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Abstract

Electrons are fundamental components of matter and are essential to our un-
derstanding of natural phenomena across all scientific disciplines, such as in
molecular reactions, biochemical processes, and modern technological electronic
devices. Additionally, light, both visible and nonvisible, also originates from
electron motion. Electrons are therefore of immense importance and interest.
One way to study electrons is to subject them to an intense laser field, which
induces nonlinear electron dynamics resulting in the emission of light in the
strong-field process of high-order harmonic generation (HHG). Not only is HHG
a useful spectroscopic tool to investigate electron dynamics within a system, but
it is also used as a method to generate ultrashort bursts of light, which again
can be used to study electron dynamics in matter.

The thesis aims to investigate the quantum optical nature of the light emitted
by HHG. The motivation for this quantum optical approach to HHG is twofold:
First, it may widen and improve on HHG as a spectroscopic method, allowing a
deeper and more fundamental understanding of the induced electron dynamics.
Secondly, the quantum optical study of HHG may reveal how ultrashort pulses of
light with desirable quantum properties are generated, which has its own potential
applications in spectroscopy, quantum sensing, and quantum information science.
To investigate the quantum optical nature of HHG, the Fermi-Hubbard model
is considered, which includes electron-electron correlations in order to study
both uncorrelated and strongly correlated electrons. First, using a semiclassical
treatment of HHG from the model, the appearance of noninteger harmonics
in the HHG spectrum is investigated and is explained by the population of
multiple Floquet states. Using a quantum optical treatment, it is found that
electron-electron correlations induce nonclassical states of light when driven by
an intense laser. In particular, it is found that a Mott exciton in the extended
Hubbard model is dominant in the nonclassical response. Further, it is found
that the quantum nature of the emitted radiation is due to nonvanishing time
correlations of the induced current. Finally, an uncorrelated electron model is
driven by nonclassical states of light, where it is found that different types of
light yield drastically different harmonic spectra, showing how the quantum
optical nature of HHG provides new insights into fundamental physics.
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Dansk resumé

Elektroner er fundamentale bestanddele af stof og er afggrende for vores forstaelse
af naturlige feenomener pa tveers af alle videnskabelige discipliner, sdésom molekyl-
ere reaktioner, biokemiske processer og moderne elektroniske teknologier. Deru-
dover stammer lys — bade synligt og usynligt — ogsa fra elektroners bevagelse.
Elektroner er derfor af enorm betydning og interesse. En made at studere elek-
troner pa er ved at udsaette dem for et intenst laserfelt, som inducerer ikke-lineser
elektrondynamik, hvilket resulterer i lysudsendelse gennem den stzerkfeltproces,
der kaldes hgjordens harmonisk generering (HHG). HHG er ikke blot et nyttigt
spektroskopisk veerktgj til at undersgge elektrondynamik i et system, men kan
ogsa bruges som en metode til at generere ultrakorte lyspulser, som igen kan
anvendes til at studere elektrondynamik i stof.

Afhandlingen har til formal at undersgge den kvanteoptiske natur af det
lys, der udsendes ved HHG. Motivation for denne kvanteoptiske beskrivelse af
HHG er todelt: For det fgrste kan den udvide og forbedre HHG som en spek-
troskopisk metode og muligggre en dybere og mere fundamental forstaelse af den
inducerede elektrondynamik. For det andet kan den kvanteoptiske undersggelse
af HHG afslgre, hvordan ultrakorte lyspulser med szerlige kvanteegenskaber
genereres, hvilket har potentielle anvendelser inden for spektroskopi, kvante-
sensensing og kvanteinformation. For at undersgge den kvanteoptiske natur
af HHG anvendes Fermi-Hubbard-modellen, som inkluderer elektron-elektron-
korrelationer, til at studere bade ukorrelerede og staerkt korrelerede elektroner.
Forst undersgges fremkomsten af ikke-heltallige harmoniske i HHG-spektret
ved hjelp af en semiklassisk beskrivelse af HHG, hvilket skyldes population af
flere Floquet-tilstande. Ved hjalp af en kvanteoptisk behandling findes det, at
elektron-elektron-korrelationer inducerer ikke-klassiske tilstande af lys, nar de
drives af en intens laser. I seerdeleshed er det vist, at en Mott-exciton i den
udvidede Hubbard-model er dominerende i den ikke-klassiske respons. Ydermere
konkluderes det, at den kvanteoptiske natur af den udsendte straling skyldes
ikkeforsvindende tidskorrelationer i den inducerede strgm. Endelig drives en uko-
rreleret elektronmodel af ikke-klassiske lystilstande, hvor det ses, at forskellige
typer lys giver markant forskellige harmoniske spektre, hvilket viser, hvordan
den kvanteoptiske natur af HHG giver ny indsigt i fundamental fysik.
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Preface

The thesis consists of research conducted during my PhD studies in the period of
June 2023 to August 2025 under the supervision of Prof. Lars Bojer Madsen at
the Department of Physics and Astronomy, Aarhus University, Denmark. I spent
the first part of my PhD (September 2021 to May 2023) under the supervision
of Prof. Thomas Pohl within the Center for Complex Quantum Systems (CCQ)
at Aarhus University. The change of supervisor was due to Prof. Thomas Pohl
leaving Aarhus University. Unfortunately, the research carried out under his
supervision did not lead to any publications. In order to present a single and
coherent thesis, none of the research carried out under the supervision of Prof.
Thomas Pohl is included.

The Graduate School of Natural Sciences (GSNS) allows the thesis to be
formatted in either of two ways. The first way is as a single cohesive monograph,
and the second way is as a collection of manuscripts and papers that relate to
the PhD topic. The thesis will be formatted according to the latter, and will
therefore consist of two parts. The first part is a review that derives, highlights,
and discusses the central results of the research papers. The second part includes
all peer-reviewed and published research papers with a declaration of the author
contribution to each of these. The thesis uses the collective pronoun "we" for
clarity, which also signifies that most of this work was done in collaboration
with colleagues.

Units

Unless stated otherwise, the thesis as well as the research papers use atomic
units (a.u.) which satisfy h = m. = e = 4weg = 1, where h is the reduced
Planck’s constant, m. is the electron mass, e is the electron charge, and ¢, is
the vacuum permittivity. This set of units is often used in the research field,
and as is tradition within the research field, timescales can be given in femto- or
attoseconds where 1 a.u. ~ 24.19 as.
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CHAPTER

Introduction

The most prominent and distinguished role of science is to understand and clarify
the fundamentals of the physical world. This investigation covers a vast range
of length scales: from the size of the entire universe down to the fundamental
building blocks of matter, the structure and dynamics of atoms, and biological
processes on the microscopic scale. Similarly, natural processes unfold across
vastly different timescales, from the age of the universe (~ 4 - 10'7s) all the
way down to the shortest intervals observed in nature: the attosecond and even
shorter. The attosecond (107!8s) is an incredibly short unit of time. To put it
in perspective, there are more attoseconds in one second than there are seconds
in the age of the universe. Nonetheless, it is on the attosecond timescale that
electrons move. The electron, being one of the fundamental particles of matter,
is vital in many aspects of our world. On the fundamental level, electrons
are central in all of chemistry, as they bind atoms together and appear as the
main ingredient in chemical reactions. This also extends to the biochemical
processes in the human body and all other organic material. Electrons are
also central to the emission of light across a broad range of frequencies. From
a more technological perspective, electrons are also the main constituent in
electronics, central to modern life and infrastructure. Scientists are interested in
studying such systems - both to advance fundamental science and to consider
potential technological applications - and it is thus central to examine and
control the electron dynamics, as the electron is the vital ingredient across
all of these platforms. In order to study the electron, one must be able to
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interact with it. Fortunately, as the electron is much lighter than the nucleus
to which it is bound, it can be steered using electric and magnetic fields. To
study the electron on its natural timescale—the attosecond—one needs probe
fields capable of interacting with it on this scale, which is far shorter than the
nanosecond timescales accessible with modern electronics. Fortunately, many
years of both theoretical and experimental development have made it possible to
generate short and rapidly oscillating electromagnetic fields, ultrashort pulses of
light, by illuminating electrons with intense laser fields. Such ultrashort pulses
of light are short enough to be able to interrogate electrons on their natural
timescale, giving access to a whole new time domain in nature. Interestingly,
this pulse-generating strong-field process might generate pulses with quantum
properties. An ultrashort pulse with nonclassical properties will, due to the
fact that more observables can be considered, have improved spectroscopic and
technological applications while at the same time providing new insights about
the fundamental electron dynamics in the generating medium.

1.1 A brief history of electron-light interactions

For more than a century, light has been used to interrogate matter. The nature
of light itself, however, has been disputed. In 1801, Thomas Young presented
his double-slit experiment showing the wave-like nature of light. These results
could not be explained by the corpuscular theory of light, presented by Sir Isaac
Newton, which claimed that light consisted of smaller particles. A century later,
however, Max Planck, in an attempt to explain blackbody radiation, suggested
that the light-matter interactions must involve not continuous but discrete
chunks of energy, which favors a more particle-like nature of light [6]. This idea
of quantized light was further used by Einstein to explain the photoelectric effect,
for which he was awarded the Nobel Prize in 1921 [7], and the term photon, coined
by Gilbert Lewis, later arose to describe this particle-like nature of light [8]. Niels
Bohr, inspired by the quantized nature of light-matter interactions, presented his
model of the atom in 1913 and was able to predict spectral lines from atoms [9].
The photoelectric effect was central in the foundation of much of modern physics
as it introduced a quantized nature of light and matter, giving birth to the
paradigm of quantum mechanics, later developed with Heisenberg, Schrodinger,
and Dirac as central figures. With the photoelectric effect, scientists could now
study material properties, such as the binding energies, by measuring the energy
of the emitted photoelectrons. Kai Siegbahn later developed these techniques of
photoelectron spectroscopy to study the nature of the inner electrons in atoms
for which he was awarded the Nobel prize in 1981 [10].

In 1960, the study of matter using light took a big leap forward with the
invention of the laser [11]. With this rapidly growing technology, the optical
properties of both atoms, solids, and molecules could be studied in much greater
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detail. However, a single laser is in itself not always completely adequate to study
the dynamics of a quantum system, as the interrogation of electrons sometimes
needs to occur at specific times in order to study how the electron evolves. In
other words, a time-dependent laser field — a laser pulse — is required to pump
the system and initiate its dynamics, followed by a second pulse at a later time
to probe the system and image how the electrons have evolved. By varying the
delay between the two pulses, one can then study the dynamics of the electrons.
However, in order to be able to image the electron, the laser pulse should be of
adequate duration and only briefly interact with the electrons. If the duration is
too long, the electrons will have too much time to move, such that the electrons
will be in a different position at the end of the pulse than they were at the
beginning. This will make the captured image blurred, just in the same way
that a too-long exposure time for a modern camera makes the photo blurred if
one tries to capture a moving object. However, if the pulse is adequately short,
one can capture the system dynamics by combining multiples of such images.

With the development of Q-switching [12] and mode locking [13], a 6 fem-
tosecond laser pulse was achieved in 1987 [14]. This would allow phenomena
in biological systems, such as photosynthesis, to be studied at the nanoscale
and on their natural timescales, as the motion of molecular nuclei could now
be resolved [15]. This gave rise to the field of femtochemistry for which Ahmed
Zewail was awarded the Nobel Prize in Chemistry in 1999. However, even though
the motion of nuclei could now be resolved, chemical reactions are governed by
electron dynamics, and a new breakthrough in laser technology was needed in
order to go into the required attosecond regime. Curiously, it would actually be
an ultrafast electron mechanism that would enable the generation of attosecond
light pulses. In this way, ultrafast dynamics would be a key ingredient in the
generation of light that would enable the study of ultrafast dynamics. This
ultrafast electron dynamics was probed by driving atoms with an intense laser
field, leading to nonlinear electron-light dynamics and the different processes of
strong-field physics.

1.1.1 Strong-field physics

Alongside the development of short laser pulses, more intense laser pulses were
also sought after. Significant contributions to generate intense laser pulses,
achieved by chirped pulse amplification, were made by Donna Strickland and
Gérard Mourou, for which they were awarded the Nobel Prize in Physics in 2018
[16].

While not immediately understood by researchers at the time, it was clear
that by illuminating atoms with these novel, intense short pulses of light, new
nonlinear phenomena were accessed. Similar to the photoelectric effect, where
electrons were ionized by the absorption of a single photon, the strong laser
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fields also ionized the electrons. This strong-field ionization of electrons has
been understood in two different pictures. For driving fields with higher frequen-
cies, this ionization of electrons has been understood from a quantum optical
perspective, with the absorption of one or many photons exciting the electron
above the ionization threshold. In the low-frequency regime, the perspective has
been semiclassical, where the electric driving field has strongly perturbed the
atomic binding potential, allowing for tunneling ionization [17-20]. Further, in
1979, experiments for the first time showed how photoelectrons ionized by an
intense laser field had a kinetic energy way larger than their ionization potential
[21]. This was the first observation of above-threshold ionization (ATI), a central
phenomenon in strong-field physics, that also later led to strong-field double
ionization [22]. It was clear that with the advent of novel intense laser pulses,
electrons could undergo new nonlinear processes, which allowed for new spectro-
scopic methods and ways of steering electrons. Following these findings, it was
natural to ask if these nonlinear processes involving electrons could be utilized to
generate new types of light inheriting characteristics from the ultrafast electron
dynamics.

The first experiment regarding light generation from strong-field processes
was conducted in 1987. Here, an intense ultraviolet (UV) laser pulse drove
nonlinear dynamics in various rare gases, which in turn generated light at
much higher frequencies [23]. Curiously, the generated light only had frequency
components which was an odd integer multiple of the laser frequency. In the
following year, a similar experiment was performed using an intense infrared
(IR) driving field which generated light consisting of harmonics extending all
the way up to the 33’rd harmonic with a frequency component in the extreme
ultraviolet (XUV) spectral regime [24]. With these findings, the concept of
high-order harmonic generation (HHG) was born, which has been subject to
both experimental and theoretical investigations for decades. It is the process of
HHG that was later utilized to generate the long-sought-after attosecond pulses
of light. The experimental demonstration of these attosecond light pulses was
the motivation for the 2023 Nobel Prize in Physics awarded to Pierre Agostini,
Ferenc Krausz, and Anne L’Hullier.

The spectra obtained from HHG have been subject to theoretical consid-
erations with explanations for their characteristics, such as the plateau and
harmonic cutoff. To gain intuition, the HHG process is often described by the
semiclassical three-step model [25] shown in Figure (Fig.) 1.1, which also shows
other strong-field phenomena. The steps of this semiclassical three-step model
will now be explained.

Ionization: When an intense laser pulse is applied, there is a significant proba-
bility that an electron will ionize and escape the atom. This probability
is larger for larger field amplitudes and is thus most likely at the ex-
trema of the oscillating field. Depending on the frequency of the laser,
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Figure 1.1: Illustration of the semiclassical three-step model for atoms. The
three steps involved are ionization, propagation, and recollision, or recombina-
tion for HHG. Other strong-field processes are also included: above-threshold
ionization (ATI), sequential double ionization (SDI), and nonsequential double
ionization (NSDI). Figure inspired from Ref. [26].

this ionization process can be understood as single-photon absorption,
multi-photon absorption, or tunneling ionization [17-20]. If the electrons
completely escape the atomic potential, they can absorb more photons
and be detected as ATI electrons. More electrons in the parent ion can
also be ionized. This is known as sequential double ionization.

Propagation: After the electron is ionized, it is in the continuum where it is
dressed by the driving field from which it will gain kinetic energy. In
a quantum mechanical description, this is known as a Volkov state [27].
As the driving field is intense, it will dominate the electron dynamics to
such an extent that the Coulomb potential from the parent ion can be
neglected in the strong-field approximation (SFA) [17, 18, 20].

Recollision: If the ionization step occurs at certain times during the laser pulse
cycle, the electron will return to the vicinity of its ion and recollide. Several
processes can take place in this recollision step. One of the processes is the
inelastic scattering with the ion, resulting in the ionization of an additional
electron, a process known as nonsequential double ionization [28]. The
electron can also elastically rescatter off of its parent ion, gaining even
more energy, and be emitted as high-order ATI. Finally, if the electron
recombines with its parent ion, the excess energy will be emitted as a
burst of light in HHG.

Using the semiclassical three-step model, various phenomena and observa-
tions in strong-field physics can be explained. The model gives a clear phys-
ical interpretation of the results and can explain, e.g., the spectral structure
from HHG in atoms. Building on the intuition of the semiclassical three-step
model, a quantum mechanical treatment was presented using the time-dependent
Schrodinger equation (TDSE) with the electric dipole approximation and the
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single-active electron approximation [29]. From this work, it became apparent
that electrons could become ionized at different points in time during the laser
cycle. Some electrons will be ionized during the peak of the electric field with a
high probability and gain a lot of kinetic energy, resulting in a long trajectory
in space before the recollision step. During these long trajectories, the electron
will be subject to more quantum diffusion, making recombination less likely.
Conversely, with a smaller probability, electrons will be ionized at times with
a weaker field and gain less kinetic energy. They will hence have a short tra-
jectory in space with less quantum diffusion, making the recombination more
likely to occur. By utilizing the knowledge of these electron trajectories, the
experimental parameters such as laser polarization, laser intensity, wavelength,
focus area, and atomic gas pressure can be tuned to balance the contributions of
the different trajectories such that the harmonic generation from each of these
can be phase matched to generate attosecond pulses of light. Currently, at the
time of writing, the shortest pulse of light ever created from HHG is 43 as [30],
allowing researchers to enter the natural time domain of electrons.

1.1.2 High-order harmonic generation in condensed
matter

For many years, atomic gases were the main medium for HHG studies. High-
harmonic generation from solid state targets was also investigated; however,
only in a reflection geometry [31-34] or only perturbative harmonics were
found [35]. In 2011, the interest in HHG from condensed matter systems was
rekindled, as nonperturbative harmonics were observed from a bulk crystal of
ZnO [36]. Tt was found that the harmonic cutoff scales linearly with the driving
field intensity in solids, different from the quadratic scaling in atomic spectra.
Consequently, the underlying physical mechanisms generating HHG must be
qualitatively different in solids from those in atoms, and new physical models
and theoretical frameworks would have to be developed. In addition to the
fundamental interest in solid state HHG, potential applications to create, e.g.,
ultrafast electronics, are conceived, due to the ultrafast manipulation of electrons
in compact condensed matter targets. However, before such applications can be
achieved, a deeper understanding of how to coherently drive and control electrons
in various condensed matter targets is crucial. Already, many different condensed
matter targets have been utilized as HHG medium in experiments. This ranges
from semiconductors [36], insulators [37], metals [38], Weyl semimetals [39],
nanostructures and monolayers [40, 41], doped semiconductors [42], liquids
[43], amorphous solids [44], Dirac semimetals [45], rare noble-gas solids [46],
topological insulators [47], liquid crystals [48], and particular relevant for the
thesis and research papers, also Mott insulators [49, 50]. When compared
to atomic gases, HHG from such condensed matter systems reveals that the
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Figure 1.2: Illustration of the three-step model in condensed matter systems.
The steps involved in the model are excitation, propagation, and recombination
as outlined in the main text. Figure inspired by Ref. [26].
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Excitation

underlying generating mechanism is more complex. However, as for atomic gases,
HHG from condensed matter systems can also be understood from a semiclassical
three-step model. This model is formulated in the picture of semiconductor
Bloch equations (SBE) in momentum space, where electrons propagate along or
in between energy bands of the material. This model is shown in Fig. 1.2 and
outlined in detail below.

Excitation: An electron in the valence band (VB) can absorb photons and
be excited into the conduction band (CB). This excitation is most likely
to occur at the point in momentum space where the energy difference
between the two bands is minimal, i.e., at the minimal band gap. The
excited electron in the CB leaves a hole in the VB.

Propagation: Once excited to the CB, the electron propagates within the CB
with a time-dependent crystal momentum which follows the electromag-
netic vector potential. The same holds for the hole in the VB. During this
propagation step, current is generated, called intraband current, which
will result in the emission of harmonics, called intraband harmonics.

Recombination: During the propagation step, there is a considerable likelihood
that an electron-hole pair will recombine in real space. Note that this
does not need to be between the same electron-hole pair generated in
the excitation step. This recombination generates a current called the
interband current as it occurs from electron dynamics across different
bands. Consequently, the HHG emitted from interband current has an
energy larger than the minimum band gap energy and is referred to as
interband harmonics.

Different from the atomic three-step model, the solid-state three-step model
contains two steps that emit harmonic radiation. The last step, the recombination
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step, where an electron-hole pair recombines, generating interband current, is
similar to the recombination of an electron with its parent ion in the atomic
three-step model. Additionally, in the condensed matter three-step model, the
intraband current in the propagation step will also emit harmonic radiation.
This is due to the generally nonquadratic dispersion relation in the system, a
property inherent to condensed matter systems and not found in atoms. The two
contributions, intra- and interband currents, are inherently coupled. Generally,
in a HHG spectrum, the signal at frequencies below the minimum band gap
is typically dominated by contributions from the intraband mechanism, while
the interband mechanism is dominant at energies above the minimum band gap
energy [51, 52].

The three-step model for condensed matter systems assumes that all electrons
can be treated independently without any other contributions to their dynamics.
However, this simplified picture is not always adequate. In recent years, several
works have considered more specialized or complicated mechanisms that are
not captured in the simple three-step model. For instance, theoretical works
have considered the effect of topology [53, 54], finite-size effects [55], doping
[56], lattice imperfections [57], light propagation [58], phonons [59], spin-orbit
coupling [60, 61], beyond-mean-field interactions [62], and strongly correlated
interactions [63]. Recently, works have also considered combinations of these,
e.g., strongly correlated interactions with finite-size effects [64], doping [65], or
lattice imperfections [66].

Further, in recent years, a new perspective on HHG, both in atomic gases
and condensed matter systems, has been of great interest, namely, the study
of the quantum optical properties of HHG. This avenue of strong-field physics,
called strong-field quantum optics, will be explored in further detail below in
Section (Sec) 1.2.

1.1.3 Quantum optics

Building on Planck’s idea of quantized light, the discovery of the photoelectric
effect, and the subsequent development of quantum mechanics, light came to be
understood as a fundamentally quantum phenomenon. The study of quantum
optics is a merge between classical optics and quantum mechanics, where light
is described in a quantized manner. The field of quantum optics is in itself too
broad to be covered in all detail here, but central developments and contributions
will be highlighted.

The first contributions to a quantized light-matter description were given
by Paul Dirac. Using field theory, he developed quantum electrodynamics
(QED), which, among other achievements, quantized the electromagnetic field as
particles, photons, successfully describing the quantized nature of light-matter
interactions [67—69]. In the 1950s, Robert Hanbury Brown and Richard Twiss
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studied the coherence of light from interstellar objects. Their results showed
how photons from thermal sources were bunched [70-72]. These considerations
also led to the next major theoretical contribution, which came in 1963 with
the formalized description of optical coherence in quantum optics published in
a seminal paper by Roy Glauber [73]. In particular, the correlation functions
as presented by Glauber laid the theoretical foundations for the possibility of
nonclassical states of light, which is a central concept in many modern studies of
quantum optics. The study of optical coherence was also developed further by
Emil Wolf, George Sudarshan, Leonard Mandel, John Klauder, and many others
[74]. Glauber received the Nobel Prize in Physics in 2005 for his contributions.

In the following decades, the field of quantum optics flourished with both
theoretical and experimental discoveries. On the theory side, Dan Walls and
Howard Carmichael studied open quantum systems and showed how the interac-
tion between a quantum system with its environment could lead to antibunched
light, a clear nonclassical feature [75, 76]. Also, a measurement-based trajectory
theory to describe open quantum systems was developed by Klaus Mglmer, Jean
Dalibard, and Yvan Castin, now known as Monte Carlo wavefunctions [77, 78],
giving insights into the continuous nature of decay rates with the quantized
nature of atoms. Among the experimental contributions is the methods devel-
oped by Serge Haroche and David Wineland to study and manipulate individual
photons and their interactions with matter by trapping single atoms in cavities,
today known as cavity-QED [79-84]. Both Haroche and Wineland received the
Nobel Prize in 2012 for their work. Experimental works also tested the quantum
nature of light as predicted by theory. In 1972, John Clauser used a clever scheme
of optical equipment to demonstrate how photons violated Bell’s inequalities,
showing that photons could be entangled beyond classical correlations [85, 86],
confirming the predictions of quantum theory. This experiment was later refined
and improved by Alain Aspect in 1982, confirming the results of Clauser with
greater statistical confidence. Crucially, Aspect’s experiment used a setup that
closed some loopholes with regard to locality that remained after Clauser’s ex-
periment [87]. Later, in 1997, Anton Zeilinger used quantum optics to entangle
photons in order to teleport a quantum state [88]. For their experiments with
entangled photons, Clauser, Aspect, and Zeilinger were awarded the Nobel Prize
in physics in 2022. Another experimental discovery worth highlighting is the
Hong-Ou-Mandel effect. Here, two identical photons are sent into a symmetric
beam splitter, and if the temporal overlap of the photons is tuned in a specific
way, the photons will exit the beam splitter in the same output mode, meaning
they will always be observed together and never separately [89]. In addition
to being a measurement setup to test the indistinguishability of photons, the
Hong-Ou-Mandel effect also has applications as a logic gate in linear quantum
computing [90]. In fact, much of research in quantum optics have focused on
both testing and in particular utilizing the quantum nature of light for purposes
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in, e.g., quantum metrology [91, 92], spectroscopy [93, 94], quantum information
processing [95], quantum information science [96, 97], and photonic quantum
technology [98]. All of these applications rely not only on the deeper understand-
ing of quantized light but also on reliable ways of generating light with specific
nonclassical properties. In recent years, a new way of generating nonclassical
light has gained interest, where the intense driving lasers and induced nonlinear
phenomena of strong-field physics are merged with the theoretical framework of
quantum optics in the new emerging field of strong-field quantum optics.

1.2 Strong-field quantum optics

Strong-field quantum optics is the intersection of strong-field physics and quan-
tum optics, aiming to describe strong-field phenomena within the framework
of quantum optical theory. For decades, strong-field physics has been treated
semiclassically, that is, with a quantum description of the electronic system but
with a classical description of both the applied and emitted electromagnetic
fields. This description has been highly successful in many of its predictions
of experimental results. Until recent years, a quantum optical description of
strong-field phenomena was never fully pursued, because the strong laser fields
involved have negligible quantum fluctuations, which justifies the semiclassical
approach in many regards. In some way, strong-field physics and quantum optics
are an unlikely match: In strong-field physics, one typically considers both a
macroscopic number of photons as well as many electronic states, including the
continuum of free electron states. In contrast, only a few photons and a few
electronic states are typically involved in quantum optics. Merging quantum
optics with strong-field physics thus requires one to handle the unusually large
number of photons in the quantum optical description, and hence new techniques
are needed.

In the preceding sections, a broad overview of the history of the relevant
research fields was given with emphasis on both experimental and theoretical
breakthroughs. In this section, we provide an overview of the emerging research
field of strong-field quantum optics and discuss central works in greater detail
to set the scene for the present state of the research field.

It is not only the strong laser fields that are subject to quantum optical
considerations. Another field with ultrafast perspectives is the study of free
electrons, where early works considered free electrons interacting with a quantized
monochromatic electromagnetic field [99-102]. More recent studies has found,
for instance, that free electrons interacting with a quantized electromagnetic field
can transfer optical coherence [103], probe the photon statistics of the driving
field [104, 105], manipulate the driving field to generate quantum light [106-108],
be used as a quantum sensor for light-matter systems [109] and photonic state
tomography [110], and have applications in quantum information science [111].
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Figure 1.3: Quantum optical HHG. In (a), an overview of the HHG process is
given. The applied strong field with a given photon distribution is driving the
HHG process in the electronic medium (gas of atoms, molecules, or a condensed
matter system), with quantum-optical harmonic radiation being emitted from
the generating process. (b)-(d) illustrates the different observables of interest:
(b) the spectrum, (c¢) photon counting to calculate photon statistics, and (d)
homodyne detection to calculate the degree of squeezing.

In strong-field physics, works have, for instance, considered driving strong-
field processes with quantum light, that is, light that is not a Glauber coherent
state. These processes include, e.g., strong-field ionization with quantum light
of atoms [112] as well as high-order ATI [113], double ionization [114], and free
electrons [115]. In these works, it is found that both the ionization probability
and the momentum distribution of the free electrons strongly depend on the
photon statistics of the driving field, showing how the quantum nature of the
driving field is principal in the light-induced electron dynamics. In this direction,
experiments have already studied photoelectron emission with nonclassical light
from needle tips [116, 117] that confirm the effect of the photon statistics of the
driving field.

The strong-field process that has been subjected to quantum optical consid-
erations the most, however, is HHG. Different from ATI, HHG also involves an
emitted field, which can be considered quantum optically. This opens a whole
new avenue of research questions: Does the light generated from HHG have
nonclassical features? If so, under what conditions is the light quantum? Can
both light fields and electronic systems be engineered to generate light with
specific properties, with, e.g., technological applications? Can the quantum
nature of HHG be used as a spectroscopic measure to study the generating
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medium and yield information not present in the semiclassical spectrum? Due to
the great interest both in fundamental science and in the prospect of potential
technological applications, HHG has in recent years been subject to various
quantum optical considerations and questions in a wide range of electronic
systems. Overall, there are two main avenues within quantum optical HHG.
The first one is to use a classical (coherent) driving field to drive the HHG
process. Due to different processes and mechanisms in the generating medium,
the emitted light can potentially be nonclassical. A more detailed overview of
this avenue is given in section (Sec.) 1.2.1 below. The other avenue within
quantum optical HHG is to use a nonclassical driving field with the expectation
that the emitted harmonics will inherit its nonclassical nature. An overview
of this avenue of quantum optical HHG is given in Sec. 1.2.2 below. The
common goal of both avenues of quantum HHG is to create ultrashort pulses
of light with quantum properties at frequencies not previously considered in
quantum optics. In addition to testing quantum optics at new frequencies, these
studies also enable applications like spectroscopy by exploiting the quantum
degrees of freedom previously ignored in semiclassical approaches. Further, by
utilizing the quantum nature of these ultrashort pulses of light, technological and
experimental applications in quantum information science might be considered
[118]. Figure 1.3 provides an overview of the quantum optical HHG. In Fig.
1.3(a), a schematic overview of the generating process is given. The applied
strong field in a given state, e.g., a coherent, BSV, or Fock state, is driving
the HHG dynamics in an electronic medium (atoms, molecules, or condensed
matter system), and harmonic radiation is emitted. In Fig. 1.3(b)-(c), different
observables are measured. Measurement of the spectrum is illustrated in Fig.
1.3(b), photon counting used to calculate photon statistics is illustrated in Fig.
1.3(c), and the degree of squeezing via homodyne detection is illustrated in Fig.
1.3(d).

1.2.1 High-order harmonic generation with a classical
driver

The inclusion of quantum optics in the description of HHG goes back to the early
1990s, where pioneering work included a quantized description of the emitted
field while keeping the driving field classical [119-123]. In these works, both the
Heisenberg equations of motion and the Schrédinger equation were used. Of
particular interest in these works were the generation of incoherent and coherent
emission from an atomic ensemble and their relation to experiments. Here, it
was found that only the coherent part of the emitted radiation (proportional
to the number of independent emitters squared) was measured in experiments
with HHG from atomic gases. In more recent work, a quantum formalism
describing HHG as spontaneous emission from time-dependent dressed states
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with a classical dressing field was developed [124-126]. Later experimental and
theoretical works also used a quantized description of the driving field mode
[127, 128] with signatures of the nonclassical light due to the interaction with
the generating medium [129-131]. Though there were indications of nonclassical
signatures in the emitted HHG, the quantum optical nature of HHG had not
been treated in full detail by including a quantized description of both the
driving and emitted fields. Further, observables to probe the nonclassical nature
of HHG, such as squeezing or photon statistics, were not considered.

This was until the pioneering work of Ref. [132], which considered both
the driving and emitted fields quantum mechanically and computed both the
degree of squeezing and photon statistics of the entire emitted spectrum. Here,
it was found that an atomic ensemble of helium atoms generates squeezed
light as well as nontrivial photon statistics for certain harmonics. Following
this work, several works appeared which consider various electronic systems,
develop theoretical approximations and methods, and investigate observables
not accessible from a semiclassical perspective. A central finding in this field is
the generation of coherent state superposition of light, a so-called Schrédinger
cat state, not generated via the electronic response itself, but by performing
subsequent condition measurements. This optical cat state showed to have
higher photon numbers than previously achieved by other schemes [133, 134]
with experimental observation already in 2021 [135], a pioneering work and
central result for quantum optical HHG. The theoretical considerations relied on
a negligible depletion of the ground state population, which allows for an exact
analytical treatment that can be utilized to study entanglement [136] in the
light-matter system or for quantum state engineering purposes by performing
condition measurements on the emitted harmonics [137]. Going beyond this
approximation and including nonnegligible ground state depletion, a perturbative
treatment of the light-matter coupling has yielded analytical solutions of the
quantum state of the field for, e.g., atomic gases [138], atoms initially in the first
excited state [139], and molecules [140]. Notably, in Ref. [138], a novel approach
is presented by considering transitions between two laser-dressed states induced
by one of the generated harmonics. It is shown that this process entangles
the light-matter system, which can generate quantum states of light in the
emitted harmonics without any subsequent condition measurements. The only
requirement of the electronic medium is its ability to generate a given harmonic
with sufficient intensity to induce such a transition between laser-dressed states.
Other works using atomic gases includes the use of HHG to entangle XUV
photons [141], considerations on the role of long and short electron trajectories
[142], parametric models [143] or how photon statistics and correlations evolve
in time during the interaction with the driving field [144]. Further, it has been
shown that by preparing an ensemble of atoms in a highly correlated state, a
so-called Dicke state, the emitted radiation from HHG inherits this quantum
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nature as shown by the nonclassical features in the Wigner functions [145].

Solids have been considered as the generating medium for quantum optical
HHG as well. This includes intraband models [2, 146] and a two-band model
[147] for uncorrelated electrons. Interestingly, the results in Refs. [2] and [146)
disagree on the nature of the emitted radiation from a single band. In Ref. [2],
it is found analytically that intraband harmonics are classical coherent states
independent of the nature of the band structure, while in Ref. [146] it is found,
under certain approximations, that the quantum state of the fundamental mode
is slightly modified. Other condensed matter systems have been considered,
including strongly-correlated materials such as Mott-insulators [2]. Here it is
found that, due to the strong electron-electron interactions that correlate the
electrons, the emitted harmonics show nonclassical features such as squeezing,
especially above the so-called Mott gap. Recent works have also included a
quasiparticle, a Mott-exciton, which has been shown to be dominant in the
system dynamics as both the spectrum and squeezing show clear peaks in
their signal exactly at the exciton energy [3]. These results will be elaborated
on later in the thesis. On the experimental side, experiments have already
considered the photon statistics of the emitted HHG radiation from band gap
materials. However, the nature of the emitted harmonics remains inconclusive
as it is found in Ref. [148] that the harmonics are superbunched, while it in Ref.
[149] is found that the harmonics (from coherent driving only) yield close to
Poissonian statistics. Both experiments considered ZnO, which is a typical band
gap material used in solid state HHG. It should be noted that the laser intensity
used in the experiments differs by an order of magnitude, and as indicated in
Ref. [148], the photon statistics approaches that of a coherent field for increasing
intensity, which might be the explanation for the discrepancy.

In parallel to the works that investigate the nonclassical response from
various electronic systems, other works have attempted to clarify and improve
the various approximations employed. The theoretical description of quantum
optical HHG requires the handling of the quantum degrees of freedom of both
the electrons and photons, and it is thus more complicated than semiclassical
descriptions. So far, in fact, the equations that describe the quantum nature of
the emitted HHG have not been solved in an exact manner, and all works have
consequently relied on approximations. The approximations employed include,
e.g., neglecting correlations of dipole moments, sometimes referred to as negligible
ground state depletion [133-137], which results in the harmonics being coherent
states. Other kinds of approximations include decoupling of harmonic modes
[3, 4, 132] which neglects correlations between the harmonics, or inclusion of only
two quantum optical states [138-140, 147] which renders a perturbative solution.
To gain more insights and intuition into the mechanism that generates the
nonclassical features in the emitted HHG, works have considered a Markov-type
approximation, which assumes that the cumulative influence of past interactions
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can be expressed by an instantaneous operator at a given point in time [139, 150].
This approximation was first introduced in Ref. [150], where a closed form
expression for the photonic state was found which was later coined the Markov-
state approximation (MSA) in Ref. [4]. Using the MSA| it was found that the
quantum nature of HHG arises from nonvanishing time correlations (or quantum
fluctuations) of the time-dependent dipole (or current for condensed matter
systems). This is specified further in Ch. 4. The validity of MSA was later
verified in Ref. [4] for a strongly correlated material, and not only does the MSA
yield analytical insights due to its closed-form expression, but it also drastically
eases the required numerical efforts compared to more exact calculations. These
findings will be elaborated on later in the thesis. Other theoretical efforts have
considered different approaches by using a trajectory-based simulation [151],
and recently the Heisenberg equations of motion have been revisited, now with
quantum optical perspectives in HHG, considering also the photon statistics
of the emitted radiation [152]. Some of the findings presented above will be
elaborated on later in the thesis and are the contributions of the author of the
thesis.

1.2.2 High-order harmonic generation with a nonclassical
driver

The other approach to generate nonclassical harmonics is to use a nonclassical
driving field. By driving HHG with light sources with a quantum state different
from a coherent state, new electron dynamics might be probed and potentially
generate harmonic radiation with a different quantum nature. The motivation
to consider other types of driving fields comes from decades of improvements
in laser technology, in particular the development of beams of so-called bright
squeezed vacuum (BSV) light [153-159]. Recently, such beams have proved to
be sufficiently intense to drive nonlinear dynamics such as HHG [149, 160] and
multiphoton electron emission [117], which opens a whole new perspective on
strong-field physics. BSV is a special type of light: It has a vanishing mean
electric field, yet it has squeezed electric field variance below that of vacuum
on and consists of a macroscopic number of photons in a superposition of
even-number Fock states [159-161]. BSV is generated by high-gain parametric
down-conversion, where a strong driving laser is directed into a nonlinear crystal,
which produces entangled photon pairs. This is thought of as an amplification
of vacuum fluctuations [161].

Thus far, a few experiments have used BSV in HHG. In Ref. [160], HHG
from a crystal driven by BSV was observed. Here, harmonics both above and
below the minimal band-gap energy were recorded. In particular, it was found,
by studying the power scaling of the harmonics, that BSV could be used at
higher intensities than coherent light before the optical damage of the crystal
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was reached. In Ref. [149], HHG from ZnO was driven by a strong coherent
field perturbed by a weaker BSV beam with twice the frequency. It was seen
that when the BSV beam was turned off, only odd harmonics with classical
Poissonian photon statistics were observed. In contrast, with the additional
perturbation from the BSV, sidebands at even harmonics appeared with photon
statistics similar to that of the BSV beam. Interestingly, only a perturbation
of BSV was required to generate nonclassical light even though the electron
dynamics was dominated by the strong coherent field. In Ref. [161], BSV is
also used as a perturbation to a strong coherent driving field, here from an
atomic ensemble. Different from Ref. [149], the frequency of the BSV beam is
at half the frequency of the driving field in Ref. [161]. Due to this two-color
setup, four different half-cycles appear, resulting in four ’types’ of harmonics:
even, odd, and half-integer harmonics. Interestingly, the different harmonic
types show different photon statistics. The odd harmonics yielded Poissonian
photon statistics, while the half-integer and even harmonics show superbunching
similar to the BSV field. Further, as the electron dynamics is mapped onto
the quantum properties of the emitted HHG radiation, the two-color setup can
act as a sub-cycle interferometer [162], showing ultrafast correlations of the
electrons and enabling access to phase information. By this interferometric
setup, a scheme similar to homodyne detection is used, enabling quantum state
tomography of the emitted XUV light. In another recent experiment, a cat
state generated via HHG was used to act as the nonclassical driver in second
harmonic generation [163].

Theoretically, it is challenging to model a nonclassical driving field. In order
to employ knowledge and methods from semiclassical studies, the nonclassical
driving fields have been expressed in terms of coherent driving fields of different
phase and amplitude, weighted by an adequate probability distribution depending
on the nature of the driving field. In the theoretical works, both coherent, Fock,
thermal, and BSV fields are considered as driving fields. Due to the fluctuations
of the driving field, it was found that an effective photon-statistics force modifies
the electron trajectories in addition to the coherent dynamics [164]. In Ref.
[165], HHG spectra from atomic ensembles were calculated for various types of
driving fields. Central in this work is the fact that the HHG spectrum from both
a BSV and a thermal driving field yields an extended cutoff when compared
to driving with a coherent state. This is attributed to the long-tailed photon
number distribution of BSV and thermal light. This was further understood
by the obtained analytical expressions of the cutoff energy for different driving
fields. The quantum state of the emitted harmonics from atomic gases was
calculated in Ref. [166] via the nonlinear response function of the system and
its Jacobian, showing that the harmonics inherit the quantum nature of the
driving field. Crystals have also been considered with a nonclassical driving field.
In Ref. [5], an intraband model is employed, which yields harmonic spectra
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with the same features as those from atoms. Of particular interest in this work
is the fact that the harmonic cutoff could be understood analytically as the
overlap between the probability distribution representing the driving field and
Bessel functions originating from an analytical expression of the induced current.
Again, the long-tailed distribution of BSV was shown to be the reason for the
extended cutoff in the spectra from HHG driven by BSV.

Common to these theoretical works is the formalism used. This formalism
makes approximations that are difficult to verify but are needed in order to
account for a nonclassical driving, which is more complicated to handle ana-
lytically than a coherent driving field. Unfortunately, this means that so far,
no works have considered the quantum back action on the generated light,
i.e., included the quantum nature of the generated light from the electronic
medium as discussed in Sec. 1.2.1. Recent work has employed a lattice method
in an attempt to overcome some of these approximations [167], but still open
questions remain with regard to the validity and consequences of the employed
approximations.

1.3 Scope of this work

With the recent studies on the quantum optical nature of HHG with both
classical and nonclassical driving fields, many strong-field research questions are
revisited with a quantum optical perspective, ranging from, e.g., the photon
statistics of the emitted light to analytical expressions for the harmonic cutoff
for nonclassical driving fields. In other words, the quantum optical treatment of
HHG raises many fundamental research questions while also alluding to potential
applications in other related research fields or technology.

Pioneering works in the field of quantum optical HHG were published a
few years prior to the PhD study, and with them, as mentioned above, many
new research questions were raised. In this respect, the PhD study aspires
to aid in the development of the quantum optical description of HHG and
the study of the quantum properties of the emitted radiation. The research
papers of the thesis have specifically contributed to this by bringing quantum
optical HHG to the condensed matter phase with a focus on strongly correlated
systems. This has illuminated the dependency of the light on the nature of
the electronic system. These insights contribute both to the application of
designing ultrashort light pulses with desirable quantum properties as well as
using the quantum degrees of freedom as spectroscopic measures that reveal
characteristics of the electronic system. Further, the research papers have
brought nonclassical driving fields to condensed matter systems. Additionally,
they have aided in the development and numerical verification of approximations
that both ease the required numerical efforts in simulations while also providing
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a better understanding of the requirements for generating nonclassical light from
HHG.

1.4 Outline

The thesis consists of two parts. The first part contains several Chapters (Chaps.)
and forms a review of the research study.

In the preceding Ch. 1, an introduction is given to the research field, including
a historical overview and a highlight of central results. A detailed overview of
the works within strong-field quantum optics is provided to contextualize and
motivate the research of the thesis. Furthermore, terminologies and concepts
relevant to the thesis are given to serve as a basis for the concepts presented in
the thesis.

Then, Ch. 2 provides a review of both semiclassical and quantum optical
light-matter interactions. Additionally, relevant quantum optical states relevant
for the thesis are reviewed. The theory and formalism presented in this chapter
serve as a basis for the methods used in the thesis.

In Chaps. 3 - 5, the theoretical analysis and corresponding results of the
research papers are presented and discussed.

First, in Ch. 3 introduces the condensed matter model, the Fermi-Hubbard
model, which will serve as the generating medium for HHG in the thesis. Further,
the chapter also presents the main results of Paper I and considers HHG
semiclassically generated from different phases of the model. The findings are
discussed with the use of symmetry-based selection rules and Floquet theory.

Then, in Ch. 4, a full quantum optical description of HHG is reviewed
with a calculation of relevant quantum optical observables. The main results
of Papers II & III are presented, showing how electron-electron correlations
induce nonclassical light from HHG. Further, an investigation and numerical
verification of additional approximations is presented to shed light on the elec-
tronic mechanism responsible for generating nonclassical harmonic radiation,
highlighting the findings of Paper IV.

This is followed by Ch. 5, where nonclassical driving of a crystal is investi-
gated, presenting the main results of Paper V. It is shown how the harmonic
spectrum drastically depends on the quantum nature of the driving field. Ad-
ditionally, the harmonic cutoff, power law scaling of the harmonics, and the
generated electric field are studied. The chapter concludes with a discussion of
the involved theoretical approximations.

Chapter 6 summarizes the main findings of the review part of the thesis and
provides an outlook with new research questions motivated by the thesis work.
This is followed by a bibliography and appendices that conclude the review part
of the thesis. Reprints of the research papers, along with author contribution
statements, are provided in the second part of the thesis.




CHAPTER

Interactions between light and
matter

As outlined in Ch. 1, electrons are vital for many purposes, ranging from funda-
mental understanding in physics and chemistry to applications in technology.
The main tool to manipulate and study electron dynamics is an applied time-
dependent electromagnetic field, and consequently, the theoretical modeling
of this interaction is central. In this chapter, the description of interactions
between electrons and light is reviewed. Most of the equations and concepts in
this chapter can be found in textbooks (see, e.g., Refs. [18, 74, 168-175]) and,
as such, only equations relevant for later use in the thesis are in focus.

This chapter follows a natural progression starting with a review of semi-
classical light-matter interactions in Sec. 2.1, followed by an introduction to
quantum optics in Sec. 2.2 with a review of relevant observables and quan-
tum states, including a phase-space representation. Finally, a quantum-optical
light-matter description is introduced. As the quantum-optical description of
light-matter coupling is the main focus of the thesis, more emphasis is given to
quantum optics in this chapter. A similar structure can also be found elsewhere,
e.g., in Ref. [176].

20
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2.1 Semiclassical perspective

In early development of theory, the semiclassical treatment of light-matter
interactions was highly successful in its predictions of observables in strong-field
physics [25, 29]. By semiclassical, we mean that both the applied and emitted
electromagnetic fields are described as classical electromagnetic waves while the
electron system is treated quantum mechanically. Here, the central equations for
semiclassical interactions are presented. As many of these equations are derived
in textbooks (see, e.g., Refs. [168, 174]), we will not provide a full derivation
here.

2.1.1 Classical electromagnetic waves in vacuum

The most central equations in classical electromagnetism are arguably Maxwell’s
equations and the equation for the Lorentz force. These describe the nature of
electric fields, E(r,t), magnetic fields B(r,t), and how charges move in such
fields. To describe and study electromagnetic phenomena, it is often suitable to
introduce a scalar potential, p(r,t), and a vector potential, A(r,t). They are
related to the electric and magnetic fields via

E(r,t) = —-Vo(r,t) — %7 (

B(r,t) =V x A(r,t). (2.2)

It is important to emphasize that these potentials cannot be measured directly
themselves, but serve as a convenient theoretical description of the physical
fields. This can also be seen from the fact that they are gauge-dependent. For
example, given a scalar function «(r,t), one can make the gauge transformation
A'(r,t) = A(r,t) + Va(r,t) and ¢'(r,t) = o(r,t) — w and still preserve
the same physical fields. In this thesis, we will use this gauge freedom and employ
the Coulomb gauge, which is particularly useful when describing electromagnetic
waves. In the Coulomb gauge, one takes V - A(r,t) = 0 and ¢(r,t) = 0. The
plane-wave solution to Maxwell’s equations in the Coulomb gauge is given as

A(r,t) = ZeUAk’gei(k'r_“’“t) +c.c., (2.3)
k,o

where the summation is over wavevectors k and two orthogonal polarizations o.
The polarization unit vector is denoted e,, wy = c|k| is the angular frequency
for a given mode with the complex amplitude Ay ,. From Eq. (2.3), the electric
and magnetic fields can be found via Egs. (2.1) and (2.2)
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E(r,t) = Z eo A o (i) et ®T=9k) L c (2.4)
k,o
B(r,t) = Zz(k: X eg)Ak)gei(k'T_“”“t) +c.c.. (2.5)
k.o

With the solutions in Egs. (2.3)-(2.5), we can now continue to express how these
fields affect charged particles such as electrons.

2.1.2 Semiclassical light-matter coupling

The force governing charge dynamics in the presence of electric and magnetic
fields is the Lorentz force. For a free particle with mass m and charge Q) traveling
with velocity v, the Lorentz force is calculated as [168]

F(r,t) = Q[E(r,t) + v X B(r,t)]. (2.6)

The corresponding classical Hamiltonian, which yields the same equations of
motion, is [174]
1 2
H(t) = 5—[p— QA(r. )] (2.7)
Equation (2.7) is called the minimal coupling Hamiltonian as it only involves
charge distributions and not higher multipole moments.

So far, all quantities have been treated classically. We now wish to treat
this problem quantum mechanically. To this end, we promote the canonical
variables (7, p) to quantum operators (7, p), where we introduced the hat to
denote quantum operators. These operators satisfy the canonical commutation
relations [f;, ;] = 90; j, where §; ; is the Kronecker delta. Promoting Eq. (2.7)
to a quantum operator and adding a potential, U , for generality yields the
so-called velocity gauge (VG) Hamiltonian

Aya(t) = 5 [p - QAG. 1) +U(5), (28)

which describes a charged particle in the presence of both a potential (from, e.g.,
other charges) and a classical electromagnetic field. The dynamics is then, in
the quantum description, determined by the TDSE

iath/’(t»v(; = ﬁVG(t)|¢(t)>VGv (2'9)

where [1)(t))y is the quantum state of the charged particle.
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2.1.3 The dipole approximation and the length gauge

It is often difficult to treat the spatial dependency of the applied electromagnetic
field in the calculation of the dynamics due to nonvanishing commutation
relations involving # and p. To overcome this, in many situations, the dipole
approzimation is applied. This approximation treats the applied electric field as
constant over the interaction region, which is a good approximation when the
wavelength of the applied field is much larger than the length of the interaction
region. Fortunately, this scenario is often the case in strong-field physics where
a low-frequency field is applied to a small quantum system, e.g., a 800 nm
laser field applied to atoms which are of size on the order of 1 A. The dipole
approximation has been applied to both atomic gases, molecules, and solid-state
systems, and will also be relevant later in this thesis. Mathematically, the
exponential function in Eq. (2.3) is approximated as exp(ik - r) =~ 1, such that
the vector potential is given as

A(r,t) ~ AYP(t) = Z e,an e e, (2.10)
k,o

where A%P(¢) denotes the vector potential in the dipole approximation. From
now on, we write A4P(t) = A(t) for simplicity. Using the dipole approximation,
the minimal coupling Hamiltonian in Eq. (2.8) can be transformed into an
alternative length-gauge (LG) description of the light-matter interaction. This
is done by applying the unitary operator

W(t))LG = eiQA(t)'ﬁW(t»VG- (2.11)

By inserting Eq. (2.11) into the TDSE and using the Baker-Campbell-Hausdorff
Lemma [173], we obtain the LG Hamiltonian

n2

Hya(t) = 5—m +U(F) - QE(t) - 7, (2.12)

where the term proportional to A%(t) has been discarded as it only contributes
with a global phase. The TDSE in the LG is then given as

it?t\w(t)hg = ﬁLG(t)W’(t»LG' (2.13)

Note that in the VG in Eq. (2.7), the interaction between the charged particle
and the electromagnetic field is treated as A - p, while in the LG in Eq. (2.12),
it is treated as —F - #. Within the dipole approximation, these formulations are
equivalent and have both been widely used in strong-field physics. Note that
both gauges consider a single particle. Later in the thesis, we will extend this to
multiple particles.
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2.2 Quantum-optical perspective

Of course, it is not only matter that is governed by the laws of quantum
mechanics. Light is of a quantum nature as well, with more degrees of freedom
than what a classical description reveals. As the thesis to a great extent deals
with a quantum optical description of strong-field physics, this chapter introduces
quantum optics to provide an introduction to central concepts and equations
that can also be found in textbooks, see, e.g., Refs. [18, 74, 169-172, 175]. Using
the language of quantum optics, we can define the notion of nonclassical states
of light.

2.2.1 Quantization of the electromagnetic field

As a starting point, the electromagnetic field has to be treated quantum mechan-
ically. The procedure to quantize the electromagnetic field is found in textbooks
[18, 74, 169-173], which expresses the electromagnetic field as a set of uncoupled
harmonic oscillators for each frequency mode and polarization. Essentially,
this shows how light can be treated as bosonic particles, called photons, in a
harmonic oscillator undergoing periodic motion. The quantization is performed
by calculating the energy density of the electromagnetic field, defining two
canonical variables in terms of field amplitude, promoting these variables to
quantum operators, and finally transforming back to field amplitudes. The field
amplitudes are now also promoted to operators, given by

1
k.o = Wrdk.o + Pk.o), 2.14
k, \/m( qu, pk?’ ) ( )

which will be called the photonic annihilation operator with its hermitian
conjugate, denoted &L’U, being the photonic creation operator. In Eq. (2.14),
the two canonical operators, gk, and pg,», satisfy the canonical commutation
relations

[@kﬁ;ﬁkﬂa’] = i(sk,k’(sa,a’a [@kﬁ; dk’,o”} = [ﬁk,aa ﬁk’,a’] =0. (215)

Using the canonical commutation relations in Eq. (2.15), we can derive the
bosonic commutation relations for the photonic operators

(s @y o] = Ok b G0y ko ko] = [, ), ] = 0. (2.16)
The energy in the free electromagnetic field is also promoted to an operator and

is given as
Hp = wib), ik, (2.17)
k,o
where the vacuum energy has been neglected. Following the same quantization
procedure leading to the expression for the fields in Egs. (2.3)-(2.5), we can
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express the now quantized fields in terms of the photonic operators in Eq. (2.14)
as

20 90 N ik-7
= o0k, h.c], 2.18
kZ; N [estp ™7 +h.c] (2.18)
E(7) = Z 9o/ Wk [iestr, ™" +h.c], (2.19)
i(k X e,)ak 0" +h.cl, (2.20)

where we have defined the coupling strength go = 1/27/V for convenience with
V being the quantization volume. Note that there is no time dependence in
Egs. (2.18)-(2.20). This is due to the fact that the time dependence of the free
fields is determined via the free-field Hamiltonian in Eq. (2.17). Going into a
rotating frame with respect to Eq. (2.17) will reproduce the time dependence
similar to the classical fields. Equations (2.18) - (2.20) will be of use later when
discussing quantum-optical light-matter interactions.

Going back to the free-field Hamiltonian in Eq. (2.17), we note that it is the
Hamiltonian for the well-known quantum harmonic oscillator. Its eigenstates
for a given mode are defined via

17 ) = nwrln) o (2.21)
where H(k o) = wka}; ak,o and n);, , is a Fock state in mode (k, o). A Fock
state is also often referred to as a number state, denoting a well- deﬁned number of
excitations or, as often used in quantum optics, a well-defined number of photons.
In this way, photons can be thought of as excitations of the electromagnetic
field. It is also worth noting that the effect of the photon operators on a number
state is

k0N 5 = Vnln — Do (2.22)
aTkO'| >k: =V n+1|n+1>k,a' (223)
Such a number state is an example of a nonclassical state of light. Before
discussing what we mean by a nonclassical state of light, we first need to

introduce quantum optical observables, which are also relevant for the rest of
the thesis.

