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English summary

The ultrafast dynamics of electrons inside atoms, molecules, and solids
demand extraordinarily fast measurement methods to keep up with the
electrons and achieve a sufficient temporal resolution. This is due to the
fact that the natural timescale of the electron dynamics is measured in at-
toseconds, a timescale so unfathomably short compared to the timescale of
seconds that humans inhabit. A second is to electrons and their attosecond
existence what the age of the universe is to us.

Methods to probing electron dynamics have had to match these timescales,
and the only currently known way to achieve the temporal resolution is to
use extremely short pulses of laser light. The invention of such pulses has
opened the field of attosecond science, dedicated to the advancement of
the understanding and control of ultrafast phenomena.

In this thesis we apply the method of attosecond transient absorption
spectroscopy (ATAS) in the study of the dynamics of diatomic molecules.
ATAS is a pump-probe scheme, where the system dynamics are first
instigated and later recorded by very accurately timed pairs of light pulses.
The precise control of the delay between the two pulses enables the creation
of detailed spectrograms, with features containing information about the
underlying processes. The main focus of this thesis is the description
and implementation of numerical simulations of molecular systems, with
subsequent theoretical analysis of the appearing features. In particular,
the analysis of the spectrum of the molecule Lithium Flouride, and the
analysis of a propose model exhibiting non-adiabatic effects due to the
presence of an avoided crossing.
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Dansk resumé

I atomer, molekyler, og faststoffer farer elektronerne ultrahurtigt rundt,
og for at kunne følge med elektronerne påkræves exceptionelt hurtige
målemetoder, som kan opnå en tilstrækkelig tidslig opløsning af elektron-
dynamikken. Dette skyldes, at et attosekund – den naturlige tidsskala for
elektrondynamik – er så ubegribeligt kort sammenlignet med den sekund-
baserede tidsskala, som mennesker lever på. For elektronerne er et sekund
hvad universets alder er for os.

Metoder, der kan undersøge elektrondynamikken, er nødt til at kunne
matche disse tidsskalaer. På nuværende tidspunkt er den eneste metode,
som kan opløse dynamik på attosekundskala, brugen af ekstremt korte
pulser af laserlys. Opfindelsen af disse pulser har lagt grundstenen for
attosekundsvidenskaben, et forskningsfelt dedikeret til at fremme vores
forståelse og kontrol af ultrahurtige fænomener.

I denne afhandling anvender vi den såkaldte “attosecond transient ab-
sorption spectroscopy” (ATAS) metode til at studere diatomare molekylers
dynamik. ATAS er en pumpe-probe-protokol, hvor systemets dynamik
først igangsættes og derefter måles af parvise laserpulser. Tidsforskyd-
ningen af disse pulser, som kan kontrolleres med høj præcision, gør det
muligt at måle højt detaljerede spektogrammer, som indeholder tegn fra
de bagvedliggende processer.

Denne afhandlings hovedfokus har været numeriske simulering og teo-
retisk analyse af molekylære systemer. Specielt har vi analyseret spektret
af molekylært Lithiumflorid, og undersøgt effekterne af ikke-adiabtiske
kobling i et modelsystem.
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Chapter 1

Introduction and outline

Since the invention of the laser in the 1960’s, the strive to study increasingly
fast processes has been pushing the duration of the pulses to ever shorter
timescales. With the use of high harmonic generation (HHG), a non-
linear effect where a target sample is made to emit high harmonics of the
generation beam, production of sub-femtosecond pulses have been achieved.
With the advent of these attosecond pulses, it has become possible to
study the dynamics of electrons in atoms, molecules and solids on their
natural time scale. This is of interest both on a fundamental level, since
it broadens our knowledge to new phenomena, but also of practical use.
A better understanding and possible control of electronic dynamics could
help us in: understanding and possibly steering of biochemical processes,
understanding the size and speed limits of electronic information processing
and magnetic information storage, raising the efficiency of solar cells, and
more [2].

Observation of the motion of the electrons requires first the ability
to trigger and subsequently to probe the process as well as controlling
the timing of these two pump and probe steps accurately. The dynamics
are mapped out by variation of the time delay between the trigger and
probe in a pump-probe setup, such that repeated experiments at different
delays give rise to a time-resolved spectrogram. The usual setup consists
of an initial femtosecond laser pulse, either infrared (IR) or near infrared
(NIR), which is split in two. One part is used to generate the attosecond
pump field, which is usually in the ultraviolet (UV) to extreme ultraviolet
(XUV) domain, through HHG, while the other can be used as the probe.
An important property of HHG, is that the generated attosecond pulse is
coherent with itself as well as coherent with the original generating pulse.
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2 Chapter 1 · Introduction and outline

Because the generated field in HHG is synchronized with the original
generating field, it is possible to control the delay between the pump and
probe with high sub-femtosecond precision [3]. The observables of such an
experiment can be either outgoing electrons and other charged particles or
outgoing light. The charged particles provide a more direct measurement
since they carry directly the information from the system, while the photon
detection is a more indirect measurement. The latter can be an advantage
since it is less invasive and can be done using lower intensities. The
lower intensities mean that optical detection methods are closer to the
perturbative regime, meaning that the extracted dynamics more closely
resembles the field-free dynamics of interest. The lower intensities also mean
that the computationally demanding continuum states of the electrons are
not needed in the description. Detection of photons can also be done more
efficiently than that of outgoing electrons from strong-field photoionization,
making the optical methods more experimentally favorable.

Attosecond transient absorption spectroscopy (ATAS) is a pump-probe
type experiment as described above, where one measures the frequency-
resolved, time-integrated absorption of the system. For dilute gases macro-
scopic effects can be neglected and the absorption spectrum can be de-
scribed accurately under a single-system-response approximation [3, 4],
though experiments have been carried out outside of this regime [5, 6].
When the system interacts with the external femtosecond and attosecond
pulses a time-dependent dipole moment is induced, and the interference
between the generated field from the oscillating dipole and the original
attosecond field is recorded. It is therefore the calculation of the time-
dependent dipole moment that is of interest in theoretical modeling of
ATAS.

ATAS has been used to study atomic systems since 2010, and exper-
iments [7–9] as well as theory [10, 11] have lead to the discovery and
analysis of new phenomena. Work has also been extended to solid state
systems [12–14], and, of more interest to this project, experiments have
been carried out on diatomic molecules [15–18].

For dynamics of molecules the theory used is that of electronic structure
and nuclear wave packets. By expanding the total wave function in the
adiabatic electronic basis one arrives at the picture of the nuclear wave
packets moving on electronic potential energy surfaces. This introduces a
new level of complexity compared with the atoms, since nuclear motion
and the shape of the energy surfaces must now be taken into account
[19, 20]. Typically one ignores the effect of rotation, simplifying the nuclear
motion by freezing the molecule at a fixed angle with respect to the linear
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polarized fields. Usually the axis of the molecule is chosen to coincide with
the polarization of the linearly polarized incoming fields, but studies have
also been done on alignment effects [21]. To model ATAS in molecules, one
therefore needs to calculate the electronic adiabatic energies over a range
of molecular geometries, as well as calculating their geometry dependent
dipole moment functions and the non-adiabatic coupling elements which
allow for the interaction between different surfaces and nuclear wave
packets.

Calculation of the potential energy as a function of the nuclear geometry
can be obtained using electronic structure theory methods, such as the
wave functions based Multi-configuration Self-Consistent Field (MCSCF)
method. Excited state energies can be found using linear-response and
state averaging [22]. Dipole moments between the ground and excited
states can also be obtained through linear response, while the elements
between excited states requires quadratic response [23]. The non-adiabatic
couplings elements between the ground and excited states have been derived
and can be calculated for MCSCF method by linear response [24], but
calculations of elements between excited states are not yet available.

The effect of non-adiabatic couplings in ATAS for diatomic molecules
have not been considered yet, though a look into the effect of a two-
dimensional conical intersection have been published [25]. The aim of
this project is therefore the implementation of the non-adiabatic couplings
into the established theory. This requires the implementation of the
physical model used to simulate the experiment. The method consists of
propagating the nuclear wave functions described by their time-dependent
Schrödinger equation (TDSE), using the split-operator Fourier method
[26]. This method has been used in prior studies [19] and has already been
implemented and used [21]. To include the effect of the non-adiabatic
couplings, which both depend on the nuclear coordinate and momentum,
we will use the adiabatic to diabatic transformation [27] to remove the
kinetic part at the prices of acquiring a non-diagonal potential energy. In
this form, the non-adiabatic couplings are of a more suitable form for the
propagation method.





Chapter 2

Main Theory

2.1 Attosecond Transient Absorption Spectroscopy
and the Response function

In the introduction we described the setup for ATAS, where a femtosecond
and an attosecond pulse separated by a time delay τ are sent into a target,
and how the signal recorded by the detector is the interference between
the generated field from the target and the incoming attosecond field.
In this chapter we introduce the response function, which is the time
integrated signal that the detector captures. We will not give a derivation
of this expression, and restrict ourselves to a short introduction. More
comprehensive treatments can be found in ref. [10] and ref. [19].

Under the assumption of the fields propagating as plane waves linearly
polarized in the z-direction, the spectral distribution function is given as
[28]

S(ω, τ) = |F̃in(ω, τ) + F̃gen(ω, τ)|2

= |F̃in(ω, τ)|2 + 2Re[F̃∗in(ω, τ) · F̃gen(ω, τ)] + |F̃gen(ω, τ)|2,
(2.1)

where F̃in(ω, τ) and F̃gen(ω, τ) are the Fourier transformed incoming and
generated fields respectively. The variable τ denotes the time delay between
the incoming attosecond and femtosecond fields. We will use the following
convention for the Fourier transform (indicated by a tilde)

f̃(ω) = 1√
2π

∫
R
dt f(t)e−iωt. (2.2)

5



6 Chapter 2 · Main Theory

We simplify the expression by noting that the term |F̃in(ω, τ)|2 contains
no information of the system and the term |F̃gen(ω, τ)|2 is weak compared
to the interference term. Neglecting these two terms leave us with the
expression

S(ω, τ) = 2Re[F̃∗in(ω, τ) · F̃gen(ω, τ)], (2.3)

which is what we will refer to as the response function. Since the incoming
field is assumed to be linearly polarized along the z-direction, only the
z-component of the generated field will contribute and we will therefore
drop the boldface and will only keep the z-component.

The attosecond pulse will usually be in the XUV or the UV range and
the femtosecond pulse in the IR or NIR range. In the rest of this chapter
we will refer to the attosecond pulse as FXUV and the femtosecond pulse
as FIR.

The incoming field is known and its Fourier transform can be readily
calculated, and we are therefore left with calculating the generated field.
Under the assumption of the target being a dilute gas [4], we can neglect
the complicated and computationally demanding effects that entail the field
propagating through a medium, and adopt a single-system approximation
wherein the field is generated by the interaction with a single molecule.
The generated field will then be entirely due to the the radiation from the
induced dipole of the molecule, where it can be shown that the generated
field is proportional to the z-component of the dipole moment in the
frequency domain [19]

F̃gen(ω, τ) = −i2πωρ
c

D̃(ω, τ). (2.4)

For the incoming field F̃ ∗in(ω, τ) it is sufficient to use the XUV F̃ ∗XUV(ω, τ),
as the XUV and IR are usually well separate in frequency and the energies
of interest are in the range of the XUV.

Putting all this together we arrive at the final expression

S(ω, τ) = 4πρω
c

Im[F̃ ∗XUV(ω, τ)D̃(ω, τ)], (2.5)

where the only unknown is the induced dipole moment D̃(ω, τ). The
constant ρ denotes the density of the gas, which will arbitrarily be set to
one since it is just a global constant. We note that a negative value of
the response function corresponds to absorption, while a positive value
corresponds to emission.



2.2 The Molecular System 7

M1, Z1

M2, Z2

e−

O

CM

R1

R2

r′j

rcm

rj

R

Figure 2.1: Sketch of coordinates used to describe the diatomic molecule.
For simplicity only one electron is shown. Due to the very large difference
in mass between the nuclei and the electrons, the center of mass of the
whole system is approximately given by the center of mass of the two nuclei.
See Eq. (2.9), Eq. (2.10), and Eq. (2.11).

2.2 The Molecular System
The systems under consideration in this thesis are diatomic molecules.
In non-relativistic quantum mechanics the physical state of a system is
described by its wave function Ψ, which is govern by the time-dependent
Schrödinger equation

i∂tΨ(x, t) = ĤΨ(x, t). (2.6)

Here the operator Ĥ is the Hamiltonian of the system, usually given by
the energy

Ĥ = T̂ + V̂ , (2.7)

where T̂ is the kinetic energy and V̂ is the potential. The full Hamiltonian
a diatomic molecule, without the presence of an external field, will contain;
the kinetic energy of the two nuclei, the kinetic energy of the Ne electrons,
and the potential energy coming from the Coulomb interaction between
the electrons, between the two nuclei, and between the electrons and the
nuclei

Ĥ0 = T̂n + T̂e + V̂ee + V̂nn + V̂ne = T̂n + T̂e + V̂ . (2.8)

To describe the position of the two nuclei together with the Ne electrons,
naively one would need the 3 × 2 + 3 ×Ne laboratory fixed coordinates
R1,R2, r′1, r′2, . . . , r′Ne . However, by changing to the center of mass frame
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and the relative coordinates

R = R2 −R1 (2.9)

rCM =
M1R1 +M2R2 +

∑Ne
j=1 r′j

Mtot
≈ M1R1 +M2R2

M1 +M2
(2.10)

rj = r′j −
M1R1 +M2R2
M1 +M2

(2.11)

the center of mass motion can be separated out, and the number of
coordinates needed is reduced by 3. In the above transformation, which
can be seen illustrated in figure 2.1, we will later used the very good
approximation that the center of mass of the full system is very close to the
center of mass between the two nuclei since the nuclear masses are much
larger than the electron mass. In the new coordinates the kinetic energy
of the nuclei is given by the derivative with respect to the internuclear
distance

T̂n = − 1
2µ

∂2

∂R2 , (2.12)

with the reduced mass of the two nuclei µ = M1M2/(M1 +M2).
In our description we will freeze out the much slower rotational motion

and only include the vibrational dynamics of the nuclei. In this case the
nuclear kinetic energy is simply

T̂n = − 1
2µ

∂2

∂R2 . (2.13)

The separation of the kinetic energy for the electrons in the center of
mass will not be exact in general, but by neglecting the small coupling,
known as the mass polarization term T̂mp = 1/(2(M1+M2))

∑Ne
i,j=1 ∂

2/(∂ri∂rj),
we can write the kinetic energy of the electrons as

T̂e = −
Ne∑
j=1

1
2
∂2

∂rj
. (2.14)

It is customary to group the elctronic kinetic energy together with the
potential energy and write the Hamiltonian as

Ĥ0 = T̂n +
(
T̂e + V̂

)
= T̂n + Ĥe, (2.15)

where Ĥe is denoted as the electronic Hamiltonian.
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Factoring out the center of mass motion and freezing out the rotational
motion, the system now only depends on the internuclear distance R and
the relative electronic coordinates r = {r1, r2, . . . , rNe}. We will position
the molecule such that the internuclear axis is along the z-axis i.e. parallel
to the polarization of the two incoming fields. We will use this orientation
throughput the thesis

2.2.1 Field interaction
As was discussed when we introduced the single-system response func-
tion 2.1, we will treat the fields classically and then include them in the
quantum description of the molecule by the usual minimal substitution
in the Hamiltonian. As is customary we will further assume the dipole
approximation, where the spatial variation of the field over the molecule is
neglected, to be valid.

In our work we use fields define through

F (t) = −∂tA(t), (2.16)

with a vector potential with central frequency ω and a Gaussian envelope

A(t) = A0e
− (t−tc)2

T2/4 cos
[
ω(t− tc) + φ

]
. (2.17)

For the parameters of the fields we have A0 = F0/ω, with F0 being the field
amplitude, related to the intensity of the field by I = |F0|2; tc is the center
of the pulse; φ is the carrier-envelope phase (CEP); and T = NcTc = Nc

2π
ω

is the duration of the pulse, with Tc the period of a single cycle and Nc the
number of cycles. As discussed earlier we consider only linearly polarized
fields, with the polarization axis parallel to the internuclear separation.

Working in the length gauge the interaction of the molecule with the
field is given by

V̂L(t) = −F(t) · D̂ = −F (t)D̂, (2.18)
where, since the field is polarized along the z-direction, only the z-component
D̂ of the dipole operator is used.

2.2.2 The Molecular Dipole Operator
For a diatomic molecule the total dipole operator of the system is given
by [29]

D̂ = Z1R1 + Z2R2 −
Ne∑
j=1

r′j , (2.19)
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in the laboratory fixed coordinates. Using instead the center of mass
coordinates defined by Eq. (2.9), Eq. (2.10) and Eq. (2.11), we find

D̂ = (Z1 + Z2 −Ne)rCM + αR − β
Ne∑
j=1

rj , (2.20)

with the constants

α = M1Z2 −M2Z1
M1 +M2

, β = 1 + Z1 + Z2 −Ne

M1 +M2
. (2.21)

In the case of a neutral molecule, which is the only systems we will consider,
the total charge Z1 + Z2 −Ne is zero, and the dipole operator reduces to

D̂ = αR −
Ne∑
j=1

rj . (2.22)

For homonuclear molecules, such as H2, O2 or N2, where M1 = M2
and Z1 = Z2 the constant α reduces to zero, and the only contribution to
the dipole is from the electrons.

2.2.3 Nuclear wave functions and the Born-Oppenheimer
expansion

The time-dependent Schrödinger equation for the molecular system in the
presence of an external field is

i∂tΨ(r, R, t) = Ĥ(t)Ψ(r, R, t) (2.23)

with the total time-dependent Hamiltonian

Ĥ(t) = Ĥ0 + V̂L(t), (2.24)

where Ĥ0 it the field-free Hamiltonian Eq. (2.8) and V̂L(t) is the interaction
with the field Eq. (2.18).

The Schrödinger equation contains both the fast moving lightweight
electrons and the slow moving heavy nuclei, and preforming the time
evolution numerically of the total system would be extremely demanding
due to the very different time scales of their respective motion. The usual
approach to this problem is to write the full wave function as an expansion

Ψ(r, R, t) =
N∑
k=1

χ
(a)
k (t, R)Φ(a)

k (r;R) (2.25)
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in the basis of the time-independent electronic states defined by the elec-
tronic Hamiltonian

Ĥe(R)Φ(a)
k (r;R) = E

(a)
k (R)Φ(a)

k (r;R). (2.26)

This is known as the Born-Oppenheimer expansion [30], and the expansion
coefficients χn(t, R) as the nuclear wave functions. The electronic Hamil-
tonian depends only on the nuclear coordinate and not its momentum.
We can therefore consider the electronic eigenvalue equation above as
being parametrically dependent on R, and consider it as an equation for
each fixed geometry. This is similar to the viewpoint in adiabatic theory,
where one considers a Hamiltonian that depends “slowly” on an external
parameter [31]. In the case of the molecule, it is the nuclear coordinate
R that varies slowly compared to the electronic coordinates r, and one
often adopts the picture that the fast electrons follows adiabatically the
slower dynamics of the nuclei. The electronic Hamiltonian and states
are therefore often referred to as the adiabatic electronic Hamiltonian
and adiabatic electronic states and the electronic energies Ek(R) as the
adiabatic potential energy curves.

For the expansion in Eq. (2.25) to be exact, the electronic states must
be a complete set at each fixed geometry, and the sum must be over all
bound and continuum states. In practice this is not necessary, since the
fields we are using are in the range where excitation to higher lying bound
states and continuum states are very unlikely and can be neglected. We
will therefore truncate the sum to only include the N most important
states.

Inserting the expansion Eq. (2.25) into the Schrödinger equation Eq. (2.23),
and using that the electronic state are eigenstates of the electronic Hamilto-
nian and are orthonormal, one finds after projecting onto the nth electronic
state Φn the following coupled equations for the nuclear wave functions

iχ̇(a)
n (t, R) =

(
− 1

2µ
∂2

∂R2 + E(a)
n (R)

)
χ(a)
n (t, R)− F (t)

N∑
k=1

D
(a)
nk (R)χ(a)

k (t, R)

− 1
2µ

N∑
k=1

(
2
〈

Φ(a)
n

∣∣∣∣∣ ∂∂RΦ(a)
k

〉
r

∂

∂R
+
〈

Φ(a)
n

∣∣∣∣∣ ∂2

∂R2 Φ(a)
k

〉
r

)
χ

(a)
k (t, R).

(2.27)

The first two terms on the right hand side are the usual kinetic energy
operator working on the nuclear wave function χn and a potential energy
curve E(a)

n (R) on which it can move. The third term is the interaction
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with the field, where we have defined the dipole coupling element between
two electronic states

D
(a)
nk (R) = 〈Φ(a)

n |D̂|Φ
(a)
k 〉r (2.28)

=
∫
dr1dr2 . . . drNe

[
Φ(a)
n (r;R)

]∗
D̂Φ(a)

k (r;R). (2.29)

We use the subscript r to indicate integration over all the electronic coordi-
nates, but not the nuclear coordinate R. The dipole coupling elements are
functions of the nuclear separation R, because the electronic wave functions
are and will in general vary as the internuclear distance is changed. The
fourth and fifth term arise because the electronic states depend on the
nuclear coordinate R, and and are therefore non-adiabatic in nature. The
two coupling terms are in general referred to as the first- and second-order
non-adiabatic coupling elements respectively as they appear in all cases
where the Hamiltonian depends on a parameter which is treated adia-
batically. In the specific case of molecules where the terms represents
the couplings between vibrational motion of the nuclei and the electronic
dynamics they are referred to as the vibronic coupling, a combination of
“vibrational” and “electronic”. The vibronic coupling makes transitions
between the adiabatic energy curves possible without the presence of an
external field, a process known as an radiationless transition, which can
be important in e.g. photochemical reactions.

