ
Σk〈φel

R,j |
∂

∂R
|φel
R,k〉

∂

∂R
Gk(~R, t)

+
1

2µR2
Σk〈φel

R,j |~L2(|φel
R,k〉Gk(~R, t))

+ Σk〈φel
R,j |~r1 + ~r2|φel

R,k〉 · ~F (t)Gk(~R, t). (2.27)
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The Born-Oppenheimer approximation implies that the electronic wave functions vary very
lowly with respect to R, θ and φ, which means that |∂|φel

R,k〉/∂R| is very small compared

with |∂Gk/∂R|. Thus terms in Eq. (2.27) containing ∂|φel
R,k〉/∂R can be neglected. Further

assuming the nuclei are rotational-frozen, equation (2.27) is then reduced to

i∂tGj(~R, t) = (− 1

2µR2

∂

∂R
(R2 ∂

∂R
) + Eel,j(~R))Gj(~R, t)

+ Σk〈φel
R,j |~r1 + ~r2|φel

R,k〉 · ~F (t)Gk(~R, t). (2.28)

Actually, solving the above sets of coupled equations exactly remains impossible, as a
result of many electronic bound states as well as the unlimited number of continuum
electronic states in the system. Fortunately, reducing the number of either the involved
electronic states or the dipole coupling channels to a computer-accessible level is sufficient
to simulate the mainly interested physical processes.

2.2 Ionization as a dissipative process

Imagine there are virtual electron detectors outside our system. Once the ionization occurs,
there would be a collapse of the system state onto a specific charge state because of these
virtual detectors. These different charge states actually represents different Hilbert spaces.
The interaction of H2 with the near-IR and mid-IR laser pulses is mainly studied in this
report, which means the photon energies are much smaller than the ionization potentials
of H2 and H+

2 . Thus, it is reasonable to make the following argument: The laser pulse can
couple the electronic states within the same Hilbert space directly; the laser pulse can not
directly couple the electronic states in different spaces while it can connect the adjacent
two Hilbert spaces through an effective quantum jump. The emitted electrons are assumed
to be absorbed by the virtual electron detectors, the rescattering of the photoelectrons by
the ion in the laser field is not considered at this moment. As a result, the quantum jump
here is unidirectional, which means that the system state can only jump to a higher charge
state from a lower charge state, and the other jump direction is not allowed. This kind of
treatment is also called the Born-Markov approximation.

Based on the above analysis, we can rewrite Eq. (2.28) as

i∂tGj(~R, t) = (− 1

2µR2

∂

∂R
(R2 ∂

∂R
) + Eel,j(~R))Gj(~R, t)

+ Σk′ 〈φ
el
R,j |~r1 + ~r2|φel

R,k′
〉 · ~F (t)Gk′ (

~R, t)− iΓj(
~R, t)

2
Gj(~R, t), (2.29)

where k
′

denotes the electronic states in the same Hilbert space with the jth electronic
state and the last term in Eq. (2.29) is responsible for the gradually lost of electrons to
surroundings. ~r1 + ~r2 here means the total electronic coordinate, i.e., ~r1 + ~r2 for H2, ~r for
H+

2 , and zero vector for H++
2 . If we assume the initial probability of the electrons is 1,
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i.e., Σj

∫
d~R|Gj(~R, t)|2 = 1, then this probability would be decreasing over time. This is

because the probability of the electrons in each electronic state is decreasing with time, as
is seen from the following equation,

∂t|Gj(~R, t)|2 = −Γj(~R, t)|Gj(~R, t)|2, (2.30)

which is deduced from Eq. (2.29). It is worth mentioning that Γj(~R, t) here refers to the
R-dependent instantaneous ionization rate of the jth electronic state. For a small time dt,
the drop in the probability is

dP = Σj

∫
d~RΓj(~R, t)|Gj(~R, t)|2dt. (2.31)

The considered molecular system exposed to intense laser pulses can be treated as an
open system which couples to its surroundings (virtual electron detectors) and ionization
is interpreted as a dissipative process. In fact, for open systems, we can also reach equation
(2.30) through introducing a non-Hermitian term into the system Hamiltonian, i.e.,

H(t) = TN(~R) +Hel(~R,~r1, ~r2) + VI(t)−
i

2
ΣkC

+
k Ck, (2.32)

where Ck is the jump operator, which is responsible for the jump between two Hilbert
spaces, i.e.,

Ck|φel
R,k〉 = Σk”ck” |φel

R,k”〉 (2.33)

where k” means the electronic states in the Hilbert space of the adjacent higher charge
state and the state after the jump is a coherent superposition of the involved electronic
states. Thus the jump operator should be in a form

Ck = Σk”

∫
d~Rck” |φel

R,k”〉〈φ
el
R,k| ⊗ |~R〉〈~R|. (2.34)

Now it is time to deduce the coefficients ck” . If we propagate the quantum state |Ψ(t)〉 for
a small time dt using the non-Hermitian Hamiltonian in Eq. (2.32), we can get

|Ψ(t+ dt)〉 = exp(−iHdt)|Ψ(t)〉 ≈ (1− iHdt)|Ψ(t)〉. (2.35)

The drop of the norm square of this new state with respect to that of |Ψ(t)〉 is

dP = 〈Ψ(t)|ΣkC
+
k Ckdt|Ψ(t)〉 = Σk

∫
d~RAk|Gk(~R, t)|2dt, (2.36)

where Ak = Σk” |ck” |2. Comparing Eq. (2.36) and Eq. (2.31), we get to know Γk(~R, t) =
Σk” |ck” |2.