2.2.2 Observables and nonclassical light

Historically, the main observable of interest in HHG has been the spectrum.
The spectrum reveals the amplitude of a given harmonic in the emitted light.
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However, a quantum optical description of the emitted light allows one to
calculate other observables such as photon statistics and the degree of squeezing
of the light.

2.2.2.1 Spectrum

The harmonic spectrum, as stated, is a central observable in HHG, as it can
be used for spectroscopic purposes and has applications in the generation of
ultrashort pulses as well. Semiclassically, the spectrum is calculated via the
acceleration of charges. The induced current in a solid-state system is given by

i) =—-v(t) = f%r(t) (2.24)

The generated field is proportional to the time derivative of the induced current

Byenlt) oc — (1) = (1) = a(t). (2.25)

By Fourier transformation of Eq. (2.25), the generated field as a function of
frequency, w, can be obtained

1 o it d
Egen —— dte™ """ —5(t). 2.2
o) == [t i (220)

By performing partial integration on the right-hand side of Eq. (2.26), and
taking the norm square, we obtain the total signal
~ 2
Sse(w) ox w?[7(w)]7, (2.27)
where j(w) = (2m)~1/2 [ dtexp(—iwt)j(t) is the Fourier transformed current
and Sg.(w) is the semiclassical spectrum. Equation (2.27) is also known as
Larmor’s formula [168, 177], and relates the experimentally observed signal to
the induced current on the microscopic level. However, as Eq. (2.27) is obtained
from classical considerations, it does not reveal anything about the quantum
nature of the emitted field.
In a quantum-optical description, the spectrum is calculated via the photonic
operators. The total energy in the emitted radiation is given by

£=> wiline), (2.28)
k,o

where
o = Y, ko (2.29)
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is the photonic number operator. By taking the continuum limit in Eq. (2.28)

14 2
k
we can calculate the energy per frequency per solid angle as
d€ w3
S = = k.o )- 2.31
() dQdwy,  g3(2m)2c? ;mk ) (2.31)

The quantum optical expression for the spectrum in Eq. (2.31) only involves the
first moment of the photon number, and it is hence not a measure that reveals
anything about the photon statistics in the emission. For this purpose, other
quantum optical observables need to be considered.

2.2.2.2 Photon statistics

With the quantum optical description, one can ask what the photon number
probability distribution of light is. In other words, if you were to measure
the number of photons in a specific mode, what would be the probability of
observing a different number of photons. As a simple measure, which can capture
nonclassical features of light, we will in this thesis and in the research papers
use the Mandel-Q parameter. For a single mode (k, o), it is given as [74]

_ AT A 2
= : : — : , (2.32)

where ((Afg,,)?) = (ﬁio> — (fg.s)? is the variance of the counting operator,
fik,o, and where the commutation relations in Eq. (2.16) have been used in
the last line. If the photons in a given mode obey Poissonian statistics where
the variance is equal to the mean, we see that Qr, = 0. Consequently, if
one calculates Qg » > 0, the distribution is said to be super-Poissonian, while
Qr,o < 0 is called sub-Poissonian. While super-Poissonian statistics can be
found from classical light sources, sub-Poissonian is a nonclassical effect [74],
also referred to as number squeezing.
We note that in the literature, the second-order correlation function, g,(fl(T)
is also used as a measure of the photon statistics. It is given by
o () = (@, » (0)a, , (7)o (7). (0)) (239
BT g o (0)in o (0)) (i o (7itk o(7))
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which is a measure of how likely it is to detect a second photon at time t = 7
after detecting a photon at time ¢ = 0. If g,(f{)T(T) = 1, the light is independently

distributed. For g,(fZ,(O) > g,(fl (1), we see that the probability of detecting a
second photon after time 7 decreases, leading to the notion of photon bunching.
On the other hand, for g,(f()f (0) < g,(f()T(T) the probability for detecting a second
photon increases leading to the notion of antibunching of photons. The Mandel-Q
parameter is related to the second-order correlation function via

Q.o = (A0} (90 (0) — 1]. (2.34)

Note that while Qk , < 0 shows sub-Poissonian statistics, this is not the same
as photon antibunching. The condition for antibunching is, as stated above,
g,(f()T(O) < g,(j()T(T)7 while the condition for sub-Poissonian statistics is g,(f()T(O) <1
as seen in Eq. (2.34). Consequently, anti-bunching does not imply sub-Poissonian
statistics [74]. Experimentally, the photon statistics of a light field is obtained
by photon counting measurements or by intensity correlation measurements as
sketched in Fig. 1.3.

In the remainder of the thesis and in the research papers, only the Mandel-Q

parameter will be considered.

2.2.2.3 Squeezing

A clear nonclassical property of light is quadrature squeezing. The quadrature
operator for a given mode (k, o) is given as

A 1 . .
Koo (Wh0) = 5(&,@0@—“9“ +ag, e, (2.35)

where the angle ¥y, , determines the direction of the quadrature in phase space.
In literature, often Xy ,(0) = X, and X ,(7/2) = P, indicating the cor-
respondence to canonical operators in quantum mechanics as seen from Eq.
(2.15). From the commutation relations [Eq. (2.16)], it can be shown that
[(Xpo(Or.0)s Xtoo (o + 7/2)] = i/2. Tt then follows from the Heisenberg
uncertainty principle that [173]

([AXko (ko)) (AKX ko (Vi + 7/2)]%) 2 (2.36)

1
16’
where

<[AXk,o (ﬁk,a)P > =
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is the variance of the quadrature operator. If the uncertainty inequality in
Eq. (2.36) is saturated, the state is referred to as a minimum uncertainty
state. One such state is the vacuum state, for which we have ([AX}, ,(0)]?) =
(A% o (r/2)) = 1/4.

A state is quadrature squeezed if for some angle ¥ ,, the variance of the
quadrature operator satisfy

(18 Ko (D)%) < 5, (2.38)
that is, the variance of the quadrature is below that of the vacuum. This
can only be true if the conjugate quadrature is anti-squeezed, i.e., it satisfies
[AXp o (V.o + 7/2)]? > 1/4 for the uncertainty relation in Eq. (2.36) to be
satisfied. To quantify the degree of squeezing, we use the following squeezing
measure [95, 169]

Moo = —1010g10{4ﬂ min  [AXg o (V.0)]%), (2.39)

k.o €[0,7)]

where 7, is the degree of squeezing in units of dB. In words, Eq. (2.39)
computes the minimum quadrature variance minimized over all directions in
phase space determined by the angle ¥y . It is easily seen from Eq. (2.39),
that if the minimum variance is [AXka(ﬁg‘f)P = 1, then ng, = 0. Thus, if
a state is squeezed, it follows that 7 , > 0, and it is hence a clear observable
for detecting nonclassical light. Squeezing can be observed by measuring the
quadrature, which is done with a homodyne detection scheme where the signal
is interfered with a strong coherent field in a beam splitter as sketched in Fig.

1.3.

2.2.2.4 Electric field and its fluctuations

The last observable of interest to us is the electric field. This is easily calculated
using Eq. (2.19). For convenience, we define the electric field of a single mode

Ejo o (7) = go/@r [i€qir o™ + h.c], (2.40)

from where it follows that E(7) = D ko Ey. ,(7) by comparison with Eq. (2.19).
Additionally, as will become apparent later in the thesis, the fluctuations of
the electric field are also of interest. The fluctuations (variance) are calculated

via <[AEA'(7*)]2> = (E2(#)) — (E(#))2. Inserting Eq. (2.19) and noting that all

terms with k # k’ cancels, we obtain for a single mode
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with the fluctuations for the entire field given by

([AB()]?) = Y ([AEkq(7)]). (2.42)

k,o

As we shall see below, some quantum states of light can have a vanishing mean
electric field with nonvanishing uncertainty.

2.2.3 Review of quantum states of light

In this thesis and in general quantum optical HHG, different quantum states are
relevant to describe both the generated and the nonclassical driving fields. These
will now be reviewed with a highlight of relevant properties and calculation of
observables introduced in Sec. 2.2.2 above. For clarity, the dipole approximation
is employed in the following for calculations of expectation values involving the
electric field operator. It is, however, trivial to include the spatial dependence
in the expressions.

2.2.3.1 Coherent state

One of the most used quantum optical states is a coherent state. It can be shown
that a coherent state is emitted from a classical time-dependent current [74, 169)].
In this sense, a coherent state is often seen as a quantum optical description of a
classical state of light, as it is generated from classical processes. Mathematically,
a coherent state is described by applying the displacement operator

ko) = D(ak’0)|0>k,g’ (2.43)

where |ag,,) is a coherent state in the mode (k, o) with complex amplitude
Q.o = |ak70|ez¢’“v° and the displacement operator for a given mode is

Dlan.y) = etk oo (2.44)
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Note that ag , can be time dependent, which will be used later in the thesis.
The displacement operator is unitary and has the following useful properties

D(athe,0) D' (k) = DY (ke o) Do) = 1 (2.45)
D(—ak,) = D' (a,0) (2.46)
D(0,0)D(Bre,o) = %7 Phie =hoPio Dl o + Br,o) (2.47)

Dl (0k.o) ko D(0k.o) = Gk o + Ok (2.48)
D(ak,o)ik oD (ko) = ko — ko, (2.49)

where I is the identity operator. For analytical considerations, it can be beneficial
to express the displacement operator in Eq. (2.44) as

A

Dlano) = e Hlonal® ot o=ai sdn, (2.50)

A key property of a coherent state is the fact that it is an eigenstate for the
photonic annihilation operator

ko | Ok o) = Okoo| Ok ,o), (2.51)

which can be used to show that the coherent state can be expanded in a Fock

basis as
[ee) n

1 2 A o
|ak,a> =e 2|‘¥kz,a| Z ?’1' ‘nk,0'>a (252)

n=0

from which it can easily be calculated that a coherent state yields Poissonian
photon number statistics

2m
_ 2 |
PEM (m) = (i) |? = =1l [

o (2.53)

where

(ko) = |thor|” (2.54)

is the mean number of photons, and the superscript refers to a coherent state.
Note that coherent states are non-orthogonal as

2 2 .
<5k,a|ak,a> = 6_%(|6k’d| ek, o " =25k o k,) # 6(ak,a - 6k,a)~ (2'55)

From Eq. (2.51), it can easily be calculated that ng’gh = n,g’?jh =0 for a
coherent state, i.e., it has classical photons statistics and no squeezing. This is
also seen from calculating the variance of the quadrature operator in Eq. (2.35)

(IAXER (D)) = 1/4, (2.56)
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Figure 2.1: Characteristics of a coherent state. (a) The mean electric field [Eq.
(2.57)] with its fluctuations, which we note are equal to those of the vacuum are
hence constant in time. (b) The photon number probability distribution [Eq.
(2.53)] for different values of o, . The vertical dashed lines indicate the mean
photon number [Eq. (2.54)].

which is independent of ag » and Vg, and is identical to the quadrature variance
of the vacuum. Additionally, it can be found that the mean electric field [under
the evolution of Hp, Eq. (2.17)] is

<E1?3h> = gov/ Wk [iegak,ae_i(““"t_k"‘) + h.q|

= 2go|ak o |v/wreo sin(wgt — k-7 — @)
= Fosin(wit — k-7 — @)e,, (2.57)

where we have defined the field amplitude Fy = 2gg/wrak,, and assumed linear
polarization. Note further that the phase of ay , enters as the phase of the
electric field and that we have assumed an evaluation in the real space basis,
i.e., the eigenbasis of #. Additionally, by using Eq. (2.51), it is readily seen that
from Eq. (2.41) that [AEAIS‘;h]2> = gdwy, which is the variance of the vacuum.
Note that we have neglected the variance of the vacuum in all the unpopulated
modes, (k',0’) # (k,o), when calculating the variance of the electric field. This
will also be the case in the rest of the thesis. The light emitted by lasers is
often well approximated by coherent states, and these are hence used to model
the classical driving field in HHG. The characteristics of a coherent state are
illustrated in Fig. 2.1.

2.2.3.2 Displaced squeezed state

A more general state is the displaced squeezed state or, equivalently, a squeezed
coherent state’. The two names will be used interchangeably in the thesis.

"Mathematically, they are not the same as the displacement and squeezing
operators do not commute. However, as D(ak,0)S(k,0) = S(&k,0)D(Vk,0) With
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Squeezing can occur in nonlinear optical devices with second-order nonlinear
susceptibility, where one photon is converted into two photons of half the
frequency, known as degenerate parametric down conversion [74]. A displaced
squeezed state is given by

|0y o) = D(Qhe,0) S (Eke,0)]0), (2.58)
where D(ay ) is the displacement operator in Eq. (2.44) and
g(fk,g) _ e%(&;,adi,g_gk,adifa)7 (2.59)
is the squeezing operator with complex squeezing parameter
ko = i€, (2.60)

where 1, and 0, are real. Note that 0 , determines the squeezing angle,
whereas U » in Eq. (2.35) describes the direction for the quadrature operator.
Similarly to the displacement operator, the squeezing operator in Eq. (2.59) is
unitary and satisfies the following

S(Er0)S (o) = 51 (ko) S (o) = T (2.61)
S(=E0) = 5" (én,0) (2.62)
S™(€k,0) k.0 S (ko) = e, cOSh(rh,0) — €%7a), sinh(r o). (2.63)

The mean photon number of a displaced squeezed state is
<ﬁk,cr> = |ak,cr‘2 + SinhQ(Tk:,a) (264)

which shows the separate contributions from the displacement and the squeezing
operator, respectively. Analytically calculating the Mandel-QQ parameter in
Eq. (2.32) for a displaced squeezed state yields

1
ey = CR— 2sinh* (rg o) + sinh®(re.0 ) (1 + 2o o)
’ lak, o |” + sinh*(rg. o)

— 2|tk o|? cosh(rg, o) Sinh(rg.o) c08(20k.0 — Ok.o) |, (2.65)

where the superscript refers to a squeezed coherent state and where we note
the dependency of the phases of both ag , and & ,. For certain values of |ag,¢|
and 7k, ., specific choices of this phase can yield both sub- and super-Poissonian

Vi,o = Qo COSh(Tk,0) + a,t,oeie’“v” sinh(rg,»), the two states are identical up to a
modified coherent state amplitude.
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Figure 2.2: Characteristics of a displaced squeezed state with squeezing pa-
rameter defined in Eq. (2.60). The mean electric field [Eq. (2.57)] with its
fluctuations [Eq. (2.70)] is shown for an amplitude squeezed (a) and phase
squeezed (c) state. The probability distribution [Eq. (2.66)] (blue) is shown
for an amplitude squeezed (b) and phase squeezed state (d), along with the
corresponding distribution for a coherent state without squeezing (orange). The
dashed vertical lines indicate the mean photon number [Eq. (2.64)] for the
displaced squeezed state, while the vertical dotted line shows the mean photon
number for the corresponding coherent state [Eq. (2.54)]. Note in (b), the
photon distribution is narrower than its corresponding coherent state, meaning
that the photon statistics is sub-Poissonian.

statistics. This is also seen in the expression for the probability to measure m
photons [74]

Plig(m) = |<mk,cf‘ak,oa£k,a’>|2
B [% tanh(rg o )]™

m! cosh(r,o)

X €Xp |: |ak,0|2 - |ak,a|2 COS(2¢k,o - ek,a) tanh(rk,a)]

(2.66)

X

9

, 2
= {ak’a cosh(rg,q) + a’,‘cﬂe’e’“»f’ sinh(rg,5) }
" \/ €% sinh(2ry, )
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where the phase difference enters multiple places. As seen in Fig. 2.2, for
20k,6 — 0k, = 0 the state yields sub-Poissonian statistics, while for 2¢y 5 — 0k, =
+x the statistics is super-Poissonian. In other words, the phase difference
between the coherent and squeezing part determines if the photon statistics is
considered nonclassical (for certain values of |y | and 7k ).

Naturally, a displaced squeezed state has a nonzero degree of squeezing.
Calculating the variance of the quadrature operator yields

N 1
(IS Who)?) = 711+ 25 (k)
— 2cosh(rg,o) sinh(rg o) cos(2Vk,6 — Ok,0)].  (2.67)

In particular, if we take ¥, = 0 and the canonical conjugate ¥y, , = 7/2 in Eq.
(2.67) and further choose the squeezing to be along 6 , = 0, we find that

(AR O)F) = Je2rme, (269)
(AR /2 = 77, (269

which is independent of ay, , and where we see that the variance of one quadrature
is reduced below the vacuum variance due to the squeezing operator at the
expense of anti-squeezing in the conjugate quadrature while the product still
satisfies the Heisenberg relation in Eq. (2.36). Note in particular that since
one of the quadratures can fluctuate less than a coherent state (or vacuum), a
squeezed state has applications in, e.g., quantum sensing [91, 92].

A displaced squeezed state has a mean electric field identical to that of
a coherent state in Eq. (2.57) under the evolution of the free field, but with
fluctuations given by

<[AE,§(;]2> = ggwk[l + 2sinh2(rkﬁ)
+ 2 cosh(rg ) sinh(rg,») cos(2wit — Ok )], (2.70)

which shows that the variance of the electric field can be less than that of vacuum
at certain times, depending on the value of 0 , as seen in Fig. 2.2. Note that
the fluctuations oscillate with twice the frequency of the mean field in Eq. (2.57).
If the minimum variance occurs at maximum field amplitude, which occurs for
20k, — Ok, = 0, the light is amplitude squeezed, while if it is minimum at
zero field amplitude, which occurs for 2¢g » — 0k, = £, it is phase squeezed.
Squeezing in amplitude (phase) will be at the expense of anti-squeezing in phase
(amplitude). This is also seen in Fig. 2.2, where the mean electric field with
its fluctuations is shown for amplitude squeezed light [Fig. 2.2(a)] and phase
squeezed light [Fig. 2.2(b)].
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Figure 2.3: Characteristics of a squeezed vacuum state with squeezing pa-
rameter defined in Eq. (2.60). (a) The vanishing mean electric field with its
fluctuations [Eq. (2.70)]. (b) The probability distribution [Eq. (2.71)] where
we note only nonzero values for even photon numbers. The dashed vertical line
indicates the mean photon number [Eq. (2.64)].

A special case of a displaced squeezed state is the coherent state ({x o =
0) from above. Similarly, another special case is the squeezed vacuum state
(ag,o = 0). For intense large degrees of squeezing, this is also referred to as
BSV, which has been considered as a nonclassical driver of HHG [5, 160, 165].
Squeezed vacuum is a special kind of state consisting of an even-number photon
distribution given by

PEX@m)_ (2m)!  [tanh(rg ,)]*™

= PV (2m+1) =0, 2.71
22m(mN)2  cosh(rgo) ko (2m +1) (2.71)

where the superscript refers to squeezed vacuum. A squeezed vacuum state
has super-Poissonian statistics as seen from the Mandel-QQ parameter [using
Eq. (2.65)] Q3Y, = 2sinh®(rg,,) + 1 = 2(fig o) + 1 > 1. Identical to a squeezed
coherent state, a squeezed vacuum state has reduced fluctuations given by Eq.
(2.70), i.e., <[AE,§\;]2> = <[AE,§C;]2> but in contrast it has no mean electric

field, i.e., (E}Y,) = 0. The characteristics of the squeezed vacuum state are seen
in Fig. 2.3. Note that the probability distributions for a phase-squeezed state
[Fig. 2.2(d)] and the squeezed vacuum [Fig. 2.3(b)] has a long tail reaching to
high photon numbers. This will be relevant when discussing nonclassical driving
fields in Ch. 5.

2.2.3.3 Fock state

A previously introduced, the Fock states are denoted |ng,,) for mode (k,o). It
is a state with a well-defined number of excitation, or, as is the case here, the
number of photons. In other words, for a Fock state, |nk ), the probability to
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Figure 2.4: Characteristics of a Fock state. (a) The vanishing mean electric
field with its fluctuations [Eq. (2.74)]. (b) The probability distribution [Eq.
(2.72)] for different values of ng . The dashed vertical lines indicate the mean
photon numbers [Eq. (2.73)].

measure m photons is

PIS,%Ck(m) = 5m,na (2.72)

and consequently
(ko) = Nk o- (2.73)
As a Fock state has no variance in the photon number, it is the most sub-
Poissonian state with the Mandel-Q parameter Eogk = —1 for any n, showing

that it is highly nonclassical. Despite this, a Fock state has no quadrature
squeezing as <[A)A(k,0(19k,g)]2> = 1(2n+1) > 1. Additionally, a Fock state has

no mean electric field (E£°§k> = 0 but has nonvanishing fluctuations
((ABES?) = ghon(2n +1). (2.74)

In general, it is experimentally hard to generate Fock states with more than a
few photons. It is, however, considered theoretically as a nonclassical driving
field in quantum optical HHG. The characteristics of a Fock state are seen in
Fig. 2.4.

2.2.3.4 Thermal state

A last quantum optical state of interest is the thermal state. This is the state
of light emitted by an ideal black body in equilibrium described by Planck’s
radiation law. A thermal state is not a pure state, in contrast to the states
introduced above, but it is instead a statistical mixture of pure states and is
characterized by random phases and amplitude fluctuations. A thermal state is
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described by the density matrix [74]

A 1 > ﬁk,a "
PE}; = Z < > |nk,a><nk,a|a (275)

1+, o 14+ g

where the superscript indicates a thermal state and
(ko) = Tk, r (2.76)

denotes the mean photon number. As the state describes a statistical mixture,
it is easily seen that the probability of measuring m photons is given by

=m
nk,a

P (m) = — 0.
k,o(m) (]."‘ﬁkz,a)erl

(2.77)

Thermal light has the property that (7}, ,) = 7, , + 7ik,o and it then follow that

Ih = fik,., showing super-Poissonian photon statistics. Further, the variance

of the quadrature operator for thermal light is

A 1
(18 %0o(Wro)?) = 7 (2000 +1), (2.78)
which is larger than the fluctuations of the vacuum, and, consequently, a thermal
state has no degree of squeezing. Finally, the mean electric field of a thermal
state vanishes, (Egg) = 0 with the variance

(IAETLI2) = gheon(2n 0 + 1), (2.79)

which again are constant in time and larger than the variance of the vacuum.
The characteristics of a thermal state are summarized in Fig. 2.5. Similarly to
the photon distribution for squeezed coherent states [Eq. (2.66)] and in squeezed
vacuum states [Eq. (2.71)] the distribution in Eq. (2.77) has a longer tail in the
photon distribution. This will be of importance when discussing nonclassical
driving fields in Ch. 5.

2.2.4 Phase-space representation of quantum optical
states

For many purposes, it can be beneficial and instructive to describe quantum
optics in a phase-space representation. Often, the coordinates of such phase
space are the quadratures in Eq. (2.35) with ¥, = 0,%7. For the present
purpose in strong-field quantum optics, the use of the quantum optical phase
space allows one to express nonclassical states of light in terms of the more
familiar coherent states. This will be central for nonclassical driving fields in
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Figure 2.5: Characteristics of a thermal state. (a) The vanishing mean electric
field with its fluctuations [Eq. (2.79)]. (b) The probability distribution [Eq.
(2.77)]. The dashed vertical line indicates the mean photon number [Eq. (2.76)].

HHG, as will be discussed in Ch. 5, and we choose to introduce the general and
central equations here.

Consider the state pro = |Vk.o) (V| in mode (k,o). By inserting two
complete sets of coherent states, one can express the single-mode state as

|ok,0) (Bk o |

(Br.olk,o)”

where P(«, ) is a P distribution and dp is the integration measure. Equation
(2.80) is called a general P representation. Due to the fact that the coherent
states are non-orthogonal and form an overcomplete set, du can be chosen
in different ways which also determines the form of P(ak ¢, Sk,-) [172]. The
existence of such measures is discussed in Ref. [178]. The representations of
interest in the thesis are

ﬁk,o’ = /d/Jfk,a P(O‘k,o76k,o’) (280)

Glauber-Sudarshan representation: In the Glauber-Sudarshan (GS)
representation, the integration measure is chosen as dug,, = 52 (ko —
ﬁ,:’g), where () denotes a two-dimensional delta function. This choice of
integration measure gives the diagonal representation

ﬁk,o = /d2ak,oP(ak,a)|O‘k,0><ak,a|- (281)

The advantage of the GS representation is that it is relatively simple,
as it is diagonal, such that only a two-dimensional integral has to be
evaluated. Unfortunately, the GS representation can be highly singular
for nonclassical states, as seen below. Therefore, it is not always possible
to calculate expectation values using the GS representation.

Positive P representation: In the positive P representation, the in-
tegration measure is chosen as dug, = d2ak7gd25k7o which gives the
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representation

|k,0) (B o |
(Brolako) ™

which involves a four-dimensional integral and is hence more demanding
with respect to numerical evaluation. The advantage of the positive P
representation is that P(ak s, Ok,0) always exists, is smooth and positive,
and can therefore be interpreted as a true probability distribution.

Do = / Pt d B Pk i) (2.82)

The positive P representation is proportional to the Husimi-Q function via [179]

1 (Y’“=f’7ﬁl:,a‘2 Q.o + ﬁz
P(ako,fro) =-—e  *  Q( ———2], 2.83
(k. Br.o) 47re Q( 2 ) ( )
where the Husimi-Q function is given as
@ g g @ g
Qlans) — (ak.olPr.olOho) (2.84)

s

Note that we use the symbol Q for the Husimi-Q function to distinguish it
from the Mandel-Q parameter, Qk , in Eq. (2.32). In the research papers, the
symbol @ is used to express both, but the two concepts do not appear in the
same research papers. The Husimi-Q function often appears when calculating
anti-normal ordered expectation values and is normalized as seen from

dzOtk,,[7

L= Tr(pe) = [ 5 o llons) = [ ParoQona),  (285)
resembling the normalization of a probability distribution. Due to the fact that
the positive P function, P(ak,s, Ok,0) is four-dimensional, it is not possible to
plot it. However, as it is related to the Husimi-Q function [Eq. (2.83)], one can
illustrate the Husimi-Q function instead, as done in Fig. 2.6 for the quantum
states of interest.

Using the phase-space representations, expectation values for an operator
OAk,[, can be calculated as (using the GS representation as an example)

<Ok,a> = ’I‘r(kaOkJ)
1 N
= ;/d2ak,ad26k,ap(ak,a)</Bk,0|0k7a‘ak,a> <ak,a|5k,o'>

:/d2ak,UP(ak,U)<ak7a|OAk,a

Oék7g>, (2.86)

where it has been used that I = 7! [ d?Sg +|Bk,0) (Bk,0|- Equation (2.86) high-
lights one of the main advantages of a phase-space representation of (nonclassical)
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states of light: Expectation values are obtained by calculating the expectation
value from a coherent state weighted by an appropriate probability distribution.
In this sense, the expectation values from nonclassical light become a weighted
average of classical expectation values. We will now introduce the GS P function
and the Husimi-Q function for the quantum states of interest below.

Coherent state. For a coherent state given by |Sk ), the GS P and
Husimi-Q functions are given as

PSS (ko) = 0P (oo — Bro)s (2.87)

1
QUM (o) = —e 1w Brol, (2.88)
i

Squeezed coherent state. For a squeezed coherent state given by
|Bk,0sEk,0)» 10 GS P function is found in the literature. The Husimi-Q
function is given as

QSC (ak,a) = 2

2
meosh(rg o) exp { — |ano|” = B

+ (B.o.o + Br,o o)/ cOSh(rk o)
tanh(rg, o)
+ 2
X [ewk’g(ﬁlz?a - a;fa) + e_wk’g(ﬁlz,a - al%:,a)]}' (289)

Squeezed vacuum state. For a squeezed vacuum state given by |€k.»),
the GS P and Husimi-Q functions are given as (see a derivation in App.

A).
lak,o? X §2m+2n
SV _¢ * (2)
Peg(ano) = - m%:g Com (5, 8&%’7330&2?;’6 (ko) (2.90)
SV _ _ 2
Q (ak,d) _71' COSh(’I‘k,U) exp { |ak,0‘
tanh(rg o) . . )
_ tan é?“k, )[619’“"’042?0 +67l9"*"ai’g]} (2.91)

where Ca,y, = (—1)™[e?%.= tanh(rg, ,)]™/[2™m!y/cosh(r »)] in Eq. (2.90)
and where the derivative of the d-function is understood in the distribu-
tional sense.

Fock state. For a Fock state given by |ng ), the GS P and the Husimi-Q
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functions are given as

pFock elol” o 52) 2.99
GS (ak70') - nkp-! aaz,aaa;ﬁf (ak70)5 ( . )
1 2Nk, o
O (. ») = —e"o‘ivv‘L (2.93)
s nkvo-!

Thermal state. For a thermal state characterized by mean photon
number 7k, the GS P and Husimi-Q functions are given as

1

.
P (ang) = = —e Ikl (2.94)
1 2 .

Th 1 ek /e 2.95
Q (Olk,o) 7T(]_+’ﬁk’o-)e ( )

We note that the GS P representations for both squeezed vacuum [Eq. (2.90)]
and Fock states [2.92] are highly singular and not useful for the calculation of
expectation values.

The Husimi-Q function is shown for the various states in Fig. 2.6. Note
that (Xg.,(0)) = Re(ar.o) and (Xp o (7/2)) = Im(ag,,). From the figures in
Fig. 2.6, one can see that only the states that are not symmetric around the
origin yield a nonvanishing mean electric field.

2.2.5 Quantum-optical light-matter coupling

In a fully quantum optical description of light-matter coupling, both the electrons
and the light are quantized. This means that in a quantum optical description,
the classical vector potential in the semiclassical description in the velocity gauge
in Eq. (2.8) is now promoted to the quantized field operator given in Eq. (2.18).
The quantum optical Hamiltonian for N particles with identical charge @ and
mass m is then, in the velocity gauge, given as
1 X
Hya=-—> [pj — QA"+ U + Hp, (2.96)

2m 4~
J

where the explicit dependence of the particle coordinates has been neglected for
clarity. Further, in the quantum optical description, the Hamiltonian of the free
field [Eq. (2.17)] has to be included. In total, this yields the TDSE

0| U (r, 1)) = Hya(?)[(r,1)), (2.97)

where we note that the total wavefunction of the system, |¥(r,t)), describes
the combined state of both electrons and photons. Further, we point out that
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Figure 2.6: The Husimi-Q function for (a) a coherent state, (b) an amplitude
squeezed coherent state, (¢) a phase squeezed coherent state, (d) a squeezed
vacuum state, (e) a Fock state, and (f) a thermal state. Gray dashed lines are
inserted at Re(ag,») = Im(ag,») = 0 to guide the eye.

expanding the first term in Eq. (2.96) will yield a term o [A(ﬁ)]Q, which,
different to the semiclassical case, does not only yield a time dependent phase
on the wavefunction. However, this term is often neglected in quantum optical
HHG [2-4, 132]. This matter is discussed in detail in Sec. 4.1.1.

Furthermore, a length-gauge description of quantum-optical light-matter
coupling can be obtained within the dipole approximation. By defining the
unitary operator

=exp|—1 Z = exp Z(A}Z,Udk,a - /\kJ&L)U) , (2.98)
J k,o

where we have recognized the form of a displacement operator similar to Eq.
(2.44) with displacement parameter given by

go 5
Moo = e Y _dj, 2.99
k, \/(.ATk - ] ( )

where d = > j Q7; is the electric dipole moments of identical particles of charge
Q. Using the operator in Eq. (2.98) to transform the VG Hamiltonian in Eq.
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(2.96) yields the LG Hamiltonian [170]
Hyq =THycT"
P . . s -
= j ﬁ—I—U—‘rHF—d-E-‘erip, (2.100)

where eqip is a correction term given by
caip = Y _ go(es -y d;)?, (2.101)
k,o J

which, just like the term proportional to A? in the VG description, is neglected
in quantum optical HHG [137] (See Sec. 4.1.1).

Equation (2.96) will be the starting point for quantum optical HHG in the
thesis. As will become apparent, the VG description is particularly suitable
for describing systems with periodic boundary conditions, as is the case for the
electronic system considered in the thesis.



CHAPTER

The Hubbard Model - a
semiclassical description

The electronic system considered in this thesis and in the associated research
papers is the Fermi-Hubbard model. This prototypical model captures beyond-
mean-field electron dynamics and has been shown to capture important physical
properties of real materials. In particular, it is used to model cuprates, which
include high-T,. superconductors [180, 181]. This model has been used extensively
to study electron-electron correlation effects in HHG semiclassically [63—-66, 182].
For the prospect of the present thesis, the motivation to consider the Fermi-
Hubbard model is the effect of electron-electron correlations on the quantum
nature of the emitted harmonics.

This chapter first derives the Fermi-Hubbard model in Sec. 3.1 followed
by an analysis of the different phases of the model in Sec. 3.2 and a brief
explanation of the numerical implementation in Sec. 3.3. Finally, the Fermi-
Hubbard model will be employed as the generating medium for HHG from a
semiclassical perspective in its different phases in Sec. 3.4. Here, the results
from Paper I will be presented. Note that the Fermi-Hubbard model will also
be referred to as the Hubbard model.

45
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3.1 Derivation of the Hubbard Model

The Fermi-Hubbard model will now be derived. This derivation builds on Ref.
[183] and first considers the field-free system before adding the driving field
afterwards in Sec. 3.1.1.

We start by considering a generic Hamiltonian of N, interacting electrons

N,

- o 1

H = Z |:2J +VN—e("°j):| + 5 E V—e("'i;'rj), (3]_)
2,7

where again the #; and p; is the position and momentum of the j’th electron,
respectively, VN_e(fj) is the Coulomb interaction between the j’th electron and
all atomic nuclei, and Ve (7, 7;) is the Coulomb interaction between the ’th and
j’th electron. In Eq. (3.1), the coupling of the electrons’ spin degree of freedom
to the magnetic field has been neglected due to the lower energy contribution,
and the nuclei have been assumed to be stationary as they are much heavier than
the electrons. We now proceed by separating the interactions into mean-field
interactions and beyond-mean-field interactions. This separates the Hamiltonian
into

N N 1 N
H :Zh(rj,pj) + §ZU(ri,rj), (3.2)
J 1]
where

+ N—E(f) + ‘/(e-e) (f.)a (33)

2
U(#i,75) =Veo(Fis 75) — g [Vie-o) () + Vie-ey (74)], (3.4)
e

where iL(f] ,P;) describes the single-electron Hamiltonian in a Coulomb potential
from the nuclei and the mean field of the other electrons denoted by Vie_c ().
Equation (3.4) describes the beyond-mean-field contributions to the electron-
electron interactions. We now assume that the electrons are ordered in a periodic
lattice. One can think of this as the atoms being fixed in a regular lattice, each
with a single active electron. In many cases, Eq. (3.4) is neglected and the system
is modeled as a sum of single-electron operators [Eq. (3.3)] which massively
simplifies the dynamics, yielding the familiar Bloch picture of noninteracting
electrons. However, the Hubbard model keeps the beyond-mean-field terms [Eq.
(3.4)] which correlate the electrons and, consequently, the electron dynamics
becomes more involved.

Often in periodic systems, a convenient basis is the Bloch basis given by
states on the form

|bg.m (1)) = €T ug.m(r)), (3.5)
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where q is the crystal momentum of an electron, m is the band index, and
|ug,m (7)) is a lattice-periodic function, i.e., |ugm(r+ R)) = |ugm(r)). A
Bloch state satisfies the time-independent Schrédinger equation h|¢g.m () =
Em.qlPq.m(r)) with energy &,, 4.

However, as Eq. (3.4) correlates the electrons, the crystal momentum of the
single electron is, in general, not preserved in the Hubbard model. Consequently,
it is easier to proceed from a real-space basis. We use the Wannier basis, which
is the Fourier transform of the Bloch basis

[t (7 \f Ze*“’ B |G (7)), (3.6)

where L denotes the number of sites in the periodic lattice and 7 indicates that
the wavefunction is localized on the lattice site at position R;. We now proceed
by using the language of second quantization where we define the electronic
annihilation operator ¢, ; ,, which annihilates an electron of spin yu =1, ] on site
with index j in band m with the Hermitian conjugate éin ;,u being the electronic
creation operator. These operators satisfy the Fermionic anticommutation

relations
{Ca; &% b= {éLa 6[3} =0, {éa, é}; b= 504,[37 (3.7)

where {/i B’} = AB + BA is the anticommutator and «, 3 are arbitrary indices.
The Wannier state created by the operator cJr . 1s highly localized in real
space (on site R;) and is related to a highly delocahzed Bloch state in crystal-
momentum space via the Fourier transform

AT —sz
= P SR 9

where ¢, .q,u Creates an electron in band m, spin p and crystal momentum gq.
Expressing the Hamiltonian in Eq. (3.2) in second quantization yields [183]
H:thrl]AInl/L n,]/d«—’_ Z Umno,pAInl,/;, :rv]’y Ok’YCPl’l“ (39)
i,j m,n,0,p
m,n Lj,k,l
H Fyy

where the matrix elements are given by
tis = /d’“%(T—Rz')Wm(T—Rj% (3.10)

Ui’ = / drdr'yy, (r— Ry (7' — Ry )U (7, # o (r' — Ri )ty (r— Ry),
(3.11)
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where i, j, k, [ are site indices, m, n, o, p band indices, and pu, o are spin indices. As
seen from the fact that Eq. (3.9) contains many site and band indexes, it contains
too many states to be handled numerically. Consequently, approximations must
be made on Eq. (3.9). Firstly, we assume the system to be one-dimensional.
In the case of an applied electromagnetic field with linear polarization, the
dominant electron dynamics will be along the polarization axis, motivating
the approximation. Secondly, we restrict the model to only consider a single
band. This approximation is justiﬁed when the Fermi surface lies inside a
single band, and we then set m = n = o = p = 1 and hence only consider
t! ;; and UZI’JI,’Clil. Effectively, bands with energies above the Fermi surface are
treated as higher-lying with much higher energy, and are unreachable during
the system dynamics. Further, we assume a perfectly periodic lattice with
inversion symmetry, and that the Wannier states are highly localized around
a site such that only nearest-neighbor transitions are included and only onsite
and nearest-neighbor interactions are accounted for. Further, we set the zero-
point energy appropriately such that ¢; ; = 0 and take all sites to be identical.
Mathematically, this leaves only a few terms to consider. The hopping amplitude
is set " = —100;,+1, which means that the hopping is symmetric in space
and only considers nearest-neighbor transitions. The sign is added to ensure a

positive value of ¢y. The interaction term is split into two parts: U = U}y;i’}z’l is
the onsite electron-electron repulsion (U > 0) and V = U};ﬂ’i +1,; 1s the nearest-
neighbor electron-electron repulsion (V' > 0). With these approxunations, we

finally arrive at the Fermi-Hubbard model

Hpy = Hyop + Hy + Hy, (3.12)
where
Hyop = —to ) [éluém,ﬂ + h.c}, (3.13)
Jrkt
Hy =UY iy, (3.14)
j
Hy =V ifjg, (3.15)

J
are referred to as the hopping term, the U term, and the V term, respectively,
and where n; , = c; ,Cjp 18 the electron counting operator and 7; = 714 + ;).
Note that in the literature, including the research papers, the model is often
referred to as the Fermi-Hubbard model for V' = 0 while for V' > 0, it is called
the Extended Fermi-Hubbard model. In the thesis, the model will be referred to
as the former (or simply the Hubbard model) and the values of the parameters
will be given in the specific context.



3.1.1 The driven Hubbard Model 49

3.1.1 The driven Hubbard Model

The Hubbard model in Eq. (3.12) describes the interacting many-body system
without any external field. Here, we derive the Hamiltonian for the model under
the influence of an applied electromagnetic field, which is necessary to drive HHG.
An electromagnetic field only modifies the momenta of individual electrons, and
as such, it is only the hopping in Eq. (3.13) which is modified. As derived in Eq.
(2.7), the effect of the electromagnetic field is to modify the electron momentum
p — p+ A(r,t) such that il(f‘,ﬁ) — fl[f,ﬁ + A(#,t)]. Inserting this into the
single-body Hamiltonian in Eq. (3.10), we obtain

tij(t) = / dry;, (r—R)h[#, p + A(F,1)]thm (r—Ry). (3.16)

By employing the Baker-Campbell-Hausdorff lemma [173], Eq. (3.16) can be
restated as

tii(t) = / dryr, (r—R)e MO h(, p) ey, (r—R)), (3.17)

where the phase factor is given as
AP, t) = / dr' A(7't), (3.18)
To

with rg an arbitrary starting point for the integration. To proceed, we now
assume that the Wannier functions, ¥,,(r— R;), are highly localized in real
space on site R; and assume that the vector potential does not change notably
on the atomic scale such that the vector potential can be evaluated at the lattice
site R;. We thus approximate

ei)\(r,t)wm(,f.iRj) ~ eM(RJ‘,twm(rij)_ (3.19)

Inserting Eq. (3.19) into Eq. (3.17) and exploiting that the phase no longer
contains any electronic operator, we obtain

Fi(t) = eMRD-ARL) / dr it (v — R)A(F, ) (r— R;)

= ei[A(RJ’vt)fA(Ri ’t)]t’i,ja (320)
where we recognize that the effect of the applied electromagnetic field is merely
a time-dependent phase, known as Peierls’ phase. Assuming periodic boundary
conditions and employing the dipole approximation, A(r,t) ~ A(t), we calculate

R;
A(R;,t) — MR, 1) :/ dr' A(t) = A(t)a, (3.21)
R;
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where a is the lattice spacing between any two neighboring sites. Inserting Egs.
(3.16)-(3.21) into Eq. (3.13), we obtain the modified hopping term with an
applied electromagnetic field

ﬁFH :FIHop(t)—FFIU—Fﬁv, (3.22)
where
Hyop(t) = —to Y (@ ¢l 2501, +he), (3.23)
Tk

where Hy and Hy are given in Egs. (3.14) and (3.15), respectively, and where
we have dropped the vector notation on the crystal momentum and the vector
potential, as the model is one dimensional with the A(t) being the vector
potential with polarization projected onto the chain axis, i.e., in the direction of
g. As seen from Eq. (2.27), the signal from HHG is proportional to the induced
current. For the Hubbard model, the current operator is given as [184]

A~ A

§(t) = —i[Hpu(t), R = —iato Y (e"**Wel 511, —he)d, (3.24)
Jske

where & is along the chain, and R=Y ;RN is the electron counting operator
in second quantization. The current is the expectation value of Eq. (3.24),
4(t) = (3(t)), which is relevant to calculate the HHG spectra using a semiclassical
description of light-matter interactions.

3.2 Analysis of the Hubbard Model

With the Hamiltonian for the Hubbard model derived in Eq. (3.23), it is
appropriate to further analyze the model and its characteristics before considering
HHG from the model. First, some general symmetry considerations are in place
that hold for all parameter values of the model. These will also be relevant when
discussing selection rules for the emitted harmonics in Sec. 3.4. The symmetries
relevant to the thesis are

Translation symmetry: The Hamiltonian in Eq. (3.22) is symmetric
under translation of all electrons. Such a translational invariant system
comes with a conserved quantity, K, which in this case is the total crystal
moment of all the electrons. This crystal momentum is only defined up to
multiples of %’T, and each choice of K can be block diagonalized, which
yields L total blocks. The ground state of the system has K = 0, and we
will, for the rest of the thesis, restrict ourselves to this subspace.
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Inversion symmetry: When no field is applied, i.e., for A(t) = 0, the
system is inversion symmetric around any one site. However, for a general
applied field, A(t) # 0, this symmetry is broken and cannot be exploited
to reduce the number of considered states.

Spin-inversion symmetry: As the Hamiltonian in Eq. (3.22) does not
change the spin of any electrons, the total spin is conserved. This, like
translational symmetry considered above, can be used to block diagonalize
the system. In the thesis, we start with an equal number of spin-up and
spin-down electrons to keep the system spin neutral.

Electron-hole symmetry: Though the intuitive understanding (and
derivation) of the Hamiltonian [Eq. (3.22)] is about electrons, the system
remains invariant if every electron is swapped with a hole and vice versa.

Now we will investigate different phases of the model. First, the tight-binding
model (U =V = 0) will be considered, then the Hubbard model (V = 0), and
finally, the extended Hubbard model will be investigated. We note in passing
that U > 0 for physically realistic systems, and as onsite electron-electron
repulsion is stronger than nearest neighbor electron-electron repulsion, due to
the distance between the electrons, we always have U > V.

3.2.1 The tight-binding model

If one studies uncorrelated electrons by setting U = V = 0 in Eq. (3.22), the
system is described by a simple tight-binding model described by Eq. (3.23).
This limit is also sometimes referred to as the Bloch limit because, as shown
below, it is described using Bloch waves. Using the Fourier relation in Eq. (3.8),
the system is transformed into crystal-momentum space described by

Hyop(t) = —2to » _ cos{alg + A(t)]} g u- (3.25)

Note that Eq. (3.25) preserves the crystal momentum for each individual electron.
Likewise, the current operator [Eq. (3.24)] is given in crystal-momentum space
as

3(t) = 2ta Z sin{alq + A(t)]} g, T, (3.26)

a.n
which is also diagonal in crystal momentum space. Note that Eqgs. (3.25)
and (3.26) satisfy the semiclassical relation j(t) = _asagq)h:qﬁA(t)’ where

E(q) = —2to>_, , cos{alg + A(t)]}tg,, and qo is the initial crystal momentum
and all is considered in the direction of the chain [185].

Due to the fact that both Hiop and 7(t) are diagonal in momentum space,
they commute at all times

[Hyop(t), 3(t)] = 0. (3.27)
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Figure 3.1: Crystal-momentum-space representation of the ground state of
the tight-binding model [Eq. (3.13)] for L = 10 electrons. For total crystal
momentum K = 0, the electrons are symmetrically distributed around ¢ = 0.
The directions of the arrows represent the spin orientation, up (green) and down
(blue).

This peculiar fact will be of importance later in the thesis. The ground state
of Eq. (3.22) is illustrated in Fig. 3.1 for no applied field. Here it is seen
that the ground state is simply a product of Bloch states with different crystal
momenta, minimizing the total energy according to Eq. (3.25). The allowed
crystal momenta within a Brillouin zone are integer steps of 27 /(La) from —7/a
to 7/a, where we in Fig. 3.1 only show an empty state for ¢ = —m/a and not for
q = 7/a, as they represent the same physical state. We note that the dispersion
relation is a Bloch band with a width of Agjoe, = 4tg. Naturally, as the states
are well localized in crystal-momentum space, they are highly delocalized in real
space.

This simple model allows for further analytical considerations with an
applied electromagnetic field. We now consider the Floquet limit with an applied
electromagnetic field, i.e., we consider an infinite monochromatic laser. First,
we calculate the current in the direction of the chain

(G(t) = j(t) = 2toay_sin{alg + A(t)]}ngp, (3.28)

q;1

where it has been used that an eigenstate of the Hamiltonian [Eq. (3.25)] is an
eigenstate for 74, with eigenvalue n, ,. Note that n, , refers to the number of
electrons populating a state with crystal momentum ¢ and spin p and is not to
be confused with the order of the harmonics n below. Expanding the sinusoidal
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function in Eq. (3.28), we obtain

J(t) = 2tpa Z ng,pisin(aq) cos[A(t)a] + cos(qa) sin[A(t)al}. (3.29)

We now exploit that the ground state is symmetric around ¢ = 0 (see Fig. 3.1),
and note that > g Vs sin(aq) = 0 for any state with such symmetry. Further,
we take the field of constant amplitude as

A(t) = Apsin(wrt + @), (3.30)

where Ag is the amplitude of the vector potential, wy, is the laser frequency,
and ¢ denotes the phase. Inserting this into Eq. (3.29) and further using the
Jacobi-Anger expansion, we obtain

J(t) = 4toa > ng,cos(qa { Z Jon—1(Aga) sin[(2n — 1) (wpt + ¢)]} (3.31)

q;H

where J,, denotes the n’th Bessel function of the first kind. The spectrum is
obtained via the Fourier transform of the current as stated by Eq. (2.27). The
Fourier transform of Eq. (3.31) is given by

j(w) = —dintoa Z ng,u cos(qa)
4,u

X Z Jgn,l(Aoa){em"_l)‘j’ Ow— (2n — 1)wg]

n=1

e 17D §lw + (2n — Dwi]}. (3.32)
Inserting Eq. (3.32) into Eq. (2.27), we obtain the spectrum
S(w) x Z w?(w — nwr)[BJ,(Aga)]?, (3.33)
n=1,3,5,...

where B =} ng, cos(ga). We recognize the well-known selection rule in Eq.
(3.33) allowmg only odd harmonics in the spectrum, a selection rule found in
systems with inversion symmetry.

3.2.2 On-site electron-electron repulsion

Going beyond the mean-field description above, we now consider the case
of U # 0 while still keeping V' = 0 in Eq. (3.22). First, we note that in crystal
momentum space, Hy [Eq. (3.14)] is given as
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Figure 3.2: The Hubbard model with on-site electron-electron repulsion. (a)
A real-space illustration indicates how the hopping operators generate electron
hopping between neighboring sites. (b) An energy diagram for a single site
showing that a double occupancy comes with an increased energy of U. Adapted
with permission from Ref. [4]. Copyrighted by the American Physical Society.

~ U
Hy = T Z 621—Aq,Téth+Aq7T622—Aq,¢éqz+Aq7l’ (3.34)
q1,92,Aq

where we see that only the total crystal momentum is conserved, but not the
individual crystal momenta of the electrons due to scattering and exchange of
momenta Aq. Consequently, crystal momentum is no longer a good quantum
number. In fact, the hopping term [Eq. (3.25)] is diagonal in crystal momentum
space, while the U term is diagonal in real space [Eq. (3.14)], and a common
eigenbasis for both parts of the Hamiltonian cannot be found. We are thus
required to proceed numerically, and as Hy is arguably more complicated in
crystal-momentum space than fIHOp in real space, we will continue the analysis
in a real-space picture. An illustration of the system is given in Fig. 3.2. In Fig.
3.2(a), a real-space illustration of the Hubbard model is given, where the lattice
sites along with the transition operators are given. In Fig. 3.2(b), an energy
diagram shows that a doubly occupied site has an increased energy of U. We
emphasize that all simulations in the thesis and research papers use a half-filled
lattice, such that N, = L, i.e., there are an equal number of electrons and sites.
With U # 0, it now requires more energy to have two electrons on the same
site. Such a double occupancy can be thought of as a quasi particle called a
doublon while an empty site is likewise called a holon. As seen in Fig. 3.3, for
increasing values of U, the eigenstates of the system group into so-called subbands,
where each subband is characterized by the number of doublon-holon pairs. The
first of such subbands contains the ground state and is characterized by virtually
no doublon-holon pairs, the second subband contains states with approximately
one doublon-holon pair, and so on. In this large U limit, the ground state is
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Figure 3.3: Histogram of energy eigenstates of the Fermi-Hubbard model for
increasing values of U (V = 0). We note that for U > 8ty, the subbands begin
to emerge. This is the Mott-insulating limit of the system. In (g), the Mott gap,
Aoty (blue arrow) and the width of the first subband 2Ap)een (orange arrow)
are shown. The histograms shown are for L = 10 electrons.

dominated by single-site occupancies and tends to be antiferromagnetic. Hence,
at half filling, every first-order transition, i.e., a single electron transition to a
neighboring site, involves the creation of a doublon-holon pair, which costs a lot
of energy. Such a transition is from the first subband to the second subband,
see Fig. 3.3. As such, for U > tg, the system is gapped and is called a Mott
insulator. The size of the gap is galled the Mott gap, denoted Ao, and can be
calculated from [183, 186, 187]

Ao (U) = EGEH(U) + E&S (U) — 2EB&5(U), (3.35)

where Efg(U) is the ground-state energy of a system of size L (at half filling).
Equation (3.35) estimates the energy to create a doublon-holon pair. The creation
of a doublon is EGE(U) — E&g(U), that is, it is the energy cost of adding an
extra electron to an already half-filled lattice. Similarly, E&g (U) — E&g(U) is
the energy to remove an electron from an already half-filled lattice. The sum of
the two is thus the creation of a doublon-holon pair which, for U > tg, is the
energy difference between the first and second Hubbard subband, Apjes. Note
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Figure 3.4: The three-step model in the Hubbard model. In the first step,
starting from an anti-ferromagnetic state, any first-order excitation of the system
results in the creation of a doublon-holon pair. Then, the doublon and holon
propagate around in the lattice. Finally, the doublon and holon recombine. As
for band-gap materials, both the propagation and recombination step generates
current, resulting in the emission of harmonic radiation.

that Eq. (3.35) neglects the influence of the kinetic energy and is thus only valid
in the Mott-insulating phase, i.e., for U > .

With the Mott gap, HHG from the Hubbard model in the Mott-insulating
phase can be understood from a three-step model analogous to the semiclassical
three-step model for band-gap materials presented in Sec. 1.1.2. For the Mott-
insulating phase of the Hubbard model, the three-step model is shown in Fig.
3.4 and consists of the following steps: First, the system is excited across the
Mott gap by the creation of a doublon-holon pair. Then, the doublon-holon pair
propagates freely within the subband (analogous to intraband current). Finally,
the doublon-holon pair recombines (analogous to the interband current). As
a single electron can have a maximal energy of Ay, = 4tg, heuristically, a
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doublon-holon pair can, upon recombination during the laser-induced dynamics,
release a photon with energy between Apjorr and Aniots + 2AB1och = AMott + Sto.
This consideration is consistent with the numerical results presented in the thesis.
Note also that as the ground state of the Mott-insulating phase is dominated
by single-site configurations, any first-order transitions involve the creation of a
doublon-holon pair, and, consequently, the transitions within the first subband
are highly suppressed.

Finally, we note that Eq. (3.35) is only valid for V' = 0, as the nearest-
neighbor interactions change the gapped nature of the system.

3.2.3 Nearest-neighbor electron-electron repulsion: The
Mott exciton

We now proceed to include nearest-neighbor interactions by including Hy .
Naturally, as on-site electron-electron repulsion is stronger than nearest-neighbor
electron-electron repulsion, it is physically motivated to only consider U > V.
In fact, it turns out that many different phases exist for the extended Hubbard
model depending on the parameter values. The discussion of the different phases
is beyond the scope of the thesis but can be found in, e.g., Ref. [188]. Relevant
for the thesis and for Paper IV is to consider U = 12t; and V' = 4ty, which puts
the system in a spin-density-wave phase.

For these parameters, a new quasi particle, the exciton, emerges. As seen in
Fig. 3.5(a), the exciton is an effective bound state between the doublon and the
holon, i.e., it is a quasi particle consisting of two different quasi particles. In
Fig. 3.5(a), three different electron configurations are shown with their beyond-
mean-field potential energy given on the right (periodic boundary conditions).
The first row shows an antiferromagnetic state. Any first-order transition will
create a doublon-holon pair (second row). If another single-electron transition
occurs again, such that the doublon is spatially separated from the holon, we
note that the total energy of the system is increased (third row). In this sense,
the doublon and holon are effectively bound to each other, giving rise to the
(Mott) exciton. Note that this does not occur for V= 0. The presence of the
exciton changes the characteristics of the system drastically. For instance, the
exciton is highly dominant in the linear optical response as seen in Fig. 3.5(b),
where the signal is strongest at the exciton energy (vertical dashed line). The
linear response, o(w), is calculated by applying a perturbative, single-cycle, and
high-frequency pulse and calculating

o(w) = j(w) (3.36)

where E(w) is the Fourier transform of the applied electric field, and the direction
is along the chain. As will be evident later, the exciton is also central in the
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Figure 3.5: Illustration and properties of the extended Hubbard model. (a)
An illustration of the potential energy of the extended Hubbard (with periodic
boundary conditions). The inclusion of V' = 4 effectively binds the doublon and
holon together, giving rise to the Mott exciton. (b) The linear response [Eq.
(3.36)] of the extended Hubbard model for U = 12. We see that the inclusion of
V = 4 (orange lines) drastically enhances the linear optical response at a much
more localized energy compared to V = 0 (blue line). The solid line is obtained
for a finite system with L = 10, while the dashed lines are for an infinite system
calculated using infinite time-evolving block decimation. As the two orange lines
are very similar, the results are not due to finite lattice effects. Adapted with
permission from Ref. [3]. Copyrighted by the American Physical Society.

nonlinear response of the system. Note that the dotted curves in Fig. 3.5(b)
are the linear response from an infinite system, calculated using infinite time-
evolving block decimation calculations [189, 190]. We note that these curves
match the curves from the finite system of L = 10, showing that the involved
physics is not a consequence of a finite system. The emission of HHG from a
system with Mott excitons can be explained using a three-step model similar to
the one for the usual Hubbard model (V = 0) explained above and in Fig. 3.4.

