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Preface

This progress report contains a summary of the work carried out during part A
of my PhD study at the Lundbeck Foundation Theoretical Center for Quantum
System Research, Department of Physics and Astronomy, University of Aarhus.
The main part of the report is based on work described in the four papers [1, 2, 3, 4]
regarding strong-field ionization of atoms and molecules by few-cycle laser pulses.
The first part of the report contains the necessary theory, while the second part
describes the numerical and analytical results obtained during my part A.
Atomic units me = e = ~ = 1 are used throughout this report, unless otherwise
stated.
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Introduction

There has been a tremendous development in pulsed laser source technology during
the last few years. Pulses with a duration of only a few femtoseconds and inten-
sities comparable to the Coulomb interaction between the electron and the nuclei
(I = 1.0 × 1013 W/cm2-I = 1.0 × 1015 W/cm2) are now available for wavelengths
in the range from 400 nm to 2000 nm [5]. This development has paved the way
for exciting new research fields such as attoscience and femtochemistry.
The characteristic timescale for chemical reactions and nuclear motion in diatomic
moleclues is femtoseconds. It is therefore possible to investigate chemical reactions
[6], and nuclear motion [7] in real time, using femtosecond pulses.
The typical timescale for electron dynamics in an atom or molecule is the at-
tosecond, thus preventing electron dynamics from being studied using femtosecond
pulses. It is, however, possible to generate XUV attosecond pulses using femtosec-
ond pulses [5]. Attosecond pulses are short enough to capture electron dynamics
within an atom, i.e., study the movement of an bound electron.
Consider an atom ionized by a femtosecond pulse. The ejected electron is shaken
back and forth by the field, which can drive the electron back towards the residual
atom. If the electron recombines with the residual atom, the excess energy will
be ejected in one photon with a frequency of Nω, where ω is the laser frequency
and N is an integer. This is the process used to generate coherent attosecond
pulses. It is called high-harmonic generation (HHG). High-harmonic generation is
furthermore used in molecular-orbital tomography, where the goal is to reconstruct
the molecular orbital using the HHG-spectrum [8].
In strong-field physics single ionization stands out as a fundamental process since
it triggers the subsequent electron wave packet dynamic in the continuum, and
hence affects important processes such as HHG. A theoretical description of HHG,
requires a description of the first step in HHG, namely the ionization step.
Ionization is furthermore an important ingredient in coherent control with few-
cycle pulses, where one of the goals is to be able to control the electron in the
continuum and thereby steer reactions [9].
A prerequisite for subsequent steering and manipulation of an electron wave packet
is the knowledge of the conditions for the electron just born in the continuum. Con-
finement in the direction of electron ejection and locality in time depends highly on
the exact shape of the pulse and on the pulse length. This dependence is precisely
the topic of this part A report.
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Chapter 1

General theory

1.1 Light-matter interaction

Consider an atom or molecule interacting with a laser field described by the vector
potential ~A(~r, t) and the scalar potential V (~r, t). The real physical fields ~E and ~B

are obtained from the potentials by ~E = −∇V − ∂ ~A
∂t

and ~B = ∇× ~A [10].
We are going to use a semi-classical approach, where the atomic or molecular
system is treated quantum mechanically, while the laser field is treated classically.
This is a good approximation in strong-fields, where the number of photons can
be approximated by a continuous variable, thus making the field classical. We
furthermore neglect the influence of the atom or molecule on the laser field.
In addition we are going to use the single active electron approximation (SAE)
throughout the report1, where we assume that only one electron couples to the
field, the rest being frozen out. Consider, for instance a CS2 molecule. The binding
energy of the HOMO electron is 10.08 eV, while the binding energy of the second
highest occupied orbital is 14.6 eV. This leads to a strongly suppressed ionization
probability of this orbital compared to that of the HOMO, making the SAE a very
good approximation. Notice, however, that most of the numerical calculations
in this report are performed on hydrogen, where the SAE, of course, is not an
approximation.
Now the Hamilton operator H for an electron in an electromagnetic field is [11],

H = −1

2
∇2 + ~A(~r, t) · p̂ +

1

2
~A(~r, t)2 (1.1)

if we adopt the Coulomb gauge ∇ · ~A = 0 and V = 0. The time-dependent
Schrödinger equation (TDSE) then reads,

i
∂

∂t
Ψ(~r, t) =

(

−1

2
∇2 + ~A(~r, t) · p̂ +

1

2
~A(~r, t)2 + VB(~r)

)

Ψ(~r, t) (1.2)

where VB is the atomic or molecular binding potential. The term ~A(~r, t) · p̂ de-

scribes the interaction between the active electron and the field, while 1
2
~A(~r, t)2 is

1except in sec. 2.1
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the energy associated with the field itself.
Atoms and (small) molecules extend typically over distances of the order 1 Ångstrøm
(10−10m), i.e., their wave functions extend over this distance. The wavelength of
the light we are going to consider is, however, of the order 1000 Ångstrøm (100 nm)
thousand times larger than the typical atomic distance. This implies that the light
field practically does not change over the spatial region of the atom or molecule,
so we can neglect the spatial dependence of the fields ~A(~r, t) = ~A(t). This is the
so called dipole approximation, which holds as long as λ � a, with λ being the
wavelength, and a a measure of the linear extend of the wave function. Notice,
that the B-field component of the electromagnetic field vanishes in the dipole ap-
proximation, since ~B = ∇ × ~A. The field energy term ~A(t)2 can be eliminated
by the gauge transformation exp(i

∫ t
A2(t′)dt′) in the dipole approximation [11].

Thus,

i
∂

∂t
Ψ(~r, t) = (H0 + ~A(t) · p̂)Ψ(~r, t) (1.3)

where H0 is the field-free Hamiltonian. This description is said to be in the velocity
gauge, since the field couples to the velocity. An alternative description is the
length gauge, where the electric field couples to the position operator [11]. The
TDSE in length gauge is,

i
∂

∂t
Ψ(~r, t) = (H0 + ~E(t) · ~r)Ψ(~r, t) (1.4)

which is obtained from (1.3) when performing a new gauge transformation exp(i ~A ·
~r). Quantum mechanics is gauge-invariant [12], so the two descriptions are com-
pletely equivalent. When approximations are evoked, however, gauge invariance
is broken and the two different gauges may give different results [13, 14]. The
interaction operator in length gauge is proportional to the position vector, which
means that length gauge favors large distances in space. Velocity gauge on the
other hand favors the part of space where the wave function varies significant, i.e.,
small distances. We will expect large distances to be the most important part of
space in ionization, favoring length gauge as the right description when approxi-
mations are used [13, 14]. We will only consider length gauge in this report.
Let us conclude the section by a few remarks regarding the wave function for an
electron in an electromagnetic field, the so called Volkov wave function [15, 16].
The TDSE for an electron in an electric field reads,

i
∂

∂t
ΨVolkov(~r, t) =

(

p̂2

2
+ ~E(t) · ~r

)

ΨVolkov(~r, t) (1.5)

in length gauge. It is easily verified by differentiation that the solution, the Volkov
wave function, is given by,

ΨVolkov(~r, t) =
1

(
√

2π)3
exp

(

i(~q + ~A(t)) · ~r − i

2

∫ t

0

(~q + ~A(t′))2dt′
)

(1.6)
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where ~q is the canonical momentum. The Volkov wave is simply a plane wave,
with the momentum ~q ′ given by the kinematical momentum ~q + ~A due to the
presents of the field.