In addition, the molecule is assumed to be rotational frozen, the radial and angular parts
of the nuclear wave function can be separated, i.e.,

Gj(~R, t) =
Kj(R, t)

R

1√
4π
δ(θ − θ0))δ(φ− φ0)) (2.37)
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where Kj(R, t) denotes the radial nuclear wave function and θ0 and φ0 specify the internu-
clear orientation. In our calculations, we consider the case where the molecule is aligned
with the linear polarization of the external field, i.e., θ0 = 0◦ and φ0 = 0◦, where the latter
can be arbitrary because of symmetry. Taking Eq. (2.37) into Eq. (2.29), simplified form
of evolution of Kj(R, t) is obtained, .i.e.,

i∂tKj(R, t) = (− 1

2µ

∂2

∂R2
+ Eel,j(R))Kj(R, t)

+ Σk′ 〈φ
el
R,j |~r1 + ~r2|φel

R,k′
〉 · ~F (t)Kk′ (R, t)− i

Γj(R, t)

2
Kj(R, t). (2.38)

The above simplification reduces the position vector ~R to internuclear separation scalar R,
thus the more difficult three dimensional problem eventually becomes the much simpler
one dimensional problem. We should point it now, in the following part, the nuclear wave
function actually means the radial nuclear wave function in Eq. (2.38).

2.3 MCWP approach to dissociative double ionization of H2
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Figure 2.2: Sketch of four field-free Born-Oppenheimer electronic potential energy curves.

It is known that dissipative processes are often handled by solving the master equation of a
density matrix. In fact, they can also be simulated by the MCWP approach, which makes
use of a stochastic average over different wave functions. For a problem of Ns states, the
density matrix has Ns×Ns entries while a state vector has only Ns entries. Therefore, the
computational effort for some problems is reduced in the latter case. In the following, we
will take the example of H2 to illustrate how to apply the MCWP approach to dissociative
double ionization.

In Fig. 2.2, four field-free Born-Oppenheimer electronic potential energy curves are
sketched. These curves are the (1sσg)

2 ground-state curve in H2 labeled by h, the 1sσg
and 2pσu curves in H+

2 labeled by g and u, respectively, and the 1/R Coulombic curve
labeled by c. A particular realization of a quantum trajectory with the MCWP approach

10
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is also shown: At some instant T1, the first ionization occurs and the neutral wave packet is
promoted to the singly-ionized system where coherent evolution takes place. At some later
instant T j2 (j = a,b), the second ionization occurs and then the nuclei undergo Coulomb

repulsion. The final energy of the protons depends on the instants T1, T j2 .

According to Eq. (2.34), the jump operators responsible for the first and second ionizations
in H2 can be expressed as

Ch =

∫
d~R

√
Γh(~R, t)(cg|φel

R,g〉+ cu|φel
R,u〉)〈φel

R,h| ⊗ |~R〉〈~R| (2.39)

Cg =

∫
d~R

√
Γg(~R, t)|φel

R,c〉〈φel
R,g| ⊗ |~R〉〈~R| (2.40)

Cu =

∫
d~R

√
Γu(~R, t)|φel

R,c〉〈φel
R,u| ⊗ |~R〉〈~R|, (2.41)

where Γh(~R, t) is the instantaneous ionization rate from the (1sσg)
2 state to the H+

2 system,

and Γg(~R, t) (Γu(~R, t)) corresponds to the ionization rate to H++
2 from the 1sσg (2pσu)

states in H+
2 . In the above equations, the expression for cg and cu can be found in Ref.

[27].

2.3.1 Calculation strategy

Propagate full H

ε < dP ?

RenormalizeDrop in norm2 dPRenormalize

YESNO

Propagate full H

ε < dP ?

Drop in norm2 dP

YES

NO

Jump using Cu
Jump using Cg

γ>dPg/dP

Project onto KE

YES NO

KER

Start

H2 H2
+

H2
++

Figure 2.3: Flow diagram of the MCWP approach to dissociative double ionization of H2.
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A stochastic realization of the MCWP technique is outlined by the flow diagram in Fig.
2.3. The initial nuclear wave function Kh(R, t0) first evolves in H2 according to Eq. (2.38).
The norm square of the nuclear wave packet is decreasing over time because of the non-
Hermitian term in the total Hamiltonian. At each time step, according to Eq. (2.36), the
drop in the norm square dP now becomes

dP =

∫
dRΓh(R, t)|Kh(R, t)|2dt. (2.42)

Whether the transition from H2 to H+
2 occurs or not depends on the comparison of dP with

a random number ε (0 ≤ ε ≤ 1). If dP is smaller than ε, ionization does not occur, and
the nuclear wave function is renormalized to prepare for evolution in H2 to the next time
step. The random number ε is updated at every time step. The comparison procedure
continues until the first jump occurs at some instant T1, with dP larger than ε. Because
of the first jump, the total state in H+

2 then becomes Ch|Ψ(T1)〉,

Ch|Ψ(T1)〉 =

∫
dR
√

Γh(R, T1)Kh(R, T1)(cg|φel
R,g〉+ cu|φel

R,u〉)⊗ |R〉. (2.43)

We can see from the above equation that the initial nuclear wave functions along the 1sσg
and 2pσu curves in H+

