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We present a new robust decoupling scheme suitable for levels with either half-integer or integer
angular momentum states. Through continuous dynamical decoupling techniques, we create a protected
qubit subspace, utilizing a multistate qubit construction. Remarkably, the multistate system can also be

composed of multiple substates within a single level. Our scheme can be realized with state-of-the-art

experimental setups and thus has immediate applications for quantum information science. While the
scheme is general and relevant for a multitude of solid-state and atomic systems, we analyze its
performance for the case composed of trapped ions. Explicitly, we show how single qubit gates and an
ensemble coupling to a cavity mode can be implemented efficiently. The scheme predicts a coherence

time of ~1 s, as compared to typically a few milliseconds for the bare states.
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Introduction.—Protecting quantum bits (qubits) from
decoherence due to interactions with their environment is
a prime issue of experimental quantum information sci-
ence. In the case of solid-state and atomic qubit systems,
the presence of ambient magnetic field fluctuations is in
particular a problem. Consequently, several methods have
been put forward to tackle this problem. The traditional
solution is to utilize either a two-level subsystem of two
integer total angular momentum states, which to first order
has no Zeeman shifts [1-3], or a two-level system com-
posed of two hyperfine states with identical first order
shifts [4,5]. A third way is to use decoherence-free sub-
spaces [6—-8], which requires spatially separated physical
qubits to represent a single logic qubit and thus incurs
considerable overhead, and is potentially vulnerable to
decoherence due to field gradients.

Dynamical decoupling is another general strategy to
tackle this problem [9]. The pulsed version was proven to
be extremely efficient [10,11]; however, it may require
complex pulse sequences. The continuous version of dy-
namical decoupling [12] is based on spin locking [13],
where a continuous drive protects the system from external
noise and weaker continuous pulses improve its robustness
[14]. Continuous dynamical decoupling could be com-
bined in a natural way with gates [15] and could improve
the coupling efficiency to superconducting cavities [16].
However, both versions require composite schemes to
overcome both the external (magnetic) noise and the con-
troller (optical, microwave, or 1f) noise. A four-level struc-
ture composed of the magnetic substates of two hyperfine
levels with F =0 and F = 1 has been designed to be
perfectly robust to control fluctuations in conjunction
with composite schemes [17], but this method is only
applicable for this particular spin system.
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In this Letter we present a new and general method for
the construction of a protected and robust qubit subspace.
The method utilizes a multilevel structure, on which con-
tinuous dynamical decoupling fields are applied. Our
method is suitable for a wide range of solid-state and
atomic systems, and it is applicable to a variety of tasks
in the field of quantum information science and quantum
sensing, in particular, quantum magnetometery and quan-
tum memories. The method can be implemented with
state-of-the-art technology and should be able to push the
T, time to the T limit.

General scheme.—The general scheme defines the pro-
tected subspace which we denote by {|D;)}. In the follow-
ing J is the angular momentum operator, H, is the
(continuous) driving Hamiltonian, FH ,, is the Hilbert
subspace of the protected (and hence dark) states, and
H | is the complementary Hilbert space, that is, H =
H @& H | . We define the protected subspace by

(Dj|1ID)y =0 Vij, HyD)y=0 Vi (1)

The first equation ensures that the noise does not operate
within the protected subspace; the noise can only cause
transitions between a state in the protected subspace and a
state in the complementary subspace. We assume (by
construction) that for any eigenstate |¢,) € H | of H,
we have that [(i;|H | ;)| is much larger than the charac-
teristic frequency of the power spectrum of the noise [18].
This ensures that the energy of all states in FH j, is far from
the energy of the states in J{ |, and thus the rate of
transitions from FH ,, to H | due to noise is negligible.
The second equation indicates that the protected subspace
is the kernel of H,; and, hence, the protected states do not
collect a dynamical phase and are immune to the noise
originating from H,. Note that these conditions are
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analogous to the error detection conditions in [19] since the
errors are magnetic noise, which is represented by the J,
operator, and fluctuations in H,.

