
High-order harmonic

generation from polar

molecules

Adam Etches

· · ·
PhD thesis

Department of Physics and Astronomy

Aarhus University

10th July 2012.





This thesis is submitted to Science and Technology at
Aarhus University, Denmark, in order to ful�ll the re-
quirements for obtaining the PhD degree in physics. The
studies have been carried out under the supervision of
Lars Bojer Madsen at the Department of Physics and
Astronomy.





Contents

Preface iv

List of publications vii

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Current state of the �eld . . . . . . . . . . . . . . 2
1.3 Thesis outline . . . . . . . . . . . . . . . . . . . . 5

2 The Lewenstein model 7

2.1 Derivation . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Orientation and alignment . . . . . . . . . . . . . 13
2.3 The multi-centre stationary-phase method . . . . 15
2.4 Short-comings of the Lewenstein model . . . . . . 18

3 Ellipticity of high-harmonics 20

3.1 Ellipticity within the Lewenstein model . . . . . . 21
3.2 Comparison with other models . . . . . . . . . . . 27

i



Contents

4 In�uence of polar orbitals 31

4.1 Emission times . . . . . . . . . . . . . . . . . . . 31
4.2 Odd and even harmonics . . . . . . . . . . . . . . 36

5 Including Stark shifts 39

5.1 Derivation . . . . . . . . . . . . . . . . . . . . . . 40
5.2 Impact on emission times . . . . . . . . . . . . . . 43
5.3 Stark phases . . . . . . . . . . . . . . . . . . . . . 46

6 Two-centre interference 57

6.1 Basic concepts . . . . . . . . . . . . . . . . . . . . 58
6.2 Oriented polar molecules . . . . . . . . . . . . . . 62
6.3 Aligned polar molecules . . . . . . . . . . . . . . 65
6.4 Importance of Stark phases . . . . . . . . . . . . 71

7 Macroscopic phase-matching 76

7.1 Propagation equations . . . . . . . . . . . . . . . 76
7.2 Phase-matching . . . . . . . . . . . . . . . . . . . 79
7.3 Phase-matching for polar molecules . . . . . . . . 82
7.4 Robustness of Stark phases . . . . . . . . . . . . . 84

8 Summary and outlook 90

8.1 Summary . . . . . . . . . . . . . . . . . . . . . . 91
8.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . 94

Published papers 97

A Inducing elliptically polarized high-order harmon-
ics from aligned molecules with linearly polarized
femtosecond pulses . . . . . . . . . . . . . . . . . 97

B Extending the strong-�eld approximation of high-
order harmonic generation to polar molecules: gat-
ing mechanisms and extension of the harmonic cuto�104

C Two-center minima in harmonic spectra from aligned
polar molecules . . . . . . . . . . . . . . . . . . . 113

D Laser-induced bound-state phases in high-order
harmonic generation . . . . . . . . . . . . . . . . 121

ii



Contents

Bibliography 127

iii



Preface

This thesis summarises work I have done during my PhD studies
at the Department of Physics and Astronomy, Aarhus University,
Denmark, under the supervision of Lars Bojer Madsen. The main
topic is high-order harmonic generation from molecules, with a
focus on the modi�cations that are necessary to describe polar
molecules.

Units and abbreviations

Most equations are in atomic units, where the reduced Planck's
constant, ~, the elementary charge, e, the electron mass, me,
and the Bohr radius, a0, are all equal to one. To conform with
the literature, the equations on macroscopic phase-matching in
chapter 7 are kept in SI units. Abbreviations that are used in
this thesis are listed below:

as attosecond

au atomic units
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HHG high-order harmonic generation

HOMO highest occupied molecular orbital

LCAO linear combination of atomic orbitals

QRS quantitative rescattering model

SFA strong-�eld approximation

TDSE time-dependent Schrödinger equation

XUV extreme ultraviolet
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Chapter

1
Introduction

In this chapter we will give a short introduction to strong-�eld
physics, and motivate the need for new models of high-order har-
monic generation. The last section contains an outline of this
thesis, putting each chapter into a larger perspective.

1.1 Motivation

Atomic, molecular and optical physics is a very active branch
of modern physics. One of its main goals is to improve our un-
derstanding of how light and matter interact. At low intensit-
ies, light-matter interaction is conveniently described in terms of
transitions between discrete energy levels. At the highest intens-
ities, targets get stripped of all their electrons, and we enter the
realm of plasma physics where the bound levels play a negligible
role. At intermediate intensities of ∼ 1013�1016 W/cm2 we �nd
the (poorly named) strong-�eld regime.

In strong-�eld physics the probing laser exerts a force on the
most loosely bound electron, which is comparable in magnitude
to that of the con�ning Coulomb potential. The competition
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Chapter 1. Introduction

between these two forces gives rise to several emergent phenom-
ena. A prominent example is the emission of high-frequency light
from a gas of atoms or molecules when submitted to a strong
infrared laser �eld [1, 2]. If the driving pulse contains several
optical cycles, the spectrum of the emitted light consists of a
series of peaks placed at integer multiples of the photon energy
of the driving laser. The �rst few harmonics behave as expected
from perturbation theory, in that the intensity of each harmonic
is considerably lower than that of the preceding one. However,
this behaviour is succeeded by a plateau of harmonics with equal
intensities followed by a sharp cuto�. For this reason, the process
is known as high-order harmonic generation (HHG). Depending
on the target gas and the driving laser, the plateau can contain
more than a hundred harmonics, and reach into the extreme ul-
traviolet (XUV) or even X-ray frequency range [3�5].

The high harmonics have properties that make them prom-
ising for applications. Most importantly, they are emitted as a
coherent beam that co-propagates with the generating laser [1].
This makes HHG a candidate for an �XUV laser�. The tem-
poral characteristics of the harmonics are also interesting. It
turns out that the harmonics are emitted in sub-femtosecond
bunches [6]. Using few-cycle drivers, the high-harmonic spec-
trum becomes continuous, and supports single harmonic bursts
as short as 80 as [7, 8] (1 as = 1 × 10−18 s). This is compar-
able to the atomic unit of time (1 au = 24 as), and smaller than
the Bohr orbit time of the electron in hydrogen (150 as). The
hope is that HHG and other strong-�eld phenomena can be used
to probe electron dynamics in atomic, molecular and solid state
systems on their natural time scales [9].

1.2 Current state of the �eld

Unfortunately, the HHG conversion e�ciency is very low. Tradi-
tionally the main goal of HHG research has been to increase the
intensity of the generated harmonics, either in the generation pro-
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Current state of the �eld

cess [3�5], or through ampli�cation in free-electron lasers [10, 11].
Recent years have seen an increased focus on the detailed struc-
ture of the harmonic spectrum itself, and the information that it
contains about the target and the strong-�eld induced electron
dynamics [12�14]. As no other method can be used monitor the
dynamics leading to high-harmonics, this is done by comparing
experimental data and theoretical predictions.

It is very di�cult to calculate HHG spectra using the time-
dependent Schrödinger equation (TDSE) directly. Titanium-
sapphire lasers, the work horse of strong-�eld physics, typically
operate around 800 nm, which corresponds to an optical cycle of
110 au. For typical pulse durations, this means that the TDSE
has to be propagated for thousands of atomic units. This would
not be a problem if only a few discrete states were populated, but
the driving lasers that cause HHG are all strong enough to pro-
mote signi�cant population into the electronic continuum. Add
to this the curse of dimensionality, and you �nd that ab initio

HHG spectra can only be calculated for atomic hydrogen or H+
2 .

When trying to model HHG instead, the �rst step is to disen-
tangle the dynamics into parts that depend only on the binding
potential or the driving �eld. This line of enquiry is inspired by
the now famous three-step model [15, 16], which is sketched in
�gure 1.1. The idea of the three-step model is to treat the least
bound electron semi-classically: Initially, the electron is bound
by the combined Coulomb potential of the nucleus and the other
electrons. The interaction with the driving laser serves to lower
the potential barrier at the peak of each optical half-cycle. If the
intensity is high enough, the electron may tunnel through the bar-
rier, and into the continuum. This is known as step one. Once
in the continuum, the electron is treated as a classical particle,
and its interaction with the Coulomb potential is ignored. The
laser �eld accelerates the electron away from the parent ion, and
back again when the electric �eld changes its sign in the following
half-cycle. By the time the electron returns to the core, it will
have gained a signi�cant amount of kinetic energy from the driv-
ing laser. This is step two. In step three, the electron recombines

3
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Figure 1.1 | Sketch of the three-step model of HHG. The blue line is the
combined Coulomb and laser potential, and the red dot represents the x
coordinate of the least bound electron. (i) The electron tunnels away from
the nucleus. (ii) The freed electron is accelerated out and back again by the
laser �eld. (iii) The electron recombines, and emits its excess kinetic energy
as a high-energy photon.

into the ground state, and emits its excess kinetic energy as a
high-energy photon.

The Lewenstein model is the quantum mechanical analogue
of the three-step model [17]. It has been hugely successful in de-
scribing HHG from atoms, and has also been extended to cover
molecular targets. However, experiments have begun uncovering
e�ects that cannot be understood within the Lewenstein model.
If we truly hope to use HHG as a probe of ultra fast dynamics,
then theory has to be developed that not only reproduces exper-
imental data, but also uncovers the physical mechanisms behind
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Thesis outline

them.
My main contribution to the �eld is theoretical modelling of

HHG from polar molecules. Polar molecules are particularly chal-
lenging to theory because of their large dipole interaction with
the driving laser. We include this interaction to lowest order by
adiabatically Stark-shifting the bound state energies according to
the instantaneous value of the laser �eld. While such a simplistic
model cannot be expected to describe the full dynamics, it does
allow us to study some of the unique features of polar molecules,
and provides a reference point for the development of new, more
sophisticated models.

1.3 Thesis outline

Here follows a brief outline of each chapter:

Chapter 2 reviews the Lewenstein model, providing the back-
ground for our extension to polar molecules. Proper imple-
mentation of the stationary-phase method for molecules is
also discussed.

Chapter 3 shows that the Lewenstein model supports the gen-
eration of elliptically polarized harmonics from aligned mo-
lecules using linearly polarized driving pulses.

Chapter 4 discusses how nonsymmetric orbitals a�ect emission
times of the emitted harmonics as well as the spectral con-
tent of the harmonic spectrum.

Chapter 5 presents a way to include Stark shifts in the Lewen-
stein model. The impact on emission times and harmonic
phases is discussed.

Chapter 6 reviews the two-centre interference model for homo-
nuclear molecules, and extends it to polar molecules. The
relation between interference minima from oriented and
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Chapter 1. Introduction

aligned polar molecules is analyzed, and the impact of Stark
shifts discussed.

Chapter 7 deals with phase-matching in a macroscopic gas of
molecules. Propagation equations are reviewed, and the
impact of Stark shifts discussed. The laser-induced Stark
phase is shown to survive phase-matching.

Chapter 8 summarizes the main results, and provides a brief
outlook.

6
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2
The Lewenstein model

The Lewenstein model is the quantum version of the three-step
model. It can be derived from the strong-�eld approximation
(SFA), which formalizes the intuitive steps of the three-step model.
The Lewenstein model has been hugely succesful. It is simple to
understand, and very cheap to evaluate compared to solving the
TDSE. This makes the Lewenstein model ideal as a point of de-
parture for testing the in�uence of new physical e�ects in HHG.
The main contribution of this thesis is to extend the Lewenstein
model to polar molecules by including the time-dependent Stark
shift felt by each molecular orbital due to the driving �eld.

In this chapter we will review derivations of the SFA and the
Lewenstein model. We then review the multi-centre stationary-
phase method, which bridges the gap between a quantum and
a semi-classical understanding of HHG from molecules. We end
the chapter with a discussion of some of the problems with the
Lewenstein model, and a brief overview of research directions
attempting to repair its failings.

7



Chapter 2. The Lewenstein model

2.1 Derivation

A full description of HHG requires modelling on two levels. First,
the microscopic response of a single molecule to a strong driv-
ing �eld must be solved using the TDSE or a simpli�ed model.
Second, the coherent build-up of harmonics in the macroscopic
target gas must be described using Maxwell's wave equation with
the single-molecule dipole response as a source term [18, 19].
The interplay between the microscopic and macroscopic response
complicates the analysis greatly, so we restrict ourselves to the
single-molecule response in most of this thesis. We shall return
to a discussion of macroscopic e�ects in chapter 7.

In the limiting case of an in�nitely thin gas the full macro-
scopic spectrum is most closely resembled by the single-molecule
dipole velocity spectrum [20]. In the following, we therefore as-
sume that the spectrum of the harmonic component along n̂ is
given by

Sn̂(ω) =

∣∣∣∣n̂ ·
∫ ∞

−∞
eiωt

d

dt

〈
d̂dip(t)

〉
dt

∣∣∣∣
2

(2.1)

=

∣∣∣∣n̂ ·
∫ ∞

−∞
eiωt 〈v̂dip(t)〉 dt

∣∣∣∣
2

, (2.2)

where d̂dip = −r is the dipole operator, and v̂dip = −i∇ the
dipole velocity operator. In the single-active electron approx-
imation one assumes that the electrons do not interact during
the interaction with the laser pulse. The active electron is ex-
pressed as a Slater determinant of occupied states, and the full
expectation value splits into a sum over single orbital expectation
values [21]

〈v̂dip(t)〉 =
∞∑

i=1

Pi 〈ψi(t) | v̂dip |ψi(t)〉 . (2.3)
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Derivation

The orbital weights ful�ll the normalization condition
∞∑

i=1

Pi = 1. (2.4)

The single-active electron approximation allows each orbital con-
tribution to be calculated separately in the e�ective potential
V (r) formed by the nuclei and the other (static) electrons.

The Hamiltonian for an electron in a potential ĤL subject to
an electric �eld F(t) is

Ĥ = Ĥ0 + VL(t) (2.5)

= ĤL + V (r), (2.6)

where

Ĥ0 = −1

2
∇2 + V (r) (2.7)

ĤL = −1

2
∇2 + VL(t) (2.8)

VL(t) = −F(t) · r. (2.9)

While it is di�cult to solve the full (time-dependent) Schrödinger
equation, Ĥ0 has eigenstates |ψ(0)

i (t)〉 that can be easily found
using quantum chemistry codes [22]. The eigenstates of ĤL are
the so-called Volkov waves:

ψk(r, t) = 〈r |k(t)〉 (2.10)

= (2π)−3/2 exp
(

i
[

(k + A(t)) · r

−
∫ t

t0

1

2
(k + A(t′))

2
dt′
])
, (2.11)

where A(t) is a vector potential for the electric �eld F(t) =
−∂tA(t). The corresponding time-evolution operators are

U0(t, t0) =
∞∑

i=1

∣∣∣ψ(0)
i (t)

〉〈
ψ

(0)
i (t0)

∣∣∣ (2.12)

Uvol(t, t0) =

∫

R3

dk |k(t)〉 〈k(t0)| . (2.13)

9



Chapter 2. The Lewenstein model

This gives rise to two equivalent Dyson series for the time-evolution
operator of the full Hamiltonian:

U(t, t0) = U0(t, t0)− i

∫ t

t0

dt′ U(t, t′)VL(t′)U0(t′, t0) (2.14)

U(t, t0) = Uvol(t, t0)− i

∫ t

t0

dt′ U(t, t′)V Uvol(t′, t0). (2.15)

The physics of the two Dyson series is easily understood if they
are applied to an electron in a bound state or a Volkov state
respectively. The �rst equation then describes �eld-free time-
evolution followed by a dressing by the electric �eld. The second
equation describes the Coulomb dressing of a Volkov state. The
SFA is obtained by inserting equation (2.15) into (2.14), and
keeping only the two lowest-order terms:

U(t, t0) ≈ U0(t, t0)− i

∫ t

t0

dt′ Uvol(t, t′)VL(t′)U0(t′, t0). (2.16)

Applying the approximate time-evolution operator to an initial
�eld-free state then gives the SFA wave function

|ψi(t)〉 ≈
∣∣∣ψ(0)

i (t)
〉

− i

∫ t

t0

dt′
∫

R3

dk |k(t)〉
〈
k(t′)

∣∣∣VL(t′)
∣∣∣ψ(0)

i (t′)
〉

(2.17)

We now obtain the Lewenstein model by using the SFA wave
function in equation (2.17) to evaluate the time-dependent dipole
velocity. In calculating the expectation value, we throw away
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terms that contain matrix elements between continuum states:

〈ψi(t) | v̂dip |ψi(t)〉 ≈ − i

∫ t

t0

dt′
∫

R3

dk
〈
ψ

(0)
i (t)

∣∣∣ v̂dip

∣∣∣k(t)
〉

×
〈
k(t′)

∣∣∣VL(t′)
∣∣∣ψ(0)

i (t′)
〉

(2.18)

+ complex conjugate

=i

∫ t

t0

dt′
∫

R3

dkv∗rec(k + A(t))e−iS(k,t,t
′)

× F(t′) · dion(k + A(t′)) (2.19)

+ complex conjugate.

This is justi�ed because of the small matrix elements between
continuum states. The terms in equation (2.19) relate directly to
the Fourier transform of the bound state ψ̃:

dion(k + A(t′)) = i∇k+A(t′)ψ̃i (k + A(t′)) (2.20)

S(k, t, t′) =

∫ t

t′

(
1

2
[k + A(t′′)]

2 − E0

)
dt′′ (2.21)

vrec(k + A(t)) = [k + A(t)] ψ̃i (k + A(t)) . (2.22)

The term F(t′) · dion(k + A(t′)) is naturally interpreted as ion-
ization from the ground state into the continuum at the time
t′. The semi-classical phase S(k, t, t′) accounts for propagation
in the strong laser �eld. Finally, vrec(k + A(t)) is the recom-
bination matrix element back into the bound state at time t.
The Lewenstein model thus immediately relates to the three-step
model.

Using Gaussian basis states, all matrix elements have analyt-
ical expressions, which considerably speeds up calculations. We
obtain our molecular orbitals using the standard quantum chem-
istry software GAMESS, supplemented by data from the NIST
Computational Chemistry Comparison and Benchmark DataBase
(http://cccbdb.nist.gov/). First the nuclei are frozen in their
equilibrium positions, and the nuclei placed such that the centre
of mass is located at the origin. Orbitals are then calculated in a
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triple zeta valence basis set with additional di�use s and p orbit-
als. All orbital energies Ei are then shifted such that the energy
of the highest occupied molecular orbital (HOMO) is equal to
minus the experimentally determined vertical ionization poten-
tial Ip. In the case of N2, GAMESS wrongly predicts that the
HOMO has π symmetry. We instead choose the highest occu-
pied σ orbital. We will not present calculations that include the
HOMO−1 channel in N2, so the true energy spacing does not
become an issue.

The in�uence of lower-lying occupied bound states and higher-
lying resonances on the harmonic spectrum is a topic of much
debate [23�31]. All occupied molecular orbitals are included in
equation (2.3), but excited states and channel couplings are com-
pletely ignored. Depending on their symmetries, and the geo-
metry of the driving �eld, typically only the HOMO, HOMO−1
and HOMO−2 contribute. This is due to the initial tunnel ion-
ization step, which is exponentially sensitive to the ionization
potential [32]. It would be most consistent to always include all
occupied molecular orbitals, but the focus of this thesis is on
the peculiarities of polar orbitals. We therefore mostly restrict
ourselves to the HOMO contribution, and refer to the HOMO as
the ground state |ψ〉.

Another simpli�cation we make is to limit the dt′ integral
in equation (2.19) to the interval [t − T, t]. This blocks out all
but the two dominating trajectories (commonly referred to as the
short and long trajectories) as well as speeding up calculations.
Other e�ects that in�uence the �nal harmonic spectrum are nuc-
lear vibration [33], and the orientational distribution of the target
molecule [21, 34]. We will completely ignore nuclear vibration,
which reduces the harmonic intensity by the square modulus of
the nuclear autocorrelation function [33, 35, 36]. This forms the
basis of the PACER (probing attosecond dynamics by chirp en-
coded recollision) technique, which has been used to measure
proton rearrangement in H4 [37], and H2 [38].

Two competing e�ects determine the importance of nuclear
vibration: the width of the nuclear wave function, and the char-
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Orientation and alignment

acteristic vibration time. Light nuclei vibrate faster, so as a
rule of thumb only HHG from light isotopes is signi�cantly in�u-
enced by nuclear vibration. However, the narrower width of the
nuclear wave function of heavy nuclei partially compensates for
this [36], so even HHG from heavy isotopes is in�uenced if the
Born-Oppenheimer potential of the cation is su�ciently far from
that of the neutral molecule. This has recently been shown to be
the case for the HOMO−1 channel of N2 [24].

2.2 Orientation and alignment

Unlike atoms, molecules are not rotationally symmetric, and their
response to a probing laser pulse depends on the orientation of
the molecule with respect to the laboratory frame. In this thesis
we only consider linearly polarized driving lasers. We �x the
laboratory frame such that the laser pulse is linearly polarized in
the x direction, and propagates in the z direction. We can then
de�ne the orientation of the target molecule in terms of Euler
angles (ϕ, θ, χ).

The orientation of a linear target molecule relates to the Euler
angles as following: First the molecule is oriented with its in-
ternuclear axis along the z axis in the molecular frame. If the
molecule is polar, a choice must be made regarding the up/down
asymmetry. The molecular frame is then placed such that it coin-
cides with the laboratory frame. The molecular frame is rotated
by an angle of ϕ around its internuclear (z) axis. The new mo-
lecular frame is subsequently rotated by an angle of θ around its
y axis, and �nally by χ around the resulting internuclear (z) axis.

The correct way of treating orientational distributions in HHG
is to coherently add the harmonic emission from each orientation.
Given an orientational distribution G(ϕ, θ, χ), the total harmonic
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spectrum is given by the Fourier transform of [21, 34]

〈v̂dip(t)〉 =

∫ 2π

0

dϕ

∫ π

0

dθ

∫ 2π

0

dχ G(ϕ, θ, χ)

× sin(θ) 〈v̂dip(ϕ, θ, χ; t)〉 . (2.23)

The �eld-free Hamiltonian Ĥ0 is invariant under rotations, so
the natural state of a molecule is an equal superposition of all
orientations. In the language of equation (2.23), the molecular
response must be calculated for all orientations, and the results
added coherently with the weight G(ϕ, θ, χ) ≡ 1/(4π3). Such a
procedure requires many single-molecule calculations, and there-
fore becomes very time consuming. More importantly, it e�ect-
ively washes out spectral features relating to electron dynamics
at a particular orientation angle. Fortunately, some degree of
orientation can be experimentally obtained [39].

In this thesis we will make a sharp distinction between mo-
lecular orientation, and molecular alignment. A perfectly aligned
molecule has its internuclear axis completely �xed in the laborat-
ory frame. If the molecule is symmetric, such as N2, O2 and CO2,
this corresponds to the maximal amount of control. If the target
molecule is not symmetric, as in the case of CO, then perfect
alignment corresponds to a coherent superposition of pointing
�up� and �down� or �left� and �right�, etc. Only if the up/down
asymmetry is broken do we refer to a molecule as being oriented.

The typical way of partially aligning a gas of molecules is
to submit it to a moderately intense (∼ 1013 W/cm2) infrared
pulse. This populates a range of rotational energy levels. The
subsequent �eld-free time-evolution leads to periodic phasing and
dephasing, corresponding to alignment and anti-alignment. The
achievable degree of alignment is not as high as for static-�eld or
adiabatic laser alignment methods, but has the great advantage
that the target molecule can be studied under �eld-free condi-
tions.

Orienting molecules is more di�cult, especially under �eld-
free conditions. The best level of orientation is obtained using
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quantum-state selected gases [40�44], but the resulting densities
are fairly low. High-order harmonic generation has a low cross
section, and spectrometers do not have very high sensitivity in the
XUV range, so there are very few HHG experiments on oriented
polar molecules. Alternative methods of accessing the molecular
frame include partial orientation by two-colour pulses [45], and
post-selection methods like COLTRIMS (cold target recoil-ion
momentum spectroscopy) [46].

Despite current experimental limitations, we will only con-
sider two idealized orientational distributions: perfectly oriented,
and perfectly aligned. This makes direct comparison with exper-
iments more di�cult, but has the advantage of reducing the com-
plexity, allowing us to focus on the unique aspects of HHG from
polar molecules. In the oriented case, equation (2.23) simpli�es
to

〈v̂dip(t)〉 = 〈v̂dip(ϕ, θ, χ; t)〉 , (2.24)

and in the aligned case to

〈v̂dip(t)〉 =
1

2
〈v̂dip(ϕ, θ, χ; t)〉+

1

2
〈v̂dip(ϕ+ π, θ, χ; t)〉 . (2.25)

An alternative treatment that focuses explicitly on the in�uence
of molecular rotations on HHG is given in references [47�50].

2.3 The multi-centre stationary-phase

method

The Lewenstein model (2.19) is numerically much cheaper than
solving the TDSE. However, there is a certain amount of redund-
ancy in performing the full k integral. Physically, only a few
continuum trajectories contribute signi�cantly to the harmonic
generation. Mathematically, the integrand can be expressed as a
slowly varying function of k times a quickly varying phase [51].
The full integral is dominated by contributions from those k val-
ues that correspond to stationary points of the phase.
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Chapter 2. The Lewenstein model

In atomic HHG the only k-dependent phase is the semi-classical
action S(k, t, t′), so the stationary phase is determined by

0 = ∇kS(k, t, t′)|k=ks
, (2.26)

leading to the stationary momentum

ks(t, t
′) = − 1

t− t′
∫ t

t′
A(t′′)dt′′. (2.27)

The physical picture is that only electrons that return to the
nucleus contribute to HHG. This can be seen from the fact that
the integral of the kinetic momentum, q(t′′) = kst(t, t

′) + A(t′′),
from time t′ to t is zero.