2 are

Kg(R, T1) =
√

Γh(R, T1)cgKh(R, T1), (2.44)

and
Ku(R, T1) =

√
Γh(R, T1)cuKh(R, T1). (2.45)

To propagate in the H+
2 system according to Eq. (2.38), the nuclear wave functions also

need to be renormalized, i.e.,
∫
dR|Kg(R, T1)|2 + |Ku(R, T1)|2 = 1. The drop in the norm

square of the nuclear wave packets in H+
2 at each time step is

dP =

∫
dR(Γg(R, t)|Kg(R, t)|2 + Γu(R, t)|Ku(R, t)|2)dt. (2.46)

Similarly, if dP is smaller than ε, ionization can not occur and the wave functions need to
be renormalized. The comparison continues until dP > ε at some instant T2, meaning the
occurrence of the second jump. The difference in this case is that there are two pathways
for the second jump to H++

2 , from the 1sσg state and from the 2pσu state, which means
that another random number γ (0 ≤ γ ≤ 1) should be introduced to decide which pathway
to choose. The drop of the nuclear norm square from the 1sσg state in H+

2 at each time
step is

dPg =

∫
dRΓg(R, t)|Kg(R, t)|2dt. (2.47)

If γ is smaller than dPg/dP , the second jump takes place from the 1sσg state, otherwise,
the second jump takes place from the 2pσu state. As a result, the total state can either
be Cg|Ψ(T2)〉 or be Cu|Ψ(T2)〉. Thus the nuclear wave function in H++

2 is either

Kc(R, T2) =
√

Γg(R, T2)Kg(R, T2), (2.48)

12
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or
Kc(R, T2) =

√
Γu(R, T2)Ku(R, T2). (2.49)

Once we have in hand the nuclear wave packet in H++
2 , it is time to project it on Coulomb

waves KE(R) to get the KER spectrum for protons for the stochastic realization specified
by T1 and T2, i.e.,

KERm(T1, T2) = |
∫
KE(R)Kc(R, T2)dR|2, (2.50)

with m = g or u. In fact, KE(R) are eigenstates of the Coulomb problems and can be
obtained by analytically or numerically solving the following equation

(− 1

2µ

d2

dR2
+

1

R
)KE(R) = EKE(R). (2.51)

Equation (2.50) only gives the KER spectrum for one double ionization event occurring
at specific T1 and T2. We refer to such a specific realization of jump times and dynamics
as a quantum trajectory. The physical nuclear KER spectra of the dissociative double
ionization process can be obtained by summing over the KER spectra for many stochastic
trajectories.

In the present case of dissociative double ionization, the computational effort can, how-
ever, be dramatically reduced through eliminating all the random numbers by applying
a completely deterministic approach. To this end, the two jumps which are dressed with
probabilities are assumed to take place at every time step. Actually, the probability for
each jump is proportional to the drop in the norm square at that jump time. This is
reasonable as the larger the drop in the norm square, the more likely it is for a jump to
occur. Summing over all the weighted events, the nuclear KER spectrum can be obtained
by using the formula below, i.e.,

KERtot =
∑
T1,T2

P1P12

∑
m=g,u

P (m|{T1, T2})KERm(T1, T2). (2.52)

In the above equation,

P1 = −d(Nh(t))

dt
(2.53)

is the probability density for the first jump with Nh(t) =
∫
dR|Kh(R, t)|2 representing the

integrated norm square of the nuclear wave function of the h state without the first jump;

P12 = −d(Ng(t) +Nu(t))

dt
(2.54)

is the conditional probability density for the second jump for a given first jump with
Ng(t) =

∫
dR|Kg(R, t)|2 and Nu(t) =

∫
dR|Ku(R, t)|2 representing the integrated norm

squares of the nuclear wave packets in the g and u states without the second jump, re-
spectively; and

P (m|{T1, T2}) =
〈Ψ|C+

mCm|Ψ〉
〈Ψ|C+

g Cg + C+
u Cu|Ψ〉

(2.55)
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is the conditional probability density from the m (g or u) state for given first and second
jump times.

As shown in Fig. 2.2, the initial nuclear wave function is assumed to be ground state of the
(1sσg)

2 potential energy curve of H2. The applied laser pulse with polarization axis parallel
to the molecular axis first kicks out the first electron and then induces nuclear motion in
the two potential energy curves in H+

2 . Meanwhile, there is electronic dipole coupling
between the 1sσg and 2pσu states. Finally, the nuclei experience Coulomb repulsion after
emitting the second electron. Thus the nuclei pick up energy from two terms, one is
the dissociative kinetic energy in the singly-ionized system and the other is the Coulomb
repulsion energy in the doubly-ionized system.