From the definition of the protected subspace we can
also study the evolution within the subspace. Transitions
between dark states can be generated by only one of the
operators J, and J,. Suppose that J, transforms between
dark states, J,|D;) = |D;) (i # j). Together with J,|D;) =
le;y € H | we have that J,J.|D;))=1¢;) € H | and
J D)=l )EH |, and hence J,|D,)E H | . Whether
it is J, or J, that transforms between the dark states is
determined by H,. Suppose again that J, transforms
between the dark states. It is then easy to show that
[Hy J,ID;) = 0 and that [H,, J,]ID;) € 4 | . This limits
the available direct operations on the dark state to rotations
around one axis. However, general unitary operations
can be implemented by various methods [20-22]. Since
JID)y=lpyE H, we can also conclude that
[d4r/2] = dyr,, where the dgp and dyp are the dimen-
sions of the total Hilbert space and the protected subspace,
respectively.

Implementation with trapped ions.—Below we present
an implementation of the scheme with a system of trapped
ions. Although the suggested implementation is applicable
to a variety of ionic systems, we focus on the calcium
ion (see Fig. 1). Remarkably, the considered multistate
system is composed of multiple substates within a single
level, specifically, the D;;, sublevels. Since the Ds/,
states have a lifetime of ~1 s, we consider their subspace
to be the protected subspace. Please note that a very
similar level structure exists for the barium ion with a
longer lifetime of ~20 s. For simplicity we will use the
notation |d3p4,,) = |D30im;), |p1jasm,) = |Pijpimy),
and |sy24,,) = |S1/2: m;). The definition of the protected
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FIG. 1. Level structure of the calcium ion, *°Ca*. The D, /2
subspace, which has a lifetime of ~1 s, serves as the protected
subspace. The §,/, — P/, transitions and the D3/, — P, tran-
sitions are used in the initialization and construction of the
protected subspace.

subspace given by Eq. (1) results in the two dark states
(see [22])

D) =1~ Hay, 1Dy =11y -2

where it can be seen that the average magnetic moment for
each state vanishes.

These two orthonormal dark states can serve as a basis
for a qubit memory. The Ds/, degeneracy is removed by
applying a constant magnetic field along the Z axes which
results in an energy gap of g;B between any two adjacent
energy levels, where g; = % is the Landé g factor. A large
enough |B| such that |g;B| is much larger than the char-
acteristic frequency of the noise ensures that the dark states
are also immune to J, and J, noise. We now describe the
driving Hamiltonian, H;, = H,; + Hg,. H,p corresponds
to the simultaneous on-resonance coupling of the |d;) and
|d5) states to the | p,) state, and results in the first dark state
|D,). Hy, corresponds to the on-resonance coupling of
the |dy) and |d,) states to the |p,) state, and results in the
second dark state | D,). However, the driving fields of each
dark state can impact the other dark state since they operate
on all of the D5, states. We reduce this undesirable effect
by creating an energy gap between the two P, /, states. This
energy gap is achieved by the on-resonance coupling of the
|so) and |p;) states, and as a consequence, the driving
fields of the first (second) dark state operate on the second
(first) dark state with a detuning of A2 = Q + (4B/5)
(A1 = —[Q + 4B]) (see Fig. 2).

|d2>r (2)

(a) |P0> P

(b)
|Bz> |Bl>

) ™1 D)

d, !
) D, ) o)

FIG. 2 (color online). Realization of dark states. (a) The black
(red) driving fields result in the first (second) dark state. The
driving fields of each dark state also operate on the subspace of
the other dark state (dashed lines), resulting in small energy
shifts. The detunings are given by A2 = —Al = Q + 4B/5,
where () is the energy gap between the two P/, states, intro-
duced by the S,/ — P/, coupling. Blue arrow shows optical
pumping to the first dark state, |D;). (b) Level structure in the
dark states basis. The dark states |D,) and |D,) form the
protected subspace.
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In the interaction picture and in the rotating wave ap-
proximation the total driving Hamiltonian is given by

V30,
2

P paol) +e] 6

H; = [(%|P1><d1| + |p1)<d3|) + H.c.

QO
+ (71|m><d2| +

This Hamiltonian has two eigenstates with zero eigen-
values, which are the desired dark states given by Eq. (2),
and four bright eigenstates whose eigenvalues are equal to
=0, [22].

