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We report on a novel noninvasive method to determine the normal mode frequencies of ion Coulomb

crystals in traps based on the resonance enhanced collective coupling between the electronic states of the

ions and an optical cavity field at the single photon level. Excitations of the normal modes are observed

through a Doppler broadening of the resonance. An excellent agreement with the predictions of a zero-

temperature uniformly charged liquid plasma model is found. The technique opens up for investigations of

the heating and damping of cold plasma modes, as well as the coupling between them.
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Cold one-component plasma physics [1] has in the past
two decades led to a series of interesting results due to the
availability of fast computers [2–5] as well as the possibility
to experiment with ensembles of trapped, laser-cooled
atomic ions [6–16]. Prominent examples are the understand-
ing of structural properties of crystallized cold plasmas in
both Penning [6,7] and Paul [8–10,15,16] traps, and the
investigation of the normal mode dynamics of cold magne-
tized plasmas in Penning traps [11–14]. While there exist
many similarities between experiments in Penning and Paul
traps, the unmagnetized plasmas in Paul traps are, e.g.,
known to heat up much faster than the magnetized plasmas
in Penning traps due to the presence of the rf fields [3,17].
The lack of a rotational symmetry axis in Paul traps has as
well been found to be responsible for the observation of
specific crystalline structures [16]. Exploration of the nor-
mal mode dynamics of unmagnetized ion Coulomb crystals
in, e.g., linear Paul traps will hence add to our understanding
of the influence of the trapping environment on the physics
of such crystals. Furthermore, since large Coulomb crystals
are excellent candidates for the realization of high-fidelity
quantummemories for light [18], such studies can shed light
on the influence of the excitation of these modes on the
fidelity as well as on the prospect of storing several photonic
quantum bits through deliberate excitations of specific vi-
brational modes. Larger Coulomb crystals have as well
recently been considered as a system for performing quan-
tum simulations, in which respect knowledge of normal
mode dynamics is needed [19]. Finally, ion Coulomb crys-
tals represent extremely interesting systems to study cavity
optomechanics phenomena [20,21], since, in spite of their
solid nature, they possess free atomic resonance properties
and can hence be made very sensitive to the radiation
pressure force exerted by optical fields.

In this Letter, we report on the study of normal mode
vibrations of Coulomb crystals of 40Caþ ions in a linear
Paul trap by a novel noninvasive technique. The technique
is based on monitoring the coherent collective resonant

response of the atomic ions constituting the crystal to a
single photon optical cavity field [18]. By having a stand-
ing wave optical cavity incorporated in the trap setup with
the light propagation axis coinciding with the rf-field free
axis of the trap, we can detect very small changes in
the optical response due to Doppler shifts resulting from
the ions’ motion along the cavity axis when a mode is
excited. Since the probing does not rely on the observation
of incoherently scattered photons as, e.g., the case in
Doppler velocimetry [11–13] and in sympathetically
cooled single ion mass spectrometry [22], the detected
signal can in principle be purely dispersive in nature and
does not require any excitation of the ions. The technique is
not limited to linear Paul traps, but should work as well in
any open structured trap geometries such as, e.g., the
Penning-Malmberg type traps [11,23], where a fully dis-
persive implementation requiring longer interrogation
times may be very suitable due to the lack of rf-induced
heating. In this work, performed in the absorptive regime,
the fast repetition of an experimental sequence in which at
most one photon is absorbed leaves the thermal state of the
crystal unchanged and the technique can still be considered
noninvasive provided an identical preparation of the ion
ensemble at the start of each sequence.
Previous Doppler velocimetry imaging experiments

with cold magnetized plasmas of Beþ ions in a Penning
trap have led to the identification of a series of normal
modes [11–13], which correlate to specific (l, m) modes
theoretically predicted for spheroidal shaped uniformly
charged liquids [24]. For the cold unmagnetized plasmas
in the linear Paul trap used in our investigations, the
corresponding low-order normal mode frequencies are
expected to be close to those of the (l, m) modes, which
are given by [24]

!ðl;mÞ ¼
!p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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where !p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2n0=M"0

p
is the plasma frequency

(q is the charge of the ion, M its mass, and n0 the

uniform ion density), Pm
l ¼ Pm

l ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
Þ and Qm

l ¼
Qm

l ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
Þ are first and second-order Legendre poly-

nomials with cylindrical indices (l, m) and with the prime
denoting differentiation with respect to the entire argu-
ment. Finally, � is the aspect ratio of the plasma given
by � ¼ R=L, where L and R are the half-length and radius
of the spheroid, respectively, [see also Fig. 2(a)].

