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Outline of this Thesis

Thepapernumbers mentionedbelowreferto thelist of publicationspp. v-vi.

Chapter 1: An introductionto andamotivationof this thesiswork.

Chapter 2: A very basicintroductionto Doppler lasercooling mostly intendedfor
newcomersto �eld. Theopticaltransitionsinvolvedin lasercoolingof Mg+ andCa+

ionsaredescribed.

Chapter 3: An introductionto theparticledynamicsof a storagering. TheASTRID
storagering andtheexperimentalsetupfor theASTRID lasercoolingexperimentsare
described.

Chapter 4: Resultsfrom experimentson lasercooledcoasting24Mg+ ion beamsin
ASTRID. Thechapteris basedon thecontentsof paper[II] andpaper[III].

Chapter 5: A schemefor so-calledtaperedlasercoolingof coastingstoredion beams
is discussed.Thecontentshasbeenpublishedin paper[I].

Chapter 6: The dynamicsof particlesin a linear Paul trap. The analogybetween
the transversedynamicsof a storagering andthat of a pulse-excited linearPaul trap
is describedandthe possibilitiesfor testingresultson the stability of crystallineion
beamsarediscussed.Thechapteris basedon thecontentsof paper[VII].

Chapter 7: Descriptionof new linearPaultrapsetupwhichhasbeenbuild upasapart
of this thesiswork.

Chapter 8: Resultsfrom experimentsonthestabilityof lasercooledCoulombcrystals
in apulse-excited linearPaul trap.Thecontentshasbeensubmittedfor publicationas
paper[VIII].

Chapter 9: Descriptionof a new frequency doublingunit for generationof UV laser
light whichwasconstructedasapartof this thesiswork.

Chapter 10: Resultsfromexperimentsshowing thatanion trapcanbeloadedin acon-
trolledandisotopeselective wayby usingresonance-enhanced laserphoto-ionization.
Thechapteris basedon thecontentsof paper[IV].

Chapter 11: Applicationsof photo-ionizationloadingof an ion trap: (i) measure-
mentson partial isotropiccrosssectionsfor resonance-enhancedtwo-photonioniza-
tion of 24Mg+ (paper[V]). (ii) Seeding24Mg+ ions into a 40Ca+ Coulombcrystal
(paper[VI]).

Chapter 12: A summaryof this thesiswork alongwith anoutlook.
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Chapter 1

Intr oduction

Thepresentthesisis concernedwith lasercoolingof con�ned ions. It haslong been
known thatlight carriesmomentumandthatscatteringof light givesriseto alight pres-
sureforceon atomicparticles.Theinventionof tunablenarrow bandwidthlaserlight
sourceshasmadeit possibleto addressatomicoptical transitionsresonantly, achiev-
ing high scatteringratesandhencesubstantialforces.In 1975it wasrealizedthatthe
resonantnatureof a laserforcealongwith theDopplereffect mayresultin coolingof
atoms[1] andions[2]. Sincethenlasercooling/manipulation hasevolved into a ma-
jor sub�eld of atomicphysics1 andhaspaved theway for suchnotableexperimental
achievementsasBose-Einsteincondensationin atomicalkali vapors[3], generation
of a Schrödingercat like stateat the singleatomlevel [4], andquantummechanical
entanglementof four particles[5].

In theearly1990's lasercoolingwasadoptedby experimentson storedion beams
dueto theprospectof high coolingrates.Thehigh lab framekinetic energy of a fast
beamof chargedparticlesactsasa majorheatreservoir whencoupledinto thebeam
rest frameby intrabeamscatteringandsomecooling mechanismvitally needsto be
appliedto achieve high brillianceandlong beamlife time. For light massparticlesas
electronssucha mechanismis fortunatelyprovidedby natureitself sinceanelectron
beamis radiatively cooledby synchrotronradiationemissionwhereasbeamcoolingof
heavy massparticlesis typically obtainedby electroncoolingandstochasticcooling2.
Althoughlimited to arestrictednumberions,lasercoolingprovidesanef�cient tool to
obtainandstudyultra-coldchargedbeams.It hasbeenconsideredameansof attaining
acrystallineion beamreminiscentof thecrystallinestatesof lasercooledionsin traps,

1Chu,Cohen-Tannoudji,andPhillips wereawardedthe1997Nobel Prizein physics“for develop-
mentof methodsto cool andtrapatomswith laserlight” .

2Theimportanceof beamcoolingis signi�ed by thefactthattheinventorof stochasticcooling,van
derMeer, wasawardedpartof the1984NobelPrizein physics.



2 Introduction

now routinelyobserved. Noneof the largescalestoragering experimentsemploying
lasercoolinghave,however, succeededin producingacrystallineion beamsofar.

Besidesa storagering chargedparticlescanbecon�ned andaccumulatedin vari-
ouselectromagnetictrapsout of which thePaul trap is a prominentexample3. Traps
provide ameansof storinganensembleof particles(or evena singleparticle!) within
a localizedregion, wherethey can be usedfor experimentalpurposes.When laser
coolingis appliedto ionsin aPaul trap,theion meanthermalenergiesmaybecomeso
low comparedto their mutualpotentialenergy from Coulombrepulsionthatcrystal-
like orderingsetsin asalreadyobservedin 1987[6]. Sincetherearemany similarities
betweenthedynamicsof a Paul trapandthatof storagering with alternatinggradient
focusing,onemight ponderwhy ion crystalsarenot aseasilyobtainedin the latter
case.

The presentwork

Thepresentthesiswork takesits departin experimentson lasercooledionsin a large
scale40m circumferencemagneticstoragering. Here,thelimitationsof theattainable
ion beamdensitieshave beenstudied.Effectsof spacechargewereobserved,but the
experimentswereunableto producecrystallineor even spacecharge limited beams.
That a crystallinebeamwasnot formedis actuallynot surprisingasvital criterions
from theoryfor crystalattainmentareviolated. Oneof the thesecriterionsrequires
a suitabletaperedcooling force, anda discussionon how onemight achieve sucha
forceis given.Anothercriteriondealswith thefocusingpropertiesof thestoragering.
To testthis criterion the focusingpropertiesof a storagering hasbeenemulatedin a
tabletop sizelinearPaul trap (a variantof theconventionalPaul trap). Here,crystal
formationis possible,andwe cantestfor which focusingconditionsa crystalbreaks
up. Along with this work a linearPaul trapsetupwasbuild anda frequency doubling
unit for generationof UV light was constructed.The frequency doubling unit has
beenemployedin connectionwith thedevelopmentof anew andcontrolledmethodof
loadingan ion trapusingphoto-ionization.Thephoto-ionizationloadingmethodhas
many applicationandhasfor examplebeenexploitedin connectionwith experiments
on two-speciesion crystals.

To the reader

This thesisincludestopicsfrom various�elds including atomicphysics,optical and
laserphysics,plasmaphysics,storagering physics,ion trapphysics,andnonlinearop-
tics. All thesefacetshasmademyworkasaPh.D.-studentachallengingandrewarding

3Paul was awardedpart of the 1989Nobel Prize in physics“for the developmentof the ion trap
technique”.
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task. Despitethis many-sidedness,I hopethatyou, anyway, will �nd the thesisself-
contained,and(mosttimes)enjoy readingit asmuchasI (mostdays)enjoyedwriting
it.





Chapter 2

Doppler Laser Cooling

This chaptergivesan introductionto the interactionof a two-level atom(ion) with a
monochromaticlight �eld andit is derivedhow this cangive riseto a velocity depen-
dentmeanscatteringforce— a “lasercooling force”— on the atom1. Furthermore,
a descriptionof the transitionsinvolved in the lasercoolingprocessesof 24Mg+ and
40Ca+ ionsis given.

2.1 Interaction of atomswith a monochromatic light �eld

Consideraquasione-electronatomdescribedthroughtheSchrödingerequationby the
HamiltonianH 0 andthecompletesetof eigenfunctions i , normalizedsolutionsof

H 0 i (r ) = E i  i (r ): (2.1)

If a time-dependentperturbationH 0(t) is addedto the atomicHamiltonianH 0, the
atom is now describedby the wavefunction 	 , solution of the time-dependent
Schrödingerequation

i~
@	
@t

= [H 0 + H 0]	 ; (2.2)

whichdueto thecompletenessof  i canbeexpandedas

	( r ; t) =
X

i

ci (t) i (r )e� iE i t=~: (2.3)

Thecoef�cients ci (t) satisfythecoupledsetof equations

i~
dcj (t)

dt
=

X

i

H 0
j i (t)ci (t)ei ! j i ; (2.4)

1This review is closelytied to Ref. [7].



6 DopplerLaserCooling

where

H 0
j i (t) = h j jH 0(t)j i i =

Z
 �

j (r )H 0(t) i (r )dr ; (2.5)

and
! j i = (E j � E i )=~: (2.6)

The interactionof an atomwith a planewave of incomingmonochromaticlight of
angularfrequency ! l , wavevectork, andpolarization̂� , describedby theelectric�eld
of amplitudeE0

E(r ; t) = E0�̂ cos(k � r � ! l t) = E0�̂
ei( k �r � ! l t ) + e� i( k �r � ! l t )

2
; (2.7)

is givenby theHamiltonian[7]

H 0(t) = � eE(r ; t) � r : (2.8)

If ! l is closeto the transitionfrequency ! a � ! eg betweenthe atomicgroundstate
g andsomeexcitedstatee, thenH 0

eg(t) andH 0
ge(t) = H 0�

eg(t) will be theonly “non-
vanishing” matrix elementsfound from Eq. (2.5) [8] — we evoke the notion of a
two-level atom[9]. Thenumberof non-trivial coupledequations(2.4) thenreducesto
two:

i~
dcg(t)

dt
= ce(t)H 0

ge(t)e� i ! a t ; (2.9)

i~
dce(t)

dt
= cg(t)H 0

eg(t)ei ! a t : (2.10)

Introducingthedetuningfrom atomicresonance� � ! l � ! a wehave

H 0
eg(t) = ~


ei ! l t + e� i ! l t

2
= ~


ei( ! a + � )t + e� i( ! a + � )t

2
; (2.11)

where


 �
� eE0

~
hejr jgi ; (2.12)

is theso-calledRabifrequency andthedipoleapproximationeik �r � 1 hasbeenused2.
Equation(2.9)andEq.(2.10)arereadilyun-coupled(seeappendixA.1.1)andsolving
themsubjectto the initial conditionscg(0) = 1 andce(0) = 0 (correspondingto a

2Thedipoleapproximationcorrespondsto neglectingthespatialvariationof thelight �eld over the
sizeof anatom[8].
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situationwheretheatominitially is in thegroundstatewhenthelight �eld is switched
on)oneobtainsin therotatingwave approximation

cg(t) =

"

cos

 p
j
 j2 + � 2

2
t

!

�
i�

p
j
 j2 + � 2

sin

 p
j
 j2 + � 2

2
t

! #

ei � t=2; (2.13)

ce(t) =
� i


p
j
 j2 + � 2

sin

 p
j
 j2 + � 2

2
t

!

e� i � t=2: (2.14)

In Fig.2.1thetimeevolutionof theexcitedstatepopulationjce(t)j2 is shown for differ-
entdetunings.Theprobabilityof beingin theexcitedstateperformsRabioscilliations
at thefrequency

p
j
 j2 + � 2.

Figure 2.1: Time evolution of theexcitedstatepopulationjce(t)j2 for a two-level atominter-
actingwith a monochromaticlight �eld asgivenby Eq.(2.14).

2.2 Inclusion of spontaneousemission

Theclassicaltreatmentof theelectromagnetic�eld givesriseto thepurelyoscillatory
behavior describedabove. Couplingbetweentheatomandthequantizedvacuum�eld
resultsin thespontaneousemissionprocess.To preserve the two-level atomformal-
ism we shallmake theassumptionthatspontaneousemissionresultsin a decayfrom
e to g.



8 DopplerLaserCooling

2.2.1 The optical Bloch equations

Relaxation,heredueto spontaneousemission,canbe includedin the two-level atom
problemby consideringthedensitymatrix, which for apurestateis

� =
�

� ee � eg

� ge � gg

�
=

�
cec�

e cec�
g

cgc�
e cgc�

g

�
: (2.15)

In absenceof spontaneousdecay, thetime evolution of thedensitymatrix entitiesare
readilyderivedfrom Eq.(A.1) andEq.(A.2), e.g.,

d� gg

dt
=

dcg

dt
c�

g + cg
dc�

g

dt
=

i
2

(
e � i � t � ge � 
 � ei � t � eg): (2.16)

Spontaneousdecaycausesa purestateto evolve into a statisticalmixture— a mixed
state. Theevolutionof thedensitymatrix is governedby themasterequation[10]

d
dt

� =
1
i~

[H 0 + H 0; � ] +
�

� � � ee � 1
2 � � eg

� 1
2 � � ge � � ee

�
; (2.17)

wherethe �rst termon theright handsideis equalto thedensitymatrix evolution in
absenceof decayandtheentitiescanbefoundasshown in Eq. (2.16). The last term
representsthedampingdueto spontaneousdecay3 andcanbederivedby considering
the couplingbetweenthe atomand the quantizedvacuumradiation�eld (see,e.g.,
[10]). Wethenendupwith thefour coupleddifferentialequations

d� gg

dt
=

i
2

(
e � i � t � ge � 
 � ei � t � eg) + � � ee; (2.18)

d� ee

dt
=

i
2

(
 � ei � t � eg � 
e � i � t � ge) � � � ee; (2.19)

d� ge

dt
=

i
2


 � ei � t (� gg � � ee) �
�
2

� ge; (2.20)

d� eg

dt
=

i
2


e � i � t (� ee � � gg) �
�
2

� eg; (2.21)

referredto astheopticalBlochequations(OBE).Figure2.2shows thetime evolution
of theexcitedstatepopulation4 � ee(t) for anatominitially in the(pure)groundstate
with probabilityPg(t = 0) = � gg(t = 0) = 1 whena resonantlight �eld is switched
on. It is evidentthat� ee(t) relaxesinto steady-state.

3Thespontaneousdecayof theexcitedstatee into thegroundstateg is characterizedby thenatural
lifetime � = 1=� :

4Themeaningof theexcitedstatepopulationis now astatisticalaverageover themixedstateensem-
ble.
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Figure2.2: Timeevolutionof theexcitedstatepopulation� ee(t) for a two-level atominteract-
ing with amonochromaticlight �eld detunedto atomicresonance� = 0. Thedecayrateof the
excitedstatedueto spontaneousemissionis � = 0 (grey line), � = 
 =10 (– – –), � = 
 =2
(----), and� = 
 (——). Thecurveswereobtainedby solvingtheOBEnumerically.

2.2.2 Steady-statebehaviour

In thesteady-statelimit, thepopulationdifferencew � � gg � � ee canbeshown to be
(seeappendixA.1.2)

w =
1

1 + s
; (2.22)

where

s �
j
 j2=2

� 2 + � 2=4
=

2j
 j2=� 2

1 + 4� 2= 2 �
S

1 +
�

�
1
2 �

� 2 ; (2.23)

is thesaturationparameterandS is theon-resonance(i.e., � = 0) saturationparame-
ter5

S � 2j
 j2=� 2: (2.24)

FromEq.(2.22)wegetthesteady-statepopulationof theexcitedstate

� ee =
1
2

(1 � w) =
1
2

s
(1 + s)

=
1
2

S

1 + S +
�

�
1
2 �

� 2 ; (2.25)

5Theon-resonancesaturationparametercan,furthermore,beexpressedasS = I =I 0 , whereI is the
intensityof theincominglight andI 0 = � hc� =� 3 [7].
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which cannotexceed1
2 (saturation)no matterhow strong�elds areapplied.Photons

from thelaser�eld arescatteredata rate

 = � � ee =
1
2

�
S

1 + S +
�

�
1
2 �

� 2 : (2.26)

Thedependenceof  on detuningandsaturationis shown in Fig. 2.3.

Figure 2.3: Excitation rate  versusdetuning� for the on-resonancesaturationparameter
S = 0:1; 1; 10; 100; 1000.

2.3 Velocity dependentmeanscattering force

An atomtravelling with velocityv will seethefrequency of theincominglight Doppler
shifted(to �rst order)by � k � v . We may take this into accountin theabove formu-
las by makingthe substitution� y � � k � v . Sinceeachscatteredphotoninitially
carriesmomentum~k , theabsorptionprocesstransfersmomentumto theatomin the
propagationdirectionk̂ of thelight �eld. Therecoilof theatomassociatedwith asub-
sequent,spontaneouslyemittedphotonis zeroon averagedueto inversionsymmetry
of this stochasticprocess.Hencewehave themeanscatteringforce

Fz(vz) = ~k =
1
2

~k�
S

1 + S +
�

� � vz k
1
2 �

� 2 ; (2.27)
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wherethepropagationof thelight �eld without lossof generalityhasbeentakento be
in thedirectionof thez-axisk = kẑ. The importantpoint to noteis thatEq. (2.27)
describesa velocity dependentforce with thesameshape(asfunctionof � � vzk) as
 (� ) shown in Fig. 2.3.

2.3.1 Laser cooling force

Fz(vz) is positive everywhere,but by introducinga counter-actingforcea zeropoint
in the total force arises. The counter-acting force could for exampleorigin from a
counter-propagatinglight �eld or from apositiondependentharmonicrestoringforce6.

Figure 2.4: Thez-componentof theresultingmeanscatteringforcefrom two equallyintense
(S = 0:1) counter-propagatinglight waveswith frequenciesdetunedthesameamountbelow
atomicoptical resonance.The force in units of ~k� =2 is shown for detunings� = � and
� = 10� . In bothcasestheforcecorrectsvz of particlestowardsvz = 0.

Figure 2.4 shows the resultingmeanscatteringforce from two equally intense
(S = 0:1) counter-propagatinglight waveswith frequenciesdetunedthesameamount
below atomicresonance7. Weseethatthelight forcewill correctvz of anatomtowards
vz = 0. In themoregeneralcasewherethe detuning� 1 of the co-propagatinglaser

6Thecaseof a harmonicrestoringforcewill beaddressedin section3.2.2.
7Whenthesaturationparameteris small, thetwo laserforcescansimply beadded.We shall return

to thisdiscussionin chapter5.
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is allowed to differ from the detuning� 2 of the counter-propagatinglaser, the light
force will correctvz of an atomtowardsvz = (� 1 � � 2)=k � v0. From the above
considerationswe concludethat it is possibleto manipulatethe velocity distribution
of anensembleof atomicparticleswith aresonantlight pressureforcewhichbecomes
velocitydependentthroughtheDopplereffect. Thisconstitutesthebasicprinciplesof
Dopplercooling (a reductionin meankinetic energy) of the particles- possiblyin a
referenceframetravelling with vz = v0, e.g.,a fastbeamof particles.

2.3.2 Sympatheticcooling

TheDopplerlasercoolingforcesdiscussedhereonly directly affectsthevelocity dis-
tribution in thez-direction. In thecaseof ions,Coulombinteractions/collisions can,
however, transfermomentumbetweenthe radial/transversedimensionsand the ax-
ial/longitudinaldimensionasillustratedin Fig. 2.5. This couplingleadsto so-called
sympatheticcooling of the translationaldegreesof freedomnot directly cooledby
lasers.The term sympatheticcooling is alsousedto designatecooling of non-laser-
coolableionsby lasercooledionsvia Coulombinteractions.

Figure2.5: Coulombinteractions/collisionscantransfermomentumfrom theradial/transverse
dimensionsto theaxial/longitudinaldimension.

2.3.3 Diffusion

Nearvz = 0, thelasercoolingforceFig. 2.4varieslinearlywith velocity

F �
z (vz) = � � vz + O(v3

z ); (2.28)
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where

� = � 8~k2 S
�
1 + S +

�
�

1
2 �

� 2
� 2

�
�

: (2.29)

TheviscousforceEq.(2.28)createsanexponentialdampingof theparticleveloc-
ity towardsvz = 0. However, the stochasticnatureof the (discrete)absorptionand
emissionprocessesgivesrise to momentumdiffusion andputsa lower limit on the
attainablewidth of thevelocitydistribution. Thelimit is characterizedby theDoppler
temperature

TD �
~�
2kB

: (2.30)

AppendixA.2 discussesthelimiting temperaturesetby atomicmomentumdiffusion.
In a directiontransverseto the laserbeamdirectiontheheatingfrom momentumdif-
fusion is not directly counteractedby the laserforce. Henceonehasto rely on sym-
patheticcoolingof the transversedimensionsor some(other)longitudinal-transverse
couplingmechanism,e.g.,by externalelectromagnetic�elds.

2.4 Laser coolingof realatoms(ions)

2.4.1 Laser cooling of 24Mg +

In boththestoragering experimentsandthetrapexperimentspresentedin this thesis,
lasercoolingis appliedto the24Mg+ ion. Theelectronicgroundstatecon�gurationof
this ion consistsof asingleselectronoutsideaclosedshellNenoblegascon�guration
andthegroundtermis 3s2S1=2. Theouter3selectroncanbeexcitedto a 3p subshell
with the ion describedby eithera 3p 2P1=2 level or a 3p2P3=2 level (�ne structure).
In theexperimentson 24Mg+ ionsdiscussedin this thesisweapplylight resonantwith
the3s2S1=2 ! 3p2P3=2 transition. Theonly allowed decayroutefrom the3p 2P3=2
stateis directly backto the groundstate. Hencewe aredealingwith a closedopti-
cal transitionandthe 24Mg+ ion behaveseffectively asthe two level atomdescribed
above. The3s2S1=2 $ 3p2P3=2 transitionschemeis shown in Fig. 2.6. In theexper-
imentswe usuallyapply linearly polarizedlaserlight implying thatexcitationsoccur
througha � transitionand spontaneousemissionthrougheither a � transitionor a
� + =� transition. However, circularly polarizedlight would alsobe applicable8. The
Dopplertemperatureassociatedwith the3s2S1=2 $ 3p2P3=2 transitionof 24Mg+ is
TD = 1 mK.

8We notethat this is generallynot thecaseif onehadchosenthe 3s2S1=2 ! 3p 2P1=2 transition:
laserlight of a (single)�x edhelicity would leadto opticalpumpingto oneof themagneticsublevelsof
thegroundstatecon�guration.
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Figure2.6: 3s2S1=2 $ 3p 2P3=2 transitionscheme.Thenumbersattachedto thelinesarethe
Clebsch-Gordancoef�cients for transitionsbetweenthedifferentmagnetic(M J ) substates.In
theexperimentsdescribedin this thesislinearly polarizedlaserlight is appliedandexcitation
occursvia a� transition.Thesubsequentspontaneousemissionoccursvia eithera� transition
(probability 2

3 ) or a � transition(probability 1
3 ).

The 25 Mg + and 26 Mg + isotopes

In thework onisotopeselective loadingof anion trappresentedin chapter10,weshall
alsoapply lasercooling to the 26Mg+ ion. The lasercooling processis completely
similar to thatof 24Mg+ , theonly differencebeingan isotopeshift of 3 GHz for the
3s2S1=2 $ 3p2P3=2 transition. The caseof 25Mg+ is morecomplicatedduea non-
zeronuclearspin9 implying hyper�ne splitting of bothgroundandexcitedstates,and
this isotopehasnot beenlasercooledeffectively in our laboratorysofar. In principle,
e.g.,the Fg = 3 $ Fe = 4 optical transitionis closed. In practice,the Fg = 3 $
Fe = 3 transitionmay be weaklyexcited andsincethe Fe = 3 excited statehasan
allowed decayto the Fg = 2 groundstatethe processwill leadto optical pumping
into this state. Henceeffective lasercooling of 25Mg+ would requirean additional
(repumping)laser[11] or a strongmagnetic�eld to causesuf�cient Zeemansplitting
[12,13]

2.4.2 Laser cooling of 40Ca+

In someof thetrapexperimentsweshallalsoconsiderthe40Ca+ ion whichis reminis-
centof the24Mg+ ionsinceit hasanelectronicgroundstatecon�gurationwith asingle
selectronoutsideaclosedshellAr noblegascon�guration.Likewise,thegroundterm
is 4s2S1=2 andexcitationto a 4p 2P1=2 stateis possibleusinglaserlight at 397nm [a
level schemeis shown in Fig. 10.1(d)]. From this excited statethe 40Ca+ ion may
decay(back) to the groundstate,but decayto the meta-stablelower lying 3d 2D3=2

9I = 5=2 — seeTableB.1.
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is alsopossible(in contrastto thecaseof 24Mg+ ) with a branchingratio of � 1
12. If

only light at397nmis applied,theionswill beopticallypumpedto the2D3=2 stateand
lasercoolingon the4s2S1=2 $ 4p2P1=2 transitionbecomesinef�cient. However, by
applyingrepumpinglaserlight at 866nm resonantto the4p 2P1=2 ! 3d2D3=2 tran-
sition, ionsendingup in the 2D3=2 statewill be re-excited to the4p 2P1=2 statefrom
wherelasercoolingon the4s 2S1=2 $ 4p2P1=2 transitioncanproceed.TheDoppler
temperaturefor 40Ca+ whenlasercooledasdescribedhereis TD = 0:5 mK.





Chapter 3

StorageRing Physics

This chaptergivesan introductionto the dynamicsof chargedparticlesin a storage
ring. The ASTRID storagering is describedalongwith the experimentalsetupfor
lasercooling stored24Mg+ ions andperformingdiagnosticson the lasercooledion
beam. The diagnosticsbene�ts from the fact that the lasercooling transitionof the
storedions canbe utilized to illuminate the ion beam.Thescatteredphotonscanbe
usedto measurethe longitudinal velocity pro�le of the ion beamand to imagethe
transverseion beampro�les.

3.1 Particle dynamicsin a storagering

In a storagering or synchrotron,chargedparticlesareguidedalonga closeddesign
orbit by electromagnetic�elds. Electric �elds are limited by breakdown problems
andmagnetic�elds arealmostalwaysemployedin practice[however, at low energies,
wherethevelocity is low for heavy ions,electrostaticelements(bends,quadrupoles)
aremoreef�cient thanmagneticones1]. SincetheLorentzforceF = ev � B from a
magnetic�eld B dependson theparticlevelocity v , only chargedparticlesmoving in
acertaindirectionwith thedesignmomentump0 canfollow thecloseddesignorbit. It
is customto describeparticletrajectoriesin a beamwith respectto thedesignorbit as
shown in Fig. 3.1.

Roughly, thedesignorbit is setup by dipolebending�elds makingdesignparti-
clescirculatein aplane[the(s; x) plane].Con�nementof (non-design)particlesalong
thedesignorbit canbeachievedby meansof quadrupolefocusing�elds. Thearrayof
quadrupolemagnetsaroundthestoragering constitutesthe(periodic)magneticlattice.
Figure3.2 shows the forcesexperiencedby particlestravelling througha quadrupole

1An electrostaticstoragering (ELISA) hasrecentlybeenbuild in Aarhus[14]. This storagering is
verysuitablefor low energy experimentsonheavy clustersandbio-molecules.
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Figure 3.1: The positionof a particle in a storedbeamcanbe describedwith respectto the
designorbit asshown. Usuallythedesignorbit is restrictedto aplane.