Thus far we have discussed the construction of the
protected subspace. In the following we estimate the life-
time 7' and the coherence time 7, of the dark states. The
lifetime can be affected by the energy shifts caused by the
driving fields of the other dark state, and the coherence
time can be affected by the fluctuations of these energy
shifts. The fluctuations in the energy shifts cause dephasing
at a rate equal to the power spectrum of the noise at zero
frequency. For the first dark state |D;) an energy shift
fluctuation can also occur due to fluctuations of the driving
field creating the energy gap between the two P/, states.
Calculation of these energy shifts and their fluctuations
(assuming a maximal fluctuation of 1% in the intensity of
the driving fields [23]) yields [22]

0?2 3 0?2 2
= + — = + —.
AE, 4|A1| (1 100)’ A, 4|A2] (1 100)
“4)

Both AE, and AE, are of the order of Q2/€), which for
typical experimental setups is (Q2/Q) ~ [(10°)%/10°] =
10 Hz. These energy shifts correspond to a small modifi-
cation of the dark states, |D;) — /1 — €|D;) + /€l¢,),
where |@;) € H |, reducing the T, time from 1 s to
approximately 0.9 s [22].

The T, time can be affected by the fluctuations of AE1
and AE?2. For the above experimental parameters, we have
that T, = [A(AE1 — AE2)]7' ~(Q3/100Q)" ' =10s
[22,24]. As this bound is even larger than 7, we conclude
that the fluctuations in the driving fields do not reduce the
T, time. In addition, relative amplitude and phase fluctua-
tions will limit the 7, time by T;/n?, where T; is the
coherence time of the bare states, and 7 is the rate of the
relative amplitude fluctuations; since these are usually
small we can neglect this correction.

Another source of noise comes from polarization imper-
fections. The typical experimental error in the polarization
is ~1%. This means that ~1% of a " polarized beam is
actually o~ polarized and vice versa, causing an error
within the driving of each dark state (for example, 1% of
the o~ beam which couples the |d3) and | p,) states is a o
beam which couples the |d,) and |p,) states). The polar-
ization errors also cause an energy shift and modify the
dark state. However, an energy gap of ~10 MHz between

the D5, states (due to the Zeeman splitting) ensures that
neither the 7, time nor the 7, time is reduced [22].

We have thus constructed a protected and robust qubit
subspace with a lifetime and a coherence time which
are almost identical to the Dj/, lifetime, equaling
approximately 0.9 s, while the T time is of the order of
1 ms [25,26].

Initialization and single qubit gates.—By adding two
extra laser beams, one that couples the |s;) state to the
|p,) state and the other that couples the |d,) state to the
|p,) state (blues laser in Fig. 2), we can achieve optical
pumping to the dark states |D,). This way, the dark state
|D,) is taken out of the protected subspace, but because of
H  the state will eventually evolve to the dark state |D,).
Another method of initialization is to optically pump into
the |d;) state, and then conduct a STIRAP procedure via a
Raman transition.

We propose an experimentally simple method for the
implementation of a single qubit o, gate by applying a
microwave field which is set to be on resonance with the
energy gap between the Dj/, states (see Fig. 3). More
specifically, the microwave field is tuned to apply the J,
operator, as in our case [H,, J,]|D;) = 0. In the interaction
picture and in the rotating wave approximation, the
Hamiltonian of the single qubit gate is given by

§|d1><do| + |dy)Xd; | + \/7§|d3><d2|) + H.c,

&)

which corresponds to the operator —(i3€),/2)|D,XD,| in
the dark states basis [22]. In the Supplemental Material
[22] we explicitly show how to construct o, and o, gates,
which allow for the implementation of any single qubit
unitary operation.

H, = ng<

B

| 20)

D3/2

FIG. 3 (color online). Realization of (i) a single qubit gate
(blue) (ii) coupling to a cavity mode (green).
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Interaction with a cavity mode.—One of the most impor-
tant applications of robust quantum states is the implemen-
tation of a quantum memory. For this purpose, it is also
necessary to have an efficient interaction between the
robust states of the quantum memory and the mediating
system which delivers the data to be stored and retrieved
from memory. Here, we focus on the interaction of ions
with a cavity mode, as several experimental investigations
are currently exploring this situation [25-30]. Such an
interaction will not only allow for the implementation of
a quantum memory but could also allow for multiqubit
gates where the interaction between different qubits is
mediated via the cavity modes.