The corresponding spatial structure of the modes can
generally be expressed in terms of generalized spheroidal
coordinates [25]. While the modes generally have a non-
trivial dependence on the ions’ position in the crystal, for
longitudinal modes (l, m ¼ 0), the displacement �z, close
(r ’ 0) to the axis of rotational symmetry (z axis), is
approximately given by

�z / P00
l ðz=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � R2

p
Þ: (2)

Consequently, all modes with m ¼ 0 have a spatial varia-
tion along the z axis which, under excitation, will lead to
measurable Doppler shifts of the ions resonance frequency
along this axis.

Figure 1 shows a schematic of the experimental setup for
our studies (a more detailed description of the cavity-trap
setup can be found in Ref. [26]). The linear Paul trap
consists of four cylindrical electrodes to which an rf volt-
ageUrf between 200 and 300 V is applied at a frequency�
of 2�� 4 MHz for radial confinement (xy plane in Fig. 1).
To obtain a linear quadrupole configuration, the rf voltages
are 180� out of phase between nearest neighbor electrodes.
Each of the four electrodes are sectioned into three parts to
allow for the application of dc (1–10 V) and ac voltages to
the eight end pieces for static confinement of the ions along
the cavity axis (z axis) and for normal mode excitations,
respectively. The electrodes have diameters of 5.2 mm and

the nearest neighbor electrode spacing is 1.8 mm.
With these parameters, the single ion effective (pseudo)
potential is to a very good approximation harmonic in all
dimensions in the region of the crystals, which leads to
constant densities of the crystallized 40Caþ ions with
values between 2:6� 108 and 5:7� 108 cm�3 [27].
The 40Caþ ions are produced through isotope selective

photoionization of atoms in a beam of natural abundant
calcium [26,28]. The Coulomb crystals are created through
Doppler laser cooling along the trap axis by two counter-
propagating beams at 397 nm (total power of �4 mW and
beam diameter of �1 mm) and an 866 nm beam applied
from the side to prevent the ions from being shelved into
the D3=2 state (see inset of Fig. 1). The number of ions

constituting the crystals can be deduced by imaging the
light (397 nm) scattered by the ions during the cooling
process onto a charge coupled device (CCD) chip [26].
Normal modes of the ion Coulomb crystals can be

excited by applying identical ac electrical potentials at
variable frequency to the four end pieces at each end of
the trap. By this simple geometry modes corresponding to
the (l, m ¼ 0) charged liquid modes can easily be excited
by having the voltages applied at each end either in phase
(l even) or 180� out of phase (l odd).
To monitor the coherent collective resonant response of

the atomic ions constituting the crystal, a 11.8 mm-long
optical cavity with a measured TEM00 mode waist of
37 �m is used [26]. The optical finesse of the cavity is
about 3000 at the 866 nm resonant wavelength of the

150 m

2L
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FIG. 2 (color online). (a) Projection image of a 1.2 mm-long
crystal with 4000 ions (of which 300 effectively interact with the
cavity field) and density 2:6� 108 cm�3. The dc and rf voltage
amplitudes are 2.36 and 205 V, respectively, and the aspect ratio
� ¼ R=L is 0.135. (b) Cavity probe linewidth as a function of the
mode excitation frequency applied to drive the equivalent of the
(2, 0) mode of this crystal. The probe is tuned to atomic
resonance (� ¼ 0) and the ac modulation voltage is 0.75 V.
The solid line is a Lorentzian fit.

