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Abstract in English

This thesis presents for the first time the experimental implementation of co-
herent Raman oscillations with a femtosecond frequency comb for transition
frequencies in the THz range. The technique has been successfully demonstrated
before to drive Raman transitions between hyperfine structure states in 171Yb+

ions, with a transition frequency of 12.6GHz. To extent this idea to the THz
regime, the frequency comb light must have a spectral bandwidth equal or lar-
ger compared to the addressed transition frequency, requiring short laser pulses
on the order of tens of femtoseconds, compared to picoseconds in the previous
experiments. For the broad spectrum, the additional effect of group delay dis-
persion (GDD) has to be taken into account, since the Raman process relies on
the coherent interaction of all frequency components of the spectrum, with GDD
influencing the relative phase which leads to destructive interference. Therefore,
GDD is compensated using a prism compressor and it is shown quantitatively
that the measured GDD matches the theoretically predicted effect on the to-
tal Raman Rabi frequency. For the measurements and compensation of GDD,
the techniques of interferometric autocorrelation and frequency resolved opti-
cal gating (FROG) are used, and the two frequency comb systems used for the
experiments are thoroughly characterized, a Coherent Mira Ti:sapph oscillator
and a MenloSystems fiber based frequency comb system.

The potential of frequency comb driven Raman transitions is shown by mea-
suring the D-finestructure frequency in a single 40Ca+ ion confined in a line-
ar Paul trap, determining the transition frequency to 1 819 599 021 524(32)Hz.
Moreover, the D-finestructure frequency of all even, naturally abundant Ca+

isotopes is measured with the same technique, and the spectroscopic isotope
shifts are extracted. To complement these measurements, the isotopes shifts of
the 729 nm |S1/2〉 → |D5/2〉 transition for the same series of isotopes are also
determined with a relative accuracy of 5× 10−12, using a different technique.
To the best of my knowledge, these measurements represent the most accurate
spectroscopic isotope shifts reported in literature so far.

The spectroscopic isotope shift relies partly on the interaction of the electron
with the nuclear charge distribution, and deviations from the predictions of
the standard model can be used to test theories predicting forces beyond the
standard model. Hence, the measured isotope shifts of the two transitions are
used in a so-called King plot analysis to set bounds on these hypothetical „new“
forces.

Frequency comb driven Raman transitions in the THz range will be a driving
force in future spectroscopic studies on molecular ions, where the rotational tran-
sition frequencies typically are on the order of a few THz. High precision measu-
rements on these ions have many intriguing applications, for example the test of
time-variations of fundamental constants, ultracold chemistry on the quantum
level, and quantum information and computing, to name just a few. In the Ion
Trap Group in Aarhus, we plan to use the developed technique for spectroscopy
and state manipulation of single MgH+ ions.



Résumé på Dansk

I denne afhandling præsenteres den første eksperimentelle realisering af kohæ-
rente Raman-oscillationer med en femtosekunds frekvens-kam for overgangsfre-
kvenser i THz-området. Teknikken er tidligere blevet brugt til at drive Raman-
overgange imellem hyperfine tilstande i 171Yb+ ioner med en overgangsfrekvens
på 12.6GHz. For at udvide denne idé til THz-regimet, kræves det at lyset fra
frekvens-kammen skal have en spektral båndbredde, der er lig med eller stør-
re end den addresserede overgangsfrekvens. Dette kræver laserpulser i størrel-
sesordenen 10 femtosekunders varighed, i forhold til picosekunders varighed i
tidligere eksperimenter. For det brede spektrum er det nødvendigt at tage hen-
syn til såkaldt gruppe forsinkelsesdispersion (group delay dispersion, GDD), da
Raman-processen er afhængig af kohærent interaktion af alle frekvenskomponen-
ter. GDD fører derfor til ændringer i den relative fase og således til destruktiv
interferens. Der kompenseres for GDD med en prisme kompressor, og det vises
kvantitativt, at den målte GDD passer med den teoretisk forventede effekt på den
fulde Raman-Rabi frekvens. Teknikkerne interferometrisk autokorrelation og fre-
kvensafhængig optisk gating bruges til at karakterisere og kompensere for GDD.
To frekvens-kamme benyttes til eksperimenterne, en Coherent Mira Ti:sapph
oscillator og en MenloSystems fiberbaseret frekvens-kam, og de karakteriseres
grundigt.

Mulighederne som frekvens-kam drevne Raman overgange åbner op for, vises
ved at måle D-finstrukturen af en enkel 40Ca+ ion indfanget i en lineær Paul
fælde. Herved måles overgangsfrekvensen til 1 819 599 021 524(32)Hz. Derudover
måles alle D-finstruktur frekvenser for alle naturlige Ca+ isotoper ved hjælp af
samme teknik, og de spektroskopiske isotop-skift bestemmes. Isotop-skiftene for
729 nm |S1/2〉 → |D5/2〉 overgangen for den samme serie isotoper måles også
med en relativ præcision på 5× 10−12 ved en anden metode. Disse målinger
repræsenterer de mest præcise spektroskopiske isotop-skift der er målt til dags
dato.

Det spektroskopiske isotop-skift er delvist afhængig af interaktionen mellem
elektronen og fordelingen af ladningen i kernen. Standardmodellen laver forud-
sigelser om dette, og derfor vil forskelle fra forudsigelserne føre til at kunne
teste teorier om kræfter udover standardmodellen. De målte isotop-skift af de
to overgange er brugt i en såkaldt King plot-analyse til at sætte grænser i disse
hypotetiske nye kræfter.

Frekvens-kam drevne Raman overgange i THz området vil blive en vigtig
teknik i fremtidige spektroskopiske studier på molekulære ioner, hvor den ro-
tationelle overgangsfrekvens typisk er i størrelsesordenen af et par THz. Høj-
præcisionsmålinger på disse ioner har mange interessante anvendelser. For ek-
sempel tidsvariationen af fundamentale konstanter, ultrakold kemi på kvanteni-
veau, kvanteinformation og quantum computing, for at nævne nogle få. I Ionfæl-
de Gruppen i Aarhus planlægger vi at udvikle teknikken til spektroskopi og
tilstands-manipulation af enkle MgH+ ioner.
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Introduction

The field of research in ion traps is still a vivid one, full of new and astonishing
physics, with a history going back more than 60 years, since the invention of
the RF trap by Wolfgang Paul in 1953 [paul_notizen_1953, A1], and the
Penning trap by Dehmelt in 1959 [A2], for which both were rewarded the Nobel
prize in 1989 [O1].

Since these early developments, ion trapping was so successful, that in 2012
the Nobel prize was awarded partly to David Wineland “for ground-breaking
experimental methods that enable measuring and manipulation of individual
quantum systems” [O2]. A trapped and laser cooled ion basically represents the
experimental quantum physicists dream. Trapped via the long ranging Coulomb
interaction, the internal atomic structure is mostly undisturbed, close to a parti-
cle in free space. Ions can be stored on timescales of hours and longer, providing
long interrogation and coherence times, and the development of the linear Paul
trap [A3] enabled good optical access for lasers to the ion.

The idea of working with single quantum particles and directly observing
the abrupt transition between two states of a quantum system as a quantum
jump [A4], was unthinkable for the founders of quantum mechanics. Even Er-
win Schrödinger asked, as late as 1952, still the question: “Are there quantum
jumps” [A5], and ridicules the idea of ever experimenting with single quantum
systems. Quantum mechanics with all its surprising effects, quite often oppo-
site of daily life experience in the macroscopic world, has a profound impact
on philosophical questions, such as long-range entanglement and other non-local
phenomena [B1, B2].

However, in 1980, a single Ba+ ion was trapped and imaged [A6] in a Paul
trap, and it took only six years when in 1986 the first quantum jumps in a single
quantum system were observed almost simultaneously in three different experi-
ments [A7, A8, A9]. More than ten years before that, Dehmelt andWineland had
already suggested detecting quantum jumps via the shelving technique [A10],
converting the excitation of a single quantum into millions of fluorescence pho-
tons, a standard technique in nowadays ion trap experiments.

To be able to observe single trapped ions, they need to be localized by slowing
them down from their initial room temperature velocities of typically hundreds of
m/s to several cm/s, corresponding to mK temperatures. This can be achieved
via laser cooling [R1], first suggested in 1974 by Hänsch and Schawlow [A11].

A trapped, laser cooled ion is ideal for spectroscopy, which is the art of ex-
ploring the internal structure of a quantum system by measuring the frequency
of a light field in resonance with a quantum transition in this system. Moreover,
a frequency measurement corresponds to counting the number of oscillations in
a well defined timespan, so that spectroscopy of a known transition can also be
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used to measure time instead, not fundamentally different from a simple pendu-
lum clock. In fact, time itself has been defined2 since 1967 by radio frequency
spectroscopy in 133Cs, only about a decade after the first demonstration of a
Cs clock [A13]. Even though current Cs clocks reach fractional stabilities below
10−15 [A14, A15], the question of “When should we change the definition of the
second?” [A16] is becoming more pressing.

The first clock operating in the optical regime [R3] was demonstrated in 2001
with a single trapped 199Hg+ ion, already reaching a stability of 7× 10−15 in
1 s [A17]. State of the art optical clocks reach stabilities of 3× 10−18 [A18, A19,
A20, A21], surpassing the Cs stability by more than two orders of magnitude.
Time is the quantity that can be measured most precisely, and the strategy
nowadays is often to relate a given quantity to a measurement of time, for
instance, the meter3 is defined via time [A22]. Arthur Schawlow highlights this
by recommending his students: “Never measure anything but frequency!” [A23]

Driven by the huge success of atomic ion physics, the study of molecular ions
is currently gaining more and more attention [R4]. It is of fundamental interest
to understand molecular structure, where not even the simplest 3-body systems
can be solved analytically. The combination of atoms to a molecule gives rise
to motion on very different timescales, due to the different masses of nuclei and
electrons, leading to a much richer structure compared to atoms.

Additionally, some molecular transitions are highly insensitive to external
perturbations, and are used in high resolution spectroscopy experiments for the
search of time variation of fundamental constants [R5], the possible dipole mo-
ment of the electron [A24], and the search for a “fifth force” [A25]. “Atomic”
clocks based on molecular transitions in the infrared are also considered [A26].

The field of quantum information, sensing, simulation and computing is cur-
rently on the verge of making the jump to the consumer market, supported
by the European quantum technologies flagship program [A27, A28], and ac-
tual implementations of a large scale quantum computer are discussed [A29].
The idea of a universal quantum computer [R6] already began to grow in the
1980s [A30, A31, A32], and the use of molecular ions [A33] could surpass atomic
ion implementations [R7, R8].

The techniques developed for trapping and manipulating single atomic ions
are so advanced today, apparent from the incredible accuracy of optical clocks
(1 s off in 10 billion years, that is close to the age of the universe!), that it
seems natural to move forward, to these larger, more complex quantum systems,
exploiting their described potential for future applications. But, all the discussed
features of molecular ions come at a cost in the form of experimental challenges.
For instance, molecules generally lack closed transitions due to the rich internal
structure, and thus cannot be directly laser cooled. However, more sophisticated
methods such as quantum logic spectroscopy [A34], where the state of a trapped
molecular ion is detected via its shared motion with a co-trapped atomic ion,
are well developed today and allow one to bypass these problems.

2“The second is the duration of 9 192 631 770 periods of the radiation corresponding to the
transition between the two hyperfine levels of the ground state of the caesium-133 atom.” [R2,
A12]

3Since 1983, “The metre is the length of the path travelled by light in vacuum during a
time interval of 1/(299792458) of a second.” [A22]
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The transition frequencies in molecular ions are typically in the mid-infrared
for vibrational transitions, and the THz regime for rotational transitions. Mid-
infrared transitions can be addressed with quantum cascade lasers [A35, B3, R9],
discussed in the outlook of this thesis, but even though the development of the
laser is already over 50 years ago, there still exist no powerful coherent sources
in the THz regime [B4, R10]. One option to circumvent this challenge is to drive
these THz transitions via a two photon Raman process. This was demonstrated
using two CW lasers in an atomic system to measure the D-finestructure in
40Ca+ by Yamazaki et al. in 2008, with a transition frequency of 1.8THz [A36].
However, spanning the large THz frequency gap in this way is difficult and
not very flexible, since the two separate laser systems need to be phase-locked.
Conventional light modulators such as acousto- or electro-optic modulators are
limited to about 10GHz, which is why Yamazaki et al. had to use an optical
comb generator for this purpose [A37].

A different approach to drive Raman transitions is to exploit the natural
phase coherence of the individual frequency components of a frequency comb [R11,
B5, A38, A39, A40]. The frequency comb spectrum consists of many well-defined
frequency components, with a fixed and measurable spacing between them. This
spectrum is conveniently generated by a pulsed laser, when the repetition rate
of the emitted laser pulses is stabilized. The spectral spacing is then given by
the repetition rate, and the spectral bandwidth is inversely proportional to the
pulse length. One popular type of laser is the Ti:sapphire oscillator, such as
the Mira laser I use in the experiments detailed in this thesis, where the pas-
sive mode-locking technique guarantees the phase coherence over the generated
comb spectrum. In fact, already Theodor Hänsch worked in the 1990s on a Mira
laser in his laboratory in Garching [R12, A41]. He later, in 2005, shared half
the Nobel prize with John L. Hall “for their contributions to the development
of laser-based precision spectroscopy, including the optical frequency comb tech-
nique” [O3, R12]. Before the optical frequency comb, direct measurements of
optical frequencies were extremely challenging. For example, one experiment
bridged the gap to the Cs clock with a frequency chain, distributed over sev-
eral laboratories in separate buildings [A42]. Today, the frequency comb is a
mature and reliable tool and is, for instance, used as a calibration source for
spectroscopy in astronomy [A43], for the generation of attosecond pulses [A44],
and a frequency comb has even been brought to space on board of a sounding
rocket for spectroscopic measurements [A45].

The experimental implementation of the idea to drive coherent Raman transi-
tions with a frequency comb was shown by Hayes et al. in 2010 [A46, T1], demon-
strating coherent population transfer between hyperfine transitions in 171Yb+.
The |F = 1, mF = 0〉 → |F = 0, mF = 0〉 hyperfine states of the 2S1/2 level in
171Yb+ are split by 12.6428GHz. Thus, transitions can be driven with a rela-
tively long laser pulse time of about 1 ps, corresponding to a bandwidth limited
frequency comb spectral width of only about 400GHz.

In this thesis, I demonstrate the extension of this scheme to the THz range,
by coherently driving the D-finestructure transition in Ca+ with a frequency
comb. This technique, frequency comb driven Raman transitions, is extremely
versatile, since the resonance condition can be met with any combination of
comb teeth over the total spectral bandwidth of the comb, spanning several
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THz for frequency combs emitting laser pulses in the fs regime. The effective
laser linewidth for the Raman process is given by the stability of the difference
frequency between the spectral components driving the transition. This fre-
quency spacing in the comb spectrum, given by the repetition rate of the laser
generating the comb, can easily be controlled and stabilized. I demonstrate
the potential of the technique by determining the D-finestructure transition fre-
quency in 40Ca+ to 1 819 599 021 524(32)Hz, where the uncertainty of 32Hz is
limited by external perturbations, and not the laser itself. A team at NIST in
Boulder is currently implementing the same technique for the spectroscopy of
CaH+. Molecular spectroscopy in general might be strongly influenced by this
new technique, and I will discuss planned experiments on MgH+ in the Ion Trap
Group in the outlook of this thesis.

In addition to the absolute 40Ca+ transition measurement, I measured the
spectroscopic isotope shifts of all naturally abundant even isotopes of Ca+ using
the same technique. The energy of a spectral line is a characteristic property of
an element, that means a characteristic of the number of protons in the nucleus.
However, precision spectroscopy reveals a slight dependence of the transition
energy on the number of neutrons in the core, so different isotopes of an element
have slightly different transition energies between the same electronic levels.
This effect is called the spectroscopic isotope shift [R13, B6].

The isotope shift in Ca+ has been studied before [A47, A48, A49, A50], and
has the potential to give insight into some exciting “new physics.” That our
current physical understanding in terms of the standard model is not complete,
is obvious for instance from the existence of dark matter, apparently only inter-
acting gravitationally with our “normal” matter [R14]. The isotope shift in an
atom stems partly from the forces the electron experiences while penetrating the
nucleus. Thereby, relativistic and QED effects become important [A51, A52],
and even physics beyond the standard model can be tested. For example, new
forces between nuclei and the electron [A53, A54] can be identified by nonlin-
earities in the so-called King plot [A55, A56], which relates the isotope shift of
two separate transition measurements to eliminate dependencies expected from
the standard model.

The spectroscopic isotope shifts presented in this thesis are, to the best of my
knowledge, the most accurate reported in literature so far. An active discussion
with researchers at the Weizmann Institute of Science about the impact of these
measurements on the mentioned theoretical predictions on “new physics,” is
currently still ongoing.
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Thesis outline
This thesis is divided into four main parts. In part I, Ion Trapping and the
Interaction with Light Fields, I discusses the linear Paul trap in chapter 1,
and focus in chapter 2 on the interaction of a trapped ion with light fields.

Part II, The Optical Frequency Comb and its Characterization, de-
scribes the frequency comb, both theoretically and its implementation. The
concept of generating a broad, comb-like spectrum with a repetition rate sta-
bilized pulsed laser is mathematically introduced in chapter 3. Chapter 4 then
describes in detail the two frequency comb laser systems used in the experiments,
the Mira laser and the Menlo comb, pointing out the ways in which they dif-
fer. Since the accuracy of spectroscopy measurements using the frequency comb
relies on the accuracy of the frequency standard used as a reference, chapter 5
gives a thorough characterization of our newly implemented GPS disciplined
rubidium standard. Similarly important for the dynamics of frequency comb
driven Raman transitions is the stability of the repetition rate of the laser, and
chapter 6 is dedicated to the comparison of the two laser systems in this re-
spect. The last chapter in this part covers the two experimental techniques used
for fs pulse characterization in this work, interferometric autocorrelation and
frequency resolved optical gating (FROG), in chapter 7.

Finally, the main experiments of this thesis are presented in part III,
Experiments with Ca+: High Precision Spectroscopy and Isotope
Shifts. First, chapter 8 describes the quantification of systematic frequency
shifts influencing spectroscopic measurements in our trap. An overview of the
experimental setup is given in chapter 9, including a description of the trap
chamber, lasers, as well as the control software and hardware. The experimen-
tal realization and implementation of the most important techniques used in
the experiments is summarized in chapter 10, including laser cooling and in-
ternal state preparation of the ion. A measurement of the |S1/2〉 → |D5/2〉
transition frequency in 40Ca+ with an absolute accuracy of 2 kHz, only limited
by our reference clock, is presented in chapter 11. In chapter 12, I present the
main technique developed during this thesis work, frequency comb driven Raman
transitions in the THz-range, by coherently driving Rabi oscillations between the
D-finestructure levels in 40Ca+ . In chapter 13, the technique is then used to
obtain an absolute transition measurement of the |D5/2〉 → |D3/2〉 transitions in
40Ca+ , thereby spanning 1.8THz with the frequency comb light, and reaching
an absolute accuracy of 32Hz. The measurements presented in the two previous
chapters are extended to all naturally abundant even isotopes of Ca+ in chap-
ter 14. By measuring the most precise spectroscopic isotope shifts in literature
so far, I provide the data to discuss theoretical models predicting “new physics”
beyond the standard model.

Lastly, in part IV, Outlook and Conclusion, I outline future experiments
we intend to conduct in the Ion Trap Group in chapter 15, and conclude this
thesis in chapter 16.



Part I

Ion Trapping and the
Interaction with Light

Fields



I sometimes fall into the trap of do-
ing what I think I should be doing
rather than what I want to be do-
ing.

Björk

1
Ion Trapping

Traps for neutral particles rely on the interaction of external magnetic or op-
tical fields with the internal structure of the trapped atom, and are limited to
trap depths of about 1mK for dipole traps to about 1K for magneto-optical
traps [A57, A58]. Compared to neutral particles, it is possible to construct very
deep traps for ions by exploiting their net electric charge via the long range
Coulomb interaction in an electric field. Since these trapping fields are small
compared to the intra-atomic fields, the internal structure of an ion trapped in
this way is almost unaffected, so that its structure can be studied almost without
perturbations. However, the Laplace equation in free space

∇2φ (x, y, z) =
∂2φ (x, y, z)

∂x2
+

∂2φ (x, y, z)

∂y2
+

∂2φ (x, y, z)

∂z2
= 0 , (1.1)

does not allow a global potential minimum in all three dimensions (Earnshaw’s
Theorem), which would require all second derivatives to be positive.

There exist two solutions to circumvent this problem. The first is to use
a magnetic field in addition to the electric field which confines the motion of
a trapped particle into a stable orbit in a so-called Penning trap [R15, A59],
invented by H.G. Dehmelt. The other approach uses a radio frequency field
in addition to a static electric field to generate three dimensional confinement.
This RF trap [A1] was invented by Wolfgang Paul who later shared half the
Nobel Prize in Physics with Dehmelt “for the development of the ion trap tech-
nique” [A60, A61].

1.1 The linear Paul trap
For the experiments presented in this thesis, I use a variation of the original
RF-trap, a so-called linear Paul trap [A3], depicted in figure 1.1, which allows
good optical access to the trapping region.
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Figure 1.1: Geometry of the linear Paul trap and applied voltages. The 8 outer
electrodes are called “end-cap” electrodes and are supplied with a DC voltage
relative to the 4 central electrodes. RF voltages are applied on each rod, con-
sisting of 3 electrodes each.

The trap consists of 4 parallel rods, which are segmented in three separate
electrodes each. A positive dc voltage Uend is applied to the 8 end-cap electrodes
relative to the 4 central electrodes with a length of 2z0. This creates a confining
harmonic potential in the axial direction of the trap given by

φdc (x, y, z) = κUend
z2

z20
− 1

2
κUend

x2 + y2

z20
, (1.2)

but a repulsive potential in the radial direction due to the Laplace equation (1.1).
The factor κ is determined by the geometry of the trap. Radial confinement is
achieved by adding an rf voltage ± 1

2Urf cos (Ωrft) to the four rods of the trap.
Opposite rods are separated by 2r0 and the rf voltage is in-phase, while adjacent
rods are 180° out-of-phase. In total, this results in an rf quadrupole potential in
the radial directions

φrf (x, y, t) = −1

2
Urf cos (Ωrft)

x2 − y2

r0
. (1.3)

1.2 Equations of motion
The equations of motion for a trapped particle of mass m and charge Q can
be separated in all three dimensions. Axially, the potential (1.2) resembles the
harmonic oscillator with eigenfrequency

ωz =

√
2κUend

z20

Q

m
. (1.4)

The equation of motion in the radial direction can be transformed into a well-
studied mathematical form called the Mathieu equation

d2u

dτ2
+
(
ar − 2qu cos (2τ)

)
u = 0; u = x, y , (1.5)
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Figure 1.2: Trap stability diagram for Ca+ and MgH+ .

with the dimensionless parameters

τ =
Ωrft

2
(1.6)

ar = −4QκUend

mz20Ω
2
rf

(1.7)

qx = −qy = 2
QUrf

mr20Ω
2
rf

. (1.8)

Stable, non diverging solutions of the Mathieu equation do not exist for arbitrary
parameters ar and qx. In particular, confinement for a positively charged ion
requires positive end-cap voltages and thereby ar < 0. The stable and confining
solutions are plotted in a so-called stability diagram [A62] in figure 1.2 for Ca+
and MgH+ together. In future experiments, we plan to trap a single MgH+ ion
together with a single 40Ca+ ion, so that the parameters ar and qx have to be
chosen such that trapping of both species is stable.

For |ar| � 1 and |qx| � 1, the solution can be approximated to

u(t) = u0

(
1− qu

2
cos (Ωrft)

)
cos (ωrt) , (1.9)

with the radial trap frequency

ωr =

√
U2
rf

2r40Ω
2
rf

Q2

m2
− 1

2
ω2
z . (1.10)

This solution corresponds to a harmonic motion with frequency ωr with an ad-
ditional driven motion at the rf frequency Ωrf superimposed on it. The motion



10 Ion Trapping

at the rf frequency is called micromotion since its amplitude will be small com-
pared to the secular motion at frequency ωr for suitably chosen trap parameters
in eq. (1.9). The trap axis x = y = 0 is a line of zero micromotion, so that
micromotion is minimized for experiments with a single ion or a string of ions
on this axis. The radial potential can then be approximated as

φr =
1

2
mω2

rr
2 , (1.11)

with r =
√
x2 + y2.

1.3 Multiple ions in the trap
For future experiments using quantum logic spectroscopy discussed in section 2.4,
we will trap two ions of different species, 40Ca+ and MgH+ together. If multiple
ions are trapped together in the same trap they will repel each other due to the
Coulomb repulsion, and the effective potential on the trap axis becomes

φz =
1

2
u0

(
z21 + z22

)
+

Q2

4πε0 |z2 − z1|
; u0 =

2Qκ

z20
Uend , (1.12)

when the trap parameters are chosen such that the confinement is stronger in the
radial than in the axial direction. The motion of the two ions is not independent,
but coupled by the Coulomb interaction.

The equations of motion for the two ions can be separated into normal modes,
such that for two ions with masses m and M , with M ≥ m, the frequencies of
the two modes are [A63]

ω2
± = ω2

z

(
1 +

m

M
∓
√

1 +
m2

M2
− m

M

)
. (1.13)

The frequency ω− corresponds to the center-of-mass mode where the two ions
move together in phase while the frequency ω+ belongs to the breathing mode
where the two ions move 180° out of phase. In the case of two equal species
M = m we find the two frequencies to be related to the single ion trap frequency
ωz by

ω− = ωz (1.14)
ω+ =

√
3ωz . (1.15)

The coupled motion of a molecular ion with a co-trapped atomic ion can be
exploited to transfer internal state information from one ion to the other. This
is the idea quantum logic spectroscopy, discussed in chapter 2.4.



Treat me right and you will see the light...
Treat me wrong and you will be gone!!

C. V. Raman

2
Atom-Light Interaction and Laser Cooling

In this chapter, I will describe the iteration of a trapped ion with a light field
in section 2.1 beginning with the simple two-level system in free space, and
discussing the coupling to the motion in the case of a trapped ion. The theory
is then extended to the three-level atom interacting with two light fields in a
Raman process. Section 2.2 describes different approaches to model the coherent
oscillations between the internal states of the atom induced by the interaction
with the light field. From there, laser cooling is discussed in section 2.3, and
quantum logic spectroscopy, a scheme to transfer information between two ions
trapped together by exploiting their coupled motion, in section 2.4.

2.1 The trapped ion in one or more light fields
In many relevant cases for our experiment we can consider each laser or light
field to be resonant with one specific internal transition of the ion of interest
but far detuned from any other transitions ot the ion. In this case, the internal
structure of the ion can be modeled as a 2-level system with ground state |0〉
and excited state |1〉, split by the energy difference h̄ωa.

The atomic Hamiltonian can be written as

Ha = h̄ωa

(
|1〉 〈1| − |0〉 〈0|

)
= h̄

ωa

2
σz (2.1)

where is the z-component of the Pauli spin vector.

2.1.1 Electric field interaction
The electric field of a laser with frequency ωL at the ion can be approximated
as a plane wave

~E(x, t) =
E0

2
ε̂
[
e−i(kx−ωLt+φ) + e+i(kx−ωLt+φ)

]
, (2.2)
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where k = ωL/c is the wavenumber, ε̂ is the polarization, and φ is the phase of
the field. In terms of intensity, the electric field amplitude squared is given by

|E0|2 =
2I

ε0c
. (2.3)

For a dipole allowed transition, the interaction can be modeled by

Hi = −ex̂ · ~E(x, t) , (2.4)

where e is the electron charge, and can be written in in terms of the Pauli
operators σ+, σ− as

Hi =
h̄

2
Ω0 (σ+ + σ−)

[
e−i(kx−ωLt+φ) + e+i(kx−ωLt+φ)

]
(2.5)

where Ω0 is the so-called Rabi frequency [R16]

Ω0 =
eE0

h̄
〈0| ε̂ · x̂ |1〉 . (2.6)

This description assumed the dipole approximation, where the amplitude of
the electric field E0 can be considered constant over the extend of the atom.
Similarly, the Rabi frequency for a quadrupole transition is given by [T2]

Ωquad
0 =

eE0

2h̄
〈0| (ε̂ · x̂)(~k · x̂) |1〉 . (2.7)

The total Hamiltonian for the atom interacting with the electric field is then

H = Ha +Hi . (2.8)

For the atom at rest, the term kx in eq. (2.7) can be considered constant and
absorbed as a complex phase, so that transformed in the interaction picture the
Hamiltonian reads

HI =
h̄

2
Ω0

(
σ+e

iωat + σ−e
−iωat

) [
e−i(ωLt+φ) + e+i(ωLt+φ)

]
. (2.9)

The fast rotating terms at the frequency ωL + ωa can be neglected, if the laser
is close to resonance, that means if the detuning δ = ωL −ωa is small compared
to the sum frequency. This is called the rotating wave approximation, and we
find

HI =
h̄

2
Ω0

(
σ+e

−i(δt+φ) + σ−e
+i(δt+φ)

)
. (2.10)

A unitary transformation into the frame rotating at laser detuning δ finally gives
the simple Hamiltonian

H =
h̄

2

(
δ Ω
Ω∗ −δ

)
, (2.11)

with the complex Rabi frequency, absorbing the phase φ

Ω = Ω0 e
iφ . (2.12)
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From here, we can solve the Schrödinger equation to calculate the ground and
excited state population P0, P1 as function of time. Starting with P0 = 0, we
find

P1(t) =
Ω2

0

Ω2
0 + δ2

sin2
(√

Ω2
0 + δ2

t

2

)
; P0 = 1− P1 . (2.13)

The population will undergo coherent oscillations between the two states of the
system at the generalized Rabi frequency

ΩG =
√
Ω2

0 + δ2 , (2.14)

and the slowest oscillation frequency ΩG = Ω0 arises when the laser is directly on
transition with no detuning δ = 0. Additionally, the amplitude of the oscillation
is maximal for zero detuning, resulting in perfect population transfer between
the two states. For a laser pulse timed such that it results in a pulse area
Ω0t = π, the population is inverted. More details on the dynamics of this so-
called Rabi-flopping are given in section 2.2.

2.1.2 Rabi frequency for dipole transitions
The complex resonant Rabi frequency, equation (2.12), for a dipole transition
interacting with a known light field with complex amplitude E can be calculated
directly from experimentally determined decay rates, in form of the Einstein A
coefficients, to [A64]

Ω =
eE0

h̄
√
cα

√
A

k3
σ . (2.15)

Here, σ is defined as

σ =

√
3(2j′ + 1)

4

∣∣∣∣∣∣
1∑

q=−1

(
j 1 j′

−mj q m′
j

)
c(q) · ε

∣∣∣∣∣∣ , (2.16)

γ

~z = ~B

~x

ε

Figure 2.1: Polarization
scheme

with the term in parenthesis being the Wigner 3-j sym-
bols, and c(q) are the normalized spherical basis vec-
tors [A64, Appendix]

c(1) = − 1√
2
(1,−i, 0) (2.17)

c(0) = (0, 0, 1) (2.18)

c(−1) =
1√
2
(1, i, 0) . (2.19)

For a magnetic fieldB = B0 (0, 0, 1) along the vertical
z direction, the polarization of the field ε is defined
as [T2, p. 30]

ε = (cos γ cosφ, sin γ, − cos γsinφ) , (2.20)
where γ is the angle between the polarization and the magnetic field, and φ is the
angle between the wave-vector k and the magnetic field, as depicted in figure 2.1,
where ~k ⊥ ~B, x̂, and φ = π/2, as in our trap setup, detailed in chapter 9). I will
use equation (2.15) in chapter 12 for the calculation of the Rabi frequencies in
Ca+ interacting with the frequency comb light.
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2.1.3 Interaction with the ion motion
For a trapped ion interacting with a light field, we have to consider its motion in
the trap additional to the atoms internal structure, given by the two levels |0〉
and |1〉. The motion can be modeled in a given direction x as a one-dimensional
harmonic oscillator with the trap frequency ωx as described in chapter 1, so that
the motional Hamiltonian is

Hm = h̄ωx

(
â†â+

1

2

)
, (2.21)

with the ladder operators â†, â. The system has to be described in the prod-
uct space of motional Fock states |n〉 and atomic levels |0〉, |1〉, with the total
Hamiltonian, consisting of atomic, motional, and light interaction part, is then
given by

H = Ha +Hi +Hm , (2.22)
with Hi from equation (2.5) describing the atom interacting with the light field,
and the atomic Hamiltonian Ha from equation (2.1).

Now, we cannot assume kx̂ as constant anymore in Hi , since the light can
couple to the motion of the ion via

x̂ =

√
h̄

2mωx

(
a+ a†

)
. (2.23)

In the interaction picture, the total Hamiltonian becomes

Hint =
h̄

2
Ωσ+ exp

[
i η
(
âe−iωzt + â†eiωzt

)]
ei(φ−δt) +H.c. , (2.24)

with the Lamb-Dicke parameter

η = kx̂

√
h̄

2mωz
= kx0 , (2.25)

where x0 is the one-dimensional extension of the ion’s ground state wave function
in the harmonic trapping potential. If the ion is confined in a way that the
extension of its wave function is small compared to the wavelength of the light,
we can expand equation (2.24) in lowest order of η. This limit is called the
Lamb-Dicke Regime where we find

Hint =
h̄

2
Ωσ+

[
1 + i η

(
âe−iωzt + â†eiωzt

)]
ei(φ−δt) +H.c. . (2.26)

For laser detunings δ = 0, ±ωz the light is resonant with the following transitions

1. Carrier transition: δ = 0
If the light field is resonant with the atomic transition frequency it drives
transitions |g, n〉 → |e, n〉 with Rabi frequency Ω.

2. First red sideband transition: δ = −ωz

The light drives transitions |0, n〉 → |1, n− 1〉 with Rabi frequency

Ωn,n−1 = η
√
nΩ (2.27)
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3. First blue sideband transition: δ = +ωz

The light drives transitions |0, n〉 → |1, n+ 1〉 with Rabi frequency

Ωn,n+1 = η
√
n+ 1Ω (2.28)

Red sideband transitions are used for resolved sideband cooling discussed in
section 2.3.2, and probing on the red and blue sideband one after the other can
be used to determine the temperature of a trapped ion [A65, T3]. Sideband
transitions also introduce entanglement of the internal and motional states of
two co-trapped ions which is the main idea of quantum logic spectroscopy (QLS)
discussed in section 2.4.

2.1.4 Light shifts

ωL

Ω2

4∆

Ω2

4∆

∆

Figure 2.2: A laser
beam detuned by ∆
from an atomic reso-
nance shifts both levels
by Ω2

4∆ in opposite direc-
tions.

So far we only considered light with frequencies close to the
atomic resonance. A light field which is far detuned from
an atomic resonance will not lead to significant population
transfer, but instead shifts the atomic energy levels. This
shift, called the light shift or AC-Stark shift, is illustrated in
figure 2.2. For a laser blue detuned by ∆ = ωL−ωa > 0 to the
atomic resonance, the ground state |0〉 is shifted up in energy
by

∆0, AC =
|Ω|2

4∆
, (2.29)

whereas the excited state is shifted down by the same amount.
Thereby, the transition frequency, when probed by another
light field, changes by

∆0→1,AC = −|Ω|2

2∆
. (2.30)

In other words, if the laser frequency is larger than the transition frequency, the
shifted transition frequency is reduced by lifting the lower state and lowering the
upper state by the same amount. This will be relevant when discussing Raman
transitions in a three-level atom in the following section.

2.1.5 Raman transitions

|e〉

|1〉

|0〉

ωe

ωa

Ω0
Ω1

∆
∆1

∆2

δ

Figure 2.3: Schematic drawing of a Ra-
man transition.

Now we consider a three-level atom interacting
with two lasers. A Raman transition is a two pho-
ton process where population is moved between
two states |0〉 and |1〉 via off resonant coupling to
a third auxiliary level |e〉, as sketched in figure 2.3.
The two states are split in energy by h̄ωa and the
level |e〉 is h̄ωe above the ground state |0〉. Two
light fields with single photon detuning ∆0, ∆1

and resonant Rabi frequencies Ω0, Ω1 are inter-
acting with the atomic three level system. The
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average single photon detuning is ∆ = ∆0+∆1

2 and the two photon detuning is
defined as δ = ∆0 −∆1.

The interaction picture Hamiltonian can then be written as [A66]

HI =
h̄

2

 −δ 0 Ω0

0 δ Ω1

Ω∗
0 Ω∗

1 2∆

 . (2.31)

If the single photon detunings are large compared to linewidth of the transition
∆ � Γe, the auxiliary state |e〉 does not get populated, and its population∣∣ce(t)∣∣ does not change ( ∂

∂tce(t) = 0). Solving the Schrödinger equation with
this assumption is called “adiabatic elimination”, reducing the problem to a two
level system with the effective Hamiltonian

Heff = −h̄

[
δ
2 + |Ω0|2

4∆
Ω∗

R

2
ΩR

2 − δ
2 + |Ω1|2

4∆

]
. (2.32)

This leads to the solution for the population

P1(t) =
|Ω0|2 |Ω1|2

4∆2Ω2
R

sin2
(
ΩR t/2

)
; P0(t) = 1− P1(t) , (2.33)

where the effective Raman Rabi frequency is given by

Ω2
R =

1

(4∆)
2

(
|Ω0|2 + |Ω1|2

)2
+

δ

2∆

(
|Ω0|2 − |Ω1|2

)
+ δ2 . (2.34)

For the special two photon detuning

δ = δ0 =
|Ω1|2 − |Ω0|2

4∆
, (2.35)

the Raman Rabi frequency simplifies to

Ω̃R = ΩR (δ = δ0) =
Ω0Ω

∗
1

2∆
= |ΩR| eiφ , (2.36)

where the phase φ is given by the phase difference of the two light fields. We can
rewrite equation (2.34) in terms of the resonant Raman Rabi frequency ΩR (δ0)

Ω2
R =

(
Ω2

0Ω
2
1

)2
(2∆)

2 +

(
Ω2

1

4∆
− Ω2

0

4∆
+ δ2

)
(2.37)

= Ω̃2
R + (δ − δ0)

2
, (2.38)

and the population dynamics, equation (2.33) becomes

P1(t) =
Ω̃2

R

Ω̃2
R + (δ − δ0)

2 sin2
(
ΩR t/2

)
, (2.39)

which is identical to the solution for a 2-level system interacting with a single
light field, if we identify δ − δ0 as the effective detuning.
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This result can be easily interpreted when we compare it to the light shift
introduced in section 2.1.4, so that condition (2.35) can be understood as the
selected detuning

δ0 = ∆1, AC −∆0, AC , (2.40)
exactly canceling the induced light shifts, and thereby being in resonance with
the light shifted transition. The prefactor in equation (2.33) becomes 1

2 for
δ = δ0, resulting in perfect population oscillation between the two states |0〉
and |1〉, just as in the two-level case discussed earlier.

