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Abstract

This thesis presents a model that can describe the expected spectroscopic signals

when applying photon recoil spectroscopy (PRS) in the unresolved sideband limit

where the linewidth of either the addressed transitions or the exciting light sources

is broader than the frequencies of the involved motional modes.

The model is compared to experimental results with respect to the former case by

carrying out unresolved sideband PRS on the 3s 2S1/2 - 3p 2P3/2 electronic transition

of a single 24Mg+ ion. Very good agreement between the experimental and simula-

tion results strongly suggests that the model will be useful for other spectroscopic

investigations as well.

A search for the closed rovibrational 1Σ+ |v = 0, J = 1〉 - |v′ = 1, J ′ = 0〉 transition

in 24MgH+ is also presented. The largest limitation of this experiment, are found to

be the population distribution among the rotational states in 24MgH+ due to coupling

to room temeperature black-body radiation (BBR), not only decreasing the expected

signal depth by 8.5% but also necessitating very long measurement times to average

out the relatively slow rotational dynamics. Here we cannot rule out that the lack of

signal is due to statistical fluctuations

An important feature of unresolved sideband PRS is that the spectroscopic signal

does essentially not depend on which of the two transition states are occupied by the

target ion when applying the spectroscopic light pulses.

Additionally, it was found that the scenario of unresolved PRS, due to motional

ground state depletion, gives rise to a broadening of the spectroscopic signals that

can be much larger than the natural linewidth of the transition or the spectral width

of the applied light source. In situations where the aim is to localize undetermined

spectroscopic lines, this technique together with rather imprecise theoretical predic-

tions of the line positions can turn out to be a very powerful tool to search for the

transitions.

Hence the technique should be well suited to localize still vastly unknown nar-

row lines in various target ions, such as rovibrational and electronic transitions in

molecular ions, and electronic and (hyper)fine structure transitions in highly charged

ions.
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Dansk resumé

I denne afhandling præsenteres en model til at beskrive det forventede signal for

photon-rekyl-spektroskopi (PRS) i det tilfælde hvor sideb̊andene ikke er opløst. Enten

fordi den spektrale linjebredde af overgangen, eller lyskilden der driver den, er større

end frekvensforskellen mellem de ydre bevægelsestilstande.

Modellen sammenlignes med eksperimentelle resultater for det første af tilfældene,

opn̊aet ved at udføre ikke-opløst sideb̊ands PRS p̊a den elektroniske 3s 2S1/2 - 3p 2P3/2

overgang i 24Mg+ . God overensstemmelse mellem eksperimentelle og simulerede re-

sultater tyder kraftigt p̊a, at modellen ogs̊a vil være brugbar til andre spektroskopiske

undersøgelser.

Et forsøg p̊a at lokalisere den lukkede rovibrationelle 1Σ+ |v = 0, J = 1〉 -

|v′ = 1, J ′ = 0〉 overgang i 24MgH+ præsenteres ogs̊a. Den største begrænsning i dette

eksperiment er populationsfordelingen mellem de rotationalle tilstande i 24MgH+

for̊arsaget af koblingen til sortlegemestr̊aling ved stuetemperatur. Dette reducerer

ikke kun signaldybden til 8.5% af den forventede, men gør ogs̊a meget lange måletider

nødvendige for at kunne midle over den forholdsvis langsomme rotationelle dynamik.

For disse målinger kan det ikke udelukkes, at det manglende signal skyldes statistiske

fluktuationer.

En vigtig egenskab ved ikke-opløst sideb̊ands PRS er, at det spektroskopiske signal

essentielt ikke afhænger af, hvilken af de to overgangstilstande den addresserede ion

befinder sig i, n̊ar den spektroskopiske lyspuls anvendes.

Ydermere ses det, at PRS-scenariet hvor sideb̊andenene ikke er opløst, pga.

udtømning af bevægelsesgrundtilstanden, giver anledning til en forbredning af det

spektroskopiske signal, som kan være meget større end den naturlige linjebredde

af overgangen eller spektralbredden af den anvendte lyskilde. I situationer hvor

målet er at lokalisere en ikke tidligere bestemt linje, kan denne teknik, sammen med

en forholdsvis upræcis teoretisk forudsigelse af linjens position, vise sig at være et

fortræffeligt værktøj til at lede efter overgangen med.

Dermed burde teknikken være meget anvendelig til at lede efter endnu d̊arligt

bestemte smalle linjer i mange forskellige ioner, s̊a som rovibrationelle og elektriske

overgange i molekylære ioner og elektriske og (hyper)finstrukturlinjer i ioner med høj

ladning.
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Chapter 1

Introduction

The field of ion trapping goes more than 65 years back and originates with Wolfgang

Paul inventing the Paul trap in 1954 [1] and Hans Dehmelt inventing the Penning

trap in 1959 [2]. Ion traps offer an ideal setting for studying charged particles due to

their long storage times of up to years facilitating long interrogation and coherence

times, and a very high degree of isolation from the environment especially under

ultra-high vacuum (UHV). The long-ranging Coulomb trapping force mostly leaves

the ion’s internal levels undisturbed, and at the trap center the trapping fields vanish

completely resembling a particle in free-space scenario. For these reasons they shared

the Nobel prize in 1989.

Due to the deep trapping potential of a few eV equivalent to temperatures of

thousands of kelvin it is easy to load ions into the trap, however these will generally

follow large trajectories far from the field free trap center. Thus, in order to restrict

the ion motion to the trap center and minimize Doppler broadening, the ions have to

be cooled down. This was made possible with the Doppler cooling technique proposed

in 1975 [3, 4] and demonstrated in 1978 [5], which at the same time facilitated imaging

of ions through fluorescence detection where photons continuously scattered from the

closed short-lived cooling transition are being recorded. The first single ion to be

imaged was Ba+ in 1979 in the group of Peter Toschek [6].

Fluorescence detection of ions also made it possible to do spectroscopy of long-

lived states via the so-called shelving technique already proposed by Wineland and

Dehmelt in 1975 [3]. Here the ion is purposely excited to a long-lived state (i.e.

‘shelved’) by a resonant light field, from where it cannot fluoresce. The probability

to shelve the ion is greatest when the exciting light field is resonant with the shelving

transition, and hence by varying the frequency of the exciting light field, the shelving

technique can be used to measure the transition frequency. This unprecedented

opportunity to detect the state of a single atom in real-time also lead to the first

ever observations of so-called quantum jumps in 1986 [7–9], which is the spontaneous

change of the eigenstate of a system. Since quantum jumps are the hallmark of a

1



2 Chapter 1. Introduction

single quantum system these observations definitively answered the question asked

by Erwin Schrödinger in 1952 [10] and still debated as late as 1985 [11] on whether

experiments with single quantum systems could ever be realized.

With high-precision measurements of atomic states also comes the possibility to

perform extremely precise time measurements, since transitions in trapped atoms

constitutes some of the most stable and reproducible measurable oscillators in the

world. In fact since 1967 the second has been defined by spectroscopy in 133Cs.

The prospect of using single trapped ions to improve on atomic clock and frequency

standards was the driving force behind the invention of the resolved sideband cooling

technique already proposed by Wineland and Dehmelt in 1975 and first demonstrated

by Diedrich, et al. in 1989 [12]. With this technique ions can be cooled to their

ground state of motion paving the way for full coherent control of the internal and

motional states of single and few-ion systems. For his contributions to this achieve-

ment Wineland later received the Nobel prize in 2012. The first clock in the optical

regime [13] was a single trapped 199Hg+ ion in 2001 reaching a stability of 7×10−15 in

1 s [14]. Nowadays, the best clocks in the world, reach stabilities of 10−18 [13, 15–20]

outperforming the Cs clock by two orders of magnitude. This level of uncertainty

corresponds to a misreading of 1 second in 30 billion years or around 2.3 times the

age of the universe!

The high level of coherent control of both the internal and motional states of

single and few-ion systems achievable with sideband cooling also makes trapped ions

good candidates for quantum information. In fact trapped sideband cooled ions is

one of the few known systems, which fulfill all of DiVincenzo’s now famous criteria

for the physical implementation of quantum computation from 2000 [21]. In an ion

quantum computer the internal state of each co-trapped ion constitutes a quantum

bit (qubit), and coupling between qubits necessary for multi-qubit gate operations is

facilitated through the ions’ common outer motional excitation [22–24].

All these ground-breaking experiments could however initially only be conducted

for a small subset of atomic ions, which possess broad closed transitions suitable for

Doppler cooling and fluorescence detection. However that obviously does not mean

that all so-called inaccessible atoms and molecules are not interesting to study, far

from it!

For both atoms and molecules there are many examples of inaccessible species

possessing narrow lines insensitive to B-field fluctuations and therefore suitable for

clock and qubit applications. Other lines, especially in molecules, might at the same
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time be sensitive to the size of natural constants such as the electron mass, the proton-

electron mass ratio and the fine structure constant making it possible to measure them

more precisely [25–29]. This would also make it possible to measure a possible time

variation of these natural ‘constants’ leading to the discovery of new physics [30]!

Especially the study of molecules offers insight into a whole new realm of physics.

Molecules have a richer level structure compared to atoms stemming from their addi-

tional vibrational and rotational degrees of freedom. Consequently the level structure

is also harder to predict making high-resolution spectroscopy of molecules a key tool

for improving theoretical models [31] and gain more fundamental knowledge on the

structure of molecules. Further, due to their densely spaced level structure leading

to low-energy transitions, molecules possess many long-lived states interesting for

atomic clock and qubit applications since the linewidth of dipole transitions scales as

ν3 and the transition dipoles are typically lower for rovibrational transitions compared

to electronic ones. Furthermore, controlled reaction experiments with ground-state-

cooled molecules can be used to study the role of quantum mechanics in reactions

dynamics, which below 1 K starts to play a major role [32, 33]. Additionally, the

study of reactions with and spectroscopy of cold molecular ions can help to make

models of molecule formation is space, which is currently believed to take place al-

most exclusively between ion-neutral reactants due to the long ranging interaction

potential compared to neutral-neutral reactants [34, 35].

Unfortunately, the same thing that makes molecules so interesting, namely the

rich level structure, is also the reason why they are so difficult to laser cool. Since

an excited electronic state can decay to many different rovibrational levels of the

electronic ground state many different lasers are required to obtain an effectively

closed transition. Some molecules however, for which the exciting electron does not

take part in the molecular bond, have a good Franck-Condon overlap between the

vibrational wavefunctions of the ground and excited electronic states. This results

in decay only to the same vibrational state and thus reduces the number of lasers

needed [36]. Direct laser cooling schemes of such ideal molecules have gained ground

over the recent years [37–41], as well as the creation of ultracold molecules by binding

together laser cooled (especially alkali) atoms [42, 43]. However these techniques are

limited to very few species.

A much more wide-ranging solution for cooling the external motion of molecules

(and inaccessible atoms) is to ionize them and sympathetically cool them by co-

trapping them with atomic ions suitable for laser cooling. Due to their strong cou-

pling via the Coulomb interaction the two species will eventually reach the same
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temperature. Since the cooling lasers are tailored for the atomic cooling ions only,

the molecular ion can be replaced by another species with relative ease making sym-

pathetic cooling extremely versatile. This is in stark contrast to laser cooling of

neutral molecules which is highly species dependent.

The first sympathetically cooled ensembles of molecular ions where reported in

1995 [44], and in 2000 the first larger Coulomb crystals containing sympathetically

cooled molecular ions where reported by Mølhave and Drewsen [45].

Internal cooling of molecular ions, the population of which at room temperature is

distributed among the rotational and for large molecules also among the vibrational

levels, have also been demonstrated trough buffer gas cooling [46] and laser-induced

rotational cooling [47], however, not leaving the molecular ion in a single internal

quamtum state. Internal state preparation via projection measurements of molecular

ions have also been proposed [48].

The spectroscopic precision achievable in large mix-species Coulomb crystal ex-

periments is limited for two reasons. One is that the trapping fields are felt more

strongly by the outer ions, resulting in higher temperatures than achievable with

single ions. Secondly, in these experiments, measurements often take place destruc-

tively, e.g. by reactions [45], ion ejection [49] or photo-dissociation [50, 51] which

fundamentally alters the system under investigation, and hence requires reloading of

the ions of interest.

More recently, single molecular ions have been sympathetically cooled to mi-

crokelvin temperatures by single atomic ions, where the common modes of the strongly

coupled two-ion system are close to their quantum mechanical ground states [52–54].

The latter scenario constitutes a novel setting for conducting molecular spectroscopy

with potentially very high resolution for fundamental studies of the structure of

molecular ions [28, 55–59], tests of fundamental physics theories [60, 61], and quan-

tum technology oriented applications [62].

However, since it is practically impossible to count a single absorbed photon from

a light beam, or to detect with high probability a single photon emitted by a single

molecular ion, standard absorption and emission spectroscopy cannot be applied

efficiently.

This problem can be circumvented with the technique of quantum logic spec-

troscopy (QLS) first devised by Wineland in 2002 [63, 64] with the prospect of de-

veloping optical atomic clocks using inaccessible species.

In QLS, spectroscopy is carried out by trapping a single spectroscopic target ion

together with a single atomic logic ion that can be sideband cooled and cooling them
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to their quantum mechanical ground state with respect to one or more motional

modes. The technique exploits that the momentum recoil associated with absorption

and emission of individual photons by the target ion excites the common motion of

the two-ion system, which can then be read out on the logic ion.

Unlike large ion Coulomb crystal experiments, and many other types of so-called

’action spectroscopy’, where absorption is detected by other means than emitted

photons, QLS does not depend on destroying the investigated system. In QLS the

same target ion can be reused, and the spectroscopic resolution will only be limited by

the linewidth of the laser exciting the target transition or the natural linewidth of the

transition itself. As opposed to original fluorescence spectroscopy, QLS is not limited

by detecting photons from spontaneous emission, since the decisive recoil kick can

just as well be associated with absorption or stimulated emission. In extension of this,

the target ion neither has to initially be in the lower of the two states constituting

the target transition.

Thus far, QLS for spectroscopy of atomic ions has proven very successful [64–

68]. In fact the current best clock in the world, a 27Al+ clock with a stability of

0.94 × 10−18, is based on QLS using 25Mg+ as the logic ion [19]! Also QLS of the

highly charged ion 40Ar+13 has been demonstrated [69], the transitions of which are

especially insensitive to external perturbations due to the high binding energies of

the outer electrons.

The technique has also gained ground within molecular ions the last few years with

results for electronic transitions in 24MgH+ [55], Zeeman levels [56] and rotational

transitions in 40CaH+ [57], and a spin ro-vibronic transition in N+
2 [59].

In the original QLS paper [64], the authors consider a so-called resolved sideband

scenario where the two motional mode angular frequencies corresponding to the in-

phase mode (ωip) and out-of-phase mode (ωop) along the trap-axis are significantly

larger than both the spectroscopic transition linewidth and the spectral width of the

spectroscopy laser. In this scenario, it is possible to selectively address both target

ion and logic ion with lasers tuned resonantly to either carrier or specific motional

sideband transitions. By in addition using very weak light fields in order to not off-

resonantly drive other than the addressed sideband it is possible to only absorb a

single photon exciting a single quanta.

A version of QLS where more than one photon is absorbed is referred to as photon

recoil spectroscopy (PRS). This will typically be the case in the so-called unresolved

sideband regime where several sidebands are driven simultaneously because the mo-

tional sideband angular frequencies (ωip/op) of the two-ion system are either smaller
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than or similar to: 1) the natural linewidth of the spectroscopic transition, or 2) the

linewidth of the applied spectroscopic light source.

Although QLS was originally developed for ultra-precise spectroscopy in the re-

solved sideband regime, PRS in unresolved sideband scenarios, which is the subject

of this thesis, can be equally interesting for a range of investigations of molecules in

the gas phase. This includes internal state preparation, broad line absorption spec-

troscopy under diverse but well-controlled conditions, and single photon absorption

studies of non- or weakly-fluorescing molecules.

Scenario 1) is ideal for searching for broad electronic transitions in large bio-

relevant molecules, in wavelength regimes where other types of action spectroscopy

would normally fail. This is because spontaneously emitted photons of weak transi-

tions are hard to detect, especially in the mid-IR.

Scenario 2) provides a unique opportunity for searching for spectroscopic lines

previously only localized to within a frequency interval much larger than the expected

linewidth. This is highly relevant since generally molecular structure models cannot

be expected to estimate line frequencies better than on the 5% level, and traditional

absorption spectroscopy methods have an accuracy of a few GHz [70]. The very few

absorbed photons needed for PRS detection makes it possible to apply a laser with

a broad spectral linewidth and correspondingly low spectral energy density to cover

a large frequency span faster. Once a signal has been obtained the laser linewidth

can be gradually narrowed to localize the transition even better in a binary search

fashion.

The goal set out for my thesis work was to investigate PRS on a rovibrational

transition in 24MgH+ . 24MgH+ is primarily chosen for its relatively simple struc-

ture compared to larger molecules, making it an ideal test bed for studying PRS

of molecules, and because previous spectroscopic measurements exist [70]. Due to

the large abundance of Mg in space compared to most other metals, spectroscopy of
24MgH+ is also interesting for astrochemistry. Moreover, from a photon recoil point of

view PRS of small molecules in the IR regime is equivalent to PRS of large molecules

in the optical regime, since the probability to excite a motional quanta is determined

by the square of the so-called Lamb-Dicke parameter approximately given as

η2
ip/op ∝

(
2π

λt

)2 ~
2mtωip/op

(1.1)

where mt is the mass of the target ion, and λt is the wavelength of the target transi-

tion. This measure expresses the ratio between the recoil energy of the trapped ion
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over the energy difference between the motional states. By increasing the trapping

voltage the trap frequency can be kept constant for a target ion of higher mass giving

η2 ∝ 1/(mλ2), such that if we go from mt = 25 a.m.u and λt = 6 µm to mt = 2500

a.m.u and λt = 600 nm, η2 would be the same. This fact makes the 24MgH+ case

highly relevant for future experiments with large molecular ions.

The chosen target transition in 24MgH+ is the very narrow mid-infrared

|v = 0, J = 1〉 - |v′ = 1, J ′ = 0〉 transition (Γt/2π = 2.50 Hz [71, 72]) at λ = 6.17 µm

in the 1Σ+ electronic ground state for two reasons. First of all it is a closed tran-

sition allowing for repeated photon scattering and secondly the transition frequency

has previously been determined to within a frequency interval of ± 1.5 GHz [70].

Since this is still a large interval compared to the expected transition linewidth we

want to use a broadband laser source (ΓL/2π & 50 MHz) to search for the transition

resembling PRS scenario 2) above.

Before pursuing PRS of 24MgH+ a test of both the theoretical model and the ex-

perimental procedure was needed. The system of choice was the broad 3s 2S1/2 - 3p
2P3/2 electronic transition (Γt/2π = 41.8 MHz) at λ = 279.6 nm in 24Mg+ for two

reasons. Firstly the trapping of 24Mg+ and excitation of the transition is already an

important experimental step in the 24MgH+ trapping procedure. Secondly the two

ions have almost the same mass meaning that the optimum parameters for sideband

cooling by 40Ca+ are practically the same for 24Mg+ and 24MgH+ . The transition

in 24Mg+ is excited by a narrow laser source (ΓL/2π . 1 MHz) such that this PRS

experiment resembles scenario 1) above. Knowledge about PRS in this broad tran-

sition and narrow laser linewidth scenario is also useful for doing PRS of electronic

transitions in large molecules, since they are generally expected to be much broader

than the sideband level spacing.
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Outline of the thesis

This thesis is divided into four main parts. Part I, Theory of trapping and

cooling of ions, consists of three chapters. First Chapter 2 covers the theory of 3D

ion confinement, focusing on the linear Paul trap. The part continues with Chapter

3 on light-matter interactions before moving on to Chapter 4 where the principles of

the Doppler and sideband cooling techniques are explained. The chapter ends with

a discussion of trap-induced heating, and a presentation of how the ion temperature

after cooling can be evaluated.

Part II Photon recoil spectroscopy theory and simulations consists of five

chapters. It starts with Chapter 5 giving an introduction to the nomenclature and

basic principle of PRS. The chapter also provides a detailed Hamiltonian model of

the original case of sideband resolved PRS. This sets the scene for moving on to the

sideband unresolved scenario, which is modeled with rate equations. In Chapter 6

simulations of PRS, based on the rate equation model, for the two specific test systems

of 24Mg+ and 24MgH+ , are performed. The systems represent unresolved scenarios

due to a broad transition and a broad laser linewidth, respectively. After this very

specific treatment, in Chapter 7 a simple qualitative model of PRS is presented which

underlines the important parameters and essence of the technique. In Chapter 8 the

specific issues related to doing PRS of 24MgH+ when its rotational transitions couple

to blackbody radiation is treated. The part ends with Chapter 9 on how to best use

PRS to search for narrow lines in a broad frequency interval.

Part III, Experimental setup and procedure, consists of three chapters. In

Chapter 10 the experimental trap setup and procedure for ion trapping is presented

along with a brief introduction to experiment automation. In Chapter 11 the exper-

imental procedure for ion cooling and evaluation is presented, before giving experi-

mental details on the PRS experiments with 24Mg+ and 24MgH+ in Chapter 12

The last part IV Experimental results consists of two chapters. In Chapter

13 the results obtained for sideband cooling and PRS of 24Mg+ are presented and

compared to the simulated results, and in Chapter 14 the sideband cooling results for
24MgH+ are presented along with the conducted search for PRS signals in 24MgH+ .

The thesis ends with a conclusion and outlook in Chapter 15.

Chapter 3, 5, 6, and 13 are based on our arXiv article [73]. Only minor adjustments

have been made to make the content fit into the context of the thesis. Explicitly

Chapter 3 corresponds to Sec. 2.1 of the article, Sec. 5.1 to Sec. 2 until 2.1, Sec.
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5.2 to Sec. 2.2, Sec. 6.1 to Sec. 3.1 not including 3.1.7, Sec. 6.2 to Sec. 3.2, and

Chapter 13 corresponds to Sec. 3.1.7.





Part I

Theory of trapping and cooling of

ions

11





Chapter 2

Ion trapping

For neutral particles the trapping force relies on magnetic and/or optical interactions

with the internal states of the atoms or molecules. Hence, the depth of neutral

particle traps are fundamentally limited by the particle’s structure and internal state.

In comparison, ions are much easier to confine since their charge interacts strongly

with electromagnetic fields independent of their internal state.

An intuitive way to trap a charged particle would be to create an electrostatic

potential minimum in all three dimensions using a harmonic potential of the form

φ(x, y, z) = αx2 + βy2 + γz2. (2.1)

However, by Gauss’s law any electric potential in free space must satisfy Laplace’s

equation

∇2φ(x, y, z) =
∂2φ(x, y, z)

∂x2
+
∂2φ(x, y, z)

∂y2
+
∂2φ(x, y, z)

∂z2
= 0. (2.2)

In order to have a confining potential in all three dimensions all three derivatives

must be positive. This would give α, β, γ > 0 which contradicts Eq. 2.2 demanding

α+ β + γ = 0. Thus it is impossible to confine a charged particle by a static electric

potential alone. This rule, central for ion trapping, is named Earnshaw’s theorem

[74].

There exist several clever ways to circumvent this problem, two of the most pop-

ular ones are the Paul and the Penning trap. The Penning trap [2] combines a static

quadropolar electric field with a homogeneous magnetic field, such that the untrapped

direction of the electrostatic potential is counteracted by cyclotron motion around the

magnetic field lines. In a Paul trap [1] a combination of static and oscillating electric

fields are used, which leads to an effective dynamic confinement along directions of

repulsive electrostatic forces. The trap used for this work is a so-called linear Paul

trap, which will be presented in more detail in the next section.

13
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Figure 2.1: Drawing of the 12 electrodes constituting a linear Paul trap: 4 center electrodes
with oscillating voltages and 8 endcap electrodes with additional stationary voltages Udc as
indicated.

Geometric trap parameters

z0 2.70 mm
r0 3.50 mm
re 4.00 mm
ze 20.00 mm
κ 0.248

Table 2.1: Trap geometries for the trap used for this thesis with reference to Fig. 2.1 and
Eq. 2.4.

2.1 The linear Paul trap

The original Paul trap from 1954 was shaped like a hyperbolic ring with two hyper-

bolic endcap electrodes creating an oscillating and static electric field, respectively

[75]. The trap used for this thesis is called a linear Paul trap, first proposed and

demonstrated by Prestage et. al in 1989 [76]. The linear version allows for much

better optical access to the trap center and a higher level of control over the electric

potential due to a higher number of electrodes. Actually, the linear Paul trap is only

a slight modification of the quadropolar mass spectrometer proposed by Paul and

Steinwedel already in 1953 [1], but more than three decades should pass before the

connection was made.1

The linear Paul trap consists of four cylindrical rods, each divided into three

electrodes placed in a geometry as seen in Fig. 2.1. The axis of symmetry, the z-

axis, is called the trap axis. For future reference the geometric trap parameters, as

indicated in Fig. 2.1, are given for the specific trap used for this thesis in Table 2.1.

1Instead of endcap electrodes the filter has an extra static potential on top of the oscillating
potiential on the center rods, making it unable to confine particles along the z-axis.
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All 12 electrodes are applied voltages

± Urf
2

cos(Ωrf t) (2.3)

oscillating with radio frequency (RF) Ωrf , where Urf is the peak-to-peak amplitude.

In the trap used for this thesis Ωrf = 2π × 4.692 MHz. Diagonally opposite rods

are applied voltages of the same sign, as indicated in Fig. 2.1, such that neighboring

rods will always have the exact opposite RF voltages because the oscillations are π

out of phase.

To the eight outer electrodes, called the endcap electrodes, are applied static

voltages Udc, in addition to the RF voltage. The resulting potential along the z-axis

close to z = 0 is

φz =
κ

z2
0

Udcz
2, (2.4)

where z0 is half the length of the center electrodes, and the factor κ depends on the

trap geometry.

The potential in the xy-plane close to the trap center results from both the endcap

and center electrodes and is approximately quadropolar and given by

φxy = −κUdc
z2

0

(x2 + y2)− Urf
r2

0

cos(Ωrf t)(x
2 − y2), (2.5)

where r0 is the shortest distance between the z-axis and the electrodes. We see that

the signs differ from the intuitively proposed potential of Eq. 2.1 such that the total

potential φxyz = φxy + φz fulfills Laplace’s equation at all times (α, β, γ not all > 0).

In order for the potential to be truly quadropolar the electrode rods must have

hyperbolic curvatures towards the center and not be cylindrical. However, by choos-

ing the right dimensions the deviation from quadropolar is very small [77] and thus

cylindrical electrodes are very popular due to the relative ease of construction.

2.1.1 Single ion motion

The force exerted on a single ion with charge Q and mass m along the z-direction in

the φz potential of Eq. 2.4 is

~Fz = m
d2~z

dt2
= −Q~∇φz, (2.6)
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leading to the following equation of motion

d2z

dt2
=

2κ

z2
0

Udcz, (2.7)

resulting in a harmonic oscillator movement with frequency

ωz =

√
u0

m
, u0 =

2QκUdc
z2

0

(2.8)

From the φxy potential of Eq. 2.5 the equations of motion in the xy-plane take

the form of the Mathieu equations

d2u

dζ2
+ [a+ qu cos(2ζ)]u = 0, u = x, y (2.9)

with

ζ =
Ωrf t

2
, a = − 4Qκ

mz2
0Ω2

rf

Udc, qx = −qy =
2Q

mr2
0Ω2

rf

Urf . (2.10)

From this point we will refer to qx = q and since the modes along the x- and y-axis

are degenerate, we will collectively refer to them as the radial modes.

Only certain combinations of the a- and q-parameters of Eq. 2.10 give non-

diverging solutions to the Mathieu equations and thereby stable ion trajectories in

the radial plane. These can be plotted in a so-called stability diagram as seen in Fig.

2.2a). To have confinement in the z-direction we must additionally require Udc > 0

for positively charged ions, which reduces the stability region to negative a-values as

seen in figure 2.2b). Stability regions in terms of Udc and Urf is shown in Fig. 2.3

for the masses of the 40Ca+ , 24Mg+ and 24MgH+ ions of 40, 24 and 25 u, respectively.

During the experiments presented in this thesis we normally applied Udc = 5 V and

Urf = 526 Vpp corresponding to a = −0.00199 and q = 0.239 for mass 40 u. The

difference in stability region for different masses can be exploited to remove unwanted

ions from the trap by changing the electric potential.

When |a|, |q| � 1 the solution of the Mathieu equations can be approximated as

[78]

u(t) = u0

[
1− qu

2
cos(Ωrf t)

]
cos(ωrt) (2.11)
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Figure 2.2: a) Stable charged particle trajectories in the radial plane in terms of the a
and q parameters. For additional confinement along the trap axis the a parameter becomes
negative for positively charged ions, and the stability region is reduced to the one shown in
figure b).

where

ωr =
Ωrf

2

√
q2

2
+ a. (2.12)

This is a harmonic motion with frequency ωr, amplitude modulated by the RF fre-

quency Ωrf . The motion with frequency ωr, called the secular motion, will be slower

and have a larger amplitude than the motion with frequency Ωrf , the micromotion,

for appropriately chosen trap parameters. Along the z-axis there is no micromotion

because the RF electric fields cancel and the radial potential simplifies to

φr =
1

2
mω2

rr
2, r2 = x2 + y2. (2.13)

The micromotion amplitude grows with the distance from the z-axis as illustrated

in Fig. 2.4. Since the ion always oscillates to some extent around r = 0 due to

the non-zero minimum energy of a quantum mechanical oscillator, its movement will

always contain some amount of micromotion.

The absence of micromotion along the z-axis constitutes a big advantage of the

linear Paul trap compared to other ion traps where the motion is typically only truly

harmonic at the single point of symmetry [80]. This allows for trapping several ions

in the trap without forcing them to areas of higher micromotion, as long as they sit
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Figure 2.3: Stability regions in terms of Udc and Urf for the masses of the 40Ca+ ,
24Mg+ and 24MgH+ ions of 40, 24 and 25 u, respectively.

Figure 2.4: Illustration of the micromotion amplitude in the radial trapping plane. This
is a side view along the trap axis, with the 4 electrode rods in each corner. The color
(light/dark blue) indicates the phase. Courtesy of Hans Harhoff [79].



2.1. The linear Paul trap 19

z

r

(a) (b)

z

r

r

z

z

r

Figure 2.5: Motional modes of two ions trapped along the z-axis, showing the axial modes
in a) and the radial modes in b). In both figures the top panel shows the IP mode, and the
bottom panel the OP mode. Courtesy of Karin Fisher [82].

on a string along the z-axis. This is generally obtained when ωr � ωz. In this thesis,

and in general, the two ions used for PRS are therefore kept in this configuration.

2.1.2 Two-ion motion

Two ions in a trap will be subject to both the trapping potential and the Coulomb

interaction with the each other. Two cold co-trapped ions along the z-axis of equal

charge will find an equilibrium position with a symmetric displacement around the

potential center. Along the z-axis the potential for two ions of the same charge Q at

positions z1 and z2 can be written as [81]

V =
1

2
u0(z2

1 + z2
2) +

Q2

4πε0|z2 − z1|
. (2.14)

If we only consider small displacements the potential can be considered to be har-

monic, and one finds that there exist two axial modes called the in-phase (IP) mode

where the ions will oscillate in phase with respect to each other, and the out-of-phase

(OP) mode where the ions will oscillate out of phase as shown in Fig. 2.5.

To use this description as a reference for the PRS section we will already now

name the two ions the readout ion and the target ion indicated by the suffixes r and

t, respectively.

Each ion has an eigenvector component (in a mass-weighted space) for each mode

denoted bip,j and bop,j, where j ∈ {r, t}. They can be written for the readout and
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target ions as

bip/op,r =
rip/op√

1 + r2
ip/op

bip/op,t =
1√

1 + r2
ip/op

(2.15)

with

rip =
−µ+ 1 +

√
µ2 − µ+ 1

√
µ

rop =
−µ+ 1−

√
µ2 − µ+ 1

√
µ

(2.16)

and µ = mt/mr being the ion mass ratio. For the IP mode the eigenvectors for the

two ions have the same sign, whereas they have opposite signs for the OP mode, in

accordance with the in-phase/out-of-phase movements.

Even though two ions of different masses do not oscillate with the same absolute

amplitudes, they still share common angular oscillation frequencies, which for singly

charged ions are given by [81, 83]

ωip = ωz

(
1 +

1

µ
−
√

1− 1

µ
+

1

µ2

)1/2

ωop = ωz

(
1 +

1

µ
+

√
1− 1

µ
+

1

µ2

)1/2
(2.17)

where ωz is the motional angular frequency of the readout ion if it were alone in the

trap, all trapping parameters being the same.

For completion the radial angular frequencies are given as [84]

ωRip = ωz,1

√
−µ+ µ2 − ε2(1 + µ2)− s

2µ2

ωRop = ωz,1

√
−µ+ µ2 − ε2(1 + µ2) + s

2µ2

(2.18)

where ε =
√
− q2

r

4ar
and s =

√
ε4(µ2 − 1)2 − 2ε2(1− µ)2µ(1 + µ) + µ2(1 + (µ− 1)µ).

So in conclusion the two ion system has a total of six modes; two axial and four

radial, where the radial modes are pairwise degenerate for a perfect trap construc-

tion.
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Light-matter interactions

In the experiments presented in this thesis, laser light is used to address internal

transitions in the trapped ions, atomic and/or molecular, and to couple their internal

levels to the outer motional modes. By describing the basics of light-matter inter-

actions this section lays the foundation for explaining ion cooling, motional state

readout and PRS in later sections.

3.1 Two-level atom in free space

The simplest way to describe how light interacts with an atom, is to assume that

the atom has only two electronic states, namely the ground state |g〉 = (1 0)T and

an excited state |e〉 = (0 1)T with energy difference ~ωt. The state of the atom at a

time t can be written as a linear superposition of these two atomic states

|ψ(t)〉 = cg(t) |g〉+ ce(t) |e〉 , (3.1)

where normalization requires |cg|2 + |ce|2 = 1 at all times. The Hamiltonian of the

two-level system is given by

Ĥt =
~ωt
2

(|e〉 〈e| − |g〉 〈g|) (3.2)

= −~ωt
2
σ̂z. (3.3)

For simplicity we consider the interacting light field to be a monochromatic plane

wave traveling in the z-direction the electric field of which is expressed as

~E(z, t) =
E0

2
ε̂[ei(kLz−ωLt+φ) + e−i(kLz−ωLt+φ)], (3.4)

with E0 being the amplitude, ε̂ the polarization direction, kL = ωL/c the wavenumber

of the light, and φ the phase. This is a classical, and not a quantum mechanical,

description of the light field making the model semi-classical. The dipole interaction

21
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Hamiltonian between the two-level atom and the light field can be written as

Ĥint(z, t) = eẑ · ~E(z, t), (3.5)

where ẑ is the position operator of the ion. By doing so we have made the dipole ap-

proximation and assumed that the electric field is constant over the distance between

the nucleus and the electron defining the electric dipole interacting with the light.1

The total Hamiltonian of the system is then given by

Ĥ = Ĥt + Ĥint. (3.6)

Ĥint can be expressed by means of the atomic basis vectors as

Ĥint =
~
2

Ω0(|g〉 〈e|+ |e〉 〈g|)[ei(kLz−ωLt+φ) + e−i(kLz−ωLt+φ)] (3.7)

=
~
2

Ω0(σ̂+ + σ̂−)[ei(kLz−ωLt+φ) + e−i(kLz−ωLt+φ)], (3.8)

where Ω0 is the vacuum Rabi frequency for dipole allowed transitions given as

Ω0 =
eE0

~
〈g| ε̂ · ẑ |e〉 . (3.9)

By substituting Ĥ into the time-dependent Scrodinger equation

i~
∂

∂t
|ψ(t)〉 = Ĥ |ψ(t)〉 (3.10)

we obtain a second order differential equation. By assuming that all the population

starts out in the ground state (by putting cg(0) = 1 and ce(0) = 0) the solution is

cg(t) = 1 (3.11)

ce(t) =
Ω∗0
2

(
1− ei(ωt+ωL)t

ωt + ωL
+

1− ei(ωt−ωL)t

ωt − ωL

)
(3.12)

to first order. This is thus only a good approximate solution as long as ce(t) remains

small i.e. the light field is weak. If the detuning δ = ωL−ωt is small compared to the

sum of the two angular frequencies, we can make the rotating wave approximation

and neglect all terms oscillating with ei(ωL+ωt). The probability to find the atom in

1This is a good approximation since the wavelength of optical transitions are typically hundreds
of nm while the electron-nucleus separation in atoms is typically 0.1-1 nm.
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the excited state |e〉 becomes

ρee(t) = |ce(t)|2 =

∣∣∣∣Ω0 sin(δt/2)

δ

∣∣∣∣2
=

1

4
|Ω0|2t2sinc2(x),

(3.13)

where x = δt/2. The width of the ρee(t) peak in terms of detuning decreases as the

interaction time t increases.

We now wish to solve the Schrödinger equation to more than first order, to obtain

a solution that also holds for strong fields. This is most easily done by transforming

into the interaction picture, in which the interaction Hamiltonia can be written as

Ĥint,I =
~
2

Ω0(σ̂+e
iωtt + σ̂−e

−iωtt)[ei(kLz−ωLt+φ) + e−i(kLz−ωLt+φ)]. (3.14)

Performing the above multiplication results in terms of ei(ωL−ωt) and ei(ωL+ωt) and we

can again make the rotating wave approximation. If the atom is at rest, ekLz does

not vary over time, so these terms are also neglected since they just add a complex

phase. Ĥint,I then simplifies to

Ĥint,I =
~
2

Ω0(σ̂+e
−iδt+φ + σ̂−e

iδt+φ). (3.15)

From here we can make the unitary transformation Ĥ ′ = ÛĤint,IÛ †−Â with Û = e
iÂt
~

and Â = −~
2
δσ̂z. This results in the Hamiltonian

Ĥ =
~
2

(
δ Ω

Ω∗ −δ

)
, (3.16)

where Ω = Ω0e
iφ. Solving the time-dependent Schrödinger equation gives the expres-

sion

ρee(t) =
Ω2

0

Ω2
0 + δ2

sin2

(√
Ω2

0 + δ2
t

2

)
(3.17)

for the time evolution of the probability to find the atom in the excited state. This

probability undergoes so-called Rabi oscillations with the generalized Rabi frequency√
Ω2

0 + δ2 as seen in Fig. 3.1(a). If the atom is initially in the ground state and the

light field is resonant with the transition such that δ = 0, a laser pulse with duration

tπ = π/Ω0 will transfer it to the excited state with 100% probability. Such a perfect
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transfer pulse is called a π-pulse. Inserting this into Eq. 3.17 we get

ρee(tπ) =
Ω2

0

Ω2
0 + δ2

sin2

(√
Ω2

0 + δ2
π

2Ω0

)
(3.18)

=

(
2

π

)2

sinc2(C), (3.19)

where C = 2
π

√
Ω2

0+δ2

Ω0
, as plotted as a function of δ/Ω0 in Fig. 3.1(b) (blue line). We

see that the probability to transfer the population to the excited state with a 100%

efficiency decreases significantly when moving away from resonance. Also note that

the width of the central peak as a function of detuning is proportional to Ω0.

tΩ0/(2π) δ/Ω0

ρ
ee

Figure 3.1: Excited state population probability as a function of (a) time and (b) detuning.
In (a) rabi oscillations are shown for different detunings. Blue: ∆ = 0, red: ∆ = Ω0, yellow:
∆ = 2Ω0. (b) shows the excited state population after a π-pulse (blue) and a 2π-pulse (red)
when starting in the ground state at t = 0. Figure from [82].

3.1.1 Optical Bloch equations

An essential feature of light-matter interactions is missing in the description given

so far, namely spontaneous emission. This feature is not present when consider-

ing a classical electromagnetic field as above, but appears naturally in a description

where the field is also quantized. Thus the above description is only valid for times

much smaller than the lifetime of the excited state t� 1/Γt, Γt being the transition

linewidth, where spontaneous emission can be neglected. However, spontaneous emis-

sion can easily be added heuristically to the semi-classical model already presented

by means of the density matrix formalism.
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The density operator of a given state is written as

ρ̂ = |ψ〉 〈ψ| =

(
cgc
∗
g cgc

∗
e

cec
∗
g cec

∗
e

)
=

(
ρgg ρge

ρeg ρee

)
, (3.20)

where ρgg (ρee) is the probability of the state |ψ〉 collapsing into the ground state |g〉
(the excited state |e〉) upon a measurement of it. The off-diagonal matrix elements

ρge and ρeg, the so-called coherences, are a measure of the relative phase between

|g〉 and |e〉. The time evolution of the density operator, and thereby the state, is

governed by the Hamiltonian of the system and is given by the Liouville von Neuman

equation

dρ

dt
=
i

~
[ρ̂, Ĥ], (3.21)

which is equivalent to the time-dependent Schrödinger equation. By inserting Ĥ

from Eq. 3.16 and applying the dipole and rotating wave approximations as earlier

we obtain coupled rate equations for the population probabilities and coherences

written as

ρ̇gg = − i
2

(Ω0ρge − Ω∗0ρe,g)

ρ̇ee =
i

2
(Ω0ρge − Ω∗0ρeg)

ρ̇ge = i∆ρge −
iΩ∗0
2

(ρgg − ρee)

ρ̇eg = −i∆ρeg +
iΩ0

2
(ρgg − ρee).