We begin by setting the cavity mode such that its fre-
quency and polarization correspond to the detuned cou-
pling of the |d,) state to the |p;) state with the detuning &
to be specified below. In addition, we apply an external
control field which corresponds to the detuned coupling of
the |d,) state to the | p,) state with the same detuning & and
with a Rabi frequency (). such that § > (). > g, where g
is the rate describing the coupling between a single photon
in the cavity mode to a single ion (see Fig. 3). This
interaction couples the |d;) and |d,) states and results in

the effective Hamiltonian H 4 = — gz%f (ld,Xd|la + H.c.),
where a is the annihilation operator of the cavity mode. In
the dark states basis the interaction, which is given by
He; = —(3g0./88)(|D,)XD;la + H.c.), couples a cavity
mode to a robust qubit [22]. However, the strength of this
coupling is usually weak compared to the cavity and ion
damping rates. That is, , y > (3g{),./85), where « is the
cavity’s damping rate and y = (Q2/8%)', is the ion’s
damping rate. This is known as the weak coupling regime
in which transmission of quantum information is not pos-
sible. The problem can be circumvented by coupling a
cavity mode to an ensemble of ions. The coupling strength
is enhanced by N, where N is the effective number of
ions, and for a large enough ensemble this results in
K,y < /N(3gQ,./88), which are the conditions for the
collective strong coupling regime. (Note that, since we
consider N ions, the probability of emitting a photon is
~(Q2/8%)N. However, the factor N is canceled out
because the interaction results in a Dicke state.) From the
condition of the strong coupling regime on the ion’s damp-

ing rate, we must have that % < (Sg\/ﬁ/SI‘pl).
Substituting I'), = 27 X 23 MHz, g = 27 X 0.5 MHz,

and +/N ~ 10 (which could be achieved, e.g., as a string
of one species of ions within another species [31]), we get
that (Q./8) < 15, and thus we set ((./8) ~ 1072 The
condition on the cavity’s damping rate then implies that
Kk < (g/10) ~ 7 X 0.1 MHz is required. Such damping
rates are exhibited in current high-finesse cavities.

Note that by removing the control field we are left only
with the coupling to the cavity mode which results in the
Hamiltonian H = —(g2/8)|d,Xd,|a* a, corresponding to
Hp =~ —(3g%/48)|D,XDla’a in the dark states basis. As

Hy takes 5(1Dy) + D)) to £ (1D,) + /Ge1/40a%a| p )
a nondemolition measurement of the photon number in the
cavity can be done by a Ramsey spectroscopy experiment
on the dark states [22]. This constitutes an alternative
strategy to electron shelving based methods [32].

Discussion.—A scheme for robust qubits based on con-
tinuous dynamical decoupling was presented. The scheme
is general in the sense that it can be applied to all systems
satisfying Eq. (1), but otherwise the systems can have
different characteristics. Unlike most commonly used
methods, our scheme is applicable to systems with half-
integer total angular momentum.

Although our example utilizes the Ds/, subspace, in
principle, the scheme can also be applied to subspaces of
a different total angular momentum, such as the D5/, sub-
space of the calcium ion. In this case, a protected qubit
subspace can be achieved by first an on-resonance J,
coupling of all P53/, states (which results in four J, eigen-
states), and second, by the on resonance coupling of the
|dy) and |ds) states to one of the above eigenstates (result-
ing in one dark state), and by the on-resonance coupling of
the |d,) and |d;) states to another J, eigenstate (resulting in
a second dark state). The ability to couple negative angular
momentum states with positive angular momentum states
constitutes a necessary condition for satisfying Eq. (1).

The scheme was analyzed in detail for a system of
trapped ions based on optical control, in which the quan-
tum memory consists of a string of ions that could either
exist on its own or inside a larger crystal of a different
species [31]. The simplicity of the scheme, which does not
require complex laser pulses, enlarges the scope of quan-
tum memories to laser control and provides new perspec-
tives for laser manipulations.

By combining the setup with a stripline resonator, a
conversion between an optical photon to a microwave pho-
ton could be achieved. Our scheme can also be realized with
barium ions which have a lifetime of ~20 s. Such a long
lifetime would enable a relaxation of the requirements on
the number of ions and the cavity damping rate, resulting in
a simpler experimental realization, and would also increase
the storage time by one further order of magnitude.