2.1.6 Multiple light fields and auxiliary levels
For the study of frequency comb driven Raman transitions, we are interested in
the interaction of many light fields with the atomic system. Additionally, the
real systems we work with, Ca+ and MgH+ in future experiments, are not three
level systems, but many auxiliary levels |e〉 have to be taken into account.

Light shift

For multiple light fields interacting with the system, the total light shift of a state
|i〉 is just given as the sum over all the light shifts introduced by the different
light fields n [A66]

∆tot, AC =
∑
n

∆i,n,AC =
∑
n

Ω2
i,n

4∆n
, (2.41)

according to (2.29), where the index n labels the different light fields with Rabi
frequency Ωi,n on the transition |i〉 → |e〉.

In a real system, more than one auxiliary state |e〉 can contribute to the total
light shift, so that we also have to sum over the different auxiliary levels |e (k)〉
the light fields couple to

∆tot, AC =
∑
n,k

∆i→e(k),n,AC =
∑
n,k

Ω2
i→e(k),n

4∆n,k
. (2.42)

This formula is used in chapter 12.3 to calculate the light shift induced by the
frequency comb light.

Raman Rabi frequency

The total Raman Rabi frequency when coupling to multiple light fields n, n′

and multiple auxiliary levels |e (k)〉, needs to be summed coherently taking the
phase of the light (2.36) into account

ΩR,tot =
∑

n,n′,k

Ωn,i→e(k)Ω
∗
n′,i→e(k)

2∆n,n′,i→e(k)
. (2.43)

The phase dependence will be important when we investigate the effect of disper-
sion in chapter 3.2, and also lead to destructive interference when driving Raman
transitions between the D-finestructure levels in Ca+ with the frequency comb,
due to coupling to multiple Zeeman sub-states with different Clebsch-Gordon
coefficients with opposite signs, as shown in chapter 12.3.
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2.2 Modeling Rabi flopping
In the Raman Rabi flopping experiments with the frequency comb, described
in chapter 12, I observe dynamics which cannot be explained by the “simple”
model in equation (2.39). Therefore, I introduce the Optical Bloch equations to
take decoherence into account, and also describe a simple model to describe the
dynamics for a laser with a given linewidth, compared to the single frequency
fields discussed above. In the experiments on the Ca+ D-finestructure presented
later, the population is first initialized in the “excited” state |D5/2〉 and is trans-
ferred to the |D3/2〉 state. Therefore, the plots shown in this section and in the
data-plots in the rest of this thesis are inverted compared to the usual definition.

2.2.1 Bloch model
Complementary to the description earlier in this chapter, the dynamics of a two-
level atom, interacting with a single frequency light can also be described by the
optical Bloch equations (OBEs)1 [A68]

u̇ = −γtu+∆v (2.44)

v̇ = −γtv −∆u+
Ω

2
w (2.45)

ẇ = −γw − 2Ωv + γ . (2.46)

In our experiments, we usually measure the population of the excited state given
by

P1 =
1− w

2
. (2.47)

which only depends on w, while u and v determine the coherences. The Rabi
frequency Ω and detuning ∆ are defined as before, but the model also includes
spontaneous decay and decoherence. The decay rate from the excited state is
given by γ, but is not very relevant for the D-levels in Ca+ with lifetimes of about
one second. The decay of the coherences γt = γ/2 + γc is usually determined
by the spontaneous emission rate γ, but for our long lived states with γ ≈ 0 on
experimental timescales, the decoherence is dominated by additional decoherence
γc ≥ 0, for instance due to magnetic field fluctuations shifting the Zeeman levels.

The solution of the OBEs in terms of equation (2.47), are plotted in figure 2.4
for various detunings without decoherence, in figure 2.5 for different coherence
times γc without detuning, and in figures 2.6 and 2.7 for non-zero detuning and
decoherence simultaneously. These plots will be helpful when interpreting the
experimental Raman Rabi flopping traces in chapter 12.

The OBEs can be solved in different parameter ranges analytically [A68],
which I implemented to fit the experimental Raman Rabi flopping traces, dis-
cussed in chapter 12.2. The python implementation has been verified by plotting
it against numerically integrated solutions of the OBEs.

The resulting spectrum, when driving the ion with a laser pulse with exposure
time t and scanning the laser detuning ∆ is plotted in figure 2.8 for various pulse
times.

1The OBEs are similar to nuclear resonance as described by F. Bloch [A67], hence the name.
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Figure 2.4: Solution to the OBEs (2.47) scaled by the Rabi frequency Ω for
variable detuning ∆ and no decoherence γt = 0.
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Figure 2.5: Solution to the OBEs (2.47) scaled by the Rabi frequency Ω for no
detuning ∆ = 0 and variable decoherence γt = γc).

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
/

0.0

0.2

0.4

0.6

0.8

1.0

E
xc

ite
d 

st
at

e 
po

pu
la

tio
n

= .
= .
= .
= .
= .

Figure 2.6: Solution to the OBEs (2.47) scaled by the Rabi frequency Ω for
variable detuning ∆ and fixed decoherence γt = γc = Ω/4.
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Figure 2.7: Solution to the OBEs (2.47) scaled by the Rabi frequency Ω for fixed
detuning ∆ and variable decoherence γt = γc.
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Figure 2.8: Spectroscopy signal for different pulse times according to the Bloch
model (2.47), i.e. excited state population as function of laser detuning.

2.2.2 Simple model
The OBEs, as discussed in the previous chapter, have a simple analytical solution
for negligible decoherence, i.e. γt � Ω, ∆, resulting in the “simple Rabi model”
we derived in equation (2.39)

P1 =
Ω2

Ω2 +∆2

[
1− cos

(√
Ω2 +∆2 · t

)]
/2 . (2.48)

Phenomenologically, some authors include decoherence by introducing an expo-
nential decay term

P1 =
Ω2

Ω2 +∆2

[
1− e−t/τ cos

(√
Ω2 +∆2 · t

)]
/2 (2.49)

with coherence time
τ =

2

γc
. (2.50)
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However, this formula is only correct in the resonant case (∆ = 0). For |∆| > 0,
the steady state solution of the (correct) Bloch model description converges to
50% excited state population, independent of the detuning, while the simplified
model has a steady state solution with more than 50% excited state population2.
This behavior is plotted in figure 2.9. However, in the experiments with the Mira
frequency comb, discussed in chapter 12.2.1, we observe Rabi flopping converging
to more than 50% excited state population, which led me to the model discussed
in the next section.
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Figure 2.9: Comparison of the simple Rabi model with and without detuning,
to the (correct) solution of the OBEs with dephasing γc = Ω/10.

2.2.3 Linewidth model
The standard formula for Rabi flopping in a two level system, equation (2.48),
describes the interaction with a single frequency light field, and does not take
the linewidth of the laser into account. If this linewidth is not small compared
to the Rabi frequency broadening the transition, we cannot ignore it any longer.
In a single ion experiment, statistics needs to be gathered by repeating the
measurement. For the special case of a laser detuning ∆ slowly varying on the
order of the time between two measurements, the statistical average for the
whole experiment can be modeled as a sum Rabi flopping traces with different
detunings, distributed according to the laser line-shape g (∆), such that

P1(t) =

∫ +∞

−∞
d∆ g (∆)

Ω

Ω2 +∆2

[
1− cos

(√
Ω2 +∆2t

)]
/2 . (2.51)

In general, g (∆) can be an arbitrary function describing the laser line-shape. For
an infinitely narrow linewidth, represented by a Dirac-δ function, equation (2.51)
becomes identical with the simple Rabi model (2.48). In chapter 12.2.1, I will
use a Gaussian convolution core g to model Rabi flopping with the relatively
unstable Mira frequency comb. The model (2.51) is plotted in figure 2.10 for
different full width at half maximum (FWHM) Gaussian linewidths.

2Remember, that the initial state is the excited state in our definition.
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Figure 2.10: Rabi flopping according to the laser linewidth model (2.51) with a
Gaussian laser linewidth different full width at half maximum (FWHM).

2.3 Laser cooling
Laser cooling was first proposed by Theodor Hänsch and David Wineland in
1975 [A11, A10] with the first experimental realization in 1978 [A69, A70].
About 20 years later, the Nobel Prize in Physics was awarded in 1997 jointly to
Steven Chu, Claude Cohen-Tannoudji and William D. Phillips “for development
of methods to cool and trap atoms with laser light” [A71].

2.3.1 Doppler cooling
Doppler cooling can be described in classical terms and is based on the idea that
an ion will “see” an effective light field with a frequency ωeff that depends on
the velocity v of the ion compared to the wave vector of that field, similar to the
classical Doppler effect for sound waves. The effective frequency is given by the
relativistic Doppler effect

ωeff

ωL
=

√
1∓ β

1± β
; β =

v

c
(2.52)

where ωL is the frequency of the light field in the laboratory frame. Typically,
atomic transitions used for Doppler cooling have a broad linewidth corresponding
to a fast spontaneous emission rate compared to the timescale of the motion of
the ion in the trap

(
2π
ωz

≈ 1 µs
)
. The Doppler cooling |S1/2〉 → |P1/2〉 transition

in Ca+ has a linewidth of 21.6MHz, leading to fast cooling rates and allows to
treat the atom in the trap as in the free space case.

The ion will scatter photons with a rate Γscatter, and each photon will transfer
the momentum h̄k, so that the average force can be written as

F = h̄kΓscatter , (2.53)

The scattering rate of a two-level atom in steady state is given by the spontaneous
decay rate Γ multiplied by the population in the excited state P1 which can be
expressed in terms of the saturation parameter s

Γscatter = ΓP1 = Γ
1

2

s

1 + s
, (2.54)
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where the saturation parameter s is defined as

s =
2 |Ω|2(

Γ
2

)2
+∆2

(2.55)

with Ω and ∆ being the Rabi frequency and the detuning in the laboratory
frame . Expanding the effective frequency defined by equation (2.52) to first
order around v = 0 we find the effective detuning

∆eff = ωeff − ω0 ≈ ∆∓ kv . (2.56)

Combining the equations above, the average force (2.53) takes the form of a
constant force plus a friction force proportional to the velocity

F = F0 +
µfr

2
v . (2.57)

The coefficient of friction µfr is a function of the detuning so that µfr < 0 for a
red-detuned laser (∆ < 0), effectively slowing the ion down, resembling Doppler
cooling. The constant force F0 as part of the radiation pressure will push the ion
slightly away from the center of the trap. Each time a photon is absorbed slowing
down the ion, another photon will be spontaneously emitted in a random direc-
tion after an average time 1/Γ. The momentum kicks h̄k associated with each
photon emission lead to a random walk of the ion in momentum space similar
to Brownian motion. This random process sets a lower energy or temperature
limit TD, reachable with Doppler cooling to

kBTD =
1

2
h̄Γ (2.58)

for a detuning∆ = −Γ/2. Typical Doppler temperatures are for instance TD = 0.5mK
for Ca+ cooled on the |S1/2〉 → |P1/2〉 transition. The Doppler limit has been
experimentally verified in one [A72] and three dimensions [A73] for neutral two-
level atoms.

2.3.2 Resolved sideband cooling
Resolved sideband cooling exploits the quantized motion of the ion in the trap,
as discussed in chapter 1. The idea is to apply a laser red-detuned to the red
sideband (∆ = −ωz) of the trapped ion. The natural linewidth of the addressed
transition needs to be small compared to the trap frequency (Γ � ωz) in order
to address an individual sideband. For the same reason, the laser linewidth and
Rabi frequency also need to be small (δω,Ω � ωz).

A sketch of the process is shown in figure 2.11. The red sideband transi-
tion |g, n〉 → |e, n− 1〉 removes one motional quantum and brings the ion to the
excited state, as discussed in chapter 2.1.3. Spontaneous emission thereafter
will predominantly occur on the carrier transition |e, n− 1〉 → |g, n− 1〉 with-
out changing the motional state so that in total one motional quantum of energy
is removed in each cycle. After a certain number of cycles the ion reaches the
motional ground state and cannot couple to the light field any longer since the
red sideband Rabi frequency Ωn,n−1 = η

√
nΩ vanishes for n = 0.
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Figure 2.11: Principle of resolved sideband cooling. A narrow linewidth laser
transfers population on the red sideband transition |g, n〉 → |e, n− 1〉. Sponta-
neous decay happens predominantly on the carrier transition so that one mo-
tional quantum is removed in each cycle.

For a two-level atom, the requirement of narrow natural linewidth equivalent
to a long lifetime of the excited state limits the cooling rate. This can be
circumvented using a three level system and a pulsed sideband cooling scheme,
as implemented in the experiments with Ca+.

The Ca+ ion is excited with a shuttered laser at 729 nm on the red sideband
|S1/2〉 → |D5/2〉 quadrupole transition to the long lived D-state. A second laser
at 854 nm then couples the |D5/2〉 state with the |P3/2〉 state from which the
ion will spontaneously decay rapidly (τ = 7ns) back to the ground state. This
sequence is repeated many times, each time removing one quantum of energy.

Sideband cooling to the motional ground state was experimentally first re-
ported in 1989 using a quadrupole transition in 198Hg+ [A74] and later using
resolved-sideband stimulated Raman cooling in 9Be+ [A75]. In my experiments,
sideband cooling of Ca+ to 99(1)% ground state population is achieved rou-
tinely [T3, T4, A76].

2.4 Quantum logic spectroscopy
For atomic ions such as Ca+ it is easy to determine the internal state by fluores-
cence detection methods. When the ion is “shelved” to the long lived D-states,
the Doppler cooling light cannot couple on the |S1/2〉 → |P1/2〉 transition any-
more, so that no photons are scattered and the ion appears “dark” on a CCD
camera collecting the fluorescence, as described in chapter 9.1.4.

For spectroscopy of other species lacking transitions for easy fluorescence
readout, quantum logic spectroscopy [A34] is a more sophisticated method to
determine the internal state of this “spectroscopy ion” by exploiting the motional
coupling with a co-trapped “logic ion”. The idea is to transfer the internal state
information from the spectroscopy ion, which will be the molecular ion MgH+

in future experiments, onto the Ca+ logic ion, so that fluorescence detection on
Ca+ reveals the internal state of MgH+ .
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a)

b) c) d)

Figure 2.12: Scheme of quantum logic spectroscopy. The internal state of a
spectroscopy ion (white) is mapped onto a co-trapped logic ion (black) via a
series of sideband transitions on the two ions, exploiting the common motional
modes of the two ions in the trap as explained in the main text. The excited
and ground states of the two ions are indicated by the solid lines, with the first
motional states above as dashed lines.

This information transfer is sketched in figure 2.12. The common motional
mode of the two ion crystal can be excited by driving sideband transitions on
either of the two ions. The scheme is initialized by cooling the motion to the
absolute ground state |n = 0〉 via sideband cooling on the logic ion, and then
applying a spectroscopy pulse on the spectroscopy ion (figure 2.12(a)). From
here, two scenarios can be distinguished. In figure 2.12(b, top), the spectroscopy
pulse did not excite the spectroscopy ion, and the two ions remain in their
motional ground state |n = 0〉. The other case of exciting the spectroscopy ion
on the blue sideband is shown in figure 2.12(b, bottom), exciting the common
motion to |n = 1〉. A red sideband π pulse on the logic ion (figure 2.12c) only
acts on the system if it was excited before, since the coupling on the red sideband
vanishes if the system is still in the motional ground state |0〉. This maps the
internal state of the spectroscopy ion (figure 2.12b) on the internal state of the
logic ion (figure 2.12d). A simple fluorescence readout on the logic ion now
reveals the state of the spectroscopy ion.

Quantum logic spectroscopy was proposed and implemented in 2005 by Schmidt
et al. using 9Be+ as the logic ion and 27Al+ as the spectroscopy ion [A34]. In the
Ion Trap Group, we are working towards quantum logic spectroscopy on MgH+

driving sideband transitions with the frequency comb technique presented in this
thesis, as detailed in the outlook in chapter 15.
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3
Ultrashort Pulses

To understand the light generated by a pulsed laser I will first introduce the rela-
tion between the electric field in the time-domain and in the frequency-domain,
connected via the Fourier transform. The description and characterization of the
light will be much easier in one or the other representation, depending on the
situation. The effect on the light of propagating through a dispersive material
will be straight forward in the frequency domain, leading to a broadening of the
pulse in the time domain, and a time dependent instantaneous frequency in the
frequency domain. A continuous train of short pulses with equidistant spacing in
time leads to a broad spectrum, consisting of well defined frequency components
in the frequency domain, resembling the frequency comb. The interaction of an
ion with such a pulse train can be understood as an interaction with a large
number of phase locked cw lasers. The frequency of each comb tooth is given
by the two parameters describing the frequency comb, the repetition rate of the
laser and the so-called carrier envelope offset frequency. A broader discussion
can be found in the book by Jun Ye [B7].

3.1 Time and frequency domain
The time dependent electric field amplitude can be written as a complex quantity

~Ereal(t, ~r) = E(t) + c.c , (3.1)

with the complex electric field E(t) and it’s complex conjugate. The correspond-
ing spectral field amplitude Ẽ(ω) is related to E(t) via the Fourier transform

Ẽ(ω) =

∫ +∞

−∞
E(t)e−iωt dt (3.2)

E(t) =
1

2π

∫ +∞

−∞
Ẽ(ω)eiωt dω . (3.3)
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The light of a pulsed laser typically has a spectrum centered around a given
carrier frequency ωc, and will only have a significant amplitude in an interval
∆ω � ωc around the carrier frequency. In this case, it is convenient to write the
complex electric field as the product of a carrier wave and a complex envelope
function

E(t) = E(t) eiωct . (3.4)

The complex envelope function itself can be written as

E(t) =
∣∣E(t)∣∣ ei(φCEO+φ(t)) , (3.5)

where the time independent phase φCEO is the carrier envelope offset (CEO)
phase (see figure 3.3). Note that φ(t) depends on the mathematical choice of the
carrier frequency ωc, which should be chosen to minimize the time dependence
of φ(t). The instantaneous frequency ω(t) of the field is defined as the time
derivative of the total phase of E(t)

ω(t) = ωc +
d

dt
φ(t) . (3.6)

If the instantaneous frequency is actually time dependent ( d
dtφ(t) 6= 0), the

pulse is said to have a frequency “chirp”. In the simple case of a quadratic
time dependence of φ(t), the instantaneous frequency changes linearly in time.
A decreasing frequency ( d2

dt2φ(t) < 0) is called down-chirp while an increasing
frequency is called up-chirp.

Let us now consider a simple but realistic example of a pulse, namely an
electric field according to (3.4) with a Gaussian envelope function

E(t) = E0
1√
2πσ

e
− t2

2τ2
G . (3.7)

Equation (3.2) gives the spectral field amplitude

Ẽ(ω) = E0e
− ω2

2δω2
G , (3.8)

with δωG = 1/τG and we find the time-bandwidth product

δωGτG = 1 . (3.9)

In general, for an arbitrary envelope function, it can be shown that the prod-
uct of the FWHM in the time-domain ∆t, and frequency-domain ∆ω obeys an
inequality

∆t∆ω ≤ C , (3.10)

where the constant C depends on the specific envelope function, and equality in
(3.10) holds if and only if the phase φ(t) is time independent. In this case, the
pulse is called bandwidth-limited or Fourier-limited. For a Gaussian envelope
with the spectral FWHM in Hertz∆f and temporal pulse FWHM∆t in seconds,
the constant C is

∆f ∆t =
1

2π
2
√
2 log 2 δωG · 2

√
2 log 2 τG = 0.883 . (3.11)
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Figure 3.1: Pulse broadening as function of GDD. Shorter bandwidth-limited
pulses are more heavily affected due to the broader spectrum. A GDD of 1000 fs2
corresponds to 28mm of BK7 glass or 6.4mm of SF10 glass at 800 nm.

3.2 Pulse propagation in dispersive material
We investigate the effect on a pulse with center frequency ωc traveling through
a dispersive medium of length L. The spectral phase of the electric field changes
by

φ(ω) = k(ω)L , (3.12)
where the wave number k is in general frequency dependent. This is equivalent
to a frequency-dependent refractive index n(ω) or phase velocity vp(ω)

vp(ω) =
ω

k(ω)
=

c

n(ω)
. (3.13)

It is common in this context to expand the phase in a Taylor series [A77]

φ(ω) = φ (ωc) +
∂φ

∂ω

∣∣∣
ω=ωc

· (ω − ωc) +
1

2

∂2φ

∂ω2

∣∣∣
ω=ωc

· (ω − ωc)
2
+ O(ω3) . (3.14)

The first term is a constant phase equal for all frequencies. The second linear
term defines the group velocity vg or the group delay τg at the frequency ωc

τg =
∂φ

∂ω
=

L

vg
; vg =

(
∂k
∂ω

)−1

. (3.15)

The group velocity determines the time delay of the pulse through the medium
but does not influence the shape of the pulse. The third and most important
term is the group delay dispersion (GDD)

D2 =
∂τg
∂ω

=
∂2φ

∂ω2
=

∂

∂ω

1

vg
, (3.16)
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and is usually given in units of fs2. Higher order terms, including the third
order term simply called third order dispersion (TOD), can be neglected for the
relatively long fs pulses and optical materials considered in this thesis.

Thus, a pulse which has traveled through a medium with a refractive index
with vanishing third and higher order dispersion accumulated the spectral phase

φ = φ0 + τg · (ω − ωc) +
D2

2
· (ω − ωc)

2
. (3.17)

The temporal phase φt is calculated by Fourier transform of e−iφ and we find

φt = − (t− τg)
2

2D2
− ωct+ φ0 (3.18)

which represents a linearly changing instantaneous frequency over time

ω(t) =
∂φt

∂t
= −ωc −

t− τg
D2

. (3.19)

For D2 less (larger) than zero, the medium is said to have positive (negative)
dispersion. Positive (negative) dispersion leads to an increasing (decreasing)
instantaneous frequency of the pulse over time, also called positive (negative) or
up-chirp (down-chirp).

In the time domain, the length of a bandwidth-limited pulse while traveling
through the dispersive material increases from τ0 to

τ = τ0

√
1 +

(
4ln(2)

D2

2

)2

(3.20)

and shorter bandwidth-limited pulses are more heavily affected, as illustrated in
figure 3.1 and 3.2.

3.3 The optical frequency comb
After investigating a single pulse in the time- and frequency-domain in the pre-
vious sections, we characterize the spectrum of a laser emitting a continuous
pulse train in the following. We start with an infinite train of δ-functions in the
time domain, separated by a time Tr,

E(t) =

+∞∑
n=−∞

δ(t− nTr) (3.21)

where fr = 1/Tr is the repetition rate of the laser. The right hand side of
equation (3.21) is mathematically termed Dirac comb distribution and can also
be written as

+∞∑
n=−∞

δ(t− nTr) ≡
1

Tr

+∞∑
n=−∞

ei2π
2πn
Tr t . (3.22)

This can be interpreted as a sum of an infinite number of plane waves, all
interfering to generate the pulse train. Consequently, the Fourier transform
gives

Ẽ(ω) =
1

Tr

+∞∑
n=−∞

δ(ω − n/Tr) , (3.23)
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Figure 3.2: Pulse broadening as function of input pulse length for different path
length in dispersive material

which is a Dirac comb distribution itself with frequency spacing 1/Tr = fr. Using
basic Fourier relations we can construct the spectrum of a more realistic electric
field emitted by a pulsed laser. First of all, the pulses are not δ-distributions
but instead composed of a carrier term eiωct and a pulse envelope function E(t)
(see eq. (3.4)), so that we can write

E(t) =

+∞∑
n=−∞

δ(t− nTr) ∗ E(t) eiωct , (3.24)

where ∗ is the convolution operator. In the Fourier domain, convolution becomes
simple multiplication, and modulation (eiωct ) becomes a displacement and vice
versa. Thus, the spectral amplitude is

Ẽ(ω) =
1

Tr
E(ω − ωc)

+∞∑
n=−∞

δ(ω − n2πfr) . (3.25)

To take into account that the pulse train will only exist for a limited amount of
time, experimentally e.g. given by a shutter with opening time Ts , we multiply
in the time domain by

ΠT s(t) =

{
1 for |t| ≤ Ts/2

0 otherwise ,
(3.26)

or convolute in the frequency domain the Fourier transform of the rectangular
function ΠT s

Ts sinc(ωTs/2) . (3.27)
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Figure 3.3: Frequency comb in the time- and frequency domain. The spacing of
the comb teeth is given by the repetition rate frep of the pulsed laser generating
the comb. The laser carrier frequency defines the center of the envelope with a
width inversely proportional to the pulse length. The whole spectrum is offset by
the carrier envelope offset frequency fCEO originating from the carrier envelope
offset phase φCEO. Figure adapted from ref. [A78]

In the description above, we neglected the carrier envelope offset (CEO) phase
from equation (3.5), which leads to an offset ωCEO in the frequency domain.

In total, we can write equation (3.25) as,

Ẽ(ω) =
Ts

Tr
E(ω − ωc)

+∞∑
n=−∞

sinc(ω − n 2πfr − ωCEO) . (3.28)

This result is sketched in figure 3.3 for a Gaussian envelope function and can
be interpreted as follows:

1. The carrier frequency determines the center of the spectrum.

2. The envelope of the spectrum is given by the Fourier transform of the pulse
envelope. The bandwidth is determined by the time-bandwidth product
(3.10).

3. The spectrum is not continuous but built up by many comb teeth, with
significant intensity only at frequencies spaced by the repetition rate of
the laser.

4. The spectrum is offset from zero by the CEO frequency.

5. The actual shape of each comb tooth is given by the Fourier transform of
the total envelope (shutter) in time.
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In simpler terms, the frequency components of the comb have frequencies

f = fCEO + n frep , (3.29)

where n is an integer identifying a specific tooth. Typically, the repetition rate
of mode-locked lasers is on the order of 100MHz, and the spectral width on the
order of THz for fs pulses, such that the spectrum consists of tens of thousands
of comb teeth.



4
Frequency Comb Laser Systems

For the Raman experiments presented in this thesis, I used two separate, com-
pletely independent frequency comb systems. The first laser is a commercial
Menlo frequency comb system FC1500, described in section 4.1. It is a “real”
frequency comb, with locked repetition rate and carrier envelope offset frequency,
making it a versatile, high precision, frequency measurement tool. For the Ra-
man experiments, the Menlo system provides higher repetition rate stability over
the second frequency comb system, and is used to obtain the high accuracy op-
tical isotope shift measurements in Ca+ , discussed in chapter 14. Since we use
the frequency doubled and amplified output of the fiber based Menlo system, its
spectrum is, however, strongly affected by nonlinear effects and group velocity
dispersion (GVD).

On the contrary, the second frequency comb is a passively mode-locked Co-
herent Mira Ti:sapph laser, described in section 4.2. Even though we do not
lock the carrier envelope offset frequency of this laser, it is perfectly suited for
the Raman experiments, where the atomic dynamics are completely determined
by the repetition rate, as well as the spectral intensity and shape of the light.
Using the Mira laser, having a broader spectral bandwidth and little intrinsic
dispersion compared to the Menlo system, I will experimentally confirm the the-
oretically predicted effects of GVD on the dynamics of frequency comb driven
Raman transitions.

In the end of this chapter, I describe the prism compressor in section 4.3,
used to compensate the GVD in the beam-path of the Mira laser, and comapre
the spectra of the two frequency combs in section 4.4.

4.1 Menlo comb
The heart of our Menlo frequency comb system (M-Comb), which we installed
in 2015, is a passively mode-locked Er-doped fiber ring laser with a carrier wave-



4.1 Menlo comb 35

Seed

Pump

M-VIS

AMP

SHG

M-Phase

AMP

SHG

PD

M-NIR

AMP

HNLFHNLF

PD

M-Comb

JPX reference laser

Fiber laser Acetylene

AOMBDU

BDU

PCF

729 light

Counter

DDS

Clock

Clock

Counter

729 cavity
feedback

780 comb

1542nm1560
comb

EOM

Piezo

Optical lock

1/12 div

PLL

4th har.

RF lock

PLO

PLL

CEO lock

PLL

ref.

reprate

CEO

ref. ref.

5 MHz

20 MHz

60 MHz 20 MHz

250 MHz

980 MHz

20 MHz

Figure 4.1: Schematic drawing of the Menlo frequency comb system. Light is
colored in red, electronic signals in black, and feedback in purple. The laser
modules M-NIR, M-VIS, and M-Phase are connected to the seed laser module
M-Comb via direct fiber connections. Counter and clock are shown in two places
for clarity, but are in fact only one physical device each. The optical and RF
locking schemes for the repetition rate, and the carrier envelope offset frequency
stabilization, are discussed in the text.

length of 1560 nm. A schematic drawing of the complete setup is shown in fig-
ure 4.1. The M-comb seed laser incorporates a piezo and motorized translation
stage, as well as an electro optical modulator (EOM), to control the repetition
rate, while the carrier envelope offset frequency (CEO) is stabilized via current
modulation of the pump laser. The light of the seed laser (M-Comb) is split into
three separate fibers, connecting the other modules.

One goes to M-Phase, an Erbium doped fiber amplifier (EDFA) with a highly
non-linear fiber (HNLF). This results in an output with an octave spanning
spectrum from 1050 nm to 2100 nm, used in an f-2f interferometer to measure
the CEO frequency.

A second output of the seed connects a similar EDFA (M-NIR), with a free-
space output of about 200mW total optical power. This light can be used in a
beat detection unit (BDU) to lock the repetition rate to an ultra stable optical
reference (JPX), as explained in section 4.1.4.

The third output is connected to yet another EDFA (M-VIS) followed by a
second harmonic generation (SHG) stage, generating the light used in the Raman
experiments, and for beatnote measurements with CW lasers, as described in the
following section.
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Figure 4.2: Spectrum of the red PCF. Note the third harmonic around 540 nm,
and the low power around 729 nm.

4.1.1 External Spectral broadening
Instead of sending the light from M-VIS with a rather narrow spectrum, cen-
tered around 790 nm (see figure 4.11a), to the ion trap, we can alternatively
send it through one of two available photonic crystal fibers (PCF). Nonlinear
processes such as four-wave mixing generate new frequencies [R17, R18], obeying
the frequency comb condition

f = fceo + n frep . (4.1)

The “green” PCF generates a spectrum roughly between 520 nm and 950 nm,
while the “red” PCF gives a spectrum between 650 nm and 880 nm, as shown
in figure 4.2. The broad spectra after the PCF together with the output from
M-NIR allow us to measure beatnotes with any CW laser between 520 nm and
2.1µm. A permanent beatnote setup between the red PCF and the 729 nm
laser compensates drifts of the cavity this laser is locked to, as described in
chapter 9.2.6.

4.1.2 Carrier envelope offset frequency lock
Compared to the second frequency comb system we are using, the Mira laser
described in section 4.2, we have control over the CEO in the Menlo system. The
CEO is measured in a f-2f interferometer by detecting a beatnote between the
low wavelength end of the spectrum with the frequency doubled spectrum [A79,
R11]. Stabilizing this beatnote by feeding back to the pump current of the seed
laser effectively locks the CEO frequency, in our system to −20MHz1. The
bandwidth of this lock is reflected in the CEO jitter of about 100 kHz, limiting
the linewidth of each individual comb tooth when the repetition rate is directly
stabilized with the RF lock, as explained in the following section. The stability

1The frequency doubled output (M-VIS) has twice the CEO frequency of −40MHz. Indeed,
the CEO frequency is negative in our setup.
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of the CEO frequency is shown in a later chapter in terms of the Allan deviation
in figure 6.3.

4.1.3 Repetition rate RF lock
The seed laser’s repetition rate of nominally 250MHz is internally detected by a
fast photodiode (PD). This signal is monitored on a frequency counter, and can
be directly used to phase-lock the repetition rate to a radio frequency (RF) ref-
erence signal, generated by our local frequency standard, described in section 5.

In detail, the 4th harmonic of the repetition rate at nominally 1GHz is
mixed with a 980MHz signal, generated by a phase-locked oscillator (PLO). The
difference signal of nominally 20MHz is then phase-locked to a reference signal
derived from a DDS. Feedback on the repetition rate is facilitated by adjusting
the seed laser’s cavity length with a piezo actuator, and a motorized translation
stage for larger, slow adjustments up to ±1.2MHz. All the electronics, except
for the DDS, are contained in a single 19 inch, rack mounted, module (Menlo
SYNCRO).

When the repetition rate lock to the DDS is engaged, the repetition rate
can be controlled and scanned simply by controlling the DDS output frequency.
Using only the piezo, we can tune the repetition rate by a maximum of about
2.5 kHz within about 1 s. Adjusting the repetition rate using the motor takes
significantly more time. In contrast to the optical lock, described in the following
section, the EOM is not used for the RF lock, due to the limited short term
stability of the reference clock.

The repetition rate and the CEO are locked independently in the RF locking
scheme, so that the linewidth of one individual comb tooth is given by the
sum of the CEO jitter, plus the repetition rate noise multiplied with the comb
tooth number, according to equation (4.1). The linewidth was measured to be
270 kHz on a 10ms timescale [A80]. As explained in the next section, the optical
lock results in narrower comb teeth around the optical locking laser frequency,
beneficial for beatnote measurements of CW lasers, but at the expense of a more
noisy repetition rate.

However, only the repetition rate stability determines the effective laser
linewidth for the Raman experiments presented in chapter 12, where the CEO
is not even locked. A thorough investigation of the RF locked repetition rate
stability is presented in section 6.

4.1.4 Optical lock to the JPX reference laser
Instead of locking the repetition rate directly to an RF reference, as described
in the previous section, we can lock one specific comb tooth to an optical ref-
erence laser, by stabilizing the beatnote of this laser with the comb. We use
the light from M-NIR to beat a central comb tooth close to 1542 nm with the
JPX, an acetylene-stabilized2 fiber laser developed by NKT photonics, and the

2The Acetylene absorption line is 194 369 569 384 kHz with a relative standard uncertainty
of 2.6× 10−11 [O4]. The JPX laser output is shifted from this frequency by −40MHz, due to
the AOM, to 194 369 529 384 kHz. The AOM is not externally referenced to a stable frequency
reference, and its drivers accuracy is specified to 1ppm or 40Hz. This might be relevant for
future, high accuracy measurements.
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Figure 4.3: Photo of a beat detection unit (BDU). Two beams, comb and CW
laser, are sent through a λ/2 waveplate each, allowing power adjustments. One
beam comes from the top and one from the left, combined in a polarizing beam
splitter cube (PBS). Another λ/2 waveplate rotates both combined beams by
45°, so that their vertically polarized components pass mode-matched through
a second PBS. The beam is sent on a reflection grating, separating the broad
comb spectrum from the comb teeth close to the CW laser (not shown). Finally,
the beatnote frequency of the CW laser and the closest comb tooth is measured
on a fast photo-diode.

Danish Fundamental Metrology institute (DFM) [A81]. Its sub-kHz short-term
linewidth and relative frequency uncertainty of 2× 10−12 was partly character-
ized using our Menlo frequency comb in 2016 [A80].

A photo of a beat detection unit (BDU) is shown in figure 4.3, and its design is
explained in the figure caption. For the optical lock (compare with the schematic
drawing in figure 4.1), the beat signal with the JPX of nominally 60MHz is band-
pass filtered and amplified, before it is divided by a factor of 12 to nominally
5MHz. This signal is compared to a 5MHz signal, generated by a DDS, in a
phase-locked loop. Feedback is given to the cavity length via the piezo actuator.
Additionally, an EOM allows feedback at an increased bandwidth compared to
the RF lock.

The result of this locking scheme are extremely stable comb teeth around the
reference laser frequency, with a measured linewidth of 900Hz for a sampling
time of 100ms [A80]. This stability is transferred to the doubled frequency
around 790 nm, which can be used to stabilize the 729 nm laser, as described
in chapter 9.2.6. However, the CEO is still locked as described above with
comparably low bandwidth. This means that noise in the CEO will be converted
to noise on the repetition rate in order to keep the one comb tooth, which we
lock to, stable (compare equation 4.1). The stability of the repetition rate for
the two locking schemes is discussed in section 6, and for all frequency comb
Raman experiments, the repetition rate was locked with the RF lock, and free
running CEO.



4.2 Coherent Mira 39

Table 4.1: Parameters of the Mira laser. Listed is a summary of typical values
I measured or set in the Raman experiments.

Quantity Typical value
central wavelength 800 nm
spectral width 18 nm, 8THz
tuning range (BFR) 30 nm
cavity length 2m
tuning range (tr. stage) 1.5mm
round trip time 13.2 ns
repetition rate 76MHz
tuning range (piezo) 3 kHz
pump power (532 nm) 4.5W
output power (mode-locked) 550mW
power fluctuations 1%
pulse length 60 fs
pulse length 18 µm
carrier envelope offset not locked

4.1.5 Frequency counter
The Menlo frequency comb system comes with a frequency counter3. It con-
tinuously measures the absolute phase of up to 4 input signals and returns a
frequency value based on the absolute acquired phase at one second intervals
without dead time.

Three counter channels are used to continuously monitor the proper opera-
tion of the frequency comb system, one measuring the CEO frequency, one the
direct repetition rate on the internal photo-diode, and one the optical beatnote
for the optical locking scheme. The fourth channel is used, alternatively, to
measure the beatnote frequency of the 729 nm CW laser with the comb, or to
measure the repetition rate of the Mira femtosecond laser for the repetition rate
characterization experiments, discussed in section 6.

4.2 Coherent Mira
The Coherent Mira 900 laser is a passively mode-locked Ti:sapph laser system.
Compared to the Menlo system, it provides a much higher optical bandwidth
of about 8THz, as shown in the spectra in section 4.4. I start explaining the
laser design in section 4.2.1, followed by a description of the repetition rate
lock, and a characterization of the stability of the free running CEO frequency.
Measurements of the individual laser pulse power behavior over time, affecting
the repetition rate stability, are detailed in section 4.2.4. A summary of the
Mira’s characteristic features is given in table 4.1.

3Model FXM50, 5MHz to 50MHz, 50Ω
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Figure 4.4: Schematic drawing of the Mira laser with mirrors (M), group velocity
dispersion compensation prisms (P), output coupler (OC), pump focusing lens
(L), rough wavelength tuning birefringent filter (BRF), and starter mechanism
(Start). The mirrors M8 and M9 can be used for initial, rough cavity alignment,
if the prism P1 is removed.