The central role of the exciton state can also be understood from the
histogram of the energy eigenstates. Naturally, due to V' # 0, the eigenenergies
of the system are different from the Hubbard model with V' = 0. Notably,
looking at Fig. 3.6(a) and (b), the system is less gapped for V' = 4t, than for
V = 0 as eigenstates within the second subband are shifted to the left. As
denoted by the orange dots in Fig 3.6(c), which is a zoom in of Fig. 3.6(b),
we see that the states within the second subband with the lowest energy are
also the ones containing ~ 1 exciton. This agrees with the physical picture in
Fig. 3.5(a) showing that the lowest energy states, of the states that contain
a single doublon-holon pair, are the exciton states. The energy of the peak
signal from the linear response in Fig. (3.5)(b) is marked by the vertical dashed
line in Fig. 3.6(c), proving that the strong signal is due to coupling with an
eigenstate that contains an exciton. As for the case of V' = 0, this shows that
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Figure 3.6: Histogram of energy eigenstates in the extended Hubbard model
with the number of excitons in each eigenstate for L = 10 and U = 12ty. (a)
The energy for V' = 0 [identical to Fig. 3.3(g)]. (b) The presence of V' = 4ty
changes the distribution of the energies in the eigenstates. (c) A zoom-in of
(b) where we note that the lowest-lying energy eigenstates in the first subband
contain ~ 1 exciton. The vertical dashed line is located at the same energy as
in Fig. 3.5(b). Adapted with permission from Ref. [3]. Copyrighted by the
American Physical Society.

first-order transitions from the ground state do not couple to states within the
first subband.

3.3 Numerical implementation

As the Fermi-Hubbard model in general does not allow for analytical solutions
when driven by an external field, one has to solve the system dynamics nu-
merically. In this section, the numerical approach used will be outlined. First,
the representation of the state will be presented, followed by an outline of the
algorithm used to time evolve the quantum state. Though the Hubbard model
is a model of real materials with many electrons, numerical constraints prohibit
exact considerations of infinite lattices.

The Hubbard model is, as explained above, a lattice model with electron
occupations on discrete sites. To build such a configuration, a product of
fermionic creation operators has to be applied to the vacuum. Thus, any
configuration of electrons can be written as

Hag b = 11¢ék,.,10), (3.37)
J

where |[{z;, ;}) is the multi-electron state with electrons of spin p; positioned
on sites z;. The creation operators do in general not commute [see Eq. (3.7)],
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and thus, the ordering of the operators is important. We choose to separate the
operators into two blocks differentiated by their spin orientation, e.g., such that
all operators with g =71 are applied after all operators with u =]. As we employ
periodic boundary conditions, one has to be careful when moving an electron of
spin p from site j = L to site j = 1. This boundary condition simply applies the
sign (—1)Me«=1, where N,, is the number of electronic creation operators with spin
index pu. We now restrict ourselves to the case of a spin-neutral lattice used in all
the research papers where Ny + N, = L such that Ny = N| = L/2, and hence L
is an even integer. In general, without any further considerations, one can place
L/2 electrons with, e.g., spin u =1 on L sites, giving (LL/2) different possible
combinations. The same is true for electrons with spin p =/, such that the total

2
number of states is ( L%) . As seen in Tab. 3.1, this number grows drastically

with the asymptotic exponential scaling of 22%. Such a large number of states
in a basis set quickly becomes unfeasible to handle numerically. Fortunately,
the symmetries of Hpy [Eq. (3.12)] introduced in Sec. 3.2 above, allow one to
reduce the basis size drastically. First, as the system is translationally invariant,
one can shift all electrons any number of sites in either direction and end up with
a state translationally identical to the original state. By applying such a shift
operator, and because all translational variants of a given state are identical,
the number of required basis states can be reduced by grouping translational
identical states as

g, 15}, K) = ——

— > g b)), (339)

\ NIJMJ m

where K again is the total crystal momentum of the entire system, and Ngfg oy I8
the appropriate normalization constant. The state [{z; + m, u1;}) is a translation
of all electrons by m sites from the state |{z;, ;}). As the Hamiltonian Hpy
conserves K, we can choose any integer n and get K = n%—’; For the systems
used in the research papers, the ground state lies within the subspace with
K =0, and we will thus, for the rest of the thesis, only consider this subspace.
The Hamiltonian, Hpy, is also invariant under spin flips. We can thus further
reduce the number of states by

1
V2

where P = +1 is the spin parity. As the ground state is within the subspace
with parity P = 1, this is the only considered subspace in the thesis. The
total number of states in both the full and symmetry-adapted basis for different
values of L is given in Tab. 3.1, showing that the symmetry-adapted basis is
significantly smaller than the full basis.

With the basis in hand, it is now possible to simulate the system by propa-
gating the states according to the TDSE. First, however, the ground state of the

{zj, ), K, P) = —({zj, 1;}, K) + P{z;, —p;}, K)), (3.39)
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L/Number of states 4 6 8 10 12
Full basis 36 400 4,900 63,504 853,776
Symmetry-adapted basis | 6 38 318 3,202 35,670

Table 3.1: The number of states in the full basis (top row) and symmetry-
adapted basis (bottom row) as a function of the lattice length L at half filling
with periodic boundary conditions. We note that the symmetries of the system
drastically reduce the required basis size.

system must be found. In the results presented in the research papers and in the
thesis, this is done using exact diagonalization techniques. Alternatively, one
could also use imaginary time propagation, which will converge to the ground
state. The time-evolution operator evolving a state from time ¢ to time ¢ + At,
u (t + At,t), is in general given by the Dyson series. Unfortunately, the form of
the Dyson series involves many nonvanishing commutation relations when the
Hamiltonian does not commute with itself at different times, as is the case for
the Hubbard model. To proceed, the time-evolution operator is approximated

using a commutator-free expansion to 4’th order. We thus approximate
L?(t + At 1) ~ e—i[v—ﬁFH(t—)+v+ﬁFH(t+)]%e—i[v+ﬂFH(t—)+U—ﬁFH(t+)]%, (3.40)

3++v3
where v4 = %‘/5 and t4 =t + GIAt [191]. Equation (3.40) drastically

simplifies the effort required to time evolve the system, as the time-evolution
operator is approximated as a product of two time-evolution operators for a time-
independent Hamiltonian. Nonetheless, matrix exponentials are numerically
expensive, and further approximations are needed. Here, we apply the Arnoldi-
Lancoz algorithm, which time-evolves the state in a Krylov subspace [192-195].
The idea is to Taylor expand the time-evolution operator for a time-independent
Hamiltonian as

e—iI:IAt _ Z (_ZAt) I;[n

n!

n
Nxrylov .
—IA)"™ 4
~ ¥ #H” (3.41)
ne0 n:

where N, ylov + 1 is the dimension of the Krylov subspace (since the summation
starts with n = 0). The idea of the Arnoldi-Lanczos algorithm is the following.
The states are evolved within the subspace with dimension Ni;yiov. A basis
within this subspace is created using the Gram-Schmidt procedure. Using this
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basis, the state is then propagated by the approximated time-evolution operator
in Eq. (3.40). This procedure introduces an error of (At)N&miov and it is thus
useful to match Nk;yiov With the precision of the approximated time-evolution
operator via the size of the time step At. Further discussion about the numerical
implementation of the Hubbard model can be found in [196]. As a final note, the
algorithm presented above is the most efficient version of the Arnoldi-Lanczos
algorithm. In some of the research papers, a less efficient version of the algorithm
has been used, which is why different values of At and Ni,yiov are used in the
research papers.

3.4 High-order harmonic generation in the
Hubbard Model

The Fermi-Hubbard model has been subject to many considerations with respect
to HHG [63-66]. However, a comparison and explanation of the nature of the
HHG spectra from the different phases of the model has not been fully covered.
This chapter aims to understand the HHG spectra from different phases of the
model, i.e., for different values of U (for V' = 0), and presents the main results of
Paper 1. These considerations, though obtained from a semiclassical calculation,
will aid in the understanding of the system which also will be useful for the
quantum optical considerations in Chs. 4 and 5.

The motivation for such a study is emphasized by the HHG spectra [Eq.
(2.27)] shown in Fig. 3.7 generated by driving with a typical intense femtosecond
laser pulse. Here, we consider three different phases of the model: the uncorre-
lated phase (U = 0), a moderately correlated phase (U = tg), and the strongly
correlated Mott-insulating phase (U = 10ty). Note that we set V = 0 in Eq.
(3.22) in the remainder of this chapter. As seen in Fig. 3.7, the spectra from the
three different phases are widely different: The uncorrelated phase (blue curve)
shows regular peaks at odd harmonics up to energy Apjocn as expected. In
contrast, the moderately correlated phase (red curve) shows no regular structure,
while the Mott-insulating phase (green curve) shows a clear signal at odd har-
monics up to w/wy, ~ 21 and an irregular spectral structure for the harmonics
above. Seemingly, this is inconsistent with the symmetry-based selection rules
for harmonic generation which should be adhered to independent of the strength
of the electron-electron correlation. It is thus interesting to investigate the
reason for the disappearance and partial reappearance of harmonic structure
with increasing degree of electron-electron correlations. A more detailed analysis
of the spectra will be given in Ch. 4. The focus of this chapter is the appearance
of noninteger harmonics.

These noninteger harmonics have been observed in works on theoretical
considerations from HHG and have been hypothesized to be either due to the
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Figure 3.7: HHG spectra for the Hubbard model with different degrees of
electron-electron correlation of U = 0 (blue), U = tg (red), and U = 10ty (green).
We note how the spectra differ widely in their structure. To generate these
spectra, a pulse of Ny, =3 and IN,; = 10 has been used with other parameters
specified in the text. Adapted with permission from Ref. [1]. Copyrighted by
the American Physical Society.

presence of correlations [63], or due to a finite pulse and missing dephasing
channels [182], but for the most part, the presence of noninteger harmonics has
simply not been commented on [2, 64-66, 197-200]. One may infer that the lack
of clear (odd) harmonics is due to the fact that dephasing effects are not taken
into account, which is typically added phenomenologically when working with
semiconductor Bloch equations (SBE) in order to reproduce experimental results
[201]. However, the primary source of such decoherence in the SBE formalism
is the electron-electron interactions [202], and as electron-electron interactions
are already included in the Hubbard model, it is unmotivated to further include
such phenomenological decoherence. The effect of dephasing is to suppress long
electron trajectories [203], which are likewise suppressed when including electron-
electron interactions as seen by a short correlation length for the Hubbard model.
Thus, the reason for the appearance of noninteger harmonics is not due to the
lack of decoherence terms but has a different explanation.

In the remainder of the chapter, the dynamical symmetries and the relevant
selection rules are outlined for the Hubbard model. This is followed by a
discussion of Floquet theory and its relation to the appearance of the noninteger
harmonics before concluding and summarizing the findings.
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3.4.1 Symmetries and selection rules

For a time-dependent system such as the driven Hubbard model [Eq. (3.22)], one
has to consider not only spatial symmetries but dynamical symmetries, i.e., both
spatial and temporal symmetries at the same time. Relevant for the Hubbard
model is the symmetry operator Cy=R- Ty, where Ris space inversion of all
electronic coordinates, and 75 is time translational symmetry of half a period,
ie, 7ot ?2_1 =t +T/2, where ?2_1 is the inverse operation of 7», i.e., %2%2_1 =1
It can be shown that the Hubbard model is invariant under the application of
Cs 1] o ) .

CoHpu(t)Cy ' = Henl(t). (3.42)
Similarly, the current operator can be considered with respect to symmetries.

By going to the Floquet limit by considering an infinitely long pulse, A(t) =
Ap sin(w;t), the current operator can be expressed in a Floquet decomposition

as
3 =Y Jmladg)e™ (3.43)
which is taken along the chain, and where
G = D[l e — (—1)™eh e, (3.44)
Jib

is the m’th term in the sum. It can then be shown that
CojmCy ' = (=1)™ i, (3.45)

where we see that J,, is odd for even m and vice versa. The symmetry consider-
ations in Eqs. (3.42)-(3.45) will be relevant when deriving the selection rules
based on the C symmetry of the model.

To derive the selection rules, we consider the Floquet limit of the model.
In this limit, the Hubbard model is time periodic with the period of the vector
potential T = 27 /wy, i.e., Hpu(t) = Hpu(t + T). The solution to the TDSE of
a time-periodic Hamiltonian is given by Floquet states on the form [204, 205]

[5(8)) = ™" v (1), (3.46)
where |v;(t)) = |v;j(t + T)) are T-periodic states similar to the R-periodic states
in the Bloch-states in Eq. (3.5) and &; are quasienergies which are only defined
up to integer multiples of the laser frequency. Note that the set of quasienergies
{&;} and their corresponding Floquet functions are determined not only by
the properties of the electronic system but also by Ay and wy, of the applied
field [204]. As Eq. (3.46) is laser periodic, it can be decomposed into Fourier
components

[W(t) = e~ " ertgy), (3.47)
l
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where |¢;) is an appropriate time-independent state of the full electronic system,
and where the index denoting the Floquet eigenstate has been dropped for
convenience. By 1nsert1ng Eq. (3.46) into the TDSE with appropriate identity
operations, CQC = I, and using that HFH( ) is invariant under Cg, one can
obtain the relation [1]

lu(t)) = e Rlv(t + T/2)), (3.48)

where 6 is a phase. By Fourier expanding Eq. (3.48) and comparing it with Eq.
(3.47), we obtain the relation

1) = e (=1)'R|¢y). (3.49)

Using this relation in the Fourier expansion of the Floquet state in Eq. (3.47)
with the current operator in Eq. (3.43) to calculate the spectrum [Eq. (2.27)],
we obtain

2

W 7 6w — 16) T (@A) (Smsi—mlislér)| . (3.50)

l,m,n

Focusing on the matrix element in Eq. (3.50), we insert the symmetries of the
states [Eq. (3.49)] and current operator [Eq. (3.45)] and obtain

<¢m+lfm|jk|¢l> ( )n+1<¢m+l m‘]m|¢l> (3'51)

where it has been used that R = R~! = R. We thus see from Eq. (3.51) that
the matrix element vanishes for even values of n. Inserting this into Eq. (3.50),
we see that the signal, in the Floquet limit, should only appear at odd integer
values of the laser frequency. We emphasize that this result is independent of
the values of U and V' and is only based on the dynamical symmetries of the
model. However, the spectra for U =ty and U = 10t in Fig. 3.7 are seemingly
in contradiction with this fact, as no clear harmonic structure is seen across all
frequencies. To investigate this further, we again turn to Floquet theory as a
suitable framework to explain this apparent discrepancy.

3.4.2 Floquet theory and noninteger harmonics

The above symmetry-based selection rules assume a Floquet Hamiltonian, i.e,
a time-periodic Hamiltonian. When driving the Hubbard model, it is initially
in its ground state, which can be thought of as a Floquet state of the driven
model with vanishing field amplitude. Thus, by turning up the vector potential
as required to generate a pulse, the amplitude becomes time dependent and,
consequently, it is only approximately a Floquet state. However, it should be
the case that only odd-integer harmonics appear in the spectrum in the Floquet
limit. It thus remains to investigate how long the driving field should be and
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how slowly varying the amplitude should be before the Floquet description is
suitable, and how this all depends on the value of U.

By first investigating the uncorrelated limit (U = 0), we find, since the
ground state is an eigenstate of the Hamiltonian as discussed in Sec. 3.2.1, that
the state at all times is given analytically as

[9(0) =dO](0)
™o P (0

e B gy, (3.52)

where we have assumed the initial time to be at t = 0 and where E,4(t) is the
ground-state energy of the system, which can be found analytically via Eq.
(3.25). Notably, Eq. (3.52) allows one to calculate the current along the chain as

(0) = (OO (1) = (¥ (0)]5()](0)), (3.53)

which only contains frequency components determined by the vector potential
A(t). Hence, no Floquet theory is required for further analysis for U = 0, as the
sharpness of the peaks is only limited by the Fourier transform of Eq. (3.53).
We now turn our attention to the general case of U # 0. As we drive
the Hubbard model by applying a laser pulse, the vector potential is also a
function of time. This means that the set of quasi energies and Floquet functions
depends on the instantaneous values of the amplitude of the vector potential,
ie., &(t) = E[Ao(t)]. We can formally expand a general state of the system as

=D cil)e 8 e o (), (3.54)

where the sum runs over all Floquet states with the time-dependent expansion
coefficient ¢;(t). It is illustrative to consider the expectation value of the current
operator for the general state in Eq. (3.54)

<§(t)> = Z cf (t)cj (t)eiifo (&) =& (¢)))dt!

0,J

X (v, 1) ()5 (1) |ve, (1) (£)- (3.55)

We note that the phase exp( i fo (t")]dt’ ) in contains frequency

components that in general are not mteger multlples of the laser frequency. In
other words, if more than a single Floquet state is populated, this phase will
generate noninteger harmonics in the spectrum. These have previously been
found in studies on HHG from atomic gases, and are referred to as hyper-Raman
lines [206-210]. Unfortunately, due to the size of the electronic system and the
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Figure 3.8: The moderately correlated phase of the model (U = ty). (a) HHG
spectra. The system is driven by a flat-top laser pulse with N,; = 10 and a
different number of cycles in the ramp. Note that the spectra are shifted by the
number in the parentheses for visual clarity. (b) The adiabatic eigenvalues of
the system as a function of the instantaneous amplitude of the vector potential,
Ap. We note that a nonadiabatic resonance occurs for different values of Ay.
Adapted with permission from Ref. [1]. Copyrighted by the American Physical
Society.

low frequency of the laser, it is not possible to perform a full diagonalization of
the Floquet Hamiltonian in order to obtain the entire spectrum of quasienergies.
Fortunately, we can use the adiabatic eigenenergies of the system by diagonalizing
Hpy(t) for a given value of A(t)

Hpu(8)[0; (1)) = E;(t)|1;(1), (3.56)

for a fixed value of ¢ and where |¢);(t)) is the adiabatic eigenstate with energy
E;(t). The adiabatic eigenenergies are related to the Floquet quasi energies via
an expansion in even powers of the small laser frequency w?" [204].

We now present the results. We drive the Hubbard model consisting of
L =10 electrons (periodic boundary conditions) with a linearly polarized pulse
in the form

A(t) = Ao f(t) sin (th + g), (3.57)
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Figure 3.9: Spectra for the moderately correlated phase of the model (U = ).
The system is driven by the same parameters as in Fig. 3.8(a) but with a reduced
vector potential amplitude of A = 0.14, to avoid the nonadiabatic resonance
seen in Fig. 3.8(b). Adapted with permission from Ref. [1]. Copyrighted by the
American Physical Society.

where the envelope function is given by

sin® <4Lj\];t ), 0< % < Nop
17 Non < % < (Non + Npl)
-7 . wr(t — Ny, T .
f(#) sin? (L(4Nonpl)>’ (Non + Npi) < % (3.58)
< (2Non + Npl)
0, otherwise,

which describes a flat-top pulse of IVy,; plateau cycles with a sin? ramp (turn-on
and turn-off) of N,, cycles. In the presented results, N, = 10 is fixed and
we study the effect of varying N,,. All simulations use t5 = 0.0191 a.u. and
a = 7.5588 a.u. chosen to model the curprate SroCuOg [211]. The field amplitude
is Ap = 0.194 a.u. with a frequency of wy = 0.005 a.u.. The simulations used a
timestep of At = 1/1/10 and a Krylov Subspace of dimension 4.

We first consider the case of a moderate degree of correlation U = ty. In Fig.
3.8(a), see the spectra for various pulse lengths of N,,, = 3,60,400,2000. We
note that only for very long laser pulses (N,, > 400), peaks begin to emerge at
odd-integer harmonics across the spectrum, while, as previously noted, a short
driving pulse generates an irregular spectrum. It is curious that such long pulses
are required in order for odd-integer harmonics to appear. We explain this by
the fact that the adiabatic eigenenergies of the system are spectrally close for
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Figure 3.10: The Mott-insulating phase of the Hubbard model (U = 10ty).
(a) HHG spectra. The same parameters as in Fig. 3.8(a) have been used. We
note that harmonic peaks appear for longer pulse durations. (b) The adiabatic
eigenvalues as a function of the vector potential amplitude. We note that the
adiabatic eigenvalues are virtually constant for different values of Ag. The left
vertical line indicates the Mott gap, while the two right vertical lines show the
first and part of the second Hubbard subbands. Adapted with permission from
Ref. [1]. Copyrighted by the American Physical Society.

certain values of A(t) as seen in Fig. 3.8(b). Here, a one-photon nonadiabatic
resonance allows multiple Floquet states to become populated. Of course, such
a nonadiabatic transition is suppressed for a longer pulse, which is why more
regular peaks are seen for prolonged pulses in Fig. 3.8(a). Based on the insights
from Fig. 3.8, we again drive the system of U = ty but with a reduced field
amplitude of A = 0.1A4, to avoid the one-photon resonance. The results are
shown in Fig. 3.9 where we note that odd-integer harmonics appear already for
shorter pulse durations.

Before concluding, we also investigate the Mott-insulating phase of U = 10t,.
In Fig. 3.10(a), we see the spectra for the same pulse durations as in Figs.
3.8 and 3.9. First, we note that integer harmonics appear already for a short
pulse as previously seen in Fig. 3.7. We ascribe this to the fact that it is
due to inter-subband current in the second subband (propagation step in Fig.
3.4) and that the difference in quasi-energies is larger than Apjee such that
noninteger harmonics do not appear below this energy. At higher frequencies,
curiously, clear integer harmonics appear with increasing sharpness for longer
pulses without any need to change the peak amplitude. This is explained by Fig.
3.10(b), where we see that the adiabatic eigenvalues are practically constant as
a function of the field amplitude, and nonadiabatic transitions are thus equally
likely for all field amplitudes. However, different from the case of U = tg, here
the energy difference between the states is Apjots, Which strongly suppresses
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nonadiabatic transitions. These transitions are more strongly suppressed for
increasing pulse durations, which is why clear harmonic peaks are seen in Fig.
3.10.

Concluding, we have investigated the appearance of noninteger harmonics
in the HHG spectra from the Hubbard model. In the uncorrelated phase, only
odd harmonics appeared, consistent with the fact that only a single (Floquet)
state is populated at all times. For the moderately correlated phase (U = ty),
even for very prolonged ramps, signal was found at noninteger harmonics in the
spectrum. This is due to the population of multiple Floquet states, which is not
in contradiction to the symmetry-based selection rules for HHG, as these assume
the population of only a single Floquet state. Though the nature of the system
impeded a diagonalization to obtain the set of quasienergies, insights could still
be obtained by investigating the related adiabatic eigenenergies. Here, it was
found that resonances occur during the dynamics, allowing for nonadiabatic
transitions that couple different Floquet states. The population of multiple
Floquet states is thus due to the combination of energy levels of the system
and short pulse duration. By lowering the amplitude of the time-dependent
vector potential, such resonances were avoided, and a clear signal at odd-integer
harmonics is found, see Fig. 3.9. Similar findings hold in the Mott-insulating
phase (U = 10tp). In contrast, the adiabatic eigenenergies in this phase are
virtually unaffected by the varying vector potential amplitude, and a longer
pulse was thus sufficient to generate odd-integer harmonics across all harmonics
(see Fig. 3.10).



CHAPTER

Quantum light from correlated
materials

With an understanding of the Hubbard model and the HHG spectra generated
from the model from Ch. 3, this chapter goes beyond the semiclassical theory
and considers the quantum optical nature of the HHG process. Considering the
quantum degrees of freedom may improve our understanding of the HHG process
and increase the utility of HHG as a spectrographic tool. Further, studying
HHG from a quantum-optical perspective allows one to investigate if and what
the system requirements are in order to generate pulses of nonclassical light. If
these requirements are well understood, this has further engineering applications,
as one would be able to design ultrashort pulses of quantum light with desirable
properties.

As the main focus of the thesis and Papers II-V is quantum-optical HHG, the
theoretical considerations are introduced and discussed in greater detail in this
chapter. This chapter will first derive the central equations for quantum optical
HHG in Sec. 4.1 starting from a general light-matter coupling Hamiltonian.
Then, the results from Papers II and III will be presented in Sec. 4.2, where
the quantum-optical nature of the emitted HHG from the Hubbard model
is investigated. This is followed by more theoretical considerations where
approximations are applied and verified numerically in Sec. 4.3, presenting
the results of Paper IV. These approximations both ease the numerical effort for
the simulations and yield more insights into the requirements for the generation

71
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of nonclassical light.
In the thesis, and in this chapter especially, the notion nonclassical and
quantum light will be used interchangeably.

4.1 Quantum-optical description of high-order

harmonic generation
The starting point for describing quantum optical HHG is the VG Hamiltonian
with a quantized vector potential in Eq. (2.96). The derivation presented in this

chapter is also found in, e.g., Refs. [2, 132]. For N, electrons, the Hamiltonian
is given as

ﬁ:

N |

N
> 1B+ AR + U+ Hr, (4.1)
i

where A(#) is the quantized vector potential [Eq. (2.18)], U is a general electron
potential, and Hp is the Hamiltonian of the free electromagnetic field [Eq.
(2.17)]. The state of the system, |¥(¢)), is now a state of both electrons and
photons, allowing for possible entanglement between the two subsystems. The
state satisfies the TDSE .

0w () = AW (), (42)

with the Hamiltonian given in Eq. (4.1).
The state of the driving field is initially (¢ = 0) a coherent state.

[1asex (t = 0)) = ® Iak,0> = ﬁ(a)|0>, (4.3)
k,o
=kr,oL

where the tensor product is over all modes k, o = k1, o, populated by the laser,
i.e., ag,» = 0 for modes not populated by the laser, and where we for convenience

define

Do) = @ D(akq.e ™) (4.4)

k,o
=kr,oL

as the displacement operator for the laser with a = a(t = 0) for notational
convenience. The initial state of the combined system is the product state of
the electronic initial state |¢;(¢)), which typically is the ground state, and the
laser state

[¥(0)) = [:(0)) ® [Y1aser(0))- (4.5)

As we are interested in a strong-field process, namely HHG, the laser will
contain a macroscopic number of photons. Such a large number of photons is
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not feasible to handle numerically, and further theoretical treatment is required.
To simplify the expressions, the state is transformed by displacing away the
driving field and by going to the frame of the free field. Mathematically, the
transformations are given as

B (1) = UL D [a®)][¥(2)), (4.6)
such that |¥(0)), = |¢;) ® |0) the initial state contains the photonic vacuum
state. In Eq. (4.6), Up(t) = exp(—iﬁpt) is the time-evolution operator for the
free field with initial time ¢ = 0. In Eq. (4.6), the tilde denotes that the state is
displaced, and the subscript denotes that it rotates with Up(t). We now exploit

that . . . . A .
Ul (t) DY [a(®))r (UL () = DY ()L (1), (4.7)

i.e., the commutation of Df[a(t)] and Z;I;f,(t) removes the time dependence on
the displacement operator. This approach, though different from the one used
in Refs. [2, 132], only contains the simple time dependence of LA{};(t) and is thus
simpler to handle analytically. By inserting the relation in Eq. (4.7) into Eq.
(4.6) and taking the time derivative, we obtain the transformed TDSE

. 1 Xe R R
10 t I=193 J+ T',t + Ag T,t + t I
049(1)) {Zr A, 0) + Aalr, )] ﬂm»

J

#2000+ Aatr]- 20 TR0 ), @

where Eq. (4.2) has been used, and where we have recognized the semiclassical

Hamiltonian
N

1 Qe A .
He(t) = 5 zj:[pj + Aq ()2 + U. (4.9)
In Eq. (4.8), the time-dependent quantized vector-potential operator is given by

~ A

A(#,t) = UL A(#)Up
D le gy pei BT84 1 (] (4.10)

kN
Q
é
=
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with the coherent-state expectation value

Acl(”/;7t) = <¢1aser(0)| ( t)h/}laser( )>
(0[DT (@) A(#, ) D(a)|0)
= Z [egak yel(kP—wit) + c.] (4.11)

k,o=kr,0L

>

~

ot

being the quantum optical description of the classical driving field used in Eq.
(4.9). Note that the sum in Eq. (4.11) only runs over modes populated by the
laser, i.e., the same modes transformed by the operator f)(a). Continuing from
Eq. (4.8), we now neglect the last term as it is proportional to g3, i.e., much
smaller compared to the other terms (see Sec. 4.1.1 below for a discussion),
and further transform the state into rotating the frame of the semiclassical
Hamiltonian [Eq. (4.9)] and obtain the TDSE

0 (1)), = Ve (D1 F (1)), (1.12)

where the subscript now denotes the interaction picture with respect to both
Ur(t) and Us.(t), and where we have defined

010ty = 200 G 0 00 (0) + GO (1) - 20D
~ A(t) - UL ()5 (0 Use (1) (4.13)

where the dipole approximation have been invoked and with the current operator
given by j(t) = Ejy:"’l[ﬁj + A, (t)]. By inserting a complete set of electronic
states, X, |dm ) {¢pm| = I, where each state is time evolved via

|6 (£)) = Use (£) |61 (0)), (4.14)

we rewrite the right-hand side of Eq. (4.13) as

A~

(4
Vi(t ( = A Z]m n |¢m><¢n| (415)

In Eq. (4.15) we have defined the transition current elements

Jrn(t) = {Gm (D3 ()] 0n(t), (4.16)

which sometimes are also referred to as cross currents. Finally, we expand the
combined state of the system in terms of field-free eigenstates of the electronic
system

D)= |om)x™ (1), (4.17)
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where |x(™ (t)) is the photonic state of interest correlated to the m’th electronic
eigenstate, |¢p,). The ansatz for the wavefunction in Eq. (4.17) is similar
to a Born-Huang expansion for molecules with known electronic states and
unknown states of the nuclei. Inserting Eqs. (4.15)-(4.17) into Eq. (4.12) and
then projecting onto (¢, | yields the equation of motion for the photonic state
correlated to the m’th eigenstate

DX (1) = A(t) - Y G (0" (1)), (4.18)

which is the central equation for quantum optical HHG, as it describes the
evolution of the quantum state of light coupled to an electronic system. A
few comments are in order with respect to Eq. (4.18). First, we emphasize
that this state is the generated light that is "on top" of the driving field, as
this state is displaced with respect to the driving field, see Eq. (4.6). We also
note that due to the projection onto an electronic state, Eq. (4.18) is not a
TDSE, as it is not the same state on the left-hand side and right-hand side
of the equation. Further we note that, different to semiclassical theory, not
only is the expectation value of the current, (j(t)) = 7;(t), required but all
transition current elements are required to obtained the full dynamics. In fact,
as will be discussed in Sec. 4.2, it is the presence of these off-diagonal transition
currents that will generate nonclassical light. Note that the inclusion of the
off-diagonal transition currents puts greater numerical demands on the system.
Not only must one be able to diagonalize the full system, but one must also
be able to subsequently time propagate all states of the system according to
Eq. (4.14). For many purposes, including the Hubbard model, this limits the
possible system size for numerical simulation. We also note that a completely
equivalent derivation can be made for the LG Hamiltonian [Eq. (2.100)] where
the dipole and electric field operators appear instead of the current and vector
potential operators in Eq. (4.18). Finally, we note that one does not simply
solve Eq. (4.17) no matter how small the considered electronic system is. This
is due to the fact that photons in all considered modes have to be numerically
handled, e.g., in a Fock basis, and as the state in general is not a product state,
all possible combinations of photon numbers in all considered modes have to be
considered which is unfeasible if more than a few modes and a few photons are
considered. Thus, approximations have to be employed in order to be able to
perform simulations. This matter will be discussed in greater detail in Sec. 4.3.

We can, however, use perturbation theory to gain analytical insights into
the quantum optical nature of HHG. This was first presented in Ref. [132].
Going back to Eq. (4.12), the total state of the system is given by |[¥(t)), =

T exp [fi fot Vi(t)dt } where T is the time-ordering operator and V;(t) given in

Eq. (4.13). Going to first order in the interaction, V7, the state of the system is
given as
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(1), = [1 -if V1<t’>dt'}|®<o>>1
|¢z |0 ’Z|¢m Z / ot sz( )~e;dt/ |1k,0>

(4.19)

where |1 ») is a single-photon state in the mode (k, o). Interestingly, Eq. (4.19)
shows that the photon is in a superposition of all frequency modes with an
amplitude given by the Fourier transform (for ¢ — 0o0) of relevant cross-current
matrix elements. Furthermore, Eq. (4.19) also shows that the photonic state is
correlated to the electronic state, i.e., the nature (frequency) of the photon is
entangled to the field-free eigenstate of the electronic system weighted by the
aforementioned Fourier transform. We can thus already conclude that HHG is
of quantum nature even in a first-order interaction. Unfortunately, due to the
fact that Eq. (4.19) only contains at most a single photon, it is not possible
to calculate higher moments of photonic operators as required to calculate the
Mandel-Q parameter [Eq. (2.32)] and degree squeezing [Eq. (2.39)]. Equation
(4.19) thus further motivates more exact studies on the quantum optical nature
of HHG and also shows that one has to rely on numerical simulations.

Before showing the more exact numerical results from quantum optical HHG
in the Hubbard model, we first discuss the A? term neglected when going from
Eq. (4.8) to Eq. (4.12).

4.1.1 The role of the A2 term

In this section, the A2 term arising from the VG Hamiltonian [Eq. (4.1)] will be
investigated, building on Ref. [18]. For this analysis, it is convenient to expand
the square in the first term of Eq. (4.1) to obtain

N,

Ne
%Z Zﬁ A2 +U + Hp, (4.20)

q

where the dipole approximation has been assumed for simplicity. Inverting the
expression for the photonic operator in Eq. (2.14), we now want to express Eq.
(4.20) in terms of the canonical variables

1 . oWkt

(ko + ), Dro=1 5 (0, — o). (4.21)

qk,a =

D!
a
e

For simplicity, we focus on a single-mode quantized field. Expressing the vector
potential [Eq. (2.18)] and the free-field Hamiltonian [Eq. (2.17)] in terms of the
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canonical variables in Eq. (4.21), we obtain
Apo = €sV290 ko, (4.22)

where linear polarization has also been assumed, and where

A

- At A U
HF - wk(a’k,aakﬁ + akagak,a)

(Wk(Ik o T Pk o) (4.23)

w\»—le—A

Inserting Eqs. (4.22) and (4.23) into Eq. (4.20) and defining A, = EN:I”; +U,
we obtain

1 .
wqu o + pk 0’) + 2N€ggq12c,a

H H ""_\ng Qkoe(r ij 2

j=1

= H + \/>90 qk c€o * ij wk +w )Qk o +pk o] (424)

where we have defined the so-called plasma frequency
w2 = 2g3 Ne. (4.25)

Looking at Eq. (4.24), we note that it is the same Hamiltonian as Eq. (4.20)
but with the free-field Hamiltonian [Eq. (4.23)] replaced by a dressed free-field
Hamiltonian

A 1
H}J 2(‘*}/2@]%:0' +pk 0’) (426)

where the perturbed frequency is given as w’ = wi + wf). We see that the effect

of the A2 term is to perturb the field mode from frequency wy, to w’. Essentially,
this is a second-order coupling of the photons to themselves via the electrons.
We can define new operators of the dressed mode

. 1
a = 5 /(w dk,o + 1Dk, U) (4.27)

and rewrite the Hamiltonian in Eq. (4.24) as

N,
2 s 3 9o Al A1t . o Ialt A
H_He+—m(a +a'm) E: p; +uw'a’a. (4.28)

Comparing Eq. (4.28) to Eq. (4.20), we see that the quadratic dependence of the
field operator has disappeared at the cost of perturbing the field to be described
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by the primed modes. Semiclassically, this difference is irrelevant, as the A?
term in a semiclassical Hamiltonian will only yield a time-dependent phase
on the wavefunction. However, in quantum optics, it is known that quadratic
photon operators induce squeezing [74], but by comparing Eq. (4.28) to Eq.
(4.20), this is curiously not the case for the A%-operator. We note that the
parameter relating the perturbed and unperturbed field modes is the plasma
frequency in Eq. (4.25). As g3 = 27/V where V is the quantization volume, we
note that the plasma frequency depends on the ratio N./V. In dilute atomic
gases, this ratio is usually very small, and the perturbation will consequently
be negligible. However, in condensed-matter systems, the plasma frequency
might yield a noticeable contribution and perturb the field modes. Though
each mode is shifted to the primed modes, this does seemingly not matter, as
the summation in Eq. (4.20) is over all modes, i.e., the sum over all modes
remains the sum over all modes. The only difference is that modes with very
low frequency are not considered anymore, as the smallest primed mode is wy,
which we still take to be way smaller than the frequency of the driving field,
such that, in the context of HHG, the sum over all considered modes remains
the same. A full derivation for multimode fields is found in Ref. [18]. We also
note that a similar analysis in the LG formulation [Eq. (2.100)] will lead to a
term proportional to g3, namely the dipole-correction term in Eq. (2.101). This
term, different from the A? term, is quadratic in the electron operators and is
interpreted as the interaction of electrons with themselves via the photonic field.

In the context of quantum optical HHG, the above analysis presents a
challenge. It turns out that it matters at which point in the derivation the
considerations above are made. If the considerations to change into the primed
modes are made on the level of Eq. (4.20), we obtain the Hamiltonian (in the
dipole approximation)

&

_H:

N =

Nﬂ
SR AS g0t (129)
j=1 j=1

where no quadratic photon operator appears. Following the steps of the derivation
in Sec. 4.1 by transforming into the frame of the free field and the subsequent
displacement of the laser field, transforms Eq. (4.29) into

(1) = 503 +IAW) + Aa()]- 3 b, + 0,
=H.(t)+ A1) pj, (4.30)

where we have defined a semiclassical Hamiltonian, PAIQC (t), different from Eq.
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(4.9) as

N
57+ U+ Aa(t) - Y by (4.31)
j=1

Note that Eq. (4.30) is not the same Hamiltonian appearing in Eq. (4.8).
Specifically, the term A(t) - Ay(t) is absent from Eq. (4.30). However, as
is shown below, this only modifies the driving mode and not the generated
harmonics. Without the transformation into the primed modes, the Hamiltonian
is given as [using Eq. (4.8) in the dipole approximation, and neglecting the A?
term]

2

e
A N N

H(t) = He(t) + A1) - ) _[Pj + Aci(t)]; (4.32)

<
Il

where Hy.(t) is given in Eq. (4.9). We note that the difference between the two
semiclassical Hamiltonians is simply

7 20 Ne 4o

Ho(t) = Hyo(t) = —-AG(2), (4.33)
which can be neglected due to the fact that it only induces a time-dependent
phase on the wavefunction. With this transformation, the semiclassical time
evolution is thus identical using either semiclassical Hamiltonians, and we can
thus go to the same semiclassical rotating frame. We first go into the semiclassical
frame of Eq. (4.30) which has transformed into the primed modes via the A2
term, and obtain

Ne
Hi(t) = A(t)- Y UL0)D;Usc(t), (4.34)
j=1
whereas Eq. (4.32) transforms into
Ne
Hi(t) = At) - 3_[UL0)D;Use(t) + Aa(®)] (4.35)

1

<.
Il

We note that the only difference between Eqs. (4.34) and (4.35) is the
semiclassical vector potential, which will only affect the fundamental driving
field and not the harmonics. We have thus found that the A2 term does not
contribute to the dynamics for most systems. However, it remains to be studied
how large the plasma frequency is and if it perturbs the modes significantly.
We remind ourselves that the summation in the vector potential [Eq. (2.18)]
is over all modes, so shifting all modes by a given amount, §, will still result
in a summation over all modes except for an offset by &, which might be of
importance. The value of w, [Eq. (4.25)] is system dependent, but is larger
for solid-state systems where many electrons are involved. This is a topic to




80 Chapter 4. Quantum light from correlated materials

be investigated in future studies. Going forward, the A? term is neglected in
the following and in the research papers, if not for other reasons, due to its
g8 dependence, which makes it significantly weaker than the other terms for
reasonable values of the coupling strength, go.

4.2 Quantum light from high-order harmonic
generation

Taking ﬁsc(t) = Hen (t) and by using the equation of motion for the photonic
states [Eq. (4.18)], it is possible to calculate the various observables of interest:
the HHG spectrum [Eq. (2.31)], the Mandel-Q parameter [Eq. (2.32)], and the
degree of squeezing [Eq. (2.39)]. Unfortunately, as alluded to in Sec. 4.1, it
is not possible to solve Eq. (4.18) if one wishes to consider more than a few
photons in a few modes. To proceed, we thus make the approximation, that the
photonic modes are uncorrelated, |x(™)(t)) = ® U|X(m)( t)), where each mode
follows the equation of motion

iat‘x;c)g ( Ak: 0 Z]m n |Xk o )> (436)

and where |X(m)( t)) is the photonic state in mode (k, o) correlated to the m’th
electronic elgenstate. In Eq. (4.18), the vector potential only couples to mode
(k, o) via the vector potential operator

Ak o = 90 ((Alkh —iwyt + CL 7'wkt). (437)

where the dipole approximation has been assumed. This decoupling ansatz in
Eq. (4.36) is the first step in a hierarchy of approximations, which is the topic
of Sec. 4.3. Using Eq. (4.36), the HHG emission from the Hubbard model
can be calculated by inserting the current matrix elements, jn, »(t) [see Eq.
(4.16)], calculated from the Hubbard model. Conveniently, this allows the use of
numerical tools and techniques already developed to propagate the electronic
states, |¢m,(t)), according to the semiclassical TDSE, see Eq. (4.14). As shown
in Fig. 4.1, where the Mott-insulating phase is considered (U = 10ty), the
transition current matrix elements have widely different spectral structure, and
some are even many orders of magnitude greater than the classical current,
ju(w), at certain frequencies [2]. With all current matrix elements in hand,
the photonic states can be obtained from Eq. (4.36). We express each state,
|X(m)( t)), in a Fock basis containing up to 50 photons and integrate Eq. (4.36)
for each mode with a spacing of w/wy;, = 0.1 using a standard fourth-order
Runge-Kutta routine.
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Figure 4.1: The Fourier transform of selected transition current matrix elements,
Jm.mn [Eq. (4.16)]. We note that different elements yield signal even orders of
magnitude larger than the classical current, j; 1, at certain frequencies. The
characteristics of the system are described in the text. Adapted with permission
from Ref. [2]. Copyrighted by the American Physical Society.

We consider three different phases of the model. First, we consider the
uncorrelated case of U = V = 0. Then we consider the Mott-insulating phase
with U = 10¢y with V' = 0. Both of these phases are presented in Paper
II. Finally, we consider the phase supporting the Mott exciton U = 12ty and
V' = 4ty, highlighting the results from Paper III. For details on the calculation
of expectation values, see App. B. Note that all results show the light generated
"on top" of the driving field, i.e., the results are shown in the frame where the
initial photon state is displaced to vacuum.

4.2.1 Uncorrelated phase

The uncorrelated phase with U = V' = 0 allows for further analytical considera-
tions as discussed in Sec. 3.2.1. The time-evolution operator for the uncorrelated

phase is given by Usiop (t) = exp [—z’ fot dt’ﬁHop(t’)} and due to the fact that the

current operator commutes with Hiop(t) [Eq. (3.27)], it follows that it also
commutes with the time-evolution operator, i.e., [7(t), Huop(t)] = 0. With these
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relations, we can now calculate the current matrix elements [Eq. (4.16)]

i (£) = (S (0) U1 (£)3 (O)i10p (1) 61 (0))
= jm,m(t)(sm,nv (438)

where it was used that |¢,(t)) is an eigenstate for the current operator. We
thus see that only the diagonal current elements are involved in the uncorrelated
phase. As the system is initially in the state |¢;(0)), which typically is the
ground state, and the dynamics do not couple to other states with m # i, only
|p:(t)) is populated during the dynamics. This simplifies the equation of motion
[Eq. (4.18)] ‘ . _

XD () = Alt) - s OO @)). (4.39)

Equation (4.39) is linear in the photonic operators and has the closed-form
solution [169]

D)) = R DAL 1)]]0), (4.40)
k,o

where ﬁ,(:L(t) is the time-dependent coherent-state amplitude is given by

. t ,
wt) = —i\}% e G, (1) - eldt, (4.41)
0

This result fits well with the fact that the field emitted from a classical current is 2
(4)
k,o
Inserting this into the expression for the spectrum [Eq. (2.31)] and taking the
polarization to be along the chain, we obtain (taking ¢ — o)

coherent state [169]. The mean photon number for Eq. (4.41) is (g o) =

w2 2
Slwr) = ﬁ > ldi(wn) - el (4.42)

which is proportional to the semiclassical expression for the spectrum [Eq. (2.27)],
see Fig. 3.7. Further, as Eq. (4.40) is a coherent state, it will have Poissonian
photon statistics and no squeezing, i.e., Qg = 7k, = 0 for all modes. Thus, no
quantum optical treatment is necessary when modeling uncorrelated electrons
in an intraband model. We further note, that adding beyond-nearest-neighbor
hopping in Hiop [Eq. (3.23)] will not change these conclusions as it will still
commute with the current operator. This means that uncorrelated electrons in
an intraband model will always yield classical light no matter the dispersion
relation.

This result is in disagreement with the Ref. [148] where they measure
g?(0) > 2 from band-gap materials. The disagreement with Ref. [148] lies in
the theoretical modeling, which only considers the intraband contribution. There,
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the quantum optical vector potential is inserted into the dispersion relation of
the band, which, due to its nonlinearity, generates squeezing in the emitted light.
However, simply promoting the vector potential in the dispersion relation to a
quantum operator is, in our opinion, not justified. In contrast, as shown from
first principles, the derivation presented above does not make such a prediction.
Additionally, the harmonics considered in the measurements of g(*(0) have
energies above the bandgap energy of the considered material. While intraband
current can produce harmonics with this energy, one must also consider the
contribution from interband current in order to accurately model the generated
light. As our theory predicts classical light from intraband currents, we believe
that the experimental results are to be explained with interband contributions.
Interestingly, a complete theory for the quantum-optical description from band-
gap materials is still to be derived (see Ref. [147]).

4.2.2 Mott-insulating phase

We now consider the Mott-insulating phase with U = 10ty and V' = 0 introduced
in Sec. 3.2.2. This system is driven by a linearly polarized pulse with the
vector potential in the form A (t) = Agsin(wrt + 7/2) x sin®(wrt/2N,), where
N, = 10 is the number of cycles in the pulse. All other parameters are the
same as the ones used in Sec. 3.4, except for a reduced lattice of L = 8 sites.
The reduced lattice size is due to the fact that the numerical requirements
are drastically increased in the quantum-optical treatment of HHG, as the full
current matrix, j, ,(t), must be calculated for all times. In Fig. 4.2(a), we see
both the spectrum obtained from the quantum optical analysis by integrating
Eq. (4.36) and calculating Eq. (2.31) (solid blue line), and the semiclassically
obtained spectrum [Eq. (2.27), dashed orange]. We note that the two spectra
(up to normalization) show good agreement, and the quantum-optical nature of
HHG can hence not be deduced by looking solely at the spectra. In the spectrum
in Fig. 4.2(a), we notice that the harmonics below the Mott gap (middle vertical
black line) show clear peaks at odd harmonics as expected due to the selection
rules discussed in Sec. 3.4. We also note that this clear signal extends beyond
ABgloch (left vertical black line) which lies in the middle of an exponential drop
in signal strength, which shows that the heuristic argument of intra-subband
current yielding harmonics up to w/wr, < Apjoch in the Mott-insulating phase is
indeed only heuristic. In real space, this intra-subband current is the propagation
of doublon-holon pairs within a subband, which, for the current simulation, is
the second subband, see Figs. 3.3 and 3.4. Above the Mott gap, we see that
the signal increases. This is due to the contribution from the inter-subband
current, i.e., the recombination of a doublon with a hole, see Fig. 3.4. This
energy releases radiation with w/wy, > Apett. Note that above the Mott gap,
noninteger harmonics appear. This is due to the population of multiple Floquet
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Figure 4.2: Observables for the Mott-insulating phase (U = 10tg) of the
Hubbard model for L = 8 sites with periodic boundary conditions. The vertical
black lines indicate Apjocn (left), Anort (middle), and Aot + 2AB1och (right).
(a) The HHG spectrum obtained from both quantum optical [Eq. (2.31)] and
semiclassical [Eq. (2.27)] analysis. We see that the two spectra show good
agreement. Note that the signal at energies below Aoy shows clear peaks at
odd harmonics while noninteger harmonics appear above the Mott gap. (b) The
Mandel-Q parameter [Eq. (2.32)] where only super-Poissonian statistics is seen
across the spectrum. (c) The degree of squeezing [Eq. (2.39)] where we see a
clear signal, especially above the Mott gap, showing that the light is nonclassical.
Adapted with permission from Ref. [2]. Copyrighted by the American Physical
Society.

states as discussed in Sec. 3.4. Finally, we note that the spectrum drops for
energies larger than Aoty + 2AB1ocn (right vertical black line).

Looking at the Mandel-Q parameter in Fig. 4.2(b), we see that only positive
values appear at certain discrete frequencies. Especially, we note a clear peak at
w/wy, = 41. However, the expression for the Mandel-Q parameter [Eq. (2.32)]
is inversely proportional to S(wy)  (fig,»), so this high value of Qg is found
at a frequency where the HHG signal is weak. Further, as the Qg , > 0, the
light has super-Poissonian statistics and can, on that account, not be deemed
nonclassical.

However, looking at the degree of squeezing in Fig. 4.2(c), we note nonzero
values of 7y, which proves that the light indeed is nonclassical. In particular,
we note that the degree of squeezing occurs at energies above the Mott gap. This
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shows that electron-electron correlations induce squeezing and hence nonclassical
light at higher harmonics and at wavelengths typically not considered in quantum
optics. We note that the degree of squeezing is fairly weak (~ 1071° dB), but
one must keep in mind that the provided results are based on simulations of
L = 8 electrons. As shown in Eq. (2.64), the degree of squeezing is related to
the mean photon number, and as the signal is already weak due to the limited
system size, it is to be expected that the degree of squeezing is likewise small.
However, for any experimental realistic system size, the degree of squeezing will
increase. This is consistent with the fact that the degree of squeezing is larger
for L = 8 than found for L = 6.

4.2.3 Mott-exciton phase

We now consider the phase supporting the Mott exciton (U = 12tg, V' = 4¢() for
L = 8 sites as introduced in Sec. 3.2. For this system, a linearly polarized pulse
is used with a vector potential given by Ay (t) = (Fo/wr) exp[—(t —t.)? /207 ]
x sinfwy, (t — tc)] with ' = 0.0025 a.u, wy, = t9/2 = 0.00955a.u., oy, = 3T,
and t. = 1577, where T1, = 27 /wy, is the period of the laser frequency. The
parameters for the electron system are the same as those used in Figs. 4.2
given in Sec. 3.4. This pulse form and parameters are chosen to compare to
semiclassical simulations [212]. The results are seen in Fig. 4.3. In Fig. 4.3(a),
the spectrum is shown. Here we first note that the semiclassical spectrum [Eq.
(2.27), dashed orange| to a good degree matches the quantum optical spectrum
[Eq. (2.31), solid blue]. We note that the spectrum peaks exactly at the exciton
energy (vertical dashed line), the same energy shown in the linear response
in Fig. 3.5(b). This shows that the exciton is also central to the nonlinear
dynamics of the system. We further note that the spectrum shows clear peaks
at odd harmonics, which shows that for this system with the applied pulse, only
a single Floquet state is populated.

Looking at the Mandel-Q parameter [Eq. (2.32)] in Fig. 4.3(b), we note that
only very small positive values are found. Curiously, no clear signal is seen at
the exciton energy. As was the case for the Mott-insulating phase in Fig. 4.2(b),
the Mandel-Q parameter does not reveal any quantum nature of the emitted
light.

Again, this is different when considering the degree of squeezing [Eq. (2.39)].
In particular, we note that the degree of squeezing clearly spikes at the exciton
energy, with a value much higher than for the V' =0 in Fig. 4.2(c). In this sense,
the presence of the exciton clearly enhances the degree of squeezing, a quite
interesting result. Experimentally, this clear signal at the exciton energy in Fig.
4.3(c) is easier to detect than the squeezing for the Mott-insulating phase in Fig.
4.2(c) as the signal is both stronger and spectrally more localized, which puts
fewer demands on the experimental equipment. Again, we note that the degree
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Figure 4.3: Observables for the Mott-exciton phase (U = 12ty, V = 4tg) of the
Hubbard model for L = 8 sites with periodic boundary conditions. The vertical
dashed line indicates the exciton energy as shown in Fig. 3.5(b). (a) The HHG
spectrum obtained from both quantum optical [Eq. (2.31)] and semiclassical [Eq.
(2.27)] analysis. We see that the two spectra show good agreement. We note
that clear odd harmonics are seen across the spectrum and that the signal peaks
exactly at the exciton energy close to w/wy, ~ 15, showing that the exciton is
central in the nonlinear dynamics. (b) The Mandel-Q parameter [Eq. (2.32)]
where only super-Poissonian statistics is seen across the spectrum, but with very
small values. (c) The degree of squeezing [Eq. (2.39)] where we see a clear signal
as the exciton energy. Adapted with permission from Ref. [3]. Copyrighted by
the American Physical Society.

of squeezing, though low in the simulations, is expected to be much greater in
any physically realistic systems. Finally, we note that the qualitative shape of
the squeezing parameter for both the Mott-exciton phase (Fig. 4.3) and the
Mott-insulating phase (Fig. 4.3) resembles the linear response function in Fig.
3.5(b). For both the Mott-insulating phase in Fig. 4.2 and the Mott-exciton
phase in Fig. 4.3, we see that it is the presence of electron-electron correlations
that generates nonclassical light from HHG.
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4.3 Hierarchy of approximations

As stated in Ch. 1, different works have used different types of approximations
to proceed from Eq. (4.18), which in general is not solvable. One type of
approximation is to neglect the current correlations (or dipole correlations
in the case of atoms). This approximation, also sometimes referred to as
negligible depletion of the ground state, takes j(t) = (j(t)), i.e., considers
only the classical current. This approximation yields a closed-form solution
where all harmonic radiation is in a coherent state [133-137]. Another kind of
approximation is to consider only two quantum optical states, the so-called two-
channel approzimation [138]. Note that this is not the same as a two-level system,
as the former involves two time-propagated states, which in general populate all
electronic states, including the continuum states, during the dynamics. In the
two-channel approximation and under certain conditions for the applied laser
pulse, a perturbative solution is possible, allowing for a closed-form expression
for the quantum optical state [138-140, 147]. Other works [2—4, 132] consider
all quantum optical states, but assume all photonic states to be product states
such that the dynamics of a photonic mode, (k,0), is independent from all other
modes, (k',0’') # (k,o) as done in Sec. 4.2.

We will, in the remainder of this chapter, proceed with the latter approxima-
tion as also done in Papers II-IV. As seen in Figs. 4.2(a) and 4.3(a), the quantum
optical spectrum matches the semiclassical spectrum. We can thus conclude
that the semiclassical expression for the spectrum [Eq. (2.27)] yields accurate
results, and that the spectrum is proportional to the Fourier transformed current.
However, as seen in Figs. 4.2(b)-(c) and 4.3(b)-(c), the Mandel-Q parameter
and the degree of squeezing do not follow the same "structure' as the spectra.
This naturally raises the question: If the spectrum is related to the Fourier
transform of the current, what electronic quantity are the photon statistics
and the degree of squeezing related to? We are thus motivated to investigate
the underlying electronic properties that generate these (possible) nonclassical
features. In order to investigate the origin of the generation of nonclassical
light, we make further approximations to obtain analytical expressions for the
quantum optical state. This will yield a hierarchy of approximations, with the
final and simplest expression being the MSA. The MSA was first presented in
Ref. [150] but numerically verified for the Hubbard model in Paper IV.