2.3.2 Calculation input

Numerically, within each Hilbert space, we solve Eq. (2.38) by applying the split-operator
method [28] on the short-time propagator, i.e.,

U(t+ ∆t, t) = exp(−iTN
∆t

2
)exp(−iV (R, t+

∆t

2
)∆t)

× exp(−iTN
∆t

2
), (2.56)

with the one dimensional TN = − d2

2µ
d2

dR2 . Obviously, it is the term V (R, t) that determines
how the wave packet evolves in each Hilbert space. In H2, only one electronic state is
considered in our calculation, therefore,

V (R, t) = Eel,h(R)− iΓh(R, t)

2
. (2.57)

In the above equation, the instantaneous ionization rate Γh(R, t) is calculated using the
weak-field asymptotic theory in Ref. [29] and the electronic potential energy in Fig. 2.2
is approximated by a Morse potential, i.e.,

Eel,h(R) = 0.1819[exp(−2.01(R− 1.4)− 2.00 exp(−1.01(R− 1.4))]− 1.0 (2.58)

In H+
2 system, two electronic states are considered, thus V (R, t) is the 2-by-2 matrix. The

four matrix elements are expressed as

Vgg(R, t) = Eel,g(R)− iΓg(R, t)

2
,

Vgu(R, t) = βDgu(R)F (t),

Vug(R, t) = βDug(R)F (t),

Vuu(R, t) = Eel,u(R)− iΓu(R, t)

2
, (2.59)

where β = 1 + 1/(2mp + 1) with mp the proton mass, F (t) is the laser electric field, and
Dij(R) is the electronic dipole moment function between i and j states along the direction,
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ε̂, of the linear polarization, i.e., Dij(R) = −〈φelR,i|~r · ε̂|φelR,j〉. We use the explicit expression
for Dgu, i.e.,

Dgu(R) =
R

2
√

1− ((1 +R+R2/3)e−R)2
− 1

(2 + 1.4R)
, (2.60)

which is given in Ref. [30]. The two channel-resolved instantaneous ionization rates are
obtained by interpolating the results published in Ref. [31]. The two electronic potential
energies shown in Fig. 2.2 are also approximated by Morse potentials, i.e.,

Eel,g(R) = 0.1025[exp(−1.44(R− 2))− 2.00 exp(−0.72(R− 2))]− 0.5, (2.61)

Eel,u(R) = 0.1025[exp(−1.44(R− 2) + 2.22 exp(−0.72(R− 2))]− 0.5. (2.62)

In H++
2 , V (R, t) is the Coulomb repulsion between the two protons, i.e.,

V (R, t) =
1

R
. (2.63)

We are not interested the evolution of the nuclear wave packet in H++
2 . As a result, once

the second jump occurs, the nuclear wave function Kc(R, T2) is projected on Coulomb
waves.

The size of our simulation box is 40.96. The time step ∆t is 0.1 and the spatial step
∆R is 0.02. The operators exp(−iTN ∆t

2 ) and exp(−iV (R, t + ∆t
2 )∆t) are diagonal in

the momentum and position representations, respectively, thus a fast-Fourier-transform
algorithm is applied in the implementation. To reduce the computational effort further
and without reducing the performance of the MCWP approach, all the first jumps are
assumed to take place at field extrema and the second jumps at every tenth time step
after the first jumps throughout this report.

3 Dissociative double ionization of H2 exposed to intense
laser pulses

In this Chapter, the nuclear KER spectra after dissociative double ionization of H2 inter-
acting with intense femtosecond laser pulses are presented and analyzed. Throughout this
report, all the applied laser pulses have Gaussian envelopes and are linearly polarized with
their polarization axes parallel to the molecular axis. In our calculations, the duration of
a laser pulse is defined as the full-width-half-maximum (FWHM) of its intensity profile.
In the following, two cases are considered: (1) a single pulse is applied; (2) two pulses with
a tunable time delay are applied in a pump probe way.

3.1 Simulation results for laser pulses of 40 fs at 800 nm

In this section, we will present the simulation results for H2 interacting with laser pulses
with a duration of 40 fs (15 optical cycles at 800 nm) and with peak intensities ranging
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from 4× 1013 W/cm2 to 8× 1013 W/cm2. The case of H2 interacting with the laser pulse
with a peak intensity of 6×1013 W/cm2 is our starting point. The evolution of the nuclear
wave packet Kh(R, t) in H2 is calculated and its norm square |Kh(R, t)|2 is shown in Fig.
3.1(a). Even though the variation of |Kh(R, t)|2 is not obvious during its propagation,
the probability of the nuclear wave packet, i.e.,

∫
dR|Kh(R, t)|2, is gradually decreasing

over time [Fig. 3.1(c)], because of the non-Hermitian term in the full Hamiltonian [see
Eq. (2.32)]. The decreasing velocity of the probability, which is described in Eq. (2.36),
directly depends on the electric field of the applied laser pulse [Fig. 3.1(d)]. This is because
the ionization rate Γh(R, t) is dependent on the instantaneous electric field strength in a
natural way: the larger the field strength is, the larger the ionization rate is.
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Figure 3.1: (a) Evolution of the norm square of the nuclear wave packet Kh(R, t) along the
(1sσg)

2 curve in H2. (b) The amount of the neutral population entering the 1sσg state in
H+

2 , as a function of the first jump time T1. (c) The decreasing behavior of the probability,
i.e.,

∫
dR|Kh(R, t)|2, in H2. (d) The applied laser electric field, i.e., 800 nm, 40 fs and a

peak intensity of 6× 1013 W/cm2.