(3.22)

Now for ρgg (ρee) the spontaneous emission from |e〉 to |g〉 with the rate Γt can simply

be added to the rate equations as an extra gain (loss) term given by

(ρ̇gg)spon = −(ρ̇ee)spon = Γtρee. (3.23)

The effect on the coherences is less intuitive and given by

(ρ̇ge)spon = −(γc +
Γt
2

)ρge and (ρ̇eg)spon = (γc +
Γt
2

)ρeg, (3.24)

where γc is the loss rate due to other coherent events (where the population stays

within the two levels considered) like soft collisions or fluctuations in ωL. Eq.s 3.22

with the extra terms of Eq.s 3.23 and 3.24 are called the optical Bloch equations. For

zero detuning the optical Bloch equations can be solved exactly. For initial conditions
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ρee = 0 and ρge = 0 and γc = 0 this gives ([85] p. 66)

ρee(t, δ = 0) =
|Ω0|2

Γ2
t + 2|Ω0|2

[
1−

(
cos(C ′t) +

3Γt
4C ′

sin(C ′t)

)
e−3Γtt/4

]
, (3.25)

where C ′ =
√
|Ω0|2 − (Γt/4)2. For arbitrary detunings they must instead be solved

numerically.

Without spontaneous emission the excited state population probability will oscil-

late back and forth between zero and one forever as plotted in Fig. 3.1(a). The effect

of spontaneous emission is that the system after interaction times much longer than

1/Γt will settle into a steady state, where the level populations are constant. The

steady state solution for arbitrary light intensities and detunings and γc = 0 is given

by

ρee,ss =

Ω2
0

4

δ2 +
Γ2
t

4
+

Ω2
0

2

. (3.26)

When the detuning is zero we get

ρee,ss(δ = 0) =
1/2

Γ2
t/(2Ω2

0) + 1

=
1/2

Isat/IL + 1
.

(3.27)

From this we see that the excited state steady state value on resonance is determined

by the ratio

s =
IL
Isat

=
2Ω2

0

Γ2
t

. (3.28)

where IL is the intensity of the light field at the atom and Isat is the so-called satu-

ration intensity defined as ([86] p. 142)

Isat =
~ω3

tΓt
12πc2

. (3.29)

For this definition, when the light intensity equals the saturation intensity, I = Isat,

we see from Eq. 3.27 that the excited state population probability ρee,ss(δ = 0) = 1/4.

Other definitions of Isat exist. At very high intensities, ρee,ss saturates to 1/2 for any

detuning. This results in a broadening of the observed transition peak, a phenomenon

called power broadening.
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3.1.2 Einstein rate equations

Before the invention of lasers the idea of a coherent and effectively monochromatic

light source with a spectral linewidth much smaller than the transition linewidth,

was unheard of. Hence Einstein originally imagined an atom with levels |g〉 and |e〉,
with degeneracies gg and ge, respectively, interacting with black-body radiation with

energy spectral density described by Planck’s distribution law

ρ(ω) =
~ω3

π2c3

1

e~ω/kBT − 1
. (3.30)

It is assumed that the atom will only interact strongly with the part of the distribu-

tion close to resonance with the transition, namely ρ(ωt). The interaction causes a

symmetric change in the level populations through absorption and stimulated emis-

sion proportional to ρ(ωt) with proportionality constants Bge and Beg, respectively.

I.e. the rates of absorption and stimulated emission are

Rabs(ωt) = Bgeρ(ωt)

Rstim(ωt) = Begρ(ωt)
. (3.31)

Additionally, the atom decays from the excited state to the ground state via sponta-

neous emission with a rate Aeg independent of the external light source

Rspon(ωt) = Aeg. (3.32)

Bge, Beg and Aeg are called the Einstein coefficients.

In this model we denote the population probability of the two levels as P|g〉 and

P|e〉 instead of ρgg and ρee as in the optical Bloch equations, to underline the fact

that Einstein’s rate equations do not contain coherence terms ρge and ρeg.

The time development for the populations of the two levels can be described by

the rate equations ([86] p. 12)

dP|e〉
dt

= P|e〉Bgeρ(ωt)− P|e〉Begρ(ωt)− P|e〉Aeg
dP|g〉
dt

= −
dP|e〉
dt

.

(3.33)
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The solution for ge = gg with initial conditions P|g〉 = 1 and P|e〉 = 0 is ([85] p. 22)

P|e〉(t) =
Bgeρ(ωt)

Aeg + (Bge +Beg)ρ(ωt)

(
1− e−(Aeg+(Bge+Beg)ρ(ωt))t

)
. (3.34)

For long times the excited state population reaches its steady state value of

P|e〉,ss =
Bgeρ(ωt)

Aeg + (Bge +Beg)ρ(ωt)
. (3.35)

If we assume the states to be non-degenerate, Bge = Beg = B, and this reduces to

P|e〉,ss =
1

Aeg
Bρ(ωt)

+ 2
. (3.36)

We see that when B � Aeg, i.e. for strong interaction, we obtain the same optimum

steady state value of 1/2 as for the optical Bloch equations.

At steady state we also have
dP|e〉
dt

=
dP|g〉
dt

= 0 and from Eq. 3.33 we obtain

ρ(ωt) =
Aeg
Bge

1

(P|g〉/P|e〉)(Bge/Beg)− 1
. (3.37)

At thermal equilibrium the level populations are related by Boltzmann’s law ([87] p.

249)

P|g〉/P|e〉 = (gg/ge)e
~ω/kBT . (3.38)

Combining Eq.s 3.30, 3.37 and 3.38 and equating the parts that contain e~ω/kBT and

the ones that do not separately, since the equation holds for all T, gives

Aeg =
~ω3

t

π2c3
Beg (3.39)

Bge =
ge
gg
Beg (3.40)

These relations between the Einstein coefficients hold for all types of radiation, also

narrow bandwidth radiation from a laser ([86] p. 13).

3.1.3 Expressions for the Einstein coefficients

From the semi-classical treatment of light interacting with a two-level atom, we can

find expressions for the Einstein coefficients. In the semi-classical case we considered
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monochromatic radiation, but to relate to the Einstein theory we now consider a

slice with frequency ω + dω of a broadband field with energy density ρ(ω). The

amplitude of the field at ω is E0(ω) and the energy per unit volume is ρ(ω) dω =

I(ω)/c = ε0E
2
0(ω)/2. For this field interval the Rabi frequency defined in Eq. 3.9 can

be written as ([86] p. 126)

|Ω0|2 =

∣∣∣∣eE0

~
〈g| z |e〉 cos(θ)

∣∣∣∣2 =
e2| 〈g| z |e〉 cos(θ)|2

~2

2ρ(ω)dω

ε0
, (3.41)

where cos(θ) = ε̂ · ẑ expresses the angle between the electric field polarization and

the dipole, and z is the length of the dipole. This form of the Rabi frequency is

inserted into the semi-classical expression for ρee for a weak field from of Eq. 3.13.

To calculate the effect of a broadband field we must now integrate this expression

over a broad range of ω. If we assume long interaction times the sinc peak becomes

narrow and we can take the smooth function ρ(ωt) outside the integral and find the

steady state absorption rate as

Rge,ss =
ρee
t
≈ e2| 〈g| z |e〉 cos(θ)|2

~2

2ρ(ωt)

ε0

π

2
. (3.42)

In Einstein’s rate equations the absorption rate is given as Bgeρ(ωt). Comparing this

expression to the above gives

Bge =
e2π| 〈g| z |e〉 cos(θ)|2

~2ε0
(3.43)

from which we also obtain the relation

Bge =
π|Ω0|2

ε0E2
0

=
πc|Ω0|2

2IL
. (3.44)

Since the Einstein coefficients are related through Eq.s 3.39 we also obtain

Aeg =
g1

g2

ω3
t e

2

~πε0c3
| 〈g| z |e〉 cos(θ)|2. (3.45)

Typically the Aeg value describes the spontaneous decay rate to all lower sublevels

(mJ or mF ) such that the resulting decay pattern is spherically symmetric. The

decay rate is the same from each individual upper sublevel. Hence an average over
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all angles must always be made for Aeg, such that

cos2(θ)→ cos2(θ) =
1

4π

∫ 2π

0

∫ π

0

cos2(θ) sin(θ) dθ dφ = 1/3. (3.46)

giving

Γt = Aeg ≡
1

3

g1

g2

ω3
t e

2

~πε0c3
| 〈g| z |e〉 |2. (3.47)

This definition always holds and is completely independent of any applied light field.

The same expression is found from a fully quantum mechanical treatment, where

spontaneous decay is found to be a result of the atom’s interaction with the vacuum

modes of the electromagnetic field [88].

However, for the B-coefficients an average over all angles should only be made if

the applied light field is unpolarized and randomly propagating, which is not the case

in most modern laser experiments. Generally, when the transition can be considered

as two-level (without substates) and the light has the right polarization to drive the

transition we have θ = 0 resulting in cos2(θ) = 1 in the expression for Bge in Eq. 5.5

([85] p. 51, [86] p. 140). This gives a B-coefficient 3 times higher than what one

would obtain for unpolarized and randomly propagating light. Thus only Aeg is a fun-

damental property of the atom whereas Bge and Beg depend on the applied light field.

3.1.4 Einstein rate vs. optical Bloch equations

The coherence terms in the optical Bloch equations express the phase coherence

between the two level populations, which, without other decoherence effects, is only

interrupted by spontaneous emission. In the Einstein rate equations such terms are

not present. However we saw in Eq. 3.27 (for zero detuning) and Eq. 3.36 that the

two models give the same maximal steady state excited state population probability

of 1/2, as expected.

In order to compare the results of the Einstein rate equations and the optical

Bloch equations in more detail, we must calculate ρ(ωt, ωL) which is the effective

spectral energy density at the transition frequency ωt due to a laser line centered

around ωL, and not due to a black-body field as originally considered by Einstein.
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Generally, we can write ρ(ωt, ωL) as

ρ(ωt, ωL) =
IL
c

∫ ∞
−∞

Lt(ω
′, ωt)LL(ω′, ωL) dω′, (3.48)

where Lt(ω, ωt) and LL(ω, ωL) represent the lineshape functions for the two-level

transition and the laser field, respectively. Without other broadening mechanisms

than spontaneous emission the transition has a Lorentzian lineshape governed by the

natural decay rate Γt written as

Lt(ω, ωt) =
1

π

Γt/2

(ω − ωt)2 + Γ2
t/4

. (3.49)

For a laser linewidth much smaller than the transition linewidth, ΓL � Γt, ρ(ωt, ωL)

reduces to

ρt(ωt, ωL) =
IL
c
Lt(ωL, ωt) (3.50)

and for a laser linewidth much larger than the transition linewidth , ΓL � Γt, it

reduces to

ρL(ωt, ωL) =
IL
c
LL(ωt, ωL). (3.51)

In the optical Bloch equations we assumed the light field to be monochromatic,

corresponding to Eq. 3.50. On resonance this gives

ρt(ωt, ωt) =
IL
c

2

πΓt
(3.52)

Inserting this into the steady state Einstein rate equation solution Eq. 3.36 and

using Eq. 3.44, we retrieve the steady state solution on resonance to the optical

Bloch equations Eq. 3.27. So the steady state solutions are the same for the two

models for arbitrary light intensities.

But how much do the solutions differ before the populations reach steady state?

This is best illustrated by plotting the solutions together, which is done in Fig. 3.2.

Here we see the excited state population as a function of Ω0t/(2π) for different Ω0/Γt.

For the same atom this corresponds to different light intensities. The solid curves

represent the optical Bloch equations, and the dashed curves represent the Einstein

rate equations. For Γt = 0 the optical Bloch equations give the former mentioned

Rabi flopping behavior, while larger Γt (or smaller Ω0) results in less flopping and
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Figure 3.2: Solutions to the optical Bloch equations (solid lines) and the the Einstein rate
equations (dashed lines) for monochromatic radiation on resonance for Ωt/Γt = 5 (blue),
1 (red), 1/2 (yellow) and 1/5 (green). The black curve is the solutions to the optical Bloch
equations for Γt = 0.

a lower steady state value. The Einstein rate equation solutions reach the same

steady state values as expected, but faster than the optical Bloch equation solutions

and without any flopping. We also see that for Ω0t � 1 all the solid curves have a

quadratic behavior, which is also easily seen from Eq. 3.13, in contrast to the linear

behavior for the Einstein rate equations.

The time to reach steady state is similar for all Ω0/Γt for the Einstein solutions,

while the optical Bloch solutions reach steady state faster the more spontaneous

emission dominates. Thus for small Ω0/Γt and t� 1/Ω0 the two models agree.

3.2 Two trapped ions

Since the main subject of this thesis is PRS, it is not sufficient to understand the

interaction between light and a single atom in free space. In this section we thus

consider the coherent interaction between a light field and two ions co-trapped in
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a harmonic potential. We consider the situation where two ions, for later reference

called the target and the readout ion, are both confined along the z-axis thanks to

suitably high trapping frequencies in the perpendicular plane. We assume that both

ions have an internal two level structure, with states {|gj〉 , |ej〉} where j ∈ {r, t}
referring to the readout and target ion, respectively, leading to the internal state

Hamiltonians

Ĥj =
~ωj
2

(|ej〉 〈ej| − |gj〉 〈gj|) (3.53)

with ~ωj = Ee,j − Eg,j, where Eg,j and Ee,j are the energies of the two states. In

addition to the two ions’ internal states, the external motional states of the two-ion

system along the z-axis can be described by the following Hamiltonian

Ĥz = ~ωip
(
â†ipâip +

1

2

)
+ ~ωop

(
â†opâop +

1

2

)
(3.54)

where we have introduced the standard harmonic oscillator ladder operators â†ip, âip

and â†op, âop for the IP and OP modes, respectively. Here ωip/op are the associated

mode angular frequencies, for singly charged ions given in Eq. 2.17.

Essential for both PRS and resolved sideband cooling is the Hamiltonian de-

scribing the light induced interaction between the internal and external degrees of

freedom of the ions. We assume here that the light field can be approximated by

a monochromatic plane wave with angular frequency ωL travelling along the z-axis.

Furthermore, we assume that the difference between the two transition angular fre-

quencies ωt and ωr is large enough that a light field close to resonance with one of

the ions will not perturb the other. In this case, one can write up the Hamiltonian

for the light interaction as

Ĥint,j = ~Ω0,j cos(kLẑj − ωLt)(|ej〉 〈gj|+ |gj〉 〈ej|) (3.55)

where Ω0,j is the vacuum Rabi angular frequency associated with the particular light

field and oscillator strength and ~kL is the wave vector of the laser field. The coupling

of the ions’ internal and external degrees of freedom appears through the position

operator ẑj of the interaction Hamiltonian. This operator can be written for each ion

in terms of the ladder operators as [84, 89, 90]

ẑj = |bip,j|

√
~

2mjωip
(â†ip + âip) + |bop,j|

√
~

2mjωop
(â†op + âop) (3.56)
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where bip,j and bop,j are the components of the eigenvectors (in a mass-weighted space)

for the IP and OP modes, respectively, given in Eq.s 2.15 and 2.16.

Now we introduce the Lamb-Dicke parameters (LDPs) [81]

ηip,j = ~kL · ~ez|bip,j|

√
~

2mjωip

ηop,j = ~kL · ~ez|bop,j|

√
~

2mjωop
,

(3.57)

where ~ez is a unit vector along z. They express the ratio of the extent of the ground

state wavefunction of the ion in each mode over the wavelength of the interacting

light, but also the ratio of the recoil energy imposed on the ion to the trap level

spacing. In simple words the LPDs are a measure of how easily the motional state

can be changed upon absorption and emission of a photon.

Using the LPDs we can rewrite the interaction Hamiltonian as

Ĥint,j = ~Ω0,j cos
(
ηip,j(â

†
ip + âip) + ηop,j(â

†
op + âop)− ωLt

)
×
(
|ej〉 〈gj|+ |gj〉 |ej〉

)
.

(3.58)

The full Hamiltonian is given by

Ĥtot = Ĥr + Ĥt + Ĥz + Ĥint,j ≡ Ĥ0 + Ĥint,j. (3.59)

Here Ĥint,j only refers to the ion interacting directly with the light field.

In order to investigate the dynamics of the interaction between the internal and

external degrees of freedom, it is convenient to work in the interaction picture through

the transformation

ĤI = eiĤ0t/~Ĥint,je
−iĤ0t/~ (3.60)

which, due to the commutativity between the internal and external state operators,

leads to

ĤI = ~Ω0,j

(
eiωjt |ej〉 〈gj|+ e−iωjt |gj〉 〈ej|

)
eiĤzt/~

× cos
(
ηip,j(â

†
ip + âip) + ηop,j(â

†
op + âop)− ωLt

)
e−iĤzt/~.

(3.61)
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Performing the rotating wave approximation, i.e. keeping time dependent terms

containing ωj − ωL and not the ones containing ωj + ωL, one arrives at

ĤI =
~
2

Ω0,j |ej〉 〈gj| eiĤzt/~ei(ηip,j(âip+â†ip)+ηop,j(âop+â†op)−δjt)e−iĤzt/~ + h.c., (3.62)

where we have introduced the laser detuning δj = ωL − ωj from the addressed ion’s

internal transition. By introducing the time scaled ladder operators

˜̂aip = âipe
−iωipt , ˜̂a†ip = â†ipe

iωipt

˜̂aop = âope
−iωopt , ˜̂a†op = â†ope

iωopt
(3.63)

and using the Baker-Campbell-Haussdorff formula for decomposing the exponential

term [91], one can re-express the interaction Hamiltonian as

ĤI =
~Ω0j

2
|ej〉 〈gj| e−iδjte−η

2
ip,j/2e−η

2
op,j/2eiηip,j

˜̂a†ipeiηip,j
˜̂aipeiηop,j

˜̂a†opeiηop,j
˜̂aop + h.c. (3.64)

The specific quantum dynamics now depends on which ion we address with the light

field, and can be found by solving the Schrödinger equation of motion Eq. 3.10 in

the state-basis of |ir, it, nip, nop〉, where |ij〉 indicates the internal state i ∈ {g, e} of

the ion j ∈ {r, t}. In the case where the readout ion is addressed by the light field,

we obtain the following interaction matrix elements [92]

〈
er, it, n

′
ip, n

′
op

∣∣ ĤI |gr, it, nip, nop〉 =
~Ω0,r

2
ei(sipωip+sopωop−δr)te−η

2
ip,r/2e−η

2
op,r/2

×
n<ip∑

mip=0

n<op∑
mop=0

(iηip,r)
2mip+|sip|

√
n<ip!n

>
ip!

mip!(mip + |sip|)!(n<ip −mip)!

×
(iηop,r)

2mop+|sop|
√
n<op!n

>
op!

mop!(mop + |sop|)!(n<op −mop)!

(3.65)

where sip/op = n′ip/op−nip/op is the so-called sideband order, and n<ip/op = min{nip/op, n′ip/op}
and n>ip/op = max{nip/op, n′ip/op}. In a slightly more compact form, we can rewrite this

expression as

〈
er, it, n

′
ip, n

′
op

∣∣ ĤI |gr, it, nip, nop〉 =
~Ω0,r

2
ei(sipωip+sopωop−δr)t

× ξ(ηip,r, ηop,r, nip, nop, sip, sop)
(3.66)
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with

ξ(ηip,r, ηop,r, nip, nop, sip, sop) =

(
e−η

2
ip,r/2(iηip,r)

|sip|

√
n<ip!

n>ip!
L
|sip|
n<ip

(η2
ip,r)

)

×

(
e−η

2
op,r/2(iηop,r)

|sop|

√
n<op!

n>op!
L
|sop|
n<op

(η2
op,r)

) (3.67)

where L
|sip|
n<ip

(η2
ip,r) and L

|sop|
n<op

(η2
op,r) are the generalized Laguerre polynomials. One can

see from Eq. (3.66) that, for the monochromatic situation considered now, dynamics

involving transitions with specific changes in motional quantum numbers can be

efficient by tuning the laser field to be resonant with a specific sideband such that

sipωip + sopωop − δr = 0. (3.68)

In this case the explicit time dependence in the coupling matrix elements vanishes for

the particular type of transitions, while the off-resonant coupling terms to other tran-

sitions will generally average to zero. In the case where δr = 0 meaning sip = sop = 0

we say that we drive the carrier transition and the motional state is unchanged

after excitation (n′ip = nip, n
′
op = nop). If sip or sop is different from zero, we

drive a sideband transition and couple to a different motional state than the ini-

tial such that n′ip = nip + sip, n
′
op = nop + sop. For this we must tune the light to

ωL = ωr + sipωip + sopωop. If sip or sop is positive we couple to a higher motional

state and drive a blue sideband transition, and oppositely if sip or sop is negative,

we couple to a lower motional state and drive a red sideband transition. Hence

the sideband order refers to the number of motional quanta we can change with a

complete transfer to the coupling state. It is possible to drive mixed sidebands, also

where one is blue and one is red for two modes, respectively.

The strength of the different sideband transitions is given by the Rabi angular

frequency, which for a specific sideband and initial motional state is given by [89]

Ωnip,nop,sip,sop = Ω0,rξ(ηip,r, ηop,r, nip, nop, sip, sop). (3.69)

The situation becomes particularly simple in the so-called Lamb-Dicke regime where

ηip/op,r
√

2〈nip/op〉+ 1� 1. In this regime transitions changing the motional state by

more than a single quanta are strongly suppressed. In this case, we can simplify Eq.
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(3.67) to [89]

ξ(ηip,r,ηop,r, nip, nop, sip, sop) =(
η
|sip|
ip,r

|sip|!

√
n>ip!

n<ip!

)(
η
|sop|
op,r

|sop|!

√
n>op!

n<op!

)
(3.70)

for sip/op = 0,±1, and zero otherwise. Thus in this case the coupling to all other

sidebands is negligible, which is always true for small nip/op i.e. when the system is

prepared close to the motional ground state. In this regime the first order sideband

angular Rabi frequencies are approximately Ωnip,nop,sip=1,sop=0 = ηip,r
√
nip + 1Ω0 and

Ωnip,nop,sip=−1,sop=0 = ηip,r
√
nipΩ0, and likewise for the OP mode.

To resolve the sidebands, both the natural linewidth of the addressed transition

Γj and the spectral linewidth of the light field ΓL must be much smaller than the

motional mode angular frequencies ωip/op which correspond to the spacing between

sidebands. Another requirement is that Ω0 � ωip/op such that the transition is not

broadened to a width similar to the sideband spacing. In the resolved case it is

possible to only address a single sideband or the carrier and coherently change the

internal state of the addressed ion and the motional state of the two-ion system. If

we assume the readout ion is prepared in the internal ground state and in a single

motional state |gr, it, nip, nop〉, the excited state as a function of light exposure time

τr when tuned near a resonance (carrier or sideband) will evolve as

P|er〉(τr,∆r) =
Ω2
nip,nop,sip,sop

∆2
r + Ω2

nip,nop,sip,sop

sin2
(√

∆2
r + Ω2

nip,nop,sip,sop

τr
2

)
(3.71)

if no other sideband is driven. Here ∆r = ωL− (ωr + sipωip + sopωop) = δr − (sipωip +

sopωop) is the detuning from the sideband in question. This is the same Rabi flopping

behavior as we saw for a single atom in free space in Eq. 3.17. Recall from Sec. 3.1.1

that this fully coherent behavior arises because spontaneous emission is not included

in the model, i.e. we have neglected that the transition has a linewidth Γr. For this

to be a good approximation we must have Γr � Ω0.

Only the readout ion’s interaction with the light field is coherent during unresolved

sideband PRS, which is why we chose this ion as the exmaple case.





Chapter 4

Ion cooling

The basic idea of laser cooling, is to exploit the fact that photons carry momentum,

which they transfer to atoms upon absorption. If the momentum kicks from many

absorption and emission events on average is slowing down the motion of the atom,

the atom will effectively be cooled.

In the experiments presented in this thesis, two types of laser cooling are used

to cool down trapped ions: Doppler cooling and resolved sideband cooling. The

main difference between the techniques is the linewidth of the addressed electronic

transition, Γ, relative to the motional level spacings ωip and ωop.

For Doppler cooling the sidebands are unresolved since Γ� ωip/op and the process

is well-described by a semi-classical model. For sideband cooling the sidebands are

resolved Γ� ωip/op and the quantum mechanical nature of the ion’s motion must be

taken into account.

Prior to laser cooling the ion temperature equals that of the hot ovens correspond-

ing to kinetic energies of about 0.05 eV. From this energy the ions are first cooled to

the mK Doppler cooling limit, and subsequently close to the motional ground state

by means of sideband cooling.

The linewidth of a transition expresses its decay rate from the upper level to the

ground state, and hence how often it can absorb a new photon. Many photons can

thus be scattered in a short time from broad transitions. This is exploited in Doppler

cooling, which cools the ions fast relative to sideband cooling. This is why sideband

cooling is only applied after the Doppler cooling limit has been reached.

The theory of light-matter interactions presented in the former Chapter 3 form

the basis for the following description of laser cooling.

4.1 Doppler cooling

Doppler cooling was first proposed by Hänsch and Schawlow in 1975 [4] and was first

experimentally realized in ions traps by Wineland et. al. [5] and Neuhasuer et. al.

39
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[93] in 1978. Before Doppler cooling all other cooling techniques were limited by the

temperature of liquid helium (temperatures of a few kelvin).

4.1.1 Unconfined species

Since Γ� ωip/op for Doppler cooling, a scattering event can be considered to happen

instantaneously in the atom’s frame. Hence we can assume the velocity of the atom

to be constant during photon absorption. For now we assume the wave vector of the

photon to be parallel with the atom velocity ~kL‖~v and only consider cooling in one

dimension.

The average force exerted on the atom from many scattered photons can thus be

written as a momentum change ∆p = ~k times the scattering rate

dp

dt
≈ F = ~kLΓρee, (4.1)

where ρee is the population probability of the excited state, which is dependent on the

detuning between the transition and photon wavelength. The detuning is dependent

on the ion velocity ~v through the Doppler effect. As seen in the atom frame, the

effective detuning is

δeff ' δ − ~kL · ~v, (4.2)

where δ = ωL − ω is the detuning for a stationary atom.

To take the Doppler effect into account, δ must be replaced by δeff in the expression

for ρee,ss (Eq. 3.26) leading to an average force

F = ~kΓρee,ss =
s
2

1 + s+
(

2(δ−kv)
Γ

)2 . (4.3)

This expression can be expanded to first order in v giving F ' F0 + βv, where F0 is

a constant force and β is a frictional coefficient. This is a good approximation close

to the Doppler cooling limit where v is small. The coefficient β is proportional to

δ, so for δ < 0 (i.e. red detuning) β < 0 and the atom motion is dampened by the

light force. Hence for Doppler cooling the light must be red detuned relative to the

addressed electronic transition to work.

To also slow down the atom motion in the opposite direction, on must apply

another anti-propagating laser beam. If the atom is untrapped, two more pairs of
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anti-propagating laser beams perpendicular to the first one and to each other must

be applied to target the two other dimensions.

4.1.2 Trapped ions

If the atom is trapped in a spherically symmetric potential only three perpendicular

laser beams are necessary. Because the trapping potential of a linear Paul trap is

cylindrically symmetric all three dimensions can be cooled with only two laser beams.

The circular symmetry of the radial plane, however, will never be perfect simply due

to minor construction defects, but the asymmetry can be enhanced by applying an

offset DC voltage to a pair of diagonal electrode rods. Then the twofold degeneracy

of the radial modes, which are usually considered as one single mode, becomes visible.

In this case it is possible to cool all degrees of freedom with a single laser beam, as

long as it has an angle to the trap axis, since the radial modes will be coupled.

The average kinetic energy of the ion after Doppler cooling is minimized for

isotropic radiation with a 45◦ projection onto all three axes and a detuning of

δmin = −Γ
√

1+s
2

. This leads to a minimum temperature obtainable with Doppler

cooling of [94]

TD =
~Γ

2kB
. (4.4)

This minimum temperature is above zero since there is a lower limit to how well-

determined the atom’s momentum can be due to the randomness of the emission

process. TD is typically on the order of ∼ 0.1− 1 mK for atomic ions.

4.1.3 Using 40Ca+ as the cooling ion

The Doppler cooling scheme for 40Ca+ is shown in Fig. 4.1. The transition used is the

dipole-allowed 2S1/2 → 2P1/2 of 397 nm with linewidth Γ397 = 2π × 21.57(15) MHz

[96], which is much larger than the trap level frequencies (see Table 6.1), as required

for Doppler cooling. The scattered light from this transition is used to detect a

fluorescence signal on the CCD camera above the trap. However, the 2S1/2 →2P1/2

transition is not closed, since decay to the 2D3/2 level happens with a branching ratio

of 0.06. This is problematic since 2D3/2 has a very long lifetime of 1.2 s compared

to the short lifetime of the 2P1/2 of only 6.9 ns [97]. While the ion is shelved in the
2D3/2 state it can be neither cooled nor detected. Therefore it is necessary to apply

a laser light of 866 nm to pump the population in 2D3/2 back into 2P1/2 from where
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4 2P3/2

4 2P1/2

4 2S1/2

3 2D3/2

3 2D5/2

mJ = -1/2 1/2

-1/2

mJ = -1/2 1/2 3/2-3/2

-3/2 1/2 3/2 5/2-5/2 = mJ

397 nm
21.57(15) MHz

866 nm
1.481(15) MHz

Figure 4.1: Doppler cooling sceme for 40Ca+ . Two beams of 397 nm and 866 nm
are required to close the cooling cycle. The frequencies give the linewidths Γ/2π of the
transitions. Fig. from [95].

it can decay to the ground state. The 866 nm laser polarization makes a 45◦ angle

with the B-field in order to address all mJ -levels of the 2D3/2 state.

Due to the applied magnetic field the 2S1/2 and 2P1/2 levels both split into two

sublevels with mJ = ±1
2

which are separated by 18.2 MHz and 6.1 MHz, respectively.

With σ-polarized (mixture of σ+ and σ−) 397 nm light we can drive transitions such

that ∆mj = ±1. That is, the transition of highest frequency and the transition of

lowest frequency out of the four possible. The difference between them is 24.4 MHz

which is broader than the transition linewidth. The two transitions where ∆mj = 0,

which can be driven by π-polarized light1 only have a difference of 12 MHz. To keep

the transition as narrow as possible we hence use π-polarized 397 nm light.

In our setup the 397 nm Doppler cooling beam propagates with a 45◦ degree angle

to all trap axes in order to cool in all 3 dimensions. The resulting theoretical Doppler

limit temperature of a single ion when using a detuning of δmin is TD = 0.75 mK when

considering the Zeeman broadened width of the 397 nm transition [94]. This value

also matches the Doppler cooling temperature obtained in everyday experiments [82].

1Light traveling perpendicularly to the B-field axis is σ-polarized (π-polarized) if the polarization
is perpendicular (parallel) to the B-field.
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4.2 Sideband cooling

In order to cool the two-ion motion below the Doppler cooling limit the sideband

cooling (SBC) technique [3, 98] is used. Here, the motional sidebands must be re-

solved, which requires ΓL,Γr,Ω0 � ωip, ωop.
2 The principle of sideband cooling is to

drive a red sideband (RSB) transition, which is then followed by spontaneous decay,

most likely via the carrier transition if in the Lamb-Dicke regime. This is illustrated

in Fig. 4.2 for a single mode. In this way the motional state can be changed from e.g.

|nip, nop〉 to |nip, nop − 1〉, and likewise for the IP mode, from where the procedure

can be repeated until the motional ground state is reached.

|n = 3〉
|n = 4〉

|n = 1〉

|e〉

|g〉
|n = 0〉

Figure 4.2: Graphical representation of the principle of sideband cooling. When driving a
RSB, population is moved from |g, n〉 to |e, n− 1〉. After spontanous decay to |g, n− 1〉 the
process can be repeated until the motional ground state is reached. Here the RSB no longer
exist as indicated by the black cross. Figure from [95].

The probability of transfer to |e〉 is a maximum when the duration and intensity

of the laser pulse corresponds to a π-pulse. However, the coupling strength depends

on the specific motional state of the ion, which is unknown. We only know that after

Doppler cooling the population of each mode is thermally distributed with average

motional numbers n̄ip and n̄op. For each realization of the experiment, the system

can only be in one particular motional state. This means, that what is a multiple of a

π-pulse in one experiment, resulting in perfect transfer, can potentially be a multiple

of a 2π-pulse for the next experiment, resulting in no transfer.

This is also the reason why one has to wait for a spontaneous decay to happen,

instead of using a blue sideband (BSB) to drive population down from |e, n〉 to

2We now call the linewidth of the transition Γr to match later notation.
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|g, n− 1〉, since there is a risk to instead drive the transition |g, n〉 to |e, n+ 1〉,
which results in heating.

On the contrary, if one only addresses the RSB, it will be impossible to accidentally

drive population out of n = 0, because no RSB exists for the motional ground state.

Also, due to spontaneous emission, the probability to find the ion in the electronic

ground state is higher than finding it in the excited state. Thus, if one drives a RSB

from the electronic ground state one either cools or stays in the same n-state. If one

drives a BSB from the electronic ground state one either heats or cools. Thus only

by driving a RSB, can we have cooling on average.

In order to cool the ion from every possible n of the thermal distribution, it is

necessary in addition to the 1st RSB, to drive RSBs of higher orders. This is due

to the fact that the coupling strength for some combinations of motional state and

sideband order is zero. To help the reader this is illustrated for a singly trapped
40Ca+ ion in Fig. 4.3. A similar figure for the more relevant, but also more complex,

0 100 200 300 400 500
n

0.0

0.2

0.4

0.6

0.8

1.0

n,
s/

0

s = 0
s = -1
s = -2
s = -3

Figure 4.3: Plot of Rabi frequencies divided by the vacuum Rabi frequency for the carrier
and first 3 red sidebands as a function of the motional quantum number n for η = 0.1834
corresponding to light of 729 nm at ωz = 279.1 kHz. Fig. from [95].

case of a 40Ca+ -24Mg+ ion pair is given in Fig. E.1 of the appendix. In such a case it

is impossible to transfer population on this sideband, independent of the pulse length

and intensity. Fortunately the coupling strength is never zero for all sideband orders
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4 2P3/2

4 2P1/2

4 2S1/2

3 2D3/2

3 2D5/2

854 nm
1.350(6) MHz

729 nm
0.1353(13) mHz

393 nm
21.49(6) MHz

mJ = -1/2 1/2

-1/2-3/2 1/2 3/2 5/2-5/2 = mJ

mJ = -1/2 1/2 3/2-3/2

1.168(9) s

6.924(19) ns

Figure 4.4: Lasers and specific electronic levels in 40Ca+ used for sideband cooling. The
sidebands are driven with the 729 nm laser, and the population is pumped back to the ground
state with the 854 nm laser, from where the process can be repeated. Fig. from [95].

at the same time, such that it always will be possible to choose a RSB order that is

not zero for the given n.

The theoretical SBC limit along the z-axis without any external heating can be

expressed as the remaining harmonic oscillator energy

E(n̄ip/op) = ~ωip/op

((
Γr/2

ωip/op

)2 (
1 +

γ

4

)
+

1

2

)
, (4.5)

where γ is a constant describing the spontaneous emission probability along the z-

axis [94, 99]. Since usually ωip/op � Γr the ground state energy dominates. The ion

is thus very often in the absolute motional ground state after sideband cooling, if it

is optimized.

4.2.1 Using 40Ca+ as the cooling ion

The electronic levels of 40Ca+ used for SBC are depicted in Fig. 4.4. The transition

used for coherent population transfer is the dipole-forbidden quadropole transition
2S1/2, mJ = −1/2 ↔ 2D5/2 mJ = −5/2 of 729 nm. The condition of Γr � ωip, ωop is

easily satisfied since Γr = 0.1353(13) mHz due to the long 1.168(9) s lifetime of the
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2D5/2 level. Thus to speed up the cooling the 2D5/2 state is coupled to the 2P3/2 state

(with a lifetime of 6.924(19) ns [97]) by the 854 nm laser, from where it immediately

decays to the ground state.

4.2.1.1 Internal state initialization of 40Ca+

After Doppler cooling 40Ca+ is in a mixture of 2S1/2, mJ = ±1/2, so to prepare the

ion for sideband cooling we pump all the population from mJ = +1/2 to mJ = −1/2

by pumping population out of the 2S1/2, mJ = +1/2 state to the 2D5/2, mJ = −3/2

state. From here it can go to 2P3/2, mJ = −1/2 or −3/2. From 2P3/2, mJ = −3/2 it

can only go back to 2S1/2, mJ = −1/2 where we want it. It can also go back to 2S1/2,

mJ = +1/2 by different decay channels, but since we keep pumping population out

of this state, all the population will eventually end up in mJ = −1/2.

From 2D5/2, mJ = −5/2 the only dipole allowed (∆mJ = 1) transition to 2P3/2

is to mJ = −3/2. From here the only dipole allowed transition back to 2S1/2 is to

mJ = −1/2. However, the ion can also decay from 2P3/2 to 2D3/2 and 2D5/2 with

branching ratios of 0.0587(2) and 0.00661(4), respectively. During SBC the 866 nm

and 854 nm lasers repump this population to the 2S1/2, but this detour results in

population going to both 2S1/2, mJ = −1/2 and mJ = +1/2, giving an unclosed

scheme. Hence to have efficient sideband cooling we perform state initialization,

called qinit, regularly during the SBC sequence.

4.2.1.2 Pulsed scheme

In the pulsed scheme the 729 nm and 854 nm lasers are not on simultaneously. The

729 nm laser is applied first for a time τr in order to coherently drive a RSB, and

then the population is pumped back to the electronic ground state with the 854 nm

laser, from where the process can be repeated. If we use 729 nm ligth resonat with

a given sideband, ∆r = 0, the probability to end up in the excited state, 2D5/2, after

a pulse of length τr, is from Eq. 4.6 given by

P|e〉(τr) = sin2
(

Ωnip,nop,sip,sop

τr
2

)
(4.6)

if we neglect off-resonant coupling to other sidebands or the carrier. For a given LDP,

if we choose a certain pulse time and intensity (Ω0) this probability can be plotted

as a function of nip, nop. This plot then provides a picture of how efficiently we

can move population from |nip, nop〉 to |nip + sip, nop + sop〉 for the given parameters.
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Good transfer is not possible for all |nip, nop〉 for the same set of parameters, and is

even zero for some. These points of zero transfer stems from two different effects.

The first reason is the Rabi flopping behavior of the transfer expressed by sin2.

If the used pulse is an integer times 2π-pulse for the given |nip, nop〉, there can be

no transfer from this motional state. These zero-crossings can be moved to different

|nip, nop〉 by changing τr or Ω0 if Ωnip,nop,sip,sop > 0.

The second reason for zero transfer is more constant. For some combinations

of |nip, nop〉 and sip, sop, Ωnip,nop,sip,sop is simply zero as we saw in Fig. E.1. If

Ωnip,nop,sip,sop is zero you can tune τr or Ω0 all you want, the argument of sin2, and

hence the transfer efficiency, will always be zero. This problem can be solved by

driving different sidebands, since as also seen in Fig. E.1 the zero points occur for

different |nip, nop〉 for different sidebands.

After Doppler cooling the ions have an average motional state in each mode of

n̄ip/op ' Γ397

2ωip/op
given by the Boltzmann distribution.3 This makes it favorable to op-

erate at a high DC voltage in order to increase ωip/op, however to have good conditions

for PRS ωip/op cannot be too large, so in our experiment we must compromise.