Extra phase factors appear when we consider molecular tar-
gets with Na nuclei. This is most easily seen if the wave function
is expanded around the atomic centres Rn:

ψ(r) =
Na∑

n=1

cnφn(r−Rn). (2.28)

Taking the Fourier transform gives us

ψ̃(q) = (2π)−3/2
∫

R3

e−iq·r
Na∑

n=1

cnφn(r−Rn)dr (2.29)

=
Na∑

n=1

(2π)−3/2
∫

R3

e−iq·rcnφn(r−Rn)dr (2.30)

=
Na∑

n=1

(2π)−3/2
∫

R3

e−iq·(r+Rn)cnφn(r)dr (2.31)

=
Na∑

n=1

e−iq·Rn(2π)−3/2
∫

R3

e−iq·rcnφn(r)dr (2.32)

=
Na∑

n=1

e−iq·Rncnφ̃n(q), (2.33)
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so

dion(q) = i∇qψ̃(q) (2.34)

=
Na∑

n=1

e−iq·Rn(Rn + i∇q)cnφ̃n(q), (2.35)

and

vrec(q) = qψ̃(q) (2.36)

=
Na∑

n=1

e−iq·Rnqcnφ̃n(q). (2.37)

The ionization and recombination matrix elements thus split into
sums over single-atom contributions

dion(k + A(t′)) =
Na∑

ni=1

d
(ni)
ion (k + A(t′)) (2.38)

vrec(k + A(t)) =
Na∑

nf=1

v(nf)
rec (k + A(t)), (2.39)

each having a phase factor of e−i[k+A(t′)]·Rni or e−i[k+A(t)]·Rnf . Com-
bining all the phases in equation (2.19), the stationary phase is
determined by

0 = ∇k

(
− iS(k, t, t′) + i [k + A(t)] ·Rnf

− i [k + A(t′)] ·Rni

)∣∣∣
k=ks

(2.40)

for each combination of ionization site Rni
and recombination

site Rnf
. The resulting stationary momentum is

ks(t, t
′, nf , ni) =− 1

t− t′
∫ t

t′
A(t′′)dt′′

+
1

t− t′ (Rnf
−Rni

) . (2.41)
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Chapter 2. The Lewenstein model

The interpretation of equation (2.41) is that the dominating elec-
tron trajectories are those that start at a nuclear centre at some
time t′, and end up at a nuclear centre at a later time t. This
can be formalized in terms of the Feynman path-interpretation of
quantum mechanics [52]. Due to the strong laser �eld, the semi-
classical phase varies so quickly that only the stationary (clas-
sical) trajectories contribute. This interpretation bridges the gap
between a classical and quantum description of HHG.

Applying the multi-centre stationary-phase method to equa-
tion (2.19), we get

〈ψ(t) | v̂dip |ψ(t)〉 ≈i
∑

ni,nf

∫ t

t0

dt′
(

2π

ε+ i(t− t′)

)3/2

×
(
v(nf)
rec (ks + A(t))

)∗
e−iS(ks,t,t′)

× F(t′) · d(ni)
ion (ks + A(t′)) (2.42)

+ complex conjugate,

where ks is calculated using equation (2.41). The ε in the denom-
inator comes from performing an integral in the complex plane.
The �nal spectra depend weakly on the exact value, especially at
high harmonic orders. We always set ε equal to 1.

2.4 Short-comings of the Lewenstein

model

The Lewenstein model is hugely succesful. It qualitatively de-
scribes most experiments, and it bridges the gap between quantum
mechanics and the semi-classical three-step model. Having said
that, there are plenty of physical e�ects that the Lewenstein
model does not include. A major simpli�cation in the Lewen-
stein model is that all electron-electron interactions are ignored.
This is true of any single-active electron model. Recently, several
papers have questioned the validity of such an approach [53�58]
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Another problem with the Lewenstein model is that it com-
pletely neglects the e�ect of the Coulomb potential on the con-
tinuum wave packet. This problem has been addressed in many
ways, and we shall only mention a few here. The simplest is to
replace the Volkov waves for the electron continuum with basis
states that include the Coulomb potential in some way. This has
been done using for example Coulomb waves [59, 60], Coulomb-
Volkov states [59, 61], and Coulomb-eikonal Volkov states [62, 63].

In the quantitative rescattering (QRS) model, the harmonic
process is factored into two parts: one describing ionization and
propagation, and a second describing recombination [64, 65]. By
using full scattering states in the recombination step, the QRS
includes the Coulomb potential fully in the �nal step, but not in
the preceding steps. A conceptually similar approach uses clas-
sical trajectory Monte Carlo to build up the returning returning
continuum wave packet, and scattering theory to describe the
recombination step [66]. Due to the simplicity of propagating
a classical particle, this allows the Coulomb potential to be in-
cluded fully in the propagation step.

The �nal problem we shall touch upon is the description of
the bound state. The SFA, and thus also the Lewenstein model,
totally ignores the in�uence of the strong driving laser on the
bound state. There have been a few steps towards repairing this
fault, most notably by taking into account depletion of the ground
state [17]. Ground state depletion is important when the driv-
ing pulse is su�ciently intense to completely ionize the target
molecule. Another e�ect is the adiabatic energy shift of each
molecular orbital in response to the laser �eld. As we shall show
in chapter 5, such Stark shifts can easily be incorporated into the
Lewenstein model.
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3
Ellipticity of

high-harmonics

A gas of atoms submitted to a linearly polarized driving laser will
emit harmonics that have the same polarization axis. This can
easily be understood classically, where a charged particle emits
radiation when accelerated. The continuum electron is only ac-
celerated parallel to the polarization axis of the driving laser,
and therefore emits radiation with the same polarizability. If
the target is anisotropic, however, the symmetry is broken, and
the electron can have a nonvanishing acceleration perpendicular
to the laser polarization. This is exactly the case for aligned
molecules, where experiments have shown a nonvanishing per-
pendicular component in HHG from N2, O2 and CO2 [67, 68].
In this chapter we will show why elliptically polarized harmonics
appear naturally within the Lewenstein model, and compare to
experiment and other theoretical models.
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3.1 Ellipticity within the Lewenstein

model

The setup is sketched in �gure 3.1(a), where an N2 molecule
has been aligned at an angle of ϕ to the polarization axis of a
linearly polarized driving laser that is propagating in the z direc-
tion. The molecule emits high harmonics that have a component
Fx(ω) parallel to the laser polarization, and a component Fy(ω)
perpendicular to the laser polarization. We shall refer to these
as the parallel and perpendicular components. Depending on the
ratio and relative phase of the two components, certain harmon-
ics may be elliptically polarized. These harmonics will then trace
out a polarization ellipse in time.

Figure 3.2 shows HHG spectra calculated for N2 at three dif-
ferent alignment angles using a 20 cycle driving pulse at 800 nm
with a cosine squared envelope, and a peak intensity of 2 ×
1014 W/cm2. As expected, the parallel component dominates
the spectrum. In fact, the weaker perpendicular component dis-
appears completely if we use the atomic stationary-phase method
rather than the multi-centre stationary-phase method.

The dependence of the perpendicular component on the sta-
tionary momentum, ks, can easily be understood from the multi-
centre stationary-phase version of the Lewenstein model (2.42).
We start by noting that the vector character of the integrand is
determined solely by vrec. According to equation (2.22), vrec is
proportional to ks, which is given by

ks(t, t
′, nf , ni) =− 1

t− t′
∫ t

t′
A(t′′)dt′′

+
1

t− t′ (Rnf
−Rni

) . (3.1)

In other words, trajectories that start at one nuclear centre and
end up at another gain a drift momentum, which can cause a
perpendicular component of the harmonic signal if the molecule
is aligned at an angle to the laser polarization axis.
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Figure 3.1 | (a) The HOMO of N2 is oriented at an angle of ϕ to the
polarization axis of the driving laser. The emitted harmonics have a non-
vanishing perpendicular component due to the broken symmetry. (b) Sketch
of the polarization ellipse of an emitted harmonic.
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Figure 3.2 | Parallel (blue) and perpendicular (red) components of HHG
spectra from aligned N2 at three di�erent alignment angles. Short trajector-
ies have been selected using a �lter. Thick lines indicate smoothed spectra.

23



Chapter 3. Ellipticity of high-harmonics

The plateau of the perpendicular component in �gure 3.2
is very �at. The ratio between the parallel and perpendicular
components is thus determined by the minimum in the parallel
component, which moves to higher energies when the alignment
angle is increased. This is the so-called two-centre interference
minimum [69], which we will treat at length in chapter 6. Un-
like the perpendicular component, the parallel component hardly
changes if the drift momentum is not included in ks.

The associated ellipticity is calculated following the treatment
of Born and Wolf [70] in terms of the (complex) spectral amp-
litudes A‖(ω) and A⊥(ω). The amplitudes relate to the electric
�elds through Re

[
A‖(ω)] = Fx(ω) , and Re

[
A⊥(ω)] = Fy(ω) . We

de�ne

a1(ω) = |A‖(ω)| (3.2)

δ1(ω) = Arg(A‖(ω)) (3.3)

a2(ω) = |A⊥(ω)| (3.4)

δ2(ω) = Arg(A⊥(ω)). (3.5)

The ellipticity ε, and the angle η between the major axis of the
polarization ellipse and the polarization axis of the driving laser
are then given by

ε = tan

(
1

2
asin [sin (2 atan (a2/a1)) sin(δ2 − δ1)]

)
(3.6)

η =
1

2
atan

(
2a1a2
a21 − a22

cos(δ2 − δ1)
)
, (3.7)

where the omegas have been dropped to ease notation. The major
axis angle η is sketched in �gure 3.1(b). In terms of the minor
and major axis of the polarization ellipse, |ε| = b/a.

Applying the above equations, we get the absolute ellipticit-
ies plotted in �gure 3.3. The ellipticity is seen to peak around
the 19th harmonic at ϕ = 40◦, and move out towards the 25th
harmonic at ϕ = 60◦. The sudden dip at 60◦ is caused by a rapid
sign change, not a change in the relative intensities of the parallel
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Figure 3.3 | Ellipticities for three alignment angles of N2. Short trajectories
have been selected using a smooth window function.

and perpendicular components. The shift to higher harmonics at
larger ϕ is a signature of a two-centre interference in the parallel
component. Such a shift is not seen in experiment [68], which is
consistent with other experiments showing that the interference
minimum in N2 in fact hardly moves with alignment angle [71].
It has been suggested that the interference minimum in N2 is
similar to the so-called Cooper minimum in Ar [72, 73], which
cannot be described using plane waves [72].

The dependence on alignment angle in �gure 3.3 is the same
as that published in our earlier work [74]. The magnitude, how-
ever, di�ers signi�cantly. Where the old results gave ellipticities
that were more than an order of magnitude smaller than the ex-
perimental value, the new results only di�er by about a factor
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Figure 3.4 | Ellipticities for three alignment angles of N2. Short and long
trajectories are both included.

of 3. The reason given in reference [74] was that the arti�cial
trapezoidal pulse envelope gave numerical noise in the transition
between the linear ramp-up and the central part of the envelope.
This noise was visible in the perpendicular component, where it
was large enough to drown out individual harmonics unless the
intensity was raised to 6× 1014 W/cm2.

Another source of noise arose from the way that short tra-
jectories were selected. For a �xed time t, each t′ gives rise
to some contribution to 〈v̂dip(t)〉. When t − t′ is larger than
roughly 2T/3, this contribution is from the long trajectory. In
reference [74] we selected short trajectories by limiting the t′ in-
tegral in equation (2.42) to 0.67T , which introduces noise when
the Fourier transform is performed afterwards. In the new cal-
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culation we multiply the contribution at each t′ with a smooth
window function based on the Fermi-Dirac distribution

w(t′) = 1−
[
exp

(
(t− t′)− 0.95 · 2T/3

0.03T

)
+ 1

]−1
. (3.8)

The exact form is ad hoc. The position and width is chosen
so as to allow part of the long trajectory to contribute near the
harmonic cuto�, rather than removing any of the short trajectory
contribution. The reason we want to avoid the long trajectory
contribution is that it causes additional interferences, which are
not seen under normal experimental conditions [18]. However,
for completeness we plot the ellipticities for a calculation that
includes both sets of trajectories in �gure 3.4. The addition of
the long trajectories does not signi�cantly change our results.

3.2 Comparison with other models

The ellipticity of high-order harmonics has also been investigated
using the T -matrix formalism [75], which is similar to the Lewen-
stein model in many ways. Very large ellipticities were obtained
due to the perpendicular component being stronger than the par-
allel component at certain angles and harmonic energies [75, 76].
Also, the perpendicular component was much more structured
than is the case in our Lewenstein calculations. One possible ex-
planation is found in the recombination step. We use the dipole
velocity operator for the recombination step, whereas the dipole
operator was used in references [75, 76].

Figure 3.5 shows spectra calculated using the Lewenstein model
under the same conditions as in Figure 3.5, except that we now
use the dipole operator for the recombination step. The spectra
have been multiplied by a factor of ω2 to get the right scaling.
Figure 3.5 shows that the length form weights the perpendicu-
lar component much more strongly than the velocity form. This
is not too surprising given our discussion in section 3.1. In the
velocity form, the vector character of the emitted radiation is
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completely determined by the wave vector of the recombining
electron. This is restricted to be predominantly parallel to the
polarization axis of the driving laser due to the use of the multi-
centre stationary phase method. In the length form, the vector
character is determined by the recombination dipole matrix ele-
ment, which can have a perpendicular component even when the
returning electron is moving strictly parallel to the laser polariz-
ation. In our calculation, the perpendicular component can even
dominate over the parallel component at high energies, as seen in
�gure 3.5. The corresponding ellipticities are shown in �gure 3.6.
The length form calculation seems to be in better agreement with
experiment between the 11th and the 29th harmonic, but di�ers
substantially outside this range.

It is di�cult to directly compare our results to those in ref-
erence [75], but there are a few more di�erences in the methods
that might in�uence the �nal ellipticities. Firstly, reference [75]
uses Slater-type orbitals for the ground state rather than our (un-
physical) Gaussian orbitals. The assymptotic behaviour has been
shown to be important in for example photoelectron angular dis-
tributions of CO2 [77, 78]. Secondly, reference [75] employs a �eld
dressing of the initial state, which we do not. Smaller di�erences
include the restriction to in�nitely long driving pulses, and use
of the atomic stationary-phase method.

Although comparisons between the Lewenstein model and T -
matrix formalism are interesting, they do not necessarily give an
added insight into the discrepancies between the experiment and
our Lewenstein results. As mentioned in section 3.1, it is likely
that the interference minimum in N2 is Cooper-like in origin,
rather than a result of two-centre interference. If the interference
minimum really is Cooper-like in origin, then the electron con-
tinuum must be described in a basis that allows di�erent partial
waves to interfere [72]. This might be done using the formalism
in references [47�49], where the electron continuum is expanded
in partial waves. No direct comparison to ellipticity experiments
have been made using this theory, however. By far the best agree-
ment has been reached using the QRS [79, 80], which depends on
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Figure 3.5 | Parallel (blue) and perpendicular (red) components of HHG
spectra from aligned N2 at three di�erent alignment angles. The calcula-
tion is performed using the length form for the recombination step. Short
trajectories have been selected using a �lter. Thick lines indicate smoothed
spectra.
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Figure 3.6 | Ellipticities for three alignment angles of N2. The calcula-
tion is performed using the length form for the recombination step. Short
trajectories have been selected using a smooth window function.

a factorization of the harmonic process, and uses full �eld-free
scattering states for the recombination step.
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4
In�uence of polar

orbitals

The most common target in HHG experiments are the noble gas
atoms, but advances in laser alignment techniques have caused
an increased interest in molecules like N2, O2, and CO2. The
di�erences between HHG from atoms and molecules are often
due to the broken rotational symmetry of the target. Moving
to polar molecules we also break the inversion symmetry along
the internuclear axis. In this chapter we will discuss two major
e�ects this has on HHG: gating of the high-harmonic emission
times, and the appearance of even harmonics. Our goal is to
highlight some of the di�erences between HHG from polar and
nonpolar molecules, but also to establish a base line with which to
compare our Stark-extended Lewenstein model in the remainder
of the thesis.

4.1 Emission times

Although HHG is most often described in the frequency domain,
a lot can be learnt by applying a time-frequency analysis on the
time-dependent dipole velocity [81]. We use the Gabor transform,
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which is a Fourier transform with a sliding Gaussian window:

〈v̂dip(ω, t)〉 =

∫ ∞

−∞
e−iωt

′ 〈v̂dip(t)〉 e−4 log(2)(t′−t)2/FWHM2

dt′. (4.1)

The Gabor transform gives the frequency content of the time-
dependent dipole in a window around time t. The longer the
window, the higher the precision in frequency space but lower
precision in time. A good compromise for HHG is FWHM =
0.1T , where T is one optical cycle of the driving laser. The phase
of the Gabor transform is never relevant for our purposes, so we
will always plot the norm.

To illustrate the principle, we orient a CO molecule parallel
to the polarization axis of a linearly polarized laser pulse, which
has a central wave length of 800 nm, a cosine-squared envelope,
a total duration of 20 optical cycles, and a peak intensity of
2 × 1014 W/cm2. We only include the HOMO contribution, so
the geometry is as sketched in �gure 4.1. The time-dependent
expectation value of the dipole velocity is calculated using the
Lewenstein model, and the Gabor transform applied. The result
is shown in �gure 4.2(a).

The harmonics are seen to come in bursts each half-cycle.
Each harmonic burst consists of two branches, known as the short
and long trajectories. There is a clear di�erence in the strength
of harmonic bursts in neighbouring half-cycles. The dominating
bursts shift by one half-cycle when the molecule is �ipped in �g-
ure 4.2(b). This di�erence between neighbouring half-cycles is
due to the shape of the HOMO, which favours ionization when
the electric �eld points from C to O. We refer to this as geomet-
ric gating. Figure 4.2(c) shows the aligned case for comparison.
When the CO molecule is aligned, there is nothing to break the
symmetry between neighbouring half-cycles. We will return to
the implications of this in section 4.2.

The gating in the ionization step does not follow from the
ionization matrix element in isolation, as we shall now show. To
simplify the argument we consider the case of an in�nitely long
driving pulse that is polarized parallel to the internuclear axis.
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z

x

Figure 4.1 | A CO molecule oriented at ϕ = 0◦ is submitted to a strong
laser pulse, which is linearly polarized in the x direction and propagating in
the z direction. The carbon atom is to the left, and the oxygen is to the
right. Also shown is the HOMO, which has a permanent dipole pointing
from C to O.
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Figure 4.2 | Emission times of CO (a) oriented at ϕ = 0◦, (b) oriented at
ϕ = 180◦, and (c) aligned at ϕ = 0◦. The driving pulse is indicated with a
white line. The solid white line indicates that the electric �eld is positive,
the dashed white line that the electric �eld is negative.
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Applying the atomic stationary-phase approximation leads to the
stationary momentum

ks(t, t
′) = − 1

t− t′
∫ t

t′
A(t′′)dt′′. (4.2)

In the limit of in�nitely long pulses, changing the half-cycle is just
the same as changing the sign of A. This shows that ks changes
sign when going from one half-cycle to the next. According to
equation (2.20), ionization is initiated via the matrix element

dion(ks) = 〈ks | r |ψ〉 (4.3)

= i∇ksψ̃(ks). (4.4)

Using general properties of the Fourier transform we see that

ψ̃(−ks) = ψ̃∗(ks), (4.5)

so

i∇−ksψ̃(−ks) = −i∇ksψ̃
∗(ks). (4.6)

If the norm of the ionization matrix element is used as a measure
of ionization probability, then equations (4.4) and (4.6) say that
ionization is equally probable in both directions. This is clearly
not the case in �gure 4.2.

Gating in the Lewenstein model is caused by an interplay of
all three steps in HHG. Based on the above, we can conclude that
changing half-cycle is the same as making the replacement

F(t′) · dion(ks, t
′)→ −F(t′) · d∗ion(ks, t

′). (4.7)

Comparing equations (2.22) and (4.5) for the recombination step,
we conclude that changing half-cycle is the same as making the
replacement

v∗rec(ks, t)→ −vrec(ks, t). (4.8)
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The semi-classical phase S(ks, t, t
′) only depends on the kinetic

energy of the continuum electron and the energy of the bound
state, neither of which changes between half-cycles. The total
impact of changing half-cycle is thus to replace the integrand in
the Lewenstein integral (2.42)

iv∗rec(ks, t)e
−iS(ks,t,t′)F(t′) · dion(ks, t

′) (4.9)

with

ivrec(ks, t)e
−iS(ks,t,t′)F(t′) · d∗ion(ks, t

′). (4.10)

The contribution to the dipole velocity from either half-cycle is
then obtained from equation (2.42) by taking the real part of
equation (4.9) or (4.10) and integrating from t′ to t. Taking the
cuto� harmonics as an example, this corresponds to integrating
two thirds of an optical cycle, starting at the peak of an optical
half-cycle. This will give di�erent results as

Re
[
iv∗rece

−iSF · dion

]
6= Re

[
ivrece

−iSF · d∗ion
]

(4.11)

when the molecular orbital is not symmetric along the polariza-
tion axis of the laser. This is exactly the case for polar orbitals.

The above argument does not take into account the exchange
harmonics, nor does it predict which half-cycle is the dominating
one. A more intuitive explanation is that most of the electron
density is centred on C, so most of the ionization has to happen
from C. When the electric �eld points from O to C, the (small)
charge on O forms a barrier that prevents the charge on C from
tunnelling out. Polar orbitals thus tend to have higher ionization
rates when the electric �eld points opposite to their permanent
dipole.

4.2 Odd and even harmonics

The HHG spectra we have looked at so far only contain peaks at
an odd integer times the frequency ω0 of the driving laser. This
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is a very general feature of HHG from symmetric targets, and
is a consequence of the periodicity of HHG [82]. In the limit of
in�nitely long driving pulses, the expectation value of the dipole
velocity is periodic with a period of one optical cycle T . The
Fourier transform only picks out the frequency components that
correspond to an integer times ω0. If the target is symmetric
under inversion along the polarization axis of the laser, then the
dipole velocity changes sign every half-cycle

〈v̂(t+ T/2)〉 = −〈v̂(t)〉 . (4.12)

Taking the Fourier transform, this means that only the odd mul-
tiples of ω0 survive. Equation (4.12) is ful�lled for all atoms and
symmetric molecules.

It is clear from �gure 4.2(a) and (b) that equation (4.12) is
far from being ful�lled for oriented CO. Breaking this symmetry
means that also even Fourier components get picked out, so HHG
spectra from polar molecules are characterized by a set of peaks
at all integer values of ω0. This is illustrated in �gure 4.3, where
spectra from oriented and aligned CO are compared. The aligned
spectrum is calculated by adding opposite orientations coherently
using equation (2.25).

The nice sharp peaks in �gure 4.3 disappear if the driving
pulse is su�ciently short only a few harmonic bursts contribute
to the total spectrum. In the limit of just one harmonic burst,
the HHG spectrum turns into a continuum. The spectrum also
becomes less smooth if the short and long trajectories are allowed
to interfere with each other.
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Figure 4.3 | Harmonic spectra from oriented and aligned CO. Even harmon-
ics appear when CO is oriented, which breaks the symmetry between neigh-
bouring half-cycles. Short trajectories have been selected using a smooth
�lter.
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Chapter

5
Including Stark shifts

When deriving the SFA, which underlies the Lewenstein model,
the target state is assumed to be completely una�ected by the
strong laser �eld until a time when it promotes an electron wave
packet into the continuum. The continuum electron is then as-
sumed to propagate independently of the Coulomb potential while
the residual ground state wave packet continues to be una�ected
by the laser. When the two wave packets overlap at a later time
the resulting charge density modulations lead to the emission of
high-order harmonics. As mentioned in section 2.4, this approach
neglects several physical e�ects. One such e�ect is the time-
dependent Stark shift of the bound state caused by the laser,
which will be the topic of this chapter.
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5.1 Derivation

In section 2.1 we derived the SFA wave function

|ψ(t)〉 ≈
∣∣ψ(0)(t)

〉

− i

∫ t

t0

dt′
∫

R3

dk |k(t)〉
〈
k(t′)

∣∣VL(t′)
∣∣ψ(0)(t′)

〉
, (5.1)

where

∣∣ψ(0)(t)
〉

= exp

(
−i

∫ t

t0

Ĥ0 dt′
) ∣∣ψ(0)(t0)

〉
(5.2)

= exp (−iE0 (t− t0))
∣∣ψ(0)(t0)

〉
. (5.3)

This approach is expected to work well if the �eld-free time-
evolution operator gives roughly the same result as the full time-
evolution operator when applied to the ground state. This is
the case for atoms as well as many symmetric molecules. If,
however, the target state is polar (or very polarizable), then the
instantaneous energy is expected to shift due to the laser-induced
Stark shift:

E(F(t)) =E0 − µiFi(t)−
1

2
αijFi(t)Fj(t)

− 1

3!
βijkFi(t)Fj(t)Fk(t)− . . . (5.4)

≈E0 − µ · F(t)− 1

2
FT(t)αF(t). (5.5)

Einstein summation is used in the upper equation, whereas vec-
tor notation is used in the lower. Typical intensities of 2 ×
1014 W/cm2 translate to �eld strengths of

√
2× 1014/3.51× 1016

= 0.075 au, so it is usually enough to include the �rst- and second-
order Stark shifts. The �eld-free vertical ionization potential is
Ip = |E0|, the permanent dipole of the orbital is µ, and the po-
larizability matrix of the orbital is α. The polarizability tensor α
is a diagonal matrix with elements α‖ and α⊥ in the special case
of linear molecules. In practice we use equation (5.5) to de�ne
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(a)

(b)

E0

−μ · F(t)

− 1
2F

T(t)αF(t)

− 1
2F

T(t)αF(t)

−μ · F(t)

E0

Figure 5.1 | Sketch of the Stark shift felt by the HOMO of CO when
subject to an electric �eld. The relative size of the �rst- and second-order
Stark shift is drawn to scale for an electric �eld F0 = 0.075 au, corresponding
to a laser intensity of 2 × 1014 W/cm2. (a) The electric �eld is parallel to
the permanent dipole of the orbital, and the e�ective ionization potential is
raised. (b) The electric �eld is antiparallel to the permanent dipole, and the
e�ective ionization potential is lowered.