Before deriving the hierarchy of approximations, we first turn our attention
to the exact expression in Eq. (4.18). The states required to solve this equation
would be on the following form when expanded in, e.g., a Fock basis

(m) Z C({ZL}) () Ny 00 s Mo s - - 2 (4.43)
{n}

where the sum is over all {n} possible combinations of photon numbers in all
considered modes. The number of required basis states scale exponentially on
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Figure 4.4: Hierarchy of approximations for the quantum optical state emitted
from HHG with related equations as discussed in text. Each successive approxi-
mation builds upon and includes all the assumptions made in the previous ones,
with increasing simplicity. Adapted with permission from Ref. [4]. Copyrighted
by the American Physical Society.

the form p*max where p is the maximum number of photons allowed in a given
mode, and k.« denotes the mode with the highest wavenumber considered.
We emphasize that this exponential scaling is independent of the nature of
the electronic system. Even for a two-level system, Eq. (4.43) would be the
required basis, which is not numerically possible to employ. For this reason, Eq.
(4.18) remains practically unsolvable in general. To be able to proceed, even
numerically, approximations are required. This further motivates the hierarchy
of approximations shown in Fig. 4.4, which will be derived below, followed by
numerical verification.

Decoupled modes

The first approximation employed is the already-presented decoupling of modes
Ix(™ (1)) = ®k,g|x§£? (t)) with the dynamics shown in Eq. (4.36). This approxi-
mation drastically reduces the required basis size. Expanded in a Fock basis,
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the state is expressed as

Pk,

e (@) = 3" e (1) |ng,o), (4.44)

Nk,o

where the summation is now simply over photon numbers up to a given maximum
of pg - photons. In contrast to Eq. (4.43), Eq. (4.36) requires only pr,o X Kmax
states for a given electronic index m, as knyax modes are considered each with
a maximum of pg , photons. The prize for such a significant reduction of the
required basis states is neglecting harmonic correlations, i.e., that the dynamics
of each mode is independent of other modes. This decoupled ansatz is the most
exact formulation which allows for numerical simulations, see Fig. 4.4.

Keeping only transitions involving the initial state

As a next approximation, we now only keep couplings that involve the initial
electronic state. This is motivated by the fact that the coupling constant, g,
typically is very small, such that higher-order couplings via excited states are
negligible. We thus only keep couplings that involve the initial state directly,
1 — 1 and to first order, i — m — i, but neglect couplings on the form
i — m — n — ¢ and higher order couplings, where ¢ denotes the initial electronic
state and m,n # i. Mathematically, we set j,, ,(t) = 0 when both m # i and
n # 4. Inserting this into Eq. (4.36), we obtain

Zat|X Ako’ ZJ’LTR |X )>7 (445&)

DT () = Ao - G (0 XL (1)), - (4.45b)

We note that Eq. (4.45) only requires M matrix elements, where M is the number
of electronic states, while Eq. (4.36) requires M? matrix elements. As such, the
approximation significantly eases the numerical effort. The approximation of
only including transitions involving the ground state is also found in Fig. 4.4.

Markov-type approximation

To proceed, we bring Eq. (4.45) onto a simpler form by first formally integrating
Eq. (4.45b)

t B
XoE (1) = —i / dt' Ao (t') - Gima(t) X0 (1)), (4.46)
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where the initial time is taken to be ¢t = 0 for simplicity. Inserting Eq. (4.46)
into Eq. (4.45a), we obtain

DU, (1) = Ao 0)- [0 (1)
—ZZ/ dt' Ao (t') - Guni () X0 (1)) ] (4.47)

m#i

We note that Eq. (4.47) is just as exact as Eq. (4.45). We now proceed by
making a Taylor expansion of the state |Xk U(t )) around the time ¢’ = ¢

D)) =IO (@6) + (' — 1) X () lo—t
t — ¢ 2 82 ; ,
+ %@\X@g(t W=t +-.., (4.48)

where we only keep the first term. Inserting this into Eq. (4.47), we obtain

O () = Ago(t) [g” —zz/thkg i) 2 ),
m#i
(4.49)

which is different from Eq. (4.47) as only the state |X§;’)U (t)) is required on the
right-hand side of Eq. (4.61). Consequently, only the integration of a single
quantum optical state of m = 1, i.e., the state |X(Z) (t)), is required, which again
drastically eases the required numerlcal effort. The effect of only keeping the
first term in Eq. (4.48) is to neglect the memory of the state and is hence a
Markov approximation. Comparing Eq. (4.49) to Eq. (4.47), the approximation
amounts to approximating the cumulative effect of interaction from time ¢’ = 0
to time ¢’ = ¢ as the application of a single instantaneous operator at time .

By considering higher-order terms in Eq. (4.48), the Markov approximation
used to obtain Eq. (4.49) can be quantified. If one includes the first-order term
in Eq. (4.48), one would obtain terms on the form

ko Y Giml(t { / dt'e™ " G (1) (¢ — )| x Belxi ) (1)), (4.50)

m#i 0

with a similar expression proportional to ak . The integral in Eq. (4.50) will, in
general, yield a larger value, due to the fact that it consists of two terms, where
one of them is linear with the time ¢t. However, since Eq. (4.50) is proportional

to 3t|XS7)U (t)) o go it will be negligible compared to the first term in Eq. (4.48).
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If one considers sufficiently long pulses, however, the integrals proportional
to higher-order terms in Eq. (4.48) might be on the order of 1/gg and the
Markov-type approximation will consequently not be valid. Finally, we note
that one might consider including these higher-order terms for better accuracy.
However, due to the nature of the equations, all higher order terms will be on
the same order of gg, and an infinite number of terms must hence be considered
as detailed in App. C. Hence, as there is no natural and controlled truncation,
such a beyond-Markov approximation is not pursued further. The Markov-state
approximation is seen in the hierarchy of approximations shown in Fig. 4.4.

Markov-state approximation

To get more physical insights, we now make further approximations to bring Eq.
(4.49) onto a closed form. Following Ref. [150], we first define

~

t
Wieo (6) = [t Aualt) - Gu(t) ~ G2 (451)
0
where we have defined the Heisenberg-type operator
Ju(t) = UL ()3 (t)Usc (t). (4.52)

Note that (75 (t)) = (¢ [UL.()F (O Use (8)|0i) = (J(t)) = Ji,i(t), where the states
are time independent when a Heisenberg operator is considered.
Using 3y |6m)(Gml = [ — |63) (6], we rewrite Eq. (4.49) as

10X (1) = [Arso (1) - G5 (8) = §{Waoo () Wi (6))er [ X0 (8)), (453

where (-)¢; denotes the expectation value only of the electronic operators. By
only keeping commutators up to order g3 and neglecting the commutator

[Wi.o(t), Wi o (t)] (which expresses the fluctuations of the fluctuations), the
solution to Eq. (4.53) is given by

|X;<i)a'> - 15[5,2{27(15)]6—%<W,§,6(t)>61 10), (4.54)

where B,(:)J(t) is given in Eq. (4.41). Equation (4.54) is the MSA (see App. D
for a deri’vation), which we now investigate in greater detail.

First, we note that if (W,f’g(t»el(t) = 0, the MSA will simply be a coherent
state and have no nonclassical features. Consequently, <W,§’U(t)>cl (t) is the origin
of the nonclassical properties of the generated HHG within the MSA. Writing
out (W,fg (t))e1(t) explicitly yields

t t
(W2 o (8))et = / dt’ / dt" A o (1) A, (1" C(t' 1), (4.55)
0 0
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where we have defined the time-correlation function of the current

~

C(t',t") = Gu()in(t") — Gut) Gut"). (4.56)

We note that Eq. (4.55) is reminiscent of similar quantum optical expressions
obtained in the Heisenberg picture [119, 152]. Equation (4.55) shows that the
origin of nonclassical light is due to the time correlations of the current. If
C(t',t") = 0, there would be no quantum signatures on the generated light.
This is exactly the case for the uncorrelated case of U = 0, where the ground
state is an eigenstate of the time-evolution operator and the current operator.
In this case, the current contains no fluctuations, and the emitted radiation
contains no quantum signatures. Conversely, if the current fluctuates a lot, i.e.,
if C(¢',t") is large, the quantum signatures in the emitted HHG will likewise
be large. The electronic mechanism connected to the nonclassical nature of the
emitted radiation is thus the fluctuations of the current. To connect Eq. (4.55)
to the transition current elements, we note that by inserting an identity into Eq.
(4.56), we obtain

O ") = Gim()mi("), (4.57)

m##i

which gives a clear physical interpretation of the transition-current elements: The
transition-current elements are related to the time-correlations of the current.
Inserting Eq. (4.57) into Eq. (4.55), we obtain the expression (for ¢ — c0)

<ng,a>01 = Bkﬁ(&i,aeii@c + a’ltfaei¢k) + Ckv"’&;rc,oa’kv‘f + Dk,ga’k»U&L,a’ (4.58)

where we have defined

‘ Jk0+)J(kU+) , (459&)
m#i
—arg[ZJ’“”J’“”)], (4.59b)
m#i

o= ZIJf,’i;"’”P, (4.59)

m#i
=3 |glem (4.59d)

m#i

with the integrated transition current elements

JEo®) = 90 / dt' et g, (1) e, 4.60
a0 = | ) (4.60)

where the polarization vector has to be conjugated for the positive phase.
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With Eq. (4.58), we can now calculate expectation values. However, as
(W,i(,)el is Hermitian, the operator exp(—l/Q(Wéa%]) is not unitary, and

hence, typical tools such as the Baker-Campbell-Hausdorff formula cannot be
applied. Instead, we expand the operator to second order in gy and obtain

NG 1 1 ;
IXL)J = D] ,gg(t)] [(1 — 2D,w> 10)g.0 — ﬁBk,ge “”’“"’|2>k,a]~ (4.61)

Using Eq. (4.61), we obtain the expression for the spectrum [Eq. (2.31)] to
lowest order in gg

2

3 .
g(MSA) _ Wk ‘ (4)
() = anpa 2|
W2 ~ 2
= G ) el (462)

which completely coincides with the spectrum for the uncorrelated phase [Eq.
(4.42)] and the semiclassical spectrum [Eq. (2.27)]. This finding is consistent
with previous results: The HHG spectrum is dominated by the classical response,
and no quantum optical nature is seen from the spectrum alone. The expression
for the Mandel-QQ parameter is given as

4 _ (1) \2 i, o
2B o Re[(By, ) e ]

2 (4)
(MSA) _ k,o + ‘Bk:,a'

( @) |?
| 5,

_‘h

, (4.63)

2
(1_Dka0)+Bl2c,0'

where, due to numerical stability, it is necessary to include higher-order terms
in gg. Finally, the expression for the variance of the quadrature operator is

A 1
(ALY Dreo)?) = 711 = 2Bro o820 — Pl (464)

which has to be minimized over angles ¥ , as given by Eq. (2.39).

A few comments are in order as the MSA yields closed-form expressions
subject to analysis. First, we note that the Mandel-Q parameter [Eq. (4.63)]
depends both on the classical current, j, ;(t) and nondiagonal transition cur-
rents, Jm.n(t), while the quadrature variance required to calculate the squeezing
[Eq. (4.64)] depends only on the nondiagonal transition currents and not the
classical current. Again, the MSA highlights that the mechanism generating
the nonclassical properties of the emitted radiation is different from the one
responsible for the spectrum. As previously shown in Eqs. (4.55) and (4.57), the
underlying physical reason are the quantum fluctuations or nonvanishing time
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correlations of the induced current, which in the equations for the observables
[Egs. (4.62)-(4.64)] is restated as transition current elements. Further, we
note that in order to obtain the observables in the MSA [Eqs. (4.62)-(4.64)],
no integration of equations of motion for a quantum optical state is required,
different from the previous levels of approximations [Egs. (4.36), (4.45), (4.49)],
which again eases the numerical effort, see Fig. 4.4.

Results

We test the different levels of approximations by calculating the spectrum,
Mandel-Q parameter, and degree of squeezing first for the Mott-insulating
system with U = 10tg and V = 0. In Fig. 4.5, we show the observables for
N, =10 cycles (using the same pulse as in Sec. 4.2.2 and Fig. 4.2). Looking first
at the spectrum in Fig. 4.5(a), we clearly see that all levels of approximations
agree. Likewise, the Mandel-Q parameter in Fig. 4.5 is qualitatively the same
for all methods, with the MSA [Eq. (4.63)] showing a little deviation in some of
the peaks. Looking at the degree of squeezing in Fig. 4.5(c), we note a good
agreement between all levels of approximations. Notably, however, we see that
the MSA does not capture the degree of squeezing at the lower harmonics very
well. We note that the blue solid line in Fig. 4.5 is the same result shown in Fig.
4.2.

As the Markov-type approximation [Eq. (4.49)] and the MSA [Eq. (4.54)]
both rely on a Markov-type approximation; we expect these to perform worse for
a longer pulse. For this reason, we consider in Fig. 4.6 the results from the same
system but with a pulse of N, = 18 cycles. As for Fig. 4.5(a), all methods match
in the predictions of the spectrum in Fig. 4.6(a). Looking at the Mandel-Q
parameter for the longer pulse, we see in Fig. 4.6(b), that the MSA does not
capture all peaks in the signal. However, these peaks all occur at frequencies with
vanishing signal, which is to be expected as the Mandel-Q parameter is inversely
proportional to the photon counting operator [Eq. (2.32)]. Interestingly, we see
in Fig. 4.6(c), that while the MSA captures the degree of squeezing at the higher
harmonics (w/wyr > 25), it does not capture the degree of squeezing at the lower
harmonics (w/wy, < 5), showing the limits of the approximation. Curiously, the
Markov-type approximation shows good agreement with more exact methods
across the entire range of frequencies, and the reason for the disagreement with
the MSA is hence not due to the Markov-type approximation but must come
from neglecting higher-order terms in gg in the derivation of the MSA.

We are now interested in quantifying how the predictions by the MSA
deviate from more exact calculations for increased pulse lengths. To this end,
we compute the Mandel-Q parameter from the MSA [Eq. (4.63)], Qumsa and
from the decoupled ansatz [Eq. (4.36)], Qdec, which the most exact obtainable
result. We average the difference between the two methods and average over
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Figure 4.5: Results from the different levels of approximations for the Mott-
insulating phase (U = 10ty , V = 0) with N, = 10 laser cycles: The decoupled
modes [Eq. (4.36), solid blue], including only transitions involving the ground
state [Eq. (4.45), dashed purple], the Markov-type approximation [Eq. (4.49),
dashed red] and the MSA [Eq. (4.54), dotted green]. (a) The spectrum [Eq.
(2.31)]. We note that all levels of approximations show good agreement. (b)
The Mandel-Q parameter. We note that all levels of approximations show good
agreement with the MSA [Eq. (4.63)] not capturing all peaks. (¢) The degree
of squeezing. Again, all levels of approximations show good agreement with
MSA [Eq. (4.64)] deviating in particular at lower harmonics. Adapted with
permission from Ref. [4]. Copyrighted by the American Physical Society.

all considered harmonics (w/wy, < 60). This measure, |Qmsa — Qdec|, With a
similar expression for 7, indicates how the MSA deviates on average for increased
pulse lengths. However, the measure does not reveal whether this deviation
is small across all frequencies or if it is due to distinct harmonics where the
Mandel-Q parameter or the degree of squeezing is not captured. Due to this
fact, and due to the fact that the MSA does not seem to capture the degree
of squeezing for lower harmonics as seen in Figs. 4.5(c) and 4.6(c), we also
consider this measure, where the lower harmonics (w/wy, < 10) are excluded.
The results are shown in Fig. 4.7. We first note that the MSA expression for
the Mandel-Q parameter consistently gets worse for increased pulse length, both
with and without the inclusion of the lower harmonics. The degree of squeezing
also deviates from more exact results with increased pulse lengths. We note
that the difference is worse when the lower harmonics are included, consistent
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Figure 4.6: Results from the different levels of approximations for the Mott-
insulating phase (U = 10ty , V = 0) with N, = 18 laser cycles: The decoupled
modes [Eq. (4.36), solid blue], including only transitions involving the ground
state [Eq. (4.45), dashed purple], the Markov-type approximation [Eq. (4.49),
dashed red] and the MSA [Eq. (4.54), dotted green|. (a) The spectrum [Eq.
(2.31)]. We note that all levels of approximations show good agreement. (b)
The Mandel-Q parameter. Like in Fig. 4.5(b), all levels of approximations show
good agreement. However, the MSA [Eq. (4.63)] shows deviations for certain
harmonics. (c¢) The degree of squeezing. Again, all levels of approximations
show good agreement with MSA, deviating in particular at lower harmonics. (c)
The degree of squeezing. While all other levels of approximations show good
agreement, the MSA [Eq. (4.64)] deviates noticeably at the lower harmonics.
Adapted with permission from Ref. [4]. Copyrighted by the American Physical
Society.
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Figure 4.7: The absolute difference of the Mandel-Q parameter (upper panel)
between the MSA [Eq. (4.63)] and the decoupled ansatz [Eq. (4.36)] averaged
over all harmonics up to w/wr, < 60. We see a greater deviation for increased
pulse length both when including the lower harmonics (w/wy, < 10, blue dots)
and when excluding the lower harmonics (orange triangles). Similar results are
found for the degree of squeezing (lower panel) using Eq. (4.64) for the MSA.
Curiously, for N. = 10 and N, = 20, the system has a lower degree of squeezing
at lower harmonics, which makes the MSA perform better as it does not, to a
good degree, capture the degree of squeezing at lower harmonics. Nonetheless,
we still see that the deviation increases for increased pulse length. Adapted with
permission from Ref. [4]. Copyrighted by the American Physical Society.

with Fig. 4.6(c) where the lower harmonics were not captured. Curiously, the
MSA captures the lower harmonics for N, = 10 and N, = 20. This is due
to the fact that the Hubbard model generates a lower degree of squeezing at
the lower harmonics for these pulse lengths, compare Figs. 4.5(c) and 4.6(c).
Consequently, the MSA, which does not capture the degree of squeezing at lower
harmonics very well, deviates less from more exact results. We believe this has
to do with the nature of the Hubbard model and is not a general characteristic
of the method. This finding is not pursued further. Conclusively, Fig. 4.7 shows
that the MSA agrees less with more accurate results for increasing pulse lengths
when considering the Mandel-Q parameter and the degree of squeezing.

For completeness, we also consider how the MSA performs for the system
with a Mott exciton, i.e., for U = 12ty and V = 4t(, shown in Fig. 4.8. For this
system, the same pulse and parameters for Fig. 4.3 are used. In Fig. 4.8(a),
we see that the MSA perfectly captures the spectrum, while it also accurately
predicts the degree of squeezing across all harmonics as seen in Fig. 4.8(b).

Concluding, the MSA gives an accurate description of the spectrum while
also qualitatively capturing the Mandel-Q parameter and the degree of squeezing.
The analytical insights gained by the MSA show that the nonclassical features
of the emitted HHG radiation are due to the quantum fluctuations or time
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Figure 4.8: The MSA (dashed green) compared to the decoupled ansatz (solid
blue) for the exciton system with U = 12t5 and V' = 4¢( with other parameters
specified in the text. (a) We note that the MSA perfectly captures the spectrum
[Eq. (4.62)] and (b) also to accurately predict the degree of squeezing [Eq.
(4.64)]. Adapted with permission from Ref. [3]. Copyrighted by the American
Physical Society.

correlations of the induced current given in Eq. (4.56). This correlation can be
restated in terms of the transition-current elements, which are also present in
the equations of motion, e.g., in Eq. (4.18), providing a physical interpretation
of these.



CHAPTER

Quantum-light-driven high-order
harmonic generation

The quantum-optical considerations of HHG allow one to study both fundamental
electron dynamics while also having potential applications in the generation of
ultrashort pulses of quantum light. As shown in Ch. 4, this can be achieved by
driving, e.g., a strongly-correlated material modeled by the Hubbard model with
a strong coherent light field. In addition, as introduced in Ch. 1, the other route
to generate ultrashort pulses of quantum light is to use a nonclassical driving field.
By driving HHG with a nonclassical (that is, noncoherent) driving field, new
regimes become accessible, and research questions can be asked. In literature, as
well as in Paper V, four different types of driving fields are considered: coherent
states, Fock states, thermal light, and BSV. While Fock and thermal light are
included mainly for theoretical curiosity, both coherent and BSV driving fields
are experimentally relevant as presented in Ch. 1. We will consider all four
types of driving fields here. The theoretical framework for the inclusion of a
noncoherent driving field is introduced in Sec. 5.1 with the results presented in
Sec. 5.2, including analytical insights in the Floquet limit. Then, the nature of
the generated electric field is studied in Sec. 5.3. The chapter concludes with a
discussion of necessary theoretical approximations made and the limits of the
presented theoretical framework in Sec. 5.4. This chapter builds on and presents
the findings of Paper V.

99
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5.1 Including a noncoherent driving field

To represent a nonclassical driving field, we exploit the phase-space representa-
tions of nonclassical quantum optical states presented in Sec. 2.2 and follow the
derivation presented in Refs. [164, 165]. We again consider a general light-matter
Hamiltonian [Eq. (4.1)] where both the electric and photonic degrees of freedom
are quantized. At the initial time (¢ = 0), prior to any interactions, the state of
the system is described by the density matrix

St 0) — [0 NI
=0 =061 @ [0k Oul o [anpem T 6
#(kror)

where, again, |¢;) is the initial electronic state, |0 ) denotes the vacuum state
of the mode (k, o), and where the driving field is described by a single mode
expanded in a general P representation as detailed in Sec. 2.2.4. Note that we
suppress the index of the laser mode for clarity. To determine the time evolution
of Eq. (5.1), we make the ansatz that the time-dependent density matrix can be

written as Pla. 8)

A a, A

) = [ a0 (5:2)
where pos+(t) is the time evolution of the state pog-(t = 0) = [¢;)(d:i| @
|) (8% (ko) £(kpor) |Ok,0)(Ok,o|- The state evolves according to the general
Hamiltonian in Eq. (4.1) and as done in Sec. 4.1, we now go into the interaction
picture with respect to Hp, employ the dipole approximation, and displace the
driving field to the vacuum state, i.e., we define

pap-(t) = DN () pas- ()D(B), (5.3)

such that pag-(0) = [¢;)(i| ®k.0) |Ok,0)(Ok,0|- Equation (5.3) satisfies the
TDSE

O1Par (8) = Ha(t)pas- () — pus- (D Hs (1), (5.4)
where we, for convenience, have defined
R 1 . R
He(t) = 5> [B; + A + Ag () + 0, (5.5)
j=1

for ( = {a, 8}. In Eq. (5.5), the classical driving field is given by

C(t) = A -9 e, Ce iwrt .C .
Ay(t) = (ClA®)C) = \/w—L( 1€ + H.c), (5.6)

where |¢) = 75(()10> is a coherent state with amplitude (. Neglecting the term
proportional to A% in Eq. (5.5), we obtain
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He(t) = Hso(t:0) + At) - 55(1), (5.7)
where
1 Qe .
Hse(t:¢) = §;p]+A 240 (5.8)

is the semiclassical Hamiltonian and

36 = b + AL()] (5.9)

Jj=1

is the current operator.
Letting [1¢(t)) be the solution to the TDSE

0 () = He(t)]dc(t)), (5.10)

it follows that |14 (t))(¥s(t)| is a solution to Eq. (5.4). Proceeding from Eq.
(5.10) and following the same arguments as presented in Sec. 4.1, we expand
the state as

[36) Z|¢m ® X5 (1)), (5.11)

which is a generalization to the expansion in Eq. (4.17) for a general classical
driving field of coherent-state parameter ¢. Similarly, to Sec. 4.1, we find that
the equation of motion for the quantum optical state is

where
35m = (85,07 (1)]65 (1)), (5.13)

are the generalized transition current matrix elements, similar to Eq. (4.16),
where [¢¢, (1)) = Usc(t;¢)|dm) are the propagated electronic states. We note
that Eq. (5.12) shows that the problem has been reformulated in terms of
coherent states. This allows us to use the already developed theory of quantum
optical HHG, as presented in Ch. 4, while at the same time employing the
numerical methods used to solve the TDSE with a semiclassical Hamiltonian.

We now specify the electronic system. We use a one-dimensional intraband
model, which can be thought of as the Hubbard model with U = V' = 0 and
with beyond-nearest-neighbor hopping. In crystal-momentum space, it is given
by

Hgse(t,¢) = qu+A el eqs (5.14)
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where all vector quantities are projected along the chain, and where

E(q) = Zbl cos(alq), (5.15)
!

is the dispersion relation with b; being the Fourier coefficient of the band
structure. Note that Eq. (5.14) is a generalization of Eq. (3.25) as a general
dispersion relation is now considered. Likewise, the current operator in this
model is a generalization of Eq. (3.26) expressed by

) 68[q + 14clC ] N
i =e Y. a—q(t) b o (5.16)

q; 1

As Egs. (5.14) and (5.16) commute, the situation is much similar to the
uncorrelated case in Sec. 3.2.1, and by the same arguments presented there, the
equation of motion for the quantum optical state reduces to

1045 (1)) = A(t) - 35, (D) xS (), (5.17)

which has the solution

|Xz ®D |Ok o> (518)
i.e., all modes are in a coherent state with the amplitude

¢
C ) =—iL | At () ey e 5.19
Vo (1) R () (5.19)
similar to the result in Eqs. (4.40) and (4.41). Note that this solution [Eq.
(5.18)] is exact in the present model, whereas it is an approximative solution for
atoms, due to the fact that the off-diagonal transitional current elements are
nonvanishing for atoms [165, 166].

With Eq. (5.18) being the solution to the quantum optical state, and since
the time-evolved electronic state is simply given by |¢f(t)> = exp[—iE¢(t)]|¢:)
with E¢(t) fo dt¥q,, Elg+ A L()](E] ,eq.1), as shown in Eq. (3.52), we can
now obtain an expression for the state of the photonic field from Eq. (5.2) as

pet) = [ a0 O g D), o, ()0, (1D (5)

(B*] )
N ONCHROIN (5.20)
Pl

where we have traced out the electronic states. Further, we neglect the displace-
ment operators on the driving mode and only consider the field generated on
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top of the driving field. This allows an identical treatment of all modes. We
thus finally obtain

L P(a,B) _ilBat)—Ba- (1)) N B
pr = [ dnp et ®hia a0 G2

Again, we see, that the state of the emitted field is a statistical mixture of fields
generated by a coherent driver weighted by P(a, ). We now specify the measure
du for the fields of interest.

5.1.1 The approximative positive P representation

Using the insights from Sec. 2.2.4, we know that a coherent state [Eq. (2.87)]
and a thermal state [Eq. (2.94)] can be used in the GS representation, which is
diagonal such that only a single phase-space variable, a, needs to be integrated.
However, the GS representation for Fock states [Eq. (2.92)] and (bright) squeezed
vacuum states [Eq. (2.90)] are not suited for numerical handling, prohibiting
their use. Instead, we use the positive P representation and exploit its relation to
the Husimi-Q function [Eq. (2.83)]. Unfortunately, this makes the representation
nondiagonal as two phase spaces parameterized by « and 8 have to be integrated.
However, by carefully studying the behavior of the positive P representation for
both Fock and BSV states, we find that it has narrow peaks only when o = §*
and is otherwise vanishing. Approximating these narrow peaks as delta-functions,
we can rewrite Eq. (2.83) as

P(a, B) ~ 6 (a - 5*)@(“”*).

5 (5.22)

Later, we will discuss the implications and accuracy of this approximation in
Sec. 5.4. We will refer to Eq. (5.22) as the approzimative positive P (APP)
representation. Note that we base the APP on the nature of the positive-P
distribution, while other works base the APP on taking the limit of an infinite
interaction volume for constant field amplitude, &, [165, 213]. However, the
correct limit would be (using &, = 2gpa)

& 1
: Fock o 2 2 (2)
glol§og (290> i d“Eq x d*E,0'7 (En)- (5.23)

This limit, as seen below, would imply that no harmonic radiation is gener-
ated, and even more critically, that the driving field would contain no photons.
However, we show that the results based on the APP agree with more exact
analytical expressions in App. E. We thus base the APP on the nature of the
Husimi-Q function and not on the limit of a large interaction volume.
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Continuing from Eq. (5.22), we can, within the APP, express Fock and BSV
states as

N o\ p(N
Pioakler.§) 0% (= 5) Pig ) (o), (5.24)
where we have defined Plgé\;k( ) = QFOCk( «a) for notational convenience with

QFOCk( ) given in Eq. (2.93). Similarly, we define
Pidv (e, 8) ~ 60 (a = 57) Py (), (5.25)

with P}grs)v(a) = Q](;S)V(a) given in Eq. (2.91).

Using the GS representation for coherent states [Eq. (2.87)] and thermal
states [Eq. (2.94)], and the APP for Fock states [Eq. (5.24)] and BSV states
[Eq. (5.25)], we can, exploiting that all representations are diagonal, i.e., only
requiring the integration over a single phase space, express the emitted field as
[following from Eq. (5.21)]

pr = [ EaPla @ i) (0] (5.26)

where P(a) describes either of the driving fields of interest in the representation
presented above. Equation (5.26) will be the starting point for calculating
observables.

5.2 The harmonic spectrum

The primary observable of interest is the harmonic spectrum. Using Eq. (2.31),
we find that the spectrum of the light emitted by the state in Eq. (5.26) can be
expressed as

x /an P(a)Ssc(w; ), (5.27)

where we have defined the generalized semiclassical spectrum

/ ' (1) e

as a function of coherent state amplitude «. Again, looking at Eq. (5.27), we see
how the nonclassical signal is a weighted average over semiclassical spectra [Eq.
(5.28)], each of which is driven by a classical field with coherent-state parameter
a and appropriately weighted by the P(«a) distribution. We will assume a
sufficiently long pulse with an adiabatic envelope such that the phase of o does
not affect the norm square of the Fourier transform of the current matrix element,

2

Ssc(w; ) =w , (5.28)
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i.e., the carrier-envelope phase will be negligible. We may therefore rewrite Eq.
(5.27) as

x / dlal P(|a])Ssc(w; o), (5.29)
0
where we have defined the radial distribution of « as
27
P(a) = ol [ doP(a), (5.30)
0

where ¢ denotes the phase of . We can thus perform the angular integral by
only considering P(«), which lowers the complexity of the computation. The
spectra for the different types of driving fields using Eq. (5.29) are shown in
Fig. 5.1. Before commenting on the spectra, we exploit the Floquet limit to get
further insights analytically.

Considering a monochromatic field A%(t) = 2gow;1/2|a| sin(wpt — ¢), we
now perform the same considerations as in Sec. 3.2.1 by exploiting the nature of
the uncorrelated electrons and obtain the analytical expression for the spectrum

00 2
S(w) Z wi(w — nwL)/dzaP [ZC’I (1golc|) ] (5.31)

n=1,3,5,...
where C; = 1b; X, cos(alg) collects all the crystal-specific properties, and where

Jo = 2agowgl/2 is a lattice-modified coupling constant. We note that the
Floquet expression for the spectrum in Eq. (5.31) adheres to the symmetry-
based selection rules, emitting only odd harmonics. Curiously, we also see in
Eq. (5.31) that the strength of a harmonic peak is determined by the overlap
between the distribution function, P(a), and the Bessel functions, J,,. We will
return to this in Sec. 5.2.1.

We drive the system with a 16-cycle laser pulse on the form in Eq. (3.58)
with N,,, = 3 cycle sin? turn-on and turn-off and Npi = 10 cycles of constant
amplitude in the middle of the pulse. Using the P functions for coherent [Eq.
(2.87)], Fock [Eq. (5.24)], thermal [Eq. (2.94)], and BSV [Eq. (5.25)], we
simulate the spectra using both the direct expression in Eq. (5.29) and the
Floquet expression in Eq. (5.31). To be able to compare the spectra, we use the
same mean photon number in the driving fields, <&LL,0L aky op) = 7.35 x 101
which corresponds to a coherent driver intensity of I = 8.26 x 10 W/cm?. We
consider the first conduction band in ZnO crystal along the I' — M direction [52]
and consider a population of L = 10 electrons, but note that the characteristics of
the spectrum are independent of the number of considered electrons, as indicated
by Eqgs. (5.29) and (5.31). In this model, the lattice constant is @ = 5.52 a.u. and
the Fourier coefficients are b = 0 — 0.814 a.u., by = —0.0024 a.u., b3 = —0.0048
a.u., by = —0.0003 a.u., and bs = —0.0009 a.u. We use a spacing in crystal-
momentum space of Aq = =L We note that for the BSV-driver, the squeezing
parameter was g, o, = 14. 35 a number already exceeded experimentally [158].
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S(w) (arb. units)

Figure 5.1: The harmonic spectrum [Eq. (5.29)] for coherent (blue), Fock
(yellow), thermal (green), and BSV (red) driving fields. The black markers
are results obtained in the analytical Floquet limit [Eq. (5.31)]. We note that
the spectra generated by a thermal and BSV driver yield signal at extended
harmonics compared to the spectra generated by a coherent state or Fock state.
Adapted with permission from Ref. [5]. Copyrighted by the American Physical
Society.

The spectra are shown in Fig. 5.1. We note that the overall structure
of the spectra is much the same as for atomic gases [165]. We note that the
spectra generated from coherent and Fock states are very similar, with a clear
cutoff. In contrast, the spectra from both thermal light and BSV extend to much
higher harmonics with no clear cutoff. The black markers show the results from
the Floquet limit [Eq. (5.31)] proving that the Floquet description accurately
reproduces the harmonic spectrum. We can thus proceed to study the nature of
the spectra using the expression in Eq. (5.31). In particular, we are interested
in investigating the origin of the different cutoffs seen in Fig. 5.1.

5.2.1 Harmonic cutoff

As stated and seen from Eq. (5.31), the strength of the n’th harmonic is
determined by the integral of the product between the P(|a|) distribution and
the square of the Bessel function of order n. The Bessel functions, J,(x), quickly
vanish for arguments lower than their order, i.e., J,(x) ~ 0 for z < n [214].
Consequently, only if the P function is nonvanishing in the region where the
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Figure 5.2: The overlap between the radial distribution [Eq. (5.30)] with the
square of the Bessel functions as found in Eq. (5.31) for harmonic n = 11 (top
row) and n = 33 (bottom row). Each column shows the radial P distribution for
a different type of driving field. We note that the overlap due to the long tails
for thermal and BSV light overlaps with the square of the Bessel functions for
higher harmonics when compared to coherent and Fock driving fields. Adapted
with permission from Ref. [5]. Copyrighted by the American Physical Society.

argument is larger than the order, will the signal be nonvanishing. In Eq. (5.31),
the argument in the Bessel functions is [gg|a|. This means that Bessel functions
of order n vanish for |a| < n/(Imaxgo), where lnax denotes the most significant
contribution in the Fourier expansion of the dispersion relation.

In Fig. 5.2, the P(]a|) distributions as well as the square of the Bessel
functions J2(go|a|) are shown for the four different types of light for harmonic
order n = 11 (top row) and n = 33 (bottom row). The two columns on the
most left-hand side show the P(]a|) distributions for coherent [Eq. (2.87)]
and Fock [Eq. (5.24)] states, respectively. As the driving fields contain a
macroscopic number of photons, the radial distribution becomes very narrow
and is approximately a delta function on the |a| axis. As seen in the difference
between order n = 11 and n = 33 in Fig. 5.2, the domain of no overlap is quickly
reached which results in the clear cutoff for coherent and Fock driving fields seen
in Fig. 5.1 while at the same time explaining why the spectra are so similar.

In contrast, the P(|a|) distributions for thermal and BSV light have a much
longer tail extending far beyond their mean value as seen in the two columns on
the right-hand side in Fig. 5.2. Due to these prolonged tails in the distributions,
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the P(]a|) and the Bessel functions have a nonvanishing overlap for far higher
values of |af, yielding a much higher cutoff. However, the notion of a cutoff
in the case of thermal and BSV driving fields might be without meaning, as
seen in Fig. 5.1, due to the fact that the signal falls off much more slowly when
compared to coherent and Fock drivers. This is again explained by the nature of
the P(|a|) distributions. The long tails in the distributions for thermal and BSV
light mean that the overlap decreases much more gradually, meaning that no
clear cutoff can be defined. Note, however, that the analytical expression for a
cutoff used for coherent driving has been extended to nonclassical driving fields
in Ref. [165], which are consistent with the present results. Figure 5.2 provides
a physical explanation of how the quantum nature of the driving field affects the
emitted spectra: Driving fields with larger photon-number fluctuations (thermal
and BSV) have a broader P(|«|) distribution which consequently has a larger
overlap with the squared Bessel functions for higher values of |«| compared to
more narrow distributions (coherent, Fock). Physically, it is thus the photon-
number fluctuations that are the root of the extended harmonics signal, though
all driving fields have the same mean photon number.

5.3 Time-resolved electric field

One of the observables of interest when driving with a nonclassical field is the
generated electric field from HHG. In particular, it is interesting to investigate
if it resembles the driving field. Already, experimental work has measured the
time-dependent electric field generated by HHG [215-219], motivating such an
investigation. Using the expression in Eq. (2.19), we calculate the expectation
value for the emitted electric field from the state

(B()unc =Tr|pr() E)|

= Zgo\/@/dQOzP(a) 2Im[esyj , (t)e ™+ (5.32)
k,o

By inserting the expression for yg  (¢) [Eq. (5.19)], going to the continuum
limit [Eq. (2.30)], and executing the solid angle integral and the sum over
polarizations, we obtain

A 4 (eS)
(B0 = 5 / ortetn [ [ g [ e
e 0
daP (t), 5.33
where we have recognized the innermost integral in the first line as — W‘S (t'—1t)

when the imaginary part is taken. We are also interested in computing the
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Figure 5.3: The mean electric field [Eq. (5.33)] and its uncertainty [Eq. (5.34)]
for (a) coherent, (b) thermal, (¢) Fock, and (d) BSV driving field. We note
that the emitted field characteristics are similar to those of the driving field,
shown in Sec. 2.2.3. Adapted with permission from Ref. [5]. Copyrighted by
the American Physical Society.

variance. Without loss of generality, we take the current, j, ;(¢) along the one-
dimensional chain to be the & direction and compute (E2(t)). Using Eqgs. (2.41)
and (2.42) and by neglecting the terms involving the driving field as well as the
vacuum fluctuations, we obtain the expression for the variance (a full derivation
can be found in Ref. [5])

(BB e = 53] [ a*ap(a)| o] 2

9¢3
-1/ anP<a>j—;jﬁi<t>r}. (5.31)

Curiously, we note that the distribution of the driving field, P(«), enters
the expression for both the emitted field [Eq. (5.33)] and its variance [Eq.
(5.34)]. This shows that, without any electron correlations, the emitted field
inherits the quantum nature from the driving field, consistent with the findings
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in Sec. 4.2.1. In Fig. 5.3, we show the generated fields with their uncertainties,

ie., \/([AE,(t)]?)une. Comparing to the electric field characteristics shown
in Sec. 2.2.3, we see that all fields are similar to their driving fields: the field
emitted from a coherent driver [Fig. 5.3(a)] has a time-dependent mean field
with minimum uncertainty, the fields emitted from Fock and thermal drivers
[Fig. 5.3(b) and (c)] both have vanishing mean and constant uncertainty, while
the field emitted from a BSV driver [Fig. 5.3(d)] has a vanishing mean but with
large time-dependent fluctuations. It is thus reasonable to say that the emitted
fields are of a similar nature to their nonclassical driving fields. As the spectral
resolution of the fields shown in Fig. 5.3 is within experimental reach, using,
e.g., TIPTOE [215, 219], the quantum nature of the electric field emitted from
HHG driven by a nonclassical driving field can be experimentally investigated.

5.4 Accuracy of the approximative positive P
representation

The results presented in Figs. 5.1, 5.2, and 5.3 rely on the APP for Fock and
BSV driving fields. In order to verify this approximation, we calculate the
expectation values of interest on the driving field within the APP and compare
them to known exact results. Using the APP, we express the state as

p = [ Eag@laal (5.35)

where all states are in the mode of the driving field. We first calculate the mean
photon number, which is proportional to the spectrum [Eq. (2.31)]. For a Fock
state, it is given by

(@la)ps” = Trlatap"™ |

_ / 2aQ® ()[af?

2m [eS) —|a|2| ‘2N
€ (0% 3
= [ ao [ el Sl

=N+1
# (ala) o, (5.36)

which does not equal the exact result. However, in the large photon-number
limit, N > 1, as is relevant in HHG, it holds that N +1 ~ N and the APP thus
approximately yields the correct spectrum. Likewise, the spectrum for a BSV
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driving field is

(ala)g” = Tratapl™™|

:/ dm/ dy QBSV z,y)(2* + %)
= cosh?(r)
£ (ata) ooy (5.37)

where we have parameterized « = x + iy. Again the expression in Eq. (5.37)
differs from the exact result, (de>§3ES)$Ct) = sinh?(r), but in the large photon-
number limit, we find that cosh™ = 1 + sinh?(r) ~ sinh?(r) and the spectrum
for the BSV driver is thus approximately correct. Similarly, the driving fields
yield the correct mean electric fields and variances.

We now consider the other quantum optical observables. First, we consider
the photon statistics via the Mandel-Q parameter [Eq. (2.32)] for a Fock state.
In the APP, we find that

Fock — N2 + 3N + 27 (538)

which yields a Mandel-Q parameter of QUArr) = 3 4+ 2/N # Qe — _q
This is a significant deviation from the exact result, as a Fock state is the most
number-squeezed state possible, with clear sub-Poissonian statistics; however,
the APP predicts super-Poissonian statistics. This shows a clear limitation of
the APP, and hence, the photon statistics are not considered for the emitted
field.

Likewise, we also consider the degree of squeezing [Eq. (2.39)] for the BSV
driving field. Calculating the variance of the quadrature operator [Eq. (2.37)]
yields

. 1 1
([AX )] Yorr) = 5 cosh® ()[1 — cos(20) tanh(r)] + 7. (5.39)
To obtain the squeezing, we minimize over the angle ¥ and find that

A 1 1
AR = min (AR (0)]2 Y& = = cosh?(r)[1 — tanh(r)] + ~.  (5.40)

VE0,m))] 2 4
Notice that since r > 0 it follows that 0 < tanh(r) < 1, which means that within
the APP for a BSV driving field /\](3ASI;P) > i, which is clearly different from the

/\(Exact) 1 —r

exact result Aggy 46 . The APP does not, hence, capture the correct

degree of squeezing, and we thus abstain from considering this observable for
the emitted field.
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In order to calculate the exact photon statistics and degree of squeezing, one
needs to consider the full positive P representation and not use the APP. While
this is not impossible, it drastically increases the numerical complexity, as an
additional phase space has to be integrated over [see Eqs. (2.82) and (2.83)].
This approach is not pursued further.



CHAPTER

Summary and outlook

The thesis has examined the process of HHG from a quantum optical perspective
and considered the quantum nature of the emitted light. Further, the required
conditions for the generating electronic medium to generate nonclassical states
of light have been identified. The thesis uses the Hubbard model to theoretically
model strongly correlated systems and found that if the electrons are strongly
correlated, the light emitted from the HHG process will have nonclassical
properties.

In Ch. 1, the motivation to consider the process of HHG with emphasis on
quantum optics is given, followed by an overview of the historical context and
development of both strong-field physics and quantum optics. Finally, a more
detailed overview of the works within the subfield of quantum optical HHG is
given.

Chapter 2 provides an introduction to the theoretical description of light-
matter coupling, both from a semiclassical and a quantum optical perspective.
Further, an introduction to relevant quantum optical states, their properties,
and phase-space representation is given, serving as a reference for later chapters.

In Ch. 3, the work-horse model of the thesis, the Fermi-Hubbard model,
is derived and studied in its uncorrelated and correlated phases, including the
Mott-insulating phase and the phase supporting a Mott exciton. Further, HHG
from the model is studied using semiclassical considerations, and in particular,
the appearance of noninteger harmonic peaks is investigated. These peaks at
noninteger harmonics are explained by the population of multiple Floquet states,

113
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which become populated due to a combination of energy levels and pulse lengths
considered as presented in Paper 1.

Chapter 4 dives into the quantum optical description of HHG by first deriving
the general set of equations. Again, the Fermi-Hubbard model is considered as
the generating medium, and it is found in Paper II that, without any electron
correlations, the emitted light from HHG is a coherent state in all modes and
thus has no quantum properties. However, in the strongly correlated Mott-
insulating phase, the emitted light yields nonclassical characteristics. This is
also seen in Paper III, where the nearest-neighbor interactions are considered,
which supports the presence of a Mott exciton. Such an exciton is dominant
in both the HHG spectrum and the degree of squeezing in the emitted HHG
radiation. Finally, Paper IV considers further analytical approximations with
numerical verification that provide a physical explanation of the origin of the
nonclassical nature of HHG: the nonclassical response is due to nonvanishing
time correlations or quantum fluctuations of the induced current.

Finally, Ch. 5 considers intraband HHG driven by nonclassical light. In
Paper V, it is found that strongly driving the intraband model with thermal
light or BSV light produces harmonic spectra that extend to harmonics much
higher than when driving the system with a coherent or a Fock state. The
mathematical reason for this finding is the overlap between the probability
distribution of the driving field and the Bessel functions, which are function of
the material properties. Due to large photon-number fluctuations in thermal
and BSV fields, their probability distributions show a long tail, which explains
both the extended harmonic spectrum and the lack of a clear cutoff. Finally, a
discussion on the required approximations is given.

The main contribution of the PhD is to show that electron-electron correla-
tions in an electronic medium generate nonclassical states of light when driven
by an intense laser field and that this is due to fluctuations or nonvanishing time
correlations of the induced current.

Many open questions remain in the field of quantum optical HHG. One of
the main challenges is to improve the theoretical description of the process such
that it relies on fewer approximations. In particular, it is unknown how accurate
the approximation to decouple the dynamics of each harmonic mode is, or how
accurate it is to consider just two quantum optical states in order to obtain a
closed-form solution based on perturbation theory. This challenge is independent
of the nature of the electronic system considered, as the challenge lies in the
ability to numerically handle the large number of photonic basis states required
for an exact simulation, as explained in Sec. 4.3.

Similarly, a new theory also has to be developed for HHG driven by non-
classical light. First, it would be highly interesting to investigate the interplay
between electron-electron correlations in an electronic system with the nonclas-
sical driving fields. However, nonvanishing electron-electron correlations mean
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that light emitted from HHG driven by a coherent state is not itself a coherent
state as shown in Ch. 4. As no analytical solutions to this case exist, one must
be able to obtain numerical solutions for many different driving fields, which sig-
nificantly complicates the required numerical effort. If a solution is found to this
challenge, an even more important improvement might be possible: developing
a theory that can consider the quantum optical nature of the light generated
by a nonclassical driving field while also including the effect electron-electron
correlations. So far, these two contributions, i.e., the generation of quantum
light via electron-electron correlations and a quantum driving field, have only
been considered independently. To consider both would open new fundamental
research questions, as the interplay between these two quantum contributions
has not been studied. Further, this interplay might allow for more efficient ways
to generate ultrashort pulses of quantum light.

Another way to improve on the quantum optical nature of HHG is to
consider other electronic systems. The purpose is twofold: First, the quantum
optical considerations of HHG might improve HHG as a spectroscopic method by
revealing more about the fundamental electron dynamics in the system, as the
quantum nature of the emitted light is dictated by the fluctuations of the induced
electron dynamics. However, the quantum optical observables are more expensive
to compute numerically and also more expensive to measure experimentally, and
as such, the quantum optical considerations in HHG must yield new insights
about the electronic system and improve a semiclassical approach in order to
justify the increased effort. Second, other electronic systems might be more
suited to generate a stronger nonclassical signal at desirable frequencies, or in
general, to generate ultrashort pulses of quantum light. As one of the main
results of the thesis is that electron-electron correlations generate nonclassical
light, one might also consider other "highly quantum" systems, such as, e.g.,
topological or superconducting systems.

Clearly, many open questions remain in the field of strong-field quantum
optics, which will aid in the understanding of fundamental electron dynamics in
complex systems while at the same time providing a novel platform for future
quantum optical applications and innovations.
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APPENDIX

Glauber-Sudarshan P function for
squeezed vacuum

In this appendix, the Glauber-Sudarshan P function for a squeezed vacuum state
given in Eq. (2.90) will be derived. We consider a squeezed state, |, o), with
squeezing parameter {i , = rkﬁew’“»“. From Ref. [74], we have the following

e‘ak,a‘2

Pgs(ag,0) = / g, el (g, o | P o [ )€ 0 TR Vi

(A1)

|ug,o) = e~ 3lukel® mz::O \/%lm% (A2)

|£k,a> = Z Com V (2m)'|2m>a (A3)
m=0

6@ (a) = / P g gt VT Vi (A.4)

T2

where |ug, o) is a coherent state, |m) and |2m) denote Fock states in mode (k, o),
and Pgs in Eq. (A.1) is a general expression for a GS P function. In Eq. (A.3),
_ (=)™ [e™% < tanh(rg,o)]™
2mm!\/cosh(7'k,c,)
Pr.oc = [€k.0)(Ek,o| into Eq. (A.1), we calculate the overlaps using Eqs. (A.2)

the expansion coefficients are given as Cs,, . Inserting
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132 Appendiz A. Glauber-Sudarshan P function for squeezed vacuum

and (A.3)
(nalunn) = Alone 3 05 am, (A.5)
m=0
(~thal6ia) = e Honol 3 Copui?. (A.6)
m=0

Inserting Egs. (A.5) and (A.6) into Eq. (A.1), we obtain

e‘o"”‘2 am. 2 «
Fas(ak,s) = E 02m02n/d U U Uy € 07 e Vo

m,n=0

e‘ak o \2 82m+2n )
_ u SO Uk o O
- Z CZmCQn da 2m 60(*277‘ /d uk o€ k,

m,n=0
lok, a‘ R 82m+2n
e
) EO%%W“ (ko) (A7)

where Eq. (A.4) has been used in the last line, where the delta function is to be
understood in the distributional sense. Equation (A.7) is the GS P function for
a squeezed vacuum state shown in Eq. (2.90).



APPENDIX

Calculation of expectation values

In Chs. 4, expectation values for different observables are calculated. This
appendix shows how this is done in practice. We start from the general state
[Eq. (4.17)] expanded in field-free eigenstates of the electronic system

(), =) lom)X™ (), (B.1)

from where we make the decoupling ansatz (see Sec. 4.3)

X (1)) = DkalXily (), (B.2)
where each state is expanded in Fock states

Pk,o

= > ko) (B.3)

Nk, 0—0

with pg » being the maximum number of photons considered in mode (k, o) and
where the time has been suppressed for convenience. As the state in Eq. (B.1)
is in the interaction picture, the quantum topical observables have to transform
accordingly

AL (t, t0)an o Up (t, to) = ag ge " r, (B.4)
AL (t to)ag: oUp (t, 1) = af, ™. (B.5)
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134 Appendiz B. Calculation of expectation values

Using the number operator, (g o/)! = (dkgg/&};,’o,)l, to the power of [ as an
example, we can then calculate

(e o)') = (UL, to)(ﬁk/,o/)la}?(t,to)‘\i/(t)>l
(B [dm) ( (m )|(ﬁk/,o’)l|X(m)>

-2
=Z NI UMl (B.6)

where we have used the fact that the electronic eigenstates are orthogonal in
the last line. Using the product ansatz in Eq. (B.2) in Eq. (B.6), we obtain

(o)) = > Ol o) i) TT O iy, (B.7)
m k,o

#k,o

Using the Fock-state expansion in Eq. (B.3), we can calculate the two factors in
Eq. (B.7) as

Pr’.oc Pr' o
<Xk’) \(nk/ya/)”X;’,’gJ = Z Z (C ;c/ /) C //) <n;c/,0/|(ﬁk/7a/)l|ng/7al>
k/ /_OTLL,/ ’ '
Pr/ o 2
_ (m) l
= Y [ (B5)
nL,ﬁU,ZO 7

and
(m)

nka

(B.9)

O s =3 e

Nk,o

Inserting Egs. (B.8) and (B.9) into Eq. (B.7), we obtain the final expression

(o)) =3 { [Z_ e ||
x VH (Z @} (B.10)
7£k- -

where similar expressions are obtained for other observables.



APPENDIX

Higher-order terms in the
Markov-type approximation

In this Appendix, we consider the possibility of including more terms in the
expansion of the quantum optical state in Eq. (4.48). Inserting this into Eq.
(4.47), we obtain

) ~ . 7 A ¢ ~ .
10X (1) =Aro(t) - Gia ()X, (1) — iAgo(t) Y / dt' Ag o (') - G (1))
m#i

X () + (' = 1) Bulxs, ()]

(t/—t)2 52
R T

I () e + . } . (C.1)

As the time-derivative of the state, at|X§;)g (t)), enters on both sides of Eq. (C.1),
this equation is not in a closed form. Calculating both the first and second-order
time derivative, we find to lowest order in gg

Ol (1) = = =i Ase (1) - Ga(DIXG, (1), (C2)
Sl e = —if |00An )] 30a(0) + Anet) 0se) | 0,
(C.3)
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We note that all higher-order terms are linear in gg as seen from Eq. (C.2) and
(C.3). However, for the Hubbard model, we find that the two terms in Eq. (C.3)
are similar in numerical value, and we can thus not consistently neglect either
of the two terms. Consequently, as higher order terms in the expansion would
yield derivatives of Eq. (C.3), we see that all time derivatives would be on the
same form as the right-hand side of Eq. (C.3) which will all be to the same
order in the coupling gg. Consequently, one cannot truncate the expansion in Eq.
(4.48) consistently to a given order in gg. Hence, one can only use the leading
order as done in Eq. (4.49). Of course, one could numerically investigate the
higher-order terms in Eq. (C.3) in order to obtain higher precision. However,
such considerations rely on the characteristics of the electronic system and will
not be pursued further.



APPENDIX

Derivation of the Markov-state
approximation

In this Appendix, we show how the MSA [Eq. (4.54)] is derived and that it
satisfies the equation of motion in Eq. (4.53). Before calculating the time
derivative, we first multiply the state by a time-dependent phase, e~*®) and
obtain

idhe O (1)) =b(t)e Oy} (1)
+ie " O{0,D| ﬁ;(!)a(t)}}e HWHO0)

+ie"POD[BY) ()]8re =2V g, (D.1)
We note that the right-hand side of Eq. (D.1) consists of three terms. The

first term does not contribute to the dynamics. The time derivative of the
displacement operator in Eq. (D.1) is calculated as
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138 Appendiz D. Derivation of the Markov-state approximation

By comparing Eq. (D.2) with Eq. (4.53), we see that the two last terms on the
right-hand side of Eq. (D.2) with the definition of B,(;)U (t) given in Eq. (4.41)
match the first term on the right-hand side of Eq. (4.53). The terms in the
square brackets on the right-hand side of Eq. (D.2) are absorbed into b(t) and
hence only contribute with a time-dependent phase.

As the first term on the right-hand side of Eq. (4.53) is accounted for, the
second term must come from the last term in Eq. (D.1). This term involves the
time derivative of an exponential operator. Such a derivative of an exponential
operator, F(t), is given by [220]

d p) _ {ﬁ@ + o (B (), B ()] +

= [B(8), [F(t), (O] + ... }ep(t). (D.3)

1 1
2! 3!
The operator relevant in the present case is exp —%(Wz(t»el], and we hence

obtain

d P A o :
e HWOh — (3T ()W (8t O 1 O(8), (D.4)

where only terms up to second order in go has been kept, and where we have

neglected the commutator [Wy o (t), Wi o ()]. Inserting Eq. (D.4) into Eq. (D.1)
yields the term

DIBL, (Wi (1) Wik o (1))t 3 V(0
[P A A (4 _1W
= (Wieo () Wik,o () DL, (£)e™2 W (e, (D.5)
where the right-hand side is the required form as dictated by the equation of
motion [Eq. (4.53)]. It can be shown that [D[By) (£)], (Wi (t) Wi, (t))el] =
O(g8), and the equality in Eq. (D.5) holds up to second order in go. Consequently,

Eq. (4.54) is a solution to Eq. (4.53) to second order in go. The time-dependent
phase of b(t) can simply be ignored as it carries no physical meaning.