Figure3.2: Theforceexperiencedtheby apositively chargedparticletravelling in direction

througha magneticqudrupole.(a) Horizontally focusingquadrupole.(b) Vertically focusing
quadrupole.

magnet.Thetwo quadrupoleorientationsshown correspondto ahorizontallyfocusing
(a)andavertically focusing(b) effect,respectively. In thetransversedirectionorthog-
onalto thefocusingdirectionthemagneticquadrupoleis defocusing(theforcesinside
amagneticquadrupolearelinearin positionfrom thequadrupoleaxis2). Analogousto
geometricopticsit is possibleto obtainnetfocusingin bothdimensionsby combining
two quadrupolesof oppositepolarityinto adoublet[i.e.,employ onequadrupoleof the
typeFig. 3.2(a)andoneof thetypeFig. 3.2(b)]. This principle– so-calledalternating
gradientfocusing– is illustratedin Fig. 3.3. Alternatinggradient(AG) focusing,also
referredto asstrongfocusing, wasproposedby Courant,LivingstonandSnyder[15]
in theearly1950's3 anddespiteits simplicity, this conceptrevolutionizedaccelerator
design[17].

2This is derivedin section6.2.1.
3Theideahadbeensuggestedearlierby Christo�los [16] but wasunpublished.
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Figure 3.3: Principleof AG focusing. A focusing-defocusingor defocusing-focusinglens
pair gives rise to net focusing. For equally stronglensesthe inter-lens distanceshouldbe
lessthantwice the magnitudeof the lensfocal length. The combinatioǹ Focusing(F)-Drift
(O� “zero”)-Defocusing(D)-Drift (O� “zero”)' is commonlyreferredto asa FODOcell.

3.1.1 Transversedynamics

indextransversedynamicsIn many circumstancesthe two orthogonal,transversedi-
mensionsx andy (seeFig. 3.1)canbetreatedindependentlywith equationsof motion
for aparticleof theform

u00(s) + K u(s)u(s) = 0; (3.1)

wheretheforceof theperiodicmagneticlatticeis describedby

K u(s + L) = K u(s); (3.2)

for someL (possiblytheringcircumferenceC). Equation(3.1)subjectto thecondition
(3.2) is calledHill' s equation. Hill' s equationcanbeshown to have pseudo-harmonic
solutionsof theform [18]

u(s) = a
p

� u(s) cos(( � u(s) � � u); (3.3)

wherethebetatronfunction � u(s) (periodicwith periodL) is thesolutionto thenon-
lineardifferentialequation

1
2

� u(s)� 00
u (s) �

1
4

� 02
u (s) + K (s)� 2

u(s) = 1; (3.4)

andthephasefunction is givenby

� u(s) =
Z s

s0

1
� u(t)

dt: (3.5)
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Thephaseadvanceperunit cell � u = � u(s0 + L) � � u(s0) is an invariant4 andthe
numberof betatronoscillationsperrevolution in thering, calledthetune, is givenby

Qu =
1

2�
[� u(s0 + C) � � u(s0)] =

N � u

2�
; (3.6)

whereC = N L (i.e., N is the numberof unit cells of lengthL). In order to have
a stablebeam,it is importantto operateat tuneswhich arenot closeto integer, half
integer, andthird integerresonances,whereperturbationsfrom �eld imperfectionscan
addup coherentlyon successive revolutions.

De�ning new variables

� (s) = �
1
2

� 0(s) ;  (s) =
1 + � 2(s)

� (s)
; (3.7)

onecanderive therelation

 (s)u2(s) + 2� (s)u(s)u0(s) + � (s)u02(s) = constant � a2: (3.8)

This is a constantof motion called the Courant-Snyder invariant and Eq. (3.7) de-
scribesan ellipsein phasespace(u; u0) with area� a2. At a given location,says0,
a particledescribedby Eq. (3.3) will always �nd itself on the ellipsede�ned by a,
� (s0), � (s0), and (s0) becauseof theperiodicityof theTwissparameters� (s), � (s)
and (s). At s0 all particleswill whenpassingon subsequentrevolutionsin thering
evolve on ellipseshomotheticto this one(theonly thing to changeis the“amplitude”
a) asshown in Fig. 3.4. Theellipsewith area� � thatsurrounds68%5 of theparticles
de�nesthebeamemittance� . Thisalsode�nesthebeamenvelope

umax (s) =
p

�
p

� (s); (3.9)

andthebeamdivergence

u0
max (s) =

p
�
p

 (s); (3.10)

for the x and y dimensions,respectively. From Eq. (3.7) � is seento be constant
aroundthe ring. This is not strictly true when heatingor cooling mechanismsare
presentleadingto emittancegrowth or reduction,respectively.

4Thephaseadvanceperunit cell doesnot dependons0 andcanbecalculatedfrom a traceof propa-
gationmatricesasdescribedin chapter6.

5Thisde�nition of emittanceis, of course,ratherarbitraryandsomeauthorsusedifferentde�nitions.
68%correspondsto � in a Gaussiandistribution.
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Figure 3.4: In a givenlocationin thering s0 theparticleswill evolve on homotheticellipses
in phasespaceonmultiple revolutions.

3.1.2 Dispersion

If particleshave momentump which differs � p from theidealdesignmomentump0,
they will perform their betatronoscillationsarounda closeddispersionorbit offset
from thedesignorbit by

xD (s) = D(s)
� p
p0

; (3.11)

whereD(s) is thedispersionfunctionof themagneticlattice.Thisis mostpronounced
in thehorizontaldimensionx becauseof thebendsof closedorbits.Asweshalldiscuss
in chapter4 andchapter5, dispersioneffectsturn out to beof signi�cant importance
in lasercoolingexperimentson storedion beams.

3.2 Longitudinal dynamics

Thelasercoolingexperimentswith ionsin a storagering presentedin this thesishave
beencarriedout on coastingbeams6. However, asthephysicalsituationin theexper-
imentson beamemulationin anion trap(to bediscussedin chapter8) resemblesthat
of bunchedbeamsratherthanof coastingbeamswe shall brie�y review somebasic
theoryof the longitudinaldynamicsof bunchedbeams.Ion beamsareoftenbunched
in storagering applicationsin orderto beableto acceleratethe ionsasdescribedbe-
low. In lasercooling experiments,bunchedion beamshave the advantagethat only
a singlelaseris neededto cool thebeambecausethe longitudinalbunchingrestoring

6A continuousbeam(in contrastto a bunchedbeam).
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forceactscounteractingto the light pressureforce. Lasercooledbunchedion beams
have previouslybeensubjectto detailedstudiesin ASTRID [19,20].

3.2.1 Bunching of an ion beam

By applyinga sinusoidalvoltageto a drift tubelocatedin thering with thefrequency
beingsomemultipleh of theions' revolution frequency f rev , thebeamwill bedivided
into h bunches7. Generally, a particlepassingthroughthe tubewill seean average
force in the longitudinaldirectiondueto thedifferencein potentialbetweenentering
andleaving. A particlenotseeingadifferencein thetime-dependentpotentialonpass-
ing throughthetubeandhencenot feelinganaverageforceis saidto besynchronous.
Particlesin a buncharriving at the tubeprevious to a synchronousparticlewill have
their velocitiesreducedwhereasparticlesarriving laterwill beaccelerated.Theaver-
ageforceon aparticlein abunchis of theform

F (z) = � F0 sin
�

2� h
C

z
�

; (3.12)

whereC is the ring circumferenceand z is the position of a particle in the bunch
relative to a synchronousparticleandF0 is an amplitudedependingon the voltage
andgeometryof thetube. It is this forcewhich givesriseto thebunchingin the �rst
place.For smallexcursionsfrom thesynchronousparticletheforce is approximately
linear in z, suchthat particleswill perform harmoniclongitudinal oscillations,so-
calledsynchrotronoscillations, aroundthesynchronouscenterof thebunch,andtrace
out an ellipse in longitudinal phasespace(seeFig. 3.5). For larger excursionsthe
motionwill beanharmonicandthephasespacetrajectoriesceaseto beelliptic.

3.2.2 Laser cooling of a bunchedion beam

A bunchedbeamof ions with a closedoptical transition(suchas 24Mg+ ) can be
lasercooled. Introducinga laserdetuneda little redfrom optical resonanceof a syn-
chronousparticle(i.e., � � k � v 0 < 0), we seethatparticlesperformingsynchrotron
oscillationsof largeamplitudeseventually�nd themselvesin resonancewith thelaser8

asillustratedin Fig. 3.5. Herethey will scatterphotonsandtendto move on phase
spaceellipsesof smalleramplitudeuntil they comesocloseto thesynchronouspoint
in phasespacethatthey areno longerresonantduringa phasespacerevolution. This
leadsto an increasein longitudinalphasespacedensityandcooling of the bunched
beam.

7Themostcommonway to achieve bunchingof a storedion beamis to usea rf cavity. Acceleration
of thebunchedbeamcanbeachievedby increasingthecavity modefrequency.

8Thesynchrotronfrequency is usuallymuchlower thantherevolution frequency of circulatingions.
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Figure 3.5: Synchrotronoscillationsin longitudinalphasespace.A particlediffering consid-
erablyfrom asynchronousparticlewill interactwith thelaseronits phasespacerevolutionand
becorrectedin momentumto moveonanellipseof smalleramplitude.

Whendealingwith acoastingbeamtheability to bunchthebeamis anicefeature,
becauseit offersaneasywayof tuningtheco-andcounter-propagatinglasersto optical
resonanceof asynchronousparticleoneat a time.

We note that elliptical phasespacetrajectoriesare a generalpropertyof a har-
moniccon�nementpotentialandthattheabove considerationsconcerningcoolingof
a bunchedbeamwith a singlelaserareequallyvalid for any suchpotential.Henceit
is alsopossibleto cool ionsharmonicallycon�ned in a trapusingasinglelaser.

3.3 The ASTRID lasercooling experiment

The presentthesispresentsresultson experimentswith lasercooled24Mg+ coasting
ion beamsin theASTRID storagering. This sectiondescribesASTRID andthelaser
setupusedfor coolinganddiagnostics.

3.3.1 The ASTRID storagering

The ASTRID storagering in Aarhus[21] is a small dual-purposemachinecapable
of storingboth ions andelectrons(for synchrotron-radiation production).Figure3.6
shows aschematicdrawing of ASTRID. Themachinehasfour 90� bends9 connecting
4 straightsectionsof 2 identicalFODOcellseach.Additionally, thereare16combined

9Eachbendconsistsof two 45� dipolebendingmagnets.
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sextupoles/dipolesusedfor cromaticity10/orbit corrections.Table3.1summarizesthe
parametersusedin thelasercoolingexperimentsandFig. 3.7shows theresultinglat-
tice functions.

Table 3.1: Standardvaluesfor ASTRID whenusedfor laser-coolingof 24Mg+ .

Parameter Symbol Value

Circumference C 40.0m
Ion kineticenergy E 99.1keV
Ion revolution frequency f rev 22325Hz
Numberof circulatingions N 2.8�105 - 2.8�108

Equivalention current I 1nA - 1� A
Typical storagelifetime � � 30s
Typical averagepressure p 10� 11 Torr
Horizontalbetatrontune Qh 2.27
Verticalbetatrontune Qv 2.83
Horizontal� at centerof straightsection � h;0 12.1m
Vertical� at centerof straightsection � v ;0 2.61m
Horizontaldispersionat sectioncenter D h;0 2.74m

3.3.2 Laser systemand diagnostics

Cooling lasers

Becausethe cooling light from the co- and counter-propagating lasers,in the case
of coastingbeamcooling, shouldhave the samedetuningin the frame co-moving
with the ions, thewavelengthsin the lab systemwill needto bedifferentfor the two
lasers,in orderto compensatefor theDopplershiftsseenin theco-moving frame.The
experimentemploys two identicallasersystemsconsistingof anAr+ -laserpumpinga
tunabledyelaser. Eachdyelasergivesout apower of about800mW at a wavelength
around560nm andthis greenlight is frequency doubledin a nonlinearcrystalplaced
in an external cavity to obtain a power of typically 20 � 40mW of the ultraviolet
light neededto drive the3s2S1=2 $ 3p2P3=2 coolingtransitionin 24Mg+ . Thelaser
light beamsarevia mirrorsdirectedfrom thelaboratoryto thering hall andentersthe
ring throughAR-coatedwindows at the ring corners.The cooling lasersaremerged
co-linearlywith the ion beamover a straightsection— thecoolingsection(seeFig.
3.6).

10Thefocusingstrengthof a quadrupolechangesfor particleswith a momentumdeviation analogous
to thechromaticabberationin geometricoptics.This canbecorrectedfor by sextupoles.
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Figure 3.6: TheASTRID storagering. Also shown arethepathsof coolingandprobelasers
into thecoolinganddiagnosticssections,respectively.

LIF Diagnostics

The essentialpart of the diagnosticsof the ion beamtakes placeinsidea so-called
postaccelerationtube(PAT) locatedin the centerof straightsection(different from



26 StorageRing Physics

b x
b y

Dx

La
tti

ce
 F

un
ct

io
n 

/ m

QF QFQD QDBB

Position / m

Center of straight section Center of straight sectionCorner

{ Lattice Period

Figure3.7: Latticefunctionsof ASTRID for oneof thefour identicalsections.Thelocations
of 45� bends(B), horizontally focusingqudrupoles(QF) andhorizontallydefocusing(QD)
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the cooling section)— the diagnosticssection(seeFig. 3.6). Figure 3.8 gives an
overview of theexperimentalsetupat thePAT location.

ThePAT is simply a 40 cm long cylindrical drift tube(? = 10 cm) which canbe
excited by a DC-voltage. As shown in Fig. 3.9(a),thereare4 symmetricallyplaced
quadraticviewportsin thePAT. A smallpart(� 3mW) of theco-propagatingcooling
laserbeamis split out andsentinto thediagnosticssectionto probethe ionspassing
throughthePAT. Applying avoltageto thePAT shiftstheionslocally in velocity inside
thetube.For example,apositive voltagereducesthevelocityof anion whenentering.
Whenleaving, it will beacceleratedby thesameamount.By alteringthePAT voltage,
onecanchoosethevelocity classof theion beam,which will interactresonantlywith
the probelaser(i.e., will seethe laserlight Dopplershiftedthe correctamount)and
scatterphotonsinsidethePAT. Dueto the low power of theprobelaserandtheshort
interactionlengthof thePAT this will not perturbthevelocity distribution of the ion
beam. Longitudinal velocimetrycan be achieved by simply measuringthe rate of
scatteredphotonsinsidethePAT with aphotomultipliertube(PMT) asfunctionof the
voltageon thePAT (seesection4.1.1).

At the ASTRID lasercooling experimenta setuphasbeendevelopedto exploit
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Figure3.8: Schematicdrawing of thebeamdiagnosticsat thePAT location(downstreamview
in the diagnosticssectionof ASTRID). Imagesof the vertical andhorizontaldimensionsof
the illuminatedbeamcanbeacquiredwith CCD cameras.Themagni�cation of the imaging
systemis calibratedby insertinga stick (illuminatedby laserlight) with linesruledat known
spacings.Theintegrated�uorescenceof theion beamcanbemeasuredusingaPMT.

Figure 3.9: (a) Sketch of the PAT showing the four viewports. (b) Illustration of the
galvanometer-basedopticalscanningsystemsweepingtheprobelaserspatially.
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thelaserinduced�uorescence(LIF) of theion beaminsidethePAT for extractingthe
transverseion beampro�le non-destructively [22]. In order to probethe ion beam
with a homogeneouslaserintensitya galvanometer-basedoptical scanningsystemis
employed.Thescanningsystemconsistsof two CambridgeTechnology6350moving
coil opticalscannersmountedsothattheprobelasercanbesweptspatiallyin theverti-
calandhorizontaldimensions,respectively. Theprobelaserwith atypicalbeamradius
of a few mmis initially placedin thecenterof theion beamandscannedspatiallydur-
ing pro�le recordingin onedimensionat thetime to probea transversesectionof the
beamup to several cm. This is illustratedin Fig. 3.9(b). The scanningmirrors are
sweepingtheprobelaserata rateof about100Hz.

Usingthelaserinduced�uorescenceduringspatiallaserbeamscanningtheverti-
calandhorizontaltransversedimensionsof theion beamaremonitoredthroughview-
portsin thePAT by meansof two cryogenicallycooled,low noise,16bit CCDcameras
from Photometrics11 [23]. TheCCDchiphas1024� 1024pixels,with eachpixel hav-
ing a sizeof 24� m, and the imagingof the ion beamonto the chip is achieved by
meansof a simpletelescopicsystemconsistingof two plano-convex sphericallenses
sitting backto back. The lenssystemis designedto give magni�cation of the order
1:1. Whencamerapicturesaretaken, theprobelaseris sweptspatiallyby thegalvo
mountedmirrors in orderto probethe ion beamwith a uniform laserintensitydistri-
bution,andthePAT is offset to make theionsin thecenterof thevelocity distribution
in resonancewith the probelaser. To measurethe transversebeamsizeat a speci�c
time after injection the camerashuttersarecontrolledby an externaltiming system,
whichalsotriggerseventslike sweepingthePAT voltageetc.Theshuttersfor thetwo
camerasaretriggeredalternately12 over multiple injections(typically 20–40)andthe
integratedsignalson the CCDsare readout whenthe desirednumberof injections
hasoccurred.Examplesof transversepro�les extractedfrom thecamerapicturesare
shown in Fig. 3.10in thecaseof cooledanduncooledbeamsof about6� 107 particles.

11(ModelCH260andCH360).
12Thegalvosareonly scanningtheprobelaserin onedimensionat a time.
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Figure 3.10: Thehorizontal/verticaltransversepro�les extractedfrom LIF imagesof a laser
cooledcoastingion beam(upperleft/right) andan uncooledion beam(lower left/right) with
5:8� 107 particles.Backgroundimagesacquiredwith no ionsin thering havebeensubtracted
to gettherealdistributions.ThedashedlinesareGaussian�ts to thedistributionsandtheareas
of pro�les havebeennormalizedto thelineardensityof thebeam5:8 � 107=40m.





Chapter 4

DensityLimitations in Stored
Laser CooledIon Beams

Dopplerlasercoolingasdescribedin chapter2 only directly affectsthe longitudinal
momentumdistributionof astoredion beam.However, Coulombinteractionsbetween
theionscanexchangemomentumbetweenthetransversedimensionsof thebeamand
thelongitudinaloneasmentionedin section2.3.2.Thiscouplingleadsto sympathetic
coolingof thetransversedimensions.

Recentexperimentalwork hasbeendevotedto the studiesof the longitudinalto
transversecouplingof a lasercooledcoastingbeamandthe limits to thesympathetic
coolingprocess[24,25].

4.1 Laser coolingof a storedcoastingion beam

4.1.1 Longitudinal beamtemperature

Thecoolinglaserdetuningsfrom atomicresonanceof ionswith designvelocityoffer a
convenientparameterto selectthewidth of thelongitudinalvelocitydistribution. This
is illustratedin Fig. 4.1.

In theexperimentsionsaregeneratedin a Nielsenion source[26] andelectrostat-
ically acceleratedto anenergy of 99.1keV beforethey areinjectedinto ASTRID and
storedat this energy. At injectiontheion beamis very cold longitudinallydueto adi-
abaticdampingfrom accelerationandit suf�ces to usea �x edlaserdetuningslightly
below resonance,i.e.,wedonotneedto scanthelasersin frequency towardsresonance
to collectparticlesinto thelasercooleddistribution (this procedurewould correspond
to thesequenceI! III in Fig. 4.1). Thelongitudinalbeamtemperaturecanbede�ned
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Figure 4.1: Schematicillustration of the longitudinalvelocity distribution in a lasercooled
coastingion beam.Thedistribution becomesincreasinglynarrow whenthecoolinglasersare
detunedtowardsresonanceof a particlewith thedesignvelocity (at thecenterof thedistribu-
tion). Seealsosection2.3.1.

from themeankineticenergy as

T =
mhv2i

kB
: (4.1)

For anormalizedGaussiandistribution

g(v) =
1

p
2� �

exp
�
�

v2

2� 2

�
; (4.2)

we have hv2i = � 2.
In the experimentthe velocimetryis performedby sweepingthe voltageon the

PAT andmeasuringtheprobelaserinduced�uorescencewith a PMT asdescribedin
section3.3.2.Figure4.2showsanexampleof a longitudinalvelocitypro�le measured
thisway. Thepro�le hasbeenapproximatedby aGaussiandistributionof � = 9:92V.
Thepositionof thepeakis at � 18:2 V andnot 0 V sincewe areusinga (small)part
of theco-propagatingcooling laserbeamto probethe ion beam,andthe frequencies
of the cooling lasershave beendetunedslightly red (i.e., correspondingto 18:2V)
from resonanceof particlehaving the idealvelocity. TableB.4 lists someusefulcon-
versionfactors.Fromherewe obtaina longitudinaltemperatureof about6K for the
distribution shown in Fig. 4.2.

4.1.2 Transversedimensions

Thetransverseionbeampro�les aregenerallywell describedbyGaussiandistributions
� exp(� x2=2� 2) (asseenin Fig. 3.10) andwe use� of theseasa measureof the
transversebeamsize1. Theemittanceis relatedto thebeamenvelopethroughEq.(3.9).

1FWHM= 2
p

2 ln(2) � � 2:35 � � .
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Figure4.2: Laserinduced�uorescenceyield asfunctionof voltageon thePAT.

As seenin Fig. 3.10 the beamenvelopeand hencethe emittancegetssigni�cantly
smallerwhen the beamis dopplerlasercooledand we usethis to characterizethe
sympatheticcoolingof thetransversedimensions.

4.2 Curr ent scaling

Figure4.3shows thedevelopmentin transversebeamsizesasfunctionof thenumber
of particlescirculatingin the ring for a �x ed longitudinalrelative momentumspread
� p=p � 5 � 10� 5 (this longitudinalbeamtemperaturecanbechosenby appropriate
detuningof the cooling lasersas describedabove). We notice that the beamsizes
increasewith thenumberof particles.For anon-coupled(emittancedominated)beam
thesizeis only expectedto dependon thebeamtemperatureandnoton thenumberof
particles.

Thescalingbehavior of the transversesizeswith thenumberof circulatingparti-
cles for the lasercooledbeamis well describedby a squareroot dependency. This
suggeststhat we areobservingspace-charge effects in the cold beam. It is custom-
ary to separatethe Coulombinteractionsbetweenbeamparticlesinto space-charge
andintrabeamscatteringcomponents.Space-charge forcesarethesmoothCoulomb
forceson aparticlefrom thebeamseenasawhole,whereasintrabeamscattering[27]
is Coulombcollisions betweenparticles. As the beamis cooledand begins to be-
comedense,the individual particlewill feel the defocusingspace-charge force from
thechargedistributionmadeupby therestof thebeam.Whenthespace-chargeforces
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Figure 4.3: Lasercooledcoastingion beam:horizontal(� ) andvertical (� ) transversebeam
sizesas functionsof the numbercirculating ions. The solid curvesare �ts to a squareroot
dependency. The dashedcurve is the calculatedsize of a space-charge limited beamfor a
betatrontuneof Q = 2:5.

becomeaslarge asthe storagering focusingforces,suchthat a particlefeelsno net
force,thebeamis space-chargelimited andfor harmoniccon�nementthedensitywill
becomeconstantin thebeam(this will bederived in section8.2.2).Figure4.3shows
an estimatefor thebeamsizeof a space-charge limited beam2. It is seenthatwe do
not reachthis limiting size,alsoreferredto asa zeroemittancebeam[22] sincethe
transverseparticlemomentain this caseis essentiallyzeroandhencethe emittance
ellipse(Fig. 3.4)will collapsein theu0phasespacecoordinate.

Thefactthatthezeroemittancelimit is not reachedmaybedueto a space-charge
tuneshift. Whenspace-chargeeffectssetin, aparticlewill movein aweakertransverse
con�nement�eld andhave a lower tunethana freeparticle.Thisso-calledincoherent
space-charge tuneshift meansthat the original tunesfor the hot beam(in this case
Qh = 2:27 andQv = 2:83) will be alteredtowardsresonanttunes(asQh ! 2 and
Qv ! 2:5). The apparentlimits for the ion beamsize/densityarethenlikely to be
interpretedasanequilibriumbetweentheheatingfrom theresonances(which we are

2Thecalculationwereperformedby N. Madsen[22].
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Figure 4.4: Lasercooledion beam:horizontal(� ) andvertical(� ) transversebeamsizesasa
functionof coolinglaserdetuningfrom resonanceof aparticlewith theidealvelocity (Fig. 4.5
shows thecorrespondinglongitudinalbeamtemperature).Themeasurementswereperformed
4 safterinjectionfor a �x edinjectedcurrentof 400nA.

notableto cross)andthesympatheticcoolingof thebeam.

4.3 Envelopeplateaus

A phenomenon,which might be closely connectedto the observed limiting behav-
ior discussedin section4.2, is presentedin Fig. 4.4. Herewe seethat the transverse
sizesfor a �x edinjectedcurrentof 400nA developplateausasthelasersaredetuned
closertowardsatomicresonanceof a designparticleandthebeamgetslongitudinally
colder. Thedetuninggiven is therelative detuningof eachlaser. Theplateausbegin
whenboth lasersaredetunedabout� 300MHz from resonanceof a particlehaving
theidealvelocity (i.e.,whenthey are600MHz apart).Figure4.5shows thelongitudi-
nal temperaturemeasuredby scanningthePAT, andthis is seento decreaseall along
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Figure 4.5: Lasercooledion beam: longitudinalbeamtemperatureasa function of cooling
laserdetuningfrom resonanceof a particlewith the ideal velocity (Fig. 4.4 shows thecorre-
spondingtransversebeamsizes).Themeasurementswereperformed4 s after injection for a
�x edinjectedcurrentof 400nA.

when the cooling lasersare detunedtowardsresonance.However, as the detuning
getscloserthanabout� 100MHz from resonancefor a particleof idealvelocity, the
distribution startsto develop tails of hotterparticlesanddoesnot look asniceasthe
exampleshown in Fig. 4.2. Hencethedropin horizontal� aftertheplateauin Fig. 4.4
shouldbeattributedto the lossof cold particlesto thehot tails. The temperaturede-
pictedin Fig. 4.5 for thesesmalldetunings(closerto resonancethan� 100MHz) has
beenextractedfrom thecentralpeaksohereit ceasesto expressthetotal longitudinal
velocity spread,which is no longercharacterizedby a singleparameter. During the
plateau,however, theassignedlongitudinaltemperatureseemsto describethewhole
beamwell. The longitudinaltemperatureis droppingwith detuningwhile the trans-
versesizesstay constant,and the behavior is completelydifferent than for a beam
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wherethethreedimensionsarein thermalequilibrium.
The reasonfor the obseved plateauto occur is expectedto seekits explanation

in heatingfrom tuneresonancesasdiscussedin section4.2. Hencethe sympathetic
coolingmechanismappearsto be thebottleneck,i.e., thesympatheticcooling rateis
considerablylower thanboth the longitudinalcooling rateandthe resonanceheating
rate.