Using the coupled nuclear equations that arise from the expansion of
the full wave function in a sum over electronic states are often referred to
as the N -surface model, as it describes the motion of the nuclear wave-
packets moving on the N electronic surfaces. Fig. 2.2 shows a sketch of two
examples of nuclear dynamics on the electronic potential curves. In both
cases a part of the ground state wave function is excited by an XUV pulse
onto an excited state. In (a) the excited state curve is dissociative leading
to the excited wave packet moving away from the region overlapping with
the ground state. In (b) the excited curve is binding the excited wave
packet leading to an oscillation in and out of the region overlapping with
the ground state.

An accurate description of the dynamics of the nuclear wave functions
will in general need both the adiabatic energy curves E(a)

n , the dipole matrix
elements D(a)

nk as well as the two vibronic coupling elements. Obtaining
these are no trivial matter and will be discussed later in sec. 2.3.

In the Born-Oppenheimer adiabatic approximation the two vibronic
couplings are neglected, and without the presence of the field the nuclear
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Figure 2.2: Sketch of dynamics of the nuclear wave packet excited by an
UV/XUV pulse and subsequently propagating on an excited curve. Panel
(a) shows the dynamics when the excited curve is dissociative, and the
wave packets escapes. Panel (b) shows the dynamics when the exited curve
is bounded, and the wave packet will return.

wave packets on different adiabatic curves are uncoupled. Calculating
the non-adiabatic couplings are in general not a trivial matter, and the
Born-Oppenheimer approximation is therefore often employed. The ap-
proximation works well as long as the vibronic couplings are small, which
is generally the case when the different adiabatic curves considered are
well separated, but breaks down when they approach each other. This can
most clearly been seen through the relation

〈
Φ(a)
n

∣∣∣∣∣ ∂∂RΦ(a)
k

〉
r

=

〈
Φ(a)
n

∣∣∣∂Ĥe∂R

∣∣∣Φ(a)
k

〉
r

E
(a)
n (R)− E(a)

k (R)
, for n 6= k, (2.30)

which shows that the first-order coupling element between two curves can
be very large if the two are close together. The sharp peak of the coupling
strength arise because the behaviour of the adiabatic electronic states will
dependent strongly on the internuclear distance R when the energy curves
approach each other, an effect we will consider in more detail later .

In our work we are interested in the effect of the vibronic couplings on
the ATA spectra, and we will therefore consider them in more detail, and
describe how they can be handled.

2.2.4 Use of Symmetry and Selection Rules

In atomic systems selection rules for the dipole allowed transitions can
be found by considering the symmetries of the Hamiltonian. For atoms
the system is spherical symmetric and invariant under reflection, which
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leads to selections rules based on the l and m quantum numbers, since
these labels the irreducible representations of the group of all rotations in
3 dimensional space. The atomic systems are further symmetric under the
reflection of all electronic coordinates r→ −r, leading to all states being
of definite parity. For linearly polarized light along the z-direction, the
dipole operator transform in a specific way under the symmetry operations
giving the familiar rules ∆ML = 0 and ∆L = 0,±1. Noteworthy the dipole
operator have negative parity, leading to all dipole moments between states
belonging to the same irreducible representation being zero and especially
all diagonal dipole moments vanishing. One usually adopt the notion
of states being either bright or dark with respect to another given state
depending on whether a dipole transition is allowed or not, a convention
we will use in later description of systems and spectra.

For molecules the analysis is more involved, since different molecules
posses different symmetries, but the approach is the same. One considers
the symmetry operations which leaves the electronic Hamiltonian Eq. (2.8)
invariant and classify the resulting electronic eigenstates by which irre-
ducible representation of the group of symmetries they belong to. The
dipole operator will also belong to one of the irreducible representations,
and the selections rules can be determined by the condition that the ma-
trix element 〈Φn|D̂|Φk〉 vanish unless it transforms as the fully symmetric
representation. Usually one refers to two states belonging to the same irre-
ducible representation as belonging to the same symmetry, as similar two
state of different representations being of different or opposite symmetry

An important point is that homonuclear diatomic molecules are sym-
metric under parity, and the irreducible representation therefore still being
of definite parity. For hetoronuclear systems this symmetry is broken, and
transitions between states belonging to the same symmetry are therefore
no longer forbidden, and the system can have non-negative diagonal dipole
moments.

The method of determining selection rules by use of symmetry can also
be used on other operators, as long as they belong to a specific symmetry.
Use of symmetry can therefore vastly reduce the number of computations
needed in calculations of the electronic structure, since one can ignore all
matrix elements that vanish due to symmetry. In practice most electronic
structure programs (see sec. 2.3) will not consider the full non-abelian
symmetry group of the diatomic molecules, which is C∞v for heteronuclear
systems and D∞h for homonuclear, but restrict the treatment to the largest
abelian subgroups C2h and D2h respectively.
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2.3 Obtaining Molecular Properties - Electronic
Structure Theory

The physical model for the nuclear wave functions is now established, but
for it to be useful for real systems, we need to be able to solve the adiabatic
electronic equation Eq. (2.26) to obtain the potential energy curves as
well as the dipole moments, and if significant, the vibronic couplings. The
equation depends parametrically on the nuclear coordinate. The approach
is therefore to fix the nuclei, solve the equation for several geometries and
then stitch together the properties.

An important part of theoretical quantum chemistry is to obtain these
properties using ab initio methods known collectively as electronic structure
theory. In this theory there are roughly two main approaches; methods
based on wave functions and methods based on density functional theory
(DFT). We will only give a short introduction to the former, but the latter
is also widely used. We will further give a short description of response
theory, which is a method used to obtain the molecular properties from
the ground state without the need of explicitly constructing the excited
states.

For a textbook introduction to electronic structure theory we refer to
ref. [32] and for a more advance treatment ref. [22]. For an introduction
to response theory used in electronic structure we refer to the textbook of
ref. [33] or the chapter in ref. [34].

2.3.1 Calculating the Ground State

The electronic equation Eq. (2.26) can only be solved exactly for the H+
2

molecule and similar one-electron systems, so approximate methods must
be applied. We consider here a series of ab initio wave function models
based on the variational principle.

In variational methods, one seeks wave functions that minimizes the
energy

Ee = 〈Φ|Ĥe|Φ〉
〈Φ|Φ〉 , (2.31)

as this condition determine the systems ground state. The electronic wave
function must obey the Pauli principle, and one can therefore use Slater
determinants of single-electron functions Φsd = |φp1φp2 . . . φpNe | to build
trial wave functions. The one-electron functions {φi} are called molecular
orbitals (MOs), and are usually expressed as a linear combination of a set of
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basis functions φi =
∑M
j=1 cjifj . The basis functions {fj} are referred to as

atomic orbitals (AOs), and their form are chosen based on computational
efficiency and how well they suit the problem. Gaussian functions are often
used, since the required integrals for the variational methods are easily
calculated, but numerous different sets are in use with their application
depending on the problem at hand. The number of AOs are typically much
larger than the number of electrons, and the solution will consequently
produce a number of unoccupied or virtual orbitals in addition to the
occupied MOs. These virtual orbitals have no direct physical meaning, but
can be used to generate excited configurations.

The simplest method is the Hartree-Fock (HF) method, where a single
Slater determinant is used. Variation of the energy Eq. (2.31) with respect
to the MOs yields a set of pseudo-eigenvalue equations. An iterative method
must therefore be used, and a set of solutions is called self-consistent field
(SCF) orbitals. The electron-electron repulsion is only accounted for in
an average fashion in the HF method, and the method is therefore only a
mean-field approximation.

The HF method is usually good enough to give ∼ 99% of the total
energy, but the remaining ∼ 1% is often very important for the description
of chemical and physical phenomena. The difference between the HF
energy and the lowest energy of the given basis set is therefore called the
correlation energy. The difference is due to the fact that the electron motion
is correlated and that the electrons on average are further apart than the
mean-field theory predicts. The correlation energy is usually divided into
two contributions; dynamic correlation and static correlation. Dynamic
correlation is associated with the instantaneous Coulomb repulsion between
pairs of electrons. It is short-ranged and will in general require a very
large orbital set for a accurate description. The static correlation is due
to near-degeneracies of configurations. It can be substantial at stretched
geometries, where the dissociative wave functions are described by different
configurations with similar energies. The distinction is; however, not
clear-cut and is more meant as a conceptual tool.

The HF method gives the optimal one-determinant energy in a given
basis set, and improvements must therefore come from the use of a multi-
determinant wave function. In the configuration interaction method (CI),
one uses the converged HF orbitals to generate new excited configurations
by replacing one or more of the occupied MOs by the unoccupied orbitals.
The determinants are usually referred to as singly, doubly, triply, etc.
excited determinants relative to the HF. The new trial wave function is
then a linear combination of such determinants. The orbitals are already
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optimized by the HF method, so the variation is done with respect to the
coefficients and the method is thus linear. Building the CI wave function
is a combinatorial problem and scales as a factorial. Full CI is therefore
unfeasible even for small systems, and one must truncate the expansion.
Including only the singly excited determinants yields no improvement
to the energy, since Brillouin’s theorem gives that the matrix elements
between the HF reference and singly excited states are zero. The lowest
expansion that gives an improvement is therefore the inclusion of the dou-
bly excited determinants, which are the only states that have a non-zero
matrix element with the HF.

The CI method is based on the improvement of the HF wave function,
and thus fails when the HF function is inadequate at describing the system.
This will occur when multiple configurations are important, since the HF
by its very nature is a single configuration. The multiconfigurational self-
consistent field (MCSCF) method varies the configurational coefficients
and the orbitals simultaneously, and do not introduce a bias towards
a single configuration. The downside is that the optimization is highly
nonlinear and must be solved iteratively like the HF, making it much more
complicated. Convergence is usually harder to obtain and second order
methods, such as Newton-Raphson, are often needed. The MCSCF method
describes static correlation by being a multiconfigurational method, but
does not describe the dynamic correlation very well. Because optimization
is done with respect to both the configuration coefficients and the orbitals,
the number of configurations that can be included in the MCSCF method
is much less than for CI.

To simplify the problem, one therefore introduces a smaller number of
active orbitals and uses these to build the configurations, while keeping the
other orbitals inactive. For smaller active spaces, it is then possible to do
full CI in the restricted space. This method is known as the complete active
space self-consistent field (CASSCF) method. In contrast to the HF and CI
methods, where the procedure was clearly laid out, the MCSCF methods
relies on some physical and chemical insight when choosing the active
space. The active space should include all orbitals where the occupation
number changes significantly as we scan over the different geometries, or
where the occupation number differs noticeably from two or zero.

The MCSCF method includes static correlation, but not the short-
range dynamical correlation. We are however only interested in the relative
energies, and therefore only need to consider the part of the correlation
that changes. Core electrons for example have high dynamic correlation.
This means that even though we cannot recover the dynamic correlation
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we can get lucky since typically a large contribution comes from the core
electrons which are unchanged under variations of the geometry.

MCSCF is one of the few methods that allows direct calculation of
excited states, but calculations are often problematic and convergence can
be difficult to achieve. In the simplest approach optimization is done on
the individual states, and orthogonality can therefore not be guaranteed.
Instead one can do a state average by considering an ensemble energy
consisting of a weighted average of energies

Eavg =
∑
I

ωIEI . (2.32)

Optimization of this energy will result in identical orbitals but different
configuration coefficients for the different states and orthogonality between
states is retained.

2.3.2 Response Theory
By using the variational methods of one of the methods above it is possible
for a given nuclear geometry to obtain the electronic ground state. Some
method, such as the MCSCF, also allows the construction of excited state.
There exists another approach to obtain excited properties such as energies
and dipoles, which can be done without explicitly computing the excited
state wave functions. In response theory one considers how the ground
state is perturbed by the presence of an external field, and uses the way
the ground state responds to calculate properties not only of the ground
state but also of the excited states.

By using an electric field as the external perturbation, it is possible to
obtain both the electric dipole moments between the ground and the excited
states using linear response and the dipole moments between excited state
by going to quadratic order. Response theory also gives a method to get
the excited state energies. For MCSCF this is readily implemented in the
Dalton program [35, 36].

Obtaining the vibronic couplings through response methods was part
of the aim of a research stay at the Arctic University of Norway in Tromsø
at the Theoretical Quantum Chemistry group of Professor Kenneth Ruud
during the spring of 2019. The group is involved in the development of a
library for calculation of molecular properties using response theory with
DFT [37]. Calculation of the vibronic couplings is however not as straight
forward is e.g. the dipole moment. Calculations of vibronic couplings
between the ground state and an excited state are available, but further
research is needed for the implementation couplings between excited states.



2.3 Obtaining Molecular Properties - Electronic Structure Theory 19

2.3.3 Stitching Curves Together and the Problem of Sign

The electronic structure methods used to calculate the ground state and the
subsequent response theory to obtain the additional molecular properties
are all done for a fixed molecular geometry, but for the description of the
nuclear dynamics the properties are needed for a wide range of internuclear
distances. At first glance this may seem as a simple task, one just repeats
the calculation at several different geometries, however certain important
aspects should be noted. Calculations of the electronic energies and
properties for a wide range of different geometries is however not a trivial
task. Different methods and basis sets are usually optimized to describe
different regimes to save on computation time, and the need of an accurate
results over the full range of internuclear distances will lead to both more
expensive and more involved calculations.

Calculations of the properties at different geometries are independent
in nature, and, even if one uses preceding converged wave functions as
initial inputs, the wave function at neighbouring points does not in general
share a common phase. Since the Hamiltonian for the molecular system is
real, the corresponding wave functions can be assumed real as well and
the phase difference reduces to a difference of sign between the functions.

For the ground and excited state energies this is not a problem, since
energies are invariant under a change of sign of the wave functions |Φk〉 →
− |Φk〉

Ek = 〈Φk|Ĥe|Φk〉 → (−1)2 〈Φk|Ĥe|Φk〉 = Ek, (2.33)

as they arise as diagonal matrix elements. For converged results the poten-
tial energy curves will therefore be continuous functions as the internuclear
distance is varied.

For the dipole moments, and the vibronic couplings, we are also in-
terested in off-diagonal elements, where a change of sign of one state
|Φk〉 → − |Φk〉 will give a change of sign of the property

Dnk = 〈Φn|D̂|Φk〉 → −〈Φn|D̂|Φk〉 = −Dnk. (2.34)

Plotting the resulting dipolemoments, or vibronic couplings, will therefore
in general lead to highly discontinuous curves that jump between positive
and negative values.

If the properties could be assumed not to cross the horizontal line, one
could just use the absolute value. For the dipoles, however, the behaviour
can be quite complex and taking the absolute value will not be sufficient.
The presence of avoided crossings (see sec. 2.4.1) will further complicate
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the behaviour, since the rapid change of the electronic wave functions at
the crossings will lead to a large change in the dipole elements.

One also have to be careful when correcting the sign between different
geometries to make sure this is done in a consistent matter. Since the
change of sign of the dipole, and other properties, in the end comes from
the sign of the electronic states, there is a mutual shared sign one has to
consider. As mentioned above, the change in sign of a single electronic
state will change the signs of all properties coming from an off-diagonal
matrix element involving the given state. Correcting the sign of a single
dipole curve will therefore introduce a discrepancy unless all other curves
coming from the state are changed as well.

In the adiabatic two- and three-level models, which we will describe
in sec. 2.5, where the two incoming fields are treated to second order the
dipole moments only enters as squares and the problem of mutual sign
is therefore not important. However, a small numerical test on He has
shown a visible effect if one assigns random signs, whether this comes from
higher order effects or the interplay of multiple levels was not investigated.
The effect of the latter can be seen from the semi-analytical results of the
multi-level model, where the sign of the dipole moments does matter when
working to second order, see Eq. (2.105) and Eq. (2.106).

One way to approach the problem of mutual sign, is to initial disre-
gard the problem and focus on making the dipole moments continuous.
Afterwards one can then choose a single geometry and use the mutual
signs obtained at that point. The problem remaining is thus to construct
continuous curves from the discontinuous data from the electronic structure
calculations. For well behaved curves this is quite unproblematic and one
can use linear extrapolation. However, as mentioned above, the presence of
the avoided crossings can complicated the process. Automation is therefore
difficult, and in practice some work must be done by hand.

The simplest solution to the problem of sign and calculation of the
dipole moments, is to circumvent the problem by considering transitions
to occur mainly through the Franck-Condon window and therefore use a
constant value, e.g. the one found at the ground state minima, for the
dipoles. This approximations is a good description for all the coupling to
the ground state, both the initial excitation by the XUV as well as the
main contribution to the signal which comes from the dipole moment of
the ground state with the excited wave packets. It does not necessary
capture the interaction between the excited states at the same precision,
but due to the fact that most of the population being in the ground state
this is could still constitute a good approximation.
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2.4 The Adiabatic and Diabatic Representations
In the description of the molecular system above in sec. 2.2.3 we considered
the adiabatic representation, where the full wave function of the system
was expanded in the adiabatic electronic states obtained from the electronic
Hamiltonian Eq. (2.26), and subsequently could describe the nuclear motion
by wave packets moving on the adiabatic potential energy surfaces. For
ease of reading we repeat here the resulting Schrödinger equation for the
nuclear wave functions Eq. (2.27)

iχ̇(a)
n (t, R) =

(
− 1

2µ
∂2

∂R2 + E(a)
n (R)

)
χ(a)
n (t, R)− F (t)

N∑
k=1

D
(a)
nk (R)χ(a)

k (t, R)

− 1
2µ
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〈
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∂
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〈
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n
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∂R2 Φ(a)
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)
χ

(a)
k (t, R).

(2.35)

As discussed earlier the electronic Hamiltonian, and therefore the
adiabatic states and potential energy curves, depends parametrically on
the nuclear geometry through the internuclear distance R, and this leads
to the two vibronic coupling terms involving the two matrix elements

Pnk(R) =
〈

Φ(a)
n

∣∣∣∣∣ ∂∂RΦ(a)
k

〉
r

, Qnk(R) =
〈

Φ(a)
n

∣∣∣∣∣ ∂2

∂R2 Φ(a)
k

〉
r

. (2.36)

The couplings arise as the adiabatic electronic states change due to the
geometry, coupling the electronic and nuclear degrees of freedom, and they
therefore measure the non-adiabatic interaction.

The electronic Hamiltonian in Eq. (2.8) is real, and the corresponding
adiabatic electronic states can therefore be chosen to be real valued, which
further means that the first- and second-order matrix elements Pnk and
Qnk are real as well. In this case Pnk can further be shown to be skew-
symmetric Pnk = −Pkn, and therefore especially zero along the diagonal
Pnn = 0. There is then no diagonal vibrational coupling coming from the
first-order element, and the diagonal contribution from the second-order
term Qnn can in principle be included as a change to the adiabatic potential
energy, since it only depends on the nuclear coordinate and not the nuclear
momentum. Usually the effect on the shape of the potential energy is so
small that it can be neglected [38].

The terms of interest are therefore the off-diagonal couplings which
can transfer population of the nuclear wave packets between different
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potential energy curves without the presence of an external field. The
first-order coupling contains the matrix element Pnk(R), which depends
on the nuclear coordinate and the nuclear momentum. This clearly shows
the non-adiabatic nature of the coupling, as a slow moving wave packet
with low momentum could pass through an area of significant coupling
without much effect. As was shown in Eq. (2.30) the matrix element Pnk
between different electronic states is inversely proportional to the distance
in energy between the two adiabatic potential energy curves

Pnk(R) =

〈
Φ(a)
n

∣∣∣∂Ĥe∂R

∣∣∣Φ(a)
k

〉
r

E
(a)
n (R)− E(a)

k (R)
. (2.37)

Due to the dependence on the difference between the energy curves the
matrix elements grows rapidly for curves close together and approaches an
infinite coupling in the limit where they touch. Fortunately the latter will
not happen for diatomic molecules due to the noncrossing rule which we
will discuss in more detail in the next section.

The second-order coupling Qnk(R) is only dependent on the nuclear
coordinate R and not the momentum, and is therefore independent on how
quickly the wave packets move. We will not give more attention to the
second-order term, as we later consider another representation where the
couplings are transformed away and were only information of the first-order
matrix element is needed, see sec. 2.4.2.

2.4.1 Avoided crossings and the noncrossing rule

As we saw earlier in Eq. (2.37) the first-order vibronic coupling grows as
the inverse of the energy distance between the two adiabatic curves. This
could in principle lead to an infinite coupling for intersecting curves, but
due to the noncrossing rule this can in general not happen for diatomic
molecules.

The noncrossing rule was originally described by von Neumann and
Wigner [39] and it gives a condition for when two adiabatic curves can
intersect and when this will not be possible. For a textbook description we
refer to ref. [29] and ref. [40], both on which the argument below is based.

Let us consider here for simplicity two potential energy curves E1(R)
and E2(R) that are very close, but not equal, at the internuclear distance
R0. At R0 the energies E0

1 = E1(R0) and E0
2 = E2(R0) are eigenvalues of

the electronic Hamiltonian Ĥe,0 = Ĥe(R0) with corresponding eigenstates
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Φ0
1 and Φ0

2, which can be assumed real again because the electronic Hamil-
tonian is real valued. At a neighbouring geometry R0 + ∆R the electronic
Hamiltonian is

Ĥe(R0 + ∆R) ≈ Ĥe(R0) + ∆R∂Ĥe

∂R
= Ĥe,0 + Ĥ ′. (2.38)

The change in the internuclear distance introduces a perturbation Ĥ ′,
which alters the energy levels such the the difference in energy is now

E2(R0+∆R)−E1(R0+∆R) =
√

(E0
2 +H ′22 − E0

1 −H ′11)2 + 4H ′212. (2.39)

The conclusion is then, that the two adiabatic curves can only intersect
if E0

2 +H ′22 − E0
1 −H ′11 = 0 and H ′12 = 0. As the electronic Hamiltonian

and electronic states are all real, the matrix elements of the perturbation
H ′nk = 〈Φ0

n|Ĥ ′|Φ0
k〉r are real as well, and we are left with two independent

conditions.
For diatomic molecules there is only one parameter, i.e. the internuclear

distance R, and it will in general not be possible to satisfy both conditions
simultaneously and the curves will therefore never intersect. For systems
with two parameters the conditions can in general be met at a single point,
leading to conical intersections of the adiabatic surfaces. In polyatomic
molecules, where there are many more parameters, the conditions are easily
satisfied and there can therefore be intersections not only at points but
also as curves or of higher dimensional surfaces.