For specific initial n̄ip, n̄op, it can be calculated how much of the population lies

before the first zero-crossing of the 1st RSBs. If this is 100%, we principally only

need to use the 1st RSB of each mode to drive all the population to |nip = 0, nop = 0〉.
Though, if a significant amount lies in higher motional states, application of 2nd order

RSB pulses prior to the 1st order pulses are necessary. Once the population has been

transferred to lower |nip, nop〉 where the 1st order pulses are more efficient, we can

switch to this, in order to reach the motional ground state faster. In case the initial

n̄ip, n̄op are very large, one needs to apply many sideband orders in succession to

address the entire population.

The different sidebands are always driven one at a time starting from the highest

applied sideband order. By doing this we ‘push the population in front of us’ as we

gradually go from cooling most efficiently at the highest n’s to the lowest n’s. In this

way the population in the high n-states will be moved to a lower n for every applied

sideband. Hence, a high initial temperature after Doppler cooling complicates the

SBC process, both because we have to move more quanta to end up near the motional

ground state, but also because we have to apply more sideband orders such that the

tail of the distribution is not left in the high n-states.

3The lower the trap level spacing, the higher the average n’s for the same temperature.
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As mentioned, the pulses cannot be perfect π-pulses for every |nip, nop〉 simul-

taneously, which is remedied by targeting different n-states for each sideband order

(again from high to low) by varying the pulse length and light intensity.

Near the end of sideband cooling almost all the population will be distributed

among the lowest couple of motional states. Because the coupling to the carrier is

larger than to the 1st RSB for small n, there is a risk that the carrier transition

will be driven off-resonantly for too high intensities, since the transfer peak width is

proportional to Ω0 as discussed in relation to Fig. 3.1. This will result in a higher

than optimum average steady state, and thus the last steps of SBC must be done

at very low intensities to fine-tune the ground state preparation. The pulse time

naturally has to be increased accordingly, such that it still corresponds to a π-pulse.

4.2.1.3 Continuous scheme

Instead of applying the 729 nm and 854 nm lasers one at a time, they can also be

applied simultaneously. In this case the coupling to the ground state through the 854

nm transition will effectively broaden the 729 nm transition. The effective linewidth

is given by

Γeff =
Ω2

854

(Γ393 + Γ854)2 + 4δ2
729

Γ393. (4.7)

The 854 nm light field also results in an AC Stark shift of the 729 nm transition given

by δ854
Γeff

Γ397
[100]. Therefore the 729 nm laser must be tuned to the new resonance for

optimum transfer efficiency.

The coherent nature of the procedure is no longer important when both lasers are

continuously on, and we no longer have to worry about the zero-crossings stemming

from sin2, but still the ones stemming from Ωnip,nop,sip,sop . Since we do not have to

repump, but can cool continuously, cooling is generally faster when using a continuous

scheme.

Thus we start with continuous SBC and follow up with low-intensity pulsed side-

band cooling to reach the motional ground state as fast and flawlessly as possible.

4.3 Trap-induced heating

When talking about cooling, one also has to consider uncontrolled heating of the

motional modes that will inevitably happen due to a non-perfect lab environment.
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These so-called trap-induced heating rates, different for each mode, puts a limit to

how cold we can get, and also how long the ions will stay cold after SBC.

As the name suggest trap-induced heating stems from a non-ideal trapping po-

tential resulting in unwanted oscillating electric fields driving the ion motion. The

electric field noise will interact differently with the modes of a two-ion system, both

due to their different trap level spacings and different eigenvectors.

When the two ions have equal masses, the IP mode has a pure center-of-mass

motion (COM), and the OP mode has the same but opposite amplitudes, and is

called the breathing mode. If the electric noise is spatially correlated over the two

ions (same phase and amplitude), only the COM mode will be excited. To excite the

breathing mode, the noise would have to be perfectly anti-correlated (π out of phase

on each ion). Because the ion-electrode distance is much larger than the distance

between the ions, the noise will most likely be spatially correlated.

When the mass ratio µ changes from 1, the IP and OP modes will become super-

positions of the COM and breathing modes, such that both modes can be excited by

correlated noise.

If we assume that the electric field noise is spatially correlated and has a white

noise spectral density the trap induced heating rate can be written as [101]

RH,ip/op

RH,r

=
1

ζ ip/op,r

(
bip/op,r +

bip/op,t
√
µ

)2

, (4.8)

where ζ ip/op,r = ωip/op/ωz and ωz refers to the axial trap frequency if the readout ion

were alone in the trap for the same trapping conditions. The eigenvectors bip/op,i are

given in Eq. 2.15. Here RH,r is the trap-induced heating rate of the axial mode, if

the readout ion was alone in the trap.

The heating rate of the two axial modes normalized to RH,r are shown in Fig.

4.5a). When the mass ratio is close to one, the heating rate of the IP mode is much

larger than for the OP mode, as we expect. As we move away from µ = 1 the hating

rate of the OP mode increases. The asymmetry is a result of normalization to the

axial frequency of one ion, i.e. the readout ion in this case. The ratio of the IP and

OP heating rates is given in Fig. 4.5b). For the 40Ca+ -24Mg+ system we thus expect

a ratio of 12.6, from this model, and 14.6 for the 40Ca+ -24MgH+ system.
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a) b)

Figure 4.5: a) Trap-induced heating rates of the IP and OP modes of a two-ion crystal
normalized to the heating rate of a single readout ion RH,r as a function of ion mass ratio.
b) The ratio between the IP and OP heating rates. A spatially correlated white electric field
noise spectral density is assumed. Figures from [82].

4.4 Temperature evaluation

In connection with ion cooling it is relevant to define what is meant by the temper-

ature of an ion or an ion pair. This concept is quite different from the temperature

in the vacuum chamber surrounding the trap, which is at room temperature.

When giving a certain ion temperature, I refer to the population distribution

of a specific outer motional mode. Most often I talk about the axial modes with

level spacing ωip and ωop, since these are the ones we are cooling actively in the

experiments. After Doppler cooling and at the very end of SBC the population can

be assumed to be Boltzmann distributed. An example where this not holds, is if

some population is left at some high motional state after SBC due to a Ωnip,nop,sip,sop

zero point.

For a Boltzmann distribution the probability of finding the ion in a specific mo-

tional state n is given by

Pn =
e
− En
kBT∑∞

i=0 e
− Ei
kBT

(4.9)

with En =
(

1
2

+ n
)
~ωz being the energy of a harmonic oscillator level. Putting n = 0

and solving for T gives

T =
−~ωz

kB ln(1− P0)
. (4.10)
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In terms of the average motional state n̄ the probability to be in a certain motional

state can also be written as

Pn =
n̄n

(n̄+ 1)n+1
. (4.11)

By inserting P0 in Eq. 4.10 one obtains the ion temperature as a function of n̄. A

way to approximate n̄ is to measure the height of different sidebands, that is, the

maximum probability to transfer the ion to the excited electronic state when driving

a sideband transition for a fixed Ω0, and pulse time τr. This works because the height

will depend on the motional distribution through Ωnip,nop,sip,sop .

Considering only one mode, the probability to transfer the ion from |gr, n〉 to

|er, n+ s〉 for zero detuning from the sideband in question is given by (assuming

transfer on no other modes nor the carrier)

P|er,n+s〉(τr) =
∑
n

sin2
(

Ωn,s ×
τr
2

)
P|gr,n〉 (4.12)

where in this case we assume the probability P|gr,n〉 to be in |gr, n〉, is given from the

Boltzmann distribution. This is a sum over the transfer efficiency from n times the

probability to be in n.

When the ion is in the motional ground state, it is not possible to drive a RSB,

and the height of the sideband can thus be expressed as

ρrsb '
∞∑
n=1

Pn sin2

(
1

2

√
nηΩ0t

)
=
∞∑
n=0

n̄

n̄+ 1
Pn sin2

(
1

2

√
n+ 1ηΩ0t

)
. (4.13)

The 1st blue sideband height is

ρbsb '
∞∑
n=0

Pn sin2

(
1

2

√
n+ 1ηΩ0t

)
. (4.14)

Where approximate expressions for Ωn,s=−1 and Ωn,s=1 valid in the Lamb-Dicke regime

have been inserted in the two expressions above. Dividing the two sideband heights

gives

ρrsb

ρbsb

=
n̄

n̄+ 1
(4.15)
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which finally gives [90]

n̄ =
ρrsb

ρbsb − ρrsb

. (4.16)

Hence by measuring the 1st red and blue sidebands, we can estimate the ions motional

population. It is therefore denoted the sideband strength comparison method. Note

that this method only is valid after SBC, since we have assume that we are in the

Lamb-Dicke regime.

For hotter distributions a more correct method is to fit P|er,n+s〉(τr,∆r) to Eq.

5.18 and use the average motional state as a fitting parameter. This is e.g. done in

Fig. 13.1.



Part II

Photon recoil spectroscopy theory

and simulations
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Chapter 5

Working principle and

mathematical description of PRS

The idea of exploiting the photon recoil associated with absorption and emission in

connection with spectroscopy was first devised by the Nobel laureate Prof. Wineland

in 2002 [63] and first demonstrated in 2005 [64]. It was invented with the prospect

of developing optical atomic clocks based on single atomic ions with suitably narrow

optical transitions, but lacking transitions for direct laser cooling.

In this case, spectroscopy is carried out by trapping a single spectroscopic target

ion together with a single atomic ion that can be sideband cooled. Via the Coulomb

interaction between the ions, the two-ion system can be brought to the quantum

mechanical ground state with respect to one or more motional modes as explained in

Sec. 4.2. From here the common motion is excited by addressing the target ion with

a light field on a red sideband. The fact that the system is no longer in the motional

ground state can then be detected on the readout ion, indirectly indicating that the

target ion interacted with the light field.

In this way the PRS technique allows for spectroscopic measurements of target

ions, which would have been difficult or impossible to perform by other means.

5.1 Resolved sideband PRS

In the original paper, the authors consider a so-called resolved sideband scenario

where the two motional mode angular frequencies along the trap axis corresponding

to the IP mode (ωip) and OP mode (ωop) are significantly larger than both the

transition linewidth (Γt) and the spectral width of the spectroscopy laser (ΓL) and

additionally Ω0 � ωip/op. In this scenario, it is possible to selectively address both

the spectroscopy ion (target ion) and the sideband-cooling ion (readout ion) with

lasers tuned resonantly to either carrier or specific motional sideband transitions.

Fig. 5.1 illustrates one of the simplest specific implementations of PRS capturing

the elements important to this thesis.
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nop = 1

nop = 0

nop = 1

nop = 0

(i)

b)

(iii) (iv)

z

nop = 1

nop = 0

a)

(ii)

Figure 5.1: a) A single spectroscopic target ion (red) is trapped together with one readout
atomic ion (blue) in a linear Paul trap. Doppler cooling followed by sideband cooling on the
readout ion ensures that the two-ion Coulomb crystal is in the motional ground state along
z. The simplified internal structure of each ion is also shown: the target ion has a simple
two-level structure and the readout ion has a three-level structure with two excited states,
one long-lived (|er〉) used for sideband cooling and RSB shelving and one short-lived (|fr〉)
used for fluorescence detection. A light field of frequency ωL propagating along z interacts
with one of the two ions only. b) Schematic of PRS. (i) The two-ion system is initialized in
its motional ground state along z with respect to e.g. the out-of-phase mode of motion. The
readout ion is prepared in its electronic ground state and the molecular ion in its internal
target state. (ii) After a resonant BSB spectroscopy pulse on the target ion, the two-ion
system is transferred to the first excited state nop = 1. (iii) After a resonant RSB pulse on
the readout ion, the two-ion system is transferred back to the motional ground state, and
the readout ion is in the |er〉 state. (iv) When exposed to light resonant with the |gr〉 ↔ |fr〉
transition, the readout ion does not fluoresce, reflecting a successful excitation of the target
ion by the BSB pulse before step (ii).
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This procedure starts by (i) initializing the two-ion system in the quantum me-

chanical ground state of at least one of the two motional modes along the axis defined

by the two ions (e.g. the OP mode), the readout atomic ion in its electronic ground

state, and the molecular ion in its internal target state for the spectroscopy.

Next, the target molecular ion is exposed to a light pulse expected to be resonant

with the BSB of the spectroscopy transition (i.e. ωL = ωt + ωop, where ωL, ωt are

the angular frequencies of the light and of the target transition respectively). If

the correct interaction time τspec is chosen, the resonant BSB pulse leads to a full

excitation of the target ion to |et〉 (a perfect π-pulse as explained in Sec. 3.1), and

the two-ion system is transferred to the state depicted in (ii), where the OP mode is

now excited by one quanta (nop = 1).

This motional excitation can be monitored by addressing the readout atomic ion

with a light pulse resonant with the RSB of the narrow sideband cooling transition

(ωL = ωr − ωop, where ωr is the transition frequency) for a time τr corresponding to

a full excitation to the |er〉 state at the expense of the motional excitation (iii).

In the final step (iv), the readout ion is exposed to light resonant with a closed

fast fluorescing transition |gr〉 ↔ |fr〉. This leads to the emission of many photons at

the frequency ωf if the readout ion is in the |gr〉 state, versus no photon emission if

it is in the |er〉 state. Since we assumed in step (iii) to have brought the readout ion

to the |er〉 state, we expect no fluorescence in the last step (iv) if the pulse applied to

the target molecular ion was indeed excited by the first BSB pulse. Conversely, if the

target ion was not excited on the BSB, the readout ion would stay in the |gr〉 state

after step (iii), and fluorescence light would be emitted during the final step (iv).

Hence, through repetition of the PRS sequence (i)-(iv) for different values of ωL

when addressing the target ion, the total fluorescence signal from the readout atomic

ion will reflect the excitation probability of the target molecular ion and thus produce

a spectroscopy signal.

5.1.1 Hamiltonian dynamics relevant to resolved sideband

PRS

If we assume Γt,ΓL � Ω0, the relevant Hamiltonian dynamics for sideband resolved

PRS are the ones already presented in Sec. 3.2 for the interaction between two co-

trapped ions and a classical monochromatic light field, where spontaneous decay can

be neglected. The only difference to Sec. 3.2 is that for PRS the readout ion must

have a three-level structure {|gr〉 , |er〉 , |fr〉} in order to perform fluorescence readout
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on the |gr〉 ↔ |fr〉 transition as depicted in Fig. 5.1. However this reduces to the

two levels |gr〉 and |er〉, which were assumed in Sec. 3.2, when considering only the

Hamiltonian evolution of the PRS sequence before readout (steps (i) to (iii), Fig.

5.1).

For resolved sideband PRS, the typical starting point is to have both motional

modes cooled to the quantum mechanical ground state. Eq. 3.70 is then typically

a good approximation for simulating the internal and external quantum dynamics

before the final unresolved sideband detection addressing the |gr〉 ↔ |fr〉 transition of

the readout ion (step (iv), Fig. 5.1). This readout signal corresponds to a projection

measurement of the readout ion to its ground state |gr, it, nip, nop〉. Formally, it is

proportional to

P|gr〉 =
∑

nip,nop,it

| 〈ψHam|gr, it, nip, nop〉 |2, (5.1)

with ψHam being the wavefunction after the Hamiltonian evolution of steps i) to iii)

of the PRS sequence. Thus the fluorescence level corresponds directly to how much

population was left in |gr, it, nip, nop〉 before step (iv).

5.2 Model for PRS in the unresolved sideband

regime

Although PRS was originally developed for ultra-precise spectroscopy in the resolved

sideband regime, PRS in unresolved sideband scenarios can be equally interesting for

a range of investigations of molecules in the gas phase. This includes internal state

preparation, broad line absorption spectroscopy under diverse but well-controlled con-

ditions, and single photon absorption studies of non- or weakly-fluorescing molecules.

The unresolved sideband PRS scenario appears naturally in two generic cases,

when the motional sideband frequencies of the two-ion system, ωip/op, are either

smaller than or similar to: 1) the natural linewidth of the spectroscopic transition

Γt, or 2) the linewidth of the applied light source ΓL.

In general, to simulate the photon recoil spectrum under such circumstances,

one has to include the laser linewidth and/or the natural linewidth of the addressed

transition in the theory presented in Sec. 3.2 and 5.1.1. In the broad transition

linewidth case this is similar to what was done for a single ion in free space in

Sec. 3.1.1, where spontaneous emission was included in the model. However due to

the large state space for two trapped ions the resulting density matrix would be of
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dimension M × M where M = 2 · 2 · Nip · Nop is the total number of eigenstates

|ir, it, nip, nop〉 and Nip/op are how many motional modes are considered in the model.

This means that already for few motional states the master equations [94] will be

very time-consuming to solve.

However, in the limit of no remaining coherence in the interaction with the light

field, the description can be simplified by instead using the Einstein rate equation

formalism presented in Sec.s 3.1.2 to 3.1.4.

5.2.1 Rate equation description

Before using the Einstein rate equation formalism to describe sideband unresolved

PRS, we must argue why the more detailed semi-classical model reduces to the rate

equation description in each of the two generic cases 1) Γt � ωip/op, and 2) ΓL �
ωip/op.

In order for the first case to be well-described by rate equations we must assume

Γt � Ω0 such that spontaneous emission dominates. In this case the time to reach

steady state is much shorter than Ω0t/(2π) as depicted in Fig. 3.2, and the steady

state value is very low. In this case the Einstein rate and the optical Bloch solutions

are so similar, especially for interaction times τspec � Ω0t/(2π) that we choose to

neglect the difference when describing the system with rate equations.

The second case inherently resembles the scenario originally considered by Ein-

stein of broadband black-body radiation, and the dynamics are therefore considered

to be incoherent. In this case the different sideband transitons can be seen as degen-

erate levels compared to the broad light field.

Hence in both cases, the internal state evolution can be described by excitation

and de-excitation rates in accordance with Einstein’s theory for light absorbers in-

teracting with broadband (black-body) fields [102]. We will further assume that the

wave vectors of the absorbed and emitted photons can all be represented by the one

corresponding to that of the transition center (i.e. assuming the transition linewidth

to be much narrower than the transition frequency). We can then apply Eq. 3.67

using a single value of ‖~kL‖ (or ‖~kspon‖ for spontaneous emission) to evaluate the

relative coupling between motional states. Based on these approximations, we can

formally write up rate equations governing the dynamics of the internal and external
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state populations during the spectroscopy pulse as

d

dt
P|ir,gt,nip,nop〉 =

∑
sip,sop

−Rabs(nip, nop, sip, sop)P|ir,gt,nip,nop〉

+ [Rstim(nip, nop, sip, sop)

+Rspon(nip, nip, sip, sop)]P|ir,et,(nip+sip),(nop+sop)〉

− (RH,ip +RH,op)P|ir,gt,nip,nop〉

+RH,ipP|ir,gt,(nip−1),nop〉

+RH,opP|ir,gt,nip,(nop−1)〉

(5.2)

d

dt
P|ir,et,nip,nop〉 =

∑
sip,sop

− [Rstim(nip − sip, nop − sop, sip, sop)

+Rspon(nip − sip, nop − sop, sip, sop)]P|ir,et,nip,nop〉
+Rabs(nip − sip, nop − sop, sip, sop)P|ir,gt,(nip−sip),(nop−sop)〉

− (RH,ip +RH,op)P|ir,et,nip,nop〉

+RH,ipP|ir,et,(nip−1),nop〉

+RH,opP|ir,et,nip,(nop−1)〉

(5.3)

for the target ion being in the internal ground or excited state, respectively. Here,

Rabs/stim(nip, nop, sip, sop) describe the rates of photon absorption and stimulated emis-

sion, and can be expressed as

Rabs/stim(nip, nop, sip, sop) =Babs/stim × ρeff(ωt, ωL)× |ξ(ηip,t, ηop,t, nip, nop, sip, sop)|2

=Rabs/stim,0(ωt, ωL)× |ξ(ηip,t, ηop,t, nip, nop, sip, sop)|2

(5.4)

with the Einstein B-coefficients given as

Bstim =
π2c3

~ω3
t

Γt, Babs = Bstim, (5.5)

in accordance with Eq. 3.39, however here we omit the degeneracy of the levels and

consider a true two-level system. ρeff(ωt, ωL) denotes the effective spectral energy
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density at the carrier transition frequency ωt due to a laser line centered around ωL.1

Generally, we can write ρeff(ωt, ωL) as

ρeff(ωt, ωL) =
3IL
c

∫ ∞
−∞

Lt(ω
′, ωt)LL(ω′, ωL) dω′, (5.6)

similarly to Eq. 3.48 but here we introduce a factor of 3 because we consider, in

contrast to the original scenario considered by Einstein of classical electric dipoles in-

teracting with unpolarized and randomly propagating electromagnetic fields, a laser

field with a well-defined polarization and an aligned induced electric dipole by con-

struction. We assume the laser field to have a Gaussian2 frequency distribution with

a full width at half maximum (FWHM) ΓL ≡
√

8 ln(2)σL (where 2σL is the full width

at 1/
√
e), and the target transition to be Lorentzian3 and governed by the natural

decay rate Γt. The two line shapes can be written as

LL(ω, ωL) =
1√

2πσL
e
−(ω−ωL)2

2σ2
L (5.7)

and

Lt(ω, ωt) =
1

π

Γt/2

(ω − ωt)2 + Γ2
t/4

. (5.8)

For the two cases where either ΓL � Γt or ΓL � Γt, ρeff(ωt, ωL) reduces to

ρteff(ωt, ωL) =
3IL
c
Lt(ωL, ωt) (5.9)

and

ρLeff(ωt, ωL) =
3IL
c
LL(ωt, ωL), (5.10)

respectively. It is obvious from Eq. 5.4 that we have the largest absorption and

stimulated emission rates when ωL = ωt, which leads to, for the two cases of ΓL � Γt

1In principle we should write ωt → ωL − ∆t where ∆t = ωL − (ωt + sipωip + sopωop) is the
detuning from the specific sideband. However, for smooth spectral shapes simply using ωt will be a
good approximation, since ΓL or Γt is assumed to be much larger than ωip/op.

2This laser lineshape is chosen as an example since it is common, but any lineshape can be
considered.

3Typical for the natural lineshape of a transition, but it could have a different shape if other
processes than spontaneous emission play a significant role.
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and ΓL � Γt, the following values for Rabs/stim,0(ωt, ωL)

Rt
abs/stim,0(ωt, ωt) ≡ Rres,t

abs,0 =
6πc2

~ω3
t

IL

≡ Γt
IL
I tsat

, (5.11)

where

I tsat ≡
~ω3

tΓt
6πc2

, (5.12)

and

RL
abs/stim,0(ωt, ωt) ≡ Rres,L

abs,0 =
3π3/2c2

√
2~ω3

t

Γt
σL
IL

≡ Γt
IL
ILsat

, (5.13)

where

ILsat ≡
√

2~ω3
t σL

3π3/2c2
, (5.14)

respectively. Here, the intensity Isat is defined in both cases as the laser intensity

which leads to an excitation rate Rres
abs,0 equal to Γt.

4

Furthermore the absorption and stimulated emission rates are scaled by the fac-

tor |ξ(ηip,t, ηop,t, nip, nop, sip, sop)|2 given in Eq. 3.67 which represents the relative

strength of the coupling to different sidebands. This factor is norm squared because

Babs/stim(nip, nop, sip, sop) is proportional to |Ωnip,nop,sip,sop|2 through Eq. 3.44, which

is connected to the scaling factor by Eq. 3.69.

Regarding the contribution of spontaneous emission to Eq.s 5.2-5.3, one has to

scale the rate Γt with a factor accounting for the average probability to emit on a

certain sideband. This factor depends on the spatial emission pattern of the specific

transition. If we define θ ∈ [0, π] as the angle between the spontaneously emitted

photon wave vector ~kspon and the z-axis, and φ ∈ [0, 2π] as the angle between the

y-axis and the projection of ~kspon on the xy-plane, we can write

~kspon

‖~kspon‖
=


sin θ cosφ

sin θ sinφ

cos θ

 . (5.15)

4This leads to a steady state value of 1/3 when IL = I
t/L
sat , which differs from the definition of

Isat given in Eq. 3.29.
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In spherical coordinates, we can then write the spontaneous emission rate as

Rspon(nip, nop, sip, sop) = ΓtD(nip, nop, sip, sop) (5.16)

with

D(nip, nop, sip, sop) =

∫
dΩ|ξ(ηip,t(θ), ηop,t(θ), nip, nop, sip, sop)|2W (θ, φ), (5.17)

where ~kL must be replaced by ~kspon in Eq. 3.57 for ηip/op,t. The emission pattern

W (θ, φ) is the probability that the spontaneously emitted photon propagates along

the (θ, φ) direction.

Finally, for realistic simulation of the PRS spectra, one has to take into account

heating of the motional modes due to imperfect trapping conditions. As we saw in

Sec. 4.3 the associated heating rates can be very mode-dependent but are typically

independent of the internal state of the two ions as well as on the specific mode

excitation [81]. They are introduced in Eq. (5.2)-(5.3) by the terms containing the

rates RH,ip/op.

Although the spectroscopy laser does not exclusively address the first BSB as in

the case of resolved sideband PRS (it actually addresses many sidebands simultane-

ously), light-ion interaction still leads to excitation of both motional modes according

to Eq.s 5.2-5.3. The resulting motional state populations depend on the transition line

profile, the laser parameters (intensity, central frequency, lineshape and linewidth)

as well as the time τspec the laser light is applied.

A signal reflecting the motional mode distribution after the spectroscopy pulse

can be obtained by applying to the readout ion a sideband resolved shelving pulse of

length τr with respect to one of the two modes (step (iii) Fig. 5.1). If assuming no

other sidebands nor the carrier transition are driven the probability for the readout

ion to be shelved in the |er〉 state is given by

P|er〉(τr,∆r) =
∑
nip,nop

Ω2
nip,nop,sip,sop

∆2
r + Ω2

nip,nop,sip,sop

sin2
(√

∆2
r + Ω2

nip,nop,sip,sop

τr
2

)
P|gr,it,nip,nop〉

(5.18)

similarly to Eq. 4.6. The difference is that now we have a sum of contributions

from the different motional states with population probability P|gr,it,nip,nop〉. The

probability to stay in the ground state |gr〉 when addressing the 1st RSB of the OP
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mode for ∆r = 0 (i.e. ωL = ωr − ωop) is then

P|gr〉(τr) = 1−
∑
nip,nop

sin2
(

Ωnip,nop,sip=0,sop=−1 ×
τr
2

)
P|gr,it,nip,nop〉 (5.19)

where Ωnip,nop,sip=0,sop=−1 indicates the Rabi angular frequency of the 1st RSB tran-

sition for a given motional state. As mentioned previously for resolved PRS (see Eq.

5.1), the readout fluorescence signal during step (iv) is directly proportional to P|gr〉.

Clearly, if there is no motional excitation by the spectroscopy laser, there is also no

excitation by the resolved RSB laser pulse since P|er〉 = 0 for nip = nop = 0 (assuming

no heating from other sources), and the readout ion fluoresces when finally driving

the |gr〉 ↔ |fr〉 transition. Conversely, any excitation by the spectroscopy laser pulse

leads to a reduced fluorescence signal. As is evident from Eq. 5.19, the fluorescence

reduction also depends on the duration of the resolved RSB pulse. If ∆r = 0 and

τr = π/Ωnip,nop,sip,sop , we drive a π-pulse from this specific motional state and on this

specific sideband, meaning all population in |gr, it, nip, nop〉 will be transferred to |er〉.
In the following chapter we will present simulated PRS spectra obtained by applying

the model presented here to two specific unresolved sideband scenarios.



Chapter 6

Simulations of unresolved photon

recoil spectra

In this Chapter, we present simulated unresolved PRS spectra based on the model

presented in Sec. 5.2, where either the natural linewidth of the transition or the

linewidth of the laser dominates the dynamics. More specifically, in Sec. 6.1, we

consider PRS of the rather broad 3s 2S1/2 - 3p 2P3/2 electronic transition (Γt/2π =

41.8(4) MHz) of a single 24Mg+ ion at λ = 279.6 nm by a narrow laser source (ΓL/2π .

1 MHz � Γt/2π). Section 6.2 is devoted to simulation of mid-infrared rovibrational

PRS spectra of the very narrow |ν = 0, J = 1〉 ↔ |ν ′ = 1, J ′ = 0〉 closed transition

(Γt/2π = 2.50 Hz) at λ = 6.17 µm in the 1Σ+ electronic ground state of 24MgH+ by

a laser source with a linewidth varying from ΓL/2π ∼ 50 MHz to 1 GHz. In both

cases we use a single 40Ca+ ion as the readout/cooling ion and the 4s 2S1/2 - 3d
2D5/2 quadrupole transition at λ = 729 nm of this ion as the readout transition

|gr〉 → |er〉. An overview of the trap frequencies, transition wavelengths, and Lamb-

Dicke parameters used in the simulations are given in Table 6.1.

Broad transition Broad laser
40Ca+ and 24Mg+ 40Ca+ and 24MgH+

ωip/2π 162.9 kHz 162.0 kHz
ωop/2π 300.2 kHz 295.7 kHz
λt 279.6 nm 6.17 µm
λr 729 nm 729 nm
ηip,t [0◦(45◦)] 0.419 (0.296) 0.0192 (0.0136)
ηop,t [0◦(45◦)] 0.507 (0.358) 0.0224 (0.0159)
ηip,r[0

◦] 0.204 0.203
ηop,r[0

◦] 0.0917 0.0949

Table 6.1: Trap frequencies, transition wavelengths and Lamb-Dicke parameters for the
two different two-ion systems considered. The LPDs depend on which ion is addressed
(target or readout) and on the angle between the laser beam and the z-axis.
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(a) (b)

3s 2S1/2
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Figure 6.1: (a) Energy levels of 24Mg+. The 3s 2S1/2 - 3p 2P3/2 transition is the spectro-
scopic target transition (|gt〉 ↔ |et〉) in our simulations and experiments. (b) The energy
levels of 24Mg+ have sub-levels which are degenerate in the presence of a magnetic field. π-
transitions do not change the secondary total angular momentum mJ whereas σ± transitions
change it by ±1. The norm squared values of the Clebsch-Gordan coefficients associated
with these transitions are shown.

6.1 Transition linewidth dominating case (24Mg+ )

In this section we simulate photon recoil spectra of the rather broad 3s 2S1/2 - 3p
2P3/2 electronic transition (Γt/2π = 41.8(4) MHz) of a single 24Mg+ ion at λ = 279.6

nm (See Fig. 6.1(a)) by a laser source with such a narrow linewidth (ΓL � Γt) that

we disregard it. The two levels have sub-levels as seen in Fig. 6.1(b), which are non-

degenerate in the presence of a magnetic field, and they therefore do not constitute

a perfect two-level system. However, when applying linearly polarized spectroscopic

laser light along a bias magnetic field axis (y-axis), only two sub-level transitions
2S1/2 (mJ = ±1/2) - 2P3/2 (mJ = ±1/2) can be excited. The strength of these two

transitions are equal (see Fig. 6.1.(b)). Furthermore, since the spontaneous emis-

sion pattern from the 2P3/2 (mJ = ±1/2) sub-states have identical effects on the

motional mode excitations, the two transitions are identical from an excitation and

spontaneous emission point of view, and the dynamics are equivalent to the ones of

a two-level system. The effective saturation intensity is, however, 1.5 times larger

than in the two-level theory presented in Sec. 5.2.1 due to the norm squared of

the Clebsch-Gordan coefficient being 2/3. In the simulations this has been imple-

mented by multiplying Rres
abs,0 from Eq. 5.11 by 2/3. We furthermore assume that the

24Mg+ target ion is initially sympathetically cooled to the motional ground state of

both modes by a directly sideband-cooled readout 40Ca+ ion.
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6.1.1 Absorption and stimulated emission

Assuming ωz = 2π × 147.9 kHz for a single 40Ca+ ion, we get from Eq. 2.17 ωip =

2π × 162.9 kHz and ωop = 2π × 300.2 kHz. Both mode angular frequencies are more

than two orders of magnitude smaller than Γt. Hence, we are clearly in the regime

where we can apply Eqs. 5.2-5.3 with Eq. 5.9. In the simulations presented in this

chapter we use ωt → ωL−∆t in Eq. 5.9 for ρteff. With λt = 279.6 nm for the target ion

and the mode angular frequencies above, the LDPs for absorption and spontaneous

emission are ηip,t = 0.42 and ηop,t = 0.51 for the spectroscopy laser beam propagating

along the z-axis. In the simulations to be presented below, we will, however, use the

values ηip,t = 0.30 and ηop,t = 0.36 in order to compare the results with experiments

where the 24Mg+ spectroscopy laser beam propagates at a 45◦ angle to the z-axis,

reducing the LDPs by a factor
√

2. While this approach gives the correct effect of

the momentum recoil along the z-axis with respect to absorption and stimulated

emission, it neglects the effect of motional excitations in the plane perpendicular to

the z-axis. In the present unresolved sideband PRS situation, it is merely expected

to lead to slightly reduced induced transition rates and a minor Doppler broadening

of the target line (see details in Sec. 13.2).

6.1.2 Spontaneous emission

To simulate the effect of spontaneously emitted photons following Eq. (5.16-5.17), we

must know the emission pattern of the specific transition. To determine that, we have

to take into account the particular Zeeman sub-level structure of the 3s 2S1/2 - 3p 2P3/2

electronic transition in the 24Mg+ ion and the relative branching ratios between sub-

level transitions given by the norm squared of the Clebsch-Gordan coefficients (See

Fig. 6.1.(b)). With respect to the chosen spherical coordinate system described in

connection with Eq. (5.15), the spontaneous emission pattern is given by

W (θ, φ) =
2

3
Wπ(θ, φ) +

1

3
Wσ(θ, φ), (6.1)

where

Wπ(θ, φ) =
3

8π
sin2(arccos(sin θ sinφ)) and

Wσ(θ, φ) =
3

16π
(1 + sin2 θ sin2 φ)

(6.2)
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are the individual emission patterns of the two possible types of sub-level transitions,

π (∆mJ = 0) and σ (∆mJ = ±1) respectively (see Ref. [103] p. 437-439).

6.1.3 Basis for the numerical simulation

In the following simulations, we will assume the target and readout ions to initially

be in the |gt〉 and |gr〉 states, respectively, and both the motional modes cooled to

their ground state (i.e. nip = 0 and nop = 0). In order to perform the simulations

in a reasonable time on a standard personal computer, we have limited the motional

state basis to a grid corresponding to nip = 0 − 19 and nop = 0 − 19. This gives

20 × 20 = 400 motional states. Consequently, the population will eventually be

moved outside the state space for long spectroscopy pulse times τspec. For the present

calculations the amount of population outside the state space has been limited to 1%,

effectively limiting the duration of the dynamics evolution we can simulate. Based on

Eq. (3.67), which represents the relative coupling strengths of the various sidebands,

we have found that it suffices to take into account sidebands up to sip,max = ±5

and sop,max = ±6. (See Appendix D for details.) Based on trap-induced heating rate

measurements presented in Sec. 13.1, we use RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1.

6.1.4 Dynamics of motional state population

In the present case, we consider the limit where ΓL � Γt. From Eq. 5.11, the

saturation intensity is I tsat = 0.749 W cm−2. For laser intensities IL � I tsat, we cannot

ignore the spontaneous emission terms of Eqs. 5.2-5.3, while in the case of IL � I tsat,

the spontaneous emission terms can effectively be neglected. In the latter case, when

the trap-induced heating rates can also be ignored, all terms on the right hand side

of Eqs. 5.2-5.3 are proportional to Rres,t
abs,0 and the dynamics should have exactly

the same behavior when τspec is scaled by this factor. To express this we define

τ tscaled ≡ τspec × Rres,t
abs,0, which is roughly proportional to the number of absorbed

photons from the laser beam.

In Fig. 6.2, we show the temporal evolution of the population of the various

motional states (nip, nop) from solving Eqs. 5.2-5.3 assuming ωL = ωt and for

IL = 6.54 × 10−6I tsat. This intensity is chosen to compare with experimental results

presented in Sec. 13.2. For this intensity we have IL � I tsat and the spontaneous

emission is dominating. More specifically, Fig. 6.2 shows the populations versus
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Figure 6.2: Simulated evolution of the population in different motional states as a function
of spectroscopy pulse time τspec (bottom axis) and scaled time τ tscaled (top axis) for a laser on
resonance (ωL = ωt) and with IL = 4.9 µW cm−2 = 6.54× 10−6Itsat. The following notation
refers to motional states (nip, nop): (0,0) , (0,1) , (1,0) , (0,2) , (1,1) ,
(2,0) , (1,2) , (2,1) , (2,2) .

real time τspec (bottom x-axis) as well as the scaled time τ tscaled (top x-axis). As evi-

dent from this figure, the motional ground state population (0,0) is a monotonically

decreasing function of time. For short times, the populations of all other motional

states (nip, nop) 6= (0, 0) increase linearly with time as expected for rate equations.

For longer times, the populations of the individual motional states saturate and even-

tually decrease as a broader range of motional states is reached.

6.1.5 Motional population spectra

Scanning the laser frequency ωL across the resonance of the target ion transition for

a fixed τspec leads to what we name the motional population spectra. They show

the population of a specific motional state as a function of detuning after a given

interaction time with the spectroscopy light. In Fig. 6.3, we present such spectra for

IL = 6.54×10−6I tsat and for spectroscopy times τspec = 1.3 ms and 5.3 ms (τ tscaled = 2.23

and 9.10). For these parameters, one clearly sees the effect of population depletion of

the lower excited motional states around the resonance due to the effective motional
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state spreading. A normal spectral response with a width reflecting the natural

linewidth of the transition is observed only for the weakly populated states. For PRS

one has, however, to be aware that the motional spectra presented in Fig. 6.3 will not

be read out individually by the readout procedure (steps (iii) and (iv) in Fig. 5.1)

reported previously. The final fluorescence signal is instead an intricate combination

of contributions from each of the motional population spectra, as will be discussed

in the following sub-section.
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Figure 6.3: Simulated population in different motional states after a spectroscopy pulse
of length τspec = 1.3 ms (τ tscaled = 2.23) (a) and 5.3 ms (τ tscaled = 9.10) (b) as a function
of spectroscopy laser detuning for a spectroscopy laser intensity of IL = 4.9 µW cm−2 =
6.54×10−6Itsat. The following notation refers to motional states (nip, nop): (0,0) , (0,1)

, (1,0) , (0,2) , (1,1) , (2,0) , (1,2) , (2,1) , (2,2) .

6.1.6 Readout spectra

To simulate the PRS spectrum one would obtain in an experiment, we now need

to calculate how much population will be left in |gr〉 after addressing the readout

ion on a specific RSB transition (step (iii) Fig. 5.1), since this corresponds exactly

to the fluorescence signal one will obtain when subsequently addressing |gr〉 ↔ |fr〉
(step (iv)). The initial state before the RSB shelving pulse of duration τr is the

mixed state resulting from the rate equation dynamics during the spectroscopy pulse

presented in the previous sub-section. To calculate P|gr〉(tr) we use Eq. 5.19 with the
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populations of all the states P|gr,it,nip,nop〉(τspec) found from the rate equations. In fact

P|gr,it,nip,nop〉(τspec) is exactly what is plotted in Fig. 6.3, just for different detunings.

In Fig. 6.4, we show the result of applying Eq. 5.19 to the two population spectra

200 0 200
Detuning [MHz]

0.5

0.6

0.7

0.8

0.9

1.0

F
lu

or
es

ce
nc

e 
pr

ob
. P

|g
r

(a)

200 0 200
Detuning [MHz]

(b)

Figure 6.4: Simulated fluorescence probability P|gr〉, , corresponding to the detected
signal for readout on the OP mode, for spectroscopy pulse lengths of τspec = 1.3 ms (τ tscaled =
2.23) (a) and 5.3 ms (τ tscaled = 9.10) (b) as a function of spectroscopy laser detuning for
a spectroscopy laser intensity of IL = 4.9 µW cm−2 = 6.54 × 10−6Itsat. The other curves
are the contributions from different motional states, corresponding to the terms in the sum
of Eq. (5.19). The following notation refers to motional states (nip, nop): (0,1) , (1,1)

, (2,1) , (0,2) , (1,2) , (2,2) .

in Fig. 6.3 i.e. the result of applying a RSB pulse to the readout transition in
40Ca+ with this initial motional population. More specifically, this pulse corresponds

to a π-pulse on the 1st RSB of the OP mode with respect to the |nip = 0, nop = 1〉
state, i.e. τr = π/Ωnip=0,nop=1,sip=0,sop=−1 and ωL = ωr−ωop. With a readout transition

wavelength of 729 nm and the mode frequencies given above, we get ηip,r = 0.204 and

ηop,r = 0.0917 (the 729 nm beam propagates along the z-axis so k̂L · ẑ = 1). The black

curve corresponds to the expected fluorescence signal P|gr〉(τr), whereas the other

colored curves are the contributions from different motional states, corresponding to

the terms in the sum of Eq. (5.19). The sum of the colored curves thus gives the

black curve. It is evident that the population in the different motional states seen in

Fig. 6.3 are not all transferred to |er〉 to the same extent by the RSB pulse. Only

the population in |nip = 0, nop = 1〉 is fully transferred, since we specifically target

this state. A bit surprisingly, the fluorescence spectrum (black curve) in Fig. 6.4.(b)
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shows no sign of the depletion around resonance seen in the corresponding population

spectrum presented in Fig 6.3(b). This is because the many small contributions from

non-depleted higher motional states ‘fill out the dip’. For very long τ tscaled, however,

a depletion dip will be visible in the fluorescence signal as well.