4.4 Real time imaging

In order to monitor the evolution of the transversedimensionsof the ion beamin
real time, we startedto employ a fastdigital videocamerafrom Dalsa. This camera
systemis alsoemployed in all the ion trapexperimentsdescribedin this thesis.The
camerais capableof acquiringup to 30 frames/sfrom a1024� 1024pixel 8 bit CCD
chip3. To gaina signalthat is adequateat suchhigh rates,an imageintensi�er from
Proxitronicis mountedin the imageplaneof theUV imaginglensespreviously used
for the single-shot,low noisePhotometricscameras.The imageintensi�er consists
of a photo-cathodewherean impinging UV-photonwill detachelectronswhich are
thenacceleratedthroughadoublemicrochannelplate(MCP)structure.Herethey tear
loosea cascadeof secondaryelectronsto �nally hit a phosphorscreen.This screen
is kept at high voltage(up to 8000V) with respectto the photocathode,suchthat
thesecondaryelectronsdonothave time to spreadoutsigni�cantly on theirway from
the MCPsto the screendueto space-charge repulsion. OnedetectedUV-photonat
thephoto-cathodegivesrise to anemissionof about1:8 � 105 visible photonsat the
phosphorusscreenwhich is imagedon to theCCDchipusingastandardNikonmacro
lens. Although the CCD hasonly 8 bit resolutionthis doesnot posea problemfor
beampro�ling sincewe areperforminga row sumto getthebeampro�le, but it is of
courseimportantnot to saturatethechip.

4.5 Real time behavior of a lasercooledstored ion beam

Whenapplying the real time imagingsystemdescribedin section4.4 to recordthe
beampro�les of storedlasercooledbeams,sequencesweretypically acquiredatabout
1-5frames/sandin thiswaywewereableto monitorthedevelopmentof thetransverse
sizesafter injectionover long timesat a decentrate. With thesingleshotPhotomet-
ricscamerassuch“time afterinjectionseries”werevery timeconsumingbecauseone
needsto integrateover about20 injectionsaroundsometime,say30 s afterinjection,

3For a 512� 512resolutionthemaximumframerateis 70 frames/s.



38 DensityLimitationsin StoredLaserCooledIon Beams

in orderto geta singlepoint. Using the fast,imageintesi�ed camera,thebeamsize
canbemonitored“continuously”within asingleinjection.

In the limit of low currentbeamsan intriguing phenomenonwasobserved. Fig-
ure4.6shows thedevelopmentin transversesizesversustimefor a lasercooledstored
ion beam(40 nA injectedcurrent)decayingdueto beamlossfrom residualgascol-
lisions etc. (the insetof Fig. 4.6 shows the beamdecayasmeasuredwith a neutral
particledetector4). During the�rst 100s after injectionwe observe a decreasein the
horizontalaswell astheverticaldimensionof thebeam.At a time about105s after
injectiontheverticalbeamsizeis, however, observed to blow up while thehorizontal
beamsizebecomesapproximatelyconstant5. The vertical blow up occurswhenthe
horizontalandverticalbeamsizesareapproximatelyequal.

At theonsetof theverticalbeamblow up, a conservative estimateyieldsa circu-
lating beamcurrentlessthan1.4 nA. This is comfortablybelow 2.4 nA which is the
upperlimit for the possibleformationof a string-of-ionsstructurein ASTRID with
thecurrentparameters[22]. Observationof 1D Coulomborderinghasbeenreported
in experimentson very low densityandextremelyelectroncooledheavy ions in the
ESR storagering at GSI Darmstadt[28,29] and in CRYRING at ManneSiegbahn
LaboratoryStockholm[30]. By Schottky noisemeasurementstheexperimenters�nd
a sharpdropin thelongitudinalmomentumspreadfor ion beamcurrentsbelow a cer-
tain limit6. This is attributedto strongsuppressionof intrabeamscatteringotherwise
causingheatingof thebeam.In theASTRID experimentspresentedhere,intrabeam
scatteringis, however, also the agentfor the sympatheticcooling of the transverse
dimensions.Henceif some(transverse)heatingmechanismis presentwe may not
beableto preventtransverseemittancegrowth if intrabeamscatteringceases.Indeed,
e.g.,theDopplerlasercoolingmechanismcausestransverseheatingdueto momentum
diffusionasdescribedin section2.3.3.

Theabove considerationssuggestthattheverticalblow up maybeexplainedby a
suppressionof intrabeamscatteringwhenthenumberof circulatingionsbecomessuf-
�ciently low (andbelow thepoint whereanorderedstringcouldpossiblybeformed)

4Theneutralparticledetectoris locatedat thebendingmagnetdownstreamof sectionIV of ASTRID
(seeFig. 3.6). Ions which areneutralizedon their way throughthis sectionwill not feel the bending
�eld andhencehit the detector. Theneutralparticledetectorcountrateis a measureof the numberof
circulatingions.

5Thepro�le developmentwasmeasuredoneat a time for two consecutive injectionssinceonly one
fastcamerasystemwasavailable.Thismayintroduceasmalltimeslip betweenthetwo beamsizecurves
in Fig. 4.6if theexperimentalconditionschangesslightly. Thetimewherethehorizontalblow upoccurs
andthetimewheretheverticalbeamsizebecomesconstantshouldmostlikely bethesamealthoughthis
is not thecasein Fig. 4.6.Thishasalsobeenobservedto bethecasein someothermeasurementsseries.

6Historically, similar observationswerealreadymadein 1980at theNAP-M storagering, Novosi-
birsk [31]. This wasinterpretedassuppressionof intrabeamscatteringdueto longitudinalorderingbut
theconclusionshassincethenbeendisputed[29].
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Figure4.6: Lasercooledlow currention beam:horizontal(� ) andvertical(� ) transversebeam
sizesasa functionof time after injection(beginningat 10 s after injection). The insetshows
theneutralizationof the ion beam(� ) asmeasuredwith a neutralparticledetectorlocatedat
a bendingmagnetpositionin ASTRID. Within theinterval 10–100s thedecayis exponential
with an e-folding lifetime of 30 s (line). During the initial 10 s after injection the decayis
somewhatfaster.

alongwith thenatureof thelasercoolingforceactingonly in thelongitudinaldirection
of theion beam.To keepthetransversedimensionscoldsomelongitudinal-transverse
couplingmechanismis needed.In fact the orbit dispersiondueto bending(seesec-
tion 3.1.2)providessucha mechanismin thehorizontalplanewhich canexplain the
factthataverticalblow up is notobserved.

It is well-known that for a beamparticlein thepresenceof orbit momentumdis-
persionthe emissionor absorptionof a photon(a momentumquantum)in the beam
directioncanincreaseor decreasethe betatronamplitudedependingon the phaseof
betatronoscillation[32]. This is illustratedin Fig.4.7. If we,e.g.,considertheabsorp-
tion of aphotonby abeamparticleleadingto a longitudinalmomentumdecrease� p,
anon-zerodispersionD impliesthattheparticlesubsequentlywill performits betatron
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Figure4.7: Consideranion evolving onthephasespaceellipsegivenby thesolid line atsome
positionin astoragering. If atthispointtheparticlesuddenlyexperiencesamomentumchange
� p, it will now oscillatearounda new closedorbit offset by � D � p=p0 with respectto the
initial one. Hencetheparticlesubsequentlyevolveson a new phasespaceellipsehomothetic
to the dashedellipsesrepresentingpossiblefuturesof the ion. Dependingon the position
x wherethe momentumkick occursthe areaof the �nal phasespaceellipse can be larger
or smallerthanthat of the initial one. Examplesof positionsleadingto decreasing(� ) and
increasing(� ) betatronamplitudesareshown.

oscillationsaroundanew closedorbit offsetby � D � p=p0 with respectto theoriginal
one. Dependingon the positionwherethe photonwasabsorbedthis will lead to a
betatronamplitudegrowth or reduction(seeFig. 4.7).Whenlasercoolingastoredion
beamthispositiondependency canbeexploitedto obtaindispersivecoolingof thehor-
izontaldimensionby displacingthecooling lasersslightly with respectto thedesign
orbit (outwardsfor theco-propagatinglaserandinwardsfor thecounter-propagating
laser).

Dispersive cooling by laserdisplacementhaspreviously beenreportedfrom ex-
perimentson bunched,lasercooled9Be+ ion beamsin theTSRstoragering at MPI,
Heidelberg [33]. In theASTRID experimentspresentedin thisthesisthecoolinglasers
werenot deliberatelyoffset in positionfrom thedesignorbit. Rather, the laserbeam
positionswereoptimizedto give thebestion beamcooling7. Laterinvestigationsem-
ploying an active laserpositioningandstabilizationsystemhave, however, revealed
that the appliedoptimizationprocedureactuallyleadsto laserbeampositionswhere

7Thecoolingoptimizationis donein partby maximizingtheintegratedprobelaser�uorescenceyield
at thedesignvelocity andin partby minimizing thecooledion beamwidths.



4.6Conclusion 41

Figure 4.8: LIF imageof the vertical dimensionof the ion beamwith the evolution shown
in Fig. 4.6 taken 8 s after injection. The centralcore of the ion beamis surroundedby a
pronouncedhalo. Thecurvein therighthandpartof the�gure showsthecorrespondingvertical
beampro�le

theion beamis dispersively cooled[34].
Thedispersive coolingmechanismmight hencebe thereasonwhy thehorizontal

dimensionof thebeamstaysconstantwhile theverticaldimensionblowsup. A further
indicationof dispersive coolingis observedduringthe�rst 10 s after injectionwhere
thecentral,transverselycold partof thebeamis surroundedby a pronouncedhaloof
particlesin the vertical plane(seeFig. 4.8 andFig. 4.9). After about10 s the halo
disappears,partly due to loss (an enhancedloss rate is observed during the initial
10 s after injectionin theinsetof Fig. 4.6)andpartly dueto absorptionfrom thecold
core(thewidth of thecoreis observedto increaseslightly duringtheinitial 10 s after
injection).

4.6 Conclusion

In conclusion,theeffectsof lasercoolingthelongitudinaldimensionof stored,coast-
ing ion beamshavebeenstudied.Thetransversedimensionsof theion beamis sympa-
theticallycooledvia intra beamscatteringandthedensityof thebeamcanbecomeso
high thatspace-charge behavior is observed. Thelimits to theattainabledensitiesap-
pearsto behigherthanwhatis expectedfor anultimatelyspace-charge limited beam.
Thismightbeexplainedby heatingfrom tuneresonancesapproachedby anincoherent
space-charge tuneshift.
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Figure4.9: Thedevelopmentin transversehorizontal(a)andvertical(b) beampro�les for the
lasercooledion beamdescribedin Fig. 4.6 duringthe initial 10 s after injection. Pro�les are
shown for every 0.9 s beginningat theback. Notice thatduring the �rst � 9 s after injection
a pronouncedhalo in the vertical dimensionsurroundsthe narrow centraldistribution. (The
reasonfor the �at top in the distributionsshown is an artifact dueto saturationof the CCD
chip).

In the limits of low currentbeamsan intriguing anomalyoccurs. Below the lin-
eardensityfor which an orderedstring of ions could possiblybe obtained,sudden
emittancegrowth in theverticaldimensionis observedwhile thehorizontalbeamsize
remainsconstant. This might be explainedby the vanishingof intra beamscatter-
ing andhencesympatheticcoolingof thetransversedimensionsalongwith dispersive
coolingof thehorizontaldimension.

The nondestructive diagnosticsmethodsusinglaserinduced�uorescenceconsti-
tutea strongtool for investigatingthepropertiesof a storagering andrevealingpos-
sible device errors. Recentlythis hasbeenexploited in connectionwith the ELISA
storagering in Aarhus[35].



Chapter 5

TaperedLaser Cooling of Stored
CoastingIon Beams

In thischapterwe discussa schemefor taperedlasercoolingof coastingion beamsin
storagerings.Taperedcoolinghasrecentlybeenshown to becrucialfor attainingcrys-
tallineion beams.Theschemeproposedhere,basedonarelativedisplacementof aco-
andacounter-propagating Gaussianlaserbeam,givesaradialvariationin theequilib-
rium velocitiesto which particlesarecooled.Thevariationis approximatelylinearin
a relatively largerangetransverseto thelaserbeams.Expressionsfor thespatiallyde-
pendentequilibriumvelocitiesandtherangeof thetaperedcoolingforcesarederived.
Wediscussthedependenceon laserbeamparametersaswell asthelimitationsof this
coolingscheme.

5.1 Intr oduction

Lasercoolingof ion beamsin storageringshasbeensubjectedto studiesfor morethan
a decade(see,e.g.,[24,33,36] andreferencestherein). Lasercooling is regardedas
a possibleway to obtainCoulomborderedstatesin fastion beamsas�rst suggested
by Schiffer andKienle [37] andlaterobserved in molecular-dynamicssimulationsby
RahmanandSchiffer [38]. Schiffer andRahman[39] alsoquestionedif a crystalline
beamcouldwithstandthesheararisingin bendingmagnetsandidenti�ed theneedfor
gradedcooling,wherethe ionsarenot cooledto exactly thesamelinearvelocity, but
ratherto radiallyvaryingvelocitiesin orderto ensureparticlesto completearevolution
in phase.Althoughthesituationin reality is somewhatmorecomplicated,onecanun-
derstandtheproblemof gradedcoolingby thinkingof thecyclotronmotionof abeam
of chargedparticlesin auniformmagnetic�eld. Theoutermostparticleswill herehave
to travel fasterthantheinnermostonesif they areto move(in phase)onconcentriccir-
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cles (seeFig. 5.1). In traps,wherethe ions arestationary, Coulombcrystallization
by lasercoolingis routinelyobserved[40–42], but in contrastto storagerings,graded
cooling is not neededhere.Theformationof a crystallinefastion beamwould beof
greatinterestin beamphysics,becauseit representstheultimatein density, yielding
hithertounseenintensitiesin, e.g., collision experiments. Today, it is, however, an
openquestionif it is possibleto implementgradedcoolingexperimentally[43].

B

wr1

wr2

wr3

r2

r1

r3

Figure5.1: Cyclotronmotionof positively chargedparticlesin a uniformB -�eld of direction

 . If the particlesare to follow concentriccircles trajectoriesthe outermostparticlesmust
travel fasterthantheinnermostones.

Recently, simulationsby Wei, OkamotoandSessler[44,45] showedthata tapered
coolingforceis of crucialimportancein attainingacrystallinebeam.Thecalculations
wereperformedfor a1 MeV 24Mg+ beamin aspeci�c latticeof theTARN II storage
ring. It wasshown that even for low density1D structureslinearly varying graded
cooling,so-calledtaperedcooling, is needed,althoughthedemandsherearelessre-
strictive thanfor 3D crystals. For 1D structuresshearis not a problem,but onestill
needsto cool thetransversedegreesof freedomanddueto thelow numberof ionsin
thisregime,sympatheticcoolingthroughintrabeamscatteringceasesto beeffective. It
turnsout thattaperedcoolingcanprovidedampingof thetransversemotionthrougha
singleparticlemechanism[33]. Taperedcoolingis describedby a taperingcoef�cient
Cxs , whereaparticlecooledto theright velocityobeys (in thenonrelativistic case)

� v = Cxs
v0

� m
x: (5.1)

Here � v = v � v0 is the deviation from the designvelocity v0, x is the horizontal
distancefrom thedesignorbit, and� m is theaverageradiusof curvaturein thebend-
ing sectionsof the storagering. In the caseof lasercooling it hasbeensuggested
that taperedcooling could be achieved by introducinga gradientin laserfrequency
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acrossthe ion beamby sendingthe laserbeamthrougha light prism [44]. This is,
however, noteasilyachievedwith conventionallaserlight sourcesbecauseof theirex-
trememonochromatisities(in thecalculatedexample[44], thewavelengthwouldneed
to vary 0.01%). Anothersuggestionby Madsenet al. [46] usesthe fringe �eld of a
capacitor-like insertiondevice to shift the ionsvelocity locally acrossthebeamwhen
enteringandleaving thecoolingsection,but thefeasibility of this schemehasnot yet
beenworkedout in detail.

Thischapterpresentstheprinciplesof anadditionaltaperedcoolingschemebene-
�ting from the Gaussianintensitypro�le of a laserbeam. It is shown that a relative
horizontaldisplacementof aco-andcounter-propagating laserbeamleadsto atapered
coolingforcefor acoastingion beam.

5.2 Attaining a tapered laser cooling force

For ionswith a closedoptical transitionof frequency ! a, it is well-known (seechap-
ter 2) that a single near-resonantlaserbeamof frequency ! l , will exert a velocity
dependentmeanscatteringforceon theionsdescribedby [47]

F (v) =
1
2

~k�

2

6
4

S
�

� � vk
1
2 �

� 2
+ (1 + S)

3

7
5 ; (5.2)

where� = ! l � ! a is the laserdetuning,k is thewavenumberof a photon,and� is
thespontaneousdecayratefor theupperlevel. ThesaturationparameterS = I =I 0 =
2
 2=� 2 is the ratio betweenthe laserbeamintensity I and the saturationintensity
I 0, with 
 beingthe Rabi frequency1. The meanscatteringforce becomesvelocity
dependentthroughthe Dopplershift of the light seenby the moving ions, and it is
directedalongthe laserbeamdueto themomentumkicks of absorbedphotons.The
spontaneousemissionsoccurin a center-symmetricpatternanddo not contribute on
average.

We now considera coastingion beamin a storagering interactingwith both a
co- anda counter-propagating laserbeamdenoted1 and2, respectively, in a straight
section.In thefollowing, referenceis madeto aframeco-moving with theion beamat
someidealdesignvelocityv0, with x denotingthehorizontaldistancefrom thedesign
orbit of the ion beam. Eachlaseris taken to have a Gaussianintensitydistribution2

1We notethat theRabi frequency is herede�ned to be 
 = dE=~, whered is theeffective dipole-
momentmatrix elementandE is the amplitudeof theelectric�eld. This might differ by a factorof 2
from otherauthors.

2This is, indeed,a very goodapproximationfor most real lasers. AppendixB.2 summarizesthe
propertiesof Gaussianlaserbeams.
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leadingto apositiondependentsaturationparameter

Si (x) = S0i e
� (x � � x i )

2

1
2 w 2 ; i = 1; 2 ; (5.3)

wherew is the spot radiusof the laserbeam,and � x i is the horizontallaserbeam
displacementfrom the designorbit. If S � 1, multi-photonprocesseslike absorp-
tion from one laserandsubsequentstimulatedemissionfrom the other lasercanbe
neglected,andthetotal forceFcool becomesjust thesumof theforcesfrom eachlaser
beam. With the detuningof the two laserschosento be the samein the co-moving
referenceframeonegets

Fcool(x; v) =
1
2

~k�

2

6
4

S1(x)
�

� � vk
1
2 �

� 2
+ 1

�
S2(x)

�
� + vk

1
2 �

� 2
+ 1

3

7
5 : (5.4)

Taking the lasersto be equallyintenseS01 = S02, anddisplacingthemby thesame
amountin oppositedirections� x1;2 = � � x, weobtainthecondition

�
e4� X X

4(� � V )2 + 1
�

e� 4� X X

4(� + V )2 + 1

�
= 0; (5.5)

for laserforceequilibriumFcool = 0, wherewehave introducedthereducedvariables
� = � =� , V = v=(� =k), � X = � x=w, andX = x=w. This equationleadsto an
equilibriumvelocitywhenever

jX j < X max =
ln

�
16� 2 + 1

�

8� X
: (5.6)

In thecasewhenjX j; j� X j; jV=� j � 1, Eq. (5.5)givesriseto the linearrelationfor
theequilibriumvelocityVeq asa functionof position

Veq(X ) = �
4� 2 + 1

2�
� X X � d(� ; � X )X ; (5.7)

so thatany given linearvariationd(� ; � X ) canbeobtainedby choosing� and� X
right. Accordingto Eq. (5.1), this is exactly thekind of relationrequiredfor tapered
cooling. We notethat at a vertical positiony, differentfrom the planeof the design
orbit y = 0 thederivedtaperingstill applies3.

3Consideringa verticalpositiony 6= 0 we have Si (x; y) = S0i exp
h
� ( x � � x i ) 2 + y 2

1
2 w 2

i
andtheeffect

is only to scalethesaturationparameterdown by a factorexp
h
� y 2

1
2 w 2

i
ascomparedto theplaney = 0.
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Although in principle any taperingcanbe createdin this way, thereis of course
somelimitationsto thefeasibilityof this lasercoolingscheme.Expandingthecooling
forcefrom Eq.(5.4) to �rst orderin V aroundVeq for agivenX , onehas

Fcool(X ; V ) = F0(X ; Veq) � � (X )(V � Veq); (5.8)

with F0(X ; Veq(X )) = 0, and� (X ) = � @Fcool
@V

�
�
�
V = V eq

beinga viscousfriction co-

ef�cient, which leadsto cooling aroundVeq(X ) for a given particlepositionX . At
X = 0, weget

� (0) = � 8~k� S0e� 2� X 2 �
(4� 2 + 1)2 ; (5.9)

which will be maximumfor a detuning� = � 1=(2
p

3), andvanishfor � � � 1.
Although it is possibleto createa large taperingcoef�cient by making � large and
negative, ascanbe seenfrom Eq. (5.7), the friction forcedecreasesrapidly with the
detuning,whichmaymakeit impossibleto keeptheparticleat its equilibriumvelocity,
whenheatingmechanismsarepresent.Thetaperingalsoincreaseswith � X , but in or-
derto maintainreasonableoverlapbetweenthetwo counter-propagating laserbeams,
thedisplacementof eachlaserbeammustbe kept lessthanhalf thespotradius,i.e.,
� X = � x=w � 1=2. For a �x ed valueof � X , we seethat the relationEq. (5.7)
scaleswith w throughX = x=w sothatby makingthespotsizesmall,thevariationin
theequilibriumvelocitiesof thecoolingforceEq. (5.7) canbecomearbitrarily large.
Decreasingthespotsize,however, alsoputsanupperlimit to the transverserangeof
thecoolingforceasseenfrom Eq.(5.6),sothis implementationof gradedcoolingmay
be limited to small ion beamsizeswhena certaincooling rateis needed.Along the
longitudinaldimensionof theion beamthetaperingwill changedueto thedivergence
of theGaussianbeams.If boththeGaussianbeamsarefocusedto a waistw0 at some
point,theirspotsizeswill belargerbeforeandafterthefocus.Thedistanceto wherea
spotradiushasincreasedby afactor

p
2 is givenby theRayleighlengthzR = � w2

0=� ,
where� is thelaserwavelength.This meansthatthelengthof thecoolingregion will
needto beshorteror comparableto theRayleighlength,unlesslargevariationsin the
equilibriumvelocitiesof thecoolingforcecanbeaccepted.

5.3 Discussionin relation to experiments

As anexample,we show in Fig. 5.2theappearanceof theunapproximatedlasercool-
ing forcefor � = � 1, andS0 = 1=10, for bothzerodisplacement� X = 0, andfor
a displacement� X = 1=2. Theeffect of taperingis evident for thedisplacedbeams
andasexpectedthe relationis linear in X for a �nite region aroundX = 0 ascan
beseenmoreclearly in Fig. 5.3(a).FromEq. (5.6)one�nds X max = 0:71 asa limit
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Figure 5.2: Laser cooling force for (a) nondisplacedlasers, and (b) co- and counter-
propagatinglasersboth displaced� X = 1=2. The lasershave a peaksaturationparameter
of S0 = 1=10andaredetuned� = � 1.

of the cooling region for the displacedlasers.Within this region, jX j < X max , the
friction coef�cient � is only slightly reducedcomparedto the caseof non-displaced
lasers.Thecalculatedfriction coef�cients areshown in Fig. 5.3(b).

In Ref. [44], a typical optimumvalueof Cxs is given to be0:26 (althoughin the
bunchedbeamcase)for 24Mg+ ionsstoredat 1MeV in TARN II. An estimateof the
laserbeamparametersthatwouldgivesuchataperingcoef�cient for ourscheme,using
theseTARN II parametersandconsidering24Mg+ ions,canbemadeusingEq. (5.1)
andEq. (5.7). Assumingthecooling region to be4 m long, we useGaussianbeams
with RayleighlengthzR = 2 m, correspondingto a waistw0 = 422� m. Displacing
the laserssuchthat � X = 1=2 at thewaist location,we �nd that the laserdetunings
needto be � = � 6:85 to get thedesiredtaperingcoef�cient here. Furthermore,the
power of eachlaserbeamhasonly to be somefew mW to achieve S � 1=10. The
taperingcoef�cient Cxs , will fall off to 0:13 at the endsof the cooling region. This
doesnotseemto poseaproblemsinceCxs (at leastif thenumberof particlesis not too
high),accordingto [44], is allowedto varywithin a rangearoundtheoptimumvalue.

In the two-level ion cooling schemeappliedabove, the maximumcooling force,
andhencealsothemaximumcoolingrate,is proportionalto thesaturationparameter
S whichhadto bemuchsmallerthanunity to avoid unwantedmulti-photonprocesses.
By using the naturalmultilevel structureof real ions, onecan,however, avoid such
limiting processesif the co- and counter-propagatinglaserbeamsinteractwith dif-
ferent internal levels of the ions. Thus valuesof S of the order of unity or larger
canbe appliedfor obtaininglarger cooling rates. This also leadsto a possibility of
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Figure 5.3: (a) (� ) The equilibrium velocity Veq for the cooling force as a function of the
horizontaldistanceX to the designorbit, whenthe co- andcounter-propagatinglasersboth
aredisplaced� X = 1=2. The line shows the linear approximationfor Veq asgiven by Eq.
(7). (b) The magnitudeof the friction coef�cient � for (� ) nondisplacedlasers,and(� ) co-
andcounter-propagatinglasersbothdisplaced� X = 1=2. The lasershave a peaksaturation
parameterof S0 = 1=10andaredetuned� = � 1. At X = 0 thefriction for displacedlasers
is e� 1=2 � 0:6 of whatis achievedin thenondisplacedcase.

choosingthe detuninglarge in orderto createa large taperingcoef�cient, insteadof
makingthe laserspotsizesmall. In the caseof 24Mg+ ions, which haspreviously
beenlasercooledin theASTRID storagering [46], onecanachieve theabovenoncou-
pling situationby, e.g.,usingthe 3s2S1=2 $ 3p2P3=2 transitionandapply counter-
propagatingcircular polarizedlaserbeamswith oppositehelicity. Another realistic
wayto avoid multi-photonprocessesfor 24Mg+ ionswouldbeto haveonelaserbeam
resonantwith the3s2S1=2 $ 3p2P3=2 transitionwhile theotherwouldbetunedto the
3s2S1=2 $ 3p2P1=2 transition. The latter schememakesit possibleto useonly one
frequency stablelaserif the ion beamenergy is 18.4keV. For this particularenergy,
thetwo Dopplershiftedcounter-propagatinglaserbeamscanactuallybein resonance
with oneof thetwo �ne-structuretransitions4.

