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Geometric quantum gate for trapped ions based on optical dipole forces induced
by Gaussian laser beams
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We propose an implementation of quantum logic gates via internal state dependent displacements of ions in
a linear Paul trap caused by optical dipole forces. Based on a general quantum analysis of the system dynamics
we consider specific implementations with alkaline-earth-metal ions. For experimentally realistic parameters
gate infidelities as low as Ifican be obtained.
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I. INTRODUCTION tain the correct values for the phase factors and to properly
fissess the effect on the atomic motion in the trap. In Sec. Ill,

we consider specific implementations in alkaline-earth-metal

experiment_al realization of guantum computation is a String1ons. Assuming a Gaussian intensity profile of the applied
of trapped iong1]. In such a realization, a quantum kgu- laser beam, we find in Sec. IV experimentally relevant pa-

bit) is represented by two internal states of an ion on which ameters for an implementation of the ate proposal usin
quantum logic operations can be performed through Iaser—ioEbCa+ or 13%4" ionspan d discuss relevangt] erroF; sgurces Fi-g
interactions. Any quantum logic operation can, e.g., be com- Iv. in Sec. V . di ; d lusi :
posed of single-qubit operations and controlieair (CNOT) nally, In Sec. v, we give a discussion and a conclusion.
gates between any two ions in the strifj. While single-

qubit gates are relatively simple to perform, theoT and Il. THEORY

equivalent two-ion gates are more demanding and usually
also slow as compared to single-ion gates. Only Very rep,qop pgy) trap, i.e., the axis where the rf-field vanisf8ds
cently such two-ion gates have been demonstrated experj

GBIV B4 O | ¢ WO tes is th i laser beam which is far-off resonant with all internal tran-
mentally [3,4]. One class of two-ion gates is the geometriC giinng in the jons and propagates perpendicular to the trap

quantum gates, where i”tef”"’T' state d(-ependen-t.forces d'ai(is induces an optical dipole force. This force can be de-
place _the lons away from their equmbr.lum positions. Thescribed by a potentidl i,(z, ) which depends on the posi-
associated shift of their Coulomb potential energy gives ris ion variablez along the trap axis, and on the internal state

to a phase factor which depends on the internal states of bo bel « taking one of two possible values, represented by

ions, and Wh_ich hence provides a nontrivial two-qubit gateandi in the following. The potential is controlled by the
[5]. Geom.etrlc gates can be relatively fast as COrT‘pa“.ed tf?nensity, waist, polarization, and wavelength of the laser
other two-ion gates and furthermore they allow a high f'del'beam[lo]

ity since transitions between the internal states of the ions are For an ion string illuminated by a dipole force inducing

no: d'rreCt%t'n(\j/?:}Vg:[E’is]' T]hexdrelzqmlons;ranon nchf tﬁNOT' n- beam its total potential energy, is the sum of the dipole
gate presente 11s an example of a geometric qua potential of each ion, the potential energy of the ions due to

tum gate where the displacing force is provided by the Opti'the trap and due to their mutual Coulomb repulsion. Specifi-

cal dipole force from a moving standing wave light field. : ) .
Other implementations, e.g., employing arrays of so—calleé:alIIy for two singly-charged ions of mass, we have
e

microtraps have been studied theoreticgy7,§. 1,

In this paper we propose an experimental realization of aY(Z,2 a1, @) = Emwz(ziJf %)+ J——
geometric quantum gate on a string of ions confined in a 0%z A
linear Paul traf9], where the internal state dependent force + Uip(Z1 eq @1) = Faip(Z1 eq @1) (21 = 21 ¢g)
is provided by the optical dipole force from a laser beam A _F. _
propagating perpendicular to the ion string. We describe a + Vaip(Zoq @) = Fap(Z2eq 02)(22~ Z2eq),
method which allows the laser to be far detuned from any 1)

internal transitions such that spontaneous scattering evenfghere w, is the single ion oscillation frequency in the trap
can be strongly suppressed. and where a linear expansion of the dipole potential around
The paper is organized as follows. In Sec. Il we present g,e equilibrium positionsz ¢, (i=1,2) has been applied.

full quantum analysis of the dynamics of the system to Ob-Fdip(zi,eqra’i):_audip(zua’i)/&z(z:zi,eq) is the optical dipole
force exerted on théh ion.
Rather than considering@oT gate, we shall in the fol-
*Present address: Physikalisches Institut, Universitat Freiburdowing focus on implementation of the equivalent
Hermann-Herder Strasse 3, 79104 Freiburg, Germany. controlledZ two-qubit gate[11]. A controlledZ gate applied