Intersections in diatomic molecules can however happen if the off-
diagonal matrix element H ′12 vanishes identically. This will happen when
the two adiabatic states considered belong to different symmetries of the
symmetry group of the system. The non-crossing rule therefore states
that the avoided crossings only occur between states belonging to the
same symmetry, but that curves stemming from different symmetry can
cross. Similarly the same matrix element appears in the expression for the
vibronic coupling Eq. (2.37), and the coupling is therefore only present
between states of the same symmetry.

The argument given above considers only the interaction of two states.
A more rigorous proof is given in ref. [41] where the rule is proven in
general. An important detail is however that the result is not a strict rule,
it is possible by chance that the two conditions are satisfied at the same
distance without the help of symmetry, but this is highly unlikely and for
all intents and purposes it is impossible. In the language of probability
theory, one would say that the rule holds almost surely.
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For the diatomic molecules the noncrossing rule removes the divergence
of the vibronic couplings since the term is only present between states of the
same symmetry where crossings are avoided. However the vibronic coupling
still contain both the nuclear coordinate and the nuclear momentum, and
we will in the next section consider an alternative representation.

2.4.2 Transforming to the diabatic representation
When we expanded the full wave function of the molecule in Eq. (2.25) we
chose to do this in the adiabatic electronic states defined by the electronic
Hamiltonian Eq. (2.26), but we could just as well have used any other
basis to represent the state

Ψ(r, R, t) =
N∑
k=1

χ
(a)
k (t, R)Φ(a)

k (r;R) (2.40)

=
N∑
k=1

χ
(d)
k (t, R)Φ(d)

k (r;R). (2.41)

The set of nuclear wave functions in the new representation are related to
the ones in the adiabatic representation through a unitary transformation

χ
(a)
k (r;R) =

N∑
j=1

Ukj(R)χ(d)
j (r;R) (2.42)

with Ukj = 〈Φ(a)
k |Φ

(d)
j 〉r. In the adiabatic transformation the electronic

states are chosen to satisfy the electronic Hamiltonian, which makes the
potential energy curves diagonal, but introduces off-diagonal terms in the
kinetic energy due to the non-adiabaticity of the electronic states.

Since we are working with finite sums, it can be advantageous to write
the nuclear equations Eq. (2.35) in matrix form

iχ̇(a) =
[
− 1

2µ

(
I ∂2

∂R2 +2P(R) ∂
∂R

+Q(R)
)

+V(a)(R)−F (t)D(a)(R)
]
χ(a),

(2.43)
where we introduce the diagonal adiabatic potential matrix V

(a)
nk (R) =

Ek(R)δnk, the nuclear wave function vector χ(a) = (χ(a)
1 , χ

(a)
2 , . . . , χ

(a)
N )T

and use Pnk and Qnk as defined in Eq. (2.36). The unitary transform
between the nuclear function Eq. (2.42) similarly becomes

χ(a) = Uχ(d). (2.44)
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The nature of the vibronic couplings make them ill suited for numerical
integration of the equations around the avoided crossings. They grow
rapidly around the crossings and they mix the nuclear coordinate and
momentum, where the later cannot be treated by our propagation scheme
(see sec. 3.2.1).

Using the transformation of Eq. (2.44) the coupled equations for the
nuclear wave functions in the new representation becomes

iχ̇(d) =
(
− 1

2µI ∂2

∂R2 + U†V(a)U
)

χ(d) − F (t)U†D(a)Uχ(d)

− 2 1
2µU†

(
∂

∂R
U + PU

)
∂

∂R
χ(d)

− 1
2µU†

(
∂2

∂R2 U + 2P ∂

∂R
U + QU

)
χ(d). (2.45)

The first three terms describe a simpler Schrödinger equation with diagonal
kinetic energy, a transformed potential energy and a transformed coupling
to the field, while the two other terms are the transformed first- and second
order vibronic couplings respectively.

Up until now the new basis set, and therefore the unitary transform,
has been arbitrary, but we will now use a particular choice to transform
away the vibronic couplings. If we choose the transform to satisfy the
equation [27]

∂

∂R
U + PU = 0, (2.46)

we can remove the first-order coupling, and if the basis is complete one
can further show that

∂2

∂R2 U + 2P ∂

∂R
U + QU = 0, (2.47)

which removes the second-order term as well. Due to this last relation,
we only need to know the first-order coupling in order to calculate the
transformation matrix. In our case however we use a truncated basis, and
the second equation is then only approximately true, but valid as long as
the first-order couplings to the neglected levels are small.

Using the basis defined by Eq. (2.46) we obtain the so-called diabatic
representation, where the Schrödinger equation reads

iχ̇(d) =
(
− 1

2µI ∂2

∂R2 + V(d) − F (t)D(d)
)

χ(d), (2.48)
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with the transformed diabatic potential

V(d) = U†V(a)U (2.49)

and diabatic dipole moments

D(d) = U†D(a)U. (2.50)

Or in non-matrix form

iχ̇(d)
n (t, R) =

N∑
k=1

(
− 1

2µδnk
∂2

∂R2 + V
(d)
nk (R)

)
χ

(d)
k (t, R)

− F (t)
N∑
k=1

D
(d)
nk (R)χ(d)

k (t, R). (2.51)

The adiabatic representation was defined by having the electronic states
being solutions to the electronic time-independent Schrödinger equation,
making the adiabatic potential energy diagonal by design, but introducing
off diagonal terms in the kinetic energy, the first- and second-order vibronic
couplings, coming from the non-adiabaticity as the states change with
the geometry. The diabatic representation on the other hand removes
the off-diagonal kinetic terms making it more suitable for our numerical
propagation of the nucelar dynamics, but it comes at the price of the
potential energy no longer being diagonal.

2.4.3 An illustrative example of two adiabatic and diabatic
curves

In this section we consider for simplicity a system consisting of two curves
with a vibronic coupling and an avoided crossing. The system of only two
curves is the simplest one can consider, but is still useful to illustrate the
underlying aspects.

In an ab initio treatment of a real physical system, the approach is
to obtain the properties of the molecule in the adiabatic representation
through electronic structure theory calculation and transform these to the
diabatic representation for simulating of the nuclear dynamics. In the case
of model systems, as we will consider later in chap. 5, it is easier to start
by defining the curves and couplings in the diabatic representation and
transform to the adiabatic properties to see whether they resemble the
properties of a real system.
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For a system of two curves the diabatic potential matrix is of the form

V(d) =
[
V

(d)
11 V

(d)
12

V
(d)

12 V
(d)

22

]
, (2.52)

where we have assumed real electronic states such that matrix elements are
all real and V (d)

12 = V
(d)

21 . We can diagonalize the 2× 2 matrix analytically
at each value of the internuclear distance R to obtain the adiabatic curves

V
(a)

1 = V
(d)

11 + V
(d)

22
2 − 1

2

√[
V

(d)
22 − V

(d)
11

]2
+ 4

[
V

(d)
12

]2
(2.53)

V
(a)

2 = V
(d)

11 + V
(d)

22
2 + 1

2

√[
V

(d)
22 − V

(d)
11

]2
+ 4

[
V

(d)
12

]2
. (2.54)

In the limit of vanishing off-diagonal coupling V (d)
12 → 0 the adiabatic curves

reduce to the diabatic with the correspondence depending on the sign of
V

(d)
22 − V

(d)
11 . This behaviour results in the adiabatic curves transforming

from one diabatic state to the other over the range of the crossing. At the
crossing point Rc of the two diabatic curves, we have V (d)

11 (Rc) = V
(d)

22 (Rc)
and therefore get the splitting of the avoided crossing of the adiabatic
curves to be

∆V (a)
21 (Rc) = V

(a)
2 (Rc)− V (a)

1 (Rc) = 2
∣∣∣V (d)

12 (Rc)
∣∣∣. (2.55)

Fig. 2.3 shows an illustration of two crossing diabatic curves and the
resulting adiabatic curves calculated through Eq. (2.53) and Eq. (2.54)
assuming a constant off-diagonal diabatic coupling. The figure clearly
shows how the adiabatic curves initially agree with the diabatic before the
crossing, repel at the crossing point leading to the avoided crossing and
ends up agreeing with the opposite diabatic curve on the other side away
from the crossing point.

For the system of two curves the transformation matrix Eq. (2.44) can,
with the right boundary conditions, be chosen as a rotation matrix

U(R) =
[

cosα(R) sinα(R)
− sinα(R) cosα(R)

]
, (2.56)

where α(R) is the mixing angle. It can be shown [27] that the first-order
vibronic matrix element P12 can be found as the derivative of the angle

P12(R) = ∂

∂R
α(R). (2.57)
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Figure 2.3: Illustration of diabatic (full gray lines) and adiabatic (dotted
black lines) curves for a simple two-level model with diagonal diabatic
terms depending linearly on the distance R and a constant off-diagonal
diabatic coupling V (d)

12 .

For the simplified case where the off-diagonal element is constant the
vibronic coupling P12 can be found to be

P12(R) = V
(d)

12[
V

(d)
22 − V

(d)
11

]2
+
[
2V (d)

12

]2 ∂

∂R

(
V

(d)
22 − V

(d)
11

)
. (2.58)

For the case where the diagonal diabatic curves are linear, such that
the derivative of their difference is constant, the coupling is given by
a Lorentzian. If the curves are only approximately linear the coupling
will still be mostly Lorentzian, but with a change to the amplitude, and
similarly if the diabatic coupling V (d)

12 is only changing slowly over the
area of the crossing, the coupling P12 mostly keeps its Lorentzian form.
The Lorentzian form of the coupling is in agreement with what has been
observed in the litterature (see ref. [42] and ref. [43]), and what we observe
from numerical studies in the model system considered in chap. 5.

In Fig. 2.4 we show in (a) the adiabatic and diabatic curves, (b) the
mixing angle and (c) the vibronic coupling P12 for the curves in Fig. 2.3
for a larger interval of the internuclear distance. For the potential energy
curves we see even more clearly how the diabatic and adiabatic curves will
agree far away from the coupling. This is further manifested in the mixing
angle which smoothly changes from α = 0 to α = −π/2 as it passes over
the crossing point, corresponding to the curves switching. Fig. 2.4 also
shows how the coupling is most important at the crossing, and falls of
quickly has the curves move away from each other.
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Figure 2.4: (a) Diabatic and adiabatic curves. (b) Mixing angle of trans-
formation matrix α(R). (c) First-order vibronic coupling matrix element
P12(R). Dashed box corresponds to the interval of internuclear distance R
in Fig. 2.3.

Another useful tool in the analysis of the nuclear dynamics at the
crossing is the Landau-Zener formula [44]

Prob(1→ 2) = 1− e−2πq, (2.59)

which gives the probability of a transition from the first to the second
diabatic state for a trajectory passing through the crossing. The formula
is derived in a semiclassical model, where the diabatic coupling is assumed
to be constant over the region where the transition occurs. The constant q
is proportional to the square of the energy separation Eq. (2.55)

q =

[
V

(d)
12

]2
|a|

, (2.60)

and inversely proportional to the parameter

a =
{
∂

∂R

[
V

(d)
22 − V

(d)
11

]∂R
∂t

}
, (2.61)
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which depends linearly on the “velocity” ∂R/∂t of the classical path through
the crossing. The interpretation of Eq. (2.59) is that a slow moving wave
packet (q � 1) will have a large probability of changing diabatic states,
or stay on the same adiabatic state, and that a fast moving wave packet
(q � 1) will have a small probability of staying on the same diabatic state,
or changing adiabatic state. The velocity of the nuclear wave packet should
be compared with the energy separation of the adiabatic curves and the
slope of the diabatic curves to determine which regime is valid.

Using the relation between the adiabatic and diabatic curves at the
crossing Eq. (2.55), we see that the amplitude of the vibronic coupling is
inversely proportional to the diabatic coupling at the crossing,

P12(Rc) =

〈
Φ(a)

1

∣∣∣∂Ĥel∂R

∣∣∣Φ(a)
2

〉
2
∣∣∣V (d)

12

∣∣∣ . (2.62)

We note therefore that there are two ways of describing the strenght of
the coupling between the two curves. Either through the strength of
the vibronic coupling P12, which acts in the adiabatic representation, or
through the strength of the diabatic coupling V

(d)
12 , which acts in the

diabatic representation. But since these are (roughly) inverse proportional
to each other, it is most clear if we stick to one convention. When we
consider our model system in chap. 5, we construct the curves initially in the
diabatic representation and transform these to the adiabatic representation,
where we will further completely neglect the vibronic coupling, and it is
therefore most natural for us to chose the diabatic representation as our
standard convention.

2.5 Fundamental Features of the ATA spectra
The spectrograms of ATAS contain multiple features that characterize the
different underlying processes in the system. In the case of atoms, the
dynamics are simpler and more analytical result can be obtained. Many of
the same features are nonetheless also present for the more complicated
case of molecules, and the features can be described by similar processes.
There is, however, a significant difference between the atomic and molecular
systems, since the nuclear motion must be taken into account in the case
of a molecule and can not be neglected if one wants the full picture [19].

The shape of the potential energy curves of the system plays an im-
portant role, since it determines the movement of the excited nuclear
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wave packet as we illustrated in Fig. 2.2. For dissociative excited curves
the excited wave packet will move towards larger values of the nuclear
coordinate R, and thereby move outside the Franck-Condon window of
the ground state. This will effectively cut-off the dipole moment between
ground and excited state, and will lead to broadening of the features, since
the dipole now has less time to establish a signal.

The central features of the ATA spectra include the main absorption
lines coming from direct transitions between the ground and a excited
curve, hyperbolic sidebands along the main line [11], oscillating fringes [45]
and the light-induced structures (LIS) [11, 20]. The sidebands are usually
present at large negative delays, where the delay dependent signal stemming
from a “waiting” time of the state excited by the XUV until the later
arrival of the IR. The oscillating fringes are signals coming from quantum
interferences between pathways of a direct excitation of the XUV with and
initial excitation of the XUV and subsequent two IR photon absorption.
The fringes will therefore be seen for negative delays, where the XUV arrives
before the IR. The LIS are the result of non-linear processes stemming from
the absorption of a XUV photon and the absorption or emission of a IR
photon. The processes needed for the LIS involve both the XUV and the
IR fields and can therefore only be seen in the part of the spectrum when
the two pulses have a temporal overlap. Work on the LIS have previously
been focused on atoms and homonuclear molecules, where the inversion
symmetry forbids transitions between vibrational levels belonging to the
same parity. In polar molecules this inversion symmetry is broken, leading
to a change of the LIS and the creation of an additional ladder feature.

In the following we will present a series of simple models used to
describe the different feature. The initial three-level model was proposed
in ref. [11]. We adapted this to a two-level model to describe the features
in a polar system in ref. [1], and will further extend it to describe multiple
levels, which will be used later in the analysis of chap 5

2.5.1 Adiabatic Three-level Model

In ref. [11] an adiabatic three-level model was used to described the features
of the ATA spectrum in an atomic system. We note here that “adiabatic”
in this section, refers to the slow change of the dressed states with respect
to the IR field, and not with the change of the internuclear distance, which
is what was discussed earlier in sec. 2.2.3 and in sec. 2.4.

In the model the IR pulse is assumed to be slowly varying, such that
the system follows the field adiabatically and the XUV field is assumed to
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Figure 2.5: Sketch of the three-level system consisting of; a ground state
|ψg〉, a bright state |ψb〉 and a dark state |ψd〉. The XUV pulse can couple
the ground with the bright state, and the IR pulse can couple the bright
and dark state.

be weak, such that it can be treated as a perturbation to first order. In
the original formulation the three levels were atomic levels, but they could
also be some of the vibrational levels of a molecule.

The three-level model consists, as the name suggest, of three separate
levels; a ground state |ψg〉, and two excited states |ψb〉 and |ψd〉. The
excited state |ψb〉, denoted the bright state, is coupled with the ground
state through a dipole allowed transition, while the other excited state
|ψd〉, the dark state, have no dipole allowed coupling with the ground state.
We further assume that transitions between the bright and dark states is
dipole allowed. See Fig. 2.5 for a sketch of the system.

The system starts in the ground state, and since we only consider the
weak XUV pulse to first order, the XUV can effectively only couple the
ground state and the bright state. The IR field is not strong enough to
couple the excite state to the ground state through a multiphoton process,
but it can couple the two excited states with each other. The effective
Hamiltonian can therefore be written in the basis of the field-free states as

Ĥ = Ĥ0 − FIRD̂ − FXUVD̂ ≈

 0 −FXUVDgb 0
−FXUVDgb Eb −FIRDbd

0 −FIRDdb Ed

 ,
(2.63)

where Dgb = 〈ψg|D̂|ψb〉 and Dbd = 〈ψb|D̂|ψd〉 are the only non-zero dipole
moments.

Assuming that the system follows the slowly varying IR field adiabati-
cally, we will express the full wave function with respect to the adiabatic
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states defined by the time-independent Schrödinger equation[
Ĥ0 − FIR(t)D̂

]
|ψka(t)〉 = Eka(t) |ψka(t)〉 . (2.64)

As mentioned above we assume that the IR field only couples the two
excited states, and the adiabatic Hamiltonian can therefore be written in
the basis of the field-free states as

[
Ĥ0 − FIRD̂

]
=
[

Eb −FIRDbd

−FIRDbd Ed

]
. (2.65)

This Hamiltonian can be diagonalized exactly yielding the adiabatic ener-
gies

Eba = 1
2
{
Ed + Eb −

√
(Ed − Eb)2 + 4D2

bdF
2
IR

}
(2.66)

Eda = 1
2
{
Ed + Eb +

√
(Ed − Eb)2 + 4D2

bdF
2
IR

}
(2.67)

and the corresponding adiabatic states

|ψba〉 = Ed − Eba√
D2
bdF

2
IR + (Ed − Eba)2

|ψb〉+ DbdFIR√
D2
bdF

2
IR + (Ed − Eba)2

|ψd〉

(2.68)

|ψda〉 = −DbdFIR√
D2
bdF

2
IR + (Eda − Eb)2

|ψb〉+ Eda − Eb√
D2
bdF

2
IR + (Eda − Eb)2

|ψd〉 .

(2.69)

The exact energies and states can be used to validate the model through
numerical analysis, which was done in ref. [11].

To get analytical results for the response function we need simpler
expressions, and we will thus restrict ourselves to work to second order in
the IR field. This can be obtain either by expanding the exact equations
above, or by using second order time-independent perturbation theory
directly on the Hamiltonian, both yielding the same result. The former
has the advantage that the expansion can more easily be compared with
a numerical solution of the exact equation, but requires that an exact
solution can actually be found. Perturbation theory on the other hand,
has the advantage of not needing an exact solution as a starting point
and can therefore be used later when we expand the model from three
to multiple levels. Most textbooks stop their treatment of perturbation



34 Chapter 2 · Main Theory

theory at second order for the energy and first order for the states, but
an expression for the second order states can be found in ref. [40]. We
note that our use of time-independent perturbation theory is in accordance
with the approximation that the states follow the IR field adiabatically.

To second order in the IR field the adiabatic energies are

Eba(t) = Eb −
D2
bdF

2
IR(t)

Ed − Eb
and Eda(t) = Ed + D2

bdF
2
IR(t)

Ed − Eb
. (2.70)

To zero order in the field the energies reduces, as expected, to the field free
energies. There is no linear term, but there is a second order term coming
from the coupling between the bright and dark state. The corresponding
eigenstates to second order are

|ψba〉 ≈
(

1− 1
2

D2
bdF

2
IR

(Ed − Eb)2

)
|ψb〉+ DbdFIR

Ed − Eb
|ψd〉 (2.71)

|ψda〉 ≈ − DbdFIR
Ed − Eb

|ψb〉+
(

1− 1
2

D2
bdF

2
IR

(Ed − Eb)2

)
|ψd〉 . (2.72)

As was the case for the energies, the states reduces to the field free states
at zero field. For the states there is both a linear term, mixing the dark
state into the bright states and vice versa, as well as a quadratic term
altering the field-free state further.

Using the adiabatic IR-dressed states we write the following ansatz for
the wave function of the full system

|Ψa〉 = ag(t) |ψg〉+ ab(t)e−i
∫ t
τ
dt′Eba |ψba(t)〉+ ad(t)e−i

∫ t
τ
dt′Eda |ψda(t)〉 .