In Fig. 3.1(b), the norm square of the initial wave packet after the first jump and before
renormalization, i.e., cg

√
Γh(R, T1)Kh(R, T1), for evolution along the 1sσg curve in H+

2 is
displayed as a function of the first jump time T1. In fact, cg is approximately 1 for the
considered peak intensities. Fig. 3.1(b) also shows the amount of the neutral population
entering the 1sσg state in H+

2 . Here we do not present the much smaller population entering
the 2pσu state in H+

2 , since cu is much smaller than cg. We can see from Fig. 3.1(b) that
the first jump taking place at the field extrema would provide the largest populations
entering into the 1sσg state. Thus, our implementation in the deterministic approach that
the first jump only occurs at the field extrema is appropriate and reasonable. Apart from
that, it is worth mentioning that compared with the nuclear wave packet in H2, the initial
nuclear wave packets in H+

2 are slightly shifted to larger internuclear separations, which
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results from the R-dependence of the ionization rate Γh(R, t).

Figure 3.2: Simulation results for H+
2 at a specific first jump time T1 = −13.4 fs. (a)

Evolution of the norm square of the nuclear wave packet Kg(R, t) along the 1sσg curve.
The signal in the inset is multiplied by a factor of 50 for better visualization of the weak
signal. (b) Evolution of the norm square of the nuclear wave packet Ku(R, t) along the
2pσu curve. (c) The norm square of the nuclear wave packet from the 1sσg state entering
the doubly ionized state for different second jump times T2, i.e. Γg(R, T2)|Kg(R, T2)|2.
(d) The norm square of the nuclear wave packet from the 2pσu state entering the doubly
ionized state for different second jump times T2, i.e. Γu(R, T2)|Ku(R, T2)|2.

Once the first jump occurs, the first ionization event takes place and the nuclear wave
packet starts to evolve in the H+

2 system. As one can see from Fig. 3.1(b), the initial
wave packets for evolution in H+

2 are different for different first jump times. This means
that the evolution of the nuclear wave packet in H+

2 is determined by its corresponding
first jump time T1. For example, in Fig. 3.2, we present some results for the case where
the first jump takes place at T1 = −13.4 fs [marked by the red asterisk in Fig. 3.1(d)].
Similar to Fig. 3.1(a), Figs. 3.2(a) and (b) show the evolution of the norm squares of the
nuclear wave packets along the 1sσg and 2pσu curves in H+

2 . Compared with Fig. 3.1(a),
significant nuclear dynamics along the 1sσg curve in H+

2 is induced, because the starting
position R ∼ 1.5 of the initial nuclear wave packet deviates from the equilibrium position
(R = 2) of the 1sσg curve. [Fig. 3.2(a)]. The wave packet evolving along the 2pσu curve
is much weaker, which mainly comes from the dipole coupling between the 1sσg and 2pσu
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states. For example, three-photon resonance between the 1sσg and 2pσu states results in
a relatively large amount of population around R = 4 in Fig. 3.2(b). Although there
is a small probability for the nuclear wave packet along the 1sσg curve to reach large
internuclear separations with R > 5 [see the zoomed inset in Fig. 3.2(a)], the dissociation
behavior of the nuclear wave packet along the 2pσu curve is more strengthened.

Similar to Fig. 3.1(b), Figs. 3.1(c) and (d) show the amount of the population in the 1sσg
and 2pσu states entering the doubly ionized state, respectively. The ionization rate from
the 1sσg state Γg(R, t) is several orders of magnitude smaller than that from the 2pσu
state Γu(R, t) at this peak intensity. Thus, the population entering H++

2 from the 1sσg
state is much smaller than that from the 2pσu state, as we can see from Figs. 3.2 (c) and
(d). Compared with Fig. 3.2(b), there are two enhancements in the distribution around
R = 7 and R = 11 in Fig. 3.2(d) , originating from charge-resonance enhance ionization
(CREI).
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Figure 3.3: The renormalized nuclear KER spectra for the first jump occurring at -13.4
fs, -2.7 fs, 7.9 fs and 20 fs. The laser parameters are same as Figs. 3.1 and 3.2.

Each wave packet at a given second jump time T2 in Figs. 3.2(a) and (b) results in a KER
spectrum, which can be calculated according to Eq. (2.50). Thus, one can obtain the
nuclear KER spectrum for T1 = −13.4 fs by summing over the individual KER spectra for
different second jump times, as shown in Fig. 3.3. Similarly, one can obtain the nuclear
KER spectra for the other first jump times. For comparison, we also show the KER spectra
in Fig. 3.3 for the first jump occurring at -2.7 fs, 7.9 fs and 20 fs [marked by the three
blue asterisks in Fig. 3.1(d)]. From Fig. 3.3, we can clearly see that early first jumps
contribute to small kinetic energies, while late first jumps to large kinetic energies. This is
because there is longer time for the nuclei to move to larger internuclear separations with
smaller Coulomb repulsion energies at earlier first jumps.

Summing over all the KER spectra for different first jump times, one can obtain the total
nuclear KER spectrum after double ionization of H2 exposed to intense laser pulses. In Fig.
3.4(a), the nuclear KER spectra for several peak intensities ranging from 4× 1013 W/cm2

to 8×1013 W/cm2 are shown. Increasing the peak intensity of the laser pulse results in the
nuclear KER spectrum moving towards lower kinetic energies, even though the positions
of the individual peaks in different spectra are quite similar. This can be explained by the
fact that increasing the peak intensity is equivalent to increasing the effective duration of
the applied laser pulse, thus resulting in increasing the probability for the nuclei moving to
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Figure 3.4: (a) The renormalized nuclear KER spectra after double ionization of H2 inter-
acting with laser pulses of 800 nm, 40 fs and peak intensities ranging from 4×1013 W/cm2

to 8 × 1013 W/cm2. (b) The nuclear KER spectrum after focal volume averaging with a
center peak intensity of 7×1013 W/cm2, together with the nuclear spectrum with a center
peak intensity of 10 × 1013 W/cm2 taken from Ref. [32]. The laser pulses considered in
our simulation has the same wavelength (800 nm) and duration (40 fs) as that applied in
the experiment in Ref. [32].