Today, one of the most promising physical systems for a

We consider a pair of ions confined to the trap axis of a
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to a superposition of the product state¥{|), |)1), [DIl)  equation,iAt/(t)=H(®)(1), U(0)=I. Since the Hamiltonian

and|1)[T) changes the sign of th¢)|) term i.e., the phase  ¢an pe decomposed as a sum of commuting tekfrean be
of this state is changed by), while leaving the others un- expressed as a product

changed. The implementation of a geometric controlled-Z

gate relies on the fact that the dipole force is internal state i(',, , ,
dependent. The origin of this dependence will be described U=exp - gjo dt'[Ugip(z1,eq @1.t') + Udip(Z2 eq @2:t')]

in the next section. As mentioned above, the idea is that the

dipole force displaces the ions away from their equilibrium X U(DU(D), (6)
positions, and the associated change in Coulomb ener
gives rise to phase shifts which depend on the internal stat
of the ions. By choosing a suitable temporal and spatial pro

here U/,(t) and U/_(t) are time-evolution operators corre-
sponding to the Hamiltonians

filg of the dipole force inQUcing beam, the obtained phase H, = hwa’a+ f(ay,ant)(@+a) 7)
shifts of the above-mentioned four product states can be
made equivalent to a controlled-Z gate. and
To describe the motion of the ions, we first rewrite ED. =
as fO”OWS Et) H_= \3ﬁwaTb + f_(al, az,t)(b + bT), (8)

3 1 respectively. In the following we solve f@x, with the un-
U (21 e 22 eq @1, @2, 1) = “Mw?AZ + =mwi(Z + 32) derstanding that the solutici- can be obtained frond,

4 2 simply by replacing, with f_ andw, with y3w,. To this end,
we switch to the interaction picture with respect to the

+ Ugin(Z1 e @1, t) + Ugin(Zo eq 0 t e - .
diplZ1eq @1 1) + Uaip(Z2 eq @21 Hamiltonian of the free harmonic oscillator

1
- E[Fdip(zl,ecv al,t) Hint,+ — iwztaTaf+(a1,a2,t)(aT + a)e—iwztaTa
+ Faip(Z2eq 2212, =f.lag,azt)(ae™ + a'e™) (©)
1 and make the ansatz that
- —=[Fgin(Zo e 2, t .
\\"2[ dlp( 2,.eq “2 ) uint‘*_: iwztafaqu: ":3+‘2/Zei¢+ei5+aTei5+a_ (10)
~ Faip(Z1eq ar, )]z, (2) " From the Schrédinger equation fok,, + it follows that the
wherez,=(z,+2,)/\2 andz.=(z,~z,-Az)/\2 are the mo- hafm‘?MSFi"atme-SPace displacem@riiay, a, 1)
tional mode coordinates for the so-called center-of-mas§ P+/ \MAw,=iz./ il (Mw,), with p+.belng the center-of-
mode and the breathing mod&2], respectively, and\z ~ Mass mode momentum, can be written as
=2y eq~Z16q deNoOtes the equilibrium distance between the 1t
ions. Turning to a quantum mechanical description, we intro- Bilay, ap,t) = — —f dt'f,(ay, ap,t)e e (12)
duce lowering(raising operatorsa (a") andb (b") for the o

. . ~ /— + A
mode coordinates, i.e.z=#/(4mw,)(a+a’) and Z and that the phasé, acquired due to excitation by the force

=/ (4my3w,)(b+b"), to find the Hamiltonian termf, is given by
H = hw,ata+ \3hwb'b + Ugiy(z eq art) + Ugip(Z t 1 t -
wA Vol w, dlp( 1.eq X1 ) dlp( 2.eq A2 ) bolay ant) = - = Im J dt’f+(a1,a2,t’)e"‘”zt
+ f+(al!a2=t)(a+ aT) + f—(alvaZIt)(b + bT)v (3) ﬁ 0
h v -
where X ( f dt'f, (ay, ap t”)el 2 )} .12
0

[ h
fulan azt) = 8mwz[Fdip(zl'eq’a1’t)+Fdip(22'eq’a2’t)] The displacement of the ions is internal state dependent,
@) which leads to couplingor entanglementbetween the inter-
nal and the motional states. For the gate operation, this is an
and undesired effect and we shall therefore request the displace-
- ment tq¢be zero at the end of the gate operation, such that
__ _ Ui +=€'%+. In the implementation of the controlled-Z gate
flay, a2 = \ gm\;’sz[Fdip(zz'eq’ @20 = FapZreqar ] Glctined below, we will take the dipole-potential to be of
(5) the formudip(zi & !t):UCOHS(Zi)-'_UOSC(Zi i_ai)g(t)v (I: 1, 2) in_

a time interval[0,T] and zero otherwise, specifically with
are responsible for excitation of the center-of-mass mode an@(t)=0 outside this interval. To avoid the large internal
the breathing mode, respectively. The time evolution of thestate dependent phase factors in E§ we furthermore
system can be described by a unitary time-evolution operatassume [ gg(t)dt:O. The force termf, can be written
U, which evolves state vectorg in time according toV(t)  as f.(ay,ap,t)=foons(Z1eqr 229 + fosd Z1.eqr Z2 e @1, @) (D),
=U)WP(t=0). U(t) solves the time dependent Schrodingerwhich together with Eq(11) implies that the center-of-mass
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mode displacement at the end of the gate operation can hghysical implementation of the scheme, analytical expres-

written sions for the acquired phases are provided.
T
_: 'const —iw. T - losc —iw
BT =i- =1 e )-I7f0 dtg(te™?. (13 IIl. IMPLEMENTATION IN ALKALINE-EARTH-METAL
z
IONS