APPENDIX

Analytical expression for the
HHG spectrum

In this appendix, an exact analytical expression for the HHG spectrum driven
by an arbitrary state of light is provided. Note that the following does not rely
on the APP for Fock and BSV driving fields.

It is not possible to evaluate Eq. (5.31) directly in the GS representation for
Fock or BSV driving fields. However, by expanding the Bessel functions, further
insights can be gained. The power-series expansion of the Bessel function is

given as
B (71)]C T n+2k

Inserting Eq. (E.1) into Eq. (5.31), and considering the n’th harmonic, we

obtain
S(nin) Z (—Dkrtke K4k, (%)2(n+kl+k2)
L k‘l'kg (n+k1) ( +k2)' 2

/ d2aP(a)a? "R, (E.2)

where we again suppress the index of the laser mode on o, and where K, 1, 1, =
Dl [pr2kynt2ke 0y 0y is a material constant with C; = 16,3, cos(alg). We
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140 Appendiz E. Analytical expression for the HHG spectrum

recognize the integral in Eq. (E.2) as
(: (afa)nththe o) = / d?>aP(a)|af* TR Tke) (E.3)

where (: O : ) denotes the normal-ordered expectation value of the operator O.
Using the definition of the normalized m’th order coherence function

At AN
(m)0:<(aa) ) EA
o(0) = (E.4)
we can rewrite Eq. (E.2) as
1 k1+k2K ~ 2(n+k1+k2)
S(nwr) o Z ) sb1ska (90)
k1'k2 (71 -+ kl) (Tl —+ kQ)
« gn+k1+k2 (0) <&T&>n+k1+k27 (E5)

which shows that the quantum nature of the driving field affects the harmonics
via its coherence functions. Unfortunately, due to the infinite sums, Eq. (E.5)
cannot be numerically evaluated. However, knowing the coherence functions for
the different types of driving fields, further insights can be gained.

First we know that for a coherent field gé”;})l(O) = 1. For a Fock state, the
coherence function is

(m) m(m —+ 1) 1
gFock(O) 1- N + @) ﬁ B (EG)

which in the limit of the large photon number N = (afa) = 7.35 x 10! used in
the simulations in Ch. 5 yields gé?gk(O) ~ 1. We thus have g(F?gk(O) R~ géml)](O)
even for very large m. This explains why the spectra generated from a coherent
driver are very similar to those generated from a Fock state. This agrees with
the numerical results in Fig. 5.1, which rely on the APP. Hence, the above
calculation validates the APP results. For completeness, we see that the extended
tails of the P distributions for thermal and BSV light are also explained by their
coherence functions

g5 (0) = ml, (E.7)
30 = 2m — 01+ 0 i) (E3)

which are drastically different from those of a coherent or a Fock state, explaining
the extended spectra in Fig. 5.1. Again, this calculation validates the use of the
APP for a BSV driving field.
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The spectra produced by high-order harmonic generation (HHG) typically exhibit well-defined peaks at odd
integers times the laser frequency. However, in recent investigations of HHG from correlated materials, spectra
exhibit signals at noninteger harmonics which do not conform to the well-known symmetry-based selection rules
for HHG spectra. Here, we use the Fermi-Hubbard model to study HHG from a linear chain of atoms. This model
allows us to study both the correlated and uncorrelated phases through a specification of the amount of onsite
electron-electron repulsion. The presence of signal at noninteger harmonics can be interpreted as originating
from the population of multiple Floquet states. We show how this coupling to different Floquet states depends
on the characteristics of the driving pulse and the strength of the electron-electron interaction in the system.

DOI: 10.1103/PhysRevA.109.063103

I. INTRODUCTION

In the process of high-order harmonic generation (HHG),
a medium (atomic gas, molecules, solid) is driven by an in-
tense laser pulse causing highly nonlinear electron dynamics.
The result is the emission of electromagnetic radiation in
pulses that can be subfemtoseconds in duration. The attosec-
ond pulses and the HHG process itself enable the study of
electrons at their natural timescale [1,2]. If the high-harmonic
generating system is inversion symmetric and if the driving
pulse is sufficiently long, selection rules are imposed on the
HHG spectrum allowing only odd harmonics [3]. This is veri-
fied in both atomic gases [4], molecules [5], and solids [6-8].

In recent years, there has been an increasing interest in
HHG from correlated materials, i.e., materials where a be-
yond mean-field electron-electron repulsion is of significance.
These systems cannot be described by a multiband picture
but are instead described by effective models, such as the
Fermi-Hubbard model [9], which allows for a description of
electrons moving in a chain of atoms in terms of effective hop-
ping and onsite electron-electron repulsion parameters. With
this model it was found that the electron-electron correlation
can lead to an enhanced signal for certain harmonics [10-18].
Curiously, however, HHG spectra from these types of systems
show noninteger harmonics [10-19] which do not obey the
symmetry-imposed selection rules [3]. Furthermore, even if
these symmetries are broken, signal is still only expected
to be found at (both even and odd) integer harmonics. The
origin of these noninteger harmonics has been hypothesized
to be the presence of correlations [10] or due to a short pulse
or missing dephasing channels [15], or has simply not been
discussed [11-14,16-19]. Thus, a satisfactory explanation of
the reported signal at noninteger harmonics in HHG spectra
from correlated systems is lacking.

“These authors contributed equally to this work.
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In this work, therefore, we discuss the physical origin of the
signal at noninteger harmonics. To do so, we use the prototyp-
ical Fermi-Hubbard model [9]. This model captures aspects of
physics relevant to real materials, including cuprates and some
high-T, superconductors [20,21]. Conveniently, this model al-
lows us to treat the electron-electron correlation strength, the
Hubbard U, as a tunable parameter which enables us to study
the model with various degrees of electron-electron correla-
tions, ranging from the uncorrelated tight-binding limit to the
highly correlated Mott-insulating limit, where the electrons
are distributed evenly among the sites.

The paper is organized as follows. First, in Sec. II, the
Fermi-Hubbard model is discussed. The results are presented
in Sec. III. Here, the uncorrelated case, a case with interme-
diate correlation strength, and finally the highly correlated
Mott-insulating phase are investigated. We conclude and sum-
marize our findings in Sec. IV. Throughout this paper atomic
units are used unless explicitly stated otherwise.

II. MODEL AND OBSERVABLES

We study HHG spectra generated by strong-field driving of
the Fermi-Hubbard model [9]. We consider a one-dimensional
chain of atoms corresponding to a one-band system at half-
filling with the Hamiltonian given as

H(t) = Huop(t) + Hy. QY]
Here
Hiop(t) = —to Z(eil‘A(t)éj,“éj#’l,M +H.c.), )
S
Ay =UY (@ ,e;0@] 8. 3)
J

describes the electron hopping and onsite electron-electron re-
pulsion, respectively. The parameter 7y describes the strength
of an electron hop from site j to its neighboring sites j £ 1
(with periodic boundary conditions), a is the lattice spacing,
A(t) is the vector potential of the driving laser polarized along

©2024 American Physical Society
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the lattice dimension, and U is the onsite electron-electron
repulsion strength. The electronic annihilation operator for an
electron with spin v € {1, |} on site j is denoted ¢;, with
the creation operator 64;' - We treat U as a tunable parame-
ter allowing us to study the system with various degrees of
electron-electron correlation. As apparent from Eq. (2), the
laser-matter interaction is described through the Peierls phase
expliaA(t)] [9,22]. In the limiting case of vanishing U, the
system is simply a tight-binding model as the Hamiltonian of
the system in Eq. (1) reduces to Eq. (2). For a finite U # 0,
however, onsite electron-electron interactions are apparent,
making the system more involved.
The current operator for this model is given as [13,15,17]

@) = —iaty Y (40T 2141, — He). “
Ik
The expectation value of the current is calculated as
J@O) = (8OO, (&)

where |W(7)) is the time-dependent wave function evolved ac-
cording to the time-dependent Schridinger equation (TDSE)

a .
i IVO) = HON@)), ©)

with the Hamiltonian given in Eq. (1). The many-electron state
|W()) is expanded in configurations |®;), specifying the site
occupations through the multi-index /, i.e.,

() =Y Cit)®y), )
1

where C;(t) is the time-dependent amplitude to be solved for.
To drive the system, we use a linearly polarized pulse of
the form

AW = Aof@sin (ot + %) ®)

where Ay is the amplitude of the vector potential and where
the dipole approximation is assumed to be valid. The envelope
function of the vector potential is given by

.2 wrt
sin ,
4Non

0<% < Non

L, Non < % < (Non + Np1)
f@)= .2 wL(thplT)
sin N, ) (Non +Npt) < 5
< (2N0n + Npl)
0, otherwise,
)

i.e., as a flat top pulse with a sin> ramp. Here N,, and N1 are
the number of cycles in the ramp and plateau of the pulse,
respectively, and T = 27 /e, is the period of the laser. We
keep the number of cycles on the top constant, specifically
Np1 = 10, and by changing Ny, we can study the effect of a
longer pulse with a less steep ramp.

The observable of interest is the spectrum generated from
the HHG process. It is given by

S(w) = | j(@)?, (10)

where f(a)) is the Fourier transform of the current in Eq. (5).

We note that for a laser pulse of constant amplitude [f (1) =
1], the Hamiltonian in Eq. (1) is periodic with the laser period,
ie,H(@t) = I:I(t + T). In this limit, the solution to the TDSE
[Eq. (6)] is given by Floquet states on the form [23,24]

1) = e |u; (1)), (11)

where |uj(t)) = |u;(t + T)) are T-periodic functions and &;
are the quasienergy levels which are only uniquely defined
up to integer multiples of the laser frequency w,. The set of
quasienergies {£;} and their corresponding Floquet functions
are determined by the parameters of the electronic system
but also by the amplitude Ay and frequency w;, of the vector
potential [24].

Furthermore, we note that for a constant vector potential
amplitude and for all correlation strengths, the system is
symmetric under reflection in space and time translation by
half a period. That is C‘ﬂ-?(t)éz’l =H(@t). Here C; =R, - 1,
where R, is reflection of the electronic system and %, is a
time translation by 7'/2. With this symmetry and if the system
only populates a single Floquet state, only odd harmonics
are allowed in the spectrum as shown in Ref. [3]. A de-
tailed symmetry calculation for the present model is found
in Appendix A and the related selection rules are derived in
Appendix B.

Here, we investigate a system of L = 10 sites with peri-
odic boundary conditions with a lattice spacing of a = 7.5588
a.u., and #p = 0.0191 a.u. similar to Refs. [10,13,14,17,18].
These values are picked to fit those of the cuprate Sr,CuOs
[25]. The field has an amplitude of Ay = Fy/w, = 0.194 a.u.
with angular frequency 0.005 a.u. = 33 THz. This choice of
field strength corresponds to a peak intensity of Fy = 3.3 x
10'© W/cm?. To solve the dynamics of the system driven
by the laser governed by the TDSE in Eq. (6), we use the
Arnoldi-Lancoz algorithm [26-29] with a Krylov subspace
of dimension 4. To simplify the numerical calculations, we
exploit that the Hamiltonian in Eq. (1) is invariant under
spin flip of all electrons and under translations of the entire
system corresponding to spin-flip symmetry and conservation
of total crystal momentum, respectively [9]. In this manner,
the number of configurations entering the expansion in Eq. (7)
is reduced. In our simulations, we start from a nondegener-
ate spin-symmetric ground state with vanishing total crystal
momentum, and as such only states within that subspace
are needed in the basis. All results have been checked for
convergence.

III. RESULTS AND DISCUSSION

In this section, we show the effects of correlations and
pulse characteristics on the generated HHG spectra. The re-
sults presented will be followed by a discussion based on
Floquet theory to explain the observations. In Fig. 1 the
spectra for an uncorrelated system (U = 0) and for a sys-
tem with an intermediate correlation strength of U = ¢, are
shown. We note how the clear peaks in the uncorrelated phase
at lower odd harmonics (w/w; < 11) completely disappear
when correlations are introduced. Furthermore, we note that
correlations enhance the spectrum and extend it to much
higher harmonics without any clear peaks, indicating that the
presence of correlations drastically changes the underlying

063103-2



Paper I. Phys. Rev. A 109, 063103 (2024)

145

NONINTEGER HIGH-ORDER HARMONIC GENERATION ...

PHYSICAL REVIEW A 109, 063103 (2024)

1072 — U=
E\ U=t
S 107°
<
810710
3
w1071
18 [ I
107 10 15 30 B3 30
w/wr,

FIG. 1. Spectrum for an uncorrelated system (U = 0) and a cor-
related system (U = fy). We note how the presence of correlations
completely changes the spectrum. Both spectra have been obtained
with an identical pulse with Ny, = 3 [see Eq. (9)] and parameters
specified in the text. The gray vertical dashed lines indicate odd
harmonics to guide the eye.

physics that generates the spectrum. While this enhancement
and extension of the spectrum has already been observed and
is well understood in the Mott-insulating phase [10,11,13—
15], a satisfactory explanation of the absence of well-defined
peaks is still missing. We will in this section first discuss
the uncorrelated case before investigating the case with an
intermediate correlation strength of U =1,. At the end of
the section also the Mott-insulating phase (U = 10t;) will be
investigated.

A. Uncorrelated phase

When U = 0 the Hamiltonian reduces to a simple tight-
binding model with H(t) = Hyop(r) in Eq. (2). This case
corresponds to a one-band model, where only intraband
harmonics can be generated. The importance of this limit
in understanding experimental data is well documented
[6,30,31]. It can be shown that Hh(,p(t) commutes with itself at
all times [17]. It then follows that the time-evolution operator
in this limit is given as Ui, ) = exp[—if; I{Ihop(t’)dt’]. Tak-
ing the many-electron initial state |¥(#;)) to be an eigenstate
of the field-free system, the state in the uncorrelated phase at
any time is therefore given as

() = DG, )W) = e EOT 1wy, (12)

where E(t) is the time-dependent energy and #; is the initial
time at which interactions between the laser and electronic
system are turned on. It is seen from Eq. (12) that the time
evolution is simply accounted for by a time-dependent phase
applied to the initial state. As such, only a single many-
electron Floquet state is populated at all times.

To reexpress Eq. (12) using Floquet theory, we define

1 ti+T
&= 7/ E@t)dr', (13)
TJ

which enables us to rewrite the phase in Eq. (12) as

e—iﬁi [E(@")—E+ENdr e—iS(r—r,)efij,l [E(")—Eldr ) (14)
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FIG. 2. Spectra for a correlated system with U = ¢, for turn-on
cycles Ny, = 3, 60, 400, 2000 [see Eq. (9)]. We note how peaks at
odd harmonics become clearer with a more adiabatic (longer) turn-on
of the pulse. The numbers in the parentheses in the inserts indicate
that the spectra are scaled for visual clarity.

which by inserting into Eq. (12) yields
() = e lu)), (15)

where we have defined |u(r)) = ef[f'i [E(’,’f‘g]d"llll(ti)). We
note that in the limit of periodic driving, i.e., when E(f) =
E({ +T) the state |u(t)) = |u(t +T)) is periodic. Equa-
tion (15) expresses the formal solution to the many-electron
Hamiltonian [Eq. (1)] in the U = 0 case in a Floquet picture,
and since only a single Floquet state is populated [Eq. (15)],
only odd harmonics are found in the spectrum [3]. This con-
clusion is also reached by noting that the expectation value of
the current [Eq. (5)] is in this case simply

(JO) = w@®)|j@)lu)), (16)

which only contains frequency components determined by
A(t). The sharpness of the peaks is only limited by the integra-
tion limits of the Fourier transform involved in obtaining the
spectra [Eq. (10)] and is hence determined by the bandwidth
of the driving pulse. We note that it is not necessary to inves-
tigate the uncorrelated phase from the perspective of Floquet
theory to conclude that only odd harmonics are visible in the
spectrum. This can also be shown explicitly algebraically (see
Appendix C).

B. Noninteger HHG in a correlated system

When we introduce correlations to the system, the spec-
trum changes completely, as seen in Fig. 1. For U # 0 no
simple analytical expression for the wave function exists and
we rely on numerical simulations. We first use a moderate
electron-electron correlation strength of U = #;. To study the
effect of the pulse ramp and pulse length, we will in the
remainder of this work consider pulses with various ramp
lengths, starting from a typical ramp extending to an ex-
tremely long pulse with a highly adiabatic ramp by using
Non = 3, 60, 400, 2000 in Eq. (9).

Naively, one would think that the spectrum presented in
Fig. 1 does not show clear harmonics due to a short pulse
(Non = 3). However, this is only partially true as seen in Fig. 2
where spectra for the various ramp lengths are shown. Here,
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the spectra have been scaled for visual clarity as indicated by
the number in the parentheses in the inserts to the right. To
obtain a well-resolved spectrum, a window function of cos®
has been used in all figures for the case of a very short ramp
of Ny, = 3. This is not necessary for Ny, = 60, 400, 2000. As
seen in Fig. 2, the signal at odd harmonics becomes clearer
with increasing pulse length. Surprisingly, however, we see
how the peaks are accompanied by a broadening which does
not disappear for a longer ramp though the spectrum becomes
more regular. This behavior is different from the uncorrelated
case where only sharp peaks are found at the odd harmonics
without such a broadening (Fig. 1). As such, the presence of
correlations introduces new phenomena not found in uncorre-
lated systems.

‘We will now explain the origin of the signal at noninteger
harmonics. As discussed below, the presence of these indi-
cates that, despite the extremely adiabatic turn-on of the laser,
the system is still populated by more than a single Floquet
state. Different from the uncorrelated case, the presence of
correlations now allows coupling between (Floquet) states
during the dynamics. In the present case where the ampli-
tude of the vector potential changes with time, the set of
quasienergies and corresponding Floquet functions depend on
the instantaneous field amplitude, i.e., £(t) = E[Ao(1)] [24],
where we for simplicity define Ay(t) = Ao f(t) with f(t) given
in Eq. (9). We may formally expand a general state |\W(¢)) in
terms of Floquet states

) =3 ¢ SO g @y, (1)
J

Here c;(¢) is a time-dependent expansion coefficient to ac-
count for couplings between Floquet states. In the absence
of couplings c¢;(¢) = §;;, where i denotes the Floquet state
initially populated at ¢t = #;. We note that Eq. (17) reduces
to the form of Eq. (15) for a constant field amplitude and no
couplings. The time integrals of the quasienergies in Eq. (17)
reflect that these quasienergies now depend on time through
the time dependence of the field.

The expectation value of the current [Eq. (5)] for the state
in Eq. (17) is readily calculated as

(GO = Y et wyeswpe HIEO-E

L]
X {ug (O] JOlug ) (1)) 18)

Equation (18) looks vastly different than if only a single
Floquet state is populated as in Eq. (16). In particular, we
see that the phase exp (ﬂ'f,j [E;(t") — &i(t')]dt") contains fre-
quency components which are in general not a multiple of the
laser frequency. That is, if more than a single Floquet state
is populated, this phase will generate noninteger harmonics
in the spectrum. These are the so-called hyper-Raman lines
previously found in HHG studies in atomic systems [32-36].

Based on the above discussion and the results presented in
Fig. 2, it seems likely that the system indeed populates more
than a single Floquet state throughout the dynamics. The pop-
ulation of multiple Floquet states can be explained by possible
resonances in the quasienergy spectrum. However, the size
of the system and the low frequency of the laser impede a
numerical diagonalization of the full Floquet Hamiltonian to

|
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FIG. 3. Adiabatic eigenenergies as a function of the magnitude
of the vector potential with an electron-electron correlation strength
of U = ty and parameters specified in the main text. We note that for
A ~ 0.04 a.u. the ground state is at a nonadiabatic one-photon reso-
nance with the first excited state. The dashed vertical line indicates
the reduced Aj, value considered (see text).

obtain the entire spectrum of quasienergies. Instead, we gain
insight from the adiabatic eigenenergies which are obtained
by diagonalizing H (¢) in Eq. (1) for a fixed value of A(¢),

HOY;(0) = E;(0)1Y; (1), 19)

where ¢ is a fixed parameter and [v;(¢)) is the adiabatic
eigenstate with adiabatic eigenenergy E;(t). The adiabatic
eigenenergies can be related to the Floquet quasienergies
through a perturbative expansion of the latter in even powers
of the small laser frequency a)z" n=0,1,2,...) p. 271
in Ref. [24]. Figure 3 shows the adiabatic eigenenergies for
vector potential amplitudes up to the Ay value of Ay = 0.194
a.u. used in the TDSE simulations generating the spectra in
Figs. 1, 2, and 6. We note how the gap in energies changes
and especially that a one-photon resonance occurs between
the two lowest-lying states at around A ~ 0.04 a.u., indicating
a strong nonadiabatic coupling. We can examine these nona-
diabatic couplings by expanding a general state in terms of
adiabatic eigenstates |W(t)) = =;c;(t)e i ""F Oy, The
equation of motion for c¢;(¢) then reads as [37]
Ci(0) = —ci{Yml¥m)
- ch walH(f)Wn)efif,j B o)
o B
where the time derivative of the Hamiltonian in Eq. (1) is
explicitly given as

H(t) = iagF (1) Y (Ve
Ji

fuCirie —He) =—F (@) j@),
@

where it was used that the electric field is given by F(t) =
—9,;A(t). We first note that the nonadiabatic couplings are
suppressed by the energy denominator in Eq. (20) which
suppresses the influence of higher-lying energy states when
only the ground state is initially populated. We further note
that the strength of the adiabatic coupling is proportional to
the amplitude of the electric field.
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FIG. 4. Spectra for a correlated system with U = y. The same
parameters as in Fig. 2 have been used except for a smaller vector
potential amplitude of Aj = 0.1, Ay = 0.0194 a.u. We note that clear
peaks are found at odd harmonics with a much smaller broadening
when compared to Fig. 2.

Based on the above considerations, we now consider the
results of a TDSE simulation for the same system driven
with a weaker vector potential amplitude of Aj = 0.1A4¢. This
is done in order to be off resonant with the one-photon
transition between the two lowest-lying states (see Fig. 3).
The spectra for the system driven with a vector potential
of amplitude Aj are seen in Fig. 4. Here we clearly see
that for all the values of N,, considered, peaks are found
at odd harmonics with increasing sharpness for longer pulse
lengths. We ascribe this finding to the fact that the field
strength remains far to the left of the resonance seen in Fig. 3,
prohibiting many Floquet states from becoming populated.
Naturally, n-photon resonances are also present for lower
values of A(t), e.g., a five-photon resonance at A(t) ~ 0.015
a.u., leading to some coupling to other Floquet states which
is also seen in Fig. 4 where the peaks have some finite
width. Nonetheless, as the spectrum in Fig. 4 is regular at
odd harmonics, these higher n-photon resonances are suffi-
ciently suppressed to not significantly impact the dynamics
and we emphasize that the signal seen at odd harmonics of the
laser frequency dominates the noninteger signal by orders of
magnitude.

The origin of noninteger HHG in correlated systems can
hence be ascribed to the population of multiple Floquet states
due to resonances in the Floquet quasienergy spectrum. In the
uncorrelated case, only the pulse length dictates the resolu-
tion of the peaks at odd harmonics, as only a single Floquet
state is populated throughout the dynamics. In the correlated
case, not only the length and the ramp of the pulse is of
importance, but also its amplitude plays a role. This is due
to the fact that when correlations are introduced, couplings
are allowed and other Floquet states can become populated.
The strength of this coupling depends both on the vector
potential amplitude of the driving laser (compare Figs. 2 and
4) and on the degree of correlations in the target system.
These findings can be used to study the quasienergy levels of
a correlated system. In particular, the HHG spectrum can be
used to study the presence of such resonances throughout the
dynamics by varying the maximum amplitude of the vector
potential.
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FIG. 5. Adiabatic eigenenergies as a function of the magnitude of
the vector potential with an electron-electron correlation strength of
U = 10ty and parameters specified in the main text. We note that in
this Mott-insulating limit, Ay is largely independent of the strength
of the electric field.

C. Noninteger HHG in Mott insulators

We now consider a system with an electron-electron cor-
relation strength of U = 10ty which places the system in
the Mott-insulating phase. Several works have observed non-
integer harmonics and a general irregular spectrum above
the so-called Mott gap [10,11,13-17]. As mentioned in the
Introduction, the presence of noninteger HHG has been hy-
pothesized to be due to missing dephasing channels and a
short pulse length [15] or due to the presence of correlations
[10], and some works have simply not discussed this aspect
of the HHG spectrum [11,13,14,16,17,19]. In view of the
symmetry-based constraints for the present system with C;
symmetry allowing only odd harmonics in the long pulse limit
[3], it seems relevant to provide an explanation of the origin
of the occurrence of noninteger HHG.

Before going into the discussion about HHG in this type
of system, we first introduce the relevant physical quantities.
In the Mott-insulating limit, the eigenenergies of the field-free
system split into several Hubbard subbands (see Fig. 5). In the
first subband, which contains the lowest-energy eigenstates
including the ground state, the system is largely dominated by
configurations with only a single electron on each site as it is
energetically expensive to have two electrons on the same site
due to the large value of the Hubbard U. Similarly, the states
in the second subband are dominated by configurations that
contain a single double occupancy of electrons on a site. Such
a double occupancy is called a doublon and can be considered
a quasiparticle. This doublon is accompanied by an empty
site called a holon quasiparticle [11,14,15,17,18]. These two
lowest subbands are the relevant ones in this work. Also of
relevance is the energy difference between the ground state in
the first subband and the lowest state in the second subband
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FIG. 6. Spectra for the Mott insulating phase with U = 10¢, for
various pulse lengths and parameters specified in the main text.
Above the Mott gap (solid vertical line) clearer peaks are seen for
longer pulse lengths.

described by Apoy called the Mott gap (see Fig. 5). This
separation gives rise to two different kinds of currents: the
intrasubband and intersubband currents [11,15] reminiscent
of intraband and interband currents for band-gap materials
[6-8]. The intrasubband current originates from the propa-
gation of the states with a single doublon-holon pair within
the second subband which results in harmonics with energies
below the Mott gap. The intersubband current originates from
the recombination of a doublon-holon pair. Here transition
occurs from the second subband to the first subband resulting
in the emission of a harmonic with energy around or above
Amot [11,15]. In this work Apeq = 26.4wp. We note that the
current operator in Eq. (4) involves moving a single electron
which will create a single doublon-holon pair when applied
to a state within the first subband. As all states within the
first subband contain virtually no doublon-holon pairs, the
matrix element (\I/,»|f'(t)|\llj), with |W; ;) being states within
the first subband, is insignificant and there will be virtually no
current contribution from couplings within the first subband
(see Fig. 5). Further discussions about the Mott-insulating
phase in the presence of intense laser pulses can be found,
e.g., in Refs. [10-12,14,15,38].

The spectra obtained for the Mott-insulating phase are
shown in Fig. 6. Here, clear peaks at odd harmonics in the
intrasubband region with energies below Ay are seen for
all considered pulse lengths. On the contrary, the peaks in the
intersubband region above the Mott gap become more visible
for longer ramp times. We further note that the broadening
of the peaks for U = fy found in the spectra in Fig. 2 is not
similarly found in Fig. 5. This indicates that no resonances
between states occur with the varying strength of the vector
potential in the Mott-insulating phase. Indeed, this is consis-
tent with the adiabatic eigenenergies for the Mott-insulating
phase shown in Fig. 5, where we see that the eigenenergies
are virtually constant for a varying strength of the vector
potential. In other words, the coupling between states does
not change with a varying field strength prohibiting the same
kind of field control of the dynamics as in the case of U = .
The possible population of multiple Floquet states will thus
not change notably with a varying amplitude of the vector
potential or with a longer pulse, the latter of which is also

testified in Fig. 6. It is worth pointing out that it is primarily
the peaks in the interband region that are broadened. This is
due to the fact that though the dynamics populate multiple
Floquet states, the states with a higher energy than the lowest
state in the second subband in Fig. 5 have relatively little
population. Consequently, the contribution to the current from
terms which involve only states with a higher energy than
the lowest state in the second subband (Fig. 5) is negligible
when compared to terms which involve the lowest state in the
second subband or states in the first subband as these are in
general more populated. The off-diagonal terms contributing
to the current in Eq. (18) will hence only have a phase with
a difference in quasienergy at around or above Ay Which
broadens the signal only in the interband region of the spec-
trum. Similarly to the spectra in Fig. 4, the spectra in Fig. 6
become dominated by the signal at odd harmonics by orders
of magnitude when compared to the signal at noninteger har-
monics with increasing ramp time.

IV. SUMMARY AND CONCLUSION

In this work, we investigated the origin of noninteger har-
monics found in spectra modeling the response of correlated
solids. We employed the Fermi-Hubbard model and varied
the Hubbard U, to analyze both the uncorrelated case and
the correlated case. In the correlated case we investigated
both an intermediate and high degree of electron-electron
correlations, the latter known as the Mott-insulating phase. In
the uncorrelated case, only odd harmonics were found in the
spectrum, consistent with the population of a single Floquet
state throughout the dynamics. Conversely, in the correlated
phase with moderate electron-electron correlation (U = 1),
even with prolonged ramps, signal appeared at frequencies
not an odd multiple of the laser frequency. This latter signal
originates from the concurrent population of multiple Floquet
states during the dynamics and is not at odds with the strong
symmetry-based argument allowing only odd harmonics, as
this assumes only a single Floquet state to be populated [3].
The varying amplitude of the vector potential causes states
to become resonant, allowing multiple Floquet states to cou-
ple. Notably, reducing the maximum amplitude of the vector
potential mitigated this resonance, resulting in predominantly
odd harmonics with minimal broadening, indicating fewer
populated Floquet states. The duration and bandwidth of the
pulse crucially determine the resolution of the HHG peaks in
the spectrum. However, changes in the vector potential ampli-
tude via the pulse envelope can lead to resonances between
states, populating multiple Floquet states which will generate
a noninteger harmonic signal. Similar observations hold true
for the Mott-insulating phase (U = 10¢y) where quasienergy
levels remain largely unaffected by the magnitude of the
vector potential amplitude. Thus, a longer pulse suffices to
resolve the HHG peaks at odd harmonics in the interband
regime of the spectrum. These findings are similar to the
so-called hyper-Raman lines predicted [32-35] and recently
observed [36] in studies of HHG in atoms, now reemerging
in materials when accounting for beyond mean-field electron-
electron correlations. However, the large energy gap in atoms
between ground and excited states made it difficult to observe
these noninteger spectral features in atomic HHG experiments
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and necessitated a two-color approach for their observation
[36]. In contrast, the energy difference between states in
the present model can be much smaller, which could lead
one to expect that experimental observations and potential
technological applications of noninteger HHG are feasible in
correlated materials.
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APPENDIX A: DYNAMICAL SYMMETRIES
OF THE FERMI-HUBBARD MODEL

In this Appendix, we show that the Fermi-Hubbard Hamil-
tonian in Eq. (1) is invariant in the continuous laser-field limit
under the application of €, = R - %5, where R is space inver-
sion of all electronic coordinates and %, is time translation by
half a period, i.e., T2 ¢ fz’l =1t + T /2. We note that the spatial
inversion does not affect the Peierls phase as this phase is still
a coordinate of the vector potential [9].

The effect of space inversion on the electronic operators in
Eq. (1) is readily calculated:

5 At A 51 _ At oA _ o N
R[ Cj,z¢c./+1~M]R = § :C—j.uc—./—l.u = § :C,"+1,,L‘./’~;u

Jsi Jsi J'm
(A1)
where we have used the change of index j/ = —j + 1. Apply-
ing space inversion to the hopping Hamiltonian in Eq. (2) thus
yields

REhopOR™ = 19 ) (V&7 ¢, + H.e.) # Hnop(t).
Jn
(A2)

We see that the Peierls phases in Eq. (A2) would also need to
change sign for Hyop(#) to be invariant. Hence, we also apply
7, and use that A(t + T /2) = —A(t), in the Floquet limit of
continuous monochromatic lasers. We then obtain that
CoHop()C5" = Hiop(0). (A3)
As space inversion leaves the single-site dynamics invariant,
it follows that the U term [Eq. (3)] is invariant under space
inversion and hence under C,. We thus conclude that the
Fermi-Hubbard Hamiltonian in Eq. (1) is C; symmetric:
GAMC = H@). (A4)
We now look at the current operator [Eq. (4)]. Here we as-
sume A(t) = Ap sin(w,t) and use the Jacobi-Anger expansion
to decompose the Peierls phase

eiaA(t) — Z J,,,(aAo)ei'”“’"’, (AS)

where J,,(z) is mth Bessel function of the first kind. We further
note that

iAW) _ LiaAG+T/2) _ Z‘]m(aAO)(il)me[mle.

m

(A6)

Inserting Eqs. (A5) and (A6) into the current operator
[Eq. (4)], it can be written in a decomposed form

J@0) =" Ju(@aho)e™ ™ ,, (A7)
where we have defined
Jn= Y M€ 8 — (ZD"EL 8] (A8)
Jim
By using Eq. (A1), we note that
RjnR™" = CoJuCy" = (1" ], (A9)

i.e., j, is odd for even m and vice versa. The symmetries of
both the Hamiltonian found in Eq. (A4) and of the current
operator in Eqs. (A7) and (A9) will be used to derive the
related selection rules of HHG in Appendix B.

APPENDIX B: SELECTION RULES FROM DYNAMICAL
SYMMETRIES

In this Appendix, we show how the dynamical symmetries
derived in Appendix A lead to selection rules for the harmonic
spectrum. We start by investigating the electronic states. We
consider the Floquet state in Eq. (11) and insert it into the
TDSE [Eqg. (6)] and obtain the Floquet Hamiltonian [39]

(=idh + H@)lu@)) = Elu)), (B

where the subscript has been dropped for notational conve-
nience. By applying C, from the left in Eq. (B1) and inserting
that CEICZ =1 we find

(= id + GAMOC)Colu)) = EClu(t))
= (—id, + H)RIu(t + T/2))
= ERu(r +T/2)), (B2)

where we have exploited the symmetry of the Hamiltonian
[Eq. (A4)] and used that Cs|u(t)) = R|u(r + T/2)). By com-
paring Egs. (B1) and (B2), we obtain

u()) = e Rlu(t + T/2)), (B3)

where 6 is a phase.
As the Floquet state in Eq. (11) is periodic with the laser
frequency, it can be decomposed into its Fourier components

W) = e u() = ey "), (B4
1

where [ is an integer and the subscript of the Floquet state has
been dropped for simplicity.

Using the Fourier decomposition in Eq. (B4) and compar-
ing it with (B3) we obtain the relation

l¢r) = €”(=1)'Rigy). (BS)
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Using Eq. (10) the signal is readily calculated:

2
S(w) =

o / A (WO OND) e

2

o0
o [ dr Y dutadnse 0 g 1)

Lm

2

@) In(aAo) Slo—(m+1—1wrl v | ulr)

LU,m

)

(B6)

where we have used the Fourier decomposition of the Floquet
state in Eq. (B4) and of the current operator in Eq. (A7). By
defining n = m + [ — I’, we can rewrite Eq. (B6) as

2

@Y 8( — nwr) (@A) (bmsi-nl il 1)

Lm,n

S(w) =

(B7)
‘We now focus on the matrix element in Eq. (B7). Inserting the
symmetries of the states and the current operator [Egs. (B5)
and (A9)] we obtain

(Busi—nl |y = (=1ymHimntlimsl
X (ms1-nl R RjuR™'RIy)
= (=" Gusi—nlJml 1), (B8)

where we have used that R = R~ = R'. We see that Eq. (B8)
vanishes for even n. Using this result in Eq. (B7) we conclude
that due to the symmetries of the Hamiltonian, only odd
harmonics are allowed in the spectrum when only a single
Floquet state is populated during the dynamics.

APPENDIX C: EXPLICIT CALCULATION OF
UNCORRELATED PHASE

In this Appendix, we show by algebraic derivations, with-
out the use of Floquet theory, that the uncorrelated phase
(U = 0) yields only odd harmonics. The state of the system
at all times is given in Eq. (12) in the main text and is restated
here for convenience:

(W()) = e i B ). (@)

We start by transforming the fermionic creation operator
from a site-specific description (site index j) to a crystal

momentum-specific description (crystal momenta g)
+ 1 Roaat
o= 2 —iRja (C2)
¢ e ¢
Ji q, 1k
VL4

and similarly for the annihilation operator. Here R; = ja is the
position of the jth site with a being the lattice constant. The
transformation in Eq. (C2) allows us to describe the system in
the spatially delocalized Bloch basis instead of the localized
Wannier basis underlying the representations in Egs. (1)-(4).
Inserting Eq. (C2) into the Hamiltonian in Eq. (2) yields

Hhop(t) = =219 Y _ cos{lq + A()a}é] ,eq.u- (C3)
q.1
and the current operator in Eq. (4) likewise transforms as

J@0)=2nay_sin{lg + ADIa)E] 0 (CH)

q, 1

From Egs. (C3) and (C4) it is clearly seen that the system is
diagonal in ¢ space. Further, we note from Eq. (C3) that the
ground state has a symmetric distribution of electron crystal
momenta around ¢ = 0.

The expectation value of the current is calculated using
Eq. (C4),

J0) = (@) =2u0a Y _sin{lg +AOla)ng,..  (C5)

q:1k

where n, ;, = (\Il(t)léjl"“él,,ulkll(t)) is the number of electrons
with crystal momentum ¢ and spin p which remains constant
throughout the dynamics. We now expand the sinusoidal func-
tion in Eq. (C5):

Jt) =2t0a ) ng . {sin(qa) cos[A(t)al
q,

+ cos(ga) sin[A(t)a]}. (C6)

We see that the first term in Eq. (C6) vanishes as
Xg.usin(ga)n,,, = 0 for all distributions symmetric around
g = 0 which includes the ground state for L = 10. Taking a
field of constant amplitude, A(t) = Ay sin(w.t + ¢), we then
expand the sine function in Eq. (C6) using the Jacobi-Anger
expansion and obtain

j) =4na Z 1y, . cos(ga)

q: 1

o]
x (Z Jan-1(Aga) sin[(2n — D)(wrt + ¢)]>, (&)
n=1

where J, is the nth Bessel function of the first kind. The spec-
trum is finally obtained from the norm square of the Fourier
transform of Eq. (C7):

(@) =4tay g, cos(qa) Yy Jo-1(Aoa) / e sin[(2n — 1)(wpt + ¢)]dt

q. n=1

= —dimtoa Y ng,cos(qa) Y Ju-1(A@)e® 5[0 — 2n — Do ] — e 5[0 + (2n — Do}, (C8)

q.1 n=1
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where we have assumed an infinitely long pulse for sim-
plicity. We see that Eq. (C8) is only nonvanishing for odd
integer values of w showing that only odd harmonics are
found in the spectrum in the uncorrelated phase. For a finite

pulse (also with an envelope), still only odd harmonics will
be found in the spectrum, though less sharply peaked. In
that case, the equations become more involved and are not
included here.
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We study the effect of electron-electron correlations on the quantum state of the light emitted from high-
harmonic generation (HHG). The quantum state of the emitted light is obtained by using a fully quantum-
mechanical description of both the optical modes as well as the electronic system. This is different from the
usual semiclassical description of HHG, which only treats the electronic target system quantum mechanically.
Using the generic Fermi-Hubbard model, the strength of the electron-electron correlation can be treated as a
parameter enabling us to investigate the two limiting cases of a completely uncorrelated phase and a correlated
Mott-insulating phase. In the completely uncorrelated phase, the model reduces to a single-band tight-binding
model in which only intraband currents contribute to the spectrum. In this limit, we analytically find that the
emitted light is in a classical coherent state. In the Mott-insulating phase, a consideration of the photon statistics
and squeezing of the emitted photonic state shows that the inter-Hubbard-subband current generates nonclassical
light. In this sense, we show that electron-electron correlation can induce the generation of nonclassical states of

light.

DOI: 10.1103/PhysRevA.109.033110

L. INTRODUCTION

High-harmonic generation (HHG) is a well-studied process
in which a system (atom, molecule, solid) is driven by an
intense laser field resulting in the emission of higher har-
monics at integer values times the frequency of the laser.
HHG has been observed in numerous experiments and has
led to the field of attosecond physics [1] that was awarded
the Nobel Prize in physics in 2023 [2—4]. The experimental
progress has opened the door to study electron dynamics at
their natural times scales as well as using the HHG spectrum
to study the generating process within the HHG sample [1].
HHG in atomic and molecular gases is typically rational-
ized in terms of the three-step model [5-7], with ionization,
propagation and recombination, and associated emission of
light as essential elements. HHG in solids [8-10] can often
be understood as originating from two different but coupled
kinds of currents, namely, the inter- and intraband currents.
Similarly to HHG in atoms, the interband current can be
explained semiclassically by the three-step-model for HHG
in band-gap materials [11-14]. In this model, (i) an electron
is promoted to the conduction band due to the interaction
with the driving field, leaving a hole in the valance band;
(ii) both the electron and the hole are accelerated in their
respective bands by the strong laser field; and (iii) the elec-
tron and hole can recombine, resulting in the emission of
light. This process typically occurs in semiconductors with
a valence band and at least one conduction band, which is
why such a process cannot be included in one-band models.
Intraband currents, on the other hand, can exist also in one-
band models and emerge from the acceleration of an electron
in the nonparabolic band of the solid. The two mechanisms
are intrinsically coupled as the intraband mechanism is the
second step in the three-step model for interband current
generation.

2469-9926/2024/109(3)/033110(15)
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Though the above-mentioned physical pictures have al-
lowed for accurate descriptions of the emitted photonic
spectrum and have found a wide range of applications, they
are not entirely complete as they cannot account for a possible
quantum-mechanical nature of the emitted light. In recent
years, much attention has been given to the inclusion of a
quantized electromagnetic field in the context of HHG both
theoretically [15-29] and experimentally [28,30-32], merg-
ing the fields of strong-field physics and quantum optics.
In this fully quantum-mechanical setting it was found that
nonclassical states of light can be generated when including
transitions between the initial and different final electronic
states in atomic gasses, e.g., in a gas of helium atoms [17].
It was also found that a nonclassical catlike state, a coherent-
state superposition (CSS), can be generated if one performs
a conditional measurement subsequent to the HHG process
as shown for both atomic gasses [19,26,28,32] and solids
[20,21,29]. Furthermore, there have been investigations in the
direction of a nonclassical driving field [22,23,27], which is
also not possible within a conventional semiclassical frame-
work. Investigating the quantum features of the emitted HHG
light is not only of interest to fundamental research and under-
standing of the HHG process itself but is also important with
regards to quantum information science, as a fully quantized
theory could enable HHG to be a feasible way to reliably
create nonclassical states of light (e.g., squeezed states, Fock
states, CSS [33-35]). These could serve as a great resource in
quantum technology [36,37] and quantum metrology [38,39]
linking the fields of attosecond science and quantum informa-
tion [19].

In parallel with these developments, there has recently
been an increasing interest in HHG in correlated materials,
that is, materials with a beyond mean-field electron-electron
repulsion. These materials, including cuprates and high-
temperature superconductors, are of great interest and they

©2024 American Physical Society
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can lead to a signal enhancement for certain harmonics
[40-45]. HHG is hence relevant as a spectroscopic tool to
resolve the dynamics of electrons in correlated materials.
Mott insulators in particular have recently been investigated
both theoretically [40-54] and experimentally [55-57], al-
though not with quantum optical considerations. Generally,
a correlated quantum system exhibits nonclassical behavior,
motivating the use of correlations to generate nonclassical
light in HHG. This is also indicated by recent theoretical
studies where it has been shown that by preparing a gas of
atoms in a highly correlated (superradiant) state nonclassical
light was emitted from HHG [18]. It was also shown that
including correlations between atoms can generate entangled
and squeezed light [24] or entangled photon pairs [58]. In this
paper, we focus on correlated materials and ask the question
of how electron-electron correlations affect the generated pho-
tonic state. Specifically, we ask how the HHG spectrum in a
fully quantum-mechanical calculation differs from semiclassi-
cal calculations when including electron correlations and how
the presence of these correlations affects the photon statistics
and squeezing of the emitted light, the latter two of which
would not be possible to address in a usual semiclassical HHG
setting.

To capture generic effects of electron correlation we use the
prototypical Fermi-Hubbard model [59]. This model has been
shown to capture important physical properties of real materi-
als, such as cuprates, which include high-7, superconductors
[60,61]. In this model the on-site electron-electron correlation
is included via the so-called Hubbard U term and the corre-
lation strength can thus be treated as a changeable parameter
allowing us to study how the quantum-mechanical nature of
the generated light changes when increasing the correlation
strength, U. This allows us to study both the uncorrelated
phase and the highly correlated Mott-insulating phase where
the electrons are highly real-space localized with only one
electron per site as doubly occupied sites are energetically
unfavorable.

The paper is organized as follows. In Sec. II the gen-
eral fully quantum-mechanical theory and the Fermi-Hubbard
model are presented as well as the measures of interest. Then
in Sec. III we present the results for the two limiting cases of
an uncorrelated phase and a Mott-insulating phase followed
by adiscussion in Sec. IV before summarizing and concluding
in Sec. V. In the Appendices further details on the derivation
and application of the formalism are given. Throughout this
paper atomic units (i = m, = 4wey = e = 1) are used unless
explicitly stated otherwise.

II. THEORY
A. Quantum optical description of HHG

In this section, we describe a fully quantum-mechanical
framework that includes the quantum optical state of the
light emitted from an electronic system driven by an intense
time-dependent electromagnetic field. The steps involved in
this theory can be found, e.g., in Refs. [17,19]. We have
chosen to include some details of the derivations to make
the presentation self-contained. The theory goes beyond usual
semiclassical HHG theory by considering the quantum state

of both the emitted light and the coherent state of the driving
laser. This quantum optical calculation consists of three parts.
In the first step, the state of the laser is transformed into
vacuum [62,63]. This in consequence separates the vector
potential into a classical and a quantum part and is accompa-
nied by a transformation of the time-dependent Schrodinger
equation (TDSE). In the second step, the TDSE is solved
for electrons driven only by the classical field. This is only
possible due to the transformation performed in the first step
and enables one to use conventional TDSE solvers as only the
classical field is considered. Here we specifically calculate all
transition currents and not only the time-dependent expecta-
tion value of the current. The third and final step is to integrate
an equation of motion for the photonic state, which is coupled
to the current generated by the response of the electrons to
the classical part of the vector potential. From the photonic
degrees of freedom one can calculate all expectation values of
interest. This protocol will now be explained in greater detail.

We investigate a system driven by a multimode coherent-
state laser, |Yiaser(f)) = Q.o |oro e ') where wy = clk| is
the angular frequency with the wave number k, ¢ being
the speed of light in vacuum, and o the polarization. The
distribution of the complex coherent-state parameters {oq }
determines the properties of the field. We note that the
coherent-state amplitude vanishes for modes far away from
the laser mode, i.e., ay, = 0 for k, o > k;, 01 where k;, o
is the wave number and polarization of the laser mode,
respectively.

We consider a case where, under field-free conditions, N
electrons move subject to an electrostatic potential U gen-
erated by other electrons and static nuclei. The state of the
combined electronic and photonic system, denoted by |\W(z)),
satisfies the TDSE

W) = A W) )

where the full Hamiltonian is given by H = %27:](13_/- +
A +U + Hp, where p; is the momentum operator for

electron j, U is the potential accounting for the Coulomb
interaction between the particles,

A 8o o . ik-r Ak AT —iker
A=) —@eloe" +e4 ") (@)
kZU: /*wk o"k,o
is the quantized vector potential, and
Ar =Y o} i, ©)
k.o

is the Hamiltonian for the free photonic field. In Egs. (2) and
(3) the effective coupling strength is denoted gy = /27 /V
with quantization volume V/, r is the position, X , is the sum
over all photon momenta and polarizations with photon unit
vector &,, and @ , and &,‘:_a are the photonic annihilation and
creations operators, respectively. In order to solve Eq. (1) we
follow the same procedure as in Refs. [17,19] for a quantized
electromagnetic field. The first step follows a transformation
originally introduced by Ref. [62] and later used in the context
of HHG [17,19,20,28,32], which is to transform away the laser
field by considering the time-dependent unitary displacement
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operator

D(t) = @0 Dlotko (1)] “
with
(&)
with o (1) = apge™" such that D'(r) [Viaser (1)) = |0).
Due to this transformation the vector potential A now splits

up into a classical part Ay () = (Viaser (t)\ﬁ | Vlaser (1)) as well
as a quantum part:

Diak .o (1] = explos (1)a] , — oy (a1,

Ao =32 e,ap e v ezal et ()

ko Nk

Consequently, the Hamiltonian is now separated into three
parts:

H(t) = Hrpse(t) + V() + HF, ()]

- N 1, A .

where Hrpse(t) = Y_)_, E[p i +Aa®)]* + U is the Hamil-
tonian governing the electronic system subject to a classical
driving, V()= Z’]Y:l AQ . [ﬁj + A (1)] is the electronic in-
teraction with the quantum field, and I-?F is the free-field
Hamiltonian given in Eq. (3). In Eq. (7) a tilde has been used
on the left-hand site to denote the fact that the Hamiltonian
is transformed due to the application of the displacement
operator in Eq. (4). A full derivation of the result in Eq. (7)
can be found in the Supplementary Information of Ref. [17]
and is included in Appendix A for completeness.

The full Hamiltonian in Eq. (7) is now further trans-
formed by going to a rotating frame with respect to Hrpse()
and Hp, ie., by applying the unitary time evolution opera-
tor U (¢, o) = Ujpgg (. to) - UL (¢, o) with 1o being the initial
time such that

W), = Uy (1, 10) 19 (1)), )

where the subscripts refer to the frame of reference with
denoting the Schrodinger picture and / the interaction picture.
The transformation in Eq. (8) separates the dynamics of the
classical and quantum parts of the electromagnetic potential
and transforms the TDSE into

i% (@), = Vi) @), ©)
with
Vi(t) = (2, 10) Ag Ur (2, 10)
Ufspt.10) () Uhpse(t. 1) (10)

where we have defined the current operator j (1) = E?’:l p; +
Aci(1)] and where the tilde denotes that the state is displaced
with respect to the laser modes. The quantized vector potential
in the rotating frame within the dipole approximation is given

-
i

Ap () = I/?O (t,10) A Up(t, 1) = Z/Af;(l» 10) Ag Ur (1, to)

[@oak‘uefiwk(ffm) + @;al Ueiwk(ffio)].

)

We rewrite the right-hand side of Eq. (10) by utilizing that an
electronic state |¢,,) is time evolved via

|6 (@) = Urpse(t, 10) 1¢m(to)) - 12)

By inserting identity operators 1 = %, |¢,,) (¢m| into Eq. (10)
and using the definition in Eq. (12) we then express the inter-
action as

Vi6) =Y Ags(t) ju,®lbu) (ul.  (13)
where we have defined the matrix element
Fun@®) = (@) 164(D)) , (14)

which is referred to as the transition current between two
electronic states. Thus, the second step in the quantum optical
protocol is to obtain a set of electronic states {|¢,,(¢))} for all
times using standard TDSE solving techniques to solve

i% |fm (1)) = Hrpse() | (1)), 15)
where |¢,,(t)) is a wave packet starting out in the mth state
for the electronic part of the problem. The choice of basis,
{l¢m(2))}, is in principle completely arbitrary. We have chosen
the basis to be the eigenstates of the field-free Hamiltonian of
the electronic system, as it enables the use of conventional
numerical tools to solve the TDSE.

In the present paper, we investigate how correlations in a
generic correlated material described by the Fermi-Hubbard
model affect the emitted photonic state produced by HHG. To
that end, we now specify the electronic Hamiltonian to be the
field-driven Fermi-Hubbard Hamiltonian, i.e., I:ITDSE(t) —
Hru(1). Specifically, we consider the one-dimensional, one-
band Fermi-Hubbard model at half filling with periodic
boundary conditions and with an equal number of spin-up and
spin-down electrons to keep the whole system spin neutral.
This model is chosen as it allows us to treat the correlation
strength U as a parameter to study the effects of correlations.
The system is driven by a classical laser pulse such that the
system within the dipole approximation is described by the
time-dependent Hamiltonian [59]

Hex (1) = Hhop(t) + Hy (16)
with
Bhop(t) =—10 Y (6%V¢] ¢j11, + He), a7
Jim
Ay =UY (@810 &), (18)

J

where # is the hopping matrix element for an electron to
move to the nearest-neighboring sites, i.e., from site j to site
Jj £ 1; Aa(t) is the classical vector potential of the driving
field along the lattice dimension; a is the lattice spacing;
and U is the beyond mean-field onsite electron-electron re-
pulsion. The fermionic creation (annihilation) operator for
an electron on site j with spin u € {f, |} is denoted Ej._u
(¢j,u)- We work with nearest-neighbor hopping, which is the
common limit of this model [43—45]. Inclusion of multiple
bands and beyond-nearest-neighbor hopping terms becomes
numerically very demanding. Note that each term in the sum
in Eq. (18) counts the number of electrons on site j. In the
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Fermi-Hubbard model, the current operator is explicitly given
as

J@) = —iatg Y (40T 2541, — He)k, (19)
Jr
which is in the direction of the Fermi-Hubbard chain taken to
be the x direction; see Appendix B.

We are now ready to solve Eq. (9). To that end, it is conve-
nient to expand the full state of the electronic and photonic
degrees of freedom in terms of field-free electronic eigen-
states:

1@ =Y 12" @) 1) . (20)

m

where m is the index corresponding to the mth electronic
state and |%™(¢)) is the photonic state associated with the
electronic state |¢,,). Note that normalization of the state in
Eq. (20) requires X,, (¥ "™ (t) | %" (t)) = 1. The choice of ba-
sis in Eq. (20) can be completely arbitrary but it is convenient
to expand in the same basis as the one used in Eq. (13) as
we will exploit the orthogonality between basis states in the
following. We now insert Eq. (20) into the transformed TDSE
in Eq. (9), project onto (¢,,|, write out AQJ([) explicitly,
and obtain the following equation of motion for the emitted
photonic field:

L0 80 s
—|ym — 5
i 1" @) E M[eoak ve

k.o

—iwyt +e Ak AT la)ki]

Y a1 @1

n

where we have taken ) = 0 for convenience. Equation (21)
has the same structure as the equations derived for the atomic
case in Refs. [17,19,20,24,32] and it is in general difficult
to solve as it couples all frequency modes and all electronic
states. To proceed we now assume that each frequency com-
ponent can be treated independently (that is, assuming no
coupling between the different harmonics [17]), yielding the
equation

iai |XI|(T:‘I)( )) o [egak e —iwgt +é A*AT elwkt]

}:hmanxwa», 22)

where | )”(,gf)(t)) is the frequency component with wave num-
ber k and polarization o of the photonic state associated
to the field-free electronic eigenstate |¢,,). The integration
of Eq. (21) or (22) is the third step in the quantum optical
description of HHG, and by using the full state of the system
in Eq. (20) expectation values of interest can be calculated.
Details on the calculation of expectation values are given in
Appendix C.