larger internuclear separations. To achieve better agreement with the experimental results,
we should conduct focal volume averaging [33], because the dimension of the molecular
sample is usually larger than that of the focal beam waist. As a result, in Fig. 3.4(b),
we also plot the nuclear KER spectrum with focal volume averaging, together with the
experimental result taken from Ref. [32]. In that experiment, the applied laser pulse has
the same pulse duration and wavelength as that in our simulation, i.e., 40 fs and 800 nm.
Instead of using the experimental center peak intensity of 10×1013 W/cm2, a center peak
intensity of 7 × 1013 W/cm2 is applied in our simulation. Our simulation can reproduce
several low-energy peaks in the experimental spectrum. However, the peak around 6.5 eV
in the experiment is not well reproduced. This disagreement motivates us to include a
few excited states in our model, as discussed in Chapter 4. The origin of the peaks in our
calculated nuclear KER spectra would be discussed in detail in next section.

3.2 Nuclear KER spectra for single laser pulses

In this section, the influences of laser parameters, such as central wavelength and pulse
duration, on the KER spectra are considered. To our knowledge, the behavior of the
nuclear KER spectra with increasing wavelengths from the near-IR region to the mid-IR
region has not been studied systematically. The large wavelengths of the intense IR laser
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Figure 3.5: (a)-(d) Renormalized nuclear KER spectra after double ionization of H2

interacting with laser pulses with different wavelengths ranging from 800 nm to 6400 nm
and with different FWHM pulse durations ranging from 3 to 21 optical cycles, taken from
Ref. [1]. All the pulses have the same peak intensity of 6× 1013 W/cm2.

pulses make the ionization dynamics of molecules enter the tunneling regime. As we will
show later in this section, studying the peaks in the KER spectra at mid-IR wavelengths
by carrying out a trajectory analysis can help to obtain knowledge of the nuclear motion.

The nuclear KER spectra for laser pulses with central wavelengths ranging from 800 nm
to 6400 nm and with pulse durations ranging from 3 to 21 optical cycles are given in Fig.
3.5. The peak intensity of all the applied laser pulses is 6 × 1013 W/cm2. As we can
see from Fig. 3.5, for a fixed wavelength, the nuclear KER spectra move towards lower
kinetic energies when increasing the number of optical cycles from 3 to 21. Similarly, for
a fixed number of optical cycles, the nuclear KER spectra are also moving towards lower
kinetic energies when increasing the central wavelength from 800 nm to 6400 nm. Thus, it
is reasonable to draw the conclusion that the pulse duration, which is proportional to the
product of the wavelength and the number of optical cycles of a laser pulse, determines
how the nuclear KER spectra behaves as a whole for a given peak intensity.

We notice that the broad peaks ∼ 9 eV appear in nearly all the plots in Fig. 3.5, which
means that these peaks are almost independent of laser wavelength. Besides, several peaks
in the spectra are more or less at similar positions, e.g., when the number of optical cycles
is greater than 7 for the 800 nm case, as shown in Fig. 3.5(a). Similar feature can be
observed for the other three cases, though they have different individual peak positions,
which means that these peak positions are closely dependent on the laser wavelength.
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The final proton picks kinetic energy from two parts, one is the dissociative kinetic energy
in H+

2 and the other is the Coulomb repulsion energy in H++
2 . The fact that the peaks

∼ 9 eV nearly do not depend on the laser wavelength means that these peaks come from
the ionization events before the nuclear wave packets evolving along the 1sσg curve reach
the positions of the resonant dipole coupling between the 1sσg and 2pσu in H+

2 . Thus
these peaks are mainly from large ionization when the nuclear wave packets nearly stop
at the outer turning point (R ∼ 3) of the 1sσg curve, because the initial nuclear wave
packets in H+

2 start at R ∼ 1.5. Several other wavelength-dependent peaks appearing in
the spectra can be ascribed to four ionization pathways, i.e., large ionization at positions of
the one- and three-photon resonances between the 1sσg and 2pσu states in H+

2 , and larger
ionization at the two CREI positions after the one- and three-photon resonances between
the 1sσg and 2pσu states in H+

2 . For example, for the 800 nm case, the peaks around 7 eV
are mainly from large ionization at the position of the three-photon resonance between the
1sσg and 2pσu states in H+

2 , and the peaks around 4 eV are mainly from large ionization
at the CREI position of R = 7.

Figure 3.6: (a) Contributions from different trajectories to the low-energy peak around 1.2
eV in Fig. 3.5(d) when interacting with a pulse with 21 optical cycles at 6400 nm, taken
from Ref. [1]. (b) Contributions from different trajectories to the low-energy peak around
1.5 eV in Fig. 3.5(d) when interacting with a pulse with 15 optical cycles at 6400 nm. The
red dots in (a) and (b) mark the trajectories which give the largest contributions. The
laser pulses are indicted by the grey lines and the parameters are as in Fig. 3.5(d).