1.2 Few-cycle laser pulses

The classical electromagnetic field for an elliptically polarized single mode laser
of angular frequency ω propagating in the z-direction is described by the vector
potential [17],

~A(t) = A0

(

cos(ωt + φ) cos(
ε

2
)~ex + sin(ωt + φ) sin(

ε

2
)~ey

)

(1.7)

in the dipole approximation. Here A0 is the amplitude, φ is a phase, and ε is the
ellipticity describing all degrees of elliptical polarization when varied within the
interval [0; π

2
]2.

The amplitude A0 is related to the electric field amplitude by E0 = ωA0, and the
relation to the intensity is I = E2

0 , which is obtained by looking at the Poynting
vector [10]. All physical processes induced by a field like (1.7), with infinite tem-
poral extension, is of course independent of φ but φ is, as we shall see shortly, a
very important quantity for few-cycle pulses. A field like (1.7) with infinite tempo-
ral extension cannot describe a few-cycle pulse, i.e., a pulse with a finite duration.
Such a pulse can be produced by a superposition of plane waves (1.7) with different
frequencies. A popular form for the vector potential describing a few-cycle pulse
is,

~A(t) = A0f(t)
(

cos(ωt + φ) cos(
ε

2
)~ex + sin(ωt + φ) sin(

ε

2
)~ey

)

(1.8)

where f is the envelope which is zero everywhere, except in the interval t ∈ [0; τ ]
where τ is the pulse duration. The envelope f is a slowly varying function com-
pared to the carrier wave

(

cos(ωt + φ) cos( ε
2
)~ex + sin(ωt + φ) sin( ε

2
)~ey

)

. We will
use f(t) = sin2

(

ωt
2N

)

, where N is the number of optical cycles. Other forms of en-
velopes are square-, trapezoidal, and gaussian-envelopes. The quantity ω is called
the central frequency, and it is (close to) the most dominant frequency among the

frequencies of which the pulse is composed. The electric field ~E(t) = − ∂
∂t

~A(t)
originating from (1.8) depends highly on the phase φ, as shown in fig. 1.1. A
few-cycle pulse is general quite asymmetric in space, and the phase φ determines
this asymmetry. It is called the carrier-envelope phase difference (CEPD), since it
gives the phase difference between the carrier wave and the envelope in the linear
case. Notice, that the electric field in the circular case rotates around the z axis by
an angle ∆φ when the CEPD is change by ∆φ. We will return to this point in sec.
2.1, where we fully characterizes the response of atomic and molecular systems
under a change of the CEPD.
The electric field originating from (1.8) satisfies the relation

∫ τ

0
~Edt = ~0. A physical

2
ε = 0 corresponds to linear polarization, while ε = π

2
corresponds to circular.
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Figure 1.1: The electric field obtained from (1.8) for two different polarizations
and two different values of CEPD. The upper row shows the electric field in the
case of linear polarization for φ = 0 (left), and φ = π

2
(right). The lower row shows

the electric field in the case of circular polarization for φ = 0 (left), and φ = π
2

(right). The parameters are I = 9.0 × 1013 W/cm2, ω = 0.057 corresponding to a
central wavelength of 800nm and three cycles, N = 3.

pulse has to obey this relation, since it otherwise would contain a DC component
( ~E(ω = 0) =

∫ τ

0
~Edt), which is, of course, not possible for a propagating pulse.

1.3 The strong-field approximation for ionization

Having presented the general setup, we are now ready to present an approximate
method of calculating the transition amplitude for direct ionization of an atom or
molecule by an external electric field. The approximation called the strong-field
approximation (SFA) [18, 19, 20, 21], is based on a S-matrix expansion and is
widely used within the field [22].
Consider an atom or a molecule, initially in its ground state, interacting with an
external time-dependent potential V (t), e.g., V (t) = ~r · ~E(t) in length gauge. The
time-dependent Schrödinger equation reads,

i
∂

∂t
Ψ = (H0 + V (t))Ψ (1.9)

where H0 is the field-free Hamiltonian. It is not possible to solve this equation ana-
lytically, so we have two options. The first is to try to solve the TDSE numerically3,
while the second is to seek a way of calculating the transition amplitudes without
actually solving the time-dependent Schrödinger equation. We will consider the

3See the outlook



6

Strong-field ionization of atoms and molecules by few-cycle laser

pulses

second way. The SFA gives a very simple and physical transparent way of doing
this calculation. It consist of neglecting the binding potentials influence on the
continuum states, thus using Volkov states instead of the full continuums solutions
to (1.9). This assumption is legitimate, provided that the field-strength is large
enough to dominate the Coulomb term at the distances where ionization occurs.
The long range of the Coulomb potential, however, makes it a bit problematic,
especially in the case of a linearly polarized laser pulse [23, 24, 25]. We will return
to this point later, where we will consider improvements to this part of the SFA.
In addition to the above approximation, we furthermore assume that intermediate
resonances do not play a role, which means that we can neglect all bound states,
except the ground state. This is again only legitimate, if the field is very strong.
S-matrix formalism [20] gives the following expression for the transition amplitude
(i → f), if we employ these assumptions.

Sfi = δfi − i

∫ ∞

−∞
〈Ψ~q(~r, t)|V (t)|Ψ0(~r, t)〉dt −

∑

~p

∫ ∞

−∞

∫ ∞

−∞
θ(t2 − t1)

× 〈Ψ~q(~r, t2)|VB|Ψ~p(~r, t2)〉〈Ψ~p(~r, t1)|V (t1)|Ψ0(~r, t1)〉dt1dt2 + higher order terms

(1.10)

Here Ψ~q is a Volkov-state with asymptotic momentum ~q, Ψ0 is the ground state,
and VB is the binding-potential. The first term (besides the Kronecker delta)
describes direct ionization, while the second term describes ionization followed
by rescattering. Higher order terms could, for instance, be ionization followed
by recombination, and then finally ionization. We are only interested in direct
ionization, so we are going to focus on the first term. Let’s assume that the laser-
pulse with duration τ starts interacting with the target at t = 0.