(2.73)
Inserting this ansatz into the time-dependent Schrödinger equation with
the full Hamiltonian Eq. (2.63), we get the following equations for the
expansion coefficients

ȧb = iFXUV 〈ψba|D̂|ψg〉 ei
∫ t
τ
dt′Ebaab (2.74)

− 〈ψba|ψ̇ba〉 ab − 〈ψba|ψ̇da〉 e−i
∫ t
τ
dt′Eda−Ebaad (2.75)

ȧd = iFXUV 〈ψda|D̂|ψg〉 ei
∫ t
τ
dt′Edaag (2.76)

− 〈ψda|ψ̇ba〉 ei
∫ t
τ
dt′Eda−Ebaab − 〈ψda|ψ̇da〉 ad. (2.77)

The first term describes the interaction with the XUV field between the
ground state and the two states dressed by the IR field, while the last two
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terms contain the non-adiabatic terms, which measures the change of the
dressed states with respect to the change in the IR field over time. The
term containing 〈ψba|ψ̇ba〉 or 〈ψda|ψ̇da〉 is zero in our case since the dressed
states are real, and the second term can be rewritten as

〈ψba|ψ̇da〉 = − ḞIR 〈ψba|D̂|ψda〉
Eda − Eba

(2.78)

〈ψda|ψ̇ba〉 = ḞIR 〈ψda|D̂|ψba〉
Eda − Eba

, (2.79)

by taking the time-derivative of the Schrödinger equation defining the
adiabatic states in Eq. (2.64). Neglecting these two terms constitute the
adiabatic approximation [31], and it is justified since the IR field is assumed
to vary slowly compared to the energy gap between the two states, i.e.
that the change of the IR field over time is small compare to the dynamics
of the states. Keeping only the first term in the two equations for the
expansion coefficients and working to first order in the XUV field, with the
initial condition that the system is purely in the ground state, we finally
get the simplified equations

ȧ
(1)
b = iFXUV 〈ψba|D̂|ψg〉 ei

∫ t
τ
dt′Eba (2.80)

ȧ
(1)
d = iFXUV 〈ψda|D̂|ψg〉 ei

∫ t
τ
dt′Eda . (2.81)

The time-dependent dipole moment of the wave function Eq. (2.73)
can be written, working only to first order in the coefficients, i.e. to first
order in the XUV field

〈D〉a =a(1)
b 〈ψg|D̂|ψba〉 e

−i
∫ t
τ
dt′Eba + a

(1)
d 〈ψg|D̂|ψda〉 e

−i
∫ t
τ
dt′Eda (2.82)

+
[
a

(1)
b

]∗ 〈ψba|D̂|ψg〉 ei ∫ tτ dt′Eba +
[
a

(1)
d

]∗ 〈ψda|D̂|ψg〉 ei ∫ tτ dt′Eda .
(2.83)

To calculate the response function Eq. (2.5) we need to take the Fourier
transform of the dipole. The expression can be simplified, by noting that
exponentials with positive phases will correspond to positive frequencies
after the Fourier transform, while negative phases gives negative frequencies.
The response function Eq. (2.5) is only evaluated for positive frequencies,
and the negative frequencies in the dipole can therefore be ignored. We
are then left with the expression

〈D〉a =
[
a

(1)
b

]∗ 〈ψba|D̂|ψg〉 ei ∫ tτ dt′Eba +
[
a

(1)
d

]∗ 〈ψda|D̂|ψg〉 ei∫ tτ dt′Eda .
(2.84)
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Remembering that the ground state |ψg〉 only couples to the field-free
bright state |ψb〉, we get to second order in the IR field the two matrix
elements

〈ψba|D̂|ψg〉 ≈ dgb

(
1− 1

2
D2
bdF

2
IR

(Ed − Eb)2

)
(2.85)

〈ψda|D̂|ψg〉 ≈ −Dgb
DbdFIR

(Ed − Eb)
. (2.86)

Similarly we can expand the exponential of the adiabatic energies

ei
∫ t
τ
dt′Eba ≈

(
1− i D2

bd

Ed − Eb

∫ t

τ
dt′F 2

IR(t′)
)
eiEb(t−τ) (2.87)

ei
∫ t
τ
dt′Eda ≈

(
1 + i

D2
bd

Ed − Eb

∫ t

τ
dt′F 2

IR(t′)
)
eiEd(t−τ). (2.88)

We have now established the adiabatic model, and the differential
equations Eq. (2.80) and Eq. (2.81) can be solved numerically by using
the approximative results Eq. (2.70), Eq. (2.85) and Eq. (2.86). This was
done in ref. [11] to validate the model, and will not be repeated here.

To get an analytical expression instead, we used the further approx-
imation that the short XUV pulse can be written as a delta function in
time

FXUV(t− τ)→ γδ(t− τ), (2.89)

where the constant γ is related to the intensity of the field. The approxi-
mation is valid if the duration of the XUV is much shorter compared to the
change of the IR field and the natural time scale of the field-free system.

Solving the equations for the coefficients Eq. (2.80) and Eq. (2.81) can
now be done exactly and yields

a
(1)
b =

∫ t

τ
dt′ȧ

(1)
b = iγθ(t− τ)Dgb

(
1− 1

2
D2
bdF

2
IR(τ)

(Ed − Eb)2

)
(2.90)

a
(1)
d =

∫ t

τ
dt′ȧ

(1)
d = −iγθ(t− τ)Dgb

DbdFIR(τ)
(Ed − Eb)

, (2.91)

whith θ(t − τ) being the Heaviside step function. We consider the two
terms of the dipole moment in Eq. (2.84) separately, since it will later be
clear that they correspond to different features.
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Figure 2.6: Sketch of the processes that gives rise to the three different
main features of ATAS spectra. (a) Hyperbolic sidebands centered around
the main absorption line of the bright state. (b) Oscillating fringes centered
two IR away from the main absorption line of the bright state. (c) LIS
centered one IR away from the dark state. We note that both the bright
and the dark states are necessary for all of the three features to be present.

For the first term, describing the interaction between the ground state
and the IR dressed bright state, we have

〈D〉a1 =
[
a

(1)
b

]∗ 〈ψba|D̂|ψg〉 ei ∫ tτ dt′Eba (2.92)
≈ −iγθ(t− τ)D2

gbe
iEb(t−τ)

×
(

1− 1
2
D2
bd

[
F 2

IR(t) + F 2
IR(τ)

]
(Ed − Eb)2 − i D2

bd

Ed − Eb

∫ t

τ
dt′F 2

IR(t′)
)
,

(2.93)

to second order in the IR field. To calculate the response function we need
the Fourier transform of the dipole moment.

Before the Fourier transform is performed the dipole moment will
usually be multiplied by a Window function W (t− tw), used to dampen
the signal and emulate the effect of decoherence (see discussion in sec. 3.4).
To continue with the analytical model we will neglect the Window function
and we set the step function to one θ(t − τ) → 1. The effect of this
approximation is described in detail in ref. [11]. We will further drop the
terms in the dipole moment that only depends trivially on time through
the phase eiEb(t−τ). These terms are responsible for the main absorption
line, and as this feature is well understood there is no need to included
them. The Fourier transform of the remaining dipole is calculated in detail
in appendix A.
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The resulting response function is therefore finally

Sa1(ω, τ) =−
√
πγ2ρD2

gbD
2
bdF

2
0,IRTIR

4
√

2(Ed − Eb)c

[ 1
ω − Eb

+ 1
2(Ed − Eb)

]
× ω cos

[
(Eb − ω)τ

]
×
[
exp

(
−T

2
IR(ω − Eb − 2ωIR)2

32

)
+ exp

(
−T

2
IR(ω − Eb + 2ωIR)2

32

)

−2 exp
(
−T

2
IR(ω − Eb)2

32

)]
. (2.94)

This equation describes the hyperbolic sidebands and the oscillating fringes.
As mentioned above it comes from the interaction between the ground
state and the bright dressed state. The two terms we Fourier transformed,
the square of the IR field and the time integral over the square of the IR
field, comes from the matrix element of the dipole between the ground
state and the dressed state Eq. (2.85) and the exponential of the adiabatic
energy Eq. (2.87) respectively. The first give rise to the (Ed −Eb)−1 term,
which is always positive, while the second gives the term (ω−Eb)−1, which
changes sign depending on the magnitude of ω. For ω > Eb the two term
interfere constructively and for ω < Eb they interfere destructively, leading
to an asymmetrically signal around Eb. The three Gaussian functions
indicate the positions of the features centered around the bright state,
Eb, for the hyperbolic sidebands and two IR away from the bright state,
Eb ± 2ωIR, for the oscillating fringes. See Fig. 2.6 for a sketch of the
positions of the features. The two IR frequencies comes from the square of
the IR carrier, sin(ωIRt), and working to higher order we would therefore
expect additional features further away from the bright state, probably
an even multiple away from the bright state due to the dipole transition
rules. Without the carrier of the IR field, the fringes would therefore
disappear, but the sidebands would still be present with only the envelope
left. Increasing the width of the IR envelope, giving by the duration, TIR,
of the field, increases the amplitude of the signal linearly and narrows
the features, since the longer pulse gives more energy to the system and
has a more well defined frequency. The delay dependence of the signal
comes through the factor, cos

[
(Eb − ω)τ

]
, and causes a modulation of the

features. To get a clearer understanding of this dependence on the time
delay, we can consider how this cosine behaves for photon energies centered
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around the different features, represented here by the small detuning δ,

cos
[
(Eb − ω)τ

]
=


cos(δτ), for sidebands with

ω = Eb + δ

cos
[
(2ωIR ± δ)τ

]
, for fringes with

ω = Eb ± 2ωIR + δ.

(2.95)

For the sidebands we get oscillations with a small frequency, δ, and
there is almost no modulation for fixed ω. If we instead consider the curves
traced out by constant argument, δτ = const., we see that this gives rise
to hyperbolic lines. A spectrum showing the part of the response function
responsible for the hyperbolic sidebands can be seen in Fig. 2.7. For the
oscillating fringes we get oscillations with a frequency around 2ωIR, i.e.
half the period of the IR carrier. Finally we note that the response function
depends both on the dipole moment between the ground and the bright
state as well as the dipole moment between the bright and dark state,
meaning that all three states are necessary for the features to be present.
The analytical expressions for the sidebands and fringes are symmetrical
around zero delay, where in reality they will not be present for positive
delays as the process needed for their establishment rely on the XUV
arriving before the IR. The discrepancy comes from the approximation
used when we simplified the dipole in Eq. (2.93) by letting θ(t− τ)→ 1,
and this must be kept in mind when comparing with more accurate spectra.

For the second term in the dipole Eq. (2.84), which is from the interac-
tion of the ground state with the dressed dark state, we have

〈D〉a2 =
[
a

(1)
d

]∗ 〈ψda|D̂|ψg〉 ei ∫ tτ dt′Eda (2.96)

≈ −iγθ(t− θ)D2
gbD

2
bd

FIR(τ)FIR(t)
(Ed − Eb)2 eiEd(t−τ), (2.97)

to second order in the IR field. Following the same approach as above,
where we set θ(t− τ)→ 1 and ignore the window function, we arrive at
the response function (again the calculation of the appropriate Fourier
transforms are given in appendix A)

Sa2(ω, τ) =
√
πγ2ρD2

gbD
2
bdF

2
0,IRTIR

2c(Ed − Eb)2 exp
(
−4τ2

T 2
IR

)
ω sin

(
ωIRτ

)
sin
[
(Ed − ω)τ

]
×
[
exp

(
−T

2
IR(ω − Ed − ωIR)2

16

)
− exp

(
−T

2
IR(ω − Ed + ωIR)2

16

)]
.

(2.98)
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Figure 2.7: Example of Hyperbolic sidebands calculated using (part of) the
analytical response function in Eq. (2.94). In a real spectrum the sidebands
would be harder to see due to the much brighter main absorption line
which is situated at the same photon energy. The top panel depicts the IR
pulse centered at τ = 0 fs.

This equation describes the LIS, and comes from the interaction of the
ground state with the IR dressed dark state. Contrary to the response
function of the sidebands and fringes in Eq. (2.94), this comes entirely
from the dipole between the ground and the dressed state Eq. (2.86) and
the exponential of the adiabatic energy Eq. (2.88) only contributes with
the field free term eiEd(t−τ). In this equation there are two Gaussians
centered one IR away from the dark state, Ed ± ωIR giving the position
of the LIS, see Fig. 2.6. This comes from the Fourier transform of the IR
field to the first power, and as was the case for the fringes, there would
be no signal to this order without the carrier term sin(ωIRt). There is the
same dependence on the duration of the IR field, where longer duration
leads to stronger and more narrow features. The presence of the IR field
evaluated at the delay time, see Eq. (2.97), gives another Gaussian, which
centers the features at zero delay, and sine factor oscillating with the IR
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Figure 2.8: Example of oscillating fringes calculated using (part of) the
analytical response function Eq. (2.94). Note the asymmetry of the features
around the bright state indicated by the dashed line. The top panel depicts
the IR pulse centered at τ = 0 fs.

frequency. Looking closer at the oscillating term of the two sine functions

sin
(
ωIRτ

)
sin
[
(Ed − ω)τ

]
= 1

2

{
cos

[
(Ed − ωIR − ω)τ

]
− cos

[
(Ed + ωIR − ω)τ

]}
(2.99)

= 1
2

{
± cos

[
(2ωIR ± δ)τ

]
∓ cos

(
δτ
)}
, (2.100)

for LIS with ω = Ed ± ωIR + δ

we see that, like in the case of the fringes, we find an oscillation at twice
the IR frequency. Again we note the dependence on both dgb and dbd such
that both the bright and the dark states are necessary. We note that the
sign difference between the last two Gaussians in Eq. (2.98) is offset by the
sign coming from the sine functions in Eq. (2.99) such that the features
are symmetric around the dark state.
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Figure 2.9: Example of the LIS calculated using the analytical response
function in Eq. (2.98). Note the symmetry of the features around the dark
state indicated by the dashed line. The top panel depicts the IR pulse
centered at τ = 0 fs.

2.5.2 Expanding the Three-level Model to multiple levels

In this section we expand the adiabatic three-level model to include a
manifold of bright {|ψb,n〉} and dark {|ψd,m〉} states. In practice this could
be a molecular system, where we consider multiple vibrational levels of two
excited state curves, one bright and one dark with respect to the ground
state. Description of LIS using an expansion in vibrational states have
previously been explored in a simpler model in ref. [19] and ref. [20]. A
sketch of the model system is shown in Fig. 2.10.

We follow the same procedure as in sec. 2.5.1 and consider the adiabatic
states dressed by the IR field to second order. We keep the derivation here
brief as it is nearly identical to what was done in the previous section, and
refer to appendix B for more detail.

The ground state is coupled by the XUV field to the bright state
manifold and the IR field couples the bright with the dark manifold.

The adiabatic energies corresponding to Eq. (2.70) are

Eba,n = Eb,n −
∑
m

D2
b,n;d,mF

2
IR

Ed,m − Eb,n
(2.101)

Eda,m = Ed,m +
∑
n

D2
b,n;d,mF

2
IR

Ed,m − Eb,n
, (2.102)
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Figure 2.10: Sketch of the multilevel system consisting of a ground state |ψg〉
together with a manifold of bright states {|ψb,n〉} and a manifold of dark
states {|ψd,m〉}. The ground state is coupled by the XUV field to the bright
state manifold and the IR field couples the bright with the dark manifold.

where the energies are now altered by all the other states of the opposite
manifold, but there is no contribution from states inside the same manifold,
i.e. it is a simple linear extension of Eq. (2.70). The corresponding
adiabatic states, compared to Eq. (2.71) and Eq. (2.72), are

|ψba,n〉 =
(

1− 1
2
∑
m

D2
b,n;d,mF

2
IR

(Ed,m − Eb,n)2

)
|ψb,n〉+

∑
m

Db,n;d,mFIR
Ed,m − Eb,n

|ψd,m〉

+
∑
m

∑
k 6=n

Db,k;d,mDb,n;d,mF
2
IR

(Ed,m − Eb,n)(Eb,k − Eb,n) |ψb,k〉 (2.103)

and

|ψda,m〉 = −
∑
n

Db,n;d,mFIR
Ed,m − Eb,n

|ψb,n〉+
(

1− 1
2
∑
n

D2
b,n;d,mF

2
IR

(Ed,m − Eb,n)2

)
|ψd,m〉

+
∑
n

∑
l 6=m

Db,n;d,mDb,n;d,lF
2
IR

(Ed,m − Eb,n)(Ed,m − Ed,l)
|ψd,l〉 . (2.104)

As with the adiabatic energies, we see that the states are now coupled
to all the other states of the oppositet manifold, such that we get a sum
over similar terms as in Eq. (2.71) and Eq. (2.72), but we also get an
additional sum for each of the states which couples the states inside the
same manifold mediated by the other manifold, i.e. two different bright
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states coupled through a dark state or vice versa. We will refer to the
terms coupling between different manifolds as inter-manifold, and terms
coupling inside the same manifold as intra-manifold. When we calculate
the dressed dipole matrix elements, similar to Eq. (2.85) and Eq. (2.86),
the only parts of the dressed states that contributes are the ones made
from the field-free bright states. For the dressed bright states, |ψba,n〉, both
the inter- and the intra-manifold term will contribute, while for the dressed
dark states, |ψda,m〉, only the inter-manifold term contributes.

Following the same procedure as in sec. 2.5.1, we write the full wave
function in the basis of the adiabatic states and work to first order in the
XUV field, we find the two response functions analogous to Eq. (2.94) and
Eq. (2.98).

The first response function describing the oscillating fringes and hyper-
bolic sidebands in the multilevel model is

Sa1(ω, τ) = −
∑
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∑
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. (2.105)

The first term, stemming from the inter-manifold coupling, is just a linear
generalization of the three-level model, where the double sum run over
all possible combination of three-level systems in the two manifolds. The
second term is almost identical to the second part of the first term, the
difference being the dipole moments in the numerator and the energies
in the denominator are from two different bright states. An important
part being that we get the difference in energy between the two bright
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states, (Ed,m − Eb,k)−1, which will in general be much smaller than the
difference between the energy of a bright and a dark state, and can therefore
potentially give a much stronger signal.

The second response function responsible for the LIS is now

Sa2(ω, τ) =
∑
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(2.106)

The first term is again a sum over the three-level response function Eq. (2.106),
where we run over all the possible different three-level subsystems. The
second term is exactly the same as the first, but now containing two differ-
ent bright states. We could have written both terms together, but chose
to separate them to highlight the comparison with the three-level case.

2.6 Two-level Model for a system with a
permanent dipole

In ref. [1] we considered the two lowest potential energy curves of the
diatomic LiF molecular system, a heteronuclear molecule have a permanent
dipole. Numerical investigations, which will be examined later in sec. 4.2,
showed additional features of the ATAS spectrum. To gain more insight into
the physics behind these, we introduced a modification of the adiabatic
three-level model. In the LiF system we only consider two levels, one
representing each of the two curves. The presence of the permanent dipole
complicates the description of the system, since interactions of a single
energy level with the IR and XUV fields are now possible. The derivation
of analytical expressions will therefore not be as straight forward as earlier.
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The system we consider consist of two energy levels coupled by an
XUV and an IR field. As every transition is dipole allowed we drop the
notion of bright and dark states, and refer instead to the two states as E1
and E2. As both fields can couple the two levels with each other and with
themselves, the full Hamiltonian of the system can be written as

Ĥ = Ĥ0 − FIRd̂− FXUVd̂ (2.107)

=
[
E1 − FIRD11 − FXUVD11 −FIRD12 − FXUVD12
−FIRD12 − FXUVD12 E1 − FIRD11 − FXUVD11

]
(2.108)

in the field free-basis.
We will employ a similar approach as in the three-level model, where

we treat the two different fields in a separately way. The slowly changing
NIR field is treated as an adiabatic parameter, and we will again expand
the full wave function in the basis of the instantaneous adiabatic states
defined by the time-independent Schrödinger equation

[
Ĥ0 − FIR(t)D̂

]
|φi(t)〉 = Eia(t) |φi(t)〉 , (2.109)

with Hamiltonian

Ĥ = Ĥ0 − FIRD̂ =
[
E1 − FIRD11 −FIRD12
−FIRD12 E2 − FIRD22

]
, (2.110)

while the weak UV field is introduced as a small parameter through first-
order time-dependent perturbation theory.

For the three-level model and its expansion we chose to use time-
independent perturbation theory to find the dressed energies and states
to second order in the IR field. This was done, since it was easier to
generalize to multiple levels. In the case here, the permanent dipole, giving
rise to diagonal dipole couplings makes the full treatment much more
complicated. To describe a new ladder feature arising in the system due to
the permanent dipole moment, we will later expand beyond second order
in the NIR field. We will therefore instead diagonalize the Hamiltonian
exact and later consider expansions to the needed order.
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The exact adiabatic energies can be found to be

E1a =1
2

{
E2 −D22FIR + E1 −D11FIR

−
√[

E2 − E1 − (D22 −D11)FIR
]2

+ 4D2
12

}
(2.111)

E2a =1
2

{
E2 −D22FIR + E1 −D11FIR

+
√[

E2 − E1 − (D22 −D11)FIR
]2

+ 4D2
12

}
. (2.112)

Comparing with the exact energies for the three level model in Eq. (2.66)
and Eq. (2.67) we see the diagonal dipole couplings altering both energies.
We can also find the corresponding exact adiabatic states of the two
dimensional system

|ψ1a〉 = E2 −D22FIR − E1a√
D2

12F
2
IR + (E2 −D22FIR − E1a)2

|ψ1〉

+ D12FIR√
D2

12F
2
IR + (E1a − E2 +D22FIR)2

|ψ2〉 (2.113)

|ψ2a〉 = −D12FIR√
D2

12F
2
IR + (E1a − E2 +D22FIR)2

|ψ1〉

E2a − E1 +D11FIR√
D2

12F
2
IR + (E1a − E2 +D22FIR)2

|ψ2〉 , (2.114)

which again are altered compared to the states in the three level model
in Eq. (2.68) and Eq. (2.69).

Expanding these to second order in the IR field, which is equal to the
result obtained from second order time-independent perturbation theory
as we discussed earlier, we find the approximate energies

E1a = E1 −D11FIR −
D2

12F
2
IR

E2 − E1
(2.115)

E2a = E2 −D22FIR + D2
12F

2
IR

E2 − E1
. (2.116)

We see that the presence of the diagonal dipole couplings, D11 and D22,
introduces an additional linear term for the two levels. For the states we
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get the following expansions

|ψ1a〉 =
(

1− 1
2

D2
12F

2
IR
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)
|ψ1〉

+
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D12FIR
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2
IR
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)
|ψ2〉 (2.117)

|ψ2a〉 = −
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D12FIR
E2 − E1

− (D11 −D22)D12F
2
IR
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)
|ψ1〉

+
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1− 1
2

D2
12F

2
IR

(E2 − E1)2

)
|ψ2〉 . (2.118)

To first order there is no change in the states, but we get an additional
second order term dependent on the difference of the two diagonal dipoles,
D22 −D11.