4.2.1 Laser design
A schematic drawing of the cavity is shown in figure 4.4. The titanium sapphire
crystal - the laser’s gain medium - is placed in the focus of a telescope between
the two mirrors M4 and M5. The crystal is optically pumped with 532 nm light
to create the population inversion for laser operation. The pump source is a Co-
herent Verdi V5, a diode pumped and internally frequency doubled Nd:Vanadate
(Nd:YVO4) single frequency laser with 5W maximum output power.

The laser cavity is terminated by mirror M7 on the one side, and the output
coupler (OC, M1) on the other side. On the output coupler side, a birefringent
filter (BFR) allows selection and continuous tuning of the center wavelength.
On the other side, a double passed tunable prism compressor, formed by the two
prisms P1 and P2, allows to compensate the group delay dispersion introduced
by normal dispersion of the intra-cavity optical elements, and by self-phase mod-
ulation inside the Ti:sapph crystal. The prism P2 is mounted on a translation
stage for continuous tuning of the intra-cavity GVD, influencing the final laser
pulse length.

Passive mode-locking is achieved via the Kerr lens effect in the Ti:sapph
crystal [A82, R19]. The Kerr effect describes the intensity dependent refractive
index of an optical material. For low intensities, when the laser operates in
continuous wave (CW) mode, the beam is not influenced by the Kerr effect.
However, for high intensities, occurring in pulsed operation, the Gaussian spatial
beam profile results in a focusing effect, also called self-focusing. The cavity is
designed such that the overlap of the pump beam and the cavity mode is maximal
in the case of pulsed operation, due to the self-focusing in the Ti:sapph crystal.
Additionally, an adjustable slit introduces losses for the CW mode, whereas the
mode in pulsed operation fits lossless through the slit.

Even though pulsed operation is preferred by the cavity due to the lower
losses, the laser will usually operate CW if it is not forced to pulsed operation at
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Figure 4.5: Schematic drawing of the Mira repetition rate phase lock. The rep-
etition rate is measured on a fast photo-diode (PD), amplified (AMP) and low
pass filtered (LPF), before it is mixed with the output of a direct digital syn-
thesizer (DDS), which is referenced to our GPS disciplined frequency standard.
The difference signal from the mixer is low pass filtered, and used for fast and
slow feed back on the cavity length via PID controlled piezo actuators (PZT).

a given time. The “switch” formed by the Kerr lens effect and the slit remains
“closed” unless an initial pulse reaches high enough intensity to open this switch.
This initial event is triggered by a starter mechanism, a pair of parallel mirrors,
rotatable around their symmetry axis. This small rotation displaces the beam
in the cavity and leads to a rapid change of the cavity length, forming an initial
pulse with high enough intensity to introduce self-focusing in the crystal. The
initial pulse will bounce back and forth in the cavity, gaining in intensity each
time it travels through the Ti:sapph crystal, and each time it hits the output
coupler, a pulse is emitted from the laser. The cavity length of about 2m results
in a pulse round trip time of 13.2 ns, and thereby a repetition rate of 76MHz.

The cavity length can be controlled by adjusting the position of mirror M2,
mounted on a translation stage4 with 1.5mm travel range. This allows to adjust
the cavity length, and thereby the repetition rate by about 60 kHz. Small manual
adjustments can be done while the laser is mode-locked, so that we can monitor
the repetition rate in real time during these adjustments. For precise control
of the repetition rate, the translation stage incorporates a 25 µm tunable piezo
for slow feedback, corresponding to a change of 1 kHz in repetition rate, and
the mirror itself is mounted on a second, smaller piezo with less range for faster
feedback. The details of the repetition rate lock are described in section 4.2.2.
The carrier envelope frequency can not be locked, but a qualitative measurement
of its stability is discussed in section 4.2.3.

4.2.2 Repetition rate lock
Since the repetition rate is directly given by the cavity length, we can use the
repetition rate as error signal to feed back to the cavity length via the piezo
mounted mirror. This is done using a simple phase lock loop, comparable to the
Menlo RF lock, and sketched in figure 4.5. After the output coupler, a small
amount of light from a pick off mirror is send to a fast photodiode5. The weak
signal is amplified by 43 dB and low pass filtered at 80MHz to remove higher
harmonics of the repetition rate, before it is mixed with a local oscillator signal

4Thorlabs NF15AP25
5Thorlabs DET10A, 1ns typical rise time with 50Ω termination
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Figure 4.6: Beatnote on a spectrum analyzer of the repetition rate locked Mira
laser with a CW laser at 794 nm, and 1 minute averaging time. The width of
the distribution gives an idea of the long term, free running CEO stability.

provided by a home built DDS. The output signal of the mixer contains the
difference and sum frequencies of the two inputs, and the sum signal is removed
by a 5MHz low pass filter. Finally, the remaining difference signal is amplified
and directly applied to the fast piezo. A servo amplifier is used to integrate the
difference signal and feed back to the slow piezo. This is on the one hand used
to compensate long term drifts e.g. due to temperature fluctuations, and on the
other hand to allow continuous tuning of the repetition rate. When the DDS
frequency is changed, the repetition rate will follow this change up to about
1 kHz s−1 within the tuning range of the slow piezo.

4.2.3 Carrier envelope offset frequency
As mentioned above, we do not lock the Mira’s carrier envelope offset frequency
(CEO). To get a rough idea of its free running stability, I measured a beatnote
between the Mira comb, and a CW laser at 794 nm6 locked to a cavity. Before
the beatnote measurement, the stability of the CW laser cavity lock is verified
via a separate beatnote measurement of this CW laser with the Menlo comb.

Figure 4.6 shows the beatnote frequency between the repetition rate locked
Mira comb with the 794 nm CW laser. Since the repetition rate is fixed, and
the CW laser is stabilized well below 1MHz, the width of the beatnote is given
by CEO fluctuations. The shown frequency distribution was measured with a
sweeping spectrum analyzer7, and one minute averaging time. Since the single
sweep time is about 10 s, the fast dynamics of the CEO fluctuations cannot be
resolved, but the plotted one minute average gives an idea of CEO noise on a
longer time scale. The CEO frequency stays within about ±10MHz, and does
not randomly fluctuate within its maximum range of half the repetition rate8.

6The 794nm laser’s frequency doubled light is usually used in another trap setup in our lab
for Doppler cooling. It is a Toptica TA Pro.

7Rohde & Schwarz HMS-X
8The lowest frequency beatnote will always be at frequency ≤ frep/2, since the beating

happens with the comb tooth at higher frequency than the CW laser, and the comb tooth at
lower frequency, so that the maximum frequency difference is frep/2.
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Figure 4.7: Mira laser pulses measured on an oscilloscope.The length of each
pulse is given by the detector rise time of about 1 ns, and the spacing between
pulses of 13.2 ns corresponds to the laser’s repetition rate of 76MHz.

As already mentioned, the CEO behavior does not influence the Raman
experiments, and is not locked, even in the experiments with the Menlo comb.

4.2.4 Power fluctuations
The Raman Rabi frequency is directly proportional to the intensity of the driv-
ing light field and thereby depends on the laser output power, so that power
fluctuations will lead to decreased coherence. Power fluctuation can also trans-
late into an effective detuning via changing light shifts. Here, I investigate the
power stability of the Mira laser with single pulse resolution, and analyze the
measured, per pulse energy, statistically.

The measurement uses the signal from the repetition rate photo-detector,
split off before it is mixed with the DDS reference, and recorded using a 2GHz
analog bandwidth, 50 ps digital resolution sampling oscilloscope9. Figure 4.7
shows three example pulses from such a scope trace. The pulses are separated
by 13.2 ns, corresponding to the repetition rate of the laser. The rise time is
given by the specified 1 ns for the photo-detector10, and the total pulse shape
and width is obviously given by the electronics involved, rather than the 60 fs
pulse length (compare chapter 7). Based on a trace of a total length of 5ms,
corresponding to about 380 000 individual pulses, the height of each pulse is
extracted and plotted in figure 4.8 against time (red dots). Additionally, the
moving average (blue) with a window of 100 pulses, corresponding to 1.3 µs is
shown. It is clearly visible that the output power drops randomly by about 1%
on a timescale of 100 µs. These power drops are most likely related to pump
power fluctuations.

Figure 4.9 shows a histogram of the measured pulse heights with a FWHM
of 1% and a clearly asymmetric shape, reflecting the power drops. While the
power stability of 1% is not the limiting factor for the Raman Rabi experiments,
the instability in the repetition rate they might induce would be critical [R20].

9Agilent DSO
10Thorlabs DET10A
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Figure 4.8: Relative pulse height of a total of about 380 000 individual Mira laser
pulses (red), and 100 pulses moving average (1.3 µs). Drops in power of about
1% happen on a timescale of about 100 µs.
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Figure 4.9: Distribution of the Mira laser pulse heights. The width of 1% and
the asymmetry reflect the random power drops due to pump power instabilities.
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Figure 4.10: Sketch of a prism pulse compressor for group velocity dispersion
compensation. The incoming broad bandwidth laser pulse is split by prism P1
into its wavelength components, collimated by prism P2 and sent back by the
reflector M2. The effective optical path length for the red light is longer than for
the blue light, due to the longer path in prism P2, introducing negative group
velocity dispersion.

Power fluctuations in the laser cavity lead to a displacement of the cavity mode
inside the cavity due to nonlinear effects, especially self-focusing in the Ti:sapph
crystal. This changes the round trip time, and thereby the effective cavity length,
resulting in repetition rate noise.

Despite the high bandwidth of the oscilloscope, the repetition rate stability
cannot be extracted from this data with the required precision of < 10−12. A
comparison of the repetition rate stability with the Menlo system is presented
in section 6.

4.3 Prism compressor
All frequency components of the frequency comb light directly in the laser have
to be in phase to form the single laser pulse oscillating in the laser cavity. Outside
the laser, optics such as lenses, mirrors and the window to the vacuum chamber
introduce group delay dispersion, broadening the laser pulse due to different
group velocities of the different wavelength components, and thereby altering
the phase relation of the frequencies, as discussed in chapter 3.

Different approaches for the compensation of group velocity, and higher order
dispersion, such as grating or fiber compressors, exist for specialized applications
and very short pulses [B8]. For the Mira laser, with relatively long pulses of 60 fs,
we use a simple double passed prism compressor for group velocity dispersion
compensation [A83, A84, A85]. A top view sketch of such a prism compressor
is shown in figure 4.10. The incoming laser pulse is split into its wavelength
components by the first prism (P1), so that angular dispersion [A86] leads to
different path length for the different colors in the second prism. The second
prism P2, mounted under the exact same angle as P1, collimates the beam, and
the reflector M2 sends the beam back along its incoming path.

The angle of both prisms is chosen to match Brewster’s angle, to avoid power
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losses due to reflections. Actually, the reflector M2 sends the beam back under a
small vertical angle (into the drawing plane), so that the reflected beam can be
separated from the incoming beam with mirror M1, leading to slightly different
beam heights of the incoming and exiting beams. Compared to using a beam-
splitter instead of mirror M1, there are no power losses or polarization issues in
the described setup.

The wavelength components in the exiting beam are now displaced in time
compared to the incoming beam. With correct alignment, the red light travels
so much longer in prism P2 compared to the blue light, outweighing the longer
travel in air between the prisms, and leading to negative dispersion in total. For
an incoming beam already showing a linear frequency chirp, the setup allows to
revert this chirp, resulting in bandwidth limited pulses. The amount of negative
dispersion can be controlled via the distance between the two prisms. Note
that, due to its geometry, the prism compressor only acts on the second order
dispersion term in the Taylor expansion (3.17), explicitly acting as negative
group velocity dispersion element.

4.4 Optical spectra
Before and during experiments on the ion, the spectra of the lasers are monitored
with an optical spectrum analyzer. Figure 4.11a shows a spectrum of the Menlo
laser’s frequency doubled output (M-VIS). The original bandwidth limited spec-
trum of the seed laser is already strongly deformed by nonlinear processes in
the fiber amplifier and SHG stage of M-VIS. Not visible in the intensity spec-
trum here is, that the spectral phase is also strongly affected by group velocity
dispersion in the fiber components of M-VIS.

Figure 4.11b shows a typical spectrum of the Mira laser. The intensity is
well described by a Gaussian with a FWHM of 18 nm or 8THz, centered around
810 nm. When group velocity dispersion is well compensated with the prism
compressor, we measure a close to bandwidth limited pulse length of 60 fs, as
discussed in chapter 7.

A spectrum of the Menlo M-VIS light after sending it through the red pho-
tonic crystal fiber (PCF, see section 4.1.1), used to reference the 729 nm laser as
described in chapter 9.2.6, was shown in a previous section in figure 4.2.

We use an OceanOptics model HR4000 with a wavelength range of 200 nm
to 1100 nm for these measurements. The input to the optical spectrum analyzer
(OSA) is connected to a robust multi-mode fiber, such that spectra can be
easily obtained simply by pointing the other end of the fiber towards a diffusely
reflective surface illuminated by the laser. To avoid distortion of the spectra
due to coherent reflections from the surface (laser speckle), a paper is mounted
on a rotating 12V computer fan, acting as the reflective surface. OceanOptics
provides a basic driver software I used to implement a simple python program,
continuously acquiring spectra, automatically adjusting the exposure time, and
streaming the data to a web interface, such that the spectra can be conveniently
viewed on any network enabled device in the laboratory. This turned out to be
very helpful for alignment of the Mira laser cavity. Additionally, the program
stores the spectra in our central database, which allows us to verify the proper
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(a) Spectrum of the Menlo amplified and frequency doubled output (M-VIS).
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(b) Spectrum of the Mira laser.

Figure 4.11: Typical spectra of the Mira and Menlo laser. The Mira spectrum
is well described by a Gaussian with a FWHM of 18 nm or 8THz centered
around 810 nm. The spectrum of the amplified Menlo laser is strongly affected
by nonlinear effects in the SHG and amplifier stage, and its pulses have to be
expected to be far from bandwidth limited in the time domain, heavily affected
by GVD. Note the factor of two on the wavelength axis between figure a and b.
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Figure 4.12: Spectrum (top) of a halogen light bulb measured with an optical
spectrometer, with and without the wavelength low pass filter in place. The
graph below shows the calculated transmission next to the specifications by the
manufacturer.

operation of the laser during, and after Raman experiments.

4.4.1 Spectral low pass filter
To block resonant light unintentionally driving optical transitions, and off res-
onant light causing unwanted light shifts, we block frequency comb light above
835 nm using an interferometric wavelength low pass filter11, effectively cutting
the spectrum. Figure 4.12 (top) shows a spectrum of an incoherent light source,
simply a halogen lamp, using an optical spectrometer. The filter is specified with
an extinction ratio of better than 2× 10−6 above 840.0 nm. Figure 4.12 (bot-
tom) gives the transmission, i.e. the spectrum with filter divided by the spectrum
without filter, calculated from the above measurement, together with the speci-
fications by the manufacturer. A slight angle between the interference filter and
the propagation direction of the frequency comb light during the measurement
might cause the lower cut-off wavelength and less steep slope compared to the
specifications.

A separate test was conducted with light specifically at 866 nm, since the
spectrometer does not provide the necessary resolution in intensity. With a
fiber coupled power meter12, placing the filter in front of the fiber coupler, the
extinction ratio at 866 nm was confirmed to be better than 10−6. For the fre-
quency comb light, we actually use a set of two identical filters, so that resonant

11Semrock FF01-842/SP-25
12Thorlabs S151C - Compact Fiber Photodiode Power Sensor
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light can be ignored, and light shifts are completely dominated by light below the
cut-off wavelength. Another identical filter was also placed in the 729 nm laser
beam-path to block a hypothetical broad wavelength pedestal of the tapered
amplifier (see chapter 9.2.6 on the 729 nm laser).



5
Frequency Standard

Optical spectroscopy is the art of precisely determining the frequency of a light
field in resonance with a given transition of interest. Since measuring a frequency
is basically counting the number of oscillations over a well defined time interval,
the achievable resolution and accuracy of such a measurement is fundamentally
limited by the resolution and accuracy of the clock being used as a reference.
Generally, it is of course desirable to have a measurement device (clock) which
is much better than the expected stability of the quantity being measured. For
this work, however, we will see that the experimental resolution on the order of
10−11 is similar to the resolution of the available time reference, which makes a
careful analysis indispensable.

5.1 Overview
The central device for time keeping in our laboratory is a commercial bench
top rubidium oscillator1, also referred to simply as “clock” in the following. A
diagram illustrating the dependencies of the clock within the chain of frequency
referencing and measuring is shown in figure 5.1. The clock provides a standard
10MHz output which other devices can use as reference signal, and is itself
referenced to the Global Positioning System (GPS).

For frequency comb Raman spectroscopy, the repetition rate of the comb is
the critical quantity determining the resonance condition as discussed in chap-
ter 2.1.6. The repetition rate is phase locked to a tunable reference, a homebuilt
direct digital synthesizer2 (DDS), referenced to the clock. By this chain of refer-

1Stanford Research FS725m rubidium frequency standard
2The DDS box is based on an Analog Devices AD9912 DDS chip, and was built by Frank

Korfix Mikkelsen at the physics department’s electronics workshop. Specifications: tuning
range 10MHz to 250MHz, input resolution 1µHz, output resolution is given by internal refer-
ence clock / 248 = 66·10MHz

248
= 2.34µHz, amplitude −18dBm to 15.5dBm in 50Ω (given by
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GPS Clock Counter1 PPS ref. Rb 2

rep rate CEODDS

ref. beat note

lock

Figure 5.1: Diagram illustrating the chain of frequency referencing (blue), and
measured quantities (orange). Note that, for instance, the repetition rate is
effectively locked to the clock while being measured with a counter,itself refer-
enced to the same clock. In such a measurement scenario, long term drifts are
not measurable by design.

Table 5.1: Manufacturer specifications for the Stanford Research FS725m rubid-
ium frequency standard without external 1PPS reference.

Quantity Value
Accuracy ±5× 10−11

Settability < 5× 10−12

Aging (monthly) < 5× 10−11

Allan variance (1s) < 2× 10−11

Allan variance (10s) < 1× 10−11

Allan variance (100s) < 2× 10−12

ences, the stability and accuracy of the clock is finally transferred to the comb’s
repetition rate. Table 5.1 lists the most relevant specifications of the clock.
While the short term stability ultimately gives the lower limit for the achievable
spectroscopic linewidth or coherence time, discussed in chapter 12.2, the long
term stability determines the achievable accuracy of the final spectroscopy result
presented in chapter 13.

5.2 GPS disciplining
To overcome the limited long term accuracy of the bare clock, mostly due to
aging and environmental effects, we phase lock the clock to a slow, but on long
timescales more stable, time reference with a long integration time [O5]. This
slow reference was set up in form of a GPS receiver during a bachelor project
in the group [T5]. The Global Positioning System [P1, B9] relies on the precise
measurement of signal transit times between several satellites and the receiver.
For this purpose, every GPS satellite carries atomic oscillators, synchronized
each orbit (about 12 hours) with the US Naval Observatory, whose time is in

variable gain amplifier AD8368).
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Figure 5.2: GPS disciplining. Shown is the relative frequency change of the Rb
clock when it was locked for the first time to GPS in May 2016.

close agreement with Coordinated Universal Time (UTC). The GPS receiver3

contains a simple oscillator, constantly synchronized to GPS time. The receiver’s
time is made available via a one pulse per second (1PPS) output signal, fed to the
rubidium clock, used in a digital phase lock loop with variable integration time
to prevent the clock from drifting. This setup is then called a GPS disciplined
rubidium oscillator.

To verify the proper operation of our GPS implementation, I used the fre-
quency comb to monitor the clock. Figure 5.2 shows a measurement of the
initial GPS lock of the clock in May 2016. While the frequency comb was opti-
cally locked to the JPX laser as described in chapter 4.1.4, the repetition rate
was measured on the frequency counter referenced to the Rb clock. The actual
repetition rate is not affected by the GPS disciplining4, but the measured repeti-
tion rate changes due to the change of the time reference. The phase lock loop’s
natural time constant of 2.25 hours is clearly visible in the data. The clock’s
absolute frequency correction of 2.6× 10−10 corresponds to at least 5 months
of aging according to table 5.1, less than the clock’s age of more than one year,
and thus well within specifications.

The clock’s frequency is controlled by changing the internal magnetic field
affecting the rubidium hyperfine clock transition. Due to the digital nature of the
clock’s electronics, this frequency adjustment happens in discrete steps given by
the “settability” of 5× 10−12. Figure 5.3 shows a measurement of the relative
frequency of the clock together with the clock’s frequency control parameter
(SF) over the course of two and a half days. The frequency jumps as expected in
steps of about 5× 10−12, and these jumps are clearly triggered by the frequency
control parameter. The accuracy on the timescale of the integration time is
thereby limited.

The natural time constant of the 1PPS phase lock loop can be adjusted
via a computer interface from 0.14 to 17.99 hours. Figure 5.4 shows a relative
frequency measurement while this time constant was changed. The measurement
started without locking the clock to GPS (undisciplined). When the lock is

3Septentrio Satellite Navigation model AsteRx2e HDC, time accuracy of the 1PPS specified
to 10ns [X1]

4Actually, the repetition rate is marginally affected since the CEO frequency is still locked
to the clock. This effect, however, is suppressed by a factor of 1/n where n ≈ 777435 is the
comb tooth number used for the optical lock.
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Figure 5.3: Rubidium clock frequency and frequency control parameter SF over
time (format: MM-DD HH). The jumps in frequency are determined by the set-
tability of the clock of 5× 10−12, and clearly triggered by the internal frequency
adjustment parameter SF. The accuracy on the timescale of the integration time
is thereby limited.
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Figure 5.4: Rubidium clock frequency measurement while adjusting the time
constant of the GPS lock. Control parameter PT8 = 2.25 hours, PT12 = 8.99
hours. The observed behavior is explained in the text.
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Figure 5.5: Allan deviation of the clock and GPS 1PPS frequency stability.

engaged, the frequency changes dramatically, just to settle at almost the same
frequency afterwards. This effect is expected, since the lock is an actual phase
lock, and not only matching the frequencies, meaning that an accumulated phase
offset between GPS and the Rb clock needs to be compensated by purposefully
detuning the clock’s frequency until both signals are again in phase. The middle
section of figure 5.4 shows the clock locked with a 2.25 hours time constant
(control parameter PT = 8), while the last section shows the behavior after
changing the time constant to 8.99 hours (PT = 12). The frequency jumps
given by the settability of the clock happen, as expected, less frequently for the
longer integration time.

A separate, all electronic measurement, not involving the frequency comb,
reflecting the stability of the clock’s frequency output is visualized in terms of
the phase Allan deviation [A87], eq. (6.1), in figure 5.5. The GPS data was
acquired by the clock measuring the time-tag5 of each 1PPS pulse while the
clock is referenced to GPS. The extrapolated value of about 10−8 for each 1 s
measurement corresponds to the specified time accuracy of 10 ns of the GPS
receiver [X1]. The three measurements of the undisciplined, and locked clock, are
facilitated by measuring the frequency of a second Rb oscillator on the frequency
counter referenced to the clock. Thereby, the measured stability for short times is
actually given by this second clock, and slightly higher than the specified values
for our frequency standard itself (compare table 5.1). For the disciplined clock,
the frequency jumps triggered by the internal frequency adjustment (compare
figure 5.4) cause a bump in the Allan deviation at the corresponding averaging
time. The observed drift for averaging times larger than 105 s ≈ 1.2 days is
caused by the drift of the second (undisciplined) Rb oscillator.

5Each 1PPS signal is tagged by the Rb clock with its arrival time relative to the Rb clock’s
internal 1PPS signal (measurement parameter TT). The resolution of this measurement is 1ns
(10−9).
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Figure 5.6: Long term frequency stability of JPX vs Rb clock, quantified via a
beatnote measurement on the Menlo frequency comb.

5.3 Long term stability
The stability of a GPS disciplined oscillator for timescales long compared to the
GPS satellites orbit time of 12 hours is theoretically perfect by definition, since
the GPS satellites themselves are synchronized to the current definition of the
SI second6 [R2, A12]. However, technical issues such as cycle slips in the phase
lock loop could possibly lead to inaccuracies.

With the JPX reference laser, we have a second, independent, and extremely
stable frequency standard available (see chapter 4.1.4). Figure 5.6 shows the
Menlo comb’s repetition rate, measured by the frequency counter, while the comb
is optically locked to the JPX. Assuming that the JPX is perfectly stable, the
observed fluctuations are caused by the clock referencing the frequency counter,
and reflect the clock’s long term stability. On the other hand, if we assume the
GPS lock to work properly, then the fluctuations are caused by instabilities in
the JPX’s laser frequency reflecting the JPX’s long term stability. The JPX and
the GPS disciplined Rb clock are fundamentally different devices, and it is fair
to assume that no correlations between their frequency outputs exist. Thus, we
can also see the stability of the measured repetition rate as an upper limit for
both, the JPX and the clock at the same time. Over the observation period of
about 4 months, the 24 hour averaged frequency fluctuations stay well within
10−12 which is smaller than our experimental spectroscopy resolution.

Another test of the clock accuracy is the |S1/2〉 → |D5/2〉 transition spec-
troscopy in 40Ca+ using the 729 nm laser. The uncertainty of the measurement

6“The second is the duration of 9 192 631 770 periods of the radiation corresponding to the
transition between the two hyperfine levels of the ground state of the caesium-133 atom.”
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Figure 5.7: Frequency Allan deviation extrapolated from the specifications given
in table 5.1 of the bare clock (red). In blue I plotted the Fourier limited linewidth
of the D-finestructure transition at 1.8THz as 1

1.8 × 1012 ·τ . The crossing of the
curves should give an estimate of the expected coherence time and Gaussian
linewidth limit.

presented in chapter 11 is limited by the clock accuracy, as discussed here, and
perfectly agrees with the most precise (2.4× 10−15) measurement of this transi-
tion [A88].

5.4 Short term stability
Assuming white noise, we can extrapolate the Allan deviation to shorter times
based on the specified values given in table 5.1. This extrapolation is plotted in
figure 5.7 together with the Fourier limited linewidth, simply given by

δFourier =
1

τ
, (5.1)

The two curves intersect at τ = 770 µs, and an Allan deviation of 7.2× 10−10.
These values give a rough estimate on the maximum possible performance of
the Menlo comb in the Raman experiments, since the clock stability directly
translates into repetition rate stability in the RF locking scheme. The mea-
sured coherence time for Raman Rabi flopping with the Menlo comb is longer,
3.60(18)ms as discussed in chapter 12.2.3. The Gaussian linewidth is expected
to be larger than

δFourier, D-fine = 7.2× 10−10 · 1.8THz = 1.3 kHz , (5.2)

which needs to be compared to the measured Gaussian linewidth of 754(18)Hz,
discussed in chapter 12.2.4. It seems that the stability of the clock is actually
better than specified.
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5.5 Notes on data acquisition
The Menlo frequency comb exposes a XML-RPC (remote procedure call) inter-
face for data extraction and partial remote control. We use a simple python
program to extract all available data once per second, including the frequency
counter readings, and store them in a SQL database. In a similar fashion, the
Rb clock provides a serial interface exposing about 50 parameters, including the
time-tag (TT) of each 1PPS signal, which are also logged once per second to
the database. Constantly logging these data allows not only to analyze long
term behavior, such as the JPX frequency stability in figure 5.6, but also offers
the possibility to verify the correct operation after spectroscopy data was taken.
Additionally, NIST provides a database with the measured deviation of the GPS
satellite time on a daily basis [O6]. This deviation is typically smaller than 10−14

for an averaging time of one hour.

5.6 Conclusion
The examination of our GPS disciplined Rb clock clearly revealed its limita-
tions. While the GPS disciplining has proven to eliminate drifts on the time
scale of hours, determined by the integration constant, there is a fundamental
short term accuracy limitation of 5× 10−12 due to the digital settability of the
clock. For very short times, the clock contributes to decoherence and gives a
lower limit for the achievable spectroscopic linewidth. Nonetheless, the clock
behaves as expected and is perfectly suitable for the conducted frequency comb
measurements, with an accuracy on the same level as other systematic effects,
discussed in chapter 8.



6
Repetition Rate Stability

In the Raman experiments, the repetition rate stability of the frequency comb
defines the effective laser linewidth, since the Raman process depends only on
the frequency difference of the driving light fields. This repetition rate linewidth
turns out to be very different for the two different frequency combs. The Menlo
comb is about one order of magnitude more stable than the Mira laser, clearly
reflected in the achievable coherence times and spectroscopic resolution, as dis-
cussed in detail in chapter 12. I characterized the repetition rate stability using
two different methods, addressing different timescales. The results will be given
in terms of the phase noise Allan deviation, a common measure in metrology.

6.1 Allan deviation
For a series of phase measurements with constant sampling rate 1/τ0, the over-
lapping Allan variance [A87, A89] is defined as

σ2
OADEV (mτ0) =

1

2(mτ0)2(N − 2m)

N−2m∑
n=1

(xn+2m − 2xn+1m + xn)
2 , (6.1)

where σ2
x(mτ0) is the overlapping Allan variance for an averaging time of τ =

mτ0, and xn is the time-series of N phase observations divided by the carrier
frequency.

The Allan deviation characterizes a signal on different timescales, and allows
to derive short term noise as well as drifts from the same dataset, which is not
possible using traditional statistical quantities such as the standard deviation.
The Allan deviation is usually presented in form of a σOADEV (τ) versus av-
eraging time τ plot. For a constant signal with purely white noise, the Allan
deviation is constant and identical with the standard deviation over the given
measuring time.
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Figure 6.1: Measured phase noise of the repetition rate phase lock loop for the
Menlo system (left) and Mira laser (right).

6.2 Direct phase noise measurement
Experimentally, we measured the phase noise of the repetition rate by recording
the error signal from the repetition rate RF phase lock loop, as described in
section 4.2.2. Figure 6.1 shows the measured phase lock voltage noise of the
Menlo (c) and Mira (d) laser, when the repetition rate is locked. To convert
from voltage to phase, we calibrate the voltage scale using a measurement of
the error signal when the phase lock loop is open as shown in figures (a,b). The
error signal oscillates with the difference frequency of the free running repetition
rate and the reference signal from the DDS. The peak to peak voltage of this
oscillation then corresponds to a phase mismatch of π.

The calibrated phase noise is analyzed by calculating the overlapping Allan
deviation, equation (6.1), and plotted in figure 6.3, discussed in section 6.5.
Note that only the curves in the interval 50 ps ≤ τ ≤ 50 s were obtained using
the method described here This timescale is determined by the sampling rate
of 1/50 ps, and total acquisition time of 100 s of the oscilloscope1 used for the
measurement.

1Keysight DSO, 20GHz sampling rate
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Figure 6.2: Repetition rate of the Mira laser (relative to 76MHz) measured with
a fast photo-diode on a spectrum analyzer, together with the DDS signal used
in the phase lock loop. The measurement is bandwidth limited by the resolution
of the spectrum analyzer of 0.1Hz, apparent in the linear scale inset, where the
amplitude data perfectly follows a Gaussian distribution with 0.14Hz FWHM.

6.3 Frequency counter measurement
The second method to determine the stability of the repetition rate is by an-
alyzing the readings of a frequency counter fed with the repetition rate signal
from a fast photodiode monitoring the reprate directly. The Menlo frequency
counter (see section 4.1.5) has a gate time of 1 s, limiting the lowest Allan de-
viation averaging time to this value. The measured frequency noise can easily
be converted to phase noise, simply by calculating the cumulative sum of the
measured frequencies. The result is plotted together with the direct phase noise
analysis from the previous section in figure 6.3.

The benefit of the frequency counter is that we can monitor the frequency
stability even when the system is not locked, which is naturally impossible for
the direct noise analysis of the phase lock loop.

6.4 Simple spectrum analyzer measurement
A first attempt of measuring the repetition rate stability of the Mira laser was
conducted by monitoring the repetition rate on a fast photo-diode2 with a spec-
trum analyzer3. Figure 6.2 shows this measurement together with the corre-
sponding DDS signal used to lock the repetition rate. The measurement is
bandwidth limited by the measurement device, averaging out fluctuations faster
than the acquisition time of 10 s, and thereby hiding the real dynamics of the
repetition rate behavior over time.

2Thorlabs DET10A, 1ns typical rise time with 50Ω termination
3Tektronix RSA5103B, 0.1Hz resolution bandwidth
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Figure 6.3: Allan deviation comparison of the Menlo and Mira laser systems for
averaging times spanning 15 orders of magnitude, from 50 ps to more than one
day. The repetition rate of the Menlo system is about one order of magnitude
more stable than the Mira for the direct repetition rate RF lock. Besides, the
optically locked Menlo’s repetition rate is much less stable compared to the direct
RF lock, as explained in the text. The repetition rate drift of the free running
lasers as well as the CEO stability of the Menlo system is also plotted.

6.5 Interpretation
Figure 6.3 shows the Allan deviation curves obtained using the direct phase
noise, and frequency counter measurements, as described above. In the over-
lapping time interval 1 s ≤ τ ≤ 50 s, both methods give almost the same result,
with a slight offset most likely due to the limited accuracy of the calibration
measurements for the direct phase noise measurements.

The repetition rate Allan deviation of both lasers follows over a wide averag-
ing time range a τ−1 power law, characteristic for white noise. The noise level of
the Mira laser is about one order of magnitude higher compared to the Menlo.
This noise difference will turn out to be extremely important for the coherence
time of Raman Rabi oscillations, and the achievable spectroscopic linewidth, as
discussed in chapter 12.

For the Menlo laser, we can also compare the repetition rate stability when
the laser is optically locked versus the direct repetition rate RF lock. Even
though the absolute frequency of the comb tooth the frequency comb is optically
locked to will be extremely stable, the repetition rate is clearly less stable for the
optical lock. This is due to the fact that the noise of the carrier envelope offset
frequency (CEO), which is orders of magnitudes higher than the repetition rate
noise, is partly converted into repetition rate noise. When the CEO fluctuates
during the optical lock, the system uses the much faster repetition rate lock
to compensate, keeping the comb tooth which is optically locked stable, but
introducing anti-correlated fluctuations on the repetition rate. All frequency
comb Raman experiments were carried out with the RF lock for exactly this
reason.



In order to measure an event in time, you must use
a shorter one. But then, to measure the shortest
event, you must use an even shorter one. And so
on. So, now, how do you measure the shortest
event ever created?

Rick Trebino

7
Pulse Characterization

The inventor of frequency resolved optical gating (FROG), the technique I use
to characterize the Mira comb light, Rick Trebino, starts his book on the subject
with the quote [B10]:

“In order to measure an event in time, you must use a shorter one.
But then, to measure the shortest event, you must use an even shorter
one. And so on. So, now, how do you measure the shortest event
ever created?”

This dilemma, of measuring an ultra-short event in time, without having a
shorter event to ones disposal to measure it, is solved by autocorrelation tech-
niques, especially in a very elegant way by frequency resolved optical gating
(FROG) [A90, A91, B10, R21]. These measurement methods basically use the
laser pulse of interest to measure itself. This self-referencing, in form of the in-
terferometric autocorrelation, is briefly described in section 7.1, together with a
measurement of the Mira laser pulses. A comprehensive discussion can be found
in ref. [B8]. The simple optical autocorrelator, can only give a qualitative idea of
the laser pulse being measured, whereas FROG, described in section 7.2, allows
to extract the full electric field information from a single laser pulse, that is, not
only the intensity profile vs. time but also the phase information vs. time.

7.1 Autocorrelation
Optical carrier frequencies, and even the envelope of a fs pulse, are too fast for
direct electronic measurements. Thus, we need an optical signal Ir(t), ideally
faster than the signal Is(t) we want to measure. The cross correlation CC(τ) of
the two signals is defined as

CC(τ) =

∫ +∞

−∞
Is(t) Ir(t− τ) dt , (7.1)
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and for an infinity short reference signal Ir(t) = δ(t), we perfectly retrieve the
optical (intensity) signal, since CC(τ) = Is(τ) in this case. Another way to look
at this is through the Fourier transformed quantities

CC(ω) = Ir(ω) I
∗
s (ω) , (7.2)

where the signal I∗s (ω) is retrieved by measuring the cross correlation CC(ω)
and dividing by the known reference Ir(ω). Again, we see that this will work
best for short reference pulses, corresponding to broad reference spectra, since
noise will otherwise dominate the measurement when Ir(ω) becomes small. For
the ideal case of Ir(t) = δ(t), the reference spectrum Ir(ω) is simply a constant,
thus infinity broad. However, even in this ideal case we do not gain any phase
information.

Often, there is no well known reference signal available to measure the cross
correlation. However, the signal Is(t) can be used as the reference itself, such
that Is(t) = Ir(t) = I(t). The cross correlation (7.1) then becomes the autocor-
relation

AC(τ) =

∫ +∞

−∞
I(t) I(t− τ) dt , (7.3)

which is always a symmetric function, hence containing only limited information
about the actual pulse shape, which might be asymmetric.

7.1.1 Interferometric autocorrelation
A simple Michelson interferometer can be used to measure the field autocorrela-
tion, also called first order autocorrelation, when one arm of the interferometer
has an adjustable length, thereby scanning the time delay τ between the pulsed
traveling in the two arms. The field autocorrelation

AC(1)(τ) =

∫ +∞

−∞
E(t)E∗(t− τ) dt , (7.4)

can then be detected on a photo-detector at the output of the interferometer as
illustrated in figure 7.1 (without the SGH crystal for the field AC). From the
Wiener–Khinchin theorem, we know that the Fourier transform of the autocor-
relation corresponds to the spectral intensity. In other words, the information
gained through first order autocorrelation is equivalent to measuring the spec-
trum, but does not contain any information on the pulse shape.

If we instead add a second harmonic generation (SHG) crystal in front of the
detector, and filter out the residual fundamental light, we get the second order
interferometric autocorrelation (IAC)

AC(2)(τ) = A0(τ) +Re[A1(τ) e
−iωcτ ] +Re[A2(τ) e

−2iωcτ ] , (7.5)

where we have written the field as a product of carrier frequency ωc and pulse
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Figure 7.1: Scheme of an interferometric autocorrelator or SHG FROG. The light
is sent through a Michelson interferometer, i.e. split by a beam splitter (BS)
in two arms, and reflected back by two corner cube reflectors (CC). One CC is
mounted on a delay stage to scan the length of this arm of the interferometer.
After the light is combined again in the beam splitter, it is focused in a SHG
crystal, and the fundamental light is blocked in a filter. The frequency doubled
light is detected on a photo-detector (PD) for the autocorrelation. Simply by
replacing the photo-detector with a spectrometer, the setup becomes a SHG
FROG.

envelope E(t) according to equation (3.4), and the three terms are given by

A0(τ) =

∫ +∞

−∞

[
2E4(t) + 4E2(t− τ) E2(t)

]
dt (7.6)

A1(τ) = 4

∫ +∞

−∞
E(t− τ) E(t)

[
E2(t− τ) + E2(t)

]
ei[φ(t−τ)−φ(t)] dt (7.7)

A2(τ) = 2

∫ +∞

−∞
E2(t− τ) E2(t) ei[φ(t−τ)−φ(t)] dt . (7.8)

From (7.5) we see that the second order autocorrelation signal AC(2)(τ) will
oscillate at different frequencies when varying the delay τ . The first term A0 is
the intensity autocorrelation with background, and is typically measured if the
detector is too slow to detect the faster oscillating terms A1 and A2. However,
it is only these terms A1 and A2, containing phase information.