Sfi = −i

∫ τ

0

〈Ψ~q(~r, t)|V (t)|Ψ0(~r, t)〉dt (1.11)

This is our final formula for the transition amplitude, once Sfi is known it is

straightforward to calculate for example the momentum distribution
dPfi

dqxdqydqz
=

|Sfi|2, which contains the most specific information regarding the ionization pro-
cess. Whether or not it is possible to calculate Sfi in practice, of course depends on
the complexity of the matrixelement 〈Ψ~q(~r, t)|V (t)|Ψ0(~r, t)〉 i.e., on the complexity
of the ground state. The matrixelement is analytical in the case of hydrogen or
hydrogen-like atoms, while we have to use the asymptotic (large r) ground state
in order to evaluate it analytically in the case of molecules [26]. Another issue
regarding molecules is the problem associated with the orientation of the molecule
compared to the polarization vector.
Now let us briefly return to the problem regarding the neglect of the Coulomb
potential in the final state. The long range of the Coulomb potential makes
this assumption problematic, as mentioned earlier. One way to relax this as-
sumption, in the case of hydrogen (or hydrogen like atoms), is to use a so called
Coulomb-Volkov wave function instead of the normal Volkov wave function [27].
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The Coulomb-Volkov wave function can be thought of as a kind of interpolation
between a Coulomb continuum state, i.e., a continuum state for hydrogen, and a
Volkov state. It reduces to a Volkov state in the strong-field limit, where Z → 04,
and to a continuum state for hydrogen in the weak field limit E = 0. Expressed
mathematically,

ΨCV (~r, t) = ΨH(~r, t)L(~r, t) (1.12)

where ΨH(~r, t) is an ingoing Coulomb continuum state [11], and L is the field-
dependent part of the Volkov state. The Coulomb-Volkov modified SFA takes the
Coulomb-potential into some consideration, but it is important to remember that
it is still an approximation. We will mostly use the normal SFA in this report.

1.4 The saddle-point method

Our task within the SFA is, as shown in the previous section, to calculate the
integral

∫ τ

0
〈Ψ~q(~r, t)|V (t)|Ψ0(~r, t)〉dt. Once this integral is calculated, all physical

relevant quantities regarding the ionization process can in principle be found.
This integral is, however, quite difficult to calculate numerically5. The matrix-
element contains the factor exp(iS(t)), where S(t) = 1

2

∫ t

0
(~q + ~A)2dt′ + Ipt is the

classical action. This makes the integrand oscillate very rapidly. Thus, we need
a large number of quadrature points in order to evaluate the integral, making the
integration somewhat time consuming.
The saddle-point method (SPM) is a computational convenient way of calculating
an approximation to the integral based mathematically on an asymptotic expan-
sion. In addition SPM also gives a large amount of physical insight, since it provides
us with a time-analysis of the obtained results.
Imagine that we have to calculate the integral [28],

I(λ) =

∫

C

exp(λf(z))dz (1.13)

where λ ∈ R is large and C is some contour in the complex plane. Cauchy’s
theorem tells us that we can deform C as we wish without changing the integral as
long as we do not change the end points, which we assume not to contribute to the
integral. Now write f(z) = u(z) + iv(z), where u and v is the real and imaginary
part of f respectively. The absolute value of the integrand will vary rapidly due to
the exp(λu) part, while the exp(iλv) part causes the integrand to oscillate rapidly.
All of this makes a numerical evaluation hard. The trick is to modify C in such
a way that u will climb to a maximum z0 along C and then quickly fall off, while
v stays constant killing the oscillations. Our integral will be dominated by the
behavior around z0, if such a modification is possible. The first requirement forces
the contour to go through a point z0 where ∇u(z0) = 0, and Cauchy-Riemanns

4
Z is the charge of the residual ion.

5It is not possible to evaluate the integral analytically.
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theorem then immediately tells us that ∇v(z0) = 0, hence C has to pass through a
saddle-point for f . We proceed by expanding f in a Taylor series to second order
around z0, remembering that the integral is dominated by z0.

f(z) ≈ f(z0) +
1

2

d2f

dz2
(z0)(z − z0)

2 (1.14)

Now defining α, θ, and ρ by setting z−z0 = ρ exp(iθ) and d2f

dz2 (z0) =
∣

∣

∣

d2f

dz2 (z0)
∣

∣

∣
exp(iα),

then,

1

2

d2f

dz2
(z0)(z − z0)

2 =
1

2

∣

∣

∣

∣

d2f

dz2
(z0)

∣

∣

∣

∣

ρ2 exp(i(α + 2θ)) (1.15)

Here comes the essential part, if we now choose C in such a way that the angle
θ satisfies the relation exp(i(α + 2θ)) = −1 and keep it fixed varying ρ only
(dz = exp(iθ)dρ), the integral transforms to,

I(λ) = exp(λf(z0)) exp(iθ)

∫ ∞

−∞
exp

(

−λ

∣

∣

∣

∣

d2f

dz2
(z0)

∣

∣

∣

∣

ρ2

2

)

dρ (1.16)

which is easily evaluated to I = exp(λf(z0)) exp(iθ)

(

2π

λ
∣

∣

∣

d2f

dz2
(z0)

∣

∣

∣

)
1

2

. This formula

gives the contribution to the integral from the saddle-point z0, which is expected
to be the dominant part. In the case of several saddle-points, the integral will be
a sum over the contributions from each saddle-point.
Having presented the basic mathematical principles it is time for an example.
Consider a hydrogen atom interacting with a few-cycle laser pulse described by
(1.8). Straightforward calculations give the following expression for the transition
amplitude [22],

Sfi =

√
2

π

(

i

2

∫ τ

0

1

S ′ exp(iS)dt − exp(iS)

2S ′2

)

(1.17)

Our goal is to solve the integral Ifi = i
2

∫ τ

0
1
S′

exp(iS)dt using the SPM. The integral
is dominated by the saddle points i.e., the solutions to S ′(t) = 06, and possible by

the end points. It turns out that the end points cancel out the exp(iS)
2S′2 term, and

we get Sfi ≈
√

2
π

∑

s Is
fi where the sum is taken over the different saddle-points.