Both terms of this expression vanishTifis an integer num-

S . . . A. Atom-light li
ber n of oscillation periods,T=27n/w,, and if the Fourier om-ight coupling

transform Since alkaline-earth-metal ions are among the most
1 1T prominent atomic ions for doing quantum logic, we will now
= - = St — = it focus on experimental realizations of the controlled-Z gate
9(wr) = \’Zf_w dtg(te V2rlo dtg(te based on such ions with presentations of specific results for
40ca" and '%Ba’. We choose the qubit states to be)
=0. (14 =n2g (-1/2) and|1)=n2S,,(+1/2), on which single qubit
From Eq.(12) it can be shown that the phase acquired duringoperations can be performed using Raman transitions via the
the gate operation can be expressed as n 2P1/2 level. Assuming that the frequen(zyL of the dlpole
_ force inducing laser is close to or below the transition fre-
¢+(T):ifdw/|f+(w')|2 quencies wy, and ws, of the n’S;,~n?Py, and the
52 o - w, n<S,,,—n“Py, transitions, respectively, we may to a good
e apprq>_<imation only consider gontributions f_rom these two
=C, 2+ Cof conef os5(0) + 1 f do’ [0(w’)] transitions to t.h(_e dipole potent@s long asy_is not in the
const " 2 const os K2 o -w, immediate vicinity of the transition frequencies of the weak

n?s,,-(n-1) 2D3,25,2 electric quadrupole transitiohsEx-
panding the dipole force inducing beam in®'- and
wheref,(w) is the Fourier transform of,(t) andC, andC, ¢ -polarized light components with respect to its propaga-
are constants. The first term on the right-hand side is irreltion axis(the quantization axjs the contributions to the di-
evant, since it does not depend on the internal state of theole potential for the two statg$) and|1) are those associ-
ions and the second term vanishes since we have requiré’d’Ed with the_ transitions indicated in Fig.. 2. The respective
§(0)=(2m)Y2[Ig(t)dt=0. The interesting term is the last dipole potentials can consequently be written

one, from which we observe that the closer the characteristic - -

frequencies of the functiom(t) are to the oscillation fre- Ursdlergel Up= et il (16
quencyw, (or V3w, for the breathing modethe larger is the ~Wherel, is the intensity of ther*- and o™-polarized compo-
accumulated phase. It is thus a natural choice to adopt @ents, respectively, and where

(15

harmonic time dependent force that oscillates with just one 3mc?
. . . . 7C 2F1/2 1 1
oscillation cycle lesgor more than the trapping motion dur- = { 3 ( + )
ing the interaction timeT. In Fig. 1(a), one example of a 2 | Bwjp\wip- oL wptop
phase-space trajectory of the center-of-mass mode of two Tap 1 1
ions in the||)||) state is shown. The duration of the interac- 3 ( + ) 17
tion is taken to be 15 trapping periods, and 14 periods of the Swyp\ 3= L w3zt @
applied periodic force. We observe that the net displacemening
vanishes at the end of the gate operation. For the same inter-
action, Fig. 1b) shows the phase-space trajectory of the _ 37702@( 1 1 ) (18)
breathing mode with the ions being in thg|1) state. The V== W3\ Wzp— @ W3+ @

breathing mode frequency 6f3w, is far-off resonant with _ _

the frequency of the applied force and hence the breathingePend only on the properties of the ion and the frequency
mode is much less excited than the center-of-mass mod&. Of the dipole force inducing Iascgr. Herﬁ%,z andI'y, are
Note that since 183=25.98~ 26, this oscillator mode under- thze transzltlon strengths of the “S,,-n“P,, and the
goes an almost integer number of oscillations and hence [l “Suz2~N “Psy, transitions, respectively. As can immediately
experiences a nearly vanishing net displacement at the end B S€en, the force derived from this dipole potential will be
the gate operation. Other good choices for the duration of théifferent for the two qubit states, whenever the intensities of
interaction in units of the trapping period are 566\@ _the two_polar_|zat|on components_dlﬁer. Hen_ce, by_ introduc-
=06.995~97), and 209 (209\@:361.9986: 362. The ing a S|r_1u30|dal temporal_varlatlon of the intensity of the
phasesp, are equal to the areas of tiie.,p,) phase-space polarization components given by

trajectories in units ofi, and they depend on the internal 1 )

state of both ions, as needed for a two-qubit gate. Fig(ze 1 L.(zt) = 11 £ sinQ)], (19
shows the build-up of the phase during the interaction. The

parameters have been chosen to ensure an effective phasghich can be done by, e.g., using an electro optic phase
shift of 7 on the|1)|T) state[see Eq(33) below] as desired modulator, the situation considered in Sec. Il can be ob-
for the controlledZ gate. In the following section on the tained.
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FIG. 2. Relevant energy-levels and transitions in alkaline-earth-
metal ions(e.g.,*%Ca’, #8sr", and!*®Ba") for calculating the dipole
potential for the qubit statelg )=2S,,,(-1/2) (solid lineg and|1)
=23, ,(+1/2) (dashed linesdue to a dipole force inducing laser