In the above mentioned four ionization pathways, ionization events taking place at the
CREI position of R = 11 would result in protons with the smallest kinetic energies with
the Coulomb repulsion energy around 1

11 = 2.47 eV.The low-energy peaks smaller than 2
eV in Figs. 3.5(c) and (d) are from another ionization pathway, i.e., large ionization in the
dissociation limit at large internuclear separations. These peaks come to birth when the
pulse duration is large, e.g., 10 or more optical cycles for 3200 nm and 5 or more optical
cycles for 6400 nm. We conduct a trajectory analysis of the two low-energy peaks in Fig.
3.5(d), i.e., around 1.5 eV for 15 optical cycles and around 1.2 eV for 21 optical cycles.
In Fig. 3.6, contributions from different trajectories to these two low-energy peaks are
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shown. The trajectories which give the largest contributions are marked by the red dots.
The time difference between the first jump time and the second jump time is actually the
evolution time of the nuclear wave packet in H+

2 . We can see from Fig. 3.6, the evolution
time for the peak around 1.2 eV is about 6000 (∼ 150 fs), and the evolution time for the
peak around 1.5 eV is about 4000 (∼ 100 fs). These times are large enough for the nuclear
wave packet to reach large internuclear separations (R > 20).

3.3 Nuclear KER spectra in a pump-probe scheme

Figure 3.7: Nuclear KER distributions as a function of time delay between pump and
probe pulses, a slightly modified version of Fig. 5(a) in Ref. [1]. The peak intensity of
the pump (probe) pulse is 4 × 1014 W/cm2 (6 × 1013 W/cm2). The two pulses have the
same wavelength (750 nm) and the same duration (3 optical cycles). The data are plotted
to the power of 0.2 in order to gain a larger visibility of the structures and after that the
signal in the insert was multiplied by a factor of 3.

When molecules interact with two or more laser pulses, dynamics of the nuclei as well as
dynamics of the photoelectrons can be studied as a function of the time delay between the
pulses. In Fig. 3.7, we plot the simulated KER distributions as a function of time delay
between pump and probe laser pulses with their polarization axes parallel to the molecular
axis. In order to test the performance of our approach, the parameters of the two laser
pulses are chosen according to Ref. [34]: The central wavelength and the FWHM duration
of the two pulses are 750 nm and 3 optical cycles, respectively. The pump laser has a
peak intensity of 4×1014 W/cm2 while the probe has a peak intensity of 6×1013 W/cm2.
We find a good agreement between Fig. 3.7 and the experimental results of Ref. [34]. In
particular, the high-energy branch around 10 eV and the energy-decreasing branch from
6 eV to 2 eV for increasing time delay are reproduced.

In Fig. 3.7, the channel with KER around 10 eV mainly comes from double ionization
of H2 by the more intense pump pulse. This channel shows no delay dependence when
the delay is larger than 20 fs. However, for delays smaller than 20 fs, oscillation of the
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KER distributions with a period of one optical cycle is observed. This oscillation is a
signature of constructive and destructive interference between the two pulses when the
two pulses overlap in time. The channel with KER in the 2-6 eV range has a strong delay
dependence and is due to the ionization of H+

2 by the relatively weak probe pulse. The
main energy-decreasing branch from 6 eV to 2 eV for increasing delay is a result of the
nuclear wave packet moving along the 2pσu potential energy curve in H+

2 .

In addition, there are two much weaker energy-decreasing branches. A zoom of part of the
branches is shown in the insert to the right of Fig. 3.7. These branches can be shown to
result from the oscillatory movement of the nuclear wave packet along the 1sσg potential
energy curve in H+

2 : The duration between the first dominant decreasing branch starting
at a time delay around 15 fs and the second branch highlighted in the insert is around
20-25 fs corresponding to a full oscillatory motion in the 1sσg curve.

4 Dissociative double ionization of H2 exposed to intense
laser pulses under the influence of a doubly-excited state

In this Chapter, compared with the previous chapter, the influence of a doubly-excited
state as well as the process of autoionization on the nuclear KER spectra is considered.
Several preliminary results are presented below. Doubly-excited states are highly corre-
lated Rydberg states converging to different ionization thresholds. In molecules, these
states are metastable and can either dissociate into two neutral fragments, or can decay
into the electronic continuum before dissociating into neutrals by ejecting an electron.
The latter process is called autoionization, where one electron is freed and the other re-
mains bound resulting from the energy exchange between the two bound electrons through
electron-electron correlation.

It has been shown experimentally by several groups [35, 36] that autoionization can lead to
symmetry breaking in the photoelectron momentum spectrum, .i.e., electron localization,
as a result of the interaction between direct ionization pathways and the autoionization
pathways. The influence of the autoionizing states on the nuclear KER spectra is, however,
not studied thoroughly.

In Chapter 2, we discuss in detail how to apply the MCWP approach to dissociative double
ionization of H2. To include a doubly excited state successfully into our model, several
properties of the new state (similarly, short for d) are required, e.g., the Born-Oppenheimer
field-free electronic potential energy curve Ed(R), the R-dependent autoionization rates
Γd(R), as well as the dipole moment function between the ground state and this doubly-
excited state Dhd(R).