It is clear from Fig. 6.4 that there is a spectral broadening and an increase in

signal depth with τspec for a fixed Rres,t
abs,0. However, the spectroscopic signal does

not significantly change as long as τ tscaled is constant. This can be seen in Fig. 6.5

(solid lines) showing the simulated signal FWHM and depth as a function of τ tscaled

for various laser intensities. The slight discrepancies between the different lines are

due to trap-induced heating, which I will elaborate on in Sec. 6.3.
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Figure 6.5: FWHM (top) and signal depth (bottom) of simulated PRS spectra for readout
on the OP mode (solid lines only) as a function of scaled time for three different spectroscopy
laser intensities IL = 1 µW cm−2 = 1.34×10−6Itsat ( ), IL = 5 µW cm−2 = 6.68×10−6Itsat
( ), and IL = 15 µW cm−2 = 2.00 × 10−5Itsat ( ). The deviation between the lines is
caused by trap-induced heating, which influences low intensities more, due to lower Rres,t

abs,0

values. The dashed line (top) represents the natural linewidth of the target transition. The
dotted lines are the results for readout on both the OP and IP modes (see Sec. 6.5.3).

The FWHM at scaled times τ tscaled → 0 has the expected value of the target

transition linewidth and increases almost linearly with τ tscaled. This is because the



6.2. Laser linewidth dominating case (24MgH+ ) 73

J = 0
J = 1

J = 2

J = 0

J = 1

J = 2

2.0
-2

-1

0

1

2

3

4

Electronic singlet potentials of MgH+ Rovibrational levels of X1Σ+

6.17 μm

Internuclear separation [a0]

E
n
er

g
y 

[e
V
]

X1Σ+

A1Σ+

B1Π

v = 0

v = 1

2.5 3.0 3.5 4.0 4.5 5.0 5.5

2.50 Hz

mJ = -1 0 +1

mJ =0

1/3

1/31/3

(a) (b) (c)

Figure 6.6: (a) The electronic singlet potentials of MgH+. Only the electronic ground state
X1Σ+ is considered in the simulation. (b) Rovibrational structure of the electronic ground
state X1Σ+ showing the closed transition of interest |v = 0, J = 1〉 − |v′ = 1, J ′ = 0〉. The
decay rate of Γt = 2π× 2.50 Hz is the slowest timescale of our experiment and spontaneous
emission is negligible. (c) Sub-levels of the |v = 0, J = 1〉 and |v′ = 1, J ′ = 0〉 states showing
the norm squared of the Clebsch-Gordan coefficients.

signal relies on the depletion of the motional ground state. Even at large detunings,

there is still a small probability to excite the transition and to move population

out of the motional ground state. The probability for each detuning increases with

τ tscaled, but eventually saturates when all the population is moved out. As τ tscaled keeps

increasing, depletion of the motional ground state happens for a broader and broader

frequency span around the resonance, and thus the signal width increases indefinitely.

This depletion effect also causes the observed signal depth saturation for high τ tscaled.

However, if the RSB shelving pulse were efficient for all motional states, the motional

state spreading beyond |nip = 0, nop = 1〉 would not cause the signal to converge to

values below 1. More about this in Sec. 6.5.

6.2 Laser linewidth dominating case (24MgH+ )

In this section we present simulation results of mid-infrared rovibrational PRS of

the very narrow |v = 0, J = 1〉 ↔ |v′ = 1, J ′ = 0〉 transition (Γt/2π = 2.50 Hz) at

6.17 µm in the 1Σ+ electronic ground state of 24MgH+ (see Fig. 6.6) by laser sources

with varying linewidths from ΓL ∼ 2π × 50 MHz to 1 GHz. The considered state

is shown in Fig. 6.6. The transition is closed due to the selection rule ∆mJ = ±1,

which is why it was chosen for spectroscopy. As for the 24Mg+ ion, the considered

internal state structure does not really constitute a two-level system but a four-level

one as shown in Fig. 6.6(c). However, in the basis of the light field, and choosing a

linear polarization, absorption can only happen from a single rotational sub-state, the
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mJ = 0 state. Similarly, stimulated emission can only happen back to the same sub-

state and an effective two-level scheme is established with respect to interactions with

the light field. However, as in the case of the 24Mg+ ion, the saturation intensity has

to be scaled by the norm squared of the relevant Clebsch-Gordan coefficient. This is

implemented by scaling RL
abs/stim by 1/3 for both absorption and stimulated emission.

The present level scheme has the further complication that population in themJ = ±1

sub-states does not interact with the light field. Hence, if the molecular ion was

originally in one of these sub-states (or if one of these sub-states were populated

through spontaneous emission), it would not contribute (anymore) to the PRS signal.

To avoid this effect, one can apply a magnetic field not aligned with the polarization

axis of the light source, which would lead to Larmor precession of populations between

the three sub-states of the |v = 0, J = 1〉 level. The situation becomes particularly

simple when the Larmor frequency ωLarmor � RL
abs. In this case, one can assume

the total lower state population at any instance to be equally distributed between

the three mJ = 0,±1 sub-states, i.e. one third in each. Therefore we can reestablish

an effective two-level scenario, but with the absorption rate (and not the stimulated

emission rate) scaled by another factor of 1/3. This leads to a saturation intensity

9 times larger than the one presented in Eq. (5.13). In the following simulations,

we assume this picture to be true and also disregard the hyperfine splitting of the

involved rotational levels. Indeed, the splitting is typically ∼ 10 kHz, which is much

smaller than the linewidth of the light source. All hyperfine components are thus

addressed and are hence of no importance for the PRS signal.

In the basis of the B-field the rotational mJ -sublevels are split due to the interac-

tion between the rotational angular momentum and the B-field. Linearly polarized

light parallel to ~B is π-light, resulting in transitions of ∆mJ = 0, and circularly polar-

ized light in each direction is σ+ and σ− light resulting in transitions of ∆mJ = ±1,

respectively. Linearly polarized light perpendicular to ~B is an equal superposition

of σ+ and σ− light. In this basis, since our B-field is vertical, horizontal linear light

polarization would result in a dark state, since we cannot drive the central sub-

level. To avoid dark states, we instead need a mixture of π and σ± light. We define

~B ·~ε = Bε cos(α), where ~ε is the linear polarization vector. From the Clebsch-Gordan

coefficients we know that the three transitions are equally strong. To repump the

3 sublevels equally efficient, the light must contain equal amounts of π, σ+ and σ−

light. Thus, we want the horizontal component of the linearly polarized light to be

twice as long as the vertical one, since the two σ-types share the strength equally. In
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this way, we have the same amount of all three light types and thereby all three tran-

sitions are addressed with the same strength. The angle satisfying this requirement

is α = arctan(2) = 63.4◦.

6.2.1 Absorption and stimulated emission

We assume again ωz = 2π × 147.9 kHz for a single 40Ca+ ion, which leads to ωip =

2π × 162.0 kHz and ωop = 2π × 295.7 kHz (only slightly different than for 24Mg+as

the target ion due to the similar mass). Both mode angular frequencies are at least

about two orders of magnitude smaller than ΓL. We are thus clearly in the regime

where we can apply Eqs. 5.2-5.3 with Eq. 5.10. In the simulations presented in

this chapter we use ωt → ωL − ∆t in Eq. 5.10 for ρLeff. With λt = 6.17 µm for the

target ion and the above mode angular frequencies, the LDPs are ηip,t = 0.0192 and

ηop,t = 0.0224 for the spectroscopy laser beam propagating along the z-axis. In the

simulations to be presented below, we use the values ηip,t = 0.0136 and ηop,t = 0.0159

in order to eventually compare these results with experiments. Here, the laser beam

makes a 45◦ angle with the z-axis, and hence the LDPs are reduced by a factor
√

2.

For the same reasons as stated in Sec. 6.1.1, the simulation results presented here

should still be representative of the expected experimental signals.

6.2.2 Spontaneous emission

To simulate the effect of spontaneously emitted photons, according to Eq. 5.17 we

have to take into account the particular emission pattern of the |ν = 0, J = 1〉 ↔
|ν ′ = 1, J ′ = 0〉 transition (See Fig. 6.6(c)). From the upper level, the spontaneous

emission pattern is completely isotropic (i.e. angle independent), since it can decay

to all lower sub-levels. The general form is thus

W (θ, φ) =
1

4π
. (6.3)

6.2.3 Basis for the numerical simulation

The basis for the simulations is essentially the same as in Sec. 6.1.3. However, based

on Eq. 3.67, which represents the relative coupling strengths of the various sidebands,

we have found that, in this case, it suffices to only take into account sidebands up

to sip,max = ±1 and sop,max = ±1. Because the mass ratios of the 40Ca+ - 24Mg+ and
40Ca+ - 24MgH+ systems are almost the same, we do not expect the mode coupling
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Figure 6.7: Simulated evolution of the population in different motional states as a function
of spectroscopy time τspec (bottom axis) and scaled time τLscaled (top axis) on resonance. The
spectroscopy laser FWHM is ΓL = 2π × 250 MHz and intensity IL = 7.07 W cm−2 =
4.16× 103ILsat. The following notation refers to motional states (nip, nop): (0,0) , (1,0)

, (0,1) , (2,0) , (0,2) , (1,1) , (2,1) , (1,2) , (2,2) .

and thereby the trap-induced heating rates to be significantly different [81]. We thus

use the same values of RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1, when modeling the
40Ca+ - 24MgH+ system.

6.2.4 Dynamics of motional state population

In contrast to the simulations discussed in Sec. 6.1, here ΓL � Γt and according

to Eq. (5.13) the saturation intensity ILsat depends on the laser linewidth. As for

the 24Mg+ case, for laser intensities IL � ILsat, we can ignore the stimulated emission

terms in Eqs. (5.2-5.3), while in the case of IL � ILsat, the spontaneous emission

terms can be neglected. Equivalently to the 24Mg+ case, we introduce the scaled time

τLscaled ≡ τspec × Rres,L
abs,0. In Fig. 6.7, we show the evolution of the populations of the

various motional states (nip, nop) on resonance (ωL = ωt) as a function of real time

τspec (bottom x-axis) and scaled time τLscaled (top x-axis). Here, we take ΓL/2π = 250

MHz and IL = 7.07 W cm−2 = 4.16 × 103ILsat with ILsat = 1.7 mW cm−2. Thus for

this example stimulated emission dominates. As in Fig. 6.2 for 24Mg+ , the motional
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ground state population (0,0) is a monotonically decreasing function of time. For

short times the populations of all other motional states (nip, nop) 6= (0, 0) increase

linearly with time, while for longer times, the rate of increasing population saturates

and eventually decreases as a broader range of motional states is reached. The main

reason for the difference in the evolution of the excited motional state populations

at a given scaled time, as compared to the 24Mg+ case, is the difference in motional

excitations per absorbed photon due to the difference in LPDs (see detailed discussion

in Chapter 7).
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Figure 6.8: Simulated population in different motional states as a function of spectroscopy
laser detuning, after spectroscopy times τspec of 10 ms (τLscaled = 655) (a) and 50 ms (τLscaled
= 3277) (b). The FWHM of the spectroscopy laser is ΓL = 2π×250 MHz and the intensity
is IL = 7.07 W cm−2 = 4.16 × 103ILsat. The following notation refers to motional states
(nip, nop): (0,0) , (1,0) , (0,1) , (2,0) , (0,2) , (1,1) , (2,1) , (1,2)

, (2,2) .

6.2.5 Motional population spectra

By scanning the laser frequency ωL across the resonance of the |v = 0, J = 1〉 ↔
|v′ = 1, J ′ = 0〉 transition, we obtain the motional population spectra. In Fig. 6.8, we

present two such spectra for ΓL/2π = 250 MHz, IL = 7.07 Wcm−2 = 4.16 × 103ILsat

and for spectroscopy times τspec = 10 ms and 50 ms (τLscaled = 655 and 3277). For

these parameters one clearly sees the effect of motional state depletion, but the

higher weakly populated states now have a spectral response reflecting the Gaussian
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Figure 6.9: Simulated fluorescence probability P|gr〉, , corresponding to the expected

signal for readout on the OP mode, for spectroscopy pulse lengths τspec of 10 ms (τLscaled
= 655) (a) and 50 ms (τLscaled = 3277) (b) as a function of spectroscopy laser detuning,
for a FWHM of ΓL = 2π × 250 MHz and intensity of IL = 7.07 W cm−2 = 4.16 × 103ILsat
on resonance. The remaining curves are the contributions from various motional states,
corresponding to the terms in the sum of Eq. (5.19). The following notation refers to
motional states (nip, nop): (0,1) , (1,1) , (2,1) , (0,2) , (1,2) , (2,2) .

line shape of the laser. Another difference from the 24Mg+ case is the increased

background stemming from trap-induced heating. We will come back to the effect of

trap induced heating on the PRS spectra in Sec. 6.3.

6.2.6 Readout spectra

To simulate the PRS spectrum, we follow the same recipe as in Sec. 6.1.6. In Fig.

6.9, we show readout spectra corresponding to the two population spectra in Fig. 6.8

after first having applied the readout pulse. The latter corresponds to a π-pulse with

respect to the |nip = 0, nop = 1〉 → |nip = 0, nop = 0〉 1st RSB of the 40Ca+ quadrupole

transition. With a transition wavelength of 729 nm, and the mode frequencies given

above, we get ηip,r = 0.203 and ηop,r = 0.0949. As for the 24Mg+ case the fluorescence

spectrum in Fig. 6.9(b) shows no sign of the depletion around resonance that could

be seen in the corresponding population spectra presented in Fig 6.8(b).

It is clear from Fig. 6.9 that there is a spectral broadening and an increase in

signal depth with τspec for a fixed Rres,L
abs,0. However, the spectroscopic signal does not
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Figure 6.10: FWHM (top) and signal depth (bottom) of simulated fluorescence proba-
bility spectra for readout on the OP mode as a function of scaled time for three different
spectroscopy laser FWHM ΓL/2π of 50 MHz ( ), 250 MHz ( ), and 1 GHz ( )
and 3 different intensities: IL = 20.0 W cm−2 (solid), IL = 14.15 W cm−2 (dashed), and
IL = 7.07 W cm−2 (dotted). The deviation in signal depth for the different intensities is
caused by trap-induced heating, which influences low intensities and broad spectroscopy laser
linewidths more due to slower spectroscopy laser heating.

significantly change as long as τLscaled is a constant. This can be seen in Fig. 6.10

showing the simulated signal FWHM and depth as a function of τLscaled for various

laser intensities and linewidths ΓL. The discrepancies between the different lines are

due to trap-induced heating. The FWHM at scaled times τLscaled → 0 has the expected

value of the laser linewidth, and then increases almost linearly with τLscaled.

6.3 Effect of trap-induced heating

As already mentioned in relation to Fig. 6.5 and 6.10 showing the PRS signal depth as

a function of scaled time for the 24Mg+ and 24MgH+ example cases, respectively, trap-

induced heating effectively reduces the PRS signal. In these figures, we use the scaled

times τ
t/L
scaled for the respective systems, such that the evolution should be completely

independent of laser energy spectral density, i.e. IL and also ΓL in the laser linewidth
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dominating case. However, especially for low laser spectral densities the signal depths

are reduced. We see this effect much more strongly for the 24MgH+ example in

Fig. 6.10 compared to the 24Mg+ case in Fig. 6.5. This is because the PRS signal

depth is a measure of how much population is moved out of the motional ground

state by the laser alone. Ideally this population depletion would only be caused by

the spectroscopy laser, however, simultaneously the population is moved out of the

ground state via trap-induced heating, i.e. with the rates RH,ip and RH,op independent

of the laser. Thus if the rate of ground state depletion by the laser is not fast

compared to the trap-induced heating rates, we cannot obtain a considerable signal

depth. To understand this better we define Poff as the probability for fluorescence

when the spectroscopy laser is far from resonance or even completely off during τspec.

If Poff < 1 we have trap-induced heating. Remember that in the case of no trap-

induced heating, normally a fluorescence probability smaller than 1 corresponds to

a positive PRS signal. In comparison, when the laser is on and close enough to

resonance to excite the target transition the fluorescence probability is denoted Pon.

However Pon is a result of the combined motional excitation caused by both the laser

and the trap-induced heating. So if Pon < 1 it can stem from both effects. Therefore

we always have Poff ≥ Pon. With this notation the signal depth is given by Poff−Pon.

In Fig. 6.11 we show an example for the 24MgH+ case with laser parameters

ΓL/(2π) and IL = 20 W/cm2. In the top panel we compare the evolution of the PRS

signal depth Poff − Pon with and without trap-induced heating with rates RH,ip =

14(1) s−1 and RH,op = 1.7(3) s−1 during the spectroscopy pulse of duration τspec. This

is the same as plotted in the bottom panel of Fig. 6.10 with the same trap-induced

heating for all lines. In the bottom panel of Fig. 6.11 the individual Poff (black)

and Pon (light blue) values are plotted without (solid lines) and with (dashed lines)

trap-induced heating. We see that Pon saturates almost interdependently of the trap-

induced heating, whereas Poff is linear in time. Hence Poff effectively cuts into the

signal depth.

The rate by which population is moved out of the motional ground state by

the spectroscopy laser at resonance is approximately given by Rmotional
abs = R

res,t/L
abs,0 ×

2(η2
ip,t + η2

op,t). This extra factor depending on the Lamb-Dicke parameters will be

accounted for in detail in Chapter 7. However, it makes good physical sense that the

motional excitation rate depends on the LDPs, since they describe the ratio between

the recoil energy and the energy difference between the motional mode levels.

If we consider the 24MgH+ case, using IL = 20 W/cm2 and ΓL/(2π) = 1 GHz as in

Fig. 6.11 (also red solid line in Fig. 6.10) we obtain Rmotional
abs ∼ 40 s−1. This is similar
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Figure 6.11: Top: Comparison of the evolution of the PRS signal depth Poff − Pon with
and without trap-induced heating with rates RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1 during
the spectroscopy pulse of duration τspec. Bottom: The expected Poff (black) and Pon (light
blue) fluorescence signals without (solid lines) and with (dashed lines) trap-induced heating.
The example case is 24MgH+ with laser parameters ΓL/(2π) and IL = 20 W/cm2.

to the considered heating rates of RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1. For a

20 times smaller laser FWHM of ΓL/(2π) = 50 MHz (black solid line in Fig. 6.10)

Rmotional
abs is 20 times larger i.e. around 2000 s−1, which is much larger than the trap

induced heating rates, and hence we do not see any decrease in signal depth compared

to the no trap-induced heating example in Fig. 6.11. To compare to the 24Mg+ case

we consider IL = 4.9 µW cm−2 (red solid line in Fig. 6.5) and get Rmotional
abs ∼ 742 s−1,

which is also much larger than the trap-induced heating rates, as expected.

Hence, by calculating Rmotional
abs and comparing it to measured trap-induced heat-

ing rates, one can get a quick feeling for whether PRS experiment for the given system

and parameters, including the spectroscopy light field, are feasible. So even though

excitation of the target line does not happen coherently in unresolved sideband PRS,

trap induced heating rates can still be a limiting factor.
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Figure 6.12: Top: Comparison of the evolution of the PRS signal depth Poff − Pon
for different initial populations (nip, nop) before the spectroscopy pulse of duration τspec.
Bottom: The expected Poff (black) and Pon (light blue) fluorescence signals for perfect
ground state cooling (solid lines) and imperfect ground state cooling (dashed lines) as given
in the top panel. The example case is 24MgH+ with laser parameters ΓL/(2π) and IL = 20
W/cm2.

6.4 Effect of imperfect ground state cooling

In the top panel of Fig. 6.12 the PRS signal depth Poff−Pon for perfect and imperfect

ground state cooling before the spectroscopy pulse of duration τspec is shown. The

example case is as in Fig. 6.11 24MgH+ with laser parameters ΓL/(2π) and IL =

20 W/cm2. In this example imperfect ground state cooling corresponds to average

motional populations of n̄ip = 0.04, n̄op = 0.06 corresponding to P|0,0〉 = 0.901, P|1,0〉

= 0.037, P|0,1〉 = 0.054. In this case the population in higher states is so low, that

we choose to normalize to the two first states of each mode. We see that an initial

population different from zero reduces the signal depth.

In the bottom panel of Fig. 6.12 the expected Poff (black) and Pon (light blue)

fluorescence signals for perfect ground state cooling (solid lines) and the same im-

perfect ground state cooling (dashed lines) are given. We see that Pon goes towards
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the same value for long times regardless of the initial state, and that Poff is constant

since we assume no trap-induced heating. The common initial value of Poff and Pon

corresponds to 1 minus the initial population in the (0,1) motional state (1-0.054 =

0.946) since we read out on the OP mode.

If one only knows Poff and Pon at τspec > 0 it is impossible to know whether a

non-zero Poff stems from trap-induced heating or imperfect ground state cooling.

In order to assess this, the ground state population must be measured at τspec = 0

before trap-induced heating has time to move the population.

6.5 Readout efficiency

The readout efficiency is the percentage of the population in |nip, nop〉 > 0 which the

resolved RSB shelving pulse can transfer to |er〉. The population could have ended

up in |nip, nop〉 > 0 either due to the spectroscopy laser or trap-induced heating. It

could also have been there before the spectroscopy pulse, due to imperfect sideband

cooling to |nip, nop〉 = 0. How it got there does, however, not influence the readout

efficiency.

6.5.1 Limitations of the π-pulse technique

The π-pulse technique applied so far is limited by the fact, that it does not transfer

the population in all |nip, nop〉 > 0 to |er〉 with the same efficiency. The efficiency as

a function of motional state is given by the factor

P|er,it,nip,nop〉(τr) = sin2
(

Ωnip,nop,sip=0,sop=−1 ×
τr
2

)
(6.4)

from Eq. 5.19, where we so far have used τr = π/Ωnip=0,nop=1,sip=0,sop=−1 and ωL =

ωr − ωop corresponding to a π-pulse on the 1st RSB of the OP mode with respect to

the |nip = 0, nop = 1〉 state. Eq. 6.4 is thus only 1 for |nip = 0, nop = 1〉. In fact, none

of the population in |nip = 0, nop = 0〉 is transferred, since the 1st OP RSB does not

exist for these states.

For very long τ
t/L
scaled the population is spread out over many motional states far

from |nip, nop〉 = 0. In this limit P|gr〉 → 1/2 (the average value of a sin2(x) function).

Thus when applying the π-pulse technique for shelving, the signal depth can be 1 only

in the resolved PRS regime, where the motional ground state population is coherently

driven to one specific excited motional state.
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6.5.2 Effect of an imperfect π-pulse for shelving

If ωL = ωr − ωop or τr = π/Ωnip=0,nop=1,sip=0,sop=−1 is not fulfilled the RSB shelving

pulse will not be a perfect π-pulse. Then the transfer efficiency will be decreased for

the intended |nip, nop〉, but the transfer efficiency could actually be better for other

motional states. However since one wants to target the state giving the largest signal

depth, an imperfect π-pulse will most likely be a disadvantage.

Effectively the imperfect transfer will reduce both Pon and Poff . If we denote by

Pimp the percentage of transfer compared to the perfect π-pulse case we have

P ′on = 1− (1− Pon)Pimp (6.5)

P ′off = 1− (1− Poff )Pimp (6.6)

resulting in the reduced signal depth

P ′off − P ′on = (Poff − Pon)Pimp. (6.7)

So the signal depth is simply scaled by the new transfer efficiency. If we know the

used τr or ωL we can calculate Pimp from Eq. 5.18

6.5.3 Multiple shelving pulses

The following is specific for our 40Ca+ readout ion, but something similar could be

done using another atomic readout ion.

After sideband cooling and state initialization the 40Ca+ ion starts out in S1/2,

mJ = −1/2. Specifically when performing the RSB shelving pulse on the S1/2 to

D5/2 quadropolar transition in 40Ca+ , we do it from mJ = −1/2 to mJ = −3/2,

since this is the least sensitive to magnetic field fluctuations. However all transitions

of ∆mJ = ±1,±2 are allowed1 meaning we can in principle drive to mJ = -5/2, -3/2,

1/2, and 3/2 in D5/2 as illustrated in Fig. 6.13.

This can be exploited to target four different motional states, and not only

|nip = 0, nop = 1〉, by applying τr corresponding to a π-pulses for different motional

states. If the four different pulses were simply done in succession between the same

1Electric quadropole transitions allow ∆mJ = 0,±1, 2, on certain conditions. The 729 nm
laser beam (horizontal) has a 90◦ angle to the quantization axis defined by the magnetic field axis
(vertical). Consequently ∆mJ = 0 is not allowed for the specific beam geometry. Transitions with
∆mJ = ±1 and ∆mJ = ±2 has equal coupling strength if the light polarization has a 45◦ angle to
the quantization axis, which is the case in the experiment.
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Figure 6.13: The transitions in 40Ca+ used for RSB shelving (729 nm) and fluorescence
readout (397 nm). If the ion is moved to the D5/2 state by the shelving pulse the 397 nm
transition cannot be driven and the ion cannot fluoresce. Four different Zeeman sublevels
of the 729 nm transitions can be driven with different pulse lengths corresponding to π-pulse
for different |nip, nop〉 states. Figure from [95].

two mJ sub-levels, we would risk driving the population back to the electronic ground

state due to the coherent nature of the transfer. Targeting more motional states in-

creases the maximum signal depth above 1/2, since the different contributions are

added to give the final signal. To find out which motional states to target one should

look at the motional population spectra of Fig.s 6.3 and 6.8. From these figures it is

evident why we chose to initially target |nip = 0, nop = 1〉: the depth of the motional

population is the largest of all motional states. This is because ηop,t > ηip,t such

that the excitation by the laser is faster for the OP mode than for the IP mode, and

because RH,op < RH,ip making the excitation from trap-induced heating slower. Both

these things work in favor of the |nip = 0, nop = 1〉 state.

In Fig.s 6.3 the motional population depth of |nip = 1, nop = 0〉 is almost as high,

so this state would also be obvious to target. However in Fig. 6.8 the depth of the

|nip = 1, nop = 0〉 population is drastically reduced due to trap-induced heating to a

point, where it would actually reduce the total signal depth to target it directly. By

only driving the 1st OP RSB in this case we avoid this extra Poff contribution.
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In Fig. 6.5 the dotted lines represent the result when applying two successive

RSB π-pulses targeting first |nip = 0, nop = 1〉 and then |nip = 1, nop = 0〉 (the order is

irrelevant). In this example the two-pulse technique drastically improves the expected

signal depth to values above 1/2, which is the highest possible for a single π-pulse.

However we also see that for the smallest laser intensity shown, it is not an advantage,

so the technique should be used with caution.

6.5.4 Perfect shelving from all motional states

Since we are limited to doing four successive shelving pulses on the 40Ca+ readout ion,

it will unfortunately not be possible to transfer all the population in |nip, nop〉 > 0 to

|er〉 using RSB π-pulses. If we could, the resulting fluorescence level would exactly

reflect the remaining motional ground state population, like in the resolved PRS

scenario.

However, other types of light pulses exist, which could maybe transfer the pop-

ulation via the RSB with 100% efficiency independent of motional state. Even if

such a perfect 1st RSB pulse existed, one would still need to apply one for both

the OP and IP mode to transfer everything. An interesting candidate is the Rapid

adiabatic passage (RAP) technique [104] where the light intensity and detuning is

swept during the pulse. This results in a transfer fidelity close to 100%, which is very

robust towards laser and magnetic field fluctuations, i.e. changes in Rabi frequency.

This robustness to different Rabi frequencies could possibly be exploited to use the

RAP technique to transfer population effectively from different motional states which

intrinsically have unequal Rabi frequencies [105].

For the RAP to be fast and the fidelity high, the detuning sweep much be broad.

This complicates the idea of using RAP on a sideband transition, since the coupling

to the carrier is much higher. One would thus risk to also transfer population on

the carrier transition from |nip = 0, nop = 0〉, completely ruining the basis for PRS,

which relies on Ωnip=0,nop=0,sip<0,sop<0 being zero. Whether this can be avoided for the

specific example systems given in this chapter would need to be investigated further.

6.6 Independence of the initial internal state of

the target ion

As we have seen the motional ground state depletion by the spectroscopy laser re-

sulting in a PRS signal can equally well happen during an absorption event or an



6.6. Independence of the initial internal state of the target ion 87

emission event. Therefore the following question naturally arises: is it necessary to

be initially prepared in the ground state of the target transition |gt〉, or would the

PRS signal be the same if the target ion were instead prepared in the excited state

|et〉?
Let us start by looking at the case of a perfect 2-level system, where stimulated

emission dominates. Here the rates from |et〉 to |gt〉 and vice versa are the same, but

the rates to specific motional states through the sideband transitions |gt, nip, nop〉 →∣∣et, n′ip, n′op〉 and |et, nip, nop〉 →
∣∣gt, n′ip, n′op〉 are also the same. This can be seen by

looking at the scaling factor ξ (Eq. 3.67). It is the same for all transitions connecting

the same motional states independent of the internal state of the ion, since only the

absolute values of the sideband orders enter into the expression. E.g. ξ is the same

for the |gt, 0, 0〉 → |et, 0, 1〉 transition and the |et, 0, 0〉 → |gt, 0, 1〉 transition. This

means that not only are the RL
abs and RL

stim rates out of the motional ground state

equal, they also send the population to the same excited motional states. From a

PRS perspective, the signal only depends on the motional state distribution and not

the initial internal state of the target ion, and hence it does not matter, whether the

target ion is initially prepared in |gt〉 or |et〉.
For the considered target transition in 24MgH+ the absorption rate and stimulated

emission rate are not equal due to the sub-level structure. Instead we have Rabs =
1
3
Rstim in order to make the transition resemble a 2-level system.

From running some test simulations the rate out of the motional ground state

was found to be dependent on RL
abs and RL

stim as the sum of two decay channels

Rmotional ∝ 1

1/RL
abs + 1/RL

stim

. (6.8)

This means, that if we swap RL
stim and RL

abs in the rate equations, we obtain the

same PRS signal. Consequently it does not matter if we start out in |gt〉 or |et〉 even

though RL
stim and RL

abs are not equal. Both these scenarios were tested using the full

rate equation model, and the same results were obtained.

Conversely, for a system dominated by spontaneous emission the ground state

depletion is not expected to be independent of initial state since Rt
abs and Rt

spon are not

proportional. Rt
abs does not depend on Γt as seen in Eq. 5.11. From an experimental

standpoint it is not so relevant to talk about preparation in |et〉 for strong spontaneous

emission, since the lifetime of the state is very short. However, preparation in |et〉
for the 24Mg+ case was tested numerically using the full rate equation model, and the

motional population dynamics were found to be different as expected.





Chapter 7

Simple qualitative physical model

of unresolved sideband PRS

In this chapter we will present how one can, in a simple physical picture, understand

the spectroscopic signals obtained in Chapter 6. While it is essentially irrelevant

whether the target ion is initially in the ground or excited state of the target tran-

sition, the initial motional state of the two-ion system is highly important, as we

saw in Sec. 6.4 about imperfect ground state cooling. This is because the spectro-

scopic signal is in essence a measure of how much population is left in the motional

ground state after the application of the spectroscopic light pulse as we saw in Sec.

6.5.4. If the RSB shelving pulse(s) on the readout ion could transfer all population in

nip, nop > 0 to |er〉, the resulting fluorescence level would exactly reflect the remaining

motional ground state population.

From this insight, one can describe the essence of unresolved sideband PRS

through a 3-level picture as depicted in Fig. 7.1. In this picture, in addition to

the two target transition levels |gt〉 and |et〉, one considers a third auxiliary level,

|aux〉, which is a collection of all states with nip, nop > 0 and which is populated

Figure 7.1: Level scheme of the 3-level model of PRS including the considered transition
processes and their rates.

89
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whenever absorption or emission leads to a change in motional state away from the

ground state. During a spontaneous emission event the probability to stay within

nip, nop = 0 is D̃ = D(ηip,t, ηop,t, 0, 0, 0, 0). Since

∑
sip,sop

D(ηip,t, ηop,t, nip, nop, sip, sop) = 1 (7.1)

(the system has to decay to some state) the probability to go to |aux〉 is 1 − D̃.

Likewise, during a single absorption or stimulated emission event the probability to

stay in the motional ground state is |ξ̃|2 = |ξ(ηip,t, ηop,t, 0, 0, 0, 0)|2, and since

∑
sip,sop

|ξ(ηip,t, ηop,t, nip, nop, sip, sop)|2 = 1 (7.2)

the probability to go to |aux〉 is 1 − |ξ̃|2. In principle the stimulated probabilities

also depend on the specific sideband transition frequency through the effective en-

ergy spectral density ρ
t/L
eff from Eq.s 5.9 and 5.10. However, an important feature of

sideband unresolved PRS is that the carrier and the first sideband orders are simul-

taneously excited by almost the same energy spectral density. This is especially the

case for carrier resonance conditions, since the spectral shape of the broad transition

or laser will in many cases be approximately flat in the center. In the 3-level model we

thus assume all sideband transition frequencies to be equal to ωt. The rate equations

for the 3-level model are thus (see Fig. 7.1)

d

dt
P|gt〉 = −Rabs,0P|gt〉 + (|ξ̃|2Rstim,0 + D̃Γt)P|et〉

d

dt
P|et〉 = −(Γt +Rstim,0)P|et〉 + |ξ̃|2Rabs,0P|gt〉

d

dt
P|aux〉 = [(1− D̃)Γt + (1− |ξ̃|2)Rstim,0]P|et〉

+ (1− |ξ̃|2)Rabs,0P|gt〉.

(7.3)

While in our full rate equation model presented in Sec. 5.2. absorption and emission

processes can also bring back population from excited motional states to the ground

state, we chose to neglect it in the 3-level model for two reasons: 1) since |aux〉 is

initially empty, the rates out of it will not play a role for short spectroscopy pulse

times, 2) by including the rates out of |aux〉, which depend on specific motional states

and sideband orders, we would soon reach the same level of complexity as for the full

model, which is not desired.
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Since typically D̃ ≈ |ξ̃|2 (D̃ = 0.8608, |ξ̃|2 = 0.8057 for the 24Mg+ case presented

in Sec. 6.1 and D̃ = 0.9989, |ξ̃|2 = 0.9996 for the 24MgH+ case presented in Sec. 6.2)

PRS of systems (including the spectroscopy light field) where either spontaneous or

stimulated emission dominates are not going to be fundamentally different, however

the timescale of the motional ground state depletion is system dependent through

Γt, ρ
t/L
eff , ηip, ηop and if required the scaling of Rabs/stim needed to make the transition

resemble a 2-level system.

This fact can be highlighted by defining a new scaled time describing the number

of motional excitations after a spectroscopy pulse time τspec, instead of the number

of absorbed photons expressed by τ
t/L
scaled. For each absorption event, the target ion

has to decay again, and both up and down the motional state can be excited. To

find the probability to leave the motional ground state during a combined absorption

and emission event, we start by finding the probability for not doing so. From

|gt, 0, 0〉 the probability to absorb to |et, 0, 0〉 and then decay back to |gt, 0, 0〉 via

stimulated emission is Pstay = P abs
stay × P stim

stay = |ξ̃|4. From this, the probability to

leave the motional ground state during a combined absorption and emission event

must necessarily be

Pleave = 1− Pstay
≈ 1− |ξ̃|4

= 1− (e−η
2
ip/2−η2

op/2)4

= 1− e−2(η2
ip+η2

op)

≈ 1− (1− 2(η2
ip + η2

op))

= 2(η2
ip,t + η2

op,t).

(7.4)

If spontaneous emission dominates Pstay = P abs
stay × P spon

stay = |ξ̃|2 × D̃, however we

assume D̃ ≈ |ξ̃|2. From Pleave we can now define the motional scaled time

τmotional
scaled ≡ τ

t/L
scaled × 2(η2

ip,t + η2
op,t) (7.5)

roughly corresponding to the number of excited motional quanta. Here, we naturally

have to apply the relevant LDPs for the specific system. For the considered 24Mg+ and
24MgH+ cases we have η2

ip,t + η2
op,t = 0.22 and 4.4× 10−4, respectively.

For PRS τmotional
scaled is the true timescale of interest, and this directly explains

the large difference between the 24Mg+ and 24MgH+ motional populations and sig-

nal depths as a function of τ
t/L
scaled. Indeed, we find that using this modified timescale
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Figure 7.2: Comparison between the 3-level model presented in Chapter 7 and the full
rate equation sideband model presented in Sec. 5.2 for both the 24Mg+ (Sec. 6.1) and
24MgH+ (Sec. 6.2) example cases. The population in |aux〉, representing all states with
nip, nop > 0, is shown as a function of the motional scaled time, which approximately
corresponds to the number of excited motional quanta.

for the full model results, the evolution of the population in |aux〉, of the two cases are

(trap-induced heating aside) basically identical as seen in Fig. 7.2 (black lines). For a

subsequent perfect RSB shelving P|aux〉 also corresponds to the resulting fluorescence

level since P|gr〉 = 1−P|aux〉. In these examples we have no trap-induced heating and

therefore the results are the same for (almost) any laser energy spectral density (IL,

ΓL) for each of the two systems when using the motional scaled time. However to

be clear the used parameters are IL = 4.9 µW cm−2 for 24Mg+ and IL = 20 W cm−2,

ΓL/(2π) = 1 GHz for 24MgH+ . The very small difference between the 24Mg+ and
24MgH+ systems thus only stems from the differences in the ratio of D̃ and |ξ̃|2 for

each system. Only if the laser energy spectral density is changed so much that the

dominating emission process goes from spontaneous to stimulated or vice versa, will

the specific size of it play a (small) role in a plot like this when D̃ ∼ |ξ̃|2.

In Fig. 7.2 we also show the results for the 3-level model for both the 24Mg+ and
24MgH+ case using the same parameters (red lines). As expected, the 3-level model

gives almost identical results for the two cases, even though spontaneous emis-

sion dominates for the 24Mg+ case, and stimulated emission dominates for the
24MgH+ case. As expected the 3-level model follows the full model for short τmotional

scaled
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and overestimates the |aux〉 population for longer times. This of course stems from

the missing rates back to the motional ground state. Since simulating the expected

spectroscopic signal by this 3-level scheme is several orders of magnitude faster than

the full model presented in Sec 5.2 (depending on the number of sideband orders one

needs to take into account), it can be a very useful tool as a rough guide to optimize

experimental parameters.





Chapter 8

The effect of coupling to blackbody

radiation

A diatomic molecule is a molecule with one atom too many. – Arthur Schawlow [106].

In all previous chapters of this part, we considered the 24MgH+ ion to be initially

prepared in one of the two states forming the closed target transition |v = 0, J = 1〉
or |v′ = 1, J ′ = 0〉. These states are, however, generally coupled to the rest of the

rovibrational manifolds by black-body radiation (BBR) [47]. Owing to the large

vibrational constant of 190 GHz [70] of the 1Σ+ electronic ground state at room

temperature (T = 293 K), the molecular ion is in the vibrational ground state v = 0

with > 99.9 % probability and one can assume that the average population of the

|v = 0, J = 1〉 state is equal to the thermal equilibrium value PJ=1 = 8.5%. The

population distribution among the different J-states of v = 0 at thermal equilibrium

is given in Fig. 8.1.

The fact that we expect PJ=1 = 8.5% causes the awaited signal depth for PRS to

be much smaller than predicted in the previous chapters, which of course will affect

the total experimental time needed to obtain a good signal to noise ratio.

To describe the effect of coupling to BBR on the PRS signal depth, we will

again use the definitions of Poff and Pon for the average fluorescence signal when

the molecule is always prepared in |v = 0, J = 1〉 introduced in Sec. 6.3. The proba-

bility of the 40Ca+ ion fluorescing when the spectroscopy laser is far from resonance

depends solely on trap-induced heating and imperfect ground state preparation, and

is denoted Poff (background), whereas the probability of fluorescence close to reso-

nance is denoted Pon (signal) and we always have Poff ≥ Pon. If the target transition

is driven we have Poff > Pon. The signal depth is given by Poff − Pon. Poff is

independent of the initial state of the target transition. Hence the reduced aver-

age population in the |v = 0, J = 1〉 state due to coupling to BBR and spontaneous

emission is taken into account in the PRS simulations by scaling the signal depth

95
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Figure 8.1: The population distribution among the different J-states of the v = 0 vibra-
tional ground state of the 1Σ+ electronic ground state in 24MgH+ at thermal equilibrium
with black-body radiation at T = 293 K.