5.4 Conclusion

In conclusion,we have proposeda taperedcooling schemefor coastingion beams.
By displacinga co- anda counter-propagatinglaserbeamwe obtain,in a simpleway,
coolingto differentequilibriumvelocitiesacrosstheion beam.Theequilibriumveloc-
ities areshown to vary linearly with positionto a goodapproximationin accordance
with theconceptof taperedcooling. As thetaperedcoolingforceis limited to a �nite

4Cooling of a coasting18.4keV 24 Mg+ ion beamusinga singlelaserhasnow beenperformedat
theELISA storagering [48].
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transverserange,this schememay turn out only to be applicableto small ion beam
sizes,but thismayat leastbeof interestin thequestof forminga1D crystallinestruc-
ture. However, by bene�ting from themultilevel structureof ions, it maybepossible
to extendthetransverserangefor effective taperedcooling.



Chapter 6

Crystalline BeamEmulations in a
Pulse-ExcitedLinear Paul Trap

This chapterconsidersa pulsedvoltageexcitation of the quadrupoleelectrodesof a
linearPaul ion trap.Thetransversedynamicsof ionsin this time-varyingelectric�eld
is analogousto that of chargedparticlesin the strongfocusingmagneticlattice of a
storagering. By lasercoolingionsstoredin apulse-excitedlinearPaul traptheoretical
resultson the stability of crystallineion beamsin storagerings canbe tested. The
stability of the pseudo-harmonicion motion in a pulse-excited trap andtrapsdriven
with sinusoidalvoltageis discussed.

6.1 Intr oduction

Theanalogybetweentheeffectsof magneticandelectricquadrupole�elds oncharged
particles is a subjectof standardtextbooks on charged particle beams(see, e.g.,
Refs.[49,50]). As it turnsout,motionin eithermagneticor electricquadrupole�elds
of periodicstrengthvariationin spaceor time, s, is governedby Hill' s typeof equa-
tions,i.e.,equationsof theform

d2u
ds2 + [� � Q(s)] u = 0; (6.1)

where� is aconstantandQ(s) is a real,piecewisecontinuousfunctionof period� . In
arecentpaper, OkamotoandTanaka[51] pointedout thatthisparallelin thedynamics
canbe usedto studybeamhalo formation(asobserved for high intensitybeamsin
acceleratorswith magneticstructures)in an electric trap. The ideawasemphasized
evenmoreby Davidson,Qin andShvets[52] who proposedusinga Paul trapcon�g-
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urationto simulateintensenon-neutralbeampropagationover largedistancesthrough
aperiodicfocusingquadrupolemagnetic�eld.

In the paper[53] which is restatedhere,we proposedto go onestepfurther and
exploit theanalogybetweenthetransversedynamicsof a storagering andof a pulse-
excited linear Paul trap to test theoreticalresultson the stability of crystalline ion
beams. Crystallineenergetic ion beams[37] have not beenobserved so far in any
storagering even at very low beamtemperatures(e.g., in lasercooling experiments
with space-charge dominatedbeams[24]). However, someorderingeffects in cold
storedion beamshave beenreported(seeRef. [29] andreferencestherein).The lack
of crystallization,asroutinely observed in ion traps[40–42], is probablydueto the
fact thatthemaintenanceconditionsfor a beamcrystalaspredictedby theoryhasnot
beenful�lled so far in storagering experiments[44]. Someof theseresultsputting
severerestrictionson, e.g.,the phaseadvanceperunit cell of thestoragering lattice
canbe testedexperimentallyin a linear Paul ion trap asoutlinedin this chapter. A
trap for experimentsalongthis line using lasercooled24Mg+ hasbeenconstructed
in our laboratoryin Aarhus(seechapter7). A similar experimentwith thesamegoal
hasbeeninitiated in Munich by Schätzet al. [54]. As the Munich experimentuses
a ring trap (PALLAS) in which the ions areaccelerated,the problemof sheardueto
bendingandtheneedfor a suitablygradedcoolingforcearise(seechapter5) for 3D
crystallinestructures1. Investigationsof thiskind mightprovideinformationonsimilar
effectsin arealisticstoragering environment.However, theschemeusingalinearPaul
trapbene�ts from thefact thatthecrystalinteractssolelywith thefocusingstructure.
Hence,thestabilityproblemsregardingfocusingcanbeaddressedseparately.

6.2 Strong focusing in magnetic storage rings and electric
quadrupole traps

6.2.1 Magnetic quadrupole focusing

In a typical storagering or synchrotron,charged,energetic particlesaremadeto cir-
culatein a planeby theLorentzforceof magneticdipole �elds asdescribedin chap-
ter 3. Transversecon�nementalongthe idealdesignorbit is obtainedby usinga pe-
riodic arrangementof quadrupole�elds. Themagnetic�eld in Cartesiancoordinates
(x; y; z) of a perfectquadrupoleof strengthg canbe derived from a scalarpotential
V (x; y) = gxy asB = �r V . For a particleof charge e andmassm with a ve-
locity v = vẑ in the z-directiontaken to be alongthe ideal orbit, the Lorentzforce

1Very recently, the Munich groupreportedon the observation of 1 eV crystallinebeamin a string
con�guration[55].
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Figure 6.1: Electric quadrupolecon�guration. A time-varying voltage�  (t) is appliedas
shown. Whenoperatedasa linear Paul trap eachelectrodeis sectionedinto threeanda dc
voltageU0 is appliedto theeightendpiecesin additionto  (t) or �  (t).

F = ev � B is
F = � evgxx̂ + evgyŷ : (6.2)

For positively chargedparticles(i.e.,e > 0) andg > 0, this forceactsfocusingin the
x-directionanddefocusingin they-directionandgivesriseto theequationsof motions
insideamagneticquadrupole:

•u + K uu = 0 ; u = x; y; (6.3)

whereK x;y = � evg=m. Theprincipleof alternatinggradient(AG) focusingor strong
focusingrelieson thefact thatby combiningtwo quadrupolesinto a doubletwith the
secondhaving oppositepolarity of the �rst (i.e., g ! � g) net focusingin bothtrans-
versedimensions(x; y) canbe obtainedby properchoiceof quadrupoleseparation
(seesection3.1).

6.2.2 The linear Paul trap

The linear Paul trap is an offspring of the well-known electricquadrupolemass�l-
ter asproposedby Paul andSteinwedel[56]. The latter essentiallyconsistsof four
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parallelcylindrical electrodes2 arrangedin thewayasshown in Fig. 6.1andwith volt-
ages�  appliedto therodsasindicated.This con�gurationgivesriseto theelectric
potential �( x; y) =  (x2 � y2)=r2

0, wherer 0 is the inscribedradiusof the inter-
electrodespace.Chargedparticlesin the inter-electrodespaceobey exactly thesame
transverseequationsof motion asderived for a charged particle traveling througha
magneticquadrupoleEq. (6.3), wherewe now have K x;y = � 2em =r2

0. Likewise,
for positively chargedparticlesand > 0 we geta focusingeffect in thex-direction
anda defocusingeffect in the y-direction. To obtaintransversecon�nementin both
directions,the ideais to usea periodic,time-dependentpotential (t). This is very
analogousto thespatiallyvaryingquadrupolepotentialasseenby a chargedparticle
traveling throughtheperiodiclatticeof astoragering with magneticAG con�nement.
Theconventionalchoiceis asinusoidalexcitation

 (t) = U � V cos! t: (6.4)

Introducingreducedparameters

8
>>>><

>>>>:

� = ! t=2
ax = 8eU=mr2

0! 2

qx = 4eV=mr2
0! 2

ay = � 8eU=mr2
0! 2

qy = � 4eV=mr2
0! 2

; (6.5)

theequationsof motionfor thex- andy-directionscanbetransformedinto thecanon-
ical form of Mathieu's equation:

d2u
d� 2 + (au � 2qu cos2� )u = 0 ; u = x; y: (6.6)

Thepropertiesof Mathieu's equationhave beenrecordedin detail (see,e.g.,[57] and
referencestherein). Here,we only notethat the (qu ; au)-planeis divided into stable
andunstableregionsby characteristiccurves(seeFig. 6.2;thecurvesaresymmetricin
q). For (qu ; au) in a stableregion,solutionsto Mathieu's equationareboundwhereas
in an unstableregion the solutionstendto in�nity with time. To have overall trans-
versestability (i.e., in bothtransversedimensionsx andy), wemustdemandthatboth
(qx ; ax ) and(qy ; ay) belongto stableregionsof Eq. (6.6). Within a stableregion the
motionof an ion in directionu canbedescribedasa secularoscillationwith the fre-
quency � ! =2 superimposedby micromotionat frequency ! [58,59]. The frequency
determiningfactor� is functionof the(qu ; au) parameters(seeappendixA.3).

2Ideally, theelectrodesshouldhave hyperboliccrosssections.



6.2Strongfocusingin magneticstorageringsandelectricquadrupoletraps 55

� �  � � ���

�

�

�����

�

�����

�

�

���

���

�����	�

���

�

Figure 6.2: (q; a)-stability diagrams.The linesboundthestability regionsof Eq. (6.6), i.e.,
thecaseof sinusoidalexcitation.Theshadedareasshow thestability regionsof Eq.(6.9)when
� = 1=2 for pulsedexcitation(i.e.,a rectangularwaveform).
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Thechoiceof asinusoidallytime-dependentpotentialis by no meansunique.The
arbitrarynatureof thescalarpotentialwasemphasizedby Richards,Huey, andHiller,
who investigatedthepossibilitiesof usinga rectangularlytime-varyingpotential[60]

 (t) = U � V S� (t); (6.7)

whereS� (t) is a rectangularfunctionwith duty cycle � . In thecurrentwork, we con-
siderapulsedvoltageexcitationof thequadrupoleelectrodeshaving awaveform cycle
periodT, andpulseduration� T, on thespeci�c form

 (t) = U � VP� (t);

P� (t) =

8
<

:

1 if jt j � � T=2
0 if � T=2 < jt j � (1 � � )T=2

� 1 if (1 � � )T=2 < jt j � T=2
;

P� (t + T) = P� (t):

(6.8)

De�ning heretheangularrepetitionfrequency to be! = 2� =T andusingthetransfor-
mationsEq.(6.5) theequationsof motionfor pulsedexcitationappearas

d2u
d� 2 +

h
au � 2qu ~P� (� )

i
u = 0 ; u = x; y; (6.9)

where ~P� (� ) (seeFig. 6.3) is theobvious transformationof P� (t) to thereducedpa-
rameterspace

~P� (� ) =

8
<

:

1 if j� j � 1
2 � �

0 if 1
2 � � < j� j � 1

2(1 � � )�
� 1 if 1

2(1 � � )� < j� j � 1
2 �

;

~P� (� + � ) = P� (� ):

(6.10)

Thetime-varyingpulsedelectric�eld emulatesthetransversedynamicsof charged
particlesin the spatially varying magnetic�eld of a strongfocusinglattice and we
may apply theorydevelopedfor the latter to describethe stability of Eq. (6.9). As
the coef�cient K u(� ) � au � 2qu ~P� (� ) is a piecewise constantfunction,a solution
to Eq. (6.9) may be propagatedfrom a vectorcontainingthe initial conditionsusing
matrixmultiplication

�
u(� )
u0(� )

�
= M u(� j� 0)

�
u(� 0)
u0(� 0)

�
; (6.11)

wherewe have adoptednotationfrom [18]. In Eq. (6.11),u(� 0) andu0(� 0) areinitial
valuesat� = � 0 andM u(� j� 0) is the2� 2 overalltransfermatrixfrom� 0 to � whichcan
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Figure6.3: Thepulsedwave form ~P(� ) givenby Eq. (6.10).

becalculatedby successive multiplicationof thetransfermatricesfor all theintervals
of constantK u between� 0 and� (seesection6.5andappendixA.4).

Thesolutionsto Eq. (6.9) will be stableif jTrM u(� j� + � )j < 2 andunstableif
jTrM u(� j� + � )j > 2 [18]. Thus,for agiven� wemay�nd correspondingvaluesof a
andq leadingto stable(singleparticle)motionandplot thisasastabilitydiagram.An
exampleof a stability diagramwhen� = 1=2 (i.e., thespecialcaseof a rectangular
waveform) is shown in Fig. 6.2. In Fig. 6.4, thedevelopmentof the �rst two stability
regionsfor pulsedvoltageexcitation is shown whenthe pulsedurationis decreased
from � = 0:5 to � = 0:05

6.3 Emulation of a beamcrystal in a linear Paul trap

As describedpreviously, we mayobtaincon�nementin thetwo transversedirections
of apulse-excitedelectricquadrupole.Thismimicsthetransversedynamicsof anAG
magneticlattice. To studycrystallinestability in a stationaryreferenceframe,such
astheelectricquadrupoleshown in Fig. 6.1,we furthermoreneedaxial con�nement.
In this respect,the physicalsituationresemblesthat of a bunchedbeamof particles
ratherthanacoastingbeam.Axial con�nementcanbeachievedby sectioningeachof
the quadrupolerodsinto threeasshown in Fig. 6.1 andapplyinga dc voltageU0 to
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Figure 6.4: The�rst two stability regions(shadedareas)with � = 0:5; 0:1; 0:05 for a pulsed
voltageexcitation.Thestability regionsfor sinusoidalvoltageexcitation(lines)areshown for
comparison.

theeightendpiecesin additionto  (t) or �  (t). This givesriseto a staticpotential
having asaddlepointat thecenterof thetrapandweapproximatethiswith aharmonic
potential[11]

� s = � U0[z2 �
1
2

(x2 + y2)]; (6.12)

where� is geometricfactor. By carefulchoiceof designparametersof the trap, the
harmonicapproximationwill indeedbevalid. Wenotethattheaxially con�ning force
arising from the staticpotentialEq. (6.12) is accompaniedby a radially defocusing
force in accordancewith Earnshaw's theorem.This harmonicdefocusingforcemay
beaccountedfor by includingit in theau-parameterof Eq. (6.9). In fact,by choosing
U = 0 in Eq. (6.8), thedefocusingtermin Eq. (6.12)will betheonly contribution to
thea-parameter

au = �
4� eU0

m! 2 ; (6.13)

andwe notethatin thiscaseau < 0 alwaysandax = ay .
Sofar, we have only dealtwith thestability of a singleparticleor rathera particle

in a plasmasuf�ciently dilute that theCoulombinteractionbetweenparticlescanbe
neglected.By applyinglasercoolingto, e.g.,24Mg+ ions,which hasbeendonerou-
tinely in both storagerings [24] andtraps[42], onecanincreasethe plasmadensity
andit canbestudiedexperimentallywhetheror notCoulombcrystalswill form in the
strongfocusingenvironmentof a pulse-excited trap.As a Coulombcrystalrepresents
the ultimatein densitywith an interparticleinteractionenergy which is muchlarger
thanthe ion kinetic energy, the regionsof stability will be modi�ed for this strongly
coupledonecomponentnon-neutralplasma.A well establishedresultfrom thetheory
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of crystallinebeamsstatesthatthering latticeperiodicityshouldbeat least2
p

2 times
ashighasthemaximumbetatron(bare)tune.Statedin aanotherway, wehave thefol-
lowing criterionfor thephaseadvance� u perunit cell (or ratherperwaveformcycle
in thetrapcase)

� u = arccos
�

1
2

TrM u(� j� + � )
�

<
�

p
2

: (6.14)

ThecriterionEq. (6.14)hasbeendescribedasa conditionto avoid a parametricreso-
nancebetweenthephononmodesof thecrystallinestructureandthemachinelattice
periodicity [44,61]. It shouldbe stressed,however, that the maintenancecondition
is not limited to crystallinebeamsbut is partof a far moregeneralresult[62,63] on
theenvelopestabilityof chargedparticlebeamsrangingfrom theemittancedominated
(hot) beam,wheretheconditionis � u < � =2, to thespace-charge dominatedregime
describedby Eq. (6.14). We shall returnto the discussionof crystallinestability in
section8.2.2.

6.4 Conclusion

In conclusion,it is possibleto build a bridgebetweenthe formalismof storagering
dynamicsandthatof anion trap. Thecloseanalogybetweenthetransversedynamics
of storageringsandapulse-excitedlinearPaul trapcanbeexploitedto testtheoretical
resultson thestabilityof crystallineion beamswith respectto themaintenancecondi-
tion concerningthemaximumphaseadvanceperunit cell. This canbedonein table
top sizeexperimentsandshouldprovide valuableinformationbeforecommissioning
a largescalespecializedstoragering for crystallineion beams.We have outlinedhow
thestability criterionscanbestatedin the(q; a)-parameterformalismusuallyapplied
by the ion trapcommunity. This will serve asa referenceframefor theexperimental
investigationspresentedin chapter8 on crystallinebeamstability usinga linearPaul
trap.

6.5 Addendum I: Propagationof solutions

Given the initial conditions[u(� 0); _u(� 0)] at time � 0 for Eq. (6.9), propagationto a
later time � canbeobtainedusingmatrix multiplicationvia Eq. (6.11). Considering,
for example,� 0 = 1

2 � � andusingthetransformation~� = � � � 0 we have (leaving out
subscriptu)

M ( ~� j0) = S( ~� � x ~� =� y)Sx ~� =� y (� ); (6.15)
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where

S(�) =

8
><

>:

T(a; �) if 0 < � � ( 1
2 � � )�

T (a + 2q; � � [ 1
2 � � ]� )S([ 1

2 � � ]� ) if ( 1
2 � � )� < � � 1

2 �
T (a; � � 1

2 � )S( 1
2 � ) if 1

2 � < � � (1 � � )�
T (a � 2q; � � [1 � � ]� )S([1 � � ]� ) if (1 � � )� < � � �

;

(6.16)
and

T(K ; l) = 1
2

"
e

p
� K l + e�

p
� K l 1p

� K
(e

p
� K l � e�

p
� K l )

p
� K (e

p
� K l � e�

p
� K l ) e

p
� K l + e�

p
� K l

#

if K 6= 0

T (K ; l ) =
�

1 l
0 1

�
if K = 0

:

(6.17)
A derivationof thetransfermatrix T(K ; l) is givenin appendixA.4. We notethatthe
“�oor” operationx� y truncatesa number� to its integer part, e.g., x3:61324y = 3.
In Fig. 6.5,examplesof singleparticletrajectoriesobtainedby usingthepropagation
matrixEq.(6.15)areshown. Themotionis pseudo-sinusoidalwith aphaseadvance�
perwaveformcyclegivenby Eq.(6.14).

6.6 Addendum II: Comment on the radial oscillation fr e-
quency

6.6.1 FFT of radial motion

As discussedin section6.3 thephaseadvance� (a;q) perwaveformcycle periodfor
thepulse-excited trapcanbecalculatedfrom thetraceof thetransfermatrix over one
period.Thecorrespondingharmonicradialoscillation(angular)frequency is

~! r (a;q) = � (a;q)=� ; (6.18)

usingthereducedtime � = ! rf t=2. In SI unitswehave

! r (a;q) =
! rf

2
~! r (a;q) =

! rf

2�
� (a;q) (6.19)

This frequency will be usedto describethe radial particlecon�nementin a pseudo-
harmonicapproximation3 for the trappedplasmasin chapter8. The validity of this
approximationis not obvious for high valuesof the q parameter(seeFig. 6.5). To
addressthis questionwe considertheFourier transformU(~! ) =

R1
�1 u(t)ei ~! t dt for

motionu(t) atdifferentvaluesof q.

3Thecorrespondingsecularfrequency whenusinga sinusoidaldrive for the trap is � ! rf =2 with �
givenin appendixA.3.
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Figure 6.5: Examplesof particle trajectoriesfor q = 0:2; 0:5; 2:1:, whena = � 10� 3 and
� = 0:1.
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Figure 6.6: Power spectraldensityfor radial ion motion with q = 1:25 and2:1 whena =
� 10� 3.

In Fig. 6.6 we show the(one-sided)power spectraldensity4 Pu(~! ) � jU(~! )j2 +
jU(� ~! )j2 for q = 1:25; 2:1 whena = � 10� 3 [this is merelyexamples;theanalysis
wascarriedout for variouschoicesof (a;q)]. Thespectraexhibits thesamegeneral
features:A high intensitypeakat ~! r ;FFT andtwo low intensitypeaksat 2 � ~! r ;FFT

(notethat 2 = 2� =� is the angularfrequency of the pulsedfunction). Although the
modulationpeak2 � ~! r ;FFT grows in intensitywhenq approachesthesingleparticle
stability limit (occurringwhen~! r ;FFT = 2� ~! r ;FFT = 1) the~! r ;FFT peakis observed
to bedominantevenfor quitehigh valuesof q.

In Fig. 6.7, ~! r ;FFT for differentvaluesof q (with a = � 10� 3 �x ed) is compared

4This was calculatednumericallyby performinga fast Fourier transform(FFT). Information on
FouriertransformsandFFT canbefoundin [64].
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~

Figure6.7: (� ) Locationof thehigh intensitypeak~! r ;FFT in aFFTspectrumof theradialion
motion for differentvaluesof q (with a = � 10� 3 �x ed). The resultscomply well with the
radialfrequency ~! r obtainedfrom Eq.(6.18)via theoneperiodtransfermatrix (line). Theline
doesnot intersectorigoduethenon-zerovalueof a.

to ~! r obtainedfrom Eq. (6.18)via theoneperiodtransfermatrix. Theradialoscilla-
tion frequency is seento beconsistentwith thestrongestfrequency componentin the
motionspectrum.

6.6.2 Decomposingthe total radial con�nement

As mentionedin section6.3 the static axial harmoniccon�nementpotential in the
linearPaul trapgivesriseto a (harmonic)radialdefocusingforce.This wasdescribed
by thesamenegative a parameterin x andy directions.Denotingtheaxial oscillation
frequency by ! z wemaywrite thefollowing relation

! 2
r (a;q) = ! 2

� (q) �
1
2

! 2
z (a); (6.20)
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where! 2
� (q) � ! 2

r (a;q)ja=0 and! z(a) =
q

� a! 2
rf =2. It turnsout that thebare(in

absenceof axialcon�nement)radialoscillationfrequency ! � is theimportantquantity
for thediscussionof crystallinestability in thetrap.



Chapter 7

Construction of a Linear Paul Trap

As a partof this thesiswork a new linearPaul trapsetupwasconstructed.Following
the ideasoutlinedin chapter6, thesetupwasemployed in theexperimentsto be de-
scribedin chapter8 on thebehavior of lasercooledion crystalswhenapulsedvoltage
excitation is usedto drive the quadrupolerodsof the linear Paul trap. This chapter
describesthenew trapandthetrapvoltagesupplyalongwith thevariouscomponents
whichwereinstalledin thetrapvacuumchamber.

7.1 Trap geometry

The new trap is 3rd generationof linearPaul trapsbuild in our laboratory, all of the
typeshown in Fig. 6.1. Table7.1 lists thegeometricdimensionsof this trap(TrapIII)
alongwith the correspondingdatafor the previous generationsof traps(Trap I and
TrapII, respectively). As comparedto theprecedingtraps,theelectroderadiusandthe
inter electrodespaceof Trap III arescaledup by a factorof two so that non-neutral
ion plasmasof largervolumescanbecontained.Thecenterelectrodelengthhasbeen
calculatedto ensurea goodapproximationto harmonicaxial potentialwhenavoltage
is appliedto theendpieceelectrodeswith respectto thecenterelectrodes[65]. This
is alsothecasefor TrapII (seesection10.5)whereasTrapI was“designed”to have a
boxlike axialpotential.

Figure7.1(a)shows aclose-upphotoof TrapIII. Theelectrodesaremadeof gold-
coatedstainlesssteelandsectionedin threepartsseparatedby macorspacersasshown
in theFig. 7.1(b).
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Figure 7.1: (color) (a) Close-upphotoof the linearPaul trap installedin theUHV chamber.
(b) Constructionof a quadrupolerod (crosssection).
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Table 7.1: Parametersfor thetrapsof thetypeshown in Fig. 6.1which hasbeenbuild
in ourlaboratory. Thisthesispresentsresultfrom experimentsusingTrapIII (chapter8)
andTrapII (chapter10andchapter11).

TrapIa TrapIIb TrapIII c

ElectroderadiusR (mm) 2:00 2:00 4:00
Interelectrodeinscribedradiusr 0 (mm) 1:75 1:75 3:50
CenterelectrodelengthZ (mm) 25:00 4:00 5:40
Endpieceelectrodelength(mm) 15:00 25:00 20:00
RFresonancefrequency ! RF (MHz) 2� � 4:2 2� � 5:1 2� � 3:88
a Ref. [66].
b Ref. [67]. This trapis employedin theexperimentsdescribedin chapter10andchapter11.
c This work. This trapis employedin theexperimentsdescribedin chapter8.

7.2 UHV chamber

Thetrapis installedin anUHV chamber, wheretheultrahighvacuumis maintainedby
a titaniumsublimationpumpandanion getterpump1. Figure7.2shows anoverview
of thechamberindicatingthepurposesto whichthevarious�angesarededicated.The
following partshave beinstalled:

� The trap. Electrodevoltagessuppliedby copperwires via a feedthroughin a
�ange.

� Two ovenseachconsistingof a hollow graphitecylinder heatedby a tungsten
(resistive) wire woundascoil aroundthe cylinder. They containMg andCa,
respectively, and when heated(the temperaturesare monitoredwith thermo-
sensors)they provide atomicbeamseffusingin directionof thetrapfrom small
holesin theovens. Theovensaremountedin hollow ceramicscylinders(pro-
viding electricandthermalisolation)insidestainlesssteelhousings.

� Ovenshutterfor blockingtheatomicbeams.Theshutterconsistsof ametalplate
on an axle andby turning an externalknob the atomicbeamscanbe blocked
individually or simultaneously.

� Skimmersfor collimatingtheatomicbeams.Theskimmersaremadeof a thin
stainlesssteelplatewith smallholes.

1Leybold IZ 270triodepump.
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Figure7.2: Overview of theTrapIII UHV chamber.

� Fiber for calibration of cameramagni�cation. The �ber (? = 125� m) is
mountedon a stainlesssteelarm andcanbe insertedto trap centerby means
of (xyz) translationstages.