Notice, however, that the integrand 1
S′

exp(iS) is singular at the saddle-point ts

(S ′(ts) = 0). This seems to make the SPM inapplicable, but as it turns we only
need to modified the SPM slightly [22]. The idea is to shift C slightly below the
relevant saddle-point, carry out the same calculations as before and finally letting
the shift approach zero. We will not go through the calculations, but only state
the final result [22],

Sfi = −
√

2

2

∑

s

exp(iS(ts))

S ′′(ts)
(1.18)

6We choose only to consider saddle-points with 0 ≤ Re(ts) ≤ τ and Im(ts) ≥ 0



Strong-field ionization of atoms and molecules by few-cycle laser

pulses 9

This formula applies only for hydrogen or hydrogenlike atoms, but the SPM is
also applicable for more complex systems, e.g., molecules [26]. The SPM reduces
the transition amplitude, which is a complicated integral, to a sum of analytically
known terms. It is almost to good too be true and in some sense it is. The saddle-

point equation 1
2

(

~q + ~A
)2

+ Ip = 0 is easy to solve in the monochromatic case,

but quite difficult to solve in the few-cycle case. It is impossible to find analytical
solutions, so the only way is to find the solutions numerically. This turns out
to be relatively time consuming, even through we actually know the number of
acceptable solutions7. The SPM, however, still contains a great deal of physical
insight. The rest of this section is devoted to the physical content.
Consider the following semi-classical model for the ionization process [29]. First
the electron is ionized at a specific time t = t0 with initial momentum ~q(t0) = 0.
Second it moves like a classical particle under the influence of the laser field only,
the Coulomb interaction being neglected. Newton’s second law then tells us that,
d~q

dt
= − ~E(t). This differential equation has that solution ~q(t) = ~A(t) − ~A(t0),

fulfilling the condition ~q(t0) = 0. The final momentum is,

~qfinal = − ~A(t0) (1.19)

since the vector potential is zero after the pulse. Classical mechanics predict that
the final momentum is determined by the vector-potential at the time of ionization.
Formula (1.19) is incredibly useful when it comes to the interpretation of numerical
results and we will use it several times in this report.

0 100 200 300
−0.04

0

0.04
ε=0.0

t in a.u.

E
x(t)

 in
 a

.u
.

Figure 1.2: The full curve shows the electric field in the case of a linearly polarized
field ε = 0, with the parameters I = 5.0 × 1013 W/cm2, φ = 0, ω = 0.057 corre-
sponding to a central wavelength of 800nm, and N = 3. The dots show Ex(Re(ts)),
where ts are a solution to the saddle-point equation for ~q = (0.05, 0, 0). It is easily
checked that |Re(Ax(ts)) − qx| < 10−8 for all ts.

The saddle-point is, as mentioned before, solutions to the equation 1
2

(

~q + ~A
)2

+

7There are N + 1 solutions for a given momentum in the circular case, and 2(N + 1) in the
linear case [22]
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Ip = 0. In the strong-field limit where we can neglect the ionization potential Ip,

this equation becomes ~q = − ~A(ts). But that is precisely the classical equation from
the semi-classical model. So, the saddle-points can be interpreted as real ionization
times in the strong-field limit. In the general case, we cannot neglect the ionization
potential and the saddle-points get complex, reflecting the fact that the electron
has to go through a barrier. The real part, however, can still be interpreted as a
real ionization time since ~q ≈ − ~A(Re(ts)) (see fig. 1.2). So the SPM identifies the
instants of time which dominates the ionization process, and gives the contribution
from each of these. Following Feynman [12], the exact probability amplitude can
be written as a path integral

∫

D exp(iS(t)) where we integrate over all paths
leading to direct ionization. This integral reduces to a sum over a finite number
of paths, if the process is dominated by these paths, and the SPM, can in some
sense, be viewed as a mathematical method for finding these contributions [30].



Chapter 2

Numerical and analytical results

Having presented the general theory, we are now ready to look at some of the
results obtained during my Part A. This chapter is based mainly on [1, 2, 3, 4].

2.1 Symmetry of carrier-envelope phase differ-

ence effects

In this section (based mainly on [1]), we present a complete characterization of the
response of atomic and molecular systems under a change of the carrier-envelope
phase difference CEPD. The findings are exemplified by calculation performed on
hydrogen using the SFA. We start out by considering an n-electron atom inter-
acting with a few-cycle circularly polarized laser pulse described by the vector
potential,

~A(φ, t, ~r) =
A0√

2
f(η) (2.1)

× (cos(η + φ)~ex + sin(η + φ)~ey)

with f(η) = sin2( η

2N
) being the envelope, N the number of optical cycles, η =

ωt − kz, ω the frequency, and ~k = k~ez the wave vector. Notice that we do not
employ the dipole approximation. In this case the time-dependent Schrödinger
equation reads,

i
∂

∂t
Ψ =

(

H0 +

n
∑

j=1

~A(φ, t, ~rj) · ~̂pj +
nA2

0

4
f 2(η)

)

Ψ (2.2)

We are interested in relating this equation to an equation for the φ = 0 case.
To this end, we note that the z component of the total angular momentum Jz

generates rotations around the z axis, implying that the unitary operator D(φ) =
exp (iJzφ) corresponds to a rotation of our system by an angle −φ around the
z-axis [12]. Since H0 is invariant under rotations around the z-axis ([H0, Jz] = 0),

11



12

Strong-field ionization of atoms and molecules by few-cycle laser

pulses

the transformed wave function Ψ′ = D(φ)Ψ satisfies the Shrödinger equation

i
∂

∂t
Ψ′ =(H0 +

n
∑

j=1

D(φ) ~A(φ, t, ~rj) · ~̂pjD
†(φ) (2.3)

+
nA2

0

4
D(φ)f 2(η)D†(φ))Ψ′,

and using the Baker-Hausdorff lemma [12],

exp(iGλ)A exp(−iGλ) = A + iλ[G, A] +
i2λ2

2!
[G, [G, A]] + ... (2.4)

we obtain after some algebra,

i
∂

∂t
Ψ′ =

(

H0 +

n
∑

j=1

~A(0, t, ~rj) · ~̂pj +
nA2

0

4
f 2(η)

)

Ψ′. (2.5)

When we compare (2.2) and (2.5), we see that a change in the CEPD from φ = 0
to φ = φ ′ corresponds to a rotation of our system around the z-axis by the angle
φ ′. In the above derivation it is essential that the field-free Hamiltonian H0 is
invariant to rotations around the z-axis. If this is not the case, our proof breaks
down. As an example we look at ionization of a linear molecule, in a circularly
polarized few-cycle laser pulse. If the molecule is aligned along the laser propaga-
tion direction, the field-free Hamiltonian still has the required symmetry and the
statement holds. We have thus proven the following theorem:
Consider an atomic or molecular system interacting with a circularly

polarized few-cycle laser pulse. If the field-free Hamiltonian is invariant

under rotations around the propagation direction of the few-cycle pulse

a change ∆φ in CEPD corresponds to an overall rotation of the total

system around the propagation direction by ∆φ.
By exploiting the invariance of the dot-product under rotations ( ~E(φ)·~r = [Rz(φ) ~E(φ =