For zero delay, we find

AC(2)(τ = 0) = 16

∫ +∞

−∞
E4(t) dt , (7.9)

and for no overlap between the two pulses

lim
τ→∞

AC(2)(τ) = 2

∫ +∞

−∞
E4(t) dt . (7.10)

Thus, the peak to background ratio for the second order interferometric auto-
correlation is 8 : 1. If only A0 is resolved, the signal to background ratio for the
intensity autocorrelation with background is 3 : 1.
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Figure 7.2: Interferometric autocorrelation measurement of Mira fs pulses. The
autocorrelation trace is measured on an oscilloscope and the time axis is con-
verted into position of the scanning mirror of the Michelson interferometer, using
a calibration measurement (inset). The pulse delay is then obtained by divid-
ing the position by the speed of light. The blue and red curve are Gaussian
least squares fits to the envelope and raw data (black) respectively. The red
curve can also be obtained by averaging over the fast oscillations and is equiva-
lent to the intensity autocorrelation A0, equation (7.6). The FWHM of the red
and blue fit is identical, as expected, and is 77 fs, corresponding to a close to
bandwidth-limited pulse length of 0.707 · 77 fs = 55 fs.

7.1.2 Mira IAC measurement
Figure 7.2 shows an interferometric SHG autocorrelation measurement of the
Mira fs laser pulses, when group velocity dispersion (GVD) is well compensated,
such that the pulses are close to bandwidth limited. The signal to background
ratio is not the ideal ratio of 8 : 1, probably due to imperfect alignment. The
autocorrelation trace is measured on an oscilloscope while the delay stage is
periodically moved back and forth at about 10Hz. The scope time axis is con-
verted into position of the scanning mirror of the Michelson interferometer, using
a calibration measurement shown as an inset in figure 7.2. The calibration is
obtained by moving the position of the corner cube (CC 1) by a known amount,
and observing the shift of the AC signal in time on the oscilloscope. The pulse
delay is then obtained by dividing the position by the speed of light. A Gaussian
least squares fit to the raw data is equivalent to averaging over the fast oscilla-
tions, and corresponds to the intensity autocorrelation A0, equation (7.6). The
FWHM is expected to be identical to the FWHM of the envelope, and is 77 fs
which corresponds to a pulse length of

τICA = 0.707 · 77 fs = 55 fs , (7.11)
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Figure 7.3: Interferometric autocorrelation measurement of Mira fs pulses with-
out GVD compensation. Compare with figure 7.2, showing a bandwidth-limited
pulse measurement.

where the factor 0.707 relates the FWHM of the AC signal to the underlying
signal width, in case of a Gaussian envelope. This should be compared with the
bandwidth limed pulse length obtained from the spectrum, shown in chapter 4.4,
figure 4.11b, with a width of 8.3THz for this autocorrelation measurement. For
a Gaussian envelope, the time-bandwidth product gives a pulse length of

τBWL = 0.441/8.3THz = 53 fs , (7.12)

very close to the measured pulse length, indicating almost perfect GVD compen-
sation. This is confirmed by the FROG measurements in the following section.

For comparison, figure 7.3 shows an interferometric autocorrelation measure-
ment of Mira fs pulses when the external dispersion compensation is bypassed.
The pulse is broadened and chirped, qualitatively observable from the very differ-
ent shape of the trace. As discussed, the exact pulse shape and phase cannot be
indistinguishably determined using autocorrelation, which is why I ultimately
used frequency resolved optical gating (FROG) for pulse characterization, as
described in the next section.

7.2 Frequency resolved optical gating
A sketch of a second harmonic generation FROG [A90, A91, B10, R21], is de-
picted in figure 7.1. An unknown laser pulse is split by a beam splitter into two
paths of similar length. One arm of the interferometer is adjustable in length
and the two pulses are focused in a SHG crystal. The resulting pulse with second
harmonic wavelength is sent into a spectrometer, and the length of the adjustable
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Figure 7.4: Scheme of a GRENOUILLE. Compared to the FROG, the beam
splitter, delay stage, and beam recombination elements are replaced by a prism,
and the thin SHG crystal and spectrometer are replaced by a thick SHG crystal
plus a CCD camera. This setup is cheaper, more compact, highly insensitive to
the beam alignment. Image by Patrick A. Berry, 2005 [X2]

delay stage is swept continuously. The setup is basically identical to an intensity
autocorrelator, with the photo-detector replaced by the spectrometer.

The same information can be gained in an experimentally easier to imple-
ment, and more robust setup, the GRENOUILLE1, sketched in figure 7.4 [A92,
A93]. In the GRENOUILLE, the beam splitter, delay stage, and beam recombi-
nation elements of the FROG are replaced by a prism, and the thin SHG crystal
and spectrometer are replaced by a thick SHG crystal plus a CCD camera. This
setup is cheaper, more compact, and more importantly, highly insensitive to the
beam alignment, which makes it easy and reliable to operate.

The gained information, as for the FROG, is usually displayed in a two
dimensional contour plot, with time-delay on one axis, wavelength or frequency
on the other axis, and the measured intensity encoded in color, as plotted in
figure 7.5a.

This 2-d image is then iteratively compared with an image calculated (fig-
ure 7.5b) from a hypothetical laser pulse, resulting in the measured image. The
algorithm to find the pulse resulting in the measured FROG trace is described
in ref. [R21]. In short, the electric field of the pulse, i.e. intensity and phase as
functions of time, must comply with two constraints. The first is the so called
data constraint, that means the pulse must generate the measured FROG trace.
The second constraint is the mathematical form constraint, that means the pulse
must be compatible with the known second harmonic generation process. Start-

1Grenouille is the French word for frog, and stands for Grating-eliminated no-nonsense
observation of ultrafast incident laser light e-fields.
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(a) Experimentally measured FROG trace.
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(b) Calculated trace as retrieved by the FROG al-
gorithm.
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(c) Retrieved spectral intensity and phase.
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(d) Retrieved temporal intensity and phase.

Figure 7.5: Measured and retrieved FROG traces of the Mira pulses, together
with the underlying spectral and temporal intensity and phase. The almost
constant spectral phase demonstrates almost perfect GVD compensation.
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ing from an initial pulse guess, the method of generalized projections is used,
to find the pulse matching both constraints. The information contained in a
FROG image is a two dimensional array, leading to a largely overdetermined set
of equations. This makes FROG very robust, and allows to check for consistency
using all the information in the image.

Figure 7.5c and 7.5d show the retrieved spectral and temporal intensity
and phase for the Mira laser with GVD compensation. the pulses are close
to bandwidth-limited, as can be seen from the almost constant phase φ � π.
The most significant residual contribution to the phase stems from higher or-
der dispersion, not GVD. The retrieved spectral width is slightly narrower than
what is measured with a dedicated spectrometer, as shown in chapter 4.4, and
the temporal pulse length of 62.7 fs appears slightly longer than the 55 fs mea-
sured using interferometric autocorrelation in the previous section. However,
the agreement within about 10% is satisfying.

The GRENOUILLE we are using is a Swamp Optics model 8-20-USB, speci-
fied for pulse lengths between 20 fs and 200 fs. I tried to measure the Menlo comb
using this device, but the SHG light is not enough to calculate the FROG trace.
This suggests that the Menlo pulses are longer than 200 fs, which is expected
from the fiber components with large GDD in the Menlo system, as described in
chapter 4.1. For the same reason, we were unable to retrieve an autocorrelation
measurement for the Menlo light.



Part III

Experiments with Ca+:
High Precision

Spectroscopy and Isotope
Shifts



I cannot define the real problem,
therefore I suspect there’s no real
problem, but I’m not sure there’s
no real problem.

Richard Feynman

8
Systematic Shifts in Ion Traps

In this chapter, I will discuss systematic effects perturbing the high precision
spectroscopy measurements presented in chapter 13. Systematic frequency shifts
in ion traps have been extensively studied experimentally [A94, A95, R22] as
well as theoretically [A96, A97]. The main interest often is to implement a
frequency standard based on an optical transition in a single trapped ion. One
candidate is the 40Ca+ |S1/2〉 → |D5/2〉 “clock” transition at 411THz [A88,
A98, R23]. The goal in accuracy of such a clock is often stated to be 1× 10−18,
implying that systematic shifts need to be controlled better than 1mHz. For
the D-finestructure transition in Ca+ at 1.8THz, with our current experimental
statistical uncertainties on the 10Hz level, we reach a relative precision of about
5× 10−12. As we will see in the following sections, only the second order Zeeman
shift is relevant on this level of precision, while many other effects contribute
only to negligible shifts.

8.1 Zeeman shift
When an atom is exposed to an external magnetic field, its energy levels are
perturbed by the Zeeman effect. For the calcium ion in our Paul trap, we are
interested in the shift caused by the applied magnetic field of about 6.5G, a weak
field compared to the atom’s internal magnetic field. In this case, the external
magnetic field can be treated by perturbation theory with the zero order states
being the ones found in the LS coupling approximation.

In the following, I will calculate the first order energy shift, the well known
linear Zeeman shift E(1), and the second order Zeeman shift E(2), sometimes
also referred to as the quadratic Zeeman shift. The perturbation Hamiltonian
can be written as [B11]

HM = B
µB

h̄
(Lz + gsSz) . (8.1)
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The zero order states are given by the quantum numbers |n l j mj〉. These states
are not eigenstates of HM , so that we need a few steps to evaluate the matrix
elements. For the following equations, I will start with the approximation for
the spin g-factor gs = 2.

8.1.1 Linear Zeeman shift
For the first order term, we evaluate

E(1) = 〈n l j mj |HM |n l j mj〉 . (8.2)

Jz can be expressed as Jz = Lz + Sz (for gs = 2), and we can rewrite HM as

HM = B
µB

h̄
(Jz + Sz) , (8.3)

so that the first term in (8.2) is trivially evaluated to

E(1) = BµBmj +BµB 〈n l j mj |Sz/h̄|n l j mj〉 . (8.4)

To calculate the expectation value of Sz, we need to express our states as linear
combinations of eigenstates of ms. We know that s = 1/2 and j = l± 1/2, with
mj = ml +ms. These linear combinations are then

|j = l + 1/2,mj〉 =+

(
l + 1/2 +mj

2l + 1

)1/2

|ml = mj − 1/2,ms = +1/2〉

+

(
l + 1/2−mj

2l + 1

)1/2

|ml = mj + 1/2,ms = −1/2〉

|j = l − 1/2,mj〉 =−
(
l + 1/2−mj

2l + 1

)1/2

|ml = mj − 1/2,ms = +1/2〉

+

(
l + 1/2 +mj

2l + 1

)1/2

|ml = mj + 1/2,ms = −1/2〉 .

(8.5)

In this basis, it is now straight forward to evaluate (8.4) since

Sz |n lml ms〉 = h̄ms |n lml ms〉 , (8.6)

and, after simplifying the result, we find

E(1) = gjBµBmj , (8.7)

where gj is the so-called Landé g-factor

gj =
2j + 1

2l + 1
. (8.8)

If we instead carry through the exact spin g-factor gs 6= 2, the exact Landé
g-factor becomes

gj =
2j + (gs − 1)

2l + 1
= 1± gs − 1

2l + 1
, (8.9)

for j = l ± 1/2. We see that the linear Zeeman effect lifts the mj degeneracy,
and splits each finestructure level into 2j+1 Zeeman sub-states each, separated
by the Zeeman splitting

∆νZ = gjBµB/h . (8.10)
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Table 8.1: Linear Zeeman shift for Calcium. Given are approximate Landé g-
factors (8.8), Zeeman splittings (8.10) per Gauss, as well as Zeeman splittings
for our typical magnetic field of 6.5G.

State gj approx. ∆νZ [MHz/G] ∆νZ [MHz/6.5G]

S1/2 2 2.802 18.22
P1/2 2/3 0.934 6.072
P3/2 4/3 1.867 12.14
D3/2 4/5 1.120 7.282
D5/2 6/5 1.680 10.92

Approximate values for the Landé g-factor (8.8) and the Zeeman splitting per
Gauss for the relevant states of the calcium ion are summarized in table 8.1.
The spectroscopy on the |S1/2〉 → |D5/2〉 and |D5/2〉 → |D3/2〉 transitions, as
presented in chapter 11 and 13, is Zeeman resolved.

8.1.2 Second order Zeeman shift
The second order Zeeman shift is calculated via second order perturbation theory
as

E
(2)
β =

∑
β 6=γ

∣∣〈β0|HM |γ0〉
∣∣2

E
(0)
β − E

(0)
γ

, (8.11)

where β, γ each represent one state |n l j mj〉. We use the linear combinations
(8.5) to evaluate this expression for the D-finestructure states β = |n = 3, l = 2, j = l ± 1/2,mj〉
and find

E
(2)
D5/2 =

1
25

(
5/2−mj

) (
5/2 +mj

)
∆EDD

(BµB)
2 , (8.12)

and
E

(2)
D3/2 = −E

(2)
D5/2 . (8.13)

This result only depends onmj . States with the samemj within the finestructure
doublet mix and repel each other in energy, so that we get a positive shift of
the D-finestructure transition. Note that the |D5/2, mj = ±5/2〉 states do not
experience a second order shift, since there is no state to couple to in the D3/2

manifold. In the same sense, the |S1/2〉 states do not experience a second order
Zeeman shift, since the interaction Hamiltonian (8.3) only mixes states with the
same j and mj value.

The frequency shift of the D5/2 levels can be written in a simplified form as

∆νZ2 =
6

25
K for m =±1/2

∆νZ2 =
4

25
K for m =±3/2

∆νZ2 = 0 for m =±5/2

(8.14)

with
K =

µ2
B

h2νDD
B2 , (8.15)
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where νDD is the D-finestructure splitting frequency. This expression was used
by other authors to calculate the second order Zeeman shift in 88Sr+ [A99, sec.
E] [A94, sec. F]. For Ca+ we calculate

∆νZ2 = 258mHzG−2 for m =±1/2
∆νZ2 = 172mHzG−2 for m =±3/2

(8.16)

and for a typical magnetic field in our trap of B = 6.5G:

∆νZ2 = 10.9Hz for m =±1/2
∆νZ2 = 7.28Hz for m =±3/2 .

(8.17)

Note that these shifts have to be added to those of the |D3/2〉 state for fine-
structure transitions where both levels are shifted. For the |D5/2,m = ±1/2〉
→ |D3/2,m = ±1/2〉 and |D5/2,m = ±3/2〉→ |D3/2,m = ±3/2〉 transitions, we
get the total shifts of

∆νZ2(D5/2,m = ±1/2)−∆νeq(D3/2,m = ±1/2) =+21.833(31)Hz (8.18)
∆νZ2(D5/2,m = ±3/2)−∆νeq(D3/2,m = ±3/2) =+14.555(21)Hz , (8.19)

where the error is conservatively estimated based on a long term stability of the
magnetic field of better than 10−3.

8.2 Electric quadrupole shift
The electric quadrupole moment originates from a deviation of the charge dis-
tribution from spherical symmetry. The interaction of a given state’s atomic
electric quadrupole moment with an electric quadrupole field introduces a fre-
quency shift ∆νeq of typically a few Hertz in ion traps [A95]. More precisely,
the shift of a magnetic sub-state |Dj ,mj〉 is given by

h̄∆νeq =
1

4

dEz

dz
Θ(D, j)

j(j + 1)− 3m2
j

j(2j − 1)

(
3 cos2 β − 1

)
, (8.20)

where dEz

dz is the electric field gradient along the field’s symmetry axis z, β is the
angle between the quantization axis (magnetic field) and z, and Θ(D, j) is the
quadrupole moment in terms of the reduced quadrupole matrix element [A95,
A96]. For the S-D clock transition, the shift is solely due to the shift of the D
level, since the S level is spherically symmetric and therefore does not experience
this shift.

The Ca+ quadrupole moment was experimentally measured to beΘ
(
3d, 5/2

)
=

1.83(1) ea20, where e is the elementary electric charge, and a0 is the Bohr radius
[A95]. Theoretical values are [A97]

Θ
(
3d, 3/2

)
= 1.289(11) ea20

Θ
(
3d, 5/2

)
= 1.849(17) ea20

(8.21)

and other authors calculate less precise but similar values [A100, A101, A102].
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The electric potential in the center of a quadrupole ion trap can be written
as [A103]

φ = (QDC +QAC cosΩt)
(
x2 + y2 − 2z2

)
where QDC and QAC are the constant, and time varying field components, re-
spectively, Ω is the RF frequency and z is the symmetry axis of the trap. The
electric field gradient then becomes

dEz

dz
=

d2φ

dz2
= QDC . (8.22)

We can calculate QDC based on the trap frequency ωz

QDC = ω2
z

m

e
, (8.23)

where e is the electron charge and m is the mass of the ion. For 40Ca+ and the
trap frequency ωz = (2π) 509.1 kHz, I calculate

QDC =
dEz

dz
= 4.24× 106 Vm−2 , (8.24)

which results in an electric quadrupole shift of

∆νeq(D3/2, mj = ±1/2) = −5.810Hz

∆νeq(D3/2, mj = ±3/2) = +5.810Hz

∆νeq(D5/2, mj = ±1/2) = −6.599Hz

∆νeq(D5/2, mj = ±3/2) = −1.650Hz

and thus a total shift of the |D5/2, mj = ±1/2〉 → |D3/2, mj = ±1/2〉 and
|D5/2, mj = ±3/2〉 → |D3/2, mj = ±3/2〉 transitions of

∆νeq(D5/2,mj = ±1/2)−∆νeq(D3/2,mj = ±1/2) = −0.789Hz

∆νeq(D5/2,mj = ±3/2)−∆νeq(D3/2,mj = ±3/2) = −7.460Hz .
(8.25)

8.3 Black body radiation
Black body radiation (BBR) emitted by the environment of the ion in the trap
causes additional shifts. The spectrum of BBR at room temperature is mostly
far in the infrared, so that this field can be treated as almost constant in time
for optical transitions. The time averaged BBR electric field E and magnetic
field B squared can be approximated as [A104]

〈E2(t)〉 =
(
831.9Vm−1

)2(T (K)

300

)4

, (8.26)

and

〈B2(t)〉 = (2.8 µT)2
(
T (K)

300

)4

, (8.27)

where T (K) is the temperature in Kelvin. Shifts are then calculated based on
the (DC) second order Stark, and second order Zeeman effect [A105, A106, A99,
R24].
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8.3.1 Electric field contribution
The electric field BBR shift can be expressed in terms of the static electric dipole
polarizability α0 and the electric field squared from (8.26) as

∆νBBR ≈ −1

2
〈E2(t)〉α0 . (8.28)

Calculations predict the polarizabilities of the Dj states in 40Ca+ to be [A105]

α0(D3/2) = 32.0(3)a30

α0(D5/2) = 31.8(3)a30 .
(8.29)

At room temperature (T = 300K), the shift of each Dj level is

∆νBBR(D3/2) ≈ −276(3)mHz

∆νBBR(D5/2) ≈ −274(3)mHz ,
(8.30)

and the differential shift

∆νBBR(D5/2)−∆νBBR(D3/2) = 2(4)mHz , (8.31)

vanishes within the uncertainty. Even if we consider that the trap electrodes
might be warmer due to the RF power dissipation, we only get a factor of(
4/3
)4 ≈ 3 higher shift for a 400K environment. Note that α0 is usually given

in cgs units and can be converted to SI units via

α0(SI) = α0(cgs) · a30 · 4πε0 , (8.32)

where a0 is the Bohr radius and ε0 is the vacuum permittivity.

8.3.2 Magnetic field contribution
Evaluating equation (8.27) for a temperature of 400K results in an averaged
magnetic field squared of 2.5× 10−3 G2. This results in a negligible, sub-mHz
second order Zeeman shift (8.15) for our Ca+ D-finestructure transitions.

8.4 Relativistic shifts
The relativistic Doppler shift is given by

∆νD
ν

=
1

γ
(
1− v||

c

) − 1 , (8.33)

where γ = 1/
√
1− v2/c2, and can be approximated for v � c to

∆νD
ν

≈
v||

c
− v2

2 c2
+O

(
v3
)
. (8.34)
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8.4.1 Linear Doppler shift
A linear motion of the ion along the trap axis with velocity v|| could be caused
by slow charging or electric potential changes in the trap [R22], and would lead
to a linear Doppler shift of

∆νD1

ν
=

v||

c
. (8.35)

A constant motion of 1 µms−1, an very high upper limit, which would be easily
observable on the CCD camera, would only lead to a negligible relative shift of
3.3× 10−15.

8.4.2 Second order Doppler shift
The second term in (8.33) is independent of the direction of the motion and
reflects the relativistic time dilation the ion experiences in the moving reference
frame. For the harmonic motion in the trap, the second order Doppler shift can
be expressed in terms of the ion’s temperature as [R25, eq. 29]

∆νD2

ν
= − EK

mc2
= −3

2
kBT

1

mc2
, (8.36)

which results in a negligible relative shift of −3.5× 10−15 K−1 for 40Ca+ .
Excess micromotion could theoretically lead to high average ion velocities,

causing significant second order Doppler shifts [A3, R25, A107]. However, mi-
cromotion can be well compensated for a single ion, as used in our experiments.
Micromotion along the Doppler cooling laser direction is easily detected by ob-
serving fluorescence oscillations when the imaging system is gated at the trap RF
frequency. Axial micromotion can be extremely well compensated by observing
the relative strength of RF sidebands on the well resolved 729 nm transition [T3].
Both aforementioned methods are not directly sensitive to a hypothetical motion
of the ion along the vertical direction, towards the imaging system and perpen-
dicular to the 729 nm laser. However, all motional directions are coupled for
larger motional amplitudes due to the nonharmonic trapping potential, leading
to a motion along one of the directions we are sensitive to. In total, we evaluated
all micromotion related second order Doppler shifts to smaller than 10−15 in our
experiments. During this evaluation, we also bound the Stark shift, caused by
the trapping potential for an ion displaced from the RF-null to be negligible in
our setup.

8.4.3 Gravitational shift
The gravitational shift on the earth’s surface for small height changes ∆h is
given by

∆ν

ν
=

g∆h

c2
= 1.1× 10−16 m−1 , (8.37)

where g = 9.82m s−1 is the local acceleration due to gravity. Experimentally, a
shift due to a change in height of 1m has been demonstrated to be measurable
using two Al+ clocks [R22].
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In our laboratory, we use a GPS referenced clock, as described in chapter 5,
thereby taking the location of the clock into account, and rendering this shift
negligible for our measurements.

8.5 Frequency reference
One major source of systematic error is our GPS disciplined rubidium clock, used
as frequency reference for all optical transition measurements. This frequency
standard is analyzed in detail in chapter 5, and turns out to be the main limiting
factor in total accuracy. However, this is a technical issue and not a fundamental
limitation of the methods presented in this thesis.

8.6 Light shifts
Residual light on the ion during spectroscopy leads to light shifts due to off-
resonant coupling to other states in the atom. While running experiments, we
turn off the room lights and other light sources in the room, as well as the ion
gauge in the vacuum chamber, which produces IR radiation due to its heated
filament. Most important, however, is to block all other lasers while exposing
the ion to the spectroscopy laser. In the following, I discuss how potential light
shifts, of each laser used in the experiment, are avoided or quantified.

8.6.1 866 nm and 854 nm repumpers
For the repumpers at 866 nm and 854 nm, described in chapter 9.2.5, mechanical
shutters1 directly on the laser table perfectly block the beam to the trap fibers
after initial Doppler and sideband cooling, thus not contributing to any light
shifts.

8.6.2 397 nm Doppler cooling laser
The 397 nm Doppler cooling laser is shuttered via a double-passed AOM with an
extinction ratio of below 6× 10−6. In the worst case scenario, the residual light
leads to an Autler-Townes splitting [A108] on the order of the Rabi frequency
of the |S1/2〉 → |P1/2〉 transition. Since we usually operate the Doppler cooling
laser at the saturation intensity of the |S1/2〉 → |P1/2〉 transition, the Rabi
frequency will be on the same order as the 22MHz linewidth. With the AOM
shut off, the residual shift of the |S1/2〉 states will be well below the 1 kHz level,
negligible for spectroscopy with the 729 nm laser, as discussed in chapter 11.
For the frequency comb spectroscopy, light shifts are negligible due to the large
detuning from any transition involving one of the D-finestructure states.

8.6.3 729 nm spectroscopy laser
During frequency comb spectroscopy, the 729 nm laser needs to be blocked after
preparing the |D5/2〉 state. The laser is shuttered by a double-passed AOM,

1Uniblitz LS2
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with a measured extinction ratio of 1× 10−6, and the quadrupole nature of the
|S1/2〉 → |D5/2〉 transition results in negligible, sub-Hertz light shifts for light
leaking through the turned off AOM. Additionally, we use a wavelength low-pass
filter, as characterized in chapter 4.4.1, to block any light above 835 nm, possibly
emitted by the tapered amplifier of the 729 nm laser system, which could couple
on one of the D-P dipole allowed transitions.

8.6.4 866 nm light shift laser
The most delicate issue is the 866 nm light shift laser. This laser is used during
frequency comb spectroscopy, as explained in chapter 13, hence it cannot be
blocked with a slow mechanical shutter as the two repump lasers. It can, how-
ever, be completely ignored for spectroscopy on the |S1/2〉 → |D5/2〉 transition,
where the frequency comb is not involved, and the 866 nm light shift laser is
turned off, or is mechanically blocked. When the laser is turned on, using two
separate AOMs in succession, the differential light shift on the D-finestructure
transition was measured to ≈ 1 kHz per µW of power before the trap chamber,
for a detuning of 2GHz to the 866 nm repump transition. The extinction ratio of
the AOMs was measured to be below 3× 10−6, and the maximum power on the
trap table is reduced using ND filters to below 100µW, resulting in sub-Hertz
residual light shifts.

To verify that this laser has no effect on the D-finestructure spectroscopy, we
compare the D-finestructure frequency measured for two different experiments;
One with the 866 nm light shift laser detuned by +1GHz, and one with a detun-
ing of −1GHz. For these measurements, the 866 nm laser was set to ≈ 10 times
the laser power used in the regular spectroscopy experiments, thereby multi-
plying the potential, unwanted shift of the D-finestructure measurements by a
factor of 10. Residual light shifts would then be visible as a discrepancy in tran-
sition frequency of the two measurements. At one fixed frequency comb power,
we measured the D-finestructure transition for both 866 nm laser detunings, and
the result agrees within (14± 41)Hz. For the real spectroscopy measurements,
this value has to be downscaled by a factor of 2 for twice the detuning (2GHz
normally), another factor 2 for ± detuning, and a factor of 10 for the power,
resulting in an estimated residual light shift of (14± 41)Hz/40 = (0.3± 1.0)Hz.

8.7 Conclusion
In conclusion, all discussed shifts, except for the second order Zeeman shift,
contribute less than 1Hz to the spectroscopy measurements. The second or-
der Zeeman shift of +21.8Hz on the frequency comb driven |D5/2,m = ±1/2〉
→ |D3/2,m = ±1/2〉 transition will be subtracted from the experimentally de-
termined D-finestructure frequency in chapter 13.5. The second order Zeeman
shift of −7.3Hz on the 729 nm |S1/2,m = ±1/2〉→ |D5/2,m = ∓3/2〉 transition
is negligible compared to the experimental uncertainty of 2 kHz, as discussed in
chapter 11.



9
Experimental Setup

The presented experiments were conducted in the Ion Trap Group “Molecule Lab”.
This chapter gives an overview of the general setup, and highlights the parts
specific to the described measurements. Section 9.1 discusses the trap setup,
including the vacuum chamber with the laser beam geometry, the linear Paul
trap, the atom oven and the imaging system. Special attention is given to
the magnetic field configuration, and the compensation of stray fields. The
following section 9.2, describes the lasers used in the experiment, apart from
the frequency combs already discussed in chapter 4, highlighting the newly im-
plemented absolute frequency referencing of the 729 nm shelving laser. Lastly,
section 9.3 explains the experimental soft- and hardware control, emphasizing
the new databased storage of experimental data and the level of automation
reached during the last three years.

9.1 Trap table
The heart of the experiment, the linear Paul trap, is described in section 9.1.2,
and is mounted in a vacuum chamber with good optical access for lasers. The
chamber’s geometry is detailed in section 9.1.1. Above the chamber an imag-
ing system collects the ion’s fluorescence through the top viewport for state
detection, as described in section 9.1.4. Around the vacuum chamber, magnetic
field coils provide a well defined quantization axis and Zeeman splitting which
is discussed in section 9.1.5. No lasers are mounted directly on the trap table.
Polarization optics and lenses shape the laser light, mostly arriving via optical
fibers on the table. A general description of laser beam paths and their physical
location is given in section 9.2.
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Figure 9.1: Top view of the vacuum chamber with labeled ports. The direction
of the different lasers is also indicated. Graphic adapted from ref. [T6].
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9.1.1 Vacuum chamber
The heart of the experiment is the vacuum chamber, housing the linear Paul
trap, and granting optical access via different viewports. A schematic drawing
is shown in figure 9.1. Horizontal optical access is possible via 7 viewports. The
two axial ports are aligned with the trap axis, and are used for lasers interacting
with the motion of the ion. This includes the 729 nm sideband cooling laser, as
well as for future experiments with quantum logic spectroscopy on MgH+ , also
the frequency comb and quantum cascade laser. These future experiments are
describe in chapter 15. At the moment, also the 866 nm and 854 nm repumpers
are sent in via an axial port, which we might want to change in the future due
of space constraints.

One of the two transverse ports is currently used by the 866 nm light shift
laser, only relevant for experiments with Ca+ involving the frequency comb.

The 45° port next to the pressure gauge1 is used for the ionization lasers.
This port is oriented 90° to the atom oven (see section 9.1.3), making the ioniza-
tion process insensitive to first order Doppler broadening, and thereby enabling
isotope selective loading, as explained in section 10.1.1. The second 45° laser
port is used by the 397 nm Doppler cooling beam. This geometry results in a
nonzero projection on all trap axes, allowing 3D Doppler cooling with a single
beam. The last viewport is intended for a photomultiplier tube (PMT), not used
in our current experiments. A lens is placed inside the chamber before this port
to collect as many fluorescence photons as possible.

A piece of fiber on a 3D translation stage is mounted on one of the ports to
help aligning new lasers. This alignment fiber simply acts as a small scattering
target (125µm diameter), which can be very precisely positioned in the known
center of the trap. In this way, initial alignment of new laser beams, such as the
frequency comb light2, is simplified considerably.

The other ports are occupied by a rest gas analyzer, an electron gun, and a
liquid nitrogen container, all not used in the experiments presented in this thesis.
Under the table, an ion getter pump3 is sufficient to maintain the pressure of
typically 2× 10−10 mbar in the chamber. A leak valve, which will be used to
create MgH+ , is also available. More details can be found in the thesis of Niels
Kjærgaard, who designed the experiment around the year 2000 [T6, ch. 7].

9.1.2 Linear Paul trap
The linear Paul trap was designed by Niels Kjærgaard around the year 2000 [T6]
(see details herein), and its geometric and typical operational parameters are
listed in table 9.1. On an international scale, the trap is large, originally built
to trap large Coulomb crystals with a large area where the potential can be
assumed harmonic. However, the high precision measurements I conducted on
single ions in this trap demonstrate its versatility.

The trap electrodes are constructed from gold-coated stainless steel rods, held
in place by Macor mountings. Each rod is separated into three segments, with

1AML UHV Bayard-Alpert, measures typically 2× 10−10 mbar
2about 1mW of power is necessary to see the light on the CCD camera. Too high intensities

might damage the fiber!
3Leybold IZ 270
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5.4 mm

Figure 9.2: Photo of the linear Paul trap adapted from Niels Kjærgaard’s the-
sis [T6].

Table 9.1: Geometrical and typical operational parameters of the linear Paul
trap for 40Ca+ .

Quantity Typical value
z0 2.70mm
r0 3.50mm
R 4.00mm
ze 20.00mm
κ 0.248mm
ΩRF 2π · 4.682MHz

Quantity Typical value
a 0.023
q 0.49
Vend 60V
VRF 1090V
ωz 2π · 509.1 kHz
ωr 2π · 730 kHz

a center electrode of a length of 5.40mm. The rods have a diameter of 8mm,
and opposite electrodes are separated by 7mm. The resonance RC frequency is
at 4.682MHz.

The trap frequency along the trap axis can be determined via two meth-
ods. One is to pulse the Doppler cooling laser at roughly the trap frequency,
thereby driving the harmonic motion of the ion. This pulsing is conveniently
achieved by sending a continuous TTL square-wave to the RF switch feeding
the AOM amplifier for the 397 nm laser. When we hit the resonance, the mo-
tional amplitude of the ion behaving as a driven oscillator increases to a point,
where the fluorescence significantly drops due to the Doppler effect shifting the
light out of resonance. This method allows to determine the trap frequency
with about 100Hz accuracy, simply by manually adjusting the pulse frequency
of the Doppler cooling beam. In our trap, we find ωz = 2π · 509.1 kHz. A sec-
ond method is driving motional sideband transitions with the 729 nm laser, with
a similar accuracy as the previous method. For the radial direction, we find
ωr = 2π · 730 kHz.

The trap electrodes are supplied by a homebuilt mixer, combining DC and RF
potentials on all 12 electrodes. During the last three years, my colleague Karin
Fisher developed and implemented a new programmable DC-supply, capable of
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ramping the 12 DC potentials individually. Thereby, the trapping potential can
be adiabatically lowered and raised during experimental sequences, which will
be beneficial for future experiments with molecular ions, as detailed in Karin’s
thesis [T3].

9.1.3 Atom oven
The Ca+ ions (and Mg+ for future experiments) are produced via ionization of
an effusive beam, emitted by a simple atom oven, containing a Ca sample with
all naturally abundant isotopes. Typically, the Ca+ oven4 heating wires are
supplied with a current of 5A to heat the oven to 300 ◦C. Skimmers restrict the
flow of neutral atoms to the center of the trap where they are isotope selectively
ionized and trapped. The oven temperature is monitored by thermocouples, read
out by a raspberry pi, which is continuously storing the measured temperature
in our SQL database (see section 9.3.4).

9.1.4 Imaging system
The ion’s fluorescence during Doppler cooling is collected on a CCD camera via
an imaging system. Just above the vacuum chamber, a custom compound lens5,
mounted on a micrometer translation stage focuses the ion’s fluorescence onto
an image intensifier6. The image intensifier is gateable at sub-harmonics of the
trap RF frequency to detect fluorescence modulation for micromotion compen-
sation [R25]. A commercial photography objective7 images the image intensifier
onto a CCD camera8. The total magnification can be roughly calibrated using
the known size of the alignment fiber, or more precisely via the distance of two
ions with known trap frequency. For the measurements in this thesis, we use an
imaging resolution of 0.677(3) camera pixels per µm [T3].

9.1.5 Magnetic field
State preparation on the |S1/2〉 → |D5/2〉 transition can be done using a fixed
729 nm polarization of 45° relative to the quantization axis, if the electronic lev-
els are split by the Zeeman effect more than the total linewidth of the transition.
Additionally, for sideband cooling, the Zeeman sub-states should be spaced much
larger than the motional sideband frequency, to avoid overlaps between higher
order sidebands of different Zeeman states. For high precision spectroscopy,
a well defined and stable magnetic field is essential. Previously, our trap was
equipped with only one magnetic field coil, placed on top of the imaging view-
port, generating a mostly vertical magnetic field.

I improved the magnetic field setup in several ways. First of all, I replaced the
old coil with a new, more sturdy one, tightly attached to the vacuum chamber,
as can be seen in the photograph in figure 9.3. The coil is driven by a current

4Be aware of the much lower Mg+ vapor pressure, never heat the Mg+ oven with 5A!
5About 7.5 cm distance to the ion, f = 70mm, NA = 0.28, not transparent for Mg+

fluorescence light!
6Proxitronic, BV 2581 BY-V 1N, gatable via custom electronic up to several MHz.
7Nikon AF Micro Nikkor 60mm f/2.8D
8PCO Sensicam QE, pixel size 6.45µm × 6.45µm
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Figure 9.3: Photo of the vacuum chamber with magnetic field coils.

Table 9.2: Specifications of new magnetic field coils.

Parameter DC quantization axis DC compensation AC compensation
Diameter 42 cm 10 cm ≈ 30 cm
Windings 100 400 ≈ 100mm
Distance to trap center 4.5 cm 23 cm ≈ 70mm
max current 4A (cable) 600mA (coil below 40 ◦C) was operated at 2A
compensated 2.170A (6.5G) 454mA (rad.) / 224mA (ax.) 214 µA

stabilized Toellner TOE 8852 power supply [O7], and generates a typical field of
6.5G at the center of the trap, when supplied with 2.170A. The wire between
coil and power supply is designed to withstand approximately twice the current
without becoming too hot9. According to table 8.1, a field of 6.5G splits the
D5/2 states by 10.92MHz, enough to separate the sidebands. A larger magnetic
field would split the two |S1/2〉 → |P1/2〉 transitions with ∆mj = 0 for Doppler
cooling more than the natural linewidth, rendering Doppler cooling with a single
397 nm laser inefficient to unfeasible.

Due to the earth’s magnetic field, and stray fields in the lab, compensation
coils are required to guarantee a geometrically strictly vertical quantization axis.
Due to space constraints, these coils are rather small, and placed as close to the
optical viewports as possible along the trap axis, and perpendicular to it, as can
be seen in figure 9.3. These coils are supplied by a second, identical, 2-channel

9The temperature of the coils has to be monitored whenever it is increased above its current
values!
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Figure 9.4: Magnetic field compensation. First, the axial compensation (red)
current was scanned to find the minimum using a Gaussian fit. Then the radial
compensation current (blue) was scanned to find the minimum. The process
was iterated once more for the axial current (green). When the field is that well
optimized, Doppler cooling does basically not work anymore and the crystal
heats.