µ and α by calculating the ground state orbitals for the target
molecule at a range of �eld strengths, and �tting the energies to
a second-order polynomial. The exact values of the dipole and
polarizability tensor depend on the choice of basis set. The sign
and order of magnitude does not change, however, so all our res-
ults agree qualitatively if another basis set is used. The relative
size of the �rst- and second-order Stark shifts is illustrated in �g-
ure 5.1 for the HOMO of CO obtained using a triple zeta valence
basis set.
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Returning to the time-evolution of the bound state, we now
assume that the driving laser varies so slowly that the ground
state adiabatically shifts it energy according to equation (5.5) [40�
44, 83]. This is not unreasonable when comparing the atomic unit
of time with that of a single infrared optical cycle. Equation (5.3)
then takes the form

∣∣ψ(0)(t)
〉

= exp

(
−i

∫ t

t0

E(F(t′))dt′
) ∣∣ψ(0)(t0)

〉
. (5.6)

The Lewenstein model is completely una�ected by this, except
that the semi-classical phase has to be changed to

S(k, t, t′) =

∫ t

t′

(
1

2
[k + A(t′′)]

2 − E(F(t′′))

)
dt′′. (5.7)

The above model assumes that the dynamics of the continuum
electron is perfectly described by a Volkov wave. As discussed in
section 2.4, this is of course not the case. The Coulomb potential
of the residual ion is long-range, and can change the continuum
trajectories in some cases. The Coulomb potential is the �rst
term in a multi-pole expansion of the full potential caused by
the molecular ion. In the case of polar molecules, the next-to-
leading term is also nonvanishing due to a permanent dipole of
the residual ion. Shorter in range than the Coulomb interaction,
the dipole interaction in�uences the active electron if it tunnels
into the continuum su�ciently close to the origin. This has a
major impact on photoelectron angular distributions from small
polar molecules such as HF and LiF [84]. In larger molecules
like CO and OCS, the active electron tunnels into the continuum
su�ciently far from the origin for the dipole potential to be neg-
ligible [84]. This still leaves the Coulomb potential unaccounted
for, but that was the case for nonpolar molecules anyway.

The remainder of this chapter is dedicated to the consequences
of including the Stark e�ect in the Lewenstein model via equa-
tion (5.7).
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5.2 Impact on emission times

It is plausible from �gure 5.1 that the Stark shift should make it
easier or harder for the electron to tunnel out of the bound state
depending on whether the e�ective ionization potential

Ip(F(t)) = |E0|+ µ · F(t) +
1

2
FT(t)αF(t) (5.8)

is raised or lowered. This is indeed the case in ionization ex-
periments on oriented OCS molecules, where the time-dependent
Stark shift dominates the ionization dynamics due to the HOMO's
exceptionally large dipole [41]. As ionization is the �rst step in
HHG, we also expect HHG to be sensitive to Stark shifts.

We use the Gabor transform described in section 4.1 to ana-
lyze the impact of including Stark shifts. Figure 5.2(a) shows the
emission times of high harmonics generated from the HOMO of
CO without inclusion of the Stark e�ect. We orient the CO mo-
lecule such that the permanent dipole of the HOMO points in the
positive x direction. The driving pulse is linearly polarized along
the x axis, has a central wave length of 800 nm, a cosine-squared
envelope, a total duration of 10 optical cycles, and a peak in-
tensity of 2 × 1014 W/cm2. As in section 4.1, we clearly see the
asymmetry between neighbouring half-cycles, which is caused by
geometric gating.

Figure 5.2(b) shows the same calculation, but this time in-
cluding the Stark shift in the semi-classical phase (5.7). The
Stark e�ect suppresses the dominating harmonic bursts (note the
di�erent scale on the false-colour plot), and slightly increases the
others. Referring to �gure 5.1, it is obvious that the linear Stark
shift will counteract geometric gating because the ionization po-
tential is raised when the �eld points parallel to the permanent
dipole. As mentioned, this is the dominating e�ect in ioniza-
tion from OCS [41]. In our calculation, the Stark shift reduces
the e�ectiveness of geometric gating in CO rather than revers-
ing the preferred direction of ionization. This is in agreement
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Figure 5.2 | Emission times for CO (a) without, and (b) with the Stark
shift included. The white line indicates the driving �eld, with the solid line
indicating that Fx(t) > 0, and the dashed line that Fx(t) < 0. The CO
molecule is oriented parallel to the polarization axis of the laser, with the
permanent dipole pointing upwards in the �gure. Note the di�erent colour-
scales in the two panels.
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Figure 5.3 | Power spectra for oriented CO with and without including the
Stark e�ect. Short trajectories have been selected using a smooth window
function.

with recent experiments [85, 86], as well as theoretical results on
above-threshold ionization (ATI) [87].

As �gure 5.2 shows, the Stark e�ect has a big in�uence on
HHG emission times within our Stark-corrected Lewenstein model.
However, it is experimentally very hard to break the head-to-tail
symmetry in molecular gasses. The highest level of orientation is
obtained with state-selected gasses, but the state-selection pro-
cess results in very low gas densities. The cross section for HHG
is already quite low, so higher densities are required given current
detector e�ciencies. An alternative is to use multi-colour pulses,
but that results in a low degree of head-to-tail symmetry break-
ing. Add to this that time-domain characterization of HHG pulse
trains in itself is challenging, and the question arises whether it
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is at all possible to experimentally verify or falsify the Stark-
corrected Lewenstein model. The power spectra are shown in
�gure 5.3. The Stark e�ect lowers the harmonic intensity slightly,
which is consistent with the observations we made in connection
with the time-pro�le analysis in �gure 5.2. However, there is no
experimental way of accessing this decrease in harmonic intensity,
as there is no available reference system. Apart from this, there
seems to be no systematic change in the power spectrum asso-
ciated with the Stark e�ect. This leaves one observable, namely
the harmonic phase.

5.3 Stark phases

As the bound state evolves in time from t′ to t, it accumulates the
phase

∫ t
t′
E(F(t′′))dt′′. According to equation (5.5) the accumu-

lated phase di�ers from the �eld-free time-evolution by a Stark
phase

ΦStark(t, t
′) = Φ

(1)
Stark(t, t

′) + Φ
(2)
Stark(t, t

′), (5.9)

where the �rst- and second-order Stark phases read

Φ
(1)
Stark(t, t

′) = −
∫ t

t′
µ · F(t′′)dt′′ (5.10)

Φ
(2)
Stark(t, t

′) = −1

2

∫ t

t′
FT(t′′)αF(t′′)dt′′. (5.11)

The �rst-order Stark phase can be extracted by subtracting har-
monic phases calculated with and without inclusion of the �rst-
order Stark shift in the Lewenstein model. The result is plotted
as connected black dots in �gure 5.4(a), where the HOMO of CO
has been submitted to an ultra short pulse. The second-order
Stark phase, plotted in �gure 5.4(b), is extracted by including
the �rst and second-order Stark shifts in the Lewenstein model,
calculating the harmonic phases, and then subtracting the phase
obtained when only the �rst-order Stark shift is included. Both
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Figure 5.4 | (a) Accumulated �rst-order Stark phase of CO subject to
an ultra short laser pulse. The connected black dots indicate the phase
obtained from the Stark-corrected Lewenstein model. The dashed blue curve
is the phase predicted from short classical trajectories, and the dash-dotted
red curve the phase from long trajectories. The smooth green curve is the
analytical model of equation (5.15), with the phase de�ned to be zero for
harmonics below Ip. (b) Accumulated second-order Stark phase. Dashed
and dash-dotted curves indicate short and long classical trajectories.
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Figure 5.5 | High-harmonic emission times for the HOMO of CO subject
to an ultra short laser pulse. The white line indicates the driving �eld, with
the solid line indicating that Fx(t) > 0, and the dashed line that Fx(t) < 0.
The permanent dipole of the HOMO points in the negative x direction.

�rst- and second-order Stark phases are fairly large, although the
�rst-order Stark phase clearly dominates.

The electric �eld of the driving pulse has a cosine-squared
envelope, and an 800 nm sine carrier wave. The full width at half
maximum is only 0.72 times one optical cycle T , corresponding
to a full duration of 2T . The maximum of the electric �eld is
0.071 au, corresponding to a peak intensity of 2× 1014 W/cm2 of
the envelope. The use of such a short driving pulse ensures that
there is only one harmonic burst, as seen from the time-pro�le in
�gure 5.5.

The phases in �gure 5.4 are plotted as a function of harmonic
order, while equations (5.9)�(5.11) are formulated in the time-
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Figure 5.6 | Classical trajectories for CO subject to an ultra short laser
pulse, indicated by the solid black curve. Instants of ionization are marked
by circles, and instants of recombination by squares. The vertical o�set of a
trajectory, consisting of a circle and a square, indicates the photon energy of
the emitted harmonic, calculated using equation (5.12). Open blue markers
indicate short trajectories, and full red markers indicate long trajectories.

domain. We use classical electron trajectories to translate the
(t, t′) dependence into an ω dependence. Following the three-
step model, we assume that a continuum electron is born at the
origin with zero velocity at each time t′. We then assume that
only the laser �eld exerts force on the electron, and propagate
it forward in time using Newton's second law. If the electron
returns to the origin at a later time t, we use energy conservation
to calculate the energy of the emitted photon:

ω(t, t′) =
1

2
ṙ2(t, t′) + Ip(F(t)). (5.12)

Here ṙ(t, t′) is the velocity at time t of an electron that is de-
tached at the origin with zero velocity at time t′. The result of
a classical trajectory calculation is shown in �gure 5.6 for the ul-
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tra short laser pulse used in �gure 5.4. The classical calculation
predicts that only one half-cycle contributes to the harmonics, in
agreement with the Gabor transform in �gure 5.5. The absence
of other harmonic bursts ensures that the sign of the �rst-order
Stark phase in equation (5.10) is �xed. Furthermore, it ensures
that there are no interferences that have to be dealt with. To-
gether, equation (5.12) and the calculation leading to �gure 5.6
provide a map between (t, t′) and harmonic frequency.

Figure 5.4(a) shows that short trajectories account for the
�rst-order Stark phase within the limits set by the classical model,
which does not account for harmonics below the ionization threshold,
nor beyond the harmonic cuto�. The phase spikes coincide with
minima in the harmonic plateau, shown in �gure 5.7. The minima
are caused by the interference between short and long trajector-
ies, and each is associated with a sharp variation in the harmonic
phase. The exact position of each minimum changes when the
Stark shift is included, which explains the phase spikes.

The �rst-order Stark phase in equation (5.10) can be inter-
preted in terms of the integral of the force felt by the continuum
electron, showing that it is directly proportional to the return
velocity

Φ
(1)
Stark(t, t

′) = µ · ṙ(t, t′). (5.13)

Equation (5.13) reveals that the �rst-order Stark phase only de-
pends on the return velocity, and the angle ϕ between the in-
ternuclear axis and the laser polarization axis. This surprising
result shows that the �rst-order Stark phase is almost independ-
ent of the shape and intensity of the driving pulse that caused it.
Insertion into equation (5.12) gives

Φ
(1)
Stark(t, t

′) =sgn (µ · ṙ(t, t′))µ |cos(ϕ)|

×
√

2 (ω(t, t′)− Ip(F(t))), (5.14)

where sgn(µ · ṙ(t, t′)) keeps track of the direction with which the
returning electron probes the bound state. The return velocity
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Figure 5.7 | Harmonic spectra for oriented CO subject to an ultra short
pulse. Inclusion of the Stark e�ect lowers the harmonic intensity due to the
gating e�ect illustrated in �gure 5.2. The spectrum is smooth because only
one half-cycle contributes to the spectrum. The sharp minima are caused
by interference between the short and long trajectories. The interference
minima shift slightly when the Stark e�ect is included.

has the opposite sign of the velocity shortly after ionization, so
sgn(µ · ṙ(t, t′)) = sgn(µ · F(t′)). The time-dependence of the
Stark-shifted ionization potential introduces a small di�erence
between short and long trajectories. If this �eld-dependence is
ignored in the recombination step, then equation (5.14) simpli�es
to

Φ
(1)
Stark(ω) ≈ ±µ cos(ϕ)

√
2 (ω − Ip). (5.15)

The advantage of equation (5.15) is that it gives an analytical
prediction of the �rst-order Stark phase directly in terms of the
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harmonic frequency ω, rather than in terms of electron traject-
ories through ω(t, t′).

The analytical model of equation (5.15) slightly overestim-
ates the �rst-order Stark phase in �gure 5.4(a) due to the use
of the �eld-free ionization potential. The error is expected to
increase with increasing intensity. Figure 5.8 shows the �rst-
order Stark phase calculated with the Lewenstein model, clas-
sical trajectories, and equation (5.15) at two additional intensit-
ies. Comparing equation (5.15) to the Lewenstein result at the
21st harmonic, we observe an error of 8% (1.5 × 1014 W/cm2),
10% (2.0 × 1014 W/cm2), and 12% (2.5 × 1014 W/cm2). Note
how the interference features move with intensity, but the over-
all square root behavior is the same at all three intensities. The
close agreement between equation (5.15) and the long trajectory
calculation (the dashed blue line) is due to the extremely narrow
pulse envelope, which causes the long trajectories to recombine
at low �eld strengths as shown in �gure 5.6.

Unlike the �rst-order Stark phase, the second-order Stark
phase cannot be expressed directly in terms of the harmonic fre-
quency. This is clearly seen in �gure 5.4(b), where the traject-
ory result decreases as a monotonic function of excursion time
t − t′. The monotonic behaviour can be understood from equa-
tion (5.11), where the second-order Stark phase is negatively pro-
portional to

∫ t
t′

F(t′′)dt′′. At the cuto� the short and long traject-
ories merge, and therefore have the same associated Stark phase.

In reference [88] we relate Stark phases to orbital tomography,
where magnitudes and phases of high-harmonics are used to re-
construct the �eld-free ground state orbital [89�91]. Equation (5.15)
is ideally suited to subtract the �rst-order Stark phase from meas-
urements because it is simple to use and independent of the local
peak �eld strength F0 of the focused laser beam. As we can-
not �nd a similar equation for the second-order Stark phase, the
best we can do is to �nd experimental conditions that minimize
it. The scaling of the second-order Stark phase with respect to
laser parameters can be estimated by neglecting the pulse envel-
ope, and integrating equation (5.11) from the peak of a half-cycle

52



Stark phases

0.0

0.1

0.2

0.3

0.4

0.5

0.6
Φ

(1
)

S
ta

rk
/π

(a)

5 10 15 20 25 30
0.0

0.1

0.2

0.3

0.4

0.5

0.6

Harmonic order

Φ
(1

)
S
ta

rk
/π

(b)

Figure 5.8 | Accumulated �rst-order Stark phase of CO subject to an ultra
short laser pulse with a peak intensity of (a) 1.5×1014 W/cm2, and (b) 2.5×
1014 W/cm2. The connected black dots indicate the phase obtained from
the Stark-corrected Lewenstein model. The dashed blue curve is the phase
predicted from short classical trajectories, and the dash-dotted red curve
the phase from long trajectories. The smooth green curve is the analytical
model of equation (5.15), with the phase de�ned to be zero for harmonics
below Ip.
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t′ = tpeak up to t = tpeak + 2T/3. The cut-o� harmonics are then
found to accumulate a second-order Stark phase proportional to
F2
0/ω0 = 4ω0Up, where ω0 is the frequency of the driving laser,

and Up the ponderomotive potential. According to the usual
cuto� rule, ωmax = 3.17Up + Ip, the importance of the second-
order Stark phase can be reduced by increasing the wave length of
the driving laser while keeping the harmonic cuto� �xed. Addi-
tionally, �gure 5.4(b) shows that selection of the short-trajectory
contribution also helps, as short trajectories accumulate a smaller
second-order Stark phase.

If multi-cycle pulses are utilized, then each harmonic gets a
contribution from trajectories that accumulate opposite Stark
phases. In calculations, this can be avoided by arti�cially re-
stricting ionization to every other half-cycle [92]. Experimentally,
the relative weight between the two types of trajectories is de-
termined by the e�ectiveness of the geometric gating. Figure 5.2
shows that geometric gating is expected to be fairly weak in CO.

Of perhaps greater interest is the case of aligned molecules.
Again the crucial characteristic is the e�ectiveness of geometric
gating, which can be partially enforced by using an ultra short
driving pulse. Figure 5.9(a) shows the total (�rst- and second-
order) Stark phase for oriented CO submitted to the pulse from
before. There seems to be better agreement with the long tra-
jectories then for the purely single-order Stark phase. For com-
parison, �gure 5.9(b) shows a plot of the total Stark phase from
aligned CO, calculated by adding the spectra of oppositely ori-
ented CO molecules according to equation (2.25). Had it not
been for geometric gating, then the Stark phase would have been
dominated by the second-order Stark shift, and the result would
have resembled that in �gure 5.4(b). Instead, there is a clear
signature of the �rst-order Stark phase. The sign of the Stark
phase changes if the carrier envelope phase delay of the driving
pulse is changed by π.

Inspired by the above �ndings, we expect that high-harmonic
phases will provide the clearest indication of the validity of the
Stark-corrected Lewenstein model. The experiment should be
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Figure 5.9 | Total accumulated Stark phase of (a) oriented CO, and
(b) aligned CO. Dashed and dash-dotted curves indicate short and long
classical trajectories.
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performed on aligned polar molecules using ultra short driving
pulses. When the ponderomotive phase, and possibly also the
ionization phase, has been subtracted, the result should resemble
a square root as a function of harmonic order, and reverse its sign
when the carrier envelope phase of the driving laser is changed by
π. There are two main experimental methods for extracting har-
monic phases: Resolution of attosecond beating by interference
of two photon transitions (RABBITT) [93, 94], and interference
with harmonics generated in a reference gas [95, 96].
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6
Two-centre interference

There are two main philosophies within the HHG community.
One sees HHG as a light source capable of delivering coherent
radiation reaching into the XUV range, and focuses on maxim-
izing the harmonic yield and band width. The other school of
thought sees HHG, as well as other strong-�eld phenomena, as
a probe of ultra fast dynamics. The most robust structure in-
formation related to HHG is the so-called two-centre interference
minimum [69, 97]. As the most prominent spectral feature in
symmetric molecules, the two-centre interference minimum has
become the prime example of HHG structure retrieval. In this
chapter we will review the basic concepts, and then extend them
to polar molecules.
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6.1 Basic concepts

According to the Lewenstein model, the high-harmonic spectrum
is given by the Fourier transform of the time-dependent dipole
velocity

〈v̂dip(t)〉 ≈ i

∫ t

t0

dt′
∫

R3

dkv∗rec(k + A(t))e−iS(k,t,t
′)

× F(t′) · dion(k + A(t′)) (6.1)

+ complex conjugate. (6.2)

Inspired by the three-step model, we now search for a kinetic mo-
mentum k (or a molecular orientation) at which the recombina-
tion matrix element vanishes. The corresponding high-harmonic
frequency ω = 1

2
|k|2 + Ip is then expected to be suppressed in

the �nal harmonic spectrum, irrespective of the ionization and
propagation steps. Predicting the position of a two-centre in-
terference thus reduces to analyzing the recombination matrix
element [69].

We �x two of the Euler angles (θ = 90◦ and χ = 0◦) and vary
ϕ. This means that the molecule is restricted to the xy plane. We
keep the laser polarization axis along the x axis, so ϕ is the angle
between the internuclear axis and the laser polarization axis. The
oriented HOMO |ψ, ϕ〉 is now expanded as a linear combination
of atomic orbitals (LCAO):

|ψ, ϕ〉 =
Na∑

n=1

cn |φn, ϕ〉 . (6.3)

The sum is over atomic centres. The recombination dipole ve-
locity matrix element between |ψ, ϕ〉 and a plane wave |k〉 then
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takes the form

〈k | v̂dip |ψ, ϕ〉 =

∫

R3

ψ∗k(r)v̂dipψ(ϕ; r)dr (6.4)

=

∫

R3

ψ∗k(r)v̂dip

Na∑

n=1

cnφn(ϕ; r−Rn)dr (6.5)

=
Na∑

n=1

cn

∫

R3

eik·rv̂dipφn(ϕ; r−Rn)dr (6.6)

=
Na∑

n=1

cneik·Rn

∫

R3

eik·rv̂dipφn(ϕ; r)dr (6.7)

=
Na∑

n=1

eik·Rncn 〈k | v̂dip |φn, ϕ〉 (6.8)

=
Na∑

n=1

ei(k·Rn+ϑn(k,ϕ)) |cn 〈k | v̂dip |φn, ϕ〉| . (6.9)

The phase k·Rn is due to the atomic position Rn, and ϑn(k, ϕ) is
an intrinsic recombination phase relating to the LCAO centered
on atom n. Equation (6.9) shows that the harmonic emission
from di�erent atoms interfere, causing maximal destructive in-
terference at a particular momentum k for a �xed angle ϕ.

In the special case of diatomic molecules with molecular or-
bitals of purely even or odd parity,

ψ(ϕ; r) = c1φ1(ϕ; r−R1)± c1φ1(ϕ; r−R2), (6.10)

with plus for even parity and minus for odd parity. Equation (6.8)
therefore simpli�es to

〈k | v̂dip |ψ, ϕ〉 =
[
eik·R1 ± eik·R2

]
c1 〈k | v̂dip |φ1, ϕ〉 (6.11)

=
[
1± eik·R

]
eik·R1c1 〈k | v̂dip |φ1, ϕ〉 , (6.12)

where R = R2 −R1. Equation (6.12) is equal to zero when

k ·R = (2m+ 1)π (even parity) (6.13)

k ·R = (2m)π (odd parity) (6.14)
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for any integer m. Rewriting in terms of the de Broglie wave
length λe = 2π

|k| , and assuming that the returning electron is mov-
ing parallel to the polarization axis of the driving laser, we get
destructive interference when

R cos(ϕ) =
2m+ 1

2
λe (even parity) (6.15)

R cos(ϕ) = mλe (odd parity). (6.16)

Similar equations can be derived for constructive interference

R cos(ϕ) = mλe (even parity) (6.17)

R cos(ϕ) =
2m+ 1

2
λe (odd parity), (6.18)

but a factor two enhancement is not as easy to identify in spectra
as a near-perfect cancellation. Typically only the m = 0 interfer-
ence minimum is seen due to the limited harmonic plateau.

In our implementation of the Lewenstein model, the assump-
tion that the continuum electron moves parallel to the polar-
ization of the driving laser is the same as neglecting the drift
momentum in equation (2.41). As mentioned in section 3.1, the
drift momentum has a neglible in�uence on the parallel compon-
ent of the harmonics, so the approximation is valid for the parallel
component. The perpendicular component, on the other hand,
vanishes identically if the drift momentum is omitted. Equa-
tions (6.15)�(6.16) are therefore expected to fail for the perpen-
dicular component. We will restrict our attention to the parallel
component in the following discussion, as the parallel component
completely dominates the total harmonic emission.

The physical interpretation of equations (6.15)�(6.16) is very
clear. Harmonic generation is suppressed when the returning
electron has a de Broglie wave length such that the travel phase
acquired between the nuclei ensures destructive interference. This
is often compared to Young's double slit experiment. A perhaps
better analogue is that of a two-point emitter. Depending on
the (projected) distance between the emitters and their relative
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phase, certain emission frequencies will cancel in the observation
direction.

The HOMOs of H2, H+
2 , and CO2 have pure symmetries, al-

lowing the prediction of equations (6.15)�(6.16) to be applied dir-
ectly. Good agreement is reached when comparing to theoretical
calculations that restrict themselves to the HOMO contribution.
The exact role of the HOMO−1, HOMO−2, and excited states
in experiment remains an open question, however [25�31, 71, 98].

Even though some experimentally relevant molecules, like N2,
have HOMOs of mixed symmetry, equations (6.15)�(6.16) can
still be used as a reference point to understand the physics. The
even components of the HOMO will give a contribution to the
total HHG spectrum that has a minimum predicted by equa-
tion (6.15). The odd components of the HOMO will give a contri-
bution with a minimum predicted by equation (6.16). Depending
on the relative strength and phase of the two contributions, an
interference minimum may or may not appear in the HHG spec-
trum. Two-centre interference minima in orbitals of mixed sym-
metry has been covered in great detail in references [76, 99, 100].

There is some amount of controversy regarding the correct
way of translating a de Broglie wave length into the corresponding
high-harmonic order. The problem relates to the in�uence of the
Coulomb potential, which should change the wave length of the
returning electron depending on its position relative to the nuclei.
The naive approach followed here is inspired by the three-step
model, and assumes energy conservation in the recombination
step:

ω =
1

2

(
2π

λe

)2

+ Ip. (6.19)

Using an 800 nm laser, Ip/ω0 = 9.0 for CO, and Ip/ω0 = 10.1
for N2. Others argue that Ip should be omitted. For a treatment
where the energy gain depends on the trajectory of the returning
electron, see references [29, 101].

Two-centre interference has been observed both theoretically
and experimentally in HHG from H2 [38, 69], and theoretically in
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above-threshold ionization (ATI) from CO [87]. In high-energy
above-threshold ionization (HATI), two-centre interference has
been observed theoretically for N2 [102, 103], and theoretically
and experimentally for O2 [103, 104].

Another mechanism for interference minima in HHG are the
so-called dynamic minima [25, 98], also referred to as multi-
channel minima. In contrast to the structural minima discussed
above, dynamic minima depend on laser parameters such as wave
length and intensity. This can be understood in a single-active
electron picture, where two or more independent channels con-
tribute coherently to the total spectrum. Changes in the driving
pulse introduce di�erent relative phases between di�erent chan-
nels, which modi�es the position of a potential interference min-
imum. The issue is still debated, but it is very likely that the
interference minimum in CO2 is partly structural [27�30], and
partly dynamic [25, 26, 71]. Another variant of this is the inter-
ference from excited states, which has been studied for H+

2 using
the TDSE [31].

The interference minimum in N2 changes very little with chan-
ging intensity and wave length of the driving laser, but also does
not shift noticably with alignment angle [71]. As we saw in
chapter 3, Lewenstein calculations performed on just the HOMO
channel gives a minimum which does move with alignment angle.
It has been suggested that the interference minimum in N2 is
similar to the so-called Cooper minimum in Ar [72, 73], which
cannot be described using plane waves [72].

6.2 Oriented polar molecules

In polar molecules we do not have the luxury of equal atomic
orbitals on the di�erent nuclei, so we cannot get a simple con-
dition like equation (6.12). Instead we have to �nd minima of
equation (6.9). Two things are immediately clear. First, as the
di�erent nuclear centres do not have equal orbitals, we can no
longer expect to �nd a momentum k that gives perfect cancel-
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Figure 6.1 | Parallel components of HHG spectra from CO oriented at
(a) ϕ = 90◦ and (b) ϕ = 86◦ to the laser polarization axis. The smooth red
curves are obtained by averaging the spectra over several harmonic orders.
The 800 nm driving laser pulse has a peak intensity of 4× 1014 W/cm2, and
a cosine squared envelope with ten optical cycles FWHM. Short trajectories
are selected using a window function, and the Stark e�ect is not included.

lation [100]. Second, the intrinsic recombination phases ϑn(k, ϕ)
now have di�erent k-dependencies that have to be accounted
for [100, 105]. In the two-centre emitter picture the two emitters
now have di�erent (k-dependent) emission strengths, and their
relative phase depends on k. An interesting consequence of this
is that one can expect to observe two-centre interference minima
when the molecular axis is perpendicular to the polarization axis
of the driving laser, as is the case in �gure 6.1.