The ansatz for the full system using the adiabatic states is now

|Ψa(t)〉 = a1(t)e−i
∫ t
t0
dt′E1a |ψ1a(t)〉+ a2(t)e−i

∫ t
t0
dt′E2a |ψ2a(t)〉 , (2.119)

and inserting this into the time-dependent Schrödinger equation with the
full Hamiltonian Eq. (2.107), yields the equations

ȧ1 =iFXUV 〈ψ1a|D̂|ψ1a〉 a1 − 〈ψ1a|ψ̇2a〉 e
−i
∫ t
t0
dt′E2a−E1a

a2

+ iFXUV 〈ψ1a|D̂|ψ2a〉 e
−i
∫ t
t0
dt′E2a−E1a

a2 (2.120)

ȧ2 =iFXUV 〈ψ2a|D̂|ψ2a〉 a2 − 〈ψ2a|ψ̇1a〉 e
i
∫ t
t0
dt′E2a−E1a

a1

+ iFXUV 〈ψ2a|D̂|ψ1a〉 e
i
∫ t
t0
dt′E2a−E1a

a1, (2.121)

with the initial condition of all the population in the ground state, a1(t0) = 1
and a2(t0) = 0.

To zeroth order in the XUV field the two coefficients stay constant,
while to first order they follow the equations

ȧ
(1)
1 =iFXUV 〈ψ1a|D̂|ψ1a〉 (2.122)

ȧ
(1)
2 =iFXUV 〈ψ2a|D̂|ψ1a〉 e

i
∫ t
t0
dt′E2a−E1a

, (2.123)

if we again neglect the non-adiabatic terms containing 〈ψ1a|ψ̇2a〉 and
〈ψ2a|ψ̇1a〉. The difference, if we compare with the three-level model, is that
the ground state itself is altered.
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The time-dependent dipole moment of the full wave function is

〈Ψa|D̂|Ψa〉 = |a1|2 〈ψ1a|D̂|ψ1a〉+ 2Re
[
a∗1a2 〈ψ1a|D̂|ψ2a〉 e

−i
∫ t
t0
dt′E2a−E1a

]
,

(2.124)
where we ignore the term with the factor |a2|2, since this is second order in
the XUV and therefore much smaller than the other two terms. Compared
with the three-level model, we now have just one term describing interfer-
ence of ground and excited state, since there is only one excited state, but
we also retain the term of the ground states interaction with itself.

2.6.1 Light-induced structures

In the three-level model the LIS was seen to arise from the interaction of the
ground state with the dark state, while the interaction of the ground with
the bright state gave the oscillating fringes and the hyperbolic sidebands.
Due to the dipole transition rules, the features must come from a process
involving an odd or an even number of photons respectively. In the system
with a permanent dipole, the distinction between bright and dark states
become meaningless, since all transitions are now allowed.

We therefore look at the second term in Eq. (2.124), which describe
the interaction with the excited state

〈D̂〉LIS = 2Re
[
a2 〈ψ1a|D̂|ψ2a〉 e

−i
∫ t
t0
dt′E2a−E1a

]
. (2.125)

We have used here that to first order in the XUV the product of the two
coefficients is a∗1a2 = a2.

Due to the much more complicated expressions for the adiabatic energies
and states, we will not include all terms or calculate fully analytical
expressions since this was done in the three-level case. We will instead
simplify and using numerical solutions to investigate which term give rise
to the relevant features.

We first need to find the expansion coefficient of the excited state, a2,
which is found by integration of Eq. (2.123)

a
(1)
2 = i

∫ t

t0
dt′FXUV(t′) 〈ψ2a|D̂|ψ1a〉 e

i
∫ t′
t0
dt′′E2a−E1a

. (2.126)

In the three-level model this equation was solved by approximating the
XUV as a delta function. In the case here we will keep the form of the UV,
but still use that the duration of the UV is again much shorter than the
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oscillations of the NIR pulse and the dynamics of the system. Under this
condition the time dependence of the terms in the integrand are of less
importance compare to the constant part and we assume

〈ψ2a|D̂|ψ1a〉 ≈ D12 (2.127)

for the dipole element and

e
−i
∫ t
t0
dt′E2a−E1a ≈ e−i(E2−E1)(t−t0) (2.128)

for the phase, thus the coefficient becomes

a
(1)
2 = iD12

∫ t

t0
dt′FXUV(t′)ei(E2−E1)(t′−t0). (2.129)

Numerical investigation further showed that for the given parameters,
the term contributing most to the LIS of the two remaining terms is the
exponential of the adiabatic energies, giving the dipole moment

〈D̂〉LIS = 2D2
12Re

[
e
−i
∫ t
t0
dt′E2a−E1a

∫ t

t0
dt′FXUV(t′)ei(E2−E1)(t′−t0)

]
.

(2.130)
Lastly we expand the exponential to second order in the NIR field

e
−i
∫ t
t0
dt′E2a−E1a ≈e−i(E2−E1)(t−t0)

×
[
1 + i(D22 −D11)

∫ t

t0
dt′FIR

− 1
2(D22 −D11)2

(∫ t

t0
dt′FIR

)2]
, (2.131)

where we neglect the second order term, −iD2
12/(E2 − E1)

∫ t
t0
dt′F 2

XUV(t′).
Inserting this into Eq. (2.130) now constitute the adiabatic model

describing the LIS features for the system considered. Further numerical
analysis is given later, when we consider it applied to the two lowest energy
curves of the LiF molecule.

2.6.2 Ladder structures
From the full numerical simulation of the molecule with a permanent dipole
moment, and additional new ladder-like structure consisting of features
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separated by one IR photon like the rungs of a ladder was observed in the
ATAS spectrum.

Numerical studies showed that the dynamics leading to the ladder were
independent on the presence of the UV pulse, although it is still included
in the calculation of the response function Eq. (2.5). This corresponds to
a somewhat strange experimental setup, where the system only interact
with the IR field, but the generated field still interferes with the UV pulse.
We do not propose such an experiment, but use the formalism to aid or
description of the features.

Returning to the full differential equations for the coefficients in Eq. (2.120)
and Eq. (2.120), they reduce to

ȧ1 = −〈ψ1a|ψ̇2a〉 e
−i
∫ t
t0
dt′E2a−E1a

a2 (2.132)

ȧ2 = −〈ψ2a|ψ̇1a〉 e
i
∫ t
t0
dt′E2a−E1a

a1, (2.133)

in the absence of the UV field, where we have kept the non-adiabatic terms.
We will keep the non-adiabatic terms, since the multiphoton processes
leading to the ladder will include higher orders of the NIR field. This will
lead to faster oscillation, which takes us out of the region of the adiabatic
approximation. From the initial condition of all population in the ground
state, a1(t0) = 1 and a2(t0) = 0, we can simplify the equations for the
coefficient by assuming that the NIR field is so weak and detuned that
almost no population is moved from the ground state to the excited state.
Thus giving us

ȧ1 = 0 (2.134)

ȧ2 = 〈ψ2a|ψ̇1a〉 e
i
∫ t
t0
dt′E2a−E1a

, (2.135)

where we see that the coefficient of the dressed ground state a1 stays
constant.

The dipole moment of the system becomes

〈D̂〉ladder = 〈ψ1a|D̂|ψ1a〉+ 2Re
[
a2 〈ψ1a|D̂|ψ2a〉 e

−i
∫ t
t0
dt′E2a−E1a

]
. (2.136)

From the above analysis we can see that the first term is independent of the
non-adiabatic terms and is still in the adiabatic model, while the second
term is zero without the non-adiabatic term. Later numerical analysis
show that both terms contribute to the features, but for simplicity, and
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Figure 2.11: Sketch of the process leading to the ladder features, where
the rungs are separated by one IR photon starting from the ground state.
Note that from Eq. (2.138) it is clear that the presence of the excited state
is needed for the features.

to get an analytical expression, we consider only the adiabatic first term,
〈ψ1a|D̂|ψ1a〉.

Using the exact expression for the adiabatic states Eq. (2.68) and Eq. (2.69),
we can expand the dipole moment to higher orders in the NIR (using e.g.
the Maxima program [46]). Up to fourth order in the NIR field the dipole
moment reads

〈ψ1a|D̂|ψ1a〉 ≈ D12 +D2
12

4∑
n=1

(n+ 1)(D22 −D11)n−1

(E2 − E1)n FnIR. (2.137)

The expansion above is only true approximately, since we have neglected
some additional terms that arise from third order and above. However these
extra terms, can for the parameters we consider in chap. 4 be neglected to
give us a simpler expression.

Using this as the dipole moment we can take the Fourier transform (see
appendix A) and calculate the response function. Again we neglect the
constant term, since this will not contribute to delay dependent features.
The resulting response function is

S(ω, τ) =πρD2
12TIRTXUVF0,XUV

4c
ω2

ωXUV
exp

(
− T 2

XUV(ω − ωXUV)2

16

)

×
4∑

n=2
(−1)nn+ 1

2n
(D22 −D11)n−1

(E2 − E1)n
Fn0,IR√
n

× exp
(
− T 2

IR(ω − nωIR)2

16n

)
Im
[
in+1eiωτei(n−1)ϕ

]
(2.138)
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From the approximate expression derived here, we can note some of
the overall properties of the features. We see that each rung of the ladder
depends on the energy difference (E2 − E1)−n of the two levels, such
that closer lying levels corresponds to a stronger signal. The power of
the difference grows with the level of the ladder, such that the effect is
stronger as one move up the rungs. This in accordance with the mixing
of the states being weaker as the energy difference increases. The rungs
are also dependent on the difference of the two diagonal dipole moments
(D22 −D11), again with increasing powers. The last Gaussian indicates
the position of the features at photon energies ω = nωIR. As sketch of the
processes leading to the rungs of the ladder is shown in Fig. 2.11.





Chapter 3

Numerical Methods

In this chapter we describe the numerical methods used to propagate the
one-dimensional coupled nuclear equations as well as other methods used
in the calculation and analysis of the spectra.

The main problem we want to tackle numerically is the one-dimensional
time-dependent solution of a Schrödinger(like) equation

i∂tΨ(x, t) = Ĥ(t)Ψ(x, t), (3.1)

where the Hamiltonian is dependent on time. In our specific case it is
the one-dimensional effective radial Schrödinger equation of the nuclear
wave function either in the adiabatic Eq. (2.35) or diabatic Eq. (2.51)
representation, but it could in principle be any other equation of a similar
form.

Many, if not all, of the methods described in this chapter can be
generalized and used on higher dimensional problems, but to ease notation
and description, and since we only consider one-dimensional problems,
we stick to the notation of the one-dimensional case. The methods and
algorithms are rather general and can be used on a wide set of problems.
We therefore choose to used slightly different notation compared to the
rest of the thesis. We will use x to describe the spatial axis instead of R
and p to describe the conjugate momenta. Time is still t and the solution
to the Schrödinger equation is denoted by Ψ.

3.1 Grid Representation
To implement a numerical solution of the Schrödinger equation of the
system, one needs to choose how to represent the wave functions and the
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. . . x
xL xR

x0
•
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•

x2
•

xN−2

•
xN−1

•
∆x ∆x ∆x

Figure 3.1: Equidistant spatial grid.

Hamiltonian. In our numerical approach we choose to represent the wave
functions of the system on a grid, where the continuous functions are given
in terms of a discrete set of amplitude at a set of grid points. We use a
spatial grid of N points inside a finite box [xL, xR],

xn ∈ [xL, xR], xn = xL + n∆x, ∆x = xR − xL
N − 1 , n = 0, 1, . . . , N − 1,

(3.2)
where we have chosen the grid to be equidistant with separation ∆x, see
figure 3.1 for a sketch. Similarly we define a corresponding momentum
grid

pk ∈ [pL, pR], pk = pL + k∆p, ∆p = pR − pL
N − 1 , k = 0, 1, . . . , N − 1,

(3.3)
where the relation between the two grid spacings is given by

∆x∆p = 2π
N
. (3.4)

The choice of this relation is related to the propagation scheme described
in sec. 3.2.2. We further choose our momentum grid to be symmetric
around 0,

− pL = pR = N − 1
2 ∆p, (3.5)

such that we equally well describe wave packets moving to the left and the
right.

3.1.1 Grid Hamiltonian for vibrational levels and eigenstates

To aid in the analysis it can be helpful to know the vibrational levels of
the system. To obtain these we use a representation of the Hamiltonian,
which becomes an N ×N matrix on the spatial grid

Ĥ = T̂ + V̂ → Hij = Tij + Vij , (3.6)



3.2 Time Evolution 57

that we can then diagonalize to calculate the vibrational energy levels and
eigenstates.

On the spatial grid the potential energy is diagonal, since it is just
given by its value at a given grid point

Vij = V (xj)δij . (3.7)

The kinetic energy on the other hand is more complicated, with one of the
simplest being a finite difference approach. In our case we use the Fourier
Grid Hamiltonian method [47], where for even N the kinetic energy is

Tij = ~2

2µ


π2

3(xR − xL)2 (N2 + 2), for i = j

π2

(xR − xL)2
(−1)j−i

sin2 (π j−iN ) , for i 6= j.
(3.8)

3.2 Time Evolution
The wave function Ψ(x, t) of a quantum system given by the Hamiltonian
Ĥ(t) can be evolved in time by use of the time evolution propagator, see
e.g. ref. [31] for a textbook description. It is defined as the operator which
evolves an arbitrary quantum state in time

Ψ(x, t) = U(t, t0)Ψ(x, t0), (3.9)

and can be shown to satisfy the time-dependent Schrödinger equation

i∂t U(t, t0) = Ĥ(t)U(t, t0). (3.10)

The time evolution operator must preserve norm and is therefore unitary

U†(t, t0)U(t, t0) = I, (3.11)

and for a vanishing time step it reduces to the identity

lim
ε→0
U(t0 + ε, t0) = I. (3.12)

Physically evolution over a larger time step must equal evolution over
smaller time steps adding to the same, meaning that the operator must
fulfil the composition property

U(t2, t0) = U(t2, t1)U(t1, t0). (3.13)
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In the general case where the dynamics of the system are given by
a time-dependent Hamiltonian, that does not commute with itself at all
times, the solution is a Dyson series. This infinite series is useful in e.g.
the description of scattering theory, but not appropriate for a numerical
solution. For small time steps ∆t however, it is approximately given by
the matrix exponential of the Hamiltonian at a given time

U(t0 + ∆t, t0) ≈ e−iĤ(t0)∆t, (3.14)

For this approximation to be valid, the time step has to be chosen short
enough, i.e. much shorter than the natural time scales of the system, such
that the Hamiltonian can be considered constant over the interval. By
subdividing an arbitrarily large interval into multiple small time-steps one
can, using the composition property Eq. (3.13), obtain

U(tM , t0) =
M−1∏
m=0
U(tm+1, tm) ≈

M−1∏
m=0

e−iĤ(tm)∆t, (3.15)

which is what we will be using. We therefore only need to calculate the
short-time operator to do time evolution over any time interval.

3.2.1 Split Operator Method
Calculating the matrix exponential is in general an expensive procedure
unless the matrix is diagonal, and we therefore want an effective way to
calculate the short-time operator.

The Split Operator method [26] is an approach, which can be used
when the Hamiltonian can be divided into a term depending only on the
momentum and a term depending only on the position

Ĥ(x̂, p̂) = T̂ (p̂) + V̂ (x̂). (3.16)

For the diatomic molecules this is the case in the diabatic representation
or for the adiabatic representation when the vibronic coupling can be
ignored. For the interaction with the field this also holds in the length
gauge, but would not be applicable if we worked in the velocity gauge. The
Split-Operator method has previously been used in the study of ATAS of
diatomic molecules in ref. [19, 20].

In the Split Operator method the short-time operator is approximated
as a product of a kinetic and a potential propagator

e−iĤ(x̂,p̂)∆t ≈ e−iT̂ (p̂)∆te−iV̂ (x̂)∆t, (3.17)
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which is only true to first order in the small time step ∆t, since the
two terms of the Hamiltonian will not commute due to the canonical
commutation relation [x̂, p̂] = i~. The trick is then to take advantage of
the fact that the term depending on the position V̂ (x̂) is diagonal on the
spatial grid, while the term depending on the momentum T̂ (p̂) is diagonal
on the momentum grid, such that the respective matrix exponentials are
easy to calculate.

By using a symmetric splitting instead of the simpler one in Eq. (3.17)

e−iĤ(x̂,p̂)∆t ≈ e−iT̂ (p̂)∆t/2e−iV̂ (x̂)∆te−iT̂ (p̂)∆t/2, (3.18)

we get an expression which is correct up to second order without much
more computation, and this is the form we will be using. The small time
interval ∆t must therefore be chosen with two conditions in mind; such
that the exponential expansion in Eq. (3.14) is valid and the expansion
Eq. (3.18) can be used.

Transformation between the wave functions on the spatial grid and
on the momentum grid is given by the Fourier transform. The time
evolution over a short time step can therefore be calculated in the following
way: propagate the momentum wave function by the first factor, which is
diagonal, Fourier transform the momentum wave function to the spatial
wave function and propagate with the next factor, which is now the diagonal
one, Fourier transform back to the momentum wave function and finally
propagate with the last factor.

Fig. 3.2 shows a flowchart of the Split Operator method using the Fast-
Fourier transform described in the next section to calculate the Fourier
transform. Due to the small time step needed for a converged time evolution
the the calculated time-dependent dipole moment of the wave function is
only written out every 10th step.

3.2.2 The Fast-Fourier Transform

In the Split Operator method we need to transform between the spatial and
momentum wave functions. The transformation between the two is given
by the Fourier transform and the inverse Fourier transform respectively

Ψ(x) = 1√
2π

∫
R

Φ(p)eipx dp (3.19)

Φ(p) = 1√
2π

∫
R

Ψ(x)e−ipx dx. (3.20)
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Write out

START

Apply phase

FFT

Prop e−iT̂∆t/2

FFT−1

Prop e−iV̂∆t

FFT

Prop e−iT̂∆t/2

FFT−1

Undo phase

END

Loop

Every 10th step

FFT−1

Write 〈Ψ|D̂|Ψ〉
to file

Figure 3.2: Flowchart for our time-propagation scheme using the Split
Operator method together with the Fast-Fourier Transform (FFT), see
main text. Every 10th step the spatial wave function is found and the
time-dependent dipole moment of the system is calculated and written to
file. The undoing of the phase at the end is not necessary, but is included
for completion.
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On the discrete equidistant grids Eq. (3.2) and Eq. (3.3) the integral
transformations becomes

Ψ(xn) = 1√
2π

N−1∑
k=0

Φ(pk)eipkxn∆x (3.21)

Φ(pk) = 1√
2π

N−1∑
n=0

Ψ(xn)e−ipkxn∆p. (3.22)

Transforming the wave function using this consists of N sums, i.e. one for
each grid points, with N terms in each resulting in a scaling of N2. But
by introducing the phase transformed quantities

fn = Ψ(xn)e−ipLxLe−ipL∆xn (3.23)

f̃k = Φ(pk)ei∆pxLk
√

∆p
∆x, (3.24)

and imposing the relation between the two grids Eq. (3.5) mentioned above,
we can get the sums on the form of the discrete Fourier transform

fn = 1√
N

N−1∑
k=0

f̃ke
i2πkn/N (3.25)

f̃k = 1√
N

N−1∑
n=0

fne
−i2πkn/N , (3.26)

where there exist the efficient Fast Fourier Transform (FFT) algorithm [48]
which scales much more preferably as N logN .

3.2.3 Imaginary Time Propagation

At the start of the simulation, we want the system to initially be in the
ground state of the free field Hamiltonian Ĥ0. We will therefore consider
here, how the ground state of a time-independent Hamiltonian can be
determined.

One way to obtain the ground state is to use the time evolution operator,
but instead of propagating forward in real time, one uses the substitution
t = −iτ with τ ∈ R and propagates in imaginary time

U(−iτ, 0) = e−Ĥ0τ . (3.27)
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To see how this works, we consider first an arbitrary initial guess for
the wave function and expands this

Ψ(x, t) =
∑
n

cn(t)ψn(x) (3.28)

in the eigenstates of the Hamiltonian

Ĥ0ψn(x) = Enψn(x). (3.29)

The imaginary time evolution operator works on this state

U(−iτ, 0)Ψ(x, 0) =
∑
n

cn(0)e−Ĥ0τψn(x) =
∑
n

cn(0)e−Enτψn(x), (3.30)

by multiplying each of the eigenstates by an decreasing exponential. The
ground state is, by definition, the state with the lowest energy and by
letting τ be larger enough, i.e. by propagating for a sufficiently long time,
and renormalizing along the way, the wave function will end up in the
ground state as long as there was a non-zero initial population i.e. c0 6= 0.

3.3 Complex Absorbing Potential
Since we are doing the simulation in a box of finite size, we must consider
behaviour that can arise due to the presence of a boundary. For the
molecular system there is a real physical boundary at zero separation,
and this will in general not be a problem, since the potential is highly
repulsive when the two nuclei are close, but we impose an unphysical cutoff
for large separation. Running the simulation without taking special care
at this boundary could resolve in unwanted behaviour for a wave packet
approaching. This could e.g. resolve in unphysical reflection and therefore
a return of the wave packet, which could in principle give a significant
discrepancy in the dynamics. One way to solve this problem, is to assume
that the box is large enough, such that a wave packet moving far enough
out will never, at least to a good approximation, return again, and we can
therefore remove that part of the wave function.

This can be done in practice by introducing a so-called complex ab-
sorbing potential (CAP)

V (x)→ V (x)− iVCAP(x). (3.31)

This is a term added to the potential energy which is purely (negative)
imaginary, and only non-zero near the boundary where we wish the wave
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packet to be removed. When one takes the matrix exponential of the poten-
tial energy in the propagation scheme, this term will give and exponential
dampening at the boundary which effectively removes the outgoing wave
packet.