Toellner power supply.
The absolute magnetic field amplitude can easily be measured by probing

two different |S1/2〉 → |D5/2〉 Zeeman transitions and using equation (8.10).
The proper vertical alignment is a bit more difficult to adjust; We exploit the
fact that the 866 nm laser cannot repump population on the |D3/2, mj = ±3/2〉
→ |P1/2, mj = ±1/2〉 transition, if the laser is perfectly linearly polarized along
the quantization axis. The |D3/2, mj = ±3/2〉 states become dark states, and
do no longer fluoresce during Doppler cooling [A109].

To align the quantization axis vertically, we align and clean up the 866 nm
laser polarization vertically using a Glan-Taylor polarizer with a specified ex-
tinction ratio of 100 000 : 1. Now, we scan the current in the compensation coil,
and find a minimum in fluorescence of a trapped and Doppler cooled Coulomb
crystal. Such a scan is plotted in figure 9.4. In an iterative process, finding the
fluorescence minimum for the axial and radial compensation one after the other,
the fluorescence minimum can be found with 10mA precision. This corresponds
to a magnetic field accuracy of 5mG at a distance of 23 cm, corresponding to
the center of the trap [A110, eq. 1 and 2].

Not all stray fields in the lab are static, and noise at 50Hz, emitted by
most devices and cables connected to the mains power, is still and issue. I
compensate this noise along the quantization axis, by feeding a separate coil
aligned on the quantization axis with a current directly derived from the mains.
This current is provided by simple, homebuilt electronics, mixing the 3 phases
from a 400V socket, with variable gain after transforming each phase separately
to 9V. Thereby, the phase of the compensation current can be adjusted to the
phase of the measured magnetic field noise.

The noise becomes visible during |S1/2〉 → |D5/2〉 spectroscopy, when the
spectroscopy pulse is timed at different phases relative to the 50Hz mains. Fig-
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Figure 9.5: AC magnetic field compensation. The AC noise from the mains is
compensated by applying a field with the same amplitude and apposite phase.

ure 9.5 shows such a spectroscopy measurement. The data plotted in red was
taken without any compensation and nicely fits a 50Hz sine wave, whereas the
data in blue shows a measurement after compensation. From an initial shift on
the |S1/2, mj = −1/2〉 → |D5/2, mj = −5/2〉 shelving transition of 5 kHz peak
to peak, we compensate to less than 1 kHz. According to eq.(8.7), the shift on
the shelving transition is −2.8MHzG−1, corresponding to 360µG/kHz shift.

9.2 Laser systems
Here I describe the laser systems used in the experiments presented in this thesis,
and focus on the aspects most relevant and unique for this work and point to
previous theses in the Ion Trap Group when applicable.

9.2.1 Beam paths, fibers, and lab layout
No lasers are placed directly on the main experiment trap table. Instead, laser
light is reaching this table via free space beam paths or optical fibers. The only
laser hosted in the same laboratory as the trap is the Mira fs laser described in
chapter 4.2, located on a separate optical table. This light is sent free space to
the trap table, where the polarization is defined with a Glan-Taylor prism, and
the laser power can be adjusted with a motorized filter ND wheel10.

The other frequency comb, the Menlo system described in chapter 4.1, is
located in a separate room across the corridor. The light from the Menlo laser is
sent through the corridor in a metal tube, protecting it from air disturbances, to
the Mira laser table in the Molecule Lab. In this way, parts of the beam path to
the trap can be shared by the Mira and Menlo laser, especially the mechanical
shutter, polarizer, and final focusing lenses.

10Thorlabs FW102C, 6 exchangeable filter positions, VISA compatible programming inter-
face.
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All UV lasers, i.e. 272 nm for Ca+ ionization, 280 nm and 285 nm for Mg+

Doppler cooling and ionization, respectively, are located on one optical table in
the Main Laser Lab, next door to the Molecule Lab. Due to the lack of available
optical fibers for these wavelength, we send these beams free-space via 10 cm
diameter metal tubes to our trap.

The 729 nm and 397 nm lasers are also located on a separate table in the
Main Laser Lab and are sent via optical fibers to the Molecule Lab. Similary,
the 866 nm repump and light shift lasers, as well as the 854 nm repumper, are
located on a separate table in the Main Laser Lab and sent via optical fibers.
All fiber coupled lasers are also connected to the wavemeter via optical fibers.

9.2.2 Wavemeter
Most of the lasers in our lab are measured with a fiber-coupled HighFinesse
wavemeter11 with sub-MHz short terms relative accuracy and an absolute accu-
racy of several MHz.

The relative accuracy, i.e. the shot to shot measurement reproducibility,
is smaller than the linewidth of our diode lasers (except the 729 nm laser, see
section 9.2.6) and small compared to the natural linewidth of the addressed
transitions in Ca+ , which allows us to lock the lasers to the wavemeter reading.
The HighFinesse wavemeter software calculates an error signal based on the
wavemeter reading and the given target frequency, simulating a classical PID
controller. The control signal is generated by a digital to analog converter,
providing a voltage of maximal ±10V which can be used to feed back to the
piezo actuator or current of the laser being locked.

To achieve high absolute accuracy, the wavemeter is referenced to a sta-
bilized HeNe laser to which it recalibrates automatically once a minute. The
absolute accuracy, i.e. the discrepancy between measured frequency and real
light frequency, depends on the wavelength difference of measured frequency
and calibration frequency. The HeNe line at 473.613 016 16THz corresponds to
≈ 633 nm, well in the center of the most important wavelengths in Ca+ . The
measurement discrepancy at 397 nm and 866 nm is typically below 20MHz, so
that it can easily be corrected by adjusting the AOM frequencies of the corre-
sponding laser systems.

HighFinesse provides a DLL12 to interface to the wavemeter with external
software. I implemented a data logger, storing the measured frequencies, powers
etc. in a SQL database. This allows to check and verify proper operation of all
lasers after measurements on the ion were taken, especially for unattended over
night measurements. More details on data storage and analysis can be found in
section 9.3.4.

9.2.3 Ionization
For photo-ionization of Ca+ , we generate light at 272 nm13 by frequency dou-
bling the output of a fiber laser, operating at 1088 nm, to 544 nm and successive

11HighFinesse WS-Ultimate 2
12Microsoft Windows Dynamic-link library
13exact ionization frequencies for the different Ca+ isotopes can be found in table A.3
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frequency doubling to 272 nm in a second step. Both doubling stages are imple-
mented as bow-tie cavities and are described in detail in ref. [A111, ch. 5.1][T7,
ch. 3]. The green light at 544 nm is used to lock the fiber laser to the wavemeter
while the 544 nm cavity is locked by a Pound-Drever-Hall lock [A112] and the
272 nm cavity by Hänsch-Couillaud lock [A113] to keep the cavities resonant
with the corresponding fundamental light. The exact laser frequency can be
controlled with MHz precision simply by dialing in the target frequency in the
wavemeter locking interface. The 272 nm laser system allows isotope selective
loading of Ca+ as described in section 10.1.1.

9.2.4 Doppler cooling
The light for Doppler cooling Ca+ at 397 nm is produced by a Toptica DL Pro
diode laser system. The exact laser frequency is controlled by feeding back to
the piezo using the wavemeter lock, and using feed forward on the current to
prevent mode-hops. For the experiment, the light is shuttered, and shifted in
frequency by an AOM in double pass configuration. The zero order light of the
AOM is not dumped but instead is combined with the shifted light using a PBS,
and coupled into the same fiber going to the trap table. The zero order light
can be separately controlled by a Uniblitz LS2 mechanical shutter and is used
for far red detuned Doppler cooling as explained in section 10.2.1.

9.2.5 Repumpers
For Doppler cooling in Ca+ , the population from the |D3/2〉 state needs to be
transferred back in the 397 nm Doppler cooling cycle using a repump laser at
866 nm, and for sideband cooling, a repumper at 854 nm is needed to empty the
|D5/2〉 shelving level (see section 2.3.1).

Both lasers are homebuilt external cavity diode lasers, locked to the waveme-
ter, and shuttered and frequency shifted by AOMs. For spectroscopy, any resid-
ual light close to the measured Ca+ transition frequency will cause unwanted
light shifts, leading to systematic measurement errors, as discussed in chap-
ter 8.6. Mechanical shutters14 installed in the beam-paths of the repumpers
allow to completely block the light during high precision measurements.

Figure 9.6 shows the population of theD5/2 state after RAP state preparation
for different wait times before state readout. The mechanical shutters are not
used in this experiment, i.e. they are always open. The fit to an exponential
decay gives a lifetime of the |D5/2〉 state of

τD5/2 = 1.231(57) s , (9.1)

in agreement with the literature value of 1.168(7) s [A114]. This result shows
that, even without the mechanical shutters, scattering due to light leeking through
the shut off AOM is negligible. However, the mechanical shutters are an addi-
tional safety measure for spectroscopy.

14Uniblitz LS2 or LS6
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Figure 9.6: D decay thesis

9.2.6 Sideband cooling, state preparation, and |S1/2 → D5/2〉
spectroscopy

For sideband cooling, state preparation for the Raman experiments, and spec-
troscopy on the |S1/2 → D5/2〉 transition, a narrow and tunable light source at
729 nm is needed. We use a frequency stabilized and frequency narrowed Toptica
TA Pro laser system.

An AOM in minus first order double pass configuration in the beampath to
the trap is used to set the frequency and power of the light with µs precision,
controlled by the PPG as described in section 9.3.2

The laser is locked to an ultra-stable high finesse cavity, described in detail
in ref. [T4]. Based on direct spectroscopy on the |S1/2 → D5/2〉 transition in
Ca+ , and verified by a beatnote measurement with the Menlo frequency comb,
the linewidth is estimated to be sub-kHz. The narrow linewidth is required for
sideband cooling in order to resolve the ion’s motional sidebands, and is obvi-
ously desirable for high precision spectroscopy. As described in chapter 11, the
achieved linewidth of the laser is not the limiting factor for the spectroscopy.
The cavity has a free spectral range of 600MHz. The light going to the cavity
is shifted with a tunable AOM by 600MHz ± 300MHz, allowing to tune the
laser to an arbitrary frequency, independent of the cavity mode position in fre-
quency space. This flexibility turned out extremely useful for the isotope shift
measurements discussed in chapter 14.

The locking cavity is well isolated from the environment, but still shows a
slow drift over time. For measurements on the ion over several hours, this drift
needs to be continuously compensated. I implemented this drift compensation
by continuously monitoring the laser frequency via a beatnote measurement with
the Menlo frequency comb15 and feeding back to the AOM shifting the light to
the cavity. The logic is implemented in python and is also performing various
checks such as making sure that the laser frequency reading on the wavemeter is

15The Menlo comb needs to be optically locked for this purpose to achieve the necessary
absolute stability.
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Figure 9.7: Long term 729 cavity drift in terms of the AOM frequency keeping
the laser frequency stable. The average drift of the cavity is −2.23Hz s−1, or half
this value for the double pass AOM frequency. Outliers are false measurements.
The Menlo comb had to be sent in for repair at the end of 2016 which is why
there is no data available for about 3 months.

within a reasonable range, or that the beatnote measurement shows high enough
signal to noise for a reliable reading. If one of these checks fails, the software falls
back to an average drift correction value of −2.23Hz s−1.16 The AOM frequency
is adjusted once every 30 s by −2.23Hz s−1/2 · 30 s = −33.5Hz, corresponding
to an elongation of the cavity of

dL

dt
=

df

dt

L

c
= +1.86 nm s−1 . (9.2)

This value corresponds to the average long term drift as plotted in figure 9.7. A
zoom showing the drift over a few days together with the deviation from a linear
model is shown in figure 9.8. The fluctuations on the order of a few kHz can
be compensated via this feedback, keeping the laser stable within approximately
100Hz.

A wavelength low pass filter, with a sharp cutoff at 835 nm is placed before
the fiber-coupler to the trap table to block any light the laser might emit close to
the S1/2 → D5/2 or S1/2 → D3/2 transitions, which would lead to unwanted light
shifts in spectroscopy. The filter is the same model as is used for the frequency
comb light, described in more detail in chapter 4.4.1.

9.2.7 Light shift laser
For the frequency comb Raman experiments, we use a laser close to the 866 nm
transition to induce a light shift, essentially acting as a fast light switch, by
shifting the transition in and out of resonance with the frequency comb light,

16−2.23Hz s−1 = −134Hzmin−1 = −8.0 kHz h−1 = −193 kHz d−1 = −5.8MHzm−1 =
−70.4MHzy−1
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Figure 9.8: Short term 729 cavity drift. The deviation from a linear drift is within
a few kHz and is corrected via the frequency comb beatnote measurement.
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Figure 9.9: Spectroscopy on the |S1/2〉 → |D5/2〉 shelving transition with the
729 nm laser referenced to the Menlo frequency comb. The beatnote is kept
within ≈ 200Hz while the transition moves by about 2 kHz due to magnetic
field fluctuations.
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as described in chapter 12.1.2. The laser is a homebuilt 866 nm external cavity
diode laser, similar in design as the repumpers described in section 9.2.5. It
is locked to the wavemeter, typically with a detuning of 2.5GHz. The laser
occasionally mode-hops and changes frequency by about 5GHz, such that the
chosen detuning ensures off resonant light even in case of a mode-hop.

Since this laser is supposed to act as a fast switch, we cannot use any me-
chanical shutters to block residual light leaking through the AOM, as we do for
the repumpers. Instead, we guarantee a good extinction ratio when switching
the light, by using two separate AOMs in succession. The extinction ratio of the
AOMs was measured to be below 3× 10−6 with a Thorlabs fiber coupled power
meter17, and the residual light shift was tested as described in chapter 8.6.

Laser diodes typically show a broad pedestal of low intensity light over several
nanometers in wavelength, even when operating single mode. Even light at low
intensity, but very close to resonance, can lead to significant light shifts, which
is why we use a reflective diffraction grating, about 1.7m in front of the fiber-
coupler, to extinguish this spectral pedestal.

9.2.8 Frequency comb
For the work presented in this thesis, two independent frequency combs were
used. One is a repetition rate locked Coherent Mira Ti:Sapph fs laser system,
described in detail in chapter 4.2. The second system is a MenloSystems fiber
based frequency comb, described in detail in chapter 4.1. The frequency comb
light is focused on the ion with a typical beam waist of 30 µm (radius), calculated
from the measured laser power and measured frequency comb induced light shift
on the 729 nm transition, as discussed in chapter 11.4. In this thesis, I sometimes
refer to these laser systems just by “the Menlo comb” or “the Mira laser” or
similar.

9.2.9 Mg+ / MgH+ lasers
For future experiments with MgH+ we need light at 280 nm for Doppler cooling,
and 285 nm for ionization of Mg. During my PhD project, I already worked on
the existing laser systems to keep them operational. The Doppler cooling light
is generated by frequency quadrupling the light from a fiber laser at 1120 nm
in two separate SHG cavities. For ionization, we use a ring dye laser, pumped
by and Argon ion laser, to generate light at 570 nm, which is subsequently fre-
quency doubled in another SHG cavity. Both UV beams are combined with
perpendicular polarization and sent free space to the Molecule Lab.

9.3 Experimental control
Experimental control is implemented in a modular way, mostly separating the
logic layer from independent hardware modules. The data is stored in a SQL
database, and can be retrieved remotely via any database enabled software. For

17Thorlabs S151C - Compact Fiber Photodiode Power Sensor
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standard experiments, the data can be directly plotted in real-time via a custom
python software.

9.3.1 Logic control and software
The central software for experimental control is qControl, a GUI18 featured soft-
ware initially implemented by Gregers Poulsen [T4] and subsequently extended
by the following people working on the experiment.

qControl provides a basic programming interface to implement experimen-
tal sequences, i.e defining the timing of hardware events. Each sequence steps
through one defined parameter, for instance the AOM frequency of the 729 nm
laser for spectroscopy, or the pulse length of a laser for Rabi flopping. For each
value of the parameter, the hardware such as AOM power or DDS frequencies
is set up, and the programmable pulse generator (PPG) is programmed as ex-
plained in the following section. For each step of the parameter of choice, the
experiment is repeated, typically 100 times, to gather sufficient statistics on a
single ion experiment. Within the sequences, predefined blocks of code can be
used for reoccurring tasks, such as Doppler cooling or state readout, which makes
implementing new experiments straight forward.

On a daily basis, one interacts with qControl via its GUI, which presents
all experimental control parameters in a modular interface. Several different
experiments can be enqueued at the same time and are processed automatically.

Most of the hardware is interfaced via Ethernet on the lab network. When
qControl starts, it establishes and keeps alive a connection to each hardware
component, so that it is ready to use for experiments. We implemented most
hardware interfaces in a python package, qDAQ19, to have a semi-standardized
way to access devices. In this way, one device can easily be replaced by another
with similar functionality without major changes in the code.

9.3.2 Hardware control and timing
Hardware control can be categorized in time-critical and non time-critical events.
For non time-critial communication, most hardware is interfaced via the lab
network. For instance, before each experiment we set the DDS frequencies for
various AOMs, the camera exposure time etc.

Time critical events are programmed in a programmable pulse generator
(PPG) via qControl20. Our PPG is based on an open source design [O8, O9, S1,
S2, T8, T9], and features 32 TTL channels as well as two fully programmable
direct digital synthesizers (DDS). The TTL outputs are used to trigger previously
programmed hardware with µs precision. The DDS is controlling the 729 nm
laser experimental AOM and can produce amplitude as well as frequency shaped
pulses, which is used for rapid adiabatic passage state preparation, as described
in chapter 10.3.5.

For spectroscopy on the 729 nm |S1/2〉 → |D5/2〉 transition, the absolute ac-
curacy of the DDS is important. I measured the DDS output at several different

18Graphical user interface
19quantum data acquisition
20Repeated connection problems between qControl and the PPG could be linked to a bad

fiber switch connection in the past.
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frequencies on the Menlo frequency counter (see chapter 4.1.5). For any fre-
quency, the reading on the counter freal was below the frequency set in the PPG
fPPG

freal = fPPG ·
(
1− 8.0× 10−6

)
. (9.3)

For typical AOM frequencies on the order of 200MHz, this corresponds to an
error of 1.6 kHz, and a factor of two has to be taken into account for the double
pass setup. The frequency offset was measured on several days and showed only
negligible variations on the order of several Hz. The high precision |S1/2〉 →
|D5/2〉 spectroscopy measurements presented in chapter 11 have been corrected
for this discrepancy.

9.3.3 Automation
The presented experiments in this thesis rely on the proper operation of many
pieces of hardware which are distributed over three separate rooms. Especially
the number of lasers involved makes the experiments logistically challenging. We
put a lot of effort into automating as many parts of the experiment as possible.
This includes the real-time data analysis described in the following section, as
well as a hardware status monitor, notifying the experimenter immediately of
failed hardware. Here, I just want to describe two aspects of this automation in
more detail.

The first is an automated ionization and loading sequence. Especially load-
ing a single Ca+ ion with low natural abundance, such as 46Ca+ for the isotope
measurements presented in chapter 14, can take up to several hours. I imple-
mented a simple CCD image analysis algorithm, detecting the number of ions
in the trap. This enables qControl to send a pulse of 272 nm light for ionization
into the trap while trying to Doppler cool any ions produced in the process. If
the software detects a single, or alternatively exactly 2 ions for future experi-
ments, it stops the loading sequence. If more than the desired number of ions
are detected, the trap is automatically dumped by resetting the endcap voltages,
and the sequence starts over.

An even more valuable feature I implemented is the detection of erroneous
measurements during an experiment. Due to collisions with background gas,
the ion can be heated to a point where it is not visible on the CCD image
anymore, making it appear dark when trying to read out its internal quantum
state. These false data points make the analysis tedious, since these outliers need
to be removed and holes in the data appear. Luckily, these heating events can
be detected by statistically analyzing the sequence of (typically) n = 100 state
readouts. We expect the dark / light state readout to be binomially distributed.
Therefore, we can detect if there occurs a statistically unlikely long continuous
sequence of s dark counts, while the rest of the sequence shows on average a
probability smaller than 1 for the ion to be dark. If there was in total k out of
n dark counts and a sequence of s dark counts in a row, we first estimate the
underlying binomial probability for a dark count to be

pdark =
k

n
(9.4)
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and we discard and retake the data point if the probability of measuring s
successive dark counts

ps = psdark (9.5)

is smaller than 1%. Using this definition, we do not discard sequences with 99
out of 100 dark counts. After the sequence finished its (typically) 100 cycles, the
ion fluorescence is tested and the data point is retaken if the ion appears dark.
This eliminates the problem of not being able to detect collision events in a row
of 100% dark counts, what is physically allowed.

Finally, the optimization and automation of the experiment allows us to
take data fully automated over night since about one year ago, and all isotope
shift measurements on the |S1/2〉 → |D5/2〉 transition were taken over night to
minimize disturbances.

9.3.4 Data storage and access
Before I arrived at the Ion Trap group in Aarhus, qControl stored its config-
uration parameters and experimental results in local text files. Since then, we
optimized and automatized many aspects of the experiment up to a level allowing
us to take data unattended over night.

The large amount of data21 required a more sophisticated way of storing and
analyzing data in real-time, which is why I set up a mySQL database [O10] on a
separate server to store the data in a structured and easily accessible way. For
each experiment, the experiment’s results as well as the current configuration,
i.e. all experimental control parameters, are stored in the database.

The data can be accessed remotely via any database enabled software or
programming language. For real-time plotting and simple real-time analysis such
as standardized spectroscopy data or Rabi flopping, I wrote a python program,
qDataPlot22, which also allows to mark, comment and group measurements on
the spot for later detailed analysis.

Most of the more involved data analysis for this thesis was done using python,
in particular jupyter notebooks [O11, A115], pandas [A116, O12] and mat-
plotlib [O13, A117].

Since the implementation of the database as a backbone for data storage, we
also implemented many new data sources to continuously log to SQL. Examples
are temperature loggers based on Raspberry Pi [O14] and DS18B20 temperature
sensors [O15], wavemeter frequency reading and other parameters, Rb clock sta-
tus and control parameters, all Menlo frequency comb parameters and beatnote
measurements, and much more. All of this information stored in a common
database environment allows to easily combine or correlate large amounts of
data, or just to check for anomalies after data was taken over night.

21From June 2015 until August 2017, we recorded over 46 000 datasets.
22link



10
Experimental Procedures

This chapter explains the most important techniques used in the experiments
presented in this thesis. The isotope selective loading of Ca+ is discussed in sec-
tion 10.1.1, followed by the implementation of Doppler cooling in section 10.2.1.
Sideband cooling with the 729 nm laser, |S1/2〉 Zeeman state initialization, and
electron shelving is explained in section 10.2.2 to 10.3.2. Coherent manipulation
on the |S1/2〉 → |D5/2〉 transition is presented in section 10.3.4.

10.1 Neutral Ca and the Ca+ ion
10.1.1 Isotope selective loading of Ca

Figure 10.1: REMPI
scheme for isotope se-
lective ionization of Ca
from ref. [A118].

Each experiment in our trap obviously starts with
loading the ion(s). All the results presented in this
thesis were obtained by experimenting with single
ions. Most of the time, we experiment with 40Ca+

since it is the most abundant calcium isotope (see
table A.3), but especially for the isotope shift mea-
surements, presented in chapter 14, it is necessary to
be able to load any specific isotope by choice. This
isotope selective loading is facilitated by exciting the
Ca atoms on the 4s2 1S0 → 4s 5p 1P1 transition with
a 272 nm photon and subsequently ionizing the atom
with a second 272 nm or 397 nm photon in a 1 + 1
REMPI1 process as depicted in figure 10.1 [A118, T6].

Typical loading rates when heating the Ca oven
to 300 ◦C and turning on the ionization laser contin-
uously are on the order of tens ions per second for

1Resonance enhanced multi photon ionization



98 Experimental Procedures

40Ca+ . To load a single ion, we use a simple mechanical shutter to send a
pulse of light of controlled length2 on the ion and try to Doppler cool a possibly
trapped ion afterwards. This initial cooling time depends on the alignment of
the ionization and Doppler cooling beams relative to each other and relative to
the trap center. An ion produced far from the trap center has a large amount of
kinetic energy to be removed before it can scatter enough photons to be visible
on the CCD image.

10.1.2 The Ca+ ion
The electronic level structure of the 40Ca+ ion is depicted in figure 10.2, and
transition frequencies and decay rates are summarized in table 10.1.

Doppler cooling is performed on the |S1/2〉 → |P1/2〉 transition with a large
scattering rate and repumping on the |D5/2〉 → |P3/2〉 transition as explained in
section 10.2.1. Sideband cooling exploits the narrow linewidth of the |S1/2〉 →
|D5/2〉 transition as discussed in section 10.2.2. Raman spectroscopy of the D-
finestructure with the frequency comb uses the |P3/2〉 state as virtual level for
the two-photon process. The tabulated decay rates are used for the calculations
of Raman Rabi frequencies and light shifts presented in chapter 12.

Table 10.1: Transitions between the lowest levels in 40Ca+. Wavelengths are in
vacuum λ = c/ν.

Transition Wavelength [nm] Frequency [THz] Γ/2π

4 2S1/2 − 4 2P1/2 397 755.222 765 896(88) j 21.57(8)MHz b

4 2S1/2 − 4 2P3/2 393 761.905 012 599(82) i 21.49(6)MHz d

3 2D3/2 − 4 2P1/2 866 346.000 234 867(96) k 1.482(8)MHz b

3 2D3/2 − 4 2P3/2 850 352.682 481 57(15) m 0.1520(10)MHz d

3 2D5/2 − 4 2P3/2 854 350.862 882 55(15) m 1.350(6)MHz d

4 2S1/2 − 3 2D5/2 729
411.042 129 776 393 2(10) g,l 136.26(17)mHz h

411.042 129 776 824(2000) o

4 2S1/2 − 3 2D3/2 732 409.222 530 754 869(30) p 135.34(20)mHz h

3 2D3/2 − 3 2D5/2 D-fine
1.819 599 021 504(37) n

1.819 599 021 524(32) o

a Ref. Wolf et al. [A119]
b Ref. Hettrich et al. [A120]
c Ref. Wolf et al. [A121]
d Ref. Gerritsma et al. [A122]
e Ref. NIST [O16]
g Ref. Chwalla et al. [A88]
h Ref. Kreuter et al. [A123]
i Ref. Shi et al. [A50]

j Ref. Wan et al. [A48]
k Ref. Gebert et al. [A49]
l Ref. Hua et al. [A124]
m calculated from ref. [A50, A48, A49]
n Ref. Yamazaki et al. [A36]
o this work
p calculated from 729 nm ref. [A88] and
this work’s D-finestructure

2typically between 15ms and 200ms
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4 2S1/2

4 2P1/2

6.90(5) ns

4 2P3/2

6.924(19) ns

3 2D5/2

1168(9)ms

3 2D3/2

1176(11)ms
729 nm

136.3(10)mHz

397 nm
21.57(15)MHz

866 nm
1.481(15)MHz

Figure 10.2: Level structure of 40Ca+ [T10]. The given lifetimes, linewidths
and transition wavelengths can be found with higher accuracy and references in
table 10.1. Doppler cooling is carried out on the S1/2 → P1/2 transition with
repumping on the D3/2 → P1/2 transition. Sideband cooling exploits the narrow
linewidth of the S1/2 → D5/2 transition with a repumper on the D5/2 → P3/2

transition.

10.2 Laser cooling
10.2.1 Doppler cooling
The theory of Doppler cooling is discussed in chapter 2.3.1. In Ca+ we cool
on the |S1/2〉 → |P1/2〉 transition with a linewidth of 21.57(8)MHz using the
397 nm laser described in chapter 9.2.4. The polarization of the light is oriented
vertically along the magnetic field quantization axis (π), allowing only ∆mj = 0
transitions. These transitions have a smaller relative frequency mismatch com-
pared to the ∆mj = ±1 transitions when the mj states are split by the Zeeman
effect. The |P1/2〉 level has a branching ratio of 0.935 65(7) [A125] to the |S1/2〉
level, so that population from decay to the |D3/2〉 state needs to be repumped in
the cooling cycle using the 866 nm laser described in chapter 9.2.5. The 866 nm
light needs to be horizontally polarized (σ±), perpendicular to the quantization
axis, in order to be able to depopulate the |D3/2, mj = ±3/2〉 states. Only a
single Doppler cooling beam, oriented horizontally at 45° relative to the trap
axis, is used, cooling the motion along all directions in space due to the coupling
of the motional degrees of freedom by micromotion for “high” temperatures com-
pared to the sideband-cooling regime. To efficiently cool the ion from initially
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very high temperatures, after loading or a collision with background gas, we use
the zero order beam from the 397 nm laser AOM, which is far red detuned, with
high power.

10.2.2 Resolved sideband cooling
Resolved sideband cooling is explained theoretically in chapter 2.3.2. We use the
729 nm laser, described in chapter 9.2.6, to excite the ion on the |S1/2, mj = −1/2〉 →
|D5/2, mj = −5/2〉 transition on a red sideband, and use the 854 nm laser, de-
scribed in chapter 9.2.5, to bring the ion back to the |S1/2〉 state via repumping
on the |D5/2〉 → |P3/2〉 transition. In fact, we use a combination of first and
second order red sideband transitions, together with state initialization pulses
(see next section) in between. Sideband cooling to 99% motional ground state
population is typically achieved. The details of our implementation are described
in ref. [T3].

10.3 State manipulation and detection
10.3.1 State initialization
After Doppler cooling, the ion is in the |S1/2〉 level, with about equal probability3

for both Zeeman sub-states mj = ±1/2. To prepare the ion in the |D5/2〉 state
with high probability, usually using rapid adiabatic passage (RAP) as described
in section 10.3.5, the ion needs to be prepared in a single well defined |S1/2, mj〉
state first. This initial state preparation is implemented simply by pumping
out the population of the other state using the 729 nm and 854 nm lasers. The
efficiency of this process can strongly be enhanced by using a specific 729 nm
transitions and exploiting dipole selection rules (∆mj = ±1) on the unresolved
854 nm transition

|S1/2, mj = −1/2〉 729 nm−−−−→ |D5/2, mj = +3/2〉 854 nm−−−−→ |P3/2, mj = +1/2, +3/2〉

to prepare the |S1/2, mj = +1/2〉 state, and

|S1/2, mj = +1/2〉 729 nm−−−−→ |D5/2, mj = −3/2〉 854 nm−−−−→ |P3/2, mj = −1/2, −3/2〉

to prepare the |S1/2, mj = −1/2〉 state. Spontaneous decay back to the |S1/2〉
state closes the circle, which is repeated typically 8 times in our experiment.
The preparation fidelity is basically 100%.

10.3.2 Electron shelving
The electron shelving technique [A126] provides a means of “storing” the atomic
system in an excited state, which is perfectly stable on the timescale of a typical
atomic physics experiment. For the Ca+ ion, this state is one of the 3 2D levels
with lifetimes of more than 1 s, which is long compared to any other experimental
timescale such as Rabi frequencies or readout time. In this thesis, the expression

3Our sideband cooling scheme favors the mj = −1/2 state over the mj = +1/2 state.
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“shelving” refers to preparing the ion in one of the D5/2 Zeeman sub-states.
Shelving the ion Zeeman selective in one of the |D5/2, mj〉 states is usually
implemented via state initialization (section 10.3.1) followed by rapid adiabatic
passage (section 10.3.5). Probing whether the electron is shelved or not is what
we call “state readout”, as described in section 10.3.3.

10.3.3 Internal state read out
At the end of each experimental sequence, we read out the internal state of
the ion by probing whether the valence electron is shelved or not, specifically
whether it is shelved in the |D5/2〉 state. Experimentally, readout is implemented
by turning on the Doppler cooling lasers (397 nm and 866 nm), and collection
the fluorescence on the CCD camera. If the integrated fluorescence signal lies
above a predefined threshold, the ion is considered “light”. Since the Doppler
cooling light couples the |S1/2〉 , |P1/2〉 , and |D3/2〉 states, and since the |P3/2〉
level has a lifetime short compared to the readout time of about 10ms, the ion
could not have been in the |D5/2〉 state. On the other hand, if the ion does not
fluoresce and is considered “dark”, it must have been in the |D5/2〉 state. The
fidelity of this discrimination is basically 100% if the fluorescence threshold has
been adjusted correctly.

Readout times of 10ms slightly reduce the experimental duty cycle. We cur-
rently consider using a photomultiplier tube (PMT) for state detection instead
of the CCD in the future, which would allow much shorter readout times.

10.3.4 Coherent manipulation on the 729 nm transition
Coherent population transfer with the 729 nm laser on the |S1/2〉 → |D5/2〉
transition is shown in figure 10.3. With the correct pulse time, basically 100% of
the population can be transferred from the |S1/2〉 state to a selected Zeeman state
of the |D5/2〉 manifold, using a pi-pulse as discussed in chapter 2.2. However, the
fidelity of the |D5/2〉 state preparation is easily affected by changing experimental
parameters, laser intensity due to pointing or laser power instabilities, which is
why we usually use rapid adiabatic passage (RAP) for state preparation, as
explained in the following section.

10.3.5 Rapid adiabatic passage
An alternative technique for complete population transfer is rapid adiabatic pas-
sage (RAP)4 [R26, A127, A128]. Instead of illuminating the system with res-
onant light for a given time, we sweep the laser frequency over the resonance.
In figure 10.5 (top), we see how the energies of the “adiabatic states” show
an avoided crossing, leading to ideally 100% population transfer between the
diabatic states (bottom) [R26]. The condition for adiabatic transfer is

1

2

∣∣∣Ω̇∆− Ω∆̇
∣∣∣� (

Ω2 +∆2
) 3

2

, (10.1)

4sometimes also just called “adiabatic passage” or “adiabatic rapid passage” (ARP).
“Rapid” refers to the fact that the sweep needs to be fast compared to the decay time of
the 2-level system.



102 Experimental Procedures

0 200 400 600 800 1000 1200 1400
Time [ ]

0

20

40

60

80

100
P

op
. o

f 
/

 ­
 le

ve
l

Figure 10.3: Rabi flopping on the |S1/2, mj = −1/2〉 → |D5/2, mj = −5/2〉
shelving transition with the 729 nm laser. The blue curve until 800µs is a fit
to the Bloch model. After the data up to 800 µs was taken, it seems the laser
drifted slightly off transition. The red line is simply connecting the data points
to visualize the oscillation more clearly.
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Figure 10.4: Rapid adiabatic passage (RAP) on the |S1/2〉 → |D5/2〉 transition
for different sweep times for a fixed frequency sweep of ±250 kHz (∆ = 500 kHz).
A stable plateau is reached at a sweep duration τ of around 400µs, where about
98% of the population is transferred.
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Figure 10.5: Sketch of Rapid adiabatic
passage (RAP) from ref. [R26].

which means that we need large Rabi frequency and
detuning, and a smooth pulse shape [R26]. Experi-
mentally, we use the PPG’s DDS for intensity pulse
shaping with a Blackman-window function [A129],
and a linear frequency sweep, to drive the 729 nm laser
AOM.

The Landau-Zener formula [R26, R27, A128,
A130]

P1 = 1− p, p = exp

− πΩ2 (t0)

2
∣∣∣∆̇ (t0)

∣∣∣
 , (10.2)

where t0 is the time of crossing the resonance, gives an
estimate of the population transfer, and evaluates for
typical experimental parameters in our experiment of

Ω ≈ 20 kHz (10.3)

∆̇ =
∆

τ
=

500 kHz

400µs
(10.4)

to
P ≈ 96% , (10.5)

well in agreement with the observed population transfer of ≈ 98% as shown in
figure 10.4.



No amount of experimentation can
ever prove me right; a single exper-
iment can prove me wrong.

Albert Einstein

11
|S1/2〉 → |D5/2〉 Transition Spectroscopy

The |D5/2〉 level in 40Ca+ has a natural lifetime of 1174(10)ms [A123, A114,
A124], resulting in a natural linewidth of the dipole forbidden |S1/2〉 → |D5/2〉
transition of 0.1356(12)Hz, thus making it ideal for high precision spectroscopy.
The transition frequency has been determined with 1.0Hz accuracy to
411 042 129 776 393.2(10)Hz by referencing the measurement to a portable Cs
fountain clock in Innsbruck [A88], and was confirmed by a measurement in
Wuhan, China [A124]. In Aarhus, we do not have access to a high accuracy
atomic clock. Instead, we are limited by our GPS disciplined Rb standard to
a relative accuracy of 5× 10−12 as discussed in chapter 5. The clock accuracy
is reflected in a limitation on the |S1/2〉 → |D5/2〉 transition accuracy of 2 kHz.
However, other isotopes than 40Ca+ have not been studied with high accuracy
before, and our 2 kHz accuracy still allows us to measure the most precise spec-
troscopic isotope shifts in literature so far, as presented in chapter 14.

11.1 Experimental sequence
The experimental spectroscopy sequence is sketched in figure 11.1. After isotope
selective loading of a single Ca+ ion (chapter 10.1.1), we Doppler- and sideband
cool the ion to its motional ground state (chapter 10.2), and initialize the ion’s
internal state in one of the |S1/2, mJ = ±1/2〉 levels (chapter 10.3.1). From a
selected |S1/2, mj〉 state, the ion can be exited to any mj state of the |D5/2〉
manifold, due to the selection rule ∆mJ = ±1, ±2 for linear polarized light with
~k ⊥ ~B, where ~k is the wave-vector, and ~B is the magnetic field quantization
axis [T4, B.3]. Afterwards, the final state of the ion is detected via a fluorescence
measurement on the |S1/2〉 → |P1/2〉 transition (section 10.3.3).

In the experiment, we scan the frequency of the 729 nm light in discrete
steps using an AOM (section 9.2.6). For each AOM frequency, the experimental
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Figure 11.1: Experimental sequence for spectroscopy on the 729 nm transition.
After cooling the ion to the motional ground state, and initializing the internal
state to one selected mj value of the |S1/2〉 level, the ion is exposed to a pi-pulse
on a Zeeman resolved |S1/2〉 → |D5/2〉 transition. Finally, the internal state is
read on via fluorescence detection with the imaging system.

sequence as shown in figure 11.1 is repeated 10 to 100 times, and the number of
shelving events is recorded for each AOM frequency.