We emphasize that Eq. (21) [or equivalently Eq. (22)] is the
central equation in this fully quantum-mechanical framework,
highlighting that it is not only the classical current, j, ;(t) with
i being the initial state [see Eq. (14)], that contributes to the
photonic quantum state. In fact, for the system considered
in this paper, we find that other elements of this transition
current, j, . (¢), are significantly greater than the classical

T ‘31.1|2 """" \}s.l\" """" \ju 1‘2
"""" UZJF ‘.;T.l‘z U'su 1‘3

10 20 30 40 50 60 70 80 90
wiwg

FIG. 1. The norm squared of the time derivative of the Fourier-
transformed current, Jj,,,(w), for various transition currents. Note
that some elements are comparable to or even larger than the classical
current element, j; ;(w) (solid blue line). The results shown are for
a Fermi-Hubbard model with U = 10, and the parameters specified
in the main text.

contribution as seen in Fig. 1 where Fourier-transformed
transition currents, f,ly,,,(a)), are shown. At first glance, this
may indicate that many transition currents contribute more
than (j(t)) = j, ;(t). However, as seen from Egs. (21) and
(22) the transition currents (together with go) determine how
much population is transferred to a given state. As we take
the initial condition to be the vacuum state associated with
the electronic ground state, i.e., | X,g:f)(to)) = 6, |0), and
the coupling is in general weak (determined by gp) most
of the population remains in the photonic state associated with
the initial electronic state. Note also that this formalism can
be used to calculate the quantum features of any system once
Jn.m () is known for all n and m. As will be shown in Sec. III,
it is the inclusion of these off-diagonal transition currents that
can potentially generate nonclassical light.

In other works further approximations have been made on
the transition currents. For instance, the strong-field approx-
imation (SFA) has been made to neglect transitions between
excited states (or continuum-continuum transitions for atoms)
[19,32], and a Markov-type approximation has been per-
formed on the photonic state [24], allowing for an analytical
solution of Eq. (21). However, we do not pursue this further
here.

In the results presented in this paper, we use a one-
dimensional lattice of L = 8 sites with periodic boundary
conditions, a lattice spacing of a = 7.5589 a.u., and 7y =
0.0191 a.u. picked to fit those of the cuprate Sr,CuO; [64]
as done previously in Refs. [40,43,44]. We use a linearly
polarized pulse with polarization along the lattice dimension
with N. = 10 cycles and a sin? envelope function in the dipole
approximation

t
Aa(t) = Ay sin(wpt + 7 /2) sin (%) (23)
Here, the vector potential amplitude is Ag = Fy/w, = 0.194
a.u. with the angular frequency w; = 0.005 a.u. = 33 THz.
With these choices the field strength, F, corresponds to a
peak intensity of 3.3 x 10'© W/cm?. To study the effects of
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correlations, we treat the strength of the on-site electron-
electron correlation, U, as a parameter. We solve the TDSE in
Eq. (15) for all states {|¢,,(¢))} using the Arnoldi-Lancoz algo-
rithm [65-68] with a Krylov subspace dimension of 4. As this
fully quantum-mechanical theory requires all time evolved
states of the electronic system, {|¢,,(¢))}, it is computation-
ally more demanding than the usual semiclassical calculation,
limiting us to consider at most L = 8 electrons in the model.
We found consistent results for smaller systems with L = 4, 6
electrons. Furthermore, to limit the dimensionality of the sys-
tem, we utilize that the Hamiltonian in Eq. (16) possesses
spin-flip symmetry and is invariant under translations of the
entire system corresponding to conservation of the total crys-
tal momentum [59]. The initial state is the spin-symmetric
ground state with vanishing total crystal momentum, and due
to the symmetries of the Hamiltonian only couplings to states
within that subspace are needed.

B. Measures

Using a fully quantum-mechanical approach to calculate
the quantum state of the emitted HHG allows one to calculate
other measures than just the spectrum, which is the primary
observable in usual HHG approaches. Particularly, since the
photon distribution in each mode is obtained within this the-
ory, the photon statistics of the emitted state can be calculated,
enabling the study of nonclassicality in HHG. In this paper,
we follow Ref. [17] to calculate the photonic spectrum, the
Mandel Q parameter, and the squeezing of the photonic state,
which we will explain in the following.

The spectrum can be calculated in the following way. The
total energy of the emitted field after the HHG process is given
by € = Xk ;i (.o ), Where g, = &La&kﬁ is the photonic
counting operator, and where we for simplicity have denoted
(o) = 1 (P ()Y ke Uy ¥ (00)); and include Ty as the
state is in a rotating frame as seen from Eq. (8). By taking
the continuum limit, >, — V/(8c*n?) [ dQdwe?, where V
is the quantization volume, one can calculate the energy per
frequency per solid angle:

de »’ R
So)= 5 (o) (24)

wdQ ~ g2r)c

which we will refer to as the spectrum. To illustrate the
effect of the quantum description of the photonic degrees
of freedom, we also consider the conventional semiclassical
prediction of the spectrum [69]:

Sa(@) = @|f; {(@)]* (25)
where J; ;(w) is the Fourier transform of the classical current
which in the present case is obtained from the time evolved
ground state |¢(¢)) used in Eq. (14).

We note that the spectrum in Eq. (24) only contains the first
moment of the photon counting operator, which does not re-
veal all the statistical properties of the underlying distribution
from which it was calculated. Information about the photon
statistics of the generated light is hence not found in the
spectrum. The statistical properties of the generated light can
instead be quantified via the so-called Mandel Q parameter.

For a single mode it is given by [70]
(% o) = (.0)?
<ﬁk,a)

If Ok, > 0 the photon statistics is called super-Poissonian
while for Ok , < 0 it is called sub-Poissonian, referring to a
broader and narrower distribution than a Poissonian distribu-
tion, respectively. Note that a classical coherent state will have
Ok.o = 0 as it has Poissonian statistics. While only a nonclas-
sical state can produce sub-Poissonian statistics, both classical
mixtures of coherent states, thermal states as well as non-
classical states can have super-Poissonian photon statistics. In
other words, a super-Poissonian statistics is not necessarily
a quantum feature [70]. The last measure of interest in this
paper is the degree of squeezing, which is a clear nonclassical
feature of light. The degree of squeezing in the unit of dB is
given as [71,72]

— : 2
ko = —101og {49g(;g)mxm(9>] 3

Ok = -1 (26)

(2]

where the minimum is found over angles 0 < 6 < 7 that
minimizes the variance in the generalized quadrature oper-
ator Xy o (0) = (agoe™" + &;Je”’)/l We note that classical
coherent light is not squeezed, i.e., nx,, = 0 for all modes and
polarizations for coherent light.

Experimentally, one can measure the degree of squeezing
with a homodyne detection scheme [70,73,74] and the Mandel
Q parameter can be obtained by photon counting [75,76].

III. RESULTS

We now use this fully quantum-mechanical framework
to study the harmonics generated by the field-driven Fermi-
Hubbard model in two limiting cases, namely, the completely
uncorrelated phase (U = 0) and a Mott-insulating phase (U =
101p). These cases are chosen as the dynamics is governed
by two different mechanisms and the limiting cases allow
us to present qualitatively physical pictures to explain the
results. Additionally, the Mott-insulating phase will highlight
the role of electron-electron correlations in the generation of
nonclassical light when compared to the uncorrelated phase.

A. Uncorrelated phase
1. Qualitative physical picture

As a limiting case we consider a system without correla-
tions, i.e., U = 0, as it allows for an exact analytic solution.
In this case, the Fermi-Hubbard Hamiltonian reduces to a sim-
ple one-band tight-binding model described by the hopping
Hamiltonian, I-?hop (t) in Eq. (17). Equation (17) can be diago-
nalized by transforming the creation operators as follows:

i 1 igR; At
e =—F= e e, (28)
b=

with a similar expression for the annihilation operators. Here
R; denotes the jth lattice position and g is the crystal mo-
mentum of the particle. The transformation reflects a shift
from real space to momentum space corresponding to a shift
from an underlying localized Wannier basis to a spatially
delocalized Bloch basis. The result for I:Ih(,p () in terms of the
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new operators reads

Bhop(t) =Y Elq + Aa()1E] 640, (29)

q1

with the dispersion relation describing the Bloch band given
as

E(q) = —2ty cos(ag). (30)

That is, the individual crystal momenta of the electrons are
conserved and have a time-dependent dispersion determined
by A.(t). Note that the energy bandwidth is

Apana = 410 3D
as seen in Eq. (30).

2. Results

One can show that [I-?hop(t),j'(t)] = 0, which allows for
a shared set of eigenstates. As the Hamiltonian also com-
mutes with itself at different times, the time evolution operator
is simply given as Uhop(, 10) = expl—i [; Hnop(t')dt'] and it
then follows that [Z:{hop (t, ty), }'(z)] = 0. Because of these rela-
tions, all off-diagonal elements of the current vanish, i.e.,

Fonn®) = ()| Ui, (1, 10)] o 2, 10) 1 10))
= jn,n(t )&n,na (32)

where it was used that |¢,(¢)) is an eigenstate for the current
operator. Equation (32) consequently decouples all the elec-
tronic states in Eq. (21). As the initial state prior to interaction
with the laser is the field-free ground state, |¢;(fo)), and there
is no coupling to states |¢,,(t)) with m % i, only |¢:(¢)) is
populated throughout the dynamics. That is, the equation of
motion for the photonic state is now simply given as

3 i 80 i i
i— |5 @ — § _SY 15 A —iwpt | ak AT ioxt
lal [ @) = < \/aTk[eoak,ae * €y o€ ]

G 1x@) . (33)

As Eq. (33) is linear in the photonic creation and annihilation
operators, it can be solved analytically [71]:

170@) = @ D[BL (1)]10) (34

where D is the unitary displacement operator for the pho-
tonic field given in Eq. (5) and ﬁ,ifzy(t) is the time-dependent

coherent-state amplitude given by
1
B (1) = —i% f Wy ekdt. (35
k Jiy

This result is to be expected as the emitted light is generated
by a classical current, (j) = j ;.i» and consequently the emitted
HHG is a multimode coherent state. The mean photon number
for a coherent state is readily evaluated (/i) = | ﬁ,(c'l o3,
and using Eq. (24) it is found that the HHG spectrum for
U = 0 is given by (taking t — 00)

2

St =
(@) = 2m)%c3

i), (36)

where J; ;(w) is the Fourier-transformed current. This result is
identical to the classical spectrum in Eq. (25), proving that no

units

) (arb.

10757

3
U; 1032 \/

N

42
10 ) 5 10 15

wiwg,

FIG. 2. HHG spectrum for the uncorrelated U = 0 case calcu-
lated via Eq. (36). Parameters for the system are given in the main
text. The dashed lines are placed at odd harmonics to guide the eye.
See text in Sec. II A for laser and system parameters.

quantum optical considerations are necessary when studying
the uncorrelated phase. The spectrum can be seen in Fig. 2
where peaks are found at only odd harmonics as expected.
We note that since the emitted HHG is in a coherent state it
shows no nonclassical nature, and hence Qk , = 1k, = 0 for
all wave numbers and polarizations. We can thus conclude that
in the uncorrelated phase, no quantum optical considerations
are needed as usual semiclassical calculations are exact. We
note that in the uncorrelated limit the inclusion of beyond-
nearest-neighbor hopping would not change the classicality
of the emitted light as these terms would simply modify the
dispersion in Eq. (30). The hopping Hamiltonian in Eq. (29)
would still remain diagonal in crystal momentum space and
hence commute with the current operator.

A few additional notes for the uncorrelated phase are worth
making. First, we find that a perturbative calculation to first
order in AQ, limiting the total state to contain at most one
photon as done in Ref. [17], interestingly yields the exact an-
alytical result for the spectrum though the photon distribution
is a superposition of vacuum and one-photon modes and is
hence not Poissonian. See Appendix D for details. Moreover,
we find that even though the spectrum is peaked only at odd
harmonics, we observe that during the interaction with the
laser (7ix,)(t) # 0 also for even harmonics. Of course, due
to the symmetry of the electronic system and laser, no peaks
at even harmonics are observed in the final spectrum. See
Appendix E for details. As a final note, one can perform a
subsequent condition measurement of the emitted HHG sig-
nal. Due to the quantum back-action of this measurement,
the state is no longer a single multimode coherent state but
is a superposition of coherent states (similar to a cat state) as
found in Refs. [19,21,28,32]. We will not discuss conditional
measurement schemes further in the present paper.

B. Mott-insulating phase
1. Qualitative physical picture

We now investigate the so-called Mott-insulating phase
where U > 1y and where we use U = 101, in the calculations.
In Fig. 3 all the eigenenergies for the field-free Hamiltonian
with U = 10fy are shown. Here we see how the spectrum is
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FIG. 3. The spectrum of the field-free Fermi-Hubbard model in
the Mott-insulating phase with U = 10t and parameters in the main
text. We note how the spectrum is separated into so-called Hubbard
subbands. The characteristic energies are given by the Mott gap
Anor = 26. 7wy, [Eq. (37)] (green arrow) and the bandwidth Ayyg =
4ty = 153w, [Eq. (31)] (orange arrows).

grouped into the so-called Hubbard subbands [59]. We refer to
the left most subband in Fig. 3 as the first subband, the second
most left subband as the second subband, and so on. The
energy difference between the ground state and the second
subband is given by the Mott gap (green arrow) [59,77,78]:

Amow = E5S" + E5' — 2Es. (37
Here Efg denotes the ground-state energy containing n elec-
trons on a lattice with L sites. Further discussion can be found
in Ref. [44]. The ground state of the system is dominated
largely by configurations with only single site occupations as
it requires a relatively large energy to have a doubly occupied
site [41,42,44,45]. The Mott-insulating phase is therefore best
analyzed in a quasiparticle picture with doublons (doubly
occupied sites) and holons (empty sites). The states in the
lowest-lying subband (most left band in Fig. 3) contain vir-
tually no doublon-holon pairs while the states in the second
subband are dominated by configurations that contain a single
doublon-holon pair. Hence, the Mott gap in Eq. (37) approx-
imates how much energy is needed to create a doublon-holon
pair from the ground state. Furthermore, we note that the
width of the second subband is approximately 2Ap,nq (Orange
arrows in Fig. 3), which is due to the fact that both the
doublon and the holon can propagate within the band, each
with an identical bandwidth similar to Ap,,g. Details on the
spectrum of the Mott-insulating phase are discussed further in
Refs. [45,59,79].

Neglecting scattering between doublons and holons, we
can qualitatively describe the HHG process in the Mott-
insulating phase in a similar three-step model as the one for
multiband models presented in Sec. I, where doublons now
are analogous to electrons and holons are analogous to elec-
tron holes [45]. This three-step model for Mott insulators is
described by the following.

(i) The creation of a doublon-holon pair as the external
laser now transfers population from the ground state in the
first subband to a state in the second subband. The two bands
are energetically separated by Ay as seen in Fig. 3.

(ii) The doublon-holon pair then propagates within the
second subband by coupling to different states in that subband
whose eigenenergies are closely spaced when compared to
Awmor as seen in Fig. 3.

(iii) Finally, the doublon-holon pair recombines (annihi-
lates), emitting a high-harmonic photon populating one of the
states in the first subband.

The intraband current in step (ii) originates from both the
doublon and holon propagating in their respective bands with
a width similar to Ay,,q and hence intraband harmonics can
at most have an energy of Apyng. The width of 2Ap,,qg in the
second subband in Fig. 3 comes from the fact that it contains
both the holon and doublon band. Transitions from states
in the top to the bottom of the second Hubbard subband in
Fig. 3 are multielectron transitions which are not the dominant
contributions to the intraband current. Interband harmonics
originating from step (iii) are restricted to have an energy
between Ay and Ay + 2Apang as this is the smallest and
largest possible energy when coupling from a state within the
second subband to the ground state, respectively.

2. Results

With this physical picture in mind, we are now ready
to look at the spectrum, the Mandel Q parameter, and the
squeezing parameter for the Mott-insulating phase. We obtain
the following results by integrating Eq. (22) for each har-
monic mode with a frequency spacing of w/w; = 0.1 with a
fourth-order Runge-Kutta routine. In Fig. 4(a) the spectrum
[Eq. (24)] is shown (blue line). The vertical dashed lines
indicate selected frequencies of interest and the vertical dotted
lines are placed at odd harmonic orders. The vertical solid
black lines are placed at Apand, Amot, and Amoy + 2Apands
respectively.

In Fig. 4(a), we find well-defined peaks at odd harmon-
ics up until w/wy, ~ 21. These harmonics originate from the
doublon-holon intraband current. For harmonics above this
value we note an increasing signal which we attribute mainly
to the interband current. We also note that the higher-lying
peaks are not as clear as the lower ones, which is due to the
length of the laser pulse. The less clear peaks are thus not
a consequence of the quantum optical considerations as has
previously been seen in usual semiclassical HHG calculations
[44,45,80], and are indeed also present in the semiclassical
result [Eq. (25)] shown by the dashed curve in Fig. 4(a).
These peaks at noninteger harmonics are due to the laser pulse
populating multiple Floquet states which generate noninteger
harmonics at certain frequencies; a comprehensive analysis of
this aspect of the HHG spectrum will be given elsewhere. The
good agreement between the spectrum obtained by including
quantum optical theory and the semiclassical spectrum shows
that the quantum nature of the generated light cannot be seen
clearly from HHG spectra.

Fortunately, using a quantum optical description allows
one to investigate nonclassical properties through the calcu-
lation of, e.g., the Mandel Q parameter and squeezing defined
in Egs. (26) and (27), respectively. In Figs. 4(b) and 4(c) the
results for Q(w) and n(w), respectively, are shown. These
have been calculated at frequencies of interest, »'/wy, and
are averaged over a small region of w'/w; £ 0.2, where o’
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FIG. 4. Measures obtained for a system of L = 8 sites (periodic boundary conditions) with a correlation strength of U = 10 #,. The vertical
dotted lines indicate odd harmonics while the dashed lines show some selected frequencies of interest. The vertical black lines are placed
at Apand, Amor, and Ao + 2Apang, Tespectively (see text). (a) The HHG spectrum calculated using the fully quantum-mechanical theory
[Eq. (24)] (blue). We see a transition between intraband harmonics and interband harmonics at w/w;, =~ 21. For comparison the spectrum
based on a semiclassical calculation [Eq. (25)] is shown (orange) which does not differ notably from the quantum optical spectrum. The
classical spectrum is normalized to lie on top of the spectrum obtained by the fully quantum-mechanical theory. (b) The Mandel Q parameter
[Eq. (26)]. We see a clear increase in Q for interband harmonics showing clear non-Poissonian photon statistics for the emitted Harmonics.
(c) The squeezing parameter [Eq. (27)]. Note that the scaling is in units of 107'° dB. We note an increased squeezing for higher harmonics

showing that the light is slightly squeezed, i.e., nonclassical.

is the central frequency. We see in both Figs. 4(b) and 4(c)
that the values drastically increase around and above the Mott
gap (middle vertical solid black line). That is, the nonvanish-
ing values of Q and n show that the harmonics created by
the Hubbard-interband current have non-Poissonian photon
statistics as well as nonzero squeezing. In this sense, the re-
sults show that correlation between electrons affects the HHG
generation process and the photon statistics of the emitted
light. This is a key result of the present paper. In this sense,
the present findings open the door to the study of correlation-
induced nonclassicality of light in the context of strong-field
processes.

IV. DISCUSSION

In the results presented we use a coupling strength of go =
4 x 107% a.u. which corresponds to a quantization volume
with a side length of few wavelengths and is similar to the
value of gy = 10~% a.u. used in Ref. [28] (in length gauge) for
a single electron.

The value of gy does not affect spectra in the U = 0 case.
This is because the gy dependency in Eq. (35) cancels the g
dependency in Eq. (24) leading to the expression in Eq. (25).
The value of g in relation to the classical field is discussed in
Appendix A. In contrast to the uncorrelated case, the value

go explicitly enters in the expression for the spectrum in
Eq. (24) for U # 0 and quantitatively affects the results shown
in Fig. 4. Specifically, we find much smaller values of both Q
and n than the ones presented for similar work in atoms in
Ref. [17]. However, we emphasize that the present results are
based on a single Fermi-Hubbard chain with L = 8 electrons.
In Ref. [28] the number of atoms participating in the HHG
process is estimated to be on the order of N, ~ 10'3, while in
Ref. [17] results are presented with up to N, = 5 x 10* phase-
matched atoms which in both cases drastically increases the
effective coupling. In our work we find that both Q and 7
increase significantly when increasing go. However, we do
not pursue phase matching of multiple Fermi-Hubbard models
since a clear assessment would require a consideration of
propagation effects of the light, which is beyond the scope of
this paper. Still, we can conclude that the emitted light from
HHG in a correlated material is nonclassical at certain wave-
lengths and only show weak squeezing for a small system size.

We also note that in Ref. [17] sub-Poissonian statistics
was found at lower harmonics and particular at transition
resonances within a single atom. However, for many atoms
only super-Poissonian statistics was found. In the present
paper only super-Poissonian statistics was found across all
frequencies. We note that only the harmonics related to the
interband current are nonclassical. At a qualitative level, one
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can assume this is because the intraband current is simply a
classical oscillating charge distribution whereas the intersub-
band transitions are decidedly more quantum mechanical in
nature.

Another point worth discussing is how well Eq. (22) ap-
proximates Eq. (21), i.e., how good of an approximation it
is to decouple the different harmonics. This is at present un-
clear. It is in general not feasible to solve Eq. (21) and hence
approximations are needed. Instead of neglecting couplings
between different harmonics as done here and in Ref. [17],
one could also consider making approximations on j, (). In
Ref. [24], e.g., this approach is followed by neglecting dipole
transitions from continuum states to continuum states. In the
Fermi-Hubbard model this would amount to only including
contributions from j,, ;(t) # 0 with i referring to the ground
state. This approximation can be justified on grounds of small
matrix elements or, as in our case, that population transfer
from j, ,(t) with both n,m # i is second order in go and
hence negligible. Following this approach, Ref. [24] finds that
in the case of atoms, all harmonics are indeed squeezed by
including the dipole-dipole coupling. However, in doing so a
Markov-type approximation has to be made on the photonic
quantum state, the implications of which also call for further
investigation.

V. SUMMARY AND CONCLUSION

In this paper, we studied how electron-electron correlations
affect the quantum state of the emitted HHG light using the
prototypical Fermi-Hubbard model. We simulated this within
a fully quantum-mechanical setting where both the driving
and emitted electromagnetic fields are quantized, different
from usual semiclassical HHG calculations where only the
electronic system is described quantum mechanically. We
studied the two limiting cases of an uncorrelated phase (U =
0) and a Mott-insulating phase (U = 10¢), the latter of which
may be rationalized in a quasiparticle picture of doublons and
holons.

We set out to investigate how the HHG spectrum differs
when using a quantized field description, how correlations
affect the photons statistics of the emitted light as well
as its squeezing, investigating if the emitted light is non-
classical. With respect to the spectrum, we find that in
general it does not differ notably when performing a fully
quantum-mechanical calculation compared to a conventional
semiclassical approach. This clearly shows that the spec-
trum is largely dominated by the classical current, set up by
the oscillating electrons starting out in the field-free ground
state. Furthermore, we find that in the uncorrelated phase,
the analytical formula for the spectrum matches that of a
semiclassical calculation, proving that no quantum optical
considerations are needed in this case, and that the generated
light is coherent, i.e., no quantum features were found in the
uncorrelated phase. In contrast to this situation, we find, using
the fully quantum-mechanical approach, that in the Mott-
insulating phase nonclassical states of light are generated.
Specifically, we find that the Hubbard interband current yields
nonclassical light while the doublon-holon intraband current
does not show clear nonclassical features, highlighting the

importance of accounting for electron-electron interactions
for predicting the quantum properties of HHG radiation.

Our paper reports the generation of nonclassical light in a
generic condensed-matter model without any subsequent con-
dition measurements, that is, a correlated material is shown to
generate nonclassical light. This opens the door to study other
types of interactions in other kinds of systems as a source
for obtaining different nonclassical states of light. To this
end one can benefit from the generality of this quantum op-
tical approach. It requires one to calculate the time-dependent
transition currents (or dipoles) between all quantum states of
the system. In order to obtain the transition currents, one can
benefit from conventional TDSE solvers. Once the transition
currents are obtained, one can directly study the quantum
nature of the emitted light. The formalism also allows for
the possibility of a nonclassical driving field and it would be
worth investigating the interplay between nonclassical driving
and correlations with regard to generation of nonclassical light
with this approach. Such studies would further bridge the gap
between strong-field physics and quantum information sci-
ence by considering strong-field processes as a reliable source
for nonclassical light, which is central in quantum information
and quantum technology [36,72,81].

ACKNOWLEDGMENTS

This work was supported by the Independent Research
Fund Denmark (Grant No. 1026-00040B) and by the Danish
National Research Foundation through the Center of Excel-
lence for Complex Quantum Systems (Grant No. DNRF156).

APPENDIX A: INTERACTION WITH A
QUANTIZED FIELD

Here we derive the Hamiltonian [Eq. (7)] of the main
text for the full system of electronic and photonic degrees of
freedom when considering a fully quantized field. The presen-
tation builds on the supplementary material in Ref. [17], and
is included here for completeness and reference. In vacuum
the free electromagnetic field is given as

i 8o .
A= Z 7,—<eaak.a
k.o @k

where k is the wave vector with related frequency wy, o
denotes the polarization, &, is a unit vector, dx » (&z_a) is the
annihilation (creation) operator, and go = /27 /V is the cou-
pling constant with quantization volume V. In this paper we
use go = 4 x 107% a.u. which corresponds to a quantization
volume with a side length of a few wavelengths, and which is
similar to the value used in Ref. [28].

A general many-body Hamiltonian of N identical electrons
for the system of interest reads

PN

e*rpezal e, (AD

L1
A= (A2)

[S)

N
Y +A7 +0 + Ay,
j=1

where p; is the momentum operator for particle j, U is

an interaction (Coulomb) within the system, and Hp is the
Hamiltonian of the electromagnetic field.
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Before any interaction between system and laser (1 < #y),
the state of the combined electronic and photonic system is
simply

[Wi(0)) = 1$i(0)) [Ynaser (1)) fort < o, (A3)

where |¢i(t)) = e~E |¢;) is the initial electronic state with
trivial time evolution and

[Viaser (1)) = B lotce™ ) (A4)

is the state of the laser which has a frequency broadening
around the laser frequency, w;. Note that ok , determines the
coherent-state amplitude for the given frequency component.
For frequencies far away from wy, there is no amplitude, i.e.,
oo = 0 for wp > oy
‘We now define the displacement operator
D(t) = @k.o Dloks (1)] (A5)
with
(A6)

where we take the coherent-state parameters to be those of
the laser, i.e., ax o (t) = o ,e ¥ The displacement operator
satisfies the following relations:

Dlak.o (1)] = explous (12}, — et (Dt ],

D(1)|0) = ®r.o loxoe™™ ), (ATa)
D)D) =1, (A7b)

D' (e D(t) = tro + oo™, (A7)
D)oo D' (t) = a0 — ar.oe™™, (A7d)

where it has been used that [&k,g,&z, a,] = O 05,00 and
ko, p o] = [0}, 0y 1= 0.

. D@ .
iD'(1) % =) oo Moy, + o €ty o + oo ),

k.o

‘We now displace the photonic state by

D) [nuses ) = 10)  fort <o, (A8)
such that the photonic state prior to any interaction is simply
vacuum.

Using the displacement operator on the combined elec-
tronic and photonic state in Eq. (A3) we hence obtain

W) = D'(0) |Wi(0)) = |i(1)) [0)  fort <19,  (A9)
which is the initial state for the transformed system. When
interactions are turned on for ¢ > 1, |W;(¢)) satisfies the time-
dependent Schrodinger equation, ia% [Wi(t)y = H(t) |W;(2)). It
then follows that the transformed state, |¥;(¢)), with interac-
tions, satisfies

O _ ) g0 (10
with
Q D(r)
A@® = D' OANODG) —iD (1)~ e

It is the coupling between the electronic and photonic degrees
of freedom in H(¢) [explicitly given in Eq. (A20) below] that
generates population in photonic modes other than the laser
mode.

Using the properties of D(t) from Eq. (A7) one can find
that

N aD(t) Ay LA
D'OAD) — iDT (1) —= ;7’+U+;E[DTO)AD([)]2

(A12)
S o R i 8D()
+Z§[pj~D(t)AD(t)+D(t)AD(t)‘pj]+(D OBAD(@) — DY) — ) (A13)
j=1
(Al14)

DY ®)ArD@) — iDT (1) ——=

The action of the displacement operator on the quantized
electromagnetic field is the following:

D'(AD(t) = Aa(t) + Ay, (A15)
where

Acl (t) = (Wlaser(t)l A |wlaser(t ))

(PR ikr—i
= Z 80 (egap. €™ £ He)),
~/ @k
k,o

= Z i(éaak.n
~/ @k

k.o

%" 4 He.) (A16)

BD(t)

5 AF A
=Hp = Z“)kak,gak.,o-
k

is a classical and a quantized field, respectively. Note that
the interval of k and o in the first equation is only over the
populated coherent states in the laser. It then follows that the
Hamiltonian of Eq. (A11) transforms as

N
H( Z B; +Aa? + 0

N
+Y Ag-[p; +Aa®] + Hr

j=1

(A17)
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where we work in the Coulomb gauge and also discard the

22 . .
term A /2 as it is assumed to be of much smaller magnitude.
We can order the terms in the Hamiltonian as

A(t) = Arose () + Ar + V1), (A18)
with
) Yo N
Hrvse() = 3 5 1b; +AaF + 0, (A19)
J lN
V)= Ao 1p; +Aa(®)]. (A20)

Jj=1

The net result of this transformation is that the laser driving
on the electronic system only needs to be accounted for on
a classical level as seen in ﬂTDSE(t). However, the electronic
system then interacts with a quantized field via V (r) which
then affects the photon emission. Equation (A18) corresponds
to Eq. (7) of the main text.

‘We note that the classical electromagnetic field is described
both in Eq. (23) and in a quantum optical version in Eq. (A16).
Most notably is the fact that gy only enters explicitly in the
latter expression. We drive the system with a given vector
potential amplitude of Ag. By comparing Eqs. (23) and (A16)
we see that Ay is proportional to g¢ - o . Thus for a fixed A,
changing g( should be followed by a change in the numerical
value of o, to keep the product constant. The value of o
does not affect the results presented as it does not enter the
equations of motion.

APPENDIX B: ADAPTATION TO
THE FERMI-HUBBARD MODEL

In this Appendix we show how we go from the general
TDSE Hamiltonian in Eq. (A19) to the Hamiltonian of the
Fermi-Hubbard model. For notational convenience, we define
the operator i’(t):

N
Py = lh +Aa0)],

=1

(BI)

which is the quantity that interacts with the quantum field in
Eq. (A20).

We calculate the commutator [Hrpsg(f), ZQ’:] r,] and ob-
tain

(B2)

N
|:7'7TDSE(t), Z"n] =—iP@).

n=1

We now specify that Arpge(t) — Hp(t) with the Hpp(r)
given in Eq. (16). Likewise, the dipole operator will be
adapted to the discrete Fermi-Hubbard model:

N L
Yoro> R=Y R a4+ ,0,) (B3

n=1 =1

where N is the number of electrons and L is the number of
sites in the system. Inserting Hry and Eq. (B3) into Eq. (B2)
gives

P(t) = ilHm, R). (B4)

Since the right-hand side of Eq. (B4) is the current operator
[82]

~ N J . ~
i[Hru, R] = ER =Jj(t), (BS)

we obtain

Pit)y=j@). (B6)

The explicit expression of the current operator, j(t), is
found by calculating the commutator on the left-hand side of
Eq. (B5) and we obtain

A . iaAq(t) AT A
Jj@) = —iaty Z(e“‘ Ot &
i

—Hc)x, B7)

which is the same as Eq. (19) of the main text. Here we have
used that the jth position in the Fermi-Hubbard chain is R; =
Jja and taken the direction of the chain to be along the x axis
(polarization direction) without loss of generality.

APPENDIX C: EXPLICIT CALCULATION OF
EXPECTATION VALUES

This Appendix is dedicated to the calculation of expecta-
tion values from the state in Eq. (20) which we restate here:

M
@), =Y 17" O) bn) -

m=1

(CD)

By assuming that all modes can be treated independently, i.e.,
neglecting correlations between different modes [going from
Eq. (21) to Eq. (22)] we can expand the photonic state as a
product state where each product state is further expanded in
terms of Fock states:
) = @k [15) with | 77) =32l o)
Nk.o

(€2

In our calculations, the Hilbert space was truncated to contain
at most 100 photons, though we did not find any population
for Fock states with more than ny , < 15. This cutoff depends
on the choice of gp as a larger value would give a larger
population when applying the photon operators in Eq. (21),
meaning that higher photon numbers can be reached.

We are particularly interested in calculating moments of
the number operator (7 ,)') used for photon statistics and
will use this as an example for a general expectation value.
As the full state in Eq. (C1) is in the interaction picture we
have to transform accordingly. To this end it is useful to use
the following relations [with Uy (t) = Urpse(t) - Ur (t)]:

Uy (D o Uo (1) = dgoe™
U5 0y o) = ay . (C3)

We now calculate the expectation value of the number
operator to the power of /. We find that

(e o)y = 1 CTOIU @) By o) Do) 19 (1)),
Z (D | Gm) <)”(('”/>| (ﬁ;c,.a )l |X(m)>

m,m'

=) X" G o) 17

(C4)
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where the orthogonality of the electronic states has been ex-
ploited. Now expanding into product states via Eq. (C2) we
find

(o)) =D 6 L G ) TT (] )
m k.o
#K' o'
(C5)
Expanding further in terms of Fock states via Eq. (C2), the
two factors can readily be calculated:

(Xk,z) | ("k’ o )l |X(m) )

= Z Z (m)’ *C(r/r,l)a (";c’,a

'k

N 7oA
/l (nk',(r’) |n//k’,z7')

,(//

=Y e o, (C6)
e o
and
(T 2 =3 Jem 2, ()
Mo
and hence the expectation value is given by
(o)) Z [[Z lewn” ‘ (e o i|
' o
< J1 (Z i) ) } ()
k, k.o

#k' o'
which allows all moments of the number operator to be calcu-

lated. A similar calculation is done for expectation values of
other operators, e.g., dx,, and &,‘( o

APPENDIX D: PERTURBATIVE CALCULATION

Here we derive the state of the system in the perturbative
limit of small coupling to the quantum field and show that this
yields the exact spectrum in the uncorrelated (U = 0) phase
despite the fact that the perturbative calculation gives a wrong
description of the generated light statistics (see below). A
perturbative calculation is also found in Supplementary Note
2 in Ref. [17].

Starting from Eq. (9) in the main text, we have

0 - N .
iz 1PO) =V 19 O); (D1)
with
Vi) = Ag () - Uyt 1) (OUu (¢, 1), (D2)

with AQA,(I) given in Eq. (11) of the main text. The general
solution to Eq. (D1) is given by

t
B0, = T exp [—i [ e dr’] By, D3
fo
where T is the time ordering operator and 1 is the initial time
prior to any interaction between the laser and the electronic
system. We now investigate the case of a weak interaction with

11000 12000

i
=
H
g
£
&5
3
]

0 2000 4000 6000 8000 10000 12000
t (a.u)

FIG. 5. The occupation of the lowest even harmonics during the
dynamics of the pulse. We see a clear nonzero occupation at most
times except at the end where all even harmonics have a vanishing
occupation and hence a vanishing contribution to the signal. For
comparison the fifth harmonic (green line) does not vanish after the
interaction with the pulse as seen in the inset.

the quantized field and expand Eq. (D3) to first order in Vi(t):

t
vy =11 [ra|won,. o
fo
We now take the electronic state to initially be its ground
state prior to interaction with the laser. Due to the coherent
displacement done in Eq. (A8), the photonic state is initially
in the vacuum state for all modes. That is, we take I\Il(to)) =
|0) |¢;). Now writing out V;(t) and letting the photonic opera-
tors act on I\I/(to)> ; yields

- , 80
v =10) |¢;) — e
V() ) 1) — i kE,o N

x [ f ENUL N () - ef,dm<t’>dr’] Ik, o) 1)

fo

o) by 80
= 10) I¢) ';'d””)kz;ﬁ

t
x [/ oy e;idz] k, o),
fo

where we in the second line he}ye inserEed 1A = X0 |Om) (Dml
and defined j,,, ;(t) = (¢ (t0)| Ugy (1, 10)] () Urn (2, 10) |$i (ko))
In the weak-coupling limit Eq. (D5) is valid for all choices of
U within the electronic system.

We now investigate the uncorrelated phase of U = 0. In
this case the transition current is diagonal, i.e., j, ;(t) =
Ji.i(t)8y,i. Inserting this into Eq. (D5) we obtain

(D5)

1), = | 10) +Zﬂ“> )k, ) (D6)

[#)

where we have used the definition of /3(’) in Eq. (35) in the
main text. Calculatmg the expectauon value of the number
operator yields (7 ) = |Br.»|>, which yields the exact spec-
trum in Eq. (36) when inserted into Eq. (24) for 1 — oo.
However, higher moments such as ((iz.,)?) are not exact in
this perturbative approach as the state in Eq. (D6) is truncated
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to contain at most one photon and is hence not a coherent
state. We have found that this perturbative approach in general
does not match the nonperturbative results for a finite value of
U # 0, which is why the perturbative approach is not pursued
further.

APPENDIX E: NONZERO SIGNAL FOR
EVEN HARMONICS

Here we briefly show that even harmonics have a nonzero
signal during the dynamics though they vanish in the spectrum
after the end of the pulse. We will use the case of U = 0 as
an example, as we have an exact analytical solution, namely,
(ko) = Iﬂ,ﬂ; (1)|?® with the coherent-state amplitude given in

Eq. (35). In Fig. 5 we show the quantity

P 2
/ Ji®e | =
0

which is directly related to the classical spectrum as seen
from Eqgs. (25) and (36). We see from Fig. 5 that there is
a nonzero occupation for all harmonics during most of the
interaction with the laser pulse but only the odd harmonics
(here the fifth harmonic as an example) are visible in the final
spectrum as seen in the inset. If one could very rapidly stop the
dynamics during the pulse, even harmonics would be observed
since such a rapid change of the system breaks the inversion
symmetry that usually permits only odd harmonics.
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The strong-field induced generation of nonclassical states of light is not only a subject of fundamental
research but also has potential usage in quantum information science and technology. The emerging field of
strong-field quantum optics has developed ways of generating nonclassical states of light from the process
of high-harmonic generation (HHG) at much wider frequency ranges and intensities than is typical
for quantum optics. Here, we study the response from an exciton in a Mott-insulating system, using the
extended Hubbard model. We find that the exciton plays a key role in the nonclassical response and
generates squeezing at the exciton energy, showing a clear mapping between the quantum nature of the
electronic system and the quantum nature of emitted radiation. We relate this nonclassical response to
the nonvanishing time correlations of the current operator in the system. Our work defines a direction for
experimental work to search for squeezed light from HHG in a spectrally confined region defined by the

exciton energy.

DOI: 10.1103/wyk5-k8tk

For decades, a semiclassical description of strong-field
processes with quantized electrons and classical electro-
magnetic fields has been successful. In recent years, a shift
toward a fully quantized description including the quan-
tized electromagnetic field has begun in an effort to merge
the fields of strong-field physics and quantum optics. This
emerging field of strong-field quantum optics enables
the study of strong-field processes at a fundamental level,
as it enables inquiries at the quantum level regarding,
e.g., light-matter and photonic-mode entanglement. Such
investigations bring new insights and can lead to potential
applications in quantum information at ultrafast time-
scales [1].

In quantum optics, one typically considers only a few
photons and a few electronic states. In strong-field physics,
the case is quite the opposite because a macroscopic
number of photons is involved and the electronic Hilbert
space involves many electronic states including the con-
tinuum. Consequently, new theoretical approaches to a
quantum optical description of a macroscopic number of
photons are needed. In recent years, various strong-field
phenomena have been considered from a quantum optical
perspective. For example, free electrons coupled to a
quantized electromagnetic field can probe the photon
statistics of the driving field [2], transfer optical coherence
[3], generate quantum light [4,5], have the quantum statis-
tics of photons imprinted onto the electronic spectrum [6],
can be used for photonic state tomography [7], and even
have applications in quantum information science [8].
Additionally, other strong-field processes such as strong-
field ionization have been considered with nonclassical
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driving fields for both single [9] and double ionization [10]
of atoms, revealing how the nonclassical nature of the
driver significantly influences the ionization process. A key
process in strong-field physics is high-order harmonic
generation (HHG). Many works have surfaced studying
HHG from a quantum optical perspective, revealing that the
emitted light is indeed nonclassical from atoms [11-13],
correlated solids [14,15], and entangled systems [16], and
can be engineered by subsequent measurements to generate
an optical cat state [17,18]. Experimental works are
confirming the nonclassical nature of light generated by
HHG [18-22]. Works have considered HHG with non-
classical driving fields, in particular bright-squeezed vac-
uum [23,24], showing that the photon statistics of the driver
drastically change the emitted harmonic spectrum [25-28].
Recently, experiments with nonclassical driving fields
[29-33] have revealed how the nonclassical driver gen-
erates nonclassical states of light in HHG.

So far, when driven by a coherent state, all electronic
systems considered have shown weak squeezing in the
emitted light from HHG at seemingly arbitrary frequencies
with no clear, strong squeezing at a distinct and clearly
identifiable wavelength [11,14,15]. The lack of such a clear
unambiguous signal at a well-defined frequency has hin-
dered a clear identification of the relation between the
electronic system and its nonclassical response, and it also
poses a challenge to future experimental work, as the broad
frequency range with weak squeezing signal puts high
demands on the experimental equipment. From semiclass-
ical HHG studies, it has recently been found that excitons
play a prominent role in the nonlinear response of the

© 2025 American Physical Society
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system [34-36]. Here, we study the excitonic effects on the
nonclassical response in HHG from Mott insulators. We
find a relatively large degree of squeezing centered around
the exciton energy. This response is drastically different
from that reported earlier from an exciton-free Mott
insulator both semiclassically [34] and quantum optically
[14,15] and shows a clear mapping between the presence of
the exciton and the nonclassical response. Mott excitons
have been observed in, e.g., nickel compounds [37,38] as
well as Sr,IrO, and Sr3Ir,O5 [39].

We study the excitonic effects on the nonclassical
response in HHG from a Mott insulator using the extended
Hubbard model (atomic units used throughout)

Hsc(l) :ﬁhop(t)"’_ﬁe—a (l)

with kinetic energy from nearest-neighbor hopping modi-
fied by the driving field

Hyop (1) = =19 _(elha0¢] 2, +He.)  (2a)
J#

and potential energy from electron-electron repulsion
He o =UY ijshy, + VY i, (2b)
J J

where ¢;, (EL‘) is the electronic annihilation (creation)
operator on site j with spin u = (1,]), 1;, = 6}#614.” is
the electronic counting operator, and 7; =7, +17; .
Following similar works, we set the nearest-neighbor
hopping amplitude #, = 0.0191 a.u. and the lattice spacing
a =7.5589 au. [14,1540-43]. Ay(r) is the classical
driving field entering Perierl’s phase, and U and V are the
parameters for the on-site and nearest-neighbor electron-
electron repulsion, respectively. We consider a 1D cut along
the linear polarization of A, employ periodic boundary
conditions, and assume half filling with an equal number of
both spin orientations. Note that for U = V = 0, the system
is a simple tight-binding model for uncorrelated electrons
which can be diagonalized in crystal-momentum space, i.e.,
in a Bloch basis. For U, V # 0, the electrons are correlated
meaning the electrons interact through U and V and are
all treated simultaneously: the dynamics of one electron
depends on all the others. We limit ourselves to L = 8
electrons, U = 121, and V = 41, which supports a spin-
density-wave phase and the presence of excitons in the
Mott insulator. For details on U and V and the related
phases of the system, see Ref. [44]. The V binds the empty
sites (holons) to doubly occupied sites (doublons) giving
rise to the Mott exciton. When V = 0, there are no excitons
in the system. The effect of V # 0 is illustrated in Fig. 1(a),
where three different electron configurations are shown
with their respective potential energies [Eq. (2b)] on the
right (periodic boundary conditions). An electron hopping
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FIG. 1. (a) Schematic of electron configurations and their
potential energy obtained from Eq. (2b) assuming periodic
boundary conditions. V effectively binds the doublon and holon
giving rise to the exciton (dashed ellipse). (b) Energy histogram
of the field-free eigenstates (blue) obtained from exact diago-
nalization for the low-energy regime of the system. The red dots
show the expectation value of the number of excitons. (¢) Linear
optical response. A clear and distinct peak for the exciton system
(orange) is seen, while the blue curve shows the system without
the presence of excitons (V =0). The vertical dashed line
indicates the exciton energy, while the dotted curves show the
linear response from an infinite system (see text) normalized to
the linear response from the finite system (solid orange).

from the antiferromagnetic state which is present in the
ground state of the system (top row) creates a doublon and a
holon (middle row) next to each other. An additional
electron hop separating the holon and doublon (bottom
row) comes with an increase in potential energy from
evaluating Eq. (2b). In this sense, V effectively binds the
doublon and holon giving rise to the exciton. To further
characterize the system, we obtain the field-free eigenstates
of Eq. (1) from exact diagonalization and show the
corresponding energies in Fig. 1(b). Here, the lowest-lying
states, including the ground state, are energetically sepa-
rated by an energy gap making the system insulating.
Further, we calculate the expectation value of the number of
excitons in the field-free eigenstates, indicated by red dots
in Fig. 1(b). The lowest-lying states contain virtually no
excitons, while the lowest energy states above the energy
gap (marked by a dashed eclipse) contain approximately
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one exciton, which means that the energy gap from the
ground state to the lowest-lying states across the gap is
equal to the exciton energy. This is in line with the fact
that the ground state is dominated by configurations with
single-site occupations from which all first-order transi-
tions result in the creation of an exciton and hence a
substantial energy increase. The effect of the exciton is also
clearly seen from the linear optical response obtained by
applying a single-cycle, perturbative high-frequency pulse
(w = 10ty). In fact, it is the transition energy between the
ground state and exciton states that dominates the optical
linear response as seen in Fig. 1(c), where the single
dominating peak for V = 4¢, corresponds exactly to the
above-mentioned transition congruent with previous stud-
ies [34,44,45]. The solid orange curve is obtained from
exact diagonalization, while the dotted curves are obtained
from infinite time-evolving block decimation calculations
(iTEBD) [46,47] for an infinite system, showing that the
strong exciton response (dashed orange) is still present in a
large system and is not a finite-size effect. We note that
without excitons in the system, V = 0 (dashed blue), the
linear optical response is a weaker continuum above
the band gap without any clear peaks, showing that the
response from free doublon-holon dynamics is drastically
different from the exciton dynamics. A more detailed
semiclassical analysis of the system in relation to HHG
can be found in Ref. [34].

We now turn to a fully quantum optical description
of the HHG process. After transforming away the coherent
driving field, the Hamiltonian of the system is given
as [11,14,15]

where H(f) is the semiclassical Hamiltonian given

in Eq. (1), and A = Y7 ,(90/v/@x) (@, + Hee.) is the
quantized vector potential in the dipole approximation
with g, the coupling constant. The operator & , annihilates
a photon with momentum k and polarization o with

&;G being the corresponding creation operator, j(t) =
—iaty Y, (08T 2,

ator taken along the direction of the chain, and A =

- H.c.)fc is the current oper-

Y ko wk&zﬁ&kﬁ is the Hamiltonian of the free electromag-
netic field. Inserting Eq. (3) into the time-dependent
Schrodinger equation (TDSE), id,|¥ (1)) = H(1)|¥(1)),
and going to a rotating frame with respect to H,.(r) and
H r, We obtain the equation of motion

ijn M), &

where \)((m (1)) = (¢,,|¥(t)) is the photonic
correlated to the mth electronic eigenstate, |¢,,), and

. k.
id, 7" (1)) = A%t

state

Jnn(t) = (bl (1)|¢p,) are current matrix elements with
Ju(t) = UL (0)j (1)U (1) a Heisenberg-type operator of the
current operator with U (7) the time-evolution operator

for Hy.(r) of Eq. (1. In Eq. (4), A5 (1) = (90/\/ax) x
(ag €™ + H.c.) is the time-dependent operator for the
vector potential acting on mode (k,s), and the photonic
modes are decoupled as in Refs. [11,14,15] in order to be
able to solve the dynamics numerically We use a coherent
driving pulse Aq (1) = (Fo/wy)e™ /2 sin[wy (¢ — 1,)]
with Fy = 0.0025 a.u. correspondmg to peak intensity
of 22x 10" W/em? and w; = /2 = 0.00955 a.u. =
396 THz the carrier angular frequency of the pulse such
that the exciton energy in Fig. 1(c) is o= 150v;.
The parameter t. = 157 is the central peak time of the
pulse, 6; = 3T, is the pulse width where T; = 27/w;,
and we set gy =4 x 1078 a.u. [11,14,15,17]. We obtain
Jma(t) from a semiclassical TDSE integration using the
Arnoldi-Lancoz algorithm [48-51] with the dimension of
the Krylov subspace set to 6 [14,15]. Once all currents are
obtained, Eq. (4) is solved by fourth-order Runge-Kutta
integration by expanding the photonic state in a Fock basis
truncated at maximum 50 photons. All numerical results
have been checked for convergence.

Before discussing the results, we consider a newly
derived approximative expression for the photonic state,
the so-called Markov-state approximation (MSA), first
presented in Ref. [12] and numerically verified in
Ref. [15]. It is obtained by considering only current matrix
elements involving the initial state, then performing a
Markov approximation, and finally neglecting higher-order
terms in gy. The photonic state in the MSA is given as

i A _IW2
(1)) = Dl (1)) Vire]0), (5)
where D[[)‘kﬁ(
placement operator with f; (1) =
AN

t t ~ ~
1))y = / dr / A" AR (1AL

with C(¢ ") = (u(¢ (")) = Gu(0) Gu(?")) the time-
correlation function of the current operator, j(). The
variables ¢ and ¢ appear as integration variables in Eq. (6)
originating from an iterative expansion of the time evolu-
tion to obtain the MSA [15]. The subscript on the left-hand
side of Eq. (6) denotes an expectation value only over the
electronic degrees of freedom such that (W

1)] = explfy . (1)ay, , —[)’,*m( a4 is the dis-
—i(go/ /@) ['dl'

(). 1"), (6)

I%t.zr(t»el is an
operator in the photonic Hilbert space. Equation (5) shows
that if C(¢,7") =0, i.e., if the currents are completely
uncorrelated in time, the photonic state is a coherent state
with no squeezing. On the other hand, if C(7,7") # 0,
Eq. (6) shows that the MSA contains quadratic photonic
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indicated by the vertical dashed line, showing that the
exciton is highly involved in the nonlinear response [34].
‘We note that clear harmonic peaks are present in Fig. 2(a).
The presence of such peaks is sensitive to the pulse
duration (see, e.g., Ref. [43]). The spectrum in the MSA
is given as [15]

SMSA) ()

7 3Z|A* G ©)

which is proportional to the square of the Fourier transform
of the current and is hence similar to the semiclassical
expression for the spectrum. In other words, the quantum
optical description of HHG does not, to leading order in the
coupling constant, gy, predict deviations from the classical
spectrum [14,15].

The degree of squeezing calculated from Eq. (8) and
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FIG. 2. (a) Spectra obtained from Eqgs. (4) and (7) (orange) and

the MSA expressions in Egs. (5) and (9) (dashed green). The
spectra peak at the exciton energy (vertical dashed line at
w ~ 15w, ) showing that the exciton plays a significant role in
the nonlinear response. (b) Squeezing from Eqgs. (4) and (8)
(orange) and the MSA expressions from Egs. (5) and (10) (dashed
green). A clear peak in the signal is present at the exciton energy
showing that the exciton is prominent in the nonclassical
response of the system. The MSA captures the spectrum in
(a) exactly and the squeezing to a good degree in (b). The vertical
dotted lines at odd harmonics are added to guide the eye.

operators which generate squeezing [52-54]. The MSA
description thus shows that the nonclassical response of the
system is due to the time correlations of the induced
current, which is similar to considering depletion of the
ground state; see the End Matter.

We consider two observables in the HHG simulation: the
spectrum and the squeezing. In the quantum optical
formulation, the spectrum is given as [11,14]

o’ n
S(a}) = W ;<a;{.aak.6>’ (7)

where w is the frequency of the mode (k, o) and c is the
speed of light in vacuum. The degree of squeezing is given
by the expression [54,55]

o = ~1000gio{4 min (MK (O}, ()

where the minimization is of the variance of the quadrature
operator X ,(8) = (4 ,e~ + H.c.)/2. A nonvanishing
squeezing, 1, > 0, shows the presence of nonclassical
states of light [52].

Figure 2 shows the results obtained from numerical
integration of Eq. (4) (solid orange) and from the MSA
[Eq. (5)] (dashed green). Figure 2(a) shows that the spec-
trum [Eq. (7)] peaks at the exciton energy (= 15w, ),

shown in Fig. 2(b) (orange line), shows a distinct peak at
the exciton energy highlighting that the exciton dominates
the nonclassical response of the system. To analyze the
origin of this squeezing, we use the expression from the
MSA also illustrated in Fig. 2(b) (green dashed line), which
shows good agreement with the more exact calculation. In
the MSA, the expression for the degree of squeezing is
given as [15]

N = —1010g10{9m[3)n)[1 2B, ,cos(20 _¢>]}, (10)
’ €07

where ¢ is a phase related to By, = (¢3/w;)| J, di' x
J=, d" expliw; (! + ")]C(¢'.1")|. Equation (10) shows
that the degree of squeezing is determined by By, which
is related to the time-correlation function C(7,7").
Interestingly, a similar time-correlation function was con-
sidered in the Heisenberg picture in early work on HHG but
not in the context of the nonclassical observables [56]. For
U # 0and V # 0, the electrons are correlated, and Eq. (10)
shows that this correlation generates the squeezing, in
accordance with the results presented in Fig. 2(b) where it is
clearly seen that the presence of an exciton is central to the
nonclassical response of the system. The reported degree of
squeezing is low compared to studies assuming coherent
participation of thousands of atoms [11]. However, the
present results are obtained with L = 8 electrons and hence
qualitatively show that the exciton is principal to the non-
classical response of the system. As the current operator
encompasses more sites with increasing system size, the
fluctuations likewise increase with system size for constant
electron filling. We hence believe the squeezing will be
much larger for a macroscopic system or with an enhanced
coupling strength, go. Our findings also encourage exper-
imental work: if the linear response of such an excitonic
system is measured, we predict that the light emitted from
HHG at the exciton energy will have a relatively large
degree of squeezing. This puts fewer demands on the
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experimental equipment as only a small frequency window
has to be considered. The spectral width of the excitonic
peak in Fig. 2 is ~396 THz (angular frequencies) centered
at 5940 THz. In contrast, if one considers the squeezing in,
e.g., Ref. [14], the range of squeezing is ~3110 THz
centered at 6740 THz. Clearly, the frequencies in this
work put fewer demands on the optical equipment in terms
of the frequency range required to capture squeezing at all
the frequencies of the generated radiation.

When simulating HHG from solids, it is relevant to
discuss the role of dephasing. Electron dephasing is
typically added phenomenologically in a formulation using
semiconductor Bloch equations (SBE) for independent
electrons. Notably, to match experimental results, the
required dephasing times are a few femtoseconds [57]
which in real space strongly suppresses long electron
trajectories [58]. The sources of electron dephasing are,
e.g., lattice imperfections, electron-phonon scattering, and,
most importantly in the strong-field regime, electron-
electron scattering [59]. In fact, it is the latter that requires
the very short dephasing time mentioned above. In contrast
to the modeling using SBEs with additional dephasing
terms, the electron-electron interaction is already accounted
for in the dynamics of strongly correlated materials making
additional phenomenological dephasing redundant. In the
electronic system considered here, the correlation length
is 1.15 lattice sites (calculated using iTEBD; see, e.g.,
Refs. [46,47]). This correlation length on the order of a
lattice spacing, which is due to electron-electron correla-
tions, clearly shows that long electron trajectories are
strongly suppressed, consistent with the analysis of both
Refs. [58] and [59]. Further, as clear harmonic peaks are
generated in the spectrum in Fig. 2(a) consistent with
experimental results [60,61], the motivation for the inclu-
sion of additional decoherence effects in excess to that
already accounted for in the electronic degrees of freedom
is lacking.