0z 00 02 Relf. ] peam containingr*— r_:md o~— polarized components with intensi-
+ tiesl, andl_, respectivelyy, and¢_ are defined in the text.
(b) : . . . . .
0.06- wt/2n=0-15 n>1, as in the example of Fig. 1 whene=15. The Fourier
0,041 : transform ofg(t) on the interval[0,T] contains two terms
’ which are proportional to sjfiw-Q)T/2]/(0—-Q) and
0.021 siM(w+Q)T/2]/ (w+Q), respectively. These sinc-functions
o 000 peak atw=() and w=-(), while they have exact zeros at
£ 0.02] =0_and w=w, Furthermore, they are suppressed aat
oo —\3wz, especially when/ 3nis close to an integer.
-0.06 B. Phase shifts
-0.04 -002 000 002 004 006 008 010 In order to calculate the displacement and the acquired
RelB.] phase for the center-of-mass mode for the specific intensity
variation in Eq.(19), the f-functions entering in the integrals
© MM in Egs.(11) and (12) have to be determined using the defi-
B2 e S . I~
0g nition in Eq. (4). For f., which is r(_aspon5|ble for excitation
04 of the center-of-mass mode, we find
2.0 A1) =—[fos+ frisin(Q)], (20
8 16
T 12 +(11) == [for + f2, SIN(QY], (21
0.8 —— Total phase
041 T o A(11)= = [fo, = f, sinQY)], (22)
0.0frrm i e
012345678 9101112131415 J17) == [fos — f1 SIN(Q)], (23
ot/2rn
z where
FIG. 1. Real and imaginary parts of the center-of-mass mode oo~ o~
and the breathing mode displacemghtt) and the acquired phase (Fi+Fo)(g + ), (24)
with n=15. The parameters are chosen such that an effective phase Wz
shift equal torr of the 1) |1) state[see Eq(33) below] is obtained.
(a) Parametric plot showing (R4 B.(t)],Im[B.(t)])
=(p./Vhmw,, —z./\fi/mw,) when the ions are i) ). (b) Para- \/ (Fl"' FZ) — ), (25
metric__plot  showing (ReB-(t)], Im[B-(t)])=(p- INEMY3w,,
-z_/\k/m{3w,) when the ions are ifi) |1). In both(a) and(b) the
phase-space trajectory starts out from the origin and goes clockwise } / (Fl Fz) — ), (26)
as time elapsegc) Acquired phase. The solid line is the total ef-
fective phase of @p.(]],t)—¢_(]1,t)]. The dashed line is the
center-of-mass mode contribution o2 | | ,t). The dotted lines d
indicate phases of 0 andl. ~ 1 al(2)
F=-2- — (i=1,2. 27
2 oz 27 o

From Sec. Il we thus identifg(t) =sin(QQt) for 0<t<T.

As for the choice of(), we recall the requirementS  The full time-dependent expressiogst) and ¢(t), which
=27/ w, with n integer,§(0) =T(w,) =§(V3w,)=0 and that were used for obtaining the plots in Fig. 1, can be found by
the characteristic frequency gft), i.e., ), should be close carrying out the integrals in Eqél1) and(12) for the center-
to w,. Consequently, a good choice §=(1-1/n)w, with of-mass mode as well as the breathing mpt#g. Here we
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only state the acquired phases at the end of the gate opera-(2 (®)

! N X Intensity Intensity
tion, which for the center-of-mass mode are given by L4
2 5 Az= " ‘_A/W/Z
LT = g1 D= 20 T N
+ ’ + =~ PN 4 .
(2h)2 2-02  (hw)? 2 e e
Tons Position, z Iorﬁ Position, z
(28)
© Intensity
1T = g1, T) = 2 2ol fa P i
o : (2%1)2 2-02 (hw)? 2 wee S S
(29 XH \ A ".45/\
ae’ ST SL St s.
neglecting a term which is independent of the internal state \lons/ Position, 2

and assuming> 1. These phases scale quadratically with
with one factor ofn originating from the timel and the other FIG. 3. Three possible configurations for realizing the two-ion
originating from the denominator, due to the fact thiatvas  gate considered in the texa) Two ions positioned at distances of

chosen to be near-resonant with The phases acquired due w/2+Az/2 from the center of a Gaussian laser bedmTwo ions
to excitation of the breathlng mode are likewise found to beposmoned at distances ofW2=+Az/2 from the center of a

2 /5 T £2 '§n Gaussian laser beargt) Two ions, each positioned at a distance of
1‘2 Vz @z 5 =~ 1- 5 A W/ 2 from the center of a tightly focused Gaussian laser beam.
(2h)*3ws-Q%  (how)* 2 '

(30)

¢-(LL.TD=a-(11,T)=

the size of the force on the two ions are the same but of
opposite sign for identical internal states. Finally, Fi¢c)3
shows a realization similar to the first case, but with appli-
cation of two laser beams.