Poff − Pon by the probability to be in the target state, PJ=1, such that the expected

signal fluorescence probability P T
on becomes

P T
on = Poff − [Poff − Pon]PJ=1

= (1− PJ=1)Poff + PJ=1Pon.
(8.1)

If we put PJ=1 = 1 Eq. 8.1 reduces to P T
on = Pon as it must.

In Fig. 8.2 we compare Pon and P T
on for IL = 20 W cm−2, ΓL/(2π) = 1 GHz,

τspec = 19 ms, and PJ=1 = 0.085 (i.e. at a laboratory temperature of T = 293 K).

P T
on is the average signal we expect to obtain after many repetitions of the PRS

sequence (step (i) to (iv) in Fig. ??). For each repetition we can only either obtain

a fluorescence signal of one or zero, and only after averaging over many such data

points, can we get an estimate of P T
on. A single repetition is denoted an experimental

cycle, and the time it takes τcycle, which in our experiment is on the order of 100 ms

(see details Sec. 12.2).

The relevant question is, how many experimental cycles we need to perform to

determine P T
on with a given uncertainty. Assuming Gaussian uncorrelated statistics

of the parameters in Eq. 8.1 we can estimate the uncertainty as

σTon =
√

(1− PJ=1)2σ2
off + (PJ=1)2σ2

on + (Pon − Poff )2(σJ=1)2 (8.2)
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Figure 8.2: Comparison between the expected signal P Ton when the probability to find the
molecule in the lower level of the target state |v = 0, J = 1〉 is PJ=1 = 8.5%, and the expected
signal Pon if PJ=1 = 100%, along with the background from trap-induced heating Poff for
IL = 20 W cm−2, ΓL/(2π) = 1 GHz, and τspec = 19 ms. Prior to the spectroscopy pulse
the 40Ca+ -24MgH+ system was ground state cooled. The used heating rates are RH,ip =
14(1) s−1 and RH,op = 1.7(3) s−1. Readout was done on the 1st OP RSB only.

where σon, σoff are the uncertainties on Pon and Poff , respectively, and σJ=1 is the

uncertainty on PJ=1 based on our measurements. Pon and Poff are the same for

every experimental cycle (for constant experimental parameters), so their values are

binomially distributed and their uncertainties depend on the number of experimental

cycles N as

σon =

√
Pon(1− Pon)

N
(8.3)

σoff =

√
Poff (1− Poff )

N
(8.4)

Conversely, PJ=1 cannot be expected to be the same for every experimental cycle

because the J = 1 state is coupled to the other J-states via BBR. Thus in order to

find an expression for σJ=1 we have to look more closely at the rovibrational state

dynamics, which we will do in Sec. 8.1.

After obtaining σJ=1 we will in Chapter. 9 set up a criteria for distinguishing the

signal P T
on from the background Poff .
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8.1 Rate equation model of rovibrational dynam-

ics in 24MgH+

The dynamics of the population in the rovibrational states of the 24MgH+ molecular

ion in the presence of BBR can be modeled by rate equations as presented in Sec.

3.1.2, since this is exactly the case originally considered by Einstein. A program to

model this1, was set up by Anders Hansen, a former PhD student in our group, in

2012 (Sec. 4.1.4 of his thesis [71]). Since then, Steffen Meyer, also a former PhD

student in the group, has rewritten the program into a more accessible form in 2015.

In his program Hansen chose to include the first 20 rotational levels of the vibra-

tional v = 0, v = 1 and v = 2 states in the electronic ground state potential. As

already mentioned, for 24MgH+ only 0.1% of the molecular ensemble is vibrationally

excited at room temperature and less than 5% is in states above J = 9 in v = 0.

Hence the considered state space is more than sufficient to model the molecule’s in-

teraction with BBR at room temperature, which is what the program is used for in

this thesis.

The Einstein A-coefficients used for the program were calculated by Anders Hansen

([71] p. 155)2 based on potential and dipole moments calculations by Frank Jensen

at the Department of Chemistry at Aarhus University in 2012 [72]. The selection

rule for dipole-allowed transitions for both rotational and rovibrational transitions

is ∆J = ±1. So all coupling between states not fulfilling this condition is assumed

to be zero. The B-coefficients are calculated from the A-coefficients via Eq.s 3.39

and 3.40 taking into account the degeneracy of the rotational levels of gJ = 2J + 1.

The Einstein A-coefficients i.e. the spontaneous emission rates, and the absorption

and stimulated emission rates for v = 0 due to interaction with radiation from a

black-body at T = 293 K, are given in Fig.s C.4 and C.5 of Appendix C.

If the molecule is prepared in a single J-state |ψJ〉 these rates govern the dynamics

of the population as it goes towards the steady state distribution given in Fig. 8.1.

When not prepared in a single J-state the molecule is in mixed state represented by

the density matrix

ρ̂ =
∑
J

pJ |ψJ〉 〈ψJ | , (8.5)

1Hansen’s script includes the simultaneous interaction with a laser light field, however in the
present thesis only the interaction with BBR is considered.

2Hansen writes the unit as Hz but it is really s−1. I.e. the A-parameters in Hansen’s table
should be divided by 2π to be in Hz.
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Figure 8.3: The evolution of the population in the J = 1 state after the molecule was
prepared in a single J-state when the molecule is subject to BBR at T = 293 K. Independent
from the initial state at t = 0 the final population in J = 1 is PJ=1 = 8.5%.

where pJ is the probability to measure it in the state |ψJ〉 and
∑

J pJ = 1 at all

times. At steady state the molecule is in a mixed state with pJ = PJ , where PJ are

the thermal equilibrium probabilities. However, when a measurement of the J-state

is made the mixed state must collapse into a single state. Using the rate equation

program we can simulate how e.g. the J = 1 state is filled up after the molecule

was prepared in a single J-state. This is shown in Fig. 8.3. We see that the time

to reach the equilibrium value of PJ=1 = 8.5% is on the order of 1 min. Once the

molecule is projected to a specific state J , the probability to find it in the same

state or a neighboring state if we measure again shortly after is increased. This

means we cannot expect pJ=1 to be given by the equilibrium value PJ=1 after the

first measurement unless we wait & 1 min. If we do not, the probability that the

molecule is in J = 1 depends on where it was in the former measurement. Since the

cycle time in the PRS experiment is only on the order of τcycle = 100 ms, and we do

not want to wait 1 min between every measurement, we are in the latter scenario.

Therefore the expected outcome of such repeated out-of-equilibrium measurements

is treated in the next section.
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8.1.1 Monte Carlo simulations of repeated rotational state

measurements

The goal of this section is to simulate the outcome of repeated measurements of the J-

state, where the system does not have time to reach equilibrium between the different

measurements. Since it is just a simulation, we assume that we have a measurement

device which can show any single J-state as the outcome. If the measurement yields

J at time t = 0 the probability of measuring J ′ at time t = τcycle can be found from

the rate equation model. We simply prepare the molecule in J and let the system

evolve towards equilibrium for a time τcycle as in Fig. 8.3. The evolved state is a

mixed state, and the population probability of each J-component pJ→J ′(τcycle) gives

the probability to find the molecule in a specific state J ′ at time t = τcycle. Note that

in Fig. 8.3 we only plot pJ→J ′=1(τcycle).

The probability of the molecule jumping to J ′ at t = τcycle after being found in J

at t = 0, pJ→J ′(τcycle), was calculated for the first 20 J-states for τcycle = 100 ms by

using the rate equation program by Hansen. Note that for evolution times close to

zero, the chance that the molecule stays in the same state is very large, but however

never 100% due to the exponential behavior of the population evolution. In other

words we cannot keep the molecule in a certain state by repeatedly measuring it

there. This is only possible for coherent dynamics.

With these pJ→J ′(τcycle = 100 ms) jump probabilities at hand we can simulate the

outcome of repeated measurements of the J-state. This was done in a Monte Carlo

simulation fashion by picking an initial J-state and letting a random number between

0 and 1 determine the next J-state based on the probability of the different outcomes

given by pJ→J ′(τcycle = 100 ms). The result of such a Monte Carlo simulation for

τcycle = 100 ms and N = 1000 measurement counts (i.e. a total experiment time of

T = Nτcycle = 100 s) can be seen in Fig. 8.4. We see that the molecule maximally

changes its J-state by 1 from one measurement to the next. We also observe long

periods of time, where the outcome does not change. This means that the 100 ms

between measurements is short compared to the timescale of the dynamics.

If we look at Fig. 8.4, the amount of times NJ the molecule is found in a specific

state divided by the total number of measurements N must be equal to the steady

state probability PJ of that state in the limit where N →∞.
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Figure 8.4: Example of a molecular jumping pattern between different J-states when
probing every 100 ms. How long do we need to monitor it to determine the equilibrium
distribution to a good accuracy?

8.1.1.1 J-state standard deviation

This bring us back to the question about how long we need to measure to determine

the steady state population probability PJ to a given level of accuracy. To calculate

σJ as a function of total measurement time, T , the average probability to be in J was

calculated for a Monte Carlo jumping pattern similar to the one shown in Fig. 8.4

for different T . To calculate the standard deviation, this was repeated 1000 times,

and the standard deviation of the 1000 averages was found. The standard deviation

does not depend on the number of repetitions, from which it is calculated, but to

minimize random statistical fluctuations 1000 was used. The result is plotted as solid

lines in Fig. 8.5. From this plot we see that σJ is proportional to 1/
√
T . Specifically

for our state of interest J = 1 we write

σJ=1 =
α√
T
. (8.6)

To be sure that the time between measurements of 100 ms does not affect the result,

the same simulations were performed for τcycle = 1 s, 6 s and 30 s. The results for

J = 1 are plotted together in Fig. 8.6. We see that the results for τcycle = 0.1 and
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Figure 8.5: The standard deviation of the different J-states, σJ , as a function of the
total measurement time when the cycle time is 100 ms. The dashed lines correspond to the
theoretical Eq. 8.11, whereas the solid lines are Monte Carlo simulations. The deviation
from linearity of the solid lines is due to statistical fluctuations.

10 1 100 101
10 2

10 1

Cycle time
0.1 s
1.0 s
6.0 s
30.0 s

Total measurement time [min]

Figure 8.6: The standard deviation of J=1, σJ=1, as a function of the total measurement
time for different cycle times, as calculated from Monte Carlo simulations. The dashed line
corresponds to Eq. 8.6 with α = 0.8. It is evident that α is a constant for cycles times
below ∼ 3 s, meaning that measuring faster than every 3 s will not decrease σJ=1.
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1 s are almost identical, whereas the result for 6 s is a little different and the result

for 30 s is very different. This proves that a probing time of both 100 ms and 1 s is

enough to resolve the dynamics.

The black dashed line in Fig. 8.6 corresponds to Eq. 8.6 with α = 0.8
√

s, and

we see that α is the same for τcycle . 3 s. In the next sub-section we will see that

this corresponds to the average lifetime of the J = 1 state, τ̄J=1. In effect this means

that for a fixed total measurement time T , we cannot determine PJ=1 more precisely

by measuring faster than every 3 s. By doing so we are simply oversampling the

dynamics, as if taking a 1000 pictures per second of a movie only shot with a frame

rate of 50 Hz. This means, we are not limited by our experimental cycle time of

τcycle ∼ 100 ms.

8.1.1.2 Average time inside and outside the J = 1 state

The simulated jumping patterns can also be used to estimate how long the molecule

stays in a specific J-state, denoted the waiting time. The result for a cycle time of

0.1 s and total number of measurements N = 108 can be seen in figure 8.7, where

the relative occurrence of waiting times NJ/N for J = 1 and J 6= 1 are plotted. The
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Figure 8.7: The relative occurrence of waiting times in J = 1 (blue) and J 6= 1 (black)
based on N = 108 simulated measurements with a cycle time of 0.1 s. The red dashed line
is an exponential fit to the J = 1 data giving a lifetime of 3.0710(2) s.
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J 6= 1 waiting times correspond to how long it took before the molecule came back

to J = 1. The waiting time distribution for J = 1 can be fitted to an exponential

function, and the lifetime is found to be 3.0710(2) s. This means that if the molecule

is in J = 1 we can assume it stays there during the course of the spectroscopic pulse

τspec when doing PRS, which is on the order of tens of ms.

The waiting times for J 6= 1 do however not follow an exponential distribution.

This is most easily seen when using a logarithmic y-axis as in Fig. 8.7. This is because

the J 6= 1 waiting times do not approximately depend on the sum of outgoing rates

from a single J-state as described in Eq. 8.7 of the next section. The mean value of

the waiting times (black) is 33.50(9) s.

8.2 Simple qualitative model of J-state standard

deviation

In this section we set up a simple qualitative model to obtain a better understanding of

the physics governing the measurement uncertainty σJ of the steady state rotational

populaion PJ .

Assuming the dynamics of the population moving between the different J-states

can be modeled by rate equations, the average time to stay in J can be estimated by

τ̄J =
1∑

J ′ 6=J ΓJ→J ′
, (8.7)

where ΓJ→J ′ are the total outgoing rates from J to J ′ = J ± 1, which are the only

ones of considerable size due to selection rules. This gives τ̄J=1 = 3 s matching the

lifetime found by the Monte Carlo simulations above.

The average time between being in J plus the average time to stay in J is denoted

τ̃J . If we measure the system on a timescale faster than τ̄J we can assume the sections

where the measurement yields J to be Poisson distributed with average occurrence

rate 1/τ̃J . In order for the molecule to fulfill the requirement of being in J during a

percentage PJ of the time we have

PJ ≡
τ̄J
τ̃J
. (8.8)

This gives τ̃J=1 = 35 s and hence that the average time between the molecule being

in J = 1 is 32 s, similar to the average waiting time in J 6= 1 found by Monte Carlo

simulations above.
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J-state 0 1 2 3 4 5 6 7 8 9
PJ [%] 3.01 8.49 12.5 14.6 14.7 13.3 10.9 8.22 5.74 3.72
τ̄J [s] 8.9 3.0 1.3 0.71 0.44 0.30 0.21 0.16 0.13 0.10

σ̄J
√
T [
√
s] 0.51 0.49 0.38 0.30 0.23 0.18 0.14 0.11 0.083 0.060

Table 8.1: The steady state population of each J-state PJ , the average waiting time τ̄J in
a specific J-state, and the numerator of Eq. 8.11 for the first 10 J-states of the vibrational
ground state of 24MgH+ .

For a given total observation time T we would on average observe

N̄J =
T

τ̃J
. (8.9)

sections of measurements where the system was in J . If we define the average rate

by which we observe a section where the molecule is in J during T as ΓJ ≡ 1/τ̃J we

also have

N̄J = TΓJ = NPJ (8.10)

where N is the total number of measurements and the last equality holds for N →∞.

In this limit the Poisson and binomial distributions are the same and we can estimate

the standard deviation of PJ as

σ̄J =

√
PJ(1− PJ)

N

=

√
P 2
J (1− PJ)τ̃J

T

=

√
PJ(1− PJ)τ̄J

T

(8.11)

This expression does not depend on how long each measurement within T takes to

perform, since we have assumed that we measure faster than the dynamics of the

molecule. When this is the case, σ̄J is proportional to 1/
√
T , and the proportionality

factor depends only on the steady state population probability PJ of the state in

question and the average time to stay there τ̄J .

Table 8.1 shows τ̄J for the first ten J-states in the v = 0 state of the 1Σ+ electronic

ground state of 24MgH+ at T = 293 K. We see that the molecule has a tendency to

stay longer in the lower J-states once it is there, even though J-state 3 and 4 are the

most populated. Hence on average the molecule will have to enter the lower states

less frequently to fulfill the requirement of being in each J-state PJ of the time. The
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proportionality factor σ̄J
√
T =

√
PJ(1− PJ)τ̄J is also shown. We see that the factor

is largest for the lower J-states meaning that we have to observe these states longer

to obtain the same standard deviation. We see that J = 0 and J = 1 values are very

close to each other, and from the Monte Carlo simulations above, we in fact found

that the proportionality factor for J = 1 is slightly larger than for J = 1 making

PJ=1 the most time-consuming steady state population to measure. This is of course

bad luck for us, since this is our state of interest.

The simple model given here and the Monte Carlo simulation approach can be

compared for τcycle < τ̄J , which is done in Fig. 8.5 where the dashed lines represent

the result of the simple model. We see that the simple model can reproduce the Monte

Carlo results to within a factor of two and finds the same order for the different J-

states except for J = 0 and J = 1, which is more than expected for such a crude

model.



Chapter 9

Considerations regarding

transition line search strategy

The best ever measurement of the target transition for spectroscopy in 24MgH+ ,

the |v = 0, J = 1〉 ↔ |v′ = 1, J ′ = 0〉 transition of the electronic ground state, was

performed by W.J. Balfour in 1972 [70] yielding fBt = 48619.4 MHz. On this mea-

surement he claimed an accuracy of ±1.5 GHz, corresponding to a one standard

deviation confidence level. Thus there is a ∼ 68% chance that the transition line will

lie within a W = 3 GHz interval centered at fBt .

The estimated linewidth of the transition is however only Γt/(2π) = 2.5 Hz [72],

which compared to W makes the transition lineshape resemble a Dirac delta function.

This means that if we tune the (assumed perfectly well-determined) central laser fre-

quency fL to fBt , we can only expect to obtain a spectroscopic signal, if the linewidth

of the laser ΓL is similar to W , and the laser spectral density is large enough, as

explained below.

9.1 The time to scan a frequency interval

A different way to obtain a signal is to chose a smaller laser linewidth and cover W

in several steps. This is most easily illustrated by a square spectral laser lineshape as

shown in Fig. 9.1. Here we plot square spectral lineshapes (black) with widths (from

left to right) of 3 GHz, 1.5 GHz and 1 GHz. The red lines represent the central laser

frequency for each lineshape. We see that we have to use 1, 2, and 3 different central

laser frequencies, respectively, to cover W = 3 GHz with the different linewidths. For

the same laser intensity the narrow lineshapes have a higher energy spectral density,

since this is proportional to 1/ΓL (the area under each lineshape in Fig. 9.1 is equal).

Generally the number of laser frequency steps needed to cover the range W , when

107
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Figure 9.1: Plots of quare spectral lineshapes (black) with widths (from left to right) of
3 GHz, 1.5 GHz and 1 GHz. The red lines represent the central laser frequency of each
lineshape. To cover W = 3 GHz we have to apply 1, 2, and 3 different central laser
frequencies, respectively, for the different linewidths. The area under each black curve is
normalized.

using a square laser lineshape, is

Nstep(ΓL) =

⌈
W

ΓL/(2π)

⌉
(9.1)

using the ceiling function dxe = min{n ∈ Z|n ≥ x} that rounds to the nearest larger

integer. The total time to scan W is then

TCscan(ΓL) = Nstep(ΓL)× TC(ΓL), (9.2)

where TC is the minimum time to distinguish signal from background with a confi-

dence level of C if it lies within ΓL. The question is now, what laser linewidth we

should chose to minimize TCscan, and thereby obtain a PRS signal as fast as possible.

A smaller ΓL means a higher spectral density, which will give a faster motional

depletion as shown in Fig. 6.10 and hence a smaller TC . However, a smaller ΓL also

means a larger Nstep. Thus for a given laser intensity there will be a ΓL for which

TCscan is minimized. Put simply, maybe it is worth it to e.g. apply two steps using a

smaller ΓL, if each step is faster than the time to get a signal by covering all of W at
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once by using a larger ΓL. In order to find the minimum TCscan we need an expression

for TC(ΓL), which is derived in the next section.

9.2 The time to distinguish signal from background

We now set up a criteria for distinguishing the average fluorescence signal, P T
on, from

the background, Poff , given by

Poff − P T
on > C(σoff + σTon) (9.3)

where C is the confidence level expressed in number of standard deviations, and σoff

and σTon are the uncertainties on the measured values of Poff and P T
on, respectively.

P T
on was defined in Eq. 8.1 , σTon in Eq. 8.2 and σoff in Eq. 8.4.

σTon depends on the measurement uncertainty σJ=1 of the steady state rotational

population in J = 1, PJ=1, which we in Sec. 8.1.1.1 found out depends on the total

measurement time T as α/
√
T (Eq. 8.6) with α = 0.8 as long as the cycle time τcycle

is smaller than the lifetime of the J = 1 state of ∼ 3 s. Moreover σTon also depends

on two terms involving σon and σoff . We can estimate the relative contributions of

the three terms in σTon by defining the effective contribution of each as

σeffon = PJ=1σon

= PJ=1

√
Pon(1− Pon)τcycleT

−1/2
(9.4)

σeffoff = (1− PJ=1)σoff

= (1− PJ=1)
√
Poff (1− Poff )τcycleT

−1/2
(9.5)

σeffJ=1 = (Poff − Pon)αT−1/2 (9.6)

where we have used T = Nτcycle. Using typical values of Poff = 0.95, Pon = 0.60,

and τcycle = 0.1 s we obtain σeffon . σeffoff < σeffJ=1. Thus the term involving σJ=1 is

dominating. Due to the binomial nature of Pon and Poff we can always decrease σoff

and σon with a faster cycle time. Because we are limited by σJ=1 we will not gain

much from this strategy, since we are already measuring faster than the lifetime of

the J = 1 state, which minimizes α.
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Since we have expressions for all terms in Eq. 9.3 we can plug them in and solve

for the total measurement time needed to distinguish the signal from the background.

After a little algebra one obtains

TC ≡ τcycleC
2

(√
Poff (1− Poff )

(Poff − Pon)PJ=1

+√
(1− PJ=1)2Poff (1− Poff ) + P 2

J=1Pon(1− Pon) +
(Pon−Poff )2α

τcycle

(Poff − Pon)PJ=1

2 (9.7)

which is the minimum time to distinguish between Poff and P T
on at a confidence

level C. This means, that if we tune the spectroscopy laser to a frequency where

Poff > Pon we will be able to distinguish the signal from the background with C

standard deviations as long as we measure for a time larger than or equal to TC .

τcycle = τspec +K, where currently K = 100 ms in our experiment. K is the time for

cooling and readout during the experimental cycle.

Since τcycle(τspec), Poff (τspec) and Pon(τspec,ΓL, IL, δt), the necessary measurement

time for a given detuning δt = ωt − ωL depends on 3 independent variables: τspec,

ΓL and IL. To minimize TC , we want a large signal depth fast to lower τspec and

thereby τcycle but also to minimize Poff resulting from trap-induced heating. Hence

we want a large absorption rate and thus IL should be maximized and ΓL should be

minimized.

For a given combination of IL and ΓL there is a τspec, which will minimize TC .

This is because the signal depth initially increases as a function of τspec (Fig. 6.10),

however this trend eventually flattens out, after which it is a waste of measurement

time to increase τspec further. When the trap-induced heating rate is large compared

to the motional state excitation rate due to the laser, the signal depth even decreases

again at large τspec. The optimal τspec does not depend on the chosen confidence level

C since, as seen in Eq. 9.7, TC ∝ C2, and multiplying a function with a constant

will only shift it along the y-axis, and not change the x-value of the minimum.

9.3 Search optimization on resonance

In Fig. 9.2 TC=1 is plotted as a function of τspec for IL = 20 W cm−2 and a Gaussian

laser lineshape with different FWHM ΓL. For this and the other examples in this

chapter RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1. The example is given for on-

resonance conditions δt = 0. This means that the result is very similar to that
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Figure 9.2: The time to distinguish signal from background TC=1 on resonance as a
function of τspec for IL = 20 W cm−2 and a Gaussian laser lineshape for different laser
linewidths ΓL. Here RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1.

expected for a square laser lineshape, since the maximum spectral density is 1/ΓL

in the square case and 2
√

2 ln(2)/
√

2π/ΓL ≈ 0.94/ΓL in the Gaussian case.1 As

expected we see that TC for the constant chosen IL has a minimum depending on

ΓL. The minimum appears for smaller τspec for smaller ΓL, since the spectral energy

density, and thereby the motional excitation dynamics are faster for small ΓL.

In Fig. 9.3 the total experimental time TC=1
scan is plotted for the TC=1 curves given

in Fig. 9.2 and Nstep(ΓL) given by Eq. 9.1. For these conditions ΓL/(2π) = 2000

MHz minimizes TC=1
scan . Note that the τspec minimizing TC=1

scan (ΓL) are the same which

minimize TC=1(ΓL). Also note, that the curves for ΓL/(2π) = 2000, 2500, and 3000

MHz are in fact the same as in Fig. 9.2 since Nstep = 1 for these cases. Consequently

the best will be ΓL → 1500 MHz, as long as Nstep = 1 is still fulfilled.

However, when we consider a Gaussian laser lineshape instead of a square one,

the spectral density will not be constant over the entirety of W as illustrated in Fig.

1Note that the signal depth cannot be scaled by a factor
√

2π/2
√

2 ln(2) to obtain the square
lineshape result, because the effective absorption rate will also be altered by this factor. When
trap-induced heating is included, it is not correct to adjust the time-scale either.
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Figure 9.3: The total time to scan W , TC=1
scan for the TC=1 curves given in Fig. 9.2 and

Nstep(ΓL) given by Eq. 9.1. For these conditions this is minimized by ΓL/(2π) = 2000 MHz
at τspec = 30 ms. Note that the τspec minimizing TC=1

scan (ΓL) are the same that minimizing
TC=1(ΓL). Here RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1.

9.4. In the left figure the used step-size is ΓL/(2π), which is the natural choice for a

square lineshape as also seen in Fig. 9.1: all of W is covered, and there is no overlap.

Even though all of W is also covered in the left figure of Fig. 9.4 the spectral density

only comes close to that of a square lineshape at the laser center frequency. Only

if the target transition frequency ft overlaps with one of the maxima will we have a

TC=1
scan corresponding to the result of Fig. 9.3. In all other cases, TC=1 will be larger.

Consequently, if we measure for a total time determined by on-resonance conditions

the distinction criteria of Eq. 9.3 will not be fulfilled for all other detunings.

This is exemplified with the case of IL = 20 W cm−2 and ΓL/(2π) = 1 GHz in

Fig. 9.5. Here the expected signal and background is plotted for the optimum τspec

of 19 ms along with the expected measurement uncertainties after measuring for a

time TC=1 = 180.6 s as found from Fig. 9.2. We see that the distinction criteria is

fulfilled for P T
on < Poff only for δt = 0.
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Figure 9.4: Plots of Gaussian lineshapes with ΓL/(2π) = 1 GHz where the central fre-
quency is marked with a red line. The distance between the central frequencies is ΓL/(2π)
(left) and ΓL/(2π)/2. The dashed lines indicates the minimum spectral density of the com-
bined lineshapes within W .

9.4 Worst case scenario search optimization

Since the exact location of ft is unknown a priori, one must consider the worst case

scenario, where ft is located at one of the minima, i.e. δt = ΓL/(2π)/2 in the case of

Fig. 9.4 (left). The dashed line indicates the minimum spectral density within W .

This plot suggests, that a step-size of ΓL/(2π) is not be the best choice for arbitrary

lineshapes. E.g. in the right of Fig. 9.4 the step-size is ΓL/(2π)/2 leading to a higher

minimum spectral density (dashed line), but also double the amount of steps to cover

W . The optimum step-size will be dependent on the specific laser lineshape.

To give a feel for how much longer the scan will take if using a Gaussian lineshape

instead of a square one, a step-size of ΓL/(2π)/2 is chosen for the following example.

This gives N ′step(ΓL) = 2Nstep(ΓL) and a minimum spectral density at δt = ΓL/(2π)/4.

The resulting TC=1 (when inserting the Pon results for δt = ΓL/(2π)/4) as a function

of τspec is given in Fig. 9.6. This plot is very similar to the on resonance case og Fig.

9.2, but we see that the required measurement times are longer, especially for the

larger laser line widths.

Returning to our earlier example of IL = 20 W cm−2 and ΓL/(2π) = 1 GHz from

Fig. 9.5, the new optimum τspec = 20 ms giving TC=1 = 201.6 s corresponding
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Figure 9.5: The expected average PRS signal for a Guassian laser lineshape and IL =
20 W cm−2 and ΓL/(2π) = 1 GHz for τspec of 19 ms. The expected measurement uncer-
tainties after measuring for a time TC=1 = 180.6 s (as found from Fig. 9.2) are plotted
as dotted lines for the background and a blue shaded area for the signal. We see that the
distinction criteria is only fulfilled on resonance.

to N = 1680 experimental cycles. The expected signal and background with the

resulting measurement errors are plotted in Fig. 9.7. In this plot the error on

the background and the signal does not touch at the central frequency, but first

at ±250 MHz corresponding to ±ΓL/(2π)/4 as indicated by a gray line. Another

PRS spectrum is plotted at a distance ΓL/(2π)/2 from the first one to indicate the

spectrum resulting from the laser lineshape of the neighboring scanning step.

The TC=1
scan values corresponding to the TC=1 values of Fig. 9.6 (using N ′step(ΓL) =

2Nstep(ΓL)) are plotted in Fig. 9.8 and here the difference from Fig. 9.3 is clear

(notice the different y-axes). The total time to scan W has increased by more than

a factor of 2, even though we only made twice the number of steps. The order of

the different ΓL results has also changed. This is due to the broadening of the PRS

spectrum as a function of τspec as seen in Fig. 6.10. This effect plays a role now that

we a not looking at the center frequency. For this particular example ΓL/(2π) = 3

GHz minimizes TC=1
scan .
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Figure 9.6: The time to distinction signal from background TC=1 for a detuning of δt =
ΓL/(2π)/4 as a function of τspec for IL = 20 W cm−2 and a Gaussian laser lineshape for
different laser linewidths ΓL. Here RH,ip = 14(1) s−1 and RH,op = 1.7(3) s−1. This result
is very similar to the on resonance case of Fig. 9.2, but we see that the times are longer
especially for the larger widths.

9.5 After obtaining a signal

After the initial scan of W , there is a ∼ 68% chance that a signal was obtained if the

confidence level of the background/signal distinction was ∼ 100% i.e. C > 2, and

we assume the experiment was working perfectly. If not, the scanning range must be

increased beyond W . Depending on the laser spectral density overlap between the

different scanning steps, and the location of ft, a signal can be obtained for one or

more laser frequency steps during a single scan. If W is scanned from one direction,

once a signal has been obtained the next frequency step should also be measured. If

this step shows none or a smaller signal, then the scan can be halted.2

If we consider the central step frequency fL, that gave the largest signal, the

transition has now been located to within plus/minus half the stepsize around this

2This procedure is similar to the binary search algorithm, but one cannot take the analogy too
far.
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Figure 9.7: The expected average PRS signal for a Guassian laser lineshape and IL =
20 W cm−2 and ΓL/(2π) = 1 GHz for τspec of 20 ms. The expected measurement uncer-
tainties after measuring for a time TC=1 = 201.6 s (as found from Fig. 9.6) are plotted
as dotted lines for the background and a blue shaded area for the signal. We see that the
distinction criteria is only fulfilled for all detunings within δt = ±ΓL/(2π)/4.

value (i.e. the frequency interval to the minimum spectral density, see Fig. 9.1 and

9.4). Again we assume that the laser frequency and its spectral shape is known

perfectly. Hence if TCscan is similar for a range of ΓL values, it is advantageous to

chose a small one, since the initial spectroscopic measurement will already be more

accurate.

The frequency interval, to within which ft has been located after the initial scan,

is subsequently the new search interval. Since this interval is smaller than W , the

optimum laser linewidth to scan it will also be smaller, and likewise the optimum

τspec (assuming a constant laser intensity).

To measure ft as accurately as possible, the search procedure is repeated until the

laser linewidth cannot be decreased further, or the search interval becomes equal to

the uncertainty on the laser frequency. For the considered case of a 2.5 Hz transition

linewidth, the width of the line itself is not a limitation.

9.6 Distinction time when prepared in J = 1

Since the experiment is limited by the timescale of the molecular dynamics, it is

interesting to consider the case where the molecule is prepared in J = 1 before every
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Figure 9.8: The total time to scan W , TC=1
scan for the TC=1 curves given in Fig. 9.6

when moving the laser frequency in steps of N ′step(ΓL) = 2Nstep. For these conditions this
is minimized by ΓL/(2π) = 3000 MHz at τspec = 40 ms. Here RH,ip = 14(1) s−1 and
RH,op = 1.7(3) s−1.

measurement. PJ=1 = 1 leads to P T
on = Pon giving the following criteria of distinction

Poff − Pon > C(σoff + σon). (9.8)

Without σJ=1 to consider, both the background and the signal are simply binomially

distributed leading to

TC ≡ τcycle

(
C

√
Poff (1− Poff ) +

√
Pon(1− Pon)

Poff − Pon

)2

. (9.9)

One quickly realizes that the minimization of K becomes very important for this

scenario. Such state preparation can be performed by different means including state

selective dissociation, rotational cooling or simply by cooling surroundings of the

molecule down to freeze out the rotational degree of freedom. At 4 K almost 100%

of the population will be in J = 0.
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Chapter 10

Ion trap setup and ion loading

10.1 Trap setup

10.1.1 Trap design

The linear Paul trap used for this thesis is called The Molecule Trap and was designed

by Niels Kjærgaard around year 2000 [107]. A picture can be seen in Fig. 10.1. The

dimensions and geometrical parameters of the trap were described in relation to Fig.

2.1 and given in Table 2.1. The ratio between the electrode radius re and diagonal

distance r0 was chosen such that the potential is nearly perfectly quadropolar close

to the trap axis. With a total length of 4 cm, the trap is quite large compared to

other traps of the same type. This, along with a small ratio between the length of the

central electrodes 2z0 and the endcap electrodes ze, was chosen to make the harmonic

approximation of the DC potential in the trap center hold over mm’s. This geometry

was chosen with the prospects of studying large ion Coulomb crystals, however the

10 mm

Figure 10.1: A picture of the linear Paul trap used in the experiments presented in this
thesis [107].
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nearly perfect potential also makes it ideal for precision experiments with single and

few-ion systems.

The 12 electrodes, divided on four rods, are made of gold-coated stainless steel,

and are separated by and mounted in Macor [108]. Macor is an electric insulating glass

ceramic material, which experiences very little thermal expansion and outgassing,

making it ideal for vacuum and low electric field noise conditions.

The electrodes are supplied by a home build mixer, which combines the DC and

RF voltages. Both the RF and DC voltages on all 12 electrodes can be controlled

individually facilitating very precise excess micromotion compensation. The RF volt-

age is supplied by a two-channel function generator1 and further amplified2 to achieve

up to 1 kVpp. For the PRS experiments 500 Vpp was used.

The DC voltage is supplied by the homebuild etherDAC. The latest version was

build by Karin Fisher around 2015. A detailed description of the trap electronics can

be found in her thesis [82]. For the experiments in this thesis the DC supply has not

been amplified in order to reduce noise. This gives an upper output limit of 18 V,

however the PRS experiments have been performed at 5 V.

10.1.2 The vacuum chamber

A picture of the vacuum chamber containing the ion trap, can be seen in Fig. 10.2

The chamber has not been opened for more than 15 years (!) and the background

pressure is usually maintained around 2 · 10−10 Torr by an ion getter pump3. The

trap must be kept in vacuum, to prevent collisions between trapped ions and rest gas

atom and molecules causing heating of external as well as internal motional modes.

And also to keep unwanted ions produced by photoionization of rest gas atoms and

molecules to a minimum. The ovens providing the wanted Ca and Mg atoms for the

experiment are located inside the chamber to the right in Fig. 10.2.

Around the chamber circumference are 6 view ports providing access to laser

beams from almost all directions in the horizontal plane. An overview of how the

different laser beams used for the experiments enter the trap can be seen in Fig.

10.3. The laser beams travel +10 m to the trap table through fibers or in free space

depending on the wavelength.

1Keysight 33500B
2ENI 3100L
3Leybold IZ 270
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Figure 10.2: Image of the vacuum chamber with the trap in the center and the two ovens
with Mg and Ca, respectively, situated to the right ( from Niels Kjærdgaard’s thesis [107]).
The oven shutter makes it possibe to block the ovens from outside. The skimmers between
the ovens and the trap protects the trap electrodes from contamination by hot atoms from
the ovens. The alignment fiber can be moved in and out of the center of the trap for rough
alignment of the imaging system and laser beams on the trap center. The electrical feed-
through provides current to the trap electrodes. The e-gun and lens for PMT have not been
used in this project.

10.1.3 The imaging system

The CCD camera for fluorescence detection is placed above the trap and looks down

on the trap through the top viewport of the vacuum chamber. Before reaching the

camera the scattered light from the ions is focused by a lens with a focal length

of 70 mm and a numerical aperture of 0.28. The lens sits approximately 7.5 cm

above the ions and is mounted on a translation stage with micrometer screws for

precision positioning. One meter above, the image is focused on an image intensifier,

the output of which is focused by another lens onto the camera. The entire imaging

system is mounted on a tower, the height of which can be adjusted with a motor.

The magnification of the imaging system can be calibrated by measuring the dis-

tance between two 40Ca+ ions as a function of axial IP trap frequency when changing

the DC potential. For two ions of equal mass ωip = ωz for a single ion, and one can
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Figure 10.3: Overview of the trap chamber from above with the overall direction of the
different laser beampaths and their polarization directions. All the beams propagate hori-
zontally. In reality all the laser beams go almost centrally through the viewports, and many
of them are overlapped.

calculate the expected ion distance from [109]

d(ωz) =

(
Q2

2πε0mω2
z

)1/3

. (10.1)

Each pixel of the CCD camera is 6.45 µm× 6.45 µm and the measured magnification

is M = 4.4 [82].

10.1.4 Magnetic field control

The magnetic bias field at the ion position is produced by a coil sitting around the

circumference of the vacuum chamber. The field produced by this coil defines a

quantization axis for the ions in the vertical direction perpendicular to the trap axis.

In order to make the field perfectly vertical, two smaller coils are wrapped around

two view ports, such that their fields point in perpendicular horizontal directions.

The field direction is adjusted by setting the polarization of the 866 nm repump

beam to vertical. In this way only ∆mJ = 0 transitions can be driven if the B-field
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is vertical, effectively reducing the ion fluorescence level. Thus as the current to the

coils are varied, we aim for minimum fluorescence to optimize the alignment.

Additionally, the AC wall voltage of 50 Hz causes a lot of 50 Hz magnetic radiation

in the lab. Therefore the experimental cycles are line-triggered, such that they always

start at the same phase of the 50 Hz oscillation. This makes the experimental cycles

repeatable, but does not change the fact, that the magnetic field varies. This makes

it harder to compare experimental cycles of different durations. Therefore the AC

magnetic field noise is compensated using an additional coil placed on top of the

vacuum chamber, also producing a vertical magnetic field. This coil is fed by a

phase shifted and amplitude adjusted AC line, experimentally adjusted to minimize

the 50 Hz oscillation of the 4s 2S1/2, mJ = −1/2 to 3p 2D5/2, mJ = −5/2 shelving

transition in 40Ca+ . This result in a magnetic field fluctuation during the 50 Hz cycle

of amplitude 280(70) µG corresponding to a 0.8(2) kHz amplitude of the transition

frequency oscillation.

During the day the magnetic field was measured to change by up to 6 mG in

sudden jumps. During the night on the other hand, the fluctuations are within 400µG

[82]. Thus we try to run experiments over night when possible. For the experiments

presented in this thesis the magnetic field measured on the ion was 6.523(3) G.

10.2 Ion production and verification

10.2.1 Production of atomic beams

The two atomic ovens inside the vacuum chamber are hollow graphite cylinders con-

taining neutral Ca and Mg, respectively. By running electric current through a

tungsten wire coiled around them, hot atoms effuse out of a 1 mm hole in each oven,

producing an atomic beam of each element.

The Ca oven is typically heated to around 310 ◦C. 40Ca has a high isotopic abun-

dance of 97%, which is the main reason for using this isotope instead of another

stable even-nucleon isotope. Odd nucleon numbers give rise to unwanted hyperfine

structure of the internal levels.

The Mg oven is typically heated to around 270 ◦C. 24Mg has an abundance of

79%, which is why it is chosen over the other stable even-nucleon isotope, 26Mg, with

an abundance of 11%.