11.2 Line broadening
Fast magnetic field fluctuations in our setup on the order of 10−4 lead to an
incoherent broadening of the spectroscopic line. This broadening depends on the
linear Zeeman shift (8.7) of the addressed transition. For our typical magnetic
field of 6.5G, we expect an incoherent linewidth for a specific |S1/2, mj〉 →
|D5/2, m

′
j〉 transition of

∆ν = 10−4 µB B

h

(
g5/2 m

′
j − g1/2 mj

)
. (11.1)

This results in a 2.5 kHz incoherent linewidth for the |S1/2, mj = ∓1/2〉 →
|D5/2, m

′
j = ±3/2〉 (reverse) initialization transitions, used for spectroscopy in

the following.
The excitation is driven coherently by the 729 nm laser, as shown in the Rabi

flopping traces in chapter 10.3.4, and the Rabi frequency can be chosen via the
laser intensity. For Rabi frequencies large compared to the incoherent linewidth
of 2.5 kHz, the line is well described by its theoretically expected sinc2 shape.
One such measurement is shown in figure 11.2.

11.3 High resolution spectroscopy
As mentioned already in the introduction, the |S1/2〉 → |D5/2〉 transition in
40Ca+ has been measured with 1Hz accuracy before. For this thesis, I am
interested in the isotope shift on this transition, and a measurement on the
40Ca+ ion is a valuable test, when comparing to the previous 1Hzmeasurements.

From the discussion of the accuracy of our frequency reference in chapter 5, it
is already clear that we will not reach a better relative accuracy than 5× 10−12,
corresponding to 2 kHz for the |S1/2〉 → |D5/2〉 transition. This is more than 3
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Figure 11.2: AOM frequency scan over the 729 nm transition resonance with
high Rabi frequency Ω compared to the incoherent linewidth, resulting in a
sinc2 line-shape. In this measurement, the exposure time is chosen just below
t = π/Ω.

orders of magnitude lower accuracy than existing literature values for 40Ca+ ,
but will still lead, together with the D-finestructure measurements presented in
the next section, to the most precise isotope shift measurements in literature,
discussed in chapter 14.

Systematic shifts, discussed in chapter 8, being well below 1 kHz for the
|S1/2〉 → |D5/2〉 transition do not need to be taken into account, unlike for the
D-finestructure measurements. Also, the incoherent linewidth limit of 2.5 kHz is
not an issue, since we can easily determine the center of such a line much better
than the 2 kHz accuracy goal with a simple fit.

The only shift which needs to be taken into account is the purposefully im-
printed linear Zeeman shift induced by the external quantization magnetic field.
In a scheme similar to the D-finestructure spectroscopy described in chapter 13,
we measure two Zeeman resolved |S1/2〉 → |D5/2〉 transitions, with opposite
linear Zeeman shifts, at the same time, and take the average as the unshifted
|S1/2〉 → |D5/2〉 value. The measurements are triggered at a fixed phase relative
to the AC line, to make sure that the spectroscopy on the two transitions is
taken at the same magnetic field amplitude (compare chapter 9.1.5). From this
measurement we get the transition frequency in terms of the AOM frequencies
fAOM, init

1 and fAOM, rev. init
2, the x-axis in figure 11.2, and not the absolute

transition frequency.
To determine the absolute frequency, we measure the light directly from the

729 nm laser via a beatnote with the Menlo frequency comb (see chapter 4.1).
The total frequency is then calculated as

fS−D = (1− 8.0× 10−6) · (fAOM, init − fAOM, rev. init)− 2 fCEO + q frep − fbeat ,
(11.2)

1The “initialization” transition is |S1/2, mj = +1/2〉 → |D5/2, mj = −3/2〉
2The “reverse initialization” transition is |S1/2, mj = −1/2〉 → |D5/2, mj = +3/2〉
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Figure 11.3: Relative frequency of the 40Ca+ |S1/2〉 → |D5/2〉 transition, rela-
tive to the high precision measurement of Chwalla et al. [A88], determined via
equation (11.2). A total of 77 transition measurements over the course of about
one hour are shown.

where the comb tooth number q = 1643 856 is determined from a rough mea-
surement of the 729 nm laser frequency with our wavemeter, and the sign of the
beatnote frequency fbeat can be determined by slightly changing the repetition
rate. As mentioned in chapter 9.3.2, the PPG controlling the AOM is not ref-
erenced to our frequency standard, and we need to correct its frequency by a
factor of (1− 8.0× 10−6).

Figure 11.3 shows the result calculated via equation (11.2) of 77 transition
measurements on 40Ca+ over the course of about one hour, relative to the
|S1/2〉 → |D5/2〉 transition frequency determined by Chwalla et al. The mea-
sured deviation stays within the expected accuracy of the clock of 5× 10−12,
and the absolute value in terms of the mean, and single measurement standard
deviation, is

f40
S−D = 411 042 129 776 824(769)Hz , (11.3)

which is 431(769)Hz different from the value determined by Chwalla et al. [A88].
This measurement confirms the expected accuracy of 2 kHz, reachable with our
current frequency standard. The better agreement with the real value is coin-
cidental. In chapter 14, I present the results of identical measurements on all
other naturally abundant even Ca+ isotopes.

11.4 Frequency comb induced light shift
The Raman Rabi frequency when driving the D-finestructure transition with the
frequency comb is expected to be linear in intensity, a feature we exploit to ex-
trapolate to zero intensity for the high precision Raman spectroscopy presented
in section 13. Furthermore, we have the theory to calculate quantitatively the



108 |S1/2〉 → |D5/2〉 Transition Spectroscopy

10 0 10 20 30 40
729 AOM frequency ­   [kHz]

0.0

0.2

0.4

0.6

0.8

1.0

/
 le

ve
l p

op
ul

at
io

n

measurement
 fit

Gaussian fit

Figure 11.4: Frequency comb induced light shift measurement on the |S1/2〉 →
|D5/2〉 transition. The light shift can be measured with a precision of about
200Hz with only 10 experimental cycles per AOM frequency and 20 points per
peak, corresponding to about 1 minute measurement time. A Gaussian fit is
usually used for automated data analysis, since the linewidth is determined by
magnetic field fluctuations for small Rabi frequencies.

expected Raman Rabi frequency, if not only the intensity, but also the spectrum
and phase of the light is known, what I investigate in chapter 12.3.

In both cases, we need a handle on the exact light intensity at the position
of the ion, without depending on unreliable estimates based on laser power
and beam profile. In the Ca+ ion, we have a convenient method to probe the
frequency comb light intensity by measuring the light shift impressed on the
729 nm transition. The comb light around 800 nm shifts the |D5/2〉 level to
higher energies due to off-resonant coupling on the 854 nm |D5/2〉 → |P3/2〉
transition. This light shift can be calculated precisely as shown in chapter 12.3.
And it can be measured with high accuracy by probing the |S1/2〉 → |D5/2〉
transition with the 729 nm laser, similar to the high resolution spectroscopy in
section 11, while the frequency comb light is illuminating the ion at the same
time. The comb will not drive Raman transitions between the D-finestructure
states as long as the repetition rate is not in resonance, but it will only induce
a light shift, proportional to the light intensity.

A measurement of the induced light shift is presented in figure 11.4. The
left peak corresponds to plain spectroscopy on the |S1/2〉 → |D5/2〉 transition,
without any frequency comb light. The right peak corresponds to the exact
same experimental sequence, except that the ion is illuminated by the frequency
comb during the 729 nm spectroscopy pulse, as sketched in figure 11.5. After
Doppler and sideband cooling, the ion’s state is initialized in one selected |S1/2〉
state. During the following 729 nm spectroscopy pulse on the |S1/2〉 → |D5/2〉
transition, the frequency comb light is turned on simultaneously, before reading
out the ion’s final state. After one data point with a given 729 nm AOM fre-
quency is taken, one data-point without any frequency comb light is taken at the
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Figure 11.5: Experimental sequence of the frequency comb induced light shift
on Ca+ . The frequency comb light is illuminating the ion at the same time
the |S1/2〉 → |D5/2〉 transition frequency is measured with the 729 nm laser,
and compared to the unshifted transition frequency without the frequency comb
light.

expected AOM frequency for the unshifted peak. All following data points are
taken in the same way, alternating between comb light on and off. In this way,
possible laser or magnetic field shifts do not systematically disturb the measure-
ment. The Zeeman sub-states of the addressed |S1/2〉 → |D5/2〉 transition are
chosen such, that the frequency comb induced light shift is the largest for the
chosen polarization. The light shift can typically be determined with a precision
of 200Hz within about 1 minute measurement time.

Experimentally, we can adjust the comb light intensity at the ion using two
methods. The first is simply to insert neutral density (ND) filters into the beam-
path. For automated measurements at different intensities, I implemented a com-
puter controlled filter wheel3 to change laser intensities between measurements.
The second method is rotating the comb’s polarization with a λ/2 waveplate ver-
sus the fixed direction of a Glan-Taylor polarizer, selecting the polarization for
the experiment. For the Menlo comb, I implemented computer control of a mo-
torized waveplate4. This method allows continuous intensity control, compared
to the fixed steps determined by the selected ND filters in the first method.

3Thorlabs FW102C, 6 exchangeable filter positions, VISA compatible programming inter-
face.

4Newport Model PR50PP, 4500 steps per rotation, controllable through XML-RPC interface
exposed by the Menlo frequency comb software.



It doesn’t matter how beautiful
your theory is, it doesn’t matter
how smart you are. If it doesn’t
agree with experiment, it’s wrong.

Richard Feynman

12
Frequency Comb Driven Raman

Transitions

Coherent population transfer by frequency comb driven Raman transitions has
been demonstrated, before by Hayes et al. for hyperfine transitions in 171Yb+ [T1,
A46]. The |F = 1, mF = 0〉 → |F = 0, mF = 0〉 hyperfine states of the 2S1/2

level are split by 12.6428GHz, so that transitions can be driven with a relatively
long frequency comb pulse time of about 1 ps corresponding to a bandwidth lim-
ited spectral width of the comb of only about 400GHz (0.85 nm width at 800 nm
center wavelength).

In this chapter, I present the extension of this technique into the THz range,
by directly driving Raman transitions between the D-finestructure levels in
40Ca+ , using a femtosecond frequency comb. I start with the experimental
implementation in section 12.1, before showing coherent population transfer in
section 12.2, where I also highlight the difference of the two frequency comb
systems used for the experiments, the Mira and the Menlo comb, separately de-
scribed in chapter 4. Following is a discussion on the impact of polarization in
section 12.3, and the importance of group velocity dispersion, due to the high
bandwidth of the comb light, in section 12.4.

12.1 Implementation
12.1.1 Experimental sequence
The experimental sequence is sketched in figure 12.1. As usual, we prepare
the ion in a selected |S1/2〉 state (see chapter 10.3.1) before transferring close to
100% of the population into one selected Zeeman sub-state of the D5/2 manifold
using rapid adiabatic passage on the |S1/2〉 → |D5/2〉 transition as described in
chapter 10.3.5.
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Figure 12.1: Experimental sequence of Raman Rabi flopping and Raman spec-
troscopy using the 866 nm laser light shift method (see text for details).

Now we want to apply a pulse of frequency comb light with well defined length
on the ion to drive coherent Rabi oscillations. However, due to concerns about
the impact of dispersion on the effective Raman Rabi frequency, we decided
against using an AOM to shutter the frequency comb light. Instead, we apply
controlled light shifts to shift the |D5/2〉 → |D3/2〉 transition in and out of
resonance with µs precision. This method is explained in detail in the following
section 12.1.2. After the well defined interaction time with the frequency comb
light, the internal state of the ion is read out as described in chapter 10.3.3, that
means we detect whether the ion is still in the D5/2 level or not.

12.1.2 Light shift shutter method
Before the ion is exposed to resonant frequency comb light, we turn on light at
866 nm from a different laser (see chapter 9.2.7), as shown in figure 12.1, detuned
from the |D3/2〉 → |P1/2〉 transition by typically about 2GHz. This shifts the
|D5/2〉 → |D3/2〉 transition out of resonance with the frequency comb light. The
frequency comb light is turned on using a mechanical shutter1 with a rise and fall
time of about 2ms. After the shutter is completely open, the light at 866 nm is
turned off, and the transition is back in resonance with the frequency comb light.
After a pre-programmed exposure time using the programmable pulse generator
(see section 9.3.2), the transition is shifted out of resonance again by turning the
866 nm light back on, stopping the coherent population transfer. The frequency
comb light is then turned off before the 866 nm light.

A plot showing frequency comb spectroscopy, as discussed later in section 13,
on the |D5/2, mj = +1/2〉 → |D3/2, mj = +1/2〉 transition is shown in figure 12.2.
The two plotted spectra were taken with the 866 nm laser on, or off respectively,
with a total exposure time of the ion to the frequency comb light of ≈ 10ms
(mechanically shuttered). Without the light shift laser (blue), we measure the
transition frequency as expected based on the addressed Zeeman sub-states and
the measured magnetic field2. The contrast is about 50%, as expected for an

1Uniblitz LS6, 20Hz/150Hz continuous/burst max. operational frequency, < 2ms open-
ing/closing time.

2The magnetic field can be calculated based on |S1/2〉 → |D5/2〉 spectroscopy with the
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Figure 12.2: Menlo frequency comb spectroscopy on the
|D5/2, mj = +1/2〉 → |D3/2, mj = +1/2〉 transition. Shown is a shifted
and unshifted spectrum by the 866 nm light shift laser. The comb light is at
the magic polarization (see section 12.3.2), and the 866 nm light shift laser is
detuned by −2GHz.

exposure time long compared to the decoherence time3.
With the 866 nm light shift laser on (red), the transition is clearly shifted,

leaving no transition probability at the original, unshifted, frequency. The peak
is broadened, and shows higher contrast due to off resonant scattering on the
866 nm |D3/2〉 → |P1/2〉 transition, moving population during the |D5/2〉 →
|D3/2〉 Rabi oscillations from the |D5/2〉 states to the |S1/2〉 states.

It is important to note that this scattering has no impact on the measurement
real spectroscopy. When the light shift laser is used as a shutter, as depicted
in the sequence in figure 12.1, and not for demonstration as in this section, no
photons can be scattered during the first pulse of 866 nm light shift light, since
the probability of the ion to be in the |D3/2〉 state is zero. During the interaction
time with the frequency comb, the 866 nm light is switched off. When the
866 nm light is switched on for the second time, the transition is shifted which
terminates the interaction time with the frequency comb light. Scattering on
the |D3/2〉 → |P1/2〉 transition has now no impact on the measurement result
any longer, since the state of the ion is read out using resonant 866 nm light
afterwards anyways for normal state readout, as explained in chapter 10.3.3,
and the |D5/2〉 state population is not affected by the 866 nm light shift laser.

12.2 Comparison of Menlo and Mira dynamics
In this section, I show coherent Raman Rabi flopping between the D-finestructure
levels in Ca+ using the Menlo, and separately the Mira frequency comb. The

729nm laser, on two different Zeeman sub-states, as explained in chapter 9.1.5
3see chapter 2.2 for the model description, and section 12.2.3 for measured decoherence

times.
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Figure 12.3: Raman Rabi flopping between the D-finestructure states in 40Ca+

using the Mira laser. The fit to the laser linewidth model gives a Rabi frequency
of Ω/2π = 21.55 kHz, and Gaussian laser linewidth of 40.64 kHz, consistent with
the 59.4 kHz total spectroscopic linewidth shown in figure 12.4.

difference in their repetition rate stability becomes obvious by very different
decoherence times.

12.2.1 Mira coherence and linewidth
As described in chapter 6, the stability of the repetition rate of the Mira laser
is a major concern for our experiments. This repetition rate stability can be
interpreted as the laser linewidth for the Raman process. If this linewidth is
not small compared to the Rabi frequency broadening the transition, we cannot
neglect it. The Mira laser’s repetition rate lock turned out to provide a very
small locking bandwidth, suggesting to model the Rabi flopping trace as a sum
of Rabi flopping traces, where the detuning is randomly variating according to
the laser’s repetition rate jitter, as described in chapter 2.2.3.

Figure 12.3 shows Rabi flopping between the D-finestructure states in 40Ca+

using the Mira laser. The solid line is a fit to the linewidth model equation (2.51),
with a Gaussian line-shape function

g (∆) =
1

σ
√
2π

exp

(
−∆2

2σ2

)
, (12.1)

with full width at half maximum (FWHM) of 2
√
2 ln 2 σ. We find the best fit

parameters, Rabi frequency Ω/2π = 21.55 kHz leading to a power broadened
FWHM of

√
2π 21.55 kHz = 30.48 kHz, and Gaussian linewidth (FWHM) of

40.64 kHz. The total line-shape of a spectroscopy scan is then expected to be a
Voigt profile with a FWHM of approximately 59.3 kHz [R28]. Figure 12.4 shows
spectroscopy under the same conditions as the Rabi flops in figure 12.3, revealing
a total spectroscopic linewidth (FWHM) of 59.4 kHz, agreeing nicely with the
model expectation. Another approach to estimate the direct incoherent laser
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Figure 12.4: Frequency comb Raman spectroscopy with the Mira laser. The
spectroscopic linewidth (FWHM) is 59.4 kHz, consistent with the Rabi frequency
and incoherent laser linewidth determined from the the Raman Rabi flopping
trace in figure 12.3, under the same experimental conditions.

linewidth is discussed in section 12.2.4, and the details of Raman spectroscopy,
and high accuracy measurements with the Menlo laser, are described in sec-
tion 13.

12.2.2 Mira test of Raman dynamics
Raman Rabi flopping on the |D5/2〉 → |D3/2〉 transition using the Mira laser
shows incomplete population transfer, as shown in figure 12.3. In the previous
section, I introduced a model accounting for the repetition rate linewidth of
the Mira laser, which has proven to be much broader compared to the Menlo
frequency comb, as discussed in chapter 6. To support this line of argumentation,
that the repetition rate stability causes the reduced coherence time, I conducted
a test measurement to exclude the possibility that the “missing” population
in the Raman Rabi flopping traces could be lost in other states than the two
addressed specific |D5/2, mj〉 and |D3/2, m

′
j〉 states.

The idea is to try to move the residual population, after an initial (in-
complete) π-pulse already moved the majority of the population to the |D3/2〉
state. The experimental sequence is identical to normal Raman Rabi flopping,
as sketched in figure 12.1, except that after the first exposure to resonant fre-
quency comb light, the ion is optionally exposed to a second and third pulse,
each time using the light shift method described in section 12.1.2. In between
exposures, the population in the |D3/2〉 state is removed from the Rabi cycle,
using the 866 nm repumper. A scope trace of this part of the sequence is plotted
in figure 12.5, in the case of three consecutive exposures of the ion to the Mira
comb light. The resulting Rabi flopping traces are shown in figure 12.6. The red
data points correspond to the normal Rabi flopping sequence, with only a single
exposure to resonant frequency comb light. Similar as was shown in figure 12.3,
less than 70% of the population is transferred out of the initial |D5/2〉 state.
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Figure 12.5: Experimental sequence used for the Mira population dynamics test,
measured on photo detectors and an oscilloscope. The trace shows the relevant
time between RAP state preparation with the 729 nm laser, and state read out
with the 397 nm laser. In between, the ion is exposed to one to three pulses
of resonant frequency comb (FS) light (3 exposures in the plotted trace), using
the 866 nm light shift method as explained in section 12.1.1. The repumpers are
also on during read out, and most importantly, the 866 nm repumper empties
the |D3/2〉 level in between frequency comb exposures, what is not shown in this
trace.
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Figure 12.6: Testing the incomplete population transfer with the Mira laser.
The population is initialized in the |D5/2, mj = +3/2〉 state using RAP with
the 729 nm laser, and transferred to the |D3/2, mj = −1/2〉 state by the Mira
frequency comb, using horizontally polarized light (σ+ + σ−).
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The red line is a fit according to the model laser linewidth model (2.51),(12.1),
described in section 12.2.1.

If we can treat the system as a true 2-level system, closed to the selected mj

states of the two D levels, we expect the population after the second pulse to be

P2 = P 2
1 , (12.2)

and after the third pulse
P3 = P2 · P1 = P 3

1 . (12.3)

The blue and green data points in figure 12.3 represent the measured two and
three pulse scenarios, while the corresponding solid lines are calculated from the
fit to the red line, according to equations (12.2) and (12.3). These two calculated
lines fit the data extremely well, supporting the assumption that we are indeed
dealing with a 2-level system, i.e. without population loss in other than the
addressed states, and that the linewidth model describes the data correctly.

As another check, the purple data was taken with a single exposure to the
frequency comb light, but 3 exposures to the 866 nm light shift laser. The data
shows that the light shift laser alone has no impact on the population, so that
the dynamics is purely due to the frequency comb light, as expected. For com-
pleteness, a background trace (orange), with the Mira comb light mechanically
blocked, is plotted as well, showing consistent RAP state preparation (see chap-
ter 10.3.5), without loss of |D5/2〉 population over time.

In conclusion, this test strongly supports the hypothesis, that the Mira laser
repetition rate linewidth causes the incomplete population transfer, and that
we are indeed dealing with a true 2-level system, addressing only the intended
states.

12.2.3 Menlo Raman Rabi flopping
The repetition rate of the Menlo laser is much more stable than the Mira laser’s,
as discussed in depth in chapter 6. Thereby, the Menlo laser linewidth is not
reducing the contrast in Raman Rabi flopping in the same way as the Mira laser,
allowing close to 100% population transfer with a π-pulse for achievable Rabi
frequencies. One experiment showing Raman Rabi flopping with the Menlo
laser is plotted in figure 12.7. The solid line shows a fit to the Bloch model,
equation (2.47), and gives

Ω/2π = 4.121(3) kHz

τ = 3.60(18)ms

contrast = 99.3(6)% ,

(12.4)

where the contrast is defined as a simple scaling factor for the whole model.
The Rabi frequency Ω can be considered large compared to the measured laser
linewidth of 754(18)Hz, as shown in the next section, resulting in almost 100%
population transfer. The decoherence time τ is probably dominated by the
stability of our frequency standard, referencing the comb’s repetition rate, as
discussed in chapter 5. Magnetic field fluctuations would impact the coherence
of the |D5/2, mj = +3/2〉 → |D3/2, mj = +3/2〉 transition by a factor of ≈
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Figure 12.7: Raman Rabi flopping with the Menlo laser on the
|D5/2, mj = +3/2〉 → |D3/2, mj = +3/2〉 transition, using vertically (π) po-
larized light.

3 less than for Rabi flopping on the |S1/2, mj = −1/2〉 → |D5/2, mj = −5/2〉
transition using the 729 nm laser, as shown in chapter 10.3.4, due to the different
linear Zeeman shift.

12.2.4 Spectroscopy linewidth vs. Rabi frequency
The Rabi frequency Ω with which we drive the Raman transition can be directly
observed in the Raman Rabi flopping experiments described in the previous sec-
tions. Ω depends linearly on the total laser intensity, or power for constant beam
parameters, and the power broadened spectroscopic linewidth is proportional to
Ω in the absence of any incoherent broadening. By extrapolating a series of
spectroscopy measurements with different comb powers to zero power Ω = 0, we
can find the incoherent (laser) linewidth as the residual spectroscopic linewidth.

Figure 12.8 shows two Raman Rabi flopping on the |D5/2, mj = −3/2〉
→ |D3/2, mj = −3/2〉 transition with the Menlo frequency comb for two dif-
ferent laser powers, the full output power (red), and half the power (blue), with
otherwise unchanged experimental parameters. As expected, we observe about
twice the Rabi frequency for twice the power. From the fits using the Bloch
model, we find

Ωhalf = 0.809(3) (2π · kHz) (12.5)
Ωfull = 1.527(3) (2π · kHz) = 1.888(8) Ωhalf . (12.6)

The power was experimentally adjusted by rotating the Menlo comb polarization
against the horizontally aligned Glan-Taylor polarizer, as discussed in the end of
chapter 11.4, and slight beam pointing instabilities or laser power drifts are likely
candidates to cause the deviation from the exact factor of two. Additionally, the
reduced contrast compared to the measurement shown in figure 12.7 suggests
that the frequency comb was not perfectly on resonance.
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Figure 12.8: Raman Rabi flopping on the
|D5/2, mj = −3/2〉 → |D3/2, mj = −3/2〉 transition, using π polarized light,
for full Menlo laser power (red) and half the power (blue), for which we observe
half the Rabi frequency, as expected.
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Figure 12.9: Menlo frequency comb spectroscopy on the
|D5/2, mj = −3/2〉 → |D3/2, mj = −3/2〉 transition, using π polarized light,
with the same experimental conditions as in the Raman Rabi flopping traces
in figure 12.8. Light shift and the observed width of the transition are, as
expected, about a factor of two larger for twice the power.

Between adjusting the laser power, we also took a spectroscopy trace on the
same transition, plotted in figure 12.9. From a fit to a simple sinc2 model, we
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Figure 12.10: Spectroscopic linewidth using the Menlo laser for different laser
intensities, measured by observing the 729 nm transition light shift.

extract the best fit parameters

FHWMhalf = 1.37(3) kHz

centerhalf = 4.32(2) kHz

FHWMfull = 2.87(4) kHz

centerfull = 9.52(2) kHz .

(12.7)

The center is measured from the calculated, expected Zeeman shift, based on
spectroscopy on two |S1/2〉 → |D5/2〉 transitions. Because the Rabi frequency
is large compared to the incoherent laser linewidth, the spectroscopic linewidth
scales linearly with the Rabi frequency. As expected, the frequency comb induced
light shift is twice as high for twice the laser power, and on the order of 10 kHz,
as calculated in section 12.3.2, for this transition.

Raman spectroscopy in Ca+ close to the magic polarization4 leads to small
Rabi frequencies on the order of 1 kHz, such that the spectroscopic line-shape is
influenced by incoherent broadening due to the frequency comb’s repetition rate
linewidth, as detailed in section 6.

Figure 12.10 shows the measured FWHM wtot of a series of 40 spectroscopy
measurements with 4 different Menlo comb intensities, determined by measuring
the light shift fshift on the 729 nm transition, as explained in chapter 11.4. The
simple model

wtot =
√
w2

laser + (k · fshift) , (12.8)

where k is a scaling factor, relating Raman Rabi frequency and light shift, and
wlaser is the incoherent laser linewidth we are trying to extract. The fit gives an
estimate of

wMenlo = 754(18)Hz . (12.9)
4The magic polarization leads to zero differential light shift between the D-finestructure

levels in Ca+ , see chapter 12.3.2
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Figure 12.11: Spectroscopic linewidth of two |D5/2〉 → |D3/2〉 transitions with
different mj values, as indicated in the legend, using the Mira laser for different
laser powers.

Note that this is not the linewidth of an individual comb tooth, but rather the
residual, uncorrelated relative frequency fluctuation of two comb teeth which are
spaced by the D-finestructure splitting of 1.8THz. It is the relevant quantity
for the Raman process though, and an estimate on the coherence time τ can be
given by

τ =
2
√
2 ln 2

wMenlo
= 3.13(7)ms . (12.10)

This value is close to the measured coherence time of about 3.60(18)ms in the
Raman Rabi flopping experiments in section 12.2.3. The discrepancy might be
explained by slightly different laser lock performances on the different days the
data was taken.

A similar analysis for the Mira laser is presented in figure 12.11, for two
transitions between different Zeeman sub-states. For the |D5/2, mj = ±1/2〉
→ |D3/2, mj = ±1/2〉 transition, the Rabi frequency, even at maximum laser
power, is too small to significantly power-broaden the transition. The
|D5/2, mj = ±3/2〉→ |D3/2, mj = ±3/2〉 transition on the other hand is driven
with about twice the Rabi frequency at the same laser power, according to the
calculations presented in section 12.3.2, and shows significant power broadening.
The extracted incoherent laser linewidths for the two transitions are

wMira
(
±3/2

)
= 27.9(9) kHz

wMira
(
±1/2

)
= 28.7(7) kHz ,

(12.11)

as expected independent of the specific transition in question. This linewidth
is 38 times larger than for the Menlo laser, which is compatible with the elec-
tronically measured repetition rate stabilities discussed in chapter 6, and about
70% of the laser linewidth extracted from the Rabi flopping traces presented in
section 12.2.1. Again, this slight discrepancy arises probably due to differences
in the daily performance of the Mira repetition rate lock stability.
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Figure 12.12: Rabi flopping between the |D5/2, mj = −3/2〉 and
|D3/2, mj = −3/2〉 states (∆mj = 0) with the Menlo frequency comb,
using π (blue) and σ± (red) polarized light with the same intensity.

12.3 Polarization dependence
12.3.1 Measurement
The Raman Rabi frequency on the |D5/2〉 → |D3/2〉 transition depends on the ad-
dressed Zeeman sub-states and polarization of the frequency comb light. As ex-
plained in section 12.3.2, π and σ photons couple to different Zeeman sub-states
of the |P3/2〉 manifold, with different Clebsch–Gordan coefficients, in the Raman
process. Figure 12.12 shows Rabi flopping between the |D5/2, mj = −3/2〉 and
|D3/2, mj = −3/2〉 states using the Menlo frequency comb. As expected from
the calculations in section 12.3.2, this ∆mj = 0 transition shows about twice the
Rabi frequency driven with π polarized light compared to σ polarization. From
the plotted fits to the Bloch model (chapter 2.2.1), we find

Ω(π) = 1.705(5) kHz (12.12)
2Ω(π) = 3.410(10) kHz (12.13)
Ω(σ) = 3.426(7) kHz (12.14)

and within the uncertainty the same coherence time of

2

γc
(π) = 1.78(12)ms (12.15)

2

γc
(σ) = 1.60(15)ms , (12.16)

as expected.
The plot of the calculated Raman Rabi frequencies in figure 12.13, also shows

a series of Rabi frequency measurements, extracted from individual Raman Rabi
flopping traces with different polarization, using the Menlo comb. In our cur-
rent setup, these measurements are actually quite tedious, since a change in



122 Frequency Comb Driven Raman Transitions

polarization is achieved by rotating the Glan-Taylor polarizer in front of the
vacuum chamber. This rotation leads to a slight, but significant, misalignment
of the comb beam on the ion. Thus, after each change of polarization, the
beam needs to be realigned by maximizing the light shift induced on the 729 nm
|S1/2〉 → |D5/2〉 transition, as described in chapter 11.4. This realignment also
means that the intensity at the position of the ion will not be identical for each
measurement plotted in figure 12.13, explaining the slight deviation from the
theoretical prediction.

12.3.2 Calculated Raman Rabi frequency and light shifts
Knowing the spectrum of the frequency comb as shown in figure 4.11, and the
structure of Ca+, we can calculate the expected Raman Rabi frequencies and
light shifts when driving the |D5/2〉 → |D3/2〉 transition.

Numerical calculations for typical5 experimental conditions with the Menlo
comb are plotted in figure 12.13 for the expected Raman Rabi frequency, and
for the light shift induced by the frequency comb light itself. The light shift
and Raman Rabi frequency are calculated as described in chapter 2.1.6, taking
dipole coupling to all Zeeman resolved states in the Ca+ ion into account. The
dipole transition resonant Rabi frequencies (2.15) are calculated as explained
in chapter 2.1.2, taking the measured spectrum, as shown in figure 4.11a, into
account in form of a numerical integration over the wavelength weighted by the
measured spectral density.

A “magic” polarization exists for some transitions, where the differential
light shift vanishes, as indicated by the dashed horizontal line in the plot. The
“magic” polarization for the |D5/2, mj = 1/2〉 → |D3/2, mj = 1/2〉 transition
used for spectroscopy in chapter 13 is calculated to be around 78°. Note that
the calculation is based on the measured decay rates in 40Ca+ , which have an
uncertainty of up to 1% on the absolute shifts of both D-finestructure levels.
The magic polarization determined by spectroscopy is at 88(1)°, which seems
reasonable since the slope of the light shift is not very steep for this transition.
For the |D5/2, mj = 3/2〉 → |D3/2, mj = 3/2〉 transition, the calculated magic
polarization is at 60°, and we measure 62(1)°, much closer due to the steeper
slope.

5These curves are calculated based on the frequency comb induced light shift on the 729nm
transition, when the Menlo comb was working at its specified power. The output power of
M-VIS degraded slowly by a factor of 2, until we fixed the alignment of the internal SHG
crystal. Thus, some of the measurements shown in the previous sections were not taken at the
nominal power, resulting in lower Rabi frequencies.
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Figure 12.13: Numerical calculation of the Raman Rabi frequency and differ-
ential light shift for the |D5/2〉 → |D3/2〉 transition in Ca+ using the Menlo
frequency comb under typical experimental conditions, neglecting group veloc-
ity dispersion (GVD). The light shift induced by the frequency comb itself is
not influenced by GVD, and for some transitions exists a “magic” polarization,
where the differential light shift vanishes, as indicated by the dashed horizon-
tal line, For the Raman Rabi frequency, GVD acts as a global scaling factor,
independent of polarization. The experimentally achieved Rabi frequencies are
almost one order of magnitude lower than calculated here, illustrating the big
impact of GVD. The brown dots represent measured Rabi frequencies for the
|D5/2, mj = −3/2〉 → |D3/2, mj = −3/2〉 transition, globally scaled to match
the calculated curve.
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Figure 12.14: FROG measurement of the Mira spectrum. The GDD compen-
sated intensity profile with almost constant spectral phase is shown (top), to-
gether with the uncompensated intensity and spectral phase (bottom). Note the
very different vertical scales for the spectral phase in the two plots.

12.4 Raman Rabi frequency dependence on GDD
One main feature of the method of frequency comb driven Raman transitions
is the dependence of the total Raman Rabi frequency on the spectral phase of
the comb light, as discussed in chapter 3. If the spectral phase is not constant
over the full spectrum of the comb light, destructive interference between all the
Raman transitions, driven by different comb tooth pairs within the spectrum,
reduces the total Raman Rabi frequency. The first approximation, neglecting
higher order terms, only takes the group delay dispersion (GDD) into account,
leading to a quadratic spectral phase over the spectrum. This effect is demon-
strated in the following section experimentally using the Mira frequency comb.

12.4.1 Mira FROG Rabi comparison
To demonstrate the dependence of the total Raman Rabi frequency on the spec-
tral phase, I took two Raman Rabi flopping measurements on 40Ca+ between
the D-finestructure states with the Mira frequency comb. The first measurement
corresponds to measurements presented in section 12.2.1, where the external
GDD is compensated with the prism compressor, as explained in chapter 4.3,
leading to bandwidth limited fs pulses. A FROG measurement of these pulses,
as discussed in chapter 7.2, is shown in figure 12.14 (top). The spectral phase is
basically constant, deviating by less than 1% of π over the whole spectrum. The
residual phase modulation is due to higher order terms in the Taylor expansion
(3.14), mostly reflecting third order dispersion, which cannot be compensated
with the simple prism compressor.

In contrast to this measurement, figure 12.14 (bottom) shows a FROG mea-
surement of the Mira fs pulses, when the prism compressor is completely by-
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Figure 12.15: Raman Rabi flopping with the Mira comb. The red trace rep-
resents a measurement where GDD is compensated, as shown in the FROG
measurement in figure 12.14 (top), and was taken with a total laser intensity
characterized by the light shift measurement in figure 12.16 (also red). The
blue curve is a measurement with the uncompensated spectrum in figure 12.14
(bottom), and the higher laser intensity (blue) in figure 12.16.

passed, so that the GDD from the optical elements in the beam-path is not
compensated. The spectral phase is quadratic, as expected from second order
dispersion (GVD) (3.17), and reaches a significant fraction of π over the spec-
tral intensity profile. The measured spectral phase corresponds to a GDD of
2550 fs2, corresponding to a pulse broadening in time from bandwidth limited
63 fs to 129 fs. The GDD of 2550 fs2 corresponds to 57.2mm of BK7 glass, or
16.3mm of SF10, which roughly matches the estimated amount of glass of the
lenses in the beam-path. For the same total frequency comb power, we would
now expect a reduced Rabi frequency for the uncompensated spectrum, com-
pared to the compensated.

Figure 12.15 shows two Raman Rabi flopping traces, taken with, and with-
out GDD compensation, corresponding to the FROG measurements discussed
above. The two traces show almost the same Rabi frequency of 21.1(1) kHz
(compensated), and 20.3(1) kHz (uncompensated), with the GDD compensated
Rabi frequency only slightly higher. However, the two traces were taken with
different total frequency comb intensities. The different intensity in the two ex-
periments comes from the fact, that laser power is lost due to reflections in the
prism compressor for the GDD compensated measurement.

Figure 12.16 shows a measurement of the frequency comb intensity at the
ion in terms of the 729 nm |S1/2〉 → |D5/2〉 transition light shift, as discussed
in chapter 11.4. The total light shift of all comb teeth has to be summed up
incoherently, as discussed in chapter 2.1.6, such that the spectral phase is irrel-
evant for this measurement. The light shift in the GDD compensated case is
61.5(2) kHz, and in the uncompensated case it is 75.5(3) kHz, corresponding to
23% more power in the uncompensated case.

Figure 12.17 shows the calculated Raman Rabi frequency for the GDD com-
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Figure 12.16: Intensity of the Mira comb in the experiments with (red) and
without (blue) GVD compensation, via a 729 nm light shift measurement. The
curves correspond to the Rabi flopping traces in figure 12.15 and the FROG
measurements in figure 12.14.

pensated, lower power measurement in red, and the uncompensated measure-
ment in blue. The Rabi frequency is not scaled to fit the measured Rabi fre-
quency, but is only based on the measured light shift on the 729 nm transition
(figure 12.16). Without GDD, the calculated Rabi frequencies for the measured
intensities are 23 kHz, and 28 kHz, respectively, corresponding to the y-axis inter-
cept in the plot. For the GDD compensated measurement, this calculated value
matches well the measured value of 21.1(1) kHz. The vertical, dashed line in
the plot at 2550 fs2 intersects the uncompensated curve (blue) almost exactly at
the measured Rabi frequency of 20.3(1) kHz. In conclusion, these measurements
show that we understand, and are able to predict the dynamics of frequency
comb driven Raman transitions based on the frequency comb spectrum and the
addressed Atom.

12.4.2 GDD effect on the Raman Rabi frequency for dif-
ferent bandwidth

While the benefit of GDD compensation is outweighed by the loss of power in
the prism compressor in our specific case, the measurement described in the
previous section proves quantitatively the impact of the spectral phase on the
total Raman Rabi frequency. In general, neglecting GDD, for instance by using
high dispersive optics, or for frequency comb driven Raman transitions with an
even broader spectrum, addressing transitions with higher transition frequency,
can lead to almost total destructive interference.