� Laserports(AR coatedwindows). Thetrapsetuphasbi-directionallaserbeam
accessto thetrapcenteralongthetrapaxis,perpendicularto thetrapaxis(radial
direction),andat a45� degreeangleto thetrapaxis.

� Electrongun. A beamof electronsfrom anelectronguncanbesentto thetrap
centerto causeelectronimpactionizationof theatomicbeams.Electronbeam
steeringis achieved by a setof vertical andhorizontalde�ection plates. The
electronbeampositioncanbe monitoredon the surfaceof the skimmers(to-
wardsthetrap)which hasbeencoatedwith phosphor(i.e., impingingelectrons
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Lens
Skimmers

OvensFiber

Oven shutter
Figure 7.3: (color) Photoof theUHV chamberwith thelinearPaul trapinstalledandthetop
�ange dismounted.

give riseto phosphorescence).

� Lenssystem.A lenssystemof 240 mm total (UV) focal length2 hasbeenin-
stalledinsidethechamber100mm from the trapcenterto collect light for ex-
perimentsapplyinga PMT.

� Restgasanalyzer(RGA)3.

� Pressuregauge4.

Mostof thepartslistedabove areidenti�ed in Fig. 7.1(a)andFig. 7.3.

2Two ? = 40mm plano-convex lensesof 100mm and140mm (UV) focal lengths,respectively.
3PCcontrolledLEDA-MASS massspectrometer. Range:1–200a.m.u.
4AML UHV Bayard-Alpertgauge.
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7.3 Trap Voltagesupply

7.3.1 Sinemodeoperation

Thequadrupolerodsof thetrapcanbedrivenwith a sinusoidallyvaryingRF voltage
from anampli�ed5 functiongenerator6. Thiscorrespondsto theconventionalchoiceof
 (t) = V cos! t in section6.2.2(seeEq.(6.4)).Whenoperatingin sinemode,thetrap
is thecapacitivepartof aLCR resonancecircuit whichis inductively coupledto theRF
powersupply7. Eachelectrodeis shuntedby avariablecapacitorfor adjustment/tuning
of thecapacitive loadandthetotalresonancefrequency of thesystemis 2� � 3:88MHz
(seeTable 7.1). The resultingvoltageon the quadrupolerods can be readout via
monitoringout-connections(scalefactor� 1 : 100) onthetrapinterface(seeFig.C.1).

7.3.2 DC Offsets

DC offsetscanbeaddedto thetrapelectrodesvia theinterfaceshown in appendixC.
Figure7.4 shows the partof the interfacecircuit connectingto a singleelectrode(in
total thereare12of these— onefor eachtrapelectrode).

RF IN

DC OFFSETIN

OUT
2.2 nF

100nF

1.5-40pF
1MW

Figure7.4: . Circuit diagramshowing how a DC offsetvoltage(DC OFFSETIN) is addedto
a trapelectrodeconnectedto OUT.

In principle,DC offsetscanbeaddedindividually to theelectrodesvia thetrapin-
terface.In practice,theDC offsetcontrolunit8 feedingtheDC inputson theinterface
(intentionally)coupletheelectrodeoffsetsin theway summarizedin Fig. 7.5. For ex-
ample,thecontrolunit offset#1addsavoltageto all theendpieceelectrodescreating
axial con�nementandnegative ax = ay parameters[i.e., this is U0 in Eq. (6.12)and
Eq. (6.13)],whereasoffset#4 addsa voltageto diagonallyoppositequadrupolerods
creatingdifferentax anday parameters[i.e., this is U=2 in Eq. (6.4) andEq. (6.5)].
The remainingcontrol unit offsetsmake it possibleto positioncapturedions in the

5EIN Model 3100LRFpower ampli�er.
6Hewlett Packard33120A15MHz function/arbitrarywaveformgenerator.
7AppendixC shows thecircuit diagramfor theinterfaceto thetrap.
8Thisvoltagesupplywasconstructedat theinstituteby E. Søndergaardalongwith thetrapinterface.
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trap(usuallyat thetrapcenter)andto compensatefor bias�elds (#2 and#3 in radial
directionsand#5 and#6 in axialdirection).

Control unit offset # Electrode#
1 1,4,7,10,3,6,9,12
2 1,2,3
3 4,5,6
4 4,5,6,7,8,9
5 3,6,9,12
6 1,4,7,10 ^

_

`

a

b

c

d

e

f

^hg

^i^

^

_

Figure 7.5: The DC offset control unit has6 adjustableoffset voltagesdenoted#1...6. The
voltagesareaddedto the electrodesasgiven by the table (the enumerationof electrodesis
designatedin thedrawing of thetrap— theorientationof thetrapin thedrawing is thesame
asin Fig. 7.3).

7.3.3 Pulsedmodeoperation

By disconnectingthe resonancecircuit toroid (seeFig. C.1) from the trap interface,
pulsedvoltagesmay be applied(non-resonantly)to the quadrupolerodsof the trap
asdiscussedin chapter6. In the experimentspresentedin chapter8, the pulsesare
producedby a dual-channelpulseampli�er9 with inputsfrom two pulsegenerators10

triggeredatthedesiredrepetitionfrequency by afunctiongenerator11. Eachchannelof
thepulseampli�er is ratedto apulseamplitudeof 200V at! RF = 2� � 1 MHz with a
minimumpulseduration< 100ns. Voltagepulsesareappliedalternately( ~}

}~ / }~
~} )

to thetwo pairsof diagonallyoppositequadrupolerods.Figure7.6showsexamplesof
theresultingvoltagedifferencebetweenadjacentquadrupolerods.

9Thepulseampli�er wasconstructedat theinstituteby E. Søndergaard.
10PHILIPSPM57151 Hz–50MHz pulsegenerator.
11Hewlett Packard33120A15MHz function/arbitrarywaveformgenerator.
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Figure 7.6: Examplesof measuredtime varying voltage differencesbetweenadjacent
quadrupolerodswhenthe dual channelpulseampli�er appliesvoltagepulsesalternatelyto
thetwo pairsof diagonallyoppositequadrupolerodsof TrapIII. (a) ! RF = 2� � 700kHz and
pulseduration200ns (i.e., � = 0:14). (b) ! RF = 2� � 1 MHz andpulseduration100ns(i.e.,
� = 0:1).



Chapter 8

Stability of Coulomb Crystals in a
Pulse-ExcitedLinear Paul trap

We reportexperimentson the stability of Coulombcrystalsin a pulse-excited linear
Paul trap.Thedynamicsof chargedparticlesin a trapof this typeis analogousto that
of a fastbeamtravelling througha channelwith periodic,magneticAG con�nement.
Thestabilityconditionsfor stationarycrystalsin ourexperimentscomplywith current
theoryof crystallineplasmasandbeams.We observe, however, that theplasmamay
becrystallinebeyond theexpectedstability region in a hithertounseencon�guration
consistentwith astringof rotatingdiscs.

8.1 Intr oduction

Today, Coulombcrystalsareroutinelyobservedin experimentswith lasercooledions
in linear Paul traps(see,e.g., [68] and referencestherein). So far, radial con�ne-
menthasbeenachieved by applyinga sinusoidallytime-dependentrf voltageto the
quadrupolerodsof the trap. Thechoiceof waveformfor the time-varying rf voltage
is, however, quite arbitrary. As pointedout in chapter6, a pulsedwaveform would
give rise to the sametransversedynamicsfor a charged particleas when travelling
throughtheAG magneticquadrupolelatticeof a storagering or a transportline [18].
Hence,it is possibleto emulatethedynamicsof anion beamin apulse-excitedtrap.In
chapter6, we discussedthepossibilityof testingthestabilityof lasercooledCoulomb
crystalsin anAG strongfocusingenvironment.This would resemblea crystallineion
beamin its restframe.

During the pastdecade,extensive theoreticalwork hasbeendoneto determine
underwhich conditionsCoulomborderedstatesin storedion beamscanbeattained.
Sincea crystallinebeamrepresentsthe ultimate phasespacedensity, it is of great
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interestin beamphysicsandmay�nd applicationasahigh-luminositysourcefor, e.g.,
high-resolutionnuclearphysicsexperiments,colliders,andinertialcon�nementfusion
[33]. Realbeamexperimentson lasercooledionsin storageringshave notsucceeded
in attaininga crystallineion beamso far [24,33]. Theoryof crystallineion beams
statestheessentialcriterion that thering latticeperiodicityshouldbeat least2

p
2 as

high asthe maximumbetatron(bare)tune[44,61] - a criterion which hasnot been
ful�lled in any storagering experimenton lasercooledion beamssofar. Thelack of
observationof crystallineion beamsis thereforein agreementwith thetunecondition,
but whetherthecriterionis strictly corrector notremainsuntested.Informationonthis
issuefrom beamemulationexperimentsin a tabletop sizeion trapwould, hence,be
valuablebeforecommissioninga large scale,specializedstoragering for crystalline
beams.

In thischapter, wepresentresultsfrom experimentsonnon-neutralone-component
plasmas(OCP)in a pulse-excited linearPaul trap. TheOCPconsistsof 24Mg+ ions
which canbe lasercooledto suchlow temperatures(typically a few mK) that struc-
tural orderingof the plasmacanbe observed. We �nd that theseso-calledCoulomb
crystalsbecomeresonantlyunstablewhenthe plasmafrequency exceedshalf the rf
drive frequency in agreementwith currenttheoryof crystallineplasmasandbeams.
Theplasmacan,however, becrystallinebeyond theobservedstability limit in a con-
�guration whichwe show is consistentwith astringof rotatingdiscs.

8.2 The pulse-excitedlinear Paul trap

8.2.1 Achieving con�nement

ThelinearPaultrapemployedin theexperimentsconsistsof four cylindricalelectrodes
asshown in Fig. 8.1(a).To operatethetrapin pulsedmode,aperiodicRFvoltage

� � (t) =
�

VRF if jt j � � T=2
0 if � T=2 < jt j � (1 � � =2)T

;

� � (t + T) = � � (t);
(8.1)

shown in Fig. 8.1(b)is appliedto therodsvia thetrapinterfacedescribedin chapter7.
The pulsedwaveform is characterizedby an amplitudeVrf , a periodT, anda pulse
duration� T. As indicatedin Fig. 8.1(a),thephaseof theappliedrf waveform� � (t) is
delayedby T=2 for adjacentrods. Theresultingvoltagedifferencebetweenadjacent
rods thenvariesasshown in Fig. 7.6. As statedin Table7.1, the electrodeshave a
radiusof R = 4:0 mm andthe radiusof the inscribedinter electrodespaceis r 0 =
3:5 mm. Hence,the ratio R=r0 approximates1.147,for which the electricpotential
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(a) (b)

Figure8.1: (a)ThelinearPaul trap.Time-varyingvoltages� � (t) and� � (t � T=2) areapplied
to adjacentrodsasshown. To obtainaxialcon�nementof ions,eachelectrodeis sectionedinto
threeandan additionaldc voltageUdc is appliedto the eight end-pieceswith respectto the
center-pieces.(b) Thepulsed,time-varyingwaveform� � (t) givenby Eq.(8.1).

neartheaxiswill becloseto thatof a perfectquadrupole[69]

	 � (x; y; t) =
� � (t) � � � (t � T=2)

2
x2 � y2

r 2
0

: (8.2)

This time dependentpotentialgivesrise to pseudo-harmonicradial con�nement. In
Eq.(8.2),thetimeelapsedbetweensubsequentfocusinganddefocusingpulsesis T=2
andall pulseshave the samedurationandamplitude. For an energetic ion beamin
a magneticAG storagering, this correspondsto propagationthrougha regular so-
calledFODO-lattice,andherewe focuson this situationsolely. Theparameterscan,
however, be variedquite arbitrarily with respectto durationanddelayandstill give
rise to radial con�nement1. Typical repetitionfrequenciesfor the waveform usedin
thecurrentexperimentalsetuparein therange! rf =2� = 1=T = 100kHz–4MHz.

An axial con�nementforceis achievedby sectioningeachof thequadrupolerods
into threeasshown in Fig. 1(a)andapplyinganadditionaldc voltageUdc to theeight

1Indeed,the delaycanbe chosento be very shortbetweenpairsof focusing-defocusingpulsesto
achieve long “drift” time on themicrosecondscaleto thesubsequentpair.
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end-pieces.Thisgivesriseto astatic,approximatelyharmonicpotential	 s(x; y; z) =
� z� 2

0 Udc[z2 � (x2 + y2)=2], where� is a geometricfactor. By careful choiceof
the lengthz0 of the electrodecenterpiecesthe harmonicapproximationwill indeed
be valid up to a few millimeters from the trap center. In the currentexperiments,
z0 = 5:4 mm correspondingto � = 0:248. We notethat the axial, con�ning force
arising from the static potential	 s is accompaniedby a radially defocusingforce.
As in chapter6 we introducereducedparametersa = � 4� eUdc=mz2

0! 2
rf and q =

2eVrf =mr2
0! 2

rf , wheree is the charge and m is the massof particles2. The (a;q)
parameterspacewill be divided into stableand unstableregions of single particle
radialmotion.

8.2.2 Cold plasmain a harmonic trap

Plasmashapes

ThelinearPaul trapcanbedescribedasa harmonictrapwith aneffective potentialof
theform (usingcylindrical coordinates)

�( r ) =
m! 2

z

2e
(z2 + � � 2); (8.3)

where! z =
q

� a! 2
rf =2 is the singleparticleaxial oscillatoryfrequency, � is radial

distanceto thetrapaxis,and

� =
! 2

� � 1
2 ! 2

z � ! 2
�

! 2
z

: (8.4)

Here,! � is the singleparticlepseudo-harmonicradial oscillatoryfrequency3 (in ab-
senceof axial con�nementandangularmomentumalongthez-axis)and! � is thean-
gularrotationfrequency of thetrappedplasmaaboutthez-axis,which usuallyequals
zerofor a linearPaul trap.Wenotethatthemeaningof � is nothingbut the(resulting)
radialto axial con�nementforceratio.

Neglectingvariationson an inter-particlescale,the densityof a low temperature
plasma(cold �uid ) in aharmonictrapis constantandgivenby

n0 =
� 0

e
r 2� =

2� 0m! 2
z

e2 (� +
1
2

) =
2� 0m

e2 (! 2
� � ! 2

� ); (8.5)

2A differenceof 2 in the de�nition of q enterssincetwo antifasedwaveformswereappliedto the
rodsin chapter6 giving riseto a voltagedifferenceof twice thewaveformamplitudeVrf . This is in fact
thecasewhenthetrapis operatedin sinemode.

3Seesection6.6.
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independentof ! z. Furthermore,the shapeof the cold plasmacanbe shown to be
a spheroid[70] and is henceuniquelydescribedthroughthe lengthof the envelope
semi-axesZ (alongthetrapaxis)andR (in radialdirection).The� -parameterin Eq.
(8.4) is relatedto thespheroidaspectratio � = Z=R through[70]

� =
1
2

 �
1 �  2

 2

�
1

1 �  2 �
1

2
ln

�
1 + 
1 � 

�� � � 1

� 1

! � 1

; (8.6)

where 2 = 1 � � � 2.

Plasmamodes

Bulk plasma oscillations in the cold �uid occur at the plasma frequency
! p =

p
e2n0=�0m which alsoequalsthemaximumbulk modefrequency in thecase

of a crystal[71]. FromEq. (8.5)we get! 2
p = 2(� + 1)! 2

z = 2(! 2
� � ! 2

� ). To avoid a
1:2 (parametricresonance) relationshipbetweenfrequency of a bulk modeandtherf
driving wehave thecriterion2! p < ! rf . This is equivalentto theaforementionedtune
conditionfor acrystallineion beam.

8.3 Experimental setup

Figure 8.2 shows a schematicdrawing of the experimentalsetup. The trap is in-
stalledin a UHV-chamberas describedin chapter7 wherea pressurearoundP =
2:5 � 10� 10 torr is maintained.At thetrapcenter, anatomicMg beamis crossedor-
thogonallyby a light beamfrom anarrow bandwidthlasersourceand24Mg+ ionsare
loadedinto the trap by resonantlyphoto-ionizing24Mg via the 3s2 1S0 $ 3s3p1P1

optical transitionat 285nm (seechapter10). The 24Mg+ ions capturedby the trap-
ping �elds arelasercooledaxially by two counter-propagatinglaserbeamsdriving the
3s2S1=2 $ 3p2P3=2 closedopticaltransitionat280nmwith light from atunablelaser
system.If thecoolingrateis suf�ciently highandthetrapparameters(q; a) arewithin
the singleparticlestability region, this may lead to formationof Coulombcrystals.
The light spontaneouslyemittedby the trappedions during the lasercooling cycle
is recordedby the imageintensi�ed digital camerasystemdescribedin section4.4.
The camerais readout at a rateof 5 frames/sand the directionof the optical axis
throughthe trap centeris ŝ = � (x̂ + ŷ )=

p
2 [seeFig. 8.1(a)]. Figure8.3(a)shows

an exampleof a single frameimageof a Coulombcrystal in the pulse-excited trap
(! rf = 2� � 700kHz, � = 0:14) containingabout37024Mg+ ions.
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Figure 8.2: The experimentalsetup. The cooling laserlight (� = 280 nm) andthe photo-
ionizing laserlight (� = 285nm)arederivedfrom Ar + -laserpumpeddyelasersby frequency
doublingtheoutputsin nonlinearcrystals(KDP andBBO, respectively)placedin externalcav-
ities. Thephoto-ionizinglaserintersectsaneffusive,collimatedMg atomicbeamorthogonally
atthetrapcenter. Thecoolinglaserbeamis split into two beamsby apolarizationbeamsplitter
(PBS)andentersin counterpropagatingdirectionsalongthetrapaxis. Thecoolingforcesare
balancedthroughrotationof ahalf-waveplate(�= 2).

8.4 Regionof crystalline stability

In a seriesof experimentswe have determinedthe sub-region of the singleparticle
(a;q) stability region whereCoulombcrystalscanexist. Figure8.4shows thepoints
atwhichcrystalsat ! rf = 2� � 1 MHz and� = 0:1 wereobservedto becomeunstable
andmelt (theplasmatransformsto a cloudstate)whenthemagnitudeof eithera (low
q border)or q (high q border)wasincreasedfrom conditionsof crystallinestability.
Notably, the crystalsbecomeunstablewhenthe plasmadensityis increasedthrough
q sothat2! p exceeds! rf (seeFig. 8.4). In this respect,our observationsarein good
agreementwith theoreticalexpectations.Similar resultswereobtainedin experiments
with � 2 [0:07; 0:14] and! rf =2� rangingfrom 700kHz to 2MHz. Moreover, the
result was independentof plasmasize (numberof ions . 1000) althoughcrystals
containingonly a few ionsmight traversethestability limit. In thelow q limit crystals
wereobserved to melt beforereachingthesingleparticlestability limit. This maybe
attributedto theveryweakradialcon�nementherewhich leadsto veryoblatecrystals
with limited sympatheticcooling (via Coulombinteractions)of radial motion. For
example,collisionswith residualgasparticlescanmoreeasilyheatup theplasma.
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Figure8.3: Structuraltransitionfor aCoulombcrystalscontainingabout37024Mg+ ions. (a)
ProlateCoulombcrystalin thepulse-excitedtrap just at thehigh q crystalstability limit. (b)
Increasingq slightly inducesa dynamicalinstability, but theplasmamight staycrystallineby
undergoingastructuraltransitionto astateappearingasastringof approximatelyequidistantly
spaceddiscs.(c) Theintegratedaxial intensitydistributionof (b) with disclocations.
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Figure 8.4: The grey areashows the � = 0:1 singleparticle(q; a) stability diagram(calcu-
lated). For experimentswith ! rf = 2� � 1 MHz Coulombcrystalswereobserved to exist
inside the hatchedarea. The trap parametersfor which Coulombcrystalswereobserved to
becomeunstable(� ) complieswell with thecondition2! p = ! rf (line) in thehigh q limit.

8.5 Structural transition

A surprisingobservationwasmadeby increasingq slightly above theobservedcrystal
stabilityborderatthehighq limit. As seenin Fig.8.3,theplasmamightstaycrystalline
by undergoingastructuralphasetransitionfrom theinitial radiallyorderedstate(a) to
the�nal, axially orderedstate(b). Thelatterstateappearsasastringof approximately
equidistantlyspaceddiscswith a spheroidalenvelope. Sincethe plasmadensityand
hence! p decreasesduring the transitionthe parametricresonance2! p = ! rf is not
excitedin the�nal state.

Theenvelopeanddensityof orderedclosedshell structuresof the typeshown in
Fig. 8.3(a)haspreviously [68] beenshown to bedescribedvery well by thecold �uid
theoryoutlinedabove with theplasmain a non-rotating(stationary)state! � = 0. If
cold �uid theory is applicableto the �nal stateshown in Fig. 8.3(b) then Eq. (8.4)
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Figure8.5: � for astring-of-discsstateCoulombcrystalcalculatedfrom experimentalparam-
etersusingEq. (8.4) in thecaseof ! � = 0 (� ) and! � = 0:308� ! rf (� ) versustheobserved
crystalaspectratio � . Theexpected� (� ) for a cold �uid Eq. (8.6) (solid line) andfor a hot,
gaseousplasma(dashedline) areshown.

implies that the plasmais now in a rotatingstate,i.e., ! � > 0 (during transition! z

is constantand! � approximatelyconstant).A mechanismleadingto rotationis not
completelyclearatpresent,but it is probablythecombinedactionof aresonantexcita-
tion of a plasmamodeandsomerf multipolemode(e.g.,thefundamentalquadrupole
mode)driving therotation.In any case,thestring-of-discstypeof statemustbeclosely
linkedto therf driving forceasthedissipative lasercoolingforceotherwisewouldlead
to relaxationinto a stationaryclosedshell structure.We notethat thestring-of-discs
type of structureis not restrictedto a pulse-excited trap but wasalsoobserved when
operatingthetrapin sinemode4.

To investigatethe assumptionthat the string-of-discsstateis rotating, we per-

4We recentlylearnedaboutsomeearly (1989)work by Blümel et al. [72] wheresimilar “layered
structures”wereobserved in connectionwith moleculardynamicssimulationsof up to 500lasercooled
ionsin a conventionalPaul trap. Why thesesimulationsgive riseto layeredstructuresinsteadof ending
up in a closedshell structureasfound in equivalentwork (see,e.g.,[73] andreferencestherein)is not
clearatpresent.Thepossibleandlikely connectionto ourwork will a subjectof futurestudies.
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Figure 8.6: String-of-discsstructureshowing radial ordering. The imagewas obtainedby
averagingover5 frames(=1 s).

formed a seriesof measurementswherea (or equivalently ! z) was varied (! rf =
2� � 700kHz and� = 0:07 were�x ed). Theplasmaremainedin theaxially ordered
state(only thenumberof discschanged)andin this way we obtainedcorresponding
valuesof � and! z, while ! � wasconstant.In Fig. 8.5, we show � (� ) ascalculated
from trap parametersusingEq. (8.4) with ! � = 0. The resultsdo not exhibit any
agreementneitherwith � (� ) derived from cold �uid theroryEq. (8.6) nor with the
expectedshapedependenceof anon-rotatinggaseousplasmafor which � � � . How-
ever, by assumingthe plasmato be rotatingwith frequency ! � = 0:308 � ! rf (the
valuewasestimatedfrom a �t) we obtainvery goodagreementwith cold �uid theory
asseenin Fig. 8.5.

We have observed the string-of-discsstatein plasmasof varioussizesand, fur-
thermore,by averagingover moreframesseena clear indicationof orderingwithin
the individual discs(seeFig. 8.6) albeit this correlationis not asevidentastheaxial
ordering(in the single framecrystal imageFig. 8.3(b), orderingwithin discsis not
visible). This might bedueto intra discdiffusionof particlessimilar to theintra shell
diffusionknown to bepresentin closedshell structures[74]. Alternatively, it canbe
explainedby thefactthattheradialtemperatureis somewhathigherthantheaxial tem-
peraturesincethelasersonly cool theaxialmotiondirectly, whereastheradialmotion
is cooledsympatheticallythroughCoulombinteractions.Thevariousstructuralphases
of rotatingcrystallizedion plasmasharmonicallycon�ned in aPenningtraphavebeen
reported[75,76], but in noneof theseexperimentsthe string-of-discstype structure
shown in Fig. 3(b) wasobserved to appearfor prolatecrystals. Hence,it seemsto
constituteawholenew typecrystalspeci�c to rf traps.
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8.6 Conclusion

In conclusion,wehaveinvestigatedthestabilityof Coulombcrystalsin apulse-excited
linearPaul traphaving thesametransversedynamicsasstorageringswith AG mag-
neticcon�nement.Theobservationsagreewell with currenttheoryoncrystallineplas-
masandbeams.Notably, it seemsthat thecriterion2! p < ! rf shouldbe taken very
seriously. However, at thestability limit we observed crystalsto survive by rearrang-
ing in anaxially orderedstructure.Theobservationwasshown to beconsistentwith a
stringof rotatingdiscs.Whetheror not thesenew typesof crystalscanappearin a real
storagering with bendingremainsto betested.





Chapter 9

Generationof UV Light

In all theexperimentsonlasercoolingof 24Mg+ ionspresentedin thisthesis,UV laser
light around� = 280nmis neededto drivetheopticalcoolingtransition.Furthermore,
asdescribedin chapter10, narrow bandwidthUV light canbe exploited to load iso-
topically puresamplesof Mg+ (� = 285nm) andCa+ (� = 272nm) ionsinto a trap
throughresonantphoto-ionizationof thecorrespondingatoms.Generationof tunable
CW laserlight at suchwavelengthsis a quite delicatematter. In our laboratorythis
is achieved by frequency doublingtheoutputof singlemodedye lasers1 pumpedby
Ar + ion lasers. At the beginning of this thesiswork the frequency conversionwas
achieved in a nonlinearKDP crystalinsidea threemirror cavity [77]. Although this
frequency doublingunit is stablein operationandis capableof generatingsuf�cient
power, it suffers from somedrawbacks.Dueto thelow nonlinearcoef�cient of KDP,
thecrystalsusedneedto bevery long (6:3cm), andit is thereforequiteexpensive to
replacethem.Thishasto bedoneregularlybecauseof thehygroscopicnatureof KDP
(the crystalsdeterioratewithin a few yearseven thoughprecautionswith dry air fed
into thecavities have beentaken). Fromtheexperimentalpoint of view a long crystal
impliesa(nonGaussian)poorlyde�ned laserbeampro�le with hotspots,which is not
desirable.We thereforedecidedto constructa new type of frequency doublingunit
with a BetaBarium Borate(BBO) crystal. BBO [78,79] hasbecomequite popular
in nonlinearopticsapplicationthroughthe last decadeasthe optical quality hasim-
proved. As we shallsee,with BBO thecrystallength(andprice)canbecut down to
lessthan1/10of thatof KDP.