In summary, we have considered the nonclassical
response of an exciton in a Mott-insulating system. This
response has previously been studied semiclassically
showing that the exciton plays a central role in the HHG
spectrum [34]. Here, we have gone beyond the semi-
classical analysis and considered the full quantum optical
description of the HHG process, and found that the exciton
is also central in the nonclassical response as a relatively
large degree of squeezing was found at the exciton energy.
We interpreted this finding in the MSA and found that
this nonclassical response is due to a nonvanishing time
correlation of the current, which shows that the exciton is a
key ingredient in the degree of correlation in the system.
Previous studies have not shown a clear nonclassical
response at a distinct and unambiguous energy, and as
such, our findings motivate further work to investigate
the squeezing of the light emitted from HHG in Mott
insulators at the exciton energy. This also opens the avenue

to consider how the degree of squeezing is sensitive to, e.g.,
different carrier-envelope phases, pulse durations, and laser
intensities which are topics beyond the scope of this work.
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Appendix: Current fluctuations and the relation to
depletion of the ground state—From Eq. (10), we see
that squeezing occurs due to time correlations of the
current. This is similar to considering depletion of the
ground state as discussed in Ref. [12] as we will now
show. The fluctuations can equivalently be described by
the current matrix elements j,, ,(£) = (i (£)|hn) =
(o (D]J(1)] (7). The relation is then

c(r, ") = Zji.m(”)im.i(f/) —Jii ()i (")
= Jim Vi),

m#i

(A1)

where it has been used that (j(t)) =j; (). To consider
the fluctuations is thus the same as including these
nondiagonal current matrix elements. In Ref. [12], this is
referred to as “depletion of the ground state,” since this
makes one consider population in the state |¢,,(7)) where
m # i. If one did not consider the depletion of the ground
state, one would have C(7,#") =0 which is the same as
neglecting the fluctuations. Consequently, if the ground
state has negligible depletion, then the fluctuations will
also be negligible. On the other hand, if the ground state
has non-negligible depletion, that means that the current
operator has a non-negligible fluctuation which is the root
origin of the squeezing. In this sense the two concepts are
equivalent regardless of the nature of the electronic system.

043603-7



PAPER

Phys. Rev. A 111, 013113 (2025)

Paper information

By the terms and conditions of the American Physical Society’s Reuse and
Permissions License, the paper Digital Object Identifier (DOI) is provided:
10.1103/PhysRevA.111.013113. Reprinted with permission from C. S. Lange
and L. B. Madsen, Hierarchy of approxzimations for describing quantum light
from high-harmonic generation: A Fermi-Hubbard-model study, Phys. Rev. A
111, 0131133 (2025). Copyright (2025) by the American Physical Society.

Author contributions
I conducted the numerical simulations and contributed to the analysis and

interpretation of the research findings. Additionally, I was involved in preparing
the manuscript, including the creation of figures.

177


https://doi.org/10.1103/PhysRevA.111.013113

178

Paper IV. Phys. Rev. A 111, 013113 (2025)

PHYSICAL REVIEW A 111, 013113 (2025)

Hierarchy of approximations for describing quantum light from high-harmonic generation:

A Fermi-Hubbard-model study

Christian Saugbjerg Lange ® and Lars Bojer Madsen
Department of Physics and Astronomy, Aarhus University, Ny Munkegade 120, DK-8000 Aarhus C, Denmark

® (Received 28 October 2024; accepted 6 January 2025; published 22 January 2025)

The quantum optical description of high-order harmonic generation where both the electrons of the generating
medium and the driving and generated light fields are described quantum mechanically has been of significant
interest in the past years. The quantum optical formulation leads to equations of motion for the generated
light field in which the quantum optical field couples to the time-dependent current of the electronic medium
irrespectively of the specifics of the electronic system being an atom, molecule, or solid. These equations of
motion are not solvable for any realistic system and accurate and verified approximations are hence needed.
In this paper, we present a hierarchy of approximations for the equations of motion for the photonic state. At
each level in this hierarchy, we compare it to the previous level justifying the validity using the Fermi-Hubbard
model as an example of an electronic system with correlations. This model allows us to perform an accurate
simulation of the electron motion of all the required states. We find that for the typical experimental situation
of weak quantized-light-matter-coupling constant and at intensities well below the damage threshold, an explicit
expression for the generated quantum light, referred to as the Markov-state approximation, captures the high-
harmonic spectrum quantitatively and describes the single-mode quantum properties of the generated light as

characterized by the Mandel-Q parameter and the degree of squeezing qualitatively.

DOI: 10.1103/PhysRevA.111.013113

I. INTRODUCTION

High-harmonic generation (HHG) is a highly nonlinear
process where an intense laser field interacts with a quantum
system (atoms, molecules, solids) and an up-conversion of the
laser frequency occurs, resulting in the emission of light con-
sisting of higher harmonics of the driving field. For decades,
a semiclassical description of HHG has proven successful in
its predictability and description of strong-field phenomena
and attosecond physics [1]. This semiclassical description
of HHG, where the electronic system is described quantum
mechanically and the involved light fields are described clas-
sically, has successfully predicted observables such as the
harmonic cutoff, selection rules for the presence of even and
odd harmonics, and their polarization [2].

Though the semiclassical description of HHG has proven
useful for a wide range of applications, it cannot account for
the quantum optical nature of either the driving field or the
emitted light. In recent years, there has been a growing interest
in describing HHG from a fully quantum perspective, i.e.,
with both a quantized electronic system and a quantum op-
tical description of the involved light fields. Theoretical work
using a coherent driving field has studied atomic gases [3-9],
molecules [10], semiconductors [11-13], and correlated sys-
tems [14,15]. Further, using intense nonclassical states of light
as driving fields has been considered [16—19], highlighting the
various ways of engineering nonclassical states of light from
high-harmonic generation.

A seminal experimental report of nonclassical light from
HHG was on the so-called cat state, a macroscopic superposi-
tion between two different coherent states, which was created

2469-9926/2025/111(1)/013113(13)

013113-1

with a postselection measurement scheme of the emitted light
[5]. Recent experimental work has reported that HHG can
indeed be nonclassical [20] without any postselection and also
considered nonclassical driving fields [21,22] showing how
the nonclassicality of the driving field is transferred to some
of the emitted harmonics.

Central to the understanding of all of the above approaches
is the quantum optical description of an electronic system
driven by a coherent-state laser. Interestingly, there are many
open questions in this direction. One such open question is the
validity of typical approximations used. As the exact equa-
tions of motion for the quantum optical state of the emitted
light are not solvable in the general case, valid approximations
are called for, potentially improving the analytical understand-
ing. In this paper, we introduce a hierarchy of approximations
to the equations of motion for the emitted photonic state
similar to those considered in Ref. [9] where each step builds
on top of the previous approximations. Here, each step is nu-
merically verified using the Fermi-Hubbard model, a generic
many-electron model including electron correlations, which
allows for an accurate solution of the electronic problem as
all electronic states can be included for a suitable size chain.
This model, hence, allows for a quantitative assessment of all
levels of approximations and qualifies a systematic discussion
of these. Working within these justified approximations, we
show how the nonclassical features (photon statistics, photon
squeezing) of the emitted light relate to the transition current
elements of the classically driven system or, equivalently,
to the time correlations of the classical current. As these
transition currents do not, in general, have the same spectral
features as the HHG spectrum [15], this explains why the

©2025 American Physical Society
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nonclassical features peak in signal at other frequencies than
the peaks in the spectrum as found in Refs. [3,15]. Employ-
ing these validated approximations simplifies and reduces the
equations to be solved, possibly allowing simulation of larger
systems in the future. In particular, we show that an explicit
closed expression for the emitted quantum light, obtained
within what we call the Markov-state approximation (MSA)
(see also Ref. [9]), captures qualitatively both the shape of
HHG spectra and quantum observables such as the Mandel-Q
parameter and the squeezing of the emitted light.

This paper is organized as follows. First, an introduction to
quantum optical HHG is given in Sec. II. Then, a hierarchy
of approximations is introduced in Sec. III followed by a
specification of the electronic system in Sec. IV. In Sec. V,
a presentation of numerical results is given followed by a
discussion of the validity of the approximations. Finally, a
conclusion and an outlook is given in Sec. VI.

II. THEORY
A. Quantum optical description of high-harmonic generation

In this section, we briefly present the key equations of high-
harmonic generation from a quantum optical perspective.
For related detailed derivations see, e.g., Refs. [3,15,23]. We
consider the time-dependent Schrodinger equation (TDSE)
(atomic units are used throughout)

3 o
tgl‘l’(t)) =H|[¥(1)), (@)

where |W(t)) is the combined state of both the electronic and
photonic system and where

N
R A
H=5;<p_,-+m +0 +Ar @

is the general many-electron Hamiltonian consisting of N
electrons. Here, p ; is the momentum for the electron with
the index j, U is accounting for the electron-electron and
electron-nuclear interaction,

< g . . e

A= kz Vo Crtne T 8) 3)
is the quantized vector potential in the dipole approximation,
and Hy = Zk‘gwk&;ﬂ&kﬂ is the Hamiltonian of the free elec-
tromagnetic field. In Egs. (2) and (3) the sum X , is over all
photonic wave numbers k and polarizations o with unit vector
é,, and go = /27 /V is the effective coupling for the quanti-
zation volume V. The operator dx » (&;’a) annihilates (creates)
a photon with the frequency w; = |k|c. The initial state of the
system prior to any interaction between the laser and electrons
is |W(1)) = |¢i) | Wraser (1)), Where |¢;) is the initial field-free
electronic eigenstate (which we take to be the ground state)
and

Waser (1)) = @) D[tk 0, (1)]10) “)
kr,o1

is a multimode coherent state involving the laser modes
(kr, or) and where

Dl o (1)] = e Vr=is ke ®)

is the displacement operator with coherent state amplitude
Qo (1) = g o €Xp (—iwyt).

To avoid dealing with a macroscopic number of photons,
we transform away the driving field of the laser and the Hamil-
tonian in Eq. (2) separates into H(t) = Hsc(t) +V + Hp,
where the tilde denotes a displaced frame, V is the coupling
between the electrons and the quantized field, and I-?sc(t) is
the semiclassical Hamiltonian similar to Eq. (2) but where
A— A (1), i.e., the quantized vector potential has been re-
placed by a classical driving potential. Going into a rotating
frame with respect to both Hsc(t) and Hp, we obtain the
equation

9 - , .
ig\‘l’(l))z = VIO @)1, (6)

where the subscript / indicates that the state is in the rotating
frame. The interaction between the quantized vector potential
and the electrons is given by the coupling

Vi) =Ag() Y finn®lbn) (Bl ©)

m,n

with |¢,,) and |¢,) denoting time-independent eigenstates of
the field-free Hamiltonian for the electronic system, and with
the time-dependent quantized vector potential

~ 80 [ A —i PEPY N
Apt) = E —(eaak‘ge gt +e;akqaelw“), ®)
ko N @k

and the transition current matrix elements
Fn®) = (@nO1F @)1 (0)), ©

where ]’(t) = Ej?’:l [p ; + A (2)] is the electronic current op-
erator. In Eq. (9), |¢u (1)) is the time-evolved mth field-free
eigenstate satisfying the TDSE with the semiclassical Hamil-
tonian

a9 -
i 16n(0) = Hsc(0)|¢m(0)). 10

By expanding the full state of the combined electronic and
photonic system in terms of field-free electronic eigenstates

@)=Y lom)lx ™), an
and projecting onto the electronic state (¢,,| we obtain the
equation of motion for the corresponding photonic state:

d X
i ) =Ao®) - 3 @l @). (12)

Equation (12) is the central equation describing the evolution
of the quantized photonic state and is describing the coupling
between the quantized vector potential and the transition cur-
rent elements between different dressed electronic states. As
such, we emphasize that Eq. (12) is completely general and
does not depend on the electronic medium (atom, molecule,
solid). Equation (12) is also found in, e.g., Refs. [3,15] and
in a length gauge formulation in Refs. [7-10]. Unfortunately,
the size of the combined Hilbert space of both photons and
electrons generally impedes any direct numerical solution of
Eq. (12) without further approximations. These will be intro-
duced and discussed in Sec. III. First, we turn to a presentation
of the observables of interest in the present paper.

013113-2




180

Paper IV. Phys. Rev. A 111, 013113 (2025)

HIERARCHY OF APPROXIMATIONS FOR DESCRIBING ...

PHYSICAL REVIEW A 111, 013113 (2025)

B. Observables

In the quantum optical formalism, the HHG spectrum is
given by [15]

3
S(wr) = %Z(ﬁm, (13)

where 7y , = ?1; »0k,o is the photonic counting operator. This
is different from the usual semiclassical spectrum given by
[24]

Sa(@) = ?|j; (@), (14)

where j,; ;(w) is the Fourier transform of the classical current.

In the quantum optical description of HHG, however, more
than just the spectrum can be measured. In particular, the pho-
ton statistics and squeezing properties of the generated light
are of great interest with regard to nonclassical features. The
photon statistics can be quantified by the Mandel-Q parameter
defined by [25]

Qo = 0 —= — 1, (1s)

<”k.a)
for a given mode. A classical coherent state will have Pois-
sonian statistics and hence Q. , = 0. If O, > 0 the photon
emission follows super-Poissonian statistics while QO , < 0
yields sub-Poissonian statistics, corresponding to a photon
number distribution wider or narrower than a Poissonian dis-
tribution, respectively. While both a classical and nonclassical
state can yield super-Poissonian statistics, sub-Poissonian
statistics is a clear telltale sign of a nonclassical state [25].
Another telltale sign of nonclassicality is a nonvanishing
squeezing [26,27]. The degree of squeezing can be quantified
by the squeezing parameter 7k . In the unit of dB, ng, is
given as

Mo = —10log,, {4 min [Axk,a(e)Jz}, (16)
6€l0,7)

where Xi.,(6) = (ke + &} _¢)/2 is the quadrature op-
erator. The angle, 6, that minimizes the variance of the
quadrature operator in Eq. (16) gives the direction in phase
space where the uncertainty in the corresponding quadrature
is decreased below that of a coherent state at the expense of
increasing the uncertainty in the conjugate quadrature. For a
coherent state ng, = 0 for all polarizations and modes. In
Sec. V, we consider results for the spectra [Eq. (13)], the
Mandel-Q parameter [Eq. (15)], and the squeezing parameter
[Eq. (16)].

III. HIERARCHY OF APPROXIMATIONS

The exact equation of motion for the photonic state
[Eq. (12)] is not solvable for any realistic system, as the
number of photonic states required would be too large when
expanded in, e.g., a Fock basis

X" @) = e Ok o1, Mo --), (A7)
{n}

where the sum is over all {n} possible combinations of photon
numbers in all the considered modes. The number of basis

states required in Eq. (17) is pf™, where p is the maximum
number of photons allowed in a given mode, and ky,y is the
highest mode considered. For an extended HHG spectrum,
this basis is too large even when allowing for only a few
photons per mode and even for a few-level electronic system,
and hence further approximations on the photonic state are
necessary. Thus far, two different approaches have been taken
in the literature, as we now summarize.

One approach is to neglect all transition currents generated
by |@m(t)) for m #i in Eq. (12) and only keep j;;(¢) =
(¢,»(t)|j'(t)|¢l-(t)), i.e., the current generated by the solution
to the semiclassical TDSE, when the electronic system starts
in the ground state |¢(t = 0)) = |¢;). This limit yields an
analytical solution for the photonic state as a product of
coherent states [5,7,12,23], i.e., the most classical state pos-
sible. From these states, one can perform a conditioning
measurement to generate cat states [5,7,23]. Other works have
included both the ground state and an excited state (possibly
resonantly coupled by the laser) in Eq. (12), and under cer-
tain approximations an expression for the photonic quantum
state associated with the two bound states can be obtained
[8,10,28]. This approach neglects the contribution from many
bound and continuum states which will affect the quantum
properties of the emitted light as detailed below. In contrast
to the case where only the ground state is considered, this
inclusion of more than a single photonic state, however, al-
lows for nondiagonal transition currents in Eq. (12) which
is, as we stress below, a key ingredient towards generating
nonclassical light in the HHG process itself. We further note
that the required transition current elements in Eq. (12), e.g.,
Ji.i(t), typically are obtained with the inclusion of more elec-
tronic states, either from an exact integration of the TDSE
or via the strong-field approximation (SFA) ansatz for the
wave function.

Another approach to simplify Eq. (12) is to decouple the
photonic modes such that each mode is solved independently
[3,15]. Different from the first essential state approach, this
allows one to keep all photonic states in Eq. (12) thus keep-
ing contributions from all transition currents. In terms of the
ansatz for the state in mode (k, o), Eq. (17) reduces, in the
decoupled case, to

@)= " O)lns), 18)

which requires only p x ki, basis states for a given state
with index m, drastically reducing the computational require-
ments. On the other hand, this approximation to decouple
the photonic modes neglects some quantum features such
as two-mode squeezing and entanglement between different
harmonics. For the rest of this paper, we follow this latter
decoupled approach as the two-mode photonic coupling is
insignificant for most pairs of harmonic modes as indicated
in Ref. [28]. In the remainder of this section we will derive a
hierarchy of approximations where each new approximation
assumes the previous approximations. These approximations
are made to both ease the numerical cost required to simulate
the system while also, at the same time, providing a better ana-
lytical understanding of the underlying physics. The hierarchy
of the approximations made in this section and their related
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FIG. 1. Hierarchy of approximations with related equations for
the photonic states as discussed in detail in the text. With increasing
simplicity, each approximation assumes all the previous approxima-
tions made.

equations are summarized in Fig. 1 and will be evaluated and
discussed further in Sec. V.

A. Decoupled modes
To proceed from Eq. (12), we neglect all couplings between
different modes and solve the decoupled system of equa-
tions as done in Refs. [3,15]. The state |x ™ (¢)) in Eq. (12)
is then approximated as a product state

") = ko |10y @), (19)
and each state on the right-hand side of Eq. (19) evolves
according to

|X(m)(l)> A% ")(z) Z/,,,n(t)\x(")(f)> (20)

where the quantized field operatorle ) (t) only acts on mode
(k,0):

(k,0)

A (k, 80 (s n —iwy PO iy
A, (t):—z)k(eaakﬁe ”—i—eaa;(]e "). 21)

Note that solving Eq. (20) will yield the most exact practically
obtainable results within this framework.

B. Keeping only transitions involving the electronic ground state

As a next approximation, we include only couplings that
involve the electronic ground state, i.e., we only include

transition current elements j; ,(t) and j, ;(t) [see Eq. (9)],
where the subscript i denotes the ground state, and neglect
all other terms in Eq. (20). As the initial photonic state is the
vacuum state associated with the field-free electronic ground
state, ¢(;) = 8,.,i 8n,0 [see Eq. (19)], the coupling to a state
[x“()) is via Agm - jim(), as seen in Eq. (20), which is
first order in the coupling constant go. As we take go = 4 X
10~8 a.u. (similar to Refs. [5,15,18], see also Ref. [29]), this
coupling is weak and we neglect all higher-order couplings
which are those that do not involve the initial state. From
Eq. (20), we hence obtain the approximate set of equations

}x(” ) =4y @) Z;,m<z)|x"")<r>>, (22a)

|x('"*’>(z>) A7) s O x 0 @),

‘We note that Eq. (22) only requires M transition current ele-
ments {j; ,(¢)}, while the full system of equations in Eq. (20)
requires M transition current elements {Jn.n(®)}, with M be-
ing the total number of field-free electronic eigenstates in the
simulation. As such the memory requirement is less demand-
ing and larger systems might be considered.

(22b)

C. Markov-type approximation

To go further, we seek to bring Eq. (22) into a simpler form.
We first formally integrate Eq. (22b):

[0l 0)) = —i / drAg W) - i) 23)

where #; denotes the initial time of the interaction. Equa-
tion (23) is then inserted into the right-hand side of Eq. (22a)
resulting in the expression

- [J, O O) =i Y i)
m#i

(k o)

|x<'> ) =4

14 (ko)
/ d'Ag (W) i), <t’))]. (24)
4
Following Ref. [9], we now employ a Markov-type approx-
imation [30] by expanding the state |x(’) (t")) around t’' =t
as

X6t @) = [ ) + (@ = r)—|x“><t>>

t'=t
(' —1)* 9?

2!
and only keeping the first term, i.e., letting the state become

local in time and thus without memory. With this approxima-
tion, we bring Eq. (24) into the expression

l*|x(’)(t)) Ay7a)- |:J”(f) i jin®
m#i

Sl @)+ 29

t'=t

/ drAYT W) - it )]|x“> ). (26)

i

In contrast to Egs. (20) and (22) which require the integration
of M photonic states, {Ix('")(t)>}, Eq. (26) only requires the
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integration of a single state, as we only keep the state with the
index m = i, which eases the numerical effort.

This Markov-type approximation is quantified by consider-
ing higher-order terms in the expansion in Eq. (25). Including
the first-order term in (#' — ¢) yields terms of the form

o Y i) / di'e™ j, (O — 1) x 3| x @),
m#i
27
with similar expressions proportional to ak . Though the
integral in Eq. (27) in general yields a larger Value than the
integral in the second llne of Eq. (26), the fact that Eq. (27)
is proportional to ;| Xk a(t)) o go [see Eq. (22a)] means that
the first term in Eq. (25) dominates all higher-order terms for
reasonable pulse lengths. However, for sufficiently long pulses
the integrals related to the higher-order terms will be on the
order of 1/g¢ such that the approximation is no longer valid.
In the present paper, we do not consider such long pulses.
One could consider including the higher-order terms in the
expansion in Eq. (25) for improved accuracy. It turns out,
however, that all higher-order terms contribute to the same
order in gy and the expression cannot be truncated at a given
order of go as an infinite number of terms would have to be
included. See Appendix A for more details on going beyond
the first term in Eq. (25).

D. Neglecting higher-order commutators: MSA

As we are interested in the origin of the nonclassical
features in HHG, we manipulate Eq. (26) further for bet-
ter analytical insights. Following Ref. [9], we first use that
i 16} (@l = 1 — |1} (¢i] and define

(k.0)

Wio= [ AT - Gutn, @9
i

where }H(t)zlflgc(t)}'(t)dsc(t) is a Heisenberg-type
formulation of the time-dependent current operator with
Usc(t) being the time-evolution operator associated
with the semiclassical Hamiltonian. Note that (jy (1)) =
(¢i\ugc(t)j(z)usc(t)\¢i)=ju(t). Equation (26) is then
rewritten as

|x<” ®)

=[Ag ") - jis®) = itWeo OWio et ][22 @), (29)

where (-)¢; denotes the expectation value of only the electronic
operators. Equation (29) yields the solution

L @) = D% )]e 2 %10),  30)
where the time-dependent displacement amplitude in the kth

mode is given by

t
dt’ j ) - e (31)

ti

k,
BE(t) =

. 80
)

We will refer to Eq. (30) as the MSA as it is achieved
from the Markov-type approximation in Eq. (26). In obtain-

ing Eq. (30), we neglected the commutator [Wy o (1), Wi, ()]
which expresses the fluctuations of the fluctuations of the

current operator. Further, only terms up to second order in
go are kept. A full derivation of Eq. (30) can be found in
Appendix B and a derivation without decoupling but with an
SFA approach can be found in Ref. [9].

We now investigate (‘/f/kzy(7 (t))er- It is seen from Eq. (30)

that for (W,f_a(t))el = 0 the photonic state would be a co-
herent state and hence have Ok, = nk, = 0. This implies
that (Wk%a (t))el is the cause of the quantum properties of the
emitted HHG in the present MSA limit. We thus write out

(W2, (1))el explicitly:
t 1
~ ’ patko), , ~ko), ,
(sz-o<’>>el=/ dt / d"AY T Ay
4 1

X [Fu@ia@) = Gu))GuEN]. (32)

Interestingly, similar expressions with the time correlation of
the current are obtained when using Heisenberg equations of
motion for the photonic operators [31]. The time-correlation
function in Eq. (32) is numerically complicated to calculate.
Rewriting, we instead express the correlations of the current
in terms of the transition current matrix elements, which is
equally exact. To this end, we use 1 = %,,|¢,,) (x| and obtain

the relation
Guin@") = Ga@NGa") =D Jim i),
m#i

(33)

Equation (33) highlights an interesting equivalence between
the time correlations of the (Heisenberg type) current and the
transitions current matrix elements. This equation shows that
the role of the transition current elements can be reformulated
as time correlations of the current within the presented scheme
of approximations. Inserting Eq. (33) into Eq. (32), we find

W2, )= [ / drAy @ )j,-,m(z’)}

m#i
L atea)

x [ / di"Ay” (z”)jm_,.(z”)]. (34)
1

As we are interested in the final photon state after the end of
the driving pulse, we let + — oco. Writing out Eq. (34) then
yields

W2}y =Bro [8F 7 + @] )% ]
+Cro &f ko + Dio o, (35)

where we have defined

Bro = |y Jkotylon) (36a)
m#i

Qo = arg | Y Jer B ko] (36b)

m#i

Cuo = Y1 (36¢)
m#i

, = Z e ) (36d)
m#i
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with the integrated transition current elements
g [ jont’
e = f/ di'es oy @y 8, (37)
’ k. Jy, '

where the polarization unit vector is complex conjugated for
the positive phase. Note that [J&72)(1)]" = J&D(r). How-
ever, different from the case presented in Ref. [9], we do not
make further assumptions on the elements in Eq. (36).

We now calculate expectation values for the state in
Eq. (30) by expanding the exponential function in Eq. (30) to
second order in go, i.e., "3 Wa ~ | — %(W2>e], which yields
the approximate state for a given mode:

i A o 1 ! ik
%)~ D[B% kt)][(l - ka.<7>\0> - ﬁBk,aew “|2>]
(38)

The spectrum [Eq. (13)] is then to lowest order in gy given as
3
) 2
S(wp) = —K—— (k)
@)= a5 5a Z |8

2
, Ak E
=—(2ﬂ)k203§ e - Ji (@) (39
o

where the definition of 8% in Eq. (31) was used. We note
that Eq. (39) up to constants is identical to the semiclassi-
cal spectrum in Eq. (14). This shows that in the limit of a
weak coupling (here go = 4 x 10~% a.u.) the spectrum itself
is dominated by the classical current, highlighting that the
HHG spectrum is not a suitable observable for inferring non-
classical properties of the generated light. To investigate the
nonclassical properties of light, we calculate the Mandel-Q
and the squeezing parameters. Within the MSA, the Mandel-Q
parameter [Eq. (15)] is given by

B, + |67 = 2B Re[ (847 ]
857 (1 = Deo) + B,

?, (40)

ko =

_ ‘ﬁ(k,a)

ii

where terms of order O(g‘é) have been included for the neces-
sary numerical stability. The quadrature variance minimized
to calculate the squeezing [Eq. (16)] is within the MSA given
by

[A%ko (0] = [1 — 2By 5 c08(20 — @)l (41)

We note that the quantum features calculated by Eqgs. (40) and
(41) are dependent on the transition currents [or equivalently
the current correlations, see Eq. (33)] that in general have dif-
ferent spectral features than the classical current. This means
that the quantum features do not follow the spectral structure,
e.g., with peaks placed at odd harmonics, and consequently
will not have the same selection rules.

We further emphasize that Eqs. (39)—(41) only require
solving the TDSE of the electronic system driven by
a classical field [Eq. (10)] and do not require the in-
tegration of any additional equations of motion for the
photonic state as is necessary for the previous levels of
approximations [Egs. (20), (22), and (26)], easing the

numerical effort significantly, which is the main advantage of
the MSA.

Finally, we note that if one uses the MSA without the
decoupling of modes, one would end up with the same ex-
pressions for the examined observables as in Egs. (39)—(41).
This shows that the single-mode observables as considered
here are not affected by the decoupling of photonic modes in
the present MSA. Consequently, the errors introduced when
deriving the MSA are larger than the errors introduced by de-
coupling the photonic modes. Unfortunately, it is not possible
to test the case of coupled photonic modes in the lower levels
of approximations (see Fig. 1) due to numerical constraints,
and as such it is challenging to quantify the validity of the
photonic decoupling. Studying these levels of approximations
in a simpler electronic system in an appropriate limit where
coupled photonic modes can be considered and by extension
also considering multimode observables would deserve an
entire paper on its own.

IV. ELECTRONIC SYSTEM

The derivations in Secs. II and III are completely gen-
eral for any electronic system one might consider. In the
present paper, we use the driven Fermi-Hubbard model as
the electronic system. This model was recently shown to
yield nonclassical harmonics in the so-called Mott-insulating
limit [15]. That is, we take the semiclassical Hamiltonian
to be that of the field-driven Fermi-Hubbard model, i.e.,
Hsc(t) — Hpu(t). The Fermi-Hubbard model is a generic
many-body model that captures beyond-mean-field electronic
interaction with the Hubbard U. This choice of model al-
lows us to simulate the semiclassical TDSE without any
further approximations as all states can be included in the
numerical modeling for a small enough chain. We specifi-
cally consider a model with periodic boundary conditions at
half filling with an equal number of spin-up and spin-down
electrons. Within the dipole approximation, the system driven
by a classical laser pulse is described by the time-dependent
Hamiltonian [32]

Hsc(t) = Hpn(t) = Hiop(t) + Hy, (42)
with
Hiuop(t) = —to Z(eim°'“>5;,“5j+1,# +Hc),
i
Ay =U Z(ejiﬁ@,ﬁ)(é'j‘?‘@j,l), (43)

J

where #; is the hopping matrix element for an electron to
hop from site j to site j £ 1, the operator Ej._ u (€j.) creates
(annihilates) an electron with spin p € {1, |} on site j, a is
the lattice constant, and U describes the degree of beyond-
mean-field onsite electron-electron repulsion. We only include
nearest-neighbor hopping which is the common limit of this
model [15,33-36]. A schematic overview of the model is
given in Fig. 2. In this model, the time-dependent current
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FIG. 2. Ilustration of the Fermi-Hubbard model. The top fig-
ure shows the nearest-neighbor hopping while the bottom diagram
shows the energy cost of U associated with a single doubly occupied
site, a doublon.

operator is given as [15,32]

J(@) = —iaty Y (€M 5oy, —Helt,  (44)

Jom

which is in the direction of the Fermi-Hubbard chain, taken
to be in the & direction. For details on the model see, e.g.,
Refs. [15,32].

In this paper, we use a chain of L = 8 sites (with peri-
odic boundary conditions), a lattice spacing of a = 7.5589
au., and 7 =0.0191 au. picked specifically to match
those of the cuprate Sr,CuOj; [37] as done previously in
Refs. [15,33,34,36,38,39]. We investigate the Mott-insulating
phase with U = 10ty which highly favors antiferromagnetic
ordering in the field-free ground state of the system. For the
driving field, we use a sin? envelope function for a pulse
polarized along the lattice dimension with N, cycles:

t
Aa(t) = Ao sin(wyt + 7/2) sin? <;"—;’) (45)

where the vector potential is chosen to be Ay = Fy/w, =
0.194 a.u. This corresponds to a peak intensity of 3.3 x 10'°
W /cm?, well below the expected damage threshold. The laser
frequency is w; = 0.005 a.u. =33 THz, which is not the
typical wavelength used in strong-field physics but is chosen
to match the energy scale of the system [15,33,38,40]. In order
to obtain the transition current elements j,, ,(f), we solve
Eq. (10) for all states {|¢,,(¢))} using the Arnoldi-Lanczos
algorithm [41-44] with a Krylov subspace of dimension 4.
We use a time step of Az = 1/+/10 a.u. and all results have
been checked for convergence. To limit the dimensionality of
the required Hilbert space, we start from a spin-symmetric
ground state with vanishing total crystal momentum. As the
Hamiltonian Eq. (42) is invariant under spin flip and conserves
total crystal momentum only states within that subspace are
needed.

V. RESULTS AND DISCUSSION

We calculate both the HHG spectrum, photon statistics,
and squeezing for all levels of approximations. When solving
the photonic equations of motion for a given level of approx-
imation [Eqgs. (20), (22), and (26)], the photonic states are
expanded in a Fock basis truncated at 50 photons per mode
and have been tested for convergence by truncating at 100
photons. After the end of the driving pulse, we rarely find pop-
ulation in a Fock state with more than two photons. Details on
the calculation of expectation values can be found in Ref. [15].

The results for a simulation with a laser pulse of N, =
10 cycles are shown in Fig. 3. Looking at the spectrum
[Fig. 3(a)], we note two different regimes. At lower harmon-
ics (w/wr < 19), we see regular peaks in the signal at odd
harmonics. This part of the spectrum is due to the so-called
intrasubband current. At higher harmonics (w/w; > 19), the
spectrum is generated by the so-called intersubband current.
We note that the signal in this part of the spectrum is more
irregular with peaks at noninteger harmonics. The origin of
the presence of this signal at noninteger harmonics is due
to a population of several Floquet states. A more detailed
discussion of the spectrum can be found in Refs. [15,39].
Comparing the different levels of approximation in Fig. 3(a),
we find that all levels of approximation produce the same
spectrum with no noticeable difference. This highlights that
in the regime of weak coupling (go =4 x 1078 a.u.), the
quantum optical nature of HHG does not appear in the spec-
trum. Looking at the photon statistics calculated via the
Mandel-Q parameter [Fig. 3(b)], we first note that finite values
are only seen at distinct typically nonodd harmonic frequen-
cies, clearly showing that the Mandel-Q parameter does not
peak at the same frequencies as the spectrum in Fig. 3(a).
This can be understood from the MSA [Eq. (30)] where it is
seen that all the transition currents, j; ,,(¢), are included to
calculate the Mandel-Q parameter [see Eqs. (36) and (40)].
These transition current elements have different spectral fea-
tures than the diagonal current, j; ;(¢), used to generate the
spectrum [15], which is why the Mandel-Q parameter peaks
at other frequencies. Looking at Fig. 3(b), we see that all
levels of approximations qualitatively show the same fea-
tures. The MSA [Eq. (38), dotted green], however, shows
some relatively minor deviations at certain harmonics. For
the squeezing [Fig. 3(c)] we see two spectral regions with
nonvanishing squeezing. At the lowest harmonics (w/wy < 5)
we see a small degree of squeezing. Most squeezing is, how-
ever, seen in the intersubband region (w/w; > 19). As for
the Mandel-Q parameter, we note that the degree of squeez-
ing does not peak at the same harmonics as the spectrum
in Fig. 3(a). This can again be understood from the MSA,
where we see that the quantities involved in calculating the
degree of squeezing [Eq. (41)] contain contributions from
the transition current elements with different spectral features
than those in the classical current. Comparing the different
levels of approximations, we also find good agreement be-
tween the produced results for the degree of squeezing. Note
that the MSA does not capture the squeezing at the lower
harmonics as shown in the inset in Fig. 3(c). This squeezing
results from higher-order terms not included in the derivation
of Eq. (38).
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FIG. 3. Results for the various degrees of approximation (see Fig. 1) for an N, = 10 cycle pulse; see text for additional parameters. (a) The
spectrum [Eq. (13)]. We note that no level of approximation shows any significant difference. (b) The Mandel-Q parameter [Eq. (15)]. (c) The
squeezing [Eq. (16)]. We note that the calculation in the decoupled limit [Eq. (20), orange full line], only including transitions involving the
electronic ground state [Eq. (22), blue dashed line], and the Markov-type approximation [Eq. (26), red dash-dotted line] match very well for all
frequencies. The MSA [Eq. (38), green dotted line] also shows good agreement with all results but has some deviations at various harmonics
in both the Mandel-Q parameter and squeezing. We also note that the MSA does not capture the squeezing at the lower harmonics as seen in

the inset in (c).

We also consider a longer pulse of N, = 18 cycles shown
in Fig. 4 to see how the different levels of approximations
match in that case. Recall that the Markov-type approximation
and the MSA rely on a local-time approximation [Egs. (25)
and (26)] which is expected to be less accurate for a longer
pulse duration. Again for this case of N, = 18 cycles, we see
in Fig. 4, that the spectrum consists of a regular intrasub-
band region and a more irregular intersubband region as in
Fig. 3(a). Also for the longer pulse duration of N, = 18 cycles
in Fig. 4(a), all levels of approximations produce the same
spectrum, though the MSA shows some minor deviations
on lower even harmonics. The photon statistics characterized
by the Mandel-Q parameter is significantly different for the
longer pulse of N. = 18 cycles in Fig. 4(b) than for the shorter
pulse of N, = 10 cycles in Fig. 3(b). We see two different
regions in Fig. 4(b): one region at lower harmonics (v /o <
25) with sharp peaks in the signal and a region at higher
harmonics (w/wy, > 25) with smaller and less distinct peaks.
This difference can partially be explained by the MSA. By in-
vestigating the expression for the Mandel-Q parameter for the
MSA [Eqg. (40)], we see that the denominator is dominated by
| ,Blf’j“’)\z which is proportional to the spectrum [see Eq. (39)].
Now, as the pulse duration is increased much less signal is
found at even harmonics, i.e, |;8<k"’)|2 is significantly smaller

ii

at even harmonics for the longer pulse, which can be seen by
comparing Figs. 4(a) and 3(a). From Eq. (40), we see that this
drop in signal at even harmonics yields a larger value for the
Mandel-Q parameter. Experimentally, this means that if any
signal at these lower even harmonics is measured, the photon
distribution will be highly non-Poissonian. Comparing the dif-
ferent levels of approximations, we see that they yield close to
identical results for the Mandel-Q parameter. The MSA, how-
ever, does deviate for certain harmonics and is generally less
accurate for higher harmonics. The squeezing parameter for
the longer pulse of N, = 18 cycles is shown in Fig. 4(c). Op-
posite to the situation for the N, = 10 cycle pulse in Fig. 3(c),
we now see that the degree of squeezing is largest for the lower
harmonic (w/wy, < 5) which is almost an order of magnitude
larger than the largest value for the squeezing parameter for
the N, = 10 cycle pulse. This difference in magnitude is due
to a different response of the electronic system, and we do not
believe this to be a general feature for all electronic systems.
For the N, = 18 cycle pulse we still see a finite degree of
squeezing at higher harmonics (w/w; > 25) comparable to
the values seen in Fig. 3(c). Comparing the different levels of
approximations for the squeezing in Fig. 4(c), we see a good
agreement between all produced results. Notably, however,
the MSA does again not capture the degree of squeezing at
lower harmonics.
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FIG. 4. Results for the various degrees of approximation (see Fig. 1) for an N, = 18 cycle pulse; see text for additional parameters. (a) The
spectrum [Eq. (13)]. We note that no level of approximation shows any significant deviation from the others. (b) The Mandel-Q parameter
[Eq. (15)]. We note that the calculation in the decoupled limit [Eq. (20), solid orange], the limit that only includes transitions involving the
electronic ground state [Eq. (22), dashed blue], as well as the Markov-type approximation [Eq. (26), dash-dotted red] match well for all
frequencies. The MSA [Eq. (38), dotted green] matches the more exact results well, but deviates more for higher harmonics. (c) The squeezing
[Eq. (16)]. Here all levels of approximations match well, except for the MSA, which does not capture the squeezing at lower harmonics
captured by the other methods as seen in the inset.

The deviation of the MSA in both the Mandel-Q param-
eter and squeezing from the most exact obtainable solution
[Eq. (20)] is shown in Fig. 5. We compute the mean of
this deviation over the considered harmonics (w/w;, < 60) as
|Q — Quec| for different pulse lengths with similar expressions
for the squeezing, 1. Here, the bar denotes the average over
the considered harmonics, and the subscript “dec” refers to the
solution obtained with decoupling of the harmonic modes as
the only approximation [Eq. (20)]. We note that averaging the
deviation across all considered harmonics only partially yields
a truthful measure of the validity of the approximation as it
does not capture if the deviation is a general trend or related
to specific harmonics. We first note that the accuracy of the
Mandel-Q parameter deviates with an increasing pulse length.
Further, we see that the MSA does not exactly capture the
degree of squeezing. The offset in the deviation is due to the
lower harmonics not being captured. These large deviations at
lower harmonics are due to higher-order commutators that are
neglected in the derivation of the MSA in Eq. (30). For the
present system, the degree of squeezing at lower harmonics is
less for N. = 10 and 20 cycles than for, e.g., N, = 18 cycles
as seen in Figs. 3 and 4 and inferred from Fig. 5. We believe
that this low degree of squeezing at certain pulse durations is
specific to the Fermi-Hubbard model and not a general trend.
The main point of Fig. 5 is to show that the accuracy of the
MSA decreases with increasing pulse duration as expected.

A
3 All harmonics
650405 4 Excluding lower harmonics . ®
|
> N
0.00L_= e ® e o
x10~!
22
l &
=1 N R
N A A A . A A
2 4 6 8 10 12 14 16 18 20
N,

FIG. 5. The absolute difference of the Mandel-Q parameter (up-
per panel) and squeezing parameter (lower panel) between the exact
solution [Eq. (20)] and the MSA averaged over all considered
harmonics (1 < w/w; < 60, green circles) and all higher harmon-
ics (10 < w/w, < 60, blue triangles) for various number of pulse
lengths determined by the number of cycles, N,. For the Mandel-Q
parameter, we see that the deviation grows with increasing pulse
length. Similarly, the squeezing deviates slightly more for increasing
pulse length. We note that, for N. = 10, 20, the system has less
squeezing in the lower harmonics, which improves the MSA as it
does not capture the degree of squeezing in the lower harmonics.
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VI. CONCLUSION AND OUTLOOK

In this paper, we derived and verified a hierarchy of ap-
proximations on the equations of motion for the quantum state
of light emitted from HHG. Each step in the hierarchy of
approximations, which are general for all types of electronic
systems, was tested numerically using the Fermi-Hubbard
model in the Mott-insulating phase. This model allowed us
to solve all semiclassical TDSEs required without any fur-
ther approximations. We found that including only couplings
that involve the ground state is a good approximation to the
full system for all considered pulse lengths. Going further, a
Markov-type approximation and an even further related ap-
proximated state, the MSA, show good agreement with the
more exact results. Notably, the spectrum calculated based
on these approximations matched more exact results for all
pulse lengths considered. The MSA does, however, deviate
from more exact results for the Mandel-Q parameter and the
squeezing with increased pulse lengths. Especially, it does
not capture the squeezing of the lower harmonics. The main
advantage of the MSA is the low numerical cost as it only
requires the integration of the electronic states and not a
subsequent integration of the photonic state in all modes,
easing the numerical effort significantly.

The analytical insights based on the Markov-type approx-
imation leading to the MSA highlight that the nonclassical
features of the light are due to time correlations of the current
(or dipole for atomic systems). Further, the time correlations
of the current are related to the transition current elements,
which is an important connection highlighting the physical
relevance of the latter. By investigating the expressions for
the nonclassical features of the emitted light in the MSA,
we found that these have different spectral features than the
HHG spectrum, as these are calculated from the transition
current elements the spectral features of which are different
from those of the classical current generating the HHG spec-
trum. We also emphasize that the approximations in this paper
assume a small coupling, go, to the quantized electromag-

netic field as is the typical experimental situation. Hence, the
presented equations and results would become less accurate
for a larger value of gy. Indeed it would be worth pursuing
experimental setups that would enhance the coupling to the
quantized field, e.g., a cavity, as this would increase the non-
classical properties of the emitted HHG radiation [8]. In this
connection, we note that alternative approaches addressing
this problem begin to appear: very recent work considers in
reduced dimension a single-active electron coupled to a single
quantized photon mode in a cavity by both an exact quantum
electrodynamical approach and a semiclassical multitrajec-
tory simulation [45].

As an outlook, the validated approximations may be an aid
when considering the quantum backaction from the electronic
system to the radiation field with a nonclassical driving field.
In the theory for nonclassical driving [16-18], the TDSE
needs to be integrated for many different classical driving
fields. Without any approximations or limiting cases for which
the photonic state can be analytically derived, a subsequent
integration of the equations of motion for the photonic field
is required, making it numerically demanding and tedious to
consider a general electronic system with potential backaction
onto the quantum field. However, with the explicit expression
of the MSA, it might be feasible to ease the numerical effort
such that the quantum backaction onto the quantized field can
be studied with a nonclassical driving field, and as such the
MSA can aid in the generation of nonclassical states of light
in the XUV region with applications in quantum information,
sensing, and technology.
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APPENDIX A: HIGHER-ORDER TERMS IN THE MARKOV-TYPE APPROXIMATION

In this Appendix, we show how going beyond the Markov-type approximation presented in Eq. (26) by including
higher-order terms in the expansion in Eq. (25) leads to an expression that cannot be truncated consistently in orders of go.
Inserting the higher-order expansion [Eq. (25)] into Eq. (24) yields
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Calculating the first and second derivative to lowest order in gy we find
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(1) and hence go. However, we numerically find that

the two terms in Eq. (A3) are comparable in magnitude, which prevents us from consistently truncating the expansion of the
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state in Eq. (25) to a given order in go. Consequently, one cannot go beyond the leading order in the Markov-type approximation
consistently with a finite number of terms and hence we consider only the Markov-type approximation in Eq. (26) in the present
paper. Of course, one could truncate the higher-order terms when the numerical value of the related integrals reaches a certain
threshold. However, this procedure would rely on the specifics of the electronic system and laser parameters.

APPENDIX B: DERIVATION OF THE QUANTUM STATE IN EQ. (30)
Here we derive the quantum state in Eq. (30) as the solution to Eq. (29). We do this by multiplying Eq. (30) with a time-

dependent phase, e~ and insert it into Eq. (29):

0 i P o —1 —i i PR [P ' —Loi2
e Mgl ) =ime POD[BET )]e M ORI0) = bin)e 0|yl () + e ”(’)[59[/3,-(_'? kz)]]e H0K© o)

. ~ 0 o
+ ie—!b(r)D[ﬂi("If_»U)(t)] Ee—ﬂwﬁ(”) 0). (B1)

We now calculate the time derivative of the displacement operator in the second line in Eq. (B1):
[/3"‘ 7] { (B BT 0 = BT OB O] + BT 0, — BT i, } Dlgi7w]. B

‘We can, upon comparison with Eq. (29), deduce that the time-dependent amplitude, ﬂ[(v’f'”)(t), has to be the expression given
in Eq. (31). The first and second line in Eq. (B1) thus correspond to the first term on the right-hand side of Eq. (29) by absorbing
the constant terms into b(¢). This means that the third line in Eq. (B1) must yield the second term on the right-hand side of
Eq. (29).

We now calculate the time derivative of the exponential operator in the third line in Eq. (B1). A derivative of an exponential
of a general operator, F (¢), is given by [46]

d » 1 X ¢
7eF<”: |:F(t)+ (), F(t)]+7[F(t) [F@), F@oN+ --]e”’\ (B3)
In the present case, we have to calculate
d 72
e O = (1 (W () € 4 0(g3). (B4)

where we have neglected the commutator [Vf/kyc,, Wk‘a (1)] and only included terms up to second order in go. Inserting Eq. (B4)
into Eq. (B1) yields a term of the form

DAL O] Wi W (1) €2 Ho O 2 (W ()W o (1) D[BE (1)) &2 O, (BS)
where the equality should be fulfilled by comparing with Eq. (29).
‘We note that the equality in Eq. (BS) holds if D[,B(k “)(t )] commutes with (Wk ,,(t)Wk o ())el. A tedious but straightforward

calculation shows that [D[,Bi(ff (1)), (Wk,,,(t )Wk,,7 ®))el]l = O(g%) which we disregard due to gy < 1 and the two operators hence

commute up to second order in go. We can thus conclude that the state in Eq. (30) is a solution to Eq. (26) up to g%,. As e~ ig
just a phase, it has no physical consequence and is thus ignored.
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We study intraband high-harmonic generation (HHG) in a crystal driven by quantum light. Previous theoretical
studies have developed a framework based on coherent state expansions in terms of P distributions to consider
nonclassical driving fields for HHG in atoms. Here we adapt this framework to the context of solids and
consider an intraband model of ZnO. We investigate the effect of the quantum optical nature of the driving
field on the harmonic spectra including the cutoff and the intensity scaling of the harmonics with driving field
intensity. Based on analytical calculations in the Floquet limit, we explain why driving with thermal light or
bright-squeezed vacuum (BSV) produces a much higher cutoff than when driving with fields described by
coherent or Fock states. Further, we derive an expression for the generated time-dependent electric field and
its fluctuations and find that it inherits characteristics of the driving field. Finally, we discuss the limitations of
an approximative positive P representation, which is introduced to be able to reduce the numerical complexity

for Fock and BSV driving fields.

DOI: 10.1103/PhysRevA.111.063105

I. INTRODUCTION

High-harmonic generation (HHG), the nonlinear upconver-
sion of a low-frequency intense laser field via an electronic
medium, has through the years proven to be a subject of much
interest. After the phenomenon was observed [1] and analyzed
theoretically [2,3] it was used to produce subfemtosecond
laser pulses [4,5], which brought with them the research area
of attosecond physics [6-8].

The original studies of HHG considered atomic gasses
as the generating medium. However, a new avenue for ex-
ploration opened when HHG with near-infrared fields was
observed from a bulk crystal [9]. HHG from solids proved
to have many unique characteristics, such as the harmonic
cutoff scaling linearly with field strength [9], as opposed to
the quadratic scaling in gasses, as well as, e.g., topological
features that affect the spectra [10-14]. Understanding of
HHG in this context is reached through the three-step model
[8,15-17]. First, electrons are promoted from the valence band
to a conduction band. In the conduction band, the electrons
propagate driven by the external electric field. Last, the elec-
trons recombine with their holes in the valence band, and the
excess energy is released as light. Because of the nonparabolic
shape of the conduction band, high harmonics are also gen-
erated in the propagation step. As such, it has been useful
to divide theoretical considerations of HHG in solids into
generation from intraband and interband currents. Not only
was this development a subject of scientific curiosity, it also
pointed towards applications, such as using optical methods
to reconstruct the conduction bands [18].

In these investigations, the electromagnetic field used to
drive HHG as well as the generated field were modeled by
classical fields, while the electronic degrees of freedom were
typically treated quantum mechanically. This approach has
produced many successful results, as the quantum properties
of intense pulses of coherent light are typically negligible
when considering intense-field-induced processes.

2469-9926/2025/111(6)/063105(16)
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Recently, a shift towards a fully quantum description of
HHG is developing. This is motivated by the wish to combine
attoscience and quantum optics, involving the investigation
of the quantum nature of the emitted light. These quantum
degrees of freedom of the emitted light can be used as spec-
troscopic measures to study the HHG medium and potentially
create attosecond pulses of nonclassical light in the XUV
regime. Overall, this field of study can be categorized into two
areas: (1) fully quantum descriptions of HHG when driven by
coherent light [19-27] and (2) HHG driven by quantum light
[28-31], such as squeezed light or Fock states. In both cases,
the accurate treatment of the quantum degrees of freedom of
both electrons and photons presents a challenge to theory.

In the first category, the theoretical framework for consid-
ering quantum fields in the context of HHG is described in
detail in, e.g., Refs. [19,21]. This methodology has been used
to show that the harmonic modes are entangled [19,20,23,27],
that electron correlations in many-body systems can cause
nonclassicality in the produced light [23,32], that HHG can
be used to generate optical cat states [33], and that a so-called
Markov-state approximation, where the photonic degrees of
freedom are accounted for in a closed analytical form can be
accurate [26]. Recently the quantum optical nature of HHG
was verified experimentally in crystals [24,25].

In the second category, models of HHG in atomic gasses
driven with quantum light have been presented, which use
coherent-state expansions in terms of generalized P distribu-
tions to describe the photonic degrees of freedom [28,29].
This coherent-state expansion is attractive, as it allows for
theory and methods developed for a semiclassical descrip-
tion to be applied. The theoretical results show that quantum
properties of the driving field can affect characteristics of
the harmonic spectrum such as the cutoff [28]. Furthermore,
it has been shown that driving HHG with squeezed coher-
ent light produces squeezed harmonics [30], indicating that
quantum properties of the driving field are mapped onto the

©2025 American Physical Society
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properties of the generated field. To this end, we note that
new experimental methods allow for the production of non-
classical bright-squeezed vacuum (BSV) fields, which are
becoming sufficiently intense to drive HHG [34,35]. Such a
BSYV field can also be used to perturb a stronger coherent driv-
ing field resulting in the emission of bunched sidebands from
HHG [36].

As a whole, the quantum-optical consideration of HHG
has multiple prospects. Besides the ability to optimize the
cutoff, the study bridges the gap between strong-field physics
and quantum optics. HHG has the potential to produce and
control high-intensity quantum states of light, which points
towards applications in the field of quantum information
[20,22,37,38].

As stated, most theoretical models of HHG driven by
quantum light have so far considered the medium of atomic
gasses [28,29]. This paper aims to extend this development
to HHG in crystals driven by quantum light. To do so, we
adapt the newly developed models for nonclassical driving
of HHG [28,29] to the established model for intraband HHG
in crystals. The intraband HHG description is sufficiently
simple to lend itself to analytic considerations, which we
use to determine and interpret the characteristics of the gen-
erated spectrum. Intraband contributions typically dominate
the HHG spectrum for harmonics below the band gap in
classically driven solids (see, e.g., Ref. [39]), and the re-
sults of the present work are expected to be valid in this
spectral regime. Hereby, we show that these recent develop-
ments can also be applied to solids, and we identify some
of the immediate differences between HHG in gasses and
crystals.

The paper is organized as follows. In Sec. II we present
the derivation of the generated photonic state for intraband
HHG driven by quantum light, and we discuss the different
choices of coherent state expansions of the driving fields,
i.e., the P representations that are considered. In Sec. III we
discuss the HHG spectrum. We consider the Floquet limit
of a time-periodic driving field and relate these results to
simulations of the generated field using a 16-cycle pulse.
From this, we study the dependence of the harmonic cutoff
of the spectra on the quantum optical nature of the driving
field and the scaling of the harmonic intensity in terms of the
driving field intensity. In Sec. IV we derive an expression for
and compute the time-resolved electric field generated from
the HHG spectrum. In Sec. V we discuss the accuracy of
an introduced approximative positive P representation that is
considered in the case of Fock and BSV driving fields. Last, in
Sec. VI we give a conclusion and an outlook. The Appendixes
A, B, C, and D give details on the validity of an approxima-
tive positive P representation based on an exact expansion of
the Bessel functions, the accuracy of an approximate positive
P representation with respect to different observables, the
accuracy of the lowest-order expansion of the Bessel func-
tion involved in the analysis of the perturbative regime, and
the derivation of the generated time-dependent electric field,
respectively.

Atomic units (i = m, = 4mwep = e = 1) are used through-
out the paper unless stated otherwise.

II. THEORY

The theory of HHG in solids driven by quantum light is
based on the models of Refs. [28,29] developed for atoms.
For completeness, we present an overview of the derivation of
the generated field. Readers familiar with these matters may
therefore skip this section. We will be utilizing the velocity
gauge as in Refs. [23,26] and as opposed to Refs. [28,29],
since this is a more convenient gauge for considering solids,
as the interaction is independent of electron spatial coordinate
in the dipole approximation, and Bloch’s theorem therefore
still applies. We will be deriving the model using a general P
representation to describe the photonic degrees of freedom. As
there are multiple choices of such representations, we keep the
notation general for the derivation of the generated field and
specify the choice of representation later (Sec. I B).

A. Derivation of the photonic state

Consider the minimally coupled, fully quantized Hamilto-
nian in the velocity gauge

L1 i e oa
H=352 (b +A7 + Ve + Hr, M

7

where p; is the momentum of the jth electron, V, is the
electronic potential, Hr = Z,m wka; »Oko is the free-field
Hamiltonian with ay (&I ) being the annihilation (creation)
operator of the field mode of wave vector k and polarization
o and wy being the frequency of the corresponding mode,
and, last,/} = ko \}4’—(‘;7(2,,51;,,<r + Hc) is th.e quantiz.ed vec-
tor potential in the dipole approximation with e, being the
unit vector of the polarization, go = /27 /V the coupling
constant, and V the quantization volume.