We acknowledge support from the Israel Science
Foundation (Grant No. 1125/10) and the Binational
Science Foundation (Grant No. 32/08) (N.A), the
Carlsberg Foundation and the EU via the FP7 projects
Physics of Ion Coulomb Crystals (PICC) and Circuit and
Cavity Quantum Electrodynamics (CCQED) (M. D), and a
carrier integration grant(CIG) No. 321798 IonQuanSense
FP7-PEOPLE-2012-CIG (A.R).

[1] J. Benhelm, G. Kirchmair, C.F. Roos, and R. Blatt, Phys.
Rev. A 77, 062306 (2008).
[2] D.M. Lucas et al., arXiv:0710.4421.

230507-4


http://dx.doi.org/10.1103/PhysRevA.77.062306
http://dx.doi.org/10.1103/PhysRevA.77.062306
http://arXiv.org/abs/0710.4421

PRL 111, 230507 (2013)

PHYSICAL REVIEW LETTERS

week ending
6 DECEMBER 2013

(3]

(4]
(5]

(6]
(7]

(8]
(9]
[10]

[11]

[12]

[13]

S. Olmschenk, K. Younge, D. Moehring, D. Matsukevich, P.
Maunz, and C. Monroe, Phys. Rev. A 76, 052314 (2007).
C. Langer et al., Phys. Rev. Lett. 95, 060502 (2005).

E. Fraval, M.J. Selelars, and J.J. Longdell, Phys. Rev.
Lett. 92, 077601 (2004).

D.A. Lidar, I.L. Chuang, and K. B. Whaley, Phys. Rev.
Lett. 81, 2594 (1998).

D. Kielpinski, V. Meyer, M. A. Rowe, C. A. Sackett, W. M.
Itano, C. Monroe, and D.J. Wineland, Science 291, 1013
(2001).

H. Hiffner et al., Appl. Phys. B 81, 151 (2005).

L. Viola and S. Lloyd, Phys. Rev. A 58, 2733 (1998).
M. ]. Biercuk, H. Uys, A. P. VanDevender, N. Shiga, W. M.
Itano, and J.J. Bollinger, Nature (London) 458, 996
(2009).

B. Naydenov, F. Dolde, L.T. Hall, C. Shin, H. Fedder,
L.C.L. Hollenberg, F. Jelezko, and J. Wrachtrup, Phys.
Rev. B 83, 081201(R) (2011).

T.R. Tan, J.P. Gaebler, R. Bowler, Y. Lin, J. D. Jost, D.
Leibfried, and D.J. Wineland, Phys. Rev. Lett. 110,
263002 (2013).

M. Goldman, Spin Temperature and Nuclear Magnetic
Resonance in Solids (Clarendon Press, Oxford, England,
1970).

J.-M Cai, B. Naydenov, R. Pfeiffer, L. P. McGuinness,
K.D. Jahnke, F. Jelezko, M. B. Plenio, and A. Retzker,
New J. Phys. 14, 113023 (2012).

A. Bermudez, F. Jelezko, M. B. Plenio, and A. Retzker,
Phys. Rev. Lett. 107, 150503 (2011).

J. Cai, F. Jelezko, N. Katz, A. Retzker, and M. B Plenio,
New J. Phys. 14, 093030 (2012).

N. Timoney, 1. Baumgart, M. Johanning, A.F. Vardn,
M. B. Plenio, A. Retzker, and Ch. Wunderlich, Nature
(London) 476, 185 (2011).

The actual condition is that the lowest eigenvalue of H,; of
an eigenstate which is outside the kernel is much larger
than the characteristic frequency of the noise. In this case
the new 7T; time would be proportional to the power

[19]
(20]

[21]
(22]

(23]

[24]

(30]
(31]

(32]

230507-5

spectrum at a frequency which equals the smaller eigen-
value.

E. Knill, R. Laamme, A. Ashikhmin, H. Barnum, L. Viola,
and W. H. Zurek, arXiv:quant-ph/0207170.

S.C. Webster, S. Weidt, K. Lake, J.J. McLoughlin, and
W. K. Hensinger, Phys. Rev. Lett. 111, 140501 (2013).
Mikelsons et al. (to be published).

See Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevLett.111.230507 for
detailed derivations of the results concerning the
implementation of the scheme with a system of trapped
ions.

However, it is possible to keep the intensity of the laser
beams stable at a level considerably below 1%, including
at frequencies of 1 Hz or below, by the use of commercial
power stabilizers (liquid crystal noise eaters, http:/
www.thorlabs.com).

The actual T, due to a Markovian noise is 1/g%7,, where g
is the rate of the noise and 7, is the correlation time of the
noise. A lower bound on T, is given by 1/g, which is
achieved for a long 7, (7, = T»).

P.F. Herskind, A. Dantan, J.P. Marler, M. Albert, and
M. Drewsen, Nat. Phys. 5§, 494 (2009).

M. Albert, A. Dantan, and M. Drewsen, Nat. Photonics 5,
633 (2011).

M. Keller, B. Lange, K. Hayasaka, W. Lange, and H.
Walther, J. Mod. Opt. 54, 1607 (2007).

F. Dubin, C. Russo, H. G. Barros, A. Stute, C. Becher, P. O.
Schmidt, and R. Blatt, Nat. Phys. 6, 350 (2010).

A. Stute, B. Casabone, P. Schindler, T. Monz, P.O.
Schmidt, B. Brandstitter, T.E. Northup, and R. Blatt,
Nature (London) 485, 482 (2012).

A. Stute, B. Casabone, B. Brandstitter, K. Friebe, T.E.
Northup, and R. Blatt, Nat. Photonics 7, 219 (2013).

L. Horneker, N. Kjergaard, A.M. Thommesen, and M.
Drewsen, Phys. Rev. Lett. 86, 1994 (2001).

C. Clausen, N. Sangouard, and M. Drewsen, New J. Phys.
15, 025021 (2013).


http://dx.doi.org/10.1103/PhysRevA.76.052314
http://dx.doi.org/10.1103/PhysRevLett.95.060502
http://dx.doi.org/10.1103/PhysRevLett.92.077601
http://dx.doi.org/10.1103/PhysRevLett.92.077601
http://dx.doi.org/10.1103/PhysRevLett.81.2594
http://dx.doi.org/10.1103/PhysRevLett.81.2594
http://dx.doi.org/10.1126/science.1057357
http://dx.doi.org/10.1126/science.1057357
http://dx.doi.org/10.1007/s00340-005-1917-z
http://dx.doi.org/10.1103/PhysRevA.58.2733
http://dx.doi.org/10.1038/nature07951
http://dx.doi.org/10.1038/nature07951
http://dx.doi.org/10.1103/PhysRevB.83.081201
http://dx.doi.org/10.1103/PhysRevB.83.081201
http://dx.doi.org/10.1103/PhysRevLett.110.263002
http://dx.doi.org/10.1103/PhysRevLett.110.263002
http://dx.doi.org/10.1088/1367-2630/14/11/113023
http://dx.doi.org/10.1103/PhysRevLett.107.150503
http://dx.doi.org/10.1088/1367-2630/14/9/093030
http://dx.doi.org/10.1038/nature10319
http://dx.doi.org/10.1038/nature10319
http://arXiv.org/abs/quant-ph/0207170
http://dx.doi.org/10.1103/PhysRevLett.111.140501
http://link.aps.org/supplemental/10.1103/PhysRevLett.111.230507
http://link.aps.org/supplemental/10.1103/PhysRevLett.111.230507
http://www.thorlabs.com
http://www.thorlabs.com
http://dx.doi.org/10.1038/nphys1302
http://dx.doi.org/10.1038/nphoton.2011.214
http://dx.doi.org/10.1038/nphoton.2011.214
http://dx.doi.org/10.1080/09500340600792911
http://dx.doi.org/10.1038/nphys1627
http://dx.doi.org/10.1038/nature11120
http://dx.doi.org/10.1038/nphoton.2012.358
http://dx.doi.org/10.1103/PhysRevLett.86.1994
http://dx.doi.org/10.1088/1367-2630/15/2/025021
http://dx.doi.org/10.1088/1367-2630/15/2/025021