It is usually assumed that two-centre interference minima are
completely determined by the recombination step into the ground
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Figure 6.2 | Smoothed parallel components of the spectra associated with
the four trajectories of CO oriented perpendicular to the laser polarization
axis. The molecular spectrum is the coherent sum of all four contributions,
and is dominated by trajectories that start with ionization at C. Short tra-
jectories are selected, and the Stark e�ect is not included.

state orbital. This assumption needs to be justi�ed for polar
molecules due to the di�erent classes of electron trajectories in
the continuum [51, 106]. There are four di�erent trajectories
for CO, each one starting at either C or O, and recombining at
either C or O. The contribution from each class of trajectory is
plotted in �gure 6.2 for CO oriented perpendicular to the laser
polarization axis. Trajectories starting at C completely dominate
the spectrum due to a larger ionization dipole matrix element at
C. Removing the trajectories starting at O has very little impact
on the shape and position of the interference minimum, showing
that the interference is not caused by the ionization step.
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The trajectory contributions in �gure 6.2 are obtained using
the multi-centre stationary-phase approximation described in sec-
tion 2.3. In this approximation trajectories going from one atom
to another acquire an extra component to the momentum. Using
the atomic stationary-phase approximation, and thus neglecting
this drift momentum, has a negligible e�ect on the shape and po-
sition of the interference minimum. Also, short trajectories have
been selected using a window function, ruling out interference
between long and short trajectories. These observations show
that continuum dynamics are not responsible for the interference
minimum either.

The following example illustrates the importance of including
the recombination strengths when predicting two-centre interfer-
ence minima from polar molecules. Figure 6.3 shows the relevant
recombination dipole velocity matrix elements for CO oriented at
ϕ = 86◦. The full blue curves are the norm and the phase of the
total HOMO matrix element of CO. The dashed green curves are
the norm and phase of the matrix element of the LCAO on C, and
the dash-dotted magenta curves on O. If we were to neglect the
k-dependence of the individual recombination strengths, then we
would predict a minimum in the total recombination norm when

|k|R cos(ϕ) + ϑ2(k, ϕ)− ϑ1(k, ϕ) = (2m+ 1)π. (6.20)

This predicts the minimum to be at |k| = 1.86 au, which is in
poor agreement with the actual position of |k| = 2.08 au in �g-
ure 6.3(a). The reason is clearly that the atomic recombination
strengths at |k| = 1.86 au are too di�erent for a strong interfer-
ence minimum, even though the two contributions are completely
out of phase.

6.3 Aligned polar molecules

As discussed in section 2.2, perfectly oriented molecules are not
currently available for HHG experiments. However, an increas-
ing amount of strong-�eld experiments are being performed on
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Figure 6.3 | (a) Norms of the dipole velocity matrix elements for CO ori-
ented at ϕ = 86◦ to k. The full blue curve is the matrix element with the
entire HOMO (〈k|v̂dip|ψ, 86◦〉), the dashed green curve is the matrix ele-
ment with the LCAO on C (〈k|v̂dip|φ1, 86◦〉), and the dash-dotted magenta
the matrix element with the LCAO on O (〈k|v̂dip|φ2, 86◦〉). (b) Phases of
the same matrix elements. The dashed and dash-dotted curves are given by
k ·Rn + ϑn(k, ϕ).

aligned polar molecules. Figure 6.4 shows that not only does the
two-centre interference survive alignment, but it is also stronger
than in the oriented case. The key to understanding the interfer-
ence in aligned polar molecules is to realize that the dipole velo-
city matrix elements of opposite orientations are closely related.
In our coordinate system the laser polarization is along the x
axis, and the molecular axis is con�ned to the xy plane. Flipping
the orientation of the molecule is therefore the same as adding π
to ϕ. All molecular orbitals can be chosen to be real, and either
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even or odd in z. Orbitals that are odd in z do not contribute
to the total HHG spectrum [21], which leaves orbitals for which
adding π to ϕ is the same as replacing the wave function with
ψ(ϕ;−x,−y, z) = ψ(ϕ;−x,−y,−z). The recombination matrix
element of the �ipped molecule is

〈k | v̂dip |ψ, ϕ+ π〉 = k∇kψ̃(ϕ+ π;k) (6.21)

= k∇kψ̃(ϕ;−k) (6.22)

= k∇kψ̃
∗(ϕ;k) (6.23)

= 〈k | v̂dip |ψ, ϕ〉∗ , (6.24)

where ψ̃(ϕ;k) is the Fourier transform of the ground state wave
function.

Together, equations (2.25), (6.9) and (6.24) show that the
recombination dipole velocity matrix element of an aligned mo-
lecule is given by

〈k | v̂dip |ψ, ϕ〉aligned = Re (〈k | v̂dip |ψ, ϕ〉) (6.25)

=
Na∑

n=1

cos (k ·Rn + ϑn(k, ϕ))

× |cn 〈k | v̂dip |φn, ϕ〉| . (6.26)

The position of the two-centre minimum is determined by the
value of k that minimizes the absolute value of equation (6.26).
The simplest approach would be to ignore the recombination
strengths |cn 〈k|v̂dip|φn, ϕ〉|, and claim that harmonic emission
from one atom cancels out the harmonic emission from another
when

|k|R cos(ϕ) + ϑ2(k, ϕ)− ϑ1(k, ϕ) = (2m+ 1)π (6.27)

for any integerm. The same result was obtained in equation (6.20)
when we ignored the recombination strengths for oriented mo-
lecules. However, we saw in section 6.2 that this is a very bad
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Figure 6.4 | Parallel components of HHG spectra from CO aligned at
(a) ϕ = 90◦ and (b) ϕ = 86◦ to the laser polarization axis. All other
parameters are the same as those in �gure 6.1.

approximation for oriented polar molecules. There is no reason
that it should work better for aligned polar molecules.

An alternative interpretation allows for a better prediction.
Rather than as an interference between di�erent atomic spe-
cies, the interference minimum in aligned polar molecules can
be thought of as an interference between opposite orientations.
Equation (6.25) then shows that the interference minimum ap-
pears whenever the real part of the recombination matrix element
of the oriented molecular orbital 〈k|v̂dip|ψ, ϕ〉 is zero:

Re (〈k | v̂dip |ψ, ϕ〉) = 0. (6.28)

According to the CO phase in �gure 6.3(b), this happens at
|k| = 2.06 au. Using the relation ω = 0.5|k|2 + Ip to convert into
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photon energy, this corresponds to a minimum at ω = 46.3ω0.
The actual position of the minimum is 47.8ω0, as determined by
the averaged spectrum in �gure 6.4(a). For comparison, equa-
tion (6.27) predicts the minimum position to be 37.5ω0. Equa-
tion (6.28) is clearly more precise at predicting the minimum
position than equation (6.27).

Now we are also able to understand why the interference min-
imum is stronger for aligned CO in �gure 6.4(b) than for oriented
CO in �gure 6.1(b). The strength of the interference minimum
in oriented CO is determined by the minimal value of the matrix
element norm. As illustrated in �gure 6.3, this minimal value is
not necessarily zero. For aligned CO only the real part has to
be zero, which is obtained exactly, hence two-centre interference
minima are generally expected to be stronger for aligned than for
oriented polar molecules.

Equation (6.28) is more precise than equation (6.27) because
no assumptions are made on the recombination strengths at dif-
ferent atomic centres. One might argue that it would be more
natural to use equation (6.26) directly, and read o� the min-
imum in the matrix element norm of the aligned molecule rather
than focus on the matrix element phase of the oriented molecule.
However, we will show in section 6.4 that the in�uence of the
Stark e�ect on the minimum position is more easily understood
in terms of the recombination phase of the oriented molecule.

Before we go on, it should be noted that the HOMO−1 is
expected to contribute signi�cantly to the harmonic spectrum
at near-perpendicular orientation angles [107]. The three highest
occupied molecular orbitals of CO are sketched in �gure 6.5. The
result of calculating the HOMO, HOMO−1, and HOMO−2 con-
tributions independently is shown in �gure 6.6, where the total
signal is dominated by the HOMO−1 channel. This indicates
that while our theory is applicable to all molecules, care should
be made to �nd a system or geometry that avoids the in�uence
of lower-lying orbitals. One possibility would be to align CO par-
allel to the laser polarization, in which case the HOMO−1 chan-
nel is suppressed due to its symmetry [21]. This would require
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Figure 6.5 | The three highest occupied molecular orbitals of CO. The
HOMO−1 is degenerate, with the other orbital being identical, but rotated
by 90◦ around the internuclear axis.
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Figure 6.6 | Smoothed harmonic spectra from the HOMO, HOMO−1, and
HOMO−2 channels of CO oriented perpendicular to the polarization axis
of the same driving pulse as in �gure 6.1. The coherent sum is seen to be
dominated by the HOMO−1 channel. Stark shifts are not included.

a mid-infrared driving laser in order to include the interference
minimum in the plateau.

6.4 Importance of Stark phases

Equation (6.28) shows that the interference minimum from an
aligned polar molecule is expected to depend on the phase of
the recombination matrix element of the oriented molecule. This
begs the question whether phases from other steps of the HHG
process in�uence the �nal position of the minimum.

One possible concern is the potential-energy shift related to
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the use of the length gauge for the laser-electron interaction
Hamiltonian [51, 106]. However, this potential-energy shift is
mostly relevant at large internuclear distances [51]. Examples of
the sub-cycle dynamics of the harmonic emission from CO ori-
ented parallel to the laser polarization are shown in �gures 4.2
and 5.2. If the choice of gauge were important, then the relative
emission strength between neighbouring half-cycles would change
when the molecule is �ipped. The reason for this asymmetry is
that the origin is placed in the centre of mass, so the nuclei have
di�erent distances to the origin. We do not observe such a change
in our calculations, indicating that the potential-energy shift is
not an issue for CO.

Another possible phase is due to the Stark shift felt by the
polar HOMO. Figure 6.7 shows the position of the interference
minimum in aligned CO calculated using the Lewenstein model.
Including the Stark e�ect to �rst order is seen to shift the inter-
ference minimum by as much as three harmonic orders. Includ-
ing the second-order Stark shift has negligible in�uence on the
present spectra.

We propose that the shift of the interference minimum can be
understood in terms of the �rst-order Stark phase

Φ
(1)
Stark =

∫ t

t′
µ · F(t′′)dt′′ (6.29)

that the polar HOMO picks up due to the driving pulse. The ac-
cumulated Stark phase can be estimated using classical traject-
ories of a single half-cycle as in chapter 5.3. This results in the
characteristic square-root behaviour. However, it is not immedi-
ately clear that this estimate is relevant for multi-cycle driving
�elds. For comparison we plot the phase obtained by calculating
the harmonic spectra from oriented CO with and without in-
cluding the Stark e�ect. As neighbouring half-cycles experience
opposite signs of the �rst-order Stark shift, we restrict the ion-
ization step to times t′ at which the x component of the electric
�eld F(t′) is positive. This singles out continuum trajectories
that share the same sign of the Stark shift. Short trajectories
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Figure 6.7 | Position of the interference minimum (of the smoothed spec-
trum) from aligned CO with and without including the Stark e�ect in the
Lewenstein model. Short trajectories have been selected. Also plotted are
the predicted minima positions using a two-centre interference (TCI) model
based on equation (6.28)

are selected using a window function. The di�erence in harmonic
phase between the two calculations is plotted in �gure 6.8 as an
irregular blue curve. The agreement with equation (6.29) is quite
good.

The amount by which the Stark e�ect shifts the interference
minimum can be estimated using equations (6.28) and (6.29).
The interference minimum appears at the momentum |k| where
the real part of the recombination matrix element is zero. For
CO oriented at ϕ = 86◦ in �gure 6.3(b), this happens at |k| =
2.06 au, corresponding to ω = 46.3ω0. The accumulated phase
from equation (6.29) is on the order of 0.05π, which is enough to
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Figure 6.8 | Estimates of the Stark phase accumulated in the continuum
for CO oriented at ϕ = 82◦, and using the pulse parameters from �gure 6.1.
The smooth red curve is calculated from equation (6.29) based on classical
trajectories to map ionization and recombination times to harmonic order.
The irregular blue curve is the phase di�erence between harmonics calcu-
lated with and without including the Stark e�ect in the Lewenstein model.
To avoid cancellation from neighbouring half-cycles, ionization is arti�cially
restricted to every other half-cycle.

shift the interference condition to |k| = 2.08 au, corresponding
to ω = 47.0ω0. When ϕ is decreased, the phase shift increases
due to the cos(ϕ) scaling in equation (6.29).

Combining equations (6.28) and (6.29) gives the two-centre
interference predictions plotted in �gure 6.7. At perpendicular
alignment the �rst-order Stark shift is exactly zero, and the min-
ima coincide. The two-centre model is seen to be o� by two
harmonic orders as compared with the Lewenstein calculations.
As the alignment angle is decreased, the two-centre interference
model adequately describes the shift of the minimum, down to
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Figure 6.9 | Same as �gure 6.3, but with ϕ = 76◦.

about ϕ = 80◦, after which the Lewenstein minimum washes out
and �nally vanishes.

The weakening of the interference minimum is not caused by
interfering trajectories, as the long trajectories have been �ltered
out using a window function. A possible explanation is that the
total recombination dipole velocity matrix element has a slower
phase variation at smaller alignment angles, illustrated in �g-
ure 6.9(b) as a full blue curve for ϕ = 76◦. One might have
expected the phase variation to be faster, due to the larger con-
tribution from the geometric phase k ·Rn, but the total phase is
dominated by the behaviour of the matrix element on C, which
has a slower π phase change at smaller alignment angles.
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Chapter

7
Macroscopic

phase-matching

As mentioned at the beginning of section 2.1, a full understanding
of HHG requires modelling on both the microscopic and mac-
roscopic scale. In chapters 2�6 we have studied several single-
molecule e�ects, such as elliptically polarized harmonics, ioniz-
ation gating, Stark phases, and two-centre interference minima.
In this chapter we will brie�y review how to extend our treat-
ment to a macroscopic gas of molecules, and then discuss unique
aspects of macroscopic phase-matching for polar molecules. Un-
like the rest of the thesis, this chapter contains several formulas
in SI units. As a rule of thumb, all propagation equations are in
SI units, while all single-molecule quantities are kept in atomic
units to be consistent with previous chapters.

7.1 Propagation equations

When calculating HHG from a macroscopic gas of molecules, we
have to propagate the driving pulse as well as the generated har-
monics forward in time and space. The geometry is sketched in
�gure 7.1. A focused laser beam is directed towards a gas jet,
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Figure 7.1 | Cut through a Gaussian beam with confocal parameter
b = 2 cm that has been focused slightly in front of a gas jet, indicated
by the white rectangle. The colour scale indicates the local intensity in
units of W/cm2. The jet is completely homogeneous in the xy plane, but
has absorbing boundaries at r = ±0.37 mm to limit the box size and avoid
re�ections from the box boundary.

indicated by the white box. The problem becomes rotationally
symmetric if the gas is homogeneous in the plane perpendicular
to the propagation direction z of the driving laser, and the beam
is rotationally symmetric. In practical terms, we represent the
gas as a grid in cylindrical coordinates with an absorbing bound-
ary to avoid re�ection at the edges. The boundary is placed far
away from the core region where the harmonics are generated.

We now divide the target gas into slices that are su�ciently
thin that the driving pulse does not change within the slice. As-
suming that the generated harmonics do not propagate back-
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wards, the full problem reduces to that of calculating the time-
dependent polarization P(z, r, t) at each radius r, and propagat-
ing the total electric �eld F(z, r, t) into the adjacent slice accord-
ing to Maxwell's wave equation (in SI units):

∇2F(z, r, t)− 1

c2
∂2

∂t2
F(z, r, t) =

1

ε0c2
∂2

∂t2
P(z, r, t). (7.1)

We separate the electric �eld into a sum of the driving �eld and
the generated high-harmonic �eld

F(z, r, t) = F1(z, r, t) + Fh(z, r, t), (7.2)

apply the slowly evolving wave approximation, neglect absorption
by the target gas, and neglect the back-action of the generated
high-harmonics to obtain the following equations in the frequency
domain:

∇2
⊥F̃1(z, r, ω) +

2iω

c

∂F̃1(z, r, ω)

∂z
= − ω2

ε0c2
P̃ion(z, r, ω) (7.3)

∇2
⊥F̃h(z, r, ω) +

2iω

c

∂F̃h(z, r, ω)

∂z
= − ω2

ε0c2
P̃dip(z, r, ω). (7.4)

In equation (7.3) the only in�uence of the gas on the driving
�eld is through the free electrons generated by ionization of the
target gas. This can be estimated using atomic or molecular ADK
rates [32, 108]. Free electrons lead to defocusing of the focused
laser beam, which in�uences the phase-matching conditions.

Of greater interest is the source term in equation (7.4) for the
high-harmonic �eld, which is obtained from the Fourier trans-
form of the single-molecule response multiplied by the (time-
dependent) density:

P̃(z, r, ω) = F
[
ρ(z, r, t)

〈
ψ(t)

∣∣∣ d̂dip

∣∣∣ψ(t)
〉]
. (7.5)

The time-dependence in ρ(z, r, t) ensures that depletion of the
ground state is taken into account. We use atomic or molecu-
lar ADK rates to estimate ionization. The expectation value
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〈ψ(t)|d̂dip|ψ(t)〉 has to be taken using a solution |ψ(t)〉 to the
TDSE with the electric �eld F(z, r, t). Following the discussion
in section 2.1 we choose to rewrite equation (7.5) in terms of the
velocity spectrum:

P̃(z, r, ω) = F
[
ρ(z, r, t)

1

iω
〈ψ(t) | v̂dip |ψ(t)〉

]
. (7.6)

The conversion factor 1
iω

is obtained by partial integration, as-
suming that the dipole moment is equal to zero at t = ∞. We
solve equation (7.6) using the Stark-corrected Lewenstein model
derived in section 5.1.

7.2 Phase-matching

We now have all the elements necessary to discuss phase-matching.
The �nal macroscopic HHG signal is strongest if the harmonics
generated in one slice add constructively with those generated
in the adjacent slice. In other words, the wave vector kω of the
propagating �eld with angular frequency ω must be equal to the
wave vector ksource of the newly generated �eld. Writing out the
relevant contributions to ksource we get the phase-matching con-
dition

kdip,j(r, z) +
ω

ω1

kfocus(r, z) +
ω

ω1

k1 = kω (7.7)

∇φdip,j(r, z) +
ω

ω1

∇φfocus(r, z) +
ω

c
ez = kω, (7.8)

where ω1 is the central frequency of the laser light, k1 the cent-
ral wave vector of the laser light, ez the unit vector along the
propagation axis, φdip,j(r, z) the intrinsic intensity-dependent phase
of the generated radiation, and φfocus(r, z) the geometrical phase
variation caused by focusing of the laser beam. The index j in
φdip,j(r, z) distinguishes between short (j = 1) and long trajector-
ies (j = 2). Optimal phase-matching is obtained when the phase
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mismatch

∆kω(r, z) =
ω

c
−
∣∣∣∣kdip,j(r, z) +

ω

ω1

(kfocus(r, z) + k1)

∣∣∣∣ (7.9)

is minimized. We will now see how this is achieved on-axis in the
forwards (+z) direction.

For a given ω, each trajectory corresponds to a pair of ion-
ization and recombination times (t, t′). Using the multi-centre
stationary-phase method, the corresponding phase is

φdip,j(r, z) =− S(ks, t, t
′)

+ [k + A(t)] ·Rnf
− [k + A(t′)] ·Rni

(7.10)

=−
∫ t

t′

(
1

2
[ks + A(r, z, t′′)]

2 − E
)

dt′′

+ [k + A(t)] ·Rnf
− [k + A(t′)] ·Rni

(7.11)

for each combination of ionization site Rni
and recombination

site Rnf
. In the above equations

ks = − 1

t− t′
∫ t

t′
A(r, z, t′′)dt′′ +

1

t− t′ (Rnf
−Rni

) (7.12)

is the stationary momentum that dominates the harmonic signal
at the frequency ω for a given ionization and recombination site
within the molecule. However, the second term is completely
independent of the position of the molecule within the gas, so it
does not enter into kdip,j(r, z) = ∇φdip,j(r, z).

The �rst term in equation (7.11) represents the kinetic energy
gained in an oscillating laser �eld, and grows monotonically as
a function of the ponderomotive potential Up = I

4ω2
1
. Ignoring

the potential energies in equation (7.11), the intrinsic phase is
therefore conveniently expressed as

d

dz
φdip,j(r, z) ≈ −dS(ks(t, t

′), t, t′)

dI(r, z)

dI(r, z)

dz
. (7.13)
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The sign of the �rst factor is �xed, so the sign of d
dz
φdip,j(r, z) is

determined by the second factor through the intensity variation
of the focused laser beam.

For a Gaussian beam, φfocus(r, z) is the so-called Gouy phase

φfocus(r, z) = −atan

(
2z

b

)
+

2k1r
2z

b2 + 4z2
, (7.14)

where b is the confocal parameter. The on-axis part gives the
contribution

d

dz
φfocus(r, z)

∣∣∣∣
r=0

= − 2b

b2 + 4z2
, (7.15)

which has the same sign along the entire propagation axis. In-
serting equations (7.13) and (7.15) into equation (7.9) we get the
following expression for the on-axis phase mismatch:

∆kω(r = 0, z) ≈ dS(ks(t, t
′), t, t′)

dI(r, z)

dI(r, z)

dz

∣∣∣∣
r=0

+
ω

ω1

2b

b2 + 4z2
. (7.16)

The Gouy contribution is always positive, while the ponderomot-
ive phase is positive in front of the laser focus and negative after
the laser focus. Equation (7.16) thus con�rms the well-known
result from atomic gasses that the laser focus must be placed in
front of the target gas for optimal phase-matching.

The importance of ignoring the potential energies in equa-
tion (7.13) is di�cult to determine, as the potential energy terms
change sign depending on the ionization and recombination site.
A further complication arises from the di�erent ionization and
recombination probabilities at di�erent atomic centres. Mac-
roscopic phase-matching of high harmonics in molecular gasses
has previously been studied using the QRS model, and there are
no indications that nonpolar molecules phase-match qualitatively
di�erently than noble gas atoms [109�111]. On the contrary, un-
der favorable conditions the e�ect of phase-matching may even
be factored out of the HHG spectrum [111, 112].
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7.3 Phase-matching for polar molecules

As discussed at length in chapter 5, polar molecules acquire an
additional intensity dependent phase contribution due to the
laser-induced Stark shift. We include this in the Lewenstein
model by adiabatically adjusting the bound state energy, so equa-
tion (7.11) becomes

φdip,j(r, z) =−
∫ t

t′

(1

2
[ks(t, t

′) + A(r, z, t′′)]
2

− E(F(r, z, t′′))
)

dt′′ (7.17)

+ [k + A(t)] ·Rnf
− [k + A(t′)] ·Rni

.

At a �rst glance, equation (7.17) suggests that the optimal phase-
matching condition is di�erent for polar molecules. However,
drawing on the results of section 5.3, we recognize that

φdip,j(r, z) =−
∫ t

t′

(1

2
[ks(t, t

′) + A(r, z, t′′)]
2 − E

)

− Φ
(1)
Stark(t, t

′)− Φ
(2)
Stark(t, t

′) (7.18)

+ [k + A(t)] ·Rnf
− [k + A(t′)] ·Rni

,

where

Φ
(1)
Stark(t, t

′) = −
∫ t

t′
µ · F(r, z, t′′)dt′′ (7.19)

Φ
(2)
Stark(t, t

′) = −1

2

∫ t

t′
FT(r, z, t′′)αF(r, z, t′′)dt′′. (7.20)

The main result of section 5.3 is equation (5.15)

Φ
(1)
Stark(ω) ≈ ±µ cos(ϕ)

√
2 (ω − Ip),

which shows that the �rst-order Stark phase is similar for short
and long trajectories, and almost completely independent of in-
tensity. This leaves the second-order Stark phase, which is fairly
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Figure 7.2 | On-axis build-up of four harmonics in a target gas of oriented
CO (a) without including the Stark e�ect, and (b) including the Stark e�ect.
The four harmonics are H15 (dashed cyan), H20 (dotted green), H25 (dash-
dotted red), and H30 (full blue). Each harmonic is normalized to 1 to ease
comparison.

�at and only on the order of 0.2π for usual �eld strengths (see
�gure 5.4). We are therefore led to expect that optimal phase-
matching conditions for oriented polar molecules will be nearly
identical to those of nonpolar targets.

The importance of phase-matching is illustrated by �gure 7.2,
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which shows the build-up of four harmonics. The gas is a 5 mm jet
of CO molecules. The CO molecules are assumed to be perfectly
oriented parallel to the polarization axis of the driving laser. The
gas density is set to 5×1014 cm−3, which is low compared to most
HHG experiments but high compared to the density that can be
currently obtained for an oriented sample of CO molecules. The
Gaussian laser beam is focused in the middle of the jet with a
confocal parameter b = 2.0 cm. The driving pulse has a central
wave length of 800 nm, with a peak intensity of 2× 1014 W/cm2.
The electric �eld of the pulse has a cosine squared envelope con-
taining six optical cycles T , corresponding to a FWHM of 2.18T .

Following the intensity of the individual harmonics in �gure
7.2(a), it is clear that the focusing conditions are far from op-
timal. Rather than building up steadily through the gas, each
harmonic experiences a region of destructive interference due to
phase-matching. Introducing the Stark e�ect in �gure 7.2(b)
gives qualitatively the same phase-matching. This is con�rmed
by �gure 7.3, which shows the on-axis spectra at the end of the
gas jet. The di�erence in amplitude is mainly caused by the in-
�uence that the Stark e�ect has on the initial ionization step, as
discussed in section 5.2. This is clearer from the time-pro�le of
the emitted harmonics in �gure 7.4.