FIG. 1 (color online). Schematic of the linear Paul trap with an
integrated optical cavity. The excitation of the crystal modes
(ac modulation) can be monitored either by measuring the
change in the reflection spectrum of a weak cavity field
(866 nm) with an avalanche photodiode (APD) or by imaging
the fluorescent light (397 nm) emitted by the 40Caþ ions during
laser cooling onto a CCD camera. The inset shows the relevant
energy levels and transitions of the 40Caþ ion.
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3d2D3=2 � 4p2P1=2 transition in the 40Caþ ion addressed

in the experiments.
The plasma mode diagnostic involves a sequence of

steps. First, a Doppler cooling period of 5 �s is followed
by a period of 12 �s, where the ions in the crystal are
prepared in the mJ ¼ þ3=2 magnetic substate of the long-
lived metastable D3=2 level by optical pumping (efficiency

�97%). Next, a weak left-handed circularly polarized
pulse (1:4 �s long) of 866 nm light is coupled into the
cavity to probe the collective response of the ions. The
mean intracavity photon number is less or about one at any
time. During this probing period, the photons reflected by
the cavity are measured by an avalanche photodiode with
an overall collection efficiency of 16%. This sequence
is repeated at a rate of 50 kHz while the cavity length is
scanned at a rate of 30 Hz. The cavity line shape is
reconstructed by averaging a few hundred scans (see [18]
for more details).

With the ion Coulomb crystal at rest, the cavity probe
linewidth is given by [18]:

�0 ¼ �þ g2N
�

ð�2 þ�2Þ ; (3)

where � is the cavity decay rate, gN the collective coupling
rate (see [18,29]), � the optical dipole decay rate, and� the
detuning of the probe with respect to atomic resonance. If
the crystal is moving with a fixed velocity vz along the
cavity axis the probe linewidth would, due to the Doppler
shift, be given by [29]

�0 ¼�þg2N
�ð�2þ�2þðkvzÞ2Þ

ð�2þ�2Þ2þ2ð�2��2ÞðkvzÞ2þðkvzÞ4
(4)

where k is the wave vector of the cavity field.
When exciting one of the normal modes, all the ions in

the crystal will generally not have the same velocity at a
given instance [this is only true for the center-of-mass
mode, see Eq. (2)], and, furthermore, the velocity of the
individual ions will change during the mode period.
However, if the time scale at which the velocity of the
individual ions changes is slow as compared to the effec-
tive cavity photon decay time, one can model the expected
probe line shape by averaging the contributions from the
different parts of the crystal over a single mode-oscillation
period. From Eqs. (3) and (4) it follows that any excitation
of the ions’ motion will generally lead to a narrower
linewidth due to the reduced coupling strength.

Figure 2(b) shows the cavity probe linewidth for � ¼ 0
as a function of the modulation frequency applied to excite
the equivalent of the (2, 0) ‘‘quadrupole’’ mode of a
1.2 mm-long crystal with 4000 ions at a density 2:6�
108 cm�3 [Fig. 2(a)]. A clearly reduced linewidth is ob-
served around 142 kHz. The exact resonance value of
!meas

ð2;0Þ=2� ¼ 142:1� 0:1 kHz is in good agreement with

the resonance frequency !model
ð2;0Þ =2� ¼ 142:2� 1:1 kHz

expected for the (2, 0) mode of a charged liquid crystal

for this aspect ratio and charge density. In order to test
more generally how well the uniformly charged liquid
model describes unmagnetized ion plasmas confined in a
linear Paul trap, the resonance frequencies of the lowest
lying normal modes of ion crystals with various aspect
ratios have been determined by monitoring the linewidth
of the cavity probe field when tuned to the atomic reso-
nance. The resulting mode resonance frequencies are pre-
sented in Fig. 3 together with the predicted values from the
charged liquid model [see Eq. (1)]. The measured values
are consistent with the theory to better than 1% for all
experimental data. This accuracy may appear quite surpris-
ing considering that during all these (l, 0) mode measure-
ments, the (2, 2) mode is continuously off-resonantly
excited by the linear rf quadrupole field confining the
plasma. The rf-induced modulation depth is indeed up to
20% of the radial extension of the crystal, i.e., comparable
to that typically used for the axial excitation of the (l, 0)
modes. The inset of Fig. 3 clearly shows, however, that,
within the current experimental accuracy, the (2, 0) mode
frequency does not have any systematic dependence on the
(2, 2) mode modulation depth �rf

ð2;2Þ, defined by the micro-

motion amplitude of an ion at the radial position (x0, y0)
ðxðtÞ; yðtÞÞ ¼ ðx0ð1 þ �rf

ð2;2Þ cos�tÞ; y0ð1 � �rf
ð2;2Þ cos�tÞÞ.