1CoherentCR699-21runningthedyePyrromethene556.
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9.1 Theory of secondharmonic generation

Thissectionreviewssomebasictheoryof nonlinearoptics.Weshallonly dealwith the
processof “Type I angularphasematchedsecondharmonicgenerationin a negative
uniaxialcrystal”.

9.1.1 Intr oduction to nonlinear optics

Whenan electric�eld E(t) is appliedto a nonlinearcrystalmaterialit will inducea
polarizationwith a responsegivenby

P(t) = � (1) E(t) + � (2) E 2(t) + ::: (9.1)

Taking theapplied�eld to have a harmonicvariationof the form E(t) = Ee� i! t +
E � ei! t it is seenthatEq.(9.1) introducesapolarizationterm

P (2) (t) = 2� (2) EE � + � (2) (E 2e� i 2! t + E � 2ei 2! t ); (9.2)

which containsa contribution to the polarizationvarying with frequency 2! . This
is the basisof secondharmonicgeneration(SHG).Treatingthe vectornatureof the
�elds andtherebytheextensionof Eq.(9.1),thesusceptibilities� (i ) aregeneralizedto
tensorsof ranki + 1. Thisimpliesthattheinducedpolarizationis in generalnotparallel
to theappliedelectric�eld. For a �x edgeometry(i.e., consideringthepolarizationin
a given directionfrom a �eld with �x ed directionof propagation)it is customaryto
contractthis tensornatureinto aneffective nonlinearcoef�cient de� [80,81] to obtain
thescalarrelationbetweentheamplitudes

P(2! ) = 2de� E 2(! ): (9.3)

Theimportantpoint is thatthehigherorderpolarizationtermsP NL
n whichareinduced

whenan electric�eld of fundamentalfrequency ! is appliedto a nonlinearmedium
throughMaxwell'sequationsactassourcesfor new frequency componentsin theelec-
tromagnetic�eld. Thisgivesriseto thedrivenwaveequation[82]

�r 2En +
1
c2 � (! n )�

@2

@t2 En = �
4�
c2

@2

@t2 PNL
n ; (9.4)

for the variousfrequency components! n , where� (! n ) is a real tensorfor a non-
dissipative medium.
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Figure9.1: Thevariationof thefunctionsinc2.

Phasematching

Whenanincomingbeamof frequency ! propagatesthroughthenonlinearmedium,it
generatesanelectromagnetic�eld of frequency 2! . Dueto thefrequency dependence
of � the fundamentaland SHG beamswill in generalnot propagatewith the same
velocity2 andtheSHG�eld generatedatdifferentlocationswill notbein exactphase.
Takingthedirectionof propagationto bealongthez-axisit canbeshown [80], thatthe
SHGpowergrowsas(in theapproximationof nodepletionof thefundamentalpower)

I 2! (z) / d2
e� I 2

! (z= 0)z2

 
sin(1

2 � kz)
1
2 � kz

!

| {z }
sinc( 1

2 � kz)

2

; (9.5)

where� k = 2k1 � k2 is the wave vector mismatchof the fundamentaland SHG
beams,andI 2

! (z = 0) is theintensityof thefundamentalbeamat theboundaryto the
nonlinearmaterial. In Fig. 9.1 the dependenceof the SHG power on � kz is shown
andit is evident that phasematching� k = 0 is desirable.Phasematchingcanbe
obtainedby letting the fundamentalbeampropagateat thephasematchingangle� m

to the optic axis of the crystal as describedin appendixB.3. Suchangularphase
matchingintroduceswalk-off for theSHG beam,which in this case(Type I angular
phasematching)is generatedwith apolarizationorthogonalto thatof thefundamental
(seeappendixB.3).

2The frequency dependenceof � implies a differencein the refractive indicesn1 and n2 of the
fundamentalbeamandtheSHGbeam,respectively.
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Figure 9.2: B-parameterfor BBO at � = 560nm. For tractablecrystallengththis is seento
belargerthan2.

9.1.2 Secondharmonic generationof focusedgaussianbeams

A reallaserbeamis notwell describedby anin�nite planewavebut ratherby aGaus-
sianbeam3. TheSHGlight of a focusedGaussianlaserbeamof RayleighlengthzR in
anegative uniaxialcrystalof lengthl andwalk-off � hasbeencalculatedby Boyd and
Kleinman[81]. By dividing the crystalinto small volumeelementsthe contribution
to theSHG�eld from eachvolumeelementis propagatedto the far �eld outsidethe
crystaltakinginto accountphaseandwalk-off. Herethey areaddedto obtainthetotal
secondharmonic�eld. It turnsout that the optimizationof the total SHG power is
describedthrougha focusingparameter� = l=2zR andtheparameterB = 1

2 �
p

lk1,
assumingall otherparameterssuchasphasematchingandlocationof focusto beop-
timized.ThetotalSHGpower is thenof theform

P2 = K P2
1 lk1e� � 0l h(B ; � ); (9.6)

whereK = (128� 2! 2
1=c3n2

1n2)d2
e� (in CGS-units),P1 is thefundamentalpower and

� 0 = � 1 + 1
2 � 2 describesabsorptionwith � 1 and� 2 beingtheabsorptioncoef�cients

at thefundamentalandsecondharmonicrespectively. Boyd andKleinmanshow that
whenB > 2:

h(B ) =
0:714

B
and � = 1:392: (9.7)

In Fig. 9.2 theB-parameteris plottedfor BBO at � 1 = 560nm andit is seenthat

3AppendixB.2 lists theimportantparametersfor a lowestorderGaussianbeam.
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for all tractablecrystallengthsB > 2 andEq.(9.7)canbeusedin Eq. (9.6)to get

P2 = K P2
1 lk1e� � 0l 0:714

B
: (9.8)

9.1.3 Designconsiderations

For the conversionprocess560nm ! 280nm the phasematchingconditiongiven
in appendixB.3 (so-calledType I angularphasematching)yields a phasematching
angle � m = 44:3� for BBO. When using this �x ed geometrywe have a walk-off
angle� = 84:6mrad for the SHG beamanda nonlinearcoef�cient 4 de� = 3:75 �
10� 9esu. As canbe seenfrom Eq. (9.8), the SHG power grows quadraticallywith
the fundamentalpower andit is thereforeimportantto make this ashigh aspossible
for ef�cient conversion. This canbe doneby couplingthe fundamentallight into a
resonatorfor power enhancementandplacingthecrystalinsidethis cavity. To get a
high power build up insidethe resonatorit is crucial to minimize the surfacelosses
on thecavity mirrorsandcrystal.As for the latter this canbeachievedby having the
crystalfacesBrewstercut5. Thishowever introducesastigmatismin thecavity, which
will have to becompensatedfor somehow in thecavity design.Anothersolutionis to
have thecrystalcut normal(i.e., cuttingthecrystalsothatthepropagationvectorand
theopticaxismake up thephasematchinganglefor normallyincidentlight) andhave
thesurfacesanti-re�ection coated(AR-coated).To keepthingsassimpleaspossible
thelattersolutionwaschosentogetherwith a bow tie resonator.

9.2 Bow tie resonatorfor power enhancement

Thedesignphilosophyfor thenew cavity hasbeento minimize thenumberof knobs
to turn andhencethenumberof optimizableparameters.This makesthecavity cheap
(no translationstagesetc.),easyto align, andeasyto understand.Figure9.3 shows
thecavity layout.Thecavity consistsof two �at andtwo sphericalmirrorsarrangedin
suchaway, thatthey supporta traveling wave tracingout the�gure of a bow tie.

9.2.1 Impedancematching

If thecavity lengthis suchthat thephaseof the fundamentalwave changesby some
multipleof 2� aftercompletinga roundtrip, thecavity is resonant.To keepthecavity
on resonanceoneof the �at mirrors is piezo-mountedandcontrolledby a servo loop
usingapolarizationlockingtechnique(Hänsh-Couillaudscheme)asdescribedin [83].

4Datasuppliedby EksmaCo.
5Thissolutionwaschosenin the“old” three-mirrorcavities with KDP crystals[77].
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Figure9.3: Thebow tie cavity layout.Theinsertin theupperright cornershowsthespecially
designedmirror holders.

The re�ected electromagnetic�eld at the incouplingmirror is a superpositionof the
directlyre�ectedincomingbeamandof thepartof thebeamtraveling insidethecavity
whichis transmittedthroughthemirror. For aresonantcavity thetwo componentswill
beout of phase6. Soby choosingthetransmissionof theincouplingmirror correctly,
thesetwo �elds will cancelout (by superposition)andthe total re�ected power be-
comeszero. It canbeshown [84], that thetotal re�ected power for a resonantcavity
is

Pr =
(
p

R1 �
p

Rm )2

(1 �
p

R1Rm )2
Pi ; (9.9)

wherePi is theincidentpower, R1 is there�ection coef�cient of theincouplingmirror,
andRm is a re�ectanceparameterwhich canbe calculatedasthe fraction of power
surviving onecavity roundtrip. FromEq. (9.9)weseethatby choosingtheincoupling
mirror suchthatR1 = Rm , no power is re�ectedfrom thecavity andall incidentlight
is disposedinsidethecavity (preferablyin SHG).This is calledimpedancematching

6Re�ection givesa phaseshifts� for the�eld.
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andwith thisconditionful�lled wegettheintracavity power7

P1 =
1

1 � Rm
Pi : (9.10)

IncludinganAR-coatedcrystalwith absorption� 1, the re�ectanceparameterfor the
bow tie cavity becomes

Rm = R2R3R4(1 � RS1)(1 � RS2)(1 � � 1l )(1 � P2=P1)

� R0(1 � � 1l )(1 � P2=P1); (9.11)

wherethefactor(1 � P2=P1) describesdepletionof thefundamentaldueto SHGand
R0 � R2R3R4(1 � RS1)(1 � RS2) summarizesthesurfacelosseson themirrorsand
crystalendfaces(seeFig. 9.3). By insertingEq. (9.10)and(9.11)into Eq. (9.8) and
solving for P2, SHG power for differentchoicesof crystallengthscanbe estimated.
Fig. 9.4shows thesolutionsfor differentvaluesof there�ectanceparameterR0 with
� 1 = 5 � 10� 3=cm andPi = 800mW. We noticethatit is very importantto keepR0

ascloseto unity aspossible,so that the choiceof cavity mirrorsandcrystalcoating
is very critical. The mirrors were deliveredby VLOC and have beenmeasuredto
have a transmissionof only T = 0:014%andthe BBO crystalwaspurchasedfrom
CASIX with RS1 = 0:0452%andRS2 = 0:1367%. ThesedatagivesR0 = 0:994
but it is expectedto becomesomewhatlower in usebecauseof dustcontaminationon
surfacesandsubstrateroughnessof the mirror substratesimplying, that someof the
light is re�ected diffusely8. Becausewe aretrying to suppresslong crystaleffectsin
orderto geta niceSHGbeampro�le, a crystallengthof only l = 5 mm waschosen.
Recognizingthat it is hardto estimatethe exact intra cavity loss(it alsoneedsto be
said,thatthevalueof � 1 is ratheruncertain)it becomesdif�cult justto choosetheright
transmissionof the incouplingmirror. Furthermore,the manufacturingtolerancesin
re�ectivitiesof mirrorswith R � 99%is 0:5%sotwo incouplingmirrorsof R1 = 99%
andR1 = 98% wasorderedto determineexperimentallywhich oneis thebetterfor
optimumimpedancematching9.

7Perfectimpedancematchingis notachievedfor thiscavity andit is actuallythere�ectedlight which
is usedin thepolarizationlockingschemeto keepthecavity on resonance.

8This doesnot dependonhow goodthedielectriccoatingis but onhow well polishedthesubstrates
are.Thepoint is thatit is notperfectlytrueto useR = 1 � T whenoneneedsto calculatequantitieslike
Rm , but T is whatthemanufacturersupplieswith themirrors.

9In the beginning the R1 = 99% mirror wasemployed andseemedto be the bestchoice,but at
somepoint it wassubstitutedin favor of theR1 = 98% mirror - probablyto compensatefor increased
absorptionin theBBO crystal.
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Figure 9.4: The estimatedSHG power asfunction of the crystal lengthfor differentvalues
of the re�ectanceparameterR0. The calculationsweredonefor an incouplingpower at the
fundamentalof 800mW.

Cavity Environment

BBO is characterizedas"mildly hygroscopic",but in orderto besafe,thecrystalhas
beenmountedin a Peltierheated,temperaturecontrolledcoppermountwith a little
plexi-glasshousingaroundit into which dry air is fed. Thetemperatureof thecrystal
is keptatabout35� C. Thecavity unit is protectedby aplexi-glassdustcover.

9.2.2 Calculationsof the cavity parameters

Having �x ed the crystallengthto l = 5mm, the considerationsin section9.1.2tell
us that theoptimumfocusingof a Gaussianbeaminsidethecrystalcorrespondsto a
Rayleighlengthof

zc
R = l=2� ; (9.12)
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Figure9.5: (color)Photosof theSHGcavity with thedustcover removed.
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with � = 1:392. ThisRayleighlengthyieldsawaistof theGaussianbeam

wc =

r
zc

R � 1

�
; (9.13)

which we assumeto be locatedin the centerof the crystal. With the chosencrystal
lengthwe getwc = 23� m. TheGaussianbeamcanbepropagatedthroughthecavity
usingAB CD matricesfrom ray optics [85]. Here,eachoptical element(e.g.,drift
space,curved mirror etc.) is assigneda 2 � 2 matrix

�
A B
C D

�
, which transformsa

vector
�

x
x 0

�
containingthedistanceandslopeof a ray with respectto theoptic axis.

For aGaussianbeamit turnsout thattheq-parametertransformsaccordingto

q̂2 =
Aq̂1 + B
Cq̂1 + D

; (9.14)

wherethereducedq-parameter̂qi = qi =ni takesinto accountthe index of refraction
n i of thecurrentmedium. Fig. 9.6 de�nes therelevantdistancesfor generalbow tie
cavity of two fold symmetrywith two planeandtwo sphericalmirrors.

Figure 9.6: De�nitions of thedistancesusedin thecalculationsfor a stablecavity con�gura-
tion giving thecorrectfocusedwaistin thecenterof theBBO crystal.

Startingatthecenterof thecrystalwepropagatetheGaussianbeamhalfwayround
thecavity by thematrix10

�
A B
C D

�
=

�
1 x
0 1

� �
1 0

� 2=R 1

� �
1 d � l=2
0 1

� �
1 l=2n
0 1

�

=
�

1 � x=f d0� d0=f + x
� 1=f � d0=f + 1

�
(9.15)

wheref = R=2 is the focal length of the curved mirror of radiusof curvatureR,
d0 � d + (1=n � 1)l=2, and x �

p
a2 + (d + b)2 + b. At this point we require

10neglectinganonzeroangleof incidenceon themirrors.
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anotherfocusof waistwa, i.e., qa = i� w2
a=� . The two-fold symmetryof the cavity

thenensuresthat this waist will be carriedbackinto wc on propagationthroughthe
remainsof thecavity andbackto centerof thecrystal.Thecondition

q̂a =
Aq̂c + B
Cq̂c + D

; (9.16)

givesriseto therelations

x = f + f 2 d0� f
(d0 � f )2 + (� w2

c=� 1)2 ; (9.17)

w2
a =

w2
c

(1 � d0=f )2 + (� w2
c=f � 1)2 : (9.18)

It is desirableto keeptheangle� smallto reducetheeffectsof astigmatism.Hence,the
distancea is keptassmallastheradiusof themirrorsallows for (a = 1:4cm) andthis
parameterwill beconsideredas�x ed.For a givenradiusof curvatureof thespherical
mirrors (f �x ed) the propertiesof the cavity arefully determinedby the distanced.
For example

b(d) =
x2(d) � (a2 + d2)

2[x(d) + d]
: (9.19)

In this design,to keepthe layout simpleandthe anglessmall, the legs in the cavity
werechosento be of equallengthb = d. The radiusof curvatureof the spherical
mirrorswerechosento beR = 100mm, whichmeans,thatbandd have to be6:73cm
for thecavity to satisfytheabove roundtrip condition.

9.2.3 Mode matching

The cavity parameterschosenin the previous sectiongive the auxiliary waist wa =
70� m. Fig. 9.7showsthecalculatedlaserspotsizeradiusfor aroundtrip in thecavity.
By focusingtheexternaldye laserbeam,which is coupledinto thecavity, down to a
waistof wa atthecavity auxiliarywaistlocation,so-calledmodematchingof thecavity
is obtained.Goodmodematchingis importantin orderto have stableoperationof the
cavity andpreferablyexcite theTEM00 mode.Thematchingof thedyelaserinto the
cavity is doneby meansof two sphericallensesof focal lengthf lens = 100mm. If the
divergenceof thedyelaseris known it is quiteeasyto calculate(using,e.g.,thematrix
formalismintroducedin the previous section)the positionsof theselensesin order
to obtaina givenwaistat a givenpoint. Usinganomega-meter11 from THORLABS,

11A device capableof extractingthe laserbeamdiameterfrom thesignalmeasuredon photo-diode,
whenaknife edgecutsthroughthebeam.
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Figure9.7: Calculatedspotsize(radius)(line) for a roundtrip in thecavity. (� ) Measurement
of the modematchedspotsize(radius)aroundthe positionof the auxiliary waist wherethe
externaldyelaserbeamis focused.

thespotsizeradiusof the laserbeamcanbemeasuredto �ne tunethe lenspositions
andensuremodematching.Figure9.7shows thespotsizeradiusmeasuredinsidethe
cavity afterthelenseshave beenput in thecorrectpositions.

9.3 Conclusion

The frequency doubling unit has beentestedin connectionwith a beamtime on
ASTRID. Here the unit proved to be able to provide a UV laserbeamwith an im-
proved beampro�le ascomparedto thepreviously appliedfrequency doublingunits
andprovidedup to 60 mW UV power for a pumppower of 800mW. Thecavity was
quite stablein operationandstayedlocked on resonancealthoughits line width ap-
pearedto becritically narrow comparedto thatof thepumpingdye laser(� 2 MHz).
A drawbackturnedout to bea build up re�ected light from theBBO crystalin thedi-
rectionof thepumpingdyelaserduringa periodof 30-50minuteseventuallymaking
thedyelaserunstable.This is likely to becausedby damageimposedto thecrystalor
theAR coatingof thecrystal.To remedythisproblemandprolongtheperiodof stable
operationanopticalisolatorhasnow beenpurchased.Thishasextendedtheperiodof
stableoperationto severalhours.
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IsotopeSelectiveLoading of an Ion
Trap by Resonance-Enhanced
Two-PhotonIonization

We suggestto usephoto-ionizationasa controlledmethodof loadingan ion trap. In
experimentsemploying the frequency doublingunit describedin chapter9 to gener-
atenarrow-bandwidhtUV light, we have demonstratedthatresonance-enhancedtwo-
photonionizationof atomicbeamsprovidesaneffective tool for isotopeselective load-
ing of ionsinto alinearPaultrap.Wehavesucceededin producingMg+ andCa+ ions
at ratescontrolledby theatomicbeam�ux, thelaserintensity, andthelaserfrequency
detuningfrom resonanceof the ionizing transition. We have observed that with a
properchoiceof controlparameters,it is rathereasyto loada speci�c numberof ions
into a string. This observationhasdirectapplicationsin quantumopticsandquantum
computationexperiments.Furthermore,resonantphoto-ionizationloadingfacilitates
theformationof largeisotope-pureCoulombcrystals.

10.1 Intr oduction

The �eld of lasercooling of ions in electromagnetictrapsrangesfrom the studyof
largeCoulombcrystals[40–42,75] to stringscontainingonly a few ions [11,86–88].
A commonmethodto createthe ionsof interesthassofar beento bombarda neutral
atomicbeamwith electrons.If isotope-puresamplesareneeded,thismethodcancause
problemssincethe energetic electronscanionize atomsfrom the residualgasin the
vacuumchamber, aswell asunwantedisotopesin theatomicbeam.Moreover, several
charge statesof ionscanoftenbe formed. Altogether, this leadsto impureCoulomb
crystalswhich have to be subjectedto puri�cation by altering the trap parameters.



98 IsotopeSelectiveLoadingof anIon Trapby Resonance-EnhancedTwo-PhotonIonization

Sincepuri�cation typically leadsto a substantiallossof thedesiredions,a directand
controlledtechniqueof producinglarge andisotope-purecrystalsis of considerable
interest.In quantumopticsexperiments(e.g.,quantumcomputationexperiments),the
creationof a string containinga speci�c numberof ions is often of specialinterest
[11,86–90]. For suchexperimentsa loadingtechniquebasedon controllableparame-
terswouldbesuperiorto thepuri�cation methodwith its trial anderrorprinciple.

In [91], which is restatedin this chapter, we proposedto useresonance-enhanced
two-photonionizationinsteadof electronbombardmentin orderto overcometheprob-
lemsstatedabove. Resonantmulti-stepphoto-ionization(REMPI) hasalreadybeen
exploitedwith successin ion trapmassspectrometry[92–95]. Here,pulsedlasersare
appliedto obtaina high selectivity of analyteions, but dueto the large laserband-
widthsandpowerbroadeningof theatomicenergy levelsisotopicselectivity is usually
not achieved. Detectionof hydrogenisotopeatomswas,however, recentlyreported
[95]. In theexperimentspresentedbelow, weuseanarrow bandwidthlow powerCW-
lasersystemto resonantlyionize Mg atomsvia the3s2 1S0 $ 3s3p1P1 transitionat
285nm andCaatomsvia the4s2 1S0 $ 4s5p1P1 transitionat 272nm. During trap-
ping in a linear Paul trap [96], the ions arelasercooledandform Coulombcrystals.
Using the �uorescencefrom the ions inducedby the cooling laserfor imaging the
crystals,wedemonstratethatthismethodof loadingthetrapcanfacilitateisotopicse-
lectivity, aswell asproviding aneasyway of loadinga speci�c numberof ionsinto a
string.

10.2 Laser systemsand experimental setup

For the ionization of both Ca and Mg atomsa lasersystemconsistingof a single-
mode,tunable,ring CW dye laseroptically pumpedby anAr + -laseris applied.The
dyeusedwasPyrromethene556with a peakpower operatingwavelengthof 553nm;
thelaseroutputwasfrequency doubledusingthefrequency doublingunit describedin
chapter9. Althoughthis frequency doublingunit wasdesignedto operateat 560nm,
it is suf�ciently versatileto function at the wavelengthsneededfor the ionizationof
bothMg andCaatoms,i.e.,570nmand544nm,respectively.

Figure10.1showstheschematiclevel schemesof 24Mg, 24Mg+ , 40Ca, and40Ca+

togetherwith the transitionsusedin thephoto-ionizationandlasercoolingprocesses
in the experiments.In the caseof Mg, the two-photonionizationproceedsfrom the
groundstatevia the 3s3p1P1 state. From the 3s3p1P1 statethe atomscanbe ion-
ized eitherby a secondphotonat 285 nm or by oneof the cooling laserphotonsat
280 nm [seeFig. 10.1(a,b)]. The cooling transition3s2S1=2 $ 3p2P3=2 of 24Mg+

is driven by a lasersystemalmostidenticalto the oneusedfor the ionization. Sim-
ilarly, 40Ca canbe resonantlyionizedthroughexcitation to the 4s5p1P1 state. The
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24Mg

285 nm
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3/2
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a) b) c) d)

Figure 10.1: Schematiclevel schemesfor (a) 24Mg, (b) 24Mg+ , (c) 40Ca, and(d) 40Ca+

identifying thetransitionsinvolvedfor laserionizationandcooling.

atomscanbe ionizedby anotherphotonat 272nm eitherdirectly from the4s5p1P1

state,or from themetastable4s3d1D2 statewhich is populatedthroughspontaneous
decayof the 4s5p1P1 state. As in the caseof Mg, the cooling laserlight driving
the 4s2S1=2 $ 4p2P1=2 transitionat 397 nm for cooling the 40Ca+ ions, can also
leadto enhancedphoto-ionization,but only from the4s5p1P1 statein 40Ca. To cool
the40Ca+ ions, the4s2S1=2 $ 4p2P1=2 transitionat 397nm is drivenby frequency
doubledCW-light from a Ti:Sapphirelaser1 pumpedby an Ar + laser. The doubling
processis achievedin anexternalbow tie cavity by passageof thefundamentalwave-
lengthlaserbeamthrougha 12 mm long LBO crystal[97]. To avoid opticalpumping
into the3d2D3=2 stateof 40Ca+ during lasercooling,a repumpingdiodelaserreso-
nantwith the4p2P1=2 ! 3d2D3=2 transitionat866nm is applied(seesection2.4.2).

The experimentalarrangementsusedin the caseof Mg and Ca are shown in
Fig. 10.2 and Fig. 10.3, respectively. In both cases,the ionizing laserbeamis di-
rectedalongtheaxisof a linearPaul trap2 to interactwith theatomicbeamsat thetrap
center. The atomicbeamseffusefrom ovensandarecollimatedto a full divergence
angleof 30 mrad. Thebeamsemergeat anangleof 45� to thetrapaxiswhich hence
alsois thecrossingangleto thephoto-ionizinglaser. Dueto Dopplerbroadeningof the
ionizing transitionsalongthe atomicbeamdirectionthis is not an optimal geometry
in anexperimentwherewe wantto usethelaserfrequency asa selectivity parameter.
In theotherexperimentsusingphoto-ionizationloadingdescribedin this thesis,a 90�

crossingangleis employed.
Thecoolinglaserbeamsenterco-linearlywith theionizationlaser(counter-propa-

1CoherentCR899
2TrapII of Table7.1.Thetrapsetupis verysimilar to thatof TrapIII.
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Figure 10.2: Schematicexperimentalsetupfor photo-ionizationof Mg andlasercooling of
24Mg+ .

gatingfor Mg andco-propagatingfor Ca). The linearPaul trapusedconsistsof four
parallelcylindrical electrodeswith anappliedRF-�eld asin thequadrupolemass�l-
ter. To obtainaxial con�nement,eachelectrodeis longitudinallysectionedinto three
pieces,suchthata positive DC voltagecanbeaddedto theeightend-pieces[98]. The
middle sectionis 4 mm long andthe outerparts25 mm each. The diameterof the
electrodesis 4 mm, andtheminimumdistanceto the trapcenteraxis is chosento be
1.75mm to obtainthebestapproximationto a perfectquadrupole�eld [69]. For the
RF voltage,a frequency 
 = 2� � 5:1 MHz andanamplitudeURF =30-80V aretyp-
ically used. Laserinduced�uorescenceof the trapped,cooledions canbe recorded
by animageintensi�eddigital videosystemmonitoringthetrappedionsin adirection
perpendicularto thetrapaxis.