The doubly excited state we are considering now is in the same Hilbert space with the
ground state, thus the evolution of the radial nuclear wave packet in H2 is now expressed
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[
K̇h

K̇d

]
=

[
Eh(R)− iΓh(R,t)

2 Dhd(R)F (t)

Ddh(R)F (t) Ed(R)− iΓd(R)
2

]
×
[
Kh

Kd

]
, (4.1)

while the evolution of the nuclear wave packet in H+
2 and H++

2 is the same as before. Γd(R)
is the autoionization rate to the 1sσg state in H+

2 . Equation (4.1) also implies that just as
the second jump, the first jump here can take place either at the h state or at the d state
with a weighed probability.
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Figure 4.2: Nuclear KER spectra obtained with and without the influence of the doubly-
excited state of Q1Σ+

u for H2 interacting with laser pulses at 800 nm with durations of
3 and 15 optical cycles. The solid (dash) lines represent KER spectra without (with)
considering the doubly excited state. All the applied laser pulses have a peak intensity of
6× 1013W/cm2

We consider the influence of the lowest doubly excited state of Q1Σ+
u , the properties of

which could be found in some literatures [37, 38, 39] . The respective nuclear KER spectra
for H2 interacting with laser pulses with 3 and 15 optical cycles at 800 nm are shown is
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Fig. 4.2. We can see that, for the case of 3 optical cycles, the two KER spectra are
dramatically different, with the spectrum under the influence of the doubly excited state
moving to much lower kinetic energies. The influence of the doubly excited states will be
considered carefully in the future.

5 Summary and Outlook

In this report, how to apply the MCWP approach to simulate dissociative double ioniza-
tion of H2 exposed to intense femtosecond laser pulses is discussed in detail. The calculated
nuclear KER spectra of protons after double ionization for different intensities and wave-
lengths are presented and discussed. Our main findings are (1) there is a trend towards
lower kinetic energies when increasing the peak intensity from 4× 1013 W/cm2 to 8× 1013

W/cm2; (2) there is a trend towards lower kinetic energies when increasing the central
wavelength from near-IR regime to mid-IR regime; (3) the peaks in the nuclear KER spec-
tra can reflect CREI as well as the one- and three-photon resonances between the 1sσg
and 2pσu states in H+

2 ; (4) a trajectory analysis can help to find the origin of the peaks in
the nuclear KER spectrum.

In addition, the preliminary results of the nuclear KER spectra under the influence of the
doubly-excited state in Chapter 4 show that the inclusion of a doubly-excited state may
significantly affect the nuclear KER spectrum, especially for the case of short laser pulses.

There are many open questions for the processes related to excited states. In the future,
we will keep on studying the influences of the singly- and doubly-excited states in H2 and
other excited states in H+

2 on the nuclear KER spectra when interacting with femtosecond
laser pulses. The processes of photoionization from excited states and autoionization from
doubly-excited states both would be involved in our calculation. In fact, it is not an easy
task to get the ionization rates from different states. Apart from femtosecond laser pulses,
attosecond XUV pulses can be further introduced into our system as a pump to efficiently
populate several doubly-excited states and thus induces autoionization. Furthermore, we
can also get some insight into the motion of photoelectrons by doing a classical description
of the photoelectrons.

As part of my PhD program, a short stay in MADRID next year is planned.
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time observation of electron tunnelling in atoms. Nature, 446(7136):627–632, 2007.

[5] M. F. Kling, C. Siedschlag, A. J. Verhoef, J. I. Khan, M. Schultze, T. Uphues, Y. Ni,
M. Uiberacker, M. Drescher, F. Krausz, et al. Control of electron localization in
molecular dissociation. Science, 312(5771):246–248, 2006.

[6] L. Childress, M. V. G. Dutt, J. M. Taylor, A. S. Zibrov, F. Jelezko, J. Wrachtrup,
P. R. Hemmer, and M. D. Lukin. Coherent dynamics of coupled electron and nuclear
spin qubits in diamond. Science, 314(5797):281–285, 2006.

[7] U. Keller, D. A. B. Miller, G. D. Boyd, T. H. Chiu, J. F. Ferguson, and M. T. Asom.
Solid-state low-loss intracavity saturable absorber for nd:ylf lasers: an antiresonant
semiconductor fabry–perot saturable absorber. Opt. Lett., 17(7):505–507, 1992.

[8] U. Keller, K. J. Weingarten, F. X. Kartner, D. Kopf, B. Braun, I. D. Jung, R. Fluck,
C. Honninger, N. Matuschek, and J. Aus der Au. Semiconductor saturable absorber
mirrors (SESAM’s) for femtosecond to nanosecond pulse generation in solid-state
lasers. IEEE Journal of Selected Topics in Quantum Electronics, 2(3):435–453, 1996.

[9] D. J. Jones, S. A. Diddams, J. K. Ranka, A. Stentz, R. S. Windeler, J. L. Hall, and
S. T. Cundiff. Carrier-envelope phase control of femtosecond mode-locked lasers and
direct optical frequency synthesis. Science, 288(5466):635–639, 2000.

[10] P. M. Paul, E. S. Toma, P. Breger, G. Mullot, F. Augé, Ph. Balcou, H. G. Muller,
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[35] G. Sansone, F. Kelkensberg, J. F. Pérez-Torres, F. Morales, M. F. Kling, W. Siu,
O. Ghafur, P. Johnsson, M. Swoboda, E. Benedetti, et al. Electron localization
following attosecond molecular photoionization. Nature, 465(7299):763–766, 2010.

[36] A. Fischer, A. Sperl, P. Cörlin, M. Schönwald, H. Rietz, A. Palacios, A. González-
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