Since in all cases we will assume the ions to be situated
close to one of the points in the intensity profile where the
induced dipole force is largest, much of the analysis is simi-
lar for the three situations. Hence, in the following we will
focus on the situation in Fig.(8) in order to establish formal
equations. Assuming the ion string is centeredzad, we
may write the intensity of the dipole force inducing beam as

2. 23w, T 2. \3nx

¢_(H,T):¢—(”’T):(2h)23w§—922 (hwp)? 2

(31)

where
EZ - El

Fp+Fy
{3(F, +|~:1)’

2+ — ~ ~
V3(F,—Fy)

These phases only scale linearly with since the rotation (34)

frequency() is off-resonant with the breathing mode fre-

quency of \3w,. In Egs. (30) and (31), terms which are where z,=W/2 is the center of the dipole force inducing

smaller than the stated terms by a factornond further beam,W is the beam waist anlj, is the peak intensity. For

suppressed if3n is close to an integer have been neglectedthe gate operation two highly relevant and linked parameters
The combined effect of the above phase shifts is equivaare the required peak intensity and the fidelity loss due to

lent to a single phase shith,=¢.(] |)-¢.(1T)-#.(T])  off-resonant scattering events. The required peak intensity

+¢.(17)=2 (1 | )= (1 1)] of the |T)|1) state[8]. Thus, enters in Eq(33) through thef-functions. For a given wave-

to make a controlled-Z gate, we require that length and a given choice of beam waist the required peak

m= (L LT+ (L LT = b1 1.T) = b1 1.T)] intensity can be determined. Using the definitions in Egs.

fl—: f1+ f2_: f (32)

1(2) = 1,722 20",

7Tn2

 (hw,)?

2 2
f1+ - f2+ +

J—

V3
;(fi_— f2) 1.

(33

IV. REALIZATION OF THE CONTROLLED- Z GATE
USING GAUSSIAN LASER BEAMS

A. Intensity requirements and off-resonant scattering rates

(25~(27) and (32), we find Fy~F,~e Y2 o/W, fy,~f,_
~0 and a pair of nonzero expressions for andf,_, which
together with Eq(33) yields the required peak intensity

- 2€1fiw§mV\/2
PN )

where only the leading term in has been retained. The
scaling with the various parameters is intuitively reasonable.

(35

In the following we will consider possible realizations of First, it has already been discussed that langleads to a
a controlledZ gate in a two ion string using one or two large phase pick-up and hence a low intensity requirement.
dipole force inducing laser beams propagating perpendicula@@econd, the larger the differeneg -, the larger is the
to the trap axis as sketched in Fig. 3. In the first case showdipole force difference fof|) and|1). Third, if the waist is

in Fig. 3@), we assume that the equilibrium distanke be-

small, the dipole force is large, which in turn reduces the

tween the two ions is smaller than the waist of the laserequired intensity. Note also that the required lagewer
beam, such that they feel essentially the same strong dipole-1oW?) is proportional toW?, which makes a small waist
force. The situation in Fig.(®) corresponds to a case where very attractive.
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Knowing the required intensity, we can now determine themetrically around the center of the dipole force inducing
average probability?s. for a scattering event from one of the beam. Since we do not have the requirement A& W we
two ions during the gate operation. Formally, we can writecan choose a lower trap frequency @f=2m X 200 kHz,

P ~TT (I'sT<1), wherel'. is the average total scatter- which implies thatAz is equal to 16.4um for “°Ca" and
ing rate of the two ions. Assuming an equal average populat0.9 um for ¥*®Ba" and which yields the following values
tion of the two internal states and an intensityeof2, at the  for (power, Py, ). *°Ca": (120 mW,8% ,395.1 ninand
position of the ions, the dominant scattering from th#®,,,  (~6.5 kW,<0.9% ,>1500 nm. *%Ba": (360 mW,1%,

and then ?P,, state yields 474.5 nm and(~140 W,<0.2% ,> 1000 nn). For high fi-
7 delity gates the required power is experimentally still too
o _—SC_ o2y demanding.
Psc W, — ¢_\8ﬂ2hwzm\l\fz, (36) Finally, we consider the situation presented in Fi¢c)3