In our case we use a potential of the form

VCAP(x) =
{
η(x− xCAP)p, for x > xCAP

0, otherwise,
(3.32)

where the amplitude η, the start of the CAP xCAP and the power p can
be chosen to fit the system at hand.

3.4 The Window Function
In a real experimental set-up, the time dependent dipole moment of the
system will dephase because of collisions between the molecules in the gas,
spontaneous decay and due to finite detector resolution [45]. These effects
are not taken into account in our model thus far, but can be included by
the use of a window function

〈D〉 (t, τ)→W (t− tw) 〈D〉 (t, τ), (3.33)

which dampens the time dependent dipole moment over a given time scale.
In our work we use the following form for the window function

W (t− tw) =


1, t < tw

exp
[
− (t− tw)2

T 2
w/4

]
, t ≥ tw,

(3.34)

which has been used in the previous descriptions of ATAS [11]. Other
window functions used in studies of ATAS are often based on trigonometric
functions [4, 19].

The start of the Window function tw is set at the incident of the
XUV, since this is what starts the non-trivial dynamics, and the width
Tw is chosen by hand such that the qualitative features of interest are not
altered, but the broadening of the features resembles that of an experiment.
The FWHM of the Gaussian is given in terms of Tw by the relation
TFWHM =

√
log 2Tw.

In figure 3.3 we have plotted the time-dependent dipole moment of
the model system considered in Chap. 5 with a single XUV pulse incident
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Figure 3.3: Time-dependent dipole moment for XUV only spectroscopy
of model system. Blue curve shows the raw dipole moment, dashed line
shows the window function (scaled) and the red curve shows their product.
The parameters for the window function used is tw = 0 fs, Tw = 145 fs and
TFWHM = 121 fs.

at time 0 fs. The blue curve shows the calculated dipole moment from
the simulation, the dashed black curve shows the chosen window function
scaled to the signal and the red curve shows the resulting product.



Chapter 4

The LiF molecule, a polar
diatomic molecule

In this chapter we present the ATAS spectra of the LiF molecule. Being
a polar molecule, LiF exhibits a nonzero permanent dipole and it is the
effect of this on the spectra that is the main point of the work. The
majority of the previous studies, both in theory and experiments, on
ATAS of molecules have been on nonpolar homonuclear systems such as
H2 [16, 19, 20], N2 [15, 17, 21] and O2 [18], with the exception of the work
considering CO in [49].

We first present the properties of the LiF system; the potential energy
curves and their dipole couplings. And provide the parameters of the
incoming NIR and UV fields. In the subsequent section we provide a
full numerical simulation of the system using the split operator method
described in sec. 3.2.1 to propagate the N -surface model, together with a
description of the features of the calculated spectra. Further analysis of
the features are done with the aid of the two-level model given in sec. 2.6
used within a fixed nuclei approximation.

The context of this chapter is based on the work in ref. [1].

4.1 The LiF system and field parameters

An illustration of the LiF molecule together with the incoming NIR field
is shown in Fig. 4.1. The internuclear axis is oriented along the z−axis
parallel with the polarization of the linearly polarized NIR and UV pulses.
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F Li z

R

Figure 4.1: Illustration of the LiF molecule and incoming NIR field. The
molecule is oriented in the z direction, which is parallel to the polarization
of the UV and the NIR field. R is the internuclear distance. Reproduced
with permissions from Phys. Rev. A 98, 053401 (2018) [1]. Copyright
2018 American Physical Society.

In our study of the LiF molecule we restrict ourselves to the two lowest
state of the fully symmetric representation, i.e. the ground state curve
and the first excited curve belonging to the same symmetry. The adiabatic
potential energy curves as well as the dipole moment functions where
provided by Brett Esry and Greg Armstrong interpolated from data given
in ref. [43]. The two energy curves E1(R) and E2(R) are shown in the
bottom panel of Fig. 4.2 with the center of the ground state curve at
R0 = 3 (a.u.) indicated by a vertical dotted line. The slope of the excited
curve at R0 is negative, leading to the wave packet excited from the ground
state curve by the UV pulse to propagate out towards larger R as illustrated
in Fig 2.2 (a).this will lead to a cut-off of the dipole moment between the
excited and ground state at a timescale shorter than the usual dephasing
time, resulting in a broadening of the corresponding absorption features.
In the shaded region of Fig. 4.2 the two curves exhibit an avoided crossing.
Around this point it is usually necessary to include the vibrational coupling
as their effect can be significant. However due to the shape of the curve,
a wave-packet moving far enough out to interact significantly with the
crossing will not return to the Frank-Condon window of the ground state,
and will therefore have no impact on the spectrum. The avoided crossing
can therefore be ignored in this system, and we continue to work in the
adiabatic representation.

The dipole moments D11(R), D12(R) and D22(R) as functions of the
internuclear distance are shown in the upper panel of Fig. 4.2. LiF, being a
polar molecule, breaks parity symmetry such that the electronic states are
no longer of a definite parity. Dipole transitions between states belonging
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Figure 4.2: Dipole moments (top panel) and potential energy surfaces
(bottom panel) of LiF, as functions of the internuclear distance R. Dotted
line indicates center of ground state nuclear wave function at R0 = 3,
where E1(R0) = 0 eV, E2(R0) = 7.07 eV, D11(R0) = 2.62, D12(R0) = 0.22
and D22(R0) = −1.55. Curves are interpolated from data in ref. [43]. The
shaded region shows the avoided crossing between the two curves. This
part of the plot was not included in ref. [1], as the crossing has no influence
on the spectra. Adapted with permissions from Phys. Rev. A 98, 053401
(2018) [1]. Copyright 2018 American Physical Society.

to the same symmetry are no longer forbidden, meaning that transitions
between the two curves considered, and more importantly, couplings of
states on the same curve are allowed. We therefore have both a non zero
dipole moment between the states D12 6= 0, but also a dipole moment D11,
D22 of each of the electronic states.

Compared with earlier studies where homonuclear molecules were
considered, the energy distance between the ground and excited state is
relatively small. As the short pulse is usually chosen such that transitions
occur through single photon excitations, we use here an UV pulse instead
of an XUV. Both the short UV and the longer NIR pulse are defined by
the vector potential given in Eq. (2.17), and their respected parameters are
listed in table 4.1. Both fields are linearly polarized in the z-direction, i.e.
along the axis of the molecule as indicated for the NIR pulse in Fig. 4.1.
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Table 4.1: Field parameters of the NIR and UV pulses both defined by
the vector potential Eq. (2.17). The CEP of both fields are 0, except for
Fig. 4.6 where we consider orientation and alignment.

NIR-pulse UV-pulse

Central Wavelength λ [nm] 800 160
Central frequency ω [eV] 1.55 7.75
Intensity I [W/cm2] 1012 5× 107

Duration T [fs] 40.01 1.07
Cycles Nc 15 2

4.2 Full numerical simulation

We start the analysis of the system by a full numerical simulation of the
nuclear dynamics on the two adiabatic curves curves using the N -surface
model. The nuclear wave packets are propagated using the Split Operator
method, see sec. 3.2.1, with a time step of ∆t = 0.05 a.u. = 1.2 as, a box
size of Rmax = 25 a.u. and grid size ∆R = Rmax/NR with the number of
grid points NR = 1024. A complex absorption potential, see Sec. 3.3, is
used to remove the outgoing part of the wave packet at the boundary of the
box. Prior to the simulation the ground state is found by imaginary time
propagation with zero fields. From the obtained nuclear wave functions
the time-dependent dipole moments can be calculated through numerical
integration.

The dipole moment is multiplied by the Window function Eq. (3.34)
with Tw = 100 fs before the Fourier transform, and the spectra is then
calculated using Eq. (2.5). Due to the small energy difference between
the two curves, it is possible for both the UV and the NIR to induce the
dynamics, and the start of the window function is chosen to be at the
center of the last of the two pulses.

In Fig. 4.3 we see the spectrum from the full numerical simulation in
panel (a). At E2(R0) − E1(R0) = 7.07 eV we see the main absorption
line, coming from a vertical Franck-Condon transition of the ground state
centered at R0 on the ground state curve E1 up to the excited state curve
E2, see Fig. 4.2. The absorption line is quite broad, due to the excited state
energy curve being dissociative at the given energy leading to the nuclear
wave packet moving away from the Franck-Condon window of the ground
state. We further see a modulation of the main line roughly at delays
−40 fs < τ < 40 fs. This can be attributed to which-way interference [45],
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Figure 4.3: Attosecond transient absorption spectrum of the LiF molecule
as calculated by Eq. (2.5), exhibiting the difference between systems with
a permanent dipole moment (e.g., polar molecules) in panels (a) and (b),
and systems with no permanent dipole moment (e.g. nonpolar molecules)
in panel (c). The main features visible in panel (a) include the main
absorption line at E2(R0) = 7.07 eV; light-induced structures centered at
energies E2(R0) ± ωIR and E2(R0) + 2ωIR, i.e., at 5.51 eV, 8.61 eV and
10.16 eV; and the rungs of the ladder structure at E1(R0) = nωIR, i.e. at
n times 1.55 eV, with n = {2, 3, 4, 5, 6}. Panel (b) exhibits a zoomed in
version of panel (a), which yields a clearer view of the characteristics of the
ladder structure. In panel (c) the main absorption line is the only feature
remaining. The frequency bandwidth of the UV pulse is shown in gray in
each figure. The top panels depict the NIR pulse centered at τ = 0 fs. The
color scale on the right displays the signal strength in arbitrary units. The
pulse parameters are given in table 4.1. Reproduced with permissions from
Phys. Rev. A 98, 053401 (2018) [1]. Copyright 2018 American Physical
Society.
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where multiple pathways leads to the same final destination. The different
pathways are absorption of one UV photon and absorption or emission of
one or more NIR photons.

We further see LIS features one NIR energy away from the main line,
E2(R0)± ωIR, i.e. at 5.51 eV and 8.61 eV, and an additional 2 NIR above,
at E2(R0) + 2ωIR = 10.16 eV. We do not see a feature at E2(R0)− 2ωIR,
but this is most likely due to this energy not lying within the bandwidth
of the UV.

Finally we observe a ladder like feature situated at multiples of the NIR
energy away from the ground state E1(R0) + nωIR, with the rungs of the
ladder visible in the figure corresponding to n = 2, 3, . . . , 6. This is a new
structure not previously seen and is due to the presence of the permanent
dipole. In panel (b) we see a zoomed in view of the full numerical solution
to get a clearer picture of the features. For the LIS we see that the
modulation of the features as a function of the delay oscillates roughly
with the period of the NIR pulse for the two features at E2(R0)± ωIR and
at twice the period of the NIR for the feature at E2(R0) + 2ωIR. For the
ladder we see that the period decreases with photon energy and with a
phase difference of the modulation of ∆ϕ = π/2 between adjacent rungs.

We note that the spectrum lacks the hyperbolic sidebands as well as
the oscillating fringes. As described earlier the dissociative shape of the
excited state leads to the excited wave-packet quickly moving away from
the Frank-Condon window of the ground state. Any features stemming
from processes where the NIR arrives some time after the UV or which
requires a dipole between the ground and excited state to endure for a
longer period of time will therefore not be present, explaining the absence
of the sidebands and fringes which typically extend over a wide range of
negative delays.

In panel (c) we shown the spectrum of the system with no permanent
dipole, i.e. D11 = D22 = 0. In this case the only feature that remain is
the main absorption line. Without the permanent dipole, the excited state
curve behaves as a bright state and without the presence of an additional
dark state the three-level model (see sec. 2.5.1) predicts no LIS, fringes or
sidebands.

4.3 Light-induced structures

In systems without a permanent dipole, both atoms and molecules, the
LIS features are centered one NIR photon energy away from the dark state
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and indicates a process with absorption if an UV photon together with the
absorption or emission of an NIR photon. Transitions to the dark states
are dipole forbidden and there will therefore be no visible signal of this
state in the spectrum. In the three-level model described in sec. 2.5.1,
we saw that both the dark and bright states are needed for the LIS. In
the case of the LiF system, where there is a non-zero permanent dipole,
both single UV photon transitions directly from the ground state to the
excited states as well as transitions with a single UV plus a multiple of
NIR photons are dipole allowed. We are thus able to see both the main
absorption line as well as features off on or two NIR photons away from
the line in the ATAS spectrum.

To aid in the analysis and description of the features of the spectra
we will consider a simplified model, in which we consider fixed nuclei. In
this case where we neglect the nuclear kinetic energy term, the system is
reduced to the two levels given by the energies E1(R0) and E2(R0) coupled
by the dipole moments D11(R0), D12(R0) and D22(R0) and we employ the
two-level adiabatic model of sec. 2.6. In the fixed nuclei case the excited
state can no longer propagate away from the region overlapping with the
ground state around R0, and the effect of this cut-off due to the dipole
coupling between the two states have on the spectra must be included in
another way. This is done by multiplying the excited state by another
Window function Eq. (3.34), such that the population at R0 is damped.
The time of the Window function used is Tw,N = 3.6 fs and is related
to the time it would take the excited wave packet to move out of the
Frank-Condon window with the ground state.

In the case of the three-level model sec. 2.5.1, where one considers a
ground state together with a bright and dark excited state, it was possible
to obtain full analytical expression consistently to second order in the NIR
field. In this model the LIS could be attributed to the interaction of the
ground state with the dressed dark state. In the case of two levels with
a permanent dipole as described in sec. 2.6, there is no dark or bright
state, but similarly we consider the term describing the overlap of the
ground state with the excited state (see Eq. (2.125)), where both states
are now dressed by the NIR field. Due to the additional term coming
from the diagonal dipole coupling, we consider a more simplified model
where the NIR field only enters through its effect on the phase of the
two dressed states. Fig. 4.4 shows a comparison of the full numerical
solution of the N -surface model in panel (a) compared with the spectrum
calculated numerically from the adiabatic two-level model i panel (b) using
the time dependent dipole moment of Eq. (2.130), with phases given to
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Figure 4.4: Attosecond transient absorption spectrum of the LiF molecule
as calculated by Eq. (2.5), exhibiting the LISs. In panel (a) the LISs from
the full numerical method of sec. 4.2 are shown. Panel (b) displays the LISs
corresponding to the time dependent dipole moment of Eq. (2.130), with
phases from Eq. (2.131). The top panel depicts the NIR pulse centered
at τ = 0 fs. The color scale on the right displays the signal strength in
arbitrary units. The pulse parameters are given in table 4.1. Reproduced
with permissions from Phys. Rev. A 98, 053401 (2018) [1]. Copyright
2018 American Physical Society.
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second order in the NIR field Eq. (2.131). The adiabatic model captures
the main absorption line with the which-way interference together with the
LIS features to good degree. From the two equations used in the adiabatic
model, we see that the signal is dependent on both the diagonal, D11
and D22, and the off-diagonal dipole matrix element D12. The presence
of a non-zero coupling between the levels D12 is needed for any of the
features to be present at all, and dependence on the difference D22 −D11
is consistent with the absence of the LIS in the case where the permanent
dipole was removed in Fig. 4.3 (c). In the model here the position of the
features comes from the expansion of the adiabatic energies Eq. (2.131),
while in the three-level model it comes from the dipole moment of the
dressed state with the ground state Eq. (2.86). It therefore seems that the
origin of the LIS are not as simple for more complicated systems, and in
general one needs to take into account the specific properties of the system.

4.4 Ladder feature

In the spectra calculated from the full numerical simulation in Fig. 4.3
we saw an additional feature resembling a ladder, which have not been
observed in previous studies. In the section above we used the adiabatic
two level model on the fixed nuclei energies to describe the LIS, and we
will use the same model to analysis the ladder.

The rungs of the ladder are situated a multiple of NIR energies away
from the ground state E1(R0) + nωIR, suggesting that no absorption of
a UV photon is needed. In Fig. 4.5 (a) we show the spectra of the full
adiabatic model where the UV field is only directly in the calculation of
the response function Eq. (2.5), but not in the amplitudes of the dressed
states Eq. (2.132) and Eq. (2.133). In an experiment this would correspond
to the UV pulse not interacting with the system, but only interfering
afterwards with the generated light. Comparing the resulting spectra with
Fig. 4.3 (b), we see that the adiabatic model reproduce a ladder almost
indistinguishable with the full numerical simulation and conclude that the
ladder is indeed an effect only dependent on the NIR field. The feature
does however still depend on the delay between the two pulses, as the
generated light still interact with the UV field.

The dipole moment in the two level model Eq. (2.136) consist of a
term coming from the dressed ground state interacting with itself and
a term coming from the interaction between the two dressed states. As
the UV field is not included in the interaction with the system, the two
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Figure 4.5: Attosecond transient absorption spectrum of the LiF molecule
as calculated by Eq. (2.5), exhibiting an isolated view of the ladder feature.
In panel (a) the ladder as calculated by the full adiabatic method of
Eq. (2.132) and Eq. (2.133) with the dipole Eq. (2.124) is shown. In panel
(b) the nonadiabatic component of the ladder, corresponding to the second
term of Eq. (2.124) is displayed. In panel (c) the adiabatic component of
the ladder is shown, corresponding to the first term of Eq. (2.124), which is
indistinguishable from the spectrum derived from the analytical expression
of Eq. (2.138) (Eq. (4.1)). The frequency bandwidth of the UV pulse is
shown in gray in each figure. The color scale on the right displays the signal
strength in arbitrary units. The pulse parameters are given in table 4.1.
Reproduced with permissions from Phys. Rev. A 98, 053401 (2018) [1].
Copyright 2018 American Physical Society.
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dressed states are not coupled if the non-adiabatic coupling are neglected.
The first term in the dipole can therefore be described as the adiabatic
term and the second as the non-adiabatic term. In Fig. 4.5 we show the
contribution of the non-adiabatic term in (b) and the adiabatic term in
(c). From the two spectra it is clear that both terms contribute to the
ladder, with the non-adiabatic term seeming to be the most important.
The breakdown of the adiabatic approximation is expected, as the position
of the rungs at higher multiples of the NIR energy suggest the underlying
processes to be of higher order of the NIR field.

Getting an analytical expression for the response function of the full
dipole would be to complicate and would not give a clear understanding of
the contribution of the different parts. We instead focus on the adiabatic
term, which is the simplest of the two. We repeat here the response
function found in Eq. (2.138) (where ϕ = 0)
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The form of this expression has already been discussed in sec. 2.6.2. The
spectrum calculated from this analytical expression is indistinguishable
from the numerical adiabatic component in Fig. 4.5.

The last factor containing the dependence on the time delay can be
written, using that i = eiπ/2,

Im
[
in+1eiωτ

]
= sin

[
ωτ + (n+ 1)π/2

]
. (4.2)

As the rungs of the ladder are situated at multiples of the NIR, the
oscillations becomes

Im
[
in+1eiωτ

]
= sin

[
(nωIR +δ)τ+(n+1)π/2

]
for ω = nωIR +δ. (4.3)

We see here explicitly how the frequencies of the different rungs are nωIR
and between each rung the phase changes with ∆ϕ = π/2, which fits with
what we observe in the full spectrum of Fig. 4.3.
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4.5 Polar versus nonpolar molecules
The LIS and the ladder structure in the ATA spectra are both dependent
on the difference of the diagonal dipole moments D22 − D11, as can be
seen from the adiabatic two-level model in Eq. (2.131) and Eq. (2.138).
Heteronuclear nonpolar molecules such as HD+ and HD can have a non-zero
permanent dipoles D11 and D22 due to the mass asymmetry (see. Eq. (2.20)
and Eq. (2.21)), but as they are symmetric with respect to parity they
must fulfil D22 = D11. It is therefore not sufficient for the molecule to be
heteronuclear to see the new features, as being polar is necessary.

4.6 Orientation and alignment
In all calculation up to this point we have assumed a fixed orientation of
all molecules in the sample as illustrated in Fig. 4.1. In a real experimental
setup orientation of the molecules are possible [50–53], but alignment [54],
where the molecules are in a mix of the two orientations, are simpler to
realize. We will therefore compare the spectra obtained from an oriented
sample with that of one that is only aligned. Alignment effects in ATAS
have previously been considered in theory [21, 49].

Instead of interchanging the positions of the two nuclei, the same effect
can be achieved by using a CEP of the two incoming fields of ϕ = π instead
of ϕ = 0. Since we work in the single system response approximation, and
assume an even mixture of the two orientations, the response function for
the aligned system is just the equal weighted average of the two opposite
phases

Saligned(ω, τ) = 1
2
[
S(ω, τ ;ϕ = 0) + S(ω, τ ;ϕ = π)

]
. (4.4)

Fig. 4.6 shows the comparison between the spectrum calculated from the
oriented and the aligned systems. Both spectra are calculated using the
full numerical model. We observe three major differences between the two
signals. First, the LIS are significantly suppressed for the aligned molecules,
second, the interference pattern on the absorption line has disappeared
and third, the rungs of the ladder at even multiples of the NIR photon
energy disappear. The different processes leading to these terms must
still be present, as we are working in the approximation of single system
response, but the generated signal must acquire opposite, or near opposite,
phases resulting in destructive interference. This can be seen directly for
the ladder if we consider the analytical expression for the non-adiabatic
part of the response function, assuming that the adiabatic part follows the
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Figure 4.6: Attosecond transient absorption spectrum of the LiF molecule
as calculated by Eq. (2.5), exhibiting the difference between oriented [panel
(a)] and aligned [panel (b)] targets. Both spectra were calculated using the
full numerical method of sec. 4.2. In panel (a) where the carrier-envelope
phase ϕ of the fields is set to zero, corresponding to a target where all
molecules are oriented relative to the field according to Fig. 4.1. Panel (b)
corresponds to Eq. (4.4), i.e. with a target where molecules are aligned
with respect to the field. The frequency bandwidth of the UV pulse is
shown in gray in both figures. The top panel depict the NIR pulse centered
at τ = 0 fs. The color scale on the right displays the signal strength in
arbitrary units. The pulse parameters are given in table 4.1. Reproduced
with permissions from Phys. Rev. A 98, 053401 (2018) [1]. Copyright
2018 American Physical Society.
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same behaviour. The only difference between the two terms in Eq. (4.4) if
we consider the analytical expression Eq. (4.1), is the last factor. Writing
this last part out we find

Im
[
in+1eiωτ

]
+ Im

[
in+1eiωτei(n−1)π

]
=

2Im
[
in+1eiωτ

]
, n odd

0, n even,
(4.5)

and we therefore see that only the even rungs of the ladder will remain,
since the odd ones will indeed interfere destructively.
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Model System

In this chapter we examine the effect of an avoided crossing on the ATA spec-
tra of a heteronuclear diatomic molecule. We consider a one-dimensional
model system defined by a set of four diabatic potential energy curves,
where the strength of the vibrational coupling, and thereby the avoided
crossing, can be controlled. A similar one-dimensional model has been used
to monitor non-adiabatic effects in the context of attosecond streaking [55],
and in two-dimensional systems, where the non-adiabatic couplings are ex-
emplified by conical intersections, model curves have been used to examine
nuclear dynamics [56] as well as ATAS [25].