Figure 12.18 illustrates this effect for the Ca+ D-finestructure transition fre-
quency of 1.8THz by plotting the calculated Raman Rabi frequency against
GDD, for frequency comb spectra of different bandwidth. Broad spectra com-
pared to the transition frequency reach higher Rabi frequencies for perfectly
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Figure 12.17: Calculated Mira Raman Rabi frequency as function of GDD, corre-
sponding to the two measurements with (red) and without (blue) GDD compen-
sation. The horizontal dashed line represents the measured Rabi frequency with
GDD compensation. The vertical dashed line corresponds to GDD of 2550 fs2,
corresponding to the uncompensated spectrum from the FROG measurement in
figure 12.14.
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Figure 12.18: Calculated effect of group delay dispersion (GDD) on the Raman
Rabi frequency Ω for Gaussian spectra of different width (FHWM) for our Ca+
D-finestructure frequency of 1.8THz. Broad spectra give higher Rabi frequency
without GDD, but are more heavily affected by GDD.
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compensated GDD, i.e. for a constant spectral phase. However, a broad spec-
trum is also stronger affected by the quadratic influence of GDD. The ideal laser
for frequency comb driven Raman transitions has an infinitely broad spectrum
with a constant spectral phase.



13
Menlo Comb Raman Spectroscopy

Spectroscopy on the Ca+ D-finestructure is fundamentally limited only by the
natural lifetimes of the D-states of more than 1 second each, resulting in sub-Hz
transition linewidth. Experimentally, the observed line is much broader. On the
one hand, power broadening is an effect controllable via the laser intensity. One
the other hand, we are limited by decoherence due to magnetic field fluctuations
and the repetition rate stability of the frequency comb, as discussed in chapter 6
and 12.2.4.

In figure 12.4, spectroscopy using the Mira laser was presented, where the
precision with which we can determine the center of the line is limited to about
200Hz by the laser linewidth of about 30 kHz1.

For the Menlo laser, the laser linewidth of about 1 kHz allows to fit the center
of the line with a statistical uncertainty of about 15Hz for a measurement time
of about 20 minutes, as shown earlier in figure 12.9. At this level of precision,
the absolute accuracy of the measurement depends on external effects perturbing
the atomic structure, and on the clock referencing the frequency measurement.
In chapter 8, I analyze systematic shifts influencing the absolute accuracy of
our spectroscopy measurements in detail, and the reference clock is thoroughly
characterized in chapter 5.

In the following sections, I will present the experimental realization of high
precision frequency comb Raman spectroscopy in 40Ca+ using the Menlo laser,
one of the main achievements of this thesis work. I describe how to experi-
mentally average out the linear Zeeman shift in section 13.1, and how to pick
the Zeeman sub-states least sensitive to perturbations in section 13.2. The ex-
perimental implementation is detailed in section 13.3, and the extrapolation of
residual light shifts to zero is explained in section 13.4, before I finally present
the experimental results combined with the calculated systematic shifts in sec-

1Typically, a factor of 100 between spectroscopic linewidth and uncertainty on the center
of the line is easily achievable.
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tion 13.5, to give the final value for the D-finestructure splitting in 40Ca+ .

13.1 Linear Zeeman shift elimination

3 2D3/2

3 2D5/2

− 1
2− 3

2
1
2

3
2

5
2− 5

2 = mJ

Figure 13.1: The linear Zeeman shift can be
eliminated by averaging over two transitions
with opposite shifts. An example of a transi-
tion pair with ∆mj = 0 (yellow), and ∆mj = 2
(orange) is shown in the drawing.

The most significant effect shifting the atomic
levels is the linear Zeeman shift, as discussed
in chapter 8.1.1. Luckily, we can experimen-
tally cancel this shift, by measuring not only
a single Zeeman resolved D-finestructure tran-
sition, but a set of two transitions such that
the total shift can be eliminated, as sketched
in figure 13.1.

According to (8.7), the Zeeman shift of a
transition

|D5/2, mj〉 → |D3/2, m
′
j〉 (13.1)

is

∆ν =
B µB

h

(
g5/2 mj − g3/2 m

′
j

)
. (13.2)

When we measure two Zeeman transitions, (1) and (2), and calculate the mean
transition frequency

∆ν(1) +∆ν(2)

2
=

B µB

2h

(
g5/2

(
m

(1)
j +m

(2)
j

)
− g3/2

(
m

′(1)
j +m

′(2)
j

))
, (13.3)

we can eliminate the shift by choosing{
m

(1)
j = −m

(2)
j

m
′(1)
j = −m

′(2)
j .

(13.4)

For instance, the two transitions

|D5/2, m
(1)
j = +1/2〉 → |D3/2, m

′(1)
j = +1/2〉 (13.5)

|D5/2, m
(2)
j = −1/2〉 → |D3/2, m

′(2)
j = −1/2〉 (13.6)

can be chosen.

13.2 Possible Zeeman transitions
In total, 18 distinct Zeeman resolved Raman transitions can be driven between
the six mj states of the D5/2 manifold, and the four mj states of the D3/2

manifold in Ca+ . Due to the selection rule ∆mj = 0,±1,±2, depending on
the polarization of the frequency comb light, 5 states of the D5/2 manifold can
be reached from each of the |D3/2, mj = ±1/2〉 states, and 4 from each of the
|D3/2, mj = ±3/2〉 states, respectively.
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Four pairs of transitions are degenerate in frequency, when the approximate
Landé g-factors, given in table 8.1

g5/2 = 6/5 (13.7)
g3/2 = 4/5 (13.8)

are used for the calculation. These are the transition pairs |D5/2, mj〉→ |D3/2, m
′
j〉

with

mj = −5/2 → m′
j = −3/2 ∆m = +1

mj = −1/2 → m′
j = +3/2 ∆m = +2

and

mj = −3/2 → m′
j = −3/2 ∆m = 0

mj = +1/2 → m′
j = +3/2 ∆m = +1

and

mj = −1/2 → m′
j = −3/2 ∆m = −1

mj = +3/2 → m′
j = +3/2 ∆m = 0

and

mj = +1/2 → m′
j = −3/2 ∆m = −2

mj = +5/2 → m′
j = +3/2 ∆m = −1

These transition pairs are actually split by 3.2 kHzG−1, taking the correct elec-
tron spin factor gs 6= 2 into account, which is, depending on the exact transition,
about 2 to 3 orders of magnitude smaller than the total transition Zeeman shift.

The sub-kHz linewidth observed in spectroscopy using the Menlo laser, shown
in section 12.2.4, allows to resolve this splitting, and using either pure σ polarized
light with ∆m = ±2, or pure π polarized light with ∆m = 0, will only allow one
of the transitions of each pair.

However, the two transitions

|D5/2, m
(1)
j = +1/2〉 → |D3/2, m

′(1)
j = +1/2〉 (13.9)

|D5/2, m
(2)
j = −1/2〉 → |D3/2, m

′(2)
j = −1/2〉 (13.10)

are the preferred ones for high precision spectroscopy. First of all, they are
not part of the described near degenerate transitions, thereby avoiding possi-
ble asymmetries in the spectroscopic lines, which could arise from off-resonantly
driving a second transition at the same time. Additionally, they show the min-
imum difference in transition frequency, making it easier to tune the frequency
comb’s repetition rate between the two transitions for the linear Zeeman shift
elimination, discussed in section 13.1. And last but not least, these transitions
have a “magic polarization”, for which the second most important external shift,
the light shift induced by the frequency comb itself, vanishes, as discussed in
chapter 12.3.2.
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13.3 Experimental implementation
The experimental sequence for each transition is implemented exactly as the
Raman Rabi flopping experiments, described in chapter 12.1.1, except that it
is the repetition rate of the frequency comb, and not the pulse time, which is
varied between individual measurements.

As I will explain in the next section, we need to take data with different
laser intensities to eliminate residual light shifts. This is done fully automated,
either via the ND filter wheel, or via the motorized waveplate plus polarizer, as
discussed in section 12.1.1.

For each chosen laser intensity, a previously calibrated pulse time, i.e. 866 nm
light shift laser off time (remember figure 12.1), is used to achieve the maximum
possible contrast via a π-pulse. The Menlo frequency comb’s repetition rate,
i.e. the Raman two photon detuning, is randomly scanned over the expected
transition frequency, typically taking 100 repetitions at each detuning. The
repetition rate is RF locked to the DDS, and can be controlled as described in
chapter 4.1.3.

The two transitions for linear Zeeman shift elimination are probed inter-
leaved, e.g. one data point (100 repetitions) is taken for each transition before
switching to the other, by sweeping the repetition rate to the next transition.
One data point takes typically about 10 s on average, and typically 30 points per
transition are required to achieve about 15Hz resolution on the fitted line cen-
ter. After the frequency comb spectroscopy sequence, the comb light intensity
at the ion is measured via the light shift imposed on the 729 nm |S1/2〉 → |D5/2〉
transition as described in chapter 11.4. The whole experiment, i.e. frequency
comb spectroscopy of two Zeeman transitions followed by a 729 nm light shift
measurement takes about 20 minutes.

Such an experiment is then repeated many times, typically in a fully auto-
mated, unattended, over night measurement series, for different laser intensities,
as described in the following section.

13.4 Residual light shift extrapolation
As discussed in chapter 12.3, we will choose the “magic polarization” for spec-
troscopy, for which the differential light shift of the D-finestructure transition
vanishes. In a real world experiment, we can set the polarization with respect
to the magnetic field quantization axis only with a given accuracy. From ex-
perience, we know that we can adjust the absolute polarization with about 1°
accuracy, and the relative polarization angle much better, about 5′, via an ad-
justable rotation mount2 holding the Glan-Taylor polarizer.

The differential light shift can change by hundreds of Hz per degree, for typ-
ical laser intensities in our experiments, as discussed in chapter 12.3, which is
larger than the absolute accuracy we aim for. Therefore, we eliminate the resid-
ual differential light shift due to imperfect polarization alignment, by measuring
the D-finestructure at different laser intensities on the ion, precisely determined

2Thorlabs PRM1/M
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Figure 13.2: Frequency comb spectroscopy power extrapolation with the
“magic” (88(1)°, blue) and non-magic (78(1)°, red) polarization on the
|D5/2, mj = ±1/2〉 → |D3/2, mj = ±1/2〉 transition. The relative polarization
difference is 9.8(1)°.

by a light shift measurement with the 729 nm laser, as described in section 11.4,
and extrapolating to zero intensity.

Figure 13.2 illustrates the impact of choosing the magic polarization. The
red line is a linear fit to a series of measurements of the |D5/2, mj = ±1/2〉 →
|D3/2, mj = ±1/2〉 transition with non-magic, polarized light. The blue line
represents a measurement series taken directly afterwards, just with the polar-
ization adjusted to be “magic”, leading to close to zero differential light shift for
arbitrary frequency comb intensity. The small difference in polarization has a
big impact on the slope of the extrapolation, and thereby on the error on the
intercept.

For the final measurement of the D-finestructure frequency in 40Ca+ , three
measurement series with the magic polarization were taken, as presented in fig-
ure 13.3. The different colored data points correspond to separate measurement
series on different days, with slightly adjusted polarization, to become even more
“magic”. A linear model fitted to each data set, plotted as solid lines together
with the 1σ confidence bounds as shaded areas around the line, yields

fblue = 1819 599 021 567(17)Hz
fred = 1819 599 021 532(9)Hz
fgreen = 1819 599 021 549(9)Hz

(13.11)

for the zero intensity intersect. Note that the measurements presented in this
section have not yet been corrected for the systematic shifts discussed in chap-
ter 8. The final result is analyzed in the following section.
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Figure 13.3: Frequency comb spectroscopy intensity extrapolation. 68% confi-
dence bounds as shaded regions around the fitted line. Data are not corrected
for systematic shifts.

13.5 Absolute 40Ca+ D-finestructure frequency
evaluation

The final D-finestructure frequency is evaluated including all previously dis-
cussed aspects:

1. Spectroscopy on the non near-degenerate |D5/2, mj = ±1/2〉
→ |D3/2, m

′
j = ±1/2〉 transitions.

2. Averaging over the mj = m′
j = +1/2 and mj = m′

j = −1/2 transition to
eliminate the linear Zeeman shift.

3. Choosing the “magic polarization” to minimize the differential light shift,
and interpolating to zero laser intensity to eliminate residual light shifts.

4. Correction for systematic shifts.

The final result for the D-finestructure transition frequency fD-fine is composed
of the measurements presented in section 13.4, and the evaluation of systematic
shifts in chapter 8. From the three independent measurements (13.11) presented
in the previous section, I calculate the mean, weighted by the inverse statistical
uncertainty of each measurement. This value is

fD-fine, mean = 1819 599 021 546Hz . (13.12)
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The uncertainty of a typical individual measurement, simply taking the statis-
tical uncertainty of the intercept for the intensity interpolation, is

Sfit = 10Hz . (13.13)

However, we are not a metrology institution, and the spread of the intercepts
might indicate very small shifts we do not fully control yet. Therefore, we
conservatively add a separate uncertainty of

Ssys = 30Hz , (13.14)

accounting for these additional systematic effects.
From the evaluation of systematic shifts in chapter 8, we concluded that the

only significant contribution is the second order Zeeman shift, contributing to a
positive frequency shift of the D-finestructure transition of +21.833(31)Hz, such
that this value needs to be subtracted from the measured number (13.12).

Finally, the corrected D-finestructure frequency in 40Ca+ is
40Ca+ D-finestructure frequency

fD-fine = 1819 599 021 524Hz± 10Hz± 30Hz (13.15)

As discussed above, the uncertainty of 10Hz represents the statistical uncer-
tainty of a single overnight measurement run, and the additional uncertainty of
30Hz represents possible systematic effects between measurement runs. Based
on the assumption that these two uncertainties represent uncorrelated, Gaussian
variables, we can combine them to the total uncertainty of ±

√
102 + 302 Hz =

±32Hz.
The final value (13.15) is in agreement with a value by Yamazaki et al. pub-

lished in 2008 [A36]3. They measured a value of 1.819 599 021 504(37)Hz using
direct Raman spectroscopy with two phase locked CW lasers. Their absolute
accuracy was limited by their GPS referenced frequency standard, and unknown
electric quadrupole shifts in their Paul trap due to patch potentials. While I
reach a similar absolute accuracy as, the method of frequency comb driven Ra-
man transitions is much easier to implement for the large transition frequency
in the THz-range. Yamazaki et al. use two separate Raman lasers, which need
to be phase locked, bridging the large frequency gap via an optical comb genera-
tor [A37]. Due to their preparation scheme, not resolving the Zeeman sub-states,
but simply preparing the |D3/2〉 state by turning off the 866 nm repumper be-
fore the 397 nm Doppler cooling beam, they only reach about 10% contrast in
their spectroscopy measurements. To eliminate light shifts, they use a similar
laser intensity extrapolation as I do. However, their intensity scale relies simply
on the laser power outside the vacuum chamber, and not on a real intensity
measurement on the ion, as I implemented via the 729 nm transition light shift
method, discussed in chapter 11.4.

Another comparison of the final D-finestructure frequency with previous mea-
surements, however, does not hold. The 397 nm |S1/2〉 → |P1/2〉 transition, and
the 866 nm |D5/2〉 → |P3/2〉 transition have been measured in the group of Piet

3Their trap is described in a separate publication [A131].
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Schmidt at the PTB [A48, A49], and the 729 nm |S1/2〉 → |D5/2〉 transition has
been precisely determined with 1Hz resolution by Chwalla et al. [A88]. The
transition frequencies fi for the “closed” transition

|S1/2〉
397 nm−−−−→ |P1/2〉

866 nm−−−−→ |D3/2〉
D-fine−−−−→ |D5/2〉

729 nm−−−−→ |S1/2〉 (13.16)

should obey
fclosed = f397 − f866 + fD-fine − f729 = 0 . (13.17)

However, we find

fclosed = + 755 222 765 896(88) kHz
− 346 000 234 867(96) kHz
+ 1 819 599 021 524(32)Hz
− 411 042 129 776 393.2(10)Hz

= 274(130) kHz 6= 0 .

(13.18)

This discrepancy is significant with about 2σ deviation from zero, and exists also
for the isotope shift measurements presented in chapter 14. In the discussion
there, it will become evident that the problem lies in the underestimated errors
of measurements of the |S1/2〉 → |P1/2〉 and |D5/2〉 → |P3/2〉 transitions, and
not the D-finestructure measurement presented here.

13.6 Conclusion
In this chapter, I presented the main experimental technique developed in this
thesis work, frequency comb driven Raman transitions in the THz range.

Section 12.1 focused on the experimental implementation, especially the
method of using a separate CW laser at 866 nm to shift the Raman transition
into and out of resonance with the frequency comb light.

In section 12.2, I showed experimental results comparing the dynamics of
the two different frequency comb systems used, the Mira and the Menlo system.
While the Mira system offers high spectral bandwidth compared to the Menlo
system, we experienced difficulties to stabilize the Mira’s repetition rate to a
level which allows high precision spectroscopy, reflected in the much broader
laser linewidth. With the Menlo system, I achieved close to 100% contrast for
Rabi oscillations between the D-finestructure levels.

The impact of the polarization of the frequency comb light on the differential
light shift and total Raman Rabi frequency on the |D5/2〉 → |D3/2〉 transition
was demonstrated in section 12.3. For some specific Zeeman resolved transitions,
there exists a “magic” polarization, where the differential light shift vanishes.

In section 12.4, the effect of group delay dispersion (GDD) was shown experi-
mentally with the Mira laser, by measuring the Raman Rabi frequency for GDD
compensated, bandwidth limited fs pulses versus the uncompensated scenario.

Finally, in section 13, I presented the direct measurement of the 40Ca+ D-
finestructure transition frequency, using frequency comb driven Raman transi-
tions with the Menlo system. The high accuracy measurement yields a value
of 1 819 599 021 524(32)Hz, in agreement with a previous measurement, and
thereby highlighting the huge potential of the presented method.



Be precise. A lack of precision is
dangerous when the margin of er-
ror is small.

Donald Rumsfeld

14
Spectroscopic Isotope Shifts

See appendix B for a revised analysis
The energy of a spectral line is a characteristic property of an element, that

means a characteristic of the number of protons in the nucleus. However, pre-
cision spectroscopy reveals a slight dependence of the transition energy on the
number of neutrons in the core, so that different isotopes of an element have
slightly different transition energies between the same electronic levels. This
effect is called the spectroscopic isotope shift [B6, R13] and can be divided into
two leading contributions.

One obvious difference between isotopes is the different mass of the core.
The electronic levels are simultaneous eigenfunctions of angular momentum and
energy, where the angular momentum comes in fixed, quantized values, such that
the energy must change with a change in mass. This effect is called the normal
mass shift (NMS). Besides, for a multi-electron system, i.e. all elements heavier
than hydrogen, the correlation between the electrons gives rise to the specific
mass shift (SMS), and the total shift is simply called the mass shift (MS).

The second important effect originates from the difference in nuclear charge
distribution when neutrons are added to the nucleus, and is called the field shift
(FS). Even though the nucleus is small compared to the size of the atom, the elec-
tron’s wave-function overlaps with the nuclear charge distribution, influencing
the electronic energy levels. For S-orbitals, the only non-relativistic orbitals with
non-zero probability density at the origin, the effect is obviously the largest. To
lowest order, the charge distribution can be described by its second moment, the
mean charge radius squared

〈
r2c
〉
, which is why the field shift is also sometimes

called the volume shift.
Isotope shift measurements have the potential to discover new physics be-

yond the standard model, for instance in finding new bosons mediating new
forces [A54, A53, A56]. While large-scale experiments such as the Large Hadron
Collider probe the high end of the energy range, up to particle masses of some
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TeV, atomic physics experiments benefit from unprecedented accuracy in the
optical regime, sensitive to new bosons in the sub-MeV range. The impact of
the isotope measurements presented here on this field is discussed in the end of
this chapter.

In the following sections, I will first describe the basic theoretical tools needed
to extract the relevant quantities such as mass and field shift constants, and the
mean nuclear charge radii, from optical transition measurements in a series of
isotopes. Afterwards, I will present, to the best of my knowledge, the most pre-
cise optical isotope shift measurements conducted so far, followed by a discussion
about their impact.

14.1 Theoretical treatment
The isotope shift of a transition i is defined as the difference in transition fre-
quency between isotope A and A′ as

δνAA′

i ≡ νAi − νA
′

i , (14.1)

where νAi and νA
′

i are the transition frequencies of the two isotopes. The two
leading contributions to the isotope shift are the mass shift (MS) and field shift
(FS)

δνAA′

i = δνAA′

i,MS + δνAA′

i,FS . (14.2)

14.1.1 Mass shift
The mass shift can be partly calculated based on the simple assumption of a two
body system, a single electron and the nucleus. This is the normal mass shift
(NMS)

δνAA′

i,NMS = meν
A
i

mA′ −mA

mA (mA′ +me)
= Ki,NMS

1

µ
, (14.3)

where me is the electron mass, mA and mA′ are the masses of the two isotopes,
and the mass factor µ is given by

µ =
mA(mA′ +me)

mA′ −mA
≈ mAmA′

mA′ −mA
. (14.4)

The factor Ki,NMS = meν
A
i is called the normal mass shift constant. The normal

mass shift is always positive for the heavier isotope, i.e. the heavier isotope has
larger transition frequency. The NMS becomes less relevant for heavy elements
since µ ∝∼ m2

A. To account for the other electrons in a multi-electron system,
we can add another constant, the specific mass shift constant Ki,SMS , which is
not straight forward to calculate since it depends on the correlation between all
electrons [A132]. The specific mass shift (SMS) can be positive or negative, and
can outweigh the NMS. In total, the mass shift can be written as

µδνA,A′

i,MS =
(
Ki,NMS +Ki,SMS

)
= Ki , (14.5)

with the mass shift constant Ki.



14.1 Theoretical treatment 139

14.1.2 Field shift
The field shift (FS) is proportional to the difference in the charge distribu-
tion λA,A′ of the nucleus

δνAA′

i,FS = Fi λ
AA′

, (14.6)

where Fi is the field shift constant, and λAA′ can be written as

λAA′
= δ

〈
r2c

〉AA′

+
C2

C1
δ
〈
r4c

〉AA′

+
C3

C1
δ
〈
r6c

〉AA′

+ . . . . (14.7)

If the electron wave-function can be considered constant over the nucleus, we
can neglect higher order moments and get

λAA′
≈ δ

〈
r2c

〉AA′

. (14.8)

The FS can be positive or negative, depending on whether the upper or lower
state has a higher electronic charge density at the nucleus, and is usually on the
same order of magnitude as the mass shift.

14.1.3 Splitting isotope shift
The so-called splitting isotope shift (SIS) is the difference of the fine-structure
for different isotopes [A133]

δνAA′

SIS = δνAA′

i − δνAA′

j . (14.9)

The SIS of the D1, D2 lines in 6,7Li has been used to benchmark state of the
art QED calculations [A51, A52].

14.1.4 Modified isotope shift
Adding the field and mass shift contributions, we can write eq. (14.2) as

µδνAA′

i = Ki + Fi µ δ
〈
r2c

〉AA′

(14.10)

where µδνAA′

i is called the modified isotope shift. Using equation (14.10) for
a single transition, and taking values for the charge radii from other sources,
we can directly extract the field and mass shift constants by plotting the mod-
ified isotope shift vs. the modified charge radius. This analysis is shown in
section 14.3, and also allows to predict new best estimates for the charge radii.

14.1.5 The King plot
If the isotope shift has been measured for more than one transitions, we can
write up equation (14.10) for a second transition j and eliminate the common
charge radius by combining the two equations to

µδνAA′

i = Ki −
Fi

Fj
Kj +

Fi

Fj
µ δνAA′

j . (14.11)

Plotting the modified isotope shifts µδνAA′

i,j against each other, equation (14.11)
suggests a linear dependence. A linear fit then allows to extract the ratio of the
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field shift constants Fi

Fj
, and the difference in mass shift constants from the slope

and intercept, respectively. This plot is called the King plot [A55]. If we had
measured more than two transitions, one could plot each modified isotope shift
on a separate axis to obtain a multidimensional King plot [A47, A134]. This
multidimensional King plot can be fitted using multidimensional least squares,
giving more consistent results than fitting individual 2-d King plots.

14.2 Isotope shift measurements
We measured the absolute transition frequencies of the two transitions,
|S1/2〉 → |D5/2〉 at 729 nm, and the D-finestructure |D3/2〉 → |D5/2〉 transition,
for all stable, even isotopes in Ca+, that means the isotopes with nucleon num-
ber 40, 42, 44, 46, 48. The isotope selective ionization scheme, explained in sec-
tion 10.1.1, allows us to load and trap a single Ca+ ion of any naturally abundant
Calcium isotope1. The abundance of the Calcium isotopes is tabulated in ta-
ble A.3. Interesting to mention is that 46Ca+ is actually the least abundant nat-
urally occurring isotope of all elements, with a relative abundance of 4× 10−5,
and that calcium is the element with the largest number of stable isotopes. Ad-
ditionally, calcium is particularly interesting for nuclear theory, since there are
two “double magic” isotopes, 40Ca+ and 48Ca+, both having closed shells for the
protons as well as for the neutrons in the nuclear shell model [A136]. The closed
shells suggest that 40Ca+ and 48Ca+ have the same nuclear charge distributions,
a fact we will exploit to separate mass shift and field shift in section 14.3.

14.2.1 D-finestructure
The measurements of the D-finestructure transition for the different isotopes
were carried out using frequency comb driven Raman transitions, as described in
this thesis, in the same way as the measurement of 40Ca+ described in chapter 13.
The intercepts, extracted from the linear fits shown in figure 14.1, relative to
the 40Ca+ value of 1.819 599 021 524MHz, are in MHz

δν40,42D = −3.519 890(46)

δν40,44D = −6.792 451(45)

δν40,46D = −9.901 512(44)

δν40,48D = −12.746 597(45)

(14.12)

The given uncertainties S40,A′ are calculated based on the assumption that the
individual isotope measurement is independent from the previous 40Ca+ mea-
surement to

S40,A′ =
√
S2
40 + S2

A′ , (14.13)

where S40 = 32Hz is the error on the 40Ca+ measurement presented in chap-
ter 13.5, and the error of each isotope measurement is given by

SA′ =

√
S2

fit + (30Hz)
2
, (14.14)

1However, 43Ca+ has nuclear spin and thus hyperfinestructure [A135], which is why we
cannot directly cool this isotope in our current setup.
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Figure 14.1: Isotope D-finestructure measurements
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Table 14.1: Calcium isotope shifts relative to 40Ca+ in MHz. The values for the 732nm transition
are calculated based on the measured 729nm and D-finestructure transitions.

transition [nm] 42 44 46 48

4 2S1/2 − 4 2P1/2 397 +425.706(94) b +849.534(74) b +1287(3) d +1705.389(60) b

4 2S1/2 − 4 2P3/2 393 +425.932(71) a +850.231(65) a +1292(18) d +1707.945(67) a

4 2P1/2 − 4 2P3/2 P-fine +0.226(118) a +0.697(98) a +2.556(90) a

3 2D3/2 − 4 2P1/2 866 −2349.974(99) b −4498.883(80) b −8297.769(81) b

3 2D3/2 − 4 2P3/2 850 −2352.2(21) c −4498.7(30) c −8297.7(58) c

3 2D5/2 − 4 2P3/2 854 −2350.4(43) c −4495.2(43) c −8287.8(70) c

4 2S1/2 − 3 2D3/2 732 +2775.393(2) l +5347.680(2) l +7778.302(2) l +10 003.130(2) l

4 2S1/2 − 3 2D5/2 729 +2771.873(2) k +5340.888(2) k +7768.401(2) k +9990.383(2) k

3 2D3/2 − 3 2D5/2 D-fine −3.519 896(24) k −6.792 470(22) k −9.901 524(21) k −12 746 611(27) k

a Ref. Shi et al. [A50]
b Ref. Gebert et al. [A49]
c Ref. Nörtershäuser et al. [A137]

d Ref. Mårtensson-Pendrill et al. [A138]
k This work
l This work, calculated

where Sfit is the statistical error of the fitted intercept. The uncertainty of 30Hz
is added in the same way as for 40Ca+ , discussed in chapter 13.5.

For 48Ca+ two separate measurements were taken, one before measuring the
other isotopes, and one two weeks later, after 42,44,46Ca+ were measured. The
two 48Ca+ datasets give the same isotope shift within the statistical uncertainty
Sfit,

δν40,48D (1) = −12.746 603(32)

δν40,48D (2) = −12.746 583(36)
(14.15)

and the 48Ca+ value stated above is the weighted average of these two.

14.2.2 |S1/2〉 → |D5/2〉 transition
The |S1/2〉 → |D5/2〉 transition was measured using the 729 nm laser and deter-
mining the laser frequency by a beatnote measurement with the Menlo frequency
comb, as described in chapter 11 for 40Ca. The measured isotope shifts relative
to 40Ca+, together with the most recent literature values for other transitions2,
are summarized in table 14.1.

Note that the isotope shift of the D-finestructure transition is about three
orders of magnitude smaller, and negative, compared to the |S1/2〉 → |D5/2〉
transition, and even though the absolute uncertainty of the D-finestructure mea-
surement is much smaller compared to the 729 nm transition, the relative uncer-
tainty is smaller for the latter one. In figure 14.2, the isotope shifts are plotted
directly versus the isotope mass for illustration. In the next section, we will use
linearized versions of these plots to extract the mass and field shifts from the
data.

2Data on 43Ca+ can be found in ref. [A135].
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Figure 14.2: Isotope shift relative to 40Ca+ of the 729 nm transition (top) and
D-finestructure transition (bottom) vs. isotope mass. The red dots show the
measured value (with error bars too small to be visible on this scale) and the
blue line is plotted according to equation (14.10) and forced through 40,48Ca+

based on the assumption that δ
〈
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〉40,48

= 0.
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Table 14.2: Neutral calcium isotope masses from ref. [A139] and calculated
mass factors 1/µ according to the approximate expression in equation 14.4.

Ca isotope mass [u] mass factor µ [amu]
40 39.962 590 864(22) inf
41 40.962 277 92(15) 1637.382 37(24)
42 41.958 617 83(16) 840.011 295(65)
43 42.958 766 44(24) 572.947 942(43)
44 43.955 481 6(3) 439.902 560(30)
45 44.956 186 4(4) 359.755 311(26)
46 45.953 689 0(24) 306.510 45(11)
47 46.954 542 4(24) 268.355 665(78)
48 47.952 522 77(13) 239.828 150 6(34)

14.3 Direct Separation of mass and field shift
Figure 14.3 shows linearized versions of the plots in figure 14.2 by plotting the
isotope shift vs 1/µ, as explained in section 14.1.4. The calcium isotope masses
are very precisely known, and tabulated in table 14.2 together with the mass fac-
tor µ. However, the derived uncertainty on the mass factor µ is up to 3.5× 10−7

for 46Ca+, similar to the relative error on the |S1/2〉 → |D5/2〉 transition isotope
shift.

Assuming the same nuclear charge radius δ
〈
r2c
〉40,48

= 0, due to the fact that
both isotopes are “magic” in terms of proton number as well as neutron number
in the nuclear shell model, we directly get the mass shift constants Ki from the
isotope shift δν40,48i via

Ki = µδν40,48i . (14.16)

We find
KD-fine = −3041.60(50)MHzu

K729 = 2383.91(95)GHzu .
(14.17)

Note that these values are not obtained by fitting all isotope measurements but
are solely based on the 40,48Ca+ isotope shift.

Furthermore, we can extract the field shift as the vertical distance between
the measured isotope shift and the straight line representing the mass shift con-
tribution in equation (14.10). The extracted field shifts are summarized in ta-
ble 14.3.
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Figure 14.3: Isotope shift relative to 40Ca+ of the 729 nm transition (top) and
D-finestructure transition (bottom) vs. mass factor 1/µ. The red dots show the
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Table 14.3: Field shifts in MHz, extracted based on the assumption
δ
〈
r2c
〉40,48

= 0. Values for the 732nm transition are calculated based on the
other two transitions.

transition [nm] 42 44 46
4 2S1/2 − 3 2D3/2 732 −80.560(3) −105.873(3) −48.616(3)
4 2S1/2 − 3 2D5/2 729 −80.440(3) −105.716(3) −48.543(3)
3 2D3/2 − 3 2D5/2 D-fine +0.119 338(65) +0.156 799(64) +0.072 023(62)

Another approach is to use equation (14.10) again, but now plotting the
modified isotope shift µδνi versus the modified charge radius squared µδ

〈
r2c
〉40A′

.
This plot directly gives the mass shift constant Ki as intersect, and the field shift
constant Fi as slope, in a linear regression model.

This analysis also allows to predict charge radii, by inter- or extrapolation
of the linear fit, of isotopes which have not been (precisely) measured before,
for instance for radioactive, short lived isotopes. However, this procedure can
only improve already existing data and is limited by the accuracy of this data,
i.e. previously measured charge radii. Charge radii can be precisely measured
by muonic spectra and electronic scattering experiments, as well as optical iso-
tope shift measurements [A140, A141], and table 14.5 lists the measurements by
Palmer et al. [A47], which were used as seed values in the fits here.

Since the present relative error on the charge radii in literature is much
larger than on our isotope shift measurements, we reverse the axes and use
regular least squares fitting, ignoring the negligible uncertainty on the isotope
shift measurements. The result of the fit is shown in figure 14.4. We get the
slope 1/Fi and intercept −Ki/Fi instead of Fi and Ki directly as explained
above. The mass and field shift constants obtained from the fit are summarized
in table 14.4. The values are close to the values given in section 14.3, which
were only based on the 48Ca+ isotope shift and the simple assumption of equal
charge radii δ

〈
r2c
〉40,48

= 0, which does not hold as we will see in the following.
From the fit, we can also extract new best estimates for the mean charge

radii squared δ
〈
r2c
〉40A′

, simply by evaluating the fitted curve at the measured
modified isotope shift for each isotope. The results are summarized in table 14.5,
together with the measurements by Palmer et al. [A47], used as seed values in
the fit, and other recent values obtained by Shi et al. [A50]. Note that the result
is limited by the relative accuracy of the seed values for δ

〈
r2c
〉40A′

and not by

Table 14.4: Mass and field shift constants extracted from plotting modified
charge radius squared vs modified isotope shift in figure 14.4.

Parameter 729 D-fine
Field shift F −371(7)MHz fs−2 +550(10) kHz fs−2

Mass shift K +2395(63)GHzu −3056(80)MHzu
Covariance −6.0 fs2 GHz−1 u−1 +3.5 fs2 MHz−1 u−1
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Figure 14.4: Modified charge radius vs. modified isotope shift
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Table 14.5: Mean charge radii squared δ
〈
r2c
〉40A′

in fm2 extracted from the
linear fit shown in figure 14.4, together with literature values. The values from
Palmer et al. were used as seed values in the fit.

isotope this work Palmer et al. [A47] Shi et al. [A50]
40 +0
41 +0.0032(25)
42 +0.2152(34) +0.2153(49) +0.2160(49)
43 +0.1254(32)
44 +0.2818(42) +0.2832(64) +0.2824(64)
45 +0.1188(59)
46 +0.1262(31) +0.1242(50)
47 +0.005(13)
48 −0.0060(50) −0.0044(60) −0.0045(59)

our isotope shift measurements. This is why only one column is given for the
result in table 14.5; the prediction from the 729 nm transition data and from
the D-finestructure transition data gives the exact same result with the same
uncertainties. The obtained value of −0.0060(50) fm2 suggests that the there is
a slight deviation in the nuclear charge radius between 40Ca+ and 48Ca+, even
though both nuclei are double magic.

14.4 King plot
The King plot, according to equation (14.11), allows to eliminate the a priori
unknown charge radii from the analysis, by directly plotting the modified isotope
shifts of two different transitions against each other. This is shown in figure 14.5
for the 729 nm and D-finestructure transitions. The slope of a linear fit gives
the ratio of the field shift constants, and from the intercept we can extract the
difference of the mass shift constants. We find the slope

FD-fine

F729
= −1.4833(4)× 10−3 . (14.18)

This is in agreement with the field shifts directly extracted and listed in ta-
ble 14.4, from which we find

FD-fine

F729
= −1.48(4)× 10−3 , (14.19)

but with 100 times better accuracy.
Within the uncertainty, the linear fit describes the data perfectly well. The

linearity of the King plot is strongly supported by theory, and violations would
indicate new physics, as discussed later in section 14.5.2.

The same data can also be visualized in a King plot of the 732 nm vs. 729 nm
transition, where the isotope shifts for 732 nm, as given in table 14.1, were
calculated as

δν732 = δν729 − δνD-fine . (14.20)
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Figure 14.5: King plot D-finestructure vs. 729

This plot is shown in figure 14.6. Since δν732 is dominated by the 729 nm shift,
and the D-finestructure shift is only a small contribution, there is a strong cor-
relation of the uncertainties in this plot. An error on the 729 nm measurements
moves the data point along the diagonal of the plot, and does not contribute to
a possible non-linearity in the King plot. The uncertainty of the D-finestructure
measurements on the other hand directly translates into an error of the calcu-
lated 732 nm value, and is indicated by the horizontal error bars.

14.5 Comparison with previous measurements and
impact on “new physics”

To the best of my knowledge, the measured spectroscopic isotope shifts are the
most precise measurements in literature so far, not just for Ca+ but for any
given element.

The isotope shifts δν40,A
′

S−P on the |S1/2〉 → |P1/2, 3/2〉 transition measured
by Shi et al. [A50] have an absolute accuracy of ≈ 100 kHz, corresponding to a
relative accuracy for δν40,48S−P of 6× 10−5. Our absolute accuracy of 45Hz for the
D-finestructure |D5/2〉 → |D3/2〉 transition is at least 2000 times more accurate.
Actually, the measurements by Shi et al. show a discrepancy with our data, and
also previous measurements by other authors, as I will discuss in the following
section. In relative term, we reach an accuracy of 3.5× 10−6 for δν40,48D . For
the |S1/2〉 → |D5/2〉 transition with an accuracy of 2 kHz, we reach a relative
accuracy of 2× 10−7 for δν40,48D .
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Figure 14.6: King plot of the 729 nm vs. 732 nm transition calculated as the
sum of 729 nm and D-finestructure transition. The error originating from the
measurement uncertainty of the 729 nm transition equally contributes to both
axis, and is indicated by the dashed red line, exceeding the range of the insets.
However, this error only moves the data points along the diagonal, with constant
distance to the fitted line. The measurement uncertainty of the D-finestructure
transition only contributes to the 732 nm value, and is indicated as horizontal
error bars.
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One very interesting aspect of these measurements is, that the high accuracy
of optical isotope shift measurements has the potential to discover new physics
beyond the standard model. For instance, a nucleus consisting of “strange mat-
ter”, where some of the nuclei decayed into particles consisting of up, down and
strange quarks [A142], would lead to a very different charge radius, reflected in
the spectroscopic isotope shift. Another possibility is to detect new bosons, mit-
igating a new force between the nucleus and the electron. This new force would
lead to a nonlinearity in the King plot, which I will discuss in section 14.5.2.