The atomic beams have a roughly 45◦ angle to the trap axis, and are collimated by

skimmers placed between the ovens and the trap, in order to prevent hot atoms from

contaminating the electrodes. The atomic beams can also be blocked completely by



126 Chapter 10. Ion trap setup and ion loading

a mechanical shutter from outside the chamber. This is done as soon as the desired

ions are trapped, such that the hot atoms do not disturb the experiment if they are

accidentally ionized. It takes a couple of hours to heat the ovens, so they are usually

kept on in case new ions need to be trapped, making the shutter necessary. In general

high loading rates are not crucial for the presented experiments, since mostly we want

to trap one ion of each species, which can be reused for many experiments, and not

large ion crystals.

10.2.2 Ion loading by isotope selective photo-ionization

A two-photon isotope selective technique first developed in our group [110] is used

to ionize Ca and Mg. As the name suggests, the advantage of this technique is that

it can target specific atomic isotopes. E.g. the used transition of 285 nm in 24Mg+ is

shifted by 0.73 GHz for 25Mg+ and 1.41 GHz for 26Mg+, which can easily be resolved

[110, 111]. Using this method, different isotopes of the same species and rest gas atom

and molecules have a relatively low probability of being ionized. Another advantage

is that the charge of the created ions always is one. These two features are very

important, since the presented experiments rely on trapping the same very specific

isotopes with charge one every time. In principle the experiments could be performed

with other isotopes of Ca and Mg, but optimization of the subsequent experimental

procedures is simplified if the starting system is well-defined and easily reproducible.

The electronic levels of Ca and Mg relevant for ionization are shown in Fig. 10.4.

The Ca atom is resonantly excited from its ground state 4s2 1S0 to the 4s5p 1P1 state

3s S2 1
0

3s3pP1 1

E =7.65eV0

24Mg

285nm

4s S2 1
0

4s5pP1 1

E =6.11eV0

40Ca

272nm

672nm
4s3dD1 2

280nm
285nm

272nm
272nm
397nm

Figure 10.4: Ca and Mg photoionization schemes used in our experiments [110].

by a 272 nm photon. From here the atom can be ionized by either another 272 nm

photon or a 397 nm photon, or it can decay to the 4s3d 1D2 state from where it can

also be ionized by a 272 nm photon.
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Similarly, Mg is first resonantly excited from the ground state 3s2 1S0 to the 3s3p
1P1 state by a 285 nm photon. From this state the atom can be ionized by another

285 nm photon or by a 280 nm photon. The 397 nm and 280 nm beams are present

in the trap since they are used for Doppler cooling of the created Ca and Mg ions,

respectively.

10.2.2.1 Ionization lasers (272 and 258 nm)

The ionization beams of 272 nm for Ca and 285 nm for Mg propagate perpendicularly

to the atomic beams in order to minimize Doppler broadening, as seen in Fig. 10.3.

Note that in reality many of the laser beams shown in this figure are overlapped.

Both these beams travels through air to the trap due to the lack of available efficient

fibers at this wavelength.

The 272 nm beam is produced by sending the 1088 nm output of a Koheras

Boostik fiber laser trough two home build frequency-doubling cavities [71, 112]. The

frequency is locked by sending part of the light after the first cavity at 544 nm to the

optical wavemeter4 and doing a feed-back on the laser piezo.

The 285 nm beam is produced by sending the 570 nm output of a Toptica DL pro

laser through another home build frequency doubling cavity. This laser has a build

in frequency doubling step. Part of the 570 nm light is send to the wavemeter for

frequency stabilization.

10.2.3 Production of MgH+ ions

A hydrogen atom is added to 24Mg+ by leaking in H2 gas from a valve connected to

the vacuum chamber until the pressure has increased from 1×10−10 Torr to a steady

state of 1 × 10−8 Torr. Next, the 24Mg+ ion is excited from 3s2S1/2 to the 3p2 2P3/2

excited state by the 280 nm laser. This is the same transition as used for PRS of
24Mg+ . From the excited state the following reactions are energetically possible by

collision

I) Mg+ + H2 → MgH+
2

II) Mg+ + H2 → MgH+ + H

Fortunately, reaction II) is much more probable than I) [45]. The large trap depth

of around 1 eV ensures that almost all molecular ions formed in this way remains

4Ångstrom WS-U calibrated to a stabilized HeNe laser.
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trapped. Likewise, there is a probability to react the 40Ca+ ion (from the 2P1/2 state)

with H2 and create 40CaH+, however this molecule can easily be dissociated by a 272

nm photon when desired [113], which is routinely done in the experiment.

10.2.3.1 Laser for driving the 3s 2S1/2 - 3p 2P3/2 transition in Mg+ (280

nm)

The 280 nm laser beam for driving the 3s 2S1/2 - 3p 2P3/2 transition in Mg+ has a 45◦

angle to the trap axis as seen in Fig. 10.3. This beam travels through air to the trap

due to the lack of available efficient fibers at this wavelength. Besides from being

used during the 24MgH+ production process, the 280 nm laser is the spectroscopy

laser used for PRS of the same transition in 24Mg+ .

The 280 nm beam is produced by sending the 1120 nm output of a MenloSystems

‘Orange One’ fiber laser trough two home build frequency-doubling cavities [71, 112].

The frequency is locked by sending part of the light after the first cavity at 560 nm

to the wavemeter and doing a feed-back on the laser piezo.

10.2.4 Establishing two-ion scenarios

10.2.4.1 40Ca+ and 24Mg+

To trap a single 40Ca+ ion together with a single 24Mg+ ion the first step is to trap a

single 40Ca+ ion by unblocking the Ca oven and shining in the 272 nm laser beam at

the resonant frequency. Prior to laser cooling, the ions have temperatures given by

that of the hot ovens corresponding to kinetic energies around 0.05 eV (∼300 ◦C),

however, they can easily be confined by the ∼ 1 eV trapping potential. To only trap

a single 40Ca+ ion, the 272 nm laser pulse must be short (few ms), depending on

laser power, alignment and oven temperature. If more than one gets trapped the DC

potential can be switched off momentarily (tens of µs) by switching channel on the

RF generator in order to try to lose the excess ions from the trap. However, due to

the complex dynamics of the ion-trap system, this technique often gets rid of all the

ions, and one has to start over.

To also trap a single 24Mg+ ion the Mg oven is unblocked and the 285 nm laser

beam is shined in at the resonant frequency. For this the red detuned 280 nm beam

is also shined in to cool 24Mg+ for faster crystallization. As soon as the 24Mg+ ion

crystallizes (the 40Ca+ ion moves away from the trap center) the 280 and 285 nm

beams are blocked to not trap excess 24Mg+ . If another dark ion (all other ions
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a) b) c) d) e)

Figure 10.5: Images of a single 40Ca+ ion and one dark ion crystallized along the trap
axis for different DC voltages creating confinement along this axis. a) and b) are taken at
Udc = 18 V, c) and d) at Udc = 1.1 V, and e) at Udc = 5 V. The ions swap positions on
a second timescale due to collisions with rest gas atoms and molecules. In e) the 397 nm
laser beam is pulsed at the ions’ common axial resonance frequency (ωip) causing heating,
making the 40Ca+ ion much less localized. The maximum fluorescence seen in a single pixel
is hence decreased. Fig. from [95].

than 40Ca+ are dark, since they do not scatter 397 nm light) gets trapped, it can be

removed by going to the borders of the mass 24 u trapping potential, which can be

done with a precision better than 1 u [114].

To easily confirm that the dark ion has mass 24 u we measure the mass by

pulsing the 397 nm laser beam at the IP trap level frequency we expect for the
40Ca+ -24Mg+ system [115]. Close to resonance the motional mode will be excited,

and the 40Ca+ fluorescence will come from a larger area, effectively decreasing the

fluorescence level from the central trap region. By scanning the pulse frequency and

monitoring the fluorescence level, ωip can easily be determined to within 0.1 kHz

and thereby the dark ion mass to within 1 u. This is illustrated in Fig. 10.5. In

these pictures the yellow square marks the trap center, and the blue lines indicate the

expected distance of two ions at the applied DC voltage. Both are useful features of

the control program. Examples of mass measurements of the 24Mg+ and 24MgH+ ions

are shown in Fig. 10.6.

To definitively confirm that the dark ion is 24Mg+ the two-ion crystal can be

heated by sending in a blue detuned 280 nm beam, which also results in motional

excitation and hence a dip in fluorescence level.

10.2.4.2 40Ca+ and 24MgH+

For 24MgH+ production we load a small crystal of 40Ca+ ions containing a single
24Mg+ ion. Since we cannot cool 24MgH+ directly as we can with 24Mg+ , the larger

crystal helps keep the dark ion crystallized when the pressure is increased.
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Figure 10.6: Measured fluorescence level as a function of the driving frequency used for
pulsing the 397 nm laser beam. Here for 40Ca+ plus 24Mg+ (blue) or 24MgH+ (red). The
gray shaded regions indicate double the standard deviation given by the fits to a Lorentzian
function. As seen the resonance ωip frequencies, and thereby the masses, can easily be
distinguished. Fig. from [95].

After shining in the 280 nm beam for a couple of minutes many dark ions have

been created. After going to normal pressure by closing the H2 valve, te trap is

cleaned by going to the mass 24 DC border and mass 25 RF border. In this way

we lose 40Ca+ but keep both 24Mg+ and 24MgH+ in case 24MgH+ was not produced.

Lastly we load a new single 40Ca+ ion.

To confirm 24MgH+ production we measure the mass as explained in the previous

section. However, we cannot resolve the mass difference between 24MgH+ and 25Mg+

5, meaning we can only distinguish them by probing their internal states. However,

we cannot probe the 25Mg+ ion by heating with the 280 nm laser as we can for
24Mg+ and 26Mg+ due to its finestructure levels.

A possible workaround would be to instead work with 26MgH+ since 26Mg is the

heaviest stable Mg isotope, making the probability of trapping anything else than
26MgH+ with mass ∼ 27 u extremely small. Nevertheless, we prefer 24Mg+ for PRS

since the spectroscopic lines are known to a better accuracy (1.5 GHz) [70].

5Using a variation of the described technique, it is possible to obtain a mass resolution of 10−4

[115], which is still not enough.
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Additionally we tested that a charge exchange collision from 26Mg+ to 24Mg+ with

relative abundance of 1:8 did not take place within 30 min, so we do not expect

charge exchange between 24MgH+ and 25Mg+ within 4 hours due to the same relative

abundance of 1:8 between 24Mg+ and 25Mg+.

10.3 Automated experiment control

This section provides some technical details about how the ion experiments are con-

trolled, laser pulse sequences build, and how the outcome of each experimental cycle

is read out.

10.3.1 Control program

All of the ion experiments are run via a Python based control program called qCon-

trol. This program was initiated by Gregers Poulsen [52] and has been modified by all

other PhD students and postdocs working on The Molecule Trap experiment since.

It saves all the experimental data and configurations to the control computer and a

database.

From the graphical user interface (GUI) trap voltages, camera exposure times,

and laser frequencies and intensities can be changed, and different experimental se-

quences can be run. Each data point is typically the outcome of the same sequence,

i.e. experimental cycle, repeated 100 times (more for PRS of 24MgH+ ). These are

build from pre-defined pieces e.g. Doppler cooling and sideband cooling and fluores-

ence readout as described below. From the GUI it is easy to change the different

parameters of a sequence for daily optimization.

10.3.2 Sequence timing

At each data point, qControl uploads a new pulse sequence (e.g., with different pulse

duration or frequency) to a programmable pulse generator (PPG), which handles the

timing of the experiment using field programmable gate arrays (FPGA) to control

up to 32 TTL (transistor-transistor logic) outputs. These control RF switches for

the laser AOMs, camera exposure etc.

The PPG is equipped with a DDS output with its own FPGA used to control the

729 nm AOM [82]. The DDS has 8 different single frequency registers, in addition one

can also program a sweep in frequency. At the output the DDS has a variable gain

amplifier (VGA) for amplitude sweeps. The VGA is used to make an intensity sweep
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of the 397 nm laser for the final step of Doppler cooling. Thus 1 of the 8 different

single frequency registers of the DDS is dedicated to the 397 nm laser frequency

during the sweep, leaving us with 7 different frequencies for the 729 nm laser in each

sequence, of which we use 6 at the moment as described in Sec. 11.2. That means

we have only one frequency left that could be used to improve sideband cooling or

readout.

The RF drives applied to the AOMs of the 397 nm, 866 nm, and 854 nm lasers

are provided by a 4-channel DDS6 outside the PPG box. The DDS outputs are sent

through RF switches, which are switched by TTL pulses provided by the PPG.

10.3.3 Fluorescence readout

Measuring whether the 40Ca+ ion is in the electronic ground state 4s 2S1/2, is done

via so-called fluorescence readout. This is done by illuminating the ion with resonant

397 nm and 866 nm laser light on the Doppler cooling transition, with intensities

far beyond the saturation limit. If this results in a high average fluorescence level as

measured on the CCD camera, we know it was in the ground state and we say the

ion is ‘bright’.

The cutoff fluorescence level for the ion to be considered as ‘bright’ is determined

by running a sequence where the fluorescence level is measured when both the 397

nm and 866 nm lasers are on for 12 ms, and also when only the 397 nm laser is

on for 12 ms. In the latter case, the ion is pumped to 2P3/2 and is dark on the

camera. The cutoff is then chosen as the value right between the average of these

two measurements after many cycles.

In every experimental cycle, after an attempt to shelve 40Ca+ in the 3p 2D5/2 state

has been made by sending a 729 nm probe pulse, the 397 nm and 866 nm lasers are

sent in for 12 ms where the fluorescence level is recorded (see e.g. Fig. 11.2). If it

is above the predetermined cutoff value the ion is counted as ‘bright’ otherwise as

‘dark’.

Then the 854 nm laser is also sent in for 8 ms in order to repump the ion to the

ground state (if it was shelved) for the next cycle. During these 8 ms qControl checks

that the ion fluoresces. If not, the ion is not crystallized and the point is discarded

and retaken, since it would be a false dark count.

Then follows around 15 ms where the data is transferred from the camera to the

computer and we wait for the sequence duration to be a multiple of 20 ms, such that

6Designed and built by Frank Mikkelsen at our electronics department.
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it is synchronized with the 50 Hz wall voltage. During this time the 397 nm, 866 nm,

and 854 nm beams are all on to keep the ions Doppler cooled.

When working with two ions the program additionally checks, that the 40Ca+ ion

was not sitting in the trap center during readout, since this would mean the spec-

troscopy ion was not crystallized.
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Ion cooling

11.1 Doppler cooling sequence

For Doppler cooling the the 397 nm, 866 nm and 854 nm laser beams are applied

simultaneously to maintain a closed transition.

During ionization the 397 nm light is detuned by up to 500 MHz to cool ions

created with high energy effectively. As the first step of of an experimental cycle

(see e.g Fig. 11.2) the detuning is changed to the optimum for Doppler cooling

δmin ∼ −Γ/2 and the intensity is reduced below the saturation limit in order to

perform optimum Doppler cooling with a constant intensity for 10 ms.

During cooling the 397 nm light exerts a force on the ion, pushing it off the trap

center. Consequently a sudden laser intensity cut-off will leave the ion with excess

potential energy, which is why the intensity is instead ramped down to zero over 2

ms.

11.1.1 Main cooling laser (397 nm)

The 397 nm beam for Doppler cooling is produced by a Toptica DL pro diode laser,

and frequency stabilized by the optical wavemeter. The beam enters the trap with

a 45◦ angle to the trap axis as seen in Fig 10.3 and the polarization direction is

along the vertical magnetic field for reasons discussed in Sec. 4.1.3. The frequency

is stabilized by the optical wavemeter.

The beam is sent through a double-pass acousto-optic modulator (AOM) cen-

tered at 250 MHz, which facilitates pulse switching and frequency control during ion

experiments. As an extra precaution a mechanical shutter is also installed in the

beampath. The +1st order AOM output is normally used for Doppler cooling and

fluorescence readout, and is therefore detuned to the optimum for Doppler cooling

∼ −Γ/2. During trapping we also use the 0th order beam which is red detuned by

135
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Figure 11.1: Illustration of the experimental SBC sequence used for one 40Ca+ ion and
one 24Mg+ or 24MgH+ ion. It takes a total time of around 30 ms. The height of the colored
bars does not correspond to light intensity.

400-500 MHz, since this is more efficient for hot ions. Both orders are combined and

coupled into a single mode polarization maintaining fiber going to the trap.

11.1.2 Repumping laser (866 nm)

The 866 nm laser for repumping during Doppler cooling is a home build external

cavity diode laser (ECDL) in Littrow configuration, also frequency stabilized by the

optical wavemeter. The beam enters the trap with a 90◦ angle to the trap axis as

seen in Fig 10.3 and the polarization has a 45◦ angle to the vertical magnetic field

for reasons discussed in Sec. 4.1.3. The beam is sent through a single-pass AOM

centered at 270 MHz, which facilitates pulse switching and frequency control during

ion experiments. This beam is combined with the 854 nm laser and coupled into a

single mode polarization maintaining fiber going to the trap.

11.2 Sideband cooling sequence

For SBC the the 729 nm, 854 nm, and 866 nm laser beams are applied interleaved and

simultaneously. The experimental SBC sequence is depicted in Fig. 11.1 and takes

around 30 ms in total. After Doppler cooling, the motional population is Boltzmann

distributed with average motional state n̄ip/op ' Γ397

2ωip/op
giving n̄ip = 95 and n̄op = 52

resulting in occupation of motional states up to ∼500 for IP and ∼300 for OP for

our parameters. To avoid population trapped at high motional numbers, we start

by driving the following sidebands in this order (sip, sop): (0,-2), (0,-1), (-1,-1), (0,-

1), (-1,0). We use (0,-1) secondly instead of (-2,0) since they have almost the same

frequency compared to the Rabi frequency (∼ 100 kHz). By interleaving cooling on

the two modes we aim to cool them simultaneously, such that one does not heat

up the other. This is done in a continuous scheme where the 729 nm and 854 nm

beams are on simultaneously. Each sideband is cooled for up to 2 ms, but less for
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the higher orders according to the efficiency by which they deexcite motional quanta.

The cooling is interrupted by state initialization (qinit) every 200 µs that takes 70µs.

Next, in order to reach the SBC limit, we apply a pulsed scheme were the 729 nm

laser coherently drives a RSB π-pulse for a targeted motional state. After each 729

nm pulse a 854 nm laser pulse of 20 µs repumps population out of the 2D5/2 state.

In order not to drive the carrier transition off-resonantly, the pulsed SBC is done at

low intensity relative to the continuous, to do a last finetuning of the ground state

preparation. Here we only drive the (-1,0) and (0,-1) sidebands since we now expect

the population to be below (nip, nop) = (10, 10). First the (-1,0) sideband is targeted

twice with a 729 nm pulse time corresponding to a π-time for the motional state

(nip, nop) = (10, 0), then the (0,-1) sideband for (nip, nop) = (0, 10) is targeted twice

before performing state initialization. Next the (nip, nop) = (9, 0) and (0,9) states are

targeted twice each and so forth until (nip, nop) = (1, 0) and (0,1) has been targeted.

Lastly the (nip, nop) = (1, 0) and (0,1) states are targeted once again each before

a final state initialization. The final 729 nm pulse times are on the order of 200µs

and 150 µs, respectively.

11.2.1 The S-D quadropole transition driving laser (729 nm)

The 729 nm laser used for driving the 4s 2S1/2 to 3p 2D5/2 transition in 40Ca+ for

sideband cooling and shelving is produced by a Toptica TA Pro diode laser. The

laser enters the vacuum chamber along the trap axis as seen in Fig. 10.3, and the

polarization is 45◦ to the vertical magnetic field, such that ∆mJ = ±1,±2 can be

driven. Pulse switching and frequency control is done via a double-pass AOM cen-

tered at 200 MHz. The beam is coupled into a single mode polarization maintaining

fiber going to the trap.

The wavelength of this laser is only measured by the optical wavemeter, but not

locked to it, since it can only stabilize the frequency to within a few MHz. This is not

enough for sideband resolution (ΓL � ωip, ωop) required for sideband cooling. The

output frequency is instead linewidth narrowed and short-time stabilized by a cavity

resulting in a linewidth of 1 kHz or less [52].

Since the cavity has a frequency drift of 7.6 kHz h−1, it cannot be used as an

absolute reference. This could be compensated for with the AOM after measuring the

frequency on the ion, but this is not so convenient. Instead, for long time stabilization

the laser is referenced to an optical frequency comb1. In this way we can run hour long

1MenloSystems FC1500-250-WG, a resource of LASERLAB.DK
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Figure 11.2: A typical experimental sequence for doing SBC evaluation (zero delay) and
heating rate measurements (varying delay). The average pulse times for the different lasers
are indicated. The height of the boxes does not correspond to laser intensity.

experiments without worrying about the laser frequency drift. The frequency comb

is optically locked to the Stabiλaser [116], which defines the limit of its stability. The

Stabiλaser is the same laser as is used to calibrate the IR wavemeter and is discussed

in Sec. 12.2.1.1.

11.2.2 The D-P deshelving laser (854 nm)

The 854 nm laser for repumping during sideband cooling has the same construction

and general beampath as the 866 nm laser described in Sec. 11.1.2. It also enters the

trap with a 90◦ angle to the trap axis as seen in Fig 10.3, since the two beams share

the same fiber. It also has a polarization with a 45◦ angle to the vertical magnetic

field to drive all ∆mJ transitions.

11.3 Temperature and heating rate measurements

In order to evaluate the temperature of the OP(IP) mode right after SBC, we do

a shelving pulse on the 1st red OP(IP) sideband with a π-pulse corresponding to

|nip, nop〉 = |0, 1〉(|1, 0〉) before fluorescence readout. The total pulse sequence is is

depicted in Fig. 11.2, where for now, the delay time is zero. In the next cycle the

1st blue OP(IP) sideband is instead addressed with the same pulse intensity and

duration. For the BSB this corresponds to a π-pulse from |nip, nop〉 = |0, 0〉.
The frequency is scanned such that we resolve the spectrum right around the two

sidebands (∼ 50 kHz span for each). The two peaks are then fitted to extract the

sideband heights ρrsb and ρbsb. The average motional number can be found from Eq.

4.16.

To deduce the trap-induced heating rates of the two modes this measurement is

performed for different delay duration between the end of the SBC sequence and the
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shelving pulse. During this time the ion-system is not cooled and is subject to the

uncontrolled heating mechanisms of the trap and lab environment. The extracted

n̄ip and n̄op as a function of delay can then be fitted to a linear functions, where the

heating rates are given by the slopes.
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Photon recoil spectroscopy

Once the target and readout ions have been trapped and ground state cooled, per-

forming PRS spectroscopy is only a slight variation of the heating rate experiments

presented in Sec. 11.3. With this experimental sequence in mind, doing PRS simply

consists in exposing the ions to the spectroscopy laser during the delay time between

the sideband cooling sequence and the resolved shelving pulse. For PRS the shelving

pulse(s) must always be on a red sideband. Also, the delay time must be exactly the

same length as the spectroscopy laser pulse to avoid excess trap-induced heating.

12.1 PRS of an electronic transition in 24Mg+

When performing PRS of the 3s 2S1/2 - 3p 2P3/2 target transition in 24Mg+ , the laser

for spectroscopy is the 280 nm laser also used for producing 24MgH+ ions from 24Mg+ ,

which was presented in Sec. 10.2.3.1. For PRS the duration of laser exposure on the

ions is controlled with a mechanical shutter via the PPG. The 280 nm laser frequency

is controlled by changing the target locking frequency on the optical wavemeter, which

is done automatically by the PPG.

The full PRS sequence for 24Mg+ is shown in Fig. 12.1, where the spectroscopy

pulse is shown in light blue. As depicted, the spectroscopic pulse takes up all the

time between SBC and the RSB transfer pulse(s).
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Sideband coolingDoppler cooling

RSB transfer pulse

FL. readout Ion check Data transfer

Figure 12.1: A typical experimental sequence for doing PRS of the 3s 2S1/2 - 3p 2P3/2

transition in 24Mg+ . The average pulse times for the different lasers are indicated. The
height of the boxes does not correspond to laser intensity.
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The goal was to verify the predictions of the simulations, in particular for short

spectroscopy times where the dependence on τspec is the strongest (see Fig. 6.5). Also,

simulations for larger τ tscaled are more time-consuming to calculate and the population

will eventually move outside the defined state-space.

The spectroscopic time needed to be in the steep part of the mentioned curve

depends on the applied laser intensity. Because the spectroscopic pulse duration was

controlled by a mechanical shutter, the pulse duration could minimally be around 1

ms, effectively putting an upper bound on the laser intensity. A laser intensity giving

a small τscaled for a τspec ∼ 1 ms was according to simulation on the µW/cm−2 level.

These low laser light intensities were reached by using neutral density filters,

which were changed manually. Measurements of the low light power reaching the

ion were performed by measuring the power before the neutral density filter, and

subsequently scaling the result by the transmittance of the filter and the vacuum

chamber window. The transmittance of the density filters had first been measured

at high laser intensity. The laser beam waist was measured to 0.89(5) mm.

To check if the 280 nm light pulse heated the two-ion system or not, it is checked

whether the (sip, sop) = (0,−1) sideband transition can be driven to shelve the
40Ca+ ion by sending a 729 nm π-pulse for the |nip = 0, nop = 1〉 state. The shelving

pulse is performed on the 2S1/2, mJ = −1/2 to 2D5/2, mJ = −3/2 transition, because

it is the least sensitive to magnetic field fluctuations.

The technique of using two subsequent shelving pulses presented in Sec. 6.5.3 was

also tested for 24Mg+ . Immediately after the first shelving pulse described above,

another pulse was sent, instead targeting the |nip = 1, nop = 0〉 state. This required

driving the (sip, sop) = (−1, 0) sideband transition to a different 2D5/2 sublevel in
40Ca+ than for the first pulse. The frequency and intensity of the 729 nm laser was

altered such that a perfect π-pulse was also driven for the new motional target state.

12.2 PRS of a rovibrational transition in 24MgH+

When performing PRS of the 1Σ+ |v = 0, J = 1〉 ↔ |v′ = 1, J ′ = 0〉 target transition

in 24MgH+ , the laser for spectroscopy is a 6.2 µm quantum cascade laser (QCL),

which is described at length in Sec. 12.2.1. The duration of laser exposure on the

ions is controlled with a mechanical shutter via the PPG.

The full PRS sequence for 24MgH+ is shown in Fig. 12.2, where the spectroscopy

pulse is shown in brown. As depicted the spectroscopic pulse takes up all the time

between SBC and the RSB transfer pulse(s).
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Figure 12.2: A typical experimental sequence for doing PRS of the 1Σ+

|v = 0, J = 1〉 ↔ |v′ = 1, J ′ = 0〉 target transition in 24MgH+ . The average pulse times
for the different lasers are indicated. The height of the boxes does not correspond to laser
intensity.

The initial goal for these experiments was simply to obtain a PRS signal. The

optimum experimental parameters (IL,ΓL and τspec) for doing so were discussed in

Chapter 9. Here we found that for IL = 20 W cm−2 and optimum linewidths of a few

GHz the optimum pulse duration was on the order of tens of ms. Thus for intensities

on this order and lower, the mechanical shutter can easily keep up.

For the 24MgH+ PRS experiments only a single RSB shelving π-pulse on the

(sip, sop) = (0,−1) sideband transition was used, targeting the |nip = 0, nop = 1〉
state. This was performed on the 2S1/2, mJ = −1/2 to 2D5/2, mJ = −3/2 tran-

sition in 40Ca+ , since it it the least sensitive to magnetic field fluctuations.

12.2.1 Laser for driving the 1Σ+ |v = 0,J = 1〉 ↔ |v′ = 1,J′ = 0〉
transition in MgH+ (6.2 µm)

The spectroscopy laser for driving the ro-vibrational |v = 0, J = 1〉 ↔ |v′ = 1, J ′ = 0〉
target transition in 24MgH+ at 48619.4(1.5) GHz [70] is a tunable mid-IR external

grating stabilized quantum cascade laser (QCL)1 run in continuous wave mode.2 It

has a measured maximum output power of ∼60 mW at 6.2 µm, a tuning range of

5.83 - 6.31 µm and an expected linewidth < 30 MHz stated by the manufacturer.

This laser was chosen in order to meet the requirements listed below.

The target transition with a linewidth of only Γt/(2π) = 2.5 Hz [72], has previ-

ously only been determined to within the in comparison very broad range of ±1.5

GHz by W.J. Balfour [70]. Hence, in order to find this very narrow line in an efficient

way, the spectroscopy laser linewidth ΓL/(2π) must initially be on the order of 3

1The first QCL was developed by Faist et. al. in 1994 [117].
2Daylight Solutions 21060-MHF
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Figure 12.3: Overview of the electronic instruments used in relation to the QCL [118].

GHz, as discussed in Sec. 9. Once a signal is detected, we would, however, want to

lower the laser linewidth gradually to home in on the transition.

Besides the fundamental limit of the transition linewidth itself, the final accuracy

on the target line measurement is limited by the laser linewidth and the uncertainty

of the laser frequency measurement, the sum of which should be below ±1.5 GHz to

exceed the accuracy of Balfour’s measurement.

Additionally, in Sec. 6.2.6 we found that, for short spectroscopy pulse times, the

PRS signal depth is directly proportional to the laser spectral density on resonance

and that trap-induced heating puts a limit to how low the laser intensity can be for

a given laser linewidth in order to separate signal from background.

This section seeks to demonstrate how the chosen laser meets the above mentioned

requirements. It starts out with a presentation of the frequency determination and

lock. Next, it is explained how the laser lineshape and width is altered for the line

search. Finally the method used for aligning the laser beam on the ions is discussed

and the obtained intensity is presented.

12.2.1.1 Frequency determination and lock

As mentioned the QCL has a wavelength tuning range of 5.83 - 6.31 µm (47.51 - 51.42

THz), which is tuned by rotating the laser’s external cavity grating. This can be done

in two ways. Either via the QCL controller controlling a motor for large, slow (∼1 s)

rough step adjustments, or via the piezo controller which controls a piezoelectric

element (PZT) installed inside the laser cavity for fast and fine step adjustments.

See Fig. 12.3 for an overview of the setup of electronic instruments used in relation

to the QCL.
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The laser frequency is measured with a Fizeau interferometer type IR wavemeter3,

with a wavelength operating range of 2 - 11 µm by sending ∼3% of the QCL power

to the wavemeter through a fiber right after the output (see Fig. 12.12 top panel).

The stated measurement speed is 50-100 Hz. The single shot resolution has been

measured in our laboratory to ±10 MHz [119]. The accuracy depends on how the

wavemeter is calibrated and how much time passed since the last calibration, as I

will explain below.

During the PRS experiments the QCL is locked to the wavemeter via a simple

proportional–integral–derivative (PID) control software on the computer which seeks

to minimize the difference between the wavemeter reading and the chosen set point

frequency for spectroscopy by changing the PZT voltage.

Calibration to the Stabiλaser In our lab the wavemeter is referenced to the

Stabiλaser, an ultra-stable laser developed by NKT photonics and The Danish Na-

tional Metrology Institute (DFM) [116] with a sub-kHz short-term linewidth and an

upper drift limit of 1 Hz per day. This laser is internally locked to an acetylene line at

194 369 569 384(5) kHz. Due to an AOM in the lock setup, the laser output frequency

is 40 MHz lower, that is 194 369 529 384(5) kHz (∼ 1.54 µm). This wavelength is

according to specifications outside the range of the wavemeter, which is why we check

the calibration at a wavelength closer to that used for spectroscopy (see next section).

The calibration to the Stabiλaser is done by coupling it into the same fiber as when

measuring the QCL. Since the fiber is not single mode for this wavelength the cou-

pling into it influences how the Stabiλaser light enters the wavemeter. This means

that the center frequency reading can vary by up to 100 MHz from one calibration

to the next due to the coupling alone ([120] p. 17). Because of this, the calibration

to the Stabiλaser is only accurate to within 100 MHz.

Ammonia absorption spectroscopy In order to check that the Stabiλaser cali-

bration is also valid at the desired QCL operating frequency (∼6.2 µm) for 24MgH+

spectroscopy the calibrated wavemeter reading can be compared to known lines in am-

monia (NH3). The used NH3 lines are the three peaks at wavenumbers 1610.101680,

1610.302370, and 1610.409060 cm−1 which constitute a very distinct feature of the

spectrum. Once these have been identified a peak at 1622.0880(1) cm−1 [121, 122]4

3Prototype of the HighFinesse WS6-200 IR-III tested and characterized in our lab.
4Single excitation of the ν4 vibrational mode in the electronic ground state of 14NH3. Lines

closer to the 24MgH+ target frequency exist but this was chosen for its relatively good strength
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even closer to the target frequency in 24MgH+ at 1621.77(5) cm−1 can be identified

and measured to check the Stabiλaser calibration.

This is done by sending the laser light through an ammonia gas cell5 and measur-

ing the resulting absorption spectrum with a liquid nitrogen cooled HgCdTe detec-

tor6 [123]. This is facilitated by a special branch in the QCL optical setup, which the

laser beam travels down when flip mirror 2 is flipped up as seen in Fig. 12.12. Using

the QCL controller the laser frequency is set to the middle of the range defined by

the three first mentioned NH3 lines, and on top the laser frequency is continuously

scanned over the lines by modulating the voltage over the PZT with a (< 100 Hz)7

sine wave from a function generator amplified by the PZT controller. When using

the HgCdTe detector to measure the power after the absorption cell, we get a signal

showing a drop in power as a function of time due to the absorption lines. From

here it is possible to perform spectroscopy of the peaks by measuring the absorption

as a function of laser wavelength as measured by the wavemeter when scanning the

PZT voltage in steps using a computer to control the PZT voltage. However, the

step rate must be slow enough to average out the single shot wavemeter resolution

of around ±10 MHz ([119] p. 15). As mentioned the wavemeter can make N = 100

measurements per second, so an average over e.g. 1 s, which we typically do, has a

resolution scaled by 1/
√
N i.e. ±1 MHz. Since the HgCdTe detector is AC coupled

(measures change in power), a chopper wheel is run at a rotation frequency of ∼
250 Hz to create a pulsed signal at this low scanning speed. By checking the fre-

quency difference between the peaks of the mentioned distinct three peak feature of

the spectrum, we can identify it and subsequently identify all other peaks from this

reference.

Then by adjusting the PZT offset voltage and decreasing the scanning amplitude

the scan can be focused on the peak closest to the target transition in 24MgH+ .

An example of data from such an ammonia spectrum measurement of the peak at

1622.0880(1) cm−1 [121, 122] is given in Fig. 12.4 (red points). It shows the detector

signal as a function of detuning between the measured (by the wavemeter) QCL

frequency and the expected (literature) value of the peak. The obtained signal is a

convolution of the spectral shape of the laser and the lineshape of the ammonia peak.

The high pressure inside the cell causes a broadening of the naturally Lorentzian

5The cell has an approximate pressure of 15 mbar judging from the measured ammonia peak
widths, and windows made of CaF2 and a length of 6 cm.

6From Judson Technologies. The detector output is amplified in order to see the signal on an
oscilloscope. To avoid electrical noise the amplifier is battery driven.

7For increased mechanical stability and lifetime.
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Figure 12.4: Example of an absorption spectrum of the ammonia peak at 1622.0880(1)
cm−1 [121, 122] taken without current modulating the QCL as a function of detuning be-
tween the measured (by the wavemeter) QCL frequency and the expected (literature) value
of the peak. The data is fitted to a Lorentzian function with a constant added background.
Fits to 6 such data sets give an average FWHM of 406(4) MHz and an average center value
of 23(11) MHz. The average error on the center value for each spectrum is only 2.7(1)
MHz

ammonia peak. Since pressure broadening is a homogeneous broadening mechanism

the resulting lineshape is also Lorentzian. Because the pressure broadened width of

∼ 400 MHz is much larger than both the natural linewidth of ∼ 100 Hz and the

expected Gaussian QCL lineshape with a linewidth of < 30 MHz, we expect the

measured lineshape to be well described by a Lorentzian. Indeed, in Fig. 12.4 the

data is fitted to a Lorentzian function with a constant added offset corresponding to

the signal without NH3 absorption (blue curve). Fits to 6 such data sets taken over

2 consecutive days give an average FWHM of 406(4) MHz and an average measured

(by the wavemeter) offset compared to the expected (literature) value of 23(11) MHz,

where the stated errors are the standard error of the mean. The measured differences

on the center values from scan to scan of up to ±50 MHz around zero detuning is in

accordance with the previously measured day-to-day wavemeter reading fluctuations

as described below. However the average error on the center values are only 2.7(1)

MHz, meaning the center determination for the individual peaks, which takes around

a minute to measure, is not limited by the long term fluctuations.

The accuracy of the NH3 peak center frequency stated in the HITRAN database is

1× 10−4 cm−1 corresponding to 3 MHz [121, 122]. This means that the total accuracy



148 Chapter 12. Photon recoil spectroscopy

of the wavemeter after calibration to a NH3 peak is 4 MHz, if only the wavemeter

did not fluctuate.

Stability of the wavemeter reading The stability of the wavemeter reading

itself can be checked by logging its measurement of the, in comparison, completely

stable Stabiλaser laser frequency. The so far longest measurement was taken over 95

hours ([119] p. 14) and showed fluctuations on the order of 50 MHz around the center

value, which were found to be correlated to temperature changes in the lab. Based

on this measurement it is expected that the wavemeter does not fluctuate more than

50 MHz over the course of 4 days, but in principle we cannot be sure. This means

that the wavemeter fluctuations dominate the frequency reading after calibration to

the ammonia line, and limits the accuracy to at least 50 MHz. However, compared

to the GHz QCL linewidth we want to apply for the initial PRS experiments with
24MgH+ a 100 MHz accuracy on the wavemeter is sufficient, meaning the calibration

to the Stabiλaser alone is enough.

On the other hand once a signal has been obtained for the 24MgH+ target transi-

tion, we want to apply smaller laser linewidths in order to determine the target line

frequency with higher accuracy as described in Sec. 9. Eventually we want to apply

the QCL with its natural linewidth of < 30 MHz. So in order to not be limited by

the wavemeter, its accuracy has to be better than this.

In order to do a frequency measurement with an accuracy better than 50 MHz, the

fluctuations of the wavemeter would have to be continuously measured and corrected

for by doing a much more frequent calibration to the Stabiλaser. This could be done

by using a fiber switch such that the wavemeter would alternate between measuring

the QCL and the Stabiλaser. This would also mitigate the error due to alignment

into the multimode fiber of the wavemeter. The switching should be done at a

rate higher than the wavemeter fluctuations and preferably as fast as possible. The

speed is limited by the ∼ 100 Hz measurement speed of the wavemeter. Then after

calibrating the wavemeter to the ammonia line, the accuracy of the QCL frequency

measurement would be only limited by the 4 MHz uncertainty on the ammonia peak

center, after also averaging out the single shot resolution of ±10 MHz like already

mentioned.

Prior to the PRS measurements of 24MgH+ presented in Chapter 14 the wavemeter

was calibrated to the Stabiλaser and the calibration was checked by measuring the

ammonia peak. However, for these PRS measurements we can only claim the 100

MHz accuracy of the wavemeter reading stemming from the Stabiλaser calibration
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alone, since the ammonia peak was not measured very frequently, because 100 MHz

accuracy was sufficient at the time.

12.2.1.2 Lineshape broadening and measurement

According to the datasheet the spectral linewidth of the QCL is < 30 MHz. Other

similar QCLs have been measured to have Gaussian lineshapes with widths of 1-5

MHz [124–126], which suggests a similar shape and linewidth of the QCL used for

this thesis. Hence, in order to achieve the desired line widths in the few GHz range

it must be broadened.

Lineshape broadening This is done by modulating the input current to the laser

through applying a sinusoidal driving voltage from a function generator to a bias

Tee circuit inside the laser head. The modulation voltage can have an amplitude of

up to ∆V = 4 Vpp centered around ground with a frequency fmod between 10 kHz

and 2 MHz without damaging the laser. The applied voltage will result in a change

in laser current of ∆I around the center value, I0. The expected ∆I as a function

of fmod for the maximum ∆V = 4 Vpp can be seen in the top panel of Fig. 12.5.

The blue points of Fig. 12.5 are copied from Figure 10 of the QCL manual. The

measurements from the manual were made for a laser of this type, but not for the

specific laser used. In a simple picture the constant voltage modulation amplitude

should result in a constant current modulation amplitude ∆I, but we see that the

laser acts as a high-pass filter for current modulation for fmod < 100 kHz.

Current modulation will lead to a change of the laser frequency with amplitude

∆fL around the central laser frequency fL. The output frequency of the laser light

depends on the input current since the current affects the temperature inside the

laser, effectively changing the length of the laser cavity.8 In the bottom panel of Fig.