Similarly to Refs. [28,29], the state of the combined elec-
tronic and photonic system at the initial time #; is assumed to
be described by the total density operator,

Py =1¢eil Q) 10ko) (Okol

(k,0)#(ko.00)

®/dup(a’ﬁ)la>(ﬁ*\

(B*ler)
where |¢;) is the electronic ground state and |Of,) is the
vacuum state in the photonic mode of wave vector k and
polarization o. The driving field is assumed to be described
by a single mode (ko, 0p) and is expressed in terms of a
generalized P representation [40,41] over the coherent states
of that mode. In this way, the theory is built in a general
representation, and a specific representation can be chosen by
specifying the measure dp in Eq. (2) over the coherent phase
space (Sec. II B).

To determine the time evolution of Eq. (2) through the
Hamiltonian [Eq. (1)], the ansatz is made that the time-
dependent density matrix can be written as

2

P(a, B)

i)(t)=/du Pap (1), (3)
(Brla) "”

where integration is still over the coherent phase space

of the driving mode with the measure du and where

Pap+(t) is the time evolution of the state |¢;)(¢;| ®
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lae) (B*| ®<k’n>#k0m) |0k,o) (Ok,o |- By the linearity of the in-
tegral in Eq. (3), it is then apparent that such a solution would
also determine the time evolution of Eq. (2).

To find p, - (t), the interaction picture with respect to Hr is
employed. This picture introduces the time-dependent phases
et to the vector potential

4 80 ~ —iwyt
A=) (et e +He). @)
k.o Dk

Next, another unitary transformation is applied, using
displacement operators with the coherent state amplitudes
a and B*, such that the driving mode of pPup-(t) is
shifted to a vacuum state at time ¢;, that is, we let
Bap (1) = DT (@) pop (1)D(B*), and it follows that pug-(1;) =
16) (il @5y 10k, (O |. Applying this transform to the
Hamiltonian in Eq. (1), the vector potential transforms as
Al) > AQ(t) + A (1) [42], where AQ([) is the same quan-
tum vector potential as fl(t) in Eq. (4) but now given a
subscript for the sake of distinction, and where

A1) = (@A) = %(eauae’i”’”' +He) (5

is the classical vector potential of the driving field correspond-
ing to the coherent state |cr). It then follows that

3pag (1)
ot
where H:(t) = 3 3" ,(p; + Ag(t) + AL ()* + V. for & =
{o, B}. We neglect flé(t) as done in Refs. [19,23]. Hence,

i = Ho(t)Pap(t) — Pap-(DH5 (1), (©6)

He(t) = Hsc(t:6) + Ag(t) - Y [p; +A5®)]. (D)

J

where

N 1 N
Asct:6) =3 > [p; +AS0)] + V., ®)
2

7

is the semiclassical (SC) Hamiltonian of the single-mode co-
herent field with amplitude &.

Letting |We (7)) be the solution to the time-dependent
Schrédinger equation

bl -
io; Ve () = He ()] W (1)) ©

with [V (1)) = |¢i) ®k'g |Oks), it is apparent that
[Wy (1)) (Wg«(t)| is a solution to Eq. (6). By the choice of
boundary condition on [Wg(t)) at t =¢; it is apparent that
[We (2)){Wg+ ()| has the same boundary condition as f)aﬂ*(t),
tAhat is, [Wo () (Wp: (1) = ?)aﬁw(ti). Therefore, we have that
B (1) = W (1)) (W 1)),

To determine |Wg(¢)), an interaction picture is employed
via the time-evolution operator Z;lsc(t;é ) associated with
He (1 £). In this picture, Eq. (9) becomes

a N ~r N N
ig\‘l’s(t)) =Ap(t)- [Us'c(t;S)js(t)usc(t;é)]l‘lfe(t)% (10)
where ]’E nH=3 j[iz i+ Afl ()] is the current operator.

Equation (10) may be solved by expanding in the electronic
basis {|¢,)} of solutions to the field-free time-independent

Schrédinger equation. Letting {| x5 (7))} denote the corre-
sponding photonic states, the complete state of the combined
system can then be expressed as [Wg(t)) =Zm\¢m)®
| X,i(t)). Projecting onto the mth electronic state, (¢,,|, the
equation of motion for the corresponding photonic state
|x5 (1)) becomes

d A
it KOl =400 Y 0l@) (b

where

Jon ) = (507 O]k 1) (12)

is the current matrix elements between different semiclas-
sically propagated electronic states, |¢i ) = Z/?sc(t;é )Npn)-
We note that in the SC theory of HHG, the spectrum is related
to the norm square of the Fourier transform of the current
matrix element 7% (1) = (¢ (1)|j° (£)]¢¢ (¢)) for i denoting the
initial state of the electronic problem. It is the presence of the
nondiagonal transition current matrix elements in Eq. (11) that
induce quantum light in the HHG process [19,23,26,27].

Before we specify our solid-state model, a few remarks
regarding the characteristics of the above developments are
in place. First, we note that the expansion in coherent states
in terms of the P function allows the usage of SC theory and
associated numerical techniques to solve the time-dependent
Schrodinger equation. Second, the additional use of dis-
placement operators to transform the initial state to be in
the vacuum state allows one to handle the large number of
photons considered in this problem, i.e., one only needs to
numerically handle the photons generated from the HHG
process which are much fewer than the ones in the driving
field. These two ingredients are essential for the making the
problem tractable numerically.

We now specify the electronic system considered in this
work. We use an intraband model which corresponds to
considering a one-dimensional cut of the solid along the po-
larization direction of Ail (t). We consider a lattice constant
a and beyond-nearest-neighbor terms, which in the crystal-
momentum basis is expressed as

Hsc(t:6) =Y E[q+AL(0)] & \equ- (13)
q.n

where &, (€] ) is the annihilation (creation) operator of the
crystal momentum state g with spin p, and where

E(q) =) _bicos(alg) (14)

=0

is the dispersion relation of the material, where b; is the /th
Fourier coefficient of the band structure. The current operator
in this model is

H
F=e Yy 2ot Al as)

é
q.uCa.n
q.1 aq
which is a vector along the polarization direction.
From Egs. (13) and (15) it is apparent that both Hsc(#;&)
and j’s(t) are diagonal in the basis of crystal-momentum
states, meaning that the off-diagonal terms in Eq. (12) vanish.
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Hereby Eq. (10) reduces to

d .
i5|x§,(r>) =Ao(t) - & nO|x5 D). (16)

We consider the case where the system is initially in its ground
state, i.e., | x5 (%)) = 8i.m|0), so we only need to consider the
state with m = i. Equation (16) thus reduces to

il ~
i5|xf<z>> =4 j5,0)|xf ), an

which is linear in creation and annihilation operators and can
therefore be solved. The solution to Eq. (17) is a direct product
of coherent states [43,44]

% ) = Q) D[y, )]10k0). (18)

k,o

over all considered photonic modes (k, o) including the laser
mode, and where
vE )= 8 lﬁ (1) - eq e dt’ (19)
k,o \/(‘Tk ; ii )

is the coherent state amplitude which is the Fourier transform
of the current matrix element in the Floquet limit of t — oo
and #; - —o00. As such, the time dependence in the model is
carried by these integral limits. The photonic state in Eq. (18)
was also discussed in Ref. [23] and the result shows that
only coherent light can be generated when driving a one-band
model with coherent light.

The solution [Eq. (18)] to Eq. (11) is substituted
into Eq. (3) by writing fug-(1) = 167 (D) (1) @
[x{(@)) (Xiﬂ* (t)|. Hereby it is found that

S P, B)) o B
p0)= [ dn Bl

QR D@ oy ) o, DT (B
& O, o) (20)

(k,0)#(ko,00)

The SC evolution of the field-free eigenstates is sim-
ply given as \q)f(t)) = exp[—iE: (t)]|¢i(t;)), where E:(t) =
f: dr’ Zq_ﬂ Elg+ Afl () <€';S,u€'q.u> [45]. The electronic states
are then traced out, leaving their phases, and the state of the
field at time 7 is given as

R P, B) g, i)-Ea
= [ du 2 it -
Pr(t) / M (B |o) €

Q) D)y o, )L, DT (B
& O, o) @n

(k,0)#(ko,00)

Equation (21) shows that the emitted field state is a weighted
average of many coherent states driven with a SC driving field,
all weighted by the distribution function P(«, 8). We note
that the right-hand side of Eq. (21) is completely specified,
once the current element jf,.(t) [and hence yf_a(t)] is obtained
and P is specified. The phase factors with the time-dependent
electronic energies will disappear under the choice of repre-
sentation considered in Sec. I B.

B. Representation of the driving fields

We consider different types of driving fields. Specifically,
we drive our model with coherent, Fock, thermal, and BSV
light. As the generated photonic state [Eq. (21)] was de-
rived in a general representation, the choice of representation
can be made freely which we will now specify for each
of the driving fields. For Coherent and thermal light we
use the Glauber-Sudarshan (GS) representation which takes
dp = d’ad?B8®(a — B*) [40] with corresponding distribu-
tions [43],

Pltren(@) = 8P — ), 22)
1 la?
((N))
PThermal(a) = ﬂ(N) exp<<1v) ) (23)

where «, is the coherent state amplitude of the driving field
and (N) is the mean photon number for thermal light. The
Glauber-Sudarshan representations for Fock and BSV light
are highly singular [41,43] and therefore not computationally
useful. Instead, we use the positive P representation for these
types of quantum light [43]. In the positive P representation
dp = d*ad?B, with the corresponding positive P distribution
given by

P(a, B) = (47)"" exp(—la — B** /40l + B)/2], (24)

with

1
Oa) = —(a|plar) (25)

b4
the Husimi-Q function [46]. By carefully investigating the
function P(«, ) in Eq. (24) for both a Fock and BSV state,
we find that it has narrow peaks only when o = $* and is van-
ishing otherwise. To simplify the expression, we approximate
these narrow peaks as a § function and rewrite Eq. (24) as

o+ p*
) )

P(a, B) ~ 6@ (a — ﬁ*)Q( (26)

where the proportionality factor is the Husimi-Q function
which follows from the definition of P(«, B). In Sec. V and
Appendixes A and B we consider the accuracy of this approx-
imation for computing different observables. We shall refer to
Eq. (26) as the approximative positive P (APP) representation.
Within the APP we thus describe Fock and BSV light as [46]

P (o, B) A8 (a0 — BP (@), @7n
where
1 2 Joe| Y
pm — o™ ol , 28
Fock (Ol) QFock (O[) T e N' ( )
and similarly
PiS (e, B) ~ 8 (o — BIPSGy (), (29)
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where
(r) _
Pgy (@) = Ogy (@)
_ 1 2[Re(x))?  2[Im(a)]?
= Zcoshr o <_ l+e2  I+4er @0

for a Fock state |N) and for a squeezed vacuum state $(r)|0),
respectively, with § being the squeezing operator [43] and
where r is chosen to be real for simplicity. In both Eqgs. (28)
and (30), we have defined the P function within the APP
representation to be the appropriate Husimi-Q function.

As the four representations of light in Egs. (22), (23), (28),
and (30) along with the corresponding expression for du are
diagonal in phase space [Eqs. (28) and (30) only diagonal
within the APP], we can rewrite the field state in Eq. (21) for
the cases considered as

prt) = / d*aP(e)| 7 o () + )y o, () + ]

QR I O, @], @1

(k,0)#(ko.00)

where the P distribution, P(«), for the driving field can de-
scribe either of the four types of driving fields in Egs. (22),
(23), (28), and (30). From Eq. (31), expectation values of
interest can be calculated. These expectation values are exact
for coherent and thermal light driving fields, while they are
approximate for Fock light and BSV driving fields, due to the
APP representation. A discussion of the accuracy of the APP
representation in relation to different observables is given in
Sec. V and Appendixes A and B.

III. THE HARMONIC SPECTRUM

Using Eq. (31), the harmonic spectrum can be found by
considering the energy in the photonic degrees of freedom
E=2o wk(&;:ﬂ&k,o) as in Refs. [19,23,28]. Letting ), >
V/@2nrc) [dw o? [ dQ, we can write out the sum over polar-
izations o and express the spectrum as the emitted energy per
frequency. Furthermore, we disregard the driving field in the
laser mode, i.e., we take |y , (1) + o) — DAT(a)Iylffmu(t) +
o) = |V o, (1)) in Eq. (31) since we are only interested in the
generated field. The spectrum can then be expressed as

S(w) / d*aP(a)Ssc(w; ) (32)

with
2

Ssc(w; ) = ‘/ dr' j (e (33)

being the expression for the SC spectrum. Looking at Eq. (32),
this leads to the same interpretation as in Ref. [28]: The
spectrum is a weighted average of SC spectra [Eq. (33)] each
driven with a classical field characterized by the coherent-state
parameter « and weighted by a P(«) distribution.

A. The Floquet limit

To analyze the harmonic spectrum [Eq. (32)] further, we
assume a time-periodic vector potential, i.e., a vector po-
tential with no envelope. The vector potential is written as

A1) = Zg()a)gl/z\a\ sin(wgt — ¢) where ¢ is the phase of «.
We assume that the conduction band is filled symmetrically
around ¢ = 0 with an equal number of electrons with both
spin orientations.

The current matrix element j‘[?fi(t) from Eq. (12), with
the operator j*(f) from Eq. (15), is written as Ji0) =
—a Zl,q.u by sinfalg + al A% ()], along the direction of the
chain. The sum over crystal momenta g is now only over the
occupied crystal momenta in the electronic initial state. Since
each of these crystal momenta is occupied by both a spin
up and a spin down electron, a factor of 2 accounts for the
summation over electron spins w. Furthermore, we expand the
sine function using the addition formula sin[alq + alA%(t)] =
sin(alq) cos[alA%(t)] + cos(alq) sin[al A% (t)]. As sin(alq) is
an odd function of ¢, and since the electrons in the initial state
are assumed to be distributed symmetrically around g = 0,
this term disappears when summing over q. This leaves us
with the expression for the current matrix element

J6)y==2a " bil| Y cos(alg) | sin [alA%(1)].  (34)
! q

Looking at the expression for the spectrum [Egs. (32)
and (33)], we note that it is proportional to the square
of Fourier transformed current. To proceed analytically,
we use the Jacobi-Anger expansion sin[alAZ(t)] =
23 15, Jn(Zola]) sin[n(wot — ¢)], where J, is the
nth-order Bessel function of the first kind and go = 2ago/ /w0
is a lattice-modified coupling constant. From this expansion

the Fourier transform can be computed as done in
Ref. [45],
o] o, o0
/ dr’sin [alAg (1)) = —27i " J,(Zolal)
- n=135....
x [e7™8(w + nwy) — €"8(w — nwy)], (35)

where § denotes the delta function. Taking the square norm,
the products of delta functions for different n’s must vanish.
Hence, any phase on the delta functions vanishes. Further-
more, as we restrict ourselves to positive frequencies, the
terms §[w + (2n — 1)wy] may be discarded. Therefore, by
inserting Egs. (34) and (35) into Egs. (32) and (33), the gen-
erated HHG spectrum in the Floquet limit is given as

00 2
S@)oc Y w23(w—”w0)[ dzaP<a>[Zcunugo|a|>}
l

n=1335,..
(36)

where we collect crystal specific properties in the coefficient
C; =1b Zq cos(alg). In Eq. (36), the selection rule for the
odd harmonics is clearly seen. We also see that the size of the
nth harmonic peak is determined by the integral of the product
between the P distribution function and a weighted sum of
Bessel functions of order n. As we now show, analysis of these
integrals can be used to gain insights into the characteristics
of the spectrum.
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B. Simulated spectra

From Egs. (32) and (36) the HHG spectra can be computed
for a quantum state of driving light, given the appropriate
P functions. To simplify the computation, we note that for
the HHG spectrum in the Floquet limit [Eq. (36)] the only
dependence on the phase of « in the integrand is contained
in the P function. Assuming an adiabatic evolution of the
envelope of the driving field [which is already a necessary
assumption to apply an envelope to Eq. (5)], we can assume
that the norm square of the Fourier transform of the current
matrix element is independent of the phase of «. Therefore,
we may write the harmonic spectrum of Eq. (32) using polar
coordinates for integration as

o . 2
/ dt'ji, (e | Plal), (37

o0

S(w) x wZ/ dla|
0

where we have defined the radial distribution as
2
P(la]) = IaI/ d¢P(a), (38)
0

and where ¢ again denotes the phase of «. As such, the angu-
lar integral can be performed without relation to frequency w,
which lowers the dimensionality of computation. This approx-
imation is valid if the width of the individual harmonic peaks
overlap minimally, which is the case for the ~16 laser cycles
pulse that we use for simulations. Using Eq. (37), we calculate
the spectra where the electrons are driven by a flat top pulse
with 10 cycles of constant amplitude with an additional 3
cycle sin? turn-on and turn-off as in Ref. [45]. We use the
P functions for coherent [Eq. (22)], thermal [Eq. (23)], Fock
[Eq. (28)], and BSV [Eq. (30)] driving fields, at the same mean
photons numbers (4, ak,.q,)- This means that the following
quantities are equal to the mean photon number: |a; |? for the
coherent state, (N) for the thermal state, N for the Fock state
and sinh*(r) for the BSV state.

In the simulations, we use gy = 4 x 1078 a.u. and wy =
0.005 a.u. as in Ref. [23], a mean photon number of the
driving fields (&, kq) = 7.35 x 10'" (a coherent field
with this photon number has the intensity 7 = 8.26 x 10!
W/cm?). We use the parameters for the first conduction band
in a ZnO crystal along the I'-M direction [47] populated by
L = 10 electrons. Clearly, the characteristics of the results are
independent of the number of electrons. In this model, the lat-
tice constant is @ = 5.32 a.u. and the Fourier coefficients are
by = —0.0814 a.u., b, = —0.0024 a.u., b3 = —0.0048 a.u.,
by = —0.0003 a.u., and bs = —0.0009 a.u. The periodicity
is chosen such that Ag = 1% and gpax = 2Agq. For the BSV
light, the squeezing parameter is obtained from the relation
(&;0'00&,(0,00) = sinh?(r), yielding r = 14.35 in our simula-
tions. In Ref. [35] the production of BSV fields reaching
r =153+ 0.5 was reported, and the BSV field considered
in this work is therefore experimentally realizable.

The spectra in Fig. 1 show the overall same behavior as
the spectra in Ref. [28] for atomic gasses. The spectrum
generated from a Fock-state driving field is visually identical
to the coherently driven spectrum, both with a clear cutoff.
On the other hand, the spectra for thermal and BSV driving
fields are much broader with less clearly defined cutoffs but
with the generation of much higher harmonics. Coherent and

S(w) (arb. units)

Harmonic order

FIG. 1. Simulated HHG spectra using the parameters specified in
Sec. Il B. Graphs [coherent (blue), Fock (orange), thermal (green),
and BSV (red)] are simulated from Eq. (37) with a 10 cycle flat-top
pulse with additional three-cycle turn-on and turn-off. For visual
clarity, the spectrum for HHG driven by Fock light is multiplied
by 10%, for Thermal light 10%°, and for BSV 10%. Black mark-
ers [coherent (dots), Fock (triangles), thermal (squares), and BSV
(stars)] are simulated in the Floquet limit using Eq. (36). Vertical
lines [coherent (blue, long dashed), Fock (orange, dotted), thermal
(green, dash-dotted), and BSV (red, short dashed)] denote the pre-
dicted cutoff calculated with Eq. (39).

Fock fields produce the same spectrum because the radial part
of the P function for coherent light is a delta function and
similarly the radial part of the P function for a Fock state is
approximately a delta function for large photon numbers [28].
This is further discussed in Secs. III C, V and Appendix A.

Earlier works [28,31] have also used the approximation
of Eq. (26), but have, contrary to the present work, based
this approximation on the limit of a large interaction volume
by changing variables from coherent state amplitude to the
electric field amplitude, &,, via & = 2go and then taking
the limit of go — O for constant &,. Critically, as pointed
out in Ref. [31], consistently applying this limit also to the
Husimi-Q function would imply that neither a Fock nor a BSV
driver would generate any harmonic spectrum as opposed to
the results presented in the present work. However, we prove
in Appendix A without using any further approximations,
that both Fock and BSV driving fields indeed generate HHG
spectra, validating the results presented in Fig. 1. We believe,
that the limiting procedure considered in Refs. [28,31], when
also applied to the Husimi-Q function neglects information of
the physical state contained in the distribution, leading to a
nonphysical result.

In Fig. 1, the finite pulse [Eq. (32)] and Floquet limits
[Eq. (36)] are also compared, where the harmonic peaks ob-
tained from the Floquet calculation are given by the black
markers. The heights of the harmonic peaks are identical in
the two calculations up to a global constant. Longer pulse
durations just create sharper peaks. This is congruent with
studies of inter- and intracycle aspects of HHG [48].

C. Cutoff

Figure 1 shows that the characteristics of the spectra per-
taining to the harmonic peaks can be interpreted in the Floquet
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limit. Via Eq. (36), the magnitude of the nth harmonic is
proportional to the integral of the product between the dis-
tribution function of the driving field, P(«) and the square
sum of Bessel functions of order n. The Bessel function J,,(x)
quickly vanishes for x < n [48]. Hence, if the P function is
only nonzero within the region where the arguments of the
Bessel function are smaller than its order, then the overlap
between these functions will vanish and there will be no
harmonic peak.

The argument of the Bessel function is /go|c|, which means
that the || interval where all the Bessel functions of order
n vanish is |o| < n/(lmax80), where lyax denotes the highest
significant order in the Fourier expansion of the conduction
band, which in the simulations of Fig. 1 is In,x =5 (see
Ref. [48] for a discussion of the relation between the Bessel
functions and cutoff in intraband HHG). The distributions for
coherent and Fock states are narrow on the axis of |«/|. In fact,
the P function for a coherent state is a delta function on |«|,
and the APP function for a Fock state can be approximated
as a delta function on |«| [28]. Therefore, for ascending har-
monic orders, the regime of no overlap is quickly reached for
coherent and Fock driving fields in comparison with thermal
and BSV driving fields. This is depicted in Fig. 2, where the
square of the Bessel function Jf(g'o|oz|) and the P function
is plotted as a function of the argument |«|go for harmonics
n =11 and 33.

The quickly vanishing overlap for Fock and coherent driv-
ing fields explains why these two spectra are very similar in
Fig. 1. The heights of the peaks and also the cutoff are deter-
mined only from the radial distributions P(|c|) [see Eq. (38)],
which for coherent and Fock states are approximately equal.
Furthermore, for coherent driving fields this cutoff is the
same as found in Ref. [48]. For thermal and BSV fields, the
distributions are broad and extend much further than their
mean value (see Fig. 2). Hence, even though the mean photon
number might be the same, the broad distributions of these
reach far larger values of || and the overlap between P(|«|)
and the Bessel functions is nonvanishing for higher harmonics
yielding a higher cutoff. The gradual decrease of the tails also
explains why the cutoff is less clearly defined (see Fig. 1).

If we were to define the cutoff (ycypoff) in the units of
harmonic order for such a state, then it makes sense from these
considerations to write it as

Yeutoft = Imax8o(tp + 30p), 39

where wp and op are the mean and standard deviation, re-
spectively, of the variable || given the distribution P(w),
which are equivalent to the mean and standard deviation of
the radial distribution P(|x|) [see Eqs. (C13) and (C14) for
explicit expressions]. These quantities are therefore unitless
and entirely determined by the choice of P. The cutoffs are
calculated numerically and plotted alongside the harmonic
spectra in Fig. 1 as vertical lines. This choice of cutoff is
sensible, as most of the P function will be contained within
the domain of up — 30p < || < pp + 30p, and it yields the
correct cutoff for the coherent and Fock driving fields as seen
in Fig. 1. However, as is also apparent from Fig. 1, the cutoff
is not clearly defined for the thermal and BSV fields due to
the more gradually vanishing overlap.

x1077 n=13 n=33

6 0.08
4 0.06
= El
s 0.04;
a > {\E
0.02
0 0.00
6><10’7 0.08
0.06
s s
= 0.04,g
Q.

0.00
6)(10’7
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6x1077
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FIG. 2. Illustration of the radial distribution functions, P(|«|) of
Eq. (38) for a coherent, Fock, thermal, and BSV driving field at the
same mean photon number as used in Fig. 1 plotted against a Bessel
function of order 13 (left) and 33 (right). The APP representation
is used for the thermal and BSV fields. The behavior of J,(x) =~ 0
for x < n can be seen. For coherent and Fock states, there is no
overlap for n = 33. However, for the thermal field and even more
so for the BSV field, a nonvanishing overlap is seen. Note that the
P(|a|) distributions for the coherent and Fock states extend beyond
the range of the ordinate.

D. Power-scaling regime
In relation to experimental results like those presented in,

e.g., Ref. [34], we can, from Eq. (36), determine that the signal
in the nth odd harmonic is

2
S(nwg) /dZaP(a)[ZCIJn(lgolal)] . (40)
[

Taylor expanding the Bessel functions to the lowest nonvan-
ishing order gives J,(x) &~ x" /(n!2"). From this, it follows that

2
"ﬂ[(n
[Zczfn(lg‘olal)} ~ B
1

2n
Wkﬂ ) 41
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FIG. 3. Solid, blue curves show the mean photon count (N, =
(&:kom)&nkwﬂ)) in the fifth harmonic as a function of the mean photon
count of the driving field as computed from Eq. (40) using the P
representation of the different driving fields. The dashed, yellow line
shows the perturbative power-scaling approximation computed from
Eq. (42), and the black-dashed vertical line denotes the predicted
range of applicability of the perturbative treatment.

where K, =Y, , I{1;C,C, is a geometric constant of the
material, which is determined by the dispersion relation and
the filling of the conduction band. Equation (41) is substituted
into Eq. (40) to give (to lowest order)
g%n 2 2n
S(nao) CXI(IZW/d aP(a)la|
=K, (n!)zzzn (: (akn.aoak()v”u) :>
gf)" (n) AT ~ "
= Knmg (0)<akoyoﬂaku.au) , (42)

where : O : denotes the normal ordering of the operator O
and g (0) is the nth-order single-mode normalized corre-
lation function. Thus, we have recovered the power-scaling
law <&Zku,(70&'lko-ﬂo> (0’4 (&;:M()fzko.go)" of the perturbative regime
[34]. Interestingly, we note that in this particular model, the
nth-order correlation function of the driving field, g(”)(O),
enters as a proportionality factor and dictates the height of the
signal in the nth harmonic. This is another way of showing
how the quantum optical nature of the driving field affects the
generated HHG spectrum. In other words, this means that if
one could precisely control the mean photon number of the
driving field, then the height of the nth harmonic is determined
by the quantum nature of the driving field via g"(0). We
note for clarity that this scaling law only holds when the
lowest-order approximation of the Bessel function is a valid
approximation, see Appendix C.

In Fig. 3, the peak intensity of the fifth harmonic is plotted
as a function of the mean photon count in the driving field us-
ing Eq. (40) for the nonperturbative result and using Eq. (42)
for the power-scaling approximation. To determine when the
lowest-order approximation of J,,(x) is valid, we apply the
Taylor remainder theorem, see details in Appendix C. At the

photon count, where the perturbative treatment is expected to
break down based on the analysis in Appendix C, we mark the
cutoff for this expected range of applicability with a vertical
dotted line in Fig. 3.

As clearly seen in Fig. 3, this analysis yields a good estima-
tion of the range of applicability of a perturbative treatment. It
is clear that this range is smaller for BSV and thermal driving
fields. Our predictions can explain this behavior: Since BSV
and thermal states have much broader P distributions, their
standard deviation will be large. Therefore, these distributions
will reach into the range where the lowest-order Taylor expan-
sion is not valid at a lower mean photon count than for states
with narrow distributions such as coherent and Fock states.
In other words, due to the broad P distributions of thermal
and BSV states, these driving fields probe nonperturbative
processes at lower intensities than coherent and Fock driving
fields.

These findings are not immediately in line with Ref. [34],
in which it is reported that HHG driven by BSV has a broader
intensity range of the perturbative regime than HHG driven
by coherent light. However, multiple factors make the com-
parison difficult. First, only one of the harmonics reported in
Ref. [34] is an odd harmonic below the band gap and can
be compared directly with our studies. For this harmonic, the
threshold of optical damage for the coherent driving field is
around the intensity cutoff of the perturbative regime for the
BSV driving field. Below the optical damage threshold for
the coherent driving field, a clear deviation from the power-
scaling law is not apparent. That coherent driving should
become nonperturbative at lower intensities is reported instead
for the fourth harmonic, which does not appear in this work, as
we consider spatially symmetric crystals. Finally, the results
presented in Ref. [34] may be affected by electrons being
promoted across the band gap even for the harmonics below
the band gap which is an effect not taken into account in
this work.

IV. TIME-RESOLVED ELECTRIC FIELD

As is apparent in Eq. (31), the derived density operator of
the fields is time dependent. This allows for the evaluation of
time-dependent observables such as the electric field, which
bears relevance in relation to experimental work [39,49-52],
where the temporal characteristics of the generated field may
be observed. We therefore determine the electric field in the
time domain within the considered model.

The quantized electric field operator in the dipole approxi-
mation is given as

Et)=i)_ goJor(estuoe™ ™ —He.).  (43)
k.o

As the APP for Fock and BSV fields is an approximate
description of the density matrix [Eq. (31)], we verify in
Appendix D that this approximation produces the correct elec-
trical field for the different types of driving fields considered.
We now investigate the generated electric field. Using that the
coherent states are eigenstates of the annihilation operator, we
use Egs. (31) and (43) to determine the expectation value of
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the generated electric field as

(E)une = TrlpOE@)]
:_Z gO\/aTk/dzolP(Olﬂ Im[ék,c ylftyo_(t)e*iwkt]y
k,o
(44)

where we, as in connection with Eq. (32), have neglected
the +o from the laser in the driving mode as we are only
interested in the generated field.

Inserting Eq. (19) and executing the sum over the polariza-
tions and the solid angle integral, it is found that

A, 2Vg0 2
{E®)me = — 353 /d aP(a)
t ) X ,
xIrn[fi / dr'je (1" / dow w?e™! *’>],
t; 0
(45)

where the innermost integral can be recognized as the distri-
. 2 . . .

bution —x j75(t’ — t), when the imaginary part is taken. As

t € [t;,t] and by writing out gy, we obtain

E LA Oy 46
( (t)>HHG——§/ aP(@) 570 (46)

Likewise, the variance of the generated field can be derived.
Taking j;; along the one-dimensional chain of the model to
be in the z direction, we compute (EZZ). Generally, this will
yield four terms: The square of the generated fields, the square
of the driving field, an interference term between the driving
and generated field, and the zero-point fluctuations. As the
generated field at frequencies different from wy is of interest,
the other terms are neglected. For details, see Appendix D. We
then find that

. 16 & ’
(E e = 556 / dzaP«x)[ﬁj;ﬁ(r)} L@

which is used to determine the variance

R 16 & :
(AED) 6 = 9&{/ 204P(oz)|iﬁjf;(t)i|

2 dz o ?
— /d ozP(a)ﬁjii(t) . (48)

Note that the distribution function of the driving field, P(«),
also enters into the expressions of the characteristics of the
generated fields in Eqs. (46) and (48), indicating that the quan-
tum nature of the driving field is mapped onto the generated
field. This mapping of field characteristics is in accordance
with the simulations of the generated electric fields shown
in Fig. 4 where both the electric field, (E(1))ung [Eq. (46)],
along with its uncertainty, v (AEZZ)HHG [Eq. (48)], for dif-
ferent driving fields is shown. In Fig. 4, it is apparent that
the field generated from coherent light has the characteristics
of coherent light. This is in accordance with the result of
Ref. [23], in which it is found that the harmonics of HHG are
coherent when the driving field is coherent and the electrons
of the medium are uncorrelated. For the BSV driving field,
the generated field also has the characteristics of BSV fields,

x10”°
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FIG. 4. Time-resolved electric field generated by HHG for co-
herent, Fock, thermal, and BSV driving fields. Solid lines represent
the expectation value of the electric field and the shaded area rep-
resents the uncertainty in the electric field neglecting the zero-point
vacuum fluctuations. Simulated from Eqs. (46) and (48). The same
parameters are used as in Sec. III B.

where the expectation value of the electric field is vanishing
but it still has a large time-dependent uncertainty. Likewise,
the generated fields from the Fock and thermal driving fields
have vanishing expectations values of the fields with constant
uncertainty, which are the same characteristics as their corre-
sponding driving fields.

Estimating the width of the peaks in Fig. 4, they are all
at least 0.8 fs corresponding to a maximum frequency of
around 1 PHz. This spectral resolution is within reach for
experimental settings using, e.g., TIPTOE [39,52]. As such,
it should be feasible to measure such time-dependent fields,
from which we can uncover information on how the quantum
state of the driving field maps onto the quantum state of the
emitted field via the process of HHG.

V. ACCURACY OF THE APPROXIMATIVE
POSITIVE P REPRESENTATION

Figures 1 and 3 were computed using the APP represen-
tation for BSV and Fock light. The accuracy of these results
therefore depends on the accuracy of the APP representation
as introduced in Sec. IIB. To illustrate why this is an im-
portant point, consider a Fock state |N), which is described
by the density operator p = [ d?aP(a)|a) (| in the Glauber-
Sudarshan representation where the P function is [43]

2 2N
P elel P

— )
Fock, s (@) = NI 305’\’8(1*"’8 (o). (49)

Here derivatives of the delta function are understood in the
distributional sense. On the other hand, the APP representa-
tion for the Fock state is given by Eq. (28). From Egs. (28)
and (49) it is not trivial that p = [ d’aPSy (@)le) (x| ~
[ d*aQW), (@)|e) (| for large N. Indeed, it would be difficult
to make the arguments of Secs. ITI C and IIT D using the highly
singular P function of Eq. (49), as one cannot make statements
on the value of P at a given «. Hence, it is important to study
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if the APP is accurate for the observables that we consider and
verify the APP on a case-by-case basis.

In order to verify that the APP representation indeed yields
reliable results (for BSV and Fock light), we test it on the in-
coming driving field. We find that it yields the correct photon
number (&;Ya&kﬁ) in the limit of a large mean photon number
for both BSV and Fock light. Further, it reproduces the correct
mean and variance of the time-dependent electric field as
discussed in Appendix D. However, the APP representation
does not reproduce the correct photon statistics or degree of
squeezing for the driving field. This is due to the fact that
the APP representation neglects the coherence of o and
in the positive P distribution [Eq. (24), see also Eq. (26)].
This shows a limitation of the APP and we do therefore not
consider the photon statistics or squeezing of the emitted field.
Further calculations and discussion on the validity of the APP
representation is given in Appendix B.

VI. CONCLUSION

In this work, we presented a derivation of the quantum
optical state of light emitted from intraband HHG driven by
quantum light. Using this quantum optical state for the emit-
ted field, we calculated the harmonic spectrum for different
types of driving fields: coherent, Fock, thermal, and BSV
light. These results were compared to the Floquet limit which
produced identical spectra. Using the analytical Floquet limit,
we studied the harmonic spectrum and predicted the harmonic
cutoff for a given type of driving field. In this limit, the
spectrum is expressed analytically in terms of Bessel func-
tions J,(1go|a|), with arguments that depend on the dispersion
relation of the generating crystal as well as the strength of the
driving field. We found that the harmonic cutoff is dictated
by the overlap between these Bessel functions and the P
distributions used to describe the driving field. This enabled
us to explain why the cutoff is less clearly defined when
driving with a thermal or BSV field than for a coherent or
Fock field. Furthermore, we estimated the intensity range of
the driving field for which the harmonic peaks can be treated
perturbatively. From this analysis, we found that fields with
broad coherent phase-space distributions can probe nonpertur-
bative processes with a lower intensity than fields with narrow
distributions such as coherent and Fock fields.

Utilizing that the derived field state is time dependent, we
also derived expressions for the expectation value of the gen-
erated electric field and its variance. In the single-band model
of a solid considered in this paper, we found that the temporal
characteristics of the driving field are mapped to the generated
field. Since these generated time-dependent fields vary on a
timescale that can be observed experimentally, this presents
potential for experimental studies on how the HHG process
maps the quantum state of the driving field onto the generated
field, as temporal characteristics depend on the quantum state
of the field. To relate this study of the generated electric field
to possible experiments it is prudent to study the propagation
of such quantum fields through the crystal. The inclusion
of propagation effects is presently unresolved in strong-field
quantum optics [53] and is beyond the scope of this work.
For this reason, the results in this paper are experimentally
relevant in the limit of thin films.

We also discussed the accuracy of approximating the non-
diagonal positive P(«, B) representation of a quantum state by
an approximate positive P description for the Fock and BSV
driving fields. We confirmed that this approximation yields
the correct harmonic spectra (in the limit of large photon
numbers) and time-dependent electric fields for the driving
fields before calculating these observables for the emitted
field. However, this approximation does not yield the cor-
rect photon statistics or degree of squeezing for the driving
field and we did therefore not consider these observables for
the emitted field. Going beyond the APP and using the full
positive P(c, B) is to be considered in future work, such
that the nonclassical observables of the emitted light can be
investigated in more detail.

The model of solids considered in this work is a simple
one-dimensional single-band model. It is therefore relevant
for future work to extend the description of the electronic
system to include, e.g., multiple bands, topological effects and
electron correlation. Specifically, it is a natural continuation
of this work to consider a model with multiple bands, which
would allow the inclusion of interband currents. Driving with
a classical field, intraband processes dominate for harmonics
below the band gap while it has been seen that interband
currents dominate the spectrum above the band gap [39]. As
seen in the present work, using, e.g., a BSV driving field,
intraband harmonics with energies far above a typical band
gap energy are generated and it is a subject for future re-
search to investigate how the inclusion of interband currents
would interplay with the intraband currents with respect to the
above-band-gap-generated harmonics. The interplay between
harmonics originating from intraband and interband currents
would hence be interesting to study, including their respective
nonclassical properties such as squeezing and photon statis-
tics. However, in such extensions it would not generally be
possible to make the same analytical considerations regarding
the induced current as in this work without further approx-
imations. More specifically, the current operator would not
generally commute with the Hamiltonian as it does in the
model of this work and hence all cross current matrix elements
would need to be considered which greatly increases the com-
plexity of the problem. Approaches to get around this could
be considered, such as using a Markov state approximation
(see Refs. [26,54]), which can accurately capture features such
as the generated spectrum, including squeezing and photon
statistics.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

APPENDIX A: ANALYTICAL EXPRESSION
FOR HHG SPECTRUM

In this Appendix, we show, based on analytical considera-
tions using the GS representation, that both a Fock and BSV
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driving field indeed do generate a harmonic spectrum, con-
trary to the comments in Ref. [31], as discussed in Sec. IIIB.
We derive a general expression for the generated HHG spec-
trum as a function of the mth-order coherence function,
£ (0), which shows that the harmonic spectrum depends on
the photon statistics of the driving field. We use this to show
that spectra for the coherent and Fock drivers are identical and
then show why the HHG spectra produced by a thermal or a
BSV driving field are qualitatively much different. Note that
these considerations do not rely on the APP used in Eq. (26)
but verify the results for the generated spectra within the APP
presented in the present work as seen, e.g., in Fig. 1.

We cannot evaluate Eq. (40) directly in the GS represen-
tation, but we can make further analytical considerations by
expanding the Bessel functions in power series

(=DF a2k
hw =3 K\ + k)! (§>

k

(AD

Inserting Eq. (A1) into Eq. (40) gives
-1 ki +k2Kn . ~ N\ 2(n+ki+ky)
Stnon) o 3 Kkt (80

ki.ka

x fd2a P(ot)|at|2("+k‘+k2).

(A2)

Letting N,,, = &;ﬂ oy ko,00 denote the number operator of the
driving mode, its normal-ordered expectation value in the
driving field is given by

(:Nprhthe ) = / d*a P(a)|aHRHR) - (A3)

Using the definition of the normalized coherence functions
g<’”)(0) =( N(Z:) 1)/ (N, )™ [43], we re-express Eq. (A2) as

(_ 1 )kl th Kn.lq ko

,.0 2(n+ky+ka)
S o
(nao) o ka: ki o\ + k)1 + ko) ( 2 )
1,K2

n-+ki+ky

x g 0)(R,,,) , (Ad)

which shows that the photon statistics enter the spectrum
only through the coherence functions. Equation (A4) is not
practical for numerical consideration. It is, however, reveal-
ing regarding the similarity between the coherent spectrum
and the Fock spectrum. For a coherent field it is known that
g(c”z)ilmm (0) = 1 while for a Fock state |N) we find that

gy LN
S0 = o 1

l & 1
—1-—Y%t0(—
N2 (NZ)

o tmmtD (L
=l-5— +0(N2>, (AS5)

where the factorial term is written out in the last two lines, and
the higher-order terms of 1/N are collected in O(1/N?). This
result was found by direct calculation using that dg, q,|N) =
/N|N — 1). The coherence function is thereby g(F'sz(O) ~ 1
at large photon numbers. We have used a mean photon number

of N = (N,,) = 7.35 x 10'! in our simulations. This means
that even for very large m, multiple orders of magnitude
greater than the relevant harmonic orders of the coherent spec-
trum, we have that g(F";ik 0) ~ g(C”:)Lerem(O). Hereby, in the limit
of large photon numbers, we find that the spectra of coherent
and Fock driving fields are approximately equal
Skock (Nwo) X Scoherent (Nwo).- (A6)
The above calculation only relies on the large photon number
N > 1 of the driving field. It shows that the result for the
Fock spectrum using the APP representation is consistent with
the GS representation, and the results for the Fock driving
field in Sec. III B, and by extension Ref. [28], are therefore
verified. This also shows that the large-volume-based limiting
procedure considered in both Refs. [28,31] is troublesome
when also applied to the Husimi-Q function as that procedure
would predict a vanishing spectrum when driving with a Fock
state.
For completeness, using the exact formulation in Eq. (A4),
we note that

gsll‘tnz:rmal (0) =m! (A7)

and

8oy (0) = 2m — 1)1+ O(1/(N,,)). (A3)

which clearly shows that the spectra generated by a thermal or
a BSV driving field are vastly different from those generated
by a coherent or a Fock state driver.

The thermal mth-order coherence function was found us-
ing the GS P function from Eq. (23) along with the optical
equivalence theorem.

For BSV, the mth-order coherence function can be com-
puted as follows: First, we rewrite

(€104, 1€

= (0I[S"(&)a], ., SEN"ST(§)ak, 0, SE)N"10).  (A9)
Next, we use the identities

ST(E)arg oS () = kg0 cOS(r) — &;MO sinh(r)

ST E)ay, , S(E) = —lg,q sinh(r) +af . cosh(r), (A10)

where r = |&| and where we have assumed without loss of
generality that arg & = 0. We insert Eq. (A10) into Eq. (A9)
and use that cosh?(r) = sinh?(r) + 1 to find that
(Elag" o, 18)
= sinh®"(r) (01(~ g 0 + a5, 1) (ko.c0 — f, 5,)"10)

+ O[sinh®"2(r)]. (A11)
Using that (£|N,,|&) = sinh?(r) we divide Eq. (All) by
sinh®"(r) and obtain the coherence function

v (0) = (01 (=g 00 + 43, )" (@00 — )" 10)

+ 0(1/{Na))- (A12)
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We can then use the second quadrature operator X, = (& —
a'")/2i to rewrite the matrix element

(Ol (k.o + a5, )" (@000 — f, 5,)"10)
= (01(—2iX2)" (2iX2)"|0)

= 2"(0]1X7"|0). (A13)

This matrix element can be computed using the momentum
space wave functions of the harmonic oscillator ground state,
which yields

2m o 2m _ (2m)‘
2ROIR3"0) = S
=(C2m -1 (A14)
Inserting Eqgs. (A14) and (A13) into Eq. (A12) yields exactly

Eq. (AR).

In conclusion, this approach based on an exact expansion
of the Bessel functions verifies the presented results and in
particular the APP introduced in Eq. (26).

APPENDIX B: OBSERVABLES USING THE
APPROXIMATIVE POSITIVE P REPRESENTATION

In this Appendix, we discuss which observables of the
driving field are reproduced by using the APP representation
for the Fock and BSV driving fields in Egs. (28) and (30). The
approximative APP for the density matrix for the driving field
is then

PAPP) fdza O(@)la){al, (B1)

where Q(a) represents either Fock or BSV driving fields.
First, we calculate the mean photon number. The spectrum
for a Fock state is determined by

(@'a)er = Tria’ap A
= / d*a Q) (@)l
2 oo 2N
1 2 |0
:/ dp [ diat Lo 0,
0 0 7 N!
=N+1
# (aayExet, (B2)

which shows that in the limit of N >> 1 where N 4 1 ~ N the
APP approximately gives the correct result for the spectrum.
Similarly, we find for a BSV state

@a)\y = Tela'ap

= / dxf dy Qgs)v(x2 +y2)
—00 —00
= cosh?(r)

# (@' a)Esy, (B3)

where we have used o =x +iy. Equation (B3) differs
from the exact result for a squeezed vacuum state which

(&’a)g’g‘{f‘ = sinh?(r) [43]. However, in the limit of a
large photon number, we see that sinh?(r) = cosh?(r) — 1 ~

(APP)]

cosh?(r) approximately yielding the correct result. Thus, as
the spectrum is proportional to the mean photon number, we
conclude that the spectra for the driving fields are correctly
reproduced by the APP representation and we extend the
analysis to the emitted HHG spectrum with this representation
in Sec. III in the main text. Further justification in the case of
a Fock driving field can be found in Appendix A.

‘We now consider the photon statistics for the Fock driving
field. Here we consider the Mandel-Q parameter (not to be
confused with the Husimi-Q function) given by

= 7“ i i . (B4)

Calculating the second moment in the APP representation, we
find

@a‘aayer? = N* + 3N +2, (B5)

yielding a Mandel-Q parameter of nggf ) = 3 +2/N, which
does not match the exact result of QE’“‘C‘ = —1. This is a
significant error, as the APP result predlct% super-Poissonian
statistics for a state with sub-Poissonian statistics.

Similarly, we consider the degree of squeezing for the BSV
driving field. This is done through minimizing the variance
of the quadrature operator X (0) = 1(ae™ + a'e”) for 6 €
[0, 7). The variance of this operator is

(AX2©0) = gle”>" (@) — @) + (@) - @')%)
+2((@'a) — (@)(a") + 11. (B6)

Calculating the moments of the photonic operators, we find
that in

(@hpsy’ = @gsy = (B7)

@GP = (@HHGEP = —tanh(r)cosh®(r).  (BY)

Inserting Eqgs. (B7) and (B8) into Eq. (B6), we find that

(AX?(9)) = 1 cosh® r[1 — cof20) tanh r] + &.  (BY)

To minimize this, we can take the derivative with respect to
6, which vanishes for 6 = 0, 7 /2. Obviously, of these two,
6 = 0 minimizes the expression, and hence

ﬂ(APP)

BSV mm (AX 0)) =

oD cosh2 r(1 —tanhr) + %

(B10)

Notice especially that [tanhx| <1 for all x € R, so 1—

tanh » > 0, which means that in the APP representation
DD = ,min (AX20) > 1, (B11)

which does clearly does not match exact results where
DEMt = 1o [43].

Hence, the APP representation does not capture the correct
photon statistics for Fock states or correct squeezing BSV
fields and hence we abstain from considering these observ-
ables for the emitted field.
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APPENDIX C: DETAILS ON THE LOWEST-ORDER
EXPANSION OF THE BESSEL FUNCTIONS

For the discussion of the range of the perturbative regime
of HHG in Sec. IIID, we are interested in determining the
error in approximating the Bessel functions J,(x) to the lowest
order. To this end, we employ Taylor’s remainder theorem to
obtain an upper bound on the error for some interval of x.

Specifically, we use the theorem that states that for an
analytic function f : [a, b] € R — R the remainder R,(x) of
the nth-order Taylor expansion of f can be estimated as for
X € [a, b] as

n+l1
R, <M —- Cl1
[R(0)] < L (C1)
where M is a positive real number that fulfills
dn+l
M > p ——f(x)|, Vxe€la,b] (C2)

Writing the Bessel function as a Taylor expansion we have

S0 (=DF x\n2k
;k!(n-i-k)!(E) ’

which means that the lowest nonvanishing order in the expan-
sion is n. Since we know that Bessel functions vanish when
the argument is smaller than the order, we are motivated to
consider the interval [0, n/r], where r is some positive real
number that we will tune to give an acceptably low remainder.
We fix this tolerance for the remainder to be |R,(x)| < 1/100,
as we deem a 1% error acceptable.
‘We can then determine the M parameter for a given r as

Jnx) = (€3)

dn+l

n
M > | ). vee[o.2]. (C4)

Using the identities for differentiating a Bessel function we
may write

damt! 1 2 i+
dx’ n+IJ ( )_ o+l Z( )JZk l(x)

l/fforallxandforn 1, we

(C5)

and utilizing that |J,(x)| <
conclude that

dnt ARANIE N 1
'd n+1 Tu(x )‘ 2n+1 < )[ f (€0
Hence, we choose M = 1/ ﬁ to obtain that
1 xn+l
R,(x)| < —
RIS 5
1 nn+1
(€7

<=

S 2+ 1)t
which is independent of x. Last, we want a universal estimate
for all n. For this, we can use that n! > /2mwe(n/e)", where e
is Euler’s number. Hereby we can estimate that

1 n n+1 e\ ntl
2ﬁe<n+l) (;)

1 ntl
< Zﬁe(;> ’ ’

[Ru(¥)| <

(C8)

which is a decreasing function of n when r > e. We therefore

find that
Ryl < (€Y (©9)
2 /mwe \r
for all n > 1. We can then solve the equation for r given the
tolerance

ZJJ?E (;)2 < llTO

=r>10Y=~09. (C10)

Je
27
As such we have found an estimate of an interval [0, n/9],
where the error of the Bessel functions is within the set toler-
ance.

We note that this is a rough estimate since we have made
an estimation that is valid for all n. For more precise results,
which could yield lower r values, one could consider each
order separately and obtain an order dependent r,. This could
be done from Eq. (C7), and could also be improved by making
a less rough estimation of the bounds of J,(x), which become
smaller with the harmonic orders. The point is that we now
know that the lowest-order approximation of J,(x) is valid
within the tolerance 1/100 on at least the interval [0, n/9].

Hereby, in relation to Sec. III D, we can say that the lowest-
order approximation is valid for the Bessel function J,(Igo|c|)
when

(C11)

o] < 2o’

We can then argue similarly to Sec. IIIC, that we can
use this approximation when the P distribution is contained
within this region. Again, we estimate the region where P()
is not negligible as up — 30p < || < up + 30p. Hence, we
can use the power-scaling law [Eq. (42)] for the nth harmonic
when

wp + 30p < 1/ (9maxgo)- (C12)

The parameters pp and op are the mean and standard deriva-
tion of the distribution P(]«|), respectively, which depends on
the mean photon count of the driving field. Explicitly, they are
given as

wp :fdzaP(a)\a\, (C13)

2

op = /dzotP(ot)\otl2 - [/ dzap(a)|01|:|
el - 1o

For a coherent state [Eq. (22)], the mean photon number
is <&]:,7&k.a> = |og,o |> while for BSV fields [Eq. (30)] it is
(&;_U&kﬂ> = sinh?(r). For Fock and thermal fields, the mean
photon number enters the respective distributions explicitly
[see Egs. (28) and (23)]. The parameters pp and op are
calculated numerically using Eqs. (C13) and (C14) for each
value of mean photon number in the driving field. Thus, the
inequality of Eq. (C12) is checked for each of these values,
and the cutoff is set at the lowest mean photon number for
which the inequality is broken. These cutoffs are plotted in
Fig. 3.
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FIG. 5. Time-resolved electric driving fields for coherent, Fock,
thermal, and BSV fields. Solid lines represent the expectation value
of the electric field and the shaded area represent the uncertainty in
the electric field neglecting the zero-point vacuum fluctuations.

APPENDIX D: DERIVATION OF THE TIME-RESOLVED
ELECTRIC FIELD

In this Appendix, we investigate the electric fields emitted
from the HHG process. Before deriving the expressions for
the emitted electric field, we first verify that the electric field
of the driving laser is correctly reproduced in the APP. To
this end, we compute (£(¢)) with E(r) given in Eq. (43) for
the driving fields using the P functions in Egs. (22), (23),
(28), and (30). Likewise, we can compute the variance of the
driving field and hereby the uncertainty in the field (neglecting
zero-point fluctuations). These results are shown in Fig. 5.
It is seen that the fields are as expected: The coherent field
has a well-defined frequency and amplitude with vanishing
fluctuations. Thermal and Fock fields have vanishing mean
fields, but their uncertainties are on the scale of the coherent
state amplitude and are constant in time. The BSV field also
has a vanishing mean field but the uncertainty oscillates in
time with the same amplitude and twice the frequency of the
coherent oscillations. As the APP representation reproduces
the correct time-dependent driving fields for Fock and BSYV,
we trust its validity to produce the correct time-dependent
generated fields.

We now derive the equation for the mean and variance for
the generated electric field. We consider the derived state of
the field [Eq. (31)]

pr(t) = / d2aP(@) |y 4 () + )y o, () + o

& o, o,

(k,0)#(ko.00)

(D1

where

1
Y () = —i 80 /j';(r’).eae"wk"dz& (D2)
1

Wk

The electric field operator in the dipole approximation is given
again for clarity,

Et)=i)_ gov/orlestgoe ™ —Hee.).

ko

(D3)

Computing the expectation value of the electric field operator
yields

(E@)) =/dZozP(oz)|:i(g10«/a70(e(70 (K o0 +a)e™™ —c.c)

+i Y sovar(en (e — c.c.):|

k,o#kg,00

=igo f d*aP(@) ) Jox(es v, (e ™ —c.c.)

k.o

+ igOM/dzaP(a)(egnae_i%’ —cc.). (D4)

The last term in this equation is just the expectation value
of the driving field, which we shall henceforth neglect, since
we are interested in the generated field. With this, we let
Y V/@2rc) [doo?® [ dQ, where V is the quantization
volume, ¢ the speed of light in vacuum and d2 the solid angle
infinitesimal,

(Eung(t)) =i 8oV > /dzaP(a)/oo dw * o
(2mc) 0

x / dQy " 2ilm(e, v, (1)e ™)

= éi%c‘; / dZaP(a)Im[i / dr’

i

o0
x /dQZe:r(jﬁ-(f’)'eg)/ da)wze"“’(’/”i|‘
4 0

(D5)

We now seek to simplify this. Consider first the term
/ dQy e (ji) - e5).

As a one-dimensional model of a solid is applied, we can let
this direction be Z and take the polarization vectors be e; = [
and e, = fb which are the spherical coordinate unit vectors,
that form an orthonormal basis of the orthogonal comple-
ment to the k vector. Hereby j%(t') - e; = —j(¢')sin6 and
Jé(') - e2 = 0. Hereby it is found that )" e, (j&(r') - ex) =
-0 j&(')sinf, and utilizing the spherical symmetry of the
problem around the Z axis, it is found that

2 T
/mz%(ﬁ(t’)'ea) = fj,‘é(t’)%/ d¢/ do'sin® 0
o 0 0

_ 87 1)
=773 Jill),

(D6)

D7)
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and we thereby get

283V

3723

t o0 o
X Im[i/ dt’jﬁ(t’)/ dw wle® 4)].
i 0

(D8)

(Ewnc(®) = d*aP(a)

Next, we rewrite the term

Im[fz/ dr'ji@ )/ dwwzei"’("”>:|

_Im[ / dwei“’(""):l

= Im( / / dofcos[w(t’ — )]
0

+ isin[o(’ — t)]})

’

i

t oo
=/ dr'jet") t/Z/ dwcos[w(t’ —1)]

l 7 o( o !
2/ dt'y (t)dﬂ/ dw cos[w(t’ —t)]

11t
ZE/ -’u

’

]

=7

dzzJ" “(0), (DY)
where we have utilized that j§(r) is real, from being a di-
agonal matrix element, derivatives of distributions, and that
t el t].

By writing out go = /27 /V, the front factor is then
347 and we achieve that the generated electric field is then
given as

Eunc®)) = _7/d2ap(a) — (). (D10)
The variance of the electric field can be derived in a
similar way.
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