10.3 Resultsand discussion

Figure10.4(a)shows picturesof 24Mg+ Coulombcrystalsloadedinto thetrapat dif-
ferent relative detuningsof the ionization laser. The ionization laserhaving a total
power of about2 mW wasfocusedto a diameterof about0.3 mm andwaspresent
for 20 s. During loading, the cooling laserwas presentand detuneda few atomic
line widthsbelow resonanceof thecoolingtransition,ensuringgoodcapturingof the
24Mg+ isotope.Moreover, theUV coolinglaserlight servesto enhancetherateof the
�nal stepin theionizationprocess(seeFig.10.1).After loading,thelaserinduced�uo-
rescencefrom thecoolinglaserwasusedto imagethetrapped24Mg+ ions.Wenotice
amaximumin productionof 24Mg+ ions(� 3500ions) at theionizationlaserdetun-
ing denotedby 0 GHz in Fig. 10.4(a). The numberof 24Mg+ ions decreaseswhen
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Figure 10.3: Schematicexperimentalsetupfor photo-ionizationof Ca and lasercooling of
40Ca+ .

the ionizationlaseris detunedaway from resonance.For positive detunings,thereis,
however, anonsetin thetrappingproductionof theisotopes25Mg+ and26Mg+ . This
is seento introducea sharp,linearboundaryat the top andbottomof the imagepro-
jectionsof the crystalsoriginatingfrom heavier elementslying in shellsoutsidethe
24Mg+ crystalsdueto themassdependentradialtrappotential.Weshallreturnto the
discussionof thestructureof two-componentCoulombcrystalsin section11.2.

As statedin TableB.1, the isotopes25Mg and26Mg have naturalisotopicabun-
dancesof 10%and11%,respectively, andtheisotopeshift for thetransition3s2 1S0 $
3s3p1P1 usedfor ionizationof thesetwo isotopesis 0.73GHzand1.41GHz,respec-
tively. The velocity spreadof the atomsin the directionof the ionizing laserbeam
givesriseto a Dopplerbroadeningof theresonancesof about800MHz FWHM. This
is muchlargerthanthe80 MHz naturalline width of the3s3p1P1 stateaswell asthe
hyper�ne splitting in thecaseof 25Mg [99]. Figure10.4shows theresultof a loading
with a relative ionizationlaserdetuningof +1.4GHz anda loadingtime of 50 s. The
shapeof thecrystalindicatesthatmany heavier ionsaretrappedalongwith 24Mg+ . By
applyingthecoolinglaserat thewavelengthof thecoolingtransitionof 26Mg+ during
loadingwhile theionizationlaserdetuningis keptat +1.4GHz,we see[Fig. 10.4(c)]
that26Mg+ ionsprimarily accountfor theseheavier ions,andthatanalmostpurecrys-
tal of this isotopeis formed. We notea minor fraction of lighter isotopesat the left
end.Thereasonfor thisasymmetryis thelasercoolingforcepushingthe 26Mg+ ions
towardsthe right in the trap potential. The asymmetryin Fig. 10.4(b)is dueto the
sameeffect,but this timeactingon the24Mg+ ions.

Using the setupfor Ca depictedin Fig. 10.3,we prove that the photo-ionization
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Figure 10.4: (a) Productionof 24Mg+ for differentrelative ionization laserdetuningswith
a trap loadingtime of 20 s. (b) Productionof 24Mg+ for a relative ionizationlaserdetuning
of +1.4 GHz with a trap loading time of 50 s. (c) Loadingwith the cooling lasercloseto
resonanceof 26Mg+ for arelativeionizationlaserdetuningof +1.4GHzresultingin analmost
pure26Mg+ -crystal.

methodoutlined here is not restrictedto Mg. In Fig. 10.5, a large, pure 40Ca+

Coulombcrystalhasbeenproducedusingtheschemedescribedin section10.1. The
crystal consistsof about5000 ions. Due to its atomic level structure,40Ca+ is of
particularinterestin quantumopticsandquantumcomputationexperiments(see,e.g.,
[88]). Here,a speci�c numberof a few ionshasto be loadedinto the trapandhence
control of this regime is of considerableimportance. This type of loading is read-
ily accomplishedwith photo-ionizationby usingthelaserdetuning,thelaserintensity
andatomicbeam�ux ascontrol parametersto keepthe productionrate low: When
a speci�ed numberof trappedions is observed by thecamera,the ionizationlaseris
simply blocked. For cavity quantumelectrodynamics(QED) experimentsinvolving
ions, the photo-ionizationtechniquewill also facilitate loadingof ions betweenthe
closelyspacedmirrorswithout charging up thenearbysurroundingsasit is likely to
bethecasefor electronbombardment.Figure10.6(a)showsastringof 21 40Ca+ ions
producedin this way. As a further proof of principle, we supplypicturesof strings
consistingof 1–1224Mg+ ionsin Fig. 10.6(b).

The ultimatesituationfor isotopeselective loadingof an ion trap by two-photon
resonantionization is achieved when the Dopplerbroadeningis lessthan the natu-
ral line width of the resonantlevel. In this case,which canbe obtainedin a setup
with a well collimated,atomicbeamcrossedat a 90� anglewith theresonantionizing
laserbeam,the impurity levels canoften be . 1%, e.g., in the caseof Mg. Hence,
it shouldbe feasibleto preferablyload the isotope25Mg+ , which is of specialinter-
estin quantumopticsexperimentsdueto its hyper�ne-splittedgroundstate.Atomic
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Figure 10.5: Large, pure 40Ca+ -crystal containingapproximately5000 ions producedby
resonantphoto-ionization.

elementssuchasSr, Ba, andIn, which often areusedin ion trap experiments,can
similarly to Mg andCa be ionizedby a resonanttwo-photonprocesswith nearUV
photons. For thesethreeelements,very pure loadingof at leastsomeof the natu-
rally occurringisotopesshouldbe possible. In the caseof Sr, this canbe achieved
by applyinglight resonantwith, e.g., the 5s2 1S0 $ 5s6p1P1 transitionat 293 nm.
For Ba, the6s2 1S0 $ 5d6p1P1; 6s7p1P1 transitionsat 350nm and307nm, respec-
tively, canbe used. Finally, for In, resonantionizationcanbe obtainedthroughthe
5p2P1=2 $ 6s2S1=2 transitionat 410nm. With an isotopeshift of this transitionof
-258MHz [100] for 113In+ with respectto 115In+ anda line width of 22 MHz [101],
it shouldbe possibleto reducethe relative occurrenceof 113In+ to below 10� 3. In
connectionwith recentlyproposedion quantumcomputersbasedon 25Mg+ ionssym-
patheticallycooledby 115In+ ions [102], resonance-enhanced two-photonionization
seemsto beaveryattractive tool.

10.4 Conclusion

We have demonstratedthat resonantphoto-ionizationof an atomicbeamprovidesa
controlledmethodof loadinganion trap.Theadvantagesascomparedto theelectron
bombardmentmethodareseveral-fold.Usingthelaserfrequency detuningasacontrol
parameter, speci�c isotopescanbeselectively loaded.Besidesbeingamethodfor ob-
tainingvery large,isotope-pureCoulombcrystals,loadingof isotopeswith low natural
abundanceshouldalsobe possible.By usingthe laserfrequency detuning,the laser
intensity, andthe atomicbeam�ux ascontrol parameters,resonantphoto-ionization
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Figure10.6: (a)Lasercooled40Ca+ -stringconsistingof 21 ionsproducedby resonantphoto-
ionization.(b) Lasercooled24Mg+ ionsproducedby resonantphoto-ionization;stringswith
1–12ionsareshown. Notethatthispartof the�gure consistsof 12 individual imagesoriented
suchthat the trap axis is " (contraryto all the otherimagesof trappedions occurringin this
thesis,wherethetrapaxisdirectionis ! ). In section10.5,it is shown thattheion spacingsare
consistentwith a harmonic,axialpotential,

canfacilitateloadingof a speci�c numberof ionsinto a string,which canhave direct
applicationsin quantumcomputationandcavity QED experiments.The presentex-
perimentshave shown thefeasibilityof resonantphoto-ionizationloadingin thecases
of Mg andCa,but themethodcaneasilybeextendedto otherelements.
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Figure 10.7: (� ) Thepositionsof the ions in thestringsFig. 10.6(b). (?) Thescalingdepen-
denceof equilibriumpositionsasgivenby [103].

10.5 Addendum: Ion string spacings

Thepotentialenergy of N ions,with massm andchargee, harmonicallycon�ned in
astringalongthez-axisis givenby

V =
NX

i =1

1
2

m! 2
zxm +

NX

i;j =1
i 6= j

e2

8� � 0

1
jx i � x j j

; (10.1)

where! z is the axial oscillation frequency of a single ion the harmonicpotential.
Minimizing V with respectto x1:::xN givestheequilibriumcon�guration for a laser
cooledstring. Figure10.7shows thepositionsof the lasercooled24Mg+ ions in the
stringsFig.10.6(b)alongwith theinter-particledistancescalingbehavior derivedfrom
theenergy minimizationof Eq. (10.1)[103]. Thecorrespondenceis good,con�rming
theharmonicityof theaxial potentialof thetrap3.

3TrapII of Table7.1.





Chapter 11

Photo-Ionization Loading of an Ion
Trap: Applications

This chapterdescribestwo experimentsapplying the techniqueof photo-ionization
loadingpresentedin chapter10. Section11.1presentsresultsfrom theinvestigations
of the effectsof usinglight of linear or circular polarizationin the ionization[104].
In this way partial isotropiccrosssectionsratiosputtingcurrenttheoryto thetestare
determined.Section11.2 reviews experimentson two-componentCoulombcrystals
formedby injecting24Mg+ into a lasercooled40Ca+ Coulombcrystalthroughphoto-
ionization[68].

11.1 Polarization studies:Measurementsof partial isotropic
crosssections

11.1.1 Intr oduction

Theabsorptionof light by neutralmagnesiumhasbeenstudiedextensively dueto the
astrophysicalimportanceof this element(seeRef. [105] andreferencestherein)but
also due to its interestingatomic properties. Neutralmagnesiumrepresentsa two-
electronsystem1 whereelectroncorrelationsplay an importantrole in, e.g., photo-
ionizationprocessesfrom excitedstatesandit poseschallengingproblemsto theoreti-
calatomicphysicists[107–111]. In theexperimentspresentedhere,wehavemeasured
thecrosssectionratio betweenionizationinto S andD continuumstatesfor resonant
two-photonionizationvia the3s2 1S0 ! 3s3p1P1 transition.

1Ref. [106] givesa review of thetwo-electronproblem.



108 Photo-IonizationLoadingof anIon Trap: Applications

11.1.2 Theory of measurement

Magnesiumhasthreestableisotopes:24Mg (79%),25Mg (10%)and26Mg (11%)(see
TableB.1). Our experimentsfocusedon the 24Mg isotopedueto its high abundance
andabsenceof hyper�ne structure2, simplifying thetheoryof measurement.Therele-
vanttermsfor ourphoto-ionizationstudiesof 24Mg arepresentedin Fig. 11.1.

-1 0 1

p

p

-1-2 0 1 2m:

p

p

s +

s +

s -

s - s +s -

a) b)

1D2
1S0

1S03s2

1P13s3p 1P13s3p

1S03s2

2/15 1/51/5

1/31/3 1/3 1/3

1/3

1/3 1/3

Figure 11.1: Possiblechannelsfrom the 3s2 1S0-level to a continuumstateof (a) 1D2 and
(b) 1S0 characterwhenlight of purecircular (� � ) or linear (� ) polarizationis applied. The
numbersattachedto arrowsarethesquareof theWigner3-j symbolsfor thetransitions.

In the experimentsonly onelaserpolarizationis presentat the time, so possible
ionizationpathsreduceto theonesindicatedby thearrows whenthelaserwavelength
is tunedto resonanceof the3s2 1S0 $ 3s3p1P1 transitionat 285nm. Theionization
stepfrom the 3s3p1P1 level is off-resonant(far from any auto-ionizationstate)and
populateseitherD or S continuumstates. Due to the low power of the CW lasers
involvedin theexperiments,thephoto-ionizationprocesscaneffectively beconsidered
asa two-stepprocess,the �rst stepbeingthepopulationof an intermediate3s3p1P1

sublevel (for which thesquaredWigner3-j symbolsareequal)andthesecondbeing
theionizationvia anelectricdipoleprocess.Theionizationprobability is assumedto
be muchsmallerthanthe excitation probability so only the secondstepneedsto be
consideredin orderto obtainrelative crosssections.

Letting J denotethe total angularmomentum,M the projectionof J alongthe
z-axisand additionalquantumnumbers,thecrosssectionof thephoto-ionizingtran-
sition j J M i ! j 0J 0M 0i is in generalgivenby [112–114]

�  0J 0M 0; J M = 4� 2�a 2
0~!

�
�
�
�
�
�
�̂ �

*

 0J 0M 0

�
�
�
�
�
�

X

j

r j

�
�
�
�
�
�
 J M

+ �
�
�
�
�
�

2

; (11.1)

2Wenotethat25 Mg hasnuclearspin 5
2 (seeTableB.1) whichgivesriseto hyper�ne splitting [99].
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where! is the laserangularfrequency, �̂ the laserpolarization,� the �ne structure
constant,a0 theBohr radiusandr j thepositionof the j th electron.Equation(11.1)

canbe rewritten in termsof �rst rank sphericaltensors,̂� � r j =
P

q � ?
qr (1)

j q , where
� 0, � � 1 and� 1 refer to linear, left- andright-handcircular polarizationcomponents,
respectively. Applying theWigner-Eckarttheorem

*

 0J 0M 0

�
�
�
�
�
�

X

j

r j;q

�
�
�
�
�
�
 J M

+

= (� 1)J 0� M 0
�

J 0 1 J
� M 0 q M

� *

 0J 0








X

j

r (1)
j








 J

+

;

(11.2)
andsummingover all possible�nal statesj 0J 0M 0i , thetotal crosssectionfor photo-
ionizationfrom aspeci�c initial statej J M i reads

�  J M = 3(2J + 1)
X

 0;J 0;M 0;q

�
J 0 1 J

� M 0 q M

� 2

� 2
q �  0J 0; J ; (11.3)

where

�  0J 0; J =
4� 2�a 2

0~!
3(2J + 1)

�
�
�
�
�
�

*

 0J 0








X

j

r (1)
j








 J

+ �
�
�
�
�
�

2

; (11.4)

is thepartialisotropiccrosssection,i.e.,thecrosssectionfor transitionto aspeci�c J 0-
statewhenall initial, magneticsubstatesM areequallypopulated.Only thetransitions
sketchedin Fig.11.1arepossible.In theexperimentswemeasurecountratesfor linear
andright-handcircularpolarization,N k andN+ , thatrelateto thecorrespondingcross
sectionsas

Nk = A�  ;1;0N+ = A�  ;1;1 ; (11.5)

wherethecountratedependenceon atomdensity, light intensity, detectionef�ciency
and other experimentalparametersis includedin A. We assumethat A in the two
expressionsareequal. Using Eq. (11.3) relationsbetweenthe partial isotropiccross
sectionsfor J 0 = 0 andJ 0 = 2, representedby � S and� D , andthemeasuredcount
ratesareobtained.Linearpolarization(M = 0 andq = 0) leadsto

Nk = A

"

9
�

0 1 1
0 0 0

� 2

� S + 9
�

2 1 1
0 0 0

� 2

� D

#

= A
�

3� S +
6
5

� D

�
;

(11.6)
whereasthecaseof right-handcircularpolarization(M = 1 andq = 1) gives

N+ = A

"

9
�

2 1 1
� 2 1 1

� 2

� D

#

= A
9
5

� D ; (11.7)
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Figure 11.2: Schematicsetupfor the experimentsusinga linear Paul trap for capturingthe
ionsproducedby photo-ionization.

FromequationEq.(11.6)andEq.(11.7)theratio of � S to � D is expressedin termsof
theratiobetweenthetwo measuredion yieldsas

� S

� D
=

3
5

Nk

N+
�

2
5

: (11.8)

Theratio � S
� D

canbecomparedto theoreticalmodelcalculations.

11.1.3 Experimental setup

Figure11.2shows a schematicdrawing of thePaul trapexperimentalsetup(thesetup
is almostidentical to the onedescribedin chapter10). The laserlight usedfor ion-
izationof Mg is producedby frequency doublingtheoutputof a cw tunabledyelaser
systemusingthefrequency doublingunit describedin chapter9. First,this light is lin-
earlypolarizedby a polarizationbeamsplitter (PBS).Subsequently, any polarization
statecanbe preparedby meansof a half-wave plate(�= 2) anda quarter-wave plate
(�= 4). Theionizing laserintersectstheMg atomicbeamorthogonallyin thecenterof
the linearPaul trap3. Hencewe avoid �rst orderDopplerbroadeningof the involved
transitions.Due to isotopeshifts, thevariousisotopesin theatomicbeamcanbese-
lectively ionizedasdiscussedin chapter10. In theexperimentthe laserfrequency is
tunedto beresonantwith the3s2 1S0 $ 3s3p1P1 transitionof 24Mg. Theionization
proceedsasdescribedin section11.1.2andtheionsproducedarecapturedin thelinear

3TrapII of Table7.1.
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2b
2a

aVolume a bp 2
ab

3
4_

=

Figure11.3: A typical24Mg+ Coulombcrystalproducedby photo-ionization.Thecrystalhas
anellipsoidalshapeanda volumegivenby thelengthof theminor andmajoraxis,2aand2b,
respectively. For thecrystalshown here,2b= 507� m.

Paul trap.After passagethroughthetrap,thepower of theionizing laseris monitored
usinga photodiode(PD). During trapping,the ions are lasercooledby driving the
closed280 nm transition3s2S1=2 $ 3p2P3=2 of 24Mg+ with a lasersystemalmost
identical to the oneusedfor ionization. To avoid any contribution from the cooling
laserin the �nal ionizationstep(3s3p1P1 state! continuum),the two laserbeams
areneverpresentat thesametime. This is achievedby meansof amechanicalchopper
alternatelyblockingonebeamandletting theotherthroughat a frequency of 600Hz.
In theexperimentsdiscussedhereionsarecapturedin thetrapduringaperiodof 20s.
Due to lasercooling the trappedions form �uorescing Coulombcrystalswhich are
imagedand recordedwith the imageintensi�ed digital camerasystem. After each
imageacquisitionthe trap is emptiedby brie�y switchingoff the trappotential. The
polarizationof theionizationlaserlight is alteredandtheexperimentalprocedureis re-
peated.To improve statisticsanextendedseriesof measurementsalternatingbetween
two differentpolarizationsis performed.

11.1.4 Resultsand discussion

The raw datafrom the Paul trap experimentsconsistof CCD imagesof ion crystals.
Figure11.3shows the imageof a typical Coulombcrystalfor theparametersusedin
the experiment. The Coulombcrystalsformedin the linear Paul trap have an ellip-
soidalshapewith a uniform densitydistribution [115]. Hence,N k=N+ in equation
Eq.(11.8)canbedeterminedby measuringthevolumesof thecrystalsformedfor lin-
earandfor right-handcircularpolarizationsof the ionizing laserlight. In a seriesof
measurements,wherethepolarizationis alternatedbetweenlinearandright-handcir-
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Figure 11.4: Thenumberof ionscapturedin thetrapduringa periodsof 20 s usingionizing
laserlight of linear (black bars)and cicular (grey bars)polarization,respectively. The ion
productionyield is shown for successive runsf 0; 1; 2:::g.

cular, we obtaintheion yieldspresentedin Fig. 11.4.Fromthis,we derive thevalues
for Nk=N+ and� S=� D statedin Table11.1.

Thefrequency shift of the3s2 1S0 $ 3s3p1P1 transitiondueto theZeemaneffect
relatedto non-compensatedB-�elds doesnot exceed1 MHz andis negligible com-
paredto the naturalline width of �( 1P1) = 80 MHz. As a consistency checkthe
effectsof alternatingbetweenhorizontallyandvertically polarizedlight andbetween
circularly polarizedlight of oppositehelicitieshave beeninvestigated.The ratiosof
ion yieldswerefoundto beN? =Nk = 1:01� 0:11andN+ =N � = 0:99� 0:06, respec-
tively [116]. As expecteddueto symmetrynoeffect is detected.Themainuncertainty
in the measurementof N+ =Nk is dueto �uctuations in laserpower (� 4 %) andthe
atomicbeam�ux aswell as the uncertaintyin the crystal sizedetermination.As a
consequenceof therelatively smallcontribution from the1S0 channel,thededucedra-
tio � S=� D in equationEq. (11.8)is very sensitive to uncertaintyin themeasuredratio
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Table 11.1: Useful conversionfactorsfor thevelocity distribu-
tion measurements.99:1keV 24Mg+ ions with a Gaussianve-
locity distributionhavebeenassumed.

Trapexperiment Beamexperimenta Theory

N+
N k

1:21� 0:03 1:196� 0:007

� S
� D

0:096� 0:012 0:102� 0:003 0:15b, 0:13c

a CollaboratingCopenhagenbeamexperiment[104].
b Ref. [108].
c Thevalueis obtainedby inspectionof Fig. 1 in Ref. [109].

N+ =Nk. The experimentcould be improved by actively stabilizing the laserpower
andby increasingtheloadingtime.

11.1.5 Conclusion

In Table11.1additionalexperimentalresultsobtainedin abeamexperimentin Copen-
hagenarepresentedalongwith resultsfrom currenttheoreticalcalculations[108,109].
The two experimentalvaluesagreevery well. The theoreticalpredictionsarein rea-
sonableagreementwith measuredvalues. However, we noticeno agreementwithin
theexperimentalerrorbars.Both theoriesusea �nite L2 basissetconstructedfrom a
setof one-particlefrozencoreHartree-Fock orbitals.In thetheoreticalwork [109] the
authorsextendthecon�guration-interaction (CI) modelto includetheresonantcaseby
usingaCI methodfor thecontinuumspectrum(CIC).Thevalueobtainedis somewhat
lower comparedto thevaluecalculatedby [108]. In a recentpaper[110], the theory
in [108] is re�ned beyondthefrozencoreapproximation.Theresults,however, were
foundto besimilar to thoseobtainedin [108]. Furtherinvestigationof thein�uenceof
CIC andthebasisseton thephoto-ionizationresultsmightprovide usefulinformation
on thediscrepancy betweentheoryandexperiment.
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11.2 Seeding24Mg + ions into a 40Ca+ Coulomb crystal

11.2.1 Intr oduction

From the atomic physicist's point of view, one of the most promisingprospectsof
trappedlasercoolednon-neutralplasmasmightbethepossibilityof chilling atomicof
molecularionsnot directly accessibleto lasercoolingmethods4 throughsympathetic
cooling.This,e.g.,opensup thepossibilityof studyingchemicalreactionsof trapped,
cold atomicor molecularions[117] or performinghigh resolutionspectroscopy on a
coldatomicor molecularion sample[118,119]. Furthermore,a two-speciesCoulomb
crystal in a stringcon�gurationhasbeenproposedasa building block for anion trap
quantumcomputer[102,120],wherelasercooledionssympatheticallycool ionsrep-
resentingso-calledqu-bits.

In a seriesof experimentswe have investigatedsomestructuralpropertiesof two-
speciesCoulombCrystals— alsoreferredto asbi-crystals— consistingof 24Mg+ and
40Ca+ ions in a linear Paul trap [68]. As describedin chapter10 both thesespecies
canbelasercooledandimaged.

11.2.2 Experimental setup

The setupfor the bi-crystal experiments(seeFig. 11.5) is closely tied to the ones
describedin chapter10. Initially, the trap is loadedby electronimpactionizationof
an atomicCa beam5. The 40Ca+ ions are lasercooledasdescribedpreviously and
the plasmaforms a multi componentCoulombcrystalconsistingof thedifferentCa
isotopesin single and doublecharge statesand ionized residualgasparticles. By
altering the (a;q) trap parameterstowardsthe 40Ca+ bordersof stability (high and
low q limit, in turns), we obtain a puri�ed 40Ca+ Coulombcrystal, i.e., we apply
the ion trap asa mass�lter . Subsequently, we isotopeselectively seed24Mg+ into
the 40Ca+ crystalusingresonantphoto-ionization.Thetrapped24Mg+ ionsarelaser
cooledandbecomea part of the 24Mg+ -40Ca+ bi-crystalnow formed. Thecooling
laserbeamsaresplit into two beams(usingaPBS)whichenterin counterpropagating
directionsalongthetrapaxis6. Therelative power of thetwo partsof asplit beamcan
be adjustedby rotatinga half wave plate. In this way asymmetryeffectsfrom laser
pressureforcesasseenin Fig. 10.4(b,c)canbecircumvented.

Dueto LIF from thelasercooledionsthestructureof thebi-crystalcanberecorded
with the imagedintensi�ed digital camerasystemdescribedin section4.4. LIF from

4A simplelasercoolingschemeasdescribedin chapter2 dependsonaclosedopticaltransition.Due
to themanifoldof vibrationalandrotationalstatesin molecularionsthis is in generalnot feasible.

5Unfortunately, we have only onelasersystemavailablefor resonantphoto-ionizationloadingand
we wantto applythis techniqueto 24 Mg+ subsequently.

6The� = 866nm repumpingbeamis not split andentersonly in a singledirection.
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Figure11.5: Schematicdrawing of theexperimentalsetup.

24Mg+ (280nm) and40Ca+ (397nm)canbeimagedseparatelyby insertingcolor �l-
ters7 in front of theimageintensi�er. Chromaticityof theimaginglenssystemimplies
a differencein focuspositionandmagni�cation8 for 24Mg+ and40Ca+ sothatfocus-
ing shouldbedoneindividually for thetwo species.After correctingfor thedifference
in magni�cation,theacquiredimagesof the24Mg+ and40Ca+ partscanbeaddedinto
asingleframeshowing theentirebi-crystalstructure.

It is importantto notethattheformationof apurebi-crystalwouldbeaverydif�-
cult task(if possibleat all) by usingelectronionizationonly. Thebi-crystalcannotbe
puri�ed from 25-39massionsby alteringthe(a;q) parameters.Furthermore,it would
beverydif�cult to produceabi-crystalwith acontrolledratioof thetwo components.
Loadingthetrapby photo-ionizationelegantlycircumventstheseproblems.

11.2.3 Results

In Fig. 11.6we show a pictureof bi-crystalproducedin theway describedabove. It
consistsof approximately130040Ca+ ionssurroundinga centralstringof 47 24Mg+

ionslocatedat thetrapaxisdueto themassdependenceof theradialsecularpotential.
The24Mg+ ionsareequidistantlyspacedwith aninter-ionic distanceof 15:5 � m� 5%.

The equidistantspacingsimplies that the ions in the bi-crystal 24Mg+ string be-
have as if they werepart of an in�nitely long chain. In contrastto this, the ions in
a harmonicallycon�ned, purestring which is not part of a bi-crystalhave a varying
spacing— tightestfor thecentralionsandincreasingtowardstheoutermostionsand
increasingtowardstheoutermostions(seesection10.5).