12.5 the expected frequency modulation ∆fL per current modulation amplitude as

a function of fmod is given. This decreases with modulation frequency because the

thermal effect causing the wavelength change cannot keep up with the speed of the

current modulation. If ∆fL is much larger than the expected non-modulated spectral

linewidth of the QCL of < 30 MHz, and the frequency of the modulation fmod is fast

enough, the effective laser linewidth will become on the order of ∆fL. (I will come

back to what ‘fast’ means at the end of this section.)

8In diode lasers a current change both leads to a temperature change and to and immediate
change in the number of charge carriers causing a change in refractive index, which also changes
the effective cavity length. This refractive index response, which is much faster than the thermal
effect, is not present in a QCL.
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Figure 12.5: Adapted from Figure 10 of the QCL manual (blue points) showing the effect
of applying a sinusoidal driving voltage of ∆V = 4 Vpp and frequency fmod = 10 − 1000
kHz to a bias Tee circuit inside the laser head. This characterization was not done for the
specific laser at hand, and thus only shows the rough trends of performance. Top figure:
In a simple picture the constant voltage modulation amplitude should result in a constant
current modulation amplitude ∆I, but we see that the laser acts as a high-pass filter for
current modulation for fmod < 100 kHz. Bottom figure: The current modulation causes
a temperature change inside the laser resulting in a change of the laser frequency ∆fL
around the central value fL. We see that ∆fL per ∆I decreases for increasing modulation
frequencies because the thermal effect cannot keep up. The red points are laser spectral
widths extracted from fits to ammonia spectra as shown in Fig. 12.10 (yellow triangles)
divided by 100 mA for comparison. The measured result agrees well with the data sheet.

In Fig. 12.6 we see the laser frequency fL measured with the IR wavemeter as

a function of the laser current I0 when changing it manually on the QCL controller.

We see that fL(I0) for most currents is a close to linear decreasing function, meaning

that a symmetric current change around I0 leads to a symmetric frequency change

around fL. However, we also see that large inconsistent frequency jumps on the order

of 3 GHz occur. These jumps correspond to the difference between the modes of a 5

cm long laser cavity9, which could be the length of the QCL cavity. The difference

between the blue and red data points of Fig. 12.6, besides from the different dates,

are the PZT and motor settings determining the cavity length and grating angle prior

to the manual current scan. These settings determine for what currents the mode

9The free spectral range of a standing wave resonator of length L is ∆νFSR ≈ c/(2L).
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Figure 12.6: QCL frequency measured with the IR wavemeter as a function of input
current without modulation for two different dates and PZT and motor settings. The 3
GHz jumps on the curves corresponds most likely to mode jumps of the laser.

jumps are located. However even if the exact same settings are chosen the mode

jumps cannot be expected to appear for the same input currents due to hysteresis

effects.

Scanning the laser frequency across a mode jump during the current modulation

could lead to a multi-mode behavior, where only part of the spectral density is dis-

tributed around fL. We see from the top panel of Fig. 12.5 that ∆I of above 65

mApp are expected for all fmod, seemingly making it hard to find a central current in

Fig. 12.6 for which the range [I0 −∆I/2; I0 + ∆I/2] would not cover a mode jump.

It is, however, important to note that the data of Fig. 12.6 were taken by manually

changing the current input to the laser step by step and not during a fast current

scan through the bias Tee circuit. Hence we cannot expect ∆fL per ∆I to be as

large as the ∼ 700 MHz/mA which Fig. 12.6 suggests. Indeed from Fig. 12.5 we see

that the maximum expected ∆fL for ∆V = 4 Vpp is 40 MHz/mA. This indicates

that the risk of scanning over a mode jump during fast modulation is much smaller

than what Fig. 12.6 suggests. As the IR wavemeter cannot keep up with the fast

current modulation, since the measurement speed as mentioned is 50-100 Hz, it is

not possible with the present setup to check directly whether the mode jumps also

happen during the fast modulation.

Therefore mode jumps can have been a problem for the PRS experiments with
24MgH+ presented in Chapter 14. Assume the laser was lasing equally on two different

modes around the frequency chosen for spectroscopy and that the mode separation
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Figure 12.7: Measurements of QCL output power as a function of input current. For
the red and yellow data the QCL was locked to the IR wavemeter and the frequency was
allowed to stabilize between each data point. For the blue and green data the frequency was
not locked but allowed to change with current. For these two datasets the frequency was
measured before and after the current scan (high to low) which gave 48.6288-48.6265 THz
(blue) and 48.6234-48.619 THz (green). The jumps in power are due to laser cavity mode
jumps and depends on the specific PZT and motor settings prior to the scan.

is 3 GHz as expected from Fig. 12.6. If we broaden to a laser linewidth of around

1 GHz, the spectral density would be located in the intervals [−1.5,−1] GHz and

[1, 1.5] GHz around fL instead of in the intended interval from [−0.5, 0.5] GHz. Thus

if this was the case for some of the PRS data points we would not obtain a signal if

the target transition was within the intended laser spectral density.

A way to minimize, but not eliminate, the risk of mode jumps, would have been

to check the linearity of the fL vs. I0 curve in the vicinity (∼ ±5 mA) of the chosen

I0 for the specific PZT and motor settings prior to every experiment. If mode jumps

are observed, the PZT and motor settings should be changed until no mode jumps

are found.

The maximum current input of the QCL is 550 mA, which must not be exceeded

when the current is modulated. Consequently I0 must be below maximum when the

current is modulated. E.g. for ∆V = 4 Vpp the resulting current modulation ∆I

is according to Fig. 12.5 100 mApp, meaning I0 should be 50 mA below maximum

corresponding to 500 mA. The laser output power is proportional to the input current

as seen in Fig. 12.7. Hence, there is a trade off between width and power, and the

broadening procedure effectively reduces the laser power available for spectroscopy.
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Figure 12.8: The blue points are data from absorption spectroscopy of the same ammonia
line at 1622.0880(1) cm−1 as shown in Fig. 12.4 but now with a laser current modulation
of fmod = 500 kHz and a ∆V = 4 Vpp. The yellow curve represents the assumed contribu-
tion to the QCL laser linewidth stemming from current modulation for these parameters.
This is given by Eq. 12.1 with 2A/(2π) = 1.1 GHz and a = 1× 10−10 s The red curve is a
Lorentzian function of FWHM 406 MHz representing the absorption signal from the ammo-
nia line without current modulating the laser. The green curve is the convolution between
the yellow and red curves which have been overlapped with the data points by varying A and
a.

Lineshape measurement The laser lineshape resulting from current modulation

can be measured using the ammonia gas cell as described in Sec. 12.2.1.1. During

absorption spectroscopy the central laser frequency, fL, is scanned with the PZT as

already mentioned, and to see the broadening effect the input current to the laser

is simultaneously being modulated. (The PZT cannot be used to broaden the laser

linewidth, as the modulation frequency by the manual is limited to 100 Hz.10) Fig.

12.8 shows an example (blue points) of an absorption spectrum of the same ammonia

line at 1622.0880(1) cm−1 as shown in Fig. 12.4 but now with a current modulation

of fmod = 500 kHz and a modulation amplitude of ∆V = 4 Vpp . This spectrum, and

spectra for other modulation parameters, can be fitted to extract the resulting laser

10Therefore a 50 Hz low-pass filter has been inserted between the external PZT controller (driving
voltages between 0-100 V) and the QCL in order to protect the PZT.
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lineshape by separating the contributions from the laser and the pressure broadened

ammonia peak.

The laser lineshape is itself a convolution of the natural laser lineshape, which is

assumed to be a Gaussian with linewidth < 30 MHz, and the probability density of

the laser frequency modulation function. Since the laser frequency is approximately

proportional to the input current as seen in Fig. 12.6, the frequency modulation func-

tion is also assumed to be a sine. Furthermore, the laser output power also depends

linearly on the input current as seen in Fig. 12.7 adding a slope to the resulting

laser lineshape. The total contribution to the lineshape from current modulation is

formally written as

Lsine(ω) =
(a(ω − ωL) + 1)

π

1√
A2 − (ω − ωL)2

, (12.1)

which is the normalized probability density function (PDF) of a sine around the

central laser angular frequency ωL with a width of 2A, where the amplitude is scaled

by (a(ω−ωL) + 1) to describe the linear dependency on current of the output power.

This contribution is shown in yellow in Fig. 12.8 for 2A/(2π) = 1.1 GHz and a =

1× 10−10 s.

The ammonia spectrum taken without laser frequency modulation from Fig. 12.4

contributes to the modulated spectrum with a Lorentzian function of FWHM 406

MHz shown in red in Fig. 12.8. Technically the natural Gaussian laser lineshape also

contributes to this ammonia spectrum, but since the linewidth is so relatively small

we chose to neglect it.

The convolution of the red and yellow functions in Fig. 12.8 gives the green func-

tion which describes the measured signal very well. This was obtained by varying A

and a manually until the best overlap between the data and the convolution curve was

obtained. The results of such manual fits to data obtained for different modulation

parameters can be seen in Fig. 12.9 giving the width of the sine PDF as a function of

modulation amplitude, and in Fig. 12.10 as a function of modulation frequency (the

data in each figure are the same). The errorbars are assessments from the manual

fitting procedure. In Fig. 12.9 linear fits to the data give slopes of 529(8) MHz/V,

268(3) MHz/V, 139(4) MHz/V for fmod = 100 kHz, 500 kHz and 1 MHz, respectively.

In Fig. 12.10 the dotted lines are not fits but merely there to guide the eyes.

The data shows that we are able to obtain laser line widths of a few GHz as

required for the molecular line search. As expected the laser line width increases for

increasing modulation amplitude, however less fast for high modulation frequency.
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Figure 12.9: Estimated width of the sine PDF (2A/(2π)) of Eq. 12.1 as a function of
modulation voltage amplitude ∆V for 3 different modulation frequencies fmod. Linear fits
to the data give slopes of 529(8) MHz/V, 268(3) MHz/V, 139(4) MHz/V for fmod = 100
kHz, 500 kHz and 1 MHz, respectively. The same data are shown in Fig. 12.10.

The extracted laser widths for ∆V = 4 Vpp shown as yellow triangles in Fig. 12.10,

divided by 100 mA for comparison, corresponds to part of the curve from the QCL

manual and are plotted alongside in red in Fig. 12.5. The two data sets correlate

very well.

The actual lineshape of the frequency modulated laser, however, is not the sloped

sine PDF alone, but a convolution between this and the natural lineshape of the laser,

which was neglected earlier. Such a convolution between the yellow sine PDF curve

of Fig. 12.8 and a Gaussian function of width 30 MHz representing the natural laser

lineshape is shown in blue in Fig. 12.11. It is evident that the natural lineshape of

the QCL is only a very small correction to the frequency modulated lineshape at this

large width.

In Fig. 12.11 the frequency modulated laser spectral shape (blue) with a width

of 1100 MHz is compared to a Gaussian function width the same FWHM (yellow)

and a trapezoid with the same width and slope as used for the sine PDF (red). All

three functions are normalized.
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Figure 12.10: Estimated width of the sine PDF (2A/(2π)) of Eq. 12.1 as a function of
modulation frequency, fmod, for different modulation voltage amplitudes ∆V . The data for
4 Vpp (yellow triangles) divided by 100 mA are also plotted in Fig. 12.5 to compare to the
QCL manual. The same data are shown in Fig. 12.9.

Broadening parameters chosen for PRS The blue curve of Fig. 12.11 is in

fact the expected lineshape of the QCL used for the PRS experiments with 24MgH+

presented in Chapter 14. The estimated laser FWHM is 1.10(5) GHz. The parameters

used to obtain this lineshape was fmod = 500 kHz, I0 = 500 mA and ∆V = 4 Vpp.

This lineshape was chosen because it is the broadest achievable while maintaining a

relatively high modulation frequency of 500 kHz. An almost identical width is e.g.

obtained for 100 kHz and 2 Vpp as seen in Fig. 12.9. As mentioned in the beginning

of the section it is important that the modulation is fast, if the modulated laser

lineshape is to be interpreted as a broad spectrum. The relevant timescale is the

absorption rate of the molecular target transition. If the frequency modulation is not

faster than this the molecule will effectively see a laser of < 30 MHz being scanned

over 1.1 GHz instead of a broad spectrum with a constant central laser frequency fL.

When simulating the PRS spectra for 24MgH+ in Sec. 6.2 a constant central laser

frequency during the spectroscopy pulse time τspec was assumed. However, as long

as the natural QCL linewidth is much larger than the trap frequencies ωip/op and the

natural linewidth of the target transition Γt, it would still be valid to model the PRS

signal obtained from scanning fL during τspec using rate equations. In fact, as long as
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Figure 12.11: The blue curve represents the expected QCL lineshape used for the PRS
experiments with 24MgH+ with a width of 2A/(2π) = 1.1 MHz and slope of a = 1× 10−10 s.
This corresponds to the yellow curve of Fig. 12.8 convoluted with a Gaussian of FWHM
30 MHz. For comparison the spectral shape of a Gaussian with the same FWHM (yellow)
and a trapezoid with the same width and the same slope are shown.

fmod is fast enough to cover the intended frequency interval within τspec, the results

are expected to be very similar to the constant fL broad spectrum result due to the

linearity between the absorption rate and the laser linewidth. However, this was not

checked by calculation, and further studies are needed to confirm this.

The bottom line is that for the model in Sec. 6.2 to be comparable to experiment,

the used fmod must be larger than the molecular absorption rate. For the experiments

presented in Chapter 14 we used fmod = 500 kHz. To calculate the absorption rate

the laser intensity at the molecular ion must be known, which is treated in Sec.

12.2.1.3. We will thus come back to this matter at the end of that section.

Square lineshape As discussed in Sec. 9 the optimum spectral shape for the

line search is a square function. As we have just seen, when the laser line shape

is dominated by the frequency modulation, it will resemble the PDF of the current

modulation function. A way to make the laser lineshape more square shaped would

thus be to instead use a triangular modulation function, since it has a square PDF.

However, from Fourier analysis it is well known that a triangular function is made
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Figure 12.12: Sketch of the QCL beam path with beginning in the top panel lower right
corner. The sketch is an updated version of Figure 3.1 in Niklas Arent’s bachelor thesis
[120].

up of many sinusoidal components, some of them with frequencies exceeding the 2

MHz limit of the laser system. Another approach would be to use spectral filters for

shaping, however only a redistribution and not a reduction of the spectral energy is

beneficial, since the absorption rate is proportional to power.

12.2.1.3 Laser beam alignment on the ions

From the output of the QCL to the center of the ion trap the laser light travels ∼10 m.

A sketch of the beampath is shown in Fig. 12.12. Due to the very low transmission

efficiency of fibers in the mid-IR region, the laser beam travels in free space. Hence,

in order to diminish air pressure fluctuations resulting in pointing instability and
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consequent light intensity fluctuations at the ion position, the majority of the laser

beam path is surrounded by hollow plastic tubes.11 To avoid divergence of the laser

beam during the long beam path, it is collimated right after the output by a pair of

lenses forming a telescope.

To aid the alignment of the invisible QCL beam to the trap, it is overlapped with

a visible HeNe laser beam (632.8 nm). First the beam path of the QCL is marked by

iris 1 and 2 by looking at the laser beam spot on a thermal beam profiler (Pyrocam12).

The HeNe laser beam is then aligned through iris 1 and 2 simply by looking at the

beam spot on a piece of paper after flipping up flip mirror 1. This results in a perfect

overlap of the two laser beams. Subsequently the remaining mirrors in the beam path

can be adjusted by looking at the visible beam, after which flip mirror 1 is flipped

down to send the QCL beam to the trap.

To obtain the desired polarization axis of 63.4◦ to the vertical B-field as discussed

in the beginning of Sec. 6.2, the initially horizontal linear polarization axis of the

QCL is turned by a λ/2-waveplate just before the trap. The resulting polarization

axis was checked by measuring the power transmitted through a polarizer turned to

the correct angle.

Longitudinal alignment In order to increase the QCL light intensity on the ions,

which are located at the common trap and vacuum chamber center, the laser beam

is focused on the ions using a lens with a focal length of 300 mm positioned at

approximately the same distance from the trap center. The obtained laser beam

spot size at the ion position is measured by redirecting the laser beam onto the

Pyrocam by placing a mirror on a magnetic mount in the beam path shortly before

it enters the trap (see Fig. 12.12 bottom). The Pyrocam is then moved along the

laser beam and the radius13 at different positions is measured. Data from such a

spot size measurement is given in Fig. 12.13, from which the waist is determined

to be 176(10) µm from a fit to a Gaussian beam shape function. The measurement

shows that the longitudinal alignment of the QCL beam could be improved, since

the location of the waist does not overlap perfectly with the trap center. The waist

is found to instead be located 16(5) mm after the trap center when looking in the

11A cumbersome but feasible alternative would be to send the beam through a N2 filled tube to
reduce the fluctuations and absorption. Or the QCL could be moved closer to the ion trap.

12Pyrocam III from Ophir-Spiricon Inc. operated with the software BeamGage. The Pyrocam
detects changes in light power, which in the case of continuous wave lasers is facilitated by an
internal chopper wheel run at 48 Hz.

13Defined as the radial distance from the beam axis where the intensity has dropped to 1/e2

percent of the maximum value.
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Figure 12.13: Waist measurement of the QCL beam at the position of the ion from Aug.
11 2020. A fit to a Gaussian beam shape function gives a waist of 176(10) µm. The waist
position relative to the trap center is measured to 16(5) mm along the propagation direction.

propagation direction of the QCL light. The beam radius at this longitudinal position

from the waist is 251(40) µm meaning the intensity is reduced to 49% of the intensity

at the waist position. The vertical distance between the trap electrodes is 2.6 mm

and the trap rods are 45.4 mm long. The calculated beam radius at 50 mm from

the waist is 585µm, meaning we are in no risk of hitting the trap with the horizontal

beam.

Another concern might be that with two ions in the trap, the 24MgH+ ion do not

sit at the exact trap center. Instead the two ions will sit on each side of the trap

center along the axis. However, the two ions’ axial distance from the trap center at

the working trap potential is only 10 µm. For the measured waist of about 200µm

a longitudinal displacement of this size has a completely negligible effect on the

intensity.

Radial alignment The radial alignment of the QCL beam on the ions is facilitated

by a glass fiber with a diameter of 125 µm, which can be moved in and out of the

trap center while the trap RF potential is turned off. By placing the fiber tip exactly

at the trap center, laser beams can be aligned to it either by looking at the scattered

laser light from the tip or the shadow it casts in the laser beam profile.

Since the alignment of the QCL beam on the ions relies upon the fiber position

being correct, we started by assessing how accurately we can align the fiber tip to

the ion position. When aligning the fiber in the horizontal direction we use the CCD
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camera placed above the ion trap used for fluorescence detection of 40Ca+ ions. We

trap a single 40Ca+ ion and align the 397 nm laser beam on it by optimizing the

fluorescence signal. Then we mark the ion position on the CCD image with the ROI

(region of interest) box tool in the experiment control programme. Subsequently,

when the RF potential is turned off and the fiber is moved in, the fiber tip is simply

moved to the marked position. The fiber tip is visible on the CCD camera, since it

scatters the light of the 397 nm laser beam.14 The horizontal fiber positioning has

an accuracy around 10µm, corresponding to the ion diameter on the CCD.

To assess the vertical fiber position we use a camera (Thorcam15) placed after the

trap to image the 397 nm laser profile. The idea is to use the 397 nm beam aligned

on the ion to align the fiber after, so it is important to also know, how good this can

be done.

To access the uncertainty of the vertical alignment of the 397 nm beam on the
40Ca+ ion we start by aligning the 397 nm laser beam to the ion using the top CCD

camera for maximum fluorescence before noting the centroid position on the Thorcam

placed after the trap. Next, the 397 nm beam is moved up and down by adjusting

the last mirror before the trap until very low and similar fluorescence levels in each

direction is obtained on the CCD camera. The beam centroid positions on the Thor-

cam for the two outer position are also noted. The measurement was repeated 3

times to find an average distance from the central centroid position. Using this and

the distance between the last mirror and the Thorcam and the distance from the

last mirror to the trap center, the uncertainty on the 397 nm beam alignment on

the ion was calculated to 86.3 µm. However, during a normal alignment we would

never move the beam to such low fluorescence levels, so the uncertainty is estimated

to maximally 10 µm.

After the 397 nm beam is aligned to the ion, we move in the alignment fiber to

the ion position. Unless the diffraction pattern on the Thorcam in the 397 nm beam

profile caused by the fiber is symmetric, the fiber is not at the same height as the 397

nm beam. To measure how far off the fiber is, the 397 nm beam is moved vertically

until the diffraction pattern is symmetric. Then the fiber is removed, and the new

position of the 397 nm beam is compared to the one before the vertical adjustment.

From the difference in position on the Thorcam the difference in position at the ion

can be calculated. This experiment was repeated 20 times to give a mean difference

of 14(10) µm. So in total, the vertical fiber alignment uncertainty is less than 20 µm.

14The 397 nm laser beam waist is around 150µm.
15Thorlabs DCC1545M
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a) b) c) d)

Figure 12.14: Horizontal QCL beam alignment to the ion trap center using the Pyrocam
placed after the trap. a) The HeNe laser beam spot with the alignment fiber clearly visible
as a shadow. b) The QCL beam spot aligned to the trap center with the fiber out. c) The
QCL beam spot at the same position with the fiber at the center position. d) The QCL beam
spot at the same position with the fiber so far in that minimum intensity is obtained.

Once the fiber is perfectly aligned to the trap center, we can align the QCL beam

to it. When sending the HeNe laser beam through the ion trap with the fiber in

the center, the fiber will show up as a shadow in the beam spot when shining it on

a piece of paper after the trap. Looking at the paper the laser beam direction is

adjusted until the fiber tip shadow is in the beam spot center. Since the QCL beam

is overlapped with the HeNe laser beam, the QCL should now also be aligned to the

trap center. However, as an extra precaution the QCL alignment on the fiber tip is

checked on the Pyrocam. This is done by flipping flip mirror 5 after the trap, to send

the laser beam vertically through iris 5 and onto the Pyrocam. The shadow in the

HeNe laser beam can also be seen on the Pyrocam as seen in Fig. 12.14a). When

shining in the QCL beam a drop in intensity is seen instead of a shadow due to the

Fraunhofer diffraction pattern being much broader for the much larger wavelength

of the QCL compared to the HeNe laser [127]. However the QCL beam spot center

can easily be overlapped with the fiber tip by measuring the transmitted/scattered

intensity. This is demonstrated in Fig. 12.14b)-d) which shows the QCL beam profile

for different positions. In scenario b) the fiber is out and we measure the full intensity

(Imax) of the beam. In scenario c) the fiber is at the center of the trap, and as a

consequence the QCL beam intensity is lowered. In scenario d) the fiber is moved

so far in that the intensity is minimized (Imin). When the intensity is just between

the ones measured in scenario b) and d), the fiber covers half of the maximum beam

spot area it can (I = (Imax − Imin)/2), and the QCL beam is horizontally aligned to

the fiber. In the vertical direction the intensity should simply be a minimum when

the fiber covers the beam. The accuracy of the QCL beam alignment to the fiber

tip is estimated to be ±10% of the maximum measured intensity corresponding to a

positional error of ±4 µm, meaning the total error on the radial QCL alignment on
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the ion is dominated by the uncertainty of the fiber alignment.

The pointing instability at the waist position has earlier been measured to be

below 10 µm [120], so this effect can be neglected for this large beam size.

In conclusion the 20 µm uncertainty of the radial alignment is negligible compared

to the 5 mm uncertainty on the longitudinal alignment from an intensity point of view.

Laser intensity and molecular excitation rates The QCL power right before

the vacuum chamber was measured on all the days where PRS data were being

collected in the period from 17/08/2020 to 25/09/2020. The PRS data are presented

in Chapter 14. For all the measurements the laser frequency was locked to the IR

wavemeter to a value within the 2σ line search interval of 48619.4 ± 3 GHz.16 The

average of these 16 measurements gives 7.5 mW with a standard deviation of 0.4 mW.

The vacuum chamber viewport the QCL beam enters through is made of CaF2 which

has a transmission at this wavelength of 95% [128]. Finally, taking the transmission

into account, the intensity can be calculated from the power and spotsize at the

ion position, giving 7.2(1.2)W cm−2. The error is dominated by the error on the

longitudinal position, however the error on the power also has an impact.

With the laser intensity at hand, we can now address the question of whether the

laser frequency modulation is fast enough to assume a constant central laser frequency

fL during τspec and a broadened linewidth as described in Sec. 6.2. In order for this

to hold, the absorption rate needs to be much faster than the frequency modulation

rate of 500 kHz. The absorption rate in the molecule when driving the transition

with an intensity of 7.2 W cm−2 and a ΓL/(2π) = 1.1 GHz is RL
abs/(2π) ∼ 2.5 kHz.

This number is calculated for an assumed square lineshape, so the rate is faster for

the outer frequencies of the modulated QCL lineshape. Since fmod is 200 times faster

than ΓL/(2π), we should be safe. One could even argue that it would be safe to lower

the modulation frequency in order to safely increase the laser current and thereby

the intensity available for spectroscopy. However, for narrower laser linewidths the

modulation frequency has to be increased. This can be seen from Fig. 12.15 where

the absorption rate as a function of laser linewidth is plottet for IL =7.2(1.2)W cm−2.

16It is important to measure the power close to the working frequency since especially water
molecules in the air have strong absorption lines in this frequency domain.



164 Chapter 12. Photon recoil spectroscopy

0 500 1000 1500 2000 2500 3000
L/(2 ) [MHz]

103

104

105

R
L ab

s/(
2

) [
Hz

]

Figure 12.15: The absorption rate for a square laser lineshape as a function of laser
linewidth for IL =7.2(1.2)W cm−2. The gray area indicates the error on the intensity.

12.2.1.4 Conclusion

In this section we have presented the tunable mid-IR external grating stabilized

quantum cascade laser (QCL) used for driving the ro-vibrational |v = 0, J = 1〉 ↔
|v′ = 1, J ′ = 0〉 target transition in 24MgH+ at 48619.4(1.5) GHz [70] with a linewidth

of only Γt/(2π) = 2.5 Hz [72]. We have also shown that it meets the requirements to

obtain a PRS signal for this transition.

First of all the QCL can be tuned to the correct frequency and stably locked

using an IR wavemeter. The accuracy of the wavemeter reading was found to be

100 MHz when calibrated to the ultra-stable Stabiλaser. We should hence be able

to improve on the current best measurement of the target transition in 24MgH+ since

the accuracy of this is ±1.5 GHz [70]. The wavemeter accuracy could be improved

to 4 MHz by constant calibration to the Stabiλaser by using a fiber switch and an

additional calibration to a line in ammonia using the existing setup for absorption

spectroscopy. However this was not necessary for the initial search.

Secondly, the naturally Gaussian laser lineshape with FWHM < 30 MHz, can be

broadened to several GHz to aid the target line search, by modulating the current

input to the laser head. Any laser linewidth in between this and the natural linewidth
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can be obtained by varying the modulation voltage amplitude ∆V . The lineshape

of the broadened laser was measured using ammonia spectroscopy, and was found

to resemble a sine PDF for widths much larger than the laser natural linewidth.

The blue curve of Fig. 12.11 represents the expected lineshape of the QCL used for

the PRS experiments with 24MgH+ presented in Chapter 14. The estimated laser

FWHM is 1.10(5) GHz. For this a modulation frequency of fmod = 500 kHz, a central

current of I0 = 500 mA and a modulation voltage amplitude of ∆V = 4 Vpp was

used. This rate was found to be much larger than the absorption rate of the molecule

for the broadened width and intensity, such that the radiation field can be considered

as broadband.

Additionally we can align the laser beam waist on the trap center with a radial

uncertainty of 20 µm and a longitudinal uncertainty of 5 mm by using the align-

ment fiber. The laser intensity used for the PRS measurements was measured to

7.2(1.2)W cm−2, which should be enough to obtain a PRS signal as we will see in

Chapter 14.
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Experimental results
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Chapter 13

Experimentally obtained PRS

spectra of 24Mg+

In this chapter we present experimental results of unresolved sideband PRS of the

3s 2S1/2 - 3p 2P3/2 transition of 280 nm in 24Mg+ and compare them to the model

presented in Sec.s 5.2 and 6.1. In this case the sidebands are unresolved due to the

relatively large linewidth of the transition. Measured values of trap-induced heating

rates and the motional excitation after SBC, relevant for the PRS measurement, are

also presented.

13.1 Temperature and heating rate measurements

The experimental cycle for PRS is initialized by sideband cooling the 40Ca+ -24Mg+ two-

ion system to the ground state with respect to both the IP and OP modes. The

experimental procedure is describe in Sec. 11.2.

13.1.1 Sideband spectrum

After sideband cooling, a sideband excitation spectrum can be measured by applying

a shelving pulse to the 4s 2S1/2 to 3p 2D5/2 quadropole transition of 40Ca+ before

doing fluorescence readout. The shelving laser frequency is scanned to measure the

fluoresence probability for different detunings from the carrier frequency fr, while

the shelving pulse duration and laser intensity is kept constant.

A typical sideband excitation spectrum after sideband cooling is presented in

Fig. 13.1. The IP and OP mode angular frequencies are ωip = 2π × 162.9 kHz and

ωop = 2π × 300.2 kHz, respectively, which is clearly seen from the blue sidebands in

the spectrum. Each data point is an average of 100 experimental cycles.

Here the used laser intensity and pulse time corresponds to a π-pulse for the

first blue IP sideband when driven from the |nip = 1, nop = 0〉 motional state, which

results in a close to 100% transfer efficiency at this sideband frequency. The absence

169
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of visible RSBs indicates a high probability of occupation of the ground state for

both motional modes.

The blue line is a fit to the data points using Eq. 5.18 and assuming a Boltz-

mann distribution for both modes. This gives mean occupation numbers of n̄ip =

0.09(+0.18 − 0.09) and n̄op = 0.14(+0.24 − 0.14) for the IP and OP modes, respec-

tively.

13.1.2 Trap induced heating rate measurement

Instead of measuring the full spectrum between fr±ωop/(2π), sideband spectroscopy

can be focused on the first red and blue sidebands of each motional mode in order

to assess the trap-induced heating rates as described in Sec. 11.3. For each set of

blue and red sideband spectra the average motional excitation can be deduced, and

by adding a delay between the SBC sequence and the shelving pulse, we can find n̄ip

and n̄op as a function of time.

The results of such trap-induced heating rate measurements for both the IP and

the OP mode can be seen in Fig. 13.2. The data points for each motional mode is

fitted to a linear function, and the slopes correspond to heating rates of RH,ip = 14(1)

s−1 and RH,op = 1.7(3) s−1, respectively. These are the heating rates used for the

simulations in Chapter 6 and in the next Sec. 13.2. This gives a ratio RH,ip/RH,op =

8.2(1.6). This is close to the predicted value of the white noise model presented in

Sec. 4.3 but the theoretical value does not match within the uncertainty.

The intercepts with the y-axis are the average populations just after SBC. These

are n̄ip(t = 0) = 0.04(2) and n̄op(t = 0) = 0.06(2), respectively, corresponding to

P|0,0〉 = 0.9094, P|1,0〉 = 0.0370, P|0,1〉 = 0.0536. These results are lower, but within

the uncertainties of the result from the sideband spectrum of Fig. 13.1.

The uncertainties on n̄ip(t = 0) and n̄op(t = 0) obtained from the heating rate

measurements are also considerably lower than the ones obtained from the sideband

spectrum, even though the sideband spectrum contains many more data points. The

many data points, however, also result in a total measurement time of several hours.

This particular dataset was taken as one long scan, where the transition frequency

could have fluctuated due to magnetic field and laser instabilities. The heating rate

measurements on the other hand consists of many smaller sideband spectra, during

the measurement of which the 729 nm transition frequency was measured in between,

to keep the SBC and readout at an optimum.



13.1. Temperature and heating rate measurements 171

3
0
0

2
0
0

1
0
0

0
1
0
0

2
0
0

3
0
0

La
se

r 
fr

e
q
u
e
n
cy

 -
 C

a
rr

ie
r 

fr
e
q
u
e
n
cy

 (
kH

z)

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

Pop. of the / level

F
ig
u
r
e
1
3
.1
:

R
es

o
lv

ed
si

d
eb

a
n

d
sp

ec
tr

u
m

re
p
re

se
n

ti
n

g
th

e
p
ro

ba
bi

li
ty

o
f

ex
ci

ta
ti

o
n

o
f

th
e

4
s

2
S

1
/
2

-
3
p

2
D

5
/
2

qu
a
d
ro

po
le

tr
a
n

si
ti

o
n

in
4
0
C

a
+

a
s

a
fu

n
ct

io
n

o
f

th
e

7
2
9

n
m

la
se

r’
s

d
et

u
n

in
g

w
it

h
re

sp
ec

t
to

th
e

ca
rr

ie
r

tr
a
n

si
ti

o
n

.
T

h
is

sp
ec

tr
u

m
w

a
s

o
bt

a
in

ed
a
ft

er
D

o
p
p
le

r
co

o
li

n
g

fo
ll

o
w

ed
by

si
d
eb

a
n

d
co

o
li

n
g.

T
h
e

a
bs

en
ce

o
f

vi
si

bl
e

R
S

B
s

in
d
ic

a
te

s
a

h
ig

h
p
ro

ba
bi

li
ty

o
f

oc
cu

pa
ti

o
n

o
f

th
e

gr
o
u

n
d

st
a
te

fo
r

bo
th

m
o
ti

o
n

a
l

m
od

es
.

T
h
e

d
u

ra
ti

o
n

a
n

d
in

te
n

si
ty

o
f

th
e

7
2
9

n
m

sh
el

vi
n

g
p
u

ls
e

w
er

e
ch

o
se

n
to

pe
rf

o
rm

a
π

-p
u

ls
e

o
n

th
e

1
st

B
S

B
o
f

th
e

IP
m

od
e

a
t

16
2.

9
k
H

z.
T

h
e

bl
u

e
li

n
e

is
a

fi
t

to
th

e
d
a
ta

po
in

ts
a
n

d
gi

ve
s

m
ea

n
oc

cu
pa

ti
o
n

n
u

m
be

rs
o
f
n̄
ip

=
0.

09
(+

0.
18
−

0.
09

)
a
n

d
n̄
o
p

=
0.

14
(+

0.
24
−

0
.1

4)
fo

r
th

e
IP

a
n

d
O

P
m

od
es

,
re

sp
ec

ti
ve

ly
.



172 Chapter 13. Experimentally obtained PRS spectra of 24Mg+

0 100 200 300 400
Delay [ms]

0.0

0.5

1.0

1.5

2.0
n

Out-of-phase
In-phase

Figure 13.2: Trap-induced heating rate measurements of both axial modes of the 40Ca+ -
24Mg+ system. The average motional states, extracted from comparison of blue and red
sideband spectra, are plotted as a function of delay duration between SBC and the shelving
pulse. The data are fitted to a linear function for each mode giving heating rates of RH,ip =
14(1) s−1 and RH,op = 1.7(3) s−1, respectively. The intercepts with the y-axis are the
average populations just after SBC, being n̄ip(t = 0) = 0.04(2) and n̄op(t = 0) = 0.06(2).

13.2 PRS spectra

The following experimental PRS spectra were obtained using the procedure described

in Sec. 12.1. For the simulated results in this section, to which the experimental

results are compared, we use the measured heating rates presented in the former

Sec. 13.1.2. These values were chosen since they were measured shortly before the

PRS experiments were performed, so we assume the experimental conditions were

the same.

The non-perfect preparation in the motional ground state after SBC found in

Sec. 13.1.2, is however not taken into account in the simulations in this section. In

Fig. 6.12 the effect of imperfect ground state cooling was simulated. From this we

expect almost the same signal as for perfect cooling, especially for long τspec times,

but an extra constant contribution to the background, by which the signal depth is

decreased.

13.2.1 Read out via out-of-phase shelving

In this section PRS spectra obtained by applying a single RSB shelving pulse on

the 4s 2S1/2, mJ = −1/2 to 3p 2D5/2, mJ = −3/2 transition in 40Ca+ are presented.

Specifically the (sip, sop) = (0,−1) sideband transition was driven, and the pulse was

a π−pulse for the |nip = 0, nop = 1〉 motional state. Each spectroscopic data point is

an average of 100 experimental cycles.

Examples of three experimentally obtained PRS spectra of the 3s 2S1/2 - 3p
2P3/2 transition of 24Mg+ are presented in Fig. 13.3(a). For these experiments



13.2. PRS spectra 173

0 1 2 3 4 5 6
spec [ms]

20

30

40

50

60

70

80

90

FW
H

M
 [M

H
z]

0.0

0.1

0.2

0.3

0.4

0.5

Si
gn

al
 d

ep
th

200 100 0 100 200
Detuning [MHz]

0.0

0.2

0.4

0.6

0.8

1.0

Fl
u
or

es
ce

n
ce

 p
ro

b
ab

ili
ty

200 100 0 100 200
Detuning [MHz]

200 100 0 100 200
Detuning [MHz]

(a)

(b)

(c)

Figure 13.3: Unresolved sideband PRS of the 3s 2S1/2 - 3p 2P3/2 transition in the 24Mg+ ion
with 40Ca+ ion as the readout ion after readout on the OP mode (a) Typical spectra obtained for
a spectroscopy laser intensity of IL = 4.9(7) µW cm−2 = 6.5(9) × 10−6Itsat and, from left to right,
spectroscopy times of τspec = 1.3(1) ms, 3.6(1) ms and 5.3(1) ms. The lighter colored broader
lines represent the simulated results when including the 1σ-uncertainty on the experimental value
of IL. The dashed lines are Lorentzian fits to the experimental data from which the signal depths
and FWHM are extracted. (b) Extracted signal depth as a function of τspec together with simulated
values for IL = 4.9 µW cm−2 (black line) including the 1σ-uncertainty on IL (gray shaded area). (c)
Extracted FWHM as a function of τspec together with the simulated values (black line). A linear
fit of the experimental data is shown in green together with 1σ-uncertainty of the fit (green shaded
area). The intercept at zero spectroscopy time of 35(9) MHz matches the expected FWHM (dotted
line) resulting from the natural linewidth (dashed line), the Doppler and Zeeman effects.
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IL = 4.9(7) µW cm−2 = 6.5(9) × 10−6I tsat and, from left to right, spectroscopy ex-

citation times of τspec = 1.3(1), 3.6(1) and 5.3(1) ms (τ tscaled = 2.2, 6.2, and 9.1) were

applied, respectively.

All three experimental spectra have been centered at a detuning of 0 MHz, while

the wavelength meter readings gave offsets of 12(4) MHz, 11(2) MHz and 18(3) MHz

respectively, compared to the most precisely measured value of the transition [129].

These discrepancies are however all within the accuracy of the optical wavemeter.

The lighter colored shaded areas in Fig. 13.3(a) represent the simulated results

when including the one standard deviation uncertainty on the measured value of IL.

The dashed lines are fits to a Lorentzian function with a constant added background

as a free parameter, from which the signal depths and FWHM plotted in Fig.s.

13.3(b) and (c) are extracted. In the two lower plots the same colors (black, red,

blue) are used for the data points to indicate which spectra they are extracted from.

For each of the three applied τspec two spectra were recorded (of which only one is

shown), such that there are two data points for each time.

Figs. 13.3(b) and 13.3(c) show the evolution of the measured spectral depth and

FWHM as a function of spectroscopy time τspec. The simulation results are also

plotted (black lines). The gray shaded areas represent the simulated results when

including the one standard deviation uncertainty on the measured value of IL. There

is a fairly good agreement between experiments and simulations within the error bars.

We see that the simulated signal depth is a little larger than the data points, which

is expected when not taking the imperfect ground state cooling into account.

The black dashed line in Fig. 13.3(c) represents the natural FWHM of the tran-

sition (Γt/2π = 41.8(4) MHz) (used for the PRS simulations), whereas the black

dotted line represents the effective FWHM which is slightly broader due to two ef-

fects. Firstly, the higher temperature (∼ 0.75 mK) of the ions perpendicular to the

z-axis leads to a Doppler broadening in the direction of the applied spectroscopic

laser beam. This broadening is about ∆ωDopp ∼ 2π × 3 MHz and is common to each

of the two (mJ = ±1/2) - (mJ = ±1/2) sub-level transitions. Secondly, the applied

weak magnetic field (6.523(3) G) gives rise to a differential Zeeman shift of the two

sub-level transitions of ∆ωZee = 2π × 6.1 MHz. By modeling the effective line pro-

file of the transition taking both effects into account, we find an effective FWHM of

about 42.5 MHz.