5.1 Parameters of the system and the fields
As a simple model for a homonuclear diatomic molecule we consider a
set of four diabatic potential energy curves (see fig. 5.1), with a vibronic
coupling between two of the excited states given by the off-diagonal diabatic
coupling.

The ground state curve V (d)
0 is chosen as a Morse potential [29], which

is a commonly used empirical approximation to describe the ground state
potential of diatomic molecules. For the excited diabatic curves V (d)

1 , V (d)
2

and V (d)
3 we use parabolas. We choose the parameters of the model such

that the system resembles the N2 molecule. The Morse potential is almost
identical to the ground state found by an MCSCF calculation, and the
position of the excited states relative to the ground state lies in the range
of states probed in attosecond experiments [15, 17, 57]. The vibrational
frequencies ω1 = 0.0035 a.u. and ω2 = 1.2ω1 of the two lowest excited

79



80 Chapter 5 · Model System

Figure 5.1: Potential energy curves of the model system. (a) ground state
curve together with the three diagonal excited state curves in the diabatic
representation. (b) Zoomed in view of the excited diagonal diabatic curves.
(c) Zoomed in view of the adiabatic curves in the weak regime. (d) Zoomed
in view of the adiabatic curves in the intermediate regime. (e) Zoomed in
view of the adiabatic curves in the strong regime.

Figure 5.2: Level scheme of the model system. The ground state curve
couples to the two lowest excited states through the XUV and these to
further couple to the highest excited state through the IR. The two lowest
excited curves are further coupled through a vibronic coupling (VC).
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states V (d)
1 and V (d)

2 are roughly in the range of the excited states of N2
from an MCSCF calculation. The frequency ω3 = 0.6ω1 of the highest
excited state V (d)

3 is further chosen, such that it extends over both of the
two lower excited curves.

We assume dipole allowed transitions between the ground state and
the two lowest excited states, as well as transitions between these and the
two the highest lying state. This would correspond to the ground and
highest excited state belonging to one symmetry and the two other excited
states belonging to another. For the diabatic dipole moments with simply
assume a constant with D(d)

01 = D
(d)
13 = 1 a.u. and D(d)

02 = D
(d)
23 = 0.5 a.u.,

where the values are comparable in magnitude to those found in a MCSCF
calculation of N2. Lastly we introduce an off-diagonal diabatic coupling
between the two lowest excited states. For the diabatic coupling V (d)

12 we
choose a Gaussian centered at the crossing Rc of the two diabatic curves

V
(d)

12 (R) = Ae−(R−Rc)2
, (5.1)

which was previously used in a similar model in ref. [55]. As was discussed
in relation to Eq. (2.62), we note that the strength of the diabatic coupling
is inversely proportional to the vibronic coupling, i.e. that a weak diabatic
coupling results and a strong vibronic coupling and vice versa. Fig. 5.2
shows a schematic of the couplings between the four states.

For a fixed amplitude of the diabatic coupling the corresponding adi-
abatic curves can be found by diagonalization of the diabatic potential
matrix

V(d) =


V

(d)
0 0 0 0
0 V

(d)
1 V

(d)
12 0

0 V
(d)

12 V
(d)

2 0
0 0 0 V

(d)
3

 , (5.2)

where we chose the boundary conditions such that the diabatic and adia-
batic curves agree for small separation. In panels (c), (d) and (e) of Fig. 5.1
we show the adiabatic curves corresponding to three distinct amplitudes
of the diabatic coupling. From panel (c) to (e) the amplitude of the
diabatic coupling is increased, leading to a weakening of the vibronic cou-
pling as can be seen through the larger separation in the avoided crossing
(see Eq. (2.37)). The three different values of the amplitude indicate three
different regimes, which will be discussed in more detail in the following
section.

The diagonalization also provides the transformation matrix U of
Eq. (2.44), which can be used to calculate the adiabatic dipole moments
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Table 5.1: Field parameters of the IR and XUV pulses both defined by the
vector potential Eq. (2.17). The CEP of both fields are 0.

IR-pulse XUV-pulse

Central Wavelength λ [nm] 3200 84
Central frequency ω [eV] 0.386 14.7
Intensity I [W/cm2] 1013 5× 107

Duration T [fs] 32 0.56
Cycles Nc 3 2

through Eq. (2.50). We note that in the adiabatic representation the
dipole moments will no longer be constant due to the mixing of the
diabatic states at the crossing. From the transformation matrix it is also
possible to calculated the first-order vibronic coupling P12 using Eq. (2.46).
In sec. 2.4.3 we noted that the coupling is often well approximated by a
Lorentzian, and proved in Eq. (2.58) that a constant diabatic coupling leads
to a Lorentzian shape of the vibronic coupling. Numerical investigations
showed that the Gaussian shape of the diabatic coupling would also lead to
a vibronic coupling of Lorentzian shape, and that the width of the Gaussian
was of little importance, as the value of the diabatic coupling near the
crossing was the dominant factor. It therefore seems as an appropriate
choice to use a Gaussian with fixed width and only vary the amplitude.

The XUV and the IR field are both defined by the vector potential given
in Eq. (2.17), with the parameters given in tab. 5.1. Both fields are linearly
polarized in the z-direction, which coincides with the internuclear axis of
the molecule. The central frequency of the XUV is chosen to coincide with
the energy needed to excite the ground state up to the excited state curves.

In the subsequent analysis we will compare the result of an “exact”
calculation in the diabatic representation, where all couplings are included,
with an “approximate” calculation in the adiabatic representation, where
we use all potential energy curves and dipole couplings but omit the vibronic
couplings. This lets us first directly examine the influence on the vibronic
coupling on the spectra, and explore when the adiabatic approximation is
sufficient. We note that even though we ignore the vibronic coupling for
the adiabatic curves, the effect of the diabatic coupling is still present in
the resulting energy gap at the avoided crossing.
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Figure 5.3: XUV-only spectra as a function of the amplitude of the off-
diagonal diabatic potential for the exact diabatic curves. The three vertical
dashed lines indicate values of the of the vibronic coupling corresponding
to each of the three different regimes. From left to right; weak regime,
intermediate regime and strong regime. See main text. Value of the
response function is in arb. units.

5.2 XUV-only spectroscopy

We first calculate the spectrum from a simulation where we only apply the
XUV, and not include the IR. We calculate this XUV-only spectrum for
the exact diabatic and approximate adiabatic curves for varying values
of the amplitude of the off-diagonal diabatic potential to highlight the
difference between the two sets of curves. In Fig. 5.3 we show the spectrum
of the exact diabatic curves, and in Fig 5.4 we show the corresponding
spectrum for the approximate adiabatic curves, where the non-adiabatic
coupling is neglected. The XUV-only absorption spectra allow us to to
see the impact of the vibronic coupling on the system. By comparing
the spectra of the exact diabatic curves and the approximative adiabatic
curves, we can also clearly see when omission of the vibronic coupling as a
valid approximation.

For the approximate adiabatic curves in Fig. 5.4 there is only a small
effect on the spectrum as the amplitude of the diabatic coupling is increased.
Comparing the energy scale with the three different sets of adiabatic curves
in Fig. 5.1, we see that the vibrational states we probe are all situated
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Figure 5.4: XUV-only spectra as a function of the amplitude of the off-
diagonal diabatic potential of the approximate adiabatic curves. The three
vertical dashed lines indicate specific values of the three different regimes.
From left to right; weak regime, intermediate regime and strong regime.
Value of the response function is in arb. units.

above where the adiabatic curves differ with the strength of coupling. We
would therefore not expect a large change in these energy levels, as the
potentials are only slightly perturbed as we omit the vibronic coupling.

For the exact diabatic curves in Fig. 5.3, we see a clear change of
the absorption lines of the spectrum as the strength of the off-diagonal
potential is increased. Based on the spectra and inspired by a similar
analysis in ref. [25], we divide the curves into three regimes based on
the amplitude of the off-diagonal diabatic potential; weak, intermediate
and strong. In Fig. 5.3 and 5.4 we indicate three different values of the
amplitude of the diabatic coupling that lies in each of the three regimes,
and these three regimes will be used later in the analysis of the full ATA
spectra.

In the weak regime the absorption lines are well separate, as would be
expected since the coupling here can be neglected and we would therefore
just see the vibrational energies of the harmonic diagonal diabatic curves.
We note however, that the result is quite different compared with the
approximate adiabatic curves. This is expected, since low amplitude
of the diabatic coupling corresponds to a strong vibronic coupling (see
Eq. (2.62)), with the latter being neglected in Fig. 5.4. However since the
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Figure 5.5: XUV only spectra as a function of the amplitude of the off-
diagonal diabatic potential. (a) Weak regime, (b) intermediate regime and
(c) strong regime. Red line is the spectrum for the exact diabatic curve,
while the blue line is the spectrum for the approximate adiabatic curves.

vibronic coupling is very weak in this regime, one can get good results
for the adiabatic curves by using a “crude diabatization”, where one just
connect opposite adiabatic curves over the avoided crossing to get a good
approximation for the diabatic curves. In this picture it is also of no
surprise that the absorption lines are well separated. The use of crude
diabatic states have previously been used in the theoretical study of ATAS
in N2 in ref. [17].

In the intermediate regime the absorption lines now split and merge
and the signal is overall more chaotic. This is the region of most interest,
as the effect of the vibronic coupling has the biggest impact and where the
spectra from the exact diabatic and approximate adiabatic differ the most
when we take into account the possibility of using the crude diabatization.

For the strong regime, the corresponding vibronic coupling will be small
since the gap of the avoided crossing is large, and we therefore see that the
two spectra are quite similar and the absorption lines are again regular and
well defined. In this regime the adiabatic curves with neglected vibronic
coupling is then expected to be a very good approximation, something we
will analyse later for the full ATA spectra.

To see more clearly the differences and similarities between the spectra
of Fig. 5.3 and 5.4 for the three different regimes, Fig. 5.5 shows the
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Figure 5.6: Density of the nuclear wave-packets on each of the four diabatic
curves in the weak regime as a function of time for XUV-only spectroscopy
with the XUV pulse incident at time 0 fs. (a) Wave-packet on ground
state curve. (b) Wave-packet on first of the excited bright state curves.
(c) Wave-packet on second excited bright state curve. (d) Wave-packet on
dark state excited state curve.

absorption spectra of the three cuts. To reiterate; we see for the weak
regime in (a) that the two spectra are quite different, but both spectra are
regular with well-defined and well separated peaks. For the intermediate
regime in (b) the adiabatic spectra is roughly the same, but the diabatic
spectra is altered and there is some irregularity in the peaks around 14.2 eV.
And for the strong regime in (c) the two spectra are nearly identical, both
with regular peaks.

5.2.1 Dynamics of the nuclear wave-packets

To get a clearer view of the dynamics in the three different regimes and to
further highlight where the similarities and differences between the exact
diabatic and approximate adiabatic curves, we show the density of the
individual wave-packets on each of the four curves in our model for the
XUV-only spectroscopy. In each of the cases the XUV pulse is incident at
time zero.

In Fig. 5.6 we see the nuclear dynamics on the exact diabatic curves
in the weak regime. The ground state wave-packet in panel (a) is almost
completely unchanged, as the intensity of the XUV is such that only a
small part of the population is excited. Due to the small diabatic coupling,
the wave-packets in panel (b) and (c) are mostly uncoupled, which is in
accordance with the prediction of the Landau-Zener formula in Eq. (2.59),
and preform simple oscillations. The highest lying excited state is dark
with respect to the ground state, and there is therefore no significant
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Figure 5.7: Density of the nuclear wave-packets on each of the four diabatic
curves in the intermediate regime as a function of time for XUV-only
spectroscopy with the XUV pulse incident at time 0 fs. (a) Wave-packet
on ground state curve. (b) Wave-packet on first of the excited bright state
curves. (c) Wave-packet on second excited bright state curve. (d) Wave-
packet on dark state excited state curve.

excitation present with only the incident XUV.
For the diabatic curves in the intermediate regime depicted in Fig. 5.7

the behaviour of the wave-packet on the two lowest excited states in
panel (b) and (c) are now much more chaotic. In panel (b) we can see
how the wave-packet on the lowest excited state initial follows a simple
oscillation until it reached the crossing at Rc ∼ 3 a.u. The continuation of
a significant part of the wave-packet can then be seen on the other excited
curve in panel (c). After this wave-packet returns to the crossing, the
mixing of the two states continue and becomes more chaotic.

In the strong regime in Fig. 5.8 the wave-packets on the two lowest
excited diabatic curves are now so strongly coupled that every time the they
pass the crossing, we see an almost full transition between the two curves
(again in accordance with the Landau-Zener model). We can compare this
with the corresponding dynamics of the approximate adiabatic curves in
the same regime shown in Fig. 5.9, where the two states uncoupled and
there is no mixing of the states.

Calculation of the nuclear dynamics on the approximate adiabatic
curves in the strong and weak regime are almost indistinguishable to
the dynamics found in Fig. 5.9. This is as expected from the XUV-only
spectrogram in Fig. 5.4, where there was only a small change of the energy
levels probed by the XUV as the amplitude of the diabatic coupling was
varied. This supports the physical intuition, that the omission of the
vibronic approximation is a very good approximation in the strong diabatic
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Figure 5.8: Density of the nuclear wave-packets on each of the four diabatic
curves in the strong regime as a function of time for XUV-only spectroscopy
with the XUV pulse incident at time 0 fs. (a) Wave-packet on ground
state curve. (b) Wave-packet on first of the excited bright state curves.
(c) Wave-packet on second excited bright state curve. (d) Wave-packet on
dark state excited state curve.

Figure 5.9: Density of the nuclear wave-packets on each of the four ap-
proximate adiabatic curves in the strong regime as a function of time
for XUV-only spectroscopy with the XUV pulse incident at time 0 fs.
(a) Wave-packet on ground state curve. (b) Wave-packet on first of the
excited bright state curves. (c) Wave-packet on second excited bright state
curve. (d) Wave-packet on dark state excited state curve.
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Figure 5.10: ATAS spectrum of exact diabatic curves for low amplitude of
the diabatic coupling. The parameters of the XUV and the IR are given in
table 5.1. An illustration of the IR pulse, centered at τ = 0 fs, is shown in
the top panel. The color scale to the right displays the signal strength in
arbitrary units. For negative delays the XUV pulse will arrive first, while
for positive delays the IR pulse arrive first.

regime where the corresponding vibronic coupling is small, and that the
adiabatic approximation constitute a more appropriate representation as
the coupling of the diabatic curves introduced a high degree of mixing.
For the intermediate and weak regime the corresponding vibronic coupling
is to strong to be neglected and the diabatic curves are the appropriate
representation.

5.3 ATA spectra of the Model System
In this section we describe and analyse the ATA spectra of the model
system for a set of the exact diabatic curves in each of the three regimes
together with the approximate adiabatic curves in the strong regime as a
comparison. We only include the adiabatic result for one regime, as the
ATA spectra are, just like the case of the XUV-only, very similar for the
three regimes.

We first consider the ATA spectrum of the exact diabatic curves in the
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weak regime, which is shown in Fig. 5.10 For larger positive delays, the
IR pulse arrives before the XUV. If enough time passes, such that there
is no overlap between the two fields, the resulting spectra is equal to the
XUV-only and we just see the delay-independent main absorption lines.
For large negative delays, the two pulse are again well separated. Here the
XUV arrives first and excites population onto the two bright state curves
where the resulting wave packets will move, and later the incoming IR
pulse will perturbed these giving rise to the delay-dependent features. For
the largest negative delays, the window function will have damped most
of the signal and we mainly see modulation of the main absorption. The
emission features seen between the absorption lines could be due to the
hyperbolic sidebands, but they are hard to distinguish due to the closely
lying vibrational states. At delays around −40 fs, still at at a time where
the two pulses are well separated, there are more abrupt changes of the
main absorption lines where some of the lines split. There is also additional
features around 15 and 13.25 eV at this delay. The features show both
hyperbolic slopes away from the main lines as well as periodic modulation
as a function of the time delay. The features are approximately spaced one
IR frequency ∼ 0.4 eV away from the absorption lines, and could therefore
be the result of oscillating fringes. We argue later in sec. 5.3.1, that this
seems to be correct. Around zero delay, where the two pulses overlap, we
see the riches features. There is a modulation of both the main absorption
lines, as well as the emission features between them as a function of the
delay. Away from the main lines we see vertical features with a clear time
delay modulation. Looking more closely at the different features away from
the main absorption lines, we see that they all have the same oscillation
around 2ωIR, which corresponds to a period of ∼ 5.4 fs.

We now consider the ATA spectrum of the exact diabatic curves in
the intermediate regime in Fig. 5.11. Compared to the weak regime in
Fig. 5.10 the main absorption lines are much more chaotic, as expected
from the XUV-only analysis. In the intermediate regime, the absorption
lines are so close that they often overlap, and it is therefore difficult to
distinguish any possible emission features between them as could more
clearly be seen in the weak regime. Similar to the weak regime, we see
features attributed to the oscillating fringes at negative time delays around
15 and 13.25 eV. However the features now lie around -50 fs, instead of
-40 fs, an effect we will see even more pronounced in the strong regime.
The features at -50 fs are also weaker here than compared to the weak
regime, and as we see later to the strong regime. The features due to the
fringes and LIS centered at zero time delay are not altered significantly
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Figure 5.11: ATAS spectrum of exact diabatic curves for intermediate
amplitude of the diabatic coupling. The parameters of the XUV and the
IR are given in table 5.1. An illustration of the IR pulse, centered at τ = 0
fs, is shown in the top panel. The color scale to the right displays the
signal strength in arbitrary units. For negative delays the XUV pulse will
arrive first, while for positive delays the IR pulse arrive first.

compared to the weak regime.
In Fig. 5.12 we consider the ATA spectrum of the exact diabatic curves

in the strong regime. In the strong regime, the main absorption lines are
now back to being well separated. Compared to the weak regime, where
the lines are also well defined, we see much weaker emission lines. The
oscillating fringes at 15 and 13.25 eV for negative delays are now situated
at -60 fs, and have moved to further negative delay compared to the -40 fs
for the weak regime and -50 fs for the intermediate regime. If we compare
these three delay times with the nuclear dynamics of Fig. 5.6, 5.7 and 5.8,
we see that it coincides roughly with the time it takes for the excited
wave-packet to propagate out and return to the Frank-Condon window of
the ground state. The feature at negative delay could

Again there is not much change to the features coming from the
oscillating fringes and LIS at zero delay compared to the two other regimes.

Finally we include the ATA spectrum calculated using the approximate
adiabatic curves for strong diabatic coupling. The spectrum is shown in
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Figure 5.12: ATAS spectrum of exact diabatic curves for strong amplitude
of the diabatic coupling. The parameters of the XUV and the IR are given
in table 5.1. An illustration of the IR pulse, centered at τ = 0 fs, is shown
in the top panel. The color scale to the right displays the signal strength in
arbitrary units. For negative delays the XUV pulse will arrive first, while
for positive delays the IR pulse arrive first.

Fig. 5.13. In the strong regime the vibronic coupling is weak, and our
omission of this for the adiabatic curves is a good approximation. This is
further justified when we compare the approximate adiabatic spectrum with
the corresponding exact diabatic spectrum in the same regime Fig. 5.12,
where we see that the two spectra are almost identical. Calculating the
ATA spectrum of the approximate adiabatic curves for the two other
regimes, there is only a slight altering as the strength of the diabatic
coupling is changed.

5.3.1 Using the Multi-level model
In our analysis of the features of the ATA spectra of LiF in chap. 4, we
could use the adiabatic two-level model of sec. 2.6. In the case of our
model system, it is clear from both the ATAS and the XUV-only spectra
that multiple excited levels are at play. To analyse the spectra we will
therefore used the multi-level expansion of the adiabatic three-level model
derived in sec. 2.5.2.
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Figure 5.13: ATAS spectrum of approximate adiabatic curves for strong
amplitude of the diabatic coupling. The parameters of the XUV and the
IR are given in table 5.1. An illustration of the IR pulse, centered at τ = 0
fs, is shown in the top panel. The color scale to the right displays the
signal strength in arbitrary units. For negative delays the XUV pulse will
arrive first, while for positive delays the IR pulse arrive first.

The response function of the multi-level model for the sidebands and
fringes in Eq. (2.105) and the LIS in Eq. (2.106) extends the simpler
three-level model, by including and summing the signal of all possible sub
three-level systems. This is a very crude model, and it will in general
provide too strong a signal due to the combinatorial nature of including all
levels. The model can provide some quantitative insight to the collective
effects that happen when several levels are included, but more investigation
is needed to determine more clearly the range of validity of the model and
possible adjustment that can be made to produce more useful results.