7SchottUG11for 24 Mg+ andSchottBG39for 40 Ca+ .
8Themagni�cation is about15 x andthereis a differenceof 3:5% betweenthe two species[121].

Theabsolutesizecalibrationswereobtainedfrom focusedimagesof an? = 125� m optical�ber which
wasinsertedto thetrapcenterandilluminatedwith light at thetwo wavelengthsin question.
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Figure 11.6: (color) Bi-crystal consistingof 47 24Mg+ ions (red) andapproximately1300
40Ca+ ions(blue). The24Mg+ ionsarelocatedat thetrapaxiswith anequidistantspacingof
15 �m .

Theresemblancewith anin�nite axialgeometryextendsto 24Mg+ -40Ca+ bi-cry-
stalswith a3D 24Mg+ core:Thecorebehavesasif it is partof anin�nitely longsingle
componentcrystalstructurewith constantradialcon�nement.For coulombcrystalof
this typemoleculardynamics(MD) simulationspredictstructuretransitionswhenthe
lineardensity(i.e.,numberof ionsperunit lengthalongthesymmetryaxis) increases
[122]. The structuresrangefrom a string of equidistantlyspacedions to multiple
coaxialcylindrical shells.Figure11.8shows thestructuraltransitionobserved for the
24Mg+ coreof the24Mg+ -40Ca+ bi-crystalshown in Fig. 11.7.Thelineardensityof

šœ›ž•

š Ÿ¡•

šœ¢£•

¤;¥¦¥

 m§

Figure 11.7: (color) 24Mg+ -40Ca+ bi-crystalconsistingof approximately300 24Mg+ ions
(red) and300040Ca+ ions (blue). The sequence(a)! (c) shows the effect of increasing! z .
Theresultingstructuraltransitionsof thecoreareshown in Fig. 11.8
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Figure 11.8: (� ) Observed cylindrically symmetric 24Mg+ core structureof a 24Mg+ -
40Ca+ bi-crystal versusthe dimensionlesslinear particledensity� = aWS � =e, where� is
thelinear24Mg+ chargedensityandaWS = 3

p
4� n=3 is theWigner-Seitzradius.Thedashed

line showsthestructurefor anin�nitely longcylindrically symmetricsinglecomponentcrystal
aspredictedby MD simulations[122].

the 24Mg+ corewasvariedby altering! z. Note that this doesnot affect theplasma
densityn (seeEq. (8.5)). Closeto the 24Mg+ core,the 40Ca+ part of thebi-crystals
was observed to be arrangedin cylindrical shellswhile at the outer boundary, the
ionsarelocatedin spheroidalshellssimilar to a singlespeciescrystal.For giventrap
parameters,the shapeof the spheroidal40Ca+ envelopeis highly insensitive to the
presenceof 24Mg+ ions(thevolume,of course,increaseswhen24Mg+ ionsareseeded
into 40Ca+ crystal). A moreelaboratediscussionof thestructuralpropertiesof two-
andmulti-componentCoulombcrystalsis givenin thePh.D.thesisof Hornekær[121].

11.2.4 Conclusion

In conclusion,theresonantphoto-ionizationmethodhasmadeit possibleto produce
andstudypurebi-crystals.Althoughin thetheseexperimentsbothspecieswerelaser
cooled,the methodis potentiallyuseful in connectionwith ion storageexperiments
where one non-lasercoolablespeciesis sympatheticallycooledby a laser cooled
speciesproducedby resonantphoto-ionization.





Chapter 12

Summary

Thepresentthesisdescribesexperimentsonlasercooledionscon�ned in storagerings
andlinear Paul traps. Although thereareobvious differencesbetweena large scale
storagering andatabletopsizetrap,theclaimhasbeenmadethattheanalogybetween
theparticledynamicsof a trapandthatof a storedion beamin its restframecanbe
exploitedto emulateion beampropagationin thestationaryframeof a trap.

Experimentsconcernedwith lasercooled24Mg+ ionsin theASTRID storagering
have beencarriedout. Using non-destructive laserinduced�uorescencediagnostics
for velocimetryand beampro�le measurementsthe behavior of ultra-coldcoasting
beamshasbeenstudied.Effectsof spacecharge wereobserved giving rise to limita-
tionsto theattainabledensities.It appears,however, thatanultimatespacechargelim-
itedzeroemittancebeamcouldnotbereached.For ion beamcurrentscorrespondingto
aparticlenumberbelow thelimit wherea linearlyorderedchainof ionscouldpossibly
beformed,ananomalousbehavior in thetransverseion beamsizeswasobserved: the
horizontaldimensionstaysconstantandtheverticaldimensionblows up althoughthe
circulatingbeamcurrentdecays.Theeffecthasbeenattributedto thehorizontalclosed
orbit dispersionof thestoragering alongwith thelasercoolingmechanism.Whether
or not theion beambecomeslinearlyorderedin connectionwith theanomalyremains
unclear.

An ultimategoal of experimentson lasercooledions beamsin storageringshas
beento attaina crystallineion beam.Besidesrepresentingtheultimatespacecharge
limited beamwith thehighestpossiblebrilliancethecrystallinestateis connectedwith
a vanishingof heatingof intra beamscatteringmakingit quite robust. Linear order-
ing in a stringof ionshave now beenreportedfrom storagering experimentson both
electroncooledandlasercooledions. Althoughthis is, indeed,very interestingfrom
a fundamentalpointof view, in theopinionof this authora3D crystallinebeamis ex-
ceedinglyimportantin connectionwith prospectapplications.A stored3D crystalline
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beamis, unfortunately, alsoexceedinglydif�cult to attainsinceit is sensitive to both
the shearfrom bendingandthe excitation of bulk modesby the periodic transverse
focusing.Theeffect of shearcallsupona suitablytaperedcoolingforceandthis the-
sishasgiven a discussionon how this might be achieved by displacingtwo counter-
propagatingcooling lasers. To addressthe problemof focusing,we have evoked a
parallelin thetransversedynamicsof a magneticAG storagering andthatof a pulse-
excited linearPaul trap. A pulse-excitedPaul trapexperimenthasbeenbuild up, and
by emulatinga regular FODO lattice in this trap we have shown that phaseadvance
perunit cell mustnotexceed� =

p
2. This is in excellentagreementwith theory.

Along with thework on lasercooledions in trapsandstoragerings,a frequency-
doublingunit wasconstructedfor generationof UV laserlight andthedesignconsid-
erationshave beendescribedin the presentthesis. The frequency-doublingunit has
beenusedto implementanew methodof loadinganion trapusingresonant-enhanced
photo-ionizationof a collimatedatomicbeam.This methodhasprovento besuperior
to loadingbyusingelectronimpactionizationandwehavesucceededin producingiso-
topically puresamplesof Mg+ andCa+ ionsat ratescontrolledby theatomicbeam
�ux, the laserlight intensity, and the laserdetuningfrom resonance.The resonant
two-photonionizationof Mg via the3s2 1S0 ! 3s3p1P1 transitionhasbeenstudied
in detail to determinethe ratio of the crosssectionsinto S andD continuumstates.
The obtainedvaluediffers from currenttheory, but agreesvery well with measure-
mentsperformedin Copenhagen.

Besidesbeingusedin connectionwith the experimentson crystallinebeamem-
ulation the photo-ionizationloadingmethodplayeda crucial role in experimentson
24Mg+ -40Ca+ bi-crystals. Thesestudieshave revealedthat the lighter 24Mg+ ions
form an inner cylindrical crystalstructuresimilar to that of an in�nitely long single
componentcrystalwhile thesurrounding40Ca+ partof thebi-crystalhasaspheroidal
envelopehighly insensitive to thepresenceof 24Mg+ ions.

Outlook

Thelasercoolingexperimentson storedion beamsin ASTRID have now cometo an
endandthe similar TSR experimentsarealsoaboutto closedown. Much hasbeen
learnedthrougha decadeof experiments,but it alsoseemsclearthatin orderto make
furtherprogresson the issueof lasercooledionsbeams,radicalstepswill needto be
taken. It shouldbestressed,however, thatthediagnosticsmethodsin connectionwith
theselasercoolingexperimentsremainaverystrongtool to testpropertiesof astorage
ring and reveal errors[35]. If one considersto build a new, dedicated,large scale
storagering for crystallineion beams,tabletop sizeexperimentsastheonedescribed
in this thesisusingapulse-excitedlinearPaul trapand/orminiaturestorageringssuch
asPALLAS [55] mightprovide valuableinformationon designparameters.
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Theexperimentsusinga pulse-excited trappresentedin this thesiswere(almost)
restrictedto a regular FODO lattice, but it is, indeed,possibleto testvariouskinds
of lattices.Futureexperimentsmight focuson thecaseof pairsof closelyspaced(in
time) focusinganddefocusingpulseswith long, �eld free drift periodsin between.
This couldbeof considerableinterestin connectionwith atomicphysicsexperiments
studyingionization,detachment,or recombination,allowing for electronsto enteror
exit thetrap.For moreinvolvedexperimentson crystallinebeamemulationonecould
look into thepossibilitiesof implementingshearfrom bendingby perturbingthecrys-
talssidewayswith asuitable,periodic,transverseelectricforce.

Isotopeselective loadingof anion trapby resonance-enhanced photo-ionizationis
averyusefultool. Futureapplicationsincludetheloadingof afew 40Ca+ into theclose
electrodespacingsof a stronglycon�ning trap for quantumopticsexperiments[123]
and the loadingof controlledratiosof 40Ca+ and 44Ca+ ions into a trap within an
opticalcavity to implementa storagemediumfor quantuminformationof light [124].
This latterproposal,furthermore,employs sympatheticcoolingof onetrappedspecies
by a lasercooledspecies.Onecanthink of long rangeof similar futureexperiments
employing suchbi-crystals.





Appendix A

Derivations

A.1 Evolution of a two-level atom in a laser �eld

A.1.1 Rabi oscillations

UsingEq.(2.11)in Eq. (2.9)andEq.(2.10)weobtain

i~
dcg(t)

dt
=

~
 �

2
ce(t)

h
ei � t + e� i(2 ! a + � )t

i

�
~
 �

2
ce(t)ei � t ; (A.1)
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dt
=

~

2

cg(t)
h
e� i � t + ei(2 ! a + � )t

i

�
~

2

cg(t)e� i � t ; (A.2)

whererapidly oscillating termshave beenneglected[rotating wave approximation
(RWA)]. DifferentiatingEq.(A.1) onceandinsertingEq.(A.2)

i~
d2cg(t)
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 �

2
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dt
ei � � � ~
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= � i
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; (A.3)

theequationsareuncoupledandwe �nally get

d2cg(t)
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+
j
 j2

4
cg(t) = 0; (A.4)

d2ce(t)
dt2 + i�
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+
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 j2

4
ce(t) = 0: (A.5)
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A.1.2 Steady-statepopulation difference

SubtractingEq.(2.19)from Eq.(2.18)andusingw � � gg � � gg weobtain

dw
dt

= i(
e � i � t � ge � 
 � ei � t � eg) � � w + � : (A.6)

In thesteady-statelimit dw
dt = 0 and� eg ! � i
 w

� � i2� e� i � t (this is readilyseenby solving
Eq.(2.21)andneglectingatransientterm).Insertingtheseconditionsalongwith � ge =
� �

eg into Eq.(A.6) we �nally get
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s
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5 w � 1 � (1 + s)w � 1; (A.7)

from whereEq.(2.22)emerges.

A.2 Atomic momentumdiffusion

Consideringan atomat restsubjectedto the cooling force from two counter-propa-
gatinglaserbeamsasdescribedin section2.3.1andshown in Fig. 2.4, thechangein
momentumaftersomelong time T is

� pz = (N+ � N � )~k �
N+ + N �X

i =1

(~k i )z; (A.8)

whereN+ is thenumberof photonsabsorbedfrom onelaserbeam,N � is thenumber
of photonsabsorbedfrom theotherlaserbeam,and~k i is themomentumof the i th
spontaneouslyemittedphoton.Sincetheatomonaveragewill haveabsorbedthesame
numberof photonfrom eachlaserbeamhN+ i = hN � i andthespontaneouslyemitted
photonsoccurswith thesameprobabilityin two oppositedirections,wehaveh� pz i =
0 andthereis no netforce.Themomentumdiffusioncoef�cient D de�ned by

2DT = h� p2
z i = h(N+ � N � )2i (~k)2 +

* 2

4
N+ + N �X

i =1

(~k i )z

3

5

2+

(A.9)
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is, however, non-zero.
The �rst term of the right handside of Eq. (A.9) representsa randomwalk in

momentumspacealong the z-axis due to absorptions.Consideringfor examplean
atom(ion) with a J = 1=2 ! J = 3=2 transitionsuchas 24Mg+ (seeFig. 2.6) we
noticethatin � + =� + lasercon�gurationsuccessive absorptionsareuncorrelatedwith
a 50–50chanceto occurfrom eitherbeam.Henceh(N + � N � )2i = N+ + N � asin
traditionalrandomwalk [125]. In � + =� � lasercon�gurationthesituationis somewhat
more complicatedsincethe successive absorptionsare correlated. If the atom just
absorbeda photonfrom the � + -laserbeamthe probability of absorbingyet another
� + -photonis 3 timesashigh asabsorbinga � � -photon. Whenthe atomeventually
absorbsa photonfrom the � � -laserbeamthe situationis reversed. Using methods
givenin [126], h(N+ � N � )2i = 7

2(N+ + N � ) canbefoundall probabilistically.
Thelast termof theright handsideof Eq. (A.9) stemmingfrom thez-component

of themomentumrecoilsin connectionwith spontaneousemissioneventswill depend
on thedecayof thesteady-statepopulationsof theexcitedstatesub-levelsalongwith
theradiationpatternfor eachdecaychannel[127,128]. For examplein theabovecase
of a J = 1=2 $ J = 3=2 systemin a � + =� + lasercon�gurationall absorptionand
spontaneousemissionoccuron the M J = + 1

2 $ M j = + 3
2 transitionwe obtain

(takingthequantizationaxisto bein thez-direction)

* 2

4
N+ + N �X

i =1

(~k i )z

3

5

2+

= (~k)2(N+ + N � )
Z �

0

3
8

(1 + cos2 � )
| {z }

Intensity
distribution

cos2 �| {z }
Projec�

tion

sin� d�

=
2
5

(~k)2(N+ + N � ): (A.10)

Hencefor a � + =� + lasercon�gurationthediffusioncoef�cient is

D = (1 +
2
5

)(~k)2 N+ + N �

2T
= (1 +

2
5

)(~k)2 ; (A.11)

where given by Eq. (2.26) is the scatteringrate for a single laser. Equatingthe
cooling ratedueto friction with the heatingratedueto momentumdiffusion we get
therelation

� hv2i = �
�

dEcool

dt

�
=

�
dEheat

dt

�
=

h� p2
zi

2mT
=

D
m

; (A.12)

where� is the friction coef�cient asde�ned by Eq. (2.28)andm is the massof an
atom(ion). UsingEq.(A.12) a temperatureT canbeassigned

kB T = mhv2i =
D
�

; (A.13)



126 Derivations

andin thecaseof a � + =� + lasercon�gurationtheminimumdiffusionlimited temper-
ature(for a low light intensityS � 1 anda detuning� = � � =2 for which theratio
 =� is minimized)is

Tmin =
~�
2kB

 
1 + 2

5

2

!

; (A.14)

whichcanbecomparedto TD asde�ned by Eq.(2.30).

A.3 Floquet's theorem

Accordingto Floquet's theorem, Eq. (6.1) (Hill' s equation)hastwo linearly indepen-
dentsolutions[129]

u1(s) = ei � sp1(s); u2(s) = e� i � sp2(s); (A.15)

wherep1(s) andp2(s) areperiodicfunctionswith period� [i.e., thesameastheco-
ef�cient � � Q(s)]. We canthenapply Fourier seriesrepresentationsof p1(s) and
p2(s) andif Q(s) is anevenfunctionwe mayfurthermoretake p2(s) = p1(� s). The
generalsolutionof Eq. (6.1) canthenbeput into the form [linear combinationof the
to independentsolutionsEq.(A.15)]

u(s) = Aei � s
1X

k= �1

c2kei2ks + B e� i � s
1X

k= �1

c2ke� i2ks; (A.16)

whereA andB arearbitraryconstantsgivenby the initial conditions.Thecharacter-
istic exponent� is real for solutionsbelongingto a stableregion anddeterminesthe
secularoscillationfrequency. In thespecialcaseof Mathieu's equation[Eq. (6.6)] the
characteristicexponentdependsonly on the Mathieu(q; a) parametersandhasbeen
tabulated[57]. FigureA.1 shows a �rst stability region iso-� chart for the Mathieu
equation.In thecaseof Eq. (6.9), the characteristicexponentis given by � = �=� ,
where� is the phaseadvanceper waveform cycle which is easilycalculatedasde-
scribedin section6.5.

A.4 Obtaining the transfer matrix

Considerthehomogeneouslinearsecondorderdifferentialequation

d2u
ds2 + K = 0; (A.17)
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FigureA.1: Iso-� chartfor theMathieuequationcalculatedusingtheMathematica4 software.
Thepartof the�rst stability regionwhich is relevantfor our trappingexperimentsis shown.

whereK 6= 0 is a realconstant.Given initial conditionsu(0) andu0(0) at s = 0 the
solutionatany subsequenttime is uniquelydeterminedandwemaywrite

u(s) =
1
2

�
(e

p
� K s + e�

p
� K s)u(0) +

1
p

� K
(e

p
� K s � e�

p
� K s)u0(0)

�

u0(s) =
1
2

hp
� K (e

p
� K s � e�

p
� K s)u(0) + (e

p
� K s + e�

p
� K s)u0(0)

i
; (A.18)

which,usingmatrixnotationreads
�

u(s)
u0(s)

�
=

1
2

�
e

p
� K s + e�

p
� K s 1p

� K
(e

p
� K s � e�

p
� K s )

p
� K (e

p
� K s � e�

p
� K s ) e

p
� K s + e�

p
� K s

�

| {z }
T (K ;s)

�
u(0)
u0(0)

�
:

(A.19)
T(K ; s) is calledthe transfermatrix. Rewriting Eq. (A.19) andincluding the trivial
caseK = 0 we have

T(K ; s) =

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

"
cosh(

p
� K s) 1p

� K
sinh(

p
� K s)

p
� K sinh(

p
� K s) cosh(

p
� K s)

#

if K < 0

�
1 s
0 1

�
if K = 0

"
cos(

p
K s) 1p

K
sin(

p
K s)

�
p

K sin(
p

K s) cos(
p

K s)

#

if K > 0

:

(A.20)
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B.1 Atomic data

Table B.1: Tabulardatafor the24,25,and26massisotopesof neutralMg.

24Mg 25Mg 26Mg

Abundancea 78:99% 10:00% 11:01%

Nuclearspinb 0 5=2 0

Atomic mass(a.m.u.)b 23:985042 24:985837 25:982594

� (air)
3s2 1S0$ 3s3p1P1

(nm)c 285:21261 — —

� (vacuum)
3s2 1S0$ 3s3p1P1

(nm)c 285:29642 — —

3s2 1S0 $ 3s3p1P1 isotopeshift (GHz)d — 0:73 1:41

3s3p1P1 stateradiative life time (ns)e 2:0 — —

3s2 1S0 $ 3s3p1P1 line width (MHz)c 2� � 80 — —

a Ref. [130].
b Ref. [131]. (1 a:m:u = 1:66054� 10� 27 kg).
c NIST Atomic SpectraDatabase,http://www.nist.gov .
d Ref. [132].
e Ref. [133]
f Derivedfrom 3s3p1P1 stateradiative life time.
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Table B.2: Tabulardatafor the24Mg+ ion.

Parameter Value

Ion mass(kg) 3:9828� 10� 26

� (air)
3s2S1=2$ 3p 2P3=2

(nm)a 279.5528

� (vacuum)
3s2S1=2$ 3p 2P3=2

(nm)a 279.6352

3p2P3=2 stateradiative life time(ns)b 3.810

3s2S1=2 $ 3p2P3=2 transitionline width (MHz)c 2� � 41:773

a NIST Atomic SpectraDatabase,http://www.nist.gov .
b Ref. [134].
c Derivedfrom 3p 2P3=2 stateradiative life time.

Table B.3: Tabulardatafor the40Ca+ ion.

Parameter Value

Ion mass(kg) 6:6359� 10� 26

� (air)
4s2S1=2$ 4p 2P1=2

(nm)a 396.8469

� (vacuum)
4s2S1=2$ 4p 2P1=2

(nm)a 396.9591

� (air)
4p 2P1=2$ 3d 2D3=2

(nm)a 866.214

� (vacuum)
4p 2P1=2$ 3d 2D3=2

(nm)a 866.252

4p2P1=2 stateradiative life time(ns)b 7.07

4s2S1=2 $ 4p2P1=2 transitionline width (MHz)c 2� � 22:5

3d2D3=2 stateradiative life time(s)a 0.77

a NIST Atomic SpectraDatabase,http://www.nist.gov .
b Ref. [135].
c Derivedfrom 3p 2P1=2 stateradiative life time.
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B.2 Gaussianlaserbeams

Herethe main propertiesandimportantparametersof a Gaussianbeamaresumma-
rized.Hermite-GaussianorLaguerre-Gaussianmodesprovideaverygoodapproxima-
tion to thetransversemodesof astablelaserresonator(see,e.g.,[85]). Thenormalized
�eld distribution of thelowestorderGaussianbeam(TEM 00 mode)with wavelength
� andwavenumberk propagatingalongthez-axisis givenby

u(x; y; z) =

r
2
�

q0

w0q(z)
exp

�
� ikz � ik

x2 + y2

2q(z)

�

=

r
2
�

exp[� ikz + i (z)]
w(z)

exp
�
�

x2 + y2

w2(z)
� ik

x2 + y2

2R(z)

�
: (B.1)

This describesa beamhaving a waistw0 at z = 0 (focuspoint), wheretheradiusof
curvatureR(z) is R(0) = 1 , i.e., planar. Theradiusof curvatureR(z) andthespot
sizew(z) is de�ned throughthecomplex q-parameter

1
q(z)

�
1

R(z)
� i

�
� w2(z)

; (B.2)

whereq in freespacechangesas

q(z) = q0 + z = izR + z; (B.3)

with

q0 = i
� w2

0

�
= izR : (B.4)

zR is theso-calledRayleighlength of theGaussianbeam.
Finally, thephase is givenby

 (z) = arctan
�

z
zR

�
: (B.5)

B.3 Phasematching and Walk-off in negativeuniaxial cryst-
als

All transparentcrystalswith noncubiclatticestructurearebirefrigentwhichmeansthat
therefractive index will changewith thedirectionof polarizationof a�eld propagating
in themedium.Uniaxialcrystalsarecharacterizedby asingle,specialdirectioncalled
theopticaxisalongwhich therefractive index is independentof polarization(thiswill
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FigureB.1: TheGaussianbeamdescribedby Eq.(B.1).

be taken to be the Z -axis). The optic axis andthe propagationvectork of the light
spantheprincipalplane. A light beamwhosepolarizationis normalto theprincipal
planeis termedanordinarybeam(o-beam),whereasa beamwith polarizationin the
principal planeis extraordinary(e-beam). The refractive index of the o-beam,no,
is independentof propagationdirectionwhile the refractive index of the e-beamne

varieswith the angle� to the optic axis asshown on Fig. B.2(a). ne(� ) de�nes an
ellipsoid of rotationaboutthe optic axis andif this lies insidethe spherede�ned by
the o-beamason Fig. B.2(a) the crystal is negative uniaxial. BBO aswell asKDP
arenegativeuniaxialcrystals.Takingthefrequency dependenceof therefractive index
into accountwe seethat by choosing� correctly it is (sometimes)possibleto have
n! = n2! by letting thebeamof frequency ! play theroleof ano-beamandthebeam
of frequency 2! thatof ane-beam.This is shown in Fig. B.2 (b) wherethecrystalhas
assumedto be normallydispersive, i.e., ne

! (� ) < ne
2! (� ) andno

! < no
2! . The angle

� m for which this is trueis calledthephasematchingangle. This meansthatsending
light at the fundamentalwavelengththroughthe crystalat the angle� m to the optic
axisandkeepingthepolarizationin theo-direction,will give SHGlight for which the
componentin thee-directionwill satisfythephasematchingcondition

� k = 2k! � k2! = 2
! n!

c
�

2! n!

c
= 0: (B.6)
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FigureB.2: (a)Thevariationof theindex of refractionwith theangle� betweenthepropaga-
tion vectorandtheopticaxisfor anegativeuniaxialcrystal.(b) Directionwhereangularphase
matchingis achieved.

For a given wave vectork andhencea given valueof � , the Poynting vectorS will
have adirectionnormalto thetangentof theindex ellipsoid. In thecaseof ane-beam
S andk are in generalnot parallel but make up a walk-off angle� . The situation
for a negative uniaxialcrystalis shown in Fig. B.3. SinceS is thedirectionof energy
transportane-beamandano-beamwith parallelpropagationvectorswill divergefrom
oneanother.

Figure B.3: Direction of the Poynting vectorS for an o-beam(left) andan e-beam(right)
propagationin anegativeuniaxialcrystal.For thee-beamthis is notparallelto thewavevector
k.
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B.4 Longitudinal beamtemperature

Table B.4: Useful conversionfactorsfor the velocity distribution measurements.99:1keV
24Mg+ ionswith aGaussianvelocitydistributionhavebeenassumed.

Parameter Value
Voltageto laserfrequency 16.1MHz/Volt
Voltageto Velocity 4.50m/s/Volt
FWHM Voltageto temperature 10.6mK� (UFWHM =[V] )2

Velocityspread(rms)to temperature 2.88mK� (� v=[m/s])2
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Trap III interface
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Acronymsand Abbreviations

AG Alternatinggradient
AR Anti re�ex
BBO Betabariumborate
CCD Chargecoupleddevice
CGS Centimeter-gram-second
CI Con�gurationinteraction
CW Continuouswave
DC Direct current
FFT FastFouriertransform
FWHM Full width at half maximum
KDP Potassiumdihydrogenphosphate
LBO Lithium triborate
LIF Laserinduced�uorescens
MCP Micro channelplate
MD Moleculardynamics
OBE OpticalBlochequations
OCP Onecomponentplasma
PAT Postaccelerationtube
PBS Polarizationbeamsplitter
PC Personalcomputer
PD Photodiode/detector
PMT Photomultipliertube
QED Quantumelectrodynamics
REMPI Resonantmulti-stepphoto-ionization
RGA Restgasanalyzer
RF Radiofrequency
RWA Rotatingwave approximation
SHG Secondharmonicgeneration
SI SystemeInternationald'Unites
UHV Ultrahighvaccuum
UV Ultraviolet
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