7.4 Robustness of Stark phases

The preceding section shows that Stark phases play a minor role
in the macroscopic phase-matching of high-harmonics. We will
now investigate whether the converse is also true; do the pre-
dictions of the single-molecule treatment in section 5.3 survive
phase-matching?

As in section 5.3 we employ an ultra short pulse to restrict the
HHG to one half-cycle, and compare spectra calculated with and
without including the Stark e�ect. We use the same driving pulse
as in �gure 5.9, except for adding a Gaussian focus with confocal
parameter b = 2.0 cm. The focus is placed 0.7 cm in front of the
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Figure 7.3 | On-axis HHG spectra from oriented CO with and without
inclusion of the Stark e�ect. The driving pulse contains six optical cycles.

middle of the 5 mm gas jet in order to have good phase-matching
of the short trajectories. The peak intensity is 3× 1014 W/cm2,
chosen so as to give a peak intensity of 2 × 1014 W/cm2 in the
middle of the gas. Resulting on-axis spectra at the end of the
gas jet are shown in �gure 7.5. The interference minima are
caused by interference between the short and long trajectories
as in �gure 5.7, except that they are broadened by the intensity
variation of the driving pulse along the propagation direction.

It is not experimentally feasible to measure phases at the end
of the target gas, nor only of the on-axis harmonics. We therefore
transform the full harmonic �eld Fh(ω, r) to the far �eld, apply
a spatial �lter that selects predominantly the central, short tra-
jectory contribution to the harmonics, and transform back to the
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Figure 7.4 | On-axis time-pro�le analysis of the high-harmonics generated
from oriented CO (a) without including the Stark e�ect, and (b) including
the Stark e�ect. Note the di�erent false-colour scale. The electric �eld is
the on-axis �eld at the centre of the gas jet.
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Figure 7.5 | On-axis HHG spectra from oriented CO with and without
inclusion of the Stark e�ect. The driving pulse contains two optical cycles.

near �eld. In an experiment this would correspond to having an
aperture or a refocusing mirror in the far �eld. Then we subtract
the phases obtained with and without including Stark shifts. An
average over the �nal spot on the detector screen is made by
weighting the Stark phase ΦStark(ω, r) at a given radius with the
strength of the harmonic |Fh(ω, r)|2:

〈ΦStark(ω)〉r =

∫∞
0

ΦStark(ω, r) |Fh(ω, r)|2 r dr∫∞
0
|Fh(ω, r)|2 r dr

. (7.21)

The result is shown in �gure 7.6(a). The broad oscillations
around the classical trajectory prediction can be attributed to the
broadening of the intensity-dependent interference between short
and long trajectories. The overall trend remains the same as for
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the single-molecule result in �gure 5.9(a), however. We therefore
conclude that Stark phases really do survive phase-matching in
the target gas, as we were led to expect from equation (5.15). Our
results are almost unchanged if we extract the Stark phase from
a coherent average of harmonic spectra over the �nal spot, rather
than using the incoherent average of phases in equation (7.21).

As in the single-molecule case, we also present results for per-
fectly aligned CO molecules. Spectra are calculated with and
without the Stark e�ect by solving the Maxwell wave equation
separately for opposite orientations, and adding the resulting har-
monics coherently at the end of the gas [34]. This procedure is
valid in the limit where ionization-induced reshaping of the driv-
ing pulse is negligible, which is the case for the very low target
densities we employ. The harmonics are then propagated to the
far �eld, �ltered, refocused, and the Stark phase extracted. Equa-
tion (7.21) is then used to calculate the radially averaged Stark
phase shown in �gure 7.6(b). Just as in the single-molecule calcu-
lation of �gure 5.9(b), the �rst-order Stark phase survives due to
geometric gating. We therefore repeat our conclusion from sec-
tion 5.3: A measurement of the harmonic phase of aligned CO
driven by an ultra short pulse will provide an unambiguous test
of our Stark-corrected Lewenstein model.
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Figure 7.6 | Stark phases from a gas jet of CO molecules subject to the
same ultra short driving pulse used for �gure 5.9. (a) The CO molecules
are oriented. The connected black dots are phases obtained from a full
simulation including macroscopic propagation. The dashed blue curve is
the single-molecule phase predicted from short classical trajectories, and the
dash-dotted red curve the phase from long trajectories. (b) The CO mo-
lecules are aligned parallel to the laser polarization. The black dots include
both orientations of the target molecules. Dashed and dash-dotted curves
indicate short and long classical trajectories.
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Chapter

8
Summary and outlook

Strong-�eld physics is an exciting and rewarding �eld due to its
combination of technological potential, experimental challenges,
hard computational problems, and intuitively appealing models.
The strong-�eld approximation is the gold standard that experi-
ment and theory is compared against. This is sort of surprising,
given the extreme approximations it entails. The �rst major ap-
proximation is that the ground state is completely unperturbed
even though the laser �eld is strong enough to signi�cantly popu-
late the electron continuum. The second approximation says that
the continuum electron is completely una�ected by the Coulomb
potential of the residual ion. However, a new class of experiments
is forcing us to re�ne both approximations greatly.

Taking HHG as an example, harmonic spectra have recently
been used to reconstruct the highest occupied molecular orbitals
of N2 and CO2 [89�91]. The long-term goal is to track electron
dynamics in arbitrary molecules by reconstructing the electron
wave function with Ångström spatial resolution and attosecond
timing. To do so requires very detailed models that account for
all deviations from the pure strong-�eld approximation.
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8.1 Summary

The work presented in this thesis was mainly concerned with the
in�uence that the strong driving laser has on the bound state.
This was inspired by the photoelectron angular distribution re-
corded for oriented OCS, which disagrees completely with model
calculations unless the laser-induced time-dependent Stark shift
is included [41]. Seeing as ionization is the �rst step in HHG, a
similar extension is expected to be necessary to describe HHG
from polar molecules. We extended the Lewenstein model of
HHG to polar molecules by adiabatically Stark shifting each oc-
cupied molecular orbital according to the instantaneous value of
the driving laser. Using CO as an example, this was shown to
impact HHG in several ways.

The �rst e�ect was directly related to the ionization step. Po-
lar molecules have asymmetric ionization rates due to the asym-
metric charge distribution of the highest occupied molecular or-
bital. In CO, this results in a much higher ionization rate when
the electric �eld points from C to O, thus determining the relat-
ive strength between harmonic bursts in neighbouring half-cycles.
The �rst-order Stark shift counteracted this gating mechanism by
raising the ionization potential in the preferred half-cycle. While
not large enough to reverse the trend completely, the Stark shift
did reduce the asymmetry between neighbouring harmonic bursts
considerably.

High-order harmonic generation is an intrinsically coherent
process; a fact that is sometimes downplayed by the intuitive
three-step model. If the continuum and bound-state wave pack-
ets did not evolve coherently, then the radiation emitted by each
molecule in the target gas would not add up to a macroscopic
high-harmonic signal. An alternative picture of HHG is that the
returning continuum wave packet interferes with the bound-state
wave packet, which sets up interference fringes. This serves as a
molecular sized antenna, which emits high-frequency radiation.
In the latter picture, it is clear that a modi�cation of the bound
state phase will result in a changed interference between the con-

91



Chapter 8. Summary and outlook

tinuum and bound-state wave packets. We quanti�ed this rather
vague statement in terms of the Stark phase.

The Stark phase is the phase that the bound-state wave packet
accumulates due to the Stark shift. It can be accessed theor-
etically by calculating high-harmonic spectra with and without
including the Stark shift, and then subtracting the harmonic
phases. The result was shown to agree with classical calcula-
tions based on continuum electron trajectories calculated within
the three-step model.

Surprisingly, the �rst-order Stark phase turned out to be
nearly the same for short and long trajectories. In fact, the �rst-
order Stark phase was shown to be proportional to the return
velocity of the continuum electron. The return velocity relates
directly to the energy of the emitted photon, showing that the
�rst-order Stark phase is independent of the detailed pulse para-
meters. An accurate analytical expression was derived, express-
ing the �rst-order Stark phase in terms of the square root of the
harmonic frequency.

The smaller second-order Stark phase did not behave as nicely.
It is di�erent for short and long trajectories, and depends ex-
plicitly on the driving pulse. It was shown, however, that the
second-order Stark phase can be minimized by keeping the har-
monic cuto� �xed and increasing the wave length of the driving
laser. This allows the total Stark phase to be predicted analyt-
ically under the right experimental conditions.

While most theoretical works on HHG are concerned with the
single-molecule response, the actual harmonic �eld is the result
of a coherent build-up of harmonics in a target gas. Theoretic-
ally, the single-molecule response serves as a source term in Max-
well's wave equation. The appearance of a sizable Stark phase
in the single-molecule signal suggests that phase-matching might
be quite di�erent for polar molecules. We showed that this is not
the case. This could be ascribed to the insensitivity of the dom-
inating �rst-order Stark phase to the local driving �eld. This also
caused the �rst-order Stark phase to survive phase-matching.

Experimentally, it is very di�cult to obtain a gas of oriented
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molecules with su�cient density to directly observe the above
mentioned e�ects. Fortunately, the intrinsic gating in the ioniz-
ation step ensures that an aligned gas will be behave similar to
an oriented one if subjected to an ultra short driving pulse. We
showed in both single-molecule and macroscopic calculations that
aligned CO should exhibit a signi�cant �rst-order Stark phase.
This allows our model to be veri�ed (or falsi�ed) by recording the
harmonic phase of aligned CO and subtracting all other known
phase contributions.

High-order harmonic generation from polar molecules has other
unique features than just the Stark e�ect. One such feature is
a modi�cation of the famous two-centre interference minimum.
The most prominent spectral feature in HHG, two-centre inter-
ference has received huge interest due to its connection to the
internuclear distance. Two-centre interference is thus the proto-
typical example of structure retrieval using HHG.

We extended the two-centre interference model to both ori-
ented and aligned polar molecules. In the oriented case, the in-
terference minimum was shown to depend on both the phase and
amplitude of the recombination matrix elements at each nucleus,
as well as the usual dependence on the position of the nuclei.
The corresponding interference condition was also derived for
aligned polar molecules. The resulting minimum could be in-
terpreted either as an interference between recombination at dif-
ferent atomic species or between opposite orientations. Our cal-
culations showed that the interference minimum of CO not only
survived alignment, but that it was actually more pronounced
than in the oriented case. Surprisingly, the �rst-order Stark phase
turned out to shift the interference minimum of aligned CO by as
much as three harmonic orders, which could also be understood
from our two-centre interference condition.
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8.2 Outlook

Research in strong-�eld physics will most likely continue to re-
volve around the development of HHG as a light source. The
major limitation for the technological application of HHG is its
low conversion e�ciency, which prevents attosecond pump-probe
experiments from being realised. The most promising avenues be-
ing followed at the moment are HHG in high-pressure gasses [3�
5], and seeding of free-electron lasers [10, 11]. While free-electron
lasers have the potential of reaching much higher intensities than
can ever be attained in a pure HHG setup, the need for an un-
dulating cloud of mutually repelling electrons limits their use to
experiments that do not require attosecond precision. The high-
pressure gas method su�ers from the fact that most schemes for
generating sub-femtosecond pulses in HHG rely on detailed con-
trol of the pulse form of the driving laser. Translating these
schemes into a regime where the laser undergoes self-focusing
due to extensive ionization of a dense target gas is not trivial,
and will require detailed modelling of both the single-atom and
macroscopic response.

In the meantime, measurements of photoelectrons and high-
order harmonics continue to be the only means with which to
probe the dynamics of valence electrons on their natural time
scale. This line of enquiry is limited by the need for extremely
precise theories with which to interpret experimental data. The
positive side e�ect is that strong-�eld experiments provide res-
ults that are detailed enough to challenge existing theories. This
will hopefully accelerate the development of new theoretical and
numerical strategies to cope with continuum dynamics of inter-
acting many-body systems.

Due to the permanent dipoles of their orbitals, polar mo-
lecules are ideal systems with which to test the validity of new
models that aim at improving the description of the laser-induced
bound-state dynamics. Our results provide a reference point that
allows true dynamical e�ects to be separated from the much sim-
pler Stark shift, or the purely static e�ect of nonsymmetric or-
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bitals. The simplest extension is to use adiabatic ground states
for each value of the electric �eld. This can be implemented
in the Lewenstein model using quantum chemistry codes to �nd
the adiabatic ground states. A problem with such an approach
is that quantum chemistry codes typically do not produce very
reliable results for large electric �elds. This approach also only in-
cludes adiabatic deformations, but completely neglects nonadia-
batic couplings between orbitals.

A promising numerical method is the separation of space into
two separate volumes: An inner volume where the full many-body
problem is solved under in�uence of both the Coulomb and laser
interaction, and an outer volume where the dynamics of a single
electron is dominated by the laser �eld [113]. Only electrons
that make it back to the parent ion contribute to high-order har-
monic generation, making absorbing boundaries or complex scal-
ing methods well-suited for reducing the size of the outer volume.
A recent advance is the development of the so-called in�nite-
range exterior complex scaling, which uses long-range basis states
to describe the asymptotic region rather than throwing away all
information beyond a sharp boundary. This drastically reduces
the necessary size of the outer volume [114, 115].

As the target systems get bigger and bigger, the numerical
methods are bound to become too time-consuming. In order to
study, for example, energy transfer in the light harvesting com-
plex [116], we need simpli�ed models. So far the quantitative
rescattering model has been very successful in describing new
details of high-order harmonic generation [64, 65]. However, it
relies on the factorization of high-order harmonic generation into
a continuum wave packet and a more or less independent rescat-
tering event. This means that e�ects that stem from a coherence
between ionization and recombination are excluded. An example
of such a coherence is the exchange trajectories that cause ellipt-
ically polarized harmonics to be emitted by N2 in the Lewenstein
model, even when driven by a linearly polarized driving laser [74].
The contribution from this coherence is smaller than the experi-
mentally determined ellipticity, but there is no reason to expect
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that a similar e�ect will not play a role in extended systems.
The numeric method of partitioning space into an inner and an
outer volume may provide a clue how to improve the factorization
scheme.

Study of (almost) �eld-free molecular structure is restricted
to moderate intensities on the order of ∼ 1014 W/cm2. As the
intensity is increased further, the bound state becomes more and
more deformed, depending on its polarizability [44]. At the very
highest intensities, the so-called Cramers-Henneberger states may
turn out to be a more natural basis set for the description of
strong-�eld phenomena [117, 118]. One challenge that needs to
be addressed is how to reach su�ciently high laser intensities
without ionizing the target during the ramp-up of the pulse envel-
ope. Another challenge is to switch between the moderate-laser
regime and the intense-laser regime in a consistent way.
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A recent paper reported elliptically polarized high-order harmonics from aligned N2 using a linearly polarized
driving field [X. Zhou et al., Phys. Rev. Lett. 102, 073902 (2009)]. This observation cannot be explained in the
standard treatment of the Lewenstein model and has been ascribed to many-electron effects or the influence of
the Coulomb force on the continuum electron. We show that nonvanishing ellipticity naturally appears within the
Lewenstein model when using a multicenter stationary-phase method for treating the dynamics of the continuum
electron. The reason for this is the appearance of additional contributions, which can be interpreted as quantum
orbits in which the active electron is ionized at one atomic center within the molecule and recombines at another.
The associated exchange harmonics are responsible for the nonvanishing ellipticity and result from a correlation
between the ionization site and the recombination site in high-order harmonic generation.

DOI: 10.1103/PhysRevA.81.013409 PACS number(s): 33.80.Rv, 42.65.Ky, 42.65.Re

I. INTRODUCTION

High-order harmonic generation (HHG) is a highly non-
linear process in which a medium in an intense laser field
emits coherent radiation at multiples of the driving frequency.
The short time scale of the generation process makes HHG a
promising source of coherent attosecond pulses in the XUV
regime. When the target is isotropic, such as a gas of atoms
or unaligned molecules, it follows from symmetry arguments
that the emitted harmonics have to be polarized parallel to the
polarization axis of a linearly polarized driving laser. Breaking
this isotropy by using a sample of aligned molecules for HHG
allows for a nonvanishing perpendicular polarization compo-
nent. This scenario is sketched in Fig. 1. The perpendicular
component is generally heavily suppressed compared to the
parallel component. This has led to a focus in the literature
on the parallel component. Recent experiments on aligned
N2, O2, and CO2, however, have reported a nonvanishing
perpendicular component [1]. Moreover, elliptically polarized
harmonics have been measured from aligned N2 and CO2 [2].
The presence of elliptically polarized harmonics opens up
the possibility of generating elliptically polarized attosecond
pulses in the XUV regime.

From a theoretical point of view, the observation of
elliptically polarized harmonics is very interesting because it
serves as an important benchmark for different models. Several
approaches are currently used to calculate the HHG response.
Ideally, one should propagate the time-dependent Schrödinger
equation (TDSE) [3,4]. This approach has been used for
atoms and small molecules. An example is the prediction
of comparable polarization components from aligned H +

2
near minima in the spectrum [5]. For systems beyond H +

2
and H2, one commonly uses the semiclassical simple-man’s
model [6] or the quantum mechanical Lewenstein model [7]
to describe HHG. Both models provide a three-step picture
of the process in which a single active electron is brought
into the continuum due to its interaction with the laser field,
propagates in the field, and subsequently recombines and emits
radiation.

The calculation of HHG spectra using the Lewenstein
model is generally combined with a stationary-phase method
to reduce the computational cost. As discussed in Sec. II B,
this procedure causes the resulting harmonics to be linearly
polarized parallel to the polarization of the driving laser.
This shortcoming has been attributed to the Lewenstein
model itself [1,2]. However, the standard stationary-phase
method is not in general valid for molecular targets, as it
fails to take into account the spatial extent of the molecule
[8]. Instead, an extended stationary-phase method can be
applied to evaluate the Lewenstein model, which leads to
so-called exchange harmonics [8]. These are contributions to
the total harmonic emission that are caused by quantum orbits
describing an ionization event at one atomic center followed
by recombination at another atomic center (see Fig. 2).

We show that the Lewenstein model does lead to elliptically
polarized high-order harmonics when exchange harmonics are
included. Exchange harmonics rely on a correlation between
the ionization and recombination events in HHG. This is
different from the perpendicular harmonic component reported
in [9], which is obtained using scattering states for the
continuum dynamics, thus causing a spread in momentum
of the returning electron. The derivation in [9,10] uses the
standard stationary-phase method to separate the three steps of
the HHG process. Consequently, any correlation, in the sense
of exchange harmonics, between ionization and recombination
sites is lost. Detailed comparison with experiments such as
that in [2] will serve to determine the importance of this
correlation.

The present paper is organized as follows. We briefly
describe the Lewenstein model for aligned molecules in
Sec. II A. The stationary-phase method is introduced in
Sec. II B, and the resulting harmonics shown to be linearly
polarized parallel to the linear polarization of the driving
laser. In Sec. II C we present the extended stationary-phase
method, and Sec. III contains results demonstrating that such
a treatment of the Lewenstein model leads to elliptically
polarized harmonics from aligned N2. We summarize our
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FIG. 1. (Color online) (a) The driving pulse propagates along the
z axis and is linearly polarized along the x axis. The molecule is
aligned at an angle of φ to the x axis in the xy plane. The alignment
at a given angle with respect to the external field results in harmonic
emission with components Ex and Ey . The hatched structure indicates
the HOMO (see Sec. III). (b) The polarization ellipse for a single
harmonic. The angle η of the major axis and the length b of the minor
axis have been exaggerated for clarity.

findings in Sec. IV. Atomic units (h̄ = e = me = a0 = 1) are
used throughout unless stated otherwise.

II. THEORY

We treat the response of a single molecule to the electric
field F(t) of an intense femtosecond laser pulse. The laboratory
frame is chosen such that the pulse propagates along the z axis
and is linearly polarized along the x axis. We define the pulse
by the vector potential

A(t) = F0

ω0
f (t) cos(ω0t) ex, (1)

where F0 is the maximal field strength, ω0 the angular
frequency, f (t) the pulse envelope starting at t = 0 and ending
at t = T (see Sec. III), and ex the polarization direction. The
electric field is obtained from Eq. (1) as F(t) = −∂tA(t).

A. The Lewenstein model for aligned molecules

The calculated spectrum Sn(ω) of the harmonic component
along n depends on the choice of gauge and form. Following
[11], we use the length gauge for the interaction Hamiltonian,
and the velocity form to determine the dipole acceleration.
Thus, given the dipole velocity vdip(t), the signal is

Sn(ω) =
∣∣∣∣n ·

∫ T

0
dteiωt d

dt
〈vdip(t)〉

∣∣∣∣
2

. (2)
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FIG. 2. (Color online) Two orbits with ionization at the peak of
the field and recombination two thirds of an optical cycle later. The
atomic centers of the molecule are sketched as black dots to the right.
The laser polarization is taken to be in the x direction. The dashed
(blue) line represents an orbit that gives rise to direct harmonics,
i.e., ionization and recombination at the same center. A transverse
component has been added manually to distinguish the return path.
The dash-dotted (red) line is an orbit that gives rise to exchange
harmonics, i.e., ionization at one center and recombination at another
center. Note that the units on the two axes differ.

When evaluating Eq. (2), it is necessary to include contribu-
tions from all occupied molecular orbitals λ [12], so

〈vdip(t)〉 =
∑

λ

Pλ〈vλ(t)〉, (3)

with weights Pλ fulfilling the normalization condition∑
λ Pλ = 1. Introducing Euler angles R = (φ, θ, χ ) for the

molecular orientation in the laboratory frame, the alignment
distribution G(R) for a given molecule and alignment pulse
can be calculated as in [13]. Following [12,14], this results in
a coherent average over fixed alignment angles

〈vλ(t)〉 =
∫

dRG(R)〈vλ(R, t)〉. (4)

The dipole velocity of a single perfectly aligned molecular
orbital is calculated using the Lewenstein formula

〈vλ(R, t)〉 = i

∫ t

0
dτ

∫
dk v	

rec,λ(R, k, t)

× e−iSλ(k,t,t−τ )F(t − τ ) · dion,λ(R, k, t − τ )

+ c.c., (5)

where the nuclei are taken to be fixed during the driving pulse.
This latter approximation is valid for heavy atoms such as
nitrogen [15,16].

Equation (5) depends on the Fourier transform of the
electronic wave function ψ̃λ in both the ionization term

dion,λ(k, t − τ ) = i∇k+A(t−τ )ψ̃λ[R, k + A(t − τ )], (6)

and the recombination term

vrec,λ(k, t) = [k + A(t)]ψ̃λ[R, k + A(t)]. (7)
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The vertical ionization potential |Eλ| enters into the phase
factor Sλ(k, t, t − τ ) as

Sλ(k, t, t − τ ) =
∫ t

t−τ

1

2
[k + A(t ′′)]2 dt ′′ − Eλτ. (8)

B. Standard stationary-phase method

The momentum integral in Eq. (5) describes the propagation
of the active electron in the continuum. This integral is usually
calculated using the stationary-phase method, approximating
it by a normalization factor times the value of the integrand at
the stationary point ks of the rapidly varying phase.

Identifying the total phase with Sλ(k, t, t − τ ) gives the
stationary-phase condition

∇kSλ(k, t, t − τ )|k=ks = 0, (9)

which leads directly to the stationary momentum

ks = − 1

τ

∫ t

t−τ

A(t ′′) dt ′′. (10)

The standard stationary-phase method thus yields

〈vλ(R, t)〉 ≈ i

∫ t

0
dτ

(
2π

ε + iτ

)3/2

v	
rec,λ(R, ks, t)

× e−iSλ(ks,t,t−τ )F(t − τ ) · dion,λ(R, ks, t − τ )

+ c.c. (11)

Calculated spectra depend only weakly on the chosen value of
ε, which is set to 1 in the following.

Equations (10) and (11) select the dominant contribution
to the full momentum integral in Eq. (5). It is conventional to
interpret the result of such a stationary-phase analysis in terms
of quantum orbits [17,18]. In this language, the active electron
tunnels out, propagates parallel to the polarization of the laser,
and recombines.

The vector character of Eq. (11) is determined by
vrec,λ(R, ks, t). Referring to Eqs. (7) and (10), it is clear
that the emitted harmonics are polarized parallel to the linear
polarization of the driving laser. The Lewenstein model with
the standard stationary-phase method cannot give rise to
ellipticities different from zero.

C. Extended stationary-phase method

The treatment in Sec. II B is oversimplified in the molecular
case [8]. The reason for this is that dion,λ and vrec,λ pick up
phase factors related to the internuclear separation. This is
readily seen when the electronic wave function is expanded
around the atomic centers as

ψλ(r) =
∑

n

φn(r − Rn). (12)

The Fourier transforms in Eqs. (6) and (7) then separate into
terms each relating to just one atomic center. This implies that

dion,λ(k, t − τ ) =
∑
ni

dni

ion,λ(k, t − τ ), (13)

and

vrec,λ(k, t) =
∑
nf

vnf

rec,λ(k, t). (14)

Each term in Eqs. (13) and (14) acquires an associated phase
factor ei[k+A(t−τ )]·Rni or e

i[k+A(t)]·Rnf , which has to be taken into
account when performing the stationary-phase analysis. Here
ni refers to the atomic center involved in evaluating dni

ion,λ, and
nf refers to vnf

rec,λ.
The above discussion means that Eq. (5) can be split into

〈vλ(R, t)〉 =
∑
ni ,nf

〈
vninf

λ (R, t)
〉
. (15)

The stationary-phase condition for 〈vninf

λ (R, t)〉 is∫ t

t−τ

[k + A(t ′′)] dt ′′ − (Rnf
− Rni

)|k=ks = 0, (16)

with associated stationary momenta

kninf

s = − 1

τ

∫ t

t−τ

A(t ′′) dt ′′ + 1

τ
(Rnf

− Rni
). (17)

Applying this multicenter stationary-phase method to the
integral in Eq. (5) finally yields

〈vλ(R, t)〉 ≈ i
∑
ninf

∫ t

0
dτ

(
2π

ε + iτ

)3/2

vnf
	

rec,λ

(
R, kninf

s , t
)

× e
−iSλ

(
k

ni nf
s ,t,t−τ

)

× F(t − τ ) · dni

ion,λ

(
R, kninf

s , t − τ
)

+ c.c. (18)

The terms in Eq. (18) can be interpreted as semiclassical
orbits of electrons that are ionized at Rni

and recombine at Rnf
.