0)] · [Rz(φ)Rz(−φ)~r] = ~E(φ = 0) ·~r ′, where Rz(φ) is the 3×3 matrix describing ro-
tations around the z axis), the SFA is readily shown to respond to CEPD changes
like the exact theory discussed above. Thus, the theorem also holds in the SFA.
If the molecule is not aligned along this axis, the system does not have the re-
quired symmetry and CEPD effects can not be reduced to a geometrical rotation.
Accordingly, we may make a distinction between rotational invariant atomic and
molecular systems where the CEPD effects are purely geometric rotations, and sys-
tems which are not rotational invariant in which case true non-geometrical CEPD
effects occur. For example, the results on strong-field ionization of K+

2 with the
molecule in the polarization plane [31] belong to the latter category.
The theorem is not only theoretically interesting, but also helpful in practical calcu-
lations since this symmetry property reduces the number of computations one has
to perform to a single one – all other results are obtained by suitable rotations.
For instance, imagine we are interested in the differential ionization probability
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dPfi

dqxdqy
(φ) for the momenta qx, qy in the polarization plane and for a general φ > 0.

Then we calculate
dPfi

dqxdqy
(φ = 0), and rotate the result counterclockwise by an angle

φ to obtain
dPfi

dqxdqy
(φ). This is very helpful, since the actual calculation of

dPfi

dqxdqy
(φ)

typically is quite time consuming.
As an illustration, we consider ionization of atomic hydrogen H(1s) in the SFA.
Once Sfi is known, a simple numerical integration over qz gives us the (qx, qy) dis-

tribution
dPfi

dqxdqy
=
∫∞
−∞ |Sfi|2 dqz. The time integral in Sfi is calculated numerically

using Gauss-Legendre quadrature [32], while the integral over qz is calculated using
an equidistant grid on the interval [−Qz, Qz], where Qz is chosen large enough to
ensure convergence. All SFA results in this report are calculated in this manner.
Figure 2.1 presents the calculated distribution for various values of φ. For varying
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Figure 2.1: The (qx, qy) distribution for strong-field ionization of H(1s) for various
values of φ, with I = 5.0 × 1013 W/cm2, ω = 0.057 corresponding to a central
wavelength of 800nm and three cycles, N = 3. The grid size is ∆qx = ∆qy = 0.01.

φ, the distribution rotates in accordance with the general theory. We will return
to an examination of these distributions in the subsequent section.
The physics behind all of of this, is of course that the field itself rotates when we
change CEPD (see fig. 1.1). It is exactly this behavior that allows us to transform
(2.2) to (2.5).
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Finally let us look a bit on the general case, i.e., the case of a general polarized
laser pulse. It is clear that the theorem does not hold for ε 6= π

2
, since the field itself

does not have the required symmetry. As shown by Roudnev and Esry, however,
it is still possible to find an unitary operator relating Ψ(φ = 0) to Ψ(φ 6= 0)[33],
but it does not have the nice geometrical meaning as the ε = π

2
case. CEPD effects

are in general caused by interferences between different n-photon channels [33].

2.2 Momentum distributions

Having characterized the response of atomic and molecular systems under a change
of the CEPD, let us move on to a detailed investigation on how the ionization pro-
cess for atoms and molecules depends on the polarization and the pulse length.
More precisely we will investigate ionization of hydrogen by a few-cycle laser pulse.
The consideration of hydrogen is not a restriction, since we are going to investigate
effects characteristic of the pulse and not the particular atomic or molecular sys-
tem. The most specific information regarding the ionization process is contained
in the momentum distribution

dPfi

dqxdqydqz
= |Sfi|2, i.e., the fully differential ioniza-

tion probability. Our field, however, does not have a z-component, so it is more
appropriate to look at the (qx, qy) momentum distribution

dPfi

dqxdqy
=
∫∞
0

|Sfi|2dqz.

We will start by investigating the circular (ε = π
2
) case, returning to the general

case later on.

2.2.1 The circular case

Figure 2.2 presents calculated momentum distributions for different values of N ,
with I = 5.0 × 1013 W/cm2, ω0 = 0.057 (800 nm) and, φ = π

2
. The panels in

the left column show the SFA results obtained with the Volkov wave used as the
final state, and the panels to the right show the SFA results obtained with the
Coulomb-Volkov wave for the final state. For N . 5 we observe (i) a pronounced
asymmetry in the momentum distribution and (ii) a very complicated interference
pattern.
As N increases, we observe in fig. 2.2 the gradual emergence of well-resolved
circular peaks separated by one photon energy ω. This phenomenon (called above-
threshold ionization), where the ejected electron absorbs additional photons in the
continuum, is a well known effect in strong monochromatic fields [34]. Very short
pulses contain a large number of different frequencies, contributing with almost
equal magnitude. This makes the photon picture somewhat more difficult to work
with, in the short pulse regime.

2.2.1.1 Asymmetry in the momentum distribution

The dominant direction of electron emission is determine by the CEPD, and the
asymmetry is explained by the semi-classical model presented in Sec. 1.4. The
direction of ejection is opposite the direction of the vector potential evaluated at
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Figure 2.2: Momentum distribution (qx, qy), in the plane of polarization of the

right-hand circularly polarized field ~E propagating in the z-direction, for strong-
field ionization of H(1s) for various values of N , with I = 5.0 × 1013 W/cm2,
ω0 = 0.057 (800 nm), and φ = π

2
. The grid size is ∆qx = ∆qy = 0.01.
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the ionization time. Figure 2.3 shows the vector potential and the corresponding
electric field for 3 different values of N . Ionization happens primarily at the instants
of time t0 = τ

2
where the electric field is maximum. Thus, the semiclassical model

predicts the following formula ~q = − ~A(τ/2) for the dominant direction of electron
ejection. We observe a good agreement between this simple model and the quantum
results in fig. 2.2 for small N . The lack of asymmetry for large N may again
be understood in terms of our simple model. For example for N = 7, the field
takes almost a full revolution on the circle, corresponding to a monochromatic
field with our field strength, and t0 cannot be clearly defined. The signal from a
monochromatic field is, of course, symmetric in agreement fig. 2.2.