where the waist of the applied laser beams is not directly
related to the equilibrium distance between the ions and
_ 37TC2wE{Fi/2< 1 1 )2 hence rather tightly focused beams can be applied. A; long
sc= 5 as the beam waists are larger than the thermal excursion of
2h w172 the ions from their equilibrium positions, the equations de-
1 1 2 rived above for the case of Fig(88 are immediately appli-
( —— + n ) (37 cable. Forw,=2m7X 200 kHz andW=5 um, we plot in Fig.
@ai2” OL BT OL 4 the required laser power anid, T~ P, for “°Ca’ and
The dependency o on the internal structure of the ion 13885" as a function of the dipole force inducing laser wave-
and the wavelength of the dipole force inducing laser is contength. The plots in Figs.(4) and 4c) extend to a wave-
tained in the front factor of </ (i, — ), showing thatP,,  |€ngth of Sum in order to show the long wavelength behav-
ior, however, one should keep in mind that due to diffraction
~ it is technically demanding to obtain asm waist for the
large. I'sc becomes small in the limiby <w;/5, w3, due to  |ongest wavelengths. In all plots=15 was chosen, which
the factor ofw?, however, in the same limif,~ . is pro-  gives a very reasonable gate timeTo£75 us.
portional to thedifferencel;wy 5= Ig o055 Which is also For %°Cd’, we see from Fig. @) that a high power of
small. Alternatively, ifwy,< o, <wsp, ¢~ can become 200 W is required in the long wavelength limit for the
a sumof two positive terms, however, fdr,.to be small in  considered parameters. However, by choosing@09 instead
this case, a large fine-structure splitting is required. Both irof 15, the required power drops to15 W at the cost of an
the far-off resonant case and when the dipole force inducingncreased gate time df=1 ms. Considering the challenge of
laser is tuned in between the fine-structure levels#f@a" diffraction, a laser at a wavelength ofi@n would be favor-
ion turns out to be more attractive than tHf€a" ion. An-  able in the long wavelength limit. Fortunately, the required
other candidate ion i&Sr" which for the present gate pro- power of~15 W is easily achievable with commercial Thu-
posal is less attractive thari®Ba" but more attractive than lium fiber lasers operating in the range of 1.75—2r2 [14].
40cd’. In the following we only considet’Ca’ and **Ba. Hence, high fidelity gates witR,.~ 1073 should be possible.
Other interesting lasers in the far-off resonant regime are the
Nd:YAG (yttrium aluminium garnétlaser at 1064 nm and
o _ the CO-laser near pm, but the relatively high scattering
To get more quantitative numbers out, we now considepropability and diffraction limitations, respectively, makes
the cases of twd°Ca’ or two **Ba" ions in a trap withw,  these lasers less attractive than the Thulium fiber laser. A
=2mX 1 MHz, which leads to an equilibrium distande of  \wavelength near 395 nm is furthermore attractive figa’
5.6 um and 3.7um between two ions, respectively. First we [see Fig. 4b)], since the needed power of ony3 mW eas-
consider the situation depicted in Fig(aB for Az<W, jly can be obtained. The scattering probability is a few per-
such that the dipole forces on the two ions arecent, which is acceptable for a first demonstration, but not
equal. To fulfill this we choose a waist of 3m. Finally,  good enough for implementation of error correcting
by choosingn=15(y3n~ 26) the intensity and the scattering schemes. By a further reduction of the beam waist, e.g., by
rate can be calculated for a given wavelength of theplacing a lens system inside the vacuum chamber where the
dipole force inducing laser beam. FéfCa" and *Ba"  jon trap is situated, it should be possible to focus to below
with the dipole force inducing laser tuned either in 1 um [15] and hence reduce the scattering rate by a factor of
between the fine-structure levels or far red detuneds—10.
we find the following values fotpower, Ps, A ), wherex, Due to the larger fine-structure splitting 6¥°Ba’, the
is the dipole force inducing laser wavelengti®Ca’:  scattering probability is already below 1% for a wavelength
(8 W,30%,395.1 nmand(~0.5 MW, <4%,>1500 nm.  around 475 nnisee Fig. 4d)] between the 6S,,—6 2P,
¥%Ba’ (86 W,6% 474.5nm, and (~33 kW,<1.2%, 2P, transition wavlengths. The low laser power needed in
>1000 nm). Clearly, this is not very promising for experi- this wavelength region can easily be supplied by frequency
mental realizations. However, since the main problem is theloubled diode laser systems. Note also that light from an
requirement thatV> Az, the situation depicted in Fig(B)is  argon-ion laser at a wavelength of 488 nm could be a rea-
more favorable. Her&V/=Az with the ions positioned sym- sonable possibility. However, as f6fCa" a Thulium fiber

where

Wy~ WL Wt o

2
r
o3

6
w32

can be minimized either by makinESC small or ¢, — i

B. Experimental parameters for *°Ca’ and *%Ba*
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FIG. 4. Required power andi,T vs wavelength of the dipole force inducing laser fca" and *®Ba’. In all plots w,=27
X 200 kHz, W=5 um, n=15, andT=75 us. (a) 40ca’, far red detuned laser. The divergences near 900 nm are due to a cancellation of
g~ (b) “°Ca’, laser wavelength in the vicinity of the’8, ,—4 2P, ,, and 4°S,,,—4 ?P,, transition wavelengths, which are indicated by
the symbols®P,,, and ?P,,. (c) **Ba’, far red detuned lasetd) ***Ba’, laser wavelength in the vicinity of the %8, ,,—6%P,,, and
6%S,,—6°P,, transition wavelengths.