The effect of using the multicenter stationary-phase method
is to properly include orbits from one atom to another. The
resulting harmonics are referred to as exchange harmonics
[8]. A similar idea was explored in an earlier paper [19], and
its above-threshold ionization analog is well known in the
literature [20–22].

The vector character of the emitted harmonics is determined
by vninf

rec,λ in Eq. (18). In analogy to the standard stationary-
phase method, vninf

rec,λ is parallel to A(t) + kninf

s . As seen from
Eq. (17), this means that exchange harmonics will contribute
with a nonvanishing perpendicular component if the molecular
axis has a nonvanishing projection orthogonal to the driving
laser. The conventional stationary-phase method only includes
the direct harmonics, which is why the standard treatment
of the Lewenstein model fails to reproduce, even qualitatively,
the findings of [1,2].

An example of the two types of orbits is presented in
Fig. 2. The electron is ionized at one atomic center at the
peak of the field and recombines two thirds of an optical
cycle later. Laser parameters are the same as those used in
Sec. III below. The orbit that gives rise to direct harmonics has
been plotted with a small artificial transverse displacement in
order to separate the two parts of the electron motion. Similar
orbits exist which describe ionization at the other atomic
center.

We note in passing that the full Lewenstein expression
in Eq. (5) is independent of whether a single-center or a
multicenter expansion is adopted. The distinction is purely an
artifact of using a stationary-phase method to approximate the
momentum integral. In this setting, a multicenter expansion is

013409-3



ETCHES, MADSEN, AND MADSEN PHYSICAL REVIEW A 81, 013409 (2010)

preferable, as it easily allows the geometric phase factors to
be extracted.

III. RESULTS AND DISCUSSION

We present here a proof-of-principle calculation on N2 in
order to illustrate that Eq. (18) indeed leads to elliptically
polarized harmonics when using a linearly polarized driving
pulse. We assume only contributions from the 3σg orbital,
which is the highest occupied molecular orbital (HOMO).
The HOMO is obtained using the standard quantum chemistry
software package GAMESS–US [23] with a triple zeta valence
basis set and with additional diffuse s and p orbitals. We assume
perfect alignment and perform no focal volume averaging. The
alignment geometry and the polarization ellipse are shown in
Fig. 1. Based on a wavelet analysis [24], the τ integral in
Eq. (18) is restricted to allow only short trajectories. This
means that the upper bound is set to 0.67 times an optical
cycle. The driving field is taken to be an 800 nm pulse with
11 cycles in a trapezoidal envelope with three optical cycles
for the linear ramp-up and ramp-down. The peak intensity is
6 × 1014 W/cm2.

We follow the polarization conventions in [25]. This means
that the harmonic of angular frequency ω is assumed to be a
perfect plane wave

FH (t) = a1 cos(ωt + δ1)ex + a2 cos(ωt + δ2)ey, (19)

= a cos(ωt + δ0)ex ′ ± b sin(ωt + δ0)ey ′ , (20)

where ex, ey, a1, a2, ex ′ , ey ′ , a, b are defined in Fig. 1(b).
Phases δi (i = 0, 1, 2) are found by assuming that the harmonic
phase is equal to that of the dipole velocity [5,26].

The two physically relevant quantities are the ellipticity ε

and the angle η that the polarization ellipse major axis makes to
the polarization axis of the driving pulse. These are determined
by

ε = ±b

a
, −π

4
� tan−1(ε) � π

4
, (21)

and

tan(2η) = 2a1/a2

1 − (a1/a2)2
cos(δ2 − δ1). (22)

A. Equilibrium nuclear spacing

In this subsection, we will restrict ourselves to the equilib-
rium nuclear spacing of R0 = 1.0977 Å. Figures 3(a) and 3(b)
and 4(a) and 4(b) show data for harmonics 17 and 27, with solid
(blue) curves referring to the component parallel with the linear
polarization of the driving field and dashed (red) curves to the
perpendicular component. Panels (a) illustrate how the parallel
polarization component of the harmonic emission changes
its phase much faster than the perpendicular component.
Comparison with panels (b) shows that the rapid change in
phase is accompanied by a drop in harmonic intensity, causing
an increase in the ratio of perpendicular to parallel harmonic
intensity.

We determine the ellipticity ε and the angle η of the
major axis using Eqs. (21) and (22). Results are shown in
panels (c) and (d). Both are seen to be very angle dependent,
taking nonvanishing values where the parallel component has
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FIG. 3. (Color online) Orientation dependence of harmonic 17
from the 3σg HOMO of N2 with equilibrium internuclear distance
R0 = 1.0977 Å. We use an 800 nm, 6 × 1014 W/cm2 driving field.
The envelope (for the vector potential) is trapezoidal with three
optical cycles turn-on and turn-off and five cycles constant amplitude.
(a) Harmonic phase, (b) harmonic intensity, (c) ellipticity, and
(d) angle of polarization ellipse major axis with respect to molecular
axis. In (a) and (b), the solid (blue) curves refer to the parallel
polarization component and the dash-dotted (red) curves to the
perpendicular component.

a rapid change in phase. This variation in phase changes the
helicity of the harmonics over a very short angle interval,
while the angle of the major axis has a definite sign for a given
harmonic.

Figure 5 shows the absolute value of the ellipticity as a
function of harmonic order for selected alignment angles. The
angular dependence can largely be understood by comparing
panel (b) in Fig. 3 with that in Fig. 4. The dip in the intensity
of the parallel component is fairly narrow and moves to larger
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FIG. 4. (Color online) Same as Fig. 3, but for harmonic 27.
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FIG. 5. (Color online) Absolute value of the harmonic ellipticity
ε as a function of harmonic order for selected alignment angles φ of
N2. The nuclei are fixed at their equilibrium position. The solid (blue)
curve refers to φ = 40◦, the dashed (green) curve to φ = 50◦, and the
dash-dotted (red) curve to φ = 60◦. See the caption of Fig. 3 for laser
parameters.

angles for increasing harmonic order in agreement with the
two-slit interference formula [27]. The resulting ellipticity
does not compare well with [2]. The experimental ellipticities
are an order of magnitude higher and hardly have any angle
dependence.

The presented calculation shows that elliptically polarized
high-order harmonics are predicted within the Lewenstein
model. Improvements have to be made in order to compare
the model directly with experimental data. One of these
is to include the lower-lying molecular orbitals (HOMO-1,
HOMO-2, etc.). The inclusion of these is expected to cause
a dynamical minimum in the parallel component [9], which
would change the detailed structure. Taking into account the
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FIG. 7. (Color online) Same as Fig. 3, but for harmonic 57 and
with R = 2R0.

distribution over alignment angles G(R) might also prove to
be important [see Eq. (4)].

B. Extended nuclear spacing

As discussed above, exchange orbits give rise to elliptically
polarized harmonics when the parallel polarization component
is suppressed by the two-slit interference condition [27].
Changing the internuclear separation will have an effect on
this interference. Figure 6 shows results for N2 with R = 2R0.
The plotted ellipticity is seen to peak at higher harmonic
orders than was the case at R = R0. There is no significant
change in the magnitude of the obtained ellipticities. Figure 7
shows the detailed behavior of the 55th harmonic. A second
interference minimum appears at large alignment angles,
which is consistent with the second-order minimum in the
two-slit model.

IV. CONCLUSION

Motivated by recent experiments [1,2], we have addressed
the issue of understanding how elliptically polarized harmon-
ics arise in HHG when using a linearly polarized driving
laser. It was shown that the Lewenstein model does not
allow the emission of harmonics with a nonvanishing perpen-
dicular component if the standard stationary-phase method
is used to evaluate the continuum dynamics. A multicenter
stationary-phase method was adopted in order to take into
account the spatial extent of the molecule. This leads to
additional terms in the Lewenstein model compared to the
standard stationary-phase method. These were interpreted
as quantum orbits describing an ionization event at one
atomic center followed by propagation in the continuum and
recombination at a different atomic center [8]. We illustrated
that the total harmonic emission from N2 calculated using
this method is elliptically polarized near minima in the
spectrum.

The electron continuum was described using only Volkov
waves, as opposed to the use of scattering states [9],

013409-5



ETCHES, MADSEN, AND MADSEN PHYSICAL REVIEW A 81, 013409 (2010)

indicating that the appearance of elliptically polarized har-
monics is in part the result of having an extended target.
Further work is required to ascertain the importance of the
Coulomb interaction between the active electron and the
molecular ion.
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Abstract
Polar molecules such as CO are interesting target systems for high-order harmonic generation
(HHG) as they can be oriented with current laser techniques, thus allowing the study of
systems without inversion symmetry. However, the asymmetry of the molecule also means
that the molecular orbitals are Stark shifted in energy due to their interaction with the driving
laser. We extend the strong-field approximation of HHG by incorporating the Stark shift into
the Lewenstein model and discuss its impact on two different gating mechanisms in CO. In
system-induced gating an oriented target molecule serves as a gate by selecting every other
half-cycle due to an increased (decreased) ionization rate. In field-induced gating the
waveform of the driving laser is tailored such that the harmonic emission from an aligned
molecule is damped (enhanced) every other half-cycle. We show that the Stark shift weakens
the strength of system-induced gating and also determines the relative contribution from
opposite orientations in field-induced gating. Finally, we propose a novel scheme for extending
the high-order harmonic cutoff by letting the two gating mechanisms counteract each other,
thus allowing for a higher laser intensity without increased ionization of the target gas.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

High-order harmonic generation (HHG) is a highly nonlinear
process that takes place when an intense femtosecond laser
pulse is focused onto a gas. The least bound electrons
experience a force comparable to that of the Coulomb
interaction with the nuclei, leading to the emission of a broad
range of harmonics. HHG is often described as three separate
steps. First an electron tunnels out into the continuum due to
the laser interaction. The electron is then driven away from
the parent ion by the laser field and back again when the field
changes its sign. Finally, the electron recombines and emits
its excess kinetic energy as radiation.

Studies of HHG are largely driven by the desire to obtain
a table-top source of coherent attosecond pulses reaching into
the water window (284–543 eV) and above. The main problem

so far has been to generate sufficiently intense attosecond
pulses for practical applications. The most efficient methods
depend on a single-atom signal, which is then phase matched
in the target medium [1, 2]. Replacing the atomic target with
a target of aligned molecules adds a degree of control, and
thus offers the possibility of extending the natural obtainable
harmonic cutoff.

Most models of molecular HHG are based on the simple
man’s model [3] or the Lewenstein model [4]. The Lewenstein
model is often referred to as the strong-field approximation of
HHG. Both models rely on the assumption that the initial state
of the active electron is unperturbed by the electric field of
the laser pulse. This assumption yields surprisingly accurate
results for non-polar molecules but breaks down for polar
molecules due to the dipole interaction between the molecule
and the electric field.

0953-4075/10/155602+09$30.00 1 © 2010 IOP Publishing Ltd Printed in the UK & the USA
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We argue that the Lewenstein model can be extended to
polar molecules by including the Stark shift on each molecular
orbital. In a single-active electron model the total HHG
signal is the coherent sum over the contribution from every
occupied molecular orbital [5]. These orbitals will experience
an energy shift in response to an electric field. As polar
molecules generally have asymmetric molecular orbitals, this
results in a first-order Stark shift as well as higher order shifts,
which can be incorporated into the Lewenstein model by
modifying the ionization potential of each orbital according
to the instantaneous value of the electric field. While not
describing the deformation of the target molecule, this method
does allow us to study some of the features that are unique
for HHG from polar molecules within a well-established
framework.

As an example of the importance of including the Stark
shift, we study the concept of gating in HHG. Normally, only
odd harmonics are emitted due to selection rules relating to the
inversion symmetry of the target and the driving laser [6, 7].
There are two ways of breaking this symmetry. One is to use
an initial target, which is not symmetric along the polarization
axis of the laser [8–13]. The other is to modify the waveform
of the driving laser [14–20].

Breaking the inversion symmetry of the target molecule is
made possible, e.g. by recent advances in field-free molecular
orientation [21–24]. As opposed to aligned molecules, that
only have a well-defined internuclear axis, oriented molecules
also have a well-defined head-to-tail direction. In general,
such a molecule will have a preferred direction of ionization
[24, 25], which means that the harmonic contribution will
be larger from one half-cycle than the adjacent. We shall
refer to this gating mechanism as system-induced gating as
it is the molecule itself that serves as a gate. We show
that it is important to include the Stark shift in HHG from
polar molecules as it tends to decrease the strength of system-
induced gating.

We also consider field-induced gating in which the
waveform is changed so as to dampen the harmonic emission
from an aligned target in every other half-cycle. An easy way
to implement field-induced gating is to add a small amount
of the second harmonic of the driving laser to the driving
pulse [15, 17, 20]. As illustrated in figure 1, the second
harmonic will dampen (enhance) every other half-cycle, thus
damping (enhancing) the harmonic emission. We show that the
Stark shift plays an important role in determining the relative
HHG contribution from opposite orientations of the aligned
molecule.

Finally, we also present a novel scheme for extending
the harmonic cutoff by combining system-induced and field-
induced gating. We use field-induced gating to counteract the
system-induced gating of an oriented molecule, thus lowering
the ionization rate. This allows us to increase the intensity
of the driving field without ionizing the target, which in turn
leads to an extension of the harmonic cutoff. An appealing
feature of our method is that it can be combined with any other
cutoff-extension scheme that relies on modified waveforms.

This paper is organized as follows. Our extension of the
Lewenstein model is presented in section 2, supplemented by
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Figure 1. The result of adding 1% of the second harmonic in terms
of intensity to an 11-cycle laser pulse with a trapezoidal envelope
(indicated by the dashed line). The carrier envelope phase delay is
set to zero in order to dampen (enhance) every other half-cycle.
Note that the integral of the total field is zero as required of a
physical pulse [26].

a discussion of the underlying physics behind system-induced
and field-induced gating. Section 3 contains numerical results
on CO, and section 4 sums up our conclusions. Atomic units
(h̄ = e = me = a0 = 1) are used throughout unless stated
otherwise.

2. Theory

2.1. Lewenstein model without the Stark shift

The Lewenstein model for HHG has several variants [4, 27–
35]. Our point of departure is the treatment in [35], where
the extended stationary-phase method is used to approximate
the momentum integral (describing continuum dynamics).
Briefly, the HHG spectrum Sn(ω) of the harmonic component
along n is taken to be

Sn(ω) =
∣∣∣∣n ·

∫
eiωt d

dt
〈vdip(t)〉 dt

∣∣∣∣2

, (1)

where vdip(t) is the dipole velocity. The dipole velocity is split
into a contribution from each molecular orbital λ [5]:

〈vdip(t)〉 =
∑

λ

Pλ〈vλ(t)〉. (2)

Introducing the Euler angles R = (φ, θ, χ) for the
molecular orientation in the laboratory frame, the orientational
distribution G(R) of the molecule is factored out as a coherent
sum [5, 12]

〈vλ(t)〉 =
∫

G(R)〈vλ(R, t)〉 dR. (3)

Finally, the Lewenstein model states that given an electric field
F(t) = −∂tA(t),

〈vλ(R, t)〉 = i
∫ t

0
dτ

∫
d kv∗

rec,λ(R, k, t) e−iSλ(k,t,t−τ)

× F(t − τ) · dion,λ(R, k, t − τ) + c.c., (4)
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where nuclear vibration is ignored, which is justified for heavy
nuclei such as carbon and oxygen. We refer to [36–42] for a
treatment that goes beyond the frozen core approximation.
The momentum integral in (4) is evaluated using the extended
stationary-phase method [29, 31, 35] in order to speed up
calculations. Short trajectories are selected by restricting the
τ -integral from zero to τmax of two thirds of an optical cycle,
which is the classical return time.

Equation (4) depends on the Fourier transform of the
electronic wavefunction ψ̃λ through the ionization term

dion,λ(k, t − τ) = i∇k+A(t−τ)ψ̃λ[R, k + A(t − τ)] (5)

and the recombination term

vrec,λ(k, t) = [k + A(t)]ψ̃λ[R, k + A(t)]. (6)

Propagation in the continuum is contained in the semi-classical
phase factor

Sλ(k, t, t − τ) =
∫ t

t−τ

(
1

2
[k + A(t ′′)]2 − Eλ

)
dt ′′, (7)

where |Eλ| is the vertical ionization potential of the molecular
orbital in question.

2.2. Lewenstein model with the Stark shift

The Lewenstein model (4) is derived by approximating the full
time-dependent molecular orbital with

|ψλ(t)〉 = e−iEλ(t−t0)|ψλ(t0)〉 − i
∫

dk
∫ t

t0

dt ′|ψk(t)〉

× e−iEλ(t
′−t0)〈ψk(t

′)|F(t ′) · r|ψλ(t0)〉. (8)

Here |ψλ(t0)〉 is the molecular orbital before the influence of
the laser pulse, and |ψk(t)〉 is the eigenstate of a free electron
in a laser field with momentum k, a so-called Volkov state.
Equation (4) is obtained by calculating the expectation value
of the dipole velocity and keeping only cross terms.

The phase factors in (8) containing Eλ are the result of
applying the field-free time-evolution operator on a field-free
energy eigenstate

exp

(
−i

∫ t

t0

Ĥ0 dt ′
)

|ψλ(t0)〉 = exp(−iEλ(t − t0))|ψλ(t0)〉,
(9)

assuming that the effect of the laser field on the initial state can
be completely ignored up until the ionization step. However,
a field-free eigenstate will experience a Stark shift in response
to an electric field F. Expanding in powers of the field, the
shifted energy reads

Eλ = E
(0)
λ − μi

λFi − 1

2
α

ij

λ FiFj − 1

3!
β

ijk

λ FiFjFk − · · · ,
(10)

where μλ is the dipole, αλ the polarizability and βλ is the
first hyperpolarizability of the molecular orbital expressed in
the laboratory frame. We use Einstein summation for the
tensor products. The relevant molecular orbital is typically
the highest occupied molecular orbital (HOMO) due to its
lower ionization potential.

z

x

Figure 2. A sketch of the geometry. The molecule is oriented along
the x axis, which is also the polarization axis of the linearly
polarized driving pulse. Shown is the HOMO of CO obtained using
standard quantum chemistry software [43]. There is a larger electron
density near the carbon nucleus to the left, leading to a dipole of
1.1287 au pointing from the carbon to the oxygen nucleus. Note that
the total dipole of the CO molecule is 0.112D = 0.0441 au
pointing from the oxygen to the carbon nucleus.

We propose to extend the Lewenstein model by Stark
shifting the molecular orbitals according to the instantaneous
value of the electric field

Eλ(t) = E
(0)
λ − μi

λFi(t) − 1
2α

ij

λ Fi(t)Fj (t) − · · · . (11)

In this quasi-static approximation, it then follows that

exp(−iEλ(t − t0))|ψλ(t0)〉
→ exp

(
−i

∫ t

t0

Eλ(t
′) dt ′

)
|ψλ(t0)〉, (12)

which reduces to first-order perturbation theory if the field is
only included to first order in (11). The appealing feature
of our approach is that it leaves the Lewenstein model in
section 2.1 unchanged except for Eλ in (7) being replaced
by Eλ(t) in (11). The effect is thus to introduce a time-
dependent ionization potential. The dipole and polarizabilities
are found by calculating the energy of each molecular orbital
for a range of static field strengths using standard quantum
chemistry software [43], and fitting the result to a polynomial.

Our model is expected to be valid in the regime where
the higher order Stark shifts are small. In HHG experiments
typical field intensities are of the order of 1–2×1014 W cm−2,
corresponding to a maximal field-strength of F0 ≈√

2 × 1014/3.51 × 1016 au = 0.075 au. Taking CO as an
example, our quantum chemistry calculations [43] show that
the HOMO, sketched in figure 2, has a permanent dipole of
1.1287 au leading to a Stark shift of 17% of the ionization
potential. The maximal Stark shift is shown in figure 3 for
the two possible orientations. The second-order Stark shift is
much smaller than the first-order shift indicating that the field
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Figure 3. The two possible orientations of CO with the associated
Stark shifts drawn to scale using the maximal field strength and the
molecular parameters from section 3. The nuclei are drawn with an
unequal size (C being the larger) to reflect the charge distribution of
the HOMO in figure 2. (a) The HOMO dipole μλ is parallel to the
electric field F, so the energy of the HOMO Eλ is shifted down.
(b) The antiparallel geometry, in which the HOMO is shifted up in
energy. The second-order induced-dipole shift caused by the
polarizability αλ is independent of the orientation and is much
smaller than the first-order shift.

does not induce a large deformation of the molecular orbital
or, equivalently, that there is not a large degree of state mixing
of the bound states.

Simple considerations show why it has not previously
been necessary to include the Stark shift in HHG modelling.
The term that is linear in the field will always be exactly
zero for non-polar molecules as their molecular orbitals do
not possess a permanent dipole. The second-order term is
symmetric with respect to the sign of the field and thus does
not distinguish between half-cycles, and higher order terms
are heavily suppressed due to the typical size of F0 in HHG
studies. The net effect is a slight lowering of the energy at the
peak of the cycle due to the second-order Stark shift, leading to
a negligible suppression of the total HHG signal. Including the
first-order Stark shift is important for polar target molecules,
however. We will highlight the role that the Stark shift plays
in the context of gating mechanisms.

2.3. System-induced gating

The first gating mechanism to be discussed is system-induced
gating, where the symmetry between half-cycles in HHG is
broken due to a preferred direction of ionization in the oriented
target molecule [24, 25]. One possible cause of asymmetry is
the asymmetric charge distribution of the molecular orbital,
which follows directly from the Lewenstein model. To
simplify the argument we only consider the parallel geometry
in figure 2, neglect the effect of the Stark shift and restrict
ourselves to a driving field that is a sine with a constant

amplitude. This means that all the following vector equations
can be restricted to just the x component along the polarization
axis.

Applying the conventional stationary-phase approxima-
tion to the momentum integral in (4) leads to a stationary
saddle-point momentum ks of [35]

ks(t, τ ) = − 1

τ

∫ t

t−τ

A(t ′) dt ′. (13)

Changing half-cycle is the same as changing the sign of A,
and thus of ks , because of the sinusoidal driving pulse. The
overall effect of changing half-cycle can now be deduced from
(4)–(7). Using general properties of the Fourier transform,

ψ̃λ[R,−k] = ψ̃∗
λ [R, k], (14)

and

∇−kψ̃λ[R,−k] = −∇kψ̃
∗
λ [R, k]. (15)

Changing half-cycle thus results in

v∗
rec,λ(R, k, t) → −vrec,λ(R, k, t), (16)

and

F(t − τ) · dion,λ(R, k, t − τ)

→ −F(t − τ) · d∗
ion,λ(R, k, t − τ). (17)

The semi-classical phase in (7) does not change, so the
integrand in (4) is changed from

iv∗
rec,λ(R, k, t) e−iSλ(k,t,t−τ)F(t − τ) · dion,λ(R, k, t − τ) (18)

to

ivrec,λ(R, k, t) e−iSλ(k,t,t−τ)F(t − τ) · d∗
ion,λ(R, k, t − τ).

(19)

The contribution to the dipole velocity from either half-cycle
is then obtained from (4) by taking the real part of (18) or (19)
and integrating two thirds of an optical cycle. This will give
different results as

Re[iv∗
rec e−iSF · dion] 	= Re[ivrec e−iSF · d∗

ion] (20)

when the molecular orbital is not symmetric along the
polarization axis of the laser, which is exactly the case for
asymmetric molecular orbitals. On the other hand, symmetric
orbitals do yield the same dipole velocity in either half-cycle.

The above argument shows that one half-cycle will give
a larger contribution to the HHG signal than the other given
an asymmetric molecular orbital. The argument does not take
into account the exchange harmonics [29, 31, 35] nor does
it predict which half-cycle is the dominating one. It turns
out that the harmonic signal is dominated by contributions
corresponding to ionization in the half-cycle when the field
points parallel to the dipole of the molecular orbital. In figure 2
this corresponds to the field pointing in the positive x direction,
thus pulling electronic charge in the negative x direction. That
the other half-cycle should be suppressed can be intuitively
understood as a screening effect, where the main effect of
the charge on the oxygen nucleus is to prevent tunnelling in
the positive x direction. These observations are confirmed
by the numerical results in section 3.

Reintroducing the Stark shift using (11) for Eλ(t) in
(7) results in the ionization potential being increased when
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the field is parallel to the dipole of the molecular orbital
and decreased when the field is antiparallel as illustrated in
figure 3. Increasing (decreasing) the ionization potential will
make it less (more) likely for the electron to tunnel into the
continuum, so the Stark shift tends to counteract the geometric
effect just described. To account for the field-induced shifts
becomes increasingly important for higher field strengths. We
should stress, however, that the term system-induced gating
refers to the total gating effect caused by the response of
the target system to the driving field, including the Stark
shift. In more sophisticated models the modification of the
ionization and recombination steps due to the presence of
excited states should also be considered. The permanent dipole
of the molecular potential (the dipole of the unrelaxed cation)
can also play a role in determining the ionization dynamics,
although this effect seems to be small for CO [44].

2.4. Field-induced gating

Field-induced gating refers to any gating mechanism, which
relies on a waveform that deviates from a pure sinusoidal field.
One example is the use of pulses that are so short that tuning the
carrier envelope phase allows for the selection of one particular
half-cycle [19]. Another example is that of using a polarization
gate, where only part of the pulse has a linear polarization that
allows the ionized electron to recombine with the molecular
ion [16, 18].

We will restrict ourselves to a very simple field-induced
gating scheme. Adding a small fraction of the second
harmonic to the driving pulse with a relative carrier-envelope
phase delay of zero leads to every other peak in the resulting
field being enhanced (suppressed) as illustrated in figure 1.
HHG scales exponentially with the maximal field strength due
to the first step being a tunnelling process, making it possible
to effectively weaken the HHG contribution from every other
half-cycle. The control parameter is the amount of second
harmonic that is added to the fundamental field.

In field-induced gating the target system is assumed to be
inversion symmetric along the polarization axis. This means
that polar molecules are only aligned, not oriented. An aligned
molecule is the coherent superposition of two antiparallel
oriented molecules, so by (3) the total HHG signal is a coherent
sum of the individual signals [12]. At a given half-cycle, each
orientation will experience either a parallel or an antiparallel
electric field leading to system-induced gating as described in
section 2.3. Assuming that the Stark shift is negligible and
referring to the orientations in figure 3, P1 will dominate over
A1 in the positive half-cycle, and P2 will dominate over A2 in
the negative half-cycle. The gating felt by each orientation is
thus reversed in neighbouring half-cycles, ensuring the overall
inversion symmetry of the HHG process.