2.2.1.2 Comparing Volkov and Coulomb-Volkov results

Now we turn to a comparison of the SFA results obtained with the Volkov and
the Coulomb-Volkov wave function, respectively. From fig. 2.2 we see that the
radial and angular structures are quite similar. There are, however, interesting
differences. First, we notice that the distribution obtained with the Coulomb-
Volkov wave is shifted slightly towards the origin compared with the Volkov result,
and that the distribution is a bit narrower in the former case. This can be explained
by the fact that the Coulomb-Volkov wave function takes the attractive Coulomb
potential into some consideration. Second, we notice that the SFA calculation with
the Coulomb-Volkov wave function reveals some structure in the center for N = 3.
This is in agreement with the findings in Ref. [24], and can also be explained by the
attractive nature of the Coulomb potential. In the classical model this contribution
comes from electrons born relatively late (or relatively early) during the pulse, but
this model is not appropriate to describe this structure, since it completely neglects
the Coulomb potential.

2.2.2 General Polarization

Figure 2.4 presents the calculated momentum distribution for 3 different polariza-
tions ε = 0, π

4
, π

2
with N = 3, I = 5.0 × 1013 W/cm2, ω0 = 0.057 (800 nm) and,

φ = 0. The overall angular structure is again explained by the semi-classical model,
reflecting its almost universal validity in explaining strong-field phenomena.
As ε is decrease, the distribution gets more narrow and the interference pattern
observed in the circular case gradually disappears. In the linear case, we observe a
very narrow distribution (compared to the circular case) without any interference
pattern. This indicates that subsequent manipulating and steering of the electron
is possible only when the field is linear.

2.2.2.1 Comparing SFA and SPM results

It is very instructive to compare the results obtained by a standard SFA calcula-
tion with the results obtained from the SPM. The physics behind the interference
structure shown in fig. 2.2 are revealed by such a comparison.
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Figure 2.3: Vector potential and electric field (blue dotted line) for 3 different values
of N . The solid curve shows the carrier wave, i.e., the field without the envelope.
The arrows show the natural time evolution for the pulse. The parameters are
I = 5.0 × 1013 W/cm2, ω0 = 0.057 (800 nm), and φ = π

2
.
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Figure 2.4: Momentum distribution (qx, qy), in the plane of polarization of the

right-hand field ~E propagating in the z-direction, for strong-field ionization of
H(1s) for various values of ε, with I = 5.0 × 1013 W/cm2, ω0 = 0.057 (800 nm),
N = 3 and φ = 0. The right panels show results obtained from the SFA with the
SPM, while the left panels show results obtained from the SFA. The grid size is
∆qx = ∆qy = 0.01.
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Figure 2.5: The electric field obtained from (1.8) for two different polarizations.
The left insert shows the electric field in the case of linear polarization for φ = 0.
The right insert shows the electric field in the case of circular polarization for φ = 0
(left). The arrows indicate where the field strength is maximum. The parameters
are I = 5.0 × 1013 W/cm2, ω = 0.057 corresponding to a central wavelength of
800nm and three cycles, N = 3.

Results obtained using the SPM is shown in fig. 2.4. The saddle-point equation
was solved numerically using a modified Newton-Raphson method [32].
SPM and SFA yield practical identical results in the case of a linearly polarized
pulse, while we observe server discrepancies in the general case, especially in the
circular case. As ε is increased towards ε = π

2
an interference pattern emerges in

agreement with fig. 2.2. This interference effect is completely absent in the SPM
results, the SPM only reproduces the overall structure. The discrepancies between
SFA and SPM are explained by the semi-classical model. Differentiating equation
1.19 with respect to t0 gives,

d~qfinal = ~E(t0)dt0 (2.6)

using ~E = − ∂
∂t

~A. Hence, the spread in momentum |d~q| is proportional to the
spread in ionization time and the ratio is the electric field evaluated at t = t0. A
spread in ionization time equal to zero, means that the electron is forced to enter
the continuum at t = t0 in order to achieve a final momentum in (~q, ~q + d~q). Only
one path is possible in this case. On the contrary, if dt0 > 0, we have a continuum
of paths. Let us restrict ourselves to the region in (qx, qy) momentum space with
highest yield, in other words the electrons born in the continuum at times near
field maximum. The ionization time t0, then corresponds to the temporal locations
of the global field maxima as illustrated in fig. 2.5.

Figure 2.6 shows max(| ~E|(ε))
max(| ~E|(ε=0))

as a function of ε, i.e., the maximum field strength

during the pulse as a function of ε. We see that the field maximum during the
pulses decreases monotonically as ε is increasing. The maximum field strength is
about 25 procent smaller in the circular case compared to the linear case. Thus,
the spread in ionization time increases as a function of ε, allowing more paths
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to contribute to the ionization process. This conclusion is reinforced by the fact
that the width of the field maximum increases with ε. All of this makes the SPM
inaccurate, since it only accounts for a fixed finite number of paths. In figure
2.4 each pixel represents 4 pairs of momentum, and hence each pixel is calculated
using 4(N + 1) saddle points in the circular case and 8(N + 1) in the linear case.
Figure 2.6 also shows that the interferences observed in fig. 2.2 can be explained
by interference between ionization pathways leading to the same final state from
different instants of time. The interferences, however, cannot be associated with
the different ts’s.
Figure 2.6 indicates that SPM for the circular case should improve if max(| ~E|(ε)) is
increased by a factor of roughly 1.35, corresponding to an intensity of roughly I =
9.0× 1013 W/cm2, and fig. 2.7 shows that this is indeed the case. The interference
pattern almost disappears in the SFA result, and the agreement between SFA and
SPM is quite satisfactory.
The agreement between SPM and SFA also increases when the number of cycles
is increased, as shown in fig. 2.8 and fig. 2.2. This feature seems to contradict
with the argument based on the semi-classical model, but this is not the case.
We obtain an energy conserving delta function in the expression for Sfi in the
monochromatic limit N → ∞, since the width in energy decreases as N increases.
Thus, no spread in momentum is allowed and the semi-classical argument fails in
the limit N → ∞.

2.3 Angular distributions from laser-aligned CS2

molecules: Comparing theory with experi-

ment

We start by a very brief review of the experiment reported in [3], performed by our
collaborators at Femtolab1. They used a pump-probe scheme to investigate how
ionization of the linear molecule CS2 depends on the angle α between the internu-
cleare axis and the polarization vector of the linearly (x-axis) polarized ionization
pulse. More precisly, they investigate how the photoelectron angular distribution
(PAD) from each photon channel2 depends on α.
The CS2 molecules are first aligned along a given direction using a 0.5 ps (FWHM),
I = 2.9 × 1012 W/cm2 linearly polarized pump pulse. This pulse is too weak
to ionize CS2, so its sole purpose is to align the molecules, i.e., to orient the
molecules in a particular direction with respect to the probe pulse polarization
vector. The CS2 molecules are then, after a delay3, exposed to the 25 fs (FWHM),
I = 7.7 × 1013 W/cm2 ionizing pulse. This pulse is strong enough to eject the sin-
gle HOMO electron of CS2. Electrons produced are detected using a velocity map
imaging spectrometer and thereby recorded using a CCD camera. Their results

1Department of Chemistry, University of Aarhus
2The ionizing pulse is quite long, so the photon picture is a good description
3Corresponding to the first half revival.
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Figure 2.6: The maximum field strength during the pulse as a function of ε. The
parameters are I = 5.0× 1013 W/cm2, ω = 0.057 corresponding to a central wave-
length of 800nm and three cycles, N = 3.