laser seems to be most ideal, since high fidelity gates with 1. Polarization errors
P,.~10* (a value comparable to the threshold value re-
quired for fault-tolerant quantum computatiph6]) should
be feasible with laser powers of about 14 W for the case wit
n=15 andT=75 us as shown in Fig.@). In the long wave-
length limit, the 1064 nm wavelength of a Nd:YAG laser
could also be a possibility since a scattering probability of
~1073 at a laser power of-7 W is achievable. It should be wheree, accounts for the imbalance, there will be two extra
noted that in all cases discussed above, the required powderms in the dipole potential. One teffme, sin(2t)] enters
the scattering probability and the gate time can be adjustedith the same sign itJ, andU; and hence it does not give
by changingn, w,, andW. rise to any Stark-shift induced phase difference betwéen
and|1). The other termgyl(2)(y.—-)/2, enters with a dif-
ferent sign inJ, andU,, which leads to a phase difference of

In case there is an imbalance of the intensity in the two
Hpolarization components, such that

l.(zt) = %I (2[1 £ €)1 £siNQY)], (39
C. Error sources A¢= €l (2) (¢~ ) T/h betweer]|) and|7) in each ion at the
. o end of the gate operation. Since this difference should be
When we considered the realization of the gate schemegch smaller than the desired phase shiftpfwe find by
above, we already discussed the effect of spontaneous emigsing the expression fone, Egs. (34) and (35) and T
sion on the fidelity of the gate operations. There are, how=2:1/«, the condition
ever, other experimental error sources which will also influ-
ence the final fidelity of an actual realization. A key element h
in the present gate proposal is the polarization rotation, €< Sw.mWE (39
which serves to remove phases due to internal state depen- z
dent Stark shifts. Since the Stark shifts are of first order inn the situation considered above with=5 yum and w,
intensity and the phase acquired by the change in Coulomb27 X200 kHz this meanse,<1/400 for 40ca" and €
energy only originates from second order effects, even smakk 1/700 for*8a". Fulfilling these criteria is not very easy,
errors in the laser parameters may be very critical to théut fortunately, the undesired phase difference can be can-
actual gate operation. In the following subsections, errorgelled by using a type of spin-echo techniq@@]. Instead of
due to nonperfect balancing of the two polarization compo-generating the full effective phase shift afin a single op-
nents of the dipole force inducing laser beam, timing errorseration, the gate-operation can be performed in four steps:
as well as power, position and frequency fluctuations of thgl) Run the gate at half the intensity, to get an effective
dipole force inducing laser are discussed. phase-shift ofm/2 on |1)|). (2) Swap the population be-
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tween||) and|1) by applying single-qubitr-pulses to both beam waistW or smaller. This condition is most restrictive
ions. (3) Same agl). (4) Same ag2). The trick here is that for the situation shown in Fig.(8), where a pointing stabil-
the undesired phase differences due to a polarization erroity of about 50 nm is needed wh&i=5 um. Though small,
which are obtained in stepd) and (3), are of the same this type of stability is technically possible.

magnitude but have opposite sigdue to the population

swapping and therefore cancel out. The gate operations in 5. Frequency fluctuations

(1) and(3) both give an effective phase shift af/ 2, even As for the power and position fluctuations, laser fre-
though the population is swapped @), becausep.(11,T)  guency fluctuations will lead to fluctuations in the dipole
=¢:(17,T) and ¢.(L1,T)=¢:(1],T). The final 7-pulse  stential and hence to an imperfect cancellation of the Stark-
just swaps the population back. Using this trick the gate timeift induced phase. Since laser frequencies can be very ac-
is doubled (neglecting the duration of the relatively fast cyrately controlled and frequency fluctuations anyway are
m-pulsey, while the required intensity is halved. Since the expected to be small, as compared to the detuning from any

required intensity is proportional to* and the gate tim&  of the two fine-structure levels, this is not expected to play
«n, these parameters can be readjusted if an appropriaigy significant role.

value forn is available.