The symmetry between the two orientations is broken
in field-induced gating due to the broken symmetry of the
electric field. Assuming that the maximal field-strength is in
the negative x direction, and ignoring the effect of the Stark
shift, the contribution from P1 will still dominate A1, and
P2 will dominate A2. However, P2 will dominate P1 due to
the larger field-strength in the negative x direction. In the

limit where the system-induced gating is very strong, and the
asymmetry of the field is very large, the only HHG contribution
will be from the P2 geometry, making the HHG signal from
field-induced gating indistinguishable to that from system-
induced gating. The correspondence between the two gating
mechanisms is only approximate, however, as the Stark shift
weakens the effectiveness of system-induced gating. The exact
weight from the different orientations and half-cycles on the
total signal is determined by the size of the Stark shift.

3. Numerical results

Here we present numerical results for CO aligned along
the polarization axis of the driving laser. The internuclear
distance is set to the equilibrium distance 1.1283 Å. The
molecular orbitals are obtained using standard quantum
chemistry software [43]. The HOMO is a 3σ orbital shown
in figure 2. The vertical ionization potential is 14.014 eV.
The HOMO−1 is a degenerate 1π orbital with a nodal plane
along the internuclear axis. The nodal plane means that the
contribution from the HOMO−1 in the polarization direction
is heavily suppressed [5]. Contributions from lower lying
orbitals are suppressed by the higher ionization potential, so
we only consider the contribution from the HOMO.

The dipole and polarizability of the HOMO are found
by calculating the ionization potential for a range of static
electric fields and fitting the resulting curve to a second-order
polynomial. This yields a dipole of 1.1287 au pointing from
C to O and a polarizability with α‖ = 3.2332 au and
α⊥ = 2.7668 au. Note that the HOMO dipole points opposite
to and is much larger than the molecular dipole 0.112D =
0.0441 au. In our model the molecular dipole is only relevant
if the orientational distribution due to an alignment pulse is
needed.

The 800 nm driving pulse is taken to be linearly polarized
along the x axis. The trapezoidal envelope is sketched in
figure 1. Three optical cycles are allowed for ramp-up
and three cycles for ramp-down, with five cycles at full
field strength. The relatively long pulse ensures that carrier
envelope phase effects play a minor role in our calculations.
The field-strength is determined by the maximal intensity,
which is set to 2.0 × 1014 W cm−2 as default. Two-colour
fields as the one in figure 1 are made by adding the second
harmonic with the same trapezoidal envelope and a relative
carrier envelope phase of zero.

In section 3.1 we directly compare results obtained with
and without including the Stark effect in (7) using (11). The
Stark shift is included in sections 3.2 and 3.3, where system-
induced and field-induced gating are compared, and our cutoff
extension scheme presented.

3.1. Importance of the Stark shift

A common way of analysing HHG is to perform a Gabor
transform [7, 45, 46]. A plot of the Gabor transform yields
information on the time at which a given harmonic is emitted.
Figure 4 shows such a plot without inclusion of the Stark
shift given the orientation in figure 2. The times at which the
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Figure 4. Gabor analysis illustrating system-induced gating when
the Stark shift is omitted in (7). The driving field is an 800 nm pulse
with eleven optical cycles and five optical cycles in the plateau. The
peak intensity is 2.0 × 1014 W cm−2. The molecular target is the
HOMO of CO oriented as in figure 2. The vertical dashed lines
indicate the times at which the electric field peaks in the positive
x direction. It is clearly seen that harmonic emission is restricted to
once every other half-cycle due to the asymmetry of the target.

electric field peaks in the positive x direction are indicated by
vertical dashed lines. As seen from the figure, harmonics are
predominantly emitted every other half-cycle, corresponding
to ionization in the positive half-cycle and recombination
roughly two thirds of an optical cycle later. Due to the
asymmetry of the HOMO, the molecule itself acts as a gate
for the HHG process. This is in excellent agreement with the
description of system-induced gating in section 2.3.

The geometric effect described in section 2.3 always
favours the parallel geometry in figure 3. The Stark effect,
however, increases the effective ionization potential in the
parallel geometry, resulting in a weakening of the system-
induced gating. Figure 5 shows the Gabor analysis when the
Stark shift is included in (7) using (11). It is immediately clear
that half-cycles suppressed in figure 4 now contribute much
more to the spectrum.

Spectra obtained with and without the Stark shift (not
shown) exhibit differences in the detailed structure but it
is difficult to make any quantitative comparison. Roughly
speaking, the spectrum for oriented CO is more rugged when
the Stark shift is included. This can be understood as a
consequence of added interference between half-cycles.

3.2. Comparing gating mechanisms

The two different gating mechanisms both imply a broken
symmetry, which should result in even harmonics in the
HHG spectrum. Figure 6 serves as a reference spectrum
in which the target CO molecule is aligned and the driving
field a trapezoidal pulse with 11 cycles as described in the
caption. Even harmonics are suppressed due to the inversion
symmetry of both target and field [6, 7]. Figure 7 shows the
HHG spectrum when CO is oriented, thus causing system-
induced gating. The even harmonics are due to the broken

Figure 5. Gabor analysis illustrating the weakening of
system-induced gating caused by the Stark shift. All parameters are
the same as in figure 4 except that the Stark shift is now included in
(7) using (11) for E(t).
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Figure 6. Reference HHG spectrum from aligned CO calculated
with the Stark shift included in (7) as dictated by (11). The electric
field is an 800 nm pulse with eleven optical cycles and a trapezoidal
envelope with five optical cycles in the plateau. The peak intensity is
2.0 × 1014 W cm−2. Only odd harmonics appear due to the inversion
symmetry of both target and field. The smooth curve is obtained by
averaging over neighbouring peaks. The vertical broken line
indicates the harmonic cutoff calculated using ωmax = Ip + 3.17Up.
The Stark effect is not included in estimating the cutoff.

inversion symmetry of the target. Figure 8 shows the spectrum
from aligned CO with field-induced gating implemented using
1% of the second harmonic as in figure 1. The even
harmonics are due to the broken inversion symmetry of the
field.

Figures 7 and 8 both contain even harmonics but differ
in their detailed structure. Figure 9 shows a Gabor analysis
of the two orientations in the field-induced gating case. One
orientation, figure 9(a), is seen to have its system-induced
gating counteracted by the field-induced gating, and the other
orientation, figure 9(b), to have its system-induced gating
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Figure 7. HHG spectrum using system-induced gating. All
parameters are the same as in figure 6 except that the CO molecule
is now oriented, making even harmonics possible due to the broken
inversion symmetry of the target. The vertical broken line indicates
the harmonic cutoff calculated using ωmax = Ip + 3.17Up. The Stark
effect is not included in estimating the cutoff.
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Figure 8. HHG spectrum using field-induced gating. The target
molecule is aligned as in figure 6 but the driving field has had 1% of
its second harmonic added, resulting in the field in figure 1. The
broken inversion symmetry of the field allows even harmonics to
appear in the spectrum. The vertical broken line indicates the
harmonic cutoff calculated using ωmax = Ip + 3.17Up. The Stark
effect and the second harmonic are not included in estimating the
cutoff.

enhanced. In the limit of perfect system-induced gating only
the latter orientation would contribute to the spectrum, as
described in section 2.4. The exact weight on each orientation
is determined by the effectiveness of the system-induced
gating, which depends on the Stark shift as discussed in
section 3.1.

3.3. Extending the harmonic cutoff

We propose to extend the harmonic cutoff by suppressing the
system-induced gating of an oriented polar molecule using
field-induced gating as in figure 9(a). The combined effect is

Figure 9. Gabor analysis illustrating the different dynamics of
opposite orientations in field-induced gating. The total response of
the aligned molecule is the coherent sum of the two orientations.
The electric field is the same as that in figures 1 and 8. (a) The
HOMO dipole is oriented in the positive x direction as in figure 2.
The Gabor analysis would be the one shown in figure 5 in the
absence of the second harmonic, so field-induced gating clearly
counteracts system-induced gating. (b) The HOMO dipole is
oriented in the negative x direction causing field-induced gating to
enhance system-induced gating.

to suppress tunnelling into the continuum in both half-cycles,
thus suppressing both HHG and ionization. Ionization of the
target medium is one of the main restrictions in attaining
high cutoffs as it causes depletion of the target medium as
well as defocusing of the laser pulse due to free electrons.
As a proof-of-principle calculation we have used MO-ADK
theory [47, 48] to calculate the ionization rates for oriented
CO with and without the added second harmonic, confirming
a suppressed ionization rate. According to the MO-ADK
calculations an electric field with a peak intensity of 2.4 ×
1014 W cm−2 with 1% added second harmonic causes the same
amount of ionization as the original single-colour field with
a peak intensity of 2.0 × 1014 W cm−2. The corresponding
spectrum is shown in figure 10. Comparison with figure 6
shows an increase in cutoff of roughly five harmonic orders,
corresponding to a 14% extension. Note that this increase can
be entirely ascribed to the higher intensity of the 800 nm
component of the driving field, as the harmonic cutoff is
correctly predicted by the usual cutoff rule.

The size of the obtainable cutoff extension depends on the
exact reduction of the ionization rate in a combined system-
induced and field-induced gating scheme. Such a calculation
is beyond the scope of this paper. The scheme itself is
fairly independent of the detailed dynamics, however. As
long as the oriented target molecule has a preferred half-
cycle, suppression of this half-cycle with a specially tailored
field will allow for higher intensities and thus higher cutoffs.
This method can also be combined with driving pulses in the
mid-infrared, which also lead to higher cutoff energies [49].
Finally, the argument does not depend on long pulses, so short-
pulse schemes [19] for obtaining quasi-continuous spectra will
also work, as will double optical gating schemes [18].
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Figure 10. HHG spectrum illustrating the extension of the harmonic
cutoff in a combined system-induced and field-induced gating
scheme. The target CO molecule is oriented as in figure 2. The
two-colour field is chosen so as to counteract system-induced
gating, resulting in a reduced ionization rate as described in the text.
Using the combined gating scheme the peak intensity of the 800 nm
component can be raised to 2.4 × 1014 W cm−2 before the ionization
rate is the same as in figure 6. The vertical dashed line indicates the
harmonic cutoff calculated using ωmax = Ip + 3.17Up. The Stark
effect and the second harmonic are not included in estimating the
cutoff. The dashed line is the smoothed spectrum from figure 6,
confirming a 14% extension of the harmonic cutoff energy.

4. Conclusion and outlook

We have addressed the problem of describing HHG from
polar molecules in intense laser fields. The conventional
strong-field approximation [4] is not expected to be valid for
polar molecules due to the interaction between the permanent
dipole of the field-free molecular orbitals and the driving field.
The Lewenstein model is extended to polar molecules by
applying a quasi-static approximation in which the energy
levels of the molecular orbitals are Stark shifted according to
the instantaneous value of the field. Qualitatively, the effect of
the Stark shift is to increase (decrease) the ionization potential
in half-cycles where the field points parallel (antiparallel) to
the dipole of the molecular orbital thus causing a decreased
(increased) contribution to the HHG signal. The second-
order Stark shift causes a very slight suppression of the HHG
signal for both half-cycles and is largely negligible. Our
model reduces to the standard Lewenstein model for non-polar
molecules and corresponds to first-order perturbation theory
in the limit of small linear Stark shifts.

The importance of including the Stark shift is evident
when considering gating mechanisms. The asymmetric charge
distribution from an oriented molecule leads to suppressed
HHG signal in half-cycles where the field points opposite
to the dipole of the molecular orbital. This leads to a
geometric gating which we refer to as system-induced gating.
We show that the Stark shift suppresses the HHG signal in
half-cycles where the field is parallel to the orbital dipole so
the effectiveness of system-induced gating is reduced by the
Stark shift. We also compare system-induced to field-induced

gating, where the symmetry of the laser field is broken rather
than that of the target. It is shown that even though this broken
symmetry is very similar to that in system-induced gating, the
coherent nature of the HHG process means that the dynamics
in a field-induced gating setup is more complicated.

Finally, we propose a novel scheme for extending the
harmonic cutoff by combining system-induced and field-
induced gating. By suppressing half-cycles in which an
oriented molecule is most easily ionized, it is possible to go to
higher intensities without suffering the usual drawbacks. This
method is very general and does not depend on the details of
our modelling. A proof-of-principle calculation indicates that
increases on the order of 14% are obtainable.

In our current work we have focused on the influence that
the Stark shift has on the spectrum. There is currently much
interest in gaining information about HHG from the phases
of individual harmonics. Such phases are experimentally
available using e.g. the RABITT technique [50] or by
performing mixed gas experiments [51]. In order to extract
the influence of the Stark shift on the harmonic phases, it is
necessary to have a reference that is uninfluenced by the Stark
shift. Krypton would be a good second species in a mixed gas
experiment as it has nearly the same ionization potential as
CO while only experiencing weak higher order Stark shifts.
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We extend a model of two-center interference to include the superposition of opposite orientations in aligned
polar molecules. We show that the position of the minimum in the harmonic spectrum from both aligned and
oriented CO depends strongly on the relative recombination strength at different atoms, not just the relative
phase. We reinterpret the minimum in aligned CO as an interference between opposite orientations, and obtain
good agreement with numerical calculations. Inclusion of the first-order Stark effect shifts the position of the
interference minimum in aligned CO even though aligned molecules do not posses total permanent dipoles. We
explain the shift in terms of the phase that the electron of oriented CO accumulates due to the Stark effect.
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I. INTRODUCTION

Two-center interference minima are an important spec-
tral signature in high-harmonic spectra from homonuclear
molecules [1,2]. Two-center interference is often described
within the framework of the three-step model, in which an
electron (i) tunnels through the effective barrier formed by
the molecular potential and a strong laser field, (ii) picks
up kinetic energy in the continuum, and (iii) emits high-
energy photons upon recombination into the ground state
[3,4]. The harmonic emission splits into contributions from
recombination at each atomic center, with the possibility
of destructive interference between different centers. The
position of the minimum depends on the momentum of the
returning continuum electron, and the projected internuclear
distance [1,2].

It has recently been shown within the Lewenstein model [5]
that two-center interference in oriented polar molecules is
more complicated than in aligned homonuclear molecules.
The added complication is caused by different intrinsic
recombination phases at different atoms, which can shift the
interference minimum [6]. We show that different recombina-
tion strengths also strongly affect the minimum position, and
extend the analysis to the case of aligned polar molecules,
which have a well-defined alignment of the internuclear
axis, but not a well-defined head-to-tail direction. Field-free
molecular alignment is much easier to obtain experimentally
than full orientation [7]. We obtain a simple equation for
the prediction of the minimum position by reinterpreting the
minimum as an interference between opposite orientations.

Polar molecules differ from homonuclear molecules in
that their molecular orbitals have permanent dipole moments
that interact strongly with electric fields. This requires that a
model of high-order harmonic generation (HHG) from polar
molecules should include the effect of the laser field on the
ground state, something which is typically unimportant for
atomic and homonuclear systems. The response of the ground
state to the laser field can be included to lowest order by
adiabatically Stark shifting the energy levels of the field-free

*bojer@phys.au.dk

molecular orbitals to the instantaneous value of the electric
field [8]. The influence of Stark shifts on strong-field ionization
has recently been investigated in tunneling theory [9–12], in
the strong-field approximation [13], and in calculations using
the time-dependent Schrödinger equation in the single-active
electron approximation [14].

In our present calculations the Stark effect shifts the
interference minimum in aligned CO by as much as three
harmonic orders even though aligned molecules do not posses
total permanent dipoles. The shift is explained in terms of
the Stark phase that the highest occupied molecular orbital
(HOMO) of oriented CO accumulates between the ionization
and recombination step. Our results indicate that inclusion of
the Stark effect is important when modeling spectral features
of HHG from polar molecules.

The paper is organized as follows. We briefly describe
how we calculate HHG spectra in Sec. II, then present our
model of two-center interference from aligned molecules in
Sec. III. In Sec. IV we discuss how the Stark effect shifts the
position of the minimum, and explain the shift in terms of the
Stark phase accumulated by an electron between ionization
and recombination. We summarize our results in Sec. V. Two
derivations are relegated to Appendix.

Atomic units (h̄ = e = me = a0 = 1) are used throughout.

II. CALCULATING SPECTRA

We use CO to illustrate various aspects of HHG from
polar molecules. For this proof-of-principle study we restrict
ourselves to including the HOMO, ignoring ionization from
lower-lying states [15–18] as well as recombination into
excited bound states [19]. The HOMO is a 3σ orbital with
vertical ionization potential Ip = 14.014 eV, a permanent
dipole μ = 1.1287 a.u. pointing from C to O, and static po-
larizabilities α‖ = 3.2332 a.u. and α⊥ = 2.7668 a.u. parallel
and perpendicular to the internuclear axis [8]. The nuclei are
frozen to the equilibrium distance R = 1.1283 Å. The wave
function is obtained using a triple-ζ valence basis set in the
quantum chemistry software package GAMESS–US [20].

The driving pulse is chosen with a linear polarization along
the x axis, peak intensity 4 × 1014 W/cm2, and a wavelength
of 800 nm. The electric field has a cos2 envelope with 10

023418-11050-2947/2011/84(2)/023418(7) ©2011 American Physical Society
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optical cycles FWHM. The carrier envelope phase delay has
no impact on our results for such long pulses, and is set to
zero.

The spectrum Sn(ω) of the harmonic component along a
given direction n from a single oriented molecule is given by

Sn(θ ; ω) = |An(θ ; ω)|2 , (1)

where An(θ ; ω) is the projection onto n of the Fourier transform
of the time-dependent expectation value of the dipole velocity
operator 〈v̂dip(θ ; t)〉 [21]. Due to the cylindrical symmetry of
σ orbitals, the molecular orientation is defined entirely by the
angle θ between the laser polarization axis and the nuclear
displacement R = R2 − R1. Reference [8] explains how to
calculate 〈v̂dip(θ ; t)〉 using an extended Lewenstein model that
includes the time-dependent Stark shifts felt by the molecular
orbitals. Short trajectories are selected with a window function,
which suppresses trajectories that have excursion times longer
than approximately two-thirds of an optical cycle.

Spectra for CO at two different orientations are plotted in
Fig. 1. Figure 1(a) shows a clear two-center interference mini-
mum from CO oriented perpendicular to the laser polarization
axis. However, as soon as the molecule is oriented slightly
away from perpendicular in Fig. 1(b), the minimum becomes
less pronounced. Also, Fig. 1(b) contains even harmonics
due to the broken inversion symmetry of the target molecule
[8,22,23].

The spectrum from an aligned molecule is obtained by
adding the contribution from opposite orientations coherently
[24,25]:

Sn,aligned(θ ; ω) = |An(θ ; ω) + An(θ + π ; ω)|2 . (2)

The effect of alignment is seen in Fig. 2. The spectra of aligned
and oriented CO are the same in the perpendicular geometry,
but at 86◦ they differ substantially. The first observation is that
the spectrum in Fig. 2(b) contains only odd harmonics, which is
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FIG. 1. (Color online) Parallel components of HHG spectra from
CO oriented at (a) θ = 90◦ and (b) θ = 86◦ to the laser polarization
axis. The smooth (red) curves are obtained by averaging the spectra
over several harmonic orders. The 800 nm driving laser pulse has
a peak intensity of 4 × 1014 W/cm2. Short trajectories are selected
using a window function, and the Stark effect is not included.
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FIG. 2. (Color online) Parallel components of HHG spectra from
CO aligned at (a) θ = 90◦ and (b) θ = 86◦ to the laser polarization
axis. All other parameters are the same as those in Fig. 1.

due to the inversion symmetry of the aligned target [8,22,23].
The second observation is that the interference minimum is
much clearer than for oriented CO.

III. TWO-CENTER MINIMUM IN ALIGNED MOLECULES

We now present a simple model of the interference
minimum in Fig. 2, and show that it can be thought of either
as an interference between recombination at different atoms,
or as an interference between opposite orientations.

It is a common assumption that two-center interference
minima are completely determined by the recombination step
into the ground state orbital. This assumption needs to be
justified for polar molecules due to the different classes of
electron trajectories in the continuum [26–28]. There are four
different trajectories for CO, each one starting at either C or
O, and recombining at either C or O. The contribution from
each class of trajectories is plotted in Fig. 3 for CO oriented
perpendicular to the laser polarization axis. Trajectories
starting at the carbon atom completely dominate the spectrum
due to a larger ionization dipole matrix element at carbon.
Removing the trajectories starting at oxygen has very little
impact on the shape and position of the interference minimum,
showing that the interference is not caused by the ionization
step. For a detailed discussion of trajectories beginning and
ending on the two different atoms, see Refs. [26–28].

The trajectory contributions in Fig. 3 are obtained using
the extended stationary-phase approximation [26], in which
the trajectories going from one atom to another acquire an
extra component to the momentum. Using the conventional
stationary-phase approximation, and thus neglecting this drift
momentum, has a negligible effect on the shape and position
of the interference minimum. Also, short trajectories were
selected using a window function, ruling out interference be-
tween long and short trajectories. These observations show that
continuum dynamics are not responsible for the interference
minimum either.

We now turn to the recombination step, having ruled out
interferences in the continuum as well as in the ionization
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FIG. 3. (Color online) Parallel components of the spectra asso-
ciated with the four trajectories of CO oriented perpendicular to the
laser polarization axis. The molecular spectrum is the coherent sum
of all four contributions, and is dominated by trajectories that start
with ionization at the carbon atom. Short trajectories are selected, and
the Stark effect is not included.

step. First the oriented HOMO |ψ,θ〉 is expanded as a linear
combination of atomic orbitals (LCAO) |ψn,θ〉 :

|ψ,θ〉 =
∑

n

cn |ψn,θ〉 . (3)

The sum is over atomic centers. The recombination dipole
velocity matrix element between |ψ,θ〉 and a plane wave |k〉
then takes the form

〈k | v̂dip | ψ,θ〉 =
∑

n

ei(k·Rn+φn(k,θ))|cn〈k | v̂dip | ψn,θ〉|. (4)

The calculation is given in Appendix. The phase k · Rn is
due to the atomic position Rn, and φn(k,θ ) is an intrinsic
recombination phase relating to the LCAO centered on atom n.
Equation (4) shows that the harmonic emission from different
atoms interfere, causing maximal destructive interference at a
particular momentum k for a fixed angle θ .

The key to understanding the interference in aligned polar
molecules is to realize that the dipole velocity matrix elements
of opposite orientations are closely related:

〈k | v̂dip | ψ,θ + π〉 = 〈k | v̂dip | ψ,θ〉∗. (5)

The calculation is given in Appendix. Together, Eqs. (2), (4),
and (5) show that the recombination dipole velocity matrix
element of an aligned molecule is given by

〈k | v̂dip | ψ,θ〉aligned = Re(〈k | v̂dip | ψ,θ〉) (6)

=
∑

n

cos[k · Rn + φn(k,θ )]|cn〈k | v̂dip | ψn,θ〉|. (7)

The position of the two-center minimum is determined by
the value of k that minimizes the absolute value of Eq. (7).
The simplest approach would be to ignore the recombination
strengths |cn 〈k|v̂dip|ψn,θ〉 |, and claim that harmonic emission

from one atom cancels out the harmonic emission from another
when

|k|R cos(θ ) + φ2(k,θ ) − φ1(k,θ ) = (2m + 1)π (8)

for any integer m. In this approximation, the same result is
obtained for oriented molecules using Eq. (4), and was first
presented in Ref. [6]. However, the absolute values of Eqs. (4)
and (7) do not generally have a minimum at the same location,
nor can they be predicted entirely from recombination phases.
The reason for this is that the recombination strengths in
Eqs. (4) and (7) generally have different |k| dependencies at
different atomic centers. The problem disappears in the case of
homonuclear molecules, where the matrix norms are identical.

The following example illustrates our point. Figure 4 shows
the relevant recombination dipole velocity matrix elements
for CO oriented at θ = 86◦. The solid (blue) curves are the
norm and the phase of the total HOMO matrix element of
CO. The dashed (green) curves are the norm and phase of the
matrix element of the LCAO on carbon, and the dash-dotted
(magenta) curves on oxygen. The solid (blue) curve in Fig. 4(a)
has a minimum at |k| = 2.08 a.u. According to Eq. (8), the
minimum should be located at the momentum |k| for which
the phase difference between the carbon and oxygen matrix
elements in Fig. 4(b) is π . This gives a predicted minimum
at |k| = 1.86 a.u., which is in poor agreement with the actual
position.

The interference minimum in aligned polar molecules can
also be thought of as an interference between opposite ori-
entations. Equation (6) shows that the interference minimum
appears whenever the real part of the recombination matrix
element of the total molecular orbital 〈k|v̂dip|ψ,θ〉 is zero:

Re(〈k | v̂dip | ψ,θ〉) = 0. (9)
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FIG. 4. (Color online) (a) Norms of the dipole velocity matrix
elements for CO oriented at θ = 86◦ to k. The solid (blue) curve
is the matrix element with the entire HOMO 〈k|v̂dip|ψ,86◦〉, the
dashed (green) curve is the matrix element with the LCAO on carbon
〈k|v̂dip|ψ1,86◦〉, and the dash-dotted (magenta) the matrix element
with the LCAO on oxygen 〈k|v̂dip|ψ2,86◦〉. (b) Phases of the same
matrix elements. The dashed and dash-dotted curves are given by
k · Rn + φn(k,θ ).
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According to the solid (blue) curve in Fig. 4(b), this happens
at |k| = 2.06 a.u. Using the relation h̄ω = 0.5|k|2 + Ip to
convert into photon energy, this corresponds to a minimum
at ω = 46.3ω0. The actual position of the minimum is 47.8ω0,
as determined by the averaged spectrum in Fig. 2. For
comparison, Eq. (8) yields a prediction of 37.5ω0. Equation (9)
is clearly more precise at predicting the minimum position than
Eq. (8).

Now we are also able to understand why the interference
minimum is stronger for aligned CO in Fig. 2(b) than for
oriented CO in Fig. 1(b). The strength of the interference
minimum in oriented CO is determined by the minimal value of
the matrix element norm. As illustrated in Fig. 4, this minimal
value is not necessarily zero. For aligned CO only the real part
has to be zero, which is obtained exactly, hence two-center
interference minima are generally expected to be stronger for
aligned than for oriented polar molecules.