We present here briefly some of the results of the model, with a focus
on the description if the oscillating fringes. Fig. 5.14 shows the response
function Eq. (2.105) responsible for the fringes for the exact diabatic
curves in the weak regime. We further simplify the response function
by neglecting the intra-manifold coupling arising from the intersection of
different bright states mediate by a dark state, and focus on the inter-
manifold term coupling. The function is calculated by summing over the



94 Chapter 5 · Model System

Figure 5.14: Analytical response function of the oscillating
fringes Eq. (2.105) coming from the inter-manifold coupling for
the exact diabatic curves for weak amplitude of the diabatic coupling.

lowest 25 vibrational state in each of the excited curves. Comparing with
the full numerical result in Fig. 5.10, the model recreates the fringes at
the correct energies of 15 and 13.25 eV, delay at 0 and −40 fs and with
the same delay dependent period of 2ωIR. There is an additional feature
at −80 fs, which is not present in the full model. The signal at −40 fs
was explained by the excited wave-packet completing one oscillation and
returning to the Frank-Condon window of the ground state, and the signal
at −80 fs can therefore be explain by the same process happening after
two full oscillations. In the full numerical model the dipole i dampened by
the Window function, and the signal for this second arrival is extinguished.
We further see some additional fringes at energies around 15.7 eV, which
are not present in the full numerical spectra.

Fig. 5.15 response function for the fringes for the exact diabatic curves
in the intermediate regime. In this figure the accordance with the corre-
sponding full numerical spectrum in Fig. 5.12 is worse, which much stronger
additional features, and the revival signal of the fringes at −50 fs is less
distinguished. For the diabatic curves in the strong regime in Fig. 5.16 the
revival fringes are pronounced again, but the additional fringes are even
stronger. These trends suggest that the model breaks down in the presence
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Figure 5.15: Analytical response function of the oscillating
fringes Eq. (2.105) coming from the inter-manifold coupling for
the exact diabatic curves for intermediate amplitude of the diabatic
coupling.

of a significant diabatic coupling and works best in the weak regime. This
is further supporter by the spectrum calculated for the approximative adia-
batic curves in the strong regime in Fig. 5.17, which has a good agreement
with the corresponding full numerical result in FIg. 5.13.
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Figure 5.16: Analytical response function of the oscillating
fringes Eq. (2.105) coming from the inter-manifold coupling for
the exact diabatic curves for strong amplitude of the diabatic coupling.
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Figure 5.17: Analytical response function of the oscillating
fringes Eq. (2.105) coming from the inter-manifold coupling for
the approximate adiabatic curves for strong amplitude of the diabatic
coupling.





Chapter 6

Summary and Outlook

In this thesis we have presented a comprehensive description of the under-
lying theory of attosecond transient absorption spectroscopy in diatomic
molecules.

In Chapter 2 we gave a review of the response function, which through
the time-dependent dipole moment of the molecule, provides a way to
reproduce features of the rich spectrograms. We described in detail the
adiabatic and diabatic representation needed in the description of the
quantum model of the diatomic molecule, and compared the advantages
and disadvantages of the two representations with a focus of the vibronic
coupling arising at the avoided crossings. Lastly we derived a series of
semi analytical models useful in the description of the most fundamental
features present in the ATA spectra.

Chapter 3 described the standard numerical methods used in the
simulation of the interaction of the molecule with the incoming field, as
well as general techniques used in the subsequent analysis.

In Chapter 4 we studied ATAS in the context of a polar diatomic
molecule exemplified by the LiF system. Polar molecules break inversion
symmetry, which opens up more pathways and therefore leads to new
features. The obtained spectra of LiF calculated using the full numerical
model showed in particular two new interesting features; LIS situated one
NIR photon away from the main absorption line, and an additional new
ladder structure with the rungs separated by one NIR photon. The LIS
have previously only been seen surrounding dark states, but can for polar
molecules occur around the bright states as the electronic states are no
longer of definite parity. Through the use of a fixed-nuclei model derived
in chap. 2 we could show some of the dependencies of the different features.
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Importantly we saw that both the LIS and the ladder where dependent
on D22 −D11, implying that nonpolar molecules would not exhibit these
in their spectra. We further compared the two different experimental
scenarios of alignment and orientation, where we saw how the mixture of
the signal for the aligned sample would lead to the extinguish of some of
the features.

For further studies into the dynamics of LiF or polar molecules in
general one could e.g. explore the effects of including more than just two
potential energy curves. The dissociative shape of the excited state lead to
a fast dephasing of the dipole signal, and comparing the spectrum of LiF
to is polar system with a binding excited state could also be of interest.
Recently our adiabatic two-level model for the polar system was extended
and used to describe ATAS in non-centrosymmetric systems in ref. [58],
and further investigations into other areas of its applicability could be of
interest.

Chapter 5 was concerned with the study of a model system with an
avoided crossing between two of the excited states. The model system
allowed us full control of the vibronic coupling of the crossing through the
amplitude of the corresponding diabatic coupling. Through absorption
spectra calculated with only the presence of the XUV, we could divide the
different set of curves in to three distinct regimes based on the strength
of the diabatic coupling. From the full numerical spectra of the model
calculated for the exact diabatic and approximate adiabatic curves, we
could examine the effect of the crossing and determine when omission of
the non-adiabatic features constituted a valid approximation. We further
employed a multi-level model to aid in the description of the oscillating
fringes. The model showed promise for the exact diabatic curves in the
weak regime and for the approximate adiabatic curves in the strong regime.

In the full numerical simulation the model system showed promise in
description of non-adiabatic effects through the comparison of the exact
diabatic and approximative adiabatic curves. Studies of interest could
be in changing the shape of the excited states; such that some states are
dissociative instead of binding, the avoided crossing is moved further out
or the introduction of multiple crossings. The multi-level model used in
the description of the oscillating fringes was less successful, and an obvious
path for further work would be to more closely investigate its used and
determine its range of validity.



Appendix A

Fourier Transforms of the
fields

In this appendix we briefly outline how the different Fourier transforms of
the fields are calculated. This is based entirely on the work in [11] and [1].

Both the IR and the XUV fields are defined by the vector poten-
tial Eq. (2.17)

A(t) = A0e
− 4(t−tc)2

T2 cos
[
ω(t− tc)

]
, (A.1)

through the relation

F (t) = −∂tA(t) (A.2)

= F0e
− 4(t−tc)2

T2

{
8(t− tc)
ωT 2 cos

[
ω(t− tc)

]
+ sin

[
ω(t− tc)

]}
, (A.3)

with F0 = ωA0.
The IR field is centered around tc = 0, and since the duration TIR is

relatively large we will neglect the first term,

FIR(t) = F0,IRe
− 4t2
T2

IR sin
[
ωIRt

]
. (A.4)

We reiterate here that we use the unitary, angular frequency definition
of the Fourier transform

F
[
f(t)

]
(ω) = 1√

2π

∫
R
dtf(t)e−iωt. (A.5)
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For the Light-induced structures we need the Fourier transform of the
IR pulse multiplied by an exponential

F
[
FIR(t)eiEdt

]
(ω) = F0,IR

2i

{
F
[
e
− 4t2
T2

IR ei(Ed+ωIR)t
]
(ω)−F

[
e
− 4t2
T2

IR ei(Ed−ωIR)t
]
(ω)
}
.

(A.6)
Using the shift property of the Fourier transform

F
[
f(t)eiat

]
(ω) = F

[
f(t)

]
(ω − a), (A.7)

we find

F
[
FIR(t)eiEdt

]
(ω) = F0,IR

2i

{
F
[
e
− 4t2
T2

IR
]
(ω−Ed−ωIR)−F

[
e
− 4t2
T2

IR
]
(ω−Ed+ωIR)

}
.

(A.8)
The Fourier transform of a Gaussian is just another Gaussian

F
[
e−at

2](ω) = 1√
2a
e−

ω2
4a . (A.9)

Using this finally yields us

F
[
FIR(t)eiEdt

]
(ω) = F0,IRTIR

i4
√

2

{
e−

T2
IR(ω−Ed−ωIR)2

16 − e−
T2

IR(ω−Ed+ωIR)2

16

}
.

(A.10)
For the hyperbolic sidebands and the oscillating fringes we need the

Fourier transforms of two different terms. The first term is the square of
the IR pulse multiplied by a phase

F
[
F 2

IR(t)eiEdt](ω) = F 2
0,IRF

[
e
− 8t2
T2

IR sin2 (ωIRt
)
eiEdt

]
(ω) (A.11)

= −
F 2

0,IR
4

{
F
[
e
− 8t2
T2

IR ei(Ed+2ωIR)t
]

+ F
[
e
− 8t2
T2

IR ei(Ed−2ωIR)t
]
− 2F

[
e
− 8t2
T2

IR eiEdt
]}

(A.12)

= −
F 2

0,IRTIR

16
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T2
IR(ω−Ed−2ωIR)2

32

+ e−
T2

IR(ω−Ed+2ωIR)2

32 − 2e−
T2

IR(ω−Ed)2

32

}
(A.13)
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The second Fourier transform needed, is of the integral over the square
of the field. To calculate the transform we first split up the time integral∫ t

τ
dt′F 2

IR(t′) =
∫ t

0
dt′F 2

IR(t′) +
∫ 0

τ
dt′F 2

IR(t′). (A.14)

The second integral is now independent of the time t, and will be neglected
since it will only contribute to a small change of the main absorption line.
For the first integral we can further write, using that the integrand is even,∫ t

0
dt′F 2

IR(t′) = 1
2

∫ t

−t
dt′F 2

IR(t′) (A.15)

= 1
2

{∫ −t
−∞

dt′F 2
IR(t′) +

∫ t

−t
dt′F 2

IR(t′)−
∫ ∞
t
dt′F 2

IR(t′)
}
(A.16)

= 1
2

∫ ∞
−∞

dt′sgn(t− t′)F 2
IR(t′), (A.17)

where sgn(t) is the sign function. The Fourier transform of this term is
now of the form of a convolution

(f ∗ g)(t) =
∫ ∞
−∞

dt′f(t− t′)g(t′), (A.18)

where the Fourier transform becomes a product

F
[
(f ∗ g)(t)

]
(ω) =

√
2πF

[
f(t)

]
(ω)F

[
g(t)

]
(ω). (A.19)

The Fourier transform of the sign function is

F
[
sgn(t)

]
=
√

2
π

1
iω
, (A.20)

and combining all this we get

F
[ ∫ t

τ
dt′F 2

IR(t′)eiEdt
]
(ω) = F

[ ∫ t

τ
dt′F 2

IR(t′)
]
(ω − Ed) (A.21)

=
√

2π
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(A.22)

= 1
i(ω − Ed)

F
[
F 2
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(ω − Ed) (A.23)
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0,IRTIR
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}
(A.24)
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In the treatment of the heteronuclear LiF molecule, we consider an
XUV field in a regime where we want to include the effect of the spectral
width not contained in the approximation of the delta function in time
where the Fourier transform is a constant. For the LiF molecule we also
wanted to test the effect of orientation compared to alignment, and to do
this we include the phases ϕ of both fields.

The XUV is centered at τ

FXUV(t) = F0,XUVe
− 4(t−τ)2

T2
XUV

{
8(t− τ)

ωXUVT 2
XUV

cos
[
ωXUV(t−τ)+ϕ

]
+sin

[
ωXUV(t−τ)+ϕ

]}
.

(A.25)
As we have used earlier, we need only to consider the exponentials with
positive phases

FXUV(t) = 4F0,XUV
ωXUVT 2

XUV
(t− τ)eiωXUV(t−τ)eiϕe

− 4(t−τ)2

T2
XUV (A.26)

+ F0,XUV
2i eiωXUV(t−τ)eiϕe

− 4(t−τ)2

T2
XUV . (A.27)

The Fourier transform is found, by first using the time shift property

F
[
f(t− t′)

]
(ω) = e−iωt

′F
[
f(t)

]
(ω), (A.28)

and after that the shift in frequency in Eq. (A.7)

F
[
FXUV(t)

]
(ω) = 4F0,XUV

ωXUVT 2
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e−iωτeiϕF
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= 4F0,XUV
ωXUVT 2

XUV
e−iωτeiϕF

[
te
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]
(ω − ωXUV)

+ F0,XUV
2i e−iωτeiϕF
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e
− 4t2
T2

XUV
]
(ω − ωXUV). (A.30)

Finally using the algebraic property

F
[
tf(t)

]
(ω) = i

d

dω
F
[
f(t)

]
(ω), (A.31)
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we get, using the Fourier transform of the Gaussian in Eq. (A.9),

F
[
FXUV(t)

]
(ω) =i 4F0,XUV

ωXUVT 2
XUV

e−iωτeiϕ
d

dω

TXUV

2
√

2
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(A.33)

In the description of the ladder structure, we also need the Fourier
transform of the IR field to multiple orders

F
[
FnIR(t)

]
= F

[
Fn0,IR sinn

(
ωIRt+ ϕ

)
e
− 4nt2
T2

IR
]
(ω), (A.34)

where we again use the Eq. (A.4) expression for the IR field. For the
different powers of the sine carrier we have, using the binomial theorem,

Fn0,IR sinn
(
ωIRt+ ϕ

)
=
Fn0,IR
(2i)n

(
eiωIRteiϕ − e−iωIRte−iϕ

)n
(A.35)
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eikωIRteikϕ(−1)n−ke−i(n−k)ωIRte−i(n−k)ϕ

(A.36)
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(
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2

)n n∑
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(−1)n−k
(
n
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)
ei(2k−n)ωIRtei(2k−n)ϕ.

(A.37)

This sum will contain exponentials with phases einωIRt, ei(n−2)ωIRt, . . . ,
e−nωIRt, i.e. we get a given power from more than one power of the carrier.
The terms will fall of with the intensity, and we will therefore only keep
the first term. We will further only keep the positive phases, as we have
done earlier. We therefore get
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F
[
FnIR(t)

]
(ω) ≈ Fn0,IR

(
−i
2

)n
einϕF

[
e
− 4nt2
T2

IR einωIRt
]
(ω) (A.38)

= Fn0,IR

(
−i
2

)n
einϕF

[
e
− 4nt2
T2

IR
]
(ω − nωIR) (A.39)

=
Fn0,IRTIR

2
√

2n

(
−i
2

)n
einϕe−

T2
IR(ω−nωIR)2

16n (A.40)



Appendix B

Adiabatic Multi-Level
model

In this appendix we shown in more detail how the two analytical response
functions Eq. (2.105) and Eq. (2.106) of the adiabatic three-level model
are calculated.

We found the second order adiabatic energies

Eba,n = Eb,n −
∑
m

D2
b,n;d,mF

2
IR

Ed,m − Eb,n
(B.1)

Eda,m = Ed,m +
∑
n

D2
b,n;d,mF

2
IR

Ed,m − Eb,n
, (B.2)

and dressed states

|ψba,n〉 =
(

1− 1
2
∑
m

D2
b,n;d,mF

2
IR

(Ed,m − Eb,n)2

)
|ψb,n〉+

∑
m

db,n;d,mFIR
Ed,m − Eb,n

|ψd,m〉

+
∑
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∑
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2
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(Ed,m − Eb,n)(Eb,k − Eb,n) |ψb,k〉 (B.3)

|ψda,m〉 = −
∑
n
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|ψb,n〉+
(
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2
∑
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2
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)
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+
∑
n

∑
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2
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Using these states, we write the full wave function as

|Ψa〉 = ag(t) |ψg〉+
∑
n

ab,n(t)e−i
∫ t
τ
dt′Eba,n |ψba,n〉

+
∑
m

ad,m(t)e−i
∫ t
τ
dt′Eda,m |ψda,m〉 . (B.5)

Working to first order in the weak XUV field, we find the following equations
for the expansion coefficients

ȧ
(1)
b,n = iFXUV 〈ψab,n|D̂|ψg〉 ei

∫ t
τ
dt′Eba,n (B.6)

ȧ
(1)
d,m = iFXUV 〈ψad,m|D̂|ψg〉 ei

∫ t
τ
dt′Eda,m , (B.7)

where we have neglected all non-adiabatic terms containing 〈ψba,n|ψ̇da,m〉,
〈ψda,m|ψ̇ba,n〉, 〈ψba,n|ψ̇ba,n〉 and 〈ψda,m|ψ̇da,m〉. The matrix elements of the
dipole operator between the ground and the two dressed states are

〈ψba,n|D̂|ψg〉 = Dg;b,n

(
1− 1

2
∑
m

D2
b,n;d,mF

2
IR

(Ed,m − Eb,n)2

)

+
∑
m

∑
k 6=n

Dg;b,k
Db,k;d,mDb,n;d,mF

2
IR

(Ed,m − Eb,n)(Eb,k − Eb,n) (B.8)

〈ψda,m|D̂|ψg〉 = −
∑
n

Dg;b,n
Db,n;d,mFIR
Ed,m − Eb,n

, (B.9)

to second order in the IR field.
Using the approximation of the short XUV pulse as a delta function

FXUV(t − τ) → γ(t − τ), we can solve the differential equations for the
expansion coefficients

a
(1)
b,n(t) = iγθ(t− τ)

{
Dg;b,n

(
1− 1

2
∑
m

D2
b,n:d,mF

2
IR(τ)

(Ed,m − Eb,n)2

)

+
∑
m

∑
k 6=n

Dg;b,k
Db,k;d,mDb,n;d,mF

2
IR(τ)

(Ed,m − Eb,n)(Eb,k − Eb,n)

}
(B.10)

a
(1)
d,m(t) = −iγθ(t− τ)

∑
n

Dg;b,n
Db,n;d,mFIR(τ)
Ed,m − Eb,n

. (B.11)
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To first order in the XUV field, the time-dependent dipole moment of
the wave function is

〈D〉a =
∑
n

[
a

(1)
b,n

]∗
〈ψba,n|D̂|ψg〉 ei

∫ t
τ
dt′Eba,n

+
∑
m

[
a

(1)
d,m

]∗
〈ψda,m|D̂|ψg〉 ei

∫ t
τ
dt′Eda,m , (B.12)

where we have only included the terms with positive phases. Following the
approach of the three-level model, we treat the two terms separately.

For the first term of the dipole we have

〈D〉a1 =
∑
n

[
a

(1)
b,n

]∗
〈ψba,n|D̂|ψg〉 ei

∫ t
τ
dt′Eba,n

≈ −iγθ(t− τ)
∑
n

{
D2
g;b,n

(
1− 1

2
∑
m

D2
b,n;d,m

[
F 2

IR(t) + F 2
IR(τ)

]
(Ed,m − Eb,n)2

)

− iD2
g;b,n

∑
m

D2
b,n;d,m

Ed,m − Eb,n

∫ t

τ
dt′F 2

IR(t′)

+Dg;b,n
∑
m

∑
k 6=n

Dg;b,k
Db,k;d,mDb,n;d,m

[
F 2

IR(t) + F 2
IR(τ)

]
(Ed,m − Eb,n)(Eb,k − Eb,n)

}
eiEb,n(t−τ).

(B.13)

Ignoring the terms with trivial time-dependence as well as setting the
step function equal to one and ignoring the window function, we get the
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response function

Sa1(ω, τ) = −
∑
n

∑
m

√
πγ2D2

g;b,nD
2
b,n;d,mF

2
0,IRTIR

4
√

2(Ed,m − Eb,n)c

×
[

1
ω − Eb,n

+ 1
2(Ed,m − Eb,n)

]
ω cos

[
(Eb,n − ω)τ

]
[

exp
(
− T 2

IR(ω − Eb,n − 2ωIR)2

32

)
+ exp

(
− T 2

IR(ω − Eb,n + 2ωIR)2

32

)

− 2 exp
(
− T 2

IR(ω − Eb,n)2

32

)]

+
∑
n

∑
m

∑
k 6=n

√
πγ2Dg;b,nDg;b,kDb,n;d,mDb,k;d,mF

2
0,IRTIR

2
√

2(Ed,m − Eb,n)(Eb,k − Eb,n)c

× ω cos
[
(Eb,n − ω)τ

]
[

exp
(
− T 2

IR(ω − Eb,n − 2ωIR)2

32

)
+ exp

(
− T 2

IR(ω − Eb,n + 2ωIR)2

32

)

− 2 exp
(
− T 2

IR(ω − Eb,n)2

32

)]
(B.14)

The second term of the dipole is

〈D〉a2 =
∑
m

[
a

(1)
d,m

]∗
〈ψda,m|D̂|ψg〉 ei

∫ t
τ
dt′Eda,m (B.15)

≈ −iγθ(t− τ)
∑
m

∑
n

∑
k

Dg;b,nDg;b,k

× Db,n;d,mDb,k;d,mFIR(τ)FIR(t)
(Ed,m − Eb,n)(Ed,m − Eb,k)

eiEd,m(t−τ). (B.16)
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This yields the response function

Sa2(ω, τ) =
∑
n

∑
m

√
πγρD2

g;b,nD
2
b,n;d,mF

2
0,IRTIR

2c(Ed,m − Eb,n)2 exp
(
− 4τ2

T 2
IR

)
× ω sin

(
ωIRτ

)
sin
[
(Ed,m − ω)τ

]
×
[

exp
(
− T 2

IR(ω − Ed,m − ωIR)2

16

)
− exp

(
− T 2

IR(ω − Ed,m − ωIR)2

16

)]

+
∑
n

∑
m

∑
k 6=n

√
πγρDg;b,nDg;b,kDb,n;d,mDb,k;d,mF

2
0,IRTIR

2c(Ed,m − Eb,n)(Ed,m − Eb,k)
exp

(
− 4τ2

T 2
IR

)
× ω sin

(
ωIRτ

)
sin
[
(Ed,m − ω)τ

]
×
[

exp
(
− T 2

IR(ω − Ed,m − ωIR)2

16

)
− exp

(
− T 2

IR(ω − Ed,m − ωIR)2

16

)]
(B.17)
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