Figure 2.7: Momentum distribution (qx, qy), in the plane of polarization of the

right-hand field ~E propagating in the z-direction, for strong-field ionization of
H(1s), with ε = π

2
, I = 9.0× 1013 W/cm2, ω0 = 0.057 (800 nm), N = 3 and φ = 0.

The right panels show results obtained from the SPM, while the left panels show
results obtained from the SFA. The grid size is ∆qx = ∆qy = 0.01.
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Figure 2.8: SPM momentum distribution (qx, qy), in the plane of polarization of

the right-hand field ~E propagating in the z-direction, for strong-field ionization of
H(1s), with ε = π

2
, I = 5.0 × 1013 W/cm2, ω0 = 0.057 (800 nm), and φ = π

2
. The

grid size is ∆qx = ∆qy = 0.01.

are shown in fig. 2.9.
Our goal is to model this experiment, using the SFA. In order to do this, we have
to take two important things into consideration: laser-volume effects and effects
originating from the alignment pulse.
Let us start with laser-volume effects. All the calculations in this report, sofar,
are performed on a single atom or molecule situated at the center of the laser-
beam. In an experiment, however, there are a large number of molecules, and only
a fraction of these are situated near the center of the beam, which means that
only a fraction of the molecules actually experiences the real peak intensity4. The
remaining molecules experience a lower max intensity, depending on where they
are situated within the beam. We have to make a volume weighted average over
all the different intensities, in order to compensate for this effect.
Now what about the alignment part. The alignment pulse creates a coherent su-
perposition of different rotational states, meaning the the orientation of the inter-
nuclear axis becomes time-dependent. Shortly after the pump pulse, the molecules
are primarily aligned along the polarization axis for the pump pulse. As time goes,
the molecules rotate, and after a delay (0.76 ps in our case) the molecules are again
primarily align along the polarization axis for the pump pulse. This is the basic
principle behind field-free alignment. The degree of alignment is described by the
distribution Gα(Ω~R), where ~R denotes the internuclear axis. We have to average
our calculated signal over all the different orientations weighted be the alignment
distribution, in order to compare with the experiment.
Now we are ready to go through the procedure. First we calculate the single
molecule momentum distribution dP

dqxdqy
(qx, qz; I, Ω~R

) for a number of different in-

tensities I and orientations Ω ~R. This is done using the SFA, and SPM, where we

4The intensity at the center of the beam
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use the asymptotic ground state wave function for the HOMO of CS2. We will
expect large distances to be the most dominant part of space in ionization, which
motivates this approximation. Notice that this conclusion does not hold in velocity
gauge, since it probes small distances. The asymptotic ground state has the form,

Φ0(~r) =
∑

lm

Clmr
1

κ
−1 exp(−κr)Ylm(r̂) (2.7)

in the body-fixed frame5. Here κ is related to the binding energy by κ =
√

2Eb.
Our asymptotic expansion coefficients Clm are obtained by a Hartree-Fock calcu-
lation [26]. We have to express the ground state in the laboratory frame6, in order
to calculate Sfi and hence dP

dqxdqy
(qx, qz; I, Ω~R). This is done, using Wigner rotation

matrices D(Ω~R) [12]. Having obtained dP
dqxdqy

(qx, qz; I, Ω~R), we perform the inten-

sity averaging [35] and the average over all the different orientations7 to obtain the

measurable signal
(

dP
dqxdqy

(qx, qz)
)

experiment
. Finally, we integrate radially over each

multiphoton peak in order to obtain the PAD for each multiphoton channel. Our
results are shown in fig. 2.9. The theoretical results are clearly in qualitative agree-
ment with the experimental results, with minima in the signals at φ2d = 90◦ (270◦)
and maxima around φ2d = 0◦ (180◦). There are, however, significant discrepancies.
Our SFA model generally overestimates the angle dependence, and the order of the
curves are wrong. Theory predicts in decreasing order α = 0◦, 45◦, unaligned, 90◦,
while the experimental data gives α = 45◦, unaligned, 0◦, 90◦ for the 11 and 12
photon channels, α = 45◦, 0◦, unaligned, 90◦ for the 13 and 14 photon channels.
The discrepancies between theory and experiment is probably associated with the
excited state spectrum of the CS2 molecule and the neglect of the final Coulomb
interaction. SFA, as mentioned earlier, completely neglects the excited states and
the final Coulomb interaction. They actually observed signature of intermediate
Rydberg states in the experimental data [3], indicating that excited states do play
a role in the experiment.
Another possible source to the discrepancies, is the use of the SAE, but calcula-
tions show that the signal from the LUMO is completely suppressed compared to
the signal from the HOMO. This is due to the large difference in binding energy
(IHOMO = 10.08eV, ILUMO = 14.60eV) between the HOMO and LUMO. A third
explanation could be a bending of the linear CS2 molecule, but as before this is
ruled out by calculations. The PAD is not altered significantly if we reduce the
S-C-S angle from 180◦ to 140◦(The minimal bending angle possible).
Understanding the PAD for molecules like CS2 is one of the many challenges to
theory in the future.

5The frame defined by demanding that the x-axis is the internuclear axis.
6The frame defined by demanding that the polarization axis of the ionizing pulse is the x-axis.
7This part of the calculation is performed by C. B. Madsen, Department of Physics and

Astronomy
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Figure 2.9: PADs for the (a) 11-, (b) 12-, (c) 13- and (d) 14-photon ionization
channels. Here φ2d, is the angle between the (qx, qy) projected electron ejection
direction and the x-axis. The upper insert shows the experimental results, while
the lower insert shows the theoretical (SFA) predicted PADs



Chapter 3

Conclusion and outlook

3.1 Conclusion

In this report we investigated strong-field few-cycle ionization of atoms and molecules.
More precisely, we examined how the ionization process depends on the exact shape
(CEPD and the ellipticity of the pulse) of the pulse and the pulse length. Further-
more, we studied how ionization of the linear molecule CS2 depends on the angle
α between the internuclear axis and the polarization vector.
CEPD effects were completely characterized in the circular case, where they just
correspond to simple rotations of the total system.
Confinement in the direction of electron ejection and locality in time depends crit-
ically on the polarization of the light pulse used and on the pulse length. As
an illustration we calculated the momentum distribution for strong-field ioniza-
tion of hydrogen, using the SFA. The results were compared with results obtained
from the SPM, an approximation closely related to the physical interpretation of
strong-field ionization. We showed that while the SPM is applicable in the case of
linear polarized ionization pulses, it gradually breaks down when the ellipticity is
changed towards the circular case. This feature was explained by noting that the
maximum field strength during the pulse decreases monotonically as a function of
ellipticity, together with the fact that the width of the field maximum increases
with ε.
Our SFA calculations on CS2 was in qualitative agreement with the experimental
results obtained by our collaborators at Femtolab, but failed at a quantitative level.
The discrepancies between theory and experiment may be associated with the ex-
cited state spectrum of the CS2 molecule and the neglect of the final Coulomb
interaction.