2

FIG. 3 (color online). Resonance frequencies corresponding to
the (1, 0) (squares), the (2, 0) (circles), and the (3, 0) (triangles)
modes as a function of the aspect ratio �, for a fixed plasma
frequency !p=2� ¼ 536 kHz (Urf ¼ 205 V). The solid lines

show the theoretical predictions of Eq. (1). The error bars are
within the point size. The inset shows the (2, 0) mode resonance
frequency as a function of the (2, 2) mode off-resonant
modulation depth �rf

ð2;2Þ (see text) for a fixed aspect ratio � ¼
0:135. The mode resonance frequency is normalized to that
expected for a plasma without any excitation of the (2, 2)
mode and the solid lines show the uncertainty in the expected
resonance frequency due to the density calibration. The
Coulomb crystals contain between 4000 and 12 000 ions (of
which between 300 and 700 ions effectively interact with the
cavity field), with densities of 2:6–5:6� 108 cm�3 and their
temperature is in the 10 mK range.
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This result is nonetheless consistent with molecular
dynamics simulations from which it has been predicted
that the radial rf-field-driven micromotion in linear Paul
traps should have an extremely weak coupling into the
axial motion of the ions [3].

In Fig. 4, the cavity probe linewidth with and without
exciting the (1, 0) mode at the resonance frequency
!ð1;0Þ=2� ¼ 94 kHz is presented as a function of the de-

tuning of the probe with respect to the atomic resonance.
From the Lorentzian line profile in the absence of the mode
excitation, one finds ð�; �; gNÞ=2� ¼ ð2:2� 0:1; 12:3�
0:3; 8:2� 0:1Þ MHz. When the (1, 0) mode is excited,
the absorption line is substantially modified to a
non-Lorenzian profile. A fit based on the (1, 0) mode
function [Eq. (4)] averaged over one oscillation period
results in a driven motion amplitude vfit

z0 ¼ 5:9� 0:7 m=s

[vzðtÞ ¼ vz0 cosð!ð1;0Þtþ ’Þ]. This value is in good agree-
ment with the value vfluo

z0 ¼ 5:3� 0:6 m=s deduced from

fluorescence images recorded in phase with the modulation
voltage. Here, a motional amplitude zfluo0 ¼ 9� 1 �mwas

measured at the mode resonance frequency !ð1;0Þ=2� ¼
94 kHz. Since equally good quantitative agreement be-
tween experiments and the model was also found for the
(2, 0) mode, this proves that quantitative information about
the ions’ motion can reliably be obtained from the ion-
cavity coupling without the need for observing directly the
fluorescence signal. The present experimental parameters
limit investigations to crystals containing at least a few
hundred ions and micron-size amplitude of the vibrational
excitation. However, with optimal atomic transition and
cavity parameters, the technique should be applicable to
few-ion crystals and few quantum excitations. In the fu-
ture, higher order (l, 0) modes are envisioned to be studied
through mode excitations using spatial- and time-
modulated radiation pressure forces. For 40Caþ ions this
can, e.g., be achieved through the combined application of

a 866 nm repumper beam with a spatially modulated
intensity profile along the cavity axis and a time-varying
intensity of one of the 397 nm cooling beams [22].
Eventually, for the high spatial modulation of modes
with large l, the liquid model should cease to apply.
Further applications could be measurements of ion
Coulomb crystal temperatures and heating rates [14] and
more detailed investigations of the coupling between the
various normal modes at various temperatures and struc-
tural phases of the plasma [2,25]. Finally, we also believe
that the spectroscopic findings as well as the noninvasive
character of the method used will be important for, e.g.,
observing radiation pressure-induced optomechanical
effects [20,21] with ion Coulomb crystals.
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