14.5.1 Comparison with previous measurements
As already discussed in chapter 13.5, the measurements of the P-finestructure
in 40Ca+ of Shi et al. [A50] do not agree with previous, much more precise mea-
surements. The argument is, that the “closed” transition (compare chapter 13.5)

|S1/2〉
397 nm−−−−→ |P1/2〉

866 nm−−−−→ |D3/2〉
D-fine−−−−→ |D5/2〉

729 nm−−−−→ |S1/2〉 (14.21)
should obey

fclosed = f397 − f866 + fD-fine − f729 = 0 , (14.22)
where fi are the measured frequencies of the corresponding transitions. For the
40Ca+ isotope, this condition is violated with

f40
closed = 274(130) kHz 6= 0 , (14.23)

solely based on measurements by Shi et al. and other authors [A50, A88, A36,
A49], not including any input from the data presented in this thesis.

For the isotope shifts, using the data from Shi et al. and the data presented
in this thesis, we find for the isotope shifts, in the same way as eq. (14.22)

δν40,42closed = 288(136) kHz

δν40,44closed = 736(109) kHz

δν40,46closed = (not measured by Shi et al.)
δν40,48closed = 28(101) kHz .

Only for 48Ca+, there is agreement within the uncertainty, and the value for
44Ca+ disagrees by almost 7 standard deviations from δν40,44closed = 0. Together
with the 40Ca+ discrepancy, this is a strong indication that the uncertainties were
underestimated by Shi et al. for their measurements. The transition frequencies
for 40Ca+ measured in this thesis work, agree very well within the uncertainties
with previous measurements by other authors, as discussed in chapter 13.5 for
the |D5/2〉 → |D3/2〉 transition, and in chapter 11 for the 729 nm |S1/2〉 → |D5/2〉
transition, both with much higher sensitivity compared to the measurements by
Shi et al.

14.5.2 Non-linearity of the King plot and “new physics”
beyond the standard model

Equation (14.10) leads to the strictly linear dependence for the King plot (14.11).
Since this linear dependence is based on our current physical understanding, a
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Figure 14.7: Illustration of rotational velocities of stars in a spiral galaxy [X3].
According to Kepler’s law, the velocity of the stars should decrease with distance
from the center (red curve). However, the measured velocities (white curve)
deviate significantly from this prediction, revealing the presence of dark matter.

significant violation would indicate “new physics”, that means physics beyond
the standard model. That there is physics beyond the standard model is al-
ready clear from astrophysical observations proving the existence of dark mat-
ter [A143, A144, R14, A145]. The velocity of stars in spiral galaxies, such as the
Andromeda galaxy shown in figure 14.7, requires the presence of “dark matter”,
interacting gravitationally with the “normal matter” described by the standard
model, which was already suggested in 1933 by Zwicky [A146].

The King plot in its linear form discussed above contains only the leading
orders for the field and mass shifts. Thus, I will discuss expected non-linearities
of the King plot within the standard model. In section 14.5.2 I will then summa-
rize theoretical suggestions, especially new particles beyond the standard model,
mitigating a force which would lead to nonlinearities of the King plot. Finally, I
will explain how our current Ca+ spectroscopic isotope shift measurements can
set bounds for this new force.

Expected King non-linearities within the standard model

Having a closer look at the origin of eq. 14.10 reveals non-linearities in the King
plot even within the standard model. To claim a violation of the standard
model, measured nonlinearities in any experimentally derived King plot need to
be larger than theses expected nonlinearities. The following discussion is based
on the calculations by Flambaum et al. [A56].

Relativistic corrections The simple linear dependence of the field shift (FS)
on the nuclear charge radius

FS = Fiδ
〈
r2c

〉AA′

(14.24)

stems form the non-relativistic Schrödinger equation. However, the field shift
depends on the electron’s probability density overlap with the nuclear charge
distribution. For example, the electronic p1/2-wave-function has zero probability
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at the origin in the non-relativistic case, which is not true in the relativistic case
solving the Dirac equation. In the relativistic case, eq. (14.24) becomes

FS = F̃i

〈
r2γ
〉AA′

, (14.25)

where
γ =

[(
j + 1/2

)2 − Z2α2
]1/2

, (14.26)

where j = l+ s is the total of electronic orbital angular momentum and spin, Z
is the proton number, and α ≈ 1/137 is the finestructure constant. From equa-
tion (14.26), we see that the relativistic effect for s-orbitals (j = 1/2) becomes
more important for heavier elements, where Z ≈ 137. In the non-relativistic
limit, i.e. Z � 137, we find γ = 1 for s-waves, that means eq. (14.24) leading to
the linear King plot.

The isotope shift can be written as

δνAA′

i = Ki/µ+ Fi

〈
r2γ1

〉AA′

+Gi

〈
r2γ2

〉AA′

, (14.27)

where γ1 represents the s-wave contribution with γ1 → 1 in the non-relativistic
case, and the third term represents a correction to the field shift caused by higher
waves, for instance, Gi

〈
r4
〉AA′

for p3/2. The King plot will then only be linear
for the special case where Fi/Gi = Fk/Gk for the two transitions i, k.

Another important effect is the nuclear polarizabilitiy [A147, A148]. The
electrons affect the nuclear charge distribution, which leads to nonlinearities in
the King plot, via eq. 14.27.

King nonlinearity due to new particles e−

p, n

10−10 m

10−14 m

Figure 14.8: Typical
length scales in an
atom.

New particles, mediating a new force [A149] between the nu-
cleus and the electron would be detectable via the King plot
analysis. Adding a third term to the leading mass and field
shift contributions, so that the isotope shift becomes [A53]3

δνAA′

i = Ki/µ+ Fi δ
〈
r2c

〉AA′

+ αNPXiγAA′ , (14.28)

leads to a non-linearity of the King plot [A56]. Here, αNP is
the new particle’s coupling constant, Xi depends on the form
of the new potential and on the specific electronic transition
i, and γAA′ depends only on the nuclear properties. The po-
tential of the interaction can be parameterized by a Yukawa
type of potential

Vφ(r) = −ye yn N
e−r/LR

r
(14.29)

where N is the neutron number, ye and yn are the particle coupling strengths
to the electrons and neutrons, respectively, and the characteristic length range

3Berengut et al. [A53] define µ as we define 1/µ.
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of the force is given by

LR =
h̄ c

emφ[eV]
=

2.0× 10−7 m

mφ[eV]
, (14.30)

with mφ[eV] being the mass of the particle in electron volt. Since the rms charge
distribution radius of the 40Ca+ nucleus is 3.48 fm = 3.48× 10−15 m [A136] the
mass of the particle needs to be smaller than ≈ 57MeV to reach outside the
nucleus4. To effectively couple the nucleus with the outer electron, the charac-
teristic length of the force needs to be at least on the order of the electron-nucleus
distance, with a typical length scale of the Bohr radius

a0 = 5.3× 10−11 m , (14.31)

so that the mass of the particle needs to be smaller than ≈ 3.7 keV.
Figure 14.9 shows the bounds, calculated by Berengut et al.[A53], a spec-

troscopic isotope shift measurement can set on the mass and strength of such a
new particle. My current calcium D-finestructure measurement lies in between
the 100 kHz accuracy of Shi et al. and a hypothetical measurement of the D-
finestructure isotope shift with 1Hz accuracy. The black line was calculated
based on the isotope shifts measured in this thesis by Elina Fuchs and Matthias
Schlaffer, authors of the papers [A54], based on the methods in ref. [A53]. The
calculated bound is preliminary, and reached me just before the thesis deadline.
The mass dependence of the bound is still work in progress, which is why only
the bound for an infinite ranging force, corresponding to a massless mediator
particle is shown.

4A force between the neutrons and the electron would also be possible, in which case we
would need to consider the size of the neutron distribution [A150] instead of the charge radius,
which is on a similar scale.
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Figure 14.9: Isotope shifts and “new physics”. The plot shows an updated
version of the plot in ref. [A53], with the bounds calculated based on the isotope
shifts measured in this thesis by Elina Fuchs and Matthias Schlaffer, authors of
the papers [A54], based on the methods in ref. [A53]. The calculated bound is
preliminary.
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Outlook and Conclusion



15
Future Experiments with MgH+

In the Ion Trap Group, we plan to apply the technique of frequency comb driven
Raman transitions developed in this thesis work to perform rotational spec-
troscopy in MgH+ [A40]. The potential energy curves of the lowest electronic
levels of MgH+ are illustrated in figure 15.1a, together with the lowest vibra-
tional levels ν = 0 , 1 , 2 and the frequency comb light. The idea is to drive
Raman transitions with the frequency comb between rotational levels J of the
vibrational ground state ν = 0, sketched in figure 15.1b. The rotational con-
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(a) Potential energy curves of MgH+

X 1Σ +
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J = 1ν = 0

J = 2
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· ·
·
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9.7 Hz
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BBR

1.13 THz

(b) Sketch of rovibrational levels and rota-
tional cooling.

Figure 15.1: Potential energy curves of MgH+ (left) and a sketch of the rovibra-
tional levels of the electronic ground state (right, not to scale).
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ν = 0 ν = 1 ν = 2 ν = 3 ν = 4 ν = 5

Evib [THz] 0 48.997 96.018 140.995 183.845 224.474

Be [THz] 0.189 0.183 0.178 0.172 0.166 0.159

Table 15.1: Rotational constants Be and vibrational energies Evib for the lowest
vibrational states of the electronic ground state X 1Σ+ in 24MgH+ [A151].

stants of MgH+ are listed in table 15.1 and the energy splitting ∆E between
rotational levels J ′′ and J ′ can be calculated to first order by

∆E = Be

(
J ′′(J ′′ + 1)− J ′(J ′ + 1)

)
(15.1)

where Be is the rotational constant. This leads to rotational transition frequen-
cies in the THz range, similar to the successfully driven D-finestructure transition
in Ca+ with a frequency of 1.8THz. In particular, the J = 0 → J = 2 transition
has a frequency of 1.13THz. Dipole selection rules require ∆J = ±1 for transi-
tions between the electronic Σ+ levels, so that the selection rule for the Raman
process becomes ∆J = ±2. The auxiliary level for the Raman process is the first
electronically excited level A 1Σ+. The coupling happens via all dipole allowed
rovibrationally states of this electronic level, indicated by multiple virtual levels
as dashed lines in the figure.

The first electronically excited level lies 1067THz above the ground state, so
that the single photon detuning ∆ ≈ 700THz in MgH+ is much larger compared
to Ca+ with ∆ ≈ 20THz for our Mira frequency comb with a carrier frequency
of about 370THz. The Raman Rabi frequency is inversely proportional to the
single photon detuning, so that we expect a reduction by a factor of 700

20 = 35. At
the current experimental status, coherent manipulation of MgH+ is not possible
due to short coherence times compared to the expected Rabi frequencies. The
Menlo frequency comb intrinsically suffers from strong destructive interference
of individual Raman Rabi frequencies of the comb spectrum by group delay dis-
persion (GDD) in the laser’s fiber components, leading to small Rabi frequencies
compared to the Mira Ti:sapph comb. However, one could think about using
the (M-NIR) output of the Menlo and amplify the light in a GDD compensated
fiber amplifier to high powers to achieve higher Rabi frequencies. The additional
factor of ≈ 2 due to half the carrier frequency could be outweighed by higher
total power.

The Mira comb on the other hand currently has a lower repetition rate stabil-
ity compared to the Menlo comb, as discussed in depth in chapter 6, which leads
to decoherence. We are working on improving the repetition rate stability by
replacing the piezo actuator and mirror for the cavity length adjustment, which
should lead to much better performance. A tighter focus on the ion, and possi-
bly a stronger pump laser for the Mira comb could also push the Rabi frequency
easily by a factor of 2.

Raman spectroscopy can be performed on any rotational transition with a
transition frequency within the spectral bandwidth of about 8THz of the Mira
comb. The rotational levels are populated according to a thermal distribution
at room temperature, as shown in figure 15.2, leading to small signal to noise
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Figure 15.2: Measured rotational state distribution at room temperature (red)
and after rotational cooling (blue) from ref. [A152].

when addressing only one selected rotational state [A152].
Rotational cooling can however dramatically increase the population in the

rovibrational ground state |ν = 0, J = 0〉 and first excited state. The idea of
rotational cooling, previously implemented in our group [A152], is sketched in
figure 15.1b. A laser at 6.2 µm is driving the |ν = 0, J = 2〉 → |ν = 1, J = 1〉
transition, thereby emptying the |ν = 0, J = 2〉 state. From the |ν = 1, J = 1〉
state, the dipole selection rule ∆J = ±1 restricts spontaneous decay to the
|ν = 0, J = 2〉 state, from where it is immediately pumped back by the laser, and
to the |ν = 0, J = 0〉 state, effectively pumping the transition |ν = 0, J = 2〉 →
|ν = 0, J = 0〉. However, blackbody radiation (BBR) couples neighboring rota-
tional states, so that the population from the |ν = 0, J = 0〉 state migrates to
the |ν = 0, J = 1〉 state and finally to the |ν = 0, J = 2〉 state, from where it is
pumped back to |ν = 0, J = 0〉. Additionally, the BBR coupling of states with
J ≥ 2 moves population slowly towards the almost empty |ν = 0, J = 2〉 state,
including the population in the cooling cycle.

In our laboratory, I was working on the characterization of a quantum cas-
cade laser (QCL) intended for these experiments, partly during assisting the lab
work of two bachelor students on the project [T11, T12]. Together with a High-
Finesse WS6-200 IR-III wavemeter with an operating wavelength range form
approximately 2 µm to 11 µm, which we characterized to an absolute accuracy
of ≈ 15MHz via absorption spectroscopy in ammonia, the infrastructure for the
experiments is almost ready.

Another complication arises due to the hyperfine structure in 24MgH+, split-
ting the rotational levels for J > 0 into two hyperfine states with F = J ± 1/2.
Additionally, the hyperfine levels are split in a magnetic field B by the Zeeman
effect into 2F+1 sub-states mF = −F, −F + 1 . . .+ F . The energy levels |J, F 〉
can be calculated via

E = EJ +
CI

2

[
F (F + 1)− I(I + 1)− J(J + 1)

]
, (15.2)
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Figure 15.3: Zeeman splitting of the |J = 0, F = 1/2〉 Zeeman sub-states.
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Figure 15.4: Zeeman splitting of the |J = 2, F = 3/2〉 and |J = 2, F = 5/2〉
Zeeman sub-states.

where J = 1/2 is the nuclear spin, and the hyperfine constant CI = −18(1) kHz
has been calculated by Frank Jensen from the Department of Chemistry at
Aarhus University.

The Zeeman energy

ĤZeeman = −gpµN Îp·B̂−grotµN Ĵ ·B̂; µN =
eh̄

2Mp
, gp = 5.586, grot ≈ −0.08 ,

(15.3)
has been calculated in the Ion Trap Group before [T3], and is plotted for the
J = 0, F = 1/2 level in figure 15.3 and for J = 2, F = 3/2, 5/2 in figure 15.4.
In total, there are 18 possible transitions between the J = 0 and J = 2 levels,
and 10 particularly interesting transition frequencies are plotted in figure 15.5.
One interesting pair of transitions is
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F=1/2
to F=3/2

F=1/2 to
F=5/2

Figure 15.5: |J = 0, F = 1/2〉 and |J = 2, F = 3/2, 5/2〉 transition frequen-
cies between selected mF states. Solid lines correspond to the initial
state |J = 0, F = 1/2, mF = +1/2〉 and dashed lines to the initial state
|J = 0, F = 1/2, mF = −1/2〉.

|J = 0, F = 1/2, mF = +1/2〉 → |J = 2, F = 5/2, mF = 5/2〉 (solid black line)
|J = 0, F = 1/2, mF = −1/2〉 → |J = 2, F = 5/2, mF = −5/2〉 (dashed blue line)

because these transitions have the same, but opposite frequency f dependence
on the magnetic field with a slope of

df

dB
= ±122Hz . (15.4)

By measuring both transitions, the difference frequency can be converted to
magnetic field and could be used to determine the magnetic field. Turning
around this argument, a measurement of the difference frequency in a known
magnetic field can be used to determine the molecular constants.

Another interesting transition is the

|J = 0, F = 1/2, mF = −1/2〉 → |J = 2, F = 3/2, mF = +3/2〉 (dashed black line)

transition, which is insensitive to first order magnetic field fluctuations df
dB = 0

at a magnetic field around 17.5G. Magnetic field fluctuations are often the
experimental limiting factor on the coherence time. Long coherence times are
beneficial for almost all applications, for instance quantum computing where
these two rotational states can be used as qubit.

To detect the internal state of MgH+ we plan to implement quantum logic
spectroscopy (QLS) with a co-trapped 40Ca+ ion, as described in chapter 2.4.
QLS requires to drive sideband transitions on the spectroscopy ion, which means
that we have to drive Raman sideband transitions with the frequency comb.
Sideband transitions involve momentum transfer from the light field to the mo-
tion of the ions, which scales with the Lamb-Dicke parameter η, defined in
eq. (2.25), and the Lamb-Dicke parameter itself is proportional to the wave-
vector k of the light. For a Raman transition, the effective k vector is given by
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the difference of the two light fields driving the transition

~kRaman = ~k1 − ~k2 (15.5)

so that co-propagating beams only lead to negligible momentum transfer. There-
fore, we need to split the frequency comb light into two counter-propagating
beams, which need to be overlapped at the ion position in space and time. The
overlap in space is experimentally straight forward to achieve by observing car-
rier transitions in a single Ca+ ion with each beam independently, similar to
the experiments shown in this thesis. The overlap in time is more challenging,
since the laser pulse length on the order of 50 fs corresponds to an extend of
only 15 µm, which is the precision the two beam-lines need to be set up with the
same total length.

One interesting aspect of this challenge, however, is the possibility to drive
sideband transitions in one selected ion within a string of ions trapped together.
The ion separation can be adjusted by the end-cap voltage of the trap, and
ion separations on the order of several 10 µm are feasible. Addressing a single
selected ion by slightly adjusting the beam path length with a single laser could
be interesting for quantum computing.

The laser infrastructure for ionization and laser cooling of Mg+ is already
available in our laboratory, and was briefly described in chapter 9.2.9 and cur-
rently we are working on the implementation of quantum logic spectroscopy [T3].
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Conclusion

This thesis presented the successful extension of the technique of frequency comb
driven Raman transitions to the THz range, by driving Raman transitions be-
tween the D-finestructure states in a single Ca+ ion confined in a linear Paul
trap, and measuring the most precise spectroscopic isotope shifts reported in
literature so far.

In Part I the theory of ion trapping, and the interaction of light fields with a
trapped ion was explained, to set the frame for the experimental implementation.

Two different frequency comb systems were used in the experiments, a Mira
Ti:sapph oscillator and a Menlo fiber based frequency comb. Part II introduced
the Fourier relation between time and frequency domain, and explained the gen-
eration of the frequency comb spectrum by mode-locked, repetition rate stabi-
lized, pulsed lasers. A thorough characterization of the two combs was presented,
including pulse length measurements of the Mira laser using interferometric auto-
correlation and frequency resolved optical gating (FROG). The Fourier limited
pulse length of the Mira laser was determined to ≈ 55 fs, consistent with the
spectral bandwidth of 8.3THz. The effect of group delay dispersion (GDD) in
optical materials is quantitatively discussed and later verified in the experiments
on Ca+. Moreover, the repetition rate stability of the two frequency combs is
quantitatively compared and can explain the different observed behavior of co-
herent Rabi oscillations between the D-finestructure levels in Ca+. Besides, the
stability of the frequency standard referencing the spectroscopy measurements
is verified, and is found to limit the relative accuracy to 5× 10−12.

The main experiments are detailed in part III. A discussion of the experimen-
tal setup and implementation introduces the spectroscopic measurements of the
|S1/2〉 → |D5/2〉 transition with the 729 nm laser, and the D-finestructure mea-
surements with the Menlo frequency comb. Spectroscopy on the |S1/2〉 → |D5/2〉
transition with an absolute accuracy of 2 kHz was shown to be consistent with
previous, extremely precise measurements by Chwalla et al. [A88], only limited
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by the relative accuracy of the frequency standard referencing the measure-
ment. The potential of frequency comb driven Raman transitions was demon-
strated by performing high resolution spectroscopy of the D-finestructure split-
ting in 40Ca+, determining its frequency to be 1 819 599 021 524(32)Hz. Sys-
tematics were investigated and the measured frequency was corrected from the
quadratic Zeeman shift (21.8Hz), which is the dominating frequency shift in
our experimental setup. Additionally, spectroscopy on both transitions, the
|S1/2〉 → |D5/2〉 transition and D-finestructure was performed on all naturally
abundant even isotopes of Ca+ to determine the spectroscopic isotope shifts.
Spectroscopic isotope shifts rely partly on the interaction of the electron with the
nuclear charge distribution, and deviations from the predictions of the standard
model can be used to test theories predicting new forces beyond the standard
model. For this purpose, the isotope shifts were analyzed in a so-called King
plot, and new preliminary bounds on the coupling strength of these hypothetical
new forces were derived in collaboration with Elina Fuchs and Matthias Schlaffer
from the Weizmann Institute of Science [A54, A53].

Finally, in part IV the application of the frequency comb technique on rota-
tional spectroscopy in MgH+ as planned in the Ion Trap Group was discussed.

I expect Frequency comb driven Raman transitions in the THz range to be a
driving force in future spectroscopic studies on molecular ions.
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A.1 Group velocity dispersion in air
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Figure A.1: Group delay dispersion in air.
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A.2 Magnesium
24Mg 25Mg 26Mg

Abundance [%] 78.99(4) a 10.00(1) a 11.01(3) a

Nuclear Spin 0 5/2 0

Table A.1: Mg+ isotope abundance and nuclear
spin

a Ref. [A153]

3 2S1/2

3 2P1/2

3.854(30) ns

3 2P3/2

3.810(40) ns

280.4 nm
41.30(32)MHz

279.6 nm
41.77(44)MHz

Figure A.2: Level structure of 24Mg+. The given lifetimes and transition
wavelengths can be found with higher precision and references in table A.2.
Linewidths are calculated from the lifetimes.
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Table A.2: Ground state transitions in Mg+ isotopes. Wavelengths in vacuum
are calculated from the given frequencies. Lifetimes are given for the upper level
of each transition.

Transition Wavelength [nm] Frequency [THz] Lifetime [ns]
3 2S1/2 → 3 2P1/2

24Mg+ 280.353 1069.338 342 56(16) a, d 3.854(30) c,e
25Mg+ 280.353 1069.339 957(5) b
26Mg+ 280.352 1069.341 427 47(16) a

3 2S1/2 → 3 2P3/2

24Mg+ 279.636 1072.082 934 33(16) a, c, d 3.810(40) c, e
25Mg+ 279.635 1072.084 547(5) b 3.75(15) e
26Mg+ 279.635 1072.086 021 89(16) a 3.81(10) e

3 2S1/2 → 2 2D5/2

25Mg+ 139.879 2143.223 903(7) b

3 2S1/2 → 4 2P3/2

25Mg+ 123.992 2417.829 196(12) b

a Ref. [A154]
b Ref. [A155]
c Ref. [A156]

d Ref. [A157]
e Ref. [A158]

Table A.3: Calcium isotope shifts for the ionization transition at 272 nm [A159]
and natural abundance [A153]

A shift [MHz] abundance in %

40 0 96.941(156)
42 967(9) 0.647(23)
43 1455(9) 0.135(10)
44 1879(14) 2.086(110)
46 2746(16) 0.004(3)
48 3528(16) 0.187(21)
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A.3 Laboratory layout plan

Figure A.3: Laboratory layout plan



B
Reevaluation of isotope shifts

B.1 Summary
This appendix is a summary of our improved isotope shift measurements and
analysis after I handed in my thesis.

B.2 Isotope shift measurements
The measured isotope shifts for the D-fine structure transition 3 2D3/2−3 2D5/2,
and the 729 nm transition 4 2S1/2 − 3 2D5/2 are listed in table B.1 together with
the calculated shifts on the 732 nm transition. The isotope shift measurements
are plotted in figure B.1 against the nuclear mass, see eq. (B.4).

Table B.1: Calcium+ isotope shifts relative to 40Ca+ in MHz. The values
for the 732nm transition are calculated based on the measured 729nm and
D-finestructure transitions.

transition [nm] 42 44 46 48
4 2S1/2 − 3 2D5/2 729 +2771.873(2) +5340.888(2) +7768.401(2) +9990.383(2)
3 2D3/2 − 3 2D5/2 D-fine −3.519 896(24) −6.792 470(22) −9.901 524(21) −12 746 611(27)
4 2S1/2 − 3 2D3/2 732 +2775.393(2) +5347.680(2) +7778.302(2) +10 003.130(2)
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Figure B.1: Isotope shift relative to 40Ca+ of the 729 nm transition (top) and
D-finestructure transition (bottom) vs. nuclear mass. The red dots show the
measured value (with error bars too small to be visible on this scale) and the blue
line is plotted according to equation (B.6) and forced through 40,48Ca+ based on
the assumption that δ

〈
r2c
〉40,48

= 0. The distance between the measurements
and the line is due to the field shift.
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B.3 Analysis
B.3.1 Definitions
The isotope shift of a transition i is defined as the difference in transition fre-
quency between isotope A and A′ as

δνAA′

i ≡ νAi − νA
′

i , (B.1)

where νAi and νA
′

i are the transition frequencies of the two isotopes. In our case,
we reference all numbers to the 40Ca+ isotope, thus A = 40.

The two leading contributions to the isotope shift are the mass shift (MS)
and field shift (FS)

δνAA′

i = δνAA′

i,MS + δνAA′

i,FS = Ki
1

µ
+ Fi δ

〈
r2c

〉AA′

. (B.2)

where Ki and Fi are the mass and field shift constants, respectively, δ
〈
r2c
〉AA′

is the difference of the nuclear charge radius squared, and the mass factor µ is
given by

µ = µAA′
=

mA(mA′ +me)

mA′ −mA
(B.3)

where me is the electron mass, and mA and mA′ are the masses of the nuclei of
the two isotopes. The nuclear mass can be calculated from the precisely known
masses of the neutral atomic calcium isotopes [A139], and the binding energy as

mA = mA, neutral atom − 20me −mbinding energy , (B.4)

where me is the electron mass, and

mbinding energy =

19∑
n=0

Eionize(
40Can+)/c2 = 1.9871(5)× 10−5 u ≈ 4%me (B.5)

is the additional mass of the neutral species due to the binding energy of the
electrons, taken from the NIST database [A160] and agrees with theoretical
calculations found in ref. [A161]. Here, we assume that the ionization energy is
independent of the specific isotope. The correction due to the binding energy
is only of the order of 5× 10−7, and the precision of the best isotope mass
measurement is 6× 10−10 for 40Ca+ . Therefore, we do not introduce an error
if the isotope shift of the ionization energies is smaller than 10−3. The resulting
nuclear masses together with the corresponding mass factors µ are listed in
table B.2.

The isotope shift in equation (B.2) can be rewritten as

µδνAA′

i = Ki + Fi µ δ
〈
r2c

〉AA′

(B.6)

where µδνAA′

i is called the modified isotope shift.
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Table B.2: Calcium isotope nuclear masses and (nuclear) mass factors calculated
from equation (B.3).

Ca isotope mass [u] mass factor µ [u]
40 39.951 599 394(23) inf
41 40.951 286 45(15) 1636.603 47(25)
42 41.947 626 36(16) 839.616 25(7)
43 42.947 774 97(24) 572.681 46(5)
44 43.944 490 13(30) 439.700 13(4)
45 44.945 194 93(40) 359.591 47(3)
46 45.942 697 53(240) 306.372 24(14)
47 46.943 550 93(240) 268.235 82(11)
48 47.941 531 30(13) 239.722 039(5)

B.3.2 Mass and field shift based on δ
〈
r2
c

〉40,48
= 0

Using the assumption δ
〈
r2c
〉40,48

= 0, we can extract the mass shift constant Ki

directly from equation B.6 by plugging in the isotope shift δν40,48i . We find

KD-fine = −3055.6432(65)MHzu

K729 = 2394.915 09(48)GHzu .
(B.7)

Using these mass shift constants, we can calculate the individual field shifts
δνAA′

i,FS as the difference between isotope shift measurement and the mass shift
prediction as

δνAA′

i,FS = δνAA′

i −Ki/µ
AA′

. (B.8)

Table B.3 lists the calculated field shifts, taking the error on the isotope shift
and of the fit into account.

Table B.3: Field shifts in MHz, extracted based on the isotope shift measure-
ments and the assumption δ

〈
r2c
〉40,48

= 0.

transition [nm] 42 44 46 48
4 2S1/2 − 3 2D5/2 729 −80.5199(21) −105.8129(23) −48.6098(25) 0
3 2D3/2 − 3 2D5/2 D-fine +0.119 437(25) +0.156 910(26) +0.072 106(30) 0
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B.3.3 Isotope shifts as function of difference in charge ra-
dius

A different approach, not assuming δ
〈
r2c
〉40,48

= 0, is to plot the modified isotope
shift µδνAA′

i from equation (B.6) versus the modified charge radius squared
µδ
〈
r2c
〉40A′

. However, this approach requires literature values for the charge
radii. A linear fit directly gives the mass shift constant Ki as intersect, and the
field shift constant Fi as slope, in a linear regression model. Table B.4 gives
the fitted mass and field shift constants together with the mass shift constants
calculated before (see eq. (B.7)). The errors are scaled standard errors, that
means forcing χ2 = 1, as usual.1

The fit can be done for each transition separately together with the charge
radius, or in a three dimensional fit (3d King plot) with both transitions at the
same time. In any case, I take the error on all variables x, y (,z) into account
using Weighted Orthogonal Distance Regression (scipy.ODR) [A162]. For the
fits, I use the charge radii reported by Palmer et al. [A47], or, alternatively,
the original values reported by Wohlfahrt et al., tbl. IV [A163]. These charge
radii are listed in table B.5, together with new estimates based on these fits, as
described in the following section.

1This makes the fitted errors independent of a global scaling of all weights on the input
data.



Table B.4: Extracted mass shift constants Ki and field shift constants Fi. The first row represents the direct measurement of δν40,48i

using the assumption δ
〈
r2c
〉40,48

= 0. The following rows are the results from the two- and three-dimensional Weighted Orthogonal
Distance Regression with charge radii taken from the results of Palmer et al. [A47] (top) and Wohlfahrt et al. [A163] (bottom).

source KD-fine [MHzu] FD-fine [MHz fm−2] cov(K,F )D-fine [u fm−2] K729 [GHzu] F729 [MHz fm−2] cov(K,F )729 [u fm−2]

δ
〈
r2c

〉40,48

= 0 and eq. (B.7) −3055.6432(65) +2394.915 09(48)

2d (Palmer et al. [A47]) −3054.85(25) +0.551(4) −5.979× 108 +2394.38(17) −371(3) −2.658× 1014

3d (Palmer et al. [A47]) −3054.9(10) +0.551(15) +2394.4(6) −371(10)

2d (Wohlfahrt et al. [A163]) −3057.4(11) +0.568(17) −1.138× 1010 +2396.1(7) −383(11) −5.190× 1015

3d (Wohlfahrt et al. [A163]) −3057.4(21) +0.568(32) +2396.1(14) −383(21)
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B.3.4 Deduced charge radii
The charge radii can be calculated from eq. (B.2) as

δ
〈
r2c

〉AA′

= δνAA′

i /Fi −Ki/(µFi) , (B.9)

using the fitted mass and field shift constants together with the isotope shift
measurement.

The error on δ
〈
r2c
〉AA′

is calculated as

Sδ

〈
r2c

〉AA′

=

√√√√∑
n

(
∂δ 〈r2c 〉

AA′

∂xn
Sn

)2

− 2
∂δ 〈r2c 〉

AA′

∂Ki

∂δ 〈r2c 〉
AA′

∂Fi
cov(Fi,Ki)

(B.10)
where the derivatives are given by

∂δ
〈
r2c
〉AA′

∂ν
= 1/Fi (B.11)

∂δ
〈
r2c
〉AA′

∂µ
= Ki/µ

2Fi (B.12)

∂δ
〈
r2c
〉AA′

∂Ki
= −1/µFi (B.13)

∂δ
〈
r2c
〉AA′

∂Fi
= −ν/F 2

i +K/µF 2
i (B.14)

and cov(Fi,Ki) is the covariance between field and mass shift constants from
the linear fit, listed in table B.4.

The deduced charge radii are listed in table B.5 together with the seed values
for the fits and other literature values for comparison. Note that we get exactly
the same results and error for each of the two 2d fits, independent of which
transition we use. This is due to the fact that we are limited by the accuracy of
literature values for the charge radii.



Table B.5: Differences in mean charge radii squared δ
〈
r2c
〉40A′

in fm2. The columns represent: 0: Isotope number. 1: Our 2d fit
seeded with the values fitted by Palmer (column 3). 2: Our 2d fit seeded with the values measured by Wohlfahrt tbl. IV (column 6).
3: Fitted values by Palmer. 4: Supposedly Wohlfahrt’s data, as given by Palmer, which is not what I calculate (see next columns).
5-7: calculated from Wohlfahrt [A163, A164] using eq. (B.15). 8-9: Values from Shi et al. [A50] and Ruiz et al. [A165], which use
Palmer’s data to seed their fits (which I think is incorrect...).

isotope this work P. seed this work W. IV seedPalmer et al. [A47] W. by P. [A47] W. tbl. VII [A163]W. tbl. IV [A163]W. 1978 [A164] Shi et al. [A50] Ruiz et al. [A165]

40 +0 +0 +0
41 +0.0032(25)
42 +0.2152(13) +0.2140(53) +0.2153(49) +0.210(7) +0.210(42) +0.211(8) +0.2104 +0.2160(49)
43 +0.1254(32) +0.117(25) +0.117(8) +0.1158 +0.114(4)[8]
44 +0.2818(16) +0.2834(67) +0.2832(64) +0.290(9) +0.287(42) +0.281(8) +0.2807 +0.2824(64) +0.288(2)[6]
45 +0.1188(59) +0.125(3)[8]
46 +0.1263(12) +0.1370(49) +0.1242(50) +0.147(45) +0.147(8) +0.1473 +0.125(2)[8]
47 +0.005(13) +0.002(3)[9]
48 −0.0060(19) +0.0128(78) −0.0044(60) −0.005(6) −0.007(42) +0.007(8) +0.0063 −0.0045(59) +0.001(3)[10]

Wohlfahrt et al. [A163] measured the absolute charge radii ((
〈
r2c
〉A′

)1/2 in units of fm. We need to convert to

δ
〈
r2c

〉40A′

= ((
〈
r2c

〉A′

)1/2)2 − ((
〈
r2c

〉A=40

)1/2)2 (B.15)

and the error is calculated as

S

(
δ
〈
r2c
〉40A′

)
=

√[
2 · (〈r2c 〉

A′
)1/2 · S

(
(〈r2c 〉

A′
)1/2

)]2
+

[
2 · (〈r2c 〉

A
)1/2 · S

(
(〈r2c 〉

A
)1/2

)]2
≈ 4 · (

〈
r2c
〉A=40

)1/2 · S
(
(
〈
r2c
〉A=40

)1/2
) (B.16)
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B.3.5 King plot
To be again independent of literature values for the charge radii, we can calculate
the King plot from the two transition measurements using equation (B.6) twice
to get

µδνAA′

i = Ki − Fi

Fj
Kj +

Fi

Fj
µ δνAA′

j

= c+m ·
(
µ δνAA′

j

)
.

(B.17)

This equation was fitted to our D-fine and 729 data (µδνAA′

i from tables B.1
and B.2) using 2 different methods. One is ordinary least squares, taking only
the error on the D-fine transition into account, since it is the dominant error com-
pared to the 729 measurement. The other method is to use Weighted Orthogonal
Distance Regression, taking the error on both measurements into account. The
ODR analysis was also done with reversed axes for comparison. The results are
listed in table B.6 and all fitting procedures are in agreement. A King plot is
shown in figure B.2.

Table B.6: King plot analysis of the D-fine and 729 transition according to
equation B.17. The slope gives the ratio of the field shift constants Fi

Fj
. For the

Weighted ODR, I took errors in both transitions into account and made two
separate fits with reversed axes, and calculated the inverse slope for comparison.
The two fits agree. Also for comparison, I fitted the D-fine vs 729 using ordinary
least squares, and neglecting the error on the D fine structure, since it is orders
of magnitudes smaller than the error on the 729 measurement. For the least
squares fit, I also subtracted the modified isotope shift for δν40,42i,j from each axis
before fitting, in order to make the fitting work numerically. This fit agrees as
well with the previous.

Axis direction (eq. B.17) m = Fi
Fj

c = Ki − Fi
Fj

Kj [Hzu] 1
m

=
Fj

Fi

i = D-fine, j = 729
ordinary least sq. −1.483 05(21)× 10−3 N/A −674.288(10)
ORD −1.483 05(20)× 10−3 +496.1(5)× 106 −674.29(9)

i = 729, j = D-fine
ODR −674.29(9) +334.53(27)× 109 −1.483 05(20)× 10−3



200 Reevaluation of isotope shifts

0 10 20 30 40 50 60 70

Modified isotope shift  ,  [GHz amu]

100

80

60

40

20

0

M
od

ifi
ed

 is
ot

op
e 

sh
ift

 
,

+
 [M

H
z 

am
u]

0.300 0.325

0.375

0.350

+

21.38 21.39

31.66

31.64

+

53.016 53.024

78.56

78.55

+
67.91 67.92

100.65

100.64

+

Figure B.2: King plot of the D-fine and 729 transition, with the line drawn
according to the ordinary least squares fit given in table B.6.



B.4 Discrepancy with data by other authors

Table B.7: Measurement discrepancies for Ca+ transitions. The sum should be zero. The measurements come from the cited references,
except for the first row, which is independent of our measurements and takes instead the D-fine value from Yamazaki et al. [A36] and
the 729 value from Chwalla et al. [A88]. All numbers in units of MHz. The significant error stems from the measurements by Shi
et al. [A50].

isotope 729 [this work] D-fine [this work] 397 [A50] 866 [A50]
∑

40 (absolute) −411 042 129.776 393 2(10) +1 819 599.021 504(37) +755 222 765.896(88) −346 000 234.867(96) +0.274(130)
40 (absolute) −411 042 129.777(2) +1 819 599.021 534(8) +755 222 765.896(88) −346 000 234.867(96) +0.274(130)
42 (shift) +2771.873(2) −3.519 896(24) +425.706(94) −2349.974(99) +0.288(136)
44 (shift) +5340.888(2) −6.792 470(22) +849.534(74) −4498.883(80) +0.736(109)
46 (shift) +7768.401(2) −9.901 524(21)
48 (shift) +9990.383(2) −12.746 611(27) +1705.389(60) −8297.769(81) +0.028(101)
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