Finally, the imbalance also gives rise to errors in the gate
operation, which the spin-echo trick does not cancel. These
errors are of ordee’ or €,/n and hence they are suppressed The gate proposal presented above has some similarities

V. DISCUSSION

to the 10* level at a small but realistic value @f~1%. with the gate recently demonstrated by the NIST gridip
in fact the mechanism which gives rise to the desired phase
2. Timing errors shift is exactly the same. There are, however, also some es-

In case the gate time differs from the duration of a full sential differences between the wo schemes.

number of polarization rotation periods, an undesired phasgx ilsn \t,caeSNli;I;/%é%erlljmetr;"té ai‘nczlepnoslﬁ for(rzs d?é?\rt]go? g'vrig\firﬁp
difference will again build up. Assumingl=4T+2m(n P y y 9 9

. ; standing wave light field. The wavelength of the light field
_;)/Q an_'([jh(i;‘:‘T<l,l the phasi g;z‘;’{?(nz(%% 'SA equal 1025 and hence the period of the standing wave is set by the re-
above, wi e replacemery, o ga|n+us.|ng quirement that the Stark shift induced phase shift of the two

W=5 um andw,= 2 X 200 kHz and considerinCal with qubit levels should be zer@orresponding ta, + =0 in

n=15, Eq.(39) translates t0T<0.5us, with a more re- g, case which is fulfilled if the laser is tuned in between
laxed limit for largern (the limit is proportional tovn). Ap- g fine-structure levels. This can, however, give rise to a
plying electro optic modulators to control the laser pulsegjgnificant amount of scattering events, as we also saw
length, the condition 0@T is not very severe since switching apove Even though this scheme relies on a moving standing
times of a few nanoseconds can be obtained. wave, the instantaneous force on the two ions is required to
be equal. Consequently, the ions have to be well localized

3. Power fluctuations which requires cooling to the Lamb-Dicke limit with respect

If the total laser power fluctuates at a frequensgy such to the wavelength of the light-field, which in this case also is
that the total intensity is given biy(t)=1[1+¢ sin(wit)], the Lamb-Dicke limit for the qubit operations. An.eql.JaI di-
then the resulting fluctuations in the dipole potential inte-P0l€ force on the two ions was obtained by adjusting the
grated over the gate tini6 will give rise to a phase differ- distance between them to an integer number of standing

ence betweer|) and |1). If the intensity fluctuations are Wave periods, which may be difficult to generalize to per-
random, they can in general not be expected to cancel usidg"™ & gate between any two ions in a multi-ion string.
the spin-echo trick. Whem;~ Q the phase differenca ¢ In_ the proposa! p.resgnted here, wher_e the dipole f(_)rce is
~ &l(2)(4,-4.)12, i.e., the same phase difference as abovePrOV'_ded by a varlgtlon in t.he' beam p.r(')flle, the excursion of
just with e, replaced bye;, which means thaé;<1/400 is the ions from their equml_:)rlum position _should only be_
required for “°Ca’. When w; < the phase difference is smaller than the_ beam waist, which is adjustabl_e_, but typi-
smaller by a factor of 2n and even smaller ito;> Q. In- cally up to ten times larger than a relevant transition wave-
tensity stabilization fulfillinge; <1/400 is not unrealistic, in €ngth. This means that except for very tightly focussed
fact a commercially available Laser Power Controller al_beams th(_e'Lamb-ch.ke limit criterion need not be fqu|I_Ied
ready offers a power-stability of:8107* within certain lim- and, specmcally,_ the ions need not be .coole'd to the motional
its [18). ground state. _Slnce the dl_pole f_orce inducing beam propa-
gates perpendicular to the ion-string in our proposal, address-

ing of specific ions for implementation of gates in a multi-
ion string should be feasible. A theoretical description of this

Fluctuations in the position of the dipole force inducing situation should also be quite straightforward by generalizing
beam give rise to intensity fluctuations, which lead to imper-Eq. (6). Due to the polarization rotation method, the dipole
fect cancellation of the Stark-shift induced phase and an unforce inducing laser is allowed to be far-off resonant with
wanted variation in the dipole force exerted on the ionsrespect to the relevant internal transitions, such that a scat-
Hence, for high quality gate operations with errors at thetering probability below the asymptotic threshold value re-
10 level, position jitter has to be of the order of 1% of the quired for fault-tolerant quantum computatighé] in prin-

4. Position fluctuations
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ciple can be obtained in the long wavelength limit. Finally, aions are controlled by absorption of photons from a discrete
gain in gate speed and fidelity can be obtained by using theet of laser pulse$19]. In this case requirements on the

proposed scheme in a standing-wave version, but with thgulses naturally arise for having zero displacement and for
drawback of requiring stronger localization of the ions.  gptaining the desired phase shift. It can be shown that these

It should be mentioned, that the idea of using optical di-eqirements are discrete versions of those expressed
pole forces for implementing a controlled-Z gate has also{hrough"g(w) above

been considered by Sasura and Steane for an array of micro- )
scopic ion traps with a single ion in each trggj. In many ) In conclusion, we have presented a proposal fora 9‘?0‘“_8“
respects this system is very similar to the one considerefC duantum gate and shown that an experimental realization

. ; : ) A
here and naturally many of the considerations are the same %55:2% the attractive alkaline-earth-metal iofifCa" and
those made above. a is feasible with gate times below 1Q8s and errors at

In a very recent proposal, Garcia-Ripoll, Zoller, and Ciracthe 10 level as required for fault-tolerant quantum compu-
present a geometric gate, where the momenta of the involve@tion [16].
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