3.2 Outlook

We plan, in the nearest future, to do ab-initio calculations, i.e., solve the TDSE
numerically. A former member of the group, T. K. Kjeldsen has already written a
code, based on the split-step method, for solving the SAE TDSE for an atom or
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molecule interacting with a linearly polarized laser pulse.
Suppose we know the reduced wave function at some specific instant of time t0,
and want to calculate it at a later time t > t0. Now,

Φ(~r, t) = U(t, t0)Φ(~r, t0) (3.1)

where U is the time-evolution operator [12]. The time-evolution operator has the
simple form exp(−iH(t − t0)), if the Hamiltonian is independent of time. Our
Hamiltonian, of course, depends on time via the field, and U cannot be written on
such a compact form. It is, however, accurate to replace H(t) by the time inde-
pendent H((t− t0)/2), provided that t− t0 is small compared to the characteristic
timescale for H(t). This means that, Φ(~r, t) ≈ exp(−iH(t − t0)/2)Φ(~r, t0).
The exponential of a operator A, is defined as exp(A) =

∑∞
n=0

An

n!
, making the

calculation of UΦ very difficult in general. If, however, fa is an eigenfunction for
A with eigenvalue a things get easy, since exp(A)fa =

∑∞
n=0

An

n!
fa =

∑∞
n=0

an

n!
fa =

exp(a)fa. This means that exp(A) is easier to calculate, if one uses a representa-
tion where A is diagonal.

Our Hamiltonian is given by, H =
(

1
2

∂2

∂r2 + L2

2r2 + V (~r, t)
)

, since we are look-

ing at the reduced wave function. We cannot split the operator exponential
exp(iH(t − t0)), due to the fact that we are looking at non-commuting operators.
It can be shown, however, that [36]

U(t + ∆t, t) = exp

(

i
∆t

2

1

2

∂2

∂r2

)

exp

(

−i
∆t

2

L2

2r2

)

exp (i∆tV (~r, t)) exp

(

−i
∆t

2

L2

2r2

)

exp

(

i
∆t

2

1

2

∂2

∂r2

)

+ O(∆t3)

(3.2)

The basic idea behind the split-step method is to use this relation, and then repre-
sent the wave-function in a representation where the propagating term is diagonal.
One obvious task, would be to generalize our present code to general polarization.
This would give us the opportunity to test the validity of the results obtained
during Part A, and hence test the validity of the SFA, and the SPM. It would also
be interesting to test different modifications of the standard SFA like, for instance,
Coulomb-Volkov modified SFA.
Next, we plan to study sub-cycle dynamics, i.e., to study the dynamics of the
electron during the pulse. Tremendous progress in laser technology has made it
possible to investigate ionization dynamics, during the ionizing pulse. M. Uiber-
acker et. al [37] used a pump-probe experiment to investigate ionization of Ne+,
during the ionizing few-cycle pulse. They placed Ne in a NIR few-cycle laser-pulse,
with an intensity to low to effectively ionize Ne. After a variable delay a 250 at-
tosecond XUV pulse ionized some of Ne population, thus creating positive neon
ions in excited states. The binding-energy of these states was 13.6 eV or less,
making ionization by the NIR pulse possible. The neon ions are ”born” almost
instantly, due to short duration of the XUV pulse compared to the NIR pulse. By
varying the delay, they scan over the NIR few-cycle pulse, thus allowing them to



Strong-field ionization of atoms and molecules by few-cycle laser

pulses 27

investigate ionization of Ne+ during the ionization process itself.
Until now almost all the theoretical research within the field, has focused on, the
question: What happens after the pulse. This experiment opens the door to a
whole new branch, where it is relevant to ask what happens during the pulse.
Our SAE TDSE code is a powerful tool for modeling experiments like the above,
but the interpretation would benefit highly from a simple model like, for instance,
the SFA.
The SFA gives the following expression,

P~q(t) =

∣

∣

∣

∣

∫ t

0

〈Ψ~q(~r, t)|V (t)|Ψ0(~r, t)〉dt

∣

∣

∣

∣

2

(3.3)

for the probability of being in a Volkov state with asymptotic momentum ~q at time
t < τ . Hence,

Γ~q(t) =
d

dt

∣

∣

∣

∣

∫ t

0

〈Ψ~q(~r, t)|V (t)|Ψ0(~r, t)〉dt

∣

∣

∣

∣

2

(3.4)

is the rate for ionization with momentum ~q at time t. We already have all the
tools for calculating this quantity, and henceforth model sub-cycle dynamics using
SFA. We may also use different approach like Coulomb-Volkov SFA, or lowest order
perturbation theory within each half cycle.
In the more distant future, we would like to propose different control schemes,
based on the obtained knowledge, for electron dynamics in atom and molecules.
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Direct and Indirect Pathways in Strong Field Atomic Ionization

Dynamics. Phys. Rev. Lett, 89:113002, 2002.

[25] O. Smirnova, M. Spanner, and M. Ivanov. Coulomb and polarization

effects in sub-cycle dynamics of strong-field ionization. J. Phys. B,
39:S307, 2006.



30

Strong-field ionization of atoms and molecules by few-cycle laser

pulses

[26] T. K. Kjeldsen and L. B. Madsen. Strong-field ionization of atoms

and molecules: The two-term saddle-point method. Phys. Rev. A,
74:023407, 2006.

[27] G. Duchateau, E. Cormier, H. Bachau, and R. Gayet. Coulomb-Volkov

approach of atom ionization by intense and ultrashort laser pulses.
Phys. Rev. A, 63:053411, 2001.

[28] M. Yu. Ivanov. Dealing with complicated integrals: saddle point-type

methods and some applications. 2002.

[29] S. Chelkowski and A. D. Bandrauk. Sensitivity of spatial photoelectron

distributions to the absolute phase of an ultrashort intense laser

pulse. Phys. Rev. A, 65:061802, 2002.
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