Equation (9) is more precise than Eq. (8) because no
assumptions are made on the recombination strengths at
different atomic centers. One might argue that it would be
more natural to use Eq. (7) directly, and read off the minimum
in the matrix element norm of the aligned molecule rather
than focus on the matrix element phase of the oriented
molecule. However, we show in Sec. IV that the influence
of the Stark effect on the minimum position is more easily
understood in terms of the recombination phase of the oriented
molecule.

IV. IMPORTANCE OF THE STARK EFFECT

Equation (9) shows that the interference minimum from an
aligned polar molecule is expected to depend on the phase of
the recombination matrix element of the oriented molecule.
This begs the question whether phases from other steps of the
HHG process influence the final position of the minimum.

One possible concern is the potential-energy shift related
to the use of the length gauge for the laser-electron interaction
Hamiltonian [26,27]. However, this potential-energy shift
is mostly relevant at large internuclear distances [26]. The
subcycle dynamics of the harmonic emission from CO oriented
parallel to the laser polarization is shown in Figs. 4 and 5
of Ref. [8]. If the choice of gauge were important, then the
relative emission strength between neighboring half-cycles
would change when the molecule is flipped. The reason for
this asymmetry is that the origin is placed in the center of
mass. We do not observe such a change in our calculations
(not shown), indicating that the potential-energy shift is not an
issue for CO.

Another possible phase is due to the Stark shift felt
by the polar HOMO. Figure 5 shows the position of the
interference minimum in aligned CO calculated using an
extended Lewenstein model [8] with the pulse parameters
from Sec. II. Including the Stark effect to first order is seen to
shift the interference minimum by as much as three harmonic
orders. Including the second-order Stark shift has negligible
influence on the present spectra.

We propose that the shift of the interference minimum can
be understood in terms of the first-order Stark shift that the
polar HOMO experiences due to the driving pulse. An electron
trajectory starting with ionization at time t ′, and ending with
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FIG. 5. (Color online) Position of the interference minimum (of
the smoothed spectrum) from aligned CO with and without including
the Stark effect in the Lewenstein model. Short trajectories have been
selected. Also plotted are the predicted minima positions using a
two-center interference (TCI) model based on Eq. (9).

recombination at time t , will accumulate a first-order Stark
phase [8] given by


Stark =
∫ t

t ′
μ · F(t ′′) dt ′′ (10)

= −μ cos(θ )[A(t) − A(t ′)]. (11)

A(t) is the vector potential of the driving field F(t) = −∂tA(t),
which is linearly polarized along the x axis.

The accumulated Stark phase in Eq. (11) can be estimated
using classical trajectories from the three-step model [3,4].
In short, we consider a single cycle of the electric field, and
calculate the return time t , and return energy Ekin, of a classical
electron being liberated at time t ′ with zero kinetic energy.
The accumulated phase is entirely determined by t , t ′ and
θ through Eq. (11), and mapped onto photon energy using
h̄ω = Ekin + Ip. The result is plotted as a smooth (red) curve
in Fig. 6 for θ = 82◦. The predicted Stark phase only depends
on the orientation angle through an overall factor of cos(θ ).

An alternative estimate based on the Lewenstein model is
obtained by calculating the harmonic spectra from oriented CO
with and without including the Stark effect. As neighboring
half-cycles experience opposite signs of the first-order Stark
shift, we restrict the ionization step to times t ′ at which the x

component of the electric field F(t ′) is positive. This singles
out continuum trajectories that share the same sign of the Stark
shift. Short trajectories are selected using a window function.
The difference in harmonic phase between the two calculations
is plotted in Fig. 6 as an irregular (blue) curve. The agreement
with Eq. (11) is quite good, especially when keeping in mind
the simplicity of the model, and the fact that there are no fitting
parameters whatsoever.

The amount by which the Stark effect shifts the interference
minimum can be estimated using Eqs. (9) and (11). The
interference minimum appears at the momentum |k| where the
real part of the recombination matrix element is zero. For CO
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FIG. 6. (Color online) Estimates of the Stark phase accumulated
in the continuum for CO oriented at θ = 82◦, and using the pulse
parameters from Sec. II. The smooth (red) curve is calculated
from Eq. (11) based on classical trajectories to map ionization
and recombination times to harmonic order. The irregular (blue)
curve is the phase difference between harmonics calculated with and
without including the Stark effect in the Lewenstein model. To avoid
cancellation from neighboring half-cycles, ionization is artificially
restricted to every other half-cycle (see text).

oriented at θ = 86◦ in Fig. 4(b), this happens at |k| = 2.06 a.u.,
corresponding to ω = 46.3ω0. The accumulated phase from
Eq. (11) is on the order of 0.05π , which is enough to shift
the interference condition to |k| = 2.08 a.u., corresponding to
ω = 47.0ω0. When θ is decreased, the phase shift increases
due to the cos(θ ) scaling in Eq. (11).

Combining Eqs. (9) and (11) gives the two-center in-
terference predictions plotted in Fig. 5. At perpendicular
alignment the first-order Stark shift is exactly zero, and the
minima coincide. The two-center model is seen to be off
by two harmonic orders as compared with the Lewenstein
calculations. As the alignment angle is decreased, the two-
center interference model adequately describes the shift of the
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FIG. 7. (Color online) Same as Fig. 4, but with θ = 76◦.

minimum, down to about θ = 80◦, after which the Lewenstein
minimum washes out and finally vanishes.

The weakening of the interference minimum is not caused
by interfering trajectories, as the long trajectories have been
filtered out using a window function. A possible explanation
is that the total recombination dipole velocity matrix element
has a slower phase variation at smaller alignment angles,
illustrated in Fig. 7(b) as a full (blue) curve for θ = 76◦. One
might have expected the phase variation to be faster, due to
the larger contribution from the geometric phase k · Rn, but
the total phase is dominated by the behavior of the carbon
matrix element, which has a slower π phase change at smaller
alignment angles.

V. CONCLUSIONS AND DISCUSSION

We extend a model of two-center interference to include
the superposition of opposite orientations in aligned polar
molecules. Our analysis shows that two-center interference
minima can be thought of either as an interference between
recombination at different atoms or as an interference between
opposite orientations. Using the former interpretation, we get
the same estimate for the position of the minimum as for
oriented molecules [6]. In this approximation the minimum
only depends on the phase difference between recombination
at different atoms. However, our calculations on CO show
that the different recombination strengths are also important
in determining the position of the minimum.

Interpreting the minimum as an interference between
orientations, we predict the minimum position in aligned
molecules in terms of the phase of the recombination dipole
velocity matrix element of the oriented molecule. This
model successfully predicts the minimum position in spectra
calculated for aligned CO to within two harmonic orders for
alignment angles ranging between 80◦ and 90◦. At smaller
alignment angles the observed minimum vanishes.

Interference minima from aligned homonuclear [29] and
oriented heteronuclear [30] molecules have also been analyzed
in terms of recombination into atomic orbitals of different
parities. Such an approach explicitly accounts for the geometry
of the molecular orbital, making it more reliable than previous
models. Our model also includes the orbital structure, but
within the framework of the Lewenstein model, thus showing
how to extend previous models of two-center interference to
polar molecules.

In the present study we focused on the effect of alignment
vs orientation for polar molecules. We restricted our analysis to
the spectrum from the HOMO channel. This is justified for CO
when the internuclear axis is parallel to the laser polarization,
as ionization from the HOMO-1 is strongly suppressed by a
nodal plane, and the HOMO-2 is bound even more strongly
[8,24]. However, ionization experiments indicate that the
contribution from the HOMO-1 may become important at
perpendicular alignment angles [31]. The HOMO-1 channel
does not have a two-center interference minimum at the same
location as the HOMO channel, because of different associated
recombination strengths and phases. It is still an open question
whether this would cause the minimum in the HOMO channel
to be masked by the HOMO-1 contribution in experimentally
measured harmonic spectra.
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Inclusion of the Stark effect shifts the observed interference
minimum even though aligned molecules do not posses total
permanent dipoles. We explain this by the fact that the
interference minimum is determined by the recombination
phase of the oriented molecule, which does have a permanent
dipole. This recombination phase is modified by the first-
order Stark phase that the HOMO accumulates between the
ionization and recombination step. Our model successfully
reproduces the shift of the interference minimum due to the
Stark effect.
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APPENDIX

Here we derive Eqs. (4) and (5). The HOMO of the
oriented molecule is denoted |ψ,θ〉, and the corresponding
wave function in the laboratory frame ψ(θ ; r). Using the
multi-center expansion in Eq. (3), the total recombination
dipole velocity matrix element is

〈
k | v̂dip | ψ,θ

〉 =
∫

ψ∗
k (r)v̂dipψ(θ ; r)dr (A1)

=
∫

ψ∗
k (r)v̂dip

∑
n

cnψn(θ ; r − Rn) dr (A2)

=
∑

n

cn

∫
eik·rv̂dipψn(θ ; r − Rn) dr (A3)

=
∑

n

cne
ik·Rn

∫
eik·rv̂dipψn(θ ; r) dr (A4)

=
∑

n

cne
ik·Rn〈k | v̂dip | ψn,θ〉 (A5)

=
∑

n

ei[k·Rn+φn(k,θ)]|cn〈k | v̂dip | ψn,θ〉|. (A6)

In the last step the intrinsic recombination phase φn(k,θ )
of the matrix element cn〈k | v̂dip | ψn,θ〉 is written out
explicitly.

Equation (5) follows from the observation that the recom-
bination dipole velocity matrix element is given by

〈k | v̂dip | ψ,θ〉 = kψ̃(θ ; k), (A7)

where ψ̃(θ ; k) is the Fourier transform of the ground-state
wave function. Flipping the orientation of the molecule is the
same as adding π to θ . We now fix the coordinate system such
that the laser polarization is along the x axis and the molecular
axis confined to the xy plane. All molecular orbitals can then
be chosen to be real, and either even or odd in z. Orbitals
that are odd in z do not contribute to the total HHG spectrum
[24], which leaves orbitals for which adding π to θ is the
same as replacing the wave function with ψ(θ ; −x, − y,z) =
ψ(θ ; −x, − y, − z).

The recombination dipole velocity matrix element of a
flipped molecule is then

〈k | v̂dip | ψ,θ + π〉 = kψ̃(θ + π ; k) (A8)

= kψ̃(θ ; −k) (A9)

= kψ̃∗(θ ; k) (A10)

= 〈k | v̂dip | ψ,θ〉∗. (A11)

In the above we use the behavior of the Fourier transform
under coordinate inversion as well as a property of Fourier
transforms of real functions.
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Laser-induced bound-state phases in high-order harmonic generation
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We present single-molecule and macroscopic calculations showing that laser-induced Stark shifts
contribute significantly to the phase of high-order harmonics from polar molecules. This is important
for orbital tomography, where phases of field-free dipole matrix elements are needed in order to
reconstruct molecular orbitals. We derive an analytical expression that allows the first-order Stark
phase to be subtracted from experimental measurements.

PACS numbers: 42.65.Ky, 42.65.Re

It is a long-standing goal of atomic and molecular
physics to follow electronic processes on their natural
length and time scales, and eventually even to control
their dynamics. Advances towards orbital tomography,
the experimental reconstruction of an electronic wave
function, have been made using high-order harmonic gen-
eration (HHG) [1–3]. In HHG based tomography, a con-
tinuum electron wave packet is formed at the peak of each
half-cycle of an infrared driving laser. The continuum
wave packet is accelerated in the oscillating laser field,
and brought back to the vicinity of the bound-state wave
packet at a later time. A high-energy photon is emitted
when the continuum electron recombines into the ground
state after having picked up kinetic energy in the laser
field [4, 5]. The recombination step encodes informa-
tion about the ground state onto the emitted harmonics
through the recombination dipole matrix elements.

In order to reconstruct the ground state orbital, one
needs both the magnitudes and the phases of the recom-
bination matrix elements. It is challenging to extract
these phases from HHG spectra, as phases not related
to the recombination step have to be subtracted from
the harmonic phases. Phases related to the formation
of a continuum wave packet and its subsequent acceler-
ation in the laser field have already been accounted for,
allowing the reconstruction of symmetric orbitals in N2

and CO2 [2, 3]. Nonsymmetric orbitals, however, pose
a problem for orbital tomography due to their perma-
nent dipoles, which cause them to acquire an additional
laser-induced bound-state Stark phase. Using CO as a
representative polar molecule, we find that the first-order
Stark phase grows from zero to 0.5π within the harmonic
plateau. The aim of this work is to extend the tomo-
graphic method by accounting for this Stark phase, and
presenting an analytical expression with which to sub-
tract it from measurements.

To isolate the effect of Stark phases we consider the
idealized [6–10] case of perfectly 3D oriented molecules.
In the simplest model, the electric field F(t) of the driving
pulse only influences the highest occupied molecular or-
bital (HOMO) by adiabatically Stark-shifting its orbital

energy E (atomic units are used throughout):

E(F(t)) = E0 − µ ·F(t) − 1

2
FT(t)αF(t). (1)

As an example, we take CO oriented parallel to the po-
larization axis of the driving laser. The HOMO has σ
symmetry, and an ionization potential of Ip = |E0| =
0.5150 au. Its permanent dipole |µ| = 1.1 au points
from the carbon towards the oxygen nucleus. The compo-
nents of the polarizability tensor α are α‖ = 3.2 au, and
α⊥ = 2.8 au [11]. The resulting Stark shift caused by a
moderately intense laser is sketched in Fig. 1. The chosen
geometry suppresses contributions from the HOMO−1
due to its π symmetry [12].

As the bound state evolves in time from t′ to t, it accu-
mulates the phase

∫ t

t′ E(F(t′′))dt′′. According to Eq. (1)
the accumulated phase differs from the field-free time-
evolution by a Stark phase

ΦStark(t, t
′) = Φ

(1)
Stark(t, t

′) + Φ
(2)
Stark(t, t

′), (2)

where the first- and second-order Stark phases read

Φ
(1)
Stark(t, t

′) = −
∫ t

t′
µ ·F(t′′)dt′′ (3)

Φ
(2)
Stark(t, t

′) = −1

2

∫ t

t′
FT(t′′)αF(t′′)dt′′. (4)

The Stark phase changes the interference between the
bound state, and the continuum wave packet that is born
at time t′, and returns at time t.

Equations (2)–(4) are formulated in the time-domain,
while orbital tomography is performed in the frequency
domain. We therefore calculate classical electron trajec-
tories, and translate the kinetic energy into photon en-
ergy using energy conservation for those continuum elec-
trons that recombine at the origin:

ω(t, t′) =
1

2
ṙ2(t, t′) + Ip(F(t)). (5)

Here ṙ(t, t′) is the velocity at time t of an electron that is
detached at the origin with zero velocity at time t′, and
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FIG. 1: (Color online) Sketch of the Stark shift felt by the
HOMO of CO when subject to an electric field. The relative
size of the first- and second-order Stark shift is drawn to scale
for an electric field F0 = 0.075 au, corresponding to a laser
intensity of 2× 1014 W/cm2. (a) The electric field is parallel
to the permanent dipole of the orbital, and the effective ion-
ization potential is raised. (b) The electric field is antiparallel
to the permanent dipole, and the effective ionization potential
is lowered.

Ip(F(t)) = |E(F(t))|. The effect of the ionic potential
on the continuum trajectories is ignored. The result of a
classical trajectory calculation is shown in Fig. 2 for an
ultrashort pulse. The electric field is assumed to have a
cosine squared envelope, and an 800 nm sine carrier wave.
The full width at half maximum is 0.72 times one optical
cycle T , corresponding to a full duration of 2T . The max-
imum of the electric field is F0 = 0.071 au, corresponding
to a peak intensity of 2.0× 1014 W/cm2 of the envelope.
Only one half-cycle contributes to the harmonic emission,
which ensures that the continuum electron only recollides
from one direction. Controlling the recollision direction
is essential for tomography of nonsymmetric states [13].
Together, Eq. (5) and the calculation leading to Fig. 2
provide the required map between (t, t′) and harmonic
frequency.

Returning to the Stark phases, Eq. (3) can be inter-
preted in terms of the integral of the force felt by the
continuum electron, showing that the first-order Stark
phase is directly proportional to the return velocity

Φ
(1)
Stark(t, t

′) = µ · ṙ(t, t′). (6)

With orbital tomography in mind, one might be inter-
ested in minimizing the Stark phase. However, Eq. (6)
reveals that the first-order Stark phase cannot be min-
imized by varying the driving pulse, as it only depends
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FIG. 2: (Color online) Classical trajectories for CO subject to
an ultrashort laser pulse, indicated by the solid black curve.
Instants of ionization are marked by circles, and instants of
recombination by squares. The vertical offset of a trajectory,
consisting of a circle and a square, indicates the photon en-
ergy of the emitted harmonic, calculated using Eq. (5). Open
(blue) markers indicate short trajectories, and full (red) mark-
ers indicate long trajectories.

on the return velocity, and the angle θ between the in-
ternuclear axis and the laser polarization axis. Insertion
into Eq. (5) gives

Φ
(1)
Stark(t, t

′) =sgn (µ · ṙ(t, t′))µ |cos(θ)|

×
√

2 (ω(t, t′) − Ip(F(t))), (7)

where sgn(µ · ṙ(t, t′)) keeps track of the direction with
which the returning electron probes the bound state. The
time-dependence of the Stark-shifted ionization potential
introduces a small difference between short and long tra-
jectories. If the field-dependence of the ionization poten-
tial is ignored, then Eq. (7) simplifies to

Φ
(1)
Stark(ω) ≈ ±µ cos(θ)

√
2 (ω − Ip). (8)

The advantage of Eq. (8) is that it gives an analytical
prediction of the first-order Stark phase directly in terms
of the harmonic frequency, ω, rather than in terms of
electron trajectories through ω(t, t′). We return to a dis-
cussion of the accuracy of this result below.

The second-order Stark phase cannot be expressed as
simply in terms of the harmonic frequency. This is be-
cause Eq. (4) turns out to depend explicitly on the driv-
ing pulse, as well as giving qualitatively different result
for short and long trajectories. The scaling of the second-
order Stark phase with respect to laser parameters can
be estimated by neglecting the pulse envelope, and inte-
grating Eq. (4) from the peak of a half-cycle t′ = tpeak

up to t = tpeak + 2T/3. The cut-off harmonics are then
found to accumulate a second-order Stark phase propor-
tional to F2

0/ω0 = 4ω0Up, where ω0 is the frequency of
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the driving laser, and Up the ponderomotive potential.
According to the usual cutoff rule, ωmax = 3.17Up + Ip,
the importance of the second-order Stark phase can be
reduced by increasing the wave length of the driving laser
while keeping the harmonic cutoff fixed.

We use the Lewenstein model [14] to test the validity of
the trajectory calculations. The first-order Stark phase
is extracted by subtracting harmonic phases calculated
with and without inclusion of the first-order Stark shift
in the Lewenstein model [11, 15]. Figure 3(a) shows that
short trajectories account for the first-order Stark phase
within the limits set by the classical model, which does
not account for harmonics below the ionization threshold,
nor beyond the harmonic cutoff. The phase spikes coin-
cide with minima in the harmonic plateau. The minima
are caused by the interference between short and long
trajectories, and each is associated with a sharp varia-
tion in the harmonic phase. The exact position of each
minimum changes when the Stark shift is included, which
explains the phase spikes.

The analytical model of Eq. (8) slightly overestimates
the first-order Stark phase due to the use of the field-
free ionization potential. The error is therefore ex-
pected to increase with increasing intensity. Comparing
Eq. (8) to Lewenstein calculations at the 21st harmonic
for three different intensities we observe an error of 8%
(1.5 × 1014 W/cm2), 10% (2.0 × 1014 W/cm2), and 12%
(2.5× 1014 W/cm2). The interference features also move
with intensity, but the square root behavior is the same
at all three intensities. The close agreement between
Eq. (8) and the long trajectory calculation is due to the
extremely narrow pulse envelope, which causes the long
trajectories to recombine at low field strengths as shown
in Fig. 2.

The second-order Stark phase is plotted in Fig. 3(b).
The Lewenstein result is obtained by including the first
and second-order Stark shifts in the Lewenstein model,
calculating the harmonic phases, and then subtracting
the phase obtained when only the first-order Stark shift
is included. The calculation agrees qualitatively with
the short trajectory prediction. The trajectory calcula-
tion shows that the second-order Stark phase increases in
magnitude when the electron spends longer time in the
continuum. Selecting the short-trajectory contribution
is thus an additional way of reducing the importance of
second-order Stark phases.

We would like to stress the point that the simple be-
havior of the Stark phase is due to the fact that only
one half-cycle, and mostly the short trajectories, con-
tributes to the high-order harmonics. When several sets
of trajectories contribute, the total phase is the result of
a coherent sum of harmonic amplitudes, which can cause
large modulations on top of the trend in Fig. 3. Exper-
imentally, the dominating trajectory is selected through
phase-matching by adjusting the position of the laser fo-
cus relative to the nonlinear medium [16].

0.0

0.1

0.2

0.3

0.4

0.5

0.6

Φ
(1

)
S
ta

rk
/π

(a)

0 5 10 15 20 25 30
−0.3

−0.2

−0.1

0.0
Φ

(2
)

S
ta

rk
/π

(b)

Harmonic

FIG. 3: (Color online) (a) Accumulated first-order Stark
phase of CO subject to an ultrashort laser pulse (parame-
ters are given in the text). The connected black dots indicate
the phase obtained from a quantum calculation. The dashed
(blue) curve is the phase predicted from short classical trajec-
tories, and the dash-dotted (red) curve the phase from long
trajectories. The smooth (green) curve is the analytical model
of Eq. (8), with the phase defined to be zero for harmonics be-
low Ip. (b) Accumulated second-order Stark phase. Dashed
and dash-dotted curves indicate short and long classical tra-
jectories.

In order to uncover the interplay between Stark phases
and phase-matching, we now present results of the cou-
pled solutions of the Maxwell wave equation (MWE) and
the time-dependent Schrödinger equation (TDSE). We
solve the MWE in the slowly evolving wave approxi-
mation as described in [16], and at each plane in the
propagation direction we solve the TDSE in the Lewen-
stein model to calculate the time-dependent dipole mo-
ment [11]. The nonlinear medium is a 5 mm jet of CO
molecules. The CO molecules are assumed to be per-
fectly oriented as in Fig. 2. The gas density is set to
5 × 1014 cm−3. We use the same driving pulse as above,
except for adding a Gaussian focus with confocal parame-
ter b = 2.0 cm. The focus is placed 0.70 cm in front of the
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middle of the jet. The peak intensity is 3.0×1014 W/cm2,
chosen so as to give a peak intensity of 2.0×1014 W/cm2

in the middle of the medium. Our results are insensitive
to ionization due to the very low target density.

The Stark phase is calculated by propagating the
MWE twice, with and without including the first- and
second-order Stark effect in the single-molecule Lewen-
stein calculations. In each case we transform to the far
field, apply a spatial filter that selects predominantly the
central, short trajectory contribution to the harmonics,
and transform back to the near field. In an experiment
this would correspond to having an aperture or a refocus-
ing mirror in the far field. Then we subtract the phases
obtained with and without including Stark shifts. An av-
erage over the final spot on the detector screen is made by
weighting the Stark phase ΦStark(ω, r) at a given radius

with the strength of the harmonic |FHHG(ω, r)|2:

〈ΦStark(ω)〉r =

∫∞
0 ΦStark(ω, r) |FHHG(ω, r)|2 r dr

∫∞
0 |FHHG(ω, r)|2 r dr

. (9)

The result, shown in Fig. 4(a), compares qualitatively
with single-molecule predictions based on classical trajec-
tories calculated for a peak intensity of 2.0×1014 W/cm2.
The phase oscillations stem from the intensity depen-
dence of minima caused by interference between short
and long trajectories. At a fixed intensity the minima are
very sharp, giving rise to sharp variations in the extracted
Stark phase as in Fig. 3. In macroscopic calculations the
intensity falls off along, and perpendicular to, the prop-
agation axis of the driving laser, causing the minima to
smear out. The Lewenstein model has been known to
overestimate the importance of the long trajectories [17],
leading to an exaggeration of these interference oscilla-
tions in our calculations.

We also present results for perfectly aligned CO
molecules. Spectra are calculated with and without the
Stark effect by solving the MWE separately for opposite
orientations, and adding the resulting harmonics coher-
ently at the end of the gas [18]. This procedure is valid in
the limit where ionization-induced reshaping of the driv-
ing pulse is neglible. The harmonics are then propagated
to the far field, filtered, refocused, and the Stark phase
extracted. Equation (9) is used to calculate the radially
averaged Stark phase shown in Fig. 4(b). If the first-order
Stark phase from opposite orientations had canceled out,
then the total Stark phase would have been similar to
that in Fig. 3(b). Instead, the total Stark phase is similar
to that of fully oriented CO molecules in Fig. 4(a). The
reason for this is that the Lewenstein model favors ion-
ization when the electric field points from carbon to oxy-
gen [11]. The ultrashort pulse only allows one half-cycle
to contribute, thus increasing the relative contribution
from the orientation shown in Fig. 2. The nonvanish-
ing first-order Stark phase in Fig. 4 underlines that po-
lar molecules behave differently from nonpolar molecules,
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FIG. 4: (Color online) Stark phases from a gas jet of CO
molecules (parameters are given in the text). (a) The CO
molecules are oriented as in Fig. 2. The connected black dots
are phases obtained from a full simulation including macro-
scopic propagation. The dashed (blue) curve is the single-
molecule phase predicted from short classical trajectories, and
the dash-dotted (red) curve the phase from long trajectories.
(b) The CO molecules are aligned parallel to the laser polar-
ization. The black dots include both orientations of the target
molecules. Dashed and dash-dotted curves indicate short and
long classical trajectories.

even if their head-to-tail symmetry is unbroken.

In conclusion, we have investigated the role of laser-
induced bound-state phases in HHG. We show that first-
and second-order Stark shifts may both contribute sig-
nificantly to the phase of harmonics generated from po-
lar molecules. Such Stark phases must be accounted for
if HHG is to be used for orbital tomography. We find
a simple analytical expression for the first-order Stark
phase, showing it to scale as the square root of harmonic
frequency. No simple expression is found for the second-
order Stark phase, but it can be minimized by increasing
the laser wave length while keeping the ponderomotive
potential fixed. Propagation of the Maxwell wave equa-
tion confirms that Stark phases survive phase-matching
in the target gas.
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