A linear fit (green line Fig. 13.3(c)) of the experimental data gives a FWHM

at zero spectroscopy time of 35(9) MHz. The green shaded area represents the one

standard deviation uncertainty on the fit. Bear in mind that we from the simulations
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do not expect the spectral FWHM as a function of τspec to be perfectly linear. Al-

though not a precision measurement, this result matches the effective FWHM of the

transition well.

13.2.2 Enhanced signal via out-of-phase and in-phase shelv-

ing

In this section PRS spectra obtained by applying either one or two RSB shelving

pulses on the 4s 2S1/2 to 3p 2D5/2 transition in 40Ca+ are presented. Specifically, for

the first pulse the (sip, sop) = (0,−1) sideband transition was driven, and the pulse

was a π−pulse for the |nip = 0, nop = 1〉 motional state. For the second pulse the

(sip, sop) = (−1, 0) sideband transition was driven, and the pulse was a π−pulse for

the |nip = 1, nop = 0〉 motional state.

Note that the two pulses were driven with respect to two different upper sub-levels

in 3p 2D5/2 (mJ = −3/2,−5/2) to not coherently drive population back to the 2S1/2

state after the first pulse.

In Fig. 13.4, we present experimental PRS spectra when applying only the first

(red) and both the first and the second (black) RSB shelving pulses. In this particular

case, one clearly sees a ∼ 50% gain in signal depth by using the two π-pulse scheme,

whereas the widths are similar. In the experiment, we used IL = 10(1) µW cm−2 =

1.3×10−5I tsat with a spectroscopy pulse time of τspec = 1.6(1) ms (τ tscaled = 5.6). Note

that the intensity of the spectroscopic pulse was increased by a factor two compared

to the spectra in Fig. 13.3, in order to not be limited by the faster heating rate of

the IP mode as compared to the OP mode.

Both experimental spectra have been centered at a detuning of 0 MHz, while

the wavelength meter readings gave offsets of 16(3) MHz and 20(3) MHz, respec-

tively. These discrepancies are once again both within the inaccuracy of the optical

wavemeter.

The lighter colored shaded areas in Fig. 13.4 represent the simulated results when

including the one standard deviation uncertainty on the measured value of IL. The

dashed lines are fits to a Lorentzian function with a constant added background as

a free parameter. There is a fairly good agreement between the simulation and the

data. The Lorentzian fits give slightly larger backgrounds than the simulations, which

is expected since the imperfect ground state cooling was not taken into account in

the simulations. Also bear in mind that we do not expect the PRS spectra to be

perfectly Lorentzian due to the motional depletion broadening.
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Figure 13.4: Comparison of photon recoil spectra of the 3s 2S1/2 - 3p 2P3/2 transition
in 24Mg+ obtained by addressing either only the OP mode (red) or both the OP and IP
mode (black) before readout. Here IL = 10(1) µW cm−2 = 1.3× 10−5Itsat and τspec = 1.6(1)
ms (τ tscaled = 5.6). The lighter colored broader lines represent the simulated results when
including the 1σ-uncertainty of the spectroscopy laser intensity IL, while the dashed lines
are Lorentzian fits to the experimental data. A ∼ 50% increase in signal depth is clearly
seen when using two shelving pulses instead of one. Note that IL was increased by a factor
two compared to the spectra in Fig. 13.3, to not be limited by the faster heating rate of the
IP mode.

13.3 Conclusion

In this chapter the experimental results of unresolved sideband PRS of the 3s 2S1/2 -

3p 2P3/2 transition of 280 nm in 24Mg+ was presented and compared to the model set

up in Sec.s 5.2 and 6.1. In this case the sidebands are unresolved due to the relatively

large linewidth of the transition.

It was found that the simulations describe the general features of the data very

well, and that the discrepancies due to limitations of the theoretical model are un-

derstood.
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Additionally, measured values of trap-induced heating rates, implemented in the

simulations, and the motional excitation after SBC were presented. Both were found

to be low enough, to obtain a clear PRS signal for the considered system.





Chapter 14

Experimental search for PRS

signals in 24MgH+

Emilie: 1972 is a long time ago! – Walter Balfour

In this chapter we present the experimental attempts made to obtain unresolved

sideband PRS of the 1Σ+ |v = 0, J = 1〉 ↔ |v′ = 1, J ′ = 0〉 transition of 6.2 µm in
24MgH+ and compare the data to the model set up in Sec.s 5.2 and 6.2. In this

case the sidebands are unresolved due to the relatively large spectral linewidth of the

spectroscopy laser. Measured values of trap-induced heating rates and the motional

excitation after SBC, relevant for the PRS measurement, are also presented.

14.1 Temperature and heating rate measurements

The experimental cycle for PRS is initialized by sideband cooling the target 24MgH+

ion and the readout/cooling 40Ca+ ion to the ground state with respect to both the

IP and OP modes. The experimental procedure is describe in Sec. 11.2.

After sideband cooling, a sideband excitation spectrum can be measured by apply-

ing a shelving pulse to the 4s 2S1/2 to 3p 2D5/2 quadropole transition in 40Ca+ before

doing fluorescence readout as described in Sec. 11.3. The shelving laser frequency is

scanned in the near vicinity of the first blue and red sideband frequencies, while the

shelving pulse duration and laser intensity are kept constant. For each set of blue

and red sideband spectra the average motional excitation can be deduced. By adding

a delay between the SBC sequence and the shelving pulse, we can find n̄ip and n̄op

as a function of delay time and thereby assess the trap-induced heating rates.

The results of such trap-induced heating rate measurements for both the axial

IP and OP mode can be seen in Fig. 14.1. The mode angular frequencies are

ωip = 2π × 162.0 kHz and ωop = 2π × 295.7 kHz.

The data points for each motional mode is fitted to a linear function, and the

slopes correspond to heating rates of RH,ip = 7.3(5) s−1 and RH,op = 0.3(1) s−1,

179
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Figure 14.1: Trap-induced heating rate measurements of both axial modes of the 40Ca+ -
24MgH+ system. The average motional states, extracted from comparison of blue and red
sideband spectra, are plotted as a function of delay duration between SBC and the shelving
pulse. The data are fitted to a linear function for each mode giving heating rates of RH,ip =
7.3(5) s−1 and RH,op = 0.3(1) s−1, respectively. The intercepts with the y-axis are the
average populations just after SBC, being n̄ip(t = 0) = 0.019(5) and n̄op(t = 0) = 0.019(5)

respectively. These are the heating rates used for the simulations in the next Sec.

14.2. This gives a ratio RH,ip/RH,op = 24(8), which is more than twice the predicted

value of the white noise model presented in Sec. 4.3. However the large uncertainty

makes it possible that the model still applies to some extent.

Compared to the trap-induced heating rate results for the 40Ca+ and 24Mg+ system

presented in Fig. the present results are considerably better, to an extent where he

different values are not within the uncertainties of one another. This is not expected

from the white noise model, since the two different target ions have almost the same

mass. Instead, the IP heating rates of the 40Ca+ -24Mg+ and 40Ca+ -24MgH+ systems

are expected to be the same, and the OP heating rate to be only slightly smaller for
24MgH+ .

The intercepts with the y-axis in Fig. 14.1 are the average populations just after

SBC. These are n̄ip(t = 0) = 0.019(5) and n̄op(t = 0) = 0.019(5), respectively,

corresponding to P|0,0〉 = 0.9634, P|1,0〉 = 0.0183, P|0,1〉 = 0.0183.

The SBC results are, according to these data sets, thus also better than for the
40Ca+ -24Mg+ system. This makes sense, if the heating rates are truly better for
40Ca+ -24MgH+ , since the lower limit of cooling is determined by the heating rates.

The reason for these discrepancies in heating rates and sideband cooling results

are not fully understood. However, it is found more likely that the electric noise

changed, than the results for 40Ca+ -24Mg+ and 40Ca+ -24MgH+ are inherently this

different. In between the two measurements, electric noise reduction was attempted

in relation to another project. Specifically, a 1 MHz high-pass filter was inserted at

the input to the trap RF/DC mixer, with the prospect of reducing noise at the 100

kHz trap frequencies. With regards to the heating rates of a singly trapped 40Ca+ ion
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these efforts were not found to bear fruit, and hence it should not be better for the

axial modes of a two-ion system either. An explanation could be that the heating of

the radial modes was reduced, since these only couple to the axial modes for a two-ion

system. Or maybe the excess micromotion was simply better compensated for in the

later measurements. In order to check if the trapping conditions really changed, back-

to-back heating-rate measurements of the 40Ca+ -24Mg+ and 40Ca+ -24MgH+ systems,

with and without the filter, would have to be performed.

14.2 Preliminary PRS data

The data presented in this section were obtained by using the experimental proce-

dure described in Sec. 12.2. For the simulated results in this section, to which the

experimental data are compared, we use plus/minus one standard deviation of the

measured heating rates and motional populations after SBC presented in the former

Sec. 14.1. These values were chosen since they were measured shortly before the

PRS experiments were performed, so we assume the experimental conditions were

the same.

14.2.1 Data acquisition

From simulation, the spectroscopy pulse time was chosen to be τspec = 35 ms. This

gave an experimental cycle time of 140 ms, since this has to be a multiple of 20 ms to

be synchronized to the 50 Hz wall voltage in the lab. For each frequency step, 9000

experimental cycles were performed.

This was done in groups of 500 cycles giving a total measurement time per group

of 70 s. After each 500 cycles, another 500 cycles with the laser light shut off would

be run to make sure the background did not change. Ideally the cycles with the laser

on the ions and the cycles with the laser off would have been interleaved after each

single cycle, but this was not done due to a programming issue.

Thus for each applied central laser frequency, a total of 9000 cycles with the laser

on the ions, and a total of 9000 cycles with the laser shut off was performed. This

gives a total measurement time of 42 min per frequency step.

After each group of 500 cycles, the average group fluorescence count was imme-

diately plotted in the control programme, both for the laser on and laser off groups.

In this way we could continuously compare the averages and see, if there were any

signs of a signal, or if the background had changed significantly. E.g. it was very

clear to see, if the molecule had dissociated from one group of cycles to the next,
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Figure 14.2: Measured average fluorescence with the spectroscopy laser on the ions (red
points) and for the laser shut off (black points) as a function of laser frequency detuning
from the transition frequency fBt measured by Balfour [70]. Each data point, black and red
respectively, is the average result from 9000 experimental cycles. The horizontal lines are
the expected worst case fluorescence levels from simulations of the background (black dashed
line) and the signal (red solid line) for the experimental parameters. The gray and light red
lines represent the expected one standard deviation uncertainties on the black and red line,
respectively, for the performed number of experimental cycles.

since the background would suddenly be increased by 10 percentage points. This is a

consequence of the changed mode angular frequencies when going from mass 25 u to

mass 24 u, leading to poor shelving during SBC. The cooling is worse, since the 10

kHz angular Rabi frequencies used at the end of SBC, can easily resolve the 5 kHz

difference in OP mode frequency for mass 24 and 25 u.

The 1st OP BSB transition frequency was measured around every 20 min to keep

the SBC and RSB shelving at an optimum.

14.2.2 Obtained data

In Fig. 14.2 the total obtained dataset is presented. It consists of data for 13 different

laser frequency detunings from the best former measured transition frequency fBt [70],

starting at fBt − 3 GHz and going in steps of 500 MHz to fBt + 3 GHz. Since the

applied laser lineshape was 1.1 GHz wide, this gives a good overlap between the
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points. The scanned range of fBt ± 3 GHz corresponds to the 2 standard deviation

interval around fBt . For each detuning the average of all cycles with the laser on (red

points), and the average of all cycles with the laser off (black points) are given.

It is obvious that the fluorescence probability is not constant over the whole

scanning range. Especially the positive detunings have lower fluorescence levels. I

will come back to why. However, it is the difference between the red and black points

for each detuning that gives rise to a signal. To have a signal, the red points must be

at a lower fluorescence level than the corresponding black point, and the errorbars

should not overlap. As is evident from the plot, this is not fulfilled to any significant

degree for any of the detunings.

The errorbars on the data points are calculated by finding the average value of

each group of 500 cycles, and then calculating the average of the mean of these

averages. This method was used, in order to not assume any distribution of the data.

Different group sizes were also tried, but it did not have any significant effect on the

errors. As a check, binomial errors were also calculated, and almost identical results

were obtained. This suggests, that the individual cycle counts are not correlated in

any way.

14.2.3 Comparison to simulations

14.2.3.1 Worst case scenario

The horizontal lines in Fig. 14.2 are expected worst case fluorescence levels from sim-

ulations. Using the terminology defined in Sec. 6.3 the black dashed line corresponds

to Poff (background), and the red line to P T
on (signal). This worst case result is found

by applying all the experimentally measured parameters to the model, but one stan-

dard deviation in the least favorable direction. Specifically I used a higher heating

rate of RH,ip = 7.8 s−1 and RH,op = 0.4 s−1, a higher initial average population after

sideband cooling of n̄ip = n̄op = 0.024, and a lower laser intensity IL = 6 W cm−2.

Additionally the laser spectral density was put to 0.085 (2π GHz)−1, which is the

minimum value for a QCL spectral FWHM of 1.15 GHz for the measured lineshape

(ignoring the improvement from overlap between steps).

The dashed gray lines, and the light red lines in Fig. 14.2 represent the simulated

one standard deviation uncertainty on the worst case Poff and P T
on, respectively, cal-

culated for the total measured number of cycles of 9000. The simulated fluorescence

levels plus/minus their standard deviations do not overlap, meaning we should, ac-

cording to simulation, still be able to resolve Poff and P T
on to within more than one
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standard deviation under the worst case conditions. However, the expected difference

is not overwhelming, and there is a risk the signal could be hidden due to statistical

fluctuations.

Coming back to the difference in fluoresence level for different detunings, this is

belived to be a result of different SBC conditions at the specific time of acquisition,

and not be related to detuning at all. Due to the long required measurement time

for each detuning point, the data were taken over several weeks, during which the

SBC efficiency varied due to magnetic field and laser frequency fluctuations. It is

also possible that the larger background stems from trap-induced heating, which

would require introduction of some new electric field noise source in the lab. Since

we did not measure the ground state cooling level at zero time after SBC before all

data points in Fig. 14.2 the two effects cannot be told apart. A background below

the dashed lines does make the expected signal depth smaller, however the expected

signal (red line) would also be at a lower fluorescence probability in this case.

14.2.3.2 Best case scenario

The best case result was also simulated, which is found by applying all the exper-

imentally measured parameters to the model, but one standard deviation in the

most favorable direction. Specifically I used a lower heating rate of RH,ip = 6.8 s−1

and RH,op = 0.2 s−1, a lower initial average population after sideband cooling of

n̄ip = n̄op = 0.014, and a higher laser intensity IL = 8.4 W cm−2. Additionally the

laser spectral density was put to 0.095 (2π GHz)−1, which is the minimum value for

a QCL spectral FWHM of 1.05 GHz for the measured lineshape (still ignoring the

improvement from overlap between steps).

The simulated background for both the best (blue) and worst (red) case is plotted

as a function of τspec in Fig. 14.3. Their values at 35 ms are indicated with gray

lines. If we compare to Fig. 14.2, we see that the worst case scenario matches the

background data best. This suggest that the SBC and/or the heating rates were

generally worse when obtaining the PRS data, than the day the average population

after SBC and the heating rates were measured.

The total measurement time needed to distinguish signal from background, to

within one standard deviation, for both the best (blue) and worst (red) case scenario

is seen in Fig. 14.4. The segmented structure of the lines is a consequence of taking

the synchronization to the 50 Hz wall voltage into account in the simulations. The

gray line indicates the used τspec = 35 ms. In the experiments we used T = Nτcycle =

9000 × 0.14 ms = 1260 s. We thus see that in the best case, we have measured
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Figure 14.3: The simulated background fluorescence probability Poff for the best (blue)
and worst (red) case experimental parameters, within one standard deviation, as a function
of spectroscopy pulse time τspec. The values for each case at 35 ms are indicated with gray
lines.
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Figure 14.4: The total measurement time needed to distinguish signal from background,
to within one standard deviation, for both the best (blue) and worst (red) case scenario
as a function of spectroscopy pulse time τspec. The segmented structure of the lines is a
consequence of taking the synchronization to the 50 Hz wall voltage into account in the
simulations. The gray line indicates the value of τspec = 35 ms used for the experiments.
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enough points to distinguish signal from background to within 2 standard deviations

since TC ∝ C2. We see that in the worst case, we should also be able to distinguish

to within more than one standard deviation as already shown with the lines in Fig.

14.2.

Furthermore, according to Fig. 14.4 we could have benefited from applying a

longer spectroscopy pulse. The ideal would have been some value close to 100 ms.

The reason why we used 35 ms, was that the intensity at the ion position was initially

believed to be larger, which moves the optimum τspec to lower values as seen from

Fig. 9.2.1

14.3 Suggestions for further work

Besides from simply taking more data points using the same experimental parameters

as given above, there are several ways the experiment could be improved in order to

increase the chances of obtaining a signal.

One of the experimental values, which is limiting the experiment the most, is the

spectroscopy laser intensity at the ion position, which should be increased. This is

most easily done by improving the alignment on the ions, where we found in Sec.

12.2.1.3 that especially the longitudinal alignment could be improved. In order to

increase the intensity, the waist could also be reduced, but with the risk of not hitting

the ions. The ultimate way to align the laser, would be if one could instead detect its

interaction with the 40Ca+ ion from the light shift. However, the Stark shift on the

729 nm transition for the current intensity is only expected to be around 100 µHz.

The shift is porportional to intensity, so a much higher intensity is required for this

to work

Another way to improve the experiment, would be to monitor the background

fluctuations in real time by running one experimental cycle with the laser on the

ions, and one with the laser shut off, interleaved. This was not done due to a non-

trivial software issue in the control program, which should be possible to fix.

The model of molecular dynamics presented in Sec. 8.1.1 suggests that the non-

fluorescing cycle counts due to the 24MgH+ ion interacting with the laser, will not

be evenly distributed in time. A search for correlations in the obtained data, which

could not be explained by a binomial distribution was attempted, but no clear signs

were found. However, if the laser interaction causes more dark cycle counts, this

should also be possible to detect from the average fluorescence values.

1Since the laser energy spectral density is proportional to IL/ΓL for the example in this figure.
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Maybe the largest limitation of the experiment, is the population distribution

among the rotational states in 24MgH+ , not only decreasing the expected signal

depth by 8.5% but also necessitating very long measurement times to average out

the relatively slow rotational dynamics. Currently there are no very efficient ways

of preparing the molecule in J = 1, however buffer gas cooling could be an option

as long as the collision rate is low enough to allow for performing PRS in between.

Because rotational cooling takes on the order of 1 min, this approach is not useful.

Another solution is to instead work in a cryogenic trap since at 4 K the molecule

would be prepared almost entirely in the J = 0 state.

14.4 Conclusion

In this chapter the search for an unresolved sideband PRS signal of the 1Σ+

|v = 0, J = 1〉 ↔ |v′ = 1, J ′ = 0〉 transition of 6.2 µm in 24MgH+ was presented and

compared to the model set up in Sec.s 5.2 and 6.2. In this case the sidebands are

unresolved due to the relatively large spectral linewidth of the spectroscopy laser.

The presented preliminary data do unfortunately not show any clear sign of a

signal. The simulations suggest that we should have been able to distinguish the

signal from background on a confidence level corresponding to more than one standard

deviation. This is however not enough to rule out that the lack of signal could be

due to statistical fluctuations.

It was found that the simulations describe the background signal fairly well, but

also that the variation of the background was larger, than the measured uncertainties

on the average motional population and trap-induced heating rates presented in Sec.

14.1 could account for.

Lastly several possible improvements of the experiment were suggested.





Chapter 15

Conclusion and outlook

In this thesis, I have developed a model that can describe the expected spectroscopic

signals when applying photon recoil spectroscopy (PRS) in the unresolved sideband

limit where the linewidth of either the addressed transitions or the exciting light

sources is broader than the frequencies of the involved motional modes. This model

has been compared to experimental results with respect to the former case by carrying

out unresolved sideband PRS on the 3s 2S1/2 - 3p 2P3/2 electronic transition of a single
24Mg+ ion. Since very good agreement has been obtained between the experimental

and simulation results, I strongly believe the model to be useful for other spectroscopic

investigations.

The search for the closed rovibrational 1Σ+ |v = 0, J = 1〉 - |v′ = 1, J ′ = 0〉 tran-

sition in 24MgH+ was also presented. The largest limitation of this experiment, was

found to be the population distribution among the rotational states in 24MgH+ due to

coupling to room temeperature black-body radiation (BBR), not only decreasing the

expected signal depth by 8.5% but also necessitating very long measurement times to

average out the relatively slow rotational dynamics. The simulations suggest that we

should have been able to distinguish the signal from background on a confidence level

corresponding to more than one standard deviation. This is however not enough to

rule out that the lack of signal could be due to statistical fluctuations. The chance

to obtain a signal can most easily be improved by increasing the laser intensity.

An important feature of unresolved sideband PRS is that the spectroscopic signal

does essentially not depend on which of the two transition states are occupied by

the target ion when applying the spectroscopic light pulses. In particular, in relation

to localizing a narrow transition with an associated slow spontaneous decay rate,

not to have to initialize the target ion in the lowest lying state before applying

the spectroscopic light source can speed up the time that is otherwise required to

obtain a spectrum. Indeed, as for the 24MgH+ case presented in Sec. 6.2, the main

contribution to the spectral broadening of the intrinsically narrow line stems from
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broadening of the motional state distribution due to light stimulated processes, i.e.,

absorption and stimulated emission. Hence the technique should be well suited to

localize still vastly unknown narrow lines in various target ions, such as rovibrational

transitions in molecular ions, electronic and (hyper)fine structure transitions in highly

charged ions.

Additionally, it was found that the scenario of unresolved PRS, due to motional

ground state depletion, gives rise to a broadening of the spectroscopic signals, that

can be much larger than the natural linewidth of the transition or the spectral width

of the applied light source. This broadening is highly dependent on the duration of

the spectroscopic light pulse and exists even in cases where the interrogation intensi-

ties are far below the relevant saturation intensity (e.g. for the 24Mg+ case of a broad

transition discussed in sub-section 6.1). At a first glance this situation may seem very

unfortunate and disadvantageous with respect to applying unresolved PRS for any

scientific investigations. However, in situations where the aim is to localize undeter-

mined spectroscopic lines, this technique together with rather imprecise theoretical

predictions of the line positions can turn out to be a very powerful tool to search

for the transitions. More precise determination of the transition frequency can be

achieved eventually by shortening the spectroscopic time and/or the spectral width

of the interrogation light pulses. Clearly, in the end, the width of the spectroscopic

signal will be limited either by the linewidth of the transition addressed, the intrinsic

width of the light source, or the measured accuracy of the laser frequency. Having

initially a narrow laser source available, actively frequency broadening it during line

search was found to be advantageous compared to just stepping the frequency of the

narrow laser through a large frequency interval.

A near future goal of our group is to do PRS of much larger molecules in a cryo-

genic trap at 4 K. At this low temeperature the internal population will be distributed

among much fewer states, largely improving the conditions for PRS. Therefore, the

fundamental understanding of the physics governing unresolved sideband PRS and

the developed model will be of great use for experiments to come.



Appendix A

The calcium ion

A.1 Ca isotopes

A shift [MHz] abundance in %

40 0 96.941(156)
42 967(9) 0.647(23)
43 1455(9) 0.135(10)
44 1879(14) 2.086(110)
46 2746(16) 0.004(3)
48 3528(16) 0.187(21)

Figure A.1: Isotope abundance from [130] and shift for the 272 nm transition from [131].
Table from [132].

A.2 40Ca+ structure and transitions

Transition Wavelength [nm] Frequency [THz]

4 2S1/2 4 2P1/2 397 755.222 765 896(88) 21.57(15)MHz
4 2S1/2 4 2P3/2 393 761.905 012 599(82) 21.49(6)MHz
3 2D3/2 4 2P1/2 866 346.000 234 867(96) 1.481(15)MHz
3 2D3/2 4 2P3/2 850 352.682 481 57(15) 1.481(15)MHz
3 2D5/2 4 2P3/2 854 350.862 882 55(15) 1.350(6)MHz
4 2S1/2 3 2D5/2 729 411.042 129 776 393 2(10) 136.3(10)mHz
3 2D3/2 3 2D5/2 D-f ne 1 819 599 021 504(37)
4 2S1/2 3 2D3/2 732 409.222 530 754 889(37) 135.3(13)mHz

Figure A.2: Transition data for 40Ca+ . Table from [82]. Courtesy of Steffen Meyer.
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42S1/2

42P1/2
6.90(5)

42P
6.924(19)

32D
1168(9)

32D3/2
1176(11)729 nm

136.3(10)

732 nm
135.3(13)

397 nm
21.57(15)

393 nm
21.49(6)

866 nm
1.481(15)

854 nm
1.350(6)

850 nm
0.152(1)

Figure A.3: The level structure of 40Ca+ . Courtesy of Hans Andersen [79].



Appendix B

The magnesium ion

B.1 Mg isotopes

24Mg 25Mg 26Mg
Abundance [%]
Nuclear Spin

Figure B.1: Mg+ isotopes abundance and nuclear spin [130].

B.2 Mg+ level structure

Transition Wavelength [nm] Frequency [THz] Lifetime [ns]

3 2S1/2 → 3 2P1/2

24Mg+ 280.353 1069.338 342 56(16) 3. 854(30)
25Mg+ 280.353 1069.339 957(5)
26Mg+ 280.352 1069.341 427 47(16)

3 2S1/2 → 3 2P3/2

24Mg+ 279.636 1072.082 934 33(16) 3 .810(40)
25Mg+ 279.635 1072.084 547(5) 3.75(15)
26Mg+ 279.635 1072.086 021 89(16) 3.81(10)

3 2S1/2 → 2 2D5/2

25Mg+ 139.879 2143.223 903(7)

3 2S1/2 → 4 2P3/2

25Mg+ 123.992 2417.829 196(12)

Figure B.2: Ground state transitions in Mg+ isotopes. Wavelengths in vacuum are cal-
culated from the given frequencies. From [132].
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Appendix C

The MgH+ ion

C.1 Rovibrational transition

The R branch transitions have ∆J = 1 and is denoted Rv(J), where v and J refer to

the lower state. The P branch transitions have ∆J = −1 and hare denoted Pv(J),

where v and J refer to the lower state.

Transition Wavenumber Vac. wavelength Frequency
[cm 1] [µm] [THz]

R0(0) 12.59 794.53 0.378
R0(1) 25.16 397.54 0.755
R0(2) 37.82 264.43 1.135
R0(3) 50.19 199.23 1.506
R0(4) 62.85 159.12 1.885
R0(5) 75.22 132.95 2.256
R0(6) 87.66 114.07 2.630
R0(7) 99.95 100.05 2.999
R0(8) 112.30 89.05 3.369
R0(9) 124.45 80.35 3.734

Figure C.1: Transition data for the lowest- lying rotational transitions. Calculated from
[70]. Table from [82]. The error on wavenumber is 0.05 cm−1.

Transition Wavenumber Vac. wavelength Frequency
[cm 1] [µm] [THz]

P1(5) 1568.03 6377.45 47.041
P1(4) 1582.06 6320.89 47.462
P1(3) 1595.56 6267.41 47.867
P1(2) 1608.96 6215.19 48.269
P1(1) 1621.77 6166.11 48.653
R1(0) 1646.70 6072.74 49.401
R1(1) 1658.53 6029.44 49.756
R1(2) 1670.07 5987.79 50.102
R1(3) 1681.07 5948.61 50.432
R1(4) 1691.86 5910.67 50.756

Figure C.2: Transition data for the lowest- lying rotational transitions. Calculated from
[70]. Table from [82]. The error on wavenumber is 0.05 cm−1.
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C.2 Einstein A- and B-coefficients

The Einstein A-coefficients given in Fig. C.3 and C.4 were calculated by Anders

Hansen ([71] p. 155) based on potential and dipole moments calculated by Frank

Jensen at the Department of Chemistry at Aarhus University in 2012 [72]. Hansen

writes the unit as Hz but it is really s−1. I.e. the A-parameters in Hansen’s table

should be divided by 2π to be in Hz. This error is corrected for the numbers given

here.

The B-coefficients are calculated from the A-coefficients via Eq.s 3.39 and 3.40

taking into account the degeneracy of the rotational levels of gJ = 2J + 1. Using

Eq. 3.31 these are multiplied by the energy spectral density ρ(ωt) of a black-body

radiation field at 293 K given by Eq. 3.30 to obtain the absorption and stimulated

emission rates given in Fig. C.5.
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-1 -2 -3 -4
v J 1 -1 1 -1 1 -1 1 -1 1

0

0
1 0.0023
2 0.022
3 0.081
4 0.199
5 0.396
6 0.691
7 1.104
8 1.652

1

0 15.753
1 0.0020 6.139 9.701
2 0.020 7.955 8.059
3 0.070 9.195 7.079
4 0.172 10.277 6.345
5 0.343 11.316 5.740
6 0.599 12.358 5.219
7 0.957 13.424 4.760
8 1.430 14.527 4.349

2

0 36.614 2.676
1 0.0017 14.061 22.721 0.802 1.872
2 0.017 18.093 19.025 0.907 1.762
3 0.060 20.773 16.851 0.911 1.750
4 0.147 23.065 15.231 0.883 1.769
5 0.293 25.237 13.899 0.839 1.800
6 0.511 27.392 12.750 0.787 1.838
7 0.816 29.579 11.735 0.731 1.878
8 1.220 31.826 10.825 0.672 1.918

3

0 61.632 5.918 0.633
1 0.0015 23.391 38.480 1.741 4.172 0.202 0.431
2 0.014 29.927 32.422 1.947 3.953 0.236 0.396
3 0.050 34.167 28.899 1.934 3.949 0.247 0.385
4 0.124 37.731 26.289 1.847 4.012 0.250 0.382
5 0.246 41.063 24.147 1.728 4.103 0.248 0.382
6 0.429 44.335 22.299 1.592 4.205 0.245 0.383
7 0.684 47.630 20.661 1.448 4.311 0.241 0.386
8 1.021 50.991 19.186 1.300 4.417 0.235 0.390

4

0 89.030 7.861 2.501 0.053
1 NC 33.466 55.856 2.245 5.609 0.795 1.704 0.017 0.036
2 NC 42.614 47.292 2.466 5.372 0.931 1.567 0.020 0.033
3 NC 48.423 42.360 2.399 5.417 0.972 1.523 0.021 0.032
4 NC 53.224 38.723 2.237 5.549 0.981 1.509 0.021 0.031
5 NC 57.656 35.742 2.035 5.715 0.975 1.510 0.021 0.031
6 NC 61.966 33.167 1.816 5.893 0.961 1.517 0.021 0.031
7 NC 66.268 30.879 1.589 6.073 0.942 1.529 0.021 0.031
8 NC 70.624 28.812 1.364 6.249 0.920 1.543 0.021 0.032

Figure C.3: Einstein A coefficients for low-lying rovibrational transitions in s−1 (angular
frequencies). Calculations by Frank Jensen [72]. Table from [82] reproduced from [71]. In
both the other versions, the unit is wrong.
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Figure C.4: Einstein A coefficients in s−1 for rotational transitions in the electronic
and vibrational ground state of 24MgH+ . Only couplings with ∆J = −1 are allowed for
spontaneous emission.
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Figure C.5: Stimulated emission (above diagonal) and absorption (below diagonal) rates
in s−1 for rotational transitions in the electronic and vibrational ground state of 24MgH+ .
Only couplings with ∆J = ±1 are allowed.





Appendix D

D and |ξ|2 parameters

The probability to absorb or stimulated emit on a specific sideband from a specific

motional state is given by |ξ(ηip,t, ηop,t, nip, nop, sip, sop)|2 defined in Eq. 3.67. The

sum over all sidebands is

|ξtot(nip, nop)|2 =
∑
sip,sop

|ξ(ηip,t, ηop,t, nip, nop, sip, sop)|2 (D.1)

The probability to spontaneously emit on a specific sideband from a specific mo-

tional state is given by D(ηip,t, ηop,t, nip, nop, sip, sop) defined in Eq. 5.17. The sum

over all sidebands is

Dtot(nip, nip) =
∑
sip,sop

D(ηip,t, ηop,t, nip, nop, sip, sop), (D.2)

If all sidebands are considered we must have |ξtot(nip, nop)|2 = 1 andDtot(nip, nip) =

1 in accordance with Eq. 7.1 and 7.2.

This is expressed graphically in Fig. D.1 for |ξtot(nip, nop)|2 and D.2 for the pa-

rameters used for the 24Mg+ PRS experiments and simulations.

For all motional states in these plots, the sum is very close to 1, meaning the

considered sidebands of sip = −5 to 5 and sop = −6 to 6 considered in the model is

sufficient. The asymmetry stems from the fact that ηop,t > ηip,t.

The same method was used to determine the necessary number of sidebands to

consider for the 24MgH+ simulations. In this case we found that sip = −1 to 1 and

sop = −1 to 1 was sufficient.
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Figure D.1: The color indicates the sum of the |ξ(ηip,t, ηop,t, nip,t, nop,t, sip, sop)|2-
parameter for all combinations of sip = −5 to 5 and sop = −6 to 6, for all combinations
of nip = 0− 29 and nop = 0− 29.
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Illustration of sideband coupling

for two modes
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Figure E.1: Plot of Rabi frequencies divided by the maximum Rabi frequency for sideband
orders of 0-4 for both the IP and OP mode, as a function of the motional quantum number
nip, nop for ηip = 0.29 and ηop = 0.36 for the trapped 40Ca+ -24Mg+ system.
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metrology on single trapped ions in the weak binding limit: The 3s 2S1/2 - 3p 2P3/2 transition

in 24Mg+. Physical Review Letters, 102(1), Jan 2009. doi: 10.1103/physrevlett.102.013006.

[130] Michael Berglund and Michael E Wieser. Isotopic compositions of the elements 2009 (iupac

technical report). Pure and applied chemistry, 83(2):397–410, 2011.

[131] A Mortensen, JJT Lindballe, IS Jensen, P Staanum, D Voigt, and M Drewsen. Isotope shifts

of the 4 s 2 s 0 1 4 s 5 p p 1 1 transition and hyperfine splitting of the 4 s 5 p p 1 1 state in

calcium. Physical Review A, 69(4):042502, 2004.

[132] Steffen Meyer. Frequency Comb Driven Raman Transitions in the THz Range: High Precision

Isotope Shift Measurements in Ca+. PhD thesis, Aarhus University, Denmark, 2017.

https://www.crystran.co.uk/optical-materials/calcium-fluoride-caf2
https://www.crystran.co.uk/optical-materials/calcium-fluoride-caf2



	Abstract
	Dansk resumé
	Acknowledgements
	1 Introduction
	I Theory of trapping and cooling of ions
	2 Ion trapping
	2.1 The linear Paul trap
	2.1.1 Single ion motion
	2.1.2 Two-ion motion


	3 Light-matter interactions
	3.1 Two-level atom in free space
	3.1.1 Optical Bloch equations
	3.1.2 Einstein rate equations
	3.1.3 Expressions for the Einstein coefficients
	3.1.4 Einstein rate vs. optical Bloch equations

	3.2 Two trapped ions

	4 Ion cooling
	4.1 Doppler cooling
	4.1.1 Unconfined species
	4.1.2 Trapped ions
	4.1.3 Using 40Ca+as the cooling ion

	4.2 Sideband cooling
	4.2.1 Using 40Ca+as the cooling ion
	4.2.1.1 Internal state initialization of 40Ca+
	4.2.1.2 Pulsed scheme
	4.2.1.3 Continuous scheme


	4.3 Trap-induced heating
	4.4 Temperature evaluation


	II Photon recoil spectroscopy theory and simulations
	5 Working principle and mathematical description of PRS
	5.1 Resolved sideband PRS
	5.1.1 Hamiltonian dynamics relevant to resolved sideband PRS

	5.2 Model for PRS in the unresolved sideband regime
	5.2.1 Rate equation description


	6 Simulations of unresolved photon recoil spectra
	6.1 Transition linewidth dominating case (24Mg+)
	6.1.1 Absorption and stimulated emission
	6.1.2 Spontaneous emission
	6.1.3 Basis for the numerical simulation
	6.1.4 Dynamics of motional state population
	6.1.5 Motional population spectra
	6.1.6 Readout spectra

	6.2 Laser linewidth dominating case (24MgH+)
	6.2.1 Absorption and stimulated emission
	6.2.2 Spontaneous emission
	6.2.3 Basis for the numerical simulation
	6.2.4 Dynamics of motional state population
	6.2.5 Motional population spectra
	6.2.6 Readout spectra

	6.3 Effect of trap-induced heating
	6.4 Effect of imperfect ground state cooling
	6.5 Readout efficiency
	6.5.1 Limitations of the -pulse technique
	6.5.2 Effect of an imperfect -pulse for shelving
	6.5.3 Multiple shelving pulses
	6.5.4 Perfect shelving from all motional states

	6.6 Independence of the initial internal state of the target ion

	7 Simple qualitative physical model of unresolved sideband PRS
	8 The effect of coupling to blackbody radiation
	8.1 Rate equation model of rovibrational dynamics in 24MgH+
	8.1.1 Monte Carlo simulations of repeated rotational state measurements
	8.1.1.1 J-state standard deviation
	8.1.1.2 Average time inside and outside the J=1 state


	8.2 Simple qualitative model of J-state standard deviation

	9 Considerations regarding transition line search strategy
	9.1 The time to scan a frequency interval
	9.2 The time to distinguish signal from background
	9.3 Search optimization on resonance
	9.4 Worst case scenario search optimization
	9.5 After obtaining a signal
	9.6 Distinction time when prepared in J=1


	III Experimental setup and procedures
	10 Ion trap setup and ion loading
	10.1 Trap setup
	10.1.1 Trap design
	10.1.2 The vacuum chamber
	10.1.3 The imaging system
	10.1.4 Magnetic field control

	10.2 Ion production and verification
	10.2.1 Production of atomic beams
	10.2.2 Ion loading by isotope selective photo-ionization
	10.2.2.1 Ionization lasers (272 and 258 nm)

	10.2.3 Production of MgH+ ions
	10.2.3.1 Laser for driving the 3s 2S1/2 - 3p 2P3/2 transition in Mg+ (280 nm)

	10.2.4 Establishing two-ion scenarios
	10.2.4.1 40Ca+and 24Mg+
	10.2.4.2 40Ca+and 24MgH+


	10.3 Automated experiment control
	10.3.1 Control program
	10.3.2 Sequence timing
	10.3.3 Fluorescence readout


	11 Ion cooling
	11.1 Doppler cooling sequence
	11.1.1 Main cooling laser (397 nm) 
	11.1.2 Repumping laser (866 nm)

	11.2 Sideband cooling sequence
	11.2.1 The S-D quadropole transition driving laser (729 nm)
	11.2.2 The D-P deshelving laser (854 nm)

	11.3 Temperature and heating rate measurements

	12 Photon recoil spectroscopy
	12.1 PRS of an electronic transition in 24Mg+
	12.2 PRS of a rovibrational transition in 24MgH+
	12.2.1 Laser for driving the 1+  v=0,J=1v'=1,J'=0 transition in MgH+ (6.2 µm)
	12.2.1.1 Frequency determination and lock
	12.2.1.2 Lineshape broadening and measurement
	12.2.1.3 Laser beam alignment on the ions
	12.2.1.4 Conclusion




	IV Experimental results
	13 Experimentally obtained PRS spectra of 24Mg+
	13.1 Temperature and heating rate measurements
	13.1.1 Sideband spectrum
	13.1.2 Trap induced heating rate measurement

	13.2 PRS spectra
	13.2.1 Read out via out-of-phase shelving
	13.2.2 Enhanced signal via out-of-phase and in-phase shelving

	13.3 Conclusion

	14 Experimental search for PRS signals in 24MgH+
	14.1 Temperature and heating rate measurements
	14.2 Preliminary PRS data
	14.2.1 Data acquisition
	14.2.2 Obtained data
	14.2.3 Comparison to simulations
	14.2.3.1 Worst case scenario
	14.2.3.2 Best case scenario


	14.3 Suggestions for further work
	14.4 Conclusion

	15 Conclusion and outlook
	A The calcium ion
	A.1 Ca isotopes
	A.2 40Ca+structure and transitions

	B The magnesium ion
	B.1 Mg isotopes
	B.2 Mg+ level structure

	C The MgH+ ion
	C.1 Rovibrational transition
	C.2 Einstein A- and B-coefficients

	D D and ||2 parameters
	E Illustration of sideband coupling for two modes
	Bibliography


